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ABSTRACT

In the modern era of machine learning, where increasingly complex models drive decision-

making, statistical inference becomes challenging. Assumption-lean inference minimizes re-

liance on distributional assumptions, ensuring robustness across diverse settings. This thesis

explores two key aspects—predictive inference via conformal prediction and conditional inde-

pendence testing—each providing practical, interpretable solutions to real-world challenges.

The first part investigates distribution-free predictive inference. Conformal prediction (CP)

constructs prediction intervals with distribution-free guarantees, but its validity relies on

exchangeability and only ensures marginal coverage, leading to failures in non-i.i.d. set-

tings, undercoverage for certain subpopulations, or discrepancies when test and training

distributions differ. We address these limitations in two steps. First, in survival analysis,

where right-censoring restricts observation of true survival times, we propose a novel lower

prediction bound using a data-adaptive filter that excludes low censoring times, ensuring

valid marginal coverage under mild conditions. Next, we tackle local coverage, aiming for

prediction intervals that retain validity for each feature configuration. While exact local

coverage is theoretically impossible, we introduce randomly-localized conformal prediction

(RLCP), a framework that provides interpretable guarantees for relaxed notions of local

validity, such as approximate coverage under smooth covariate shifts or within sufficiently

large subpopulations.

The second part develops assumption-lean tests for conditional independence. Given the

inherent difficulties of testing conditional independence in a distribution-free manner, we

propose a test for the conditional independence of X and Y given Z, under the assumption

that X is stochastically increasing in Z. Our procedure, PairSwap-ICI, offers significant

flexibility while ensuring finite-sample Type I error control and achieving high power against

a broad range of alternatives that deviate sufficiently from the null.
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CHAPTER 1

INTRODUCTION

In today’s landscape of statistical inference and machine learning, the increasing complexity

of models and algorithms necessitates robust inference strategies that remain valid across

diverse data domains. Traditional statistical methods often rely on rigid parametric assump-

tions or depend on asymptotic approximations in nonparametric settings, thereby limiting

their practical applicability. Consequently, developing new approaches that embrace the

modern goal of assumption-lean inference is more critical than ever. In this thesis, we

concentrate on two key pillars of statistical inference—predictive inference and conditional

independence testing—within a distribution-free or assumption-lean framework, aiming to

create reliable and interpretable methodologies that overcome the limitations of classical

approaches.

1.1 Distribution-free predictive inference

Consider a training dataset (X1, Y1), (X2, Y2), · · · , (Xn, Yn) and a test point (Xn+1, Yn+1),

where each data point (Xi, Yi) consists of a (possibly high-dimensional) feature Xi ∈ X and

a response Yi ∈ Y . The problem of predictive inference is as follows: if we observe training

data {(Xi, Yi)}i∈[n] (where [n] denotes {1, . . . , n}), and are given a new feature vector Xn+1

for a new test point, we want to construct a prediction interval Ĉn(Xn+1)—a subset of Y

that is likely to contain, or “cover”, the true value of the unseen test response Yn+1. The

framework of distribution-free prediction aims to provide this type of guarantee with no

assumptions on the distribution P of the data: that is, the construction Ĉn should satisfy

P
{
Yn+1 ∈ Ĉn(Xn+1)

}
≥ 1− α, (1.1)

1



for some target coverage level 1−α, for data drawn i.i.d. from any distribution P . This type

of distribution-free guarantee is achieved by the conformal prediction (CP) method [Vovk

et al., 2005] and related methodologies, which we describe below in detail.

1.1.1 Conformal prediction: a general framework

to attain marginal coverage

Conformal inference [Vovk et al., 2005] is an extremely popular framework for calibrating

prediction uncertainty, and is used to build prediction intervals satisfying distribution-free

marginal validity as in (1.1). A common variant of this methodology is the split conformal

prediction procedure [Papadopoulos et al., 2002], which we briefly define now. Assume we

have two datasets available: {(Xpre
i , Y

pre
i )}i=1,...,npre , a dataset used for pretraining, and

{(Xi, Yi)}i=1,...,n, the holdout set which will be used for calibration.1

• Step 1: defining a conformal score: We fit a model on {(Xpre
i , Y

pre
i )}i=1,...,npre ,

and obtain a conformity score function s(x, y) that returns a large value if the point

(x, y) appears unusual (does not “conform”) relative to the trends observed in the data.

For example, if we run a regression procedure to train a model f̂(x) (which predicts Y

given X = x), we might choose the commonly used residual score s(x, y) = |y− f̂(x)|,

which returns a large value if the value of y is not near the predicted value f̂(x).

• Step 2: computing a thresold for the test score: The dataset {(Xi, Yi)}i=1,...,n,

which contains n many data points that were not used for training f̂ , is then used for

calibrating a threshold for the score function by defining q̂ as the (1 − α)(1 + 1/n)

quantile of the holdout scores {s(Xi, Yi)}i=1,...,n, or equivalently the (1 − α) quantile

1. In practice, of course, we would simply partition a single available dataset into two disjoint subsets—but
it will be convenient here to use the notation of two separate datasets.
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of the list of all holdout scores {s(Xi, Yi)}i=1,...,n with an appended +∞ score, i.e.,

q̂ = Quantile1−α

(
n∑
i=1

1

n+ 1
δs(Xi,Yi)

+
1

n+ 1
δ+∞

)
,

where δs denotes the point mass at s.

• Step 3: constructing the prediction interval: Finally, we return the prediction

interval2

Ĉn(Xn+1) = {y ∈ Y : s(Xn+1, y) ≤ q̂} . (1.2)

The split CP intervals are computationally efficient and satisfy a distribution-free coverage

guarantee as in (1.1).

Theorem 1.1. Suppose (X1, Y1)), . . . , (Xn+1, Yn+1) are exchangeable. For any score func-

tion s, and any α ∈ (0, 1), the split conformal prediction interval satisfies

P
{
Yn+1 ∈ Ĉn(Xn+1)

}
≥ 1− α.

An extension: weighted conformal prediction

The validity of split CP intervals relies strongly on the assumption of exchangeability. But

often, this exchangeability is not satisfied in real data settings. One interesting example is

the setting of covariate shift. More formally, suppose that the test point is drawn from a

distribution P̃ = P̃X × P̃Y |X , while training data points are drawn from P = PX × PY |X .

Here PX denotes the feature distribution, i.e., the marginal distribution of X, while PY |X

is the conditional distribution of Y | X, and similarly for P̃X and P̃Y |X . The covariate

2. We use the terminology “prediction interval” throughout the thesis as this is most familiar in statistical
settings where often we have a real-valued response (i.e., Y = R), but it might be more correct to say
“prediction set”, since even when Y = R the resulting set may not necessarily consist of a single interval.
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shift setting assumes that the conditional distribution of Y |X is shared across the two, with

PY |X = P̃Y |X ; the difference then lies in the marginal distributions of the features (or

covariates) X, i.e., PX versus P̃X . In this scenario, we seek a coverage guarantee that would

satisfy

P
Pn×P̃

{
Yn+1 ∈ Ĉn(Xn+1)

}
≥ 1− α, (1.3)

where the probability is taken with respect to training data (X1, Y1), . . . , (Xn, Yn) sampled

i.i.d. from P , and test point (Xn+1, Yn+1) sampled from P̃ .

The Weighted Conformal Prediction (WCP) method of Tibshirani et al. [2019] uses a weighted

quantile, with weights reflecting the shift from PX to P̃X , to define q̂ in a way that achieves

this desired coverage guarantee. More specifically, suppose P̃X ≪ PX and we follow the

steps in the aforementioned algorithm of split CP except that the threshold q̂ in (1.2) is

replaced with a weighted quantile,

q̂ = Quantile1−α

(
n∑
i=1

wiδs(Xi,Yi)
+ wn+1δ+∞

)
,

where weights wi =
dP̃X
dPX

(Xi) are chosen to correct for the covariate shift; for example, if

PX has density fX and P̃X has density f̃X , we choose wi ∝ f̃X(Xi)/fX(Xi).

Theorem 1.2. Suppose (X1, Y1), . . . , (Xn, Yn)
iid∼ PX×PY |X , and independently, (Xn+1, Yn+1) ∼

P̃X × P̃Y |X . For any score function s and any α ∈ (0, 1), the weighted conformal prediction

interval, as defined above, satisfies

P
Pn×P̃

{
Yn+1 ∈ Ĉn(Xn+1)

}
≥ 1− α.

Thus, WCP is a notable variant of conformal inference tailored for scenarios with distribution

shift. However, its validity relies on the assumption of a fixed and known covariate shift—a

4



condition that is often not met in practical applications.

1.1.2 Beyond exchangeability: towards stronger coverage

guarantees

The challenges and objectives of predictive inference in real-world settings—such as dealing

with non-exchangeability or providing stronger coverage guarantees—demand robust and

adaptable variants of conformal prediction. This thesis tackles several of these challenges by

proposing novel methods that enhance the utility and reliability of conformal inference in

complex, data-driven environments.

In Chapter 2, we consider the setting of survival analysis, where we want to build prediction

intervals for the true survival time T at a test feature vector X but the challenge is: we only

get to observe T if it occurs before the censoring time C, i.e., only min{T,C} and the features

X are available in training data—a scenario that existing conformal inference methods do not

address. To overcome this, we propose a novel approach for constructing a distribution-free

lower prediction bound (LPB) by filtering out observations with low censoring times using a

data-adaptive cutoff. We further show that under a double robustness assumption—where

either the censoring mechanism or the true quantiles of T | X are well estimated, our method

achieves approximate marginal coverage.

Next, in Chapter 3, we turn to the problem of building distribution-free prediction inter-

vals that are valid for any given feature value—a guarantee that the usual split conformal

prediction intervals fail to satisfy. This form of coverage guarantee is especially important

to practitioners because marginal coverage alone does not ensure valid coverage across all

subpopulations, potentially leading to severe undercoverage in certain cases. We introduce

a novel framework called randomly localized conformal prediction, which not only main-

tains marginal coverage but also provides approximate local coverage and robustness against
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certain covariate shifts.

1.2 Distribution-free tests for conditional independence

In the second part of the thesis, we will focus on the problem of conditional independence test-

ing. Formally, we consider the following setting. Suppose that (X1, Y1, Z1), . . . , (Xn, Yn, Zn)
iid∼

P for some unknown distribution P on X ×Y ×Z. We consider the null hypothesis of con-

ditional independence,

HCI
0 : X ⊥⊥ Y | Z.

Our goal is to construct a test function ϕ : (X ×Y ×Z)n → [0, 1] (potentially randomized)3

so that the type I error can be controlled at any target level α, i.e.,

sup
P∈HCI

0

EP
[
ϕ
(
{Xi, Yi, Zi}i∈[n]

)]
≤ α,

where we abuse notation to write P ∈ HCI
0 to denote all distributions P that satisfy the

null hypothesis HCI
0 . Moreover, we expect this test to have non-trivial power against some

interesting alternatives, i.e., we expect that for some Q ⊆ (HCI
0 )c and Q ∈ Q,

EQ
[
ϕ
(
{Xi, Yi, Zi}i∈[n]

)]
≫ α.

The difficulty of the testing problem varies depending on the choice of the conditional variable

Z. At one extreme, when Z ≡ 1, i.e., when the conditioning is trivial, then the null hypothesis

boils down to the hypothesis of marginal independence HMI
0 : X ⊥⊥ Y . The permutation

3. Traditionally, we think of a hypothesis test ϕ as a map from data to a decision, i.e., ϕ(X,Y,Z) ∈ {0, 1}.
Why, then, do we define tests ϕ as mapping to the space [0, 1]? This is because, in some settings, we may
want to consider randomized tests—for instance, in the notation above where ϕ maps to [0, 1], an outcome
ϕ(X,Y,Z) = 0.75 represents that, given the data, our randomized test rejects the null with probability 0.75.
Of course, a nonrandomized test is simply a special case, obtained by restricting the output of ϕ to lie in
{0, 1}.
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test is a well-known simple framework for testing marginal independence, which we briefly

review next.

1.2.1 Permutation test: a general framework

to test marginal independence

Let X denote (Xi)
n
i=1 and Y denote (Yi)

n
i=1. We can reframe the problem of testing

marginal independence as testing whether the entries of X are independent and identically

distributed given Y. With this formulation in place, permutation tests look for violations of

exchangeability of X given Y.

The general approach proceeds as follows: based on Y, the analyst chooses any statistic T :

Xn → R, with larger values of T (X) indicating evidence against the independence null.4

Write Sn for the set of permutations of [n] := {1, . . . , n}, and for σ ∈ Sn, let Tσ = T (Xσ)

denote the value of the statistic when the entries of X are permuted according to σ—that

is, Xσ = (Xσ(1), . . . , Xσ(n)). Finally, define a p-value

p =
1

n!

∑
σ∈Sn

1 {Tσ ≥ T} . (1.4)

Under the null of marginal independence, p follows a super-uniform distribution:

Theorem 1.3. Let (X1, Y1), . . . , (Xn, Yn)
iid∼ P for some distribution P . Suppose P satisfy

the assumption of marginal independence, i.e., HMI
0 . Then, for any α ∈ [0, 1] the p-value

defined in (1.4) satisfies

P {p ≤ α} ≤ α.

In other words, this construction produces a valid p-value for any choice of test statistic T ,

4. We emphasize that T (X) is allowed to depend on both X and Y—for instance, we may define the
function as T (x) = |

∑n
i=1 xiYi|, though we suppress the dependence on Y in our notation.
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and the statistic T can be tailored to have power against certain specific alternatives.

This strategy has been successfully employed to construct independence tests via nearest

neighbour distances and mutual information [Berrett and Samworth, 2019], moment methods

[Kim et al., 2022a], kernels [Pfister et al., 2018], the Hilbert–Schmidt independence criterion

[Albert et al., 2022] and U -statistics [Berrett and Samworth, 2021, Berrett et al., 2021].

1.2.2 Adapting permutation strategies

for conditional independence testing

The permutation test can naturally be extended to assess the hypothesis of conditional

independence, HCI
0 . In particular, when Z is categorical, a straightforward extension is

to group observations by their Z values and permute within each group. For example, if

Z ∈ {0, 1}, we could draw a permutation π that permutes the Xis within {i : Zi = 0} and

separately within {i : Zi = 1}. While this cannot be directly applied to continuous Z, we can

bin Z-values into a categorical variable Z̃ to instead test the relaxed null H0 : X ⊥⊥ Y | Z̃.

Under suitable smoothness assumptions, this yields an approximate valid test for the null

HCI
0 , as investigated in Kim et al. [2022b].

However, smoothness assumptions are typically untestable and often restrictive. To address

this, in Chapter 4 we relax the conditional independence null by assuming that X is stochas-

tically increasing in Z. This shape constraint is often more naturally justified in real-world

settings, making it a practical approach for assumption-lean inference. Drawing inspiration

from permutation tests, we introduce the PairSwap-ICI test, which swaps X values between

pairs of Z values. Under the shape constraint, we expect a higher X value to typically ac-

company a higher Z values; significant deviations from this provide evidence against the

null hypothesis. Our method controls Type I error without further model assumptions and

demonstrates robust power across a broad range of alternatives.

8



CHAPTER 2

DISTRIBUTION-FREE PREDICTIVE INFERENCE FOR

PARTIALLY-OBSERVED DATA

In this chapter, we consider the problem of constructing distribution-free prediction inter-

vals in a non-i.i.d. setting—specifically, in survival analysis, where survival times are only

partially observed due to right-censoring [Leung et al., 1997]. For example, T may be the

survival time of a patient (measured as time since diagnosis), which may be censored at time

C, marking the endpoint of the study monitoring the patient.

To formally describe the setting of survival analysis, let X ∈ X denote the covariate vector,

T ∈ R≥0 the survival time, and C ∈ R≥0 the censoring time. Under censoring, the survival

time T is observed only if it occurs before the censoring time C. In other words, while

the features X and the censoring time C are both observed, the survival time is observed

only indirectly, via the censored survival time as T̃ = min(T,C) (which may not be equal

to T ). Shortly, we will describe how to construct distribution-free prediction intervals for

T | Xn+1 at a new test feature Xn+1, drawn from the same population, given access only to

the dataset
{
(Xi, Ci, T̃ i)

}n
i=1

.

This chapter presents work co-authored with Yu Gui, Zhimei Ren, and Rina Foygel Barber,

which has been published in Biometrika under the title ‘Conformalized Survival Analysis

with Adaptive Cut-Offs’ [Gui et al., 2024].

2.1 Introduction

Survival analysis lies in the core of many important questions in clinical trials [Fleming and

Lin, 2000, Singh and Mukhopadhyay, 2011], ecology [Muenchow, 1986], and other applied
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fields. In particular, one important problem is that of studying the behavior of survival

time T , and how it relates to other features of the data, which we denote by a potentially

high-dimensional feature vector X. Modeling the association between X and T can in turn

play a crucial role in enabling more useful and reliable policy making. However, the major

challenge is that these survival times are only partially observed, which makes the statistical

analysis quite non-routine.

One of many goals of survival analysis is to infer the survival function—the probability of

survival beyond a given time, given the censored data. The Kaplan-Meier curve [Kaplan

and Meier, 1958] can produce such inferences for sub-population with a particular covariate

structure while making no assumption on the distribution of survival times but it requires

sufficiently many events in each subgroup [Kalbfleisch and Prentice, 2011]. This is no longer

the case in the modern era of big data, where with the ever-increasing ability to collect and

store data we may have access to a large number of (potentially continuous) covariates.

Over the years, many tools have been developed to cope with such high dimensionality,

offering estimation of the conditional survival function. One popular example in that line

is the Cox model which posits a proportional hazard model: an unspecified non-parametric

baseline is modified via a parametric model describing how the hazard varies in response

to explanatory covariates [Cox, 1972, Breslow, 1975]. Other popular parametric approaches

include the accelerated failure time (AFT) model [Cox, 1972, Wei, 1992] and the proportional

odds model [Murphy et al., 1997, Harrell Jr, 2015]. More recently, we have witnessed more

complex survival analysis methods that are based on machine learning/deep learning [Faraggi

and Simon, 1995, Tibshirani, 1997, Gui and Li, 2005, Katzman et al., 2016, Lao et al., 2017,

Wang et al., 2019, Li and Bradic, 2020]. Despite the success of these methods in many

areas, it remains largely unclear how to provide reliable uncertainty quantification for these

methods. This is mainly because they posit model assumptions that are hard to verify
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and/or the algorithms themselves are too complicated to be analyzed. For these reasons,

it is desirable to find a more assumption-lean or distribution-free approach towards reliable

inference in survival analysis.

The recent work of Candès et al. [2021] proposes such an approach (which we will describe

in detail below). As the target of inference, they propose computing a 100(1 − α)% lower

prediction bound (LPB) for the survival time of a patient/unit, where α is a pre-specified

level; it means that the patient/unit is expected to survive beyond this predicted time with

at least 100(1 − α)% probability. The LPB is used to provide a summary of what we can

infer about the individual’s survival time given available data, and it is important to note

that the LPB can be low when either the true survival time is low or there is not enough

information for us to get an informative lower bound; in other words, insufficient data should

not lead to an invalid claim, but instead may lead to a less informative output.

2.1.1 Distribution-free lower prediction bound

We now give the formal definition of a marginally calibrated LPB. Throughout, for a joint

distribution P on (X,C, T ), we will write PX , P(X,T ), P(X,T̃ ), etc, to denote the corre-

sponding marginal distributions, and PC|X , PT |X , P
T̃ |X , etc, to denote the corresponding

conditional distributions.

Definition 2.1 (Marginally calibrated LPB). Let (Xi, Ci, Ti)
iid∼ P for data points i =

1, . . . , n, and let L̂ be a function of the observed data D = {(Xi, Ci, T̃i) : 1 ≤ i ≤ n}, where

T̃i = min(Ti, Ci) is the censored survival time. Then we say that L̂ is a marginally calibrated

LPB at level 1− α if it satisfies

P(X,T )∼P
{
T ≥ L̂(X)

}
≥ 1− α, (2.1)
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where this probability is taken with respect to both the available data D and a new data point

(X,T ) ∼ P(X,T ).

The marginally calibrated LPB provides guarantee in an average sense—that is, over all the

possible draws of the data, the coverage of the LPBs is guaranteed. However, in practical

settings, we may be more concerned about the coverage guarantee we can obtain given the

data at hand. There, the probably approximately correct (PAC)-type LPB defined below

can be more informative [see also Vovk, 2012, Bates et al., 2021, Angelopoulos et al., 2021,

Jin et al., 2021].

Definition 2.2 (PAC-type LPB). Under the same notation as Definition 2.1, we say that

L̂ is a PAC-type LPB at level α with tolerance δ if, with probabilty at least 1 − δ over the

draw of D,

P(X,T )∼P
{
T ≥ L̂(X)

∣∣∣ D} ≥ 1− α

where the probability is now taken with respect to a new data point (X,T ) ∼ P(X,T ).

Throughout, we adopt the conditionally independent censoring assumption.

Assumption A1 (Conditionally independent censoring). The joint distribution P of (X,C, T )

satisfies C ⊥⊥ T | X.

This assumption is standard in the survival analysis literature, in order to ensure identifia-

bility of the problem [see e.g., Kalbfleisch and Prentice, 2011].

2.1.2 Initial approach: inference on the censored survival time

As discussed by Candès et al. [2021], since the censored survival time T̃ cannot be larger

than T by definition, any valid lower bound on T̃ is trivially a lower bound on T . In other

words, if an estimated lower bound L̂ satisfies P(X,C,T )∼P
{
T̃ ≥ L̂(X)

}
≥ 1 − α, then
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trivially Definition 2.1 is satisfied and so L̂ is a marginally calibrated LPB. (Similarly, if

P
{
T̃ ≥ L̂(X)

∣∣∣ D} ≥ 1 − α with probability at least 1 − δ, then by Definition 2.2 L̂ is

a PAC-type LPB.) Since the censored survival time T̃ can be observed in the dataset at

hand (and so L̂ can be constructed to satisfy this property), this provides a mechanism for

providing a valid LPB.

However, if the censoring time C is often substantially smaller than T , then a valid lower

bound on T̃ may be extremely conservative as a lower bound on T itself, thus reducing the

utility of the constructed LPB. This suggests that such an approach may not be optimal

for most applications. On the other hand, Candès et al. [2021] prove that, in the absence

of any assumptions on the distribution P on (X,C, T ), it is impossible to improve on this

type of approach—specifically, their result [Candès et al., 2021, Theorem 1] proves that, for

any construction L̂ that satisfies Definition 2.1 universally over all distributions P , L̂ must

also satisfy P
{
T̃ ≥ L̂(X)

}
≥ 1 − α. This motivates their introduction of an additional

assumption, as we describe next.

2.1.3 Filtering out the observations with low censoring time

As described above, constructing an LPB on the censored survival time T̃ may be too

conservative in applications where the censoring time C is frequently low, leading to censored

times T̃ that are far smaller than the true target of inference T . Candès et al. [2021]’s

approach is to avoid this issue by discarding any training data points where C is very

low—specifically, for a constant cutoff c0, they subset the data D to keep only data points

(Xi, Ci, T̃i) for which Ci ≥ c0. After this filtering step, any lower bound L̂ on the remaining

censored survival time T̃ is no longer necessarily overly conservative, since the condition

C ≥ c0 (with a well-chosen c0) ensures that T̃ is less likely to be far smaller than T . Thus,

we can proceed by constructing an LBP L̂ that is a lower bound on T̃ , in this new training

sample.
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Of course, we must then be careful about biasing the results because of this cutoff. In par-

ticular, since the event C ≥ c0 may be highly dependent on the covariates X, the remaining

data is drawn from a distribution that is different from the target distribution P . To be more

precise, writing P≥c0 to denote the distribution of a data point (X,C, T ) ∼ P given the

event C ≥ c0, we see that the remaining data consists of samples from P≥c0 while the infer-

ence goal is to provide coverage under the original distribution P . In other words, we would

like to ensure that the marginal coverage bound (2.1) holds, but calibrating L̂(·) naïvely on

the remaining data would instead only ensure that P
(X,T )∼P≥c0

{
T ≥ L̂(X)

}
≥ 1 − α, or

equivalently, P(X,T,C)∼P
{
T ≥ L̂(X)

∣∣∣ C ≥ c0

}
≥ 1− α.

To account for this shift in the distribution, Candès et al. [2021] utilize the method of

conformal prediction under covariate shift [Tibshirani et al., 2019], which builds on the well-

known conformal prediction framework for distribution-free predictive inference [Vovk et al.,

2005]. To do so, they additionally assume that we have exact or approximate knowledge

of the dependence of censoring time C on the covariates X—that is, knowledge of PC|X ,

or more specifically, P {C ≥ c0 | X}. With this additional information, we can reweight

the remaining data points to correct for the change in distribution—essentially, similarly to

inverse propensity score weighting, weights 1/P {C ≥ c0 | X} can account for the difference

between the target distribution P and its filtered version P≥c0 . (Of course, the best value

of c0 will depend on the data distribution, and in practice can be chosen on a training set.)

2.1.4 Refinement: a covariate-adaptive cutoff

In the method described above, how should the cutoff c0 be chosen? The choice of c0 presents

a tradeoff: if c0 is chosen to be too small, then the inequality T̃ ≤ T might be quite loose,

and the constructed LPB L̂ might still be very conservative even after filtering the data with

the cutoff. On the other hand, if c0 is chosen to be too large, then P {C ≥ c0 | X} may

be quite small (at least, for many values of X), leading to a low effective sample size, large
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weights 1/P {C ≥ c0 | X} on these data points, and highly unstable behavior. In fact, it is

not always possible to find a constant c0 that yields good LPBs, especially in cases when

the censoring time varies substantially with respect to the covariates X—selecting a large

value of c0 could cause highly unstable LPBs in areas where censoring times are low, whereas

selecting a small value of c0 leads to conservative LPBs in areas where censoring times are

actually high. To be more specific, think of a simple example where X ∼ Unif([0, 1]) and

C = a1
{
X ≥ 1

2

}
+ b1

{
X < 1

2

}
with a ≫ b; choosing c0 to be greater than b requires

dropping half of the data and leads to increased variability; instead, selecting a c0 ≤ b yields

very conservative LPBs for X ≥ 1
2 .

From the above discussion, we can see that it may be beneficial to allow c0 to depend on X.

That is, if P {C ≥ c0 | X} is extremely small then we may need to instead choose a lower

value of c0 to avoid high variance, but if P {C ≥ c0 | X} is close to 1 then we can afford to

increase the value of c0, thus avoiding an overly conservative LPB. To illustrate the benefits

of this more flexible approach, we show a small simulated example.

We consider a univariate-covariate case, where T and C depend onX via different models (the

details are to be given in Section 2.4). The left panel of Figure 2.1 visualizes (one realization

of) the censoring time and survival time as functions of the covariate. In this example, units

with larger values of X tend to have lower censoring times (PC|X = Exp(0.25+(6+x)/100)),

and thus we should choose a lower value of c0 to avoid high variance (i.e., to avoid overly

large weights 1/P {C ≥ c0 | X}; units with smaller values of X, on the other hand, tend to

have larger values of C and so we can afford to increase the value of c0, leading to a less

conservative LPB.

From this model, n = 2,000 independent samples are generated. We compare the baseline

method introduced in Section 2.1.2 (referred to as DFT-baseline, where DFT is short for

“distribution-free (LPB) for T”), Candès et al. [2021]’s fixed cutoff method (referred to as
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Figure 2.1: Left: an illustration of the training sample for one trial of the experiment.
Middle: boxplot of the coverage rate; the red dashed line corresponds to the target coverage
rate 1−α = 90%. Right: boxplot of the LPBs. The results are from 100 independent trials.

DFT-fixed cutoff), our new adaptive cutoff method (referred to as DFT-adaptive cutoff

and to be defined shortly), and the Cox parametric model. The generated LPBs are then

evaluated with an independent dataset of 5,000 test samples, and we display the coverage

rate and the resulting LPB in the middle and right panels of Figure 2.1, respectively, with

results gathered from 100 independent trials. The parametric method fails to cover the true

survival time with desired probability; the baseline method and, to a lesser extent, the fixed

cutoff method are conservative in this setting, returning a low (i.e., less informative) LPB.

On the other hand, our adaptive cutoff method is able to avoid under- or over-coverage; it

achieves essentially the target coverage rate and returns a higher (i.e., more precise) LPB.

Organisation of the chapter The remainder of the chapter is organized as follows. First,

in Section 2.2, we will give a more detailed background on the existing methods described

briefly above, providing a LPB on the censored survival time T̃ (as in Section 2.1.2) or by

using a fixed cutoff c0 (as in Section 2.1.3). In Section 2.3, we propose our new method, which

offers a data-driven and covariate-adaptive method for determining a cutoff, alleviating the

limitations of the fixed c0 approach. We give theoretical results showing that our resulting

LBPs satisfy a a doubly robustness property—i.e., if either the distribution of C | X or the

quantile of T | X is estimated accurately, our procedure achieves a PAC-type guarantee.

The benefits of our proposed approach are demonstrated on both simulated and real data
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in Sections 2.4 and 2.5, and we conclude with a short discussion in Section 2.6. Proofs are

deferred to the Appendix A.

2.2 Theory of existing approaches

2.2.1 Covering the censored survival time via CP

As described in Section 2.1.2, it is possible to provide an LPB on T with no further as-

sumptions by simply finding a lower bound on the censored survival time T̃ ≤ T . To do so,

one approach is to use the Conformalized Quantile Regression (CQR) framework of Romano

et al. [2019b]. To begin, we first partition the available n data points into two data sets1,

a training set I1 and a calibration set I2—for instance, into two sets of size n/2. Using

the training set, we fit a quantile regression: x 7→ q̂α(x), which estimates the conditional

α-quantile of T given X. This may be done using an arbitrary algorithm, for instance, linear

regression or random forests. If this quantile regression were fitted accurately, then we could

simply use q̂α(X) as a LPB for T—if indeed this is the α-quantile of T | X, then T ≥ q̂α(X)

holds with probability 1 − α, as desired. However, due to potential issues of overfitting,

model misspecification, etc, we cannot rely on this being the case, and so the calibration set

is then used to correct for any errors in the initial model fitting stage. For each i ∈ I2 (the

calibration points), define a score Si = q̂α(Xi)− T̃i, and then define the LPB as

L̂baseline(X) = q̂α(X)−Q1−α
( ∑
i∈I2

1

1 + |I2|
· δSi +

1

1 + |I2|
· δ+∞

)
,

where Q1−α(·) denotes the (1−α)-quantile of a distribution and where δv is the point mass

at v. The intuition here is that the Q1−α(...) term adds a correction to the original fitted

1. In Section 1.1.1, these splits were referred to as the pre-training set and holdout set. Here, we deviate
from that notation because in this chapter we evaluate coverage based on how well we train our scores,
whereas earlier, we assumed the scores were pre-learned on a separate dataset and provided for conformal
calibration.
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model to ensure that L̂baseline(X) has the right coverage level on the calibration set drawn

i.i.d. from P , and will thus have the right coverage level on a future draw (X,T ) from P(X,T )

as well.

Note that the resulting value L̂baseline(X) may be higher (less conservative) or lower (more

conservative) than the initial fitted model q̂α(X), depending on whether the original fitted

model q̂α is over- or under-covering on the calibration set. In practice, it is likely that we will

have undercoverage of the original fitted model (see, e.g., the simulation results in Romano

et al. [2019b], Lei and Candès [2020], Candès et al. [2021] and Figure 2.6), leading to a

quantile Q1−α(...) that is positive, and a LPB L̂(X) that is lower (more conservative) than

the original fitted model.

The following result proves that this is a marginally calibrated LPB:

Theorem 2.1 (Adapted from Theorem 1 of Romano et al. [2019b]). Suppose (Xi, Ci, Ti)
iid∼

P . Then L̂baseline(X) is a marginally calibrated LPB at level 1− α, and moreover, satisfies

P(X,T,C)∼P
(
T̃ ≥ L̂baseline(X)

)
≥ 1− α.

Since T̃ may be often much smaller than T if the censoring is severe, this result indicates

that such an LPB may be quite conservative as a lower bound for T . This conservativeness is

however inescapable without further assumptions—Candès et al. [2021, Theorem 1] establish

that, under mild conditions, for any marginally calibrated LPB L̂ for the (uncensored)

survival time T which is valid universally over all distributions P on the data, L̂ must

also be an LPB for T̃ whenever P(C,T ) is either discrete or continuous.

18



2.2.2 Using fixed threshold for filtering out low censoring times

Next we give details for Candès et al. [2021]’s proposed method, which uses a fixed threshold

c0 to avoid an overly conservative LPB. As mentioned above, their work shows that, without

further assumptions, it is not possible to improve on the LPB for T̃ ; therefore, they make

the additional assumption that the conditional distribution PC|X is known (or is estimated

accurately).

As for CQR, their method begins by partitioning the data into a training set I1 and a

calibration set I2, and uses the training set to fit a quantile regression,2 x 7→ q̂α(x), for

the conditional α-quantile of T given X. The cutoff c0 for the censoring time may also be

chosen as a function of the training data. Furthermore, define ŵ(x) to be an estimate of

1/P {C ≥ c0 | X = x} (or, approximately proportional to this quantity), also fitted on the

training data.

Next, on the calibration set, we use c0 to filter the data and define I ′2 = {i ∈ I2 : Ci ≥ c0}.

For all these remaining calibration points, note that T̃i ∧ c0 = Ti ∧ c0 (that is, Ti ∧ c0 is

observed). We then calculate scores Si = q̂α(Xi)−Ti∧ c0 for all i ∈ I ′2, and return the LPB

L̂fixed−cutoff(X) = q̂α(X)−Q1−α

∑i∈I′2
ŵ(Xi) · δSi + ŵ(X) · δ+∞∑
i∈I′2

ŵ(Xi) + ŵ(X)

 .

The intuition here is that the calibration set I ′2 consists of data points drawn from the

shifted distribution P≥c0 , and the likelihood ratio between the target distribution P and this

distribution P≥c0 is P {C ≥ c0} /P {C ≥ c0 | X}; since ŵ(X) is an estimate of the likelihood

ratio (up to constants), reweighting the calibration data points with weights ŵ(Xi) ensures

coverage with respect to the actual target distribution P .

2. While their proposed method is defined via a more general construction, here we focus on a single
version that is most relevant for comparison to our own methods.
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Building on the framework of conformal prediction with covariate shift [Tibshirani et al.,

2019], Candès et al. [2021]’s result proves that this construction yields a valid LPB.

Theorem 2.2 (Proposition 1 of Candès et al. [2021]). Suppose (Xi, Ci, Ti)
iid∼ P , and suppose

ŵ(x) = 1/P {C ≥ c0 | X = x}, i.e., this probability was fitted exactly. Then L̂fixed−cutoff(X)

is a marginally calibrated LPB for T ∧ c0, and therefore also for T .

Moreover, Candès et al. [2021, Theorem 2] establish a double robustness result: if either ŵ(x)

was fitted accurately (i.e., is a good approximation of 1/P {C ≥ c0 | X = x} or the quantile

regression was fitted accurately (i.e., q̂α(x) is a good approximation of the α-quantile of

T | X), then L̂fixed−cutoff approximately satisfies the criterion for a marginally calibrated

LPB.

2.3 Conformalized survival analysis with adaptive cutoffs

2.3.1 Our procedure

As before, we first partition the data into a training set I1 and a calibration set I2. On

the training set, we fit a family of estimated quantile regression functions, (x, a) 7→ q̂a(x),

mapping x to the estimated a-quantile of the conditional distribution of T given X = x, for

all a ∈ [0, 1]. We assume that, for any x, a 7→ q̂a(x) is nondecreasing.3 (In contrast, for the

existing methods defined in Section 2.2, this regression is run only at a single value of a.)

Next, we need to use the calibration set in order to choose a value of a, for which returning

q̂a(X) is a valid LPB—that is, we need to find a value a such that P {T < q̂a(X)} = α

(where we implicitly treat the fitted quantile function q̂a as fixed, and take the probability

over (X,T ) ∼ P ). Note that, if the original regression were estimated perfectly, then we

3. If our estimators q̂a are computed independently for each a and this constraint is violated, monotonicity
can easily be restored via sorting the outputs—see e.g., Koenker [1994]. q̂a is defined to be −∞ at a = 0.
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would expect to return a = α, i.e., the estimated α-quantile q̂α(X) would already be a valid

LPB. In practice, as discussed earlier, we expect to see overfitting in most real-data settings

and thus we expect to return a < α. To choose a appropriately, we could consider solving

for a in the following expression:

α = P {T < q̂a(X)} = E [P {T < q̂a(X) | X}]

= E
[
P {T < q̂a(X) | X} · P {q̂a(X) ≤ C | X}

P {q̂a(X) ≤ C | X}

]
≈ E [P {T < q̂a(X) | X} · P {q̂a(X) ≤ C | X} · ŵa(X)]

= E [P {T < q̂a(X) ≤ C | X} · ŵa(X)]

= E [1 {T < q̂a(X) ≤ C} · ŵa(X)] , (2.2)

where now ŵa(x) is chosen to be (approximately) equal to 1/P {C ≥ q̂a(X) | X = x}, and

where the next-to-last step holds by Assumption A1. If instead we only assume that our

estimate ŵa(x) is proportional to 1/P {C ≥ q̂a(X) | X = x}, then we want to solve for a in

the equation

α = P {T < q̂a(X)} ≈ E [P {T < q̂a(X) | X} · P {q̂a(X) ≤ C | X} · ŵa(X)]

E [P {q̂a(X) ≤ C | X} · ŵa(X)]

=
E [1 {T < q̂a(X) ≤ C} · ŵa(X)]

E [1 {q̂a(X) ≤ C} · ŵa(X)]
. (2.3)

Now we note that the events 1 {Ti < q̂a(Xi)} cannot be observed on the calibration set

(since we only observe the censored survival time, T̃i). On the other hand, the filtered

events 1 {Ti < q̂a(Xi) ≤ Ci} can be observed (since if Ci ≥ q̂a(Xi), 1 {Ti < q̂a(Xi)} =

1

{
T̃i < q̂a(Xi)

}
). Therefore, the calibration set can indeed be used to find a value a so

that the equation (2.2) or (2.3) is (approximately) satisfied.

Now we formally describe how to select a using the calibration set. For each value a, we
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estimate the miscoverage rate P {T < q̂a(X)} as follows:

α̂(a) =

∑
i∈I2 ŵa(Xi) · 1 {Ti < q̂a(Xi) ≤ Ci}∑

i∈I2 ŵa(Xi) · 1 {q̂a(Xi) ≤ Ci}
.

This empirical quantity estimates α∗(a) = P {T < q̂a(X)}. Since our aim is to find a value

of a sufficiently small so that α∗(a) ≤ α, we will instead search for a satisfying α̂(a) ≤ α.

However, while α∗(a) is monotone in a (since q̂a(x) is monotone in a), this property may

not hold for the estimator α̂(a); we therefore define â = sup
{
a ∈ [0, 1] : supa′≤a α̂(a

′) ≤ α
}
.

Finally, we output the LPB L̂(X) := q̂â(X).

Below, we will give a a double robustness result proving that this choice of L̂ is (approxi-

mately) a marginally calibrated LPB, as long as either the weights ŵa or the quantiles q̂a

are fitted accurately; furthermore, when the quantiles are fitted accurately, the LPBs are

(approximately) conditionally valid. Before giving our theoretical results, we first present a

more general form of this procedure.

2.3.2 A generalized procedure

The procedure described above tends to perform well in settings where q̂a(x) (for relevant

values of a) is not too large—so that P {C ≥ q̂a(x) | X = x} is not close to zero and the

weights ŵa(Xi) on the calibration points are not too large. In other settings, however,

the procedure may be somewhat unstable. Specifically, in scenarios where C is often much

smaller than T (as in the example given in Section 2.1.4 above), we might have a very small

probability P {C ≥ q̂a(X) | X = x}; this is problematic since the inverse weight ŵ(x) will

then be extremely large. To alleviate this, we now generalize the procedure sketched above

to allow for a more stable and robust method. Define a family of functions for x ∈ X and

a ∈ A, (x, a) 7→ f̂a(x), which are fitted on the training set, such that for each fixed x this

map is nondecreasing in a (note that the estimated quantiles, q̂a(x), are simply a special
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case). Our aim is now to use the calibration set in order to choose a so that L̂(X) = f̂a(X)

offers a calibrated LPB. With the same rationale as before, we wish to find a to satisfy

α = P
{
T < f̂a(X)

}
≈

E
[
P
{
T < f̂a(X)

∣∣∣ X} · P
{
f̂a(X) ≤ C

∣∣∣ X} · ŵa(X)
]

E
[
P
{
f̂a(X) ≤ C

∣∣∣ X} · ŵa(X)
]

=
E
[
1

{
T < f̂a(X) ≤ C

}
· ŵa(X)

]
E
[
1

{
f̂a(X) ≤ C

}
· ŵa(X)

] , (2.4)

where ŵa is again fitted on the training data but is now chosen to be (approximately)

proportional to 1/P
{
C ≥ f̂a(X)

∣∣∣ X = x
}

.

From this point on, we proceed exactly as before, but with f̂a in place of q̂a—we define

α̂(a) =

∑
i∈I2 ŵa(Xi) · 1

{
Ti < f̂a(Xi) ≤ Ci

}
∑
i∈I2 ŵa(Xi) · 1

{
f̂a(Xi) ≤ Ci

} ,

which estimates α∗(a) = P
{
T < f̂a(X)

}
. As before, we compute

â = sup
{
a ∈ [0, 1] : sup

a′≤a
α̂(a′) ≤ α

}
, (2.5)

and return the LPB L̂(X) := f̂â(X).

Choosing the family of bounds. In this more general procedure, how should the family

f̂a(x) be chosen? The LPB will be approximately valid regardless of our choice, but the

utility of the method will depend strongly on choosing a reasonable family of functions. We

consider two goals when choosing the family:

• We would like to closely approximate the “oracle” LPB, L(X) = qα(X), where qα(x)

is the true α-quantile of T given X = x. As a result, for a such that q̂a(x) is close to
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qα(x), we would like to have f̂a(x) ≈ q̂a(x), our estimated quantiles for T given X.

• On the other hand, we would like for the weights ŵa(x) to not be too large, or equiv-

alently, for P
{
C ≥ f̂a(X)

∣∣∣ X = x
}

to not be too small for any a. Consequently,

we might want to require f̂a(x) ≤ q̂C1−β(x), where q̂C1−β(x) estimates the conditional

quantile of C given X = x, and we choose some constant value β.

To balance between these two goals, we propose selecting f̂a(x) = min
{
q̂a(x), q̂

C
1−β(x)

}
.

As for the choice of β, we use β = 1/ log |I2| in our implementation such that ŵa(Xi) ≤

log |I2| = o(
√

|I2|). In the simulations, we will compare this choice against the “canonical”

version of the method with f̂a(x) = q̂a(x), to see how this new choice adds stability to the

method.

Implementation details. Next we describe how the threshold â in (2.5) can be com-

puted efficiently in practice. We note that supa′≤a α̂(a
′) is a non-decreasing piecewise

constant function in a, with no more than 2n knots—values of a at which the indicators

1

{
Ti < f̂a(Xi) ≤ Ci

}
or 1

{
f̂a(Xi) ≤ Ci

}
change signs. Denote āi = supa∈[0,1]

{
f̂a(Xi) ≤

T̃i
}
, ãi = supa∈[0,1]

{
f̂a(Xi) ≤ Ci

}
and A1 =

{
āi : i = 1, . . . , n

}
,A2 =

{
ãi : i = 1, . . . , n

}
.

Then by definition, the breakpoints of the piecewise constant map a 7→ α̂(a) must all lie in

A1 ∪ A2. In the implementation, in order to obtain â, we only need to search through the

finite grids

A = A1 ∪ A2 ∪ {0}. (2.6)

A complete description of the general procedure can be found in Algorithm 1.

Computational complexity. The computational cost of our proposed procedure can be

decomposed into the cost of model fitting on I1 and that of finding â on I2. The cost of the

first stage heavily depends on the type of models chosen by the user. For the second stage, we
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Algorithm 1 Conformalized survival analysis with adaptive cutoffs
Input: Level α; data D = (Xi, T̃i, Ci)i∈[n].
Procedure:
1. Split the data into two folds: the training fold I1 and the calibration fold I2.
2. Using I1 as input, apply any algorithm to fit the candidate LPBs

{
f̂a(·)

}
a∈[0,1].

3. Using I1 as input, apply any algorithm to construct estimates ŵa(x) of
P
{
C ≥ f̂a(x)

∣∣∣ X = x
}

.
4. Determine A according to (2.6).
5. For a in A do: Compute the estimated miscoverage rate

α̂(a) =

∑
i∈I2 ŵa(Xi) · 1

{
Ti < f̂a(Xi) ≤ Ci

}
∑
i∈I2 ŵa(Xi) · 1

{
f̂a(Xi) ≤ Ci

} . (2.7)

6. Compute the threshold: â = sup
{
a ∈ A : supa′≤a,a′∈A α̂(a

′) ≤ α
}
.

Return: The calibrated LPB: L̂(·) = f̂â(·).

first need to find the set of “knots” A defined in (2.6). For each i ∈ I2, finding āi (resp. ãi)

requires finding the supremum over a such that f̂a(Xi) ≤ T̃i (resp. f̂a(Xi) ≤ Ci). Since

f̂a(Xi) is nondecreasing in a, finding āi or ãi can be done efficiently via binary search. More

specifically, given a tolerance level ϵ, we can obtain an ϵ-accurate solution within O(log(1/ϵ))

runs. Repeating the above for all i ∈ I2 requires O(|I2| · log(1/ϵ)) runs. Finally, evaluating

α̂(a) for a ∈ A and finding â requires O(|I2|) runs. Overall, the computational complexity

of the second stage is of the order O(|I2| · (1 + log(1/ϵ))).

2.3.3 Theoretical guarantee: a double robustness result

In this section, we establish the theoretical guarantees for the LPBs produced by Algorithm 1.

In particular, we show that the LPBs enjoy a double-robustness property in the following

sense: the LPBs are approximately marginally calibrated if either the censoring mechanism

or the conditional quantile of survival times can be estimated well; when the latter is true,

the LPBs are furthermore approximately conditionally calibrated.
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Given the class of functions {f̂a(·)}a∈[0,1], we define the oracle weights

wa(x) =
(
P
{
C ≥ f̂a(X)

∣∣∣ I1, X = x
})−1

,

(here we condition on f̂a, i.e., the function is treated as fixed), and the following oracle

quantity for any β ∈ [0, 1]:

a(β) = sup
{
a ∈ [0, 1] : P

{
T < f̂a(X)

∣∣∣ I1} ≤ β
}
.

Theorem 2.3 and 2.4 develop the coverage guarantee for the LPBs.

Theorem 2.3. Fix any δ, α ∈ (0, 1). Assume that f̂a(x) is continuous in a, and that for

any a ∈ [0, 1], there exists some constant γ̂a > 0 such that ŵa(x) ≤ γ̂a for PX -almost all x.

Then with probability at least 1 − δ over the draw of D, the LPB produced by Algorithm 1

satisfies

P(X,T )∼P
{
T ≥ L̂(X)

∣∣∣ D} ≥ 1− α

− sup
a∈[0,1]

E
[∣∣∣ ŵa(X)

wa(X)π̂a
− 1
∣∣∣ ∣∣∣∣ I1]+

√√√√√1 +
γ̂2a
π̂2a

+max(1, γ̂aπ̂a
− 1)2

|I2|
· log

(1
δ

) ,

where the probability is taken with respect to a new data point (X,T ) ∼ P(X,T ), and where

we define π̂a = EX∼PX

[
ŵa(X)
wa(X)

∣∣∣ I1] for any a ∈ [0, 1].

The proof of Theorem 2.3 if deferred to Appendix A. In other words, if the estimates ŵa are

accurate approximations of wa (up to rescaling by a constant), then we have ŵa(X)/wa(X)π̂a ≈

1, and approximate coverage is guaranteed.

Next, we show that we also achieve approximate coverage when T | X can be accurately
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modeled.

Theorem 2.4. Fix any δ, α ∈ (0, 1). Assume the same conditions as Theorem 2.3, and

assume further that the conditional distribution of T | X is continuous, with its conditional

density upper bounded by a constant B > 0, and that there exists a constant r > 0 such that

1. supξ∈[a(α),a(α+r)+ψ]wξ(x) ≤ γ and supξ∈[a(α),a(α+r)+ψ] ŵξ(x) ≤ γ̂ for some constants

ψ, γ, γ̂ > 0;

2. supβ∈[α,α+r] supx∈X
{
max(B, 1) ·

∣∣f̂a(β)(x)− qβ(x)
∣∣}+ γ̂γ

√
log(1/δ)
|I2|

≤ r, where qβ(x)

is the β-quantile of T conditional on X = x.

Then with probability at least 1 − δ over the draw of D, the LPB produced by Algorithm 1

satisfies that for PX -almost all x,

P(X,T )∼P
{
T ≥ L̂(x)

∣∣∣ D, X = x
}
≥ 1− α

− sup
β∈[α,α+r]

sup
x∈X

{
2B · |f̂a(β)(x)− qβ(x)|

}
− γ̂γ

√
1

|I2|
· log

(1
δ

)
.

The proof of Theorem 2.4 is deferred to the Appendix A, where we in fact prove a more

general version. The implication of Theorem 2.4 is that if T | X can be modeled well, the

conditional miscovarege rate will be small (which also implies that the marginal coverage

rate will be small).

Remark 1. The assumption on the continuity f̂a(x) in a and the boundedness on the esti-

mated weights can simply be satisfied by choosing the appropriate class of functions in the

training stage (i.e., the fitting procedure using I1). The additional assumption (a) requires

the oracle weights wβ(x) is bounded as least in a neighborhood of a(α); (b) is satisfied when

T | X is estimated uniformly well in a neighborhood of α and when |I2| is sufficiently large.
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2.4 Simulations

We set up six synthetic experiments, and under each setting we generateN = 100 i.i.d. datasets.4

Each dataset consists of the training set I1, calibration set I2, and the test set I3, where

|I1| = 1,000, |I2| = 1,000 and |I3| = 5,000. For all experiments, the target level is

1 − α = 90%. In these experiments, we implement our proposed method with two fami-

lies of bounds:

• DFT-adaptive-T: the candidate LPB is given by f̂a(x) = q̂a(x), where q̂a(x) is the

estimated a-th conditional quantile of T given X = x.

• DFT-adaptive-CT: the candidate LPB is given by f̂a(x) = min
{
q̂a(x), q̂

C
1−log(1/|I2|)

(x)
}
,

where q̂a(x) is as before and q̂Cb (x) is the estimated b-th conditional quantile of C given

X = x.

We also obtain LPBs based on parametric models and other distribution-free methods:

• Cox: LPBs generated by the estimated Cox model that is implemented as in Therneau

[2020]

• RandomForest: LPBs returned by the censored quantile regression forest [Li and

Bradic, 2020, Athey et al., 2019]; the implementation is based on Li and Bradic [2020].

• DFT-baseline: The distribution-free LPBs obtained by applying conformal quantile

regression [Romano et al., 2019b] to generating bounds for T̃ .

• DFT-fixed: conformalized LPB with a fixed thresholded c0; the implemental details

are as suggested by Candès et al. [2021].

4. The code for reproducing all numerical results from the simulation and the real data analysis can be
found at https://github.com/zhimeir/adaptive_conformal_survival_paper.
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For all conformalized method, the base algorithm for fitting conditional quantile of T | X

is the Cox model, and a Gaussian process model is fitted to approximate C | X (this is

implemented by the GauPro R-package [?]). For each dataset, we compute the following two

quantities with the test set:

Empirical coverage =
1

|I3|
∑
i∈I3

1

{
L̂(Xi) < Ti

}
, Average LPB =

1

|I3|
∑
i∈I3

L̂(Xi).

An ideal method would have empirical coverage ≈ 1−α, and average LPB as low as possible.

We shall demonstrate boxplots of the empirical coverage and average LPB resulting from

the 100 datasets.

2.4.1 Synthetic setup

We consider six data generating models, where settings 1–4 concern univariateX and settings

5–6 multivariate X. For all settings, the marginal distribution of the covariates is given by

PX = Unif([0, 4]p); conditional on X, we generate T and C via distributions log T | X ∼

N
(
µ(X), σ2(X)

)
and C | X ∼ PC|X .

In settings 1 and 2, p = 1 and C | X ∼ Exp(0.1)—the censoring mechanism is completely

exogenous; in settings 3 and 4, p = 1 and we allow C to depend on X. In particular,

setting 3 corresponds to the example shown in the introduction. Settings 5 and 6 consider

multivariate X, where p = 10; in setting 5, σ(x) = 1, and in setting 6 σ(x) depends on X.

Table 2.1 summarizes the parameters used in the six settings.

Figure 2.2 shows the scatterplots of the survival time T and censoring time C against the

univariate covariate X in univariate experimental settings. Settings 2–4 are more challenging

than setting 1, as they all have scenarios where there are roughly two sub-populations: the

sub-population with smaller values of X has relatively higher censoring time, leading to a low

29



Setting p µ(x) σ(x) PC |X

1 1 0.632x 2 Exp(0.1)
2 1 3 · 1{x > 2}+ x · 1{x ≤ 2} 0.5 Exp(0.1)
3 1 2 · 1{x > 2}+ x · 1{x ≤ 2} 0.5 Exp

(
0.25 + 6+x

100

)
4 1 3 · 1{x > 2}+ 1.5x · 1{x ≤ 2} 0.5 lognormal

(
2 + (2−x)

50 , 0.5
)

5 10 0.126(x1 +
√
x3x5) + 1 1 Exp(x10

10 + 1
20)

6 10 0.126(x1 +
√
x3x5) + 1 x2+2

4 Exp(x10
10 + 1

20)

Table 2.1: Parameters used in the six experimental settings: PX = Unif([0, 4]p), P {T | X} =
exp(N (µ(X), σ2(X))).

Figure 2.2: Illustration of the censoring time C and the uncensored survival time T in settings
1–4 as functions of the univariate covariate X. Both C and T are on a log scale.

censoring zone while the sub-population with larger values of X has comparatively higher

survival time, hence a very high censoring zone. In settings 5–6, there is a similar challenge:

the distribution PC|X depends on X10 and thus we will have low censoring times for certain

values of X and higher censoring times for others.

2.4.2 Simulation results

Figure 2.3 plots the empirical coverage and average LPBs of all candidate methods under the

univariate settings. First we consider the methods without distribution-free type guarantees.

As we see in the figures, Random Forest exhibits undercoverage in all four settings. Even

in setting 1, a simple case where the error is homogeneous and C does not depend on X,

RandomForest does not return valid LPBs. Cox shows undercoverage as well, except for

the simple regime of setting 1, and the miscoverage gaps are even larger than those of
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Figure 2.3: Empirical coverage (top) and average LPBs (bottom) of all the candidate meth-
ods under settings 1–4, where X is univariate. The boxplot shows results from 100 inde-
pendent draw of datasets. The dashed red line corresponds to the target coverage level
1− α = 90%.

Figure 2.4: Boxplots of empirical coverage (left) and average LPBs (right) in the multivariate
experimental settings. The details are otherwise the same as in Figure 2.3
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RandomForest in settings 2, 3, and 4.

Next we consider the DFT methods. The LPBs returned by DFT-baseline are very conserva-

tive in all four settings due to the censoring issue, as we expected (recall from our discussion

in Section 2.1.2 that this method covers T by covering the censored time T̃ ). DFT-fixed

LPBs are more conservative than our proposed DFT-adaptive-CT LPBs, especially in set-

tings 2-4 where the relationship between C and T changes drastically in different subpopu-

lations. Finally, we can see the canonical version of our method, DFT-adaptive-T, exhibits

high variability in settings 3 and 4, verifying our statement on stability in Section 2.3.2 and

highlighting the potential advantages of DFT-adaptive-CT.

Next, Figure 2.4 demonstrates the results under the multivariate settings. Here, we observe

that RandomForest shows slight undercoverage under both settings; Cox performs well and

does not undercover, but does not offer a distribution-free coverage guarantee. Turning to

the DFT methods, DFT-baseline is again very conservative, and DFT-fixed LPBs exhibit

high variability. Both of our proposed methods, DFT-adaptive-T and DFT-adaptive-CT are

able achieve exact coverage, and the variability is much lower than that of DFT-fixed LPBs.

Finally, we show in Figure 2.5 the running time of all the candidate methods under setting

3 (the example in Section 2.1.4) with different choices of n. We can see that DFT-fixed,

DFT-adaptive-T, and DFT-adaptive-CT are more computationally expensive than the other

methods; the running time of DFT-fixed and DFT-adaptive-CT is comparable, while that

of DFT-adaptive-T is somewhat shorter.
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Figure 2.5: Running time of all candidate methods in setting 3.

2.5 Real data application

In this section, we apply our proposed method to predicting users’ active time on a mobile

app with a publicly available dataset.5 This dataset records the time stamps of pings for

a cohort of 2,476 users in a shared window of three weeks, where a ping represents a login

activity or a received message. As is shown in Figure 2.6(a), a user’s pings gathered during

an active day form a line segment, whose length is proportional to the span of active time

during that day (the time span is standardized so that the total time window is mapped to

the interval [0, 21] to represent the total number of days). The number of line segments and

the length of line segments vary for different users, reflecting different types of user behavior.

For each user, the time is recorded from the user’s first active day, i.e., if the first active

5. The data is downloaded from https://www.kaggle.com/datasets/bhuvanchennoju/mobile-usage
-time-prediction?select=pings.csv.

33

https://www.kaggle.com/datasets/bhuvanchennoju/mobile-usage-time-prediction?select=pings.csv
https://www.kaggle.com/datasets/bhuvanchennoju/mobile-usage-time-prediction?select=pings.csv


time for a particular user is 1.5, then the sequence of active time for this user is shifted by

⌊1.5⌋ = 1 and is censored at time C = 21− 1 = 20.
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Figure 2.6: (a) Active time in three weeks for i = 1, . . . , 10; (b) histogram of censored survival
times for all users.

With this dataset, we focus on predicting the beginning of a user’s 14th active day. In

practice, the prediction lower bounds can be informative if, for instance, the mobile app

wishes to launch a promotion, offering a discount for in-app purchases at the beginning of

a user’s 14th active day. For a user who is active for less than 14 days within the time

window, the survival time is therefore censored and only T̃ = min(C, T ) can be observed.

Figure 2.6(b) is the histogram of the censored survival time. Besides the time stamps, there

are three covariates in this dataset related to users’ characteristics: X1 (gender), X2 (age),

and X3 (number of children).

To implement the method, we begin by choosing |I1| = 500 data points as the training set,

and keep this set fixed throughout. Among the remaining data points, for 50 independent

random trials, we sample |I2| = 500 data points as the calibration set and another |I3| = 500

as the test set, uniformly without replacement. All the methods are applied with the target
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level 1−α at 90%. Since the true survival time for censored data points are not available, we

instead empirically evaluate the upper and lower bounds of the coverage rate: we compute

βlo := P
{
T̃ ≥ L̂(X)

}
≤ P

{
T ≥ L̂(X)

}
, and also βhi := 1 − P

{
T̃ < L̂(X), T ≤ C

}
≥

P
{
T ≥ L̂(X)

}
, so that, by construction, βlo is an underestimate of our target coverage

rate, and βhi is an overestimate.

The upper and lower bounds for methods in comparison are reported in Figure 2.7. Since

Figure 2.7: Left: lower bound βlo of the empirical coverage rate; middle: upper bound βhi
of the empirical coverage rate; right: average LPBs.

this setting has a low censoring rate (19.7%), the difference between DFT-adaptive-T and

DFT-adaptive-CT is negligible. Both DFT-adaptive-T and DFT-adaptive-CT attain nearly

exact coverage at 90%, while Cox and Random Forests have coverage below the target level.

In comparison, although DFT-baseline has only slightly inflated coverage, the average LPB

is lower than our methods and is thus less accurate in practice; in the meantime, DFT-fixed

has coverage rate slightly higher than 90% and shows larger variance than our methods with

adaptive cutoffs.

35



2.6 Discussion

This chapter offers a data-adaptive tool for conformalized survival analysis. By using

covariate-dependent cutoff event to subset the data, i.e., considering data satisfying C ≥

f(X) for an appropriately chosen function f , our method enables higher power in a broader

range of scenarios, where the distribution of C | X can vary highly with X without creating

overly conservative bounds, to improve on earlier work using a fixed cutoff, C ≥ c0 [Candès

et al., 2021].

As in Candès et al. [2021], this work has been primarily focusing on the Type I censoring,

where the censoring time for each individual is assumed observable; this is typically the case

when the censoring time is the termination of a study. Another common type of censor-

ing time is the loss-to-follow-up censoring. When the event is death, the loss-to-follow-up

censoring time is not observed for patients who did not survive, and our method no longer

applies. As discussed in Candès et al. [2021], our method can however provide informative

LPBs beyond the setting of Type I censoring: when we have both the end-of-study censoring

time Cend and the loss-to-follow-up censoring time Closs, the censored survival time is then

given by T̃ = T ∧ Cend ∧ Closs. Under the assumption that (T,Closs) ⊥⊥ Cend | X, we can

treat T ′ := T ∧ Closs as the true survival time and apply our procedure, producing an LPB

on T ′. We can thus alleviate the conservativeness caused by Cend, especially in studies with

short duration.

We close the chapter by a discussion on extensions and interesting directions for future work.

First, the theoretical guarantees shown in this work focus on constructing the PAC-type

LPB. It can also be of interest to see if one can derive marginal guarantees for the proposed

method, where the weighted conformal inference technique is not applicable. (Recent work

by Angelopoulos et al. [2022] on a related problem suggest tools for converting a PAC-

type bound to a finite-sample bound in expectation, and may be applicable to the survival
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analysis setting as well.) Second, as with many double-robustness type results, our theoretical

guarantees rely on high accuracy of our estimate of either the conditional distribution of

C | X or of T | X, but it may be possible to establish a better bound where moderately

accurate estimates of both distributions contribute multiplicatively to a single unifying bound;

this may be more relevant to practical settings, where we might expect moderate accuracy

for each estimation problem. Finally, as discussed earlier, the cutoff introduces a variance-

bias tradeoff—with a large cutoff, the observed survival time is closer to the true survival

time but the effect sample size is reduced, and vice versa. It is interesting to quantitatively

characterize this phenomenon, and derive an optimal choice of candidate LPBs based on this

characterization.
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CHAPTER 3

DISTRIBUTION-FREE CONDITIONAL PREDICTIVE

INFERENCE

In this chapter, we address the problem of constructing distribution-free prediction in-

tervals that remain valid conditional on any feature value. Earlier, in Section 1.1.1, we

introduced the split-conformal prediction algorithm, an efficient method for constructing

distribution-free prediction intervals for Yn+1 at a test feature Xn+1, given training data

(X1, Y1), . . . , (Xn, Yn).

While the marginal coverage guarantee from Theorem 1.1 avoids strong distributional as-

sumptions, it has limitations. The coverage probability is averaged over both the training

data (the data points (X1, Y1), . . . , (Xn, Yn) used to fit the prediction interval Ĉn) and the

test point (Xn+1, Yn+1) under the assumption that the latter follows the same distribution

as the training sample. In applications like medicine i.e., predicting a patient’s future out-

come, this means a nominal 90% coverage guarantee holds on average over new patients

sampled from the same population but does not ensure coverage within specific subgroups

(e.g., patients over age 50) or if the test population differs from the training sample (e.g.,

due to shifts in age distribution).

In this chapter, we construct a distribution-free prediction interval that addresses these

shortcomings. The work presented here is co-authored with Rina Foygel Barber, which has

been published in Journal of the Royal Statistical Society Series B under the title ‘Conformal

prediction with local weights: randomization enables robust guarantees’ [Hore and Barber,

2024].
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3.1 Introduction: test-conditional coverage

As motivated above, we seek assurance that the prediction interval Ĉn(Xn+1) contains the

test response Yn+1 with fairly high probability at all feature values Xn+1 (i.e., among all

patient demographics), rather than only on average. In other words, we would ideally like

to be able to achieve the test-conditional coverage guarantee (sometimes also referred to as

local coverage):

P
{
Yn+1 ∈ Ĉn(Xn+1)

∣∣∣ Xn+1

}
≥ 1− α for all P , almost surely over Xn+1. (3.1)

Compared to the marginal coverage guarantee (1.1), this stronger guarantee would address

the issues of uneven coverage over different patient demographics, and of differences between

the feature distribution within training sample versus the general population.

3.1.1 Hardness of test-conditional coverage

Unfortunately, in the setting of a nonatomic feature distribution (i.e., the distribution of X

has no point masses, meaning, no value x has P {X = x} > 0), this guarantee is known to be

impossible, aside from trivial solutions such as returning a meaningless prediction interval

Ĉn(Xn+1) ≡ Y .

Theorem 3.1 (adapted from [Vovk, 2012, Lei and Wasserman, 2014]). Let Y = R, and

suppose a prediction set Ĉn satisfies (3.1). Then, for any distribution P and for PX -almost

every x0, we have that if x0 is not an atom of PX , then

E
[
leb
(
Ĉn(x0)

)]
= ∞,

where leb denotes the Lebesgue measure supported on R.
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This means is that any conditionally valid prediction set will be extremely large, and non-

informative.

Consequently, we are interested in finding a meaningful compromise between test-conditional

coverage (3.1), which cannot be achieved in a distribution-free regime (aside from settings

where X is discrete), and marginal coverage (1.1), which can be achieved distribution-free

but is too weak for many practical applications. In particular, we might ask for coverage

to hold when we condition, not on a specific value of Xn+1, but instead in a weaker sense,

e.g., for any Xn+1 within some neighbourhood—for instance, 90% coverage may not be

guaranteed for patients who are exactly 25.75 years old, but perhaps could be guaranteed to

hold on average over any 5-year age range.

3.1.2 Relaxed notions of conditional coverage

Since exact test-conditional coverage is unattainable in a distribution-free setting, we explore

two alternative relaxations: (i) ensuring valid coverage over structured subsets of the feature

space and (ii) maintaining coverage under controlled covariate shifts. We formalize these

approaches below.

Set-conditional coverage

Let’s consider a collection B of subsets of feature space, B ⊆ X , such that we seek valid

coverage guarantees if the test feature lies in B, for each B ∈ B (for instance, each B might

be a subset of patients defined by a particular 5-year age range). This can be expressed as

the following desired guarantee:

P
{
Yn+1 ∈ Ĉn(Xn+1) | Xn+1 ∈ B

}
≥ 1− α for all P and for all B ∈ B. (3.2)
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Different choices of the collection of subsets B represent different coverage goals for Ĉn(Xn+1).

For example, if we take B = {X}, then the coverage guarantee (3.2) is simply the marginal

coverage guarantee (1.1). At the other extreme, if B = {{x} : x ∈ X} contains all the

singleton sets, then (3.2) becomes equivalent to the (impossible) pointwise test-conditional

coverage guarantee (3.1) (and more broadly, the hardness result in Barber et al. [2021]

states that it is impossible to achieve such a guarantee whenever the Vapnik–Chervonenkis

(VC)-dimension of B is too large). Therefore, to capture a notion of coverage that lies in

between the two, we are interested in collections B that lie somewhere in between these two

extremes—for instance, if X = Rd, we might consider all open balls of a certain radius.

If our goal is to achieve test-conditional coverage relative to a single known subset B ⊆ X ,

we can simply run split conformal prediction using only holdout points i with Xi ∈ B to

calibrate q̂. But, ensuring valid coverage across multiple subsets (potentially infinite many)

remains a non-trivial challenge.

Coverage with respect to covariate shifts.

A different relaxation of pointwise test-conditional coverage (3.1) frames the question as a

covariate shift problem. If pointwise test-conditional coverage (3.1) were to hold, then this

would imply that

P
Pn×P̃

{
Yn+1 ∈ Ĉn(Xn+1)

}
≥ 1− α for all P, P̃ with PY |X = P̃Y |X , (3.3)

where the probability is taken with respect to training data (X1, Y1), . . . , (Xn, Yn) sampled

i.i.d. from P , and test point (Xn+1, Yn+1) sampled from P̃ . This aim is again impossible

(indeed, by taking P̃X to be a point mass at some point x, we see that the guarantee (3.3)

would imply pointwise test-conditional coverage (3.1), which is impossible to attain). Thus,
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we again consider a relaxed formulation:

P
Pn×P̃

{
Yn+1 ∈ Ĉn(Xn+1)

}
≥ 1−α for all P, P̃ with PY |X = P̃Y |X and P̃X ∈ P , (3.4)

for some class of allowed covariate shifts P—e.g., we might constrain P̃X to be near PX in

some metric, or, we might constrain P̃X to be sufficiently smooth relative to PX in some

sense.

As before, if our goal is to achieve coverage under covariate for a single known shifted

distribution P̃X , we can resort to the weighted conformal method in 1.1.1, but ensuring

coverage across multiple covariate shifts remains an open challenge..

3.1.3 Defining the goals of relaxed conditional coverage

Building on our discussion of relaxed coverage notions, we now ask: how can we achieve

coverage conditional on Xn+1 ∈ B for any B in a broad class of sets B (e.g., all balls of a

certain radius), or ensure coverage under covariate shift for any P̃X within an allowed class

of shifted distributions?

For these more challenging problems, a range of methods have been proposed in the literature,

including work by Lei and Wasserman [2014], Cauchois et al. [2020a], Izbicki et al. [2022],

Guan [2023], Gibbs et al. [2023]. Some of these methods offer theoretical results aiming

towards relaxed guarantees similar to (3.2) (for test-conditional coverage) or to (3.4) (for

covariate shift). We defer a more detailed discussion of this broad field to Section 3.6.1,

where we will be able to compare more closely to our own results.

Most of these methods approximately attain conditional coverage empirically; however, com-

bining sharp empirical performance with interpretable theoretical guarantees remains chal-

lenging. In our work, we aim to unify these questions, and bridge the gap between theoretical
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validity and empirical performance for these problems. Our aim is to provide a Ĉn that si-

multaneously satisfies all of the following aims:

(A1) Marginal coverage: Ĉn provably achieves exact finite-sample distribution-free marginal

coverage, i.e., P
{
Yn+1 ∈ Ĉn(Xn+1)

}
≥ 1− α for data drawn i.i.d. from any distribu-

tion P .

(A2) Coverage within subpopulations: Ĉn provably achieves a meaningful relaxed test-

conditional coverage guarantee, with P
{
Yn+1 ∈ Ĉn(Xn+1)

∣∣∣ Xn+1 ∈ B
}
⪆ 1−α hold-

ing over all sets B satisfying some regularity conditions that we will detail later on.

(A3) Coverage under covariate shifts: Ĉn provably achieves approximate coverage guar-

antees for covariate shift problems, with P
Pn×P̃

{
Yn+1 ∈ Ĉn(Xn+1)

}
⪆ 1−α holding

over all P and all covariate-shifted distributions P̃ = P̃X ×PY |X , where the shift from

PX to P̃X satisfies some regularity conditions that we will detail later on.

Of course, all of these aims could trivially be met by always returning the uninformative

interval Ĉn(Xn+1) ≡ Y—so our goal is to provide a Ĉn that satisfies aims (A1)–(A3)

without being too conservative, i.e., producing an interval that is as narrow as possible. We

will see that randomly localized conformal prediction (RLCP) provides a tool that can allow

us to achieve these aims without being overly conservative.

Organization of the chapter. The remainder of the chapter is organized as follows. We

will begin by reviewing the literature on framework for locally weighted conformal prediction

methods in Section 3.2, giving details on some existing methods and their shortcomings in

order to gain motivation for our proposed method RLCP. Then in Section 3.3, we formally

introduce RLCP, and in Section 3.4, we present theoretical results towards establishing that

RLCP satisfies the desired properties (A1), (A2), (A3). In Section 3.5, we demonstrate

the performance of RLCP (and compare it with these other locally weighted CP methods
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described in Section 3.2) on both simulated and real data. Finally, we conclude with a discus-

sion in Section 3.6, where we compare our method with existing literature and examine the

role that randomization plays in our method. Some proofs and some details of implementing

the methods are deferred to the Appendix B.

3.2 Conformal prediction with local weights: existing approaches

In this section, we will review the generalized framework of locally weighted conformal predic-

tion from Guan [2023] where two locally adaptive conformal methods have been introduced.

Our terminology here will differ somewhat from the terminology used in that reference, to

help us introduce the new perspectives and frameworks in this chapter later on.

As for the split conformal method defined in Section 1.1.1, we begin by pretraining a score

function s = s(x, y), where large values indicate that (x, y) does not agree or “conform”

with the trends observed in the pretraining set {(Xpre
i , Y

pre
i )}i=1,...,npre . Unlike the split

conformal method, however, under a localized framework we will compute a local threshold

for the score function, to produce a prediction interval of the form

Ĉn(Xn+1) = {y ∈ Y : s(Xn+1, y) ≤ q̂(Xn+1)} , (3.5)

where q̂(x) may now vary with x, to reflect local differences in the distribution of the score.

For example, for the regression score s(x, y) = |y− f̂(x)|, if the fitted model f̂ appears to be

a poor fit at (or near) some particular x, we would want q̂(x) to be larger at (or near) this

value x to ensure local predictive coverage.

The remaining question, then, is how to compute this local threshold q̂(x). Guan [2023]’s

localized conformal prediction (LCP) framework addresses this question, as we will now

describe.
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3.2.1 An initial approach: baseLCP

The threshold q̂ constructed by the split conformal method may not lead to local coverage at

(or near) some particular x, because the distribution of the scores s(Xi, Yi) over the holdout

set i = 1, . . . , n may be quite different from the distribution of the score s(Xn+1, Yn+1) if we

condition on Xn+1 = x (or Xn+1 ≈ x). To address this, a natural approach is to compute a

quantile q̂(x) that places more weight on holdout points Xi that lie near x. This method is

discussed by Guan [2023], and formalized as follows. We first choose some localization kernel

given by a function

H : X × X → R≥0,

for instance, for X = Rd, common choices include a Gaussian kernel (with bandwidth h)

given by

H(x, x′) = exp
{
−∥x− x′∥22/2h

2
}
,

or a box kernel (again with bandwidth h), given by

H(x, x′) = 1
{
∥x− x′∥2 ≤ h

}
.

The local quantile is then computed as

q̂1−α(Xn+1) = Quantile1−α

(
n∑
i=1

wiδs(Xi,Yi)
+ wn+1δ+∞

)
, (3.6)

where δs is the point mass at s, and where the weights are given by

wi =
H(Xi, Xn+1)∑n+1
j=1 H(Xj , Xn+1)

, i ∈ [n+ 1].

(Note that q̂1−α(Xn+1) depends on the training data {(Xi, Yi)}i∈[n] as well as the test point

Xn+1, but this dependence is not made explicit in the notation.)
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Finally, the resulting prediction interval is defined as in (3.5), i.e.,

ĈbaseLCP
n (Xn+1) = {y ∈ Y : s(Xn+1, y) ≤ q̂1−α(Xn+1)} .

Observe that, if we choose the trivial localization kernel H(x, x′) ≡ 1 (i.e., no localization),

then we would have q̂1−α(x) constant over x, and we recover the original split conformal

method (1.2).

For the Gaussian kernel and box kernel described above (as well as other natural choice of

H), the choice of bandwidth h controls the extent of localization. At a high level, for larger

values of h the method behaves similarly to split conformal, while for smaller h the method

becomes more localized, and can offer better empirical local coverage. However, if we choose

h too small, performance will suffer due to low effective sample size—the quantile q̂(x) may

even be estimated as +∞. We will return later on to the question of choosing a bandwidth

h that appropriately addresses this tradeoff.

This approach is very intuitive: to (approximately) achieve local coverage at x, we simply

give more weight to holdout points for which Xi ≈ x. Interestingly, however, this method

may fail in practice: even marginal coverage may fail; empirically, the marginal coverage

may be either higher or lower than 1− α, and Guan [2023, Propositions 2.4, 2.5] show the-

oretically that marginal coverage may be arbitrarily high or arbitrarily low for this method.

Consequently, we will refer to this method as the “base” version of localized conformal pre-

diction, or “baseLCP” for short, to indicate that it forms a baseline that other methods will

build upon. To correct for this issue in the marginal coverage level, Guan [2023] proposes an

adjusted version of the method to address the problems of baseLCP, which we will present

next.
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3.2.2 Calibrating to recover marginal coverage: calLCP

Now we describe Guan [2023]’s proposed method—this method is referred to as localized

conformal prediction in that paper but we will refer to it as “calibrated” localized conformal

prediction, or calLCP for short, to distinguish it from baseLCP and from our own method

to be defined later on. The idea is to recover marginal coverage by changing the definition

of the local threshold q̂(x).

Recall that baseLCP uses the threshold q̂1−α(Xn+1) for the score s(Xn+1, y), to determine

whether this value y belongs in the prediction interval—but as we have discussed above,

this might lead to actual coverage being below or above the target level 1− α. The idea of

calLCP is to replace the level 1 − α in the quantile with a different value, to recalibrate to

the target coverage level.

Specifically, Guan [2023] defines the prediction interval as

ĈcalLCP
n (Xn+1) =

{
y ∈ Y : s(Xn+1, y) ≤ q̂1−α̃(Xn+1,y)

(Xn+1)
}
,

for

q̂1−α̃(Xn+1,y)
(Xn+1) = Quantile1−α̃(Xn+1,y)

(
n∑
i=1

wi δs(Xi,Yi)
+ wn+1 δs(Xn+1,y)

)
,

where the adjusted quantile value 1 − α̃(Xn+1, y) is chosen ensure marginal coverage, as

follows. To define this value, we introduce notation

Y
y
i =


Yi, i ∈ [n],

y, i = n+ 1,

i.e., (Y
y
1 , . . . , Y

y
n+1) is equal to the vector containing the n training data response values
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Y1, . . . , Yn, augmented with the value y in the last argument. Then α̃(Xn+1, y) is defined as

max

a ∈ Γ(w) :
n+1∑
i=1

1

s(Xi, Y yi ) ≤ Quantile1−a

n+1∑
j=1

wi,jδs(Xi,Y
y
i )

 ≥ (1− α)(n+ 1)

 ,

(3.7)

where, overloading notation, we let

wi,j =
H(Xj , Xi)∑n+1
k=1 H(Xk, Xi)

, i, j ∈ [n+ 1]

(and note that wn+1,i coincides with the weight wi defined above), and where

Γ(w) =

∑
j∈I

wi,j : i ∈ [n+ 1], I ⊆ [n+ 1]

 (3.8)

is the set of possible sums of weights that might occur in the calculation of the discrete CDF

inside the quantile.

Examining this definition, it appears that implementing calLCP requires computing a recali-

brated threshold α̃(Xn+1, y) for every value y ∈ Y (i.e., a similar computational challenge to

that faced by full conformal prediction [Vovk et al., 2005]). However, one can bypasses this

issue of computational complexity via an efficient implementation proposed in Guan [2023,

Section 3.2].

With this recalibration step, Guan [2023, Theorem 2.1] establishes that marginal coverage at

level 1−α holds for the calLCP method (unlike for baseLCP). Empirically, the method also

shows improvement in local coverage, but there are no known distribution-free theoretical

results to guarantee this (however, under additional smoothness assumptions, a conditional

coverage result is established in Guan [2023, Theorem 5.2]). Interestingly, the marginal

coverage result can be recovered via a new insight: we will show in Section 3.6.3 that Guan
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[2023]’s calLCP method is, in fact, an instance of full conformal prediction—but implemented

with a modified score function, not with the original pretrained score function s = s(x, y).

3.2.3 Another look at baseLCP: achieving a different coverage

guarantee

In this section, we will talk about an alternative formulation of baseLCP in order to get a

better understanding of the properties of this method, and why marginal coverage can fail.

(This in turn will help motivate the construction of RLCP, which we will present next.)

Consider a new feature variable X̃n+1, generated as X̃n+1|Xn+1 ∼ PX ◦H(·, Xn+1), where

for any function g : X → R≥0 with 0 < EPX [g(X)] <∞, we define PX ◦g as the distribution

PX reweighted by g, i.e.,

(PX ◦ g)(A) =
∫
A g(x) dPX(x)∫
X g(x) dPX(x)

for all A ⊆ X . (3.9)

If the localization kernel H has a reasonably small bandwidth, then the reweighted distri-

bution PX ◦ H(·, Xn+1) places most of its mass near Xn+1. As a result, we can interpret

X̃n+1 as a sort of “synthetic sample” designed to be similar to the test feature Xn+1—in a

setting where each data point is a patient, we are generating new patient data X̃n+1 for a

patient that is similar (in feature space) to the test patient for whom we want to perform

prediction.

Now we return to the baseLCP method. How does constructing the “synthetic sample” X̃n+1

relate to this procedure? It turns out that baseLCP is actually related to running weighted

conformal prediction (introduced in Section 1.1.1) on the covariate shift problem defined by
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taking P̃X = PX ◦H(·, Xn+1). Specifically, if we define

ĈWCP
n (Xn+1, X̃n+1) =

{
y ∈ Y : s(X̃n+1, y) ≤ q̂1−α(Xn+1)

}
,

then this prediction interval will have probability ≥ 1 − α of covering a new response

value Ỹn+1, drawn from the conditional distribution PY |X at X = X̃n+1 (as established

by Guan [2023, Theorem 5.3]). An equivalent way of thinking about this is that the thresh-

old q̂1−α(Xn+1) offers a 1 − α probability of bounding the score for a synthetic test point,

s(X̃n+1, Ỹn+1)—but not necessarily the original score s(Xn+1, Yn+1) itself for the actual

test point of interest.

This interpretation leads us towards the RLCP method. In baseLCP, using the kernel

H(·, Xn+1) centered at the true test point Xn+1, leads to a threshold q̂1−α(Xn+1) that

provides coverage for a synthetic sample X̃n+1—that is, for data points that are similar to

Xn+1, but not necessarily for Xn+1 itself. For RLCP, then, we will instead use a kernel that

is not centered at Xn+1, but will aim to achieve coverage for Xn+1 itself.

3.3 Randomly-localized conformal prediction

From our discussion above, we saw that baseLCP constructs the threshold q̂1−α(Xn+1) with

weights defined by a kernel centered at Xn+1, which then leads to coverage for a “synthetic

sample” X̃n+1 that is sampled near Xn+1. To define randomly-localized conformal prediction

(RLCP), we will reverse this construction: we will define the threshold using weights centered

at a random X̃n+1 sampled near Xn+1, and will see later on that this leads to marginal

coverage (and also approximate local coverage) at Xn+1.

We now define the method. We again begin with a function H : X × X → R≥0, with

an added assumption that, for each x, H(x, ·) defines a density with respect to some base
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measure ν on X : ∫
X
H(x, x′) dν(x′) = 1 for all x ∈ X . (3.10)

Returning to the earlier examples of the Gaussian kernel and the box kernel in the setting

X = Rd, here we can use the same kernels up to a normalizing constant (and take ν to be

Lebesgue measure): for the Gaussian kernel with bandwidth h, we take

H(x, x′) =
1

(2πh2)d/2
exp

(
−
∥x− x′∥22

2h2

)
, (3.11)

while for the box kernel with bandwidth h, we take

H(x, x′) =
1

Vdh
d
1
{
∥x− x′∥2 ≤ h

}
, (3.12)

where Vd is the volume of the unit ball in Rd. Although both of these choices for H happen

to be symmetric in the two arguments, we do not assume this condition.

With this function selected, we now define the RLCP method: given the pretrained score

s = s(x, y), the holdout data (X1, Y1), . . . , (Xn, Yn), and the test point Xn+1,

Sample X̃n+1 from density H(Xn+1, ·),

then return ĈRLCP
n (Xn+1, X̃n+1) = {y ∈ Y : s(Xn+1, y) ≤ q̂1−α(Xn+1, X̃n+1)}, (3.13)

where analogously to before, the threshold q̂1−α(Xn+1, X̃n+1) is computed as

q̂1−α(Xn+1, X̃n+1) = Quantile1−α

(
n∑
i=1

w̃iδs(Xi,Yi)
+ w̃n+1δ+∞

)
,

for weights

w̃i =
H(Xi, X̃n+1)∑n+1
j=1 H(Xj , X̃n+1)

, i ∈ [n+ 1].
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(As before, q̂(Xn+1, X̃n+1) depends also on the training data {(Xi, Yi)}i∈[n], but this de-

pendence is not explicit in the notation.)

The only difference between RLCP and baseLCP, then, is that the weights are given by the

w̃i’s, computed with the kernel H centered at X̃n+1, rather than the original wi’s, which

were computed with H centered at Xn+1.

3.3.1 The role of a synthetic sample

Before proceeding, we pause to discuss X̃n+1 a bit more. First, observe that the randomness

of X̃n+1 means that the resulting prediction interval is no longer a deterministic function

of the data—it is randomized because the threshold q̂1−α(Xn+1, X̃n+1) is computed with

the kernel H centered at a random point X̃n+1 (hence the term “randomly-localized” in the

name of the method). To compare again with baseLCP,

• For baseLCP, the weights used for computing the threshold q̂1−α(Xn+1) are calculated

by centering the kernel H at Xn+1, and can lead to coverage for a “synthetic sample”

X̃n+1, drawn from PX ◦ H(·, Xn+1). In other words, we can think of the original

test point Xn+1 as a prototype: coverage will hold relative to the reweighted feature

distribution PX ◦ H(·, Xn+1), which generates new “synthetic samples” X̃n+1 which

are potentially very similar to this prototype—but coverage may fail for Xn+1 itself,

i.e., marginal coverage may fail to hold, as observed by Guan [2023].

• For RLCP, the weights used for computing the threshold q̂1−α(Xn+1, X̃n+1) are cal-

culated by centering the kernel H at a random point X̃n+1 that was drawn near

Xn+1, and (as we will see below) will lead to coverage for Xn+1 itself. We can now

think of X̃n+1 as a “synthetic prototype”, and conditionally, the test sample Xn+1 is

likely to lie near to this prototype X̃n+1. More concretely, we will see that the condi-

tional distribution of Xn+1 given X̃n+1 is equal to the reweighted feature distribution
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PX ◦ H(·, X̃n+1), which (for a strongly localizing kernel H) places most of its mass

near the “synthetic prototype” X̃n+1.

We observe that, for RLCP, the “synthetic prototype” X̃n+1 may not be a plausible data

value—for example, the feature distribution PX might be supported on integer values, but

we might still choose to use a Gaussian kernel for H, leading to noninteger values of X̃n+1

when it is sampled from density H(Xn+1, ·). In contrast, for baseLCP, X̃n+1 is drawn from

PX ◦ H(·, Xn+1), whose support is equal to (or is a subset of) the support of PX , and so

we think of X̃n+1 as a “synthetic sample”—a new data point (e.g., a new patient) from the

same population, that was drawn in such a way that it is similar to Xn+1.

3.4 Theoretical guarantees

In this section, we present theoretical coverage guarantees for randomly-localized conformal

prediction (RLCP). We will see that these guarantees verify that RLCP achieves the aims

outlined earlier in (A1)–(A3).

We will begin in Section 3.4.1 by establishing a key property of the RCLP method in Propo-

sition 3.2 that underlies in all its coverage guarantees. With this result in place, we then

present the marginal coverage guarantee (aim (A1)). Approximate test-conditional coverage

(aim (A2)) and robustness to covariate shift (aim (A3)) will be addressed in Sections 3.4.2

and 3.4.3, respectively, where we will also explore the relationship between these two prob-

lems. RLCP also enjoys a training-conditional coverage guarantee, but since this result is of

a different flavor, we defer it to Appendix B.1.2.
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3.4.1 Marginal coverage and a key property

We begin by defining some notation. In the field of distribution-free prediction, test-

conditional coverage is often quantified by studying the conditional miscoverage rate

α(Xn+1) = P
{
Yn+1 ̸∈ Ĉn(Xn+1)

∣∣∣ Xn+1

}
,

where Ĉn is the prediction interval produced by the procedure of interest. In other words,

α(Xn+1) is the miscoverage rate conditional on Xn+1, but marginalizing over the random

draw of the training data (and the draw of Yn+1). To relate this random variable to our

earlier terminology and notation, we can observe that the marginal coverage guarantee (1.1)

is then equivalent to requiring E [α(Xn+1)] ≤ α, while the pointwise test-conditional coverage

guarantee (3.1) would require α(Xn+1) ≤ α almost surely.

Now we extend this idea to RLCP. For our method, after marginalizing over the randomness

in the training data, we have an additional remaining random variable X̃n+1 in addition to

the test feature Xn+1. We then define

α(Xn+1, X̃n+1) = P
{
Yn+1 ̸∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ Xn+1, X̃n+1

}
.

With this notation in place, the following result establishes a key property of the RLCP

method. For this proposition, and all subsequent results, we assume that the RLCP method

is implemented with a localization kernel H that satisfies the condition (3.10), i.e., H(x, ·)

is a density (with respect to some fixed base measure) for each x.

Proposition 3.2 (Key property of RLCP). Let (X1, Y1), . . . , (Xn+1, Yn+1)
iid∼ P for any
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distribution P . Then the RLCP method defined in (3.13) satisfies

E
[
α(Xn+1, X̃n+1)

∣∣∣ X̃n+1

]
≤ α almost surely.

This new quantity α(Xn+1, X̃n+1) can again be related to marginal coverage by taking an

expected value, and thus Proposition 3.2 immediately yields a marginal coverage guarantee.

Theorem 3.3 (Marginal coverage guarantee). The RLCP method defined in (3.13) satisfies

the marginal coverage property (1.1), i.e., for any distribution P , if (X1, Y1), . . . , (Xn+1, Yn+1)
iid∼

P , then

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
}
≥ 1− α.

Proof of Theorem 3.3. Using the tower law, we calculate

P
{
Yn+1 ̸∈ ĈRLCP

n (Xn+1, X̃n+1)
}
= E

[
P
{
Yn+1 ̸∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ Xn+1, X̃n+1

}]
= E

[
α(Xn+1, X̃n+1)

]
= E

[
E
[
α(Xn+1, X̃n+1)

∣∣∣ X̃n+1

]]
≤ E [α] = α,

where the inequality applies Proposition 3.2.

In other words, this theorem follows immediately from Proposition 3.2 by observing that the

new notation offers an equivalent formulation of marginal coverage (1.1),

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
}
≥ 1− α ⇐⇒ E

[
α(Xn+1, X̃n+1)

]
≤ α.

We remark that we can similarly obtain an equivalent formulation of pointwise test-conditional

coverage (3.1) since the test-conditional coverage P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ Xn+1

}
can be equivalently expressed as E

[
α(Xn+1, X̃n+1)

∣∣∣ Xn+1

]
. However, this last equivalence

does not lend itself to an immediate application of Proposition 3.2, since we do not have a
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bound on E
[
α(Xn+1, X̃n+1)

∣∣∣ Xn+1

]
(because the proposition conditions on X̃n+1 rather

than on Xn+1). Instead, we will need to take a different approach for the test-conditional

coverage problem, as we will see in the next section. Before proceeding, however, we first

prove the proposition, to examine how the construction of RLCP (and specifically, the man-

ner in which X̃n+1 is drawn) allows for this key property to hold.

Proof of Proposition 3.2. First, we compute the distribution of the data conditional on

X̃n+1. Since the data points are i.i.d., and so the training data is independent of X̃n+1 by

construction, the training data has the same distribution as before, (X1, Y1), . . . , (Xn, Yn)
iid∼

P . For the test point, however, the distribution has changed: by construction, the joint dis-

tribution of (Xn+1, Yn+1, X̃n+1) is given by


Xn+1 ∼ PX ,

Yn+1 | Xn+1 ∼ PY |X(·|Xn+1),

X̃n+1 | (Xn+1, Yn+1) ∼ H(Xn+1, ·).

A direct calculation then yields

(Xn+1, Yn+1) | X̃n+1 ∼
(
PX ◦H(·, X̃n+1)

)
× PY |X . (3.14)

We can see, then, that this is an instance of a covariate shift problem: the distribution of

Xn+1 | X̃n+1 is no longer equal to PX , but the conditional distribution of Yn+1 remains the

same as for the training data, i.e., PY |X .

Now we return to the RLCP method. The quantile q̂1−α(Xn+1, X̃n+1) is calculated using a

reweighted empirical distribution of the scores. Examining the definition of these weights w̃i

(defined in Section 3.3), and recalling the weighted conformal prediction method introduced

in Section 1.1.1, we can see that, conditional on X̃n+1, the RLCP procedure is equivalent to
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running weighted conformal prediction (WCP) for this covariate shift problem—i.e., when

the shifted covariate distribution is given by P̃X = PX ◦H(·, X̃n+1). The desired coverage

result then follows as a direct application of Theorem 1.2, which guarantees coverage at level

1 − α when weighted conformal prediction is applied to a setting with a (known) covariate

shift.

3.4.2 Test-conditional coverage

Next, we shift our attention to relaxed test-conditional coverage guarantees of the form

outlined in Aim (A2). Our goal is to establish that, for a broad class of “nice” sets B ⊆ X ,

the RLCP prediction interval offers conditional coverage at level ⪆ 1 − α. To state this

result, we first need to introduce some more notation. First, we write P
(X,X̃)

to denote the

distribution on (X, X̃) ∈ X × X defined by sampling

X ∼ PX , X̃ | X ∼ H(X, ·).

Next, for a set B ⊆ X that we will condition on, for any r > 0 define

bdr(B) =

{
x ∈ B : inf

x′∈Bc
∥x− x′∥ ≤ r

}
,

i.e., any x ∈ B that lies within distance r of the complement, Bc.1 We can think of bdr(B)

as an inflation of the boundary of the set B.

Theorem 3.4 (Test-conditional coverage guarantee). The RLCP method defined in (3.13)

satisfies the following property: for any distribution P , if (X1, Y1), . . . , (Xn+1, Yn+1)
iid∼ P ,

1. Implicitly, we are assuming that X is a metric space, and that any B ⊆ X we condition on is a
measurable set. The norm ∥ · ∥ may be any norm on X .
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then for every B ⊆ X , it holds that

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ Xn+1 ∈ B

}
≥ 1− α−

infϵ>0

{
P
(X,X̃)

{∥X − X̃∥ > ϵ}+ PX(bd2ϵ(B))
}

PX(B)
.

Let us pause to unpack this result and examine the terms appearing in the bound. We would

like to determine for what sets B, and for what choice of the localization kernel H, the excess

error bound
P
(X,X̃)

{∥X − X̃∥ > ϵ}+ PX(bd2ϵ(B))

PX(B)

is likely to be small (for some ϵ). First, in the denominator, the term PX(B) is the mass

placed by the feature distribution PX on the set B, and hence can be thought of as an proxy

for effective sample size. A low value of the denominator means that our dataset likely

contains very few data points (Xi, Yi) with Xi ∈ B, and hence ensuring coverage conditional

on this set is not feasible.

Now we turn to the numerator. For the first term, P
(X,X̃)

{∥X− X̃∥ > ε}, this term is small

as long as ε is chosen to be sufficiently large relative to the bandwidth of the localization

kernel H—for example, when H is a box kernel, this term is zero if we choose ε = h. The

second term in the numerator essentially measures regularity properties of the set B. For

instance, if PX has a bounded density, then PX(bd2ϵ(B)) scales with the volume of the set

bd2ϵ(B), which is a 2ε-inflated boundary of the set B and will have relatively low volume for

many classes of “nice” sets B—as we will see next for a specific example, namely, by taking

B to be a ball in the ℓ2 norm.
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Example: coverage conditional on a ball

To make the results of Theorem 3.4 more concrete, let us see what these results imply for a

specific setting: assuming X = Rd, we will take B = B(x0, r) = {x ∈ Rd : ∥x − x0∥2 ≤ r},

the ball of radius r centered at some point x0. We will also take H to be the normalized

box kernel with bandwidth h, H(x, x′) = 1
Vdh

d1{∥x − x′∥2 ≤ h}, with 2h ≤ r. Applying

Theorem 3.4 to this setting (with ε = h) yields the guarantee

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ Xn+1 ∈ B(x0; r)

}
≥ 1−α−PX(B(x0; r) \ B(x0; r − 2h))

PX(B(x0; r))
,

since we have bd2ϵ(B)) = B(x0; r) \ B(x0; r − 2h) for our choice of set B.

In particular, if PX is a continuous distribution, then the ratio appearing in the coverage

guarantee will be small—if we assume PX has density fX with respect to Lebesgue measure,

for instance, then

PX(B(x0; r) \ B(x0; r − 2h))

PX(B(x0; r))
≤

supx∈B(x0;r) fX(x) · Leb
(
B(x0; r)\B(x0; r − 2h)

)
infx∈B(x0;r) fX(x) · Leb

(
B(x0; r)

)
=

supx∈B(x0;r) fX(x)

infx∈B(x0;r) fX(x)
·

[
1−

(
1− 2h

r

)d ]
.

An asymptotic result. While the goal of our work is to provide finite-sample theoretical

results, for intuition it is useful to consider how this guarantee behaves asymptotically.

Suppose that the distribution P is fixed (in particular, dimension d is taken to be constant),

and PX has density fX as above, but we take sample size n → ∞. At each n, we will run

RLCP with a box kernel of bandwidth hn, and will examine coverage with respect to a ball

of radius rn ≥ 2hn. Rewriting the above calculation into this new asymptotic notation, we

59



have

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ Xn+1 ∈ B(x0; rn)

}
≥ 1− α−

supx∈B(x0;rn) fX(x)

infx∈B(x0;rn) fX(x)︸ ︷︷ ︸
Term 1

·

[
1−

(
1− 2hn

rn

)d ]
︸ ︷︷ ︸

Term 2

.

Term 1 has to do with the regularity of the distribution PX . In particular, if fX(x) is

continuous and positive at x = x0, then rn → 0 implies that Term 1 converges to 1 as

n → ∞. Term 2 has to do with the set B that we are conditioning on—we need our

localization (controlled by hn) to be sufficiently strong for ensuring coverage conditional on

Xn+1 ∈ B (and this event’s probability is controlled by rn). In particular, if we choose

hn, rn such that hn/rn → 0, then Term 2 is vanishing as n → ∞. To summarize, we have

seen that in this setting, the following asymptotic result applies:

Corollary 3.5. Under the notation and assumptions defined above, if rn → 0 and hn/rn →

0, then

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ Xn+1 ∈ B(x0; rn)

}
≥ 1− α− o(1).

We remark that under some additional smoothness assumptions, we can also derive asymp-

totic test conditional coverage of the form (3.1) under this setting—that is, pointwise cov-

erage, which conditions on Xn+1 = x0, rather than Xn+1 ≈ x0 as in the result above. We

defer the theorem and its proof to the Appendix B.1.3.

The role of the bandwidth

The coverage guarantee in Theorem 3.4 is valid irrespective of how we choose the kernel

H—in particular, we are free to choose any bandwidth h. However, as mentioned earlier
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in Section 3.2.1, we need to choose the bandwidth carefully in order for the guarantee,

and the prediction interval itself, to be meaningful. If h is too large, then the method is

not very localized—and in particular, the numerator in the excess error term appearing in

Theorem 3.4 might then be arbitrarily large (since we would need to choose a very large

value of ε in order for P
(X,X̃)

{∥X − X̃∥ > ε} to be small). If instead we choose h to be

too small, on the other hand, the excess error term in Theorem 3.4 will generally be very

small, but this comes at the cost of an overly wide (perhaps even infinitely wide) prediction

interval.

To make this more concrete, suppose H is the box kernel of bandwidth h. When constructing

the RLCP prediction set, we need a large effective sample size—that is, a large number of

training points i ∈ [n] such that ∥Xi − X̃n+1∥ ≤ h. At the extreme, if none of the training

points i ∈ [n] satisfy this bound, then the quantile q̂1−α(Xn+1, X̃n+1) will be +∞.

Now consider an asymptotic regime (as discussed above, for coverage conditional on a ball)—

suppose that at sample size n, we take H to be a box kernel with bandwidth hn, where our

features lie in X = Rd. Under regularity conditions on PX , the mass of the ball B(X̃n+1, hn)

will typically scale as n(hn)d—i.e., this is the effective sample size after localization. Hence,

in an asymptotic setting, to ensure that RLCP produces meaningful intervals we should

choose the bandwidth hn such that hn → 0 but hn · n1/d → ∞.

3.4.3 Coverage against arbitrary covariate shift

As have been stated before, test-conditional coverage (or approximations of test-conditional

coverage, as in Theorem 3.4) can also be viewed as a special case of coverage against covariate

shift settings. To consider a general setting, recall that, for any reweighting function g : X →

R≥0, with EPX [g(X)] positive and finite, the reweighted covariate distribution PX ◦ g is

defined as in (3.9). We will consider a setting where training data is drawn from P =
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PX×PY |X , while the test point distribution (i.e., the target distribution for which we would

like to have predictive coverage) is (PX ◦ g) × PY |X . For example, in a setting where each

data point represents a patient and the feature space X includes information about age, g

might be a monotone increasing function of age, indicating that older patients comprise a

larger fraction of the general population as compared to the training sample; equivalently,

older patients are underrepresented in the training sample.

Our goal, as described earlier in Aim (A3), is to provide a predictive interval that offers an

approximate coverage guarantee with respect to a large class of “nice” reweighting functions

g. Leveraging our new notation, we would like to prove a bound of the form

E
[
α(Xn+1, X̃n+1)

]
⪅ α,

or equivalently,

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
}
⪆ 1− α,

where expectation and probability are taken with respect to the following data distribution:

the training points (Xi, Yi)
iid∼ P , the test point (Xn+1, Yn+1) ∼ (PX ◦ g)× PY |X , and then

by construction of the RLCP method, also X̃n+1 | Xn+1 ∼ H(Xn+1, ·).

In this section, we will work towards a general result of this type for a broad class of reweight-

ing functions g : X → R≥0. We will then see that the test-conditional coverage result in

Theorem 3.4 can be derived as a special case.

To present the result, we need to define a parameter that captures the variability of the

reweighting function g: for any r > 0 and any A ⊆ X , define

Lg,r,A = sup
x,x′∈A

∥x−x′∥≤r

|g(x)− g(x′)|
r

.
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We can essentially interpret Lg,r,A as a relaxed version of the Lipschitz constant of g on the

set A. In particular, if g is Lg-Lipschitz, then Lg,r,A ≤ Lg for all r and all A. We will also

write ∥g∥∞ = supx∈X |g(x)| = supx∈X g(x).

We are now ready to state our main result.

Theorem 3.6 (Robustness to covariate shift). The RLCP method defined in (3.13) satisfies

the following property: for any distribution P , and every g : X → R≥0 with PX ◦ g well-

defined (i.e., with 0 < EPX [g(X)] <∞), it holds that

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
}
≥ 1− α−

infA⊆X ,ϵ>0
{
ϵ · Lg,2ϵ,A + ∥g∥∞ · P

(X,X̃)
{∥X − X̃∥ > ϵ}+ ∥g∥∞ · PX(Ac)

}
EPX [g(X)]

,

where the probability on the left-hand side is taken with respect to (X1, Y1), . . . , (Xn, Yn)
iid∼ P

and (Xn+1, Yn+1) ∼ (PX ◦ g) × PY |X , and X̃n+1 | Xn+1 ∼ H(Xn+1, ·) as defined by the

RLCP method (3.13).

In general, computing the infimum in this upper bound, over all A ⊆ X and ϵ > 0, might be

highly nontrivial. However, in some special cases, we can choose A strategically to get an

interpretable upper bound on the miscoverage. These special cases include:

• Lipschitz functions: if g is Lg-Lipschitz, then by choosing A = X , the result of the

theorem yields

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
}
≥ 1− α−

infϵ>0

{
ϵ · Lg + ∥g∥∞ · P

(X,X̃)
{∥X − X̃∥ > ϵ}

}
EPX [g(X)]

. (3.15)
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• Indicator functions: suppose g(x) = 1 {x ∈ B} is the indicator function for some set

B ⊆ X . In this case, we can see that requiring coverage with respect to covariate shift

(with PX ◦ g as the shifted distribution) is exactly equivalent to requiring coverage

conditional on Xn+1 ∈ B. Consequently, by considering indicator functions, this

general result leads to an immediate proof of Theorem 3.4.

Proof of Theorem 3.4. For any B ⊆ X , define g(x) = 1 {x ∈ B}. Define the set A =

(bd2ϵ(B))c ⊆ X . Observe that for any x, x′ ∈ A, if ∥x − x′∥ ≤ 2ε, we cannot have

x ∈ B and x′ ∈ Bc (because this would imply x ∈ bd2ϵ(B), which is a contradiction);

we must either have x, x′ ∈ B or x, x′ ∈ Bc, and in particular this means g(x) = g(x′).

Thus, we have Lg,2ϵ,A = 0, and so Theorem 3.6 yields

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ Xn+1 ∈ B

}
≥ 1− α

−
infϵ>0

{
∥g∥∞ · P

(X,X̃)
{∥X − X̃∥ > ϵ}+ ∥g∥∞ · PX(bd2ϵ(B))

}
EPX [g(X)]

.

Finally, by definition of g, we calculate ∥g∥∞ = 1 and EPX [g(X)] = PX(B), which

yields the desired bound.

More generally, we can interpret the various terms in Theorem 3.6’s excess error bound

as follows. To make the first two terms in the numerator small, we need to ensure that

the localization kernel H is indeed “local”: there needs to be some small value ϵ > 0 for

which P
{
∥X − X̃∥ > ϵ

}
is low. For the first and third term in the numerator to both

be small, we need to choose a function g that, while perhaps not globally Lipschitz, is

nonetheless (approximately) Lipschitz over the bulk of the distribution of featuresX. Finally,

the denominator simply serves to make the result scale-invariant: if we consider a reweighting

function g′ defined as g′(x) = c·g(x) for some positive constant c, the two shifted distributions

PX ◦g and PX ◦g′ are equal, so our upper bound needs to be invariant to this type of rescaling
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in order to be meaningful.

A closer look at the covariate shift guarantee: proof sketch of

Theorem 3.6

To develop our intuition for the construction of the RLCP method, and how the construction

of X̃ plays a role, here we will take a closer look at some of the key ideas underlying the

proof of Theorem 3.6.

In the covariate shift setting, by definition, the joint distribution of the data along with the

random point X̃n+1 is given by


{(Xi, Yi)}i∈[n]

iid∼ P,

(Xn+1, Yn+1) ∼ (PX ◦ g)× PY |X ,

X̃n+1 | Xn+1 ∼ H(Xn+1, ·).

Equivalently, we can write this joint distribution as


{(Xi, Yi)}i∈[n]

iid∼ P,

X̃n+1 ∼ P̃
X̃
,

(Xn+1, Yn+1) | X̃n+1 ∼ (PX ◦ g ◦H(·, X̃n+1))× PY |X ,

(3.16)

where P̃
X̃

is the marginal distribution of X̃n+1 under the covariate shift model: this distribu-

tion can be characterized by the marginal distribution of X̃ when we first draw X ∼ PX ◦ g,

and then draw X̃ ∼ H(X, ·). In order to establish approximate coverage under covariate

shift, then, we need to show that

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
}
⪆ 1− α with respect to the joint distribution (3.16).
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Now we will consider an approximation to this joint distribution of the data, which no longer

depends on the unknown reweighting function g. Specifically, compare to the following joint

distribution: 
{(Xi, Yi)}i∈[n]

iid∼ P,

X̃n+1 ∼ P̃
X̃
,

(Xn+1, Yn+1) | X̃n+1 ∼ (PX ◦H(·, X̃n+1))× PY |X .

(3.17)

We observe the only difference between this distribution, and the joint distribution that

appears in (3.16), lies in the conditional distribution of (Xn+1, Yn+1) | X̃n+1. Will marginal

coverage hold with respect to this new distribution? In fact, in this new joint distribu-

tion (3.17), the conditional distribution of the training data and test point {(Xi, Yi)}i∈[n+1]

conditional on X̃n+1, is exactly the same as that calculated in the proof of Proposition 3.2 for

the i.i.d. data setting (without covariate shift). If we examine the result of Proposition 3.2,

we see that it establishes that RLCP has ≥ 1− α coverage conditional on X̃n+1,

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ X̃n+1

}
≥ 1− α,

with respect to drawing {(Xi, Yi)}i∈[n]
iid∼ P and (Xn+1, Yn+1) | X̃n+1 ∼ (PX◦H(·, X̃n+1))×

PY |X , as in (3.17). In particular, averaging over a random draw X̃n+1 ∼ P̃
X̃

it holds that

E
X̃n+1∼P̃X̃

[
P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ X̃n+1

}]
≥ 1− α

or equivalently,

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
}
≥ 1− α with respect to the joint distribution (3.17).

Therefore, we can see that, for the covariate shift setting (as in (3.16)), we have the following
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lower bound on coverage:

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
}
≥ 1− α−

dTV


the joint distribution

of the data

appearing in (3.16)

,

the joint distribution

of the data

appearing in (3.17)

 .

Examining the difference between the two joint distributions derived in (3.16) and in (3.17),

we can simplify this result to

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
}
≥ 1−α−E

P̃
X̃

[
dTV

(
PX ◦H(·, X̃), PX ◦ g ◦H(·, X̃)

)]
.

From this point on, then, our only task is to bound this total variation distance. (In fact,

we will explain in Appendix B.2.2 that this total variation distance can also be used to

bound the extent to which RLCP can overcover, i.e., to ensure that the method is not too

conservative.)

Now we can ask, for what functions g might we expect this total variation distance to be

small? If H is a localizing kernel with a fairly small bandwidth, then the reweighted distri-

bution PX ◦H(·, X̃) is likely to place nearly all of its mass in a small neighborhood around

X̃. Consequently, if g is Lipschitz (or some similar condition), then g will be approximately

constant on the bulk of the distribution PX ◦H(·, X̃), and thus reweighting additionally by

g (i.e., computing the new distribution PX ◦ g ◦ H(·, X̃)) will only minimally change this

distribution. The localization is very much necessary to this argument: if we ran conformal

prediction without localization (i.e., CP rather than one of the LCP methods), following the

same arguments would lead us to a term dTV(PX , PX ◦ g), which is likely to be large even if

g is Lipschitz (aside from the trivial case where g is a constant function, i.e., PX ◦ g = PX).
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To build a more precise understanding of this intuition, later on in Appendix B.1.1, we will

establish the bound

E
P̃
X̃

[
dTV

(
PX ◦H(·, X̃), PX ◦ g ◦H(·, X̃)

)]
≤

EP
X̃

[√
1
2VarPX|X̃

(g(X) | X̃)

]
EPX [g(X)]

. (3.18)

We can see that the conditional variance in the numerator is likely to be small when H is

strongly localized (i.e., when the conditional distribution of X | X̃ is concentrated in a small

neighborhood), while g is Lipschitz, so that g(X) has low variability conditional on X̃. The

remaining details, including proving the bound (3.18) and also establishing the upper bound

in the theorem, are deferred to Appendix B.1.1.

3.5 Experiments

In our experiments2 , we will examine the empirical performance of our method, RLCP, and

will compare its performance to the two locally weighted CP methods described in Section

3.2—baseLCP and calLCP [Guan, 2023].

Before we describe the experiments, we pause to comment on a technicality. For calLCP

and RLCP, the marginal coverage guarantees ensure that coverage will be at least 1− α; in

some settings, the methods may be conservative, with coverage higher than the target level.

(Of course, as discussed earlier, baseLCP does not give a marginal coverage guarantee.)

The possibility of marginal overcoverage means that comparing the methods meaningfully

is challenging: if one method achieves better local coverage, perhaps this might be because

this method is more conservative in terms of its marginal coverage. With this in mind, in

order to allow for a more meaningful comparison, in our experiments we implement smoothed

versions of each of the three methods, which (for calLCP and RLCP) ensures that marginal

2. Code for reproducing all experiments can be found at https://github.com/rohanhore/RLCP.
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coverage is exactly 1−α, and leads to a more fair comparison. Details on the implementation

of the smoothed versions of each of the methods can be found in Appendix B.2.

3.5.1 Simulations

For all our simulation experiments, our aim will be to achieve 90% coverage, i.e., we choose

α = 0.1. The feature space is given by X = Rd, and all experiments are run with localization

kernel H given by the Gaussian kernel, H(x, x′) = 1

(2πh2)d/2
exp

(
−∥x−x′∥22)

2h2

)
.

Univariate setting

We begin with experiments in a univariate setting, i.e., d = 1. We consider the following

two data generating distributions:

• Setting 1: X ∼ N (0, 1), Y |X ∼ N
(X
2 , | sin(X)|

)
• Setting 2: X ∼ N (0, 1), Y |X ∼ N

(X
2 ,

4
3ϕ
(
2X
3

))
, where ϕ(·) is the density of a

standard Gaussian.

The two settings share the same feature distribution, PX = N (0, 1). The difference lies

in the conditional distribution of the response, PY |X . In Setting 2, the response has more

variance for values of X near the center of the distribution. In contrast, for Setting 1, the

response has more variance for values of X lying away from the mean. These different trends

can be seen in Figure 3.2.

For both settings, our score function is given by s(x, y) = |y− f̂(x)|, where f̂ is a pretrained

predictive model (trained using linear regression, using a separate dataset of 2000 data

points). For each setting, we implement the methods using the localization kernel H at five

different bandwidths, h ∈ {0.1, 0.2, 0.4, 0.8, 1.6}; the lowest value represents a highly local

H, while the highest value leads to a kernel H that is essentially flat over the bulk of the

69



feature distribution. The methods are run with sample size n = 2000, and evaluated on 2000

test points. The entire experiment is repeated for 50 independent trials.

Results: marginal coverage. Figure 3.1 displays the marginal coverage obtained by each

of the three methods on the 2000 test points, plotted over the 50 independent trials of the

experiment. As expected from the theoretical guarantees, both RLCP and calLCP achieve

the target coverage level 1 − α = 90%. On the other hand, depending on the bandwidth

choice, baseLCP can have marginal coverage smaller or larger than 1− α.

h = 0.1 h = 0.2 h = 0.4 h = 0.8 h = 1.6

S
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S
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baseLCP calLCP RLCP baseLCP calLCP RLCP baseLCP calLCP RLCP baseLCP calLCP RLCP baseLCP calLCP RLCP
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Figure 3.1: Marginal coverage of each method in two univariate simulation settings, across
different bandwidths. Results are shown for 50 independent trials. See Section 3.5.1 for
details.

Results: local adaptivity. One of the main goals addressed by calLCP in Guan [2023]’s

work, and by RLCP in our work, is the goal of (approximate) test-conditional coverage, as

in Aim (A2). In order to study whether these methods are successfully addressing this aim

empirically, we should look beyond marginal coverage, and examine whether the methods

appear to provide local coverage in our experiments.

In the top panels of Figure 3.2, we display the average values of the prediction interval

returned by each method (that is, for each feature value x ∈ R, we compute the mean

lower endpoint, and mean upper endpoint, of the prediction interval over the 50 trials of the
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Figure 3.2: Top panels: the average prediction intervals produced by each method (at each
feature value x, the endpoints of the prediction interval are averaged over 50 independent
trials), compared to the oracle prediction interval. Bottom panels: The corresponding local
coverage of each method, averaged over 50 independent trials. See Section 3.5.1 for details.

experiment). We compare the results from the three methods against the “oracle” prediction

interval, computed with knowledge of the true distribution PY |X—i.e., the interval defined by

the 5th and 95th percentiles of the conditional distribution of Y given X = x, at each value

x. In the bottom panels, we plot the local coverage of our prediction intervals, computed

as the empirical coverage in balls of radius 0.4 around a feature point, averaged over 50

independent trials, and over the test observations lying within the ball. For brevity, we only

present result for two bandwidths here; additional plots are shown in Appendix B.3.3.

For a smaller bandwidth h, the strong localization effect of the kernel H ensures that the

prediction intervals, for each of the three methods, adapt to the local variance of PY |X . For

a larger bandwidth, however, this desirable performance is lost; the localization effect dimin-

ishes (to be specific, the weighted quantile calculations in each method are being calculated
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with weights that are approximately constant), hence all three methods return approxi-

mately constant-width intervals that are not locally adaptive. Even for small h, we can see

that the intervals appear conservative in the tails of the X distribution, likely due to low

effective sample size in these regions—however, this effect is more pronounced for calLCP,

while RLCP offers more constant local coverage at the smaller h.

Additional results. In Appendix B.3.3, in addition to showing plots for all values of the

bandwidth h (since Figure 3.2 only shows results for h = 0.1, 0.4), we also compare to a

related method from the recent literature—the work of Gibbs et al. [2023], which we will

describe below in Section 3.6.1.

Multivariate setting

Next, we will study the performance of these methods in a multivariate setting, again with

the goal of comparing their local coverage properties. To do this in dimension d > 1, since

we cannot plot the prediction intervals at each value x ∈ Rd, we will instead examine the

coverage properties of the methods on meaningful subsets of the feature space X = Rd.

We begin by generalizing the univariate setting: for a dimension d ≥ 1, we consider the data

distribution

X ∼ Nd(0, Id), Y |X ∼ N

 d∑
i=1

Xi
2
,
d∑
i=1

| sin(Xi)|

 .

Note that in dimension d = 1, this coincides with Setting 1 from our univariate simulation

in Section 3.5.1. The details for implementing baseLCP, calLCP, and RLCP are the same as

for the univariate setting: we again use score function s(x, y) = |y − f̂(x)| for a pretrained

(via linear regression) f̂ , and again use a Gaussian kernel H, and sample size n = 2000.

We will now examine the local coverage properties of each method in several different ways.
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Results: coverage conditional on a set (with constant bandwidth h). To examine

the test-conditional properties of these methods in high dimensions, we will focus on a specific

task: coverage conditional on X ∈ B for specific sets B. Concretely, we will define

Bin = {x ∈ Rd : ∥x∥2 ≤ τd}, Bout = {x ∈ Rd : ∥x∥2 > τd}

as the set of points x lying inside and outside a ball of radius τd. Here τ2d is chosen as the

median of the χ2d distribution, which ensures that PX(Bin) = PX(Bout) = 0.5.

We will calculate local measures of predictive coverage for each of the three methods, across

dimension d ∈ {1, 5, 10, 15, . . . , 50}. For each method and each dimension d, we compute an

empirical estimate of the conditional coverage probability3

P
{
Yn+1 ∈ Ĉn(Xn+1)

∣∣∣ Xn+1 ∈ B
}
,

for three different choices of the set B: B = Bin, B = Bout, and B = Bin ∪ Bout = X

(i.e., this last choice corresponds to marginal rather than conditional coverage). Intuitively,

a method with strong local coverage properties should show approximately equal coverage

on the inner and outer sets, Bin and Bout.

We start with exploring the empirical local coverage of the conformal methods with a fixed

bandwidth h = 1.5 for all the methods across all dimensions (we will address the question

of letting h vary with dimension d shortly). The results are shown in Figure 3.3. RLCP

performs significantly better than both baseLCP and calLCP in this setting. Aside from

the smallest dimensions d, RLCP provides approximately equal coverage on both Bin and

Bout, with both conditional coverage levels approximately equal to the marginal coverage

3. For discussing the comparison between the three methods, we will denote the prediction interval as
Ĉn(Xn+1) for each method, even though for RLCP, the prediction interval is also a function of the random
variable X̃n+1.
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level 1 − α. In contrast, while calLCP maintains exact marginal coverage (as guaranteed

by the theory), it exhibits severely uneven coverages on the two sets Bin and Bout. Finally,

baseLCP shows extremely inconsistent performance across varying d, and can show marginal

over- or undercoverage at various dimensions, but interestingly, the coverage level conditional

on Bin or on Bout are more similar to each other than for calLCP, in this setting.
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Figure 3.3: Predictive coverage conditional on Xn+1 ∈ B, for three choices of the set B
(namely, Bin, Bout, and Bin ∪ Bout = X ). Results for each method with fixed bandwidth
h = 1.5 are plotted with respect to dimension d of the feature space. Results are averaged
over 50 independent trials. See Section 3.5.1 for details.

Results: coverage conditional on a set (with bandwidth h varying with dimension

d). The trends in performance observed above may be heavily influenced by the choice of

the bandwidth h—and in particular, due to the curse of dimensionality, for a fixed value

h that does not change with dimension d, the amount of mass captured by PX within a

radius-h neighborhood around any given x will decrease exponentially rapidly as d grows. In

other words, using a fixed h as d increases, will lead to a sharply decreasing effective sample

size for calculating the weighted quantiles; in a sense, the method is “too localized” for higher

d. Therefore, for a more meaningful comparison across a range of dimensions d, we should

choose the bandwidth h in a dimension-adaptive way, to try to maintain a constant notion
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of effective sample size.

Given feature values X1, . . . , Xn+1, we recall the weights

wi =
H(Xi, Xn+1)∑n+1
j=1 H(Xj , Xn+1)

.

These weights appear in the calculation of the weighted quantile for both baseLCP and

calLCP. To understand how the wi’s relate to effective sample size, let’s consider the simple

case where H is a box kernel and each X is likely to pick k many neighbors out of a sample

of size n with this kernel: then for each i, we have (approximately) k many wi’s with value

(approximately) 1/k, and the rest zero. In this setting, for each i we have
∑
iw

2
i ≈ 1/k.

Equivalently, we can write

k ·
∑
i

H(Xi, Xn+1)
2 ≈

(∑
i

H(Xi, Xn+1)

)2

.

Now, the terms in this expression are random, but for large n we can approximate this

calculation by

k · nE
[
H(X,X ′)2

]
≈ E

[(
nE
[
H(X,X ′)

∣∣ X])2] ,
where the expected values are taken with respect to X,X ′ iid∼ PX . This then motivates the

following definition of effective sample size:

neff(h) = n ·
E
[
E
[
H(X,X ′)

∣∣ X]2]
E
[
H(X,X ′)2

] . (3.19)

For baseLCP and calLCP, which each construct Ĉn(Xn+1) with quantile weights wi, we use

a bandwidth h that satisfies neff(h) = 50 (where neff(h) is computed as in (3.19), after using

the pretraining set to compute estimates of the necessary expected values). For RLCP, on
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the other hand, the quantile calculation that defines the prediction interval is constructed

using weights w̃i, which is defined by calculating kernel values H(Xi, X̃n+1) rather than

H(Xi, Xn+1). Consequently, for this method, we define

ñeff(h) = n ·
E
[
E
[
H(X, X̃ ′)

∣∣∣ X]2]
E
[
H(X, X̃ ′)2

] ,

where now the expected value is taken with respect to drawing X,X ′ iid∼ PX and then

sampling X̃ ′ ∼ H(X ′, ·). We then implement RLCP with a bandwidth h chosen to satisfy

ñeff(h) = 50 (where again, the expected values defining our notion of effective sample size, are

estimated empirically on the pretraining set). Consequently, the various methods are being

run with (potentially) different bandwidths, to ensure that they each have the same effective

sample size—that is, to ensure that we are comparing these methods at approximately the

same level of localization.
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0 20 40 0 20 40 0 20 40

0.88

0.90

0.92

0.94

Dimension d

C
ov

er
ag

e Coverage over set

Bin

Bout

Bin∪Bout

Figure 3.4: Predictive coverage conditional on Xn+1 ∈ B, for three choices of the set B
(namely, Bin, Bout, and Bin ∪ Bout = X ). Results for each method, averaged over 50
independent trials, are plotted with respect to dimension d of the feature space. Each
method is run with its own bandwidth choice, so that a constant 50 effective sample size is
maintained across dimensions. See Section 3.5.1 for more experimental details.

The results, which are displayed in Figure 3.4, show that calLCP has more disparity in the
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coverage conditional on Bin versus on Bout, as compared to RLCP: aside from the lowest

values of dimension d, the coverage of RLCP on these subsets are around 1% off from the

target level, compared to around 3% for calLCP. For both of these methods, as expected

from the theory, the marginal coverage is exactly 1−α. (For baseLCP, the marginal coverage

is quite conservative except at the smallest values of d, and hence the conditional coverage

levels are high as well.)

Additional results. The results shown above consider conditional coverage relative to

only two specific sets B—namely, Bin and Bout. For a more complete picture of the perfor-

mance of the methods, in Appendix B.3.4, we consider a more general collection of sets B,

and compare coverage of all these localized conformal methods conditioned on those sets.

We will see a similar pattern of performance—divergence of coverage of calLCP from the

target level is significantly higher compared to that of RLCP, for higher dimensions d.

3.5.2 Real data example: predicting age of abalones

Next, we will compare the performance of the local CP methods on a real dataset on abalones

(a species of mollusk) [Nash et al., 1994].4 The objective is to predict the age of abalones

based on their physical measurements. Since the economic value of abalone is positively

correlated with its age, but determining age precisely requires a costly procedure, accurately

predicting age from physical characteristics alone becomes both a valuable and practical

problem. This dataset has 4177 data points, where the response rings determines the age

of the abalone, and the features consist of the abalone’s sex (categorized as Male, Female, or

Infant), length (the longest shell measurement), diameter (perpendicular to length), height,

whole weight, shucked weight (i.e., weight of the meat inside), viscera weight (i.e., gut weight

after bleeding) and shell weight (the weight after drying).

4. The data for this experiment was obtained from https://archive.ics.uci.edu/dataset/1/abalone.
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For our experiment, we will use Y = ring as the response, and Xsex, Xlength, Xdiameter,

Xheight andXwhole_weight as the features. After splitting the data equally into a pretraining

set, a calibration set, and a test set,5 we train three different base predictors f̂ on the

pretraining set, using a linear regression, a 2-layer neural network, or a random forest. For

each f̂ we define the corresponding pretrained score function s(x, y) = |y − f̂(x)|. Next, we

will define the localization kernel H to place high weight for pairs of patients that have the

same sex, and similar values for length, diameter, height and whole weight: fixing a choice

of bandwidths hlength, hdiameter, hheight and hwhole_weight, we define

H(x, x′) =
1

2hsex · 2hdiameter · 2hheight · 2hwhole_weight
· 1
{
xsex = x′sex,

|xlength − x′length| ≤ hlength|xdiameter − x′diameter| ≤ hdiameter,

|xheight−x′height| ≤ hheight, |xwhole_weight−x′whole_weight| ≤ hwhole_weight

}
.

In our implementation, for simplicity we will take hlength = hdiameter = hheight =

hwhole_weight = h to always equal the same value, chosen from h ∈ {0.05, 0.1, . . . , 0.25, 0.3}.

This satisfies the condition (3.10), i.e., that H(x, ·) defines a density with respect to an ap-

propriate base measure: namely, sampling from H(x, ·) consists of sampling each of length,

diameter, height and whole_weight measurement uniformly from a 2h length bin around

the corresponding test data measurement (e.g. length is an uniform random sample from

[xlength − h, xlength + h), while copying the value of xsex.

Marginal coverage and prediction interval width. In Figure 3.5, for each of the

three localized CP methods, we present the marginal coverage and the median width of the

5. Here we depart from the terminology of the earlier sections in this chapter—the term calibration set
refers to the data (X1, Y1), . . . , (Xn, Yn) on which we implement the methods baseLCP, calLCP, and RLCP,
using a predefined score function s that is based on a pretrained predictor f̂ . This same set was previously
called the training set throughout the chapter, but here we refer to it as the calibration set to distinguish it
from the pretraining set used for fitting f̂ .

78



Linear Model Neural Net Random Forest

0.1 0.2 0.3 0.1 0.2 0.3 0.1 0.2 0.3

0.89

0.90

0.91

Bandwidth h

C
ov

er
ag

e

Method baseLCP calLCP RLCP

Linear Model Neural Net Random Forest

0.1 0.2 0.3 0.1 0.2 0.3 0.1 0.2 0.3

7.5

8.0

8.5

Bandwidth h

P
re

di
ct

io
n 

in
te

rv
al

 w
id

th

Method baseLCP calLCP RLCP

Figure 3.5: Marginal coverage (averaged over the test set) and prediction interval width
(median over the test set), for each of the three methods across different bandwidths and
for different choices of the pretrained base predictor f̂ , for the real data experiment. Results
are averaged over 50 random splits of the data into pretraining, calibration, and test sets.
See Section 3.5.2 for details.

prediction intervals on the test set, averaged over 50 random splits of the data. While RLCP

and calLCP attains exact target level of marginal coverage, coverage of baseLCP prediction

intervals are lower and higher respectively for smaller and larger values of h. We further

see that median length of prediction intervals are slightly narrower for RLCP prediction

intervals for most bandwidth choices and for the various base algorithm choices. We will

see next that RLCP offers better empirical conditional coverage at lower bandwidth values,

which may justify the need for the prediction intervals with slightly larger width at the lowest

values of h.

Conditional coverage. In this real data setting, there are many practical questions we

can ask regarding test-conditional coverage. In particular, since each data point corresponds

to an individual abalone, test-conditional coverage can be interpreted as asking whether the

predictive intervals are equally valid across different subgroups of abalones (e.g., smaller vs

larger abalones). Here we aim to gain some insight into these questions by examining the
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empirical coverage of each method conditional on certain physical measurement for abalone.

Ideally, we would expect approximately constant conditional coverage across different sub-

groups of abalones. In the left panel of Figure 3.6, we show coverage conditional on sex,

i.e., conditional on the value of the three levels of covariate Xsex. The bar plot shows

the value of P
{
Yn+1 ∈ Ĉn(Xn+1)

∣∣∣ (Xn+1)sex = x
}

for each x ∈ {Male, Female, Infant}.

While RLCP shows approximately equal coverage levels for the three groups across all three

base predictors f̂ , for calLCP the performance is quite variable, with extremely disparate

coverage levels for some choices of the base algorithm.

In the right panel of Figure 3.6, we ask the same question with respect to Xlength. Since

this is a continuous covariate, we cannot compute conditional coverage exactly, but instead

estimate it with a sliding window whose width is chosen to have 5% mass: that is, we

are plotting P
{
Yn+1 ∈ Ĉn(Xn+1)

∣∣∣ (Xn+1)length ∈ [x−∆0, x+∆1)
}

where, for each x,

∆0 and ∆1 are chosen so that 2.5% of the abalone population has length in the range

[x−∆0, x), and same for the range [x, x+∆1). Here we again see that RLCP shows better

conditional coverage compared to calLCP particularly at lower bandwidth h = 0.05—the

estimated conditional coverage for RLCP is approximately constant at the target level of

90% while for calLCP, we see very prominent over- or undercoverage at various values of

length.

3.6 Discussion and extensions

In this work, we have introduced a novel variant of the localized conformal prediction frame-

work, randomly-localized conformal prediction (RLCP), which attains distribution-free ap-

proximate coverage guarantees for relaxed test-conditional coverage and for smooth covariate

shift problems while maintaining exact marginal coverage. As explained in Section 3.4.3, all

of these coverage results are consequences of a core total variation distance based argu-
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Figure 3.6: Comparison of local coverage of the three methods, conditioning on Xsex (left)
and on Xlength (right). See Section 3.5.2 for details.

ment, which could potentially be used to derive other types of coverage guarantees as well.

Additionally, RLCP also enjoys a training-conditional coverage guarantee. Our numerical

simulations and data experiments advocate the use of RLCP over existing locally-weighted

conformal prediction algorithms, due to its better performance at maintaining conditional

coverage across a range of settings.

In the remainder of this section, we will first compare RLCP with existing literature and

methodology in closer detail, and will then explore the role of the randomization in RLCP.

We will also consider an alternative formulation of calLCP, relating it to full conformal

prediction.

3.6.1 Related work

As we have described earlier, it is well known that achieving distribution-free pointwise test-

conditional coverage is impossible to do (aside from trivial solutions such as Ĉn(Xn+1) ≡ Y)

[Vovk, 2012, Lei and Wasserman, 2014]; even natural relaxations of the test-conditional cov-

erage property also suffer from fundamental hardness results in the distribution-free setting

[Barber et al., 2021]. With these hardness results in mind, any progress on conditional
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coverage for conformal prediction methods must necessarily make compromises, whether by

aiming for a weaker theoretical guarantee, by placing some assumptions on the problem, or

by targeting empirical rather than theoretical performance.

Almost all of these existing approaches in the conformal literature, including our proposal,

can be thought of a specific instance of the following three-step general workflow:

Choose con-
formal score s

Step (a)

Choose a
suitable

localizer H
(if desired)

Step (b)

Calibration
w.r.t a class

of functions F
(if desired)

Step (c)

Figure 3.7: A general workflow of existing conformal approaches in literature to attain test-
conditional coverage

We now explain these steps, and highlight how some existing methods can be interpreted in

terms of this three-step workflow.

Step (a): choosing a score s. The split conformal method, defined in Section 1.1.1,

can be implemented with any choice of the score function s (as in Step (a)). For ex-

ample, we might choose the residual score function, s(x, y) = |y − f̂(x)| (for a prefitted

regression function f̂), as discussed earlier. A popular alternative is the conformalized

quantile regression (CQR) method [Romano et al., 2019b], which uses the score function

s(x, y)max{Q̂α(x)− y, y − Q̂1−α(x)}, where Q̂ denotes a pretrained estimated quantile.

In general, a score function s that captures the underlying heterogeneity of PY |X (such as

CQR) will tend to exhibit good local coverage empirically. For additional examples of score

functions of this type, see the works of Lei et al. [2018], Gyôrfi and Walk [2019], Chernozhukov

et al. [2021], Sesia and Romano [2021], Deutschmann et al. [2023], Feldman et al. [2021]; see

also Gupta et al. [2022], Sesia and Candès [2020] for some empirical comparison of local

82



coverage properties of various choices of s. Some of these methods offer (asymptotic) local

coverage guarantees under additional distributional assumptions, e.g., Sesia and Romano

[2021], Gyôrfi and Walk [2019]. However, split conformal—with any choice of s—does not

have any distribution-free guarantees for approximate local coverage.

Step (b): choosing a localizer H. Next, we turn to Step (b)—choosing a localizer

H. This means that when constructing the prediction interval, instead of using a single

threshold q̂ for any value of the test point Xn+1, we instead compute a localized threshold

via a weighted quantile, with weights determined by the localizing kernel H—exactly as in

both calLCP and RLCP. In particular, both calLCP and RLCP require both choosing a score

function s and then choosing a localizer H, in order to implement an instance of the method

(e.g., we might combine the CQR score with a box kernel localizer). As we have seen in this

work, for RLCP, adding Step (b) into our workflow allows for distribution-free theoretical

guarantees that approximate test-conditional coverage, as in Theorem 3.4.

Another type of approach that can be viewed through the lens of Step (b), is the ap-

proach of partitioning X into bins, and then computing q̂ separately within each bin;

methods of this type have been explored by, e.g., Lei and Wasserman [2014], Izbicki et al.

[2022], LeRoy and Zhao [2021], and can be related to Step (b) by choosing H(x, x′) =

1
{
x, x′ are in the same bin

}
. Alternatively, H can be chosen as a nearest-neighbor based

kernel [Ghosh et al., 2023].

We remark that for the split conformal method (which does not incorporate Step (b)), we can

equivalently view this method as choosing the trivial localizer H given by H(x, x′) ≡ 1, since

computing an unweighted quantile (to define the threshold q̂ for the split conformal interval)

is equivalent to computing a weighted quantile with constant weights w1 = · · · = wn+1.
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Step (c): choosing a function class F . Finally, we turn to the third step: calibration

with respect to a class of functions F . This step does not appear in our RLCP method,

but plays a key role in some of the related methods in the literature. Specifically, in the

work of Gibbs et al. [2023], calibration with respect to F means that prediction intervals are

required to satisfy6

E
[
f(Xn+1) ·

(
1

{
Yn+1 ∈ Ĉn(Xn+1)

}
− (1− α)

)]
≥ 0 for all f ∈ F .

If we take F to be the set of all measurable functions, this would be equivalent to a

test-conditional coverage guarantee as in (3.1)—but as discussed before, is impossible to

achieve distribution-free. Gibbs et al. [2023] therefore implement their method with more

restricted classes of functions F , for instance linear functions or functions from a RKHS,

to achieve an approximate notion of local coverage; their method is implemented via solv-

ing a quantile regression problem over the class F . As another example, we can choose

F = {1 {· ∈ G} : G ∈ G} for a collection G of subsets of X ; this amounts to requiring group-

conditional coverage for all groups from the collection G, as has been studied in Jung et al.

[2022].

At the other extreme, a marginal coverage guarantee can be interpreted as requiring calibra-

tion with respect to the trivial class of functions, F = {1} (where 1 is the constant function

x 7→ 1); thus methods such as split conformal, calLCP, or RLCP, which do not incorporate

Step (c) into their workflow, can be equivalently interpreted as applying Step (c) with this

trivial choice F = {1}.

6. In the work of Gibbs et al. [2023], functions f ∈ F are not constrained to be nonnegative, and so this
requirement is written as = 0, not ≥ 0 (of course, obtaining coverage at level exactly 1 − α requires using
a smoothed version of the method). Here we use a formulation more comparable to the notation of this
chapter.
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Implications for local coverage and covariate shift. To summarize, we have now

seen that many existing methods (and our proposed RLCP method) can be compared under

this common high-level framework. What does this tell us in terms of their local coverage

properties (and coverage under covariate shift)? As mentioned above, methods that only

use Step (a) (and therefore can be viewed as choosing the trivial localizer H(x, x′) ≡ 1 for

Step (b), and the trivial function class F = {1} for Step (c)) do not achieve distribution-

free theoretical guarantees of (approximate) local coverage, although of course the choice of

score s in split conformal can lead to substantial empirical improvements in local coverage

in practice.

On the other hand, methods that use either localization at Step (b) (such as our RLCP

procedure) or a nontrivial function class at Step (c) (such as the method of Gibbs et al. [2023])

can offer meaningful approximate local coverage theory in addition to strong performance

empirically. Using localization (Step (b)) or calibration with respect to a function class (Step

(c)) can therefore be viewed as complementary options towards achieving the same type of

aim—we will further investigate this claim empirically by comparing the local coverage of

RLCP and the method from Gibbs et al. [2023] in some of our simulation settings in Appendix

B.3.3. An interesting open question is whether stronger guarantees and/or better empirical

conditional coverage might be obtained by developing methods that incorporate both Step

(b) and Step (c) simultaneously.

3.6.2 Is it possible to derandomize RLCP?

In our discussion in Section 3.6.1, we showed that a range of methods from the literature

can all be viewed through a three-step framework for constructing localized versions of

conformal prediction—including our proposed method, RLCP. One way that RLCP differs

from the other methods discussed, however, is the fact that randomization is inherent in

its construction. In this section, we take a closer look at the question of randomization: is
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the randomized construction of RLCP necessary for ensuring its favorable theoretical and

empirical properties, and does it cause substantial variability in the output in practice?

We will begin with the latter question, by examining empirically whether the random draw of

X̃n+1 in the construction of RLCP causes substantial randomness in the output. To explore

this, we return to the univariate simulations from Section 3.5.1. Whereas before we plotted

the average lower and upper endpoints of the prediction intervals across 100 independent

trials of the experiment (in Figure 3.2), now we generate a single dataset and compute both

the calLCP and RLCP prediction intervals, but for RLCP, we repeat the random draw of

X̃n+1 100 times to examine the randomness in the construction. Figure 3.8 shows the results:

the shaded area visualizes the 5th and 95th percentile of the lower and upper endpoints of the

RLCP prediction band. We can see that, on average, calLCP and RLCP are giving similar

results here (as was already shown in Figure 3.2), but the variability of RLCP is substantial

in some settings (e.g., particularly for Setting 1 at the lower bandwidth values, where the

localization is strong). We also examine the randomness of RLCP in a more quantitative

way in Appendix B.3.1; we will see that, in the worst case, the RLCP prediction interval

can vary by around 20–25% in width relative to the average output.

Hence, depending on the underlying setting, this variability of RLCP can be substantial,

and may be a substantial limitation of this method in practice. On the other hand, the

randomized construction is at the heart of the ability of RLCP to obtain stronger and cleaner

theoretical guarantees relative to existing methods (as we have discussed in Sections 3.3.1

and 3.4.3), as well as its favorable empirical performance in terms of local coverage.

With this tradeoff in mind, this naturally suggests the following question: is it possible to

“derandomize” the RLCP method, perhaps by averaging or aggregating across multiple runs

of RLCP on a given data set, to retain its strong theoretical and empirical properties but

reduce the issue of variability due to randomization?
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Figure 3.8: A visualization of the variability of the RLCP prediction band for a fixed data
set, showing the 5th and 95th percentile of 300 draws of constructing RLCP using the same
simulated data set. We also compare to the oracle prediction interval and to the calLCP
prediction interval. See Section 3.6.2 for details.

Derandomizing RLCP via m-randomly-localized CP (m-RLCP)

We will now propose one possible approach towards derandomizing RLCP, by averaging over

m many runs in a particular way. We will see that this construction is very natural, but

unfortunately its empirical performance is substantially worse than RLCP itself. Through

this exploration, we hope to inspire continued research on this question to determine whether

the randomness of RLCP is somehow critical to its strong performance, or whether a different

derandomization scheme may instead offer better results.

Before we begin, we first reformulate RLCP through the language of p-values. For all meth-

ods within the conformal prediction framework, the prediction interval can be constructed

by considering, for each possible value y, the hypothesis test that asks whether we can reject

the hypothesis that Yn+1 = y (in which case y is excluded from the prediction interval), or

cannot reject it (in which case y is included); the p-value from this hypothesis test can be

viewed as an equivalent formulation of the conformal prediction methodology. For the case
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of RLCP specifically, given the training set {(Xi, Yi)}i∈[n], define a randomized p-value

p(y;Xn+1, X̃n+1) =
n∑
i=1

H(Xi, X̃n+1)∑n+1
j=1 H(Xj , X̃n+1)

1 {s(Xi, Yi) ≥ s(Xn+1, y)}

+
H(Xn+1, X̃n+1)∑n+1
j=1 H(Xj , X̃n+1)

. (3.20)

As for other conformal methods, the prediction interval for RLCP can equivalently be con-

structed as

ĈRLCP
n (Xn+1, X̃n+1) = {y ∈ Y : p(y;Xn+1, X̃n+1) > α}.

We are now ready to derandomize. Firstly, given the test feature we generate m copies of

X̃n+1, i.e. X̃ [m]
n+1 = (X̃1

n+1, X̃
2
n+1, · · · , X̃

m
n+1), with each value drawn i.i.d. from H(Xn+1, ·).

For each y ∈ Y , we then calculate the corresponding m p-values,

p(y;Xn+1, X̃
1
n+1), . . . , p(y;Xn+1, X̃

m
n+1)

as in (3.20) above, and then average these p-values,

p̄(y;Xn+1, X̃
[m]
n+1) =

p(y;Xn+1, X̃
1
n+1) + · · ·+ p(y;Xn+1, X̃

m
n+1)

m
. (3.21)

Finally, we return the prediction interval

Ĉm-RLCP
n (Xn+1, X̃

[m]
n+1) = {Yn+1 : p̄(y;Xn+1; X̃

[m]
n+1) > α}.

We will refer to this method as m-randomly-localized conformal prediction (m-RLCP).

Since we are averaging the p-value over m random draws of X̃n+1, for large m, the m-RLCP

prediction interval is essentially a deterministic function of the data (i.e., of the training data
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{(Xi, Yi)}i∈[n] along with the test feature Xn+1).

It is well known that the average of valid p-values is itself, up to a factor of 2, a valid p-value

[Rüschendorf, 1982, Vovk and Wang, 2020], i.e., we have

P
{
p̄(Yn+1;Xn+1, X̃

[m]
n+1) ≤ α

}
≤ 2α.

This theoretical guarantee suggests that the m-RLCP prediction interval may be somewhat

anticonservative, i.e., coverage is only guaranteed at level ≥ 1 − 2α. Although this result

only addresses the potential under-coverage, in practice we observe that m-RLCP can in fact

severely overcover, i.e., may be extremely conservative (we show an empirical comparison of

RLCP in m-RLCP later on in Appendix B.3.2). In fact, a heuristic argument explains that

m-RLCP behaves similarly to baseLCP, but with a different localizer kernel; our empirical

findings on m-RLCP thus agree with the fact that baseLCP can often be conservative in

practice, as we have seen empirically in the earlier experiments. We provide more details on

the connection between m-RLCP and baseLCP in Appendix B.1.5.

To summarize, this intuitive approach towards derandomizing RLCP shows substantial draw-

backs in terms of empirical performance (as well as weaker theory as compared to RLCP).

Thus, finding a better way to aggregate across multiple runs of RLCP, to achieve a less

random method without compromising on theoretical properties or empirical performance,

remains an important open question.

3.6.3 Reinterpreting calLCP as an instance of full conformal

prediction

To conclude our discussion of related work, we will now examine Guan [2023]’s calLCP

method (as we recall, simply referred to as “LCP” in that work) through a new lens. Specifi-
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cally, we make the observation that, with a properly chosen score function, calLCP is actually

equivalent to running full conformal prediction [Vovk et al., 2005].

In this section, we will use the following formulation of full conformal prediction. We are

given a function T : (X × Y)n+1 → Rn+1, which maps datasets of size n + 1 to a vector

of scores (i.e., the ith score corresponds to the ith data point, with large scores indicating

that the data point appears unusual relative to the other data in the dataset). The map

T is required to commute with permutations (i.e., swapping data points i and j results in

swapping the ith and jth scores returned by T ). The full conformal prediction interval (or

more generally, prediction set) is then defined as

ĈfullCP
n (Xn+1) = {y ∈ Y : T

y
n+1 ≤ Quantile1−α(T

y
1 , . . . , T

y
n , T

y
n+1)}, (3.22)

where for any y ∈ Y , the scores are defined as

T
y
i =

(
T
(
(X1, Y1), . . . , (Xn, Yn), (Xn+1, y)

))
i
, i = 1, . . . , n+ 1,

i.e., the scores of the n+1 data points, if we assume that the test point is equal to (Xn+1, y).

Full conformal prediction satisfies the marginal coverage guarantee for i.i.d. (or exchangeable)

data [Vovk et al., 2005].

Now we make the correspondence between calLCP and full CP precise. After pretraining

the original score function s = s(x, y) on a separate data set, we define the map T as follows:

for any dataset (x1, y1), . . . , (xn+1, yn+1), the new score for the ith data point is given by

(
T
(
(x1, y1), . . . , (xn+1, yn+1)

))
i
=
n+1∑
j=1

wi,j1
{
s(xj , yj) < s(xi, yi)

}
,
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where

wi,j =
H(xj , xi)∑n+1
k=1 H(xk, xi)

.

in Appendix B.1.4, we will prove that this is an equivalent representation of the calLCP

method:

Proposition 3.7. The prediction interval ĈcalLCP
n (Xn+1) returned by calLCP, is always

equal to the prediction interval ĈfullCP
n (Xn+1) returned by full conformal prediction, when

implemented with the score map T defined as above.

Consequently, the marginal coverage guarantee for calLCP follows as a corollary: since full

CP satisfies marginal coverage, calLCP must therefore inherit this property, since it is an

instance of full CP. On the other hand, establishing conditional coverage type properties is

quite challenging for calLCP (indeed, this is often the case for full CP in general), while the

randomized construction of RLCP opens the door to the local theoretical guarantees that

we have established above.
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CHAPTER 4

ASSUMPTION-LEAN TESTS FOR CONDITIONAL

INDEPENDENCE

In this chapter, we examine the problem of conditional independence (CI) testing. We first

discuss the challenges of constructing an assumption-free test for the CI null hypothesis and

then explore how incorporating a shape constraint enables a simple powerful test. In the

broader context of testing challenging hypotheses, smoothness assumptions can help miti-

gate the difficulties of distribution-free inference; however, these assumptions are typically

untestable. Instead, in certain settings, a shape constraint is often more easily justified and

serves as a viable alternative to smoothness assumptions. In this chapter, we examine this

behavior in the context of CI testing to construct a valid test which also attains meaningful

power against some interesting alternatives.

This chapter presents work co-authored with Jake A. Soloff, Rina Foygel Barber and Richard

J. Samworth is available on ArXiv:2501.06133 under the title ‘Testing conditional indepen-

dence under isotonicity’ [Hore et al., 2025].

4.1 Introduction

The statistical problem of testing conditional independence has been extensively studied for

decades, with foundational contributions spanning multiple disciplines. Among the earliest

developments, R.A. Fisher introduced the notion of the partial correlation coefficient [Fisher

et al., 1924], which provides a valid test for CI under the assumption of a multivariate

Gaussian distribution for (X, Y, Z). CI testing also plays a central role in the analysis of

contingency tables [Agresti, 2012]. In such discrete setting, a widely used example is the

Cochran–Mantel–Haenszel test, which accounts for stratification when assessing associations
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between categorical variables.

Beyond these classical approaches, the importance of conditional independence has been

evident across various scientific domains. Early epidemiological work, such as Cornfield

et al. [1959]’s study on smoking and lung cancer, underscored the necessity of adjusting

for confounders to distinguish causal relationships from spurious correlations. Moreover,

conditional independence plays a crucial role in many statistical applications, including the

development of graphical models [Koller and Friedman, 2009]. In modern statistical infer-

ence, variable selection [Williamson et al., 2021, Dai et al., 2022]—aimed at identifying the

most predictive subset of features for a given response variable—remains a critical component

of practice. Collectively, these examples illustrate that conditional independence testing has

been a fundamental challenge in statistical theory and practice for over a century, shaping

advancements in fields as diverse as social sciences, genetics, and machine learning.

Despite its rich history, testing the conditional independence null remains fundamentally

challenging in the absence of additional structural assumptions—precisely the challenge that

assumption-lean inference seeks to address.

4.1.1 Hardness of conditional independence testing

Next, we formally present the core impossibility result in CI testing and discuss existing

approaches that address this challenge. Suppose X = Rd1 , Y = Rd2 and Z = Rd3 , where

d1 + d2 + d3 = d. Let PRd be the set of all distributions for (X,Y,Z) supported on

Rd, PRd,Cont ⊂ PRd be the subset of all distributions that are absolutely continuous with

respect to the d-dimensional Lebesgue measure, and let PK,Cont ⊂ PRd,Cont be the set of

all distributions on Rd that are absolutely continuous with respect to the Lebesgue measure,

and are supported within a L∞ ball of radius K.

Finally, let P0,K,Cont ⊂ PK,Cont denote the set of distributions that satisfy the conditional
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independence assumption, i.e., X ⊥⊥ Y | Z. The following theorem establishes one of the

key impossibility results in the context of conditional independence testing.

Theorem 4.1 (Shah and Peters [2020]). Fix any n ∈ N, any α ∈ (0, 1), and K ∈ (0,∞].

Consider any test1 ψ : (X × Y × Z)n → [0, 1] that controls Type I error at level α for all

distributions in P0,K,Cont, i.e.,

sup
P∈P0,K,Cont

EP [ψ(X,Y,Z)] ≤ α.

Then, for any distribution Q ∈ PK,Cont \ P0,K,Cont, it holds that EQ [ψ(X,Y,Z)] ≤ α.

In other words, no universally valid test for the null hypothesis HCI
0 can achieve meaningful

power against any fixed alternative. Moreover, it also does not help to take K finite—in

which case the random variables X, Y and Z are all bounded, so we would have all the

averages converge asymptotically to Gaussian limits uniformly over P0,K,Cont; however, as

the result states that this does not allow us to construct a non-trivial test for HCI
0 . A similar

hardness result regarding CI testing is also established in Kim et al. [2022b].

Existing approaches

Existing approaches to testing conditional independence have sought to guarantee validity

(Type I error control) over restricted classes of null distributions that impose one of the

following additional structures:

(a) a parametric model, such as assuming joint Gaussianity of (X, Y, Z), or a Gaussian

1. Traditionally, we think of a hypothesis test ϕ as a map from data to a decision, i.e., ϕ(X,Y,Z) ∈ {0, 1}.
Why, then, do we define tests ϕ as mapping to the space [0, 1]? This is because, in some settings, we may
want to consider randomized tests—for instance, in the notation above where ϕ maps to [0, 1], an outcome
ϕ(X,Y,Z) = 0.75 represents that, given the data, our randomized test rejects the null with probability 0.75.
Of course, a nonrandomized test is simply a special case, obtained by restricting the output of ϕ to lie in
{0, 1}.
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linear model for Y | (X,Z) (e.g., Kalisch and Bühlmann [2007], Sacha Epskamp and

Borsboom [2018], Colombo et al. [2012]);

(b) a known or well-estimated conditional distribution PX|Z [Candès et al., 2018, Barber

et al., 2020, Berrett et al., 2020, Niu et al., 2024]; or

(c) smoothness of the conditional distribution PX|Z [Shah and Peters, 2020, Lundborg

et al., 2022, Kim et al., 2022b, Lundborg et al., 2024], e.g., it belongs to a Hölder class.

4.1.2 Isotonic conditional independence

In contrast to the existing approaches in the literature, we consider a nonparametric frame-

work for testing conditional independence by imposing a shape constraint—namely, a form

of stochastic monotonicity—on the conditional distribution of X | Z. We show that this

assumption alleviates the inherent difficulty of conditional independence testing, allowing

us to construct a general class of tests, called the PairSwap-ICI test, which maintains va-

lidity under the relaxed null while achieving meaningful power against a broad range of

alternatives.

Informally, our shape constraint imposes the assumption that larger values of Z tend to

correspond to larger values of X. This constraint is motivated by various applications,

particularly in biomedicine, where factors such as age are often associated with increased

risk of certain diseases or conditions. Similar trends also appear in economics, where greater

professional experience is linked to higher salaries, and in agriculture, where crop yields tend

to increase with optimal rainfall levels. Inspired by these real-world patterns, we formally

introduce the following constraint:

Assumption 1 (Monotonicity of the conditional distribution PX|Z). Let X ⊆ R and let ⪯
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be a partial order on RdZ . We assume that X is stochastically increasing in Z, meaning that

if z ⪯ z′ then PP {X ≥ x | Z = z} ≤ PP
{
X ≥ x

∣∣ Z = z′
}

for all x.

This assumption does not fall into any of the categories (a)–(c) above. We will often consider

the case where the control variable Z is univariate, i.e., Z ⊆ R, under the usual total order ≤

on R. Nevertheless, our framework also allows for multivariate Z ∈ Rd, in which case the

most common partial order is the coordinatewise order.

Based on this shape constraint, we now consider the relaxed testing problem of the isotonic

conditional independence (ICI) null hypothesis

HICI
0 : X ⊥⊥ Y | Z, and PX|Z satisfies Assumption 1. (4.1)

Naturally, this relaxation should only be applied in settings where the monotonicity condition

of Assumption 1 is well-motivated, so that a rejection of HICI
0 can reasonably be interpreted

as evidence that X ̸⊥⊥ Y | Z. However, this should not be seen as a limitation of this

approach since we again recall that some additional assumption beyond HCI
0 is essential for

any valid test to have non-trivial power at any alternative.

The idea behind our framework is to consider carefully-chosen pairs of data points (Xi, Yi, Zi)

and (Xj , Yj , Zj) with Zi ⪯ Zj . Under HICI
0 , we expect Xi ≤ Xj more often than not, and a

substantial violation of this provides evidence of the influence of Y , i.e. evidence againstHICI
0 .

In Section 4.2, we introduce the PairSwap-ICI procedure, which allows the practitioner the

flexibility to choose from a broad family of test statistics, and is calibrated by comparison

with the same statistic computed on swapped pairs of X values. In particular, the procedure

offers a finite-sample guarantee of Type I error control against the null HICI
0 .
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Organization of the chapter In Section 4.2, we define a general class of test algorithms

for the CI null, called the PairSwap-ICI test, which provides practitioners with the flexibility

to choose from a broad family of test statistics and is calibrated by comparing the statistic

to its counterpart computed on swapped pairs of X values. In Section 4.3, we formally

establish Type I error control for this class of tests. Section 4.4 discusses how practitioners

can tailor our approach to achieve high power against specific alternatives of interest. Next,

in Section 4.5, we study the power properties of the PairSwap-ICI test and characterize

its asymptotic power via upper and lower bounds under a natural regression model for X.

Finally, in Sections 4.6 and 4.7, we validate our findings through numerical simulations and

real-data experiments, concluding with a brief discussion in Section 4.8.

4.2 PairSwap-ICI-test: a general approach

First we present our general procedure, called the PairSwap-ICI test, for testing this re-

laxed null HICI
0 . This builds on the intuition outlined earlier, whereby pairs of data points

(Xi, Yi, Zi) and (Xj , Yj , Zj) with large positive differences Xi−Xj and with Zi ⪯ Zj provide

evidence against the null.

More formally, based on Y and Z, and without access to X, we first choose:

1. A sequence of ordered pairs

(i1, j1), . . . , (iL, jL)

of indices in [n], where all 2L entries are distinct. We require the pairs to be ordered

in the sense that

Ziℓ ⪯ Zjℓ (4.2)

for each ℓ ∈ [L]. Such a choice of ordered pairs (with any L ≤ ⌊n/2⌋) is referred to

as a matching, and we denote the set of all possible matchings in [n] satisfying (4.2)
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as Mn(Z).

2. A sequence of functions ψ1, . . . , ψL, where each ψℓ : X ×X → R satisfies the following

anti-monotonicity property:

Definition 4.1. A function ψ : X × X → R is said to satisfy anti-monotonicity if

ψ(x+∆, x′ −∆′)− ψ(x′ −∆′, x+∆) ≥ ψ(x, x′)− ψ(x′, x) (4.3)

for all x, x′ and all ∆,∆′ ≥ 0.

An example of a class of functions ψ that satisfy anti-monotonicity is ψ(x, x′) = f(x−

x′) for any monotone nondecreasing function f that is also odd in the sense that f(x) =

−f(−x), for instance, ψℓ(x, x′) = x− x′ or ψℓ(x, x′) = sign(x− x′).

With these choices in place, our test statistic T : Xn → R is defined as

T (x) =
L∑
ℓ=1

ψℓ(xiℓ , xjℓ). (4.4)

Here we suppress dependence on Y and Z in the notation T (x), even though this statistic

does depend on Y and Z through the choices of the matched pairs (iℓ, jℓ) and functions ψℓ.

Now in order to calibrate the test, we compare the observed test statistic T = T (X) with

versions of T where indices within pairs (iℓ, jℓ) are randomly swapped. Specifically, for

s = (s1, . . . , sL) ∈ {±1}L, define Ts = T (Xs), where Xs is a swapped version of the data

vector X, with entries 
(Xs

iℓ
, Xs

jℓ
) = (Xiℓ , Xjℓ) sℓ = +1,

(Xs
iℓ
, Xs

jℓ
) = (Xjℓ , Xiℓ) sℓ = −1.

Thus, sℓ = −1 indicates that the random variables Xiℓ and Xjℓ are swapped in (Xs
iℓ
, Xs

jℓ
)
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compared with (Xiℓ , Xjℓ), while sℓ = +1 indicates no swap. Informally, the two con-

straints (4.2) and (4.3) ensure that, under the null, each ψℓ(Xiℓ , Xjℓ) is likely to be no larger

than its swapped version, ψℓ(Xjℓ , Xiℓ)—and thus, the statistic T = T (X) is likely to be

no larger than its swapped copies, Ts = T (Xs). If instead T > Ts for many swaps s, this

indicates evidence against the null. Indeed, we may define

p :=
1

2L

∑
s∈{±1}L

1 {Ts ≥ T} , (4.5)

and in Theorem 4.2 we show that this is a valid p-value.

Our method is quite flexible, in that one may select any pairs (iℓ, jℓ) subject to the ordering

constraint (4.2), and any functions ψℓ satisfying anti-monotonicity (4.3), to construct a valid

test. In particular, one can decide on these aspects of the test after exploring the data Y,Z,

choosing to include a pair (iℓ, jℓ) if the data observed in Y indicates that Xiℓ > Xjℓ would

be likely under the alternative. However, the quality of the matches (iℓ, jℓ) and functions ψℓ

affects the power of our test; we discuss effective strategies for designing a statistic T in

Section 4.4.

4.3 Type I error control

Firstly, we observe that the general class of PairSwap-ICI test indeed has valid level under

the null hypothesis HICI
0 . More formally, the following theorem establishes that the p-value

defined in (4.5) is super-uniform under HICI
0 .

Theorem 4.2. Under HICI
0 , the conditional Type I error of the PairSwap-ICI test satisfies

P {p ≤ α | Y,Z} ≤ α for all α ∈ [0, 1]. In particular, the test enjoys marginal error control:

P {p ≤ α} ≤ α for all α.
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The p-value constructed in (4.5) requires computing Ts = T (Xs) for all 2L values of s ∈

{−1, 1}L, which may be computationally prohibitive for moderate or large L. In practice, it

is common to use a Monte Carlo approximation to the p-value: we sample s(1), . . . , s(M) iid∼

Unif({±1}L), and then compute

p̂M =
1 +

∑M
m=1 1

{
T
s(m) ≥ T

}
1 +M

The extra ‘1+’ term appearing in the numerator and denominator is necessary to ensure

error control for this Monte Carlo version of our test [Davison and Hinkley, 1997, Phipson

and Smyth, 2010]; in particular, this correction ensures that we cannot have p̂M = 0. The

following theorem verifies that this version of the test also controls the Type I error.

Theorem 4.3. Fix any M ∈ N. Under HICI
0 , it holds that P {p̂M ≤ α | Y,Z} ≤ α for

all α ∈ [0, 1], and consequently, P {p̂M ≤ α} ≤ α.

4.4 Designing a powerful PairSwap-ICI test

In this Subsection, we construct a principled, powerful implementation of our test, by design-

ing concrete choices for the pairs (iℓ, jℓ) and the functions ψℓ introduced in Subection 4.2.

Throughout, we will restrict our attention to test statistics T (x) of the form

T (x) =
L∑
ℓ=1

wℓ ψ(xiℓ , xjℓ) (4.6)

for some w1, . . . , wL ≥ 0. That is, in the original definition of the test statistic (4.4), we

take ψℓ(·) = wℓψ(·) for some vector of non-negative weights w = (wℓ)
L
ℓ=1 and some fixed

kernel ψ, which is required to satisfy the anti-monotonicity property (4.3).

With this simplification, designing a test statistic now requires specifying the kernel ψ,
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deciding which pairs (iℓ, jℓ) are matched, and finally, how much weight wℓ to assign to each

pair, as depicted in this flowchart:

Kernel ψ Matching M = {(iℓ, jℓ)}Lℓ=1 Weights w = (wℓ)
L
ℓ=1

Figure 4.1: The workflow of PairSwap-ICI testing procedure

As guaranteed by Theorem 4.2, our test controls the Type I error for any choice of ψ sat-

isfying (4.3), M ∈ Mn(Z), and non-negative weight vector w. However, for the test to be

effective, we need to tailor these choices to the specific application of interest. Of course, all

of these choices interact with each other: what constitutes a good matching depends on how

we choose the weights, and vice versa.

4.4.1 Specifying the kernel ψ

We begin by considering several simple options for the kernel ψ. As a first example, consider

ψ(x, x′) = x−x′. This choice of ψ means that ψ(Xiℓ , Xjℓ) is likely to be non-positive under

the null (since Ziℓ ⪯ Zjℓ), but under the alternative, may be likely to be positive and large

(if the pair (iℓ, jℓ) is chosen wisely). Alternatively, we may consider nonlinear test statistics

to handle a broader range of settings. If X has heavy tails, then the distribution of a linear

statistic T can be very sensitive to extreme values. We can ameliorate this sensitivity by

using ψ(x, x′) = sign(x − x′), or ψ(x, x′) = (−K) ∨ (x − x′) ∧K for some constant K > 0

(i.e., the truncation of x− x′ to some bounded interval [−K,K]).

Each of the above examples of the kernel ψ satisfies the required anti-monotonicity prop-

erty (4.3), but actually also satisfies anti-symmetry, which is a strictly stronger property. In

fact, we can observe that for any ψ satisfying anti-monotonicity, we can always write

ψ(x, x′) =
1

2

{
ψ(x, x′) + ψ(x′, x)

}
+

1

2

{
ψ(x, x′)− ψ(x′, x)

}
=: ψsym(x, x′) + ψanti(x, x

′),
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where by construction, ψsym is a symmetric function while ψanti is anti-symmetric. We

can observe that ψsym does not contribute to the p-value—that is, the p-value would be

unchanged if we replace ψ with ψanti (for example, our test with the kernel ψ(x, x′) = x−x′

coincides with the special case of linear test statistic from Section 4.2). Thus, without loss of

generality, from this point on we can assume that we have chosen an anti-symmetric kernel

ψ.

4.4.2 Oracle strategies for choosing the matching and weights

We now build intuition for how to choose the matching M and weights w effectively by

sketching the asymptotics of our test, assuming some oracle knowledge (or estimates) of

the data distribution; see Subsection 4.5 for a more formal analysis. Let us consider any

statistic T of the form (4.6), where (as discussed above) without loss of generality we can take

ψ to be an anti-symmetric function. We now wish to choose the weights w = (wℓ)ℓ∈[L] and

matching M = {(iℓ, jℓ)}ℓ∈[L] to maximize the power of our test. Given the data (X,Y,Z),

the reference statistic Ts can be expressed as Ts =
∑L
ℓ=1 sℓ ·wℓψ(xiℓ , xjℓ) by construction of

the swapping operation, and is therefore a sum of L independent random variables. Under

some regularity conditions on the weights w and the function ψ, a central limit theorem

(CLT) approximation gives, for large L, that

p ≈ Φ̄(T̂ ) where T̂ = T̂ (w,M) :=

∑L
ℓ=1wℓψ(Xiℓ , Xjℓ)√∑L
ℓ=1w

2
ℓψ(Xiℓ , Xjℓ)

2
, (4.7)

and where Φ̄ denotes the standard Gaussian survival function, i.e., Φ̄(·) = 1 − Φ(·), where

Φ is the standard Gaussian distribution function. The above approximation holds for

fixed X,Y,Z and relies only on the CLT approximation for a weighted sum of L independent

signs s1, . . . , sL ∈ {±1}. We should therefore aim to choose weights that maximize the ap-

proximate probability of rejection, P
{
Φ̄(T̂ ) ≤ α | Y,Z

}
, in order to achieve the best possible
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power. Under some conditions this conditional power can be further approximated as

Φ

( ∑L
ℓ=1wℓE

[
ψ(Xiℓ , Xjℓ)

∣∣∣ Y,Z]√∑L
ℓ=1w

2
ℓVar

(
ψ(Xiℓ , Xjℓ)

∣∣∣ Y,Z) − Φ̄−1(α)

)
(4.8)

(see Theorem C.1 in the Appendix for a closer look at this approximation). The following

lemma shows how to maximize this approximation over the weights, treating the matchingM

as fixed.

Lemma 4.4. Assume that Var
(
ψℓ(Xiℓ , Xjℓ) | Y,Z

)
> 0 for ℓ ∈ [L]. Considered as a

function of w = (w1, . . . , wL) ∈ [0,∞)L, the function in (4.8) is maximized by the choice

w∗
ℓ =

max
{
E
[
ψ(Xiℓ , Xjℓ)

∣∣∣ Y,Z] , 0}
Var
(
ψℓ(Xiℓ , Xjℓ) | Y,Z

) , (4.9)

for ℓ ∈ [L].

Proof. Writing uℓ = E
[
ψ(Xiℓ , Xjℓ)

∣∣∣ Y,Z] and vℓ =
[
Var
(
ψ(Xiℓ , Xjℓ) | Y,Z

)]1/2 for

convenience, for any w ∈ [0,∞)L we calculate

∑L
ℓ=1wℓuℓ√∑L
ℓ=1w

2
ℓv

2
ℓ

≤
∑L
ℓ=1wℓmax{uℓ, 0}√∑L

ℓ=1w
2
ℓv

2
ℓ

=

∑L
ℓ=1(wℓvℓ) ·

max{uℓ,0}
vℓ√∑L

ℓ=1(wℓvℓ)
2

≤
( L∑
ℓ=1

max{uℓ, 0}2

v2ℓ

)1/2

,

with equality if and only if wℓ ∝ max{uℓ, 0}/v2ℓ for ℓ ∈ [L].

Using a plug-in estimate for the moments. In Lemma 4.4, the oracle weight vector

w∗ depends on the conditional expected value and variance, E
[
ψ(Xiℓ , Xjℓ)

∣∣∣ Y,Z] and

Var
(
ψ(Xiℓ , Xjℓ)

∣∣ Y,Z). For the remainder of this subsection, we will assume that we have

access to estimates Êij of E
[
ψ(Xiℓ , Xjℓ)

∣∣∣ Y,Z] and V̂ij > 0 of Var
(
ψ(Xi, Xj)

∣∣ Y,Z),
for each i, j ∈ [n], constructed from data that are independent of X. For example, these
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might be obtained from a fitted model for the conditional distribution of X given Y, Z based

on a separate data set (e.g. via sample splitting). For the linear kernel ψ(x, x′) = x − x′,

this would amount to estimating the first two moments of Xi | Yi, Zi for i ∈ [n], whereas

if ψ(x, x′) = sign(x − x′), then we would need to estimate P
{
Xi > Xj

∣∣ Yi, Zi, Yj , Zj} for

distinct indices i, j. With these estimates in place, we can seek to maximize the power of

our test by choosing weights

ŵℓ =
max{Êiℓjℓ , 0}

V̂iℓjℓ

for ℓ ∈ [L].

Choosing the matching. If the oracle weights in (4.9) were known, then the estima-

tor (4.8) of the test’s conditional power would be maximized by solving a maximum-weight

matching problem, namely that of finding

M∗ ∈ argmax
M∈Mn(Z)

∑
(i,j)∈M

(
W ∗
ij

)2 where W ∗
ij =

max
{
E
[
ψ(Xi, Xj)

∣∣ Y,Z] , 0}
Var

(
ψ(Xi, Xj)

∣∣ Y,Z) . (4.10)

We refer to this version of our procedure as oracle matching. In practice, when the moments

of the distribution are estimated rather than known, we can instead use the plug-in estimates

M̂ ∈ argmax
M∈Mn(Z)

∑
(i,j)∈M

Ŵ 2
ij where Ŵij =

max{Êij , 0}
V̂ij

. (4.11)

To run PairSwap-ICI, we then take weights wℓ = Ŵiℓjℓ
for each pair (iℓ, jℓ) ∈ M̂ . This

plug-in matching M̂ can be computed efficiently in polynomial time [Edmonds, 1965, Duan

and Pettie, 2014] using an algorithm of Gabow [1985].
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4.4.3 Heuristic strategies for choosing the matching and weights

In part 4.4.2 above, the test statistic T (x) was designed with the aim of maximising the

power of our test, but its success is predicated on being able to estimate well the first two

conditional moments of our data. This may be possible if, for instance, we have been able to

fit a model using a separate data set. Naturally, an accurate estimate of the true model can

enable a very powerful test (since we have a good approximation of the alternative that we are

testing against), but in some settings the approach of part 4.4.2 may not be practical, either

because we are not able to reliably estimate the required conditional moments, or because

the required computations are too costly (in particular, the matching strategy in (4.11)).

In this section, therefore, we take a completely different approach: we will propose an ex-

tremely simple scheme for designing a weight vector w, and two easy strategies for choosing a

matching M , that do not require extensive prior knowledge or costly calculations. Of course,

this will come at some cost in terms of the resulting power of the test, since we are no longer

mimicking an oracle test—but, as we will see in both our theoretical guarantees and our

empirical results below, these simple strategies can often attain high power nonetheless.

Throughout this section, we will restrict our attention to the univariate setting where

X ,Y ,Z ⊆ R, and will also choose the kernel ψ(x, x′) = x − x′ when defining our test

statistic as in (4.6). We will work in the setting where we hypothesize that, under the al-

ternative, there is a positive association between X and Y even after controlling for Z (of

course, if our hypothesis is a negative association, we can follow an analogous strategy). The

idea is simple: we will take pairs (iℓ, jℓ) such that

• Ziℓ ≤ Zjℓ (as required for validity), but Ziℓ ≈ Zjℓ ; and

• Yiℓ > Yjℓ (so that, under the alternative, we expect Xiℓ > Xjℓ).
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A simple weighting scheme

We begin by defining a mechanism for choosing the weights: we will take wℓ =
(
Yiℓ−Yjℓ

)
+,

which is simply the difference in Y values, whenever this difference is positive for the pair

(iℓ, jℓ). Why is this simple strategy a reasonable choice across broad settings? With this

choice of weights, our test statistic T (X) is then given by

T (X) =
∑

ℓ:Yiℓ
>Yjℓ

(Yiℓ − Yjℓ) · (Xiℓ −Xjℓ).

Since under the alternative, we expect Xiℓ > Xjℓ whenever Yiℓ > Yjℓ , this means that the

expected value of T (X) is positive under the alternative (but, of course, is non-positive under

the null).

As another motivation, consider the partially linear model where

E [X | Y = y, Z = z] = β∗y + µ∗Z(z),

and the conditional variance is constant,

Var (X | Y = y, Z = z) = σ∗2.

Then, following the oracle strategy of part 4.4.2, as in (4.9) we have oracle weights

w∗
ℓ =

max{E
[
Xiℓ −Xjℓ

∣∣∣ Y,Z] , 0}
Var

(
Xiℓ −Xjℓ

∣∣∣ Y,Z) =
max

{
β∗(Yiℓ − Yjℓ) +

(
µ∗Z(Ziℓ)− µ∗Z(Zjℓ)

)
, 0
}

2σ∗2

≈ β∗

2σ∗2
max

{
(Yiℓ − Yjℓ), 0

}
,

where the last step holds since we have assumed Ziℓ ≈ Zjℓ in our choice of the pair, and

so we can expect µ∗Z(Ziℓ) ≈ µ∗Z(Zjℓ), at least when µ∗Z is smooth. But crucially, our test
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is invariant to rescaling the weights—that is, choosing weights wℓ = max
{
Yiℓ − Yjℓ , 0

}
is

equivalent to choosing weights β∗
2σ∗2

max
{
(Yiℓ−Yjℓ), 0

}
, and thus is nearly equivalent to the

oracle weights.

Two simple matching schemes

Next, we propose two matching strategies that, again, do not require any knowledge or

estimate of the model.

neighbor matching. Our first simple matching strategy is to choose pairs that are nearest

neighbors in the list of sorted Z values, as formalized in Algorithm 2. This strategy ensures

that, for all pairs (iℓ, jℓ) =
(
π(2m− 1), π(2m)

)
that are included in the matching, we have

Ziℓ ≤ Zjℓ and Yiℓ > Yjℓ by construction, and moreover, it likely holds that Ziℓ ≈ Zjℓ (since

we have chosen two consecutive Z values in the sorted list). However, an obvious limitation

Algorithm 2 neighbor matching
Preliminaries: sort Z values, i.e., find a permutation π of [n] such that

Zπ(1) ≤ Zπ(2) ≤ · · · ≤ Zπ(n−1) ≤ Zπ(n).

for m = 1, . . . , ⌊n/2⌋ do
If Yπ(2m−1) > Yπ(2m), then add the new pair

(
π(2m− 1), π(2m)

)
to the matching.

end for

of this naïve matching strategy is that many consecutive pairs
(
π(2m − 1), π(2m)

)
in the

sorted list can fail to have Yπ(2m−1) > Yπ(2m) just by chance. In particular, if the Z values

in this pair are approximately equal (as we might expect), then the values Yπ(2m−1), Yπ(2m)

are expected to be approximately independent and identically distributed—which means

that the event Yπ(2m−1) > Yπ(2m) will fail approximately half the time. In other words, we

are discarding approximately half of the data: we will expect to have L ≈ n/4 pairs in this

matching (meaning that 2L ≈ n/2 data points have been assigned to a matched pair).
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Cross-bin matching. Our next strategy is cross-bin matching, which aims to avoid the

inefficiency of neighbor matching by using (nearly) all of the data. To implement this

strategy, we will partition the list of sorted Z values into K bins, and will allow a pair

of data points to be matched as long as the Z values are in adjacent bins (rather than

requiring consecutive Z values, as for neighbor matching).

Algorithm 3 Cross-bin matching
Preliminaries: sort Z values, i.e., find a permutation π of [n] such that

Zπ(1) ≤ Zπ(2) ≤ · · · ≤ Zπ(n−1) ≤ Zπ(n),

and define K bins of indices,

A1 = {π(1), . . . , π(m)},
A2 = {π(m+ 1), . . . , π(2m)},

...
AK =

{
π
(
(K − 1)m+ 1

)
, . . . , π(Km)

}
,

where m = ⌊n/K⌋.
for k = 1, . . . , K do

Define rk,1, . . . , rk,m as a permutation of Ak such that Yrk,1 ≤ · · · ≤ Yrk,m .
end for
for k = 1, . . . , K − 1 do

for s = 1, . . . , ⌊m/2⌋ do
If Yrk,m+1−s > Yrk+1,s

, then add the new pair (rk,m+1−s, rk+1,s) to the matching.
end for

end for

To explain this procedure in words:

• First we group the Z values into K bins, with each bin Ak containing m = ⌊n/K⌋

consecutive Z values.

• We then attempt to match the largest values of Y in bin k with the smallest values

of Y in bin k + 1—that is, in the inner “for loop” in Algorithm 3, at step s = 1 we

are attempting to match the largest Y value in bin k (i.e., Yrk,m) with the smallest Y
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value in bin k + 1 (i.e., Yrk+1,1
), and then at step s = 2 we proceed to matching the

second-largest and second-smallest, and so on.

This scheme is illustrated in Figure 4.2, and is stated formally in Algorithm 3.

A1 A2 A3 A4

Z

Y

Figure 4.2: Demonstration of the cross-bin matching scheme described in Algorithm 3. The
dashed lines indicate the median within each bin.

Why do we expect that this strategy will be more powerful than the simpler neighbor match-

ing strategy? At a high level, while neighbor matching is expected to discard around half

of the data, the cross-bin matching strategy can potentially assign nearly all data points

to a matched pair. However, there is a potential tradeoff: while the pairs produced by

both strategies will likely satisfy Ziℓ ≈ Zjℓ , this approximation will be closer to equality

for neighbor matching (where pairs consist of consecutive Z values) than cross-bin matching

(where pairs consist of Z values in neighboring bins, i.e., they may be up to 2m positions

apart in the sorted list). If m is not too large (i.e., the number of bins K is not too small),
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though, then we may hope that this difference is negligible. We will examine both methods

theoretically in the following section to study these tradeoffs in more detail.

4.5 Power analysis

In this subsection, we study the power of the PairSwap-ICI test under the following general

model. We assume that the data (X,Y,Z) = (Xi, Yi, Zi)i∈[n]
iid∼ PX,Y,Z is drawn according

to

X = µn(Y,Z) + σnζ, (4.12)

with (Yi, Zi)i∈[n]
iid∼ PY,Z drawn independently from (ζi)i∈[n]

iid∼ Pζ . We assume that for

any n ∈ N, µn : Y × Z → R (applied componentwise) is a measurable function and σn > 0,

and also that that Pζ has mean 0, variance 1, and finite fourth moment. Throughout this

subsection, we also assume that the statistic T admits the form in (4.6) with ψ(x, x′) = x−x′,

and we restrict our attention to the setting X ,Y ,Z ⊆ R; the partial ordering ⪯ for Z will

simply be the usual ordering ≤ on R.

Defining isotonic signal-to-noise ratio (ISNR). Before stating the results on power

under this signal plus noise model, we first introduce some notation. We denote by CISO the

set of nondecreasing functions on R and define

ISNRn =

infg∈CISO EPnY,Z
[∥µn(Y,Z)− g(Z)∥2]

σn
, ÎSNRn =

infg∈CISO ∥µn(Y,Z)− g(Z)∥2
σn

,

(4.13)

referring to them as the oracle and empirical isotonic signal-to-noise ratio respectively (here

g(Z) is again applied componentwise). These quantities capture the extent to which the true

model for X | Y, Z contains signal that cannot be explained by the isotonic null, HICI
0 . In

particular, under HICI
0 , we have ISNRn = ÎSNRn = 0 (since we can simply take g to be the

true regression function, which does not depend on Y ), while under the alternative these
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quantities might be large. We naturally expect ÎSNRn ≈ ISNRn when n is large.

Preview of results. To analyze the performance of the PairSwap-ICI testing procedure,

we study the power conditional on Y and Z, i.e., P {p ≤ α | Y,Z}. We demonstrate that

this power is characterized by the isotonic signal-to-noise ratios ISNRn and ÎSNRn. The

organization of this subsection is as follows.

• In part 4.5.1 we study asymptotic upper and lower bounds on the conditional power

of oracle matching (as defined in part 4.4.2), and establish that the empirical quantity

ÎSNRn governs their behaviour. The same guarantees also hold for the plug-in matching

strategy defined in part 4.4.2, as long as we are able to estimate µn consistently.

Qualitatively, these results show that we can have non-trivial power guarantees against

alternatives with large empirical isotonic SNR.

• Next, in part 4.5.2, we show that the converse also holds, i.e., one cannot distinguish

the null class from alternatives with small isotonic SNR. More precisely, the conditional

power of any valid test is controlled by the oracle quantity ISNRn. In this sense, the

PairSwap-ICI test essentially achieves the highest possible power.

• Finally, in part 4.5.3, we specialise our power guarantees to the case of partially linear

Gaussian models. We show that even without knowledge of µn or an approximation

to it, we can achieve near-optimal power with the simpler matching algorithms from

part 4.4.3.

4.5.1 Empirical isotonic SNR drives the conditional power of

oracle matching

We now study the asymptotic behaviour of the conditional power of the PairSwap-ICI

procedure with oracle matching. In particular, Theorem 4.5 provides asymptotic upper and
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lower bounds on the conditional power P {p ≤ α | Y,Z}, assuming that the distributions

PY,Z and Pζ in (4.12) are independent of the sample size n, while the regression function

µn(Y, Z) and the noise level σn are allowed to depend on n.

Theorem 4.5. Suppose that ÎSNRn > 0 and that
(
∥µn(Y,Z)∥∞/σn

)
∨
(
∥µn(Y,Z)∥∞/σn

)4
=

oP (ÎSNRn). Then, under the model (4.12), the conditional power of of the PairSwap-ICI

procedure with oracle matching satisfies for α ∈ (0, 1) that

Φ

(
ÎSNRn√

2
− Φ̄−1(α)

)
− oP (1) ≤ P {p ≤ α | Y,Z} ≤ Φ

(
ÎSNRn− Φ̄−1(α)

)
+oP (1). (4.14)

From Theorem 4.5, we see that the empirical isotonic SNR drives both the upper and lower

bound. We also notice that the upper and lower bounds on conditional power match, up to

the factor of
√
2 appearing in the expression for the lower bound but not the upper bound.

In Theorem 4.11 in part 4.5.3 below, we will see that in a partially linear model setting

and under the hypothesis of the symmetry of the distribution PY |Z , it is possible to close

this gap.

Remark 2. The condition
(
∥µn(Y,Z)∥∞/σn

)
∨
(
∥µn(Y,Z)∥∞/σn

)4
= oP (ÎSNRn) is a

natural assumption on the quality of matching. For example, if X is bounded and σn = σ

for every n ∈ N, then
(
∥µn(Y,Z)∥∞/σn

)
∨
(
∥µn(Y,Z)∥∞/σn

)4
= O(1)—and so for this

assumption to hold, it is sufficient to have ÎSNRn
P→ ∞, i.e., the signal strength diverges to

infinity with n.

Power guarantees for plug-in matching with an estimate of µn. Since the oracle

matching depends on µn, we now shift attention to the more practical setting, where we

construct an estimate µ̂n of µn on one random split of the data, and then implement the

PairSwap-ICI test on the remaining data with the plug-in matching M̂ . While the afore-

mentioned data splitting approach is more accurate and practical, for the sake of simplicity,
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in order to state the following result, we assume that we have an independent data set

with which we can learn µ̂n. In this case, Theorem 4.6 below shows that, under suitable

consistency assumptions on µ̂n, we can recover the power guarantees in Theorem 4.5.

Theorem 4.6. Consider the setting and assumptions of Theorem 4.5. Suppose we use

plug-in matching M̂ with an estimate µ̂n constructed based on independent data, where µ̂n

satisfies

∥µ̂n(Y,Z)− µn(Y,Z)∥2
σn

= oP (ÎSNRn),
∥µ̂n(Y,Z)− µn(Y,Z)∥4∞

σ4n
= oP (ÎSNRn).

Then the conditional power of the PairSwap-ICI satisfies (4.14) for α ∈ (0, 1).

Since the requirements on µ̂n in Theorem 4.6 are potentially quite weak, it may be advan-

tageous to employ a data split of unequal sizes when using plug-in matching—in particular,

we might choose to use only a small fraction of the available data points to estimate µn and

compute the weights and matching, and save the rest for the PairSwap-ICI test once these

choices are fixed.

4.5.2 Oracle isotonic SNR characterizes hardness of testing the

isotonic null

While we have seen that the empirical isotonic SNR governs the asymptotic upper and lower

bounds on the power of the PairSwap-ICI test in Theorems 4.5 and 4.6, it turns out that

the relationship between the isotonic SNR and power extends beyond any specific choice of

test. Here, we establish this connection formally. In particular, we will see that the oracle

quantity ISNRn determines the class of alternatives that are distinguishable from HICI
0 ,

using any valid testing procedure. Towards this goal, we start with a simple total variation

calculation to give an upper bound on the power function of any valid test.
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Proposition 4.7. Fix α ∈ (0, 1). Fix any test ϕ : (X × Y × Z)n → [0, 1] that controls the

Type I error at level α, i.e.,

sup
P∈HICI

0

EP [ϕ(X,Y,Z)] ≤ α.

Then for any distribution PX,Y,Z ,

EPX,Y,Z [ϕ(X,Y,Z)] ≤ α + inf
QX,Y,Z∈HICI

0

dTV
(
PnX,Y,Z , Q

n
X,Y,Z

)
.

This last total variation term is the distance of PX,Y,Z from the null class HICI
0 , meaning

the closer P is to null models, the harder it will be to have non-trivial power against P .

While in general it is hard to derive exact expressions for the total variation term, under

some additional model assumptions on P , we can derive interpretable upper bounds for it.

Specifically, consider the model (4.12) where the noise distribution Pζ has a density function

fζ satisfying

{∫
R

(√
fζ(x)−

√
fζ(x+ t)

)2
dx

}1/2

≤ Lζ |t| for all t ∈ R. (4.15)

Note that the left-hand side is equal to H(Pζ , t+Pζ), where H denotes the Hellinger distance

between distributions, and t + Pζ denotes the distribution of t + ζ when ζ ∼ Pζ (i.e., a

translation of the original distribution Pζ). In other words, we are assuming that the map

t 7→ t+ Pζ is Lipschitz with respect to the Hellinger distance. For example, if Pζ = N (0, 1)

is the standard Gaussian, then H2(Pζ , t+ Pζ) = 2
(
1− e−t

2/8
)
≤ t2/4 [Pardo, 2018], and so

the assumption (4.15) holds with Lζ = 1/2.

We now state a result establishing a bound on power for any test, as a function of the isotonic

SNR.
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Corollary 4.8. Suppose (X,Y,Z) satisfy (4.12) for some noise distribution Pζ satisfying

the condition (4.15). Then

inf
QX,Y,Z∈HICI

0

dTV

(
PnX,Y,Z , Q

n
X,Y,Z

)
≤ Lζ · ISNRn,

and consequently, for any test ϕ that controls Type I error at level α,

EPX,Y,Z [ϕ(X,Y,Z)] ≤ α + Lζ · ISNRn.

To summarize, we have seen that under a mild assumption on the noise distribution Pζ , the

oracle isotonic SNR gives a universal upper bound on the power of any test of the isotonic

null, HICI
0 —no valid test can achieve non-trivial power when ISNRn is negligible.

4.5.3 Near-optimal power guarantees without knowledge of µn

The asymptotic upper and lower bounds on conditional power from Theorems 4.5 and 4.6

require either oracle knowledge of µn or an independent estimate of µn whose Euclidean norm

error is small in probability (as compared to the quantity ÎSNRn). If this side information is

not available, then a natural question arises: can near-optimal power guarantees be achieved

with some of the simpler matching schemes from part 4.4.3? This is indeed possible, under

some additional assumptions on the model class (4.12). Specifically, consider the class of

partially linear Gaussian models given by

(X,Y,Z) satisfy (4.12) with Pζ = N (0, 1), µn(Y,Z) = µ0(Z) + βnY (4.16)

for some µ0 ∈ CISO (applied componentwise) and some βn ∈ (0,∞); we assume also that Y

is a mean-zero variable taking values in [−1, 1], with E [Var (Y | Z)] > 0 (i.e., Y is not equal
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to a deterministic function of Z). Note that µ0 is a fixed function, and so the dependence

on n of the distribution of (X, Y, Z) is solely through βn and σn. The following lemma

relates ISNRn to a more interpretable quantity, namely the expected conditional variance of

Y given Z.

Lemma 4.9. Under the model class (4.16), provided that E|µ0(Z)| <∞,

√
nβn
σn

·
(
E [Var (Y | Z)]

)1/2 (
1 + oP (1)

)
≤ ISNRn ≤

√
nβn
σn

(
Var(Y )

)1/2 ≤
√
nβn
σn

.

We can draw several conclusions from this result. By Lemma 4.9 and Corollary 4.8, no valid

test can achieve asymptotically non-trivial power against an alternative in the model class

(4.16) when
√
nβn
σn

= o(1). On the other hand, if
√
nβn
σn

→ ∞, then ISNRn → ∞, and the

PairSwap-ICI test should have power converging to 1. From this point on, then, we will

consider the more interesting regime where

n−1/2 ≲
βn
σn

≲ 1,

to avoid both extremes where our earlier results ensure either trivial power or power tending

to 1. We will now develop a more precise characterization of power in this intermediate

regime.

Under mild conditions on the model, we also expect that ÎSNRn = ISNRn
(
1+oP (1)

)
. With

this approximation, another consequence of Lemma 4.9 and (4.14) is that the conditional

power of oracle matching also satisfies

P {p ≤ α | Y,Z} ≥ Φ

(√
nβn ·

{
E
[
VarY∼PY |Z (Y )

]}1/2
√
2σn

− Φ̄−1(α)

)
− oP (1). (4.17)
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We can now compare the asymptotic conditional power of the PairSwap-ICI test with

neighbor matching and cross-bin matching against this lower bound.

Theorem 4.10. Under the model class (4.16), fix α ∈ (0, 1), and assume that σn ≫√
log n/n, 1 ≳ βn/σn ≳ 1/

√
n. Assume also that µ0(Z) is a sub-Gaussian random variable.

Then the conditional power of neighbor matching (Algorithm 2), implemented with kernel

ψ(x, x′) = x− x′ and weights wℓ = max
{
Yiℓ − Yjℓ , 0

}
, satisfies

∣∣∣∣P {p ≤ α | Y,Z} − Φ

(√
nβn ·

{
E
[
VarY∼PY |Z (Y )

]}1/2
2σn

− Φ̄−1(α)

)∣∣∣∣ = oP (1).

Notably, the conditional power of neighbor matching matches the lower bound from (4.17)

up to a factor of
√
2 in the signal-to-noise ratio term. This factor arises due to the inherent

inefficiency of neighbor matching: as discussed in part 4.4.3, neighbor matching discards

roughly half the data.

We now turn to cross-bin matching. Since we would like paired Z values Ziℓ ≤ Zjℓ to be

approximately equal (in order to avoid an overly conservative test), we further allow the

number of bins to depend on sample size n, and write Kn from now on. Consequently, the

power of cross-bin matching can then meet the lower bound in (4.17).

Theorem 4.11. Under the same setting and assumptions as Theorem 4.10, the conditional

power of cross-bin matching (Algorithm 3) with Kn bins (where σ−1
n

√
n log n ≪ Kn ≪ n),

implemented with kernel ψ(x, x′) = x− x′ and weights wℓ = max
{
Yiℓ − Yjℓ , 0

}
, satisfies

P {p ≤ α | Y,Z} ≥ Φ

(√
nβn ·

{
E
[
VarY∼PY |Z (Y )

]}1/2
√
2σn

− Φ̄−1(α)

)
− oP (1).

Further, if the conditional distribution PY |Z is symmetric about its mean almost surely, then
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the conditional power of cross-bin matching satisfies

∣∣∣∣P {p ≤ α | Y,Z} − Φ

(√
nβn ·

{
E
[
VarY∼PY |Z (Y )

]}1/2
σn

− Φ̄−1(α)

)∣∣∣∣ = oP (1).

In particular, the first part of the result shows that for cross-bin matching, the conditional

power asymptotically matches the lower bound in (4.17), without an additional factor of
√
2 as for neighbor matching under the same assumptions. Moreover, with an additional

assumption of symmetry of the conditional distributional PY |Z , we can also remove another

factor of
√
2. While without the symmetry assumption, the above result provides only an

asymptotic lower bound on the conditional power of cross-bin matching, we can characterize

the power more exactly; the details are deferred to Theorem C.3 in Appendix C.2.4.

4.6 Simulations

In this section, we evaluate the performance of our method on simulated data2, and compare

the matching strategies from Section 4.4.3. For simplicity, we focus on the univariate case

X = Y = Z = R. We will examine two versions of the PairSwap-ICI test:

• neighbor matching (Algorithm 2), with the linear kernel ψ(x, x′) = x− x′ and weights

wℓ = max{Yiℓ − Yjℓ , 0} as discussed in Section 4.4.3;

• Cross-bin matching (Algorithm 3) with Kn =
⌊
n2/3

⌋
bins, again with the linear kernel

ψ(x, x′) = x− x′ and weights wℓ = max{Yiℓ − Yjℓ , 0}. This particular choice of Kn is

motivated by Theorem 4.11, which suggests choosing the number of bins Kn to satisfy
√
n log n≪ Kn ≪ n, in order to achieve competitive power with neighbor matching.

2. Code for reproducing all experiments can be found at https://github.com/jake-soloff/PairSwap
-ICI-Experiments.

118

https://github.com/jake-soloff/PairSwap-ICI-Experiments
https://github.com/jake-soloff/PairSwap-ICI-Experiments


4.6.1 Extent of conservatism under H ICI
0

Theorem 4.2 establishes valid, finite-sample Type I error control for our method. The purpose

of this section is to evaluate the extent of the conservatism of the Type I error under various

null distributions. Since our inference relies on the fact that matched pairs (Xiℓ , Xjℓ) are

stochastically ordered under the null, intuitively this should depend on the strength of the

monotonicity in the conditional distribution.

To see how the dependence between X and Z affects the rejection probability, we sample X

from an additive noise model

X | Y, Z ∼ N
(
µ(γZ), 1

)
,

where Y, Z are independent standard normal random variables. As long as µ is nondecreasing

and γ ≥ 0, this joint distribution belongs to the null HICI
0 . The scalar γ controls the strength

of the monotonicity of X | Z. In particular, as γ ↘ 0 we expect the Type I error P {p ≤ α}

to approach α.

In our simulations, we consider two functions µ, the identity µ(z) = z and the standard

Gaussian CDF µ(z) = Φ(z). Figure 4.3 shows the Type error as a function of γ for two

levels of α. We observe similar results for each α, where the test typically becomes more

conservative as γ increases, as expected. Under the null, our test is more conservative for

cross-bin matching than for neighbor matching, since the Z values are further apart in cross-

bin matching.

4.6.2 Power under alternatives

In Section 4.5.3 we showed theoretically that our heuristic methods—neighbor matching

and cross-bin matching—achieve high power (in fact, power that tends to 1) in the partial

119



0.1 1.0 10.0

0.00

0.05

0.10

0.15

Pr
ob

. o
f R

ej
ec

tio
n

=  0.01
Neighbour
Cross-bin

0.1 1.0 10.0

=  0.05

0.1 1.0 10.0

=  0.1

Strength of Stochastic Monotonicity 

Setting 1: X = Z + noise

0.1 1.0 10.0

0.00

0.05

0.10

0.15

Pr
ob

. o
f R

ej
ec

tio
n

=  0.01
Neighbour
Cross-bin

0.1 1.0 10.0

=  0.05

0.1 1.0 10.0

=  0.1

Strength of Stochastic Monotonicity 

Setting 2: X = ( Z) + noise

Figure 4.3: Simulation results illustrating Type I error control under the null HICI
0 for two

forms of the conditional mean E [X | Z]. Each subplot shows the rejection probability of
the PairSwap-ICI test on a data set of size 1000, averaged over 104 simulation trials, as a
function of the strength of stochastic monotonicity γ.

linear model (4.16) with σn = 1 for all n, provided the signal βn exceeds the detection

threshold n−1/2. In this section, we now examine this setting empirically. We sample data

from the Gaussian linear model

X | Y, Z ∼ N
(
βnY + γZ, 1

)
,
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Figure 4.4: Simulation results demonstrating the power of the PairSwap-ICI for two alter-
natives at level α = 0.1. Each subplot shows the rejection probability, averaged over 104

simulation trials, as a function of the sample size n. Columns correspond to different rela-
tionships between Y and Z. In each setting, X follows a Gaussian linear model with mean
βnY + γZ, where βn = n−1/3 and γ = 0.5 (above) or γ = 2 (below).

with βn = n−1/3. The pair (Y, Z) is drawn from a bivariate Gaussian

N2

(
0,

 1 ρY Z

ρY Z 1

).
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Figure 4.4 shows the (unconditional) power as a function of the sample size n for various

choices of γ and ρY Z . In Setting 1, we set γ = 0.5, and cross-bin matching uniformly

dominates neighbor matching because it allows us to make many more matches of similar

quality. On the other hand, in Setting 2 we set γ = 2, so the strong dependence of X on

Z means the quality of a match (iℓ, jℓ) degrades much more quickly as the gap Zjℓ − Ziℓ

increases—that is, for cross-bin matching, where Ziℓ and Zjℓ may be farther apart than

for neighbor matching, this gap may lead to conservatism that results in a loss of power.

However, with a sufficiently large sample size, cross-bin matching performs at least as well as

the neighbor matching. This is because the bin width decreases as n increases, so the quality

of the cross-bin matches rivals that of the neighbor matches (with many more matches). The

dependence ρY Z between Y and Z does not have a major impact on the power of these two

methods.

One take-away message from these simulations is that the stronger the stochastic monotonic-

ity is believed to be, the more bins one should use in cross-bin matching, to avoid excessive

conservatism. On the other hand, if the extent of stochastic monotonicity is believed to be

weak, then one should use fewer bins in cross-bin matching, to allow for a greater number

of matches as well as larger weights for the matched pairs, and thereby increase power.

4.7 Experiment on real data: risk factors for diabetes

We now evaluate the performance of our proposed testing procedure on a real data set in

three different experimental settings.

We use a data set3 on the incidence of diabetes among the Pima population near Phoenix,

Arizona, originally collected by the US National Institute of Diabetes and Digestive and

3. The data for this experiment were obtained from https://archive.ics.uci.edu/dataset/34/dia
betes. Additional data descriptions can be found in Smith et al. [1988].
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Kidney Diseases. The data set comprises 768 observations, and includes information on

whether each of the patient has been diagnosed with diabetes according to World Health

Organization standards. Additional variables provide data on the number of pregnancies,

plasma glucose concentration, diastolic blood pressure, triceps skinfold thickness, 2-hour

serum insulin levels, body mass index (BMI), diabetes pedigree function and age.

It is well-known that the likelihood of developing diabetes increases with age (e.g., the Centers

for Disease Control and Prevention4 lists advanced age as one of the risk factors for Type 1

and Type 2 diabetes). Therefore, if we choose X to represent the incidence of diabetes and

Z as the age of the patient, then we would expect X to exhibit stochastic monotonicity

with respect to Z (i.e., we expect that Assumption 1 holds, at least approximately). This

is supported by the increasing trend we observe in Figure 4.5. Most of the other variables,

such as BloodPressure, BMI, Glucose, and Pregnancies, are also considered potential risk

factors for diabetes, as visualized in Figure 4.6—but does this association remain after we

control for age? In this experiment, we aim to determine whether these variables remain

significant risk factors for diabetes, even after controlling for age.

Experiment 1: marginal independence testing: In our first experiment, we consider

six variables: Pregnancies, Glucose, BloodPressure, SkinThickness, Insulin, and BMI,

and aim to assess whether each of them is an individual risk factor for diabetes incidence.

Specifically, we test the hypothesis H0 : X ⊥⊥ Y , where Y represents one of the six variables

listed above, while X is Diabetes (and since we are testing marginal rather than condi-

tional independence, we do not attempt to control for Z, i.e., Age). For this purpose, we

will be using the permutation test for independence with T (X,Y) = X⊤Y, as outlined in

Section 1.2.1.

4. For more details, see list of diabetes risk factors from the US Centers for Disease Control and Prevention.
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Figure 4.5: A scatter plot (jittered for better visibility) of Age and Diabetes Incidence
along with the fitted logistic regression model to demonstrate the stochastic monotonicity.

Experiment 2: conditional independence testing, after controlling for age: Next,

for the same set of six choices for Y , we test the hypothesis HICI
0 : X ⊥⊥ Y | Z, where

Z denotes Age (and X is Diabetes as before). This allows us to identify risk factors for

diabetes after controlling for age. As noted earlier, we expect the distribution of X | Z = z

to be stochastically monotone in z, which supports the application of the PairSwap-ICI

testing procedure developed in this chapter for this purpose. The PairSwap-ICI method

is implemented with neighbor matching or with cross-bin matching (with K = 50 bins),

and our statistic T takes the form in (4.6) with linear kernel ψ(x, x′) = x − x′ and weights

wℓ = max{Yiℓ − Yjℓ , 0}.

Experiment 3: conditional independence testing, with synthetic control X̃: Fi-

nally, we consider a semi-synthetic experiment where X is replaced by synthetic observa-

tions X̃, generated from an estimated model for PX|Z that satisfies stochastic monotonicity.

We then test the hypothesis X̃ ⊥⊥ Y | Z for the same choices of Y from Experiment 1. Since
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X̃ is generated solely based on Z and obeys stochastic monotonicity, the null hypothesis

HICI
0 holds trivially in this synthetic setting. The validity of our procedure should therefore

ensure that the p-values generated by PairSwap-ICI are (super-)uniformly distributed.

To generate the synthetic feature X̃, since X is binary, it suffices to fit an isotonic regres-

sion to estimate the conditional mean E [X | Z] and then sample X̃ from the Bernoulli

distribution with this fitted conditional mean. Following the theory of Henzi et al. [2021,

Theorem 1], this is the best approximation to PX|Z under the continuous ranked probability

score (CRPS), while respecting the monotonocity constraint.
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Figure 4.6: Scatter plots of X (jittered for better visibility) and other feature variables
along with the fitted logistic regression models to demonstrate the dependence among these
variables and Diabetes Incidence.

Results: For each experiment, we generate 3,000 random subsamples of the data, each

consisting of half the size of the full data set. (For Experiment 3, since constructing a syn-

thetic control requires estimating PX|Z , we use the complement of the subsampled data set

for this preliminary estimation problem.) We then compute p-values using the permutation
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Pregnancies Glucose Blood
pressure

Skin
thickness

Insulin BMI

Permutation test
(testing marginal indep.) 0.001(0.000) 0.001(0.000) 0.155(0.003) 0.117(0.002) 0.023(0.001) 0.001(0.000)

PairSwap-ICI
neighbor
matching 0.433(0.005) 0.002(0.000) 0.496(0.005) 0.243(0.004) 0.159(0.003) 0.033(0.001)

cross-bin
matching 0.424(0.004) 0.001(0.000) 0.499(0.004) 0.123(0.003) 0.224(0.004) 0.001(0.000)

PairSwap-ICI
(w/ synthetic
control)

neighbor
matching 0.511(0.005) 0.499(0.005) 0.501(0.005) 0.506(0.005) 0.497(0.005) 0.499(0.005)

cross-bin
matching 0.544(0.005) 0.550(0.005) 0.555(0.005) 0.558(0.005) 0.545(0.005) 0.555(0.005)

Table 4.1: p-values, averaged over random 3,000 subsamples along with the standard errors
(within brackets) for the different tests from different experiments, as outlined in Section
4.7. The p-values significant at the 0.05 level are marked in bold.

test for marginal independence and the PairSwap-ICI test for conditional independence. For

all the experiments, p-values are computed on the test set. Finally, we report the average

p-values from the 3,000 subsamples, along with the corresponding choice of the Y variable

in Table 4.1.

Under the marginal independence test, four of the six variables are identified as having

significant association with Diabetes, but, once we test conditional independence with the

PairSwap-ICI test, only two of these associations are identified as significant. Specifically,

Glucose and BMI both are identified as potential risk factors at the 0.05 level of significance

by the marginal independence test, and also by the PairSwap-ICI test, even after controlling

for Age. On the other hand, the variables Pregnancies and Insulin are significant only

under the marginal test; this suggests that, after controlling for Age, the data does not

provide sufficient evidence to support them as risk factors for Diabetes.

Finally, we also note that all the averaged p-values from Experiment 3 with synthetic con-

trol X̃ are concentrated around 0.5, for each of the choices of Y . Since (X̃, Y, Z) satisfy HICI
0 ,

the p-values from Experiment 3 should be roughly uniform (or, if the test is conservative,

super-uniform), and thus this behaviour is expected from Theorem 4.2.
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4.8 Discussion

In this chapter, we have developed a nonparametric test of conditional independence assum-

ing only stochastic monotonicity of the conditional distribution PX|Z . This nonparametric

constraint is natural in many applications, and allows us to circumvent the impossibility of

assumption-free conditional independence testing [Shah and Peters, 2020]. We have intro-

duced a variety of approaches to constructing a valid test statistic. Our test controls the

Type I error in finite samples and has power against an array of alternatives. We close with

some connections to the literature, and potential avenues for future work.

• Optimal power in general settings. In Theorem 4.11, we were able to eradicate the

earlier gap between the upper and lower bounds on the asymptotic conditional power

of our test under the assumption that the conditional distribution of Y | Z is symmetric,

but it remains an open question whether other tests (or, perhaps, the PairSwap-ICI

but with a different kernel) may be able to avoid this assumption.

• Alternative methods for finite-sample Type I error control? While the stochastic

monotonicity assumption facilitates consistent estimation of the conditional distri-

bution PX|Z using isotonic distributional regression [Mösching and Dümbgen, 2020,

Henzi et al., 2021], and then applying a conditional independence test which assumes

knowledge (or a good estimate) of PX|Z [Berrett et al., 2020, Candès et al., 2018],

these tests will only be valid asymptotically. However, under the same setting, the

proposed PairSwap-ICI test enjoys finite sample Type I error control without any fur-

ther restrictions on the choice of matching, or weighting. An interesting open question

would be to investigate whether these established approaches for CI testing can also

be modified to attain validity in finite samples under the monotonicity assumption.

• Avoiding data splitting. The oracle matching test derived in Section 4.4 requires mod-
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elling the conditional mean and conditional variance of the kernel ψ(Xi, Xj) as a func-

tion of Yi, Yj , Zi, Zj . We proposed to estimate these moments on a hold-out data set.

Can we instead perform cross-fitting to improve power and retain finite-sample error

control?

• Connection with knockoffs and conditional randomization tests. Creating synthetic

copies of X via pairwise swaps resembles other conditional independence testing pro-

cedures, such as knockoffs and the conditional randomization test [Candès et al.,

2018], and the conditional permutation test [Berrett et al., 2020]. An advantage of

the PairSwap-ICI test is that we do not require knowledge of PX|Z apart from its

stochastic monotonicity, though the potential price is that the test may be more con-

servative (i.e., the resulting p-value may be super-uniform), since we are not working

under the “sharp null”.

• Alternative shape constraints. We view stochastic monotonicity as a natural form of

positive dependence for the joint distribution (X,Z). Are there approaches to test

conditional independence under other models of dependence, such as likelihood ratio

ordering or total positivity, or under other shape constraints, such as unimodality of

PX|Z [Karlin, 1968, Shaked and Shanthikumar, 2007, Mösching and Dümbgen, 2024]?
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CHAPTER 5

ASSUMPTION-LEAN INFERENCE: BROADER

APPLICATIONS AND INSIGHTS

In this thesis, we tackled the challenge of assumption-lean inference in predictive inference

and conditional independence testing. Firstly, we extended the conformal prediction frame-

work to the setting of survival analysis, where right-censoring complicates distribution-free

inference for the true survival times. We introduced a covariate-dependent cutoff function

f(X) for the censoring time and constructed the prediction interval using only those sam-

ples with censoring times larger than f(X). This approach allows the method to adapt

to the heterogeneity in the censoring mechanism, leading to improved power over existing

assumption-lean methods in the literature. Our results show that if either the censoring

mechanism or the conditional quantile of survival time is well estimated, our proposed pro-

cedure achieves nearly exact marginal coverage, with the latter also ensuring approximate

conditional coverage.

Next, we introduced randomly-localized conformal prediction (RLCP), a novel framework

that provides relaxed local coverage guarantees and robustness against smooth covariate

shifts. While existing statistical methods typically rely on smoothness assumptions for in-

ference, we take a different approach: instead of imposing smoothness conditions on P ,

we introduce a synthetic covariate X̃ | X ∼ H(X, ·), which enables predictive inference

using the smoothed conditional distribution P
Y |X̃ = E

X|X̃
[
PY |X

]
. This approach circum-

vents the challenges of learning the potentially irregular PY |X in practice—allowing us to

establish results such as Theorem 3.6, where we are able to quantitatively characterize how

distributional smoothness impacts performance.

While enforcing smoothness in the space of conditional distributions helps mitigate the
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challenges of assumption-lean inference, an alternative and complementary approach is to

impose shape constraints on the distributional space. We demonstrate this principle in

conditional independence testing through the PairSwap-ICI framework, which constructs

a powerful test with valid Type I error control under the assumption that the conditional

distribution PX|Z=z is stochastically monotone in z. Intuitively, both approaches enhance

the effective sample size; whereas smoothness enables local aggregation of information, shape

constraints facilitate the aggregation of relative information across any partially ordered

space.

These strategies—leveraging smoothness or shape constraints—are not limited to the set-

tings explored in this thesis. Below, we illustrate how these ideas can be further extended

to construct distribution-free confidence sets, demonstrating their broader applicability in

statistical inference.

5.1 Beyond this thesis: assumption-lean confidence sets

Suppose that (X1, Y1), . . . , (Xn, Yn)
iid∼ P for some unknown distribution P supported on

X × [0, 1]. We refer to x 7→ EP [Y | X = x] as the conditional mean function. Our goal

is to construct a distribution-free confidence set (CS) for the conditional mean function, as

formally defined below.

Definition 5.1. We define Ĉn ≡ Ĉn
(
(X1, Y1), . . . , (Xn, Yn)

)
as a distribution-free confidence

set for the conditional mean function if, for all distribution P , it holds that

P
Pn+1

{
E [Yn+1 | Xn+1] ∈ Ĉn(Xn+1)

}
≥ 1− α,

where (X1, Y1), . . . , (Xn+1, Yn+1)
iid∼ P .

As observed earlier in the context of predictive inference and conditional independence test-
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ing, here as well the conditioning variable determines the difficulty of constructing a con-

fidence set for the corresponding mean function. At one extreme, if X ≡ 1 (i.e., trivial

conditioning), then our target is the marginal mean of Y , i.e., E [Yn+1]. In this case, we can

define the confidence set as

Ĉn =

(
Ȳn ± 1

2
√
nα

)
,

where Ȳn = 1
n

∑n
i=1 Yi is the empirical mean of {Yi}i∈[n]. By Chebyshev’s inequality, one

can argue that this is a distribution-free valid CS for the marginal mean.

On the other hand, the task becomes significantly more challenging when our target becomes

the full conditional mean, E [Yn+1 | Xn+1]. While the length of Ĉn defined above shrinks at

a parametric rate of 1/
√
n, constructing a distribution-free valid CS for the full conditional

mean, whose length diminishes with sample size, is theoretically impossible whenever PX is

non-atomic. For more details, we refer the reader to Barber et al. [2021, Theorem 1]; Barber

[2020, Theorem 2].1 Naturally, the statistical literature has sought a meaningful middle

ground between the marginal and full conditional version of the problem.

As observed earlier in the settings of predictive inference and conditional independence test-

ing, both smoothness assumptions and shape constraints play pivotal roles in mitigating

these inherent challenges. Building on this idea, we show below how the strategies from

Chapter 3 and Chapter 4 introduce a relaxed variant of the problem, enabling a straightfor-

ward approach for constructing approximately valid distribution-free confidence set for the

conditional mean function.

1. Note that in this referenced paper, Y = {0, 1} To apply their hardness result in our context, we can
consider Ybin ∼ Y and extend their conclusion accordingly.
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5.2 Leveraging smoothness: random localization for

assumption-lean confidence sets

We first illustrate how the workflow of Section 3.3 from Chapter 3 can be adapted to construct

a distribution-free confidence set. As in the RLCP framework, we start with generating a

synthetic covariate X̃n+1 ∼ H(Xn+1, ·). Instead of constructing a distribution-free confi-

dence set for E [Yn+1 | Xn+1] as in Definition 5.1, we attempt to do so for E
[
Yn+1

∣∣∣ X̃n+1

]
.

This problem is significantly more tractable since the introduction of the synthetic covariate

ensures that

E
[
Yn+1

∣∣∣ X̃n+1 = x̃
]
= E

Xn+1|X̃n+1=x̃
[E [Yn+1 | Xn+1]] ,

effectively smoothing out the irregularities of the conditional mean function.

For simplicity, suppose X = Rd, and let H take the form

H(x, x′;h) =
1

hd
ψ

(
∥x− x′∥2

h

)
, (5.1)

for some d-dimensional kernel ψ (e.g., gaussian or box kernel), and a bandwidth param-

eter h > 0. We show that one can construct a distribution-free confidence set (CS) for

E
[
Yn+1

∣∣∣ X̃n+1

]
, which also exhibits diminishing length, although typically at a slower rate

than the parametric rate, depending on the choice of h.

Theorem 5.1. Let (X1, Y1), . . . , (Xn+1, Yn+1)
iid∼ P , and X̃n+1 | Xn+1 ∼ H(Xn+1, ·;h).

Suppose that H admits the form given in (5.1) for some bounded kernel ψ : Rd → [0, B].

Then the confidence set, given by

Ĉn,δ(x̃) =

(∑n
i=1 YiH(Xi, x̃;h)∑n
i=1H(Xi, x̃;h)

± 4
√
2B

hd
√
nα δ

)
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satisfies the following: for any α, δ ∈ (0, 1) and n ≥ Nδ,h := 8B2

h2d δ2α
, we have

P
{
E
[
Yn+1

∣∣∣ X̃n+1

]
∈ Ĉn,δ(X̃n+1)

}
≥ 1− α− P

X̃n+1

{
EX∼PX

[
H(X, X̃n+1;h)

]
< δ
}
.

The proof of this result is deferred to Appendix D. We note that EX∼PX [H(X, x̃;h)]

represents the density of X̃ at x̃, meaning that the offset term can be made arbitrarily

small by choosing δ appropriately. Moreover, we typically expect that E
[
Yn+1

∣∣∣ X̃n+1

]
≈

E [Yn+1 | Xn+1], which allows for a distribution-free confidence set for the latter in well-

behaved settings (e.g., when the conditional mean function is Lipschitz-smooth).

5.3 Leveraging shape constraints: monotonicity for

assumption-lean confidence sets

Next, following the principles of Chapter 4, we demonstrate how a shape constraint can

alleviate the difficulty of constructing assumption-lean confidence sets for the conditional

mean function. More specifically, suppose X = Rd, and define the partial order x ≤ y for

x, y ∈ Rd as xi ≤ yi for all i ∈ [d]. Now, we introduce our shape constraint, which assumes

that the conditional mean function E [Y | X = x] is monotonically non-decreasing in x with

respect to this partial order. This assumption is natural in many real-world settings, such as

economics (where higher income levels often correlate with increased spending), healthcare

(where risk factors like age or blood pressure tend to increase disease likelihood).

Under this shape constraint, consider the one-sided hyperrectangle H−
∞(x, h) =

∏d
i=1[xi −

h, xi], where [a, b] denotes the closed interval with endpoints a, b ∈ R. By construction, we

have

E [Y | X = x] ≥ E
[
Y
∣∣ X ∈ H−

∞(x, h)
]

for any x ∈ Rd and any h > 0. (5.2)
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This structure enables the construction of a distribution-free lower bound (LB) for the con-

ditional mean function, which we now formally define.

Definition 5.2. We define L̂n ≡ L̂n
(
(X1, Y1), . . . , (Xn, Yn)

)
as a distribution-free lower

bound for the conditional mean function if, for any distribution P , it satisfies

P
Pn+1

{
E [Yn+1 | Xn+1] ≥ L̂n(Xn+1)

}
≥ 1− α,

where (X1, Y1), . . . , (Xn+1, Yn+1)
iid∼ P .

The inherent difficulty in constructing assumption-lean confidence sets also implies a chal-

lenge in obtaining assumption-lean lower bounds. As before, instead of directly constructing

a distribution-free LB for E [Yn+1 | Xn+1], we work with E
[
Ỹn+1

∣∣∣ X̃n+1 ∈ H−
∞(Xn+1, h)

]
,

where the expectation is taken over (X̃n+1, Ỹn+1), an independent sample drawn from P .

This relaxation smooths out irregularities in the conditional mean function, making the prob-

lem more tractable. Below, we establish a distribution-free lower bound for this quantity.

Theorem 5.2. Let (X1, Y1), . . . , (Xn+1, Yn+1), (X̃n+1, Ỹn+1)
iid∼ P . Then the lower bound,

given by

L̂n(x) =

∑n
i=1 Yi1

{
Xi ∈ H−

∞(x, h)
}∑n

i=1 1
{
Xi ∈ H−

∞(x, h)
} − 2

√
2

hd
√
nα δ

satisfies the following: for any α, δ ∈ (0, 1) and any h > 0, we have

P
{
E
[
Ỹn+1

∣∣∣ X̃n+1 ∈ H−
∞(Xn+1, h)

]
≥ L̂n(Xn+1)

}
≥ 1− α− PXn+1

{
PX∼PX

{
X ∈ H−

∞(Xn+1, h)
}
< δ hd

}
.

The proof of this result is deferred to Appendix D. As in Theorem 5.1, the offset term plays

the same role and can be made small by choosing δ suitably in ‘nice’ settings. By (5.2),
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it immediately follows that L̂n(Xn+1) is also a valid distribution-free lower bound for the

conditional mean function.

The role of monotonicity in conditional mean function for assumption-lean inference in re-

gression has also been explored in Müller et al. [2024], where the authors address a related

problem of subgroup selection, demonstrating that such shape constraints facilitate valid

inference without additional model assumptions.

5.4 Conclusion

We have demonstrated how the principles from Chapter 3 and Chapter 4 can be readily

adapted to construct assumption-lean confidence sets for the conditional mean function.

Despite their different formulations, both approaches lead to very similar results: the confi-

dence set shrinks at a rate analogous to how the lower bound converges toward the relaxed-

conditional mean. Additionally, in both cases, low-mass regions introduce a coverage offset,

as seen in Theorems 5.1 and 5.2, dictating the fundamental trade-off associated with the

choice of h. Specifically, a larger h introduces more relaxation, smoothing the problem but

potentially increasing bias, whereas a smaller h reduces bias but amplifies the challenge of

low effective sample size—reflecting the inherent difficulty of assumption-lean inference.

Beyond the specific settings explored in this thesis, these principles can be extended to a

broader range of statistical inference tasks. By leveraging smoothness, shape constraints,

or other structural assumptions in an assumption-lean framework, we can continue to push

the boundaries of distribution-free methods, bridging the gap between theoretical guarantees

and practical applicability.
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APPENDIX A

APPENDICES FOR CHAPTER 2

A.1 Proofs

A.1.1 Proof of Theorem 3

For notational convenience, we define the error term to be

∆ = sup
a∈[0,1]

(
E
[∣∣∣ ŵa(X)

wa(X)πa
− 1
∣∣∣ ∣∣∣∣ I1]+

√√√√√1 +
γ̂2a
π2a

+max(1, γ̂aπa − 1)2

|I2|
· log

(1
δ

))
.

Recall that we have defined the oracle quantity

a(α +∆) = sup
{
a ∈ [0, 1] : P

{
T < f̂a(X)

∣∣∣ I1} ≤ α +∆
}
.

Suppose that we can show 1 − δ ≤ P {â ≤ a(α +∆) | I1}. Then we have with probability

at least 1− δ that the event {â ≤ a(α +∆)} holds and

P
{
T ≥ f̂â(X)

∣∣∣ D}
≥ P

{
T ≥ f̂a(α+∆)(X)

∣∣∣ D}
≥ 1− α−∆

= 1− α− sup
a∈[0,1]

{
E
[∣∣∣ ŵa(X)

wa(X)πa
− 1
∣∣∣ ∣∣∣∣ I1]+

√√√√√1 +
γ̂2a
π2a

+max(1, γ̂aπa − 1)2

|I2|
· log

(1
δ

)}
,

where the first inequality is by the monotonicity of f̂a(·) and the second inequality uses the

left-continuity of P
{
T < f̂a(X)

∣∣∣ D} in a.
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The rest of the proof is devoted to establishing 1−δ ≤ P(â ≤ a(α+∆) | I1). Fix an arbitrary

ε > 0. By the definition of α̂(a(α +∆) + ε), we have

P
(
α̂
(
a(α +∆) + ε

)
≤ α | I1

)
=P
(∑
i∈I2

ŵa(α+∆)+ε(Xi) · 1
{
Ti < f̂a(α+∆)+ε(Xi) ≤ Ci

}
≤ α

∑
i∈I2

ŵa(α+∆)+ε(Xi) · 1
{
f̂a(α+∆)+ε(Xi) ≤ Ci

} ∣∣∣ I1)

=P
(∑
i∈I2

ŵa(α+∆)+ε(Xi) ·
(
1
{
Ti < f̂a(α+∆)+ε(Xi)

}
− α

)
1
{
f̂a(α+∆)+ε(Xi) ≤ Ci

}
≤ 0

∣∣∣ I1).
(A.1)

For any t > 0, we apply Markov’s inequality and get

(A.1) ≤E
[
exp

(
t ·
∑
i∈I2

ŵa(α+∆)+ε(Xi)
(
α− 1{Ti < f̂a(α+∆)+ε(Xi)}

)
(A.2)

× 1
{
f̂a(α+∆)+ε(Xi) ≤ Ci

}) ∣∣∣ I1]
=E
[
exp

(
t ·
∑
i∈I2

ŵa(α+∆)+ε(Xi) ·
(
α− pa(α+∆)+ε(Xi) + pa(α+∆)+ε(Xi)

− 1{Ti < f̂a(α+∆)+ε(Xi)}
)
· 1
{
f̂a(α+∆)+ε(Xi) ≤ Ci

}) ∣∣∣ I1],
(A.3)

where we define pa(x) := P(T < f̂a(X) |X = x, I1) for any a ∈ [0, 1]. Further conditioning
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on (Xi, Ci)i∈I2 , and using the fact that C ⊥⊥ T | X (Assumption 1), we have

E

[
exp

(
t
∑
i∈I2

ŵa(α+∆)+ε(Xi)1
{
f̂a(α+∆)(Xi) ≤ Ci

}
×
(
pa(α+∆)+ε(Xi)− 1

{
Ti < f̂a(α+∆)+ε(Xi)

})) ∣∣∣∣ (Xi, Ci)i∈I2 , I1
]

(a)
≤ exp

(t2
8

∑
i∈I2

ŵ2
a(α+∆)+ε(Xi) · 1

{
f̂a(α+∆)+ε(Xi) ≤ Ci

})
(b)
≤ exp

( |I2| · γ̂2a(α+∆)+ε
t2

8

)
. (A.4)

Above, step (a) uses the 1
4 -sub-gaussianity of pa(α+∆)+ε − 1{Ti ≤ f̂a(α+∆)+ε(Xi)}; step

(b) follows from the boundedness assumption on the estimated weights. Combining (A.1)

and (A.4) leads to

(A.1) ≤ exp
( |I2| · γ̂2a(α+∆)+ε

t2

8

)
· E
[
exp

{
t
∑
i∈I2

ŵa(α+∆)+ε(Xi)1
{
f̂a(α+∆)+ε(Xi) ≤ Ci

}
×
(
α− pa(α+∆)+ε(Xi)

)} ∣∣∣ I1]. (A.5)

We then condition on (Xi)i∈I2 and use the sub-gaussianity of 1
{
f̂a(α+∆)+ε(Xi) ≤ Ci

}
−

wa(α+∆)+ε(Xi)
−1 to obtain the following bound:

E
[
exp

{
t
∑
i∈I2

ŵa(α+∆)+ε(Xi)
(
1{f̂a(α+∆)+ε(Xi) ≤ Ci} − wa(α+∆)+ε(Xi)

−1)
×
(
α− pa(α+∆)+ε(Xi)

)} ∣∣∣ (Xi)i∈I2 , I1
]

≤ exp
(t2
8

∑
i∈I2

(
α− pa(α+∆)+ε(Xi)

)2 · ŵa(α+∆)+ε(Xi)
2
)
≤ exp

( |I2| · γ̂2a(α+∆)+ε
t2

8

)
,

where we again use the boundedness of ŵa(·) in the last step. With the above, we bound (A.5)
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as

(A.5) ≤ exp
( |I2| · γ̂2a(α+∆)+ε

t2

4

)
E
[
exp

{
t
∑
i∈I2

ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)

(
α− pa(α+∆)+ε(Xi)

)} ∣∣∣ I1].
(A.6)

Recall that we have defined for any a ∈ [0, 1] that

πa = EX∼PX

[
ŵa(X)

wa(X)

∣∣∣ I1].
We subsequently bound (A.6) as

(A.6) ≤ exp
( |I2| · γ̂2a(α+∆)+ε

t2

4

)
· E

[
exp

{
t
∑
i∈I2

πa(α+∆)+ε

(
α− pa(α+∆)+ε(Xi)

)
+ t

∑
i∈I2

∣∣∣ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)
− πa(α+∆)+ε

∣∣∣} ∣∣∣ I1
]

≤ exp
( |I2| · γ̂2a(α+∆)+ε

t2

4

)
· E
[
exp

{
2t · πa(α+∆)+ε

∑
i∈I2

(
α− pa(α+∆)+ε(Xi)

)} ∣∣∣ I1]1/2

× E
[
exp

{
2t
∑
i∈I2

∣∣∣ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)
− πa(α+∆)+ε

∣∣∣} ∣∣∣ I1]1/2, (A.7)

where the last step follows from the Cauchy-Schwarz inequality. By the definition of a(α+∆),

it holds that

P
(
T < f̂a(α+∆)+ε(X) | I1

)
≥ α +∆.
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Using the above inequality, we have

E
[
exp

{
2t · πa(α+∆)+ε

∑
i∈I2

(
α− pa(α+∆)+ε(Xi)

)} ∣∣∣ I1]

≤E
[
exp

{
2t · πa(α+∆)+ε

∑
i∈I2

(
P(T < f̂a(α+∆)+ε(X) | I1)−∆− pa(α+∆)+ε(Xi)

)} ∣∣∣ I1]

=exp
(
− 2tπa(α+∆)+ε∆|I2|

)
× E

[
exp

{
2t · πa(α+∆)+ε

∑
i∈I2

(
P(T < f̂a(α+∆)+ε(X) | I1)− pa(α+∆)+ε(Xi)

)} ∣∣∣ I1]

≤ exp
( |I2| · t2π2a(α+∆)+ε

2
− 2t · πa(α+∆)+ε∆ · |I2|

)
. (A.8)

Above, the last inequality uses that P(T < f̂α(a+∆)+ε | I1) − pα(a+∆)+ε(Xi) is 1
4 -sub-

gaussian. Note that for any i ∈ I2,

∣∣∣∣ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)
− πa(α+∆)+ε(I1)

∣∣∣∣
≤γ̃(a(α +∆) + ε) := max

{
γ̂a(α+∆)+ε − πa(α+∆)+ε, πa(α+∆)+ε

}
.

We then have

E

[
exp

{
2t
( ∑
i∈I2

∣∣∣ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)
− πa(α+∆)+ε

∣∣∣
− E

[∣∣∣ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)
− πa(α+∆)+ε

∣∣∣ ∣∣∣ I1])}
∣∣∣∣∣ I1
]

≤ exp
( |I2| · γ̃2(a(α +∆) + ε)t2

2

)
. (A.9)
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Combining (A.8) and (A.9), we have the following upper bound on (A.7):

(A.7) ≤ exp

{
|I2|t2

4
·
(
π2a(α+∆)+ε + γ̂2a(α+∆)+ε + γ̃2(a(α +∆) + ε)

)
+ |I2|t ·

(
E
[∣∣∣ŵa(α+∆)+ε(X)

wa(α+∆)+ε(X)
− πa(α+∆)+ε

∣∣∣ ∣∣∣ I1]− πa(α+∆)+ε∆

)}
. (A.10)

We now take

t =

2
(
∆ · πa(α+∆)+ε − E

[
|
ŵa(α+∆)+ε(X)

wa(α+∆)+ε(X)
− πa(α+∆)+ε|

∣∣ I1])
π2
a(α+∆)+ε

+ γ̂2
a(α+∆)+ε

+ γ̃2(a(α +∆) + ε)
.

This gives us

(A.10) ≤ exp

(
−

|I2| ·
(
∆ · πa(α+∆)+ε(I1)− E

[
|
wa(α+∆)+ε(X)

wa(α+∆)+ε(X)
− πa(α+∆)+ε|

∣∣ I1])2
π2
a(α+∆)+ε

(I1) + γ̂2
a(α+∆)+ε

+ γ̃2(a(α +∆) + ε)

)
≤ δ.

The last inequality is due to the choice of ∆. As a result,

1− δ ≤ P
(
α̂
(
a(α +∆) + ε

)
> α

∣∣ I1) ≤ P
(
â < a(α +∆) + ε

∣∣ I1).
Since the above holds for any ε > 0, we can take ε → 0 and by the continuity of the

probability measure, we have 1− δ ≤ P(â ≤ a(α +∆) | I1) and thus complete the proof.

A.1.2 Proof of Theorem 4

Instead of proving Theorem 4 directly, we prove a more general theorem that implies Theorem

4.

Theorem A.1. Fix any δ, α ∈ (0, 1). Under the same condition of Theorem 3, assume

further that there exists a constant r > 0 such that
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1. supξ∈[a(α),a(α+r)+ψ]wξ(x) ≤ γ and supξ∈[a(α),a(α+r)+ψ] ŵξ(x) ≤ γ̂, for some con-

stants γ, γ̂, ψ > 0;

2. for any η ∈ [0, r], for any β ∈ [α, α + r], and PX -almost all x,

P
(
T < qβ(X) + η |X = x

)
≤ β +Bη,

P
(
T < qβ(X)− η |X = x

)
≥ β −Bη,

for some family of oracle functions {qa(·)}a∈[0,1] and some constant B > 0;

3. supβ∈[α,α+r] supx∈X
{
max(B, 1) ·

∣∣f̂a(β)(x)− qβ(x)
∣∣}+ γ̂γ

√
log(1/δ)
|I2|

≤ r.

Then with probability at least 1 − δ over the draw of D, the LPB produced by Algorithm 1

satisfies that for PX -almost all x,

P(X,T )∼P
(
T ≥ L̂(x) | D, X = x

)
≥1− α− sup

β∈[α,α+r]
sup
x∈X

{
2B · |f̂a(β)(x)− qβ(x)|

}
− γ̂γ

√
1

|I2|
· log

(1
δ

)
.

To see why Theorem A.1 implies Theorem 4, note that when we take qβ(x) to be the

β-quantile of T conditional on X = x, and when the conditional distribution of T |X is

continuous with conditional density bounded by B, assumption 2 required by Theorem A.1

is satisfied. We now proceed to prove Theorem A.1.

Proof. Here, for notational convenience we define

E = sup
β∈[α,α+r]

sup
x∈Xcal

∣∣f̂a(β)(x)− qβ(x)
∣∣ and ∆ = BE + γ̂γ ·

√
log(1/δ)

|I2|
.

By Assumption 3, E ≤ r and ∆ ≤ r. If we can show w.p. at least 1− δ that a(α +∆) ≥ â,
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then by the monotonicity of f̂a(·) in a,

P
(
T < f̂â(X) | D

)
≤ P

(
T < f̂a(α+∆)(X) | D

)
≤ α +∆,

where the last inequality uses the left-continuity of P(T < f̂a(X) | D). Furthermore, for a

given x ∈ X ,

P
(
T < f̂â(x) |X = x,D

)
≤ P

(
T < f̂a(α+∆)(x) |X = x,D

)
≤P
(
T < qα+∆(x) + E |X = x, I2

)
≤ α +∆+BE ,

where the second inequality follows from the definition of E (and that ∆ ≤ r), and the last

inequality is due to Assumption 2 (and that both ∆ and E are bounded by r). We have

therefore arrived at our desired conclusion.

It remains to show that P(a(α +∆) ≥ â) ≥ 1− δ. As before, we fix an arbitrary ε ∈ (0, ψ].

Then for any t > 0,

P
(
α̂
(
a(α +∆) + ε

)
≤ α

∣∣ I1)
=P
(
α
∑
i∈I2

ŵa(α+∆)+ε(Xi) · 1
{
Ci ≥ f̂a(α+∆)+ε(Xi)

}
−
∑
i∈I2

ŵa(α+∆)+ε(Xi) · 1
{
Ci ≥ f̂a(α+∆)+ε(Xi) > Ti

}
≥ 0

∣∣ I1)

≤E

[
exp

{
t ·
(
α
∑
i∈I2

ŵa(α+∆)+ε(Xi) · 1{Ci ≥ f̂a(α+∆)+ε(Xi)}

−
∑
i∈I2

ŵa(α+∆)+ε(Xi) · 1{Ci ≥ f̂a(α+∆)+ε(Xi) > Ti}
)} ∣∣∣∣ I1

]
, (A.11)

where the inequality follows from Markov’s inequality. Next, we condition on (Xi, Ti)i∈I2
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and have

E
[
exp

{
t

n∑
i∈I2

ŵ(α+∆)+ε(Xi)1
{
Ci ≥ f̂a(α+∆)+ε(Xi)

}
·
(
α− 1

{
Ti < f̂a(α+∆)+ε(Xi)

})
− t

∑
i∈I2

ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)
·
(
α− 1

{
Ti < f̂a(α+∆)+ε(Xi)

})} ∣∣∣ (Xi, Ti)i∈I2 , I1
]

(a)
≤ exp

{t2
8

∑
i∈I2

ŵ2
a(α+∆)+ε(Xi)

(
α− 1{Ti < f̂a(α+∆)+ε(Xi)}

)2}
(b)
≤ exp

( |I2| · γ̂2t2
8

)
, (A.12)

where step (a) is due to the 1
4 -sub-Gaussianity of 1{Ci ≥ f̂a(α+∆)+ε(Xi)}, and step (b) the

boundedness of ŵa(α+∆)+ε(·). Combining (A.11) and (A.12), we have

(A.11) ≤E

[
exp

{
t
∑
i∈I2

ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)

(
α− 1

{
Ti < f̂a(α+∆)+ε(Xi)

})

+
|I2|γ̂2t2

8

} ∣∣∣∣ I1
]
. (A.13)

Next, recall that pa(x) = P
(
T < f̂a(x) |X = x

)
. We now condition on (Xi)i∈I2 :

E
[
exp

{
t
∑
i∈I2

ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)
·
(
pa(α+∆)+ε(Xi)− 1{Ti < f̂a(α+∆)+ε(Xi)}

)} ∣∣∣ (Xi)i∈I2 , I1
]

(a)
≤ exp

{t2
8

∑
i∈I2

ŵa(α+∆)(Xi)
2

wa(α+∆)(Xi)
2

}
(b)
≤ exp

( |I2| · γ̂2t2
8

)
,

where step (a) uses the sub-Gaussianity of pa(Xi)− 1{Ti < f̂a(Xi)} and step (b) is due to

159



the boundedness of ŵa(·). Combining the above, we now have

(A.13) ≤E
[
exp

(
t
∑
i∈I2

ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)
·
(
α− pa(α+∆)+ε(Xi)

)
+

|I2|γ̂2t2

4

) ∣∣∣ I1]

=E
[
exp

(
t
∑
i∈I2

ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)
·
(
α− P(Ti < f̂a(α+∆)+ε(Xi) |Xi, I1)

)
+

|I2|γ̂2t2

4

) ∣∣∣ I1].
(A.14)

By Assumption 3, ∆ ≤ r, and by the definition of E ,
∣∣qα+∆(x) − f̂a(α+∆)(x)

∣∣ ≤ E ; Conse-

quently,

P(Ti < f̂a(α+∆)+ε(Xi) |Xi, I1) ≥ P(Ti < f̂a(α+∆)(Xi) |Xi, I1) ≥ P(Ti < qα+∆(Xi)−E |Xi, I1).

Then,

(A.14) ≤E
[
exp

(
t
∑
i∈I2

ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)
·
(
α− P(Ti < qα+∆(Xi)− E |Xi, I1)

)
+

|I2|γ̂2t2

4

) ∣∣∣ I1]
(a)
≤E

[
exp

(
t
∑
i∈I2

ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)
·
(
α− (α +∆−BE)

)
+

|I2|γ̂2t2

4

) ∣∣∣ I1]

=E
[
exp

(
− t(∆−BE) ·

∑
i∈I2

ŵa(α+∆)+ε(Xi)

wa(α+∆)+ε(Xi)
+

|I2|γ̂2t2

4

) ∣∣∣ I1] (A.15)

(b)
≤ exp

(
− |I2|t(∆−BE)

γ
+

|I2|γ̂2t2

4

)
, (A.16)

where step (a) is due to that E ≤ r and Assumption 2; step (b) follows from the boundedness

of wa(·) and that ∆−BE ≥ 0. Taking t = 2
γγ̂2

(∆−BE), we have

(A.14) = exp
(
− 1

γ2γ̂2
· (∆−BE)2|I2|

)
≤ δ,

where the last inequality is due to the choice of ∆. As a result, we have with probability at
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least 1− δ that α̂(a(α +∆) + ε) > α, which implies that a(α +∆) + ε > â. That is,

P
(
a(α +∆) + ε > â

)
≥ 1− δ.

Again, taking ε→ 0 and using the continuity of probability measures, we have w.p. at least

1− δ that a(α +∆) ≥ â, and thus complete the proof.
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APPENDIX B

APPENDICES FOR CHAPTER 3

B.1 Proofs and few additional results

B.1.1 Completing the proof of Theorem 3.6

With the calculations shown in the proof sketch (in Section 3.4.3) in place, we now need

to verify two claims: we need to prove the bound (3.18) on the expected total variation

distance, and we need to prove the claim in the theorem itself.

First we verify that (3.18) holds. First, by definition, PX ◦g◦H(·, X̃) is absolutely continuous

with respect to PX ◦H(·, X̃), and we can compute the Radon–Nikodym derivative relating

these two distributions as

d(PX ◦ g ◦H(·, X̃))(x)

d(PX ◦H(·, X̃))(x)
= g(x) ·

∫
X H(x′, X̃) dPX(x′)∫

X g(x′)H(x′, X̃) dPX(x′)
=

g(x)

E
X′∼PX◦H(·,X̃)

[g(X ′)]
.

Therefore, treating X̃ as fixed in all the following calculations, we have

dTV

(
PX ◦H(·, X̃), PX ◦ g ◦H(·, X̃)

)
=

1

2
E
PX◦H(·,X̃)

[∣∣∣∣∣ g(X)

E
X′∼PX◦H(·,X̃)

[g(X ′)]
− 1

∣∣∣∣∣
]

=
E
X∼PX◦H(·,X̃)

[
|g(X)− E

X′∼PX◦H(·,X̃)

[
g(X ′)

]
|
]

2E
PX◦H(·,X̃)

[g(X)]

≤
E
X,X′iid∼PX◦H(·,X̃)

[
|g(X)− g(X ′)|

]
2E

PX◦H(·,X̃)
[g(X)]

= E
X,X′iid∼PX◦H(·,X̃)

[
|g(X)− g(X ′)|

]
·

EPX
[
H(X, X̃)

]
2EPX

[
g(X)H(X, X̃)

] ,
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where the inequality holds by Jensen’s inequality. Next we need to marginalize over X̃, i.e.,

P̃
X̃

. We have defined this distribution as the marginal distribution of X̃ when we first draw

X ∼ PX ◦ g, then draw X̃ ∼ H(X, ·) (where we recall that H(X, ·) is a density with respect

to some base measure ν), meaning that P̃
X̃

has density at x given by EPX◦g [H(X, x)] =
EPX

[g(X)H(X,x)]

EPX
[g(X)]

. Consequently,

E
P̃
X̃

[
dTV

(
PX ◦H(·, X̃), PX ◦ g ◦H(·, X̃)

)]
≤
∫
X

EPX [g(X)H(X, x)]

EPX [g(X)]
·E
X,X′iid∼PX◦H(·,x)

[
|g(X)− g(X ′)|

]
·

EPX [H(X, x)]

2EPX [g(X)H(X, x)]
dν(x)

=

∫
X
E
X,X′iid∼PX◦H(·,x)

[
|g(X)− g(X ′)|

]
·
EPX [H(X, x)]

2EPX [g(X)]
dν(x)

=

EP
X̃

E
X,X′iid∼P

X|X̃

[
|g(X)− g(X ′)|

]
2EPX [g(X)]

,

where for the last step, we use the marginal distribution P
X̃

of X̃ under the joint distribution

P
(X,X̃)

, where we first draw X ∼ PX and then X̃ ∼ H(X, ·); this distribution has density

EPX [H(X, x)] with respect to ν. Finally, standard calculations show that

E
X,X′iid∼P

X|X̃

[
|g(X)− g(X ′)|

]
≤ E

X,X′iid∼P
X|X̃

[
(g(X)− g(X ′))2

]1/2
=
√

2VarP
X|X̃

(g(X)),

which completes the proof of (3.18).

Now we need to verify the proof of the upper bound in the theorem. Returning to our

calculations above, it suffices to prove that

1

2
EP

X̃

[
E
[
X,X ′ iid∼ P

X|X̃

∣∣∣ |g(X)− g(X ′)|
]]

≤ ϵ · Lg,2ϵ,A + ∥g∥∞ · P
(X,X̃)

{∥X − X̃∥ > ϵ}+ ∥g∥∞ · PX(Ac),
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for any ε > 0 and any A ⊆ X . By definition of Lg,2ε,A, we can write

1

2
|g(X)− g(X ′)| ≤


2ε·Lg,2ε,A

2 , if X,X ′ ∈ A and ∥X −X ′∥ ≤ 2ε,

∥g∥∞/2, otherwise,

where for the second case we recall that g is nonnegative and so |g(x) − g(x′)| ≤ ∥g∥∞ for

any x, x′. Therefore,

1

2
EP

X̃

[
E
[
X,X ′ iid∼ P

X|X̃

∣∣∣ |g(X)− g(X ′)|
]]

≤ ε·Lg,2ε,A+
∥g∥∞
2

·EP
X̃

P
X,X′iid∼P

X|X̃

{
X ̸∈ A or X ′ ̸∈ A or ∥X − X̃∥ > ε or ∥X ′ − X̃∥ > ε

}
≤ ε · Lg,2ε,A +

∥g∥∞
2

· 2EP
X̃

[
PX∼P

X|X̃
{X ̸∈ A or ∥X − X̃∥ > ε}

]
≤ ε · Lg,2ε,A + ∥g∥∞ · PP

(X,X̃)

{
∥X − X̃∥ > ε

}
+ ∥g∥∞ · PX(Ac),

which completes the proof.

B.1.2 Training-conditional coverage

In this subsection, we will establish training-conditional coverage guarantees for RLCP. To-

wards that, we start with defining miscoverage of RLCP conditioned on the training data

set Dn = {(Xi, Yi)}i∈[n],1

αtr(Dn) = P
{
Yn+1 ̸∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ Dn} .

1. Note that, since the score function s = s(x, y) is treated as fixed, in a practical setting where s was
fitted on a pretraining set, and so we might refer to the data points {(Xi, Yi)}i∈[n] as the calibration set (as
in our empirical results in Section 3.5). This means that we are interested in coverage conditional on both
the pretraining and calibration datasets.

164



We would then like to show that αtr(Dn) ⪅ α holds with high probability, with respect to

the random draw of the training data Dn. This type of result is well known to hold for split

conformal prediction [Vovk, 2012]. On the other hand, for full conformal prediction, Bian

and Barber [2023] prove a hardness result establishing that it is impossible to guarantee

training-conditional coverage without further assumptions. Since the localized CP methods

are closely related to full conformal prediction (as discussed in Section 3.6.3), it is not

immediately clear whether a training-conditional guarantee can hold for a localized method.

In this section, we will establish a training-conditional coverage guarantee for RLCP. First we

will show a finite-sample result, and then will discuss how to interpret it from an asymptotic

point of view.

Theorem B.1. For any δ > 0, the RLCP method satisfies the training-conditional coverage

guarantee

P

αtr(Dn) ≤ α +
2

(δn)1/3
E

[
H2
2 (X̃n+1)

H1(X̃n+1)2

]1/3 ≥ 1− δ,

where for x ∈ X , we define

H1(x) = EPX [H(X, x)] , H2
2 (x) = EPX

[
H(X, x)2

]
.

Now we consider an asymptotic view—when can we expect the excess error term to be

vanishing as n → ∞? For example, in the case X = R, under suitable regularity conditions

on PX , if at sample size n we take H to be the normalized box kernel with bandwidth hn,

then we would expect to have H1(X̃n+1) ≍ 1 and H2
2 (X̃n+1) ≍ h−1

n . Consequently, the

upper bound on αtr(Dn) is of the form α + OP

(
(nhn)

−1/3
)
. As long as nhn → ∞, then,

we expect to see asymptotic training-conditional coverage.

Proof of Theorem B.1. Fix any α∗ > α. Condition on the value of X̃n+1, and let q∗(X̃n+1)
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be the (1 − α∗)-quantile of the distribution of s(X, Y ) under the distribution (X, Y ) ∼

(PX ◦ H(·, X̃n+1)) × PY |X . Then by our calculation of the conditional distribution of the

test point (Xn+1, Yn+1) given X̃n+1 (as in (3.14)) we have

P
{
s(Xn+1, Yn+1) ≤ q∗(X̃n+1)

∣∣∣ X̃n+1

}
≥ 1− α∗ almost surely.

Moreover since (Xn+1, Yn+1, X̃n+1) is independent of the training data Dn = {(Xi, Yi)}i∈[n]

we can equivalently write this as

P
{
s(Xn+1, Yn+1) ≤ q∗(X̃n+1)

∣∣∣ X̃n+1, Dn

}
≥ 1− α∗ almost surely.

We then calculate

αtr(Dn) = P
{
Yn+1 ̸∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ Dn}

= P
{
s(Xn+1, Yn+1) > q̂1−α(Xn+1, X̃n+1)

∣∣∣ Dn}
= E

[
P
{
s(Xn+1, Yn+1) > q̂1−α(Xn+1, X̃n+1)

∣∣∣ X̃n+1, Dn

} ∣∣∣ Dn]
≤ E

[
P
{
s(Xn+1, Yn+1) > q∗(X̃n+1)

∣∣∣ X̃n+1, Dn

}
+ P

{
q∗(X̃n+1) > q̂1−α(Xn+1, X̃n+1)

∣∣∣ X̃n+1, Dn

} ∣∣∣∣ Dn]
≤ α∗ + E

[
P
{
q∗(X̃n+1) > q̂1−α(Xn+1, X̃n+1)

∣∣∣ X̃n+1, Dn

} ∣∣∣ Dn]
= α∗ + P

{
q∗(X̃n+1) > q̂1−α(Xn+1, X̃n+1)

∣∣∣ Dn} .
Moreover, by Markov’s inequality, for any δ > 0 we have

P
{
q∗(X̃n+1) > q̂1−α(Xn+1, X̃n+1)

∣∣∣ Dn} ≤ δ−1P
{
q∗(X̃n+1) > q̂1−α(Xn+1, X̃n+1)

}
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with probability at least 1− δ. We have therefore shown that

P
{
αtr(Dn) ≤ α∗ + δ−1P

{
q∗(X̃n+1) > q̂1−α(Xn+1, X̃n+1)

}}
≥ 1− δ.

Now we need to bound the term P
{
q∗(X̃n+1) > q̂1−α(Xn+1, X̃n+1)

}
. By definition of the

quantile q̂1−α(Xn+1, X̃n+1), on the event q∗(X̃n+1) > q̂1−α(Xn+1, X̃n+1) we must have

n∑
i=1

w̃i1
{
s(Xi, Yi) < q∗(X̃n+1)

}
≥ 1− α,

for weights

w̃i =
H(Xi, X̃n+1)∑n+1
j=1 H(Xj , X̃n+1)

.

Equivalently, we must have

n∑
i=1

H(Xi, X̃n+1)1
{
s(Xi, Yi) < q∗(X̃n+1)

}
≥ (1− α)

n+1∑
i=1

H(Xi, X̃n+1),

which implies

n∑
i=1

H(Xi, X̃n+1)
(
1

{
s(Xi, Yi) < q∗(X̃n+1)

}
− (1− α)

)
≥ (1− α)H(Xn+1, X̃n+1) ≥ 0.

Next, conditional on X̃n+1, the terms in the sum are independent, and each term i has

variance

Var
(
H(Xi, X̃n+1)

(
1

{
s(Xi, Yi) < q∗(X̃n+1)

}
− (1− α)

) ∣∣∣ X̃n+1

)
≤ E

[
H(Xi, X̃n+1)

2
(
1

{
s(Xi, Yi) < q∗(X̃n+1)

}
− (1− α)

)2 ∣∣∣∣ X̃n+1

]
≤ E

[
H(Xi, X̃n+1)

2
∣∣∣ X̃n+1

]
= H2

2 (X̃n+1).
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We can also calculate, for any x ∈ X and any q ∈ R,

E [H(Xi, x)1 {s(Xi, Yi) < q}] = EPX×PY |X [H(X, x)1 {s(X, Y ) < q}]

= P(PX◦H(·,x))×PY |X
{s(X, Y ) < q} · EPX [H(X, x)] ,

and so, plugging in x = X̃n+1 and q = q∗(X̃n+1), we have

E
[
H(Xi, X̃n+1)1

{
s(Xi, Yi) < q∗(X̃n+1)

} ∣∣∣ X̃n+1

]
= P

PX◦H(·,X̃n+1))×PY |X

{
s(X, Y ) < q∗(X̃n+1)

∣∣∣ X̃n+1

}
· EPX

[
H(X, X̃n+1)

∣∣∣ X̃n+1

]
= P

{
s(Xn+1, Yn+1) < q∗(X̃n+1)

∣∣∣ X̃n+1

}
· E
[
H(Xi, X̃n+1)

∣∣∣ X̃n+1

]
≤ (1− α∗) · E

[
H(Xi, X̃n+1)

∣∣∣ X̃n+1

]
.

Therefore, for each i,

E
[
H(Xi, X̃n+1)

(
1

{
s(Xi, Yi) < q∗(X̃n+1)

}
− (1− α)

) ∣∣∣ X̃n+1

]
≤ −(α∗ − α)E

[
H(Xi, X̃n+1)

∣∣∣ X̃n+1

]
= −(α∗ − α) ·H1(X̃n+1).

Applying Chebyshev’s inequality, then,

P

{
n∑
i=1

H(Xi, X̃n+1)
(
1

{
s(Xi, Yi) < q∗(X̃n+1)

}
− (1− α)

)
≥ 0

∣∣∣∣∣ X̃n+1

}

≤ n−1 ·
H2
2 (X̃n+1)

(α∗ − α)2H1(X̃n+1)2
.

Combining everything, we have therefore shown that

P
{
q∗(X̃n+1) > q̂1−α(Xn+1, X̃n+1)

}
≤ 1

n(α∗ − α)2
· E

[
H2
2 (X̃n+1)

H1(X̃n+1)2

]
,
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and so,

P

{
αtr(Dn) ≤ α∗ +

1

δn(α∗ − α)2
· E

[
H2
2 (X̃n+1)

H1(X̃n+1)2

]}
≥ 1− δ.

Choosing

α∗ = α +
1

(δn)1/3
E

[
H2
2 (X̃n+1)

H1(X̃n+1)2

]1/3
,

we have established that

P

αtr(Dn) ≤ α +
2

(δn)1/3
E

[
H2
2 (X̃n+1)

H1(X̃n+1)2

]1/3 ≥ 1− δ,

as desired.

B.1.3 Asymptotic test-conditional coverage

Since the model-free conditional coverage guarantee is impossible to attain, it is a com-

mon practice in literature to instead prove asymptotic test-conditional coverage. In this

subsection, we establish such guarantees for RLCP prediction intervals.

As in Section 3.4.2, we consider an asymptotic regime where the distribution P is fixed and

the marginal PX has density fX with respect to Lebesgue measure on Rd (meaning that,

implicitly, dimension d is also fixed), while taking n→ ∞ and using a normalized box kernel

H with bandwidth hn to implement RLCP. In this section, instead of considering coverage

conditional on an event Xn+1 ∈ B(x0, rn) (i.e., conditioning on increasingly localized balls,

as rn → 0), we will instead see that under some additional regularity assumptions we can

condition on Xn+1 = x0. As before, let s be a pretrained score function. We will write PS|X

to denote the distribution of s(X, Y ) conditional on X, under the distribution (X, Y ) ∼ P .

We also assume that, marginally over (X, Y ) ∼ P , the distribution of s(X, Y ) is nonatomic.
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In this regime, the following result holds for pointwise test-conditional coverage:

Theorem B.2. Under the notation and assumptions above,

∣∣∣P{Yn+1 ∈ ĈRLCP
n (Xn+1, X̃n+1)

∣∣∣ Xn+1 = x0

}
− (1− α)

∣∣∣
≤ 1

n+ 1
+

1

n(hn)d · Vd · infx∈B(x0,2hn) fX(x)
+ 2 sup

x∈B(x0,2hn)
dTV(PS|X(·|x0), PS|X(·|x)).

(B.1)

In particular, if we assume hn → 0, and hn · n1/d → ∞, and if we also assume that fX(x)

is bounded away from zero in a neighbourhood of x = x0, and that that x 7→ PS|X(·|x) is

continuous at x = x0 with respect to the total variation distance, meaning that

sup
∥x−x0∥2≤ϵ

dTV(PS|X(·|x0), PS|X(·|x)) → 0 as ϵ→ 0,

then it holds that

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ Xn+1 = x0

}
→ 1− α.

(As before, Vd is the volume of the unit ball in Rd, while dTV denotes the total variation

distance.)

Proof. Let Si = s(Xi, Yi) for i ∈ [n+1]. Since we are using a box kernel, the quantile cutoff

of RLCP prediction method only uses the training samples that lies within a hn radius ball

of X̃n+1. Define

I(X̃n+1) = {i ∈ [n] : ∥Xi − X̃n+1∥2 ≤ hn},

and Nn =
∑n
i=1 1

{
∥Xi − X̃n+1∥2 ≤ hn

}
= |I(X̃n+1)| be its cardinality. Without loss of

generality, let us enumerate the elements of I(X̃n+1) as {i1, . . . , iNn}. Hence, the quantile

170



cutoff can be simplified to

q̂1−α(Xn+1, X̃n+1) = Quantile1−α
(
Si1 , . . . , SiNn

, Sn+1

)
.

By a simple application of the tower law, we note that

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
∣∣∣ Xn+1 = x0

}
=

E
[
P
{
Sn+1 ≤ Quantile1−α

(
Si1 , . . . , SiNn

, Sn+1

) ∣∣∣ I(X̃n+1), X̃n+1, Xn+1 = x0

} ∣∣∣ Xn+1 = x0

]
.

Now, we will concentrate on the inner probability term. Conditional on I(X̃n+1), X̃n+1 and

on Xn+1 = x0, the scores Si1 , . . . , SiNn are sampled i.i.d. from the distribution P̃
S|X̃(· |

X̃n+1), where P̃
S|X̃(· | x) is defined by


X ∼ PX ◦H(·, x),

S | X ∼ PS|X(· | X),

while Sn+1 is drawn from PS|X(· | x0) (independently of the other scores). Since P̃
S|X̃(· | x)

is absolutely continuous with respect to the marginal distribution of s(X, Y ), it must be

nonatomic. By Lemma B.3 below, we have

∣∣∣P{Sn+1 ≤ Quantile1−α
(
Si1 , . . . , SiNn

, Sn+1

) ∣∣∣ I(X̃n+1), X̃n+1, Xn+1 = x0

}
− (1− α)

∣∣∣
≤ 1

Nn + 1
+ dTV

(
P̃
S|X̃(· | X̃n+1), PS|X(· | x0)

)
.
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Therefore,

∣∣∣P{Yn+1 ∈ ĈRLCP
n (Xn+1, X̃n+1)

∣∣∣ Xn+1 = x0

}
− (1− α)

∣∣∣
≤ E

[
1

Nn + 1

∣∣∣∣ Xn+1 = x0

]
+ E

[
dTV

(
P̃
S|X̃(· | X̃n+1), PS|X(· | x0)

) ∣∣∣ Xn+1 = x0

]
.

To bound the second term, we note that conditional on Xn+1 = x0, we have X̃n+1 ∈

B(x0, hn) almost surely. Therefore,

dTV

(
P̃
S|X̃(· | X̃n+1), PS|X(· | x0)

)
≤ sup
x∈B(x0,hn)

dTV

(
P̃
S|X̃(· | x), PS|X(· | x0)

)
.

Moreover, P̃
S|X̃(· | x) is a mixture of distributions PS|X(· | X) where X is drawn from

PX ◦ H(·, x), i.e., X ∈ B(x, hn) almost surely—and so, for x ∈ B(x0, hn), we have X ∈

B(x0, 2hn) almost surely. Therefore,

dTV

(
P̃
S|X̃(· | X̃n+1), PS|X(· | x0)

)
≤ sup
x∈B(x0,2hn)

dTV

(
PS|X(· | x), PS|X(· | x0)

)
.

Our last step is to bound E
[

1
Nn+1

∣∣∣ Xn+1 = x0

]
. Since the data points X1, . . . , Xn are i.i.d.

samples from PX , and are independent from X̃n+1, we see that conditional on X̃n+1,

Nn ∼ Binomial
(
n, PX(B(X̃n+1, hn)

)
.

And, by definition, we have

PX(B(X̃n+1, hn) ≥ Vd(hn)
d · inf

x∈B(x0,2hn)
fX(x).
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Therefore,

E
[

1

Nn + 1

∣∣∣∣ Xn+1 = x0

]
≥ E

 1

Binomial
(
n, (hn)d · Vd · infx∈B(x0,2hn) fX(x)

)
+ 1

 .
Finally, for any p ∈ [0, 1], E

[
1

Binomial(n,p)+1

]
≤ 1

np , which completes the proof of the

first claim of the theorem (B.1). The second claim follows by simply observing that the

assumptions are sufficient to ensure that every term in the first bound (B.1) is vanishing.

Lemma B.3. Let P0, P1 be distributions on R, where P0 is nonatomic. Let N ≥ 0 be fixed,

and suppose A1, . . . , AN ∼ P0 and B ∼ P1, where A1, . . . , AN , B are independent. Then

1−α−dTV(P0, P1) ≤ P
{
B ≤ Quantile1−α(A1, . . . , AN , B)

}
≤ 1−α+ 1

N + 1
+dTV(P0, P1).

Proof. Let AN+1 ∼ P0 be drawn independently from A1, . . . , AN . Then, by definition of

the total variation distance, we have

∣∣P{B ≤ Quantile1−α(A1, . . . , AN , B)
}
− P

{
AN+1 ≤ Quantile1−α(A1, . . . , AN , AN+1)

}∣∣
≤ dTV

(
(A1, . . . , AN , AN+1), (A1, . . . , AN , B)

)
= dTV(AN+1, B) = dTV(P0, P1).

Finally,

1− α ≤ P
{
AN+1 ≤ Quantile1−α(A1, . . . , AN , AN+1)

}
≤ 1− α +

1

N + 1
,

as in Vovk et al. [2005], since A1, . . . , AN+1 are exchangeable (because they are i.i.d.) and

are distinct almost surely (since P0 is nonatomic).
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B.1.4 Proving the connection between calLCP and full conformal

prediction

Proof of Proposition 3.7. For any dataset (x1, y1), . . . , (xn+1, yn+1), the new score in Section

3.6.3 for the ith data point is defined as

(
T
(
(x1, y1), . . . , (xn+1, yn+1)

))
i
=
n+1∑
j=1

wi,j1
{
s(xj , yj) < s(xi, yi)

}
,

where wi,j =
H(xj,xi)∑n+1
k=1

H(xk,xi)
.

This implies the following equivalence between the two scores, s and T :

s(xi, yi) ≤ Quantile1−a

n+1∑
j=1

wi,jδs(xj,yj)

 ⇐⇒
(
T
(
(x1, y1), . . . , (xn+1, yn+1)

))
i
< 1−a.

(B.2)

Now, for a potential test response y, let us consider Y y1 , Y
y
2 , · · · , Y

y
n+1 as in Section 3.2.2.

Then, the corresponding transformed scores T y1 , T
y
2 , · · · , T

y
n+1, are defined as

T
y
i = T

(
(X1, Y

y
1 ), . . . , (Xn+1, Y

y
n+1)

))
i
= T

(
(X1, Y1), . . . , (Xn, Yn), (Xn+1, y)

))
i

for all i ∈ [n+1].

By the equivalence (B.2) established above, the recalibrated α̃(Xn+1, y), i.e.

max

a ∈ Γ(w) :
n+1∑
i=1

1

s(Xi, Y yi ) ≤ Quantile1−a

n+1∑
j=1

wi,jδs(Xi,Y
y
i )

 ≥ (1− α)(n+ 1)

 ,

with wi,j =
H(Xj,Xi)∑n+1
k=1

H(Xk,Xi)
, i, j ∈ [n + 1], and with Γ(w) defined as in (3.8), can now be

expressed as

α̃(Xn+1, y) = max

{
a ∈ Γ(w) :

n+1∑
i=1

1
{
T
y
i < 1− a

}
≥ (1− α)(n+ 1)

}
.
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This means that α̃(Xn+1, y) is the largest value in Γ(w) satisfying

1− α̃(Xn+1, y) > Quantile1−α(T
y
i , T

y
2 , · · · , T

y
n+1).

Since 1 − T
y
i takes values in the grid Γ(w), then, T yi < 1 − α̃(Xn+1, y) if and only if

T
y
i ≤ Quantile1−α(T

y
i , T

y
2 , · · · , T

y
n+1). Thus once again using the same equivalence (B.2),

one can write ĈcalLCP
n (Xn+1) as

ĈcalLCP
n (Xn+1) =

{
y ∈ Y : T

y
n+1 < 1− α̃(Xn+1, y)

}
=
{
y ∈ Y : T

y
n+1 ≤ Quantile1−α(T

y
i , T

y
2 , · · · , T

y
n+1)

}
.

The set on the right-hand side is exactly the output of the full conformal prediction interval,

using the score map T . This establishes the result that ĈcalLCP
n (Xn+1) and ĈfullCP

n (Xn+1)

are exactly same.

B.1.5 A connection between m-RLCP and baseLCP

To understand the behavior of m-RLCP from another perspective, we will look at an equiv-

alent formulation. Define an average weight,

W (Xi, Xn+1) = E
X̃n+1|Xn+1∼H(Xn+1,·)

[
H(Xi, X̃n+1)∑n+1
j=1 H(Xj , X̃n+1)

]
,

which is the expected value of the weight w̃i placed on training point i when we run RLCP,

averaged over the random draw of X̃n+1. We then define

p̃(y;Xn+1) =
n∑
i=1

W (Xi, Xn+1)1 {s(Xi, Yi) ≥ s(Xn+1, y)}+W (Xn+1, Xn+1).
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Comparing to the p-value p(y;Xn+1, X̃n+1) that defines the RLCP method (see (3.20)), we

can see that this construction is identical except that we use the expected weights in place

of the random w̃i’s. We then correspondingly define a prediction interval

C̃n(Xn+1) = {y ∈ Y : p̃(y;Xn+1) > α}.

We now make a key observation: C̃n(Xn+1) is actually equivalent to the baseLCP prediction

interval CbaseLCP
n (Xn+1), if in place of the localizer kernel H, we use a new kernel defined

by W (note, however, that we are slightly abusing the notation here, since W (Xi, Xn+1)

depends not only on the two feature values Xi, Xn+1 but also on the remaining data points

in the training set).

Now we again consider m-RLCP. Observe that the derandomized p-value p̄(y;Xn+1, X̃
[m]
n+1),

defined in (3.21), can be viewed as a stochastic approximation to p̃(y;Xn+1) (i.e., the ex-

pected weight, W (Xi, Xn+1), is approximated by averaging m independent samples). Thus,

Ĉm-RLCP
n (Xn+1) can be viewed as an approximate version of the interval C̃n(Xn+1), which

is the interval produced by baseLCP if run with a different kernel.

Based on this connection, we see that the empirically conservative behavior of m-RLCP is

not surprising; our experiments, and the experiments of Guan [2023], have demonstrated that

baseLCP can often be quite conservative, and this property is then inherited by m-RLCP

due to the connection between these two methods.

B.2 Details for smoothing to avoid overcoverage

In order to have a meaningful comparison between calLCP and RLCP in terms of local

coverage, we should firstly have exact marginal coverage guarantee for both methods. For

all methods in the conformal prediction framework (e.g., split CP), the standard theory
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ensures that marginal coverage will be at least 1 − α, but the method can overcover (i.e.,

coverage strictly higher than 1 − α). In the exchangeable setting, any overcoverage is due

only to two things: first, the issue of rounding (e.g., if (1 − α)(n + 1) is a noninteger, then

calculating the (1−α)-quantile for split conformal prediction as in (1.2) is necessarily slightly

conservative), and second, the possibility of ties between scores.

For split and full conformal prediction (i.e., in the unweighted and unlocalized setting),

Vovk et al. [2005, Proposition 2.4] propose a randomization strategy, often also referred as

“smoothed conformal predictors”, to ensure exact coverage and avoid overcoverage. Taking

inspiration from that randomization strategy, we will now develop the smoothed version of

our method.

We will begin this section with reviewing the weighted conformal prediction (WCP) frame-

work, and presenting its smoothed version. We will then extend these ideas to the setting of

localized methods.

B.2.1 Smoothing for weighted conformal prediction (WCP)

The idea behind RLCP (and indeed, behind baseLCP and calLCP as well) is closely con-

nected to the weighted conformal prediction (WCP) framework [Tibshirani et al., 2019]. The

weighted conformal prediction (WCP) method (Tibshirani et al. [2019]) builds a prediction

interval of the form

ĈWCP
n (Xn+1) =

{
y ∈ Y : s(Xn+1, y) ≤ Quantile1−α

(
n∑
i=1

wiδs(Xi,Yi)
+ wn+1δ+∞

)}
,

for any pre-trained score function s. In the covariate shift setting, where we have training

data {(Xi, Yi)}i∈[n]
iid∼ PX ×PY |X and a test point (Xn+1, Yn+1) ∼ P̃X ×PY |X . the weight
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for ith data point is given by

wi =

dP̃X
dPX

(Xi)∑n+1
j=1

dP̃X
dPX

(Xj)
.

The marginal validity of this prediction interval ensures P
{
Yn+1 ∈ ĈWCP

n (Xn+1)
}
≥ 1−α.

In general, any weighted conformal prediction interval can be extremely conservative, much

more so than (unweighted) conformal prediction. This is because, while computing the

(1 − α)-quantile, Quantile1−α(·) for an unweighted empirical distribution over n + 1 many

values, rounding means that we take the k-th smallest value for k = ⌈(1 − α)(n + 1)⌉; in

other words, we are actually computing the quantile at level ⌈(1−α)(n+1)⌉
n+1 , but this value is

bounded as ≤ 1 − α + 1
n+1 . However, for WCP, the conservativeness caused by rounding

when computing the quantile of a weighted discrete distribution can potentially be as large

as the largest weight—which might be much larger than 1
n+1 , if the weights are concentrated

on just a few samples (i.e., low effective sample size). This means that providing a smoothed

version to avoid overcoverage is particularly important in the weighted setting.

To do so, we begin by returning to the p-value based interpretation. An alternative way to

express the construction of WCP prediction interval would be as follows. Define a p-value

for any potential response y by comparing it with the weighted empirical distribution, where

the weight for ith data point is defined as above. Then, ĈWCP
n (Xn+1) can be also expressed

as {y ∈ Y : pWCP(y) > α} where

pWCP(y) =
n∑
i=1

wi1 {s(Xi, Yi) ≥ s(Xn+1, y)}+ wn+1.

In the covariate shift setting described above, this p-value can be shown to follow a super-

uniform distribution, i.e., P
{
pWCP(Yn+1) ≤ α

}
≤ α; this claim is equivalent to the claim

that Yn+1 ∈ ĈWCP
n (Xn+1) with probability at least 1− α.
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Now, to apply smoothing, we need to adjust this p-value so that its distribution is exactly

uniform, which will ensure that Yn+1 ∈ ĈWCP
n (Xn+1) holds with probability exactly 1− α.

We modify the definition of the p-value to now be given by

pWCP(y) =
n∑
i=1

wi1 {s(Xi, Yi) > s(Xn+1, y)}+U

(
n∑
i=1

wi1 {s(Xi, Yi) = s(Xn+1, y)}+ wn+1

)
,

where U ∼ Uniform[0, 1] is drawn independently of the data (note that typically, a single

draw of U is used across all possible values y ∈ Y). Under the covariate shift setting, the new

p-value is now exactly uniformly distributed. This construction is analogous to the smoothed

version of (unweighted) split conformal prediction, as proposed by Vovk et al. [2005]. Then

the smoothed prediction interval, defined as ĈWCP
n (Xn+1) = {y ∈ Y : pWCP(y) > α},

satisfies marginal coverage at level exactly 1− α:

Proposition B.4. Under the notation and definitions above, the smoothed WCP prediction

interval has marginal coverage exactly equal to 1− α under the covariate shift model.

Proof. Let P̂score =
∑n+1
i=1 wiδs(Xi,Yi)

be the weighted empirical distribution of the (train-

ing and test) score values, where wi ∝ dP̃X
dPX

(Xi) as defined above. Following Tibshirani

et al. [2019]’s formulation of the covariate shift setting through the language of weighted

exchangeability (see, e.g., the proof of Tibshirani et al. [2019, Lemma 1]), we can see that

the conditional distribution of the test score is given by

s(Xn+1, Yn+1) | P̂score ∼ P̂score.

In words, if we condition on the unordered set (or multiset, in the case of repeated values)

of scores {s(Xi, Yi)}i∈[n+1], the chance that the test score s(Xn+1, Yn+1) takes any one of
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these values is proportional to the weight assigned to that value. Then

P
{
Yn+1 ∈ ĈWCP

n (Xn+1)
}
= 1− P

{
pWCP(Yn+1) ≤ α

}
= 1− E

[
P
{
pWCP(Yn+1) ≤ α

∣∣∣ P̂score
}]

,

so it suffices to show that

P
{
pWCP(Yn+1) ≤ α

∣∣∣ P̂score
}
= α

holds almost surely. By definition of pWCP(y) observe that we can calculate

pWCP(Yn+1) =
n+1∑
i=1

wi1 {s(Xi, Yi) > s(Xn+1, Yn+1)}+U

(
n+1∑
i=1

1 {s(Xi, Yi) = s(Xn+1, Yn+1)}

)
,

or equivalently, writing

p(s) = P
S∼P̂score

{S > s}+ U · P
S∼P̂score

{S = s} ,

we have

pWCP(Yn+1) = p(s(Xn+1, Yn+1)).

Now, since we know that, conditionally on P̂score we have s(Xn+1, Yn+1) ∼ P̂score, this

means that

P
{
pWCP(Yn+1) ≤ α

∣∣∣ P̂score
}
= P

{
p(s(Xn+1, Yn+1)) ≤ α

∣∣∣ P̂score
}

= P
S∼P̂score

{
p(S) ≤ α

∣∣∣ P̂score
}
= α,

where the last step holds by definition of p(s). This completes the proof.
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B.2.2 From smoothed WCP to smoothed RLCP

First, we recall the p-value based formulation of RLCP, as in Section 3.6.2: writing

pRLCP(y) =
n∑
i=1

H(Xi, X̃n+1)∑n+1
j=1 H(Xj , X̃n+1)

1 {s(Xi, Yi) ≥ s(Xn+1, y)}+
H(Xn+1, X̃n+1)∑n+1
j=1 H(Xj , X̃n+1)

,

the prediction interval is given by ĈRLCP
n (Xn+1) = {y ∈ Y : pRLCP(y) > α}.

As we observed in the proof of Proposition 3.2, which established coverage for RLCP condi-

tional on the “synthetic prototype” X̃n+1, we can think of RLCP as constructing a weighted

conformal prediction interval for the covariate shift problem that is (randomly) defined via

the shifted feature distribution P̃X = PX ◦ H(·, X̃n+1). In other words, in a sense we can

view RLCP as an instance of WCP. This means that RLCP can be smoothed in the same

way. Thus, we redefine the p-value as

pRLCP(y) =
n∑
i=1

H(Xi, X̃n+1)∑n+1
j=1 H(Xj , X̃n+1)

1 {s(Xi, Yi) > s(Xn+1, y)}

+ U

(
n∑
i=1

H(Xi, X̃n+1)∑n+1
j=1 H(Xj , X̃n+1)

1 {s(Xi, Yi) = s(Xn+1, y)}+
H(Xn+1, X̃n+1)∑n+1
j=1 H(Xj , X̃n+1)

)
,

where U ∼ Uniform[0, 1] is drawn independently of the data, and again define ĈRLCP
n (Xn+1) =

{y ∈ Y : pRLCP(y) > α}. This leads to the following marginal coverage guarantee:

Theorem B.5 (Marginal coverage for smoothed RLCP). The smoothed RLCP method de-

fined above satisfies the exact marginal coverage property,i.e., for any distribution P , if

(X1, Y1), . . . , (Xn+1, Yn+1)
iid∼ P , then

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
}
= 1− α.

Proof. Following the same arguments as in the proof of Theorem 3.3, we can see that it
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suffices to prove a result analogous to Proposition 3.2: that is, we need to establish that for

smoothed RLCP, it holds that

E
[
α(Xn+1, X̃n+1)

∣∣∣ X̃n+1

]
= α almost surely.

As in the proof of Proposition 3.2, this result follows from reinterpreting RLCP as an instance

of WCP, in the covariate shift setting induced by conditioning on X̃n+1; since Proposition B.4

verifies exact marginal coverage under covariate shift for smoothed WCP, this completes the

proof.

Consequences for coverage with respect to unknown covariate shift

In Theorem 3.6, we established a lower bound on coverage for the RLCP method, for covariate

shifts of the form PX ◦ g where g is unknown. In particular, in Section 3.4.3, we discussed

that the result of the thoerem arises from the bound

P
{
Yn+1 ∈ ĈRLCP

n (Xn+1, X̃n+1)
}
≥ 1−α−E

P̃
X̃

[
dTV

(
PX ◦H(·, X̃), PX ◦ g ◦H(·, X̃)

)]
,

since this expected total variation term is bounded by the excess error term in the theorem.

For the smoothed setting, this expected total variation distance bounds the deviation from

1−α coverage in either direction—that is, it bounds overcoverage as well as undercoverage.

In particular, we have the following result:

Theorem B.6 (Robustness to covariate shift for smoothed RLCP). The smoothed RLCP

method defined above satisfies the following property: for any distribution P , for every g :
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X → R≥0 with PX ◦ g well-defined (i.e., with 0 < EPX [g(X)] <∞) it holds that

∣∣∣P{Yn+1 ∈ ĈRLCP
n (Xn+1, X̃n+1)

}
− (1− α)

∣∣∣ ≤ E
P̃
X̃

[
dTV

(
PX ◦H(·, X̃), PX ◦ g ◦H(·, X̃)

)]
≤

infA⊆X ,ϵ>0
{
ϵ · Lg,2ϵ,A + ∥g∥∞ · P

(X,X̃)
{∥X − X̃∥ > ϵ}+ ∥g∥∞ · PX(Ac)

}
EPX [g(X)]

,

where the probability on the left-hand side is taken with respect to if (X1, Y1), . . . , (Xn, Yn)
iid∼

P and (Xn+1, Yn+1) ∼ (PX ◦ g)× PY |X .

We omit the proof, since it follows from analogous arguments as the results above.

This result for covariate shift also leads to a result on relaxed test-conditional coverage (just

like, for the unsmoothed version of RLCP, Theorem 3.4 is a special case of Theorem 3.6):

for {(Xi, Yi)}i∈[n+1]
iid∼ P , and for any subset B ⊆ X , we have

∣∣∣P{Yn+1 ∈ ĈRLCP
n (Xn+1, X̃n+1)

∣∣∣ Xn+1 ∈ B
}
− (1− α)

∣∣∣
≤

infϵ>0

{
P
(X,X̃)

{∥X − X̃∥ > ϵ}+ PX(bd2ϵ(B))
}

PX(B)
.

B.2.3 Smoothed versions of baseLCP and calLCP

For calLCP, Guan [2023, Theorem 2.6] proposes a smoothed version of the calLCP method,

and verifies that it achieves exactly 1 − α marginal coverage. An interesting observation

is that, since we have seen in Proposition 3.7 that calLCP is actually an instance of full

CP implemented with a particular choice of the score function, Guan [2023, Theorem 2.6]’s

smoothing approach can also be derived by formulating calLCP as an instance of full CP, and

then applying Vovk et al. [2005, Proposition 2.4]’s smoothed version of full CP. Specifically,
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defining weights wi,j =
H(Xj,Xi)∑n+1
k=1

H(Xk,Xi)
as before, we compute a smoothed p-value as

pcalLCP(y) =
n∑
i=1

1

n+ 1
1

{
T
y
i > T

y
n+1

}
+ U

(
n∑
i=1

1

n+ 1
1

{
T
y
i = T

y
n+1

}
+

1

n+ 1

)
,

where U ∼ Uniform[0, 1] is drawn independently of the data, and where we define T y ∈ Rn+1

with entries

T
y
i =


∑n
j=1wi,j1

{
s(Xj , Yj) < s(Xi, Yi)

}
+ wi,n+11 {s(Xn+1, y) < s(Xi, Yi)} , i ∈ [n],∑n

j=1wn+1,j1
{
s(Xj , Yj) < s(Xn+1, y)

}
, i = n+ 1.

For baseLCP, as we have discussed, the method does not in fact offer a guarantee of marginal

coverage ≥ 1− α. Nonetheless, to treat the methods in a comparable way, we implement a

smoothed version of baseLCP. Recalling our discussion in Section 3.2.3, since baseLCP is also

constructed based on the WCP framework (as is RLCP), we can define a smoothed version

of baseLCP by leveraging the smoothed version of WCP. To do so, first we reformulate

(unsmoothed) baseLCP via a p-value: for weights wi,j as above, defining

pbaseLCP(y) =
n∑
i=1

H(Xi, Xn+1)∑n+1
j=1 H(Xj , Xn+1)

1 {s(Xi, Yi) ≥ s(Xn+1, y)}+
H(Xn+1, Xn+1)∑n+1
j=1 H(Xj , Xn+1)

,

the baseLCP prediction interval can be equivalently written as ĈbaseLCP
n (Xn+1) = {y ∈ Y :

pbaseLCP(y) > α}. We then replace the p-value with a smoothed version,

pbaseLCP(y) =
n∑
i=1

H(Xi, Xn+1)∑n+1
j=1 H(Xj , Xn+1)

1 {s(Xi, Yi) > s(Xn+1, y)}

+ U

(
n∑
i=1

H(Xi, Xn+1)∑n+1
j=1 H(Xj , Xn+1)

1 {s(Xi, Yi) = s(Xn+1, y)}+
H(Xn+1, Xn+1)∑n+1
j=1 H(Xj , Xn+1)

)
,
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where again U ∼ Uniform[0, 1] is drawn independently of the data, and then redefine

ĈbaseLCP
n (Xn+1) = {y ∈ Y : pbaseLCP(y) > α} to obtain a smoothed interval.

B.2.4 A note on implementation

For all three methods, the p-value based formulation immediately suggests an efficient imple-

mentation to compute the prediction interval Ĉn(Xn+1). Specifically, let s(1) < · · · < s(m)

be the unique values of the scores {s(Xi, Yi)}i∈[n], and then choose any values s∗
(0)
, . . . , s∗

(m)

satisfying

s∗(0) < s(1) < s∗(1) < s(2) < · · · < s(m−1) < s∗(m−1) < s(m) < s∗(m).

Then it suffices to evaluate the (deterministic or smoothed) p-value at each of these 2m+ 1

many scores. Specifically, abusing notation and writing the p-value as a function of the score

s = s(Xn+1, y) rather than of the response value y,

• For RLCP, for any s ∈ R, define

pRLCP(s) =
n∑
i=1

H(Xi, X̃n+1)∑n+1
j=1 H(Xj , X̃n+1)

1 {s(Xi, Yi) > s}

+ U

(
n∑
i=1

H(Xi, X̃n+1)∑n+1
j=1 H(Xj , X̃n+1)

1 {s(Xi, Yi) = s}+ H(Xn+1, X̃n+1)∑n+1
j=1 H(Xj , X̃n+1)

)
,

where U ∼ Uniform[0, 1] (for the smoothed version) or U ≡ 1 (for the deterministic

version).

• For calLCP, for any s ∈ R, define

pcalLCP(s) =
n∑
i=1

1

n+ 1
1
{
T si > T sn+1

}
+ U

(
n∑
i=1

1

n+ 1
1
{
T si = T sn+1

}
+

1

n+ 1

)
,
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where U ∼ Uniform[0, 1] (for the smoothed version) or U ≡ 1 (for the deterministic

version), and where

T si =


∑n
j=1wi,j1

{
s(Xj , Yj) < s(Xi, Yi)

}
+ wi,n+11 {s < s(Xi, Yi)} , i ∈ [n],∑n

j=1wn+1,j1
{
s(Xj , Yj) < s

}
, i = n+ 1.

• For baseLCP, for any s ∈ R, define

pbaseLCP(s) =
n∑
i=1

H(Xi, Xn+1)∑n+1
j=1 H(Xj , Xn+1)

1 {s(Xi, Yi) > s}

+ U

(
n∑
i=1

H(Xi, Xn+1)∑n+1
j=1 H(Xj , Xn+1)

1 {s(Xi, Yi) = s}+ H(Xn+1, Xn+1)∑n+1
j=1 H(Xj , Xn+1)

)
,

where U ∼ Uniform[0, 1] (for the smoothed version) or U ≡ 1 (for the deterministic

version).

(For each method, in the smoothed case, note that a single random draw of U is shared

across all score values.)

Finally, for each method, writing p(s) to denote pRLCP(s) or pcalLCP(s) or pbaseCP(s) as

appropriate, we can observe that p(s) is a nonincreasing function of s (i.e., a higher test score

corresponds to a lower p-value). This means that the prediction interval can be defined as
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follows:

Ĉn(Xn+1) =



Y , p(s∗
(m)

) > α,

{y ∈ Y : s(Xn+1, y) ≤ s(m)}, p(s∗
(m)

) ≤ α < p(s(m)),

{y ∈ Y : s(Xn+1, y) < s(m)}, p(s(m)) ≤ α < p(s∗
(m−1)

),

{y ∈ Y : s(Xn+1, y) ≤ s(m−1)}, p(s∗
(m−1)

) ≤ α < p(s(m−1)),

. . .

{y ∈ Y : s(Xn+1, y) ≤ s(1)}, p(s∗
(1)

) ≤ α < p(s(1)),

{y ∈ Y : s(Xn+1, y) < s(1)}, p(s(1)) ≤ α < p(s∗
(0)

),

∅, p(s∗
(0)

) < α.

(See Guan [2023, Lemma 3.2] for an equivalent derivation of this implementation in the case

of calLCP specifically.)

B.3 Additional experiments and implementation details

B.3.1 Quantitative analysis of the effect of randomization on

RLCP prediction intervals

In Figure 3.8, we showed a visual representation of the effect of randomization on the vari-

ability of the RLCP prediction interval. In the following experiments, we aim to quantify

this variability in a more precise way, to better understand the extent to which the RLCP

prediction interval can vary across different random draws of X̃n+1. In particular, we will

consider the following measure of variability:

D(h) = EDn,Xn+1

 MAD
(
λ(ĈRLCP

n (Xn+1, X̃n+1))
∣∣∣ Dn, Xn+1

)
Median

(
λ(ĈRLCP

n (Xn+1, X̃n+1))
∣∣∣ Dn, Xn+1

)
 (B.3)
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where λ denotes the Lebesgue measure, and where MAD, the median absolute deviation,

is defined for a random variable X as Median(|X − Median(X)|). In other words, D(h)

measures the extent to which the width of the RLCP prediction interval can vary, relative

to the typical width of this interval, given a fixed data set (i.e., the only distribution being

considered here is the random draw of X̃n+1). We plot (an estimate of) this measure D(h)

for RLCP prediction intervals against a wide range of bandwidths h, for Setting 1 and Setting

2 of the univariate simulations that were carried out in Section 3.5.1 (and analyzed in terms

of the randomness of RLCP in Section 3.6.2). The results are shown in the left panel of

Figure B.1. The results suggest that, at least for smaller bandwidths, a random instance

of RLCP prediction interval can be approximately 10% wider or narrower than the average

interval width, so the deviation is small but by no means negligible. For larger bandwidths,

since the localization effect is now reduced, the variability is consequently lower.
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Deviation D(h) of RLCP in simulation settings
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Deviation D(h) of RLCP in real data setting

Figure B.1: Quantification of the effect of randomization on RLCP via the estimated devi-
ation D(h), for the univariate simulations (Section 3.5.1) and the real data example (Sec-
tion 3.5.2). See Section B.3.1 for details.

We perform a similar analysis for our real data experiment (from Section 3.5.2), with results

shown in the right panel of Figure B.1. These results show that, for our real data experiment,

the RLCP prediction interval is more variable; a given draw of the RLCP prediction interval

may be approximately 10–20% wider or narrower in smaller bandwidth regimes and 5–10%
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wider for relatively larger bandwidths, compared to the typical width.

B.3.2 Experiments on m-RLCP
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Figure B.2: Marginal coverage of m-RLCP against increasing dimension for different choices
of m.

The theoretical guarantee for m-RLCP only considers the issue of potential undercoverage

(i.e., it provides a lower bound on coverage). In practice, m-RLCP can be extremely conser-

vative. In Figure B.2, we plot the marginal coverage ofm-RLCP against increasing dimension

d, for the simulation setting previously studied in Section 3.5.1. The plots in Figure B.2 show

marginal coverage over 30 independent trials, with pretraining, calibration and test sample

size each being 2000. Note that m-RLCP for m = 1 is equivalent to the original RLCP

method, while choosing large values of m leads to a more derandomized method. While

RLCP (i.e., m-RLCP with m = 1) shows coverage at the target level 1−α, all larger values

of m show substantial overcoverage and are thus extremely conservative, meaning that this

form of aggregation does not offer a practical benefit.
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B.3.3 Additional experiments on local coverage in univariate

settings

Local coverage experiments with additional bandwidths

In Section 3.5.1, we showed results for our experiment comparing baseLCP, calLCP, and

RLCP in the univariate setting, in terms of their local coverage properties across the range

of values of the feature X. Here we show additional plots for this same experiment, with

an expanded range of bandwidths, h ∈ {0.1, 0.2, 0.4, 0.8, 1.6}. Settings 1 and 2 are shown in

Figures B.3 and B.4. All details for implementation are exactly as in Section 3.5.1.
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Figure B.3: Additional results for Setting 1. Top panels: the average prediction intervals
produced by each method (at each feature value x, the endpoints of the prediction interval
are averaged over 50 independent trials), compared to the oracle prediction interval. Bottom
panels: The corresponding local coverage of each method, averaged over 50 independent
trials. See Section 3.5.1 and Appendix B.3.3 for details.
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Figure B.4: Additional results for Setting 2. Top panels: the average prediction intervals
produced by each method (at each feature value x, the endpoints of the prediction interval
are averaged over 50 independent trials), compared to the oracle prediction interval. Bottom
panels: The corresponding local coverage of each method, averaged over 50 independent
trials. See Section 3.5.1 and Appendix B.3.3 for details.

Comparison with Gibbs et al. [2023]’s method

In Section 3.6.1, we have seen how localization based approaches, such as RLCP, and cali-

bration based approaches, such as the method of Gibbs et al. [2023], fit into a more general

framework of conformal algorithms. As mentioned before, the localization step of RLCP with

a particular bandwidth, (Step (b) of the three-step workflow described in Section 3.6.1), and

the calibration step of Gibbs et al. [2023] with respect to a particular functional class F (Step

(c) of the workflow) can be viewed as approximately interchangeable—both approaches serve

to approximate test-conditional coverage via a local relaxation. In particular, the two ap-

proaches lead to a similar trade-off between localization and sample size. Choosing a richer

class of functions F (for the method of Gibbs et al. [2023]) or a smaller bandwidth for the

kernel H (for RLCP) would have similar effects on the outcome, by placing a stronger re-

quirement on the coverage properties of the algorithm and requiring more adaptivity to local
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properties of the data; on the other hand, for both types of methods, this would come at

a cost of reduced effective sample size, and therefore, the potential to return wider or less

informative prediction intervals.

In order to compare these methods, and better understand how they share the same trade-off,

we repeat the univariate experiment of Section 3.5.1 (Setting 1).2 In Figure B.5 we plot the

local coverage (as defined in Section 3.5.1) for each method, averaged over 50 independent

trials. Both Gibbs et al. [2023]’s method and RLCP are implemented in two versions, “high

adaptivity” and “low adaptivity”. For Gibbs et al. [2023]’s method, the function class is

chosen to be more fine or more coarse,

Fi = {1 {x ∈ G} : G ∈ Gi} for i = 1, 2

where, G1, G2 are partitions of [−2.5, 2.5] into 8 bins of equal size or 4 bins of equal size,

respectively. For RLCP, we use a Gaussian kernel with bandwidth

h1 = 0.025 or h2 = 0.05.

The richer function class F1, and similarly the smaller bandwidth h1—both provide more

localization and “high adaptivity”, and lead to better local coverage, as compared to F2

or h2—the choices with “low adaptivity”. For both methods, the “high adaptivity” version

shows local coverage lying very close to target coverage 0.9 uniformly over the feature space,

but we see larger fluctuations for the versions with “low adaptivity”.

2. The method of Gibbs et al. [2023] is run using the code provided in that paper, which is available at
https://github.com/jjcherian/conditional-conformal.
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Figure B.5: Local coverage of RLCP and the method from Gibbs et al. [2023] in setting 1
for d = 1

B.3.4 Additional experiments on local coverage in multivariate

setting

In this section, we expand our experiments on local coverage in the multivariate setting.

Recall in Section 3.5.1 that we have studied coverage conditional on two sets, Bin and Bout,

which are defined to characterize the centre and the tails of the multivariate normal data

distribution. Here, to take a closer look at local coverage properties of RLCP as compared

to calLCP, we will consider larger collections of sets by taking a finer partition of the space.

Ideally, we will want to see empirical coverage on these sets to cluster around the target

level 0.9—in particular, if each set B is not too small, for RLCP our coverage guarantee in

Theorem 3.4 ensures approximate coverage on each B.

Specifically, we consider the data distribution given by

X ∼ Uniform
(
[−3, 3]d

)
, Y |X ∼ N

 d∑
i=1

Xi
2
,
d∑
i=1

| sin(Xi)|

 ,
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where d ∈ {5, 10, . . . , 30}. We define intervals Ii = [i, i + 1), and we note that {Ii : i =

−3,−2,−2, 0, 1, 2} define a partition of [−3, 3). Let us write the feature x as (x1, x2, . . . , xd),

and consider the collection of sets B of the form B = Ii × Ij × Ik × Rd−3,

B =
{
Ii × Ij × Ik × Rd−3 : i, j, k ∈ {−3,−2,−2, 0, 1, 2}

}
.

This is a partition of the support of the distribution of X—we use the first 3 coordinates of

x to determine which set B ∈ B, it belongs to.

We compute the empirical coverage of calLCP and RLCP conditional on each set B ∈ B,

averaged over 30 repetitions. Each of the methods are run with 3000 training and calibration

samples, and 5000 test samples with their own dimension-adaptive bandwidth choices, as

defined in Section 3.5.1, which maintains a constant effective sample size of 50 across all

values of dimension d. Finally, in Figure B.6 we plot the kernel density estimates of the

conditional coverages on these partitions across different dimensions. While both methods

show conditional coverage that is distributed near the target value 0.9, we do observe a

difference between the two methods—in higher dimensions, the conditional coverage values

are more widely spread around the target value 0.9 for calLCP, as compared to RLCP.
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Figure B.6: Local coverage of calLCP and RLCP prediction intervals across different dimen-
sions.
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APPENDIX C

APPENDICES FOR CHAPTER 4

C.1 Proof of validity results of PairSwap-ICI test

C.1.1 Proof of Theorem 4.2

Our proof is split into three steps. First we derive some deterministic properties of the p-

value. Next, we compare to the sharp null, where the pair Xiℓ , Xjℓ are identically distributed

(rather than stochastically ordered). Finally, we examine the validity of the test under the

sharp null.

Step 1: some deterministic properties of the p-value. First, fix α ∈ [0, 1] and define

a function p : Rn → [0, 1] as

p(x) =
1

2L

∑
s∈{±1}L

1 {T (xs) ≥ T (x)} , (C.1)

so that the p-value in (4.5) can be written as p = p(X). For each s ∈ {±1}L, we can observe

that the value p(xs) is simply computing the quantile of T (xs) among all possible swapped

statistics,
(
T (xs

′
) : s′ ∈ {±1}L

)
. Consequently, it holds deterministically that

1

2L

∑
s∈{±1}L

1 {p(xs) ≤ α} ≤ α. (C.2)

(Lemma C.11 in the Appendix verifies this bound, for completeness.)

In addition, we claim that p(·) is monotone in its coordinates, namely, p(x) is nonincreasing
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in each xiℓ , and nondecreasing in each xjℓ . To see why, for each s ∈ {±1}L, we can calculate

1 {T (xs) ≥ T (x)} = 1

 ∑
ℓ:sℓ=+1

ψℓ(xiℓ , xjℓ) +
∑

ℓ:sℓ=−1

ψℓ(xjℓ , xiℓ) ≥
L∑
ℓ=1

ψℓ(xiℓ , xjℓ)


= 1

 ∑
ℓ:sℓ=−1

(
ψℓ(xiℓ , xjℓ)− ψℓ(xjℓ , xiℓ)

)
≤ 0

 .

By the anti-monotonicity condition (4.3) on ψℓ, this function is nonincreasing in each xiℓ ,

and nondecreasing in each xjℓ , and therefore the same is true for p(x) as well.

Step 2: compare to the sharp null. For each i ∈ [n], let Pi = PX|Z(· | Zi) denote

the null distribution of Xi (after conditioning on Y,Z). By Assumption 1, we know that

Piℓ ⪯st Pjℓ for each pair ℓ ∈ [L], where ⪯st denotes the stochastic ordering on distributions.

Next, we also define distributions P̄ℓ for each ℓ ∈ [L], given by the mixture

P̄ℓ =
1

2
Piℓ +

1

2
Pjℓ .

In particular, then, conditional on Y,Z,

Piℓ ⪯st P̄ℓ ⪯st Pjℓ , ℓ ∈ [L]. (C.3)

We will now compare the observed data values, whose distribution (conditional on Y,Z) is

given by

X = (X1, . . . , Xn) ∼ P1 × · · · × Pn,

against a different distribution,

X♯ =
(
(X♯)1, . . . , (X♯)n

)
∼ (P♯)1 × · · · × (P♯)n,
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where the distributions (P♯)i are defined by setting

(P♯)iℓ = (P♯)jℓ = P̄ℓ

for each ℓ ∈ [L] (and, for any index i ∈ [n] \ {i1, j1, . . . , iL, jL} that does not belong to

any of the L matched pairs, we simply take (P♯)i = Pi). We can think of this alternative

vector of observations as being drawn from a sharp null, because for each pair ℓ, the random

variables (X♯)iℓ , (X♯)jℓ are identically distributed (rather than stochastically ordered, as for

Xiℓ , Xjℓ). In particular, this implies that for any s ∈ {±1}L,

(X♯)
s d
= X♯ (C.4)

after conditioning on Y,Z.

In Step 1, we verified that the function p(x) is nonincreasing in each xiℓ , and nondecreasing

in each xjℓ . In particular, combined with the stochastic ordering (C.3), this means that

p(X♯) ⪯st p(X) (conditional on Y,Z). We therefore have

P {p ≤ α | Y,Z} = P {p(X) ≤ α | Y,Z} ≤ P
{
p(X♯) ≤ α

∣∣ Y,Z} .
From this point on, then, we only need to verify the validity of the p-value p(X♯) computed

under the sharp null.
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Step 3: validity under the sharp null. For data X♯ drawn under a sharp null, we have

P
{
p(X♯) ≤ α

∣∣ Y,Z} =
1

2L

∑
s∈{±1}L

P
{
p
(
(X♯)

s) ≤ α
∣∣ Y,Z}

= E

 1

2L

∑
s∈{±1}L

1
{
p
(
(X♯)

s) ≤ α
} ∣∣∣∣∣∣∣ Y,Z

 ≤ α,

where the first step holds by (C.4), while the last step holds by the deterministic calcula-

tion (C.2) from Step 1. □

C.1.2 Proof of Theorem 4.3

The proof of this result follows the same structure as the proof of Theorem 4.2.

Step 1: some deterministic properties of the p-value. Define a function p̂M : Rn ×

({±1}L)M → [0, 1] by

p̂M (x; s(1), . . . , s(M)) =

1 +
∑M
m=1 1

{
T (xs

(m)
) ≥ T (x)

}
1 +M

.

As in the proof of Theorem 4.2, this function is monotone nonincreasing in each xiℓ , and

monotone nondecreasing in each xjℓ .

Step 2: compare to the sharp null. Define X♯ as in the proof of Theorem 4.2. Following

identical arguments as in that proof, we can verify that, for any fixed s(1), . . . , s(M), it holds

that

p̂M
(
X♯; s

(1), . . . , s(M)) ⪯st p̂M
(
X; s(1), . . . , s(M))
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conditional on Y,Z. Since p̂M = p̂M (X; s(1), . . . , s(M)) by construction, we therefore have

P
{
p̂M ≤ α

∣∣∣ Y,Z, s(1), . . . , s(M)
}
≤ P

{
p̂M
(
X♯; s

(1), . . . , s(M)) ≤ α
∣∣∣ Y,Z, s(1), . . . , s(M)

}
.

Marginalizing over the random draw of the swaps, s(1), . . . , s(M) iid∼ Unif({±1}L), we there-

fore have

P {p̂M ≤ α | Y,Z} ≤ P
{
p̂M
(
X♯; s

(1), . . . , s(M)) ≤ α
∣∣∣ Y,Z} .

Step 3: validity under the sharp null. We now need to verify the validity of the Monte

Carlo p-value, under the sharp null. Unlike the first two steps, for this step the arguments

are somewhat different from the proof of Theorem 4.2.

First, let s(0) be an additional draw from Unif({±1}L), sampled independently from all other

random variables. Then

(s(1), . . . , s(M))
d
=
(
s(0) ◦ s(1), . . . , s(0) ◦ s(M)),

where ◦ denotes the elementwise product, and so

p̂M
(
X♯; s

(1), . . . , s(M)) d
= p̂M

(
X♯; s

(0) ◦ s(1), . . . , s(0) ◦ s(M))
conditional on Y,Z. Moreover, by construction of the sharp null data X♯,

X♯
d
= (X♯)

s(0)

holds conditional on Y,Z, s(0), s(1), . . . , s(M), and therefore

p̂M

(
X♯; s

(0) ◦ s(1), . . . , s(0) ◦ s(M)
)

d
= p̂M

(
(X♯)

s(0) ; s(0) ◦ s(1), . . . , s(0) ◦ s(M)
)
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holds conditional on Y,Z, s(0), s(1), . . . , s(M). Combining all these calculations so far, then,

p̂M
(
X♯; s

(1), . . . , s(M)) d
= p̂M

(
(X♯)

s(0) ; s(0) ◦ s(1), . . . , s(0) ◦ s(M)
)
, (C.5)

conditional on Y,Z.

Next we calculate this last p-value: by definition,

p̂M

(
(X♯)

s(0) ; s(0) ◦ s(1), . . . , s(0) ◦ s(M)
)
=

1 +
∑M
m=1 1

{
T
(
(X♯)

s(m)) ≥ T
(
(X♯)

s(0)
)}

1 +M

=

∑M
m=0 1

{
T
(
(X♯)

s(m)) ≥ T
(
(X♯)

s(0)
)}

1 +M
,

where the first step holds since, for each m ∈ [M ],

(
(X♯)

s(0))s(0)◦s(m)
= (X♯)

s(0)◦s(0)◦s(m)
= (X♯)

s(m)

by definition of the swap operation. In other words, p̂M
(
(X♯)

s(0) ; s(0) ◦s(1), . . . , s(0) ◦s(M)
)

simply compares the statistic T
(
(X♯)

s(0)
)

against theM+1 values T
(
(X♯)

s(0)
)
, . . . , T

(
(X♯)

s(M))
.

We therefore have

P
{
p̂M

(
(X♯)

s(0) ; s(0) ◦ s(1), . . . , s(0) ◦ s(M)
)
≤ α

∣∣∣∣ X♯,Y,Z

}
≤ α,

since, conditional on X♯,Y,Z, the sign vectors s(0), . . . , s(M) are independent and identically

distributed, and therefore the rank of T ((X♯)
s(0)) among the list T ((X♯)

s(0)), . . . , T ((X♯)
s(M)

)

is uniformly distributed. Marginalizing over X♯, therefore,

P
{
p̂M

(
(X♯)

s(0) ; s(0) ◦ s(1), . . . , s(0) ◦ s(M)
)
≤ α

∣∣∣∣ Y,Z} ≤ α.
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Finally, combining this with our earlier calculation (C.5), we have

P
{
p̂M
(
X♯; s

(1), . . . , s(M)) ≤ α
∣∣∣ Y,Z} ≤ α,

which completes the proof. □

C.2 Proof of the results from Section 4.5

In this section, we prove the results presented in Section 4.5. Throughout this appendix,

we assume that the statistic T admits the form in (4.6) with ψ(x, x′) = x − x′, and that

Y = Z = R; the partial ordering ⪯ for Z will simply be the usual ordering ≤ on R. The

organization of this appendix is as follows.

• We begin in Appendix C.2.1 by proving finite sample and asymptotic upper and lower

bounds on the conditional power of PairSwap-ICI test for any valid matching and

weighting scheme, and any statistic T of the form (4.6) with a shared linear kernel

ψ(x, x′) = x− x′.

• Next, in Appendix C.2.2, we specialise these results to the oracle matching under two

cases: one assuming access to oracle knowledge of µ (i.e., Theorem 4.5) and another

with µ estimated from data (i.e., Theorem 4.6).

• Then, we shift our attention to the partially linear Gaussian models in (4.16). In

Appendices C.2.3 and C.2.4 we prove the asymptotic behavior of conditional power

for neighbor matching (Theorem 4.10) and for cross-bin matching (Theorem 4.11),

respectively.

• In Appendix C.2.5 we prove the corollaries and lemmas from Section 4.5.

• In Appendix C.2.6 we introduce an oracle matching, namely isotonic median match-
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ing, and discuss a key property of the same, which allows us to prove the results in

Appendix C.2.2.

• Finally, in Appendix C.2.7 we prove the lemmas used in Appendices C.2.1–C.2.4.

Notation. For a matching {(i1, j1), (i2, j2), . . . , (iL, jL)} ∈ Mn(Z) and a vector V =

(V1, . . . , Vn) ∈ Rn, we define ∆V = (∆1V, . . . ,∆LV) ∈ RL with entries ∆ℓV := Viℓ − Vjℓ .

Given any vector v, we write v+ to denote the vector with ith component vi+ = max{vi, 0}.

We write a ◦ b for the Hadamard product of vectors a, b of the same dimension, with ith

component ai · bi.

C.2.1 A general result on power of PairSwap-ICI test

Here, we consider any valid matching and weighting scheme, and state finite-sample upper

and lower bounds on the conditional power P {p ≤ α | Y,Z} of the PairSwap-ICI test in

Theorem C.1. Further, under the asymptotic regime of Section 4.5.1, we derive asymptotic

high-probability upper and lower bounds for the same quantity in Corollary C.2.

Theorem C.1. Suppose that the triple (X,Y,Z) satisfies (4.12). Fix any matching M =

{(i1, j1), . . . , (iL, jL)} ∈ Mn(Z), and any weight vector w ∈ [0,∞)L, which may both depend

arbitrarily on Y,Z (but not on X). Assume that ∥w∥2 > 0 and fix any α ∈ (0, 1). Let

ϵ1 :=
∥w∥∞
∥w∥2

, ϵ2 :=
∥w ◦∆µn(Y,Z)∥33

σ3n∥w∥32 + ∥w ◦∆µn(Y,Z)∥32
.
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Then, for any δ > 0,

Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
− Φ̄−1(αlo,δ) ·

√
1 +

∥w ◦∆µn(Y,Z)∥22
2σ2n∥w∥22

)
− (C ′ϵ1 + δ)

≤ P {p ≤ α | Y,Z}

≤ Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
− Φ̄−1(αhi,δ) ·

√
1 +

∥w ◦∆µn(Y,Z)∥22
2σ2n∥w∥22

)
+ (C ′ϵ1 + δ),

(C.6)

where we write αlo,δ = α−Cδ−1 ·(ϵ1+ϵ2), αhi,δ = α+Cδ−1 ·(ϵ1+ϵ2), with C > 0 depending

only on α and on Eζ∼Pζ
[
ζ4
]
, and C ′ > 0 depending only on Eζ∼Pζ

[
ζ4
]
.

Proof. Recall from (4.5) that the p-value of the PairSwap-ICI test is given by

p = P
s∼Unif({±1}L) {Ts ≥ T} = P

s∼Unif({±1}L)

{
s⊤(w ◦∆X) ≥ 1⊤(w ◦∆X)

}
.

From here, the proof is divided into four key steps.

Step 1: a CLT approximation to the p-value. Conditional on (X,Y,Z) and with

s ∼ Unif({±1}L), we see that s⊤(w ◦ ∆X) is a sum of L independent random variables,

where the ℓth term sℓ · wℓ · ∆ℓX has mean zero, variance w2
ℓ (∆ℓX)2, and third absolute

moment w3
ℓ |∆ℓX|3 for ℓ ∈ [L]. Therefore, by the Berry–Esseen theorem [Shevtsova, 2010,

Theorem 1],

∣∣∣∣∣p− Φ̄

(
w⊤∆X

∥w ◦∆X∥2

)∣∣∣∣∣ ≤ sup
x∈R

∣∣∣∣P
{
s⊤(w ◦∆X)

∥w ◦∆X∥2
≥ x

∣∣∣∣∣ X,Y,Z
}

− Φ̄(x)

∣∣∣∣
≤ 0.56 ·

∥w ◦∆X∥33
∥w ◦∆X∥32

=: ∆1,
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as long as ∥w ◦∆X∥2 > 0. Thus

1

{
Φ̄

(
w⊤∆X

∥w ◦∆X∥2

)
< α−∆1

}
≤ 1 {p ≤ α} ≤ 1

{
Φ̄

(
w⊤∆X

∥w ◦∆X∥2

)
≤ α +∆1

}
,

or equivalently (since Φ̄ is strictly decreasing),

1

{
w⊤∆X > ∥w ◦∆X∥2 · Φ̄−1(α−∆1)

}
≤ 1 {p ≤ α}

≤ 1

{
w⊤∆X ≥ ∥w ◦∆X∥2 · Φ̄−1(α +∆1)

}
.

Moreover, when ∥w ◦∆X∥2 = 0, we have p = 1, so the above inequality holds for that case

as well.

After marginalizing over the distribution of X, then,

P
{
w⊤∆X > ∥w ◦∆X∥2 · Φ̄−1(α−∆1)

∣∣∣ Y,Z}
≤ P {p ≤ α | Y,Z} ≤ P

{
w⊤∆X ≥ ∥w ◦∆X∥2 · Φ̄−1(α +∆1)

∣∣∣ Y,Z} .
(C.7)

Step 2: approximating ∥w◦∆X∥2 in (C.7). Write Vn := 2σ2n∥w∥22+∥w◦∆µn(Y,Z)∥22
and define

∆2 :=

∣∣∣∣∥w ◦∆X∥2
V
1/2
n

− 1

∣∣∣∣.
Then by (C.7), we have that

P {p ≤ α | Y,Z} ≥ P

{
w⊤∆X

V
1/2
n

>
∥w ◦∆X∥2

V
1/2
n

· Φ̄−1(α−∆1)

∣∣∣∣∣ Y,Z
}

≥ P

{
w⊤∆X

V
1/2
n

> Φ̄−1(α−∆1) +
∣∣Φ̄−1(α−∆1)

∣∣∆2

∣∣∣∣∣ Y,Z
}
.
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We can do a similar calculation for the upper bound on the conditional power from (C.7).

Together, we have that

P

{
w⊤∆X

V
1/2
n

> Φ̄−1(α−∆1) +
∣∣∣Φ̄−1(α−∆1)

∣∣∣∆2

∣∣∣∣∣ Y,Z
}

≤ P {p ≤ α | Y,Z} ≤ P

{
w⊤∆X

V
1/2
n

≥ Φ̄−1(α +∆1)−
∣∣∣Φ̄−1(α +∆1)

∣∣∣∆2

∣∣∣∣∣ Y,Z
}
.

Now fix εα > 0. Define the event

Ωα :=
{
Φ̄−1(α−∆1) +

∣∣Φ̄−1(α−∆1)
∣∣∆2 ≤ Φ̄−1(α− εα)

}
⋂{

Φ̄−1(α +∆1)−
∣∣Φ̄−1(α +∆1)

∣∣∆2 ≥ Φ̄−1(α + εα)
}
. (C.8)

Then

P

{
w⊤∆X

V
1/2
n

> Φ̄−1(α− εα)

∣∣∣∣∣ Y,Z
}

− P {Ωcα | Y,Z}

≤ P {p ≤ α | Y,Z} ≤ P

{
w⊤∆X

V
1/2
n

≥ Φ̄−1(α + εα)

∣∣∣∣∣ Y,Z
}

+ P {Ωcα | Y,Z} .

(C.9)

Step 3: a CLT approximation to w⊤∆X in (C.7). Conditional on Y,Z, we have that

w⊤∆X is a sum of L independent terms, where for the ℓth term we have

E [wℓ ·∆ℓX | Y,Z] = wℓ ·∆ℓµn(Y,Z),

and

Var (wℓ ·∆ℓX | Y,Z) = w2
ℓ · Var (∆ℓX | Y,Z) = w2

ℓ · 2σ
2
n.
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Moreover, we have

E
[∣∣wℓ ·∆ℓX− E [wℓ ·∆ℓX | Y,Z]

∣∣3 ∣∣∣ Y,Z] = E
[
|wℓσn(ζiℓ − ζjℓ)|

3
∣∣∣ Y,Z]

≤ 8σ3nw
3
ℓEPζ

[
|ζ|3
]
≤ 8ρ34σ

3
nw

3
ℓ ,

where we write ρ4 := EPζ
[
ζ4
]1/4. Therefore, another application of the Berry–Esseen

theorem gives

sup
x∈R

∣∣∣∣P
{

w⊤∆X√
2σn∥w∥2

≥ x

∣∣∣∣∣ Y,Z
}

− Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
− x

)∣∣∣∣
≤ 0.56 ·

8σ3nρ
3
4∥w∥33

(
√
2σ3n∥w∥2)3

≤ 1.59ρ34 ·
∥w∥∞
∥w∥2

.

By rescaling to match the denominator in (C.9), we then have

sup
x∈R

∣∣∣∣∣P
{
w⊤∆X

V
1/2
n

≥ x

∣∣∣∣∣ Y,Z
}

− Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
− xV

1/2
n√

2σn∥w∥2

)∣∣∣∣∣ ≤ 1.59ρ34
∥w∥∞
∥w∥2

.

Moreover, by (C.9) we now have

Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
− Φ̄−1(α− εα) ·

V
1/2
n√

2σn∥w∥2

)
− 1.59ρ34 ·

∥w∥∞
∥w∥2

− P {Ωcα | Y,Z}

≤ P {p ≤ α | Y,Z}

≤ Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
− Φ̄−1(α + εα) ·

V
1/2
n√

2σn∥w∥2

)
+ 1.59ρ34 ·

∥w∥∞
∥w∥2

+ P {Ωcα | Y,Z} .

Step 4: a concentration result, and completion of the proof. Finally, we show how

to choose εα to control P {Ωcα | Y,Z} appropriately. We will prove in Lemma C.7 that the

terms ∥w ◦∆X∥2 and ∥w ◦∆X∥3 are likely to be well-behaved—in particular, ∥w ◦∆X∥2

concentrates near V 1/2
n , while ∥w ◦ ∆X∥3 is vanishing. Concretely, Lemma C.7 will show
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that for any δ > 0,

P
[{

∥w ◦∆X∥22 ∈
[
Vn(1− ϵ∗) ∨ 0, Vn(1 + ϵ∗)

]}⋂{
∥w ◦∆X∥23 ≤ Vnϵ

′
∗
} ∣∣∣ Y,Z] ≥ 1− δ,

where

ϵ∗ =

√
3

δ
·
(
2ρ24 · ϵ1 + 2(ϵ21ϵ2)

1/3
)
, ϵ′∗ =

(24)2/3ρ24
δ2/3

· ϵ2/31 + 4ϵ
2/3
2 .

Hence, since (1 + ϵ∗)1/2 − 1 ≤ ϵ∗ and 1− {(1− ϵ∗) ∨ 0}1/2 ≤ ϵ∗ ∧ 1 ≤ ϵ∗, we have

P
{
∆1 ≤ ∆1,∗,∆2 ≤ ϵ∗

∣∣ Y,Z} ≥ 1− δ,

where ∆1,∗ := 0.56
(
ϵ′∗/{(1 − ϵ∗) ∨ 0}

)3/2 and with the convention that a/0 = ∞ for any

a > 0. Now, we take

εα :=max
{
α− Φ̄

(
Φ̄−1(α−∆1,∗) +

∣∣Φ̄−1(α−∆1,∗)
∣∣ϵ∗),

Φ̄
(
Φ̄−1(α +∆1,∗)−

∣∣Φ̄−1(α +∆1,∗)
∣∣ϵ∗)− α

}
,

if ϵ∗ < 1, and if ϵ∗ ≥ 1, we take εα = max(α, 1− α). Also, here we take the convention that

Φ̄−1(t) = ∞ if t ≤ 0 and Φ̄−1(t) = −∞ if t ≥ 1. Then, by construction, with this choice

of εα, the event Ωα defined in (C.8) satisfies P {Ωcα | Y,Z} ≤ δ. Combining both cases, we

finally have that

Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
− Φ̄−1(α− εα) ·

√
1 +

∥w ◦∆µn(Y,Z)∥22
2σ2n∥w∥22

)
− 1.59ρ34 ·

∥w∥∞
∥w∥2

− δ

≤ P {p ≤ α | Y,Z}

≤ Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
− Φ̄−1(α + εα) ·

√
1 +

∥w ◦∆µn(Y,Z)∥22
2σ2n∥w∥22

)
+ 1.59ρ34 ·

∥w∥∞
∥w∥2

+ δ.
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Since by construction, εα ∈ [0,max(α, 1− α)], and by properties of Φ̄ and Φ̄−1, there exists

Cα > 0, depending only on α, such that

εα ≤ Cα(ϵ∗ + ϵ′∗
3/2).

Therefore, choosing C > 0, depending only on α and ρ4, appropriately,

εα ≤ Cδ−1 · (ϵ1 + ϵ2),

as required.

Asymptotic version of the general power guarantee

Next we present an asymptotic power guarantee that follows from Theorem C.1, to help

interpret the results of that theorem.

Corollary C.2. Under the setting of Theorem C.1, suppose that the matching M ∈ Mn(Z)

and weight vector w satisfy the following assumptions:

Assumption A2. The weight vector w satisfies

∥w∥∞ = oP (∥w∥2).

Assumption A3. The signal satisfies

∥w ◦∆µn(Y,Z)∥2 = oP

(∣∣w⊤∆µn(Y,Z)
∣∣ ∨ σn∥w∥2

)
and

∥w ◦∆µn(Y,Z)∥3 = oP (∥w ◦∆µn(Y,Z)∥2 ∨ σn∥w∥2) .
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Then for α ∈ (0, 1), we have that

Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
− Φ̄−1(α)

)
− oP (1) ≤ P {p ≤ α | Y,Z}

≤ Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
− Φ̄−1(α)

)
+ oP (1).

Remark 3. Before turning to the proof, we remark that the assumptions stated in the corol-

lary statement are very natural. Since, we are under the model class (4.12), and we are

using the shared linear kernel ψ(x, x′) = x− x′, the PairSwap-ICI test revolves around the

statistic

w ◦∆X = w ◦∆µn(Y,Z) + σn
(
w ◦∆ζ

)
,

where we can interpret the first term as the signal of our test, and the second term as

added noise. With this interpretation, Assumption A1 ensures that the noise term is well-

behaved by requiring that the weight vector w is not too spiky, while Assumption A2 instead

essentially requires that the signal term itself is not too spiky.

Proof of Corollary C.2. We start by noting that by Assumption A1, ϵ1 =
∥w∥∞
∥w∥2

= oP (1),

and by Assumption A2,

ϵ2 =
∥w ◦∆µn(Y,Z)∥33

σ3n∥w∥32 + ∥w ◦∆µn(Y,Z)∥32
≤

∥w ◦∆µn(Y,Z)∥33
σ3n∥w∥32 ∨ ∥w ◦∆µn(Y,Z)∥32

= oP (1).
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Moreover, we have that

w⊤∆µn(Y,Z)√
2σn∥w∥2

− Φ̄−1(αlo,δ) ·

√
1 +

∥w ◦∆µn(Y,Z)∥22
2σ2n∥w∥22

≥ w⊤∆µn(Y,Z)√
2σn∥w∥2

−
{
Φ̄−1(αlo,δ)

(
1 +

∥w ◦∆µn(Y,Z)∥2√
2σn∥w∥2

)
∨ Φ̄−1(αlo,δ)

}
≥ w⊤∆µn(Y,Z)√

2σn∥w∥2
− Φ̄−1(αlo,δ)−

∣∣Φ̄−1(αlo,δ)
∣∣ · ∥w ◦∆µn(Y,Z)∥2√

2σn∥w∥2

=
w⊤∆µn(Y,Z)√

2σn∥w∥2

(
1−

∣∣∣Φ̄−1(αlo,δ)
∣∣∣ ∥w ◦∆µn(Y,Z)∥2

w⊤∆µn(Y,Z)

)
− Φ̄−1(αlo,δ).

Now, recalling the definition of αlo,δ from the statement of Theorem C.1, we observe that

αlo,δ = α − oP (1) for any fixed δ > 0. By Assumption A2, if
√
2σn∥w∥2 > w⊤∆µn(Y,Z),

then ∣∣Φ̄−1(αlo,δ)
∣∣ · ∥w ◦∆µn(Y,Z)∥2√

2σn∥w∥2
= oP (1),

and otherwise, if 2σ2n∥w∥2 ≤ w⊤∆µn(Y,Z), then

∣∣Φ̄−1(αlo,δ)
∣∣ · ∥w ◦∆µn(Y,Z)∥2

w⊤∆µn(Y,Z)
= oP (1).

Combining both cases, since Φ̄−1 is continuous, we see that

Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
− Φ̄−1(αlo,δ) ·

√
1 +

∥w ◦∆µn(Y,Z)∥22
2σ2n∥w∥22

)
− (C ′ϵ1 + δ)

≥ Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
{1− oP (1)} − Φ̄−1(α−oP (1)

)
− oP (1)

)
− oP (1)− δ

= Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
{1− oP (1)} − Φ̄−1(α)

)
− oP (1)− δ

= Φ

(
w⊤∆µn(Y,Z)√

2σn∥w∥2
− Φ̄−1(α)

)
− oP (1)− δ,

where the last equality follows by Lemma C.8. Since δ > 0 was arbitrary, the desired
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asymptotic lower bound follows. The asymptotic upper bound follows by a very similar

argument.

C.2.2 Power of oracle and plug-in matching strategies (proof of

Theorems 4.5 and 4.6)

In this section we prove Theorems 4.5 and 4.6 using the general upper and lower bounds on

the conditional power of the PairSwap-ICI test from Theorem C.1.

Before turning to the proofs, we observe from Lemma 4.4 that under the model class

(4.12) and with the linear kernel ψ(x, x′) = x − x′, the oracle weights in (4.9) satisfy

w∗
ℓ ∝

(
µn(Yiℓ , Ziℓ)− µn(Yjℓ , Zjℓ)

)
+ for ℓ ∈ [L]. Since the p-value of our test is independent

of the scales of weights, without loss of generality we may take w∗ = ∆µ+n (Y,Z). When we

do not have access to oracle knowledge of µn, we assume that we are able to learn estimates

µ̂n of µn from an independent dataset, independent of (X,Y,Z). With these estimates in

place, the plug-in weights satisfy ŵℓ ∝
(
µ̂n(Yiℓ , Ziℓ) − µ̂n(Yjℓ , Zjℓ)

)
+, i.e., without loss of

generality we may take ŵ = ∆µ̂+n (Y,Z).

Proof of Theorem 4.5

Given access to oracle knowledge of µn, we observe that µ̂n = µn satisfies the assumptions

of Theorem 4.6. Hence, Theorem 4.5 follows as an immediate corollary of Theorem 4.6. □

Proof of Theorem 4.6

Our proof is split into three steps. First we state a key property of the oracle matching M⋆

and oracle weight w⋆. Then, we use this to deduce similar properties for plug-in matching

M̂ and the plug-in weights ŵ. These in turn enable us to show that Assumptions A1, A2

and A3 of Corollary C.2 are satisfied by plug-in matching, and hence the result follows.
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Our notation ∆µn(Y,Z) and ∆µ̂n(Y,Z) suppresses the dependence of the matching M for

which it is computed. Since we will need both matchings M⋆ and M̂ in this step, we make

the dependence on the matching explicit by writing ∆µn(Y,Z;M) and ∆µ̂n(Y,Z;M), for

any matching M ∈ Mn(Z). Throughout this proof, we write

Err2(µ̂n, µn) =
∥∆µ̂n(Y,Z; M̂)−∆µn(Y,Z; M̂)∥2

∥∆µ+n (Y,Z; M̂)∥2
,

Err∞(µ̂n, µn) =
∥∆µ̂n(Y,Z; M̂)−∆µn(Y,Z; M̂)∥4∞

σ3n∥∆µ+n (Y,Z; M̂)∥2
.

Step 1: a key property of oracle matching and its implications. We start with

a key property of oracle matching, which relates ∥∆µ+n (Y,Z;M⋆)∥2 to the isotonic SNR:

given (Y,Z), we have that

ÎSNRn ≤ ∥∆µ+n (Y,Z;M⋆)∥2
σn

=
supM∈Mn(Z) ∥∆µ

+
n (Y,Z;M)∥2

σn
≤

√
2 ÎSNRn. (C.10)

The equality is simply due to the definition of M∗ as an optimal matching (note that Mn(Z)

is a finite set and so the supremum must be attained at some M∗ ∈ Mn(Z)), while the two

inequalities follow from Theorem C.4, proved later in Appendix C.2.6.

Further, we require a very similar result for the plug-in matching. To this end, we note that

for any M ∈ Mn(Z),

∣∣∥∆µ̂+n (Y,Z;M)∥2 − ∥∆µ+n (Y,Z;M)∥2
∣∣ ≤ ∥∆µ̂+n (Y,Z;M)−∆µ+n (Y,Z;M)∥2

≤ ∥∆µ̂n(Y,Z;M)−∆µn(Y,Z;M)∥2

≤
√
2∥µ̂n(Y,Z)− µn(Y,Z)∥2 = oP (σnÎSNRn),

(C.11)

where the final step is from the assumptions of the theorem. Further, by definition of the
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plug-in matching in (4.11) and by (C.11), we have that

∥∆µ̂+n (Y,Z; M̂)∥2 ≥ ∥∆µ̂+n (Y,Z;M⋆)∥2 ≥ ∥∆µ+n (Y,Z;M⋆)∥2 − oP ( ̂σnISNRn)

≥ σnÎSNRn
(
1− oP (1)

)
.

By a similar argument, then, we can establish

σnÎSNRn
(
1− oP (1)

)
≤ ∥∆µ̂+n (Y,Z; M̂)∥2 ≤

√
2σnÎSNRn

(
1 + oP (1)

)
,

σnÎSNRn
(
1− oP (1)

)
≤ ∥∆µ+n (Y,Z; M̂)∥2 ≤

√
2σnÎSNRn, (C.12)

i.e., a property similar to (C.10) for plug-in matching with both µn, and µ̂n. As a result, we

deduce that for plug-in matching,

max

{
σ3n∥µn(Y,Z)∥∞ ∨ ∥µn(Y,Z)∥4∞

σ3n∥∆µ+n (Y,Z; M̂)∥2
, Err2(µ̂n, µn), Err∞(µ̂n, µn)

}
= oP (1). (C.13)

Step 2: establishing Assumptions A1 and A2. Henceforth we work with the match-

ing M̂ . We have by (C.13) that

∥∆µ̂+n (Y,Z)∥∞
∥∆µ̂+n (Y,Z)∥2

≤ ∥∆µ+n (Y,Z)∥∞ + ∥∆µ̂n(Y,Z)−∆µn(Y,Z)∥2
∥∆µ+n (Y,Z)∥2 − ∥∆µ̂n(Y,Z)−∆µn(Y,Z)∥2

≤
2
(
∥µn(Y,Z)∥∞/∥∆µ+n (Y,Z)∥2

)
+ Err2(µ̂n, µn)

1− Err2(µ̂n, µn)
= oP (1),
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i.e., Assumption A1 holds for plug-in matching with weights ŵ = ∆µ̂+n (Y,Z). Moreover,

(C.13) also yields that

∥∆µ̂+n (Y,Z) ◦∆µn(Y,Z)∥2

≤ ∥∆µ+n (Y,Z) ◦∆µn(Y,Z)∥2 +
∥∥(∆µ̂+n (Y,Z)−∆µ+n (Y,Z)

)
◦∆µn(Y,Z)

∥∥
2

≤ ∥∆µn(Y,Z)∥∞ · ∥∆µ+n (Y,Z)∥2 + ∥∆µn(Y,Z)∥∞ · ∥∆µ̂n(Y,Z)−∆µn(Y,Z)∥2

≤ 2∥µn(Y,Z)∥∞∥∆µ+n (Y,Z)∥2 ·
(
1 + Err2(µ̂n, µn)

)
= oP

(
∥∆µ+n (Y,Z)∥22

)
.

Next, by the Cauchy–Schwarz inequality we have that

∣∣∆µ̂+n (Y,Z)⊤∆µn(Y,Z)− ∥∆µ̂+n (Y,Z)∥22
∣∣

=
∣∣(∆µ̂n(Y,Z)−∆µn(Y,Z)

)⊤
∆µ̂+n (Y,Z)

∣∣
≤ ∥∆µ̂+n (Y,Z)∥2 · ∥∆µ+n (Y,Z)∥2 · Err2(µ̂n, µn)

≤ ∥∆µ+n (Y,Z)∥22 · (1 + Err2(µ̂n, µn)) · Err2(µ̂n, µn).

Hence, by (C.13),

∣∣∆µ̂+n (Y,Z)⊤∆µn(Y,Z)− ∥∆µ+n (Y,Z)∥22
∣∣ = oP

(
∥∆µ+n (Y,Z)∥22

)
, (C.14)

meaning that

∥∆µ+n (Y,Z)∥22 = OP (|∆µ̂+n (Y,Z)⊤∆µn(Y,Z)|).

Combining these calculations verifies that

∥∆µ̂+n (Y,Z) ◦∆µn(Y,Z)∥2 = oP (|∆µ̂+n (Y,Z)⊤∆µn(Y,Z)|),

or in other words,

∥ŵ ◦∆µn(Y,Z)∥2 = oP (|ŵ⊤∆µn(Y,Z)|),
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and thus the first condition of Assumption A2 is satisfied. Next, we focus on the second

condition of the same assumption. We start with writing

∥∆µ̂+n (Y,Z) ◦∆µn(Y,Z)∥3

≤ ∥∆µ+n (Y,Z) ◦∆µn(Y,Z)∥3 + ∥
(
∆µ̂+n (Y,Z)−∆µ+n (Y,Z)

)
◦∆µn(Y,Z)∥3

≤ ∥∆µ+n (Y,Z) ◦∆µn(Y,Z)∥3 + ∥∆µ̂+n (Y,Z)−∆µ+n (Y,Z)∥3∥∆µn(Y,Z)∥∞.

For the first term in the last expression, by (C.13) we have that

∥∆µ+n (Y,Z) ◦∆µn(Y,Z)∥3 = ∥∆µ+n (Y,Z)∥26 ≤
(
∥∆µ+n (Y,Z)∥22∥∆µ

+
n (Y,Z)∥4∞

)1/3
≤
(
∥∆µ+n (Y,Z)∥22(2∥µn(Y,Z)∥∞)4

)1/3
= oP (σn∥∆µ+n (Y,Z)∥2).

For the second term, again by (C.13),

∥∆µ̂+n (Y,Z)−∆µ+n (Y,Z)∥3∥∆µn(Y,Z)∥∞

≤ ∥∆µ̂+n (Y,Z)−∆µ+n (Y,Z)∥
2/3
2 · ∥∆µ̂+n (Y,Z)−∆µ+n (Y,Z)∥

1/3
∞ · ∥∆µn(Y,Z)∥∞

= σn∥∆µ+n (Y,Z)∥2

∥
(
∆µ̂+n (Y,Z)−∆µ+n (Y,Z)

)
∥2/32

∥∆µ+n (Y,Z)∥
2/3
2

×
∥
(
∆µ̂+n (Y,Z)−∆µ+n (Y,Z)

)
∥1/3∞

σ
1/4
n ∥∆µ+n (Y,Z)∥

1/12
2

× ∥∆µn(Y,Z)∥∞
σ
3/4
n ∥∆µ+n (Y,Z)∥

1/4
2


= σn∥∆µ+n (Y,Z)∥2

(
Err2(µ̂n, µn)2/3 · Err∞(µ̂n, µn)

1/12 · ∥∆µn(Y,Z)∥∞
σ
3/4
n ∥∆µ+n (Y,Z)∥

1/4
2

)
= oP (σn∥∆µ+n (Y,Z)∥2).

Finally, we also note that by (C.11) and (C.12),

∥∆µ̂+n (Y,Z)∥2 ≥ ∥∆µ+n (Y,Z)∥2 − oP (σnÎSNRn) ≥ ∥∆µ+n (Y,Z)∥2(1− oP (1)).
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Hence, combining all these calculations, ∥∆µ̂+n (Y,Z)◦∆µn(Y,Z)∥3 = oP (σn∥∆µ̂+n (Y,Z)∥2),

or in other words, ∥ŵ ◦∆µn(Y,Z)∥3 = oP (σn∥ŵ∥2) as required. Therefore, the second con-

dition of Assumption A2 is also satisfied by plug-in matching with weights ŵ = ∆µ̂+n (Y,Z).

Step 3: applying Corollary C.2. Now that we have verified Assumptions A1 and A2,

we are ready to apply the corollary. By (C.12) and (C.14),

∣∣∣∣∣ŵ⊤∆µn(Y,Z)
∥ŵ∥2

− ∥ŵ∥2

∣∣∣∣∣ =
∣∣∣∣∆µ̂+n (Y,Z)⊤∆µn(Y,Z)∥∆µ̂+n (Y,Z)∥2

− ∥∆µ+n (Y,Z)∥2
∣∣∣∣ = oP (σnÎSNRn).

Then, by (C.10) and (C.12),

ÎSNRn
(
1− oP (1)

)
≤ ŵ⊤∆µn(Y,Z)

σn∥ŵ∥2
≤

√
2 · ÎSNRn

(
1 + oP (1)

)
.

By Corollary C.2, then,

Φ

(
ÎSNRn

(
1− oP (1)

)
√
2

− Φ̄−1(α)

)
− oP (1) ≤ P {p ≤ α | Y,Z}

≤ Φ

(
ÎSNRn

(
1 + oP (1)

)
− Φ̄−1(α)

)
+ oP (1).

Applying Lemma C.8 completes the proof. □

C.2.3 Power of neighbor matching (proof of Theorem 4.10)

Let us define π to be any permutation of [n] for which

Zπ(1) ≤ Zπ(2) ≤ . . . ≤ Zπ(n),

and note that the set of matched pairs for neighbor matching is given by M :=
{(
π(2ℓ −

1), π(2ℓ)
)}
ℓ∈⌊n/2⌋. By Corollary C.2 and Lemma C.8, with w = ∆Y+, it suffices to prove
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that

∣∣∣∣∆Y+⊤
∆µn(Y,Z)

σn∥∆Y+∥2
−
√
n/2 · βn
σn

·
{
E
[
VarY∼PY |Z (Y )

]}1/2∣∣∣∣ = oP

(βn√n
σn

)
, (C.15)

and that Assumptions A1 and A2 are satisfied by neighbor matching.

Step 1: establishing (C.15). Under the partially linear Gaussian model (4.16),

∆Y+⊤
∆µn(Y,Z) = ∆Y+⊤

∆µ0(Z) + βn∥∆Y+∥22, (C.16)

where the first term is non-positive since µ0 ∈ CISO. Moreover, we also have
∣∣∆Y+⊤

∆µ0(Z)
∣∣ ≤

∥∆Y+∥∞∥∆µ0(Z)∥1. Since µ0 ∈ CISO, we also have that

∥∆µ0(Z)∥1 =

⌊n/2⌋∑
ℓ=1

(
µ0(Zπ(2ℓ))− µ0(Zπ(2ℓ−1))

)
≤

n∑
i=2

(
µ0(Zπ(i))− µ0(Zπ(i−1))

)
= µ0(Zπ(n))− µ0(Zπ(1)) ≤ 2∥µ0(Z)∥∞.

(C.17)

Now ∥∆Y+∥∞ ≤ 2, and since µ0(Z) is sub-Gaussian, we have ∥µ0(Z)∥∞ = OP (
√
log n).

Additionally, by Proposition C.9,

∣∣∣ 2
n
∥∆Y+∥22 − E

[
VarY∼PY |Z (Y )

]∣∣∣ = oP (1). (C.18)
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Moreover, E
[
VarY∼PY |Z (Y )

]
> 0, so it now follows that

∣∣∣∣∆Y+⊤
∆µn(Y,Z)

σn∥∆Y+∥2
−
√
n/2 · βn
σn

{
E
[
VarY∼PY |Z (Y )

]}1/2∣∣∣∣
≤
∣∣∣∣∆Y+⊤

∆µn(Y,Z)

σn∥∆Y+∥2
− βn
σn

∥∆Y+∥2
∣∣∣∣+ ∣∣∣∣βnσn∥∆Y+∥2 −

√
n/2 · βn
σn

{
E
[
VarY∼PY |Z (Y )

]}1/2∣∣∣∣
≤ 4

∥µ0(Z)∥∞
σn∥∆Y+∥2

+ oP

(βn√n
σn

)
= OP

(√
log n

σn
√
n

)
+ oP

(βn√n
σn

)
= oP (1),

where in the penultimate line, since ∥µ0(Z)∥∞ = OP (
√
log n) and σn ≫

√
log n
n , by (C.18),

we have that ∥µ0(Z)∥∞/(σn∥∆Y+∥2) = OP
(√

log n/(σn
√
n)
)
= oP (1); we also use the

assumption that βn ≳ σnn
−1/2, and so βn

√
n

σn
≳ 1. This establishes (C.15).

Step 2: establishing Assumptions A1 and A2. Since Y is bounded, and ∥∆Y+∥2 =

OP (
√
n) by (C.18), Assumption A1 holds for neighbor matching. Next, turning to Assump-

tion A2, we first observe that by (C.17),

∥∆Y+ ◦∆µn(Y,Z)∥2 ≤ ∥∆Y+ ◦∆µ0(Z)∥2 + βn∥∆Y+∥24

≤ ∥∆Y+∥∞∥∆µ0(Z)∥1 + βn∥∆Y+∥∞∥∆Y+∥2

≤ 4∥µ0(Z)∥∞ + 2βn∥∆Y+∥2. (C.19)

Also, by (C.15), it follows that

∥∆Y+ ◦∆µn(Y,Z)∥2
∆Y+⊤∆µn(Y,Z)

≤ 4∥µ0(Z)∥∞ + 2βn∥∆Y+∥2

∥∆Y+∥2βn
√
n/2
{
E
[
VarY∼PY |Z (Y )

]}1/2
−oP (βn

√
n∥∆Y+∥2)

=

4∥µ0(Z)∥∞
σn∥∆Y+∥2

+ 2βn
σn

√
n/2·βn
σn

{
E
[
VarY∼PY |Z (Y )

]}1/2
−oP

(
βn

√
n

σn

) .
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As before, ∥µ0(Z)∥∞/(σn∥∆Y+∥2) = oP (1) and βn ≳ σnn
−1/2, while E

[
VarY∼PY |Z (Y )

]
>

0 by assumption. This therefore yields

∥∆Y+ ◦∆µn(Y,Z)∥2
∆Y+⊤∆µn(Y,Z)

= oP (1),

i.e., the first condition of Assumption A2 is satisfied by neighbor matching. Next, we note

that

∥∆Y+ ◦∆µn(Y,Z)∥∞ ≤ ∥∆Y+ ◦∆µ0(Z)∥∞ + βn∥∆Y+∥2∞ ≤ 4
(
∥µ0(Z)∥∞ + βn

)
,

and also that

∥∆Y+ ◦∆µn(Y,Z)∥3 ≤ ∥∆Y+ ◦∆µn(Y,Z)∥
1/3
∞ · ∥∆Y+ ◦∆µn(Y,Z)∥

2/3
2 .

Thus, by (C.18) and (C.19), and recalling that 1 ≳ βn/σn and σn ≫
√

log n
n , we have that

∥∆Y+ ◦∆µn(Y,Z)∥3 ≤ 41/3
(
∥µ0(Z)∥∞ + βn

)1/3 · (4∥µ0(Z)∥∞ + 2βn∥∆Y+∥2
)2/3

= OP

(
(
√

log n+ βn)
1/3(

√
log n+ βn

√
n)2/3

)
= oP (σn

√
n) = oP (σn∥∆Y+∥2).

Therefore, the second condition of Assumption A2 is also satisfied by neighbor matching.

This completes the proof. □

C.2.4 Power of cross-bin matching (proof of Theorem 4.11)

In this section, we study the power of the PairSwap-ICI test for cross-bin matching.

Definition C.1. For any probability distribution P on R, we define the deviance of P as

Dev(P ) := Eq∼Unif(0,1)

[(
F−1(1− q)− F−1(q)

)2]
, (C.20)
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where F−1 is the quantile function of P .

We remark that deviance is a general measure of deviation: in fact, for any distribution,

Dev(P ) ≥ 2VarX∼P (X), as we will prove formally in Lemma C.13.

With this definition in place, we first state a general concentration result for the conditional

power of cross-bin matching in the following theorem.

Theorem C.3. Under the same setting and assumptions as Theorem 4.11, the conditional

power of cross-bin matching (Algorithm 3) satisfies

∣∣∣∣P {p ≤ α | Y,Z} − Φ

(√
nβn
2σn

·
(
E
[
Dev(PY |Z)

])1/2 − Φ̄−1(α)

)∣∣∣∣ = oP (1).

This result will allow us to immediately verify Theorem 4.11 (see below), but will also be

useful for proving additional results later on.

Proof of Theorem 4.11

By Lemma C.13, for any distribution P on R, it holds that Dev(P ) ≥ 2VarX∼P (X).

Therefore,
(
E
[
Dev(PY |Z)

])1/2 ≥
√
2
(
E
[
VarY∼PY |Z (Y )

])1/2, and so the first part of The-

orem 4.11 follows as an immediate corollary of Theorem C.3.

For the second part, we note that by Lemma C.13, for any distribution P on R that is

symmetric around its mean, it holds that Dev(P ) = 4VarX∼P (X). Applying this calculation

to PY |Z , then, we have E
[
Dev(PY |Z)

]
= 4E

[
VarY∼PY |Z (Y )

]
. Thus, the second part follows

from Theorem C.3. □
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Proof of Theorem C.3

The proof for cross-bin matching follows the same key steps as in the proof for neighbor

matching in Appendix C.2.3. We first show that

∣∣∣∣∆Y+⊤
∆µn(Y,Z)

σn∥∆Y+∥2
−
√
n/2 · βn
σn

·
{
E
[
Dev(PY |Z)

]}1/2∣∣∣∣ = oP

(βn√n
σn

)
(C.21)

and then establish that Assumptions A1 and A2 are satisfied by cross-bin matching. Finally,

we will apply Corollary C.2 with w = ∆Y+ to conclude the proof.

Step 1: establishing (C.21). Recall the decomposition (C.16). Since µ0 ∈ CISO, the first

term is non-positive, and we also have that
∣∣∆Y+⊤

∆µ0(Z)
∣∣ ≤ ∥∆Y+∥∞∥∆µ0(Z)∥1. Next,

recalling the notation from Algorithm 3, and using the fact that µ0 ∈ CISO, we have that

∥∆µ0(Z)∥1 ≤
Kn−1∑
k=1

⌊m/2⌋∑
s=1

(
µ0(Zrk+1,s

)− µ0(Zrk,m+1−s)
)

≤
⌊
m

2

⌋Kn−1∑
k=1

(
µ0(Zπ((k+1)m))− µ0(Zπ((k−1)m+1))

)
≤ n

Kn

(
µ0(Zπ(n))− µ0(Zπ(1))

)
≤ 2n

Kn
∥µ0(Z)∥∞. (C.22)

Since µ0(Z) is sub-Gaussian, ∥µ0(Z)∥∞ = OP (
√
log n). Also, since Y is bounded and

Kn ≫
√
n log n/σn, we have that

∣∣∆Y+⊤
∆µ0(Z)

∣∣ = oP (σn
√
n).

Moreover by Proposition C.10,

2

n
∥∆Y+∥22

P→ E
[
Dev(PY |Z)

]
. (C.23)
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Therefore, by recalling that βn ≳ σnn
−1/2, we finally have that

∣∣∣∣∆Y+⊤
∆µn(Y,Z)

σn∥∆Y+∥2
−
√
n/2 · βn
σn

·
{
E
[
Dev(PY |Z)

]}1/2∣∣∣∣
≤
∣∣∣∣∆Y+⊤

∆µn(Y,Z)

σn∥∆Y+∥2
− βn
σn

∥∆Y+∥2
∣∣∣∣+ ∣∣∣∣βnσn∥∆Y+∥2 −

√
n/2 · βn
σn

·
{
E
[
Dev(PY |Z)

]}1/2∣∣∣∣
=

∣∣∣∣∆Y+⊤
∆µ0(Z)

σn∥∆Y+∥2

∣∣∣∣+ ∣∣∣∣βnσn∥∆Y+∥2 −
√
n/2 · βn
σn

·
{
E
[
Dev(PY |Z)

]}1/2∣∣∣∣
=

oP (σn
√
n)

σn∥∆Y+∥2
+ oP

(βn√n
σn

)
= oP

(
1 +

βn
√
n

σn

)
= oP

(βn√n
σn

)
.

This establishes (C.21).

Step 2: establishing Assumptions A1 and A2. Since Y is bounded, we have by (C.23)

that Assumption A1 holds for the weights w = ∆Y+ of cross-bin matching. Next, turning

to Assumption A2, we first observe that by (C.22),

∥∆Y+ ◦∆µn(Y,Z)∥2 ≤ ∥∆Y+ ◦∆µ0(Z)∥2 + βn∥∆Y+ ◦∆Y∥2

≤ ∥∆Y∥∞
(
∥∆µ0(Z)∥2 + βn∥∆Y+∥2

)
≤ 2
(
∥∆µ0(Z)∥

1/2
1 ∥∆µ0(Z)∥

1/2
∞ + βn∥∆Y+∥2

)
≤ 2

(( 4n

Kn

)1/2
∥µ0(Z)∥∞ + βn∥∆Y+∥2

)
= OP

(√
n log n

Kn
+ βn

√
n

)
= oP (

√
σn

4
√
n log n) + OP (βn

√
n).
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Hence, in combination with (C.21), it follows that

∥∆Y+ ◦∆µn(Y,Z)∥2
∆Y+⊤∆µn(Y,Z)

≤
oP (σ

−1/2
n (n log n)1/4) + OP

(βn√n
σn

)
βn

√
n/2

σn
∥∆Y+∥2

{
E
[
Dev(PY |Z)

]}1/2 − ∥∆Y+∥2oP
(βn√n

σn

)
=

oP

(
σ
−1/2
n (n log n)1/4

)
+OP

(βn√n
σn

)
OP
(βn n
σn

)
= oP (σ

−1/2
n n−1/4 log1/4 n) + OP (n

−1/2) = oP (1),

since βn ≳ σn/
√
n, σn ≫

√
log n
n , and E

[
Dev(PY |Z)

]
> 0. In other words, the first condition

of Assumption A2 is satisfied by cross-bin matching. Next, since 1 ≳ βn/σn , we note that

∥∆Y+ ◦∆µn(Y,Z)∥∞ ≤ ∥∆Y+ ◦∆µ0(Z)∥∞ + βn∥∆Y+∥2∞ ≤ 4
(
∥µ0(Z)∥∞ + βn

)
= OP (

√
log n+ σn).

Since βn ≲ σn and σn ≫
√

log n
n , we therefore have that

∥∆Y+ ◦∆µn(Y,Z)∥3 ≤ ∥∆Y+ ◦∆µn(Y,Z)∥
1/3
∞ ∥∆Y+ ◦∆µn(Y,Z)∥

2/3
2

≤ OP (
√

log n+ σn)
1/3 ·

(
oP (

√
σn

4
√
n log n) + OP (βn

√
n)

)2/3

= OP (
6
√

log n+ σ
1/3
n ) ·

(
oP (σ

1/3
n

6
√
n log n) + OP (β

2/3
n

3√n)
)

= oP (σn
√
n) = oP (σn∥∆Y+∥2).

Therefore, the second condition of Assumption A2 is also satisfied by cross-bin matching.
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Step 3: completing the proof By Corollary C.2, (C.21), and Lemma C.8, we have

∣∣∣∣P {p ≤ α | Y,Z} − Φ

(√
nβn
2σn

·
(
E
[
Dev(PY |Z)

])1/2 − Φ̄−1(α)

)∣∣∣∣
≤
∣∣∣∣P {p ≤ α | Y,Z} − Φ

(
∆Y+⊤

∆µn(Y,Z)√
2σn∥∆Y+∥2

− Φ̄−1(α)

)∣∣∣∣
+

∣∣∣∣Φ(∆Y+⊤
∆µn(Y,Z)√

2σn∥∆Y+∥2
− Φ̄−1(α)

)
− Φ

(√
nβn
2σn

·
(
E
[
Dev(PY |Z)

])1/2 − Φ̄−1(α)

)∣∣∣∣
= oP (1),

as required. □

C.2.5 Proof of propositions, corollaries and lemmas from

Section 4.5

Proof of Proposition 4.7

Fix a distribution QX,Y,Z ∈ HICI
0 . For any test function

ϕ : (X × Y × Z)n → [0, 1] such that sup
P∈HICI

0

EP [ϕ(X,Y,Z)] ≤ α,

we have that

EPX,Y,Z [ϕ(X,Y,Z)] ≤ EQX,Y,Z [ϕ(X,Y,Z)] + dTV

(
PnX,Y,Z , Q

n
X,Y,Z

)
≤ α + dTV

(
PnX,Y,Z , Q

n
X,Y,Z

)
.

The result now follows since the last inequality holds for any QX,Y,Z ∈ HICI
0 .
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Proof of Corollary 4.8

By Proposition 4.7, it is enough to prove that

inf
QX,Y,Z∈HICI

0

dTV

(
PnX,Y,Z , Q

n
X,Y,Z

)
≤ Lζ · ISNRn.

Now consider any µ̃n ∈ CISO. Similar to (4.12), define Q̃X,Y,Z to be the joint distribution

of (X, Y, Z) when

X = µ̃n(Z) + σnζ, (Y, Z) ∼ PY,Z , ζ ∼ Pζ .

Now abusing notation, we will write PX|Y,Z to denote the conditional distribution of X given

(Y,Z), under the joint distribution (X,Y,Z) ∼ PnX,Y,Z . Similarly, we will write QX|Y,Z.

Then by properties of Hellinger distance, since the marginal distribution of (Y, Z) is identical

under PX,Y,Z as under QX,Y,Z by construction, we have

dTV(P
n
X,Y,Z , Q

n
X,Y,Z) = E

[
dTV(PX|Y,Z, QX|Y,Z)

]
≤ E

[
H(PX|Y,Z, QX|Y,Z)

]
,

where the last step holds since total variation distance is bounded by Hellinger distance

[Le Cam and Yang, 2000]. Moreover, by construction, the distribution PX|Y,Z has density

n∏
i=1

σ−1
n fζ

(
xi − µn(Yi, Zi)

σn

)
,

while QX|Y,Z has density
n∏
i=1

σ−1
n fζ

(
xi − µ̃n(Zi)

σn

)
.
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Since the squared Hellinger distance is subadditive over product distributions [Canonne,

2020, Appendix C.2],

H2
(
PX|Y,Z, QX|Y,Z

)
≤

n∑
i=1

∫
R

[√
σ−1
n fζ

(
xi − µn(Yi, Zi)

σn

)
−

√
σ−1
n fζ

(
xi − µ̃n(Zi)

σn

)]2
dx

=
n∑
i=1

∫
R

[√
fζ

(
xi −

µn(Yi, Zi)

σn

)
−

√
fζ

(
xi −

µ̃n(Zi)

σn

)]2
dx

≤
n∑
i=1

(
Lζ ·

∣∣∣∣µn(Yi, Zi)σn
− µ̃n(Zi)

σn

∣∣∣∣)2

=
(
Lζσ

−1
n ∥µn(Y,Z)− µ̃n(Z)∥2

)2
,

where the second step holds by a change of variables in integration, and the third step holds

by the condition (4.15). Returning to our calculations above, then,

dTV(P
n
X,Y,Z , Q

n
X,Y,Z) ≤ E

[
Lζσ

−1
n ∥µn(Y,Z)− µ̃n(Z)∥2

]
.

Since we can choose any µ̃n ∈ CISO, then,

inf
QX,Y,Z∈HICI

0

dTV(P
n
X,Y,Z , Q

n
X,Y,Z) ≤ inf

µ̃n∈CISO
E
[
Lζσ

−1
n ∥µn(Y,Z)− µ̃n(Z)∥2

]
= Lζ ·ISNRn,

which completes the proof. □

Proof of Lemma 4.9

Under the model class (4.16), since E [Y ] = 0, we have that

σnISNRn
(1)
≤ EPY,Z [∥µn(Y,Z)− µ0(Z)∥2] = EPY,Z [∥βnY∥2]

(2)
≤ βn

(
EPY,Z

[ n∑
i=1

Y 2
i

])1/2

=
√
nβn

(
Var (Y )

)1/2
,
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where the inequality (1) holds since µ0 ∈ CISO, and (2) holds by Jensen’s inequality. Next,

again under the model class (4.16), writing G for the set of Borel measurable functions from

R to R,

σnISNRn = inf
g∈CISO

EPY,Z [∥µn(Y,Z)− g(Z)∥2] ≥ inf
g∈G

EPY,Z [∥µn(Y,Z)− g(Z)∥2]

= EPY,Z
[∥∥µn(Y,Z)− E [µn(Y,Z) | Z]

∥∥
2

]
= EPY,Z

[∥∥βn (Y − E [Y | Z]
)∥∥

2

]
.

Finally, since Y is a bounded random variable, we have by the weak law of large numbers

that

1

n
∥Y − E [Y | Z]

∥∥2
2 =

1

n

n∑
i=1

(Yi − E[Y | Zi])2 = E
[
VarY∼PY |Z (Y )

] (
1 + oP (1)

)
.

Thus, σnISNRn ≥
√
nβn

(
E
[
VarY∼PY |Z (Y )

])1/2
(1 + oP (1)). □

C.2.6 An oracle matching: isotonic median matching

A key step in Appendix C.2.2 is establishing the inequalities in (C.10) for oracle matching,

which clarify its relationship to the isotonic SNR, ÎSNRn. In this section, we will prove these

inequalities, restated here in the following theorem:

Theorem C.4. For any (Y,Z) ∈ Rn × Rn,

ÎSNRn ≤
supM∈Mn(Z) ∥∆µ

+
n (Y,Z;M)∥2

σn
≤

√
2 ÎSNRn.

In order to prove the lower bound of this result, we will give an explicit construction for an

optimal matching, via a technique that we refer to as isotonic median matching (IMM). In

the remainder of this section, we will first develop the definition and properties of the IMM,
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and will then return to the proof of the theorem.

From this point on, assume that Z1 ≤ · · · ≤ Zn without loss of generality. Given a =

(a1, . . . , am) ∈ Rm, we define the median of this vector by

Med(a) =


a(k+1) if m = 2k + 1 for some k ∈ N0,

a(k)+a(k+1)
2 if m = 2k for some k ∈ N,

where a(1) ≤ · · · ≤ a(m) denote the order statistics of a1, . . . , am. Given Z, we define the

cone of vectors in Rn that obey isotonic relation with Z as

ĈISO(Z) := {v ∈ Rn : for all 1 ≤ i ≤ j ≤ n, (zi − zj)(vi − vj) ≥ 0}.

Moreover, given (Y,Z) and any vector u ∈ Rn, we define ũ ∈ Rn with ith component given

by

ũi := max
j∈[n]:Zj≤Zi

min
k∈[n]:Zk≥Zi

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Zk

)
. (C.24)

We claim that ũ ∈ ĈISO(Z)—the intuition is that we can think of ũ as a projection of u

onto the cone ĈISO(Z) (in fact, it is the projection with respect to the ℓ1 norm, although we

will not establish this claim formally as it is not needed here). To verify that ũ ∈ ĈISO(Z),

observe that for 1 ≤ i1 ≤ i2 ≤ n,

ũi1 = max
j∈[n]:Zj≤Zi1

min
k∈[n]:Zk≥Zi1

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Zk

)
≤ max
j∈[n]:Zj≤Zi1

min
k∈[n]:Zk≥Zi2

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Zk

)
≤ max
j∈[n]:Zj≤Zi2

min
k∈[n]:Zk≥Zi2

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Zk

)
= ũi2 ,

which proves the claim. Next, since ũ ∈ ĈISO(Z), there exist m ∈ [n+ 1], integers 1 = n1 <
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. . . < nm = n+ 1 and real numbers r1 < . . . < rm−1 such that

ũi =
m−1∑
t=1

ri 1 {nt ≤ i < nt+1} , (C.25)

i.e., ũ is a piecewise constant vector, with m− 1 components.

The following lemma establishes some additional properties of this vector.

Lemma C.5. In the representation (C.25) of the vector ũ, for each t ∈ [m− 1],

rt = Med
(
(uℓ)nt≤ℓ≤nt+1−1

)
, (C.26)

and moreover, for each i ∈ {nt, nt + 1, . . . , nt+1 − 1},

Med
(
(uℓ)ℓ:Znt≤Zℓ≤Zi

)
≥ rt ≥ Med

(
(uℓ)ℓ:Zi≤Zℓ≤Znt+1−1

)
. (C.27)

Proof. First, since ũ ∈ ĈISO(Z), and ũnt−1 < ũnt for each t = 2, . . . ,m − 1, we have

Znt−1 < Znt for each t = 2, . . . ,m− 1 and consequently

nt ≤ ℓ ≤ nt+1 − 1 ⇐⇒ Znt ≤ Zℓ ≤ Znt+1−1

for each t ∈ [m− 1]. Therefore, establishing (C.26) is equivalent to proving that

rt = Med
(
(uℓ)ℓ:Znt≤Zℓ≤Znt+1−1

)
,

which is an immediate consequence of the inequalities in (C.27) (applied with i = nt+1−1 on

the left and with i = nt on the right). Therefore we now only need to prove these inequalities.
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Upper bound on rt. First we will prove that

rt ≤ Med
(
(uℓ)ℓ:Znt≤Zℓ≤Zi

)
(C.28)

for all t ∈ [m− 1] and all i ∈ {nt, . . . , nt+1 − 1}. By definition, we have

rt = ũnt = max
j∈[n]:Zj≤Znt

min
k∈[n]:Zk≥Znt

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Zk

)
.

As noted above, Zj < Znt for any j < nt. Therefore we can write

{j ∈ [n] : Zj ≤ Znt} = {j ∈ [n] : j < nt} ∪ {j ∈ [n] : Zj = Znt},

and hence,

rt = max
{
max
j<nt

min
k∈[n]:Zk≥Znt

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Zk

)
︸ ︷︷ ︸

=:rt,1

, min
k∈[n]:Zk≥Znt

Med
(
(uℓ)ℓ:Znt≤Zℓ≤Zk

)
︸ ︷︷ ︸

=:rt,2

}
,

where we take the convention that the maximum over an empty set is equal to −∞ (to handle

the case t = 1, i.e., {j ∈ [n] : j < n1} = ∅, so that rt,1 = −∞ and rt = rt,2. If instead

t ≥ 2, then we claim that rt,1 ≤ rt,2, so that rt = rt,2 again. Suppose for a contradiction

that rt,1 > rt,2. Let ĵ ∈ [nt − 1] and k̂ ∈ [n] be such that Z
k̂
≥ Znt and

rt,1 = min
k∈[n]:Zk≥Znt

Med
(
(uℓ)ℓ:Z

ĵ
≤Zℓ≤Zk

)
and rt,2 = Med

(
(uℓ)ℓ:Znt≤Zℓ≤Zk̂

)
. (C.29)

Then, Med
(
(uℓ)ℓ:Z

ĵ
≤Zℓ≤Zk̂

)
≥ rt,1 > Med

(
(uℓ)ℓ:Znt≤Zℓ≤Zk̂

)
. Since {j : j < nt} = {j :

Zj ≤ Znt−1} (due to Z being a nondecreasing vector with Znt−1 < Znt as established
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above), it holds that Z
ĵ
≤ Znt−1 < Znt and thus, by Lemma C.14,

Med
(
(uℓ)ℓ:Z

ĵ
≤Zℓ≤Zk̂

)
≤ Med

(
(uℓ)ℓ:Z

ĵ
≤Zℓ≤Znt−1

)
.

Now, we also have

rt,1 = rt > ũnt−1 ≥ min
k∈[n]:Zk≥Znt−1

Med
(
(uℓ)ℓ:Z

ĵ
≤Zℓ≤Zk

)
(C.30)

Moreover, by noting that {k : Zk ≥ Znt−1} = {k : Zk ≥ Znt} ∪ {k : Zk = Znt−1} and

by (C.29), it follows that

min
k∈[n]:Zk≥Znt−1

Med
(
(uℓ)ℓ:Z

ĵ
≤Zℓ≤Zk

)
= min

{
min

k∈[n]:Zk≥Znt
Med

(
(uℓ)ℓ:Z

ĵ
≤Zℓ≤Zk

)
,Med

(
(uℓ)ℓ:Z

ĵ
≤Zℓ≤Znt−1

)}
= min

{
rt,1,Med

(
(uℓ)ℓ:Z

ĵ
≤Zℓ≤Znt−1

)}
= Med

(
(uℓ)ℓ:Z

ĵ
≤Zℓ≤Znt−1

)
,

where the last step follows by (C.30). Thus, we have that

Med
(
(uℓ)ℓ:Z

ĵ
≤Zℓ≤Zk̂

)
≥ rt,1 > Med

(
(uℓ)ℓ:Z

ĵ
≤Zℓ≤Znt−1

)
,

which is a contradiction. Thus we again have rt = rt,2 in this case. Therefore, for all

t ∈ [m− 1],

rt = rt,2 = min
k∈[n]:Zk≥Znt

Med
(
(uℓ)ℓ:Znt≤Zℓ≤Zk

)
≤ min
i∈{nt,...,nt+1−1}

Med
(
(uℓ)ℓ:Znt≤Zℓ≤Zi

)
.

This establishes the desired upper bound (C.28) on rt.
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Lower bound on rt. Next we will prove that

rt ≥ Med
(
(uℓ)ℓ:Zi≤Zℓ≤Znt+1−1

)
(C.31)

for all t ∈ [m−1] and all i ∈ {nt, . . . , nt+1−1}. This proof is not simply a symmetric version

of the proof of the upper bound, since the vector ũ is defined by taking the maximum of the

minimum (and not vice versa).

By definition, we have

rt = ũnt+1−1 = max
j∈[n]:Zj≤Znt+1−1

min
k∈[n]:Zk≥Znt+1−1

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Zk

)
.

If t = m − 1 then nt+1 − 1 = n, and so {k ∈ [n] : Zk ≥ Znt+1−1} = {k ∈ [n] : Zk ≥ Zn}.

Therefore, for t = m− 1 we have

rt = max
j∈[n]:Zj≤Zn

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Zn

)
= max
j∈[n]

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Zn

)
≥ max
j∈{nt,...,n}

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Zn

)
.

This proves the claim for the case t = m− 1.

From this point on we assume t ∈ [m−2]. As noted above, Zk > Znt+1−1 for any k ≥ nt+1.

Therefore we can write

{k ∈ [n] : Zk ≥ Znt+1−1} = {k ∈ [n] : k ≥ nt+1} ∪ {k ∈ [n] : Zk = Znt+1−1},
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and hence,

rt = max
j∈[n]:Zj≤Znt+1−1

min
{

min
k≥nt+1

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Zk

)
︸ ︷︷ ︸

=:rt,j,1

, Med
(
(uℓ)ℓ:Zj≤Zℓ≤Znt+1−1

)
︸ ︷︷ ︸

=:rt,j,2

}
.

Fix any j with Zj ≤ Znt+1−1, and suppose that rt,j,1 < rt,j,2. Then

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Zk

)
< Med

(
(uℓ)ℓ:Zj≤Zℓ≤Znt+1−1

)
for some k ≥ nt+1. Then by Lemma C.14, we must have

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Zk

)
≥ Med

(
(uℓ)ℓ:Znt+1−1<Zℓ≤Zk

)
.

Now let t′ ≥ t+1 be such that nt′ ≤ k < nt′+1. Since Znt+1−1 < Znt+1 as explained above,

we have by Lemma C.14 that

Med
(
(uℓ)ℓ:Znt+1−1<Zℓ≤Zk

)
= Med

(
(uℓ)ℓ:Znt+1≤Zℓ≤Zk

)
≥ min

{
Med

(
(uℓ)ℓ:Znt+1≤Zℓ<Znt+2

)
, . . . ,Med

(
(uℓ)ℓ:Znt′−1

≤Zℓ<Znt′
)
,Med

(
(uℓ)ℓ:Znt′≤Zℓ≤Zk

)}
≥ min{rt+1, . . . , rm−1} = rt+1,

where the second inequality applies the upper bound (C.28) on each rt+1, . . . , rm−1. But we

also have

rt ≥ min{rt,j,1, rt,j,2} = rt,j,1 ≥ rt+1,

which is a contradiction.
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Therefore we have rt,j,1 ≥ rt,j,2 for all j such that Zj ≤ Znt+1−1, and so

rt = max
j∈[n]:Zj≤Znt+1−1

rt,j,2 = max
j∈[n]:Zj≤Znt+1−1

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Znt+1−1

)
≥ max
j∈{nt,...,nt+1−1}

Med
(
(uℓ)ℓ:Zj≤Zℓ≤Znt+1−1

)
.

This proves the lower bound (C.31), and thus completes the proof of the lemma.

We are now in a position to define the isotonic median matching for any vector u ∈ Rn. Let

m be as defined in (C.25). For t ∈ [m− 1], define

Pt :=
{
ℓ ∈ {nt, nt + 1, . . . , nt+1 − 1} : uℓ > rt = ũℓ

}
,

Nt :=
{
ℓ ∈ {nt, nt + 1, . . . , nt+1 − 1} : uℓ < rt = ũℓ

}
.

Let us order the indices in Pt as ℓ+t,1 < · · · < ℓ+
t,n+t

and the indices in Ni as ℓ−t,1 < · · · < ℓ−
t,n−t

.

Defining n̄t := n+t ∧ n−t , we consider the collection of ordered pairs

Ct :=
{
(ℓ+t,1, ℓ

−
t,1), · · · , (ℓ

+
t,n̄t

, ℓ−t,n̄t)
}
.

Finally, we consider M̃(u) :=
⋃m−1
t=1 Ct and call it the isotonic median matching (IMM). In

the lemma below, we prove that this is a valid matching.

Lemma C.6. Suppose that the elements of {uℓ : ℓ ∈ [n]} are all distinct. Then for any

t ∈ [m− 1], we have n+t = n−t and uℓ = ũℓ for all ℓ ∈ {nt, nt + 1, . . . , nt+1 − 1} \
(
Pt ∪Nt

)
.

Moreover, M̃(u) ∈ Mn(Z).

Proof. Fix t ∈ [m − 1]. When nt+1 − nt is even, we have by (C.26) (in Lemma C.5) that

n+t = n−t = (nt+1−nt)/2 and {nt, nt+1, . . . , nt+1− 1} \
(
Pt∪Nt

)
= ∅. On the other hand,

when nt+1 − nt is odd, we have n+t = n−t = (nt+1 − nt − 1)/2 and {nt, nt + 1, . . . , nt+1 −
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1} \
(
Pt ∪Nt

)
=: {ℓ0} is a singleton set. Moreover, u(ℓ0) = ũ(ℓ0) which proves the first two

claims.

In order to prove that M̃(u) is a valid matching, we need to show that Z
ℓ+t,j

≤ Z
ℓ−t,j

for any

t ∈ [m − 1] and j ∈ [n̄t]. To see this, suppose for a contradiction that Z
ℓ+t,j0

> Z
ℓ−t,j0

for

some t ∈ [m− 1] and some minimal j0 ∈ [n̄t]. Since ũ ∈ ĈISO(Z), by (C.25), we have ℓ ≥ nt

whenever Zℓ ≥ Znt . Consequently, this gives us

∣∣{ℓ : Znt ≤ Zℓ ≤ Z
ℓ−t,j0

and uℓ < rt}
∣∣ ≥ ∣∣{ℓ : nt ≤ ℓ ≤ ℓ−t,j0

and uℓ < rt}
∣∣ = j0∣∣{ℓ : Znt ≤ Zℓ ≤ Z

ℓ−t,j0
and uℓ > rt}

∣∣ < ∣∣{ℓ : nt ≤ ℓ ≤ ℓ+t,j0
and uℓ > rt}

∣∣ = j0,

where the second inequality follows by recalling that ℓ+t,1 < · · · < ℓ+
t,n+t

. Since the elements

of {uℓ : ℓ ∈ [n]} are all distinct, this further implies that

Med
(
(uℓ)ℓ:Znt≤Zℓ≤Zℓ−t,j0

)
< rt,

which contradicts the result (C.27) proved in Lemma C.5.

With the definition and properties of the IMM now in place, we are now ready to prove

Theorem C.4. This result establishes the claim (C.10) in Appendix C.2.2, which was used

for proving the power guarantees for both oracle and plugin matching in Theorems 4.5

and 4.6.

Proof of Theorem C.4. First we prove the upper bound. Fix any matching M ∈ Mn(Z).

By definition, σnÎSNRn = infg∈CISO ∥µn(Y,Z)− g(Z)∥2. We claim that

(
µn
(
Yiℓ , Ziℓ

)
− µ

(
Yjℓ , Zjℓ

))
+
≤
∣∣µn(Yiℓ , Ziℓ)− g

(
Ziℓ

)∣∣+ ∣∣g(Zjℓ)− µ
(
Yjℓ , Zjℓ

)∣∣ (C.32)
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for every ℓ ∈ [L]. To see this, we may assume that µn
(
Yiℓ , Ziℓ

)
> µn

(
Yjℓ , Zjℓ

)
since

otherwise the left-hand side is zero, and the inequality trivially holds. Then

(
µn
(
Yiℓ , Ziℓ

)
− µn

(
Yjℓ , Zjℓ

))
+ = µn

(
Yiℓ , Ziℓ

)
− µn

(
Yjℓ , Zjℓ

)
= µn

(
Yiℓ , Ziℓ

)
− g(Ziℓ) + g(Zjℓ)− µn

(
Yjℓ , Zjℓ

)
+ g(Ziℓ)− g(Zjℓ)

≤
∣∣µn(Yiℓ , Ziℓ)− g

(
Ziℓ

)∣∣+ ∣∣g(Zjℓ)− µn
(
Yjℓ , Zjℓ

)∣∣+ (g(Ziℓ)− g(Zjℓ)
)

≤
∣∣µn(Yiℓ , Ziℓ)− g

(
Ziℓ

)∣∣+ ∣∣g(Zjℓ)− µn
(
Yjℓ , Zjℓ

)∣∣,
where the last step holds since we must have Ziℓ ≤ Zjℓ (since M ∈ Mn(Z)) and therefore

g(Zjℓ)− g(Zjℓ) ≤ 0 (since g ∈ CISO). This proves the claim (C.32), and therefore, it follows

that

∥∆µ+n (Y,Z;M)∥22 =
L∑
ℓ=1

(
µn
(
Yiℓ , Ziℓ

)
− µn

(
Yjℓ , Zjℓ

))2
+

≤
L∑
ℓ=1

(∣∣µn(Yiℓ , Ziℓ)− g
(
Ziℓ

)∣∣+ ∣∣g(Zjℓ)− µn
(
Yjℓ , Zjℓ

)∣∣)2
≤ 2

L∑
ℓ=1

{
µn
(
Yiℓ , Ziℓ

)
− g
(
Ziℓ

)}2
+ 2

L∑
ℓ=1

{
µn
(
Yjℓ , Zjℓ

)
− g
(
Zjℓ

)}2
≤ 2

n∑
i=1

{
µn(Yi, Zi)− g(Zi)

}2
= 2∥µn(Y,Z)− g(Z)∥22 ≤ 2σ2n ÎSNR

2
n.

This completes the proof of the upper bound.

Next we turn to the lower bound. It is sufficient to show that, for any ϵ > 0, we can find

some M ∈ Mn(Z) such that ∥∆µ+n (Y,Z;M)∥22 ≥ σ2nÎSNR
2
n − ϵ. Fixing any ϵ > 0, first

we note that we can find some u ∈ Rn such that the coordinates of u are all distinct and

∥µn(Y,Z)− u∥2 < ϵ/(
√
2 + 1). Consider the IMM for this vector u, M̃(u) := {(iℓ, jℓ)}ℓ∈L̃,

where M̃(u) ∈ Mn(Z) by Lemma C.6. Furthermore by Lemma C.6 and (C.25), we have for
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any ℓ ∈ [L̃] that uiℓ > ũiℓ = ũjℓ > ujℓ . Hence,

∥∆u+∥22 =
L̃∑
ℓ=1

(
uiℓ − ujℓ

)2
=

L̃∑
ℓ=1

(
uiℓ − ũiℓ + ũjℓ − ujℓ

)2
≥

L̃∑
ℓ=1

{(
uiℓ − ũiℓ

)2
+
(
ũjℓ − ujℓ

)2}
=

n∑
i=1

(
ui − ũi

)2
= ∥u− ũ∥22,

where the penultimate equality holds because ui = ũi for i ∈ [n] \ {i1, j1, . . . , iL̃, jL̃}, by

Lemma C.6. Next, we observe that

∥∆u+∥2 − ∥∆µ+n (Y,Z; M̃(u))∥2 ≤ ∥∆u+ −∆µ+n (Y,Z; M̃(u))∥2

≤ ∥∆u−∆µn(Y,Z; M̃(u))∥2

≤
√
2∥u− µn(Y,Z)∥2 ≤

√
2 · ϵ√

2 + 1
,

and that by (4.13),

σnÎSNRn ≤ ∥µn(Y,Z)− ũ∥2 ≤ ∥u− ũ∥2 +
ϵ√
2 + 1

.

Therefore,

∥∆µ+n (Y,Z; M̃(u))∥2 ≥ ∥∆u+∥2 −
√
2ϵ√

2 + 1
≥ ∥u− ũ∥2 −

√
2ϵ√

2 + 1

≥
(
σnÎSNRn − ϵ√

2 + 1

)
−

√
2ϵ√

2 + 1
= σnÎSNRn − ϵ,

which completes the proof of the lower bound.
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C.2.7 Proof of lemmas from Appendices C.2.1—C.2.4

Lemmas used to prove general power guarantees in Appendix C.2.1

Lemma C.7. Under the setting and assumptions of Theorem C.1, for any δ > 0, we have

that

P
{

∥w ◦∆X∥22(
2σ2n∥w∥22 + ∥w ◦∆µn(Y,Z)∥22

) ∈
[
(1− ϵ∗) ∨ 0, 1 + ϵ∗

]
and

∥w ◦∆X∥23 ≤
(
2σ2n∥w∥22 + ∥w ◦∆µn(Y,Z)∥22

)
· ϵ′∗

∣∣∣∣ Y,Z} ≥ 1− δ

where

ϵ∗ =

√
3

δ
·
(
2ρ24ϵ1 + 2(ϵ21ϵ2)

1/3
)
, ϵ′∗ =

(24)2/3ρ24
δ2/3

· ϵ2/31 + 4ϵ
2/3
2 ,

and we write ρ4 := EPζ
[
ζ4
]1/4.

Proof. Recall the notation from the hypothesis in statement of Theorem C.1:

ϵ1 =
∥w∥∞
∥w∥2

, ϵ2 =
∥w ◦∆µn(Y,Z)∥33

σ3n∥w∥32 + ∥w ◦∆µn(Y,Z)∥32
.

Under the model class (4.12), ∆X = ∆µn(Y,Z) + σn∆ζ, and thus, we can write

∥w ◦∆X∥22 = σ2n∥w ◦∆ζ∥22+2σn(w ◦∆ζ)⊤
(
w ◦∆µn(Y,Z)

)
+ ∥w ◦∆µn(Y,Z)∥22. (C.33)
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For the first term, we have

E
[
σ2n∥w ◦∆ζ∥22

∣∣∣ Y,Z] = 2σ2n∥w∥22,

Var
(
σ2n∥w ◦∆ζ∥22

∣∣∣ Y,Z) ≤
L∑
ℓ=1

w4
ℓσ

4
nE

ζ,ζ′iid∼Pζ

[
|ζ − ζ ′|4

]
≤ 16ρ44σ

4
n∥w∥44 ≤ 16ρ44σ

4
n∥w∥22∥w∥2∞ ≤ 16ρ44σ

4
n∥w∥42 · ϵ

2
1,

and therefore by Chebyshev’s inequality, for every A > 0,

P
{∣∣∣σ2n∥w ◦∆ζ∥22 − 2σ2n∥w∥22

∣∣∣ ≥ A
∣∣∣ Y,Z} ≤

16ρ44σ
4
n∥w∥42 · ϵ

2
1

A2
.

For the second term in (C.33), we have that

E
[
2σn(w ◦∆ζ)⊤

(
w ◦∆µ(Y,Z)

) ∣∣∣ Y,Z] = 0

and moreover, by Hölder’s inequality,

Var
(
2σn(w ◦∆ζ)⊤

(
w ◦∆µn(Y,Z)

) ∣∣∣ Y,Z)
= 4

L∑
ℓ=1

w2
ℓσ

2
nVar (∆ℓζ | Y,Z) ·

(
wℓ∆ℓµn(Y,Z)

)2
= 8σ2n

L∑
ℓ=1

w2
ℓ

(
wℓ∆ℓµn(Y,Z)

)2
≤ 8σ2n∥w∥26∥w ◦∆µn(Y,Z))∥23

≤ 8σ2n

(
∥w∥22∥w∥4∞

)1/3
∥w ◦∆µn(Y,Z)∥23

= 8σ2n∥w∥22
(
σ3n∥w∥32 + ∥w ◦∆µn(Y,Z)∥32

)2/3
· (ϵ21ϵ2)

2/3

≤ 8σ2n∥w∥22
(
σ2n∥w∥22 + ∥w ◦∆µn(Y,Z)∥22

)
· (ϵ21ϵ2)

2/3,
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where the penultimate step uses the definitions of ϵ21 and ϵ2. Another application of Cheby-

shev’s inequality then gives us for every B > 0 that

P
{∣∣∣2σn(w ◦∆ζ)⊤(w ◦∆µn(Y,Z))

∣∣∣ ≥ B
∣∣∣ Y,Z}

≤
8σ2n∥w∥22

(
σ2n∥w∥22 + ∥w ◦∆µn(Y,Z)∥22

)
· (ϵ21ϵ2)

2/3

B2
.

Together, then,

P
{∣∣∣∥w ◦∆X∥22 −

(
2σ2n∥w∥22 + ∥w ◦∆µn(Y,Z)∥22

)∣∣∣ ≥ A+B
∣∣∣ Y,Z}

≤
16σ4nρ

4
4∥w∥42 · ϵ

2
1

A2
+

8σ2n∥w∥22
(
σ2n∥w∥22 + ∥w ◦∆µ(Y,Z)∥22

)
· (ϵ21ϵ2)

2/3

B2
.

Next, we choose

A2 =
3

δ
· 16ρ44σ

4
n∥w∥42 · ϵ

2
1, and

B2 =
3

δ
· 8σ2n∥w∥22

(
σ2n∥w∥22 + ∥w ◦∆µn(Y,Z)∥22

)
· (ϵ21ϵ2)

2/3.

Then

P

{
∥w ◦∆X∥22(

2σ2n∥w∥22 + ∥w ◦∆µn(Y,Z)∥22
) ∈ [(1− ϵ∗) ∨ 0, 1 + ϵ∗]

∣∣∣∣∣ Y,Z
}

≥ 1− 2δ

3
.

Next we bound ∥w ◦∆X∥33. We start by writing

∥w ◦∆X∥3 ≤ σn∥w ◦∆ζ∥3 + ∥w ◦∆µn(Y,Z)∥3

= σn∥w ◦∆ζ∥3 +
(
σ3n∥w∥32 + ∥w ◦∆µn(Y,Z)∥32

)1/3
· ϵ1/32

≤ σn∥w ◦∆ζ∥3 + (σn∥w∥2 + ∥w ◦∆µn(Y,Z)∥2) · ϵ
1/3
2 .
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Further, we have that

E
[
∥w ◦∆ζ∥33

∣∣∣ Y,Z] = L∑
ℓ=1

w3
ℓE
[
|∆ℓζ|3

∣∣∣ Y,Z]
≤ ∥w∥33 · E

ζ,ζ′iid∼Pζ

[
|ζ − ζ ′|3

]
≤ ∥w∥33 · 8ρ

3
3

where ρ3 = Eζ∼Pζ
[
|ζ|3
]1/3. Since ρ3 ≤ ρ4, we further have that

E
[
∥w ◦∆ζ∥33

∣∣∣ Y,Z] ≤ 8ρ34∥w∥22 · ∥w∥∞ ≤ 8ρ34∥w∥32 · ϵ1.

By Markov’s inequality, then,

P

{
σ3n∥w ◦∆ζ∥33 ≤

24σ3nρ
3
4∥w∥32 · ϵ1
δ

∣∣∣∣∣ Y,Z
}

≥ 1− δ

3
.

Together, then, we have

P

∥w ◦∆X∥3 ≤
3√24σnρ4∥w∥2ϵ

1/3
1

δ1/3
+
(
σn∥w∥2 + ∥w ◦∆µn(Y,Z)∥2

)
ϵ
1/3
2

∣∣∣∣∣∣ Y,Z
 ≥ 1−δ

3
,

which we can relax to

P

∥w ◦∆X∥23 ≤
2(24)2/3σ2nρ

2
4∥w∥22ϵ

2/3
1

δ2/3
+ 4
(
σ2n∥w∥22 + ∥w ◦∆µn(Y,Z)∥22

)
ϵ
2/3
2

∣∣∣∣∣∣ Y,Z


≥ 1− δ

3
.

Thus

P
{
∥w ◦∆X∥23 ≤

(
2σ2n∥w∥22 + ∥w ◦∆µn(Y,Z)∥22

)
· ϵ′∗

∣∣∣ Y,Z} ≥ 1− δ

3

as required.
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Lemma C.8. Consider any real-valued sequence (xn)n∈N, and y ∈ R. If ϵn
P→ 0 and ϵ′n

P→ 0

as n→ ∞, then ∣∣Φ(xn(1 + ϵn) + y + ϵ′n
)
− Φ(xn + y)

∣∣ P→ 0.

Proof. First, since Φ is 1√
2π

-Lipschitz, we have that

∣∣Φ(xn(1 + ϵn) + y + ϵ′n
)
− Φ

(
(xn + y) · (1 + ϵn)

)∣∣ ≤ 1√
2π

|ϵ′n − yϵn|

≤ |ϵ′n|+ |y||ϵn|√
2π

= oP (1).

Hence, it suffices to show that

∣∣Φ((xn + y) · (1 + ϵn)
)
− Φ(xn + y)

∣∣ P→ 0.

In fact, without loss of generality, we may take y = 0. By the mean value theorem, there

exists a real-valued sequence of (x̄n)n∈N, where x̄n lies between xn and xn(1+ ϵn), such that

∣∣Φ(xn(1 + ϵn)
)
− Φ(xn)

∣∣ = ϕ(x̄n) · |xnϵn| = ϕ
(
|x̄n|

)
|xn| |ϵn|.

Define the event An :=
{
|x̄n| ≥ |xn|/2

}
and note that P(An) ≥ P(|ϵn| ≤ 1/2). Since ϵn

P→ 0

as n→ ∞, we have P(An) → 1 as n→ ∞. Moreover, writing K := supx∈R |x| exp(−x2/8) ∈

(0,∞), we have on An that,

ϕ(|x̄n|) · |xn| ≤ exp
(
−x2n/8

)
· |xn| ≤ K.
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Finally fix δ > 0 and observe that

P
{∣∣Φ(xn(1 + ϵn)

)
− Φ(xn)

∣∣ ≥ δ
}
≤ P

[{∣∣Φ(xn(1 + ϵn)
)
− Φ(xn)

∣∣ ≥ δ
}
∩ An

]
+ P(Acn)

≤ P
[{
|ϵn| ≥ δ/K

}
∩ An

]
+ P(Acn)

≤ P
(
|ϵn| ≥ δ/K

)
+ P(Acn) → 0,

as n→ ∞. Since δ > 0 was arbitrary, the result follows.

Concentration results for neighbor matching

We now prove a concentration result for the neighbor matching in the asymptotic regime

from Section 4.5.3. Let (Y1, Z1), (Y2, Z2), . . .
iid∼ PY,Z , where P(Y,Z) is a distribution on

[−1, 1] × R, and let Z(n,1) ≤ · · · ≤ Z(n,n) be the order statistics of Z1, . . . , Zn. Abusing

notation, we will write Y(n,i) to denote the Y value corresponding to Z(n,i)—that is,

(Y(n,1), . . . , Y(n,n)) | (Z(n,1), . . . , Z(n,n)) ∼ PY |Z(· | Z(n,1))× · · · × PY |Z(· | Z(n,n)).

Then for neighbor matching at sample size n, we are interested in the quantity

NMn :=
2

n

⌊n/2⌋∑
i=1

(Y(n,2i−1) − Y(n,2i))
2
+.

In the following result, we show that this quantity concentrates around the mean of the

conditional variance of PY |Z :

Proposition C.9. Under the assumptions and definitions stated above,

∣∣NMn − E
[
VarY∼PY |Z (Y )

]∣∣ = oP (1).
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Proof. The proof is split into four key steps.

Step 1: a concentration step. First, we note that conditional on Z1, . . . , Zn, the sum∑⌊n/2⌋
i=1 (Y(n,2i−1) − Y(n,2i))

2
+ is the sum of ⌊n/2⌋ independent terms, with each summand

lying in [0, 4]. Hence, for any δ > 0, by Hoeffding’s inequality we have for n ≥ 2 that

P

{∣∣NMn − E [NMn | Z1, . . . , Zn]
∣∣ ≥ 4 · 2

n

√
⌊n/2⌋ · log(2/δ)

2

∣∣∣∣∣ Z
}

≤ δ.

In particular, ∣∣NMn − E [NMn | Z1, . . . , Zn]
∣∣ = OP (n

−1/2). (C.34)

Step 2: comparing to i.i.d. pairs. Since (y1, y2) 7→ (y1−y2)2+ is 4-Lipschitz with respect

to the ℓ1 norm on [−1, 1]2, for any two distributions Q, Q′ on [−1, 1]2 we have

∣∣∣E(Y,Y ′)∼Q

[
(Y − Y ′)2+

]
− E(Y,Y ′)∼Q′

[
(Y − Y ′)2+

]∣∣∣ ≤ 4dW(Q,Q′),

where dW(·, ·) is the L1-Wasserstein distance between distributions. In particular, in the

special case that Q = Q1 × Q2 and Q′ = Q′
1 × Q′

2 are both product distributions, then we

have

∣∣∣∣E(Y,Y ′)∼Q1×Q2

[
(Y − Y ′)2+

]
− E(Y,Y ′)∼Q′

1×Q
′
2

[
(Y − Y ′)2+

]∣∣∣∣ ≤ 4
(
dW(Q1, Q

′
1)+dW(Q2, Q

′
2)
)
.

Now, fix any i ∈ {1, . . . , ⌊n/2⌋} and observe that

(
Y(n,2i−1), Y(n,2i)

)
| (Z1, . . . , Zn) ∼ PY |Z(· | Z(n,2i−1))× PY |Z(· | Z(n,2i)).
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Hence, for any z ∈ R,

∣∣∣∣E [(Y(n,2i−1) − Y(n,2i)

)2
+

∣∣∣∣ Z1, . . . , Zn]− VarY∼PY |Z (·|z)(Y )

∣∣∣∣
=

∣∣∣∣∣E
[(
Y(n,2i−1) − Y(n,2i)

)2
+

∣∣∣∣ Z1, . . . , Zn]− E
Y,Y ′iid∼PY |Z (·|z)

[
(Y − Y ′)2+

]∣∣∣∣∣
≤ 4
{
dW

(
PY |Z(· | Z(n,2i−1)), PY |Z(· | z)

)
+ dW

(
PY |Z(· | Z(n,2i)), PY |Z(· | z)

)}
.

Now let Z ′
1, Z

′
2, . . .

iid∼ PZ be drawn independently of the data. Then, applying the calcula-

tions above with z = Z ′
(⌊n/2⌋,i),

∣∣∣∣∣E
[(
Y(n,2i−1) − Y(n,2i)

)2
+

∣∣∣∣ Z1, . . . , Zn]− VarY∼PY |Z (·|Z′
(⌊n/2⌋,i))

(Y )

∣∣∣∣∣
≤ 4
{
dW

(
PY |Z(· | Z(n,2i−1)), PY |Z(· | Z

′
(⌊n/2⌋,i))

)
+ dW

(
PY |Z(· | Z(n,2i)), PY |Z(· | Z

′
(⌊n/2⌋,i))

)}
.

For n ≥ 3, summing the inequality above over i = 1, . . . , ⌊n/2⌋, we obtain

∣∣∣∣E [NMn | Z1, . . . , Zn]−
1

⌊n/2⌋

⌊n/2⌋∑
i=1

VarY∼PY |Z (·|Z′
(⌊n/2⌋,i))

(Y )

∣∣∣∣
≤ 1

⌊n/2⌋

⌊n/2⌋∑
i=1

∣∣∣∣∣E
[(
Y(n,2i−1) − Y(n,2i)

)2
+

∣∣∣∣ Z1, . . . , Zn]− VarY∼PY |Z (·|Z′
(⌊n/2⌋,i))

(Y )

∣∣∣∣∣+ 4

n

≤ 8

n− 2

⌊n/2⌋∑
i=1

2i∑
j=2i−1

dW
(
PY |Z(· | Z(n,j)), PY |Z(· | Z

′
(⌊n/2⌋,i))

)
+

4

n
. (C.35)

Step 3: concentration around the mean of conditional variance. Note that

1

⌊n/2⌋

⌊n/2⌋∑
i=1

VarY∼PY |Z (·|Z′
(⌊n/2⌋,i))

(Y ) =
1

⌊n/2⌋

⌊n/2⌋∑
i=1

VarY∼PY |Z (·|Z′i)
(Y ),

246



since by definition, Z ′
(⌊n/2⌋,1), . . . , Z

′
(⌊n/2⌋,⌊n/2⌋) is simply a permutation of Z ′

1, . . . , Z
′
⌊n/2⌋.

Moreover, since Z ′
1, Z

′
2, . . .

iid∼ PZ , the random variables VarY∼PY |Z (·|Z′i)
(Y ) are independent

and identically distributed, with mean E
[
Var(PY |Z)

]
and variance at most 1. Therefore, by

the central limit theorem, we have

∣∣∣∣ 1

⌊n/2⌋

⌊n/2⌋∑
i=1

VarY∼PY |Z (·|Z′i)
(Y )− E

[
VarY∼PY |Z (Y )

]∣∣∣∣ = OP (n
−1/2).

Combining this with (C.34) and (C.35), we have

∣∣∣NMn − E
[
Var(PY |Z)

]∣∣∣
≤ 8

n− 2

⌊n/2⌋∑
i=1

2i∑
j=2i−1

dW
(
PY |Z(· | Z(n,j)), PY |Z(· | Z

′
(⌊n/2⌋,i))

)
+OP (n

−1/2).

Step 4: the Wasserstein distance. Finally, by Lemma C.15 (applied with Kn = ⌊n/2⌋,

and Bn,k = {2k − 1, 2k} for k = 1, . . . , Kn), we have

8

n− 2

⌊n/2⌋∑
i=1

2i∑
j=2i−1

dW
(
PY |Z(· | Z(n,j)), PY |Z(· | Z

′
(⌊n/2⌋,i))

)
= oP (1).

This completes the proof.

Concentration results for cross-bin matching

The aim of this subsection is to prove a concentration result for cross-bin matching under the

asymptotic framework of Section 4.5.3, analogous to Proposition C.9 for neighbor matching

in Section C.2.7. To state and prove the result, we first introduce some more notation for
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cross-bin matching at sample size n with Kn bins. Let mn = ⌊n/Kn⌋, and let

An,1 =
{
1, . . . ,mn

}
, . . . , An,Kn =

{
(Kn − 1)mn + 1, . . . , Knmn

}
be an uniform partition of {1, . . . , Knmn} into Kn bins. Given y, y′ ∈ [−1, 1]mn , let y(1) ≤

· · · ≤ y(mn) and y′
(1)

≤ · · · ≤ y′
(mn)

denote the sorted values of y and y′, and define

fn : [−1, 1]mn × [−1, 1]mn → [0,∞) by

fn(y, y
′) =

⌊mn/2⌋∑
i=1

(
y(mn+1−i) − y′(i)

)2
+. (C.36)

Building on the notation defined at the beginning of Section C.2.7, for any k ∈ [Kn] we

define Y(n,An,k) := (Y(n,(k−1)mn+1), . . . , Y(n,kmn)). Our quantity of interest can then be

written as

CBMn :=
2

n
∥∆Y+∥22 =

2

n

Kn−1∑
k=1

fn(Y(n,An,k)
, Y(n,An,k+1)

).

Similar to neighbor matching, the following proposition establishes concentration of the

aforementioned quantity around the mean conditional deviance:

Proposition C.10. Under the assumptions and definitions stated above, if Kn → ∞ and

n/Kn → ∞, then ∣∣∣CBMn − E
[
Dev(PY |Z)

]∣∣∣ = oP (1).

Proof of Proposition C.10. Similar to the concentration result for neighbor matching, this

proof is also split into four key steps.
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Step 1: a concentration step. Our first step is a concentration result: we claim that for

any δ ∈ (0, 1], we have

P
{∣∣∣∣CBMn − E [CBMn | Z]

∣∣∣∣ ≥
√

4 log(4/δ)

Kn

∣∣∣∣ Z} ≤ δ. (C.37)

To prove this, we start by writing

CBMn =
2

n

⌊Kn/2⌋∑
k=1

fn(Y(n,An,2k−1)
, Y(n,An,2k)

) +
2

n

⌊(Kn−1)/2⌋∑
k=1

fn(Y(n,An,2k)
, Y(n,An,2k+1)

).

After conditioning on Z, the first term is a sum of ⌊Kn/2⌋ independent terms because the sets

{An,k : k ∈ [Kn]} are pairwise disjoint. Furthermore, each term 2fn(Y(n,An,2k−1)
, Y(n,An,2k)

)/n

takes values in [0, 8 · ⌊mn/2⌋/n] ⊆ [0, 4/Kn]. Therefore by Hoeffding’s inequality,

P

{∣∣∣∣ 2n
⌊Kn/2⌋∑
k=1

fn(Y(n,An,2k−1)
, Y(n,An,2k)

)

− 2

n

⌊Kn/2⌋∑
k=1

E
[
fn(Y(n,An,2k−1)

, Y(n,An,2k)
)
∣∣∣ Z]∣∣∣∣ ≥ 4

Kn

√
⌊Kn/2⌋ · log(4/δ)

2

∣∣∣∣∣ Z
}

≤ δ

2
.

We can prove a similar concentration for the second term, and together with a union bound

this establishes (C.37). It follows that

∣∣CBMn − E [CBMn | Z]
∣∣ = OP (K

−1/2
n ).

Step 2: comparing to i.i.d. terms. Since (y, y′) 7→ fn(y, y
′) is 4-Lipschitz with respect

to the ℓ1 norm on [−1, 1]mn × [−1, 1]mn (see Lemma C.17), we have for any distributions

Q,Q′ on [−1, 1]mn × [−1, 1]mn that

∣∣E(Y,Y ′)∼Q
[
fn(Y, Y

′)
]
− E

(Ỹ ,Ỹ ′)∼Q′
[
fn(Ỹ , Ỹ

′)
]∣∣ ≤ 4dW(Q,Q′),
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where dW(·, ·) is the L1-Wasserstein distance between distributions. In particular, in the

special case where Q = Q1 × · · · ×Q2mn and Q′ = Q′
1 × · · · ×Q′

2mn
, we have

∣∣E(Y,Y ′)∼Q
[
fn(Y, Y

′)
]
− E

(Ỹ ,Ỹ ′)∼Q′
[
fn(Ỹ , Ỹ

′)
]∣∣ ≤ 4

2mn∑
j=1

dW(Qj , Q
′
j).

Next, fix any k ∈ [Kn − 1]. By construction, we have

(
Y(n,An,k)

, Y(n,An,k+1)

)
| Z ∼ PY |Z(· | Z(n,An,k))× PY |Z(· | Z(n,An,k+1)

),

where, abusing notation, we write

PY |Z(· | Z(n,An,k)) = PY |Z(· | Z(n,(k−1)mn+1))× · · · × PY |Z(· | Z(n,kmn)),

Now let Z ′
1, Z

′
2, . . .

iid∼ PZ be drawn independently of the data. Then

∣∣∣∣E [CBMn | Z]− 2

n

Kn−1∑
k=1

E
Y,Y ′iid∼ (PY |Z (·|Z′

(Kn,k)
))mn

[
fn(Y, Y

′)
]∣∣∣∣

≤ 2

n

Kn−1∑
k=1

∣∣∣E [fn (Y(n,An,k), Y(n,An,k+1)

) ∣∣∣ Z]−E
Y,Y ′iid∼ (PY |Z (·|Z′

(Kn,k)
))mn

[
fn(Y, Y

′)
]∣∣∣

≤ 8

n

Kn−1∑
k=1

∑
i∈An,k∪An,k+1

dW

(
PY |Z(· | Z(n,i)), PY |Z(· | Z

′
(Kn,k)

)
)
.
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Step 3: concentration around the mean of conditional deviance. By Lemma C.18,

there exists a universal constant C > 0 such that

∣∣∣∣ 2n
Kn−1∑
k=1

E
Y,Y ′iid∼ (PY |Z (·|Z′

(Kn,k)
))mn

[
fn(Y, Y

′)
]
− mn

n

Kn∑
k=1

Dev
(
PY |Z(· | Z

′
k)
)∣∣∣∣

=

∣∣∣∣ 2n
Kn−1∑
k=1

E
Y,Y ′iid∼ (PY |Z (·|Z′

(Kn,k)
))mn

[
fn(Y, Y

′)
]
− mn

n

Kn∑
k=1

Dev
(
PY |Z(· | Z

′
(Kn,k)

)
)∣∣∣∣

≤
Kn−1∑
i=1

∣∣∣∣ 2nEY,Y ′iid∼ (PY |Z (·|Z′
(Kn,k)

))mn

[
fn(Y, Y

′)
]
− mn

n
Dev

(
PY |Z(· | Z

′
(Kn,k)

)
)∣∣∣∣

+
mn

n

∣∣Dev
(
PY |Z(· | Z

′
(Kn,Kn)

)
)∣∣

≤ (Kn − 1) · mn

n
· C
√
mn

+
4mn

n
≤ C

√
mn

+
4mn

n
.

Moreover, since 1/(Kn + 1) ≤ mn/n ≤ 1/Kn, since Z ′
1, . . . , Z

′
Kn

iid∼ PZ , we have by the

central limit theorem that

∣∣∣∣mn

n

Kn∑
k=1

Dev
(
PY |Z(· | Z

′
k)
)
− E

[
Dev(PY |Z)

]∣∣∣∣
≤
(

1

Kn
− mn

n

)
4Kn +

∣∣∣∣ 1

Kn

Kn∑
k=1

Dev
(
PY |Z(· | Z

′
k)
)
− E

[
Dev(PY |Z)

]∣∣∣∣ = OP (K
−1/2
n ).

Combining these bounds with our conclusions from Steps 1 and 2, then,

∣∣∣CBMn − E
[
Dev(PY |Z)

]∣∣∣ ≤ 8

n

Kn−1∑
k=1

∑
i∈An,k

dW

(
PY |Z(· | Z(n,i)), PY |Z(· | Z

′
(Kn,k)

)
)

+
8

n

Kn−1∑
k=1

∑
i∈An,k+1

dW

(
PY |Z(· | Z(n,i)), PY |Z(· | Z

′
(Kn,k)

)
)
+OP (K

−1/2
n ) + O(m

−1/2
n ).

251



Step 4: the Wasserstein distance. Finally, we bound the remaining terms. First,

8

n

Kn−1∑
k=1

∑
i∈An,k

dW

(
PY |Z(· | Z(n,i)), PY |Z(· | Z

′
(Kn,k)

)
)
= oP (1),

by Lemma C.15 below (applied with sets Bn,k = An,k for k ∈ [Kn − 1], and Bn,Kn = ∅).

Similarly,

8

n

Kn−1∑
k=1

∑
i∈An,k+1

dW

(
PY |Z(· | Z(n,i)), PY |Z(· | Z

′
(Kn,k)

)
)
= oP (1),

by Lemma C.15 again (applied with sets Bn,k = An,k+1 for k ∈ [Kn − 1], and Bn,Kn = ∅).

This completes the proof.

C.3 Auxiliary lemmas

Lemma C.11. It holds that deterministically, for any α ∈ [0, 1],

1

2L

∑
s∈{±1}L

1 {p(xs) ≤ α} ≤ α,

where p(·) is as defined in (C.1).

Proof. Consider a bijection σ : [2L] → {−1, 1}L such that T (xσ(1)) ≥ . . . ≥ T (xσ(2
L)),

and let r ∈ {0, 1, . . . , 2L} be such that α ∈
[
r/2L, (r + 1)/2L

)
. Then, since we have
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∑2L
k=1 1

{
T (xσ(k)) ≥ T (xσ(j))

}
∈ [2L] for each j ∈ [2L], we have deterministically that

1

2L

∑
s∈{±1}L

1 {p(xs) ≤ α} =
1

2L

2L∑
j=1

1

{
p(xσ(j)) ≤ α

}

=
1

2L

2L∑
j=1

1

 1

2L

2L∑
k=1

1

{
T (xσ(k)) ≥ T (xσ(j))

}
≤ α


=

1

2L

2L∑
j=1

1


2L∑
k=1

1

{
T (xσ(k)) ≥ T (xσ(j))

}
≤ r


≤ 1

2L

2L∑
j=1

1


2L∑
k=1

1 {k ≤ j} ≤ r

 =
1

2L

2L∑
j=1

1 {j ≤ r} =
r

2L
≤ α,

as required.

Lemma C.12. For any p, q ∈ (0, 1), we have

H2(Ber(p),Ber(q)
)
≤ 2(p− q)2

(p+ q)(2− p− q)
≤ min

{
(p− q)2

p(1− p)
,
(p− q)2

q(1− q)

}
.

Proof. For any p, q ∈ (0, 1),

H2(Ber(p),Ber(q)
)
= (

√
p−√

q)2 + (
√

1− p−
√

1− q)2

=
(p− q)2

(
√
p+

√
q)2

+
(p− q)2

(
√
1− p+

√
1− q)2

≤ (p− q)2

p
+

(p− q)2

(1− p)
=

(p− q)2

p(1− p)
.

By symmetry, the bound 2(p−q)2
(p+q)(2−p−q) ≤

(p−q)2
q(1−q) also holds.
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Lemma C.13. For any distribution P on R,

2VarX∼P (X) ≤ Dev(P ) ≤ 4VarX∼P (X) ,

where Dev(·) is the deviance of a distribution, defined in (C.20). Moreover, if P is symmetric

around its mean, then Dev(P ) = 4VarX∼P (X).

Proof. Let F−1 denote the quantile function of P (i.e., the generalized inverse of its CDF).

For any q ∈ (0, 1), by monotonicity of F , we have

{
F−1(1− q)− F−1(1/2)

}
·
{
F−1(1/2)− F−1(q)

}
≥ 0.

Therefore,

Dev(P ) = Eq∼Unif(0,1)

[(
F−1(1− q)− F−1(1/2) + F−1(1/2)− F−1(q)

)2]
≥ Eq∼Unif(0,1)

[(
F−1(1− q)− F−1(1/2)

)2
+
(
F−1(1/2)− F−1(q)

)2]
= 2Eq∼Unif(0,1)

[(
F−1(q)− F−1(1/2)

)2] ≥ 2Varq∼Unif(0,1)

(
F−1(q)

)
= 2VarX∼P (X) ,

since when q ∼ Unif(0, 1) we have F−1(q) ∼ P by construction. For the upper bound,

writing µ = EX∼P [X],

Dev(P ) = Eq∼Unif(0,1)

[(
F−1(1− q)− µ+ µ− F−1(q)

)2]
≤ Eq∼Unif(0,1)

[
2
(
F−1(1− q)− µ

)2
+ 2
(
F−1(q)− µ

)2] (C.38)

= 4Eq∼Unif(0,1)

[(
F−1(q)− µ

)2]
= 4Varq∼Unif(0,1)

(
F−1(q)

)
= 4VarX∼P (X) ,

Next we turn to the special case that P is symmetric around its mean. In this case, symmetry

of the distribution around its mean ensures that F−1(1 − q) − µ = µ − F−1(q) holds for
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almost every q ∈ [0, 1] (more precisely, this can fail only at discontinuities of the CDF of P ).

Therefore,

(
F−1(1− q)− µ+ µ− F−1(q)

)2
= 2
(
F−1(1− q)− µ

)2
+ 2
(
F−1(q)− µ

)2
for almost every q ∈ [0, 1], and so the inequality in the step (C.38) above is in fact an equality.

This proves Dev(P ) = 4VarX∼P (X), as desired.

Lemma C.14. Suppose a ∈ Rm and b ∈ Rn. Let c = (a, b) ∈ Rm+n be the concatenation of

the two vectors. If Med(c) < Med(a), then Med(c) ≥ Med(b); similarly, if Med(c) > Med(a),

then Med(c) ≤ Med(b).

Proof. We will assume that Med(c) < Med(a) and Med(c) < Med(b), and will show that

this leads to a contradiction. (The second claim is proved analogously and so we omit the

proof.)

We first calculate

∣∣{i ∈ [m] : ai ≤ Med(c)}
∣∣ ≤ ∣∣{i ∈ [m] : ai < Med(a)}

∣∣ ≤

m
2 , if m is even,

m−1
2 , if m is odd,

where the first step holds since we have assumed Med(c) < Med(a), and the second step uses

the definition of the median. Similarly,

∣∣{j ∈ [n] : bj ≤ Med(c)}
∣∣ ≤ ∣∣{j ∈ [n] : bj < Med(b)}

∣∣ ≤

n
2 , if n is even,

n−1
2 , if n is odd.
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On the other hand, again by definition of the median,

∣∣{i ∈ [m] : ai ≤ Med(c)}
∣∣+ ∣∣{j ∈ [n] : bj ≤ Med(c)}

∣∣
=
∣∣{k ∈ [m+ n] : ck ≤ Med(c)}

∣∣ ≥

m+n
2 , if m+ n is even,

m+n+1
2 , if m+ n is odd.

So far, then, we have shown that

m− 1m is odd
2

+
n− 1n is odd

2
≥
m+ n+ 1m+ n is odd

2
.

If either m or n is odd (or both), this immediately yields a contradiction. The remaining

case is that m and n are both even, and

∣∣{i ∈ [m] : ai ≤ Med(c)}
∣∣ = ∣∣{i ∈ [m] : ai < Med(a)}

∣∣ = m

2

and ∣∣{j ∈ [n] : bj ≤ Med(c)}
∣∣ = ∣∣{j ∈ [n] : bj < Med(b)}

∣∣ = n

2
.

Letting a(1) ≤ · · · ≤ a(m) denote the order statistics of a, and similarly letting b(1) ≤ · · · ≤

b(n) denote the order statistics of b, we therefore have

a(m/2) ≤ Med(c) < a(m/2+1) and b(n/2) ≤ Med(c) < b(n/2+1).

In particular, writing c(1) ≤ · · · ≤ c(n+m) for the order statistics of c, this means that

c((m+n)/2) = max
{
a(m/2), b(n/2)

}
and c((m+n)/2+1) = min{a(m/2+1), b(n/2+1)

}
.
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By definition of the median, then,

Med(c) =
c((m+n)/2) + c((m+n)/2+1)

2
=

max
{
a(m/2), b(n/2)

}
+min{a(m/2+1), b(n/2+1)

}
2

≥ min

{
a(m/2) + a(m/2+1)

2
,
b(n/2) + b(n/2+1)

2

}
= min {Med(a),Med(b)} .

This contradicts our assumption, and completes the proof.

Lemma C.15. Let P(Y,Z) be a distribution on [−1, 1] × R, and let Z1, Z ′
1, Z2, Z

′
2, . . . be

independent draws from the corresponding marginal PZ on R. Let (Kn) be a sequence of

positive integers with Kn → ∞ as n → ∞, and for each n, let Bn,1, . . . , Bn,Kn ⊆ [n] be a

collection of disjoint sets such that1

max
k∈[Kn]

max
i∈Bn,k

∣∣∣∣ in − k

Kn

∣∣∣∣→ 0.

Then, as n→ ∞

E

[
1

n

Kn∑
k=1

∑
i∈Bn,k

dW
(
PY |Z(· | Z(n,i)), PY |Z(· | Z

′
(Kn,k)

)
)]

→ 0.

Remark 4. The intuition is that, at each value of n, we should have i
n ≈ k

Kn
and therefore

Z(n,i) ≈ Z ′
(Kn,k)

, for all k and all i ∈ Bn,k.

Proof. Let F−1
Z be the quantile function corresponding to PZ , so that if U ∼ Unif[0, 1] then

F−1
Z (U) ∼ PZ . Now define P̃Y |U (· | u) = PY |Z

(
· | F−1

Z (u)
)
, i.e., the conditional distribution

of Y given U where Z = F−1
Z (U) and we sample Y conditional on Z from PY |Z . Since F−1

Z

1. If Bn,k = ∅ for some k ∈ [Kn], then we interpret maxi∈Bn,k

∣∣i/n− k/Kn

∣∣ = 0.
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is monotone, it suffices to prove that

E

[
1

n

Kn∑
k=1

∑
i∈Bn,k

dW
(
P̃Y |U (· | U(n,i)), P̃Y |U (· | V(Kn,k))

)]
→ 0,

where U1, V1, U2, V2, . . . are independent and identically distributed Unif[0, 1] random vari-

ables. Writing FY |U for the distribution function corresponding to the conditional distribu-

tion P̃Y |U , we have

E

[
1

n

Kn∑
k=1

∑
i∈Bn,k

dW
(
P̃Y |U (· | U(n,i)), P̃Y |U (· | V(Kn,k))

)]

= E

[
1

n

Kn∑
k=1

∑
i∈Bn,k

∫ 1

−1

∣∣FY |U (t | U(n,i))− FY |U (t | V(Kn,k))
∣∣ dt]

=

∫ 1

−1
E

[
1

n

Kn∑
k=1

∑
i∈Bn,k

∣∣FY |U (t | U(n,i))− FY |U (t | V(Kn,k))
∣∣] dt, (C.39)

where the last step follows by Fubini’s theorem.

Now, we define some additional notation: for n ∈ N and j ∈ [n], let

Vn,j =


V(Kn,k) if Uj = U(n,i) for some i ∈ Bn,k,

Uj if Uj = U(n,i) for some i ∈ [n] \ (Bn,1 ∪ · · · ∪Bn,Kn).
(C.40)

Then for every t ∈ [0, 1] and n ∈ N,

Kn∑
k=1

∑
i∈Bn,k

∣∣FY |U (t | U(n,i))− FY |U (t | V(Kn,k))
∣∣ = n∑

j=1

|FY |U (t | Uj)− FY |U (t | Vn,j)|.

Moreover, |FY |U (t | Uj) − FY |U (t | Vn,j)| is identically distributed for each j = 1, . . . , n
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(when n is fixed). Hence,

E

[
Kn∑
k=1

∑
i∈Bn,k

∣∣FY |U (t | U(n,i))− FY |U (t | V(Kn,k))
∣∣] = E

 1
n

n∑
j=1

∣∣FY |U (t | Uj)− FY |U (t | Vn,j)
∣∣

= E
[∣∣FY |U (t | U1)− FY |U (t | Vn,1)

∣∣].
By Lemma C.16 below,

∣∣FY |U (t | U1)− FY |U (t | Vn,1)
∣∣ = oP (1).

Since FY |U (t | ·) is a bounded function, we deduce that

E

[
1

n

Kn∑
k=1

∑
i∈Bn,k

∣∣FY |U (t | U(n,i))− FY |U (t | V(Kn,k))
∣∣]→ 0

for every t ∈ [−1, 1]. The result now follows by (C.39) and the dominated convergence

theorem.

Lemma C.16. Let U1, V1, U2, V2, . . .
iid∼ Unif[0, 1], and let (Kn) be a sequence of positive

integers with Kn → ∞ as n→ ∞. Furthermore, for each n, let Bn,1, . . . , Bn,Kn ⊆ {1, . . . , n}

be a collection of disjoint sets such that

max
k∈[Kn]

max
i∈Bn,k

∣∣∣∣ in − k

Kn

∣∣∣∣→ 0.

Then, for any Borel measurable g : [0, 1] → R, we have |g(U1) − g(Vn,1)| = oP (1), where

Vn,1 is defined as in (C.40).
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Proof. Let ϵ > 0. For any Borel measurable h : [0, 1] → R, we can write

P
{
|g(U1)− g(Vn,1)| > ϵ

}
≤ P

{
|h(U1)− h(Vn,1)| > ϵ

}
+ P {g(U1) ̸= h(U1)}+ P

{
g(Vn,1) ̸= h(Vn,1)

}
.

(C.41)

By Lusin’s theorem (restated for convenience in Theorem C.19), we can find a continuous

function h : [0, 1] → R such that

PU∼Unif[0,1] {g(U) ̸= h(U)} ≤ ϵ

4
.

Next, for each k = 1, . . . , Kn, let En,k denote the event that U1 = U(n,i) for some i ∈ Bn,k,

which has probability
|Bn,k|
n . Further, define En,∗ to be the event that U1 = U(n,i) for

some i ∈ [n] \ (Bn,1 ∪ · · · ∪ Bn,Kn). By construction of Vn,1, on the event En,k we have

Vn,1 = V(Kn,k), and on En,∗ we have Vn,1 = U1. Therefore, letting πn denote a permutation
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of [Kn] such that V(Kn,k) = Vπn(k) for k ∈ [Kn], we have

P
{
g(Vn,1) ̸= h(Vn,1)

}
=

Kn∑
k=1

P
{
En,k, g(V(Kn,k)) ̸= h(V(Kn,k)

}
+ P

{
En,∗, g(U1) ̸= h(U1)

}
(∗)
=

Kn∑
k=1

P
{
En,k

}
· P
{
g(V(Kn,k)) ̸= h(V(Kn,k)

}
+ P

{
En,∗, g(U1) ̸= h(U1)

}
≤

Kn∑
k=1

|Bn,k|
n

P
{
g(V(Kn,k)) ̸= h(V(Kn,k)

}
+ P {g(U1) ̸= h(U1)}

=

Kn∑
k=1

|Bn,k|
n

P
{
g(Vπn(k)) ̸= h(Vπn(k))

}
+ P {g(U1) ̸= h(U1)}

=

Kn∑
k=1

|B
n,π−1

n (k)
|

n
P {g(Vk) ̸= h(Vk)}+ P {g(U1) ̸= h(U1)}

≤
Kn∑
k=1

|Bn,k|
n

· ϵ
4
+
ϵ

4
≤ ϵ

2
,

where the step marked (∗) holds because En,k depends only on (U1, . . . , Un), while V(Kn,k)

depends only on (V1, . . . , VKn), and therefore 1En,k ⊥⊥ V(Kn,k), while the penultimate step

holds since U1 ∼ Unif[0, 1], and Vk ∼ Unif[0, 1] for each k. Finally, let F̂U,n = 1
n

∑n
i=1 δUi

and F̂V,Kn = 1
n

∑Kn
i=1 δVi be the empirical distribution of U1, . . . , Un and V1, . . . , VKn re-

spectively. We may assume that U1, . . . , Un are distinct, since this holds almost surely, so if

i ∈ [n] is such that U1 = U(n,i), then we have

F̂U,n(U1) =
i

n
.

Let FUnif denote the distribution function of the Unif[0, 1] distribution, i.e., FUnif(t) = t for
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t ∈ [0, 1]. If i further satisfies i ∈ Bn,k for some k ∈ [Kn], then Vn,1 = V(Kn,k), so

|U1 − Vn,1| ≤
∣∣∣∣U1 − i

n

∣∣∣∣+ ∣∣∣∣Vn,1 − k

Kn

∣∣∣∣+ ∣∣∣∣ in − k

Kn

∣∣∣∣
≤
∥∥F̂U,n − FUnif

∥∥
∞ +

∥∥F̂V,Kn − FUnif
∥∥
∞ + max

k∈[Kn]
max
i∈Bn,k

∣∣∣∣ in − k

Kn

∣∣∣∣.
If instead we have i ∈ [n] \ (Bn,1 ∪ · · · ∪ Bn,Kn), then this bound holds trivially, since

in that case Vn,1 = U1 by definition. Since the first two terms are each oP (1) by the

Glivenko–Cantelli theorem, while the last term maxk∈[Kn]maxi∈Bn,k

∣∣∣∣ in − k
Kn

∣∣∣∣ is vanish-

ing by assumption, it follows that Vn,1
P→ U1, so by the continuous mapping theorem,

P
{
|h(U1)− h(Vn,1)| > ϵ

}
≤ ϵ/4 for sufficiently large n. The result therefore follows from (C.41).

Lemma C.17. The function fn from (C.36) satisfies the Lipschitz property

∣∣fn(y, y′)− fn(ỹ, ỹ
′)
∣∣ ≤ 4∥y − ỹ∥1 + 4∥y′ − ỹ′∥1

for (y, y′), (ỹ, ỹ′) ∈ [−1, 1]mn × [−1, 1]mn.

Proof of Lemma C.17. Since t 7→ t2+ is 4-Lipschitz on [−2, 2], we have for each i = 1, . . . , ⌊m/2⌋

that

∣∣∣(y(mn+1−i) − y′(i))
2
+ − (ỹ(mn+1−i) − ỹ′(i))

2
+

∣∣∣ ≤ 4|y(mn+1−i) − ỹ(mn+1−i)|+ 4|y′(i) − ỹ′(i)|.

Therefore,

∣∣fn(y, y′)− fn(ỹ, ỹ
′)
∣∣ ≤ 4

⌊mn/2⌋∑
i=1

|y(mn+1−i) − ỹ(mn+1−i)|+ 4

⌊mn/2⌋∑
i=1

|y′(i) − ỹ′(i)|.
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Writing y() = (y(1), . . . , y(mn)) for the sorted vector of y, and same for y′
()

, ỹ(), and ỹ′
()

, we

deduce that ∣∣fn(y, y′)− fn(ỹ, ỹ
′)
∣∣ ≤ 4∥y() − ỹ()∥1 + 4∥y′() − ỹ′()∥1.

Finally, we write P̂y :=
∑mn
i=1 δyi and P̂ỹ :=

∑mn
i=1 δỹi . Then, from the definition of the

L1-Wasserstein distance dW(·, ·), it holds that

∥y() − ỹ()∥1 = dW(P̂y, P̂ỹ) ≤ ∥y − ỹ∥1,

and a similar inequality also holds for y′, ỹ′. This completes the proof.

Lemma C.18. Let Q be any distribution on [−1, 1], and let A = (A1, . . . , Amn) ∼ Qmn

and B = (B1, . . . , Bmn) ∼ Qmn. Then, with fn as defined in (C.36), there exists a univeral

constant C > 0 such that

∣∣∣∣ 2

mn
E [fn(A,B)]− Dev(Q)

∣∣∣∣ ≤ C
√
mn

.

Proof of Lemma C.18. First let A(1) ≤ · · · ≤ A(mn) and B(1) ≤ · · · ≤ B(mn) be the order

statistics of A and B, and write A() = (A(1), . . . , A(mn)) and B() = (B(1), . . . , B(mn)) for

the corresponding sorted vectors. Then

fn(A,B) = fn(A(), B())

since (y, y′) 7→ fn(y, y
′) is invariant to permutations of y, and invariant to permutations of

y′.

Next, let F−1
Q denote the quantile function corresponding toQ. Let U1, . . . , Umn

iid∼ Unif[0, 1],

so we can assume without loss of generality that Ai = F−1
Q (Ui) for i ∈ [mn]. Define

A′ = (A′
1, . . . , A

′
mn) by A′

i = F−1
Q (1−Ui) for i ∈ [mn], and let A′

()
denote the corresponding
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sorted vector. Then by Lemma C.17,

∣∣E [fn(A,B)]− E
[
fn(A,A

′)
]∣∣ ≤ E

[∣∣fn(A,B)− fn(A,A
′)
∣∣]

= E
[∣∣∣fn(A(), B())− fn(A(), A

′
())
∣∣∣] ≤ 4E

[
∥A′

() −B()∥1
]
.

(C.42)

Next, let U(1) ≤ · · · ≤ U(mn) be the order statistics of U1, . . . , Umn . Then A(i) = F−1
Q (U(i))

and A′
(i)

= F−1
Q (1− U(mn+1−i)) for each i ∈ [mn]. Now, for i ∈ [mn], define the event

Ei :=


{U(i) < 1/2} if i ≤ ⌊mn/2⌋,

∅ if i = ⌈mn/2⌉when mn/2 /∈ N,

{U(i) ≥ 1/2} if i ≥ ⌈mn/2⌉+ 1.

Thus, it follows that

fn(A
′, A) =

⌊mn/2⌋∑
i=1

(A′
(mn+1−i) − A(i))

2
+ =

⌊mn/2⌋∑
i=1

{
F−1
Q (1− U(i))− F−1

Q (U(i))
}2
1Ei

and

fn(A,A
′) =

⌊mn/2⌋∑
i=1

(A(mn+1−i) − A′
(i))

2
+

=

⌊mn/2⌋∑
i=1

{
F−1
Q (U(mn+1−i))− F−1

Q (1− U(mn+1−i))
}2
1Emn+1−i

=

mn∑
i=⌈mn/2⌉+1

{
F−1
Q (1− U(i))− F−1

Q (U(i))
}2
1Ei .
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Moreover, since (A,A′) d
= (A′, A), we have fn(A,A′) d

= fn(A
′, A). This further implies that

E
[
fn(A,A

′)
]
= E

[
fn(A

′, A) + fn(A,A
′)

2

]
=

1

2
E
[mn∑
i=1

{
F−1
Q (1− U(i))− F−1

Q (U(i))
}2 · 1Ei

]
.

By definition, E
[{
F−1
Q (Ui)− F−1

Q (1− Ui)
}2]

= Dev(Q) for each i ∈ [mn]. Hence,

∣∣∣∣E [fn(A,A′)
]
− mn

2
Dev(Q)

∣∣∣∣
=

∣∣∣∣E [fn(A,A′)
]
− 1

2
E
[mn∑
i=1

{
F−1
Q (1− Ui)− F−1

Q (Ui)
}2]∣∣∣∣

=

∣∣∣∣E [fn(A,A′)
]
− 1

2
E
[mn∑
i=1

{
F−1
Q (1− U(i))− F−1

Q (U(i))
}2]∣∣∣∣ ≤ 2E

[mn∑
i=1

1Eci

]
,

(C.43)

where the last step follows by recalling that Q is supported on [−1, 1]. Next, we define

I1 :=
∑mn
i=1 1{Ui<1/2}. Then by definition of the events Ei, we have

⌊mn/2⌋∑
i=1

1Eci
=

⌊mn/2⌋∑
i=1

1U(i)≥1/2 = ⌊mn/2⌋ −
⌊mn/2⌋∑
i=1

1U(i)<1/2
= max{⌊mn/2⌋ − I1, 0},

and similarly

mn∑
i=⌈mn/2⌉+1

1Eci
=

mn∑
i=⌈mn/2⌉+1

1U(i)<1/2
= max {I1 − ⌈mn/2⌉, 0} .

Therefore,

mn∑
i=1

1Eci
≤ 1 +

⌊mn/2⌋∑
i=1

1Eci
+

mn∑
i=⌈mn/2⌉+1

1Eci

= 1 +max{⌊mn/2⌋ − I1, 0}+max {I1 − ⌈mn/2⌉, 0} ≤ 1 +
∣∣∣I1 − mn

2

∣∣∣ .
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Since I1 =
∑mn
i=1 1{Ui<1/2} ∼ Bin(mn, 1/2) and mn ∈ N, by the Cauchy–Schwarz inequality

we further have that

E
[mn∑
i=1

1Eci

]
≤ 1 + E

[∣∣∣∣I1 − mn

2

∣∣∣∣] ≤ 1 +
√

Var (I1) = 1 +

√
mn

2
≤

3
√
mn

2
. (C.44)

Next we turn to bounding ∥A′
()
− B()∥1. Write P̂A′ and P̂B for the empirical distributions

of A′ and B, respectively. Then

∥A′
() −B()∥1 = mndW(P̂A′ , P̂B) ≤ mndW(P̂A′ , Q) +mndW(P̂B , Q).

By bounds on the empirical 1-Wasserstein distance [Lei, 2020, Theorem 3.1], we have

E
[
dW(P̂A′ , Q)

]
≤ C ′m−1/2

n

for a universal constant C ′ > 0, and same for P̂B . We conclude from this together with (C.42),

(C.43) and (C.44) that

∣∣∣E [fn(A,B)]− mn

2
Dev(Q)

∣∣∣ ≤ 8C ′√mn + 3
√
mn,

as required.

Lemma C.19 (A version of Lusin’s theorem). Let f : R → R be a measurable function and

let ν be a probability measure on R. Then, given any ϵ > 0, there is a compactly supported

continuous function g : R → R such that ν{x : f(x) ̸= g(x)} < ϵ.

Proof. The proof follows by combining Theorem 2.18 and Theorem 2.24 of Rudin [1987].
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APPENDIX D

APPENDICES FOR CHAPTER 5

D.1 Proofs

D.1.1 Proof of Theorem 5.1

Fix δ > 0. LetAδ denote the set {x̃ : EX∼PX [H(X, x̃;h)] ≥ δ}, and Tn(x̃) :=
∑n
i=1 YiH(Xi,x̃;h)∑n
i=1H(Xi,x̃;h)

.

With these definitions in place, we observe that

{
E
[
Yn+1

∣∣∣ X̃n+1

]
/∈ Ĉn,δ(X̃n+1)

}
⇐⇒

{∣∣∣Tn(X̃n+1)− E[Yn+1 | X̃n+1]
∣∣∣ > 4

√
2B

hd
√
nα δ

}
.

Therefore,

P
{
E
[
Yn+1

∣∣∣ X̃n+1

]
/∈ Ĉn,δ(X̃n+1)

}
≤ P

{
E
[
Yn+1

∣∣∣ X̃n+1

]
/∈ Ĉn,δ(X̃n+1)

∣∣∣ X̃n+1 ∈ Aδ

}
+ P

{
E
[
Yn+1

∣∣∣ X̃n+1

]
/∈ Ĉn,δ(X̃n+1), X̃n+1 ∈ Acδ

}
≤ E

X̃n+1

[
PPn

{∣∣∣Tn(X̃n+1)− E[Yn+1 | X̃n+1]
∣∣∣ > 4

√
2B

hd
√
nα δ

∣∣∣∣∣ X̃n+1

} ∣∣∣∣∣ X̃n+1 ∈ Aδ

]

+ P
X̃n+1

{
EX∼PX

[
H(X, X̃n+1)

]
< δ
}
.

Hence, it suffices to show that for any fixed x̃ ∈ Aδ,

PPn

{∣∣∣Tn(x̃)− E[Yn+1 | X̃n+1 = x̃]
∣∣∣ ≤ 4

√
2B

hd
√
nα δ

}
≥ 1− α.
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To see this, fix any x̃ ∈ Aδ. Recall that Xn+1 | X̃n+1 ∼ PX ◦H(·, X̃n+1;h) and thus,

E
[
Yn+1

∣∣∣ X̃n+1 = x̃
]
= E

Xn+1|X̃n+1=x̃
[E [Yn+1 | Xn+1]]

=
EXn+1∼PX [E [Yn+1 | Xn+1]H(Xn+1, x̃;h)]

EXn+1∼PX [H(Xn+1, x̃;h)]
=

E(X,Y )∼P [Y H(X, x̃;h)]

E(X,Y )∼P [H(X, x̃;h)]
.

Hence, by Chebyshev’s inequality, for any α ∈ (0, 1),

PPn


∣∣∣∣∣ 1n

n∑
i=1

H(Xi, x̃;h)− E(X,Y )∼P [H(X, x̃;h)]

∣∣∣∣∣ ≥
(
2Var(X,Y )∼P (H(X, x̃;h))

nα

)1/2
 ≤ α/2,

and similarly, since Y ∈ [0, 1],

PPn


∣∣∣∣∣ 1n

n∑
i=1

YiH(Xi, x̃;h)− E(X,Y )∼P [Y H(X, x̃;h)]

∣∣∣∣∣ ≥
(
2Var(X,Y )∼P (H(X, x̃;h))

nα

)1/2
 ≤ α/2.

Moreover, since H follows the form given in (5.1), Var(X,Y )∼P (H(X, x̃;h)) ≤ B2

h2d
for any x̃.

Therefore, with probability at least 1− α,

∣∣∣∣∣ 1n
n∑
i=1

H(Xi, x̃;h)− E(X,Y )∼P [H(X, x̃;h)]

∣∣∣∣∣ ≤
√
2B

hd
√
nα

, and∣∣∣∣∣ 1n
n∑
i=1

YiH(Xi, x̃;h)− E(X,Y )∼P [Y H(X, x̃;h)]

∣∣∣∣∣ ≤
√
2B

hd
√
nα

.

Consequently, for any n ≥ Nδ,h, whenever x̃ ∈ Aδ, the following holds with probability at

least 1− α:

∣∣∣∣∣Tn(x̃)− E(X,Y )∼P [Y H(X, x̃;h)]

E(X,Y )∼P [H(X, x̃;h)]

∣∣∣∣∣ ≤
2
√
2B

hd
√
nα

E(X,Y )∼P [H(X, x̃;h)]−
√
2B

hd
√
nα

≤ 4
√
2B

hd
√
nα δ

,

as required. This completes the proof. □
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D.1.2 Proof of Theorem 5.2

The proof follows the same reasoning as in Theorem 5.1. Fix δ > 0, let Aδ denote the set

{x : PX∼PX
{
X ∈ H−

∞(x, h)
}
≥ δ hd}, and for any x ∈ Rd, define

Tn(x) :=

∑n
i=1 Yi1

{
Xi ∈ H−

∞(x, h)
}∑n

i=1 1
{
Xi ∈ H−

∞(x, h)
} .

Thus, we have that

{
E
[
Ỹn+1

∣∣∣ X̃n+1 ∈ H−
∞(Xn+1, h)

]
< L̂n(Xn+1)

}
⊆

{∣∣∣Tn(Xn+1)− E
[
Ỹn+1

∣∣∣ X̃n+1 ∈ H−
∞(Xn+1, h)

]∣∣∣ > 2
√
2

hd
√
nα δ

}
.

Moreover, it follows that

P
{
E
[
Ỹn+1

∣∣∣ X̃n+1 ∈ H−
∞(Xn+1, h)

]
< L̂n(Xn+1)

}
≤ P

{
E
[
Ỹn+1

∣∣∣ X̃n+1 ∈ H−
∞(Xn+1, h)

]
< L̂n(Xn+1)

∣∣∣ Xn+1 ∈ Aδ

}
+ P

{
E
[
Ỹn+1

∣∣∣ X̃n+1 ∈ H−
∞(Xn+1, h)

]
< L̂n(Xn+1), Xn+1 ∈ Acδ

}
≤ EXn+1

[
PPn

{∣∣∣Tn(Xn+1)− E
[
Ỹn+1

∣∣∣ X̃n+1 ∈ H−
∞(Xn+1, h)

]∣∣∣ > 2
√
2

hd
√
nα δ

∣∣∣∣∣ Xn+1

} ∣∣∣∣∣ Xn+1 ∈ Aδ

]

+ PXn+1

{
PX∼PX

{
X ∈ H−

∞(Xn+1, h)
}
< δ hd

}
.

Thus, it remains to show that for any fixed x ∈ Aδ,

PPn

{∣∣∣Tn(x)− E
[
Ỹn+1

∣∣∣ X̃n+1 ∈ H−
∞(x, h)

]∣∣∣ ≤ 2
√
2

hd
√
nα δ

}
≥ 1− α.
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To see this, fix any x ∈ Aδ and observe that

E
[
Ỹn+1

∣∣∣ X̃n+1 ∈ H−
∞(x, h)

]
= E

X̃n+1|X̃n+1∈H
−∞(x,h)

[
E
[
Ỹn+1

∣∣∣ X̃n+1

]]
=

E
X̃n+1∼PX

[
E
[
Ỹn+1

∣∣∣ X̃n+1

]
1

{
X̃n+1 ∈ H−

∞(x, h)
}]

E
X̃n+1∼PX

[
1

{
X̃n+1 ∈ H−

∞(x, h)
}]

=
E(X,Y )∼P

[
Y 1
{
X ∈ H−

∞(x, h)
}]

P(X,Y )∼P
{
X ∈ H−

∞(x, h)
} .

Applying Chebyshev’s inequality, we observe that for any α ∈ (0, 1),

PPn

{∣∣∣∣∣ 1n
n∑
i=1

1
{
Xi ∈ H−

∞(x, h)
}
− PX∼PX

{
X ∈ H−

∞(x, h)
}∣∣∣∣∣ ≥

√
2

nα

}
≤ α/2,

and similarly, since Y ∈ [0, 1],

PPn

{∣∣∣∣∣ 1n
n∑
i=1

Yi1
{
Xi ∈ H−

∞(x, h)
}
− E(X,Y )∼P

[
Y 1
{
X ∈ H−

∞(x, h)
}]∣∣∣∣∣ ≥

√
2

nα

}
≤ α/2.

Therefore, with probability at least 1− α,

∣∣∣∣∣ 1n
n∑
i=1

1
{
Xi ∈ H−

∞(x, h)
}
− PX∼PX

{
X ∈ H−

∞(x, h)
}∣∣∣∣∣ ≤

√
2

nα
, and∣∣∣∣∣ 1n

n∑
i=1

Yi1
{
Xi ∈ H−

∞(x, h)
}
− E(X,Y )∼P

[
Y 1
{
X ∈ H−

∞(x, h)
}]∣∣∣∣∣ ≤

√
2

nα
.

Consequently, for any x ∈ Rd, the following holds with probability at least 1− α:

P

Tn(x) ≥ E(X,Y )∼P
[
Y 1
{
X ∈ H−

∞(x, h)
}]

−
√

2
nα

PX∼PX
{
X ∈ H−

∞(x, h)
}
+
√

2
nα

 ≥ 1− α.
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Since x ∈ Aδ, this further implies that

P

{
Tn(x) ≥

E(X,Y )∼P
[
Y 1
{
X ∈ H−

∞(x, h)
}]

P(X,Y )∼P
{
X ∈ H−

∞(x, h)
} − 2

√
2

hd
√
nα δ

}
≥ 1− α,

or equivalently

P

{
Tn(x) ≥ E

[
Yn+1

∣∣ Xn+1 ∈ H−
∞(x, h)

]
− 2

√
2

hd
√
nα δ

}
≥ 1− α,

as required. This completes the proof. □
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