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ABSTRACT

In this thesis, we study problems related to scaled oscillation, Besicovitch sets, Falconer
distance problem and Sard’s theorem.

In chapter 2 (joint work with Marianna Csornyei and Bobby Wilson), we study the size
and regularity properties of level sets of continuous functions with bounded lower-scaled
oscillation.

In chapter 3 (joint work with Marianna Csérnyei and Kornélia Héra), we consider the
Hausdorff dimension of planar Besicovitch sets for rectifiable sets I', i.e. sets that contain
a rotated copy of I' in each direction. We show that for a large class of Cantor sets C' and
Cantor-graphs I' built on C, the Hausdorff dimension of any I'-Besicovitch set must be at
least min(2 — s2,1/s) where s = dim ¢ C.

In chapter 4, we construct a non-trivial 1-rectifiable set I' in the plane, for which there
exists a 1-dimensional I'-Besicovitch set.

In chapter 5 (joint work with Ryan Bushling and Bobby Wilson), we use techniques of
algorithmic complexity theory to study distance sets. We prove that for every norm on R4
and every E C ]Rd, the Hausdorff dimension of the distance set of F with respect to that
norm is at least dim iy £ — (d —1). An explicit construction follows, demonstrating that this
bound is sharp for every polyhedral norm on R

In chapter 6 (joint work with Ryan Bushling and Bobby Wilson), we prove that, for every
polyhedral or C'! norm on R?% and every set E C R% of packing dimension s, the packing
dimension of the distance set of F with respect to that norm is at least s/d; likewise for
upper box dimension.

In chapter 7 (joint work with Marianna Csérnyei) we study which spaces (X, p) can be
embedded into R? without decreasing any of the distances in X. This work is motivated by
the following generalization of the classical Sard theorem in the plane. Let f be a function

defined on a subset A ¢ R2. If f has modulus of continuity w(r) < 72, then f(A) C R has

1X



Lebesgue measure zero. Choquet claimed in [18| that this was a full characterization, i.e. for

every w for which w(r)/r? converges to co as  — 0, there is a counterexample. We disprove

~1/d

this by showing that the correct characterization, in R, is fol w(r) = 00.



CHAPTER 1
INTRODUCTION

1.1 Scaled Oscillation

Lipschitz functions hold central importance in mathematical analysis. Their differentiability
properties are widely studied. A very well-known result called Rademacher’s theorem says
that a Lipschitz function f : R — R™ is differentiable almost everywhere. One of the
generalizations of Rademacher’s theorem was done by Cheeger [17] who introduced a notion
of derivative in the setting of metric spaces and generalized Rademacher’s theorem to dou-
bling metric spaces. Keith [43], [44] introduced a scaled oscillation, a generalization of the
Lipschitz property, to give sufficient conditions in a metric space X for which the Cheeger-
Rademacher theorem of differentiability holds. For a metric space (X, d) and a continuous

function f : X — R, he defined the upper and lower scaled oscillation functions of f at x as

and

Ly (x) = limsup Supd(x7y)§7“‘f(y> — f(=)|
r—0 r
l¢(r) = lim inf SUPg (e y)<r|f(y) — f()

r—0 T

respectively.

Another generalization of Rademacher’s theorem is Stepanov’s theorem which states that
for a function on R", if Ly(x) < oo for a.e ¥ € R" then the function is differentiable
almost everywhere. Balogh and Csérnyei in [9] proved that upper-scaled oscillation cannot
be replaced by lower-scaled oscillation. They constructed a nowhere differentiable continuous
function f : [0,1] — R such that l¢(z) = 0 for a.e x € [0,1]. However, they were able
to show that if the [y(z) < oo for all z except countably many points of [0,1], then f
is differentiable on a set of positive measure, though not necessarily differentiable almost

everywhere. Csornyei and Wilson in [24] observed that the graph of such a function has o-

1



finite H1-measure, and they also showed that if a closed, continuous simple curve in R” has
o-finite H'-measure then C has a tangent on a set of positive measure. As a consequence,
they extended the earlier result of Balogh and Csornyei to higher dimensions, by showing
that any function f : [0,1]" — R with I;(z) < oo for all z except countably many points, is
differentiable on a set of positive measure.

If the graph of a continuous function f : [0, 1] — R has o-finite H!-measure then it easily
follows that almost all level sets are countable. Moreover, if f is Lipschitz or L(x) < oo
everywhere then almost all level sets are finite. In chapter 2 (joint work with Csérnyei and
Wilson) we show that for functions with finite lower-scaled oscillation, all level sets can be

infinite. Our result is the following.

Theorem 1. There exists a continuous function f : [0,1] — [0,1] such that l¢(z) < oo for

all z € 10,1] and f_l(y) is infinite for every y € [0, 1].

For n > 2, there exist functions f : [0,1]" — R with finite L¢(r) < oo with all level
sets having infinite H"~!-measure. However the almost everywhere differentiability property
implies that almost all level sets are rectifiable. We also show that this fact isn’t true in case

of functions with finite lower-scaled oscillation.

Theorem 2. For m > 2 there ezists a continuous function f : [0,1]™ — [0,1] such that

lf(z) < oo for all x € [0,1]™, and F~Yy) is not (m — 1)-rectifiable for any y € [0,1].

1.2 TI'-Besicovitch sets

A Besicovitch set or a Kakeya set in R is a set of measure zero which contains a unit line
segment in every direction. In [11], Besicovitch proved the existence of such sets for n > 2.
The famous Kakeya conjecture asserts that Besicovitch sets cannot be much smaller than a

set of measure zero.



Conjecture 3 (Kakeya conjecture). Every Besicovitch set in R™ has Hausdorff dimension

n.

The conjecture is true in dimension 2 and 3 and remains an important open problem
for higher dimensions. The Kakeya conjecture has connections to many areas including har-
monic analysis, incidence geometry and additive combinatorics. For example: one important
conjecture in Fourier analysis, the restriction conjecture implies the Kakeya conjecture.

It is an interesting question to ask what happens if the line segment is replaced by other
rectifiable sets? Csornyei and Chang in [16] show that for any rectifiable planar set I', there
exists a measure zero set which contains a rotated copy of a full H!-measure subset of I' in
every direction. This raises the question what the Hausdorff dimension of such sets can be.

For a rectifiable set I', a I'-Besicovitch set is a set that contains a rotated copy of I' in
every direction. In a joint work with Héra and Csornyei [7]|, we considered the Hausdorff
dimension of planar Besicovitch sets for a large class of rectifiable sets which are graphs over
self-similar sets. These graphs resemble the graph of the devil staircase function over the
middle third Cantor set. For details see chapter 3.

We prove that for such a graph I' over an s-dimensional Cantor set C', every I'-Besicovitch
set F has

1
dim i E > min(2 — 2, g)

In [7], we only got a lower bound on the dimension of such I'-Besicovitch sets. It left open
the problem, whether there exist a non-trivial I'-Besicovitch set of dimension less than 27
There are trivial examples of rectifiable sets for which the corresponding I'-Besicovitch sets
have dimension less than 2. For example, for a circular arc the complete circle containing
it is its Besicovitch set. More interestingly, it has also been mentioned in [16] that if T" is
an arbitrary countable union of circles, then there exists a I'-Besicovitch set of Hausdorff
dimension 1.

Every 1-rectifiable set in the plane has a tangent field which is defined almost everywhere.
3



We want to understand the standard Besicovitch set with lines. The construction of measure
zero sets by Csornyei and Chang in [16] depended upon the tangent field of I". For a straight
line, all the tangent lines are parallel. This suggested that it is interesting to look at the I'-
Besicovitch sets for rectifiable sets with the same tangent field as that of a line i.e. rectifiable
sets whose tangents are parallel almost everywhere. Marianna Csornyei asked the question,
does there exist a 1-rectifiable set with parallel tangents almost everywhere for which there
exists a I'-Besicovitch set of dimension less than 27 In chapter 4, we answer this question

affirmatively.

Theorem 4. There exists a 1-rectifiable set T with H1(T') > 0 and parallel tangents almost

everywhere, for which there is a 1-dimensional I'-Besicovitch set.

We construct the set I" as the graph of a monotone function whose domain is a Cantor

set of measure 0 and thus the tangents of I' are vertical almost everywhere.

1.3 Distance Sets and the Complexity Methods

Jack Lutz and Neil Lutz in [50] gave an effective characterization of the Hausdorff and
packing dimensions of a set in terms of the constructs from computability theory which
they call the point-to-set principle. It has been the key to building the bridges between the
theory of computing and geometric measure theory. It has enabled the theory of computing
to not only answer open questions in geometric measure theory but also give short and
elegant proofs to some well-known classical results. For example, Lutz and Stull used the
complexity methods to give better bounds than the (then) known bounds on the dimension
of Fiirstenberg sets, see [54]. In [71], Stull improved the bound on the dimension of pinned
distance sets for small values of dim g(£). For more such applications of complexity theory,
see [53], [49], [52] and [51].

The Kolmogorov complexity of a binary string o denoted by K (o) is the length of the

shortest program that gives output o. For x € R" and r € N, the Kolmogorov complexity of
4



x at precision v denoted by K (z) is the Kolmogorov complexity of the string of length nr
which is obtained by taking the first r digits of the binary expansion of each coordinate of
x.

The effective Hausdorff dimension and the effective packing dimension of a point z € R"™

are defined by

d = liminf ——— and d =1 e
im g (r) = liminf === and dimpp(z) := limsup —"==,

respectively. We note that these definitions are different than the usual Hausdorff and
packing dimensions, both of which are zero for a point. However, the concepts of complexity
and dimension defined above can be relativized to an oracle A. The Kolmogorov complexity
of a binary string o relative to the oracle A denoted by K A(J) is the shortest program having
access to A that gives output o. Similarly, the concepts of complexity and dimension defined
above can be relativized to an oracle A and are denoted by K4 (o), dim4(z), for details see
[50]. The point-to-set principle by Jack Lutz and Neil Lutz [50] uses the (relative) dimension

of points in the set.

Theorem 5 (Point-to-Set Principle). For every set E C R",

. . . A . . A
dim iy £ = min sup dim z) and dimp F = min sup dim ).
H AngG% EH( ) P AQNa:e% Ep( )

Given a set & C R"™, the distance set of E is
AE) :={llz —yll : =,y € E},

where || - || is the Euclidean norm. The Falconer distance problem is to find a lower bound on
dim A(FE), the Hausdorff dimension of the distance set, in terms of the Hausdorff dimension

of F.



Conjecture 6 (Falconer’s distance conjecture). For any Borel set E C R™ with dim i (E) >

n/2, A(E) has positive measure.

The conjecture remains open for all n > 2. The current best-known bound is due to
Guth, losevich, Ou and Wang [37|, who proved that if a planar set has dim £ > 5/4 then
A(F) has positive measure.

An interesting variant of the Falconer distance problem is to find dimension bounds on
distance sets relative to a different norm || - ||. Falconer [28] proved that for any set £ C R",
the Hausdorff dimension of A(F) is at least dim g £ — (n—1). The proof is simple and easily
extends to all norms. Moreover it also generalizes to the pinned distance set which is defined
as AT(E) :={||lxr —y|| € [0,00) : y € E}. In chapter 5 (joint work with Ryan Bushling and
Bobby Wilson) we used the theory of algorithmic complexity in [6] to give an alternate proof

of this theorem. Using the same methods, we proved that it is sharp for polyhedral norms.
Theorem 7. Let || - ||p be a polyhedral norm on R™. For any s € [n — 1,n], there exist a
compact set E C R"™ with dimyg E = s such that
dimygA(E) =s—(n—1).

In chapter 6 (joint work with the same co-authors) we replace the Hausdorff dimension
with the packing dimension and prove the following.
Theorem 8. Let || - ||« be either a C' or polyhedral norm on R and let E C RY. For every
€ > 0, there exists x € E such that

dim p A%(E) > %ZdimPE—e. (1.1)

Just as Theorem 7 was sharp for every polyhedral norm in a strong way, (1.1) is also
sharp for polyhedral norms in that same manner.

6



Theorem 9. Let || - || p be a polyhedral norm such that the normal vectors to the faces of the
polyhedron are rationally dependent and let s € [0,d|. There exists a compact set E C RY
with dimp E = s such that

dimp AT () = 2‘
1.4 On the modulus of continuity of functions whose image has

positive measure, and metric embeddings into R? without

shrinking

The classical Morse-Sard Theorem says that if a function f : R” — R™ is C*-differentiable
with & > max{n —m + 1,1}, then f maps the set of critical points to a set of Lebesgue
measure 0. A generalization of this theorem in the case n = 2 and m = 1 is the following.
Let f € Cl’l(RQ, R), and let A be the critical set of f, that is, the set of points at which the
gradient of f is zero. Then the restriction of f onto A has modulus of continuity w(r) < =
Using Lebesgue density theorem we can easily show that, for every d > 2 and for every
A C R?, if a function f: A — R has modulus of continuity w(r) < r then f(A) is null.
Choquet showed the following statement (see page 53 in [18]). If w(r)/r? converges to
infinity as 7 — 0 then there exist a set A C R? and a function f: A — R? with modulus
of continuity w s.t. |f(A)| > 0. It should be noted that this is not the main result from

the paper rather it was a quick remark. We show that Choquet’s statement is not true and

obtain the following result.

n

Theorem 10. Assuming that w(r) is convex and w(r)/r"™ is decreasing, the following are

equivalent:
1. For every A CR" and f: A — R with modulus of continuity w, |f(A)| = 0.

2. fol w(r) V" dr = .



We obtain this as a special case of a more general result. We study which spaces (X, p)
can be embedded into R? without decreasing any of the distances in X. That is, we ask
the question whether there is an f : X — R? such that || f(z) — f(y)|| > p(z,y) for every
xz,y € X. We study this problem for some very general distance functions p (we do not
even assume that it is a metric space, in particular, we do not assume that p satisfies the
triangle inequality), and find quantitative necessary and sufficient conditions under which
such a mapping exists. We will obtain the characterization mentioned above as a special

case of our metric embedding results, by choosing X to be an interval in R, and defining p

by putting p(z,y) = rif |z — y| = w(r).



CHAPTER 2
SCALED OSCILLATION AND LEVEL SETS

This chapter is joint work with Marianna Csornyei and Bobby Wilson and originally appeared
in Proceedings of the American Mathematical Society, 150(07), 2913-2924, 2022.

2.1 Introduction

Let f: A—>RF AC [0,1]™, be a Lipschitz continuous function. According to Rademacher’s
theorem, a Lipschitz function is differentiable almost everywhere in its domain. In fact,
Stepanov’s theorem implies that it suffices to assume that the upper-scaled oscillation (de-
fined below) of a function is finite almost everywhere in order to conclude that it is dif-
ferentiable almost everywhere. Assuming m > k, another well-known regularity property
of a Lipschitz function, f : A — R”, is that for Lebesgue almost every z € R”, the level
set f~1(z) is countably (m — k)-rectifiable and H™ *(f~1(z)) < co. In fact, it suffices
to prescribe that the graph of f has finite H™—F measure then almost all of its level sets
have finite H™ ¥ measure. For the more regular class of C" functions one has the stronger
theorem, known as Sard’s theorem, which states that if f : R"™ — R” is n-times continuously

differentiable for n > max{m — k + 1,1} and

S ={z e R™ :rank(Vf(x)) < k},

then f(S) has Lebesgue measure zero.
In order to demonstrate necessary and sufficient conditions on the vector field of the
continuity equation that would ensure uniqueness of solutions, Alberti, Bianchini, and Crippa

[3] define a notion of a “weak Sard" property. Specifically, they showed in [3] that if the vector



field, b : [0, T] x RZ — R2, is divergence-free and bounded then the following Cauchy problem

Oyu = —div(bu)
u(0) = ug € WH™(R?)

has a unique weak solution in C'([0,77]; L®°) if and only if the potential of b, f (defined by
satisfying b = V-+ f ), satisfies the weak Sard property. The function f is said to satisfy the
weak Sard property if any measure p, supported on f(S N E), is mutually singular to the
Lebesgue measure on R, where F is “the union of all connected components with positive
length of all level sets." Moreover, in [2], Alberti, et. al. show that the minimal regularity for
the weak Sard property to hold is f € W2’1(R2). Initially, Alberti [1], taking into account
that 2! functions are not necessarily differentiable, proved that the size of the image of

S'UN, where
N = {z € R? : Vf does not exist},

is Lebesgue negligible. Further analysis discussed in [2] and [3] demonstrates that more
regularity for f is necessary to achieve equivalent results for the higher-dimensional case,
f:R™ — R™1 Specifically, the authors show that one needs f € CL1/2 In this paper,
we consider the characterization of f(S U N) and the characterization of the level sets of f
when f satisfies the following “local Lipschitz" conditions. For = € A, the upper-scaled and

lower-scaled oscillation of f are defined as

and

L () — timsup * Dz <r /W) = 1)
r—0 r
l¢(2) = liminf SUP () <r | (y) = ()]

r—0 r

respectively. The differentiability properties of functions satisfying either L f(a:) < 00 or

10



lf(z) < oo on some suitably sized subset of the domain of f were studied initially in [9] and
then further studied in [24]. In [9], the authors show that L” boundedness of the function, Iy,
implies Sobolev regularity for the function, f. Moreover, one simply needs the boundedness
condition, [ f(x) < 00, in order to prove the existence of a set of positive measure on which
the function, f :[0,1] — R, is differentiable. In [24], among other results, the authors show
that for higher-dimensional domains, f : [0,1]" — R, If(z) < oo implies the existence of
positive measure sets of differentiability for f.

One can ask to what extent the weak Sard property fails for functions with such low
regularity. In consideration of this question, we construct continuous functions with finite
lower-scaled oscillation at each = whose level sets are “large”. First, we present our result in

dimension 1.

Theorem 11. There exists a continuous function f : [0,1] — [0,1] such that l¢(z) < oo for

all z € [0,1) and f~1(y) is infinite for every y € [0, 1].

It is clear that for every y € [0,1] in the above construction, f~1(y) N (N U S) # 0.
One should also note that, due to the argument in [24] demonstrating regularity of such
functions, countably infinite is the most that should be expected for almost every level set.

For the higher dimensional case, we obtain the following result:

Theorem 12. For m > 2 there exists a continuous function f :[0,1]" — [0,1] such that

lf(z) < oo for all x € [0,1]™, and F~Yy) is not (m — 1)-rectifiable for every y € [0,1].

It is important to emphasize that the level sets in the above construction are not purely
unrectifiable although they are unrectifiable. In fact, the existence of positive measure
subsets on which such functions are differentiable, [24], implies that generic level sets will
have rectifiable parts.

Trivially, if we take the construction, f : [0,1]™ — [0, 1], from Theorem 11 or Theorem
12 and construct the function, ¢ : [0,1]T™ — (0,141, defined by g(z, ) := (2, f(z)) for

z € [0,1]™ and z € [0,1]¢, we have the following corollary:
11



Corollary 13. 1. Form =k > 1, there exists a continuous function f : [0,1]™ — [0, 1]¥

such that ly(z) < oo for all x € [0,1]™, and f~Yy) is infinite for all y € [0,1]%.

2. For m > k > 1, there exists a continuous function f : [0,1]™ — [0,1]% such that

lf(z) < oo for all x € [0,1]™, and f_l(y) is not (m — k)-rectifiable for all y € [0, 1]’“.

Regarding functions with L ¢ (x) < oo for every x € R™, one can divide R into countably
many parts, on each of which the function is L-Lipschitz for some L. Thus almost all level
sets of such functions are rectifiable and have o-finite H™ 1 measure. However, there is a
discrepancy between the characterization of level sets of functions with finite upper-scaled
oscillation defined on R, and in higher dimension. A simple construction (Remark 18)
demonstrates that the level sets of functions, f : [0,1]"" — R, satisfying L;(z) < oo for
all z € [0,1]" may have infinite H™~! measure, while almost every level set must be finite
when m = 1.

The structure of this chapter is as follows: we begin with a discussion of the prelimi-
nary tools necessary to analyze functions with finite upper/lower scaled oscillation. In this
preliminary section, we will also discuss our simple results concerning functions with finite
upper-scaled oscillations. In the main part of our paper we will construct functions with

finite lower-scaled oscillation that will prove Theorems 11 and 12.

2.2 Preliminaries

Throughout this chapter, we denote by B(z,r) C R™ the open ball of radius  and center x.
The Lebesgue measure on R™ is denoted by £ and the s-dimensional Hausdorff measure

is denoted by H%. Recall that the density of A in the ball B(x,r) is defined by

H3 (AN B(x,r))
(2r)° ’

D?(A,x,r) =

12



and the s-density of A at the point x is defined by

D?*(A,z) = lim D*(A,z,r)

r—0

if the limit exists.

A set A C R™ is called s-rectifiable if there exist f; : R® — R i € N, such that
(0.9]
1A\ | fi(®?) =0.
1=1

An unrectifiable set is a set which is not rectifiable. One characterization of rectifiability of

sets is the density theorem of Marstrand and Mattila:

Theorem 14 (Theorem 16.2 from [57]). Let A be an H® measurable subset of R™ such that

H5(A) < co. Then A is s-rectifiable if and only if D*(A,x) =1 for H® almost all x € A.

Let f: R"™ — R be a function and let E be a subset of R™. We denote the graph of f

on £ by G¢(E).

Lemma 15. Let f : [0,1]™ — R be a continuous function such that l¢(z) < oo, for all
z €0,1]. Then

(i) G ([0, 1]™) has o-finite H™ -measure.

(ii) H" (G ¢(H)) = 0 for every set H C [0,1]™ with H™(H) = 0.

We refer to [24] for the proof of this statement.

As discussed in the introduction, it follows from part (i) of Lemma 15 that if f : [0, 1] —
R is a function such that [¢(x) < oo for all x € [0,1]™ then almost all level sets of f have
o-finite H™ 1 measure. For m = 1, part (ii) of Lemma 15 implies that f satisfies the Lusin’s

condition. This leads to the following result.

Theorem 16. Let f : [0,1] — R be a continuous function such that Ly(z) < oo for all

except countably many x € [0,1]. Then F~Yy) is finite for almost every y € R.
13



This statement follows by first observing that if a level set were to have infinitely many
points then it has at least one accumulation point. At this point the function either has a
zero derivative or the derivative does not exist. Since the function is differentiable almost
everywhere, Lusin’s condition implies that the image of the set of points at which the function
is not differentiable is measure zero. Furthermore, a standard argument implies that the set
of points at which the derivative is zero also has null image.

However, if we replace the countable exceptional set in Theorem 16 with other exceptional
sets, we cannot conclude that almost all level sets are finite. In fact, as described in the

following remark, countability of the exceptional set is necessary.

Remark 17. Let E be an uncountable Borel set. There exists a continuous function f :
[0,1] — [0, 1] such that L(z) < oo for all x € [0,1] \ E and the level set f~Y(y) has infinite

cardinality for each y € [0, 1].

Construction of the function when £ is the middle third cantor set.

In order to prove the remark, we first consider the case where E is the middle-third Cantor
14



2n—1

set and consider the Cantor function over that set. For each of the intervals of size

37" in the complement of the Cantor set we replace the flat piece of the function defined on

this interval with a piecewise linear function whose image is an interval of length 9~ (n—1)

SO
that the intervals of this size cover the interval [0, 1]. One can do this in a continuous way.

For an arbitrary Cantor set E, we can find a homeomorphism h : R — R that maps F
to the middle-third Cantor set, and which is linear on each component of the complement
of E, and then compose this homeomorphism h with the function f we have constructed

for the middle-third Cantor set. Finally, the statement of Remark 17 follows since every

uncountable Borel set contains a Cantor set.

As discussed in the introduction, the characteristics of level sets of functions satisfying
L¢(x) < oo is heavily determined by the dimension of the domain. Although L ¢(x) < oo
for every = guarantees that almost every level set will have finite cardinality in the one-
dimensional case, in the two-dimensional case and higher, there is no such phenomenon as

displayed in the following example.

Remark 18. There exists a continuous function f : [0,1]" — [0, 1] such that Ls(z) < oo for

all z € [0,1]™ and the level sets f~1(y) have infinite H"~-measure for all y € [0, 1].

Proof of Remark 18. 1t suffices to construct an example for m = 2. Consider the function

g :10,1] — [0, 1] defined by

rsin?(z~ ) 2 0,1
o) @) we
0 xz=0.

It is clear that Lg(x) < oo for all z € [0, 1] and the graph of g has infinite #H! measure. Now

15



define

1 y—g(z) > 1
flzy)=14 0 y—g(z) <0

y — g(x) otherwise.

Then for every z € [0,1], f~1(2) = {(z,y) € [0,1] : y = g(z) — 2} so the level sets have

infinite length. Finally,

flx1,y1) — f(22,92) = y1 —y2 — (9(21) — g(x2))

and thus L¢(z,y) < 2max(1, Ly(z)) < oo for all (z,y). O

2.3 Lower-Scaled Oscillation

In this section, we present the proofs to Theorems 11 and 12.

Proof of Theorem 11. Our construction of the function is based on an iterative argument on
rectangles. Assume we have a collection of rectangles with sides parallel to the coordinate
axes. We will divide each rectangle into two parts vertically. We will define the function piece-
wise linearly on the right rectangle. We will then divide the diagonal of the left rectangle
into countably many line segments and consider the rectangles with these line segments as
diagonals and sides parallel to the coordinate axes. These will form a new collection of
rectangles. We will explain the details below.

Let P and Py be the projection maps onto the z-axis and y-axis respectively. For a
rectangle ) with sides parallel to the coordinate axes, we denote by [(Q) and h(Q) the length
of its horizontal and vertical sides, respectively. We start with the square Qg 1 := [0, 1]? and
the function fy(x) = x.

Assume that we have completed n € N steps of the construction, and we have (at most)

16



countably many rectangles (@, ;);en and a function fy, such that inside each @,, ; the graph
of fy, is the linear line segment connecting its bottom left and its top right corners. We will
define fj,41 by replacing this line segment inside each @, ; by another continuous graph.
Outside (J;21 Pz (Qy,,;) we define f,, 411 = fn.

Consider one of the rectangles @ = @,,;, and denote Q = [z,7 + [(Q)] X [y,y + h(Q)].

We divide @) vertically into two rectangles,

Q' =[z,2+ (1 - an)l(Q)] % [y, y + MQ)]

and

Q" = [z + (1 - an)l(Q),z + Q)] x [y, y + h(Q)],

where 0 < a;, < 1 is to be chosen later. In Q”, we define f,,11 to be an arbitrary piecewise
linear function connecting its top left and top right corners, such that the graph of the
function lies inside )", and it has a horizontal piece lying on the top and on the bottom side
of Q" respectively. Therefore the level sets . _&l(y) and f - 4%l(y + h(Q)) are infinite, and
the pre-image of each point in the open interval (y,y + h(Q)) has at least two points.

In @', we define f,,11 such that its graph is the diagonal of Q' connecting its bottom left
and top right corners. Then we apply the 1-dimensional Whitney decomposition theorem
(see e.g, J.1 in Grafakos, [36]) to divide this diagonal into countably many line segments,
such that the length of each of these line segment is comparable to its distance from the
closest endpoint of the diagonal of Q.

Corresponding to each line segment, we consider a rectangle with the line segment as
its diagonal and sides parallel to the coordinate axes. We call these rectangles the child

rectangles of (Qp, ;.

We repeat this construction for each @ ;, i € N and enumerate the countably many

17



rectangles thus obtained as {Q,11,;}jen. This completes the (n + 1)th step.

[
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
Il

(z,y)
(1—an)l(Q)
Figure 1: (n+ 1) step on Qn.i

It is clear from our construction that the functions f; converge to a continuous function
f, and that f takes every value yg between 0 and 1 at infinitely many points. Indeed, if yg
is the y coordinate of one of the vertices of one of the rectangles ) of our construction, then
it takes this value at infinitely many points in its right rectangle @Q”. And if it is not the y
coordinate of any of the vertices of any of the rectangles, then for each n we can choose a
Qni st yo € Py(Qy, ;). Then f~Yyo) has at least two points in Px(QZ,i)' Since this is true
for each n, and the sets Py( ;fm) are pairwise disjoint, therefore f~1(yg) is infinite.

It remains to prove that the lower-scalled oscillation [¢(z) is finite for each z € [0, 1]. The

1/

n;) is Lipschitz because f is piecewise linear inside
b

restriction of f onto the interval Py (

2

each rectangle i

Inside each of the rectangles Q/mi’ the graph of f is covered by its child rectangles.
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We observe that for each fixed n € N, all the rectangles @), ; are similar. Moreover the
height /length ratio at the (n 4 1)th step increases by a factor of 1/(1 — ap). Thus for all
the rectangles, the height/length ratio is bounded by []5=(1 — an)~ L. We choose aj,, small
enough such that [[2,(1 — an) "t < oco.

Then selecting the diagonals of the rectangles by applying the Whitney decomposition

theorem implies that there is a constant ¢ satisfying the following: if (x, f(z)) is one of the

/
n,’

and (2, f(2')) is an interior point of Q' ., then |f(x) — f(z)| < c|z — 2/|.

vertices of () i

This shows that the lower scaled oscillation is finite at z. Putting r := |2/ — x|, it also implies

that for any 2 € ]P)JJ(Q;LJ)’ if |2 — 2'| <r then
@)= £ < 1F@)— F@) )~ )] < el —a]+ela! —a] < 3ela’ —o| = 3er. (2.1

If (2, f(2)) is not a vertex of any rectangle of our construction, then for each n it is in the
interior of a rectangle Q;m.. By selecting (z, f(z)) to be the endpoint of its diagonal closest
to 2’ and putting r = |2’ —z|, (2.1) holds for every 2" with |z” — 2| < r. Since this estimate

holds for an arbitrary small r, therefore I ¢(z") < 3c.

Now we turn to the proof of Theorem 12.

Proof of Theorem 12. Our construction of the function is based on an iterative argument on
cuboids in R™*1. By a cuboid, @, in R™*!, we mean a Cartesian product of an axis-parallel
cube in R and an interval. For a cube, C, in R we denote its side-length by [(C), and
for a cuboid @ = C x I, we define the length, I(Q), by [(Q) := [(C) and the height, h(Q),
by h(Q) := I(I). We write an element in R™*! as (z,2) = (21,.., 2m, 2). If (x,2) lies on
the graph of the function we are going to construct, then the first m coordinates denote the
domain and z denotes the value of the function. We will also denote y as y = (x9, .., zm)-

The direction of (0, ..,0,1) is called the z-axis. The projection maps onto the m-dimensional
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plane z = 0, the (m — 1)-dimensional plane 1 = z = 0 and the z-axis will be denoted by
Py, Py and P, respectively.

We start with the cube [0, 1]m+1, Eq =0, and a sequence (a,)2  satisfying [];2 (1 —
an)_l < 2. Assume that we have completed n steps of our iterative argument and we
have countably many cuboids (Qy, ;);cN in R™*1 and that f is defined on E, = [0,1]™\
Py (UiZ1 Qn.i)-

Let Q = Qy; = C x [z, 2+ h] be such a cuboid. Let a = h(Q)/I(Q) = h/I(C) and let D
be its diagonal plane parallel to the plane z = ax;. We apply our iterative argument on ¢

whose key parts are the following:

Part (1) We apply the Whitney decomposition theorem to C' and decompose it into countably
many Whitney cubes {C}} ;e such that the diameter of each cube is less than the dis-
tance to the boundary of C' and at least a constant times the distance to the boundary

of C.

Part (2) Let C; be a Whitney cube obtained in Part (1) with length I(C;). We partition
the smaller cube with the same center as C; and length (1 — an)l/zl(Cj) into N
equal cubes of length (1 — ap)!/ 2Z(Cj) /N each, where N will be chosen later. Inside
each of these N cubes, we consider a smaller cube with the same center and length
(1 —an)l(C;)/N. Let these smaller cubes be denoted as Cjp, k € {1,2,..., N™}. We

chose N large enough so that we can label C; . with N different labels such that

(i) For any cube with a label, w, and any point = in the cube, the ball of centre x
and radius 2v/m - (C} k) intersects at most one cube of each label. Moreover, we

choose NV to be large enough so that this ball lies in the cube C}.

(ii) For every label, w, the union of cubes of label, w, has full P, projection. In other
words, we require that Py(C;) = Py(Uger,, Cjx) where Ly, is the set of all indices

k such that C ; has label w.
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Thus we divided C'; into N ™ labeled cubes and narrow strips, i.e, the part of Cj which

is not covered by labeled cubes. (See Figure 3 for m = 2).

y-axis

T1-axis

Figure 4 : Decomposition of C; into cubes with 9 labels and narrow strips.

Part (3) Let D; C D be the intersection of D and the pre-image of C'; under the projection Py.
Consider the cuboid R; in R™*1 with sides parallel to the coordinate axes and Dj as
its diagonal plane. We denote R; = C; X [z}, 2; + h;]. We call the cuboids {R;};en
the child cuboids of Q. (See Figure 4 for m = 2).
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Figure 4 : Construction of child cuboids of Q.

Part (4) Divide [zj,z; + hj] into N equal parts and to each of these intervals assign a label
from the N labels in Part 2 so that no two intervals have the same label. Let the

interval with label, w, be I; . If the label of a cube €} is also w, then we consider
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Part (5)

Part (6)

the corresponding cuboid

Sik=Cir X Ljw.
Let D; . be the diagonal plane of S; ;. parallel to the (1 —ap)z = axq plane. On the
boundary of C} i, we define f so that its graph coincides with the boundary of Dz,
i.e if z lies on the boundary of C} i, then (z, f(z)) lies on Djy. Similarly, we define
the graph of f over the boundary of C; to be the boundary of D;. We then extend
f piece-wise linearly on the narrow strips defined in Part (2) so that it is continuous,
and imitating the construction of Theorem 11, we define f to be constant near the
top and bottom faces of 5 ;. so that the Hausdorfl dimension of each of the level sets
containing these faces is m. This will ensure that the level sets associated to the top

and bottom faces are not (m — 1)-rectifiable.

The countable collection of cuboids thus obtained, i.e, {Sj’k 1 Q = Q1] ENJE €

{1,2.., N"™}} will form our new collection of cuboids. We re-enumerate them as
{Qni1,j}jen

This completes the (n + 1)1 step.

For z € [0,1]™ \ Uy En, we define the point (z, f(x)) to be the intersection of all

the cuboids @, ; whose projection onto the plane z = 0 contains z. Thus the function is

continuous for every [0,1]". We claim that the function thus obtained has [¢(x) < oo and

each level set is not rectifiable.

Clearly if (x, f()) lies on the piece-wise linear parts of the graph of f then [;(x) < oo.

It remains to prove so for (x, f(x)) which lie either (1) on the boundary of a diagonal plane

or (2) in infinitely many cuboids @, ;.

We observe that for each n € N, the height /length ratio of the cuboids, @, ;, increases

by a factor of 1/(1 — ay) after the (n + 1)th step. Since we start with the cube [0, 1]+,

23



the height /length ratio for all the cuboids is bounded by [[5 (1 — an)~!. We recall that
we've chosen (an)o2 such that T]p2 (1 — an)~! < 2.

Now for the first case, let (x, f(z)) lie on the boundary of the diagonal plane of a cuboid
Q = Qp i and let (y, f(y)) € Q. The graph of the function inside @ lies in its child cuboids.
Let (y, f(y)) € Rj, where R; is a child cuboid of @ and let (w, f(w)) be a point on the
diagonal plane of R; closest to (z, f(z)). By the properties of the Whitney decomposition
and the diagonal planes, the length of the interval I; = P.(R;) is less than the distance

between the boundary of I = P.(Q) and I;. Thus the height of the cuboid R; is less than
| f(w) = f(z)|. This implies |f(y) — f(w)| < [f(w) — f(z)] and

() = @) _ |fy) = fw)[ +[f(w) = f@)] _ 2[f(w) - f(2)]
ly—x ly — x| - ly—al

Since we have taken the closest vertex to (z, f(z)) we have |y — x| > |w — z|. Thus

2|f(w) = f(2)] _ 2|f(w) = f(2)]

e

<ec,

for some constant c¢. Thus [f(z) < co.

For the second case, we estimate [ ¢(y) where (y, f(y)) lies inside infinitely many cuboids
Qn = Qp; of arbitrarily small length. Let (zn, f(zn)) be a point on the diagonal plane
of @y such that if s, := |y — xy|, then B(y, sn) C Pz(Qr). From above, we know that if
(xn, f(xy)) lies on the boundary of @y, then W < ¢ for every v € Pz(Qp). Thus

for v € B(y, sp) C Px(Qn) we have

[f(y) = F) < 1f () = Flan)| + [f(zn) — f(0)|
<cly — xp| + clzp — |

<cly —zp| + clzy —y| + |y — v| < 3esp.
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Therefore, I ¢(y) < oo and we have shown that the lower-scaled oscillation of f is bounded
in every case.

It remains to prove that the level sets are not rectifiable. Define
F = {(z, f(z)) : (z, f(x)) lies in infinitely many cuboids @y, ; }

and let F, = f_l(z) N F. By property (ii) in Part (2) of the cuboid construction, we see
that F’, has full Py-projection. Thus Hm_l(FZ) > 0. We claim that F’ is unrectifiable and
thus f~1(z) is unrectifiable.

Consider z € F,. Then there exists some N such that n > N implies that x € @, for
some cuboid, Qp, := @y, ;, constructed at step n. By the construction of @y, and Q11 (Part
(2)), we can say that for r, = v/m - U(Qps1), Pu(Qni1) C B(x,ry) C B(x,2ry,) C Pr(Qn).

In addition, the labeling argument of Part (4) and Part (5) imply that

Thus,

H™(F. N B(z,2rm,))
(4ry)m—1

— 2—m+1%m_1(Fé NnB x, TTL))

(2rn)m_1

D™ YNFL 2, 2ry) =

=2 DM YEL 2,ry).

Since this holds for a sequence of scales, r,, that converges to zero, both densities,
Dmfl(Fé7 x,2ry) and Dmfl(Fz’,, x,rp), cannot converge to 1. Therefore, the Hausdorff
density of F, is not 1 at any point in F’, which implies that F, is not rectifiable by Theorem
14. This proves that f~1(z) is unrectifiable for all z € [0,1] \ E, where F is set of the level
sets intersecting the top and bottom faces of the cuboids {Qy, ;},, jen- Finally, according to

Part (5) of the cuboid construction, for every z € E, f~1(z) has dimension m. O
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CHAPTER 3
HAUSDORFF DIMENSION OF BESICOVITCH SETS OF
CANTOR GRAPHS

This chapter is joint work with Marianna Csornyei and Kornélia Héra and originally appeared

in Mathematika, Volume 70: e12241, 2024.

3.1 Introduction

It is well known that Besicovitch sets in the plane - sets containing a unit line segment in
every direction - can have zero Lebesgue measure, and must have Hausdorff dimension 2. It
is natural to ask what happens for other curves in place of the line segment. For circular
arcs, the problem is trivial, as we can rotate the circular arc around the center of the circle
to obtain a Besicovitch set for that circular arc, of dimension 1. For other curves I'; it is
worthwhile to ask first whether it is possible to obtain I'-Besicovitch sets - sets containing
a rotated (and translated) copy of I' in every direction - of zero Lebesgue measure. In [16],
A. Chang and the second author showed that for any rectifiable planar curve I', there exists
an “almost-I-Besicovitch set" - a set containing a rotated (and translated) copy of a full
H1-measure subset of ' in each direction - of zero Lebesgue measure. In fact, they showed
that I' can be continuously turned around covering zero Lebesgue measure, if at each time
moment, we are allowed to remove a set of H!-null measure of T'. For closely related results
about the problem of moving curves continuously while covering arbitrarily small measure,
see [23] and [40].

The existence of the above mentioned “almost-I"-Besicovitch sets" of measure zero for
rectifiable curves I' suggests that it is interesting to consider the Hausdorff dimension of
[-Besicovitch sets (or of “almost-I'-Besicovitch sets" - one naturally expects that in terms of

dimension, there is no difference between the two). It turns out that for sufficiently smooth
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curves, the answer is very satisfactory. As observed by A. Chang, it follows from the results
of J. Zahl in [74] that for any C'*° curve I' that is not a circular arc, any I'-Besicovitch set
must have Hausdorff dimension 2. In fact, the same holds under the relaxed assumption
that I' is a C3 curve, see [63]. Curvature plays an important role here. Another interesting
fact, which has been mentioned in [16], is that if I" is a countable union of (not necessarily
concentric) circles, then there exists a I'-Besicovitch set of Hausdorff dimension 1. The next
natural question could be: what happens for non-smooth curves that behave differently
from circular arcs? In fact, it would be interesting to consider objects whose behaviour is
much closer to the behaviour of line segments than of circular arcs. Two immediately visible
reasons for the special role of circular arcs are rotational symmetry and constant curvature.
There is a third, probably most relevant aspect: the geometry of normal lines. As a special
case of the results in [16], it is known that if I" is a rectifiable set possessing a continuous
tangent field, then I' can be continuously turned around covering zero Lebesgue measure, if
at each time moment ¢, we are allowed to choose a line /¢ and delete the points of I' at which
the normal line is equal to ¢;. When I' is a line segment, all of its normal lines are parallel,
while in case I' is a cirular arc, all of its normal lines point in different directions. Based on
this, it would be interesting to consider rectifiable curves that, at almost every point, have
parallel normal lines.

As a first attempt in this direction, we consider Besicovitch sets of Cantor graphs. More
precisely, we consider a large class of (nearly self-similar) Cantor sets C' (see Section 3.2.1),
and build rectifiable sets I' on C' that resemble Cantor-graphs (see Section 3.2.2). This is
a generalization of the usual Cantor function, a.k.a. Devil’s staircase built on the standard
middle third Cantor set, noting that naturally, we only consider the Cantor-part of the graph
- the horizontal line segments are not included. We show that the Hausdorff dimension of
['-Besicovitch sets must be at least min <2 — s2, %), where s = dim C'. As it turns out, it is

important that our objects possess some structure.
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This chapter is organized as follows. In Section 3.2 we introduce the main setting: we
define Besicovitch sets of general Cantor graphs built on Cantor sets, and we state our
main result, Theorem 19. Section 3.3 contains the main body of our proof: the proof of
Proposition 23. Finally, in Section 3.4 we include a standard argument that deduces the

Hausdorff dimension bound of Theorem 19 from Proposition 23.

3.1.1 Notation

The 2-dimensional Lebesgue measure is denoted by £, and the 1-dimensional Lebesgue mea-
sure by A. The open ball of center x and radius r is denoted by B(x,r). For a set U C R,
U(6) = Upepy B(x,6) denotes the open d-neighborhood of U, and diam (U) denotes the di-
ameter of U. For any s > 0, § € (0, o], the s-dimensional Hausdorff -premeasure is denoted
by H3, and the s-dimensional Hausdorff measure is denoted by H®. We use the notation
dim A for the Hausdorff dimension of A C R"™. For the well known properties of Hausdorff
measures and dimension, see e.g. [57].

For a finite set A, let |A| denote its cardinality. We write x < y for < C'y where C' is
an absolute constant or a constant depending only on a and b, where a, b are fixed constants,
see the the next section. We write x =~ y if x < y and y < x. Let pry, pro denote the

projections onto the x and y coordinate axes, respectively.

3.2 The setup and our main result

3.2.1 Cantor sets

We describe a general Cantor set construction, where the ratio of removed intervals will
be fixed throughout the process. Let a € Nja > 3, b € N;2 < b < a, and let J =
{do,dy,...,dp_1} € {0,1,...a—1} beadigit set such that 0 < dp < dy <--- < dp_; <a—1.

Partition [0, 1] into a closed intervals Iy, ..., I,_1 of equal length (denoted this way from left
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to right). We keep Lag, - dagy 4 and remove the interiors of the remaining a — b intervals.
Let Cp = Ig,Ulg U---Uly, . We will iterate this process below to define Cp, n=1,2,...,
such that the next digit set (of cardinality b) will be chosen independently in each subinterval
in each step.

For each 1 € J, let Ji,y € {0,1,...a — 1} with [J, )| = b. Whenever (z1...2n)

is a sequence of length n such that J(Il...xn) is already defined and z,, 41 € ‘](m---xn)’ let
Sy anany) C© 10,1,...a = 1} with |, oo )| = b. For notational convenience we
wright J = J(l‘lﬂUo)' Let

By construction, Cy, is a union of b" intervals of length 1/a", and the lengths of the gaps
between the intervals in C), are integer multiples of 1/a™. Let C' = (2 Cy, our Cantor
set. By construction, C' = {Z]Oil Z—; rxj € J(wl---wj_1) N4 j}. Let s = logb/loga = dim C.

In the special case when each J( = J, C is a self-similar set.

xlxn)

3.2.2  Cantor graphs

Now we define a general Cantor graph construction built on C'. Whenever J( is defined,

xlxn)

let O(ayan) (1) = {0,1,...,b— 1} be an arbitrary bijection. Define
o0 o0
— E : J 2 : Letj—1 R
I = : J, b] . I'J € J(xlmxj—l) v ]

Note that in the special case when each a( is order preserving, I' is the graph of a

X1 Zp)
monotone function, in fact, it is the classical devil’s staircase graph built on C'. We also

note that in some special cases I' is not precisely a graph, since at the points x where the
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representation r = Z;’il a—g is not unique we might have two points above x, but this is
irrelevant for our purposes.

We list some well-known or easily verifiable properties of our Cantor graphs.
i) dimT =1, and H' | T = X | pro(I).

ii) T is rectifiable, and for H1-almost all p € T, the tangent to I' at p is vertical.

We will consider the natural approximation to I' consisting of " rectangles of size ain X bl":

LV PN 1
U o xotal”
ijJ(fCL--ﬂijl)’ [ J=1 J=1
j=1,...n

n . N
Ry, = U Z%—%Z%+% X (3.1)

- a . a
xje‘](xl...xjil)a | j=1 j=1
j=1,...n
i (21 zjfl)(xj) _ i i I(zy .xj,l)( ]) n 3
bl pn’ 4 bi pn
Jj=1 j=1

3.2.8  Besicovitch sets of Cantor graphs

We say that £ C R? is a I-Besicovitch set, if E contains a rotated (and translated) copy
of T in every direction. That is, for every 8 € [0, 7] there exists wy € R? such that £ =
UGe[O,w] 75(T), where 7y(2) = €2 + wy for z € C. Here we used the identification 2 =
(21,29) <> z = 21 + iz9 between R? and C which will be used occasionally in the paper for
convenience. Denote 'y = 79(I'). Recall that s = dim C' = logb/loga. Our main result is

the following.
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Theorem 19. Let E C R? be a Borel I'-Besicovitch set. Then

1
dim £/ > min (2 — 52, —) .
s

3.3 Main proof

Let 6 = aL” for some n € N, and write R = R, = Ui)il T; for the union of renctagles defined
in (3.1), where the rectangles are indexed using their vertical order. That is, min pro(77) <
min pra(7) < --- < minprg(Tyn), and T; is a rectangle of size 36 x 36° for each i. By
construction, it is easy to see that I'(§) C R, and that L(R) < 90. Write Ry = 7y(R).

First we show that each fixed rectangle of R can intersect at most 10 rectangles of Ry.

Lemma 20. Let 0 € [0,7] and i € {1,...,b"}. Then
({7 e{l.... 0"} TN Ty # 0} < 10.

Proof. We have diam T; = 3v/62 + 625 < 66%. Let j,j' € {1,...,b"} with 5/ — j > 10. Since

mln(pr2(Tj+1)) - mln(pr2(Tj)) == 58 and )\(prg(Tj)) = 3557 we get that
d(Tj g, Ty g) = d(T}, Ty) > 106° — 36° > diam T;.

This means that Tjg and T /g can not simultaneously intersect T;.  Therefore, if

T ko Tj—kr1,00-- 51505 Tjpi—1,0: Tjy1,9 all intersect T;, then we must have j + 1 —

(j—k)=14+k <10, and so
[ {jef{l,...,b"}:TinT, 9 #0}| < 10.

]

We introduce a notation for the number of intersecting pairs of rectangles of R and Ry,
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let

L(5,0) = [{(i,7) € {1,...,b"} : TN T4 # B}, (3.2)

We note that by Lemma 20, L(6,0) < [{i : there is j such that T; NT;g # 0}|, and the
constant in < is independent of 4 and 6. Therefore, we trivially have L(d,0) < 6~°, which
is the number of all the rectangles in R.

We also need the following very easy observation about intersecting rectangles.

- 2
Lemma 21. For any 0 € (0,1],4, j, we have L(T; NT; ) $6-6%, and L(T; N'T}g) S %

Proof. Recall that T; and T} g are 30 x 30% rectangles with angle 6 between their longer side,
the first inequality is trivial as £(7;) < ¢ - 6°. The second statement is also trivial noting
that the area of the intersection of two infinite strips of width § with angle 6 is at most
Moy S O
Remark 22. We have that % > §- 6% if and only if @ < 6175, so the first bound in Lemma

21, although trivial, is actually useful for some angles.

Now we let §y < 1 be small enough (to be specified later), and fix § < dg. Without loss
of generality, we can assume that we only have rotated copies of I with angle in [0, 1]. Let
A be a maximal d-separated subset of [0, 1], it is easy to see that |A| ~ %

The main result of this section is the following.

Proposition 23. For any § < dg, we have

1
Z L(Ry N Ryr) < max (5_82, 51/‘9_2> -log (5> : (3.3)
0,0'cA
Using the Cauchy-Schwarz inequality, Proposition 23 will easily yield the bound of The-
orem 19 for (lower) Minkowski dimension, we include the details below. A standard pigeon-

holing argument can be used to prove the corresponding Hausdorff dimension bound, this

will be carried out in Section 3.4.
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Proof of Theorem 19 for (lower) Minkowski dimension . Let d = min (2 — 2 %) Using
UpeaTo(6) C E(6) and I'y(d) C Ry for each 6§ € A, we have

1/2 1/2
d L@ye)) <L e | D L£Ty(8) NT(5)) < (3.4)
e A feA 0,0'cA
1/2
< LEE)? | Y LRy N Ry)
0,0'c A

For the left hand side, it is easy to see that > £ (I'g(d)) 2 % -9 = 1, and by Proposition 23,
fcA
)

> L(RyN Ry) S 692 - log(d). This yields £ (E(5)) 2 logijé), therefore the Minkowski
0,0/cA
dimension of F is at least d. O

We now turn to the proof of Proposition 23.

Proof of Proposition 23. We have

Z L(RgN Ry ) = Z L(Ry N Ry) + Z L(Ry).

0.0/cA 0.0/ A |0—0'|>5 0'cA

For the second term, we get

=1 (3.5)

OqIH

> L(Ry) S

0'cA
Now we fix €/, and for simplicity, we assume without loss of generality that #/ = 0 and

Ry = R. So we need to give an upper bound for

> L(RgNR). (3.6)

0cA,0>6

Remark 24. Using the observation above Lemma 21, we can give an easy upper bound for
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(3.6). Namely, we get that

N

2
> LRyNR)S D LG.0)- % < 6% log (%) . (3.7)

0cA,0>0 0cA,0>0

This yields
1
> L(RgNRy) <6 °-log (3) .

0.0/cA
Using the same standard argument as in the proof of Theorem 19, it follows that the Haus-

dorfl dimension of I'-Besicovitch sets is at least 2 — s.

To improve this easy bound, we will improve the bound in (3.7) to

1
Y L(RyN R) < max (51—82, 51/8—1) log (5) . (3.8)
0cA0>6

In order to do this, we will consider two substantially different cases: the small angle and

the large angle cases. We say that

small if § < 6 < min (6%,6'7%) =: B(6) =: 5,
0 is (3.9)

large if (<0,

0 is very large if vy := 7(J) := max (5S, 51_8> <40. (3.10)

We have the following estimates for the number of intersecting pairs of rectangles.

Lemma 25. If 0 is small, then

1 )
L((S, 6) 5 ﬁ - max <5,98> .
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Lemma 26. If 0 is large, then

moreover, if > 6175, then

where rog = max <91/5, 91/(1*S)>.
We start with the proof of Lemma 25.

Proof of Lemma 25. Fix 0 such that § € A,0 < 6 < (3, and choose the unique m € {0,...,n}
such that 6 € (1/a™*1,1/a™]. Recall that R = Ufil T;, Ry = Uﬁl T;g. Fix T; and T} g
such that they intersect. For simplicity, let x,y denote the bottom left corners of T; and T3,
respectively, and let yg be the bottom left corner of T g. We will use the following simple

geometric lemma.

Lemma 27. Let 6 € (0,1] and assume that T; N\ T; 9 # (). Then
1. |pra(z — yp)| < 106°.
2. If 0 < 5175 then | pri(z — yp)| < 100.

Proof of Lemma 27. Clearly, | pra(z —yg)| < AMpra(13)) + Apra(T}g)) = 30 + Alpra(T}p))-
Similarly, | pri(z — ygp)| < Apr1(7;)) + A(pr1(Tj,9)) = 36 + A(pr1(Z}¢)). By simple planar
geometry, we have that A(pra(7})) < 36°| cosf| + 3d|sin @] < 66°. Similarly, if 6 < o1,
then A(pr1(Tjg)) < 36%|sinf| + 36| cosf| < 36°0 + 36 < 60 and the claim of Lemma 27

follows.
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By Lemma 27, since 6 is small, see (3.9), we have
|pri(z — yg)| < 100, |pra(z — yg)| < 106°. (3.11)

LU n oo - (zj)
z (2125 1) (% .
For z = ( a—g — ain, > ?T — b%) , We write & = Tlarpe T Tgmall, Where
=1 =1

J J

n X4 7 U(:Ul...mj_l)(]:j)
Tlarge = Z o’ Z b ) (3.12)

J=1 J=1

n n .
Zj 1 (21 ajj_l)(xﬂ 1

Lsmall = Z P Z b T

Jj=m+1 J=m-+1

Similarly, write ¥ = Yjarge + Ysman- Note that by construction,

Pr2(Tlarge)s Pr2(Ylarge) are integer multiples of 1/0™, (3.13)

pro(Zemai)s Pr2(Ysman) are integer multiples of 1/b" = 6%, (3.14)

Pr1(Zlarge) PI1(Ylarge) are integer multiples of 1/a™, (3.15)

pri(Tsmall), Pr1(Ysmanl) are integer multiples of 1/a™ = 6. (3.16)

Now we fix £ € {xgmall : Tma1,---,Tn € J}, we have b~ choices for €. Let My denote

the number of pairs (z,y) such that the corresponding rectangles T; and T 9 intersect and

such that g, . = €. Clearly,

_ 65
L(G,6) SV My S 5+ My, (3.17)
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Claim 28. We have

)
M0 g max <m, 1) .

Proof of Claim 28. Suppose now that (x,y) satisfy (3.11) and that zgy. = & We will need
the following simple geometric lemma:
Lemma 29. For any z € C, we have

1. |pry(ez) — pry 2| < |0z].

2. | pra(e'?z) — pro 2| < |6z].

3. || pri(e"z) — pry 2| — [ pra 2| < 2/62z].

Proof. The simple proof is left to the reader.
0

By (3.11), we have |prgyy — pro x| < 106%. By (2) of Lemma 29 applied for y and using
that |y| < 2 (as y € R C [=0,1 + 0] x [—=0°,1+ 6%]) as well as yg = ey + wy, we have

| pra(ey) — pray| < 26, and so
| proy — pra @ + pra(wp)| = | pray — pra(ey) + proyy — prox| < 20+ 106°.
Using 0 < 5 < 6%, we get that
| proy — prax + pra(wp)| < 126°.

By (3.13), pro(Ysmain) = pr2y (mod 1/6™) and pra(xgman) = pro e (mod 1/6™). Therefore,

since T = &, we have

Pr2(Ysmall) € (Praz — pra(wg) + [-126%,126°]  (mod 1/6™)) =
(pro & — pro(wp) + [—126°,126°]  (mod 1/0™)). (3.18)
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Using (3.14) and the fact that pro(ysman) € [0, 1/0) — 1/b™, (3.18) implies that pro(ysman)
can only take at most 25 different values. Consequently, since by construction, pra(ysmal)

uniquely determines ygya11,
Ysmall can only take at most 25 different values. (3.19)

Fix z to be one of these 25 different values.

/
small’

Suppose now that (z,y), and also (z/,3) satisfy (3.11) and that zg, = & =

Ysmall = 2 = Yorapy- BY (3.11), we have | pri(z — 2’ — yp 4 yp)| < 205. We also have

0 1

x—x’—yg—l—y’@:x—x’—ewy—l—e Y :x—x/—em(y—y/).

By (3) of Lemma 29 applied to y — 3/, we get
1pri(e”(y —y')) = praly =) = 0 praly — o)l < 26%ly — o/|.
Since
lpri(z — 2’ —y+y) —pri(@ — 2’ —yg +yp)l = |pri(e(y — /) — pri(y — /)|,
we also get
Ipri(z — a2’ —y+y) —pri(z — ' —yg +yp)l — [Opraly — )| <20%ly —o/|.  (3.20)

Since | pri(z — 2’ — yp + yp)| < 206 < 20/a™, 0| pra(y — y')| < 6 < 1/a™, and 20|y — y/| <
46 < 4/a™, we must have | pri(z — 2’ —y +19')| < 25/a™.

Now we utilize pry(z — 2’ =y +9') = pri(z — 2" —y + ¥ )large + Pr1(z = 2" =y + ¥/ )sman-
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Since by definition, Ygnan = yémau and xg . = we have

small’
pri(z — ' — Y+ y/)small =0.
Therefore,
[pri(z — 2’ — Y+ argel = | Pri(z — 2’ —y +y/)] < 25/a™.

Finally, since by (3.15), pri(z — 2" — y + 4 )jarge is an integer multiple of 1/a™, we have that

pri(z — 2’ —y + /) can only take at most 51 different values. (3.21)

Now, using (3.20), | pri(z — 2’ — yg +yp)| < 200, 62 < 65617% =6, and |y — ¢/ < 2, we get
that

0 praly — )| < |pri(z — a2’ —y+y)| + |pri(z — 2’ — yp +yp)| +20%|y — y/]) <

< pri(z — a2’ —y+y)| + 246.

Similarly,

0pra(y — )| > |pri(e — 2’ —y+ o) = |pri(e — 2’ —yg +yp)| — 20%|ly — /| >

> |pri(z — a2’ —y+y)| — 246,

Combining these with (3.21), we obtain that |0 pro(y — /)| is contained in the union of at

most 51 intervals of length 485. By construction, since ygpn.y = yémau, pro(y — o) = L

—
for some integer . We get that [ is contained in the union of at most 51 intervals of length

485ébm < 08‘11. Since [ is an integer, this means that the number of possible values of

prao(y —¢/) is < max (0;%, 1). Since pro(y) uniquely determines y, this means that the

number of y such that yg,.; = 2z and (3.11) holds for y and some z, is < max (#, 1).
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Taking all 25 values of z and using Lemma 20, by the definition of My we get

)
M9 5 max (W’ 1)

and the proof of Claim 28 concludes. O

Using (3.17) and Claim 28, we get that

S S
L(5,9)§§—8-M9§§—3-max( 0 1)26—1S-max(§,03), (3.22)

and the proof of Lemma 25 concludes.

]

Proof of Lemma 26. Fix 6 such that § € A, < 6 < 1. For clarity, we will consider the

s <1/2 and s > 1/2 cases separately. Note that

6® when s > 1/2
8= (3.23)
o175 when s < 1/2.

Let

ol/s if s >1/2
ro = (3.24)

ot/ (1=5) if s <1/2.

Choose the unique ¢ € N such that rg € (1/a*1,1/a?], and let r = 1/a’. We have
6 — min (7"8, 7’(1)_8> < min (7"3, 7«1—8) — B(r). (3.25)

The main idea is the following: We will apply the previous "small angle" case for r in place
of §, that is, for the approximation of I" consisting of rectangles of size 3r x 3r® (note that r

is larger than §). Moreover, we will show that inside each intersecting pair of rectangles of
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size 3r x 3r®, there can not be too many intersecting rectangles of size 3§ x 34°.

First, using Lemma 25 for r in place of § which is valid by (3.25), we obtain that

1 T
< . _ /s
L(r,0) S — max(e,e ) (3.26)

Second, using that each 3r x 3r® rectangle contains r%/6° many 30 x 30% rectangles in our

construction, we trivially have that

,,,S

L(67 9) S 55

1 1
- L(r,0) < 55 max (g, 98> < 55 max (%O, 08> , (3.27)
which is the first claim of Lemma 26. We will use this estimate when s > 1/2 and 6 is large
but not very large, see (3.9) and (3.10).

Assume now that 6 > 6175, This holds when s < 1/2 and 0 is large, and when s > 1/2

and @ is very large. In this case, we will use the following lemma.

Lemma 30. Let 6 > 6175, Then L(5,0) < (egi)s - L(r,0).

Proof of Lemma 30. We introduce another scale. Let pg = 0 - §°, choose the unique k € N
such that pg € (1/a**1,1/a"], and let p = 1/a¥. One can easily check that § < py < rp, and

then 0 < p <r. Recall that T3, T} g denote rectangles of size 3§ x 36° in R, Ry, respectively.

Lemma 31. Let S be a rectangle of Ry, and let Sé be a rectangle of Ry, g such that SﬂSé # 0.
Then

1{(i,5) : T; €5, Tj9 C Sy, T;NTj g # 0} | < 220a.
Proof of Lemma 31. We will start by showing the following claim.

Claim 32. Assume that i,i',j,5 such that T; N Tjg # 0, Ty N Tig # 0, T;, T, C

19+

S, Tjﬁ,Tj/’g C Sé Then |i/ — Z| < 10a or |], —]| < 10a.
Proof of Claim 32. Let v € R? be a vector such that |priv| < 3p, |prav| > 8ad®. Let o
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denote the angle of v and the vertical axis. We show that a < 6/2:

Y
\pr1v|< 3p <3ap0_39 d

0
= —. 3.28
| prov| = 8ad® ~ 8ads 855 2 (3:28)

a<tana =

Assume now for contradiction that [’ —i| > 10a and |;'—j| > 10a, p € T;NT} 9, q € TNTy g,
and let v = p — ¢. By construction, |prov| > (10a + 1)§% — 36% > 8ad®, and since p,q € S,
we have |pryv| < 3p. So by (3.28), a < g

Now let ¢ denote the vertical axis, ¢y = ¢, let ag denote the angle of v and /y,
and let projy,, proj lor denote the orthogonal projection onto ¢y and £y, respectively. By
construction, similarly above, |projs,(v)| > 8ad®. Moreover, since p,q € Sé, |pr0jgeL (v)] <
3p. Similarly as in (3.28) above, we obtain that oy < g But clearly, 0 = a+ay < 0/2460/2,

so we get a contradiction and the statement of Claim 32 follows.

O

Let i,4', j, 7" as in the statement of Claim 32. Then without loss of generality, |i'—i| < 10a.
Therefore, the number of T;’s contained in S that intersect some T} g C Sé is at most 22a.
By Lemma 20, we know that for each T; there are at most 10 7} g such that T; N T} g # 0.

So we get that
|{(i,5) : T; € S, Tjp C Sy, T; NTjg#0}| < 10-22a = 220a

and the proof of Lemma 31 concludes. O

We are ready to finish the proof of Lemma 30. By Lemma 31, L(4,0) < L(p,6). Since
the number of 3p x 3p®-rectangles in our construction inside a fixed rectangle of size 3r x 3r%

is < r%/pf, clearly, we have L(p,0) < r9%/p® - L(r,0) < r5/(06°)° - L(r,0). Consequently,

S

L(5,0) < (928)5 - L(r,8) and the proof of Lemma 30 concludes.
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Combining (3.26) and Lemma 30, we obtain that

rs 1 r 1 1 )
< R o)< = . — f°
L(4,0) < 057 7 max <9’9 ) S5 max(e ,0 ), (3.29)

which is the second statement in Lemma 26.

]

Using the upper bounds for L(d, #) obtained in Lemma 25 and 26, we now give an upper
bound for £(Ry N R) and eventually for Y L(Ry N R).

9 A0>5
Let 6 be small. Then by Lemma 21 and Lemma 25, we have

L(RgNR) < 5_18 - max (g, 08) 65T = § - max (g, 08) : (3.30)

Summing up for small angles 0, we obtain

> LENRS ), 5-max<g,03>:

OcA,6<0<p HcA0<0<p

— 2. Z %4_5. Z 0°.

OcA,5<0<s1/(s+D) 9e A0t/ (s+1)<g<p3
Easy computation gives that

1 1 1
< . - s < =, s+1
E Rk log (5), E 0° < 5 Jo R (3.31)

feA,6<h<ol/(s+1) fe Ao/ (st <p<p

Therefore, using the definition of (5, see (3.23), easy computation gives that

/

0 -log (%) if s > s,

1
Z L(RyNR) <6 -log (5> + AL < L gsls+1) g
e A.5<0<8
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where sg = ﬁ‘r’fl Since s(s + 1) > 1 — 5% when s > 1/2, we obtain

1
> L@EYNR) < 515" log <5) (3.32)
0cA,6<0<p3
for each s.
Now we consider the large angles. Assume first that s < 1/2. In this case, 6 large implies

that § > 6275 and rg = 8/(175) see (3.9), (3.23), and (3.24). By Lemma 21 and the second

bound from Lemma 26 and using that g1/(1=s) < 951, we obtain

ps+1 -

1 pl/(1—5) 52 525
< - i
L(RgNR) < e max ( , 7 7

Summing up for 6, we get that

1
Z L(RgNR) < 525 Z % < sl=s’ -log <5> :

0cA0>p 0cA,0>p

Now let s > 1/2, so g = 6/%, see (3.24). For 6 > 615, we use the same bound from Lemma

26 as in the s < 1/2 case, and obtain that

1/s 2 2—s2 1/s
E(RgﬂR)ﬁé%-max(e 1)-5—:5 ~max<0 1). (3.33)

ot ) 6 T e fs+1

For p=6° <6< (51_5, we use the first bound from Lemma 26, and the first trivial bound

from Lemma 21. Therefore,

- 1 91/3 . o+l . 91/5
E(R@F‘IR)N(S—S-maX 7 07 |- 65T =46-0° - max W’l (3.34)
Easy computation gives that gj% <1 if and only if s < 59 = @
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In the s < s case, from (3.33) and (3.34) we obtain

2— 2
0o for 0> 6175,

L(RgNR) <
§-05  for 65 <6 <§ls,

and then
(52—82 9 1
Y LRNR)S D + > 50° 56 log (3) (3.35)
HcA,0>p OcA,0>51—5 e A,55<h<51—s

Combining (3.32) with (3.35), we obtain the statement of (3.8) for s < s.
In the s > sq case, we get
62782 91/s

crynry <y 7T for 6 > 8177,
0 ~

505 B for 6t <0<l

Summing up for 6, easy computation using that 1/s —s —1 < 0 as s > s yields

> L@EyNR) S (3.36)
0cA0>p3

Z §2-5%gl/s—5—2 i Z 5.oY/s1 < 51/s-1
0cA,0>51—3 OcA,55<0<51—s
Combining (3.32) with (3.36), we obtain the statement of (3.8) for s > sg as well.

Finally, using (3.8), summing up for #’ € A as well as accounting for (3.5), we get the

statement of Proposition 23:

S| =

ST LRy Ry) S5 S LRyNR)+1 S max (57,6572 log (g)
0,0/eA OcA0>6
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3.4 Proof of Theorem 19 from Proposition 23

The proof is based on a standard pigeonholing argument. For the sake of completeness, we
include the proof. Let d = min (2 — 52, %), fix 0 < e < d, and write u = d —e. Let K be
a positive integer such that > ;- l/l2 <1and 2¢a % < dg. Moreover, let 0 < n < 20K
We will show that H;/(E) Z¢ 1 (independently of 1), so dim E' > d.

Let E C U2 B(z;,7;) be any countable cover of E consisting of disks with 2r; <7 <
20X for all . For any [ > K, let

J; = {z a1 < r < a_l} , and let £ = U B(zj,r;) | NE.
1€J;

Then E = ;2 E;, and Ej is covered by disks of radius ~ al. Using a pigeonholing

argument, we prove the following:

Lemma 33. There exists an integer | > K such that
A\ (9 € [0,1]: HL (B NTy) > 1/12> > 1/12.
Proof. Assume for contradiction that no such [ exists. Then for each [,
A (9 e (0,1 : HL (B N r9> >1/12) < 1/12,

and 399, 1/12 < 1 = A([0,1]), so these sets can not cover [0,1]. We note that the mea-
surability of the above sets can be checked similarly as in the proof of Lemma 3.1, [39].
Therefore, there exists 6 such that for all | > K, HL (E;NTy) < 1/I>. But then, using that

by construction, 1 < HX ([0,1]) < HL (T'y) < 1, we have

o0
1=MHy(Tg) <> Hi(ENTy) <Zl/l2<1
1=K =K

46



which is a contradiction. O

Fix an [ obtained from Lemma 33, and let
Ag = {e € [0,1]: HL (B, NTy) > 1/12} ,

so we have A(Ag) > 1/[%. Letting If’vg = I'y N E; for § € Apy, by construction we have
HL(Ty) > 1/12. Let B =Ugea, Ty C By C E.

Claim 34. Let § = a, where | is fived as above. Then A(E(8)) > Tlogy(ljé)'

Assuming Claim 34 and using that by construction, E(5) C Uieg, B(zi,ri +6) C

Uz’eJl B(x;,248), we get the following:

52—d B )
og? (1/5) ~ ME@) = A U Blai.20) | S141- 6%,

1€J;
so |Ji| Z @?(%ﬂ;). Then we have
0 u §—d+d—e 5—¢€
(2r)" > > )" 2 Y (a7') =1Al- 0" 2 = Ze 1
Siors Sz £ () -z G -

This means that H; (B) Z¢ 1, and the proof concludes.

Proof of Claim 34. Let Ry = Tp(8) C Ty(6) C Ry for 6 € Ag. Then Uge, Ry = E(§). Let
A be a maximal d-separated subset of Ag. Then clearly, Ag C Uy c (0 —0,0+0). Therefore

we get A(Ag) < |A] -4, and by the definition of Ay and d, we obtain that

~ 1 1
A Z A(Ag) -7 = 5671 2

By the Cauchy-Schwarz inequality, and using that trivially, |J oe jﬁ; CE (0) and ]/%:9 C
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Ry, we get the following:

1/2 1/2
> LBy <L (U R;) | X LEgnRy | < (3.38)
fcA oA 0,0'cA
1/2
~ \1/2
<r (E((S)) | S LRy Ry)
0,0'cA
By Proposition 23 applied for the above § and A = ,Zf, we have
1
> L(RyNRy) < 5d*2.1og<5). (3.39)

0,0/'c A

It remains to prove a lower bound for the left hand side of the Cauchy-Schwarz inequality.
Let N(X,8) denote the smallest number of §-disks needed to cover X € R?. Then H1 (X) <
N(X,0)-26 and L(X(6)) = N(X,6) - 62. Therefore we have

N N N _ 5
L(g) = £TY(0) 2 N(Tp.0) 8% 2 HaolT) 02 (5

Summing up for 6 € A and using (3.37), we get

d 1

L(Ry) > |A| - > : 3.40
Z (Bg) 2 14| log2(1/6) ™ log(1/) (3-40)
fcA
Finally, combining (3.38), (3.39) and (3.40) we get
~ 1 1 52—d
L(E(8)) > : R L
POD R 1o81/6) Tos1/0) log"(1/9)
and this was the statement of Claim 34. O]
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CHAPTER 4
A ONE-DIMENSIONAL PLANAR BESICOVITCH-TYPE SET

I have submitted this chapter as a paper to a journal.

4.1 Introduction

In the last chapter, we only got a lower bound on the dimension of such I'-Besicovitch sets.
It left open the problem, whether there exist a non-trivial I'-Besicovitch set of dimension
less than 27

It was a well known open problem asked by Marianna Csornyei whether there exists a non-
trivial I'-Besicovitch set of dimension less than 2. Until now, the only known I'-Besicovitch
sets of dimension less than 2 were sets covered by lower dimensional union of circles. The
construction of measure zero sets by Csornyei and Chang in [16] depended upon the tangent
field of I". It is well-known that every 1-rectifiable set in the plane has a tangent field which
is defined almost everywhere. For a circular arc all the tangent lines have different directions
and for a straight line, all the tangent lines are parallel. This suggested that it is interesting
to look at the I'-Besicovitch sets for rectifiable sets with the same tangent field as that of a
line i.e. rectifiable sets whose tangents are parallel almost everywhere.

Marianna Csornyei asked, in particular, does there exist a 1-rectifiable set with parallel
tangents almost everywhere for which there exists a I'-Besicovitch set of dimension less than
27 Apart from being an interesting question in itself, it may help us in understanding the
(usual) Besicovitch set. In this chapter we are answering this question affirmatively. Our

main theorem is the following.
Theorem 35. There exists a 1-rectifiable set I' with the following properties.

1. The 1-dimensional Hausdorff measure of I' is positive.
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2. There exists a 1-dimensional I'-Besicovitch set.

3. The set " is the graph of a monotone function whose domain is a Cantor set of measure

0 and thus the tangents of I' are vertical almost everywhere.

For any s € [0, 1], we can construct the set I such that the Cantor set in (iii) has Hausdorff

dimension s.

Remark 36. As the set I' has positive length and parallel tangents almost everywhere, it
is straightforward to see that it cannot be covered by a union of concentric circles whose

dimension is less than 2.

Notation For d € {1, 2} and aset E C R?, | E| denotes the d-dimensional Lebesgue measure
of E. For z € R%, Py(z) and Py(2) denote the = and the y coordinates of z respectively,
and ||z|| denotes the Euclidean norm of z. For simplicity of notation we identify the complex
plane C with R?, i.e. (z,y) = = +dy. For every a,b € R, a < b implies that there is an
absolute constant C' such that a < Cb, and a ~ b implies that a < b and b < a.

Throughout the paper, dimension refers to Hausdorff dimension.

4.2 Construction of I

We will construct the 1-rectifiable set I' mentioned in Theorem 35 as the countable inter-
section of the sets {Sy }pen. The sets Sy, will be constructed inductively such that they are
nested, i.e. Sp+1 C Sp. For each n € N, &), will be a union of finitely many rectangles
with sides parallel to the coordinate axes. We will introduce two positive sequences {0y, } e
and {Ap},en such that for each rectangle in Sy, its z-projection has length 6, and its
y-projection has length close to Ay,.

Let ¢ < 1 be a small constant to be specified later. Let {d,,},en and {Ap },en be positive
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decreasing sequences converging to 0 with the following properties.

01=01 =1 (4.1)
Apiq < ot (4.2)
Ont1 < cAny10n. (4.3)
Ay AL, ARG, 1 €N, for all n > 2. (4.4)

We see from (4.3) that d,4,, 1 5 0. This means the rectangles in S, get narrower, in the
sense that the ratio of the length of the side parallel to the z-axis to the length of the side
parallel to the y-axis will go to 0 as n — oo.

We define 01 := ¢ and 0,41 := c¢Ap110p, for all n > 1. The property (4.4) above implies
that

H;Jlrlen eN, foralln > 1. (4.5)

For our construction of I', we will later need to choose points o, 1 and ¢,1 on a circular
arc Cp, such that a1 is below the z-axis and is the center of Cy,, and the following hold.

(See Figure 1)
1. The arc Cy, lies in the first quadrant of R? and joins the points (0,0) and (6, Ay,).
2. The point gy, 41 is the intersection of C, with the line y = A, 1.

3. The sub-arc of C, joining (0,0) and ¢,,+1 has angle 0,11 = cA,1+10n.

To see why we can choose such Cj, ay11 and g1, let C be any circular arc in the first
quadrant, joining (0,0) and (dy,, Ay ). Let g be the intersection of C with the line y = Ay, 11
and let 6 be the angle of the arc joining (0,0) and ¢. For any circular arc to pass through
the points (0,0) and (dy, Ap), its center must lie on the perpendicular bisector of the line

segment joining these two points, call it [,,. Let o € I, be the center of the circular arc
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C. If ||a]| = oo, the arc C converges to the line segment joining (0,0) and (95, Ay,) and the

angle of C converges to 0. An elementary calculation shows that if a lies on the z-axis, then
,0). Since the radius of C is |||, the length of the arc joining (0,0) and ¢ is

_ (9hEAR
= (T,
|la||0. Using 6, < A, we have
M)g < A_%g
26, ~ on

Anyr < llgll < flallo = (

Thus in this case 8 > A, 145,26,

Since Ay, < 1 and ¢ < 1 we have 0 < cA, 416, < Api1A;,%6,. So we can choose
ap+1 € I, below the z axis such that 6 = 6,41 = cA,,+10n. We denote the corresponding

C and ¢ by Cy, and ¢, 4+1. (See Figure 1).

We are now ready to construct I'. We start the inductive process by defining &
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Q1,1 := [0,1] x [0,1]. Assume we have constructed Sy, = |J @y, j, where the union is over
J

finitely many axis parallel rectangles @, j, whose horizontal sides are disjoint and vertical

sides are non-overlapping. We denote the bottom-left corner of @, ; as pj, ;. We also assume

that @), ; satisfies the following properties.

Px(pn,j) < Px(pn,j+1) and Py(pn,j) < Py(pn,j—i-l) (4.6)
Qn,l = [07571] X [O»An] (47)
| P (Qn,j)| = dn. (4.8)

For each j, we will construct finitely many rectangles @, ;. contained in @ ;. We first
define the bottom-left corners of the rectangles @, j x which we call p,, ; ;.. For k < 2%97;}_1,

let the point py, ;. be

P = Qg (1 = 7 ETm) o i, (49)

VR

Putting £ = 1 in the above equation, we see p;, j1 = pp_j. From (4.7), we see that p, 1 =

(0,0). This means that for 7 = 1 we have
Ptk = anp (1 — ¢ Do), (4.10)

Thus the point p,, 1 . is the image of (0,0) under rotation by —(k —1)f,41 around the point
a1 (see Figure 2) and py, 1 2 = gp41. From (4.9) we also get

(e_i(k_l)en-i-l _ e_iken-i-l) + (e_ik/’en-&-l _ e_i(k_l)an-i-l)pn’j

pnv]vk+1 o pnvjak - Oén_|_]_
= et h=Dfnr1(] = Wnt1)(qy g — Pnj)- (4.11)
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Thus we have

Pr 1 = Pkl = [(1—e ") (apy1 — pog)l

Therefore for any fixed j, the points p,, ;i are equidistant, as the modulus of their difference

is independent of k. We also have from (4.9)

7
v
£ n,i2, Ny 2
'.,l
,;‘
J
{4n,2,3
/
i4n,2,2
pn,Z,l
..................... .
P Qn.2
§p |
- SR,
Y S
.
/ pn,l,4
é i
'." Z)n, 1,3 :
PP
.................... i
(0;0)
n,1
Figure 4.2
—ilf _ —ilf _
Pl =€ " mHpy i = a1 (L—e ") = pp g (4.12)

Equation (4.12) implies that the point p;, ; ;4 is the image of p,, ; ;. under rotation about

the origin by an angle of —10),11 and translation by pj, 1 ;41. We will use this fact to define
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the I'-Besicovitch set later.
If ppjky1 € Qnj we define the rectangle @, ;. with sides parallel to the = and the y

axes such that

Px(@n,j,kj) = [Px(pn,j,k)7 Px(pn,j,k‘) + (5n+1] (4'13>

and

Py(Qn i i) = [Py ji)s Py(Pnji+1)]- (4.14)

For two rectangles @y, ;. and @, j s with j # j', their y-projections are non-overlapping
and their z-projections are disjoint, because that is the case for the larger rectangles @, ;
and @, j/- However, we need to justity this property for rectangles @, ;1 and Q,, j.k which

lie in the same larger rectangle (), ;. It will follow from Lemma 37 that if p;, ; . € (0, then

Py(Pn ji+1) > Py(pn ) and Pu(py jit1) > Po(Pp ji) + Ont1-

Therefore the condition p, 1 € G, , along with the above inequalities, implies that
the rectangles @, ;. lie inside @, ; and have disjoint z-projections and non-overlapping
y-projections.

We establish some technical properties of the points py, ; . which lie inside the unit square.
Lemma 37. Let n > 1 and p,, j 1. € [0,1] x [0,1]. Then for an absolute constant c1, we have
1A = (Py(ppjk+1) = Py(pn i) < c1bni1-

2. 10085 Ayt = (Pu(pnjis1) — Po(ppjp)) | < 3c16n41.

Proof. By (4.12) we have pp 12 = Py j k+1 — e*ianﬂpn’j’k. Therefore

—if,,
P12 = Pnjk+1 = Prjk) = Pngi+1 — € "pn ik — Pnjk+1 — Prjk)
= (1= e nt)p, g (4.15)
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As |1 — e nt1| < 6,1 and IPn.j k| S 1, we have

Pn1.2 = Pt — Pl = [(1— e )p, 0] < 1. (4.16)

Notice that c¢; is an absolute constant and it does not depend on c. Recall that Py(p;, 12) =
Ap+1. Therefore (i) holds.

Recall that the circular arc C), is in the first quadrant with center below the x-axis. So
it is the graph of a concave function. Moreover, the line segment joining (0,0) and (6, Ay,)
makes an angle greater than 7 /4 with the z-axis. Thus (), is also the graph of a monotonic

function and

0 < Py(Pn1k+1) — PyPnik) < Py(Pn1,2) = Anyt

Thus the number of points p,, 1 ;. on Cy, is at least AHA;}J —1. By (4.2) and (4.3), we have
AnA;}rl > c_lAnéﬁ(nJrl) > ¢~ 1. We choose ¢ very small, in particular ¢ < 1/10. Thus
there are at least 9 points pj, 1, on C. By concavity, the slope of the line joining the points
Pn1k and py 1 41 decreases as k increases. The slope of the vector py 12 is greater than
Apo . If Pn,1,k+1 18 the closest point to the corner (Jpn, Ap), then dist (py, 1 1, (0n, An)) <
dist (py,. 1,5, (0,0)). Thus the slope of py, 1 x41 — Pp1x Will be less than Apd; L. Therefore,

using (4.16) we have the following.

Apy1 —c10n41 . Py(Pn,l,z) —10p41 < Py(Pn,l,kH —pn,l,k) < ﬁ

Pre(pni2) +c10nt1 Pelpni2) +c10ns1 ~ Pe(Pniks1 —Pnik) ~ On

Thus,
5nA7;1An+1 — Px(pn,1,2> <c Hn—l—l(;nA;l +c10p41 < 2¢10,41. (4.17)

Combining this with (4.16) gives (ii). O
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It follows from Lemma (37) (i) that
Py ji+1) = Py k) = Ang1 — c10ni1 = Dpy1 — cc1Dp 100 = App1(1 — ce1dp).
From Lemma 37 (ii), we also have
Px(Pn,j,kJrl) - Px(pn,j,k) = 5nAﬁlAn+1 —3c10p4+1 > 5nAﬁlAn+l(1 — 3cc1Ap).

We choose ¢ to be small enough such that 1/2 < 1 — 3cc; < 1 — 3cc1Ay and ¢ < 1/10.
Therefore the y-projections of the rectangles (), j are non-overlapping. Using (4.3) we

have
Pe(ppjis1) — Pe(0pjk) = 00 A1 /2 > 36,0, A1 > 3600 Ap41 > 30,41, (4.18)

Recall that [Py (Q, j k)| = 0p+1. Thus the z-projections of the @, ;. are disjoint.

We define NV, ; to be the number of rectangles @, ; ;. inside the bigger rectangle @y j,

ie.
Nn,j = #{k : Qn,j,k - Qm]} and Ny, = HBln ij. (4.19)
Define
Snri={J U @Qujnr (4.20)
J k<Nnp

We relabel the rectangles ¢y, ;. as Qpy1, In the order of distance from the origin. Notice
that the rectangles Q,, 1 ; satisfy (4.6), (4.7) and (4.8) with n replaced by n+1. We continue

the iterative process for all n € N and define
o0
I'= () S (4.21)
n=1

The next lemma gives an estimate on N, and on the 1-dimensional Hausdorff measure of T'.
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Lemma 38. For all n > 1, we have the following.

1. AnA;il(l —90p—1) < Np < AnA;_il_l(l + c920p,—1), where cg = 4c(cy + 1).
2. #{5: Qnj CSu} 2 Ay and |Py(Sy)| 2 1.

Proof. By the construction of the rectangles, we have

|Py(Qn,j)| |Px(Qn,j)| .
i

#k s Qi C Qnj} = min { ,
" " maxy, (|Py(Qp ji)])” maxy, (|Pe(Pp j k1 = Pnjk

From Lemma 37 we have that |Py(Qy, ;) — An| < Op, for all n and j. Using Lemma 37 (i)

and (ii), we have

Ap —c10p on } 1
nal+c10pa1’ 5nA,§1An+1 + 3c1 041 '

#{k Qn,j,k - Qn,j} > min{A

Recall 6, = cApdy—1 and 0,11 = cAyy19p. Therefore,

-1 —1
Ay — 10, _ AnAn_H(l —cc10p-1) and on _ A”An—i—l .
Apt1+c10ny1 1+ cc1op S Api1 43¢ 0y 14 3cc1Ay

Now we use the inequality that HLI' > 1 — z to obtain

1 —cc10p-1
Crtonet) s (1 corfy)(1 - crf) > 1= 20000,

and
1

— > 1—=3cc1 Ay,
14 3ce1 Ay — 120
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Finally using (4.2) we have A, < §,,_1 and

Nn,j > AnA;_il_l(l —3ce10p—1) — 12 AnA;_h(l —3cc1op—1 — AﬁlAn—i—l)
> AnA;il(l — 3cc10p—1 — cA])
> AnA;j_l(l — 3cc10p—1 — ¢p—1)

> Ayt (1= de(er +1)6,-1).

Since the above lower bound holds for all j, we have the left hand side of (i). Similarly,

. |Py(Qn,j)‘ < Ap +c10n _ AnA;il(l + Cclén—l)
7 ming (|1Py(Qnji)l) ~ Ans1 — c10p41 1 —cc1on

Ny

Now we use the inequality that 11—33 < 1+ 2z, for small z, to obtain

14 cc10p-1

< (14 cc10p—1)(1 + 2cc1p) < 1+ 4ec1dp—1.
1 —ccrop

Therefore we have the right hand side of (i).
By (4.20), the number of rectangles obtained in (n -+ 1) step #{(j, k) : Qnjk C Sna1}
is #{j : Qn,j C Spy1}Np. From (i), we have

A, (1= 20 1)#5 - Qnj € Su} < #{(.k) - Qujk C Sns1}-

Rewriting this equation,

#{] : Qmj - Sn}An<1 - 0257171) < #{(]7 k) : Qn,j,kz C Sn+1}An+1-
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Recall #{Q1,1}A1 = 1, thus we have
n—1
[T = c26) < #{G k) Qujk C Snr1}Ansr. (4.22)

=1

The product [];L (1 — ¢2;) converges to a positive number as n — oo. This is because

> 191 < 0o. Therefore
#{j: Qnj CSn} 2 ALY, foralln e N.

From Lemma 37 (i) we have [Py (@), j)| =~ Apn. Thus
|Py(5n)’ = Z ‘Py(Qn,j)‘ 2 AglAn =L
J

This completes the proof of (ii). O

It follows from Lemma 38 (ii) that
IPD)] = Tim [Py(Sa)] = 1. (4.23)

Thus I' has positive 1-dimensional Hausdorff measure. Clearly I' is a subset of a graph of a

monotonous continuous function and thus is 1-rectifiable. Moreover,
|Pe(D)| < 605+ Qnyj € Sn} = 0, (4.24)

Since 0,A; 1 — 0 the domain is a Cantor set of measure 0 and therefore I’ has vertical
tangents almost everywhere. Thus we have shown property (i) and (iii) of Theorem 35.

We end this section with another estimate on N,,.

Lemma 39. For alln € N, we have Ny, < ene;il.
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Proof. From Lemma 38 (i) we have N, < AHA;}J(I + c920,,—1). Recall 0,11 = cAp110n,

for all n > 1. Therefore
N1 < ApAn T (14 e20n-1)cAn 4100 < cAndn(l + cady_1).
We use §, < cApdy_1 = 6y from (4.3) to get
Npbns1 < cDpdn(1+ cadp—1) < cApbn(1+ cadp—1) < cbp(1 + c2).

We have ¢(1+c¢2) = ¢(144c(c1 +1)). We choose ¢ to be small enough such that ¢(1+4c(cq +

1)) < 1. Thus Nypb,1+1 < 0y, and this completes the proof. n

4.3 Construction of the I'-Besicovitch Set

We will construct a 1-dimensional set which contains a translated copy of e~ 07, for all
0 € [0,1]. The translated copy of e T will be denoted as T'y. A union of finitely many
rotated copies of this 1-dimensional set will contain a copy of I' in every direction.

First we define I'y, for § € [0, 1] that are multiples of 6, for some n € N. We will do this
inductively. We start by defining I'y for multiples of 61 = ¢ by

g, =e 9T, for0 < j <o,

Assume that for some n € N, we have defined I'y, for angles § < 1 that are integer multiples
of 0,,. We will now define I'y for angles that are integer multiples of 6, 1.

We start by defining I'y for 6 < Nj,. Define

ern—i-l — o~ tkOp 1 + Pn1 k1 for 0 < k < N,,. (4.25)

61



The above definition is motivated by (4.12). Since the point p,, ;1) € T is the same as
e_ik9"+1pn’j7l + Pn1k+1 € L'ko,,,, there will be a lot of intersection between the 6,1

neighborhoods of I and I'gg for k£ < Nj,. We will show that the Lebesgue measure of the

n+1’

Opn+1 neighborhood of the set (J;. - N, Lk6,,, is comparable to the Lebesgue measure of the

n+1
0,,+1 neighborhood of I' which is around 6,, 1. This will be a key property to show that the
I'-Besicovitch set we will construct indeed has dimension 1.

Now let 0 = K6,+1 < 0. We have from Lemma (39) that N, < enegil. Thus for some

non-negative integer ¢ and for k < Nj,, we have K = (¢/N;, + k). Define

—iqNN,,0
FK0n+1 = ¢ Whn ”+1Fk9n+1. (4.26)
We then have that
—iqN,0
U FK9n+1 - U e MHn ”+1( U Fk9n+1)' (4.27)
K<0,0,7, qNp<On0, 1, k<Nn

By the induction hypothesis, we have already defined I';jg . Let the point v;g € R? be such
that

Fjen = e_ijenl—‘ + ’Uj@n. (428)

To define I'y for mutiples of 0,41 in [j0n, (j + 1)6)), we rotate the set [J,_, o Uk,
nY,

by —j60, and place this rotated set at vjg, .

i,
U Uj6,+ K0, =€ Y ( U FK9n+1) T V50, (4.29)
K<00,, K<0,0, 1,
Thus we have
Lig, 1Ko, =€ 90T pep | +vjg,, forall K < 0,0, L. (4.30)
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Observe that if K = 0, then the above definition agrees with (4.28).

Recall from (4.5) that 6,0, 11 € N. Thus we have defined I'y for all # which are multiples

+

of 6,+1. Denote the points vy such that Ty := e T 4+ vy. From (4.25), (4.26) and (4.30)

we have
§
Pnlk+1 for 6 = k0,41 and & < N,
Vg = e_innenJrlvkgnH, for 0 = (¢Ny, + k)01 < O
Ke’ij'gnvg_j(gn +vjq,, for 0 € [jOn, (j + 1)0n) and 997;11 e N.

(4.31)

We continue the inductive process for all n € N. This defines I'g for all § that are multiples

of 6,,, n € N.

We will now introduce rectangles Q,, ; centered at p,, ; that contain @y, ;. Let
On,j = Pnj + [=C0n, COp] x [-CAp, CAy),

where C' > 1 is a large enough absolute constant to be specified later. We also let
Ty, = U Qp,jand T, 9. = ¢~ Wony, + v, -

J

We define

o
B = ﬂ U Ty, -

n=1 lgogl
We claim that B is a 1-dimensional I'-Besicovitch set.

For a set U C R?, let U(J) denote the open d-neighborhood of U.

Lemma 40. The set B defined in (4.34) is a 1-dimenionsal set.

(4.32)

(4.33)

(4.34)

Proof. 1t is clear from definition (4.34) that B C ;41 T11,9,,,- We will estimate the
<O,11 'Un

measure of the set UlS@g}rl T 1,06,,41 (On+1)-
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Let an,ij be rectangles centered at p;, ; ;. with size 4C0p, 11 x 4CA, 4 ie.
Q ik = Pk + [7200511,2C0, 1] x [-200,11,2C A 41].

From definitions (4.32) and (4.33), we see that 7,11 is a union of rectangles centered at

points py, ;. with size 200,11 x 2C A4 1. Therefore

Tn—l—l(en—H) - U U Q,n,j,k'

J k<N,
We let
—ilf /
Thi1 _U U Q' jk and T, +119n+1 =e T L Fug,
J k<N,
Therefore
B(bns1) C U T, () |J T KRR (4.35)
1<p 1 1<~ 1

—“n+1 —“n+1

From (4.12) we have

—i(l=1)0n41

—ilf
Pnjk+1 =€ ' "pn gkt Ppiiel =€ Pnjk+1 T Pn1

and vig, | = pp,1, 41 from definition (4.25), for I < Ny. Thus for [, k < Ny, the center of

the two rectangles e ~#fn+1 Q/n,j,k + v

—i(l-1)0 / i
oy and e W(I=1bni19 n,G,k+1 T V(1=1)0,41 1 Pn,jk+

and the angle between them is 6,, 1. For any such pair we have

—i(1-1)0, —ilf, 2
(e 001 sy + 010, ) \ (€710 s+ g, )| S Ot (max (041, Apsr))

2
< Apt1bnt1-
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Thus we have from Lemma 38 (ii) that

7,

9 .
n+1,(1—1)0p41 \Tyll+1719n+1| SArH-lQn—&—l(#{(]a k) : Qn,j,k CSpy1, k< Np}

+ Api10pr1(#{J : QnjN, C Snt1})

SA721+19n+1#{(j7 k) : Qn,j,k C Sn—f—la k< Nn}

+ Apg 1041 (FHJ Qn,j C Sn})

SAn1Ay
Summing over [ < N, and using Lemma 38 again we get

ST 4]+ App 1A 0,1 Ny,

!
’ U Tn—i—l,l@n
<N,

S D101 (FHGK) 2 Qi C Sng1}) + Ang1A; 10041 Ny

5 9n+1~

Let K < enegil and let K = ¢Ny, + [ and [ < Ny,. From (4.31), we have

— KOy T;L

/
T 1,Kpy1 = 1t VK,

_ e_inn9n+16_il0n+lTrll+]_ + e—iQNn9n+1Ul9n+l

— e_innen-l-l (e—imn—’_lT?,lJrl + U19n+1) — e_innen—l-lT/

Therefore

U T 1,K6,,, C U U Thi16,, 1

K<0,0; 1, qNp <00, 1<Nn
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Thus using the estimate (4.36), we obtain

—1 -1 -1
‘ U T;H-l,l@n_i_l 5 9n+1Nn €n0n+1 < Nn On. (437)

K<00,,

We will now sum over all # < 1 which are multiples of 6,,+1. Let 6 = 50,, + K0,,1.1 such that

K0,11 < 0y. From (4.31) we have

! — 10t
Tn+1,9 =€ Tn+1 + Vg
= @_ijene_i(e_j0n>T7ll+l + e_ijenve_jen + 'Ujen’

—3j0n (,—1 KO / —ij0n !
= Y n(e v "+1Tn—|—1 + ernJrl) + vjg, =€ (%] nTn+1,K9n+1 + Vg, -
Therefore from Lemma 38 (i) we have that

/ / -1 1y g1 ~1
U Tinnl <] U Tt S 80000, S A0t @39)

10,1, 1<0,0;1,

Thus from (4.35) and (4.38) we have that

B0 1) S Apr At

1+
From (4.2), we see that Agill < ¢ntlf, <, < A,. Thus B(cAn+T+l) C B(cApt16n) =

B(0p,+1) and we have

1

144 1 R I+ 12
B, TS Ani At S A, 7T < (8, 7w,

Therefore for all m > n

1+ 1+t 2 Lo 2
|B(6Am+wll+1)| 5 (Am—l—le_l)l mH Sf (Am—i—nf—i_l)l nHL
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Since Ay,4+1 — 0 as m — oo we conclude that

dimpyB<2—(1-

) =1+

n+1 n+1

Taking n — oo, we see that dim B = 1. O

It remains to prove that B contains a rotated copy of I' in every direction.
Let D = {j#y, : for some n € N and j < 6,1}, the dense subset of [0, 1] for which we have

already defined vg. We will now define vy for all € [0, 1] as the following left limit.

vg= lim wy. (4.39)
0'—6~
¢'eD

It will follow from Lemma 41 below that the above limit exists. We define T'y for all 6 € [0, 1]
as before

'y = e_wF + vp.

Therefore we will have the following.
Ty =e 0 (Ty g )+ v, for all 6 € [jn, (j + 1)0p). (4.40)
Lemma 41. The limit in (5.11) exists. Moreover for 0 < 6y, we have
| Pe(vg)| S O and [Py(vg)| S A, (4.41)

where the implicit constant is absolute and independent of n.

Proof. 1f 0 = kb, 11 and k < Np, then we have from (4.25) that vy = pj, 1 41 By definition
of Ny, (see (4.19)) this implies that vy lies in the rectangle @y, 1 = [0, 0] x [0, Ap]. Therefore
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If 0 = K6,,41 < 0p and K = ¢gNy, + k with & < Np,, then we have from (4.26) that

vg = e INnlntt (g ).

We are rotating a vector of length at most 2A,, around origin by angle of magnitude at most

0p,. Therefore we get

v — vk, 1| = l1vgg, 1 10 < 2800,
and
| Pe(vg)| < [Pa(vrg, )] + 28000 < n + 2800, (4.42)
and
| Py(vg)| < |Py(vrg,, )| + 28000 < Ap + 2400, (4.43)

From (4.31), we have that if 6 € [j6,, (j + 1)05,) and is a multiple of 6,, 1, then

i
vg — vjg, =€ " (vg_jg,)-

We are rotating a vector of length at most 2A,, around origin by angle of magnitude at most

1. Therefore we get
[vg — vjg, | = llvg—ja, 170n < 2Ap, for all 0 € [jbn, (j +1)0p) and 997;11 eN.  (4.44)

Now let # € [0,1]. Let O, = [06,' |6, where || denotes the greatest integer function.

Then ©,, denotes the greatest integer multiple of 6, less than 6. From (4.44) we have

1v0,,:1 = YO, |l < 24, for all m € N.
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Therefore

m+l—1 m+l—1 m+l—1
[v0, —venll = I D (o, —ve )l < D llve, —ve,ll < D 245 S A,
Jj=m Jj=m j=m

(4.45)

We have used that A, 1 < ed7+1 < AT+l which follows from (4.2). As A, — 0, we
conclude that {vg, }yen converges. Thus the limit vg as defined in (4.39) exists.
Now we again let 6 < 0,. We have from (4.45) that [lvg, ... —ve,. | S Ant1-

Therefore we have

lve —ve, .y I S Ant1

Combining the above equation with (4.42) and (4.43), we get for 6 < 0,

|Px(vg)] < |Pz(ve |+ [lvg — ve | < 0 + 2400, + Api1 S Apdp—1 = 0.

n—l—l) n+1 |

and

[Py (vg)| < [Py(ve, )+ [lvg —ve, | S An+ 28000 + Apy1 S An.

O
We are now ready to prove that B is a I'-Besicovitch set.
Lemma 42. For alln € N and 6 € [0, 1], we have
Ty |J T, (4.46)

Proof. For any ¢ < 0, and p,, ; € I C [0, 1]2, we have

—10
le™Pn,j = Pnjll < IPnjll0 S On-
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The rectangle @, ; has sides parallel to the coordinate axes. Therefore,
[Pa(e™"Qu )| S |1Pe(Qn )] + Anb S 6n+ A S b

and
|Py<€7i0Qn,j)| < |Py<Qn,j)| + Apf < 2A, + 2000, S Ay
Let z € ['y. Since [y c e~ (| Qn,j) + vg, the point 2z — vy lies in the rectangle e_i‘an,j

for some j. Thus from the above discussion and Lemma 41, we get

|Po(z = pn )| < |Pa(z = vp = € (pn )| + |Pule™ (b ) = poj)| + [ Pulvg)] S O

and

—1i6 —i6
1Py(z = ppg)l < [Py(z —vg — e (pn )l + [Py(e™" (Pnj) = Pnj)l + [By(vg)| S An.

We take C' in (4.32) large enough such that I'y C |J @y, j = Ty, for all 6 < 6,. Now let

0 € [j0n, (7 + 1)6y)) then by (4.40), we obtain

Fg = e_ijgnrg_jgn -+ V6, C e—ianTn -+ Vg, = Tn (4.47)

ajon'

This completes the proof. O

Thus I'y C B for every 6 € [0, 1] and so we have proved Theorem 35 (ii).

4.4 Dimension of the Domain of I

So far we have proved that if {0y, },en and {Ap},en satisfy (4.1)-(4.4), and if I" and B are
constructed as in Section 4.2 and Section 4.3 respectively, then I' has property (i), (ii) and

(iii) of Theorem 35. It remains to prove that the dimension of the z-projection of I' can take
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any value s € [0, 1].

Let s € [0,1] and let {6, },en and {Ay }pen satisfy conditions (4.1), (4.2), (4.4) and

1

O = cAZM, (4.48)
where
%, ifs=0
Sn —
ns—fl, fo<s<1.

We will show that (4.3) holds and the corresponding I" we constructed in Section 4.2 satisfies
dim (P;(T)) = s. (4.49)

From (4.2) (Agfl < ¢nt1§y,) and (4.48) we have

1 1
— _1 4
On1 = AT = eAp it A < A (es e

If s =0 then

(n+1)(sp1—1)=(n+1)n>1

If s > 0 then
(n+1)(s,1— 1) =n+1)(s ' (n+2)/(n+1)—1) > L
Hence in both cases
Op+1 < cAn+1(05ZH)ﬁ_l < M A 160 < cAps16n.

So indeed (4.3) holds.
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Proof of (4.49). We first show that dim (P;(I')) < s. By construction, for all p € N,

U; Pe(@p,5) is a cover of Py(T').

Assume s = 0 and let s’ > 0. Using Lemma 38 (ii) and (4.48) we have

_1

lem(Qp,] —(58#{] Qp]CSp}Ség p1<5 L.

Hence for any p € N such that 1/p < s’, we have

=
A
—_

D 1P @p )
J

As p = o0, dp — 0. Therefore dim (P,(I")) < s’. Since 0 < s’ was arbitrary we conclude

that dim (P, (")) = 0.

Now assume that s > 0. We again use Lemma 38 (ii) and (4.48) to get

S IPH@p ) = S50 Qg C Sp) S BAL S0y T = 0F T <1
J
Therefore dim (P;(I")) < s.
It remains to prove the opposite inequality for s > 0. Fix m € N, and let | J; I; be a cover
of P;(T") by open intervals I; such that |I;| < 0y, for all .. We can assume it is a finite cover
since Py(I') is compact. Let p € N be such that §, < mz_in |1;].

Now fix an arbitrary ¢ and let n € N be such that 6,11 < |I;| < ;. We will show that

;[ > > | Pe(Q )| P71 (4.50)
{(G,k): Pr(Qu )N 7D}

Recall from (4.18) that 36p, < Py(ppj+1) — Pr(pp,j). Since the distance between the left

endpoints of Py(Q, ;) and Py(Qy jy1) is greater than 30, = 3|Py(Q,, j)|, we can assume
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that I; intersects Py(Qy, ;) for only one rectangle @, ;. Let

| 1]

SR L | — (4.51)
5nAnlAn—|—1

We see from (4.18) that Py(py, jr+1) — Pe(Pnjk) 2 onA 1A, 1. Therefore we have

#{Qn,j,k : Px(Qn’jjk) NL A0S A+ 1.

We look at two cases.
Case 1: A < 1.
In this case [; intersects Py (@), ;1) for at most constant many rectangles @, ; ;.. Since

dn+1 < |I;| < 6 we have m < n + 1. Therefore s, < s,11 and

I[P > | L]t > 60t > > | Pr(Q j )L
{(Gk): Pe(Qp )N Li#0}

So (4.50) holds.
Case 2: A > 1.

To conclude (4.50) we need to verify that

L5 = (ASn AL Ap1)®m 2 (A + 1)~ Aok,

Rewriting the above inequality we get

(6n A T Ay yr)¥m 2 AL Smgintl (4.52)

Using sy, < sy, and (4.48) we have that

ggm > gsm o Ay~ Ap AL 6oL
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Thus

1—sm, 63n+1

(5 A ATH—l)Sm 2 (A An+1) n+1

Since |[;| < 0, we have A < A An—I—l As s < 1, we have \I7%m < (A, An_H)l_sm.

Therefore we obtain (4.52) from the above inequality. Thus (4.50) holds in Case 2.
Since d, < |I;| < 6, we have that p > n 4 1. By the definition (4.19) of N, and Lemma

3 (i) we have

p—1 p—1
#{Qp1: Qpi C it < ] Aqu_h(l +ea0g-1) = D1 AT T (14 cadgn).
q=n-+1 q=n+1

As noted earlier below (4.22), the product []? g=n 41(1 + cad4—1) converges to an absolute

constant. Therefore JT2 (1+c2d4—1) ~ 1 and

qg=n-+1

S P@Qu)I S0 A1 A 2 Ay ~ 6 = | Pr(Q )P (453)
{1:Qp1CQn 1}

Hence we obtain from (4.53) and (4.50) that

L™ 2 > | P (Qp i) 2 > > |Pr(Qp1)]P
{(Gk): Pe(Qn )N Li#0} {(k): Pe(Qp )N Li#0} {1: Qp i CQy ik}

> > |Pe(@p) .
{l: PI(Qp,l)mEi#q)}

Summing over all ¢ we get

Z L1 2 > Po(@p)I7 > [Pe(@p )P 2 67 A =1 (4.54)
7 {l P, (Qpl)ml ;é(z)} l

This proves dim (P (")) > sy,. Taking m — oo we get (4.49). O
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CHAPTER 5
DISTANCE SETS BOUNDS FOR POLYHEDRAL NORMS VIA
EFFECTIVE DIMENSION

This chapter is joint work with Ryan Bushling and Bobby Wilson and it has been accepted

as a paper by Real Analysis Exchange.

5.1 Introduction

Given a set F C Rd, let

A(E) = {Jla -yl € [0,00) : 2,y € E}

be the distance set of E, where || -] is the Euclidean norm. The Falconer distance problem is
to find a lower bound on dim iy A(E), the Hausdorff dimension of the distance set, in terms
of the Hausdorff dimension of E itself. A frequent simplification is to fix a point z € R% and

instead investigate the pinned distance set

Ay(E) = {llz -yl €[0,00) - y € E}.

Since Ay (F) C A(F) whenever z € E, any lower bound on the size of A;(F) immediately
implies the same bound on the size of A(E). An interesting variant of the Falconer distance
problem is to seek dimension bounds on distance sets relative to a different norm || - ||«.
In this case, the corresponding distance and pinned distance sets are denoted A*(FE) and
AX(FE), respectively.

Falconer [28| proves a simple estimate in the Euclidean case:
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Theorem 43 (Falconer [28]). If E C R? is any set, then

dlmHA(E) Z dimHE — (d — 1).

The elementary proof presented by Falconer generalizes to other norms with little mod-
ification. However, the techniques of algorithmic complexity provided in [50] are highly
applicable here, and we use this theory to give an alternate proof for pinned distance sets of

the general case.

Theorem 44. Let || - ||+ be any norm on R® and let E C R, Then

dlmHA;(E) Z dimHE — (d— 1)

for all x € RY,

Remark 45. The proof of Theorem 44 does not use the symmetry of || - ||«, so the theorem
statement can be generalized to so-called asymmetric norms. The same is true of Theorem

47 below.

Polyhedral norms provide a class of finite-dimensional normed spaces which can be con-
sidered the “worst-case scenario" for the distance set problem, as the curvature of the norm
ball plays a major role in precluding the possibility of a large number of points with equal
pairwise distances. The relevance of non-vanishing curvature manifests itself in [37]: the
authors provide the best known bound in the planar Euclidean case, and it is demonstrated
that the essential characteristic of the Euclidean ball required for their argument is that
it is a smooth norm ball with strictly positive curvature. A construction of Falconer [29]

illustrates the marked differences in the context of polyhedral norms.

Proposition 46 (Falconer [29]). Let || - |p be a polyhedral norm on R®. Then there exists

a compact set F C R% with dimy F = d such that L(AT (F)) = 0.
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The relevance of curvature to the distance set conjecture is further explored in [12], in
which Falconer’s construction is generalized to the case in which at most countably many
points of the surface of the unit ball do not lie on any open line segment contained in the
surface of the unit ball (all but finitely many points on the surface of a polyhedral ball satisfy
this condition) or for certain convex sets for which the measure representing the curvature
field is singular with respect to surface measure. For more state-of-the-art estimates and
information on the history of the Euclidean distance set conjecture, see [25] and [26].

Our second result shows that polyhedral norms witness the sharpness of the dimension

bound in Theorem 44. This, too, will be proven using complexity theoretic tools.

Theorem 47. Let || - ||p be a polyhedral norm on R%. For any s € [d — 1,d], there exists a

compact set E C R with dim g E = s such that
dimg AP (B) = s — (d—1). (5.1)

Remark 48. The proof of Theorem 44 also works with Packing dimension in place of Haus-

dorff dimension. However, the resulting statement for packing dimension is far from sharp.

Under the hypotheses of Theorem 47, it follows from Theorem 44 that the pinned distance

sets of £ have minimal dimension s — (d — 1) at every pin in E: that is,
dimHAg(E) =s—(d—1) forall ze€EFE.

Following a brief synopsis of the background material, we prove Theorem 44 in §5.3. In

§5.4 we construct the examples described in Theorem 47.
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5.2 Preliminaries

This section summarizes the requisite terminology and results from algorithmic complexity

theory. See [50] for a more thorough exposition of this material. We denote by

{0,1}* == | J{o,1}"

neN
the set of all (finite) binary strings, including the empty string A € {0, 1}Y.

Definition 49 (Kolmogorov Complexity of a String). Let o,7 € {0,1}*. The conditional
Kolmogorov complezity of o given T is the length of the shortest program 7 that will output

o giwven 7. More precisely,

K(o|r) == WEI?SH}*{E(W) : Ulm, 1) =0},

where U is a fized universal prefiz-free Turing machine and ((m) is the length of w. The
Kolmogorov complexity of o is simply the conditional Kolmogorov complexity of o given the
empty string:

K(0) = K(a]),

where \ is the empty string.

Throughout, we work with a fixed encoding {0,1}* = (Jgen Q, under which the defini-

tions above extend from strings to vectors over the rationals.

Definition 50 (Kolmogorov Complexity of a Point). Let = € RY and r € Zy. The Kol-
mogorov complexity of x at precision r is the length of the shortest program that outputs a

point in @d that approximates x to r bits of precision:

Ky(z) :=min {K(p): pe B(z,27")nQ%}.
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If also y € R and s € Zy, then the conditional Kolmogorov complexity of x at precision r

given y at precision s is defined by
_ _ i
Ky s(zly) == max { min{K (p|g) : p € B(z,27") N Q% :qe Bly,27%)nQ? }.

Note that, for z € R, K, (z) is always less than equal to dr + O(logr). To simplify
notation, we also denote Ky ,(z|y) by Ky(x|y), Krs(z|z) by Ky s(x), and, when r € (0, 00),
Ky (@) by Kr(z).

Lemma 51 (Symmetry of Information [54]). For all myn € N, z € R™, y € R", and

r,s € N withr > s:
1. |Kp(zly) + Kr(y) — Kr(z,y)| < O(logr) + O(loglog |lyl]).
2. | Ky s(x]z) + Ks(z) — Kp(x)| < O(logr) + O(loglog ||z|).

In the remainder of the article, we will use the O(logr) error term to encapsulate all
errors accumulated from computing terms that do not change as the precision, r, increases
to infinity. This would include the loglog ||y|| and loglog ||x|| terms from Lemma 51 as well
as logm and logn terms already suppressed in the statement of Lemma 51. Using the notion
of Kolmogorov complexity, one defines the concept of effective dimension as the asymptotic

Kolmogorov complexity of a given point.

Definition 52. The effective Hausdorff dimension of a point x € RY is given by

dim () := lim inf Kr(@.

7—00 r

The effective Packing dimension of a point x € RY s given by

K
Dim(z) = liiri)solép 7;1(@
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In computability theory, a set A C N is called an oracle. Heuristically, a Turing machine
T can be said to have access to A if, in addition to its usual operations, it can inquire
whether the number currently printed on the work tape belongs to A. This operation takes
one step, and the answer to the question is recorded as a state. The machine derived from
T by allowing it access to A is denoted T A

The concepts of complexity and dimension defined above can be relativized to an oracle
A by replacing the fixed universal Turing machine U with U A These relativized concepts
are denoted K A, dimA, etc. For us, the utility of oracles is that they allow us to compute

the Hausdorff dimension of a set from the effective dimensions the points it contains.

Theorem 53 (Point-to-Set Principle [50]). For every set E C R?,

dim g F = min sup dimA(:p) and dimp F = min sup DimA(

xX).
ACNcR ACNcF )

One can infer from the proof of the point-to-set principle that, for any oracle A and
s € (0,d], the set of points = that satisfy dim 4(z) < s has s-dimensional Hausdorff measure
zero. In particular, dimA(x) = d for all x outside of a Lebesgue-null set.

As in [69], we describe the complexity of a point x € RY relative to a point y € R? as
the complexity of x relative to an oracle set A, that encodes the binary expansion of y in a
standard way. We define

KY(2) = K{ ().

Throughout the paper, we will often invoke the notion of (Martin—Lof) “randomness." A

point = € R is random with respect to an oracle A if
A
| K (z) — rd| < O(logr).

This also implies that each of the coordinates of z is random with respect to the others and
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has effective Hausdorff dimension 1 with respect to the oracle A. More quantitatively, for

t < r, the symmetry of information (Lemma 51) implies that

rd+ O(logr) = K (z) = K;L}t(x) + Ki(x) + O(logr)

< Kf}t(a:) +td + O(logr),

whence

K (2) — (r = t)d] < O(log ).

This means that the first ¢ digits of the binary expansion of x “do not help much" in the
calculating the remaining r — ¢ digits, and that we would approximately need (r — t)d bits
to calculate them. In the proof of Theorem 47, we will have occasion to choose collections
of strings of digits that are random with respect to each other, but we can see from this

discussion that such a choice is always possible.

5.3 Distance set bounds for arbitrary norms

We begin with a “trivial" lemma for the benefit of the reader new to the theory of Kolmogorov

complexity.

Lemma 54. Let A CN. For all x,y € RY and r € N,

K (y) < K (@ + ) + O(logr). (5.2)
Proof. Let T4 be an oracle Turing machine that operates as follows: given a rational point
p € Q% a precision level r € N, and a “corrector" string o = o7y . . .og € {0, 1}d/ of length
d = (dl/ 2}, it first computes the “small" dyadic rational number
01 aqr

qo,r ::m‘f‘“'—f—m.
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The machine then returns the first r + d’ + 1 bits of p + ¢, 5 — = as its output:
T4 (p,r,0) = (p+dro —2) [ (r+d' +1).

Because the oracle encodes x, this is a computable operation relative to (A, x); hence, T Az
exists.

Now let p € Bz +4,27") N Q? be a point with KA’x(p) = K,A’x(x +y). We use p
and T4 to compute a precision-r approximation of y. To do this, take o € {0, l}d/ such
that p + ¢ro € B(z + v, 2_(r+1)). (This explains the choice of d': it is just large enough to
encode a rational number that “corrects" p by a factor of up to %, upgrading the precision-r

approximation to a precision-(r + 1) approximation.) Since ||(z | (¢ +d')) — z|| < 27 for all

z€R%and t €N,

(P +aro) —2) I (r+d +1)) —y|
<o+ are —2) =yl + [(p+ o —2) [ (r+d +1) = (0 + a0 — )|

<N+ aro) — @+y)| +27 1 <270+ o=+ — o=

SO TA7x(p, r,o) € B(y,27").
If p is a string that encodes TA% in the language of UA’x, so that UA7x(u,q,7", o) =

TA’CC(q7 r,o) for all ¢, r, and o, then

K& (y) < KA (u,p,r,0) < |p] + KA (p) + KA (r) + K47 (o) + O(1)

= KA%(p) + O(logr) = K" (2 + y) + O(log 7).
(The value |u| is a constant independent of 7, and the additional O(1) represents the com-
plexity required to concatenate u, p, r, and ¢ into a single string in the language of U Az ) O

This computations of this sort are routine, arithmetic properties such as that in (5.2)
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will be used freely in what follows.

Proof of Theorem /4. The unit sphere in the norm || - ||« has Packing dimension d — 1.

Therefore, by the point-to-set principle, there exists an oracle A C N such that

sup  Dim?(z)=d—1.
2€0B,(0,1)

For any y € E, if we write y = x + ||z — yl||«2 for some z € 0B4(0,1), then the following

holds: for any oracle B C N,

KB () < KPP (y — 2) + O(log r)
AB
7"7 ,I(

|l = yl[+2) + O(log )

< KBz — y)l) + K9P (2) + Olog 7).

Therefore,
A,B,x A,B,x A,Bx
sy K (] _ ] O 1
lim inf —~ ) < lim inf —~ (lz = y1l-) + lim sup — (2) + lim sup M
r—r00 r r—r00 r r—00 r r—00 r
and so

dim 457 () < dim AP ||z — y|l.) + Dim P (2)

< dim AP (e —ylls) +d - 1.
In particular, for every € > 0, the point-to-set principle gives a point y € E such that

dimy E < dim 457 (y) + €.
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Thus, for every ¢, there exists a point ¢ = ||z — y||« € A%(FE) such that
dimyg E — (d — 1) — € < dim A5 (¢).

Taking the minimum over all oracles and letting ¢ — 0 then gives the desired inequality. [J

5.4 Sharp examples

In this section we construct the set E C RY proving Theorem 47. Fundamentally, the
construction adapts [30] Example 7.8, which in turn works on the same principles as the
“Venetian blinds" constructions that have been studied widely in geometric measure theory
for the extreme features they exhibit, e.g., in the context of orthogonal projections, see [21].
As such, the use of complexity in building our set E is secondary to its use in actually proving

that it has the asserted properties.

Proof of Theorem /7. The case s = d is trivial, so let s € [d — 1,d) and a := s — (d — 1).
Since || - || p is a polyhedral norm, there exists a finite set {v!,...,v"V} € R? of vectors—one

for each face of the || - || p-ball—such that
il p = masx {l - o[ HL (5.3)

for all z € R?. Let ¢ be a large constant to be specified later, and let {my.}72 | be a sequence

of positive integers satisfying m; =1, 1 + 1% < may, and, for all k € Z,
kmy < Mp4q- (5.4)
We also define a sequence {n}7° ; by

ng = my + a(myq — my).
84



2c
1-a>

Note that, since o € [0,1) and mg > 1+ we have ng +c¢ < my1 — c for all £.

We construct E C [0,1]% in blocks of N steps. Define
Fp. = { ze[0,1]%: [20(z-v")] =0 for all

(5.5)
Jj € (ng+c,mpyq —c|, where £ =Fk (mod N) }

and

oo
E:= () F
k=1

These definitions prescribe that the binary expansions of the projections x - v? of the points
in x € FE alternate between long strings of free digits and long strings of zeros, with the
lengths of the strings rapidly approaching infinity. When a real number has two different
binary expansions, we associate to it the expansion terminating in an infinite string of ones.
This makes the sets F}. and thus F to be closed.

Claim: For every oracle A C N, there exists x € E such that

KA
lim inf —" () > s. (5.6)
r—00 T
Moreover, for all 7 € AP(E),
A
lim inf Kr(7) < a. (5.7)
r—00 T

By the definition of a, this will imply that dim g AT(E) < s—(d—1) < dimyg F — (d — 1),
and an application of Theorem 44 will entail that these hold with equality.

To obtain this point x and ensure that it belongs to F, we iteratively select the digits in
the binary expansions of its coordinates. In particular, assuming we have already chosen the
digits in the places before the myth place, the digits in the places [my, my,1) will be chosen
in two steps. For each ¢ =1, ..., N, fix any index 1 <14, < d such that the iyth coordinate of

v! is nonzero: vf #0. Let / =k (mod N),1</¢<d.
¢
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1. We define the digits in the binary expansion of z; in the places [my, my 1) for i # iy,
and in the places [my.,ny) for ¢ = iy, such that the corresponding d strings (of which
d — 1 have length my_; —my, and one has length n; —my) are random with respect

to each other, the oracle A and the first m;. digits of z. In particular, this implies that
K;f}mk(x) > d(r —my,) — O(logr), for all r € [my,ny).

After we choose the digits of z;, in the places [nj,mj 1) in Step 2, these random

choices will allow us to conclude that

Kf}nk () > (d —a)(r —ng) — O(logr), for all r € [ng, mgy1).

2. We want to define the digits in the binary expansion of x;, in the places (Mg Myt 1)

such that

(

0 ifj € (np+c,mypy —d,
d

j — {] —
97 Z 2L [ 2T g Ju | = Q1 = myyy — e+ 1, (5.8)
=1

0 ifj=mpy; —c+2,

\

where the equivalence holds modulo 2. Before showing that this is possible, we prove

that Equation (5.8) implies
L2j(x : UE)J =0 (mod 2) for every j € (ng + ¢, mp11 — ¢l (5.9)
provided c¢ is chosen large enough. It will then follow from (5.5) that the point x

satisfying (5.8) belongs to FJ,. In order to derive Equation (5.9) from Equation (5.8),
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we first observe that

d d

ool = Z 9~ M1 L2mk+1$z‘JU§ + Z (xZ 9 =M1 Lkasz’J)Uf-

i=1 i=1
Notice that, if (5.8) holds, then for some M € Z and t < zli, we have
d
D 2T 2t [uf = 27N 4 27 TR (L g,

1=1

Choose c large enough such that
d
max Z |vf|, |vf2 1 <23 forall l,
1=1

from which it follows that

d d
> (g — 27 2 gy Yol | <3 [y — 27 [ 2Ly o
=1 =1

d
< 97 MkA41 Z |vf|
=1

< 2—mk+1+c—3.

Combining (5.10), (5.11), and (5.13), we see that

29 (z - vty = 2T 7m0 4 2= (mk=0) (L g ),

(5.10)

(5.11)

(5.12)

(5.13)

where [t/ < % Hence, for j € (ng + ¢, mg 1 — ¢, the second term above lies in the

interval (0, 1):

0 < 2= (mer=el (L 4y 1) <1,
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Therefore, we have shown that Equation (5.8) implies

d
203 "okt 2™kt ol | = |27 (z - 0F)] (5.14)
i=1

for j € (ng + ¢, mp41 — ¢|, which immediately entails Equation (5.9).

It remains to see that we can choose the digits of x;, in the places [n},, m},1) such that
(5.8) holds. The condition (5.8) determines the digits of z;, - Uf[ in places [ng, mg11 —

¢+ 2), and we see from (5.12) that
2—C+3 S ,Ufz S 26—3'

Therefore, we can indeed make such a choice for the digits of z;,.

Repeating this process for all k£ € Z4 produces the desired point z € F.

Now we prove that dim 4 (z) > s. Let r € (my, my11] and £ = k (mod N). We estimate
KA(z) in two cases.
Case 1: r € (my, n]
By symmetry of information, we have

K x) = K, (1) + K7}, (2) + O(log )
(5.15)
> (r — my)d + K7}, () — O(log ).

The inequality is true because the digits of = in the m;th through rth places are chosen
randomly with respect to A and the digits in the places 1 through my.
Case 2: 1 € (ng, mj11]

By the symmetry of information, we have

K x) = K, (2) + K7 (2) = O(log 7).
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It follows from (5.15) of Case 1 that

K7 (2) > (ng, — my)d + Ky () — O(logr)

= a(mpy; —mg)d + Kn‘%k(x) — O(log).

Thus we have

K@) > KA, (@) + a(myq — myg)d + K7, () — O(logr)
> Kf}nk (21, s Ty 15 Tipg 1y oo zq) + a(mpy1 —myg)d + K;?Lk (x) — O(log ) (5.16)
> (r —m)(d = 1) + a(my 1 — mp)d + K3 () — O(logr)

= (r —mg)(d — 1) + a(my 1 —myg) + Ki (x) — O(log 7).

The third inequality above also follows from randomness. We put r = my, 1 in (5.16) to get

K;%k 1(9[:) = (M1 —my)s + K;%k (x) — O(logr)
+

1
> g (1= 3 ) s Kb, ()~ Olog),

where the inequality follows from (5.4). Thus for any arbitrarily small ¢ > 0, we have

K4 (x
Bt 4 for large enough .

mE41

We will now justify that the expression K (z)/r is minimized when r = my, for some k. By
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(5.15) of Case 1,

Ei(x) > (1 B %) d+ K{%k(x) ~ O(logr)

m Kék@) m ogr
e Oy ot
> (1 - %) d+ (s— t)% - —O(lig”

—d—(a—1 H)”;k _ O(ligr)

and similarly, by (5.16), we have in Case 2

1— &

A
K (w) > ( mk> (d—1)+ oMy = my) Kin () O(logr)

r r r r r
A —
>d—1+ amk+1 X Kmk(x) sy, B O(lOgT) (518)
T r r
Sd_1 LML tmy, O(logr).
r r r

Recalling £ < 1 and % > 1, we conclude (5.6) from (5.17) and (5.18), and therefore we
have proved that dimy £ > s.
Now, for any fixed z,y € E, let 7 := ||z —y||p € AT(E). Thus, 7 = |(z —y) - v*| for some

(. Hence, for any k = ¢ (mod N), we have
127((z—y)-v")] =0 (mod2) forall jé€ [ng+c—+ L,mgy; —c—1]

or

L2j((z—y).U€)J51 (mod 2) forall j€[n+c+1,mpq—c—1].

Therefore,

A
Kmk+1—c,nk+c(7—) < O(logmy41).

This is because specifying a string of 000’s or 111’s having length less than mj 1 requires a
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program of length at most O(logmy1). We consequently have

A A A
Kmk+1—c(7—) < Kmk+1—c,nk—|—c(7) + Knk (1) + O(log my41)

< nj + O(logmy11)

1
<mppa (1 - E) + O(logmy11),

where the last inequality follows from (5.4). Taking k& — oo gives (5.7), and, since this
holds for all 7 € AP (E), we conclude that dim i AT (F) < a. The desired upper bound on

dim gy £ then follows immediately from Theorem 44:
s<dimpgE <dimgAP(E)+(d—-1)<a+(d-1)=s.

As such, all the inequalities above are actually equalities, so Equation (5.1) holds. O
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CHAPTER 6
ON THE PACKING DIMENSION OF DISTANCE SETS WITH
RESPECT TO C! AND POLYHEDRAL NORMS

This chapter is joint work with Ryan Bushling and Bobby Wilson, and we will be submitting

it to a journal as a paper.

6.1 Introduction

For a norm || - ||« on R and set E C R?, let

A*(E) :={|ly —z|+ € [0,00): z,y € E}

be the distance set of E with respect to that norm. Given a fixed z € R, we also let

AL(E) = {lly — x|« € [0,00):y € E}

be the pinned distance set of E at x. The classical Falconer distance conjecture 28| posits

that, for E (say, Borel),

dimHE>g - dimHA<E):17

where dim §7 denotes Hausdorff dimension and A the distance set operator for the Euclidean
norm. More quantitatively, one frequently seeks lower bounds on dim i A(E) or dim i Az (E)
in terms of dim g E. For recent progress on the distance set conjecture, see [26, 33, 34|. In
particular, [26] contains a clear and thorough history of the problem.

This chapter may be seen as a follow-up to chapter 5, in which the authors treat the

Falconer distance problem for general norms, emphasizing in particular the case of polyhedral
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norms. The main result therein is the following.

Theorem 55 (|6] Theorems 1.1 & 1.4). Let || - ||« be a norm on R? and let E C RY. Then
dimH A;}(E) Z dimH E — (d - 1) (61)

for all x € R%. This bound is sharp for polyhedral norms in the sense that, if II-llp is a
polyhedral norm on ]Rd, then for any s € [d — 1,d], there exists a compact set E C R? with
dimyg E = s such that

dimp AP (E) =s— (d—1).

6.1.1 Main results

Distance sets with respect to polyhedral norms have also been considered in [48, 29, 47, 12|,
and in addition [12] presents strictly convex C' 1 norms with pathological distance sets. The
works [60, 45, 33, 34] address problems concerning the packing dimension dim p of distance
sets, and here we consider the packing dimension of distance sets with respect to polyhedral

and C! norms. Our main theorem is the following.

Theorem 56. Let || ||« be either a C or polyhedral norm on R and let E C R, For every

e > 0, there exists x € E such that
. " 1.
dimp A%L(E) > adlmpE—s. (6.2)

In particular,

1
dim p A*(E) > Edimp E.

In both the C! and the polyhedral case, the normal vector field to the surface the unit
ball is regular enough to establish reasonable transversality conditions on the pinned distance

functions y — || — y||«. Just as (6.1) was sharp for every polyhedral norm in a strong way,
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(6.2) is also sharp for a large class of polyhedral norms.

Theorem 57. Let || - ||p be a polyhedral norm such that the unit normal vectors to the faces
of the polyhedron are rationally dependent and let s € [0,d]. There exists a compact set

E c R with dimp F = s such that

dimp AP(E) = < (6.3)

A main tool in the proof of Theorem 56 is a nonlinear projection estimate extending a
result of Jarvenpad [41]. Let p = (pi);-izl be a family of functions p;: £ — R defined on a

set £ C R? and let dim g denote upper box dimension.

Definition 58 (Weak transversality). We say that p is weakly transversal if, for every
bounded set F' C E, its restriction p|p is bounded and has fibers of upper box dimension 0.

That 1s:
1. p(F) is bounded; and

2. for every 6 € (0,1), there exists a natural number M(0) <z 6~ ¢ for every ¢ > 0
such that the following holds: for every & € R™, there exist m < M(J) many points

T1,...,Tm € R™ such that

p '(B(&8)NFC | Blay.9). (6.4)
k=1

The first condition simply ensures that dim g p(F) is defined whenever dim F is. The
second condition ensures that the fibers of the functions p; intersect fairly transversely at
most points; it is always satisfied, for example, when p is locally invertible with Lipschitz
inverses. Either § (or both) in (6.4) can be replaced with a number ~; 4.

With this terminology, we have the following result.
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Proposition 59. Letp = (pi: E— R)gzl be a weakly transversal family, letn € {1,...,d},

and for every string of indices i1, ..., in let Piy,..i = (Pij B — R)?Zy Then for every
set F C F,
n—
—dimp F < max dim ) (F 6.5
d b C1<ip<<in<d B lev'"ﬂ/n( ) ( )

provided F' is bounded, and

n
d Pe= 1§i1<"')<(in§d P p117...77,n( ) ( )

We only require the result for n = 1, and it is possible to prove this directly by a simple
covering argument. However, we have included the full statement in the interest of generality
and elected a proof that leverages Jarvenpéad’s result on orthogonal projections.

If || - ||+ is a strictly convex norm on RZ?, the “projection maps" p;(z) = ||z — z;||
are weakly transversal for any two distinct x1, 29 € R2, whereby the distance set bound of
Theorem 56 follows immediately from Proposition 59. In higher dimensions, one can establish
a similar result for strictly convex norms for d pins z1,...,2, in general position. Things
are not so simple for norms with more degenerate curvature. Establishing transversality for
some set of pins on a large portion of £ becomes the main hurdle in proving distance sets

estimates for such norms.

6.1.2 QOutline

After §6.2 lays out the necessary background on the upper box and packing dimensions, §6.3
presents the proof of Proposition 59 and §6.4 gives the proof of Theorem 56 for polyhedral
norms. Next, the transversality conditions necessary to apply Proposition 59 for projections
defined by C'! norms are established in §6.5, and in §6.6 the proof of Theorem 56 for C1

norms is completed. Finally, the sharp example of Theorem 57 is constructed in §6.7.
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6.2 Preliminaries

Let E ¢ R? be any bounded set and N(E,0) its covering number at scale J—the minimal
number of d-balls required to cover E. The upper box dimension of a bounded set E C R?

is defined by

- log N(E
dim g F := lim sup M.
6—0 —logd

Note that upper box dimension is finitely stable not but countably stable: that is, if £ =
UL, E;, then dimp FE = maxj<;<m dim g E; provided m < oo, whereas it can happen that
dimg E > SUP1<i<oo dim E;. Packing dimension can be defined simply by “forcing" upper
box dimension to be countably stable: given any set £ C R4 (not necessarily bounded), we
let
00
dimpE::inf{ sup dimpg E;: E C UEZ}, (6.7)
1<i<oo i=1
where the infimum is taken over all countable covers of E by bounded sets. It follows
immediately that dimpg E > dimp E for every bounded set E, and it is also not difficult to
show that dimp £ > dimy E.

We sometimes use the standard notation A <, B to indicate that A < ¢, B for some
constant ¢, depending only on the parameter (or collection of parameters) «; these may
be suppressed from the notation where the parameters are not especially important. The
notation A ~, B means that both A <, B and B <, A. Importantly, if for some F1, E5 C
R™ the relation N(E1,d) Sq N(E2,9) holds for all § € (0,1), where « is independent of 4,
then dimpg B < dim g Fs.

Finally, we remark here that §6.5 makes heavy use of tools from convex analysis, but

these will be introduced as needed. For more thorough references, see |19, 20].
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6.3 Proof of Proposition 59

First we recall an orthogonal projection theorem of Jarvenpdd [41]. Given linearly in-
dependent vectors eq,...,ep € R let V = V(et,...,en) := Span{eq,...,en} and let

Py R% — R™ be the orthogonal projection of R onto V.

Theorem 60 (Jarvenpéd [41] Theorem 3.4 & Corollary 3.5). If (e1,...,eq) is a basis for

R% and 1 <n <d, then for all E C R? there exist 1 <ip <---<ip <d such that

gdimBESdimBPV( )(E)

61‘1,...,62‘”

provided E s bounded, and

gdimpESdimPPV( )(E)

eil yos€ip
The statement in Jarvenpéé [41] is for 1 < n < d — 1, but it also holds trivially for n = d

as stated above.

Proof of Proposition 59. We first consider the case (6.5) of upper box dimension. Let F' C E

be a bounded set and 1 < n < d. By Theorem 60, there exist indices 1 < i1 < --- <1, < d

such that
n—— -
S g p(F) < A Py, e, (0(F))
where (eq,...,e4) denotes the standard basis of R?. Observe that PV(6i1»~-«7€in)(p<F)) =

Piy,....i, (I), so it suffices to show that dim g p(F) > dimp F. Let ¢ > 0 and § € (0,1), and

let {Bi}ij\;1 be a cover of p(F') by N := N(p(F),d)-many d-balls. By the definition of weak

transversality, for each i there exists a collection {B; ; }é&l of 9-balls such that

N;
p !(B)NFC U Bij
j=1
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where N; < 07¢ for every € > 0. Hence, {B; ;: 1 <i < N, 1<j < N;} is a cover of I by

N
> NjSN6E
=1
balls of radius §. It follows that
-_— log N(F. log(N§ ¢
dimpg F' = lim sup og—(,é) < lim sup M
5—0 —logd 50 —logd
log N(p(F logd—¢
— Jim sup % (p(£),0) i 1089
§—0 —logd 6—0 —logd

=dimgp(F) +e.

Since £ > 0 was arbitrary, the result follows and (6.5) holds.
We now prove the packing dimension case (6.6). Let ¢ > 0 and, for each string of indices

1<ip < <ip <dlet {FY 1%

i }j:1 be a cover of p;, _; (F) by bounded sets such that

- j . €
sup dimgp Fz(1]> ;. <dimp Piy,...in (F) + 5
1<j<o0 B

The collection of all sets of the form

N el (B, 1<y, <o (6.8)
1< <-<in<d
is a cover of F, but not necessarily by bounded sets. Therefore, we refine this to a new cover
{G(k)}zozl consisting of all sets formed by intersecting the elements (6.8) with unit cubes
[ny,n1 +1) x -+ X [ng,ng + 1), n; € Z.
Taking an index k such that dimp Gk > dimp F' — %5, we have by (6.5) a string

1§i’1<~~~<z’§l§dsuchthat

Sdimp F— 5 < = dimp 6% < dimppy _y (GF) (6.9)
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We note that for every k,

k —1 (Jiq,ooiin)
¢ c ﬂ pzlzn<lelzn )

1<t < <ip<d

for some collection of j;; ;. Thus for our given string, Gk pi_,1 p (Fl.,j) py ) for some
Loy Vi il
j. Therefore, P/ i, (G(k)) C Fz’(lj,)...,in’ which implies
n [j—
—dimp F — - <dimgpy (G(k))
d 2 1] yee0ylp
. ) . c (6.10)
< sup dimp £y’ ., <dimppy 4 (F)+ 3,
1§]<OO 217"'77'7’1 12%n 2
This string i’l, ...,i" depends on e, but since there are only (g) such strings, there is at

least one string for which (6.10) holds for arbitrarily small ¢ > 0; hence, this concludes the

proof. O

6.4 Proof of Theorem 56 — The polyhedral case

Let || - ||« be a norm defined by a collection {vl}f\i 1 of vectors so that
M
[+ = max {[(z, v;) [ };=1-

We note that we must have M > d. For each = € RY and v € Rd, we define the cone

Cla,v) = {y € B! ¢ llo =yl = [{w =y}l }.

Obviously, for each = € R,
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In addition, let {z; 3?';1 C R? be a countable set, so that

=

5

j=11

O Zjavl = Rd = U ﬂ C('ngavig)

{Zjl ""’ZjM} (=1
{Uil ,...,’UZ'M}

Il
—

where in the union we allow j3 = j; and ig = i for s # ¢t. For a > 0 and a countable set

G C RY, define

HE.Goi= s {dim (spen({vr,, .., viy, 1)) -

{Ui seeeyUg }
1 M

dim p (Eﬂ ﬂg]\i1 C’(zjz,vié)> > dimp F — a}.

This is the largest number of cones based at points of G that “see" a large (relative to «)

portion of E through independent faces of the norm polyhedra {y € R%: ||y — il =1}

Lemma 61. Let E C R, and o > 0, and let G C R be countable. Then there emist

k<k(E,G,a) and F C E with dimp E = dimp F' such that the following hold:

1. If FN ﬂé\il C(z,vi,) # @ for any {z1,..., 20} C G, then
dim (span{v;, ..., v, }) < k. (6.11)
2. There exist {z1,22,...,2p} C G and {vj, iy, ..., v, } S{v1,...,vp} such that

dim (spanf{v;,...,v; }) =k
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and

k
dimp | F'N ﬂ C(zj,,vi,) | 2 dimp E —a.
=1

Proof. Let s = dimp E. The sequence k(F,G,27™«) for m € Zy is a monotonically

decreasing sequence of integers between 1 and d, so pigeonhole principle implies that there

exists m > 1 such that

ForeachEGGM:GxGx---xGand@E{vl,...,vM}M,deﬁne

Esz = FEnN

i

D=

C(ij,vig).
14

I
—_

If dim (span{v;,,...,v;,, }) >k, then

dimP(Eg’@) S S — Z_ma

for all z € GF. 1f we let Ey := Usegm Ezp, then dimp By < s — 27™a. Therefore, if

Vi :={v € {v1,...,op M - dim (span{v;,,...,v;,,}) > k} then

F=FE\ |J E

eV

has dimp F' = dim p £ and the desired condition holds.

For the second part of the statement, if k(E , G, 2_(m+1)04) = k, then by definition there

exist {z1,29,...,2;} C G and {v;;,vjy,...,v;, } € {v1,...,vpr} such that dim (span{v;,,
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o, }) =k and

M
dimp [ EN m C(2j,,vi,) | = dimp E — 2~ (m+1)y,
(=1

Finally, dimp E5 < s — 27"« implies
M
dimp | F0 () Clz),.v3,) | > dimp E—27 "o > dimp £ - a. O
/=1

Proposition 62. Let £ C Rd, a >0, and G C E be a countable, dense subset of E. Then
there exists k € {1,...,d}, {z1,..., 2.} C G, {wy,wa,...,wi} C{v1,...,vp}, and F C E,

such that dimp F' > dimp E — «, and

k
F cC ﬂ C(zp,wy).
(=1

Moreover, V := span{wy, ..., wi} € G(d, k) and for each z,y € F

Iz =yl = 1Py (x = )|l

Proof. Lemma 61 implies that there exist an integer k € {1,...,d}, {21,29,...,21} C G,

wy, w9, ..., W} CA{vl,...,vpr}, and Fy C E such that dimp Fy = dimp F,
k M
dim (span{wl, wy, . .. ,wk}) =k

and
k

dimp | FoN ﬂ C(zj,,wp) | =2 dimp £ — a,
=1
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Moreover, inequality (6.11) implies that if Foﬂﬂe]\i1 C(zp,wp) # @ forany {z1,...,2p} C

G and (vj,,...,vj5,,) € {v1,... ,UM}M, then
dim (span{vjl, o ,va}) <k.

Let F = Fy N ﬂ]lf:l C(zj,,wp) and V := span{wy,...,w;}. If v € F, z € G, and

v € {vy,...,up} satisty x € C(z,v) then
dim (span{wl, e Wy v}) <k,

which implies v € span{wy,...,w;}. This further implies that for any € F and z € G,

there is a v € {vy,..., vy} such that

1Py (z = 2)]l« < [lz = 2]lx = [(z =z, v)|
= [(Py (= — 2),0) + (P (= = 2),0)| = [(Py (2 — 2),v)]

< [Py (z = )|

Since G is dense in F, G is dense in I and || - || and Py are continuous, we can conclude
that for every x,y € F,

1Py (y — o)l = lly — ]« O
We are now ready to prove Theorem 56 in the case of polyhedral norms.

Proof of Theorem 56 in the polyhedral case. For E C R% o > 0, and G C E with dimp FE =
s and with G countable and dense in F, let F C E, k, {z1,...,2;} C G and {wq,...,wi} C
{v1,...,vp7} be the sets given by Proposition 62. Let V' = span{wq, ..., w;}. Then Propo-
sition 62 implies ||z — y||« = || Py (x —y)||« for all z,y € F. Therefore, the projection onto V'

restricted to the set F'is a bi-Lipschitz map. Thus, dimp F' = dimp(PyF) > s — a.
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For each j € {1,...,k}, let Pj(x) := (wj,m>”7“wu—j” be the orthogonal projection onto the
j

line spanned by w;. Then since F' C C(zj,w;), we have Pj(z—z;) = ||x—z]|]*HZﬁ whenever

r € F. Therefore,
dimp PJ(F — Z]) = dimp A:'](F)

Now Theorem 60 implies that for some j € {1,...,k}

S —

1
dimp PJ(P‘/F) Z Edimp PvF Z

Since Py, Pj = P;j Py and packing dimensions are stable under translations, dim p P;(Py F) =

dimp Py (P;F) = dimp Py (P;(F —z;)) = dimp Pj(F — z;) = dimp A;‘,j(F). In conclusion,

S — S —
AL(F) 2 —— > —

for arbitrary o > 0. O

6.5 Establishing weak transversality in the C! case

Let (R™,|| - ||«x) be represented by X as a Banach space with dual space X*. For x € X
and f € X* we have the pairing f(z) = (f,z). Throughout this section, B(z,r) := {y €
R?: ||z — y|l« < r} denotes a ball with respect to the norm || - ||« and N,(E) := {y € R?:
|z — y|l« < r for some x € E} denotes that r-neighborhood of a set E.

We first define the subdifferential:

Definition 63 (Subdifferential). For any x € Q C X and any u : Q — R, the subdifferential
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Ou(z) of u at x is defined by

ou(x) := {p € X* : liminf uly) = ulz) = {p,y = ) > 0} :

Y=o ly — |«

Of course, for a convex function, the liminfy, ,; can be removed without affecting the

definition. The following appears in the text by Cioranescu [19].

Definition 64 (Duality mapping). We define the duality mapping as a function from X to

the power set of X*, J: X — 2X" by
Ju={feX"  (fz) = fllx<llzllx, Il x*=llzllx}
Theorem 65 (Asplund [19] Theorem 1.4.4). For each z € X,
Jo =0 (42l ) = llzllx - Ol x.

For a finite collection of vectors {vi,..., vy} C R? with m < d we denote the H™-

measure of the parallelepiped defined by {vy,...,vn} by

[(v1 w2 | Tom)]-

We also introduce the cone notation with respect to orthogonal projection Py for V &
G(d, k), the Grassmannian of k-dimensional subspaces of R, With a € ]Rd, s € (0,1), and

V € G(d, k) we denote
X(a,V,s) = {x eR? : |Pyi(x—a)| <s|e— aH} ,
where we recall that || - || represents the Euclidean norm.
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Lemma 66. Let z € RY. There exists n = n(d, || - ||+) such that
z € X(0, span(V|[zl), n).

Proof. By Asplund’s Theorem 65, (z, V||z||«x) = ||z||«. If (-, ) is the Euclidean inner product
and || - || is the Euclidean norm, then since all norms are equivalent in finite-dimensional

normed spaces there is a constant A = A(d, || - ||«) € [0,1/2] such that
-1
Alll] < (2, Vl|z[l«) <A77=

and thus we can let n = v/1 — AZ. m

Lemma 67. Let € > 0. There exists a function, h : (0,00) — (0,00) such that lim._ @

=0 and, for all x € R? satisfying ||z — yl|« < ¢,
zlls = llylls] +hle) > [(Vz]ls, 2z — )|

Proof. Follows from the definition of gradient. O

Now we define transversality with respect to this norm. For x,y € R and m € /.

define

py() = llz =y«

Definition 68 (k-transversality). Let k € {1,...,d}. We say a set E C RY s k-

transversal with respect to G C R% if there exist L € (0,1), {z1,..., 2} C G,

[(Vp2y (2) | Vpoy(o) | -+ | Vpzy(2))| > L

forallz € F.
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Definition 69 ((a, k)-transversality). Let k € {1,...,d} and o > 0. We say a set E C RY
is (o, k)-transversal with respect to G C R if there exists F C E such that dimp F >

dimp E — « and F is k-transversal with respect to G.

Lemma 70. If £ C R? is not (e, k)-transversal with respect to a countable set G C Rd,

then there ezists F' C E (with dimp E = dimp F') such that

|(Vp21($) | Vpzo(z) | -+ | szk(x)” =0

forall{z1,...,2,} CG and x € F.

Proof. Let s = dimp £ and suppose E is not (a, k)-transversal. Let ¢; := 2J. For each 7,

and z € GF = @ x G x --- x G define
Ejz = {:c el : }(szl(:c) | Vpoo(z) | -+ | szk(x))‘ > 277 for z = (zl,...,zk)}.
Since E is not (o, k)-transversal,

dimP<Ej75) <s—u«

for all Z € GF. If we let Ej = Uscqr Ej 7, then dim p(E;) < s—a. Therefore, if F; := E\ E},

then for every = € Fj and {21,...,2;} C G we have

(VP2 (2) | Vzy() | - | Vpay ()| <277,
Since U;F; has dimension less than s — «, F' := N;F} has dimension s and the proof is
complete. O

Corollary 71. Let £ C Rd, a > 0 and let G C R? be countable. Then there exist an integer

ke{l,...,d}, and FF C E such that dimp F' > dimp E — «, F is k-transversal, and for
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each {z1,...,211} CG

|(Vpay (@) | Vpag(@) | -+ | Viay,, (2))] = 0.

forall z € F.

Proof. For any x,y € R, |Vpy(x)|| = 1, thus every set is (a/d, 1)-transversal with respect
to G. By definition, there exists a constant ¢; > 0, z € G and F; C F (namely | = F)
such that dimp F}| > dimp E — (1—1 and ’(sz(x))‘ > ¢ for all x € Fy.

Now F} is either («/d, 2)-transversal or not. If not, then Lemma 70 implies that there is
a set F] C Fy such that dim p F = dimp F| > dimp E — «/d. The corollary is then proven
with [ =: F.

If Fy is («/d,2)-transversal then there exists Fo C F} C E, ¢o > 0 and z1, 29 € G such
that dimp Fp > dimp F1 — a/d > dimp E — 2a/d and |(Vpz, (z) | Vpz,(z))| > ¢z for all

x € Fy. Induction completes the argument. O

Lemma 72. Letz1 e ECR? 0 <y <d< L <1, and k € Zy. Let G C E be a countable,

dense subset of E. Suppose that for each {x1,..., 23411} C G,

(VD1 (2) | Vpay(2) | -+ | Vigy,, (2))] =0 (6.12)
and there exists {z1,...,2} C G such that
(VP2 (@) | Vosy(a) | -+ | Vs (@))] = L. (6.13)

Ifp= (pzi)le, then there ezists C = C(L) and Wy € G(d, k) such that
P~ (B(&7) N ENB(,0) C Newgyan(ey (Wa +2) N X (2, We, )
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where £ = p(x).

Proof. Define
W = span {Vp., (z), Vpz,(2),..., Vp, (2)}.

By inequality (6.13), Wz € G(d, k). By inequality (6.12), for any y € G, Vpy(z) € W5.

Therefore, Lemma 66 implies that, for all y € G,
y—x € X(0,Wz,n)
and, since G is dense in F,
E C X(z,Wz,n).

Let £ = p(z). Now

p(B& ) < N {ye R Iy =zl —&l <7}
1=1

For each i, if yy € {y eRY | |ly — zill« — & < 'y} and ||yg — z[|« < 9, then

llyo = zills = llz = 2ill«| <~
and by Lemma 67,

llyo — 2ill« — llz = 2ill«| + 2(8) > [(Vlz = 2]+, y0 — z)].
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Therefore,
k k
N {ve Ry = zill— &l <7} < () {y € R (Vpaya), o = 9)] <7+ ho) }.
i=1 1=1

Now, inequality (6.13) implies that there exists a constant C' = C'(L) satisfying C'(L) — oo

as L — 0 such that

k
N {v € R [(Tp2i(), 2 = )l <7+ h(6) } € Newy ey (WE +2)
=1
This completes the proof with W, := W5. O

Proposition 73. Let E C B(0,1) C RY, o > 0, and G C E be a countable, dense subset
of E. Then there exists k € {1,...,d}, {z1,...,2,} C G, F C E, and dy > 0 such
that dimp E — « < dimp F and for every 6 € (0,00) and £ € RY, there exist m points

1, ..., xm € R such that m = m(|| - ||+, d) and
m
p_l( U (zn, 0 (6.14)

where p = (pzl.)f:1

Proof. Corollary 71 implies that there exist an integer k € {1,...,d}, and F C E such that

dimp F' > dimp E — a, F' is k-transversal, and for each {z1,...,23,1} C G

|(Vpay (2) | Vpay(@) | -+ | Viap,, (@) =0

forall z € F'. Since F' is k-transversal with respect to G, there exist L € (0,1), {z1,...,21} C

G, such that

[(Vpay () | Vpsy(x) | - | Vs ()| > L
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for all z € F'.
Let 2 € F and £ = p(z). Lemma 72 implies that there exists W, € G(d, k) and C = C(L)

such that
p'(B(£,7) N F N B(x,8) C Ne(yrnsy (Wa +2) 0 X (2, W, n).

Recall, A = A(|| - ||x,d) for the proof of Lemma 66. Let 3 > 0 be small enough so that
2y 2
h(6) < AVIZ05 for all § < 6y and let y < V12005

Ifye NC-('y—i—h((S))(W.TL + ), then

1Py, (v = )|l < A Py, (y = @)l < ATIC - (3 + (3)).

1/2

Also, if y € X (2, Wy,n), then || Py, (y — 2)|| < nlly — || which implies (1 )2z —y| <

1Pw, (y — )|l Thus if y € Ne(y4n(6)) Wa + @) 0 X (2, Wy, 1), then
|z =yl <A Yz —yl| < AT2C- (v + h(8)) - (1 — )" Y2.
Therefore,

N (yn(oy (Wi +2) N X (2, Wa,n) C B(x, C- EZ*—’“;@?)Q) C B(x, 450).

A2V

This further implies that for v = =357
p ' (B(£,7) N F N B(x,0) C Bz, 450) < | By, ) (6.15)
7

for at most approximately (2C/A%y/1 —52)% balls of the form B(y;, 7).

2 12
Now let v < ﬂlm%n—éo and cover F' with approximately ¢, 4 halls, {By} of radius

w500 Ep~HB(EA)NF N By #0, let zp € p~1(B(&,7)) N FN By and & = p(ay). Then
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triangle inequality implies
p~'(B(£,7)) N F N By Cp H(B(&,1007)) N F N By, do)

Now (6.15) implies that for each ¢, there is a collection, {Bf}, of approximately

d
2C :
<100A2 m) balls of radius « such that

p~ L (B(&,1007)) N F N B(xg,0) < | B

7

which implies

p (B NF=Jp '(BE)NFNB

/
— Up 1 (B(&. 1000) N F 1 Blay,5) < || B!
/ {1

Thus inequality (6.14) is established with

6.6 Proof of Theorem 56 — The C! case

Let E C RY let € > 0, and let | - ||« be a C'! norm on R%. Let s = dim p E and without loss
of generality, let £ C B(0,1).
Proposition 73 implies that there exists k € {1,...,d}, F C F and {z1,...,2.} C E

such that dimp F' > dimp F — ¢ and if p; : ' — R is defined by

pi(2) := [lz = 2ill«
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for all i € {1,...,k}, then p := (pi)é-f:l is weakly transversal. Therefore, Proposition 59

implies

1
z dimp F' < llél%xk dim p p;(F).

Since py(F) = A% (F),

1 1 1
EdimpE—g < EdimpE —e< EdimpF < 11;1?§Xkdimp AL(F) < 11;1%)<kdimp AL (E).O

6.7 Proof of Theorem 57

Let ||z||p = max {|x - v€|}é\f:1 be a polynomial norm such that

{vl,...,vN}CQd.

Then there exists ¢ € ZT such that the following holds: for each v/ = (v{ ...,Ué) €

{vl,..., vV} and for each ¢ € {1,...,d}, there is ap% € {0,...,q — 1} such that

Consider two sequences of integers {my,}7°; and { M}, }72 | such that M —my, > 2k for all
k and

lim sup # <[O’ NN Uiil[mk’ Mk]) _ 3

N—r00 N d

Let A := {Jp{[my, M) and define F' C R to be the compact set

8

o0
F .= {:c— Zq—m : xme{O,l,...,q—1}Vmandxm—()ifm§_iA}.

m=1
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Then dimp F' = 5, so if we let

E:=FxFx-xFcCRY,

d times

then we have dimp F = s. Now for every j € {1,..., N},

:xm,ymE{O,l,...,q—l}Vmandxm:OifmgA}

=1 mz=:1 gt
(0.¢] T (0. ¢]
C {Z —;Z::Jcm6{—q—i—l,...,q—l}Vmandacm:[)ifm§_Z U[mk,]\/[k+2+logd]}.
m=1 q k=1
Therefore,

; 0, NN M+ 24 logd
dimp{|(x—y)~vi| S E} Slimsup#([ |0 Uil Mi +log d]) _ 7
N—=o00 N d

and thus

dimp A*(E) S

.l

We do not know whether the hypothesis of rational dependence in Theorem 57 can be
omitted. Schematically, producing an example of the sort constructed above without this
dependence between the faces would require solving an overdetermined system of linear
equations. As such, a hypothetical example could not rely on this “prescribed projection"
approach. Such constructions are common in the Hausdorff dimension regime and were
previously used in [6], but prescribing projections at all scales rather than simply a sequence

of scales is fundamentally more challenging.
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CHAPTER 7
ON THE MODULUS OF CONTINUITY OF FUNCTIONS
WHOSE IMAGE HAS POSITIVE MEASURE, AND METRIC
EMBEDDINGS INTO RY WITHOUT SHRINKING

This chapter is joint work with Marianna Csornyei and we will be submitting it to a journal

as a paper.

7.0.1 Sard: a brief history

Let f: RF™ — R™ be a differentiable function. The critical points of f are the points at
which the Jacobian matrix of f has rank less than m, and the critical values are the values
of f at the critical points. The classical Sard theorem (also known as the Sard lemma or
Morse-Sard theorem) says that if a function f is C¥ differentiable with k > max(n—m+1,1)
then the set of the critical values of f in R has Lebesgue measure 0. The case m = 1 was
shown by Morse [58], and the general case by Sard [65]. Later Sard in |66] generalized his
theorem to show that if £ > max(n —m+1,1), f is C* and X is the set of points at which
the rank of the Jacobian matrix is strictly less than d, then the d-dimensional Hausdorft
measure of f(X,) is zero.

Bates [10] lowered the regularity assumption in the original Sard theorem by showing
that if n > m and f € C"_m’l(Rn, R") then the critical values of f has Lebesgue measure
zero. It does not hold for f € C" "™ *(R" R™) with o < 1.

Dubovitskii and Federer [27], [31] independently gave another generalization of Sard
theorem as the following result. Let n,m,k,d € N, d < min{n,m} —1, v = d + %l and
f € CK(R™,R™). Then the v-dimensional Hausdorff measure of f(Xg,1) is zero. (Putting
d=m—1and k =n—m+ 1 gives the classical Sard theorem.) Recently in [32] this has

been generalized to Ck2 functions by Ferone, Korobkov and Roviello. They showed that if
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n,m, keN,0<a<l,d<m,feCHYR"R™) g€ (doo)andv =n—d—(k+a)(g—d),
then

HO (XN [N y)) =0 for He-ae. y € R™.

In this theorem with o = 0 and ¢ = d+”T_d we get the above-mentioned result of Dubovitskii
and Federer. And with o =1, k =n —m, ¢ = m and d = m — 1 we obtain Bates theorem
for C™~"L(R™, R™) functions.

Sard theorem has also been generalized in the context of Sobolov spaces. In [61], Pascale
showed that if n < p and &k = n — m + 1 then Sard theorem holds for VVIIZ’CP(Rn, R"). For
many other generalizations of Sard theorem see [1], [14], [15], [32], [35], [59], [62], [64] and
[68].

7.0.2  Our generalization, modulus of continuity

Let f € Cl’l(RQ, R), and let A be the critical set of f, that is, the set of points at which the
gradient of f is zero. Then the restriction of f onto A has modulus of continuity w(r) < r2.
It is an easy exercise to show that, for every d > 2 and for every A C RY, if a function
f: A = R has modulus of continuity w(r) < % then f(A) is null.

d

One of our aims in this paper is to study which functions 7% can be replaced by so that

the conclusion of Sard theorem remains true. We ask the following question:

Problem 74. For which w can one find a set A C R? and a function f: A — R with

modulus of continuity w such that f(A) has positive measure?

Based on the discussion above, it is natural to consider only modulus of continuities w(r)
for which w(r)/r% — oo as  — 0. Choquet showed (see page 52 in [18]) the following
statement: If w(r)/r? converges to infinity as 7 — 0, then there exist a set A C R? and
a function f: A — R with modulus of continuity w s.t. f(A) has positive measure. The

second author announced in several conferences (see e.g. [22|) that Choquet’s argument was
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incorrect and, in fact, there was a counterexample for his statement: for every A C R? and
f: A — R with modulus of continuity w(r) = r2|logr| the measure of f(A) is zero.

In this paper we give the following characterization:

Theorem 75. Assuming that w(r) is strictly increasing, conver, w(0) = 0 and w(r)/r? is

monotone decreasing, the following are equivalent:

(i) For every A C RY and for every f: A — R with modulus of continuity w, the measure

of f(A) is zero.

(ii) folw(r)_l/d dr = cc.

We will obtain Theorem 75 as a special case of some general metric embedding results
that we discuss in the next sections. The precise statements of these embedding results are
quite technical (see Section 7.2).

In Section 7.1 we discuss the metric properties that we need to state and prove our general
results. We will focus in Section 7.1 on two interesting special cases: the first one is the Sard
example (i.e. Theorem 75). The other special case, which we call ’Cantor example’ can be
thought of as a sort of discretized version of the continuous Sard problem.

The Cantor case is easier than the Sard case. For instance, in the Cantor case many
of the general constants used in our proof will be 1 (or 0); and while in the Sard case we
need to estimate how certain sets overlap, in the Cantor case they will be disjoint. We hope
that seeing how our proof works in the simpler Cantor example will also help the reader to
understand some of the more delicate details of the Sard (and of the general) proof.

Section 7.3 and Section 7.4 contain the proof of our main result. In Section 7.3 we
prove the non-trivial direction; in Section 7.4 we present a very easy construction showing
the sharpness of our results. This construction has a very similar flavour to the one that
Choquet was using in his paper — we show that, under the correct assumptions, it indeed

gives a function whose image has positive measure.
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7.0.3  Embeddings into RY.

We study the following question. Suppose that we are given a set X, and a p: X x X — R™.
(We do not assume that p is a metric, in particular, it does not need to satisfy the triangle

inequality.)

Problem 76. Does there exist a mapping F: X — R? s.t. F(X) is bounded, and

p(r,y) < |F(z) — F(y) (7.1)

for every z,y € X7

In Problem 74 without loss of generality we can assume that the set A is bounded. We
can also assume that f(A) is an interval, since every set of positive measure in R can be
mapped onto an interval by a contraction. Therefore Problem 74 becomes a special case of

Problem 76 by choosing X to be an interval, and

plz,y) =r if |z—y|=w(r). (7.2)

Another interesting special case to keep in mind is the following. Suppose that X is a
Cantor set, and we consider a ‘distance function’ on the Cantor set given by a sequence
rn N\ 0 as follows: p(x,y) = ry, if = and y were separated in the nth step of the standard
Cantor set construction. For which sequence {r;,,} can this Cantor set be embedded into R?
without decreasing any of the distances, i.e. s.t. (7.1) holds?

Another way of thinking about the Cantor set example is the following. As usual, we
identify the 2" subsets in the Cantor set construction by the 2" sequences of 0’s and 1’s of
length n, which we denote by Z,,. We are looking for mappings s.t. |F(z) — F(y)| is at least
rp if x and y don’t belong to the same I € Z,,.

More generally, let Z denote the set of all finite sequences of 0’s and 1’s. For every space
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X, we can:

1. Choose a ‘distance function’ p(1, J) for every I, J € 7.
2. For every I € Z, choose a set X; C X.

3. Ask the question whether there is an F': X — R" s.t. F/(X) is bounded, and

dist (F(X7), F(X)) = p(1,J)

for every I,J € 7.

In the Sard problem, when X is an interval, we can assume this interval contains (0, 1), and
then choose X to be the open dyadic subinterval of (0,1) encoded by the sequence I.

Also in the general case, it is convenient to keep the notation coming form the dyadic
intervals idea, i.e. we denote J C [ if the sequence J is a continuation of the sequence I, and
I'NJ = ( if they are not continuations of each other (for each I, J, either I C J or J C I or

I'NJ =0). Using this notation, we also assume:

4. X;CXyiflcJ.

5. XiNnXy=0if INnJ=10. (We do not assume p(Xy, Xy) > 0.)

We can now forget about the underlying space X and study p by itself. We assume that

we are given a ‘distance function’ p: Z x Z — R s.t. for every I, J € I:
e p(I,J)=0if I C JorJCI,and p(I,J) >0 for every I, J;
e p(1,J) = p(J 1)
e p(I,K)<p(J,K)if JCI.

Our main question is the following:
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Problem 77. Can one find for every I € T a bounded set Ay C R s.t.
(i) Ay CAyif I C J;

(ii) A;NnAy=041nJ=0;

(1i1) dist (A7, Ay) > p(I,J) if INT =07

Remark 78. If for every x,y € X,

p(x,y) =sup{p(l,J): x € X,y € X},

then of course by choosing for each x € X a point

F(z)e () c(Ap),

zeXy

(7.1) will hold.

We cannot answer this question in its full generality, but we will try to answer it un-
der some "bounded growth’ assumptions, which we will discuss in the next section. These
assumptions will be satisfied in the Sard problem (i.e. when p is defined by (7.2), with a
modulus of continuity whose properties satisfy the assumptions in Theorem 75). And our
bounded growth assumptions will also be automatically satisfied in the Cantor set example

discussed above, when p is given by a decreasing sequence {r}.

Notation: For any set A C R? we denote by |A| the Lebesgue measure and by #5(A)
the s-dimensional Hausdorff measure of A, respectively. We denote by B(A,r) the open
r-neighborhood of A. We use the standard notation a < b for the existence of an absolute
contant ¢ such that a < ¢b, and a ~ b stands for the existence of an absolute contant ¢ such

that both a < ¢b and b < ca hold.
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7.1 Bounded growth conditions

7.1.1 Properties of w

Recall that we assumed in Theorem 75 that w: [0,00) — [0,00) is a continuous, strictly
increasing, convex function such that w(0) = 0 and w(r)/r? is decreasing. In this section we
state some important corollaries that we will use in the coming sections to show that our
’bounded growth assumptions’ are automatically satisfied in the Sard example. The first
part of Lemma 79 says that w is doubling. The heart of the matter in our proof in the Sard
case will be part (ii) of Lemma 79 which we will refer to as the ’Lipschitz’ condition. We

will explain its geometric meaning in Section 7.1.3.

Lemma 79. Let w: [0,00) — [0,00) be a continuous, strictly increasing, convex function

such that w(0) = 0 and w(r)/r? is decreasing. Then:
(i) w2r) Sw(r) for every r > 0.
(i) w(r + aR) —w(r) < aw(R) for every R>1r >0 and o € [0, 1].

Proof. Using the notation w(r) = r%u(r), the function u(r) is decreasing. Therefore
w(2r) = 2%y (2r) < 2% (r) = 290 (r),
so indeed (i) holds. For every R > r > 0, we have

w(R) — w(r) = RW(R) — ru(r) = (R* = ru(R) + r*(u(R) — u(r))

< (R* = rYu(R) < d(R — r)R*  u(R) = d(R — r)w(R)/R.  (7.3)
And by convexity, we have

w(r+aR) —w(r) <w(R+ aR) —w(R). (7.4)
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By replacing R by R + aR and replacing r by R in (7.3), we get

w(R+ aR) —w(R) < doRw(R+ aR)/(R+ aR) S aw(2R). (7.5)

Combining (7.4), (7.5) and (i) gives (ii). O

7.1.2  The sequence {r,} and the sets C

Now consider the general case. For each J C I denote

py1=inf{p(J,K): KNI=0}

and

PI = Suppjr-.
JcI

In the Cantor set example, if I € Z,, then everything in I has distance (at least) r;, from
the complement of I, so in this case pj; = p; = for every J C I. In the Sard example
(identifying the sequence I with the corresponding dyadic interval I C (0,1)), py; = 7 is
defined by w(r) = dist (J, 1), and therefore p; = r is given by w(r) = 1/2"+1. In both
examples, py depends only on the length of the sequence I. We will also assume in the
general case that ry, := py depends only on n, for I € Z,,.

Now we are ready to state our first bounded growth condition: There are some absolute
constants s.t. for each I € Z,, and for each m > n, and for all except at most constant many
J € I, outside I,

p(1,J) Z rm.

Heuristically, this captures the fact that our dyadic intervals have a linear structure,
they are not, say, dyadic squares. More precisely, their boundary is '0 dimensional’: in every

‘annulus’ of width ~ ry, there are only constant many intervals of size ~ r,. (In the Sard
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example, this means we are looking at the real valued, not the vector valued case.)

This 0 dimensional boundary condition is obviously true when our intervals are indeed
intervals, and w is doubling (see property (i) in Lemma 79), i.e. our bounded growth as-
sumption holds trivially in the Sard case. And it also obviously holds in the Cantor set
example, with no exceptional J’s, because of our special distance function p we chose in that
case.

Why are we happy about this? It has a geometric meaning. Remember that we are
looking for embeddings into ]Rd, satisfying the conditions in Problem 77. If such a mapping

exists, denote

Cr:=J B(Aj,epr,y) CR? (7.6)
Jcil

with some sufficiently small constant ¢, given by the bounded growth assumption. By the
definition of p;r, if ¢ < 1/2 then these sets are pairwise disjoint. But thanks to the
bounded growth assumption, we can say more: since for every interval I € 7, for every
m > n, and for all but constantly many I’ € Z,,, and for any J C I, J' C I’ there
holds p(.J, J') Z max(p 1, p J'.1»Tm), therefore for these intervals and for ¢ sufficiently small

enough p(J, J") > c(pyr+ py 1 + 2rm). Hence:

Property 1. For each I € I, and for each m > n, there are at most constant many I' € T,

s.t. B(Cr,crm) N B(Cpyerm) # 0.

In our main result we will characterize for which p can such sets Cy with small overlaps of
their neighborhoods exist in R, We will not actually use how the sets Cj were defined, and
we will forget what p was, we will only assume that the sets C'; have some nice properties
implied by p. One of the key assumptions we will use is that Property 1 holds.

Another key property we will use (which follows immediately from the definition of our

C7 above) is that the sets C are not too small:

Property 2. For each I € T,,, C1 contains a ball of radius ~ ry,.
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7.1.3 The sets Er; and thewr annult Dy ;

Consider first the Sard problem. Recall our ‘Lipschitz’ condition (ii) in Lemma 79:
w(r+ aR) —w(r) < aw(R) (7.7)

for every r < R and « € [0, 1].

This again has a very nice geometric corollary, which we now explain. In the Cantor set
example we won’t have an analogue of the Lipschitz condition (7.7), but the same geometric
corollary will hold also in that case. As in the previous section, we will later care only about
this corollary and not about how our sets were defined.

In the Sard case it is natural to consider every interval I C [0, 1], not only dyadic intervals.
For arbitrary intervals J C I we can define p; 1 to be the p distance of J from the complement
of I, and then define C7 by (7.6). In (7.6), I is now not necessarily a dyadic interval, but
the subintervals J are dyadic (we haven’t defined the sets A ; for non-dyadic intervals).

By exactly the same argument as in the previous section, if I NI’ = () then C;NC% = 0,
and moreover, using the same argument we will show that the following generalization of
Property 1 hold: if I is arbitrary, J € Zp,, |I| > |J|, and the p-distance between I and I’ is
at least ry,, then

B(Cr,crm) N B(Cy,crm) = 0. (7.8)

In order to show this we need to check that for every J C I and J' C I’, the dis-
tance of Ay, A} is at least cpy1 + cpy r + 2crm, which we indeed have since p(J, J >
max(py,1, P, 1/, Tm)-

So far nothing happened, everything is exactly the same as in the previous section. But
(7.7) allows us to say something more delicate: for every J C I C I’, the Lipschitz condition
(7.7) tells us that there is an absolute constant Ls.t. pyp—pyr > aRifw(pyp)—w(psr) >

Law(R) and p(J,I) < R. In particular, if the Euclidean distance of I from the complement
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of I'is > Law(R) and p(J,I) < R then pyr — Py = aR, forall JC I
For any d > 0, let I; denote the Euclidean d-neighbourhood of I. Then with I’ = I,
d = Law(R), the above discussion tells us that p;; +aR < pjp, ie.,

B(C[, OéR) C CILaw (7.9)

(R)

for every o < 1, provided that p;; < R for every J C I.
Now let I € Z,,, m > n, and for each 7 > 0 denote

E],j = C[

j2=m’

DIJ = B(E]J,C?"m) \ EIJ"

(Slightly abusing the notation, we put Iy = I, i.e. Ejg = Cy. Also, the sets Er, Dr
depend not only on I and j but also on m. We will always fix an m before using them
therefore we hope that the ambiguity of our notation will not cause any confusion.) For

future reference, note that
Property 3. C7 C Ey ; for every I € Iy and for every j.

From (7.9), with R ~ 7y, w(R) ~ 27", and aR = cryp, i.e. a = crpy /R we get

Dy ; C B(Erj,crm) = B(Cy

j2mm’

crm) C O‘rj2_m+Law(R)

C ij/Q_m, (7.10)

if

§ =3 > Law(R)2™ ~ 2" "ry, 7.

In order for this calculation to be valid we need o < 1 (which we have if ¢ is small enough),

but we also need that for every J C I jo—m there holds p s I, < R. So (using the doubling
b J m

property of w) it holds for every 0 < j < k4, with some

kn7m ~ 2m_n
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Note that since w is convex, therefore w(ry,)/rm < w(ry)/rn, and since w(ry,) ~ 27™,
w(rp) ~ 27", therefore

knmrm/rn ~ 2" ey fr 2 1.

We will show the following two properties:

Property 4. There is an absolute constant s.t. for each J € 1L, there are only constant

many pairs (I,7) with I € I, j < kpm s.t. Dy ;0 Cy # 0.

Property 5. For every m > n, ZIeIn7j<knm XDy (x) < knmrm/rn for every x.
Property 5 follows from the observations that:

(i) For j' — j = 2™ "y, /vy, we have CI-Q—m N Dy ;= () and Dy C 6’14,2_ . Therefore
J 2 b2 J m

Dy;n Dy = 0 and for each I and z € R, Zj<kn,m XDy (x) S knmrm/Tn.

ii) For every I,j,1'.5', we have D;; C C;._ and Dy C Cp__, therefore if
1,5 Iy—n Iy I'y_p
dist (1,1") > 2/27", then Dy ;N Dp s = 0. And for each fixed I there are only

constant many I’ with dist (1, I") <2/27".

In order to prove Property 4, we use (7.8). If Dy ;N Cy # 0, then the distance of
Er;j=0C Lym and J is at most 27", Clearly, there are only constantly many such 7, and

for each I there is only one j for which Dy ; N C; # 0.

Now consider the Cantor case. In that example we don’t have any non-dyadic intervals,
and we don’t have any analogue of the Lipschitz condition (7.7). We cannot repeat the same
construction, we can instead find sets £y ; and their annuli Dy ; satisfying Properties 3-5
using a much more trivial construcion. We will show that in the Cantor case we can choose
kn,m to be as large as we like.

Fix n < m and a knm 2 7™n/rm. Recall that in the Cantor case we have C7 =

Ujcr B(Aj,cry) for I € I, with some sufficiently small constant c. We assume ¢ < 1/6,
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and for every j < ky y, define

Ej’j = B(CI,Can/kn’m), DIvj = B(Ej,j,CTm) \ EI,j'

Since Dy ; C B(Ef j,crm) C B(Cr,2crn) C B(Ay,3crn) C B(Af,mn/2), therefore Dy ;
cannot intersect any C, so Property 4 holds trivially. Moreover each Dy ; intersects <

kn.mTm/rn many other annuli, so indeed Property 5 holds.

Remark 80. Heuristically, the fact that we can choose ky, s, to be arbitrarily large says that
the Cantor set exhibits properties that a O-dimensional set has. The fact that for the interval

~ 2m—n

we have kyp m corresponds to the fact that the interval is 1-dimensional. In fact,

(m—n)

our proof will only use that ky s, increases faster than 2 / d; heuristically this says that

(that part of) our proof works as long as our set is less than d-dimensional.

7.1.4 Boundary

In this section we will describe two more properties, which are very easy to check both in
the Sard and in the Cantor case. They will again state a sort of ‘O-dimensional boundary’
type condition.

We will now consider three scales, m > n > k. We fix a large enough absolute constant
q, and assume that n > k+ ¢, m > n +q. We fix k, and also fix an interval I € Z;. Our
claim is that for every n > k + ¢ there is an Z), C {I' € Z,,: I' C I}, s.t. I}, # 0, and the

following hold.

Remark 81. We want to think of this as intervals I’ in I not too close to the complement of
I. In the Cantor set example, nothing in [ is close to the complement of I, and therefore Z},
will be the set of all intervals I’ € Z,, contained in I. And we can take ¢ = 1. In the Sard
example, we will need to throw away intervals close to each of the endpoints. The statement

will be true with ¢ = 3.
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The properties we will show: for every n > k + ¢ and for every m > n + ¢, the sets D ;

in the previous section satisfy the following.
Property 6. Dy ; C Cy for every I' € Iy, j < knm.
Property 7. If Dy ;N Cpn # 0 for some I' € I}, j < kpm and I" € Ipy,, then I" € T),,.

In the Cantor case this is obvious. In the Sard case, we divide I into 2"k subintervals
and throw away the first two and the last two. With ¢ > 3 some intervals will be left, i.e.
T 40,

We have already seen in the last section that Dp ; C C Tyn therefore Dp ; C Cy for all
except possibly the first and the last I’. And we have also seen that if D 1 ;NC # (), then
dist (I, I") < 27™. So I" is not contained in the first or last I’, and then of course it cannot

be the one of the first or last two I”.

7.2 Main result

7.2.1 Main geometric result in R?

For the convenience of the reader, first we re-list Properties 1-7, with cry, replaced by ry,
everywhere. The absolute constant in Property 4 we denote by C'. Using this new notation,

the bounded growth conditions are telling us that:
e For every n and I € Z,, there is a set Cf C RY s.t.

(P1) For each m > n, there are at most constant many I’ € Z,, s.t. B(Cp,mm) N
B(CI/,rm) ?é @

(P2) C7 contains a ball of radius ~ 7.

e For every m > n and j > 0 there are sets £y ; and their annuli Dy ; = B(E} j,7m) \

ELJ’ and kp m 2 rn/Tm, satisfying the following:
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(P3) C; C Ep ; for every I € 1, and for every j.
(P4) For each m > n and J € Z,, there are at most C' many pairs ([, j) with I € Z,,
j <knmst. DpinCy#0.
(P5) For every m > n, ZIeIn,j<kn,m XDy (x) < knmrm/rn for every w.
e If ¢ € N is large enough, then for every n > k 4+ ¢, m > n + q and I € Z;. there is an
I, c{I' eZ,: I' C I}, st. I}, # 0, and the following hold:
(P6) Dy ; C Cf for every I'eT), j < knm.

(P7) If Dp ;N Cpn # 0 for some I' € T}, j < kpm and I" € Iy, then 1" € T},

Proposition 82 below is a characterization for the existence of these sets. Note that it
is a purely geometric statement about sets in R it has nothing to do with any modulus
of continuity w or distance function p. We do not assume in Proposition 82 that the sets

Cr, Er j were defined via any embedding of any space into R4,

For our characterization we need ky y, >> g(m=n)/ d, more precisely, the assumptions we
use are:
sup Z Q(m‘”)/dk;}n < 00 (7.11)
noSn
and
2(m_n)/dk5}n < (4C)~ 1 if m — n is large enough. (7.12)

Proposition 82. Let C,q € N, let {r,} be a decreasing sequence converging to 0, and
suppose that for every m > n we are given a kpm 2 rn/rm satisfying (7.11) and (7.12).

Then the following are equivalent:
(I) There exist some sets for which (P1)-(P7) hold.

(1) >, on/dy, < 0.
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Remark 83. Note that (II) holds for a sequence {ry} if and only if it holds for {cr,} with
a constant ¢. Also all other properties listed in this section remain valid when we replace
each set S C R? by ¢S and we replace r, by cr,. There wasn’t any mathematical reason
for replacing cry, by r, at the beginning of this section — we did this only to simplify our

formulas and notation (in this and in all subsequent sections).

Remark 84. We do not actually need the implication (II) = (I) in Proposition 82 for
Theorem 85 and Theorem 86. We will get this for free, without any additional work, in

Section 7.4. Since it is an interesting statement, we included this for the sake of completeness.

7.2.2  Our answer to Problem 77

We verified in Section 7.1 that in the Sard and in the Cantor case part (I) of Proposition 82
holds with some C, ¢ € N. In the Sard case we had w(ry,) = 1/2"! (using our old definition
of rp), and ky g ~ 2"~ In the Cantor case {r,} was an arbitrary sequence decreasing to
0, and we could choose £y, to be arbitrary large.

It is an easy exercise to check that with the choice w(ry,) = 1/27F1, (IT) of Proposition 82

~1/d gy < . Since (I) implies (IT) in Proposition 82, therefore indeed

is equivalent to fol w(r)
(ii) implies (i) in Theorem 75. Similarly, in the Cantor case, the implication (I) = (II) in
Proposition 82 shows that if we have a positive answer to Problem 77 then (II) holds.

In the general case, we say that a distance function p has bounded growth, if the following
is true: if the answer to Problem 77 is positive, i.e. the sets A exist, then (I) of Proposition
82 holds (with the sequence {r,} defined by p in Section 7.1.2 and with some appropriately
chosen C, q, ky, i satisfying the assumptions in Proposition 82). We know that in the Sard
and in the Cantor example we always have bounded growth.

Now let p be an arbitrary distance function and let {r,} be the sequence defined in

Section 7.1.2. Then it follows from (I) = (II) in Proposition 82 that:
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Theorem 85. Suppose that the distance function p has bounded growth. Then a positive

answer to Problem 77 implies ), on/dy, < oo.

For the reverse implication, we need to introduce one more notation. Let r); denote the
supremum of p(J, Jo), where the supremum is taken over all sequences I, .Jo € Z whose
length is at least n and whose first n — 1 terms agree and the nth term differs. That is, n
is the first index for which they are contained in two different intervals Iy, Is € Z,. (In the
Sard case w(r) = 1/2""! and in the Cantor case 75 = r,,. So in both cases 7% ~ 7,.)

For the following theorem we don’t need to assume that p has bounded growth. Our

construction in Section 7.4 will show that:
Theorem 86. If >, 2”/dr;; < 00, then there is a positive answer to Problem 4.
A corollary of this is that:

Corollary 87. If p has bounded growth, and ry, ~ 1}, then the answer to Problem 4 is

positive if and only if >, on/dy, < oo.
In particular, this implies Theorem 75.

In Section 7.3 we prove the implication (I) = (II) in Proposition 82, and hence also
Theorem 85. In Section 7.4 we will prove Theorem 86 and also the reverse implication in

Proposition 82.

7.3 Proof of (I) = (II) in Proposition 82

7.3.1 Beginning of the proof

Suppose that (I) of Proposition 82 holds and (II) fails. Our aim is to find a contradiction.
Let C be the absolute constant in (P4). Choose ¢ € N large enough so that (P6) and
(P7) hold for ¢ and moreover (7.12) holds if m —n > q.
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If we split the divergent sum on/ dy, into g sums, at least one of them will be divergent.

Without loss of generality we assume

S o/, = . (7.13)
n
Let pg/ (d=1) denote the minimal measure among the |Cy|, where I € Z,.

Remark 88. The motivation for our strange notation is that later in some sense p,, will play

the role of perimeter.

To simplify our notation, denote

m
Qn = 2qn/d’ Ry = Tqn, Py = Pgn, Kn,m = k?qn,qma Sn,m = Z QkRk'
k=n-+1

By (P2), we have R, < P%/(d_l) for every n. We will contradict (7.13), i.e. contradict

> Qn Ry = oo by showing that:

Lemma 89. For every n there is m > n s.t.
1/(d—1 1/(d—1

Finding a contradiction using Lemma 89. We take n1 = 1 and using Lemma 89 inductively

choose a sequence {ny}ren such that

1/(d~1) 1/(d~1)
Snkﬂkﬂ 5 anpnk+1 - anpnk+1 :

Summing over all k£, we have a telescopic sum on the right hand side. We have

N1

S QiR SR,
=1
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Since the left hand side goes to infinity, we get a contradiction. O]

Our aim is to prove Lemma 89. Fix n, and fix an I € Zy, with |C}| = Pg/(d_l). Note

that for m = n + 1, the left hand side of (7.14) is Qn+1Rpt1 < Qne1BRn < ané/(d—l).
Since also Q11 < Qp, therefore if P, 11 < Py, then (7.14) holds with m = n+ 1. From now
on, we assume that

Phi1 2 Py, (for our fixed n). (7.15)

Under this assumption, we will show a stronger statement than Lemma 89. Since - yd <

.CEd_l(iL’ —y) for every z > y > 0, we have

i\ | asl< pI/(d=1) _ gq(m—n) pd/(d-1)

JELym
S Pn(p%/(d—l) _ 2q(m—n)/dp7}1/(d—l))

= P (QnPY Y — @, Pl Yy,

We will show that there is an m > n s.t.

PnQﬁlsn,m SO\ U Cyl- (7.16)
JE€Lym

Remark 90. We will decompose the set in the right hand side of (7.16), using the annuli
described in the bounded growth sections. And then we will estimate its measure using a

generalization of the isoperimetric inequality, which we describe in the next section.

7.3.2  Perimeters

By the isoperimetric inequality,

1B(S,r)\ S| Z r|s|d-D/d
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for every set S C R? and every r > 0. A trivial corollary of this is that
y Yy Yy
\B(T, )\ T| > r|T|4= D/ > p|5|(d=D/d " {51 every T > 8.

As a refinement of this, we introduce in this section a sort of ‘minimal perimeter’ of a bounded
set S.

Let S be an arbitrary bounded set, and let u be the distance function from S. Then
u is Lipschitz with Lipschitz constant 1, hence it is differentiable almost everywhere, with
|Vu| < 1. Moreover, it is easy to check that at every = ¢ cl(S), the directional derivative of
u is 1 along the line segment joining x to its closest point y € cl(S). Therefore |[Vu| =1 at

a.e. x ¢ cl(9), thus by the coarea formula we have

B(S, 1)\ 5| 2/ |Vu|=/T’Hd_1(u_1(t))dt:/T’Hd_l((‘)B(S,t))dt.

B(S,r)\cl(S) 0 0

Motivated by this, denote
Py(S) := ess infr=oHI 1 (OB(S, 1))

and

P(S) = inf Py(T).

Then, clearly,

Py(S) = inf |B(S,r1+r2)\ B(S,r1)|/r2, (7.17)
r1,79>0

where, by the isoperimetric inequality,
[B(S, 1+ 12) \ B(S,r1)|/ra Z |B(S,ry)| D/ > |1~ D/4,

Therefore Py(S) > |S|(@=D/d and moreover, for every T > S, Py(T) > |T|(d-D/d >
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15](d=1/d g4
P(S) > |s|ld=1/d, (7.18)

By (7.17), for every € > 0 there exist 7' D> S and 71,79 > 0 such that
|B(T,r1 +72) \ B(T,11)|/r2 < Po(T) + /2 < P(S) +e.

Taking 7" = B(T,r1), we have that P(S) < |B(T",r9) \ T'|/ro < P(S) + . Since ¢ is
arbitrary, we have

P(S) = inf B(T T 1
()=, nf  IBENT]r (7.19)

and for future reference let us note also its trivial corollary
|B(S,r)\ S| >rP(S). (7.20)

Further properties of P(S) that we will be using are the following.
Lemma 91. For every bounded sets S1,S9 C R and r > 0:

(i) P(S1US2) < P(S1) + P(S2);

(i1) |B(S1,7)\ (S1USy)| > rP(S1) — rP(S?).

Using induction, an immediate corollary is: for every bounded sets S; C R% and r > 0:

1B(So, )\ | Sul = 7P (Sp) =Y _ P(S;). (7.21)

J=0 Jj=1

Remark 92. The key properties we will need for the proof of our main theorem are (7.18),
(7.20) and (7.21). The reason for considering P(S) instead of the simpler notions |$|(@—1)/d

or Py(S) is that Lemma 91, and hence also (7.21) do not hold with P replaced by |S|(d=1)/d

or Fp.
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Proof of Lemma 91. Property (i) follows easily from the observation that if 74 D S, T D

Sa, and (say) r1 > ro, then with T':= B(T7,r1 — 19) U Th,
HEHOB(T,12)) < HIL(OB(T1, 1)) + HEL(OB(T2,12)). (7.22)
Indeed, for each ¢ > 0 there are positively many | and positively many 79 s.t.
HIYOB(T1, 1)) < Po(T1) +2, HIHOB(Ty, ) < Po(Ta) + e, (7.23)

and without loss of generality we can assume that there are positively many rq, r9 satisfying
(7.23) for which r1 > ry. Then we can fix an r > 0 for which there are positively many 71, ro
satisfying (7.23) with r = ry —ro. With T'= B(T1,r) U T3, from (7.22) and (7.23) we get
P(S1US9) < Py(T) < Py(Ty) + Py(Th) + 2. Since this holds for every T} D Si, Th D So
and € > 0, therefore (i) follows.

In order to prove (ii), again fix an € > 0. Then by (7.19) and by the co-area formula

there is a 7" O Sy and r > 0 s.t.
L d—1 ! 1 / /
- HH(OB(T,t)) dt = ;]B(T,r)\cl(T)| < P(S2) +¢/2.
0

Let ¢ € (0,7) to be a Lebesgue density point of t — HI~Y(AB(T',t)) for which
HILOB(T' ) < /2 + essinfye (g, HITHOB(T',1)). Then with Ty := B(T’,#') and

an r: small enough we have

1 T
—/ Hd_l(aB(Tg,t)) dt < P(S9) + ¢ for all r < re.
rJo
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Then for any T" D S7 and r < re, we have

P(T)<P(TUTy) < l/r HITLOB(T U Ty, 1)) dt
rJo
Lo aa A1
g;</0 " (8B(T,t)\T2)dt+/0 " (8B(T2,t))dt)
1

< - /r HIVOB(T, 1) \ Ty) dt + P(Ss) + <.
T Jo

Since Ty D cl(Sy) we have

P(S1) -~ P(Sy) ~ e < P(T) = P(Sp) -~ <1 [ "M OB(T, 1)\ Ty) di

< 1/T HVOB(T, ) \ cl(Sa)) dt
rJo

for all 7 < rz. This holds for every 7" O 57, in particular it holds for 7" = B(S1,ty) with

every tg > 0. Taking infimum for all £j > 0 and all » < r- we can see that
P(Sy) — P(Sy) — ¢ < essinfyoH? H(OB(S1,1) \ cl(Sa)).

Applying the co-area formula for the distance function from S7, on the domain B(S1,7)\

(cl(S1) Ucl(S2)), we obtain

r(P(S1) - P(S5) — &) < /O "ML OB(S), 1)\ () di

= |B(S1,7) \ (cl(S1) U cl(S2))| < [B(S1,7) \ (51U ).

Since this holds for every € > 0, the proof is finished. n
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7.3.8  FEstimating the right hand side of (7.16)

Denote

Tyn:=Rm > P(Cy).

JEL,
By (7.20) this is a lower estimate for Y |B(Cy, Ry,) \ Cl|, and by (P1) the sets B(C'y, Ry,)
have bounded overlap.
Therefore Tp;, < 1 for every m. On the other hand, for n + 1 we have from (7.15) the

lower estimate

Tni1 2 R Y. 1G> Ry Py 2 Ryt Pa 2 PaQp S

1
Jqu(nJrl)

So (7.16) would hold, with m = n + 1, if we could replace its right hand side by 7}, 1.

Remark 93. In the Cantor example we can indeed replace it by 7}, 1. Which makes every-
thing much easier. However, in the Sard, and in the general case, we cannot, we will prove
only a (somewhat) weaker lower bound, with an error term. See (7.24) below. In the next

section our goal will be to make the error term small enough (compared to the main term).

Note that in all the above formulas we sum only for Zém and not for Zg;,. We apply in
this section the results of Section 7.1.4 for the interval I we fixed.

By (P5) and (P6), for each M > N > n we have

M

o BEnmlCr\ U alz > b\ U ayl

N JELy [OQIEV JELys
0<j<Kn,m

and by (7.21)

D\ U Cil=ruP(Ep)—ru Y. P(Cy).
CJleo,j#m
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By (P3), we have P(Ey, ;) > P(Cy,), and by (P4) and (P7),

> > PCy<C > P(Cy)<C Y P(Cy).

I'O SIAN, JET s JEL JEIEW
0<j<Kn,n1 CynDy, ;70 I(o.5): CyNDry ;70

where C'is the absolute constant in (P4).

Putting these estimates together we get

cr\ U Cilzrn ()] P(Cy) - CEYY, P(Cy))
JETy JET), JeT),

=Tn — C(Kn e /rv) " Tar.

Recall that our aim is to show that (7.16) holds for some (carefully chosen) m. We will

prove this by showing that there is n < N < M s.t.

PaQy S ST — C(Kn prar/rn) T (7.24)

We have already seen that

Panlsn,n—H SJ Tn—|—1~ (7‘25>

7.3.4 Finding N and M

To further simplify notation, for every m > n denote

Qm = PanlQmRm'

Using this notation, a,,41 S am for every m, Y am = 0o, and our aim is to show that

M
> ap STy - CK;V}MQ‘I(M ~NATy ray Jayy (7.26)
k=n+1
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for some n < N < M. For simplicity, also denote
-1 M—-N
LN,M = QCKN’MQQ( )/d

for every n < N < M. We know from (7.11) and (7.12) that > 5, Ly as S 1 for every N,
and Ly p < 1/2 for every N, M.

We have limsup ;oo LJ_V%M‘LM = 0o (otherwise oo = > yran S Doy v < 0o,
which is a contradiction). Therefore, inductively, we can choose a subsequence, starting

from ng = n +1, and then by choosing, after each ay,,, the first ay, , for which

gy > Lngngyg Gng-

< Qnyq—1, therefore

Since a; < Ly, jan;, < an; for ng <l <npiq, and ap;

njepy S Oy, (7.27)
Also
ng1—1 Ng41—1 Ng1—1
Z a; = an, + Z a; < ap, + ( Z Lnk,l)ank ~ ap,,
l=ny, I=np+1 l=n+1
SO
Ng+1—1

Z ap ~ an,. (7.28)
l:nk

Inequalities (7.27) and (7.28), together with

anm/ank,1 = (anm/anm—l-l) ’ (anm+1/anm+2) e (ank72/ank71)

-1
5 (anynm—l—anm—‘,—anm—l—Q e Lnk72ank71)
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give

ng k k—1 k—1
DU Y O S Y gy = gy D g [y
m=0 m=0 m=0

l:no
k—1

E : -1
S a‘nkfl (ananm+1an+17nm+2 tet Lnk727nk71) .
m=0

By our assumption Ly p7 < 1/2, in the last sum each term is at most half of the previous

term. Therefore we can estimate the sum by its first term, and we get

Nk

-1 ._
Z a; S ang_y (Lngny Lngng -+ Lng_ginpe_y) ™ 7= Sny_y-
l=ng

Since the left hand side of this converges to infinity, therefore sy, — oo as k — oo.

We defined sy, , as an upper bound of the left hand side of (7.26) (when we replace
M by ng, in (7.26)). We will prove (7.26) by showing that there is an m > 1 s.t. with
N =ny_1, M =np,

SN STN—Q_lLN7MTMaN/CLM. (729)

Using (7.25) we have sp, = an, S Tpy. The fact that sy, goes to infinity and T, is bounded
allows us to choose m to be the first index for which this inequality fails. That is, with
some absolute constant ¢y and some m > 0, N = n,,_1, M = ny, we have sy < cgly and
spyr > coTyy. Inparticular, Thy /TN < spr/sy = LJ_V’lMaM/aN, ie. Ly pyTyvan/ay <Tn.

Using this, the right hand side of (7.29) is

TN — 2_1LN,MTMGN/GM > TN/2.

This together with sy < ¢gTy finishes the proof of (7.29) and hence finishes the proof of

Lemma &9.
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7.4 Construction

Let {v,,} be an arbitrary sequence decreasing to 0, and assume that ), 2n/dy, < 0o, We

(e.¢]

o1, m=0,1,...,d — 1. For each m, take a Cantor

split it into d subsequences {vgy, 1}

h h

set lying on the m!" coordinate axes of R%, whose gaps have length vg,,, in the nt

stage of the standard Cantor set construction (since it has 27!

gaps of length vy, ,,, and
S0 2" Mgy m < 00, therefore such a Cantor set exists).

Now consider a finite sequence of 0's and 1’s, say, I = x1x9 ... 2. We can split this into
d subsequences, by putting into the mth subsequence those x; for which j =m (mod d). For
the mth subsequence, let I, denote the corresponding construction interval of the Cantor

set on the m!"

coordinate axis. And let R; = Ry z,..2, denote the rectangle Ry = Iy x
I{ x -+ x I,,_1. Tt is immediate to see that if we have another sequence I’ = a:’lxlz . '%V’
and zj, # :1c§f for some 1 < k < N, then the distance of Ry and Ry is at least vy: indeed, if
k = m (mod d), then the sets Ry, Ry project onto two different intervals in the mth direction

and these two intervals are separated by a gap of length at least vy.
Proof of Theorem 86. Put vy, :=ry, and Ay := Ry in the above construction. m

Proof of (II) = (I) in Proposition 82. Let {r,} be the sequence in (II) of Proposition 82.
Consider the Cantor case, with this sequence {r,}. By Theorem 86 in this case we have
a positive answer to Problem 77. And since in the Cantor case we have bounded growth,
therefore we know that there are sets satisfying (P1)-(P7) with some C, ¢, ky m. Moreover,
in the Cantor case we can choose C' to be anything we like (since in (P4), instead of ’constant
many pairs (1, 7)’, there are none), we can also choose ¢ to be anything we like (since we
have seen that (P6)-(P7) hold with ¢ = 1), and we have also seen that we can choose ky, m
to be arbitrary. This shows that indeed for any given C,q, ky y there are sets satisfying

(P1)-(P7), i.e. (I) of Proposition 82 holds. O
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