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Abstract

This dissertation consists of two chapters, each representing an individual research paper. In the
first chapter, I analyze how a firm’s labor market power shapes, and is shaped by, its workforce, and
I evaluate the implications for welfare and inequality. Using matched worker-firm panel data from
Norway (1995-2018), I develop, identify, and estimate an equilibrium model of the labor market
where firms compete with one another for workers who are heterogeneous in both their skills and
preferences over wages versus non-wage job amenities. I allow the wage-amenity trade-offs to be
correlated with skills, while also varying among equally skilled workers. When a firm adjusts its
wages, the composition of its workforce shifts, and these compositional changes, in turn, affect the
labor supply curve to the firm. As a result, the firm’s wage-setting power varies based on which
types of workers it employs. I find that this variation leads to large allocative inefficiency, with

welfare losses from imperfect competition estimated at 9.5% relative to the competitive benchmark.

In the second chapter, I explore how identity influences group behavior through social interac-
tions. I study a discrete choice model where people wish to conform to the actions of some members
of their network, while deviating from the actions of others. Under this generalized framework,
I explore what aggregate outcomes arise from noncooperative decisionmaking. I characterize the
uniqueness and stability of equilibria, and I discuss implications of negative spillovers for welfare
and inefficiency. Additionally, I demonstrate how the model may be taken to data. I introduce
a novel identification strategy that accounts for unobserved network effects by leveraging within-
network variation in individual characteristics. I also construct internal instruments to overcome
the issue of measurement error, which is a primary source of endogeneity in network-based models
with incomplete information. Finally, I apply this methodology using data from the large-scale ed-

ucation experiment Project STAR, where I find robust evidence of gender differences in peer effects.
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Chapter 1

Job Preferences, Labor Market Power, and Inequality

I. Introduction

The role of firms in shaping wage inequality is a central topic for labor policy. Three growing
empirical literatures examine how the characteristics of firms influence workers’ earnings.
One body of research (Manning, 2021; Card, 2022; Azar & Marinescu, 2024) studies the role
of imperfect competition in the labor market, where firms exert wage-setting power due to fac-
ing upward-sloping labor supply curves. A second literature—building on work by Abowd,
Kramarz, & Margolis (1999)—focuses on sorting, using matched employer-employee data to
uncover the relationship between worker and firm productivity. A third literature examines
workers’ willingness to trade higher wages for better non-wage aspects of a job, finding that

the trade-offs vary substantially among workers (Mas & Pallais, 2017; Wiswall & Zafar, 2018).

While often studied separately, the issues explored by these literatures are interconnected.
In a labor market with differentiated employers, a firm’s wages and non-wage amenities de-
termine which workers it attracts. Furthermore, if workers make different trade-offs between
wages and amenities, then the composition of a firm’s workforce could matter for the elasticity

of labor supply that it faces, which in turn impacts the firm’s wage-setting power. These factors



prompt a key question: How is a firm’s wage-setting power linked to its workforce? Address-
ing this question would offer deeper insight into how workers sort and how market power

varies within the labor market, which has important implications for welfare and inequality.

This paper develops an empirical framework to examine how workers choose jobs based
on heterogeneous wage-amenity trade-offs, and the consequences of this behavior for a firm’s
wage-setting power. I show that the market power at a firm—as measured by wage markdowns
and rents—directly depends on the composition of its workforce, which is influenced by the
wages and amenities the firm provides. Moreover, by failing to account for this relationship,
one would overlook a key source of allocative inefficiency that arises from differences in wage
markdowns among heterogeneous firms. I show how to recover economic quantities under
my framework using matched worker-firm panel data, while allowing for unobserved hetero-
geneity in worker skills, firm productivity, technology, and amenities. I then apply my method
to administrative data from Norway, where I draw inference about the determinants of worker

sorting, the concentration of market power, and the welfare impacts of imperfect competition.

I begin my analysis by presenting an equilibrium model of the labor market. Building on
previous models of job differentiation, such as Card et al. (2018), Lamadon et al. (2022), and
Azar et al. (2022), I assume that workers’ idiosyncratic tastes are not fully priced into wages,
leading firms to face imperfectly elastic labor supply curves. However, unlike previous work,
I allow workers to have varying marginal rates of substitution between wages and amenities.
Drawing on the literature about the willingness to pay for amenities, I allow the wage-amenity

trade-offs to be correlated with skills, while also differing among equally skilled workers.

This extension has key implications for the shape of the labor supply curve faced by a
firm. It establishes a link between worker and firm characteristics, such that the elasticity of

labor to the firm depends on the composition of its workforce. Consequently, the elasticities



differ among firms, and they are also endogenous to changes in the environment: if a firm
adjusts its wages, then the composition of its workforce would shift, and these compositional
changes would, in turn, influence the elasticities. This variation contrasts with the standard
assumption of homogenous and isoelastic labor supply curves, which leads to uniform wage
markdowns. Moreover, to the extent that workers’ wage-amenity trade-offs are correlated
with their skills, wage markdowns may also differ within a firm—among workers with varying
skills—as well as across firms. These implications do not rely on firms competing strategi-
cally for workers, as in Berger et al. (2022). Even when firms are strategically small within the

labor market, their wage-setting power would still vary based on who is employed at each firm.

To account for many potential sources of worker sorting, I allow firms to be differentiated
along several key dimensions. Specifically, I allow firms to vary in productivity, such that
a worker’s skills may be valued differently at different firms. I also allow for heterogeneous
technology in the production function, where firms can exhibit decreasing returns to scale and
imperfect substitutability between labor inputs. Moreover, I assume that firms have distinct
non-wage amenities, which also differ within a firm based on workers’ skills.! T demonstrate
how each of these firm characteristics interacts with workers’ preferences in equilibrium, and

I discuss the consequences of these interactions for wage markdowns, rents, and misallocation.

I then turn to the question of identification, demonstrating how to learn about imperfect
competition under my model using matched worker-firm data. In my analysis, identification
is challenging for two reasons. First, as is typical in most contexts, a worker’s wage markdown

is not observed in the data. In particular, observationally similar workers could earn different

Recent empirical work provides mixed evidence about which non-wage job characteristics are most impor-
tant to workers; for discussion, see Maestas et al. (2017). In my analysis, I do not take a stance on this issue.
Instead, I assume that firms are endowed with a fixed set of amenities that are unobserved by the analyst; or,
more precisely, I restrict amenities to be fixed over the estimation window. This assumption neither imposes nor
precludes the possibility that firms initially choose amenities to maximize profits. Indeed, it is straightforward
to show that permitting firms to choose their amenities initially would have no impact on any of my estimates.



wages due to unobserved skill differences—not market power.” Wages may also not fully
reflect a worker’s compensation, as firms may have amenities that researchers do not observe.
Indeed, as Rosen (1986) discusses, compensating differentials can exist even in competitive
markets. A second identification challenge stems from the generality of my framework, which
allows workers’ wage markdowns to vary both within and across firms, and to be endogenous
to wage changes within a firm. This added feature complicates my analysis because instead

of recovering a single markdown, I need to recover entire functions of firm characteristics.

I show how to overcome these challenges to achieve identification of the model through
the use of panel data by leveraging an economic shock that affects the productivity of multiple
firms in the economy. These productivity shocks can be recovered either from existing data
using internal instruments or from external data sources. One novelty of my approach is that I
allow the productivity shocks to shift wages in a way that is reflected in workers’ wage indices.
Therefore, I allow there to be spillover effects on the labor supply curves faced by all firms,
including those that do not experience a productivity shock. These spillovers would prevent
me from recovering the elasticity of labor supply to a firm by directly comparing a firm’s
outcomes before and after the shocks. Nevertheless, I prove that—under weak conditions on
the instrument—the elasticities are identified from a difference-in-differences comparison of
outcomes. This method involves comparing mean changes in wages and labor between firms

with different exposures to productivity shocks, while controlling for a firm’s initial wages.

An additional contribution of my analysis is that I draw inference about the differences in
workers’ trade-offs between wages and amenities. This approach is based on a revealed pref-
erence argument: holding all else fixed, a firm that offers better wages (for a given skill group)
is more likely to attract workers who value wages more highly. This compositional effect is

captured by the labor supply elasticity faced by a firm. Given this property, I prove that there

2See, €. g., Murphy & Topel (1990), Gibbons & Katz (1992), Abowd et al. (1999), and Gibbons et al. (2005).



exists a one-to-one mapping between the density function governing workers’ wage-amenity
trade-offs and a firm’s labor supply curve. I then develop a method to estimate this density

nonparametrically, which can be implemented separately for different population subgroups.

Using this identification strategy, I demonstrate how to recover the structural parameters
in the model that characterize firm productivity, technology, and amenities, as well as workers’
preferences. From these parameters, I can calculate the rents for both workers and firms, and

conduct counterfactual analyses to explore sources of allocative inefficiency and inequality.

Finally, I estimate the model using a matched employer-employee panel dataset, covering
the universe of workers and firms in Norway for the period 1995-2018. My results yield three
key findings. First, I find that many firms have substantial wage-setting power. On average,
workers’ wages constitute only 86% of their marginal products. Workers and firms also earn
large rents: on average, workers are willing to forgo 17% of their wages to remain at their

current job, while the average firm derives 29% of its profits by exerting wage-setting power.>

Second, I find that labor market power varies significantly within and across firms, with
the wage-to-marginal-product ratio ranging from 0.70 to 0.95. T also find that market power
is more concentrated among firms that pay lower wages for a given skill group. This finding
contrasts with the traditional view that larger, more productive firms should have more wage-
setting power over workers.* However, it supports a key prediction of my model. Specifically,
it suggests that lower-paying firms are more likely to employ workers who are less responsive

to wage changes (less elastic), thereby enabling these firms to exert greater wage-setting power.

SEmpirically, it is hard to credibly differentiate between ex ante and ex post firm rents. This task necessitates
further information—or assumptions—about how firms choose and pay for the amenities provided to workers.
“This view traces back to the early research on monopsony (Robinson, 1933), which examines a labor market
with a single buyer of labor. However, if labor markets contain many firms, then market power need not increase
with a firm’s size (Manning, 2021). Indeed, my estimates reveal that less productive firms tend to have greater
wage-setting power because of they are more likely to attract workers who are less responsive to wage changes.



Third, I find that imperfect competition generates substantial misallocation of workers
to firms. By eliminating labor wedges, I estimate that total welfare would increase by 9.5%,
measured in dollar terms. Moreover, in a competitive (Walrasian) labor market, more workers
would be employed at firms with lower productivity. This key source of inefficiency would not

be captured by frameworks that do not account for heterogeneity in workers’ wage markdowns.

My paper contributes to three different literatures. First, it relates to a large literature on
imperfect competition in the labor market. Manning (2021), Sokolova & Sorensen (2021),
Card (2022), and Azar & Marinescu (2024) provide recent surveys of this research.” Within
this literature, my paper builds on a class of equilibrium models studied by Card et al. (2018),
Kroft et al. (2021), Lamadon et al. (2022), Azar et al. (2022), and Chan et al. (2024), where
imperfect competition arises from workers’ idiosyncratic tastes for jobs that are not fully
priced into earnings. This work, which Manning (2021) terms “new classical monopsony,”
uses differentiated demand models that are commonly employed in Industrial Organization. A
limitation of these approaches, however, is that they typically specify utility functions where
worker and firm characteristics do not interact. As a result, they place strong restrictions on
the way that workers sort, which limits how firm wage-setting power varies in the economy.®
I relax these restrictions by extending the model to allow workers to exhibit heterogeneous
wage-amenity trade-offs. This extension is similar to one that is already well-established in
the context of product markets, based on work developed by Berry et al. (1995). Moreover,
as I demonstrate, it significantly broadens the scope of worker behavior in the labor market.

In doing so, it leads to aricher characterization of the determinants of firm wage-setting power.

Second, my paper contributes to an empirical literature on sorting, drawing on the addi-

>For additional discussion, I refer to Boal & Ransom (1997), Bhaskar et al. (2002), and Manning (2011).

6 Abstracting from strategic interactions, it leads to uniform wage markdowns. As discussed in Section ILE,
this restriction can be relaxed by using a nested logit model (Lamadon et al., 2022; Azar et al., 2022) or by letting
markdowns vary within a firm based on worker observables (Chan et al., 2024; Deb et al., 2024). Yet, these
approaches still cannot capture sorting patterns arising from unobserved variation in wage-amenity trade-offs.

6



tive worker and firm effects wage model introduced by Abowd, Kramarz, & Margolis (1999).
This work has largely focused on skill-based sorting, arising, e.g., from worker-firm produc-
tion complementarities (Song et al., 2018). While my model allows for sorting on workers’
skills, I also study a second type of sorting based on workers’ wage-amenity trade-offs. I show
that this feature introduces a firm-skill interaction term—the wage markdown—in a worker’s
wage equation, such that the same firm can have a larger markdown for one skill group and a
smaller markdown for another. In doing so, my paper provides additional insight into assorta-

tiveness in the allocation of workers to firms, e.g., Andrews et al. (2008) and Card et al. (2013).

Third, my paper contributes to a growing literature on the willingness to pay for non-wage
amenities. Both experimental studies and survey data offer strong evidence that workers value
a wide variety of non-wage job attributes (Hamermesh, 1999; Pierce, 2001; Maestas et al.,
2017). Additionally, the willingness to pay for these amenities differs among workers (Mas
& Pallais, 2017; Wiswall & Zafar, 2018), contributing to wage inequality (Maestas et al.,
2023). My paper takes this research area in a new direction, exploring how differences in the
valuations of amenities affect the wage-setting power of firms in imperfectly competitive labor
markets. I demonstrate that workers’ wage-amenity trade-offs are reflected in the labor supply
elasticities faced by firms. Moreover, by recovering these elasticities, I can draw inference
about differences in wage-amenity trade-offs among workers. This method provides a new
way to learn about variation in the willingness to pay for amenities using revealed preference,

contributing to a recent literature in this area, e.g., Sorkin (2018) and Hall & Mueller (2018).

This paper is organized as follows. Section II presents the model and explores equilibrium
properties related to sorting, imperfect competition, and welfare. Section III discusses the
data sources and sample selection. Section IV outlines the identification strategy. Section
V describes the estimation procedure, parameter estimates, and fit. Section VI presents the

empirical findings about rents, misallocation, and inequality. Lastly, Section VII concludes.



II. Model of Imperfect Competition in the Labor Market

In this section, I develop a theoretical framework to explain how workers sort into jobs and the
implications of this sorting for employers’ wage-setting power. My framework extends prior
equilibrium models of the labor market, used by Kroft et al. (2021), Lamadon et al. (2022), and
Azar et al. (2022), by allowing workers to exhibit varying marginal rates of substitution with
respect to wages and non-wage job characteristics. I show that this extension leads employers
to face heterogeneous labor supply elasticities, which reflect differences in the composition
of workers at different firms. As a result, the model generates variable wage markdowns and
rents, thus introducing a potential source of allocative inefficiency. Throughout my analysis, I

allow for unobserved heterogeneity in worker skills, firm production, and non-wage amenities.

II.A.  Environment

The economy comprises a unit measure of workers, indexed by 7, and a finite number of em-
ployers, indexed by j € {1,...,J}. Each employer operates within a local labor market m (),
and 7, denotes the set of employers in market m. In this economy, workers are differentially
productive, and they exhibit heterogeneous tastes for jobs. Meanwhile, employers provide

differentiated work environments, and they also vary in their productivity and technology.

Each worker 7 has a vector of skills X; = (x;, ¢;). These skills contain two components:
a categorical skill type y; € X and a continuous skill level ¢; € R,. The worker’s skill type y;
captures the non-ordinal aspects of human capital such as training and specialization, which
are valued differently at different firms. The worker’s skill level ¢;, which is unobservable
to the analyst, measures individual productivity within a given skill type. By characterizing
skills as a composite of types and levels, the model adopts approaches from a growing
literature about the importance of multidimensional skills, e.g., Lise & Postel-Vinay (2020),

while also allowing human capital to vary in ways that researchers cannot directly observe.



Throughout my analysis, I maintain two assumptions about the information structure.
First, I abstract from search frictions by assuming that workers are fully informed about job
opportunities and that, given posted wages, a worker freely chooses where to work. Second,
I assume that employers observe workers’ skills {X;};, but they only know the distribution of
workers’ preferences conditional on X;. Therefore, while employers can assign wages based

on skills, they cannot further price-discriminate with respect to individual preferences.’

II.B. Worker Preferences

Workers exhibit heterogeneous preferences over wages and non-wage amenities. Let W;(X)
be the wage that a firm j offers to workers with skills X, and let a; (X) be a firm’s skill-specific

amenity. For any worker i with skills X;, the indirect utility from working at firm j is:

wij (Wi (Xp),a;(X;)) = BilogW;(X;) +a;(X;) + €. (1.1)

In this utility function, €;; represents the worker’s idiosyncratic taste for firm j, reflecting
non-pecuniary considerations such as distance from work and personal preferences over work
environment. I assume that {¢;; }; ; are independent and identically distributed (i.i.d.) random

variables, each following a continuous distribution function F with positive density over R.

The coefficient §; is the worker’s marginal utility of log earnings. This parameter governs
the marginal rate of substitution between wages and amenities, thus capturing the trade-off
between higher pay and better working conditions. A worker with a lower ; is more willing
to sacrifice an increase in earnings in exchange for improved non-wage job characteristics.®
In Appendix A.8, I provide an explicit micro-foundation for utility specification (2.1) where I

re-interpret §; as the worker’s marginal rate of substitution between consumption and leisure.

"This assumption reflects information asymmetries between workers and firms. It may also account for laws
against pay discrimination, which are common in many labor markets. See Bhaskar et al. (2002) for discussion.
8Wiswall & Zafar (2018) and Maestas et al. (2023) examine how variation in the wage coefficient within a
worker’s utility function directly reflects differences in the willingness to trade earnings for non-wage amenities.

9



In my analysis, I allow the coefficient §; to vary freely among workers in the economy.
Specifically, I treat ; as a random variable that is distributed according to a density fz. I do
not place any parametric restrictions on this density, such as assuming a normal distribution
for ;. One important aspect of this framework is that I allow S; to vary conditionally within
each skill group X;. As a result, equally skilled workers could exhibit different marginal rates
of substitution with respect to wages and amenities. This level of variation is economically
meaningful as it suggests that the trade-offs workers make when choosing jobs would reflect a
variety of considerations beyond productivity. For example, 8; can vary based on contextual
factors such as age, gender, household characteristics, and wealth. It may also be correlated
among workers in the same household, neighborhood, or peer group. In my framework, I also

allow B; to be correlated with workers’ skills X;. I assume that P(8; > 0|X; = X) = 1 forall X.

II.C. Firm Production

Let D ;(x, ¢) denote the mass of workers with skills X = (, ¢) thatis demanded by a firm ;.

For each skill type y € X, the total efficiency units of labor at the firm are defined as follows:
1500 = [ eD;txe)de. (12)

Define Y; to be the firm’s value added from hiring labor. The firm’s production function
is a constant elasticity of substitution (CES) composite of the effective labor for different skill
types. This formulation permits imperfect substitutability between skill types and allows for

decreasing returns to scale, so that output need not increase in equal proportion to labor inputs.

i=T;| > O (L‘}ff(x))pj : (1.3)

XeX

In this production function, T; € R, is the firm’s total factor productivity (TFP), 6;, € R, is

10



the firm-specific efficiency of skill type y, (1 —p j)_l € [0, o) is the elasticity of substitution
between skill types at the firm, and 1 —a; € (0, 1] is the firm’s returns to scale. For simplicity,
my specification abstracts from capital and intermediate inputs, as well as the structure of the
product market. Nevertheless, as I show in Appendix A.9, this production function could be

rationalized under either a perfectly competitive or an imperfectly competitive product market.

By allowing the productivity and technology parameters (7, {6;,} yex,p;, @;) to vary
among firms, this framework is able to accommodate a wide range of employer characteristics
across different industries. Specifically, firms can be differentially productive, as captured by
variation in 7. In addition, as {6, } ,ex is heterogeneous, the relative efficiencies of various
skill types can differ among firms. For example, certain employers may place more emphasis
on a college degree than others. Meanwhile, the amount of substitutability between these
skill types can also vary, as reflected by differences in p;. For example, employers may have
specific job requirements that affect the ability to interchange high- and low-educated workers.
Finally, due to variation in a/, firms can exhibit different returns to scale. Importantly, my
analysis does not impose restrictions on the relationship between amenities, productivity, and

technology. Rather, I allow these fundamentals to vary freely across firms in the economy.

To better understand the relationship between skill types and skill levels in the production

function, it will be useful to define the standardized unit of labor at the firm to be N;, where:
\1/pj

Pj
Nj= Z Ox ( / eD;(x, so)dso) : (1.4)

xeX
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For any combination of skills X = (y, ¢), the elasticity of N; withrespectto D ;(x, ¢) equals:

o [z
dlogN; J'X( J (X)) o eD;(x, )
R L e

(1.5)

Olog Lef dlogD;i(x,
dlog N;/dlog L (x) gL' (x)/01og D (x-¢)

This framework nests both efficiency units of labor and CES specifications. Within any skill
type x, workers exhibit varying productivity, as measured by ¢. In contrast, workers that have
different skill types are viewed as imperfect substitutes, and their productivities vary in a way
that is specific to each firm. Under this setup, two skill levels ¢ and ¢’ are only comparable

among workers in the same skill type, but they are not directly comparable across skill types.
I1.D. Characterization of an Equilibrium

In equilibrium, each worker selects an employer to maximize utility, as defined in equation
(2.1). Given a set of wage offers {Wk(X)}i=1 and non-wage amenities {ay (X) }izl , a worker

with a preference parameter 8 and a skill profile X chooses to work for firm j with probability:

oo

W;(X)
Wi (X)

PG =i = [ ]~ (ﬁlog(

T k#j

) +a;j(X) - ap(X)+ g) f.(&)de.  (1.6)

Averaging across the realizations of 8, the labor supply at firm j for workers with skills X is:

0 W; (X
s00= [ ( T pree (g )+ er0 - axn 4 fe(€)d€)fﬁ,x(ﬁ,x)dﬁ.
T k#j

(1.7)

Given the firm-specific labor supply curves in equation (2.7), each firm optimally assigns
wages to workers in order to maximize profit. Since the firm cannot discriminate based on

individual preferences (3, €;;), its wage-setting decisions are informed by the distributions
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of these parameters, given by {Fg|x}x and F. The firm’s profit maximization problem is:

l—aj
Pj

Pj
max  T; Z%{ (/ QODj(Xa(P)dSO) —Z(/ Wilx.@)Dj(x,@)de|, (1.8)
{Wj(X,‘P)}X,(p YeX

xeX

subject to the constraint that labor demand equals supply: D ;(X) = S;(X) forall X = (x, ¢).

I consider an equilibrium in which firms view themselves to be strategically small in the
economy. Consequently, a firm does not internalize the effect of changing its own wages on
the labor that is supplied to other firms.® It is important to note that this assumption does
not mean that workers regard firms as infinitesimal. On the contrary, there is a finite number
of firms, and every worker chooses his/her job by considering the full set of wage offers and
amenities. However, my analysis assumes that each firm sees itself as a marginal player, thus

ruling out strategic interactions in firm wage-setting.!® An equilibrium is defined as follows:

Definition. Given any set of worker skill and preference distributions (Fy o, {Fg|y,o} y.¢> Fe)
firm amenities {a;(x, ¢)} ., and production parameters (7}, {6}, pj, @;), an equilibrium

is defined by the job decisions j (i), labor supply curves S;(x, ¢), and wages W; (x, ¢) where:
(i) A worker chooses a firm that maximizes his/her utility, as specified by equation (2.1).

(ii) Labor supply curves S;(x, ¢) are consistent with workers’ optimal choices, as in (2.7).

(iii) Each firm posts wages W;(x, ¢) forall y € X and ¢ € R, to maximize profit as defined

in equation (2.8), ensuring that labor demand D (), ¢) equals labor supply S;(x, ¢).

In Lemma 1 of Appendix B.2, I establish the existence of an equilibrium involving strictly

9This assumption is also made by Card et al. (2018), Kroft et al. (2021), Lamadon et al. (2022), and Azar
et al. (2022). Alternatively, Berger et al. (2022), Deb et al. (2024), and Chan et al. (2024) study models of job
differentiation where firms internalize market share effects, and Jarosch et al. (2024) studies a search model with
large firms. Identification is very difficult with strategic interactions, as it relies on more exclusion restrictions.

10Roussille & Scuderi (2023) provide a framework to test between different models of firm conduct, finding
that models where firms ignore strategic interactions outperform models which incorporate such interactions.
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positive wages and employment. Lemma 2 further shows that this equilibrium is unique with
probability one. Additionally, I analyze properties such as the concavity of the profit function
and the conditions required for dynamic stability of the equilibrium. These properties will
be important for running counterfactual analyses because they provide me with a way to

compute equilibrium outcomes based on the underlying structural parameters in the model.
ILLE. Properties of the Labor Supply Curve to a Firm

A primary motivation for incorporating random coeflicients in the worker’s utility function is
that it enables the model to capture rich substitution patterns that reflect sorting on individual
heterogeneity. This subsection examines how this heterogeneity expands the scope of worker

behavior in the model and what it implies about the shape of the labor supply curve to a firm.

Substitution Patterns under Homogeneous Effects

The standard assumption in models of job differentiation is that 8 is homogeneous among
workers. Under this assumption, employer wages and amenities do not interact with worker-
level preference parameters in the utility function. This additive separability between firm
and worker characteristics makes the model more tractable. Yet, it imposes a strong form of
homogeneity on aggregate substitution patterns that can lead to unrealistic market outcomes.
This critique has previously been raised in the context of product markets (e.g., Berry et al.,

1995). However, as I will demonstrate, it also holds significant implications for labor markets.

To illustrate how the homogeneous effects assumption restricts economic behavior, con-
sider a scenario where 3 is constant across workers. In this case, the only reason that different
workers rank firms differently is that their taste shocks €;; vary. Whenever these taste shocks

are 1.1.d., a worker’s second choice firm does not depend on where that worker is employed.

This aspect of the model matters when analyzing a change in the economic environment.

Specifically, if wages were to shift in the market, then a firm’s employment response would
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not depend on that firm’s characteristics. One way to formalize this idea is to consider two
arbitrary firms, j and j’. I then analyze how the labor supplied to a third set of firms, defined
as S+ (X) = Xreg- Sk(X) where j, j” ¢ J~, is affected by the wages at j and j’, respectively.

When g is homogeneous, these labor supply responses are identical. In particular, I find that:

dlogSq-(X) 0dlogSq+(X)
dlogW;(X) dlogWy(X)’

forany 9" € {1,...,J} where j,j ¢ J". (1.9

This restriction implies that the workers at firms j and j” would be just as likely to substitute
toward a third firm k, regardless of which of the two firms is more similar to firm k. This con-
tradicts the intuition that firms with similar attributes should exhibit larger substitution effects.

To see how this restriction affects a firm’s labor supply curve, consider the following property.

Property 1. If 8 is homogeneous, then firms encounter identical labor supply elasticities:

dlogS;(X)  dlogS;(X)

-  forall j,j e {1,...,J).
dlogW;(X)  dlogWy(x) 77 { )

Property 1 underscores the limitations of using utility specification (2.1) with homoge-
neous effects. For example, consider two firms that offer different wages and amenities. It
would be natural to expect that these firms attract different types of workers who respond
differently to changes in their earnings. So, the elasticities of labor supply would likely differ
between these firms. Nevertheless, if 8 is homogeneous, then the model cannot account for
this pattern. In particular, firms would always encounter the same labor supply elasticities,
even when they exhibit vastly different technologies and work environments. These impli-

cations do not depend on the distribution of the idiosyncratic taste shocks, e.g., logit or probit.

One way to relax these restrictions on substitution patterns is to assume that {¢;;}; ; are

not i.i.d., but rather that ¢;; is correlated among firms within local labor markets, e.g., via a
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nested logit structure. This method is taken by Azar et al. (2022) and Lamadon et al. (2022),
among others. It implies that workers are more willing to substitute toward firms within
markets than across markets. However, within each market, substitution effects would still be

independent of firm characteristics, leading to constant labor supply elasticities across firms.!!

A second extension could be to allow S to vary based on observable worker characteristics
such as education or experience.!> However, a concern with this strategy is that firms are also
likely to observe these characteristics and would thus factor them into a worker’s skills X. As
long as S is constant conditional on skills, the implications of Property 1 remain unaffected.

In particular, for any skill group X, the labor supply elasticities would be uniform across firms.

Substitution Patterns under Heterogeneous Effects

If B is heterogeneous, then the labor supply curve to a firm will reflect differences in workers’
preferences over wages and amenities. For example, firms offering higher wages and fewer
amenities are more likely to attract workers who place a greater value on wages, as indicated
by larger values of 5. Conversely, firms that provide lower wages but better amenities will tend
to attract workers who prioritize amenities, as indicated by smaller values of 5. Thus, firms
that share similar characteristics are more likely to attract workers with similar preferences

over wages and amenities, which would lead these firms to exhibit larger substitution effects.

This variation in worker composition affects the elasticities of labor supply to a firm. To
see how, note that any firm-specific elasticity can be represented as the average of S-specific

elasticities for workers employed at the firm. The next property formalizes this relationship.

"n principle, nests can be defined more broadly so they do not coincide with markets. Yet, these definitions
still rely on factors observable to the analyst, which is often undesirable. See Nevo (2000) for more discussion.

2Examples of this approach include Chan et al. (2024) and Deb et al. (2024). The former uses a multinomial
logit discrete choice model and the latter uses a representative agent CES model. As shown in Verboven (1996),
Proposition 2, both modeling approaches lead to demand functions that are isomorphic at the market level.
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Property 2. The elasticity of labor supply faced by a firm j has the following representation:

Olog§;(X) _ o [91ogP(j(0) = jlBi, Xi)
dlogW;(X) dlog W;(X;)

Xi=X,j() =J')-

As this property indicates, the elasticity of labor supply to a firm is shaped by the composition
of the firm’s workforce, which is determined by the wages and amenities that the firm provides.
Therefore, when S is heterogeneous, the labor supply elasticities are directly linked to firm

characteristics in a way that would not be captured under a model with homogeneous effects.

Another implication of heterogeneous effects is that, even if firms are strategically small
within the economy, the labor supply elasticities are endogenous to wage changes at a firm.
When a firm posts a higher wage, it attracts workers who are more responsive to wage changes,
i.e., those with larger 5’s. As aresult, the elasticity of labor supply to the firm would increase.

To formalize this dynamic, I analyze the second derivative of the labor supply curve to a firm.

Property 3. The second derivative of log labor supply with respect to the log wage at a firm is:

8% log S;(X) Var dlogP(j(i) = j|Bi, Xi)
0 [log Wj(X)]z 9log W; (X))

Xi=X,jli)=]

This second derivative is strictly positive if and only if the variance Var(8;|X; = X) is nonzero.

Figure 1 illustrates how heterogeneous effects influence the labor supply curve to a firm.
Consider two firms, j and j’, where firm j has high wages but unfavorable amenities, while
firm j’ has low wages but favorable amenities. In the homogeneous effects case (depicted in
Figure 1.a), both firms would face the same labor supply responses to internal wage changes,
meaning that an X% wage change results in the same percent change in labor at either firm.
Under heterogeneous effects (depicted in Figure 1.b), these two firms would face different
labor supply responses due to differences in workforce composition. For the same X% wage

change at each firm, the high-wage, low-amenity firm j would see a larger employment re-

17



sponse, while the low-wage, high-amenity firm j” would see a smaller employment response.

Figure 1.1: Illustration of Firm-Specific Labor Supply Responses

Log Wage Log Wage
Supply at j
A upply at j A Supply at j
- Supply at j’
Supply at j’
» Log Labor » Log Labor
(a) Homogeneous Effects (b) Heterogeneous Effects

Notes. This figure depicts the labor supply curves log S;(X) and log S+ (X) for two firms, j and j’, respectively.
Figure 1.a shows the case where Var(B; | X; = X) = 0. Figure 1.b shows the case where Var(B; | X; = X) > 0.

IILF. Wage Determination and Sorting in Equilibrium

In equilibrium, firms face upward-sloping labor supply curves, which enable them to set their

wages below a worker’s marginal product of labor. Let L;(X) represent the amount of labor

dlogL;(X)

aTogW;(x) ©

from skill group X that is employed at firm j in equilibrium, and define &;(X) =

be the elasticity of labor supply faced by the firm. A worker’s wage is determined as follows:

_ Sj(/\/’(io) eff pi=1 eff 7
Wilx.¢) = T+8,00.9) X T (1 —a;)0 (Lj (X)) Z{\,Hj/\/' (Lj (x ))
—— X
Markdown

Marginal Product of Labor
(1.10)

There are three main factors that drive workers to systematically sort into different firms.
One factor is that a worker’s marginal product varies across firms. This variation arises from

differences in firm-specific productivity parameters (7}, {6;,},) and technology (p;, a;). In
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particular, productivity differences imply that the same worker will be more or less efficient
depending on the firm, while technology differences affect how a worker’s marginal product
is influenced by the firm’s existing labor inputs. Together, these features have the potential to

generate large differences in worker productivity distributions both within and across firms.

A second factor influencing sorting is that firms have distinct non-wage amenities a ; (X),
which are allowed to potentially vary within a firm based on worker skills. These amenities
imply that firms are vertically differentiated, meaning that some firms exhibit superior ameni-
ties compared to others. They also lead firms to be horizontally differentiated, since workers
at the same firm may receive varying levels of benefit from the same amenity. Note that a
firm’s amenities may depend on its production parameters (7, {6, } . p;, @), which means
that these non-wage job characteristics could be directly linked to a worker’s marginal product.

£;(X)
l+g;(X)"

A third factor affecting sorting is the worker’s wage markdown These markdowns
differ across firms due to variation in workforce composition, reflecting an interaction between
worker preferences and firm characteristics. For example, a low-productivity, high-amenity
firm is likely to attract workers with smaller 8’s, who place less emphasis on wages relative
to amenities. As such, the firm’s workforce would be less responsive to wage changes. This
aspect enables the firm to exert more wage-setting power, leading to larger markdowns. In my
model, markdowns are specific to each skill group X, which reflects the possibility that skill

groups have systematically different preferences over wages and amenities. Consequently,

workers with different skills may experience different markdowns even within the same firm.

One notable implication of sorting in my model is that a worker’s wage markdown tends
to amplify the impact of firm productivity on earnings. To understand this point, consider
that a firm’s wage-setting power diminishes as its labor supply becomes more elastic. Also, as
Property 3 demonstrates, the elasticity of labor supply to a firm increases with the firm’s wage.

Consequently, when a demand shock drives up wages at a firm, it also shifts the composition
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of the firm’s workforce, making the labor supply more elastic. This larger elasticity reduces
the firm’s wage-setting power, resulting in even higher wages for workers. By this process,
wage changes at a firm can become self-reinforcing.!> Importantly, as I demonstrate in Ap-

pendix B, this feature of the model does not interfere with the uniqueness of the equilibrium. !4

I11.G. Rents, Pass-throughs, and Allocative Inefficiency

I conclude this section by examining how the structural parameters in the model correspond to
different economic quantities, such as the rents earned by workers and firms, the pass-through

of productivity shocks to earnings, and measures of welfare loss due to allocative inefficiency.

To simplify the derivation of these quantities, it will be useful to specify a functional form
for the distribution of workers’ taste shocks {€;;}; ;. To do so, I analyze a special case of the
model where €;; has a Type 1 Extreme Value (Logit) distribution: F¢(e) = exp(—exp(—¢)).
This assumption does not place meaningful restrictions on the properties discussed in Section
ILE, as these properties are primarily driven by the parameter 3;, not by ¢;;. Nevertheless, it

allows me to derive clearer expressions for the firm’s labor supply curve and its elasticities.

13 Another way to visualize this effect is to analyze the wage elasticity of the markdown % which equals:
J

£;(X) & logL; (X)
Ao BloeW, 007 here 9% log L;(X)

dlogW;(X) &, (X)[1+&,(X)] alog W; (X)]2 ~

This elasticity is positive, indicating that fluctuations in wages at a firm are magnified through the markdown.
14Tn principle, the spillover effect of wages on markdowns can lead to multiple fixed points for the equilibrium
wage equation (2.11). This multiplicity suggests that the firm’s profit function might have two local optima:
one characterized by lower wages, reduced employment, and larger markdowns; and the other marked by higher
wages, increased employment, and smaller markdowns. This phenomenon is discussed by Manning (2010) in
the context of spatial agglomeration. Fortunately, I find that multiplicity does not occur in my model as long as
the conditional variance Var(S|X) is bounded in relation to the returns to scale 1 — ;. I also prove that, even
if multiple fixed points exist, there is, with probability one, a unique point where profit is globally maximized.
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Under the logit model, a worker’s choice probability, defined in equation (2.6), becomes:

exp(BlogW;(X) +a;(X))

5 ) (1.11)
e exp(Blog Wi (X) + ax (X))

P(j(i) =JjlB. X) =

Let I(B,X) = i:l exp (Blog Wi (X) + ax (X)) denote the wage index for any worker with
preference parameter 5 and skills X. This index varies across individuals, reflecting the fact

that workers have different reservation wages. The labor supply curve to a firm j is given by:

1
Si(X) :/ 16.%X) exp(BlogW;(X) +a; (X)) fa.x(B, X)dB. (1.12)

One key advantage of using this specification is that it leads to a clearer economic inter-

pretation of the random coefficient . In particular, under the logit error structure, 8 can be

DlosPG=/BX) _ g

expressed as an individual-specific labor supply elasticity, defined as: TogW,(X) =

This elasticity measures how a worker’s probability of choosing a job at firm j is affected
by variations in firm j’s own wage. By Property 2, it follows that the labor supply elastic-

ity faced by the firm represents a firm-wide average of the realizations of 8. Specifically, I find:

dlogS;(X)

BlogW,(x) ~ © AilXi =X, = j). (113)

Moreover, by Property 3, the curvature of a firm’s labor supply curve—represented by its

second derivative—can be defined in terms of the variance of 8 among workers at the firm:

0*logS;(X) o
dllog W, (X)]? = Var (6;|Xi = X, j()) = ). (1.14)

In Appendix A.3, I also derive the third, fourth, and fifth derivatives of the labor supply curve
to a firm under the logit model. I demonstrate that these derivatives are characterized by the

higher-order moments of the distribution of 8. In each of the derivations in the Appendix, I
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carefully highlight which parts of the analysis are reliant on utilizing the logit error structure.
Worker Rents

In this economy, employers cannot observe workers’ individual preferences, 8; and ;;, which
means that they are unable to price-discriminate based on each worker’s reservation wage.
As aresult, an equilibrium involves surpluses—or rents—for workers who are inframarginal.
These surpluses represent the additional earnings that workers are willing to forgo to remain
indifferent between their current job and their next-best alternative. Let R} denote the rents

that a worker i receives from his or her current job. A worker’s rents are defined as follows:
uij (Wi(X:) = R, a;(X;)) = max uij (Wi (X:), ajr (Xi)). (1.15)
J'#iG

To illustrate how worker rents systematically vary in the economy, I derive an expression for

the expected rents R}VX = E(R"|j (i) = j, X; = X) for workers with skills X employed at firm ;.

RYy = W;(X) x E(

1 N v
I+ 5 ](z)—],X,—X). (1.16)

In a model with homogeneous effects, where ; = 8 for all 7, a worker’s expected rents are
a fixed proportion of his or her earnings, specifically: R;.VX /Wi (X) = (1+p)"1. As aresult,
the model predicts that all workers, irrespective of their employer j or their skills X, would
expect to receive the same share of their wages as rents. This restriction runs counter to the in-

tuition that workers at different jobs would benefit in different ways from their wage contracts.

When g is heterogeneous, the share of wages that workers obtain as rents systematically
varies across firms and skill groups. To see how this variation occur across firms, I examine
how the ratio RWX /W ;(X)—which measures expected rents as a share of a worker’s pay—is

J

driven by firm characteristics. I find that this ratio is a decreasing function of a firm’s wage:
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) [R;?X /Wi (X)]
dlogW;(X)

"y )j(i)=j,Xl-:X)so. (1.17)

This negative relationship reflects how workers sort based on variation in . Within each

1
S

skill group X, workers who choose jobs at higher-paying firms are more likely to have higher
reservation wages. Thus, even while these workers earn more, they tend to receive a smaller
share of their wages as rents. As I show empirically, neglecting this source of heterogeneity

leads to an inaccurate assessment of where worker rents are concentrated within the economy.
Firm Rents

Firms may also capture rents in equilibrium. These rents come in the form of excess profits
that firms obtain by exploiting their wage-setting power. To quantify these rents, I analyze a
counterfactual setting where a firm is a price-taker in the economy, facing a perfectly elastic

labor supply curve. For any firm j, I construct the counterfactual profits H?rice'taker

by solving:

lfufj

pj\ Pi
max T; Z 0y (/ SDD_I;-t(X’ (p)dtp) — Z (/ W;"(X, SO)DE’?(X, p)de|,

{D_E-)t(/\(s‘;")})(,cp xeX xeX
(1.18)

subject to the labor supply constraint: Dst(X ) = S?t(X ) for all X = (v, ¢). In this counter-
factual, the only difference in the firm’s behavior is that it does not exert wage-setting power.

Therefore, this counterfactual differs from one where all firms in the economy are price-takers.

I define a firm j’s rents as the difference between actual profits and counterfactual profits

at the firm, expressed as R = I1; — H?rice'taker. In Appendix A.5, I show that these rents equal:

L+a;e;(r.¢)\ dlogh, vy
/( @, & (x (’0)) 08 dgo]—afj |1, (1.19)
l+&;(x,¢) | dlogL;i(x,p) Y;

where Y}’t represents the firm’s value added as a price-taker. In my model, Y]Pt does not appear

RS =Y; x Z

xeX
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to have a closed-form expression. Nevertheless, I show how to solve for this counterfactual
quantity from the structural parameters in the model using a gradient descent algorithm. This
method relies on the existence of a unique solution to the price-taker’s first-order condition

and the concavity of the firm’s profit function, both of which are established in Appendix B.2.

Under my framework, the relationship between a firm’s productivity and its rents R; is
ambiguous. On the one hand, a more productive firm generates greater value added, thereby
increasing profitability. On the other hand, increased productivity typically leads to higher
wages, which in turn results in higher labor supply elasticities {&;(X)}x faced by the firm.
As these labor supply elasticities become larger, the firm’s market power declines, making the
labor inputs even more costly. In particular, as &£;(X) — oo for all X, the firm’s profits will

converge to those of a price-taking firm, which causes the rents to approach zero: R; — 0.

A firm’s rents are also influenced by its technology. Specifically, as the firm approaches
constant returns to scale, i.e., @; — 0, the profits it could earn as a price-taker tend to zero. So,

any profits that the firm manages to capture will come in the form of rents: lim,; 0 II; = R;.

In my analysis, it is hard to empirically distinguish between a firm’s ex-ante and ex-post
rents. This task would require knowing more about how firms select amenities, which I do not
observe in the data. Therefore, for identification, I assume that firms are unable to manipulate
their amenities—at least during the time frame that the model is estimated. Importantly, this
assumption does not restrict how amenities correlate with a firm’s productivity or technology.

It also does not rule out the possibility that firms initially choose amenities to maximize profits.
Pass-through of TFP Shocks to Wages

Next, I examine the impact of a hypothetical shock to firm productivity—specifically, the
TFP parameter 7;—on workers’ earnings. This reduced form quantity is frequently used to

learn about rent-sharing, as it indicates how changes in a firm’s value added are passed on to
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workers in the form of pay adjustments.!> Iderive the pass-through of TFP shocks to wages as:

dlogW;(x.¢) _ _( 1 )X 9*log L;(x, )
dlogT; gi(x. o) [1+&;(x,9)]]  0[logW;(x.)]?
o108 L (x)

+(1—Pj)/8j()(,90/)md90

dlogN;
- (1-a;-pj) (/8~()(’,90’) dcp’)
o Z / dlogL;(x',¢’)

x'eX

(1.20)

To interpret the pass-through, first consider a case where £ is homogenous across workers.

In this setting, the firm’s labor supply curve is isoelastic, which implies that &;(y, ¢) = & for

82 log L;(x.¢)

ascalar € € R, and ——~1=
+ d[log W; (x.¢)1?

= 0. Under these restrictions, the pass-through reduces to:

dlogW;(vy) 1
dlogT; l+aje

(1.21)

This pass-through varies across firms in the economy due differences in the returns to scale

parameters {a,} ;, with firms that have higher returns to scale exhibiting larger pass-throughs.

When g is heterogeneous among workers, the pass-through changes in two key aspects.
First, since the labor supply elasticity & (x, ¢) may differ by skill type x, the pass-through will
depend on the elasticity of substitution between skill types at a firm, specifically (1 — p j)‘l.
This feature introduces an additional source of variation across firms. Second, since 3 varies
among equally-skilled workers, the wage markdown at a firm will be endogenous to changes
in the firm’s productivity. Specifically, a positive TFP shock that increases wages will alter
the firm’s workforce composition in a way that reduces its wage-setting power, resulting in
even higher wages at the firm. This effect is captured by the positive second derivative of the

8% log L;(X) dlog W;(X)

labor supply curve, given by o W, 02 alogT;

. Note that, in principle, the pass-through

dlog W;(X)

SFor example, Card et al. (2018) explicitly interprets the pass-through aTox T,
J

as a rent-sharing elasticity.

25



can be greater than one, although my empirical results show that it is less than one in practice.
Welfare and Allocative Inefficiency

I consider a measure of social welfare that incorporates firm profits. Specifically, I assume
that profits are redistributed to workers in proportion to their wages. This approach ensures

that the redistribution does not distort workers” employment decisions. Welfare is defined as:
J
W =E max {u,-j(Wj(X,-),aj(X,-))}) +10g ZHJ . (1.22)
J ;
j=1

To evaluate the welfare cost of imperfect competition, I compare welfare in the monop-
sonistic economy to that which would be obtained by a social planner who optimally allocates
labor to firms by solving: “W* = maxg;(;);, W. I assume that the social planner has complete
knowledge of worker and firm fundamentals but that firms continue to set wages based on their
limited information of (;, €;;). As I prove in Appendix A.7, the planner’s optimal allocation
is equivalent to what would be achieved in a competitive (Walrasian) economy, where firms
act as price takers facing perfectly elastic labor supply curves. Moreover, I show that it is pos-

sible to solve for welfare under this optimal allocation from the model’s structural parameters.

In an economy with constant markdowns, there would be no misallocation of labor due
to imperfect competition, since workers would sort into the same firms that they would have
chosen in the absence of monopsony power. However, if markdowns vary across firms, then
there is a potential for allocative inefficiency. This inefficiency occurs, for example, when a
worker who is most productive at one firm j earns a higher wage at another firm k because firm
J has alarger markdown than firm k. These discrepancies can alter workers’ rankings of firms
and distort their labor supply decisions. In this way, heterogeneous markdowns introduce

a welfare cost of imperfect competition that is not present in the case of constant markdowns. '©

16This conclusion assumes that there is no nonemployment margin. In a model involving nonemployment,
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III. Data and Empirical Context

I now describe the data sources and the key variables that are used in my empirical analysis,

as well as the criteria for sample selection. Additional details are provided in the Appendix.
III.A. Data Sources

In my analysis, I use a matched employer-employee panel dataset from Norway, containing
information about workers and firms over the period 1995-2018. The data is constructed by
linking annual business tax records to a national employment register from the Norwegian
Labour and Welfare Administration. It encompasses all workers who are not self-employed
and it covers the universe of firms that are required to file a tax return. Further information
on worker demographics and financial assets come from individual tax filings and social
security registers. All administrative data is maintained by Statistics Norway and is subject

to comprehensive quality control measures. This data is considered to be highly reliable.!”

At the worker-level, the data contains information on annual earnings, scheduled work
hours, and the duration of a job spell. Earnings account for a worker’s salary, bonuses, and
other payments offered by an employer such as overtime, vacation, and severance pay.'® All
monetary quantities are adjusted for inflation and are expressed in 2014 US dollars. The data
also includes details about a worker’s education, experience, and specialization (e.g., college
major and vocational training). These variables are used to define a worker’s skill type y.
In the baseline specification, I define y as a composite of education and experience, where a
worker’s education level is divided into three categories (no high school degree, high school

degree but no college degree, and college degree) and experience is divided into two cate-

misallocation can exist even with constant markdowns, as the trade-off between labor and leisure is distorted.
17See Fagereng et al. (2021) for discussion. Bruun et al. (2021) also give an independent quality evaluation.
181n-kind benefits are also included in earnings; however, parental leave and sickness benefits are excluded.
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gories (<10 years in the workforce and >10 years in the workforce). Alternate definitions of
x are considered in the Appendix. Lastly, the data contains rich demographic information on

workers and their families. These data will be used for making cross-sectional comparisons.

In the data, workers are linked to establishments, which represent sub-units (or branches)
of a firm. To address this dimension, I measure employment at the establishment-level, and I
assume that a firm’s production function aggregates labor in a way that allows for imperfect
substitutability between establishments.!® This approach enables greater flexibility in sorting
and wage determination. For example, if an oil and gas firm operates a processing plant in
rural Norway and has a corporate office in Oslo, then these two establishments are treated as
distinct entities—both by workers and by the managing firm. Establishments are assigned
to local labor markets based on industry and geographic location. The Central Register of
Establishments and Enterprises identifies 10 broad industries and 46 commuting zones, as

defined in Bhuller (2009). A market is constructed as the intersection of these two identifiers.

Accounting data is collected at the firm-level based on corporate income statements and
balance sheets. A firm’s value-added is defined as the difference between revenue and non-
labor expenses, which include operating costs, spending on intermediate inputs, and capital
depreciation. Profit is calculated to be revenue minus total costs, where total costs account

for the wages paid to workers. All these quantities are measured prior to interest and taxes.
IIIL.B. Sample Construction

Because my framework studies labor supply on the extensive margin, I restrict the estimation

sample to full-time workers, defined as those who work at least 30 hours per week at a given

YSpecifically, if a firm j operates multiple establishments k € K 7, then L adapt the production function so that
Y =Tj[Tkex; Lyex 9ij(L;1(X))p‘f] (I-aj)/p; where L;.“;()() = / @D ji(x, ¢)dg is the total efficiency units
of labor demanded by firm j for establishment k. This extension does not meaningfully change the theoretical
results or the identification analysis. Therefore, to ease notation, the ongoing discussion will primarily focus on
a setting where each firm operates only one establishment, i.e., |X;| = 1. As an additional robustness check in
the Appendix, I consider the sensitivity of my estimates to restricting the sample to single-establishment firms.
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establishment. Throughout my analysis, labor will be measured as full-time employment. To

calculate earnings, I further restrict the sample to individuals aged 25 to 55 who work at the

same establishment for an entire year and who do not have a higher-paying job elsewhere.

Following Song et al. (2018), I also require that a worker’s earnings are above a minimum

threshold. In the baseline sample, this threshold is set to $15,000 per year. In the Appendix,

I show that my empirical results are robust to changes in this minimum earnings threshold.

Table 1.1: Summary Statistics—Main Estimation Sample

Unique Identifiers

Unique Observations

Panel A. Population Counts

Number of Full-time Workers 1,325,863 8,303,075
Number of Establishments 31,252 475,614
Number of Firms 23,066 274,687
Number of Local Markets 457 10,563
Share of Workforce ~ Mean Log Earnings
Panel B. Worker Skill Types
Lower Secondary, <10 Years Exp. 6.87% 10.91
Upper Secondary, <10 Years Exp. 18.98% 11.11
College Graduate, <10 Years Exp. 14.74% 11.33
Lower Secondary, >10 Years Exp. 21.30% 11.09
Upper Secondary, >10 Years Exp. 23.67% 11.30
College Graduate, >10 Years Exp. 14.43% 11.59
Mean Std. Dev.
Panel C. Accounting Variables
Log Revenues 18.05 2.20
Log Total Costs 18.01 2.19
Log Value Added 16.86 2.18
Log Profit 14.97 2.54

Notes. This table presents descriptive statistics for the baseline estimation sample. All
monetary quantities are adjusted for inflation and are expressed in log 2014 US dollars.

Part of my analysis relies on utilizing a balanced panel of firms. To achieve this objective,

I limit the sample to firms that remain operational for nine consecutive years. During these

years, each firm must consistently report positive revenue and maintain at least five full-time

employees. In addition, each firm must continue operating the same set of establishments, and

each establishment must stay in the same industry and commuting zone for the full nine years.
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Table 1 provides descriptive statistics for the main estimation sample. More information

about the distribution of wages, labor, value added, and profits can be found in the Appendix.
IV. Identification of Economic Quantities

In this section, I demonstrate how the model can be taken to data. Specifically, I show how
to learn about key economic quantities, such as wage markdowns, rents, and allocative inef-
ficiency, from the matched employer-employee dataset described in Section III. While some
of these quantities can be recovered without full knowledge of the model’s structural parame-
ters, others—particularly those defined by counterfactual outcomes—do rely on the entire set

of parameters. For this reason, my objective is to achieve full point identification of the model.

My identification analysis follows two main steps. First, I demonstrate how to recover the
firm-specific labor supply elasticities &, (), ¢) through the use of panel data by leveraging an
economic shock that affects the productivity of multiple firms in the economy. This strategy
relies on instrumental variables, as well as assumptions about the unobserved skill levels ¢
that enable me to distinguish between the labor from different skill groups at a given firm.
Second, I prove the identification of firms’ production parameters (7}, {6;,},,p,,@;) and
amenities {a;(x, ¢)} ., as well as the conditional densities { fg|y.4} v,, COrresponding to the
distribution of workers’ preferences over wages and amenities. As I demonstrate, the ability

to determine these structural quantities relies on credibly recovering the elasticities &;(y, ¢).
IV.A.  Identification of Firm-Specific Labor Supply Elasticities
ldeal Experiment

I begin by laying out the comparative statics that will enable the identification of labor supply
elasticities. Consider a hypothetical productivity shock that shifts a firm j’s TFP in logs from

log(7;) to log(T;) + 6. Assume that all other parameters in the economy remain unchanged.
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For each skill group X, let (W;(X), L;(X)) and (WJ’ (X), L] (X)) represent the equilibrium
wage and employment levels at the firm before and after the TFP shock, respectively. As §;
approaches zero, these equilibrium quantities can be used to recover the elasticity €;(X). In
particular, as I demonstrate in the Appendix, the equilibrium outcomes satisfy the condition:
Jim [( log L;(X) - log L (X)) — &;(X) x (log W/(X) - log Wj(X))] 0. (1.23)

This condition follows from two key properties of the model. First, in the equilibrium
characterization, firms view each other as strategically small. Therefore, they do not react
to wage changes that are confined to a single firm in the economy. As a result, the labor
supply L;(X) to a firm j would only be affected by an exogenous shock to 7; through changes
in firm j’s own wage W;(X). The second property of the model is that the equilibrium is
locally stable, which means that iterating on the equilibrium conditions (2.11) converges to an

equilibrium for all nearby initial values. This property is important for comparative statics as

itimplies that a small productivity shock does not lead to large jumps in wages or employment.

From equation (2.20), an ideal experiment to recover the elasticities {&;(X)}; x would
involve inducing independent and infinitesimal shocks to each firm’s TFP and then measuring
how wages and labor respond. However, such an experiment is not practically feasible. In
particular, I cannot independently manipulate each firm’s productivity. Moreover, even if it
were possible to do so, I cannot directly observe a worker’s skill level ¢. Thus, I would be
unable to fully differentiate between labor inputs at a firm. In the remainder of this subsection,

I explain how to overcome these two challenges using panel data and instrumental variables.
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Econometric Model and Assumptions

I now describe the empirical framework and key assumptions that form the basis for my iden-
tification results. Throughout this discussion, I will utilize the logit error structure, where I
assume F¢(€) = exp(—exp(—¢€)). Consequently, the firm-specific labor supply curves are de-
fined by equation (2.10). To ease notation, I use lowercase letters to denote quantities that are

in log form, specifically defining w;(X) = log W;(X), £;(X) =log L;(X),and y; = logY;.

Description of Empirical Framework for a Generic Instrument

Consider the evolution of equilibrium outcomes over two time periods: 79 and 7;. After the
initial period 7, an event occurs whereby a subset of firms in the economy experiences a TFP
shock, while the productivities of the other firms remain unchanged. Following this event,
wages and labor adjust to a new equilibrium by the second period 71. Let {w 7, (X), £;7,(X) }x
denote the log wages and labor for a firm j in period 79, and let {w -, (X), {;r, (X)}x be the
corresponding values in 7. Additionally, let Z; be a binary variable indicating whether firm

J experiences a TFP shock. Firms are classified as treated if Z; = 1 and untreated if Z; = 0.

Figure 2 illustrates the evolution of wages and labor for a given firm j, delineating which
aspects of the model are constant and which vary over time. Crucially, between periods 7y
and 71, wages and labor adjust for all firms, including those that are untreated. To understand
why, note that the TFP shocks are not limited to a single firm, but rather they occur at multiple
firms in the economy. Consequently, wage changes among the treated firms would shift the
wage indices /(f3, X) of workers, which in turn reshapes the labor supply curve to every firm.

Therefore, the TFP shocks generate spillover effects that impact all employers in the economy.
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Figure 1.2: Illustration of Potential Outcomes for a Firm
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Notes. This figure depicts how a firm’s potential outcomes evolve in response to an event that
shifts the TFP of firms in the economy. At 1y, worker wage indices, skills and preferences are
characterized by {I, (8, X)}p,x and {Fg x|, }x, respectively. At 7|, they are characterized by
{I+, (B, X)}p,x and {Fg x|, }x, respectively. Aside from the TFP parameter T}, which shifts if
firm j is treated, the firm’s characteristics ({6}, p;, @), {a;(X)}x) are constant over time.

Contributing to these dynamics, I allow the skills and preferences of workers to change
over time in response to the productivity shocks affecting firms. This variation implies that the
joint distribution of workers’ skills F', ,, along with the conditional distributions {Fg|, o} y.¢
that govern workers’ preferences over wages and amenities, can evolve freely between periods
70 and 71 due to shifting economic factors arising from the previously described event. While
I also allow workers’ idiosyncratic tastes to evolve, I assume that the cross-sectional distribu-
tion of these tastes retains a logit structure in each period, i.e., Fe(€;j7) = exp(—exp(—¢€;j¢)).

To achieve this, I assume that ;- is a Markov process with independent innovations across i.

Given the evolution of workers’ wage indices, skills, and preferences over time, firms
face different labor supply curves in periods 79 and 7. Thus, in order to measure the elasticity

of labor supply to a firm j, it is necessary to compare the firm’s potential outcomes within
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the same time period. In period 7, the treated and untreated potential outcomes are equal,
since no TFP shocks have yet occurred. However, in period 7y, the potential outcomes differ,
as illustrated by points B and B’ in Figure 2. This difference reflects the comparative statics
from the ideal experiment, indicating how firm j’s wages and labor would respond to a TFP
shock that is confined only to that firm. If it were possible to compare both potential outcomes

for a firm in period 71, then one could determine the firm’s labor supply elasticity in that period.

Identification Assumptions

Throughout my identification analysis, I impose two key assumptions. First, I restrict how

the exposure to a TFP shock, denoted by Z;, depends on the inherent characteristics of a firm.
Assumption I (Instrument Independence). Z; L (pj, @, {0}y, {a;(X) —a;(X)}x.x').

Assumption I states that the firm’s treatment status Z; is statistically independent of its
technology (p;, @;), the relative efficiencies {6, }, of each skill type, and the differences in
amenities {a;(X) — a;(X’)}x x between skill groups at the firm. Importantly, this assump-
tion does not require Z; to be fully exogenous. In particular, I allow it to depend on a firm’s
productivity through the baseline TFP T;. Additionally, while Z; is independent of amenity
differences within a firm, it may still be affected by a firm’s average amenity E(a;(X)|j).

Consequently, treated and untreated firms can exhibit systematically different wages and labor.

Next, I make an assumption about the relationship between a worker’s skill level ¢ and the

other structural parameters in the model. This assumption consists of three main restrictions.

Assumption II (Restrictions on Unobserved Skill Levels).
IL1. ¢ L By, 7.
IL2. a;(x,¢) =aj, +ay,.
IL3. E(log ¢|x, 7) = E(log ¢|x).
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Assumption II.1 asserts that, given a worker’s skill type y and time period 7, preferences
over wages and amenities, as captured by the parameter S, do not depend on the skill level ¢.
This assumption does not imply that 3 is fully independent of worker skills, as I still allow
to depend on the skill type y. Additionally, it does not rule out the possibility that 8 varies

along unobserved skill dimensions; however, it does preclude systematic variation based on ¢.

Assumption IL.2 states that the non-wage amenity a; (), ¢) can be expressed as the sum
of two components: one that is specific to the firm and the skill type, a;,, and another that
is specific to the skill level, a . This assumption ensures that amenities do not vary across
firms with respect to unobserved aspects of worker skills. To better interpret the two amenity
components a;, and a,,, I impose the normalization E(a,,|x) = 0 without loss of general-

ity. This normalization allows me to define a ;, as the average amenity at firm j for skill type y.

Assumption I1.3 requires that the average log skill level E(log ¢| y, 7) among workers in a
given skill type y is invariant over time 7. Note that this assumption does not restrict how the
variance of these skill levels, or other higher-order moments, evolve. Moreover, it does not
restrict the evolution of the distribution F, |-, which governs workers’ observable skill types.
In my subsequent analysis, it will be useful to normalize ¢ by setting E(log ¢|y) = 0 for each
x € X. This normalization is without loss of generality, as it is always possible to redefine

the relative efficiencies {6,,}; , of each skill type to include the values of {E(log ¢|x)} X.zo
Identification Results

I now provide results about the identification of firm-specific labor supply elasticities. First,
I establish the identification of unobserved skill levels. Next, I outline the IV design used to

recover the elasticities. Finally, I discuss the sources of instruments employed in my analysis.

Identification of Worker Skills

20Specifically, if E(log ¢|x) # 0 for some skill type ., then I can redefine log 0y aslogf;, +p; E(log p|y).
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In order to draw inferences about the labor supply elasticities, I need to distinguish between
workers with different skills. These skills are only partially observed in the data, however, as
I do not directly measure a worker’s skill level ¢. To overcome this challenge, I rely on the re-
strictions implied by Assumption II. I demonstrate that, under this assumption, the skill levels

@ are identified up to scale from observed differences in wages among workers at a given firm.

To establish identification, I first examine the implications of Assumption II for workers’
labor supply decisions and the determination of wages at a firm. The key implication of this
assumption is that the labor supply elasticities faced by a firm j do not vary along unobserved
skill dimensions, i.e., &£;-(x,¢) = €;-(x). Thus, the wage markdowns at a firm j differ by

workers’ skill types y, butnot by their skill levels ¢. This property implies the following result.

Proposition 1. Under Assumption II, the wage can be written as: W;-(xi, ¢i) = @iz X ¥ 1,

where the term ¢, is uniform across workers in a given firm j, skill type y, and period 7.

This result provides a way to compute workers’ skill levels from data about workers’ earnings.

In particular, I can recover ¢ from cross-sectional wage differences in each firm and skill type:

log ¢ir = log Wjr(xi» ¢i) — E [log Wiz (xin i) | jox. 7] - (1.24)

Going forward, it will be useful to measure wages in terms of efficiency units. I define the
effective wage for workers with skill type y at firm j in period 7 as Wje.f( X) =Wir(x, ) /¢!
Using this notation, I can re-interpret the elasticity of labor supply to a firm as a function of

the firm’s effective wage. Specifically, I demonstrate that &;-( ) takes the following form:

[ exp (Blog WeT(x)) [ IE%(B, )| fp1x. (Blx. T)
8/1()()—/,3 ( i 0O) /7B 20 e (Bl dg.  (1.25)

[ exp (8" log WST(x)) [ I (B7, )| o1 (B'Lx, T)dB’

21 A firm’s effective wages can be recovered in logs as follows: log Wj.’f_f(/\/) =E [log Wiz(x,¢) | Js Xs T].
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In this expression, IT(B, y) = 21:1 exp(Blog WZfo( X) +ay,) can be interpreted as the effec-

tive wage index for workers with preference parameter 8 and skill type y during time period 7.

Difference-in-Differences Estimand

I now present the main identification result of this subsection, which demonstrates how to
recover the elasticity of labor supply to a firm using a difference-in-differences (DiD) research
design. To motivate my approach, it is first important to recognize that I would not be able to
determine the elasticities through either a cross-sectional comparison of treated and untreated
firms or a comparison of outcomes within a firm over time. A cross-sectional comparison
is not suitable because treated and untreated firms face different labor supply curves due to
systematic variation in amenities. Moreover, a within-firm panel regression fails because of
the spillover effects of TFP shocks on workers’ wage indices and preferences. These spillovers

imply that the same firm faces different labor supply curves in the pre- and post-periods.
I propose to recover the elasticity €, () from aratio of DiD estimands, which control for

a worker’s skill type and a firm’s effective wage in the pre-period. Idefine this estimand below.

Definition. Let (£;-,(x), w‘;.foO (x)) and (€7, (x), wj.f; (x)) be the log labor and effective wage

for skill type y at firm j in periods 79 and 71, respectively. The estimand DiD, -, (w|x) equals:

E[6e, 00 = e (0125 = 1058 (1) = w| = B[ 70, 00) = G0, 00|25 = 0,88 (1) = w]

E [wel (o) = wel (0]Z; = 10T () = w| = B [wel (o) = wel (0|25 = 0,wef (1) = w]

The numerator of this expression is a DiD estimand corresponding to changes in log labor at

a firm, while the denominator is a DiD estimand for changes in effective log earnings at a firm.

To show that this estimand corresponds to the labor supply elasticity, I first prove that the

common trends assumption holds. Specifically, I show that—after controlling for a firm j’s

37



initial effective wage w ( x)—the change in untreated potential outcomes over time, denoted
by w]T1 o) — w O( x)and €z 0(x)—{jz0(x), can be written as a deterministic function of
the firm-level structural parameters I';, where T'; = (p;, @;, {60,y }y» {a;(X) —a;(X")}x.x') .
Assumption I ensures that a firm j’s treatment status Z; does not depend on the parameters I';.
Therefore, under this assumption, treated and untreated firms with the same initial effective

wages would, on average, exhibit the same change in their untreated potential outcomes.

Proposition 2. Suppose that Assumptions I and II hold. Then, given a firm’s effective wage

at 79, the change in untreated potential outcomes is mean independent of the treatment status:

E [e000) = G0 00175 = 1ws 00 = w| = B [60,000) = &m0 00|25 = 0w () = w]
E w000 = wel 00175 = 1wsT 0o = w| =B [we 000 = wel 00125 = 0w () = w|

Proposition 2 is central to my analysis. It implies that, by using a DiD research design,
I can compare the treated and untreated potential outcomes for a firm in the post-period,
thereby capturing the comparative statics from the ideal experiment. By this result, I demon-
strate that the elasticity &; -, (), as defined in equation (2.22), is point identified from the
estimand DiDy, -, (w© s T (x)|x) for any firm j and skill type y. Moreover, by evaluating these
estimands over the effective wage distribution, I can recover the labor supply elasticities faced
by each firm in the economy. As I discuss in Section V, this task relies on an overlap condition,
asserting thatP(Z; = 1 |wj.‘;fo (x) =w) € (0, 1) for all w in the support of wjt‘io (x). This condi-

tion guarantees that there are treated and untreated firms across the effective wage distribution.

Sources of Instruments

Up to this point, I have not specified how to construct the instrument Z;. In my analysis, I
consider both internal instruments—derived from existing data based on the model’s implied

restrictions—and external instruments, which draw on outside data sources. Both types of
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instruments may be used within my framework. However, they rely on different assumptions.

My main specification utilizes internal instruments, which are constructed by specifying
a process by which the firm experiences productivity shocks. This approach follows Lamadon
et al. (2022) by assuming that the firm’s TFP evolves according to an autoregressive process,

which has a unit root. Specifically, for each time period 7, I assume that log TFP is given by:
ljr :fj+l~j7-, where ij :fj7_1+btj7-. (1.26)

To ensure that the productivity shocks do not lead to large jumps in wages and labor, [ assume

that u ;- is small relative to the log wage levels at firm j. I also make the following assumption.

Assumption III (Identification Assumptions for Internal Instruments).
IIL1. (Instrument Relevance) Var(u ;) > 0.

1.2. (Instrument Independence) ujr L (pj, a;,{0;,} . {a;(X) —a;(X")}x.x').

Assumption III.1 asserts that productivity shocks vary across firms, which will imply that the
internal instrument is relevant. Assumption III.1 guarantees that the internal instrument will

satisfy Assumption I, which is sufficient to ensure that the common trends assumption holds.

Given this setup, I can construct the internal instruments from differences in the log value
added of firms, Ay, within a given calendar year 7. For integers p, p’ > 2, I define the
pre-period as 19 = T — p, representing p years before 7, and the post-period as 7] = 7 + p’,

representing p’ years after 7. Under Assumption 111, I derive the following moment condition:

E [Ay Jel e () = €y () = DiDigr, (W) (WSS, (x) = wh (0)) | | wSi (x) = w| =0.
(1.27)
This moment condition reflects an IV regression of long differences in log employment on

long differences in log effective wages, instrumented by short differences in log value added,
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while controlling for effective wages in the pre-period. When implementing this procedure, |

will define treatment status Z; by separating firms at the median of the distribution of Ay ;.??

To support the analyses using internal instruments, I also consider an external instrument.
This instrument is based on plausibly exogenous product demand shocks arising from public
procurement auction outcomes in Norway. This supplementary analysis follows the research
design used by H. de Frahan et al. (2024), where a firm is classified as treated (Z; = 1) in
the year T when it wins its first public procurement contract. Since this instrument is defined
from outside data sources, it does not require making assumptions about the evolution of firm
TFP. However, the main limitation of this instrument is that data on auction outcomes is only

available for a subset of firms in the sample and for a limited time period, from 2003 to 2018.
IV.B. Identification of Technology, Amenities, and Preferences

I now demonstrate how to recover the structural parameters that characterize firm productivity,
technology, and non-wage firm amenities, as well as the distribution of workers’ preferences.
These parameters are needed to determine rents for workers and firms, and they also allow

me to run counterfactual analyses exploring sources of allocative inefficiency and inequality.
Firm Productivity and Technology

I begin by proving identification of the production parameters (T, {6;,},,p;, ;) for any
arbitrary firm j and any time period 7. Consistent with my previous analysis, I assume that the
firm’s TFP parameter 7, can evolve over time, while the parameters ({6;,},, p;, @;) remain
constant. In addition, I normalize the firm-specific efficiencies {6;, }, by setting 6;,+ = 1 for

some skill type y* € X, as I can only recover these terms up to scale relative to the firm’s TFP.

I demonstrate that identification relies on the ability to recover the labor supply elasticities

22In the Appendix, I show how to extend this framework to allow for transitory measurement error in value
added and labor. Irequire that the errors are mutually independent and also independent of firm-level parameters.
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faced by the firm at two different time periods. This task is feasible in my context because I
have access to a 28-year panel, enabling me to replicate the analysis from Section IV.A over
multiple years. For the time periods 7 and 7/, respectively, I define £, (x) and € (x) as the
labor supply elasticities for firm j corresponding to skill type y. Using these elasticities, I

can evaluate the marginal products of labor at the firm. Specifically, for 7 € {7, 7'}, I define:

1+&;z(x)

eff _
MPL 0 = =

7

ff
X Wiz (x) (1.28)
as the effective marginal product for skill type y at firm j, adjusting for workers’ skill levels ¢.

Using the structural wage equation (2.11), I can recover the substitution parameter p; by
analyzing how the relative effective marginal products and effective labor shares of different

skill types change over time at a firm j. This result is formalized by the following proposition.

Proposition 3. For each firm j, the elasticity of substitution between different skill types is:

loa [EF0 ) _ o, (Eew
P8\ My | T OB\ ey

log [MPLZ00 |\ | (MPLSG 0|
CBAMPLT )~ O\ MPLT
jT ) j‘r'(X)

(1-pp~t= for any y, ¥’ € X.

Proposition 3 provides a new expression for the elasticity of substitution in terms of identified

quantities in the model. This expression reflects how the relative demands for two labor inputs
. . . o, . o . ﬁ‘ ﬁ‘ ’ .

depend on their relative productivities, as measured by the elasticity of Lj.T (x)/ Lj.T (x’) with

respect to MPLjE (v)/ MPLj.f;f (x"). In my framework, this relationship is specific to each firm.

Once the substitution parameter p; is recovered, I prove that {6;,},, a;, and T; can be

computed sequentially from the effective marginal product, labor, and value added at the firm.
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Proposition 4. For any firm j, the parameters {6, } ,, @;, and T} are defined by the equations:

i
L5 (x)
i *
L3 (x*)

I ff
0;, =exp |log ( MPL;T(X)
ix = NPT eff ()
MPLST (x")

+(1—pj)10g(

’ pl
l—a; =exp logMPLj-fi(X) —yjr —log(8;,)+ (1 —pj)longE()() +log Z % (Lj.fi()( )) .
x'eX

1-«a; Pj
Tszexp Yjr — py JlogZQjX (Ljf_f(/v)) .
J xeX

Note that recovering the substitution parameter p; is the only step that requires knowledge of
labor supply elasticities for two different time periods. If this parameter is already identified,
or if one assumes that there is perfect substitutability between skill types (i.e., p; = 1), then

the other parameters {6;,},, a;, and T, can be recovered from a single time period of data.
Firm Amenities

Next, I prove identification of the parameters {a;, }; ,, which represent the average amenities
ateach firm j for any skill type y. In my analysis, these terms are only identified up to scale, as
they can be shifted in a way that does not impact workers’ labor supply decisions. Therefore,

I will normalize the amenities by defining a reference firm j* such thata;+, = Oforall y € X.

To recover firms’ amenities, I use a revealed preference approach. This method is based
on the premise that, after accounting for the differences in workers’ wages, a firm that has
superior amenities for a given skill type y would attract more workers of that type. Conse-
quently, by comparing the employment levels among firms in a counterfactual setting where

all firms offer the same wages, I could draw inference about the differences in firms’ amenities.

To make these comparisons, I utilize the labor supply elasticity curves & (y, w), which

are identified for each skill type y by the estimand DiD, -, (w|y). By integrating along these
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curves, I can infer the labor supply to any firm j if it were to offer a different wage, holding
fixed all other wages in the economy. In doing so, I can evaluate the amenities at firm j by
comparing j’s labor supply to that of the reference firm j* in the case where j and j* pay the

same wages. To illustrate this identification strategy, consider the following proposition.

Proposition 5. Under Assumptions I and II, the average amenity for skill type y at firm j is:

wel (o)
ajy = Cjr(x) +/eﬁ( | gir(x, w)dw — L (x).
wiz(x

Worker Preferences

I conclude this section by establishing the identification of the densities { /3|, } , that charac-
terize the distribution of workers’ marginal rates of substitution between wages and amenities.
This identification is achieved through revealed preference, establishing a direct link between

the distribution of workers’ preferences and the shape of the labor supply curve faced by a firm.

To understand the source of identification, consider how the distribution of 8 influences a
firm’s labor supply curve. When £ is homogeneous, this curve is isoelastic, and the elasticity
of labor supply is equal to 8. However, when S is heterogeneous, the curve is nonlinear, and
the labor supply elasticity depends on the firm’s wage. As shown by (2.12) and (2.13), the

nature of this dependence carries information about the moments of the distribution of .

In the following proposition, I demonstrate that this relationship extends even further. In

particular, the elasticity curve &;;(y, w) uniquely corresponds to the density fg|, (8| x, 7).

Proposition 6. Given wages and labor {W;r‘f( x),Liz(x) }le, there is a one-to-one mapping

between the labor supply elasticity curve &;:(x, w) and the density function fg), - (8|x, 7).

Proposition 6 implies that the density f3|, - is point identified under same the assumptions

that are needed to recover the labor supply elasticity curve &;;(x,w). The proof leverages
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the fact that a firm’s labor supply curve, as defined by (2.10), can be expressed as a Laplace
transform. Moreover, I show that the inverse of this transform is proportional to the density of

B. This property establishes the invertibility of a firm’s labor supply curve to obtain fg X,T.B
V. Estimation Strategy and Empirical Results

In this section, I describe my estimation procedure and present my empirical results, including
estimates of firm-specific labor supply elasticities and structural parameters. My results show
significant heterogeneity in the labor supply elasticities, indicating that wage markdowns for
workers vary considerably both within and across firms. Additionally, I find that firms offering
lower wages to workers in a given skill group are more likely to face smaller elasticities. This
pattern aligns with the model’s predictions, suggesting that firms with lower effective wages
tend to exert greater wage-setting power. When comparing across skill groups, I find that
the labor supply to firms is generally less elastic for more experienced workers. Finally,
my estimates indicate that there is substantial variation in firm productivity, technology, and

non-wage amenities, suggesting that these factors all contribute to systematic worker sorting.
V.A.  Estimation of Firm-Specific Labor Supply Elasticities

This subsection addresses the estimation of labor supply elasticities. I begin by describing my

methodology and my specification choices, followed by a discussion of the empirical findings.

Estimation Procedure and Specifications

My estimation procedure is based on the identification strategy outlined in Section IV.A. This
approach consists of two key steps. First, I estimate workers’ skill levels by implementing a
two-way fixed effects estimator, regressing log wages on a worker fixed effect y; and a fixed

effect ¥y (i r),j (i), for the skill type, firm, and year. From this regression, I define a worker’s

23 Any two functions share the same Laplace transform only if they differ on a set of Lebesgue measure zero.
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skill level ¢; as exp(y;) and the effective wage WS

e 88eXp((ir),x(i,r),r)- Table 2 presents

basic summary statistics on workers’ skill levels, with more details provided in the Appendix.

Next, I estimate the labor supply elasticities for each firm by computing a sample ana-
logue of the estimand DiD, , (w|x). This estimand corresponds to a ratio of DiD estimands,
controlling for a firm’s effective wage in the pre-period. Importantly, because there is a finite
number of firms in the data, it is unlikely that I would observe multiple firms offering exactly

the same effective wages. To overcome this issue, [ employ a nonparametric Kernel estimator:

2 K j(W)HZj = 1}(Cr, () = €y (x)) = Zj Ko, j (W)H{Z; = 0} (Czy (X) = Cjing (X))

2K w{Z; = 1}(W§§l (x) - Wéﬁo(}()) -2 Ko j(w){Z; = 0}(W§§1 (x) - Wj-io()())’
(1.29)

where K ;(w) and Ko ; (w) denote the Kernel weights corresponding to treated and untreated
populations, respectively. This estimator allows me to compare the outcomes of firms with
similar, though not identical, initial wages, thereby ensuring that the method is tractable for
finite sample sizes. In Appendix C.6, I prove that this estimator is consistent. Additionally, I

derive the asymptotic properties of the estimator, demonstrating that it is capable of inference.

In my baseline specification, I utilize a Gaussian kernel function to construct the weights
K j(w).2* AsIshow inthe Appendix, the point estimates are robust to alternative kernel func-
tions, including the Uniform kernel, which corresponds to a standard nonparametric binning
estimator. I also investigate the sensitivity of the estimates to the bandwidth choice, finding
that the results remain relatively stable across varying bandwidths. Collectively, these ro-

bustness analyses provide confidence in the estimator’s ability to approximate DiD, , (w|x).

My primary estimates are based on internal instruments, following the same identifica-

2 Specifically, Iset K, j(w) = ﬁ exp[-3 (3 (w?‘io (v) —w))z] where the parameter / governs the bandwidth.
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tion arguments laid out in Section IV.A. For each year 7 that TFP shocks occur, I define
treatment status Z; by separating firms at the median of the distribution of Ay ;.. I then define
the pre- and post-periods to be 7o = 7 — 2 and 71 = 7 + 3, respectively. I estimate the model
repeatedly using all years of available data, with the post-period 71 spanning from 2002 to
2017. As arobustness check, I also calibrate the model using estimates obtained with external
instruments based on public procurement contract wins in Norway. These calibration results
draw on estimates from H. de Frahan et al. (2024), who analyze the same Norwegian admin-
istrative dataset. I present my findings in the Appendix, along with a description of the data

sources used in the original paper. Both internal and external instruments yield similar results.

When implementing my approach, I include fixed effects for local labor markets, which
represent the interactions between industries and commuting zones as defined in Section III.
For comparison, I also estimate the model without fixed effects, treating Norway as one single
labor market. Those results can be found in the Appendix. I average my estimates across all
available years of data. Since my framework allows the labor supply elasticities to vary over

time, my estimates may be interpreted as an average of these quantities across multiple years.
Description of Empirical Findings

Figure 3 presents the reduced form estimates, averaged across workers’ skill types and plotted
over the distribution of effective wages. These estimates correspond to the numerator and
denominator of the DiD estimator that is defined in equation (1.29). In this figure, the green
line displays estimates for 71 = 7+3, while the orange line depicts the difference in pre-period
trends between treated and untreated firms, with 7y set to 7 — 3. Notably, the placebo effect

does not significantly differ from zero, lending further support to the validity of the IV design.

The reduced form estimates reveal two distinct patterns. First, the log labor response to

the instrument consistently ranges between 5% and 10%, suggesting that employment growth
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Figure 1.3: Average Pass-Through Rates by Effective Wage
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Notes. This figure plots the reduced form estimates, averaged across skill types and years 7; € {2002, ...,2017}.
This specification includes market fixed effects. Standard errors are bootstrapped using 500 bootstrap samples.

is relatively independent of firm size. This observation aligns with Gibrat’s law. Second, the
log wage response ranges from 1% to 4%, and it decreases as a firm’s effective wage rises.
Based on equation (2.17), this pattern may suggest that higher-paying firms have lower returns

to scale. Additionally, it could indicate that these firms face larger labor supply elasticities.

Figure 4 presents the I'V estimates of firm-specific labor supply elasticities, disaggregated
by workers’ college attainment and experience. The figure also plots the implied labor wedge
at each firm, defined as the ratio of the marginal product to a worker’s wage. These estimates
reveal that the labor supply elasticities differ substantially across firms, ranging between 1.5
and 10.0 for certain skill types. Moreover, they indicate that firms with higher effective wages
face larger elasticities. This pattern is generally similar across worker skill types, and it im-

plies that market power is more concentrated at the lower end of the effective wage distribution.

Although the estimated labor supply elasticities are broadly consistent across skill types,
I observe notable differences based on a worker’s experience. Specifically, I find that workers
who have less job experience tend to exhibit larger labor supply elasticities. In addition, these

elasticities are considerably more variable across firms. Under my model, these differences
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Figure 1.4: 1V Estimates of Labor Supply Elasticities and Labor Wedges
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Notes. This figure plots IV estimates of firm-specific labor supply elasticities and labor wedges. These estimates
are averaged across all years of available data, with 7; € {2002, ...,2017}. The subgroup “No College Degree”
represents a worker-weighted average of two different skill types: “Lower Secondary” and “Upper Secondary”.

This specification includes market fixed effects. Standard

errors are bootstrapped using 500 bootstrap samples.
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imply that less experienced workers are more likely to prioritize higher wages when choosing

a job, and that there is also more dispersion in wage-amenity trade-offs among these workers.

To further validate my approach, I conduct two additional robustness checks. First, I test
whether the instrument Z; impacts labor on the intensive margin by influencing work hours.
This test addresses a potential concern that firms respond to productivity shocks by adjusting
workers’ scheduled hours instead of their wages. If this were the case, then it would threaten
the validity of my IV design, which assumes that the entire pass-through of demand shocks oc-
curs in the form of wage adjustments, not changes in work hours. I find no evidence that these

shocks significantly affect workers’ hours, which reinforces the credibility of my assumptions.

Second, I test the assumption that firms are strategically small in the economy. A testable
implication of my model is that firms offering identical wages face the same labor supply elas-
ticities. However, this property need not hold if firms are strategically large. In a concentrated
labor market, firms that offer the same wages could still face different labor supply elasticities
if they have different market shares. Given this property, I test whether a firm’s labor supply
elasticity varies with respect to the market share, after controlling for the effective wages. I

find no evidence of a market share effect, which lends support to the validity of my framework.

V.B. Estimation of Structural Parameters in the Model

Next, I present estimates of the structural parameters in the model, including the production
parameters (7}, {6}, pj, @;), the amenities a;,, and the densities fg|, , that characterize

workers’ preferences. These estimates are summarized in Table 2, as well as Figures 5 and 6.
Firm Productivity, Technology, and Amenities

To estimate the production parameters, I apply the formulas provided in Propositions 3 and 4,

which rely on the elasticity estimates, the effective wages, and the value added for each firm.
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I perform these calculations separately for every firm j and year 7, giving me a unique set of
estimates for each combination of j and 7 in the sample.? In Figure 5, I plot the distributions
of firms’ estimated TFPs T, returns to scale 1 —a, and substitution parameters p ;, averaged
across all years of data. The means and variances of these quantities are reported in Table 2. 1
observe significant variation in firms’ returns to scale and substitution parameters, suggesting

that differences in technology across firms may play an important role in wage determination.

Table 1.2: Estimates of Structural Parameters—Means and Variances

Notation Mean Variance

Panel A. Firm Production

Log Total Factor Productivity tir 12.92 (0.05) 1.19 (0.01)
Returns to Scale l-a; 0.70 (0.01) 0.04 (0.01)
Substitution Parameter 0 0.72 (0.04) 0.54 (0.13)
Panel B. Firm Amenities ajy

No College, < 10 Years Exp. — 1.54 (0.06)
College, < 10 Years Exp. — 2.02 (0.02)
No College, > 10 Years Exp. — 1.63 (0.11)
College, > 10 Years Exp. — 1.60 (0.04)
Panel C. Worker Skill Levels ©i

No College, < 10 Years Exp. — 0.062 (0.01)
College, < 10 Years Exp. — 0.073 (0.02)
No College, > 10 Years Exp. — 0.064 (0.00)
College, > 10 Years Exp. — 0.076 (0.01)
Panel D. Worker Preferences Bi

No College, < 10 Years Exp. 6.30 (0.76) 13.76 (1.01)
College, < 10 Years Exp. 7.23 (1.05) 16.25 (2.71)
No College, > 10 Years Exp. 5.96 (0.42) 15.71 (0.87)
College, > 10 Years Exp. 428 (0.68) 15.11 (2.25)

Notes. This table presents estimates of cross-sectional means and variances of model parameters,
averaged across years. The means are omitted for parameters that are only identified up-to-scale.

To estimate non-wage amenities, | follow the procedure laid out in Proposition 5, which

25Recall that computing the substitution parameter p ; for a firm requires me to compare estimates over two
different time periods: 7 and 7’. In my implementation, I define 7’ as 7 — 1, corresponding to the previous year.
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involves integrating the estimated labor supply elasticities with respect to a firm’s effective
wage.?® This approach allows me to compare labor across firms in a counterfactual setting
where firms offer identical wages. I plot the estimated distribution of firms’ average amenities
in Figure 5, with variances by subtype shown in Table 2. I find that the amount of variation
in amenities is generally similar across worker types. However, for less experienced workers,

it appears that those with a college education face greater variation in amenities across firms.

Figure 1.5: Histograms of Estimated Firm Productivity, Technology, and Amenities
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Notes. This figure plots histograms of the estimated (log) total factor productivity log T} -, the returns to scale
1 — aj, the substitution parameter p ;, and the average amenities E(a | ) across firms in the estimation sample.

Worker Preferences

To estimate the density function fg), -, I draw on Proposition 6. This result establishes that

the density is uniquely determined from the labor supply curve faced by an individual firm.

20For each skill type y, amenities are normalized relative to a “reference firm” j*, where a oy = 0. Inmy
analysis, j* is defined as the firm offering an average wage equal to the median of the distribution in the sample.
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Consequently, fg|,, may be recovered as the unique solution to the following equations:

exp(BlogW +aj,)
(B, x)

LjT(X’ W) = / fﬁlx,r(ﬁ')(’ T)f)(IT(X|T)dﬁ’ for W > 0. (1.30)

Note that the labor supply curve L;-(x, W), the effective wage indices, I%(B, x), the density

of skill types f,|-(x|7), and the non-wage amenities a;, can all be recovered from the data.

To make the estimation problem tractable, I introduce two important modifications. First,
given that the density function fg), . is an infinite-dimensional parameter, I will approximate
it using a finite-dimensional basis expansion. Specifically, I replace fg, . with fﬁl v.r» Where:

.7

dg
Foree () = D i fy) (b), forg=(41,....0a,) € . (1.31)
k=1

In this expression, ¢ is a d4-dimensional vector of unknown coefficients with support @, and
{ fﬁ(lkx) i are basis functions known to the researcher. By defining the basis in this way, I can

approximate fg|, - with a function fBI .« thatis parametrized by a finite-dimensional vector ¢.

Second, rather than imposing an infinite number of constraints, I evaluate equation (1.30)
on a finite grid of effective wages W C R, noting that identification is achieved as |W| — oo.
This modification allows me to recast (1.30) as a convex optimization problem, minimizing
the £?-distance between the estimated choice probabilities and predicted probabilities under

the density f:3| v.- In particular, my estimation procedure involves choosing ¢* by solving:

¢* = argmin, Z [¢’sz()(, W) = L (x, W)]2 . (1.32)
WeW

where L j=(x, W) is the estimated labor supply for W;?f_f( x) =Wand h.(y, W) € R% is a vec-

tor with entries A x (y, W) = f [exp(BlogW+a,)/ I (B, X)]]iglkx),f(ﬁl)(’ ) fye(x17)dB.>

?’Note that (1.32) may be written in matrix form as ¢* = argmin, {¢"h"h¢ — 2¢ThTL + LTL}, where
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In my baseline specification, I construct a basis using mixtures of dy = 18 Gamma density
functions. This type of density have been shown to be particularly effective for nonparametric
estimation of functions that have positive support; e.g., see Wiper et al. (2001) for discussion.
As a robustness check, I investigate the sensitivity of my resulting estimates to the choice of
basis functions, the basis size dy, and the number of points |W| in the wage grid.?® 1 find that
the estimates remain robust to variation in each of these elements. Moreover, I demonstrate
that the earnings and employment distributions predicted by the estimated densities fTBI YT

closely match those in the sample, which suggests that my estimates are a good fit for the data.

Figure 1.6: Density of Workers’ Individual Labor Supply Elasticities

0.10

Individual Labor Supply Elasticity

Notes. This figure plots the estimated density fg, which corresponds to the distribution of worker’s preferences
over wages and amenities. The confidence region is bootstrapped using estimates from 500 bootstrap samples.

Figure 6 plots the estimated density of 8 among workers in the population. I also compare
moments of this distribution for different worker types in Table 2. I find that more experienced
workers tend to have lower values of 8, which is associated with a greater willingness to pay

for amenities. However, there is substantial variation in preferences within each worker type.

I e R"Wland h € R'WIX4¢ | This framing of the problem is more convenient for computational implementation.
Z8For example, I also approximate JBly.~ using a linear sieve constructed from Laguerre polynomials. These
functions are capable of approximating any square-integrable function with positive support (see Chen, 2007).
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VI. Implications for Rent Sharing, Misallocation, and Inequality

I now summarize the main empirical findings from my estimates, quantifying imperfect com-

petition in the labor market and assessing its implications for welfare and earnings inequality.

VI.A. Quantifying Imperfect Competition

Table 3 presents the estimates of wage markdowns, along with worker and employer rents. On
average, | find that workers are paid approximately 86% of their marginal product. However,
these markdowns vary both within and across firms, ranging from approximately 70% to 95%
at the 1st and 99th percentiles. I estimate that about 60% of the variation in markdowns takes
place within firms, while the remaining 40% is due to differences between firms. The varia-
tion within firms is explained by systematic differences in workers’ wage-amenity trade-offs
across different skill types y. Meanwhile, the variation between firms arises from differences
in wage-amenity trade-offs for equally-skilled workers. Note that this variation would be over-

looked without accounting for unobserved heterogeneity in workers’ wage-amenity trade-offs.

Table 1.3: Estimates of Wage Markdowns and Rents

Mean Std. Dev. Decomposition of Variation
Within Firm Between Firm
Wage Markdown 0.864 (0.011)  0.035 (0.025) 61.9% 38.1%
Worker Rents
Per-worker Dollars  $13,469 (788) $2,859 (2,662) 70.5% 29.5%

Share of Earnings 17.1% (0.9)

Firm Rents
Per-worker Dollars  $9,403 (1,451) $4,763 (3,370) 0.0% 100.0%
Share of Profits 29.2% (2.6)

Notes. This table presents estimates of wage markdowns and rents. Variance decompositions are calculated via
the Law of Total Variance. Standard errors, shown in parentheses, are bootstrapped using 500 bootstrap samples.
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I find that workers and firms capture substantial rents, with worker rents being larger, on
average, than firm rents. I estimate that the average worker is willing to pay approximately
$13,500—or 17% of their earnings—to avoid working for a different firm. In contrast, the
average firm obtains about $9,400 per worker—or 29% of its profit—by exerting wage-setting
power. Figure 17 of the Appendix plots the cross-sectional densities of estimated worker and

firm rents, averaged across years. I find that these rents vary considerably in the economy.

VI.B. Misallocation and Inequality

To evaluate the welfare impact of imperfect competition, I compare the equilibrium outcomes
in the monopsonistic economy to counterfactual outcomes that would arise in a competitive
(Walrasian) economy, where firms do not exert any wage-setting power. In my framework,
misallocation occurs because firms vary in their wage-setting power. This variation can lead

workers to sort into firms that they would not have chosen in a competitive labor market.

Table 1.4: Estimates of Counterfactual Comparisons

Monopsonistic ~ Competitive % Difference
Labor Market Labor Market  in Dollars

Total Welfare (log dollars) ~ 12.71 (0.21)  12.81 (0.23) 9.58%

Mean Earnings (log dollars)  11.29 (0.00) 11.46 (0.01) 15.23%

Variance in Log Earnings

Total 0.112 (0.00)  0.110 (0.01) -2.29%
Between Firms 0.028 (0.00) 0.025 (0.01) -11.12%
Within Firms 0.084 (0.00) 0.085 (0.00) 0.63%

Notes. This table compares outcomes in the monopsonistic economy to counterfactual outcomes in a competitive
(Walrasian) economy. The standard errors, shown in parentheses, are bootstrapped using 500 bootstrap samples.

Table 4 presents estimates for counterfactual comparisons. These estimates suggest that
imperfect competition produces large misallocation of workers to firms, resulting in a 9.58%
reduction in total welfare in dollar terms. Furthermore, in a competitive labor market, average

earnings would increase by 15.23%. However, despite these changes, the overall impact on
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wage inequality, as measured by the total variance in log earnings, appears to be minimal.

To understand how workers would be reallocated in a competitive labor market, recall
that I estimate larger markdowns for firms that have lower effective wages. This suggests that,
relative to the competitive benchmark, workers are being allocated away from less productive
firms. Indeed, I find that the correlation between a firm’s log labor ¢;; and its log TFP ¢ is
higher (0.155) in a monopsonistic market than it would be in a competitive market (0.089).
Moreover, in Figure 6, I plot the changes in estimated labor shares that would occur if la-
bor wedges were eliminated across the distribution of firm TFP. This figure illustrates that,
under the competitive allocation, more workers would be employed at firms with lower pro-

ductivities. Meanwhile, fewer workers would be employed at firms with higher productivities.

Figure 1.7: Estimated Reallocation of Labor by Eliminating Labor Wedges
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Notes. This figure depicts the reallocation of labor that results from eliminating labor wedges. It plots the
estimated percent change in employment across different groups of firms, organized by their estimated log TFPs.

VII. Conclusions

In this paper, I examine how an employer’s wage-setting power depends on the characteristics

of its workforce, and I assess the consequences of this relationship for welfare and inequality.
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To this end, I develop a structural model that integrates labor market frictions with individual
heterogeneity in workers’ trade-offs between wages and non-wage job characteristics. I show
that these two factors, taken together, cause employers to face varying labor supply elasticities,
resulting in differences in labor market power both within and across firms. Moreover, I show
that this framework is empirically tractable and can be used to draw inferences about sorting,
imperfect competition, and rent sharing. I estimate the model using a matched worker-firm

panel dataset that covers the universe of workers and firms in Norway between 1995 and 2018.

One key empirical finding from my estimates is that, after accounting for workers’ skills,
firms with lower wages tend to have more labor market power. My model offers an explanation
for this finding. That is, when workers make different trade-offs over job attributes, they tend
to sort accordingly, with workers who prioritize amenities (e.g., flexible work hours, fewer
physical demands, and/or more societal impact) choosing jobs that pay less. In a labor market
that is imperfectly competitive, these sorting patterns lead lower-paying firms to attract labor
that is less elastic (i.e., less sensitive to wage changes), thereby increasing wage-setting power.
This phenomenon has important welfare implications, because the disparities in market power
between firms generate misallocation of labor relative to the competitive benchmark. In a

perfectly competitive labor market, more individuals would be employed at low-wage firms.

While this paper offers an initial examination of the relationship between workers’ wage-
amenity trade-offs and labor market power, there is much room for future work. For example,
my framework does not consider the possibility that firms strategically compete for workers by
internalizing their market shares. I justify this assumption by testing whether a firm’s market
share impacts its labor supply elasticities after controlling for wages, finding no significant
effect. However, this test does not definitively rule out the existence of strategic interactions.
A meaningful extension of my framework would be to examine how a firm’s wage-setting

power is affected not only by the composition of its workforce but also by its market share.
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Appendix
A. Derivation of Equilibrium Quantities and Model Extensions
A.1.  Firm Labor Supply

Given a set of wage offers W(X) = {Wx(X)} 11> & worker with skills X whose marginal
utility of (log) earnings equals S would choose to work for an employer j with probability:
P(j(i) =JjlIB, X) = P(Mij(Wj(Xi),aj(Xi)) > max {uir (Wi (X0), ar(X)) } |,3i =B,X; = X)

= P(ﬂlog Wi(X)+a;(X)+e€; > BlogWi(X) +ar(X) +€ix, Yk # j)

W;(X)
Wi (X)

:P(Eik <ﬁ10g( )+Clj(X)—ak(X)+Eij,Vkij,Vk?ﬁj)

/°° W;(X) . - s
= (e,k < ﬁlog( ) +aj(X)—ar(X)+e€;,Vh £ j | €= e)feij(e)de

Wi (X)
i (X)
€ <ﬁlog( )+a~(X)—a (X) + € e[‘~:€)f6ij(€)d€
/wﬂ ( ‘ wi(x)) " ¢ I
W (X
/ I_IF(ﬁlog(WiEX;)+aj(X)—ak(X)+€)fE(€)d€.
® k#j

Here, the second-to-last equality holds because {¢;;}; ; are independent and the final equality

holds because ¢;; is identically distributed. The mass of workers with skills X at firm j is:

5100 < ([ 1 e ) 00 -x0 ccveia

Under a logit error structure, where F,(€) = exp(—exp(—¢)), the choice probability becomes:

exp(Blog W;(X) +a;(X))
Si_, exp(Blog Wi (X) +ax(X))

P(j@i) = jIB. X) =

Define 1(B, X) = i:l exp(Blog Wi (X) + ax (X)) as the wage index for this type of worker.

For workers with skills X; = X, the total mass of workers supplied to an employer j equals:

1
5,00 = [ Tz exp(B10g W (X) +.4;(X)) fx(B. X)dp.
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A.2.  Equilibrium Wage Equation

Each employer ; in the market chooses a set of wages {W;(x, ¢)} ,,, to maximize profit:

lftz_i

I, :TJ-(Z 0y (/ ¢D;(x. go)dtp)pj> g > (/ Wi @)D (x, sO)dso)-

xeX xeX

In this expression, D ;(x, ¢) is the labor demand for skills X = (x, ¢), which equals the labor

supply curve S; (., ¢) in equilibrium. Plugging in these curves, the first order condition is:

l-a;

T
O =¢T; (1 - a;)0;, (Li-ﬁ‘()())pj_1 ( Z Oy (Lj.ff()(’))pj) LG 9)

6Wj(/\,/, 90) VeX (9Wj(¢p,)()
IL;(x,¢)
- L;i(x, ) - W;lx, Sﬁ)m =0, forall (y,¢) € X xR,
il

where Lj.ff( X) = / ¢L;(x, ¢)dy denotes the efficiency units of labor for a given skill type y.

Let £;(X) = dlogL;(X)/0log W;(X) be the labor supply elasticity for workers with
skills X = (x, ). As€;(X) =0L;(X)W;(X)/0W;(X)L;(X), the first-order condition is:
lfarj

Pj -1
Wi(x,¢) = S ;)0 (Lf}ﬁ()())pj_l ( 2. O (Li'ﬁ()f'))pj) '

L+ei(vo) 77 S

For workers with skills X, the wage markdown at a firm j is aijg—% =g;(X)/(1+¢&;(X)).

Lemmas 1 and 2 establish the existence of an equilibrium corresponding to a unique set of
profit-maximizing wages {W;(X)}x for each firm j. In this equilibrium, the firm’s problem
has an interior solution, so wages satisty the first-order condition. In logs, this condition is:

wji(x,¢) =logy+1logT; +log(l — ;) +logf;, —log (1 + sj_.l(,\/, )
~ (1= p))log LM (x) + 1_0;4’3’ tog )" 6 (L5700

J x'eX

A.3.  Firm Labor Supply Elasticity and Higher-Order Derivatives

I now derive the firm-specific elasticity of labor supply, as well as higher derivatives of

the labor supply curves, from the perspective of an employer that views itself as strategically
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small. In particular, I assume that the firm does not internalize the impact of its own wage on

a worker i’s wage index, i.e., 01(B, X)/0W;(X) = 0. As a first step, I establish two claims.

Claim A.3.1. For any function g : R, — R taking values in the support of 3, it follows that:

O Ex (g(B) exp(Bw;(X) +a;(X))/1:(X))

3, () = Ex(Bg(B) exp(Bw;(X) + a; (X)) /1(B. X))

Proof. The derivative of Ex (g(8) exp (8w ;(X) +a;(X))/I(B, X)) with respect to w;(X) is:

I Ex(g(B) exp(Bw;(X) +a;(X))/I;(X)) :/ i) [8(,3)€XP(ﬂWj(X)+aj(X))fﬁ|X(ﬁ|X) dp
Iw; (X) Iw,; (X) 1(3.X)
_/ﬂg(ﬁ)exp(ﬁwj(x)+aj(X))fﬁ|X(,3|X)d
= B
Il(ﬁ’X)
= Ex (Bg(B) exp(Bw,;(X) +a;(X))/1(B, X)).
O

Claim A.3.2. For any function g : Ry — R taking values in the support of 3, it follows that:

Ex (g(B) exp(Bw;(X) +a;(X))/1(B, X))
Ex (exp(Bw;(X) +a;(X))/1(B, X))

=Ex (g(B)1j (i) = j).

Proof. Given that P(j (i) = j|B, X) is equal to exp (Blog W;(X) + a;(X))/1(B, X), I write:

Ex (g(B) exp(Bw;(X) +4a,(X))/1(B. X)) _ Ex(gB)PG() = jIB; X))
Ex (exp(Bw;(X) +a;(X))/1(B, X)) P(j(@) = j1X) '

Using the Law of Iterated Expectations, I can decompose this quantity in the following way:

Ex(s(APU®) = j16.X) _Ex(g®PGO =/ X0I0=))
PG =% PG =% *PUO =710

EX(g(B)P(](l) :J|B7X)|](l) ij) o
P(j (i) = j1X) x [1=P(j(i) = jI1X)]

- oLt % i
=Ex (s(8) x 1]j (1) = j) + X(i(([;)(; :}ﬁg)i J

) x [1=P(j(i) = jIX)]

=Ex(g(B)]j (@) = j).
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To simplify notation going forward, I define the function 7;x  : Ry — R, such that:

Tix,s(W; (X)) = Ex (8" exp(Bw;(X) +a;(X))/1(B. X)).

Claim A.3.1 implies that: 07;x (w;(x))/0w;(X) = Tjx 51 (w;(X)). Claim A.3.2 implies
that: 7;x(w;(X))/Tix0(w;(X)) = Ex(B*|j(i) = j). Using these properties, I derive the

first five derivatives of the (log) labor supply curve £;(X) with respect to (log) wage w; (X).

First Derivative. The labor supply elasticity for a firm is £;(X) = 0¢;(X)/0w;(X), where:

at;(X)  dlog (tjx.0(w;(X))fx(X))
(9wj(X) B 6Wj(X)
_ dlog (tjx.0(w;(X)))
a 8wj(X)
_ 7ix,1(w; (X))
Tix,0(w; (X))

= Ex (B:lj (@) = j).
As a consequence of Claim A.3.2, this elasticity can be decomposed in the following way:
0¢j(X) _ Bx(Bexp(Bw;(X) +a;(X))/1(B X))
ow;(X)  Ex(exp(Bw;(X)+a;(X))/I(B,X))
~ Covx (B,exp(Bw;(X) +a;(X))/I(B, X))
=Ex(B) +
Ex (exp(Bw;(X) +a;(X))/1(B, X))

Second Derivative. The second derivative of the labor supply curve §>¢ (X)/ 6w§(X ) is:

OH;(X)  O(rixa(w; (X)) /1ix0(w; (X))
owi(X) awj(X)
_ Tix2(w; (X)) Tix,0(w;(X)) - sz-x,l(Wj(X))
) 2 o (w; (X))
_ Tix2(w;(X)) ~ (zj,l(wj(X)))2
Tix,0w;i (X))  \7jx0(w;(X))

= Ex(B1i() = j) - Ex (B1i() = j)°
= Var (B:1j (i) = j)-
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Third Derivative. The third derivative of the labor supply curve 93¢ (X)/ c’)w?(X ) is:

P;(X) 9 Tix2(w; (X)) tix,0(w;(X)) —T?X,I(WJ(X))
awi(X) 8w_,~<X>( 2y 0w (X)) )
~ TjX,3(Wj(X))T]?-’X’0(Wj(X)) - 3TjX,2(Wj(X))TjX,1(Wj(X))TJZ'x,O(Wj(X)) + 2TJ3~X’1(Wj(X))TjX,O(Wj(X))
B o (X))
_ Tix3(w;i(X)) 3(TjX,2(Wj(X)))(TjX,l(Wj(X))) N Z(TjX,l(Wj(X)))3
7ix,0(w; (X)) 7ix,0(w; (X)) J\7jx,0(w; (X)) 7ix,0(w; (X))

= Ex(B117(0) = j) = 3Ex (B:lj () = j) Ex (B1j () = j) + 2Ex (Bilj (i) = j)’

= Ex([8: — Ex(Bilj (i) = HI*|i () = Jj).

Fourth Derivative. The fourth derivative of the labor supply curve 9*¢ (X)/ aw;‘.(X ) is:

(X))T}X,O(Wj(x)) + 2TJ3-X’1 (wj(X)1ix,0(w;(X))

LX) o Tx3 (Wi (X)) Ty (W (X)) = 3Tx 2 (w; (X)) Tjx,1 (W,
awi(X) ~aw;(X) T;}X,O(Wj(x))

~ TA/'X,4(Wj(X))TJ7'X’0(Wj(X)) —41ix 3(w; (X)) T)x,1 (Wj(X))TJG-X’O(Wj(X)) - 3T]2‘X’2(Wj(X))T?X’()(WJI(X))
B TEX’O(WJ'(X))

1275x,2(w; (X)) 7y, (W (X)) Ty o (W (X)) = 673y (w;(X))Ty o (w;(X))

* (0, (X)
_ Tix4(w;(X)) _4(zj,3(wj(X)))(zj,l(wj(X))) _3(TjX,2(Wj(X)))2
7ix,0(w; (X)) Tix,0(w; (X)) J\7ix.0(w; (X)) 7ix,0(w; (X))
12(TjX,2(Wj(X)))(TjX,I(Wj(X)))2 _6(TjX,l(Wj(X)))4
Tix,0(w; (X)) )\ 1jx,0(w; (X)) Tix,0(w; (X))

= Ex(B1j (i) = j) - 4Ex (B:lj (i) = j) Ex (8217 (i) = j) - 3Ex (B21j (i) = j)*
+12Bx (Bilj (i) = j)” Ex (821 (i) = j) - 6 Bx (Bil j (i) = j)*

= Ex ([ — Ex(Bil(0) = NI*[j () = j) - 3 Varx (B:1j (1) = j)*.
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Fifth Derivative. The fifth derivative of the labor supply curve 9°¢ (X)/ c')w?(X ) is:

Pux) 0 (Txa0n0)T 0w (X)) = 41300 (X0 ey O ()T, 05 (X)) = 373 (X)) (X))
GW;(X) ow;j(X) T?X,O(W]'(X))
12 a0y ()T (00 (0 0 (X)) = Gk Oy (X)) 00 (00)
e 0w (X))

~ Tix.s (Wi (X))Tj% o (W (X))
B 1% (v, ()
57'jX,4(Wj(X))TjX,1(Wj(X))le-?(’o(Wj(X)) - 20zj,3(wj(X))sz-X,1(Wj(X))T};O(Wj(X))
1% 0w (X))
10TjX,3(Wj(X))TjX,2(Wj(X))T};,O(Wj(x)) - 30712'x,2(wj(x))TjX,l(Wj(X))T};(,O(Wj(X))
) 718 (w5 (X))
607;x,2(w; (X)) Ty, (Wi (X))Tj% (W (X)) = 2477 | (w; (X)) )5 o(w; (X))
B 71 (Wi (X))
_ Tixs(w; (X)) S(zj,4(wj(x)))(zj,l(wj(x))) +ZO(TjX,3(Wj(X)))(TjX,l(Wj(X)))2
Tix,0(w; (X)) Tix,0(w; (X)) )\ tix,0(w; (X)) Tix,0(w; (X)) )\ 1jix,0(w; (X))
_ lo(zj,3(Wj(X)))(zj,z(wj(x))) N 3O(TjX,2(Wj(X)))2(TjX,1(Wj(X)))
Tix,0(w; (X)) J\7ix,0(w; (X)) Tix,0(w; (X)) ] \7ix,0(w;(X))
B 6O(TjX,2(Wj(X)))(TjX,l(Wj(X)))3 N 24(TjX,1(Wj(X)))5
Tix,0(w; (X)) )\ 1ix,0(w; (X)) Tix,0(w; (X))

= Ex(B71j (i) = j) = SEx (B:lj () = j) Ex(B}17 (i) = j) + 20Ex (Bilj (i) = j)” Ex (B3] (i) = j)
—10Ex (8217 (i) = ) Ex(B21j (i) = j) + 30Ex (B:1j (i) = j) Ex (B21j (i) = j)°

— 60Ex (B:1j (i) = j)  Ex (B2 (i) = j) + 24 Ex (B;] (i) = j)°

=Ex([8: = Ex(B:lj () = NI°|j (i) = j) = 10 Varx (8;1 (i) = j) Ex([8: — Ex(B:1j () = H1]j () = ).

A.4. Worker Rents

The average rents for workers with skills X at firm j are RYy = Ex(R}’|j (i) = /), where:
wij(Wi(X;) = R, a; (X)) = max i (Wi (Xi), aj (Xy)).

Let W;(X) be the wage that firm j provides to workers with skills X. For any W < W;(X),

the density of these workers who would be willing to accept their current job at wage W is:
AL;(X) 1

L(X, W) = X .
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Average worker rents are computed by integrating W;(X) — W with respect to this density:

W;(X)
RY, = /O (W;(X) - W)L/ (X, W)W
AL ;(X) 1 ) 4

W; (X)
) ./0 W5 = W) W, Xl w Ly ()

_W,-(X)>< e (2 /exp(ﬁilog(waX))+aj<X>)fﬁ|X<ﬁi|X>fx<X>
@ 1,(X)

£ dﬁ,) dw

/ a-of Bie ™! exp (Bilog W (X) + a; (X)) fx (BilX) fx (X)
’ ()

dg; | d

The final equality relies on the assumption that firms view themselves as infinitesimal in the

market. By changing the order of integration, the average worker rents can be re-written as:

woo_ Wj(X)
X Li(X)

1 1 3
X / T7(x) X (B log W (X) + (X)) fpix (BilX) fx (X) ( /O (1 - w)Biw ldw) dB;

_ W;(X)
L;(X)

1 1
x/ (X (1+ ,)eXP(ﬁilong(X)+aj(X))me(ﬂdX)fx(X)dﬁi

EX(Hﬁ x exp (B; log W, (X) +a, (X)) /I; (X))
Ex (exp(Bilog W;(X) +a;(X))/I;(X))

Jj) =j,Xi = X)-

= Wj(X) X

= W](X) XE(

1
1+ﬁi

By averaging over worker skills X, I can compute the mean rents for all workers at firm j:

~ BP0 =) = [ W,-(X)E(1 = =j,xi=x)fx<X)dx.

Note that the conditional expectation E (#| j(i) = j, X; = X) can be decomposed such that:

Covx(%ﬁi,exp(ﬁi log W;(X) +aj(X))/I,~(X))
1+,3i) * Ex (exp(Bilog W;(X) +aj(X))/1i(X))

(g i = . %= %) =EX(

dlogR
The elasticity of average worker rents with respect to the wage W;(X) is m, where:

IE( g |J (1)=/.Xi=X TR
dlog R%y . ( Flog W, (%) ) _1+C0V(ﬁiar’3i|](l):],Xi:X)
OloeWsX) By [76) = j. X = X) B( g | 70) = . X = X)

X
If Var(B;|X; = X) > 0, then the second term is negative, which means that #X)j;) < 1.
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A.5. Employer Rents

Employer rents come in the form of excess profits that firms obtain by exploiting their
wage-setting power. To calculate these rents, I consider a counterfactual setting where firms
are price-takers in the market, facing perfectly-elastic labor supply curves. I define the rents

at firm j to be the difference between the true and counterfactual profits R{ = IT; — [rPrice-taker,

For any employer j, the profit I1; that is realized in the monopsonistic labor market is:

_v. 8](/\/’90) 6Y] )
m=Y;- ), (/ (1 o1, 90)) (6Lj<x, 90)) L “’)d“’)

xeX

=Y - Z /(%) ¢Ti(1 ;)b (Lj'ﬁ()())pj_l( Z O (Lj'ﬁ()(,))pj

xeX x'eX
Pj
050 (L5 00)

(/( &;(x ¢) )( oL;(x. ) )d¢)
Lyexbiv (Ljﬁ()(’))pj T+8;060) )\ [ ¢'Li(x, ¢")d¢'

To simplify the expression above, define w; (), ¢) as the share of effective labor that workers

Li(x,e)dy

I-(l-aj) )

xYeX

with skills X = (y, ¢) contribute to firm j. These effective labor shares are defined so that:

RN
dlogN; Ojx (Li (X)) oL;(x, ®)

wj (x> ¢) = P X T Ndo'
logL;(x,¢) Syex O (L5700 [ e'Li(x.¢)dy

These shares aggregate to one, since: > cx f w;(x,¢)de = 1. Using this property, I write:

gi(x, )
; =Y; x(l—(l—aj));(‘/ (14_]8]()( ‘p))wj()(ﬂp)dp)
=y, xZ/

xeX

_Y 9 Z/(1+C¥]8J(X ()0)) J(X,QO)d(p

L+&;(x,9)

J(X ®)
L+&;(x,p)

1-(1- J)( )]wj()(,w)dso

If an employer j is a price-taker in the market, then its profit H?rice'taker equals:

lfarj

i\ D, O (/ wDEt(x,cp)dw)pj) - 2 (/ Wi (x, 9)DF (x ¢)dgp |

Hprice—taker _
t
(D (x. w)}X e \vex xeX

j =
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Taking first-order conditions with respect to labor demand yields the wage equation:

l-a;

pj-1 AN
W (s ) = T (1 - a))0), ( / ¢D§t(x,so)d¢) (Zgj)( ( / svDEt()c,sv)dso) )

xeX

In equilibrium, the labor demand D?t(X ) equals the labor supply L?t(X ), which is given by:

Ly (X) = / I(ﬁl, %) %P (Blog WJ'(X) +a;(X)) fpix (BIX) fx (X)dB.

Given counterfactual wages and labor supply curves, the profit H?rice'taker can be written as:

l—(lj

. pi "
HErlce—taker:Tj(Z Gj,\( (/ ¢L3t(/\/’ ¢)d¢) ) x(l - (1 —Cl/]) Z /CU](X’ Qo)d‘ﬁ)

xeX xeX

l*(lj

:a’jTJ(Z 0jx ( / oL (x, 90)dso)pj) -

xeX

17(¥j

e
For any firm j, define Y]Pt =T (Z)(E(\’ 0y (/ (,DL? (x, QO)d(,D) ’) "I The employer rents are:

1+QJ8](X (p) Yjpt
Z/( 1+&;(x,¢) )wj(X’(’D)d"D_aj(Y—j) )

xeX

k
H I—[prlce taker _ Y %
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A.6.  Pass-through of TFP Shocks to Wages

The elasticity of the wage W;(X) with respect to a firm’s total factor productivity 7 is:

dlogW;(X) +010g(1i;f.’&>)_ 20800 10— p; 0108 T by (L0
dlogT, - dlogT; pi dlogT; * pj dlogT,
dlog W;(X) 1 8%log L;(x.¢)
v dlogT; * (8 (e[l +g; ()(,sO)])X d[log W; (x, ¢)]*

a1ogw (X) < (l-p7) / p alog L (x)
— 8 S
Pi S 510gL o)
8logW](X) ( dlogN;
+—X(1—af~—p~) /8'()(,,‘/)%6[90’
dlogT; I XZX J dlogL;i(x',¢")
( | ) 8% log Lj(x, ¢)
=|1- X 5
eilx, o)l +&;(x.0)]  dllogW;(x,¢)]
310gL§-ﬁ()()

+(1—Pj)/81(X,90')md90'

1
dlogN;
-(l-a;-pj) (/8'(/\/,90')—6190')
2D ’ dlogLj(x'.¢")

x'eX

A.7.  Allocative Inefficiency

In this economy, aggregate social welfare is defined as W, where:

J
W=E m]ax {uij(Wj(Xi),aj(Xi))}) +10gZHj.
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Using the formula for the expectation of a maximum over TIEV random variables, I write:!

J
W =E (max {ﬂl lOg W](Xl) + aj(Xl-) + eij}) +1ng H]
J -
j=1

J
= / E lmflx {,8, 10g Wj(Xi) + aj(X,-) + E,‘j} X; = X] fﬁ’x(ﬂi,X)d(ﬁi,X) + logz Hj
. =

J J
= / (mZexp [Bi1og W (X) +a;(X)] +7’)fﬁ,x(ﬁi,X)d(ﬁi,X)+10gznj

J=1 J=1

J
_ / log (i, X) fo.x (Bis X)d (B, X) +7 +1og " T,

j=1
where y =~ 0.5772 is the Euler-Mascheroni constant. The social planner seeks to maximize

welfare by solving ‘W* = maxy;(;);, W. The optimality condition of the planner’s problem is:

ow__,
aL;(X)

for all skills X and employers j. By evaluating these derivatives, I obtain the following:

ow  9([logI(Bi, X) faix(BilX) fx(X)dp;) dlog XTI,

aL,(X) 9L, (X) LX)
-1
[ dlogI(Bi. X)) oM [
—/Wfﬁlx(ﬁi|x)fx(x)dﬁi+aLj(X) (JZ:;HJ‘)

-1
[ Biexp (BilogW;(X) +a;(X)) (0log W;(X) om; [
_/ 1(Bi, X) ( 9L, (X) )fﬁlx(ﬁi|X)fX(X)dﬁi+m(zn.i) :

J=1

I'This property is proven in Small & Rosen (1981). Even without TIEV errors, expected maximal utility is:

J
w=y ( / E i log W;(X:) +a;(X,) + &

jG) = j, X = x] Lj(X)dX)
=

J
=E[e;]j () = j] +Z (/ (aj(X)long(X)+aj(X))Lj(X)dX).

J=1
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Let sj‘. (X) be the elasticity of wage w.r.t. labor in the solution to the social planner’s problem.

-1
oW (X)) ol [
9L;(X) _ &(X) 9L, (X) (; Hf)

-1
0 o[Y; - [ W;(X)L;(X)dX] (ZJ: n_,)

&;(X) 3L, (X) 2
-1
_e0 (S 9Y; _OW;(X)L;(X)
JCHEY) +(,Z=:‘ j) (aLj(X) ALi(X) ‘Wj(X))
:Sj(X)_i_%_Wj(X) ~ W, (X)
&0 TN s (0xT 1]

The solution to the social planner’s problem is to set the elasticity of wages with respect
to labor to zero for all X and j. This involves adjusting wages so that the markdowns are
zero. To implement the first-best policy, a planner can give wage-specific wage subsidies to

workers, where the shape of the subsidy curve depends on the distribution of preferences.

In the monopsonistic economy, without any policy intervention, welfare is given by:

1+a’j8j(X)

1+£,(X) )“’f(x)dx)

J
W = / log (8. X) fs.x (B, X)d(B:. X) +y +log ) ¥, ( / (

j=1
Under the first-best optimal allocation that solves the planner’s problem, welfare is given by:

J
W*=/10g1(,3i,x)fﬁ,x(/a,-,X)d(/s’i,X)+y+10g2anf-

j=1
The first-best optimal allocation is achieved in a competitive (Walrasian) economy. To com-

pute optimal welfare W™, I consider a counterfactual setting where all firms are price-takers.

A.8.  Micro-foundation for the Worker’s Indirect Utility Function

I now present a simple micro-foundation for the indirect utility function of the worker,

where each worker i chooses a firm j to maximize utility from consuming goods and leisure.
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Let C;; denote the worker’s expected consumption from working at the firm and let H;; denote

the worker’s expected time spent working. A worker i’s utility from choosing a firm j equals:
uij = fi(Cij, Hij).

Let H;(X;) denote the scheduled work hours for employees with skills X; at firm j, accounting
for paid time off, overtime, vacation leave, and other benefits. Let H; ; denote the idiosyncratic
component of hours worked, accounting for commuting time and worker-firm match factors.

Assume that f; : R2 — R is log-additive in consumption and scheduled hours, such that:
fi(Cij, Hij) = ai + ki log Cij — nlog H;(X;) = f(Hj).

The marginal rate of substitution between log consumption and log work hours equals —«; /7.
Define the worker’s budget constraint as C;; = W;(X;), where W;(X;) denotes total earnings.

Additionally, define a;(X) = —log H;(X;), B = «:/n, and &; = —n~' f(H;;). It follows that:
Uij = % +ﬁi IOg Wj(Xi) + aj(Xi) + €ij,

which corresponds to utility specification (1) in the paper.? Note that this utility function can
be extended to include non-labor income. For example, let V; denote the worker’s other forms
of income. The budget constraint becomes C;; = W;(X;) + V;. If V; is observed in data, then

I can re-define earnings to be W;; (X;) = W;(X;)+V;, and the same utility specification applies.

A.9.  Extension: Capital and Monopolistic Competition in the Product Market

I now give an extension of the model that includes capital and monopolistic competition

in the product market. Consider a monopolistic firm j with the following production function:

ol 1-aj
Q;=T;K'N;”",

The term “—n' does not vary across firms. Therefore, it does not impact the worker’s employment decisions.
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where K; denotes capital. In a monopolistic product market, the revenue curveis Y; = Q;_Kj .
For each skill vector X, labor is hired according to the labor supply curve L;(X) and capital

is rented at some fixed price r;. The firm’s profit function has the following representation:

I, = Q;_K-f - Z (/ W;Oxs @)L (x, sv)dso) — 1K

xeX

~ A 1-a;
=TiKN," = (/ Wi, @)L (x sv)dso) - riKj,
xeX

where T; = TJ.I_Kj, i =n;(1-«;),and @; = @; + k;(1 — «;). I now show that both perfect
and monopolistic competition in the product market yield the same profit function. As a first

step, I derive the first order condition of the firm’s problem with respect to capital K ;. I write:

1
77;—1
rj !
K;=

~ & oarl—@j
qTiN;
Plugging this condition into the firm’s profit function, I obtain the following:

7j
ﬁj—l

ﬁj—l

~ r — G r
W =T\ ——=% le- Y- Z (/ Wj(X7SD)LJ'(X"P)dSD) " T=a
TN, = 7N,
L\ =
= TJ (~—~) —F(N = ) N. -1 _ Z (/ W](X,QD)LJ(X,(p)dQD) .
7;Tj 7;Tj ! s

Note that this is just a reinterpretation of the original problem, where the firm’s profit equals:

Ao 1—@;
m=T;N, "= (/ Wi @)L (x 90)d90)=
xeX
. P = 7 s
where I define the terms (7}, @;) such that: 7; = T; (ﬁjrfj) —r ( r) ’and @; = ﬁ],-— L.

B. Properties of the Model: Proofs and Discussion
B.1. Preference Heterogeneity and Substitution Patterns

Consider a version of the utility specification (1) where the taste shocks {¢;;}; ; are i.i.d.

and the coefficient g is constant across workers. In this case, preferences can be written as:
uij(W;(Xi),a;(Xi)) = 6jx; + €ij,
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where 6;x, = BlogW;(X;) + a;(X;) is a deterministic function of (W;(X;),a;(X;)). Given

posted wages { W (X) }Ll , a worker with skills X will work for employer j with probability:

P(j(i) =jlXi = X) = / HFE(5jx—5kx+€)fe(€)d€-

® k#j

Proof of Property 1.

Define P;x = P(j(i) = j|X; = X) as the share of workers with skills X at firm j. If the

terms {¢;; }; ; are i.i.d. and §; = B for all i, then the own-wage elasticity of labor supply is:

anij(X) _ W](X) /
oW, (X)P;x  Pix oW, (X)

§jx — Orx +€) fe(€)dé
*® ki]

W;(X) «
= ;jX x/ aw, (X)l_lF Sjx — Orx +€) fe(€)de

W;(X) o
I

#j \t¢{j.k}

) 35 x
[T Fel@ix =dex+&)fe(6jx - orx +€) aW;(X)

fe(é)deé

_WiX)  96ix D
Px | OW;(X)

/ ]—[ Fe(8,x = 6ex +€) fe (6x — 6xx + €) fe (6)dE
T e¢{j.k}

:%X / [] FelOjx = 0ex+)fe(6)x — 6kx + &) fe (8)dé|.

T® te{j.k}

k#j
In addition, the cross-wage elasticity of labor supply with respect to any firm k& # j equals:

OPxWi(X) Wk(X) /
OWr(X)Pjx  Pjx 8Wk(X)

_ Wi (X) N
Pjx X/ aWk(X)n (6jx = Sex +€) fe (€)dE

Wi (X) dkx /w
- X X
Pix oWr(X)

[ [ Fe(6jx = 6ex + &) fe(e)de

X

1—[ Fe(5jX —O0¢x + g)fe (6jX —Orx + g)fe(g)dg
T ¢{j.k}

= _PLX,/ H Fe(0x = 0ex + €) fe (6x — kx + €) fe (€)dE.
IX T gk
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Suppose that P;x = P;/x for firms j, j” € {1,...,J}. Then ¢ ;x = § 7 x, which means that:>
apjij(X) B B
6Wj(X)PjX Pj’X

X;[‘/_m l_[ Fe((sj’X_6€X+€)f6((5jzx—(Skx+g)f6(g)d€:|
J

© te{j.k}
- P/f % / [ Fel@yx—sex+e)fi(e)de
IX I g0y
+ Z [/ Fe((sj’X_65X+E~)F€(g)f€(6jzx—6kX+€)f€(E~)dé-"]
ke{j,j’y VO T e¢{j.j’ .k}
IX iy L eggjrky
IP ;X W(X)

This final expression corresponds to . Moreover, for any k ¢ {/, j'}, I can write:

0P jxWi(X) B /°°
= X

W X)Prx

WX P~ Pox l_[ Fe(8jrx = 0ex +€) fe (6 x — Okx + €) fe (E)dE
j i

:—ix/_w ﬂ Fe(0jx —0ex + €)Fe (&) fe(6jrx — Skx + €) fe(€)dé

& t¢{j.j’ .k}
= —PL X / 1_[ Fe(8jix = 6ex +€) fe (67 x — Okx + €) fe (E)dE.
IX I gk
Pirx Wi (X)

. . 0 .. . .
This expression equals 3 , the cross-wage elasticity at firm j” with respect to firm k.

Wk(X)Pj/X

O

Consider the special case where ¢;; follows a Type I extreme value distribution. The labor
shares in this case have the following closed form expressions: P;x = exp(d;x)/ Zi:l exp(drx).

Under this specification, it is easy to see that Property 1 holds since the wage elasticities are:

OP;xWi(x) |BU=Pjx) ifj=k
X)Pix

IWL(X)Pjx —BPix if j # k.

Next, suppose that S; is heterogeneous across workers. Then the choice probabilities are:

P(j(0) = jlXi=X) = / P(j(0) = jIBi = B, Xi = X) fg|x (BIX)dp.

Equivalently, this probability can be expressed as E[P(j (i) = j|B;, Xi)|X; = X], which equals

the conditional expectation of S-specific choice probabilities among workers with skills X.

3The labor shares P x are strictly increasing in (and thus are uniquely determined by) the parameters 6 ;x.
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Proof of Property 2.

To ease notation, let P;jx = P(j(i) = j|X; = X) and P;x(B;) = P(j (i) = j|B:i, Xi = X) be

the aggregate and S-specific labor shares, respectively, for a firm. The wage elasticities are:

IPixWi(X) — Wi (X) 9 4

8Wk(X)PjX - PjX X aWk(X) (/ P]X(:B)fﬁbc(ﬁlx)dﬁ
_ o1 [9Pix(B)
=Pix | Gweon V) fpix (BIX)dp

oP Wi (X
=P /% Pix(B) fp1x (BIX)dp,

for any firm k € {1,...,J}. These elasticities can also be expressed in terms of expectations:
anka(X) R anX(ﬁi)Wk(X)P. (Bi)
IW(X)Pix X\ awe(X)Px(B) T
oot e (OPix(B)Wi(X) IPjx (Bi)Wi(X)
=Pix E(aWk(X)PJX(,Bl x1 ’ () = ) JX+E(aWk(X)P,x(ﬁl x0 | i) # ])(1 ~Fix)
(5ij(ﬂi)Wk(X) (i) = )
oW 0P B 111 )

So, the aggregate elasticity is the average of 5-specific elasticities among workers at the firm.

O

Proof of Property 3.

To ease notation, let &;(X) = % and &;(B, X) = %}% be the aggregate

and S-specific own-wage elasticities of labor supply, respectively, for a firm. It follows that:
0 8‘1' (X) _ 0
dlogW;(X) 6logW (X)
_pl / d&;(B. X)P;x(B)]
X dlog W;(X)

o 0| &;(B.X)Pix(B)]
- PJ'X/ dlog W;(X)

/ &1 (8. X)Px(B) fyx (BIX)dB

APjxW;(X)
AW (X)

Syt (BIX)dp - P;;%( ) [ #1808 x(® s 1308

fpix(BIX)dB — £5(X)

l/ T ’iﬁ X Jx(ﬁ)fﬁlx(ﬁlX)dﬂ+/m]—%sj(ﬁ’x)fﬁlx(ﬁlx)dﬁ
J

_ p-1 aSj(ﬁ,X)
= /alogwjoo

- &5(X)

Pix(B) S BXOdE + P [ S8 0P (B s (BIX)dB - £3(X).
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By the same reasoning that is used in the proof of Property 2, I can re-write this quantity as:

68](X) _ 68j(,3,',X)
dlogW;(X)  X\alogW,(X)
=E(63j(ﬁiaX)
dlogW;(X)

| 6) = j) +Ex (£7(81.X) | () = j) — Ex (8,8, %) | j(i) = j)’
‘ Xi=X,j(i) = j) +Var (&;(8i, X) | Xi = X, j(i) = j).

The final expression above is additively separable into two terms. The first term is the
average derivative of &;(f;, X) taken with respect to log W;(X) among workers i at the firm.

The second term represents the conditional variance of &;(8;, X) among workers i at the firm.

O

B.2.  Existence and Uniqueness of an Equilibrium

In order to prove the existence and uniqueness of an equilibrium, it is first necessary to
establish some basic properties about the firm-specific labor supply curves, as well as the

production and profit functions. The properties that I discuss below will guide my analysis.

Firm-Specific Labor Supply Curves

The total mass of workers with skills X employed at a firm j is given by S;(X), where:

$;00 = [ [T P (Broe (2222 ) + a0 - a0 + ) £ @1 | fx (8. ).
J . e Wk(X) J B

Throughout my analysis, I assume that firms perceive themselves to be strategically small
within the economy. Thus, a firm j sets its wages {W;(X) } x without considering the impact

of changing its own wages on the labor that is supplied to other firms. By Property 2, I write:

Olog$;(X) _ - [0logP(j(i) = jIBi, Xi)
dlogW;(X) dlog W;(Xi)

Xi =X, j(i) =J')

/ l_[ Fe(0jx; —Oex; +€) fe(0)x, — Okx; + €) fe(E)dE
% ee{j,k}

:E(ﬁxz

Pix.
IXi ey

Xi = X’](l) :j)’
where I define ¢ ;x, = Blog W;(X;) +a;(X;). Using this formula, I prove the following claim.

75



Claim B.2.1. The labor supplied to a firm §;(X) is strictly-increasing in the wage W;(X).

Proof. Because log(-) is a strictly-increasing transformation, it is sufficient to show that
the derivative 0 log S;(X)/d log W;(X) is strictly positive for any wage W;(X) € R,,. First,
note that 0 < Fe(g;) < 1 and 0 < fc(e;) < 1 for all ; € R since the taste shocks €; take
positive density everywhere on R. In addition, because P(3; > 0|X; = X) > 0 for every X, it
must be that 9 log P(j (i) = j|B:, X;)/01log W;(X;) is strictly positive for all values of (5;, X;).
From this property, I conclude that the derivative 0 log S;(X)/d log W; (X) is strictly positive.

O

This claim ensures that, for any values of { Wy (X)}x+;, the labor supply S;(X) for firm j
is uniquely defined by firm j’s wage W;(X). Thus, any equilibrium is uniquely characterized
by the wages that maximize the firms’ profit function subject to the labor supply constraint.

The goal of the rest of this section is to demonstrate that such wages do exist and are unique.

Firm Production Functions

In equilibrium, labor demand D ; (X) equals labor supply S;(X). A firm j’s output is:
I-aj

P\ Pi
Yj:Tj(Zng(/SDLj(X’<P)d<P) ) :

xeX

Among workers with skills X = (y, ¢), the marginal product of labor at the firm is given by:

l—(tj_l

Y pj=1 Pj\ P
= ¢T;(1 - ,)6; (/ ¢'Li(x 90’)d90’) >0 (/ ¢'Li(x’ 90’)d90’)
(9L,(X, ‘p) J JIYIX J ’ Sk JX J ’

= Ty~ (L5 00)) ( 2 oo (1 00)”
x'e

I prove the next three claims by deriving the Hessian matrix Hy, of the production function.
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Claim B.2.2. If @ € (0,1) and p; < 1, then L (Xj);/L o) <0Ofor y € X and ¢, ¢’ € Ry,.

Proof. Fix y € X and ¢, ¢’ € R. The derivative of z;—— I ( (p) with respect to L;(x, ¢’) is:

l-aj

o = ¢T;(1 0|y’ 1 L d v L ag| KN
9L, G99l ) ¢ J(1=ap)bjy|¢"(pj = )(/«p i 9) <p) );(9,')( (/90 i e) <p)
2p;-2 o) 1;—?—2
+¢'(1-aj—p;)jy (/ soLj(X,so)dso) (29” (/ SULj(X"P)d‘P) ) ]
xeX

l-aj
pj-2 PN
Define {jypp = @'Ti(1 — @;)0;, (L;ff()()) (Z)(’EX 0,y (Lj.ff()(’)) ) 7. This term

is positive since ¢, ¢’,T},6;,, > 0 and employment is positive. Using this notation, I write:
-1 ]

0%,
OL;(x,9)0L;(x,¢")

D O (Li-ﬁ(x’))pj

x'eX

=Livee |(Pj— D+ (1 —a;—p;)Ojy (Ljﬁ(X))pj

0i (L5 00)" ]

=Liyvee |(pj =D+ (1 —a; - pj) : 7 |
| Syex i (LST0)

9%Y; 9%Y;
AS {jype > 0, it must be that (ch)aL G < 01fandon1y1fzww X 3L; (Xgo)aL 23

The effective labor share 6, X(Le.ﬁ( )12 vex 0y (Le.ﬁ( X)) for skill type y is bounded

between 0 and 1. Given these properties, I conclude that 57— . 3) 6Y Loe) < 0 if and only if:

< 0.

Pj Pj
0 | %Y, a-mli 0 (Lj-ﬁ(x)) ' ] 0jx (Li-“()()) '
> X =—(1-p;)|1- | —a; .
L I , NE N\
Cvew 0L 00 9)OL; (e ') Srex i (LT00) ] Spen 0 (L5700)
o
0jx (Li-ﬁ()()) '
= —(1-p)) ~a;

Pj’
Zyrey Oiv (Lj'ff()( '))

: o . ) e pj eff (N \Pi
Re-arranging terms, this inequality becomes: p; < 1+a;x6,, (Ljff()()) DIV (Ljff()( )
Whenever a; € (0,1) and p; < 1, this inequality holds trivially. It is worth noting that values
of p; above unity may also satisfy this inequality, particularly if the returns to scale parameter
1 — a; is small and/or if the effective labor share for the skill type y is large within this firm.

O
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Claim B.2.3. Suppose that @ € (0, 1). For any y, y’ € X, where y # x’, and ¢, ¢’ € Ry,

o 9%y, . o .
the derivative 3 L, (co)dL, () 1S Positive when p; < 1 —a; and negative when p; > 1 —«;.

9%y,
©)OL;i(x'.¢")

Proof. Fix y, ¥’ € X, where y # x/, and ¢, ¢’ € R. The derivative dL;(x is:

8%Y;
OL;(x,¢)0L;i(x",¢")

=1 j
= o¢/Tj(1 = ap(1 = = p)0 O (LTCOLT (1)) ( > 0 (L5700
xeX

l-a;
’ ’ pi-l Pi j
Theterm ¢y ypp = @9'Ti(1-;)0;,,0 (Lj'ﬂ(X)L;E(X )) (ZXEX Oy (Lj'ff()()) ) "

is always greater than zero. Therefore, the sign of the derivative is pinned downby 1 -a; —p;.

This quantity will be positive whenever p; < 1—a; and will be negative whenever p; > 1-a;.

O
Claim B.2.4. Suppose that @ € (0, 1) and p; < 1. The production function Y; is concave.

Proof. The effective labor L;‘f{ = f oL ;(x, ¢)dyin each skill type y is a concave, strictly
increasing function of {L;(x, ¢)},. Define the mappings g : RLLX' — Riyand h : Ry — Ry
so that: g(Lj.ﬁ) = vex 9J~X(L;.ff()())p-f and i(x) = T;x(1=®)/Pi If 0 < p; < 1, then g(L;.ff)
has a diagonal Hessian matrix with negative eigenvalues —p; (1 —p;)0;, (L;ﬁ( X)) 2. Also,
since h(x) is monotonically increasing, Y; = h( g(Lj.ff)) is quasiconcave in Lj.ff. Now suppose
that p; < 0. Then the Hessian matrix of g(L;.‘T) is positive definite, which means that g(L;.H)
is convex. In addition, the function /(x) is monotonically decreasing, so Y; = h(g(Lj.ff)) is
quasiconcave in Lj.ff. Any positive, quasiconcave function is concave if it is homogeneous of

degree k € (0, 1]. It follows that Y; is concave in Lj.ff. So, itis also concave in {L;(x, ¢)}y.e-

O

Claim B.2.2 establishes conditions under which firms face decreasing marginal returns
to hiring labor of the same skill type. Claim B.2.3 presents conditions under which different
skill types are treated as substitutes (or complements) in the firm’s production. Claim B.2.4

demonstrates that the output of a firm is a concave function of its labor inputs {L; (x, ¢)} y.¢-

78



Firm Profit Functions

After plugging in the labor supply constraint, the profit function for any firm j equals:
=Y, - / W (X)L;(X)dX.

The derivative of this function with respect to the wage W; (X) for workers with skills X is:

or; oY, dL;(X) L0 WX dL;(X)
aWx) - oL, < aw,x) LX) Wi
_Lox [ sk
- aL;(X) " W;(X) e
Next, I derive the Hessian matrix Hyy; of the firm’s profit function. The diagonal entries are:
o1 0%, y (aLj(X))2+ aY; ><azLj(X) OL;(X) OL;j(X) W (X)aZLj(X)
OWH(X)  ALA(X) “\oW;(X)] T OL(X) T awA(X)  OW;(X) Wi (X) T w2 (X)

O’Li(X)  IL;(X)
OWH(X) OW;(X)’

9%, (GL/(X))2 ( 97,

o \aw,0) aLj(X)_Wf(X))

If the first-order condition binds, then % - W;(X) = W;(X)/&;(X), which implies that:

011, 3%Y; y (aLJ-(X) )2 Wi(X) 9*L;j(X) _dL;(X)
= X —
OWA(X)  ALA(X) \aW;(X)] " s;(X) T aw2(X) T OW;(X)
Lix) | #%; oL;(x WHX)  9’L;(X
_ Ly )>< % J( )xaj(X)+ / X i )—Zsj(X)
Wi(X) | L3 (X)  OW;(X) gi/(X)Lj(X) ~ aW3(X)
[ 9¢;(X)
L;j(X) 0%,  AL;(X) Toew 0+ &5(X) — £(X)
= X XSj(X)+ —ZSJ(X)
Wi(X) "~ [aLa(X)  0W;(X) &;(X)
Lx) | o  orL.x A
el Lo T g (x) + 2O o x)— 1]
Wi(X) " [aL3(X)  OW;(X) £;(X)
where the second-to-last equality above relies on the observation that ali%véj(())() is equal to:
AL; (X)W, (X)
d av&,— (X)Lj— X) W;(X)

=Wj(X) X

W;(X) aZLj(X)_((?LJ-(X))ZXW,-(X)+aLj(x)>< 1
Li(X) = aw3(X) \0W;(X) LA(X)  OW;(X) " Lj(X)
Wi(X)  92L;(X) (GLJ-(X))Z WA (X)  OL(X) Wi(X)

= X - + X

Lj(X) — awz(x) \OW;(X) LX) oW;(X)  L;(X)
Wi 92L;(X)
= X —_
Li(X) — awH(X)

oW, (X)

£5(X) +£;(X).
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The oft-diagonal entries of the Hessian matrix are given by m, for X # X’, where:
J J

911 ~ 8%Y; AL;(X) OLj(X")
AW, (X)W, (X)  OL;(X)OL;(X')  aW;(X) ~ oW, (X')’

Taken together, the Hessian of I1; has the form Hp ;= AT (Hy ¢ )A+B, where Hy ¢ is the Hessian

matrix of the firm’s production function, and where A and B are both diagonal matrices with

AL;(X)
W, (X)

and Byy = ) [(a 2o )/€;(X) — (£;(X) + 1)], respectively.*

entries Axx = W, (X) L\ aTogW;(X)

To interpret the properties of the Hessian matrix Hyy,, I will consider two special cases:

Special Case 1. Assume f is constant for workers with skills X, i.e., Var(8;|X; = X) = 0. In

this case, 4 £;(X)/dlog W;(X) = Var(g;|X; = X, j(i) = j) = 0. It follows that Hyy; equals:

J

This matrix is negative definite, which means that the profit function II; is concave. To see

Li(X)(8;(X)+1)
W, (X)

Hp, = AT(Hy,)A+B, where B =—diag ([

why, note that B has strictly negative eigenvalues and that Hy, is always negative definite

when a; € (0,1) and p; < 1. Thus, Hy, must also be negative definite, since, for any v # 0:

vTHp,;v = vT (AT (Hy,)A +B)v
=vTAT(Hy;)Av +v By
= (Av)T(Hy;)(Av) +vTBv < 0.

Special Case 2. Assume that firms do not exercise wage-setting power, i.e., W;(X) = %.
In this setting, the Hessian matrix of the firm’s profit function equals Hy;; = AT (Hy,)A + B,

AL (X)
W (X)

where B = -2 diag ([ ] X). Just as in the previous case, this simplification ensures that

this matrix Hnj is negative definite. Therefore, the firm’s profit function must be concave.

Both special cases lead to concavity of the profit function, which is a useful property for
proving that a unique equilibrium exists. However, this property does not apply in general,

which means that I cannot use it in the proof. To understand why, consider the matrix B. The

OL;(X)

4Since W X) 0 for all X, the entries of the matrix AT (Hy,)A share the same signs as the entries of Hy;.
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diagonal entries of B, which also correspond to its eigenvalues, are negative as long as:

d&;(X)

Tlogw; () < &0 (8;(X) +1), forall X.

Under the logit model, &;(X) equals E(B;|X; = X, j(i) = j) and 0 &;(X) /0 log W;(X)
equals Var(B;|X; = X, j(i) = j). So, the inequality above is more likely to hold if workers
at firm j have higher marginal utilities of (log) earnings and/or if the dispersion of these
marginal utilities is low. Since the elasticity &;(X) increases in a firm’s wage W;(X), the
inequality is more likely to hold when firms offer higher wages. Note that it is difficult to
draw general conclusions about the signs of the entries of B without placing restrictions on

the distribution of 8. This ambiguity makes it hard to establish when Hyy; is negative definite.

Lemma 1. There exists an equilibrium involving strictly positive wages and employment.

Proof. 1only consider equilibria where wages are positive, i.e., W;(X) > 0 forevery X. Also,
since the taste shocks ¢;; take positive density on R, it follows that P(j (i) = j|B;, X;) > 0 for
all (B;, X;). Thus, L;(X) = fx(X) XE[P(j(i) = jlIB:. X)|X; = X| > 0 for any X, which
means that any equilibrium involves strictly positive employment. For a firm to be profitable,
its wage cannot exceed the revenue that it receives per unit of labor. Because ai;}(lé() < 0, this
restriction guarantees that there exists a strict upper bound on the wage W;(X) at each firm.

Therefore, for any firm j, the set of feasible wages {W;(X)}x is contained within a convex,
compact subset of the Euclidean space. Moreover, any equilibrium must lie in the interior of
this subspace since limy; (x)—0 I1;/0W;(X) > 0 and limy, (x)—c 011;/0W;(X) < O for all

X, implying that a firm is always able to increase profit by deviating from a corner solution.

Given this reasoning, I restrict attention to wages that satisfy the first-order condition:

Sj(X) an

Wil =250 a0

for all X.
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This condition takes the form of a continuously differentiable system of equations, where
the right-hand-side is bounded within the set of feasible wages.> By Brouwer’s fixed point
theorem, there is a solution to this system of equations, which corresponds to an equilibrium.

O

Note. Not every critical point of the profit function is necessarily an equilibrium. For
the wages {W;(X)}x to exist in equilibrium, they must be a global maximizer of the firm’s

profit function IT;. I now prove that there is almost always a unique global maximizer of IT;.

Lemma 2. There is a unique solution to the firm’s problem for almost all values of («;, p;).

Proof. Let W;(X) = [W;(X)]x denote the vector of wages at firm j. The first-order condition
requires that g;(W;(X)) equals zero, where g;(W;(X)) is a multi-valued function satisfying:

&;(X) Xan(Wj(X))
T+£,(X)  0L;(X)

gix(W;(X)) = W;(X) - for all X.

I examine the properties of g; by deriving the Jacobian J, . This matrix has diagonal entries:

dgx(W;(X))
oW, (X)

dej(X) y ;Wi (X)) (X)) @Y (WiX))  ILi(X)

OW;(X) "~ ALj(X) 1+&;(X) AL%(X) OW;(X)

~ 1 L 08X e(X) %Y (W;(X)) L ILi(X)
SJ(X)(I +8j(X)) GIOgWJ(X) 1+8j(X) aLi(X) C')Wj(X)’

=1-(1+&;(X)) 7 x

where the second equality uses the first-order condition. The off-diagonal entries of J,, are:

dgx(W;(X (X d%Y;(W;(X AL (X’
gx( i ( ))z_ £;(X) % J( i ( )) % i( )’ for X # X'
oW (X") l+&;(X) OLj(X)OL;j(X") OW;(X’)
. ) ) ) (X )
Thus, this Jacobian matrix has the form J,, = I — (diag (%) (Hy,)A + C), where Hy, is
the Hessian of the production function, A is a diagonal matrix with entries Axx = %, C

is a diagonal matrix with entries Cxx = &' (X)(1 +£;(X)) " x [0€;(X)/01logW;(X)]. Iis

the identity matrix, and diag (%) is a diagonal matrix of skill-specific wage markdowns.
J

. (X aY; aY; Y, . .
3Specifically, 0 < (lifsf ())())( oL, (’X)) < 3L, (-’X), where W(’X) is finite for all L;(X) > 0. The labor supply

curve L;(X) is bounded from below by 0: L;(X|W;(X) =0) = fx(X) / I,(;X) exp(a; (X)) fz1x(BilX)dB; > 0.
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Consider any vector of wages W;(X) that satisfies the first-order condition. Given firm
amenities and the distribution of workers’ preference parameters, the matrices diag (%),
A, and C are fully determined by these wages. Moreover, for any ; € (0,1) and p; < 1, the
Hessian matrix Hy; of the production function is always nonsingular for any wage vector that
is realized. Given this property, the determinant of the Jacobian matrix J,, when evaluated
at the wage vector W;(X), is nonzero for almost all values of (a;,p;) € (0,1) X (oo, 1).
Therefore, the matrix J,, will be nonsingular with probability one at the wage vector W;(X).
By the inverse function theorem, it is further guaranteed that W; (X) is a locally unique fixed
point solution to the first-order condition with probability one. Furthermore, given that the
set of fixed points is compact, it must have finitely-many elements with probability one.

Lastly, suppose that there are two equilibria. Since they are almost always locally stable,

1-a
Pj

. on the firm’s

we may use the implicit function theorem to define the marginal effect of

ey . . . . . 1-a;

profit at each equilibrium. Since these marginal effects are different, any slight change in p—(_l"
J

causes profit to differ at the resulting equilibria. So, there is almost always one equilibrium.

O
C. Identification Proofs and Estimation Details
C.1. Identification of Worker Skills

Proof of Proposition 1.

Suppose that ¢ L S|y, 7 and a;(y, ¢) = aj, +a,,. The labor supplied to a firm j is:

exp(Blog W (x, ¢) +ajy)
i1, exp(Blog WeT(x, 0) + aky)

Liz(x,¢) = I, (BLX) fy, 01 (X @) dB,

where W;ff_f( X, @) = Wiz(x, )/ is the effective wage of the skill type y at firm j. Given any

density fg|, . and firm amenities {ay }«, the firm-specific labor supply elasticity, defined as
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gir(x,p) =0logLi-(x,p)/0logW,:(x, ¢), equals a y-specific function of {WZfo(X, ©)

(0 0) /ﬁ y [ exp (Blog WST(x)) /157 (B, x )] fsix. = (Blx, 7) i
gir(v,p) = ’
ey [ [exp (B'10g WS () /157 (B", x> )| fp1e. = (B x> T)dB’

where I¢T(8, v, ¢) = L L exp(Blog sz( X, @) +aj,). The equilibrium wage equations are:

ex (W Ox, @) | {WET (v, ) birs)
L&y (WETOr, @) | {WET (x, @)Y i)

XTj(1—a;)0, (Lf’,ﬁ()())pj_1 ( Z Oy (Lj.ff()(’))pj) ; ;

Wl (. ) = (
X' €X

for any firm j and vector of skills (y, ¢) € X X Ry;. By construction, the right-hand-side of

these equations is a (J, x)-specific function of the effective wages {W;f( X>®)}k. As shown

by Lemma 2, there is almost always a unique, profit-maximizing solution to these equations.

Thus, with probability one, the effective wages satisfy W]e.f( X>p) = W;?f_f( ) in equilibrium.

O

C.2. Identification of Labor Supply Elasticities

My identification strategy relies on a common trends assumption, which asserts that the
difference in untreated potential outcomes over time is the same, on average, between treated
and untreated firms in the economy. To assess when this assumption is valid, it is necessary
to understand how untreated potential outcomes evolve. In my setting, these outcomes evolve
due to labor supply shifts resulting from the TFP shocks at treated firms. These shifts occur
through a common channel: workers’ wage indices {/(, X)}g x and the joint distribution
Fp x. Therefore, for the common trends assumption to hold, I require that treated and un-

treated firms are affected in the same way, on average by any change in {I(8, X)} s x and Fg x.

Proof of Proposition 2.

To begin, I consider the evolution of labor supply and effective wages for any untreated
firm j between time periods 79 and 7;. This firm does not experience a TFP shock. Yet, its

wages and labor shift due to changes in {/(, X)}g x and Fg x. The proof follows two steps.

84



Step 1. Derive a sufficient statistic for w 0()() ij o) and €z, 0(x) = €jz.0(x)-

Before proceeding, I introduce some new notation. Let fg), -, (Bilx) and f3, -, (Bilx)
denote the conditional densities of workers’ preference parameters S3; given their skill type y
at time periods 7 and 71, respectively. I also define f |, (x) and f} |-, (x) as the corresponding

densities of worker skill types. Next, for T'; = (0, @, {0, }y»{@jy — @y }y.p) > I define:

l—a;—p; .
8r.e(Wlj) =log(l = ;) +1log b, — (1 = p;j)hy - (W[;) + # log > 0y (. (wIT))”
J x'eX

bl = [ [ (exp ﬁfeg(j;*)“’**) Fotvr (BLO Foty e (@) fete () dBdp

for T € {79, 71}, where y* denotes some “reference skill type” at firm j. I assume that each
firm j takes the effective wage index I¢7(B, x) as given. I can interpret g, . (w|I';) as the
equilibrium wage equation for a price-taking firm (with zero markdowns) where log(7;) = 0
andaj, = a;,—aj,+. Asshownin Appendix B.2, there is a unique fixed point solution to this

system since the Jacobian matrix is negative definite. So, I canwrite: g, -(W*[T';) = g} (I').

By construction, the effective labor of skill type y for an untreated firm j in period 7

equals Leff 0()() exp(a; ) X hy (Wt oIT;). So, the potential outcome w 0()() 1s:

JT,

1
8;‘71 0()())
—(l—pj)log( i o(X)) — TP g Z ix' ( i, 0()())

x'eX

Wi, T (x) =logT; +log(1 —a;) +logh,, — log(l +

=logTj —ajaj, —log(1+ )+g;Tl(Fj).

Since the wage changes are infinitesimal, I can write &;-, 0(x) = &r,,0(x, w ]T( 0( X)), where
gir00x, wj.‘fo,o (x)) represents the labor supply elasticity for an untreated firm j during time
period 7| evaluated at the pre-period effective wage w O( x). By this property, I can write:

1
sTo,O(X’ ]TOO(X))

1
871,0()(’ j70, 0( ))

+8y 7, (T) =gy ,(T)).

171 0()() ]T O()() 10g(1+ +log(1+

aw WS 0Ty, 70.7100)
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Additionally, I can write the change in untreated labor outcomes ¢, 0(x) — ;z,0(x) to be:

exp(Baw (W () Ty 70. 7100 +a 0 ~ajy)
L100 IT1 (,Jg X) - Ieiv.et (B Ly o1e1 (x> 0)dB

CXp(ﬁ’ o) Fa = aj)(*) , ,
/ 112;)(,3/ X) fB|,\/,T()(ﬁ |X)fx,go|'ro()(7 90)d18

ij],O(/\/) - ij(),O(X) = 10g

qe(weT 0O 70.71.0)

Step 2. Demonstrate that the common trends assumption holds under Assumption I.

To begin, I write down the difference-in-differences estimand in the following way:

E [6r, 00 = e 00125 = 198 (0) = w| = B[ 70,00 = G0, (0|25 = 0,8 (1) = w]
E[wel () = wel (0lZ; = 1,08 () = w| = B [wef (o) = wel (025 = 0, (1) = w]
E |65, 00) = Gro (0125 = 1w (1) = w| = B[00 = G0, (025 = 0,57 (1) = w]

E[wel (0)]Z; = Lwet (o) = w| =B [wel (0l = 0wl () = w|
In terms of the potential outcomes in the model, this estimand may be re-written to be:

E et 00) = G 00|25 = Lwst 00 = w| = [612,000) = G20 00125 = 05T (1) = w]

DiDTQ,T] (W|/\/) =

DiDT(),T] (wly) =
Ewel | (0lZ; = 1wt (n) = w| =B [wel, (0]Z; = 0,wS (1) = w]

Using the functions g, (wJT0 oI, 70, 71, ) and qg(wJT0 oI5 70, 715 X), I can write:
E[ws 00127 = 1wt (0 = w| = B qw S (0ol 70,7100 = 0w (1) = w]
= E [q S 00010 70, 71,0125 = 1w (1) = ]

=E WS 000|Z; = 1w8 (0) = w]

E [£ir,.000) = €m0 00|27 = 0,wS () = w| =B [qe(wSE (00T, 70,71, X)|Z; = 0, wm()()—W]

=E [q st o0 IT 10,71, 0125 = 1w (1) = w]

=E [t/.000) - Cin0 00| Zj = 1, WSS (x) :W],

In both these equations, the second equality directly follows from Assumption I. Next, I write:

E et 00) = 61 00|25 = Lwst 00 = w| = E [612,000) = Gr0.0 00125 = 0.5 (1) = w]

DiDzy 7 (wlx) =
E[wet  (0]Z; = 1wt (0 = w| ~E[ws 0]z, = 0.0 (1) = w]

E [KJ.TI,I(X) - 5]71,0(X)|Z] = I,W‘jg_o()() = W]

B[l 00 = wil (00|27 = Lwsl (o = w]
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Letting AL; 1, (x) = £jry1 (x) = £ 0(x) and AwST (x) = wel | (x) —wS] ((x), T write:

E [Aé’j,n (0|27 =1,w (x) = ] [sm () X AwSE (0)|Zj = 1LwSh (x) = ]
=B [n (1,958 000) X Awst (0|7, = 1w () = w
= &7, (x,w) XE [ij‘;ﬂ |Zj = Lwsg, (x) = W]
where the second equality uses the fact that &, (), -) is a continuous function of the (log)
wage. Since the TFP shocks are infinitesimal, the difference ij.fol (x) is also infinitesimal
for any firm j. By continuity, the difference &7, (x) — &, (x, wjfo (x)) is also infinitesimal.

Thus, from the equation above, I conclude that &, (y, w) = DiD, , (w) for any wage w € R.

O
C.3. Identification of Technology

Proof of Proposition 3.

Consider two skill types y and y’. For any time period 7 € {7, 7'}, equation (10) implies:
logMPng()() - logMPng()(’) =log6;, —logf;, — (1 - p;)|log L‘}f;()() —log ng()(’)].

Because p; and {6}, }, are fixed over time, the elasticity of substitution may be recovered by

computing inter-temporal shifts in the relative marginal products and effective labor shares:

lo Lif(}() —1lo Leﬁ W
&\ | ~log | e

log [MPLEw0) | | MPLY (1)
MPLT ) MPL}’f‘fi )

(1-pp~'=
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Proof of Proposition 4.

I normalize the firm-specific efficiencies {6;, } , by setting §;,+ = 1 for skill type y* € X.
Under this normalization and given knowledge of p;, these parameters may be computed as:

i
MPLE ()

ff (=
MPLET ()

iid
L5 (x)
3id *
L7 (x*)

0y = exp [log( +(1—pj)10g(

A firm’s returns to scale and total factor productivity can then be recovered from the effective

marginal products, the effective labor shares, and (log) value added at the firm. I write:

7 ,0]
1 —a; = exp |logMPLST (x) - yr = log(6,,) + (1 = p;) log LT (x) +log D" 6, (Li-‘i (x )) :
x'eX

l-a; Pj
Tjr =exp|yjr — ! log Z Oy (Ljfi()()) .
Pj xeX

C.4. Identification of Non-Wage Amenities

Proof of Proposition 5.

For some firm j*, set a;+,, = 0. Under this normalization, the amenities a,, j # j*, are:

ajy =log Liz(x, wst (x)) —log L (x),

where L« () is the labor supplied to firm j* by skill type y at time 7, and L (x, w$" (x))
is the labor supplied to firm j if it posts the same log effective wage as firm k. If the elasticity

curve &;-(x,w) is known to the researcher, then log L (, wj”{f)f() may be recovered via:

well (o)
aJ'X:longf(/\/)""/eﬂC Sj-r()(,W)dW—IOng*T(/\/),

wiz ()
Note that Proposition 2 establishes that & ;- (y, w) is point-identified from DiDy, -, (wj.fo (X)lx)-

O
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C.5. Identification of Worker Preferences

Proof of Proposition 6.

Suppose that the elasticity curve &;-(x,w) is known to the researcher for skill type y.

Then the firm-specific labor supply curves {L ;- (x, w) } ; can be recovered through integration:

tog Ly () =log Lyr (0 + [ | &je(x. )i

wiz (x)

Each labor supply curve L ;- (y, w) may be expressed as a Laplace transform £{g}(s), where:

L{g}(s) = ‘/oog(t) exp(—st)dt, such that t=p
0
exp(ajy)

Ty exp (i () + aky)

g(t) = fﬂl)(,‘r(ﬂ)()fxl-r(/\/)-

The transform £{g}(s) is a one-to-one mapping of g(z). Specifically, any two functions g()
can only share the same Laplace transform if they differ on a set of Lebesgue measure zero.
Therefore, when the elasticity ;- (), w) is point-identified, so is the function g(g5), where:

exp(a,y)

1 exp(Bwet (x) +axy)

g(B) = Tl BLX) fe1= ()

If the amenities {a, } ; are identified up-to-scale, i.e., relative to some reference amenity a +,

then the density fg|, (B|x) is point-identified for any B-value from the following formula:

S exp(BwT () + dry — djey)

exp(ajy - aj*)()fxlf()()

e (Blx) = g(B) x

C.6. Details on the Estimation of Firm-Specific Labor Supply Elasticities

In my estimation procedure, I consider the following nonparametric Kernel estimator:

—— XK wnNZ = B (G () = G (0) = Zj Ko j(WH{Z; = 0} (¢, (X) = 67 (X))
DiD -, (w|x) = o off off eff ’
K wHZ; = 11w, () —wsh () = Z; Ko, j(w)H{Z; = 0} (wST, (x) = wi (X))
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where I define K ;j(w) to be the Kernel weight for firm j with treatment status z € {0, 1}.

Examples of kernel functions include the Gaussian and Uniform kernel, defined as follows:

[ 1(W§§0(){)—w 2}

2 h
Hw-h< w;fo()() <w+h}

1
Gaussian: K, ;j(w) = —exp 5
Yil{w-h< wjfﬁo()() <w+h}

V2r

Uniform: K, j(w) =

In each case, the tuning parameter /& determines the bandwidth. As 7 — 0, I find that:

N 5 HZ = (6, 00 = Gy (0) = 1 25 UZi = 0} (6, () = £, (1)
N2 1Z = B ) —wst (0) = = 2, 1Z, = 03w (o) —wet (1)

where No = 3; 1{Z; = 0} and Ny = X}; 1{Z; = 1}. Also, by the weak law of large numbers:

}lllir(l) DiDy), 7, (wlx) =

1
7 DL HZi =l 0 = Gy (0) B E |6, 00 = Gy 00|21 = 2985, 00) = w] . and:
Z .
J
1
7 DL HZi = 2HSE 00 = WSt (0) B E [l 00 = wS (0)[2; = 2w 00 = v
Z .
J
for z € {0, 1}. Furthermore, using the continuous mapping theorem, I obtain the property:

lim DiD ., (w[x) % DiDiry.r, (wlx) asJ — .

D. Data Preparation and Robustness Analyses
D.1. Details about the Estimation Sample

Figure 8 plots the empirical distributions of log wages, log labor, log value added, and
log profits for the main estimation sample. Note that the distribution of log labor is truncated,

as the estimation sample is restricted to firms that maintain at least five full-time employees.

Additional Data Sources: External Instruments

Public procurement contracts in Norway are enforced by the Public Procurement Act and
associated regulations. The laws apply to procurement of products, services, and construction

contracts valued at over NOK 100,000, and they cover all public sector entities in Norway. All
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Figure 1.8: Empirical Distributions of Wages, Labor, Value Added, and Profits
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Notes. This figure plots histograms of wages, labor, value added, and profits (in logs) for the estimation sample.

public sector procurement is competitive, and procurement auctions are publicly announced

on Doffin.no. The number and scale of announcements depends on the size of each contract.

H. de Frahan et al. (2024) collect data on contract award announcements from Doffin.no
during the period from 2003 to 2018, encompassing over 60,000 announcements. The data
collection process involves three main steps. First, the researchers obtain HTML files through
the Doffin IT department, which contain the full history of contract awards for the specified
period. Second, they employ standard scraping techniques to extract information from these
HTML files. For each contract, various characteristics are collected, including the name of
the winning firm, the size and date of the contract, and the product specifications. Notably,
the Doffin files do not provide information on the names of losing bidders. Also, for 90% of

the contract award announcements, the entire tax identifier of the winning firm is missing.

In the third step, the researchers utilize a fuzzy string matching procedure, following

Raffo and Lhuillery (2009), to link firm names in the Doffin data with government registers
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that include both the names and tax identifiers of all Norwegian firms. This matching process
yields results for approximately 30,000 contracts. The researchers assess the accuracy of the
fuzzy matching procedure by analyzing the 10% of contract awards for which both the name
and tax identifier of the winning firm are available. They find that the algorithm correctly
assigns the tax identifier in 93% of cases. The accuracy of this matching procedure does not

appear to be correlated with contract characteristics, such as the value or number of bidders.

The estimation sample is defined using the same data and following similar protocols as
those used to analyze the internal instrument. Firms are classified as “treated” when they win
their first procurement contracts through Doffin. All firms that receive treatment within the
same calendar year 7 are categorized into a “cohort”. The control group for a given cohort
consists of firms that win their first procurement contract in year 7 > 7 + 3 or never. Future
winner control firms are drawn from the Doffin data, and never winners are drawn from the
full firm sample. Just as with the main sample, the data is restricted to full-time workers and
firms that remain operational, maintaining at least five employees, for nine consecutive years.

In total, the Doffin sample is composed of 25,714 unique firms and 901,811 unique workers.

D.2. Robustness Analyses

The first set of robustness analyses replicates the main IV estimates presented in Figure
4 of the paper using alternative specifications. In Figure 9, I show a version of the estimates
that exclude market fixed effects, effectively treating Norway as one single labor market. In
Figure 10, I report estimates based on a restricted sample where firms only operate a single
establishment. In Figures 11 and 12, I show estimates computed using different types of
Kernel estimators—Uniform and Epanechnikov kernel functions, respectively. In Figure 13,
I provide estimates for a restricted sample of firms with market shares below the median in
their local labor markets. Note that these estimates aim to address potential concerns about

firms leveraging their market shares to compete strategically for workers. Finally, in Figure
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14, I present estimates calibrated using the external instruments described in Appendix D.1.

These exercises reveal that the main IV estimates are robust to specification changes. In
particular, restricting the sample to firms with a single establishment or below-median market
shares does not significantly affect the results. Additionally, alternative types of estimators,
including the nonparametric binning estimator with a Uniform Kernel, yield similar estimates.

Furthermore, all the estimates remain relatively stable with and without market fixed effects.

Figure 1.9: IV Estimates of Labor Supply Elasticities—No Market Fixed Effects
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Notes. This figure presents I'V estimates of firm-specific labor supply elasticities, excluding market fixed effects.
Otherwise, the estimates are based on the same specification choices used to generate Figure 4 in the main text.

The estimates calibrated using external instruments are not directly comparable to those
presented in Figure 4 due to differences in specification choices between the two papers. In
addition to imposing different sample restrictions, H. de Frahan et al. (2024) do not account
for skill differences among workers. Rather, they estimate wage and employment responses
to the instrument using aggregate firm-level measures, such as average wages and total labor.
Additionally, these wage and labor responses are estimated at the firm level rather than at the

establishment level. Perhaps even more importantly, their DiD estimators for computing wage
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Figure 1.10: IV Estimates of Labor Supply Elasticities—Single-Establishment Firms
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Notes. This figure plots IV estimates of firm-specific labor supply elasticities with the sample restricted to firms
with one establishment. Aside from this change, all other specifications are unchanged, aligning with Figure 4.

Figure 1.11: IV Estimates of Labor Supply Elasticities—Uniform Kernel Estimator
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Notes. This figure plots IV estimates of firm-specific labor supply elasticities using a Uniform Kernel estimator.
Otherwise, the estimates are based on the same specification choices used to generate Figure 4 in the main text.
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Figure 1.12: IV Estimates of Labor Supply Elasticities—Epanechnikov Kernel Estimator
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Notes. This figure plots IV estimates of firm-specific labor supply elasticities using an Epanechnikov Kernel
estimator. Otherwise, the estimates rely on the same specifications used to generate Figure 4 in the main text.

Figure 1.13: IV Estimates of Labor Supply Elasticities—Small Market Shares
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Notes. This figure plots IV estimates of firm-specific labor supply elasticities with the sample restricted to firms
with below-median market shares. Otherwise, all other specifications are unchanged and align with Figure 4.
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Figure 1.14: Calibrated Estimates for External Instruments
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Notes. This figure plots the reduced form estimates for the external instrument, averaged across skill types and
years. The point estimates and standard errors in the first two figures come from H. de Frahan et al. (2024). The
bottom two figures show the estimated firm-specific labor supply elasticities calibrated to my framework. Note
that elasticities are measured at the firm level, and they do not account for skill differences between workers.

and employment responses differ from mine. Whereas I control for a firm’s initial effective
wages, the estimator used by H. de Frahan et al. (2024) controls for a firm’s initial labor
share. This approach would be invalid under my framework, as I allow for the possibility that
two firms with identical labor shares face different labor supply elasticities. Taken together,

these differences in methodology could lead to notable variations in the IV estimates.

Despite these differences, when I calibrate my model using the wage and labor responses
estimated by H. de Frahan et al. (2024), I observe a pattern that closely aligns with the main
IV estimates in my paper. Specifically, I find that labor supply elasticities vary significantly
across firms, with higher elasticities being associated with higher average wages at the firm.
Any discrepancies between the two sets of estimates may attributed to the specification

differences outlined above. Yet, it is reassuring that the same patterns emerge in both cases.

The second set of robustness analyses are misspecification tests. First, I test whether the
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internal instrument Z impacts labor on the intensive margin by influencing work hours. I find
that there is no significant effect. Next, I test whether the I'V estimates (averaged across years,
firms, and skill types) differs between firms with below-median and above-median market
shares in their local labor market. I find no significant market share effect, which supports

my assumption that firms do not internalize their market shares when setting workers’ wages.

Table 1.5: Two Misspecification Tests

Effect of Z on Work Hours Market Share Effect

Estimated Effect p-value Estimated Effect p-value

Market FEs -0.011 0.105 -0.380 0.311
(0.007) (0.773)

No Market FEs -0.003 0.624 -0.073 0.462
(0.007) (0.774)

Notes. This table presents two misspecification tests. The first two columns report the estimated effect of Z
on worker’s scheduled hours. The third and fourth columns report the effect of having an above-median local
market share on the labor supply elasticities. Both tests are conducted with and without market fixed effects.

D.3. Additional Tables and Figures

This Appendix section provides additional tables and figures that are not included in the
main text of the paper. In Figure 15, I plot the estimated distributions of worker skill levels,
disaggregated by college attainment and experience. In Figure 16, I plot the IV estimates
for my main specification, averaged across all years and skill types. In Figure 17, I plot the

estimated distributions of worker and firm rents across firms in the main estimation sample.

97



Figure 1.15: Estimated Distributions of Worker Skill Levels
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Notes. This figure plots the the estimated distributions of worker skill levels by college attainment and experience.

Figure 1.16: Average IV Estimates by Effective Wage
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Notes. This figure plots firm-specific labor supply elasticities and labor wedges, averaged across all subgroups
and years. Market fixed effects are included. All standard errors are bootstrapped using 500 bootstrap samples.
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Figure 1.17: Estimated Distributions of Worker and Firm Rents

(a) Average Worker Rents at Firm (b) Firm Rents
0.00015
2e-04
2y &
e ©0.00010
Q ()
> >
o o
o o
i le-04 L
0.00005
0e+00 0.00000
10000 12500 15000 17500 5000 10000 15000 20000

Average Worker Rents (Dollars Per Worker) at Fi Employer Rents (Dollars Per Worker)

Notes. This figure plots the distributions of estimated firm rents and estimated average worker rents at a firm.
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Chapter 2

Discrete Choice with Generalized Social Interactions

I. Introduction

The role of social interactions in individual decisionmaking has received widespread
attention in economics. This work has largely focused on settings with uniform strategic
complementarities, where agents seek to conform to the average action in the rest of their
network. Meanwhile, less attention has been given to settings with nonuniform interactions,
where agents conform to the behavior of some people, while deviating from others. These
types of interactions are more challenging to study, particularly when agents make discrete
choices, since the nonlinear dependence between outcomes and the potential for multiple
equilibria may complicate the theoretical understanding of behavioral outcomes and also
pose barriers to identification and estimation. Nevertheless, nonuniform interactions appear
in many real-world contexts. Consider, for example, the impact of gender on peer effects in
schools. Male and female students often face pressure to conform to members of their own
gender, while there may be less pressure to conform across genders. In some cases, students
might even wish to distinguish themselves from the opposite gender—a preference that can

be modeled by a negative interaction effect. As Hoxby (2000) and others discuss, these types
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of peer effects may contribute to gender differences in behavior and academic achievement.
More generally, as Akerlof & Kranton (2000) argue, social identity (e.g., gender, race, class,
or politics) helps to determine a wide range of phenomena, and it is relevant for most everyday
decisions that people make. Given these considerations, it is worth understanding the impact

of nonuniform, and even negative, social interaction effects on economic outcomes.

In this paper, I develop a framework for studying generalized social interactions, where
agents are affected differently by different people in their network. I focus on a model with
binary choices where agents experience positive and negative spillover effects. I characterize
what aggregate outcomes can occur in equilibrium, and I show how the model is empirically
tractable. This work may be especially useful for understanding the impact of identity on

social and economic behavior, as well as the emergence of polarized or segregated networks.

I begin my analysis by modeling a network of agents who make binary choices subject to
social influences and private, idiosyncratic preferences. Following Brock & Durlauf (2001),
I assume that agents act with incomplete information, such that they are influenced by the
expected average outcomes in the network, rather than by every person’s realized outcome.
However, unlike previous work, I assume that the social interaction effects differ, and might
even be negative, across agents. To achieve this objective, I categorize the agents into different
social groups (or “identities’). These classifications play a role in determining private payofts,
and they also form the basis for nonuniform social interactions. In particular, the interaction
effects can be expressed in terms of a matrix J, where each entry Ji, indicates how an agent

in group k is influenced by the expected average action of people in group ¢.

I examine equilibrium properties of the model under noncooperative decisionmaking.
These properties are well-studied in settings with uniform complementarities, where the
spillover effects are all positive; e.g., consider Glaeser, Sacerdote & Scheinkman (1996,

2003), Brock & Durlauf (2001), Calvo-Armengol, Patacchini & Zenou (2009), and Cabrales,
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Calvo-Armengol & Zenou (2011), among others. In these settings, the interactions produce
social multipliers, which can lead to large differences in aggregate outcomes across similar
populations. Models with uniformly positive interactions may exhibit multiple, locally stable

equilibria, which are generally well-ordered, in the sense that they form a complete lattice.!

Overall, there is less known about the equilibrium properties of models with both positive
and negative interaction effects. One issue is that the tools economists use to analyze settings
with complementarities do not readily transfer to settings with strategic substitutabilities, i.e.,
negative spillovers. For example, models involving negative interaction effects may fail to
possess a pure strategy Nash equilibrium. Moreover, even when equilibria do exist, it may be
that none of them are dynamically stable, which means that they are unlikely to be observed
by researchers.Z In much of the networks literature, e.g., Ballester et al. (2006), Galeotti
et al. (2010), Bramoullé et al. (2014), contraction mapping arguments are used to prove
that there exists a unique, stable equilibrium if the spillover effects are sufficiently weak. I
derive a similar, albeit slightly more general, result for my model by using an index theorem.
However, the bulk of my theoretical analysis focuses on cases with strong interaction effects

where unstable equilibria arise and where aggregate outcomes become harder to interpret.

I identify two conditions—one strictly weaker than the other—that each guarantees the
existence of a locally stable equilibrium in contexts with strong interaction effects. Both
conditions have meaningful economic interpretations. In either a strict or weak sense, they
require that agents are not repelled by their own social group. Using these two conditions, I

show how key results in the complementarities literature extend to a broader class of models

'The microeconomic foundations for models of complementarity are largely developed by Donald Topkis
(see Topkis (1998) for a summary), Vives (1990), and Milgrom & Roberts (1990). This work leverages
key results from lattice theory, e.g., Tarski’s fixed point theorem, to study equilibrium behavior in settings
with uniform complementarities. Cooper & John (1988) also provide an early discussion about the role of
complementarity in economics. For related work, see Milgrom & Shannon (1994) and Athey (2001, 2002).

2Jackson & Zenou (2015) describe several unresolved questions regarding how and why network-based
models with substitutabilities behave differently from models with uniform complementarities. Of course,
strategic substitutabilities appear frequently in economics, albeit outside of the social interactions literature; see
Bramoullé & Kranton (2007), Bramoullé et al. (2014), and Elliott & Golub (2019) for recent contributions.
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that involve substitutabilities. I start by establishing necessary and sufficient conditions for
the existence of multiple equilibria. I show that multiplicity depends on a single parameter:
the spectral radius of the Jacobian matrix of the equilibrium system. This number measures
the intensity of the cycles in a network, thereby quantifying the cumulative strength of the
interaction effects. I find that a unique, stable equilibrium exists if the spectral radius is
below a certain threshold, while multiple, locally stable equilibria exist if the spectral radius
is above this threshold. Next, I consider the social welfare of agents at different equilibria. I
find that negative interaction effects can introduce welfare trade-offs, such that it impossible
to jointly maximize the expected utility of agents in different social groups. Specifically, if
two agents who otherwise prefer the same action are negatively influenced by one another,
then the equilibrium that maximizes welfare for one may not maximize welfare for the other.

This result is instructive for policy analysis as it carries implications about social inefficiency.

In the second half of the paper, I turn to the question of identification. That is, given
data on individual choices across multiple networks, what can be said about the role of social
interactions? The identification of network-based discrete choice models with incomplete
information is carefully studied by Brock & Durlauf (2001, 2007), and more recently by
Bhattacharya et al. (2023). Paula (2017) and Kline & Tamer (2020) also give recent reviews

of the literature.®> My analysis builds on this work by tackling two key identification problems.

First, I address the issue of unobservable network effects. These contextual factors
may prevent researchers from uncovering the role of social interactions. For example, when
comparing student achievement across different classrooms, it is hard to distinguish the impact
of peer effects from unobserved teacher quality or unknown class characteristics. Much of

the applied literature tends to rule out these unknown network factors.* Alternatively, some

3Blume et al. (2011) also review issues about identification of linear and nonlinear network-based models.
4For example, Brock & Durlauf (2001, 2007) assume that the network effect is a constant linear function of
observed variables, whereas Bhattacharya et al. (2023) assume that it exhibits a specific linear factor structure.
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papers have used a panel to difference-out the fixed effects between time periods; e.g., see
Hoxby (2000) and Brock & Durlauf (2007). However, this approach relies on having access

to panel data, as well as the assumption that the model parameters do not change over time.

To handle the issue of unobservable network effects, I introduce a novel approach that
allows for the partial identification of social interactions. Importantly, this method places no
restrictions on the network-level determinants of people’s actions. Rather, it leverages a panel
structure that is inherent in the model, whereby members of different social groups interact
in the same network. Since these agents face the same contextual factors, I can control for
network effects by comparing the outcomes of different social groups in a given network.
Using this approach, I recover the differences between any two social interaction effects,
which I can then use to measure the amount of polarization in a network.’> This technique
of exploiting within-network variation in individual-level characteristics is new to the social
interactions literature. However, similar approaches have been proposed in other areas of
economics. For example, Berry & Haile (2022) show how to use data about heterogeneity

within markets to reduce the number of instruments needed to estimate systems of demand.

Next, I address an issue that is common to most network-based models with incomplete
information, which is that the expected average outcomes in a network are never directly
observed. Instead, a researcher only sees the average actions among finitely-many agents.
Since these observed averages converge to the true expectations as the networks grow large,
previous research has treated this issue as an estimation problem rather than as a barrier to
identification; e.g., see Bhattacharya et al. (2023). These estimation strategies rely on double
asymptotic arguments, such that the number of networks and the size of each network must

both tend to infinity. I argue that these approaches are not advisable given that replacing

>My definition of polarization contributes to a burgeoning literature documenting how people’s choices are
divided along cultural or political lines; e.g., see Boxell et al. (2022) and Bertrand & Kamenica (2023). In this
literature, there is still no clear consensus on how to measure polarization as it is a relatively abstract concept.
One benefit of my approach is that [ measure polarization in a way that is motivated by an economic model.
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expectations with observed averages always leads to measurement error. Indeed, I show
that, in any setting with finite networks, the observed average outcomes are endogenous in
the model. Moreover, by failing to account for the endogeneity, most common estimation

methods would produce biased estimates—even as the number of networks tends to infinity.

I approach the issue as a classical measurement error problem (Wooldridge, 2013, sec.
15.4). Specifically, I note that the observed average outcomes are noisy approximations of the
true expectations and are therefore endogenous. To correct for this endogeneity, I use internal
instruments. This procedure involves randomly partitioning the network into two parts and
then computing the sample average action within each part. Using these sample averages, I
treat one as the endogenous variable and the other as an instrument. Since each network is
partitioned randomly, this IV strategy ensures that the model parameters are identified even
for small networks. I then define an IV estimator and prove it is consistent. I also demonstrate

the efficacy of the estimation strategy by running Monte Carlo simulations.

Finally, I provide an empirical application of the model and identification strategy using
data from the class size reduction experiment Project STAR. Prior research has used this data
to measure peer effects in classrooms, e.g., see Boozer & Cacciola (2001) and Graham (2008).
However, I leverage the generalized interactions framework to study a new question: How
do peer effects differ by gender? For this application, I find evidence of significant gender
differences in peer effects, where male and female students are both more likely to conform to
members of their own gender than to members of the opposite gender. This finding is notable
as it contributes to a longstanding literature about the impacts of gender and social pressure
on academic achievement, e.g., see Hoxby (2000), Lavy & Schlosser (2011), and Bostwick
& Weinberg (2022). While previous work has primarily focused on the effects of gender
composition, I explore how students are directly affected by the expected achievement of their

male and female peers. Moreover, I perform this analysis while accounting for unobserved
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classroom-level determinants of student outcomes. Overall, my empirical findings illustrate
the advantages of using a generalized interactions framework to learn about systematic
differences in social interactions. They also contribute to a growing literature on identity in

economics; see Charness & Chen (2020) and Shayo (2020) for discussions.

This paper proceeds as follows. Section II describes the binary choice model. Section
IIT explores the equilibrium properties of the model, such as existence, uniqueness, dynamic
stability, and social welfare. Section IV considers alternative specifications and also explores
how the equilibrium properties generalize to a broader class of models. Section V explains
the identification strategy, along with the estimation procedure and the simulation results.

Section VI presents the empirical application and key findings. Lastly, Section VII concludes.
II. A Model with Generalized Social Interaction Effects

I study a binary choice model with interaction effects that vary on the basis of group
identity. This model extends Brock & Durlauf’s (2001) binary choice framework by assuming
that individuals are influenced differently—perhaps even negatively—by different people.
For example, a person might seek to conform to the average behavior in certain groups,
while distinguishing herself from others. Unlike previous work, I allow the distribution of
idiosyncratic preferences to be nonparametric. This feature ensures that the equilibrium

properties of the model will be robust under relatively loose functional form assumptions.
II.A. Individual Preferences

Consider a network of I agents, where each agent i belongs to one of K social groups.
Every agent chooses a binary action w; € {0, 1} at a common time. Let @* be the average

. . —_ k . . .
action in group k, and let @” . be the average action among members of group k excluding i.

When forming decisions, people are influenced by the expected behavior of everyone

106



else in their network. For any person i in group k, the utility from choosing an action wj is:

Ui(wilk) = vi(w;) + Jegw; Ef(@F,) + Z Jeew; Bi(@°) + ei(wy). (2.1)

t#k
Here, E;(@* ) and E; (&) represent i’s subjective expectations about @*; and @', respectively.
The term vy (w;) is the private utility associated with a choice. This utility may vary by group

membership. Finally, €;(w;) is an idiosyncratic preference that is independent across agents.

Under this framework, utility exhibits proportional spillovers, so there is a multiplicative
interaction between an agent’s choice and the expected average choice in every group.® Each

term Jy, captures how much members of group k seek to conform to the mean behavior in £.

Because the action is binary, I can write v (-) as an affine function: vy (w;) = hrw; + 1.
Also, I can write € (w;) = g;w; + & without loss of generality, where &; and &; are random
coeflicients in the model. Note that h; parameterizes the deterministic private utility bias

toward w; = 1 for an agent in group k, while &; captures the agent’s own idiosyncratic payoft.

I assume that the idiosyncratic payoffs €; may be distributed differently in every group:
P(e; < zlk) = Fep(z), fork=1,...,K, (2.2)

where F«(-) is continuously differentiable, symmetric about zero, and has positive density
everywhere. I make no further parametric assumptions about these distributions. So, this

framework applies for a variety of empirical specifications, e.g., logistic or Gaussian errors.

Three quantities are especially important for characterizing the model. First, there is
a vector h = (hy,..., hg) of private utility terms, which specifies each group’s intrinsic

preference over the two actions. Second, there is a vector of distribution functions { Fyx }le,

5The spillover term Jypw; Ei(u')[) may also be generated from a quadratic conformity effect —%Jk[ [wi —
Ei(a‘)"))]2 as studied by Bernheim (1994). See Brock & Durlauf (2001) and Blume et al. (2015) for discussion.
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which determine how likely it is that any idiosyncratic payoff is realized in each group. Third,

there is a matrix J € RX¥*K containing all the social interaction effects:

Ju Jio - Jik
Jo Jn - Jk

y=7 | 2.3)
_JK1 Jk2 - JKK_

Throughout this paper, [ will refer to J as the interaction matrix. It may also be interpreted
as the adjacency matrix of a directed graph (%, J), where the nodes K = {1, ..., K} represent
different groups of individuals.” The entries of J specify the nature and intensity of the
relationships between groups. Note that the interaction effects may not be symmetric, so Ji¢

need not equal Jyi for k, ¢ € K. In addition, any of the interaction effects could be negative.
II.B. Equilibrium under Noncooperative Decisionmaking

When analyzing this model, I focus on (pure strategy) Bayesian Nash equilibria where
agents act noncooperatively. In other words, agents do not coordinate with one another when

making decisions. Each agent i in group k chooses the action w; = 1 with probability:

P(w; = 1) = o (i + B (@) + ) Jre Bi(@)). 4
t#k

Since w; takes values in the set {0, 1}, the expected action E(w;|k) also equals P(w; = 1|k).

I assume that everyone has rational expectations about other people’s choices. So, while
agents cannot directly observe the actions of others, they do correctly infer these actions in
expectation, i.e., E;(w;|k) = E(w;|k) for all agents i and j, and all groups k. By symmetry

of the conditional expected choices, it follows that E(w;|k) = E(w/|k) for all 7, j, and k.

7For linear-in-means models, this matrix is sometimes called a “sociomatrix” (e.g., see Blume et al., 2015).
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g . . . _k K .
An equilibrium is defined by the expected average choices {E(@")};_, that are consistent

with individually optimal decisions. Letting m** denote E(&*), I can write this condition as:

K
m** = g|k(hk + ijgmf*), fork=1,...,K. (2.5)
=1
Any fixed point solution m* = (m'*, ..., mX*) to this system of equations is an equilibrium.

III. Equilibrium Properties of the Model

I now examine various properties of an equilibrium, such as existence, dynamic stability,

and uniqueness. I also explore the implications of equilibrium outcomes for social welfare.
III.A.  Existence

As the distributions {Fy; }£_, are continuous and the support of m* is [0, 11X, Brouwer’s

fixed point theorem guarantees that there is at least one solution to the equilibrium system.

Property 1. There exists at least one equilibrium m* in the binary choice model.
III.B. Dynamic Stability

Another key equilibrium property is dynamic stability. This property asserts that any
iteration on best response dynamics would converge to an equilibrium. Formally, consider a
dynamic analogue of the equilibrium system: mf = Fyk (hk+Zf=1 Jkgmf_l) fork=1,...,K.
An equilibrium m™ is defined to be locally stable if it is a limiting solution to this dynamical
system, where the initial iterate m lies within some sufficiently small neighborhood of m*.
Alternatively, an equilibrium is unstable if there is a neighborhood of m* such that, for any my

arbitrarily close to m™, there is some eventual iterate m; that lies outside of the neighborhood.

The question of local stability is fundamental to comparative statics. If a locally stable

equilibrium is slightly perturbed, then the average outcomes in a network would return to that
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equilibrium. Meanwhile, if an equilibrium is unstable, then nearby outcomes would diverge
from it. In practice, locally stable equilibria are the ones that a researcher observes, while

unstable equilibria represent tipping points between different equilibrium outcomes.

To assess when an equilibrium is locally stable, I need to introduce some terminology.

First, I define the Jacobian matrix of the right-hand-side of the equilibrium system (2.5) as:

D(m*) = B(m")J. (2.6)

Here, B(m*) = diag | fopi(h1 + SK L em®), . fax (he + 25 Jxem®)] is a diagonal
matrix of densities fex (hx + Y, Jxem), each representing the relative likelihood that an
agent in group k is close to indifferent between the two actions at an equilibrium m*. So,
D(m*) equals the interaction matrix J where each row k is weighted by the expected fraction
of group k that is near indifferent at m*. As all density functions f; are strictly positive, the

entries Dy¢(m*) of the Jacobian matrix have the same signs as the interaction effects Jy,.

Next, I define the spectral radius of the Jacobian matrix p(D(m*)) as the largest eigen-

value of this matrix in absolute value. Formally, for any square matrix A, this quantity is:

p(A) = max {|/l| : A is an eigenvalue of A}. 2.7)

A matrix A is convergent, in the sense that lim,_,,, A’ = 0, if and only if p(A) < 1. So,
a larger spectral radius corresponds to a more expansive matrix. In this model, p(D(m™))
allows me to measure the collective strength of the social interaction effects within and across

groups. As seen by the next property, this quantity governs the local stability of equilibria.
Property 2. 1f p(D(m*)) < 1, then m* is locally stable. If p(D(m*)) > 1, then m* is unstable.

This property almost gives a necessary and sufficient condition for local stability. It falls

short only when p(D(m*)) equals one. However, this case is not especially relevant in this
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model, since it is not economically meaningful and it occurs with probability measure zero.®

111.C. Uniqueness

This model has the potential to exhibit multiple equilibria. In other words, for some
fixed parameter values, there may be multiple solutions to the equilibrium equations. In this

subsection, I examine what social environments lead to uniqueness versus multiplicity.
Social Environments with a Unique Equilibrium

When is there only one equilibrium? This situation arises whenever the social interaction
effects are not strong enough to generate any unstable equilibria. To see why, consider the

next property, which follows from Sard’s Theorem and the Poincaré-Hopf Index Theorem.

Property 3. For almost all distributions {Fx }le, the number of equilibria is finite and odd. Also,

if there are d; locally stable equilibria, then there are at least d; — 1 unstable equilibria.

Using Property 3, I recover a sufficient condition for uniqueness. Namely, if all equilibria

are locally stable, then there can only be one. This reasoning leads to the following corollary.
Corollary. 1f p(D(m*)) < 1 at all equilibria m™, then there is a unique, locally stable equilibrium.

Recall that p(D(m*)) measures the intensity of social interactions, weighted by the

likelihood that agents are indifferent between the two choices. So, a unique equilibrium exists

if the social interactions are relatively weak and/or if agents have strong private preferences.’

8When p(D(m*)) = 1, the stability of m* is governed by the Hessian matrices of the equilibrium equations.
However, for almost all {Fz|x }f:] , the Jacobian D(m*) evaluated at any equilibrium m* has no unit eigenvalues.

°By using the Poincaré-Hopf Index Theorem, I obtain a sufficient condition for uniqueness that is weaker than
the conditions that are adopted in much of the literature, i.e., those that are implied by the Banach contraction
mapping theorem. Note that Property 3 is consistent with a longstanding literature about the oddness of Nash
equilibria in finite games; for example, see Wilson (1971) Harsanyi (1973), and Kohlberg & Mertens (1986).
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Social Environments with Multiple Equilibria

When is there more than one equilibrium? By Property 3, multiplicity can only occur
in settings with strong interaction effects where unstable equilibria exist. However, strong
interactions do not always imply multiplicity. In some cases, there is a unique equilibrium
that is unstable.'® To interpret equilibrium behavior when there are strong interaction effects,

I must first examine the role of strategic complementarity and substitutability in networks.

Negative Spillovers and Global Instability of Equilibria

If all the entries of the interaction matrix J are non-negative, then the model exhibits
strategic complementarity between all agents. In this case, each person’s utility is a super-
modular function of individual choices, which means that the marginal payoff from one’s
action (weakly) increases when anyone else chooses that same action. This type of model

has important properties. Most notably, it almost always has a locally stable equilibrium.!!

If the interaction matrix has negative entries, then these same equilibrium properties
do not generally apply. In particular, some interaction effects are incompatible with locally
stable equilibria. This instability has an economic interpretation. It arises when agents are
strongly repelled by the choices in their own group. In these cases, the group can never settle

on one average action because its members will always be discontented with the outcome.

To better understand this point, assume there is one group in the network, i.e. K = 1,
and suppose, for simplicity, that there is no private utility bias, i.e. & = 0. In this case,
an equilibrium m* is defined as the fixed point solution to m* = F.(Jm™) (group subscripts
are removed for notational convenience). When J < 0, agents are repelled by the expected

average action in the population. Therefore, if E(@) is high, then people tend to prefer the

190ne example of this phenomenon occurs when the interaction matrix J is symmetric and only has eigen-
values with non-positive real parts. For such interactions, the model always has a unique equilibrium m™*, which
is locally stable when p(D(m*)) < 1 and is unstable when p(D(m*)) > 1. See the Appendix for details.

"'Milgrom & Roberts (1990, 1994) and Milgrom & Shannon (1994) give properties of supermodular games.
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low action. Conversely, if E(®) is low, then most people prefer the high action. When J < 0

is sufficiently large in magnitude, the equilibrium behavior in the model becomes unstable.!?

When there are multiple groups, the role of negative interactions is more complicated.
To illustrate why, suppose that there are now two groups, i.e. K = 2. The interactions in this
case are depicted in Figure 1, where arrows indicate the direction of each effect. By the same
reasoning as before, a stable equilibrium cannot exist if the within-group effects J;; and J»;
are very negative. Additionally, consider what happens when J1» > 0 and J>; < 0. Members
of group 1 seek to conform to the mean behavior in group 2, while members of group 2 want
to distinguish themselves from group 1. These social influences, if they are strong enough,
lead to self-contradictory behavior: if E(®?) is high, then E(&') is also high, which means

that E(®?) is low, and so forth. In this setting, equilibrium outcomes again become unstable.

Figure 2.1: Social Interactions with Two Groups

Social Interactions that Maintain Stable Equilibria

Going forward, it will be useful to classify what types of social interactions are conducive
to stable behavioral outcomes. The discussion above suggests that global instability arises
when preferences are self-contradictory in the sense that a population responds negatively to
its own average choice. So, it makes sense to rule out these cases. The following condition

captures the idea that all groups are overall positively affected by their own average choices.

Assumption A. There is an invertible matrix B such that BJB~! has all non-negative entries.

128pecifically, global dynamic instability occurs when J < —f2!(0). For an explanation, see the Appendix.
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This assumption states that the interaction matrix J is similar to a non-negative matrix.
When two matrices are similar, they represent the same linear operator under different bases.
In this way, Assumption A ensures that the model behaves similarly to one where all the in-

teractions are non-negative, i.e. where there is strategic complementarity between all agents.

On its face, Assumption A is hard to interpret. Nevertheless, it covers a range of contexts

where agents do not wish to deviate from their own group. I highlight two special cases.

Example 1. The way that agents are affected by their own group depends on the cycles in
a network. These cycles dictate how an agent’s choice is reflected back onto itself via social

interactions. Suppose that the product of interaction effects along any cycle is non-negative.
Assumption A.1. For any k and integer M, Jy;,J;j,j, - Jjyk = Oforall ji,...,ju € K.

Under this condition, agents would never be repelled by their own group. For example,
with two groups, A.1 implies: J1; > 0, Jo; > 0, and J12J>; > 0. This restriction does not rule
out negative interactions, but it requires that Ji, and J>; have the same sign. In other words,

between-group relations are mutual: agents either “agree to agree” or “agree to disagree”.

More broadly, Assumption A.1 holds if the indirect spillover effect J,,J,,¢ has the same
sign as the direct spillover effect Ji¢, i.e. if sgn(Ji¢) = sgn(JgmIme) forall k, €, m € K13 In
this way, A.1 invokes the phrases “the friend of my friend is my friend” and “the enemy of my

friend is my enemy”’. This condition is rooted in balance theory (Cartwright & Harary, 1956).

To see how Assumptions A and A.1 are related, consider the following lemma. It reveals

that A.1 is a special case of Assumption A where the change-of-basis matrix B is diagonal.

Lemma 1. Assumption A.1 holds if and only if BJB~! is non-negative for a diagonal matrix B.

13To motivate this restriction, consider a random effects version of the model where the interaction effects are
unweighted. In particular, let J;; € {1, 1}, where J;; varies across all agents i and j. Interpret J as a matrix of
average interactions Jix, = E(J;;|i € k, j € £). In this case, the restriction must only hold in an average sense,
such that P(J;, Ji,i, = Jiginlio € k, i1 € m,ip € £) > 0.5 forall k, €, m € K. See the Appendix for justification.
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Example 2. Suppose that the interaction matrix is symmetric, positive semi-definite. In
this case, it satisfies Assumption A since it can be diagonalized so that J = B-'AB, where B

is orthogonal and A is a diagonal matrix of the eigenvalues of J, which are all non-negative.

One example in this class of matrices is the diagonally dominant matrix, which satisfies:

Tk = Z \Jiel, fork=1,...,K. 2.8)
£k

This condition may be interpreted as saying that the level of cohesion in a group is strong

relative to the between-group influences. Hence, agents tend to conform to their own group.

Deriving a Sufficient Condition for Multiple Equilibria

In settings with strong interaction effects, Assumption A is instrumental in characterizing
equilibrium behavior. This assumption ensures that there is almost always one locally stable

equilibrium. Also, the locally stable equilibria outnumber the unstable equilibria.

Property 4. Suppose that Assumption A is satisfied. Then, for almost all distributions {F k}le,

there is exactly one more locally stable equilibrium than there are unstable equilibria.

To justify Property 4, I first give a proof in the case where J is non-negative. This
proof relies on the Perron-Frobenius theorem, as well as other mathematical results related
to non-negative matrices. I then show how the proof extends to settings where Assumption

A holds (where J is similar to a non-negative matrix). These arguments in the Appendix.

Under Assumption A, I obtain a sufficient condition for multiplicity. Specifically, multiple
equilibria arise when agents have a strong desire to conform to the average action in their own
group. In these social environments, aggregate behaviors become self-reinforcing, which

leads to multiple locally stable equilibrium outcomes from the same fundamentals.

Corollary. Suppose that Assumption A is satisfied. If p(D(m*)) > 1 at some equilibrium m*,
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then the model has multiple equilibria, and at least two equilibria are locally stable.
III.D. Comparisons of Aggregate Welfare across Social Groups

In this model, there is no strict Pareto ranking across equilibria since extreme realizations
of the random payoff &; can dominate an agent’s utility. So, to learn about social welfare, I
consider the expected utility of agents in a group. In doing so, I can assess which equilibrium

makes agents better off on average. In group k, the expected utility at an equilibrium m™ is:

K
E (H}j}»x Ui(wilk)|m*) =E (HLIU%X {hkwi + 1k + Z Jrewim®™ + giw; + f,-}). (2.9)

=1
To evaluate this expected utility, it helps to rescale the choices so that w; € {—1, 1}. This
modification has no impact on equilibrium behavior; however, it makes the welfare calcu-
lations easier to interpret. For example, it implies that—in absence of private preferences,
i.e., when hy = g; = 0 for all i, k—an agent’s realized payoff when everyone selects the high
action is the same as it would be when everyone selects the low action. In this way, there is
no negative externality inherent to an equilibrium in settings where all agents are ambivalent
between their choices. In general, welfare analysis in models of social interactions is highly
sensitive to the way that utility is specified, even when different specifications yield the same
expected choice functions. The reason is that welfare depends on the exact mechanisms that
give rise to spillover effects (e.g., social learning, pressure to conform, or free-riding), not

just the spillover effects themselves; see Bhattacharya et al. (2023) for a detailed explanation.

When the action takes values in the set {—1, 1}, the expected utility in group k equals:

K
E (max Uy (w;|k)|m") = B ((hk + 3 Teem + si)) sm+EED.  (210)
wi
=1
As seen through the next result, the equilibrium that generates the highest expected utility is

116



the one where most group members choose the same action, i.e., where E(&*) is largest in
magnitude. In addition, if agents are privately biased toward the high (low) action, then they

tend to maximize their expected utility at the equilibrium where E(@*) is highest (lowest).

Property 5. Let M be the set of equilibria. For any group k, argmax,,,-c 5+ E(max,, U;(w;|k)|m™)

equals argmax,, . pq- | E(@")|. Also, there always exists some threshold Ty for which:

(i) If hy > Ty, then argmax,, . . v E(max,, U;(w;]k)|m*) = argmax,,. .y E(oF).14

(ii) If hy < Ty, then argmax,,.. y- E(max,, U;(w;|k)|m™) = argmin,, .. y(- E(@%).

When do different social groups favor the same equilibrium? To answer this question,
it will be useful to characterize when two groups are positively or negatively influenced by
one another. These notions are generally hard to define because social influences reflect the
sum of direct spillover effects (e.g., Jx¢) and indirect spillover effects (e.g., JxmJme), which
arise through interactions with other groups. Fortunately, using Assumption A.1, I can more

easily interpret the nature of relations between groups. Consider the following definitions.
Definition 1. Group k is connected to group € if Jij,Jj,j, . .. Jj,,e # 0 for some ji, jo,..., ju € K.
Definition 2. Group £ is positively (negatively) influenced by group ¢ if, for any positive integer M,

Jijidjija - -Jjye 2 0(2 0)forall ji, ja,..., ju € K, with atleast one inequality strict.

Whenever group k is positively (negatively) influenced by group ¢, its members seek to
conform to (deviate from) the average behavior in €. If all groups are connected, i.e., if J is
an irreducible matrix, then Assumption A.1 ensures: (1) every group is positively influenced

by itself and (2) any two groups are either positively or negatively influenced by one another.

When Assumption A.1 holds, the equilibria in the model are ordered in a distinctive way.

“Why would T} # 0? In any group k, the payoff from choosing w; depends on Ay, as well as on &, for each
group ¢ that influences k. So, even if 4x > 0, most agents in group k may still prefer the low action if (1) z, < 0
for some ¢ that attracts k or if (2) hy > 0 for some ¢ that repels k. Only if Ay is strong enough to overcome
external influences (if /1 lies above some Ty) is E(max,,, U; (w;|k)|m™) maximized where E(@%) is highest.
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This ordering determines how the relative welfare of equilibria varies across social groups.
Property 6. Suppose that Assumption A.1 is satisfied, and consider any two social groups k and £.

(i) Suppose that k and ¢ are positively influenced by one another. Then the equilibrium

where E(@*) is highest (lowest) is the same equilibrium where E(&?) is highest (lowest).

(ii) Suppose that k and ¢ are negatively influenced by one another. Then the equilibrium

where E(@") is highest is the same equilibrium where E(®?) is lowest, and vice versa.

To understand the implications of Property 6, consider any social environment where
A.1 applies and there are multiple equilibria. In this setting, there are two extremal equilibria
(call them m* and m"), where E(@*) is either maximized or minimized for all groups k. As
I prove in the Appendix, both m* and m™ are always locally stable. So, under appropriate

initial conditions, any fixed-point iteration on (2.5) will converge to an extremal equilibrium.

Taken together, Properties 5 and 6 reveal that social interactions can introduce welfare
trade-offs, such that it is impossible to maximize aggregate welfare jointly in every group.
In particular, if two groups are biased toward the same action, i.e., if hy > Ty and hy > Ty,
and if they are negatively influenced by one another, then they will maximize their expected
utility at different equilibria. A similar trade-off arises when two groups are biased toward

different actions, i.e., if hy > T} and hy < T, and are positively influenced by one another.
IV. Extensions and Alternative Network-Based Models
IV.A. Games on Networks

The properties in Section 3 are not exclusive to the binary choice framework. They also
have implications for a much broader class of models where agents interact in a network. To
see how, consider a game with K players. Each player k chooses a; from a compact action

space Ay € R. Given a profile of actions a € A| X Ay X - - - X Ak, the player’s best response is
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*

a, = qk ( Zf: 1 Jkgag), where g (+) is some non-decreasing function that maps from R to Ay.

This game encompasses an abundance of economic models. For example, an action
ay could represent a person’s investment into a public good, with everyone benefiting from
how much their neighbors contribute.!> Alternatively, a; could be the output of a firm that
competes in an oligopoly, where each firm’s action influences the market price. These types

of models are well-studied, and they both involve strategic substitutabilities between agents.

Another interpretation of this game is that each player represents a community of indi-
viduals. In the binary choice model, the players are social groups, where the members of each
group make one of two choices subject to social influences and idiosyncratic biases. Agents
act noncooperatively, and a; refers to the average choice within group k. This framework
would also apply to a different type of model, in which the residents of a country or local
institution make a collective decision. For example, consider modeling spillover effects in
US state policy, where voters support more liberal or conservative agendas based on the laws

enacted in other states. Here, a; would represent the collective action taken in state k.

I focus on pure strategy Nash equilibria, which are defined by the action profiles a* where
no player k wishes to deviate from a; . It is well known that an equilibrium exists if there are
continuous best responses and compact, convex action spaces. However, even without these
restrictions, an equilibrium would still exist if the interaction matrix J satisfies Assumption
A.1. To prove this result, I use Tarski’s fixed point theorem, which ensures existence if the
best responses are increasing, i.e., if J is a non-negative matrix. I then show that this property

extends to settings where A.1 holds.'® Crucially, this approach does not rely on continuous

I5Bramoullé et al. (2014) study a type of public goods game that is nested by my framework. In their
paper, players choose from an interval [0, 1] and the best responses are a; = max{0, 1 — 6 X ;. gkcar}, where
6 € [0,1] and gx¢ € {0, 1} indicates whether two players k and € are linked. Notice that their paper focuses only
on contexts with pure strategic substitutes, whereas my analysis permits both positive and negative spillovers.

16Specifically, under A.1, the best response functions map to an alternate system of equations with a non-
negative interaction matrix. Any equilibrium in the original model corresponds to an equilibrium in a different

model that has supermodular payoffs. Given this mapping, I use Tarski’s theorem to prove that equilibria exist.
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bestresponses. So, in the binary choice model, Assumption A.1 is enough to ensure existence

even when the random utility component &; is not continuously distributed.

If the best responses are differentiable at each equilibrium a*, then the spectral radius of
the Jacobian matrix is all that is needed to determine uniqueness. In particular, let @* be the
equilibrium at which p(D(a*)) is greatest. If p(D(a@*)) < 1, then @* is the unique equilibrium.

Additionally, when Assumption A holds, there are multiple equilibria if p(D(a*)) > 1.

The equilibria of this game are generally not well-ordered. For example, they often do
not form a lattice structure, which is useful for drawing conclusions about social welfare.
As seen through Property 6, ensuring well-ordered equilibria can be achieved by imposing
Assumption A.1. This condition guarantees that there always exist extremal equilibria. It
also implies that there are trade-offs between different players in the network: if k and £ are

negative influenced by one another, then a; is highest wherever a; is lowest, and vice versa.

One convenient feature of this game is that each player’s best response either (weakly)
increases or decreases monotonically in another player’s action. So, if the best responses are
continuously differentiable, then the entries of the Jacobian matrix D retain the same sign for
every value of a. However, this monotonicity assumption may be weakened. For example,
suppose that a player’s current action determines whether they conform to or deviate from
someone else. In this case, characterizing equilibrium properties would require evaluating

whether Assumptions A and A.1 are satisfied locally in certain regions of the support of a.
IV.B. Stable Network Structures

Given the implications of Assumptions A and A.1 for equilibrium behavior, it is worth
understanding what network structures would satisfy these conditions. Namely, what types
of exclusion restrictions (entries of O in the interaction matrix) are associated with stable

equilibrium outcomes? I explore this question by examining four canonical types of networks.
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Figure 2.2: Graphs with Seven Nodes

o
° O/ \.
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(a) Tree (b) Circle (c) Bipartite Graph (d) Complete Graph

Example 1 (Tree). If the links between agents are sparse, then Assumptions A and A.1
are likely to hold even in very large networks. To see why, consider a tree with K nodes.
This network is used to study peer effects in social hierarchies or firm interactions in vertical
production networks. Trees also encompass two common types of network structures: lines
and stars. Since a tree has no cycles, any walk to and from the same node requires retracing
the same edges. So, if the interactions are symmetric or even weakly mutual, in the sense that

either Jxe, Jex = 0 or Jie, Jr i < Oforall k, € € K, then Assumption A.1 is always satisfied.!”

Example 2 (Circle). Consider a circle with K nodes. This network is used to study
domino effects that arise when agents only interact with close contacts, rather than with the
entire population; e.g., see Ellison (1993). Suppose that the interactions are weakly mutual,
and let d.,,. be the number of edges involving negative interactions. If d.,, is even, then A.1
always holds. If d.,,. is odd, then each agent is negatively influenced by herself. In this case,
Assumptions A and A.l both fail. So, the stability of equilibria for this type of network

depends on the number of agents, which determines the parity of negative interactions.

Example 3 (Bipartite Graphs). Consider an environment with pure strategic substitutes,
i.e., let Jyp < 0 for any &, ¢ € K. In this setting, A.1 holds if and only if the corresponding

graph is bipartite. More generally, A.1 applies if and only if the agents can be partitioned into

I7f the interactions are not weakly mutual, then JioJex < O for some &, £ € K, which means that A.1 fails.
This scenario is strategically similar to a matching pennies game, which has no pure strategy Nash equilibrium.
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two teams, such that negative interactions only exist between members of different teams.

Note that, even if A.1 fails, Assumption A may still be used to ensure equilibrium stability.'8

Example 4 (Complete Graphs). Consider a network where all agents are linked. As there
are no exclusion restrictions, Assumption A.1 is unlikely to hold if there are many agents in
the network. For example, if the interactions are weakly mutual, then the fraction of complete
graphs for which A.1 holds is 1/27%, where yx = (K — 1)(K —2)/2 for K > 2. With three
agents, this fraction is 1/2. With seven agents (depicted in Figure 2d), it is 1/32,768. So,
Assumption A.1 is more likely to apply in settings with very few agents and/or where the
interaction effects are fairly uniform. In the binary choice model, I take the latter approach

by partitioning the network into a few subgroups, in which the spillover effects are constant.
IV.C. Preferences over Network Composition

Until now, I have assumed that agents are influenced by the expected average action in
each group, regardless of which group comprises a larger share of the total population. I now
consider an alternative setup, where utility depends on the expected composition of people

who choose an action. Namely, suppose agents care about E(k|w;) instead of E(w;|k).

This reformulation may be used to study how social influences affect network selection.
For example, suppose that agents are choosing whether to enter a new environment, such as
a school, and they care about what types of people they are likely to encounter there. This
scenario invariably leads to negative interaction effects, since a preference that one group
is in the majority is equivalent to a preference that other groups are in the minority. These

behaviors can be analyzed using the same techniques that I outlined in the previous sections.

18 Assumption A typically holds if the within-group spillovers Ji; are positive and large relative to the
between-group spillovers Ji¢, £ # k. For example, let the interaction matrix J and the matrix B equal:

o 1 1 1
J—[_l | and B_[l —l]

If § > 3, then BJB~! is a non-negative matrix, which means that the model will have a locally stable equilibrium.
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Consider a model with two social groups: a and b.'” Let A, be the share of people in
group a, and let s, (w;) be the probability of being in group a given that someone chooses w;.

The utility from a choice w; depends on the composition of agents who make that choice. Let:

Ui(wilk) = vi(w;) + Jisq(w;) + €(w;), for k € {a, b}. (2.11)

Under this framework, the parameter J; indicates how much the people in group k benefit

from associating with members of group a. Both v, () and ¢;(+) are specified as before.

In equilibrium, the expected composition of agents making a choice must be consistent

with individually optimal decisionmaking. By Bayes’ rule, any equilibrium should satisfy:

/1(1 P(w,la)

A P(wila) + (1 = 2,) P(w;|b)’ for w; € {0, 1}, (2.12)

sa(w) =

where P(w; = 1|k) = Fei (hi +Jk (54(1) —54(0))). By Brouwer’s FPT, an equilibrium exists.

Uniqueness and dynamic stability of equilibria depend on the Jacobian matrix D € R?*?

of the system (2.12). Letting B = foj (A + Jk(s4(1) — 54(0))), I define this matrix so that:

Jaﬁa Jb,Bb
DI -Du Dii = sa(O)[1 - sq(0)] (bl - Jebs)

D= . where POl PO 2.13)
~Dy Dx Dy = sa(D[1=sa(D)] (52 - 55

Suppose that agents prefer to associate with their own group, i.e., let J, > 0 and J, < 0.
In this case, the matrix D satisfies Assumption A.1. Hence, there is almost always a locally

stable equilibrium—even if the interaction effects are strong enough to generate multiplicity.

If agents prefer not to associate with their own group, i.e., if J, < 0 or J; > 0, then the
model may not have any locally stable equilibria. This global instability occurs when agents’

behavior is self-undermining, such that a group always seeks to deviate from its own action.

191 study the two-group case for simplicity, but this framework may be generalized to cases with many groups.
y group

123



As an example, consider Allende (2019), who studies how peer effects drive student sorting
in Peru. In her model, all parents prefer to send their children to schools that are made up of
wealthy, high-achieving peers. If the peer effects are sufficiently weak, then a unique, locally
stable equilibrium would exist. However, if low-performing students overwhelmingly seek

to associate with their high-achieving peers, then a locally stable equilibrium may not exist.

In this model, the amount of diversity in a network is tied to stability of an equilibrium.
To see why, note that the rows of the Jacobian matrix D are scaled by s, (w;)[1—s5,(w;)]. This
term grows larger as s, (w;) approaches 1/2, and it tends to zero as s, (w;) approaches O or 1.
So, if the agents who choose an action are more diverse, then the Jacobian is more expansive,
and the realized equilibrium is more likely to be unstable. Conversely, if one group makes up
the majority of people choosing an action, then the equilibrium is more likely to be locally
stable. Of course, this relationship only holds for a static model, where group membership is
fixed. In the school choice example, some characteristics like student achievement are likely
to change over time, while other traits, such as racial identity, may be constant. One area for

future work is to explore how the dynamics of identity affect the formation of networks.
V. Identification and Estimation of Endogenous Interaction Effects

I now discuss how the model can be brought to data. Specifically, I show how to use
data on individual choices to learn about the social interaction effects {Jx¢}« ¢. These effects

are of primary interest to applied researchers as they have major implications for public policy.

V.A.  Empirical Setting

Suppose that a researcher has data pertaining to many networks. In practice, a network
could represent a household, a school, a neighborhood, or a workplace. Agents only interact
with other people in their network, and these interactions may differ on the basis of social

identity, e.g., by gender or occupation. In the data, the researcher either observes the entire
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network or a random sample that is drawn from each network. In addition, the researcher
knows which network n an agent belongs to, as well as an agent’s social identity k. Let I, «

denote the total number of agents in the sample belonging to network n and social group k.

To ensure a broad scope for application of the model, I assume that an agent’s private
utility is heterogeneous across networks. So, for any agent i with social identity k who resides
in a network n, the private payoff from an action w; depends on: (1) individual-level factors
i, (2) identity-specific factors Ay, and (3) contextual network effects a,. Importantly, each

of these features is unobserved by the researcher. Hence, an agent i’s action w; equals:

w; = Il{hk + @y + Tk Bi (0 ;) + Z Jee Bi(@h) + & > 0}, (2.14)
£k

where hy, @,, &;, and {Ji,} ¢ are unknown coefficients. The model can also be adapted to
incorporate observed individual-level covariates. However, since including covariates does

not meaningfully change my analysis, I omit them for now and give details in the Appendix.

Throughout this section, I make two assumptions about the error structure in the model.
First, I assume that the idiosyncratic payoffs &; and &; are independent for any two agents i
and j within and across networks. Hence, there is no covariation between the error terms.
Second, I assume that &;, conditional on group membership k, is independent of the network
effect @,,. This condition implies that there is no self-selection into networks based on agents’
unobserved idiosyncratic payoffs.?’ Both of these assumptions are standard in the literature

on social interactions, and they could also be relaxed to allow for selection on observables.?!
Assumption B.1. (i) the errors {&;}; are pairwise independent; (ii) P(g; < z|k, a,) = Fx(2).

As before, agents act with incomplete information and consistent beliefs. While they do

20This restriction is stronger than needed to prove identification. As shown by Manski (1988) and elaborated
on by Horowitz (2009), full conditional independence could be replaced by a quantile independence restriction.

2ISuppose that P(g; < z|W,, an, k) = F &,k (z) for some observed network-level variable W,,. Even if
F¢|w, x does not equal F |, identification still follows by comparing networks with the same observables.
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not see everyone’s idiosyncratic payoff g;, they know about the generic parameters Ay, ay,
and {Ji¢ } k¢, as well as the distribution functions { Fx }le . Therefore, they would accurately

infer the expected average choices {E(@*) }le. In equilibrium, the expected outcomes equal:

K
mk* = g|k(hk +ap + ijfmﬁ*), fork=1,...,Kandn=1,...,N. (2.15)
=1

As shown in Section 3, multiple equilibria can arise if the social interaction effects
{Jke}k ¢ are large enough in magnitude. When multiple equilibria exist, I assume that agents

know which one is realized, so there is no coordination involved in selecting an equilibrium.
V.B. Overview of the Identification Strategy

The model is point identified if there is only one set of parameter values {/ }«, {@y }n,
{Jke} ke, and { F i }« thatis consistent with the data under the equilibrium equations. Even if
there is no self-selection into networks based on g;, two obstacles to identification remain. In

the rest of this section, I describe both of these obstacles and explain how to overcome them.

Network-Level Unobservables

The first barrier to identification is the presence of unobservable network effects a;,,
which impede my ability to learn about social interaction effects. To account for this issue,
I propose a new technique that allows for the partial identification of social interactions
while imposing no added assumptions on the network-level determinants of agent’s choices.
Specifically, I am able to difference-out the network fixed effects for members of two social

groups residing in the same network. I outline this procedure in detail in the next subsection.

Using my approach, I show that I can recover the differences between two interaction
effects, i.e., {Ji,¢ — szg}f: | for any groups k; and k. These parameters are economically

meaningful since they specify how the members of any two groups k; and k, differ in their
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desire to conform to another group €. Furthermore, I can use these parameters to construct
an economic measure of polarization. Specifically, for any groups k; and k», I can compute
Okiky = Jkiky + Jkoks = Jk1ky — Jkok,- This term quantifies how much agents want to resemble

their own group plus how much they want to distinguish themselves from the other group.

Unobserved Expected Average Choices

The second barrier to identification is that the expected average choices {m**}; , are not
actually observed. Instead, a researcher only sees the average choices among a finite number
of agents in a network. This consideration is an inherent feature of network-based models
with incomplete information. However, in the literature, identification proofs often assume
that {m,’j*} k.n are already known; e.g., see Brock & Durlauf (2001) and Blume et al. (2015).

*

The basis for this assumption is that the expectation m,* may be consistently estimated by the
observed average choice @! as the size of each network tends to infinity. So, the researcher’s

inability to see m** is treated as an estimation problem that is separate from identification.

I claim that it is not desirable to treat the expected average actions as known quantities.
In many applications, the network sizes are small, which makes the observed averages be
poor approximations for the true expectations. Even in large networks, @F is a noisy measure
of mX*. So, by replacing m** with @* when estimating the model, the estimates are biased

due to measurement error. This bias exists even as the number of networks tends to infinity.

I explain how to correct for the bias with internal instruments. In particular, I randomly
split each network into two subsamples, and I use the average choice in one subsample as
an instrument for the (endogenous) average choice in the other subsample. By construction,
these averages are both noisy measures of m**, and the measurement errors do not depend
on one another. Hence, this IV procedure is valid. I demonstrate that this approach leads to

consistent estimates of the social interaction effects, even as the network sizes remain small.
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Remarks on Reflection and Multiple Equilibria

In linear simultaneous equation models, a primary threat to identification is the reflection
problem (Manski, 1993). This issue arises whenever the expectation m** is linearly dependent
on «,, such that—even if «@,, were a deterministic function of observed variables—it would be
impossible to disentangle the role of social interactions from contextual network effects. To
overcome the reflection problem, researchers typically rely on exclusion restrictions, which

are variables that only affect some agents in a network, while leaving others unaffected.

In my setting, the reflection problem does not arise. Indeed, Brock & Durlauf (2001,
2007) show that this issue is not a threat to identification in the binary choice framework
because the data always uncovers a nonlinear relationship between m** and a,,. This nonlin-
earity is inherent to the model and it acts like an exclusion restriction, which allows me to
distinguish between the social and contextual effects. So, after accounting for the two issues

above, I find that the parameters in the model are identified without additional restrictions.

Lastly, the potential for multiple equilibria would not interfere with identification. The
model is identified as long as there is a many-to-one mapping from the data to the preference
parameters. Moreover, when estimating the model, I do not need to solve the equilibrium
equations (2.15) directly. So, my analysis is robust to any issues that stem from nonuniqueness;
see Bhattacharya et al. (2023), sec. 5.5, for more discussion.?? In most cases, it makes sense
to assume that the realized equilibrium is locally stable; otherwise, it is unlikely to be observed

by a researcher. However, no part of my identification strategy relies on dynamic stability.
V.C. Identification with Known Expected Average Choices

As a first step, suppose that the expected average choices {m**}; , are observed. In this

case, the main obstacle to identification is the unobserved network effect «,,. To handle this

221n discrete choice models with full information, nonuniqueness can affect identification (see Tamer, 2003).
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issue, | propose to difference-out the fixed effects by contrasting the outcomes of two social
groups in the same network. The intuition for this strategy is contained in the lemma below.

I'include the proof along with the result so that my approach can be more clearly interpreted.

Lemma 2. (Sufficiency Property.) For any network n € {1,..., N} and social group k € K:
E(wilk, an, {my,"}iC,) = E(wilk, {my ). (2.16)

kx

Proof. Choose some social group k such that k # k. The expected average choice m*

is defined according to equation (2.15). Since F; is strictly increasing, it is invertible. So:
) K
ay = FL(mE) = hy = " Jgml (2.17)

By plugging this expression for , into the definition of E(w;|k, a,, {m’* }f: \)» L find that:

K
E(wilk, an, {m{}5)) = F8|k(hk — i+ ) (ke = Jgomy + Foi(my") | (2.18)
=1
The network effect cancels, and E(w; |k, a,, {m’* }f: ;) is now a constant function of {m!r f: -
m|

This lemma shows how the observed differences between individuals in a network can be
used to control for unknown contextual effects. Consider any two agents i and j with different
social identities (k and k, respectively) who both reside in the same network n. Since these
agents share the same context, all the network-level determinants of i’s choice are captured
by j’s decision. Any difference between w; and w; is driven by idiosyncratic preferences
(i.e., & versus &;), as well as factors that relate to social identity (i.e., k versus k). This
framework offers a natural panel structure, which allows me to control for contextual effects

by comparing the expected outcomes of different types of agents in the same network.
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I give two versions of my identification result. First, I provide conditions for semiparamet-
ric identification, where the error distributions {Fyx }le are known by the researcher. Then,
I give conditions for nonparametric identification, where {Fg”(}f:1 are unknown. While
the nonparametric version allows for greater flexibility, it also requires that there is a lot of

variation in the data. In both versions, identification is achieved without «, being observed.

Conditions for Semiparametric Identification

Before stating the identification result, I first write down the following assumption:
Assumption B.2. The network effect @, is a continuously distributed random variable on R.

This assumption corresponds to condition A.4 in Brock & Durlauf (2007), which is based on
Manski (1988). It requires that «,, varies across networks and takes infinitely-many values.
By implication, the equilibrium outcomes {m,’?‘}kK=1 must be heterogeneous across networks.
This heterogeneity is crucial for uncovering the nonlinear relationship between the expected

average choices. It ensures there is ample variation to isolate the role of social interactions.

Theorem 1. Suppose that Assumptions B.1 & B.2 hold, and assume that m** is observed for all net-

works n and all social groups k. If the distribution functions { F, £|k}f=1 are known, then:

(i) Without further assumptions, {hx, — hi, }k,.k, and {Jx,¢c — Ji,0} &, k,.c are identified.
(ii) If a, = W, d for some observed vector W,,, then d, {h}x, and {Jx,}« ¢ are identified.

This theorem has two parts. Part (i) leverages Lemma 2 by showing that the model is
partially identified even if researchers have no prior knowledge about the network effects.
In particular, I can recover the differences in identity fixed effects hy, — hy,, as well as the
differences between the interaction effects {Jx,, — szg}fz , for any social groups ki, k2 € K.
This finding is new to the literature, and it is the main contribution of the theorem. Part (ii)

considers a special case—studied by Brock & Durlauf (2001, 2007), among others—where o,
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is a constant linear function of observed variables. In this case, the model is fully identified.

Remark 1. Subtracting Ji, k, — Ji,k, from Ji, k, — Ji,k,, | obtain a measure of polarization:

6/(1](2 = Jklkl +Jk2k2 - Jklkz - szkl- (219)

This term specifies how much agents in social groups k| and k, prefer conforming to their
own group over the other group. In the current literature, polarization is often viewed as an
abstract concept, and there is still no clear consensus on how define it. One benefit of my

approach is that I can measure polarization in a way that is motivated by an economic model.??

Remark 2. 1f the error distributions are known (e.g., if {Fy k}f,f:1 are standard Gaussian
or logistic), then—under appropriate normalizations—all the interaction effects {Jx¢} ¢ are
identified up to scale. To see how, assume J; = 1 for some group ¢. Since {J; — Jgg}le are
point identified, every coefficient Ji, is known relative to J,. Hence, by setting the diagonal

entries of the interaction matrix J to one, each element J;, may be recovered from the data.®*

Conditions for Nonparametric Identification

For nonparametric identification, I need an extra assumption. Specifically, there must be
an exogenous, individual-level covariate that varies continuously over an unbounded support.
Using this variation, I can recover each of the error distributions { Fy }le , which I then use

to identify the rest of the model. This strategy closely follows Brock & Durlauf (2007).

To set ideas, I first modify the choice equation to allow for exogenous covariates X; € R’.
I define w; = 1{X/c+hy +a,+ Zf:] Jkgmf;* +&; > 0}, such that P(&; < z|X;, k, a,) = Fok(2)

and P(X; < x|k, a,) = P(X; < x|k). Following Manski (1988), [ impose the next assumption:

23Under my framework, polarization is defined with respect to a particular choice w;. So, if social identity is
more salient for some choices than others, then {6, k, }«,,k, Will depend on the decision that agents are making.
2In many practical contexts, {F £|k}kK: , are only known up to a scale parameter, e.g., the variance. In these
cases, {Ji,¢ —Jkyt } k1. k,.¢ 18 already identified up to scale, and additional normalizations would not be advisable.
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Assumption B.3. For any k € K, supp(X|k) is not contained in a proper linear subspace of R”;
also, there is some component x; of X—with a nonzero coefficient ¢ ;—such that, for almost

all values of x_j |, the distribution of xx given x_jx has positive density everywhere on R.

Assumption B.3 ensures that there is enough variation in the data to recover the model

parameters even if the distributions {Fy k}szl are unknown. Consider the following result.

Theorem 2. Suppose that Assumptions B.1, B.2, & B.3 hold, and assume that m,’j* is observed for

all networks n and social groups k. Then ({F k}f:1 , ¢) is identified up to scale. Also:

(i) Withno more assumptions, ({hx, =Rk, } i, kys {Jk16—J kot } 11 k».¢) 18 identified up to scale.
(ii) If @, = W),d for a known vector W,, then (d, {hi}r, {Jke}.¢) is identified up to scale.
V.D. Identification with Unknown Expected Average Choices

In practice, researchers do not see the expected average choice m**. Instead, they would

k

,» among finitely-many individuals. This quantity may be

only see the average outcome @

*

interpreted as a noisy measure of the true expectation, such that cDﬁ =m," + upx Where u,;

has mean zero and /1, x X u,x converges in distribution to N(O, m,’i*(l - m,’i*)) as I, — oo.

If a researcher simply replaces m** with @* without accounting for measurement error,
then the previous identification arguments break down. To understand this point, it helps to

re-write an agent’s choice equation in terms of the quantities that are observed in the data.

K K

w; = ﬂ{hk +a, + Z Jkga_)f; +& > 0}, where &; = ¢; — Z JieUne. (2.20)
=1 =1

In this equation, the sample averages {a')ﬁ}f: , are correlated with the idiosyncratic term &;.

Indeed, even if agent i’s choice w; were excluded from the sample mean @¥, it is still the case

that Cov(&}, &) = —Jxe X Var(uye) forevery € € {1,..., K}. Hence, {®"}5 | is endogenous

in the model, which further implies that conditions (i) and (ii) of Assumption B.1 are violated.
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To correct for this endogeneity, 1 propose an IV strategy that uses internal instruments.
This procedure involves carrying out two steps. First, in each network n and social group k,
I randomly split the sample into two subsets: a and b. In practice, there are many ways to

form these subsets (e.g., by drawing Bernoulli random variables), and their sizes will not

k

. in each subset.

matter for identification. Second, I compute the average actions w,, , and chl b

k

By construction, the two sample averages w,,

, and @* , are both noisy measures of m**,
n,b n

where the measurement errors (u,x o, and u, », respectively) are independent of one another.

This independence is a consequence of the incomplete information setting, in which agents

only respond to expectations rather than to the realized choices of others. Given this property,

k

is used as an
n,b

I can account for endogeneity in the model through IV estimation, where @

instrument for @ ,. Before formalizing my result, I will first motivate it with an example.

Example (Brock & Durlauf, 2001 ). In their paper, Brock & Durlauf (2001) study a model:

m;, = tanh (h+ W,d + Jm}), forn=1,...,N, (2.21)

where W, is a vector of observed contextual factors and (%, d’, J) are unknown parameters.>

In the case where m, is known, the authors prove that the model is identified as long as there

is sufficient variation in W,, for uncovering the nonlinear dependence between m,, and W,,.

However, the expectation m;), is generally unknown. So, any researcher who wishes to
apply the model to data would instead be relying on the observed average choice @,. Unless
one accounts for measurement error, many common estimation strategies (e.g., maximum
likelihood estimation or OLS regression) will lead to biased estimates. To illustrate this point,

suppose that someone wants to estimate the model via OLS using the observed means {w;, },.

2 Brock & Durlauf (2001) have individual-level covariates X; in their model, which I omit to ease notation.
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Defining u,, = @, —m,, and v,, = tanh™! (@,) — tanh™! (m), I can re-write equation (2.21) as:

=
Il

_ _ h+E(v,)
tanh™' (@,) = h + W/d + J&, + £,, where: (2.22)

&n —Ju, + vy, — E(Vn)

To ease notation, I define i, @&y, and Y to be the residuals from a least squares regression of

my, @,, and tanh™! (@y), respectively, on the vector (1, W;). The OLS estimand for J equals:

JoLs _ Cov(@n,¥) " Var (i) . Cov(un, vy)
© Var(&,) Var (1)) + Var(u,)  Var(im}) + Var(u,)

(2.23)

Observe that this estimand is “doubly-biased” because both the explanatory variable and the
outcome variable are measured with error. As a result, Var(u,) # 0 and Cov(u,,v,) # 0 in

JOLS

any setting with finite network sizes. So, the estimand generally does not equal J.

To overcome this issue, I can use two-stage least squares. To do so, I start by partitioning
each network into two parts (a and b), and then I compute the average choices @, , and @, .
By construction, @y is a valid instrument for @, , since @, L u,,. In addition, @, will
satisfy instrument relevance because Cov(@y 4, @, ) = Var(m)) # 0. Given these proper-
ties, I can recover J via TSLS. This strategy involves: (1) regressing @, , on (1, W,, @,p)
in the first stage to estimate all the fitted values L(@, 4|1, W,, @, ), and then (2) regressing
tanh™! (Wn.q) on (1, W), L(@p.4|1, @ p)) in the second stage. By the usual IV arguments, this

procedure yields consistent estimates of the parameters d and J even for small networks.

An 1V Estimator to Recover Endogenous Interaction Effects

To formalize this identification strategy, I begin by defining a')f;a and a'),’j »» Which are the

average outcomes in each randomly-generated subset of a network n and social group k.26 1

26Here, an implicit assumption is that there are at least two agents within any network n and social group .
Otherwise, it will be impossible to further partition the sample, which means that a")fw and o)fl , are undefined.
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_ Ak Jex _ -1k —1 (ks
also define unka = Wy g —my," and vpra = F (0yq)— Foy (m;*) to be the measurement error
that enters the model when a researcher tries to approximate m** and Fg‘“]( (m**), respectively,

using the average outcome cD,]i 4 In the following theorem, I show that the social interaction

k

.. 18 used as an instrument for ok .

effects are recovered from linear IV estimation, where @
Theorem 3. Suppose that Assumptions B.1 & B.2 hold. Then the following two statements apply.

(i) For any two social groups ki, k; € {1, ..., K}, define the IV estimand ﬁi‘( k, SO that:

1 -k 1 -k
Y, = F8|/l<l(wn,1a) - F8|/l<2 (wn,za
ﬁi‘l/»kz = E(ZnX,’l)—l E(Z,Y,), where: 1x, = (1, U_)};,a’ o ’a_)r[l(,a)/ (2.24)
Zl’l = (1’(‘3311)9 ’a_)Kb),
This estimand is ﬁ]’(‘l/’kz = [he, = hio *EGnka) —EWnksa)s Tk —Jiots - - - Jle—szK]/.

(ii) Let a,, = W, d for some observed vector W,,, and define the IV estimand ,8?’ so that:

Yo = F(@h)
ﬁiv =E(Z,X)"'E(Z,Y,), where: X, = (1,W, a-)’lw’ L a_)nK,a)/ (2.25)
Zl’l = (19Wna a_)}l,b" . -70_)711{’17)/
For any social group k, the estimand ,BQ/ isequal to [hx + E(vpka), d's Jk1s - - -5 k]

By the sample analogue principle, I can construct estimators for 8;", and ;" that will
converge in probability to the desired parameters as the number of networks grows large.?’
By standard arguments, these estimators are capable of inference, and they may be used
for hypothesis testing. Importantly, this estimation strategy yields consistent estimates even

when the size of each network remains small. Therefore, I do no rely on double asymptotics.

7 Specifically, the estimator (~ X, Z,X,) "' (& I, Z,Y,) converges to E(Z, X},) "' E(Z,Y,) as N — oo.
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To evaluate the efficacy of the estimation method, I conduct Monte Carlo simulations. In
Table 1, I compare the performance of the IV estimates as I vary the size of each network, as
well as the number of networks, in the simulated data. I perform this analysis with both IV
estimators: (i) computing {,BAQ[/ kz} k,.k, when @, is unknown, and then (ii) computing {BAQ/} k

when «,, = W, d for some known vector W,,. Throughout all these simulations, I fix K = 2.

The simulation results in Table 1 illustrate two key properties of the IV estimators. First,
the estimators perform better in settings with larger networks. Indeed, as the network sizes
grow, the sample average choices {(I),’i,a }x.» Will better approximate the expectations {n%*}; .,
reducing the amount of noise in the model. Second, the estimators become more precise as
the number of networks N increases. This pattern is implied by Theorem 3, which shows

that, for any fixed network sizes, I can consistently estimate the social interaction effects.?8
VI. Application: Differences in Classroom Peer Effects by Gender

In this section, I present an empirical application of my model and identification strat-
egy. This application uses data from Project STAR, a large-scale education experiment that
randomly assigned students to classrooms of different sizes and subsequently measured their
test scores. Within this context, I study the role of peer effects on academic performance, and

I use the generalized interactions framework to assess how these spillovers differ by gender.
VI.A. Description of the Data and Specification Choices

The Project STAR experiment took place among students in 79 Tennessee public schools
who entered kindergarten in 1985. Within each school, students and teachers were randomly

assigned to three types of classrooms: small (13 to 17 students), large (22 to 25 students),

28When implementing this IV strategy, the researcher has flexibility in choosing how to partition the networks.
Namely, one can select how much of the sample to use to define {& , },» and {d)f; » Jk.n»> as long as this selection
process does not depend on the individual-level determinants of choices. Given this freedom, there may be
a way to spit the sample in an “optimal way” in order to improve estimator performance. Also, if data on
individual choices is available, then the researcher may obtain more precise estimates via maximum likelihood
estimation. These issues are worth considering when estimating the model, and I leave them for future work.
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Table 2.1: Performance of IV Estimators for Different Network Sizes

Mean Squared Error

Number of Agents per IV Estimator (i) IV Estimator (ii)
Networks Network JI’I—:TIZ Jﬂl J 11 J 12 J 21 J 22
N =50 100 0.249 0.922 2740 4.264 1.858 2.226

500 0.041 0.102 0.153 0.610 0.154 0.377
1000 0.017 0.044 0.070 0.254 0.067 0.155
2000 0.008 0.020 0.032 0.112 0.032 0.068
N =500 100 0.066 0.122 0.188 0.989 0.155 0.859
500 0.006 0.013 0.017 0.076 0.016 0.060
1000 0.002 0.005 0.007 0.028 0.007 0.020
2000 0.001 0.002 0.003 0.012 0.003 0.008
N = 5000 100 0.049 0.042 0.023 0.152 0.014 0.064
500 0.003 0.003 0.003 0.022 0.002 0.025
1000 0.001 0.001 0.001 0.006 0.001 0.006
2000 0.000 0.000 0.000 0.002 0.000 0.002

Notes. MSE’s are computed across M = 5000 simulation draws. For each specification, I

assume equal network sizes, and I construct X, using 2/3 of the network sample,

while using the remaining 1/3 to def(llne the instrument Z,,. I assume that agents

have logistic preferences, i.e., &;|k "% Logistic(0, 1) for k € {1,2}. For more details

about the data generating process, see the Online Appendix and replication code.
and large with a teacher’s aide. At the end of the school year, students took the Stanford
Achievement Tests in Math and Reading, and the scores from these exams were recorded as part
of the study. In total, the experiment encompassed 6,325 students across 325 classrooms.?

For more details about the design and implementation of the program, see Word et al. (1990).

The data reports each student’s raw test score, which I transform into a binary outcome
to make the setting suitable for my model. Since there was no pass/fail threshold for these
tests, I study a variety of outcomes, which include: scoring in the top 25%, 50%, and 75%
among Tennessee kindergarten students on both the math and reading exams. I estimate the

model separately for each of these outcomes to assess the impact of peer effects on each one.

29The public-use data does not have classroom identifiers. However, following Boozer & Cacciola (2001) and
Graham (2008), I can uniquely assign students to classrooms by matching on observed classroom characteristics.
Irecover a sample of 6,248 students—among which 5,801 have non-missing test scores—across 321 classrooms.
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Under the protocols of the experiment, students within a given school are unable to
self-select into classrooms. So, Assumption B.1 holds conditional on a school. I account for
this conditional independence by including school fixed effects when estimating the model.
Following Graham (2008), I also give a version of the estimates where I restrict the sample
to schools that have three classrooms (one of each type). This exercise addresses the unlikely

possibility that there was nonrandom assignment of students to classrooms of the same type.

To evaluate how peer effects differ by gender, I focus on a version of the model with two
social identities: male (m) and female (f). The Project STAR data is well-suited for studying
these gender differences because male and female students are both well-represented within

and across classrooms. Among participating students, there were 3,250 boys and 3,075 girls.

Student outcomes are specified according to equation (2.14). This framework allows for
unknown gender effects iy and h,,, which may reflect prior socialization or developmental
differences between girls and boys. It also incorporates peer effects (J¢r,J rm, Jmf> Jmm)
that vary based on gender identity. Furthermore, the model allows for unobserved classroom
characteristics «,, which could include anything from teacher quality to the furnishings and
layout of the room. Throughout my analysis, I make no assumptions about a,—only that it is
a continuously-distributed random variable. Therefore, my approach allows for a wide range

of classroom-level determinants that are typically not accounted for in applied work.

When estimating the model, I assume that the idiosyncratic payoff terms follow logistic
distributions, i.e., £;|k '~ Logistic(0, 1) for k € {f, m}. This assumption relieves the burden
of recovering these distributions nonparametrically, a task that can be quite challenging in

practice. In my setting, the data is simply not rich enough for nonparametric estimation.>°

30Recall from Theorem 2 that recovering {F. |k }k requires significant variation of individual-level covariates
in each network. For small to moderate sample sizes, these functions may be poorly approximated, which
causes the rest of the estimates to be imprecise. If {Fx }x are known a priori, then this step is entirely avoided.
Hence, there is a trade-off between making fewer parametric assumptions and having more precise estimates.
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VIL.B. Empirical Results

Table 2 reports the IV estimates for J ¢ ¢ —J,,, r and Jy, — J 1, using the Project STAR data.
To interpret these results, I first consider the descriptive evidence for gender differences in
test scores. Averaging across all Project STAR classrooms, girls performed 1.01% better than
boys on their combined math and reading scores. However, this difference does not reflect
student outcomes at the classroom-level, where the gender gap favored boys nearly as many
times as it favored girls. On average, the gender gap within a classroom was 2.83%—nearly
three times higher than it was across classrooms. This disparity may suggest that certain
factors at the classroom-level were contributing to gender differences in student achievement.
By examining these patterns under the generalized interactions framework, I can isolate the

role of differential classroom peer effects from other classroom factors that affect test scores.

The estimates in Table 2 indicate the presence of strong classroom peer effects that differ
by gender. Both J¢ —J,,r and J,,, — J 71, are estimated to be positive, which implies that the
pressure to conform is higher among peers of the same gender than it is for peers of opposite
genders. In particular, a 1% increase in the expected fraction of girls scoring in the top 50% in
math is estimated to raise the log-odds of achieving this outcome by 0.047 more for a female
student than for a male student, on average. These estimates are roughly consistent across all
six outcome variables. Moreover, there is no evidence to reject the hypothesis that J ¢ ¢ — J,, ¢

equals Jy,;, — J i, which suggests that the peer effect differences may be symmetric.

To defend the validity of my approach, I perform two types of robustness checks. First,
I test whether any of the gender-specific parameters (h g, by, J ¢, J fms I fs Jmm) depend on
observed classroom characteristics, such as the share of minority students, the poverty rate,
the location of a school (urban versus rural), as well as a teacher’s education and experience.
Such dependence would suggest that the model is misspecified, which could interfere with

identification. Although I cannot test for variation along unobserved dimensions, I find no
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Table 2.2: IV Estimates for Math and Reading Test Scores

Outcome Variable:
Math Reading

Top 25% Top 50% Top 75% Top 25% Top 50%  Top 75%

Jrr—=JIms 4.219 4.710" 5.116 4.659* 4.886" 4.444
(3.109) (0.866) (3.530) (0.230) (0.920) (0.151)

Jmm = I fm 4.310 4.845% 5.509 4.556" 4924 4.674*
(2.747) (0.879) (4.958) (0.302) (0.957) (0.175)

Intercept 0.002 0.220 0.024 -0.008 0.059 0.166
(0.605) (0.313) (0.280) (0.085) (0.301) (0.108)

Number of Classrooms 321 321 321 321 321 321
School Fixed Effects Yes Yes Yes Yes Yes Yes
F(df],de) 1st-Stage (w)") 8.17(2’60) 9-09(2,83) 4.71(2’55) 7.27(2’50) 6-43(2,86) 5.73(2,44)
F(dfl,de) 1st-Stage (a_)ilc) 5~41(2,60) 11.25(2,33) 9.53(2,55) 14.12(2,50) 9-22(2,86) 5.06(2,44)

Notes. Estimates are obtained by computing 3/ Vm, which corresponds to the estimand in equation (2.24). For
implementation, I randomly split each classroom so that half the sample is used to form endogenous
variables X,,, and the remaining half is used to form instruments Z,,. *p<0.1; **p<0.05; **p<0.01.

evidence to indicate that gender-specific effects differ by observed classroom characteristics.

Second, I investigate how sensitive the IV estimates are to the way that the classrooms
are partitioned. Specifically, I produce histograms that show how each of the estimates differ
across a variety of random classroom partitions. I show that, under alternative partitions, the
parameter estimates would not deviate too much from the results reported in Table 2. So, the

estimates reliably demonstrate strong evidence of differential peer effects by gender.
VII. Conclusion

The goal of this paper is to extend the theory of discrete choice and social interactions
to more general settings, where agents are affected differently by different people. I analyze
how aggregate outcomes depend on the features of a network, and I consider externalities
that arise under both positive and negative spillovers. Finally, I show how data may be used

to recover the social interaction effects in the model, and I propose a new estimation strategy
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that can be applied in any context with finite networks and unobserved contextual effects.

One contribution of this work is to classify when models with negative interactions have
the same types of equilibrium properties as models with uniformly positive interactions.
I present two conditions (Assumptions A and A.1), which both imply that agents are not
repelled by their own actions. These conditions ensure that there is almost always a locally
stable equilibrium, and they allow me to derive a sufficient condition for multiple equilibria.
Under these conditions, I also draw conclusions about welfare that extend over a broad class

of network-based models. To my knowledge, both these conditions are new to the literature.

In the second part of the paper, I explain how to tackle two key obstacles to identification.
First, I show that the generalized interactions framework offers a panel structure, which may
be leveraged to isolate the role of social interactions from unobserved network effects. Then,
I demonstrate how to use internal instruments to correct for measurement error that enters
the model when the expected average choices are not observed. This method assures that the

model will be empirically tractable even in settings with small to moderate network sizes.

I implement my framework using data from Project STAR, and I find evidence that peer
effects differ systematically on the basis of gender. These differences would not be captured
by a model that assumes uniform interaction effects. Hence, this application highlights the
advantages of the generalized interactions framework. Note that my analysis only scratches
the surface on the economic implications of heterogeneous interactions. One could take the
model further by allowing for full heterogeneity in spillover effects between all individuals.
Therefore, while this paper contributes to the discussion about heterogeneous interactions in

discrete choice environments, there is still much room for future research on this topic.
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Appendix
A. Proofs of Main Results

Proof of Property 1

Proof. DefineQ : [0, 11X — [0, 11X s0 Qc(m) = Fop (hi+ X Jxem) fork = 1,..., K.
Since Q is a continuous, self-mapping function on a non-empty, compact, convex set in RX,
Brouwer’s fixed point theorem ensures that there exists a vector m* that solves m* = Q(m™).

O
Proof of Property 2

Proof. Suppose that p(D(m*)) < 1. For any € > 0, there is a matrix norm || - || for

which |[D(m*)|| < p(D(m*)) + €. By defining € so that e < 1 — p(D(m™)), it follows that

|ID(m™)|| < 1 for some matrix norm. The system (2.5) is a contraction at m* under this norm:
|lm; = m™|| = [|Q(m;—1) = Q(m")|| < k|lm;—y —m"|],

where « = [0, 1) for any vector m;,_; that lies in some sufficiently small neighborhood of m*.

Iterating on the inequality above ensures that ||m,—m*|| < &||mo—m*||, where lim;_,, k" = 0.

Next, suppose that p(D(m*)) > 1. Since ||D(m*)|| = p(D(m*)) for any matrix norm
||-|], it must be that ||D(m*)|| > 1. By Henry (1981), Theorem 5.1.5., there exists some u > 0
such that, for any ¢ > 0, there is an initial iterate mq where ||mo — m*|| < ¢ for which some

future iterate m,, where t > 1, satisfies ||m; — m*|| > u. So m* is an unstable equilibrium.

Proof of Property 3

Proof. Define the mapping H : [0,1]X — RX so that Hy(m) = m* — Qi(m) for
k =1,...,K. By definition, m* is an equilibrium if and only if H(m*) = 0. Since no

equilibrium lies on the boundary of [0, 1]X, I restrict attention to the interior (0, 1)X.! Let

'Since each F ;i has positive density everywhere, Hy (m) < 0 when my = 0 and H (m) > 0 when my = 1.

142



Dy, denote the Jacobian matrix of 7, and define aset C = {m € (0, 1)X : det(Dg (m)) = 0}.
By Sard’s Theorem, H(C) has Lebesgue measure zero. Therefore, for almost all H (m)
evaluated on the domain (0, 1)X, the matrix D¢, (m) is invertible. Moreover, for any fixed
y = H(m), almost all distributions {Fy, k}f:] would satisfy y ¢ H(C). So, when applied to
the case where H (m) = Ok, Sard’s Theorem ensures that Dy (m*) is almost always invertible
over the full set of equilibria m*. By the inverse function theorem, each equilibrium is locally

unique. Finally, since the set of equilibria is compact, it must have a finitely-many elements.

To prove that there is an odd number of equilibria, I rely on a version of the Poincaré-Hopf

Index Theorem that is proven in Milnor (1965), Ch. 6. This theorem is presented below.

Poincaré-Hopf Theorem. Let v be a smooth vector field on the disk DX that points outward

on the boundary and has a finitely many isolated zeros {x* i }M satisfying det(D, (xZ‘j))) # 0.

Then 3 =1 1ndexx (v) = 1 where mdexx (v) equals 1 if det(D, (x7.)) > 0and —1 otherwise.

(J ))

This theorem applies within this context because the set of equilibria is defined on (0, 1)X,
which is diffeomorphic to an open disk. In addition, H is a smooth vector field pointing
outward at all boundary points, since lim,,, oH (m) < 0 and lim,, _,;H (m) > O for all k.
Finally, for almost all {F8|k }le , it is the case that H has finitely-many isolated zeros and that,
at each of these zeros, the Jacobian has a nonzero determinant. Therefore, the index theorem

ensures that Z?i | indexm? 5 (H) = 1, which means there is an odd number of equilibria.
J

Finally, suppose there are d locally stable equilibria. At each one of these equilibria m*,
the eigenvalues of D(m™) all lie below unity in absolute value with probability one. Hence:
K
det (Dy((m")) = det (1 =D(m")) = | | (1 = ax(m")) >0,
k=1

where {1 (m") }f: , denote the eigenvalues of D(m*). By the index theorem, there must also
be at least d; — 1 equilibria m* at which det(D¢(m*)) < 0. Each of these equilibria have at

least one eigenvalue that exceeds unity. Therefore, there are at least d; — 1 unstable equilibria.
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Proof of Lemma 1

Proof. “=" Suppose that J is similar to a non-negative matrix A by way of a diagonal
change-of-basis matrix B. That is, there exists some diagonal B for which A = BJB~!' > 0.
Since B is diagonal, the elements of A can be expressed as Axy = ByrxJre/Bee, for all k, €.

Thus, for any selection of indices k and £, . .., {y; in the set K = {1, ..., K}, it must be that:

0 < AkeAvyey - Appgk

Bik B e Beye
= ( Jk[l)(Bglgl Jflfz)”'(ﬁjﬁwk)

202

=Jre oo, Jepk

“&" Suppose that A.1 holds. I first restrict attention to the case where J is irreducible.

For any k, I define {y? f: | so that 7? = 1 if k is positively influenced (see Definition 2) by ¢,

and yéf = —1 otherwise. Next, fixing some index kg € K, I construct the matrix B such that:
k
Y
B =diag| :
k
YK

Notice that B is involutory, i.e. B! = B. Thus, for all (g,?), Assumption A.1 ensures that:

[BIB™']1.c = [BIBlie = vy Jke = 7,’§0y§°fke =5 Jke = kel

It follows that BJB~! equals the absolute value of J. Therefore, BJB~! is non-negative.
Finally, if J is not irreducible, then this same reasoning applies to all irreducible blocks of J.
So, it must always be true that BJB~! is non-negative for some diagonal matrix B € RK*X,

O
Proof of Property 4

Proof. First, suppose that J—and therefore D(m) for every m € [0, 1]X—is a non-

negative matrix. Moreover, assume there is an equilibrium m* € (0, 1)X with p(D(m*)) > 1.
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If D(m™) is an irreducible matrix, then the Perron-Frobenius theorem guarantees that:
D(m™)x = p(D(m™))x > x,

for some strictly positive vector x € RX . Tt follows that D(m*)dx > 6x for any scalar § > 0.

By taking the first-order Taylor approximation of Q(m*+dx) about m*, I obtain the following:

Q(m* +6x) = Q(x") +D(x")6x +h;(m™ + 6x)6x, where lim hy(m* +6x) =0
—_—— O — — 6—0
=x* >0x

For sufficiently small 8, the vector a = m* + 6x, where a € (0, 1)X, will satisfy Q(a) >
a > m*. By an analogous argument, there also exists some b = m* — d6x, which satisfies

Q(b) < b < m*. Since no equilibrium lies on the boundary of [0, 1]X, the following holds:
0k <Q0g) <Q(b)<b<m"<a<Q(a) <Qg) <1k

Brouwer’s fixed point theorem ensures that Q has two more fixed points m* and ", such that
0x < m* < m*and m* < m* < 1g. Moreover, if either of these equilibria is unstable, i.e., if
either p(D(m*)) > 1 or p(D(m")) > 1, then these same arguments can be used to show that
there exist two more equilibria: one that lies between the two unstable equilibria and another
that lies between the unstable equilibrium and the boundary. Since there is a finite number
of equilibria with probability one, I may conclude that there are almost always more stable
equilibria than unstable equilibria. Taken together with Property 3, this result implies that

there is almost always exactly one more stable equilibrium than there are unstable equilibria.

Next, consider the case where D(m™) is a reducible matrix. If p(D(m*)) > 1, then the
same must hold for some irreducible block of D(m*). Let 8 denote the set of indices within
this block. Applying the Perron-Frobenius theorem to that block, there exists some vector x,
satisfying x, > 0 for ¢ € 8 and x; = 0 otherwise, so that Q(m* + 6x) > m* + éx for § > 0
sufficiently small. Setting a = m* + dx, it follows that m* < a < Q(a) < Q(1kx) < 1. By

Brouwer’s theorem, there must exist a fixed point of Q between m* and 1, and (by analogous
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arguments) a fixed point of Q between Ox and m*. So, just as in the previous case, there is

always exactly one more stable equilibrium than there are unstable equilibria.

Finally, I explain how this fixed point property, which is specific to monotone mappings,
1.e., where J is non-negative, can be extended to a certain class of non-monotone mappings.
Suppose that Assumption A is satisfied, i.e., let there be an invertible matrix B such that
BJB~! is non-negative. For 7 = [0, 1]¥, define the mapping Q : BI — B in such a way
that Q(m) = BQ(B~'m). This mapping has a Jacobian matrix of Dy (m) = BD(B 'm)B~.
Note that ¢ : RK — RX, where ¢(m) = Bm, is a bijective linear map. Therefore, ¢(-) is a
homeomorphism, and it preserves interior points.? It follows that BD(mm)B~! is non-negative
on int(J) if and only if D (m) = BD(B~!m)B~! is non-negative on Bint(7), which equals

int(B7). So, under Assumption A, the matrix D4 (m) is non-negative for every m € int(BJ).

To summarize, Assumption A implies that Q(x) = BQ(B~'x) is monotonic on int(BT).
Note also that m* is a fixed point of Q if and only if Bm* is a fixed point of Q. To see
why, write Q(Bm*) = BQ(m*) = Bm*. In addition, note that D(m) and D, (Bm) are similar
matrices, since Dy (Bm) = BD(m)B~!, which implies that they share the same eigenvalues.

In particular, their spectral radii are equivalent: p(Dgq(m)) = p(Dg(Bm)) for all m € int(1).

By this relationship, I can assess the existence, uniqueness, and local stability of fixed
points of the mapping Q by focusing on the (non-decreasing) mapping Q. While the fixed
points of Q and Q may be ordered differently on their respective domains, their number and
local stability are the same. So, this property extends to models where Assumption A holds.

O
Proof of Property 5
Proof. Since the random payoffs g; are distributed symmetrically about zero, the ex-

pected utility E (max,, U;(w;|k)|m*) defined in equation (2.10) strictly increases in |h; +

2A homeomorphism is a continuous bijection between two topological spaces that has a continuous inverse.
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Zf: 1/ wem®*|. In addition, since | E(®")| is a strictly increasing function of |/ +Zf: 1/ cem|
in equilibrium, E ( max,, U;(w;|k)|m*) is highest at the equilibrium where | E(&*)] is high-
est. Both (i) and (ii) follow from the fact that lim,, _,, E(@¥) = 1 and limy, ,_c E(@*) = —1.
O

Proof of Property 6
Proof. Suppose J satisfies A.1. By Lemma 1, there exists some diagonal matrix B
for which BJB~! is non-negative. Without loss of generality, let B be the matrix that is
constructed in the “«<” part of the proof of Lemma 1. That is, fix some group k, and define

B= diag[y’l‘, ce ylk{] , where yéf = 1if k is positively influenced by ¢, and )/éf = —1 otherwise.

As shown in the proof of Property 4, the mapping Q(m) = BQ(B~'m) is non-decreasing
onint(BJ). Also, because (B, <) is a complete lattice, Tarski’s fixed point theorem ensures
that the set of fixed points of Q forms a complete lattice. In particular, Q has greatest and
least fixed points. Let Bm* denote the greatest fixed point of Q. Then E(&Y) is maximal at
the equilibrium 722" if k is positively influenced by ¢, and E(@’) is minimal at 72* otherwise.
Let Bm™ be the lowest fixed point of Q. Then E(&") is minimal at m™ whenever k is positively
influenced by £, and E(&") is maximal at m* otherwise. This argument holds for any k, £ € K.

]
Proof of Theorem 1

Proof. Pick any two social groups ki and kj, and define the function v, : RK — R
such that v, ¢, (m) = (hg, — hi,) + Zf:l (Jrye — szg)mf + Fs_|/1<2 (m*2). By equation (2.18), the
expected average action mﬁ'* equals Fgx, (Vi k,(my)). Additionally, since the cumulative
distribution function Fg, : R — [0, 1] is strictly increasing over R, the following holds:

K
my* = Fepi, (hi, = hiy + Z(qu[ = Jie)my’ + F o (my2))
=1

K
= Felk, (hiy = hiy + Z(Jklt’ = Tie)my’ + F oy (my2))
=1
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if and only if (A, _hkz)_(hmz) = Zle [(szg)—(.]klf—]sz)]mz*. This property

s\ K

holds for all networks n. Also, since each of the functions {Fy k}szl is nonlinear, {m* ol

are nonlinear functions of one another. Enough variation in {m** f:

| across networks means:
hi, = hiy = hgy = hiy,  and  Jie = Jipe = Jij0 = Jiges

for every ¢ € K. Also, since k; and k; are chosen arbitrarily, this result holds for all
k1, ky € K. The proof in the case where a, = W, d relies on an analogous argument, and it
also follows the proof of Brock & Durlauf (2007), Proposition 1. I exclude it for this reason.
O

Proof of Theorem 2
Proof. To demonstrate that ¢, {hx, — hi,}k,.k,» and {Jk,e — Jkye}k, ko.c are identified,
I apply Corollary 5 of Proposition 2 in Manski (1988). This result not only allows me to
recover the parameters of interest, but it also guarantees that the error distributions { F, 8|k}f=1
are identified up to scale. Ordinarily, recovering the error distributions would be unnecessary.
However, in this setting, the presence of endogenous interaction effects means that {mﬁ*}f: ]
is functionally dependent on {F8|k}f:1. To handle this issue, I take a two-step approach to

identification: first I recover ¢ and {F, g|k}f:1, then I use these quantities to recover the rest.

To start, I show that ¢ and {F k}le are identified up to scale. Consider any group
k € K. By Assumption B.3, there is some element x; of X that varies continuously across R.
Without loss of generality, let x; = x1, and normalize the coefficient ¢ to one. In addition, fix
some network 7, and define the quantity Z* = hy + @, + Zf: 1/ xem%* . For any agent in group

k who resides in network n and has individual-level observables X;, the expected choice is:
E(wil Xi, ky an, {my* Y )) = Fer(dy + Xic)

To recover {c, Fgr}, I must show F8|k({,’f + X/c) = F8|k(f,’l‘ + X!¢) implies ¢ = ¢ and
Fee = Fs|k for any X; € supp(X|k). This property holds by Manski’s (1988) corollary.

Since this holds for all k € K, I can conclude that ¢ and {F k}le are identified up to scale.
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Having shown that ¢ and {Fx }le can be recovered, the rest of the proof follows by the
same arguments used to prove Theorem 1. So, the rest of the parameters are also identified.
]

Proof of Theorem 3

Proof. For part (i), I begin by re-writing equation (2.18) in terms of the observed

quantities:
K
Foi @8) = F ol (02) = iy = iy + EOnkya) = EGnio.a) + Y (Tt = Jiat)0h o + &0,
=1

Wheregn =- Zf:l(Jklf_szf)”né’,a+Vnkl,a_Vnkl,a _E(Vnkl,a)+E(Vnk2,a) and E(é?n) = 0. Note
that: (1) (@) ,, ..., &%) L (un1a, ..., unk.a) and (2) Cov(@f ,, &L ) = Var(mi*) # 0 forall

social groups ¢ € K. Therefore, both exogeneity and instrument relevance are satisfied. By

standard IV arguments,ﬁi‘ﬁk2 = [, =hoYEWnk.a) ~EOnis.a)s 1 =Jiats - - - Tk =ik |-

For part (ii), I again re-write the equilibrium equation in terms of the observed quantities:

K
Fob (@ ) = hic+ EQvata) + Wid + Y i@ o+ En.
=1

where &, = — Zf: 1 Jketnt,a+Vnk,a—E(Vnk,a). By the same reasoning as above, the instruments
satisfy exogeneity and relevance, which guarantees that Biv = [mAEWVnka), d' ity -5 Tk ]
O

B. Justification for the Remarks in the Footnotes

Remark in Footnote 10

Suppose J is a symmetric matrix and that its eigenvalues all have non-positive real parts.
Since B(m*) is a diagonal matrix with positive elements, J is congruent to 8'/%(m*)J B'/*(m*),
which is similar to B2 (m*)[BY2(m*)IB>(m*)1B~2(m*) = B(m*)J = D(m*). By

Sylvester’s law of inertia, it follows that D(m™) also has eigenvalues with non-positive real
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parts for any equilibrium m*. Given this property, 0 < [TK_, (1-24(m*)) = det (I-D(m*)) =

det (Dgy(m*)) at every equilibrium m*. By the index theorem, there is a unique equilibrium.
Remark in Footnote 12

Consider the equilibrium equation m* = Fo(Jm™), where J < 0. By the previous remark,

there is always a unique equilibrium. Moreover, since & = 0 and F is symmetric about zero,

OF:(Jm)

the equilibrium equals m* = 0. Itis unstable if =5~ |m:0 =JIxf.(0) < -1 & J < —f1(0).

Remark in Footnote 13
Claim. Suppose sgn(Jie) = sgn(Jxmdme) for all k, €,m € K. Then Assumption A.1 holds.

Proof. Suppose that sgn(Jy¢) = sgn(JxmJme) forall k, £, m € K. I will now prove through
induction that sgn(Jj,;,J,» * - * jujo) = O for any arbitrary indices jo, j1, ..., ju € K. First,
note that sgn(J;,;,) = sgn(Jj,;,J;,j,). Next, assume sgn(Jy;.) = sgn(Jjo1 S Tt jm)
forsomem € N, and write: sgn(Jy;,...) = Sg0(Jjg i jnime) = SE T jo i1 dj1n = Lt imT jmdmsr ) -
By induction, it follows that sgn(J, ,,) = sgn(Jj,;,Jj,j» - - Jju,e) forany index £ € K. Setting
t = jo, Lobtain sgn(Jj,;,Jj1j, = Jjnjo) = 580(Jj,jo)> Where sgn(Jjy o) = sgn(Jjojod jojo) = 0.

O

Claim. Let Ji, be E(J;;li € k, j € £), where J;; € {—1,1}. Then sgn(Jx¢) = sgn(JxmIme)

for all k, £, m € K when P(Jioiljiliz = ioizli() € k,iyem,ip el) >0.5"forall k,f,m € K.

Proof. For any indices k, ¢, m € K, the product J,,,J ¢ equals:
JimIme =E(Jijli € k,j € m) xE(Jyjli" €em, j €0)
=E(J;; XE(pjli" €m,j € )i € k,j €m)
=E(J;jJijli € kyj,i’ em;j €0)
=2P(J;jJij=1liek;j,i" em;j €t) -1
Suppose that P(J;y;, Ji,i, = Jigi,lio € k, i1 € m,ip € £) > 0.5 for all k, £, m € K. To simplify

notation, I define: y = P(J,']'Jj," =Jirli € k;j,i’ em),6 = P(J,‘i/.]i/j/ = J,‘j/li € ki’ em;j €

150



{),and k = P(J;;» = 1]j,i’ € m). Next, I decompose P(J;;Jij» = 1]i € k; j,i" € m; j" € {) as:
P(JijJpj =1li € k;j,i’ em;j €)=k xP(JijJjidij =i € k;j,i’ em;j €l,Jjr =1)
+(1 =) xP(jJjirdyjr ==1li € k; j,i" em;j €, Jjir =—1)
- kX [y X P(JiJvy = 1li € kij.i' € m:j’ €6, Jijdjr = Ji)
+ (1= y) X P(idiy # 1)i € ks jui’ € msj' € €,J; 100 # J[[/)]
+(1-x)x [y X P(JigrJvp # )i € ks i’ € myj’ € C.Jipd i = Jirr)
+ (1= y) X P dip =i € kijoi’ €myj’ € T # Ji,-,)]

=KX

y % [5><P(J,-A,~f =1liek;j €0)+(1-06)xP(Jiy # 1]i € ki j’ ef)]
+(1—y)x 76><P(Jl-.,v #llicek;j el)+(1-0)xP(Jj=1liek;j eé’)]]

+(1-K) % yx[(SXP(J,-j/i1|iek;j’eé’)+(1—6)xP(Jl-j/=1|iek;j’eé’)]

+(1-vy)x >6><P(Jl-j, =lliek;j e)+(1-6)xP(J;j #1li€k;j’ eé’)]]

=(1-0)+(1-y)2k-1)+(1-86)(2y-1)(2x-1)
+(2k—1)(2y - 1)(26 - DP(J;j = 1]i € k' € 0)
= %[1 —2k-1DQ2y-1D@25- D]+ 2k =12y - 1)(26 = 1)P(J;j = 1|i € k3 j" € )
Note that «, y, 6 € [0.5, 1] by assumption. So (2k—1)(2y—1)(26—1) is bounded somewhere
between 0 and 1. It follows from the last equality above that P(J;;» = 1|i € k; j" € £) > 0.5 if
and only if P(J;;Jirj» = 1|i € k; j,i" € m;j" € £) > 0.5. This statement further implies that

Jx¢ has the same sign as Jy,,J»¢. As this result applies for any k, m, £ € K, the claim is true.

O

Remark in Paragraph 4 of Page 13

I now justify that “both m* and m™ are always locally stable”. Consider the mapping
Q(m) = BQ(B~'m), which is defined in the proof of Property 6. Tarski’s fixed point theorem
implies that Q has a least fixed point Bm* and a greatest fixed point Bm*. Suppose, for sake
of contradiction, that 7" is unstable. Then, as argued in the proof of Property 4, Q must have

another fixed point, which is strictly greater than Bm". Arriving at a contradiction in this
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case, I conclude that m” is a locally stable. By the same reasoning, m* is also locally stable.

C. Adapting the Ildentification Results to Allow for Covariates

Suppose that the choice equation is modified to allow for exogenous covariates X; € R".
I define w; = I{X/c+hy +a,+ Zle Jrem' +&; > 0}, with P(g; < z|Xi, k, ap) = Fgi(2) and

P(X; < x|k, a,) = Fxjx(x). In equilibrium, mk* = f E(w;i| X;, k, ay, {mﬁ*}{lle)dFMk, where:

K
E(w;i|X;, k, an, {mf;*}le) = F8|k(hk +ap+X/c+ ijgm,‘;*), fork=1,...,K.
=1

Proof of Lemma 2 (Version with Covariates)
In the presence of covariates, Lemma 2 must be adapted. I do so in the following way.

Lemma 2. (Sufficiency Property.) For any agent i in group k; and any agent j in group k» residing
innetwork n: E(w;|X;, ki, an, {mi YK ) = B(wil X, X, ki, Am§ YK | E(w;1 X}, ka, an, {miYE ).

Proof. As Fgy, is strictly increasing, its inverse F ~1 exists. By this property, I write:

elky
K
an = F;llkz(E(wj|Xj, ko, a,, {mff}le)) — hy, — XJ’-C - Z szt’mf,*
=1

Plugging this expression for «,, into the definition of E(w;|X;, k1, @y, {mfl* f: 1), I find:

E(wi|X;, k1, an, {m5 )5 ) = Fep, (hIq —hk, + (X; = Xj)c

K
+ Z(qué’ — Je)mi + F;|1;Q(E(wj|xj, ko, @, {m& YD)
=1

Proof of Theorem 1 (Version with Covariates)

For semiparametric identification (Theorem 1), I must make an additional assumption.
In particular, I require that there exists some k € K such that supp(X|k) is not contained

in a proper linear subspace of R". Note that this condition is weaker than Assumption B.3.
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Nevertheless, using Proposition 5 in Manski (1988), it is enough to show that ¢, {hx, —hi, }k, .k,

and {Jk,¢ — Jk,0}k, .k,.¢ are identified. The proof of Theorem 1 is adapted as follows.

Theorem 1. Suppose that Assumptions B.1 & B.2 hold, and assume that m** is observed for all net-
works n and social groups k. Also, suppose that there is some k € K where supp(X|k)

is not contained in a proper linear subspace of R”. Whenever {F, 5|k}kK=1 are known:

(i) Without further assumptions, {hx, — A, Yk,.ky> {1k, = Jkot Yy k0.0 @nd ¢ are identified.

(ii) If @, = W, d for some observed vector W,,, then d, {h }«, {Jke}k.c, and ¢ are identified.

Proof. Fixing some network n and defining the term ¢ ,’f = hy+a,+ Zfz | kamfl*, I write:
E(wil X ko @, {myy Y p) = Fope(Gy + X[c)

To recover ¢, I must show that F£|k({,’f +X/c) = F8|k(f,’l‘ + X/¢) implies ¢ = ¢. Since Fy; is

known, this property holds by Proposition 5 of Manski (1988). It follows that c is identified.

Having demonstrated that ¢ can be recovered, I now focus on the other parameters.

Consider any two social groups k; and k;, and define the function ¢ : R — [0, 1] so that:
60) = [ P (6= X+ )P
where X is chosen from supp(X|k2) and where the integral is evaluated over the conditional

support of X; given k. By construction, ¢(-) is nonlinear and monotonically increasing in v.

For any network n, let v, = hy, —hj,+ 3.5 l(Jklg—szf)m£*+F8'|}Q(E(w 11X, ko, {mE 3K ).

By Lemma 2, the expected average choice m,’il* is equal to ¢(v,). Because ¢(-) is monotonic:

K
my!* = / Feir, (hkl — iy + (Xi = X)) ¢+ Y Uit = Jae)mb’ + F g (B(;1X;, ko, an, {mi*}gio))dml
=1

K
= / Felk, (hk, —hi, + (Xi — Xj) c+ Z (Jrye = Jipe)mb + F;|];Q(E(wj|Xj, ko, ay, {mﬁ*}le)))deml
=

is satisfied if and only if XX | [(Je,e = Jkat) = (Jrye = Jrat) Ml = (hiy = hiy) = (hi, — hy)

for all networks n € {1, ..., N}. Since the expected average choices are nonlinear functions

153



of one another, sufficient variation in these equilibria across different networks ensures that:

P

hi, = hiy, = hiy — hiy, and  Jip — Jipe = kazf,

for £ € K. Also, since k| and k; are chosen arbitrarily, this result holds for all k, k, € K.

O

For nonparametric identification (Theorem 2), there is nothing to modify, since these
results already rely on individual-level covariates. Also, for identification in contexts with
unknown expected average choices (Theorem 3), all modifications will follow directly from

Theorems 1 and 2. Specifically, the IV estimands may be adapted to incorporate covariates.

D. Additional Details about the Monte Carlo Simulations

To perform simulations, I draw observations from the following data generating process:
w; = ﬂ{hk +a, + Jklm,ll* + szmi* +é& > 0},

where mt* = Fop(hg + @y + Jaml* + Jyom?) for k € {1,2} and n = 1,...,N. The
idiosyncratic payoffs follow logistic distributions, i.e., £;]k '~ Logistic(0, 1) for k € {1,2}.
The contextual effect a;, is a continuous random variable that is evenly distributed over the

interval [—-2,2]. The identity-specific effects are: 4| = 0 and s, = 1. Finally, J equals:

For case (ii), i.e., where «,, = W, d for some observed W,,, I set W,, = @, and d = 2. Note that

these parameters are chosen arbitrarily and that alternative DGP’s produce similar results.

To draw agent’s choices w; in equilibrium, I run a fixed point iteration on the equilibrium
condition. This procedure leverages the fact that J satisfies Assumption A, which guarantees

there exists at least one locally stable equilibrium (Property 4). Note that it is not necessary
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that Assumption A holds for this estimation procedure to be valid. However, this condition
is helpful for conducting simulations as it facilitates the computation of an equilibrium. For

all additional details about specifications for the simulations, I refer to the replication code.

E. Robustness Analyses

1. Verifying Random Assignment to Classrooms

Under the experimental protocols, students in each school were randomly assigned into
classrooms of three different types. However, of the 79 schools in the study, 48 schools had
more than three kindergarten classrooms. Since these schools had more than one classroom
of each type, it is conceivable that there may have been nonrandom sorting within the same
class type. As Graham (2008) argues, this scenario is unlikely. Indeed, he finds no evidence
of within-class-type sorting. Nevertheless, I present a version of the IV estimates where I
restrict the sample to the 31 schools that have only three classrooms. In doing so, I rule out
any possibility of nonrandom assignment to classrooms of the same type. These estimates

are presented below, and they appear to be consistent with the results that use the full sample.
2. Misspecification Tests

I conduct a variety of hypothesis tests to determine whether any of the gender-specific
parameters in the model depend on the observed classroom-level variables. Specifically, I

test the null hypotheses that J¢ ¢ — Jy ¢, Jum — Jrm» and the intercept (respectively) differ for:
1. high poverty classrooms (> 50% FRPL) and low poverty classrooms (< 50% FRPL)
2. high minority classrooms (< 75% white) and low minority classrooms (> 75% white)
3. more experienced teachers (> 10 years) and less experienced teachers (< 10 years)

4. more educated teachers (graduate deg.) and less educated teachers (no graduate deg.)
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Table 2.3: IV Estimates for Schools with Fewer than 4 Classrooms

Outcome Variable:

Math Reading
Top 25%  Top 50%  Top 75%  Top 25%  Top 50%  Top 75%

Jrr—=JIms 3.494 4215 3.961* 3.843 5.265* 6.425

(2.826) (1.039) (1.444) (3.951) (1.952) (4.974)
Jmm = I fm 3.251 4.088** 4,104 3.048 5.117%* 6.522

(3.133) (1.251) (1.111) (5.612) (1.552) (5.430)
Intercept —0.280 -0.097 0.081 —0.008 —0.045 1.088

(0.443) (0.201) (0.273) (1.282) (0.218) (2.872)
Number of Classrooms 89 89 89 89 89 89
School Fixed Effects Yes Yes Yes Yes Yes Yes
F(df],de) lst—Stage ((I)Zl) 2.23(2’10) 3.06(2,19) 2.78(2,17) 2.58(2’12) 2.82(2’17) 8.35(2’]3)
F(dfl,de) 1st—Stage (a_)ilc) 2.01(2,10) 2.26(2,19) 2.18(2,17) 5.71(2,12) 2.02(2’17) 3.61(2’13)

Notes. Estimates are obtained by computing 3/ Vm, which corresponds to the estimand in equation (24). For
implementation, I randomly split each classroom so that half the sample is used to form endogenous
variables X,,, and the remaining half is used to form instruments Z,,. *p<0.1; **p<0.05; **p<0.01.

5. rural classrooms (in rural district) and urban classrooms (in urban or suburban district)

The p-values from each of these one-dimensional hypothesis tests are reported in Tables

A.2 and A.3. When conducting these tests, I consider two different outcomes variables: (1)

scoring in the top 50% on the math exam and (2) scoring in the top 50% on the reading

exam. Recall that these percentiles are all calculated relative to the full sample of Tennessee

kindergarten students who participated in the study. For both outcome variables, I find no

evidence to reject the hypothesis that any of the gender-specific parameters differ across

networks. These results help to justify the model specification and identification strategy.

3. Sensitivity of IV Estimates to the Partitioning of Classrooms

To estimate the model, internal instruments are defined by randomly partitioning each

classroom into two equal (or almost equal if there is an odd number of students) subsamples.

In general, the estimates will be sensitive to the way in which the classrooms are partitioned.
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Table 2.4: Tests for Misspecification (Outcome: Top 50% on Math Exam)

Large Share Large Share Teacher Has Teacher Has Rural

Poverty Minority ~ >10yrs Experience Higher Degree District
Jrr—=JImr 0.948 0.35 0.525 0.754 0.927
U 0.634 0.77 0.611 0.893 0.945
Intercept 0.568 0.198 0.767 0.606 0.92

Notes. This table reports p-values corresponding to the one-dimensional hypothesis tests for whether
Jrr = JImg> Jmm — Jrm, and the intercept (respectively) differ by observed classroom features.

Table 2.5: Tests for Misspecification (OQutcome: Top 50% on Reading Exam)

Large Share Large Share Teacher Has Teacher Has Rural

Poverty Minority ~ >10yrs Experience Higher Degree District
Jrp = Iy 0.762 0.984 0911 0.996 0.662
Jmm = I fm 0.626 0.979 0.967 0.875 0.886
Intercept 0.532 0.977 0.898 0.905 0.321

Notes. This table reports p-values corresponding to the one-dimensional hypothesis tests for whether

Jrr—=JImgs Jmm — Jrm, and the intercept (respectively) differ by observed classroom features.
Nevertheless, as long as the model is correctly specified, this IV strategy always generates
consistent estimates regardless of which partitions are realized. To justify the efficacy of this
approach, I re-estimate the model M = 1000 times, each time randomly choosing a different
partition of classrooms when constructing the instruments. Through this procedure, I can

evaluate how sensitive the IV estimates are to the way that internal instruments are defined.

I report histograms of the parameter estimates for each outcome variable in Figure A.1.
Observe that the point estimates appear approximately normally distributed, and the amount
of dispersion is not large enough to invalidate any of the qualitative findings in the paper.
Moreover, the main IV estimates reported in Table 2 do not seem to be outliers, which
indicates that most alternative partitions of classrooms would give similar results. So, I

interpret Figure A.1 as evidence that the main results in the empirical application are robust.
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Figure 2.3: Densities of IV Estimates over Random Classroom Partitions
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