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ABSTRACT

Future large-scale quantum computers (QCs) can be a revolutionary tool for first-principle

calculations in strongly coupled quantum field theories, which are essential in many scenarios

in particle physics. Meanwhile, due to the unique features of our problems, many theoretical

and algorithmic challenges need to be addressed before particle physics can take advantage

of the ongoing quantum revolution. This thesis discusses how to efficiently utilize QCs for

real-time simulations of gauge interactions in quantum field theories, focusing on two aspects.

The first aspect is the reduction of space-time discretization errors via renormalization

and improved Hamiltonians. We show that trotterization entails renormalization of the

temporal and spatial lattice spacings. Based on the tools of Euclidean lattice field theory,

we propose two schemes to determine Minkowski lattice spacings, using Euclidean data

and thereby overcoming the demands on quantum resources for scale setting. In addition,

Hamiltonians with improved discretization errors will reduce the number of qubits required

by a factor of ≳ 2d in quantum simulations for lattices with d spatial dimensions. We consider

O(a2)-improved Hamiltonians for pure gauge theories and design the corresponding quantum

circuits for its real-time evolution in terms of primitive gates. Numerical demonstrations with

real and classically simulated quantum computers are included.

The second aspect concerns gauge symmetries, which can be either fixed or encoded

as a redundancy of the Hilbert space in quantum simulations. While gauge-fixing reduces

the number of qubits, keeping the gauge redundancy enables quantum error corrections by

checking and restoring Gauss’s law. In this work, we consider generic finite gauge groups

and design the quantum circuits to detect and correct the symmetry-violating errors. We

calculate the error thresholds below which the gauge-redundant digitization with Gauss’s

law error correction has better fidelity than the gauge-fixed digitization. Our results provide

guidance for fault-tolerant quantum simulations of lattice gauge theories.
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CHAPTER 1

INTRODUCTION

Quantum field theories (QFTs) provide us with the most successful tools to describe and

predict microscopic Nature. However, their rich structures also pose serious computational

challenges, especially in the strongly coupled theories where perturbative methods are not

applicable. To date, lattice field theories (LFTs) in Euclidean spacetime are the essential

method in making predictions with strongly-coupled quantum field theories. In LFTs, the

target is to compute the expectation values of operators

⟨O⟩ = Z−1
∫
Dϕe−SE(ϕ)O(ϕ), (1.1)

where SE is the Euclidean action. Stochastic samples of the fields on spacetime lattices

are created via Monte Carlo methods, according to the Boltzmann weight e−SE . Then the

expectation values of operators are calculated among the samples. With Ns samples, the

precision ϵ of the expectation values typically improves as 1/
√
Ns. This enables reliable

calculations of observables with sample numbers Ns ∼ ϵ−2, far smaller than the dimension

of the Hilbert space that grows exponentially with the size of the system.

However, LFTs on classical computers meet inherent obstacles in two types of problems.

One type involves real-time dynamics, such as out-of-equilibrium evolution in the early uni-

verse [1–4], transport coefficients of the quark-gluon plasma [5] and parton physics in hadron

collisions [6–11]. They require real-time correlators such as

CAB(t) = ⟨A(t)B(0)⟩ = Z−1
∫
DϕeiSM (ϕ)A(ϕt)B(ϕ0), (1.2)

where SM is the Minkowski action, and ϕ0, ϕt are the field values at real times 0 and t. The

real-time path integral cannot be calculated directly with the Monte Carlo method since the

weight eiSM is complex. This is the dynamical sign problem . The other class is the fermionic
1



sign problem, which requires calculations at a finite fermion chemical potential, which causes

the effective action to have an imaginary part and thus the Euclidean probability amplitude

e−SE to be complex [12–14]. The search for efficient solutions to sign problems is very active

in the field of LGTs. Within the means of classical computations, some promising meth-

ods are being developed to suit specific calculations with sign problems, including analytic

continuations that work for small real time and chemical potentials, the large-momentum

effective field theory for parton distribution functions [15], reweighing methods [16], and

contour deformations [17, 18] to optimize calculations at finite fermion chemical potentials.

Meanwhile, future, large-scale quantum computers (QCs) can provide a more universal

solution. For a lattice in d spatial dimensions with L lattice sites in each direction, and a

m-level system at every site, the wave function consists of mLd
complex numbers. Therefore,

in most classical methods, directly solving the Hamiltonian evolution |ψ(t)⟩ = e−iHt |ψ(0)⟩

is not realistic due to the exponential scaling of the dimension of the Hilbert space with the

size of the system. QCs store the information in the wavefunction of qubits, the dimension

of which also scales exponentially with the number of qubits. Thus, the number of qubits

required to represent the Hilbert space of LFTs scales linearly with the spatial volume Ld.

Provided that the unitary operator eiHt can be performed efficiently on such states, QCs

avoid the dynamical sign problem by directly simulating real-time evolutions in the Hamil-

tonian formalism. [19–23]. The quantum simulations can also include the fermion degrees of

freedom by matching them to qubits, with additional dressing such as the Jordan-Wigner

transform to implement the anti-commutation. [24] This avoids the fermionic sign problem

as one can directly implement the chemical potential [25].

For now, quantum computers are limited to hundreds of non-error-corrected qubits with

circuit depths less than 1000 gates– the so-called Noisy Intermediate-Scale Quantum (NISQ)

era. Despite this, toy calculations in high energy physics [26–34] and nuclear physics [35–37]

have been performed using existing quantum computers, representing the first step towards

2



quantum simulating field theories.

Even if a beyond-NISQ computer were available tomorrow, it would not be immediately

clear how to utilize it for problems in strongly-coupled quantum systems that are relevant

to particle physics. To take advantage of the advancement of QCs, there are theoretical and

algorithmic challenges. This thesis covers recent original efforts tackling these challenges.

The rest of this chapter provides an introduction to quantum computing and its applications

to lattice gauge theories in the Hamiltonian formalism.

1.1 Recipes for a quantum computer

What is a quantum computer? Roughly speaking,it is a quantum system that obeys com-

mands and performs computations in its Hilbert space. A more descriptive answer is Di-

Vincenzo’s five criteria for any quantum system to be a quantum computer [38] . Here I

briefly review the criteria along with some experimental realizations and introduce important

concepts. Most of the definitions and theorems can be found in [39].

(1) It is a quantum system with a definite number of degrees of freedom. Each degree of

freedom has two or more quantum levels; it is called a qubit or qudit respectively. Physically,

it can be a superconducting circuit, an ion or neutral atom trapped by electromagnetic fields,

or a photon. For every physical system there exist some well-defined quantum numbers,

the eigenbasis of which is usually referred to as the computational basis with the labels

|0⟩ , . . .
∣∣dq − 1

〉
for where dq is the dimension of the qudit). In superconducting circuits,

the quantum numbers can be the charge in a capacitor, the magnetic flux, or the electric

current. Trapped ion or neutral atom systems utilize the energy levels of the particles.

Ideally, we want to scale up the number of qubit or qudits. With n qubits, the dimension

of the Hilbert space is 2n. The data is stored as the wavefunction

|φ⟩ = φ0 |0 . . . 0⟩+ · · ·+ φ2n−1 |1 . . . 1⟩ , (1.3)

3



where |0 . . . 0⟩ stands for the tensor product state of n qubits |0⟩ ⊗ · · · ⊗ |0⟩, and similarly

for the other basis states.

In trapped ion systems, a limiting factor for n is the number of particles that can be

reliably kept in a trap, which is on the order of hundreds in the state-of-art experiments

to date [40]. Similarly for superconducting circuit systems, the number of qubits that can

exist on one chip is also limited to similar orders of magnitude. To scale beyond O(103)

qubits, quantum networking is a promising paradigm. It distributes the qubits to a number

of different chips or traps, with means of quantum communication among them [41, 42].

(2) The system can be initialized to a fiducial state, such as |0 . . . 0⟩ in the computational

basis. In principle, this can be achieved by cooling the system to the ground state. Other

device-dependent techniques can be more efficient. The state fidelity is defined as

F(ρ) = ⟨ψ| ρ |ψ⟩ , (1.4)

where ρ is the density matrix of the realistic state of the system and |ψ⟩ is the fiducial state.

(3) The system can perform unitary evolutions as one demands. In digital quantum

computers, this is achieved by the application of quantum gates–some elementary unitary

operators that involve a small number of qubits. Some frequently used gates are listed in

Tab. 1.1. More complicated unitary operators can be achieved by applying such elementary

operators in sequence and in parallel, which is often denoted as quantum circuits.

An essential step towards this criterion is to entangle arbitrary pairs of qubits, which

can be achieved via the circuit in Fig. 1.1. The Hadamard gate turns the computational

basis state |0⟩ into the quantum superposition (|0⟩ + |1⟩)/
√
2; then the CNOT creates a Bell

pair (|00⟩ + |11⟩)/
√
2. It exhibits non-classical behavior and is the foundation of quantum

cryptography. Currently, it is often the ability to entangle the qubits that limits the size of

the QCs.

However, creating entanglement alone is not yet enough for QCs to achieve advantages

4



Figure 1.1: The quantum circuit to produce a maximally entangled state (|00⟩ + |11⟩)/
√
2

from the computational basis state |00⟩

over classical computers. An example is the Clifford gates that are generated by the set {H,

S, CNOT}. Despite the ability of Clifford gates to entangle qubits, it only takes polynomial

space and time for classical computers to simulate any quantum circuits composed solely

of them. This is the Gottesman-Knill theorem. To create quantum circuits that cannot be

simulated efficiently on classical computers, a universal quantum gate set is needed. A set

of gates is universal if the quantum circuits that are composed of them can arbitrarily well

approximate any unitary operator. The Clifford gate with the addition of any non-Clifford

gate form a universal set. Examples of universal quantum gate sets are Clifford+T or Clifford

+ CCNOT. Further, the Solovay–Kitaev theorem guarantees that such approximations are

efficient: for quantum circuits composed of any universal gate set, it takes at most O(logc ϵ)

gates to approximate arbitrary unitary operators on one qubit with ϵ precision, where c is a

constant smaller than 4. See [43] for a pedagogical review.

In NISQ computers, the multi-qubit gates are less reliable than the single-qubit gates;

thus the number of CNOT gates is often limiting factor for the realistic implementation of

quantum circuits.

(4) The qubits must be able to stay in quantum superpositions for a long enough time

to perform the calculations. Decoherence is the process that a quantum system loses its

information to the environment. This can happen in the form of the spontaneous decay to

the ground state or a random state dominated by noise, or the loss of a qubit. To achieve

long coherence time, the qubits must be in a low-noise physical environment.

Quantum error correction (QEC) codes can be used in such low-noise environment to

5



Name Notation in circuit diagrams Matrix

Pauli-X (X) X

(
0 1
1 0

)
Pauli-Y (Y) Y

(
0 −i
i 0

)
Pauli-Z (Z) Z

(
1 0
0 −1

)
Hadamard (H) H

1√
2

(
1 1
1 −1

)
Phase (S) S

(
1 0
0 i

)
π/8-gate (T) T

(
1 0

0 eiπ/4

)
Z-rotation gate RZ(θ)

(
eiθ/2 0

0 e−iθ/2

)

CNOT •


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


SWAP ××


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1



Toffoli (CCNOT) •
•



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


Table 1.1: The definition and notation of some frequently used gates. A single line in the
notations denotes a qubit in circuit diagrams .
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facilitate fault-tolerant quantum computations. QEC deliberately designs a redundant full

Hilbert space Hfull on the physical qubits and encodes quantum information in a much

smaller code subspace Hcode on logical qubits with certain symmetries, thus allowing for

correction without disrupting the coherent quantum information in Hcode [44, 45]. As an

active field of research, estimates for the overhead – the physical to logical qubit ratio – vary

from O(10) to O(105) [46–48]. Currently with NISQ computers, there are methods to miti-

gate errors and improve the accuracy under the limitations of the current coherence time and

physical noise level. Quantum error mitigation (QEM) uses the existing symmetries without

introducing redundancy to mitigate errors [49]. The topics of quantum error correction and

mitigation will be discussed in more details in Chapter 4.

(5) The quantum states can be measured in the computational basis. For a quantum

state like Eq. (1.3), the measurement process reads out a string of qubits q1q2 . . . qn with the

probability |φi|2, where q1q2 . . . qn is the binary format of i. This is the “strong measurement"

in quantum mechanics in the sense that it completely collapses the state.

If quantum systems that meet all the above criteria are available, what are they useful

for? Theoretically, it is conjectured that QCs can break the complexity hierarchy of classical

computations by introducing the class of bounded-error quantum polynomial-time (BQP)

problems, which are solvable by QCs in polynomial time with bounded error probabilities.

In practice, it is not trivial to identify problems in the BQP class that also take exponential

space or time on classical computers. Thus the current opinion regarding the utilization

of QCs is to use them as accelerators to tackle certain hard problems, instead of universal

machines to replace classical computers.

Among the conjectured BQP problems, quantum simulation– the prediction of micro-

scopic phenomena based on quantum mechanics is arguably the most straightforward appli-

cation. Indeed, it is exactly this problem that motivated the proposal of QCs by Feynman[19].

In classical computations, the number of classical bits required to store a many-body quan-
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tum wavefunction scales exponentially with the number of particles. In a QC, the Hilbert

space of the target system is be represented by that of the qubits; the number of qubits

scales linearly with the number of quantum particles. The dynamical evolution of the target

system is a unitary operator eiHt, which can be realized as a quantum circuit in the QC.

The initialization and measurement needs extra attention, as we usually need to initialize

and measure states in a basis different from the computational basis. Thus, we also need to

design and implement the transformations between the computational basis and the ones of

our interest.

1.2 Towards quantum simulations of lattice gauge theories

In the application of quantum simulation to problems in strongly-interacting quantum field

theories, one long-term goal is the real-time dynamics of quantum chromo dynamics (QCD)

– the interaction of quarks (fermions) and gluons (SU(3) gauge bosons). This section reviews

the generic formalism and challenges as the background for the main contents of this thesis,

published in [50–52], and outlines their contribution to the bigger picture.

1.2.1 Representing QFTs with qubits: discretization and digitization

Following LGTs on classical computers, we approximate the continuous space as spatial

lattices, with matter fields on the vertices and gauge fields on the links. To maintain gauge-

symmetries, we construct the lattice Hamiltonians with Wilson lines on the links:

Ux,i = P exp

(
−i
∫ x+i

x
dl ·A

)
≈ e−iaAi(x), (1.5)

where Ai(x) is the vector potential and P represents path ordering. In terms of the color

components in non-Abelian gauge theories, Ai(x) = Ai(x)
bλb, with λb being generators of

the gauge group. Thus, Ux,i is an element of the gauge group G that corresponds to the
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gauge parallel transport from the lattice site x to its neighbor x+ i. The group elements

form a complete basis of the local Hilbert space on each lattice link:

HG
link = span{|U⟩ , U ∈ G}. (1.6)

We refer to the set of qubits (qudits) that store a group element as a link register. For

continuous groups such as U(N), SU(N), the dimension of HG
link is infinite. In quantum

simulations, the local degrees of freedom need to be matched to a finite number of qubits.

This matching is the digitization of quantum fields. To digitize the link variables, it is

sometimes useful to consider the group representation basis, |σmn⟩, which is the group Fourier

transform of the group element basis:

⟨σmn|U⟩ =
√
dσ/|G|Γ(σ)mn(U), (1.7)

where Γ
(σ)
mn(U) is the m,n matrix element of the unitary irreducible representation (irrep) σ

for U , dσ is the dimension of σ.

For a continuous compact group G, the representation basis is discrete but infinite. One

can truncate the infinite tower of representations to match them to a finite number of qubits.

Another common method is to use a finite subgroup of G as an approximation. In this way,

both the group element basis and the group representation basis are finite and discrete, and

the exact subgroup gauge symmetry is kept. To approximate the SU(3) group of strong in-

teraction, the largest “crystal-like" subgroup has 1080 elements, which are evenly distributed

in the group manifold of SU(3) [53]. Thus it takes 11 qubits to approximate one link variable.

Understanding the theoretical errors introduced by various digitization methods is an area

of active research [54–61]. In Chapter 4, I discuss one such aspect that is gauge symmetry

breaking.

For lattice fermions, the number of particles is limited by the Pauli exclusion principle.
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Thus, we can naturally assign at each lattice site one qubit per spin and flavor to represent

whether the state is occupied. To implement the anti-commutation relations, extra steps

are needed in mapping between fermion operators and qubit operators. The Jordan-Wigner

transformation [62], the most widely known method, is highly efficient in 1 + 1 dimensions,

but introduces nonlocal qubit operators in higher dimensions. To address this problem,

there are other methods such as the Bravyi-Kitaev method and Bosonization. [63, 64].

Further proposals discuss how to map lattice fermions (e.g. Wilson and staggered) onto these

encodings [65]. Alternatively, one can use gauge symmetry to eliminate the fermions [66,

67]. The relative merits of each are only starting to be understood.

The number of qubits is proportional to (L/a)d for a d spatial dimensional lattice of

length L and lattice spacing a. A Hamiltonian Ĥ constructed at finite lattice spacing a

introduces discretization errors compared to the continuum theory in positive powers of a.

Crucially, the lattice spacing a is not known a priori, but calculated via the scale setting

process by comparing observables such as particle masses on lattices with their physical

counterparts measured in real experiments. Scale setting is a standard step in LGTs on

classical computers to obtain physical observables. The continuum limit can be obtained

via the extrapolation toward the a → 0 limit from a series of calculations at different finite

lattice spacings. Chapter 2 adapts scale setting and the continuum extrapolation methods

to quantum simulations and proposes methods of using classical calculations to assist the

scale setting on quantum computers.

1.2.2 Simulating real-time evolutions

The digitization of QFTs naturally induces a mapping from the Hamiltonian of QFTs to

qubit operators. To study the full QCD, the Hamiltonian consists of the pure gauge field

energy Hgauge, the mass term for the matter field Hm, and the gauge-matter coupling terms

HI . For Hgauge, most quantum simulations implement the Kogut-Susskind Hamiltonian
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[68] formulated with the link variables Eq. (1.5):

HKS = KKS + VKS, (1.8)

KKS =
∑
x,i

g2t
a

TrL2i (x), VKS = −
∑
x,i<j

2

g2sa
ReTrPij(x).

where Li(x), the lattice electric field operator, is the conjugate momentum operator of Ai(x);

the plaquette operator Pij(x) is path-ordered the product of the link variables around the

1× 1 square:

Pij(x) = U−1
x,jU

−1
x+j,iUx+i,jUx,i. (1.9)

As temporal and spatial directions are treated differently, coupling gt and gs are introduced

for the kinetic term KKS and potential term VKS, respectively. In the limit a → 0, HKS

approaches the continuous Yang-Mills Hamiltonian, with KKS approximating the electric

energy density and VKS approximating the magnetic energy density.

Propagating for a time t requires the unitary operator of U(t) = e−iHt – a generically

dense matrix – which cannot be efficiently constructed on a quantum computer. Instead,

it must be approximated in digital quantum simulations. A common method is trotter ap-

proximation, which breaks down a long-time evolution into small steps and uses the product

formula to approximate each step. For some H, this allows for efficient simulations [20,

69–77]. In the case of HKS, the one-step evolution in the first-order approximation is

U(at) = UKKS
UVKS

, UKKS
= e−iatKKS , UVKS

= e−iatVKS , (1.10)

where at = t/N is the size of one time step and N is the number of steps. This approximates

U(t) ≈ U(at)
N with trotter errors that are proportional to at and vanish in the limit N → ∞.

The implementation of U(at) in digital quantum computers benefits from the fact that

VKS and KKS are diagonal in the group element basis and the group representation basis,
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respectively, and that the quantum group Fourier transformation between the two basis can

be realized efficiently. For the Abelian group Z2n , the quantum Fourier transformation is

the famous quantum adaptation of the classical fast Fourier transform algorithm [78, 79].

Similar quantum algorithms have been developed for non-Abelian groups [80, 81].

To formulate quantum simulation algorithms of gauge theories in a hardware-agnostic

way, we define the following set of primitive gates on link registers, and build quantum

circuits from them [82]. Apart from the Fourier transform, we also need the gates U
L,R
× to

perform group multiplications, UTr and Uphase(θ) to rotate by diagonal phases according to

the magnetic or electric energy in their eigenbasis respectively, and U−1 to inverse the group

elements. The definitions of these primitive gates are listed in Tab. 1.2. For the Z2 theory,

they have straightforward correspondence with the one-qubit or two-qubit gates listed in

Tab. 1.1. For bigger groups, the primitive gates are usually multi-qubit operators, which can

be synthesized with the universal gate set.

Name Definition Z2 example
left and right
multiplication
gates

UL×|Ui⟩|Uj⟩ = |Ui⟩|UiUj⟩,
UR×|Ui⟩|Uj⟩ = |Ui⟩|UjUi⟩

CNOT

trace
gate UTr(θ)|U⟩ = eiθReTrU |U⟩ RZ(θ)

Fourier gate UF |U⟩ =∑σ,m,n

√
dσ/|G|Γ(σ)mn(U)|σmn⟩ Hadamard

L-phase gate Uphase(θ) |σmn⟩ = eiθf(σ) |σmn⟩ RZ(θ)

inverse gate U−1|U⟩ =
∣∣U−1

〉
Identity (I)

Table 1.2: Primitive gates to construct the quantum circuits for the time evolution of generic
gauge theories, with examples for the Z2 group.

With these primitive gates, we can construct the circuits in Fig. 1.2a and Fig. 1.2b to

implement the one-step unitary operators UVKS
and UKKS

. For UVKS
, we use the inverse gates

and group multiplication gates to compute the plaquette group element Pij Eq. (1.9) on one

of the four links, then use the trace gate to perform the unitary evolution with the magnetic

energy, and finally un-compute the multiplications to return to the original group elements
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on each link. For UKKS
, we use the Fourier gate to transform to the group representation

basis, and use the L-phase gate to perform the unitary evolution with the electric energy.

|U1⟩ • U−1 • U−1

|U2⟩ UL
× • • UL

×

|U3⟩ U−1 UL
× • U−1 • UR

×

|U4⟩ U−1 UL
× UTr UL

× U−1

(a) UVKS
assuming linear register connectivity.

|U1⟩ U†
F

Uphase UF

(b) UKKS
.

Figure 1.2: Quantum circuits for the time evolution of ĤKS.

At finite a, HKS has discretization errors that scale as a2. By introducing counter-terms

to cancel the leading order errors, improved Hamiltonians have discretization errors that

scale as a4 [83, 84]. Chapter 3 studies the implementation of such improved Hamiltonians

and their efficiency in saving quantum resources.

Besides trotterization, there are other approximations of U(t), such as random compilers

(QDrift) [85], variational approaches [86–88], Taylor series [89], and qubitization [90]. Al-

though these methods sometimes have better formal bounds for the approximation errors,

the errors of trotterization have a clear physical interpretation and correspondence with

Euclidean LGTs, which will be discussed in Chapter 2.

1.2.3 Initial state preparation

Typically, we are interested in time evolution of the low-energy subspace in the very high-

dimensional Hilbert space of strongly interacting theories. In most digitizations, such states
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correspond to highly entangled states in QCs. Thus, initializing such states can be an

obstacle. In addition, it is an interesting and significant task to obtain the ground states of

Hamiltonians in many scenarios.

Most intuitively, there is the Adiabatic Quantum Computation (AQC). In the parameter

region where one type of local operators that mutually commute dominate the Hamiltonian,

the ground state of the theory is simply the tensor product state of such local operators.

For HKS, the limit of g → ∞ is dominated by the electric operator, and thus the ground

state is the tensor product state where all the links are in the ground state of L2. Thus, it

can be prepared with shallow quantum circuits. AQC starts with a product state that is the

ground state of H(λ0) and performs unitary evolutions with slowly changing parameters λt:

i
d

dt
|ψ(t)⟩ = H(λt) |ψ(t)⟩ . (1.11)

According to the adiabatic theorem, |ψ(t)⟩ remains the ground state of the instantaneous

Hamiltonian H(λt) when λt changes sufficiently slowly with t. The benefit of AQC is that

the circuit is entirely unitary and can be easily designed with the approximation methods in

the previous section. However, it requires very deep circuits, which is a big challenge in the

NISQ era. [91–93]

To adapt to NISQ devices, there are quantum-classical hybrid methods such as Variation

Quantum Eigensolver (VQE). In VQE, one uses finite-depth circuits that are parametrized

with a certain ansatz, measures the energy of the outcome states, and then optimizes the

parameters with classical computation. Thus, a good ansatz is crucial to the success in

obtaining the ground state. [27, 94–96] In addition, there are methods based on Quantum

Signal Processing (QSP) that use projection operators to reduce the circuit depth required

for the preparation of low energy states. [97, 98]. Further, thermal and particle states have

been investigated [3, 20, 29, 32, 33, 69–73, 99–106].
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1.2.4 Measurement of time-dependent operators

Once we obtain the time-dependent quantum states |ψ(t)⟩, the measurement of instantaneous

hermitian operators simply involves reading out the quantum states in the eigenbasis of

the observables. The expectation value is then calculated as the average over multiple

measurements:

⟨Â(t)⟩ =
∑
n

pn(t)An, (1.12)

where pn is the statistical probability of reading out the computational basis state |n⟩ which

corresponds to the eigenvector with eigenvalue An. To achieve accuracy ϵ for the expectation

value, the number of independent measurements is O(ϵ−2).

Observables dependent on time-separated operators, which are required for parton distri-

bution functions [6–8], particle decays [107], and viscosity [5]) are more complicated. Naively,

the first measurement collapses the state, preventing further evolution. Ways to overcome

this include ancillary probe-and-control qubits [6, 82, 101, 108, 109] and phase estimation [36,

94].

1.2.5 Dealing with quantum noise

To achieve realistic quantum simulations, noise on the devices needs to be corrected or

mitigated. Noisy quantum devices can also be viewed as introducing new operators. The

best-studied examples of this are related to gauge-violating operators [110–121]. Which op-

erators are introduced and which symmetries are broken are both hardware and digitization

dependent. How to correct and mitigate errors in quantum simulations is an important open

question. Chapter 4 uses the similarity between gauge symmetries and QEC codes to detect

and correct gauge-symmetry violating errors, and discusses the condition under which such

error corrections are advantageous.
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CHAPTER 2

RENORMALIZATION OF QUANTUM SIMULATIONS

In this chapter we investigate the renormalization of LGT in Minkoswki spacetime due to

trotterizing U(t). The consequence of this will be shown to be the introduction of a temporal

lattice spacing, and new operators depending upon it which vanish in the Hamiltonian limit.

In the continuum limit, Minkowski and Euclidean results are the analytic continuation of

each other [122–124]. At finite at and finite statistics, this exact relation is complicated, but

approximate relations remain [125–129]. While analytic continuation of lattice observables

suffer from signal-to-noise problems [128, 130–137], observables suitable for scale setting have

been studied [138, 139]. Since knowledge of a, at is required for any continuum extrapola-

tion, performing scale setting with classical computations would significantly improve the

common error budget of quantum computations as the uncertainties for scale setting could

be reduced using Euclidean data. We will explore two different schemes for performing an-

alytic continuation of the renormalized lattice spacings, and demonstrate its capabilities for

reliable Minkowski scale setting through classical Euclidean computations.

A crucial part of our study is to explore how Minokowski lattice observables computed

with quantum circuits can be extrapolated to the continuum in an efficient manner. We will

show that trotterized time-evolution can be understood as a Minkowski path integral on an

anisotropic lattice. We present a toy model, a D4 gauge group in 2 + 1D with a two spatial

plaquettes, to exemplify the power of a fixed anisotropy trajectory to extrapolate quantities

to the continuum limit. This requires as a first step to establish the scale setting for the

lattice spacings, a, at, that can profit from our analytic continuation schemes.

This chapter is organized as follows. In Sec. 2.1 we briefly review the Euclidean action

lattice formalism and its connection through the transfer matrix to the Hamiltonian formal-

ism. In Sec. 2.3 we derive the trotterized real-time evolution operator and relate it to the

transfer matrix. Based on this, we propose two schemes to obtain Minkowski lattice spac-
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ings via analytic continuation and advocate the use of a fixed-anisotropy approach to the

continuum. In Sec. 2.4, we discuss the systematic errors from computing a, at via analytic

continuation. Further, in Sec. 2.5 we present numerical results in our toy model for these

techniques. Finally, we conclude in Sec. 2.9.

2.1 Basics of lattice gauge theories

This section reviews the connection between the Kogut-Susskind Hamiltonian [68] and

the Euclidean Wilson action. We summarize the derivation of [140] that begins with the

anisotropic Wilson action in Euclidean time τ = it defined on a spacetime lattice:

SE = −βt
∑
t

Re trUt − βs
∑
s

ReTrUs (2.1)

where i = t, s refers to temporal and spatial plaquettes Ui formed from gauge links given by

elements of the group. The anisotropy comes from using different couplings for spatial and

temporal plaquettes, that can be written as

βt(a, a0) =
a

g2t (a, a0)a0
, βs(a, a0) =

a0
g2s(a, a0)a

(2.2)

with βi(a, a0), gi(a, a0) depending nonperturbatively on the temporal and spatial lattice

spacings, a0, a.

Euclidean lattice theories satisfying the reflection positivity have a well-defined Hamil-

tonian with real eigenvalues [122, 141]. To the derive this Hamiltonian, we first define a

transfer matrix, T (a, a0) which takes a state at time τ , |τ⟩, to |τ + 1⟩. T is related to the

action through the partition function Z:

Z =

∫
DUe−SE = trT (a0)

N (2.3)
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where N is the number of temporal lattice sites. It follows that the matrix elements of T (a0)

are [140]

⟨τ+1|T (a0)|τ⟩

=e
βs
2

∑
sRe trUse

βt
∑

{τ,τ+1}Re trUte
βs
2

∑
sRe trUs

≡⟨τ + 1|T 1/2
V TKT

1/2
V |τ⟩, (2.4)

where we have symmetrically split the potential term. In order to extract a Hamiltonian

from T (a0), it is convenient to have T (a0) only in terms of a single time slice. While for

Us this presents no issues, Ut couples the same link at two times Uij(τ), Uij(τ + 1) via two

time-like links which we fix to the identity by considering the temporal gauge. This yields

for the kinetic term in the action

SK = −βt
∑

{τ,τ+1}
ReTrUij(τ)U

†
ij(τ + 1) (2.5)

To proceed, we need to remove the dependence on U†
ij(τ + 1) and express T (a0) in terms of

operators. The link operator is easy to define Ûij |τ⟩ = Uij |τ⟩. Therefore

T
1/2
V = e

βs
2

∑
sRe tr Ûs . (2.6)

For TK , we need an operator that changes a given link,

Rij(g)|τ⟩ = |τ ′⟩, where Uij → gUij (2.7)

this operator has the group property of Rij(g)Rij(h) = Rij(gh). This gauge link translation

can be used to define a conjugate momentum to Ûij by performing a rotation on Uij(τ) to
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transform it into Uij(τ + 1). With this, we write

TK =
∏
{ij}

TK,ij =
∏
{ij}

[∫
DgRij(g)e

βtRe tr g
]
, (2.8)

where the product is over all spatial links Uij(τ). Any group element can be written as

g = eiω·λ where λi are the adjoint generators, and Rij(g) = eiω·l̂ij can be written in terms

of the generators l̂ij for that representation. Defining
∏

α(Dω
α)J(ω) as the invariant group

measure with a Jacobian J , it is possible to rewrite TK(a0) as

TK,ij =

∫ ∏
α

(Dωα)J(ω)eiω·l̂ijeβt tr cos(ω·λ) (2.9)

This transfer matrix is exact for any a0. At the cost of a sum over all character functions

of the group, it can be performed analytically. This is done in [82] and appears practical

for discrete groups. But for continuous group, the summation is over infinite terms which is

undesirable.

As a0 → 0 for unitary continuous group, Eq. (2.9) can be expanded to O(ω2):

TK,ij =

∫ ∏
α

(Dωα)
(
1 +O(ω2)

)
eiω·l̂ij+βt[tr I−1

4ω
2+O(ω4)] (2.10)

leaving Gaussian integrals. Integrating yields

TK = N e
−β−1

t

∑
{ij} l̂

2
ij (2.11)

where N is an overall normalization. For discrete groups, the contribution to TK is also

dominated by group elements close to I when a0 → 0. However, since for discrete group g

cannot be arbitrarily close to I, a naive limit of taking a0 → 0 leads to degenerate spectrum

for TK . Special care has to be taken [142] to avoid this degeneracy.
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Neglecting the normalization factor N , the final transfer matrix T (a0) is given by

T (a0) = e
βs
2

∑
sRe tr Ûse

−β−1
t

∑
{ij} l̂

2
ije

βs
2

∑
sRe tr Ûs . (2.12)

Since T (a0) corresponds to the translation from τ to τ + 1, it can be used to define a

Hamiltonian H(a0, a) These steps form the link between SE and T (a0) in Fig. 2.1.

T (a0) ≡ e−a0H(a,a0). (2.13)

However, because l̂ij and Ûij are non-commuting operators, writing Eq. (2.12) as a single

exponential requires application of the Baker-Campbell-Hausdorff (BCH) formula:

etXetY etX = et(2X+Y )− t2

6 ([X,[X,Y ]]−[Y,[X,Y ]])+.... (2.14)

Using this, we obtain for H(a, a0):

H(a, a0) =
1

c(a, a0)a

(
g2H(a, a0)

∑
{ij}

l̂2ij − g−2
H (a, a0)

∑
s

Re tr Ûs

− 1

24

1

c2(a, a0)ξ2

∑
{ij},s

(
g2H(a, a0)[2l̂

2
ij , [l̂

2
ij ,Re tr Ûs]]− g−2

H (a, a0)[Re tr Ûs, [l̂
2
ij ,Re tr Ûs]]

)
+ . . .

)
(2.15)

For conciseness, we define certain Hamiltonian terms

KKS(a, a0) =
g2H(a, a0)

c(a, a0)a

∑
{ij}

l̂2ij

VKS(a, a0) = − 1

g2H(a, a0)c(a, a0)a

∑
s

Re tr Ûs (2.16)

It is important to emphasize that varying either a0 or a requires an adjustment to c(a, a0)
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and gH(a, a0) to preserve the scale setting condition. Besides the ξ-dependent terms, another

difference between HKS and H(a, a0) is that c, gH only depend upon a in Eq. (2.18), while

in Eq. (2.15) they also depend on a0.

Taking the continuous-time limit of the transfer matrix:

T (τ) ≡ lim
a0→0,N→∞

T (a0)
N , (2.17)

the BCH terms in H(a, a0) vanish and we obtain the Kogut-Susskind Hamiltonian [68],

HKS ≡ −1
τ log(T (τ)) (See Fig. 2.1):

HKS =
1

c(a)a

g2H(a)
∑
{ij}

l̂2ij −
1

g2H(a)

∑
s

ReTrUs

 . (2.18)

Historically, the Hamiltonian formalism with limited success was used to evaluate lattice

theory by computing results analytically [143–146], variationally [147–150], and with exact

diagonalization [151]. In such cases, there was no benefit to keeping a0 finite and therefore

all were done in the Hamiltonian limit. In contrast, quantum simulations have good reasons

to consider the Hamiltonian at finite a0 as we demonstrate in the next section.

SE T (a0) = e−a0H(a,a0) T (τ) = e−τHKS

HKS

SM U(at) = e−iatH(a,at) U(t) = e−itHKS

Ut ↔ l2ij a0 → 0, N →∞
discretize Na0 ← τ

− 1
τ log(T )

Ut ↔ l2ij at → 0, N →∞

trotterize Nat ← t −
1
it

log(U)

a
0
↔
ia
t

Figure 2.1: Schematic relations between Euclidean LGT and quantum simulations.
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2.2 Renormalization of LGTs in classical simulations

The first step in the process of computing physical observables from LGT is the determination

of the lattice spacings through scale setting. For simplicity we will consider the isotropic

case via βE ≡ βt = βs, a = a0 and in analogy with Eq. (2.2), define βE = 2Ng−2
E for

SU(N) group. The anisotropic case merely requires performing the procedure for both a, a0

independently. One scale sets by computing a lattice quantity am(βE) where m has a known

physical value mphys (e.g. the pion mass). Any lattice m(βE) differs from the true mphys

by a dependent errors, but for this one specific observable we set m(βE) = mphys to obtain

a dimensionful value for a

a =
[am(βE)]

mphys
(2.19)

With this, βE is removed from our theory and we can speak only in terms of a. All other

lattice masses can then be written as amk(a) and their continuum values can be predicted

by computing them at multiple lattice spacings and extrapolating to a→ 0 via

m
phys
k

mphys
=
amk(a)

am(a)
+O(an) (2.20)

When working with continuous gauge theories, there is no theoretical issue with com-

puting at arbitrarily small a, but one is limited by computing resources due to topological

freezing and critical slowing-down. On quantum devices, the current resources require dra-

matic approximations of the continuous group. Here, we will consider the discrete gauge

theories. Certain discrete subgroups of continuous groups are effective field theories for the

continuous groups [152, 153] which break down below a minimum lattice spacing [56, 154,

155]. Therefore one cannot take a of a discrete group arbitrarily close to zero.

Lattice quantities like am(βE) are obtained from correlation functions, e.g. the temporal

correlator ⟨Oi(na0)Oj(0)⟩. In the limit where the temporal length of the lattice goes to
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infinity, this correlator becomes a vacuum expectation value

⟨Oi(na0)Oj(0)⟩ =
∑
k

⟨0|Oi|k⟩⟨k|Oj |0⟩e−na0mk (2.21)

From these correlators, one extracts a0mk which correspond to the lattice eigenenergies. For

scale setting, one usually wants the lowest energy state a0m1 of a specific sector, which can

be extracted from the sum by taking n large:

⟨Oi(na0)Oj(0)⟩

= ⟨0|Oi|1⟩⟨1|Oj |0⟩e−na0m1 +O(e−na0∆E). (2.22)

with ∆E the energy gap between the lowest energy state and the next lowest energy state.

An equivalent way of expressing the renormalized parameters is by defining the anisotropic

parameter ξ ≡ a/a0 and considering ξ and a as independent parameters. By allowing ξ ̸= 1

and especially ξ ≫ 1, lattice practitioners have achieved great success with probing glue-

balls [156, 157], high temperature thermodynamics [158], etc. As we approach the Hamil-

tonian limit (a0 → 0), another couplings, g2H = gsgt, and the speed of light, c = gsg
−1
t ,

become useful. These bare couplings are related to each other in the weak coupling limit

by [159, 160]

g−2
s (a, a0) = g−2

E (a) + cs(ξ) +O(g2E)

g−2
t (a, a0) = g−2

E (a) + ct(ξ) +O(g2E)

g−2
H (a, a0) = g−2

E (a) +
ct(ξ) + cs(ξ)

2
+O(g2E)

c(a, a0) =1 +
ct(ξ)− cs(ξ)

2
g2E(a) +O(g4E) (2.23)

The ci(ξ) were computed perturbatively for SU(N) at ξ = ∞ for D = 4 in [159]. This

was generalized in [160] to arbitrary ξ and to arbitrary dimensions in [161].
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For typical values of βi considered in simulations, there are large corrections to these

weak coupling results and thus nonperturbative determination of a, ξ is required [162–164].

In pure gauge theory, one method for the determination of ξ is made by comparing ratios of

spatial-spatial Wilson loops to spatial-temporal Wilson loops [165]. Once ξ is measured, a

could be determined using standard methods such as the Sommer scale r0 [156, 157, 166] or

the Wilson flow [167, 168].

2.3 Trotterization and Time-Evolution

The starting point for real-time evolution on quantum computers is to define U(t) = e−iHt.

For gauge theories, one typically takes the lattice Hamiltonian to be HKS in Eq. (2.18).

This U(t) cannot be implemented easily on quantum computers and must be approximated,

resulting in effects that have to be renormalized. Trotterization discretizes the evolution into

N = t/at steps formed of products of eixiHj where different choices of xi ∝ at lead to errors

at different order of at and Hi are a decomposition of H into mutually noncommuting terms.

In the case of HKS, there are two Hi = KKS, VKS, in which case U(t) is approximated by

U(t) = e−iHKSt

≈ [eix1HV eix2HKeix3HV eix4HK · · · ]N +O(a
p
t ). (2.24)

The number of terms and xi for a given O(apt ) error can be derived by repeated applications

of the BCH relation, Eq. (2.14). In the case of O(a2t ), this corresponds to

U(at) ≈ e−iatVKS/2e−iatKKSe−iatVKS/2 (2.25)

Following Fig. 2.1, we see that we have essentially reversed the path taken to deriveHKS from

T (a0). With this approximation, we can ask, what Hamiltonian are we actually evolving
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with respect to? Analogous to the euclidean derivation of Eq. (2.15) from Eq. (2.12), we can

define

U(at) = e−iatH(at), (2.26)

finding

H(at) = KKS + VKS

− a2t
24

(
[2KKS, [KKS, VKS]] + [VKS, [KKS, VKS]]

)
+ . . . (2.27)

By trotterizating U(t), we have introduced a temporal lattice spacing at. One might

be tempted to believe that the renormalized at is a parameter that can be directly tuned,

but this is incorrect. This can be seen by inserting Eq. (2.16) into Eq. (2.27), from which

one observes that in the same way as the Euclidean results, at is always multiplied by

[c(a, at)a]
−1. Thus, changes in at are compensated by modifying the bare speed of light. It

it therefore natural to define a lattice bare parameter which we can control in simulations:

δt ≡
at

c(a, at)a
. (2.28)

Thus we find that at must be determined nonperturbatively by scale setting. Naively, at, a

would be obtained by performing a quantum simulation, which on near-term hardware is

likely to be noisy, and therefore the lattice spacings will have large uncertainties. Since

all other lattice observables depend upon the scale-setting, minimizing the uncertainties of

a, at is crucial to the overall program of quantum simulations of LGT. In practice, keeping

these uncertainties small require high statistics of very deep circuits with error mitigation.

Instead of computing at, a on the quantum device, it is possible to utilize classical Euclidean

computations of a, a0 to scale setting in a quantum computer.

If the Minkowski and Euclidean lattice Hamiltonians were the same, we could trivially
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set a, a0 to a and at – establishing a link between the lattice results in each metric (See

Fig. 2.1). However, the Hamiltonians only match when at, a0 → 0, when they both reduce

to HKS. Instead, at finite at, a0 they differ as we show explicitly in the following. In analogy

to Eq. (2.28), we define the quantity δτ ≡ a0
c(a,a0)a

on the Euclidean side. With this, we can

recast T (a0) in Eq. (2.12):

T (δτ , g
2
H) = e−δτVKS/2e−δτKKSe−δτVKS/2 (2.29)

with the following Hamiltonian terms:

KKS = g2H

∑
{ij}

l̂2ij , VKS = −g−2
H

∑
s

ReTr Ûs. (2.30)

Taking δτ → iδt in Eq. (2.29), we analytically continue T (δτ , g2H), obtaining

U(δt, g
2
H) = e−iδtVKS/2e−iδtKKSe−iδtVKS/2 (2.31)

which we recognize as Eq. (2.25) written in terms of bare parameters. From these, we can

define the dimensionless Hamiltonians using only bare parameters:

H(δ, g2H) = KKS + VKS +
δ2

24

(
[2KKS, [KKS, VKS]] + [VKS, [KKS, VKS]]

)
+ . . . (2.32)

where δ = δτ , iδt depending on the metric signature. From this we see that there are differing

signs for the BCH terms in real and imaginary time. Given that the Hamiltonians differ,

correlation functions and the scale setting observables atm and a0m must also differ even if

we take δt = δτ . But, these differences arise at O(δ2t , δ
2
τ ) and vanish in the continuous time

limit, δt = δτ = 0.

One possible scheme for using a, a0 to determine a, at would be to simply neglect these
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O(δ2t , δ
2
τ ) errors and assume the two sets of scales are equal for the same gH and δτ = δt:

Scheme A : a(δτ , g
2
H) → a(δt, g

2
H)

a0(δτ , g
2
H) → at(δt, g

2
H) (2.33)

A benefit of this scheme is that only one set of Euclidean couplings is simulated. While

this scheme introduces an O(δ2t , δ
2
τ ) systematic error into the scale setting, one could easily

imagine it being tolerable compared to errors from near-term quantum computers.

In principle, this systematic error can be reduced by observing that if one takes δτ → iδt,

then the two Hamiltonians agree. Formally, this means that the eigenvalues mk(δt, g
2
H) are

the analytic continuation of mk(δτ , g
2
H).

While the spatial correlators in Minkowski behave exactly like the Euclidean ones of

Eq. (2.21) with the replacement of mk(δt, g
2
H), the temporal correlators require a0 → iat

⟨Oi(nat)Oj(0)⟩ =
∑
k

⟨0|Oi|k⟩⟨k|Oj |0⟩e−inatmk (2.34)

where |k⟩ are the Minkowski eigenstates. While the excited state contributions do not

decrease with nat → ∞, provided that we can isolate a single scale setting parameter m

then the lattice results atm(a, at) are the analytic continuation of a0m(a, a0). This suggest

that a scale setting scheme with reduced systematic error is through analytical continuation:

Scheme B : a(δτ → iδt, g
2
H) → a(δt, g

2
H)

a0(δτ → iδt, g
2
H) → at(δt, g

2
H) (2.35)

In contrast to Scheme A, this procedure requires the determination of the lattice spacings

at multiple values of gH , δτ in the region around the desired lattice spacings. With this

set of values, one derives a fit function for a(δτ , g2H), a0(δτ , g
2
H). This function can then

27



be analytically continued to Minkowski space, reducing the nonperturbative BCH errors.

The effectiveness of this method, like all analytic continuations of lattice results, depends

sensitively on the statistics and fitting function, as we will discuss later.

In the preceding discussion, the relation between the lattice spacings depending upon

the Hamiltonians being analytical continuations of each other. Traditionally, Euclidean

calculations are performed with an action like Eq. (2.1). Different actions correspond to

different lattice Hamiltonians. For the Wilson action, we observe that H(a, a0) of Eq. (2.15)

is not the exact lattice Hamiltonian being computed, but arises only when we expand TK

to O(ω2). Thus, a systematic mismatch occurs if one tries to scale set a, at with Wilson

action results. Furthermore, including the higher order ω terms from Eq. (2.1) leads to

a non-trivial dependence on δτ . This causes a non-Hermitian Hamiltonian upon analytic

continuation [169] although this behavior may prove manageable [124]. In contrast, using an

action with a heat-kernel kinetic term (the Laplace-Beltrami operator) [170] with a Wilson

single plaquette potential term, the higher order ω terms vanish and the mapping is exact.

Another approach to obtain a Hermitian lattice Hamiltonian useful in Minkowski space

is obtained by analytic continuing the character expansion of TK(δτ = δt, g
2
H) term-by-

term [129, 169].

With observables computed at multiple at, a, one can perform continuum extrapolations

analogous to the Euclidean calculations. Influenced by nonrelativistic results, the literature

has emphasized first approaching the Hamiltonian limit at → 0, then taking a → 0. This

procedure introduces two inefficiencies. First, taking a continuum limit as a two-step pro-

cedure requires m× n separate simulations at m values of at for n values of a in the (a, at)

plane, extrapolating each fixed-a set to the at → 0, and then extrapolating the remaining

a-dependent results to a → 0. Secondly, because uncertainty in the a → 0 extrapolation is

controlled by how well each at → 0 extrapolation is, one desires smaller at. This increases

gate costs ∝ δ−1
t .

28



Instead of first approaching the Hamiltonian limit, a more efficient trajectory is to com-

pute a set of points a, at → 0 at fixed ξt. This clearly reduces the total number of quantum

simulations required. Additionally, since only one extrapolation is performed lattice errors

are easier to control. This would allow larger at. We thus expect the fixed-ξt trajectory to

avoid deep quantum circuits and suffer less from noise.

2.4 The errors of scale-setting in Minkowski metric

Although the analytic continuation between Euclidean and Minkowski scales proposed in

Scheme B is formally exact, in practice one can only perform the analytic continuation

from fits to discrete, noisy Euclidean data a(δτ , g2H), a0(δτ , g
2
H). This leads to a signal-to-

noise problem when performing the analytic continuation [133]. Indeed, to achieve a certain

precision the Euclidean data has to be exponentially more accurate: intuitively, this is

because excitations caused by BCH operators decay exponentially in τ but oscillate in t. As

a result, low-energy observables in Euclidean lattices tend to be less sensitive to the variation

of δ than their Minkowski counterparts. Hence the analytic continuation is ill-posed [171].

Fortunately, at small δ, the calculations with lower-energy states are less influenced by the

higher order BCH operators, and hence one can reasonably tame the errors intrinsic to the

Euclidean data. This observation is of crucial relevance for our scale-setting procedure.

On the other hand, the difference between Minkowski and Euclidean renormalized lattice

scales must be smaller for smaller trotter steps δt,τ as both H(δτ , g
2
H) and H(iδt, g

2
H) are

closer to the same Hamiltonian limit. This implies that there might be a parameter space

where Scheme A yields more accurate results for Minkowski scale-setting, leading to ques-

tion the feasibility of Scheme B. In this section, we give upper bounds for the scale-setting

error of both schemes and discuss if the advantage of analytic continuation of a given scheme

is balanced out by its errors.

Consider the bare eigenvalue λ(δτ , g2H) ≡ a0(δτ , g
2
H)mphys/δτ of H(δτ , g

2
H). In real time,
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the equivalent eigenvalue ofH(iδt, g
2
H) is λ(iδt, g2H) ≡ at(δt, g

2
H)mphys/δt. Let λm(δτ , g

2
H) be

the measured values of λ(δτ , g2H) on Euclidean lattices, with a deviation from the theoretical

value ϵA = |λm(δτ , g
2
H)− λ(δτ , g

2
H)| from statistical errors of the measurement.

For δτ = δt, Scheme A approximates λ(iδt, g2H) as λm(δτ , g
2
H) such that the error is

given by

|λ(iδt, g2H)− λm(δτ , g
2
H)|

≤ |λ(iδt, g2H)− λ(0, g2H)|+ |λ(δτ , g2H)− λ(0, g2H)|

+ |λ(δτ , g2H)− λm(δτ , g
2
H)| (2.36)

where λ(0, g2H) is the corresponding energy gap evaluated in the continuous time limit δ = 0.

The first two terms on the RHS of Eq. (2.36) quantify the errors from the BCH con-

tributions. The last term is ϵA, the statistical error of the Euclidean temporal scale at δτ .

We obtain the following constraint on the trotterization error according to the Bauer-Fike

theorem [172],

|λ(δ, g2H)− λ(0, g2H)| ≤ 2∥H(δ, g2H)−H(0, g2H)∥ (2.37)

At small δ, ∥H(δ, g2H)−H(0, g2H)∥ is dominated by the leading order BCH commutators

of order |δ|2.

∥H(δ, g2H)−H(0, g2H)∥ ≲
|δ|2
24

(2∥[[VKS, KKS], KKS]∥+ ∥[[VKS, KKS], VKS]∥)

≤ |δ|2
3

Nlink(d− 1)dU∥l̂2∥
(
g2H8∥l̂2∥+ g−2

H 2(d− 1)dU

)
≤ |δ|2

4(max δ)2
M (2.38)

where d is the number of spacial dimensions, dU is the dimension of the representation of
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the group element U in VKS, Nlink is the number of links in the spacial lattice, and ∥l̂2∥

is the spectral norm of a single link operator l̂2ij . We have introduced additional definitions

into the second line,

max δ ≡ min

{
g2H

4(d− 1)dU
,

1

g2H8∥l̂2∥

}
(2.39)

M ≡ 2Nlink(d− 1)dU∥l̂2∥max δ (2.40)

The inequality of Eq. (2.38) is only guaranteed within the range |δ| < max δ because next to

leading order commutators are only negligible within such range, as shown in Appendix 2.7.

Thus, Eq. (2.37) is bounded by M/2 for |δ| ≤ max δ. Combining all the above definitions

and inequalities, the upper bound of temporal scale-setting errors for Scheme A is

|λ(iδt, g2H)− λm(δτ , g
2
H)| ≲

(
δ2t

max δ2
+
ϵA
M

)
M (2.41)

which is bounded by M + ϵA for δ ≤ max δ. As M quantifies the upper limit of the

trotterization error in Eq. (2.37) and also the error of Scheme A, we refer to M as the error

bound parameter from the BCH expansion.

As Scheme B requires the knowledge of the functional dependence of the scales on gH

and δτ , we assume that the theoretical λ(δ, g2H) is both analytic and even in power of δ within

the radius |δ| ≤ max δ, i.e. λ(δ, g2H) = λ(−δ, g2H). This is based on the following perturbative

argument: for small |δ|, the BCH commutators H(δ, g2H) − H(0, g2H) can be treated as

perturbations to the Hamiltonian limit H(0, g2H). With the second-order trotterization, all

the non-vanishing BCH commutators depend on even orders of δ. Therefore, perturbatively,

the difference in the spectra of H(δ, g2H) and H(0, g2H) should be analytic and even in powers

of δ order by order. One thus fits the functional form λf (δτ , g
2
H) for Euclidean temporal

scales in even powers of δτ . This guarantees that the analytic continuation λf (iδt, g
2
H) is
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real, thus avoiding nonunitarity in the Minkowski metric.

Define ϵB as the maximum deviation of λf (δτ , g2H) from the theoretical λ(δτ , g2H) across

the Euclidean region, such that |λf (δτ , g2H) − λ(δτ , g
2
H)| ≤ ϵB for all 0 < δτ ≤ max δ. ϵB

is affected by both the precision of the measurements on the Euclidean data and the fitting

procedure. Since the computational resources required grow with decreasing δτ , |λf (0, g2H)−

λ(0, g2H)| is likely to be the largest deviation. The region δ ≤ max δ is defined such that

O(δ4) terms are at most equal to the O(δ2) terms. Therefore within this region, a quartic

λf (δτ , g
2
H) should reasonably approximate λ(δτ , g2H). By performing calculations at three or

more δτ each with ϵA, one would expect the value of |λf (0, g2H)−λ(0, g2H)| and therefore ϵB

to be larger than ϵA only by an order-one factor. In addition, we will require the condition in

Eq. (2.70): |λf (δ, g2H)−λ(δ, g2H)| ≤M+ϵB in the whole complex plane satisfying |δ| < max δ.

As shown in Appendix 2.8, we derive an upper bound on the error of the temporal scale-

setting for Scheme B:

|λ(iδt, g2H)− λf (iδt, g
2
H)| ≲ ϵB

(
M + ϵB
ϵB

)ω(δt)

(2.42)

with 0 < ω(δt) =
4
π arctan δt

max δ < 1 following the Lemma 1 in [171].

The advantage of using Scheme B could be seen from comparing the ratio of Eq. (2.42)

to Eq. (2.41) when setting ϵA = ϵB = ϵ. The error in Scheme A has a quadratic dependence

on δt. When ϵ/M ≪ 1, the growth of the errors in Scheme B is delayed with respect to

that in Scheme A, until δt is very close to max δ, as shown in Fig. 2.2. It results that such

advantage of Scheme B over Scheme A requires ϵ/M < 0.053, where around ϵ/M = 0.053,

the derivatives of the two prefactors respective to δt are the same at δt = max δ. Ultimately,

the overall accuracy of the scale setting in both schemes is controlled by the magnitude of

the error bound parameter M. All the above holds, unless the error bound parameter M

is too large such that simulations at very small δt values are necessary to have the overall
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Figure 2.2: Ratio of the error bounds of Scheme B in Eq. (2.42) to that of Scheme A in
Eq. (2.41). The black line indicates when the bounds are equal.

accuracy under control, which are computationally very expensive.

The result that Scheme B performs better at small ϵ/M ratio has clear physical interpre-

tations. Correcting BCH errors as Scheme B does via analytic continuation becomes more

important when the error bound parameter M is larger. On the other hand, in the Scheme

B, the analytic continuation is sensitive to the Euclidean precision ϵ as seen from Eq. (2.42),

while Scheme A is less affected. For Scheme B to yield a smaller error, certain accuracy

of the functional form λf (δτ , g
2
H) has to be achieved. This leads to the practical concern

that a large amount of resources on the Euclidean calculation might be required at small

couplings as the signals become weaker. In addition, for the low energy states involved in the

scale-setting procedure, the error bound parameter M could be smaller than the estimation

using Eq. (2.39). Therefore, we expect both Eq. (2.41) and Eq. (2.42) to be conservative

bounds, as one can confirm by comparing Tab. 2.1 and Fig. 2.7. In such cases, a smaller

error ϵ would be required to obtain the same values of ϵ/M that govern the suppression of

the errors in Scheme B.
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In Table 2.1 we estimate for D4 models with 2 and 3 spatial dimensions and different

number of plaquettes/number of links/different values of the bare coupling gH , the largest

possible trotter step compatible with 0.1 errors on the temporal-scale-setting for Scheme A

and Scheme B, assuming ϵ = 0.02. We observe that as expected, the advantage of Scheme

B to allow the use of relative large trotter step at a given systematic error level is remarkable

for larger systems and stronger couplings, that in turn corresponds to larger values of M .

d Nplaquette Nlink g2H max δ M δAt δBt

2 2 4
0.33 0.041 0.23 0.024 0.022
0.71 0.089 2.1 0.017 0.025
1.0 0.059 2.0 0.012 0.017

2 42 32
0.1 0.013 5.8× 10−4 0.013 0.013
0.5 0.063 7.2 0.0066 0.014
1.0 0.059 16 0.0042 0.011

3 43 192
0.1 0.0063 3.5× 10−3 0.0063 0.0063
0.5 0.032 43 0.0013 0.0052
1.0 0.059 192 0.0012 0.0082

Table 2.1: Benchmark values for D4 models in 2 + 1D and 3 + 1D with periodic conditions.
Assuming ϵ = 0.02 and demanding the errors in Eq. (2.41) and Eq. (2.42) to be below 0.1,
δAt , δ

B
t are largest possible δt for Scheme A and Scheme B. When g2H = 0.1, M < 0.1

and we take δAt = δBt = max δ. The first three rows use the same parameters as in Fig. 2.7.
The absolute error in Tab. 2.1 can be converted to the relative error in Fig. 2.7 by use of a
factor δt/atm1×1 ≈ 1 from Tab. 2.2.

2.5 Numerical Results

In this section we present a concrete demonstration of some of the theoretical perspectives

discussed above by using a two-plaquette theory with the discrete, non-Abelian gauge group

D4. We perform classical simulations of a quantum computer using qiskit [173, 174]. These

calculations are performed without modeling of realistic noise sources, corresponding to a

perfect, error-free quantum computer.

We simulate the D4 gauge field on the two-dimensional lattice shown in Fig. 2.3. This

lattice represents the smallest two-dimensional lattice which cannot be reduced to a one-
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Figure 2.3: The lattice geometry used for the D4 gauge simulation. The plaquettes are given
by U

†
2U

†
0U3U0 and U

†
3U

†
1U2U1. Dash lines are used to indicate repeated links due to the

periodic boundary conditions.

dimensional theory. The simulations requires a five D4 registers, and uses a total of 17

qubits: 12 for physical degrees of freedom, 3 for an ancillary group register, and 2 ancillary

qubits. Note that, for brevity, we have broken with the notation of previous sections, in

referring to a link not by the source and sink sites, but instead with a single direct index

i = 0 . . . 3.

We define a trace on D4 (not uniquely specified by the group structure) by embedding

D4 into U(2), and defining the trace via the fundamental representation of that Lie group.

The embedding of D4 < U(2) is generated by the elements σx and iσz. The Hamiltonian

terms are

VKS =− 1

δt
log TV

=− 1

g2H

(
ReTr

[
U
†
2(t)U

†
0(t)U3(t)U0(t)

]
+ReTr

[
U
†
3(t)U

†
1(t)U2(t)U1(t)

])
KKS =− 1

δt

∑
i=0..3

log T
(i)
K (2.43)

where log T
(i)
K is the one-link kinetic term for the i-th link, determined as discussed in
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Appendix 2.55. 1 In total, the quantum simulations entailed ∼ 200 entangling gates per

δ [82]. This is roughly the resources recently used in [175–177], suggesting that a single step

of time evolution may be possible on current quantum devices.

Stochastic state preparation has been demonstrated for thermal states in D4 [100] and

particle-like states in Z2 [101]. While these results are promising, the initial states are

found to have contamination from excited states that complicates the analysis. Therefore,

to simplify the study of trotterization and the continuum limit, we use exact diagonalization

of the Kogut-Susskind Hamiltonian to compute the eigenvalues and then construct our initial

state as

|ψ(0)⟩ = 1√
2
|ψ0⟩+

1√
2
|ψi⟩ (2.44)

where |ψi⟩ correspond to the i−th excited state which is non-degenerate. By preparing such

initial states, the corresponding time-dependent state should be

|ψ(t)⟩KS =
eiE0t
√
2
|ψ0⟩+

eiEit
√
2
|ψi⟩. (2.45)

As pointed out in [101] at finite at, trotterization mixes Kogut-Susskind eigenstates

through nonzero transition matrix elements ⟨ψk|H(a, at)|ψ(0)⟩:

|ψ(t)⟩ = eiH(a,at)t|ψ(0)⟩

=
∑
k

eiEk(at)t|ψk(at)⟩⟨ψk(at)|ψ(0)⟩

=
∑
k

λke
iEk(at)t|ψk(at)⟩ (2.46)

As at → 0, one can show that the time-dependent state in Eq. (2.46) reduces to Eq. (2.45).

1. For the numerical calculations, we take δt = 1 in KKS specifically for the discrete group, such that the
eigenvalues of the kinetic Hamiltonian are sufficiently differentiated when the system is evolved with small
trotterization step. This trajectory is adequate since, using the character expansion for the kinetic part of
the transfer matrix in Appendix. 2.6, one can show that this construction captures the kinetic energy in the
continuous time limit taken for a discrete group.
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Performing measurements of the operator O on this state with a quantum computer yields

⟨O(t)⟩ ≡ ⟨ψ(t)|O|ψ(t)⟩

=c0 +
∑
k ̸=j

[
ck,j cos

(
at(Ej − Ek)l

)
+ sk,j sin

(
at(Ej − Ek)l

)]
(2.47)

where l = [0, N ] is the integer trotter step. ck,j , sk,j incorporate both the mixing effects

entailed in λk and the matrix elements of O. The Ek here and in the following are eigenval-

ues of H(a, at) and have explicit dependence on at. This expression, analogous to euclidean

lattice field theory operators, can be used to fit the energies of states atmi ≡ at(Ei − E0)

where E0 is the ground state energy, corresponding to a non-degenerate ground state. As

we decrease δt, the coefficients of excited-states which can only be non-zero due to contami-

nation, should vanish. Therefore, by performing the fit in Eq. (2.47) for multiple values of δt

and comparing the results for the coefficients, it is possible to distinguish the physical gap

from the other gaps appearing due to contamination.

It is useful here to compare the fitting procedure to that of Euclidean LFT. In Euclidean

space, ⟨O(τ)⟩ ∼∑i αie
−Eiτ and thus taking τ → ∞ acts as a low-pass filter which removes

higher energy states. In this way, for sufficiently large τ , ⟨O(τ)⟩ should be exponentially

dominated by a single state E1 and one can extract a0E1. In contrast, ⟨O(t)⟩ ∼∑i βie
−iEit

and thus the excited-state contribution to the lattice matrix element doesn’t decrease as

t → ∞. This lack of a natural low-pass filter is why real-time evolution can access matrix

elements that could be inaccessibly to Euclidean LFT; it also means that the excited-state

contamination from imprecise state preparation and trotterization cannot be trivially re-

moved. In this sense, the sampling advantage of quantum computers could be jeopardized

by errors induced from excited state contamination.

In this chapter, we will use two different spatial Wilson loops as our operators O, which

have different quantum numbers, and therefore are sensitive to different eigenstates. The
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Figure 2.4: Expectation value of the plaquette ⟨O1×1(Nδt)⟩ vs Nδt for different δt with
fixed g2H = 1.11. The green line indicated the δt → 0 exact results

first is the left plaquette, O1×1 = ReTrU0U3U
†
0U

†
2 , and by following the construction of

[82] it can be measured without any ancillary qubit. The second is the Wilson loop over

the entire lattice, O2×1 ∼ ReTrU0U1U2U
†
1U

†
0U

†
2 , which requires an ancillary group register

to be computed [178]. For each of these operators, we construct different initial states from

Eq. (2.44).

The computations are done for multiple values of g2H(a, at) = [0.71, 1.25] and δt =

[0.01, 0.7] for Nδt = [10, 20]. The circuits used are detailed in [82]. The BCH contribu-

tions vanish for g2H(a, at) → 0, and as a result, the matrix elements ck,j , sk,j in Eq. (2.47)

vanish with only ci,0 and si,0 surviving. Further, the statistical errors required to resolve os-

cillations in ⟨O(t)⟩ must be decreased accordingly, calling for increased number of shots. An

additional complication from the continuum limit approach is that the gaps atmj−atmi → 0

as g2H → 0 and thus contamination due to trotterization errors grow unless δt is decreased

as well. Together, these amount to the cost of the approach to the continuum to scale

poorly. For our model, we find that for g2H(a, at) > 1, the required number of shots for the

qiskit noiseless simulator qasm ranged from 1600 to 64000 as we decreased δt, g2H . For this

reason, we utilized state_vector simulator – which reports exact probability distributions

– for g2H(a, at) ≤ 1 in order to investigate the continuum limit at reduced computational

cost. This just emphasizes the importance of being able to perform calculations at large
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a, at on reducing the quantum resources required. For the D4 theory, the eigenvalues of

VKS (Eq. (2.43)) are 1/g2H × {−4,−2, 0, 2, 4}. States evolved under one-step time evolution

operator eiδtVKS/2 built from VKS will obtain phases in the range δt/2g2H × [−4, 4]. For the

δt and g2H chosen, the phase differences are smaller than 2π so that one can resolve states

with different potential energies.

2.5.1 Scale Setting in Minkowski Spacetime

We evaluate ⟨O1×1(t)⟩ to investigate the effect of the renormalization of the temporal scale in

Minkowski calculation, by performing fits to Eq. (2.47) and extracting the lowest energy gap

atm1×1 from ⟨O1×1(t)⟩. The initial state is constructed from Eq. (2.44) with excited state

i = 2. An example of these calculations is found in Fig. 2.4 for fixed g2H(a, a0) = 1.11 and

three different δt = {0.5, 0.25, 0.1}. Comparing the trotterized results to the continuous-time

one calculated using classical computations, the state contamination can be clearly observed

and decreases for smaller values of δt. The results for atm1×1, for the whole range of g2H and

δt are found in Table 2.2. We observe that the bare mass atm1×1/δt is changed by only 3%

when δt increases from 0.1 to 0.5 for g2H = 1.11, while the mixing effect could be changed

by around 20% from comparing the ck,j , sk,j amplitudes in Fig. 2.4.

In the Euclidean lattice calculation, using the relation in Eq. (2.23) obtained in the weak

coupling limit [159–161], the perturbative renormalized anisotropy is

ξ−1 = c(a, a0)δτ ∼

 1− cs(ξ)g
2
H

1− ct(ξ)+cs(ξ)
2 g2H

 δτ
≈
[
1 +

ct(ξ)− cs(ξ)

2
g2H(a, a0) +O(g4H)

]
δτ . (2.48)

Even without a functional form for ci(ξ), one can see that solving Eq. (2.48) self-consistently

for ξ will break a0 ∝ δτ . For SU(N) in 3 and 4 dimensions, c+(ξ) ≡ ct(ξ) + cs(ξ) ≈

O(10−2) and c−(ξ) ≡ ct(ξ) − cs(ξ) ≈ O(10−1) [159–161] – suggesting that the nonlinear
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renormalization is generically small. While the exact functions g2H(a, a0), ci(ξ), depend upon

the metric, the form of Eq. (2.48) should remain unchanged. It is possible to investigate

Eq. (2.48) in Minkowski space by rewriting it as at = c(a, at)aδt. For the case of g2H = 1.25

plotted in Fig. 2.5, one sees that at has a clear δ2t dependence. Furthermore, Fig. 2.6

shows that the linear dependence of at upon δt is a g2H dependent function. Together, these

demonstrate the renormalization of at with respect to the bare coupling gH and the trotter

step δt. Although for our toy model with two spatial plaquettes we cannot extract the spatial

scale a from numerical results, we can relate a to the running of g using the perturbative

results [179]

aΛ = exp

(
− 1

2b0g2

)
(b0g

2)
− b1

2b0 (1 +O(g2)). (2.49)

In the above, b0, b1 are the standard g3, g5 coefficients in the perturbative β function. Al-

together, to extract physical properties from quantum simulations, we must first determine

both scales explicitly.

2.5.2 Comparison of Schemes for Scale Setting

To reduce the quantum resources for lattice calculation, we determine the scale using the

Euclidean data following the procedure proposed in Sec. 2.3. As a demonstration, we will

focus on the temporal lattice spacing and show its determination using Scheme A and

Scheme B.

We solve the eigenvalues of the Euclidean transfer matrix built from KKS and VKS in

Eq. (2.43). By taking the logarithm of these eigenvalues, we could extract the energies of the

spectra on a Euclidean space-time, with the ground state energy normalized to zero. The

observable a0m1×1 is the energy corresponding to the 2nd excited state. With the set of

bare couplings 1/g2H = [0.8, 3.0] and δτ = [0.5, 0.01], we obtain a0m1×1 and in addition we

apply an error of 1% to a0m1×1 for any bare coupling and a0 used, in order to mimic the

measurement error using classical Monte Carlo simulations. Then we do a 2D fit to get the
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fit to the data. The poor linear fit (χ2/d.o.f = 40.2) demonstrates that at is not proportional
to δt as might be naively expected. χ2/d.o.f = 1.1 for the quadratic fit.
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functional dependence of a0m1×1 on both δτ , g2H as:

a0m1×1(δτ , g
2
H) = δτ

(
f1(g

2
H) + f2(g

2
H)δ2τ

)
(2.50)

Given that spatial lattice spacing a is related to g2H via the relation in Eq. (2.49) and fi

functions should be power-law expansions of a, we use the following functional form for the

2D fitting of a0m1×1

fi(g
2
H) =

∑
n

ai,n

(
exp
(
−κ0/g2H

) 1

g2κ1H

)n

. (2.51)

The fitted a0m1×1 (χ2/d.o.f = 1.3) is at most 3% away from their truth value at 68% C.L..,

with n taken to be 3 for f1 and 2 for f2 to achieve the aforementioned χ2/d.o.f. With this,

we can then analytically continue with either scheme. In Fig. 2.7, the percent systematic

error for both schemes compared to atm1×1 computed by diagonalizing U(at) in Sec. 2.5.1

(which agree with Tab. 2.2). The colored region shows the errors from the 1σ band in the

Euclidean fitting. For the three g2H used in Fig. 2.7, the errors ϵ ≤ 2% at 68% C.L., with a

weak dependence on δτ .

As expected, Scheme A,B give precise evaluations of atm1×1 at small δt. When δt

gets larger, the BCH errors of Scheme A should increase as δ2t . BCH errors get smaller

for smaller g2H , as which lowers the error bound parameter M . As shown in Fig. 2.7, for

g2H ≤ 0.33(ϵ ∼ M), Scheme A provides a better estimation of the lattice scales for the

whole region of δt < 0.5. The errors from the analytical continuation of Scheme B barely

increase for larger values of δt, and are in principle less sensitive to g2H as expected. For the

assumed precision in the Euclidean data and the fitting procedure, the error, ϵ, is slightly

larger for the small g2H region and altogether a delayed growth in the errors is maintained for

g2H ≥ 0.71. One can conclude that if g2H is not particularly small, Scheme B is more likely

to render the lowest errors in the scale determination. In both cases, the observed 2% errors
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are well within Eq. (2.41) and Eq. (2.42), which predict a 10% error bound for δt ≤ δ
A(B)
t

shown in Tab. 2.1.

Once the measurement of the renormalized spatial lattice spacing is allowed when con-

sidering sufficiently large systems, one can obtain the renormalized spatial lattice spacing

similarly using only Euclidean data.

2.5.3 Approaching the Continuum

In Euclidean LFT, one uses a, a0 for extrapolating to the continuum limit. This is because

performing extrapolations in terms of the bare parameters requires either very higher or-

der fit functions (and therefore many calculations) or calculations with very small gH and

δτ (at large computational cost). Instead, using a, a0 is an extrapolation in nonperturba-

tive variables, so the bare couplings can be much larger and the fit functions simpler. The

same should be true in Minkowski spacetime. In principle, one can approach the continuum

along any trajectory as a function of a, at, but experience from Euclidean LFT [165, 168],

suggests that taking a trajectory of fixed-ξt would smoothly and efficiently extrapolate to

the continuum limit for Minkowski LFT. In approximations to U(t) other than trotteriza-

tion [85–88], definitions for a nonperturbative scale like at are currently unknown, making

the extrapolation to the continuum nontrivial.

In the continuum limit a, at → 0 and thus atmi vanishes. One must instead explore finite

physical quantities such as atmi/atm1×1. Due to the smallness of our lattice, the only states

which mix with |ψ2⟩ are from cutoff effects which have atmi/atm1×1 → ∞. Therefore, we

perform another fit to ⟨O2×1(t)⟩ from which we extract a second physical mass, atm2×1.

The initial state for this purpose is constructed with i = 13. With these, we can study

different approaches to the continuum limit. As the scales set from real-time evolution are

already available (Tab. 2.2) and Scheme B gives comparable precision, in the following,

we use at from Tab. 2.2. Observe that, since the difference between Schemes A and B
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are polynomials of the lattice spacing, it is reasonable to expect that formulating Scheme

A with some assumptions on the extrapolation function would lead to the same continuum

limit as the one we are considering here. We point out that the precision of the spacings

extracted from real-time evolution would be much worse when noise is included.

Numerically, the first trajectory to approach the continuum is to first take at → 0 (the

Hamiltonian limit) then take a→ 0. Since the lattice spacing errors of H(a, at) are O(a2, a2t ),

we fit the mass ratio to
atm2×1

atm1×1
= κ0 + κ2(atm1×1)

2 (2.52)

In Fig. 2.8 and Fig. 2.9, we show these best fit lines of Eq. (2.52) to the data points extracted

from qasm and state_vector. The values of κ0 correspond to the Hamiltonian limit value

of the mass ratio, and we tabulate them in Table 2.3. We find good agreement between the

κ0 in Tab. 2.3 and those calculated by direct diagonalization of the Hamiltonian with δt = 0

for different g2H .

From Fig. 2.8, we could see that the difference for atm2×1/atm1×1 is only 8% between

its value at δt = 0.5 and the Hamiltonian limit for g2H = 1.11, while from Fig. 2.4, for the

same value of g2H and δt, the ⟨O1×1(t)⟩ could differ from the Hamiltonian limit by up to

20%. The deviation in atm2×1/atm1×1 represents BCH corrections to the eigenvalues and

the latter one is the correction to wavefunction. Thus less resources (larger trotterization

step) could be needed to control the error of atm2×1/atm1×1 below certain threshold.

Assuming errors scaling as O(a2) and using Eq. (2.49), we can fit the κ0 in Tab. 2.3 to

the continuum limit using

atm2×1

atm1×1

∣∣∣∣
at→0

= λ0 + λ1e
−λ2/g

2
H (gH)λ3 . (2.53)

In contrast to extrapolating in at, the reliability of this extrapolation depends much more

sensitively on being in the perturbative regime, otherwise Eq. (2.49) receives large corrections
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and our functional form will be inadequate. So from Eq. (2.53), we must perform the

nonlinear fit in g2H which introduces complicated correlations between the fitting parameters.

Despite these limitations, we find that the continuum limit result of λ0 = 2.03(4) agrees

with the continuum value m2×1/m1×1 = 2 computed from the direct diagonalization of the

Hamiltonian with g2H ∼ 0 and δt = 0. The mass ratio in the continuous time limit, κ0 in

Tab. 2.3 (black points), and the best fit line using Eq. 2.53 are found in Fig. 2.10 (black line

and grey shaded region for 68% C.L..).

The number of trotter steps N (and therefore gate costs) is proportional to δ−1
t . Clearly

therefore, it is an undesirable feature to first take the Hamiltonian limit at → 0 (δt → 0) and

then the continuum limit a→ 0. Instead of working at fixed a, while decreasing δt, one can

work at fixed ξt =
a
at

and then one could directly approach the continuum limit a, at → 0

through this trajectory. Up to a2 order, the extrapolation in terms of the bare coupling,

would be of analogous functional form as that on the right-hand of Eq. (2.53), with the finite-

ξt effects entering the fitting parameters. It is thus important to explore how to define the

finite ξt trajectory. One could perform this tuning on the quantum computer. This would

proceed by computing both at, a or ξt using some physical observables (e.g. Wilson loops or

dispersion relations) and then adjust the bare parameters until one has a fixed ξt trajectory.

This procedure requires multiple quantum simulations to be performed – albeit at larger δt

then an extrapolation to the Hamiltonian limit requires and only the scale-setting observable

needs to be computed. But, as demonstrated, we can reliably extract the dependence of the

scales a, at on δt and g2H by analytical continuation using Scheme B. We can then directly

invert these relations to find the δt and g2H for a fixed ξt avoiding the quantum computer

entirely for scale-setting.

Given the smallness of our system, we are unable to extract a or the corresponding ξt to

determine a set of δt and g2H . This forces us to consider some approximations. While the

previous discussions demonstrate renormalization, as the nonperturbative renormalization
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effects partially cancel out [160], we expect that the renormalization of ξt is milder than that

of a, at individually. Therefore, we can approximate the fixed ξt trajectory as fixed δt. In

Fig. 2.10, we show altogether the extrapolation to the continuum limit through the Hamilto-

nian limit (gray line and black dots), as well as two fixed values of ξt ≈ {10, 2} to highlights

the power of fixed ξt trajectories in achieving the continuum limit results. Indeed, following

the trajectory of ξt ≈ 10 (red circle), we can successfully reach the correct continuum limit

with clear advantages over the Hamiltonian extrapolation method. For ξt ≈ 10, the needed

number of data point simulations is reduced by 67% when comparing to the Hamiltonian

limit procedure that requires all the measurements shown in Fig. 2.8 and Fig. 2.9. In ad-

dition, the circuit depth is greatly reduced through avoiding small trotterization steps, e.g.

δt < 0.1. In Fig. 2.10, we further investigate using an even smaller ξt ≈ 2, hence δt = 0.5

(blue triangles), which implies a further improvement on the circuits depth demands. Due

to the large uncertainties from quantum simulations as represented by the large error bars

from Fig. 2.10, we calculate the atm2×1
atm1×1

through explicit diagonalization of the time evolution

operator at fixed ξt ≈ 1/δt = 2. We find that the continuum limit is also successfully reached

for this large value of trotter step. Although multiple simulations are needed to control the

measurement uncertainties on a quantum computer, this highlights the advantages of fixed-ξ

calculations in avoiding larger errors from enhanced circuit depth.

2.6 Continuous limit for discrete group with Wilson action

In this appendix, we will show the subtleties in taking the Hamiltonian limit a0 → 0 con-

structed from the Wilson action of a discrete gauge group, relying on the spectra of the

kinetic part of the transfer matrix, which could be solved using the character expansion -

Fourier transformation to the character basis. Taking Dn group as an example (with n even),
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its irreducible representations ρr are as follow:

ρ1,1(j,m) : 1 ρ1,2(j,m) : (−1)m (2.54)

ρ1,3(j,m) : (−1)j ρ1,4(j,m) : (−1)m+j

ρ2,k(j,m) : exp

(
i
2πj

n
kσz

)
σmx

with j ∈ [0, ..., n− 1],m ∈ {0, 1} defining the elements of the group and k ∈ {1, 2, ...n2 − 1}

indexing the different dimension-2 irreducible representations.

The kinetic part of transfer matrix is constructed in the faithful irreducible representation

of Dn: ρ2,1(j,m), to ensure its positivity [82]. Consider a single link, say the first link U1,

it takes values of ρ2,1(gi) ≡ ρ2,1(j,m), with i = 1 representing the identity group element of

j = m = 0. Using character expansion, the kinetic part of the transfer matrix for the first

link T 1
K can be explicitly written as:

T 1
K(i, i′) = exp

(
βtReTr

[
ρ
†
2,1(gi)ρ2,1(gi′)

])
(2.55)

=
∑
r

drcr Tr
[
ρ
†
2,1(gi)ρ2,1(gi′)

]
,

with dr the dimension of the r representation. The coefficients for the modes in the irre-

48



ducible representation r are given by cr =
∑2n

i=1
1
dr

Tr
[
ρr(g

†
i )
]
T 1
K(i, 1), explicitly as:

c1,1 =
n−1∑
j=0

(e
2βt cos

(
2jπ
n

)
+ 1)

c1,2 =
n−1∑
j=0

(e
2βt cos

(
2jπ
n

)
− 1)

c1,3 =
n−1∑
j=0

(−1)j(e
2βt cos

(
2jπ
n

)
+ 1)

c1,4 =
n−1∑
j=0

(−1)j(e
2βt cos

(
2jπ
n

)
− 1)

c2,k =
n−1∑
j=0

cos

(
2jπ

n
k

)
e
2βt cos

(
2jπ
n

)
(2.56)

and is inherently positive from the positivity of T 1
K when βt > 0 for finite n. Notice that

in Eq. (2.56), the group elements with m = 1 contribute only to the second piece in each

summation of cr for dr = 1 and do not contribute to c2,k. For the D4 group considered in

Sec. 2.5, we have

c1,1 = 6 + e2βt + e−2βt , c2,1 = e2βt − e−2βt (2.57)

c1,2 = c1,3 = c1,4 = −2 + e2βt + e−2βt .

The corresponding KKS after normalizing the ground state energy to zero in the character

basis |r, l⟩ is written as:

KKS =
1

a0

∑
r

d2r∑
l=1

log

(
c1,1
cr

)
|r, l⟩ ⟨r, l| (2.58)

where l represents the degree of degeneracy of the d2r modes in the r irreducible representa-

tion. The trotterization error we discussed in Sec. 2.4 would be proportional to the maximal
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eigenvalues of KKS.

Recall that βt = a/(g2t a0) = 1/(g2Hδτ ). In the small a0 region, the contribution to the

cr in Eq. (2.57) are all dominated by the e2βt terms, which quantify the contribution from

the identity group element (j = m = 0). Taking the limit a0 → 0 for discrete groups would

result in degenerate spectra:

lim
a0→0

1

a0
log

c1,1
cr

∼ lim
a0→0

f(r)

a0
e−2βt = 0 (2.59)

with f(r = {1, 2}, {1, 3}, {1, 4}) = 8 and f(r = {2, 1}) = 6. However, related to the

observable atm2×1
atm1×1

in our study of Sec. 2.5, one should consider the energy ratios, say:

lim
a0→0

1

a0
log

c1,1
c1,2

/(
1

a0
log

c1,1
c2,1

)
=

4

3
(2.60)

which instead approach a finite value in the a0 → 0 limit. To obtain non-degenerate spectra

and have the above energy ratios fixed, one need to view βt and βs as parameters, without

referring to their dependence on a and a0 in Eq. (2.2). The continuous time limit should be

taken while keeping [142]:

lim
a0→0

1

βs
exp(−βt) = g2d(a)g

2
s , (2.61)

where g2d(a) is some finite constant for a given spatial lattice spacing. It then follows that:

lim
a0→0

1

a0
log

c1,1
cr

∼ lim
a0→0

f(r)

a0
e−2βt = f(r)

g2d(2a)

2a
(2.62)

For the numerical part of our simulation in Sec. 2.5, we fix δt = δτ = 1 and the corresponding
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dimensional spectra in the small g2H limit is given by:

1

ca
log

(
c1,1
cr

)
∼ f(r)

ca
exp

(
− 2

g2H

)
(2.63)

which is the spectra in the above Hamiltonian limit by identifying exp

(
− 2

g2H(a)

)
/c =

g2d(2a)/2. This relation also indicates that for the same spatial lattice spacing measured,

the bare coupling for the the discrete group should be exponentially suppressed than the

bare coupling for a continuous group.

2.7 The approximation of truncating at leading order

commutators in Eq. (2.38)

In this appendix, we will justify that within the region of Eq.(2.39), the BCH operators

beyond the leading order are negligible and therefore Eq. (2.38) holds.

Define H(k, v) as a commutator with k powers of KKS and v powers of VKS. There are at

most 4v links in KKS and 2(d−1)k plaquettes in VKS that can contribute to [HK,V , H(k, v)].

Therefore,

∥[KKS, H(k, v)]∥ ≤ 8vg2H∥l̂2∥∥H(k, v)∥ (2.64)

∥[VKS, H(k, v)]∥ ≤ 4(d− 1)kg−2
H dU∥H(k, v)∥ (2.65)

With r = s = 1, one has [KKS, VKS] which can be bounded with ∥[A,B]∥ ≤ 2∥A∥∥B∥,

∥[KKS, VKS]∥ ≤ 2∥KKS∥2(d− 1)dUg
−2
H

= Nlink4(d− 1)dU∥l̂2∥ (2.66)

When trotterizing U(t) to second order, the leading order (LO) BCH terms in H ′ are given
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by k+ v = 3, with the next-to-leading (NLO) order having k+ v = 5. While each NLO term

has a slightly different bound, they all satisfy

∥H(k + v = 5)∥ ≤

4max
{
4(d− 1)g−2

H dU , 8g
2
H∥l̂2∥

}2
∥H(k + v = 3)∥ (2.67)

The coefficients ck of HNLO ≡ δ4
∑

k ck∥H(k, 5−k)∥ are of O(10−2), with the largest being

1/180 [180]. Therefore the ratio of HNLO to HLO is

HNLO

HLO
≲ O(1)

|δ|2
(max δ)2

(2.68)

where max δ = 1/max
{
4(d− 1)g−2

H dU , 8g
2
H∥l̂2∥

}
. When |δ| ≤ max δ then Eq. (2.68) is

smaller than O(1). Thus, the NLO contribution is negligible and the approximation of

Eq. (2.38) is valid.

2.8 The proof of the error bound for Scheme B

For any δ within the radius |δ| ≤ max δ, one can decompose the analytic continuation error:

|λf (δ, g2H)− λ(δ, g2H)| ≤ |λf (δ, g2H)− λf (0, g
2
H)|

+|λ(δ, g2H)− λ(0, g2H)|+ |λf (0, g2H)− λ(0, g2H)| (2.69)

The term |λ(δ, g2H)−λ(0, g2H)| is simply the trotter error, bounded by |λ(δ, g2H)−λ(0, g2H)| ≲

M/2. We further impose a constraint |λf (δ, g2H)− λf (0, g
2
H)| ≤M/2 on the fitting function

λf (δ, g
2
H).

The last term in Eq. (2.69) is bounded by the Euclidean precision, |λf (0, g2H)−λ(0, g2H)| ≤
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ϵB ≪M . Then there is a loose bound on |λf (δ, g2H)− λ(δ, g2H)|:

|λf (δ, g2H)− λ(δ, g2H)| ≲M + ϵB (2.70)

We finish the proof with the following lemma, which is a specific case of Lemma 1 in [171].

Let λ(δ), λf (δ) be analytic in the half-disk region Ω = {δ : Im δ ≥ 0, |δ| ≤ max δ} with the

bounds |λ− λf | ≤ A for any δ ∈ Ω and |λ− λf | ≤ ϵ on the lower boundary Im δ = 0. Then

for any δ ∈ Ω,

|λ(δ)− λf (δ)| ≤ ϵ

(
A

ϵ

)Re 4
π arctan δ

imax δ
(2.71)

Proof. Define

w(δ) ≡ 4

π
arctan

δ

imax δ
(2.72)

With δ ∈ Ω, the range of w is the infinite strip S = {w : 0 ≤ Rew ≤ 1}. Define v and h as

follows

v ≡ ln
A

ϵ
(2.73)

h(δ) ≡ e−vw(δ)

A

[
λ(δ)− λf (δ)

]
(2.74)

The function h(δ) is analytic in the half-disk region Ω. According to the maximum modulus

principle, the maximum |h(δ)| can only be on the boundary of Ω, which consists of two parts
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Im δ = 0 where |λf − λ| ≤ ϵ and |δ| = max δ where Rew(δ) = 1.

|h(δ)|Im δ=0 =
1

A
|λ(δ)− λf (δ)|Im δ=0 ≤ ϵ

A
(2.75)

|h(δ)||δ|=max δ ≤ |e−vw(δ)||δ|=max δ

=
( ϵ
A

)Rew(δ)|δ|=max δ
=

ϵ

A
(2.76)

Therefore, |h(δ)| ≤ ϵ
A for any δ ∈ Ω. Using the definition 2.74, we obtain the following upper

bound.

|λ(δ)− λf (δ)| = A|h(δ)|evRew(δ) ≤ ϵ

(
A

ϵ

)Rew(δ)

(2.77)

For δ = iδt, we have Rew(iδt) =
4
π arctan δt

max δ . In Eq. (2.71), replace ϵ with ϵB and the

loose upper bound A with (M + ϵB), as Eq. (2.70) suggests, and one gets the result of

Eq. (2.42).

2.9 Conclusions

The natural construction of quantum field theories on quantum computers is as a lattice-

regularized theory. Any meaningful calculation must therefore be renormalized and taken to

the continuum limit before comparison to experiments can be made. As we have discussed,

this involves many hurdles and it will not be easy. Typically quantum simulations are

constructed within the Hamiltonian formalism where a spatial lattice with spacing a is time-

evolved. Further approximations are required, as the time evolution operator U(t) built from

the Hamiltonian usually cannot be efficiently implemented.

In this chapter, we have tackled three important issues related to the simulations of

Minkowksi lattice field theories on quantum computers. Firstly, we discussed how renormal-

ization in the form of a temporal lattice spacing at arises from trotterizating U(t). Secondly,

by relating this trotterized time evolution operator to the Euclidean transfer matrix, we
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propose two different schemes using analytical continuation to set the Minkowski lattice

spacings. The most straightforward scheme is to simply equate the Euclidean lattice spac-

ings to those in the real-time calculation (Scheme A). This scheme introduces O(δ2t ) errors in

addition to the statistical errors in the Euclidean calculations. Our second method (Scheme

B) can correct the O(δ2t ) errors of Scheme A by analytically continuing the best-fit function

of the Euclidean spacings. We have derived conservative bounds on the systematic errors for

these schemes for small δt, and a loose constraint on the error of the fit to take advantage

of Scheme B. This enables us to reduce the requirements for quantum resources in the scale

setting procedure. Thirdly, we show that by taking a fixed anisotropic-ξt approach to the

continuum limit, one can further reduce the number of simulations with the added benefit

of shallower circuits and lower required gate fidelities. We demonstrated these ideas for a

2 + 1D, discrete non-Abelian D4 model using qiskit noiseless simulators.

Several follow-ups have been made to the results in this chapter. In particular, the scale-

setting procedure has been tested for Z2 gauge theories in 1+1, allowing for the explicit

calculation of a[181]. Further, the viability of the analytical continuation has been tested by

explicit calculations matching the Euclidean and Minkowski lattice results in the continuous-

time limit [57, 182]. Additionally, since the quantum resources increase as at, a → 0, im-

proved Hamiltonians that account for both lattice effects and quantum noise could accelerate

extrapolation to the continuum approach while reducing the quantum resources required,

which is the content of the next chapter.

55



Table 2.2: Numerical results for lattice masses atm1×1 and atm2×1 for the bare couplings
g2H and δt studied here. Rows above (below) the line indicate qasm (state_vector) results.

g2H δt atm1×1 atm2×1

1.25 0.70 0.6663(11) —
1.25 0.65 0.606(17) —
1.25 0.60 0.554(16) —
1.25 0.50 0.442(6) 1.120(15)
1.25 0.40 0.349(7) —
1.25 0.25 0.211(4) 0.575(5)
1.25 0.10 0.0821(11) 0.2332(11)
1.25 0.05 0.0414(5) —
1.25 0.01 0.00819(11) —
1.18 0.5 0.446(13) 1.12(4)
1.18 0.25 0.207(3) 0.557(9)
1.18 0.1 0.0838(19) 0.223(3)
1.11 0.5 0.429(11) 1.016(11)
1.11 0.25 0.206(10) 0.518(11)
1.11 0.1 0.0832(7) 0.208(4)
1.05 0.5 0.404(14) 0.918(11)
1.05 0.25 0.1987(4) 0.478(5)
1.05 0.1 0.08103(14) 0.189(3)
1 0.1 0.07580(8) 0.1749 (7)
1 0.05 0.037855(14) 0.0883 (4)
1 0.01 0.007584(4) 0.017572(6)

0.91 0.1 0.06699(9) 0.1474(4)
0.91 0.05 0.03348(3) 0.07402(9)
0.91 0.01 0.0066953(14) 0.014835(4)
0.83 0.1 0.0575(4) 0.1250(6)
0.83 0.05 0.02889(10) 0.06266(16)
0.83 0.01 0.005791(8) 0.012493(14)
0.77 0.1 0.0488(8) 0.1051(8)
0.77 0.05 0.02462(19) 0.05230(15)
0.77 0.01 0.004948(8) 0.01049(3)
0.71 0.1 0.0424(3) 0.0885(3)
0.71 0.05 0.02102(9) 0.04387(7)
0.71 0.01 0.004191(9) 0.008753(7)
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Figure 2.7: Errors with respect to the truth scale in a Minkowski calculation using Scheme
A (left) and Scheme B (right), with the band showing the error from the 1σ region in the
Euclidean fitting. We have assumed that the measurement precision in Euclidean spacetime
could reach 1%. Together with fitting errors, we have ϵ ≤ 2% at 68% C.L. for the g2H and
δτ = δt used in this figure. For Scheme A we use ∆atm1×1 from the fit, as ϵ is barely
affected by the fitting procedure.
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Table 2.3: Numerical results for the dimensionless ratio of lattice masses atm2×1/atm1×1
after extrapolating for fixed g2H to the Hamiltonian limit, in comparison with the same
quantities calculated using direct diagonalization of VKS + KKS. Rows above (below) the
line indicate qasm (state_vector) results.

g2H
atm2×1
atm1×1

|at→0
m2×1
m1×1

|at=0

1.25 2.83(4) 2.81
1.18 2.70(4) 2.68
1.11 2.511(13) 2.51
1.05 2.37(6) 2.40
1.00 2.321(9) 2.32
0.91 2.2159(3) 2.22
0.83 2.158(3) 2.15
0.77 2.1191(15) 2.11
0.71 2.0882(5) 2.09
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Figure 2.8: atm2×1/atm1×1 as a function of atm1×1 for a variety of g2H(a, at). The data
points are extracted from fixed δt results from a qasm calculation. For each g2H , we have
δt = {0.1, 0.25, 0.5} from left to right. The solid lines reflect the best fit for a fixed g2H(a, at).
The colored bands are the 1σ uncertainties on the fits.
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Figure 2.9: atm2×1/atm1×1 as a function of atm1×1 for a variety of g2H(a, at). The data
points are extracted from fixed δt results from a state_vector calculation. For each g2H ,
we have δt = {0.01, 0.05, 0.1} from left to right. The solid lines reflect the best fit for a fixed
g2H(a, at). The colored bands are the 1σ uncertainties on the fits.
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Figure 2.10: am2×1/am1×1 vs g2H(a, at) for three continuum trajectories where ξt is approxi-
mately fixed. Closed and open symbols indicate qasm and state_vector results respectively.
The black line is a best fit to the ξ = ∞ points with a 1σ uncertainty band.
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CHAPTER 3

QUANTUM SIMULATIONS OF IMPROVED HAMILTONIANS

The historical success of Symanzik-improved lattice actions in classical simulations strongly

suggest that improved Hamiltonians can dramatically reduce qubit and gate costs for the

same physical limit results. This chapter presents a new direction for reducing quantum

resources by using Hamiltonians with smaller discretization errors from finite differences.

Quantum simulations can then be done at larger a, reducing the O((L/a)d) qubits needed.

We start with illustrating how to improve the commonly-used Kogut-Susskind Hamiltonian

HKS [68] in the Symanzik improvement program [183–185], then derive time-evolution op-

erators for the improved terms and construct the corresponding quantum circuits, followed

by an explicit demonstration for Z2.

For pure gauge theories, the classical Yang-Mills Hamiltonian can be written:

HYM =
1

2

∫
ddx tr

[
E2(x) +B2(x)

]
(3.1)

where E(x) and B(x) are the electric and magnetic field strengths with spatial components

Ei(x) and Bi(x). Alternatively, the magnetic energy density can be written in terms of

Fij(x), the spatial-spatial field strength tensor, as: 1
2B

2(x) = 1
2

∑
i<j F

2
ij(x) with Latin

indices indicating spatial directions as shown in Fig. 3.1. In terms of color components,

Ei(x) = Eb
i (x)λb, Bi(x) = Bb

i (x)λb, with λb being generators of the gauge group. To

ensure gauge invariance, lattice Hamiltonians are built from gauge links Ui(x) = eigaAi(x)

connecting lattice site x to its neighbor in the i spatial direction, with g being the gauge

coupling and Ai(x) the lattice gauge field [186]. By replacing the magnetic field Bi(x) term

with the plaquettes Pij(x) (see Fig. 3.1 for i = x and j = y) built from Ui(x), and the

60



electric field Ei(x) with the lattice electric field Li(x), one arrives at HKS [68]:

HKS = KKS + VKS, (3.2)

KKS =
∑
x,i

g2t
a

trL2i (x), VKS = −
∑
x,i<j

2

g2sa
Re trPij(x).

As temporal and spatial directions are treated differently, coupling gt and gs are introduced

for the kinetic term KKS and potential term VKS, respectively. The discrepancy between

HKS and Hco is of O(a2), as seen by series-expanding Pij with Di denoting the covariant

derivative:

Pij = I− g2sa
4

2

[
F 2
ij +

a2

12
Fij(D

2
i +D2

j )Fij +O(a4)

]
. (3.3)

For Symanzik improvement, one adds terms to HKS, and adjusts couplings to cancel the

discretization errors [83, 84]. The above classical O(a2) error from Fij(D
2
i +D2

j )Fij can be

cancelled by including the rectangle term Rij(x):

Rij(x) =

x i

j = U−1
x,jU

−1
x+j,iU

−1
x+i+j,iUx+2i,jUx+i,iUx,i. (3.4)

At the quantum level O(g2sa
2) errors arise, requiring more terms like the six-link bent loop

terms Cijk(x) (see Fig. 3.1).

The improved Hamiltonian can be written as HI = KI +VI with the improved potential

term VI = βV 0VKS + βV 1Vrect + βV 2Vbent and the improved kinetic term KI = βK0KKS +

βK1K2L [84]. Vrect is defined as

Vrect =
2

ag2s

∑
x,i<j

Re tr
[
Rij(x) +Rji(x)

]
, (3.5)

and Vbent has analogous expressions to Vrect. To cancel the O(a2) errors in KKS, one adds
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U1
U2

Pxy

Ryz

Rzx Cxyz

xy

z

Figure 3.1: 3d lattice with example contributions to HI : the plaquette Pxy, rectangles Ryz

and Rzx, and the bent loop Cxyz, and the two links U1 and U2 used for K2L.

the two-link term K2L:

K2L =
g2t
a

∑
x,i

tr
[
Li(x)Ui(x)Li(x+ ai)U

†
i (x)

]
. (3.6)

For classical improvement, the couplings should be [83, 84]: βV 0 = 5
3 , βV 1 = − 1

12 , βV 2 = 0,

βK0 = 5
6 and βK1 = 1

6 . Perturbative improvements at the quantum level generate corrections

of O(g2a2) [185, 187]. One can further nonperturbatively tune these couplings numerically.

For quantum simulations, these couplings could be extracted via analytic continuation of

Euclidean calculations [50]. The resulting HI then has leading errors of O(a4) to Hco.

Both HKS and HI can be derived from Euclidean actions via the transfer matrix in the

continuous-time limit. The Lüscher-Weisz action [184] was used to derive HI [83, 84] and

has improved errors of O(a4) compared to the O(a2) Wilson action used to derive HKS [188].

For the Lüscher-Weisz action, a = 0.4 fm lattices were found to have similar discretization

errors to a = 0.17 fm lattices with the Wilson action [189]. Similarly, limited direct studies
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of HI and HKS [190] suggest that HI produces discretization errors comparable to HKS

at half the lattice spacing of HI . As the number of qubits required is O((L/a)d), using HI

may require ≳ 2d fewer qubits in realistic quantum simulations for a fixed discretization error

compared to HKS. While this chapter focuses on pure gauge theories, improved Hamiltonian

for fermions exist and the quantum implementation is discussed in [191]

3.1 Derivation for the improved potential term

The classical errors of VKS can be analyzed via the series expansion of the one-plaquette

Wilson loop

ReTrPij(x) = ReTrP
{
eigs

∮
1×1A·dx}, (3.7)

where P stands for the path-ordering. To do this, we transform the line integral of A into

the surface integral dsij with Stokes theorem, and then Taylor expand it around the center

of the plaquette xc to the next leading order:

∮
1×1

dx · A =

∫ a/2

−a/2

∫ a/2

−a/2
dsijFij(xc + x′)

= a2Fij(xc) +
a4

24
(D2

i +D2
j )Fij(xc) +O(a6). (3.8)

We then obtain

ReTrPij(x) = I− g2sa
4 tr

[
1

2
F 2
ij(xc) +

a2

24
Fij(xc)(D

2
i +D2

j )Fij(xc) +O(a4)

]
+O(g4s).

(3.9)
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The O(a2) errors can be canceled by including gauge invariant two-plaquette Wilson loops

in the potential:

ReTrRij(x) = ReTr

{
x i

j

}
. (3.10)

At classical level, we can ignore the bent diagram. The improved potential can be written

as VI :

VI = − 2

ag2s

∑
x,i<j

ReTr
[
βV 0Pij(x) + βV 1

(
Rij(x) +Rji(x)

)]
(3.11)

with the coefficients βV 0 and βV 1 being carefully chosen to cancel the classical O(a2) errors.

Following the same procedure as in Eq. (3.9), we obtain the lowest order terms of Rij :

ReTrRij(x) = 1− g2sa
4 tr

[
2F 2

ij(xc)

+
a2

6
Fij(xc)(4D

2
i +D2

j )Fij(xc) +O(a4)

]
+O(g4s). (3.12)

Substituting Eq. (3.9) and Eq. (3.12) into Eq. (3.11) and requiring no classical O(a2) errors

to the leading-order terms such that

VI = a3
( ∑

xc,i<j

trF 2
ij(xc) +O(a4)

)
+ constant, (3.13)

one obtains βV 0 = 5
3 , βV 1 = − 1

12 .

3.2 Circuit Design for improved Hamiltonians

For quantum field theory calculations, HI is quantized by promoting the fields to operators:

Ui → Ûi, Li → L̂i. The magnetic field basis is the eigenbasis of the link operator Û while

its Fourier transformation gives the electric field basis |Li⟩ diagonalizing L̂2i .

64



We implement the quantum circuits for ĤI term by term with the primitive gates in

Tab. 1.2. Optimal quantum circuits depend on the underlying architecture – in particular

connectivity. We assume register connectivity between a pair of links sharing a common site

(linear register connectivity).

V̂I includes P̂ij(x) for every individual plaquette and the rectangles R̂ij(x) for ev-

ery neighboring two plaquettes. We denote the circuits for V̂KS as UVKS
= eiθRe tr P̂ij(x)

(Fig. 1.2a) and for the rectangles UVrect = eiθRe tr R̂ij(x) (Fig. 3.2a), with the coupling and

trotter step encoded in θ. The circuit of Fig. 3.2a with registers appropriately changed

implements UVbent .

|U1⟩ • •
|U2⟩ UL

× • U−1 • UR
× U−1

|U3⟩ UL
× • • UL

×

|U4⟩ U−1 UL
× • U−1 • UR

×

|U5⟩ U−1 UL
× • • UL

× U−1

|U6⟩ U−1 UL
× UTr U−1 UR

×

(a) UVrect assuming linear register connectivity.

|U1⟩ • U†
F

Uphase UF U−1 • U−1

|U2⟩ UL
× UL

×

(b) UK2L
.

Figure 3.2: Quantum circuits for the time evolution of ĤI .

The circuits UKKS
= eiθ tr L̂

2
1 for K̂KS can be implemented by the L-phase gate Uphase in

the electric field basis [82], as shown in Fig. 1.2b. To avoid dealing with L̂ and Û operators
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simultaneously, we rewrite K̂2L as

K̂2L =
g2t
a

∑
x,i

tr
[
R̂i(x)L̂i(x+ ai)

]
, (3.14)

using the right electric field operator [192]:

R̂i(x) ≡ Û
†
i (x)L̂i(x)Ûi(x) = R̂b

i (x)λb, (3.15)

For simplicity, we denote the two succeeding links in one direction as U1 and U2 following

Fig. 3.1, and thus tr
[
R̂i(x)L̂i(x+ ai)

]
becomes tr

[
R̂1L̂2

]
. For non-Abelian gauge theories,

this sum of non-commuting terms (R̂b
1L̂

b
2 with color index b) is difficult to implement. We

bypass this obstacle by decomposing R̂1L̂2 as

tr
(
R̂1L̂2

)
= tr

[
L̂22 + R̂2

1 − (L̂2 − R̂1)
2
]
/2. (3.16)

With R̂2 = L̂2, the first two terms can be absorbed into K̂KS. Thus, for K̂I the only new

term is tr
[
(L̂2 − R̂1)

2
]
. Defining the evolution operator UK2L

≡ e
iθ tr

(
L̂2−R̂1

)2
, and using

[UK2L
, Û1Û2] = 0, the matrix elements of UK2L

are found to be (see 3.3):

〈
U ′
1, U

′
2

∣∣UK2L
|U1, U2⟩ = δU ′

1U
′
2,U1U2

〈
U ′
1

∣∣ eiθ tr L̂2
1 |U1⟩ , (3.17)

The circuit in Fig. 3.2b implements Eq. (3.17) by first storing the conserved quantity U1U2

in the second register |U2⟩ via UL
×, then performing eiθ tr L̂

2
1 on |U1⟩ with the sequence

U†
FUphaseUF . Finally, we ensure the conserved product of U1U2 imposed by δ(U ′

1U
′
2−U1U2)

using the information stored in the second register via U−1U×U−1.

While using ĤI should require ≳ 2d times fewer qubits, it requires additional gates to

implement evolutions with the improved terms. Since the dominant quantum errors today

are from decoherence and the entangling gates with error rates of O(10−2) [193–195], this
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increased cost may diminish the gain from using ĤI . We list the gate costs in terms of

primitive gates in Tab. 3.1 for one trotter step using either ĤKS or ĤI . Depending on which

primitive gates dominate the circuits, the gate cost for ĤI is 2 to 4 times that of ĤKS per

link register. For the group ZN and DN [196], different primitive gates take approximately

the same order of entangling native gates. Since ĤI should require ≳ 2d fewer link registers,

for the cases of d = 2, 3 we anticipate the same or fewer total primitive gate cost.

Gate N [K̂KS + V̂KS] N [K̂2L + V̂rect] Z2 Impl.
UF 2 2 H

Uphase 1 1 Rz(θ)

UTr
d−1
2 d− 1 Rz(θ)

U−1 3(d− 1) 2 + 8(d− 1) I
U× 6(d− 1) 4 + 20(d− 1) CNOT

Table 3.1: Number of primitive gates per link register per trotter step neglecting boundary
effects (columns 2-3), implementation for Z2 (last column).

3.3 Kinetic Term Circuit Derivation

To derive the quantum circuit for the term K̂2L, it is useful to review the properties of left

and right electric field operators based on the discussion in [192]. L̂i(x) = L̂ai (x)λa is the

left electric field operator satisfying the following commutation relations [192, 197]1:

[L̂ai (x), Ûi(x)] = λaÛi(x), (3.18)

[L̂ai (x), L̂
b
i(x)] = −ifabcL̂ci (x), (3.19)

where {λa} are the group’s generators and fabc are the structure constants.

The R̂i(x) operator defined in Eq. (3.15) corresponds to the right electric field operator

1. Our definition of L̂ differs from [197] by a minus sign.
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obeying the following commutation relations: [192]

[R̂a
i (x), Ûi(x)] = Ûi(x)λa, (3.20)

[R̂a
i (x), R̂

b
i (x)] = ifabcR̂

c
i (x), (3.21)

[L̂ai (x), R̂
b
i (x)] = 0. (3.22)

For the following discussions, we will neglect the position dependence on x and the subscript

i of operators for simplicity. L̂(R̂) transforms Û operators as follows [197]:

eiαaL̂
a
Ûmne

−iαaL̂
a
= Umk(α)Ûkn, (3.23)

eiαaR̂
a
Ûmne

−iαaR̂
a
= ÛmkUkn(α), (3.24)

with matrix-valued U(α) = eiα
bλb . And |U⟩ transforms under e−iαaL̂

a
and e−iαaR̂

a
as

e−iαaL̂
a |U⟩ = |U(α) · U⟩ ,

e−iαaR̂
a |U⟩ = |U · U(α)⟩ . (3.25)

With the above properties, we can simplify the implementation of UK2L
≡ e

iθ tr
(
L̂2−R̂1

)2
.

First, we shoe that it commutes with Û1Û2, as

[(L̂a2 − R̂a
1), (Û1Û2)ij ]

=(Û1)ik[L̂
a
2, (Û2)kj ]− [R̂a

1, (Û1)ik](Û2)kj

=(Û1)ik(λ
a)kl(Û2)lj − (Û1)il(λ

a)lk(Û2)kj

= 0. (3.26)

This subsequently leads to [UK2L
, (Û1Û2)] = 0. The time evolution circuit for the two-link
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term UK2L
thus preserves the product of U1U2 and can be written as:

〈
U ′
1, U

′
2

∣∣UK2L
|U1, U2⟩ = δU ′

1U
′
2,U1U2

A(U1, U2, U
′
1). (3.27)

We obtain A(U1, U2, U
′
1) by integrating over U ′

2 on both sides of Eq. (3.27), canceling

δU ′
1U

′
2,U1U2

:

A(U1, U2, U
′
1) =

∫
dU ′

2

〈
U ′
1, U

′
2

∣∣UK2L
|U1, U2⟩ . (3.28)

Define the change from U2 to U ′
2 as V ≡ U ′

2U
−1
2 , which is evidently a group element and can

be parameterized as V = eiα
bλb . Thereby the operator eiαaL̂

a
2 generates the transformation

from ⟨U2| to ⟨V U2| =
〈
U ′
2

∣∣. Thus, the final state can be written as

〈
U ′
1, U

′
2

∣∣ = 〈U ′
1, V U2

∣∣ = 〈U ′
1, U2

∣∣ eiαcL̂
c
2 . (3.29)

As the Haar measure is invariant under product with any group element, we have

dU ′
2 = d(V U2) = dV. (3.30)

Replacing
〈
U ′
1, U2

∣∣ and dU ′
2 in the RHS of Eq. (3.28) with Eq. (3.29) and Eq. (3.30), we get:

A(U1, U2, U
′
1) =

∫
dV
〈
U ′
1, U2

∣∣ eiαcL̂
c
2UK2L

|U1, U2⟩ . (3.31)

The integral over all group transformations
∫
dV eiαcL̂

c
2 is equivalent to projecting the |U2⟩

register to the ground state of L̂22 (|J2 = 0⟩) up to a normalization factor fixed to be con-

sistent with
∫
dV = |G| [198]. This can be easily understood as follows. Any generator L̂b

annihilates the state
∫
dV eiαaL̂

a |U⟩ for arbitrary |U⟩, as a result of Stokes’ theorem on a
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compact manifold:

L̂b
∫
dV eiαaL̂

a |U⟩ = −i
∫
dV

∂

∂αb
eiαaL̂

a |U⟩ = 0. (3.32)

Therefore,
∫
dV eiαaL̂

a
2 |U⟩ ∝ |J2 = 0⟩ and we get the following:

∫
dV eiαaL̂

a
2 = |G| |J2 = 0⟩ ⟨J2 = 0| = |G|P̂J2=0. (3.33)

Substitute Eq. (3.33) into Eq. (3.31) and notice that, as UK2L
commutes with R̂2

2, it conserves

the quantum number J2, and therefore, P̂J2=0 UK2L
= P̂J2=0 UK2L

P̂J2=0. Insert another

P̂J2=0 after UK2L
in Eq. (3.31) and we find A is:

A(U1, U2, U
′
1) =

〈
U ′
1, J2 = 0

∣∣UK2L
|U1, J2 = 0⟩

=
〈
U ′
1

∣∣ eiθ tr R̂2
1 |U1⟩ , (3.34)

which gives 〈
U ′
1, U

′
2

∣∣UK2L
|U1, U2⟩ = δU ′

1U
′
2,U1U2

〈
U ′
1

∣∣ eiθ tr L̂2
1 |U1⟩ . (3.35)

3.4 Demonstration a real quantum computer

|U1⟩ • •
|U2⟩ • •
|U3⟩ • •
|U4⟩ • •
|U5⟩ • •
|U6⟩ Rz(θ)

(a)

|U1⟩ • H Rz(θ) H •
|U2⟩

(b)

|U4〉

|U2〉|U1〉 |U3〉

|U5〉|qs〉 |U6〉

(c)

Figure 3.3: UVrect (a) and UK2L
(b) for Z2 gauge theory. (c) Link-to-qubit map on ibm_perth.

For Z2 gauge theory, ĤI can be mapped to Pauli matrices. Choosing the magnetic field
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basis, the qubit state |0⟩ (|1⟩) represents the element 1 (-1) of Z2. Implementations of the

primitive gates are listed in the last column of Tab. 3.1. We consider the most expensive

Z2 gate, UVrect on the 7-qubit ibm_perth device (Fig. 3.3c). The connectivity of ibm_perth

prevents implementing UVrect as shown in Fig. 3.3a. With the mapping from links to qubits

shown in Fig. 3.3c, a transpiled version of the circuit with 12 CNOTs and 20 additional

one-qubit gates are used. We use the benchmark value θ = δt/(gsgt) = 0.811411, precluding

circuit optimization when using θ values such as π/2.

To quantify quantum errors, we evolve states with UVrect and its inverse, and compare

the measurement with noiseless expectations, implemented as the circuit U |n⟩
circ in Fig. 3.4.

Without noise, the state preparation Ψ̂n and UVrect are exactly cancelled by their complex

conjugations, thus all measurements return |0⟩⊗6, and the distribution P (wH) of the Ham-

ming weight wH – the number of qubits measured in the |1⟩ state – returns P (wH) = δwH ,0.

In the noise-dominated limit where all states are equally populated, P (wH) follows the bino-

mial distribution with 6 trials. We take F |n⟩
rect ≡

√
P (wH = 0) as a definition of the quantum

|0〉

Ψ̂n UVrec U†
Vrec Ψ̂†

n

|0〉
|0〉
|0〉
|0〉
|0〉

Figure 3.4: U |n⟩
circ for studying the errors of UVrect .

fidelity of UVrect for the state |Ψn⟩ = Ψ̂n |0⟩⊗6. Determining the fidelity requires testing all
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the possible states |Ψn⟩, a prohibitively expensive task [199]. Therefore we consider a re-

stricted set consisting of Ψ̂n =
∏

m≤nH
⊗
m for n ∈ [0, 6] with m indicating the qubit to which

H is applied.

To mitigate the coherent noise dominating the CNOT errors, we implement Pauli twirling [200–

204] which converts coherent errors into random errors in Pauli channels and has found suc-

cess in low-dimensional lattice field theories [205]. The circuits are modified by wrapping

each CNOT with a set of Pauli gates {I, X, Y, Z} randomly sampled from sets satisfying

(∏
i

(σbii )
⊗
)

CNOT ⊗ I4

(∏
i

(σaii )⊗
)

= CNOT ⊗ I4, (3.36)

where the i-th qubit (including spectators) was rotated by σaii before the CNOT and by σbii

after. Despite the enormous number of possible circuits, prior work has found O(10) circuits

to be sufficient for error mitigation [200]. Therefore we implemented 15 unique circuits and

run each circuit 213 times. We also compute F |6⟩
rect without Pauli twirling to gauge its effect.

With the above setup, we obtain the distribution P (wH) in Fig. 3.5 for selected |Ψn⟩ and

the state-dependent fidelities F |n⟩
rect (Table 3.2), yielding an average Frect = 0.550. Without

Pauli twirling for n = 6, P (wH) is indistinguishable from the noise-dominated limit while

all the Pauli-twirled results are skewed toward the noiseless result, with states of lower n

(and consequently less average entanglement) being closer to the desired value. Comparing

the results for |Ψ6⟩ with and without Pauli twirling we observe a fourfold improvement in

fidelity – clearly demonstrating the advantage from this error mitigation.

|Ψn⟩ |Ψ0⟩ |Ψ1⟩ |Ψ2⟩ |Ψ3⟩ |Ψ4⟩ |Ψ5⟩ |Ψ6⟩ |Ψ6⟩noPT
F |n⟩
rect 0.650 0.575 0.605 0.599 0.579 0.442 0.425 0.1194

Table 3.2: Measured state-dependent quantum fidelities with Pauli twirling and without it
for |Ψ6⟩noPT.

For a single trotter step, the time evolution of ĤI for a two-plaquette lattice with open
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H
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wH

|Ψ0〉
|Ψ2〉
|Ψ4〉
|Ψ6〉

|Ψ6〉noPT
Noise

Figure 3.5: Probability of measuring Hamming weights for selected |Ψn⟩ compared to the
noise-dominated results. In the noiseless limit, P (wH) = δwH ,0 for all |Ψn⟩.

boundary conditions requires at least 28 CNOTs (40 one-qubit gates): 12 CNOTs (20 one-

qubit gates) for UVrect , at least 12 CNOTs (2 one-qubit gates) for the two UVKS
and 4 CNOTs

(6 one-qubit gates) for the two UK2L
, alongwith 12 one-qubit gates for UKKS

. Assuming that

the average fidelity depends on the total number of CNOT gates, we can estimate the single-

trotter-step fidelity for ĤI : Fδ ≲ (Frect)
28/12 ≈ 0.25. Thus current devices are inadequate

for real-time computations. However given the expected hardware improvements in the

coming years [46, 48, 206], Fδ will be improved, allowing simulations of a two-plaquette

lattice for Z2 gauge theory and direct comparisons between Hamiltonians. Alternatively,

classical simulators could explore lattices up to 72 [207] to test improved Hamiltonians.

3.5 Conclusions

In this chapter, we designed the quantum circuits for simulating the improved Hamiltonian

ĤI . These circuits introduce counter-terms, which are the two-plaquette magnetic energy

and the two-link electric energy terms with matching coefficients, to cancel the leading-order

discretization errors of the commonly used ĤKS. Based on previous empirical evidence with
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Euclidean LGTs, such improvements should allow quantum simulations with a factor of ≳ 2d

fewer qubits. With this reduction, we expect the gate count to be comparable or less than

that of ĤKS for theories with d ≥ 2 despite increases of gate costs per link.

For near-term numerical demonstrations, we constructed the circuits for ĤI of the Z2

gauge theory and found that for ibm_perth the fidelity of the 12 CNOT improved poten-

tial term is ≲ 0.550. Our results suggest that alongside hardware developments, improved

Hamiltonians can accelerate quantum simulations by years by reducing the number of qubits

required, with optimistic prospects for 2 + 1d Z2 simulations in the near future.
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CHAPTER 4

GAUGE SYMMETRY AS QUANTUM ERROR CORRECTION

CODES

In order to use quantum computers for simulations, the infinite-dimensional Hilbert space

of the gauge theory must be addressed. To allow a mapping to a finite quantum memory,

many digitization proposals to truncate this space have been studied (see Sec VI.b of [22]).

All truncations break the continuous symmetries to some degree and produce theories with

smaller symmetries. Understanding the theoretical errors introduced by this is an area of

active research [54–61]. Broadly speaking, methods to encode these regularized theories in

quantum computers fall into two classes. The first class digitizes all the states connected

through gauge transformations as redundancy and uses Gauss’s law to project the gauge-

invariant subspace, where the physical theory should be simulated. This can be done in

group element basis [56, 74, 154, 197, 208–213], the group representation basis [192, 197,

214–218], the mixed basis [219], as a fuzzy gauge theory [220, 221], as a quantum link model

[222–226], and more. The second class digitizes only gauge-invariant states. We refer to

this as fixing the gauge in the sense that it eliminates the redundant degrees of freedom.

One can digitize the independent Wilson loops in the lattice, which can be identified as

the plaquettes in (2 + 1) dimensions [227–235], and as the states outside the maximal tree

in higher dimensions [58]. Other digitizations to eliminate redundancy include the Fock

basis in the light-front Hamiltonian [7, 236], the local multiplet basis [31, 237], and spin

networks [238, 239]. Besides reducing the qubit cost, gauge fixing also simplifies the quantum

state preparation, but can complicate the Hamiltonian [31, 58, 227, 237–245]. At present, it

is an open question whether gauge fixing is ultimately advantageous for quantum simulation.

The effect of noisy hardware has been generally neglected in the above discussion. Naively,

gauge-redundant digitizations suffer more severely from quantum noise because more qubits

introduce more errors. However, not all the errors are equally harmful. Noise which breaks
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symmetries can change the universality class simulated [216, 217, 220, 246–248] and thus

sufficient symmetry preservation is crucial [111, 113, 243, 249–251]. In the gauge-redundant

digitization, quantum errors can be classified as gauge-preserving or gauge-violating oper-

ators [119, 251–255]. The gauge-violating errors can be mitigated by introducing energy

penalties [110, 114, 115, 118, 121, 256] or random gauge transformations [113] in the Hamil-

tonian evolution. They can also be corrected by measuring and restoring Gauss’s law [111,

257]. The gauge-fixed digitization – while precluded from noise-based gauge violations– does

not have such natural error mitigation or correction methods, and thus relies on generic

methods for the residual errors. Notably, redundancy and symmetry play a central role in

both quantum error correction (QEC) and mitigation (QEM). QEC deliberately designs a

redundant full Hilbert space Hfull on the physical qudits and encodes quantum information

in a much smaller code subspace Hcode on logical qudits with certain symmetries, thus al-

lowing for correction without disrupting the coherent quantum information in Hcode [44, 45].

As an active field of research, estimates for the overhead – the physical to logical qubit ratio

– vary from O(10) to O(105) [46–48]. QEM uses the existing symmetries without introduc-

ing redundancy to mitigate errors [49]. Indeed, it is this structural similarity between QEC,

QEM and LGT that inspires the above mentioned works [110, 111, 113, 114, 249–255, 257]

to use gauge redundancy as a resource for error correction and mitigation. Given the huge

variance of the overhead in QEC, and that gauge fixing saves logical qubits only by a factor

of approximately (1− 1/d) in d spatial dimensions, keeping the gauge redundancy for QEC

or QEM may be more resource efficient for achieving a desired accuracy. This idea has only

just begun to be explored for field theories [255, 258–260] including fermionic systems [261,

262].

The answer to when this is true can be phrased as a threshold theorem of QEC [263–265],

which states that there is a threshold for the error rate of physical qubits, below which more

redundancy makes the code more error-proof. In this chapter, we compute the threshold
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below which gauge redundancy makes the digitization more robust. After reviewing the

connection between gauge symmetry and QEC in Sec. 4.1 and Sec. 4.2, we present the circuits

to encode and decode via Gauss’s law. This paves the way for calculations in Sec. 4.4 of the

thresholds, below which the gauge-redundant digitization combined with QEC has a better

fidelity than the gauge-fixed one.

4.1 Gauge symmetry and fixing

We will briefly review gauge symmetry on lattice in both the group element (magnetic)

and the group representation (electric) basis, as the former is closer to the path-integral

quantization and the latter to Gauss’s law in classical fields. These bases are related by the

group Fourier transform. In the group element basis, one assigns an element of the group G

(link variable) to each link on the lattice, representing the Wilson line [68]. For continuous

gauge groups, the link variables are related to the vector potentials of the continuum theory

via:

Ux,i = P exp

(
−i
∫ x+i

x
dl ·A

)
≈ e−iaAi(x), (4.1)

where P denotes path ordering, a is the lattice spacing, and i the spacial direction of the

link. The gauge-redundant Hilbert space Hgauge is the tensor product of NL local spaces,

each spanned by the group elements:

Hgauge = span({|U⟩ , U ∈ G})⊗NL (4.2)

where NL is the total number of links and
〈
U |U ′〉 = δU ′,U .

For a continuous gauge group, dim(Hgauge) = ∞, and digitization is required to render

it finite. Here we will focus on the discrete subgroup digitization. Some discussion of the

continuous theory can be found in [266] and other digitization schemes remain for future

works. For a discrete gauge group G, the dimension of the one-link Hilbert space is |G|. The
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dimension of Hgauge is given by:

dimHgauge = |G|NL . (4.3)

A gauge transformation T̂gx is a unitary operator that transforms all out-going (in-

coming) links connected to a site x by a left (right) product with g ∈ G (g−1 ∈ G):

T̂gx =
d∏

i=1

[L̂g(x, i)R̂g−1(x− i, i)], (4.4)

where L̂g, R̂g are left and right multiplication operators,

L̂g =
∑
U∈G

|gU⟩ ⟨U | , R̂g−1 =
∑
U∈G

∣∣∣Ug−1
〉
⟨U | . (4.5)

Typical lattice gauge Hamiltonians preserves gauge symmetry as they commutes with the

gauge transformation operator T̂gx . This includes the Kogut-Susskind [68], the Symanzik-

improved [83, 84, 267, 268] and the Similarity-Renormalization-Group-improved ones [59].

Gauge-invariant states satisfy a lattice version of Gauss’s law:

T̂gx |Ψinv⟩ = |Ψinv⟩ ,∀ gx ∈ G. (4.6)

In the |U⟩ basis, Gauss’s law requires the wave functions on gauge-equivalent configurations

to be the same, as taking an inner product of Eq. (4.6) with ⟨U | gives

〈
U |T̂gx|Ψinv

〉
= ⟨U |Ψinv⟩ (4.7)

Such states are in the gauge-invariant subspace Hinv, which can be projected from Hgauge
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with the operator P̂inv ≡∏x P̂0(x), where the local Gauss’s law projector is

P̂0(x) =
1

|G|
∑
gx∈G

T̂gx . (4.8)

To get a clearer physical picture, it is useful to introduce the electric basis |σmn⟩, which

is the group Fourier transform of the group element basis:

⟨σmn|U⟩ =
√
dσ/|G|Γ(σ)mn(U), (4.9)

where Γ
(σ)
mn(U) is the m,n matrix element of the unitary irreducible representation (irrep) σ

for U , dσ is the dimension of σ. The dimension of the one-link Hilbert space |G| also equals∑
σ d

2
σ. For the Abelian groups, all irreps are 1d and m,n can therefore be suppressed with

σ being the Abelian electric flux. For non-Abelian groups, |σmn⟩ is a tensor representation

comprised of the left vector representation |σm⟩ and the right vector representation |σ̄n⟩:

|σmn⟩ = |σm⟩ ⊗ |σ̄n⟩ , (4.10)

where σ̄ is the complex conjugate dual of representation σ, i.e. Γ(σ̄)nq (g) = Γ
(σ)
qn (g−1). This is

because gauge transformations act on the links going out from the vertex via

L̂g =
∑
σ,m,q

Γ
(σ)
mq(g) |σm⟩

〈
σq
∣∣⊗∑

n

|σ̄n⟩ ⟨σ̄n| , (4.11)

thus transforming only the left vector. Similarly, the in-coming links transform in the dual

representation, and only the right vectors are transformed:

R̂g−1 =
∑
σ,m

|σm⟩ ⟨σm| ⊗
∑
n,q

Γ
(σ̄)
nq (g) |σ̄n⟩

〈
σ̄q
∣∣ . (4.12)
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Thus, one can define the local charge at vertex x as the tensor product representation:

|Q(x)⟩ =
d∏

i=1

⊗ |σm(x, i)⟩ ⊗ |σ̄n(x− i, i)⟩ (4.13)

P̂0(x) projects the tensor product to the trivial representation according to the Clebsch-

Gordan coefficients of the group. Physically, one can interpret Q(x) as the net flux, and

P̂0(x) selects states with neutral net flux. As the result of the constraints, one lacks the

freedom to independently assign all the links variables. Naively, applying P̂0(x) to all the

NV vertices in the lattice implies NV different constraints. However, the global charge,

defined as the tensor product of all the local charges,

∣∣Qgl

〉
=
∏
x

⊗ |Q(x)⟩ =
∏
x,i

⊗ |σm(x, i)⟩ ⊗ |σ̄n(x, i)⟩ (4.14)

is not a gauge constraint but rather the physically-conserved charge of the state under the

global transformation with h ∈ G:

T̂Gl
h

∏
x,i

∣∣Ux,i〉 =∏
x,i

∣∣∣hUx,ih−1
〉
. (4.15)

In the case of an Abelian group like U(1) or ZN , the links cannot carry charge as the

charges of the left and right vector always cancel, making the global charge automatically

neutral. This can also be easily seen in the group element basis as all states are invariant

under Eq. (4.15). In contrast, non-Abelian gauge fields can carry charge, as indicated by the

difference between the left and right vectors, and the non-trivial global transformations. If

one allows for all the possible global charges, the number of independent constraints is thus

NV − 1. This makes NL−NV +1 links dynamical with the rest NV − 1 links dependent on

the dynamical ones. Thus,

dimHinv = |G|NL−NV +1. (4.16)

80



If one fixes the global transformations as well, thereby selecting the subspace with neutral

global charge, the dimension of Hinv might be reduced by a factor greater or equal to |H|/|G|

where H is the Abelian center of the group, as derived in Appendix 4.1.1.

Choosing which degrees of freedom are independent and eliminating others is equivalent

to gauge fixing. On the lattice, the maximal tree method fixes the gauge up to the global

transformations Eq. (4.15), by explicitly solving the local Gauss’s law constraints which

forces some links to be functions of the remaining ones (See [269] for a good discussion). For

example, consider the links connected to the vertex x shown in the left of Fig. 4.1, the state

are given by 1 ∣∣Ψgauge
〉
=
∑
σ,ρ,τ

a(σ, ρ, τ) |σ, ρ, τ⟩ . (4.17)

Constraining |Q(x)⟩ to be in the trivial representation, the variable ρ in the maximal tree

can be determined as ρ = σ ⊗ τ̄ , which produces the gauge-invariant state:

|Ψinv⟩ =
∑
σ,τ

a(σ, τ) |σ, τ⟩ ⊗ |ρ = σ ⊗ τ̄⟩ . (4.18)

The same procedure can be repeated till the dependent links form a maximal tree in the

lattice, i.e. a set of links which contains one and only one path between any pair of vertices,

the size of which is NT = NV − 1. We will define the Hilbert space spanned by the variables

completely determined by Gauss law (in the maximal tree in the above example) as Hred,

and the rest as Hfixed. Clearly,

Hinv
∼= Hfixed = span({|U⟩ , U ∈ G})⊗NL−NV +1. (4.19)

Similar to choice of gauge fixing in the continuum, for a given lattice there is no unique

maximal tree. One popular method [58, 270–272] is to pick a site x0, and the set of links

1. We have suppressed the vector indices of representations here for simplicity.
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Figure 4.1: Maximal trees (dashed lattice links) of lattices with (left) OBC and (right) PBC.
The site at the lower left corner is chosen as the root of the maximal tree.

which uniquely connects x0 via a comb-like path to any other site form a tree of size NT =

NV −1 . This maximal tree is shown in Fig. 4.1 for 2d with open (OBC) and periodic (PBC)

boundary conditions. Notably, the charge at x0 is not fixed by the maximal tree, but left to

carry the charge under global transformations in Eq. (4.15) [58, 272].

In the gauge-redundant quantum simulations digitized with Hilbert space Hgauge and

a quantum computer made of qudits of dimension N , the number of qudits required is

logN (dimHgauge) = NL logN |G|. Gauge fixing eliminates the redundancy by digitizing the

subspace Hinv instead, thus reducing the number of qudits to logN (dimHinv). For the rest

of the work, we take logN (dimHinv) ≈ (NL − NT ) logN |G|, which is accurate for fixing

the maximal tree in both the Abelian and non-Abelian cases, and an upper bound for non-

Abelian G if the global symmetry is also fixed. The numbers of sites, links, links in a maximal

tree are listed in Tab. 4.1 for different boundary conditions.

Gauge fixing reduces the number of qubits, but often at the price of complicating the

lattice gauge Hamiltonian ĤLGT. Written with the gauge-redundant degrees of freedom,

ĤLGT only consists of local electric and magnetic energy operators. In the gauge-fixed
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Table 4.1: The number of degrees of freedom in a lattice with L links per side in d dimensions.
b = 0, 1 for PBC and OBC respectively.

Sites NV (L+ b)d

Links NL dL(L+ b)d−1

Maximal Tree Links NT (L+ b)d − 1

formalism with Hamiltonian Ĥfixed, the electric operators of the redundant links in the

maximal tree cannot be discarded, but are non-local combinations of operators outside the

tree [58, 272]. Thus Ĥfixed is generically denser and non-local. It is easier to fix the gauge

while keeping the Hamiltonian simple in 1d or 2d. In 2d, log|G| dimHinv is

NL −NT = NL −NV + 1 = NP − χ+ 1, (4.20)

where NP is the number of plaquettes, and χ is the Euler characteristic. This also follows

from counting the number of plaquettes with independent magnetic fluxes (Wilson loops),

plus the topological degrees of freedom. For an OBC lattice (χ = 1), all NP plaquettes are

independent and there are no topological degrees of freedom. This plaquette magnetic flux

basis keeps the Hamiltonian local and sparse for Abelian gauge groups [219, 227–234]. For a

PBC lattice (χ = 0), the total magnetic flux is zero, thus there are (NP −1) plaquettes with

independent magnetic fluxes. Additionally, considering the two independent Wilson loops

with winding number one, this yields dimHinv = |G|NP+1.

4.1.1 Counting gauge orbits

Let U be the set of configurations and G the group of gauge transformations on the entire

lattice, with |U| = |G|NL and |G| = |G|NV . In the magnetic basis, P̂inv |U⟩ is the uniform su-

perposition of all gauge transformations of |U⟩. Thus the number of states in the basis P̂invU
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is the number of configurations in U that are not equivalent under gauge transformations:

dimHinv = |U/G| (4.21)

where |U/G| is the number of orbits in U under G. According to Burnside’s counting theorem,

|U/G| = 1

|G|
∑
T∈G

|UT | = 1

|G|
∑

|U⟩∈U
|G|U⟩|, (4.22)

where UT is the subset of elements invariant under T ∈ G,

UT = {|U⟩ ∈ U : T |U⟩ = |U⟩}, (4.23)

and G|U⟩ is the stabilizer group for the element |U⟩,

G|U⟩ = {T ∈ G : T |U⟩ = |U⟩}. (4.24)

If T =
∏

x T̂hx then with |U⟩ =∏x,i

∣∣gx,i〉, there must be

hx+i = g−1
x,ihxgx,i, (4.25)

which means once hx0 at a certain site x0 is fixed, there is at most one T ∈ G to keep |U⟩

invariant. For hx0 ∈ H the Abelian center of G, this is the global transformation with hx0 .

Therefore |H| ≤ |G|U⟩| ≤ |G| and

|U||H| ≤
∑

|U⟩∈U
|G|U⟩| ≤ |U||G|. (4.26)
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Figure 4.2: Schematic circuit of LGT as QEC. g represents a color-neutral state.

given that |U| = |G|NL , |G| = |G|NV , we find

|H||G|NL−NV ≤ |U/G| ≤ |G|NL−NV +1. (4.27)

For Abelian groups, H = G and |U/G| = |G|NL−NV +1 = |G|NL−NT . For non-Abelian G,

the “≤" are both “<".

4.2 Lattice gauge symmetries as stabilizer codes

In this section, we construct quantum circuits to use gauge redundancy as partial error

correction codes for generic finite groups. The method is based on the similarity between

stabilizer codes and lattice gauge theories, which we review in 4.2.1. Without redundancy,

any error in Hfixed causes irrecoverable information loss. In the gauge-redundant formalism,

as a result of gauge symmetry Eq. (4.7), all the states equivalent under gauge transformation

carry copies of the same wave function. This allows one to detect and correct some gauge-

symmetry violating errors, as is analyzed in 4.2.2. Fig. 4.2 outlines the circuit to realize

such error corrections. The preparation of gauge invariant states is a process to encode
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the quantum information with the maximal-tree redundancy. To decode, we introduce an

ancillary register at each site to compute and measure the net flux. Nonzero fluxes indicates

occurrence of quantum errors which can be mitigated via post-selection, with the associated

sampling overhead exhibiting exponential growth in the system size [273]. One can also

correct these errors by applying the optimal recoveries after deducing the most likely errors.

The details of the construction are in 4.2.4.

4.2.1 Stabilizer codes

Stabilizer codes perform error correction by using a redundant full Hilbert space Hfull of

physical qubits (qudits), but encoding quantum information only in states with certain

symmetries. The symmetry group that defines the code states is called the stabilizer group

S, usually a subgroup of the (generalized) Pauli group on the physical qubits (qudits). A

code state satisfies

ŝ |ψ⟩code = |ψ⟩code ,∀ ŝ ∈ S. (4.28)

All code states are in the code space, Hcode. The sum of all ŝ is proportional to the projector

from Hfull to Hcode:

P̂code =
1

|S|
∑
ŝ∈S

ŝ. (4.29)

Note that Eq. (4.28) is similar to Eq. (4.6), and Eq. (4.29) to Eq. (4.8). Applying the

above concepts to LGT, the group of gauge transformations G is a stabilizer group, and

Hinv corresponds to the code space. The projection operator P̂inv from Hgauge to Hinv is

the (normalized) sum of all stabilizers. 2 Measuring whether and how gauge symmetry is

violated allows one to detect and correct gauge-violating errors.

In active QEC, one measures a minimum generating set of S, and the results are syn-

2. We will reserve the terms “physical states (space)" for the gauge-symmetric ones in the LGT which is
unfortunately different from the convention of the QEC literature. Terms “physical qubits (qudits, noise)"
still refer to any qubits (qudits, noise) in Hfull, consistent with QEC literature.
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dromes. To avoid collapsing the quantum information in the measurement of syndromes,

ancillae are needed to compute the syndromes coherently:

[∑
X

ψ(X) |X⟩
]
⊗ |0⟩anc →

∑
X

ψ(X) |X⟩ ⊗ |s(X)⟩anc , (4.30)

where |X⟩ are base vectors of the physical qubits. In the case of Pauli stabilizers with

eigenvalue ±1, measuring the ancillary qubits collapses the state to Hcode when all syndromes

return +1, or one of the subspaces orthogonal to Hcode if some syndromes return −1 indicate

the errors. One then applies an optimal recovery operation to the quantum state depending

on the syndromes. Clearly, errors that transform one state to another within Hcode are not

detectable, and those are logical errors.

The code distance is the minimum number of single physical qubit (qudit) errors that

are part of a logical error. For scalable quantum error correction codes, which imply that

the code distance can be arbitrarily large, there exists an error threshold for the error rate

per physical qudit. If the physical error rate is below such threshold, we can decrease the

logical error rate by increasing the code distance, despite the increased total errors due to

more physical qudits [263–265].

4.2.2 The set of correctable errors

For a quantum system represented as a density operator ρ, the general noisy evolution can

be written as a completely positive, trace-preserving map N (ρ):

N (ρ) =
∑
j

N̂jρN̂
†
j (4.31)
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where N̂j are error operators, usually including the identity operator. The necessary and

sufficient condition for correctable errors is the Knill-Laflamme (KL) condition [274]:

P̂codeN̂
†
i N̂jP̂code = λijP̂code, λ∗ij = λji. (4.32)

For errors as operators on a G-register, a linearly independent complete basis can be

constructed as {L̂gΓ̂σ}, where L̂g is the group left multiplication operator defined in Eq. (4.5),

and Γ̂σ is the matrix element operator: 3

Γ̂σ,m,n =
∑
h∈G

√
dσΓ

(σ)
mn(h)

∗ |h⟩ ⟨h| (4.33)

One can check that the above set of operators are linearly independent by satisfying:

tr
[
(L̂gΓ̂σ)

†(L̂g′Γ̂σ′)] = |G|δg,g′δσ,σ′ . (4.34)

The basis is complete as there are only |G|2 independent operators in a Hilbert space of

dimension |G|.

The gauge-violating effect of Γ̂σ is clearer in the electric basis. Using Eq. (4.63) between

Clebsch-Gordan coefficients and the matrix elements of irreps in [275], one can derive:

〈
σ′′lr
∣∣ Γ̂σ,m,n

∣∣∣σ′kq〉 =√
dσdσ′

dσ′′

∑
α

〈
σ′′l , α|σ′k, σm

〉 〈
σ̄′′r , α|σ̄′q, σ̄n

〉
, (4.35)

where
〈
σ′′l , α|σ′k, σm

〉
is the Clebsch-Gordan coefficient, and the sum of α is from 1 to the

multiplicity M(σ′′;σ′, σ), i.e. the number of times that σ′′ appears in the direct sum decom-

position of the tensor product of σ and σ′. This can be interpreted as Γ̂σ,m,n adding σm

3. Γσ is short for Γσ,m,n, where σ is the irrep, and m,n indicated the matrix element in the representation.
The number of different Γσ,m,n is therefore

∑
σ dσ

2 = |G|.
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to the left vector and σ̄n to the right vector. Thus, Γ̂σ,m,n(x, i) on a gauge-invariant state

creates net flux σm at site x and σ̄n at the site (x+ i). Applying Γ̂
†
σ,m,n to the same link

annihilates the flux and restores gauge symmetry. Indeed, we can check in Appendix 4.2.3

that Γ̂σ, Γ̂σ′ on the same link satisfies the KL condition,

P̂invΓ̂
†
σΓ̂σ′P̂inv = δσ,σ′P̂inv, (4.36)

Thus Γ̂σ-type errors are correctable. Another way to obtain the conclusion is through the

code distance dcode: for a QEC with code distance dcode, errors involving up to [(dcode−1)/2]

qudits are guaranteed to be correctable [39]. In our case, to make a logical error with Γ̂σ-type

operators, one needs at least four links of a plaquette to form a Wilson loop, thus the code

distance is 4. This makes any [(4− 1)/2] = 1 Γ̂σ-type error correctable.

The errors induced by the L̂g(x, i) operator are not detectable if g is the Abelian center

of the group as it commutes with the P̂inv. For g not in the Abelian center, if L̂g(x, i) drifts

a state to another gauge invariant state, we can not detect such errors. On the other hand

when the error L̂g(x, i) drifts a state out of the invariant Hilbert space by generating a local

charge at site x, we can measure the local charge at x and detect such errors. However, as

L̂g(x, i) does not affect local charges at other sites, it is not possible to diagnose the link

that L̂g(x, i) affects, and thus the errors are not correctable. The fact that L̂g(x, i) are not

correctable can also be seen by checking the KL condition:

P̂invL̂
†
g′L̂gP̂inv =

1

|G|
∑
h∈G

L̂h−1g′−1ghP̂inv. (4.37)

The right hand side of Eq. (4.37) differs from Eq. (4.32) by an operator 1
|G|
∑

h∈G L̂h−1g′−1gh,

thus breaking the KL condition. In the Z2 gauge theory, a Z2-register is a qubit, and the

complete basis reduces to the familiar Pauli operators {I, X̂, Ẑ, X̂Ẑ}, of which Γ̂σ ∈ {I, Ẑ}
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are correctable.

The correctable error set can contain multiple-link Γ̂σ errors, as long as the erroneous

links are separated enough such that there is no ambiguity about which link causes the gauge

violation. The easiest errors to decode are those that show up as pairs of charges in dual

representations σ, σ̄ at the two ends of a link, surrounded by neighboring sites all with zero

charge. This requires the Γ̂σ errors to be separated by at least two error-less links (Fig. 4.3),

which we call the minimal effort decoding condition (MED). The condition can be relaxed if

more complicated classical processing is available. The KL condition requires any product

of two error operators N̂i and N̂j to contain no non-trivial gauge-invariant operators, i.e.

Wilson loops. This condition is fulfilled when the number of links affected by Γσ errors along

any closed loop of perimeter C is at most [C−1
2 ], thus eliminating the possibility of error

links in N̂i and N̂j forming loops. Considering only the smallest loops, i.e. plaquettes, the

local KL condition allows at most one Γ̂σ error per plaquette.

4.2.3 Correctability of Γ̂σ

In this subsection, g, h are group elements, σ, τ are irreducible representations (irreps), and

k, l,m, n, q, r, s, t, u are the matrix elements of representations. To check Eq. (4.36), we will

compute in the magnetic basis

P̂0(x)Γ̂
†
σ′,s,q(x, i)Γ̂σ,m,n(x, i)P̂0(x) =

1

|G|2
∑

g,h∈G

( L̂gL̂h

R̂g−1R̂h−1

R̂g−1R̂h−1 L̂gΓ̂
†
σ′,s,qΓ̂σ,m,nL̂hx

)
,

(4.38)
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Figure 4.3: Examples of correctable error distributed on the lattice to satisfy the MED
(upper-right) or the local KL condition (lower-left). The orange links are Γ-type errors,
which must break gauge symmetry at the orange squares. The conditions require the green
links to be error-less. For the MED condition, the adjacent sites (blue circles) must be charge-
neutral. For the local KL condition, the error links are allowed to extend in a straight line,
which is the shortest path to connect a pair of charges.
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For the operators on the link x, i,

L̂gΓ̂
†
σ′,s,qΓ̂σ,m,nL̂h =

∑
U

|gU⟩ ⟨U |
√
dσdσ′Γ

(σ′)
sq (U)Γ

(σ)
mn(U)

∗L̂h

=
√
dσ

[∑
U,l

Γ
(σ′)
sl (g−1)Γ

(σ′)
lq (gU)

][∑
k

Γ
(σ)
mk(g

−1)Γ
(σ)
kn (gU)

]∗
|gU⟩ ⟨U | L̂h

=
∑
k,l

Γ
(σ′)
sl (g−1)Γ

(σ)
mk(g

−1)∗Γ̂†
σ′,l,qΓ̂σ,k,nL̂gL̂h. (4.39)

Thus, let h′ = gh,

P̂0(x)Γ̂
†
σ′,s,q(x, i)Γ̂σ,m,n(x, i)P̂0(x) (4.40)

=
1

|G|2
∑
h′∈G

( L̂h′

R̂h′−1

R̂h′−1

∑
k,l,g

Γ
(σ′)
sl (g−1)Γ

(σ)
mk(g

−1)∗Γ̂†
σ′,l,qΓ̂σ,k,nL̂h′x

)
. (4.41)

With the orthogonality of matrix elements

∑
g

Γ
(σ′)
sl (g−1)Γ

(σ)
mk(g

−1)∗ = δσσ′δmsδlk|G|/dσ, (4.42)

and the unitarity of representations Eq. (4.50), we get

P̂0(x)Γ̂
†
σ′,s,q(x, i)Γ̂σ,m,n(x, i)P̂0(x) = δσ′σδsmδqnP̂0(x) (4.43)

4.2.4 The encoding and decoding circuits

Conceptually, the encoding and decoding of gauge symmetry is easier in the electric basis,

where Gauss’s law reads as “zero electric flux at each vertex". For non-Abelian groups,

the computation of the net flux requires the group’s Clebsch-Gordan coefficients which are
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not diagonal in the electric basis. We bypass some of the difficulties by doing an “effective

Clebsch-Gordan sum" in the group element basis. We derive in Appendix 4.3 that the

Clebsch-Gordan sum is equivalent to group multiplications in the group element basis. With

this, we can encode and decode Gauss’s law using the following primitive gates [82] acting

on group registers:

• Inverse gate: U−1|g⟩ =
∣∣g−1

〉
,

• Left and Right Multiplication gates: UL×|g⟩|U⟩ = |g⟩|gU⟩, UR×|g⟩|U⟩ = |g⟩|Ug⟩,

• Fourier transform gate:

UF =
∑
g,σmn

√
dσ
|G|Γ

(σ)
mn(g) |σmn⟩ ⟨g| (4.44)

which rotates the magnetic basis to the electric one,

• Group rotation gates in irreps. This uses a group register |U⟩ as the control to rotate

between the vectors in the dσ-dimensional space:

Uσ =
∑
U∈G

(|U⟩ ⟨U |)⊗ (

dσ∑
m,n=1

Γ
(σ)
mn(U) |n⟩ ⟨m|)

= d
−1/2
σ

dσ∑
m,n=1

Γ̂
†
σ,m,n ⊗ (|n⟩ ⟨m|) (4.45)

where the second equality follows from Eq. (4.33). For Abelian groups, Uσ is a one-

register phase gate on |U⟩.

Fig. 4.4 shows an example of encoding and decoding for the patch of 7 gauge links

connected to 2 sites in the right corner of Fig. 4.1. To encode, the links U3, U7 in the
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maximal tree are initialized to the color neutral state |g⟩ ≡ |G|−1
2
∑

g∈G |g⟩, and then,

|U1⟩ |U2⟩ |g⟩ |U4⟩
Uenc−−−→ |G|−1

2
∑
g∈G

|gU1⟩ |gU2⟩
∣∣∣g−1

〉 ∣∣∣U4g−1
〉

(4.46)

One can easily check the gauge invariance Eq. (4.6) for the two sites after the circuit Uenc
in Fig. 4.4:

T̂h |G|−
1
2
∑
g∈G

|gU1⟩ |gU2⟩
∣∣∣g−1

〉 ∣∣∣U4g−1
〉

=|G|−1
2

∑
g′=hg∈G

∣∣g′U1〉 ∣∣g′U2〉 ∣∣∣g′−1
〉 ∣∣∣U4g′−1

〉
(4.47)

In the electric basis, the circuit computes the net flux of U1, U2, U4 and stores it into the

tree-link U3, thus making the total net flux at the vertex to be zero. The same process is

repeated for every vertex except x0. Sites in the same branch of the maximal tree should be

processed in sequence, from the top of the branch to the root, and different branches can be

encoded in parallel.

The above procedure initializes the state to the gauge invariant one |Ψinv⟩. During the

noisy process in Fig. 4.2, suppose an error Γ̂σ,m,n(x, i) turns |Ψinv⟩ into Γ̂σ,m,n(x, i) |Ψinv⟩,

creating a net flux of σm at x and σ̄n at x+ i. We can decode this error pattern with the

circuit Udec, which adds the electric fluxes coherently to the ancillary registers originally

initialized to color neutral states. Then in the decoding (derived 4.2.5),

Γ̂σ,m,n |Ψinv⟩ ⊗ |g⟩ ⊗ |g⟩ Udec−−−→

1

dσ

dσ∑
q,r

Γ̂σ,q,r |Ψinv⟩ ⊗
∣∣σmq(x)

〉
⊗ |σ̄nr(x+ i)⟩ . (4.48)

For non-Abelian groups, Udec preserves the quantum numbers σ, σ̄, but m,n can change into
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any integer in [1, dσ], and the corresponding new quantum numbers q, r are entangled with

the ancillae.

To correct gauge-violating errors, the representation of the ancillary register at every site

needs to be measured. This requires the quantum numbers σ,m, n in the Fourier basis to be

stored in different qubits, and thus one can measure σ without collapsing m,n. Measuring

|σ⟩ in the trivial representation confirms the local gauge symmetry. Measuring any other |σ⟩

indicates a gauge-violating error, and projects the gauge fields to a subspace orthogonal to

Hinv in Hgauge. In this example, a pair of non-trivial representations |σ⟩ , |σ̄⟩ on the two ends

of a link are measured, which indicates a Γ̂σ error on the link, and the quantum numbers

|m⟩ |q⟩ , |n⟩ |r⟩ of the ancillae are entangled with the gauge field state. The recovery can be

performed with Uσ in Eq. (4.45):

1

dσ

dσ∑
q,r

Γ̂σ,q,r |Ψinv⟩ ⊗ (|m⟩ |q⟩)⊗ (|n⟩ |r⟩) Urec−−−→

1

d
3/2
σ

dσ∑
q,k,r

Γ̂
†
σ,q,kΓ̂σ,q,r |Ψinv⟩ ⊗ (|m⟩ |k⟩)⊗ (|n⟩ |r⟩)

= |Ψinv⟩ ⊗
[

1

d
1/2
σ

dσ∑
r

(|m⟩ |r⟩)⊗ (|n⟩ |r⟩)
]
, (4.49)

where we have used the unitarity of representations,

d−1
σ

dσ∑
q=1

Γ̂
†
σ,q,kΓ̂σ,q,r = δk,r. (4.50)

Thus |Ψinv⟩ is recovered and unentangled with ancillae. At this point, since the quantum

information in the ancillae is irrelevant to the gauge system, one can recycle the ancillae and

re-initialize them to |g⟩ for the next round of error detection and correction.
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Figure 4.4: Encoding and decoding circuits for the patch in Fig. 4.1. (top) Circuit for
preparing gauge-invariant states, and (bottom) Gauss’s law measurement and recovery cir-
cuit, where measuring a pair of charges σ, σ̄ on the two ancillae indicates a gauge-violating
error on |U2⟩.
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4.2.5 Derivation of Eq. (4.48) in the group element basis

Udec performs the following for a gauge field state |Ψ⟩:

|Ψ⟩ ⊗ (|G|−1
2
∑
g∈G

|g⟩)
UL
×,U

L
×,U−1,U

R
×,U

R
×−−−−−−−−−−−−→ |G|−1

2
∑
g∈G

T̂g(x) |Ψ⟩ ⊗
∣∣∣g−1

〉
QFT−−−→

∑
g∈G

T̂g(x) |Ψ⟩ ⊗
( ∑

σ,m,n

√
dσ

|G| Γ
(σ)
mn(g

−1) |σ⟩
)

(4.51)

=
∑
σ,m,n

P̂σmn(x) |Ψ⟩ ⊗ |σmn⟩ , (4.52)

where

P̂σmn(x) ≡
√
dσ

|G|
∑
g∈G

Γ
(σ)
mn(g

−1)T̂g(x) (4.53)

For the trivial representation σ = 0, P̂0(x) is the projection to the subspace invariant under

local gauge transformations and P̂0(x) |Ψ⟩inv = |Ψ⟩inv. When a correctable error Γ̂σ occurs

on one gauge register, consider

P̂σ′sq(x)Γ̂σ,m,n(x, i)P̂0(x) =

√
dσ

|G|2
∑

g,h∈G
Γ
(σ′)
sq (g−1)

( L̂gL̂h

R̂g−1R̂h−1

R̂g−1R̂h−1 L̂gΓ̂σ,m,nL̂hx

)
,

(4.54)

use the “commutation relation" to replace L̂gΓ̂σ on the link (x, i) with

L̂gΓ̂σ,m,n =
∑
U

|gU⟩ ⟨U |
√
dσΓ

(σ)
mn(U)

∗ (4.55)

=
∑
U

|gU⟩ ⟨U |
√
dσ[
∑
k

Γ
(σ)
mk(g

−1)Γ
(σ)
kn (gU)]∗ =

∑
k

Γ
(σ)
mk(g

−1)∗Γ̂σ,k,nL̂g, (4.56)
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and let h′ = gh, Eq. (4.54) can be simplified as

P̂σ′sq(x)Γ̂σ,m,n(x, i)P̂0(x) =

√
dσ

|G|2
∑
g

Γ
(σ′)
sq (g−1)

∑
k

Γ
(σ)
mk(g

−1)∗
∑
h′

( L̂h′

R̂h′−1

R̂h′−1 Γ̂σ,k,nL̂h′x

)
.

(4.57)

Using the orthogonality Eq. (4.42), we get

P̂σ′sq(x)Γ̂σ,m,n(x, i)P̂0(x) = δσ′σδsmd
−1/2
σ Γ̂σ,q,n(x, i)P̂0(x). (4.58)

Similarly for (x+ i) at the other end of the erroneous link,

R̂g−1Γ̂σ,m,n =
∑
k

Γ
(σ)
kn (g)∗Γ̂σ,m,kR̂g−1 , (4.59)

and

P̂σ′′tr
(x+ i)Γ̂σ,q,n(x, i)P̂0(x+ i) = δσ′′σ̄δtnd

−1/2
σ Γ̂σ,q,r(x, i)P̂0(x+ i). (4.60)

Combining Eq. (4.58) and Eq. (4.60) gives

P̂σ′′tr
(x+ i)P̂σ′sq(x)Γ̂σ,m,n(x, i)P̂0(x)P̂0(x+ i) = δσ.σ′δσ′′σ̄δsmδtn

1

dσ
Γ̂σ,q,r(x, i)P̂0(x)P̂0(x+ i).

(4.61)
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|σmn⟩ U−1
F UL

× UF |σqn⟩

|τkl⟩ U−1
F • UF |τ ′

st⟩

|σmn⟩ U−1
F UR

× UF |σmr⟩

|τkl⟩ U−1
F

U−1 • U−1 UF |τ ′
st⟩

Figure 4.5: Quantum circuits implementing Clebsch-Gordan sums for generic finite groups.
(left) ULCG and (right) URCG

Using the fact P̂0(x)P̂0(x+ i) |Ψ⟩inv = |Ψ⟩inv, the outcome of Udec the gauge field state

Γ̂σ,m,n(x, i) |Ψ⟩inv is

∑
σ′sq,σ

′′
tr

P̂σ′′tr
(x+ i)P̂σ′sq(x)Γ̂σ,m,n(x, i) |Ψ⟩inv ⊗

∣∣σ′sq(x)〉⊗ ∣∣σ′′tr(x+ i)
〉

=
∑
q,r

1

dσ
Γ̂σ,q,r(x, i) |Ψ⟩inv ⊗

∣∣σ′sq(x)〉⊗ ∣∣σ′′tr(x+ i)
〉

(4.62)

4.3 Clebsch-Gordan sum in the group element basis

The relation between Clebsch-Gordan coefficients and matrix elements of the representations

[275] is :

dσ′′

|G|
∑
g∈G

Γ
(σ)
mn(g)Γ

(σ′)
kq (g)Γ

(σ′′)
lr (g)∗ =

∑
α

〈
σ′′r , α|σn, σ′q

〉 〈
σm, σ

′
k|σ′′l , α

〉
. (4.63)

The Clebsch-Gordan coefficients satisfy
〈
σn, σ

′
q|σ′′r , α

〉∗
=
〈
σ̄n, σ̄

′
q|σ̄′′r , α

〉
. We can also choose

the phases of representation to satisfy
〈
σ′′r , α|σn, σ′q

〉
=
〈
σn, σ

′
q|σ′′r , α

〉∗, which will be used

for later discussions.

With Eq. (4.63), we show that the group multiplications Fourier transformed to the

representation basis is equivalent to the addition of representations according to the Clebsch-
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Gordan coefficients (Fig. 4.5).

ULCG =

√
dσdσ′1

dτdτ ′

|G|2 Γ
(σ′)
qr (g2g1)Γ

(τ ′)
st (g2)Γ

(σ)
mn(g1)

∗Γ(τ)kl (g2)
∗( ∣∣σ′qr〉⊗ ∣∣τ ′st〉 ⟨σmn| ⊗ ⟨τkl|

)
=

√
dσdσ′1

dτdτ ′

|G|2 Γ
(σ′)
qu (g2)Γ

(σ′)
ur (g1)Γ

(τ ′)
st (g2)Γ

(σ)
mn(g1)

∗Γ(τ)kl (g2)
∗( ∣∣σ′qr〉⊗ ∣∣τ ′st〉 ⟨σmn| ⊗ ⟨τkl|

)
(4.64)

where all the indices for group elements and group representations are summed over. Use

the orthogonality Eq. (4.42) to sum g1, giving

ULCG =

√
dτdτ ′

|G| Γ
(σ)
qm(g2)Γ

(τ ′)
st (g2)Γ

(τ)
kl (g2)

∗( ∣∣σqn〉⊗ ∣∣τ ′st〉 ⟨σmn| ⊗ ⟨τkl|
)

=

√
dτdτ ′

|G|
[
Γ
(σ̄)
qm(g2)Γ

(τ ′)
st (g2)

∗ Γ(τ)kl (g2)
]∗( ∣∣σqn〉⊗ ∣∣τ ′st〉 ⟨σmn| ⊗ ⟨τkl|

)
, (4.65)

Finally apply Eq. (4.63) and convert the product of matrix elements to the Clebsch-Gordan

coefficients,

ULCG =
√
dτ/dτ ′

( 〈
τ ′t, α|σ̄m, τl

〉 〈
σ̄q, τk|τ ′s, α

〉 )∗( ∣∣σqn〉⊗ ∣∣τ ′st〉 ⟨σmn| ⊗ ⟨τkl|
)

=
√
dτ/dτ ′

〈
τ̄ ′t , α|σm, τ̄l

〉 〈
σq, τ̄k|τ̄ ′s, α

〉 ( ∣∣σqn〉⊗ ∣∣τ ′st〉 ⟨σmn| ⊗ ⟨τkl|
)

(4.66)

Thus through ULCG, σ in register 1 stays the same and τ in register 2 changes into τ ′.

Thus, ULCG “adds" the left vector in register 1 to register 2 according to the Clebsch-

Gordan coefficients. For register 1, the process preserves quantum numbers σ, n but not

necessarily m when the representation σ is not one-dimensional. The old flux σm is added

to τ̄l and the new flux σq to τ̄k. Similarly, URCG adds the right-vector in register 1 to register
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2:

URCG =

√
dσdσ′1

dτdτ ′

|G|2 Γ
(σ′)
qr (g1g

−1
2 )Γ

(τ ′)
st (g2)Γ

(σ)
mn(g1)

∗Γ(τ)kl (g2)
∗( ∣∣σ′qr〉⊗ ∣∣τ ′st〉 ⟨σmn| ⊗ ⟨τkl|

)
=
√
dτ/dτ ′

〈
σn, τl|τ ′t, α

〉 〈
τ ′s, α|σr, τk

〉 (
|σmr⟩ ⊗

∣∣τ ′st〉 ⟨σmn| ⊗ ⟨τkl|
)

(4.67)

4.4 Comparison of quantum fidelities

4.4.1 Group-agnostic thresholds

LGT states can be stored in a set of G-registers in both the gauge-fixed and gauge-redundant

digitization. The number of links needed is NL −NT for the former and NL for the latter.

We further assume that errors on different registers are independent. Suppose the total rate

for any error on a single register is ϵ. Then the quantum fidelities are lower bounded by the

probability that no errors happen on any register:

Ffixed ≥ (1− ϵ)NL−NT (4.68)

Fred ≥ (1− ϵ)NL (4.69)

With the gauge redundancy, certain configuration of Γ̂σ errors are correctable via gauge

symmetry checking and restoration. Suppose the correctable type error rate on a single

register is ϵc. The lower bound for the fidelity after gauge-symmetry restoration is the

probability that no error or only correctable errors happen:

Frestored ≥
NL∑
n=0

Qnϵ
n
c (1− ϵ)NL−n = (1− ϵ)NLΞ (4.70)

where Qn is the number of ways to arrange n links with correctable errors in the lattice,

such that the correctability condition is still satisfied, and Ξ is the factor by which the
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gauge-symmetry restoration amplifies the fidelity:

Ξ =

NL∑
n=0

Qnz
n, z =

ϵc
1− ϵ

(4.71)

Comparing these two bounds Eq. (4.70) and Eq. (4.68), the condition for the gauge-

symmetry restoration to give a higher fidelity than gauge fixing is

Ξ1/NT > (1− ϵ)−1. (4.72)

This formula can be interpreted as an error threshold: the gauge redundancy increases the

code distance of Γσ-type errors from 1 to 4. For the fidelity to increase with the increased

code distance due to gauge redundancy, ϵ has to be below certain threshold.

The Qn’s are related to the independence polynomials of graphs (see Appendix 4.4.2

for details). We compute Qn for a variety of L using the Python library hobj [276] up to

L = 20 and L = 11 for 2d lattices with OBC and PBC, respectively, for both error-correction

conditions. For 3d lattices, we are able to reach L = 4 for both OBC and PBC with MED

condition, while only L = 3 for PBC with the KL condition due to limited computing

resources. These Qn are then used to compute the threshold: the ϵ where the two sides of

Eq. (4.72) are equal at a given ϵc/ϵ. These are shown in black (blue) lines using OBC (PBC)

in Fig. 4.6 and Fig. 4.7 for 2d and 3d lattices, respectively. Eq. (4.72) is satisfied in the

parameter region below the lines, indicating that the gauge symmetry restoration provides

higher fidelity than the gauge fixed case.

We observe two features from Fig. 4.6-4.7. First,the parameter regions to satisfy Eq. (4.72)

only exist when ϵc/ϵ ≳ 1/d, which is consistent with the following analysis. Expanding

Eq. (4.72) for small ϵ, with Q0 = 1, Q1 = NL, we have:

1 +
NL

NT
ϵc +O(ϵcϵ) > 1 + ϵ+O(ϵ2). (4.73)
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Thus, the correctable fraction of the total error rate for a single link, ϵc/ϵ, must satisfy

ϵc
ϵ
>
NT

NL
≈ 1

d
, (4.74)

with NT
NL

= 1
d in the infinite volume limit as seen in Tab. 4.1. Second, in all the cases, the

threshold ϵ increases as ϵc/ϵ increases. This is consistent with the qualitative reasoning that

when a larger portion of errors are correctable, larger values of ϵ could be allowed while the

redundancy still enables more correction than the errors it introduces.

Based on the error thresholds obtained at different L, we aim to extrapolate to L → ∞

limit. We find that near ϵ = 0, the threshold is a monotonic function of L in either boundary

condition and approaches the same limit. In contrast, near ϵc/ϵ = 1 for 2d lattices, non-

monotonic behavior is observed for small lattices with L ≤ 6 due to finite volume effects. By

restricting to the results for L > 6 at 2d lattice, we perform both quadratic and exponential

extrapolations to obtain the threshold ϵ in the L→ ∞ limit which can be found in Fig. 4.6

(red line with the thickness quantifying error bar on extrapolations). For 3d lattice, as

computing resources limit the calculations to only L < 5, the extrapolation to L → ∞

cannot be reliably performed. For MED condition, the threshold curve with OBC near

ϵc/ϵ = 1 exhibits a larger deviation from the PBC results at larger L, suggesting that L < 5

is far from the infinite limit. For the KL condition, calculations are limited to only L = 2, 3

with PBC, also precluding an extrapolation to infinity limit. Despite this, we expect the

thresholds for L→ ∞ to be roughly bounded by the largest L results for OBC and PBC.

4.4.2 Correctable errors and independence polynomials

In this section, we explain our methods to compute Qn – the number of possible ways to

arrange n links with correctable errors in the lattice, such that the correctability condition

is still satisfied, with tools of graph theory [276]. The method can be applied to lattices of
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Figure 4.6: Error threshold lines in the ϵ − ϵc/ϵ plane below which Frestored > Ffixed,
indicating that using gauge redundancy to detect and correct the errors is advantageous, for
2d lattices for (top) MED condition and (bottom) local KL condition. The shaded region is
the infinite volume limit.
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Figure 4.7: Error threshold lines in the ϵ − ϵc/ϵ plane below which Frestored > Ffixed,
indicating that using gauge redundancy to detect and correct the errors is advantageous, for
3d lattices for (top) MED condition and (bottom) local KL condition.
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generic shapes.

A graph consists of vertices and edges. An independent subset of vertices is a set of vertices

in which no two vertices are adjacent to the same edge. The independence polynomial of a

graph is

I(z) =
∑
n

anz
n, (4.75)

where an is the number of different independent subsets of n vertices in the graph.

For a finite lattice L, we create a corresponding graph L′ in the following way:

• convert each link of L into a vertex of L′;

• for each pair of vertices in L′, create an edge adjacent to them, if the Γσ-type errors

that occur simultaneously to the corresponding links in L can break the correctability

condition.

Thus, each way of arranging n erroneous links to satisfy the correctability condition cor-

responds to an independent subset of vertices in the new graph. This implies that Qn is

the number independent subsets of n vertices in the new graph and Ξ the independence

polynomial.

For each lattice considered in Fig. 4.6 and Fig. 4.7, we construct the adjacency matrix of

the corresponding graph L′ – an NL×NL matrix in which the element in row i and column

j is 0 if the i, j-th vertices are independent, and 1 if they are adjacent to the same edge.

We then use the Python library hobj [276] to compute the coefficients of the independence

polynomials from the adjacent matrices. The connectivity for the MED condition would be

higher than that for the KL condition.
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4.4.3 ϵ, ϵc from error models

N̂j on a G-register can always be decomposed as

N̂j =
∑
g,σ

cj,g,σL̂gΓ̂σ. (4.76)

The trace-preserving feature
∑

j N̂
†
j N̂j = I requires

∑
j,σ,g |cj,g,σ|2 = 1. When the noise

channel is diagonal in this basis, i.e. for each N̂j there is only one non-zero cj,g,σ, such that

we can relabel cj,g,σ to cg,σ, the one-register noise channel can be written as

N (ρ) =
∑
g,σ

|cg,σ|2L̂gΓ̂σρ(L̂gΓ̂σ)†. (4.77)

The one register total error probability is

ϵ =
∑

g ̸=I,σ ̸=I
|cg,σ|2 = 1− |cI,I|2. (4.78)

where g ̸= I and σ ̸= I mean, respectively, that the group element cannot be the identity,

and the irreducible representation cannot be the trivial one. With this, the correctable error

probability is

ϵc =
∑
σ ̸=I

|cI,σ|2 (4.79)

We consider ZN theory, where eachG-register is a qudit withN states [255]. We represent

the computational basis of the qudit as |n⟩, where n is an integer in [0, N − 1]. In the

computational basis, define the clock shift operators

χ̂ =
N−1∑
n=0

|n⟩ ⟨(n+ 1) mod N | (4.80)
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and the phase shift operators

ν̂ =
N−1∑
n=0

e2πin/N |n⟩ ⟨n| . (4.81)

For the group ZN , both group elements g and group representations σ can be mapped to

integers [0, N − 1]. Thus we can choose to have the computational basis as either the group

element or the electric basis. If we choose the group element basis, L̂g are clock shifts

L̂g = (χ̂)g =
N−1∑
n=0

|n⟩ ⟨(n+ g) mod N | , (4.82)

which preserves the gauge symmetry, and thus cannot be diagnosed by Gauss’s law. The

representation Γ̂σ operators are phase shifts

Γ̂σ = (ν̂)σ =
N−1∑
n=0

e2πinσ/N |n⟩ ⟨n| . (4.83)

They break gauge symmetry unless they form closed Wilson loops.

If we choose the electric basis as the computational basis instead, as the phase shift is

mapped to the L̂g operator as L̂g = (ν̂)g, thus the phase shift errors would preserve the

symmetry. While the clock shift is mapped to Γ̂σ as Γ̂σ = (χ̂)σ, making the clock shift

errors correctable.

Consider the error channel where single clock and phase shifts occur independently with
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probabilities pχ, pν :

N (ρ) =(1− pχ)(1− pν)ρ

+
(1− pχ)pν
N − 1

N−1∑
i=1

(ν̂)iρ(ν̂)i
†

+
(1− pν)pχ
N − 1

N−1∑
j=1

(χ̂)jρ(χ̂)j
†

+
pνpχ

(N − 1)2

N−1∑
i,j=1

(ν̂)i(χ̂)jρ(χ̂)j
†
(ν̂)i

†
(4.84)

The one register total error probability is

ϵ = 1− (1− pχ)(1− pν) (4.85)

In the group element basis, (ν̂)σ are correctable, and thus

ϵc = (1− pχ)pν . (4.86)

In the electric basis, (χ̂)σ are correctable,

ϵc = (1− pν)pχ. (4.87)

From this, we observe that the relative error probabilities of physical hardware can prefer

different encodings. If the phase errors are more frequent than the clock errors (pν > pχ),

encoding in the group element basis will help to stay below the error thresholds with the

total ϵ reasonably small.

The correctability of phase errors can be generalized to non-Abelian groups, if one chooses

the group element basis encoding. This is because all operators diagonal in the group element

109



1-d representations 2-d representation

Γ̂triv Î Γ̂2,1,1 ẐaẐb
1/2 1+Ẑc

2

Γ̂i−ker Ẑc Γ̂2,1,2 ẐaẐb
1/2 1−Ẑc

2

Γ̂j−ker Ẑb Γ̂2,2,1 −ẐaẐb
3/2 1−Ẑc

2

Γ̂k−ker ẐbẐc Γ̂2,2,2 ẐaẐb
3/2 1+Ẑc

2

Table 4.2: Correctable errors Γ̂σ for the quaternion group Q8 encoded in 3 qubits via
(−1)aibjc → |abc⟩.

basis can be written as linear combinations of Γ̂σ. For example, in Tab. 4.2, we list the

correctable errors for the 3-qubit encoding of the quaternion group Q8 = {(−1)aibjc}, where

a, b, c = 0 or 1 [255]. It has four 1d representations and one 2d representation. All the

Pauli-Z operators are correctable, as Ẑb, Ẑc correspond to two 1-d representation operators,

and Ẑa is a linear combination of 2-d representation operators:

Ẑa =
1

1 + i
(Γ̂2,1,1 + Γ̂2,1,2 − iΓ̂2,2,1 + iΓ̂2,2,2). (4.88)

Thus, for the error model that allows one of the three qubits to have a Pauli error,

N (ρ) =(1− 3pX − 3pY − 3pZ)ρ+ pX
∑

i=a,b,c

X̂iρX̂i

+ pY
∑

i=a,b,c

ŶiρŶi + pZ
∑

i=a,b,c

ẐiρẐi (4.89)

with the one-register error rate being 3(pX + pY + pZ), the correctable fraction is

ϵc
ϵ
=

pZ
pX + pY + pZ

. (4.90)

If the qubits have more phase errors and fewer bit-flip errors, encoding in the group element

basis is preferable.
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4.5 Conclusions

In this chapter, we explore how the natural gauge redundancy of lattice gauge theories can

become a tool to create partial error correction codes for quantum simulations. For generic

groups, treating the gauge transformations in lattice gauge theories as stabilizers and the

gauge-invariant subspace as the code space, we identify the correctable errors in one lattice

link, as well as the MED and KL conditions for multiple link errors to remain correctable.

We construct the quantum circuits to prepare gauge invariant states including redundant

degrees of freedoms, as well as to detect and recover the correctable errors.

We calculate the error-rate thresholds below which keeping gauge redundancy is prefer-

able to gauge fixing for error-correcting purposes, under both the MED and KL conditions.

We do this by comparing the quantum fidelities when errors exist, which is the probability

that either no error happens or only correctable errors happen. The thresholds depend on

the correctable fraction of the error rate in a single link, ϵc/ϵ. We find a simple analytic

relation at leading order in ϵ for when gauge redundancy is advantageous: ϵc/ϵ ≥ 1/d for a

d dimensional lattice. Numerical results demonstrate that this relation is robust for realistic

error rates. Thus for quantum devices where error correction is possible, ϵ ≪ 1, our results

can be a guidance to design digitizations. To provide examples of how one may apply such

thresholds, we obtain ϵc/ϵ explicitly for the discrete Abelian group ZN and the non-Abelian

group Q8 assuming certain reasonable error models.

Consideration of similar error thresholds should be generalized to other digitization

schemes and error models. The quantitative values of the thresholds found in this chap-

ter can vary depending on the computational tasks and the hardware. Future research

directions should also take into account non-diagonal error channels, quantum architectures

and inclusion of fermions on the lattice sites.

111



CHAPTER 5

OUTLOOK

In this thesis, I have given an overview of the quantum simulations of real-time dynamics of

strongly interacting QFTs, and used classical and quantum methods to improve the efficiency

and accuracy. They are examples of addressing theoretical and algorithmic challenges to pave

the way for quantum advantage in the hard problems of particle physics. This field is still

at its early days and there is much more to do.

On the theory front, there remains the challenge to efficiently approximate and approach

the continuum theory with a finite number of qubits. Here, we can benefit from the lens of

renormalization as well. For example, one can formulate the difference between the contin-

uous and digitized theories as operators in effective field theories and study their behavior

under renormalization group flows. Another fruitful approach is to directly study the phases

and universality classes of the digitized theories and look for emergent continuous symmetries.

Active explorations are underway, with both perturbative methods such as the background

effective field theories, and non-perturbative methods including duality transformations and

Euclidean LGTs. With such knowledge about the digitized theories, we can analyze the

errors introduced by field digitization before performing large-scale quantum simulations.

While this thesis focuses on the application of beyond-NISQ devices in the future, the

rapid experimental developments strongly motivate us to bridge the remaining gap between

scientific goals and realistic quantum devices. Currently, it is the coherent time of quantum

systems rather than the number of qubits that poses a more severe challenge. Thus, the

preparation of the initial states, which are typically low-energy states in a very high dimen-

sional system, is a bottleneck problem towards realistic real-time quantum simulations as

it usually takes deep quantum circuits. There is considerable room for improvement and

much shared interest with other research areas, such as quantum chemistry and quantum

optimization.
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Ultimately, solving relevant real-time dynamic problems of QCD will require large-scale

QCs with at least tens of thousands of high-quality qubits. A promising paradigm to realize

this is quantum networking, which distributes the quantum computation tasks to a num-

ber of smaller quantum processors with quantum communication among them. With local

Hamiltonians, the real-time quantum simulations should be naturally distributable. Investi-

gating how to perform quantum simulations of LGTs with quantum networking will benefit

both scientific goals in particle physics and the broader development of quantum technology.
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