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ABSTRACT

In this thesis, we study problems related to scaled oscillation, Besicovitch sets, Falconer

distance problem and Sard’s theorem.

In chapter 2 (joint work with Marianna Csörnyei and Bobby Wilson), we study the size

and regularity properties of level sets of continuous functions with bounded lower-scaled

oscillation.

In chapter 3 (joint work with Marianna Csörnyei and Kornélia Héra), we consider the

Hausdorff dimension of planar Besicovitch sets for rectifiable sets Γ, i.e. sets that contain

a rotated copy of Γ in each direction. We show that for a large class of Cantor sets C and

Cantor-graphs Γ built on C, the Hausdorff dimension of any Γ-Besicovitch set must be at

least min(2− s2, 1/s) where s = dimHC.

In chapter 4, we construct a non-trivial 1-rectifiable set Γ in the plane, for which there

exists a 1-dimensional Γ-Besicovitch set.

In chapter 5 (joint work with Ryan Bushling and Bobby Wilson), we use techniques of

algorithmic complexity theory to study distance sets. We prove that for every norm on Rd

and every E ⊆ Rd, the Hausdorff dimension of the distance set of E with respect to that

norm is at least dimHE− (d− 1). An explicit construction follows, demonstrating that this

bound is sharp for every polyhedral norm on Rd.

In chapter 6 (joint work with Ryan Bushling and Bobby Wilson), we prove that, for every

polyhedral or C1 norm on Rd and every set E ⊆ Rd of packing dimension s, the packing

dimension of the distance set of E with respect to that norm is at least s/d; likewise for

upper box dimension.

In chapter 7 (joint work with Marianna Csörnyei) we study which spaces (X, ρ) can be

embedded into Rd without decreasing any of the distances in X. This work is motivated by

the following generalization of the classical Sard theorem in the plane. Let f be a function

defined on a subset A ⊂ R2. If f has modulus of continuity ω(r) ≲ r2, then f(A) ⊂ R has

ix



Lebesgue measure zero. Choquet claimed in [18] that this was a full characterization, i.e. for

every ω for which ω(r)/r2 converges to ∞ as r → 0, there is a counterexample. We disprove

this by showing that the correct characterization, in Rd, is
∫ 1
0 ω(r)−1/d = ∞.
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CHAPTER 1

INTRODUCTION

1.1 Scaled Oscillation

Lipschitz functions hold central importance in mathematical analysis. Their differentiability

properties are widely studied. A very well-known result called Rademacher’s theorem says

that a Lipschitz function f : Rn → Rm is differentiable almost everywhere. One of the

generalizations of Rademacher’s theorem was done by Cheeger [17] who introduced a notion

of derivative in the setting of metric spaces and generalized Rademacher’s theorem to dou-

bling metric spaces. Keith [43], [44] introduced a scaled oscillation, a generalization of the

Lipschitz property, to give sufficient conditions in a metric space X for which the Cheeger-

Rademacher theorem of differentiability holds. For a metric space (X, d) and a continuous

function f : X → R, he defined the upper and lower scaled oscillation functions of f at x as

Lf (x) = lim sup
r→0

supd(x,y)≤r|f(y)− f(x)|
r

and

lf (x) = lim inf
r→0

supd(x,y)≤r|f(y)− f(x)|
r

respectively.

Another generalization of Rademacher’s theorem is Stepanov’s theorem which states that

for a function on Rn, if Lf (x) < ∞ for a.e x ∈ Rn then the function is differentiable

almost everywhere. Balogh and Csörnyei in [9] proved that upper-scaled oscillation cannot

be replaced by lower-scaled oscillation. They constructed a nowhere differentiable continuous

function f : [0, 1] → R such that lf (x) = 0 for a.e x ∈ [0, 1]. However, they were able

to show that if the lf (x) < ∞ for all x except countably many points of [0, 1], then f

is differentiable on a set of positive measure, though not necessarily differentiable almost

everywhere. Csörnyei and Wilson in [24] observed that the graph of such a function has σ-
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finite H1-measure, and they also showed that if a closed, continuous simple curve in Rn has

σ-finite H1-measure then C has a tangent on a set of positive measure. As a consequence,

they extended the earlier result of Balogh and Csörnyei to higher dimensions, by showing

that any function f : [0, 1]n → R with lf (x) < ∞ for all x except countably many points, is

differentiable on a set of positive measure.

If the graph of a continuous function f : [0, 1] → R has σ-finite H1-measure then it easily

follows that almost all level sets are countable. Moreover, if f is Lipschitz or Lf (x) < ∞

everywhere then almost all level sets are finite. In chapter 2 (joint work with Csörnyei and

Wilson) we show that for functions with finite lower-scaled oscillation, all level sets can be

infinite. Our result is the following.

Theorem 1. There exists a continuous function f : [0, 1] → [0, 1] such that lf (x) < ∞ for

all x ∈ [0, 1] and f−1(y) is infinite for every y ∈ [0, 1].

For n ≥ 2, there exist functions f : [0, 1]n → R with finite Lf (x) < ∞ with all level

sets having infinite Hn−1-measure. However the almost everywhere differentiability property

implies that almost all level sets are rectifiable. We also show that this fact isn’t true in case

of functions with finite lower-scaled oscillation.

Theorem 2. For m ≥ 2 there exists a continuous function f : [0, 1]m → [0, 1] such that

lf (x) < ∞ for all x ∈ [0, 1]m, and f−1(y) is not (m− 1)-rectifiable for any y ∈ [0, 1].

1.2 Γ-Besicovitch sets

A Besicovitch set or a Kakeya set in Rn is a set of measure zero which contains a unit line

segment in every direction. In [11], Besicovitch proved the existence of such sets for n ≥ 2.

The famous Kakeya conjecture asserts that Besicovitch sets cannot be much smaller than a

set of measure zero.
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Conjecture 3 (Kakeya conjecture). Every Besicovitch set in Rn has Hausdorff dimension

n.

The conjecture is true in dimension 2 and 3 and remains an important open problem

for higher dimensions. The Kakeya conjecture has connections to many areas including har-

monic analysis, incidence geometry and additive combinatorics. For example: one important

conjecture in Fourier analysis, the restriction conjecture implies the Kakeya conjecture.

It is an interesting question to ask what happens if the line segment is replaced by other

rectifiable sets? Csörnyei and Chang in [16] show that for any rectifiable planar set Γ, there

exists a measure zero set which contains a rotated copy of a full H1-measure subset of Γ in

every direction. This raises the question what the Hausdorff dimension of such sets can be.

For a rectifiable set Γ, a Γ-Besicovitch set is a set that contains a rotated copy of Γ in

every direction. In a joint work with Héra and Csörnyei [7], we considered the Hausdorff

dimension of planar Besicovitch sets for a large class of rectifiable sets which are graphs over

self-similar sets. These graphs resemble the graph of the devil staircase function over the

middle third Cantor set. For details see chapter 3.

We prove that for such a graph Γ over an s-dimensional Cantor set C, every Γ-Besicovitch

set E has

dimHE ≥ min(2− s2,
1

s
).

In [7], we only got a lower bound on the dimension of such Γ-Besicovitch sets. It left open

the problem, whether there exist a non-trivial Γ-Besicovitch set of dimension less than 2?

There are trivial examples of rectifiable sets for which the corresponding Γ-Besicovitch sets

have dimension less than 2. For example, for a circular arc the complete circle containing

it is its Besicovitch set. More interestingly, it has also been mentioned in [16] that if Γ is

an arbitrary countable union of circles, then there exists a Γ-Besicovitch set of Hausdorff

dimension 1.

Every 1-rectifiable set in the plane has a tangent field which is defined almost everywhere.
3



We want to understand the standard Besicovitch set with lines. The construction of measure

zero sets by Csörnyei and Chang in [16] depended upon the tangent field of Γ. For a straight

line, all the tangent lines are parallel. This suggested that it is interesting to look at the Γ-

Besicovitch sets for rectifiable sets with the same tangent field as that of a line i.e. rectifiable

sets whose tangents are parallel almost everywhere. Marianna Csörnyei asked the question,

does there exist a 1-rectifiable set with parallel tangents almost everywhere for which there

exists a Γ-Besicovitch set of dimension less than 2? In chapter 4, we answer this question

affirmatively.

Theorem 4. There exists a 1-rectifiable set Γ with H1(Γ) > 0 and parallel tangents almost

everywhere, for which there is a 1-dimensional Γ-Besicovitch set.

We construct the set Γ as the graph of a monotone function whose domain is a Cantor

set of measure 0 and thus the tangents of Γ are vertical almost everywhere.

1.3 Distance Sets and the Complexity Methods

Jack Lutz and Neil Lutz in [50] gave an effective characterization of the Hausdorff and

packing dimensions of a set in terms of the constructs from computability theory which

they call the point-to-set principle. It has been the key to building the bridges between the

theory of computing and geometric measure theory. It has enabled the theory of computing

to not only answer open questions in geometric measure theory but also give short and

elegant proofs to some well-known classical results. For example, Lutz and Stull used the

complexity methods to give better bounds than the (then) known bounds on the dimension

of Fürstenberg sets, see [54]. In [71], Stull improved the bound on the dimension of pinned

distance sets for small values of dimH(E). For more such applications of complexity theory,

see [53], [49], [52] and [51].

The Kolmogorov complexity of a binary string σ denoted by K(σ) is the length of the

shortest program that gives output σ. For x ∈ Rn and r ∈ N, the Kolmogorov complexity of
4



x at precision r denoted by Kr(x) is the Kolmogorov complexity of the string of length nr

which is obtained by taking the first r digits of the binary expansion of each coordinate of

x.

The effective Hausdorff dimension and the effective packing dimension of a point x ∈ Rn

are defined by

dimEH(x) := lim inf
r→∞

Kr(x)

r
and dimEP (x) := lim sup

r→∞

Kr(x)

r
,

respectively. We note that these definitions are different than the usual Hausdorff and

packing dimensions, both of which are zero for a point. However, the concepts of complexity

and dimension defined above can be relativized to an oracle A. The Kolmogorov complexity

of a binary string σ relative to the oracle A denoted by KA(σ) is the shortest program having

access to A that gives output σ. Similarly, the concepts of complexity and dimension defined

above can be relativized to an oracle A and are denoted by KA(σ), dimA(x), for details see

[50]. The point-to-set principle by Jack Lutz and Neil Lutz [50] uses the (relative) dimension

of points in the set.

Theorem 5 (Point-to-Set Principle). For every set E ⊆ Rn,

dimHE = min
A⊆N

sup
x∈E

dimA
EH(x) and dimPE = min

A⊆N
sup
x∈E

dimA
EP (x).

Given a set E ⊂ Rn, the distance set of E is

∆(E) := {∥x− y∥ : x, y ∈ E},

where ∥ ·∥ is the Euclidean norm. The Falconer distance problem is to find a lower bound on

dim∆(E), the Hausdorff dimension of the distance set, in terms of the Hausdorff dimension

of E.

5



Conjecture 6 (Falconer’s distance conjecture). For any Borel set E ⊂ Rn with dimH(E) >

n/2, ∆(E) has positive measure.

The conjecture remains open for all n ≥ 2. The current best-known bound is due to

Guth, Iosevich, Ou and Wang [37], who proved that if a planar set has dimHE > 5/4 then

∆(E) has positive measure.

An interesting variant of the Falconer distance problem is to find dimension bounds on

distance sets relative to a different norm ∥ · ∥. Falconer [28] proved that for any set E ⊆ Rn,

the Hausdorff dimension of ∆(E) is at least dimHE−(n−1). The proof is simple and easily

extends to all norms. Moreover it also generalizes to the pinned distance set which is defined

as ∆x(E) := {∥x− y∥ ∈ [0,∞) : y ∈ E}. In chapter 5 (joint work with Ryan Bushling and

Bobby Wilson) we used the theory of algorithmic complexity in [6] to give an alternate proof

of this theorem. Using the same methods, we proved that it is sharp for polyhedral norms.

Theorem 7. Let ∥ · ∥P be a polyhedral norm on Rn. For any s ∈ [n − 1, n], there exist a

compact set E ⊂ Rn with dimHE = s such that

dimH∆(E) = s− (n− 1).

In chapter 6 (joint work with the same co-authors) we replace the Hausdorff dimension

with the packing dimension and prove the following.

Theorem 8. Let ∥ · ∥∗ be either a C1 or polyhedral norm on Rd and let E ⊆ Rd. For every

ϵ > 0, there exists x ∈ E such that

dimP∆∗
x(E) ≥ 1

d
dimPE − ϵ. (1.1)

Just as Theorem 7 was sharp for every polyhedral norm in a strong way, (1.1) is also

sharp for polyhedral norms in that same manner.
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Theorem 9. Let ∥ · ∥P be a polyhedral norm such that the normal vectors to the faces of the

polyhedron are rationally dependent and let s ∈ [0, d]. There exists a compact set E ⊂ Rd

with dimPE = s such that

dimP∆P (E) =
s

d
.

1.4 On the modulus of continuity of functions whose image has

positive measure, and metric embeddings into Rd without

shrinking

The classical Morse-Sard Theorem says that if a function f : Rn → Rm is Ck-differentiable

with k ≥ max{n − m + 1, 1}, then f maps the set of critical points to a set of Lebesgue

measure 0. A generalization of this theorem in the case n = 2 and m = 1 is the following.

Let f ∈ C1,1(R2,R), and let A be the critical set of f , that is, the set of points at which the

gradient of f is zero. Then the restriction of f onto A has modulus of continuity ω(r) ≲ r2.

Using Lebesgue density theorem we can easily show that, for every d ≥ 2 and for every

A ⊂ Rd, if a function f : A → R has modulus of continuity ω(r) ≲ rd then f(A) is null.

Choquet showed the following statement (see page 53 in [18]). If ω(r)/r2 converges to

infinity as r → 0 then there exist a set A ⊂ R2 and a function f : A → R2 with modulus

of continuity ω s.t. |f(A)| > 0. It should be noted that this is not the main result from

the paper rather it was a quick remark. We show that Choquet’s statement is not true and

obtain the following result.

Theorem 10. Assuming that ω(r) is convex and ω(r)/rn is decreasing, the following are

equivalent:

1. For every A ⊂ Rn and f : A → R with modulus of continuity ω, |f(A)| = 0.

2.
∫ 1
0 ω(r)−1/n dr = ∞.
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We obtain this as a special case of a more general result. We study which spaces (X, ρ)

can be embedded into Rd without decreasing any of the distances in X. That is, we ask

the question whether there is an f : X → Rd such that ∥f(x) − f(y)∥ ≥ ρ(x, y) for every

x, y ∈ X. We study this problem for some very general distance functions ρ (we do not

even assume that it is a metric space, in particular, we do not assume that ρ satisfies the

triangle inequality), and find quantitative necessary and sufficient conditions under which

such a mapping exists. We will obtain the characterization mentioned above as a special

case of our metric embedding results, by choosing X to be an interval in R, and defining ρ

by putting ρ(x, y) = r if ∥x− y∥ = ω(r).
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CHAPTER 2

SCALED OSCILLATION AND LEVEL SETS

This chapter is joint work with Marianna Csörnyei and Bobby Wilson and originally appeared

in Proceedings of the American Mathematical Society, 150(07), 2913-2924, 2022.

2.1 Introduction

Let f : A → Rk, A ⊂ [0, 1]m, be a Lipschitz continuous function. According to Rademacher’s

theorem, a Lipschitz function is differentiable almost everywhere in its domain. In fact,

Stepanov’s theorem implies that it suffices to assume that the upper-scaled oscillation (de-

fined below) of a function is finite almost everywhere in order to conclude that it is dif-

ferentiable almost everywhere. Assuming m ≥ k, another well-known regularity property

of a Lipschitz function, f : A → Rk, is that for Lebesgue almost every z ∈ Rk, the level

set f−1(z) is countably (m − k)-rectifiable and Hm−k(f−1(z)) < ∞. In fact, it suffices

to prescribe that the graph of f has finite Hm−k measure then almost all of its level sets

have finite Hm−k measure. For the more regular class of Cn functions one has the stronger

theorem, known as Sard’s theorem, which states that if f : Rm → Rk is n-times continuously

differentiable for n ≥ max{m− k + 1, 1} and

S = {x ∈ Rm : rank(∇f(x)) < k},

then f(S) has Lebesgue measure zero.

In order to demonstrate necessary and sufficient conditions on the vector field of the

continuity equation that would ensure uniqueness of solutions, Alberti, Bianchini, and Crippa

[3] define a notion of a “weak Sard" property. Specifically, they showed in [3] that if the vector
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field, b : [0, T ]×R2 → R2, is divergence-free and bounded then the following Cauchy problem

 ∂tu = −div(bu)

u(0) = u0 ∈ W 1,∞(R2)

has a unique weak solution in C([0, T ];L∞) if and only if the potential of b, f (defined by

satisfying b = ∇⊥f), satisfies the weak Sard property. The function f is said to satisfy the

weak Sard property if any measure µ, supported on f(S ∩ E), is mutually singular to the

Lebesgue measure on Rk, where E is “the union of all connected components with positive

length of all level sets." Moreover, in [2], Alberti, et. al. show that the minimal regularity for

the weak Sard property to hold is f ∈ W 2,1(R2). Initially, Alberti [1], taking into account

that W 2,1 functions are not necessarily differentiable, proved that the size of the image of

S ∪N , where

N = {x ∈ R2 : ∇f does not exist},

is Lebesgue negligible. Further analysis discussed in [2] and [3] demonstrates that more

regularity for f is necessary to achieve equivalent results for the higher-dimensional case,

f : Rm → Rm−1. Specifically, the authors show that one needs f ∈ C1,1/2. In this paper,

we consider the characterization of f(S ∪N) and the characterization of the level sets of f

when f satisfies the following “local Lipschitz" conditions. For x ∈ A, the upper-scaled and

lower-scaled oscillation of f are defined as

Lf (x) = lim sup
r→0

supd(x,y)≤r|f(y)− f(x)|
r

and

lf (x) = lim inf
r→0

supd(x,y)≤r|f(y)− f(x)|
r

respectively. The differentiability properties of functions satisfying either Lf (x) < ∞ or
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lf (x) < ∞ on some suitably sized subset of the domain of f were studied initially in [9] and

then further studied in [24]. In [9], the authors show that Lp boundedness of the function, lf ,

implies Sobolev regularity for the function, f . Moreover, one simply needs the boundedness

condition, lf (x) < ∞, in order to prove the existence of a set of positive measure on which

the function, f : [0, 1] → R, is differentiable. In [24], among other results, the authors show

that for higher-dimensional domains, f : [0, 1]m → R, lf (x) < ∞ implies the existence of

positive measure sets of differentiability for f .

One can ask to what extent the weak Sard property fails for functions with such low

regularity. In consideration of this question, we construct continuous functions with finite

lower-scaled oscillation at each x whose level sets are “large”. First, we present our result in

dimension 1.

Theorem 11. There exists a continuous function f : [0, 1] → [0, 1] such that lf (x) < ∞ for

all x ∈ [0, 1] and f−1(y) is infinite for every y ∈ [0, 1].

It is clear that for every y ∈ [0, 1] in the above construction, f−1(y) ∩ (N ∪ S) ̸= ∅.

One should also note that, due to the argument in [24] demonstrating regularity of such

functions, countably infinite is the most that should be expected for almost every level set.

For the higher dimensional case, we obtain the following result:

Theorem 12. For m ≥ 2 there exists a continuous function f : [0, 1]m → [0, 1] such that

lf (x) < ∞ for all x ∈ [0, 1]m, and f−1(y) is not (m− 1)-rectifiable for every y ∈ [0, 1].

It is important to emphasize that the level sets in the above construction are not purely

unrectifiable although they are unrectifiable. In fact, the existence of positive measure

subsets on which such functions are differentiable, [24], implies that generic level sets will

have rectifiable parts.

Trivially, if we take the construction, f : [0, 1]m → [0, 1], from Theorem 11 or Theorem

12 and construct the function, g : [0, 1]ℓ+m → [0, 1]ℓ+1, defined by g(z, x) := (z, f(x)) for

x ∈ [0, 1]m and z ∈ [0, 1]ℓ, we have the following corollary:
11



Corollary 13. 1. For m = k ≥ 1, there exists a continuous function f : [0, 1]m → [0, 1]k

such that lf (x) < ∞ for all x ∈ [0, 1]m, and f−1(y) is infinite for all y ∈ [0, 1]k.

2. For m > k ≥ 1, there exists a continuous function f : [0, 1]m → [0, 1]k such that

lf (x) < ∞ for all x ∈ [0, 1]m, and f−1(y) is not (m− k)-rectifiable for all y ∈ [0, 1]k.

Regarding functions with Lf (x) < ∞ for every x ∈ Rm, one can divide Rm into countably

many parts, on each of which the function is L-Lipschitz for some L. Thus almost all level

sets of such functions are rectifiable and have σ-finite Hm−1 measure. However, there is a

discrepancy between the characterization of level sets of functions with finite upper-scaled

oscillation defined on R, and in higher dimension. A simple construction (Remark 18)

demonstrates that the level sets of functions, f : [0, 1]m → R, satisfying Lf (x) < ∞ for

all x ∈ [0, 1]m may have infinite Hm−1 measure, while almost every level set must be finite

when m = 1.

The structure of this chapter is as follows: we begin with a discussion of the prelimi-

nary tools necessary to analyze functions with finite upper/lower scaled oscillation. In this

preliminary section, we will also discuss our simple results concerning functions with finite

upper-scaled oscillations. In the main part of our paper we will construct functions with

finite lower-scaled oscillation that will prove Theorems 11 and 12.

2.2 Preliminaries

Throughout this chapter, we denote by B(x, r) ⊂ Rm, the open ball of radius r and center x.

The Lebesgue measure on Rm is denoted by Lm, and the s-dimensional Hausdorff measure

is denoted by Hs. Recall that the density of A in the ball B(x, r) is defined by

Ds(A, x, r) =
Hs(A ∩B(x, r))

(2r)s
,
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and the s-density of A at the point x is defined by

Ds(A, x) = lim
r→0

Ds(A, x, r)

if the limit exists.

A set A ⊂ Rm is called s-rectifiable if there exist fi : Rs → Rm, i ∈ N, such that

Hs(A \
∞⋃
i=1

fi(Rs)
)
= 0.

An unrectifiable set is a set which is not rectifiable. One characterization of rectifiability of

sets is the density theorem of Marstrand and Mattila:

Theorem 14 (Theorem 16.2 from [57]). Let A be an Hs measurable subset of Rm such that

Hs(A) < ∞. Then A is s-rectifiable if and only if Ds(A, x) = 1 for Hs almost all x ∈ A.

Let f : Rm → R be a function and let E be a subset of Rm. We denote the graph of f

on E by Gf (E).

Lemma 15. Let f : [0, 1]m → R be a continuous function such that lf (x) < ∞, for all

x ∈ [0, 1]. Then

(i) Gf ([0, 1]
m) has σ-finite Hm-measure.

(ii) Hm
(
Gf (H)

)
= 0 for every set H ⊂ [0, 1]m with Hm(H) = 0.

We refer to [24] for the proof of this statement.

As discussed in the introduction, it follows from part (i) of Lemma 15 that if f : [0, 1]m →

R is a function such that lf (x) < ∞ for all x ∈ [0, 1]m then almost all level sets of f have

σ-finite Hm−1 measure. For m = 1, part (ii) of Lemma 15 implies that f satisfies the Lusin’s

condition. This leads to the following result.

Theorem 16. Let f : [0, 1] → R be a continuous function such that Lf (x) < ∞ for all

except countably many x ∈ [0, 1]. Then f−1(y) is finite for almost every y ∈ R.
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This statement follows by first observing that if a level set were to have infinitely many

points then it has at least one accumulation point. At this point the function either has a

zero derivative or the derivative does not exist. Since the function is differentiable almost

everywhere, Lusin’s condition implies that the image of the set of points at which the function

is not differentiable is measure zero. Furthermore, a standard argument implies that the set

of points at which the derivative is zero also has null image.

However, if we replace the countable exceptional set in Theorem 16 with other exceptional

sets, we cannot conclude that almost all level sets are finite. In fact, as described in the

following remark, countability of the exceptional set is necessary.

Remark 17. Let E be an uncountable Borel set. There exists a continuous function f :

[0, 1] → [0, 1] such that Lf (x) < ∞ for all x ∈ [0, 1] \E and the level set f−1(y) has infinite

cardinality for each y ∈ [0, 1].

Construction of the function when E is the middle third cantor set.

In order to prove the remark, we first consider the case where E is the middle-third Cantor
14



set and consider the Cantor function over that set. For each of the 2n−1 intervals of size

3−n in the complement of the Cantor set we replace the flat piece of the function defined on

this interval with a piecewise linear function whose image is an interval of length 2−(n−1) so

that the intervals of this size cover the interval [0, 1]. One can do this in a continuous way.

For an arbitrary Cantor set E, we can find a homeomorphism h : R → R that maps E

to the middle-third Cantor set, and which is linear on each component of the complement

of E, and then compose this homeomorphism h with the function f we have constructed

for the middle-third Cantor set. Finally, the statement of Remark 17 follows since every

uncountable Borel set contains a Cantor set.

As discussed in the introduction, the characteristics of level sets of functions satisfying

Lf (x) < ∞ is heavily determined by the dimension of the domain. Although Lf (x) < ∞

for every x guarantees that almost every level set will have finite cardinality in the one-

dimensional case, in the two-dimensional case and higher, there is no such phenomenon as

displayed in the following example.

Remark 18. There exists a continuous function f : [0, 1]m → [0, 1] such that Lf (x) < ∞ for

all x ∈ [0, 1]m and the level sets f−1(y) have infinite Hm−1-measure for all y ∈ [0, 1].

Proof of Remark 18. It suffices to construct an example for m = 2. Consider the function

g : [0, 1] → [0, 1] defined by

g(x) =

 x sin2(x−1) x ∈ (0, 1]

0 x = 0.

It is clear that Lg(x) < ∞ for all x ∈ [0, 1] and the graph of g has infinite H1 measure. Now
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define

f(x, y) =


1 y − g(x) ≥ 1

0 y − g(x) ≤ 0

y − g(x) otherwise.

Then for every z ∈ [0, 1], f−1(z) = {(x, y) ∈ [0, 1] : y = g(x) − z} so the level sets have

infinite length. Finally,

f(x1, y1)− f(x2, y2) = y1 − y2 − (g(x1)− g(x2))

and thus Lf (x, y) ≤ 2max(1, Lg(x)) < ∞ for all (x, y).

2.3 Lower-Scaled Oscillation

In this section, we present the proofs to Theorems 11 and 12.

Proof of Theorem 11. Our construction of the function is based on an iterative argument on

rectangles. Assume we have a collection of rectangles with sides parallel to the coordinate

axes. We will divide each rectangle into two parts vertically. We will define the function piece-

wise linearly on the right rectangle. We will then divide the diagonal of the left rectangle

into countably many line segments and consider the rectangles with these line segments as

diagonals and sides parallel to the coordinate axes. These will form a new collection of

rectangles. We will explain the details below.

Let Px and Py be the projection maps onto the x-axis and y-axis respectively. For a

rectangle Q with sides parallel to the coordinate axes, we denote by l(Q) and h(Q) the length

of its horizontal and vertical sides, respectively. We start with the square Q0,1 := [0, 1]2 and

the function f0(x) = x.

Assume that we have completed n ∈ N steps of the construction, and we have (at most)
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countably many rectangles (Qn,i)i∈N and a function fn, such that inside each Qn,i the graph

of fn is the linear line segment connecting its bottom left and its top right corners. We will

define fn+1 by replacing this line segment inside each Qn,i by another continuous graph.

Outside
⋃∞
i=1 Px(Qn,i) we define fn+1 = fn.

Consider one of the rectangles Q = Qn,i, and denote Q = [x, x + l(Q)] × [y, y + h(Q)].

We divide Q vertically into two rectangles,

Q′ = [x, x+ (1− an)l(Q)]× [y, y + h(Q)]

and

Q′′ = [x+ (1− an)l(Q), x+ l(Q)]× [y, y + h(Q)],

where 0 < an ≪ 1 is to be chosen later. In Q′′, we define fn+1 to be an arbitrary piecewise

linear function connecting its top left and top right corners, such that the graph of the

function lies inside Q′′, and it has a horizontal piece lying on the top and on the bottom side

of Q′′, respectively. Therefore the level sets f−1
n+1(y) and f−1

n+1(y + h(Q)) are infinite, and

the pre-image of each point in the open interval (y, y + h(Q)) has at least two points.

In Q′, we define fn+1 such that its graph is the diagonal of Q′ connecting its bottom left

and top right corners. Then we apply the 1-dimensional Whitney decomposition theorem

(see e.g, J.1 in Grafakos, [36]) to divide this diagonal into countably many line segments,

such that the length of each of these line segment is comparable to its distance from the

closest endpoint of the diagonal of Q′.

Corresponding to each line segment, we consider a rectangle with the line segment as

its diagonal and sides parallel to the coordinate axes. We call these rectangles the child

rectangles of Qn,i.

We repeat this construction for each Qn,i, i ∈ N and enumerate the countably many
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rectangles thus obtained as {Qn+1,j}j∈N. This completes the (n+ 1)th step.

(1− an)l(Q)
(x, y)

Figure 1 : (n+ 1)th step on Qn,i

It is clear from our construction that the functions fn converge to a continuous function

f , and that f takes every value y0 between 0 and 1 at infinitely many points. Indeed, if y0

is the y coordinate of one of the vertices of one of the rectangles Q of our construction, then

it takes this value at infinitely many points in its right rectangle Q′′. And if it is not the y

coordinate of any of the vertices of any of the rectangles, then for each n we can choose a

Qn,i s.t. y0 ∈ Py(Qn,i). Then f−1(y0) has at least two points in Px(Q′′
n,i). Since this is true

for each n, and the sets Px(Q′′
n,i) are pairwise disjoint, therefore f−1(y0) is infinite.

It remains to prove that the lower-scalled oscillation lf (x) is finite for each x ∈ [0, 1]. The

restriction of f onto the interval Px(Q′′
n,i) is Lipschitz because f is piecewise linear inside

each rectangle Q′′
n,i.

Inside each of the rectangles Q′
n,i, the graph of f is covered by its child rectangles.
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We observe that for each fixed n ∈ N, all the rectangles Qn,i are similar. Moreover the

height/length ratio at the (n + 1)th step increases by a factor of 1/(1 − an). Thus for all

the rectangles, the height/length ratio is bounded by
∏∞

i=0(1− an)
−1. We choose an small

enough such that
∏∞

i=0(1− an)
−1 < ∞.

Then selecting the diagonals of the rectangles by applying the Whitney decomposition

theorem implies that there is a constant c satisfying the following: if (x, f(x)) is one of the

vertices of Q′
n,i, and (x′, f(x′)) is an interior point of Q′

n,i, then |f(x) − f(x′)| ≤ c|x − x′|.

This shows that the lower scaled oscillation is finite at x. Putting r := |x′−x|, it also implies

that for any x′′ ∈ Px(Q′
n,i), if |x′′ − x′| ≤ r then

|f(x′′)−f(x′)| ≤ |f(x′′)−f(x)|+|f(x′)−f(x)| ≤ c|x′′−x|+c|x′−x| ≤ 3c|x′−x| = 3cr. (2.1)

If (x′, f(x′)) is not a vertex of any rectangle of our construction, then for each n it is in the

interior of a rectangle Q′
n,i. By selecting (x, f(x)) to be the endpoint of its diagonal closest

to x′ and putting r = |x′−x|, (2.1) holds for every x′′ with |x′′−x′| ≤ r. Since this estimate

holds for an arbitrary small r, therefore lf (x
′) ≤ 3c.

Now we turn to the proof of Theorem 12.

Proof of Theorem 12. Our construction of the function is based on an iterative argument on

cuboids in Rm+1. By a cuboid, Q, in Rm+1, we mean a Cartesian product of an axis-parallel

cube in Rm and an interval. For a cube, C, in Rm we denote its side-length by l(C), and

for a cuboid Q = C × I, we define the length, l(Q), by l(Q) := l(C) and the height, h(Q),

by h(Q) := l(I). We write an element in Rm+1 as (x, z) = (x1, .., xm, z). If (x, z) lies on

the graph of the function we are going to construct, then the first m coordinates denote the

domain and z denotes the value of the function. We will also denote y as y = (x2, .., xm).

The direction of (0, .., 0, 1) is called the z-axis. The projection maps onto the m-dimensional
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plane z = 0, the (m − 1)-dimensional plane x1 = z = 0 and the z-axis will be denoted by

Px, Py and Pz respectively.

We start with the cube [0, 1]m+1, E1 = ∅, and a sequence (an)
∞
n=0 satisfying

∏∞
n=0(1−

an)
−1 < 2. Assume that we have completed n steps of our iterative argument and we

have countably many cuboids (Qn,i)i∈N in Rm+1 and that f is defined on En = [0, 1]m \

Px(
⋃∞
i=1Qn,i).

Let Q = Qn,i = C × [z, z + h] be such a cuboid. Let α = h(Q)/l(Q) = h/l(C) and let D

be its diagonal plane parallel to the plane z = αx1. We apply our iterative argument on Q

whose key parts are the following:

Part (1) We apply the Whitney decomposition theorem to C and decompose it into countably

many Whitney cubes {Cj}j∈N such that the diameter of each cube is less than the dis-

tance to the boundary of C and at least a constant times the distance to the boundary

of C.

Part (2) Let Cj be a Whitney cube obtained in Part (1) with length l(Cj). We partition

the smaller cube with the same center as Cj and length (1 − an)
1/2l(Cj) into Nm

equal cubes of length (1 − an)
1/2l(Cj)/N each, where N will be chosen later. Inside

each of these Nm cubes, we consider a smaller cube with the same center and length

(1 − an)l(Cj)/N . Let these smaller cubes be denoted as Cj,k, k ∈ {1, 2, ..., Nm}. We

chose N large enough so that we can label Cj,k with N different labels such that

(i) For any cube with a label, ω, and any point x in the cube, the ball of centre x

and radius 2
√
m · l(Cj,k) intersects at most one cube of each label. Moreover, we

choose N to be large enough so that this ball lies in the cube Cj .

(ii) For every label, ω, the union of cubes of label, ω, has full Py projection. In other

words, we require that Py(Cj) = Py(
⋃
k∈Lω

Cj,k) where Lω is the set of all indices

k such that Cj,k has label ω.
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Thus we divided Cj into Nm labeled cubes and narrow strips, i.e, the part of Cj which

is not covered by labeled cubes. (See Figure 3 for m = 2).

1 2 3 4 5 6 7 8 9

7 8 9 1 2 3 4 5 6

4 5 6 7 8 9 1 2 3

1 2 3 4 5 6 7 8 9

7 8 9 1 2 3 4 5 6

4 5 6 7 8 9 1 2 3

1 2 3 4 5 6 7 8 9

7 8 9 1 2 3 4 5 6

4 5 6 7 8 9 1 2 3

x1-axis

y-axis

Figure 4 : Decomposition of Cj into cubes with 9 labels and narrow strips.

Part (3) Let Dj ⊂ D be the intersection of D and the pre-image of Cj under the projection Px.

Consider the cuboid Rj in Rm+1 with sides parallel to the coordinate axes and Dj as

its diagonal plane. We denote Rj = Cj × [zj , zj + hj ]. We call the cuboids {Rj}j∈N

the child cuboids of Q. (See Figure 4 for m = 2).
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Figure 4 : Construction of child cuboids of Q.

Part (4) Divide [zj , zj + hj ] into N equal parts and to each of these intervals assign a label

from the N labels in Part 2 so that no two intervals have the same label. Let the

interval with label, ω, be Ij,ω. If the label of a cube Cj,k is also ω, then we consider

22



the corresponding cuboid

Sj,k = Cj,k × Ij,ω.

Part (5) Let Dj,k be the diagonal plane of Sj,k parallel to the (1 − an)z = αx1 plane. On the

boundary of Cj,k, we define f so that its graph coincides with the boundary of Dj,k,

i.e if x lies on the boundary of Cj,k, then (x, f(x)) lies on Dj,k. Similarly, we define

the graph of f over the boundary of Cj to be the boundary of Dj . We then extend

f piece-wise linearly on the narrow strips defined in Part (2) so that it is continuous,

and imitating the construction of Theorem 11, we define f to be constant near the

top and bottom faces of Sj,k so that the Hausdorff dimension of each of the level sets

containing these faces is m. This will ensure that the level sets associated to the top

and bottom faces are not (m− 1)-rectifiable.

Part (6) The countable collection of cuboids thus obtained, i.e, {Sj,k : Q = Qn,i, i, j ∈ N, k ∈

{1, 2.., Nm}} will form our new collection of cuboids. We re-enumerate them as

{Qn+1,j}j∈N.

This completes the (n+ 1)th step.

For x ∈ [0, 1]m \
⋃∞
n=1En, we define the point (x, f(x)) to be the intersection of all

the cuboids Qn,i whose projection onto the plane z = 0 contains x. Thus the function is

continuous for every [0, 1]m. We claim that the function thus obtained has lf (x) < ∞ and

each level set is not rectifiable.

Clearly if (x, f(x)) lies on the piece-wise linear parts of the graph of f then lf (x) < ∞.

It remains to prove so for (x, f(x)) which lie either (1) on the boundary of a diagonal plane

or (2) in infinitely many cuboids Qn,i.

We observe that for each n ∈ N, the height/length ratio of the cuboids, Qn,i, increases

by a factor of 1/(1 − an) after the (n + 1)th step. Since we start with the cube [0, 1]m+1,
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the height/length ratio for all the cuboids is bounded by
∏∞

n=0(1 − an)
−1. We recall that

we’ve chosen (an)
∞
n=0 such that

∏∞
n=0(1− an)

−1 < 2.

Now for the first case, let (x, f(x)) lie on the boundary of the diagonal plane of a cuboid

Q = Qn,i and let (y, f(y)) ∈ Q. The graph of the function inside Q lies in its child cuboids.

Let (y, f(y)) ∈ Rj , where Rj is a child cuboid of Q and let (w, f(w)) be a point on the

diagonal plane of Rj closest to (x, f(x)). By the properties of the Whitney decomposition

and the diagonal planes, the length of the interval Ij = Pz(Rj) is less than the distance

between the boundary of I = Pz(Q) and Ij . Thus the height of the cuboid Rj is less than

|f(w)− f(x)|. This implies |f(y)− f(w)| ≤ |f(w)− f(x)| and

|f(y)− f(x)|
|y − x|

≤ |f(y)− f(w)|+ |f(w)− f(x)|
|y − x|

≤ 2|f(w)− f(x)|
|y − x|

.

Since we have taken the closest vertex to (x, f(x)) we have |y − x| ≥ |w − x|. Thus

2|f(w)− f(x)|
|y − x|

≤ 2|f(w)− f(x)|
|w − x|

< c,

for some constant c. Thus lf (x) < ∞.

For the second case, we estimate lf (y) where (y, f(y)) lies inside infinitely many cuboids

Qn := Qn,i of arbitrarily small length. Let (xn, f(xn)) be a point on the diagonal plane

of Qn such that if sn := |y − xn|, then B(y, sn) ⊂ Px(Qn). From above, we know that if

(xn, f(xn)) lies on the boundary of Qn, then |f(xn)−f(v)|
|xn−v| < c for every v ∈ Px(Qn). Thus

for v ∈ B(y, sn) ⊂ Px(Qn) we have

|f(y)− f(v)| ≤ |f(y)− f(xn)|+ |f(xn)− f(v)|

< c|y − xn|+ c|xn − v|

< c|y − xn|+ c|xn − y|+ c|y − v| ≤ 3csn.
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Therefore, lf (y) < ∞ and we have shown that the lower-scaled oscillation of f is bounded

in every case.

It remains to prove that the level sets are not rectifiable. Define

F = {(x, f(x)) : (x, f(x)) lies in infinitely many cuboids Qn,i}

and let Fz = f−1(z) ∩ F . By property (ii) in Part (2) of the cuboid construction, we see

that Fz has full Py-projection. Thus Hm−1(Fz) > 0. We claim that Fz is unrectifiable and

thus f−1(z) is unrectifiable.

Consider x ∈ Fz. Then there exists some N such that n > N implies that x ∈ Qn for

some cuboid, Qn := Qn,i, constructed at step n. By the construction of Qn and Qn+1 (Part

(2)), we can say that for rn =
√
m · l(Qn+1), Px(Qn+1) ⊂ B(x, rn) ⊂ B(x, 2rn) ⊂ Px(Qn).

In addition, the labeling argument of Part (4) and Part (5) imply that

Fz ∩B(x, 2rn) = Fz ∩B(x, rn).

Thus,

Dm−1(F ′
z, x, 2rn) =

Hm−1(F ′
z ∩B(x, 2rn))

(4rn)m−1

= 2−m+1Hm−1(F ′
z ∩B(x, rn))

(2rn)m−1
= 2−m+1Dm−1(F ′

z, x, rn).

Since this holds for a sequence of scales, rn, that converges to zero, both densities,

Dm−1(F ′
z, x, 2rn) and Dm−1(F ′

z, x, rn), cannot converge to 1. Therefore, the Hausdorff

density of Fz is not 1 at any point in Fz which implies that Fz is not rectifiable by Theorem

14. This proves that f−1(z) is unrectifiable for all z ∈ [0, 1] \ E, where E is set of the level

sets intersecting the top and bottom faces of the cuboids {Qn,i}n,i∈N. Finally, according to

Part (5) of the cuboid construction, for every z ∈ E, f−1(z) has dimension m.
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CHAPTER 3

HAUSDORFF DIMENSION OF BESICOVITCH SETS OF

CANTOR GRAPHS

This chapter is joint work with Marianna Csörnyei and Kornélia Héra and originally appeared

in Mathematika, Volume 70: e12241, 2024.

3.1 Introduction

It is well known that Besicovitch sets in the plane - sets containing a unit line segment in

every direction - can have zero Lebesgue measure, and must have Hausdorff dimension 2. It

is natural to ask what happens for other curves in place of the line segment. For circular

arcs, the problem is trivial, as we can rotate the circular arc around the center of the circle

to obtain a Besicovitch set for that circular arc, of dimension 1. For other curves Γ, it is

worthwhile to ask first whether it is possible to obtain Γ-Besicovitch sets - sets containing

a rotated (and translated) copy of Γ in every direction - of zero Lebesgue measure. In [16],

A. Chang and the second author showed that for any rectifiable planar curve Γ, there exists

an “almost-Γ-Besicovitch set" - a set containing a rotated (and translated) copy of a full

H1-measure subset of Γ in each direction - of zero Lebesgue measure. In fact, they showed

that Γ can be continuously turned around covering zero Lebesgue measure, if at each time

moment, we are allowed to remove a set of H1-null measure of Γ. For closely related results

about the problem of moving curves continuously while covering arbitrarily small measure,

see [23] and [40].

The existence of the above mentioned “almost-Γ-Besicovitch sets" of measure zero for

rectifiable curves Γ suggests that it is interesting to consider the Hausdorff dimension of

Γ-Besicovitch sets (or of “almost-Γ-Besicovitch sets" - one naturally expects that in terms of

dimension, there is no difference between the two). It turns out that for sufficiently smooth
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curves, the answer is very satisfactory. As observed by A. Chang, it follows from the results

of J. Zahl in [74] that for any C∞ curve Γ that is not a circular arc, any Γ-Besicovitch set

must have Hausdorff dimension 2. In fact, the same holds under the relaxed assumption

that Γ is a C3 curve, see [63]. Curvature plays an important role here. Another interesting

fact, which has been mentioned in [16], is that if Γ is a countable union of (not necessarily

concentric) circles, then there exists a Γ-Besicovitch set of Hausdorff dimension 1. The next

natural question could be: what happens for non-smooth curves that behave differently

from circular arcs? In fact, it would be interesting to consider objects whose behaviour is

much closer to the behaviour of line segments than of circular arcs. Two immediately visible

reasons for the special role of circular arcs are rotational symmetry and constant curvature.

There is a third, probably most relevant aspect: the geometry of normal lines. As a special

case of the results in [16], it is known that if Γ is a rectifiable set possessing a continuous

tangent field, then Γ can be continuously turned around covering zero Lebesgue measure, if

at each time moment t, we are allowed to choose a line ℓt and delete the points of Γ at which

the normal line is equal to ℓt. When Γ is a line segment, all of its normal lines are parallel,

while in case Γ is a cirular arc, all of its normal lines point in different directions. Based on

this, it would be interesting to consider rectifiable curves that, at almost every point, have

parallel normal lines.

As a first attempt in this direction, we consider Besicovitch sets of Cantor graphs. More

precisely, we consider a large class of (nearly self-similar) Cantor sets C (see Section 3.2.1),

and build rectifiable sets Γ on C that resemble Cantor-graphs (see Section 3.2.2). This is

a generalization of the usual Cantor function, a.k.a. Devil’s staircase built on the standard

middle third Cantor set, noting that naturally, we only consider the Cantor-part of the graph

- the horizontal line segments are not included. We show that the Hausdorff dimension of

Γ-Besicovitch sets must be at least min
(
2− s2, 1s

)
, where s = dimC. As it turns out, it is

important that our objects possess some structure.
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This chapter is organized as follows. In Section 3.2 we introduce the main setting: we

define Besicovitch sets of general Cantor graphs built on Cantor sets, and we state our

main result, Theorem 19. Section 3.3 contains the main body of our proof: the proof of

Proposition 23. Finally, in Section 3.4 we include a standard argument that deduces the

Hausdorff dimension bound of Theorem 19 from Proposition 23.

3.1.1 Notation

The 2-dimensional Lebesgue measure is denoted by L, and the 1-dimensional Lebesgue mea-

sure by λ. The open ball of center x and radius r is denoted by B(x, r). For a set U ⊂ Rn,

U(δ) =
⋃
x∈U B(x, δ) denotes the open δ-neighborhood of U , and diam (U) denotes the di-

ameter of U . For any s ≥ 0, δ ∈ (0,∞], the s-dimensional Hausdorff δ-premeasure is denoted

by Hs
δ, and the s-dimensional Hausdorff measure is denoted by Hs. We use the notation

dimA for the Hausdorff dimension of A ⊂ Rn. For the well known properties of Hausdorff

measures and dimension, see e.g. [57].

For a finite set A, let |A| denote its cardinality. We write x ≲ y for x ≤ Cy where C is

an absolute constant or a constant depending only on a and b, where a, b are fixed constants,

see the the next section. We write x ≈ y if x ≲ y and y ≲ x. Let pr1, pr2 denote the

projections onto the x and y coordinate axes, respectively.

3.2 The setup and our main result

3.2.1 Cantor sets

We describe a general Cantor set construction, where the ratio of removed intervals will

be fixed throughout the process. Let a ∈ N, a ≥ 3, b ∈ N, 2 ≤ b < a, and let J =

{d0, d1, . . . , db−1} ⊂ {0, 1, . . . a−1} be a digit set such that 0 ≤ d0 ≤ d1 ≤ · · · ≤ db−1 ≤ a−1.

Partition [0, 1] into a closed intervals I0, . . . , Ia−1 of equal length (denoted this way from left
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to right). We keep Id0 , . . . , Idb−1
, and remove the interiors of the remaining a− b intervals.

Let C1 = Id0 ∪ Id1 ∪· · ·∪ Idb−1
. We will iterate this process below to define Cn, n = 1, 2, . . . ,

such that the next digit set (of cardinality b) will be chosen independently in each subinterval

in each step.

For each x1 ∈ J , let J(x1) ⊂ {0, 1, . . . a − 1} with |J(x1)| = b. Whenever (x1 . . . xn)

is a sequence of length n such that J(x1...xn) is already defined and xn+1 ∈ J(x1...xn), let

J(x1...xnxn+1)
⊂ {0, 1, . . . a − 1} with |J(x1...xnxn+1)

| = b. For notational convenience we

wright J = J(x1x0). Let

Cn =
⋃

xj∈J(x1...xj−1)
,

j=1,...,n

 n∑
j=1

xj

aj
,

n∑
j=1

xj

aj
+

1

an

 .

By construction, Cn is a union of bn intervals of length 1/an, and the lengths of the gaps

between the intervals in Cn are integer multiples of 1/an. Let C =
⋂∞
n=1Cn, our Cantor

set. By construction, C =
{∑∞

j=1
xj
aj

: xj ∈ J(x1...xj−1)
∀ j
}

. Let s = log b/ log a = dimC.

In the special case when each J(x1...xn) = J , C is a self-similar set.

3.2.2 Cantor graphs

Now we define a general Cantor graph construction built on C. Whenever J(x1...xn) is defined,

let σ(x1...xn) : J(x1...xn) → {0, 1, . . . , b− 1} be an arbitrary bijection. Define

Γ =


 ∞∑

j=1

xj

aj
,

∞∑
j=1

σ(x1...xj−1)
(xj)

bj

 : xj ∈ J(x1...xj−1)
∀ j

 .

Note that in the special case when each σ(x1...xn) is order preserving, Γ is the graph of a

monotone function, in fact, it is the classical devil’s staircase graph built on C. We also

note that in some special cases Γ is not precisely a graph, since at the points x where the
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representation x =
∑∞

j=1
xj
aj

is not unique we might have two points above x, but this is

irrelevant for our purposes.

We list some well-known or easily verifiable properties of our Cantor graphs.

i) dimΓ = 1, and H1 ↾ Γ = λ ↾ pr2(Γ).

ii) Γ is rectifiable, and for H1-almost all p ∈ Γ, the tangent to Γ at p is vertical.

We will consider the natural approximation to Γ consisting of bn rectangles of size 1
an×

1
bn :

⋃
xj∈J(x1...xj−1)

,

j=1,...,n

 n∑
j=1

xj

aj
,

n∑
j=1

xj

aj
+

1

an

×

 n∑
j=1

σ(x1...xj−1)
(xj)

bj
,

n∑
j=1

σ(x1...xj−1)
(xj)

bj
+

1

bn

 .

For technical reasons, we will also consider the 3 times larger rectangles:

Rn =
⋃

xj∈J(x1...xj−1)
,

j=1,...,n

 n∑
j=1

xj

aj
− 1

an
,

n∑
j=1

xj

aj
+

2

an

× (3.1)

 n∑
j=1

σ(x1...xj−1)
(xj)

bj
− 1

bn
,

n∑
j=1

σ(x1...xj−1)
(xj)

bj
+

2

bn

 .

3.2.3 Besicovitch sets of Cantor graphs

We say that E ⊂ R2 is a Γ-Besicovitch set, if E contains a rotated (and translated) copy

of Γ in every direction. That is, for every θ ∈ [0, π] there exists ωθ ∈ R2 such that E =⋃
θ∈[0,π] τθ(Γ), where τθ(z) = eiθz + ωθ for z ∈ C. Here we used the identification z =

(z1, z2) ↔ z = z1 + iz2 between R2 and C which will be used occasionally in the paper for

convenience. Denote Γθ = τθ(Γ). Recall that s = dimC = log b/ log a. Our main result is

the following.
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Theorem 19. Let E ⊂ R2 be a Borel Γ-Besicovitch set. Then

dimE ≥ min

(
2− s2,

1

s

)
.

3.3 Main proof

Let δ = 1
an for some n ∈ N, and write R = Rn =

⋃bn
i=1 Ti for the union of renctagles defined

in (3.1), where the rectangles are indexed using their vertical order. That is, min pr2(T1) <

min pr2(T2) < · · · < min pr2(Tbn), and Ti is a rectangle of size 3δ × 3δs for each i. By

construction, it is easy to see that Γ(δ) ⊂ R, and that L(R) ≤ 9δ. Write Rθ = τθ(R).

First we show that each fixed rectangle of R can intersect at most 10 rectangles of Rθ.

Lemma 20. Let θ ∈ [0, π] and i ∈ {1, . . . , bn}. Then

|
{
j ∈ {1, . . . , bn} : Ti ∩ Tj,θ ̸= ∅

}
| ≤ 10.

Proof. We have diamTi = 3
√
δ2 + δ2s < 6δs. Let j, j′ ∈ {1, . . . , bn} with j′ − j > 10. Since

min(pr2(Tj+1))−min(pr2(Tj)) = δs and λ(pr2(Tj)) = 3δs, we get that

d(Tj,θ, Tj′,θ) = d(Tj , Tj′) ≥ 10δs − 3δs > diamTi.

This means that Tj,θ and Tj′,θ can not simultaneously intersect Ti. Therefore, if

Tj−k,θ, Tj−k+1,θ, . . . , Tj,θ, . . . , Tj+l−1,θ, Tj+l,θ all intersect Ti, then we must have j + l −

(j − k) = l + k ≤ 10, and so

|
{
j ∈ {1, . . . , bn} : Ti ∩ Tj,θ ̸= ∅

}
| ≤ 10.

We introduce a notation for the number of intersecting pairs of rectangles of R and Rθ,
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let

L(δ, θ) = |{(i, j) ∈ {1, . . . , bn} : Ti ∩ Tj,θ ̸= ∅}|. (3.2)

We note that by Lemma 20, L(δ, θ) ≲ |{i : there is j such that Ti ∩ Tj,θ ̸= ∅}|, and the

constant in ≲ is independent of δ and θ. Therefore, we trivially have L(δ, θ) ≲ δ−s, which

is the number of all the rectangles in R.

We also need the following very easy observation about intersecting rectangles.

Lemma 21. For any θ ∈ (0, 1], i, j, we have L(Ti ∩ Tj,θ) ≲ δ · δs, and L(Ti ∩ Tj,θ) ≲
δ2

θ .

Proof. Recall that Ti and Tj,θ are 3δ×3δs rectangles with angle θ between their longer side,

the first inequality is trivial as L(Ti) ≲ δ · δs. The second statement is also trivial noting

that the area of the intersection of two infinite strips of width δ with angle θ is at most

δ2

sin θ ≲ δ2

θ .

Remark 22. We have that δ2

θ > δ · δs if and only if θ < δ1−s, so the first bound in Lemma

21, although trivial, is actually useful for some angles.

Now we let δ0 ≤ 1 be small enough (to be specified later), and fix δ ≤ δ0. Without loss

of generality, we can assume that we only have rotated copies of Γ with angle in [0, 1]. Let

A be a maximal δ-separated subset of [0, 1], it is easy to see that |A| ≈ 1
δ .

The main result of this section is the following.

Proposition 23. For any δ ≤ δ0, we have

∑
θ,θ′∈A

L(Rθ ∩Rθ′) ≲ max
(
δ−s2 , δ1/s−2

)
· log

(
1

δ

)
. (3.3)

Using the Cauchy-Schwarz inequality, Proposition 23 will easily yield the bound of The-

orem 19 for (lower) Minkowski dimension, we include the details below. A standard pigeon-

holing argument can be used to prove the corresponding Hausdorff dimension bound, this

will be carried out in Section 3.4.
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Proof of Theorem 19 for (lower) Minkowski dimension . Let d = min
(
2− s2, 1s

)
. Using⋃

θ∈A Γθ(δ) ⊂ E(δ) and Γθ(δ) ⊂ Rθ for each θ ∈ A, we have

∑
θ∈A

L(Γθ(δ)) ≤ L

⋃
θ∈A

Γθ(δ)

1/2

·

 ∑
θ,θ′∈A

L(Γθ′(δ) ∩ Γθ(δ))

1/2

≤ (3.4)

≤ L (E(δ))1/2 ·

 ∑
θ,θ′∈A

L(Rθ′ ∩Rθ)

1/2

.

For the left hand side, it is easy to see that
∑
θ∈A

L (Γθ(δ)) ≳
1
δ · δ = 1, and by Proposition 23,∑

θ,θ′∈A
L(Rθ ∩Rθ′) ≲ δd−2 · log(1δ ). This yields L (E(δ)) ≳ δ2−d

log(1/δ)
, therefore the Minkowski

dimension of E is at least d.

We now turn to the proof of Proposition 23.

Proof of Proposition 23. We have

∑
θ,θ′∈A

L(Rθ ∩Rθ′) =
∑

θ,θ′∈A,|θ−θ′|≥δ

L(Rθ ∩Rθ′) +
∑
θ′∈A

L(Rθ′).

For the second term, we get ∑
θ′∈A

L(Rθ′) ≲
1

δ
· δ = 1. (3.5)

Now we fix θ′, and for simplicity, we assume without loss of generality that θ′ = 0 and

Rθ′ = R. So we need to give an upper bound for

∑
θ∈A,θ≥δ

L(Rθ ∩R). (3.6)

Remark 24. Using the observation above Lemma 21, we can give an easy upper bound for
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(3.6). Namely, we get that

∑
θ∈A,θ≥δ

L(Rθ ∩R) ≲
∑

θ∈A,θ≥δ

L(δ, θ) · δ
2

θ
≲ δ1−s log

(
1

δ

)
. (3.7)

This yields ∑
θ,θ′∈A

L(Rθ ∩Rθ′) ≲ δ−s · log
(
1

δ

)
.

Using the same standard argument as in the proof of Theorem 19, it follows that the Haus-

dorff dimension of Γ-Besicovitch sets is at least 2− s.

To improve this easy bound, we will improve the bound in (3.7) to

∑
θ∈A,θ≥δ

L(Rθ ∩R) ≲ max
(
δ1−s2 , δ1/s−1

)
· log

(
1

δ

)
. (3.8)

In order to do this, we will consider two substantially different cases: the small angle and

the large angle cases. We say that

θ is


small if δ ≤ θ ≤ min

(
δs, δ1−s

)
=: β(δ) =: β,

large if β ≤ θ,

(3.9)

θ is very large if γ := γ(δ) := max
(
δs, δ1−s

)
≤ θ. (3.10)

We have the following estimates for the number of intersecting pairs of rectangles.

Lemma 25. If θ is small, then

L(δ, θ) ≲
1

δs
·max

(
δ

θ
, θs
)
.
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Lemma 26. If θ is large, then

L(δ, θ) ≲
1

δs
·max

(r0
θ
, θs
)
,

moreover, if θ ≥ δ1−s, then

L(δ, θ) ≲
1

θs
· 1

δs
2 ·max

(r0
θ
, θs
)
,

where r0 = max
(
θ1/s, θ1/(1−s)

)
.

We start with the proof of Lemma 25.

Proof of Lemma 25. Fix θ such that θ ∈ A, δ ≤ θ ≤ β, and choose the unique m ∈ {0, . . . , n}

such that θ ∈ (1/am+1, 1/am]. Recall that R =
⋃bn
i=1 Ti, Rθ =

⋃bn
i=1 Ti,θ. Fix Ti and Tj,θ

such that they intersect. For simplicity, let x,y denote the bottom left corners of Ti and Tj ,

respectively, and let yθ be the bottom left corner of Tj,θ. We will use the following simple

geometric lemma.

Lemma 27. Let θ ∈ (0, 1] and assume that Ti ∩ Tj,θ ̸= ∅. Then

1. | pr2(x− yθ)| ≤ 10δs.

2. If θ ≤ δ1−s, then | pr1(x− yθ)| ≤ 10δ.

Proof of Lemma 27. Clearly, | pr2(x− yθ)| ≤ λ(pr2(Ti)) +λ(pr2(Tj,θ)) = 3δs+ λ(pr2(Tj,θ)).

Similarly, | pr1(x − yθ)| ≤ λ(pr1(Ti)) + λ(pr1(Tj,θ)) = 3δ + λ(pr1(Tj,θ)). By simple planar

geometry, we have that λ(pr2(Tj,θ)) ≤ 3δs| cos θ| + 3δ| sin θ| ≤ 6δs. Similarly, if θ ≤ δ1−s,

then λ(pr1(Tj,θ)) ≤ 3δs| sin θ| + 3δ| cos θ| ≤ 3δsθ + 3δ ≤ 6δ and the claim of Lemma 27

follows.
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By Lemma 27, since θ is small, see (3.9), we have

| pr1(x− yθ)| ≤ 10δ, | pr2(x− yθ)| ≤ 10δs. (3.11)

For x =

(
n∑

j=1

xj
aj

− 1
an ,

n∑
j=1

σ(x1...xj−1)
(xj)

bj
− 1

bn

)
, we write x = xlarge + xsmall, where

xlarge =

 m∑
j=1

xj

aj
,

m∑
j=1

σ(x1...xj−1)
(xj)

bj

 , (3.12)

xsmall =

 n∑
j=m+1

xj

aj
− 1

an
,

n∑
j=m+1

σ(x1...xj−1)
(xj)

bj
− 1

bn

 .

Similarly, write y = ylarge + ysmall. Note that by construction,

pr2(xlarge), pr2(ylarge) are integer multiples of 1/bm, (3.13)

pr2(xsmall), pr2(ysmall) are integer multiples of 1/bn = δs, (3.14)

pr1(xlarge), pr1(ylarge) are integer multiples of 1/am, (3.15)

pr1(xsmall), pr1(ysmall) are integer multiples of 1/an = δ. (3.16)

Now we fix ξ ∈ {xsmall : xm+1, . . . , xn ∈ J}, we have bn−m choices for ξ. Let Mθ denote

the number of pairs (x, y) such that the corresponding rectangles Ti and Tj,θ intersect and

such that xsmall = ξ. Clearly,

L(δ, θ) ≲ bn−m ·Mθ ≲
θs

δs
·Mθ. (3.17)
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Claim 28. We have

Mθ ≲ max

(
δ

θ1+s
, 1

)
.

Proof of Claim 28. Suppose now that (x, y) satisfy (3.11) and that xsmall = ξ. We will need

the following simple geometric lemma:

Lemma 29. For any z ∈ C, we have

1. | pr1(eiθz)− pr1 z| ≤ |θz|.

2. | pr2(eiθz)− pr2 z| ≤ |θz|.

3. || pr1(eiθz)− pr1 z| − |θ pr2 z|| ≤ 2|θ2z|.

Proof. The simple proof is left to the reader.

By (3.11), we have | pr2 yθ − pr2 x| ≤ 10δs. By (2) of Lemma 29 applied for y and using

that |y| ≤ 2 (as y ∈ R ⊂ [−δ, 1 + δ] × [−δs, 1 + δs]) as well as yθ = eiθy + ωθ, we have

| pr2(eiθy)− pr2 y| ≤ 2θ, and so

| pr2 y − pr2 x+ pr2(ωθ)| = | pr2 y − pr2(e
iθy) + pr2 yθ − pr2 x| ≤ 2θ + 10δs.

Using θ ≤ β ≤ δs, we get that

| pr2 y − pr2 x+ pr2(ωθ)| ≤ 12δs.

By (3.13), pr2(ysmall) ≡ pr2 y (mod 1/bm) and pr2(xsmall) ≡ pr2 x (mod 1/bm). Therefore,

since xsmall = ξ, we have

pr2(ysmall) ∈ (pr2 x− pr2(ωθ) + [−12δs, 12δs] (mod 1/bm)) =

(pr2 ξ − pr2(ωθ) + [−12δs, 12δs] (mod 1/bm)) . (3.18)
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Using (3.14) and the fact that pr2(ysmall) ∈ [0, 1/bm)− 1/bn, (3.18) implies that pr2(ysmall)

can only take at most 25 different values. Consequently, since by construction, pr2(ysmall)

uniquely determines ysmall,

ysmall can only take at most 25 different values. (3.19)

Fix z to be one of these 25 different values.

Suppose now that (x, y), and also (x′, y′) satisfy (3.11) and that xsmall = ξ = x′small,

ysmall = z = y′small. By (3.11), we have | pr1(x− x′ − yθ + y′θ)| ≤ 20δ. We also have

x− x′ − yθ + y′θ = x− x′ − eiθy + eiθy′ = x− x′ − eiθ(y − y′).

By (3) of Lemma 29 applied to y − y′, we get

|| pr1(eiθ(y − y′))− pr1(y − y′)| − |θ pr2(y − y′)|| ≤ 2θ2|y − y′|.

Since

| pr1(x− x′ − y + y′)− pr1(x− x′ − yθ + y′θ)| = | pr1(eiθ(y − y′))− pr1(y − y′)|,

we also get

|| pr1(x− x′ − y + y′)− pr1(x− x′ − yθ + y′θ)| − |θ pr2(y − y′)|| ≤ 2θ2|y − y′|. (3.20)

Since | pr1(x− x′ − yθ + y′θ)| ≤ 20δ ≤ 20/am, θ| pr2(y − y′)| ≤ θ ≤ 1/am, and 2θ2|y − y′| ≤

4θ ≤ 4/am, we must have | pr1(x− x′ − y + y′)| ≤ 25/am.

Now we utilize pr1(x− x′− y+ y′) = pr1(x− x′− y+ y′)large+pr1(x− x′− y+ y′)small.
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Since by definition, ysmall = y′small and xsmall = x′small, we have

pr1(x− x′ − y + y′)small = 0.

Therefore,

| pr1(x− x′ − y + y′)large| = | pr1(x− x′ − y + y′)| ≤ 25/am.

Finally, since by (3.15), pr1(x−x′− y+ y′)large is an integer multiple of 1/am, we have that

pr1(x− x′ − y + y′) can only take at most 51 different values. (3.21)

Now, using (3.20), | pr1(x− x′ − yθ + y′θ)| ≤ 20δ, θ2 ≤ δsδ1−s = δ, and |y − y′| ≤ 2, we get

that

|θ pr2(y − y′)| ≤ | pr1(x− x′ − y + y′)|+ | pr1(x− x′ − yθ + y′θ)|+ 2θ2|y − y′|) ≤

≤ | pr1(x− x′ − y + y′)|+ 24δ.

Similarly,

|θ pr2(y − y′)| ≥ | pr1(x− x′ − y + y′)| − | pr1(x− x′ − yθ + y′θ)| − 2θ2|y − y′| ≥

≥ | pr1(x− x′ − y + y′)| − 24δ.

Combining these with (3.21), we obtain that |θ pr2(y − y′)| is contained in the union of at

most 51 intervals of length 48δ. By construction, since ysmall = y′small, pr2(y − y′) = l
bm

for some integer l. We get that l is contained in the union of at most 51 intervals of length

48δ·bm
θ ≲ δ

θs+1 . Since l is an integer, this means that the number of possible values of

pr2(y − y′) is ≲ max
(

δ
θs+1 , 1

)
. Since pr2(y) uniquely determines y, this means that the

number of y such that ysmall = z and (3.11) holds for y and some x, is ≲ max
(

δ
θs+1 , 1

)
.
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Taking all 25 values of z and using Lemma 20, by the definition of Mθ we get

Mθ ≲ max

(
δ

θs+1
, 1

)

and the proof of Claim 28 concludes.

Using (3.17) and Claim 28, we get that

L(δ, θ) ≲
θs

δs
·Mθ ≲

θs

δs
·max

(
δ

θs+1
, 1

)
=

1

δs
·max

(
δ

θ
, θs
)
, (3.22)

and the proof of Lemma 25 concludes.

Proof of Lemma 26. Fix θ such that θ ∈ A, β < θ ≤ 1. For clarity, we will consider the

s ≤ 1/2 and s > 1/2 cases separately. Note that

β =


δs when s ≥ 1/2

δ1−s when s ≤ 1/2.

(3.23)

Let

r0 =


θ1/s if s ≥ 1/2

θ1/(1−s) if s ≤ 1/2.

(3.24)

Choose the unique t ∈ N such that r0 ∈ (1/at+1, 1/at], and let r = 1/at. We have

θ = min
(
rs0, r

1−s
0

)
≤ min

(
rs, r1−s

)
=: β(r). (3.25)

The main idea is the following: We will apply the previous "small angle" case for r in place

of δ, that is, for the approximation of Γ consisting of rectangles of size 3r× 3rs (note that r

is larger than δ). Moreover, we will show that inside each intersecting pair of rectangles of
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size 3r × 3rs, there can not be too many intersecting rectangles of size 3δ × 3δs.

First, using Lemma 25 for r in place of δ which is valid by (3.25), we obtain that

L(r, θ) ≲
1

rs
·max

(r
θ
, θs
)
. (3.26)

Second, using that each 3r × 3rs rectangle contains rs/δs many 3δ × 3δs rectangles in our

construction, we trivially have that

L(δ, θ) ≲
rs

δs
· L(r, θ) ≲ 1

δs
·max

(r
θ
, θs
)
≲

1

δs
·max

(r0
θ
, θs
)
, (3.27)

which is the first claim of Lemma 26. We will use this estimate when s > 1/2 and θ is large

but not very large, see (3.9) and (3.10).

Assume now that θ ≥ δ1−s. This holds when s ≤ 1/2 and θ is large, and when s > 1/2

and θ is very large. In this case, we will use the following lemma.

Lemma 30. Let θ ≥ δ1−s. Then L(δ, θ) ≲ rs

(θδs)s
· L(r, θ).

Proof of Lemma 30. We introduce another scale. Let ρ0 = θ · δs, choose the unique k ∈ N

such that ρ0 ∈ (1/ak+1, 1/ak], and let ρ = 1/ak. One can easily check that δ ≤ ρ0 ≤ r0, and

then δ ≤ ρ ≤ r. Recall that Ti, Tj,θ denote rectangles of size 3δ× 3δs in R, Rθ, respectively.

Lemma 31. Let S be a rectangle of Rk and let S′
θ be a rectangle of Rk,θ such that S∩S′

θ ̸= ∅.

Then

|
{
(i, j) : Ti ⊂ S, Tj,θ ⊂ S′

θ, Ti ∩ Tj,θ ̸= ∅
}
| ≤ 220a.

Proof of Lemma 31. We will start by showing the following claim.

Claim 32. Assume that i, i′, j, j′ such that Ti ∩ Tj,θ ̸= ∅, Ti′ ∩ Tj′,θ ̸= ∅, Ti, Ti′ ⊂

S, Tj,θ, Tj′,θ ⊂ S′
θ. Then |i′ − i| ≤ 10a or |j′ − j| ≤ 10a.

Proof of Claim 32. Let v ∈ R2 be a vector such that | pr1 v| ≤ 3ρ, | pr2 v| ≥ 8aδs. Let α
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denote the angle of v and the vertical axis. We show that α < θ/2:

α ≤ tanα =
| pr1 v|
| pr2 v|

≤ 3ρ

8aδs
≤ 3aρ0

8aδs
=

3θ · δs

8δs
<

θ

2
. (3.28)

Assume now for contradiction that |i′−i| > 10a and |j′−j| > 10a, p ∈ Ti∩Tj,θ, q ∈ Ti′∩Tj′,θ,

and let v = p− q. By construction, | pr2 v| ≥ (10a + 1)δs − 3δs ≥ 8aδs, and since p, q ∈ S,

we have | pr1 v| ≤ 3ρ. So by (3.28), α < θ
2 .

Now let ℓ denote the vertical axis, ℓθ = eiθℓ, let αθ denote the angle of v and ℓθ,

and let projℓθ , projℓθ⊥
denote the orthogonal projection onto ℓθ and ℓθ⊥ , respectively. By

construction, similarly above, | projℓθ(v)| ≥ 8aδs. Moreover, since p, q ∈ S′
θ, | projℓθ⊥ (v)| ≤

3ρ. Similarly as in (3.28) above, we obtain that αθ < θ
2 . But clearly, θ = α+αθ < θ/2+θ/2,

so we get a contradiction and the statement of Claim 32 follows.

Let i, i′, j, j′ as in the statement of Claim 32. Then without loss of generality, |i′−i| ≤ 10a.

Therefore, the number of Ti’s contained in S that intersect some Tj,θ ⊂ S′
θ is at most 22a.

By Lemma 20, we know that for each Ti there are at most 10 Tj,θ such that Ti ∩ Tj,θ ̸= ∅.

So we get that

|
{
(i, j) : Ti ⊂ S, Tj,θ ⊂ S′

θ, Ti ∩ Tj,θ ̸= ∅
}
| ≤ 10 · 22a = 220a

and the proof of Lemma 31 concludes.

We are ready to finish the proof of Lemma 30. By Lemma 31, L(δ, θ) ≲ L(ρ, θ). Since

the number of 3ρ×3ρs-rectangles in our construction inside a fixed rectangle of size 3r×3rs

is ≲ rs/ρs, clearly, we have L(ρ, θ) ≲ rs/ρs · L(r, θ) ≤ rs/(θδs)s · L(r, θ). Consequently,

L(δ, θ) ≲ rs

(θδs)s
· L(r, θ) and the proof of Lemma 30 concludes.
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Combining (3.26) and Lemma 30, we obtain that

L(δ, θ) ≲
rs

(θδs)s
· 1

rs
·max

(r
θ
, θs
)
≲

1

θs
· 1

δs
2 ·max

(r0
θ
, θs
)
, (3.29)

which is the second statement in Lemma 26.

Using the upper bounds for L(δ, θ) obtained in Lemma 25 and 26, we now give an upper

bound for L(Rθ ∩R) and eventually for
∑

θ∈A,θ≥δ
L(Rθ ∩R).

Let θ be small. Then by Lemma 21 and Lemma 25, we have

L(Rθ ∩R) ≲
1

δs
·max

(
δ

θ
, θs
)
· δs+1 = δ ·max

(
δ

θ
, θs
)
. (3.30)

Summing up for small angles θ, we obtain

∑
θ∈A,δ≤θ≤β

L(Rθ ∩R) ≲
∑

θ∈A,δ≤θ≤β

δ ·max

(
δ

θ
, θs
)

=

= δ2 ·
∑

θ∈A,δ≤θ≤δ1/(s+1)

1

θ
+ δ ·

∑
θ∈A,δ1/(s+1)≤θ≤β

θs.

Easy computation gives that

∑
θ∈A,δ≤θ≤δ1/(s+1)

1

θ
≲

1

δ
· log

(
1

δ

)
,

∑
θ∈A,δ1/(s+1)≤θ≤β

θs ≲
1

δ
· βs+1. (3.31)

Therefore, using the definition of β, see (3.23), easy computation gives that

∑
θ∈A,δ≤θ≤β

L(Rθ ∩R) ≲ δ · log
(
1

δ

)
+ βs+1 ≲


δ · log

(
1
δ

)
if s ≥ s0,

δs(s+1) · log
(
1
δ

)
if 1

2 ≤ s ≤ s0,

δ1−s2 · log
(
1
δ

)
if s ≤ 1

2 ,
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where s0 =
√
5−1
2 . Since s(s+ 1) ≥ 1− s2 when s ≥ 1/2, we obtain

∑
θ∈A,δ≤θ≤β

L(Rθ ∩R) ≲ δ1−s2 · log
(
1

δ

)
(3.32)

for each s.

Now we consider the large angles. Assume first that s ≤ 1/2. In this case, θ large implies

that θ ≥ δ1−s, and r0 = θ1/(1−s), see (3.9), (3.23), and (3.24). By Lemma 21 and the second

bound from Lemma 26 and using that θ1/(1−s) ≤ θs+1, we obtain

L(Rθ ∩R) ≲
1

δs
2 ·max

(
θ1/(1−s)

θs+1
, 1

)
· δ

2

θ
=

δ2−s2

θ
.

Summing up for θ, we get that

∑
θ∈A,θ>β

L(Rθ ∩R) ≲ δ2−s2
∑

θ∈A,θ>β

1

θ
≲ δ1−s2 · log

(
1

δ

)
.

Now let s > 1/2, so r0 = θ1/s, see (3.24). For θ ≥ δ1−s, we use the same bound from Lemma

26 as in the s ≤ 1/2 case, and obtain that

L(Rθ ∩R) ≲
1

δs
2 ·max

(
θ1/s

θs+1
, 1

)
· δ

2

θ
=

δ2−s2

θ
·max

(
θ1/s

θs+1
, 1

)
. (3.33)

For β = δs ≤ θ ≤ δ1−s, we use the first bound from Lemma 26, and the first trivial bound

from Lemma 21. Therefore,

L(Rθ ∩R) ≲
1

δs
·max

(
θ1/s

θ
, θs

)
· δs+1 = δ · θs ·max

(
θ1/s

θs+1
, 1

)
(3.34)

Easy computation gives that θ1/s

θs+1 ≤ 1 if and only if s ≤ s0 =
√
5−1
2 .
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In the s ≤ s0 case, from (3.33) and (3.34) we obtain

L(Rθ ∩R) ≲


δ2−s2

θ for θ ≥ δ1−s,

δ · θs for δs ≤ θ ≤ δ1−s,

and then

∑
θ∈A,θ>β

L(Rθ ∩R) ≲
∑

θ∈A,θ>δ1−s

δ2−s2

θ
+

∑
θ∈A,δs≤θ≤δ1−s

δ · θs ≲ δ1−s2 log

(
1

δ

)
. (3.35)

Combining (3.32) with (3.35), we obtain the statement of (3.8) for s ≤ s0.

In the s ≥ s0 case, we get

L(Rθ ∩R) ≲


δ2−s2

θ · θ1/s

θs+1 for θ ≥ δ1−s,

δ · θs · θ1/s

θs+1 for δs ≤ θ ≤ δ1−s.

Summing up for θ, easy computation using that 1/s− s− 1 ≤ 0 as s ≥ s0 yields

∑
θ∈A,θ>β

L(Rθ ∩R) ≲ (3.36)

∑
θ∈A,θ>δ1−s

δ2−s2θ1/s−s−2 +
∑

θ∈A,δs≤θ≤δ1−s

δ · θ1/s−1 ≲ δ1/s−1.

Combining (3.32) with (3.36), we obtain the statement of (3.8) for s ≥ s0 as well.

Finally, using (3.8), summing up for θ′ ∈ A as well as accounting for (3.5), we get the

statement of Proposition 23:

∑
θ,θ′∈A

L(Rθ ∩Rθ′) ≲
1

δ
·
∑

θ∈A,θ≥δ

L(Rθ ∩R) + 1 ≲ max
(
δ−s2 , δ1/s−2

)
· log

(
1

δ

)
.
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3.4 Proof of Theorem 19 from Proposition 23

The proof is based on a standard pigeonholing argument. For the sake of completeness, we

include the proof. Let d = min
(
2− s2, 1s

)
, fix 0 < ε < d, and write u = d − ε. Let K be

a positive integer such that
∑∞

l=K 1/l2 < 1 and 2a−K ≤ δ0. Moreover, let 0 < η ≤ 2a−K .

We will show that Hu
η (E) ≳ε 1 (independently of η), so dimE ≥ d.

Let E ⊂
⋃∞
i=1B(xi, ri) be any countable cover of E consisting of disks with 2ri ≤ η ≤

2a−K for all i. For any l ≥ K, let

Jl =
{
i : a−l−1 < ri ≤ a−l

}
, and let El =

⋃
i∈Jl

B(xi, ri)

 ∩ E.

Then E =
⋃∞
l=K El, and El is covered by disks of radius ≈ a−l. Using a pigeonholing

argument, we prove the following:

Lemma 33. There exists an integer l ≥ K such that

λ
(
θ ∈ [0, 1] : H1

∞(El ∩ Γθ) ≥ 1/l2
)
≥ 1/l2.

Proof. Assume for contradiction that no such l exists. Then for each l,

λ
(
θ ∈ [0, 1] : H1

∞(El ∩ Γθ

)
≥ 1/l2) < 1/l2,

and
∑∞

l=K 1/l2 < 1 = λ([0, 1]), so these sets can not cover [0, 1]. We note that the mea-

surability of the above sets can be checked similarly as in the proof of Lemma 3.1, [39].

Therefore, there exists θ such that for all l ≥ K, H1
∞(El ∩ Γθ) < 1/l2. But then, using that

by construction, 1 ≤ H1
∞([0, 1]) ≤ H1

∞(Γθ) ≤ 1, we have

1 = H1
∞(Γθ) ≤

∞∑
l=K

H1
∞(El ∩ Γθ) <

∞∑
l=K

1/l2 < 1,
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which is a contradiction.

Fix an l obtained from Lemma 33, and let

A0 =
{
θ ∈ [0, 1] : H1

∞(El ∩ Γθ) ≥ 1/l2
}
,

so we have λ(A0) ≥ 1/l2. Letting Γ̃θ = Γθ ∩ El for θ ∈ A0, by construction we have

H1
∞(Γ̃θ) ≥ 1/l2. Let Ẽ =

⋃
θ∈A0

Γ̃θ ⊂ El ⊂ E.

Claim 34. Let δ = a−l, where l is fixed as above. Then λ(Ẽ(δ)) ≳ δ2−d

log9(1/δ)
.

Assuming Claim 34 and using that by construction, Ẽ(δ) ⊂
⋃

i∈Jl B(xi, ri + δ) ⊂⋃
i∈Jl B(xi, 2δ), we get the following:

δ2−d

log9 (1/δ)
≲ λ(Ẽ(δ)) ≤ λ

⋃
i∈Jl

B(xi, 2δ)

 ≲ |Jl| · δ2,

so |Jl| ≳ δ−d

log9(1/δ)
. Then we have

∞∑
i=1

(2ri)
u ≥

∑
i∈Jl

(2ri)
u ≳

∑
i∈Jl

(
a−l
)u

= |Jl| · δu ≳
δ−d+d−ε

log9(1/δ)
=

δ−ε

log9(1/δ)
≳ε 1.

This means that Hu
η (B) ≳ε 1, and the proof concludes.

Proof of Claim 34. Let R̃θ = Γ̃θ(δ) ⊂ Γθ(δ) ⊂ Rθ for θ ∈ A0. Then
⋃

θ∈A0
R̃θ = Ẽ(δ). Let

Ã be a maximal δ-separated subset of A0. Then clearly, A0 ⊂
⋃

θ∈Ã(θ− δ, θ+ δ). Therefore

we get λ(A0) ≲ |Ã| · δ, and by the definition of A0 and δ, we obtain that

|Ã| ≳ λ(A0) · δ−1 ≥ 1

l2
· δ−1 ≳

1

log2(1/δ) · δ
. (3.37)

By the Cauchy-Schwarz inequality, and using that trivially,
⋃

θ∈Ã R̃θ ⊂ Ẽ(δ) and R̃θ ⊂
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Rθ, we get the following:

∑
θ∈Ã

L(R̃θ) ≤ L

⋃
θ∈Ã

R̃θ

1/2

·

 ∑
θ,θ′∈Ã

L(R̃θ′ ∩ R̃θ)


1/2

≤ (3.38)

≤ L
(
Ẽ(δ)

)1/2
·

 ∑
θ,θ′∈Ã

L(Rθ′ ∩Rθ)


1/2

.

By Proposition 23 applied for the above δ and A = Ã, we have

∑
θ,θ′∈Ã

L(Rθ ∩Rθ′) ≲ δd−2 · log(1
δ
). (3.39)

It remains to prove a lower bound for the left hand side of the Cauchy-Schwarz inequality.

Let N(X, δ) denote the smallest number of δ-disks needed to cover X ⊂ R2. Then H1
∞(X) ≤

N(X, δ) · 2δ and L(X(δ)) ≳ N(X, δ) · δ2. Therefore we have

L(R̃θ) = L(Γ̃θ(δ)) ≳ N(Γ̃θ, δ) · δ2 ≳ H1
∞(Γ̃θ) · δ ≳

δ

log2(1/δ)
.

Summing up for θ ∈ Ã and using (3.37), we get

∑
θ∈Ã

L(R̃θ) ≳ |Ã| · δ

log2(1/δ)
≳

1

log4(1/δ)
. (3.40)

Finally, combining (3.38), (3.39) and (3.40) we get

L(Ẽ(δ)) ≳
1

log8(1/δ)
· 1

log(1/δ)
· δ2−d =

δ2−d

log9(1/δ)
,

and this was the statement of Claim 34.
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CHAPTER 4

A ONE-DIMENSIONAL PLANAR BESICOVITCH-TYPE SET

I have submitted this chapter as a paper to a journal.

4.1 Introduction

In the last chapter, we only got a lower bound on the dimension of such Γ-Besicovitch sets.

It left open the problem, whether there exist a non-trivial Γ-Besicovitch set of dimension

less than 2?

It was a well known open problem asked by Marianna Csörnyei whether there exists a non-

trivial Γ-Besicovitch set of dimension less than 2. Until now, the only known Γ-Besicovitch

sets of dimension less than 2 were sets covered by lower dimensional union of circles. The

construction of measure zero sets by Csörnyei and Chang in [16] depended upon the tangent

field of Γ. It is well-known that every 1-rectifiable set in the plane has a tangent field which

is defined almost everywhere. For a circular arc all the tangent lines have different directions

and for a straight line, all the tangent lines are parallel. This suggested that it is interesting

to look at the Γ-Besicovitch sets for rectifiable sets with the same tangent field as that of a

line i.e. rectifiable sets whose tangents are parallel almost everywhere.

Marianna Csörnyei asked, in particular, does there exist a 1-rectifiable set with parallel

tangents almost everywhere for which there exists a Γ-Besicovitch set of dimension less than

2? Apart from being an interesting question in itself, it may help us in understanding the

(usual) Besicovitch set. In this chapter we are answering this question affirmatively. Our

main theorem is the following.

Theorem 35. There exists a 1-rectifiable set Γ with the following properties.

1. The 1-dimensional Hausdorff measure of Γ is positive.
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2. There exists a 1-dimensional Γ-Besicovitch set.

3. The set Γ is the graph of a monotone function whose domain is a Cantor set of measure

0 and thus the tangents of Γ are vertical almost everywhere.

For any s ∈ [0, 1], we can construct the set Γ such that the Cantor set in (iii) has Hausdorff

dimension s.

Remark 36. As the set Γ has positive length and parallel tangents almost everywhere, it

is straightforward to see that it cannot be covered by a union of concentric circles whose

dimension is less than 2.

Notation For d ∈ {1, 2} and a set E ⊂ Rd, |E| denotes the d-dimensional Lebesgue measure

of E. For z ∈ R2, Px(z) and Py(z) denote the x and the y coordinates of z respectively,

and ∥z∥ denotes the Euclidean norm of z. For simplicity of notation we identify the complex

plane C with R2, i.e. (x, y) ∼= x + iy. For every a, b ∈ R, a ≲ b implies that there is an

absolute constant C such that a ≤ Cb, and a ≃ b implies that a ≲ b and b ≲ a.

Throughout the paper, dimension refers to Hausdorff dimension.

4.2 Construction of Γ

We will construct the 1-rectifiable set Γ mentioned in Theorem 35 as the countable inter-

section of the sets {Sn}n∈N. The sets Sn will be constructed inductively such that they are

nested, i.e. Sn+1 ⊂ Sn. For each n ∈ N, Sn will be a union of finitely many rectangles

with sides parallel to the coordinate axes. We will introduce two positive sequences {δn}n∈N

and {∆n}n∈N such that for each rectangle in Sn, its x-projection has length δn and its

y-projection has length close to ∆n.

Let c < 1 be a small constant to be specified later. Let {δn}n∈N and {∆n}n∈N be positive
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decreasing sequences converging to 0 with the following properties.

δ1 = ∆1 = 1. (4.1)

∆n+1 ≤ cδn+1
n . (4.2)

δn+1 ≤ c∆n+1δn. (4.3)

∆−1
2 , ∆−1

n+1δ
−1
n ∆nδn−1 ∈ N, for all n ≥ 2. (4.4)

We see from (4.3) that δn∆
−1
n → 0. This means the rectangles in Sn get narrower, in the

sense that the ratio of the length of the side parallel to the x-axis to the length of the side

parallel to the y-axis will go to 0 as n → ∞.

We define θ1 := c and θn+1 := c∆n+1δn, for all n ≥ 1. The property (4.4) above implies

that

θ−1
n+1θn ∈ N, for all n ≥ 1. (4.5)

For our construction of Γ, we will later need to choose points αn+1 and qn+1 on a circular

arc Cn such that αn+1 is below the x-axis and is the center of Cn, and the following hold.

(See Figure 1)

1. The arc Cn lies in the first quadrant of R2 and joins the points (0,0) and (δn,∆n).

2. The point qn+1 is the intersection of Cn with the line y = ∆n+1.

3. The sub-arc of Cn joining (0,0) and qn+1 has angle θn+1 = c∆n+1δn.

To see why we can choose such Cn, αn+1 and qn+1, let C be any circular arc in the first

quadrant, joining (0,0) and (δn,∆n). Let q be the intersection of C with the line y = ∆n+1

and let θ be the angle of the arc joining (0, 0) and q. For any circular arc to pass through

the points (0, 0) and (δn,∆n), its center must lie on the perpendicular bisector of the line

segment joining these two points, call it In. Let α ∈ In be the center of the circular arc
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Figure 4.1

C. If ∥α∥ → ∞, the arc C converges to the line segment joining (0, 0) and (δn,∆n) and the

angle of C converges to 0. An elementary calculation shows that if α lies on the x-axis, then

α = (
δ2n+∆2

n
2δn

, 0). Since the radius of C is ∥α∥, the length of the arc joining (0,0) and q is

∥α∥θ. Using δn ≤ ∆n we have

∆n+1 ≤ ∥q∥ ≤ ∥α∥θ =
(δ2n +∆2

n

2δn

)
θ ≤ ∆2

n

δn
θ.

Thus in this case θ ≥ ∆n+1∆
−2
n δn.

Since ∆n ≤ 1 and c < 1 we have 0 < c∆n+1δn ≤ ∆n+1∆
−2
n δn. So we can choose

αn+1 ∈ In below the x axis such that θ = θn+1 = c∆n+1δn. We denote the corresponding

C and q by Cn and qn+1. (See Figure 1).

We are now ready to construct Γ. We start the inductive process by defining S1 :=
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Q1,1 := [0, 1] × [0, 1]. Assume we have constructed Sn =
⋃
j
Qn,j , where the union is over

finitely many axis parallel rectangles Qn,j , whose horizontal sides are disjoint and vertical

sides are non-overlapping. We denote the bottom-left corner of Qn,j as pn,j . We also assume

that Qn,j satisfies the following properties.

Px(pn,j) < Px(pn,j+1) and Py(pn,j) < Py(pn,j+1) (4.6)

Qn,1 = [0, δn]× [0,∆n]. (4.7)

|Px(Qn,j)| = δn. (4.8)

For each j, we will construct finitely many rectangles Qn,j,k contained in Qn,j . We first

define the bottom-left corners of the rectangles Qn,j,k which we call pn,j,k. For k ≤ 2πθ−1
n+1,

let the point pn,j,k be

pn,j,k = αn+1(1− e−i(k−1)θn+1) + e−i(k−1)θn+1pn,j . (4.9)

Putting k = 1 in the above equation, we see pn,j,1 = pn,j . From (4.7), we see that pn,1 =

(0, 0). This means that for j = 1 we have

pn,1,k = αn+1(1− e−i(k−1)θn+1). (4.10)

Thus the point pn,1,k is the image of (0, 0) under rotation by −(k− 1)θn+1 around the point

αn+1 (see Figure 2) and pn,1,2 = qn+1. From (4.9) we also get

pn,j,k+1 − pn,j,k = αn+1(e
−i(k−1)θn+1 − e−ikθn+1) +

(
e−ikθn+1 − e−i(k−1)θn+1

)
pn,j

= e−i(k−1)θn+1(1− e−iθn+1)(αn+1 − pn,j). (4.11)
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Thus we have

|pn,j,k+1 − pn,j,k| = |(1− e−iθn+1)(αn+1 − pn,j)|.

Therefore for any fixed j, the points pn,j,k are equidistant, as the modulus of their difference

is independent of k. We also have from (4.9)

Figure 4.2

pn,j,k+l − e−ilθn+1pn,j,k = αn+1(1− e−ilθn+1) = pn,1,l+1. (4.12)

Equation (4.12) implies that the point pn,j,k+l is the image of pn,j,k under rotation about

the origin by an angle of −lθn+1 and translation by pn,1,l+1. We will use this fact to define
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the Γ-Besicovitch set later.

If pn,j,k+1 ∈ Qn,j we define the rectangle Qn,j,k with sides parallel to the x and the y

axes such that

Px(Qn,j,k) = [Px(pn,j,k), Px(pn,j,k) + δn+1] (4.13)

and

Py(Qn,j,k) = [Py(pn,j,k), Py(pn,j,k+1)]. (4.14)

For two rectangles Qn,j,k and Qn,j′,k′ with j ̸= j′, their y-projections are non-overlapping

and their x-projections are disjoint, because that is the case for the larger rectangles Qn,j

and Qn,j′ . However, we need to justify this property for rectangles Qn,j,k and Qn,j,k′ which

lie in the same larger rectangle Qn,j . It will follow from Lemma 37 that if pn,j,k ∈ Qn,j then

Py(pn,j,k+1) > Py(pn,j,k) and Px(pn,j,k+1) > Px(pn,j,k) + δn+1.

Therefore the condition pn,j,k+1 ∈ Qn,j , along with the above inequalities, implies that

the rectangles Qn,j,k lie inside Qn,j and have disjoint x-projections and non-overlapping

y-projections.

We establish some technical properties of the points pn,j,k which lie inside the unit square.

Lemma 37. Let n ≥ 1 and pn,j,k ∈ [0, 1]× [0, 1]. Then for an absolute constant c1, we have

1. |∆n+1 −
(
Py(pn,j,k+1)− Py(pn,j,k)

)
| ≤ c1θn+1.

2. |δn∆−1
n ∆n+1 −

(
Px(pn,j,k+1)− Px(pn,j,k)

)
| ≤ 3c1θn+1.

Proof. By (4.12) we have pn,1,2 = pn,j,k+1 − e−iθn+1pn,j,k. Therefore

pn,1,2 − (pn,j,k+1 − pn,j,k) = pn,j,k+1 − e−iθn+1pn,j,k − (pn,j,k+1 − pn,j,k)

= (1− e−iθn+1)pn,j,k. (4.15)
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As |1− e−iθn+1| ≲ θn+1 and |pn,j,k| ≲ 1, we have

|pn,1,2 − (pn,j,k+1 − pn,j,k)| = |(1− e−iθn+1)pn,j,k| ≤ c1θn+1. (4.16)

Notice that c1 is an absolute constant and it does not depend on c. Recall that Py(pn,1,2) =

∆n+1. Therefore (i) holds.

Recall that the circular arc Cn is in the first quadrant with center below the x-axis. So

it is the graph of a concave function. Moreover, the line segment joining (0,0) and (δn,∆n)

makes an angle greater than π/4 with the x-axis. Thus Cn is also the graph of a monotonic

function and

0 < Py(pn,1,k+1)− Py(pn,1,k) ≤ Py(pn,1,2) = ∆n+1.

Thus the number of points pn,1,k on Cn is at least ∆n∆
−1
n+1− 1. By (4.2) and (4.3), we have

∆n∆
−1
n+1 ≥ c−1∆nδ

−(n+1)
n ≥ c−1. We choose c very small, in particular c < 1/10. Thus

there are at least 9 points pn,1,k on Cn. By concavity, the slope of the line joining the points

pn,1,k and pn,1,k+1 decreases as k increases. The slope of the vector pn,1,2 is greater than

∆nδ
−1
n . If pn,1,k+1 is the closest point to the corner (δn,∆n), then dist (pn,1,k, (δn,∆n)) <

dist (pn,1,k, (0, 0)). Thus the slope of pn,1,k+1 − pn,1,k will be less than ∆nδ
−1
n . Therefore,

using (4.16) we have the following.

∆n+1 − c1 θn+1

Px(pn,1,2) + c1 θn+1
=

Py(pn,1,2)− c1 θn+1

Px(pn,1,2) + c1 θn+1
≤

Py(pn,1,k+1 − pn,1,k)

Px(pn,1,k+1 − pn,1,k)
≤ ∆n

δn
.

Thus,

δn∆
−1
n ∆n+1 − Px(pn,1,2) ≤ c1 θn+1δn∆

−1
n + c1 θn+1 ≤ 2c1θn+1. (4.17)

Combining this with (4.16) gives (ii).
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It follows from Lemma (37) (i) that

Py(pn,j,k+1)− Py(pn,j,k) ≥ ∆n+1 − c1θn+1 = ∆n+1 − cc1∆n+1δn = ∆n+1(1− cc1δn).

From Lemma 37 (ii), we also have

Px(pn,j,k+1)− Px(pn,j,k) ≥ δn∆
−1
n ∆n+1 − 3c1θn+1 > δn∆

−1
n ∆n+1(1− 3cc1∆n).

We choose c to be small enough such that 1/2 < 1 − 3cc1 < 1 − 3cc1∆n and c < 1/10.

Therefore the y-projections of the rectangles Qn,j,k are non-overlapping. Using (4.3) we

have

Px(pn,j,k+1)− Px(pn,j,k) ≥ δn∆
−1
n ∆n+1/2 ≥ 3cδn∆

−1
n ∆n+1 ≥ 3cδn∆n+1 ≥ 3δn+1. (4.18)

Recall that |Px(Qn,j,k)| = δn+1. Thus the x-projections of the Qn,j,k are disjoint.

We define Nn,j to be the number of rectangles Qn,j,k inside the bigger rectangle Qn,j ,

i.e.

Nn,j = #{k : Qn,j,k ⊂ Qn,j} and Nn = min
j

Nn,j . (4.19)

Define

Sn+1 =
⋃
j

⋃
k≤Nn

Qn,j,k. (4.20)

We relabel the rectangles Qn,j,k as Qn+1,i in the order of distance from the origin. Notice

that the rectangles Qn+1,i satisfy (4.6), (4.7) and (4.8) with n replaced by n+1. We continue

the iterative process for all n ∈ N and define

Γ =
∞⋂
n=1

Sn. (4.21)

The next lemma gives an estimate on Nn and on the 1-dimensional Hausdorff measure of Γ.
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Lemma 38. For all n ≥ 1, we have the following.

1. ∆n∆
−1
n+1(1− c2δn−1) ≤ Nn ≤ ∆n∆

−1
n+1(1 + c2δn−1), where c2 = 4c(c1 + 1).

2. #{j : Qn,j ⊂ Sn} ≳ ∆−1
n and |Py(Sn)| ≳ 1.

Proof. By the construction of the rectangles, we have

#{k : Qn,j,k ⊂ Qn,j} ≥ min
{ |Py(Qn,j)|
maxk (|Py(Qn,j,k)|)

,
|Px(Qn,j)|

maxk (|Px(pn,j,k+1 − pn,j,k)|)

}
− 1.

From Lemma 37 we have that |Py(Qn,j) −∆n| ≲ θn, for all n and j. Using Lemma 37 (i)

and (ii), we have

#{k : Qn,j,k ⊂ Qn,j} ≥ min
{ ∆n − c1 θn
∆n+1 + c1θn+1

,
δn

δn∆
−1
n ∆n+1 + 3c1 θn+1

}
− 1.

Recall θn = c∆nδn−1 and θn+1 = c∆n+1δn. Therefore,

∆n − c1 θn
∆n+1 + c1θn+1

=
∆n∆

−1
n+1(1− cc1δn−1)

1 + cc1δn
and

δn

δn∆
−1
n ∆n+1 + 3c1 θn+1

=
∆n∆

−1
n+1

1 + 3cc1∆n
.

Now we use the inequality that 1
1+x > 1− x to obtain

(1− cc1δn−1)

1 + cc1δn
≥ (1− cc1δn−1)(1− cc1δn) ≥ 1− 2cc1δn−1,

and
1

1 + 3cc1∆n
≥ 1− 3cc1∆n.
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Finally using (4.2) we have ∆n ≤ δn−1 and

Nn,j ≥ ∆n∆
−1
n+1(1− 3cc1δn−1)− 1 ≥ ∆n∆

−1
n+1(1− 3cc1δn−1 −∆−1

n ∆n+1)

≥ ∆n∆
−1
n+1(1− 3cc1δn−1 − c∆n

n)

≥ ∆n∆
−1
n+1(1− 3cc1δn−1 − cδn−1)

≥ ∆n∆
−1
n+1(1− 4c(c1 + 1)δn−1).

Since the above lower bound holds for all j, we have the left hand side of (i). Similarly,

Nn,j ≤
|Py(Qn,j)|

mink(|Py(Qn,j,k)|)
≤ ∆n + c1 θn

∆n+1 − c1θn+1
=

∆n∆
−1
n+1(1 + cc1δn−1)

1− cc1δn
.

Now we use the inequality that 1
1−x < 1 + 2x, for small x, to obtain

1 + cc1δn−1

1− cc1δn
≤ (1 + cc1δn−1)(1 + 2cc1δn) ≤ 1 + 4cc1δn−1.

Therefore we have the right hand side of (i).

By (4.20), the number of rectangles obtained in (n+ 1)st step #{(j, k) : Qn,j,k ⊂ Sn+1}

is #{j : Qn,j ⊂ Sn+1}Nn. From (i), we have

∆n∆
−1
n+1(1− c2δn−1)#{j : Qn,j ⊂ Sn} ≤ #{(j, k) : Qn,j,k ⊂ Sn+1}.

Rewriting this equation,

#{j : Qn,j ⊂ Sn}∆n(1− c2δn−1) ≤ #{(j, k) : Qn,j,k ⊂ Sn+1}∆n+1.
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Recall #{Q1,1}∆1 = 1, thus we have

n−1∏
l=1

(1− c2δl) ≤ #{(j, k) : Qn,j,k ⊂ Sn+1}∆n+1. (4.22)

The product
∏n

l=1(1 − c2δl) converges to a positive number as n → ∞. This is because∑
l δl < ∞. Therefore

#{j : Qn,j ⊂ Sn} ≳ ∆−1
n , for all n ∈ N.

From Lemma 37 (i) we have |Py(Qn,j)| ≃ ∆n. Thus

|Py(Sn)| =
∑
j

|Py(Qn,j)| ≳ ∆−1
n ∆n = 1.

This completes the proof of (ii).

It follows from Lemma 38 (ii) that

|Py(Γ)| = lim
n→∞

|Py(Sn)| ≃ 1. (4.23)

Thus Γ has positive 1-dimensional Hausdorff measure. Clearly Γ is a subset of a graph of a

monotonous continuous function and thus is 1-rectifiable. Moreover,

|Px(Γ)| ≤ δn#{j : Qn,j ⊂ Sn} ≃ δn∆
−1
n . (4.24)

Since δn∆
−1
n → 0 the domain is a Cantor set of measure 0 and therefore Γ has vertical

tangents almost everywhere. Thus we have shown property (i) and (iii) of Theorem 35.

We end this section with another estimate on Nn.

Lemma 39. For all n ∈ N, we have Nn < θnθ
−1
n+1.
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Proof. From Lemma 38 (i) we have Nn ≤ ∆n∆
−1
n+1(1 + c2δn−1). Recall θn+1 = c∆n+1δn,

for all n ≥ 1. Therefore

Nnθn+1 ≤ ∆n∆
−1
n+1(1 + c2δn−1)c∆n+1δn < c∆nδn(1 + c2δn−1).

We use δn ≤ c∆nδn−1 = θn from (4.3) to get

Nnθn+1 < c∆nδn(1 + c2δn−1) ≤ c∆nθn(1 + c2δn−1) ≤ cθn(1 + c2).

We have c(1+c2) = c(1+4c(c1+1)). We choose c to be small enough such that c(1+4c(c1+

1)) < 1. Thus Nnθn+1 < θn and this completes the proof.

4.3 Construction of the Γ-Besicovitch Set

We will construct a 1-dimensional set which contains a translated copy of e−iθΓ, for all

θ ∈ [0, 1]. The translated copy of e−iθΓ will be denoted as Γθ. A union of finitely many

rotated copies of this 1-dimensional set will contain a copy of Γ in every direction.

First we define Γθ, for θ ∈ [0, 1] that are multiples of θn for some n ∈ N. We will do this

inductively. We start by defining Γθ for multiples of θ1 = c by

Γjθ1 = e−ijθ1Γ, for 0 ≤ j ≤ θ−1
1 .

Assume that for some n ∈ N, we have defined Γθ, for angles θ ≤ 1 that are integer multiples

of θn. We will now define Γθ for angles that are integer multiples of θn+1.

We start by defining Γθ for θ < Nn. Define

Γkθn+1
:= e−ikθn+1Γ + pn,1,k+1, for 0 ≤ k < Nn. (4.25)
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The above definition is motivated by (4.12). Since the point pn,j,k+l ∈ Γ is the same as

e−ikθn+1pn,j,l + pn,1,k+1 ∈ Γkθn+1
, there will be a lot of intersection between the θn+1

neighborhoods of Γ and Γkθn+1
, for k < Nn. We will show that the Lebesgue measure of the

θn+1 neighborhood of the set
⋃
k<Nn

Γkθn+1
is comparable to the Lebesgue measure of the

θn+1 neighborhood of Γ which is around θn+1. This will be a key property to show that the

Γ-Besicovitch set we will construct indeed has dimension 1.

Now let θ = Kθn+1 < θn. We have from Lemma (39) that Nn < θnθ
−1
n+1. Thus for some

non-negative integer q and for k < Nn, we have K = (qNn + k). Define

ΓKθn+1
:= e−iqNnθn+1Γkθn+1

. (4.26)

We then have that

⋃
K<θnθ

−1
n+1

ΓKθn+1
⊆

⋃
qNn<θnθ

−1
n+1

e−iqNnθn+1
( ⋃
k<Nn

Γkθn+1

)
. (4.27)

By the induction hypothesis, we have already defined Γjθn . Let the point vjθ ∈ R2 be such

that

Γjθn = e−ijθnΓ + vjθn . (4.28)

To define Γθ for mutiples of θn+1 in [jθn, (j + 1)θn), we rotate the set
⋃

K<θnθ
−1
n+1

ΓKθn+1

by −jθn and place this rotated set at vjθn .

⋃
K<θnθ

−1
n+1

Γjθn+Kθn+1
= e−ijθn

( ⋃
K<θnθ

−1
n+1

ΓKθn+1

)
+ vjθn . (4.29)

Thus we have

Γjθn+Kθn+1
:= e−ijθnΓKθn+1

+ vjθn , for all K < θnθ
−1
n+1. (4.30)
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Observe that if K = 0, then the above definition agrees with (4.28).

Recall from (4.5) that θnθ−1
n+1 ∈ N. Thus we have defined Γθ for all θ which are multiples

of θn+1. Denote the points vθ such that Γθ := e−iθΓ + vθ. From (4.25), (4.26) and (4.30)

we have

vθ =


pn,1,k+1, for θ = kθn+1 and k < Nn

e−iqNnθn+1vkθn+1
, for θ = (qNn + k)θn+1 < θn

e−ijθnvθ−jθn + vjθn , for θ ∈ [jθn, (j + 1)θn) and θθ−1
n+1 ∈ N.

(4.31)

We continue the inductive process for all n ∈ N. This defines Γθ for all θ that are multiples

of θn, n ∈ N.

We will now introduce rectangles Qn,j centered at pn,j that contain Qn,j . Let

Qn,j = pn,j + [−Cθn, Cθn]× [−C∆n, C∆n], (4.32)

where C > 1 is a large enough absolute constant to be specified later. We also let

Tn =
⋃
j

Qn,j and Tn,lθn = e−ilθnTn + vlθn . (4.33)

We define

B =
∞⋂
n=1

⋃
l≤θ−1

n

Tn,lθn . (4.34)

We claim that B is a 1-dimensional Γ-Besicovitch set.

For a set U ⊂ R2, let U(δ) denote the open δ-neighborhood of U .

Lemma 40. The set B defined in (4.34) is a 1-dimenionsal set.

Proof. It is clear from definition (4.34) that B ⊂
⋃
l≤θ−1

n+1
Tn+1,lθn+1

. We will estimate the

measure of the set
⋃
l≤θ−1

n+1
Tn+1,lθn+1

(θn+1).
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Let Q′
n,j,k be rectangles centered at pn,j,k with size 4Cθn+1 × 4C∆n+1 i.e.

Q′
n,j,k = pn,j,k + [−2Cθn+1, 2Cθn+1]× [−2C∆n+1, 2C∆n+1].

From definitions (4.32) and (4.33), we see that Tn+1 is a union of rectangles centered at

points pn,j,k with size 2Cθn+1 × 2C∆n+1. Therefore

Tn+1(θn+1) ⊂
⋃
j

⋃
k≤Nn

Q′
n,j,k.

We let

T ′
n+1 :=

⋃
j

⋃
k≤Nn

Q′
n,j,k and T ′

n+1,lθn+1
:= e−ilθn+1T ′

n+1 + vlθn+1
.

Therefore

B(θn+1) ⊂
⋃

l≤θ−1
n+1

Tn+1,lθn+1
(θn+1) ⊂

⋃
l≤θ−1

n+1

T ′
n+1,lθn+1

. (4.35)

From (4.12) we have

pn,j,k+l = e−ilθn+1pn,j,k + pn,1,l+1 = e−i(l−1)θn+1pn,j,k+1 + pn,1,l

and vlθn+1
= pn,1,l+1 from definition (4.25), for l < Nn. Thus for l, k < Nn, the center of

the two rectangles e−ilθn+1Q′
n,j,k + vlθn+1

and e−i(l−1)θn+1Q′
n,j,k+1+ v(l−1)θn+1

is pn,j,k+l

and the angle between them is θn+1. For any such pair we have

∣∣(e−i(l−1)θn+1Q′
n,j,k+1 + v(l−1)θn+1

)
\
(
e−ilθn+1Q′

n,j,k + vlθn+1

)∣∣ ≲ θn+1(max(θn+1,∆n+1))
2

≤ ∆2
n+1θn+1.
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Thus we have from Lemma 38 (ii) that

|T ′
n+1,(l−1)θn+1

\ T ′
n+1,lθn+1

| ≲∆2
n+1θn+1(#{(j, k) : Qn,j,k ⊂ Sn+1, k < Nn}

+∆n+1θn+1(#{j : Qn,j,Nn
⊂ Sn+1})

≲∆2
n+1θn+1#{(j, k) : Qn,j,k ⊂ Sn+1, k < Nn}

+∆n+1θn+1(#{j : Qn,j ⊂ Sn})

≲∆n+1∆
−1
n θn+1.

Summing over l < Nn and using Lemma 38 again we get

∣∣∣ ⋃
l<Nn

T ′
n+1,lθn

∣∣∣ ≲ |T ′
n+1|+∆n+1∆

−1
n θn+1Nn

≲ ∆n+1θn+1(#{(j, k) : Qn,j,k ⊂ Sn+1}) + ∆n+1∆
−1
n θn+1Nn

≲ θn+1. (4.36)

Let K < θnθ
−1
n+1 and let K = qNn + l and l < Nn. From (4.31), we have

T ′
n+1,Kθn+1

= e−iKθn+1T ′
n+1 + vKθn+1

= e−iqNnθn+1e−ilθn+1T ′
n+1 + e−iqNnθn+1vlθn+1

= e−iqNnθn+1(e−ilθn+1T ′
n+1 + vlθn+1

) = e−iqNnθn+1T ′
n+1,lθn+1

.

Therefore

⋃
K<θnθ

−1
n+1

T ′
n+1,Kθn+1

⊂
⋃

qNn≤θnθ
−1
n+1

⋃
l<Nn

T ′
n+1,lθn+1

.
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Thus using the estimate (4.36), we obtain

∣∣∣ ⋃
K<θnθ

−1
n+1

T ′
n+1,lθn+1

∣∣∣ ≲ θn+1N
−1
n θnθ

−1
n+1 ≤ N−1

n θn. (4.37)

We will now sum over all θ ≤ 1 which are multiples of θn+1. Let θ = jθn+Kθn+1 such that

Kθn+1 < θn. From (4.31) we have

T ′
n+1,θ = e−iθT ′

n+1 + vθ

= e−ijθne−i(θ−jθn)T ′
n+1 + e−ijθnvθ−jθn + vjθn .

= e−ijθn(e−iKθn+1T ′
n+1 + vKθn+1

) + vjθn = e−ijθnT ′
n+1,Kθn+1

+ vjθn .

Therefore from Lemma 38 (i) we have that

∣∣∣ ⋃
l≤θ−1

n+1

T ′
n+1,lθn+1

∣∣∣ ≤ ∣∣∣ ⋃
l<θnθ

−1
n+1

T ′
n+1,lθn+1

∣∣∣θ−1
n ≲ N−1

n θnθ
−1
n ≲ ∆n+1∆

−1
n . (4.38)

Thus from (4.35) and (4.38) we have that

|B(θn+1)| ≲ ∆n+1∆
−1
n .

From (4.2), we see that ∆
1

n+1
n+1 ≤ c

1
n+1 δn ≤ δn ≤ ∆n. Thus B(c∆

1+ 1
n+1

n+1 ) ⊂ B(c∆n+1δn) =

B(θn+1) and we have

|B(c∆
1+ 1

n+1
n+1 )| ≲ ∆n+1∆

−1
n ≲ ∆

1− 1
n+1

n+1 ≤
(
∆
1+ 1

n+1
n+1

)1− 2
n+1 .

Therefore for all m > n

|B(c∆
1+ 1

m+1
m+1 )| ≲

(
∆
1+ 1

m+1
m+1

)1− 2
m+1 ≲

(
∆
1+ 1

m+1
m+1

)1− 2
n+1 .
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Since ∆m+1 → 0 as m → ∞ we conclude that

dimHB ≤ 2− (1− 2

n+ 1
) = 1 +

2

n+ 1
.

Taking n → ∞, we see that dimHB = 1.

It remains to prove that B contains a rotated copy of Γ in every direction.

Let D = {jθn : for some n ∈ N and j ≤ θ−1
n }, the dense subset of [0, 1] for which we have

already defined vθ. We will now define vθ for all θ ∈ [0, 1] as the following left limit.

vθ = lim
θ′→θ−
θ′∈D

vθ′ . (4.39)

It will follow from Lemma 41 below that the above limit exists. We define Γθ for all θ ∈ [0, 1]

as before

Γθ = e−iθΓ + vθ.

Therefore we will have the following.

Γθ = e−ijθn(Γθ−jθn) + vjθn , for all θ ∈ [jθn, (j + 1)θn). (4.40)

Lemma 41. The limit in (5.11) exists. Moreover for θ < θn, we have

|Px(vθ)| ≲ θn and |Py(vθ)| ≲ ∆n, (4.41)

where the implicit constant is absolute and independent of n.

Proof. If θ = kθn+1 and k < Nn, then we have from (4.25) that vθ = pn,1,k+1. By definition

of Nn (see (4.19)) this implies that vθ lies in the rectangle Qn,1 = [0, δn]× [0,∆n]. Therefore

|vθ| ≤ 2∆n.
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If θ = Kθn+1 < θn and K = qNn + k with k < Nn, then we have from (4.26) that

vθ = e−iqNnθn+1(vkθn+1
).

We are rotating a vector of length at most 2∆n around origin by angle of magnitude at most

θn. Therefore we get

∥vθ − vkθn+1
∥ = ∥vkθn+1

∥θ ≤ 2∆nθn

and

|Px(vθ)| ≤ |Px(vkθn+1
)|+ 2∆nθn ≤ δn + 2∆nθn (4.42)

and

|Py(vθ)| ≤ |Py(vkθn+1
)|+ 2∆nθn ≤ ∆n + 2∆nθn. (4.43)

From (4.31), we have that if θ ∈ [jθn, (j + 1)θn) and is a multiple of θn+1, then

vθ − vjθn = e−ijθn(vθ−jθn).

We are rotating a vector of length at most 2∆n around origin by angle of magnitude at most

1. Therefore we get

∥vθ − vjθn∥ = ∥vθ−jθn∥jθn ≤ 2∆n, for all θ ∈ [jθn, (j + 1)θn) and θθ−1
n+1 ∈ N. (4.44)

Now let θ ∈ [0, 1]. Let Θm = ⌊θθ−1
m ⌋θm, where ⌊·⌋ denotes the greatest integer function.

Then Θm denotes the greatest integer multiple of θm less than θ. From (4.44) we have

∥vΘm+1
− vΘm

∥ ≤ 2∆m, for all m ∈ N.
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Therefore

∥∥vΘm+l
− vΘm

∥∥ =
∥∥m+l−1∑

j=m

(vΘj+1
− vΘj

)
∥∥ ≤

m+l−1∑
j=m

∥∥vΘj+1
− vΘj

∥∥ ≤
m+l−1∑
j=m

2∆j ≲ ∆m.

(4.45)

We have used that ∆m+1 ≤ cδm+1
m ≤ ∆m+1

m which follows from (4.2). As ∆m → 0, we

conclude that {vΘm
}m∈N converges. Thus the limit vθ as defined in (4.39) exists.

Now we again let θ < θn. We have from (4.45) that ∥vΘn+1+m
− vΘn+1

∥ ≲ ∆n+1.

Therefore we have

∥vθ − vΘn+1
∥ ≲ ∆n+1.

Combining the above equation with (4.42) and (4.43), we get for θ < θn

|Px(vθ)| ≤ |Px(vΘn+1
)|+ ∥vθ − vΘn+1

∥ ≲ δn + 2∆nθn +∆n+1 ≲ ∆nδn−1 = θn.

and

|Py(vθ)| ≤ |Py(vΘn+1
)|+ ∥vθ − vΘn+1

∥ ≲ ∆n + 2∆nθn +∆n+1 ≲ ∆n.

We are now ready to prove that B is a Γ-Besicovitch set.

Lemma 42. For all n ∈ N and θ ∈ [0, 1], we have

Γθ ⊂
⋃

i≤θ−1
n

Tn,iθn . (4.46)

Proof. For any θ < θn and pn,j ∈ Γ ⊂ [0, 1]2, we have

∥e−iθpn,j − pn,j∥ ≤ ∥pn,j∥θ ≲ θn.

69



The rectangle Qn,j has sides parallel to the coordinate axes. Therefore,

|Px(e−iθQn,j)| ≲ |Px(Qn,j)|+∆nθ ≲ δn +∆n.θn ≲ θn

and

|Py(e−iθQn,j)| ≤ |Py(Qn,j)|+∆nθ ≤ 2∆n + 2δnθn ≲ ∆n.

Let z ∈ Γθ. Since Γθ ⊂ e−iθ(
⋃

Qn,j) + vθ, the point z − vθ lies in the rectangle e−iθQn,j

for some j. Thus from the above discussion and Lemma 41, we get

|Px(z − pn,j)| ≤ |Px(z − vθ − e−iθ(pn,j))|+ |Px(e−iθ(pn,j)− pn,j)|+ |Px(vθ)| ≲ θn.

and

|Py(z − pn,j)| ≤ |Py(z − vθ − e−iθ(pn,j))|+ |Py(e−iθ(pn,j)− pn,j)|+ |Py(vθ)| ≲ ∆n.

We take C in (4.32) large enough such that Γθ ⊂
⋃
Qn,j = Tn, for all θ < θn. Now let

θ ∈ [jθn, (j + 1)θn)) then by (4.40), we obtain

Γθ = e−ijθnΓθ−jθn + vjθn ⊂ e−ijθnTn + vjθn = Tn,jθn . (4.47)

This completes the proof.

Thus Γθ ⊂ B for every θ ∈ [0, 1] and so we have proved Theorem 35 (ii).

4.4 Dimension of the Domain of Γ

So far we have proved that if {δn}n∈N and {∆n}n∈N satisfy (4.1)-(4.4), and if Γ and B are

constructed as in Section 4.2 and Section 4.3 respectively, then Γ has property (i), (ii) and

(iii) of Theorem 35. It remains to prove that the dimension of the x-projection of Γ can take
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any value s ∈ [0, 1].

Let s ∈ [0, 1] and let {δn}n∈N and {∆n}n∈N satisfy conditions (4.1), (4.2), (4.4) and

δn = c∆
1
sn
n , (4.48)

where

sn =


1
n , if s = 0

sn
n+1 , if 0 < s ≤ 1.

We will show that (4.3) holds and the corresponding Γ we constructed in Section 4.2 satisfies

dim (Px(Γ)) = s. (4.49)

From (4.2) (∆
1

n+1
n+1 ≤ c

1
n+1 δn) and (4.48) we have

δn+1 = c∆
1

sn+1
n+1 = c∆n+1∆

1
sn+1

−1

n+1 ≤ c∆n+1(cδ
n+1
n )

1
sn+1

−1
.

If s = 0 then

(n+ 1)(s−1
n+1 − 1) = (n+ 1)n ≥ 1.

If s > 0 then

(n+ 1)(s−1
n+1 − 1) = (n+ 1)(s−1(n+ 2)/(n+ 1)− 1) ≥ 1.

Hence in both cases

δn+1 ≤ c∆n+1(cδ
n+1
n )

1
sn+1

−1 ≤ c1+
1

n+1∆n+1δn ≤ c∆n+1δn.

So indeed (4.3) holds.
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Proof of (4.49). We first show that dim (Px(Γ)) ≤ s. By construction, for all p ∈ N,⋃
j Px(Qp,j) is a cover of Px(Γ).

Assume s = 0 and let s′ > 0. Using Lemma 38 (ii) and (4.48) we have

∑
j

|Px(Qp,j)|s
′
= δs

′
p #{j : Qp,j ⊂ Sp} ≲ δs

′
p ∆

−1
p ≲ δ

s′−1
p

p .

Hence for any p ∈ N such that 1/p < s′, we have

∑
j

|Px(Qp,j)|s
′
≲ δ

s′−1
p

p < 1.

As p → ∞, δp → 0. Therefore dim (Px(Γ)) ≤ s′. Since 0 < s′ was arbitrary we conclude

that dim (Px(Γ)) = 0.

Now assume that s > 0. We again use Lemma 38 (ii) and (4.48) to get

∑
j

|Px(Qp,j)|s = δsp#{j : Qp,j ⊂ Sp} ≲ δsp∆
−1
p ≲ δspδ

−sp
p = δ

s
p+1
p ≤ 1.

Therefore dim (Px(Γ)) ≤ s.

It remains to prove the opposite inequality for s > 0. Fix m ∈ N, and let
⋃

i Ii be a cover

of Px(Γ) by open intervals Ii such that |Ii| < δm, for all i. We can assume it is a finite cover

since Px(Γ) is compact. Let p ∈ N be such that δp < min
i

|Ii|.

Now fix an arbitrary i and let n ∈ N be such that δn+1 ≤ |Ii| < δn. We will show that

|Ii|sm ≳
∑

{(j,k):Px(Qn,j,k)∩Ii ̸=∅}
|Px(Qn,j,k)|sn+1 . (4.50)

Recall from (4.18) that 3δn ≤ Px(pn,j+1) − Px(pn,j). Since the distance between the left

endpoints of Px(Qn,j) and Px(Qn,j+1) is greater than 3δn = 3|Px(Qn,j)|, we can assume
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that Ii intersects Px(Qn,j) for only one rectangle Qn,j . Let

λ =
|Ii|

δn∆
−1
n ∆n+1

. (4.51)

We see from (4.18) that Px(pn,j,k+1)− Px(pn,j,k) ≳ δn∆
−1
n ∆n+1. Therefore we have

#{Qn,j,k : Px(Qn,j,k) ∩ Ii ̸= ∅} ≲ λ+ 1.

We look at two cases.

Case 1: λ < 1.

In this case Ii intersects Px(Qn,j,k) for at most constant many rectangles Qn,j,k. Since

δn+1 ≤ |Ii| < δm we have m < n+ 1. Therefore sm < sn+1 and

|Ii|sm > |Ii|sn+1 ≥ δ
sn+1
n+1 ≳

∑
{(j,k):Px(Qn,j,k)∩Ii ̸=∅}

|Px(Qn,j,k)|sn+1 .

So (4.50) holds.

Case 2: λ ≥ 1.

To conclude (4.50) we need to verify that

|Ii|sm = (λδn∆
−1
n ∆n+1)

sm ≳ (λ+ 1)δ
sn+1
n+1 ≃ λδ

sn+1
n+1 .

Rewriting the above inequality we get

(δn∆
−1
n ∆n+1)

sm ≳ λ1−smδ
sn+1
n+1 . (4.52)

Using sm ≤ sn and (4.48) we have that

δsmn ≥ δsnn ≃ ∆n ≃ ∆n∆
−1
n+1δ

sn+1
n+1 .
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Thus

(δn∆
−1
n ∆n+1)

sm ≳ (∆n∆
−1
n+1)

1−smδ
sn+1
n+1 .

Since |Ii| < δn we have λ < ∆n∆
−1
n+1. As sm < 1, we have λ1−sm < (∆n∆

−1
n+1)

1−sm .

Therefore we obtain (4.52) from the above inequality. Thus (4.50) holds in Case 2.

Since δp < |Ii| < δn we have that p ≥ n+ 1. By the definition (4.19) of Nn and Lemma

3 (i) we have

#{Qp,l : Qp,l ⊂ Qn,j,k} ≤
p−1∏

q=n+1

∆q∆
−1
q+1(1 + c2δq−1) = ∆n+1∆

−1
p

p−1∏
q=n+1

(1 + c2δq−1).

As noted earlier below (4.22), the product
∏p

q=n+1(1 + c2δq−1) converges to an absolute

constant. Therefore
∏p

q=n+1(1 + c2δq−1) ≃ 1 and

∑
{l:Qp,l⊂Qn,j,k}

|Px(Qp,l)|sp ≲ δ
sp
p ∆n+1∆

−1
p ≃ ∆n+1 ≃ δ

sn+1
n+1 = |Px(Qn,j,k)|sn+1 . (4.53)

Hence we obtain from (4.53) and (4.50) that

|Ii|sm ≳
∑

{(j,k):Px(Qn,j,k)∩Ii ̸=∅}
|Px(Qn,j,k)|sn+1 ≳

∑
{(j,k):Px(Qn,j,k)∩Ii ̸=∅}

∑
{l:Qp,l⊂Qn,j,k}

|Px(Qp,l)|sp

≥
∑

{l:Px(Qp,l)∩Ei ̸=∅}
|Px(Qp,l)|sp .

Summing over all i we get

∑
i

|Ii|sm ≳
∑
i

∑
{l:Px(Qp,l)∩Ii ̸=∅}

|Px(Qp,l)|sp ≥
∑
l

|Px(Qp,l)|sp ≳ δ
sp
p ∆−1

p ≃ 1. (4.54)

This proves dim (Px(Γ)) ≥ sm. Taking m → ∞ we get (4.49).
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CHAPTER 5

DISTANCE SETS BOUNDS FOR POLYHEDRAL NORMS VIA

EFFECTIVE DIMENSION

This chapter is joint work with Ryan Bushling and Bobby Wilson and it has been accepted

as a paper by Real Analysis Exchange.

5.1 Introduction

Given a set E ⊆ Rd, let

∆(E) := {∥x− y∥ ∈ [0,∞) : x, y ∈ E}

be the distance set of E, where ∥ ·∥ is the Euclidean norm. The Falconer distance problem is

to find a lower bound on dimH∆(E), the Hausdorff dimension of the distance set, in terms

of the Hausdorff dimension of E itself. A frequent simplification is to fix a point x ∈ Rd and

instead investigate the pinned distance set

∆x(E) := {∥x− y∥ ∈ [0,∞) : y ∈ E}.

Since ∆x(E) ⊆ ∆(E) whenever x ∈ E, any lower bound on the size of ∆x(E) immediately

implies the same bound on the size of ∆(E). An interesting variant of the Falconer distance

problem is to seek dimension bounds on distance sets relative to a different norm ∥ · ∥∗.

In this case, the corresponding distance and pinned distance sets are denoted ∆∗(E) and

∆∗
x(E), respectively.

Falconer [28] proves a simple estimate in the Euclidean case:
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Theorem 43 (Falconer [28]). If E ⊆ Rd is any set, then

dimH∆(E) ≥ dimHE − (d− 1).

The elementary proof presented by Falconer generalizes to other norms with little mod-

ification. However, the techniques of algorithmic complexity provided in [50] are highly

applicable here, and we use this theory to give an alternate proof for pinned distance sets of

the general case.

Theorem 44. Let ∥ · ∥∗ be any norm on Rd and let E ⊆ Rd. Then

dimH∆∗
x(E) ≥ dimHE − (d− 1)

for all x ∈ Rd.

Remark 45. The proof of Theorem 44 does not use the symmetry of ∥ · ∥∗, so the theorem

statement can be generalized to so-called asymmetric norms. The same is true of Theorem

47 below.

Polyhedral norms provide a class of finite-dimensional normed spaces which can be con-

sidered the “worst-case scenario" for the distance set problem, as the curvature of the norm

ball plays a major role in precluding the possibility of a large number of points with equal

pairwise distances. The relevance of non-vanishing curvature manifests itself in [37]: the

authors provide the best known bound in the planar Euclidean case, and it is demonstrated

that the essential characteristic of the Euclidean ball required for their argument is that

it is a smooth norm ball with strictly positive curvature. A construction of Falconer [29]

illustrates the marked differences in the context of polyhedral norms.

Proposition 46 (Falconer [29]). Let ∥ · ∥P be a polyhedral norm on Rd. Then there exists

a compact set F ⊂ Rd with dimH F = d such that L(∆P (F )) = 0.
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The relevance of curvature to the distance set conjecture is further explored in [12], in

which Falconer’s construction is generalized to the case in which at most countably many

points of the surface of the unit ball do not lie on any open line segment contained in the

surface of the unit ball (all but finitely many points on the surface of a polyhedral ball satisfy

this condition) or for certain convex sets for which the measure representing the curvature

field is singular with respect to surface measure. For more state-of-the-art estimates and

information on the history of the Euclidean distance set conjecture, see [25] and [26].

Our second result shows that polyhedral norms witness the sharpness of the dimension

bound in Theorem 44. This, too, will be proven using complexity theoretic tools.

Theorem 47. Let ∥ · ∥P be a polyhedral norm on Rd. For any s ∈ [d− 1, d], there exists a

compact set E ⊂ Rd with dimHE = s such that

dimH∆P (E) = s− (d− 1). (5.1)

Remark 48. The proof of Theorem 44 also works with Packing dimension in place of Haus-

dorff dimension. However, the resulting statement for packing dimension is far from sharp.

Under the hypotheses of Theorem 47, it follows from Theorem 44 that the pinned distance

sets of E have minimal dimension s− (d− 1) at every pin in E: that is,

dimH∆P
x (E) = s− (d− 1) for all x ∈ E.

Following a brief synopsis of the background material, we prove Theorem 44 in §5.3. In

§5.4 we construct the examples described in Theorem 47.

77



5.2 Preliminaries

This section summarizes the requisite terminology and results from algorithmic complexity

theory. See [50] for a more thorough exposition of this material. We denote by

{0, 1}∗ :=
⋃
n∈N

{0, 1}n

the set of all (finite) binary strings, including the empty string λ ∈ {0, 1}0.

Definition 49 (Kolmogorov Complexity of a String). Let σ, τ ∈ {0, 1}∗. The conditional

Kolmogorov complexity of σ given τ is the length of the shortest program π that will output

σ given τ . More precisely,

K(σ|τ) := min
π∈{0,1}∗

{ℓ(π) : U(π, τ) = σ},

where U is a fixed universal prefix-free Turing machine and ℓ(π) is the length of π. The

Kolmogorov complexity of σ is simply the conditional Kolmogorov complexity of σ given the

empty string:

K(σ) := K(σ|λ),

where λ is the empty string.

Throughout, we work with a fixed encoding {0, 1}∗ →
⋃

d∈NQd, under which the defini-

tions above extend from strings to vectors over the rationals.

Definition 50 (Kolmogorov Complexity of a Point). Let x ∈ Rd and r ∈ Z+. The Kol-

mogorov complexity of x at precision r is the length of the shortest program that outputs a

point in Qd that approximates x to r bits of precision:

Kr(x) := min {K(p) : p ∈ B(x, 2−r) ∩Qd}.
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If also y ∈ Rd′ and s ∈ Z+, then the conditional Kolmogorov complexity of x at precision r

given y at precision s is defined by

Kr,s(x|y) := max
{
min{K(p|q) : p ∈ B(x, 2−r) ∩Qd} : q ∈ B(y, 2−s) ∩Qd′}.

Note that, for x ∈ Rd, Kr(x) is always less than equal to dr + O(log r). To simplify

notation, we also denote Kr,r(x|y) by Kr(x|y), Kr,s(x|x) by Kr,s(x), and, when r ∈ (0,∞),

K⌈r⌉(x) by Kr(x).

Lemma 51 (Symmetry of Information [54]). For all m,n ∈ N, x ∈ Rm, y ∈ Rn, and

r, s ∈ N with r ≥ s:

1.
∣∣Kr(x|y) +Kr(y)−Kr(x, y)

∣∣ ≤ O(log r) +O(log log ∥y∥).

2.
∣∣Kr,s(x|x) +Ks(x)−Kr(x)

∣∣ ≤ O(log r) +O(log log ∥x∥).

In the remainder of the article, we will use the O(log r) error term to encapsulate all

errors accumulated from computing terms that do not change as the precision, r, increases

to infinity. This would include the log log ∥y∥ and log log ∥x∥ terms from Lemma 51 as well

as logm and log n terms already suppressed in the statement of Lemma 51. Using the notion

of Kolmogorov complexity, one defines the concept of effective dimension as the asymptotic

Kolmogorov complexity of a given point.

Definition 52. The effective Hausdorff dimension of a point x ∈ Rd is given by

dim (x) := lim inf
r→∞

Kr(x)

r
.

The effective Packing dimension of a point x ∈ Rd is given by

Dim(x) := lim sup
r→∞

Kr(x)

r
.
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In computability theory, a set A ⊆ N is called an oracle. Heuristically, a Turing machine

T can be said to have access to A if, in addition to its usual operations, it can inquire

whether the number currently printed on the work tape belongs to A. This operation takes

one step, and the answer to the question is recorded as a state. The machine derived from

T by allowing it access to A is denoted TA.

The concepts of complexity and dimension defined above can be relativized to an oracle

A by replacing the fixed universal Turing machine U with UA. These relativized concepts

are denoted KA, dimA, etc. For us, the utility of oracles is that they allow us to compute

the Hausdorff dimension of a set from the effective dimensions the points it contains.

Theorem 53 (Point-to-Set Principle [50]). For every set E ⊆ Rd,

dimHE = min
A⊆N

sup
x∈E

dimA(x) and dimPE = min
A⊆N

sup
x∈E

DimA(x).

One can infer from the proof of the point-to-set principle that, for any oracle A and

s ∈ (0, d], the set of points x that satisfy dimA(x) < s has s-dimensional Hausdorff measure

zero. In particular, dimA(x) = d for all x outside of a Lebesgue-null set.

As in [69], we describe the complexity of a point x ∈ Rd relative to a point y ∈ Rd′ as

the complexity of x relative to an oracle set Ay that encodes the binary expansion of y in a

standard way. We define

K
y
r (x) := K

Ay
r (x).

Throughout the paper, we will often invoke the notion of (Martin–Löf) “randomness." A

point x ∈ Rd is random with respect to an oracle A if

∣∣KA
r (x)− rd

∣∣ ≤ O(log r).

This also implies that each of the coordinates of x is random with respect to the others and
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has effective Hausdorff dimension 1 with respect to the oracle A. More quantitatively, for

t < r, the symmetry of information (Lemma 51) implies that

rd+O(log r) = KA
r (x) = KA

r,t(x) +Kt(x) +O(log r)

≤ KA
r,t(x) + td+O(log r),

whence

|KA
r,t(x)− (r − t)d| ≤ O(log r).

This means that the first t digits of the binary expansion of x “do not help much" in the

calculating the remaining r − t digits, and that we would approximately need (r − t)d bits

to calculate them. In the proof of Theorem 47, we will have occasion to choose collections

of strings of digits that are random with respect to each other, but we can see from this

discussion that such a choice is always possible.

5.3 Distance set bounds for arbitrary norms

We begin with a “trivial" lemma for the benefit of the reader new to the theory of Kolmogorov

complexity.

Lemma 54. Let A ⊆ N. For all x, y ∈ Rd and r ∈ N,

K
A,x
r (y) ≤ K

A,x
r (x+ y) +O(log r). (5.2)

Proof. Let TA,x be an oracle Turing machine that operates as follows: given a rational point

p ∈ Qd, a precision level r ∈ N, and a “corrector" string σ = σ1 . . . σd′ ∈ {0, 1}d′ of length

d′ :=
⌈
d1/2

⌉
, it first computes the “small" dyadic rational number

qσ,r :=
σ1

2−(r+1)
+ · · ·+ σd′

2−(r+d′)
.
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The machine then returns the first r + d′ + 1 bits of p+ qr,σ − x as its output:

TA,x(p, r, σ) = (p+ qr,σ − x) ↾ (r + d′ + 1).

Because the oracle encodes x, this is a computable operation relative to (A, x); hence, TA,x

exists.

Now let p ∈ B(x + y, 2−r) ∩ Qd be a point with KA,x(p) = K
A,x
r (x + y). We use p

and TA,x to compute a precision-r approximation of y. To do this, take σ ∈ {0, 1}d′ such

that p+ qr,σ ∈ B(x+ y, 2−(r+1)). (This explains the choice of d′: it is just large enough to

encode a rational number that “corrects" p by a factor of up to 1
2 , upgrading the precision-r

approximation to a precision-(r+ 1) approximation.) Since ∥(z ↾ (t+ d′))− z∥ < 2−t for all

z ∈ Rd and t ∈ N,

∥∥((p+ qr,σ)− x) ↾ (r + d′ + 1)
)
− y
∥∥

≤
∥∥(p+ qr,σ − x)− y

∥∥+ ∥∥((p+ qr,σ − x) ↾ (r + d′ + 1)
)
− (p+ qr,σ − x)

∥∥
< ∥(p+ qr,σ)− (x+ y)∥+ 2−r−1 < 2−(r+1) + 2−(r+1) = 2−r,

so TA,x(p, r, σ) ∈ B(y, 2−r).

If µ is a string that encodes TA,x in the language of UA,x, so that UA,x(µ, q, r, σ) =

TA,x(q, r, σ) for all q, r, and σ, then

K
A,x
r (y) ≤ KA,x(µ, p, r, σ) ≤ |µ|+KA,x(p) +KA,x(r) +KA,x(σ) +O(1)

= KA,x(p) +O(log r) = K
A,x
r (x+ y) +O(log r).

(The value |µ| is a constant independent of r, and the additional O(1) represents the com-

plexity required to concatenate µ, p, r, and σ into a single string in the language of UA,x.)

This computations of this sort are routine, arithmetic properties such as that in (5.2)
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will be used freely in what follows.

Proof of Theorem 44. The unit sphere in the norm ∥ · ∥∗ has Packing dimension d − 1.

Therefore, by the point-to-set principle, there exists an oracle A ⊆ N such that

sup
z∈∂B∗(0,1)

DimA(z) = d− 1.

For any y ∈ E, if we write y = x + ∥x − y∥∗z for some z ∈ ∂B∗(0, 1), then the following

holds: for any oracle B ⊆ N,

K
A,B,x
r (y) ≤ K

A,B,x
r (y − x) +O(log r)

= K
A,B,x
r (∥x− y∥∗z) +O(log r)

≤ K
A,B,x
r (∥x− y∥∗) +K

A,B,x
r (z) +O(log r).

Therefore,

lim inf
r→∞

K
A,B,x
r (y)

r
≤ lim inf

r→∞
K

A,B,x
r (∥x− y∥∗)

r
+ lim sup

r→∞

K
A,B,x
r (z)

r
+ lim sup

r→∞

O(log r)

r

and so

dimA,B,x(y) ≤ dimA,B,x(∥x− y∥∗) + DimA,B,x(z)

≤ dimA,B,x(∥x− y∥∗) + d− 1.

In particular, for every ϵ > 0, the point-to-set principle gives a point y ∈ E such that

dimHE ≤ dimA,B,x(y) + ϵ.
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Thus, for every ϵ, there exists a point t = ∥x− y∥∗ ∈ ∆∗
x(E) such that

dimHE − (d− 1)− ϵ ≤ dimA,B,x(t).

Taking the minimum over all oracles and letting ϵ → 0 then gives the desired inequality.

5.4 Sharp examples

In this section we construct the set E ⊂ Rd proving Theorem 47. Fundamentally, the

construction adapts [30] Example 7.8, which in turn works on the same principles as the

“Venetian blinds" constructions that have been studied widely in geometric measure theory

for the extreme features they exhibit, e.g., in the context of orthogonal projections, see [21].

As such, the use of complexity in building our set E is secondary to its use in actually proving

that it has the asserted properties.

Proof of Theorem 47. The case s = d is trivial, so let s ∈ [d − 1, d) and α := s − (d − 1).

Since ∥ · ∥P is a polyhedral norm, there exists a finite set {v1, ..., vN} ⊂ Rd of vectors—one

for each face of the ∥ · ∥P -ball—such that

∥x∥P = max {|x · vℓ|}Nℓ=1 (5.3)

for all x ∈ Rd. Let c be a large constant to be specified later, and let {mk}∞k=1 be a sequence

of positive integers satisfying m1 = 1, 1 + 2c
1−α < m2, and, for all k ∈ Z+,

kmk ≤ mk+1. (5.4)

We also define a sequence {nk}∞k=1 by

nk := mk + α(mk+1 −mk).
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Note that, since α ∈ [0, 1) and m2 > 1 + 2c
1−α , we have nk + c < mk+1 − c for all k.

We construct E ⊂ [0, 1]d in blocks of N steps. Define

Fk :=
{
x ∈ [0, 1]d : ⌊2j(x · vℓ)⌋ = 0 for all

j ∈ (nk + c,mk+1 − c], where ℓ ≡ k (mod N)
} (5.5)

and

E :=
∞⋂
k=1

Fk.

These definitions prescribe that the binary expansions of the projections x · vℓ of the points

in x ∈ E alternate between long strings of free digits and long strings of zeros, with the

lengths of the strings rapidly approaching infinity. When a real number has two different

binary expansions, we associate to it the expansion terminating in an infinite string of ones.

This makes the sets Fk and thus E to be closed.

Claim: For every oracle A ⊆ N, there exists x ∈ E such that

lim inf
r→∞

KA
r (x)

r
≥ s. (5.6)

Moreover, for all τ ∈ ∆P (E),

lim inf
r→∞

KA
r (τ)

r
≤ α. (5.7)

By the definition of α, this will imply that dimH∆P (E) ≤ s− (d− 1) ≤ dimHE − (d− 1),

and an application of Theorem 44 will entail that these hold with equality.

To obtain this point x and ensure that it belongs to E, we iteratively select the digits in

the binary expansions of its coordinates. In particular, assuming we have already chosen the

digits in the places before the mkth place, the digits in the places [mk,mk+1) will be chosen

in two steps. For each ℓ = 1, ..., N , fix any index 1 ≤ iℓ ≤ d such that the iℓth coordinate of

vℓ is nonzero: vℓiℓ
̸= 0. Let ℓ ≡ k (mod N), 1 ≤ ℓ ≤ d.
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1. We define the digits in the binary expansion of xi in the places [mk,mk+1) for i ̸= iℓ,

and in the places [mk, nk) for i = iℓ, such that the corresponding d strings (of which

d − 1 have length mk+1 −mk and one has length nk −mk) are random with respect

to each other, the oracle A and the first mk digits of x. In particular, this implies that

KA
r,mk

(x) ≥ d(r −mk)−O(log r), for all r ∈ [mk, nk).

After we choose the digits of xiℓ in the places [nk,mk+1) in Step 2, these random

choices will allow us to conclude that

KA
r,nk

(x) ≥ (d− α)(r − nk)−O(log r), for all r ∈ [nk,mk+1).

2. We want to define the digits in the binary expansion of xiℓ in the places [nk,mk+1)

such that

2j d∑
i=1

2−mk+1⌊2mk+1xi⌋vℓi

 ≡


0 if j ∈ (nk + c,mk+1 − c],

1 if j = mk+1 − c+ 1,

0 if j = mk+1 − c+ 2,

(5.8)

where the equivalence holds modulo 2. Before showing that this is possible, we prove

that Equation (5.8) implies

⌊
2j(x · vℓ)

⌋
≡ 0 (mod 2) for every j ∈ (nk + c,mk+1 − c], (5.9)

provided c is chosen large enough. It will then follow from (5.5) that the point x

satisfying (5.8) belongs to Fk. In order to derive Equation (5.9) from Equation (5.8),
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we first observe that

x · vℓ =
d∑

i=1

2−mk+1⌊2mk+1xi⌋vℓi +
d∑

i=1

(
xi − 2−mk+1⌊2mk+1xi⌋

)
vℓi . (5.10)

Notice that, if (5.8) holds, then for some M ∈ Z+ and t ≤ 1
4 , we have

d∑
i=1

2−mk+1⌊2mk+1xi⌋vℓi = 2−nk−cM + 2−mk+1+c(1
2 + t

)
. (5.11)

Choose c large enough such that

max

 d∑
i=1

|vℓi |,
∣∣vℓiℓ∣∣−1

 ≤ 2c−3 for all ℓ, (5.12)

from which it follows that∣∣∣∣∣∣
d∑

i=1

(xi − 2−mk+1⌊2mk+1xi⌋)vℓi

∣∣∣∣∣∣ ≤
d∑

i=1

∣∣xi − 2−mk+1⌊2mk+1xi⌋
∣∣|vℓi |

≤ 2−mk+1

d∑
i=1

|vℓi |

≤ 2−mk+1+c−3.

(5.13)

Combining (5.10), (5.11), and (5.13), we see that

2j(x · vℓ) = 2j−nk−cM + 2j−(mk+1−c)(1
2 + t+ t′

)
,

where |t′| ≤ 1
8 . Hence, for j ∈ (nk + c,mk+1 − c], the second term above lies in the

interval (0, 1):

0 < 2j−(mk+1−c)(1
2 + t+ t′

)
< 1.
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Therefore, we have shown that Equation (5.8) implies

2j d∑
i=1

2−mk+1⌊2mk+1xi⌋vℓi

 =
⌊
2j(x · vℓ)

⌋
(5.14)

for j ∈ (nk + c,mk+1 − c], which immediately entails Equation (5.9).

It remains to see that we can choose the digits of xiℓ in the places [nk,mk+1) such that

(5.8) holds. The condition (5.8) determines the digits of xiℓ · v
ℓ
iℓ

in places [nk,mk+1−

c+ 2), and we see from (5.12) that

2−c+3 ≤ vℓiℓ ≤ 2c−3.

Therefore, we can indeed make such a choice for the digits of xiℓ .

Repeating this process for all k ∈ Z+ produces the desired point x ∈ E.

Now we prove that dimA(x) ≥ s. Let r ∈ (mk,mk+1] and ℓ ≡ k (mod N). We estimate

KA
r (x) in two cases.

Case 1: r ∈ (mk, nk]

By symmetry of information, we have

KA
r (x) = KA

r,mk
(x) +KA

mk
(x) +O(log r)

≥ (r −mk)d+KA
mk

(x)−O(log r).

(5.15)

The inequality is true because the digits of x in the mkth through rth places are chosen

randomly with respect to A and the digits in the places 1 through mk.

Case 2: r ∈ (nk,mk+1]

By the symmetry of information, we have

KA
r (x) = KA

r,nk
(x) +KA

nk
(x)−O(log r).
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It follows from (5.15) of Case 1 that

KA
nk
(x) ≥ (nk −mk)d+KA

mk
(x)−O(log r)

= α(mk+1 −mk)d+KA
mk

(x)−O(log r).

Thus we have

KA
r (x) ≥ KA

r,nk
(x) + α(mk+1 −mk)d+KA

mk
(x)−O(log r)

≥ KA
r,nk

(x1, ..., xiℓ−1, xiℓ+1, ..., xd) + α(mk+1 −mk)d+KA
mk

(x)−O(log r)

≥ (r − nk)(d− 1) + α(mk+1 −mk)d+KA
mk

(x)−O(log r)

= (r −mk)(d− 1) + α(mk+1 −mk) +KA
mk

(x)−O(log r).

(5.16)

The third inequality above also follows from randomness. We put r = mk+1 in (5.16) to get

KA
mk+1

(x) = (mk+1 −mk)s+KA
mk

(x)−O(log r)

≥ mk+1

(
1− 1

k

)
s+KA

mk
(x)−O(log r),

where the inequality follows from (5.4). Thus for any arbitrarily small t > 0, we have

KA
mk+1

(x)

mk+1
≥ s− t for large enough k.

We will now justify that the expression KA
r (x)/r is minimized when r = mk for some k. By
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(5.15) of Case 1,

KA
r (x)

r
≥
(
1− mk

r

)
d+

KA
mk

(x)

r
− O(log r)

r

=
(
1− mk

r

)
d+

KA
mk

(x)

mk

(mk

r

)
− O(log r)

r

≥
(
1− mk

r

)
d+ (s− t)

mk

r
− O(log r)

r

= d− (α− 1 + t)
mk

r
− O(log r)

r

(5.17)

and similarly, by (5.16), we have in Case 2

KA
r (x)

r
≥
(
1− mk

r

)
(d− 1) +

α(mk+1 −mk)

r
+

KA
mk

(x)

r
− O(log r)

r

≥ d− 1 + α
mk+1

r
+

KA
mk

(x)− smk

r
− O(log r)

r

≥ d− 1 + α
mk+1

r
− tmk

r
− O(log r)

r
.

(5.18)

Recalling mk
r ≤ 1 and mk+1

r ≥ 1, we conclude (5.6) from (5.17) and (5.18), and therefore we

have proved that dimHE ≥ s.

Now, for any fixed z, y ∈ E, let τ := ∥z− y∥P ∈ ∆P (E). Thus, τ = |(z− y) · vℓ| for some

ℓ. Hence, for any k ≡ ℓ (mod N), we have

⌊2j((z − y) · vℓ)⌋ ≡ 0 (mod 2) for all j ∈ [nk + c+ 1,mk+1 − c− 1]

or

⌊2j((z − y) · vℓ)⌋ ≡ 1 (mod 2) for all j ∈ [nk + c+ 1,mk+1 − c− 1].

Therefore,

KA
mk+1−c,nk+c(τ) ≤ O(logmk+1).

This is because specifying a string of 000’s or 111’s having length less than mk+1 requires a
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program of length at most O(logmk+1). We consequently have

KA
mk+1−c(τ) ≤ KA

mk+1−c,nk+c(τ) +KA
nk
(τ) +O(logmk+1)

≤ nk +O(logmk+1)

≤ mk+1α

(
1− 1

k

)
+O(logmk+1),

where the last inequality follows from (5.4). Taking k → ∞ gives (5.7), and, since this

holds for all τ ∈ ∆P (E), we conclude that dimH∆P (E) ≤ α. The desired upper bound on

dimHE then follows immediately from Theorem 44:

s ≤ dimHE ≤ dimH∆P (E) + (d− 1) ≤ α + (d− 1) = s.

As such, all the inequalities above are actually equalities, so Equation (5.1) holds.
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CHAPTER 6

ON THE PACKING DIMENSION OF DISTANCE SETS WITH

RESPECT TO C1 AND POLYHEDRAL NORMS

This chapter is joint work with Ryan Bushling and Bobby Wilson, and we will be submitting

it to a journal as a paper.

6.1 Introduction

For a norm ∥ · ∥∗ on Rd and set E ⊆ Rd, let

∆∗(E) :=
{
∥y − x∥∗ ∈ [0,∞) : x, y ∈ E

}
be the distance set of E with respect to that norm. Given a fixed x ∈ Rd, we also let

∆∗
x(E) :=

{
∥y − x∥∗ ∈ [0,∞) : y ∈ E

}
be the pinned distance set of E at x. The classical Falconer distance conjecture [28] posits

that, for E (say, Borel),

dimHE >
d

2
=⇒ dimH∆(E) = 1,

where dimH denotes Hausdorff dimension and ∆ the distance set operator for the Euclidean

norm. More quantitatively, one frequently seeks lower bounds on dimH∆(E) or dimH∆x(E)

in terms of dimHE. For recent progress on the distance set conjecture, see [26, 33, 34]. In

particular, [26] contains a clear and thorough history of the problem.

This chapter may be seen as a follow-up to chapter 5, in which the authors treat the

Falconer distance problem for general norms, emphasizing in particular the case of polyhedral
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norms. The main result therein is the following.

Theorem 55 ([6] Theorems 1.1 & 1.4). Let ∥ · ∥∗ be a norm on Rd and let E ⊆ Rd. Then

dimH∆∗
x(E) ≥ dimHE − (d− 1) (6.1)

for all x ∈ Rd. This bound is sharp for polyhedral norms in the sense that, if ∥ · ∥P is a

polyhedral norm on Rd, then for any s ∈ [d − 1, d], there exists a compact set E ⊂ Rd with

dimHE = s such that

dimH∆P (E) = s− (d− 1).

6.1.1 Main results

Distance sets with respect to polyhedral norms have also been considered in [48, 29, 47, 12],

and in addition [12] presents strictly convex C1 norms with pathological distance sets. The

works [60, 45, 33, 34] address problems concerning the packing dimension dimP of distance

sets, and here we consider the packing dimension of distance sets with respect to polyhedral

and C1 norms. Our main theorem is the following.

Theorem 56. Let ∥ ·∥∗ be either a C1 or polyhedral norm on Rd and let E ⊆ Rd. For every

ε > 0, there exists x ∈ E such that

dimP∆∗
x(E) ≥ 1

d
dimPE − ε. (6.2)

In particular,

dimP∆∗(E) ≥ 1

d
dimPE.

In both the C1 and the polyhedral case, the normal vector field to the surface the unit

ball is regular enough to establish reasonable transversality conditions on the pinned distance

functions y 7→ ∥x− y∥∗. Just as (6.1) was sharp for every polyhedral norm in a strong way,
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(6.2) is also sharp for a large class of polyhedral norms.

Theorem 57. Let ∥ · ∥P be a polyhedral norm such that the unit normal vectors to the faces

of the polyhedron are rationally dependent and let s ∈ [0, d]. There exists a compact set

E ⊂ Rd with dimPE = s such that

dimP∆P (E) =
s

d
. (6.3)

A main tool in the proof of Theorem 56 is a nonlinear projection estimate extending a

result of Järvenpää [41]. Let p = (pi)
d
i=1 be a family of functions pi : E → R defined on a

set E ⊆ Rd and let dimB denote upper box dimension.

Definition 58 (Weak transversality). We say that p is weakly transversal if, for every

bounded set F ⊆ E, its restriction p|F is bounded and has fibers of upper box dimension 0.

That is:

1. p(F ) is bounded; and

2. for every δ ∈ (0, 1), there exists a natural number M(δ) ≲ε δ−ε for every ε > 0

such that the following holds: for every ξ ∈ Rn, there exist m ≤ M(δ) many points

x1, . . . , xm ∈ Rn such that

p−1(B(ξ, δ)
)
∩ F ⊆

m⋃
k=1

B(xk, δ). (6.4)

The first condition simply ensures that dimB p(F ) is defined whenever dimB F is. The

second condition ensures that the fibers of the functions pi intersect fairly transversely at

most points; it is always satisfied, for example, when p is locally invertible with Lipschitz

inverses. Either δ (or both) in (6.4) can be replaced with a number ∼ε δ.

With this terminology, we have the following result.
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Proposition 59. Let p =
(
pi : E → R

)d
i=1 be a weakly transversal family, let n ∈ {1, . . . , d},

and for every string of indices i1, . . . , in let pi1,...,in :=
(
pij : E → R

)n
j=1. Then for every

set F ⊆ E,
n

d
dimB F ≤ max

1≤i1<···<in≤d
dimB pi1,...,in(F ) (6.5)

provided F is bounded, and

n

d
dimP F ≤ max

1≤i1<···<in≤d
dimP pi1,...,in(F ). (6.6)

We only require the result for n = 1, and it is possible to prove this directly by a simple

covering argument. However, we have included the full statement in the interest of generality

and elected a proof that leverages Järvenpää’s result on orthogonal projections.

If ∥ · ∥∗ is a strictly convex norm on R2, the “projection maps" pi(x) := ∥x − xi∥∗

are weakly transversal for any two distinct x1, x2 ∈ R2, whereby the distance set bound of

Theorem 56 follows immediately from Proposition 59. In higher dimensions, one can establish

a similar result for strictly convex norms for d pins x1, . . . , xd in general position. Things

are not so simple for norms with more degenerate curvature. Establishing transversality for

some set of pins on a large portion of E becomes the main hurdle in proving distance sets

estimates for such norms.

6.1.2 Outline

After §6.2 lays out the necessary background on the upper box and packing dimensions, §6.3

presents the proof of Proposition 59 and §6.4 gives the proof of Theorem 56 for polyhedral

norms. Next, the transversality conditions necessary to apply Proposition 59 for projections

defined by C1 norms are established in §6.5, and in §6.6 the proof of Theorem 56 for C1

norms is completed. Finally, the sharp example of Theorem 57 is constructed in §6.7.
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6.2 Preliminaries

Let E ⊂ Rd be any bounded set and N(E, δ) its covering number at scale δ—the minimal

number of δ-balls required to cover E. The upper box dimension of a bounded set E ⊂ Rd

is defined by

dimBE := lim sup
δ→0

logN(E, δ)

− log δ
.

Note that upper box dimension is finitely stable not but countably stable: that is, if E =⋃m
i=1Ei, then dimBE = max1≤i≤m dimBEi provided m < ∞, whereas it can happen that

dimBE > sup1≤i<∞ dimBEi. Packing dimension can be defined simply by “forcing" upper

box dimension to be countably stable: given any set E ⊆ Rd (not necessarily bounded), we

let

dimPE := inf

{
sup

1≤i<∞
dimBEi : E ⊆

∞⋃
i=1

Ei

}
, (6.7)

where the infimum is taken over all countable covers of E by bounded sets. It follows

immediately that dimBE ≥ dimPE for every bounded set E, and it is also not difficult to

show that dimPE ≥ dimHE.

We sometimes use the standard notation A ≲α B to indicate that A ≤ cαB for some

constant cα depending only on the parameter (or collection of parameters) α; these may

be suppressed from the notation where the parameters are not especially important. The

notation A ∼α B means that both A ≲α B and B ≲α A. Importantly, if for some E1, E2 ⊂

Rn the relation N(E1, δ) ≲α N(E2, δ) holds for all δ ∈ (0, 1), where α is independent of δ,

then dimBE1 ≤ dimBE2.

Finally, we remark here that §6.5 makes heavy use of tools from convex analysis, but

these will be introduced as needed. For more thorough references, see [19, 20].
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6.3 Proof of Proposition 59

First we recall an orthogonal projection theorem of Järvenpää [41]. Given linearly in-

dependent vectors e1, . . . , en ∈ Rd, let V = V (e1, . . . , en) := Span {e1, . . . , en} and let

PV : Rd → Rn be the orthogonal projection of Rd onto V .

Theorem 60 (Järvenpää [41] Theorem 3.4 & Corollary 3.5). If (e1, . . . , ed) is a basis for

Rd and 1 ≤ n ≤ d, then for all E ⊆ Rd there exist 1 ≤ i1 < · · · < in ≤ d such that

n

d
dimBE ≤ dimB PV (ei1 ,...,ein)

(E)

provided E is bounded, and

n

d
dimPE ≤ dimP PV (ei1 ,...,ein)

(E).

The statement in Järvenpää [41] is for 1 ≤ n ≤ d− 1, but it also holds trivially for n = d

as stated above.

Proof of Proposition 59. We first consider the case (6.5) of upper box dimension. Let F ⊆ E

be a bounded set and 1 ≤ n ≤ d. By Theorem 60, there exist indices 1 ≤ i1 < · · · < in ≤ d

such that
n

d
dimB p(F ) ≤ dimB PV (ei1 ,...,ein)

(p(F )),

where (e1, . . . , ed) denotes the standard basis of Rd. Observe that PV (ei1 ,...,ein)
(p(F )) =

pi1,...,in(F ), so it suffices to show that dimB p(F ) ≥ dimB F . Let ε > 0 and δ ∈ (0, 1), and

let {Bi}Ni=1 be a cover of p(F ) by N := N(p(F ), δ)-many δ-balls. By the definition of weak

transversality, for each i there exists a collection {Bi,j}
Ni
j=1 of δ-balls such that

p−1(Bi) ∩ F ⊆
Ni⋃
j=1

Bi,j ,
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where Ni ≲ δ−ε for every ε > 0. Hence, {Bi,j : 1 ≤ i ≤ N, 1 ≤ j ≤ Ni} is a cover of F by

N∑
i=1

Ni ≲ Nδ−ε

balls of radius δ. It follows that

dimB F = lim sup
δ→0

logN(F, δ)

− log δ
≤ lim sup

δ→0

log(Nδ−ε)

− log δ

= lim sup
δ→0

logN(p(F ), δ)

− log δ
+ lim

δ→0

log δ−ε

− log δ

= dimB p(F ) + ε.

Since ε > 0 was arbitrary, the result follows and (6.5) holds.

We now prove the packing dimension case (6.6). Let ε > 0 and, for each string of indices

1 ≤ i1 < · · · < in ≤ d, let
{
F
(j)
i1,...,in

}∞
j=1 be a cover of pi1,...,in(F ) by bounded sets such that

sup
1≤j<∞

dimB F
(j)
i1,...,in

< dimP pi1,...,in(F ) +
ε

2
.

The collection of all sets of the form

⋂
1≤i1<···<in≤d

p−1
i1,...,in

(
F
(ji1,...,in)

i1,...,in

)
, 1 ≤ ji1,...,in < ∞ (6.8)

is a cover of F , but not necessarily by bounded sets. Therefore, we refine this to a new cover{
G(k)

}∞
k=1 consisting of all sets formed by intersecting the elements (6.8) with unit cubes

[n1, n1 + 1)× · · · × [nd, nd + 1), nj ∈ Z.

Taking an index k such that dimBG(k) > dimP F − d
2nε, we have by (6.5) a string

1 ≤ i′1 < · · · < i′n ≤ d such that

n

d
dimP F − ε

2
<

n

d
dimBG(k) ≤ dimB pi′1,...,i

′
n

(
G(k)) (6.9)

98



We note that for every k,

G(k) ⊂
⋂

1≤i1<···<in≤d

p−1
i1,...,in

(
F
(ji1,...,in)

i1,...,in

)

for some collection of ji1,...,in . Thus for our given string, G(k) ⊂ p−1
i′1,...,i

′
n
(F

(j)
i′1,...,i

′
n
) for some

j. Therefore, pi′1,...,i′n
(
G(k)

)
⊆ F

(j)
i1,...,in

, which implies

n

d
dimP F − ε

2
< dimB pi′1,...,i

′
n

(
G(k))

≤ sup
1≤j<∞

dimB F
(j)
i′1,...,i

′
n
< dimP pi′1,...,i

′
n
(F ) +

ε

2
,

(6.10)

This string i′1, . . . , i
′
n depends on ε, but since there are only

(d
n

)
such strings, there is at

least one string for which (6.10) holds for arbitrarily small ε > 0; hence, this concludes the

proof.

6.4 Proof of Theorem 56 – The polyhedral case

Let ∥ · ∥∗ be a norm defined by a collection {vi}Mi=1 of vectors so that

∥x∥∗ := max {|⟨x, vi⟩|}Mi=1.

We note that we must have M ≥ d. For each x ∈ Rd and v ∈ Rd, we define the cone

C(x, v) :=
{
y ∈ Rd : ∥x− y∥∗ = |⟨x− y, v⟩|

}
.

Obviously, for each x ∈ Rd,
M⋃
j=1

C(x, vi) = Rd.
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In addition, let {zj}∞j=1 ⊂ Rd be a countable set, so that

∞⋂
j=1

M⋃
i=1

C(zj , vi) = Rd =
⋃

{zj1 ,...,zjM }
{vi1 ,...,viM }

M⋂
ℓ=1

C(zjℓ , viℓ)

where in the union we allow js = jt and is = it for s ̸= t. For α > 0 and a countable set

G ⊂ Rd, define

k(E,G, α) := max
{zj1 ,...,zjM }⊂G

{vi1 ,...,viM }

{
dim (span({vi1 , . . . , viM })) :

dimP

(
E ∩

⋂M
ℓ=1C(zjℓ , viℓ)

)
≥ dimPE − α

}
.

This is the largest number of cones based at points of G that “see" a large (relative to α)

portion of E through independent faces of the norm polyhedra {y ∈ Rd : ∥y − zj∥∗ = 1}.

Lemma 61. Let E ⊆ Rd, and α > 0, and let G ⊂ Rd be countable. Then there exist

k ≤ k(E,G, α) and F ⊆ E with dimPE = dimP F such that the following hold:

1. If F ∩
⋂M
ℓ=1C(zℓ, viℓ) ̸= ∅ for any {z1, . . . , zM} ⊂ G, then

dim (span{vi1 , . . . , viM }) ≤ k. (6.11)

2. There exist {z1, z2, . . . , zk} ⊂ G and {vi1 , vi2 , . . . , vik} ⊆ {v1, . . . , vM} such that

dim (span{vi1 , . . . , vik}) = k
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and

dimP

F ∩
k⋂

ℓ=1

C(zjℓ , viℓ)

 ≥ dimPE − α.

Proof. Let s = dimPE. The sequence k(E,G, 2−mα) for m ∈ Z+ is a monotonically

decreasing sequence of integers between 1 and d, so pigeonhole principle implies that there

exists m ≥ 1 such that

k(E,G, α) ≥ k
(
E,G, 2−(m+1)α

)
= k(E,G, 2−mα) =: k.

For each z̄ ∈ GM = G×G× · · · ×G and v̄ ∈ {v1, . . . , vM}M , define

Ez̄,v̄ := E ∩
M⋂
ℓ=1

C(zjℓ , viℓ).

If dim (span{vi1 , . . . , viM }) > k, then

dimP(Ez̄,v̄) ≤ s− 2−mα

for all z̄ ∈ Gk. If we let Ev̄ :=
⋃

z̄∈GM Ez̄,v̄, then dimPEv̄ ≤ s − 2−mα. Therefore, if

Vk := {v̄ ∈ {v1, . . . , vM}M : dim (span{vi1 , . . . , viM }) > k} then

F := E \
⋃
v̄∈Vk

Ev̄

has dimP F = dimPE and the desired condition holds.

For the second part of the statement, if k
(
E,G, 2−(m+1)α

)
= k, then by definition there

exist {z1, z2, . . . , zk} ⊂ G and {vi1 , vi2 , . . . , vik} ⊆ {v1, . . . , vM} such that dim (span{vi1 ,
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. . . , vik}) = k and

dimP

E ∩
M⋂
ℓ=1

C(zjℓ , viℓ)

 ≥ dimPE − 2−(m+1)α.

Finally, dimPEv̄ ≤ s− 2−mα implies

dimP

F ∩
M⋂
ℓ=1

C(zjℓ , viℓ)

 ≥ dimPE − 2−(m+1)α ≥ dimPE − α.

Proposition 62. Let E ⊂ Rd, α > 0, and G ⊂ E be a countable, dense subset of E. Then

there exists k ∈ {1, . . . , d}, {z1, . . . , zk} ⊂ G, {w1, w2, . . . , wk} ⊂ {v1, . . . , vM}, and F ⊂ E,

such that dimP F ≥ dimPE − α, and

F ⊂
k⋂

ℓ=1

C(zℓ, wℓ).

Moreover, V := span{w1, . . . , wk} ∈ G(d, k) and for each x, y ∈ F

∥x− y∥∗ = ∥PV (x− y)∥∗.

Proof. Lemma 61 implies that there exist an integer k ∈ {1, . . . , d}, {z1, z2, . . . , zk} ⊂ G,

{w1, w2, . . . , wk} ⊂ {v1, . . . , vM}, and F0 ⊂ E such that dimP F0 = dimPE,

dim
(
span{w1, w2, . . . , wk}

)
= k

and

dimP

F0 ∩
k⋂

ℓ=1

C(zjℓ , wℓ)

 ≥ dimPE − α.
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Moreover, inequality (6.11) implies that if F0∩
⋂M

ℓ=1C(zℓ, wℓ) ̸= ∅ for any {z1, . . . , zM} ⊂

G and (vj1 , . . . , vjM ) ∈ {v1, . . . , vM}M , then

dim
(
span{vj1 , . . . , vjM }

)
≤ k.

Let F := F0 ∩
⋂k
ℓ=1C(zjℓ , wℓ) and V := span{w1, . . . , wk}. If x ∈ F , z ∈ G, and

v ∈ {v1, . . . , vM} satisfy x ∈ C(z, v) then

dim
(
span{w1, . . . , wk, v}

)
≤ k,

which implies v ∈ span{w1, . . . , wk}. This further implies that for any x ∈ F and z ∈ G,

there is a v ∈ {v1, . . . , vM} such that

∥PV (z − x)∥∗ ≤ ∥z − x∥∗ = |⟨z − x, v⟩|

= |⟨PV (z − x), v⟩+ ⟨P⊥
V (z − x), v⟩| = |⟨PV (z − x), v⟩|

≤ ∥PV (z − x)∥∗.

Since G is dense in E, G is dense in F and ∥ · ∥ and PV are continuous, we can conclude

that for every x, y ∈ F ,

∥PV (y − x)∥∗ = ∥y − x∥∗.

We are now ready to prove Theorem 56 in the case of polyhedral norms.

Proof of Theorem 56 in the polyhedral case. For E ⊂ Rd, α > 0, and G ⊂ E with dimPE =

s and with G countable and dense in E, let F ⊂ E, k, {z1, . . . , zk} ⊂ G and {w1, . . . , wk} ⊂

{v1, . . . , vM} be the sets given by Proposition 62. Let V = span{w1, . . . , wk}. Then Propo-

sition 62 implies ∥x− y∥∗ = ∥PV (x− y)∥∗ for all x, y ∈ F . Therefore, the projection onto V

restricted to the set F is a bi-Lipschitz map. Thus, dimP F = dimP(PV F ) ≥ s− α.
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For each j ∈ {1, . . . , k}, let Pj(x) := ⟨wj , x⟩
wj

∥wj∥
be the orthogonal projection onto the

line spanned by wj . Then since F ⊂ C(zj , wj), we have Pj(x−zj) = ∥x−zj∥∗
wj

∥wj∥
whenever

x ∈ F . Therefore,

dimP Pj(F − zj) = dimP∆∗
zj (F ).

Now Theorem 60 implies that for some j ∈ {1, ..., k}

dimP Pj(PV F ) ≥ 1

k
dimP PV F ≥ s− α

k
.

Since PV Pj = PjPV and packing dimensions are stable under translations, dimP Pj(PV F ) =

dimP PV (PjF ) = dimP PV (Pj(F − zj)) = dimP Pj(F − zj) = dimP∆∗
zj (F ). In conclusion,

∆∗
zj (F ) ≥ s− α

k
≥ s− α

d

for arbitrary α > 0.

6.5 Establishing weak transversality in the C1 case

Let (Rn, ∥ · ∥∗) be represented by X as a Banach space with dual space X∗. For x ∈ X

and f ∈ X∗ we have the pairing f(x) = ⟨f, x⟩. Throughout this section, B(x, r) := {y ∈

Rd : ∥x − y∥∗ < r} denotes a ball with respect to the norm ∥ · ∥∗ and Nr(E) := {y ∈ Rd :

∥x− y∥∗ < r for some x ∈ E} denotes that r-neighborhood of a set E.

We first define the subdifferential:

Definition 63 (Subdifferential). For any x ∈ Ω ⊂ X and any u : Ω → R, the subdifferential
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∂u(x) of u at x is defined by

∂u(x) :=

{
p ∈ X∗ : lim inf

y→x

u(y)− u(x)− ⟨p, y − x⟩
∥y − x∥∗

≥ 0

}
.

Of course, for a convex function, the lim infy→x can be removed without affecting the

definition. The following appears in the text by Cioranescu [19].

Definition 64 (Duality mapping). We define the duality mapping as a function from X to

the power set of X∗, J : X → 2X
∗
, by

Jx :=
{
f ∈ X∗ : ⟨f, x⟩ = ∥f∥X∗∥x∥X , ∥f∥X∗ = ∥x∥X

}
Theorem 65 (Asplund [19] Theorem I.4.4). For each x ∈ X,

Jx = ∂
(
1
2∥x∥

2
X

)
= ∥x∥X · ∂∥x∥X .

For a finite collection of vectors {v1, . . . , vm} ⊂ Rd with m ≤ d we denote the Hm-

measure of the parallelepiped defined by {v1, . . . , vm} by

∣∣(v1 | v2 | · · · | vm
)∣∣ .

We also introduce the cone notation with respect to orthogonal projection PV for V ∈

G(d, k), the Grassmannian of k-dimensional subspaces of Rd. With a ∈ Rd, s ∈ (0, 1), and

V ∈ G(d, k) we denote

X(a, V, s) :=
{
x ∈ Rd : ∥PV ⊥(x− a)∥ < s∥x− a∥

}
,

where we recall that ∥ · ∥ represents the Euclidean norm.

105



Lemma 66. Let z ∈ Rd. There exists η = η(d, ∥ · ∥∗) such that

z ∈ X(0, span(∇∥z∥∗), η).

Proof. By Asplund’s Theorem 65, ⟨z,∇∥z∥∗⟩ = ∥z∥∗. If ⟨·, ·⟩ is the Euclidean inner product

and ∥ · ∥ is the Euclidean norm, then since all norms are equivalent in finite-dimensional

normed spaces there is a constant Λ = Λ(d, ∥ · ∥∗) ∈ [0, 1/2] such that

Λ∥z∥ ≤ ⟨z,∇∥z∥∗⟩ ≤ Λ−1∥z∥

and thus we can let η =
√
1− Λ2.

Lemma 67. Let ε > 0. There exists a function, h : (0,∞) → (0,∞) such that limε→0
h(ε)
ε

= 0 and, for all x ∈ Rd satisfying ∥x− y∥∗ < ε,

∣∣∥x∥∗ − ∥y∥∗
∣∣+ h(ε) ≥

∣∣⟨∇∥x∥∗, x− y⟩
∣∣.

Proof. Follows from the definition of gradient.

Now we define transversality with respect to this norm. For x, y ∈ Rd and m ∈ Z+,

define

py(x) := ∥x− y∥∗.

Definition 68 (kkk-transversality). Let k ∈ {1, . . . , d}. We say a set E ⊆ Rd is k-

transversal with respect to G ⊆ Rd if there exist L ∈ (0, 1), {z1, . . . , zk} ⊆ G,

∣∣(∇pz1(x) | ∇pz2(x) | · · · | ∇pzk(x)
)∣∣ ≥ L

for all x ∈ E.
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Definition 69 ((α, k)(α, k)(α, k)-transversality). Let k ∈ {1, . . . , d} and α > 0. We say a set E ⊆ Rd

is (α, k)-transversal with respect to G ⊆ Rd if there exists F ⊆ E such that dimP F ≥

dimPE − α and F is k-transversal with respect to G.

Lemma 70. If E ⊆ Rd is not (α, k)-transversal with respect to a countable set G ⊂ Rd,

then there exists F ⊆ E (with dimPE = dimP F ) such that

∣∣(∇pz1(x) | ∇pz2(x) | · · · | ∇pzk(x)
)∣∣ = 0

for all {z1, . . . , zk} ⊂ G and x ∈ F .

Proof. Let s = dimPE and suppose E is not (α, k)-transversal. Let εj := 2−j . For each j,

and z̄ ∈ Gk = G×G× · · · ×G define

Ej,z̄ :=
{
x ∈ E :

∣∣(∇pz1(x) | ∇pz2(x) | · · · | ∇pzk(x)
)∣∣ ≥ 2−j for z̄ = (z1, . . . , zk)

}
.

Since E is not (α, k)-transversal,

dimP(Ej,z̄) ≤ s− α

for all z̄ ∈ Gk. If we let Ej :=
⋃
z̄∈Gk Ej,z̄, then dimP(Ej) ≤ s−α. Therefore, if Fj := E\Ej ,

then for every x ∈ Fj and {z1, . . . , zk} ⊂ G we have

∣∣(∇pz1(x) | ∇pz2(x) | · · · | ∇pzk(x)
)∣∣ ≤ 2−j .

Since ∪jEj has dimension less than s − α, F := ∩jFj has dimension s and the proof is

complete.

Corollary 71. Let E ⊆ Rd, α > 0 and let G ⊆ Rd be countable. Then there exist an integer

k ∈ {1, . . . , d}, and F ⊂ E such that dimP F ≥ dimPE − α, F is k-transversal, and for
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each {x1, . . . , xk+1} ⊂ G

∣∣(∇px1(x) | ∇px2(x) | · · · | ∇pxk+1(x)
)∣∣ = 0.

for all x ∈ F .

Proof. For any x, y ∈ Rd, ∥∇py(x)∥ = 1, thus every set is (α/d, 1)-transversal with respect

to G. By definition, there exists a constant c1 > 0, z ∈ G and F1 ⊂ E (namely F1 = E)

such that dimP F1 ≥ dimPE − 1
d and

∣∣(∇pz(x)
)∣∣ ≥ c1 for all x ∈ F1.

Now F1 is either (α/d, 2)-transversal or not. If not, then Lemma 70 implies that there is

a set F̃1 ⊂ F1 such that dimP F̃1 = dimP F1 ≥ dimPE−α/d. The corollary is then proven

with F̃1 =: F .

If F1 is (α/d, 2)-transversal then there exists F2 ⊂ F1 ⊂ E, c2 > 0 and z1, z2 ∈ G such

that dimP F2 ≥ dimP F1 − α/d ≥ dimPE − 2α/d and
∣∣(∇pz1(x) | ∇pz2(x)

)∣∣ ≥ c2 for all

x ∈ F2. Induction completes the argument.

Lemma 72. Let x ∈ E ⊂ Rd, 0 < γ < δ ≪ L < 1, and k ∈ Z+. Let G ⊆ E be a countable,

dense subset of E. Suppose that for each {x1, . . . , xk+1} ⊂ G,

∣∣(∇px1(x) | ∇px2(x) | · · · | ∇pxk+1(x)
)∣∣ = 0 (6.12)

and there exists {z1, . . . , zk} ⊆ G such that

∣∣(∇pz1(x) | ∇pz2(x) | · · · | ∇pzk(x)
)∣∣ ≥ L. (6.13)

If p = (pzi)
k
i=1, then there exists C = C(L) and Wx ∈ G(d, k) such that

p−1(B(ξ, γ)) ∩ E ∩B(x, δ) ⊂ NC·(γ+h(δ))(W
⊥
x + x) ∩X(x,Wx, η)
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where ξ = p(x).

Proof. Define

Wz̄ := span
{
∇pz1(x),∇pz2(x), . . . ,∇pzk(x)

}
.

By inequality (6.13), Wz̄ ∈ G(d, k). By inequality (6.12), for any y ∈ G, ∇py(x) ∈ Wz̄.

Therefore, Lemma 66 implies that, for all y ∈ G,

y − x ∈ X(0,Wz̄, η)

and, since G is dense in E,

E ⊂ X(x,Wz̄, η).

Let ξ = p(x). Now

p−1(B(ξ, γ)) ⊂
k⋂

i=1

{
y ∈ Rd | |∥y − zi∥∗ − ξi| < γ

}
.

For each i, if y0 ∈
{
y ∈ Rd | |∥y − zi∥∗ − ξi| < γ

}
and ∥y0 − x∥∗ < δ, then

∣∣∥y0 − zi∥∗ − ∥x− zi∥∗
∣∣ < γ

and by Lemma 67,

∣∣∥y0 − zi∥∗ − ∥x− zi∥∗
∣∣+ h(δ) ≥ |⟨∇∥x− zi∥∗, y0 − x⟩|.
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Therefore,

k⋂
i=1

{
y ∈ Rd | |∥y − zi∥∗ − ξi| < γ

}
⊂

k⋂
i=1

{
y ∈ Rd | |⟨∇pzi(x), x− y⟩| < γ + h(δ)

}
.

Now, inequality (6.13) implies that there exists a constant C = C(L) satisfying C(L) → ∞

as L → 0 such that

k⋂
i=1

{
y ∈ Rd | |⟨∇pzi(x), x− y⟩| < γ + h(δ)

}
⊂ NC·(γ+h(δ))(W

⊥
z̄ + x)

This completes the proof with Wx := Wz̄.

Proposition 73. Let E ⊂ B(0, 1) ⊂ Rd, α > 0, and G ⊂ E be a countable, dense subset

of E. Then there exists k ∈ {1, . . . , d}, {z1, . . . , zk} ⊂ G, F ⊂ E, and δ0 > 0 such

that dimPE − α ≤ dimP F and for every δ ∈ (0, δ0) and ξ ∈ Rd, there exist m points

x1, . . . , xm ∈ Rd such that m = m(∥ · ∥∗, d) and

p−1(B(ξ, δ)
)
∩ F ⊆

m⋃
n=1

B
(
xn, δ

)
(6.14)

where p = (pzi)
k
i=1.

Proof. Corollary 71 implies that there exist an integer k ∈ {1, . . . , d}, and F ⊂ E such that

dimP F ≥ dimPE − α, F is k-transversal, and for each {x1, . . . , xk+1} ⊂ G

∣∣(∇px1(x) | ∇px2(x) | · · · | ∇pxk+1(x)
)∣∣ = 0

for all x ∈ F . Since F is k-transversal with respect to G, there exist L ∈ (0, 1), {z1, . . . , zk} ⊆

G, such that

∣∣(∇pz1(x) | ∇pz2(x) | · · · | ∇pzk(x)
)∣∣ ≥ L
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for all x ∈ F .

Let x ∈ F and ξ = p(x). Lemma 72 implies that there exists Wx ∈ G(d, k) and C = C(L)

such that

p−1(B(ξ, γ)) ∩ F ∩B(x, δ) ⊂ NC·(γ+h(δ))(W
⊥
x + x) ∩X(x,Wx, η).

Recall, Λ = Λ(∥ · ∥∗, d) for the proof of Lemma 66. Let δ0 > 0 be small enough so that

h(δ) ≤ Λ2
√
1−η2

100C δ for all δ ≤ δ0 and let γ ≤ Λ2
√
1−η2

100C δ.

If y ∈ NC·(γ+h(δ))(W
⊥
x + x), then

∥PWx
(y − x)∥ ≤ Λ−1∥PWx

(y − x)∥∗ ≤ Λ−1C · (γ + h(δ)).

Also, if y ∈ X(x,Wx, η), then ∥PW⊥
x
(y−x)∥ < η∥y−x∥ which implies (1− η2)1/2∥x− y∥ <

∥PWx
(y − x)∥. Thus if y ∈ NC·(γ+h(δ))(W

⊥
x + x) ∩X(x,Wx, η), then

∥x− y∥∗ ≤ Λ−1∥x− y∥ < Λ−2C · (γ + h(δ)) · (1− η2)−1/2.

Therefore,

NC·(γ+h(δ))(W
⊥
x + x) ∩X(x,Wx, η) ⊂ B

(
x,C · (γ+h(δ))

Λ2
√

1−η2

)
⊂ B(x, 1

50δ).

This further implies that for γ =
Λ2
√

1−η2

100C δ

p−1(B(ξ, γ)) ∩ F ∩B(x, δ) ⊂ B(x, 1
50δ) ⊂

⋃
i

B(yi, γ) (6.15)

for at most approximately (2C/Λ2
√

1− η2)d balls of the form B(yi, γ).

Now let γ ≤ 1
100

Λ2
√
1−η2

100C δ0 and cover F with approximately δ−d
0 balls, {Bℓ} of radius

1
100δ0. If p−1(B(ξ, γ)) ∩ F ∩ Bℓ ̸= ∅, let xℓ ∈ p−1(B(ξ, γ)) ∩ F ∩ Bℓ and ξℓ = p(xℓ). Then
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triangle inequality implies

p−1(B(ξ, γ)) ∩ F ∩Bℓ ⊂ p−1(B(ξℓ, 100γ)) ∩ F ∩B(xℓ, δ0)

Now (6.15) implies that for each ℓ, there is a collection, {Bℓ
i }, of approximately(

100 2C
Λ2
√

1−η2

)d
balls of radius γ such that

p−1(B(ξℓ, 100γ)) ∩ F ∩B(xℓ, δ0) ⊂
⋃
i

Bℓ
i

which implies

p−1(B(ξ, γ)) ∩ F =
⋃
ℓ

p−1(B(ξ, γ)) ∩ F ∩Bℓ

=
⋃
ℓ

p−1(B(ξℓ, 100γ)) ∩ F ∩B(xℓ, δ0) ⊂
⋃
ℓ

⋃
i

Bℓ
i

Thus inequality (6.14) is established with

m ∼ δ−d
0

(
200C

Λ2
√
1− η2

)d

.

6.6 Proof of Theorem 56 – The C1 case

Let E ⊂ Rd, let ε > 0, and let ∥ · ∥∗ be a C1 norm on Rd. Let s = dimPE and without loss

of generality, let E ⊂ B(0, 1).

Proposition 73 implies that there exists k ∈ {1, . . . , d}, F ⊂ E and {z1, . . . , zk} ⊂ E

such that dimP F ≥ dimPE − ε and if pi : F → R is defined by

pi(x) := ∥x− zi∥∗
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for all i ∈ {1, . . . , k}, then p := (pi)
k
i=1 is weakly transversal. Therefore, Proposition 59

implies

1

k
dimP F ≤ max

1≤i≤k
dimP pi(F ).

Since pi(F ) = ∆∗
zi(F ),

1

d
dimPE − ε ≤ 1

k
dimPE − ε ≤ 1

k
dimP F ≤ max

1≤i≤k
dimP∆∗

zi(F ) ≤ max
1≤i≤k

dimP∆∗
zi(E).

6.7 Proof of Theorem 57

Let ∥x∥P = max {|x · vℓ|}Nℓ=1 be a polynomial norm such that

{v1, . . . , vN} ⊂ Qd.

Then there exists q ∈ Z+ such that the following holds: for each vj = (v
j
1, . . . , v

j
d) ∈

{v1, . . . , vN} and for each ℓ ∈ {1, . . . , d}, there is a p
j
ℓ ∈ {0, . . . , q − 1} such that

v
j
ℓ =

p
j
ℓ

q
.

Consider two sequences of integers {mk}∞k=1 and {Mk}∞k=1 such that Mk −mk ≥ 2k for all

k and

lim sup
N→∞

#
(
[0, N ] ∩

⋃∞
k=1[mk,Mk]

)
N

=
s

d
.

Let A :=
⋃∞
k=1[mk,Mk] and define F ⊂ R to be the compact set

F :=

{
x =

∞∑
m=1

xm
qm

: xm ∈ {0, 1, . . . , q − 1} ∀m and xm = 0 if m ̸∈ A

}
.
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Then dimP F = s
d , so if we let

E := F × F × · · · × F︸ ︷︷ ︸
d times

⊂ Rd,

then we have dimPE = s. Now for every j ∈ {1, . . . , N},

{
(x− y) · vj : x, y ∈ E

}
=

d⋃
ℓ=1

{ ∞∑
m=1

(xm − ym)p
j
ℓ

qm+1
: xm, ym ∈ {0, 1, . . . , q − 1} ∀m and xm = 0 if m ̸∈ A

}

⊆

{ ∞∑
m=1

xm
qm

: xm ∈ {−q + 1, . . . , q − 1} ∀m and xm = 0 if m ̸∈
∞⋃
k=1

[mk,Mk + 2 + log d]

}
.

Therefore,

dimP

{
|(x− y) · vjℓ | : x ∈ E

}
≤ lim sup

N→∞

#
(
[0, N ] ∩

⋃∞
k=1[mk,Mk + 2 + log d]

)
N

=
s

d

and thus

dimP∆∗(E) ≤ s

d
.

We do not know whether the hypothesis of rational dependence in Theorem 57 can be

omitted. Schematically, producing an example of the sort constructed above without this

dependence between the faces would require solving an overdetermined system of linear

equations. As such, a hypothetical example could not rely on this “prescribed projection"

approach. Such constructions are common in the Hausdorff dimension regime and were

previously used in [6], but prescribing projections at all scales rather than simply a sequence

of scales is fundamentally more challenging.
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CHAPTER 7

ON THE MODULUS OF CONTINUITY OF FUNCTIONS

WHOSE IMAGE HAS POSITIVE MEASURE, AND METRIC

EMBEDDINGS INTO Rd WITHOUT SHRINKING

This chapter is joint work with Marianna Csörnyei and we will be submitting it to a journal

as a paper.

7.0.1 Sard: a brief history

Let f : R⊬n → Rm be a differentiable function. The critical points of f are the points at

which the Jacobian matrix of f has rank less than m, and the critical values are the values

of f at the critical points. The classical Sard theorem (also known as the Sard lemma or

Morse-Sard theorem) says that if a function f is Ck differentiable with k ≥ max(n−m+1, 1)

then the set of the critical values of f in Rm has Lebesgue measure 0. The case m = 1 was

shown by Morse [58], and the general case by Sard [65]. Later Sard in [66] generalized his

theorem to show that if k ≥ max(n−m+1, 1), f is Ck and Xd is the set of points at which

the rank of the Jacobian matrix is strictly less than d, then the d-dimensional Hausdorff

measure of f(Xd) is zero.

Bates [10] lowered the regularity assumption in the original Sard theorem by showing

that if n > m and f ∈ Cn−m,1(Rn,Rm) then the critical values of f has Lebesgue measure

zero. It does not hold for f ∈ Cn−m,α(Rn,Rm) with α < 1.

Dubovitskii and Federer [27], [31] independently gave another generalization of Sard

theorem as the following result. Let n,m, k, d ∈ N, d ≤ min{n,m} − 1, v = d + n−d
k and

f ∈ Ck(Rn,Rm). Then the v-dimensional Hausdorff measure of f(Xd+1) is zero. (Putting

d = m − 1 and k = n −m + 1 gives the classical Sard theorem.) Recently in [32] this has

been generalized to Ck,α functions by Ferone, Korobkov and Roviello. They showed that if
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n, m, k ∈ N, 0 ≤ α ≤ 1, d < m, f ∈ Ck,α(Rn,Rm), q ∈ (d,∞) and v = n−d−(k+α)(q−d),

then

Hv(Xd ∩ f−1(y)) = 0 for Hq-a.e. y ∈ Rm.

In this theorem with α = 0 and q = d+ n−d
k we get the above-mentioned result of Dubovitskii

and Federer. And with α = 1, k = n −m, q = m and d = m − 1 we obtain Bates theorem

for Cn−m,1(Rn,Rm) functions.

Sard theorem has also been generalized in the context of Sobolov spaces. In [61], Pascale

showed that if n < p and k = n −m + 1 then Sard theorem holds for W
k,p
loc (R

n,Rm). For

many other generalizations of Sard theorem see [1], [14], [15], [32], [35], [59], [62], [64] and

[68].

7.0.2 Our generalization, modulus of continuity

Let f ∈ C1,1(R2,R), and let A be the critical set of f , that is, the set of points at which the

gradient of f is zero. Then the restriction of f onto A has modulus of continuity ω(r) ≲ r2.

It is an easy exercise to show that, for every d ≥ 2 and for every A ⊂ Rd, if a function

f : A → R has modulus of continuity ω(r) ≲ rd then f(A) is null.

One of our aims in this paper is to study which functions rd can be replaced by so that

the conclusion of Sard theorem remains true. We ask the following question:

Problem 74. For which ω can one find a set A ⊂ Rd and a function f : A → R with

modulus of continuity ω such that f(A) has positive measure?

Based on the discussion above, it is natural to consider only modulus of continuities ω(r)

for which ω(r)/rd → ∞ as r → 0. Choquet showed (see page 52 in [18]) the following

statement: If ω(r)/r2 converges to infinity as r → 0, then there exist a set A ⊂ R2 and

a function f : A → R with modulus of continuity ω s.t. f(A) has positive measure. The

second author announced in several conferences (see e.g. [22]) that Choquet’s argument was
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incorrect and, in fact, there was a counterexample for his statement: for every A ⊂ R2 and

f : A → R with modulus of continuity ω(r) = r2| log r| the measure of f(A) is zero.

In this paper we give the following characterization:

Theorem 75. Assuming that ω(r) is strictly increasing, convex, ω(0) = 0 and ω(r)/rd is

monotone decreasing, the following are equivalent:

(i) For every A ⊂ Rd and for every f : A → R with modulus of continuity ω, the measure

of f(A) is zero.

(ii)
∫ 1
0 ω(r)−1/d dr = ∞.

We will obtain Theorem 75 as a special case of some general metric embedding results

that we discuss in the next sections. The precise statements of these embedding results are

quite technical (see Section 7.2).

In Section 7.1 we discuss the metric properties that we need to state and prove our general

results. We will focus in Section 7.1 on two interesting special cases: the first one is the Sard

example (i.e. Theorem 75). The other special case, which we call ’Cantor example’ can be

thought of as a sort of discretized version of the continuous Sard problem.

The Cantor case is easier than the Sard case. For instance, in the Cantor case many

of the general constants used in our proof will be 1 (or 0); and while in the Sard case we

need to estimate how certain sets overlap, in the Cantor case they will be disjoint. We hope

that seeing how our proof works in the simpler Cantor example will also help the reader to

understand some of the more delicate details of the Sard (and of the general) proof.

Section 7.3 and Section 7.4 contain the proof of our main result. In Section 7.3 we

prove the non-trivial direction; in Section 7.4 we present a very easy construction showing

the sharpness of our results. This construction has a very similar flavour to the one that

Choquet was using in his paper – we show that, under the correct assumptions, it indeed

gives a function whose image has positive measure.
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7.0.3 Embeddings into Rd.

We study the following question. Suppose that we are given a set X, and a ρ : X×X → R+.

(We do not assume that ρ is a metric, in particular, it does not need to satisfy the triangle

inequality.)

Problem 76. Does there exist a mapping F : X → Rd s.t. F (X) is bounded, and

ρ(x, y) ≤ |F (x)− F (y)| (7.1)

for every x, y ∈ X?

In Problem 74 without loss of generality we can assume that the set A is bounded. We

can also assume that f(A) is an interval, since every set of positive measure in R can be

mapped onto an interval by a contraction. Therefore Problem 74 becomes a special case of

Problem 76 by choosing X to be an interval, and

ρ(x, y) := r if |x− y| = ω(r). (7.2)

Another interesting special case to keep in mind is the following. Suppose that X is a

Cantor set, and we consider a ‘distance function’ on the Cantor set given by a sequence

rn ↘ 0 as follows: ρ(x, y) = rn if x and y were separated in the nth step of the standard

Cantor set construction. For which sequence {rn} can this Cantor set be embedded into Rd

without decreasing any of the distances, i.e. s.t. (7.1) holds?

Another way of thinking about the Cantor set example is the following. As usual, we

identify the 2n subsets in the Cantor set construction by the 2n sequences of 0’s and 1’s of

length n, which we denote by In. We are looking for mappings s.t. |F (x)−F (y)| is at least

rn if x and y don’t belong to the same I ∈ In.

More generally, let I denote the set of all finite sequences of 0’s and 1’s. For every space
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X, we can:

1. Choose a ‘distance function’ ρ(I, J) for every I, J ∈ I.

2. For every I ∈ I, choose a set XI ⊂ X.

3. Ask the question whether there is an F : X → Rn s.t. F (X) is bounded, and

dist (F (XI), F (XJ )) ≥ ρ(I, J)

for every I, J ∈ I.

In the Sard problem, when X is an interval, we can assume this interval contains (0, 1), and

then choose XI to be the open dyadic subinterval of (0, 1) encoded by the sequence I.

Also in the general case, it is convenient to keep the notation coming form the dyadic

intervals idea, i.e. we denote J ⊂ I if the sequence J is a continuation of the sequence I, and

I ∩ J = ∅ if they are not continuations of each other (for each I, J , either I ⊂ J or J ⊂ I or

I ∩ J = ∅). Using this notation, we also assume:

4. XI ⊂ XJ if I ⊂ J .

5. XI ∩XJ = ∅ if I ∩ J = ∅. (We do not assume ρ(XI , XJ ) > 0.)

We can now forget about the underlying space X and study ρ by itself. We assume that

we are given a ‘distance function’ ρ : I × I → R s.t. for every I, J ∈ I:

• ρ(I, J) = 0 if I ⊂ J or J ⊂ I, and ρ(I, J) ≥ 0 for every I, J ;

• ρ(I, J) = ρ(J, I);

• ρ(I,K) ≤ ρ(J,K) if J ⊂ I.

Our main question is the following:
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Problem 77. Can one find for every I ∈ I a bounded set AI ⊂ Rd s.t.

(i) AI ⊂ AJ if I ⊂ J ;

(ii) AI ∩ AJ = ∅ if I ∩ J = ∅;

(iii) dist (AI , AJ ) ≥ ρ(I, J) if I ∩ J = ∅?

Remark 78. If for every x, y ∈ X,

ρ(x, y) = sup{ρ(I, J) : x ∈ XI , y ∈ XJ},

then of course by choosing for each x ∈ X a point

F (x) ∈
⋂

x∈XI

cl (AI),

(7.1) will hold.

We cannot answer this question in its full generality, but we will try to answer it un-

der some ’bounded growth’ assumptions, which we will discuss in the next section. These

assumptions will be satisfied in the Sard problem (i.e. when ρ is defined by (7.2), with a

modulus of continuity whose properties satisfy the assumptions in Theorem 75). And our

bounded growth assumptions will also be automatically satisfied in the Cantor set example

discussed above, when ρ is given by a decreasing sequence {rn}.

Notation: For any set A ⊂ Rd, we denote by |A| the Lebesgue measure and by Hs(A)

the s-dimensional Hausdorff measure of A, respectively. We denote by B(A, r) the open

r-neighborhood of A. We use the standard notation a ≲ b for the existence of an absolute

contant c such that a ≤ cb, and a ∼ b stands for the existence of an absolute contant c such

that both a ≤ cb and b ≤ ca hold.
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7.1 Bounded growth conditions

7.1.1 Properties of ω

Recall that we assumed in Theorem 75 that ω : [0,∞) → [0,∞) is a continuous, strictly

increasing, convex function such that ω(0) = 0 and ω(r)/rd is decreasing. In this section we

state some important corollaries that we will use in the coming sections to show that our

’bounded growth assumptions’ are automatically satisfied in the Sard example. The first

part of Lemma 79 says that ω is doubling. The heart of the matter in our proof in the Sard

case will be part (ii) of Lemma 79 which we will refer to as the ’Lipschitz’ condition. We

will explain its geometric meaning in Section 7.1.3.

Lemma 79. Let ω : [0,∞) → [0,∞) be a continuous, strictly increasing, convex function

such that ω(0) = 0 and ω(r)/rd is decreasing. Then:

(i) ω(2r) ≲ ω(r) for every r > 0.

(ii) ω(r + αR)− ω(r) ≲ αω(R) for every R ≥ r > 0 and α ∈ [0, 1].

Proof. Using the notation ω(r) = rdu(r), the function u(r) is decreasing. Therefore

ω(2r) = 2drdu(2r) ≤ 2drdu(r) = 2dω(r),

so indeed (i) holds. For every R ≥ r > 0, we have

ω(R)− ω(r) = Rdu(R)− rdu(r) = (Rd − rd)u(R) + rd(u(R)− u(r))

≤ (Rd − rd)u(R) ≤ d(R− r)Rd−1u(R) = d(R− r)ω(R)/R. (7.3)

And by convexity, we have

ω(r + αR)− ω(r) ≤ ω(R + αR)− ω(R). (7.4)
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By replacing R by R + αR and replacing r by R in (7.3), we get

ω(R + αR)− ω(R) ≤ dαRω(R + αR)/(R + αR) ≲ αω(2R). (7.5)

Combining (7.4), (7.5) and (i) gives (ii).

7.1.2 The sequence {rn} and the sets CI

Now consider the general case. For each J ⊂ I denote

ρJ,I := inf{ρ(J,K) : K ∩ I = ∅}

and

ρI := sup
J⊂I

ρJ,I .

In the Cantor set example, if I ∈ In then everything in I has distance (at least) rn from

the complement of I, so in this case ρJ,I = ρI = rn for every J ⊂ I. In the Sard example

(identifying the sequence I with the corresponding dyadic interval I ⊂ (0, 1)), ρJ,I = r is

defined by ω(r) = dist (J, Ic), and therefore ρI = r is given by ω(r) = 1/2n+1. In both

examples, ρI depends only on the length of the sequence I. We will also assume in the

general case that rn := ρI depends only on n, for I ∈ In.

Now we are ready to state our first bounded growth condition: There are some absolute

constants s.t. for each I ∈ In and for each m ≥ n, and for all except at most constant many

J ∈ Im outside I,

ρ(I, J) ≳ rm.

Heuristically, this captures the fact that our dyadic intervals have a linear structure,

they are not, say, dyadic squares. More precisely, their boundary is ’0 dimensional’: in every

‘annulus’ of width ∼ rm there are only constant many intervals of size ∼ rm. (In the Sard
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example, this means we are looking at the real valued, not the vector valued case.)

This 0 dimensional boundary condition is obviously true when our intervals are indeed

intervals, and ω is doubling (see property (i) in Lemma 79), i.e. our bounded growth as-

sumption holds trivially in the Sard case. And it also obviously holds in the Cantor set

example, with no exceptional J ’s, because of our special distance function ρ we chose in that

case.

Why are we happy about this? It has a geometric meaning. Remember that we are

looking for embeddings into Rd, satisfying the conditions in Problem 77. If such a mapping

exists, denote

CI :=
⋃
J⊂I

B(AJ , cρI,J ) ⊂ Rd (7.6)

with some sufficiently small constant c, given by the bounded growth assumption. By the

definition of ρJ,I , if c ≤ 1/2 then these sets are pairwise disjoint. But thanks to the

bounded growth assumption, we can say more: since for every interval I ∈ In, for every

m ≥ n, and for all but constantly many I ′ ∈ Im, and for any J ⊂ I, J ′ ⊂ I ′ there

holds ρ(J, J ′) ≳ max(ρJ,I , ρJ ′,I ′ , rm), therefore for these intervals and for c sufficiently small

enough ρ(J, J ′) ≥ c(ρJ,I + ρJ ′,I ′ + 2rm). Hence:

Property 1. For each I ∈ In and for each m ≥ n, there are at most constant many I ′ ∈ Im

s.t. B(CI , crm) ∩B(CI ′ , crm) ̸= ∅.

In our main result we will characterize for which ρ can such sets CI with small overlaps of

their neighborhoods exist in Rd. We will not actually use how the sets CI were defined, and

we will forget what ρ was, we will only assume that the sets CI have some nice properties

implied by ρ. One of the key assumptions we will use is that Property 1 holds.

Another key property we will use (which follows immediately from the definition of our

CI above) is that the sets CI are not too small:

Property 2. For each I ∈ In, CI contains a ball of radius ∼ rn.

123



7.1.3 The sets EI,j and their annuli DI,j

Consider first the Sard problem. Recall our ‘Lipschitz’ condition (ii) in Lemma 79:

ω(r + αR)− ω(r) ≲ αω(R) (7.7)

for every r ≤ R and α ∈ [0, 1].

This again has a very nice geometric corollary, which we now explain. In the Cantor set

example we won’t have an analogue of the Lipschitz condition (7.7), but the same geometric

corollary will hold also in that case. As in the previous section, we will later care only about

this corollary and not about how our sets were defined.

In the Sard case it is natural to consider every interval I ⊂ [0, 1], not only dyadic intervals.

For arbitrary intervals J ⊂ I we can define ρJ,I to be the ρ distance of J from the complement

of I, and then define CI by (7.6). In (7.6), I is now not necessarily a dyadic interval, but

the subintervals J are dyadic (we haven’t defined the sets AJ for non-dyadic intervals).

By exactly the same argument as in the previous section, if I ∩ I ′ = ∅ then CI ∩C ′
I = ∅,

and moreover, using the same argument we will show that the following generalization of

Property 1 hold: if I is arbitrary, J ∈ Im, |I| ≥ |J |, and the ρ-distance between I and I ′ is

at least rm, then

B(CI , crm) ∩B(CJ , crm) = ∅. (7.8)

In order to show this we need to check that for every J ⊂ I and J ′ ⊂ I ′, the dis-

tance of AJ , A′
J is at least cρJ,I + cρJ ′,I ′ + 2crm, which we indeed have since ρ(J, J ′) ≥

max(ρJ,I , ρJ ′,I ′ , rm).

So far nothing happened, everything is exactly the same as in the previous section. But

(7.7) allows us to say something more delicate: for every J ⊂ I ⊂ I ′, the Lipschitz condition

(7.7) tells us that there is an absolute constant L s.t. ρJ,I ′−ρJ,I ≥ αR if ω(ρJ,I ′)−ω(ρJ,I) ≥

Lαω(R) and ρ(J, I) ≤ R. In particular, if the Euclidean distance of I from the complement
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of I ′ is ≥ Lαω(R) and ρ(J, I) ≤ R then ρJ,I ′ − ρJ,I ≥ αR, for all J ⊂ I.

For any d > 0, let Id denote the Euclidean d-neighbourhood of I. Then with I ′ = Id,

d = Lαω(R), the above discussion tells us that ρJ,I + αR ≤ ρJ,I ′ , i.e.,

B(CI , αR) ⊂ CILαω(R)
(7.9)

for every α ≤ 1, provided that ρJ,I ≤ R for every J ⊂ I.

Now let I ∈ In, m ≥ n, and for each j ≥ 0 denote

EI,j := CIj2−m
, DI,j = B(EI,j , crm) \ EI,j .

(Slightly abusing the notation, we put I0 = I, i.e. EI,0 = CI . Also, the sets EI,j , DI,j

depend not only on I and j but also on m. We will always fix an m before using them

therefore we hope that the ambiguity of our notation will not cause any confusion.) For

future reference, note that

Property 3. CI ⊂ EI,j for every I ∈ In and for every j.

From (7.9), with R ∼ rn, ω(R) ∼ 2−n, and αR = crm, i.e. α = crm/R we get

DI,j ⊂ B(EI,j , crm) = B(CIj2−m
, crm) ⊂ CIj2−m+Lαω(R)

⊂ CIj′2−m
, (7.10)

if

j′ − j ≥ Lαω(R)2m ∼ 2m−nrm/rn.

In order for this calculation to be valid we need α ≤ 1 (which we have if c is small enough),

but we also need that for every J ⊂ Ij2−m there holds ρJ,Ij2−m
≤ R. So (using the doubling

property of ω) it holds for every 0 ≤ j < km,n with some

kn,m ∼ 2m−n.
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Note that since ω is convex, therefore ω(rm)/rm ≤ ω(rn)/rn, and since ω(rm) ∼ 2−m,

ω(rn) ∼ 2−n, therefore

kn,mrm/rn ∼ 2m−nrm/rn ≳ 1.

We will show the following two properties:

Property 4. There is an absolute constant s.t. for each J ∈ Im there are only constant

many pairs (I, j) with I ∈ In, j < kn,m s.t. DI,j ∩ CJ ̸= ∅.

Property 5. For every m > n,
∑

I∈In,j<kn,m
χDI,j(x)

≲ kn,mrm/rn for every x.

Property 5 follows from the observations that:

(i) For j′ − j ≳ 2m−nrm/rn, we have CIj2−m
∩DI,j = ∅ and DI,j ⊂ CIj′2−m

. Therefore

DI,j ∩DI,j′ = ∅ and for each I and x ∈ Rd,
∑

j<kn,m χDI,j(x)
≲ kn,mrm/rn.

(ii) For every I, j, I ′, j′, we have DI,j ⊂ CI2−n
and DI ′,j′ ⊂ CI ′2−n

, therefore if

dist (I, I ′) > 2/2−n, then DI,j ∩ DI ′,j′ = ∅. And for each fixed I there are only

constant many I ′ with dist (I, I ′) ≤ 2/2−n.

In order to prove Property 4, we use (7.8). If DI,j ∩ CJ ̸= ∅, then the distance of

EI,j = CIj2−m
and J is at most 2−m. Clearly, there are only constantly many such I, and

for each I there is only one j for which DI,j ∩ CJ ̸= ∅.

Now consider the Cantor case. In that example we don’t have any non-dyadic intervals,

and we don’t have any analogue of the Lipschitz condition (7.7). We cannot repeat the same

construction, we can instead find sets EI,j and their annuli DI,j satisfying Properties 3-5

using a much more trivial construcion. We will show that in the Cantor case we can choose

kn,m to be as large as we like.

Fix n ≤ m and a kn,m ≳ rn/rm. Recall that in the Cantor case we have CI =⋃
J⊂I B(AJ , crn) for I ∈ In, with some sufficiently small constant c. We assume c < 1/6,
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and for every j < kn,m define

EI,j := B(CI , cjrn/kn,m), DI,j = B(EI,j , crm) \ EI,j .

Since DI,j ⊂ B(EI,j , crm) ⊂ B(CI , 2crn) ⊂ B(AI , 3crn) ⊂ B(AI , rn/2), therefore DI,j

cannot intersect any CJ , so Property 4 holds trivially. Moreover each DI,j intersects ≲

kn,mrm/rn many other annuli, so indeed Property 5 holds.

Remark 80. Heuristically, the fact that we can choose kn,m to be arbitrarily large says that

the Cantor set exhibits properties that a 0-dimensional set has. The fact that for the interval

we have kn,m ∼ 2m−n corresponds to the fact that the interval is 1-dimensional. In fact,

our proof will only use that kn,m increases faster than 2(m−n)/d; heuristically this says that

(that part of) our proof works as long as our set is less than d-dimensional.

7.1.4 Boundary

In this section we will describe two more properties, which are very easy to check both in

the Sard and in the Cantor case. They will again state a sort of ‘0-dimensional boundary’

type condition.

We will now consider three scales, m > n > k. We fix a large enough absolute constant

q, and assume that n ≥ k + q, m ≥ n + q. We fix k, and also fix an interval I ∈ Ik. Our

claim is that for every n ≥ k + q there is an I ′n ⊂ {I ′ ∈ In : I ′ ⊂ I}, s.t. I ′n ̸= ∅, and the

following hold.

Remark 81. We want to think of this as intervals I ′ in I not too close to the complement of

I. In the Cantor set example, nothing in I is close to the complement of I, and therefore I ′n

will be the set of all intervals I ′ ∈ In contained in I. And we can take q = 1. In the Sard

example, we will need to throw away intervals close to each of the endpoints. The statement

will be true with q = 3.
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The properties we will show: for every n ≥ k + q and for every m ≥ n+ q, the sets DJ,j

in the previous section satisfy the following.

Property 6. DI ′,j ⊂ CI for every I ′ ∈ I ′n, j < kn,m.

Property 7. If DI ′,j ∩ CI ′′ ̸= ∅ for some I ′ ∈ I ′n, j < kn,m and I ′′ ∈ Im, then I ′′ ∈ I ′m.

In the Cantor case this is obvious. In the Sard case, we divide I into 2n−k subintervals

and throw away the first two and the last two. With q ≥ 3 some intervals will be left, i.e.

I ′n ̸= ∅.

We have already seen in the last section that DI ′,j ⊂ CI2−n
, therefore DI ′,j ⊂ CI for all

except possibly the first and the last I ′. And we have also seen that if DI ′,j ∩CI ′′ ̸= ∅, then

dist (I ′, I ′′) ≤ 2−n. So I ′′ is not contained in the first or last I ′, and then of course it cannot

be the one of the first or last two I ′′.

7.2 Main result

7.2.1 Main geometric result in Rd

For the convenience of the reader, first we re-list Properties 1-7, with crn replaced by rn

everywhere. The absolute constant in Property 4 we denote by C. Using this new notation,

the bounded growth conditions are telling us that:

• For every n and I ∈ In there is a set CI ⊂ Rd s.t.

(P1) For each m ≥ n, there are at most constant many I ′ ∈ Im s.t. B(CI , rm) ∩

B(CI ′ , rm) ̸= ∅.

(P2) CI contains a ball of radius ∼ rn.

• For every m ≥ n and j ≥ 0 there are sets EI,j and their annuli DI,j = B(EI,j , rm) \

EI,j , and kn,m ≳ rn/rm, satisfying the following:
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(P3) CI ⊂ EI,j for every I ∈ In and for every j.

(P4) For each m ≥ n and J ∈ Im there are at most C many pairs (I, j) with I ∈ In,

j < kn,m s.t. DI,j ∩ CJ ̸= ∅.

(P5) For every m > n,
∑

I∈In,j<kn,m
χDI,j(x)

≲ kn,mrm/rn for every x.

• If q ∈ N is large enough, then for every n ≥ k + q,m ≥ n + q and I ∈ Ik there is an

I ′n ⊂ {I ′ ∈ In : I ′ ⊂ I}, s.t. I ′n ̸= ∅, and the following hold:

(P6) DI ′,j ⊂ CI for every I ′ ∈ I ′n, j < kn,m.

(P7) If DI ′,j ∩ CI ′′ ̸= ∅ for some I ′ ∈ I ′n, j < kn,m and I ′′ ∈ Im, then I ′′ ∈ I ′m.

Proposition 82 below is a characterization for the existence of these sets. Note that it

is a purely geometric statement about sets in Rd; it has nothing to do with any modulus

of continuity ω or distance function ρ. We do not assume in Proposition 82 that the sets

CI , EI,j were defined via any embedding of any space into Rd.

For our characterization we need kn,m ≫ 2(m−n)/d, more precisely, the assumptions we

use are:

sup
n

∑
m≥n

2(m−n)/dk−1
n,m < ∞ (7.11)

and

2(m−n)/dk−1
n,m < (4C)−1 if m− n is large enough. (7.12)

Proposition 82. Let C, q ∈ N, let {rn} be a decreasing sequence converging to 0, and

suppose that for every m ≥ n we are given a kn,m ≳ rn/rm satisfying (7.11) and (7.12).

Then the following are equivalent:

(I) There exist some sets for which (P1)-(P7) hold.

(II)
∑

n 2
n/drn < ∞.
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Remark 83. Note that (II) holds for a sequence {rn} if and only if it holds for {crn} with

a constant c. Also all other properties listed in this section remain valid when we replace

each set S ⊂ Rd by cS and we replace rn by crn. There wasn’t any mathematical reason

for replacing crn by rn at the beginning of this section – we did this only to simplify our

formulas and notation (in this and in all subsequent sections).

Remark 84. We do not actually need the implication (II) =⇒ (I) in Proposition 82 for

Theorem 85 and Theorem 86. We will get this for free, without any additional work, in

Section 7.4. Since it is an interesting statement, we included this for the sake of completeness.

7.2.2 Our answer to Problem 77

We verified in Section 7.1 that in the Sard and in the Cantor case part (I) of Proposition 82

holds with some C, q ∈ N. In the Sard case we had ω(rn) = 1/2n+1 (using our old definition

of rn), and kn,m ∼ 2n−m. In the Cantor case {rn} was an arbitrary sequence decreasing to

0, and we could choose kn,m to be arbitrary large.

It is an easy exercise to check that with the choice ω(rn) = 1/2n+1, (II) of Proposition 82

is equivalent to
∫ 1
0 ω(r)−1/d dr < ∞. Since (I) implies (II) in Proposition 82, therefore indeed

(ii) implies (i) in Theorem 75. Similarly, in the Cantor case, the implication (I) =⇒ (II) in

Proposition 82 shows that if we have a positive answer to Problem 77 then (II) holds.

In the general case, we say that a distance function ρ has bounded growth, if the following

is true: if the answer to Problem 77 is positive, i.e. the sets AI exist, then (I) of Proposition

82 holds (with the sequence {rn} defined by ρ in Section 7.1.2 and with some appropriately

chosen C, q, kn,m satisfying the assumptions in Proposition 82). We know that in the Sard

and in the Cantor example we always have bounded growth.

Now let ρ be an arbitrary distance function and let {rn} be the sequence defined in

Section 7.1.2. Then it follows from (I) =⇒ (II) in Proposition 82 that:
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Theorem 85. Suppose that the distance function ρ has bounded growth. Then a positive

answer to Problem 77 implies
∑

n 2
n/drn < ∞.

For the reverse implication, we need to introduce one more notation. Let r∗n denote the

supremum of ρ(J1, J2), where the supremum is taken over all sequences I1, J2 ∈ I whose

length is at least n and whose first n − 1 terms agree and the nth term differs. That is, n

is the first index for which they are contained in two different intervals I1, I2 ∈ In. (In the

Sard case ω(r∗n) = 1/2n−1 and in the Cantor case r∗n = rn. So in both cases r∗n ∼ rn.)

For the following theorem we don’t need to assume that ρ has bounded growth. Our

construction in Section 7.4 will show that:

Theorem 86. If
∑

n 2
n/dr∗n < ∞, then there is a positive answer to Problem 4.

A corollary of this is that:

Corollary 87. If ρ has bounded growth, and rn ∼ r∗n, then the answer to Problem 4 is

positive if and only if
∑

n 2
n/drn < ∞.

In particular, this implies Theorem 75.

In Section 7.3 we prove the implication (I) =⇒ (II) in Proposition 82, and hence also

Theorem 85. In Section 7.4 we will prove Theorem 86 and also the reverse implication in

Proposition 82.

7.3 Proof of (I) =⇒ (II) in Proposition 82

7.3.1 Beginning of the proof

Suppose that (I) of Proposition 82 holds and (II) fails. Our aim is to find a contradiction.

Let C be the absolute constant in (P4). Choose q ∈ N large enough so that (P6) and

(P7) hold for q and moreover (7.12) holds if m− n ≥ q.
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If we split the divergent sum
∑

2n/drn into q sums, at least one of them will be divergent.

Without loss of generality we assume

∑
n

2qn/drqn = ∞. (7.13)

Let p
d/(d−1)
n denote the minimal measure among the |CI |, where I ∈ In.

Remark 88. The motivation for our strange notation is that later in some sense pn will play

the role of perimeter.

To simplify our notation, denote

Qn := 2qn/d, Rn := rqn, Pn := pqn, Kn,m := kqn,qm, Sn,m =
m∑

k=n+1

QkRk.

By (P2), we have Rn ≲ P
1/(d−1)
n for every n. We will contradict (7.13), i.e. contradict∑

QnRn = ∞ by showing that:

Lemma 89. For every n there is m > n s.t.

Sn,m ≲ QnP
1/(d−1)
n −QmP

1/(d−1)
m . (7.14)

Finding a contradiction using Lemma 89. We take n1 = 1 and using Lemma 89 inductively

choose a sequence {nk}k∈N such that

Snk,nk+1 ≲ QnkP
1/(d−1)
nk+1

−QnkP
1/(d−1)
nk+1

.

Summing over all k, we have a telescopic sum on the right hand side. We have

nk+1∑
i=1

QiRi ≲ Q1P
1/(d−1)
1 .
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Since the left hand side goes to infinity, we get a contradiction.

Our aim is to prove Lemma 89. Fix n, and fix an I ∈ Iqn with |CI | = P
d/(d−1)
n . Note

that for m = n + 1, the left hand side of (7.14) is Qn+1Rn+1 ≤ Qn+1Rn ≲ QnP
1/(d−1)
n .

Since also Qn+1 ≤ Qn, therefore if Pn+1 ≪ Pn then (7.14) holds with m = n+1. From now

on, we assume that

Pn+1 ≳ Pn (for our fixed n). (7.15)

Under this assumption, we will show a stronger statement than Lemma 89. Since xd− yd ≲

xd−1(x− y) for every x ≥ y ≥ 0, we have

|CI \
⋃

J∈Iqm
CJ | ≤ P

d/(d−1)
n − 2q(m−n)P

d/(d−1)
m

≲ Pn(P
1/(d−1)
n − 2q(m−n)/dP

1/(d−1)
m )

= PnQ
−1
n (QnP

1/(d−1)
n −QmP

1/(d−1)
m ).

We will show that there is an m > n s.t.

PnQ
−1
n Sn,m ≲ |CI \

⋃
J∈Iqm

CJ |. (7.16)

Remark 90. We will decompose the set in the right hand side of (7.16), using the annuli

described in the bounded growth sections. And then we will estimate its measure using a

generalization of the isoperimetric inequality, which we describe in the next section.

7.3.2 Perimeters

By the isoperimetric inequality,

|B(S, r) \ S| ≳ r|S|(d−1)/d

133



for every set S ⊂ Rd and every r > 0. A trivial corollary of this is that

|B(T, r) \ T | ≳ r|T |(d−1)/d ≥ r|S|(d−1)/d for every T ⊃ S.

As a refinement of this, we introduce in this section a sort of ‘minimal perimeter’ of a bounded

set S.

Let S be an arbitrary bounded set, and let u be the distance function from S. Then

u is Lipschitz with Lipschitz constant 1, hence it is differentiable almost everywhere, with

|∇u| ≤ 1. Moreover, it is easy to check that at every x ̸∈ cl(S), the directional derivative of

u is 1 along the line segment joining x to its closest point y ∈ cl(S). Therefore |∇u| = 1 at

a.e. x ̸∈ cl(S), thus by the coarea formula we have

|B(S, r) \ S| ≥
∫
B(S,r)\cl(S)

|∇u| =
∫ r

0
Hd−1(u−1(t)) dt =

∫ r

0
Hd−1(∂B(S, t)) dt.

Motivated by this, denote

P0(S) := ess inft>0Hd−1(∂B(S, t))

and

P (S) := inf
T⊃S

P0(T ).

Then, clearly,

P0(S) = inf
r1,r2>0

|B(S, r1 + r2) \B(S, r1)|/r2, (7.17)

where, by the isoperimetric inequality,

|B(S, r1 + r2) \B(S, r1)|/r2 ≳ |B(S, r1)|(d−1)/d ≥ |S|(d−1)/d.

Therefore P0(S) ≳ |S|(d−1)/d, and moreover, for every T ⊃ S, P0(T ) ≳ |T |(d−1)/d ≥
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|S|(d−1)/d. So

P (S) ≳ |S|(d−1)/d. (7.18)

By (7.17), for every ε > 0 there exist T ⊃ S and r1, r2 > 0 such that

|B(T, r1 + r2) \B(T, r1)|/r2 ≤ P0(T ) + ε/2 ≤ P (S) + ε.

Taking T ′ = B(T, r1), we have that P (S) ≤ |B(T ′, r2) \ T ′|/r2 ≤ P (S) + ε. Since ε is

arbitrary, we have

P (S) = inf
T⊃cl(S),r>0

|B(T, r) \ T |/r, (7.19)

and for future reference let us note also its trivial corollary

|B(S, r) \ S| ≥ rP (S). (7.20)

Further properties of P (S) that we will be using are the following.

Lemma 91. For every bounded sets S1, S2 ⊂ Rd and r > 0:

(i) P (S1 ∪ S2) ≤ P (S1) + P (S2);

(ii) |B(S1, r) \ (S1 ∪ S2)| ≥ rP (S1)− rP (S2).

Using induction, an immediate corollary is: for every bounded sets Sj ⊂ Rd and r > 0:

|B(S0, r) \
n⋃

j=0

Sn| ≥ rP (S0)− r
n∑

j=1

P (Sj). (7.21)

Remark 92. The key properties we will need for the proof of our main theorem are (7.18),

(7.20) and (7.21). The reason for considering P (S) instead of the simpler notions |S|(d−1)/d

or P0(S) is that Lemma 91, and hence also (7.21) do not hold with P replaced by |S|(d−1)/d

or P0.
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Proof of Lemma 91. Property (i) follows easily from the observation that if T1 ⊃ S1, T2 ⊃

S2, and (say) r1 ≥ r2, then with T := B(T1, r1 − r2) ∪ T2,

Hd−1(∂B(T, r2)) ≤ Hd−1(∂B(T1, r1)) +Hd−1(∂B(T2, r2)). (7.22)

Indeed, for each ε > 0 there are positively many r1 and positively many r2 s.t.

Hd−1(∂B(T1, r1)) ≤ P0(T1) + ε, Hd−1(∂B(T2, r2)) ≤ P0(T2) + ε, (7.23)

and without loss of generality we can assume that there are positively many r1, r2 satisfying

(7.23) for which r1 ≥ r2. Then we can fix an r > 0 for which there are positively many r1, r2

satisfying (7.23) with r = r1 − r2. With T = B(T1, r) ∪ T2, from (7.22) and (7.23) we get

P (S1 ∪ S2) ≤ P0(T ) ≤ P0(T1) + P0(T2) + 2ε. Since this holds for every T1 ⊃ S1, T2 ⊃ S2

and ε > 0, therefore (i) follows.

In order to prove (ii), again fix an ε > 0. Then by (7.19) and by the co-area formula

there is a T ′ ⊃ S2 and r > 0 s.t.

1

r

∫ r

0
Hd−1(∂B(T ′, t)) dt =

1

r
|B(T ′, r) \ cl(T ′)| < P (S2) + ε/2.

Let t′ ∈ (0, r) to be a Lebesgue density point of t → Hd−1(∂B(T ′, t)) for which

Hd−1(∂B(T ′, t′)) < ε/2 + ess inft∈(0,r)Hd−1(∂B(T ′, t)). Then with T2 := B(T ′, t′) and

an rε small enough we have

1

r

∫ r

0
Hd−1(∂B(T2, t)) dt < P (S2) + ε for all r < rε.
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Then for any T ⊃ S1 and r < rε, we have

P (T ) ≤ P (T ∪ T2) ≤
1

r

∫ r

0
Hd−1(∂B(T ∪ T2, t)) dt

≤ 1

r

(∫ r

0
Hd−1(∂B(T, t) \ T2) dt+

∫ r

0
Hd−1(∂B(T2, t)) dt

)
≤ 1

r

∫ r

0
Hd−1(∂B(T, t) \ T2) dt+ P (S2) + ε.

Since T2 ⊃ cl(S2) we have

P (S1)− P (S2)− ε ≤ P (T )− P (S2)− ε ≤ 1

r

∫ r

0
Hd−1(∂B(T, t) \ T2) dt

≤ 1

r

∫ r

0
Hd−1(∂B(T, t) \ cl(S2)) dt

for all r < rε. This holds for every T ⊃ S1, in particular it holds for T = B(S1, t0) with

every t0 > 0. Taking infimum for all t0 > 0 and all r < rε we can see that

P (S1)− P (S2)− ε ≤ ess inft>0Hd−1(∂B(S1, t) \ cl(S2)).

Applying the co-area formula for the distance function from S1, on the domain B(S1, r)\

(cl(S1) ∪ cl(S2)), we obtain

r(P (S1)− P (S2)− ε) ≤
∫ r

0
Hd−1(∂B(S1, t) \ cl(S2)) dt

= |B(S1, r) \ (cl(S1) ∪ cl(S2))| ≤ |B(S1, r) \ (S1 ∪ S2)|.

Since this holds for every ε > 0, the proof is finished.
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7.3.3 Estimating the right hand side of (7.16)

Denote

Tm := Rm

∑
J∈I ′qm

P (CJ ).

By (7.20) this is a lower estimate for
∑

|B(CJ , Rm) \CJ |, and by (P1) the sets B(CJ , Rm)

have bounded overlap.

Therefore Tm ≲ 1 for every m. On the other hand, for n + 1 we have from (7.15) the

lower estimate

Tn+1 ≳ Rn+1

∑
J∈I ′

q(n+1)

|CJ |(d−1)/d ≥ Rn+1Pn+1 ≳ Rn+1Pn ≳ PnQ
−1
n Sn,n+1.

So (7.16) would hold, with m = n+ 1, if we could replace its right hand side by Tn+1.

Remark 93. In the Cantor example we can indeed replace it by Tn+1. Which makes every-

thing much easier. However, in the Sard, and in the general case, we cannot, we will prove

only a (somewhat) weaker lower bound, with an error term. See (7.24) below. In the next

section our goal will be to make the error term small enough (compared to the main term).

Note that in all the above formulas we sum only for I ′qm and not for Iqm. We apply in

this section the results of Section 7.1.4 for the interval I we fixed.

By (P5) and (P6), for each M > N > n we have

rM
rN

·KN,M |CI \
⋃

J∈IM

CJ | ≳
∑

I0∈I ′N
0≤j<KN,M

|DI0,j \
⋃

J∈IM

CJ |,

and by (7.21)

|DI0,j \
⋃

J∈IM

CJ | ≥ rMP (EI0,j)− rM
∑

J∈IM
CJ∩DI0,j

̸=∅

P (CJ ).

138



By (P3), we have P (EI0,j) ≥ P (CI0), and by (P4) and (P7),

∑
I0∈IN

0≤j<KN,M

∑
J∈IM

CJ∩DI0,j
̸=∅

P (CJ ) ≤ C
∑

J∈IM
∃(I0,j) : CJ∩DI0,j

̸=∅

P (CJ ) ≤ C
∑

J∈I ′M

P (CJ ).

where C is the absolute constant in (P4).

Putting these estimates together we get

|CI \
⋃

J∈IM

CJ | ≳ rN (
∑
J∈I ′N

P (CJ )− CK−1
N,M

∑
J∈I ′M

P (CJ ))

= TN − C(KN,M rM/rN )−1TM .

Recall that our aim is to show that (7.16) holds for some (carefully chosen) m. We will

prove this by showing that there is n < N < M s.t.

PnQ
−1
n Sn,M ≲ TN − C(KN,M rM/rN )−1TM . (7.24)

We have already seen that

PnQ
−1
n Sn,n+1 ≲ Tn+1. (7.25)

7.3.4 Finding N and M

To further simplify notation, for every m ≥ n denote

am := PnQ
−1
n QmRm.

Using this notation, am+1 ≲ am for every m,
∑

m am = ∞, and our aim is to show that

M∑
k=n+1

ak ≲ TN − CK−1
N,M2q(M−N)/dTMaN/aM (7.26)

139



for some n < N < M . For simplicity, also denote

LN,M := 2CK−1
N,M2q(M−N)/d

for every n < N < M . We know from (7.11) and (7.12) that
∑

M LN,M ≲ 1 for every N ,

and LN,M ≤ 1/2 for every N,M .

We have lim supM→∞ L−1
N,MaM = ∞ (otherwise ∞ =

∑
M aM ≲

∑
M LN,M < ∞,

which is a contradiction). Therefore, inductively, we can choose a subsequence, starting

from n0 = n+ 1, and then by choosing, after each ank , the first ank+1 for which

ank+1 > Lnk,nk+1ank .

Since al ≤ Lnk,lank < ank for nk < l < nk+1, and ank+1 ≲ ank+1−1, therefore

ank+1 ≲ ank . (7.27)

Also
nk+1−1∑
l=nk

al = ank +

nk+1−1∑
l=nk+1

al ≤ ank + (

nk+1−1∑
l=nk+1

Lnk,l)ank ∼ ank ,

so
nk+1−1∑
l=nk

al ∼ ank . (7.28)

Inequalities (7.27) and (7.28), together with

anm/ank−1 = (anm/anm+1) · (anm+1/anm+2) · · · (ank−2/ank−1)

≲ (Lnm,nm+1Lnm+11,nm+2
. . . Lnk−2,nk−1)

−1
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give

nk∑
l=n0

al ≲
k∑

m=0

anm ≲
k−1∑
m=0

anm = ank−1

k−1∑
m=0

anm/ank−1

≲ ank−1

k−1∑
m=0

(Lnm,nm+1Lnm+1,nm+2 . . . Lnk−2,nk−1)
−1.

By our assumption LN,M ≤ 1/2, in the last sum each term is at most half of the previous

term. Therefore we can estimate the sum by its first term, and we get

nk∑
l=n0

al ≲ ank−1(Ln0,n1Ln1,n2 . . . Lnk−2,nk−1)
−1 := snk−1 .

Since the left hand side of this converges to infinity, therefore snk → ∞ as k → ∞.

We defined snm−1 as an upper bound of the left hand side of (7.26) (when we replace

M by nm in (7.26)). We will prove (7.26) by showing that there is an m ≥ 1 s.t. with

N = nm−1, M = nm,

sN ≲ TN − 2−1LN,MTMaN/aM . (7.29)

Using (7.25) we have sn0 = an0 ≲ Tn0 . The fact that snk goes to infinity and Tnk is bounded

allows us to choose m to be the first index for which this inequality fails. That is, with

some absolute constant c0 and some m > 0, N = nm−1, M = nm we have sN ≤ c0TN and

sM > c0TM . In particular, TM/TN < sM/sN = L−1
N,MaM/aN , i.e. LN,MTMaN/aM < TN .

Using this, the right hand side of (7.29) is

TN − 2−1LN,MTMaN/aM > TN/2.

This together with sN ≤ c0TN finishes the proof of (7.29) and hence finishes the proof of

Lemma 89.
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7.4 Construction

Let {vn} be an arbitrary sequence decreasing to 0, and assume that
∑

n 2
n/dvn < ∞. We

split it into d subsequences {vdn+m}∞n=1, m = 0, 1, . . . , d − 1. For each m, take a Cantor

set lying on the mth coordinate axes of Rd, whose gaps have length vdn+m in the nth

stage of the standard Cantor set construction (since it has 2n−1 gaps of length vdn+m, and∑
n 2

n−1vdn+m < ∞, therefore such a Cantor set exists).

Now consider a finite sequence of 0′s and 1′s, say, I = x1x2 . . . xN . We can split this into

d subsequences, by putting into the mth subsequence those xj for which j ≡ m (mod d). For

the mth subsequence, let Im denote the corresponding construction interval of the Cantor

set on the mth coordinate axis. And let RI = Rx1x2...xN denote the rectangle RI = I0 ×

I1 × · · · × Im−1. It is immediate to see that if we have another sequence I ′ = x′1x
′
2 . . . x

′
N ,

and xk ̸= x′k for some 1 ≤ k ≤ N , then the distance of RI and RI ′ is at least vk: indeed, if

k ≡ m (mod d), then the sets RI , RI ′ project onto two different intervals in the mth direction

and these two intervals are separated by a gap of length at least vk.

Proof of Theorem 86. Put vn := r∗n and AI := RI in the above construction.

Proof of (II) =⇒ (I) in Proposition 82. Let {rn} be the sequence in (II) of Proposition 82.

Consider the Cantor case, with this sequence {rn}. By Theorem 86 in this case we have

a positive answer to Problem 77. And since in the Cantor case we have bounded growth,

therefore we know that there are sets satisfying (P1)-(P7) with some C, q, kn,m. Moreover,

in the Cantor case we can choose C to be anything we like (since in (P4), instead of ’constant

many pairs (I, j)’, there are none), we can also choose q to be anything we like (since we

have seen that (P6)-(P7) hold with q = 1), and we have also seen that we can choose kn,m

to be arbitrary. This shows that indeed for any given C, q, kn,m there are sets satisfying

(P1)-(P7), i.e. (I) of Proposition 82 holds.

142



REFERENCES

[1] G. Alberti, Generalized N-property and Sard theorem for Sobolev maps, Atti Accad.

Naz. Lincei Cl. Sci. Fis. Mat. Natur.,23(4): 477-491, 2012.

[2] G. Alberti, S. Bianchini, and G. Crippa, Structure of level sets and sard-type prop-

erties of lipschitz maps, Annali della Scuola Normale Superiore di Pisa-Classe di

Scienze, 12(4):863–902, 2013.

[3] G. Alberti, S. Bianchini, and G. Crippa, A uniqueness result for the continu-

ity equation in two dimensions, Journal of the European Mathematical Society,

16(2):201–234, 2014.

[4] G. Alberti, M. Csörnyei, and D. Preiss, Structure of null sets in the plane and ap-

plications, European Congress of Mathematics, pages 3–22. Eur. Math. Soc., Zurich,

2005.

[5] I. Altaf, A one-dimensional planar Besicovitch-type set, arxiv.org/abs/2412.11190,

2024.

[6] I. Altaf, R. Bushling and B. Wilson, Distance sets bounds for polyhedral norms via

effective dimension, https://arxiv.org/abs/2305.06937, 2023.

[7] I. Altaf, M. Csörnyei and K. Héra, Hausdorff dimension of Besicovitch sets of Cantor

graphs, Mathematika, Volume 70: e12241, 2024.

[8] I. Altaf, M. Csörnyei and B. Wilson, Scaled Oscillation and level sets, Proceedings

of the American Mathematical Society, 150(07), 2913-2924, 2022.

[9] Z. Balogh, M. Csörnyei, Scaled oscillation and regularity, Proceedings of the Ameri-

can Mathematical Society, 134(9): 2667-2675, 2006.

143



[10] S.M. Bates, Towards a precise smoothness hypothesis in Sard’s theorem, Proc. Amer.

Math. Soc, 117(1) :279-283, 1993.

[11] A.S. Besicovitch, On Kakeya’s Problem and a similar one., Math. Z., 27(1): 312-320,

1928.

[12] C.J. Bishop, H. Drillick, and D. Ntalampekos, Falconer’s (K, d) distance set con-

jecture can fail for strictly convex sets K in Rd, Rev. Mat. Iberoam., 37(5):1953–1968,

2021.

[13] J. Bourgain. Averages in the plane over convex curves and maximal operators, J.

Analyse, Math. 47:69–85, 1986.

[14] J. Bourgain, M.V. Korobkov and J. Kristensen, On the Morse-Sard property and

level sets of Sobolev and BV functions, Rev. Mat. Iberoam.,29(1):1-23, 2013.

[15] J. Bourgain, M.V. Korobkov and J. Kristensen, On the Morse-Sard property and level

sets of Wn,1 Sobolev functions on Rn, J. Reine Angew. Math., 700:93-112, 2015.

[16] A. Chang, M. Csörnyei, The Kakeya needle problem and the existence of Besicovitch

and Nikodym sets for rectifiable sets, Proc. Lond. Math. Soc., 118 (5), 1084-1114,

2019.

[17] J. Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom.

Funct. Anal., no. 3, 428-517, 1999.

[18] G. Choquet, L’isométrie des ensembles dans ses rapports avec la théorie du contact

et la théorie de la mesure, Mathematica(Timisoara), 20, 29-64 (1944).

[19] I. Cioranescu, Geometry of Banach Spaces, Duality Mappings and Nonlinear Prob-

lems, volume 62. Springer Science and Business Media, 2012.

144



[20] F.H. Clarke, Optimization and Nonsmooth Analysis, Classics in Applied Mathemat-

ics, volume volume 5, SIAM, 1990.

[21] M. Csörnyei, On the visibility of invisible sets, Ann. Fenn. Math., 25(2):417–422,

2000.

[22] M. Csörnyei, Sard’s theorem revisited, Real Analysis Exchange, suppl. Summer Sym-

posium Conference, 33: 2007.

[23] M. Csörnyei, K. Héra and M. Laczkovich, Closed sets with the Kakeya property,

Mathematika 63, 184-195, 2017.

[24] M. Csörnyei, B. Wilson, Tangents of σ-finite curves and scaled oscillation, Proceed-

ings of the Cambridge Philosophical Society, volume 161: 1-12, 2016.

[25] X. Du, A. Iosevich, Y. Ou, H. Wang, and R. Zhang. An improved result for Falconer’s

distance set problem in even dimensions, Math. Ann., 380:1215–1231, 2021.

[26] X. Du, Y. Ou, K. Ren, and R. Zhang. New improvement to Falconer distance set

problem in higher dimensions, arXiv preprint arXiv:2309.04103, 2023.
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