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ABSTRACT

One approach to understanding complex reaction dynamics is to estimate dynamical observ-

ables—such as committors, mean first passage times, and transition rates—from simulation

data. This dissertation extends the applicability of these data-driven methods to more

challenging systems—such as those with memory effects or multiple pathways—with a view

towards enabling the estimation of richer dynamical observables. Key contributions include

a robust method for estimating slow modes, the incorporation of memory effects via the

Mori–Zwanzig formalism for accurate estimation of committors and related quantities, and

a generalization of transition path theory that allows for direct analysis of specific reaction

steps and pathways. Together, these advances enable detailed analysis of reaction kinetics

and mechanism directly from simulation data.
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CHAPTER 1

INTRODUCTION

Molecular simulation provides atomistic insight into reaction kinetics and mechanisms.

However, many important processes occur on timescales far beyond those accessible by direct

simulation. A promising strategy is to estimate dynamical observables—such as committors,

mean first passage times, and transition rates—from ensembles of short trajectories that

collectively sample the state space. Even with the same computational cost, short simulations

are often more effective than a few long ones because they can be concentrated in regions

of interest (e.g., transition states), improving sampling where it matters most, whereas

long simulations tend to remain trapped in metastable states. This dissertation advances

data-driven analysis of complex reaction dynamics by developing frameworks that extend

applicability to more challenging systems—such as those with memory effects or multiple

pathways—with a view towards enabling the estimation of richer dynamical observables,

including those for specific reaction pathways or steps.

Throughout this work, we adopt a data-driven approach that makes minimal assumptions

about the dynamics. We assume that the dynamics can be modeled by a Markov process Xt

with stationary distribution π and transition operator

T τf(x) = E[f(Xτ ) | X0 = x], (1.1)

where τ is a time lag. Rather than fitting explicit dynamical models, we compute observables

by solving equations that involve inner products of T τ and related operators, which we

estimate directly from data. This avoids unnecessary intermediate approximations and

provides greater flexibility in representing dynamical observables.

One application of this approach is to identify slow modes—collective variables (CVs)

that capture long-lived patterns in the dynamics. These modes are typically defined as
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eigenvectors ψ of the transition operator with the longest implied timescales (autocorrelation

times) σ in the eigenvalue problem

T τψk(x) = e−τ/σkψk(x). (1.2)

Time-lagged independent component analysis (TICA), also known as extended dynamical

mode decomposition (EDMD), approximates these modes via basis expansion ψk(x) =∑
j ϕj(x)vjk and solves the generalized eigenvalue problem

∑
j

⟨ϕi, T τϕj⟩πvjk =
∑
j

⟨ϕi, ϕj⟩πvjke−τ/σk . (1.3)

When the dynamics satisfy detailed balance, the variational approach to conformational

dynamics (VAC) finds these modes by maximizing the time-lagged autocorrelation

∑
i

⟨ψi, T τψi⟩π
⟨ψi, ψi⟩π

, (1.4)

where ⟨ψi, ψj⟩π = δij , ⟨f, g⟩π =
∫
f(x)g(x)π(x) dx, and δij is the Kronecker delta. VAC

reduces to TICA when ψ are approximated with a linear basis expansion. As shown in

Webber et al. [1] and Schultze and Grubmüller [2], VAC can be sensitive to the choice of

time lag. In Chapter 2, we introduce integrated VAC (IVAC), which improves robustness by

integrating over a range of time-lagged correlations.

When the process of interest is a transition between from state A to state B, the key

observables are statistics of the transition path ensemble (TSE), i.e., paths that start in A,

end in B, and are within the transition region D ⊆ (A∪B)c between these times. Transition

path theory (TPT) [3] provides a formalism to compute collective variables and kinetic

statistics that characterize these transitions. TPT statistics are expressed as time integrals of
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observables F (t) along transitions paths,

lim
T→∞

1

2T

∫ T

−T
F (t)1A(XS−

Dc(t)
)1B(XS+

Dc(t)
) dt, (1.5)

where the first time after and last time before t that the system is in Dc are, respectively,

S+Dc(t) = min{s | s ≥ t,Xs ∈ Dc}, (1.6)

S−Dc(t) = max{s | s ≤ t,Xs ∈ Dc}, (1.7)

and 1C(x) = 1 is the indicator function of set C. To estimate these statistics from finite

trajectories, TPT reformulates them in terms of the forward committor, the probability that

the system at x will enter B before Dc \B,

q+(x) = E[1A(XS+
Dc(t)

) | Xt = x], (1.8)

and the backward committor, the probability that the system at x exited A after Dc \ A,

q−(x) = E[1A(XS+
Dc(t)

) | Xt = x]. (1.9)

Analogous to TICA for slow modes, dynamical Galerkin approximation [4, 5] (DGA)

is a linear method for estimating committors and other prediction functions. Its original

formulation by Thiede et al. [4] assumes Markovian dynamics and infinitesimal time lags.

However, molecular simulation data are typically sampled at finite time intervals, and longer

time lags are often needed to recover approximately Markovian behavior when degrees of

freedom are omitted (e.g., velocities or solvent coordinates) or the linear model is insufficiently

expressive. Similar issues affect estimators for TPT statistics based on infinitesimal time lags.

In Chapter 3, we reformulate both DGA and estimators for TPT statistics to use finite time

lags, improving estimates by better approximating Markovian behavior.
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While long time lags can improve estimates by better approximating Markovian behavior,

memory enables accurate estimates even when such assumptions are violated. Even when

the true dynamics are Markovian, projected dynamics (e.g., when velocities or solvent

degrees of freedom are omitted) can exhibit memory effects. Models with limited expressivity

can also produce apparent non-Markovian behavior because it cannot fully represent the

dynamics. Earlier work [6, 7] incorporated memory effects to improve slow mode estimation.

In Chapter 4, we lift the Markov assumption for estimating committors and related statistics

by incorporating memory into DGA using the Mori–Zwanzig formalism.

Linear models often require carefully chosen basis functions, which is especially challenging

for systems with high dimension. Although the dynamics often lie on a low-dimensional

manifold, a linear basis may need to be much larger to capture relevant observables. To

address this, we develop nonlinear methods for learning dynamical observables using highly

expressive models such as neural networks. In Chapter 5, we use a variational approach for

learning committors and transition rates, which requires detailed balance and equilibrium

sampling (or appropriate reweighting). In Chapter 6, we introduce an iterative approach that

does not require detailed balance or equilibrium sampling, at the cost of instability.

Several approaches have been proposed to analyze individual pathways from short simula-

tions. One strategy is to construct a simplified model of the dynamics—such as a Markov state

model—and generate long trajectories from it to obtain a transition path ensemble. Because

this provides complete transition paths, estimating statistics is straightforward, regardless of

the complexity of the specified path ensemble or observable. The drawback, however, is that

the simplified dynamics often poorly approximate the true dynamics. Another strategy is

to analyze the gross or net reactive flux between partitions of the transition region, which

can be estimated using TPT. For example, Noé et al. [8] used the net reactive flux to dissect

folding pathways of a PinWWW domain. A related idea is to project the reactive current

onto chosen CVs, as we did in Strahan et al. [5] to study Trp-cage folding and unfolding.
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Flux- and current-based approaches examine effective dynamics, which can miss important

details (e.g., rates of interchange between pathways) and do not yield an ensemble of physical

trajectories (so general path functionals cannot be computed). In Chapter 7, we overcome

these limitations by developing augmented transition path theory (ATPT), which extends

TPT to compute statistics for specific reaction steps and pathways directly from the true

dynamics. Unlike flux- and current-based approaches, ATPT defines an explicit ensemble

of physical transition paths and enables computation of general path functionals. This

enables detailed analysis of complex reaction mechanisms, allowing us to compare competing

pathways, identify key intermediates, and quantify stepwise contributions—all without relying

on simplified models or effective dynamics.

We conclude by outlining connections between these methods, and discussing remaining

challenges and future directions in the field.
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CHAPTER 2

INTEGRATED VARIATIONAL APPROACH TO

CONFORMATIONAL DYNAMICS

This chapter is adapted with permission from C. Lorpaiboon et al., “Integrated variational

approach to conformational dynamics: a robust strategy for identifying eigenfunctions of

dynamical operators”, J. Phys. Chem. B 124, 9354–9364 (2020). Copyright 2020 American

Chemical Society.

One approach to analyzing the dynamics of a physical system is to search for long-lived

patterns in its motions. This approach has been particularly successful for molecular dynamics

data, where slowly decorrelating patterns can indicate large-scale conformational changes.

Detecting such patterns is the central objective of the variational approach to conformational

dynamics (VAC), as well as the related methods of time-lagged independent component

analysis and Markov state modeling. In VAC, the search for slowly decorrelating patterns is

formalized as a variational problem solved by the eigenfunctions of the system’s transition

operator. VAC computes solutions to this variational problem by optimizing a linear or

nonlinear model of the eigenfunctions using time series data. Here, we build on VAC’s

success by addressing two practical limitations. First, VAC can give poor eigenfunction

estimates when the lag time parameter is chosen poorly. Second, VAC can overfit when using

flexible parameterizations such as artificial neural networks with insufficient regularization.

To address these issues, we propose an extension that we call integrated VAC (IVAC). IVAC

integrates over multiple lag times before solving the variational problem, making its results

more robust and reproducible than VAC’s.
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2.1 Introduction

Many physical systems exhibit motion across fast and slow timescales. Whereas individual

subcomponents may relax rapidly to a quasi-equilibrium, large collective motions occur

over timescales that are orders of magnitude longer. These slow motions are often the

most scientifically significant. For instance, observing the large-scale conformational changes

that govern protein function requires microseconds to days, even though individual atomic

vibrations have periods of femtoseconds. However, when exploring new systems, such slow

collective processes may not be fully understood from the outset. Rather, they must be

detected from time series data.

One approach for automating this process is the “variational approach to conformational

dynamics” (VAC) [10–12]. In the VAC framework, slow dynamical processes are identified

using functions that decorrelate slowly. These functions are the eigenfunctions of a self-

adjoint operator associated with the system’s dynamics known as the transition operator.

The transition operator evolves expectations of functions over the system’s state forward

in time and completely defines the dynamics on a distributional level. VAC estimates the

transition operator’s eigenfunctions by constructing a linear or nonlinear model and using

data to optimize parameters in the model. VAC encompasses commonly used approaches

such as time-lagged independent component analysis [12–15] and eigenfunction estimates

constructed using Markov state models. [15–18] In addition, recent VAC approaches use

artificial neural networks to learn approximations to the eigenfunctions. [19, 20]

While VAC has been successful in some applications, the approach has limitations. The

accuracy of the estimated eigenfunctions depends strongly on the function space in which

the eigenfunctions are approximated, the amount of data available, and a hyperparameter

known as the lag time. In our previous work [1] we gave a comprehensive error analysis for

the linear VAC algorithm. This error analysis showed that the choice of lag time can be

critical to achieving an accurate VAC scheme. Choosing a lag time that is too short can
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cause substantial systematic bias in estimated eigenfunctions, while choosing a lag time that

is too long can make VAC exponentially sensitive to sampling error.

In this chapter, we present an extension of the VAC procedure in which we integrate the

correlation functions in VAC over a time window. We term this approach integrated VAC

(IVAC). Because IVAC is less sensitive to the choice of lag time, it reduces error compared to

VAC. Additionally, when IVAC is applied using an approximation space parameterized by a

neural network, the approach leads to stable training and mitigates the overfitting problems

associated with VAC.

We organize the rest of the chapter as follows. In the theory section, we review the role

of the transition operator and its eigenfunctions, and we introduce the VAC approach for

estimating eigenfunctions. We then present the procedure for IVAC. In the results section,

we evaluate the performance of IVAC on two model systems. We conclude with a summary

and a discussion of further ways IVAC can be extended. Software implementing IVAC is

available at https://github.com/chatipat/ivac.

2.2 Methods

2.2.1 Background

In this section, we review the VAC theoretical framework [10, 21] that shows how the slowly

decorrelating functions in a physical system can be identified using a linear operator known

as the transition operator.

We assume that the system of interest is a continuous-time Markov process Xt ∈ Rn

with a stationary, ergodic distribution µ (specifically a Feller process [22]). We use E to

denote expectations of the process Xt started from µ. For example, if µ is the Boltzmann

distribution associated with the Hamiltonian H and temperature T , then expectations of the
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process satisfy

E[f(Xt)] =

∫
f(x)e−H(x)/kBT dx∫
e−H(x)/kBT dx

(2.1)

for all t ≥ 0. However, our results are valid for systems with other, more general, stationary

distributions.

The transition operator

To begin, we consider the space of real-valued functions with finite second moment (E[f(X0)
2] <

∞). Equipped with the inner product

⟨f, g⟩ = E[f(X0)g(X0)] (2.2)

this forms a Hilbert space, which we denote L2µ. We define the transition operator [22] at a

lag time τ to be the operator

T τf(x) = E[f(Xτ ) | X0 = x] (2.3)

applied to a function f ∈ L2µ. Here, we are interpreting the conditional expectation as a

function of the initial point x.

The transition operator is also called the Markov or (stochastic) Koopman operator [15,

23]. We use the term transition operator as it is well-established in the literature on stochastic

processes, and the terminology emphasizes the connection with finite-state Markov chains.

For a finite-state Markov chain, f is a column vector and T τ is a row-stochastic transition

matrix.

The transition operator lets us rewrite correlation functions in terms of inner products in
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L2µ:

E[f(X0)g(Xτ )] = ⟨f, T τg⟩. (2.4)

Moreover, we can express the slow motions of a system’s dynamics in terms of the transition

operator. The slow motions are identified by functions f for which the normalized correlation

function
E[f(X0)f(Xτ )]

E[f(X0)f(X0)]
=
⟨f, T τf⟩
⟨f, f⟩

(2.5)

is large. We will show in the next subsection that these slowly decorrelating functions lie in

the linear span of the top eigenfunctions of the transition operator.

Eigenfunctions of the transition operator

We can immediately see that T τ has the constant function as an eigenfunction, because

T τ1 = E[1 | X0 = x] = 1. (2.6)

However, there is no guarantee that any other eigenfunctions exist. We must therefore impose

additional assumptions.

We first assume that Xt obeys detailed balance. For any functions f, g ∈ L2µ, we have

E[f(X0)g(Xτ )] = E[f(Xτ )g(X0)], (2.7)

or equivalently

⟨f, T τg⟩ = ⟨T τf, g⟩. (2.8)

This detailed balance condition ensures that T τ is a self-adjoint operator on L2µ.

Next we assume that T τ is a compact operator. In our context, assuming compactness is
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the same as assuming that the action of T τ can be decomposed as an infinite sum involving

eigenfunctions and eigenvalues:

T τf(x) =
∞∑
i=1

e−σiτ ⟨ηi, f⟩ηi(x). (2.9)

Our assumption of compactness is made for the sake of simplicity; in fact a weaker assumption

of quasi-compactness is sufficient. We refer the reader to Webber et al. [1] for a more general

treatment.

At all lag times τ > 0, the function ηi is an eigenfunction of the transition operator T τ

with eigenvalue

λτi = e−σiτ . (2.10)

The eigenvalues are indexed so that

0 = σ1 < σ2 ≤ σ3 ≤ · · · (2.11)

and limi→∞ σi =∞. Because the process is ergodic, it is known that the largest eigenvalue

λτ1 = 1 is a simple eigenvalue and all other eigenvalues are bounded away from 1. The

particular dependence of the eigenvalues on τ occurs because the transition operator can be

written as

T τ = eLτ , ∀τ ≥ 0 (2.12)

where L is an operator known as the infinitesimal generator [22]. We note that it is also

common to consider the implied timescale (ITS) associated with eigenfunction i, defined as

ITSi = σ−1i . (2.13)

We can use the eigenvalues and eigenvectors of the transition operator to rewrite the
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normalized correlation function (2.5). Observing that T 0f(x) = f(x) and substituting (2.9)

into the numerator and denominator of (2.5) gives

E[f(X0)f(Xτ )]

E[f(X0)f(X0)]
=

∑∞
i=1 e

−σiτ ⟨ηi, f⟩2∑∞
i=1⟨ηi, f⟩2

. (2.14)

We now consider which functions maximize the normalized correlation function. Apply-

ing (2.11), we find that the normalized correlation function is maximized when we set f to

be the constant function f(x) = η1(x) = 1, because

∑∞
i=1 e

−σiτ ⟨ηi, f⟩2∑∞
i=1⟨ηi, f⟩2

≤
∑∞

i=1 e
−σ1τ ⟨ηi, f⟩2∑∞

i=1⟨ηi, f⟩2
(2.15)

=e−σ1τ (2.16)

for all functions f ∈ L2µ. If we constrain the search to functions that are orthogonal to η1,

i.e., functions where

⟨η1, f⟩ = E[f(x)] = 0 (2.17)

and assume σ2 > σ3, the normalized correlation function is maximized when f = η2. If we

constrain f to be orthogonal to both η1 and η2, then the next slowest decorrelating function

would be η3, and so forth. Maximizing the normalized correlation function at any lag time τ

is therefore equivalent to identifying the eigenfunctions of the transition operator.

Because of the connection to slowly decorrelating functions, the eigenfunctions provide a

natural coordinate system for dimensionality reduction. The first few eigenfunctions provide

a compact representation of all the slowest motions of the system. Additionally, clustering

data based on the eigenfunction coordinates makes it possible to identify metastable states.
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The variational approach to conformational dynamics

The “variational approach to conformational dynamics” (VAC) is a procedure for identifying

eigenfunctions by maximizing the normalized correlation function. The first eigenfunction,

η1(x) = 1, is known exactly and is set to the constant function. To identify subsequent

eigenfunctions, we parameterize a candidate solution f using a vector of parameters θ. We

then construct an estimate γi for the ith eigenfunction by tuning the parameters to maximize

(2.5). We set γi = fθ′ , where

θ′ = argmax
θ

E[fθ(X0)fθ(Xτ )]

E[fθ(X0)fθ(X0)]
(2.18)

subject to ⟨fθ, γj⟩ = 0 for all j < i. In practice, we use empirical estimates of the correlations

constructed from sampled data. For instance, if our data set consists of a single equilibrium

trajectory x0, x∆, . . . xT−∆, we would then construct the estimate

Ê[f(X0)g(Xτ )] =
∆

T − τ

T−∆−τ
∆∑

s=0

f(xs∆)g(xs∆+τ ) + f(xs∆+τ )g(xs∆)

2
. (2.19)

Here and in the rest of the chapter, we use the ˆ symbol to indicate quantities constructed

using sampled data.

Once we have obtained an estimated eigenfunction γ̂i using data, we can estimate the

associated eigenvalue and implied timescale using

λ̂τi =
Ê[γ̂i(X0)γ̂i(Xτ )]

Ê[γ̂i(X0)γ̂i(X0)]
(2.20)

σ̂i = −
1

τ
log λ̂τi . (2.21)

If the sampling is perfect, the variational principle ensures that VAC eigenvalues and VAC

implied timescales are bounded from above by the true eigenvalues e−σiτ and implied
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timescales σ−1i , and the upper bound is achieved when the VAC eigenfunction is the true

eigenfunction ηi. However, since the empirical estimate (2.20) is used in practice, it is possible

to obtain estimates that exceed the variational upper bound.

The earliest VAC approaches estimated the eigenfunctions of the transition operator by

using linear combinations of basis functions {ϕi}, a procedure now known as linear VAC. In

linear VAC, the optimization parameters are the unknown linear coefficients v, which solve

the generalized eigenvalue problem

Ĉ(τ)vi = λ̂τi Ĉ(0)vi, (2.22)

where

Ĉjk(t) = Ê[ϕj(X0)ϕk(Xt)]. (2.23)

In approaches known as time-lagged independent component analysis [13] and relaxation

mode analysis [21, 24], the basis functions {ϕi} were chosen to be the system’s coordinate axes.

This choice of approximation space is still commonly used to construct collective variable

spaces either for analyzing dynamics or for streamlining further sampling. Markov state

models (MSMs) provide an alternative approach for estimating eigenfunctions using linear

combinations of basis functions [16–18, 25]. MSMs can serve as general dynamical models for

the estimation of metastable structures and chemical rates [25–28]. When MSMs are applied

to estimate eigenfunctions and eigenvalues, the approach is equivalent to performing linear

VAC using a basis of indicator functions on disjoint sets [15].

Noé and Nuske [10] unified the linear VAC approaches and exploited a general variational

principle for identifying eigenvalues and eigenfunctions of the transition operator. Subsequent

work further developed the methodology and introduced more general linear basis functions

[11, 29–31]. Moreover, it was observed that the general variational principle allows one to

model the eigenfunctions using nonlinear approximation spaces such as the output of a neural
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network [19, 20]. This can lead to very flexible and powerful approximation spaces. However,

in our experience, the greater flexibility can also lead to overfitting problems that need to be

addressed through regularization.

In a common nonlinear VAC approach, a neural network outputs a set of functions

ϕ1, ϕ2, . . . , ϕS that serves as a basis set for linear VAC calculations. The network parameters

are then optimized to maximize the VAMP score [32], which under our assumption of detailed

balance can be calculated using

VAMP-k =
S∑
i=1

|λ̂τi |
k. (2.24)

The hyperparameter k is typically set to 1 or 2. In this chapter, we use the VAMP-1 score,

since we find that it leads to more robust training. We note that the score function we use is

also called the generalized matrix Rayleigh quotient [33].

Challenges in VAC calculations

A major challenge in VAC calculations is selecting the lag time τ . Since the early days

of VAC, it was noted that lag times that are too short or too long can lead to inaccurate

eigenfunction estimates [34, 35]. Our recent work [1] revealed that the sensitivity to lag

time is caused by a combination of approximation error at short lag times and estimation

error at long lag times. In this section, we describe the impact of approximation error and

estimation error and provide a schematic (Figure 2.1) that illustrates the tradeoff between

approximation error and estimation error at different lag times.

Approximation error is the systematic error of VAC that exists even when VAC is

performed with an infinite data set. We expect approximation error to dominate the

calculation when the basis set is of poor quality and our approximation space cannot

faithfully represent the eigenfunctions of the transition operator. The approximation error
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Figure 2.1: Schematic illustrating the sources of VAC error at different lag times. Even
without sampling, VAC solutions have approximation error. Random variation due to
sampling contributes additional estimation error.

is greatest at short lag times, and it decreases and eventually stabilizes as the lag time is

increased. Therefore, VAC users can typically reduce approximation error by avoiding the

very shortest lag times.

Estimation error is the random error of VAC that comes from statistical sampling.

As shown in our previous work [1], with increasing lag time the results of VAC become

exponentially sensitive to small variations in the data set, leading to high estimation error.

At large enough lag times, all the eigenfunction estimates γ̂τ2 , γ̂
τ
3 , . . . are essentially random

noise.

In Webber et al. [1], we proposed measuring VAC’s sensitivity to estimation error using the

condition number κτ . The condition number measures the largest possible changes that can

occur in the subspace of VAC eigenfunctions {γτj , γ
τ
j+1, . . . , γ

τ
k} when there are small errors

in the entries of C(0) and C(τ). The condition number is calculated using the expression

κτ =
1

min{λ̂τj−1 − λ̂
τ
j , λ̂

τ
k − λ̂

τ
k+1}

. (2.25)

For a given problem and a given lag time, we can use the condition number to determine

which subspaces of VAC eigenfunctions are highly sensitive to estimation error and which
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subspaces are comparatively less sensitive to estimation error.

Although we rigorously derived the condition number only in the case of linear VAC, we

find that the condition number is also helpful for measuring estimation error in nonlinear

VAC. If κτ ≳ 5 at all lag times τ , then identifying eigenfunctions is very difficult and requires

a large data set. We recommend that authors report the condition number along with

their VAC results, helping readers to assess whether the results are potentially sensitive to

estimation error.

2.2.2 Integrated VAC

To address the difficulty inherent in choosing a good lag time, we propose an extension of

VAC called “integrated VAC” (IVAC) where we integrate over a range of different lag times

before solving a variational problem. We find that the new approach is more robust to lag

time selection and it often gives better results overall.

Just as VAC maximizes the correlation function in (2.5), IVAC solves a variational problem

by identifying a subspace of functions f that maximize the integrated correlation function

∫ τmax

τmin

E[f(X0)f(Xs)]

E[f(X0)f(X0)]
ds . (2.26)

As in VAC, the functions solving the variational problem are the eigenfunctions of the

transition operator. When the eigenfunction ηi is substituted into the integrated correlation

function (2.26), the resulting expression is related to the implied timescales by

∫ τmax

τmin

E[ηi(X0)ηi(Xs)]

E[ηi(X0)ηi(X0)]
ds =

e−σiτmin − e−σiτmax

σi
. (2.27)

Therefore, like VAC, IVAC is a variational approach for identifying both eigenfunctions and

implied timescales.

IVAC is a natural extension of VAC; in the limit as τmax approaches τmin, IVAC gives the
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same eigenfunction and implied timescale estimates as regular VAC. However, when τmax and

τmin are separated from each other, the results of IVAC and VAC start to diverge. We find

that IVAC with minimal tuning performs comparably to VAC with optimal tuning. IVAC

has the desirable feature that it is not very sensitive to the values of τmin and τmax.

Previous approaches for estimating eigenfunctions using multiple time lags have attempted

to reduce approximation error by accounting for unobserved degrees of freedom [4, 7, 36, 37].

In contrast, IVAC uses multiple time lags to reduce estimation error and improve robustness

to parameter choice.

Linear IVAC

Linear IVAC uses linear combinations of basis functions to maximize the integrated autocor-

relation function (2.26). However, as simulation data are sampled at discrete time points, we

cannot directly calculate the integral. We therefore replace (2.26) with a discrete sum taken

over uniformly spaced lag times. We seek to maximize

τmax∑
τ=τmin

E[f(X0)f(Xτ )]

E[f(X0)f(X0)]
, (2.28)

where τ = τmin, τmin +∆, τmin +2∆, . . . , τmax and ∆ is the sampling interval. The discrete

sum (2.28) approximates (2.26) up to a constant multiple, and its value is maximized when

f lies within the span of the top eigenfunctions of the transition operator. Setting f to be

the eigenfunction ηi, we can sum the resulting finite geometric series:

τmax∑
τ=τmin

E[ηi(X0)ηi(Xτ )]

E[ηi(X0)ηi(X0)]
=
e−σiτmin − e−σi(τmax+∆)

1− e−σi∆
. (2.29)

In linear IVAC, we optimize linear combinations of basis functions {ϕi} to maximize the

functional (2.28). The optimization parameters are the unknown linear coefficients v, which

18



solve the generalized eigenvalue problem

Î(τmin, τmax)vi = λ̂iĈ(0)vi, (2.30)

where we have defined

Ĉjk(t) = Ê[ϕj(X0)ϕk(Xt)] (2.31)

Î(τmin, τmax) =
τmax∑

τ=τmin

Ĉ(τ). (2.32)

We solve the generalized eigenvalue problem to obtain estimates γ̂i for the transition operator’s

eigenfunctions. Then, we form the sum

τmax∑
τ=τmin

Ê[γ̂i(X0)γ̂i(Xτ )]

Ê[γ̂i(X0)γ̂i(X0)]
, (2.33)

and we estimate implied timescales by solving (2.29) for σ̂i using a root-finding algorithm.

Nonlinear IVAC

Nonlinear IVAC maximizes the integrated correlation function (2.26) by constructing approxi-

mations in a nonlinear space of functions, for example, those represented by a neural network.

Specifically, the nonlinear model provides a set of functions ϕ1, ϕ2, . . . , ϕS that serves as a

basis set for linear IVAC. The parameters are trained to maximize the VAMP-k score

S∑
i=1

|λ̂i|k (2.34)

where the eigenvalues λ̂i are defined using equation (2.30). In a linear approximation

space, all values of VAMP-k scores lead to identical eigenfunction estimates. In a nonlinear

approximation space, it is theoretically possible that minimizing with different values of
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k would lead to different estimates. However, in practice we find there is little difference

between estimates at the minima. We present our results using k = 1 because it leads to the

most stable convergence; we found that higher values of k are prone to large gradients and,

in turn, unstable training. When k = 1, the score function can be computed using

tr(Ĉ(0)−1Î(τmin, τmax)). (2.35)

The main practical challenge in an application of nonlinear IVAC is that the basis functions

ϕ1, ϕ2, . . . , ϕS change at every iteration, requiring costly re-evaluation of Ĉ(0), Î(τmin, τmax),

and the gradient of (2.35) with respect to the parameters. To reduce this cost, we have

developed the batch subsampling approach described in Algorithm 1, which we apply at the

start of each optimization iteration.

Algorithm 1 subsampling routine
Input: data x0, . . . , xT−∆, τmin, τmax, number of samples N
for n ∈ 1, 2, . . . , N do

Sample τn from {τmin, . . . , τmax}
Sample sn from {0, . . . , T − τn −∆}

end for
Output: sampled pairs (xsn , xsn+τn)

In the subsampling approach, we draw a randomly chosen set of data points, which allow

us to estimate the matrix entries Ĉij(0) using

N∑
n=1

ϕi(xsn)ϕj(xsn) + ϕi(xsn+τ )ϕj(xsn+τ )

2N
(2.36)

and the matrix entries Îij(τmin, τmax) using

N∑
n=1

ϕi(xsn)ϕj(xsn+τn) + ϕi(xsn+τn)ϕj(xsn)

2N∆/(τmax − τmin +∆)
. (2.37)
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After constructing these random matrices, we calculate the score function 2.35. We then

use automatic differentiation to obtain the gradient of the score function with respect to the

parameters, and we perform an optimization step. By randomly drawing new data points

at each optimization step, we ensure a thorough sampling of the data set and we are able

to train the nonlinear representation at reduced cost. Typically, we find that 103–104 data

points per batch is enough for the score function (2.35) to be estimated with low bias.

2.3 Results and discussion

In this section, we provide evidence that IVAC is more robust than VAC and can give more

accurate eigenfunction estimates. First, we show results from applying IVAC and VAC to the

alanine dipeptide. VAC can provide accurate eigenfunction estimates for this test problem

owing to the large spectral gap and the approximation space that overlaps closely with the

eigenfunctions of the transition operator. However, VAC requires a careful tuning of the lag

time. In contrast, IVAC is much less sensitive to lag time choice. IVAC gives solutions that

are comparable to VAC with the optimal lag time parameter and substantially better than

VAC with a poorly chosen lag time.

Second, we show results for the villin headpiece protein. Because the data set has a small

number of independent samples and the neural network approximation space is flexible and

prone to overfitting, VAC and IVAC suffer from estimation error at long lag times. Despite

these challenges, we present a robust protocol for choosing parameters in IVAC to limit the

estimation error, and we show that IVAC is less sensitive to overfitting for this problem

compared with VAC.

2.3.1 Application to the alanine dipeptide

In this section we compare linear IVAC and VAC applied to Langevin dynamics simulations

of the alanine dipeptide (i.e., N -acetyl-alanyl-N ′-methylamide) in aqueous solvent; further
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simulation details are given in the supporting information.

The alanine dipeptide is a well-studied model for conformational changes in proteins.

Like many protein systems, the alanine dipeptide has dynamics that are dominated by

transitions between metastable states. The top eigenfunctions are useful for locating barriers

between states, as these eigenfunctions change sharply when passing from one well to another.

We focus on estimating η2 and η3, as large changes in these eigenfunctions correspond to

transitions over the alanine dipeptide’s two largest barriers. We refer to the span of η1, η2,

and η3 as the 3D subspace.

In our experiments, we consider trajectories of length 10 ns and 20 ns. The trajectories are

long enough to observe approximately 15 or 30 transitions respectively along the dipeptide’s

slowest degree of freedom. Folding simulations of proteins, such as the villin headpiece

considered below, often have a similar number of transitions between the folded and unfolded

states.

There are several features that make it possible for VAC to perform well on this example.

First, the linear approximation space, which consists of all the dihedral angles in the molecular

backbone, is small (just 9 basis functions), and it is known to overlap heavily with the top

eigenfunctions of the dynamics. Second, we are estimating a well-conditioned subspace with

a minimum condition number of just

min
τ
κτ = min

τ
(λ̂τ3 − λ̂

τ
4)
−1 = 1.4, (2.38)

and therefore we do not expect a heavy amplification of sampling error that degrades

eigenfunction estimates.

To evaluate the error in our eigenfunction estimates, we compare to “ground truth”

eigenfunctions computed using a Markov state model built with a very long time series (1.5 µs)

and a fine discretization of the dihedral angles. We measure error using the projection distance

[38], which evaluates the overlap between one subspace and the orthogonal complement of
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another subspace. For subspaces U and V with orthonormal basis functions {ui} and {vi},

the projection distance is given by

d(U ,V) =
√∑

i,j

(δij − ⟨ui, vj⟩2). (2.39)

This measure, which combines the error in the different eigenfunctions into a single number,

is useful because VAC is typically used to identify subspaces of eigenfunctions rather than

individual eigenfunctions. The maximum possible error when estimating k eigenfunctions is
√
k.

Our main result from the alanine dipeptide application is that IVAC is more robust to

the selection of lag time parameters than VAC. In Figure 2.2, we report the accuracy of

IVAC and VAC for different lag times and trajectory lengths. In the left column, we show

the root mean square errors (RMSE) for IVAC (orange) and VAC (purple), aggregated over

thirty independent trajectories. From the aggregated results, IVAC performs nearly as well

as VAC with the best possible τ and consistently gives results much better than VAC with

a poorly chosen τ . The RMSE of IVAC is just 0.58 with 10 ns trajectories and 0.45 with

20 ns trajectories. These low error levels are not far from the minimum error of 0.37 that is

possible using our linear approximation space.

In the right column of Figure 2.2, we show results for a 10 ns trajectory and a 20 ns

trajectory. The trajectories were selected to help illustrate differences in the error profiles

for VAC and IVAC; similar plots for all other trajectories can be found in the supporting

information. We observe two key differences. First, VAC error can exhibit high-frequency

stochastic variability as a function of lag time, a source of variability that does not affect

integrated VAC results. Second, VAC can have high error levels at very short and long lag

times. The projection distance against our reference often reaches 1.0, which might indicate

that a true eigenfunction is completely orthogonal to our estimated subspace. The error of
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Figure 2.2: Linear IVAC and VAC errors for alanine dipeptide trajectories. IVAC was applied
with τmin = 1ps and τmax = 1ns. VAC was applied with variable lag time τ (horizontal axis).
Errors are computed using the projection distance to the MSM reference for the span of η2
and η3. (left) Root mean square errors (RMSE) over 30 independent trajectories. (right)
Errors for a single trajectory.
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(center) First six estimated eigenvalues of the transition operator. (right) Error in IVAC
results at different values of τmin and τmax, evaluated using the projection distance to the
MSM reference for the span of η2 and η3.

IVAC is unlikely to reach such high extremes.

We note that the parameter values τmin = 1ps and τmax = 1ns used in IVAC are not hard

to tune. The range 1 ps− 1 ns is a broad window of lag times over which VAC eigenvalues λ̂τ2

and λ̂τ3 decrease from values near one to values near zero. In contrast, it is much harder to

tune the VAC lag time τ . VAC results are very sensitive to high or low lag times as seen in

Figure 2.2.

When eigenfunction estimates are accurate, we expect that the eigenfunction coordinates

will help identify the system’s metastable states. In Figure 2.3, we compare the results

of clustering configurations in the 20 ns alanine dipeptide trajectory in Figure 2 using the

associated IVAC and VAC estimates. We plot the predicted metastable states against the

dipeptide’s ϕ and ψ dihedral angles. In the figure, we present VAC results taken at a short

lag time, an intermediate lag time, and a long lag time. We also present results for the

MSM reference. Comparing against the reference, we find that IVAC identifies clusters as

accurately as VAC at a well-chosen lag time, and IVAC performs far better than VAC at a

poorly-chosen lag time.

Next, we present additional analyses applied to a single 20 ns alanine dipeptide trajectory,

that provide insight into why IVAC is more robust to lag time selection than VAC. To start,
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we examine the discrepancy in VAC results at different lag times. In Figure 2.4, left, we

performed VAC with a range of different lag times, and we measured the projection distance

between the VAC results obtained at one lag time τ1 (horizontal axis) and the VAC results

obtained at a different lag time τ2 (vertical axis). The square with low projection distance

between 3 ps and 200 ps indicates that VAC results with lag times chosen within this range

are similar to one another, but not to those with lag times taken from outside this range.

The discrepancy between VAC results at both low and high lag times can be explained

by a plot of VAC eigenvalues (Figure 2.4, center). At 3 ps, there is an eigenvalue crossing

between the eigenvalues λ̂τ3 and λ̂τ4 (shown in purple and magenta). The eigenvalue crossing

causes VAC to misidentify the third VAC eigenfunction (which is inside the 3D subspace)

and the fourth VAC eigenfunction (which is outside the 3D subspace). At 200 ps, there is a

different problem related to insufficient sampling. The third eigenvalue descends into noise,

causing VAC to fit the first two eigenfunctions at the expense of the 3D subspace.

With integrated VAC, the problem of finding a single good lag time is replaced with the

problem of finding two endpoints for a range of lag times. This proves to be an easier task

as IVAC is more tolerant of lag times outside the region where VAC gives good results. In

Figure 2.4, right, we show the error of IVAC as a function of τmin and τmax (horizontal and

vertical axes, respectively). This figure, which shows the error of IVAC estimates computed

from comparison with the reference, is different from the figure on the left which shows only

the discrepancy between VAC results at different lag times. Figure 2.4, right, also shows

the error of VAC, which appears along the diagonal of the plot corresponding to the case

τmin = τmax.

Figure 2.4, right, reveals that the range of lag time parameters for which IVAC exhibits

low error levels is much broader than the range of lag times for which VAC exhibits low error

levels. This supports our basic argument that choosing good parameters in IVAC is easier

than choosing good parameters in VAC. To achieve low errors, we do not need to identify the
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optimal VAC lag times but only integrate over a window that contains the optimal VAC lag

times while ensuring that τmax is not excessively high.

2.3.2 Application to the villin headpiece

Next we apply IVAC to a difficult spectral estimation problem with limited data. We seek to

estimate the slow dynamics for an engineered 35-residue subdomain of the villin headpiece

protein. Our data consist of a 125µs molecular dynamics simulation performed by Lindorff-

Larsen et al. [39]. Villin is a common model system for protein folding for both experimental

and computational studies [39–42], where the top eigenfunctions correlate with the folding

and unfolding of the protein.

On the surface, the villin data set would seem to be much larger and more useful for

spectral estimation compared to the 10 ns to 20 ns trajectories we examined for the alanine

dipeptide. However, the villin headpiece relaxes to equilibrium orders of magnitude more

slowly than the alanine dipeptide. The data set contains just 34 folding/unfolding events with

a folding time of 2.8 µs. The limited number of observed events is characteristic of simulations

of larger and more complex biomolecules, since simulations require massive computational

resources and conformational changes take place slowly over many molecular dynamics time

steps. The fact that the dynamics of villin are not understood nearly as well as the dynamics

of the alanine dipeptide presents an additional challenge. Compared to the alanine dipeptide,

villin has a more complex free energy surface and a larger number of degrees of freedom.

Since the true eigenfunctions of the system are unknown, it is appropriate to apply spectral

estimation using a large and diverse feature set. However, the large size and diversity of the

feature set increases the risk of estimation error.

In contrast to the alanine dipeptide results, where we applied IVAC using linear com-

binations of basis functions, here we apply IVAC using a neural network. The increased

flexibility of the neural network approximation reduces approximation error. However, the
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Figure 2.5: Nonlinear IVAC results for the 125µs villin headpiece trajectory. (left) Estimated
eigenvalues of the transition operator. (right) Root mean square projection distance between
10 replicates of nonlinear IVAC at the specified values of τmin and τmax.

procedure for optimizing the neural network is more complicated than the procedure for

applying linear VAC. Moreover, the complexity of the neural network representation (around

5× 104 parameters) makes overfitting a concern for this example.

We use a slight modification of the neural network architecture published in Sidky et al.

[43], with 2 hidden layers of 50 neurons, tanh nonlinearities, and batch normalization between

layers. The network is built on top of a rich set of features, consisting of all the Cα pairwise

distances as well as sines and cosines of all dihedral angles. At each optimization step, we

subsample 104 data points using Algorithm 1. We optimize the neural network parameters

using AdamW [44] with a learning rate of 10−4 and a weight decay coefficient of 10−2.

Following standard practice, we use the first half of the data set for training and the second

half for validation. We validate the neural network against the testing data set every 100

optimization steps, and perform early stopping with a patience of 10.

We present our results for villin in two parts. First we describe our procedure for selecting

parameters in nonlinear IVAC. Next we highlight evidence that nonlinear IVAC shows greater

robustness to overfitting compared to nonlinear VAC.
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Selection of parameters

Here, we describe the protocols we use for selecting IVAC parameters. By establishing clear

protocols, we help ensure that IVAC performs to the best of its ability, providing robust

eigenfunction estimates even in a high-dimensional setting with limited data.

Our first protocol is to evaluate the condition number for the subspace of eigenfunctions

that we are estimating. This protocol is motivated by the theoretical error analysis in Webber

et al. [1], where we showed that spectral estimates are less sensitive to estimation error for a

well-conditioned subspace. To ensure that we are estimating a well-conditioned subspace,

we first use IVAC to estimate eigenvalues for the transition operator. We then identify a

subspace of eigenfunctions η1, η2, . . . , ηk that is separated from all other eigenfunctions by a

large spectral gap λ̂τk − λ̂
τ
k+1.

For the villin data, we choose the subspace consisting only of the constant eigenfunction

η1 = 1 and the first nontrivial eigenfunction η2. This is a well-conditioned subspace with a

minimum condition number

min
τ
κτ = min

τ
(λ̂τ2 − λ̂

τ
3)
−1 = 1.6. (2.40)

Our second protocol for ensuring robustness is to check that eigenfunction estimates

remain consistent when the random seeds used in initialization and subsampling are changed.

We train ten nonlinear IVAC neural networks and quantify the inconsistency in the results

using the root mean square projection distance between eigenspace estimates from different

runs. The results of this calculation are plotted in Figure 2.5 across a range of τmin and τmax

values. The results for VAC appear along the diagonal of the plot in Figure 2.5, corresponding

to the case τmin = τmax.

Figure 2.5 reveals problems with consistency for both IVAC and VAC. IVAC is robust to

the choice of τmin. However, setting τmax < 30 ns or τmax > 300 ns leads to poor consistency.
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Figure 2.6: Nonlinear IVAC results plotted on the first two time-lagged independent component
analysis (tICA) coordinates. (top) IVAC with a 1 ns to 3 ns integration window and three
different random seeds. (bottom) IVAC with a 1 ns to 100 ns integration window and three
different random seeds.

If we train the neural network with these problematic τmax values, then solutions can look

very different depending on the random seeds that are used for optimizing. With VAC, setting

τ < 10 ns or τ > 300 ns would lead to inconsistent results.

IVAC provides more flexibility to address the consistency issues compared to VAC, since

we can integrate over a range of lag times. For the villin data, we choose to set τmin = 1ns and

τmax = 100 ns. For these parameter values, the consistency score is very good. The typical

projection distance between subspaces with different random seeds is just 0.05. Moreover,

1 ns to 100 ns is a wide range of lag times, helping to ensure that optimal or near-optimal

VAC lag times are included in the integration window.

To help explain why the consistency is so poor for small τmax values, we present in Figure

2.6 a set of IVAC solutions obtained with an integration window of 1 ns to 3 ns and three

different random seeds. We see that all three solutions identify clusters in the data, but the

clusters are completely different in the three cases. We conjecture that IVAC is randomly

fitting three different eigenspaces. This is supported by the eigenvalue plot in Figure 2.5,

which shows that three nontrivial eigenvalues of the transition operator lie close together over
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the 1 ns to 3 ns time window, making it possible that eigenspaces are randomly misidentified

by IVAC.

In contrast to the inconsistent results obtained with an integration window of 1 ns to 3 ns,

we obtain more reasonable results with an integration window of 1 ns to 100 ns. As shown in

Figure 2.6, the IVAC solutions are nearly identical regardless of the random seed.

In summary, we propose a robust procedure for approximating eigenfunctions of the villin

headpiece system. We choose to approximate a well-conditioned eigenspace that is separated

from other eigenspaces by a wide spectral gap. Moreover, we ensure that IVAC results are

consistent regardless of the random initialization and randomly drawn data subsets used

to train the neural net. Because of these protocols, the neural network estimates shown in

Figure 2.6 reliably identify clusters in the trajectory data indicative of folded/unfolded states.

Robustness to overfitting

In this section, we present results suggesting that nonlinear IVAC is more robust to overfitting

than nonlinear VAC. This is crucial if the data set is too small for cross-validation.

To identify the overfitting issue with small data sets, we eliminate the early stopping and

we train IVAC and VAC until the training loss stabilizes. We calculate implied timescales by

performing linear VAC on the outputs of the networks trained using IVAC and VAC, which

we present in Figure 2.7.

We first compare the estimated implied timescales between the training and validation

data sets. For both algorithms, the implied timescales calculated on the training data are

larger than those calculated on the validation data. This is clear evidence of overfitting.

However, we see that IVAC gives larger implied timescales on the validation data compared

to VAC. In combination with the variational principle associated with the implied timescales,

this suggests that IVAC is giving an improved estimate for the slow eigenfunctions.

Examining the implied timescales estimated on training data show further signs of

31



100 101 102 103 104

Lag Time (ns)

103

104

IT
S 

(n
s)

Train

100 101 102 103 104

Lag Time (ns)

Test

0.00 0.05 0.10
Frequency (ns 1)

10 3

10 2

10 1

100
PS

D 
(n

s)
Train

0.00 0.05 0.10
Frequency (ns 1)

Test

VAC (100 ns) IVAC (1 100 ns)
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nonlinear IVAC and VAC with neural network basis functions applied to the villin headpiece
data set. The VAC training lag time is marked by the dotted line in each panel.

overfitting. The VAC implied timescale estimates for the training data exhibit sharp peaks

at the training lag time that are absent in the implied timescale estimates of the validation

data. This suggests a hypothesis for the mechanism of overfitting: with a sufficiently flexible

approximation space, VAC is able to find spurious correlations between features that happen

to be separated by τ . This explains the smaller peaks at integral multiples of the lag time, as

features artificially correlated at τ will be correlated at 2τ as well.

To confirm our hypothesis, we plot the power spectral density (PSD) [45] of the time

trace of eigenfunction estimates in Figure 2.7. The PSD confirms the existence of a periodic

component in VAC results with a frequency at the inverse training lag time. In contrast,

IVAC does not exhibit such a periodic component. In Figure 2.7, we see that the 1 ns to

100 ns integration window leads to implied timescale estimates that depend smoothly on the

data both for the training and the test data set. The PSD shows no periodic components in

the spectra for IVAC, providing further evidence that IVAC is comparatively robust while
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VAC results can be very sensitive to the particular lag time that is used.

2.4 Conclusion

In this chapter, we have presented integrated VAC (IVAC), a new extension to the popular

variational approach to conformational dynamics (VAC). By integrating correlation functions

over a window of lag times, IVAC provides robust estimates of the eigenfunctions of a system’s

transition operator.

To test the efficacy of the new approach, we compared IVAC and VAC results on two

molecular systems. First, we applied the spectral estimation methods to simulation data

from the alanine dipeptide. This is a relatively simple system that permits generation of

extensive reference data for validating our calculations. As we varied the lag time parameters

and the amount of data available, we observed the improved robustness of IVAC compared

to VAC. IVAC gives low-error eigenfunction estimates even when the lag times range over

multiple orders of magnitude. In contrast, VAC requires more precise lag-time tuning to give

reasonable results

Next we applied IVAC to analyze a folding/unfolding trajectory for the villin headpiece.

These data contain relatively few folding/unfolding events despite pushing the limits of present

computing technology. For this application, we used a flexible neural network representation

built on top of a rich feature set. We presented a procedure for selecting parameters in IVAC

that helps lead to robust performance in the face of uncertainty. For the application to villin

data, we found that VAC exhibited pronounced artifacts from overfitting when precautions

were not taken to specifically prevent it, while IVAC did not.

Our work highlights the sensitivity of VAC calculations to error from insufficient sampling.

Examining our results on the villin headpiece, we see that regularization (here, by early

stopping) and validation are crucial when running VAC with neural networks or other flexible

approximation spaces. With insufficient regularization or poor validation these schemes
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easily overfit. Even for the alanine dipeptide example, where we employ a simple basis on

a statistically well-conditioned problem, we see that VAC has a high probability of giving

spurious results with insufficient data.

Integrated VAC addresses this problem by considering information across multiple time

lags. Future extensions of the work could further leverage this information. For instance,

employing a well-chosen weighting function within the integral in (2.5) could further decrease

hyperparameter sensitivity. Additionally, future numerical experiments could point to im-

proved procedures for selecting τmin and τmax values. Finally, we could integrate over multiple

lag times in other formalisms using the transition operator, such as schemes that estimate

committors and mean-first-passage times [4]. These extensions would further strengthen the

basic message of our work: combining information from multiple lag times leads to improved

estimates of the transition operator and its properties.

2.5 Supplementary information

2.5.1 Simulation details for the alanine dipeptide experiments

All simulations were conducted using Gromacs 5.1.4 [46–51]. The molecule was represented

by the CHARMM 27 force field [52] in a solvent modeled by 513 water molecules using a

rigid TIP3P model [53]. Long-range electrostatics were performed using particle-mesh Ewald

summation at fourth order with a Fourier spacing of 0.12 nm [54]. Each simulation used

Langevin dynamics, integrated using the GROMACS leap-frog Langevin integrator with a

1 fs time step and a time constant of 0.1 ps at a temperature of 310K. Hydrogen bonds were

constrained to be rigid using LINCS [55], and water rigidity was enforced using SETTLE

[56]. In each simulation, the system was initialized at a density of 1 kg L−1. The system was

then equilibrated for 50 ps at constant volume, followed by another 50 ps at constant pressure

using the Parrinello-Rahman barostat [57]. Finally, the system was again equilibrated at
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constant volume for 50 ns. The data set used was obtained from a production run of 50 ns,

with structures saved every 500 fs. To construct our references for the true eigenfunctions, we

ran 10 simulations each of length 150 ns, and constructed an MSM on all dihedral angles. This

MSM had 500 Markov states; these were identified by k-means clustering, and we estimated

the eigenfunctions and eigenvalues using pyEMMA [58].
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Figure 2.8: VAC (at the horizontal axis lag time) and IVAC (with τmin = 1ps and τmax = 1ns)
errors for all 30 of the 10 ns long alanine dipeptide trajectories.
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CHAPTER 3

DYNAMICAL GALERKIN APPROXIMATION AND

TRANSITION PATH THEORY

This chapter is adapted with permission from J. Strahan et al., “Long-time-scale predictions

from short-trajectory data: a benchmark analysis of the Trp-cage miniprotein”, J. Chem.

Theory Comput. 17, 2948–2963 (2021). Copyright 2021 American Chemical Society.

Elucidating physical mechanisms with statistical confidence from molecular dynamics

simulations can be challenging owing to the many degrees of freedom that contribute to

collective motions. To address this issue, we recently introduced a dynamical Galerkin

approximation (DGA) [E. H. Thiede et al., “Galerkin approximation of dynamical quantities

using trajectory data”, J. Chem. Phys. 150, 244111 (2019)], in which chemical kinetic

statistics that satisfy equations of dynamical operators are represented by a basis expansion.

Here, we reformulate this approach, clarifying (and reducing) the dependence on the choice

of lag time. We present a new projection of the reactive current onto collective variables and

provide improved estimators for rates and committors. We also present simple procedures for

constructing suitable smoothly varying basis functions from arbitrary molecular features. To

evaluate estimators and basis sets numerically, we generate and carefully validate a data set

of short trajectories for the unfolding and folding of the trp-cage miniprotein, a well-studied

system. Our analysis demonstrates a comprehensive strategy for characterizing reaction

pathways quantitatively. My primary contributions to this work are to the formula for the

reactive current (3.35), and transition rate and reactive current estimators that converge at

finite time lags (Sec. 3.7.1).
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3.1 Introduction

Molecular dynamics simulations enable atomic-resolution investigation of complex processes.

These investigations are often carried out by direct simulation: the equations of motion

are numerically integrated forward in time to generate trajectories (times series of atomic

positions and, as needed, momenta) for as long as possible given available computational

resources. Since most events of interest occur on timescales longer than those accessible

by direct simulation, many enhanced sampling schemes have been developed to allow more

extensive interrogation of an event of interest without sacrificing model fidelity. Splitting

methods, for example, branch and prune a collection of simultaneously evolving trajectories

to promote progress in a small number of order parameters (or collective variables, CVs)

[59–64]. Regardless of whether trajectory data are generated by direct simulation or enhanced

sampling, an essential question remains: How can these data be analyzed to yield new

understanding about the process under study?

We recently introduced dynamical Galerkin approximation (DGA) [4] to analyze trajectory

data generated by direct simulation, as well as many enhanced sampling schemes. In this

approach, conditional expectations such as committor functions are cast as solutions to

equations involving the operator determining the statistics of the underlying process, its

transition operator. The solution to the equation is then approximated as a linear combination

of basis functions. This approach builds on an extensive literature from the last decade that

shows that the eigenvalues and eigenvectors of the transition operator can be approximated

from trajectory data, subject to a Markov assumption [11, 15, 19, 23, 25, 32, 65–72]. These

spectral estimation methods aim to characterize the slowest dynamical features of the system

(e.g., transitions between metastable states) as eigenvectors corresponding to the largest

eigenvalues of the transition operator. When the goal is to study a particular event of interest,

the indirect relationship between the eigenvectors of the transition operator and the specific

event of interest is a weakness of the spectral estimation approach. Indeed, for many complex
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systems the true slowest dynamical features of the system are too slow to be of any physical

interest.

In contrast, the aim of DGA is not to extract spectral information. Instead DGA aims to

compute statistics that directly characterize a particular event under study. For example,

when transitions between particular metastable states are of interest, the statistics that DGA

yields can be combined within the framework of transition path theory (TPT) [3, 73, 74]

to obtain reactive fluxes and in turn reaction mechanisms. Because DGA analyzes short

trajectory fragments, it can be used to process the data generated by many splitting schemes.

Alternatively, the trajectory data can be generated by seeding initial conditions for short

direct simulations throughout state space.

Though most often employed as a spectral estimation tool, Markov State Models (MSMs)

[8, 75, 76] and related methods [77] have also been used to approximate TPT quantities.

DGA can be viewed as an extension of these MSM variants to a more general class of target

quantities and to more general representations (basis set expansions) of those quantities.

However, even with parameters chosen as in MSMs, the DGA estimators introduced in this

article improve upon their MSM counterparts in several ways including reduced dependence

on the crucial lag time parameter and lower variance estimates of certain TPT quantities.

In our previous study [4], we compared diffusion map [78] and indicator basis sets for

predicting mean first-passage times and committors for the Müller-Brown model [79] and the

folding of the protein Fip35 using six long equilibrium trajectories from D. E. Shaw Research

[80]. Because there were only a few folding events within those trajectories, it was difficult to

assess the performance of the method. One goal of the present study is to generate a protein

folding data set that enables robust application of the approach and to compare different

basis sets and estimators systematically.

To this end, we study the trp-cage miniprotein, a 20-residue fast-folding artificial sequence

(asn-leu-tyr-ile-glu-trp-leu-lys-asp-gly-gly-pro-ser-ser-gly-arg-pro-pro-pro-ser) that has been
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studied extensively both experimentally and computationally [39, 43, 81–85]. In solution at

298 K, the protein folds on a 4 µs timescale and unfolds on a 12 µs timescale [81], which

makes these processes difficult but not impossible to simulate directly. In particular, D. E.

Shaw Research produced a 208 µs equilibrium simulation of the K8A mutant of trp-cage

using the Anton supercomputer with the CHARMM 22* force field [39]. Although, like the

Fip35 data, this trajectory contains relatively few folding events, it has been the subject

of previous MSM [85] and variational approach for Markov processes (VAMP) studies [43].

These earlier studies serve as valuable points of comparison and enable us to identify CVs

that provide good control over sampling. Though DGA does not depend directly on any

choice of CV, its performance is strongly affected by the quality of the data set of sampled

trajectories. We use our chosen set of CVs together with enhanced sampling methods to

generate a new data set comprised of many short trajectories that are distributed evenly

throughout the CV space.

In this article we reformulate DGA in terms of the transition operator of the underlying

Markov process. This has two primary advantages relative to our previous formulation in

terms of the generator of the process [4]. First, it clarifies the role of lag time in DGA

estimates, showing that correctly constructed estimators should have no dependence on lag

time in the infinite-basis, infinite-sampling limit. Second, the formulation in terms of the

transition operator leads directly to estimators that correctly account for boundary conditions

by stopping underlying trajectories appropriately. Using our improved DGA estimators we

introduce new estimators for TPT reaction rates and reactive currents. To make computation

of the reactive current tractable and the result readily interpretable, we introduce a projection

formula for the reactive current onto a CV space which allows us to assign relative weights to

transition paths in arbitrary CV spaces. We also introduce a new procedure for constructing

a basis set from arbitrary molecular features (here, primarily pairwise distances between Cα

atoms, though we also explore CVs with delay embedding) and compare it with two basis
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sets that are used widely in the MSM literature: indicator functions on molecular features

and indicator functions on time-lagged independent component analysis (TICA) coordinates

[12–14]. We show that our DGA estimators with selected basis sets can robustly yield

remarkably good agreement with published results for committors and pathways, even though

the total simulation time of our trp-cage data set is only 30 µs, with a maximum trajectory

length of 30 ns. The projection of the reactive currents on CVs facilitates both visualization

and quantification of information about pathways, enabling immediate identification of the

defining properties of transition states. This makes our approach an efficient one for exploring

mechanisms.

3.2 Long time phenomena from short trajectory data

In this section, we introduce key dynamical statistics and explain how they can be defined

in terms of an evolution operator (Section 3.2.1). An emphasis on forms that lead directly

to practical and accurate numerical estimators causes several departures from the standard

presentation of this material. We present our approach for solving the operator equations

numerically by Galerkin (basis expansion) approximation [4] (Section 3.2.2), and distinguish

forward-in-time statistics (Section 3.2.2) from backward-in-time statistics involving the

adjoint of the evolution operator (Section 3.2.2); this is followed by a discussion of basis sets

(Section 3.2.2) and an approach for constructing an approximately Markovian process when

the molecular representation does not adequately capture the dynamics (delay embedding,

Section 3.2.2). Finally, guided by TPT, we combine the dynamical statistics estimated by

DGA to yield approximations of reaction rates and currents. (Section 3.2.3).

3.2.1 The transition operator and Feynman-Kac representation

The dynamics of a Markov process Xt can be encoded in its associated transition operator,

T t, which specifies the evolution of the expectation of a function f over some interval of time
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t ≥ 0:

T tf(x) = E [f(Xt) |X0 = x] . (3.1)

The time index t can be continuous or discrete. The transition operator (also known as the

Koopman operator), and in particular its eigenvectors and eigenvalues, are the key quantities

in well-established methods for discovering slowly decorrelating features of a Markov process

[1]. The transition operator is also central to the DGA approach [4]. However, in DGA,

instead of estimating the spectrum of the transition operator, the goal is to solve linear

equations representing certain conditional expectations.

In Thiede et al. [4], we presented DGA in terms of the generator which, for a continuous

time process is defined by the limit:

Lf(x) = lim
t→0

T tf(x)− f(x)
t

. (3.2)

For a discrete time process the limit is removed and t in (3.2) is replaced by the unit of a

single time step. A presentation in terms of the generator has the advantage that it results

in very concise equations for quantities of interest. For example, consider the (forward)

committor, q+(x), which is the probability of entering a product state B before a reactant

state A starting from x /∈ A ∪B:

q+(x) = P[XS+
A∪B(0) ∈ B|X0 = x], (3.3)

where S+A∪B(0) = min{t ≥ 0 : Xt ∈ A ∪ B} is the time of first entrance into A ∪ B. For

x ∈ A, q+(x) = 0, and, for x ∈ B, q+(x) = 1.

The committor satisfies the Feynman-Kac relation
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Lq+(x) = 0 for x /∈ A ∪B, q+(x) = 1B(x) =


1, x ∈ B

0, x /∈ B
for x ∈ A ∪B (3.4)

(see Eqs. (18) and (19) of Thiede et al. [4]).

In this article we choose to work directly with the transition operator instead of the

generator because it facilitates the implementation of numerical formulas. It also greatly

simplifies our description of TPT and clarifies the relationship between DGA and the well-

established VAC approach to approximating spectral properties of the transition operator

(see Webber et al. [1]). In the case of the committor, we integrate (3.4) until a chosen time τ

to obtain the equivalent form of the Feynman-Kac relation,

T τ
A∪B q+(x)− q+(x) = 0 for x /∈ A ∪B, q+(x) = 1B(x) for x ∈ A ∪B. (3.5)

In this expression we have introduced the notation T t
A∪B for the transition operator of the

stopped process Xt∧S+
A∪B(0), i.e.,

T t
A∪B f(x) = E

[
f(Xt∧S+

A∪B(0)) |X0 = x
]
. (3.6)

Here and below t ∧ S+A∪B(0) = min{t, S+A∪B(0)}, indicating that the evolution process does

not proceed beyond escape.

For a more general domain D and S+Dc(0) = min{t ≥ 0 : Xt /∈ D}, the conditional

expectation

u(x) = E

[
b(XS+

Dc(0)
)−

∫ S+
Dc(0)

0
a(Xt)dt

∣∣∣∣X0 = x

]
for x ∈ D (3.7)
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solves the equation

T τ
Dc u(x)− u(x) =

∫ τ

0
T t
Dc a(x)dt for x ∈ D, u(x) = b(x) for x /∈ D. (3.8)

To obtain (3.5) for the committor, choose D = (A ∪ B)c, b = 1B , and a = 0. In (3.7) and

(3.8) we assume for simplicity that a(x) = 0 for x /∈ D. For a discrete-time process the time

integral in these expressions should be interpreted as a sum.

Crucially, (3.8) holds for any choice of τ ≥ 0 including relatively small values. For very

large values of τ , (3.8) converges to (3.7). However, in most cases of interest, the escape

time S+Dc(0) is very large, making estimation of u in (3.7) by direct simulation of sample

trajectories of Xt prohibitively expensive. In the context of DGA, the significance of (3.8) is

that it expresses u in terms of an expectation over short trajectories. The catch is that (3.8)

must be “inverted” to solve for u.

3.2.2 Dynamical Galerkin Approximation (DGA)

We now describe a Galerkin approach to approximating conditional expectations from short

trajectory data. We first introduce a “guess” function ψ that satisfies the boundary conditions

(i.e., ψ(x) = b(x) for x /∈ D). Our approximation has the form

u(x) ≈ ψ(x) +
n∑

j=1

ϕj(x)vj , (3.9)

where {ϕj(x)} is a set of n basis functions satisfying ϕj(x) = 0 for x /∈ D, and v is a vector

of n coefficients.
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Forward-in-time predictions

We begin by approximating predictions of quantities forward-in-time as in (3.7) by expanding

the solution u of (3.8) at a particular user chosen value of τ called the lag time. While the

solution u itself is independent of τ in (3.8), the quality of our approximation of u with a

finite basis may depend on the choice of lag time (even in the absence of sampling error). A

similar phenomenon has recently been explained in detail in the context of the VAC algorithm

[1]. Substituting (3.9) into (3.8), multiplying by ϕi and integrating over the distribution of

sampled points µ to form the inner product ⟨f, g⟩ =
∫
f(x)g(x)µ(dx), we obtain the linear

system of equations:

(Cτ − C0)v = rτ , (3.10)

with matrices Cs ∈ Rn×n for s = 0, τ ,

Cs
ij = ⟨ϕi, T

s
Dc ϕj⟩µ (3.11)

and vector rτ ∈ Rn,

rτi =

〈
ϕi, ψ(x)− T τ

Dc ψ(x) +

∫ τ

0
T t
Dc a(x)dt

〉
µ
. (3.12)

Given (3.11) and (3.12), (3.10) can be readily solved for v by standard methods of linear

algebra.

In models that represent molecules with high fidelity, (3.11) and (3.12) cannot be evaluated

directly because a closed form of T τ
Dc is not known.

DGA overcomes this issue by approximating the action of the transition operator using

short molecular dynamics trajectories: if X0 is a sample drawn from µ and {Xt}τt=0 is a

trajectory segment of length τ starting from X0, then we can estimate Cs
ij (for s = 0, τ) and
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rτi as

Cs
ij ≈

1

M

M∑
m=1

ϕi(X
(m)
0 )ϕj(X

(m)

s∧S+
Dc(0)

) (3.13)

rτi ≈
1

M

M∑
m=1

ϕi(X
(m)
0 )

ψ(X(m)
0 )− ψ(X(m)

τ∧S+
Dc(0)

) + ∆
N−1∑
p=0

h(X
(m)
p∆ )

 (3.14)

where m indexes trajectory segments, ∆ is the sampling interval, and N satisfies N∆ =

τ ∧ S+Dc(0). To avoid overhead, it is advantageous to generate trajectories much longer than

τ (but still much shorter than typical values of S+Dc(0)) and use a rolling window to generate

short trajectories of length τ . We further note that in practice configurations are not saved

at every molecular dynamics step. This limits the resolution of both the lag time and the

stopping time, which we take to be the time of the first saved configuration outside the

domain D.

Adjoints, the steady state, and backward-in-time predictions

To compute many important quantities we need not only to solve equations involving the

transition operator but also equations involving its adjoint (T t)
†
µ in the µ-weighted inner

product, which by definition satisfies

∫
f(x)T tg(x)µ(dx) =

∫
g(x)(T t)

†
µf(x)µ(dx). (3.15)

One such equation is for the change of measure w = dπ/dµ, which can be used to reweight

from the sampling distribution µ to the stationary distribution π:

∫
f(x)π(dx) =

∫
f(x)w(x)µ(dx), (3.16)

assuming µ and w are normalized such that
∫
w(x)µ(dx) = 1. Owing to the time translational
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invariance of averages over the stationary distribution π, (3.15), and (3.16), the change of

measure satisfies the equation

(T τ )
†
µw(x)− w(x) = 0. (3.17)

(3.17) can be solved analogously to (3.8), but, in this case, there are no boundary conditions.

The introduction of a basis leads to a linear system of equations of the form

(C̄τ − C̄0)⊤v = 0, (3.18)

with C̄s (for s = 0, τ) differing from Cs only in the choice of basis (which is no longer

restricted to D) and the use of T s in place of T s
Dc ; ⊤ denotes the transpose. We note that

by including ϕ1(x) = 1 in the basis we can guarantee that the equation for v has a solution.

Given an approximate w, (3.16) can be computed as

∫
f(x)π(dx) ≈

M∑
j=1

f(X
(j)
0 )w(X

(j)
0 ), (3.19)

with the weights normalized such that

M∑
j=1

w(X
(j)
0 ) = 1. (3.20)

That the change of measure can be estimated from short nonequilibrium trajectory data was

previously observed in Wu et al. [32].

Another important quantity expressible in terms of an equation involving an adjoint of

the transition operator is the backwards committor

q−(x) = P
[
X−T−

A∪B
∈ A |X0 = x

]
, T−A∪B = min{t ≥ 0 : X−t ∈ A ∪B}, (3.21)
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for x /∈ A ∪B, where X−t, t ≥ 0 is the steady-state backward-in-time process governed by

the transition operator

T −tf(x) = (T t)
†
πf(x) =

1

w(x)
(T t)

†
µ[fw](x) (3.22)

(the last equality can be verified using (3.15)). The backward committor is the probability

that a trajectory currently at position x last came from the reactant state A rather than the

product state B. It satisfies the Feynman-Kac relation

T −τA∪B q−(x)− q−(x) = 0 for x /∈ A ∪B, q−(x) = 1A(x) for x ∈ A ∪B. (3.23)

Consistent with our definition of T t
A∪B above, T −tA∪B is the transition operator for the

steady-state backward-in-time process stopped upon first entrance in A ∪B.

To expand and approximate q− according to the DGA recipe described above, we need to

estimate µ-weighted inner products involving T −tA∪B . To that end we note that, as long as

g = 0 on A ∪B,

〈
g, T −tA∪B f

〉
µ
=

∫
E

[
f(XSA∪B(t))

g(Xt)

w(Xt)

∣∣∣∣X0 = x

]
w(x)µ(dx) (3.24)

where

SA∪B(t) = max{s ≤ t : Xs ∈ A ∪B} (3.25)

(with SA∪B(t) = 0 if Xs /∈ A ∪ B for all 0 ≤ s ≤ t). We provide a derivation of (3.24) in

Appendix 3.6.1. Just as for the forward committor, we expect that use of a sampling measure

µ with high resolution in transition regions will lead to higher approximation accuracy (i.e.,

better ability of a finite basis to capture the dynamics). However, in our experience the

factor of w−1(Xt) in (3.24) leads to significant sampling errors for larger values of t. For our
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backward committor calculation we therefore weight inner products by π, using the formula

〈
g, T −tA∪B f

〉
π
=

∫
E

[
f(XSA∪B(t))g(Xt)

∣∣∣∣X0 = x

]
w(x)µ(dx). (3.26)

(3.26) allows inner products involving T −tA∪B to be computed using forward trajectories of X

initiated according to µ, i.e., exactly the same ingredients required to make forward-in-time

predictions by DGA.

Following our procedure for forward quantities outlined in Section 3.2.2, given a guess

function ψ satisfying ψ = 1 on A and ψ = 0 on B and basis functions ϕj that are zero on

A ∪B, we can build an approximation

q−(x) ≈ ψ(x) +
n∑

j=1

ϕj(x)vj (3.27)

by solving

(C−τ − C0)v = r−τ (3.28)

with

C−τij =
〈
ϕi, T −τA∪B ϕj

〉
π
=

∫
E

[
ϕj(XSA∪B(τ))ϕi(Xτ )

∣∣∣∣X0 = x

]
w(x)µ(dx) (3.29)

and

r−τi = ⟨ϕi, ψ⟩π −
〈
ϕi, T −τA∪B ψ

〉
π

=

∫
E

[(
ψ(Xτ )− ψ(XSA∪B(τ))

)
ϕi(Xτ )

∣∣∣∣X0 = x

]
w(x)µ(dx) (3.30)

where the second equality in each display follows from (3.26).

Along with the forward committor q+ and the stationary change of measure w, the

backward committor is a key ingredient of TPT. In Section 3.2.3 we describe how DGA
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estimates of these quantities can be combined with TPT to reveal key properties of steady-

state transition paths from the reactant state A to the product state B. However, before that,

we complete our presentation of DGA with a discussion of molecular representations and

basis sets, with emphasis on those that we employ in the present study to analyze trp-cage

miniprotein unfolding and folding.

Basis functions

A key determinant of the performance of DGA is the choice of basis set. Constructing a

basis set that respects the boundary conditions of the problem and captures the dynamics

with relatively few functions requires care. Here we discuss how we generated the basis sets

that we compare later in our numerical experiments, and explain why we chose them over

alternatives.

In addition to the choice of functions, there is also a choice of molecular representation

(i.e., the features that serve as inputs to the functions). Although molecular dynamics

trajectories are generally recorded as sequences of Cartesian coordinates, the inputs to

the basis functions are generally internal coordinates. This removes the effects of trivial

translations and rotations, and it can improve the statistics. The internal coordinates that

we use are pairwise distances between all Cα atoms, except those pairs which are less than

three sequence positions apart; for trp-cage, there are 153 such distances. In other words, the

process Xt to which we apply DGA (and TPT) is the length 153 vector of pairwise distance

values. In our tests we found that including additional features, such as backbone dihedral

angles, did not improve performance.

We assume that the reactant state A and product state B of interest can be characterized

in terms of these variables. We construct basis functions of these variables that satisfy the

homogeneous boundary condition on the domain D = (A ∪B)c.

In this work, we compare three choices of basis set: indicator functions on the pairwise
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distances, indicator functions constructed on the top 10 TICA coordinates [12–14] computed

from the pairwise distances at a lag time of 0.5 ns, and smooth functions of pairwise distances

that satisfy the boundary conditions. We refer to these henceforth as the distance indicator,

TICA indicator, and modified distance basis sets.

We constructed the distance indicator and TICA indicator basis sets and their guess

functions as follows:

1. For the distance indicator basis set, we constructed 200 indicator functions by mini-

batch k-means clustering as implemented in PYEMMA on the values of the 153 pairwise

distances. For the TICA indicator basis set, the clustering was performed on the top

10 TICA coordinates constructed on the pairwise distances.

2. We retained all resulting indicator functions with non-zero regions fully contained

in (A ∪ B)c as the basis set. We split any indicator functions with non-zero regions

overlapping with A or B, and we redefined them to be non-zero only in the portions in

(A ∪B)c. For the change of measure calculations, boundary conditions are not present,

so we used all indicator functions unmodified.

3. For the forward committor calculation we took the the guess function to be ψ(x) =

1B(x). For the backward committor calculation we took the guess function to be

ψ(x) = 1A(x).

With an indicator basis, the DGA and MSM estimator (with appropriate state definitions)

of the forward committor q+ and change of measure w become similar [4]. We note however

that the DGA (as formulated here) and MSM approaches diverge both in DGA’s use of

stopped trajectories and in the way q+ and w (and q−) are used to estimate TPT quantities

as described in Section 3.2.3.

We constructed the distance basis set and its guess function as follows:
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1. We computed dA and dB as the distance in feature space (i.e. in 153-dimensional

Euclidean space) to the sampled points in states A and B, respectively.

2. We set h(x) = dAdB/(dA + dB)
2, which obeys the homogeneous boundary conditions

by construction.

3. We computed basis functions obeying the boundary conditions by multiplying each

coordinate of the pairwise distance vector x by h(x): ϕi(x) = xi h(x). For the change

of measure calculation, we use ϕi = xi and add the constant function into the set of

chosen features.

4. To remove any linear dependencies introduced by enforcing the boundary conditions,

and to ensure numerical stability, we orthogonalized the basis set ϕi with respect to

the sampling measure (up to sampling error) using a singular value decomposition.

5. For the forward committor calculation we took the guess function to be ψ(x) =

d2B/(dA + dB)
2. For the backward committor calculation we took the guess function to

be ψ(x) = d2A/(dA + dB)
2.

Although here we use the backbone pairwise distances, we note that this construction

procedure could be used to generate basis sets obeying the homogeneous boundary conditions

for a choice of variables other than the pairwise distances such as dihedral angles, radial basis

functions, or soft indicator functions.

The indicator and TICA basis sets are the most widely used in the MSM literature.

Various alternatives have been proposed specifically in the context of spectral estimation [29,

30, 86, 87]. In our previous work [4], we considered a basis set based on diffusion maps [78].

Due to the size of our trp-cage data set (∼ 106 datapoints), the O(N3) scaling of the matrix

diagonalization associated with the diffusion map proved prohibitively computationally costly

without subsampling and out of sample extension.
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Delay Embedding

Application of DGA as described so far assumes that the underlying process Xt is Markovian;

the conditional expectations that DGA seeks to approximate are not fully defined if Xt is

not Markovian. Yet, in the previous section we described an approach to building a basis set

for DGA consisting of functions of only a subset of the full collection of variables (selected

pairwise distances). Though the dynamics of this subset are not strictly Markovian, in Section

3.4 we show that, at least in the specific context of the trp-cage system, the remaining degrees

of freedom relax sufficiently fast that DGA yields accurate results.

However, in some circumstances, one may only have access to a small number of variables

that are insufficient to specify the dynamics. This situation is typical when the data are

from an experiment. In this case, we can construct a more expressive representation of the

system from time-lagged images, i.e., if Xt is not itself Markovian we can instead apply

DGA to the augmented process X̄t = (Xt−Mδ, Xt−(M−1)δ, . . . , Xt) [4]. For large enough M

one can expect X̄t to be nearly Markovian. State space augmentation was also used in the

history-augmented MSM (haMSM) approach of Suárez et al. [37] to obtain accurate MFPT

estimates at all lag times. Our approach differs in that we construction our basis on the delay

embedded space, whereas in the haMSM approach the transition probabilities are conditioned

on visiting multiple clusters in sequence. In principle, one can explicitly include memory

as defined by the Mori-Zwanzig formalism [88], though our delay-embedding approach is

computationally more straightforward because it does not require choosing a form for the

memory kernel and then estimating it from data, both of which are quite challenging [6, 89].

In Section 3.4.5, we show that delay embedding can significantly improve DGA estimates

when a small number of CVs is used to characterize molecular configurations. Writing the

values of the CVs at time t as the vector Xt, we construct the delay embedded process X̄t.

We then construct a basis set following the recipe in Section 3.2.2 for the modified distance

basis, but replacing X with X̄. We then extend other functions f of the CV space to the
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delay-embedded space by f(X̄t) = f(Xt−⌊M/2⌋δ). This allows us to extend the states A and

B (which can both be defined in terms of the CVs) as well as the functions a and b in (3.7).

We then apply DGA as outlined above directly on the delay-embedded space.

3.2.3 Reaction rates and currents

Estimates of rates from simulations are frequently of interest because they can be compared

directly with experimental measurements, and they can provide indirect information about

mechanisms. TPT in principle provides not just rate estimates but reactive currents or

fluxes, which provide direct information about mechanisms. However, previous calculations of

reactive current have been limited to toy models and depictions of the reactive flux between

metastable states can been difficult to interpret. Working within the TPT framework and

building upon DGA approximations of w, q+, and q−, in this section we introduce robust

estimates of the reaction rate and of an easily interpretable projection of the reactive current

onto CVs (as opposed to over the network of metastable states).

There are various expressions for the rate in TPT. One approach is based on the rate at

which trajectories transition from A to B, RAB .

If U is any set for which A ⊂ U and B ⊂ Uc then, for a continuous time process,

RAB = lim
t→0

1

t

∫ (
1U (x)T t[1Ucq+](x)− 1Uc(x)T t[1U q+](x)

)
q−(x)π(dx)

= lim
t→0

1

t

∫ (
1U (x)T tq+(x)− T t[1U q+](x)

)
q−(x)π(dx), (3.31)

where the second line is obtained by noting that 1Uc(x) = 1− 1U (x). Here and below, for a

discrete time process the limit is removed and t is replaced by the unit of a single time step.

Expression (3.31) simply counts trajectories with forward crossings of the surface dividing

U and Uc, weighted by their probabilities that they start in A and end in B. Consequently,

when using this formula to estimate rates from data, only those trajectories that cross
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the surface dividing U and Uc contribute. Because these trajectories are generally a small

fraction of the data, this results in relatively large variances in estimates. We can obtain

considerably better estimates by considering the isocommittor surfaces: U(z) = {x : q+(x) ≤

z, x ∈ D} for z ∈ (0, 1), and noting that RAB is independent of z. Integrating (3.31) with

respect to z [3], then exchanging integrals over z with applications of T t and noting that∫ 1
0 1[0,z]

(
q+(x)

)
dz = 1− q+(x), we find that

RAB = lim
t→0

1

t

∫ ∫ 1

0

{
1[0,z]

(
q+(x)

)
T tq+(x)− T t

[
q+1[0,z](q+)

]
(x)

}
dz q−(x)π(dx)

= lim
t→0

1

t

∫ {[
1− q+(x)

]
T tq+(x)− T t[q+(1− q+)](x)}q−(x)π(dx)

= lim
t→0

1

t

∫ (
T tq2+(x)− q+(x)T tq+(x)

)
q−(x)π(dx), (3.32)

where we have made use of the fact that the integral of the Heaviside function (which enters

through the indicator functions) is the ramp function.

This expression for RAB immediately suggests the estimator:

RAB ≈
1

t

∑
i

q+(X
(i)

t∧S+
A∪B(0)

)

[
q+(X

(i)

t∧S+
A∪B(0)

)− q+(X
(i)
0 )

]
q−(X

(i)
0 )w(X

(i)
0 ) (3.33)

for some small choice of t. Note the use of stopped trajectories in (3.33). For very small values

of t the inclusion of the stopping time S+A∪B(0) has no impact. However, in our numerical

experiments we find that use of stopped trajectories improves the accuracy of (3.33) and, in

particular, (3.37) below, for most choices of t. Given an estimate of RAB , the rate constant is

kAB =
RAB∑

i q−(X
(i)
0 )w(X

(i)
0 )

. (3.34)

The denominator in 3.34 is the mean of the backward committor, which is the fraction of

time the system spends having last visited state A.
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As noted above, we can also use simulations to understand how reactive trajectories flow

through a CV space. One way to do this is to partition the space into discrete states and

then estimate the reactive fluxes between pairs of states [74]. However, the resulting directed

graph can be complicated and difficult to interpret. When the sample paths are continuous

the reactive flux between neighboring values in CV space is can be summarized as a single

vector field in CV space. If θ is a vector-valued CV and ds is a bin in CV space of volume

|ds|, the reactive current at point s is

JθAB(s) = lim
t, |ds|→0

1

2t |ds|

∫ (
T t[θq+](x)− θ(x)T tq+(x)

)
1{θ∈ds}(x)q−(x)π(dx)

+
(
T t[1{θ∈ds}θq+](x)− θ(x)T

t[1{θ∈ds}q+](x)
)
q−(x)π(dx)

(3.35)

In Appendices 3.6.2 and 3.7, we show that JθAB(s) =
∫
JAB · ∇θ(x)δ(θ(x)− s)π(dx), and

we establish that the projected reactive current satisfies

∫
∂Cθ

JθAB(s) · nCθdσCθ =

∫
∂C

JAB · nCdσC , (3.36)

where Cθ is any region of CV space such that its inverse image (under the CV mapping) in

the full configuration space, C, contains A and does not intersect B. To estimate JθAB from

trajectory data we have the following estimator:
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JθAB(s) ≈
1

2t|ds|

M∑
i=1

q+(X
(i)

t∧S+
A∪B(0)

)

(
θ(X

(i)

t∧S+
A∪B(0)

)− θ(X(i)
0 )

)
× 1θ∈ds(X

(i)
0 )q−(X

(i)
0 )w(X

(i)
0 )

+
1

2t|ds|

M∑
i=1

q+(X
(i)
t )

(
θ(X

(i)
t )− θ(X(i)

SA∪B(t)
)
)

× 1θ∈ds(X
(i)
t )q−(X

(i)
SA∪B(t)

)w(X
(i)
0 ) (3.37)

Note that the lag time t in (3.33) and (3.37) need not be the same as the lag time τ used

to estimate the committors q+ and q−. Even with perfect sampling and a perfect basis,

estimates of TPT quantities will depend on t, in contrast to τ . Several considerations are

involved in the choice of t. For larger values of t (3.33) and (3.37) incur significant bias due

to poor approximation of the t→ 0 limit in (3.32) and (3.35). On the other hand, for small

values of t, we found that (3.33) and (3.37) suffer large statistical errors.

Alternative estimators for the rate and reactive current based on expressions that are

exact at any lag time up to error from the discrete sampling interval ∆ are given in Appendix

3.7.1.

A full analysis of error sources is beyond the scope of this work, and in practice we choose

a lag time that gives reasonable results for the change of measure and reasonable smoothness

in the vector field.

3.3 Simulation methods and choices

In this section, we specify the computational procedure to generate and analyze the data set

for the unfolding and folding of trp-cage. We describe preparing the system and its underlying

dynamics (Section 3.3.1), choosing collective variables based on their ability to distinguish

metastable states (Section 3.3.2), generating and validating the data set of short trajectories
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(3.3.3), and defining the unfolded and folded states (Section 3.3.4).

3.3.1 System setup

Unless otherwise noted, all molecular dynamics simulations were performed with GROMACS

5.1.4 [46] and PLUMED 2.3 [90–92] using the CHARMM36m force field [93–95] in the NVT

ensemble at 300 K using the Langevin thermostat with a temperature coupling constant

of 10 ps−1 applied to all atoms, and a time step of 2 fs. Bonds to hydrogen atoms were

constrained using the LINCS algorithm [55]. Electrostatic interactions were computed using

particle-mesh Ewald summation with a cutoff of 1.2 nm. Lennard-Jones interactions were

switched off from 1.0 to 1.2 nm using the default GROMACS switching function.

The system was prepared from an NMR structure of trp-cage (PDB code 1L2Y [96]). The

protein was solvated in a 50Å cubic box with the TIP3P water model [97] using CHARMM-

GUI 3.0 [98, 99]. 10 K+ and 11 Cl− ions were added, bringing the system to charge neutrality

and 150 mM KCl. The energy of the system was minimized until the maximum force was

below 1000 kJmol−1 nm−1. The system was then equilibrated for 1 ns in the NVT ensemble

with position restraints (using a 1 fs timestep), 10 ns in the NPT ensemble with harmonic

restraints on non-hydrogen atom positions (force constant 400 kJ/mol/nm2 for backbone

atoms and 40 kJ/mol/nm2 for side chain atoms.) and a Parrinello-Rahman barostat with a

pressure coupling constant of 5 ps−1, 5 ns in the NPT ensemble without position restraints,

and then 10 ns in the NVT ensemble without position restraints. The cubic box length was

determined from the restraint-free NPT equilibration run to be 4.48 nm and fixed at that

value after that run.

3.3.2 Choice of CVs

The performance of DGA rests on having a data set with good sampling of all states that

contribute to the reaction mechanism. As mentioned in the Introduction, the available
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physically weighted molecular dynamics data for trp-cage [39] contain few unfolding and

folding transitions. We thus sought to use enhanced sampling methods to generate a data set

with improved representation outside the stable states. To this end, we evaluated CVs for

their ability to control sampling and resolve the unfolded and folded states.

Based on previous studies [43, 83], we considered five CVs:

1. The radius of gyration of the Cα atoms (Rg);

2. The root mean squared deviation (RMSD) of all Cα atoms from their positions in an

equilibrated structure (RMSDfull);

3. The RMSD of the Cα atoms of residues 2 to 9, which make up the α helix in the native

state (RMSDhx);

4. The RMSD of the Cα atoms of residues 11 to 15, which make up the 3-10 helix in the

native state (RMSD3-10);

5. The end-to-end distance (d).

Rg, RMSDfull, and RMSDhx were used in Juraszek and Bolhuis [83], and RMSD3-10 was

used in Sidky et al. [43] (there defined only to residue 14), where they found that it was able

to resolve several metastable states identified by spectral clustering.

To explore how these collective variables change as trp-cage unfolds, we ran a series of

Adiabatic Bias Molecular Dynamics (ABMD) [100] simulations to drive unfolding from the

equilibrated native structure. ABMD uses a ratchet-and-pawl-like bias to trap spontaneous

fluctuations that move the system forward in selected CVs. By applying ABMD with different

combinations of the CVs above, we found that RMSDfull and RMSD3-10 yielded reasonable

control of the system and enabled exploration of all metastable states characterized in previous

studies.

61



3.3.3 Generation of the DGA data set

To initialize a data set of short trajectories for DGA, we defined a grid of 64 points in the space

of RMSDfull and RMSD3-10 (Figure 3.1). We then used 64 independent ABMD simulations

to steer the system to each of these points from the final structure from the equilibration

simulations described in Section 3.3.1. We ran each ABMD simulation for 1 ns, saving the

structure every 5 ps; the force constants were 1.25 kJ/Å2 and 1.0 kJ/Å2 for RMSDfull and

RMSD3-10, respectively. From the set of all recorded structures, we chose the 64 structures

closest to the targets and equilibrated each for 1 ns with a harmonic restraint with the same

force constants as in the AMBD simulations. From each of the resulting structures, we then

launched 14 free simulations (with different random number generator seeds) of length 30 ns

each, saving structures every 5 ps.

From this data set, we computed all possible two-dimensional potentials of mean force

(PMFs) involving the CVs listed in Section 3.3.2. We compared these PMFs with corresponding

ones from replica exchange umbrella sampling (REUS). Based on the DGA PMFs, we used

the RMSD of the α helix (RMSDhx), and the RMSD of the 3-10 helix (RMSD3-10), and the

end-to-end distance (d) to control the sampling. REUS window centers were placed on a

uniform 8×8×8 grid of these three CVs, with RMSDhx ranging from 0.3 to 2.8Å, RMSD3-10

ranging 0.3 to 3.3Å, and d ranging from 6 to 38Å. This grid fully covered the relevant areas of

CV space identified by previous simulations. The force constants for the harmonic potentials

for each window were 29.2 kJ/Å2 for RMSDhx, 20.3 kJ/Å2 for RMSD3-10, and 0.178 kJ/Å2 for

d, following Park et al. [101]. To initialize each window, structures were taken from the DGA

database that were closest to each window center. The built-in replica exchange functionality

of GROMACS was used to create a three-dimensional replica exchange procedure, where

structures from nearby windows were periodically exchanged [102]. Every window was first

simulated for 100 ps, with swaps attempted between adjacent windows in d space (i.e., window

centers with the same RMSDhx and RMSD3-10 values, but neighboring d values) every 10 ps.
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Figure 3.1: Initialization points for the data set of short trajectories. ABMD targets (symbols)
are overlaid on DGA PMFs (color scale and contours, spaced every 1 kBT ) for the CVs used
for steering. (left) The initial 64 ABMD targets were based on RMSDfull and RMSD3-10;
14 free simulations of length 30 ns were launched from each of the structures resulting from
these ABMD simulations. (right) 64 ABMD targets in RMSDhx and end-to-end distance
added to ensure adequate sampling of the unfolded state; 2 free simulations of length 30 ns
were launched from each of the structures resulting from these ABMD simulations.
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This was repeated for a total of three 100 ps iterations, with the second and third iterations

proposing swaps between neighboring windows in RMSDhx and RMSD3-10, respectively. This

300-ps procedure was repeated until a total simulation time of 10 ns was reached for each

window, with structures saved every 10 ps. Following this protocol, structures were exchanged

across all of the three-dimensional grid, with exchange probabilities in the range 10-60%.

The PMF was constructed by using the Eigenvector Method for Umbrella Sampling (EMUS)

[103] extended to REUS [104]. The REUS simulations were run until the asymptotic variance

of the PMF dropped below 0.1 (kBT )
2 (Figure 3.10).

The REUS PMFs suggested that the initial DGA data set did not adequately sample

configurations with RMSDhx > 1.5Å (Figure 3.12, note the lack of sampling toward the

upper right areas of the plots compared with those in Figure 3.2). In this case several of the

basins are missing, and the RMSD over all bins is > 1.3 kBT . Therefore, we selected 64 more

points from a grid with RMSDhx > 1.5Å and a range of end-to-end distances from our short

trajectory data set. From each of these points, we released two new free molecular dynamics

simulations of length 30 ns (Figure 3.1B). With these additional trajectories, we obtained

good agreement between DGA and REUS PMFs. Adding the extra sampling improved the

PMFs involving RMSDhx the most, but other PMFs were also noticeably improved. The

data set used for all further DGA calculations thus contains a total of 1024 trajectories, each

of length 30 ns, with structures saved every 5 ps.

3.3.4 State definitions

We found that PMFs projected onto only global measures of unfolding (RMSDfull, Rg, and d)

did not have clearly identifiable unfolded basins (Figures 3.1 and 3.2). By contrast, the PMF

on the CVs tracking secondary structure (RMSDhx and RMSD3-10) had clearly identifiable

unfolded and folded basins, as well as several intermediates. Based on this analysis, we took
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Figure 3.2: PMFs for the indicated CVs. Results shown are computed by DGA with the
modified distance basis set and a lag time of 0.5 ns. We use a 50× 50 grid to compute each
PMF. Similar results are obtained with other basis sets and REUS; see Figures 3.13, 3.14,
and 3.15.
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Figure 3.3: Top nontrivial TICA eigenvector averaged on the RMSDhx and RMSD3-10
CVs with physical weighting. The unfolded and folded states are indicated in yellow with
representative structures. Intermediate states in Table 3.1 are marked and labeled.

the unfolded state to be

|RMSDhx − 2.15Å|3

0.008Å3
+
|RMSD3-10 − 2.8Å|3

0.125Å3
< 1. (3.38)

The folded state is

(RMSDhx − 0.3Å)2

0.0289Å2
+

(RMSD3-10 − 0.3Å)2

0.04Å2
< 1 and d < 17Å. (3.39)

We included the end-to-end distance constraint on the folded state to exclude structures

which are extended but have the secondary structure intact.

Heterogeneous structures contribute to the unfolded state, making it challenging to define,

and there is no guarantee that the choices above are optimal in any sense. Because we

expect unfolding and folding to be among the slowest motions of the system, an alternative
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would be to define the states in terms of the slowest mode of the system identified by a

dimensionality-reduction algorithm. However, data-driven state definitions are often difficult

to interpret physically, despite their theoretical justifications. Furthermore, data-driven state

definitions can be difficult to incorporate into sampling algorithms. We thus use physical

CVs for path sampling, stratification, and state definitions, and we then check for consistency

with a data-driven state choice.

Figure 3.3 shows that the slowest mode of the system identified by TICA applied to the

DGA data set correlates with the PMF and switches between low and high values in going

between the unfolded and folded states. Here and going forward, all functions we project

onto CVs are conditional averages of the form
∫
f(x)δ(θ(x)− s)π(dx)/

∫
δ(θ(x)− s)π(dx).

We estimate these by binning our CV space into bins, and for each bin ds, plotting:

∫
f(x)δ(θ(x)− s)π(dx)∫
δ(θ(x)− s)π(dx)

≈
∑

i f(X
(i)
0 )w(X

(i)
0 )1θ∈ds(X

(i)
0 )∑

iw(X
(i)
0 )1θ∈ds(X

(i)
0 )

. (3.40)

We furthermore show in Section 3.4.2 that this mode correlates with the committor. We

thus feel that RMSDhx and RMSD3-10 enable the clearest two-dimensional projection of the

reaction and present most of our results in terms of these CVs. In addition to the unfolded

and folded states, we define four intermediate states U1, U2, L1, and L2 shown on Figure 3.3.

In the next section, we apply our DGA and TPT formalism to show that trp-cage can fold

along an upper path through intermediates U1 and U2, or a lower path through L1 and L2.

3.4 Trp-cage analysis

In this section, we evaluate how the three basis sets described in Section 3.2.2 (indicator

functions of pairwise distances, indicator functions of TICA coordinates, and pairwise distances

modified to satisfy the boundary conditions) impact the performance of DGA for estimating

PMFs, rates, committors, and reactive currents for the unfolding and folding of the trp-cage
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miniprotein. Where possible, we compare our results with references obtained by independent

means.

3.4.1 Comparison of PMFs

Figure 3.2 shows PMFs computed on each pair of the physically motivated CVs with DGA

with the modified distance basis set. The corresponding PMFs from REUS are shown in

Figure 3.11; difference maps comparing the results obtained with the two methods and three

basis sets are shown in Figures 3.13, 3.14, and 3.15. All of the main basins identified by

REUS are present in the DGA PMFs, and there is good quantitative agreement between

REUS and DGA, with RMSDs of < 1 kBT for all three basis sets (that said, of these, the

distance indicator basis set results in the largest deviations). Consistent with their agreement

with the REUS PMF, the three DGA PMFs are in agreement with each other. We did

observe that REUS tends to give slightly flatter PMFs than DGA with all three basis sets.

In principle, there are two sources of error in the DGA PMFs: (i) approximation error from

representing the true change of measure with a basis expansion and (ii) estimation (sampling)

error. Analysis of error in DGA will be the subject of future work. Error in US is discussed

in Thiede et al. [103], Antoszewski et al. [104], and Dinner et al. [105].

Table 3.1: CV values for metastable states.

State RMSDfull/Å RMSDhx/Å d/Å RMSD3-10/Å Rg/ Å
Folded 1.1 0.30 11.1 0.30 7.0
Unfolded 5.8 2.1 20.2 2.8 9.2
U1 2.4 0.34 13.1 1.2 7.3
U2 5.2 0.34 19.3 2.8 8.8
L1 2.2 1.2 9.5 0.30 7.2
L2 2.6 1.9 14.5 0.30 7.3

We found that the projection onto the RMSDhx and RMSD3-10 coordinates was best able

to separate the pathways and states of interest, so we now focus on this projection. Figure 3.3

indicates the folded (lower left) and unfolded (upper right) basins, as well four intermediates.
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Figure 3.4: Equilibrium average solvent accessible surface area (SASA) projected onto the
RMSDhx and RMSD3-10 CVs for (left) trp-6 and (right) proline-12.

The intermediates define two pathways, which we label upper (with intermediates U1 and

U2) and lower (with intermediates L1 and L2). Table 3.1 gives the five CV values for each of

the six states.

To understand the characteristics of the intermediate states, we turn to Figure 3.4, which

shows the solvent-accessible surface area (SASA) of trp-6 on the left, and pro-12 on the right.

We find that the U2 intermediate state is characterized by partial solvation of the hydrophobic

core, measured by the SASA of trp-6, and nearly full detachment of pro-12. Furthermore, the

U2 state is significantly more extended than the lower pathway intermediates as measured

both by Rg and end-to-end distance. In addition to being more compact, with near-native Rg

values, L1 and L2 have near-native trp-6 and pro-12 SASA values, suggesting the hydrophobic

core is fully formed. These intermediate states can be mapped to those previously reported

in the literature. Bolhuis and Jurazek [82] identified three folding intermediates. Our U1

and U2 intermediates roughly map onto their Pd and I intermediates, and our L1 and L2
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intermediates roughly map onto their L intermediate. U1 and U2 also correspond to states

S7 and S0 identified by Sidky et al. [43].

3.4.2 Comparison of committors

We next calculated both forward and backward committors using DGA with the three basis

sets and lag times ranging from 0.5 ns to 12 ns (Figure 3.5 and Figure 3.16). As they should,

the backward committors mirror the forward committors, so we focus our discussion on the

latter. The timescale of trp-cage folding is on the order of 5 µs from both experiment [81]

and simulation [83], thus both our trajectory lengths (30 ns) and lag times are several orders

of magnitude shorter than the motions of interest, providing an appropriate setting in which

we expect DGA to show benefits.

In contrast to the PMFs, we found the committors to be sensitive to the choice of basis

set (and associated guess function). The modified distance basis set, in addition to being

substantially faster to construct as it avoids slow and unstable high-dimensional clustering,

is less prone to discontinuities at the boundary than the distance indicator function basis

set. The TICA indicator function basis set performs similarly to the modified distance

basis set and has the advantage over the distance indicator basis set that clustering on the

lower-dimensional subspace is significantly faster and more stable.

For a given basis set, we found relatively little variation in the committors across lag times.

This is in contrast to variational approach for conformational dynamics (VAC) algorithm,

where the results can strongly depend on the lag time [1] (although this can be mitigated by

using multiple lag times [9]). We postpone a full investigation of DGA’s error properties, and

in particular its dependence on the choice of lag time, to future work.

Because we expect unfolding and folding to be among the slowest motions of the system,

we can validate the DGA committors by comparing them with the slowest mode of the system

identified by TICA. Comparing Figures 3.3 and 3.5 shows that the largest TICA eigenvector
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Figure 3.5: DGA forward committors. Left, middle, and right columns are computed with
the modified distance, distance indicator, and TICA indicator basis sets, respectively. Top,
middle, and bottom rows are computed with lag times of 0.5, 2.5, and 7.5 ns, respectively.
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(estimated with a lag time of 0.5 ns) correlates almost perfectly with the estimated committors

obtained with the modified distance basis set, when projected onto RMSDhx and RMSD3-10.

The agreement between these two independent calculations furthermore suggests that the

physically motivated CVs capture the behavior detected by the data-driven method. In this

projection, we see that the transition states fall where the SASA of trp-6 (Figure 3.4) changes

rapidly.

As an additional validation, we used DGA with the modified distance basis set and a lag

time of 0.5 ns (Figure 3.6) to compute committors on the CVs used by Juraszek and Bolhuis

[82]. When projected onto RMSD and RMSDhx, the positions of the transition states in

Figure 4 of Juraszek and Bolhuis [82] fall in areas estimated to have q+ = 0.5 (white in

Figure 3.6). The traditional shooting approach employed in Juraszek and Bolhuis [82] is quite

computationally costly and provides information about only a limited number of structures.

Our ability to capture the transition states thus makes clear the benefit of DGA. We discuss

DGA’s ability to provide mechanistic information further in the next section.

3.4.3 Reactive currents

We computed reactive currents for the three basis sets using the estimator in (3.37) and

the committors from the the previous section (Figure 3.7). For this calculation, we use the

shortest lag time of 0.5 ns for both the committor and reactive current, though in principle

they could be chosen separately. As previously, we primarily present our results projected

onto RMSDhx and RMSD3-10. Overall the results for the three basis sets are similar, though

the distance indicator basis set exhibits greater noise around (RMSDhx, RMSD3-10) = (1.3Å,

1.3Å), consistent with the plateau in the committor in this region.

The currents, which provide information directly about dynamics, confirm the presence

of two paths for the folding process: an upper path with formation of the α helix prior to

formation of the 3-10 helix, and a lower path with the order of these events transposed. The
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Figure 3.6: Forward committor (left) and reactive current (right) projected onto the RMSDhx
and full RMSD CVs used in Juraszek and Bolhuis [82]. Results shown are computed with the
modified distance basis set and a lag time of 0.5 ns.
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Figure 3.7: Folding (top) and unfolding (bottom) reactive current projected onto the RMSDhx
and RMSD3-10 CVs using (3.37) with the three choices of basis set. Left, middle, and right
columns are computed with the modified distance, distance indicator, and TICA indicator
basis sets, respectively. All computations use a lag time of 0.5 ns.
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upper path proceeds through intermediates U1 and U2, with folding beginning with formation

of the α helix and partial desolvation of trp-6, followed by full formation of the 3-10 helix.

The lower path proceeds through L1 and L2, with folding beginning with collapse into the L2

intermediate with no α helix, but the hydrophobic core fully formed, followed by formation

of the α helix. Both of these paths correspond to troughs in the PMFs on these CVs.

Previous studies have found multiple pathways resembling the ones we find here. Kim et

al. [106] used diffusion maps to identify two pathways: one with tertiary contacts forming

first, followed by α helix formation, and another with the order transposed. Jurazek and

Bolhius came to similar conclusions using transition path sampling [82].

An advantage of the reactive current is that we can use it to assign weights to the two paths.

By computing the relative flux crossing RMSD3-10 = 1.8Å with either RMSDhx < 1.4Å

(upper pathway) or RMSDhx > 1.4Å (lower pathway), we conclude that 88% of the reactive

paths proceed by first forming the α helix, and then the 3-10 helix and hydrophobic core (i.e.,

the upper pathway). Although we are not aware of a previous estimate of the reactive current

for this system, we can compare these numbers to the frequencies with which transition path

sampling sampled the pathways in Juraszek and Bolhuis [82]. There, Juraszek and Bolhuis

observed the pathway in which tertiary contacts form first (i.e., the lower pathway) 80%

of the time. The difference may be due to different CV and state definitions (Jurazek and

Bolhuis [82] used 5 CVs in their state definitions , whereas we consider only RMSD3-10 and

RMSDhx) or force field and setup differences.

3.4.4 Rates

Finally, we computed rates using the estimator in (3.31). We present our results as inverse

rates (unfolding and folding times) to make comparisons to lag times and trajectory lengths

clear. As mentioned previously, these times are expected to be on the order of microseconds.

In particular, Juraszek and Bolhuis used transition interface sampling to estimate inverse
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Figure 3.8: Inverse rates estimated for folding (left) and unfolding (right).

unfolding and folding rates of 1.2 µs and 0.4 µs [83], though as noted previously those results

are for a different model.

All three basis sets gave rate estimates that were within an order of magnitude of

those numbers. However, the results for the distance indicator basis were markedly faster.

Furthermore, in all three cases, the inverse rate exhibited significant dependence on lag time.

We do not show lag times >12 ns since they suffer from pronounced statistical error due to

the limitations of our short-trajectory data set. Our analysis of the trajectory of the K8A

mutant suggests the need for a lag time of at least 100 ns (consistent with Sidky et al. [43]),

though as discussed in the Introduction, those data do not contain a sufficient number of

unfolding and folding events to obtain accurate rate estimates. Juxtaposed with the lack of

sensitivity to lag time for the committor and reactive current, these observations suggest that

DGA’s strength is in its ability to give statistical insight into mechanisms with relatively

little data, but that rates may be more efficiently computed by methods that directly sample
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relevant statistics such as stratification schemes [63].

3.4.5 Demonstration of delay embedding

As described in Section 3.2.2, delay embedding can be used to construct an approximately

Markovian process when the feature space does not fully capture the dynamics. To illustrate

this idea using our trp-cage data set, we restrict the feature space to the five physical CVs

and apply DGA with the modified distance basis set on either the feature space itself or

the delay-embedded feature space. Figure 3.9 shows the reactive currents and committors

resulting from DGA on these two spaces. We find that the committor and current constructed

from the delay embedded representation largely agree with the DGA result constructed on the

153 pairwise distances. Without delay embedding, we find several qualitative disagreements,

in particular the U2 state has a committor value close to zero, and the reactive current does

not resolve the two pathways since many of the arrows point directly towards the folded

state.

3.5 Conclusions

In this chapter, we have cast the dynamical Galerkin approximation (DGA) [4] for computing

chemical kinetic statistics from short trajectories in terms of the stopped transition operator.

This formulation can be immediately translated into expressions that can be applied to

simulation data. It also clarifies the role of the lag time, showing that estimates of conditional

expectations computed by DGA are exact in the infinite basis and data limit, independent of

the choice of lag time.

To evaluate DGA’s performance, we generated and carefully validated a data set of short

trajectories for the unfolding and folding of the trp-cage miniprotein, a well-characterized

system. We used umbrella sampling to validate our short trajectory data set by comparing

the resulting PMFs. Quantitative agreement between the PMFs was observed, suggesting
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Figure 3.9: Comparison of DGA estimates for the forward committor (top) and reactive
current for folding (bottom) with the modified distance basis set on a feature space restricted
to the five physical CVs (right) and a delay-embedded feature space (left). The delay-
embedded results are obtained with a delay of δ = 0.125 ns, N = 40 images, and a DGA lag
time of 0.5 ns.
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that our short trajectory data set had sufficient sampling to compute dynamical statistics.

The PMF calculations furthermore enabled us to rapidly assess different combinations of CVs

for their abilities to separate metastable states. The α helix RMSD and 3-10 helix RMSD

in particular allowed us to resolve intermediates to a greater degree than found in previous

studies.

We next applied DGA to compute forward and backward committors between the unfolded

and folded states.

We evaluated a number of competing estimators for the backward committor and found

that one based on forward trajectories weighted by the stationary distribution gave the

best results. The committors by themselves are not able to identify reaction pathways or

transition states, but they can be combined according to transition path theory to extract this

information. Specifically, we introduce a new estimator for the TPT rate, and a projection

formula and corresponding estimator for the reactive current in a CV space. Our projected

reactive current allows us to easily resolve and visualize the pathways that the system takes

in arbitrary CV spaces, and even lets us assign relative weights to these pathways. Acquiring

this kind of mechanistic information has previously been possible only through transition

path sampling and related methods; such methods do not as readily allow exploration of CVs

and state definitions because the sampling is linked directly to them.

We introduced a simple procedure that takes an arbitrary set of molecular features and

adapts them to produce a basis set that satisfies the homogeneous boundary conditions.

Using pairwise distances as the molecular features, we compared the performance of such a

basis set with indicator functions on the molecular features and indicator functions on TICA

coordinates. Other basis constructions such as diffusion maps and radial basis functions are

possible, and we expect that the best choice will be system dependent. We applied our DGA

and TPT formalism to our data set, and identified intermediate states and pathways which

have been previously reported in the literature, providing further validation of our methods.
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We found that the estimates of the TPT rate, while on the same order of magnitude as

previous estimates, nevertheless show significant dependence on lag time. Finally, we showed

that delay embedding can be an effective strategy for constructing a molecular representation

with approximately Markovian dynamics from a low-dimensional feature space.

Our results suggest several interesting directions for future investigation. We have seen

that in our trp-cage application the choice of lag time has only a modest effect on DGA

estimates of conditional expectations, while TPT quantities, in particular the rate, depend

sensitively on lag time. Recently, we showed that integrating over lag times for VAC improves

the robustness of that method [9]. It will be interesting to see if an analogous strategy can

improve rate estimates from DGA. An in depth mathematical study of DGA’s error and its

dependence on lag time along the lines of our previous analysis of VAC [1] is also in order.

By showing how DGA’s results depend on the sampling measure, such an analysis could lead

to a practical scheme for targeting sampling to selected regions, just as our analysis of US

[103, 107] did [104]. This will be particularly important for systems that are not amenable to

the strategy that we took in the present study of using REUS for identifying regions of CV

space that require more sampling.

Though DGA has performed well in our tests so far, looking ahead to larger and more

complex systems, it may become necessary to move away from a Galerkin approach and

toward more flexible representations of the kinetic functions we seek to approximate. This

would be consistent with a trend toward using neural networks to represent eigenfunctions in

spectral estimation [9, 19, 43]. Indeed, some of the first estimates of committors from data

used neural networks [108, 109]. Introducing this higher level of representational flexibility

while maintaining the reliability we observe in our trp-cage application of DGA will be a

challenge.
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3.6 Supporting information

3.6.1 Backward-in-time inner products

In this appendix we provide an elementary derivation of (3.24) which is key to our estimates

of inner products involving the stopped backward-in-time transition operator T t
A∪B . For

the purposes of this derivation we assume that Xt is a discrete time process (so that t is a

non-negative integer) with probability density p(x(1)|x(0)) for transition from x(0) to x(1)

and stationary density π. The steady state backward-in-time process X−t then has transition

density

q(x(0)|x(1)) = p(x(1)|x(0))π(x(0))
π(x(1))

. (3.41)

From this expression we immediately find that

π(x(t))q(x(t− 1)|x(t))q(x(t− 2)|x(t− 1)) · · · q(x(0)|x(1))

= π(x(0))p(x(t)|x(t− 1))p(x(t− 1)|x(t− 2)) · · · p(x(1)|x(0)) (3.42)

relating the steady state backward-in-time path density to the steady state forward-in-time

path density. Therefore, for any path function F (x(0), x(1), . . . , x(t)) and any density µ

(equivalent to π) we find (recalling that here w = π/µ) that

∫
E [F (X0, X−1, . . . , X−t) |X0 = x]µ(x)dx

=

∫
F (x(0), . . . , x(−t))

w(x(0))
π(x(0))q(x(−1)|x(0)) · · · q(x(−t)|x(−t+ 1))dx(0) · · · dx(−t)

=

∫
F (x(t), . . . , x(0))

w(x(t))
π(x(t))q(x(t− 1)|x(t)) · · · q(x(0)|x(1))dx(t) · · · dx(0)

=

∫
E

[
F (Xt, Xt−1, . . . , X0)

w(Xt)

∣∣∣∣X0 = x

]
w(x)µ(x)dx. (3.43)

81



We will use (3.43) to find an expression for

⟨g, T −tA∪Bf⟩ =
∫
E
[
g(x)f(X−(T−

A∪B∧t)
) |X0 = x

]
µ(x)dx (3.44)

in terms of the forward-in-time process. If we choose

F (X0, X−1, . . . , X−t) = g(X0)f(X−(T−
A∪B∧t)

), (3.45)

then

⟨g, T −tA∪Bf⟩ =
∫
E [F (X0, X−1, . . . , X−t) |X0 = x]µ(x)dx. (3.46)

In terms of the forward process

F (Xt, Xt−1, . . . , X0) = f(XSA∪B(t))g(Xt), (3.47)

where we remind the reader of (3.25):

SA∪B(t) = max{s ≤ t : Xs ∈ A ∪B}

with SA∪B(t) = 0 if Xs /∈ A ∪B for all 0 ≤ s ≤ t.

Applying (3.43) with this choice of F yields (3.24):

〈
g, T −tA∪B f

〉
=

∫
E

[
f(XSA∪B(t))

g(Xt)

w(Xt)

∣∣∣∣X0 = x

]
w(x)µ(dx).

3.6.2 A formula for the reactive current

It has been shown [3] that for a diffusion with generator

Lf(x) =
∑
j

bj(x)
∂f

∂xj
(x) +

1

2

∑
ij

aij(x)
∂2f

∂xi∂xj
(x) (3.48)
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the reactive current is the vector field given by

(JAB)i = q+(x)q−(x)Ji +

π(x)q−(x)
∑
j

aij(x)
∂q+
∂xj

(x)− π(x)q+(x)
∑
j

aij(x)
∂q−
∂xj

(x), (3.49)

where J is the equilibrium current:

Ji = π(x)bi(x)−
∑
j

∂[πaij ]

∂xj
(x). (3.50)

To project the current onto a CV space of interest, we take the dot product with ∇θ for any

smooth CV θ and, using the identity

Ji · ∇f(x) =
π(x)

2

(
Lf(x)− L†πf(x)

)
, (3.51)

which follows from direct manipulations, we can write

JAB · ∇θ(x) =
π(x)

2

(
q−(x)L[q+θ](x)− q+(x)L†π[q−θ](x)

)
(3.52)

for x ∈ (A∪B)c. This formula is not useful computationally since it still contains a backward-

in-time generator. To compute statistics from data, we need to formulate their estimators as

expectations against the stationary distribution since this (1) permits the use of the adjoint

relation to clear away backward transition operators and (2) is consistent with our reweighting

scheme. To this end, we define the projected reactive current as

JθAB(s) =

∫
JAB(x) ·∇θ(x)δ(θ(x)− s)dx = lim

|ds|→0

1

|ds|

∫
{θ(x)∈ds}

JAB(x) ·∇θ(x)dx, (3.53)
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where ds ∈ (A ∪B)c is an infinitesimal region of CV space with s ∈ ds, and {x : θ(x) ∈ ds}

does not intersect A∪B. Using (3.52) and the fact that Lq+ = 0 and L†πq− = 0 on (A∪B)c,

we have

JθAB(s) = lim
|ds|→0

1

|ds|

∫
1{θ(x)∈ds}

π(x)

2

(
q−(x)L[q+θ](x)− q+(x)L†π[q−θ](x)

)
dx

= lim
|ds|→0

1

|ds|

∫
1{θ(x)∈ds}

π(x)

2

(
q−(x)L[q+θ](x)− q−(x)Lq+(x)θ(x)

− q+(x)L†π[q−θ](x) + q+(x)L†πq−(x)θ(x)
)
dx.

(3.54)

Writing this expression in terms of the transition operator and canceling terms, we find that

JθAB(s) = lim
t,|ds|→0

1

2t |ds|

∫
1{θ(x)∈ds}π(x)

(
q−(x)T t[q+θ](x)− q−(x)T tq+(x)θ(x)

− q+(x)(T t)
†
π[q−θ](x) + q+(x)(T t)

†
πq−(x)θ(x)

)
dx

= lim
t,|ds|→0

1

2t |ds|

∫
π(x)q−(x)

(
1{θ(x)∈ds}

(
T t[q+θ](x)− T tq+(x)θ(x)

)
+
(
T t[q+θ 1{θ∈ds}](x)− T

t[q+1{θ∈ds}](x)θ(x)
))

dx, (3.55)

where the second equality follows from the definition of the adjoint (T t)
†
π.

Expression (3.55) for JθAB(s) can be directly translated into an estimator for computing

from short-trajectory data:

JθAB(s) ≈
1

2t|ds|

M∑
i=1

q+(X
(i)
t )

(
θ(X

(i)
t )− θ(X(i)

0 )
)

×q−(X
(i)
0 )1θ∈ds(X

(i)
0 )w(X

(i)
0 )

+
1

2t|ds|

M∑
i=1

q+(X
(i)
t )

(
θ(X

(i)
t )− θ(X(i)

0 )
)

×q−(X
(i)
0 )1θ∈ds(X

(i)
t )w(X

(i)
0 ). (3.56)
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Finally, without affecting the t → 0 limit, we can stop our trajectories when they exit or

enter A ∪B, yielding the estimator

JθAB(s) ≈
1

2t|ds|

M∑
i=1

q+(X
(i)

t∧S+
A∪B(0)

)

(
θ(X

(i)

t∧S+
A∪B(0)

)− θ(X(i)
0 )

)
×q−(X

(i)
0 )1θ∈ds(X

(i)
0 )w(X

(i)
0 )

+
1

2t|ds|

M∑
i=1

q+(X
(i)
t )

(
θ(X

(i)
t )− θ(X(i)

SA∪B(t)
)
)

×q−(X
(i)
SA∪B(t)

)1θ∈ds(X
(i)
t )w(X

(i)
0 ) (3.57)

which, in our experience, outperformed (3.56) for larger values of t.

Note that we could have canceled additional terms in (3.55) to yield a more concise

estimator. However, we found that the estimator (3.57) gave less noisy results.

3.7 Reactive current on a CV space

We now establish that our projected reactive current gives the flux over surfaces in CV space.

We assume that our CVs are smooth and that, for some subset Cθ of CV space with smooth

boundary, the set C = {x : θ(x) ∈ Cθ} contains A and does not intersect B. We will establish

that for such a subset,

∫
∂Cθ

JθAB(s) · nCθdσCθ =

∫
∂C

JAB · nCdσC . (3.36)

Here nCθ is the outward pointing normal vector to the boundary ∂Cθ of Cθ, nC is the

normal vector to the boundary ∂C of C, σCθ is the surface measure on ∂Cθ and, σC is the

surface measure on ∂C. The significance of (3.36) is that it shows that our definition of JθAB

preserves reactive flux across surfaces in the CV space so that statistics of reactive paths

could, in principle, be computed directly from JθAB .
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Let fδ be a smooth function on CV space that is equal to 1 on Cθ and equal to 0 for x a

distance of more than δ from Cθ. Applying the divergence theorem and integrating by parts

we find that

∫
∂Cθ

JθAB(s) · nCθdσCθ =

∫
Cθ

div JθAB(s)ds

= lim
δ→0

∫
fδ(s) div J

θ
AB(s)ds

= − lim
δ→0

∫
JθAB(s) · ∇fδ(s)ds. (3.58)

Inserting our definition of JθAB we find that

∫
∂Cθ

JθAB(s) · nCθdσCθ = − lim
δ→0

∑
j

∫ ∫
JAB(x) · ∇θj(x)δ(θ(x)− s)

∂fδ(s)

∂sj
dxds

= − lim
δ→0

∑
j

∫
JAB(x) · ∇θj(x)

∂fδ
∂sj

(θ(x))dx. (3.59)

Using the chain rule the last expression can be rewritten as

∫
∂Cθ

JθAB(s) · nCθdσCθ = − lim
δ→0

∫
JAB(x) · ∇fδ(θ(x))dx. (3.60)

Integrating by parts, taking the δ → 0 limit, and applying the divergence theorem again

yields (3.36).

3.7.1 Rate and Current Estimators for Long Lag Times

The estimators for the reaction rate and the reactive current presented in the main text incur

significant bias at longer lag times. Here, we derive estimators which at all lag times converge

to the TPT quantities with perfect sampling, committors, and change of measure.
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We introduce the notation

S+A∪B(t) = min{s ≥ t : Xs ∈ A ∪B} (3.61)

S−A∪B(t) = max{s ≤ t : Xs ∈ A ∪B} (3.62)

for forward and backward stopping times starting at time t.

For the reaction rate estimator, we start with equation (3.32). Because X0 is integrated

over the stationary distribution, we can shift the term inside the expectation by an arbitrary

time s. Averaging over 0 ≤ s < τ then yields

RAB = lim
t→0

1

t

∫
(T tq2+(x)− q+(x)T tq+(x))q−(x)π(dx)

= lim
t→0

1

t

∫
E[q+(Xt)(q+(Xt)− q+(X0))q−(X0) | X0 = x]π(dx)

= lim
t→0

1

t

∫
E[q+(Xs+t)(q+(Xs+t)− q+(Xs))q−(Xs) | X0 = x]π(dx)

= lim
t→0

1

t

∫
1

τ

∫ τ

0
E[q+(Xs+t)(q+(Xs+t)− q+(Xs))

q−(Xs) | X0 = x]ds π(dx)

= lim
t→0

1

t

∫
1

τ

∫ τ

0
E[q+(Xτ∧S+

A∪B(s+t))(q+(Xs+t)− q+(Xs))

q−(X0∨S−
A∪B(s)) | X0 = x]ds π(dx) (3.63)

where (3.63) follows from (3.43) and the equations solved by the forward and backward

committors.

This suggests the estimator

RAB ≈
1

τ

∑
i

τ
∆−1∑
p=0

q+(X
(i)

τ∧S+
A∪B((p+1)∆)

)(q+(X
(i)
(p+1)∆

)− q+(X
(i)
p∆))

q−(X
(i)

0∨S−
A∪B(p∆)

)w(X
(i)
0 ).

(3.64)
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In contrast to the estimator in equation (3.33), we have taken the limit over the sampling

interval ∆ rather than the lag time, which is now τ in this expression. This is the same as

the approximation made in equation (3.14).

To further relate this estimator to equation (3.33), we manipulate it to obtain a similar

form. To do that, we require two identities.

First, we express forward stopping times in terms of backward stopping times. We can

derive this by case analysis (Figure 3.17):

1. If X0∨S−
A∪B(s) /∈ A ∪ B, then Xr /∈ A ∪ B for 0 ≤ r ≤ s. This condition is equivalent

to that of Xs∧S+
A∪B(0) /∈ A ∪B.

2. If X0∨S−
A∪B(s) ∈ A ∪B and Xs ∈ A ∪B, the process stopped immediately.

3. If X0∨S−
A∪B(s) ∈ A ∪ B and Xs /∈ A ∪ B, the process hit A ∪ B after propagating

backward in time. The time 0∨ S−A∪B(s) can be found by finding a time r ∈ [0, s) such

that Xt /∈ A ∪B for all times t ∈ (r, s].

Together, for all s ≥ 0, this yields

f(X0∨S−
A∪B(s)) = 1(A∪B)c(Xs∧S+

A∪B(0))f(X0) + 1A∪B(Xs)f(Xs)

+ lim
t→0

1

t

∫ s

0
1(A∪B)c(Xs∧S+

A∪B(r+t))1A∪B(Xr)f(Xr) dr

≈ 1(A∪B)c(Xs∧S+
A∪B(0))f(X0) + 1A∪B(Xs)f(Xs)

+

s
∆−1∑
p=0

1(A∪B)c(Xs∧S+
A∪B((p+1)∆))1A∪B(Xp∆)f(Xp∆). (3.65)

Second, we have the identity

S+A∪B(r) = lim
t→0

S+A∪B(s+ t) ≈ S+A∪B(s+∆) if Xs∧S+
A∪B(r) ∈ (A ∪B)c and s ≥ r. (3.66)

This follows from the definition of the stopping time: S+A∪B(r) = min{t′ ≥ r : Xt′ ∈ A ∪B},
88



and so if Xt′ /∈ A ∪ B for r ≤ t′ ≤ s, then min{t′ ≥ r : Xt′ ∈ A ∪ B} = min{t′ > s : Xt′ ∈

A ∪B}.
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We now apply equations (3.65) and (3.66) to equation (3.64), yielding

RAB ≈
1

τ

∑
i

τ
∆−1∑
p=0

q+(X
(i)

τ∧S+
A∪B(0)

)(q+(X
(i)
(p+1)∆

)− q+(X
(i)
p∆))

1(A∪B)c(X
(i)

p∆∧S+
A∪B(0)

)q−(X
(i)
0 )w(X

(i)
0 )

+
1

τ

∑
i

τ
∆−1∑
p=0

q+(X
(i)

τ∧S+
A∪B((p+1)∆)

)(q+(X
(i)
(p+1)∆

)− q+(X
(i)
p∆))

1A∪B(X
(i)
p∆)q−(X

(i)
p∆)w(X

(i)
0 )

+
1

τ

∑
i

τ
∆−1∑
p=0

p−1∑
r=0

q+(X
(i)

τ∧S+
A∪B((r+1)∆)

)(q+(X
(i)
(p+1)∆

)− q+(X
(i)
p∆))

1(A∪B)c(X
(i)

p∆∧S+
A∪B((r+1)∆)

)1A∪B(X
(i)
r∆)q−(X

(i)
r∆)w(X

(i)
0 )

=
1

τ

∑
i

τ∧S+
A∪B(0)

∆ −1∑
p=0

q+(X
(i)

τ∧S+
A∪B(0)

)(q+(X
(i)
(p+1)∆

)− q+(X
(i)
p∆))q−(X

(i)
0 )w(X

(i)
0 )

+
1

τ

∑
i

τ
∆−1∑
p=0

q+(X
(i)

τ∧S+
A∪B((p+1)∆)

)(q+(X
(i)
(p+1)∆

)− q+(X
(i)
p∆))

1A∪B(X
(i)
p∆)q−(X

(i)
p∆)w(X

(i)
0 )

+
1

τ

∑
i

τ
∆−2∑
r=0

τ∧S+
A∪B((r+1)∆)

∆ −1∑
p=r+1

q+(X
(i)

τ∧S+
A∪B((r+1)∆)

)(q+(X
(i)
(p+1)∆

)− q+(X
(i)
p∆))

1A∪B(X
(i)
r∆)q−(X

(i)
r∆)w(X

(i)
0 )

=
1

τ

∑
i

q+(X
(i)

τ∧S+
A∪B(0)

)(q+(X
(i)

τ∧S+
A∪B(0)

)− q+(X
(i)
0 ))q−(X

(i)
0 )w(X

(i)
0 )

+
1

τ

∑
i

τ
∆−1∑
r=0

q+(X
(i)

τ∧S+
A∪B((r+1)∆)

)(q+(X
(i)

τ∧S+
A∪B((r+1)∆)

)− q+(X
(i)
r∆))

1A∪B(X
(i)
r∆)q−(Xr∆)w(X

(i)
0 ) (3.67)
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This is equation (3.33) with an additional term

1

τ

∑
i

τ
∆−1∑
r=0

q+(X
(i)

τ∧S+
A∪B((r+1)∆)

)(q+(X
(i)

τ∧S+
A∪B((r+1)∆)

)− q+(X
(i)
r∆))

1A∪B(X
(i)
r∆)q−(X

(i)
r∆)w(X

(i)
0 )

(3.68)

which adds the contributions from trajectories leaving A ∪B within the lag time τ , which

becomes significant at longer lag times since a larger portion of the trajectories hit (or start

in) and then exit A ∪B.

We proceed analogously for the reactive current estimator. We start with expression

(3.35) and integrate to obtain

JθAB(s) = lim
t,|ds|→0

1

2t|ds|

∫
(T t[θq+](x)− θ(x)T tq+(x))1{θ∈ds}(x)q−(x)π(dx)

+ (T t[1{θ∈ds}θq+](x)− θ(x)T
t[1{θ∈ds}q+](x))q−(x)π(dx)

= lim
t,|ds|→0

1

2t|ds|

∫
E[q+(Xr+t)(θ(Xr+t)− θ(Xr))q−(Xr)

(1{θ∈ds}(Xr+t) + 1{θ∈ds}(Xr)) | X0 = x]π(dx)

= lim
t,|ds|→0

1

2t|ds|

∫
1

τ

∫ τ

0
E[q+(Xr+t)(θ(Xr+t)− θ(Xr))q−(Xr)

(1{θ∈ds}(Xr+t) + 1{θ∈ds}(Xr)) | X0 = x]dr π(dx)

= lim
t,|ds|→0

1

2t|ds|

∫
1

τ

∫ τ

0
E[q+(Xτ∧S+

A∪B(r+t))(θ(Xr+t)− θ(Xr))

q−(X0∨S−
A∪B(r))(1{θ∈ds}(Xr+t)− 1{θ∈ds}(Xr)) | X0 = x]dr π(dx), (3.69)

which suggests the estimator

JθAB(s) ≈
1

2τ |ds|
∑
i

τ
∆−1∑
p=0

q+(X
(i)

τ∧S+
A∪B((p+1)∆)

)(θ(X
(i)
(p+1)∆

)− θ(X(i)
p∆))

q−(X
(i)

0∨S−
A∪B(p∆)

)(1{θ∈ds}(X
(i)
(p+1)∆

) + 1{θ∈ds}(X
(i)
p∆))w(X

(i)
0 ).

(3.70)
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We note that if we integrate over s and substitute θ(x) = q+(x), we obtain the reaction rate

estimator (3.64). As with equation (3.64), this estimator converges to the reactive current

with perfect sampling, committors, and change of measure. In comparison to equation (3.37),

we find that this estimator has larger variance with limited data. This results from the

contribution of θ(X(i)
(p+1)∆

)− θ(X(i)
p∆) being assigned locally to X(p+1)∆ and Xp∆, whereas

equation (3.37) assigns θ(X(i)

τ∧S+
A∪B(0)

) − θ(X0) to X0 and θ(Xτ ) − θ(X0∨S−
A∪B(τ)) to Xτ

which leads to mixing over longer length scales. Thus, when using (3.70), we recommend

smoothing the reactive current vector field using a kernel density estimate. Specifically, to

estimate the reactive current at a point s, we evaluate

∫
e−|s−s

′|2/2σ2JθAB(s
′)ds′∫

e−|s−s′|2/2σ2ds′
, (3.71)

where σ is chosen to be the smallest value where the vector field is smooth.

Using equations (3.65) and (3.66), we can express this estimator using a similar procedure

as above for the rate as

JθAB(s) ≈
1

2τ |ds|
∑
i

q+(X
(i)

τ∧S+
A∪B(0)

)q−(X
(i)
0 )w(X

(i)
0 )

τ∧S+
A∪B(0)

∆ −1∑
p=0

(θ(X
(i)
(p+1)∆

)− θ(X(i)
p∆))

(1{θ∈ds}(X
(i)
(p+1)∆

) + 1{θ∈ds}(X
(i)
p∆))

+
1

2τ |ds|
∑
i

τ
∆−1∑
r=0

q+(X
(i)

τ∧S+
A∪B((r+1)∆)

)q−(X
(i)
r )1A∪B(X

(i)
r∆)w(X

(i)
0 )

τ∧S+
A∪B((r+1)∆)

∆ −1∑
p=r

(θ(X
(i)
(p+1)∆

)− θ(X(i)
p∆))

(1{θ∈ds}(X
(i)
(p+1)∆

) + 1{θ∈ds}(X
(i)
p∆)). (3.72)
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Likewise, by expressing the forward stopping time in terms of the backward stopping time as

f(Xτ∧S+
A∪B(s)) = 1(A∪B)c(Xs∨S−

A∪B(τ))f(Xτ ) + 1A∪B(Xs)f(Xs)

+ lim
t→0

1

t

∫ τ

s
1(A∪B)c(Xs∨S−

A∪B(r−t))1A∪B(Xr)f(Xr) dr

≈ 1(A∪B)c(Xs∨S−
A∪B(τ))f(Xτ ) + 1A∪B(Xs)f(Xs)

+

τ
∆∑

p= s
∆+1

1(A∪B)c(Xs∨S−
A∪B((p−1)∆))1A∪B(Xp∆)f(Xp∆) (3.73)

for s ≤ τ and using the identity

S−A∪B(r) = lim
t→0

S−A∪B(s− t) ≈ S−A∪B(s−∆) if Xs∨S−
A∪B(r) /∈ A ∪B and s ≤ r (3.74)

we obtain

JθAB(s) ≈
1

2τ |ds|
∑
i

q+(X
(i)
τ )q−(X

(i)

0∨S−
A∪B(τ)

)w(X
(i)
0 )

τ∑
p=

0∨S−
A∪B(τ)

∆ +1

(θ(X
(i)
p∆)− θ(X(i)

(p−1)∆))

(1{θ∈ds}(X
(i)
p∆) + 1{θ∈ds}(X

(i)
(p−1)∆))

+
1

2τ |ds|
∑
i

τ
∆∑

r=1

q+(X
(i)
r∆)1A∪B(X

(i)
r∆)q−(X

(i)

0∨S−
A∪B((r−1)∆)

)w(X
(i)
0 )

r∑
p=

0∨S−
A∪B((r−1)∆)

∆ +1

(θ(X
(i)
p∆)− θ(X(i)

(p−1)∆))

(1{θ∈ds}(X
(i)
p∆) + 1{θ∈ds}(X

(i)
(p−1)∆)).

(3.75)

The reactive current estimator (3.37) is obtained by averaging the first term of equation

(3.72) together with the first term of equation (3.75), after performing the approximations
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1{θ∈ds}(X
(i)
s ) ≈ 1{θ∈ds}(X

(i)
0 ) and 1{θ∈ds}(X

(i)
s ) ≈ 1{θ∈ds}(X

(i)
τ ) for the terms from equa-

tions (3.72) and (3.75), respectively. The terms that we gain here relative to (3.37) in the

main text are similar in origin to those introduced into the reaction rate estimator in this

section. For equation (3.72), they account for the portions of the trajectories which leave

A ∪B within τ ; the same holds for equation (3.75), but for the time-reversed trajectory. In

effect, equation (3.37) ignores half the contribution of the trajectories which hit A ∪B and

half the contribution of the time-reversed trajectories which hit A ∪B.
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3.7.2 Supplemental Figures

Figure 3.10: EMUS asymptotic variance for REUS PMFs.
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Figure 3.11: REUS PMFs.
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Figure 3.12: Difference between DGA with the modified distance basis set without the α
helix resampling and REUS.

97



Figure 3.13: Difference between the PMF from DGA with the distance indicator basis set
and the PMF from REUS.

98



Figure 3.14: Difference between the PMF from DGA with the TICA indicator basis set and
the PMF from REUS.
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Figure 3.15: Difference between the PMF from DGA with the modified distance basis set
and the PMF from REUS.

100



Figure 3.16: DGA backward committors. Left, middle, and right columns are computed with
the modified distance, distance indicator, and TICA indicator basis sets, respectively. Top,
middle, and bottom rows are computed with lag times of 0.5, 2.5, and 7.5 ns, respectively.

X(s)

X(0)
(A ∪ B)c

X(s)

X(0)

A ∪ B

(A ∪ B)c
X(0)

X(s)
(A ∪ B)c

A ∪ B

Case 1 Case 2 Case 3

Figure 3.17: Case analysis for expressing the backward stopping time in terms of forward
stopping times.
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CHAPTER 4

DYNAMICAL GALERKIN APPROXIMATION WITH MEMORY

This chapter is adapted from C. Lorpaiboon et al., “Accurate estimates of dynamical statistics

using memory”, J. Chem. Phys. 160, 084108 (2024), with the permission of AIP Publishing.

Many chemical reactions and molecular processes occur on timescales that are significantly

longer than those accessible by direct simulation. One successful approach to estimating

dynamical statistics for such processes is to use many short time series of observations of the

system to construct a Markov state model (MSM), which approximates the dynamics of the

system as memoryless transitions between a set of discrete states. The dynamical Galerkin

approximation (DGA) is a closely related framework for estimating dynamical statistics, such

as committors and mean first passage times, by approximating solutions to their equations

with a projection onto a basis. Because the projected dynamics are generally not memoryless,

the Markov approximation can result in significant systematic error. Inspired by quasi-Markov

state models, which employ the generalized master equation to encode memory resulting from

the projection, we reformulate DGA to account for memory and analyze its performance on

two systems: a two-dimensional triple well and helix-to-helix transitions of the AIB9 peptide.

We demonstrate that our method is robust to the choice of basis and can decrease the time

series length required to obtain accurate kinetics by an order of magnitude.

4.1 Introduction

Models that seek to treat complex systems with high fidelity typically have many variables

(e.g., the positions and velocities of all the atoms in a molecular system). However, often the

dynamics of interest of such models can be largely captured by a relatively small number of

variables that are functions of the original ones (collective variables or CVs). Projecting the

dynamics to these CVs can facilitate analysis, by both improving convergence of statistics
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and simplifying interpretation. However, the coupling of the CVs to orthogonal ones generally

introduces a form of memory in which the projected dynamics depend not only on the states

of the CVs but also on their histories.

When the dynamics have a separation of time scales, it may be possible to find CVs that

minimize the memory, so that it can be neglected. This is the idea behind Markov State

Models (MSMs), in which the dynamics are treated as hops between discrete states, and

large numbers of states are often used in the hope of minimizing the time for equilibration

within states. However, not all dynamics have a clear separation of time scales, and, even if

they do, finding CVs that minimize the memory can be challenging [89].

Thus various strategies have been introduced to account for memory. One is to consider

explicit histories of the CVs, as in delay embedding [4, 5, 111–114]. However, this increases

the effective number of variables, mitigating the advantages of projecting described above. An

alternative is to account for the memory through the Mori–Zwanzig formalism [115, 116]. In

this approach, the projected dynamics are represented through a generalized Langevin/master

equation (GLE/GME) that involves a time integral over the CV histories and a kernel. This

approach is physically well-motivated and can in principle yield highly accurate dynamics. In

practice, it can be hard to determine the memory kernel.

Traditionally, researchers chose the memory kernel based on physical intuition [117, 118],

and many studies still assume a specific functional form for the kernel (most often exponential)

when estimating it from data. A few studies allow for more flexibility by introducing an

expansion in basis functions [6, 119–121] or alternative fitting forms [122, 123] for the kernel

or its Laplace/Fourier transforms [124–126], and these show that it does not have a simple

universal functional form. However, solving for the coefficients of the expansion can be

numerically ill-posed [127], and data-driven parameterization of GLEs/GMEs remains an

active area of research [128–132].

Recently, approaching the problem from the perspective of improving the accuracy of
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MSMs with relatively small numbers of states [7], Huang, Markland, Montoya-Castillo, and

co-workers obtained the memory kernel at successive discrete time points by directly inverting

a GME for the state-to-state transition matrix [7, 133, 134]. This enabled them to significantly

shorten the lag times needed to construct the transition matrix, which reduced the amount

of simulation needed to converge statistics and increased the time resolution of the model;

the small number of states facilitates interpretation.

Like many MSM studies, the studies described immediately above focus on computing

implied time scales (via time correlation functions rather than directly from the eigenvalues

of the transition matrix). However, MSMs can be used to solve for statistics that provide

more direct insight into the mechanisms of specified events, such as the committor [8], and

we recently introduced a closely related framework that solves operator equations for such

statistics, that we term dynamical Galerkin approximation (DGA) [4, 5]. The goal of this

chapter is to show how memory can improve the accuracy of such statistics.

To this end, we incorporate memory into DGA by interpreting it as an iterative algorithm

and applying a discrete-time Mori–Zwanzig formalism. We present formulas for computing

the aforementioned statistics and numerically demonstrate that memory indeed improves

results for a two-dimensional triple well and on the AIB9 peptide.

4.2 Theory

In this section, we briefly review DGA as previously presented [4, 5]. We then recast it

as an iteration to show that its solutions can be viewed as projections; the iteration and

resulting projection operators lead naturally to a discrete-time GME and, in turn, an improved

estimator. This estimator can be used without iteration.
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4.2.1 Form of the problem

Let Xt denote a time-homogeneous ergodic Markov process at time t. Our goal is to compute

a statistic u of this process that satisfies an equation of the form

Ȧ0u = −ḃ0, (4.1)

where Ȧ0 is a linear operator that describes the time evolution of expectations of functions

of Xt (akin to a time derivative), and ḃ0 is the rate of change in u at Xt. We can interpret

(4.1) as finding a time-invariant solution to the equation specifying the dynamics of u,

dut
dt

= Ȧ0ut + ḃ0. (4.2)

Integrating (4.2) over a time interval τ > 0 that we call the lag time yields the Richardson

iteration

ut = ut−τ + (Aτut−τ + bτ ), (4.3)

where Aτ =
∫ τ
0 C

τ ′Ȧ0 dτ ′ = Cτ − I, bτ =
∫ τ
0 C

τ ′ ḃ0 dτ ′, Cτ = eȦ
0τ , and I is the identity

operator. Eq. (4.3), as we discuss further in Section 4.2.3, corresponds to an iteration in u

that is consistent with the dynamics in (4.2). The fixed point of the iteration is the finite

time analogue of (4.1):

Aτu = −bτ . (4.4)

For example, the mean time to first enter the set B starting from state x, u(x) := m(x) =

E[S+B (0) | X0 = x], where S+B (0) = min{t ≥ 0 | Xt ∈ B}, satisfies [5]

(T τ
B − I)m = −

∫ τ

0
T t
B1Bc dt, (4.5)
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Algorithm 2 DGA

Gτ = ⟨ϕ,AτϕT⟩
hτ = ⟨ϕ,Aτ û0 + bτ ⟩
v = −(Gτ )−1hτ

ûτ = û0 + ϕTv
uτ = ûτ + (Aτ ûτ + bτ )

subject to the boundary condition m(x) = 0 for x ∈ B. Here,

T τ
Bf(x) = E[f(Xτ∧S+

B (0)) | X0 = x] (4.6)

is the stopped transition operator,

∫ τ

0
T t
B1Bc(x) dt = E[τ ∧ S+B (0) | X0 = x], (4.7)

τ ∧ S+B (0) = min{τ, S+B (0)}, and 1Bc(x) is an indicator function that equals one for x ∈ Bc

and zero for x /∈ Bc. We define other statistics of interest in Section 4.3.

4.2.2 Dynamical Galerkin approximation (DGA)

DGA solves (4.4) by expanding u in a basis and estimating the resulting matrix elements by

averages over random samples. We represent the basis by a vector ϕ of functions that satisfy

homogeneous boundary conditions. Then we approximate u by

û = û0 + ϕTv, (4.8)

where û0 is a “guess function” for u that satisfies the boundary conditions, v is a vector of

coefficients, and we use the symbol ˆ to denote functions that can be represented by (4.8).

To solve for the coefficients, we substitute (4.8) into (4.4), multiply from the left by ϕ, and
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integrate over an arbitrary distribution of samples of initial conditions µ. This yields

Gτv = −hτ , (4.9)

where

Gτ = ⟨ϕ,AτϕT⟩, (4.10)

hτ = ⟨ϕ,Aτ û0 + bτ ⟩, (4.11)

and ⟨f, g⟩ =
∫
f(x)g(x)µ(x) dx. The matrix Gτ and vector hτ are estimated from averages

over trajectories of length τ ; explicit expressions are given in Sec. 4.3. Given these estimates,

(4.9) can be solved directly for v. DGA is summarized in Algorithm 2. We select τ by

increasing its value until the estimate of u appears to converge.

4.2.3 Iterative solution

The form in (4.3) and our recent use of it in the context of inexact numerical linear algebra

[135] suggests that one can view DGA as the fixed point of the inexact iteration

uτt = ûτt−τ + (Aτ ûτt−τ + bτ ), (4.12a)

ûτt = ûτt−τ + P(uτt − ûτt−τ ), (4.12b)

where P is an operator that projects functions onto linear combinations of the basis functions:

Pf = ϕT(K0)−1⟨ϕ, f⟩, (4.13)

and

Kt = ⟨ϕ, CtϕT⟩. (4.14)
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We use the superscript τ on uτt to distinguish that it comes from the inexact iteration (4.12)

involving the projected function ûτt (and thus a layer of approximation) rather than the

exact iteration (4.3). Fixed points are indicated without subscripts: uτ = limt→∞ uτt and

ûτ = limt→∞ ûτt .

We now identify the approximation associated with DGA by comparing the inexact

iteration (4.12) with the exact iteration

ut = ut−τ + (Aτut−τ + bτ ), (4.15a)

ût = ût−τ + P(ut − ût−τ ). (4.15b)

Let us define the complementary projection

Q = I − P . (4.16)

We note that Q(ût − ût′) = 0 for any t and t′ since Qϕ = 0 and ût − ût′ = ϕTv for some v

(we work with differences because we do not assume Qû0 = 0). By substituting P = I − Q

into (4.15b) and replacing t with t− τ , we find that ut−τ = ût−τ +Q(ut−τ − ût−2τ ); in turn,

by substituting this expression into (4.15a), we can express (4.15) as

ut = ût−τ + (Aτ ût−τ + bτ ) + CτQ(ut−τ − ût−2τ ), (4.17a)

ût = ût−τ + P(ut − ût−τ ). (4.17b)

The fixed point û = limt→∞ ût satisfies P(Aτ û+ bτ )+PCτQ(u− û) = 0. Comparing (4.12a)

and (4.15a) shows that they both use the previous estimate (ûτt−τ or uτt−τ , respectively) to

construct an improved estimate uτt . Because ûτt−τ can be represented using the basis, we

only need length τ trajectories to approximate uτt . Hence, DGA makes the approximation

PCτQ(u− û) ≈ 0, which avoids the need for trajectories longer than τ . In contrast, the exact
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iteration requires infinite-length trajectories since the last term of (4.17a) prevents ût from

depending on ût−τ alone.

To understand the need for memory, we observe that (4.15a) specifies Markovian dynamics

for ut: the value of ut at current iteration t is fully determined by the value of ut−τ at the

last iteration t− τ . DGA amounts to making the approximation that the dynamics of the

projected function ût observed at discrete time intervals τ is Markovian. This perspective

suggests that we can derive an improved estimator by mitigating the Markov approximation.

We do this by using projected statistics at multiple times (i.e., using memory), rather than a

single time, as we now describe.

4.2.4 Iterative solution with memory

Our starting point is (4.17a) with τ replaced by σ, where τ/σ is a positive integer:

ut = ût−σ + (Aσût−σ + bσ) + CσQ(ut−σ − ût−2σ). (4.18)

The underlined term is not representable by the basis and prevents solving for û by fixed

point iteration with length τ trajectories. By repeatedly substituting (4.18), we obtain

ut = ût−σ +
2∑

n=1

(CσQ)n−1(Aσût−nσ + bσ) + (CσQ)2(ut−2σ − ût−3σ)

...

= ût−σ +

τ/σ∑
n=1

(CσQ)n−1(Aσût−nσ + bσ) + (CσQ)τ/σ(ut−τ − ût−τ−σ), (4.19)
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where the underline indicates the location of the next substitution. We now have an alternative

iteration to (4.17) that depends on the last τ/σ projections:

ut = ût−σ +

τ/σ∑
n=1

(CσQ)n−1(Aσût−nσ + bσ) + (CσQ)τ/σ(ut−τ − ût−τ−σ), (4.20a)

ût = ût−σ + P(ut − ût−σ). (4.20b)

Eq. (4.20a) is similar to a discrete-time GME (e.g., Cao et al. [7]) or a discrete-time Mori–

Zwanzig decomposition (e.g., Darve et al. [136] for eigendecomposition of the transition

operator). It describes ut at iteration t by its projection ût−σ at iteration t − σ (Markov

approximation, first term and n = 1 of the second term), the projections ût−nσ at previous

iterations t− nσ (memory, n > 1 of the second term), and the complementary projection

Qut−τ at time t− τ (orthogonal dynamics, last term). The approximation used in DGA is

the first two terms of (4.20a) with σ = τ (i.e., the previous solution and the first term of the

sum). The remaining terms correct for the Markov approximation by introducing memory.

Omitting the last term of (4.20a) yields a computable iteration

u
σ,τ
t = û

σ,τ
t−σ +

τ/σ∑
n=1

(CσQ)n−1(Aσû
σ,τ
t−nσ + bσ), (4.21a)

û
σ,τ
t = û

σ,τ
t−σ + P(uσ,τt − ûσ,τt−σ), (4.21b)

with a fixed point that solves

τ/σ∑
n=1

P(CσQ)n−1(Aσûσ,τ + bσ) = 0. (4.22)

Comparing (4.20) and (4.22), we see that the latter corresponds to making the approxi-

mation P(CσQ)τ/σ(u − û) ≈ 0. When the basis captures much of the slower dynamics of

the system, we expect the DGA with memory approximation P(CσQ)τ/σ(u− û) ≈ 0 to be
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Algorithm 3 DGA with memory
for n ∈ {1, . . . , τ/σ} do

Knσ = ⟨ϕ, CnσϕT⟩
Gnσ = ⟨ϕ,AnσϕT⟩
hnσ = ⟨ϕ,Anσû0 + bnσ⟩
Gσ,nσ = Gnσ −

∑n−1
n′=1K

(n−n′)σ(K0)−1Gσ,n′σ

hσ,nσ = hnσ −
∑n−1

n′=1K
(n−n′)σ(K0)−1hσ,n

′σ

end for
v = −(Gσ,τ )−1hσ,τ

ûσ,τ = û0 + ϕTv

uσ,τ = ûσ,τ + (Aτ ûσ,τ + bτ )−
∑τ/σ

n=1 C
τ−nσϕT(K0)−1(Gσ,nσv + hσ,nσ)

better than the DGA approximation PCτQ(u− û) ≈ 0 because the additional applications

of Q remove these slower dynamics. We show this numerically in Sec. 4.4.

4.2.5 DGA with memory

In this section, we derive and summarize the algorithm (Algorithm 3). As in (4.8), we expand

ûσ,τ in a basis. Substituting ûσ,τ = û0 + ϕTv into (4.22) and applying ⟨ϕi,Pf⟩ = ⟨ϕi, f⟩

leads to the linear system

Gσ,τv = −hσ,τ , (4.23)

where

Gσ,τ =

τ/σ∑
n=1

⟨ϕ, (CσQ)n−1AσϕT⟩, (4.24)

hσ,τ =

τ/σ∑
n=1

⟨ϕ, (CσQ)n−1(Aσû0 + bσ)⟩. (4.25)

We can calculate matrices Gσ,τ and hσ,τ by expanding each Q in the expectations as

⟨f,Qg⟩ = ⟨f, g⟩ − ⟨f,Pg⟩ = ⟨f, g⟩ − ⟨f, ϕT⟩(K0)−1⟨ϕ, g⟩ until none remain. For instance, to
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calculate the term hσ,3σ, we expand:

hσ,3σ = ⟨ϕ, bσ + CσQbσ + (CσQ)2bσ⟩

= ⟨ϕ, bσ + Cσbσ + C2σbσ⟩ − ⟨ϕ, CσP(bσ + CσQbσ)⟩ − ⟨ϕ, C2σPbσ⟩

= h3σ −Kσ(K0)−1hσ,2σ −K2σ(K0)−1hσ,

hσ,2σ = ⟨ϕ, bσ + CσQbσ⟩

= ⟨ϕ, bσ + Cσbσ⟩ − ⟨ϕ, CσPbσ⟩

= h2σ −Kσ(K0)−1hσ.

The underlined expectations contain Q and must be expanded in terms of matrices that

do not contain Q, which can be directly evaluated as averages over random samples. We

have rearranged and grouped terms for numerical stability because Gσ,τ and hσ,τ can be

very sensitive to how they are computed. Using this approach, we can derive the iterative

formulas

Gσ,τ = Gτ −
(τ/σ)−1∑
n=1

Kτ−nσ(K0)−1Gσ,nσ, (4.26a)

hσ,τ = hτ −
(τ/σ)−1∑
n=1

Kτ−nσ(K0)−1hσ,nσ. (4.26b)

A similar iteration was used to calculate the discretized memory kernel in Cao et al. [7] and

the transfer tensors in Cerrillo and Cao [137].

After we solve (4.23), we can compute a stochastic approximation of u:

uσ,τ = ûσ,τ +

τ/σ∑
n=1

(CσQ)n−1(Aσûσ,τ + bσ), (4.27)

which is the fixed point of (4.21a). In this case, we expand each Qf = f − ϕT(K0)−1⟨ϕ, f⟩
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from left to right until only Qs inside expectations remain (which can be grouped into

matrices Gσ,nσ and hσ,nσ):

uσ,τ = ûσ,τ + (Aτ ûσ,τ + bτ )−
τ/σ∑
n=1

Cτ−nσδuσ,τn , (4.28)

where δuσ,τn = ϕT(K0)−1(Gσ,nσv + hσ,nσ). As in (4.26), we have combined terms in (4.28)

for numerical stability.

We select σ and τ by increasing τ with τ/σ fixed until a statistic appears to converge; we

try this for a few small integer values of τ/σ. As we show numerically in Sec. 4.4, only a

few correction terms (i.e., small τ/σ) are generally needed to obtain most of the benefit of

including memory.

4.3 Dynamical statistics

In this section, we introduce the statistics that we want to compute and the equations that

they solve. We describe a variety of statistics beyond the MFPT that can be solved using

DGA or DGA with memory. Provided that a statistic can be written in the form (4.4), we

can solve for it with DGA or DGA with memory by evaluating (4.9) or (4.23), respectively,

with appropriate Kt, Gt, and ht matrices.

4.3.1 Stationary distribution

The stationary distribution π is invariant with respect to time translation and therefore

∫
π(x)f(x) dx =

∫
π(x)T tf(x) dx (4.29)
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for all functions f , where the transition operator

T tf(x) = E[f(Xt) | X0 = x] (4.30)

propagates expectations of functions f forward-in-time. The sampling distribution µ can be

reweighted to obtain the stationary distribution π via w = π/µ [5, 32], which satisfies an

operator equation in the form of (4.4):

((T t)† − I)w = 0, (4.31)

where (T t)† denotes the adjoint of T t with respect to µ: ⟨f, (T t)†g⟩ = ⟨g, T tf⟩ for all functions

f and g. We expand ŵ = ŵ0 + ϕTv, where
∫
ŵ0(x)µ(x) dx = 1 and

∫
ϕ(x)µ(x) dx = 0; these

conditions ensure that the resulting estimates of ŵ and w are normalized. The corresponding

matrices are

Kt = ⟨ϕ, (T t)†ϕT⟩

= E[ϕ(Xt)ϕ
T(X0) | X0 ∼ µ], (4.32a)

Gt = ⟨ϕ, ((T t)† − I)ϕT⟩

= E[(ϕ(Xt)− ϕ(X0))ϕ
T(X0) | X0 ∼ µ], (4.32b)

ht = ⟨ϕ, ((T t)† − I)ŵ0⟩

= E[(ϕ(Xt)− ϕ(X0))ŵ0(X0) | X0 ∼ µ], (4.32c)

and we approximate expectations of functions f with respect to π as

⟨f, wσ,τ ⟩ = E

[
f(Xτ )ŵ

σ,τ (X0)−
τ/σ∑
n=1

f(Xτ−nσ)δw
σ,τ
n (X0)

∣∣∣∣ X0 ∼ µ

]
. (4.33)
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4.3.2 Mean first passage time

The mean first passage time (MFPT)

m(x) = E[S+B (0) | X0 = x] (4.34)

is the expected time until a trajectory starting at x first enters B. As noted above, it satisfies

an equation of the form (4.4):

(T t
B − I)m = −

∫ t

0
T t′
B 1Bc dt′, (4.35)

subject to the boundary condition m(x) = 0 for x ∈ B (cf. (4.5)–(4.7)). Physically, this

equation states that applying T t
B to m(x) reduces the mean remaining time to enter by

E[t ∧ S+B (0) | X0 = x]. The corresponding matrices are

Kt = ⟨ϕ, T t
Bϕ

T⟩

= E[ϕ(X0)ϕ
T(Xt∧S+

B (0)) | X0 ∼ µ], (4.36a)

Gt = ⟨ϕ, (T t
B − I)ϕ

T⟩

= E[ϕ(X0)(ϕ
T(Xt∧S+

B (0))− ϕ
T(X0)) | X0 ∼ µ], (4.36b)

ht =

〈
ϕ, (T t

B − I)m̂0 +

∫ t

0
T t′
B 1Bc dt′

〉
= E[ϕ(X0)(m̂0(Xt∧S+

B (0))− m̂0(X0) + (t ∧ S+B (0))) | X0 ∼ µ], (4.36c)

and m can be approximated from its projection using

wσ,τ (x) = E

[
m̂σ,τ (Xτ∧S+

B (0))+(τ ∧S+B (0))−
τ/σ∑
n=1

δm
σ,τ
n (X(τ−nσ)∧S+

B (0))

∣∣∣∣ X0 = x

]
. (4.37)
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4.3.3 Forward committor

The forward committor

q+(x) = E[1B(XS+
A∪B(0)) | X0 = x] (4.38)

is the probability that a trajectory starting at x will enter B before A. The forward committor

satisfies

(T t
A∪B − I)q+ = 0 (4.39)

with boundary condition q+(x) = 1B(x) for x ∈ A ∪B. The corresponding matrices are

Kt = ⟨ϕ, T t
A∪Bϕ

T⟩

= E[ϕ(X0)ϕ(Xt∧S+
A∪B(0)) | X0 ∼ µ], (4.40a)

Gt = ⟨ϕ, (T t
A∪B − I)ϕ

T⟩

= E[ϕ(X0)(ϕ(Xt∧S+
A∪B(0))− ϕ(X0)) | X0 ∼ µ], (4.40b)

ht = ⟨ϕ, (T t
A∪B − I)q̂+,0⟩

= E[ϕ(X0)(q̂+,0(Xt∧S+
A∪B(0))− q̂+,0(X0)) | X0 ∼ µ], (4.40c)

and q+ can be approximated as

q
σ,τ
+ (x) = E

[
q̂
σ,τ
+ (Xτ∧S+

A∪B(0))−
τ/σ∑
n=1

δq
σ,τ
+,n(X(τ−nσ)∧S+

A∪B(0))

∣∣∣∣ X0 = x

]
. (4.41)

4.3.4 Backward committor

The backward committor is the probability that a trajectory ending at x exited A after B,

q−(x) = E[1A(XS−
A∪B(0)) | X0 = x], (4.42)
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where S−A∪B(0) = min{t ≤ 0 | Xt ∈ A ∪B}. The backward committor satisfies

(T −tA∪B − I)q− = 0 (4.43)

with boundary condition q−(x) = 1A(x) for x ∈ A ∪B.

T −tA∪Bf(x) = E[f(X(−t)∨S−
A∪B(0)) | X0 = x] (4.44)

is the stopped transition operator for the time-reversed process. We take conditional ex-

pectations backward-in-time with respect to the time-reversed process: given an infinite,

statistically stationary trajectory X, we look backward in time from each time t where Xt = x.

Mathematically,

E[f(X(−t)∨S−
A∪B(0)) | X0 = x]

=

∫
E[f(X(−t)∨S−

A∪B(0)) | X0 = x,X−τ = x′]π(x′) dx′, (4.45)

which follows from the definition of conditional probability and π(x) = P[X−τ = x]. Because

π(x) = w(x)µ(x) = P[X0 = x] = P[X−τ = x],

⟨g, T −tA∪Bf⟩ =
∫
E[g(X0)f(X(−t)∨S−

A∪B(0)) | X0 = x]µ(x) dx

= E

[
g(X0)f(X(−t)∨S−

A∪B(0))
w(X−τ )
w(X0)

∣∣∣∣ X−τ ∼ µ

]
, (4.46)
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as we show explicitly in Strahan et al. [5] (with the zero of time shifted). The corresponding

matrices are

Kt = ⟨ϕ, T −tA∪Bϕ
T⟩

= E

[
ϕ(X0)ϕ(X(−t)∨S−

A∪B(0))
w(X−τ )
w(X0)

∣∣∣∣ X−τ ∼ µ

]
, (4.47a)

Gt = ⟨ϕ, (T −tA∪B − I)ϕ
T⟩

= E

[
ϕ(X0)(ϕ(X(−t)∨S−

A∪B(0))− ϕ(X0))
w(X−τ )
w(X0)

∣∣∣∣ X−τ ∼ µ

]
, (4.47b)

ht = ⟨ϕ, (T −tA∪B − I)q̂−,0⟩

= E

[
ϕ(X0)(q̂−,0(X(−t)∨S−

A∪B(0))− q̂−,0(X0))
w(X−τ )
w(X0)

∣∣∣∣ X−τ ∼ µ

]
. (4.47c)

We estimate q− as

q
σ,τ
− (x) = E

[
q̂
σ,τ
− (X(−τ)∨S−

A∪B(0))−
τ/σ∑
n=1

δq
σ,τ
−,n(X(−τ+nσ)∨S−

A∪B(0))

∣∣∣∣ X0 = x

]
. (4.48)

4.4 Numerical examples

In this section, we demonstrate our method on two systems. We first illustrate our method

with a two-dimensional triple-well potential, for which an exact reference can be calculated

using finite-differences. We next test our method on a more complex system, AIB9, for which

we have long, unbiased trajectories as a reference.

4.4.1 Two-dimensional triple-well

In this section, we illustrate DGA with memory on a simple model system. The system is a

drift-diffusion process obeying the Fokker–Planck equation

∂tpt(x) = ∇ · (pt(x)∇V (x)) + β−1∇2pt(x) (4.49)
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Figure 4.1: Potential energy surface of the two-dimensional triple-well. The boundaries of
sets A and B are indicated using dotted lines. (a) Contours are drawn every 0.5β−1. (b)
8× 8 grid basis used for DGA and DGA with memory.

where β is the inverse temperature, which we set to β = 2, x = (χ1, χ2), and V is the

potential [138]

V (χ1, χ2) = 3e−χ
2
1−(χ2−1/3)2 − 3e−χ

2
1−(χ2−5/3)2

− 5e−(χ1−1)2−χ2
2 − 5e−(χ1+1)2−χ2

2

+ 0.2χ41 + 0.2(χ2 − 1/3)4. (4.50)

We define the reactant state A and product state B as circles with radii 0.25 centered at

(±1.05,−0.05), respectively (Fig. 4.1a).

We discretize the system on a 80×80 grid of equally-spaced points (with spacing h = 0.05)
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DGA (τ/σ = 1) and DGA with memory (τ/σ = 5). DGA with memory requires shorter lag
times to achieve comparable results to DGA.

in the range [−2, 2]× [−1.5, 2.5]. The dynamics of this discretized system follow the master

equation [4, 135]

∂tpt(x) =
∑
x′
pt(x

′)L(x′, x), (4.51)

where the elements of the matrix L are

L(x, x′) = 2β−1

h2
1

1 + e−β(V (x)−V (x′))
(4.52)
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Figure 4.4: Dependence of the estimated inverse rate constant k−1AB for the two-dimensional
triple-well on (a) τ with a fixed number of memory terms, (b) τ with fixed σ, and (c) the
number of memory terms with fixed τ . The true value of the inverse rate constant is indicated
by the dashed line.

for x− x′ ∈ {(0,±h), (±h, 0)}, L(x, x) = −
∑

x′ ̸=x L(x, x′), and L(x, x′) = 0 otherwise. We

use L to calculate finite-time operators such as (T t)† and T t
B . These expressions are given in

Appendix 4.7. We then directly compute the DGA matrices by taking inner products. For

example, we compute (4.32a) as

⟨ϕ, (T t)†ϕT⟩ =
∑
x,x′

µ(x)ϕ(x)(T t)†(x, x′)ϕT(x′),

where (T t)†f(x) =
∑

x′(T t)†(x, x′)f(x′).

We calculate reference statistics by directly solving (4.31), (4.35), (4.39), and (4.43). For

the DGA calculations, we use a basis of 64 indicator functions on an equally-spaced 8× 8 grid

in the range [−2, 2]× [−1.5, 2.5], as shown in Fig. 4.1b. Operationally, we first calculate the

stationary distribution π using (4.33) with an arbitrary distribution of initial conditions and

ŵ0 = 1; we subtract the mean from each basis function to normalize π. For other statistics,

we use the resulting stationary distribution (estimated with the same σ and τ) for µ, and we
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set the value of each basis function to zero for points in B (for m) or A ∪B (for q+ and q−).

We use guess functions m̂0 = 0, q̂+,0 = 1B , and q̂−,0 = 1A.

In Fig. 4.2, we show the stationary distribution (π), the MFPT to B (m), and the forward

and backward committors for the reaction A to B (q+ and q−). The improvement due to

memory is most noticeable in the MFPT, which we plot in Fig. 4.3. For DGA (τ/σ = 1), a

lag time of τ = 1 is required for wσ,τ to qualitatively match the reference in Fig. 4.2. On the
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Figure 4.6: Effect of lag time and number of memory terms on the mean of the absolute
value of the relative error for each dynamical statistic for the two-dimensional triple-well.
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other hand, for DGA with memory (τ/σ = 5), τ = 0.05 is sufficient to obtain a reasonable

approximation of the reference. When trajectory length is the limiting factor, this shorter

lag time directly translates to an order of magnitude savings in simulation time.

We look at the effect of varying parameters σ and τ in Fig. 4.4. We focus on the rate

constant kAB for the transition from A to B because it is the most sensitive to errors; we

calculate it as the inverse of the MFPT from configurations in the A state [139]:

k−1AB =

∫
A
m(x)π(x) dx. (4.53)

For this system, the true inverse rate constant is k−1AB ≈ 57. In Fig. 4.4a, keeping the number

of memory terms constant (by fixing τ/σ) and increasing τ makes the rate constant converge

to the correct value. The best improvement that DGA with memory can give over DGA

for a particular τ (which is limited by the data set) can be seen by comparing the τ/σ = 1

(DGA) curve with the τ/σ = 10 curve (which is approximately the same as the τ/σ = ∞

limit). The inverse rate converges at τ ≈ 10 without memory and at τ ≈ 0.05 with memory.

In Fig. 4.4b, keeping σ constant and increasing the number of memory terms also leads to

convergence to the correct value. We note that DGA with memory overestimates the inverse

rate around τ = 0.05: memory can overcorrect for the error, so one must be careful when

assessing convergence since the curve may appear flat at local extrema. In Fig. 4.4c, we

consider the effect of increasing the number of memory terms with fixed τ . In this case, the

result does not converge to the true value but instead retains a fixed error when τ is too

short for the orthogonal variables to relax (see Appendix 4.6 for a graphical explanation).

These results inform our procedure for selecting τ and σ. Namely, we increase τ with

fixed τ/σ until statistics of interest converge, as in Fig. 4.4a. Our examples suggest that we

could instead hold σ fixed, as in Fig. 4.4b, but we expect this procedure to be more sensitive

to statistical error in more demanding applications because it increases the number of terms

in the memory sum.
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A � B

Figure 4.7: A and B configurations of AIB9. Carbon, nitrogen, oxygen, and hydrogen atoms
are colored cyan, blue, red, and white, respectively.

To demonstrate that these improvements are not specific to the MFPT and the rate

constant, we plot the errors in other dynamical statistics in Figs. 4.5 and 4.6. We calculate

relative errors for π and m as ∆uσ,τ/u, and for q+ and q− as ∆uσ,τ/(u(1 − u)), where

∆uσ,τ = uσ,τ − u. In Fig. 4.5, we look at the relative error in each dynamical statistic at

τ = 0.05. In all cases, we observe that DGA with memory (τ/σ = 5) has a significantly lower

error than DGA (τ/σ = 1). We note that DGA has large regions of errors with the same sign,

while DGA with memory has smaller regions of oscillating errors from memory-corrections

with opposing signs. In Fig. 4.6, we look at the mean of the absolute value of the relative

error in regions with V ≤ 0 (where the system spends the most time; see Fig. 4.1) for each

of the dynamical statistics. In all cases, DGA with memory outperforms DGA at the same

lag time, especially at shorter lag times. We observe that, for τ/σ > 2, DGA with memory

estimates for all statistics converge at τ ≈ 0.1, even though each statistic has a different

memory kernel. In contrast, for DGA (τ/σ = 1), m requires a much larger τ to converge

than other statistics.

124



−6

−4

−2

0

2

4

6

χ
2 A B

−7 −5 −3 −1 1 3 5 7

χ1

−6

−4

−2

0

2

4

6

χ
2 A B

0 5 10
PMF/kBT

(a)

(b)

Figure 4.8: (a) Potential of mean force of AIB9 in the (χ1, χ2) CV space with the 2 metastable
states A and B labeled. Contours are drawn every kBT . (b) Location and coordinates of the
centers (dots) of the 18 states in the CV space. Note that multiple different intermediates
(30 different intermediates appear as 16 states) may overlap in the same location in the CV
space. Edges of the basis functions are indicated by lines.

4.4.2 Left-to-right helix transition in AIB9

To demonstrate DGA with memory for a molecular system, we analyze the dynamics of AIB9,

a peptide consisting of nine α-aminoisobutyric acid (AIB) residues. AIB is an unnatural

achiral amino acid which forms both left-handed and right-handed 310 helices with equal

probability. The left-to-right helix transition was previously studied using MSMs and long,

unbiased molecular dynamics simulations [140, 141]. We recently performed both short and

long simulations and used the resulting data to estimate statistics with MSMs and neural

networks [135].
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Figure 4.9: Reference statistics for AIB9 calculated from the long trajectories. From left to
right, the stationary distribution (π), the MFPT to the all-right state B (m), the forward
committor for the transition from the all-left state A to all-right state B (q+), and the
backward committor for the same transition (q−).

Each amino acid can isomerize between left-handed (l) and right-handed (r) states, which

are defined by the ϕ and ψ dihedral angles. Similarly to Strahan et al. [135], we take an amino

acid to be in the l state if its dihedral angle values are within a circle of radius 25◦ centered

at (41◦, 47◦), that is (ϕ− 41◦)2 + (ψ − 47◦)2 ≤ (25◦)2. Amino acids are classified as being in

the r state using the same radius, but centered instead at (−41◦,−47◦). States A and B are

defined by the amino acids at sequence positions 3–7 being all l or all r, respectively. We

show such configurations in Fig. 4.7. We do not use the two residues on each end of AIB9 in

defining the states as these are typically more flexible [141].

The data sets that we use are from Strahan et al. [135]. For that work, we ran simulations

in OpenMM 7.7.0 [142] using the Langevin integrator at 300K with a friction coefficient of

1 ps−1 and a time step of 4 fs. We used AIB parameters from Forcefield NCAA [143] with a

hydrogen mass repartitioning scheme [144] and the GBNeck2 implicit-solvent model [145].

The short-trajectory data set that we analyze consists of 10 trajectories of duration 20 ns from

each of the 691 starting configurations in Perez et al. [141]. The data set thus contains 6,910

trajectories, corresponding to a total sampling time of 138.2 µs. As a reference for comparison,

we use 20 simulations of 15 µs with the same simulation parameters, corresponding to a total

sampling time of 300µs. In addition, we augment the reference data set with its reflection
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Figure 4.10: Mean first passage time to the all-right B state for AIB9 estimated using DGA
(τ/σ = 1) and DGA with memory (τ/σ = 5), at different lag times τ . DGA with memory
requires shorter lag times to achieve comparable results to DGA.

(since AIB9 is achiral).

We visualize results on the CV space

χ1 = γ3 + γ4 + γ5 + γ6 + γ7, (4.54a)

χ2 = γ3 + γ4 − γ6 − γ7, (4.54b)

where γi = −0.8(sinϕi + sinψi). The l state has γ ≈ −1 and the r state has γ ≈ 1, although

these values also contain states other than l and r. We choose these CVs because they

can distinguish the 10 most populated states and have physical meaning: χ1 measures the

chirality of a configuration, and χ2 measures the difference in chirality between the two

halves of the molecule. These CVs are similar to the first two principal components of the

dihedral angle dynamics, which were used in Strahan et al. [135], Perez et al. [141], and Sittel

et al. [146]. We project statistics onto the CV space using a kernel density estimate with a

Gaussian kernel with a scale parameter of 0.2.

We compute the potential of mean force (PMF) on the (χ1, χ2) space from a histogram of

CV pairs sampled in the reference data set (Fig. 4.8a). This shows the metastable A and B
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Figure 4.11: Dependence of the estimated AIB9 inverse rate constant on (a) τ with fixed
τ/σ, (b) τ with fixed σ, and (c) τ/σ with fixed τ . The true inverse rate constant is between
50 ns and 60 ns, which is indicated by the gray region.

states on the left and right sides, respectively, as well as the intermediate states connecting

them. In Fig. 4.9, we show the reference statistics for the stationary distribution, the MFPT

to the B state, and the forward and backward committors from the A state to the B state.

For the DGA calculations, we use a basis of 18 indicator functions on the (χ1, χ2) space as

shown in Fig. 4.8b. These indicator functions are Voronoi cells with centers at points (χ1, χ2)

with each γi = ±1. We compute statistics using the same procedure as in Sec. 4.4.1, where

we first estimate the stationary distribution and then use it for other statistics. However,

here we use short-trajectory data. We use a rolling window, so all choices of σ and τ use the

same amount of data.

In Fig. 4.10, we look at the MFPT, which, as for the two-dimensional triple-well, most

clearly shows the improvement due to memory. At τ = 0.05 ns, DGA with memory (τ/σ = 5)

is quite similar to the reference (Fig. 4.9); DGA (τ/σ = 1), on the other hand, drastically

underestimates the MFPT in all of the CV space. DGA with memory results at τ = 0.2 ns

are comparable to DGA results at τ = 1ns. Looking at the inverse rate constant from A to B

(Fig. 4.11), which we estimate to be between 50 ns and 60 ns from the reference trajectories,
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Figure 4.12: Relative errors in DGA (τ/σ = 1) and DGA with memory (τ/σ = 5) estimates
of the AIB9 dynamical statistics at lag time τ = 0.05 ns.

DGA with memory enters the correct range at τ ≈ 0.05 ns, whereas DGA requires an order

of magnitude more, τ ≈ 0.5 ns.

We calculate errors by first projecting onto the (χ1, χ2) space, then using the relative

error formulas as described in Sec. 4.4.1. We restrict the points used to calculate the mean

absolute value of the relative absolute error to those with |χ1|+ |χ2| ≤ 7 and |χ2| ≤ 5.5 due

to a lack of samples outside of this region. The committors show limited improvement with
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Figure 4.13: Effect of lag time and number of memory terms on the mean of the absolute
value of the relative error for each dynamical statistic for AIB9.
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memory (as shown in Figs. 4.12 and 4.13), so we focus on the stationary distribution and the

MFPT. In Fig. 4.12, we show the results of DGA (τ/σ = 1) and DGA with memory (τ/σ = 5)

at τ = 0.05 ns. Both algorithms accurately estimate the stationary probabilities of states

A and B even at this short lag time, but DGA overestimates the weights of intermediates,

especially the minor intermediates in the center. DGA drastically underestimates the MFPT

to the B state in all regions. Fig. 4.13 shows that, for the stationary distribution and MFPT,

DGA with memory requires an order magnitude shorter lag time to achieve comparable error

to DGA. Note that the error fails to reach zero and even increases at longer lag times for π,

q+, and q−; this is due to an increase in statistical error at longer lag times in both the DGA

estimates and the reference statistics. Overall, the relative performances of DGA and DGA

with memory for AIB9 are qualitatively similar to those for the two-dimensional triple-well,

despite the complications that we compute the statistics for AIB9 from limited simulation

data and quantify the error following projection to the (χ1, χ2) space.

4.5 Conclusions

In this chapter, we incorporate memory to improve the accuracy of statistics estimated by

dynamical Galerkin approximation. Our work builds on numerical approaches for solving the

orthogonal dynamics equation of the Mori–Zwanzig formalism [136] and quasi-MSMs [7, 133,

134] and shows that the basic concept behind these approaches can be generalized and used

to compute much more than relaxation time scales. A key feature of quasi-MSMs and the

present approach is that the memory corrections are obtained by directly inverting a GME, so

that it is not necessary to assume a particular functional form for the memory. Quasi-MSMs

and DGA with memory also contrast with traditional applications of the Mori–Zwanzig

formalism in that the models are high-dimensional. As a result, the memory decays rapidly,

and we find that even a few correction terms are sufficient to achieve high accuracy (with most

of the correction coming from the first term beyond the Markov model). In our numerical
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experiments, the memory correction decreases the data requirement by an order of magnitude.

Our approach has numerical advantages over quasi-MSMs and other methods that predict

long-time statistics by integrating the GME. Integrating the GME requires estimating the full

coarse-grained propagator and then using it to extrapolate in time. Solving statistic-specific

equations, as we do here, allows better control of errors. In particular, because boundary

conditions and other constraints are satisfied regardless of the choice of τ and σ, we can

increase τ to decrease the error while keeping τ/σ small. A separate strategy that can be

applied to improve the numerical performance further is to integrate over lag times [9, 133].

While DGA with memory can decrease the sensitivity of estimates to the choice of basis,

a choice must still be made. To address this issue, we recently introduced an inexact subspace

iteration to learn a basis represented by neural networks [135]. In Strahan et al. [135], we

apply the memory correction after we learn the basis, but one could apply it after each

subspace iteration to accelerate convergence. Even when the representation of a dynamical

statistic does not have the form in (4.8) (e.g., Strahan et al. [147], or the Richardson iterate

in Strahan et al. [135]), one could define a nonlinear projection operator and in turn compute

a memory correction to compensate for deficiencies of the input features.

It would be interesting to compare the Mori–Zwanzig approach to memory taken here to

alternative means of treating memory, such as delay embedding [4, 5, 111, 113, 114], with

regard to data requirements and robustness to hyperparameter choices for high-dimensional

models like those considered here.

4.6 Graphical depiction of the effect of memory

We compare DGA (τ/σ = 1) and DGA with memory (τ/σ = 2) graphically in Fig. 4.14.

The projected dynamics move the system horizontally, while the orthogonal dynamics move

it vertically. We show early iterations in Fig. 4.14a and the fixed point in Fig. 4.14b. The

iterations alternate between using length-τ trajectories to propagate the projected function
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Figure 4.14: Schematic of the iterations and their solutions. (a) Inexact Richardson iteration
corresponding to DGA (τ/σ = 1, (4.12)) and DGA with memory (τ/σ = 2, (4.21)). The
exact Richardson iteration in (4.15) is plotted is gray. (b) Solutions to DGA (τ/σ = 1) and
DGA with memory (τ/σ = 2). To guide the eye, exact Richardson iterations starting at
different projections are plotted in gray.

ûτt to uτt+τ (colored curves) and projecting back onto the subspace spanned by the basis

(dashed lines).

In the case of DGA (Fig. 4.14a, τ/σ = 1), the iteration (4.12) rapidly diverges from

the exact iteration in (4.15), which is plotted in gray. The fixed point (4.12) occurs when

propagating ûτ for lag time τ to uτ such that projecting returns the same ûτ (Fig. 4.14b). As

drawn, fast variables propagate ûτ up and to the right, and slow variables ultimately return

the system so as to be directly above ûτ , yielding the blue curve. In the absence of error due

to sampling trajectories, ûτ deviates from û because τ is insufficiently long for uτ to reach u.

Comparing the iteration without memory (τ/σ = 1) to the iteration with memory

(τ/σ = 2), we see that the latter approximates the exact iteration with significantly greater
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accuracy. Each iteration with memory shown in the figure consists of four steps: (1)

propagating ûσ,τt by time σ (which initially moves the system up and to the right as drawn);

(2) adjusting the projected variable with the orthogonal projection so that the projection is

û
σ,τ
σ (which moves the system to the left horizontally); (3) propagating by another time σ to

u
σ,τ
t+2σ (which again moves the system up and to the right); (4) projecting to ûσ,τt+2σ (which

moves the system vertically). More generally, τ/σ steps, each of which propagates the system

for time σ, and (τ/σ)− 1 projected value adjustments are performed in each iteration, and

(τ/σ)− 1 iterations are inserted between those corresponding to DGA.

As for the case of DGA, the fixed point is reached when the final projection in each step

of the iteration returns the system to ûσ,τ (Fig. 4.14b, bottom). In DGA, the fast modes

propagate ûτ toward the upper right; τ must be long enough for the slow mode to correct

this additional rightward shift. The impact of the memory correction is to eliminate this shift,

so that if τ is sufficiently large to relax the fast modes that affect the projected variable, the

deviation from u depends only on the interaction between the slow modes and the orthogonal

variables.

4.7 Computing finite-time operators using the infinitesimal

generator

In this section, we express the finite-time operators (e.g., T t and T t
B) in terms of the

infinitesimal generator

L = lim
ϵ→0+

T ϵ − I
ϵ

. (4.55)

For a continuous-time Markov jump process on a finite discrete state space, L is a matrix

(e.g., (4.52)) and functions on the grid are vectors, so

Lf(x) =
∑
x′
L(x, x′)f(x′), (4.56)
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and we can evaluate expressions in terms of L directly.

4.7.1 Transition operator

The transition operator can be expressed as

T t = (T ϵ)t/ϵ = lim
ϵ→0+

(I + ϵL)t/ϵ = etL. (4.57)

Similarly,

(T t)†(x, x′) = etL
†
(x, x′), (4.58)

and

L†(x, x′) = µ(x′)L(x′, x)/µ(x) (4.59)

from the definition of the adjoint.

4.7.2 Stopped transition operator

Here, we express the stopped transition operator in terms of the infinitesimal generator. To

this end, we observe that

f(Xt∧S+
B (0)) = lim

ϵ→0+

(
f(X0) +

(t/ϵ)−1∑
n=0

[ n∏
n′=0

1Bc(Xn′ϵ)

]
(f(X(n+1)ϵ)− f(Xnϵ))

)
. (4.60)
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That is, at time nϵ, we propagate the process forward-in-time only if nϵ < S+B (0) (the product

above is 1 only if X0, . . . , Xnϵ ∈ Bc and 0 otherwise). Therefore, we can express (4.6) as

T t
Bf(x) = E[f(Xt∧S+

B (0)) | X0 = x] (4.61)

= lim
ϵ→0+

(
f(x) +

(t/ϵ)−1∑
n=0

(D(1Bc)T ϵ)nD(1Bc)(T ϵ − I)f(x)
)

(4.62)

= f(x) +

∫ t

0
et

′D(1Bc)LD(1Bc)Lf(x) dt′ (4.63)

= etD(1Bc)Lf(x). (4.64)

We substitute (4.60) into (4.61) and express the resulting conditional expectation in terms of

T ϵ(x, x′) = P[Xt+ϵ = x′ | Xt = x] to obtain (4.62). Taking the limit ϵ → 0+ yields (4.63),

and evaluating the integral yields (4.64). We define D(g) to be a diagonal matrix with entries

D(g)(x, x) = g(x); the matrix D(1Bc)L has entries

(D(1Bc)L)(x, x′) = 1Bc(x)L(x, x′). (4.65)
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We evaluate the integral
∫ t
0 T

t′
B 1Bc dt′ =

∫ t
0 e

t′D(1Bc)L1Bc dt′ in (4.36c) using the identity

exp

t
D(1Bc)L 1Bc

0 0




= lim
ϵ→0+


I 0

0 I

+ ϵ

D(1Bc)L 1Bc

0 0




t/ϵ

= lim
ϵ→0+

(I + ϵD(1Bc)L)t/ϵ ϵ
∑(t/ϵ)−1

n=0 (I + ϵD(1Bc)L)n1Bc

0 I


=

etD(1Bc)L ∫ t
0 e

t′D(1Bc)L1Bc dt′

0 1

 , (4.66)

That is, we compute the exponential and then take only the upper right element of the result.

4.7.3 Stopped transition operator for the time-reversed process

Similarly to (4.60) to (4.64), we use the identity

f(X(−t)∨S−
A∪B(0))

= lim
ϵ→0+

(
f(X0) +

(t/ϵ)−1∑
n=0

[ n∏
n′=0

1(A∪B)c(X−n′ϵ)
]
(f(X−(n+1)ϵ)− f(X−nϵ))

)
(4.67)
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to express (4.46) as

⟨g, T −tA∪Bf⟩

= E

[
g(X0)f(X(−t)∨S−

A∪B(0))
w(X−τ )
w(X0)

∣∣∣∣ X−τ ∼ µ

]
(4.68)

= lim
ϵ→0+

∑
x

g(x)µ(x)

w(x)

(
f(x)(T τ )†w(x)

+

(t/ϵ)−1∑
n=0

[
(D(1(A∪B)c)(T

ϵ)†)nD(1(A∪B)c)

× ((T ϵ)†D(f)−D(f)(T ϵ)†)(T τ−(n+1)ϵ)†w(x)
])

(4.69)

=
∑
x

g(x)µ(x)

w(x)

(
f(x)eτL

†
w(x) +

∫ t

0

[
et

′D(1(A∪B)c)L†D(1(A∪B)c)

× (L†D(f)−D(f)L†)e(τ−t
′)L†w(x)

]
dt′
)
.

(4.70)

We substitute (4.67) into (4.68) and expand the resulting expectation in terms of (T ϵ)†(x, x′) =

P[Xt+ϵ = x | Xt = x′]µ(x′)/µ(x) to obtain (4.69). Taking the limit ϵ → 0+ yields (4.70),

where the entries of the matrices D(1(A∪B)c)L† and D(1(A∪B)c)(L†D(f)−D(f)L†) are

(D(1(A∪B)c)L
†)(x, x′) = 1(A∪B)c(x)L

†(x, x′), (4.71)

(D(1(A∪B)c)(L
†D(f)−D(f)L†))(x, x′) = 1(A∪B)c(x)L

†(x, x′)(f(x′)− f(x)). (4.72)
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Likewise,

⟨g, (T −tA∪B − I)f⟩

= E

[
g(X0)(f(X(−t)∨S−

A∪B(0))− f(X0))
w(X−τ )
w(X0)

∣∣∣∣ X−τ ∼ µ

]
(4.73)

=
∑
x

g(x)µ(x)

w(x)

∫ t

0
et

′D(1(A∪B)c)L†D(1(A∪B)c)(L
†D(f)−D(f)L†)e(τ−t

′)L†w(x) dt′.

(4.74)

The integrals in (4.70) and (4.74) can be evaluated similarly to (4.66):

exp

t
D(1(A∪B)c)L† D(1(A∪B)c)(L†D(f)−D(f)L†)

0 L†


 (4.75)

=

etD(1(A∪B)c)L† ∫ t
0 e

t′D(1(A∪B)c)L†D(1(A∪B)c)(L†D(f)−D(f)L†)e(t−t
′)L† dt′

0 eL
†t

 .
(4.76)

The expressions for T −tA∪B are more complicated than those for T t
A∪B because we want

(4.70) and (4.74) to be equivalent to (4.68) and (4.73), respectively, when w is approxi-

mated. If we evaluate them without approximating w, L†w = 0 and eL
†tw = w; therefore,

⟨g, T −tA∪Bf⟩ =
∑

x,x′(g(x)µ(x)/w(x))e
tD(1(A∪B)c)L†(x, x′)f(x′)w(x′) and ⟨g, (T −tA∪B − I)f⟩ =∑

x,x′(g(x)µ(x)/w(x))(e
tD(1(A∪B)c)L† − I)(x, x′)f(x′)w(x′).
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CHAPTER 5

EXACT VARIATIONAL COMMITTOR NETWORKS

For a transition between two stable states, the committor is the probability that the dynamics

leads to one stable state before the other. It can be estimated from trajectory data by

minimizing an expression for the transition rate that depends on a lag time. We show that an

existing such expression is minimized by the exact committor only when the lag time is a single

time step, resulting in a biased estimate in practical applications. We introduce an alternative

expression that is minimized by the exact committor at any lag time. Numerical tests on

benchmark systems demonstrate that our committor and resulting transition rate estimates

are much less sensitive to the choice of lag time. We derive an additional expression for the

transition rate, relate the transition rate expression to a variational approach for kinetic

statistics based on the mean-squared residual, and discuss further numerical considerations

with the aid of a decomposition of the error into dynamic modes.

5.1 Introduction

For a reaction in which a system transitions from a reactant state A to a product state B, the

probability that the dynamics leads to B before A from a microscopic state x—known as the

commitment probability or splitting probability, or simply the committor q(x)—is a natural

(arguably optimal [73, 148–153]) reaction coordinate. Directly computing the committor for

a microscopic state x involves simulating many trajectories from x to the A and B states.

Though machine learning can be used to make efficient use of this information [108, 109,

154–156], directly computing the committor is prohibitively computationally expensive for

many systems. To avoid this expense, many algorithms have been proposed which exploit

the Markov structure of the underlying process to learn an estimate of the committor using a

dataset of short trajectories (most neither beginning in A nor ending in B) initialized from
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states distributed throughout the state space [4, 5, 135, 147, 157–168].

Specifically when the dynamics satisfy detailed balance and the trajectory data are from an

equilibrium simulation, the committor can be approximated by minimizing the loss function

[158]:

Φ =
1

2τ
E[(q(Xτ )− q(X0))

2], (5.1)

where Xt is the state of the Markov process at time t, with X0 drawn from the equilibrium

distribution. The parameter τ is known as the lag time. While (5.1) can be viewed as a

finite-time approximation of the loss function E[∥∇q∥2], which has also been minimized

to approximate the committor function [157, 167, 169–171], (5.1) can also be derived by

minimizing the steady-state flux between A and B [172–174]. Below, we obtain this expression

from transition path theory [73, 150, 151].

Minimization of (5.1) yields the exact committor function when the lag time is a single

time step. However, often analyses are performed for a projection onto a subset of variables

(e.g., the positions without the velocities, the solute but not solvent degrees of freedom,

distances between selected atoms, etc.), and the dynamics of these variables are generally

non-Markovian at such short lag times [88]. At longer lag times, the Markov assumption

better holds for projected dynamics [175], but then, as we discuss below, the exact committor

no longer minimizes (5.1). In this chapter, we address this issue by introducing a variational

expression that yields the exact committor and transition rates for arbitrary lag times.

The chapter is organized as follows. We review committors in Section 5.2.1 and outline

the derivation of a multiple-time-step estimator for the transition rate in Section 5.2.2; details

of the derivation are provided in Appendix 5.5. Based on the estimator for the transition

rate, we introduce a multiple-time-step variational expression in Section 5.2.3 and discuss its

relation to (5.1) and the loss function in Li et al. [157]. Then we discuss how the error in

the committor can be quantified and introduce an improved estimator using two lag times

in Section 5.2.4, with further discussion in Appendices 5.6 to 5.8. We describe the neural
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network architectures that we use in Section 5.3.1 and the systems and data that we use for

our numerical tests in Section 5.3.2. We show how our formulation improves committor and

transition rate estimates in Sections 5.3.3 to 5.3.5. We discuss possible directions for future

research in Section 5.4 and additional numerical considerations in Appendix 5.9.

5.2 Theory

We consider a discrete-time stationary ergodic Markov processXt with time step ϵ. Continuous-

time dynamics can be obtained by taking the limit ϵ→ 0. We assume that states A and B

are disjoint, and define the transition region D = (A ∪B)c.

5.2.1 Committor

The forward committor q(x) is the probability that a system at x will enter B before

A. The backward committor q̄(x) is the probability that a system at x exited A after B.

Mathematically, they are defined as

q(x) = E[1B(XSt) | Xt = x], (5.2)

q̄(x) = E[1A(XS̄t
) | Xt = x], (5.3)

where

St = min{s | s ≥ t,Xs /∈ D}, (5.4)

S̄t = max{s | s ≤ t,Xs /∈ D}, (5.5)

and

1C(x) =


1 if x ∈ C,

0 otherwise.
(5.6)
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When the dynamics obey detailed balance, the forward and backward committors are related

by q̄ = 1− q.

Committors can be estimated from single-step trajectories by solving the boundary value

problems:

q(x) = E[q(Xt+ϵ) | Xt = x], (5.7)

q̄(x) = E[q̄(Xt−ϵ) | Xt = x], (5.8)

for x ∈ D, with boundary conditions q(x) = 1B(x) and q̄(x) = 1A(x) for x /∈ D. These

boundary value problems follow from applying the law of total expectations (at times t− ϵ

and t+ ϵ, respectively) to (5.2) and (5.3) when x ∈ D. We emphasize that (5.7) and (5.8)

are exact only when ϵ is a single time step.

Definining (t+ τ) ∧ St = min{t+ τ, St} and (t− τ) ∨ S̄t = max{t− τ, S̄t}, for multiple

time steps, the boundary value problems are instead

q(x) = E[q(X(t+τ)∧St) | Xt = x], (5.9)

q̄(x) = E[q̄(X(t−τ)∨S̄t) | Xt = x], (5.10)

with the same boundary conditions as the single time step case. These boundary value

problems follow from applying the law of total expectations (at times (t + τ) ∧ St and

(t− τ) ∨ S̄t, respectively) to (5.2) and (5.3). They are exact for arbitrary τ ≥ 0 because St

and S̄t stop the process when it hits A or B. Unlike the single time step case, (5.9) and

(5.10) also hold for x /∈ D.
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5.2.2 Transition rate

Denoting the number of transition paths from A to B within the trajectory segment X[t,t′]

by NAB(X[t,t′]), the transition rate Φ is the mean of NAB per unit time:

Φ = lim
T→∞

1

2T
NAB(X[−T,T ]). (5.11)

This rate is symmetric with respect to A and B and differs from the standard transition

rate from A to B defined in transition path theory, which accounts for the time the process

spends in state A [73, 150, 151]. In Appendix 5.5, we use transition path theory to derive an

expression for the transition rate in terms of committors and finite-length trajectories:

Φ =
1

τ
E[f(X[0,τ ])], (5.12)

where

f(X[t,t′]) = q̄(Xt)1D(Xt′∧St)q(Xt′)(ξ(Xt′)− ξ(Xt))

+ 1A(Xt∨S̄t′
)q(Xt′)(ξ(Xt′)− 0)

+ q̄(Xt)1B(Xt′∧St)(1− ξ(Xt))

+NAB(X[t,t′]), (5.13)

and ξ is a reaction coordinate that satisfies ξ(x) = 0 for x ∈ A and ξ(x) = 1 for x ∈ B.

The terms on the right hand side of (5.13) correspond respectively to contributions from

transition paths that start before t and end after t′; start within [t, t′] and end after t′; start

before t and end within [t, t′]; and both start and end within [t, t′]. In the case that τ = ϵ,

(5.13) reduces to

f(X[t,t+ϵ]) = q̄(Xt)q(Xt+ϵ)(ξ(Xt+ϵ)− ξ(Xt)). (5.14)
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Expression (5.14) can also be derived from the transition path theory formula for the reactive

flux through a separating surface between A and B, by integrating over level sets of ξ [5].

We emphasize that (5.13) and (5.14) do not rely on detailed balance.

When the dynamics satisfy detailed balance, such that q̄ = 1 − q, we can manipulate

(5.12) to obtain an expression for the transition rate that is quadratic in the committor. To

this end, we set ξ = q and define the time-reversed trajectory X̄[t,t′] = (Xt′ , Xt′−ϵ, . . . , Xt).

Then, we can write (5.12) as

Φ =
1

2τ
E[f(X[0,τ ]) + f(X̄[0,τ ])] (5.15)

=
1

τ
E[g(X[0,τ ], q)], (5.16)

where

g(X[t,t′], u) =
1

2
(1D(Xt′∧St)(u(Xt′)− u(Xt))

2

+ 1Dc(Xt′∧St)(1B(Xt′∧St)− u(Xt))
2

+ 1Dc(Xt∨S̄t′
)(u(Xt′)− 1B(Xt∨S̄t′

))2

+NAB(X[t,t′]) +NBA(X[t,t′])). (5.17)

When τ = ϵ, (5.16) reduces to

Φ =
1

2ϵ
E[(q(Xϵ)− q(X0))

2]. (5.18)

Expression (5.18) was previously obtained by Roux from the formula for the reactive flux

through a separating surface. [172]

144



5.2.3 Variational loss functions

Expressions (5.16) and (5.18) can be used to optimize the committor and transition rate.

Given a model u(x) for the committor, we can define the loss function

L̃τ (u) =
1

τ
E[g(X[0,τ ], u)]. (5.19)

We note that this loss function includes a soft penalty for the boundary conditions:

g(X[t,t′], u) = g(X[t,t′], û) +
1

2
1Dc(Xt)(u(Xt)− 1B(Xt))

2 +
1

2
1Dc(Xt′)(u(Xt′)− 1B(Xt′))

2,

(5.20)

where we have introduced the function û(x) that is identical to u(x) for x ∈ D, but satisfies

the boundary condition û(x) = 1B(x) for x ∈ Dc exactly. The gradient of (5.19) with respect

to parameters θ is

∇θL̃τ (u) =
1

τ
E[∇θu(X0)(u(X0)− û(Xτ∧S0)) +∇θu(Xτ )(u(Xτ )− û(X0∨S̄τ ))], (5.21)

which is zero when u = q by (5.9) and (5.10).

When τ = ϵ, (5.19) reduces to

Lτ (u) =
1

2τ
E[(û(Xτ )−û(X0))

2+1Dc(X0)(u(X0)−1B(X0))
2+1Dc(Xτ )(u(Xτ )−1B(Xτ ))

2].

(5.22)

The last two terms in the expectation impose a soft penalty for the boundary conditions.

The gradient of (5.22) is

∇θLτ (u) =
1

τ
E[∇θu(X0)(u(X0)− (1B(X0) + 1D(X0)û(Xτ )))

+∇θu(Xτ )(u(Xτ )− (1B(Xτ ) + 1D(Xτ )û(X0)))], (5.23)
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which is zero when τ = ϵ and u = q because of (5.7) and (5.8). We write these expression

with τ rather than ϵ because we will later use them with τ > ϵ. However, minimizing (5.22)

with τ > ϵ does not yield q in the infinite data limit.

In principle, the boundary condition penalties are not needed—in Chen et al. [158], the

authors minimized a variational expression that enforced boundary conditions directly on

the model output and evaluated the loss only in D. However, we found that this approach

often leads to non-physical (near) discontinuities close to A and B in practice. Because the

variational expression in Chen et al. [158] was otherwise the same as (5.22), with u represented

by a neural network, we follow them and term (5.22) the variational committor-based neural

network (VCN) loss function; by extension, we term (5.19) the exact VCN (EVCN).

We now explicitly show that these loss functions are variational by analyzing how errors in

the committor affect transition rate estimates. The EVCN loss function (5.19) is minimized

when u = q and L̃τ (q) = Φ for all τ . By adding a perturbation η to q, we have

L̃τ (q + η) = Φ +
1

2τ
E[2η̂(X0)(q(X0)− q(Xτ∧S0)) + 2η̂(Xτ )(q(Xτ )− q(X0∨S̄τ ))

+ 1D(Xτ∧S0)(η̂(Xτ )− η̂(X0))
2

+ 1Dc(Xτ∧S0)η̂(X0)
2 + 1Dc(X0∨S̄τ )η̂(Xτ )

2

+ 1Dc(X0)η(X0)
2 + 1Dc(Xτ )η(Xτ )

2], (5.24)

where η̂(x) = 1D(x)η(x). The first two terms inside the expectation of (5.24) are zero

because of (5.9) and (5.10), and the remaining terms are quadratic, so L̃τ (u) ≥ Φ and

(5.19) is variational. Because (5.22) derives from (5.19), it follows immediately that (5.22) is

variational as well when τ = ϵ. When τ > ϵ, (5.22) is not variational and can underestimate

Φ.

The loss function in (5.19) is also closely related to that of Li et al. [157]. With infinite

data, the two differ by a constant (they omit the NAB and NBA terms) and yield the same
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gradient. Their method directly estimates the gradient from finite data using only the first

term of (5.21), which is a consistent approximation of the true gradient but is not the gradient

of any loss function on finite data (this issue does not arise in the limit of infinite data because

both terms then have the same value due to detailed balance). By symmetrizing the loss

with time-reversed trajectories, we directly compute the gradient from a loss function on

finite data. Moreover, our loss is more interpretable, as its minimum is the transition rate

and must be used when that quantity is of interest.

5.2.4 Mean squared error and alternative transition rate expression

To assess the accuracy of the committor in our numerical tests, we evaluate the mean squared

error (MSE):

MSE(u) = ⟨u− q, u− q⟩. (5.25)

This is a natural metric for our method because we can rearrange (5.24) and take the limit

τ →∞ to obtain

lim
τ→∞

τ(L̃τ (q + η)− Φ) = MSE(q + η). (5.26)

This result follows from limτ→∞ 1D(Xτ∧S0) = 1D(XS0) = 0, limτ→∞ 1Dc(Xτ∧S0) =

1Dc(XS0) = 1, limτ→∞ 1Dc(X0∨S̄τ ) = limτ→∞ 1Dc(XS̄τ
) = 1, and η̂(x)2 + 1Dc(x)η(x)2 =

1D(x)η(x)2+1Dc(x)η(x)2 = η(x)2. As noted above, the first two terms inside the expectation

of (5.24) are zero because of (5.9) and (5.10).

Because we typically do not have the true committor at each configuration, we must

approximate the MSE. If the dataset consists of long trajectories in equilibrium, we can

estimate the MSE using

MSE(u) = E[(u(X0)− E[1B(XS0) | X0])
2] (5.27)

= E[(u(X0)− 1B(XS0))(u(X0)− 1B(XS̄0
))]. (5.28)
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As discussed in Strahan et al. [135, 147], (5.27) cannot be estimated using XS0 alone because

of the double sampling problem (that is, E[E[1B(XS0) | X0]
2] ̸= E[1B(XS0)

2]). We resolve

this issue by using (5.28), which involves independent samples conditioned on X0, XS0 and

XS̄0
. The MSE estimated from (5.28) can be negative due to sampling error, which introduces

a constant offset. This is because the quantity in the expectation is not a squared difference

but rather a product of two different differences. Nonetheless, lower MSE values (closer to

negative infinity) generally indicate better performance, even when they are negative.

If the dataset consists of many short trajectories, the MSE cannot be estimated using (5.28)

because S0 and S̄0 are not generally available. Motivated by (5.26), we define approximations

L̃τ1,τ2(u) ≈ Φ and MSEτ1,τ2(u) ≈ MSE(u) by solving τ1(L̃τ1(u)− L̃τ1,τ2(u)) = MSEτ1,τ2(u)

and τ2(L̃τ2(u)− L̃τ1,τ2(u)) = MSEτ1,τ2(u):

L̃τ1,τ2(u) =
τ1L̃τ1(u)− τ2L̃τ2(u)

τ1 − τ2
, (5.29)

MSEτ1,τ2(u) =
L̃τ1(u)− L̃τ2(u)
1/τ1 − 1/τ2

. (5.30)

In Appendix 5.7, we show that L̃τ1,τ2(u) is an upper bound for Φ and MSEτ1,τ2(u) is a lower

bound for MSE(u). We relate MSEτ1,τ2(u) to the mean squared residual loss function in

Strahan et al. [147] in Appendix 5.8.

5.3 Numerical tests

In this section, we describe the neural network architecture and training procedure, introduce

the test systems, and then discuss numerical results for the committor and transition rate.

Because long trajectories are available for all of the systems, we can compare the results

directly to the empirical rate, which we compute from the data as

Φemp =
1

2T
[NAB(X[0,T ]) +NBA(X[0,T ])], (5.31)
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where here T is the trajectory length. Similarly, we compute the empirical committor as

qemp(Xt) =
1

2
[1B(XSt) + 1B(XS̄t

)]. (5.32)

5.3.1 Neural networks

We approximate the committor using a multilayer perceptron with two hidden layers of 100

neurons each and SiLU activation functions, followed by a sigmoid function that constrains

outputs to [0, 1]. The model is trained on either the VCN loss function (5.22) or the EVCN

loss function (5.19).

Training the committor to convergence often requires many optimization steps (over 104),

especially at short lag times. In this work, we trained models up to 20000 steps due to

computational constraints. However, training often becomes unstable after many steps: the

loss spikes and recovers repeatedly without converging. To mitigate this behavior, we found

it essential to use a large batch size (at least 1000 trajectory segments), the Adam-atan2

optimizer [176], and a small learning rate (10−3, which is just below the threshold at which

training becomes unstable).

To make metrics on the training and validation datasets comparable, we partition the

trajectories into two subsets. Five models are trained on each subset and validated on the other.

Each full trajectory is segmented into length τ trajectory segments using a sliding window.

At each optimization step, 1000 trajectory segments X[t,t+τ ] are uniformly sampled from the

training dataset to compute the loss. Checkpoints are saved after {1, 2, 5, 10, 20, 50, . . . , 20000}

optimization steps, and the checkpoint with the best loss on the validation dataset is selected.

Unless otherwise indicated, metrics are averaged over the 10 models.

As we discuss further in Appendix 5.9, overfitting is a major issue for both VCN and

EVCN loss functions. We thus tested a variety of regularization techniques. Dropout degraded

performance and slowed training. Batch normalization [177] and layer normalization [178]
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initially sped up training, but the models struggled to capture finer details in the committor.

Standard weight decay [44] and weight decay toward initial parameters [179] both worsened

performance. As such, we do not employ these methods.

5.3.2 Systems

We test our method on three molecular systems of increasing complexity: AIB9, Trp-cage,

and villin. In this section, we briefly describe these systems and define collective variables

(CVs) and states that we use in our analysis.

AIB9

AIB9 is a 9-residue peptide of 2-aminoisobutyric acid (AIB), an achiral, unnatural amino acid

that forms both left-handed and right-handed 310 helices with equal probability. We examine

the left-to-right helix transition. The dataset consists of 20 trajectories of 15µs, which we

generated for Strahan et al. [135] and analyzed in that study and Lorpaiboon et al. [110].

For each residue i, we define γi = −0.8(sin(ϕi)+sin(ψi)). The left-handed and right-handed

residue conformations have γi ≈ −1 and γi ≈ 1, respectively, though other configurations

may also have these values. We define the left-handed helix state A and right-handed helix

state B as having (ϕ, ψ) angles of residues 3–7 within 25◦ of (41◦, 47◦) and (−41◦,−47◦),

respectively. With these state definitions, the left-to-right helix transition has an empirical

rate of 9.1× 10−3 ns−1. In Fig. 5.1, we show the stationary distribution (π) and empirical

committor projected on the collective variables (CVs) introduced in Lorpaiboon et al. [110]:

ξ1 = γ3 + γ4 + γ5 + γ6 + γ7, (5.33)

ξ2 = γ3 + γ4 − γ6 − γ7. (5.34)

The leftmost and rightmost states correspond to states A and B, respectively.
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We use as inputs to the neural networks two sets of features with increasing expressivity:

the CVs ξ1 and ξ2 (“CVs”), and the sines and cosines of the (ϕ, ψ) dihedral angles for residues

3–7 (“Dihedrals”).

Trp-cage

Trp-cage is a designed 20-residue fast-folding protein that has been extensively studied both

experimentally and computationally (see Strahan et al. [5] and references therein). Its folded

structure consists of an α-helix (residues 2–9), a 310-helix (residues 11–14), and a polyproline

II helix (residues 17–19), which form a cage around Trp6. We analyze a 208µs trajectory of

the K8A mutant (sequence: DAYAQWLADGGPSSGRPPPS) at 290K, saved every 0.2 ns

[39]. To generate training and validation data, the trajectory is split in half and treated as

two independent segments.

We define three CVs: the root-mean-squared deviation (RMSD) of the Cα atoms to the

experimental structure (PDB 2JOF [180]) of the α-helix (RMSD1), the 310-helix (RMSD2),

and the α- and 310-helices (RMSD1,2). Following Strahan et al. [5], we project the results

onto RMSD1 and RMSD2. We define the unfolded state A as configurations with RMSD1 ≥

0.35 nm, RMSD2 ≥ 0.2 nm, and RMSD1,2 ≥ 0.4 nm and the folded state B as configurations

with RMSD1 ≤ 0.05 nm, RMSD2 ≤ 0.05 nm, and RMSD1,2 ≤ 0.15 nm. With these state

definitions, the empirical rate is 7.7× 10−2 µs−1. We show the stationary distribution and

empirical committor projected onto the CVs in Fig. 5.2. The unfolded state A is in the upper

right, and the folded state B is in the lower left.

We use as inputs to the neural networks three sets of features with increasing expressivity:

the three RMSDs used to define the states (“RMSDs”), sines and cosines of the (ϕ, ψ) backbone

dihedral angles (“Dihedrals”), and all pairwise distances between Cα atoms (“Distances”).
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Villin

The fast-folding 35-residue villin headpiece subdomain, hereafter referred to as villin, is one

of the most well-studied protein folding models both experimentally and computationally

(see Wang et al. [181] and references therein). In the folded state, its secondary structure

consists of three α-helices spanning residues 3–10, 14–19, and 22–32; these helices pack

around a hydrophobic core centered on residues Phe6, Phe10, and Phe17. We study the

K65nL/N68H/K70nL mutant (sequence: LSDEDFKAVFGMTRSAFANLPLWnLQQHLnL

KEKGLF), where nL is norleucine, which is engineered to fold more rapidly. The dataset

consists of a single 125 µs trajectory, saved every 0.2 ns [39]. To generate training and

validation data, the trajectory is split in half and treated as two independent segments.

We define three CVs: the RMSD of the Cα atoms to the experimental structure (PDB

2F4K [182]) of helices 1 and 2 (RMSD1,2), helices 2 and 3 (RMSD2,3), and helices 1, 2,

and 3 (RMSD1,2,3). The unfolded state A is defined as configurations with RMSD1,2 ≥

0.4 nm, RMSD2,3 ≥ 0.4 nm, and RMSD1,2,3 ≥ 0.5 nm and the folded state B is defined

as configurations with RMSD1,2 ≤ 0.1 nm, RMSD2,3 ≤ 0.1 nm and RMSD1,2,3 ≤ 0.15 nm.

With these state definitions, unfolded to folded transitions occur at a rate of 3.7× 10−1 µs−1.

We show the stationary distribution and empirical committor projected onto RMSD1,2 and

RMSD2,3 in Fig. 5.3. The unfolded state A is in the upper right, and the folded state B is in

the lower left.

We use as inputs to the neural networks three sets of features with increasing expressivity:

the three RMSDs (“RMSDs”), sines and cosines of the (ϕ, ψ) backbone dihedral angles

(“Dihedrals”), and all pairwise distances between Cα atoms (“Distances”).
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5.3.3 Committor

We examine the behavior of committors predicted using the VCN and EVCN loss functions

at different lag times. We compute committors for individual conformations in the sampled

trajectories and then visualize the results in two ways. First, we plot the average committor

for structures in a bin defined by a pair of CV values. Second, we partition the predicted

committor into 20 uniformly spaced bins over [0, 1], and for each bin, we plot the mean

empirical committor against the mean predicted committor. In the latter set of plots, which

we term “reliability diagrams” in line with the machine learning literature (which also calls

them “calibration curves”), each point is from a single model. Perfect alignment between the

predicted and empirical committors corresponds to points lying along the diagonal (shown in

black).

We first look at AIB9 (Fig. 5.1). At the shortest lag time (1 ps), CV projections of the

predicted committor exhibit a checkered pattern reflecting the boundaries of the intermediate

states. The reliability diagrams show substantial noise, but the means follow the diagonal.

These artifacts arise because the VCN and EVCN losses are both relatively insensitive to

slowly decaying modes, encouraging the committor to be flat within intermediate states at

the expense of transition states between them. At the intermediate lag time (100 ps), the

committor becomes qualitatively accurate for both loss functions. At the longest lag time

(10 ns), the committor for EVCN remains accurate, while the committor for VCN appears

flattened in the transition region and exhibits large jumps near the boundaries of states A and

B. These behaviors are reflected in the reliability diagrams. We can explain this behavior by

considering E[û(X0)û(Xτ )] ≈ E[û(X0)]E[û(Xτ )] as τ →∞. With this approximation, (5.22)

is minimized when u(x) = 1B(x) for x /∈ D and u(x) = E[1B(X0)]/E[1Dc(X0)] otherwise.

Next, we look at Trp-cage (Fig. 5.2). At the 1 ns lag time, both loss functions incorrectly

predict the committor of the intermediate state above the folded basin in the CV projection

to be near zero. Reflecting this, the reliability diagram has most points above the diagonal,
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Figure 5.1: CV projections and reliability diagrams for AIB9. (top left) CV projection of the
stationary distribution. (top right) CV projection of the empirical committor. (left columns
of VCN and EVCN) CV projections of the predicted committors. (right columns of VCN and
EVCN) Reliability diagrams for the predicted committors. All results shown are obtained
with the dihedral neural-network inputs.
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Figure 5.2: CV projections and reliability diagrams for Trp-cage. (top left) CV projection
of the stationary distribution. (top right) CV projection of the empirical committor. (left
columns of VCN and EVCN) CV projections of the predicted committors. (right columns of
VCN and EVCN) Reliability diagrams for the predicted committors. All results shown are
obtained with the dihedral neural-network inputs.
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Figure 5.3: CV projections and reliability diagrams for villin. (top left) CV projection of the
stationary distribution. (top right) CV projection of the empirical committor. (left columns
of VCN and EVCN) CV projections of the predicted committors. (right columns of VCN and
EVCN) Reliability diagrams for the predicted committors. All results shown are obtained
with the dihedral neural-network inputs.
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where the empirical committor is greater than the predicted committor. At the 100 ns lag

time, both methods resolve the intermediate state but the VCN predictions are lower (darker

CV projection). Correspondingly, the reliability diagram for VCN has more points above

the diagonal. For EVCN, on the other hand, the points are noisy but do not show obvious

bias. With a 10 µs lag time, VCN breaks down. The CV projection shows that the predicted

committor is flat in D, and the reliability diagram shows that all the predicted values (other

than 0 in A and 1 in B) are clustered near a single value. On the other hand, the CV

projection of the EVCN result remains accurate, and the reliability diagram follows the

diagonal with less noise than the 100 ns lag time.

Villin (Fig. 5.3) exhibits similar behavior to the previous systems. For the 1 ns lag

time, both loss functions yield similar, good, predictions. However, at the 100 ns lag time,

the EVCN prediction shows clear improvement over the VCN prediction, which is already

beginning to flatten in the transition region. In the reliability diagrams, EVCN predictions

are near the diagonal, while VCN predictions visibly deviate. At the 10µs lag time, the

VCN prediction is again clustered around a single value, while the EVCN prediction remains

accurate.
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Transition rate hyperparameters

VCN (5.22) EVCN (5.19)

Committor hyperparameters 1 ps 100 ps 10 ns 1 ps 100 ps 10 ns

CVs

VCN
1 ps 7.0 × 10−2 1.3 × 10−2 6.8 × 10−3 7.0 × 10−2 1.3 × 10−2 9.1 × 10−3

100 ps 8.7 × 10−2 1.2 × 10−2 6.7 × 10−3 8.7 × 10−2 1.2 × 10−2 9.1 × 10−3

10 ns 8.2 1.1 × 10−1 5.3 × 10−3 8.2 1.8 × 10−1 1.1 × 10−2

EVCN
1 ps 7.0 × 10−2 1.3 × 10−2 6.8 × 10−3 7.0 × 10−2 1.3 × 10−2 9.1 × 10−3

100 ps 8.7 × 10−2 1.2 × 10−2 6.7 × 10−3 8.7 × 10−2 1.2 × 10−2 9.1 × 10−3

10 ns 9.8 × 10−2 1.2 × 10−2 6.7 × 10−3 9.8 × 10−2 1.2 × 10−2 9.1 × 10−3

Dihedrals

VCN
1 ps 2.1 × 10−2 1.5 × 10−2 7.7 × 10−3 2.1 × 10−2 1.5 × 10−2 9.6 × 10−3

100 ps 2.8 × 10−2 9.9 × 10−3 6.7 × 10−3 2.8 × 10−2 1.0 × 10−2 9.1 × 10−3

10 ns 9.4 1.2 × 10−1 5.3 × 10−3 9.4 2.0 × 10−1 1.1 × 10−2

EVCN
1 ps 2.1 × 10−2 1.5 × 10−2 7.7 × 10−3 2.1 × 10−2 1.5 × 10−2 9.6 × 10−3

100 ps 2.7 × 10−2 9.9 × 10−3 6.7 × 10−3 2.7 × 10−2 9.9 × 10−3 9.1 × 10−3

10 ns 4.5 × 10−2 1.0 × 10−2 6.7 × 10−3 4.5 × 10−2 1.0 × 10−2 9.1 × 10−3

Table 5.1: Predicted transition rates (ns−1) for AIB9, for different committor and transition
rate estimator hyperparameters. The empirical transition rate if 9.1× 10−3 ns−1.

5.3.4 Transition rate

In Tables 5.1, 5.2, and 5.3, we examine the transition rates predicted by the VCN and EVCN

loss functions with various lag times. The loss function and lag time can affect the transition

rates through both training the neural network for the committor and application of the

rate formula given the trained committor. To distinguish these effects, we evaluate the

rates using loss functions and lag times (columns) that are independent of those used to

obtain the committors (rows). Unsurprisingly, more accurate committors yield more accurate

transition rates. Still, even for a given committor (row), the loss function and lag time used

to predict the rate (column) noticeably affect the result. As in the previous section, rates are

overestimated at short lag times and approach their correct values as lag times increase. At

long lag times, the VCN loss predicts rates that go to zero (approximately proportional to

1/τ , as can be seen by substituting a constant committor value for x ∈ D, consistent with the

flattening observed above), whereas the EVCN loss predicts rates that plateau near the true

value. The choice of input features has a larger impact at shorter lag times. Less expressive

input features—such as the CVs for AIB9 and the RMSDs for Trp-cage and villin—tend to

produce larger overestimates of the transition rate.

We examine the estimator in (5.29) in Tables 5.4, 5.5, and 5.6. We observe that using
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Transition rate hyperparameters

VCN EVCN

Committor hyperparameters 1 ns 100 ns 10 µs 1 ns 100 ns 10 µs

RMSDs

VCN
1 ns 6.7 × 10−1 8.3 × 10−2 1.4 × 10−2 6.9 × 10−1 1.2 × 10−1 7.7 × 10−2

100 ns 9.1 × 10−1 6.8 × 10−2 1.4 × 10−2 9.8 × 10−1 1.0 × 10−1 7.7 × 10−2

10 µs 1.8 × 101 3.2 × 10−1 8.8 × 10−3 2.7 × 101 7.7 × 10−1 8.6 × 10−2

EVCN
1 ns 6.8 × 10−1 8.4 × 10−2 1.4 × 10−2 6.9 × 10−1 1.2 × 10−1 7.7 × 10−2

100 ns 9.3 × 10−1 6.8 × 10−2 1.4 × 10−2 9.6 × 10−1 1.0 × 10−1 7.7 × 10−2

10 µs 9.6 × 10−1 7.2 × 10−2 1.4 × 10−2 9.9 × 10−1 1.0 × 10−1 7.7 × 10−2

Dihedrals

VCN
1 ns 3.7 × 10−1 5.9 × 10−2 1.4 × 10−2 4.1 × 10−1 9.8 × 10−2 7.7 × 10−2

100 ns 5.1 × 10−1 5.4 × 10−2 1.4 × 10−2 6.3 × 10−1 8.9 × 10−2 7.7 × 10−2

10 µs 1.7 × 101 3.4 × 10−1 8.9 × 10−3 2.7 × 101 8.4 × 10−1 8.7 × 10−2

EVCN
1 ns 3.6 × 10−1 5.5 × 10−2 1.4 × 10−2 4.0 × 10−1 9.4 × 10−2 7.7 × 10−2

100 ns 5.0 × 10−1 5.5 × 10−2 1.5 × 10−2 5.3 × 10−1 8.5 × 10−2 7.7 × 10−2

10 µs 6.0 × 10−1 5.6 × 10−2 1.5 × 10−2 6.3 × 10−1 8.6 × 10−2 7.7 × 10−2

Distances

VCN
1 ns 2.9 × 10−1 5.9 × 10−2 1.5 × 10−2 3.4 × 10−1 8.9 × 10−2 7.7 × 10−2

100 ns 4.5 × 10−1 5.0 × 10−2 1.4 × 10−2 5.9 × 10−1 8.8 × 10−2 7.7 × 10−2

10 µs 1.8 × 101 3.3 × 10−1 8.8 × 10−3 2.7 × 101 7.8 × 10−1 8.6 × 10−2

EVCN
1 ns 3.3 × 10−1 6.2 × 10−2 1.5 × 10−2 3.5 × 10−1 8.9 × 10−2 7.7 × 10−2

100 ns 4.4 × 10−1 5.3 × 10−2 1.5 × 10−2 4.9 × 10−1 8.5 × 10−2 7.7 × 10−2

10 µs 4.7 × 10−1 5.4 × 10−2 1.4 × 10−2 5.5 × 10−1 8.7 × 10−2 7.7 × 10−2

Table 5.2: Predicted transition rates (µs−1) for Trp-cage, for different committor and transition
rate estimator hyperparameters. The empirical transition rate if 7.7× 10−2 µs−1.

Transition rate hyperparameters

VCN EVCN

Committor hyperparameters 1 ns 100 ns 10 µs 1 ns 100 ns 10 µs

RMSDs

VCN
1 ns 1.6 3.1 × 10−1 1.6 × 10−2 1.6 4.1 × 10−1 3.9 × 10−1

100 ns 2.7 2.8 × 10−1 1.3 × 10−2 3.6 4.6 × 10−1 3.9 × 10−1

10 µs 1.7 × 101 4.0 × 10−1 9.4 × 10−3 2.6 × 101 9.5 × 10−1 3.9 × 10−1

EVCN
1 ns 1.6 3.1 × 10−1 1.6 × 10−2 1.6 4.1 × 10−1 3.9 × 10−1

10 µs 1.9 3.3 × 10−1 1.7 × 10−2 1.9 4.0 × 10−1 3.9 × 10−1

100 ns 1.9 3.3 × 10−1 1.7 × 10−2 1.9 4.0 × 10−1 3.9 × 10−1

Dihedrals

VCN
1 ns 1.1 3.3 × 10−1 1.7 × 10−2 1.2 3.9 × 10−1 3.9 × 10−1

100 ns 2.0 2.9 × 10−1 1.4 × 10−2 2.5 4.4 × 10−1 3.9 × 10−1

10 µs 1.8 × 101 4.3 × 10−1 9.4 × 10−3 2.9 × 101 1.0 4.0 × 10−1

EVCN
1 ns 1.2 3.3 × 10−1 1.7 × 10−2 1.2 3.9 × 10−1 3.9 × 10−1

100 ns 1.9 3.4 × 10−1 1.7 × 10−2 1.9 4.0 × 10−1 3.9 × 10−1

10 µs 2.0 3.4 × 10−1 1.7 × 10−2 2.1 4.0 × 10−1 3.9 × 10−1

Distances

VCN
1 ns 8.8 × 10−1 3.1 × 10−1 1.6 × 10−2 9.2 × 10−1 3.8 × 10−1 3.9 × 10−1

100 ns 1.8 2.8 × 10−1 1.4 × 10−2 2.3 4.4 × 10−1 3.9 × 10−1

10 µs 1.9 × 101 4.3 × 10−1 9.4 × 10−3 3.0 × 101 1.0 4.0 × 10−1

EVCN
1 ns 9.0 × 10−1 3.1 × 10−1 1.7 × 10−2 9.3 × 10−1 3.8 × 10−1 3.9 × 10−1

100 ns 1.4 3.2 × 10−1 1.7 × 10−2 1.4 3.9 × 10−1 3.9 × 10−1

10 µs 1.5 3.3 × 10−1 1.7 × 10−2 1.5 3.9 × 10−1 3.9 × 10−1

Table 5.3: Predicted transition rates (ns−1) for villin, for different committor and transition
rate estimator hyperparameters. The empirical transition rate if 3.7× 10−1 µs−1.
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Transition rate hyperparameters

(5.29) with VCN (5.29) with EVCN

Committor hyperparameters 1 ps, 100 ps 1 ps, 10 ns 100 ps, 10 ns 1 ps, 100 ps 1 ps, 10 ns 100 ps, 10 ns

CVs

VCN
1 ps 1.2 × 10−2 6.8 × 10−3 6.7 × 10−3 1.2 × 10−2 9.1 × 10−3 9.1 × 10−3

100 ps 1.1 × 10−2 6.7 × 10−3 6.6 × 10−3 1.1 × 10−2 9.1 × 10−3 9.1 × 10−3

10 ns 2.4 × 10−2 4.5 × 10−3 4.3 × 10−3 9.7 × 10−2 1.0 × 10−2 9.4 × 10−3

EVCN
1 ps 1.2 × 10−2 6.8 × 10−3 6.7 × 10−3 1.2 × 10−2 9.1 × 10−3 9.1 × 10−3

100 ps 1.1 × 10−2 6.7 × 10−3 6.7 × 10−3 1.1 × 10−2 9.1 × 10−3 9.1 × 10−3

10 ns 1.1 × 10−2 6.7 × 10−3 6.6 × 10−3 1.1 × 10−2 9.1 × 10−3 9.1 × 10−3

Dihedrals

VCN
1 ps 1.5 × 10−2 7.7 × 10−3 7.6 × 10−3 1.5 × 10−2 9.6 × 10−3 9.6 × 10−3

100 ps 9.7 × 10−3 6.7 × 10−3 6.6 × 10−3 9.8 × 10−3 9.1 × 10−3 9.1 × 10−3

10 ns 2.5 × 10−2 4.3 × 10−3 4.1 × 10−3 1.1 × 10−1 1.0 × 10−2 9.4 × 10−3

EVCN
1 ps 1.5 × 10−2 7.7 × 10−3 7.6 × 10−3 1.5 × 10−2 9.6 × 10−3 9.6 × 10−3

100 ps 9.7 × 10−3 6.7 × 10−3 6.7 × 10−3 9.8 × 10−3 9.1 × 10−3 9.1 × 10−3

10 ns 9.9 × 10−3 6.7 × 10−3 6.6 × 10−3 1.0 × 10−2 9.1 × 10−3 9.1 × 10−3

Table 5.4: Transition rates (ns−1) predicted using (5.29) for AIB9, for different committor
and transition rate estimator hyperparameters. The empirical transition rate if 9.1× 10−3

ns−1.

Transition rate hyperparameters

(5.29) with VCN (5.29) with EVCN

Committor hyperparameters 1 ns, 100 ns 1 ns, 10 µs 100 ns, 10 µs 1 ns, 100 ns 1 ns, 10 µs 100 ns, 10 µs

RMSDs

VCN
1 ns 7.7 × 10−2 1.4 × 10−2 1.3 × 10−2 1.1 × 10−1 7.7 × 10−2 7.7 × 10−2

100 ns 5.9 × 10−2 1.4 × 10−2 1.3 × 10−2 9.5 × 10−2 7.7 × 10−2 7.7 × 10−2

10 µs 1.5 × 10−1 7.1 × 10−3 5.6 × 10−3 5.1 × 10−1 8.3 × 10−2 7.9 × 10−2

EVCN
1 ns 7.8 × 10−2 1.4 × 10−2 1.3 × 10−2 1.1 × 10−1 7.7 × 10−2 7.7 × 10−2

100 ns 5.9 × 10−2 1.4 × 10−2 1.4 × 10−2 9.2 × 10−2 7.7 × 10−2 7.7 × 10−2

10 µs 6.3 × 10−2 1.4 × 10−2 1.4 × 10−2 9.4 × 10−2 7.7 × 10−2 7.7 × 10−2

Dihedrals

VCN
1 ns 5.6 × 10−2 1.4 × 10−2 1.4 × 10−2 9.5 × 10−2 7.7 × 10−2 7.7 × 10−2

100 ns 4.9 × 10−2 1.4 × 10−2 1.4 × 10−2 8.4 × 10−2 7.7 × 10−2 7.7 × 10−2

10 µs 1.7 × 10−1 7.2 × 10−3 5.6 × 10−3 5.7 × 10−1 8.4 × 10−2 7.9 × 10−2

EVCN
1 ns 5.2 × 10−2 1.4 × 10−2 1.4 × 10−2 9.1 × 10−2 7.7 × 10−2 7.7 × 10−2

100 ns 5.0 × 10−2 1.5 × 10−2 1.4 × 10−2 8.0 × 10−2 7.7 × 10−2 7.7 × 10−2

10 µs 5.1 × 10−2 1.4 × 10−2 1.4 × 10−2 8.0 × 10−2 7.7 × 10−2 7.7 × 10−2

Distances

VCN
1 ns 5.7 × 10−2 1.5 × 10−2 1.4 × 10−2 8.6 × 10−2 7.7 × 10−2 7.7 × 10−2

100 ns 4.6 × 10−2 1.4 × 10−2 1.4 × 10−2 8.3 × 10−2 7.7 × 10−2 7.7 × 10−2

10 µs 1.5 × 10−1 7.1 × 10−3 5.6 × 10−3 5.1 × 10−1 8.3 × 10−2 7.9 × 10−2

EVCN
1 ns 5.9 × 10−2 1.5 × 10−2 1.4 × 10−2 8.6 × 10−2 7.7 × 10−2 7.7 × 10−2

100 ns 4.9 × 10−2 1.4 × 10−2 1.4 × 10−2 8.1 × 10−2 7.7 × 10−2 7.7 × 10−2

10 µs 4.9 × 10−2 1.4 × 10−2 1.4 × 10−2 8.3 × 10−2 7.7 × 10−2 7.7 × 10−2

Table 5.5: Transition rates (µs−1) predicted using (5.29) for Trp-cage, for different committor
and transition rate estimator hyperparameters. The empirical transition rate if 7.7× 10−2

µs−1.
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Transition rate hyperparameters

(5.29) with VCN (5.29) with EVCN

Committor hyperparameters 1 ns, 100 ns 1 ns, 10 µs 100 ns, 10 µs 1 ns, 100 ns 1 ns, 10 µs 100 ns, 10 µs

RMSDs

VCN
1 ns 2.9 × 10−1 1.5 × 10−2 1.3 × 10−2 4.0 × 10−1 3.9 × 10−1 3.9 × 10−1

100 ns 2.5 × 10−1 1.3 × 10−2 1.0 × 10−2 4.3 × 10−1 3.9 × 10−1 3.9 × 10−1

10 µs 2.4 × 10−1 7.8 × 10−3 5.5 × 10−3 7.0 × 10−1 3.9 × 10−1 3.9 × 10−1

EVCN
1 ns 3.0 × 10−1 1.6 × 10−2 1.3 × 10−2 4.0 × 10−1 3.9 × 10−1 3.9 × 10−1

100 ns 3.2 × 10−1 1.7 × 10−2 1.4 × 10−2 3.9 × 10−1 3.9 × 10−1 3.9 × 10−1

10 µs 3.1 × 10−1 1.6 × 10−2 1.3 × 10−2 3.9 × 10−1 3.9 × 10−1 3.9 × 10−1

Dihedrals

VCN
1 ns 3.2 × 10−1 1.7 × 10−2 1.4 × 10−2 3.9 × 10−1 3.9 × 10−1 3.9 × 10−1

100 ns 2.7 × 10−1 1.4 × 10−2 1.2 × 10−2 4.2 × 10−1 3.9 × 10−1 3.9 × 10−1

10 µs 2.5 × 10−1 7.6 × 10−3 5.2 × 10−3 7.5 × 10−1 3.9 × 10−1 3.9 × 10−1

EVCN
1 ns 3.2 × 10−1 1.7 × 10−2 1.4 × 10−2 3.8 × 10−1 3.9 × 10−1 3.9 × 10−1

100 ns 3.2 × 10−1 1.7 × 10−2 1.4 × 10−2 3.9 × 10−1 3.9 × 10−1 3.9 × 10−1

10 µs 3.2 × 10−1 1.7 × 10−2 1.4 × 10−2 3.9 × 10−1 3.9 × 10−1 3.9 × 10−1

Distances

VCN
1 ns 3.0 × 10−1 1.6 × 10−2 1.3 × 10−2 3.8 × 10−1 3.9 × 10−1 3.9 × 10−1

100 ns 2.6 × 10−1 1.4 × 10−2 1.1 × 10−2 4.2 × 10−1 3.9 × 10−1 3.9 × 10−1

10 µs 2.5 × 10−1 7.5 × 10−3 5.1 × 10−3 7.4 × 10−1 3.9 × 10−1 3.9 × 10−1

EVCN
1 ns 3.0 × 10−1 1.7 × 10−2 1.4 × 10−2 3.8 × 10−1 3.9 × 10−1 3.9 × 10−1

100 ns 3.1 × 10−1 1.7 × 10−2 1.4 × 10−2 3.8 × 10−1 3.9 × 10−1 3.9 × 10−1

10 µs 3.2 × 10−1 1.7 × 10−2 1.4 × 10−2 3.8 × 10−1 3.9 × 10−1 3.9 × 10−1

Table 5.6: Transition rates (ns−1) predicted using (5.29) for villin, for different committor
and transition rate estimator hyperparameters. The empirical transition rate if 3.7× 10−1

µs−1.

(5.29) with EVCN consistently yields more accurate rate estimates than (5.19) by itself. Rates

predicted using the VCN loss (5.22) or its counterpart with (5.29) are not variational and

tend to underestimate the rate at all but the shortest lag times. For both VCN and EVCN,

the choice of the longer of the two lag times in (5.29) appears to matter more than the choice

of the shorter of the two lag times.

5.3.5 Mean squared error

In Tables 5.7, 5.8, and 5.9, we show MSE estimates (mean of 10 models) for the predicted

committor under various training hyperparameters. Focusing first on the column computed

with (5.28), at short lag times, committors trained with the VCN and EVCN loss function

have similar errors. Notably, more expressive features do not always yield lower error. For

EVCN, increasing the lag time tends to reduce the MSE until it plateaus, potentially above

zero if the input features fail to capture all relevant degrees of freedom. In contrast, for VCN,

the MSE initially decreases with lag time, but then increases as the approximation breaks

161



Mean squared error hyperparameters

(5.28) (5.30) with VCN (5.30) with EVCN

Committor hyperparameters 1 ps, 100 ps 1 ps, 10 ns 100 ps, 10 ns 1 ps, 100 ps 1 ps, 10 ns 100 ps, 10 ns

CVs

VCN
1 ps 1.6 × 10−5 5.8 × 10−5 6.3 × 10−5 5.8 × 10−4 5.8 × 10−5 6.1 × 10−5 3.5 × 10−4

100 ps −5.0 × 10−4 7.6 × 10−5 8.0 × 10−5 5.0 × 10−4 7.6 × 10−5 7.8 × 10−5 2.7 × 10−4

10 ns 1.9 × 10−2 8.2 × 10−3 8.2 × 10−3 1.0 × 10−2 8.1 × 10−3 8.2 × 10−3 1.7 × 10−2

EVCN
1 ps 1.6 × 10−5 5.8 × 10−5 6.3 × 10−5 5.8 × 10−4 5.8 × 10−5 6.1 × 10−5 3.5 × 10−4

100 ps −4.9 × 10−4 7.7 × 10−5 8.1 × 10−5 5.0 × 10−4 7.7 × 10−5 7.8 × 10−5 2.7 × 10−4

10 ns −5.0 × 10−4 8.7 × 10−5 9.2 × 10−5 5.2 × 10−4 8.7 × 10−5 8.9 × 10−5 2.9 × 10−4

Dihedrals

VCN
1 ps 4.9 × 10−3 6.4 × 10−6 1.3 × 10−5 7.1 × 10−4 6.4 × 10−6 1.2 × 10−5 5.2 × 10−4

100 ps −6.8 × 10−4 1.8 × 10−5 2.1 × 10−5 3.2 × 10−4 1.8 × 10−5 1.9 × 10−5 9.0 × 10−5

10 ns 2.2 × 10−2 9.3 × 10−3 9.3 × 10−3 1.1 × 10−2 9.2 × 10−3 9.3 × 10−3 1.9 × 10−2

EVCN
1 ps 4.9 × 10−3 6.4 × 10−6 1.3 × 10−5 7.1 × 10−4 6.4 × 10−6 1.2 × 10−5 5.2 × 10−4

100 ps −6.7 × 10−4 1.7 × 10−5 2.0 × 10−5 3.2 × 10−4 1.7 × 10−5 1.8 × 10−5 8.8 × 10−5

10 ns −7.1 × 10−4 3.5 × 10−5 3.9 × 10−5 3.6 × 10−4 3.5 × 10−5 3.6 × 10−5 1.3 × 10−4

Table 5.7: Mean squared error in the predicted committor for AIB9, for different committor
and MSE estimator hyperparameters.

Mean squared error hyperparameters

(5.28) (5.30) with VCN (5.30) with EVCN

Committor hyperparameters 1 ns, 100 ns 1 ns, 10 µs 100 ns, 10 µs 1 ns, 100 ns 1 ns, 10 µs 100 ns, 10 µs

RMSDs

VCN
1 ns 4.8 × 10−3 6.0 × 10−4 6.6 × 10−4 7.0 × 10−3 5.8 × 10−4 6.1 × 10−4 3.9 × 10−3

100 ns 3.3 × 10−3 8.6 × 10−4 9.0 × 10−4 5.4 × 10−3 8.8 × 10−4 9.0 × 10−4 2.7 × 10−3

10 µs 9.0 × 10−2 1.7 × 10−2 1.8 × 10−2 3.2 × 10−2 2.7 × 10−2 2.7 × 10−2 6.9 × 10−2

EVCN
1 ns 4.8 × 10−3 6.0 × 10−4 6.6 × 10−4 7.1 × 10−3 5.8 × 10−4 6.1 × 10−4 3.9 × 10−3

100 ns 2.7 × 10−3 8.7 × 10−4 9.1 × 10−4 5.4 × 10−3 8.6 × 10−4 8.8 × 10−4 2.4 × 10−3

10 µs 2.8 × 10−3 9.0 × 10−4 9.5 × 10−4 5.8 × 10−3 8.9 × 10−4 9.1 × 10−4 2.7 × 10−3

Dihedrals

VCN
1 ns 3.4 × 10−3 3.1 × 10−4 3.6 × 10−4 4.5 × 10−3 3.1 × 10−4 3.3 × 10−4 2.2 × 10−3

100 ns 1.1 × 10−3 4.6 × 10−4 4.9 × 10−4 4.0 × 10−3 5.5 × 10−4 5.5 × 10−4 1.2 × 10−3

10 µs 1.0 × 10−1 1.7 × 10−2 1.7 × 10−2 3.3 × 10−2 2.6 × 10−2 2.7 × 10−2 7.6 × 10−2

EVCN
1 ns 2.9 × 10−3 3.1 × 10−4 3.5 × 10−4 4.1 × 10−3 3.1 × 10−4 3.2 × 10−4 1.8 × 10−3

100 ns 6.5 × 10−4 4.5 × 10−4 4.9 × 10−4 4.1 × 10−3 4.5 × 10−4 4.6 × 10−4 8.2 × 10−4

10 µs 7.7 × 10−4 5.5 × 10−4 5.9 × 10−4 4.2 × 10−3 5.5 × 10−4 5.6 × 10−4 9.3 × 10−4

Distances

VCN
1 ns 1.2 × 10−3 2.3 × 10−4 2.7 × 10−4 4.5 × 10−3 2.5 × 10−4 2.6 × 10−4 1.2 × 10−3

100 ns 1.2 × 10−3 4.1 × 10−4 4.4 × 10−4 3.6 × 10−3 5.0 × 10−4 5.1 × 10−4 1.1 × 10−3

10 µs 9.2 × 10−2 1.8 × 10−2 1.8 × 10−2 3.2 × 10−2 2.7 × 10−2 2.7 × 10−2 7.0 × 10−2

EVCN
1 ns 1.1 × 10−3 2.7 × 10−4 3.1 × 10−4 4.7 × 10−3 2.6 × 10−4 2.7 × 10−4 1.2 × 10−3

100 ns 6.6 × 10−4 3.9 × 10−4 4.2 × 10−4 3.9 × 10−3 4.0 × 10−4 4.1 × 10−4 8.9 × 10−4

10 µs 9.3 × 10−4 4.2 × 10−4 4.5 × 10−4 4.0 × 10−3 4.6 × 10−4 4.7 × 10−4 1.1 × 10−3

Table 5.8: Mean squared error in the predicted committor for Trp-cage, for different committor
and MSE estimator hyperparameters.
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Mean squared error hyperparameters

(5.28) (5.30) with VCN (5.30) with EVCN

Committor hyperparameters 1 ns, 100 ns 1 ns, 10 µs 100 ns, 10 µs 1 ns, 100 ns 1 ns, 10 µs 100 ns, 10 µs

RMSDs

VCN
1 ns 4.3 × 10−3 1.3 × 10−3 1.5 × 10−3 2.9 × 10−2 1.2 × 10−3 1.2 × 10−3 2.3 × 10−3

100 ns 9.7 × 10−3 2.4 × 10−3 2.7 × 10−3 2.7 × 10−2 3.2 × 10−3 3.2 × 10−3 7.6 × 10−3

10 µs 5.9 × 10−2 1.6 × 10−2 1.7 × 10−2 4.0 × 10−2 2.6 × 10−2 2.6 × 10−2 5.7 × 10−2

EVCN
1 ns 4.1 × 10−3 1.3 × 10−3 1.6 × 10−3 3.0 × 10−2 1.2 × 10−3 1.2 × 10−3 2.0 × 10−3

100 ns 3.6 × 10−3 1.5 × 10−3 1.8 × 10−3 3.2 × 10−2 1.5 × 10−3 1.5 × 10−3 1.5 × 10−3

10 µs 3.6 × 10−3 1.6 × 10−3 1.9 × 10−3 3.2 × 10−2 1.5 × 10−3 1.5 × 10−3 1.5 × 10−3

Dihedrals

VCN
1 ns 2.5 × 10−3 7.9 × 10−4 1.1 × 10−3 3.2 × 10−2 7.8 × 10−4 7.7 × 10−4 5.4 × 10−4

100 ns 7.6 × 10−3 1.7 × 10−3 1.9 × 10−3 2.8 × 10−2 2.1 × 10−3 2.1 × 10−3 5.6 × 10−3

10 µs 6.7 × 10−2 1.8 × 10−2 1.8 × 10−2 4.2 × 10−2 2.8 × 10−2 2.8 × 10−2 6.4 × 10−2

EVCN
1 ns 2.3 × 10−3 8.5 × 10−4 1.2 × 10−3 3.2 × 10−2 8.2 × 10−4 8.1 × 10−4 4.4 × 10−4

100 ns 3.3 × 10−3 1.6 × 10−3 1.9 × 10−3 3.2 × 10−2 1.5 × 10−3 1.5 × 10−3 1.4 × 10−3

10 µs 3.5 × 10−3 1.7 × 10−3 2.0 × 10−3 3.3 × 10−2 1.7 × 10−3 1.7 × 10−3 1.6 × 10−3

Distances

VCN
1 ns 1.4 × 10−3 5.8 × 10−4 8.7 × 10−4 2.9 × 10−2 5.4 × 10−4 5.3 × 10−4 −5.3 × 10−4

100 ns 6.8 × 10−3 1.5 × 10−3 1.7 × 10−3 2.7 × 10−2 1.9 × 10−3 2.0 × 10−3 4.8 × 10−3

10 µs 6.7 × 10−2 1.9 × 10−2 1.9 × 10−2 4.3 × 10−2 2.9 × 10−2 3.0 × 10−2 6.4 × 10−2

EVCN
1 ns 1.3 × 10−3 6.0 × 10−4 8.9 × 10−4 3.0 × 10−2 5.5 × 10−4 5.4 × 10−4 −6.2 × 10−4

100 ns 2.4 × 10−3 1.0 × 10−3 1.3 × 10−3 3.1 × 10−2 1.0 × 10−3 1.0 × 10−3 4.6 × 10−4

10 µs 2.4 × 10−3 1.1 × 10−3 1.4 × 10−3 3.1 × 10−2 1.1 × 10−3 1.1 × 10−3 4.3 × 10−4

Table 5.9: Mean squared error in the predicted committor for villin, for different committor
and MSE estimator hyperparameters.

down.

In Tables 5.7, 5.8, and 5.9, we also compare (5.30) with (5.28). The two estimators

generally track each other, but (5.30) can differ from (5.28) by an order of magnitude when

using VCN with long lag times. For villin, the approximation becomes negative for ECVN at

long lag times, likely due to statistical noise. In contrast to (5.29), for a given committor

(row), the choice of the shorter of the two lag times appears to have more impact on the MSE

approximated by (5.30) than the choice of the longer of the two lag times.

5.4 Discussion

In this work, we derived an exact multiple-time-step expression for the transition rate and

demonstrated, using models of molecular systems, that a variational scheme based on this

expression yields accurate committors and transition rates with relatively little sensitivity to

the choice of lag time. Our approach extends previous methods [158], which are valid only in

the limit of a single-time-step lag time and break down at longer lag times.
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We suggest several directions for improvement. For datasets composed of short trajectories,

long lag times are inaccessible and so the method may struggle to capture slow modes. This

may be addressed by using loss functions with greater sensitivity to these modes, such as

(5.29). More advanced approaches incorporating memory, such as those proposed for slow

modes in Liu et al. [183], may further improve accuracy.

Overfitting is also a challenge, and standard regularization techniques are often ineffective.

We expect that integrating over lag times, as in Lorpaiboon et al. [9], may reduce overfitting

and improve robustness. We are exploring regularization strategies that directly restrain the

committor to depend on physical or learned CVs in a simple way.

Finally, the variational methods considered in the present study assume detailed balance

and equilibrium sampling (or equilibrium reweighting). Theoretical [184] and empirical [5,

147] evidence indicates that data distributed according to the equilibrium distribution are not

sufficient to accurately learn rare-event statistics. The schemes proposed in Strahan et al. [135,

147] allow both non-equilibrium data distributions and irreversible dynamics, and have shown

promise on several benchmark problems. However, these schemes have tradeoffs relative to

the scheme proposed in this article. The method proposed in Strahan et al. [147] requires a

trajectory dataset with multiple short forward simulations for every initial configuration, and

the method proposed in Strahan et al. [135] uses a training procedure that is not the gradient

of any loss function when the data are non-equilibrium or the dynamics are irreversible, which

can complicate training. Developing a method that combines the strengths of all of these

approaches remains an open problem.

5.5 Derivation of the transition rate

In this subsection, we use transition path theory to derive expressions for the transition rate

in terms of committors and finite-length trajectories. In brief, we first define the transition

rate (Φ) in terms of the number of transitions within a time interval, then express Φ as an
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average of changes in a reaction coordinate over single and multiple time steps.

We denote discrete time intervals by [t, t′] = {t, t + ϵ, . . . , t′}. A transition path is a

trajectory segment X[s,s′] = (Xs, Xs+ϵ, . . . , Xs′) with Xs ∈ A, Xs′ ∈ B, and Xt ∈ D for

s < t < s′. We define

HAB(X[s,s′]) = 1A(Xs)
∏

t∈[s+ϵ,s−ϵ]
1D(Xt)1B(Xs′), (5.35)

which is 1 if X[s,s′] is a transition path and 0 otherwise. The number of transition paths from

A to B within the trajectory segment X[t,t′] is

NAB(X[t,t′]) =
∑

s∈[t,t′−ϵ]

∑
s′∈[s+ϵ,t′]

HAB(X[s,s′]), (5.36)

and the transition rate Φ is the mean of NAB per time:

Φ = lim
T→∞

1

2T
NAB(X[−T,T ]). (5.37)

We now express (5.37) in terms of a reaction coordinate ξ that satisfies ξ(x) = 0 for x ∈ A

and ξ(x) = 1 for x ∈ B. We start with the identity

HAB(X[s,s′]) = HAB(X[s,s′])
∑

t∈[s,s′−ϵ]
(ξ(Xt+ϵ)− ξ(Xt)), (5.38)

which states that the total change in progress along a transition path is one. Mathematically,

the sum telescopes, and ξ(Xs′)− ξ(Xs) = 1 for transition paths because Xs ∈ A and Xs′ ∈ B.

We substitute this identity into the summand of (5.36) and interchange the sums, yielding

NAB(X[t,t′]) =
∑

t′′∈[t,t′−ϵ]

∑
s∈[t,t′′]

∑
s′∈[t′′+ϵ,t′]

HAB(X[s,s′])(ξ(Xt′′+ϵ)− ξ(Xt′′)). (5.39)
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We now set t = −T and t′ = T and let T →∞; (5.37) becomes

Φ = lim
T→∞

1

2T

∑
t∈[−T,T−ϵ]

Ft,t+ϵ, (5.40)

where Ft,t+ϵ is the reaction progress from time t to time t+ ϵ:

Ft,t+ϵ =
∑

s∈[−∞,t]

∑
s′∈[t+ϵ,∞]

HAB(X[s,s′])(ξ(Xt+ϵ)− ξ(Xt)). (5.41)

The standard transition path theory expression for the transition rate uses single-step

trajectories. In that case, the reaction progress (5.41) can be expressed as

Ft,t+ϵ = 1A(XS̄t
)1B(XSt+ϵ

)(ξ(Xt+ϵ)− ξ(Xt)), (5.42)

using the identities

1A(XS̄t
) =

∑
s∈[−∞,t]

1A(Xs)
∏

t′∈[s+ϵ,t]

1D(Xt′), (5.43)

1B(XSt) =
∑

s∈[t,∞]

∏
t′∈[t,s−ϵ]

1D(Xt′)1B(Xs). (5.44)

Using (5.2) and (5.3), the expectation of (5.42) conditioned on single-step trajectories

X[t,t+ϵ] = (Xt, Xt+ϵ), denoted by f(X[t,t+ϵ]), is

f(X[t,t+ϵ]) = q̄(Xt)q(Xt+ϵ)(ξ(Xt+ϵ)− ξ(Xt)). (5.45)

We can then use ergodicity to express (5.40) as

Φ =
1

ϵ
E[f(X[0,ϵ])], (5.46)
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where the expectation is over paths sampled at equilibrium.

In previous work, we proposed and applied a multiple-step expression for the transition

rate. [5, 185] There, we applied (5.9) and (5.10) to an average of (5.46):

Φ =
1

τ

∑
t∈[0,τ−ϵ]

E[f(X[t,t+ϵ])] (5.47)

=
1

τ

∑
t∈[0,τ−ϵ]

E[q̄(X0∨S̄t)q(Xτ∧St+ϵ
)(ξ(Xt+ϵ)− ξ(Xt))]. (5.48)

In this work, we derive an equivalent expression that depends on committors only at the

endpoints. To this end, we note that the reaction progress from time t to time t′ can be

written as a sum over single steps:

Ft,t′ =
∑

t′′∈[t,t′−ϵ]
Ft′′,t′′+ϵ. (5.49)

We then substitute (5.41) into (5.49), split the sums by whether the transition path starts
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before time t and ends after time t′, and interchange and telescope the sums. The result is

Ft,t′ =
∑

s∈[−∞,t−ϵ]

∑
s′∈[t′+ϵ,∞]

HAB(X[s,s′])(ξ(Xt′)− ξ(Xt))

+
∑

s∈[t,t′]

∑
s′∈[t′+ϵ,∞]

HAB(X[s,s′])(ξ(Xt′)− 0)

+
∑

s∈[−∞,t−ϵ]

∑
s′∈[t,t′]

HAB(X[s,s′])(1− ξ(Xt))

+
∑

s∈[t,t′−ϵ]

∑
s′∈[s+ϵ,t′]

HAB(X[s,s′])(1− 0) (5.50)

= 1A(XS̄t
)1D(Xt′∧St)1B(XSt′

)(ξ(Xt′)− ξ(Xt))

+ 1A(Xt∨S̄t′
)1B(XSt′

)(ξ(Xt)− 0)

+ 1A(XS̄t
)1B(Xt′∧St)(1− ξ(Xt))

+NAB(X[t,t′]), (5.51)

where we have used (5.43), (5.44), and

1A(Xt∨S̄t′
) =

∑
s∈[t,t′]

1A(Xs)
∏

t′′∈[s+ϵ,t′]

1D(Xt′′), (5.52)

1B(Xt′∧St) =
∑

s∈[t,t′]

∏
t′′∈[t,s−ϵ]

1D(Xt′′)1B(Xs), (5.53)

1D(Xt′∧St) = 1D(Xt∨S̄t′
) =

∏
t′′∈[t,t′]

1D(Xt′′). (5.54)

For times within the interval [t, t′], these indicator functions identify whether the system last

exited A before time t′, first entered B after time t, or was always in D, respectively. The
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expectation of Ft,t′ conditioned on multiple-step trajectories X[t,t′], denoted by f(X[t,t′]), is

f(X[t,t′]) = q̄(Xt)1D(Xt′∧St)q(Xt′)(ξ(Xt′)− ξ(Xt))

+ 1A(Xt∨S̄t′
)q(Xt′)(ξ(Xt′)− 0)

+ q̄(Xt)1B(Xt′∧St)(1− ξ(Xt))

+NAB(X[t,t′]), (5.55)

where we have used (5.2) and (5.3). By ergodicity, (5.40) is

Φ =
1

τ
E[f(X[0,τ ])]. (5.56)

The key point is that transition paths observed in the time interval [0, τ ] can be classified

into four cases by their starting and ending times: starting before 0 and ending after τ ,

starting before 0 and ending within [0, τ ], starting within [0, τ ] and ending after τ , and both

starting and ending within [0, τ ]. Each term in (5.13) corresponds to one of these cases and

represents the product of the probability of observing that type of transition path and the

progress it contributes within the time interval [0, τ ].

5.6 Mode decomposition of the variational loss function

When detailed balance is satisfied, we can write a perturbation η to q as in (5.24) as a sum

over eigenvalues {e−τ/σk} and eigenfunctions {vk}:

E[1D(Xτ∧S0)η(Xτ ) | X0 = x] =
∑
k

e−τ/σkvk(x)⟨vk, η⟩, (5.57)
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where τ ≥ 0, ⟨vk, η⟩ =
∫
vk(x)η(x)π(x) dx, ⟨vk, vl⟩ = δkl, and δkl is the Kronecker delta. The

estimated transition rate is then

L̃τ (q + η) = Φ +
1

2τ
E[η(X0)

2 + η(Xτ )
2 − 21D(Xτ∧S0)η(X0)η(Xτ )] (5.58)

= Φ+
∑
k

1− e−τ/σk
τ

⟨vk, η⟩2. (5.59)

Since ⟨vk, η⟩2 ≥ 0 and (1− e−τ/σk)/τ is a nonnegative, monotonically decreasing function

of τ , the estimated transition rate decreases (and accuracy increases) with increasing τ for

fixed η. For σk ≪ τ , (1 − e−τ/σk)/τ ≈ 1/τ , while for σk ≫ τ , (1 − e−τ/σk)/τ ≈ 1/σk.

Thus, the loss is similarly sensitive to components of η with decay times shorter than τ , and

progressively less sensitive to those with longer decay times.

5.7 Mode decomposition of the mean squared error and alternative

transition rate expression

As shown by the mode expansion in (5.59), transition rate estimates at short lag times tend

to overestimate the true rate and can be improved by extrapolating the rate to infinite lag

time. We do so linearly using the points (1/τ1, L̃τ1(u)) and (1/τ2, L̃τ2(u)):

L̃τ1,τ2(u) = L̃τ1(u) +
L̃τ2(u)− L̃τ1(u)
1/τ2 − 1/τ1

( 1

∞
− 1

τ1

)
(5.60)

=
τ1L̃τ1(u)− τ2L̃τ2(u)

τ1 − τ2
. (5.61)

Surprisingly, (5.61) is variational: it satisfies L̃τ1,τ2(u) ≥ Φ for all τ1, τ2 ≥ 0. Using the mode

expansion in (5.59), we find

L̃τ1,τ2(q + η) = Φ +
∑
k

e−τ1/σk − e−τ2/σk
τ2 − τ1

⟨vk, η⟩2, (5.62)
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in which each coefficient of ⟨vk, η⟩2 is nonnegative. By the same approach, it can be shown

that (5.61) is, in fact, the minimum variational affine combination of L̃τ1 and L̃τ2 . To the

best of our knowledge, the variational expression in (5.61) has not been proposed previously.

We now examine how L̃τ1,τ2(u) varies with τ1 and τ2. It is symmetric (L̃τ1,τ2(u) =

L̃τ2,τ1(u)), decreases with increasing τ1 or τ2, and is bounded by

L̃τ2(u) = L̃0,τ2 ≥ L̃τ1,τ2(u) ≥ L̃∞,τ2(u) = Φ. (5.63)

To understand the behavior away from these bounds, we consider a representative case

L̃τ,τ (u) = d(τL̃τ (u))
/
dτ , which has a simple mode expansion:

L̃τ,τ (q + η) = Φ +
∑
k

e−τ/σk

σk
⟨vk, η⟩2. (5.64)

As τ increases, each coefficient of ⟨vk, η⟩2 exponentially decays from 1/σk to zero. Unlike L̃τ ,

L̃τ,τ is not monotonic in σk: the coefficient is zero at both σk = 0 and σk =∞, and has a

maximum of 1/(τe) at σk = τ .

Similarly, we can use the mode expansion in (5.59) to understand the associated approxi-

mation of the MSE in (5.30). To this end, we write

MSEτ1,τ2(q + η) = MSE(q + η)−
∑
k

e−τ1/σk/τ1 − e−τ2/σk/τ2
1/τ1 − 1/τ2

⟨vk, η⟩2. (5.65)

Note the mode expansion of the MSE is

MSE(q + η) =
∑
k

⟨vk, η⟩2. (5.66)

Because 0 ≤ (e−τ1/σk/τ1 − e−τ2/σk/τ2)/(1/τ1 − 1/τ2) ≤ 1, this expression always underesti-

mates the MSE in the limit of infinite data. It can be shown that (5.30) is the maximum linear
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combination of L̃τ1 and L̃τ2 that is a lower bound for the MSE. More precisely, MSEτ1,τ2 is

symmetric (MSEτ1,τ2(u) = MSEτ2,τ1(u)), increases with increasing τ1 or τ2, and is bounded

by

0 = MSE0,τ2(u) ≤ MSEτ1,τ2(u) ≤ MSE∞,τ2(u) = τ2(L̃τ2(u)− Φ) ≤ MSE(u). (5.67)

For τ1 close to τ2, rather than near 0 or ∞, we consider a representative case MSEτ,τ (u) =

dL̃τ (u)
/
d(1/τ) , which has a simple mode expansion:

MSEτ,τ (q + η) = MSE(q + η)−
∑
k

(1 + τ/σk)e
−τ/σk⟨vk, η⟩2. (5.68)

We thus see that MSEτ,τ (q + η) performs well when τ ≫ σk, but performs poorly when

τ ≪ σk, and therefore is insensitive to slowly decaying modes.

5.8 Connection to the mean squared residual

Another approach to solving for the committor is to minimize the mean squared residual

(MSR) [147],

MSRτ (u) =

∫
(u(x)− E[û(Xτ∧S0) | X0 = x])2µ(x) dx, (5.69)

where µ is an arbitrary distribution of initial states. This objective typically requires two or

more independent simulations from each starting configuration x to avoid bias due to the

double sampling problem [135, 147]. However, when the dynamics satisfy detailed balance,

forward-in-time and backward-in-time conditional expectations are equal, and so (5.69) with

µ = π can be expressed as

MSRτ (u) = E[(u(Xτ )− û(X2τ∧Sτ ))(u(Xτ )− û(X0∨S̄τ ))], (5.70)
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because X2τ∧Sτ and X0∨S̄τ are independent samples conditioned on Xτ . The squared residual

can be written as

(u(Xτ )− û(X2τ∧Sτ ))(u(Xτ )− û(X0∨S̄τ )) = g(X[0,τ ], u)+g(X[τ,2τ ], u)−g(X[0,2τ ], u), (5.71)

allowing the MSR to be expressed in terms of the EVCN loss (5.19):

MSRτ (u) = 2τ(L̃τ (u)− L̃2τ (u)) = MSEτ,2τ (u). (5.72)

As discussed in Appendix 5.7, MSEτ,2τ (u) is variational, and thus MSRτ (u) is variational as

well.

5.9 Further discussion of overfitting

The loss functions (5.22) and (5.19) can exhibit pathological overfitting when sampling is

sparse, which is common for high-dimensional systems. When no configuration appears more

than once in a dataset, highly expressive models and input features (e.g., those from Pengmei

et al. [186]) can identify the trajectory and time index of each configuration, ignoring the

actual dynamics.

In the worst-case scenario, the dataset consists of a single trajectory X[0,τ ] from each

initial structure X0, with no configuration appearing more than once. With highly expressive

models and input features, the loss can be minimized independently for each trajectory.

Under these conditions, the VCN loss is minimized at

min
u
Lτ (u) =

1

2τ
E[1A(X0)1B(Xτ ) + 1B(X0)1A(Xτ )], (5.73)

with u(X0) = u(Xτ ) if X0 ∈ D and Xτ ∈ D; otherwise, u(X0) = 1B(X0) + 1D(X0)1B(Xτ )
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and u(Xτ ) = 1B(Xτ ) + 1D(Xτ )1B(X0). The EVCN loss is minimized at

min
u
L̃τ (u) =

1

2τ
E[NAB(X[0,τ ]) +NBA(X[0,τ ])], (5.74)

with u(X0) = u(Xτ ) if Xt ∈ D for all t ∈ [0, τ ]; otherwise, u(X0) = 1B(Xτ∧S0) and

u(Xτ ) = 1B(X0∨S̄τ ). For both loss functions, when u(X0) = u(Xτ ), the output is otherwise

unconstrained and can take arbitrary values without affecting the loss.

These issues can arise even with long trajectories if each configuration still appears

only once. With a single long trajectory and a single-step lag time, minimizing the loss

effectively reduces to solving for the committor along a 1D random walk on the time

index. At long lag times, the EVCN loss is minimized with the empirical committor

u(Xt) = (1B(XS(t)) + 1B(XS̄(t)))/2, which takes values in {0, 0.5, 1}.

To mitigate these problems, we treated the number of optimization steps as a hyperpa-

rameter and selected it based on validation performance. We also restricted the model’s

flexibility by using a simple architecture and less expressive input features. A more principled

solution would be to explicitly regularize the model to prevent it from encoding the trajectory

and time index, which we leave for future work.
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CHAPTER 6

INEXACT SUBSPACE ITERATION

This chapter is adapted from J. Strahan et al., “Inexact iterative numerical linear algebra for

neural network-based spectral estimation and rare-event prediction”, J. Chem. Phys. 159,

014110 (2023), with the permission of AIP Publishing.

Understanding dynamics in complex systems is challenging because there are many degrees

of freedom, and those that are most important for describing events of interest are often not

obvious. The leading eigenfunctions of the transition operator are useful for visualization,

and they can provide an efficient basis for computing statistics such as the likelihood and

average time of events (predictions). Here we develop inexact iterative linear algebra methods

for computing these eigenfunctions (spectral estimation) and making predictions from a

data set of short trajectories sampled at finite intervals. We demonstrate the methods on

a low-dimensional model that facilitates visualization and a high-dimensional model of a

biomolecular system. Implications for the prediction problem in reinforcement learning are

discussed.

6.1 Introduction

Modern observational, experimental, and computational approaches often yield high-dimensional

time series data (trajectories) for complex systems. In principle, these trajectories contain

rich information about dynamics and, in particular, the infrequent events that are often most

consequential. In practice, however, high-dimensional trajectory data are often difficult to

parse for useful insight. The need for more efficient statistical analysis tools for trajectory

data is critical, especially when the goal is to understand rare-events that may not be well

represented in the data.

We consider dynamics that can be treated as Markov processes. A common starting point
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for statistical analyses of Markov processes is the transition operator, which describes the

evolution of function expectations. The eigenfunctions of the transition operator characterize

the most slowly decorrelating features (modes) of the system [1, 9–11, 15]. These can be

used for dimensionality reduction to obtain a qualitative understanding of the dynamics [187,

188], or they can be used as the starting point for further computations [5, 12, 14]. Similarly,

prediction functions, which provide information about the likelihood and timing of future

events as a function of the current state, are defined through linear equations of the transition

operator [4, 5].

A straightforward numerical approach to obtaining these functions is to convert the

transition operator to a matrix by projecting onto a finite basis for Galerkin approximation

[4, 5, 8, 10, 11, 17, 175, 189]. The performance of such a linear approximation depends on

the choice of basis [4, 5, 189], and previous work often resorts to a set of indicator functions

on a partition of the state space (resulting in a Markov state model or MSM [175]) for lack

of a better choice. While Galerkin approximation has yielded many insights [185, 190], the

limited expressivity of the basis expansion has stimulated interest in (nonlinear) alternatives.

In particular, artificial neural networks can be harnessed to learn eigenfunctions of the

transition operator and prediction functions from data [9, 19, 20, 147, 157, 191–194]. However,

existing approaches based on neural networks suffer from various drawbacks. As discussed

in Lorpaiboon et al. [9], their performance can often be very sensitive to hyperparameters,

requiring extensive tuning and varying with random initialization. Many use loss functions

that are estimated against the stationary distribution [157, 167, 169, 170, 172, 173], so

that metastable states contribute most heavily, which negatively impacts performance [147,

167]. Assumptions about the dynamics (e.g., microscopic reversibility) limit applicability.

In Strahan et al. [147] we introduced an approach that overcomes the issues above, but it

uses multiple trajectories from each initial condition; this limits the approach to analysis of

simulations and moreover requires specially prepared data sets.
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The need to compute prediction functions from observed trajectory data also arises

in reinforcement learning. There the goal is to optimize an expected future reward (the

prediction function) over a policy (a Markov process). For a fixed Markov process, the

prediction problem in reinforcement learning is often solved by temporal difference (TD)

methods, which allow the use of arbitrary ensembles of trajectories without knowledge of

the details of the underlying dynamics [195]. TD methods have a close relationship with

an inexact form of power iteration, which, as we describe, can perform poorly on rare-event

related problems.

Motivated by this relationship, as well as by an inexact power iteration scheme previously

proposed for approximating the stationary probability distribution of a Markov process using

trajectory data [196], we propose a computational framework for spectral estimation and

rare-event prediction based on inexact iterative numerical linear algebra. Our framework

includes an inexact Richardson iteration for the prediction problem, as well as an extension

to inexact subspace iteration for the prediction and spectral estimation problems. The

theoretical properties of exact subspace iteration suggest that eigenfunctions outside the

span of the approximation will contribute significantly to the error of our inexact iterative

schemes [197]. Consistent with this prediction, we demonstrate that learning additional

eigenvalues and eigenfunctions simultaneously through inexact subspace iteration accelerates

convergence dramatically relative to inexact Richardson and power iteration in the context

of rare events. While we assume the dynamics can be modeled by a Markov process, we do

not require knowledge of their form or a specific underlying model. The method shares a

number of further advantages with the approach discussed in Strahan et al. [147] without the

need for multiple trajectories from each initial condition in the data set. This opens the door

to treating a wide range of observational, experimental, and computational data sets.

The remainder of the chapter is organized as follows. In Section 6.2, we describe the

quantities that we seek to compute in terms of linear operators. In Sections 6.3 and 6.4, we
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introduce an inexact subspace iteration algorithm that we use to solve for these quantities.

Section 6.5 illustrates how the loss function can be tailored to the known properties of the

desired quantity. Section 6.6 summarizes the two test systems that we use to illustrate

our methods: a two-dimensional potential, for which we can compute accurate reference

solutions, and a molecular example that is high-dimensional but still sufficiently tractable

that statistics for comparison can be computed from long trajectories. In Section 6.7, we

explain the details of the invariant subspace iteration and then demonstrate its application

to our two examples. Lastly, Section 6.8 details how the subspace iteration can be modified

to compute prediction functions and compares the effect of different loss functions, as well

as the convergence properties of power iteration and subspace iteration. We conclude with

implications for reinforcement learning.

6.2 Spectral estimation and the prediction problem

We have two primary applications in mind in this article. First, we would like to estimate the

dominant eigenfunctions and eigenvalues of the transition operator T t for a Markov process

Xt ∈ Rd, defined as

T tf(x) = Ex

[
f(Xt)

]
, (6.1)

where f is an arbitrary real-valued function and the subscript x indicates the initial condition

X0 = x. The transition operator encodes how expectations of functions evolve in time.

The right eigenfunctions of T t with the largest eigenvalues characterize the most slowly

decorrelating features (modes) of the Markov process [1, 9–11].

Our second application is to compute prediction functions of the general form

u(x) = Ex

Ψ(XT ) +
T−1∑
t=0

Γ(Xt)

 , (6.2)
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where T is the first time Xt /∈ D from some domain D, and Ψ and Γ are functions associated

with the escape event (rewards in reinforcement learning). Prototypical examples of prediction

functions that appear in our numerical results are the mean first passage time (MFPT) from

each x:

m(x) = Ex [T ] (6.3)

and the committor:

q(x) = Ex

[
1B(X

T )
]
= Px

[
XT ∈ B

]
, (6.4)

where A and B are disjoint sets (“reactant” and “product” states) and D = (A ∪B)c. The

MFPT is important for estimating rates of transitions between regions of state space, while

the committor can serve as a reaction coordinate [108, 148, 173, 198] and as a key ingredient

in transition path theory statistics [3, 147, 151]. For any τ > 0, the prediction function u(x)

satisfies the linear equation

(I − Sτ )u(x) = Ex

(τ∧T )−1∑
t=0

Γ(Xt)

 (6.5)

for x ∈ D, with boundary condition

u(x) = Ψ(x) (6.6)

for x /∈ D. In (6.5), I is the identity operator and

Sτf(x) = Ex

[
f(Xτ∧T )

]
(6.7)

is the “stopped” transition operator [5]. We use the notation τ ∧ T = min{τ, T}. The

parameter τ is known as the lag time. While it is an integer corresponding to a number of

integration steps, in our numerical examples, we often express it in terms of equivalent time
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units.

Our specific goal is to solve both the eigenproblem and the prediction problem for Xt in

high dimensions and without direct access to a model governing its evolution. Instead, we have

access to trajectories of Xt of a fixed, finite duration τ . A natural and generally applicable

approach to finding an approximate solution to the prediction problem is to attempt to

minimize the residual of (6.5) over parameters θ of a neural network uθ(x) representing u(x).

For example, we recently suggested an algorithm that minimizes the residual norm

1

2

∥∥∥(I − Sτ )uθ − r∥∥∥2
µ
, (6.8)

where r(x) is the right-hand side of (6.5) and µ is an arbitrary distribution of initial conditions

X0 (boundary conditions were enforced by an additional term) [147]. The norm ∥·∥µ is

defined by ∥f∥2µ = ⟨f, f⟩µ, where ⟨f, g⟩µ =
∫
f(x)g(x)µ(dx) for arbitrary functions f and g.

The gradient of the residual norm in (6.8) with respect to neural-network parameters θ can

be written 〈
(I − Sτ )uθ − r,∇θuθ

〉
µ −

〈
(I − Sτ )uθ − r,Sτ∇θuθ

〉
µ (6.9)

Given a data set of initial conditions {X0
j }

n

j=1
drawn from µ and a single sample trajectory

{Xt
j}

τ

t=0
of Xt for each X0

j , the first term in the gradient (6.9) can be approximated without

bias as

〈
(I − Sτ )uθ − r,∇θuθ

〉
µ ≈

1

n

n∑
j=1

uθ(X0
j )− uθ(X

τ∧Tj
j )−

(τ∧Tj)−1∑
t=0

Γ(Xt
j)

∇θuθ(X
0
j )

(6.10)

where Tj is the first time Xt
j /∈ D.

In contrast, unbiased estimation of the second term in (6.9) requires access to two

independent trajectories of Xt for each sample initial condition since it is quadratic in Sτ

[147, 195]. In the reinforcement learning community, TD methods were developed for the
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purpose of minimizing a loss of a very similar form to (6.8), and they perform a “semigradient”

descent by following only the first term in (6.9) [195]. As in the semigradient approximation,

the algorithms proposed in this chapter only require access to inner products of the form

⟨f,Ag⟩µ for an operator A related to T τ or Sτ , and they avoid terms that are non-linear

in A. As we explain, such inner products can be estimated using trajectory data. However,

rather than attempting to minimize the residual directly by an approximate gradient descent,

we view the eigenproblem and prediction problems through the lens of iterative numerical

linear algebra schemes.

6.3 An inexact power iteration

To motivate the iterative numerical linear algebra point of view, observe that the first term

in (6.9) is the exact gradient with respect to θ′ of the loss

1

2

∥∥uθ′ − Sτuθ − r∥∥2µ, (6.11)

evaluated at θ′ = θ. The result of many steps of gradient descent (later, “inner iterations”)

on this loss with θ held fixed can then be viewed as an inexact Richardson iteration for (6.5),

resulting in a sequence

uθs+1 ≈ Sτuθs + r, (6.12)

where, for each s, uθs is a parametrized neural-network approximation of the solution to

(6.5). To unify our discussion of the prediction and spectral estimation problems, it is helpful

to observe that (6.12) can be recast as an equivalent inexact power iteration:

ūθs+1 ≈ Aūθs (6.13)
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where

ūθ =

 1

uθ

 and A =

 1 0

r Sτ

 . (6.14)

Note that (1, u)⊤ is the dominant eigenfunction of A and has eigenvalue equal to 1.

Wen et al. [196] introduced an inexact power iteration to compute the stationary probability

measure of T τ , i.e., its dominant left eigenfunction. As those authors note, an inexact power

update such as (6.13) can be enforced using a variety of loss functions. In our setting, the

L2µ norm in (6.11) can be replaced by any other measure of the difference between uθ′ and

Sτuθ + r, as long as an unbiased estimator of its gradient with respect to θ′ is available.

This flexibility is discussed in more detail in Section 6.5, and we exploit it in applications

presented later in this article. For now, we focus instead on another important implication of

this viewpoint: the flexibility in the form of the iteration itself.

We will see that when the spectral gap of A, the difference between its largest and

second largest eigenvalues, is small, the inexact power iteration (or the equivalent Richardson

iteration) described above fails to reach an accurate solution. The largest eigenvalue of A in

(6.14) is 1 and its next largest eigenvalue is the dominant eigenvalue of Sτ . For rare-event

problems the difference between these two eigenvalues is expected to be very small. Indeed,

when X0 is drawn from the quasi-stationary distribution of Xt in D, the logarithm of the

largest eigenvalue of Sτ is exactly −τ/E[T ] [199]. Thus, when the mean exit time from D is

large, we can expect the spectral gap of A in (6.14) to be very small. In this case, classical

convergence results tell us that exact power iteration converges slowly, with the largest

contributions to the error coming from the eigenfunctions of Sτ with largest magnitude

eigenvalues [197]. Iterative schemes that approximate multiple dominant eigenfunctions

simultaneously, such as subspace iteration and Krylov methods, can converge much more

rapidly [197]. In the next section, we introduce an inexact form of subspace iteration to

address this shortcoming. Beyond dramatically improving performance on the prediction
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problem for rare-events when applied with A in (6.14), it can also be applied with A = T τ

to compute multiple dominant eigenfunctions and values of T τ itself.

6.4 An inexact subspace iteration

Our inexact subspace iteration for the k dominant eigenfunctions/values of A proceeds as

follows. Let {φaθs}
k
a=1 be a sequence of k basis functions parametrized by θs (these can be

scalar or vector valued functions depending on the form of A). We can represent this basis

as the vector valued function

Uθs =
(
φ1θs , φ

2
θs , . . . , φ

k
θs

)
. (6.15)

Then, we can obtain a new set of k basis functions by approximately applying A to each of

the components of Uθs :

Uθs+1Ks+1 ≈ AUθs (6.16)

where Ks+1 is an invertible, upper-triangular k × k matrix that does not change the span

of the components of Uθs+1 but is included to facilitate training. One way the approximate

application of A can be accomplished is by minimizing

1

2

k∑
a=1

∥∥∥∥∥
k∑

b=1

φbθKba −Aφaθs

∥∥∥∥∥
2

µ

(6.17)

over θ and K with θs held fixed.

The eigenvalues and eigenfunctions of A are then approximated by solving the finite-

dimensional generalized eigenproblem

CτW = C0WΛ (6.18)
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where

Cτ
ab = ⟨φ

a
θs ,Aφ

b
θs⟩µ (6.19)

C0
ab = ⟨φ

a
θs , φ

b
θs⟩µ, (6.20)

each inner product is estimated using trajectory data, and W and Λ are k × k matrices.

The matrix Λ is diagonal, and the a-th eigenvalue λa of A is approximated by Λaa; the

corresponding eigenfunction va is approximated by
∑k

b=1Wab φ
b
θs .

Even when sampling is not required to estimate the matrices in (6.19) and (6.20), the

numerical rank of Cτ becomes very small as the eigenfunctions become increasingly aligned

with the single dominant eigenfunction. To overcome this issue, we apply an orthogonalization

step between iterations (or every few iterations). Just as the matrices C0 and Cτ can be

estimated using trajectory data, the orthogonalization procedure can also be implemented

approximately using data.

Finally, in our experiments we find it advantageous to damp large parameter fluctuations

during training by mixing the operator A with a multiple of the identity, i.e., we perform our

inexact subspace iteration on the operator (1− αs)I + αsA in place of A itself. This new

operator has the same eigenfunctions as A. In our experiments, decreasing the parameter αs

as the number of iterations increases results in better generalization properties of the final

solution and helps ensure convergence of the iteration. For our numerical experiments we use

αs =


1 s < σ

1/
√
s+ 1− σ s ≥ σ

(6.21)

where σ is a user chosen hyperparameter that sets the number of iterations performed before

damping begins.

The details, including estimators for all required inner products, in the case of the
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eigenproblem (A = T τ ) are given in Section 6.7 and Algorithm 4. For the prediction problem

with A as in (6.14), they are given in Section 6.8 and Algorithm 5.

6.5 Alternative loss functions

As mentioned above, the inexact application of the operator A can be accomplished by

minimizing loss functions other than (6.17). The key requirement for a loss function in the

present study is that A appears in its gradient only through terms of the form ⟨f,Ag⟩µ for

some functions f and g, so that the gradient can be estimated using trajectory data. As

a result, we have flexibility in the choice of loss and, in turn, the representation of u. In

particular, we consider the representation uθ = ζ(zθ), where ζ is an increasing function, and

zθ is a function parameterized by a neural network. An advantage of doing so is that the

function ζ can restrict the output values of uθ to some range. For example, when computing a

probability such as the committor, a natural choice is the sigmoid function ζ(x) = (1+e−x)−1.

Our goal is to train a sequence of parameter values so that uθs approximately follows a

subspace iteration, i.e., so that ζ(zθs+1) ≈ Auθs . To this end, we minimize with respect to θ

the loss function

EX0∼µ [V (zθ)− zθAuθs ] , (6.22)

where V is an antiderivative of ζ, and θs is fixed. The subscript X0 ∼ µ in this expression

indicates that X0 is drawn from µ. Note that, as desired, A appears in the gradient of (6.22)

only in an inner product of the required form, and an approximate minimizer, θs+1, of this

loss satisfies ζ(zθs+1) ≈ Auθs . This general form of loss function is adapted from variational

expressions for the divergence of two probability measures [145, 196].

The L2µ loss in (6.17), which we use in several of our numerical experiments, corresponds

to the choice ζ(x) = x and V (x) = x2/2. The choice of ζ(x) = (1 + e−x)−1 mentioned above

corresponds to V (x) = log(1 + ex); we refer to the loss in (6.22) with this choice of V as the
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Figure 6.1: Müller-Brown potential energy surface. The orange and red ovals indicate the
locations of states A and B respectively when computing predictions. Contour lines are
drawn every 1 β−1.

“softplus” loss. We note that in the context of committor function estimation, in the limit

of infinite lag time the “softplus” loss corresponds directly to the maximum log-likelihood

loss (for independent Bernoulli random variables) that defines the logistic regression estimate

of the probability of reaching B before A. Logistic regression has previously been used in

conjunction with data sets of trajectories integrated all the way until reaching A or B to

estimate the committor function [154–156, 200–202].

6.6 Test problems

We illustrate our methods with two well-characterized systems that exemplify features of

molecular transitions. In this section, we provide key details of these systems.
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6.6.1 Müller-Brown potential

The first system is defined by the Müller-Brown potential [79] (Figure 6.1):

VMB(y, z) =
1

20

4∑
i=1

Ci exp[ai(y − yi)2 + bi(y − yi)(z − zi) + ci(z − zi)2]. (6.23)

The two-dimensional nature of this model facilitates visualization. The presence of multi-

ple minima and saddlepoints that are connected by a path that does not align with the

coordinate axes makes the system challenging for both sampling and analysis methods. In

Sections 6.7.1 and 6.8.1, we use Ci = {−200,−100,−170, 15}, ai = {−1,−1,−6.5, 0.7},

bi = {0, 0, 11, 0.6}, ci = {−10,−10,−6.5, 0.7}, yi = {1,−0.27,−0.5,−1}, zi = {0, 0.5, 1.5, 1}.

In Section 6.8.2, we tune the parameters to make transitions between minima rarer; there, the

parameters are Ci = {−250,−150,−170, 15}, ai = {−1,−3,−6.5, 0.7}, bi = {0, 0, 11, 0.6},

ci = {−10,−30,−6.5, 0.7}, yi = {1,−0.29,−0.5,−1}, zi = {0, 0.5, 1.5, 1}. For prediction, we

analyze transitions between the upper left minimum (A) and the lower right minimum (B)

in Figure 6.1; these states are defined as

A = {y, z : 6.5(y + 0.5)2 − 11(y + 0.5)(z − 1.5) + 6.5(z − 1.5)2 < 0.3}

B = {y, z : (y − 0.6)2 + 0.5(z − 0.02)2 < 0.2}.
(6.24)

To generate a data set, we randomly draw 50,000 initial conditions X0
j uniformly from

the region

Ω = {y, z : −1.5 < y < 1.0, −0.5 < z < 2.5, VMB(y, z) < 12} (6.25)

and, from each of these initial conditions, generate one trajectory according to the discretized

overdamped Langevin dynamics

Xt
j = Xt−1

j − δt∇VMB(X
t−1
j ) +

√
δt 2β−1 ξ

t
j (6.26)
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where 1 ≤ t ≤ τ , the ξtj are independent standard Gaussian random variables, and the

timestep is δt = 0.001. We use an inverse temperature of β = 2, and we vary τ as indicated

below (note that τ is an integer number of steps, but we present our results for the Müller-

Brown model in terms of the dimensionless scale used for δt immediately above). For each

test, we use independent random numbers and redraw the initial conditions because it is

faster to generate the trajectories than to read them from disk in this case. All error bars are

computed from the empirical standard deviation over 10 replicate data sets.

To validate our results, we compare the neural-network results against grid-based references,

computed as described in Section S4 of the Supplementary Material of Thiede et al. [4]

and the Appendix of Lorpaiboon et al. [203] (our notation here follows the former more

closely). The essential idea is that the terms in the infinitesimal generator of the transition

operator can be approximated on a grid to second order in the spacing by expanding both

the probability for transitions between sites and a test function. To this end, we define the

transition matrix for neighboring sites x = (y, z) and x′ = (y ± δx, z) or (y, z ± δx) on a grid

with spacings δx:

P (x′|x) = 1

1 + eβ[V (x′)−V (x)]
(6.27)

(this definition differs from that in Thiede et al. [4] by a factor of 1/4, and we scale P − I,

where I is the identity matrix, accordingly to set the time units below). The diagonal entry

P (x|x) is fixed to make the transition matrix row-stochastic. We use δx = 0.0125; the grid

is a rectangle with y ∈ [−1.5, 1.0], and z ∈ [−0.5, 2.0]. The reference invariant subspaces

are computed by diagonalizing the matrix 2(P − I)/βδ2x with a sparse eigensolver; we use

scipy.sparse.linalg. We obtain the reference committor q̂+ for grid sites in (A∪B)c by solving

diag(1̂(A∪B)c)(P − I)q̂+ = −diag(1̂(A∪B)c)(P − I)1̂B (6.28)

and for grid sites in A ∪B by setting q̂+ = 1̂B . Here, q̂+ and 1̂B are vectors corresponding
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Figure 6.2: Helix-to-helix transition of AIB9. (left) Left- and right-handed helices, which
we use as states A and B, respectively, when computing predictions. Carbon, nitrogen, and
oxygen atoms are shown in yellow, blue, and red, respectively; hydrogen atoms are omitted.
(right) Potential of mean force constructed from the histogram of value pairs of the first two
dihedral angle principal components; data are from the 20 trajectories of 5 µs that we use to
construct reference statistics (see text). The left-handed helix corresponds to the left-most
basin, and the right-handed helix corresponds to the right-most basin. Contour lines are
drawn every 2 β−1 corresponding to a temperature of 300 K.

to the functions evaluated at the grid sites.

6.6.2 AIB9 helix-to-helix transition

The second system is a peptide of nine α-aminoisobutyric acids (AIB9; Figure 6.2). Because

AIB is achiral around its α-carbon atom, AIB9 can form left- and right-handed helices with

equal probabilities, and we study the transitions between these two states. This transition

was previously studied using MSMs and long unbiased molecular dynamics simulations [140,

141]. AIB9 poses a stringent test due to the presence of many metastable intermediate states.

The states are defined in terms of the internal ϕ and ψ dihedral angles. We classify an

amino acid as being in the “left” state if its dihedral angle values are within a circle of radius

25◦ centered at (41◦, 43◦), that is

(ϕ− 41◦)2 + (ψ − 43◦)2 ≤ (25◦)2.
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Amino acids are classified as being in the “right” state using the same radius, but centered

instead at (−41◦,−43◦). States A and B are defined by the amino acids at sequence positions

3–7 being all left or all right, respectively. We do not use the two residues on each end of

AIB9 in defining the states as these are typically more flexible [141]. The states can be

resolved by projecting onto dihedral angle principal components (dPCs; Figure 6.2, right) as

described previously [146].

Following a procedure similar to that described in Perez et al. [141], we generate a data

set of short trajectories. From each of the 691 starting configurations in Perez et al. [141],

we simulate 10 trajectories of duration 20 ns with initial velocities drawn randomly from

a Maxwell-Boltzmann distribution at a temperature of 300 K. The short trajectory data

set thus contains 6,910 trajectories, corresponding to a total sampling time of 138.2 µs.

We use a timestep of 4 fs together with a hydrogen mass repartitioning scheme [144], and

configurations are saved every 40 ps. We employ the AIB parameters from Forcefield_NCAA

[143] and the GBNeck2 implicit-solvent model [145]. Simulations are performed with the

Langevin integrator in OpenMM 7.7.0 [142] using a friction coefficient of 1 ps−1. To generate

a reference for comparison to our results, we randomly select 20 configurations from the data

set above and, from each, run a simulation of 5 µs with the same simulation parameters.

For all following tests on AIB9, batches consist of pairs of frames separated by τ drawn

randomly with replacement from the short trajectories (i.e., from all possible such pairs in

the data set). From each frame, we use only the atom positions because the momenta

decorrelate within a few picoseconds, which is much shorter than the lag times that we

consider. However, in principle, the momenta could impact the prediction functions [138]

and be used as neural-network inputs as well.
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6.7 Spectral estimation

In this section, we provide some further numerical details for the application of our method

to spectral estimation and demonstrate the method on the test problems. For our subspace

iteration with A = T τ , we require estimators for inner products of the form ⟨f, T τg⟩µ. For

example, the gradient of the loss function (6.17) involves inner products of the form

〈
∇θφ

a
θ , T

τφbθ

〉
µ
. (6.29)

For these, we use the unbiased data-driven estimator

⟨f, T τg⟩µ ≈
1

n

n∑
j=1

f(X0
j )g(X

τ
j ). (6.30)

As discussed in Section 6.4, applying the operator T τ repeatedly causes each basis function

to converge to the dominant eigenfunction and leads to numerical instabilities. To avoid

this, we orthogonalize the outputs of the networks with a QR decomposition at the end of

each subspace iteration by constructing the matrix Φia = φaθ(X
0
i ) and then computing the

factorization Φ = QR where Q is an n×k matrix with orthogonal columns and R is an upper

triangular k × k matrix. Finally, we set φ̃as =
∑k

b=1 φ
b
θ (R

−1N)ba, where N is a diagonal

matrix with entries equal to the norms of the columns of Φ (before orthogonalization). To

ensure that the networks remain well-separated (i.e., the eigenvalues of C0 remain away from

zero), we penalize large off-diagonal entries of K by adding to the loss

γ1∥K − diag(K)∥2F, (6.31)

where γ1 allows us to tune the strength of this term relative to others, and ∥·∥F is the

Frobenius norm. We control the scale of each network output using the strategy from Wen
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et al. [196]; that is, we add to the loss a term of the form

γ2

k∑
a=1

2νa
 1

n

n∑
j=1

φaθ(X
0
j )

2 − 1

− ν2a
 , (6.32)

where we have introduced the conjugate variables νa which we maximize with gradient ascent

(or similar optimization). In general, our numerical experiments suggest that it is best to

keep γ1 and γ2 relatively small. We find that stability of the algorithm over many subspace

iterations is improved if the matrix K is set at its optimal value before each inner loop. To

do this, we set

K1:i,i = argmin
c

1

n

n∑
j=1

(
i∑

a=1

φaθ(X
0
j )ca − φ̃

a
s(X

τ
j )

)2

+ γ2

i−1∑
a=1

c2a. (6.33)

The above minimization can be solved with linear least squares. Finally, we note that in

practice any optimizer can be used for the inner iteration steps, though the algorithm below

implements stochastic gradient descent. In this work, we use Adam [204] for all numerical

tests. We summarize our procedure for spectral estimation in Algorithm 4.

6.7.1 Müller-Brown model

Table 6.1: Parameter choices used in this work

Spectral Estimation Committor MFPT
Hyperparameter Müller-Brown AIB9 Müller-Brown Modified Müller-Brown AIB9 AIB9

subspace dimension k 3 5 1 2, 11 1 5
input dimensionality 2 174 2 2 174 174

hidden layers 6 6 6 6 6 6
hidden layer width 64 128 64 64 150 150

hidden layer nonlinearity CeLU CeLU ReLU ReLU ReLU ReLU
output layer nonlinearity none tanh sigmoid/none none none none

outer iterations S 10 100 100 4 + 101 100 300
inner iterations M 5000 2000 200 5000 2000 1000

σ 2 50 50 0 50 0
batch size B 2000 1024 5000 2000 1024 2000

learning rate η 0.001 0.0001 0.001 0.001 0.001 0.001
γ1 0.15 0.001 - - - 0.1
γ2 0.01 0.01 - - - 10

loss for φ1
θ L2

µ L2
µ L2

µ/softplus softplus softplus L2
µ

loss for φa
θ for a > 1 L2

µ L2
µ - L2

µ - L2
µ
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Algorithm 4 Inexact subspace iteration (with L2µ loss) for spectral estimation

Require: Subspace dimension k, transition data {X0
j , X

τ
j }

n
j=1, batch size B, learning rate η,

number of subspace iterations S, number of inner iterations M, regularization parameters
γ1 and γ2

1: Initialize {φaθ}
k
a=1 and {φ̃a1}

k
a=1

2: for s = 1 . . . S do
3: for m = 1 . . .M do
4: Sample a batch of data {X0

j , X
τ
j }

B
j=1

5: L̂1 ← 1
B

∑B
j=1

∑k
a=1

[1
2(
∑k

b=1 φ
b
θ(X

0
j )Kba)

2−
∑k

b=1 φ
b
θ(X

0
j )Kba

{
αsφ̃

a
s(X

τ
j )+(1−

αs)φ̃
a
s(X

0
j )
}]

6: L̂K ← γ1∥K − diag(K)∥2F
7: L̂norm ← γ2

∑k
a=1(2νa(

1
B

∑B
j=1(φ

a
θ(X

0
j )

2)− 1)− ν2a)
8: L̂ ← L̂1 + L̂K + L̂norm
9: θ ← θ − η∇θL̂

10: K ← K − η triu(∇KL̂)
11: νa ← νa + η∇νaL̂
12: end for
13: Compute the matrix Φia = φaθ(X

0
i ) ▷ Φ ∈ Rn×k

14: Compute diagonal matrix N2
aa =

∑
i φ

a
θ(X

0
i )

2

15: Compute QR-decomposition Φ = QR ▷ Q ∈ Rn×k and R ∈ Rk×k

16: φ̃as ←
∑k

b=1 φ
b
θ (R

−1N)ba

17: K1:i,i ← argminc
1
n

∑n
j=1

(∑i
a=1 φ

a
θ(X

0
j )ca − φ̃

a
s(X

τ
j )
)2

+ γ2
∑i−1

a=1 c
2
a

18: end for
19: Compute the matrices Ct

ab =
1
n

∑n
j=1 φ̃

a
s(X

0
j )φ̃

b
s(X

t
j) for t = 0, τ ▷ Ct ∈ Rk×k

20: Solve the generalized eigenproblem CτW = C0WΛ for W and Λ
21: return eigenvalues Λ, eigenfunctions va =

∑k
b=1Wabφ̃

b
s
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As a first test of our method, we compute the k = 3 dominant eigenpairs for the Müller-

Brown model. Since we know that the dominant eigenfunction of the transition operator is

the constant function v1(y, z) = 1 with eigenvalue λ1 = 1, we directly include this function

in the basis as a non-trainable function, i.e. φ1θ(y, z) = 1. To initialize φ̃a1 for each a > 1,

we choose a standard Gaussian vector (Y a, Za) ∈ R2, and set φ̃a1(y, z) = y Y a + z Za. This

ensures that the initial basis vectors are well-separated and the first QR step is numerically

stable. Here and in all subsequent Müller-Brown tests, batches of trajectories are drawn from

the entire data set with replacement. Other hyperparameters are listed in Table 6.1.

Figure 6.3: First two non-trivial eigenfunctions of the Müller-Brown model. (top) Grid-based
reference. (bottom) Neural network subspace after ten subspace iteration steps, computed
with τ = 300 steps (i.e., 0.3 δ−1t ).

Figure 6.3 shows that we obtain good agreement between the estimate produced by the

inexact subspace iteration in Algorithm 4 and reference eigenfunctions. Figure 6.4 (upper

panels) shows how the corresponding eigenvalues vary with lag time; again there is good

agreement with the reference. Furthermore, there is a significant gap between λ3 and λ4,

indicating that a three-dimensional subspace captures the dynamics of interest for this system.

We compare the subspace that we obtain from our method with that from an MSM

constructed from the same amount of data by using k-means to cluster the configurations into
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Figure 6.4: Spectral estimation as a function of lag time (in units of δ−1t ) for the Müller-Brown
model. (top left) Second eigenvalue. (top right) Third and fourth eigenvalues; only the
reference fourth eigenvalue is shown to illustrate the spectral gap. (bottom left) Relative error
in the first spectral gap (i.e., 1− λ2). (bottom right) Subspace distance between estimated
and reference three-dimensional invariant subspaces.

400 states and counting the transitions between clusters. This is a very fine discretization for

this system, and the MSM is sufficiently expressive to yield eigenfunctions in good agreement

with the reference. The relative error of 1−λ2 is comparable for the two methods (Figure 6.4,

lower left). To compare two finite dimensional subspaces, U and V, we define the subspace

distance as [1]

d(U ,V) =
∥∥(I − PU )PV∥∥F, (6.34)

where PU and PV denote the orthogonal projections onto U and V , respectively, and ∥·∥F is

the Frobenius norm. Figure 6.4 (lower right) shows the subspace distances from the reference

as functions of lag time. We see that the inexact subspace iteration better approximates

the three-dimensional dominant eigenspace for moderate to long lag times, even though the

eigenvalues are comparable.
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6.7.2 AIB9

For the molecular test system, we compute the dominant five-dimensional subspace. We

compare the inexact subspace iteration in Algorithm 4 with MSMs constructed on dihedral

angles (“dihedral MSM”) and on Cartesian coordinates (“Cartesian MSM”). We expect the

dihedral MSM to be accurate given that the dynamics of AIB9 are well-described by the

backbone dihedral angles [140, 141], and we thus use it as a reference. It is constructed

by clustering the sine and cosine of each of the backbone dihedral angles (ϕ and ψ) for

the nine residues (for a total of 2 × 2 × 9 = 36 input features) into 1000 clusters using

k-means and counting transitions between clusters. The Cartesian MSM is constructed by

similarly counting transitions between 1000 clusters from the k-means algorithm, but the

clusters are based on the Cartesian coordinates of all non-hydrogen atoms after aligning

the backbone atoms of the trajectories, for a total of 174 input features. Because of the

difficulty of clustering high-dimensional data, we expect the Cartesian MSM basis to give

poor results. The neural network for the inexact subspace iteration receives the same 174

Cartesian coordinates as input features. We choose to use Cartesian coordinates rather than

dihedral angles as inputs because it requires the network to identify nontrivial representations

for describing the dynamics.

As in the Müller-Brown example, we use φ1θ = 1 and a random linear combination of

coordinate functions to initialize φ̃a1 for a > 1. Other hyperparameters are listed in Table 6.1.

With these choices, the neural-network training typically requires about 20 minutes on a

single NVIDIA A40 GPU; this is much longer than the time required for diagonalization of

the 1000× 1000 MSM transition matrix, which is nearly instantaneous. However, the time

for neural-network training is negligible compared with the time to generate the data set,

which is the same for both approaches.

Taking the dihedral MSM as a reference, the Cartesian MSM systematically underestimates

the eigenvalues (Figure 6.5). The subspace iteration is very accurate for the first four
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Figure 6.5: First five eigenvalues of the transition operator for AIB9 as a function of lag time.
(left) Comparison between eigenvalues computed using the dihedral MSM with 1000 clusters
(solid lines) and the inexact subspace iteration (dashed lines). The shading indicates standard
deviations over five trained networks for the subspace iteration. (right) Comparison between
a dihedral MSM (solid lines) and Cartesian MSMs with 1000 clusters (dashed lines). The
standard deviations for the Cartesian MSMs over five random seeds for k-means clustering
are too narrow to be seen.

eigenvalues but the estimates for the fifth are low and vary considerably from run to run.

A very small gap between λ4 and λ5 may contribute to the difficulty in estimating λ5. In

Figure 6.6, we plot the first two non-trivial eigenfunctions (v2 and v3), which align with the

axes of the dPC projection. The eigenfunction v2 corresponds to the transition between the

left- and right-handed helices; the eigenfunction v3 is nearly orthogonal to v2 and corresponds

to transitions between intermediate states. It is challenging to visualize the remaining two

eigenfunctions by projecting onto the first two dPCs because v4 and v5 are orthogonal to v2

and v3. The estimates for v2 are in qualitative agreement for all lag times tested (Figure 6.6

shows results for τ corresponding to 40 ps), but the subspace iteration results are less noisy

for the shortest lag times. Moreover, the estimate for v3 from subspace iteration agrees more

closely with that from the dihedral MSM than does the estimate for v3 from the Cartesian

MSM. The subspace distance for v2 and v3 between the subspace iteration and the dihedral

MSM is 0.947, compared with a value of 0.969 for the subspace distance between the two

MSMs. Together, our results indicate that the neural networks are able to learn the leading

eigenfunctions and eigenvalues of the transition operator (dynamical modes) of this system
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despite being presented with coordinates that are not the natural ones for describing the

dynamics.

dP
C 

2
dP

C 
2

dPC 1

dP
C 

2

dPC 1

Eigenfunction 2 Eigenfunction 3

Figure 6.6: First two non-trivial eigenfunctions of AIB9 projected onto the first two dPCs
(i.e., averaged for bins in the two-dimensional space shown). (top) MSM constructed on sine
and cosine of dihedral angles with 1000 clusters and lag time corresponding to 40 ps. (middle)
Inexact subspace iteration using Cartesian coordinates and the same lag time. (bottom)
MSM constructed on Cartesian coordinates with 1000 clusters and the same lag time.

6.8 Prediction

Inexact subspace iteration for A in (6.14) is equivalent to performing the inexact Richardson

iteration in (6.12) on the first basis function φ1θ and then performing an inexact subspace

iteration for the operator Sτ on the rest of the basis functions. The iteration requires unbiased
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estimators of the forms

⟨f,Sτg⟩µ ≈
1

n

n∑
j=1

f(X0
j )g(X

τ∧Tj
j ) (6.35)

and

⟨f, r⟩µ ≈
1

n

n∑
j=1

f(X0
j )

(τ∧Tj)−1∑
t=0

Γ(Xt
j), (6.36)

where Tj is the first time Xt
j enters Dc and r is the right-hand side of (6.5), as previously.

The Richardson iterate, φ1θ, must satisfy the boundary condition φ1θ(x) = Ψ(x) for x /∈ D.

The other basis functions should satisfy φaθ(x) = 0 for x /∈ D. In practice, we enforce the

boundary conditions by explicitly setting φ1θ(x) = Ψ(x) and φaθ(x) = 0 for a > 1 when x /∈ D.

When the boundary condition is zero, as for the MFPT, we find an approximate solution

of the form

uθ =
k∑

a=1

waφ
a
θ (6.37)

by solving the k-dimensional linear system

(
C0 − Cτ

)
w = p (6.38)

where, for a, b ≥ 1,

Ct
ab = ⟨φ

a
θ ,S

tφbθ⟩µ (6.39)

for t = 0, τ , and

pa =
〈
φaθ ,Ex [ρ(X)]

〉
µ. (6.40)

In (6.40), we introduce the notation

ρ(X) =

(τ∧T )−1∑
t=0

Γ(Xt) (6.41)

for use in Algorithm 5.
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Figure 6.7: First eigenvalue of Sτ (second of A in (6.14)) for the Müller-Brown model as a
function of lag time (in units of δ−1t ). The gap between this eigenvalue and the dominant
eigenvalue, which is one, determines the rate of convergence of the Richardson iteration.

When the boundary condition is non-zero, as for the committor, we restrict (6.38) to a

(k − 1)-dimensional linear system by excluding the indices a = 1 and b = 1 in (6.39) and

(6.40) and setting

ρ(X) = φ1θ(X
τ∧T )− φ1θ(X

0) +

(τ∧T )−1∑
t=0

Γ(Xt). (6.42)

In this case the corresponding approximate solution is

uθ = φ1θ +
k∑

a=2

waφ
a
θ . (6.43)

This approximate solution corresponds to the one given by dynamical Galerkin approximation

[4, 5] with the basis {φaθ}
k
a=2

and a “guess” function of φ1θ.

When the boundary conditions are zero, the orthogonalization procedure and the matrix

K are applied to all basis functions as in Section 6.7. When the boundary conditions are

non-zero, the orthogonalization procedure is only applied to the basis functions {φaθ}
k
a=2

,

and Ka1 = Ia1, the a1 element of the identity matrix. We summarize our procedure for

prediction in Algorithm 5.
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Algorithm 5 Inexact subspace iteration (with L2µ loss) for prediction functions

Require: Subspace dimension k, stopped transition data {X0
j , X

τ∧Tj
j }

n

j=1
, reward data

{ρ(Xj)}nj=1, batch size B, learning rate η, number of subspace iterations S, number of
inner iterations M, regularization parameters γ1 and γ2

1: Initialize {φaθ}
k
a=1 and {φ̃a1}

k
a=1

2: for s = 1 . . . S do
3: for m = 1 . . .M do
4: Sample a batch of data {X0

j , X
τ∧Tj
j }Bj=1, {ρ(Xj)}Bj=1

5: L̂1 ← 1
B

∑B
j=1

∑k
a=1

[1
2(
∑k

b=1 φ
b
θ(X

0
j )Kba)

2 − αs
(∑k

b=1 φ
b
θKba(φ̃

a
s(X

τ∧Tj
j ) +

ρ(Xj)Ia1)
)]

6: L̂2 ← − 1
B

∑B
j=1

∑k
a=1(1− αs)

∑k
b=1 φ

b
θKbaφ̃

a
s(X

0
j )

7: L̂K ← γ1∥K − diag(K)∥2F
8: L̂norm ← γ2

∑k
a=2(2νa(

1
B

∑B
j=1(φ

a
θ(X

0
j )

2)− 1)− ν2a)
9: L̂ ← L̂1 + L̂2 + L̂K + L̂norm

10: θ ← θ − η∇θL̂
11: K ← K − η (triu(∇KL̂))
12: νa ← νa + η∇νaL̂
13: end for
14: if Ψ(x) = 0 then
15: Compute the matrix Φia = φaθ(X

0
i ) ▷ Φ ∈ Rn×k

16: else
17: Compute the matrix Φia = φaθ(X

0
i ) for a > 1 ▷ Φ ∈ Rn×(k−1)

18: end if
19: Compute QR-decomposition Φ = QR
20: Compute diagonal matrix N2

aa =
∑

i φ
a
θ(X

0
i )

2

21: φ̃as ←
∑k

b=1 φ
b
θ (R

−1N)ba ▷ if Ψ(x) = 0 exclude a = 1

22: K1:i,i ← argminc
1
n

∑n
j=1

(∑i
a=1 φ

a
θ(X

0
j )ca − φ̃

a
s(X

τ∧Tj
j )

)2
+ γ2

∑i−1
a=1 c

2
a

23: end for
24: Compute the matrix Ct

ab =
1
n

∑n
j=1 φ

a
θ(X

0
j )φ

b
θ(X

t
j) for t = 0, τ ∧ Tj ▷ Ct ∈ Rk×k

25: Compute the vector pa = 1
n

∑n
j=1 φ

a
θ(X

0
j )ρ(Xj)

26: Solve linear system (C0 − Cτ )w = p ▷ if Ψ(x) = 0 enforce w1 = 1

27: return u =
∑k

a=1waφ
a
θ
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Figure 6.8: Committor prediction for the Müller-Brown system as a function of lag time (in
units of δ−1t ). (left) Comparison of the inexact Richardson iteration using the L2µ loss and an
MSM with 400 states. (right) Same comparison using the softplus loss in place of the L2µ loss.

6.8.1 Müller-Brown committor

In this section, we demonstrate the use of our method for prediction by estimating the

committor for the Müller-Brown model with a shallow intermediate basin at (−0.25, 0.5)

(Figure 6.1). Here the sets A and B are defined as in Eq. (6.24) and T is the time of first

entrance to Dc = A ∪ B. In this case, a one-dimensional subspace iteration (i.e., k = 1 in

Algorithm 5) appears sufficient to accurately solve the prediction problem. Figure 6.7 shows

the largest eigenvalue of the stopped transition operator Sτ (the second largest of A in

(6.14)) computed from our grid-based reference scheme (Section 6.6.1). Richardson iteration

should converge geometrically in this eigenvalue [197], and so, for moderate lag times, we

can expect our method to converge in a few dozen iterations. To initialize the algorithm we

choose φ̃11 = 1B . All other hyperparameters are listed in Table 6.1.

We compare the estimate of the committor from our approach with that from an MSM

constructed from the same amount of data by using k-means to cluster the configurations
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Figure 6.9: Committor prediction for the Müller-Brown as a function of number of initial
conditions for a fixed lag time of τ = 0.1δ−1t . (left) Comparison of inexact Richardson
iteration using the L2µ loss and an MSM with 400 states. (right) Same comparison using the
softplus loss in place of the L2µ loss.

outside A and B into 400 states and counting the transitions between clusters. In addition

to the root mean square error (RMSE) for the committor itself, we show the RMSE of

logitε(q) = log

(
ε+ q

1 + ε− q

)
(6.44)

for points outside A and B. This function amplifies the importance of values close to zero and

one. We include ε because we want to assign only a finite penalty if the procedure estimates

q to be exactly zero or one; we use ε = e−20.

Results as a function of lag time are shown in Figure 6.8. We see that the Richardson

iterate is more accurate than the MSM for all but the shortest lag times. When using the

L2µ loss, the results are comparable, whereas the softplus loss allows the Richardson iterate

to improve the RMSE of the logit function in (6.44) with no decrease in performance with

respect to the RMSE of the committor. Results as a function of the size of the data set are
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shown in Figure 6.9 for a fixed lag time of τ = 0.1δ−1t . The Richardson iterate generally does

as well or better than the MSM. Again, the differences are more apparent in the RMSE of

the logit function in (6.44). By that measure, the Richardson iterate obtained with both loss

functions is significantly more accurate than the MSM for small numbers of trajectories. The

softplus loss maintains an advantage even for large numbers of trajectories.
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Figure 6.10: Richardson iteration for the committor converges slowly for a Müller-Brown
potential with a deepened intermediate. (top left) Potential energy surface, with states A
and B indicated. Contour lines are drawn every 1 β−1. (top right) Reference committor.
(bottom left) Dominant eigenvalue as a function of lag time (in units of δ−1t ) from an MSM
with 400 states, subspace iteration, and the grid-based reference. (bottom right) Example
of the Richardson iteration after 400 iterations. Note the overfitting artifacts and lack of
convergence near the intermediate state.

6.8.2 Accelerating convergence by incorporating eigenfunctions

As discussed in Section 6.3, we expect Richardson iteration to converge slowly when the

largest eigenvalue of Sτ , λ1, is close to 1. More precisely, the number of iterations required

to reach convergence should scale with −1/ log λ1 = E [T ] /τ , the mean escape time from the

quasi-stationary distribution to the boundary of D divided by the lag time. With this in

mind, we can expect inexact Richardson iteration for the Müller-Brown to perform poorly

if we deepen the intermediate basin at (−0.25, 0.5) as in Figure 6.10 (top left). Again, the

sets A and B are defined as in (6.24), and T is the time of first entrance to Dc = A ∪B. In

this case, −1/ log λ1 is on the order of 100 for the lag times we consider and, as expected,

inexact Richardson iteration converges slowly (Figure 6.10, bottom left). Estimates of the

committor by inexact Richardson iteration do not reach the correct values even after hundreds
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of iterations (Figure 6.10, bottom right).

We now show that convergence can be accelerated dramatically by incorporating additional

eigenfunctions of Sτ (i.e., k > 1 in Algorithm 5). For the Müller-Brown model with a deepened

intermediate basin, the second eigenvalue of Sτ is of order 10−4 for a lag time of τ = 1000

steps or 1 δt
−1 (while the first is near one as discussed above). We therefore choose k = 2

with φ̃21 initialized as a random linear combination of coordinate functions as in previous

examples. We run the subspace iteration for four iterations, compute the committor as

a linear combination of the resulting functions, and then refine this result with a further

ten Richardson iterations (i.e., k = 1 with the starting vector as the output of the k = 2

subspace iteration). To combine the functions, we use a linear solve which incorporates

memory (Algorithm 6) [7, 136]. We find that the use of memory improves the data-efficiency

substantially for poorly conditioned problems. For our tests here, we use three memory

kernels, corresponding to τmem = ⌊τ/4⌋.

The bottom row of Figure 6.11 illustrates the idea of the subspace iteration. The second

eigenfunction (Figure 6.11, center) is peaked at the intermediate. As a result, the two

neural-network functions linearly combined by the Galerkin approach with memory can yield

a good result for the committor (Figure 6.11, bottom right). Figure 6.12 compares the RMSE

for the committor and the RMSE for the logit in (6.44) for Algorithm 5 with k = 1 (pure

Richardson iteration) and k = 2 (incorporating the first non-trivial eigenfunction), and an

MSM with 400 states. We see that the Richardson iteration suffers large errors at all lag

times; as noted previously, this error is mainly in the vicinity of the intermediate. The MSM

cannot accurately compute the small probabilities, but does as well as the subspace iteration

in terms of RMSE.
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Algorithm 6 Memory-corrected linear solve for predictions

Require: Stopped transition data {X0
j , X

1∧Tj
j , . . . , X

τ∧Tj
j }nj=1, guess function h, reward

data {ρ(Xj)}nj=1, basis set {fa}ka=1, lag between memory kernels τmem.
1: for s = 0 . . . (τ/τmem) do
2: Initialize the matrix Cs with zeros ▷ Cs ∈ R(k+1)×(k+1)

3: Cs
11 ← 1

4: for a = 2 . . . k do
5: Cs

a1 ←
1
n

∑n
j=1 f

a(X0
j )ρ(X

sτmem∧Tj
j )

6: for b = 2 . . . k do
7: Cs

ab ←
1
n

∑n
j=1 f

a(X0
j )f

b(X
sτmem∧Tj
j )

8: end for
9: end for

10: end for
11: A← C1 − C0

12: for s = 0 . . . (τ/τmem)− 2 do
13: Ms ← Cs+2 − Cs+1 − A(C0)−1Cs+1 −

∑s
j=0M

j(C0)−1Cs−j

14: end for
15: Amem ← A+

∑(τ/τmem)−2
s=0 Ms

16: Solve Amemw = w
17: return u = h+

∑k
a=2waf

a

Figure 6.11: Illustration of the subspace iteration for the Müller-Brown committor. (top left)
Modified Müller-Brown potential. (top center) Reference second eigenfunction. (top right)
Reference committor. (bottom left) Neural-network Richardson iterate after four iterations.
(bottom center) First non-dominant eigenfunction obtained from the neural network after four
iterations. (bottom right) Committor resulting from linear combination of the Richardson
iterate and second eigenfunction. Results shown are for τ = 1000 steps (i.e., 1 δt−1).
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Figure 6.12: Committor for the Müller-Brown potential with deepened intermediate as a
function of lag time (in units of δt−1). (left) Comparison of RMSE for subspace iteration
as described above, Richardson iteration (as in Section 6.8.1 but instead with 500 subspace
iterations), and an MSM with 400 states. (right) RMSE of the logit function in (6.44).

6.8.3 AIB9 prediction results

As an example of prediction in a high-dimensional system, we compute the committor for the

transition between the left- and right-handed helices of AIB9 using the inexact Richardson

iteration scheme (k = 1 in Algorithm 5) with the softplus loss function. Specifically, for this

committor calculation T is the time of first entrance to Dc = A∪B with A and B defined in

Section 6.6.2. As before, we initialize φ̃11 = 1B .

To validate our results, we use the 5 µs reference trajectories to compute an empirical

committor as a function of the neural network outputs, binned into intervals:

q̄(s) = P
[
XT ∈ B

∣∣∣ uθ(X0) ∈ [s, s+∆s]
]

(6.45)

for s ∈ [0, 1−∆s]. Here, we use ∆s = 0.05. The overall error in the committor estimate is

defined as

q error =

∆s

1/∆s−1∑
n=0

[
q̄(n∆s)− n∆s

]21/2

. (6.46)

While this measure of error can only be used when the data set contains trajectories of long

enough duration to reach Dc, it has the advantage that it does not depend on the choice of

projection that we use to visualize the results.
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Results for the full data set with τ corresponding to 400 ps are shown in Figure 6.13. The

projection on the principal components is consistent with the symmetry of the system, and

the predictions show good agreement with the empirical committors. As τ decreases, the

results become less accurate (Figure 6.14, top left); at shorter lag times we would expect

further increases in the error. We also examine the dependence of the results on the size

of the data set by subsampling the short trajectories and then training neural networks

on the reduced set of trajectories (Figure 6.14, top right). We find that the performance

steadily drops as the number of trajectories is reduced and degrades rapidly for the data sets

subsampled more than 20-fold (Figure 6.14, bottom), corresponding to about 7 µs of total

sampling.
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Figure 6.13: AIB9 committor for the transition between left- and right-handed helices. (left)
Averages of 1B(XT ) for initial conditions in bins in the first two dPCs computed from 20
long (5 µs) trajectories. (middle) Averages of representative neural-network committors
trained on the data set of 6,910 short (20 ns) trajectories; τ corresponds to 400 ps. (right)
Comparison between empirical committors (as defined in (6.45)) and the neural-network
committors (trained as for the middle panel). Error bars indicate standard deviations over
ten different initializations of the neural-network parameters.

Finally, we compute the MFPT to reach the right-handed helix using the same data set.

For the MFPT calculation T is the time of first entrance to Dc = B. Note that the time of

first entrance to B includes long dwell times in A and is expected to be much larger than the

time of first entrance to A ∪B.
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Figure 6.14: AIB9 committor for the transition between left- and right-handed helices, as
functions of lag time (in ps) and number of initial conditions. (top left) Error in the committor
as a function of lag time (in ps). Shading indicates the standard deviation over ten different
initializations of the neural-network parameters. (top right) Error in the committor as a
function of the number of initial conditions with τ corresponding to 160 ps. Shading indicates
the standard deviation over ten different random samples of the trajectories. (bottom)
Comparison between empirical committors and neural-network committors trained on data
sets with (left) 1/2 and (right) 1/20 of the short trajectories. Error bars indicate standard
deviations over ten random samples of the trajectories.

We compare against an empirical estimate of the MFPT defined by

m̄(s) = E
[
T
∣∣∣uθ(X0) ∈ [s, s+∆s]

]
(6.47)

for s ∈ [0,mmax−∆s] where ∆s = 3 and mmax = 57 ns. Overall error is defined analogously

to Eq. (6.46).

In Figure 6.15, we show the MFPT obtained from Algorithm 5 with k = 5 and the L2µ

loss function. Initially we set φ̃11 equal to an arbitrary positive function (we use 51A) and φ̃as

for a > 1 to a random linear combination of coordinate functions. In Figure 6.16 we examine

the convergence of the MFPT from the left-handed helix to the right-handed helix for the
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MFPT computed with k = 1 (pure Richardson iteration) and k = 5. The horizontal line

indicates a MFPT of about 56 ns estimated from the long reference trajectories. We see that

the algorithm with k = 5 converges much faster (note the differing scales of the horizontal

axes) and yields accurate results at all lag times other than the shortest shown. The need

to choose k > 1 for this MFPT calculation is again consistent with theoretical convergence

behavior of exact subspace iteration. Because the typical time of first entrance to B from

points in A is very large, we expect the dominant eigenvalue of Sτ to be very near to one

when D = Bc. In contrast, the committor calculation benefits from the fact that the time of

first entrance to A ∪B is much shorter, implying a smaller dominant eigenvalue of Sτ when

D = (A ∪B)c.

Figure 6.15: AIB9 MFPT to the right-handed helix. (left) Averages of the time to next
reach B for initial conditions in bins in the first two dPCs computed from 20 long (5 µs)
trajectories. (middle) Averages of representative neural-network committors trained on the
data set of 6,910 short (20 ns) trajectories; τ corresponds to 400 ps. (right) Comparison
between empirical committors (as defined in (6.47)) and the neural-network committors
(trained as for the middle panel). Error bars indicate standard deviations over ten different
initializations of the neural-network parameters.

6.9 Conclusions

In this work we have presented a method for spectral estimation and rare-event prediction

from short-trajectory data. The key idea is that we use the data as the basis for an inexact

subspace iteration. For the test systems that we considered, the method not only outperforms
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Figure 6.16: MFPT between left- and right-handed helices for the AIB9 system. (top left)
Convergence of Richardson iteration. The lllll to rrrrr MFPT is computed by averaging the
richardson iteration result over each frame of each of the long reference trajectories in the lllll
state. (top right) Convergence of a five-dimensional subspace iteration. (bottom left) MFPT
after 100 and 200 subspace iterations as a function of lag time. Shading indicates standard
deviations over ten different initializations of the neural-network parameters. (bottom right)
Overall error in MFPT. To obtain the results shown in this figure, we first use the short-
trajectory dataset to train neural networks to predict the MFPT; we then use these networks
with fixed parameters to evaluate the MFPT for all structures in the long reference trajectories
and average the results for those structures in the left-handed helix state. The horizontal
lines in the top panels are obtained from averaging the time to the right-handed helix for the
same structures.

high-resolution MSMs, but it can be tuned through the choice of loss function to compute

committor probabilities accurately near the reactants, transition states, and products. Other

than the Markov assumption, our method requires no knowledge of the underlying model

and puts no restrictions on its dynamics.

As discussed in prior neural-network based prediction work [147, 167], our method is

sensitive to the quality and distribution of the initial sampling data. However, our work

shares with Strahan et al. [147] the major advantage of allowing the use of arbitrary inner
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products. This enables adaptive sampling of the state space [147, 164] and—together with

the features described above—the application to observational and experimental data, for

which the stationary distribution is generally unavailable.

In the present work, we focused on statistics of transition operators, but our method

can readily be extended to solve problems involving their adjoint operators as well. By this

means, we can obtain the stationary distribution as well as the backward committor. The

combination of forward and backward predictions allows the analysis of transition paths using

transition path theory without needing to generate full transition paths [3, 151, 203] and has

been used to understand rare transition events in molecular dynamics [5, 8, 76, 185, 190, 205]

and geophysical flows [165, 206–209]. We leave these extensions to future work.

In cases in which trajectories that reach the reactant and product states are available, it

would be interesting to compare our inexact iterative schemes against schemes for committor

approximation based on logistic regression and related approaches [108, 109, 154–156, 200–

202]. These schemes are closely related to what is called “Monte-Carlo” approximation in

reinforcement learning [195], and also to the inexact Richardson iteration that we propose

here with τ →∞.

We have seen that temporal difference (TD) learning, a workhorse for prediction in

reinforcement learning, is closely related to an inexact form of Richardson iteration. Variants

like TD(λ), have similar relationships to inexact iterative schemes. As we showed, subspace

iteration is a natural way of addressing slow convergence. We thus anticipate that our results

have implications for reinforcement learning, particularly in scenarios in which the value

function depends on the occurrence of some rare-event. Finally, we note that our framework

can be extended to the wider range of iterative numerical linear algebra algorithms. In

particular, Krylov or block Krylov subspace methods may offer further acceleration. In fact,

very recently an approach along these lines was introduced for value function estimation in

reinforcement learning [210].
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CHAPTER 7

AUGMENTED TRANSITION PATH THEORY

This chapter is adapted from C. Lorpaiboon et al., “Augmented transition path theory

for sequences of events”, J. Chem. Phys. 157, 094115 (2022), with the permission of AIP

Publishing.

Transition path theory provides a statistical description of the dynamics of a reaction in

terms of local spatial quantities. In its original formulation, it is limited to reactions that

consist of trajectories flowing from a reactant set A to a product set B. We extend the basic

concepts and principles of transition path theory to reactions in which trajectories exhibit a

specified sequence of events and illustrate the utility of this generalization on examples.

7.1 Introduction

Many reactions studied today proceed through competing pathways. Understanding such

reactions relies on being able to assess the relative importance of the competing pathways

and how they contribute to overall rates. When the pathways are well separated, they can

be treated independently, often by traditional theories that assume a well-defined activated

complex (transition state) and a simple form for the underlying (free) energy landscape

governing the dynamics [211, 212]. However, when the (observed) dynamics are stochastic, the

pathways of reactions often overlap in configuration space. Approaches that treat competing

pathways in a unified fashion are thus needed.

To this end, here, we build on transition path theory (TPT) [3, 73, 74, 138, 151]. The core

idea of transition path theory is that the statistics of the ensemble of reactive trajectories can

be related to quantities that are local in space: probability currents of reactive trajectories

(henceforth, reactive currents) and committors. These quantities enable TPT to go beyond

traditional theories by providing information about mechanisms. Reactive currents quantify
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flows in phase space. Committors, which are probabilities of reaching one metastable state

before another, by definition characterize the progress of stochastic reactions [148].

In its traditional formulation, TPT focuses on transitions between two metastable states.

In the present chapter, we extend TPT to compute statistics for sequences of events, and we

show how this significantly expands its applicability. Our work builds on but goes beyond

previous studies. It is closely related to history-augmented Markov state models, in which

states are labeled based on the last metastable state visited [37]. Separating the ensemble

of reactive trajectories using these labels enables rates to be computed from the flux into a

metastable state [213, 214], as well as reactive currents and committors from the underlying

trajectories [205]. Our approach generalizes the labeling strategy to sequences of arbitrary

numbers of states and allows specification of not just past events but also future ones.

Our work also has connections to that of Koltai and co-workers, who extended TPT to

allow trajectories to leave and enter the region connecting the metastable states to analyze

trajectory segments from satellite data for drifters in the ocean [207]. Specifically, they

redefined committors to exclude trajectories that were not wholly within this region and

noted that this approach could be used to exclude trajectories that pass through selected

states. They also considered computing statistics for trajectories beginning and ending in

specific portions of metastable states. Both of these developments allow statistics to be

computed for subsets of reactive trajectories based on the states that they visit.

We present our work as follows. First, in Sections 7.2.1 and 7.2.2, we review how TPT

expresses path statistics in terms of spatially and temporally local quantities using committors.

In Section 7.2.3, we present a motivating example in which this is not possible within the

existing framework, but it can be made possible by augmenting the stochastic process with

labels that account for sequences of events. This is the key idea of the chapter. While this

idea is straightforward, formulating the theory in full generality requires some technical

development, and readers may wish to skim Sections 7.2.4 and 7.4 initially, focusing on
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the brief summaries in the first paragraphs of Sections 7.2.4 and 7.4. In Section 7.2.4, we

discuss conditions of consistency and Markovianity that must be satisfied for TPT to apply

to the augmented process. We also generalize committors and integrals based on them. In

Section 7.3, we review the most commonly computed TPT statistics and show how they can

be computed in our augmented TPT framework. In Section 7.4, we introduce a procedure

for constructing the augmented process from pairs of successive time points rather than

full trajectory segments, and we show how processes can be composed to construct more

complex ones. We summarize the operational procedure in Section 7.5. Then, in Section 7.6,

we illustrate our approach on two systems with multiple pathways and intermediates. In

Section 7.7, possible extensions and numerical strategies for treating more complicated

systems are discussed. In Appendix 7.8.1, we provide a method for calculating augmented

TPT statistics using a finite difference scheme. Code implementing this method is available

at github.com/dinner-group/atpt.

7.2 Framework

In this section, we review TPT to show how it casts statistics for reactive trajectories in

terms of local quantities. Then we present an example that cannot be treated within the

traditional TPT framework and show how it can be treated by introducing an augmented

process. The essential idea is that the augmented process accounts for the order of events.

The challenge in implementing this idea is that, for a finite-length trajectory segment, we

generally do not know the events that occur before and after it.

For clarity, we present our results in terms of a discrete-time Markov process Xt with

time step ϵ, but our results generalize to continuous-time processes in the limit ϵ→ 0. We

denote the time interval r, r + ϵ, . . . , s by r : s and a trajectory segment on this time interval

by Xr:s = (Xr, Xr+ϵ, . . . , Xs). For conciseness, we denote an infinite trajectory X−∞:∞ by

X.
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7.2.1 Ensemble of Reactive Trajectories

In both traditional and augmented TPT, statistics are computed over the ensemble of reactive

trajectories. In this section, we define this ensemble and integrals over it. Here, we focus on

traditional TPT, but the framework generalizes to augmented TPT immediately once we

define the augmented process in Section 7.2.4.

Traditional TPT considers a reaction from a set A to a set B via trajectories that cross a

region D. In anticipation of our augmented framework, we allow D ⊆ (A ∪B)c as in Miron

et al. [207]. We consider a trajectory Xr:s to be reactive if its first time point Xr is in the

reactant set A, its last time point Xs is in the product set B, and all intervening time points

Xr+ϵ:s−ϵ are in the region D. Mathematically, we implement this definition through the

indicator function

ω(Xr:s) = 1A×D×···×D×B(Xr:s), (7.1)

where

1S(x) =


1 if x ∈ S,

0 otherwise,
(7.2)

and S1 × · · · × Sn = {(x1, . . . , xn) | x1 ∈ S1, . . . , xn ∈ Sn} is the n-fold Cartesian product.

Given (7.1), we define the integral over the ensemble of reactive trajectories to be

IXω [η] = lim
T→∞

1

2T
IX
[ ∑
r=−T :T−ϵ
s=r+ϵ:T

ω(Xr:s)η(Xr:s)
]
, (7.3)

where IX [f(X)] is the integral of f(X) over the distribution of infinite trajectories X, which

we denote using the superscript X. When Xt is a stationary ergodic process and IX is the

expectation EX over the distribution of infinite trajectories, as in traditional TPT, we can

compute IXω [η] from a single infinite trajectory and so IX can be omitted; however, this is not

necessarily true for time-dependent processes, as in Helfmann et al. [215], or for augmented
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processes, as in this work. As Xt is a Markov process, we can compute this integral by

sampling configurations X−T from the distribution of states at time −T and propagating

until time T . The prefactor 1/(2T ) ensures that IXω [η] gives consistent results across different

trajectory lengths 2T . We can then calculate expectations over the ensemble of reactive

trajectories as

EX
ω [η] = IXω [η]/ IXω [1], (7.4)

where the normalization factor IXω [1] is the expected number of reactive trajectories which

start (or end) per unit time. The integral IXω [η] thus yields statistics that can be used to

characterize and compare reaction pathways.

7.2.2 Transition Path Theory

In general, the ensemble of reactive trajectories can only be meaningfully interpreted through

its statistics. Although these statistics can be computed directly from the ensemble of reactive

trajectories, TPT enables them to be computed from other data as well by expressing them

in terms of spatially and temporally local quantities.

TPT specifically considers functions that can be written as

η(Xr:s) =
∑

t=r:s−ϵ
γ(Xt:t+ϵ)ϵ, (7.5)

where γ(Xt:t+ϵ) is a function of successive time points Xt and Xt+ϵ. In this case, substituting

(7.5) into (7.3) and exchanging the order of the sums yields

IXω [η] = lim
T→∞

ϵ

2T

∑
t=−T :T−ϵ

IX
[ ∑
r=−T :t
s=t+ϵ:T

ω(Xr:s)γ(Xt:t+ϵ)
]

(7.6)

= IX,t
[ ∑
r=−∞:t
s=t+ϵ:∞

ω(Xr:s)γ(Xt:t+ϵ)
]
, (7.7)
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where from (7.6) to (7.7) we have taken the limit T →∞ and performed a time average over

t, which we denote by the superscript t. That is,

IX,t[f(X, t)] = lim
T→∞

ϵ

2T

∑
t=−T :T−ϵ

IX [f(X, t)]. (7.8)

We can then factor

∑
r=−∞:t
s=t+ϵ:∞

ω(Xr:s) = 1A(XS−(t))1B(XS+(t+ϵ)), (7.9)

where

S−(t) = max{t′ ≤ t | Xt′ ∈ Dc} (7.10)

S+(t) = min{t′ ≥ t | Xt′ ∈ Dc} (7.11)

are the last exit time from Dc and the first entrance time to Dc, respectively. Equation (7.9)

results from the identities

∑
r=−∞:t

1A×D×···×D(Xr:t) = 1A(XS−(t)), (7.12)

∑
s=t:∞

1D×···×D×B(Xt:s) = 1B(XS+(t)). (7.13)

We arrive at (7.13) by observing that only one term in the sum can be nonzero: because D

and B are disjoint, 1D×···×D×B(Xt:s) can be nonzero only when s = S+(t) is the first time

t′ ≥ t that Xt′ /∈ D. Similar logic applies for (7.12).
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Figure 7.1: Values of Yt at each point of a reactive trajectory described by (7.19).

Consequently, for a Markov process, (7.7) can be expressed in terms of only local quantities:

IXω [η] = IX,t[1A(XS−(t))1B(XS+(t+ϵ))γ(Xt:t+ϵ)] (7.14)

= IX,t[q−(Xt)q+(Xt+ϵ)γ(Xt:t+ϵ)], (7.15)

where we have defined the backward and forward committors respectively as

q−(Xt) = EX [1A(XS−(t)) | Xt], (7.16)

q+(Xt) = EX [1B(XS+(t)) | Xt]. (7.17)

The backward committor q−(Xt) is the probability that Xt last came from A rather than

(A ∪D)c, and the forward committor q+(Xt) is the probability that Xt will go to B before

(B ∪D)c.

The main result of this section is (7.15). The advantage of (7.15) over (7.3) is that the

former involves only statistics that are local in space and time. This aids in the interpretation of

these statistics, and it enables their estimation from short trajectories Xt:t+ϵ, thus eliminating

the need for trajectories that actually cross from A to B.
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7.2.3 A Motivating Reaction

To motivate our augmented framework, we consider a reaction with an intermediate state C

and compute statistics only for reactive trajectories that proceed through the intermediate.

The function that selects trajectories of interest is

ω(Xr:s) =
∑

t1=r+ϵ:s−ϵ
t2=t1:s−ϵ

[1A×D×···×D(Xr:t1−ϵ)

1C×(C∪D)×···×(C∪D)×C(Xt1:t2)

1D×···×D×B(Xt2+ϵ:s)],

(7.18)

where D = (A ∪ B ∪ C)c, and the sum allows for any t1 and t2 satisfying r < t1 ≤ t2 < s.

The sum searches for times t1 and t2, which are the first and last times that the trajectory is

in C. Because determining t1 and t2 requires a search over the entire trajectory Xr:s, we

cannot factor ω(Xr:s) as in (7.9).

Now suppose that, for each reactive trajectory segment Xr:s in the infinite trajectory X,

we have a process Yt with

Yt =



0 if t ≤ r,

1 if r < t < t1,

2 if t1 ≤ t ≤ t2,

3 if t2 < t < s,

4 if s ≤ t.

(7.19)

An example reactive trajectory labeled with Yt is shown in Figure 7.1. We can apply TPT

on the augmented process Zt = (Xt, Yt) because we can write (7.18) in the form of (7.1) as

ω(Zr:s) = 1(A×{0})×D′×···×D′×(B×{4})(Zr:s), (7.20)

where D′ = (D × {1}) ∪ ((C ∪D)× {2}) ∪ (D × {3}).
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This approach suggests a general strategy. We identify events—in this case, the first

time t1 and last time t2 that Xt is in C—and define a process Yt which labels these events.

Then, we define reactive trajectories on the augmented state space using (7.1). So long as

Zt satisfies the assumptions behind TPT, we can express statistics using local quantities in

the same manner as in (7.15). In Section 7.2.4, we discuss conditions for this to be the case,

allowing for the possibility that an infinite trajectory has multiple labelings (e.g., to account

for multiple finite reactive segments).

7.2.4 Augmented Transition Path Theory

In this section, we introduce a function Ω(Y |X) for constructing an ensemble of trajectories

augmented with labels from the distribution of trajectories X. We first consider the case

of infinite length trajectories Z = (X, Y ) and then the case of finite length trajectories

Zr:s = (Xr:s, Yr:s), to which one is limited in practice. We discuss two conditions that must

hold for our framework. First, Ω(Yr:s |Xr:s) must be consistent with Ω(Y |X). Second, Zt

must be Markovian. Later, in Section 7.4, we detail a specific construction of Y from X

which requires examining only successive pairs of time points Xt:t+ϵ and Yt:t+ϵ.

We now present our augmented framework. We replace Xt with the augmented process

Zt = (Xt, Yt), where Yt augments Xt with information about past and future events. Often,

a single Y is associated with each infinite trajectory X because the latter contains full

information about the past and future of any Xt. However, cases arise in which multiple Y

can be associated with a given infinite trajectory X. For example, in the motivating reaction

above, we define a Y for each reactive trajectory segment in X (i.e., we consider multiple r

and s). It is thus necessary to consider a distribution of Y , and we compute integrals over

the distribution of infinite trajectories Z as

IZ [f(Z)] = IX
[∫

Ω(Y |X)f(Z) dY
]
, (7.21)
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where Ω(Y |X) is the distribution of Y (and thus Z) for a given infinite trajectory X.

This immediately yields analogues of (7.15), (7.16), and (7.17):

IZω [η] = IZ,t[q−(Zt)q+(Zt+ϵ)γ(Zt:t+ϵ)], (7.22)

q−(Zt) = EZ [1A(ZS−(t)) | Zt], (7.23)

q+(Zt) = EZ [1B(ZS+(t)) | Zt], (7.24)

where sets A, B, and D are now defined on the augmented state space, and S−(t) and S+(t)

are now on the augmented process.

However, we cannot yet evaluate these integrals and expectations because Yt and thus

each time point Zt depends on the infinite trajectory X. Instead, we must convert integrals

over Z to integrals over X using

IZ [f(Zr:s)] = IX
[∫

Ω(Yr:s |Xr:s)f(Zr:s) dYr:s

]
, (7.25)

where the weight of Yr:s (and thus Zr:s) given the trajectory segment Xr:s is

Ω(Yr:s |Xr:s) = EX
[∫∫

Ω(Y |X) dY−∞:r−ϵ dYs+ϵ:∞
∣∣∣ Xr:s

]
. (7.26)

When a single Y is associated with each infinite trajectory X, Ω(Yr:s |Xr:s) is the probability

of Yr:s given Xr:s and so
∫
Ω(Yr:s |Xr:s) dYr:s = 1; this is not true in the general case.

Equation (7.26) is the first requirement of our augmented framework: we must be able to

convert integrals involving Ω(Y |X), which depend on the infinite trajectory X, to those

involving Ω(Yr:s |Xr:s), which depend only on the finite trajectory Xr:s.
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Using (7.25), we can then write (7.22), (7.23), and (7.24) as

IZω [η] = IX,t
[∫

Ω(Yt:t+ϵ |Xt:t+ϵ)q−(Zt)q+(Zt+ϵ)γ(Zt:t+ϵ) dYt:t+ϵ

]
, (7.27)

q−(Zt) =
EX [

∫
Ω(Y−∞:t |X−∞:t)1A(ZS−(t)) dY−∞:t−ϵ | Xt]

EX [
∫
Ω(Y−∞:t |X−∞:t) dY−∞:t−ϵ | Xt]

(7.28)

=
EX [

∫
Ω(Y−∞:t |X−∞:t)1A(ZS−(t)) dY−∞:t−ϵ | Xt]

Ω(Yt |Xt)
, (7.29)

q+(Zt) =
EX [

∫
Ω(Yt:∞ |Xt:∞)1B(ZS+(t)) dYt+ϵ:∞ | Xt]

EX [
∫
Ω(Yt:∞ |Xt:∞) dYt+ϵ:∞ | Xt]

(7.30)

=
EX [

∫
Ω(Yt:∞ |Xt:∞)1B(ZS+(t)) dYt+ϵ:∞ | Xt]

Ω(Yt |Xt)
. (7.31)

For q−(Zt) and q+(Zt), we excluded Yt from the variables over which we integrate because

we conditioned on it. We note that when ω(Zr:s) has no dependence on Yr:s [i.e., ω(Zr:s) =

ω(Xr:s)] and there is a one-to-one correspondence between X and Z [i.e.,
∫
Ω(Y |X) dY = 1],

we can recover the traditional TPT committors as

q−(Xt) =

∫
Ω(Yt |Xt)q−(Zt) dYt, (7.32)

q+(Xt) =

∫
Ω(Yt |Xt)q+(Zt) dYt. (7.33)

In traditional TPT, Xt must be a Markov process so that, from (7.14) to (7.15), we

could take expectations of 1A(XS−(t)) and 1B(XS+(t+ϵ)) to obtain committors q−(Xt) and

q+(Xt+ϵ). For the augmented process Zt to be similarly treatable, we also require it to be a

Markov process. This requirement may be surprising because Yt can depend on the future of

Xt. This can be understood by observing that, for the augmented process, the probability

distribution of Xt+ϵ depends on both Xt and Yt. For example, for q+(Zt) in (7.24), the

distribution of Xt+ϵ:∞ conditioned on Zt is not the same as that of Xt+ϵ:∞ conditioned on

Xt alone, since Yt specifies that Xt must undergo certain events in the future.
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Since Xt and Zt are Markov processes, we can factor the path probabilities PX [Xr:s] and

PZ [Zr:s] of the original and augmented processes:

PX [Xr:s] = PX [Xr]
∏

t=r:s−ϵ
PX [Xt+ϵ | Xt] (7.34)

= PX [Xr]
∏

t=r:s−ϵ

PX [Xt:t+ϵ]

PX [Xt]
, (7.35)

PZ [Zr:s] = PZ [Zr]
∏

t=r:s−ϵ
PZ [Zt+ϵ | Zt] (7.36)

= PZ [Zr]
∏

t=r:s−ϵ

PZ [Zt:t+ϵ]

PZ [Zt]
. (7.37)

As above, the superscripts indicate distributions of infinite trajectories. Thus, for example,

PX [Xr:s] =

∫∫
PX [X] dX−∞:r−ϵ dXs+ϵ:∞ (7.38)

is the probability of observing Xr:s with all possible semi-infinite segments X−∞:r−ϵ and

Xs+ϵ:∞ before and after r : s, respectively; PX [X] is the probability of a specific infinite

trajectory X. The probability distribution of Z is

PZ [Z] = Ω(Y |X)PX [X]/c (7.39)

with c =
∫
Ω(Y |X)PX [X] dZ. Therefore, from (7.26),

Ω(Yr:s |Xr:s) =

∫∫
Ω(Y |X)PX [X] dZ−∞:r−ϵ dZs+ϵ:∞

PX [Xr:s]
(7.40)

=

∫∫
cPZ [Z] dZ−∞:r−ϵ dZs+ϵ:∞

PX [Xr:s]
(7.41)

= c
PZ [Zr:s]

PX [Xr:s]
. (7.42)
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To compute Ω(Yr:s |Xr:s), we divide (7.37) by (7.35) and then apply (7.42):

Ω(Yr:s |Xr:s) = Ω(Yr |Xr)
∏

t=r:s−ϵ

Ω(Yt:t+ϵ |Xt:t+ϵ)

Ω(Yt |Xt)
. (7.43)

This factorization is the second requirement of our augmented framework: we must be able

to construct Ω(Y |X), which depends on the infinite trajectory X, from Ω(Yt:t+ϵ |Xt:t+ϵ),

which can only depend on pairs of successive time points Xt:t+ϵ.

7.3 Reactive Statistics

In this section, we discuss TPT statistics that provide information about mechanisms.

These include committors, the reactive flux, the reactive density, the reactive current, and

expectations over reactive trajectories that they enable computing. We present expressions for

augmented TPT in the form of (7.22), which can be evaluated using (7.27). The corresponding

expressions for traditional TPT can be obtained by replacing Zt with Xt. The statistics

are normalized so that different reactions that are specified through different ω(Zr:s) but

calculated from the same distribution of infinite trajectories X are directly comparable.

We note that augmented TPT is useful even for reactions which can be described using

traditional TPT [i.e., ω(Zr:s) = ω(Xr:s)]. The augmented process allows reaction mechanisms

to be resolved in more detail, since committors and other statistics can be calculated on

points which depend on both past and future behaviors of trajectories. Furthermore, the

addition of past and future information enables the calculation of statistics with η(Xr:s) no

longer restricted to the form in (7.5).

Several of the statistics that we discuss yield quantities on points v in a collective variable

(CV) space θ, that is, a space of functions of a subset of the coordinates. We indicate this

using the subscript θ. We express these statistics on a CV space rather than the state space

of Zt because, for complex systems, it is often the case that the full state space contains
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variables that are irrelevant to understanding the reaction. This is particularly true for

the augmented state space, which must contain the information required to select reactive

trajectories using (7.1) and compute statistics using (7.5), both of which rely on Yt to obtain

past or future information. Nevertheless, the theory holds for the choice θ(Zt) = Zt.

7.3.1 Reactive Flux

The reactive flux R = IZω [1] is the expected number of reactive trajectories which start (or end)

per unit time. We can express the reactive flux in the form of (7.22) by choosing γ(Zt:t+ϵ)

so that η(Zr:s) = 1 when Zr:s is reactive. Such choices of γ(Zt:t+ϵ) include 1A(Zt)/ϵ and

1B(Zt+ϵ)/ϵ, which are nonzero only when Zt:t+ϵ is the first or last step of the reactive

trajectory, respectively. Consequently, we can compute the reactive flux using

R = IZ,t[1A(Zt)q+(Zt+ϵ)/ϵ] (7.44)

= IZ,t[q−(Zt)1B(Zt+ϵ)/ϵ], (7.45)

where we have applied the identities 1A(Zt)q−(Zt) = 1A(Zt) and 1B(Zt)q+(Zt) = 1B(Zt).

Equation (7.44) counts the number of trajectories that exit A in the time interval ϵ and then

react; (7.45) is the analogue for trajectories entering B.

The reactive flux is of interest not only in its own right but also for calculating expectations

over reactive trajectories:

EZ
ω [η] = IZω [η]/ I

Z
ω [1] = IZω [η]/R. (7.46)

For example, the duration N(Zr:s) = s− r of a trajectory can be expressed in the form of

(7.5) with γ(Zt:t+ϵ) = 1, and so the expected duration of a reactive trajectory is

EZ
ω [N ] = IZ,t[q−(Zt)q+(Zt+ϵ)]/R. (7.47)
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7.3.2 Reactive Density

The reactive density is the distribution of configurations which belong to reactive trajectories.

For a point v in the CV space θ, the reactive density ρθ(v) is the probability that θ(Zt) = v

and Zt is part of a reactive trajectory. Equivalently, it is the expected fraction of time an

infinite trajectory spends reactive at v. It can be expressed in the form of (7.22) as

ρθ(v) = IZ,t
[
q−(Zt)q+(Zt+ϵ)

δv(θ(Zt)) + δv(θ(Zt+ϵ))

2

]
, (7.48)

where δ is the Dirac delta function. When computing the expectation, δv(θ(Zt)) selects the

points Zt with θ(Zt) = v. The term (δv(θ(Zt)) + δv(θ(Zt+ϵ)))/2 corresponds to assuming

that half of the time of each step Zt:t+ϵ is spent in Zt and half of the time is spent in Zt+ϵ.

In turn, the reactive density can be used to evaluate (7.22) when γ(Zt:t+ϵ) = (f(θ(Zt)) +

f(θ(Zt+ϵ)))/2 is a path-independent function on the CV space:

IZω [η] =

∫
ρθ(v)f(v) dv. (7.49)

For instance, the expected fraction of time an infinite trajectory spends reactive can be

obtained by setting f(v) = 1, so that

IZω [N ] =

∫
ρθ(v) dv = IZ,t[q−(Zt)q+(Zt+ϵ)], (7.50)

where we have assumed the distribution of trajectories X to be a probability distribution, so

that IX [1] = 1.

We note that when the CV space θ is contained in the CV space θ′, i.e., we can write

θ(Zt) = ζ(θ′(Zt)) for some ζ(v′), we can calculate ρθ(v) by projecting ρθ′(v′) onto θ:

ρθ(v) =

∫
δv(ζ(v

′))ρθ′(v
′) dv′. (7.51)
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We can do the same for functions f(v′) defined on the CV space θ′. We calculate Aθ[f ](v),

the expected value of f(v′) at a point v in the CV space θ, conditioned on trajectories passing

through that point being reactive, as

Aθ[f ](v) =

∫
δv(ζ(v

′))ρθ′(v
′)f(v′) dv′

ρθ(v)
. (7.52)

We emphasize that f(v′) can use Yt to obtain information from the past and future of

Xt, and so (7.52) is significantly more powerful than its traditional TPT counterpart. For

instance, we can calculate the conditional mean first passage time, the expected time it takes

for Zt to hit B given that Zt is part of a reactive trajectory, using (7.52) as discussed further

in Section 7.3.5, whereas in traditional TPT we would need to employ a Feynman–Kac

formula (e.g., see Finkel et al. [189]).

7.3.3 Reactive Current

The reactive current Jθ(v) through a point v in the CV space θ is the net flow of reactive

trajectories within θ through v. It can be expressed in the form of (7.22) as

Jθ(v) = IZ,t
[
q−(Zt)q+(Zt+ϵ)

δv(θ(Zt)) + δv(θ(Zt+ϵ))

2

θ(Zt+ϵ)− θ(Zt)
ϵ

]
. (7.53)

Conceptually, for each pair of successive time points Zt:t+ϵ that is part of a reactive trajectory,

we compute the numerical derivative (θ(Zt+ϵ)− θ(Zt))/ϵ and then split it equally between

Zt and Zt+ϵ. In fact, in the limit ϵ→ 0, when θ(Zt) is differentiable, (7.53) becomes

Jθ(v) = IZ,t
[
1A(ZS−(t))1B(ZS+(t))δv(θ(Zt))

dθ(Zt)

dt

]
, (7.54)

which is the time derivative of θ(Zt) integrated over the distribution of reactive trajectories

Zt with θ(Zt) = v.
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It can be useful to compute the reactive current along the gradient of a function f(v),

Jθ[f ](v) = IZ,t
[
q−(Zt)q+(Zt+ϵ)

δv(θ(Zt)) + δv(θ(Zt+ϵ))

2

f(θ(Zt+ϵ))− f(θ(Zt))
ϵ

]
. (7.55)

In the limit ϵ → 0, for differentiable f(v), (7.55) is Jθ[f ](v) = Jθ(v) · ∇θf(v) which we

can derive by observing that the finite differences in (7.53) and (7.55) are dθ(Zt)/dt and

df(θ(Zt))/dt in this limit, respectively, and by the chain rule df(θ(Zt))/dt = dθ(Zt)/dt ·

∇θf(θ(Zt)).

Like the reactive density, we can calculate Jθ(v) and Jθ[f ](v) by projecting Jθ′(v′) and

Jθ′ [f ◦ ζ](v′) onto θ:

Jθ(v) =

∫
δv(ζ(v

′))Jθ′ [ζ](v
′) dv′, (7.56)

Jθ[f ](v) =

∫
δv(ζ(v

′))Jθ′ [f ◦ ζ](v′) dv′, (7.57)

where (f ◦ ζ)(v′) = f(ζ(v′)).

7.3.4 Committors

The committors q−(Zt) and q+(Zt) are defined on the state space of Zt, which makes them

useful for calculating other statistics but can make them hard to interpret. To address this

issue, we can treat the committors as reaction coordinates, and project them onto a CV

space θ as Aθ[q−](v) and Aθ[q+](v). These quantities have a physical interpretation. For

instance, Aθ[q+](v) is the probability that a trajectory starting at a point Zt that is drawn

from configurations with θ(Zt) = v in the ensemble of reactive trajectories, enters B when it

first leaves D. We note that, unlike most other reactive statistics, Aθ[q−](v) and Aθ[q+](v)

with θ(Zt) = Xt are not independent of the choice of Yt, even when the same ensemble of

reactive trajectories is selected because the likelihood that a trajectory contributes positively

to the committor and the likelihood that it is reactive are correlated.
230



7.3.5 Conditional Mean First and Last Passage Times

The first passage time to the product is the time it takes for a trajectory starting at time t

to reach the product B, at time S+(t). It can be expressed as

f(Z ′t) = Y ′t =


Y ′t+ϵ + ϵ if Zt /∈ B,

0 otherwise,
(7.58)

where Z ′t = (Zt, Y
′
t ). This increments Y ′t by ϵ for each time step backward in time when

Zt /∈ B, and sets Y ′t = 0 when Zt ∈ B. The conditional mean first passage time, m+(Zt),

is the expected first passage time to the product for a point Zt that is part of a reactive

trajectory. This statistic, and higher moments of the first passage time distribution, are

useful for real-time forecasting, e.g., of weather [189]. To compute the conditional mean

first passage time, we take the conditional expectation of (7.58) with respect to the reactive

density using (7.52), i.e.,

m+(Zt) = Aθ′ [f ](Zt), (7.59)

where θ′(Z ′t) = Zt. We can also calculate more general statistics on the distribution of the

first passage time. For instance, the conditional variance of the first passage time to the

product is Aθ′ [f
2](Zt)− (Aθ′ [f ](Zt))

2. Likewise, the last passage time from the reactant is

the time it takes for a trajectory ending at time t to come from the reactant A, at time S−(t),

conditioned on Zt being part of a reactive trajectory, and can be expressed as

g(Z ′′t ) = Y ′′t =


Y ′′t−ϵ + ϵ if Zt /∈ A,

0 otherwise,
(7.60)
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where Z ′′t = (Zt, Y
′′
t ). The conditional mean last passage time from the reactant is then

m−(Zt) = Aθ′′ [g](Zt), (7.61)

where θ′′(Z ′′t ) = Zt. These statistics can be projected onto points v on a CV space θ(Zt) as

Aθ[m−](v) and Aθ[m+](v).

7.4 Construction of the Augmented Process

In this section, we describe a particularly useful way to define the augmented process.

Namely, we decompose Ω(Y |X) into a product over functions of successive time points,

κ(Yt:t+ϵ |Xt:t+ϵ). We show that Ω(Yr:s |Xr:s) so defined satisfies the required properties (7.26)

and (7.43) by construction. We then demonstrate the construction of complex augmented

processes from simpler ones by composition. Finally, we show how this machinery applies to

the motivating reaction.

7.4.1 Decomposition of Ω

To apply our augmented framework, we need to construct the augmented process and in

turn the distribution of infinite trajectories Z such that Ω(Yr:s |Xr:s) satisfies (7.26) and

(7.43). One way to do so is to define Ω(Y |X), calculate Ω(Yr:s |Xr:s) from Ω(Y |X) using

(7.26), and then verify that (7.43) holds. In this section, we present an alternative approach.

We specify the augmented process through a function of pairs of successive time points,

κ(Yt:t+ϵ |Xt:t+ϵ), and then use it to calculate Ω(Yr:s |Xr:s). This procedure satisfies (7.26)

and (7.43) by construction.

We start by using the pair structure of (7.43) to factor

Ω(Y |X) =
∏

t=−∞:∞
κ(Yt:t+ϵ |Xt:t+ϵ). (7.62)
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(a)

(C ∪D)× {0} (C ∪D)× {1} (C ∪D)× {2}

(A ∪ B)× {0} (A ∪ B)× {2}

(b)

D × {2}

D × {1} C × {2} D × {3}

(C ∪D)× {0} (A ∪ B)× {0} (A ∪ B)× {4} (C ∪D)× {4}

D × {5}

(c)

A× {0} D × {0} C × {0} D × {0} C × {0} D × {0} B × {0}

D × {1} D × {1} D × {1}

D × {2} C × {2} D × {2} C × {2} D × {2}

D × {3} D × {3} D × {3}

A× {4} D × {4} C × {4} D × {4} C × {4} D × {4} B × {4}

D × {5} D × {5} D × {5}

Figure 7.2: Construction of the augmented process for a reaction with an intermediate. (a)
Possible transitions of the augmented process defined by (7.74). (b) Possible transitions
of the augmented process defined by (7.79). Each arrow from one set to another indicates
that Yt may transition to Yt+ϵ when Zt is in the first set and Zt+ϵ is in the second set. (c)
Determination of Yr:s for the reactive trajectory Xr:s from Figure 7.1. The black elements
indicate trajectories Yr:s that satisfy κ(Yr:s |Xr:s) = 1. The gray elements indicate pairs
Yt:t+ϵ that satisfy κ(Yt:t+ϵ |Xt:t+ϵ) = 1 but do not belong to any Yr:s with κ(Yr:s |Xr:s).
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It follows immediately that

Ω(Y |X) = κ(Y−∞:r |X−∞:r)κ(Yr:s |Xr:s)κ(Ys:∞ |Xs:∞), (7.63)

where

κ(Yr:s |Xr:s) =
∏

t=r:s−ϵ
κ(Yt:t+ϵ |Xt:t+ϵ). (7.64)

This cleanly separates terms which depend on the past X−∞:r and future Xs:∞ from those

which depend on the trajectory segment Xr:s.

Using (7.63), we can compute (7.26) as

Ω(Yr:s |Xr:s) = k−(Yr |Xr)κ(Yr:s |Xr:s)k+(Ys |Xs), (7.65)

where we have defined

k−(Yt |Xt) = EX
[∫

κ(Y−∞:t |X−∞:t) dY−∞:t−ϵ
∣∣∣ Xt

]
, (7.66)

k+(Yt |Xt) = EX
[∫

κ(Yt:∞ |Xt:∞) dYt+ϵ:∞
∣∣∣ Xt

]
. (7.67)

We describe how to calculate k−(Yt |Xt) and k+(Yt |Xt) in Section 7.5. The case r = s = t

is the weight of Yt given Xt:

Ω(Yt |Xt) = k−(Yt |Xt)k+(Yt |Xt). (7.68)

We can verify that the resulting Zt is a Markov process by substituting (7.65) and (7.68) into

(7.43).
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7.4.2 Building Augmented Processes by Composition

The factorization in (7.62) has a number of advantages over (7.43). One is that it facilitates

deriving useful expressions for treating multiple augmented processes. If we have Ω(Y |X) of

the form

Ω(Y |X) =
∏
n

Ω(Y (n) |X(n)), (7.69)

where n labels different augmented processes, we can factor both sides by (7.62) to obtain

κ(Yt:t+ϵ |Xt:t+ϵ) =
∏
n

κ(Y
(n)
t:t+ϵ |X

(n)
t:t+ϵ), (7.70)

which involves only successive time points. Each of the terms κ(Y (n)
t:t+ϵ |X

(n)
t:t+ϵ) defines a

process Y (n)
t using information from the original process Xt and other processes Y (m)

t , which

we denote as X(n)
t . We can use this to combine multiple augmented processes which may be

defined independently or hierarchically.

For example, consider the augmented process Zω
t = (Xt, Y

ω
t ), where Y ω

t is used to define

pathways and is defined using κ(Y ω
t:t+ϵ |Xt:t+ϵ). To compute statistics on the first and last

passage times, we can augment this process with the augmented processes in (7.58) and (7.60)

by defining

κ(Y ′t:t+ϵ |Zω
t:t+ϵ) =


δY ′

t
(Y ′t+ϵ + ϵ) if Zω

t /∈ B,

δY ′
t
(0) otherwise,

(7.71)

κ(Y ′′t:t+ϵ |Zω
t:t+ϵ) =


δY ′′

t+ϵ
(Y ′′t + ϵ) if Zω

t+ϵ /∈ B,

δY ′′
t+ϵ

(0) otherwise.
(7.72)

The combined process Yt = (Y ω
t , Y

′
t , Y

′′
t ) is then specified by

κ(Yt:t+ϵ |Xt:t+ϵ) = κ(Y ω
t:t+ϵ |Xt:t+ϵ)κ(Y

′
t:t+ϵ |Zω

t:t+ϵ)κ(Y
′′
t:t+ϵ |Zω

t:t+ϵ). (7.73)
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This example furthermore shows how (7.62) allows forward-in-time and backward-in-time aug-

mented processes to be treated in a unified manner and combined, which is not straightforward

with (7.43).

7.4.3 Augmented Process for the Motivating Reaction

We can also use (7.70) to construct augmented processes by combining simpler augmented

processes. Here, we detail a possible construction of the augmented process (7.19) as a

composite of three augmented processes. First, we define an augmented process Z(0)
t =

(Xt, Y
(0)
t ) that selects all reactive trajectories regardless of pathway:

κ(Y
(0)
t:t+ϵ |Xt:t+ϵ) = [1{0}×{0}(Y

(0)
t:t+ϵ)

+ 1((C∪D)×{1})×((C∪D)×{1})(Z
(0)
t:t+ϵ)

+ 1{2}×{2}(Y
(0)
t:t+ϵ)

+ 1((A∪B)×{0})×((C∪D)×{1})(Z
(0)
t:t+ϵ)

+ 1((C∪D)×{1})×((A∪B)×{2})(Z
(0)
t:t+ϵ)

+ 1((A∪B)×{0})×((A∪B)×{2})(Z
(0)
t:t+ϵ)].

(7.74)

For a reactive trajectory Xr:s from A to B, Y (0)
t splits the infinite trajectory X into three

parts: time points X−∞:r before the reaction (Y (0)
t = 0), time points Xr+ϵ:s−ϵ during the

reaction (Y (0)
t = 1), and time points Xs:∞ after the reaction (Y (0)

t = 2). We list the possible

transitions of this augmented process in Figure 7.2(a). The nodes are sets in which Z(0)
t may

belong; an arrow from one set to another indicates that Y (0)
t may transition to Y (0)

t+ϵ when

Z
(0)
t is in the first set and Z(0)

t+ϵ is in the second set. For instance, the fourth term in (7.74)

corresponds to the arrow from (A ∪B)× {0} to (C ∪D)× {1}.

Next, we employ additional augmented processes to find the first and last times t1 and t2
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that the trajectory is in C. Using (7.74), we define the processes

Y
(1)
t =


Y
(1)
t−ϵ if Xt ∈ D and Y (0)

t = 1,

1 if Xt ∈ C and Y (0)
t = 1,

0 if Y (0)
t ∈ {0, 2},

(7.75)

Y
(2)
t =


Y
(2)
t+ϵ if Xt ∈ D and Y (0)

t = 1,

1 if Xt ∈ C and Y (0)
t = 1,

0 if Y (0)
t ∈ {0, 2}.

(7.76)

During the reaction (i.e., Y (0)
t = 1), Y (1)

t = 1 for times t ≥ t1 and Y (2)
t = 1 for times t ≤ t2.

We can write (7.75) and (7.76) as

κ(Y
(1)
t:t+ϵ |Z

(0)
t:t+ϵ) = [1D×{1}×{(0,0),(1,1)}(Xt+ϵ, Y

(0)
t+ϵ, Y

(1)
t:t+ϵ)

+ 1C×{1}×{1}(Xt+ϵ, Y
(0)
t+ϵ, Y

(1)
t+ϵ)

+ 1{0,2}×{0}(Y
(0)
t+ϵ, Y

(1)
t+ϵ)],

(7.77)

κ(Y
(2)
t:t+ϵ |Z

(0)
t:t+ϵ) = [1D×{1}×{(0,0),(1,1)}(Xt, Y

(0)
t , Y

(2)
t:t+ϵ)

+ 1C×{1}×{1}(Xt, Y
(0)
t , Y

(2)
t )

+ 1{0,2}×{0}(Y
(0)
t , Y

(2)
t )].

(7.78)
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We can then combine (7.74), (7.77), and (7.78) using (7.70):

κ(Yt:t+ϵ |Xt:t+ϵ) = [1{0}×{0}(Yt:t+ϵ)

+ 1(D×{1})×(D×{1})(Zt:t+ϵ)

+ 1((C∪D)×{2})×((C∪D)×{2})(Zt:t+ϵ)

+ 1(D×{3})×(D×{3})(Zt:t+ϵ)

+ 1{4}×{4}(Yt:t+ϵ)

+ 1(D×{5})×(D×{5})(Zt:t+ϵ)

+ 1((A∪B)×{0})×(D×{1})(Zt:t+ϵ)

+ 1((A∪B)×{0})×(C×{2})(Zt:t+ϵ)

+ 1(D×{1})×(C×{2})(Zt:t+ϵ)

+ 1(C×{2})×(D×{3})(Zt:t+ϵ)

+ 1(C×{2})×((A∪B)×{4})(Zt:t+ϵ)

+ 1(D×{3})×((A∪B)×{4})(Zt:t+ϵ)

+ 1((A∪B)×{0})×(D×{5})(Zt:t+ϵ)

+ 1(D×{5})×((A∪B)×{4})(Zt:t+ϵ)

+ 1((A∪B)×{0})×((A∪B)×{4})(Zt:t+ϵ)],

(7.79)
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where Zt = (Xt, Yt), and to match (7.19), we have merged Y (0)
t , Y (1)

t , and Y (2)
t into

Yt =



0 if (Y (0)
t , Y

(1)
t , Y

(2)
t ) = (0, 0, 0),

1 if (Y (0)
t , Y

(1)
t , Y

(2)
t ) = (1, 0, 1),

2 if (Y (0)
t , Y

(1)
t , Y

(2)
t ) = (1, 1, 1),

3 if (Y (0)
t , Y

(1)
t , Y

(2)
t ) = (1, 1, 0),

4 if (Y (0)
t , Y

(1)
t , Y

(2)
t ) = (2, 0, 0),

5 if (Y (0)
t , Y

(1)
t , Y

(2)
t ) = (1, 0, 0).

(7.80)

We show the possible transitions of this augmented process in Figure 7.2(b).

In Figure 7.2(c), we illustrate the determination of Yr:s from κ(Yt:t+ϵ |Xt:t+ϵ) for the

trajectory Xr:s in Figure 7.1. For each time point Xt, we list the possible values of Yt from

(7.79). We then stitch together trajectories by connecting successive time-point pairs Zt:t+ϵ

and following the arrows in Figure 7.2(b). The black elements in Figure 7.2(c) indicate step

pairs Yt:t+ϵ in trajectories Yr:s that satisfy κ(Yr:s |Xr:s) = 1, and the gray elements indicate

step pairs Yt:t+ϵ that satisfy κ(Yt:t+ϵ |Xt:t+ϵ) = 1 but do not belong to any Yr:s that satisfies

κ(Yr:s |Xr:s) = 1.

There is one Y associated with each reactive trajectory segment in X. The diagonal path

in Figure 7.2(c) represents one such reactive trajectory segment and can be selected using

augmented TPT. The horizontal paths are collections of augmented processes corresponding

to times before each future reaction (Yt = 0) and after each past reaction (Yt = 4).

7.5 Algorithm

In this section, we summarize the operational aspects of the method. For the numerical

examples that we consider in the present chapter, we evaluate integrals of the form in (7.3)
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using a finite difference approximation, which we detail in Appendix 7.8.1; more complex

systems can be treated by extending the approach in Thiede et al. [4] and Strahan et al. [5],

which we leave for future work. In terms of the finite difference approximation, the algorithm

for evaluating these statistics is as follows:

1. Define κ(Yt:t+ϵ |Xt:t+ϵ), ω(Zr:s), and γ(Zt:t+ϵ) for the statistic of interest.

2. Compute k−(Yt |Xt) and k+(Yt |Xt), which account for weights associated with the

past and future segments of trajectories. To this end, we express (7.66) and (7.67) as

k−(Yt |Xt) = EX
[∫

κ(Yt−ϵ:t |Xt−ϵ:t)k−(Yt−ϵ |Xt−ϵ) dYt−ϵ
∣∣∣ Xt

]
, (7.81)

k+(Yt |Xt) = EX
[∫

κ(Yt:t+ϵ |Xt:t+ϵ)k+(Yt+ϵ |Xt+ϵ) dYt+ϵ

∣∣∣ Xt

]
, (7.82)

and solve these equations using (7.108) and (7.109).

3. Compute Ω(Yt:t+ϵ |Xt:t+ϵ) and Ω(Yt |Xt) by (7.65) and (7.68), respectively.

4. Compute q−(Zt) and q+(Zt). To this end, we express the committors as solutions to

boundary value problems. For Zt ∈ D,

q−(Zt) = EZ [q−(Zt−ϵ) | Zt] (7.83)

= EX
[∫

Ω(Yt−ϵ:t |Xt−ϵ:t)q−(Zt−ϵ) dYt−ϵ
∣∣∣ Xt

]/
Ω(Yt |Xt), (7.84)

q+(Zt) = EZ [q+(Zt+ϵ) | Zt] (7.85)

= EX
[∫

Ω(Yt:t+ϵ |Xt:t+ϵ)q+(Zt+ϵ) dYt+ϵ

∣∣∣ Xt

]/
Ω(Yt |Xt). (7.86)

For Zt /∈ D, q−(Zt) = 1A(Zt) and q+(Zt) = 1B(Zt). Above, (7.83) and (7.85) result

from applying the identities (7.12) and (7.13) to the definitions (7.16) and (7.17), and

(7.84) and (7.86) follow in turn from (7.29) and (7.31). We solve (7.84) and (7.86) using

(7.108) and (7.109).
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Figure 7.3: Reaction through an intermediate. (a) U(x) = −3 isosurface of (7.88). (b)
Marginal distribution on the CV space (x1, x2).

5. Evaluate (7.27) using (7.110).

7.6 Numerical Examples

In this section, we demonstrate our augmented framework on simple examples that make

the limitations of traditional TPT apparent. The examples we consider employ overdamped

Langevin dynamics on a potential U(x) and satisfy the Fokker–Planck equation

∂ PX [Xt]

∂t
= ∇ · (PX [Xt]∇U(Xt)) +∇2PX [Xt]. (7.87)

We calculate all statistics using a quadrature scheme adapted from Thiede et al. [4], which

we detail in Appendix 7.8.1.
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(a)

(C ∪D)× {0} D × {5} (C ∪D)× {4}

(A ∪ B)× {0} (A ∪ B)× {4}

(b)

(C ∪D)× {0} D × {1} D × {2} D × {3} (C ∪D)× {4}

(A ∪ B)× {0} C × {2} (A ∪ B)× {4}

Figure 7.4: Augmented processes for reaction through an intermediate. Each arrow from one
set to another indicates that Yt may transition to Yt+ϵ when Zt is in the first set and Zt+ϵ is
in the second set. (a) Possible transitions of the augmented process (7.91) for the uncatalyzed
pathway. (b) Possible transitions of the augmented process (7.93) for the catalyzed pathway.

7.6.1 Reaction through an Intermediate

In our first example, we demonstrate the use of augmented TPT to resolve individual reaction

steps. We consider a reaction through an intermediate with the three-dimensional potential

U(x) = 5
[(x1 − 1

2

)4
+
(x2
3

)4
+
(x3
3

)4
− e−(x1−2)

2−x22

− 3e−x
2
1−(x2−2)2−(x3−2)2 − 2e−x

2
1−x22−(x3−2)2

− 3e−x
2
1−(x2+2)2−(x3+2)2 − 2e−x

2
1−x22−(x3+2)2

]
, (7.88)

where x = (x1, x2, x3). We visualize the U(x) = −3 isosurface and the probability density on

the CV space θ(x) = (x1, x2) in Figure 7.3.

Our reaction of interest is described by the indicator function

ω(Xr:s) = 1A×(C∪D)×···×(C∪D)×B(Xr:s), (7.89)
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Figure 7.5: Reactive statistics for the reaction (7.89). The reactive current (vector field) is
plotted over each of the other statistics (color scale): the forward committor Aθ[q+], the
reactive density ρθ, and the conditional mean first passage time to the product Aθ[m+]. The
magnitude of the reactive current is represented by the opacity of the arrows, which are com-
parable for the full reaction and all reaction steps. Augmented TPT statistics are computed
using the augmented process (7.93). (a) Reactive statistics computed using traditional TPT.
(b) Reactive statistics for the uncatalyzed pathway computed using augmented TPT. (c)
Reactive statistics for the catalyzed pathway computed using augmented TPT.
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where we have defined the reactant A, product B, and intermediate C to be

A = {x | x21 + (x2 − 2)2 ≤ 0.52},

B = {x | x21 + (x2 + 2)2 ≤ 0.52},

C = {x | (x1 − 2)2 + x22 ≤ 0.52},

(7.90)

and D = (A∪B ∪C)c. This reaction represents, for instance, a catalyzed reaction where the

interaction of the substrate with the catalyst (represented by x1) and a substrate internal

coordinate (represented by x2) can be observed while the status of the reaction (represented

by x3) cannot. The observable variables form the CV space (x1, x2), and the sets A, B, and

C are defined on this CV space.

There are two pathways in this reaction: uncatalyzed and catalyzed. In the uncatalyzed

pathway, the system transitions from the reactant A to S1, then crosses directly to S2 before

entering the product B. In the catalyzed pathway, instead of directly crossing from S1 to S2,

the system transitions from S1 into the intermediate C and then to S2.

We select trajectories that react through each pathway by applying augmented TPT to

the reaction. We define an augmented process for each of the pathways by including only

the terms from (7.79) that are involved in that pathway. For the uncatalyzed pathway, we

remove all reactive trajectories that visit the intermediate C by removing all terms that
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contain Yt ∈ {1, 2, 3} from (7.79), yielding

κ(Yt:t+ϵ |Xt:t+ϵ) = [1{0}×{0}(Yt:t+ϵ)

+ 1(D×{5})×(D×{5})(Zt:t+ϵ)

+ 1{4}×{4}(Yt:t+ϵ)

+ 1((A∪B)×{0})×(D×{5})(Zt:t+ϵ)

+ 1((A∪B)×{0})×((A∪B)×{4})(Zt:t+ϵ)

+ 1(D×{5})×((A∪B)×{4})(Zt:t+ϵ)],

(7.91)

and then select reactive trajectories using

ω(Zr:s) = 1(A×{0})×(D×{5})×···×(D×{5})×(B×{4})(Zr:s). (7.92)

For the catalyzed pathway, we retain only reactive trajectories that pass through the inter-

mediate C by removing all terms that contain Yt ∈ {5} as well as the direct transition from

(A ∪B)× {0} to (A ∪B)× {4}, which does not pass through C. This yields the augmented
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process

κ(Yt:t+ϵ |Xt:t+ϵ) = [1{0}×{0}(Yt:t+ϵ)

+ 1(D×{1})×(D×{1})(Zt:t+ϵ)

+ 1((C∪D)×{2})×((C∪D)×{2})(Zt:t+ϵ)

+ 1(D×{3})×(D×{3})(Zt:t+ϵ)

+ 1{4}×{4}(Yt:t+ϵ)

+ 1((A∪B)×{0})×(D×{1})(Zt:t+ϵ)

+ 1((A∪B)×{0})×(C×{2})(Zt:t+ϵ)

+ 1(D×{1})×(C×{2})(Zt:t+ϵ)

+ 1(C×{2})×(D×{3})(Zt:t+ϵ)

+ 1(C×{2})×((A∪B)×{4})(Zt:t+ϵ)

+ 1(D×{3})×((A∪B)×{4})(Zt:t+ϵ)].

(7.93)

We then select reactive trajectories using

ω(Zr:s) = 1(A×{0})×D′×···×D′×(B×{4})(Zr:s), (7.94)

where D′ = (D × {1}) ∪ ((C ∪D)× {2}) ∪ (D × {3}). We show the possible transitions of

(7.91) in Figure 7.4(a) and (7.93) in Figure 7.4(b).

Our goal is to visualize the mechanism of the reaction in the CV space (x1, x2) and

quantify the relative rates of the two pathways. To this end, we examine four reactive

statistics: the reactive density ρθ, the reactive current Jθ, the forward committor Aθ[q+],

and the conditional mean first passage time to the product Aθ[m+].

We plot the reactive statistics from traditional TPT in Figure 7.5(a). The reactive density

ρθ reveals that reactive trajectories spend much of their time around (x1, x2) = (0, 0) and

(x1, x2) = (2, 0), which is consistent with the presence of intermediates S1/S2 and C. The
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reactive current Jθ (vector field) suggests that the reaction is dominated by the uncatalyzed

pathway, although a significant fraction does react through the catalyzed pathway. The

forward committor Aθ[q+] changes rapidly around (x1, x2) = (0, 0), suggesting the presence

of a bottleneck, corresponding to direct crossing from S1 to S2. It is almost uniform around

C, suggesting the presence of the intermediate C. The conditional mean first passage time

Aθ[m+] can be interpreted in the same way as the forward committor; however, it allows

us to visualize the order in which states are visited more clearly. The region below A has a

higher value of Aθ[m+] than the region around C, which suggests that reactive trajectories

usually visit the former before the latter. Together, these reactive statistics suggest a cohesive

picture. The reaction is dominated by the uncatalyzed pathway, which has a bottleneck

around (x1, x2) = (0, 0). Reactive trajectories may leave this pathway before the bottleneck

into the catalyzed pathway, which has an intermediate C, and return after the bottleneck

(i.e., they appear to circumvent S1/S2).

Some of the results from traditional TPT are misleading. For example, traditional

TPT suggests that the uncatalyzed pathway is dominant, yet the total reactive flux from

A to B is 3.0 × 10−4, while the reactive flux for trajectories that visit C is 2.2 × 10−4,

i.e., 73% of trajectories go through the intermediate. This results from the restriction of

the observed coordinates to (x1, x2); in the full state space (x1, x2, x3), traditional TPT is

capable of correctly resolving the two pathways. However, we note that even given (x1, x2, x3),

traditional TPT cannot calculate dynamical statistics for the ensemble of trajectories that

react through a particular pathway. Augmented TPT provides a solution to the overlap issue

and enables the calculation of reactive statistics for individual steps of each pathway.

We first analyze the uncatalyzed pathway, which was wrongly suggested by traditional TPT

to be the dominant pathway. Reactive statistics for this pathway are shown in Figure 7.5(b).

As we would expect, the reactive density ρθ shows that reactive trajectories spend much of

their time around S1/S2, and the reactive current Jθ suggests that reactive trajectories flow

247



directly from A to S1/S2 to B, without any notable deviation to the vicinity of C. On the

uncatalyzed pathway, the forward committor Aθ[q+] changes rapidly around (x1, x2) = (0, 0)

due to the transition from S1 to S2. Off the uncatalyzed pathway, the forward committor has

a higher value closer to A and a lower value closer to B. This is surprising and results from

slight differences in the reactive density at different values of x3. The conditional mean first

passage time Aθ[m+] rapidly decreases near S1/S2, suggesting the same single bottleneck.

We now analyze the catalyzed pathway through the intermediate C, which dominates the

rate. We select trajectories that react through this pathway using (7.94). Augmented TPT

enables us to split the pathway into individual steps, and so resolve the structure of each

reaction step. The first step (Yt = 1) starts when the reactive trajectory leaves the reactant A

and ends when it first enters the intermediate C. The second step (Yt = 2) starts at the first

time the reactive trajectory enters C, and ends at the last time the reactive trajectory leaves

C. The third step (Yt = 3) starts when the reactive trajectory last leaves the intermediate C

and ends when it enters the product B. As we now explain, separating the catalyzed pathway

into these steps leads to reactive statistics that lead to a different interpretation than those

from traditional TPT.

In the first step, the reactive density ρθ and reactive current Jθ clearly show that most

reactive trajectories flow through an intermediate near (x1, x2) = (0, 0), in this case S1, rather

than a more direct path from A to C, as suggested by the reactive current from traditional

TPT. Likewise, in the last step, they show that most reactive trajectories flow through an

intermediate near (x1, x2) = (0, 0), in this case S2. The absence of any significant reactive

current in the second step, along with the high reactive density near C, suggests that reactive

trajectories predominantly remain in C during this step, with a few trajectories transitioning

back and forth to S1/S2, where there is a lower value of reactive density. The reactive current

from traditional TPT is misleading because the flows from S1 to C and from C to S2 cancel

each other, since S1 and S2 overlap in the CV space.
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The forward committor Aθ[q+] on the catalyzed pathway is uniformly low in the first step

and uniformly high in the third step. This suggests that the main bottleneck occurs in the

second step, where Aθ[q+] ≈ 0.5 around C. The abrupt changes between steps suggest that

the dynamics of the variables not captured within the CV space are influential in determining

whether the reaction occurs. For the second step, we note that the low value of Aθ[q+] below

A and high value above B reflect the full three-dimensional potential (Figure 7.3(a)). In

traditional TPT, the high value of Aθ[q+] in the first step and the low value in the third step

cancel, giving rise to the apparent rapid change near (x1, x2) = (0, 0).

In the first step, Aθ[m+] decreases from (x1, x2) = (0, 0) to C, suggesting the presence of

a bottleneck between intermediates S1 to C. The same holds for the second step, suggesting

that if the system crosses back to an intermediate near (x1, x2) = (0, 0), it needs to overcome

the same bottleneck to return to C. In the third step, Aθ[m+] decreases from (x1, x2) = (0, 0)

to B, marking the transition from S2 to B. We note that this decrease occurs at a slightly

lower value than in the uncatalyzed pathway. This separation of the two bottlenecks lies in

contrast with Aθ[m+] from traditional TPT, where the superposition of the two bottlenecks

creates an apparent bottleneck near (x1, x2) = (0, 0), which conflates the dynamics of the

catalyzed and uncatalyzed pathways.

Overall, we see that the statistics from traditional TPT qualitatively resemble a superpo-

sition of those for the uncatalyzed pathway and those associated with the second step of the

catalyzed pathway, in which the system is mainly localized at C. The important contributions

from the first and third steps of the catalyzed pathway mask each other in traditional TPT.

7.6.2 Reaction with Multiple Pathways

For our second example, we demonstrate the use of augmented TPT to separate pathways

which overlap in the CV space. We consider overdamped Langevin dynamics on the three-
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Figure 7.6: Reaction with multiple pathways. (a) U(x) = −3 isosurface of (7.95). (b)
Marginal distribution on the CV space (x1, x2).

Ac × {0} D × {1} (C ∪D)× {2} D × {3} Bc × {4}

A× {0} Ci × {2} Cj × {2} B × {4}

Figure 7.7: Possible transitions for the augmented process of the reaction with multiple
pathways, defined by (7.99).
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Figure 7.8: Reactive statistics for the reaction with multiple pathways. The reactive current
(vector field) is plotted over each of the other statistics. Note that the magnitude of the
reactive current is represented by the opacity of the arrows, and that they are normalized
differently for each reaction and pathway. The other reactive statistics (color scale) are the
reactive density ρθ, the conditional mean last passage time from the reactant Aθ[m−], and
the conditional mean first passage time to the product Aθ[m+]. (a) Reactive statistics from
traditional TPT. (b) Reactive statistics from augmented TPT for major pathways I and II.
(c) Reactive statistics from augmented TPT for minor pathways III and IV.
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dimensional potential

U(x) = 5
[(x1

2

)4
+
(x2
3

)4
+
(x3
2

)4
+ e−x

2
2

− 3e−x
2
1−(x2−3)2 − 2e−(x1−x2)

2+(x3−1)2

− 3e−x
2
1−(x2+3)2 − 2e−(x1+x2)

2−(x3+1)2
]
, (7.95)

where x = (x1, x2, x3). As previously, these dynamics satisfy the Fokker–Planck equation

in (7.87). The U(x) = −3 isosurface for this potential is shown in Figure 7.6(a), and

the probability distribution on the (x1, x2) coordinates, which we use as CVs, is shown in

Figure 7.6(b). We define the reactant A, product B, and intermediates C1, C2, C3, and C4

to be
A = {x | x21 + (x2 − 3)2 ≤ 1},

B = {x | x21 + (x2 + 3)2 ≤ 1},

C1 = {x | (x1 + x2)
2 + (x1 − x2 + 4)2/4 ≤ 1},

C2 = {x | (x1 + x2 − 4)2/4 + (x1 − x2)2 ≤ 1},

C3 = {x | (x1 + x2 + 4)2/4 + (x1 − x2)2 ≤ 1},

C4 = {x | (x1 + x2)
2 + (x1 − x2 − 4)2/4 ≤ 1}.

(7.96)

We also define the sets C = C1 ∪ C2 ∪ C3 ∪ C4 and D = (A ∪ B ∪ C)c. The reaction of

interest is specified through the indicator function

ω(Xr:s) = 1A×(C∪D)×···×(C∪D)×B(Xr:s). (7.97)

We use the intermediates to define pathways. This is advantageous because it is not

possible to divide the space into regions corresponding to different pathways owing to overlap.

We define four pathways: major pathways I and II, and minor pathways III and IV. We

define pathway I to first hit intermediate Ci = C1 after leaving A and last hit intermediate
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Cj = C4 before hitting B. We likewise define pathway II with (Ci, Cj) = (C2, C3), pathway

III with (Ci, Cj) = (C1, C3), and pathway IV with (Ci, Cj) = (C2, C4).

To define means of selecting these pathways, we label a trajectory before the reaction

with Yt = 0 and after the reaction with Yt = 4. When the reaction is in process, we label

times before the reactive trajectory first enters Ci with Yt = 1, after the reactive trajectory

last exits Cj with Yt = 3, and between those times with Yt = 2. Then, we select pathways

using

ω(Zr:s) = 1(A×{0})×D′···D′×(B×{4})(Zr:s) (7.98)

where D′ = (D × {1}) ∪ ((C ∪D)× {2}) ∪ (D × {3}). This choice of Yt corresponds to

κ(Yt:t+ϵ |Xt:t+ϵ) = [1{0}×{0}(Yt:t+ϵ)

+ 1(D×{1})×(D×{1})(Zt:t+ϵ)

+ 1((C∪D)×{2})×((C∪D)×{2})(Zt:t+ϵ)

+ 1(D×{3})×(D×{3})(Zt:t+ϵ)

+ 1{4}×{4}(Yt:t+ϵ)

+ 1(A×{0})×(D×{1})(Zt:t+ϵ)

+ 1(A×{0})×(Ci×{2})(Zt:t+ϵ)

+ 1(D×{1})×(Ci×{2})(Zt:t+ϵ)

+ 1(Cj×{2})×(D×{3})(Zt:t+ϵ)

+ 1(Cj×{2})×(B×{4})(Zt:t+ϵ)

+ 1(D×{3})×(B×{4})(Zt:t+ϵ)].

(7.99)

The first five terms of (7.99) denote the sets in which Xt may be for each of the labels

{0, 1, 2, 3, 4}, and the remaining six terms describe the permitted transitions between

the labels. We represent (7.99) visually in Figure 7.7. For instance, the seventh term,
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1(A×{0})×(Ci×{2})(Zt:t+ϵ), corresponds to the single timestep transition from A to Ci and

associates this with a change in the label from Yt = 0 to Yt = 2.

We determine the reactive flux associated with each pathway and compare it with the

total reactive flux. For the reaction specified by (7.97), the total reactive flux is 7.5× 10−4.

Each of the major pathways has a reactive flux of 2.9 × 10−4, which is 39% of the total

reactive flux. Each of the minor pathways has a reactive flux of 6.4× 10−4, which is 8.5% of

the total reactive flux. These four pathways thus give rise to 95% of the total reactive flux,

and so are representative of the majority of reactive trajectories. The remaining 5% results

from trajectories that do not conform to these pathways (e.g., ones that pass through only a

single intermediate).

In Figure 7.8, we plot four reactive statistics: the reactive density ρθ, the reactive current

Jθ, the conditional mean last passage time from the reactant Aθ[m−], and the conditional

mean first passage time to the product Aθ[m+].

Reactive statistics from traditional TPT are shown in Figure 7.8(a). From the reactive

density ρθ, we observe that reactive trajectories spend most of their time in the X-shaped

region that connects the intermediates. The reactive current Jθ suggests that the majority of

the reactive trajectories flow from the reactant A to either C1 or C2, then to either C3 or

C4 via (x1, x2) = (0, 0), and lastly to the product B. Importantly, even if we consider the

full state space (x1, x2, x3), we cannot determine the relative weights of these four possible

pathways, because the pathways are composed of segments that belong to multiple pathways

(e.g., the first half of pathway III overlaps with pathway I and the second half of pathway III

overlaps with pathway II) and the transitions through (x1, x2, x3) = (0, 0, 0) along pathways

III and IV occur in opposite directions. Other quantities calculated using traditional TPT

have the same issue. Both Aθ[m−] and Aθ[m+] are unable to distinguish between the

pathways and only indicate the presence of a bottleneck between C1 ∪ C2 and C3 ∪ C4.

In Figure 7.8(b), we visualize the reactive statistics for the major pathways. As pathway
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I and pathway II are mirror images of one another, we discuss only pathway I. The reactive

current Jθ clearly shows that the system transitions directly between on-pathway intermediates,

from A to C1 to C4 to B. The reactive density ρθ corroborates this picture, with relatively

little density in C2 and C3 compared to C1 and C4. We observe that Aθ[m−] and Aθ[m+] are

highest near C2 and C3, suggesting that these configurations are dynamically disconnected

from the main flow of the reactive trajectories. The transition from C1 to C4 is accompanied

by an abrupt increase in Aθ[m−](v) and an abrupt decrease in Aθ[m+], which shows that a

transition bottleneck is traversed. We note that the sharp increase in Aθ[m−] from A to C1

and the sharp decrease in Aθ[m+] from C4 to B imply the presence of bottlenecks between

each of these pairs of states.

The minor pathways in Figure 7.8(c) result from trajectories that switch between the

major pathways. Since the two minor pathways are mirror images of each other, we discuss

only pathway III, which involves a switch from pathway I to pathway II. In contrast with the

major pathways, the reactive density ρθ indicates that the system is likely to visit off-pathway

intermediates C2 and C4 on its way from C1 to C3. The conditional mean last passage time

Aθ[m−] from the reactant is nearly identical to that of pathway I, with higher values near

C2 and C3 and lower values near C1 and C4. However, the conditional mean first passage

time Aθ[m+] to the product is nearly identical to that of pathway II. In conjunction with

ρθ, the slight increase in Aθ[m−] from C1 to C4 suggests that these intermediates readily

interconvert, and similarly for the slight increase in Aθ[m+] from C3 to C2. The larger change

in Aθ[m−] and Aθ[m+] between C2 ∪ C3 and C1 ∪ C4 implies a bottleneck between C2 ∪ C3

and C1 ∪ C4. This bottleneck is significant because the transition from C1 to C3 must occur

for this pathway. As with the major pathways, there are also bottlenecks between A and C1,

and C3 and B.
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7.7 Discussion

In this chapter, we introduced an augmented process that labels sequences of events. This

process enabled us to write statistics that depend on knowledge of past and future events in

terms of quantities that are local in time and in turn to extend the TPT framework. We

demonstrated how this framework can be used to separate statistics of competing pathways

in reactions with intermediates to reveal features of mechanisms that are not apparent from

traditional TPT analyses. Our framework can also be used to treat new classes of reactions

that are not amenable to TPT analyses. For instance, reactions with the same reactant and

product states, such as cycles of oscillators and excitable systems, can be handled using

augmented TPT but not traditional TPT.

Our framework generalizes a previous extension of TPT [207] and history augmented

approaches for computing rates [37, 213, 214] and reactive statistics [205]. The augmented

process that we introduce is distinct from that in Helfmann et al. [215], in which the state

space is expanded to include a time variable to treat time-dependent processes, including

transient relaxations and systems with periodically varying dynamics. As a result, the two

approaches can be combined to treat sequences of events of finite-time processes.

Our focus here was on establishing the conceptual framework for augmented TPT, and the

examples that we showed were sufficiently simple that the Fokker–Planck equations defining

their dynamics could be numerically integrated in the variables by quadrature. The dynamics

of models with larger numbers of variables must instead be sampled through simulations

that generate stochastic realizations of trajectories (i.e., the dynamics of the variables are

numerically integrated in time). Because, like traditional TPT, the framework casts statistics

in terms of quantities that are local in time, we can extend methods that compute reactive

statistics from short trajectories [4, 5, 205]. Such efforts are underway.
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7.8 Appendix

7.8.1 Finite Difference Scheme

For a time-reversible drift-diffusion process

∂ PX [Xt]

∂t
= ∇ · (PX [Xt]∇U(Xt)) +∇2PX [Xt] (7.100)

with stationary distribution π(Xt) ∝ exp(−U(Xt)), the infinitesimal generator can be used

to compute expectations forward-in-time as

∂ EX [f(Xt+ϵ) | Xt]

∂ϵ
= −∇U(Xt) · ∇f(Xt) +∇2f(Xt). (7.101)

To evaluate expectations by quadrature, we adapt the finite difference scheme from Thiede

et al. [4], which we reproduce here. We approximate (7.100) as a discrete time Markov jump

process with time step ϵ on a grid with uniform spacing ∆. For a small change ∆i in the

direction of the ith coordinate with magnitude ∆, we substitute −∇U(Xt) = ∇π(Xt)/π(Xt)

and then make the approximation

E[f(Xt+ϵ) | Xt]− f(Xt)

ϵ

≈ 1

2

∑
i

(π(Xt +∆i)− π(Xt))/∆

(π(Xt +∆i) + π(Xt))/2

[
f(Xt +∆i)− f(Xt)

∆

]
+

1

2

∑
i

(π(Xt)− π(Xt −∆i))/∆

(π(Xt) + π(Xt −∆i))/2

[
f(Xt)− f(Xt −∆i)

∆

]
+
∑
i

f(Xt +∆i) + f(Xt −∆i)− 2f(Xt)

∆2
.

(7.102)
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Alternatively, we can write

EX [f(Xt+ϵ) | Xt]− f(Xt)

ϵ

=
1

ϵ

(∫
PX [Xt:t+ϵ]f(Xt+ϵ) dXt+ϵ

PX [Xt]
− f(Xt)

)
(7.103)

≈ 1

ϵ

[(
P (Xt, Xt)f(Xt)

+
∑
i

P (Xt, Xt +∆i)f(Xt +∆i)

+
∑
i

P (Xt, Xt −∆i)f(Xt −∆i)
)/

π(Xt)− f(Xt)
]
,

(7.104)

where P (Xt:t+ϵ) represents the approximation of PX [Xt:t+ϵ] on the grid. Above, the first

equality follows from the definition of conditional expectation, and the second assumes that

all transitions within time ∆ are to neighboring grid points.

By matching terms between (7.104) and (7.102), the only nonzero entries of P (x, x′) are

P (x, x+∆i) =
2ϵ

∆2

1

1/π(x) + 1/π(x+∆i)
, (7.105)

P (x, x−∆i) =
2ϵ

∆2

1

1/π(x) + 1/π(x−∆i)
, (7.106)

P (x, x) = π(x)−
∑
i

[P (x, x+∆i) + P (x, x−∆i)]. (7.107)

Then, we can use the above expressions to estimate expectations using

EX [f(Xt−ϵ:t) | Xt] ≈
∑

Xt−ϵ
P (Xt−ϵ:t)f(Xt−ϵ:t)

π(Xt)
, (7.108)

EX [f(Xt:t+ϵ) | Xt] ≈
∑

Xt+ϵ
P (Xt:t+ϵ)f(Xt:t+ϵ)

π(Xt)
, (7.109)

EX [f(Xt:t+ϵ)] ≈
∑
Xt:t+ϵ

P (Xt:t+ϵ)f(Xt:t+ϵ), (7.110)

where the sums are over points on the grid.
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CHAPTER 8

CONCLUSIONS AND OUTLOOK

In this dissertation, we have developed several frameworks for estimating dynamical observ-

ables from ensembles of short simulations. Chapters 2–6 introduced methods that are more

accurate or robust. Specifically, Chapters 2 and 4 demonstrated that using multiple time

lags improves dynamical observable estimation, leading to better data efficiency and reduced

sampling requirements. Chapters 3 and 5 use finite time lags to approximate Markovian

behavior better than previous formulations with infinitesimal time lags, while Chapter 4

lifts the Markov assumption entirely by incorporating memory. Chapter 7 proposes a frame-

work that shows how to introduce auxilliary variables to compute path- (and thus history-)

dependent statistics.

Chapters 2, 5, and 6, explored deep learning approaches for estimating slow modes and

prediction functions. Despite their flexibility, neural networks still depend on carefully chosen

input features. An important future goal is to learn dynamical observables directly from

Cartesian coordinates, without user intervention. As an initial attempt, in Pengmei et al.

[186], we pretrained graph neural networks on small-molecule configurations and showed that

their embeddings can be used as input features for learning slow modes in macromolecules.

However, these features performed poorly for prediction functions with both exact VCN and

inexact subspace iteration. This failure resulted from the fact that small changes in molecular

configuration can lead to large, nonlinear changes in these features, making it difficult for

the model to generalize. Further progress requires developing transferable features that are

data-efficient and interpretable.

Neural networks are also prone to overfitting, particularly since both variational and

iterative schemes rely on temporal differences: they self-consistently minimize the difference

between a learned observable and its time-lagged expectation, typically estimated from a

single trajectory segment. With limited and highly correlated data, repeated training on the
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same segments allows the model to memorize trajectories rather capture physical features.

For variational methods, early stopping based on cross-validation with the loss function helps

mitigate overfitting, though artifacts remain. The iterative method, lacking a loss function or

a meaningful validation metric, is even more susceptible. Further tests show that, other than

early stopping, traditional regularization methods—including dropout, batch normalization,

and weight decay—fail to prevent overfitting. When the input features are well-behaved,

adding noise or penalizing the input gradient can help. However, when the input features are

poorly behaved (e.g., from pretrained graph neural networks), a more effective strategy is to

regularize the output distribution directly by penalizing it complexity, for instance using the

Wasserstein k-variance.

We believe that the inexact subspace iteration of Chapter 6 holds the most promise, given

its theoretical applicability to general datasets and observables, but it remains practically

challenging. Training is often unstable, with results oscillating or diverging, and our attempts

to learn backward-in-time prediction functions or ATPT statistics have largely failed for this

reason. The absence of a validation metric exacerbates overfitting, as early stopping is not

applicable. Regularizing the output, as mentioned above, offers a partial solution. In ongoing

work, we adapt techniques from deep reinforcement learning to improve both stability and

validation.

Prediction functions and TPT statistics depend on defining metastable states, which

requires prior knowledge of the system. In Chapter 7, we discussed selecting reaction steps

and pathways, which again requires defining metastable and intermediate states. Poor state

definitions can yield useless results. An important future direction is to learn states and

pathways directly from dynamics. Our preliminary work proposes optimizing state definitions

by minimizing transition rates, with penalties to avoid excessively small states. A natural

next step is to learn to separate pathways, for example by identifying mutually exclusive

intermediates.
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