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ABSTRACT

Let X be a compact complex surface. Consider a finitely supported probability measure
on Aut(X) such that I'y, = (Supp()) < Aut(X) is non-elementary. We do not assume that
I'), contains any parabolic elements. In this thesis, we study and classify hyperbolic, ergodic

p-stationary probability measures.
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1 Introduction

In this thesis, we use techniques from homogeneous and smooth dynamics to further the

classification of stationary measures on compact complex surfaces.

1.1 Main theorem and background

Theorem 1.1.1. Let X be a compact complex surface, p a finitely supported probability mea-
sure on the group of biholomorphisms Aut(X) such that 'y, = (Supp(p)) is non-elementary,
and v a hyperbolic ergodic p-stationary probability measure on X. Assume there is no I'y-
wmwvariant algebraic curve and that the Lyapunov exponents sum to be non-negative. Then, v

is invariant, and exactly one of the following statements hold
1. v is finitely supported,

2. the supports of the stable and unstable conditional measures are real I1-dimensional
curves, the measures are absolutely continuous with respect to Lebesque, and they are

jointly integrable, or
3. v 1s absolutely continuous with respect to volume.

By p-stationary, we mean that

/f*vdu(f) =v.

Hyperbolicity is the assumption that there are no zero Lyapunov exponents. We assume this
as it is conjectured that all measures in this setting are hyperbolic. Non-elementary means
that the induced subgroup, I'* < GL(H 2(X : 7)), acting on cohomology of X contains a
non-Abelian free group. It turns out that this forces X to be Kéhler and projective, see
[13]. Further, the latter reference shows that X must be one of four types of objects: a K3

surface, an Enriques surface, an Abelian surface or a rational surface. In the case of K3
1



surfaces, Enriques surfaces, and Abelian surfaces, we always have a finite Aut(X)-invariant
volume form which forces the Lyapunov exponents to sum to zero. Hence these three cases
are covered by Theorem 1.1.1. In the case of rational surfaces, some, such as the Coble
family of examples carry non-elementary actions and a finite Aut(X)-invariant volume form
[13] and so Theorem 1.1.1 applies. This is not true in general for all rational surfaces, see
for example the family of Lesieutre examples in [13,32| which carry non-elementary actions
but no Aut(X)-invariant volume form.

In all cases of our theorem we have homogeneity, meaning that the stable and unsta-
ble conditional measures are supported on the orbit of some algebraic group and are the
pushforward of the Haar measure of that algebraic group onto the orbit (under the orbit
map).

Benoist and Quint [4] give a similar classification result in the homogeneous setting.
When G is a connected almost simple Lie group with a probability measure ;1 whose support
generates a Zariski-dense subgroup, they give a classification of p-stationary measures on
the homogeneous space GG/A where A is a lattice. They also cover the Abelian surfaces case
of our theorem.

In [14], Cantat and Dujardin classify all invariant probability measures (with some further
analysis) in our setting with the added assumption that I';, contains a parabolic element.
Even if Aut(X) contains a parabolic element, it is not a given that I';, contains a parabolic;
being non-elementary comes down to having two loxodromic elements that generate a non-
Abelian free group. In Section 7 we demonstrate that it is even possible to have X (a K3
surface) such that Aut(X) that does not contain any parabolic elements. Hence our result,
which does not assume the existence of a parabolic element, extends the classification of [14]
to this setting.

One can see [13] for more about what has been done to classify invariant probability

measures for non-elementary groups when we do not assume the existence of a parabolic



element. The latter reference also provides an analysis of some rational surfaces that carry

non-elementary actions.

1.2 Strategy

Our main work is to classify the measures using the ‘Benoist Quint’ argument developed
in [4] (see also [17] and [7]). Alternatives 1 and 2 of Theorem 1.1.1 are shown using this
technique given that we have already demonstrated invariance of the stationary measure.
With an understanding of the notation given in Section 2.6, one can read the proof sketches
of alternatives 1 and 2 in Sections 6.1 and 5.1.

To achieve the invariance of the stationary measures, we work to establish when quan-
titative non-integrability (QNI) conditions hold in Section 4 in order to use the results of
[6].

Sections 2 and 3 establish the notation, background and tools needed to prove everything

in Sections 4, 5 and 6.

2 Preliminaries

Let X be a compact Kéhler surface and let Aut(X) be the group of biholomorphisms of X
(i.e. holomorphic diffeomorphisms). Note that a Kédhler manifold is a Riemannian manifold.
We fix some Riemannian metric on X and let || - || be the norm on 7, X with respect to this
metric.

Let p be a finitely supported probability measure on Aut(X), and v an ergodic Borel
p-stationary measure. By p-stationary, we mean that the measure v is invariant on average.

To be more precise, this means that

/ favdu(f) = v. 1)



By ergodic we mean that for any measurable set A such that v(AAf(A)) = 0 for p-a.e.
f € Aut(X), we have that v(A) = 0 or 1. Equivalently, v being ergodic means that it cannot
be written as a proper convex combination of two distinct Borel p-stationary measures.

Let I';, be the subgroup generated by the support of p. We require that I', be non-
elementary, which means that the induced subgroup I'* < GL(H 2(X ;7)) acting on coho-
mology of X, contains a non-Abelian free group. By [13], X must be projective. Further,
it is worth noting as above that the latter reference shows that amongst compact complex
surfaces, only Kéhler surfaces can carry non-elementary actions which is why we focus on
them; [9] showed that only Kéhler surfaces can carry automorphisms of positive topological
entropy and [13| demonstrate that these elements are present when a surface carries a non-
elementary action. In the end, [13, Theorem 1.3| gives us that only four types of objects
can carry these kinds of actions: complex K3 surface, Enriques surface, Abelian surface, or
rational surface.

It is worth remarking that there are two different definitions of K3 surface. Firstly, there
is a more general definition of a complex analytic K3 which is a simply connected compact
complex manifold of dimension 2 with a nowhere vanishing holomorphic 2-form. Not all of
these are projective. There is a also the notion of an algebraic K3 surface defined over C,
this set of surfaces can be embedded in the set of complex analytic K3s using Serre’s GAGA
principle. The image of these algebraic K3 surfaces in the set of complex analytic K3s turn
out to be precisely the projective ones, and hence these are the ones we are interested in.
One can see [21] as a standard reference for more details. We will work with examples of
this kind in Section 7.

The elements of Aut(X) are classified as loxodromic (hyperbolic), parabolic or elliptic.
An element f is loxodromic if f*, its image in GL(H?(X,Z)), has spectral radius strictly
greater than 1. The Gromov-Yomdin Theorem (see [19,20,40]) implies that these are the

elements of positive topological entropy. An element is elliptic if f* has finite order. If it is



neither of those two, it is parabolic; this means that it is virtually unipotent, i.e. (f *)k is
unipotent but not the identity for some k.

One can see this classification of automorphisms of X using hyperbolic geometry [10].
Since we are in a setting where X is Kéhler, the Hodge decomposition tells us that the de

Rham cohomology splits into a direct sum of Dolbeault cohomology groups:

H*(X;C)= P HM(X;C)=H*(X;C)® H"(X;C)® HY*(X;C).
p+q=2

Classes in these HP4(X; C) (Dolbeault cohomology groups) are represented by forms of type
(p,q) that are d-closed. We take HU!(X;R) with its natural non-degenerate intersection
form, (-|-), of signature (1, h11(X) — 1), it is isometric to the standard quadratic form on
Minkowski space of dimension A1 (X). Taking the connected component of the hyperboloid
{v e HH(X;R) : (v[v) = 1} that intersects the Kihler cone (it is unique), we have a model
of hyperbolic space Hy. The automorphisms of X act by isometries with respect to the
intersection form, preserve the Kéahler cone, and hence, preserve Hy. Viewing elements of
Aut(X) as elements of Isom(Hx ) we can classify them as elliptic, parabolic and hyperbolic
and this is equivalent to the definitions we gave before.

As explained before, hyperbolic elements are present when a surface carries a non-
elementary action, but parabolic elements do not necessarily have to be present. We give
an example of a K3 surface X where Aut(X) does not contain any parabolic elements in

Section 7.

2.1 Setup of the random dynamical system

Now we can setup our dynamical system, which is indeed ‘random’ as we will draw diffeo-
morphisms to act on X using the law given by u. Let Q = Aut(X )Z. We typically write an

element of Q as w = (..., f_92, f_1, fo, f1, f2,--.). We define the dynamics associated to a



given element of €2 by

o= fo10---0fy forn>1, (2)

fl=(fon)too(fon)7! forn <0, (3)

and fg is the identity. We will often simply write f,, for fal}
Let Y := X x 2. We use the canonical projection map 7x : ¥ — X to make the
identification between X x {w} C Y and X itself, denoting this X,,. Alsolet o : Q@ — Q

denote the two-sided shift map. We define the (invertible) skew product map by

F(z,w) = (fo(2), o(w)), (4)

Fl (z,0) = (f5  (2), 07 (). ()

Occasionally, for n € Z we will write F}(z) which denotes the X-component of F"(z,w).
We define the tangent bundle of Y as TY := T'X x € and denote DF' as the tangent
map

Dy B {w} x T X — {o(w)} X Tp1,X,

induced by D, f&,. Similarly we denote DF ! the tangent map induced by Dy fo L

Additionally, we have a distance metric dy- on Y, where

dy((l’, w)’ (:L‘/’ w/)) = maX{dX(m7 ZL’/), dﬂ(wvwl)}' (6)

Here dq is the distance metric on €2 given by

NN 1
dQ(w,w ) = %m, (7)

where wy, is the nth entry of w € Q and d is the discrete metric.

6



For w € €, let w™ be the non-negative indexed part of the bi-infinite vector w and w™ be
the negative indexed part of the vector w. We then decompose 2 as Q = Q= x QT where

Q" is the space of 1-sided infinite vectors w™' and Q~ is the 1-sided infinite vectors w™.

Lemma 2.1.1 (Proposition 1.2, [25|, [26]). There exists a unique F-invariant Borel prob-
ability measure m on Y such that the image of m wunder the canonical projection map
Txxq+ ¥ — X X QT is v x ,uN. Additionally, under the canonical projection maps
Y = Qand rx : Y — X the image of m s MZ and v respectively. This measure m is
gwen by the weak-x limat

m = lim (F").(v x u?).

n—o0
Remark 2.1.2. If v is invariant under Supp(p), then m = v X u

Remark 2.1.3. Additionally, v is ergodic p-stationary if and only if m = v x uN is ergodic
under the non-invertible skew product map F on X x Q7. Further this happens if and only

if m is ergodic under the invertible skew product map F (see |5| Propositions 1.8 and 1.9,

[11] Section 7.1).

2.2 Oseledets’ theorem and the global stable and unstable manifolds

We will assume that p satisfies the following moment condition:

let || fl|o1 == max,ex || Dafll, we ask that

[ (0gl7lcx +1og 15~ o) du() < oc. )

Note that the finiteness of the above integral does not depend on the choice of Riemannian

metric.

Remark 2.2.1. The above moment condition is required for Oseledets’ theorem, but it also
implies higher moment conditions, i.e. replacing Cl with C* (this norm computed in charts).

This follows from the Cauchy estimates [11, Lemma 4.1]. This is needed to use Pesin theory.
7



This moment condition given by Equation (8) and Kingsman’s subadditive ergodic the-

orem give us that the following limits exist m-almost surely:
A= lim log | Da 2l AT = Tim g (D) )
n—00 1N, riwih n—00 n Tiw '

We will assume that AT > 0 > A~ (i.e. hyperbolicity). Applying Oseledets’ theorem [25,

Chapter III|, we have that for m-a.e. (z,w) € Y, there exists a decomposition
such that for v € F%(x,w) \ {0} we have that

: 1 _
lim —log || Dy fi; (v)[| = A7, (10)

n—too n

and for v € E%(xz,w) \ {0} we have

. 1
lim = log||Daf(v)]| = AT (11)

n—too n

Additionally, we have that the map (z,w) — E*/%(z,w) is measurable and that this decom-
position is D F-equivariant in the sense that
Dy ) F (B (w,w)) = B/*(F(z,w)).

x,w

We will denote A to be the conull subset of Y where this theorem holds true, it is often
called the Oseledets’ set. In the above, AT and A~ are called Lyapunov exponents and Es/u
are called the Oseledets’ subspaces.

The work of [11] summarizes the conclusions of Pesin theory in our setting in Section 7 of

their paper. We get from this the existence of local and global stable and unstable manifolds



for m-a.e. (r,w) € Y. The global stables and unstables, denoted W¥(z,w) and W"(z,w)

respectively, are given by

W) = {y € X s lansup —log dx (f2(0). £2(2)) < 0}, (12)
W) =y € X s limsup oo (£2(0). £2() < 0} (13)

where dx is the Riemannian distance computed in X. We view these manifolds as subsets
of X, which means they live in the skew product. Further, [11, Proposition 7.10] gives us
that these global stables and unstable manifolds are biholomorphic to C for m-a.e. (z,w).
In fact, they are parameterized by injectively immersed entire curves.

Let d% and d% be the induced distance metric in the stable or unstable manifolds re-
spectively. Note that if y, 2 € W¥(z,w) then d%(y,2) > dx(y, z), similar for the unstable

case.

2.3 Suspension flow

We will establish two ‘suspension’ flows; the ‘standard’ flow and the ‘time changed’ flow.
The latter will be constructed in Section 3.9 where we have to use normal form coordinates.
The space we will be flowing on is Z =Y x [0, 1] which is called the ‘suspension’.

The ‘standard’ flow is denoted F!: Z — Z for t € R. For t > 0, we let

Fl(z,w, k) = (F"(z,w),k+t mod 1),

where F is as defined in Equation (4) and n = |k + t|. For ¢ < 0 the flow is given by

Flz,w k) = (Fz,w),k+t mod 1),

where F ! is as in Equation (5) and n = |k 4 t] (note that for example |—0.8] = —1). The

9



natural invariant measure for this flow is m := m x dt where dt is the Lebesgue measure on
[0, 1].
Note that the [0, 1[-component of an element of Z does not play a role in determining

the global stable or unstable manifold, hence W¥(z,w, k) := W"(z,w) C X.

2.4 Conditional measures and the results of |6]

The following definition is from [26, Section IV.2|, but see also [17, Section B.4|, [7, Section

6.3], [33, Section 9.3], and [6].

Definition 1 (]|26], Section IV.2). A measurable partition n® of Y is subordinate to the stable

manifolds if for m-a.e. (x,w), we have the following properties:
1L ni(z) ={ye X : (yw) €n’(z,w)} C Wi(z,w),
2. n3(z) contains an open neighbourhood of x in W#(x,w) in the submanifold topology.

Where n®(x,w) is an atom of the partition. A similar definition holds for the unstable

manifolds, denote this partition n".

Proposition 2.4.1 (|26], Proposition 2.1, [11], Section 7.6). Such a measurable partition as

described in Definition 1 exists and we can also ask that it has the following properties:
1. F~p% < where F~1n%(z,w) = F~Y(n®(F(z,w))),
2. {{X x{w}} w e} <n’

where if two partitions P and () are such that P < @ then for all B € Q, there exists A € P

such that B C A. There is a similar statement for the unstable version of Definition 1.

In [11, Section 7.6], they also quote the above proposition and call this partition a stable
(or unstable) Pesin partition. Associated to measurable partitions are families of conditional

S
measures supported on the atoms of the partition. Here we let {mg,w}(z w)eYy denote our
10



conditional measures supported on n°(z,w). Letting A° be the o-algebra of m-measurable

subsets which are unions of the n*(z,w), then these measures are such that for any ¢ : ¥ — R

S

El] A% (z,w) = /Y odm!, (14)

Note that though the stable or unstable manifolds forms a partition of a full-measure subset
of Y this partition is generally not measurable. This is why we have to work with partitions
that are subordinate to the stable or unstable manifolds. Also, Property (1) in Proposition
2.4.1 tells us that 7°(z,w) € F~n%(F(z,w)). This combined with the fact that m is F-

invariant gives us that

S

Ui

773
Fimg o, o< mF(Lw).

In particular, there is a constant Cy (, dependent on z and w such that

S

Ui

S
F*mng - vaWmF(x,w)'

Note that Property (2) of Proposition 2.4.1 tells us that the n(x,w) belong to an element
of the partition {{X x {w}} : w € Q}. This tells us that

1 (x,w) = () x {w}.

S

We define {mj ,}(; ey such that mg ,(n5(z)) = 1 and for any compact set K C

W#(x,w) we take t > 0 such that

FUK x {w}) = FL(K) x {o"(w)} € n°(F'(z,w)),

11



where F!(z) is the X-component of F'(x,w). Then, we let

o (F=amTy sy (B x {}) o)
M = = .
(F=D)mly | aio (1°(@0)

This is a locally finite, infinite measure on the (entire) stable leaf which we call a stable
leafwise conditional measure or just stable conditional measure. The right hand side is well-
defined because of Equation (15). The measures mj , are supported on the stable leaves.
Note that we have the following property similar to Equation (15):

Fymy, , o< myg, . (17)

Let {mg’w}(w)ey denote the unstable analogues which we will refer to as unstable condi-

tional measures.

2.5  Compatible families and quantitative non-integrability

We shall follow the definitions of [6] in this section. We will also keep track of the [0, 1]-
component of Z in this section, however this component adds no information to many of
these objects. For example, W5/U(z, w, k) = W*/%(z,w).

As in [6, Section 4.5.1], unstable manifolds admit a ‘subresonant structure’ (see [6, Ap-
pendix C and DJ). We denote G*"(W"(x,w, k)) as the set of strictly subresonant transfor-
mations on W% (z,w, k). In our setting, these maps are linear transformations on W"%(z, w, k)
in normal form coordinates (see Section 3.8). The groups G**" (W"(z,w, k)) are unipotent
algebraic groups. We will study the action of connected unipotent algebraic subgroups
Ut (z,w, k) C G*"(W¥(x,w, k)). We denote U™ [q,w, k] := U™ (z,w, k)q as the orbit of the

action of U (z,w, k) on ¢ € WY (z,w, k).

12



We define the ‘combinatorial’ unstable and stable manifolds as follows

Wz, w, k) = Wz, w, k) x W (w, k), (18)

Wo(x,w, k) == Wz, w, k) x W (w, k), (19)
where

WH(w, k) :={(, k) € Qx[0,1[: ¥ = k, and for n € N large, f’,, = f_n},

W™ (w, k) = {(, k) € Qx [0,1[: k¥’ = k, and for n € N large, f, = fn},

and where w = (..., f_o, f-1, fo, f1, fo, - )

Definition 2 (Random compatible family of subgroups). We say that a measurable family of
connected algebraic subgroups (v, w) — Ut (z,w, k) C G5"(W¥(x,w, k)) is compatible with

m if we have the following:
1. The subgroups are F'-equivariant.

2. For pi”-almost every w we require that the sets U+ [z, w, k]NnY(x) form a partition of X.
Further, the conditional measures along U™ [z, w, k]| Nn¥(z) are proportional to the re-
striction of the ‘Haar measure’ which in this setting is the unique U™ (x, w, k) —invariant

measure on U™ [z, w, k].

3. Given (o', k) € W“(m, w, k), we have a natural identification of the group G%°" (z,w, k)
with the group G*5" (2, k), viewing both as acting on W (x,w, k) = W¥(2', ' k).
Further, there is a conull set Xg C X such that if the points (z,w, k), (2,0’ k') € Xq

and (2', W' k') € UT [z, w, k], then UT (2,0 k') = UT (2, w, k).

4. Ut (z,w, k) is ‘mazimal’, i.e. it contains the largest connected subgroup of G55 (z,w, k)
that preserves the Haar measure on U™ [x,w, k].

13



Remark 2.5.1. We allow U (z,w, k) = {e}.

Now let

Wfr(w, k) :={W, KYe Qx[0,1 kK =k, (W) =w"}, (20)

Wi (w,k) == {(w k) e Qx [0,1[: k' =k, Wt =wtl. (21)
Recall n® from Definition 1 and the unstable counterpart n%. We will define

Uﬁ,t(ﬂﬁ) = F;iw)(ngt(w)(Fé(x)) C Xw,

nasz,t(x) = F}t(w)(n}t(w)(FJt(w)) C Xuw,

where F,(x) is the X-component of F'(z,w).

It is easy to see that n ,(x) and 7] ,(x) are smaller than (and live inside) n%(x) and

ne(x) resp.
Now let

0 v, w, k| = 775,15(93) X Wfr(w, k) Cc W"(z,w, k) x WfL(w, k) C W”(x,w,k), (22)

g [, w, k] i= g 4 (0) x Wi (w, k) C Wz, w, k) x Wi (w, k) C W (z,w, k). (23)

The natural measure on VVfL (w, k) is
ﬂg,k = 0,- X i x 8y,

on Q7 x QF x [0,1[. Similarly for Wi~ we have i} ;. Let mj , be the restriction of the
conditional measure of mf , to UT[z,w, k] N nl(z). Note that m , is proportional to the

‘Haar’ measure as in (2) of Definition 2.
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Counsider the measures

Mg ol 7= Mg X gy oo (24)
mi7w7k_ = mi.7w X ﬂi},k (25)

They live on W¥%(z,w, k) (or more specifically U™ [z, w, k] x Wf‘(w, k)) and W*(z,w, k) re-

spectively.

Definition 3 (Random QNI). Let (z,w,k) — U™t (z,w,k) be a measurable family of con-

nected algebraic subgroups satisfying Definition 2, we define
Ulz,w, k] .= U [z,w, k] x W] € Wz, w, k).

We say that UT (x,w, k) satisfies the random QNI condition if the following holds:

e there exists ag > 0 and,

o for every 6 > 0 there exists a compact set K C Z with m(K) > 1 — ¢ and constants
C=C(5) >0 and Ly = Ly(0) > 0 such that:

If 0> by and &y g = (19, w1 j9, by o) € K, &1 = FY2(iyp9), & = FY2(3) 9) € K then

e there is a subset
S = 5(21/9,0) C ol o N UT [y jo] € W(Ey o),

such that

,(5) 2 (L =)z, (nppliy ol N Ut[iy9]),

and for each Q1/2 € S we have

e that there i1s a subset

§" = 8"(12.0) C 1} pplitn o) € W3(21 2).
15



such that

so that if 21/2 c S, then

dx (U [212] N Moy ppot/2(71/2)), W (G12)) = Ce—00l. (26)

where U [z] is U™ [x] intersected with W' (z,w), i.e. the local stable manifold, see Theorem

3.5.4.
Now we state a theorem from |[6]:

Theorem 2.5.2 ([6], Corollary 4.1.5). Let u be a finitely supported probability measure
on Aut(X), v a p-stationary ergodic probability measure, m as in Section 2.3, then there
exists a measurable family of connected algebraic subgroups (z,w, k) — U™ (x,w, k) satisfying

Definition 2 that does not satisfy Definition 3, i.e. random QNI does not hold.

2.6 Proof of Theorem 1.1.1

In this section, we will give the proof of Theorem 1.1.1 except for Lemma 2.6.3, Proposition
2.6.5, Lemma 2.6.7 and Proposition 2.6.9. These will be proven later in the paper.

Recall the assumptions made in Section 1, i.e. that I'; is non-elementary, that Supp(u) <
oo, that there is no I'j-invariant algebraic curve, and that AT+ AT >0.

From Theorem 2.5.2, take our measurable family of connected algebraic subgroups
(2,0, k) = Ut (z,w,k).
This family of subgroups satisfies Definition 2 but does not satisfy random QNI. Let

dy = dimg[U™ (2, w, k)].
16



This dy is constant a.e. by property (1) of Definition 2 combined with ergodicity. There are
three cases to address and these cases correspond to the three alternatives in Theorem 1.1.1.

Define £°(z,w,0) to be the Zariski closure of the support of the stable conditional, mj, ,,
inside W*(z,w) C X, and L%(x,w,0) to be the unstable analogue. Note that we have no
concrete notion of Zariski closure ambiently, but under normal form coordinates (discussed
later in Section 3.8), you are now in C and you can take Zariski closure and then push it
back.

Let h(u) be the entropy of p. Let ¢ be a measurable partition of Z such that F¢ < ¢
and define

i (F,C) = Hyp (F~1CIC) = — / log S (F~ ¢ (2))drn(2),

¢

where m2 is the conditional measure at & € Z relative to the partition (. We now take ¢ to

be the partition of Z such that ((2) = W (&), then we define
B (F.WiF) = i (F. ). 1)

This quantity is the entropy of the 1-sided shift on the set of futures, the entropy we get
from the combinatorial unstable W1+ . There is a similar quantity, the entropy we get from
the combinatorial stable W, .

We will state the following Proposition from [6, Section 4| which is a version of the

Ledrappier-Young formula for our setting:

Proposition 2.6.1 (|6, Proposition 4.3.8). For m-a.e. (z,w,k) € Z we have
1. hy(F) > by (F, W) + AT dim(EY(2) N T,UT[2]),
2. hy(F, W) = i),
3. hy(F7Y) < by (F7L W) = A7 dim(E%(2) N TL5(3)),

4. hp(F~L W) < h(u) with equality if and only if v is p-invariant.
17



Additionally, we have the following result that we take from [6] which follows immediately

from [27], Theorem 3.4.

Proposition 2.6.2 (|6], Proposition 4.3.9). For m-a.e. (z,w) € Y, if the unstable condi-

tional measure mg,w is supported on an embedded submanifold Ny, C W¥(z,w), then

h(F) < h(p) + AT dim(E%(z,w) N Ty Ny o) (28)

with equality if and only if my ,, is equivalent to the Lebesque measure on Ny for m-a.e.

(x,w) € Y. A similar statement holds for stables.

Alternative 1

The first alternative of Theorem 1.1.1, that v is finitely supported, corresponds to the case

dy = 0. Here UT (2, w, k) = {e} as.

Lemma 2.6.3. Suppose I';, is non-elementary, Ut (z,w, k) = {e} a.e., and the conditional
measure my, ,, along W*(z,w, k) is non-trivial for m-a.e. (v,w,k) € Z. Then random QNI

(Definition 3) holds.
We will prove this in Section 4 once we establish more notation and a few lemmas.

Corollary 2.6.4. In our setting, if d+ = 0, then v is 'y, invariant, and the stable conditional
measures m3, ,, on W¥(z,w, k) and the unstable conditional measures my ,, on W*(z,w) are

trivial for m-a.e. (z,w,k).

Proof. Since we are taking U™ (z,w, k) as in Theorem 2.5.2, random QNI does not hold.
Lemma 2.6.3 gives us that we must have that the stable conditional measure mj , on
W#(z,w, k) is trivial for m a.e. (z,w, k).

It remains to discuss I'-invariance of v. This follows from [6, Proposition 4.3.11]. We

will directly give their proof below:
18



Since p is finitely supported, it can be written as ) ; p;0 g, for f; € Supp(u) and for some
p;. Hence, its entropy, h(p) = — >, pi log(p;) is clearly finite.

Recall W1+ from Equation (20); hy, (F), W1+ ) is the entropy of the 1-sided shift on the set
of futures as in Equation (27). Note that as v is p-stationary, our measure m from Lemma
2.1.1 projects to the product v x N and so h,;, (F, W;") = h(u) (see Proposition 2.6.1). Note
that this is not apriori the case for h,;,(F ™1, W1 ), the analogue on the set of pasts. We work
to show this in order to get invariance using (4) from Proposition 2.6.1.

We have that by Proposition 2.6.1 (1), we have the following lower bound on the entropy

of our map:
hy(F) > h(p) + AT - dim(T,U ™). (29)
On the other hand, Proposition 2.6.1 (3) gives us the lower bound:
hi(F7Y) < hygy(F7HL W) = A dim(T.L5). (30)

In our case Equations (29) and (30) simplify because the conditional measures mj ,, are
trivial and so £° has dimension zero. Additionally we have assumed that d4+ = 0 and so

T, U™ is also zero dimensional. So we have

hyp(F) = h(p), (31)

T (F ) < Dy (1 W), (32)
Also, by Proposition 2.6.1, we have that hy;, (F 1, W) < h(u). So we get that
0 < h(p) = by (F~H W) < =l (F71) + by (F). (33)

But h,;,(F~1) = hy,(F) and hence h(p) = hy;, (F 71, W) which implies that v is invariant
19



by Proposition 2.6.1.
Now, let /i be the measure defined by fi(g) = ju(g™1), clearly v is still ji-invariant. Letting

w=( ..f2_1,f1_1,f0_1,f:11,f__21,...) we also have that

Wz, w, k) =Wz, 0, k), W(x,w, k) = W"(z,0, k) (34)

mzsv,w = mg,d)» mlﬂé,w = m;,d)v (35)

LYz, w,0) =L5(x,,0). (36)

This tells us that mj; , is also trivial a.e. which completes the proof. ]

Proposition 2.6.5. IfI';, is non-elementary, v is I';-invariant and is not finitely supported,

then the conditional measure mj, ., on W¥(x,w, k) is non-trivial a.e.
Proposition 2.6.5 will take work and its proof is given in Section 6.
Proposition 2.6.6. In the case d+ = 0, the measure v is finitely supported.

Proof. This follows immediately from Corollary 2.6.4 and Proposition 2.6.5. O

Alternative 2

The second alternative of Theorem 1.1.1 is the d = 1 case.
Lemma 2.6.7. If dim(L®) = 2 a.e. then Definition 3, random QNI, holds.
We will prove this in Section 4.
Lemma 2.6.8. If dy =1, then v is I'-invariant and L"(x,w,0) = Utlz,w, k.

Proof. We use the proof from |6, Proposition 4.3.11] similarly to the way we did in our proof
of Corollary 2.6.4.
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We have that h(u) < oo and by Proposition 2.6.1, h(u) = hy;, (F), Wf‘) We now consider
the equations from (1) and (3) of Proposition 2.6.1. Lemma 2.6.7 gives us that dim(7,L*) <

1, also d4+ = 1 and so dim(7,U™) = 1. Now our equations simplify to be

hin(F) > h(p) + AT,

hi(F7Y) < hyy(F7L W) = A7 dim(TpL8) < hysy(F7L W) = A7,
Since h,y, (F~1, W) < k() (Proposition 2.6.1) and additionally, AT + A~ > 0 we have that
0 < () — b (B~ W)+ 07 4+ Y < (F) = g (F 7). (37)

The fact that h,,(F) = hy,(F~1) gives us that h(y) = hm(F_l,Wl_) and so again, v is
invariant by Proposition 2.6.1.

Further, we see that
h(p) = A7 dim(T £%) = hygy (F~1) = h(p) + AT, (38)

This forces dim(L%) = 1.
The equality in Equation (38) also allows us to use Proposition 2.6.2 to say that mj , is
equivalent to Lebesgue on L?.

Let /i be the measure defined by ji(g) = pu(g™1), clearly v is still ji-invariant. Letting

o=(..fy i foL f g, ..) we also have that

Wz, w, k) =Wz, 0, k), W(x,w, k) = W"(x,0, k),

u u S

S _
Mg w = Mgk w — M

Lz, w,0) =L5(z,0,0).
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So our argument also gives us that for a.e. (z,w,k) € Z, m%w is absolutely continuous to
Lebesgue on L£* which is also 1-dimensional. Now note that our definition of subgroups com-
patible with the measure m item (2). of Definition 2 tells us that U [z,w, k] C L% (z,w,0),

but both are 1-dimensional, thus U™ [z, w, k] = L%(z,w,0). In particular,
Utlz,0,k] = L% 2,©,0) = L3(z,w,0).

We therefore set U™ (z,w, k) := U™ (x,w, k), and then clearly £%(z,w,0) = U™ [z,w, k]. This

completes the proof. O
In this alternative, we also have the statement of ‘joint integrability’:

Proposition 2.6.9. For m-a.e. (,0) € Y, there exists a neighbourhood U of T in X such

[9,0] # 0 and Uy,

ocC

that for v-a.e. y € U we have that U;gc[i‘,dj] nU,

loc

[#,6] VU [9,6] # 0.

Here the subscript loc means it is of size q(z,w) as defined in Section 3.5. Proposition

2.6.9 will be proven in Section 5.

Alternative 3
The third alternative in Theorem 1.1.1 comes from the final case that d4 = 2.

Proposition 2.6.10. The stable and unstable conditional measures are absolutely continuous

with respect to Lebesgue.

Proof. We use the proof from [6, Proposition 4.3.11] as we did in the proofs of Corollary 2.6.4
and Lemma 2.6.8. Note that now dim(7,U ™) = 2 and that dim(£*) < 2. So our equations

from Proposition 2.6.1 simplify to

hin(F) > h(p) + 227"
hi(F7Y) < hyy(F7HL W) = 2dim(TRL5) < hyy (F71L W) — 207,
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Since we have that hy;, (F 1, W) < h(p) (Proposition 2.6.1) and AT + A~ > 0 we have that
0> h(p) — hy(F7L W) 4207 + 20T < sy (F) — hy (F71). (39)

Since hy,(F) = hy;(F~L), we get that h(p) = hm(Ffl,Wl_) and so v is invariant by

Proposition 2.6.1. Further
h(p) = A~ dim(T;£%) = hyy (F~1) = h(p) + 237, (40)

and so dim(£®) = 2. This equality allows us to use Proposition 2.6.2 to say that mj , is
equivalent to Lebesgue on L°.

Then, we run the same argument using /i as in Lemma 2.6.8 and get the same homogeneity
for the unstable conditional measures and that U™ [z, w, k] = L%(7,w,0) and U~ [z, w, k] =

L5(x,w,0) as before. O

It follows immediately using [30], Corollary H, that v is absolutely continuous with respect

to Lebesgue.

3 Tools required for the proof of Theorem 1.1.1

3.1 Furstenberg theory

This section presents material from Sections 2 and 5 of [11] in an effort to establish Corollary
3.3.2 in Section 3.3.

Recall from Section 2 that H 1’1(X ;R), with the quadratic form it gets from the intersec-
tion form (-|-), is isometric to the standard quadratic form on Minkowski space R (where
n = hb1(X) — 1). We say that a subspace W C RL™ is of Minkowski type if the quadratic
form restricted to W is non-degenerate and of signature (1,dim(WW) — 1). Then a subspace

of HL1(X:R) is of Minkowski type if it is isometric to a Minkowski type subspace of R1™.
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Let I" be a non-elementary subgroup of Oin(R).

Lemma 3.1.1 (Lemma 2.6, Proposition 2.8, [11]). One has a T'-invariant decomposition
HY (X R) = HYY(X;R), @ HY(X;R). (41)

Here, HM(X;]R)Jr 1s of Minkowski type, and the restriction of I' to this subspace is non-
elementary. Further, Hl’l(X;]R)O 15 such that the restriction of the quadratic form to this

subspace is negative definite and the restriction of I' to this subspace is contained in a compact

subgroup of GL(HM(X;R)).

One can do a similar decomposition for NS(X;R) and one has
HYY(X;R) 4 = NS(X;R) 4,
on which I' acts non-elementary (see [11, Proposition 2.12]). We let
I = HYY(XR),

The limit set of I' (which is non-elementary), denoted lim(I"), is the accumulation set of
any I' orbit on P(v) for v & Hf:. There are many equivalent definitions, see [11, 2.3.6]. In
our setting, lim(T") C P(IIp) N P(Nef(X)) (see [11, Lemmas 2.16, 2.17]).

Furstenberg theory gives us that there is a unique stationary measure Vp(I1p) On P(Ilp) C
P(HY!(X;R)) and it does not charge any proper projective subspace of P(IIp). We will
further describe this measure below in Proposition 3.1.3.

Fix kg is a Kahler form. Let the mass of a class a be defined by
M(a) = (alko). (42)
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Lemma 3.1.2 (Lemma 5.6, [11]). For p%-a.e. w € Q, there exists a unique nef class e(w)

with M(e(w)) =1 and as n — oo we have

1

W(ﬂ)*a — e(w), (43)

where a is any pseudo class with a®> > 0 (in particular any Kdhler class). Also e(w) is a.s.

isotropic and P(e(w)) is a point of im(T).

Proposition 3.1.3 (Theorem 5.8, [11]). The probability measure vy is given by

vy = / Op (o)) A1 (44)

This measure is p-stationary, ergodic and has no atoms. It is supported on lim(T") and
further, if it assigns positive measure to any subset A C lim(T"), then A is an uncountable

set. It is also the unique stationary measure on P(HVY(X;R)) with V@(P(Hf:)) = 0.

3.2  Stable currents

In this section we will deal with currents of type (1,1). We will briefly interlude to some
basics about currents following [10, Sections 5, 6].

Let ALL(X;R) be the set of smooth real valued (1,1) forms on X with the Fréchet
topology. Currents of type (1,1) act like a dual to this space, they are continuous linear
functionals on AN (X;R). If T is a current we write its action on some ¢ € ALY (X;R) as

(T'|¢). We provide two important examples:

1. Take o a continuous (1,1) form. It defines a current:
(o) = [ ane
X

2. Take C' C X a curve. Then, C' (regardless of whether or not it is singular) defines a
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current:

{CYle) = /C o

We say a current is positive if it takes non-negative values on the convex cone of positive
forms (i.e. (1,1) forms ¢ such that ¢(u,/—1u) > 0). We say that a current T is closed if
it vanishes on the subset of AMM(X:R) of exact forms. In Example (1) above, the current
defined by « is closed if and only if « is a closed form. It is positive if and only if « is
a positive form. Example (2) is closed and positive. For any closed current 7', there is a

unique cohomology class, [T'] such that

(Tle) = ([T][])-

If T a current is closed, then (T'|p) = ([T]|[¢]) and we can define its mass analogously to
how we did before in Equation (42) as M(T') = ([T]|kq).

Theorem 3.2.1 ([11], Corollary 6.13). For a.e. w € 2 we have that

1. there ezists unique closed positive current T7 in the cohomology class of e(w) (see

Lemma 3.1.2),

2. for every Kdihler form k, as n — oo, we have

R
M((f5)*r)

(fo)*r = T,

We call T3 the stable current associated to w. One can do similar constructions and get

an unstable version of this result.
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3.8 Ahlfors-Nevanlinna currents

Here we follow [11, Section 8|. Recall that stable and unstable manifolds are injectively
immersed entire curves ¢ : C — X; we use this to construct a current like example (2) of
Section 3.2 where the curve C is taken to be ¢(B(0,t)) where B(0,t) is the ball in C centered
at the origin of radius ¢. This current is denoted {¢/(B(0,t))}, i.e. the same notation as

before. Let

A(R) = ({(B(0,£))} o) = /w I (45)

Now, [8] (see [11, Proposition 8.1]) tells us that there are sequences R; — oo such that

the sequence of currents given by

1
T(Rn) 0

R,
{BO.0N T

converge to a closed positive current 7. We call this closed positive current 7" an Alhfors-

Nevanlinna current associated to the curve 1.

Theorem 3.3.1 (|11], Theorem 8.2/Corollary 8.3). For X a projective complex Kdhler sur-
face, 1 a probability measure on Aut(X), v a hyperbolic p-stationary measure satisfying the
moment condition in Equation (8), if there is no I'-invariant algebraic curve then for m-a.e.

(x,w), the only normalized Ahlfors-Nevanlinna current associated to W4 (x,w) is T}5.

Corollary 3.3.2. In the setting of Theorem 3.3.1, for m-a.e. (z,w), and MZ—a.e. W,

W (z,w) # W3(z,u').

Proof. Theorem 3.3.1 tells us that in our setting we have that for a.e. (z,w), the only

normalized Alhfors-Nevanlinna current associated to W#(x,w) is T;5. Combining this with
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Proposition 3.1.3 and Theorem 3.2.1 we get that e(w) is distinct from e(w’) for a.e. w’ and
that 75 is the unique closed positive current in the cohomology class of e(w). This tells us
that T is in its own distinct cohomology class for a.e. w. Relating this back to the stable
manifolds, we see that two stable manifolds cannot be the same if they have different 73

and so the result stands. O
Remark 3.3.3. The analogue of Corollary 3.3.2 for unstable manifolds also holds.

Lemma 3.3.4. There exists r € N and a full measure set Qj C QT such that for all k < r
and for a.e. x € X, if wi,wy € er, Wh(x,w1) and W¥(x,we) are tangent to order k, but

they are not tangent at order r.
Remark 3.3.5. A result similar to Lemma 3.3.4 holds for the unstable manifolds.

Let Ag be the conull subset of Y such that Corollary 3.3.2 and Lemma 3.3.4 hold.

Theorem 3.3.1, Corollary 3.3.2 and Lemma 3.3.4 apply generally in our setting, regardless
of the value of d4+ in Section 2.6. We will use this theorem for the case d+ = 0 to prove
Lemma 2.6.7 in Section 4 and Proposition 2.6.5 in Section 6. In the case that dy = 1,
we use [11, Theorem C| which is stated below in the next section as Theorem 3.3.1. This
theorem give us that the Oseledets’ directions are random in the setting d4 = 1, hence in
Lemma 3.3.4, » = 1. This is because in this case we have positive fiber entropy and hence
land in case c¢) of Theorem 3.4.1. In the case d4+ = 0 we have zero fiber entropy and hence

are in alternative a) of Theorem 3.4.1.

3.4 Fibered entropy and Theorem C of [11]

We give the following result of [11] which gives us randomness of Oseledets’ directions in the

case of positive fiber entropy:

Theorem 3.4.1 ([11], Theorem C, Theorem 9.1)). Let X be a complex projective surface

and p a finitely supported probability measure on Aut(X). If the group generated by Supp(n),
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denoted I'y,, is mon-elementary, then any hyperbolic, ergodic pi-stationary measure v on X

satisfies (exactly) one of the following:

a) v is invariant and its fiber entropy, hy (X, 1), vanishes,
b) v is supported on an algebraic curve that is 'y -invariant,
c) the field of Oseledets’ stable directions, i.e. the E*(x,w), is not I'y-invariant. That is to

say, it depends on the choice of future in w.

Case c¢) gives us that for almost every (x,w) € A, a.e. w' € Q is such that E%(z,w) #
E3(x,w"). Tt is similar for the unstables. Hence 7 = 1 in Lemma 3.3.4 in this d4 = 1 setting.
As noted previously, in the case that d. = 0, i.e. alternative 1 from Section 2.6, our fiber
entropy is zero and we are in case a) of Theorem 3.4.1. Hence we only have that the stable

manifolds are a.e. distinct for different w € €2, see Section 3.3, Corollary 3.3.2.

Elementary lemma in d, = 1 case

Fix € X and consider the family of measures on Gr(1,C?) given by p‘(gx,w) = 0 (g w)-
By Theorem 3.4.1 ¢) above (hence in the d4+ = 1, not necessarily the d4+ = 0 case), for
a.e. wt € QF these measures are distinct. Let PS5 := fQ+ pfx,w)d/ucN, then this measure

and let Pyl = [ pq(lxw)d,uN; this

is non-atomic. Similarly, we define pq(‘x)w) =0 Bu(zw)

measure is also non-atomic.

Lemma 3.4.2. Consider P a non-atomic probability measure on a compact metric space
M. For every sequence €, — 0 there exists a sequence oy, — 0 such that for all x € M and

n € N we have
P(B(z,€ep)) < 0p. (47)

This elementary lemma will be useful in Sections 4.4 and 5.
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3.5 Non-uniform hyperbolicity and Pesin theory

Many of the theorems used in non-uniformly hyperbolic settings like our own were originally
only written for the case of single iterate maps (with restrictions on the measure v) and are
due to Pesin ([36], [37]) Many of these theorems have versions in our setting, the ‘random
dynamics’ setting, where instead of a single map f acting as the dynamics, we have f/! as in
Equations (2) and (3). The books written by [25] and [26] are standard references for this
material.

Let g < min{1, A\ /200, =\~ /200}.

Since we have assumed that we have no zero Lyapunov exponents, we have “non-uniform
hyperbolicity”: upper and lower bounds on the action of D f/* on the Oseledets’ subspaces,
as well as bounds on the angles between these subspaces. In the case of uniform hyperbolicity,
these bounds are point independent, but this is not the case for non-uniform hyperbolicity.

We instead get a statement of the following form:

Lemma 3.5.1 (|7], Lemma 6.2, see also [3], Lemma 3.5.7 and [26], Lemma 3.2). Given the
integrability condition, (8), there is a measurable function L : X x Q — [1, 00] such that for

p-a.e. (x,w) (i.e. those in A) and n € Z we have

1. Forv e E%(z,w),

_ 1 - 1
L(z,w) L™ P o)l < | Dy ]| < Lz, w)e™ TIMaco)jy).

2. Forv e E"(z,w),

1 1
L(z,w) Y™ = Inlze0)|y | < || Dy o)) < Liz, w)e™ Hnlzeo|y)).
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3. It holds! that

L(E°[f(x), 0" ()], E"[f(2), 0" (w)]) > I

4. It holds that
LU @), 0"(w)) < Liz,w)eol

Lyapunov norms

Lyapunov norms are an adapted norm meant to have the action of D, f reflect the Lyapunov
exponents after one step in the random walk, see |7, Section 9.2] or [26, chapter VI, Section
3]. One can also see [29] for the single iterate case.

For (z,w) €Y, b e {s,u} and v € E’(2,w) we define the Lyapunov norm (two-sided) as

1/2

b
(V12 oy 7= | D I DFGv]e 220l
nez

These sums converge for m-a.e. (z,w) € Y by Lemma 3.5.1, also for v € Eb(:c,w) we have:

b
0 (2 Il

Lemma 3.5.2 (Lemma 9.2 of [7]). For m-a.e. (z,w) €Y, v e E’z,w), n€Z and k >0
we have
< n)\b+\n|eo‘v|

pL b
e mleollb oy < IDFL (48)

€0,(f5(x),0™(w))

€0,(z,w)"

From here, we pass to Lyapunov charts which rely on the construction of the Lyapunov

norm. These charts takes this norm to the standard Euclidean norm and our Oseledets’

1. Here, Z denotes Riemannian angle between the subspaces.
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directions to the standard orthogonal coordinate system in C2.

Lyapunov charts

For every 0 < € < €, there is a measurable function r : Y — [1,00[ and a full measure set

A C Y (same as the Oseledets’ set) such that

e For (r,w) € A there is a neighbourhood U(z,w) C X containing x and a biholo-
morphism ¢, ) : U(z,w) = B(r(z,w)™") (where B(r) is a ball of radius 7 in C?)
with

~ Plaw) () =0,
= Doy o) (E"(z,w)) = C* := C x {0},
— Dy ) (B (2,w)) = C* := {0} x C.
o Let fipw) = P(fu(x)ow) © fo© gp(—;w) and
Jaw) = O @)1 ° o © Pl then
~ flaw)(0) =0,
— N Y0] < Do f(puyvl < ], for v e C x {0},
e o] < Do f(g vl < €t Feul for v e {0} x C,
— Lip(fzu) — Dof(zw)) <&
= Lip(Df(ga)) < rlw,w).

e Similar properties for f(; lw).

e There exists a uniform constant ¢ with ¢~ <Lip(¢(z)) < r(z,w) for all (z,w) € A.

o 7((f7(x),0"(w)) < r(z,w)e™€ for all n € Z.
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Sometimes we will think in real coordinates instead of complex coordinates but work in

Lyapunov charts as the reader is already familiar with the notation. We denote
R":=R x R x {0} x {0},

for C% and
R* := {0} x {0} x R x R,
for CS.

Let us set notation for the action of f in the Lyapunov chart. Given

w=(..f-1,fo, f1,---),

define

r 1 —1 —1
faw) = Pful@)ow)) © T © Plyw) = Plha@)ow) © 0091 ) (49)

We will denote f(m,w) as fO in settings where (z,w) has been made clear. Further, let

~ L ~ o _1
Jr = F(praon(w) = Pt ()01 w)) © Tr © Ppn(a).on (@) (50)

Then we can write f(”xM) = fh_10---0 fo.

Into charts — distortion estimates

Working in Lyapunov charts gives us control over the first derivative, Dy f(m’w), by giving us
uniform hyperbolicity. In this section we work to control the action of the second derivative,
D% fw, obtaining a naive bound to use in subsequent sections. Note that we only use the

standard flow in this section and we work in real coordinates in our Lyapunov charts to

33



demonstrate that this can be done in the smooth setting as well as holomorphic.

Let (z,w) € A, we get that there is a neighbourhood U(x,w) C X of x and a C*
diffeomorphism ¢, ) : U(z,w) = B(r(z, w)~1) with the properties defined in Section 3.5.
As in 3.5, will use | - | to denote Euclidean norm in the chart. Let k € [0, 1]. We define

F(tx,w),k : R4 - R4’ F(tx,w),k;(v) = th_H{:J (U>’ (51)

(z.w)

where f(%w) is as defined in Equation (49) and ¢ is the amount we ‘flow’ by (on Z). This is
the action of ‘standard’ flow on X written in Lyapunov charts.
Taylor expanding our flow in charts, we get that there is a point w on the line between

0 and v such that

Using this Equation (52) we get the upper bound,

= = = 1 927 D

o) 1) = oy 1O S IDE(, 1y 1 (0)0] + 5 sup [DPEY, 1 (0)(w)] - [uf”. (53)
) ) b ) 2 we[o’v] ) )

Additionally we will need a lower bound. Using Equation (52) with the reverse triangle

inequality we get

- - - 1
\Fl () — F o k(0] 2 |DF(tx’w)’k(0)U|—§|UTD2F(tx7w)7k(w)v| . (54)

(xw), (z,

Now, to bound the second derivative, we look at the action of a diffeomorphism on a
subspace of the space of 2-jets for R* based at the point 0 (it gives a linear map). In general,
the space of k-jets based at a point xq is denoted J!go (R™,R™) and is essentially the space
of all kth Taylor polynomials of smooth functions f : R” — R" based at a point xg. More

precisely, it is the set of all equivalence classes of smooth functions f : R — R™ such that
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f ~ gif f and g, as well as all their first k£ partials agree at the point zg. We will denote
jlgo( f) to be the kth Taylor polynomial of f centered at xy. For any yy € R™, the real vector

space J£O (R™,R") has the subspace,
Tro (R R™)o = {jzy (/) € Jz,(R", R™) : f(xp) = O}, (55)

For our purposes we take n = m = 4, k = 2, and xg = 0; we denote this Jg(R4)0.
Similarly, as above, for smooth functions f : R* — R?* we write jg( f) e Jg(R4) for the 2nd
Taylor polynomial of f at 0. Note that if f, g : R* — R* are smooth functions mapping the

origin to the origin, we have the property that
J5(f e 9) = i) (f) 2 Jo (9)- (56)

Note that if t € RT is such that [t + k| =n+1and w = (... fo,... fn,...), then F(tx,w),k‘
is composed of the diffeomorphisms fo, ... fn. Since we are working in charts, these diffeo-
morphisms always take the origin to the origin.

Further, a smooth function f : R* — R* that maps the origin to the origin gives us a

map on the space Jg(R4)0 by pre-composition:

JARY — JB(RY), (57)

h(z) — h og%(f)(z) mod z%3. (58)

We endeavor to write out this map as a matrix. First one needs to write down a basis for
Jg(R4)0; recall that the kth Taylor polynomial for a smooth function f : R™ — R can be

written as

5o
= 3 P (59)

0<[B|<k
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where ( is a multi-index 8 = (81,...0,) with 8; € {0,...k}, |8] = > 6;, B! = [1i2 B!,

and (z — z0)% = [["1(z; — (20);)%. Hence we can write down a basis for Jg(R4,R)O as

2 2
{x1, 29,23, 24,27, ... 2], 2122, ... T1T4, T2X3, 2Ty, T34}

We then write f : R" — R" as f(x1,...,2n) = (fi(z1,...,2n),... fu(z1,...,2pn)), where
fi - R™ — R. We see that we can write JS(R‘L) = Jg(RA‘,R) - D Jg(R4,R).

We see that the matrix representing the precomposition map (with respect to f : R —
]R4) in Equation (58) needs to be 60 x 60 because it needs to be 15 x 15 for the precomposition
action of f : R* — R* on each component Jg(R4, R) (given the size of the basis of Jg(R4, R)
is 15). To demonstrate what is going on, we will perform this computation in a simpler case
for the map defined by f : R? — R? on Jg (R?)y where on each Jg (R2,R) component it is
only a 5x5 matrix.

Let h € Jg(RQ)O, then it is of the form h(z,y) = (h1(x,y), ho(z,y)) where

hi(z) = hi(z,y) = a1z + agy + a3z’ + aqy® + aszy € JOQ(]RQ, R).
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Then

5N hi(2) = hi(J5(f)(2))

_Oh ofi  *h 2 0%f1 o  0?f
_al(&vx—'— 8yy+82 +8y2y +8$0yxy)

Ofy  Ofs  Pfy o 0fa o 0f
+ az( ox v oy vt Ox? v Oy? 0x 0y

ofi  0fi | 0*fi 2 0*fL o  O*fi
+a3(8xx+8yy+82 +8y Y +8x8y

Ofs  O0fa . 0%fy 2 fr o Ofo
Tl r Yt 2 T 5 aaay”

ofi . of | %A 2 *fi 5 O’
LG iy U e X A e

Ofs  O0fs  0%fa o  0%fs o  0f
(ax“ay“a?x T2V T Gray

zy)

2

zy)

2

zy)

In the above, the variable x in h;(x,y) gets replaced with the Taylor polynomial of f; and

the variable y in h;(z,y) gets replaced by the Taylor polynomial of fo where

f(Z) = f(l",y) = (fl($7y)7 f2($ay))

Rearranging we get

BNGE) =2l G+ 0 32) + v + 0 0?)

2 2
+x(ala€1+ %f;—i— (i)

Ofs 0f1 0fa
0 ( x) +a5<8x'8x>)
02 02 dfy 0 ofy 0
ooyl e (G1) v () s (G52

+x( 02 f1 02 fo df19f1 d0f20fs é’flan)
Y .

a1 0xdy +a 0xdy +a3 oxr Oy +ay oxr Oy +as Oy Ox
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So then the associated matrix (fixing the basis {x,y, 2%, y?, zy} in this order) is

df1 dfo

B Or 0 0 0
af af
Tyl 372 0 0 ) 0
P | 2 9% f1 of of1  Of
= | 5% %F (%) (%) 9.4 (60)
Pf f (%) (%)2 afL . 0f
0y? 0y dy dy 9y
0’f1 fr 9h0fi 0f0f <%% + %%)
Oxdy 0Oxdy Ox Oy x Oy oxr Oy dr Jy )

In the top left block (2x2) we get the Jacobian of f, in the bottom left block (3x2) we have
second derivatives. In the right most bottom block (3x3) we get products of the first partials.
Then overall, for the action of f on Jg (R?)y we get a 10 x 10 (2 copies of this matrix on the
diagonal). We would call this T’ . A similar construction occurs for our setting with maps
f:R* - R* acting on Jg(R4)0, again, call this matrix T’.

Let us return to our setting now.

Lemma 3.5.3 ([18]). Fiz (z,w,k) € Z and let t > 0, consider ng )k there exists C' such
that \DQFt k| < C’?(x’%k) where n = [t + k|. In particular, if Supp(p) < oo, then there
exists C' such that for any (z,w,k) € Z and t > 0 we have that |D2F(t kl < C™ where

n=|[t+k|.

Proof. Fix (z,w,k) € Z. Since X is compact, every first and second partial derivative of
f € Supp(p) has a naive bound on it, call the maximum of these C}. Entries in our matrix 7'y
then are bounded above by C'y := 2(0})2 as they may be products and/or sums of the first or

second derivatives. Now if we take t > 0 and flow by it under w, we have diffeomorphisms,

foro o fn : RY = R* where n = |t + k|. The map T; orofy associated to the action of
f 0.0 f 2(R4 its i ' e T . . < s i
fno---o fo on J5(R*)y splits into matrices T 3 Tfo' Each Tfi and TanWOf0 is in a

form similar to that described above in Equation (60), but as explained, ours is a 60 x 60
matrix. In particular, the first and second partials of fi, resp. fn 0---0 fo in these matrices

are arranged in an analogous way to Equation (60). Since Tf~ ceees Tfo = Tf oo fy? the
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first and second partials of T}lo.-.o 7, are products and sums of the first and second partials
of the f;.

Given that each entry in T~i is bounded above by C' ; and that the size of the matrix is
60 x 60, multiplying any two T 7 and Tfj gives a bound on the entries of the product given
by 60C' F C i So for a given set of diffeomorphisms fi,... f,, we let

C (2o k) = V60 max C'; (61)

0<i<n Ji’

We conclude that all second derivatives of fn 0---0 fo are bounded above by Ct”(x k) and
271t

0 1D )kl = Cank)

Supp(p) < oo and X is compact. Hence this naive bound is only dependent on the number

. ThlS Ct,(

2w,k Can be taken to be independent of w € 2 because

of diffeomorphisms we draw. O

Stable and unstable manifolds

Here we state a version of the local stable manifold theorem from [7] that turns a local stable
(or unstable) manifold into a holomorphic graph in the Lyapunov charts. Let C*(r) be a

ball of radius r centered at the origin in C* where * € {s, u}.

Proposition 3.5.4 (|7], Theorem 6.4). For (x,w) € A there exists holomorphic functions
hf$,w) : CS(T([L‘7w)_1) - Cu(r(:pac‘))_l)’

My C (@ @) ™) = C(r(z0) 7,

(where r(x,w) is from Section 3.5) such that, for any * € {s,u},

1. h?x,w)(o) =0,
2. Doh’ =0,
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3. 1D, I < 1/3.

w)

Define

Wit (@ 0) = 000 (graph(BE, ), Wit o (@.w) = o (graph(his, ), (62)

where q(x,w) is a measurable function dependent on r(z,w). These are our local stable and

unstable manifolds respectively. They have the following properties:

S
1. Ify e Wq(xjw)(:v,w) then for every n € N we have
Ax (F" (2,w), F"(3,w)) < k(@) exp(A~ + 0)n)di (2, ).

2. Ify € qu‘(x w)(x,w) then for every n € N we have

dx (F~"(z,0), F"(y,w)) < k(z,w) exp(—(AT = 8)n)dx (z,y).

3. We have the following inclusions:

F(W;(wi)(x’w)) C W;(F(m,w))<F(wi))a

F—l(W;(F(W))(F(x,w))) C Wty (,0).

(z.w)

Where k(z,w) is a measurable function dependent on r(x,w).

For the cost of some ¢,. > 0 small, one can use Lusin’s theorem to replace £ and
g with uniform constants in the Proposition 3.5.4 on some compact set Kj,. of measure

m<Kloc) > 1= €p-
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The global stable and unstable manifolds are defined by

W (z,w) = | J F" (qu(%w)(F”(:v,w))) ,

n>0
Wz,w) = | J F" (W;(x’w)(F_"(x,w))) .
n>0
As explained in Section 2, W/ Y(z,w) are injectively immersed holomorphic curves in X,
that are biholomorphic to C for m-a.e. (z,w) (see [11, Proposition 7.8]) and are equivalent
to what is given in Equations (12) and (13) resp.
Let K}, be the conull set of (z,w) € Y for which our global stables and unstables are

biholomorphic to C. Let A;,. := Kj,. N K}, and note that it is almost conull.

3.6 Holder continuity of the Oseledets’ subspaces

For this section we largely follow the conventions and results of [26, Chapter 3, Section 4].
Given a metric space X and a family of subspaces {F;},cx in a Hilbert space H, this
family is called “a-Holder continuous in z” for some « > 0 if there is some L > 0 such that

for any =,y € X we have

dGT(E$7Ey) S LdX((L”y)a, (63>
where
day(V, W) = max sup  inf |v—w|, sup inf |v—wl (64)
veV, ju|=1 wEW weW, jw|=1vEV

and |v]| is the Euclidean norm.
Now we pass to considering a family {E;},cx where E; C T;X,. In order to make

sense of comparing subspaces in different tangent spaces, we use parallel transport. Let pg
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be such that exp, is a C°° diffeomorphism on B(z, pgy) for all z € X and let =,y € X be
such that dx(x,y) < pg. Denote P(x,y) as the isometry from 7 X to Ty X that is parallel

transport along the geodesic between z and y, then we can define

1 if dy(x,y) > po/4,
d(Ex,Ey) = (65)

der(Ex, P(y,x)Ey) if dx(z,y) < po/4.

Definition 4. Given A C X, a family of subspaces {Eyz}pen such that By C TpX is

a-Hdolder continuous on A if there is L > 0 such that for any x,y € A we have
d(Ey, By) < L(dx(z,y)?).

Next we define a form of “Pesin set”; a set on which we have uniform hyperbolicity rather
than non-uniform hyperbolicity. It is on a set of this form where we will be able to achieve
Holder continuity for our Oseledets’ directions. Note that the sets in the definition may be

empty depending on the choice of parameters.

Definition 5. Let {f;}7, € Supp(p)N and let f" = f_10---0fy. Leta<b, C > 1 and

define Ay, o C X to be the subset of points where there are splittings
TpX = Ep ® Eyf,
such that for n € N we have that

| Dy f o] < Ce™||v||, v € Ey,

1D f™l = ¢ |Jo]|, v € By

Since our sequence { f; }3 is given by either the non-negative indexed half of the vector
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w, denoted w™, or the negative indexed half, denoted w™, in application we will denote
AS,JI;,C for where the {f;}52, set comes from w™, and similarly as AZJ,;,C for where this

sequence of functions is from w™.

Lemma 3.6.1 (|26], Chapter 3, Section 4, Lemma 4.2). There exists Qo C Q such that
a(Q) € Qo and 1Z(Qy) = 1 and there exists measurable function C' : Qy —]0, o[ such that

for w € Qy and n € N we have

n—1
T 1@, < Clw)e*on, (66)
1=0

where f;(w) is the function in the ith position in the vector w and

o = [ 1o fllgrrd(f) < o (67)

The norm CYHY is equivalent to the usual CHY norm, CHY* is given by

[fllgre = [[Dflloo + Lip(Df). (68)

Equation (67) is finite by the moment condition, see Remark 2.2.1.

Remark 3.6.2. In the same vain, a similar statement can be written for our backwards

1

random walk where we get a 0~ *-invariant set }y C €, MZ(Qa) = 1 and measurable function

C™ :Qy —]0,00[ such that for w € y and n € N we have

n—1
LT 1 @l < € (w)e*o™, (69)
1=1

where f;~ (w) is the inverse to the function in the —ith position in the vector w and

iy = [ogl Hensedu(s) < . (70)
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Lemma 3.6.3. There exists an almost conull set Qe C Q on which C(w) and ¢y from Lemma

8.6.1 and C™ (w) and ¢, from Remark 3.6.2 can be chosen uniformly.

Proof. Choosing ¢y and ¢, uniformly is trivial because of our moment condition (see Equa-
tion (8)) we can take both constants to be the value of the integral in Equation (8).

Now, since C'(w) is a measurable function, the set E, = {w € Qp : C(w) < n} is a
measurable set such that E, — Q' as n — oo. Hence u%(Ep,) — p%(Q) = 1. Let e¢ > 0,
we can find n such that pZ(E,) > 1 — ¢, call this set Qe € Q and take C' = max{1,n}.

On this set (¢, we have that
n—1
IT Ifi@)llgna < ce?on. (71)
=0

One can do similarly for the set )5 defined in Remark 3.6.2, one gets a set {2 o where

n—1
IT 1 @l < o™ (72)
=1

Let Qe := Qe N Qec—’ This completes the proof. ]

Proposition 3.6.4 ([26], Chapter 3, Section 4, Corollary 4.1). Let {f;}5° be a sequence of

diffeomorphisms f; - X — X such that
n—1
H HfZHCLl* < Cecn7 (73)
1=0

~ C X associated to

for some C' >1, ¢c>0. Fix C > 1, and a < b and consider the set Aa b

this sequence as in Definition 5. The family {Ey}zen b 1s a-Holder continuous in x on
a7 k)

. ~2 _b— __a—b
A@b,C‘ with constant 204%™ and o = “=d where

d = In(2C2%) + 2¢ + | In(po/4)| + |al.
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Fix e > 0 and N € N and define Ai’]u\}f to be the set of all z € X such that for any n > N,

v € E%(x,w) we have

"N |lu]| < (| Dg fl0]| < "XTH . (74)
and for v € E¥(z,w),

"N o] < (| Dy flv]l < *ATH o). (75)

Similarly, define Ag’;\? to be the set of x € X such that for all n > N we have that for

v € ES(z,w),

e O THI ||| < || Dy fr ol < e, (76)
and for v € EY(z,w),

e ANTH o)l < | DafRoll < e AT o). (77)

. S,w S,w UwW Uw
Note that if N1 < Ng, then AG,N1 C Ae,N2 and A67N1 C Ae,Ng‘

Lemma 3.6.5. For any (z,w) € A and any € > 0 there exists Ng, Ny, € N such that

belongs to Ai’]“\),s and Ag’;\“}u
Proof. This follows immediately from Oseledets’ theorem. m

Given a fixed € > 0, we get a Lusin set K, such that if (z,w) € K, then N, and Ny are
bounded above by N.

Note that given two points (z,w), (y,w) € A and € > 0, each has a corresponding N, we
call them NZ and NY resp. then z,y € Ai:]“\)[ for N = max{NZ? NY}. Similarly, if N¥ and

NY were their corresponding N,, values, then also z,y € Ag’;\u,
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Lemma 3.6.6. For given N, there exists Ly, Ls € R (independent of w) such that

S,w + U,w -
AN CAD 1,0t —a Ly BN CAY o (o) L
Proof. Let Ls = (max;—g  n{1, IDfiIHYN, (to make independent of w, simply let L, =
maxg,pp( {1 [|Dfill} and take Ly = (LL)N | we can do this since we assume Supp() < 0o

and X is compact) then, for y € A?LZUV’ all n € N and v € E¥(y,w) we have

. _
7" O ol < Do ffvll < Loe" X F o] (78)
S
and for v € E%(y,w),
1
=" o] < [ Dy flol] < Lo X o, (79)
S

w-‘r
(A +e),(AT—e),Ls

Similarly, let L, = (max;—p _1.._n{1, IDf;| DY, (we can make this independent of w

Hence Ai’Jwv C A

in the same way one does for Lg) then for y € A?’X}, we have that for v € F¥(z,w),

1 - _
¢ "o < Dy f5M | < Lue™™ ol (80)
u

and for v € EY(z,w) we have

1 _oF _ —n(AT—
= "X o < Dy f5 0l < Lue " XTI (81)
u
So we see that AZ’;\J[ C A_(\~—¢),—~(\*+e),L, for this w (or really w™). O

If further we have (z,w) € A := AN (X x Q), then we can use Proposition 3.6.4
to say that if we pick ¢ > 0 and get the corresponding N, and Ng, then on the subsets
5w u, . ..
Ae,Ns C A(/\ﬂre)?()\J_e)’Ls and AG,R}[U C Af()r—e),—(AJrJre),Lu we get the associated Holder
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continuity of E% and E" respectively.

3.7 Stable holonomies

Here we discuss stable holonomies and standard measurable connections. We follow the

appendices of |6, Appendix B, D, EJ.

Definition 6. (|6, Appendix B.2|) We say a smooth cocycle G : E — E with vector bundle
E — Y over F has smooth stable holonomies if for a.e. (z,w) €Y and for ally € W5(z,w)

we have maps

Py (z,y) 1 B(z,w) — E(y,w),

that vary smoothly in y and such that if y' € W¥(z,w), then

Po (.9") = Py (y.y) 0 P (,9),
(where defined) and such that they are F-equivariant:

D

o(w

)(F(x’w>’F(va)) °0Gy = gy oPJ(x,y).

From [6, Appendix B, D, E| we get (using [1,39]) the existence of holonomies for our
cocycles E% and E*@EY/E?®, which we denote Py and P, respectively. Combining these, we
have that the stable associated graded gr~ := (E°* @ E"/E®)® E® also has stable holonomies
P

Now note that the (E¥ @ E"/E®) are (measurably) isomorphic to E* and so we get
isomorphisms E" & E% — (E° @ E"/E®) @ E°. Combining these isomorphisms with the

holonomies P, we get the standard measurable connection which we call

P :E'Y® E°*— E"® E°.
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Here P~ = P, ® P, , where
P, :EY— E" P, :E°— E°

come from P, and Pg respectively combined with their respective canonical isomorphisms.
By the Ledrappier invariance principle (see [2,6,17,28|) these preserve measurable F-invariant

subbundles like UT. So we have maps

P, (2,72 : TU T [z,w] = TUT [, w],
(where defined) with properties

P (2,2 =P, (?", /) o P, (2, 7),

and P (z,2) = Id. Appendix E.2 of [6] explains how for any €g > 0 we can find a set Kg
(that we call a Pesin-Lusin set) of measure 1 — €5 on which P* are Holder continuous with

some exponent 5 and constant Cﬁ dependent on €g- To be more precise, on K g we have
1P (2. 2') — Id|| < Cgdx(z,2')".

One can have the above construction for the unstables too. We denote these counterparts

as PT and PT.

Lemma 3.7.1. The tangent space of the unstable support of a point (z,w), TU T [x,w], does

not depend on w.

Proof. Consider & = (v, w™,w"), 2’ = (r,w™, (W)T) € Y. We note that W¥(2) = W¥(2')
and consider P (&,2")(TU[2]) = TUT[2']. Now we note that the backwards flag E% and

E® @ E"/E" are only dependent on the past which & and &’ share. This forces P™(#,2') to
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be the identity. O]

3.8 Normal form coordinates

Normal form coordinates (NFCs) are charts on either the stable or unstable manifold,
W3 (z,w) or W"(z,w), that (in our case) conjugate the action of the dynamics to a linear
action. This construction was originally due to [24]. Our case is simple because our stable
and unstable manifolds are complex 1-dimensional. One can also find this in |23, Lemma

3.2 and Lemma 3.3|, [7, Proposition 6.5 | and [6].
Proposition 3.8.1 ([7], Proposition 6.5). For m-a.e. (x,w) €Y and for any y € W"(z,w)

(similar for the stable case), there exists a smooth diffeomorphism

H(l;/’w) Wz, w) = T,W"(z,w) = C, (82)

that satisfies

Z. Dyfw © Héﬂl-}) - H%’(yﬂfd) © fw‘Wu<x’w)’

2. HY

b () =0, Dy, = 1d,

(yw)

3. for z € W"(z,w) the change of coordinates

1
HZZ,OJ) © (szz,w)> (W (z,w) — TyWu(x,w), (83)

1 an affine map.

We denote A’ to be the subset of Y where we can use NFCs as in Proposition 3.8.1.
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3.9 Time change suspension flow

For the ‘time changed’ flow we will construct a roof function that will allow us to grow the
unstable manifold by exact amounts in normal form coordinates (after some slight modifica-
tion to these coordinates, see Equation (97) below). More precisely, if we are in (modified)
normal form coordinates (NFCs) for the unstable manifold we want flowing by time ¢ to
expand the unstable manifold by el. We will also get the analogue for the stable manifolds,
i.e. that flowing forwards by ¢ in (modified) NFCs under the ‘time changed’ map will shrink

distances by a factor of e L.

Defining the time changed flow (forwards)

As we see in Section 3.8, the way normal form coordinates works is that the action of f on the
unstable manifold in these coordinates is entirely linear. Hence, this action is multiplication

by Dz fulpu(zw) (0F Dz fulps(pw) if stable). Let 6 : Y — R be defined by

0(x,w) :=log | Dz fol gu(z.w)l- (84)

We would use 6 as our roof function for our flow, but it is not guaranteed to be positive. It

is only positive on average; by Furstenburg’s formula

/ 0z, w)dvdp® = AT > 0. (85)
XxQ

We instead take a function cohomologous to 6, a positive integrable function that which we
call 7; recall that to be cohomologous means that there is a positive and a.s. finite function

¢ such that
0—¢polF+¢=r. (86)
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Since Equation (85) is also a finite quantity we could use Lemma 2.1 from [4] get such a

7. However, we prefer an explicit formula and so instead we give the following Lemma:

Lemma 3.9.1. Let

T(I‘,u)) = log ’DOf(x,w)|(C“|7 (87>

where f s as in Section 3.5, then T is positive and cohomologous to 6.

Proof. Note that we can write §(z,w) = log ( ) for any v € E%(x,w). We want ¢

such that ¢ o F — ¢ = 6 — 7, note that

[ D foll £
07 =log (—f”> ~log (|[o]l.) (85)
’DOf(x,w)’(C“‘
Take w = (1,0) € C* and v = Dogo(;jlw)(w) € E%(z,w).
Then let
o(x,w) = log([|v]lz),
then

60 P(a,w) = 1og(1Dow ity oy (0 50)) (9)
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Plugging in gp}%x’w) = f&} o gp(_xl’w) o f(;’lw), we get

asoF(x,w):log(nD e D ey o Dol ) @0
log (1D f o DogL,, © Do, )wnf(x)), (91)

1D2f5 0 Doe Lyl o
, (92)

|D0f:rw|(C“|
Dy
1og(” 7ol e ) .
|D0fxw|(C“

Then it is clear that for our chosen ¢ that we have ¢ o F' — ¢ = 0 — 7. This completes the

proof. O

Additionally, by the uniform hyperbolicity estimates in Lyapunov charts we have that
M —e<r <A +e (94)

Throughout the rest of this subsection, we are flowing forwards by ¢ > 0. We define for

peN, p>1,
oz, w) == (0 e, 0P W) 4 - 7 (fRr, 0%0) + T(fle o (W) + T(x,w),  (95)

and additionally we define 79(x,w) = 0. Then the amount of time we flow has to surpass
7p(7,w) in order to apply p diffeomorphisms, fo, f1,... f,—1 to X at z.

Now we can define the ‘time changed’ flow on Z which we will denote ch. Note that [4]
simply defines the space over which they flow using the roof function, however as we have
two different flows, we take the approach of [17] and simply change the speed of the flow
rather than the [0, 1] component of Z.

For ¢ € R>q, we let ¢ = (z,w, k) € Z and work to define ch(c). Note that & € [0, 1],
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but now we first want to move at speed 7(z,w) to start. If for example £ = 0.22 and
T(r,w) = 1.2, then if £ > 1.2 — (0.227(z,w)) = 1.2 — 0.264 = 0.787(x,w) then we apply at

least one diffeomorphism fj. That is to say, we are at 22% of 7(z,w) to start.

Let
B(c,l) ={p>1:kr(z,w)+{ > 1p(x,w)}.
Then define
max{p € B(c, ()} if B(c,l) # 0,
pelc) = (96)
0 if B(c,¢) = 0.
We then let

(k7(z,w) +€) — Tpe(c)(z,w)

7lle) — 5@(0) Lol (),
te(c) = ( (2), o7 w) T(fge(C)LaPe(C)w)

).

The time changed flow in normal form coordinates

Now take the NFCs we defined in Section 3.8, Hé W) Wz, w) = TyW"(z,w), and define

U — 6_¢(y7w)HU

(y,w)new - (yw)”

(97)

Note that H(, () = 0 so the initial distance between  and z € W*(z, w) in original NFCs

is
[HE, oy (x) = Hy o (] = 1HE, ) (2] (98)

Then applying F' we see that

1y (Fur@)) = HE gy (B2 = [ H ) (Fi2)) (99)
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The same applies replacing HE“; W) with HY

(z,w),new”

Lemma 3.9.2. The map H* satisfies

(y,w),new

) merw Fo D = €TENHE, e (- (100)

Proof. By condition (1) of the construction of NFCs in Proposition 3.8.1 and the definition

of 8 we have that

I H oy (FoDN = Do feol pul - | HE, () = @) HE, ()] (101)

u

(y.w).mew we have

Now using the definition of H

HHll*i(x,w),new(Fw(Z)) H = €—¢(F(x,w)) HH%’(%W) (Fw(z))”
— e—¢(F(x,w))’Dxfw’Eu| ) |‘H(ux,w)<z)H (102)

= o) =oF@w) g o))

w)

Using Equation (86) ¢?(@:@)=¢(F(zw)) — (7(z.0)=¢(2w) and so Equation (102) becomes
I H b o) menn F (D) | = 700 Fe @) = TR Y, (I (103)

This completes the proof. n

By construction if we put the unstable manifolds in these modified NFCs (as in Equation
(97)) and flow forwards by ¢ under the time changed flow it expands distances by precisely
e’. If we put the stable manifold in these modified NFCs, flowing forwards under the time

changed flow by ¢ shrinks distances by et
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Invertibility of the time changed flow

Lastly in this section, we write down explicitly the inverse of the ‘time changed’ flow.

We can take 7 as above and define 77 (z,w) = —T(f_11<£L‘), o~ Hw)) where

W = ('--f72>f717f0?f17f27"')7

which is a negative function.

Define for p > 1

P=D)y o==Dyy ... (104)

T ((fa o W) + 77 (z,w),

set 7 (v,w) = 0. In this scenario we want that if £ < 0 surpasses 7, (z,w) (in magnitude)

we hit & with p diffeomorphisms from the past of w, i.e. hit = with (f_1)7!,... (f_p)_l.

We let ¢ € R and work to define the ‘time changed flow’. For ¢ = (x,w, k) we now view
k closer to zero as being closer to applying a diffeomorphism. If, for example, & = 0.22, this
k represents being (1 — k) x 100% = 78% towards applying a diffeomorphism when going
backwards.

Let

B (c,t)={p>1:(1-k)7 (v,w0) +{ <7, (z,w)},

then define

max{p € B~ (c,{)} if B~ (¢, ) # 0,
py (c) = (105)
0if B~ (c,¢) = 0.
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Then we can define the ‘time changed flow’ for ¢ < 0 as

_ 1-k)r (z,w)+l—7_ (z,w)
(o) = (1" Va0 O ), 1 - I 1
T (f P (c)(x), o P (© (@)

Invariant measures

For our flow F! , the natural invariant measure m7 is given by

ter

dm’ (z,w, k) = Cr7(z,w) - dm(x,w)dt(k), (106)

where C7 is a constant chosen such that m7(Z) = 1. This measure is clearly absolutely

continuous with respect to m. One makes a similar observation to that of [17, Lemma 15.1]:

Lemma 3.9.3 (Lemma 15.1, [17]). For every e; > 0 there exists K C Z a compact subset

and Q) < oo such that

M) > 1 — e, (107)
and for every (z,w, k) € K
dm” dm
s (x,w, k), W(w,w,k) <Q. (108)

Modified Normal Form Coordinates Extension Charts

Here, for a given (local) stable manifold W*(z,w) (similar for unstable) we work to build
a smooth chart into C? denoted H fm,w) on a ball around z in X (i.e. ambiently and not
restricted to W*(z,w)) such that H?® restricted to the stable manifold is the modified NFCs
map

H? Wo (z,w) = ToWo (2, w) = E%(z,w).

(z,w),new
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We will make the identification of E*¥(x,w) with C by applying ngp(x,w), more specifically,
we will identify F®(z,w) with the plane W = {(0,5) : s € C} ¢ C2. In doing so [:[fx’w)
locally takes W*(z,w) to a coordinate plane in C2. We will build this chart for (z,w) in
some good set for the purposes of Section 4.4.

We will build a function Y(zw) that will modify Lyapunov charts Plow) X — C2 so

that

Iw) © Plaso) © Hlp i) mew) 0 (D0(#()~lw)(s:t) = (0,0, 5,).
for s,t sufficiently small. Then we let

fx,w),new = I(zw) © Plrw):

Making the natural identification between W and C, let ¢<x’w) : C — C2 be defined by

V(ww) = P(zw) © (Hfgc,w),mu)_1 o (Do(p(zu) 1))

)

Note that 1, ,,)(0) = (0,0) and that

Dotz ) = ;a7 0.
a

Then we Taylor expand ¢, around 0 ¢, ,\(s) = (e1(s), as + e2(s)). Here €1 and eg are
error terms of degree at least 2.

We will focus on getting rid of these error terms but we must eliminate eo first. Let
m C2 — C, i = 1,2, be the natural coordinate projection map onto the ith coordinate.
Note that

ha(s) i=mg 0 1y ) (s) = (s + e2(s)),

and that inverse function theorem gives us the existence of an inverse h, ! (on some ball)
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such that (Id, h2_1) 0 Y(pw)(s) = (e1(s), )
We can now do the same thing to eliminate ey, we get a function hfl (defined on some

ball) such that

<h1_17 ]d) © (Id’ h2_1> © w(x,w)(s) - (07 S)'

We let g, ) = (hl_l, Id) o (Id, h2_1) and we are done. We now just have to construct a
good set where we can control where these functions are defined and bounded.
Firstly, the radius of convergence for the Taylor series of w(%w) around 0 depends on

Plrw) and H fw The error terms e and eg also depend on these functions, as do h;

w),new’

and ho. Hence on some good subset K,,,q C X x Q we can ask that H fx W) is defined on
some ambient ball around x of size at least r,, and and that the second derivatives of this
map and the change in distance between ambient coordinates and C2 under this map are

bounded above by M (for more on this see Lemma 3.10.1 and its proof below).

3.10 Some good sets

First of all, recall from Sections 2 and 3.5 that A was the conull set of points in Y where
Oseledets’ theorem holds and where the Lyapunov charts are defined. There is also the set
A" where NFCs (and modified NFCs as in Equation (97)) can be used which is explained in
Section 3.8. Additionally, there is the set A;,. which is almost conull; we fix this set with
§ < €, see Section 3.5. Lastly, recall A from Section 3.6.

Now recall that we denote Lyapunov charts at a point (z,w) € Y as P(zw) S€ Section

3.5.

Lemma 3.10.1. Let ¢, > 0 be given, there exists a set K CY of m-measure at least (1—¢;)
and a constant M, > 0 such that if (z,w) € K, and two points y,z € X belong to the
Lyapunov chart domain of (x,w), U(z,w), if d = dx(y,2) and d' = P(2,0)¥) = P(2w) (2],

we have that d = cd' for some c € [MLT,MT]. We can ask the same for distances when
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Dgo(wi) 1s applied and for the second derivatives of this chart be bounded above by M, as

well.

Proof. Each Pl w) is a diffeomorphism of compact sets and hence is Bi-Lipschitz for some

constant L (dependent on (z,w)). This means that for any y, z € U(x,w),

2ax(5:2) < [9(000)(8) ~ Poay (2] < D (y,2). (109)

We see that if d is a distance computed in a chart P(aw) and d’ is the distance in ambient

coordinates, we have that
1 /
Ed <d < Ld. (110)

The inverse of Prw) has the same Lipschitz constant as Plrw) hence swapping d’ and d in
Equation (110) still holds.
Of course each P(w) will have a different Lipschitz constant. In Section 3.5, we have

bounds on the Lipschitz constants of every P(aw) for (z,w) € A: there is a uniform constant

1 such that

¢71 < Lip(@(x,w)) < T($=W)' (111)

We only need the upper bound; since r is measurable, for the cost of an ¢, > 0, we can ask
that r(z,w) < M, for some constant M, > 0 on a set K, of m-measure 1 — ¢,. We can use
M, as L in the above argument for every P(aw) such that (z,w) € K, and then we get the
result.

We can ask the same for distances when Dgo(x’w) is applied. This completes the proof. [

Lemma 3.10.2. Let expc > 0 be given, there exists a set Kypo C N CY of m-measure
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at least (1 — enype) and a constant My po such that if (z,w) € Knpo, then the maps
g Wz, w) = TeW(z, w),

(z,w),new

are defined and if y,z € Wi'(x,w), dy = d% (y,2) and

d = ||Hzfg,w),new(y) - H&jw)jnew(z)H,

then dy = Jd for ¢ € [M;FC,MNFC]. Additionally, M pco can be chosen such that if

d=dx(y,z) there is ¢’ € [M]\}FC,MNFC] such that d = d'dy. Similarly if y, z € W} (z,w).

Proof. Since ¢ is measurable, e? is measurable. Also, the Lipschitz constants for these maps
H z 1;) restricted to the local stable/unstable manifolds are a measurable function, hence one

runs the same argument as in Lemma 3.10.1.

]

Lemma 3.10.3. Let €cyp > 0 be given, there exists a set Keyp C X of v-measure at least
(1 — €cap) and a constant Mezp > 1 such that if x € Kegp and y € B(x,po/4) (i.e. the

domain of the exp,, map) then if v = exp;l(y), we have that
[o]l = Mdy(z,y),

where M € [ML Mezp).

)
erp

Proof. Proof is similar to those of Lemmas 3.10.1 and 3.10.2. m

Lemma 3.10.4. Let e, > 0 be given, there exists a set K, of m-measure at least 1 — e, and

a constant ® on which Lip(Dp(, ) 1s bounded above by .

Proof. Proof is similar to those of Lemmas 3.10.1 and 3.10.2. m
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Lemma 3.10.5. Let €5 > 0 be given, there exists a set Kg C'Y of m-measure at least (1 —¢€s)
and a constant kyy > 0 such that if (x,w) € K, then Plrw) 18 defined and the domain of

this function, U(z,w), contains a ball of radius kgy in the Riemannian distance metric dx .

Proof. We take steps similar to those of the proof of Lemma 3.10.1.

Again, the function r defined in Section 3.5 is measurable. This function defines the
co-domain of our diffeomorphism ¢, ) : U(z,w) = B(1/r(z,w)). Let s(z,w) = m; this
is also a measurable function. We can find a subset of Y on which s(z,w) €]0, 1] is bounded

from below by some constant S on a set Kg of measure 1 — e5. One performs the following

procedure: let

Ep={(z,w) : s(x,w) > 1/n} C A,

this is a measurable set such that E,, — A as n — oo where A has full measure. Hence
there is N > 0 such that m(Epy) > 1 — e, take S = % Additionally, if s = % > S, then
r < % = R on this set.

Now again, 4,0(_1:1,00) is a diffeomorphism of two compact sets and hence is Bi-Lipschitz for
some Lipschitz constant L. To be more precise, for any y, z € B(s(z,w)), we have that

1
Ty =2l S dx (e, W), ¢, ) () < Lly = 2| (112)

(z,w)

Then ¢, ' (B(S)) C U(z,w) contains the ball Bx (z,S/L).

(z.w)

In Section 3.5, we have a uniform constant ¢ ~! such that for every (z,w) € A

1/}71 < Lip(@(w,w)) < r(a:,w). (113)

We only need the upper bound; on Ky, r(r,w) < R = % So we replace L with R in
the above argument for every P(xw) such that (z,w) € Ks. Then on Kg we have that

%{w)(B(S)) C U(z,w) contains the ball By (x,S/R). Let ki := S/R = S? < 1. This
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completes the proof. O

Lemma 3.10.6. Let €,p5,4 > 0 be given. There exists r, 7, and a set K,ppqg C Y of measure
at least 1 — €,ppq such that for (x,w) € K phd, ni,/u(:z:) contains a neighbourhood of size at
least v in W3/U(z,w) (in the induced metric di(/u), and the diameter of nf,/u(x) is bounded

above by T.

s/u

Proof. Now note that the partition elements of X, 1,/ (z), defined in Section 2.4 contain a
neighbourhood of W*/%(z,w) of size r(z,w). This r(z,w) is a measurable function. Similar
to the proof of Lemma 3.10.5, for a cost of €,;,4 > 0 in measure, we can choose 7(z,w)
uniformly as some r on a set which we call K,p;4. Additionally the diameter of these

partition elements is measurable and we add that to the defintion of K4 ]

Lemma 3.10.7. On the set K¢ == Ky N Ks N AN Ay, given § > 0, if (v,w) € K¢ and
y € Wi(z,w), the image of E°(y,w) under exp approzimates W*(x,w) up to error & on
a ball of radius v = C\/€ with respect to the Riemannian distance metric dx (where C is

dependent on (z,w)). Similar if 2 € Wi/ (z,w).

Proof. Take a point (z,w) € Kr N Ajp. N AN Kg; we can define the Lyapunov chart ¢, )
centered at this point. By Theorem 3.5.4, we know that Wg'(z,w), Wi(z,w) C X are
u

pullbacks of graphs of holomorphic functions h(x w) and h?

(.0) respectively in R* under

Plzw):
Claim 3.10.8. Let ¢ > 0 be given. Let f : B — B’ be holomorphic where B, B C R2

are compact subsets. Let L = Lip(Df) and let v/ = \/% Take any point x € B such that

Bu(x) C B. On By(x), f is approxzimated up to error e by its tangent plane at x.

Proof. We are given € > 0. We let L = Lip(Df) and take y € By(x) C B, let z be such that

fly) = f(x) = Df(z)(y — x),
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then

[f(y) = (f(@)+Df(x) - (y — 2))|
<0+ |Df(z) = Df(x)] - |y — |

<Llz—z|-ly—a| <Lly—af <L) =e

L]
Using Claim 3.10.8, take e = /M., take f in the collection
C = {hfm7w)7 hr]éryw)}(l’,bd)eA
For ¢/ = 7, we get that for (z,w) € Kr N Aj. NA, hfx’w) and h?x’w) are approximated up

to error € by tangent plane of any point on the graph.

Now we return to ambient coordinates and examine how well ¥ and E" approximate the
local stable and unstable manifolds for points (z,w) € K, NAj,.NANKg. We see that since
we are in K, the largest the error could grow is by a factor of M, leaving us with an error
of £. The ball in X around z for which this estimate is valid has radius v = t//M,. So the
constant C' can be taken to be m, where L depends on (z,w) (because L is dependent

on the function we choose from the collection C). This completes the proof. n

Lemma 3.10.9. Let ¢g > 0 be given. There exists a constant H > 0 and subset Ké C K¢
such that m(Ké) > (1—eg)m(Ke) and if (z,w) € Ké then Lz’p(Dhs/u

(z w)) is uniformly bounded
above by H. In particular, on Ké we have that the constant C' in Lemma 3.10.7 is uniformly

1
MVH'

bounded from below by

Proof. The functions

L (z,w) : (z,w) — Lip(thx’w)), LY(z,w) : (x,w) — Lip(Dh{ ))

(z,w
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are measurable. Similar to the argument in Lemma 3.10.5, for a price of €er to the measure

of K¢ we get a set Ké on which L%(z,w) and L"(z,w) are bounded above by H. O

Now we must give a similar lemma for the orbits U™ [z, w, k] from our family of U™ (z, w, k)
specified in Theorem 2.5.2. Note that the orbits U™ [z, w, k] are smooth real 1-dimensional
curves in the case dy = 1 (see Section 2.6). In this setting, define the function G* : Y —

Gr(1,R*) which takes a pair (z,w) to the tangent line through z of U™t [z, w).

Lemma 3.10.10. In the case dy =1, given § > 0, for (z,w) € K¢ as in Lemma 5.10.7,
ify € UT[x,w], GT(y,w) approzimates U™ [x,w] up to error & on a ball of radius v = C\/€
with respect to the Riemannian distance metric dx. This C' can be taken to be independent

of the point (x,w).
Proof. The proof is similar to that of Lemmas 3.10.7 and 3.10.9. m

Lemma 3.10.11. Let e > 0 be given, in the case d4 = 1, there exists a set Kg C'Y of
measure at least (1 — eq) such that the maps G° : (z,w) — E*(x,w) and GT are uniformly

continuous on K.

Proof. Let us note that the function G¥ : Y — Gr(1,C?), G* : (z,w) — FE%(z,w) is
measurable by Oseledets’ theorem (Gr(1,C?) has a natural metric, see Equation (64)). We
have a similar notion for Gt : ¥ — Gr(1,R?%) which takes (z,w) to Gt (x,w) which we
denote as the tangent line through = of U™[z,w], this is measurable by [6]. Then letting
e > 0 be small, by Lusin’s theorem let K C Y be the set of size 1 — ¢ such that G° and

G are uniformly continuous in x on K. O

Lemma 3.10.12. Fiz &' > 0 small. In the setting where d+ = 1 (i.e. where Theorem 3.4.1
case c¢) applies), for given €, > 0, there exists a set K. C X of v-measure at least (1 — €)
and a constant € > 0 such that if x € K¢, then inside any ball of radius € inside Gr(1,C),

the measures PY and P; have measure at most &' (see Section 3.4).
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Proof. We use Theorem 3.4.1 and Lemma 3.4.2.

For each z € X, we do not know that the measure P¥ (see Section 3.4) is uniform on
Gr(1, (CQ). We only know that we can pick elements outside some small ball by Lemma 3.4.2.
For given ¢’ > 0, for each z € X let €, be the size of the largest ball outside of which we
have PY-measure (1—¢§") and Pg-measure (1—4') in Gr(1,C). This is a measurable function
for fixed ¢’. Let K¢ be the set of measure (1 — ¢,) where €z,5 18 bounded above by some ¢.

We do this the same way as we did in the proof of Lemma 3.10.5. m

Lemma 3.10.13. Let ¢, > 0 be given, there exists a set K, C Y of m-measure at least

(1 —€) and a constant C" such that if (v,w) € K}, and

U C o () (Bla, po/4), ¥°(2) = iz + i g(2),

is a parametrization of the holomorphic curve ¢, ,\(W*(z,w)) where @ is a unit vector in
ES(z,w) as viewed in Lyapunov charts (i.e. C*), and @ is a unit vector perpendicular to @
belonging to (C%)+ = C¥, then

ID?¢(2)]ull < C”,

Jorv € Qp(x,w) (B(SL’, p0/4>)

Proof. We are working inside the compact set ¢, ) (B(x, pp/4)). For each (z,w) in a conull
subset of Y, || D%¢®*(x,w)|y]| is bounded from above by a constant C*(z,w) on the compact
set () (B(x, po/4)). This is a measurable function and so similar to the proof of Lemma
3.10.5, for the cost of €, we get a set K}, of measure at least 1 — ¢, and a constant C” for

which [|D20°(2)|ul] < C" on () (B, 0/4)) a

Lemma 3.10.14. Let egng > 0 be given, there exists a set Kang CY of m-measure at least

(1 = €ang) and a constant © > 0 such that if (v,w) € Kang then Z(E"(z,w), E%(z,w)) > ©.

Proof. Use Oseledets’ theorem and an argument similar to that of Lemma 3.10.5. O
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The following lemma is standard and is a consequence of Birkhoff’s theorem, one can see

for example [16]:

Lemma 3.10.15. For a fizxed set K, for all €,6 > 0 there is S > 0, and E C Z with
m(FE) < € and such that for ¢ € E€ for allT > S,

1 T

—/ ]IK(Ft(c))dt—/ Tdm| < 6.

T Jo Z

Proof. This follows from Birkhoff’s ergodic theorem. The skew product map is ergodic

with respect to v x p? (see Remark 2.1.3) and the ‘standard’ flow preserves the measure

m=m X dt. O

A nice collection of complex charts

We will give a construction of charts with some nice properties for the purposes of Sections
4.2 and 6. These sections deal with the d4 = 0 case. These charts will be dependent on the
value of r from Lemma 3.3.4. This will be done on a subset of A’ C (X x Qg‘) N7 x o+ (Aoe)
which will be of measure at least (1 — e,) for some €, chosen appropriately small.

Let {¢z}rex be a set of complex charts
or : Blz,ry) € X — C2 (114)

For a small cost in measure we can find a set X C X for which r; is bounded below by R
and bound the Lipschitz constant of ¢, above by L' > 0. We add this to the definition of
Al

Since our points belong to Ay, implicit function theorem allows us to view o, (W?*(z,w™))

as a graph over a coordinate axis copy of C,

{(Z7¢x,w+ (Z)) Lz e Ds(x,w*)}a
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in some disk Ds(m,uﬂr) C C around the origin which is defined uniquely up to rotation (i.e.
an origin fixing automorphism of the disk). We can bound s(z,w) from below by some s on
a good set that we add to the definition of A’. Note that (up to rotation) for any (w')* € Q;

from Lemma 3.3.4, ¥ and w%(w/ﬁ agree on the first » — 1 derivatives and differ at the

z,wt
rth derivative. Now we discuss two different changes of coordinates needed for Section 4.2

and 6 the constructions we give will both belong to the definition of A’.
For Section 6:

There is a smooth change of coordinates (unique up to a rotation) that eliminates the
first r —1 derivatives of 15 .,, that is to say, there is a function g, such that g; o, (W?%(z,w))

can be written as a graph of the form

where h.o.t. stands for higher order terms.

Note that g, does not depend on w € er because we are removing the (r — 1) derivatives
where they all agree. This change of coordinates comes from a similar strategy as in Section
3.9. We abuse notation and ask that in the definition of A’ this change of coordinates be
defined over Dy.

A rotation of this change of coordinates does not affect the Lipschitz constant, hence for
x in some good set we can bound the Lipschitz constant of g, o ¢, above by L” > 0 and add
this to the definition of A’.

Additionally, we can bound |¢SZ}+(O)| > Cy, > 0 on a good set that we add to the
definition of A’. Here its important to note that the graph is unique up to rotation, but

precomposing ¢, + with a rotation does not change the value of its rth derivative at zero.
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That is to say, if S € Aut(Ds) is a rotation, S : z — ez o€ [0, 27], we have that

(Y ot © $)Y™(0) = ¢(n) (0) - e

zwt

Hence,

(gt 0 )™ = [ (0)].

Overall we have that

(i 0 ()] = ") (0)]. (115)

For Section 4.2:

Here we start with being able to write ¢, (W?*(z,w)) as a graph given by:

{(z, 05+ (2)) - 2 € D}

It is important for later to note again like in the above section that Equation (115) holds.

Here, we can write ¢, + :C — C as
b

(4)
"o 4 (0)
wa:,w"’ (2) = Z Lzz + hx,w"‘ <Z>ZT+1~

: 7!
=1

Note that for varying (w')* € Q) we have that @Di’zﬁ(O) = ¢:(E’)(w,)+(0) Vi=1,...(r—1),
because we have tangency at order i = 1,...(r — 1). However, we know that they are not
tangent at order r.

We can ask for a change of coordinates (again, unique up to rotation) Yt that sends

0z (W3 (x,w™)) to the coordinate axis {(z,0) : z € Ds} with bounded Lipschitz constant on

A’. Call the upper bound of the Lipschitz constant L”” > 0. This change of coordinates
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comes from a similar strategy as in Section 3.9. We abuse notation and ask that in the
definition of A’ this change of coordinates be defined over Ds.

In these new coordinates, gz © @ (W3 (z, (W')T)) for (W) € QZF we now have that it is
represented as a graph:

¢ ={(z " ©0) - ") ()" +hot): 2 €D},

zwt x,(w

For each (z,w), for a given cost of 6:0 > (0 to the measure of Q;" there is a constant
Cyp,z > 0 such that
W) ) =0 L (0) > Cp > 0
We add to the definition of A’ that on these (1 — efp)—measure subsets of er which we call

Uz,w (since they are dependent on z and w), Cyp » > C, > 0. We also ask that on these sets

Ux,w;

@1+l ey < o,

zwt

for any &, ¢ € Ds.

4 Proofs of Lemmas 2.6.3 and 2.6.7

Both lemmas in this section work to prove that under certain conditions, the QNI condition of
Definition 3 holds. Recall from Section 2.6 that £5[x, w, 0] is the Zariski closure of the support
of the stable conditional measure mg, ,, defined in Section 2.4. One should also review Section
2.5 to see the definitions of the combinatorial unstables and stables (Equations (18) and (19)
resp.), and objects that appear in Definition 3, i.e. the measures defined in Equations (24)
and (25), and the sets defined in (22) and (23). Throughout this section, let B*(z,w, R)

(or just B®(x, R) if it is implicit) be the ball of radius R around z in the induced metric,
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d’, inside W¥(z,w). Also, since Supp(u) < oo, let £ be the upper bound on the Lipschitz

constants of the f € Supp(u).

4.1 Qutline of proof of Lemma 2.6.3

We are given that the stable conditional measures are non-trivial m-a.e. Also in this setting,
d+ =0 a.e. Let K1 be the set where both these conditions are true. We demonstrate that

random QNI (Definition 3) holds.

Overview

We are given 6 > 0 and we will construct the set K C Z (dependent on §) of m-measure
1—¢ and will determine the constants «g, fy and C' as in Definition 3. The initial properties
of K will include being a subset of K* which is an intersection of many good sets from
Section 3.10. Other properties of K will allow S and S’ (as in Definition 3) to be large
enough in measure and have to their own good properties, such as belonging to K*. Taking
T1j9 = (@1/9,w1/9,k1/2) € K C K* we will have that UJr[il/Q] = {z19} and s0 S'is a
subset of

{212} X {wy o} X OF % {ky 0},

i.e. we only have to pick a new future (in a way that keeps us in a good set). We will have
to pick this new future so that W#(g; ;o) is sufficiently distinct from W#(zy/9). The set S

is slightly more complicated, and is a subset of

X xQ x {wfﬂ} x {ky 9},

or more precisely a subset of 772 /2 (21 /2] (for some ¢ > (). This means that we will be picking
a new X-component in W?#(21 ) close to x5 (depending on £) but not equal to x5, and

a new past vector (in a way that keeps us in a good set). The set S’ is dependent on our
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choice of 7 /2 € S, but regardless of the choice of 7 /2, We will choose S’ C K* which gives
us that if 2 5 = (279, (w”)_,wf/z, ki/2) € S/, then U+[21/2] = {21/2}. The X-components
of S” will have to be chosen in some annulus around z; /2 to ensure that we can pick zq 9
sufficiently bounded away from W*(y; /2).

Then we must demonstrate that there are constants C' and ¢ (dependent only on d) such
that for all ¢ > ¢ if we pick i1/2 € K (where K is dependent only on ¢), j&l/2 € S (where

S depends on &y /o and () and 2y /5 € S’ (where S’ is dependent on §1/2 and () we have

dX((U;_[él/ﬂ N 7751/2’”2(21/2))7 W;(?J1/2)) > C'e—ozofa

These constants C' and ¢ are technically chosen with K but we have to compute what
they need to be at the end. The constant aq needs to be chosen even before ¢ is given, we

give it at the beginning and use it in a computation at the end.

Details

As explained above, when constructing K C Z, we start out with it needing to belong to K*
which is an intersection of many good sets from Section 3.10. Of the many good sets that
K* belongs to, some had to be constructed directly in this section. For example K from
Lemma 4.2.5 whose construction relied in Lemma 4.2.1.

Now we need the set K to have the property that any point

T19 = (T1/9, w12, k1)2) € K,

is such that there is a large measure subset V. C Q7 of new futures that we can

1 /20y j9:k1/2

pick from and still belong to K*. We demonstrate this in Lemma 4.2.6. This allows us to

71



keep the measure of S sufficiently large once we pick a point & /2 € K,

S CH{Z1 o) X Hwy ot X Vi, ), X {hy 2}

It is only a subset because we will want to further reduce the choices of futures in V3, /o SO
that for §; /9 € S, W*(§y 2) will be bounded away from W#(&; /). This is where the sets A

+ and U + come in. We use this in Lemma 4.2.11 to get a bound independent
‘Tl/val/z xl/Qawl/Q

of the choice of :131/2. Since V. + and U + can be chosen to be large, we don’t
L1/2:%1 /9 L1/2:%1 /2

diminish the measure of {2y /5} x {w;/Q} X V£1/2 x {k1/2} by much. This gives us our set S
for a given :%1/2 e K.

Things are slightly more complicated when dealing with S’ because we have to change
the X-component and the {2~ -component and still land in the good set (e.g. one such that
we belong to K™*). This must be incorporated into the definition of K. In changing the

X-component we in particular must be in the set 7> (w1/9) C© W¥(&y/9). We then

1/2:4/2
are concerned that restricting ourselves to choosing th/e X-component here will not allow
us to be in a good set. This is where Lemma 4.2.7 comes in, it tells us that for good
w € , if one has a large v-measure subset X’ of X, there is a large v-measure subset
X* C X' such that for z € X*, a large m} ,-measure of nzl/27£/2(x1/2) belongs to X'.
We define a set X(Zf iz C X to have two properties: the first is that if z € X(Zf ;; then
Ve wk = {7~ (z, (W)™, wt, k) € K*} is large, and the second is that (x,w, k) belongs
to another good set K’. The set K’ is K* with the added property that we can still pick
good futures as in the previous paragraph and belong to K*. We apply Lemma 4.2.7 to this
set X(Z:k for good choices of w and k (after using Lemmas 4.2.8 and 4.2.9 to show that the
set of good choices of w and £ such that X Zd’f ;. 1s large is also large) to get sets X :j’ .- We use
this to define the large set K" where each element is of the form (z,w, k) where w and k are
‘good” and x € ijk. This set K" is big by Lemma 4.2.10.

We are not quite done but now we see that we can make S and S’ have properties
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of ‘good sets’. We need to ensure that for 561/2 € K, T1/9 is not the only element in
Supp(mfnl/%wlﬂ) N 773;1/2,6/2(371/2)’ this is Lemma 4.2.4. This is important because when we
pick 215 = (219, (w”)’,wfm,k‘lm) € 5" we have U+[21/2] = 21/ and we want W?*(g; /)
bounded away from it. If 21/9 = T1/9, We lose because the X-component of 91/2 is 1 /2-
Proving Lemma 4.2.4 involves Corollary 4.2.3 which allows us to keep a ball (of some radius
dependent on ¢) inside 1’ Y /2(x). It is also important that z is not an atom (so that the
measure of S’ can be sufficiently large when we restrict the X-component to some annulus
around xq /2). This comes from Lemma 4.4.1 and allows us to prove Lemma 4.2.12 using that
K; C K*. Lemma 4.2.12 tells us that we can pick z; /2 in an annulus without significant loss
to the measure of S’. We in fact know everything about this annulus in terms of /. Then
when we construct S with X-components belonging to this annulus we have some foresight
in defining S. In particular we add some properties to S to use to prove Lemma 4.2.11 which
allows us to know how W#(gj; /o) will be bounded away from some point z € W#(1 5) given
we know how far z is from z /2-

Combining all of this, we make a final computation demonstrating that for sufficiently
large ¢ there is an appropriate constant C' (that can be chosen alongside K') such that for

>,

dx ((Ug [212) N Moy t/2(71/2)), W (G12)) = dx (2172, Wy (912)) 2 Ce ",

4.2 Proof of Lemma 2.6.3

Proof. (Lemma 2.6.3)

We are given that the stable conditional measures m3, ,, are non-trivial m-a.e. Further,
we are given that U™ (x,w, k) = {e} a.e. and so UT[z,w, k] = x a.e. As above, let K1 C Z
be the set on which both these conull conditions are true; this is some full measure set.

On the set K, the stable conditional measures mj ,, are non-trivial, so there is some

73



z € Supp(mg. ;) C W?¥(z,w) such that z # z. For each (z,w) there exists t(z,w) such that
z € B%(x,v(z,w)) \ B%(z, @), i.e. it lives in some annulus around x. For a small price to
the measure of K4, we can ask that t(x,w) be bounded above by some v > 0 for (z,w) € K.
Write £ as the upper bound for Lipschitz constant for the f € Supp(u) and let K be
such that £ = €.
Let 6 > 0 be given. We will determine ¢y and C' as in Definition 3 (the QNI definition).
Take ¢ > j > 2 such that

6t/2

_m) >1-06, (1—v25/2)(1—=6)>1-5/4.

(1—26)(1

Recall the Oseledets’ set A (conull), Aj,. from Section 3.5, and the set A’ from 3.8.
Also recall K, K, and K,;pq from Section 5.3 from Lemmas 3.10.1, 3.10.5, and 3.10.6
respectively.

Let {¢z}rex be the set of complex charts
¢r : By (z,7) C X — C2. (116)

from Section 3.10. Let A’ be as in that section with appropriately large measure. Note that
the Lipschitz constant of ¢, is bounded above by L' on A’. Points in (z,w) € A’ also come
with sets Uy, of pN-measure at least (1 — efp)

We state the following Lemma from [6]. It will be important to the proof of Lemma 2.6.7

in this form, however for the purposes of the proof of Lemma 2.6.3 it simply tells us that

there are no atoms (i.e. take d = 0 in the below).

Lemma 4.2.1. For m-a.e. (z,w) €Y and for all R > 0, mg ,|ps( ) does not assign

r,w,R

mass to any algebraic curve of degree d.

Proof. See [6], Section 4, Lemma 4.4.10. O
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Let K4 be the conull subset of Y we get from Lemma 4.2.1. Now define

K= (ANA, NN NEKyNKgN KN

Kypha N Kang NKypc N Kalg N (A/ X Q_)) X [07 1[)

For this set K, let € be small, and §" = 1—6()m7—([~() apply Lemma 3.10.15 to € and § = ¢’
and get a set £ C Z and a constant s > 0 where its conclusion holds: For all ¢ € E¢ and

T>s,

1

T
14 A /
f/o llf((Ftc(c))dt—/Z]lf(me <4, (117)

where Fttc is the ‘time changed’ flow.
Take K* = K N E°.

Note that the definition of QNI only need hold for ¢ such that
F2(3) 1), F7%(3,59) € K,

once we pick .2%1/2 € K.

Lemma 4.2.2. For (z,w, k) € K*, given { such that
F_E/Q(a:,w,k),Fé/Q(x,w,k) e K*,

we have that n’ 6/2(x> contains a ball of radius r' in W*(z,w), i.e. B3(z,r"). This v’ can be

taken to be

/ r —t

= M2 (& s
NFC

r

where v 1s as i in Lemma 3.10.6, Mypco 15 as in Lemma 3.10.2, and t is such that
ch(Ffé/Q(x,w,k)) = (z,w, k) and Fy. is the ‘time changed’ flow.
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Proof. We assume that ¢ is such that F~%/2(z,w, k) € K. Then n(‘i_é/Qw(FJE/Q(x)) contains
a ball BS(FQ,_W?(:U),T) inside W5(F~4/2(z,w, k)) because F~/2(z,w, k) belongs to K,ppq
as in Lemma 3.10.6.

Now we pass to (modified) NFCs (see Equation (97), Lemma 3.10.2) since we are working
in WS(F_€/2($, w, k) and F~/2(z, w, k) € K*. Since we have that F 12,0, k) € Knpc,

we have that the image of B*(F,, ¢ 2(x), ) contains a ball of radius

r

Tnew = .
Myrc

Now let ¢ be such that Fttc(ng/Q(x, w, k)) = (z,w, k). We know that in (modified) NFCs
flowing the stable forwards by ¢ will shrink our ball of radius ey by a factor of e precisely.

Hence, in (modified) NFCs for W#(x,w, k) we have that the image of our ball of radius 7y,e

r

M—e_t. When we return to W#(z,w), the image of our ball of radius
NFC

is a ball of radius

' ¢~ contains a ball of radius ' = ——e . This tells us that
MyFpc M%po

FU(B2(F5 P (@), 1) € FYP200ypa (Fa (@) = 0 o),

contains a ball B*(x,r’) where ' = —F—e~t. This completes the proof. O

NFC

Corollary 4.2.3. For (z,w, k) € K*, given { such that
F_Z/Q(:E,w,k),Fg/?(x,w,k) e K*,

then 1’ 5/2(:17) contains a ball of radius r' in W¥(z,w), i.e. B%(x,r"), where

P> 27“ e—(£/2+2)(/\++e)’
Mypc

and Mypo and r are as in Lemmas 3.10.2 and 3.10.6 respectively.
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Proof. In Lemma 4.2.2 we found n” Z/Q(x) always contains a ball B%(z,r’) of radius

/ r —t

g 2 [
My pe

r

We can compute the dependence of ¢ on ¢.

Note that the roof function 7(F —¢/ 2(x,w, k)), though point dependent, is bounded: for
any (7,w), 7(z,w) € AT — €, AT + €] (see Equation (94)). Flowing forwards by ¢/2 applies
n = |¢/2 + k] diffeomorphisms by definition of the standard flow. Taking & = 0, the
smallest number of diffeomorphisms being applied is n = [¢/2], taking k = 1 the largest
number of diffeomorphisms being applied is [¢/2+ 1| = n+ 1; this independent of the point
(z,w, k) € K*. Hence,

ten(\t —e),(n+ 1A +e).

We then see that in terms of ¢ the smallest 7/ can be is

o T )OO T (421D (W)
2 2 )
MNFC’ MNFC’

To remove the floor function we can go further and see that

A>T~ 242) (N +e)
NFC
This is independent of the point (z,w, k) € K*. This completes the proof. ]

Lemma 4.2.4. For (z,w, k) € K* and for given { such that

F€/2(:U,w,k),F_€/2(x,w,k) c K*,

the intersection 1’ g/2(:16) N Supp(ms, ) is infinite.

Proof. Since (x,w, k) is chosen in E¢ C K*, we can unpack Lemma 3.10.15, Equation (117):
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for T > s,

(=8 + 1 (K))T < Leb({t € [0,T] : Fly(iy o) € K}) < (57 + s ()T,
which works out to be
0.997, (K)T < Leb({t € [0, 7] : Ff(#1/5) € K}) < 1.0l (K)T.

Note that by Corollary 4.2.3 the set 1’ €/2(£L‘) NW?#(x,w, k) contains a neighbourhood of
x in W8(z,w, k), B5(z,7") (which depends only on /).

Take t as above. If the point Ft;T(x, w, k) € K* then there is a point

2z € (Supp(m )N B3 (F T (2, w,k),v)) \ BS(F T (z,w, k), %).

S
Ft;T(xvc‘U)k)

We will work in (modified) normal form coordinates (NFCs) as in Equation (97) and
Lemma 3.10.2. Let 2 represent z in (modified) NFCs. Then the annulus that 2’ belongs to
has outer diameter My pot and inner diameter m

Firstly, distances in (stable modified) NFCs shrink by a factor of e T when we flow by

T under the time change flow th; . So take T large such that

7,/

_T
Mypcore 0 < ,
Myrc

and such that Ty > s (where s is chosen such that Equation (117) holds). Let 2’ represent
z in (modified) NFCs.

From the application of Lemma 3.10.15, since (z,w, k) € K* C E¢, we get that about
99% of choices of T' € [0, 27p] will land us in the set K. Hence there is a positive Lebesgue

measure choices of T € [Ty, 2Tp] such that Ft;T(a:,w,k) lands in K. For such T, we get
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(ambiently) a point

1

20 € (Supp(m )N B3 (FL T (z,w, k), )\ BS(F L (2, w, k), 2)

S
Ft;T(wivk)

Denote z as zp in (modified) NFCs, then let th; (20) be the result of flowing forwards
2, by FL under the Q-component of thT(ac,w, k). We have that FiL (z) belongs to the
ball of radius ' /My g around 2’ by construction (which means ambiently that th(zo) €
B3(x,7")). Also, we have that the closest FT(zé) can be to 2’ is M+6_2T0.

NFCt
Now take 171 > 2T + ln(MJQ\,FCtQ). Then

- L o
Mypore It <« — 7210, (118)
MyFcr
Now we pick 71) ¢ [T7,2T1] such that Ft;T(l) (z,w, k) lands in K using Lemma 3.10.15. We

get its corresponding point

_r@) _(1)
21 € (Supp(m® _ ) )N B (F " (x,w,k),v) \ B°(F,

1
(x,w, k), —).
F,.' 7 (ww,k) v

Let 2] be z; in (modified) NFCs. The farthest away from z’ that th;(l)(zi) can be is

My peve™ 1 but that is still closer than the point Fg; (2) could be to 2’ by construction

) . 7(1) . 1 —2T:
(i.e. by Equation (118)). The closest Fy, ' (2}) could be to z’ is Mnpoe€ &

We continue in this way, taking Ty > 277 + ln(MJQVFCtQ) and T(2) € [Ty, 2T5], we get a

(2) (

1 2
point 2} such that FL 2) is closer to 2’ than Fg;( )(zi) is, in fact the farthest th;( )(zé)

can be from 2’ is My Fcte_T2 where

_ 1 on

—T:
Mpypcre 2 <
Mpypcr

We get a sequence of choices of {T(i)}izo such that FT(i)(w,w, k) € K and there is a
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point

(4) (4)

_ _ 1
% € (Supp(m® ) YN B(F (,w, k), ) \ BUELT (5,0, ), ).

F,, (z,w,k)

For z; corresponding to z; in (modified) NFCs, we have that Fg;(i)(z’.

;) is strictly closer to

7' than th(;(j)(z}) for all j < i, but is strictly farther away from 2’ than thg(p)(z;)) for all
p > i. For each i, Fg;(i)(zé) belongs to the (modified) NFCs chart based at (z,w, k) which
is a diffeomorphism. When returning to stable ambient coordinates, we have a sequence of
distinct points, approaching = (but not equal to x) that belong to Supp(m3, ,,) N B*(z,w, ).

This completes the proof. O

Lemma 4.2.5. Fizn >0 and 6 >0, and let € > 0 be given. There exists a constant €, > 0
and a set Ky of measure at least (1 — €), such that if (v,w) € Ky, then in a ball of radius n
inside W?*(x,w) (denoted B*(x,w,n)), if one removes a ball of radius €, the resulting annulus

has measure at least (1 —6/2)mg. ,,(B*(z,w,n)).

Proof. 1t follows from Lemma 4.2.1 that because z is not an atom, for each (x,w) there is a
én(x,w) such that by removing a ball of radius €;(z,w) the resulting annulus has measure at
least (1—0/2)m3. ,,(B(x,w,n)). This e)(r,w) is a measurable function because 7 is fixed. We
can then lower bound €, (z,w) by some constant €, on a set K of measure at least (1 — ¢).

This completes the proof. n

Let ag > 0 be defined by ag = %R(A*‘ + €) where R is r as in Lemma 3.3.4. Note that
this choice is independent of § because R is constant a.e.
Let n < Wr— be fixed and consider the set K from Lemma 4.2.5. Also recall the set
NFC

A’ from Section 3.10.

Take €40, €nbhd, €ang, €p and all other e-costs to be such that for

K* = K* 0 (K x [0,1]) N (my o+ (A) x Q7 x [0,1]).
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we have that m(K*) > 1 — §'T1/32.

For each (z,w™, k) € X x Q7 x [0,1], let

Ve = @) €Q": (w07, (W) k) € K7},

T

and define

G = {(z,w k) € X x O x [0,1]: lN(V.

rw .,k

)>1-4/8). (119)

Lemma 4.2.6. For the set G defined above, v x pN x dt(G) > 1 — &' /4.

Proof. Consider G¢ which is the set of (z,w™, k) such that the subset W C Q7 defined by
the property that if (W)t € W then (z,w™, ()7, k) € (K*)¢, has py-measure at least §/8.

Now let B C (K*)¢ be defined by

E:={(z,w, ()" k) eX x Q" xQt x[0,1[:

(x’ w_7 k:) G Gc7 (x7 w_7 (w/)+7 k) 6 (K*)c}
Now using Fubini, note that

A *\C N _ N U N
)z = [
= W) ()

>0 (v x puN x dt)(GO).

Hence (v x uN x dt)(G) < % This gives us our result. O

For each (r,wt) € X x QT let

Vor =)t e Q" (z,0h, (W)T) e A}
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Let

H ={(z.wh) e X x Qb pNV, +) > 1-05/8}.

T

By the same argument as in the proof of Lemma 4.2.6 we have that

VX,LLN(HI)>1—;%>1—6Z'/4.

Note that the 7][3/ “(z) (defined m-a.e.) are measurable partitions of X. We apply [17,

Lemma 3.11], which we state below:

Lemma 4.2.7 ([17], Lemma 3.11). Let § > 0, for a.e. w € Q given X/, C X, with
v(X') > 1 =02, there exists X}, ¢ X' with v(X}) > 1 — 8 and such that for © € X} and

any £ > 0 we have that

M (X6 N0 o(2)) = (1= 8)m3. (15, (). (120)

One can do the same for the unstable partitions.
Let €' be the conull subset of {2 where Lemma, 4.2.7 holds.

Now let (z,w™, k) € X x QF x [0,1], let

Vet ={W")” €Q7 1 (2, (W) 7 wh k) € K7},

X

and define for a given (w, k):

X0 p={we X pyNV, 1) > 10} (121)

T

Lemma 4.2.8. There exists a subset W' C Q x [0,1] of measure at least 1 — §'~27 /2 such

that for (w, k) € W, XLZ ;. has measure at least 1 — 7.
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Proof. Using Lemma 4.2.6 we get that
Y" = {(z,wm, k) : ,uN(Vx’er’k) >1-46},

has measure m(Y"”) > 1— 677 /2

Note that X{fj’k ={rc X :(r,wh k)eY"): let
W' ={(w, k) : (X)) > 1=},

by Lemma 4.2.6 the set W’ has measure 1 — 6"~/ /2. O

Let W =W'n (9 x [0,1]). Let
K'= (KN Ky N Kpppa) X [0,1) N (G x Q)N (H' x Q7 x [0,1]).

Note that m(K') > 1 — §°/2.
For (w,k) € W let

X(;?k:{xeX: (z,w, k) € K'} C X, (122)
G ={(w,k) e W:v(X];)>1-0} (123)
5/2

Lemma 4.2.9. The measure of G is p% x dt(G') > 1 — (GETOk

Proof. Consider H := W\ G’. Define Ulw,k) C X as the set of  such that (z,w, k) € (K")e.
The set H is the set of (w, k) € W such that Uy, ;) has measure at least 67 inside W, (hence

has measure 07 (1 — 67727 /2) = (87 — §'77 /2) where i > j).
E={(z,w,k): (w,k) € H (z,w,k) € (K"} c (K.
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m((KC) > m(E) = / / 1 pdvd(p® x dt) = / / dvd(p” x dt)
QX[O,I[ X H U(w,k:)

= / V(U p))i” x dt > (67 = 6" /2) - (u” x dt)(H)
H

Note that m((K’)¢) < 6°/2, and so (u% x dt)(H) < % Hence

5'/2

Z !
dt(G@ 1—- —)
ps x dt(G") > (67 — 6= /2)

This completes the proof. O

Let XL’::k = XL,kﬂXZ,k and use this in Lemma 4.2.7 to get a subset X:;,k where Equation

(120) holds. We know that X, has measure at least 1 — 267, Take

K

U Xoxx{w}x{k}| cK"
(w,k)eG’

Lemma 4.2.10. Let (X1,m1) and (Xa,1m2) be o-finite measure spaces. Consider V C X1, a
set such that m (V) > 1 — 6, and for each point a € V' consider a set Wy, C Xo such that
no(Wg) > 1—0". Then K = J, ey Wa x {a} has measure at least (1 —6")(1—6) with respect

to the n1 X ng on X1 x Xo.

Proof. Writing K = {(w,a) : w € Wy, a € V}, we apply Fubini’s theorem:

m x () = /V /W dnpdiy = /V e Wadm > (1— 6 (V) > (1— 8)(1 - 0).

This completes the proof. O
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By Lemma 4.2.10, the measure of K is at least

5'/2

m(K) > (1—207)(1 — 52

)>1—0.
NOW take i‘l/2 = ([L‘l/Q,u}l/z, kl/?) € K, then U+[{%1/2] = {.171/2}, SO

U™t [y /9] = {219} X {wy )9t % OF x {ky o}

For any ¢ > 0,

a2l =,y 072(T172) X AWy} % " x {k}.

Hence,

A A~

U@y o] O oly o] = U [y o).

Now since {z/} x {wl_/Q} x {k1 2} € G by construction, we have that the set

c QT

xl/val_/Qakl/Q

N + / 7 +
has p'-measure greater than (1 — §/8). Also ($1/2,w1/2) € H' so Vﬁ/z»wfr/g C Q7 has
pN-measure greater than (1 — §/8).
Take
S =1z} X {wy ot x ( ) % {ky 2},

- V
V$1/27w1/2ak1/2 a 951/2#’1?2 a le/zyw;r/g

then
g (8) = (1- 5/4)m§‘1/2(l7+[§:1/2]).

Ty)9

Note that by construction, S C K and that this set is clearly dependent on the choice of
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Lemma 4.2.11. For { large enough, and for ;5 € S, we have that if zy ;o € W*(Zy o) is

such that dX(zl/Q, x1/2) > &, for &' appropriately small, then

dx (212, Wi (i1 2)) > C'(3)F,

(where R is equal to r as in Lemma 3.3.4 and the definition of the set A’ in Section 3.10).

Proof. Recall that the X-component of ¢ /2 is x4 /2- Now 2 /2 is at least &' away from
T1/9 = Y1 2- Since T1)9 € K C A’ and U1 €5C A’ we have that W?#(219) and W*(3y o)
are tangent at order £ < R and not tangent at order R where R is r from Lemma 3.3.4 and
Section 3.10. We take the collection of charts {¢;},cx from Section 3.10 where we take ¢
large enough so that the scale we work in is appropriate. The Lipschitz constants of the ¢,
are bounded above by L. Here we have that for any («')" € Q, goxl/Q(Ws(xl/Q, (W) ™))

can be written as a graph

{9, @)+ (2) - 2 € D}

In particular we can do this for goxl/z(Ws(Ql/g)) and W#(&y /) writing the graphs respec-

tively as

{(z,wz} (2)) : z € Dg}, {(2,904,,.(2)): 2z € Dg}.
1/2 1/2

Since 7 /9 € A’ %[0, 1[, we also have the existence of a map g5 12 with bounded Lipschitz
constant L' such that Giry o © gpxlﬂ(Ws(gjl/Q))

can be written as the graph

(R) (0) — w{R) (0))23 + h.ot.): z € Dy},

Y1/2 T2

G+ ={(z (@
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where 9iy sy © 90$1/2(W8(£1/2)) is the coordinate axis
{(2,0) : z € Dg}.
Now let £ = L'L" since 2172 € W*(Z9) we can write

p = g‘%l/Q o SO-TI/Q(ZI/Q) = (Z/’O)7

and we have that

1
8 < Ipl < Lf.
7 <|p| <L

Since m+(5) C Ux1/2,w1+/2 we have that

W 0) - ¢ (0)) > ¢,

Y1/2 Ty /9

Also we can take ¢ large enough so that the scale we work on is small enough (i.e. z; /2 is

closer to x4 /2) so that for the function defining the second coordinate in G+,

(R) (R) R l . R
|(¢g1/2(0)—w ,(0))z +h-o-t.|2|§0¢2 .

We can do this because of our bounds on the (R + 1)—derivatives defining the set le/Q ot
w12
Now we ask how far away p is from the function H(z) = lCSOZR for z such that |z| < |p|,

because its clear that for |z| > p that |H(z)| > |H(p)| as |H(z)| increases with increasing |z|.

It suffices to examine what happens when |p| is as small as possible, i.e. |p| = |(2/,0)| = %6/.

The squared distance function between H(z) for |z| < %(5’ and the point p is given by
1
d(z) =z — > + |§C’¢2R]2.
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We start with the case R > 1.

Working over the real numbers we let z = x + iy = (z,y), 2/ = 2’ + iy = (2/,9') where

1
= @2 () = 58 > 2ty = el

2
i) = (= =+ (F) o+ Pt

2
=P - (F) @ AR

2
Let ¢ = (%ﬁ) > (0 and let 1 be such that 4’ = na’. This is true for some 7 €] — oo, 00|
(or on the line # = 0 in which case we consider 2’ = 1y’ and take n = 0). Now it suffices to
consider x and y on this line y = nx.

Plugging this y = nx in we see that
d(z,nx) =1+ 772)(56 - a:/)2 +c(1+ UQ)RZ'QR.
Taking the derivative and setting it to zero we see that
d'(z) = 2(1 4+ ) (z — 2) + 2Rc(1 + n?) Ra2F-1,
Setting this to zero is equivalent to the expression
(z — ')+ c(1 +n?) I TRe2E-1 = .

Setting Dy = c(1 + 772)R_1 > 0, we have that z* that is a critical point for d satisfies:

* + Dn(x*)QR_l _ l’/.
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Now recall that #’ is small because (2/)2 4+ (/)2 = %5’ < 1/2. Assume first that
2! > 0 and consider the function hy(z) = z + Dn(a:)2R_1 on the interval [0,1/2]. This is
a continuous and strictly increasing function (hence injective) whose image contains [0, 1/2]

and hence contains z’. Note that

hy(a) =2’ + Dn(x’)ZR_l > 1,

Further,
.2?/ l’/ 2R—1
hy(2'/2) = = + Dy | =
n(@'/2) 5 T (2>

_ [IZ’_/ + 0(1 + 772>R_1( /)2R—1

- 2 22R71 ’
Note x/ > 0 and (Il)2 + (y/)Q — (]_ + 772)(;13/)2 — %/ SO :L'/ = 5(16—4772) Pluggmg this in we
find

, - 1 5 1/2 0(5/)(2R_1)/2
ha(27/2) = B} (m) 22R—1(1 4 2)1/2£(2R-1)/2

where the term
o(8)(2R=1)/2 c(8)(2R=1)/2
<

92R—1(1 4 42)1/2£RR-1)/2 = 92R-1p(2R-1)/2’

and ¢ and £ are constants. Since R > 1, ¢’ can be taken small so that

o(§)(2R-1)/2 1 5 1/2 /
22R-1,(2R—-1)/2 <1 (/:(1 +772)) =a/4

Then hy(z'/2) < 2’ and by the intermediate value theorem, there is a root z* € [2//2, 2]
for d(z) = hy(z) — 2z’ = 0. Note that the second derivative test on d tells us that this is a

local minimum on [0,1/2], let z* = z* + inz™, i.e. this minimum. We must have that

1

[H ()| = |H(z" +ina®)| > |H(2' /2 + in(a'/2))] = IH(%(SB' +ay'))| = SRTI R

Cp(d")",
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and so the minimum distance between p and the function H is at least WC’@(N )R.

Now we do the case that 2/ < 0. In fact

5/
o= .
L(1+n?)

Since 2R — 1 is odd, then we can run the same argue as for 2/ > 0 except on [—1/2,0] as hy,
is strictly increasing (hence injective) and its image contains 2’. We get a critical point for
d(z) in [2/, 2’ /2] and draw the same conclusion on the distance between p and H.

Lastly, we do the case R = 1. Now H(z) = %C’wz and as before p = (2/,0) with
Ip| = %(5’ . Note that H(z) carves out a plane passing through the origin that makes an angle
0 = tan_l(%C’(p) with the coordinate plane {(z,0) : z € Ds}. Now the closest p could be

to H(z) is the distance between p and the projection of p onto the plane carved out by H.

This distance is given by |H(2')|cos(f) = %CSD COSE(@) s
Now we let ¢ = miH{qu, %Qp%@}. This completes the proof. O

Now take @1/2 = ($1/27W1_/27 (w/)+7k1/2) €5.

Since &/ was chosen in K, by construction, zy/, € X7 " where

C
wi/2:k1/2 wi/2:k1/2

(w12, k1/9) € W. Hence by Lemma 4.2.7 we have that

" /2
mil/zwyz(le/Q,kl/Q N 775,1/2,6/2@1/2)) > (11— \/563/ )mil/%wlm(7731/2’5/2(901/2)). (124)

Let

G= |J {zgxVv

"
wy /2:k1 /9

_|_
’wf_/2’k1/2 X {wl/g} X {k1/2}'

Take S/ = 772/2 [1 /9]0 G. By Lemma 4.2.10 and the conditions on 4 and j it has measure

at least (1 — 0/2) relative to the measure of 772/2[%1/2].

Lemma 4.2.12. There exists a constant € > 0 small such that for all T1,9 € K and £ large

90



enough, if we assume that FZ/2(£1/2),F_€/2(£1/2) € K, then removing a ball B*(xy /o, ér')

from 7]2?/2 wija <x1/2) only reduces the measure of 77?/2 [§:1/2] NG by at most §/2.

Proof. We know by Lemma 4.2.2 that 77?/2(551/2) contains a ball of radius 7/, B%(x,7"). We

got an explicit formula for this v’ as

/ r —t

NFC

r

Here, r is as in in Lemma 3.10.6, Mypc is as in Lemma 3.10.2, and ¢ is such that
FfC(F_£/2(£1/2)) = &1/ and Fy is the ‘time changed’ flow.
Since F_K/Q(:%l/z) € K C K; from Lemma 4.2.5, in a ball of radius  around F_€/2(:c1/2),

if we remove a ball of radius €, then the measure of the resulting annulus is

(L= 8/2m iy (B jg)m)).

1/2

Since mj ,, has the property outlined in Equation (17), the proportion (in measure)
between the images of annulus and the ball of radius 7 stays the same under the dynamics.
We now wish to flow forwards by ¢/2 back to the point 7, /2 and shrink this ball of radius 7
to be inside our ball of radius r’ around z; /2-

When we pass to (modified) NFCs at &1 /5, the smallest the image of B*(zy s, ") could

be is a ball of radius M]CIFC. Similarly, the largest the ball of radius 1 in (modified) NFCs

at Pt/ 2(ml /2) could be is a ball of radius M]ZZFC. Then to guarantee that after flowing by

¢ (or t under ‘time changed’ flow) that
FOBF 2y ) m) © B (1 yo,1),

we need that




This holds true because n was fixed such that n < Wr— at the beginning of the argument.
NFC

Now the smallest that the image our ball of radius €, could be in (modified) NFCs is a

ball of radius ﬁmen. We flow forwards back to the point x4 /2 by going forwards by ¢, this

: : 1 —t
ball shrinks to size Mape e

Returning to ambient coordinates, we have that B*(Z; /2,7“’ ) which is of radius r’ =

T e~ contains a ball of radius e;] = 21 ene*t. If we remove this ball of radius 6;7, by
My po NFC

construction this reduces the measure of 7; /S[fcl /2l N G by at most /2. Let é = 67’7, then

ér' = e% and this constant € gives us what we wanted. This completes the proof. m

Let S’ be the subset of 772/2[931/2] N G that we get from Lemma 4.2.12. It has the
appropriate measure by construction.

Take a point 2y = (21/2,(w”)_,wzr/2,k) € §'. Since 8" C K, U [ 9] = 215 which
lives on W*#(21/9). Since we removed an annulus (in the induced metric d%) of radius ér’
around 1 /9, we have that dx(z1/9,21/9) > M+€r' (because this is the distance in X

NFC
rather than the induced metric, see Lemma 3.10.2). By Lemma 4.2.11, we have that

_\R
dx (219, W*(01/2)) > ¢ (MQE ) ()", (125)
NFC

We know by Corollary 4.2.3 that v/ > M+6_(€/2+2)()\++6). Plugging that in we get
NFC

5 R R
dx (21 /2, WS@I/Q)) > ! <M2€ ) <M2r 6_(£/2+2)(A++e)) (126)
NFEC NFC

~ R R
< € ) ( r ) 6—2()\++6)R 6—8/2()\++6)R
M? M?
NFC NFC

\R R
_ C/< 26 ) ( ; ) 6—2()\++6)R el
My pe My pe

where the last inequality is because we took o = %R()ﬁ' +€).

I
Q
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2 2
MNFC MNFC

pletes the proof of QNI and Lemma 2.6.3. n

R R
Take C = C”< . ) < . ) 6_2(>‘++6)R, this is independent of 4. This com-

4.3 Qutline of the proof of Lemma 2.6.7

Overview

In this subsection we are in the setting of Alternative 2, (see Section 2.6). Here, d+ =1 a.e.
We assume further that dim(L£%) = 2.

We give ag > 0 at the beginning, let § > 0, and we demonstrate that the QNI definition,
i.e. Definition 3, holds in our setting. Even thought ¢y and C' as in this definition must be
given alongside K, we have to compute what they must be near the end of the section, but
they do not depend on the choice of 921/2 € K.

We open with defining a good set K’ that we want the set K to be a subset of. This set K
is where we will choose :%1/2 = (561/2, w1 /2, k1/2) from as in Definition 3. Note that we need
to pick S C 1"[21 /o] alt0as [Z1 9] % W;") which means that we are picking a new X-component
that lives along U™ [z, w, k] and a new future but leaving the Q™ x [0, 1[-component the same.
Note that in the last subsection, the setting of Lemma 2.6.3 assumed that U™ [z, w, k] = {z}
a.e., this is no longer the case, here dim(U™ [z, w, k]) = 1. The set S’ (dependent on the
choice of gy /o € 5) is a subset of 7731/275/2@1/2) meaning that we pick a new X-component
belonging to W* (i /2), a new past component, and keep Q7 x [0, 1]-component the same.
We work to ensure that S, S’ C K’ so they have good properties.

We then prove Lemma 4.4.9 which demonstrates the QNI condition, with Lemma 4.4.10
as an intermediate linear approximation step. To get the idea, first think of W#(g; /2) and
W?#(&1 /7) as a fixed planes. Then think of U+[zl/2, w™for (21 /9,w, k) € S’ as a straight line.
Vary the X-component z; /2 throughout some ball B centered around z; /2 in W4(2y /2) and

imagine that for any zi /2 in this ball, U™ [zi /2 w™] is a straight line with the same direction
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vector as U [21/2,w™]. The set of Z1/2 € B such that U™ [21/2’ w™ | will intersect W*(§y /o)
is a 1-dimensional set. However dim(£*) = 2 and our measure mj , cannot be supported
on an algebraic curve by Lemma 4.4.1. This allows us to get rid of this 1-dimensional set
(for a choice of w™) in the definition of S’. We then add back in the error terms we get
from making these approximations and use Lemma 4.4.3 to say we can eliminate a tubular
neighbourhood of an algebraic curve and maintain the necessary measure required for S’. In
this way we have that for §; 5 € S and 2 5 € S’ (where S’ is dependent on 1/2) U+t (%1 /9]

is sufficiently bounded away from W#(g; /2) and hence have the QNI condition.

Details

Again, we are in the setting of Alternative 2, i.e. Section 2.6. Here, dim(L£%) = 2 and
dy = 1 a.e. We will give aq at the beginning, let § > 0 be given and define a good set
K’ with good properties from good sets defined in Sections 3.7 and 3.10. We add to K’
another good property that for fixed degree there is some lower bound on the size of tubular
neighbourhood around an algebraic curve outside of which we still have large measure. This
comes from Lemma 4.4.3. Note that C' and ¢ from Definition 3 need to be chosen alongside
K. We compute when C' and ¢y need to be near the end but they will be independent of
T4 /2 and hence can be chosen alongside K.

In order to make sure that S and S’ belong to K’ as well, we have to do some work to
construct K. We first construct K7 and if K C K7 then S’ can be constructed to belong to
K’. We employ a Lemma of [17], Lemma 4.4.5, that allows us to say for a.e. w and for a
large measure subset X" of X, there is a large measure subset X* such that if z € X* then
the measure of X" inside nf%g(x) compared to the measure of nf}’g(x) is large. We define a
set X C’: & that is the set of X such that there is a large set of (2™ -components to choose from
such that if we keep k and w™ the same we belong to K’. We then demonstrate in Lemma

4.4.6 that the set of (w, k) such that X C’: ;. 18 large in measure is also large in measure. We
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take these (w, k) and restrict to the conull subset of 2 such that Lemma 4.4.5 holds and call
this W. This construction allows us to change the past and land in a good set. Now we
focus on changing the X-component and landing in a good set. We then let X 0'07 r C X be
the set of X-components y such that (y,w, k) € K'. We let G be the set of (w, k) € W such
that X :} k is large in measure. We then demonstrate in Lemma 4.4.7 that the size of G is
big. We let ngk = X;’k N X(Z,k which is large for (w, k) € G and apply Lemma 4.4.5 to get
a large measure subset Xz’ - We define K such that the X-component belongs to this set
Xg:k for (w, k) € G.

We repeat this process to ensure that S can be constructed to belong to K’. Here we use
a modified version of Lemma 4.4.5 which also comes from [17, Lemma 6.3]. We state this as
our Lemma 4.4.8. This allows us to say that if we have a large subset X" C X, there is a
subset X™* such that restricting to the unstable supports this subset still has relatively large
measure (relative to the conditional measure denoted | - | on the unstable support). This is
used to ensure that we can change X-components from /2 to some element on U™ [# /2]
and land in a good set. We also have to change futures and we go about that in the same way
as we did above in the definition of (X L’:, k)Jr. We construct the set Ko which is analogous
to K1 and take K = K7 N K9. Now when we construct S and S’ they will belong to K.

Lemma 4.4.9 works to demonstrate the QNI condition directly. First we do a linear
approximation step. For a fixed (w')~ € 7, the tangent lines to the U™ [z, (W')7] as we
move z around a small ball around z /5 inside W*(Zy j5) vary Holder continuously. If we fix
a direction vector v representing such a tangent line and drag it around a small ball inside
E#(2 /) we demonstrate the the set of points inside this small ball where the line in direction
v hits the tangent plane through ¢y /2(W5 (911/2)) is 1-dimensional, i.e. is some line in the
ball inside the tangent plane £*(Z1 /o). This is Lemma 4.4.10. Given that dim(L*) = 2 and
that m%lﬁ cannot be supported on some algebraic curve in modified NFCs (Lemma 4.4.1),

we are almost done up to some error terms, but we must make sure that this line, and some
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error around it, does not support too much measure. Further we need to ensure the QNI
bound holds. Hence, after picking an appropriate scale to work in, Lemmas 4.4.13, 4.4.16,
4.4.18, 4.4.19 work to achieve this. Finally in Lemma 4.4.21 we arrive with a size of bad
neighbourhood in modified NFCs charts where if we remove this bad neighbourhood we will
have the QNI bound we desire. Lemmas 4.4.22 and 4.4.23 work to show that removing this
bad neighbourhood doesn’t change the measure by very much and so we can define S’ to be

sufficiently large. Then we conclude.

4.4 Proof of Lemma 2.6.7

Proof. (Lemma 2.6.7)
Fix ag = ()\+ + e) > 0 and let 6 > 0, we will determine ¢y and C' as in Definition 3.
We are given that dim(U™[z,w, k]) = 1 a.e. and that dim(£%) = 2 a.e. We call the set

where these two conditions are true K;. We restate Lemma 4.2.1 from [6, Section 4, Lemma

4.4.10].

Lemma 4.4.1. For m-a.e. (x,w) € Y and for all R > 0, let B(x,w, R) be a ball of radius
R inside H?

(x,w)(Ws(x,w)), (H? ))*(m%w)‘B(x,w,R) does not assign mass to any algebraic

(z,w

curve of degree d.
Proof. See [6], Section 4, Lemma 4.4.10. O

Let the conull set where Lemma 4.4.1 holds be called Ko C Y.
Recall the set K,ppq and the constant 7 from Lemma 3.10.6. Also recall that B®(z,w, R)

is a ball of radius R inside W¥(z,w) in the induced metric.

Lemma 4.4.2. For fired R > 7 and given eg > 0, there exists a set K C Kppqg C Y of
measure at least (1 — eg)m(K ppa), and a constant p such that for (x,w) € Kpg, ni(x) C

B%(r,w, R) has measure at least p - mj, ,(B*(z,w, R)).
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Proof. For (z,w) € Kupha, n5,(x) is contained in B*(x,w,7) and hence also in B*(z,w, R).
For this fixed R, the map (z,w) — py,, g Where m3. ,(03,(7)) = pp o RMG (B (z,w, R)) is
a measurable mapping. Then we can find a set Kp C K,pq of measure (1 — ep) on which

Pe.w, R 18 bounded from below by some p. This completes the proof. O]

Lemma 4.4.3. Fizd > 1 an integer and R’ > 0. For any § €]0,1], (z,w) € K¢, there exists

€ > 0 such that given any algebraic curve of degree d in a ball of radius R, B(z,w, R') C

S -
W

HS

(z,w

measure at least (1 —9) - (H(Sx’w))*m%,w(Bs(:c,w, R").

)(Ws(x,w)), outside of a tubular neighbourhood of diameter e we have (H‘(SI w))*m

Proof. Suppose not, then there exists ¢ and (z,w) € K¢ such that for all € > 0, there exists
an algebraic curve C of degree d in the ball of radius R', B(x,w, R') C fo w)(WS(x,w))

such that outside a tubular neighbourhood of radius € around C' we have less than (1 —J) -

(H{

($7w))*m§7w(8(x, w, R’)). Note that the space of algebraic curves of degree d is compact.

Take a sequence of €, — 0, each has an algebraic curve C), such that inside of a ¢, tubular
neighbourhood of Cj, we have measure at greater than (1 — 6)(fo7w))*m§3’w(3(x,w, R)).
The sequence of C), has a convergent subsequence by compactness, and so we have some
limiting curve C. This limiting curve C' supports mass which is a contradiction to Lemma

4.4.1. This completes the proof. O

Lemma 4.4.4. Given R’ > R" > 0 large enough and ¢ > 0, there exists a set Ky, C X x Q
of measure at least (1 —€) and p' > 0 such that if (v,w) € Ky, a ball of radius R’ denoted
B(z,w, R") C H? (WH(x,w)) is such that

(z,w),new

(fo,w),new>*(m; w)(B(x7 W, RH) Z pl(fo’w)’new)*(mi,W)(B(x7 W Rl)

3

Proof. Since R’ > R are large enough, we can assume that the ball of radius R” carries

measure.
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Then fixing the R’ > R” given, for a.e. (z,w) we get a p’( ) such that

T,w

(H ) (mi ) (B(w,w, R") > pf

(x,w),new

) (H )x(m ) (B(z,w, R).

xT,w

this p’(x w) is a measurable function and hence for a given € we can bound it from below

on a set of measure (1 — €) which we denote Kj,.

Fix ¢ > j > 2 such that ¢ > 25, and

5 /2
(67 —5°/2)

(1—6M)(1 = V2672 > (1= "),

(1—207)(1 — )>1—6/4,

where k is such that (1 — %)% > 1 —§/4.
Fix R > Mf{,FCf (where 7 is as in Lemma 3.10.6 for some given €,;,,4 defining the set

K,pha) large enough so that R’ < M’L and R’ > M]?([FCR satisfy Lemma 4.4.4 with some

p' > 0 and set K,,. Take this R inNIIjeCmma 4.4.2 with sufficiently small ep and take the
resulting p. Let 6” be such that %, < 6% and let ¢’ be such that %; <"

Take 6 = 0', R’ (as above) and d = 1 in Lemma 4.4.3. One can get a Lusin set K¢ p on
which the e from Lemma 4.4.3 is bounded below by €*.

Recall the Oseledets’ set A (conull) and Ay, from Section 3.5; also recall K, Ks and K,
from Section 3.10 from Lemmas 3.10.1, 3.10.5, 3.10.4, and K¢ = AN Ay, N Ky N K from
Lemma 3.10.7 and Lemma 3.10.10. Belonging to K¢, Lemma 3.10.7 tells us that on a ball of
radius r ambiently in X, the error £ between the stable/unstable manifolds by their tangent
spaces is £ = TZM;?’L where M, is fixed from Lemma 3.10.1, L = Lip(Dh‘;ﬁu)), and h‘(sgfd)

is the holomorphic graph of a stable/unstable manifold in its Lyapunov chart Pl w)-

In Lyapunov charts, tangent planes differ from these holomorphic graphs by a factor of
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€= T2/L on a ball of radius r in these charts. Belonging to Ké C K¢ as in Lemma 3.10.9
tells us that we can bound L from above by some H. Also similar for the tangent lines of
U™z, w] using Lemma 3.10.10. Belonging to A, will ensure the existence of local stable
manifolds of some size ¢. Also recall the set K from Section 3.7.

Let
K'=AN A MK NEr NKsNKp N KN Kg N Ky N Ko p N Kppha N Kp

and be such that it has measure m(K’) > 1 — §/2.

Now we apply Lemma 4.2.7 as we did in the proof of 2.6.3, we recall the statement below:

Lemma 4.4.5 ([17], Lemma 3.11). Let § > 0, for a.e. w € Q given X/, C X, with
v(X') > 1 — 62, there exists X} € X' with v(X}) > 1 —6 and such that for v € X} and

any ¢ > 0 we have that

M (X6 N0 o(2) = (1= 8)m3. (05, (). (127)

Let Q' be the conull subset of  where Lemma 4.4.5 holds.
Let
Vewk ={W)" €Q :(z,(w) ,wh k) € K'},
and

Xl p={re X pyN(Vypp) >1-0}

Lemma 4.4.6. There exists a subset W' C Q x [0,1] of measure at least 1 — 627 /2 such

that for (w, k) € W', X" has measure at least 1 — 7.
Proof. Same proof as in Lemma 4.2.8. O]
Let W =W'n(Q x[0,1]).
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For (w,k) € W let

X:d’k ={reX:(v,wk)e K'Y} cC Xy,

G={(w k) €W :v(X];)>1-6}. (128)
Lemma 4.4.7. The measure of G is % x dt(G) > 1 — %
Proof. This is the same as the proof of Lemma 4.2.9. O

Let X(ka = X:d’k ﬂXz’k and use this in Lemma 4.4.5, get a subset ij’k where Equation
(120) holds. For (w, k) € G we know that Xc'd ;; has measure at least 1 — 67, and that XL’: k

has measure at least 1 — 6. This implies that X ZJ” ;; has measure at least 1 — 267,

Then take

Eiy=|{ | X5px{wyx{k}|cK.
(w,k)eG

By Lemma 4.2.10, we have that this has measure

5 /2

m(K1) > (1 —287)(1 — G

)>1-4§/4.
We can do something very similar for the unstable supports. Let

Byla] == Ut [, w] A (o),

as in Section 6 of [17]. Additionally, define |- | as the conditional measure on By|x].

Lemma 4.4.8 ([17], Lemma 6.3). Let § > 0, for a.e. w € Q, given (X))t C Xy with

V(K) > 1— 062, there exists a subset (X)T C (X)) with v(K*) > 1—§ such that for any
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x € (X)) and £ > 0 we have
(X5) T N Byla]] = (1= )| Byla]- (129)

We do as before, let ()" be the conull subset of 2 where Lemma 4.4.8 holds.

Let
vE = {(w/)‘L cOr: (r,w™, (w+)/,kz) € K/},

then set

(XUt ={z e X NV, ) > 1= 07

Lemma 4.2.8 tells us that there is a subset (W)™ C Q x [0,1] of measure at least
1 — 67727 /2 such that for (w, k) € W', (X(Z’k)Jr has measure at least 1 — 67,

Let Wt = W) n ()" x[0,1])

For (w, k) € WT let

(XZJ’,{)Jr ={ze€X:(z,wk)e K'} C X,

Gt ={(w, k) €W : v((X,;)T) > 1},

Lemma 4.2.9 gives us that u% x dt(GT) > 1 — %
Now let

(X" = (X (XD )T,

use this in Lemma 4.4.8 to get a subset (X* , )" where Equation (129) holds. For (w, k) € G*

we know that (X! )" has measure at least 1 — 67 and that (X" )" has measure at least

) )

1—67 so (X )T has measure at least 1 — 207

Take

Ko= | U (07 x fwhx (b} | K"
(w,k)eGt
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By Lemma 4.2.10 we know that the measure of Ky is

5 : 5 /2
m(Ko) > (1 —267)(1 — m) >1-4§/4.
Let
K=K NKy, v(K)>1-0. (130)

Now take il/z = (112'1/2,(,01/2, ]{71/2) S K, here

Ut /o) = Ut [z, w, k] x {wy ot X OF x {ky o},

al21/2] = ngl—m,m(ﬁ/z) x {wp o} x QT x {ky o}

Let

I ._ +
tT X///U +{y} g Vy,w1/27k1/2'
ye( w1/27k1/2)

By Lemma 4.2.10, the measure of Y is at least (1 — 67)(1 — v267) > (1 — %)

Let

. / u + + —

S:=({"n ((nwl—/27£/2($1/2) MU 9,019, k1/0]) X Q7)) X {wy o} X {12}
Note again that by Lemma 4.4.8, since 215 € (X;"jl/2 k1/2)+7

m + i
Mz jg. 172Ky ey jg) T Vil 072(2172) VU 21y, 00172, k1 o) 2

(1— 5j/2)m%1/2,w1/2(7731/275/2(%/2) NUT [y 9,01 /9, k1 2)).
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And so, altogether,

~ U
mi

1/2(5) 2 (L=06/2)mg, ,(ngjal@1/2] 0 U™ [y /g, wi 2. k1 jal)-

Additionally, S ¢ K’ by construction because of how V. is defined.

Ywi/2:k1/2
Note that in Definition 3, S is allowed to be dependent on the choice of ¢ and /2- We
now (at the cost of at most (5/2-7”77,%1/2 (77%/2 (21 /2] NU* [1 /9, w1 2, k1 /9]) in the mgl/z—measure
of S ) use Theorem 3.4.1 to ask that P and @ are bounded apart by some angle . We call
this set S C 5.
Now let g9 € S C K, it is of the form U120 = (yl/Q,wl_/27 (W, k1/2)-

Let

"_
Y'= U {y} x Vy,w1/27k1/2'

GX”/
ISR sk o

Again, by Lemma 4.2.10, we know that
vx N Y"y > (1—67)(1 = V209) > (1 — &%), (131)

Let

S'=x"n (nzf/z,h/z(xlﬂ) x Q7)) X {WIL/Q} x {ky 2} (132)
Then as before
i, (8) > (L= 6/208 (ol ) (133)

Note that the set S’ as in Definition 3 is allowed to be dependent on the choice of g /2 and
l.

Lemma 4.4.9. We can find constants C' and {y that can be chosen along the set K in the
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definition of QNI (definition 3), and a set S" C 5" dependent on @1/2 and {, such that

m%1/2(sl) > (1- 5)7%%1/2(77?/2[@1/2])’ (134)

and that for 21/2 = (21/27 (w”)*,wi’_ﬂ,kl/g) e 9, U+[§1/2] does not intersect Ws(gl/Z).

Further, for £ > (g,
dx (Byalz1 o), WE(iy ) > Cem 0k, (135)

Note that Equation (135) is just the QNI bound from Definition 3 using notation estab-
lished in this section.

We will prove this in a series of approximation steps. First, the linear approximation.

We take £y large enough so that for all £ > £, 772/1727€/2(x1/2) is in the ball of radius
ki /2 around x4 /2 and around yy /2- Then it lives in the domains of the Lyapunov charts
iy and Pin 2 (see Section 3.5). We will work in §0£1/2(BX($1/2, krr)), the norm in these
charts is denoted |- |, the Euclidean norm. Note that goi,l/z(Ws (21/2)) and iy (W*(91/2))
are holomorphic. We will have to work with R* instead of C? in this section for our charts
in order to be able to say something about a real 1-dimensional set.

Let P = Dgojl/z(ES(:izl/Q)) = R¥, ie. the tangent plane at the origin (where the
origin is 4,%1/2(x1/2) of g%l/Q(Ws(fcl/Q)). Let () be the tangent plane at 90531/2(y1/2) of
@@1/2(1/[/3(3]1/2)). We can assume that @) is not equal to P by Theorem 3.4.1. Note that this
is where the complex nature of the problem is important even though we will have to work
in real coordinates.

Generically (in the choice of ()T, 2/), PN Q = {q}.

Fix a direction vector v € R*. For any 2/ € P, draw a line through 2’ in direction v de-
noted L ,,. These lines L,/ ,, are to be thought of as a linear approximation of U Tz, (W7,

which are 1-dimensional curves for most points. We ask what subset of 2’ € P are such that
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L, does not intersect ().

In the following lemma, we ask (for generic v) which 2’ € P are such that Ly,NQ#0.
We will show that these 2’ form a line through ¢ € PN Q. It is worth noting that ¢ may not
be in g%l/z(BX (212, kyr)) (though it would be for a large measure portion of (W)™ and for
large ¢). This does not concern us as this is part of the set of X-components we will wish to
remove when we define S’ for Lemma 4.4.9. We will assume that v € @, it will be justified

later why we can do this.

Lemma 4.4.10. For our fixed plane Q, let v € Q be arbitrary, if P # @ is another plane

such that PN Q = {q}, the set of 2’ € P such that Ly,NQ# 0 is a line thru q inside P.

Proof. We will first change coordinates. Given a simple rotation and translation of frame,
we can WLOG let @ = span{(0,0,1,0),(0,0,0,1)} and PN @ = {(0,0,0,0)}, and consider
the direction vector v = (I,m,n,0), since v € @, at least one of [ or m is non-zero. WLOG
let [ # 0. Any 2’ € P is of the form 2’ = (s,t,u,v), if we take the line L, in direction v

thru 2/, we ask which values of 2’ will this line L/, will intersect Q. Clearly, these 2" will

U
be such that both equations s + [T = 0 and t + mT = 0 hold for some T'. This amount to
the condition ¢t = %s on the plane P inside the ball.

Note that the condition t = %8 on all of R* creates a 3-dimensional subspace U containing
. Now P is a two-dimensional subspace intersecting () at only one point and so P intersects
U in a 1-dimensional subspace.

When we shift back to the original coordinates, since P # @), we see that our solution

set is a line through q. O

Proof. (of Lemma 4.4.9) We were given § at the beginning and we need to find a set S’ C S’
where Equation (134) holds.
By construction, K¢ D wx(S') (see Lemma 3.10.12 for the definition of K¢). We have

that for our chosen X-component from an element of S/, outside of any ball of size we will call
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Mg in Gr(1,C) (where the stable and unstable Oseledets’ directions live), we have measure
at least 1 —6%. Call the corresponding angle defining this ball « M- We will ask that for any
219 € S’ E"(Z1 ) is bounded away from @ = E*(gy 5) in Gr(1,C) by Ms. In particular,
any v a unit tangent vector of U™ [% /2] will not belong to (). The subset of 2~ where this
is true will be called (227)’, has measure (1 — %) and is dependent on Ji/2 € 5.

Fix n > 0 small. Let ¢ be the amount of time it takes to flow under the time changed

flow from the point F_£/2(551/2) to & /9. Note that
te[[e/2J(AT —e), [£/2+ 1 (AT +e)],

as in Corollary 4.2.3. Note that we can take ¢ large so that ¢ is large such that

NFC

is small. Here R is as in the definition of K¢ p as above and ¢ is as in Equation (94).

Remember that ¢ must also be such that F_€/2(§:1/2), Fg/2(§31/2) € K C Kppa-
Claim 4.4.11. Ambiently, the ball of radius r’, B*(Z1 9, ') contains 77?/2 w12 (21/2)

Proof. We know that since

F7€/2(§31/2) € Knbhd,

from Lemma 4.2.5, the diameter of 7]2_3/2 )(951/2) is at most 7. So

(W1/2

M t/2( ) (@1/2) © BYE T2 (19),7) @ WHET ().

Passing to modified stable NFCs we see that the largest this ball could get is of size
My por. Flowing forwards by Ft/2 (in under the standard flow) is like flowing forwards by

F!.in the time change flow where t € [n(A* —¢), (n+1)(A" +¢)] as in Corollary 4.2.3, where
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n = |¢/2], and € is as in Equation (94). Then after flowing by ¢ under the time change flow,

the largest our ball could be now is of size MNFCfe_”()‘+_€>.

Now B*(Zy /9, ') in modified NFCs at its smallest is a ball of size mr’ where

L, 1 ! 1 4 o /2] (A —e)
r = Re™" > (M e ¢ (136)
M 3 3 NFC
NFC Mypc My re
= Mypcre "V

Hence in modified NFCs we see that we image of m; /2,01 (24 /2) is contained in the image
B% (24 /2)- When we return to ambient coordinates this is still true. This completes the

proof. O]

Claim 4.4.11 tells us that working in B*(Z1 /5, ") will suffice, i.e. thinking of the distance
between /2 and x /2 a8 being at most 1’ is acceptable. We will go a bit further for
convenience later and work in FY/2(Bs(F~t/ 2(iy /2), R)). Firstly, we demonstrate that this

set contains B (& /9, 1').

Claim 4.4.12. The set
FY2(BS(F"2(iy9), R)) € W*(y o),

contains B*(Z o, ).

Proof. Remember that ¢ is always such that F£/2(9%1/2), F_€/2(i1/2) € K.

We work in modified NFCs. Here, F€/2(BS(F_€/2(§:1/2),R)) has smallest diameter

M]\}FC Re~t. In modified NFCs the largest B*(Z 9, ") could be is

1

Ret.
MpyFc

Myper' =

This concludes the proof. O
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Let 7" be the diameter of the set F€/2(BS(F_£/2@1/2),R)). For now we will imag-
ine working in this set and come back to 7 /2,012 (x4 /2). Error estimates we do below in
FE/Q(BS(F*E/Q(@/Q)), R) will be true for nZ/Q,wl/Z (%1/2) too.

Now, we work in Lyapunov charts, i.e. we will work in a subset of iy (Bx (12, ku))-
Let P and @ be as above, we can work inside a ball of radius r (appropriately small) based
at the origin (which is iy (1/2)). We take r = MEM]E{IFCT”’ note that M,r" is the largest
an ambient ball of radius r” could be in Lyapunov charts, but we need it to be a bit larger
for later.

We also ensure that ¢ is large enough so that

Moy prtf2(T1/2) © FU (B (F™2(iy 1)), R) C Bx (w19, ki /2).

A lower bound for ¢ can be found uniformly in the choice of 2 /2 € K C Kpppg because of
Lemma 3.10.6.

Inside this ball of radius r, we know by Claim 3.10.8 that P and () are within of €
of g%l/2(WS(§:1/2)) and 4,032,1/2(W3(y1/2, (W) respectively. Here ¢ = r2/L and L is the
maximum between the Lipschitz constants of Dh; and Dhsg, where hq is the function tracing
out gpgcl/Q(Ws(a?l/Q)) and hg is the function tracing out S%l/g(Ws(?/l/Qa (w"1)). Note that L
is bounded above by HM?. The factor of M?* comes from the fact that the graph hfﬁl/g) will

3 S
have Llp(Dh(gl/z)

constant for hg which is in the Lyapunov chart based at /2- Taking the change of charts

) < H because 7 /2 € K é by construction. However we need the Lipschitz

into consideration, this forces L < HM?.
Fix z = (z, (w”)f,wl/Q, kis2) € S’, consider @@1/2(U+ [2]). Let v be the direction vector

of the tangent line through @jl/Z(Z) of goi,l/Q(UJr[é]) for this fixed Z. Let L be

‘pil/Q(z)v’U
the line through Pi, /2(2) in the direction v. Keep v fixed and vary the component in

4,05@1/2(W3(£1/2)), i.e. take points @531/2(2’) where (7/, (w")*,wl/Q,k:l/Q) is still in S. We
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draw lines Lwl/? (2")0 through these iy o (2') in the direction v.
Let ¢, be the line we get from Lemma 4.4.10 for P, the tangent plane of go;cl/Z(WS(a?lm))
at the origin. It is important to note that P is fixed by the choice of /2 € K and that the

choice of the sets S and S’ are allowed to depend on this choice of Ty /2 and on ¢. The set

S’ if further allowed to be dependent on the choice of 7 /2 € S which determines Q).

Lemma 4.4.13. There exists a constant C' independent of il/Q or ?)1/2; such that for any
fized direction vectorv & Q, if z € B(0, r)ﬂg%l/2 (Ws(i'l/Q))ﬂg%l/Z(S’) is such that L, ,NQ,

then z is within Cr? of €, inside B(0,r).

Proof. Let v & Q, v = (l,m,n,0) be fixed and take z as in the statement, i.e. L, NQ # 0.
WLOG assume [ # 0. Change coordinates (just rotation and translation which are isometric
and conformal) so that Q@ = span{(0,0,1,0),(0,0,0,1)} and PN Q = {(0,0,0,0)}. Let 2/
represent z in this new coordinate system. Label the coordinates as (x1,z9,r3,74). As in

the proof of Lemma 4.4.10, we must have that 2’ is of the form

2 = (s, ES,u,v),

l

for some s,u, € R. This is because for any point y = (s, t,u,v) to be such that Ly , intersects
Q, it must satisfy t = % These points form a 3-dimensional subspace that we called U in
the proof of Lemma 4.4.10.

We know that P is at most r2/L away from ¢§;1/2(W5 (21/2)) in the ball of radius r. Let
p.s € P be the element closest to 2.

Note that if p,/ is a translate of 2/ in x3 or x4 directions, p,s belongs to ¢, (since it

belongs to U). Then 2’ is at most 72/ L away from .

Claim 4.4.14. There exists a basis for P of the form q1 = (1,0,uy,v1), g2 = (0,1, ug, v9)

such that |q1|, |g2| < C. This constant C is independent of P and Q.
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Proof. Any basis element of P must have non-trivial x1 and/or x9 component, otherwise
P would intersect () in a line rather than a point. If there does not exist a basis of the
proposed form, then any basis element of P would have (x1,z2)-component that is some
scalar multiple of the (z1, z2)-component of any other. This means that there is a vector of
the form (0,0, u,v) in P. This is a contradiction to the fact that P does not intersect @ in
a line.

In the definition of S, we required that g /2 is such that the angle between P and () is
bounded away from some 6 > 0. Now we argue that uj,v1,u9,v9 then must be bounded
from above, giving us the required result.

Compare ¢ to its projection onto @) denoted ¢, let &/ > 6 > 0 be the angle between ¢
and qq:

2 2
\/ui + vy
1> cos(?) = lal _

B 2. .2
a1l \/1+ui+ o3

If cos(f') = 0 then u; = v = 0 and so we take C] = 1. Assume cos(#') # 0.

Squaring and rearranging we see that u1 and vy are such that

1+ 1—; ud + 1—; v =0
cos(6)2) 1 cos(@)2) 1T

The term (1 — m> is negative and is bounded above by (1 — W) independent of

Q or y; /2- This gives us that

1 2 1 2
1-— 1— > 1
( cos<e>2) u ( cos<0>2> =
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and hence,

1

% R P
(et 1)
A similar argument works for go. This completes the proof. O

Now if p; = (s + a, s + B,u +7,v + &) where ¢ = (a, 3,7,9) is such that |g| < r2/L,

then in particular ||, || < 7?/L. Then

pi=p:; —aqr — Bqg € Ly.

We now compute how far away p is from z; z is at most 72 / L away from p, and

2 — p| = |aqr + Bag| < 20172/ L.

Hence we can take C' = 2C] 4 1 and then z is at most Cr?/L away from £, C P. O

Recall the coordinates as in the proof of Lemma 4.4.10; i.e. let
Q = spand{(0,0,1,0),(0,0,0,1)},

and P N @ is the origin. Call these coordinates C. Let v = (I,m,n,0) ¢ @, WLOG [ # 0.

Let U be the subspace defined in the proof of Lemma 4.4.10, i.e.

U ={(s, ?s,u,v) s, u,v € R}

Note that U is dependent on v and is the subspace of points z such that L,, N Q # 0.
Also note that Lemma 4.4.13 tells us that in the ball of radius r that we are interested in,

all points in V' which is defined to be goggl/Q(Ws(il/Q)) N B(0,7) in coordinates C such that
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L,yNQ # (0 are within a Cr? of ly C P. So in coordinates C that tells us that elements
belonging to U in the shifted ball of radius r are within Cr2 of £,. In the next lemma, we
work to understand how far apart L, , is from @) if z € V' is of a certain distance from this
tubular neighbourhood of radius Cr2 of ¢, C P.

Let Cp 1 be the lower bound for the function 13—2[)2, and Cp 9 be the lower bound for the

function given that b is bounded. Let Cp = min{Cp 1,Cp 2,1}

1
1+b2°
Remark 4.4.15. The proof of Lemma 4.4.13 also demonstrates that for the set of points

5r2 _
vVCpL
within C'r2 of 0.

away from P, there is a C' such that the points belonging to the subspace U must be

Lemma 4.4.16. Let v & Q = span{(0,0,1,0),(0,0,0,1)} be a direction vector in R* with
corresponding subspace U as above. Let V' be B(0,7) N 4,%1/2(W5(£1/2)) in coordinates C,

2

and let 2 € V be distance r* away from the neighbourhood of €y of size C'r? from Remark

4.4.15. Then there exists a constant C" > %, independent of v, yjl/z or :1?1/2, such that
d(L,,,Q) >C" 1%

Proof. Note that when we state a definition for the set £,, we have assumed v € ) and hence
WLOG assumed [ # 0. If [ = 0 then it must be that m # 0 and we look at the line in P
of slope [/m = 0. Since v is a unit vector, |m|,|l| < 1 and because we have assumed that
E"(Z19) (where we choose v) is bounded away from @ in the Grassmanian metric by Ms,
we must have that in coordinates C, one of [ or m is greater than or equal to Ms/v/2. When

defining the set ¢, we will look at

ly ={(s,t,u,w) € P:t= ?s}, if | > m,

ly = {(s,t,u,w) EP:s:Lt}, ifm> 1
m
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Assume that [ > m > 0 (other cases similar). Since we have that Ms/v/2 < |I| <1, 0 <
Im| < 1, we can assume that b := 7 is bounded from above and below.
Note that 2/ € V is chosen so that it is at least 72 away from the neighbourhood of size

C'r? of ¢,. This neighbourhood of size C'r? contains all points in the subspace U that are

within 22 of P (see Remark 4.4.15, note /Cp < 1). Note that 2 is within 7?/L of P.

VCpL
.. . / . . R 47“2
This implies that 2’ is distance at least d := Nierii from the subspace U.
We can write 2’ as some point
Y= (s+a,sb+ B, u,0), (137)

for some s (which we will compute below in Claim 4.4.17), and some «, 3 such that

\/ a2+ B2 =D>d,

and 8 # ba (because 2’ does not belong to the subspace U as defined in the proof of Lemma

4.4.10).

Claim 4.4.17. In Equation (137), s = ”figf and we must have that | — ba| = D.

Proof. Writing out point 2’ as 2/ = (x,y,u,v), the closest point u in the subspace U is given

by

x + yb b:t:—l—ybuv
1+02 14027 )7

Then in Equation (137), s = %yb Then o and [ are such that

C140*
x4+ yb
.I:H_—bQ—i‘Oé, (138)
x + yb
=0 . 139
y=b g+ (139)

Now since 2’ is distance D from U, we must have that |3—ba| = D. If not, i.e. if |[3—ba| # D,
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then writing § — ba = k we see that

, x +yb x + yb x + yb x + yb
= b yw,t | = b—= ba, u, 140
(1+b2+a 1+b2—|—/3w ) (1+b2—|—oz 1+b2—|—/@+ QL U, v (140)

x +yb x +yb
:(1+b2—|—a,b(m+a)+ﬁ;,u,v) (141)

Then 2’ is not distance D away from the subspace U because |x| # D.

This is a contradiction. This completes the proof. O

In the cases b = 0 and we can ignore « as the subspace U is just the set of points with the
second coordinate equal to zero, Claim 4.4.17 just reduces to the obvious: that |5| =D > d.

For now assume b # 0, we will deal with this case at the end for notational reasons.

Now, L./, can be written as
)

Lay(t) = (s+a+tsh+B+thuttzv+t]), teR

Now we find the value of ¢ such that L/ () is closest to (), we will call this t'. We have

the inconsistent system given by the equations:

t=—(s+a), bt=—(sb+p).

Least squares approximation gives us that

N G )]
b= (1+0%)°
Let 7= Ly ,,(t'), it is of the form
(a+48) ., (@+b8)  n n(a+bd) o o(a+bp)
(o~ G- - Ta e o f i)
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then ¢, the closest point to 7 in Q is of the form

9(a+b5))
I (1+02) )

0
vV—S5- —
l

We get that the distance between L/, and @) is equal to

v

fla (- G 4 (5-sa DY,

We can simplify the expression for f2 to get

(o + )2

2 9 2
[la,f)=a"+p T

We lower bound f2 given our restraints, i.e. given Claim 4.4.17.
We deal with cases to make it easier:

Case 1: f—ba =D

Plugging this into a? + 52 = D? gives
o + (ba + D)2 = D2

Equivalent to

a((1+ b%)a + 2bd) = 0.

This gives two subcases: a =0 or a = %

In the first case, this forces § = D and then

b2

2
_1+MD'

2 =2
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Which is bounded away from zero by C D71D2 since b is bounded. Since D > d we have that
f*>Cpad*.
In the second subcase, we can solve for 5 and simplify the expression for f2 into a function

of b and D:
P 2pt 40P
(1+02)3

1
(1+02)

f2:D2(1 ):D2

This function (1%()) is bounded from below for bounded b. Hence again, there is C'p 9 such
that f2 > Cp od?®.

Case 2: bav — 8 = D Again one plugs in 8 = bae — D into the expression o2 + 2 = D2,

One gets
a((1 + b?)a — 26D) = 0.

So there are again two subcases: a« =0 and a = %
In the first subcase, again § = D and again,
212
1+b2

As before, we have f2 > C’D,ld2.

2
In the second subcase, § = % —D. We plug this into f 2 to get an expression in terms

of b and D as before and see that

72 1_b2+2b4+66 SRS
(1+b2)3 1402

Then as before f2 > CD72d2.
Now, in the case that b = m = 0, we again note that the subspace U corresponds to the

second component of a point being zero. Our point 2’ can be written as

Z/ - <S7/B7u7/v)7
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where we know that |5]| > d. Since m = 0, our line can be written as

Ldﬁﬂz(&+uﬁu+?tv+§ﬂ

This is closest to @@ = span{(0,0,0,1),(0,0,1,0)} when t = —s. At this value of ¢, the line

472 _
vCpL

Putting these cases together, we see that taking C" = ﬁ max{,/Cp1,1/Cp2;1},

we have that

L, is exactly 8 away from @ and is hence distance d =

away from Q).

dist(L . ,, Q) > 2.
Clearly C" > % This completes the proof. O

Now we see that being distance C'r2 + 12 = (C" + 1)r2 where C’ is from Remark 4.4.15
guarantees that for 2z’ outside a neighbourhood of ¢,, that L, is distance at least C"r? from
Q.

One now has to take into account that v should vary as we change z because when we
switch the X-component to z’ we should use the tangent vector v’ for Ut[2/, (w") ™, wf/z, k1/2]
(viewed in Lyapunov charts). Then we examine L/ s at the point ¢(2') instead of L o » Where
v is the tangent vector for U™ [z, (W)™, wzr/2, k1 /9] (viewed in Lyapunov charts).

Here we use that &9 € Kp (see Section 3.7) so that along ‘good’ points in W*(Zy /)
we have that P~ (xl/z, ) is Holder in the sense that for good w’ and for z, 2’ € S’ good, we
have that

1P (2, )1 < C’BdX(z,zl)ﬁ.

Here P, (z, ') is such that TU V[, w'] = P (z, ZNTU™[2,w']. Since all points we consider

are within r, we can say that for good points z, 2/

1P (2, 2) — Id|| < Cgr”.
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Note that r are can be taken to be r® < 1 by making ¢ large. Then when one compares v
(a unit direction vector) to ©' = P (2 2o one sees that

(P (2,2)8,5) = (5,8)] = (P (2, 2) = 1d)5,3)| = [0 (P, (2, 2) — 1d)3|

w

< ||P(z,2") = 1d|| - |[o]]* < Cpr”

hence,
(P (2,2)0,8) < Carf + 1.

Further,

[P, ") = 1d)a] < Car”,

. — o (P (2,2")0,0)

/ — VY w

and hence since cos(£(P,(z,2")0,0)) = TaREt] we get that
1— Cﬁ’/’ﬂ

1> cos(Z(P(z,2)5,9)) >1- 205"

> 7
- 1+C/3Tﬂ

Now we need to see what happens in gpjl/Q(Ws(il/Q)), i.e. we want the relation between
v = Dg%l/Qﬁ and v/ = Dgofl/zf/. Note that Lip(D(pjl/z) is bounded above by ® on the set
K, as defined in Section 3.5 and that K C K,. We get there there is a uniform constant

Clﬁ dependent only on Cg and ® such that
1> cos(Z(v),v)) > 1~ 20’57‘5.

For each v/ we apply Lemma 4.4.10 to P, Q and the collection of L, and get a line £,
in P. Now we want to argue that in P, ¢,/ is close to ¢.

Recall that in the proof of Lemma 4.4.10, in Lyapunov charts, we picked coordinates C
as above and let

@) = Span{(0,0,1,0),(0,0,0,1)}.
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We saw that if v = (I,m,n,0) is the unit direction vector, [ # 0, then
ly ={(s,t,u,w) € P:t= ?3} (142)

Now if v = Z(v,v), we know that cos(y) > 1 — QC’ﬂrﬂ so we have a upper bound on the
angle .

We then get the following claim:

Lemma 4.4.18. There exists a constant C""" > 0 not dependent on v, @1/2 or £1/2 such that
B
the line 0y can deviate from £,s by at most C"r 3 in the ball of radius r centered around

the origin in Lyapunov charts iy (Bx (%19, kyr))-

Proof. We know that v = Z(v,) is such that cos(y) > 1 — QC’ﬁrﬂ. Since v is a unit vector,
we can use this to compute that if we think of v and v’ being based at the same point in
R*, the most v could deviate from ' is distance \/@rﬁ/ 2 This means that the most the
coordinates of v could differ from those of v’ is by some amount of norm less than or equal

to 1/2(3”5705/2.

Note that in Equation (142) where we state a definition for the set ¢, we have assumed
v € @ and hence WLOG assumed [ # 0. If [ = 0 then it must be that m # 0 and we look
at the line in P of slope [/m = 0. Since v is a unit vector, |m|,|l| < 1 and because we have
assumed that E"(Z))5) (where we choose v) is bounded away from @ in the Grassmanian
metric by Mg, we must have that in coordinates C, one of [ or m is greater than or equal to

Mj;/\/2. When defining the set ¢, we will look at

by ={(s,t,u,w) € P:t= ?s}, if [ > m,

l
by =A{(s,t,u,w) € P:s=—t}, if m>1L.
m
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Assume that [ > m > 0 (other cases similar) then in the worst case scenario, writing
m
by ={(s,t,u,w) € P:t= 73},

we look at
m + 2C’Brﬁ/2

s}.
o ! 2
[— /QCﬁrﬁ/

We compute how far apart these lines are. Both belong to P, we can think of P as the xy-

by ={(s,t,u,w) € P:t=

plane and change coordinates to move ¢, to the x axis, then we can take m = 0. Note that

we only care how much ¢, and ¢,/ differ over distance r (since we are working in B(0,7)).
Note that then the quantity [ — \/@rﬂ/ 2 can be bounded above universally by some

constant x for small r (i.e. this is independent of ¢ and 2, /2). This is because we can assume

that [ > Ms/v/2.

20", 1rB/2
Then ¢, can be written as the line y = +x in P which was taken to be the

xy-plane. At distance r along this line ¢, in these coordinates one can see that

r

T = ——
20"

\/ 1+ Kfrﬁ

Then the distance between ¢, and £,/ at distance r away is

D=~ 20/5 il .
Kk 20"
\/1+ 25 rB
K

/

2C
; _ B : 1
Letting b = - and Taylor expanding i at zero helps us see that

. 5 T3

/2C" B 2,.2/3
po VP sy b7 ST
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For large ¢ and hence small r, one can bound D above by some C"’ r1+B8/2 This completes

the proof. n

Remember that we must be able to pick the QNI constant C' from Definition 3 alongside

K once 0 is given. That is echoed in the Lemma below.

Lemma 4.4.19. There exist constants C’(4), c®) > 0 not dependent on 3)1/2 or i1/2 such
that we have that if 21/2 e S has X-component outside a neighbourhood of ty of radius

B
CWr*3 when viewed in Lyapunov charts B(0,7) N @@1/2(W;(:%1/2)), then

dx ((Byjaly o, W* (1)) = OV,

Proof. Lemma 4.4.16 tells us that for fixed v € @, looking at the collection of L, such

(%
that 2/ € B(0,r) N Vi s (W?#(21/9)) is distance (C" + 1)r? away from £y, L, , has distance
at least C"r2 from Q. Its important to note that C” > % Note that @ is distance TQ/E
from ¢z, /2(W5 (911/2)). Hence there is some other constant € > 1, dependent only on
L and C” such that the distance between L, and Vi s (W#(g1/2) is at least Cyr? for
2 e B(0,r)N @@1/2(1/1/5(%1/2)) distance (C” + 1)r? away from £,.
5

Now, by Lemma 4.4.18, the lines ¢, vary by at most C"rl T for 2 € B(0,r) N
Vi 2(V[/S(i"l /2)). That is to say, if v corresponds to the tangent vector in Lyapunov charts
of UT|z, (w")_,wf/Q, k1 /9] and 2/ is some other element of B(0,7) N 9%1/2(W‘9(501/2)), with
tangent vector in Lyapunov charts of U™ [z, (w”)_,wT/Q,kl/Q] denoted v/, then £, and ¢,

B

are at most distance C"’r172 apart.

Combining these, we get that for 2’ € B(0,7) ﬂ@j1/2<ws (21 /2)) outside a neighbourhood
of OB 1 2 4 v2 = Cyr! T8 of an £, the distance between L, , and iy (W*(51/2)
is at least Cpr2.

Now the lines L/ ,, approximate U T, (W )_,w;r/Q, ky /2] in Lyapunov charts up to error

12 /L, hence there is a constant Cy > 1 such that the distance between U™ [2/, (w”) ™, w;r/Q, k1 /9]
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and @@1/2(W8@1/2)) is at least C3r? for 2/ € B(0,7) N 90331/2(W5(i1/2)) outside a neigh-
bourhood of C47’1+6 of an /.

Now we want to get a statement in ambient coordinates, since this change is bounded,
we can conclude that there are constants C4) and €(®) such that for Z /2 € S’ outside a

neighbourhood of ¢, of radius 0(4)r1+g we have

By . Wil ) > €O

This completes the proof. O

We have shown in Lemma 4.4.19 that removing a tubular neighbourhood around ¢, of

radius 0(4)r1+§ ensures that U™T[% /2] is separated from W#(g; /o) ambiently by at least
c®)y2,

Claim 4.4.20. For ag = A" + € as defined above,
c®)y2 > gm0l

2 P2 +
where C = 0(5)]]\\445—R6_2()\ +e).
NFC

Proof. Note that by construction:

2 1 %
re > Re™ ) M,
<MNFC "

where t € [[£/2](AT —€), [£/2 + 1|(AT + €)]. This gives us that

22

)2 5 o) MrBEZ —a(/241) (3 +)
My pe2

= el

This completes the proof. O
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The constant C' computed in Claim 4.4.20 is that which we need in the definition of QNI.
Its clear from the way we computed constants throughout the proof of Lemma 4.4.9 that C'
can be chosen alongside K and /( as in the definition of QNI, Definition 3.

Now we have to work in modified NFCs in order to use Lemma 4.4.3. We have fixed d = 1
in our use of this lemma and we will use it to remove bad X-components in our construction
of S’. Note that this ball B(0,r) we’ve been working in for Lyapunov charts is a ball radius

CO)p = %r = Mypcr” at its smallest in modified NFCs.

MEMNFe
Lemma 4.4.21. There exists a real line ¢ C Hgl/%new(WS(a?l/Q)) and a constant C' > 0
such that for 2 € B(0,C®)r) N Hgl/Q,new(Ws(ial/?)) of distance at least C”r1+§ from ¢
inside B(0,C6)r) N Hgl/g,new(WS(”%lﬂ))’ we have that

dx (Byal21 o), Wi iy ) = Cem 20,

where C is as in Claim 4.4.20.

Proof. From Section 3.9, we have chart H 51/2 on a neighbourhood of z; /2 € X that behaves

like modified NFCs on Ws(i’l/Q). That is to say,

3 (W (179) = Do, © B3, ) e (W2 (12)),

is a coordinate axis copy of C at the origin which we view as a real 2-plane. We will view
ﬁaM) as a map into R%.
Now we take the line ¢, C P C Py /9 where we know that for 2, /5 € S’ with X-component

(when viewed in Lyapunov charts) outside of a neighbourhood of size C (4)1+6/2 we have

dx ((Byjal2y jal, Wi (8 /9)) > Cem 0%,

We let £ = Do(ﬁgl/z o 90;11/2)(&)). This is a line because D()(I':I;Ei”l/2 o <p;11/2) is affine.
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Note that because 1,9 € K C Ky N Kpypq We have that ]flfcl/Q o go;ll/z (¢y) is within

MM, - 12 of ¢ and the bad neighbourhood around H ;1/2

- 8 -
M,.MC (4)r1+3 S0 know we have a real line £ in R% and a bad neighbourhood around it of

o @511/2(&,) is of size at most

- 8

size MTMC'(4)7’1+§.
Now £ is within C(7)r2 of F[;l/z(Ws(il/Q)) where C(7) depends only on L, M, M. Note
that r can be chosen small so that when we project ¢ onto ﬁgl/Q(Ws(:%l/Q)) and call this c,

we get that there is a ¢’ > 0 such that for

2 € B(0,C®)r)n 12 (W?2(219)),

xl/z,new

B
of distance at least C'r!1T2 from c inside B(0,C©)r) 0 H3 (W?#(21 /7)), we have that

x1/2,new
dx (By ol ja), Wi (i 9)) > Ce™ 0",

This completes the proof. O

Note that H3 (FY2(BS (F~2(i9), R))) is contained in a ball B(0, M¥ . Re ™)

9,New

which is a subset of

1

B(0,09r) = B0, ————r
My po My

) = B(07 Mf\/’FCT”)a

because " > M;Re_t.
NFC

Let T” be this neighbourhood of diameter C/T1+g from Lemma 4.4.21 inside

S mew PP (B (F~2(21). R))).
Let T = (H? —1(T"). This T determines choices of z inside
(z,w)

FPRBY (P2 (@) g, R)) € WH (i ),
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that must be eliminated when we construct S’. We must show that this doesn’t reduce
the measure by much. Then we use this to say that removing this neighbourhood inside
m /2 Wl/Q(xl /2) doesn’t reduce the measure by much either. We must show that once we do
s0, the remaining S’ (after removing the choices of (w’)™ as above and this neighbourhood)
must have 73 -measure (1 — 9)(m3 (77‘2/2’%/2 (%1/2)))-

Now note that Definition 3 of QNI requires ¢ > ¢ to be such that
FY2(iy 1), F2 (2 j9) € K.
Lemma 4.4.22. For { large enough, the neighbourhood T inside
F€/2(B§((F_€/2(:%1/2), R)),

has m, ,,-measure at most 8" of the measure of FE/Q(B%(F_E/Q(QEUQ), R)).

Proof. The proof is similar to that of Lemma 4.2.12. We give it below.
Recall that Lemma 4.4.3 tells us that if (x,w) € K¢ then outside of a neighbourhood of

any curve of degree d = 1 of diameter € in a ball of radius R’ based at the origin, denoted

B(x,w,R) C H?

(.0) new W (7,w)) we have measure at least

(1—o")(H] )x(my ) (B(z,w, R)).

(z,w),new

Here we fixed R’ > MJ?{,FCR and ¢’ such that 2—1 < .
Note that

F=H5 (FBY(F2(#) ), R))),

L1/2

has diameter at most My por” In the proof of Claim 4.4.12 we saw that

" < M3 poRe ™. (143)
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Where ¢ is the amount of time it takes to flow under the time changed flow from the point
F_€/2(§c1/2) to &1 /9. So Fis contained in a ball of size MJ%,FCRe_t. If we take a ball of size
R' in modified NFCs based at F’£/2(:i"1/2) € K, denoted B(F’E/2(£1/2), R') and flow it
forwards under F**/ 2 it becomes a ball of size Rle™t > M ]?{, FCRe_t and so in modified NFCs
at &1 /9, F' is contained in this ball of radius R'e!. Note that FK/Z(B%(F_E/Q(?UUQ), R)),

contained a ball of size 7’ (see Claim 4.4.12) so in modified NFCs, F' contains a ball of size

Mf e~t. Further, our ball B(F_£/2(£1/2), R') contains a ball of radius

/
at least MT =
NFC j—

R" < B where
MRpe’

(H?

s —0/2 "
F‘Z/2(:%1/2),new>*mF_Z/2(:ﬁl/2)(B(F (5(71/2)7 R ) >

S S /24
0 Htj2(3, ) e M-ty o B2 72), B,

This relation doesn’t change when we flow by F ¢/,

Meanwhile, flowing the ball B(F_€/2(£1/2), R") by F/2 shrinks the radius to be

R

R'e7t < e

NFC

This tells us that F€/2(B§((F_€/2(:%1/2), R)), in modified coordinates satisfies:

(H3 Jem (F) > g (HS Jems  (FU2(B(F'2 (i 19), R)))).

fl/Q,new j’.l/Q fcl/z,new [12'1/2

Take our neighbourhood T and pass to modified NFCs we called the image 77 as in

Lemma 4.4.21. This is a neighbourhood of diameter at most
1A+5 25 n1+S
Cr72 = C(My My per™) 2,

around the line ¢ (a degree 1 curve) by Claim 4.4.18. Hence, by Equation (143), we have
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that

B8
C'(MEMpeRe )2,

is the largest possible diameter of 7”.
Meanwhile, since F~¢/ 2(iy /2) € K, any neighbourhood 7' (around curve degree d = 1)

of diameter ¢ in a ball of radius R’ based at the origin, denoted

B(F_E/Q(ilﬂ)vR/) C H;?—ﬁ/?(fvl/Q),new(WS(F_K/Q(‘%Q)))’

has measure at least (1 — 5’)(H;7€/2(i1/2)7n6w)*(m%w)(B(m, w, R")). We let T be the neigh-
bourhood of diameter € around ¢ = F~%/2(¢c). (remember flowing in modified NFCs take
lines to lines) Flowing T forwards by F 0/2 i equivalent to flowing forwards by ¢ under the

time changed flow Fj.. The result is a neighbourhood of diameter at least ee~?. Since € is

fixed, we can take ¢ (and hence t) large enough so that

B
C’l(]\4T2]\4]<,FCR6_t)1+§ <ee !

So FY/2(T) contains T" C F. Now we see that since % < 8" we have

/ /
(H£1/2,n€w)*msjfl/2 (F \ T ) 2 <H§’1/27n6’w)*m;’1/2(F) - (Hgl/Q,new)*msil/Q(T )

l/2 /24
Z (Hgl/Q,new)*mgl/Q (F) - 5/(H§1/27new)*m%1/2<F / (B(F / (xl/Q)’ R,)))
5/
- (1 - ?) (H£1/2’”6w)*m§1/2(m

1!
Z (1 - 5 ) (Hzgl/%new)*m%l/z (F>
This implies that

mi  (FYABY (F (@), R)\T) > (1= 8" ymi (FV2(BY(F (2 19). R))).

Ty/9 Ty/9
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This concludes the proof. O
Again, recall that ¢ is such that F€/2(£1/2), F_Z/Q(il/Q) € K.

Lemma 4.4.23. For { large enough, TN 772?/2’%/2 (xl/Q) has m3, ,,-measure at most

5km§,w(77§/27w1/2 (371/2))~

Proof. We have by Claims 4.4.11 and 4.4.12 that

772/2,w1/2(5€1/2) C F€/2(B§((F%/2(f1/2)7 R)).

Further, note that

iy j, P2 (i o), P72 (i1 19) € K C K,

from Lemma 4.4.2, s0 n°_, 5 (F&%Q(xlﬂ)) is such that

(W1/2)

JEo o)) 2 0o mi gy (BR(F(@1 ). R).

S
)(770_@/2( T1/2

S
m A
F=t2 (3 49 Wi /2

When we apply F’ ¢/2 this proportion stays the same, i.e.

l/2 —0/2(
mil/Q’Wl/Q(nz/lwl/Q(ml/Q)) =z 'O'mff1/27wl/2<F/ (B (F / (Z1/2), R)))-

Now Lemma 4.4.22 gives us that inside FK/Z(Bgf(F_g/Q(:%l/Q),R)), T has measure at

most " which was taken to be strictly less than p - ok
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We can assume the worst case, i.e. that T" entirely belongs to ”5/2@1/2 (1/2). Then

S S _ S S S
mx1/27w1/2 (775/27w1/2 ($1/2) \ T) - m$1/27w1/2 (77@/27w1/2 (xl/Q)) - m$1/27w1/2 (T)
s s s s /s ns (=02
k 14 —0/2¢ 4
=15 oo O 2y, (01/2)) = 0% oG (FP(BY(E (015, R)))

Z (1 — 5k>m;§1/2,w1/2<772/27w1/2 (I1/2>>

]

Now recall the definition of S” in Equation (132). Note that Y” is in the definition and
that Equation (131) gives a bound on its v x /,LN—measure. We will take S’ to be a subset of

S’. The measure of S’ is given in Equation (133). Consider

N = UZ/Q’wl/Q (x1/2) \ (TN UZ/Q’M1/2 (x1/2))

We know by Lemma 4.4.23 that

k
m;1/2awl/2(N) = (1-9 )m%1/2,w1/2(77?/2,w1/2($1/2))-

Recall the definition of (Q7) € Q= from the beginning of the proof of Lemma 4.4.9

which has zN-measure at least (1 — 0%). Take

S = (N x (Q7) x {@/2} x {ky )9} NS’

= (" (N < Q7)) x {w] o} x {ky 2}

Since the measure of

(N x (Q7) {Wf/g} x {k1/2}),
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is bounded below by (1 — 6%)2m?

J’31/2,&11/2(772/2,u;1/2 (1/2)), and (1 — 6F)2 > (1 — 6/4), we see

that

mfﬁ/g(S/) > (1~ 5)m%1/2(”§/2[f1/2])-

The set S’ the satisfies the measure requirements of Lemma 4.4.9 as in Equation (134)

and Equation (135) holds. This concludes the proof of Lemma 4.4.9. O

This concludes the proof of Lemma 2.6.7. This is because given our assumption that
dim(£%) = 2, we have given ag such that for a given J, we found the sets K, S, S’ of
appropriate measure, and constants C' and ¢ (see Equations (130), and Lemma 4.4.9) as
in the definition of QNI, Definition 3. Demonstrating that QNI holds is exactly what we

wanted to show. O

5 Proof of Proposition 2.6.9

In order to finish the case where d4+ = 1 and get alternative 2 of Theorem 1.1.1, we must

now turn our attention to the proof of Proposition 2.6.9.

5.1 Owutline of the proof of Proposition 2.6.9

Recall from Section 2.6 that the subscript loc in Ule[C(J:, w), VVlSo/c (2, w) means that they are
of size q(z,w) as defined in Section 3.5.
In order to prove Proposition 2.6.9, we start by reducing it to something slightly weaker,

the following proposition:

Proposition 5.1.1. For m-a.e. (,0) € Y, there exists a neighbourhood U of T in X such

that for v-a.e. y € U we have that U;Orc[g),d}] NWE (2,0) # 0.
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Now we work by contradiction to prove Proposition 5.1.1. We assume there is a m-positive
measure subset of Y, which we will call A where for any (Z,w) € A and for any neighbourhood
of Z in X, there is a v-positive measure subset of points ¢ such that U. ngc [, W]NW (2, @) = 0.
We say that the pairs (2, @) and (7, w) satisfy the non-jointly integrable (NJI) condition.

The proof of Proposition 5.1.1 is based on the work of [4] and [17], and uses results and
techniques from [6]. By assuming that we have this set of positive measure such that NJI
holds we will contradict what we demonstrated in Lemma 2.6.8, that each a.e. stable and
unstable leaf has exactly 1 (smooth) real curve as the support of the conditional measure.

We will start by finding a pair of points in X x  that satisfy the NJI condition and
that have a [0, 1[-component that allows both points to live in some ‘good’ subset of Z. This
good subset will have properties that allow us to complete other aspects of the argument.
The properties of most of the ‘good’ sets used in Section 5 will be described in Section 5.3.

Next, we will adjust these starting points by flowing by some very large time 7. The
purpose will be to get to points where the unstable planes are close, but note that the
unstable supports are distinct (because of the NJI condition). We will follow the image of
these unstable supports throughout the argument. The closeness of these unstable planes
will be used in a future part of the argument. An argument that uses Birkhoff’s theorem,
Lemma 3.10.15, will be used to ensure these points are also in a ‘good’ set that will allow
other parts of the argument to go through. Once we have made these adjustments, we choose
a new {2-component for these points. Note that when we choose this new {2-component, we
will do so in a way that ensures we are still in a (different) ‘good’ set.

We will then define a ‘“V’ shape for each choice of a parameter m € R; the legs of the
‘V’ are defined by flowing (both forwards and backwards) from our first pair of points (after
flowing by T") to other pairs of points; there are 8 points (4 pairs of points) in total in our
‘V’. From our first pair of points (after flowing by T'), we go backwards by m under the

‘standard’ flow and (after picking a new future) forwards by ¢(m) under the ‘time change’
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flow. We also flow forwards from the first pair of points (after flowing by 7') by a quantity
that allows the legs of the ‘V’ to be the same length w.r.t. the ‘time changed’ flow. Let
‘V1’ and ‘V2’ denote the two components of our ‘V’ (one for each point in our pair of fixed
points); both are ‘V’ shapes in their own right. Note that if one switches ¢(m) under the
‘time changed’ flow to a quantity in the standard flow, this amount will differ between the
two components because of the point dependency of the roof function 7 of the time change
flow (see Section 3.9). This is why within one component, the quantity that allows the legs
of the ‘V’ to be the same ({(m) under the time change flow) will have to differ between V1’
and ‘V2’. We call this quantity dj(m) for ‘V1’ and da(m) for V2.

We will have to argue that di and dy are Bi-Lipschitz in order to use a Birkhoff’s theorem
argument to choose m such that flowing backwards from our fixed pair of points by m we
land in a good set and flowing forwards from our fixed points by dj(m) and dyo(m) resp.
lands us in a different good set. The good set that we land in flowing forwards by d(m)
and do(m) will allow us to use a lemma, denoted by [4] as the ‘Law of Last Jump’ whereby
we can use the Martingale convergence theorem to land our last pair of points, the ones
achieved from flowing by ¢(m) under the time change flow, in a good set.

Meanwhile, the good set we have landed in after flowing backwards by m allows us to keep
track of the distance between the image of the supports that we will compute in Lyapunov
charts; this allows us to setup a situation where we pass to normal form coordinates. Normal
form coordinates give us exacting control over this when flowing by ¢ once we project onto
the unstable manifold of one of the points. The parameter we flow forwards by in normal
form coordinates, ¢(m), is computed as the distance we need to flow in order to separate
the image of the supports to a distance greater than a fixed ey > 0. In the end, we will
use a limiting argument to get the supports in the same plane; this plane is achieved by
sending ¢ to infinity, shrinking the stable components of the distance between the image of

the supports. This results in having two distinct support lines in one unstable manifold. It
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turns out that this suffices, we will argue this using the sets Kyg and W defined in Section
5.3.

The way we send /¢ to infinity is by shrinking the distance between the initially chosen
points (this will be explained in Section 5.3). The initial points will always be chosen in a
ball of radius p and we will send p to 0. This will also force T" and m to grow along with /.

The parameter T" will be chosen such that the unstable supports are very close to being
ef-apart. Also the parameter 7" will be very big compared to m and ¢. The parameter m
will small compared to £. Flowing by m ultimately undoes some of the good positioning we
have achieved when flowing by 7', so T" has to grow faster than m. Still, m needs to grow
because we need to be able to use the Birkhoff theorem argument to land the right endpoints

of the ‘V’ in the good set. This will be explained later.

5.2 Reduction of Proposition 2.6.9 to Proposition 5.1.1

Assuming one can prove Proposition 5.1.1, the same argument (run backwards) proves the

following;:

Proposition 5.2.1. For m-a.e. (,0) € Y, there exists a neighbourhood U of & in X such

that for v-a.e. § € U we have that Uy, [§, 0] N W (2,@) # 0.

Remark 5.2.2. Proposition 5.1.1 can be ‘flipped’, i.e. the statement may also say Ufo'c[:i", N
Wlf)c(g),cb) # O with everything else unchanged. Remarks 5.3.8 and 5.3.15 in Section 5.3
where NJI is used explain why. This is the only place where the NJI condition is used. We

can also ‘flip’ Proposition 5.2.1 to say
Upel®: @] N Wi (9,w) # 0.

With Propositions 5.1.1, 5.2.1 and Remark 5.2.2 in hand, we get Proposition 2.6.9:

Proof. (Proposition 2.6.9)
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Proposition 5.1.1 gives us that we have a full m-measure subset A; C Y such that for
(Z,w) € Aq there exists a neighbourhood Uy of # in X such that for v-a.e. y € U; we have

U+ [gad)] N Wlsoc<j7d)> = {p} 7£ 0.

loc

Also (using Proposition 5.2.1 and Remark 5.2.2) there is a full measure subset A9 C Y where
for (#,w) € Ao there exists a neighbourhood Us of  in X such that for v-a.e. § € Uy we
have

Uloel®, @] N Wise(§, @) = {a} # 0.

Note that these intersections must be only a point, otherwise the points would have two
different behaviours, being in the unstable forces the points apart and being in the stable
forces them together. Then on Ay N A9 (which is still full measure) letting U = Uy N Us
we get both results. This implies that p = ¢ because U, [#,&] C W} (#,&) and Ufgc[gj,@] C

“ (9,&). Then we have that

loc
el @) N U [, 6] = {p} # 0.
The complementary statement, that

U, [Qaw] N Ul—’(;c['@adj] 7é ®7

loc

is proven similarly. O

5.8 Proof of Proposition 5.1.1

As explained above, we work by contradiction, so we assume there exists a set of positive
m-measure A C Y, m(A) > ¢, such that if (z,0) € A then any neighbourhood U of &

has a positive measure subset U of points gy such that U;O'C[g),dj] NWE .(2,0) = 0. If two
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points (z,w), (y,w) € Y are such that U+ AU, 0l N W (3,0) = 0 we say that they satisfy

the non-jointly integrable condition, abbreviated as the NJI condition.

The ‘good’ sets for the proof of Proposition 5.1.1

Now let us list the sets we will need for the proof of Proposition 5.1.1 and their properties.

We also discuss their size and how they will be used. First let
L:= max{2ln(e_()‘__€) + 1C) + AT+ L}
2 AT +e

This quantity will be derived in Section 5.3 in the proof of Lemma 5.3.36, see Equation
(220). Let £ be upper bound on the Lipschitz constants of the automorphisms in Supp(u)
and let I > 0 be such that % — ¢ X Fix e > 0 small. Let K3 be the set defined in Section
3.6 for € = 3€. This Lusin set has size 1 — ¢j,,; for some ¢€,,; small. We can ask €, to be as

small as needed and get a corresponding N.

D .
Also, let Cp = (21n(£)) and fix ¢ such that Cp > 1(1)“ 101+2 < (AT + ) so that

AT 46
> In(ke M, /2) + (AT +e), (144)

10t+2

Gy
and ‘C(i?:ﬁ) < 1 (see Equations (192) (194) and (174) respectively).

Let J be chosen such that | 1OZ+J A" —¢)| < |101+2 (A™ +¢€)| (needed for Equation (206)).
Let a1 = 10(3% and ap = 106; 15, these choices will be used in the definition of the parameter

m but we can define them here which is important to the argument of Lemma 5.3.38. Fix

some ¢’ > 0 small such that the expression
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is positive. Then fix n < T and let § = (1 — ﬁ) We use these choices to define sets we

need to use Lemma 3.10.15 in Lemma 5.3.38, one can see this choices made in the definitions
of Ko, ES, K3 and ES. This must be fixed from the beginning.

All the € terms used in the definitions below will be assumed sufficiently small for their
purpose unless otherwise stated more explicitly. Sometimes the size of these sets, stated

here, will be proven later.

e WCZ,
W= {(xaka) €Z: £U($,w,k) 2 U+[$7w7k}}7

by Lemma 2.6.8 we know that this set has measure zero.

e Ky C Z, arbitrary compact subset of size m(Kqyg) > 1 — egg. We assume that Ky C

W€, we can do this since m(W¢) = 1.
e K{CV, Ky CANA NKsN K NKnpe N Ke, m(Kp) >1— 9.
e KpCVY, KgC ANAy,.NKsNK; DKNFCOK@ m(Kp) > m(K(l))

e K] CVY, K] CAﬂAlocﬂKsﬂKrﬂKNpcﬂKfﬁKéﬂKexpﬂfXﬁKggﬂKgﬂKg,

m(Ki)>1—e/1.
o Ky CY, Ky CANNpe NEKs N Ke MKy N Kang N Keap N (Ke x Q), m(Kj) > 1 — ¢,

o Ky CY, Ko CANApNANKNKNKNK N peNKnpew VKGN KN KegpN(Ke xQ),

m(K9) > 1 — €.
e BCc X xO,
B':={(x, k) : IV, -y C O N (Vo) > 1= Ve,

such that if w € V(%w_)’ then (z,w™,wh) € Ky},
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vx uN(B') > 1~ /e

KyCY, Ky := (B’ x Q)N Ké, €9 and 6’2 small such that the corresponding measure

of K9 which we call 79 = 1 — &9 satisfies

’72>1—W>3/4.

ES C Z, take 6 = ao(Ky) such that fy = 279(1 — ag) — 1 > e L€, K =

1
200L4’
Ky x [0,1] and apply Lemma 3.10.15, we get S > 0 such that the set

1 T
ES = {(z,w, k) : VT > S, ’f/ T (FH(z,w, k))dt —/ Ldm| < 6},
0 Y

has m(E5) > 1 —e.

Kg C Z, K3 C (AN Ay,.) x [0,1], additionally, K3 satisfies the conditions of Lemma
3.9.3 and belongs to the m-conull set from Lemma 5.3.43. It further satisfies the
properties of the set L’ in Lemma 5.3.45. The size of this set is v3 := 1 — €3 where

1 1 1
> (1 - > 3/4.
13> (1= 15002) + To0z2 (1+n> /

E5 C Z, take 6 = agy3 such that

1 | 1
— 2l —ag) —1> (1—
Py = 231 — ag) ( 1OOL2>+100L2(1+77)’

€ <€ €1, K = K3 and apply Lemma 3.10.15, we get S > 0 such that the set

T
B = {(wwb): VT > S, |7 [ k(P h)at — [ Lcain] <)
0 Y

has m(ES) > 1 —e.
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o M:= (K1 x[0,1)NESNES, m(M)>1—¢y.

e BC X x|0,1], fix # > 0 small

B = {(a. k) : Wy p) C QP (Vg ) > 1 -0,

such that if w € V1), then (x,w, k) € M},

€
v x di(B) > 1 9L

K1 C Z, K1 := (B x Q)N (K] x[0,1]), epr, €] are small so that (K1) > 3/4.

K} C Z, K} = (K4 x [0,1]) N Kgp.

E¢ C Z, take 6 = ﬁﬁz((f(l) NE5NES), e < m(B), K = K and apply Lemma

3.10.15, we get S > 0 such that the set
1 T
E¢:={(z,w,k): VT > S, |T/ 1 (FH(x,w, k))dt —/ Tgdm| < 6}
0 Y

These sets are not in the order they appear in the proof because the definition of the

earlier sets often requires foresight from later in the proof.

A brief sketch on how good sets will be used

e )V - we know this set has zero measure by Lemma 2.6.8 but we will show this is not
the case when we assume that Proposition 5.1.1 is false. This will prove Proposition

5.1.1.

e Koo - We will land in this set at the end and use it to show that ¥V must have positive
measure when we assume that Proposition 5.1.1 is false. This will prove Proposition

5.1.1.
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e K, C Ky CY - Our starting points, (@) and (§,&) will be chosen from here. A
placeholder set, K(') will be used at the beginning of the argument in Section 5.3, but

ultimately the starting points will live in K.

e K| C Y - After flowing the starting points (&,®,ky) and (§,&, k) by some time T
forward under the ‘standard’ flow, we want the points F! (i,&) and FT(§,&) to land

in this set.

e K1 C Y - After flowing the starting points (#,®, ky) and (g, w, ko) by T under the
‘standard’ flow we get the points FT(i", w) and FT(g), w). We denote the X-components
as & 1= (&) and § := fI(y) where n = |T + ko|. We will change the -component
of FT(&,&) and FT(3,&) to some @ € Q so that (Z,@) and (7, &) belong to this set

K.

e E5, E5 C Z - When we take the points FT(is,oB, ko) and FT(@,GJ, ko) and change the
Q)-component to @, we need the resulting points to belong to E5 and £5. This allows us
to run arguments in Sections 5.3 and 5.3, related to Lemma 3.10.15, to get appropriate
m such that m, di(m) and da(m) are good times to flow by from the points (Z,®) and

(7,@) to land in sets Ky and K3 resp.

e B C X x0,1] - After flowing (&, w, kg) and (y,w, ky) by some time T' forward under
the ‘standard’ flow, we want the X x [0, 1[-component of the resulting points to land

in this set so that we will be able to pick a new w so that (z,w, k) € M.

e K| C Z - We land in this set after flowing by 7' from the starting points. Note that

K{ x [0,1] is part of the definition of this set.

o K, CY - After flowing (Z,w) and (§,®) backwards by m under the ‘standard’ flow we

get the points F~"™(Z,@) and F~"(y, ) which need to be in this set K?.
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Ko C Y - After flowing by —m under the ‘standard’ flow we get the points '~ (%, @, k1)
and FF~"(y,,k1). We denote the X-components by = := fﬁ/ () and y = f[},(g)
where n’ = |k — m]. We will change the Q"-component of F~"(&,&, k1) and

F~™(§,0, k1) to get some w’ € Q so that (z,w) and (y,w’) belong to the set K.

B’ ¢ X x Q - After flowing (Z,©,k1) and (7, @, k1) by some time m backwards
under the ‘standard’ flow, we want the points fﬁl () =z and f,;"(y) =y to be such
that (a:,a”l(df)) and (y,anl(df)) land in this set, where n’ = |k —m] and &~
is the Q -component of &. This way we can pick a new future w™ € QT so that

(z,(w™,wh)) € Ko.

Ky C Y - when we flow backwards by m starting from (,&, k1) and (§,&, k1) € ES
we take K = Ko x [0, 1] as the set in Lemma 3.10.15. The bound on the measure of

this set is for an argument in Section 5.3, Lemma 5.3.41.

Kg C Z - Starting from the points (Z,w, k1) and (y,w, k1), we will flow forwards by
d(m, (Z,w, k1)) and d(m, (g, @, k1)) resp. under the ‘time change’ flow. We want the
resulting points to land in the set K3. The lower bound on the measure of this set is

for the purposes of Lemma 5.3.41 in Section 5.3.

KyCY, Kfl C Z - From the points (z,w’) and (y,w’) we will flow forwards by ¢ under
the ‘time changed’ flow. We want the points F*(z,w’) and F¥(y,«') to land in the set

Ky. The set K 4/1 just extends the properties of this set to Z.

E€ C Z - The original points (Z,w) and (g,w) must belong to E¢ for some choice of

k € ]0,1] and it is demonstrated that we can do this in Section 5.3.
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Notation for Section 5

Here we recall/define a few constants that are needed throughout the rest of this section. It
is important to note that all of these constants can be defined before beginning the argument.

Recall that we are making the assumption that Supp(u) is a finite set. We let £ be the
upper bound on the Lipschitz constant and we can assume L is at least 3. We also let C' be

the upper bound on the second derivative of any automorphism in Supp(u) as in Equation

(61) (given by Cf)

Recall € > 0 from Section 5.3 and define o = Z—:g where @ = —(A™ —36), b = —(AT +3¢)
and d = In(2(C7)?) + 2¢y + |In(po/4)| + |a| where C™ and ¢y are chosen uniformly on €
as in Lemma 3.6.3 and pg is as in Section 3.6.

Lastly, let € be such that

2M,

1 2kpe= A+ 9fge—(AT+e) s

1
€f < 577 max {Q/za kU/27p0/47

where k1, ko < 1 are fixed such that (1 — kl)e_()‘_+e) > 1, k and ¢ are from the definition

of the set Kj,. in Section 3.5, and M, and k; are from Section 3.10.

The starting points

We need to pick points (z,w), (§,0) € Y such that (Z,w) € A, and both (z,®) and (7, ©)
belong to a set with the features of K as defined in Section 5.3. We will need to use an
intermediate set K6 and enlarge it at the end to get the points in Kp; the points also need
to satisfy the NJI condition with respect to each other. Our approach relies on the fact that

m is the product measure and Fubini’s theorem; we will use the following lemma:

Lemma 5.3.1. Let (X1,n1) and (Xo,m9) be o-finite measure spaces. Consider V. C X1,

a set such that n1 (V) > 0, and for each point a € V consider a set Wy C Xa such that
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n2(Wa) > 0. Then S :=J,ey Wa x {a} has positive measure with respect to the m x n2 on
X1 X XQ.

Proof. Writing S = {(w,a) : w € Wy, a € V}, we apply Fubini’s theorem:

m x n2(S) Z/dmdm:// dnadm =/ n2(We,)dny .
S V JIW, 1%

Let V), ={a €V :m(Wy) > 1/n} C V, then V;, - V as n — oco. V has positive measure,

so there exists N > 0 such that Vjy has positive measure as well. Then,

m X n2(S) = /‘/Uz(Wa)dm > /

1 1
n2(Wa)dn = / —dm =m((Vy) - — > 0.
Vi ¢ vw N N

This completes the proof. O

Let K{j be defined as in Section 5.3. Since m(K() > 1 — % and m(A) > €y, we have that
By = AN K(’) C Y has positive m-measure. Recall the natural projection map 7 : Y — Q.
Since B has positive m-measure and m is the product measure, we must have that mq(B)
has positive ,uZ—measure in Q; if not, and 7 (B) has zero measure, then the set X x 7 (Bq)
has measure zero and contains By. This is a contradiction.

For each (z,w) € By C A, every neighbourhood of z in X has a positive measure subset
of points y in X such that NJI holds. Fix some p > 0, and for each (z,w) € B take a ball
of radius p around z and let C(ZM) be the positive measure subset of this ball of radius p

where NJI holds. Define B; := (B x [0,1[) N E€ C Z.

Lemma 5.3.2. There exists a set D C Z is such that if we make K large enough, DN (KX
[0,1]) has positive measure. Then if (y,w,ky) € DN (Ko x [0,1]), there is a corresponding
(T,w,kp) € (By x [0,1[) N E¢, with (Z,w) € A such that (Z,w) has the NJI condition with
(4, w).

Proof. For each (z,w, k) € By (this set has positive /-measure by the choices we made), we
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take C, ;) € X and define D, , 1y = C; ) X {(w,k)} € Z. Note that because By has
positive m-measure, the projection of Bj onto  x [0, 1] has positive measure as well. One
defines D = U(z,w,k)eél D(z,w,k:) and by Lemma 5.3.1, we have that D has positive measure.
Take K to have all the specified properties including that it contains Ké, and large enough
such that D N (K x [0,1]) has positive measure. Take (9, w, ko) from D N (Ky x [0, 1]),
it comes with the corresponding (%,w, kg) € (By x [0,1]) N E€ (where E¢ is as defined in

Section 5.3) and naturally they have the NJI condition as needed by construction. O]
We use Lemma 5.3.2 to get our starting points.

Remark 5.3.3. The NJI condition between (,w) and (y,&) gives us that y does not belong
to W8(z,0).

Remark 5.3.4. It is worth noting that in the construction above, we can shrink p as small
as needed and always find points (z,&) and (g, o) that satisfy our conditions. This allows us

to find points of arbitrary closeness, or more precisely, find y arbitrarily close to .

Flowing by T'

Using Lemma 5.3.2, we choose our starting points, (Z,w, ko) and (9, , ko) such that dx (z,7) <

p where

f

P < 10000°

(see Remark 5.3.4).

These starting points belong to Kj,. by definition of the set K (see Section 5.3), this
means we can define local stable and unstable manifolds for these points of size ¢, (see the
definition of ¢ in Section 3.5.4) note that e § < q/4 so the scale we are working in is much
smaller.

In this section we will take these points (,w, kg) and (7, w, ky) and flow them by some

very large time 7" under this @ (using the ‘standard’ flow) to put them in a ‘good’ position.
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What we mean by this is that after flowing by 7" we want the image of W (#, &) and Wy'(§, )
(i.e. W(}‘(FT(:%, w)) and Wg(FT(g), w)) to be close (in some ball), but still want the image of
the unstable supports, i.e. the image under FT of U/ [#,@] and U [g,&] (i.e. U/ [FT(2,0)]
and U;_[FT<Q,(I))]) to be bounded apart. The point of this is to have U;[FT(i,d))] and
U; [F T(g), @)] roughly in the same complex plane. This will be used later in Section 5.3.
Consider 2 € Wi (2,0) "Wi(§, ). Let n = |T + ko| and denote & = Fj(2), § = Fj (1),
and Z = F'(2). We will see later in this Section that 7' can be chosen such that (zZ,o"(w))
and (7, 0™(&)) belong to the set A C K1 as defined in Section 3.6. For now we make the

following standing assumption:

Assumption 1. The parameter T' can be chosen such that (z,0"(®)) and (g,0"(©)) belong
to the set Ki as defined in Section 5.3. We demonstrate that we can choose the parameter

T wn this way mn Lemma 5.5.19.

Take € > 0 from the beginning of Section 5.3, we get N,, € N such that 7,y € Ag’gfz(w)
(see Section 3.6).
C s u,o™ (W)
Lemma 5.3.5. The point Z belongs to A3€,3Nu :

o"™(@)

u

Proof. Since 7 belongs to Ag’ and zZ € WY(g,0™(w)), this follows from [39], Theorem

4.1; see Theorem A.1.9 of [6]. O

The choices of Lusin sets we made in Section 5.3 will give a Holder continuity between
E%(Z,0™(w)) and EY(Z,0™(w)) in the next lemma. The Holder exponent and constant will
be the same for any choice of starting points belonging to K and any choice of T" that lands

usin A C K i This uniformity is required later in the argument.

Lemma 5.3.6. The points T and zZ belong to a set on which we have a-Hdélder continuity of
EY(-,0™(w)), where « is as defined in Section 5.3. Additionally, the Holder constant can be
taken to be
Co = 2( max {1,[|Df{|})2V e ~A7-09),
Supp (1)
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where N is defined in Section 5.3.

Proof. Since AZ’N (@) C A; 03]\([w) we have that 7,z € A3 3]\(;‘)).

We showed in Section 3.6 that for

Ly = (_ max {1,||Df;||})N=(
Supp ()

we have that
u,
Ag ngéu) C A_(\-—38),—(A\++38), Ly
We know that o"(w) € €, (because (7,0"(w)) and (g,0"(w)) belong to A). Hence, by

Proposition 3.6.4 we have a-Holder continuity of E"(-,0"(w)) (with constant Cy (3(z)) =

QL% ()‘7_)‘+_6€)) on the set A—()\*—3€)7—(A++3€),Lu to which # and Z belong (because & €

Ag’Nu( ©) A;::S]S, )) We get that

dar(E*(2,0"(@)), B*(2,0"(0))) < Cn,3(2))dx (&, 2)". (146)

Since (Z,0™(w)), (§,0™(w)) € K] they belong to K3z and hence N, is bounded above
by N. This means that regardless of our starting points, the Holder constant in Equation

(146), C, (3(¢)) is bounded above by
C., =2 1. IDf: 2N (/\_—/\+—6€)
o =2( max {1,||Dfill})*"e :
Supp (1)

Also regardless of our starting points, we will always have a-Holderness where « is defined

at the beginning of this section. O]

Lemma 5.3.7. The unstable manifold W"(g,c"™(&)) is approxzimated by exp,(E"(Z, 0" (w)))
up to error & = 2. M,‘?’ - H on the ball of radius v where H is the uniform upper bound on

sz(Dh“ ) for (z,w) € K’ (see Lemma 3.10.9).
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Proof. Since (y,0"(w)) € K¢, we know that the local unstable, W*(g,0"(®)), is well-
approximated by (the image under exp of) E%(Z,0"(w)) up to error £ on the ball of radius
t. For given t, the error is given by & = 2. Mg . Lip(Dhl(Lg U”(d)))) (where M, is fixed from

Section 3.10 and Ay 5n(y)) is as in Proposition 3.5.4). Note that Lip(DhE‘g an(@))) is bounded

above by H as in Lemma 3.10.9 because (7,0"(©)) € Ké. O

Lemmas 5.3.6 and 5.3.7 motivate us to contract the stable distance between z and g
which is dx(#, 2). We will also be interested in increasing the unstable distance between &
and g which is dx (7, 2). We will take v in the above lemma to be twice the resulting unstable

distance. This is the scale we want to view things on.

Remark 5.3.8. If the NJI condition was instead written as W* (g, 0)NUV[2, 0] = 0 we would
instead take Z € Wji(g,w) N Wi (&,0) and work to compare E*(g,0"(w)) and EY(Z,0"(®))
in Lemma 5.3.6 (where n = |T + kgl ). Then we would care about § and Z being close. Also
note that the stable distance between T and 3 would now be the distance between y and Z and

the unstable distance would now be the distance between T and Z.

By Theorem 3.5.4 we know exactly how the distance between Z and % contracts and 2
and g expands.
Let Ty € R be such that dx (g, 2) = €y, let ng = [Ty + ko|. We know we can reach

€ in the unstable distance because by Theorem 3.5.4 we have
1
dx(9.2) = 7dx (5, 2)e" X ). (147)
Note also that since the original points are in A, we have replaced k(#, @) with the constant
k and ¢ is as in Section 3.5.

Lemma 5.3.9. The parameter Ty;, increases with decreasing dx (g, 2).

Proof. Since the Lipschitz constant of all the diffeomorphisms in Supp(yu) is bounded above
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by L, we have

dx(9,%) < L"dx (9, 2). (148)
Rearranging, we find that
1 dx (7, 5))
In — ] <n. 149
mratd e )

Setting dx (9, Z) = €y, it is clear that the closer the original points (in unstable distance) are
to each other, the larger npg has to be, i.e. the longer we have to flow for to reach distance
€f. O
Choice 1. We will pick T € [Ty;g(1 — 61),T;g(1 — 602)] = I for some 61,02 > 0 that will be

determined later.

We will pick the 6;’s such that flowing by T" does not take us all the way to distance €.
It will become clear why we have to pick 7" in some interval shortly.
Let o = dx(%,2), a" = dx(Z,7) for a chosen T. Denote the X-components of

FToig (9,w, ko) and FTbig(,%, w, ko) as yg and zp respectively.
Lemma 5.3.10. For fized 01,09 > 0 as Ty;y — oo, o' — 0.

Proof. Since 01 and 6o are fixed and 0 € [, 01] is such that T' = Tj,; (1 — ), we see that
Thig =T = Tyig — Tyig(1 —0) = Tpy; 0 grows with Tp;,. We apply Theorem 3.5.4 to the points

yp and zp and flow backwards to the points y and zZ. We get that

ot = d(§, 2) < ke~ AT Thighe (150)

Since AT > 0 we have that a% — 0 as Tyig — 0o. O
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Let n = |T + ko].
Lemma 5.3.11. For fized 61,09 > 0, as Ty;g — o0, a® — 0.

Proof. By Theorem 3.5.4 we get
o = dy (%, %) < ke N T0)ay (3, 2), (151)

As Ty;q grows, T will also grow, so a® — 0. O

Remark 5.3.12. Given that A= < 0, we have that

o =dy (%, 2) < dy (&, 2)kexp ((/\_ 1) (111 (dx(ﬂ,

So we see that all the distances are related.

Recall that Megyp is as in Lemma 3.10.3 and that our points belong to Kezp, see Section
5.3.

Combining Lemmas 5.3.6-5.3.11 we get the following corollary:

Corollary 5.3.13. The distance between W'(z,c"™(w)) and W¥(g,0"(0)) goes to zero as

Tyig — 00, t.e. as the initial points get closer.

Proof. Since (¥,0"(w)) € K¢ and (,0"(w)) € Ké C K¢, the distance between W*(Z, 0" (w))

and W4(g,0"(w)) is bounded above by that quantity
o + 28 + Meapde, (B (Z,0"(@)), EY(2,0"(@)))

where ¢ is the error in approximating W by the image of E* under exp (see Lemma 3.10.7
and Lemma 5.3.7).
This error term & = (2@“)2M5’Lip(Dhg’an(@>) < (202 M2 H (because (i, 0™()) € KL,

see Lemma 3.10.9) then since a* — 0 by Lemma 5.3.10, this term goes to zero.
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Additionally, o® — 0 with Ty;q — oo by Lemma 5.3.11 and by Lemma 5.3.6 we have
A (B (7, 0" (@), B(7,0"(@)) < Cadx (7,5)* = Ca(a®)°.

We explained how « and C, do not change with our choice of starting points and hence do

not change as Tj;, — oo. Hence dg,.(E“(,0"(w)), EY(Z,0"(®))) — 0 as Tj;; — oo. O

As explained in the outline of the proof, we also want to make sure that FT (Ut [z,d])

and FT(U* [9,w]) are bounded away from each other.

Claim 5.3.14. To analyse the distance between FT(UT [, ) and FT(UT[),&)), it suffices

to analyse the distance dx (7, Z).

Proof. Lemma 3.10.11 gives us that on the set K we have uniform continuity of the map
G which takes a point (z,w) and returns the unit tangent vector of UT[x,w] through z.
Since Z,y € K we have this property. Combining this with Lemmas 5.3.10 and 5.3.11 this
gives us that for Tp;, large, GH(FT(#,&)) and GT(FT(§,&)) are almost parallel, hence it
suffices to show that # maintains a bounded distance from FT (U [g,&]).

Now note that the triangle inequality gives us that for ¢’ € F T(U g, )
dx(2,§) 2 dx (7, 2) — dx (&, 2). (153)

Now, by the NJI condition, W}’ (Z,&)N UngC[g, @] = 0. That is to say, the point 2, which
is the intersection of W (#,w) with W/ (¢, @) is not an element of U™ [§,&]. There is positive
distance from £ to any point on U(j [, w] along W' (g, ), this is unstable distance between
Z and UC]L [9, w]. Using Theorem 3.5.4 one can choose T' large enough such that this unstable

distance grows and dy (', 7) is sufficiently large. It suffices to examine dx (7, 7) as any other

point ¢’ would amount to the same computation. O
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Remark 5.3.15. Like in Remark 5.3.8, if instead the NJI condition was written as
W (g, 0) U [#,0] = 0,
we would change Claim 5.3.14 slightly too. We would say that 2 is not an element of UT[Z, Q]

and we would analyse the distance between Z and T (same computation).

By Claim 5.3.14 we will analyse dx(Z,y) and require that T' be chosen such that we
always exceed the stable distance with the unstable distance. So we use this to compute a

restriction on 6.

Lemma 5.3.16. Let x4, v, 2 be the X -components resp. of FX(2,&), Ft(j,@), FY(2,&), if

t is the time it takes such that dx (yt, z¢) > 2dx (v, 2¢), then

s < In(k) n In(L)
T In(L) - (A" +9) In(L)— (A" +9)

Thig: (154)

Proof. In the worse case scenario, the unstable distance starts out small and the stable
distance starts out large. As much as we have asked that & and y are chosen such that
dx (z,79) < p < €f, let us assume that the stable distance is close to € (or say it is e]c) and
let us assume that the unstable distance is close to zero (we know that it cannot be zero by
the NJI assumption).

We will compute the time ¢ such that dx (v, z¢) = 2dx (x4, 2¢).

AT+

If dx(#,2) = €y, then after time ¢ we would have dx (%, Z) < kEfe( and hence we

_ Thio—t
have 2dx (Z,2) < lefe(/\ +0)t, Additionally, dx (7, 2) > (%) b9 €f. So we set equal
Ty;o—t
1 big _
(Z) €f = ef2ke(/\ +o)t, (155)
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and solve for t. We get

In(2k) In(L)

R 040 T =0 19

Thig- (156)

Note that both terms in Equation (156) are positive because A~ < 0, but also that

In(L)
In(L) — (A= +9)

< 1.

This completes the proof. O

This gives us information on how to pick ¢; and 69 so that T is such that
dx(5,) > 2dx (7, %),
Lemma 5.3.17. We can take Ty;, large enough (i.e. the initial points close enough together)

and find a constant Qg < 1 such that fizing 01 <K lﬂ_ﬂ%, we always have that T > t.

Proof. In the equation for ¢ given by Equation (154) the term % is a constant

and does not grow with Tj;,, we can start by taking 7j,;, large enough such that

In(2F) In(L) In(L)
In(L) — (A~ +9) + (L) — (r + 6)Tbig < <1n(£) O 49 + 63) Thig-

where €5 is chosen small such that Qg := (M;I}% + €5> < 1 (remember A~ < 0).

We want to take 01 such that Qy < (1 — 61), that way T' > t. We fix arbitrarily a 6;

such that

1 - Qo
1000

(157)
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Choice 2. We will also require that 81 and 02 be small enough such that

— % 0
e(/\ +4)(1-61) L10i+272

oFn b | e ) e

<1, (158)

where a 1s defined at the beginning of Section 5.3 and Cy, and i are as defined in Section 5.3,

+_
i.e. Cp= % and i was fived such that Cj > - and G« (AT +6) so that

107 10742
AT 44
g > In(kepMy/2) + (AT +e). (159)
10t+2

This will be used in Lemma 5.3.24 (see Claim 5.3.25 and Equation (168)), Lemma 5.3.26
(see Equations (173), (176)) and Lemma 5.53.27 (See Equation (192) and (194)) in Section
5.5.

Recall the definitions of K7 and K i from Section 5.3; They are two sets of measure
m(K1) > 1— e, m(K]) > 1— ¢} resp. We will have to initially land in K7 after flowing
by T, i.e. X x Q-components of the points FT(J%,&), ko) and FT(g),d), ko) which we denote
(Z,0™(w)) and (g,0™(w)) (where n = |T + kp]) need to be in K. Then we argue that we
can change the Q-component of (Z,0"(®)) and (g,0™(w)) to be some @ such that (,0) and
(g,@) that are in K1. We need to change the Q-component because in the next part of the
argument we need to flow backwards by a new past vector (we change the future vector as
well).

To do any of this, we actually have to work in Z because we can only define the flow
on Z. Additionally, we also have to land in a subset of Z such that when we change the
Q-component our points will land in £§ C Z and E§ C Z (fixed from the beginning in
Section 5.3). This will allow us to run the same argument as in Lemma 5.3.19 (which uses

Lemma 3.10.15, a standard corollary of Birkhoff’s theorem) in Sections 5.3 and 5.3.
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Recall the definition of M from Section 5.3. For a point (z, k) € X x [0, 1], define
Viep ={weQ: (z,w,k) € M}
Now also recall from Section 5.3 the set
B:={(z, k) € [0,1[: p(Vizp)) > 1 -0} C X x [0, 1[.

Then we need to land the points FT(&,&, ko) and FT (3,0, ky) so that their X x [0, 1[-
components live in this set B. Note that the set M has m-measure 1 — €7, where €j; is

small.
Lemma 5.3.18. The set B defined above has v x dt-measure at least 1 — ETM in X x [0,1].

Proof. Let W,y = {w: (z,w, k) € M}

Note that B¢ can be written as the set
B = {(z,k) € X x [0, 1[: p(W, 1y) > 0}
Now let
E:={(v,w,k) € X x Qx [0,1]: (x,k) € B, (z,w, k) € M} C M°.
Now using Fubini, note that

(M) > m(E) = / / dpZd(v x dt) = pZ(W) - (v x dt)(B¢) > 6 - (v x dt)(B°).
X x[0,1[/Q

Hence (v x dt)(B€) < m(éwc). This completes the proof. O

We take 0 = ,/eps, then (v x dt)(B) > 1— ,/epr.
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Knowing that B has v x dt-measure (1 — /€;7), we have that B x ) has rm-measure
(1 — /€ar)- The size of K7 is large enough (¢j > 0 small enough) such that Ky = (B x
Q) N (K7 x [0,1]) has r-measure like (1 — €1) for some ¢ small. All we really need is that
m(K1) > 1/2 (we asked that (K1) > 3/4 just for convenience in Section 5.3) which can
clearly be achieved. We now use Lemma 3.10.15 to land FT (& &, kg) and FT (3,0, k) in

the set K7.

Lemma 5.3.19. For Ty, large enough, given the interval [Ty;q(1 — 61), Ty;ig(1 — 62)], there
exists a subset of positive measure G C [Ty;o(1 — 01), Tp;o(1 — 02)] such that, if T € G, then

flowing forwards by T from the points (&,&, ky) and (4, @, ko) we land in the set K.

Proof. We take Ty;, such that Ty;,(1 — 01) is greater S where S is as in the definition of
E€ in Section 5.3 (a quantity fixed at the beginning of the argument, i.e. before beginning
Section 5.3). This allows us to use Lemma 3.10.15.

Take K = K7 and apply Lemma 3.10.15. Our starting points (&, &, ko) and (4, &, ko)
belong to E¢ (see Section 5.3). Remember that E¢ was fixed (in Section 5.3) by the choice
of 6 = ﬂ%’y where 7 = m(K) > 3/4. We will denote these starting points « and /3 resp. Let
Ty = Tyig(1 = 01) Ty > S. Let Ty = Tj;4(1 — 02) and note that 75(1.98y — 1) > Tj. Then
let

/T2 1 (F'(a))dt = Leb{t € [0,Ty] : F'(a) € K} =: 1, 4.
0

Then,

(=0 +7)T2 <11y 0 < (6 +7)T3, (160)

0.99T% < 7.0 < LOLYTh. (161)
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Run the same process for 8. Then, using Equation (161) we have

Leb(ngy.o N1y 8) = Leb(ngy o) + Leb(nr, g) — Leb(nr, o UnT, 8) (162)

> T5(1.98y — 1) > T1 = Leb([0,T7]).

So then there is a positive measure subset of [T}, Tb] where both F'(«) and F'() belong to

K. [l

Remark 5.3.20. If one takes Equation (160) and uses it to compute the inequality in Equa-

tion (162), one finds that

Leb(nr o N1 8) = Leb(nr,o) + Leb(nr g) — Leb(nr o Unrg) = 2(y —0)T —T.

Hence one needs 2(y — §) — 1 > 0. This happens if and only if v — % >0 > 0. This is why
we needed the condition v = (v x p%)(K) > 3/4, though really > 1/2 suffices as we could

find an appropriate 6.

Flowing by m

Convention 1. We pick the convention that m s given as a positive real number and we

will flow backwards by it and hence write F~"".

From the points  and y we will go in two directions. First, we will choose a new (-
component and flow backwards by some m (under the ‘standard’ flow) from Z and ¢ to the
points which we will denote = and y. Let & € €2 be such that (Z,®) and (7,©) € K1; we can
choose such @ because we landed the points F7 (2,0, ko) = (&, 0™(@), k1) and FT (), &, ko) =
(7, 0™(@), k1) (where n = |T + ko)) in the set K7 in Section 5.3. This gives us that we have
a (large) positive measure subset of ) (the intersection of Vizk) and Vig.k) which has large

positive measure because they are both large) from which to choose @ from. Still, we ask
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more from our choice of @ in the next Lemma.

Lemma 5.3.21. We can choose & such that W?*(z&,©) is bounded away from W'(z,c™(@)).

Similarly we ask that the stables and unstables of c™(&) and @ all distinct.

Proof. The unstable plane W*%(z,0"(w)) (where n = |T'+kq]) is fixed at this point for some
Thig choice large enough. Only W#(Z,©) changes with &.

The tangent planes £*(Z,w) and E%(Z,0"(w)) approximate W?*(z, ) and W¥(z, o™ (@))
respectively up to error £ = tzM,:f’H on a ball of radius v using Lemma 5.3.7. We need to take
t = 2a" as this is the scale we view things on as explained in Section 5.3. We can assume we
have taken Ty;, large enough such that 4§ < ¢ (see the definition of K¢ in Lemma 3.10.12
and note that (z,0™(w)) € K] C K¢ and (Z,w) € K1 C K¢).

Then we use Lemma 3.4.2 to say we can pick @ such that E%(Z,w) and E%(Z,0™(w)) are
at least 4¢ apart and so W¥(Z,®) is bounded away from W*"(Z,c"(@)) on the appropriate

scale, i.e. a ball of size t. O

Let K9 and K} be as defined in Section 5.3 (they have measure 1 — ez and 1 — €}, resp.).
As before in Section 5.3, when we flow from the points (Z,@, k1) and (7, @, k1) to the points
(x, U”IJJ, ko) and (y, a"/&), ko) (where n' = |k; —m], kg = k1 —m mod 1), we need to land
in K4 x [0,1[C Y. In this case we additionally need that (:B,a”/df) and (y,a”/&;’) are a
good set we called B’ C X x Q7 (see Section 5.3).

Note that the measures on QT and Q™ are both uN in the obvious way.

Lemma 5.3.22. The set B’ defined above has v x /LN—measure 1— /62 in X x Q™.

Proof. The proof is identical to the argument of Lemma 5.3.18. m
Let Ko = (B’ x Q%) N K} be as in Section 5.3.

Lemma 5.3.23. We can choose m such that F~"(&,0, k1) and F~™(g,0, k1) belong to the

set Ko x [0,1].
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Proof. Knowing that B’ has v x yN-measure at least (1 — \/€2), we have that B’ x Q7 has
v x pP-measure at least (1 —,/3). We asked in Section 5.3 that K% be large enough (e} > 0
small enough) such that Ky = (B’ x Q7)N K has v x iZ-measure like (1 — &) for some &

small such that
1—é >3/4. (163)

In Section 5.3 we showed that we could land FT(&, &, ko) and FT(,&,kg) in a set
K1 where & could be picked such that the resulting points (Z,&, k1) and (4, @, k1) (where
k1 = FT(kg)) belong to the set M = (K7 x [0,1]) N E§NES C Z. The set E5 as defined in
Section 5.3 is where we need to start from in order to use Lemma 3.10.15 to choose m such
that we land in K9 x [0,1]. We run the same argument as in Lemma 5.3.19 on an interval
[m1,ma] (for my sufficiently large), starting from the points (Z,&, k1) and (Z,0,k1) in ES
and taking K = Ko x [0, 1] (Note that € and & were fixed along with £ in Section 5.3). Then
we get a positive measure subset of m € [mq, mo] such that we land the X x Q -components

of F~™(%,&, k1) and F~™(§,@, k1) in the set Ko. ]

We will be more explicit about the proportion of good choices of m we can choose inside
some interval [mq, mo] in Lemma 5.3.38.

We have some conditions on m, firstly, the minimum value of m in the interval we need,
which we call mq, must be bigger than the S required from Lemma 3.10.15 corresponding
to the set £5. Additionally, the maximum value of m for the interval, called mg, is such
that we do not surpass a certain amount of the remaining distance to €. Additionally, of
course the error between the unstable planes that we worked for should not be significantly
changed by flowing by m. We will discuss this more later, but in Lyapunov charts.

Lastly, we want the relationship between m; and mg to be mg > 2my. Ensuring that

[m1,ma] is at least 50% of the interval [0, ms] allows us to ensure that the ‘bad’ set is still
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small; We will use this in Section 5.3. We will also demonstrate another property in our
choice of m in Section 5.3, i.e. that dy(m1) > (14 n)di(mg) and da(my) > (1 + n)da(ma);
see Lemma 5.3.38.

Let Cj, and ¢ be as in Section 5.3/Choice 2, and let

Cy
10+

Cy

my = 102+2

Tblg‘927 mg = T529027 (164>

where J is chosen such that mg > 2mq and | A" —¢)] < | O,H_Q (A7 4+ ¢)|]. Also start

()H—J

take Tp;, large enough so that m; > S.

Lemma 5.3.24. For m € [my,ms|, the distance between & and § does not surpass €f after

flowing backwards by m under Q.

Proof. Lemma 5.3.21 bounded E*(%,w) away from E%(Z,0"(w)), so we see that the stable
distance (which is the one growing because we are flowing backwards by m) is strictly less
than the unstable distance with respect to 0" (&). After flowing by 7', dx (Z, 7) is mostly in
the unstable direction, but now with respect to this new w it has some stable and unstable
component by Lemma 5.3.21. Let my;, be the amount of time we flow backwards with

respect to w until this distance is now €. We have

1 Mpig o
(Z) er < dx(z,9). (165)
We can also say that
Ax(#,9) < dx(5.2) +dx(#,2) < e O (@, 0T (166)

We simplify Equation (166) and note that we can find Cs > 0 such that

epe” Ty~ o gy (3, 2)eN T < Cuepem (=0 Thig=T), (167)
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Claim 5.3.25. We can fix Cs for all Ty, because of our choice of 01 in Choice 2 in Section

5.3

Proof. We see that for Cy to satisfy Equation (167), we require it to satisfy

_ Tyi
dX(ii‘, Zé) e()\ +4)(1-6) g
Cs>1+ 7 ( e_()\+_5)9 . (168)

The right-hand most term of Equation (168) goes to 0 as Tj,;, — 00, so we can fix Cs for all

Th;g and p. ]

Combining the inequalities (165) and (167), we get:

(é)mbig ef < Csepe” AT =0 Thig=T) (169)
We find that then
RO (T — T) — 2UCs) (170)
Mbig = () Vi (L)
(A —6) In(Cy)

(171)

Since 1&((%)) is fixed and

Cy (AT —0) 1
"2 = qoree This® = Soqzy g hie™

where 0 < § we have that for Tj,;, large enough, mgy < my;,. This implies that the distance
between & and § does not surpass € after flowing backwards by m << mg. This completes

the proof. n

Let dp, be the distance between F_ " (W*"(F"(z,w))) and F_™(W"(F™(3,w))) (where
n = |T +kol). Let 6(m) = dx(F;"™(z), F;™(y)) (i.e. represents the distance between
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— + A~ ~ —_ + A A~ .
F"MUT(F™(#,0))) and F™(UT(F™(j,@))) by Claim 5.3.14).
Lemma 5.3.26. The distance dpy, goes to zero as Tp;g, m — 00.

Proof. We computed that the distance between W*(F"(z,w)) and WY (F"(y,w)) as
D := (a® + 2 + Megpdg, (EY(Z,0"(w)), EY(Z2,0"(@))),

and showed it goes to zero as Tj;; — oo in Lemma 5.3.13.

The largest m could be is %Tbigel Originally this error between the unstable planes
that we computed was mostly in the stable direction for o' (w). We have asked that @ be
chosen such that the distance between has now stable and unstable components (see Lemma
3.4.2).

Say in the worst case scenario that the distance D between unstable planes that we
measured is entirely in the stable direction for @. Let D,, be the distance between the

images of WY(F™(z,w)) and W"(F"™(y,w)) after flowing backwards by m, then
b Thig
Dy < L107F277972(0% 4+ 28 + Megpdgy (EY (2,0 (0)), EY(Z, 0" (0)))

We deal with each term in D one at a time.

% _ % _

Cy T 0 sz‘+2Tbige2 £10i+2Tbi992
i+2+big¥2 s 55 A A
£ O S T8 X &5 = o ama,, X &5 (17
where 0 € [f2, 61] because we used Theorem 3.5.4 for T'. Recall from Choice 2 that
& %
£10i+292 £10i+292
<1, (173)

<
o~ 1) (1=02) ~ o—(A+0)(1-3)a
So as Tj;, — o0, this quantity goes to zero.
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b g b g
L 10t+2 Toig02 2¢ < L10i+2 Tb2992k6fe_()‘++‘5)Tbig‘9 (174)
G
but note that by choices made in Section 5.3 that % < 1 and so this goes to zero as
e
Tyig, m — 00.
Lastly,
G I
L1920 Moypda (BY(E, 0™ (0)), EY(Z, 0™(&))) < L107202 My (a®)® (175)
C
Py 1072 Thigh2 L6 20
z,2)".
= P (7 +0)(1-0)a) Ty

(176)

Equation (173) then gives us that this goes to zero as Ty;,, m — co. Then Dy, goes to zero

as m — oo. This completes the proof. O

Let D be the distance (in ambient coordinates) between i and §j. Note that by construc-
tion, this distance is still less than ¢ and that the set M is contained in Aj,. as defined in
5.3. The points (Z,o, k1) and (g,©, k1) belong to M. Additionally, the distance D between
Z and g is less than kg and hence they live in each other’s Lyapunov chart domain.

Originally, the distance D was largely in the unstable direction for that choice of -
component, i.e. ¢"(w). Now that we have switched {2-components to w, generically, the
distance D has stable and unstable distance components with respect to @. Also we picked
@ such that Z and g are not on each other’s stable or unstable manifolds. Also, since we are
going backwards by m, the stables grow and the unstables contract.

In Lyapunov charts, the images of the subspaces E¥(z,®) and E*(Z,©) form a coordinate
axis, and 7 is sent to some v € C? (or R?) in these charts. We can decompose v into a

component in the E*-direction and the E"-direction denoted respectively vg and vy, i.e.
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v = vg + vy. In these charts, we know exactly vg and v, grow and shrink resp. under flowing
by —m. We denote ag = |vs|, ay = |vy.

Then, the distance between 0 and v after flowing by m, is

Let all" := \F&m (vy) — FT"})(O)] and o' 1= ]ﬁ(_m (vs) — F.=™ . (0)].

W) (z,0 Z,0),k1 (Z,0),k1

Now we perform a calculation that we will need in Section 5.3.

Lemma 5.3.27. For Ty, large enough (hence m large enough), we have
- 1 - 1
Dyt < V14 k2(e= =9 4 5C)al = (e=(W =9 4 5C)Dm.

Further, we have Dy, < Dy41.

Proof. Write ay, = kag for some k > 0. Note that this is dependent on the points but it will

not matter for the computation we will do. In fact, by Pythagoras, Dy, = V1 + k2o,

: - s (m+1 = —(m+1
We examine how this compares to Dy, = |F(j7(gl)7k1)(v) - F(:E,(g;,h)(o)"

Pythagoras, Dy, +1 = \/ (aT+1)2 + (a;ﬁ“)?. Then using distortion estimates from Section

Again by

3.5 as before, we additionally compute that

- 1
ot < o~ (AT egm 50(0@”)2 (177)
<(em(W 94 %C)a;”, (178)
1

a < emNTalt 4 S0(ay)? (179)

1
< hlem(TO) 4 50l (180)

- 1
< k(e 79 4 5C)al" (181)



Where Equations (178) and (180) hold because a”* > (a*)? because € ;< MLT and o' =
kall'.

Then
_ 1 - 1
D1 < V1+ k(e 79 4 5C)al = (e=(W =9 4 5C)Dm. (182)

The above bound is necessary for the proof of Lemma 5.3.36, however we also need to
demonstrate the fact that Dy, < D,,41.

Again, from Section 3.5 we have that
- 1
ot > a;”(efo‘ te) _ 5(70479”), (183)
1
—Cay). (184)

_(\t

At the beginning of Section 5.3 we fixed k; < 1 and ko < 1 small but be such that

(1 —k1)e~ (A9 > 1 and added a condition to €, we use it now to get that

ot > (1 - kl)e_(/\_+€)ozm (185)

S

QM > (1 — kg)em WM, (186)

Note that everything was chosen such that (1 — k‘l)e_()‘ﬂre) > 1 and also that naturally
(1= kp)e~ATHe) < 1.

Then to have that Dy, < D;,11 (or the square which we use below) we can show that

(@2(1 = k)2 2074 4 (@2 (1 — ky)2e 20T S (072 4 (a2 (187)
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Again, note here that ¥ > 1 and v, < 1. We can assume that ¥ > 1 and argue that m can
be taken large enough that this ratio holds true. That will complete the proof.
So we need ag' < \/L@agn. We will demonstrate that %C|n/|a§ < e I+ g (where

again n’ = |k; —m]), then using distortion estimates, it will suffice to show the following

bound:
e_()‘++€)\”/|au + 1C'|”,|oz2 < L eI+ g — 10|n/|a2 : (189)
N 2-

Note W is completely independent of any of the other parameters, in fact could be computed
at the very start of this argument. Note also that C', our bound on the second derivative is
also fixed from the beginning and for ease of notation we will write C' = ¢/ and work with

this. So to begin with, we want
Moy < 2e~ A HOM, (190)

Note that

as, oy < Mpdx (9, %) < Mykege™ (AT +0)Thigf

for 0 € [02,01] and that at its smallest, m = 25T}, ,02. Then instead of Equation (190)

10@+J

we look at

AT +€) 107,+J Tb'LgeQ

: %
e]mas S MrkGfej 10i+JTb1902 <>‘ +(s)szg < %2¢ ( (191)
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We solve this and see that we need

AT+ 6 In(ke ¢ M,
j< %—(Aﬂ) _(—beT)' (192)
07 ThigW1gets
Note that ¢ was chosen such that 106;% < % << (AT +6) (see Choice 2) and we can

In(ke f My)

start with Tj;, large enough so that term is small enough so that Equation (192)

Tyigl—t7
10t+J
is true for all Tj,;, afterwards. Hence we establish dominance of the linear term in the Taylor

expansion of ag because we have
L o2z 1 2 _ —(\" =
Slvs D F(tx’w)’k(w)m < CMal<e (A tomg, < |DF<tx’w)’k(0)v5|. (193)

So now we have to show Equation (189). The same argument as before shows that

%Cma% < e_()‘++6)au, we get that

B RO In(ke M) /2
<[ 0= - S
j< 7l (AT +¢) 0 G, (194)
101+J bzg 101+J

Again, in Choice 2, we chose everything so that this would be true because A=, AT, M., e ok
are all chosen at the very start.

Then Equation (189) becomes

1 _
26_()‘++€>mau < e~ HImg (195)

2/

which is satisfied for m large, i.e. Ty, large.

Then Equation (189) gives us aj)' < \/L@a;”. This establishes that Dy, < Dp,1. O

For the purposes of Lemma 5.3.38, we need the following Lemma:

Lemma 5.3.28. The constant 0 < n <1 as fived in Section 5.3 is such that for Ty, large
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enough (hence m large enough) D,%;_n) > Dy, -

Proof. As in the previous argument, we can replace the usual distortion bounds with

26_()‘+_6)ma3 <al'< e~ (A —mg (196)

N —

9¢~(AT=my, < ant < %e()‘+6)mau. (197)

Again, Ty, , has to be large enough for this to hold. We assume this throughout the remainder

of the computation wherever m appears, Tj,;, is large. Let
D =/ (as)? + (aw)?,

i.e. the original distance we compute in Lyapunov charts, then we compute

D,, < 2\/6—2()\_—6)mag + 6—2(A+—e)m&% < 26_(>‘__6)m\/04§ + (e—()\+—e)m+()\_—e)mau)2

(198)

<2~ —emp (199)

Further we have using Lemma 3.4.2 we can ask that ag always be at least some fixed

fraction of D, let us say that as > AD uniformly.

Dm Z %\/6—2(A+e)ma5 + 6_2()\+_6)m04u Z %e()\+e)ma5 Z %e()\e)mD (200)

Further since D is the distance dx (Z,¢) but in Lyapunov charts, we can account for the

change between ambient coordinates and Lyapunov charts and get

1 1\ Toigt2
s (Z) <D. (201)
,
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(1+n)

Now in order to find 7 such that Dy, < Dp,, "’ we can show the middle inequality in

A~ AT o 1 (1+1)
Dy <2 =mip < (5) e~ (A" =e)ma p(1+1) < pittn). (202)
Further, plugging in Equation (201) it suffices to demonstrate that
(1+n) U Toigt2n
9o~ (A" —omy _ (A SEN( LYV e —oms (203)
2 M, L
Note that A/2 <1, e¢4/M; <1 and n < 1 so we can solve
_ A 1\ Toigtan _
9o~ (AT —€)my - — —(1+n) (A" —€)ma 204
e < (2) (E) e (204)

Writing my = a1Ty;400, mo = Ty, 402, C := % and % =e K (where K > 0) we solve

Ce~ (A" —danThgby o o—(1+n) (A +e)azThighy—KnThigbs (205)

which gives us that we need

In(C) (A" —€ea N (A" +€e)as

< - .
" Thiga —(A"+e)aa =K  —(A" +e)ag —K

(206)

We can ignore the constant term E(—Ce)g as Tp;, can be taken large so that this term is
ig

appropriately small. Then we note that the right hand side of Equation (206) is positive

because of choices made in Section 5.3 that give us that (A~ + €)ag > (A~ — €)ay. The

parameter 77 defined in Section 5.3 fulfills this requirement. O

Now we take a (good) choice of m € [mq1,mg| as in Lemma 5.3.23, and denote = :=
FZ"™(&) and y := F™ (). We get a positive measure subset V' C QF of futures w'* to

choose from that allow the points (z, (¢~ F1="(0)~ W) and (y, (o~ F1—m)(5)~ W)
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where &~ € 7 is the past part of @. Let '™ € V be arbitrary, let
W = (o mml@)m Wty e,

We will have additional restrictions on choosing (w')*, but certainly, (w’)™ will belong to V.
At the points (z,w’) and (y,w’) we will project (y,w’) along W¥(y,w’), onto W¥(z,w’)
and use (modified) NFCs (see Equation (97)) to control the distance between the final points
when flowing by w’ by £. We want this distance to be some fixed ¢ £
Note that our good sets make the changes between ambient coordinates, Lyapunov charts,

and (modified) NFCs, a bounded change as described in Section 5.3. Also note that W%(x, w’)

! k1=m|z are the

is the same as W(z, o~ k177 %) because the past vectors of w’ and o~
same. The stable manifold changes passing from o~ ki=mlg to o

Recall D represents the distance between Ut [FT(z,&)] and UT[FT(j,&)] in ambient
coordinates because D is the distance between # and §. Denote Ly (m) and Ly(m) as the
image of UT[FT(&,&)] and UT[FT (,&)] after flowing backwards by m. Recall that d(m)
is the distance between x := f-""(¥) and y := f""(7), it represents the distance between
Ly (m) and Ly(m). Then, we let vy be the distance between z and y’ where ' is the projection
of y onto W¥(x,w’) along W¥(y,w’). This means that y' = W3 (y, ') N W¥(z,u").

Note that z,y € K¢ (See Lemma 3.10.12 and Section 5.3 for the definition of K and
K3). Recall from Lemma 5.3.26 that dy, is the error between F_"'(W*"(F"(Z,w))) and

FM(WH(F™(9,w))) and that dy, — 0 as Ty, m — 00.

Lemma 5.3.29. There exists m’' and a constant My, > 1 such that for all m > m/ one can

choose (W1 such that ~(m) € [Miaé(m), Mgd(m)].

Proof. First let us take m large enough (7}, large enough) such that

M3d,, /100 < ¢,
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where ¢ is from Lemma 3.10.12.

Now 6(m) = dx(z,y) and v = dx(x,y'). We will work in Lyapunov charts denoted
P(yw')(B(y, k), note that our scale of interest is smaller than kg7 /2 so this is appropriate.
Let @ be the vector between the origin ¢, . (y) and ¢, (), note that there exists
M € [g-, My] such that [d] = §(m)M.

Let @ be the vector in go(y’w/)(B(y, k7)) € C2 of length || = 7 corresponding to the
intersection of C* (which is E*(y,w’) in this chart) with the tangent plane through x of
Py (W (z, ")) which we will denote W. Using Lemma 3.4.2 and Lemma 3.10.12 one can

choose w’

such that the angle 67 between ¢ and @ is bounded from below by e (so this is
much bigger than the error between the tangent plane through F~"(W"(F"(y,w)) at y and

the tangent plane through F~"(W"(F"(z,w)) at z).

Claim 5.3.30. There exists m’, ¢ and d' such that for all m > m/,

for some ¢ € [%,c’], de L, d).

Proof. Note that (z, J_",(d})), (v, a_”/(d))) € Kl C Kang and so

/ / /

L(E3(z, 07" (@), E% (2,07 (@) = L(E%(x,0 " (@), E%(z,u)) > O.

Again, we can take m large so that the error between the tangent plane () through
F~M(WY"(F™(y,w)) at y and the tangent plane P through F~"(W"(F"(z,w)) at x) is as
small as needed.

We can also choose m’ large enough so that @ is as close as needed to E%(z, J_”,(LD)).

Combining everything, this amounts to being able to choose m' large enough so that

£(Q, E%(z,u")) > 30/4.
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Then for large m, returning to our chart, i.e. working with W instead of E%(x,w’), this

translates to being able to say that v makes an angle #9 with the vector v — i of at least

0/2.

The law of sines says that |0 — @| = |] sinf) _ 5 (m)M Ssi;ll((%)) where

0y € [©/2,m —0O/2], and 01 € [e,m —¢]. We let d = 2;11((061)) which is clearly bounded.

The law of sines similarly gives the required relation between || and |#]. O

Let @ be a unit vector in the direction of @ and take u' to be a unit vector perpendicular
to u belonging to E*(y,w’)* viewed in this chart Py 1€ (CHL. Let (2) = dz+itg(2)
be a parametrization of ¢, ) (W?(y, w')). The function g is an error term |g(z)| < C”|z|?
by Lemma 3.10.13. Let 2’ be such that ¢(2’) intersects (,p(y’wz)(W“(:U,w')), and 2" be such
that 2"u = w.

We do a linear approximation of our problem in Claim 5.3.32.

Claim 5.3.31. There exists C' >0, C >0 and m’' > 0 such that for all m > m’ we have
1| < C'S(m)M, |2 —2"| < Co(m)?.

Proof. We know from Claim 5.3.30 that |2”| = || < ¢/§(m)M. This represents the inter-
section of C® which is the tangent at y of go(ij/)(WS(y,w’)) in this chart and the tangent
through x of ¢, ) (W*(z, w')) which is denoted by W. In a ball of radius 2¢/6(m) M, around
©(y.)(y) which is the origin in this chart, the error between C* and gp(ywl)(W’S(y,w’)) as
well as the error between W and go(y7w/)(W“(x,w')) is at most C”'(2¢/6(m)M,)? which can
be made much smaller than ¢/§(m) for large m. We will let C"” be such that C"§(m)? =

(2 5(m)M,)2.
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Then we know that {¢} = (W%(z,w)) Ny must be within C"”"§(m)? of W and C*. We
also know that /3, the angle between W and C? is bounded away from zero (and 7) by some
€ as in the proof of Claim 5.3.30. Let x1 = projcs(q), xo = projy (¢) and O = WNC?, then
dist(x1,q) = |z7q| < C™5(m)? and dist(z9,q) = |z3g| < C"§(m)?. Note that necessarily
dist(O0,21) = |Ox1] = |2 — 2| and dist(y,z1) = |y#1| = |#/|. We have two right angled
triangles, one formed by O, q and z1, the other formed by O, ¢ and x9. The hypotenuse of
both of these triangles is D := dist(O, q) = ](’5q| Let 6 be the angle between Oq and Oz
and 6’ be the angle between (93:2 and 6q. Then § + 0" + 3 = 7 and at least one of @ or ¢’ is

greater than or equal to l_rﬁ Without loss of generality, assume that 6 > W—_Tﬁ Then

_ JaTql _ C"6(m)”
sin(0) = sin(T52)

Since § is bounded, we can say there is some C’ such that D < C’6(m)?.

Then basic trigonometry tells us that |Oz| = |2/ — 2’| < C’6(m)? and further,
12| = dist(y, z1) < dist(y, O) + dist(O, z1) < 8(m)M + C'8(m)>.
Since C’ is independent of m, we can choose m large enough so that
C's(m)? < dd(m)M/2,

and let C' = %c’ . This completes the proof. O]

We will take m large enough so that C'd(m)? < M+M5(m)'
Now note that the distance v(m) in this chart ¢y (B(y, krr)), is really the distance | —

¥(2")|. That is to say,

My(m) = |5 = ()| = |7 — @' — @ g()].



Claim 5.3.32. We have that

2Ld/5(m)M < v — 4| < 2d'6(m)M.

Proof. Using Claim 5.3.31 we see that

+ 0 — W] = |T— @ — ud + i

— —»/| — /

= |U— uz
§\v—w[+|z/—z”\

< d'§(m)M + C§(m)?

< 2d'§(m)M.
On the other hand we have that
v — @2 | > HU—'LB\ — |w—ﬁz'|‘ = |]U—zﬁ| — ¢ —z”H
> %5(m)M

We will additionally choose m large enough so that

1

1~ 2
C"(C8(m)My)* < Lrb(m).

Then, using our claims above we have:
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Now for the upper bound we see that

v M =7 @ —atg()| < |0+ | a) + |atg(2))

< Mp6(m) + MpC'6(m) 4+ C"(C'6(m) M)
1

< Mré(m) + Mr(]’(i(m) + W

d(m)

1
o !
= (My + M;C" + 4d,MT)é(m).

We take My = max{ (M, + M,C’ ,4d' M, }. This completes the proof. O

+ 1)
Remark 5.3.33. Note that 7y is a good proxy for the distance between L, and the projection of
Ly onto W¥(z,w'). What we mean by projection here is that if ynew € Ly is stably projected
on W¥(z,w') we get some Yoy = Wz, ') N W3 (Yo, w'). Note that E*(ynew,w’) is a
good approzimation for WS (yl ...,w') and that these vary Hélder continuously. This is what

makes v a good proxy.

Now ¢ and y both belong to W¥(y,w’) so as we flow forwards under w’ this distance
contracts. This is true for the other stably projected points on Ly. So 7 is a good proxy for
J.

Recall that we were working towards having our end points be ey apart in ambient
coordinates (up to some bounded constant).

Now that we know that v # 0 and is comparable to §, we want to work with this instead
of 0 because this is a distance that lives in W%(z,w’) and we can use (modified) normal form
coordinates (NFCs) (see Equation (97)). When we pass to (modified) NFCs we can solve for
{(m), i.e. the amount we want to flow by from the points (z,w’) and (y,w’) regardless of the

choice of w’. Ultimately we will have to compute ¢ slightly differently, but the idea is that +

1

gets changed by (modified) NFCs to some C7vy where C € [m

, Mnpc] and we would

like to grow this distance to be €7 - My pc (so that when we go back to ambient coordinates
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it is bounded from below by e f). Then we solve C’lveg = Mypcey for £ and get

(207)

¢(m) = In (M) |

Cyy(m)

Since C'1 changes with m, we instead replace it with M;Fc (i.e. its lower bound). Solving

M . .

¢ =1n <—N1’L‘Z> means we would most certainly reach ey or go past € by a (uniformly)
MnFrc

bounded amount since '] is bounded from above as well. This fact is important to Section

5.3.

To make the computation in Lemma 5.3.36 simpler, we use D, instead of v which would

make the formula look more like this:

¢(m) = In ( Mjlv r CEfD ) . (208)
MyrcM; M, =™
Note that the constants in front of D), appear because we are thinking of D), in relation
to v. Dy, is related to §(m) by a constant bounded from below by MLT and d(m) is related
to v by C’, the lower bound being MLG In this we clearly surpass €y still the distance is
(uniformly) bounded above since C’ and the change between §(m) and Dy, is bounded from
above as well by M, and M, respectively. This fact is again important to Section 5.3.
However, this definition for ¢(m) is not continuous in m because Dy, changes only every
integer (up to taking into account k1). We need continuity for Section 5.3. Note that we
showed that D, is increasing in m, so we define ¢ to be the piecewise linear interpolation

between these points. We can write this explicitly as

¢(m) =In ( M‘iVFCEf >

My pcMr Mg D
Mypce Mypce
—i—(m—[mJ)(ln( 1 lj; >—(1n< T fD
My po M My~ m+l My pc MM, =M
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which simplifies to

E(m)zln( Myrees )+(m—LmJ)1n< Drm ) (210)

1
My pc MM, D D1

We make one last modification to this definition of ¢, to correct concerns that in the
interpolation, if m is between two integers, technically ¢(m) computed using Equation (208)

is smaller than that of £(m) computed using Equation (210), we tack on a last constant, let
—(A+4) , L
Mp:=le ( + 50 ;

then let

E(m)zln( MQVFCEf Dm)—i—(m—[mj)ln(DDm ) (211)

MypcMyMoMp m+1

This expression, (211), is how we define £. Note that the second term is negative. Addition-

ally, take note of the fact that D, increases with m because m is large enough; see Lemma

9.3.27.

Flowing by ¢

Once we have made our initial adjustments (from the starting points to the points denoted
(Z,0), (g,@)) we have a ‘V’ shape where we go backwards by m (under the standard flow)
and forwards by ¢ (under the time change flow) where ¢ is determined by m and the distance
¢ that we reach (within some constant) at the end points using (modified) NFCs. But we
need the ‘legs’ of the ‘“V’) i.e. the forward and backward directions to be of the same length
to run the argument in Section 5.3. This is why we will introduce extra points in this section.

We fix T" and the points (Z,@, k1) and (7,®, k1) from Section 5.3, and for each m we

pick in Section 5.3 (from the positive measure subset of ‘good choices’ in some interval, see
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Lemma 5.3.23) we get the points (x,w’, ko) and (y,w’, ko) where w’ € Q is any vector such
that '~ = g~ k1= (©)” and w’ belongs to the positive measure subset V' corresponding
to the points (z, o~ F1=m) (%)) and (y, o~ ¥17™) (%)) which live in K.

Additionally, for each choice of m we can compute ¢(m) as we did in Section 5.3. This is
independent of the choice of future w’ that we pick from some good set. Starting from the
points (Z,@) and (g, ) (i.e. we are in the set K7), we want to flow forwards by an amount
that will allow us to complete our ‘V’ shape.

Let us reiterate our ‘V’ shape more definitively. Since the points (Z,@, k1) and (g, @, k1)
are fixed at this point, our ‘V’ is determined entirely by a choice of m (which is in a fixed
interval at this point). The length of the legs is ¢(m) under time change flow, with the middle
point of the ‘V’ being the points (z,w’, ko) and (y,w’, ko). Note that because 7 in the ‘time
change’ flow depends on which point you start at, the resulting pair of points after flowing
by ¢(m) will have different 2 and [0, 1[-components compared to one another, which was
never the case with the ‘standard’ flow. We have to convert m, that we flowed by under the
standard flow, into the quantity we would flow by from (z, o (@), ko) and (y, o (@), ko) to
(%, 0, k1) and (g, @, k1) under the time change flow. This quantity will differ between points.
We define my

and my ) to be these quantities resp. Now to complete our ‘V’

z,0,k1) 7,0,k1

we flow backwards from (Z,@, k1) and (7,®, k1) by d(m, (z,0, k1)) = {(m) + (_m)T,(i‘,@,kl)

and d(m, (y,w, k1)) := {(m) + (—=m); (5.5.k,) (note that both functions d are positive). We
denote the resulting points (T,wy, ky) and (y,@y, ky) resp. Note that k, and ky are not

necessarily the same; neither are W, and wy,.

Remark 5.3.34. The minus sign was included next to the m before doing the time change
because we want to remember to compute it using T, i.e. we are going backwards and we

need to remember that as we compute the time changed value.

For simplicity, we will take our overall ‘V’ and divide it into its two components, the ‘V’

we have at the fixed point (Z,w, k1) will be called ‘V1’ and the ‘V’ we have at the point
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(7,0, k1) will be called ‘V2’. This allows us to drop some notation regarding time changed
m and the function d. Let us just focus on ‘V1’ as everything we have to say will hold for
V27 as well. Rename m_ (3 5 1.,y as m] and d(m, (Z,w, ko)) as di(m). We will have to show
that dy is Bi-Lipschitz in m (on a good set) in order to pick m such that flowing backwards
by m from (%,&, k1) we land in the set Ko, and flowing forwards by di(m) we land in the
set K3. We can use Lemma 3.10.15 to do one or the other, but we have to run a different
argument to ensure we can do both at the same time. A similar argument will work for ‘V2’

where we use the notation m3 and dg(m) for My (5.0,k) @nd d(m, (7,0, ko)) respectively.

Remark 5.3.35. It is worthwhile to recall how flowing backwards works. When one passes
zero in the [0, 1[-component, one applies the inverse of f_q(i.e. the automorphism in the
-1 spot of the Q-component). So if one starts at k = 0.22 (the [0, 1[-component) and flows
backwards by 0.23 one has applied a single diffeomorphism.

The time changed flow going backwards was described in Section 3.9. Being closer to 1
in the [0, 1[-component is being further away from zero and hence being further away from

reaching T~ of the point (where T is always negative).

Lemma 5.3.36. Take the interval [my, ms] from Section 5.3. The map
dl : [ml,mz] _>]_7 O0,0],

is Bi-Lipschitz, (similar for do and we get the same Lipschitz constant works in this case).

Proof. First we want to show that there is L > 0 such that |dy(m) — dy(m/)| < Lim — m/|

for arbitrary m and m’. Recall the definition of dq from Equation (110) and plug in:

[dy(m) — dy(m")| = [(=m)] = (=(m)))] + ((m) — £(m)

< (= )NT = (=m)T| + [€(m) — €(m)].
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By Equation (211) we have that this is equal to

. r My Fpce D,
[(=m)] — (=(m")]| + |1n< T / 5 > + (m' = |m'|)In (D m )
MypecMrMqMp m/ m/+1

M € D
—ln( MRS )—(m—LmJ)ln(Dm)|
M po M, Pm m+l

Let us control the first term in the sum above. Recall Remark 5.3.35 and Section 3.9.
Note also that kj plays a role here, we had defined d; once we fixed a point that had this
0, 1[-component. It will show up in our computations. Making sure to keep the convention

that kq is written as a positive number between 0 and 1, we can write

(=m)] = k7~ (& @) + 7 (F Y& @) +...7 (FF 4G @) + a, (212)

(=T = k7~ (3,0) + 7 (F~Y&,@)) + ... 7 (FF=m04 G o)) b, (213)

Note that the first term k177 (Z,®) appears because once we pass 0 we hit it with the
automorphism f__ll. For example if k1 = 0.22, then we are already 78% on our way to
hitting 77 (#,@), the remainder that we need is that 22%. The a and b terms show up
because we have not quite reached the next 7~ value, i.e. a € [0,7 (FIF1=m)(F &))[ and
b e [0, 7'_(FU‘“1_m/J (Z,))[. We can easily compute a and b from what we have as clearly

the following relations holds:

Ymi=1ki—m|—(ky—m)+1= R (7.0) > 0, (214)
Q/Jm/ = Lkl - TTLIJ - (kl - m/) +1= b > 0. (215)

= (Fh=m'l(3 &)

WLOG assume m’ > m (remember these are positive numbers), then



We have

Using the bounds on 7 we get that this is bounded above by

[((L(k1 —m] = 1) = (k1 = m/] +1) + 1) + (1 = thm) + U] (AT +¢)

= (AT +e)(m' —m).

On the other hand, we have to lower bound this quantity too. So we consider again
m’ > m and take Equation (216). Again, the 7~ -terms are lower bounded (in absolute

value) by AT — €, so we get that Equation (216) is bounded below by (A" — €)(m’ — m).
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Now we control the second term. It reduces to

M € D
|1n( Nrce >+<m’— i ()
MNpcMTMaMDDm’ m/+1

M D
—1n< — )—<m— ) ()1
M po MM, Pm m+1

We learned in Section 5.3 how D), +1 and Dy, are related, see Lemma 5.3.27 or Equation

(182). When we apply an automorphism, we never grow bigger than a factor of ln(e_(/\__e) +
%C’). Remember throughout that Dy, is constant on an interval of length 1.

We deal with cases:

The first case is that m’ > m but (m’ —m) < 1. There are two subcases, one is that
Dy, = D,,, the other is that D,,,; < Dy,.

Let us deal with the first subcase: Dy, = D,,, then

(m) —£(m') = (m" —m’) In (ngﬂ) < (m' —m) ln(e_()‘__e) + %C’).

m

So we are done.

Now we deal with the second subcase: D,,,; < Dp,. Then really D,,,; = Dy,41.

m m—+2

=1 =m+[m])ln <Dg+1> +(m — |m])In <gm+2>

m m+1

{(m) — £(m') = In (%) —(m' = [m'])In (%) = (m—[m])In (DDL:>

<(1—m+|m]+m' —|m'])In(e= N~ %C)

= (m' —m) ln(e_()‘__e) + %C’)

The last equality holds because the condition of the subcase is really that |[m| + 1 = |m'].
The second case is m’ > m but (m’ —m) > 1. We could have stopped with the above

and just said that, since d is continuous on a compact interval, |d(m) — d(m’)| is uniformly
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bounded from above and hence we are done. However, we actually want that this Lipschitz
constant computed in this proof is independent of the interval [my, ms]. The only restriction
we have on [mq,mg] is that we need m large enough so that that Lemma 5.3.27 holds. Hence
we do more work.

Note first that £(m) = £(m’) < (|m]) — £(m). We will work with this quantity.

e(m;i )- i(m') b (7) - (m;l/_f:;@) in (2) | (217)

Since (m’ —m) > 1, we have that (m’ —m) >m’ — [m/]. Also note that D,,, < D,,,, 1 and

D . .
so In (D m/ ) is negative.

m' —m D,
< [’ —m] In(e= " 79 4 20) 4 In(e= N~ 4 1C’)
- m'—-m 2
<ol 94 Loy

Now we do the other side of the computation. Note that d is decreasing because as m
increases, (—m)] decreases and ¢ decreases (in fact both do so strictly and hence so does d).

Take m, m’ € [m1, mso] without loss of generality, m’ > m, then

[di(m) — di(m)] = dy(m) — dy(m) = (=m)] — (=m)] + ((m) — ((m) (218)

AT —)m —m) —€(m+1) +(m) > AT — e

(219)

We get Lipschitz constant to be

L:= 1rnaux{21m(e_()‘__€> + %C) + AT+, }. (220)

1
At 4€
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]

Now that we have established that d; is L-BiLipschitz, a similar argument works for ds,

we get the same Lipschitz constant; now we can use the following lemma.

Lemma 5.3.37. Consider d : [a,b] — [0,00] where 0 < a,b < oco. If E C [a,b] is such
that Leb(FE) < €(b — a) and d is L-Lipschitz then Leb(d(F)) < L -e€(b — a). Further, if
additionally d is BiLipschitz, then for any subset F' C [a,b] such that Leb(F) > n(b—a), we

have Leb(d(F')) > % -n(b—a).

Proof. The Lebesgue measure is regular and hence
Leb(E) = inf{Leb(A) : A D E, open and measurable}.

Since any open subset A can be written as a countable disjoint union of open intervals, if we
can prove that for A =|a’, ¥'[C [a,b], Leb(d(A)) < L - Leb(A) we will be done.

Since d is Lipschitz on [a, b], it is continuous on [a, b]. If we close the interval |a’,d'[= A
by adding the endpoints it is now compact and d attains a max and min on [a’,V']; call
the maximizer and minimizers c1,co. Then d(]a’,b'[) C [d(c1),d(c2)] and so the measure of

d(A) = d(]a’,¥'|) is bounded above by |d(c1) — d(co)|. Since d is Lipschitz, we have that
|d(c1) —d(c)| < Llep — co| < LIV —d|,

(since c1,c9 € [d/,V]). Hence Leb(d(A)) < L - Leb(A).

We conclude this is true for any open set A. Then by regularity, for any A O F,
Leb(d(A)) < L - Leb(A), taking infinimum of both sides over open sets A O E we get
inf g~ Leb(d(A)) < L - Leb(E), but since d(E) C d(A) for every A D E, by monotonicity
Leb(d(FE)) < inf g~ Leb(d(A)) so we have the result.

The other argument is similar. O
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Note that since d is injective (as it is strictly decreasing), it is invertible on its image.
Note also that the inverse of a Bilipschitz function is Bilipschitz with the same Bilipschitz

constant.

Lemma 5.3.38. For our choice of mi and mgy as in Section 5.3 Equation (164), and Thig
large enough, we have that the interval [dy(ms9), d1(m1)] inside [0, dy(m1)] has proportion at
least (1— ﬁ) in measure (where n is as in Section 5.3 and Lemma 5.3.28). A similar result

holds for do.

Proof. For Ty, , large enough we can use Lemma 5.3.28. Let 7 be as in this lemma.

Claim 5.3.39. We have that di(my) > (1 +n)di(ms3).

Proof. Let M = M3 e My Mo Mp.

We can drop the interpolation terms for a small price and simply check that

o)+ Cataa) =000 (0 (50) = (igtam) )
In{———]+ 0 > (1 1 0 .
H<Dtm1+u> ( wores gt ) = WA ) i T2

Note that 7 is bounded (between AT — € and AT 4 ¢€). Also as Tyig — o0, the length of

[m1, ma] goes to infinity, so we have that eventually

Cy 4 Cy i
( 101+3Tb1992) Z(1+77)< 102+2T52902> )

(remember both terms are negative), so it suffices to compare the remaining terms (coming

from the definition of /).

So we want to show In ( Df,fn JKH> (14+7n)In (Df—> which reduces to showing

(14 n) In(Dmy) > (D), 1)) + In(ef M). (221)

Remember € is small and €M < 1. Then this is equivalent to D%;_ ") > DpyepM.
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This can be done for Tp;, large by Lemma 5.3.28 because it gives us that D%;— ")

Din, .

Then, note that the Lebesgue measure of [0, dy(mq)] is dq(m1) while the Lebesgue mea-

sure of [dj(m9),di(mq)] is (d1(m1) — d1(ms3)) which by our claim is at least di(mq)(1 —
1
m). D

Lemma 5.3.40. Let K C Z be such that m(K) = 1 — ¢ = v for some ¢ > 0 small. Let
0 = ary for some a > 0 small, and fix € > 0 small. Let E€ be the corresponding Birkhoff set
(for this 6, € and K ) from applying Lemma 3.10.15 and S the corresponding parameter from
this lemma. Take b > S and n €]0,1], and consider a such that b > (1 +n)a. Let £ > 0 be

small and x,y € E€. If

ﬁ=27(1—a)—1>(1—€)+£<ﬁ),

and if G C [a,b] is such that G = {t € [a,b] : Fl(z), F'(y) € K}, then G is at least
(1—¢&) x 100% of the Lebesque measure of the interval [a,b]. That is to say, G has Lebesgue

measure at least (b—a)(1 —&).

Proof. Similar to the argument in Lemma 5.3.19, we have that given z,y € FE° Lemma

3.10.15 gives us that the set of ‘good points’ in [0, b],
G ={te[0,b]: Fi(z), Ft(y) € K} C [0,0],

has proportion 3 = 2y(1 — «) — 1 inside [0, m9] in (Lebesgue) measure, i.e. G’ is 8 x 100%
of [0, m2] in measure.
Now we are interested in the the proportion of ‘good points’ inside [a, b] where b > (1+4n)a.

This means that a < (1Tb77) and so [%, b C [a,b]. We can analyse the proportion of good

b

=k b] to get a lower bound.

points in [
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We know that inside [0, ], a proportion of (1 —3) is ‘bad’, i.e. belongs to B’ = [0,b]\ G’.
This is (1 — ) x 100% of the interval [0, b]. Let us assume (the worst case) that all of the bad

points in [0, b] belong to [~2—,b]. Without loss of generality we can assume then that inside

(1+n)’
the interval [(1+77)’b]’ the interval [(1+77)’b (1 — B)b] is all good points and the interval
[b— (1 — B)b,b] is all bad points. Then the proportion of good points in | b b], i.e. the

(1+n)’

proportion of G inside [(1_?77) ,b] is

Lb(@) = (-Pb -y

 Leb((ft) b i

Now we want to show that P > (1 — ¢), then we are done. Solving

b—(1-B)b— 7L
(1+n)

for 5 gives us exactly that we require 5 > (1 —¢) + ¢ <ﬁ) This completes the proof. [

Recall the definitions of m; and mg as given in Equation (164) with T}, is as appropri-

ately large as specified in that section. With this, we have the following lemma.

Lemma 5.3.41. Given the interval [my, ma] (where my, mo as specified above), there exists

a positive measure subset G such that,

1. if m € G then flowing backwards by m from the points (Z,, k1) and (g,w, k1) lands

us in the set Ko X 0, 1],

2. if m € G then flowing backwards by dy(m) and da(m) from the points (Z,&, k1) and

(g,@, k1) resp. lands both points in the set Ks.

Proof. First let 49 = m(K>) and recall dy = agyy in the definition of ES from Section 5.3.

We showed in Lemma 5.3.23 that there is some subset of positive measure of [mq, ms], call
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it G, where we could choose m from in Section 5.3 to get the points (z, J"/&J) and (y, a”/d))
(where n/ = |k; —m]) in the good set Ky (i.e these are ‘good’ choices of m). Now we will

be explicit with the size of G7.

Since mo > 2m; we can apply Lemma 5.3.40 with n = 1 and £ = m since by
i 1 1 1 1 .
construction § > (1 - 2()0—L4) =(1- 1OOL4) + 00E THs (see Section 5.3). We get that Gy

as proportion (1 — m) inside [m, mo] and so By = [mq, mo] has proportion m inside
[m1, ma].
We take this interval [m, mo| and apply d; to it, since it is a decreasing function we get

the interval [d1(m2),dq(m1)] and by Lemma 5.3.37 we get that

Leb([dy(ma). dy (mp)]) > +(my — my).

We run the same Birkhoff argument for the points (7, @z, kz) and (7, Wy, ky) using Lemma
3.10.15 with K = K3 (see Section 5.3) using this interval [dq(m2), d1(m1)]. We get a set Go
which is the set of ‘good’ choices in [d{(m2), d1(m)] to flow by from the points (Z,©) and
(7,0) to land in the set K3. We can do so since |dj(mg)| > S) where S, is the Birkhoff
bound one gets with E§ when using Lemma 3.10.15. Here, we are using /m(K3) = 72 and

0 = ag7s3 as in Section 5.3; we let

B3 =2v3(1 —ag) — 1.

By Lemma 5.3.28, we have that di(m1) > (1+n)di(meo) where 7 is fixed in Section 5.3. We

take this to be the n in Lemma 5.3.40 with £ = 100% Since

1 1 1

>(1- 1—
B3> (0= 15002) + o012 1+

),
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we get that G9 has proportion (1 — inside [d1(m2),d1(mq)]. Let

T002)
By = [d1(m2),d1(m1)] \ Go,

it has proportion at most —— inside [dq(ms2), d1(m1)].

10()L

Our ultimate goal will be to choose m in the set
Sy 1= Gy Nd Gy Ndi(Gy)) C [my, ma).

If we can do this, then being in G1 ensures that we land in K9 when we flow by m, but also
that such an m in G1 will give a dj(m) that allows us to land in K3 after flowing by dq(m).
So we show that S7 has large positive measure.

The measure of By is OO%D( mgy — mq), when we apply dj to this set, its measure (by

Lemma 5.3.37) is at most (mg — my) whereas the size of [d1(m2),d1(m1)] is at least

1
100L3
%(mg—ml) (also by Lemma 5.3.37). So the proportion of di (By) inside [d1(m2), d1(m1)] is at

most This means that d; (G1) has proportion at least 1— L2 inside [d1(m2), d1(m1)].

100L2 100

Meanwhile G5 has proportion 1 — —— inside [dj(m2), d1(m1)] and so d;(G1) N G2 has pro-

1OOL
portion at least 1 — ﬁg inside [d1(m2),d1(mq)]. Let

B3 = [d1(m2),d1(m1)] \ (d1(G1) N G2),

it has proportion at most L2 inside [d1(m2), d1(mq)].

100
Now we apply dl_l to [d1(m2),d1(m)] to recover [mq1,ms]. By Lemma 5.3.37 we have
that

Leb([m1, ma]) > —Leb([dl(m2) dy(m1)]),

h
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and that

Leb([d (ma). dy (m1)]) = < Leb(d (fma, m)).

2
Leb(d7Y(B3)) < L-
Wy (By) < L+ ooy
Hence we have shown that S| C [m1, ms] is at least 98% of the interval [mq, ms].
Run the same argument for do and get the corresponding analogous set So. Since they
are both about 98% of the interval, we take their intersection and get a subset of positive

measure. We call this G = S N Sy. This completes the proof. O

The end points

From the points z,y € X, we flow forwards by the ‘time change’ flow for time ¢ under a new
future w’ to our final pair of points denoted 2’3’ € X. First we will discuss how we pick
this new future. We will need to do so in a way that ensures that we land in an appropriate

set called K| (see Section 5.3). Throughout this section we let K := K.
Claim 5.3.42. We have that m™ (K¢) < Qey.

Proof. The set K3 belongs to the set where Lemma 3.9.3 holds and so by Lemma 3.9.3, and

the fact that m(K°) < €4, we have that

AT (T17C dm?” c
m’ (K¢ = —dm < Qm(K°) < Qey. (222)
K dm
This gives us that m"(K) > 1 — Qey. O

Let ]:"g be the sigma algebra of m”-measurable functions, i.e. the m” completion of
the natural sigma algebra on Z. Since m” is absolutely continuous with respect to m,
they have the same measure zero sets and so this is the same as the m-completion. Let

Q) = (thg)_1(]:—6 ); for a function to be measurable with respect to this o-algebra means
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that it only depends on events after ¢ time in the past under the time changed flow with
roof function 7.

We start our discussion at the points (Z,wy, kz) and (y,wy, ky) which live in K3. By
our definition of K3 in Section 5.3, this means that they satisfy the following lemma from

[4, Corollary 3.8]:

Lemma 5.3.43 (Law of last jump, [4], Corollary 3.8). For any m-measurable function

0:Z =R (eg. k), for every £ >0, for m-a.e. (T,0,k) € Z we have

B P10, ) = | elFle, (0", ), (223

where E; is expectation with respect to mT.
Consider the tail o-algebra Q%, = (1 Q7.

Claim 5.3.44. We have that
/ B, (1| Q@ w, kYA (0, k) > 1 — Qey. (224)
Proof. Using Claim 5.3.42, we have that
[ el kIO%) . Wi (o, 0,) = () > 1= Qe (225)

This completes the proof. n

Lemma 5.3.45. We have that

N{wt eat: thc(x, (W, wh), k) € K}) > 1— /Qey. (226)

Proof. Using Lemma 5.3.44, there is a compact subset L’ of the conull set where Lemma
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5.3.43 holds with ¢ = 1, with m7 (L) > 1 — /Qey4, such that for (z,w, k) € L’ we have

ET[1K|ng]($7wv k) >1- V Q€4-

On the other hand, we apply the Martingale convergence theorem to the Lemma 5.3.43

with ¢ = 1

ET[]IKngoKI?w? k) = eliglo ET[1K|QZ](Z‘; W, k)

= lim [ Tg(F(r, (@ ,wh), k)dpM(w?).
l—oo JO+

Egorov’s theorem ensures that (with some arbitrarily small loss to L’) that this conver-

gence is uniform, hence there is £y such that for all £ > ¢; we have for every (z,w, k) € L’

Bl lQ7)o ) = [ APt (™) ") 2 1 Qe

This translates to the statement that

N{wt eqt: ch(x, (W, wh), k) € K}) > 1—+/Qey.

This completes the proof. O

So there is a large measure set of appropriate new futures to choose from. Run this

argument for each of the points, (Z,@z, kz) and (7, 0y, ky) (separately).

Conclusion

From Section 5.3, Lemma 5.3.45, for each choice of 7" and m fixed (where m is chosen in an
interval determined by Ty;,) we are given Vp ,,, (¢ is determined and we assume it is greater

than ¢y by taking T large), a positive measure subset of Q" such that we can choose (w')™
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from.
Additionally, we got in Section 5.3, i.e. when we used Lemma 3.10.15 we landed in a set
K5 where the points have a large measure set of w’ to choose from (just the future part,

the past stays the same), i.e. these sets V(x o (@)’ V( ) C Q7 such that picking w’

y,0m (@~

from there lands us in the set Ko. This set K9 had properties we needed to make arguments

in Section 5.3. We defined V' = V(mp”'(ob*)) N V(y,an/(@,)).

parameter () is fixed at the beginning and ¢4, and €5 were chosen (at the beginning) such

Now let V' = Vi NV, The

that V'’ has positive measure. We have one last restriction on w’ that we used in Lemma
5.3.29. This comes from the use of Lemma 3.4.2, the required € in this lemma gets smaller
as Tj;, gets bigger. So we can take Tp;, large enough so that the corresponding is ¢ is very
small and such that this restriction added to V NV’ still has (large) positive measure.
Take ¢ — oo, more precisely, I want the legs of the V to go to infinity. To achieve this, we
take p — 0, in turn, Tj;, gets bigger, and since ¢ and 6o are fixed, even though T increases,
we see that the proportion between T" and Tj;, decreases. This implies that the amount T
separates the unstable component (i.e. the distance between ¢ and Z decreases even though
we are flowing for longer) and the stable distance still goes to zero. Together this constitutes
the distance between the unstable planes going to zero. The parameter m grows as p — 0
but the error between the unstable planes still goes to zero as in Lemma 5.3.26. We also
have that di(m1) > (1 +n)dy(me) and da(my) > (1 +n)d2(msg) as in Lemma 5.3.38 so that
we can make an argument for our points along the way to stay in a good set as in Lemma
5.3.41. Being in a good set after flowing by d; or do allows us to use Lemmas 5.3.43 and
5.3.45 to get the set Vr,, in the previous paragraph. As ¢ goes to infinity, the image of the
supports land in the same plane as the stable components for w’ shrink. We end up with
two support lines in one unstable manifold separated by at least distance €y (but not more
than some bounded constant multiple of € f). However, these limit points by construction

belong to the compact set Kgy C W€. This is a contradiction to the definition of WW. This
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means YV must have positive measure. This is a contradiction to Lemma 2.6.8. So we have

proven Proposition 5.1.1 and hence also proven Proposition 2.6.9.

6 Proof of Proposition 2.6.5

6.1 QOutline of the proof of Proposition 2.6.5

In this setting, our fiber entropy is zero and unlike in the proof of Proposition 5.1.1, we
cannot use Theorem 3.4.1 to say that the Oseledets’ directions are random. We only have
Corollary 3.3.2 that tells us that the W#(z,w) are random.

We will work by contradiction and run a ‘floating Benoist and Quint’ argument. We will
assume that v is not finitely supported and derive a contradiction to the fact that mgw is
trivial a.e. in a very similar vain to the proof of Proposition 5.1.1. To be more precise, we
will construct an unstable manifold with two distinct support points. This will suffice in the
same way it did for the proof of Proposition 5.1.1; we will argue using the sets Kgy and W
as defined in Section 6.2.

In assuming that v is not finitely supported, we will show in Section 6.2 that we can pick
points (z,w, ko) and (7, w, ko) such that both belong to a good set Ky, § & W#(z,w) and &
and g can be chosen arbitrarily close together. This setup allows us to follow aspects of the
process of the proof of Proposition 5.1.1.

We then follow the same steps as in Section 5 to choose parameters 7" and m. This is so
we can use all the work we did in Section 5, we do not actually require the step of flowing by
a large T to “get the unstable planes of the points close" which we needed for the proof of
Lemma 5.3.29. It also allows us to keep almost all the sets (their definitions and purpose) the
same, even if some of it is unnecessary. We then compute ¢ similarly, up to a minor caveat
seen in Lemma 6.2.9. Then the argument that d (which is defined similarly as in Section 5)

is Bi-Lipschitz is nearly identical to that of Lemma 5.3.36. This allows us the run the same
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Martingale convergence theorem argument as in Section 5.3 and draw the conclusion that
assuming that v is not finitely supported contradicts the fact that mj , is trivial a.e. in a

very similar way to that of Section 5.3.

6.2 Proof of Proposition 2.6.5

The ‘good’ sets for the proof of Proposition 2.6.5

We keep the definitions of the sets as in Section 5.3 with the exception of the few listed

below. We keep all the constants such as Cp, J, 1, etc. except we let

- 1
L := max{2r ln(e_()‘ —€) 4 50) + AT+, )\+—_|_€}

As before, all the € terms used in the definitions below will be assumed sufficiently small

for their purpose unless otherwise stated more explicitly.

e WCZ W={(r,w,k) : mg, is non-trivial}, by the argument at the start of Section

6 we know this set has measure zero.

e Ky C Z, an arbitrary compact subset of size m(Kgg) > 1—epg. We assume Koy C W,

we can do this since m(W°¢) = 1.
e K4 CY, defined as the conull subset where my ,, and mj , are trivial.

e Ko C Z, Ko C (AN Ape N K4 N KN Kr NKe N Kype) x [0,1]) N EC, has size

m(Kgy) > 1 — €.

m(K5) >1—é,.
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e Ko CY, Ky := (B x Q)N Ké, €9 and 6/2 small such that the corresponding measure

of Ky which we call 79 = 1 — é9 satisfies

yo > 1— 3/4. (227)

1
— >
200L%

o ES C Z, take § = ao(K>) such that fy = 2799(1 — ag) — 1 > e L€, K =

_1
200L4’
Ky % [0,1] and apply Lemma 3.10.15, we get S > 0 such that the set

1 T
ES = {(z,w,k): VT > S, |f/ 15 (F(z,w, k))dt —/ 1 gdm| < 6}, (228)
0 Y

has m(E5) > 1 —e.

o K3 C Z, K3 C (ANAj,.)x]0, 1], additionally, K3 satisfies the conditions of Lemma 3.9.3
and belong to the m-conull set from Lemma 5.3.43. The size of this set is v3 := 1 — €3

where

1 1 1
>(1- > 3/4. 229
13> (1= 1502) + o0z (1 +n> / (229)

e E5 C Z, take § = agys such that f3 = 2y3(1 —ag) — 1> (1 — 103L2) + 10(%L2 <1i—n),

€ < €1, K = K5 and apply Lemma 3.10.15, we get S > 0 such that the set
1 T
ES :={(z,w,k): VT > S, ‘f/ llK(Ft(:z:,w, k))dt —/ 1dm| < 6}, (230)
0 Y

has m(ES) > 1 —e.

The sets are not necessarily in the order they appear in the proof because the definition
of earlier sets is often dependent on what is needed later.
All sets are used as in Section 5.3 with the exception of some of those listed above. The

sets Bg, L, Ky and K. 3 have the same descriptions but with this new value of L listed above.
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W - we know this set has full measure by Lemma 2.6.4 but we will show this is not the

case when we assume that Proposition 2.6.5 is false. This will prove Proposition 2.6.5.

o Ko - We will land in this set at the end and use it to show that ¥V must have positive
measure when we assume that Proposition 2.6.5 is false. This will prove Proposition

2.6.5.

e K - This set is local to Section 6 (i.e. is only conull in the zero entropy case as given
by Lemma 2.6.4) and is needed to define the set K where we choose our starting

points.

e Ky C Z - Our starting points, (z,w) and (y,w) will be chosen from here.

Original points

From now onwards, we assume that v is not finitely supported.

In this section we use a proof strategy from [16], Section 3, Lemma 3.4.

Lemma 6.2.1. For every p > 0, we can find points (,w,ky), (9,0,ky) € Ko such that

g EWH3(z,w) and dx (Z,9) < p.

Proof. There are two cases when it comes to the support of v. Either it is countable or

uncountable. We follow the argument of [16] Lemma 3.4:

Claim 6.2.2. The support of v is uncountable.

Proof. 1f the support of v is countable, then v is supported on a sequence of points x;, each
with some mass 6. Note that the dynamics does not change the mass of a point, so a
set of these points with the same mass is an invariant set. Using that v is ergodic we get
that all points must have the same mass. This forces v to have finite support which is a

contradiction. ]

195



Let Wy, = {7 € X 1 (2,0, ko) € Ko} then let

V= {(@ ko) : i x dt(Wy, py) > 1 = /o)

Claim 6.2.3. The set V' has measure at least 1 — /€.
Proof. The proof is identical to that of Lemma 4.2.6. O]

Now take (&, kg) € V and consider S = Wy, ;,, NSupp(v). This set S is also uncountable
and it contains uncountably many accumulation points. One takes 2 € S’ C X an accumu-
lation point, one can find a sequence 3, € S’ converging to #. Now we can pick § as one of
the 7, such that dx (9, 2) < p for the given p. Then since  and 7 belong to S', (&, @, ko)
and (7,w, kg) both belong to Kj.

Lastly, we must argue that § can be chosen such that y & W¥(z,©).

If not, then Supp(v) is contained in a finite union of stable manifolds;,

n

Supp(v) C U W (x4, w;).
1=1
We note that the W#*(z;,w;) may not be measurable sets, but if we let B*(z,w, R) be the

ball of radius R inside W#*(z,w) in the induced metric, this is a measurable set.

Claim 6.2.4. The leaves W?(z;,w;) in the union above that carry positive measure have the

Same measure.

Proof. Let f(z,w) = limp_,o ¥(B*(z,w, R)); this limit exists along some subsequence be-
cause f is upper bounded by 1. Since the support of the probability measure is contained in
this finite union of leaves, for some i, f(x;,w;) is positive.

If we apply the skew product map, we know that F(W*(z;,w;)) = W*(F(x;,w;)). Further
since v-measure is preserved under the dynamics F', we have that f is invariant under F'.

This implies that it is constant a.e. by ergodicity of m.
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This tells us that amongst the finitely many leaves containing the support of v, those

that contain positive measure have the same amount of measure. O

Claim 6.2.5. Each leaf W¥(x;,w;) that contains positive measure has finitely many points

in the support of v.

Proof. In Claim 6.2.4 we learned that under F', the leaves of positive measure must map to
one another.

Take a leaf W¥(x;,w;) in the finite union that contains positive measure, and let y €
Supp(v) belong to this leaf. Let € > 0, and consider B%(y,e) C W¥(x;,w;), i.e. the ball of
radius € around y in the induced metric.

Running the dynamics backwards, Theorem 3.5.4 tells us that the radius of this ball
grows and it also stays within the finite union of leaves. In a finite number of steps, one can
grow the radius of this ball to the point which it contains most of the measure of leaf (there
are finitely many leafs). Since v is invariant and Claim 6.2.4 tells us that the measure of all
the leaves is the same, this tells us that B¥(y, €) contains the entire measure of the leaf. This
is true for any € > 0 and hence y is an atom containing the entire measure of W¥(z;,w;).

One can do this for each positive measure containing leaf. O]

Claim 6.2.5 is a contradiction to our assumption that v is not finitely supported. O

Flowing by T" and m

Fix €f > 0 as in Section 5.3.

To start, take any p > 0 such that

p < €7/10000,

and use Lemma 6.2.1 to pick a point (z,w, kg) € K with its corresponding (9, @, kg) € Ky
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such that UT[2,0] = 2, UT[§,0] = 4, § € W3(2,®), and dx(%,9) < p. From here on out,
we acknowledge that UV[%, 0, ko] and U™ [§, @, ko] are just the points & and ¢ themselves.

We first note that for our choice of & and g, §y € W¥(&,w) and so there exists a point
2 € Wi(g,w) N Wi (2,w). We call dx(Z,9) the ‘unstable distance’. As before in Section 5,
the local stable manifold theorem, Theorem 3.5.4, tells us that there is number Tj;, such
that if yp = ngig(?))» Zp = ngig(ﬁ% dx(yp.2B) = €f-

Let T be chosen as in Choice 1, i.e. T € [Ty;g(1 — 01), Tyig(1 — 02)] where 01 and 02
satisfy the requirements of Choice 2.

We run the same Birkhoff arguments using Lemma 3.10.15 , i.e. Lemmas 5.3.18 and
5.3.19 which allow us to pick T in the given interval such that FT (i, @, ko) and FT (4,0, ko)
land in the set K7. This set K] has the properties of the good set K { and also is a subset
of (B x Q) so we can pick a good new @ such that our points (Z,®, k1) and (g, @, k1) (where
k1 = |T+ky]) belong to K1. The properties of these sets allow us to use the same arguments
in Section 5.3 when we choose m.

When we choose @, we do so as in Lemma 5.3.21.

Convention 2. We pick the convention that m s given as a positive real number and we

will flow backwards by it and hence write F~"".

From the points # and y we will go in two directions. Firstly we flow backwards by some
m (under the ‘standard’ flow) from # and ¢ to the points which we will denote x and y
respectively.

Let mq and mo be the same as in Equation (164) with Tj; 4 large enough so that mg > 2my
and my > S (we will put further restrictions on how large T}, should be).

We can demonstrate, similarly to Section 5.3, that we can choose m € [m1, mo| such that
the X xQ-component of F~"(%, @, k1) and F~"(,®, k) land in the set Ko C K. These are
good choices of m. We get that there is a large positive measure set of futures (w')* € QF

we can pick such that if z = F_"™(2) and y = F_ (), then (z, (= (@)™, (W) ") and
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(y, (0™ (@)™, (W)T) (where n/ = |k; — m]) belong to Ko.
We still have that flowing by m does not take our points all the way to distance € (see
Lemma 5.3.24), we also have the following statement (made obvious by Theorem 3.5.4):

/

Lemma 6.2.6. As Tj;, — oo (hence m — 00), the distance between y and W*(z,0™" (w))

goes to zero.

Lemma 6.2.6 is required in the proof of Lemma 6.2.9.

Let D be the distance (in ambient coordinates) between i and §j. Note that by construc-
tion, this distance is still less than ¢ and that the set M is contained in Aj,. as defined in
5.3. The points (#,&, k1) and (7, &, k1) belong to M. Additionally, the distance D between
Z and y is less than k7 and hence they live in each other’s Lyapunov chart domain.

Originally, the distance D was largely in the unstable direction for that choice of -
component, i.e. ¢ (w). Now that we have switched Q-components to w, generically, the
distance D has stable and unstable distance components with respect to @. Also we picked
@ such that Z and 7 are not on each other’s stable or unstable manifolds. Also, since we are
going backwards by m, the stables grow and the unstables contract.

In Lyapunov charts, the images of the subspaces EY(Z,®) and E*(Z,®) form a coordinate
axis, and ¢ is sent to some v € C? (or R4) in these charts. We can decompose v into a
component in the F*-direction and a component in the E“-direction denoted respectively vg
and vy, i.e. v = vg + vy. In these charts, we know exactly vg and v, grow and shrink resp.
under flowing by —m. We denote ag = |vg|, ay = |vy].

Then, the distance between 0 and v after flowing by m, is
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Lemma 6.2.7. For Ty, large enough (hence m large enough), we have
- 1 - 1
Dyt < V14 k2”79 4 5C)al = (e=(W =9 4 5C)Dm.

Further, we have Dy, < Dyyy1.
Proof. The proof is the same as in Lemma 5.3.27. ]

This is used in argument that d is bi-Lipschitz, see Lemma 6.2.11.

For the purposes of Lemma 6.2.12, we need the following Lemma:

Lemma 6.2.8. The constant 0 < n <1 as fived in Section 5.5 is such that for Ty, large

enough (hence m large enough) D,%;rn) > D, -

Proof. The proof is the same as in Lemma 5.3.28. m

For a choice of m, define x := F_"(Z) and y := F_ (7).

For any (good) m chosen from the interval [mq, mo|, we get a positive measure subset
V C QF of futures w't to choose from that allow the points (z, (¢~ F1=™) (%)~ w/*)) and
(y, (0~ F1=m] (&)~ w'T)) to belong to the set Ky (where @~ € Q™ is the past part of @).
Let w'* € V be arbitrary, let ' = (o~ F1=m(0)~ w/*) € Q. We will have additional
restrictions on choosing (w’)™, but certainly, (w’)™ will belong to V.

At the points (z,w) and (y,w’) we will project (y,w’) along W¥(y,w’), onto W¥(z,w’)
and use (modified) normal form coordinates (NFCs) (see Equation (97)) to control the
distance between the final points when flowing by «w’ by £. We want this distance to be
(approximately) some fixed €.

Note that our good sets make the changes between ambient coordinates, Lyapunov charts
and (modified) NFCs a bounded change as described in Section 6.2. Also note that W% (z,w’)
is the same as W¥%(z, o~ F17m]3) because the past vectors of ' and o~ F1=™]g are the
k1 —m]

same. It is the stable manifold that changes when passing from oL o to w'.
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Let 6(m) be the distance between 2 = f-"(#) and y = f-""(¢) in ambient coordinates.
Let v be the distance between z and the projection of y along W*(y,w’) onto W% (x,w’)
which we denote as ¢/ = W(y,w’) N W¥(z, ).

Since our points belong to Ag there exists a natural number r > 0 such that for any
(WT, (W) e QF, Wy, (W)T) and W¥(y, (w”)T) are not tangent at some order r > 0
and tangent for any natural number k € {1,...r — 1}. This means they agree on the first

r — 1 derivatives at the origin but differ at the rth derivative at the origin.

Lemma 6.2.9. There exists m’' and My > 1 such that for allm > m/ there is a large measure
subset of AT C Qj such that for (W)™ € A" we have v # 0, and further, v(m) = C'6(m)"

where C' € [MLQ,MQ] and r is from Lemma 3.5.4.

Proof. There are cases based on the value of r we get from Lemma 3.3.4.
Case 1: r =1
Here, all the stable manifolds at y for varying (w')* € er are not tangent to order 1.
Then the argument is the same as in Lemma 5.3.29 as we are in a setting of Theorem 3.4.1
c¢) and our setup (i.e. parameter choice) is the same as in Section 5. We get that there is a
M, > 0 such that
v(m) = C16(m),

for some C € [ﬁ, M,).

Case 2: r > 1

We will work in the complex ambient charts established in Section 3.10, see this section
for more. We will work around the point y, i.e. use the chart oy, note that we can work on
a scale small enough (for m large enough) so that we live inside of Bx(y,R). Here, ¢y (y)
is the origin in C2 and as in Section 4.2. There is a large subset AT of Q;r C Q7 we can
choose from so that if ()T € AT then (y, (W')T) € A'.

Working in A’ we have that our charts have the nice properties outlined in Section

3.10. In particular, we can view ¢, (W?*(y,w’)) as a graph over a coordinate axis copy of C,
201



{(z:¢y 0 (2)) : 2 € Dy} where Dy C Cis a disk around the origin uniquely up to rotation (i.e.
an origin fixing automorphism of the disk). Then there is a smooth change of coordinates
(that is not dependent on (w’)" and whose Lipschitz constant is bounded above by L” on
A’) that eliminates the first » — 1 derivatives of w%w/, that is to say, there is a function hy

such that hy o ¢, (W?*(y,w')) can be written as a graph of the form
G= {(z,w(r)(())zr + h.o.t.): z € D}

We let ¢}, = hy o @y Further, 1) (0)] > Cyp > 0 because we are in A'.

The points = and y are separated by distance d(m), and we had let ¥ be the vector
in ¢}, (Bz(y, R)) from the origin (i.e. ¢ (y)) to @) (x). Then [d] = d(m)M where M €
[ﬁ, L'L"] and L' is the upper bound on the Lipschitz constant of ¢,. Let @ be the unit
vector in the direction v

Consider the function g : C — C?, g(z) = zi, a parametrization of the plane complex-
spanned by 4 in the chart ¢} (Bx (y, R)).

We can choose m’ large such that W (y,a_”/(d))) is within an appropriately small
distance of Ws(x,a_”,(dj)). We can do this by Lemma 6.2.6. Since (y,a_”/(d))) e A,
W4 (y, a*"/(cb)) and W3(y,w') are tangent at order 1, i.e. E5(y, a*”/((b)) = E%(y,w’). Note
that these tangent planes in hy o @y-coordinates are also the coordinate axis {(2,0) : z € D}
Further the tangent planes £*(z, o (w)) and E*(y, o (w)) can be made sufficiently close
to g.

/

Then, since (z,0~ " (©)), (v, a_”,(@)) € Ki C Kang we have that

!/ / /

L(E"(x, 07" (@), E*(x,0 ™ (Q))) = L(E"(2,), E¥(x, 0™ (©))) > O.

This means that E“(x,a_”,(&))) lives in some cone centered around Es(ac,a—”/ (@), ie.

EY(x, o (w)) is bounded away from E*(z, o (w)) by at least some angle ©.
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Returning to our coordinate system, all of this implies that there exists C'9 > 1 such that

the graph @ intersects this cone for some 2’ € Dy such that

2 5(m) < || < Cad(m).
Cy

Incorporating the error in the approximation of hy o ¢, (W"(z,w’)) by its tangent plane,
there is C% > 1 such that the graph G intersects hy o @, (W"(z,w’)) for some 2" € Dy such
that

L 5m) < 12| < Cho(m).
02

Then since g (where x lives) is sufficiently close to the coordinate plane, we have that

there is a Cé’ > ( such that

|hy o y(z) — hy o py(y')| = cd(m)",

for some ¢ € [%, cy).
5

A bounded return to ambient coordinates allows us to conclude the proof. ]

Now 3’ and y both belong to W*(y,w’) so as we flow forwards under w’ this distance
contracts and so 7y is a good proxy for 4.

Recall that we were working towards having our end points be €, apart in ambient
coordinates, in reality it suffices to land within some bounded constant of €. Ensuring this
final distance is bounded from above will allow us to take limits in Section 6.2 and bounding
it from below ensure our goal of distinct unstables is achieved (see the heuristic argument
in Section 5).

Knowing the relationship between v and § is important in defining ¢. As explained before
we can use (modified) normal form coordinates (NFCs) to control how v grows because this

is a distance that lives in W%(z,w’). We use this for a preliminary computation for what
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¢(m) should be, i.e. the amount we want to flow by from the points (z,w’) and (y,w’)
regardless of the choice of w’. Ultimately we will have to compute ¢ slightly differently but
the first consideration that we make is that v gets changed by (modified) NFCs to some Cy~y
where C € [WFC, My ] and we would like to grow this distance to be €7 - Mypc (so
that when we go back to ambient coordinates it is bounded from below by €). Then we

solve Cpvel = My poey for £ and get

(231)

((m) = In (M) |

C1y(m)

Since C' changes with m, we instead replace it with M]\}FC (i.e. its lower bound). Solving

¢ =1n (M) is a good first step. If one returns to ambient coordinates, Fﬁ, (x) and
Myrc!
Ff,(y’) differ by at least ¢; and at most ¢y - MJ2VFC'

To make the computation in Lemma 6.2.11 simpler, we use D, instead of v which would

make the formula look more like this:

M €
ﬁ(m):m( ARASL r). (232)
Mo Mz, Pm

Note that the constants in front of D,,, appear because we are thinking of D, in relation to
v. Dy, is related to §(m) by a constant bounded from below by MLT and d(m)" is related to
v by C" (where r is as in Lemma 6.2.9), the lower bound being MLG Note however that C’ is
also bounded from above by M, and the relation between D,, and §(m) is bounded above
by M. This means that this definition pushes us to at least distance €y ambiently, but does
not take us further than MaMf:MJQVFCEf this is important for Section 6.2.

However, this definition for ¢ is not continuous as Dy, changes only every integer (up
to taking into account k1). We will need continuity of ¢ for Section 6.2. Note also that we

showed that D, is increasing in m, so we define ¢ to be the piecewise linear interpolation
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between these points. We can write this explicitly as

M €
¢(m) :ln< MRS 7«) (233)
My poM] M, Din

M € M €
+(m—LmJ)<1n< INFC{)T )—(ln( J1VFC fDr>>>,
MypcMiMq ™= m+1 MypcMiMq—m

which simplifies to

e(m):1n< Myrces >+<m—LmJ>1n<D%>. (234)

1 pr
MypcM M, Dr, m+1

Now, to correct concerns that in the interpolation if m is between two integers, technically
¢(m) computed using Equation (232) is smaller than that of ¢(m) computed using Equation

(234), we tack on a last constant. Let Mp = <e*(>‘7+5) + %C’) then define

M € D’
{(m) =1n 11VFC f — |+ (m—|m])In (Dr—m> . (235)
My poMj MM, Dp, m+1

This expression, (235), is how we define /.
Additionally, take note of the fact that D, increases with m because m is large enough;

see Lemma 6.2.7.

Flowing by ¢

Now for completeness, we repeat the setup from Section 5.3:

We have a ‘V’ shape where we go backwards by m (under the standard flow) and forwards
by ¢ (under the time changed flow). Here ¢ is determined by m and the distance e s that we
want to reach (within some constant) at the end points using (modified) NFCs. We need

the ‘legs’ of the ‘V’, i.e. the forward and backward directions to be of the same length to
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run the argument in Section 6.2. This is why we will introduce extra points in this section.

We fix T and the points (Z,, k1) and (g,©, k1) from Section 6.2, and for each m we
pick in Section 6.2 (from the positive measure subset of ‘good choices’ in some interval)
we get the points (z,w’, k9) and (y,w’, ko). Here, ' € Q is any vector such that w'~ =
o~ Lki—m] (@)~ and W’ belongs to the positive measure subset V' corresponding to the points
(z, 0~ F1i=m) ()} and (y, o~ F1=™m) (%)) which live in K.

Additionally, for each choice of m we can compute ¢(m) as we did in Section 6.2. This
is independent of the choice of future w’ that we pick from some a good set. Now, starting
from the points (Z,©) and (g,@) (i.e. we are in the set K1), we want to flow forwards by an
amount that will allow us to complete our ‘V’ shape.

Let us reiterate our ‘V’ shape more definitively. Since the points (%, @, k1) and (7, @, k1)
are fixed at this point, our ‘V’ is determined entirely by a choice of m (which is in a fixed
interval at this point). The length of the legs is ¢(m) under time change flow, with the middle
points of the ‘V’ being the points (z,w’, ko) and (y,w’, ko). Note that because 7 in the ‘time
change’ flow depends on which point you start at, the resulting pair of points after flowing by
¢(m) will have different Q and [0, 1[-components compared to one another. This was never the
case with the ‘standard’ flow. We have to convert the parameter m that we flowed by under
the standard flow into the quantity we would flow by from (z, o (@), ko) and (y, o (@), ko) to
(%, @, k1) and (7, @, k1) under the time changed flow. This quantity will differ between points.
We define me(

) and me ) to be these quantities resp. Now to complete our ‘V’

T,w,ky y,w,k1

we flow backwards from (Z,®, k1) and (7,®, k1) by d(m, (Z,0, k1)) = €(m) + (—m)T’(i,@’kl)
and d(m, (§,w, k1)) := €(m) + (=m); (5.5k,) (note that both functions d are positive). We
denote the resulting points (Z,ws, kz) and (y,Wy, ky) resp. Note that k; and ky are not

necessarily the same; neither are W, and wy,.

Remark 6.2.10. The minus sign was included next to the m before doing the time change

because we want to remember to compute it using T, i.e. we are going backwards when
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flowing by , and we need to remember that as we compute the time changed value.

For simplicity, we will take our overall ‘V” and divide it into its two components, the “V’
we have at the fixed point (Z,w, k1) will be called ‘V1’ and the ‘V’ we have at the point
(g,@, k1) will be called ‘V2'. This allows us to drop some notation regarding time changed m
and the function d. Let us just focus on ‘V1’ as everything we have to say will hold for ‘V2’
as well. Rename m_ (7 5 1.,y as m{ and d(m, (,®, ko)) as d1(m). We will have to show that
dy is Bi-Lipschitz in m in order to pick m such that flowing backwards by m from (Z, @, k1)
we land in the set Ko and flowing forwards by dj(m) we land in the set K3. We can use
Lemma 3.10.15 to do one or the other, but we have to run a different argument to ensure
we can do both at the same time. A similar argument will work for ‘V2’ where we use the
notation mj and da(m) for m, (5 5 1,y and d(m, (§,w, ko)) respectively.

We run the argument to demonstrate that d is Bi-Lipschitz given our new definition for ¢

in Equation (235), we see that the constant r, introduced due to Lemma 6.2.9 (rather than

Lemma 5.3.29) does not change anything.

Lemma 6.2.11. Take the interval [my,ma| from Section 6.2. The map dy : [my,ma] —

| — 00, 0] is Bi-Lipschitz, (similar for do and the same Lipschitz constant works in this case).

Proof. First we want to show that there is L > 0 such that |dy(m) — dy(m/)| < Lim — m/|

for arbitrary m and m’. Recall the definition of dq from Equation (110) and plug in:

[dy(m) — dy(m")| = [(=m)] — (=(m"))] + €(m) — £(m)

< [(=(m)] = (=m)T| + [€(m) — e(m")].
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By Equation (235) we have that this is equal to

M € DT
[(=m)] = (=(m")T| + |In A —+mﬂ—LmUMn<Dxﬂ )
MNFC’MIMG‘MI) m/ m/+1
M € Dr
—1In ]1VFC f o (m —|m])In (Drm ) |
MNFCM;’MGMB m m+1

Let’s control the first term in the sum above. Note that kj plays a role here, we had
defined d; once we fixed a point that had this [0, 1[-component. It will show up in our
computations. Making sure to keep the convention that kq is written as a positive number

between 0 and 1, we can write

(=m)] = k17~ (7,@) + 7~ (F~Y&,@) + ... 7~ (FF=m4 G @) + (236)

(=T = k7~ (3,0) + 7 (FY&,@)) + ... 7 (FF=m14 G ) b, (237)

Note that the first term k177 (Z,®) appears because once we pass 0 we hit it with the
automorphism f__ll For example if k&1 = 0.22, then we are already 78% on our way to
hitting 77 (#,©), the remainder that we need is that 22%. The a and b terms show up
because we have not quite reached the next 7~ value, i.e. a € [0,7 (FIF1=m)(z ©))[ and
b e [0, T_(FU‘”'l_m/J (Z,))]. We can easily compute a and b from what we have as clearly

the following relations holds:

a

Ym = b =m] =k =m) 1 = Gy
/ / = b

Ve = U= = (b =m) 1= TGy

/

Without loss of generality assume m’ > m (remember these are positive numbers), then
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(—(m’)){ > (—m)7. We have

= | (FEm I F 0)) - e (PR G @)y e (PR (3 0)) (1 - ) (238)

g -7 (P, 2))
Using Equation (238), we then have that

(=] = (=m)]| < |r~ (FE= 4 0 G o)) 4 4 e (=Yg o))

+ 7 (P (3 0))(1 = o) + bl (F (2, 0)).

Using the bounds on 7 we get that this is bounded above by

[((L(ky —m] = 1) = ([k1 —m/] +1) + 1) + (1 — ¥m) + ] (AT +6)

= (AT +e)(m' —m).

On the other hand, we have to lower bound this quantity too. So we consider again
m’ > m and take Equation (238). Again, the 7~ -terms are lower bounded (in absolute

value) by AT — ¢, so we get that Equation (238) is bounded below by (AT — €)(m/ — m).
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Now we control the second term. It reduces to

Mypce Dy
| In e = |+ = L' (Drm
MypeMiMqoMp=—m/ m/+1

M € Dr
~In e —mwwmnm<Dﬁl)|
MypcM]MoMp =M m+1

We know how D, 1 and Dy, are related (see Lemma 6.2.7). When we apply an auto-

morphism, we never grow bigger than a factor of ln(e_()‘__e) + %C’) Remember throughout
that Dy, is constant on an interval of length 1.

We deal with cases:

The first case is that m’ > m but (m’ —m) < 1. There are two subcases, one is that
Dy, = D,,s, the other is that D,,,; < Dp,.

Let us deal with the first subcase: Dy, = D,,, then

U(m) — £(m') = (m" —m')rn (DgH) < (m —m)rin(e- M 9 + %C).

m

So we are done.

Now we deal with the second subcase: D, < Dy,. Then really D, = Dy,41.

f(m) —£(m') =rln (%) — (m! = |m/])rin (gmH) — (m— |m])rin (Dg—i-l)

., {(1 _ mm+ m])n (Dg:l) n (m’m—Tm’ ))in (gzi)] )
< r(L—mt ]+’ — ] In(e= Y9 4 Z0)

= (m' — m)’r’ln(e*()‘ife) + %C’)

The last equality holds because the condition of the subcase is really that |m] +1 = |m/].

The second case is m’ > m but (m/ —m) > 1. We could have stopped with the above
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and just said that since d is continuous on a compact interval, |d(m) — d(m/)| is uniformly
bounded from above and hence we are done. However, we actually want that this Lipschitz
constant computed in this proof is independent of the interval [my, msg] that we choose except
for the fact that we need m; large enough so that Lemma 6.2.7 holds. Hence we do more
work.

Note first that £(m) = £(m’) < £(|m]) — ¢(m’). We will work with this quantity.

lm)) — ) _ 7 () — (' = In'Drin ()

Since (m/ —m) > 1 we have that (m’ —m) > m’ — |m/]. Also note that D,; < D,,, 1 and

D . .
so In ( D T/”/ ) is negative. Then,

m'+1

<2r ln(ef(/\ife) + %C’)

Now we do the other side of the computation. Note that d is decreasing because as m
increases, (—m)] decreases and ¢ decreases (in fact both do so strictly and hence so does d).

Take m, m’ € [m1, ms] such that m’ > m without loss of generality. Then,

[d1(m) — di(m)| = di(m) — di(m) > (=m)] — (=m)] + ((m) — ((m)

(AT —e)(m' —m) — l(m + 1) + £(m)

> AT — e
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We get Lipschitz constant to be

- 1
L := max{2r ln(e_()‘ —9) 4 50) + AT 4, (239)

1
At + e}'
This completes the proof. O

Now that we have established that d; is L-BiLipschitz, a similar argument works for ds,

we get the same Lipschitz constant and a similar result to Lemma 5.3.38.

Lemma 6.2.12. For our choice of my and mo as in Equation (164), and Thiq large enough,

we have that the interval [d1(ma), d1(my)] inside [0, dy(m1)] has proportion at least (1 — ﬁ)

in measure (where n is as in Section 5.3 and Lemma 6.2.8). Similar result holds for da.
Proof. The proof is the same as in Lemma 5.3.38. ]
Using Lemma 6.2.12 we get the following lemma:

Lemma 6.2.13. Given the interval [m1,ma| (where my, ma as specified above), there exists

a positive measure subset G such that,

1. if m € G then flowing backwards by m from the points (Z,0, k1) and (g, 0, k1) lands

us in the set Ko x [0,1],

2. if m € G then flowing backwards by dy(m) and da(m) from the points (Z,0, k1) and

(9,0, k1) resp. lands both points in the set Ks.

Proof. The proof is the same as in Lemma 5.3.41. m

The end points

From the points x,y € X, we flow forwards by the ‘time change’ flow for time ¢ under a

new future to our final pair of points denoted z’,7’ € X. We will need to ensure that we
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land in an appropriate set called K i (see Section 5.3). Throughout this section we will call
K :=Kj.
Claims 5.3.42, 5.3.44 and Lemma 5.3.43 prove that

Lemma 6.2.14. We have that

WN{wt e QT Fl(z, (w™,wh), k) € K}) > 1 —1/Qes. (240)

Proof. See the proof of Lemma 5.3.45. n

So there is a large measure set of appropriate new futures to choose from. Run this

argument for each of the points, (T, Wy, ky) and (¥, Wy, ky) (separately).

Conclusion

From Section 6.2, Lemma 6.2.14, for each choice of T and m fixed (where m is chosen in an
interval determined by 7') we are given Vi, (¢ is determined and we assume it is greater
than £y by taking T large), a positive measure subset of Q7 such that we can choose (w')™
from.

Additionally, in Section 6.2 we landed in a set K9 where the points had a large measure

_|_

set of (w')™ to choose from such that if we change our -component to (w')* we belong to

the set Ko. This set K9 had properties we needed to make arguments in Section 5.3. We
detine V=V '@ Myt @)
good (w')* for Lemma 6.2.9. Now let V' = VNV N AT. The parameter @ is fixed at the

as the set of good (w')™. Lastly, we had the set AT of

beginning and €4, and ey were chosen (at the beginning) such that V/ has positive measure.

Take ¢ — oo, more precisely, I want the legs of the V to go to infinity. To achieve this,
we take p — 0, in turn, Tj;, gets bigger, and since #) and 6o are fixed, even though T
increases, we see that the proportion between 7" and Tp;, decreases. This implies that the

amount flowing by 7" separates the unstable component (the distance between ¢ and Z) and
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the stable distance (the distance between Z and Z) goes to zero. Together this constitutes
the distance between the unstable planes going to zero. The parameter m grows as p — 0
but does not prevent the error between the unstable planes from going to zero. We also
have that dy(mq) > (1 +n)di(m2) and da(mq) > (1 +n)da(ms) as in Lemma 5.3.38 so that
we can make an argument for our points along the way to stay in good sets as in Lemma
5.3.41. Being in a good set after flowing by dy or do allows us to use Lemma 6.2.14 to get
the set Vi, in the previous paragraph. As ¢ goes to infinity, the image of the supports
land in the same plane as the stable components for w’ (which is changing with ¢) shrink.
We end up with two support points in one unstable manifold. However, these limit points
by construction belong to the compact set Koo C W. This means VW must have positive

measure. This is a contradiction to Lemma 2.6.8, so we have proven Proposition 2.6.5.

7 A K3 surface with non-elementary actions but no parabolic

elements

We now demonstrate the existence of surfaces that fall outside of the results of [14]. Consider

an algebraic K3 surface over C, denoted X, and consider the Néron-Severi group:
NS(X) := HY (X, R) n H?(X; 2).

In [10, Remark 2.4], is it shown that because X is projective, (|) restricts to a non-degenerate
quadratic form on NS(X). This makes NS(X) an even lattice of signature (1, p — 1) where
p is the Picard number (see [10,15,34]).

Let OT(NS(X)) = O(NS(X))NOT(NS(X)®@R) where NS(X)®R is with its induced

quadratic form. Consider

A= {5 € NS(X) : qx(6) = —2}.
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We call A the set of roots. For each root § we get a reflection map s5 € OT(NS(X))

sg x> (x]d)d.

We define the Weyl group

W(X) = {s5 : qx(6) = =2} C OT(NS(X)) C O(NS(X)),

this is a normal subgroup of O (NS(X)), see [21, Chapter 8.2|.
Below we abstractly construct X with the properties we desire. This relies heavily on

the work of [35] and [34] which we will state.

Theorem 7.0.1. There exist K3 surfaces X carrying non-elementary actions such that

Aut(X) contains no parabolic elements and there is no algebraic invariant curve.

Proof. First we state a result of |38, Section 7| (see also [21, Chapter 15, Theorem 2.6|); it

relies heavily on the global Torelli theorem.

Proposition 7.0.2 ([38], see also [21], Chapter 15, Theorem 2.6). The natural map

¢ Aut(X) — O(NS(X))/W(X),

given by f v+ [* has finite kernel and cokernel.

Now we note a corollary of [35, Theorem 1.14.4] which can be found in [34, Corollary
2.9]. It tells us that we can realize certain even lattices with small signature as Néron-Severi

groups of algebraic K3s.

Proposition 7.0.3 (|35] Theorem 1.14.4, see also [34] Corollary 2.9). For p < 10, every even

lattice of signature (1,p — 1) occurs as the Néron-Severi group of an algebraic K3 surface.
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In particular, we can construct an even lattice S of signature (1,1) and it will be the

Néron-Severi group of a K3 surface X. We will construct S such that the following is true:
1. There are no elements of self-intersection -2,
2. There are no null vectors,
3. There are at least 2 distinct hyperbolic elements in O(S).

Condition (1) will give us that W (X) is trivial for the K3 we get when we apply Propo-

sition 7.0.3, then Proposition 7.0.2 reduces to the map

¢ Aut(X) - O(NS(X)),

having finite kernel and cokernel.
Condition (2) gives us that there are no parabolic elements inside O(NS(X)) because

parabolic elements fix a null vector. Combined with the fact that the map

¢ : Aut(X) — O(NS(X))

has finite kernel we get that Aut(X') has no parabolic elements. This is because if f € Aut(X)
is parabolic, then for some k, (f*)k acting on H1(X;R) is unipotent, i.e. has only 1s
as eigenvalues. This should be true for the action of (f*)* on NS(X) too (making f* a
parabolic element of O(NS(X))), the only concern would be if the action of f* on NS(X) is
the identity (in which case it is not a parabolic element of O(NS(X))). Since the kernel of
¢ : Aut(X) — O(NS(X)) is finite it contains no infinite order elements, such as parabolic
elements of Aut(X). This means that parabolic elements f € Aut(X) map to parabolic
elements f* € O(NS(X)). Since there are no parabolic elements in O(NS(X)) we must

have that Aut(X) contains no parabolic elements.
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Condition (3) combined with the fact that ¢ : Aut(X) — O(NS(X)) has finite cokernel
(i.e. O(NS(X))/Im(o) is finite) gives us that Aut(X) is non-elementary. This is because the
two distinct hyperbolic elements in O(S) = O(NS(X)) (which are infinite order) must be
trivial in the cokernel and hence belong to I'm(¢). Additionally, they will still have an eigen-
vector with eigenvalue A > 1 when viewed acting on H11(X;R). We get that Aut(X) has
at least two sufficiently distinct hyperbolic elements that give us a non-elementary subgroup
in Aut(X).

We can take S = Z2, q'X =22 - 2y2; this does not represent zero because ++/2 is not
rational and it has signature (1,1). We now take qg( as above and let gy = 7q3(, this gives
a quadratic form that does not represent -2, hence condition (1) is satisfied. Condition (3)
is also satisfied.

Making sure that there is no invariant algebraic curve relies on the fact that we guaranteed
that there are no elements with self-intersection -2, i.e. condition 1. To reiterate, condition
(1) gives us that Aut(X) — O(NS(X)) has finite kernel and cokernel by Proposition 7.0.2.
However, O(NS(X)) (and any finite index subgroup) is Zariski dense in O(NS(X) ® R) =
SO(1,1) by the Borel density theorem. Hence, if Aut(X) fixes a curve C' C X, then SO(1,1)
fixes [C] which cannot happen as this group does not fix any vector. This completes the

proof. O]

217



(1]

2]

13l

4]

[5]

[6]

17l

18]

19]

[10]

[11]

[12]

[13]

[14]

REFERENCES

Artur Avila, Jimmy Santamaria, and Marcelo Viana, Holonomy invariance: rough regularity and appli-

cations to Lyapunov exponents, Astérisque 358 (2013), 13-74.

Artur Avila and Marcelo Viana, Extremal Lyapunov exponents: an invariance principle and applications,

Inventiones mathematicae 181 (2010), no. 1, 115-178.

Luis Barreira and Yakov Pesin, Nonuniform hyperbolicity: Dynamics of systems with nonzero Lyapunov
exponents, Encyclopedia of Mathematics and its Applications, vol. 115, Cambridge University Press,

Cambridge, 2007.

Yves Benoist and Jean-Frangois Quint, Mesures stationnaires et fermés invariants des espaces ho-

mogénes, Annals of mathematics (2011), 1111-1162.

, Random walks on reductive groups, Springer, 2016.

Aaron W Brown, Alex Eskin, Simion Filip, and Frederico Rodriguez Hertz, Measure rigidity for
generalized u-Gibbs states and stationary measures wvia the factorization method, arXiv preprint

arXiv:2502.14042 (2025).

Aaron W Brown and Federico Rodriguez Hertz, Measure rigidity for random dynamics on surfaces with

positive entropy, Journal of the American Mathematical Society 30 (2017), no. 4, 1055-1132.
Marco Brunella, Courbes entiéres et feuilletages holomorphes, Enseign. Math.(2) 45 (1999), 195-216.

Serge Cantat, Dynamique des automorphismes des surfaces projectives complexes, Comptes Rendus de

I’Académie des Sciences-Series I-Mathematics 328 (1999), no. 10, 901-906.

, Dynamics of automorphisms of compact complex surfaces, Frontiers in complex dynamics, 2014.

Serge Cantat and Romain Dujardin, Random dynamics on real and complex projective surfaces, arXiv

preprint arXiv:2006.04394 (2020).

,  Hyperbolicity for large automorphism groups of projective surfaces, arXiv preprint

arXiv:2211.02418 (2022).

, Dynamics of automorphism groups of projective surfaces: classification, examples and outlook,

arXiv preprint arXiv:2310.01303 (2023).

, Invariant measures for large automorphism groups of projective surfaces, Transformation
Groups (2023), 1-71.
218



[15]

[16]

[17]

(18]

[19]

[20]
21]
[22]

23]

[24]

[25]
[26]

27]

(28]

[29]

[30]

Adrian Clingher and Charles F Doran, Lattice polarized K3 surfaces and Siegel modular forms, Advances

in Mathematics 231 (2012), no. 1, 172-212.

Alex Eskin, Unipotent flows and applications, Homogeneous flows, moduli spaces and arithmetic 10

(2010), 71-129.

Alex Eskin and Maryam Mirzakhani, Invariant and stationary measures for the SL2R action on moduli

space, Publications mathématiques de 'THES 127 (2018), 95-324.

David Fisher and Gregory Margulis, Almost isometric actions, property (T), and local rigidity, Inven-

tiones mathematicae 162 (2005), no. 1, 19-80.

Mikhail Gromov, Entropy, homology and semialgebraic geometry, Astérisque 145 (1987), no. 146, 225—
240.

, On the entropy of holomorphic maps, Enseign. Math 49 (2003), no. 3-4, 217-235.
Daniel Huybrechts, Lectures on K38 surfaces, Vol. 158, Cambridge University Press, 2016.

Boris Kalinin and Anatole Katok, Proceedings of Symposia in Pure Mathematics 69 (2001), 593-638.

, Measure rigidity beyond uniform hyperbolicity: Invariant Measures for Cartan actions on Tori,

Journal of Modern Dynamics 1 (2007), no. 1, 123-146.

Boris Kalinin and Victoria Sadovskaya, Normal forms for non-uniform contractions, J. Mod. Dyn. 11

(2017), 341-368.
Yuri Kifer, Ergodic theory of random transformations, Vol. 10, Springer Science & Business Media, 2012.
Pei-Dong Liu and Min Qian, Smooth ergodic theory of random dynamical systems, Springer, 2006.

Francois Ledrappier, Propriétés ergodiques des mesures de Sinai, Publications Mathématiques de 'THES

59 (1984), 163-188.

, Lyapunov Exponents: Proceedings of a Workshop held in Bremen, November 12-15, 1984 (2006),
56-73.

Francois Ledrappier and Lai-Sang Young, The metric entropy of diffeomorphisms: Part I: Characteri-

zation of measures satisfying Pesin’s entropy formula, Annals of Mathematics (1985), 509-539.

, The metric entropy of diffeomorphisms: part II: relations between entropy, exponents and di-

mension, Annals of Mathematics 122 (1985), no. 3, 540-574.

219



31]
[32]

[33]

[34]

[35]

[36]

37]

[38]

[39]

[40]

John M Lee, Introduction to Smooth Manifolds, Springer, 2012.
John Lesieutre, Tri-Coble surfaces and their automorphisms, arXiv preprint arXiv:2003.01799 (2020).

Gregori Aleksandrovitch Margulis and Georges Metodiev Tomanov, Invariant measures for actions of
unipotent groups over local fields on homogeneous spaces, Inventiones mathematicae 116 (1994), no. 1,

347-392.
D.R Morrison, On K3 surfaces with Large Picard number, Invent. math 75 (1984), 105-121.

Viacheslav V Nikulin, Integral symmetric bilinear forms and some of their applications, Mathematics of

the USSR-Izvestiya 14 (1980), no. 1, 103.

Yakov B Pesin, Families of invariant manifolds corresponding to nonzero characteristic exponents,

Izvestiya: Mathematics 10 (1976), no. 6, 1261-1305.

, Characteristic Lyapunov exponents and smooth ergodic theory, Russian Mathematical Surveys

32 (1977), no. 4, 55.

Ilya I Pjateckii-Sapiro and Igor R Safarevié, A Torelli theorem for algebraic surfaces of type K3, Math-
ematics of the USSR-Izvestiya 5 (1971), no. 3, 547.

David Ruelle, Ergodic theory of differentiable dynamical systems, Inst. Hautes Etudes Sci. Publ. Math.
50 (1979), 27-58.

Yosef Yomdin, Volume growth and entropy, Israel Journal of Mathematics 57 (1987), 285-300.

220



	Acknowledgments
	Abstract
	1 Introduction
	1.1 Main theorem and background
	1.2 Strategy

	2 Preliminaries
	2.1 Setup of the random dynamical system
	2.2 Oseledets' theorem and the global stable and unstable manifolds
	2.3 Suspension flow
	2.4 Conditional measures and the results of BEF
	2.5 Compatible families and quantitative non-integrability
	2.6 Proof of Theorem 1.1.1

	3 Tools required for the proof of Theorem 1.1.1
	3.1 Furstenberg theory
	3.2 Stable currents
	3.3 Ahlfors-Nevanlinna currents
	3.4 Fibered entropy and Theorem C of CD
	3.5 Non-uniform hyperbolicity and Pesin theory
	3.6 Hölder continuity of the Oseledets' subspaces
	3.7 Stable holonomies
	3.8 Normal form coordinates
	3.9 Time change suspension flow
	3.10 Some good sets

	4 Proofs of Lemmas 2.6.3 and 2.6.7
	4.1 Outline of proof of Lemma 2.6.3
	4.2 Proof of Lemma 2.6.3
	4.3 Outline of the proof of Lemma 2.6.7
	4.4 Proof of Lemma 2.6.7

	5 Proof of Proposition 2.6.9
	5.1 Outline of the proof of Proposition 2.6.9
	5.2 Reduction of Proposition 2.6.9 to Proposition 5.1.1
	5.3 Proof of Proposition 5.1.1

	6 Proof of Proposition 2.6.5
	6.1 Outline of the proof of Proposition 2.6.5
	6.2 Proof of Proposition 2.6.5

	7 A K3 surface with non-elementary actions but no parabolic elements
	8 References


