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ABSTRACT

This thesis investigates gauge theories by combining theoretical analysis of non-invertible

symmetries with computational simulations using neural network quantum states. We first

investigate (3+1)d ZN gauge theories with non-invertible duality symmetries that arise from

gauging one-form symmetries. These symmetries impose strict constraints on renormaliza-

tion group flows, often prohibiting symmetry-preserving gapped phases. Our proof demon-

strates that a self-dual theory with ZN one-form symmetry must either remain gapless or

break self-duality, except when N = k2ℓ with −1 as a quadratic residue modulo ℓ. Lattice

gauge theories provide concrete realizations of these constraints.

We then focus on the development of neural network quantum states for studying lattice

gauge theories. By implementing gauge-invariant neural networks, we compute ground-state

wavefunctions for ZN lattice gauge theories in (2+1)d. For Z2 gauge theory, we characterize

the continuous confinement transition and identify critical exponents consistent with the

Ising universality class. In the Z3 case we observe a weakly first-order transition between

the confined and deconfined phases. For both theories, we compute order and disorder

parameters and verify the linear confining potential in the confining phase. These results

demonstrate that neural network methods provide a powerful tool for studying quantum field

theories computationally. By combining these simulations with symmetry-based analysis,

this work uncovers new insights into the nonperturbative dynamics and phase structure of

gauge theories.
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CHAPTER 1

INTRODUCTION

1.1 From Atoms to Quantum Theory of Fields

The quest to understand the composition of the universe has fascinated humans since antiq-

uity. A remarkable turn occurred in philosophical discourse around 5th century B.C. when

independently in Greece and India, Democritus and Kanada suggested that everything in the

universe was made of small indivisible particles. These ancient thinkers were the first to de-

velop a truly materialist philosophy, asserting that physical reality consisted of tiny, eternal

particles moving through empty space. Democritus called these fundamental units "ato-

mos" (meaning "uncuttable" in Greek), while Kanada’s Vaisheshika school proposed "anu"

(the smallest, indestructible particles of matter) [1, 2]. Their revolutionary ideas challenged

prevailing notions of continuous matter and divine creation, establishing the intellectual

foundation that would eventually inspire modern atomic theory.

While ancient atomists laid the philosophical groundwork, it would take over two mil-

lennia for these ideas to evolve into scientific theories. A profound conceptual leap occurred

when Isaac Newton introduced the concept of gravitational fields—invisible forces acting

across space. This field concept was later extended to explain electricity and magnetism,

most notably through the work of Faraday and Maxwell in the 19th century [3]. As scientific

understanding deepened, physicists realized that fields themselves carried energy and mo-

mentum, existing as fundamental entities alongside particles [4]. This dual nature of reality

emerged as a cornerstone of modern physics: particles served as sources of fields, while the

arrangement and movement of matter occurred as a consequence of particles responding to

these fields. This interplay between discrete particles and continuous fields created a more

nuanced understanding than either Democritus or Kanada could have imagined.

A major revolution in our collective understanding came with the rise of quantum theory
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in the early 20th century. While Bohr’s model still conceptualized atoms as miniature solar

systems with particle-like electrons orbiting a nucleus, quantum mechanics revealed a far

stranger reality where electrons behaved as probability clouds rather than discrete objects [5].

The atomic view that had persisted since Democritus was dethroned by the development

of quantum field theory in the 1920s and 1930s by Paul Dirac, Werner Heisenberg, and

others [6]. These pioneers recognized that fields and not particles were the primary building

blocks, and particles were re-conceptualized as excitations in these underlying quantum

fields [7].

This remarkable view of reality has found extensive empirical confirmation in particle

physics experiments. While most of the mass of the atom resides in protons and neutrons,

these particles themselves are composed of quarks held together by gluons, which are the

carriers of the strong nuclear force. Strikingly, about 99% of a proton’s mass originates not

from its constituent quarks (which contribute only ∼ 1%), but from the energy of the gluon

field binding them together. The rest mass of a proton is approximately 938 MeV, while the

three quarks inside it account for merely 9-12 MeV [8]. The remaining mass ∼ 925 MeV,

emerges from the binding energy of the gluon field, confirming that what we perceive as

solid matter is primarily the manifestation of energy trapped in quantum fields rather than

discrete, substantive particles as the ancient atomists envisioned.

The Standard Model of particle physics which culminated in the 2012 discovery of the

Higgs boson [9, 10], represents our most comprehensive framework for understanding fun-

damental particles and forces. This theory describes three of the four fundamental forces

in nature through quantum fields whose excitations we perceive as particles. The electro-

magnetic force, carried by photons, governs interactions between charged particles. The

weak nuclear force, responsible for radioactive decay and carried by W and Z bosons, en-

ables flavor-changing interactions that transform one type of particle into another. Quantum

Chromodynamics (QCD), the theory of the strong nuclear force, describes how gluons bind
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quarks together to form protons and neutrons, and holds these nucleons together in atomic

nuclei. Gravity is the fourth fundamental force, but a full quantum theory of gravity remains

to be discovered.

Yet significant mysteries remain unsolved—neutrinos possess unexplained tiny masses,

and we still don’t know what constitutes the dark matter that makes up roughly 27% of the

universe. Perhaps most humbling is our limited understanding of strongly coupled systems.

The vast majority of what we teach and apply in quantum field theory relies on perturba-

tion theory, which treats interactions as small corrections to free, non-interacting fields. This

perturbative framework has been extraordinarily successful for calculating processes in quan-

tum electrodynamics and aspects of the weak nuclear force, where the coupling constants are

small [11]. The textbook formulations that work brilliantly for calculating electron interac-

tions fail spectacularly when confronting the physics of quarks and gluons in their confined

state [12].

The extreme physics inside neutron stars exemplifies this challenge, and we cannot defini-

tively state whether their cores contain exotic quark matter [13] or kaon condensates [14,15].

Similarly, we struggle to describe the quark-gluon plasma that existed microseconds after

the Big Bang [16–18], QCD at high baryon density, or supersolid nuclear phases theorized

to exist in pulsars. It took over 30 years from the development of QCD in the 1970s [19] to

the first ab initio calculations of the proton’s mass using lattice QCD [20], highlighting the

computational challenges posed by strong coupling. These limitations remind us that while

fields have replaced particles as fundamental entities, our understanding of how these fields

behave under extreme conditions remains incomplete.

1.2 Symmetries in Quantum Field Theory

Symmetry has long been the guiding principle in our understanding of physics. In quantum

field theory (QFT), symmetries come in two varieties: gauge and global. Gauge symmetries
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represent redundancies in our description of nature rather than actual physical symmetries

[21], while continuous global symmetries correspond to conserved quantities via Noether’s

theorem [22].

In recent years, our understanding of symmetry has changed substantially. The conven-

tional notion of symmetry has been generalized beyond group theory to include higher-form

symmetries, which act on extended objects rather than point particles, and non-invertible

symmetries, which lack inverses and thus go beyond the traditional group structure. In 2014,

Gaiotto, Kapustin, Seiberg, and Willett formalized the idea that global higher-form sym-

metries are associated with topological operators supported on extended submanifolds [23].

Their framework provides a unified way to describe and classify topological operators of

various dimensions through the lens of generalized global symmetries. These symmetries act

on charged objects of extended dimensionality; for instance, a 1-form symmetry acts on line

operators such as Wilson lines in gauge theories.

Non-invertible symmetries represent another generalization of the symmetry concept.

While conventional symmetries form groups, with each symmetry operation having an in-

verse, non-invertible symmetries follow more general algebraic structures called fusion cate-

gories [24]. These symmetries arise naturally in certain quantum field theories, particularly

in the context of dualities. For example, the famous Kramers-Wannier duality of the 2D

Ising model can be understood as a non-invertible symmetry [25]. When we act twice with

this duality operation, instead of returning to the identity, we obtain a sum over conventional

symmetry operations. This behavior is characteristic of non-invertible symmetries [26].

The discovery and classification of these generalized symmetries have had profound im-

plications across theoretical physics. In condensed matter theory, they provide new tools for

understanding topological phases of matter, including fractional quantum Hall states [27,28]

and topological insulators [29,30]. In high-energy physics, they offer new perspectives on con-

finement [31], symmetry breaking, and anomalies [32]. The connection to quantum compu-
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tation is particularly important: topological quantum error correction codes such as Kitaev’s

surface code [33] can be understood through the lens of higher-form symmetries [34], wherein

logical qubits are encoded in topological degrees of freedom protected by these symmetries.

1.3 Symmetry Breaking and Phase Transitions

Phase transitions represent one of the key phenomena in physics, where small changes in

parameters such as temperature can lead to dramatic changes in a system’s properties [35].

A simple example is water, which undergoes a transformation from a liquid to a solid state

when when its temperature falls below zero degrees Celsius.

In the Landau-Ginzburg paradigm, phase transitions are characterized by symmetry

breaking, where the system on either side of the phase transition has different pattern of

symmetries [36]. This framework has been tremendously successful in describing a wide class

of phase transitions, ranging from ferromagnetism to superconductivity.

The power of the symmetry-breaking paradigm lies in its universality, systems with en-

tirely different microscopic details but the same symmetry-breaking pattern exhibit identical

critical behavior [37]. This profound insight explains why seemingly unrelated physical sys-

tems can be described by the same mathematical framework near their critical points [38].

For example, the liquid-vapor transition in water and the ferromagnetic transition in iron

both belong to the Ising universality class, characterized by the spontaneous breaking of a

Z2 symmetry.

However, the discovery of topological phases of matter revealed the limitations of the

Landau paradigm [39]. Topological phases are distinct quantum states that cannot be distin-

guished by local order parameters. These phases remain robust against local perturbations

and exhibit phenomena such as quantized responses and protected edge states [40]. The

fractional quantum Hall states first discovered by Tsui, Stormer, and Gossard [41], were the

first to exhibit fractional excitations [42] and topological ground state degeneracy. From
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the modern perspective, these systems possess emergent higher-form symmetries that pro-

tect their topological order [23], with transitions between different quantum Hall plateaus

corresponding to topological phase transitions.

Topological phase transitions, which occur between different topologically ordered states,

can be understood as the breaking or restoration of higher-form symmetries [43]. For exam-

ple, the confinement-deconfinement transition in gauge theories corresponds to the sponta-

neous breaking of a 1-form symmetry [44]. In Z2 lattice gauge theory, the confined phase

preserves the Z2 1-form symmetry, while the deconfined phase breaks it.

1.4 Anomalies and Renormalization Group Flow

In quantum field theory, anomalies arise when a symmetry of the classical action fails to sur-

vive quantization [45]. These quantum symmetry violations have far-reaching implications,

placing stringent constraints on the structure of both high-energy and condensed matter

theories. The chiral anomaly, first discovered by Adler, Bell, and Jackiw [46] in the con-

text of neutral pion decay, provides a striking example: although classical chiral symmetry

would forbid the decay of a neutral pion into two photons, quantum effects allow it. In the

Standard Model, the requirement that gauge anomalies cancel imposes tight constraints on

the spectrum of fermions—forcing precise relationships between quark and lepton charges

to ensure gauge consistency. In condensed matter physics, anomalies play a central role in

phenomena such as the quantum Hall effect, where the presence of gapless edge modes on

the boundary of a topological insulator compensates for an anomaly in the bulk.

The renormalization group (RG), developed by Kenneth Wilson [47], describes how phys-

ical theories change with scale. It establishes that systems at different length scales can be

represented by effective field theories with scale-dependent parameters [48]. These theories

are connected by RG flows that systematically integrate out microscopic degrees of freedom.

At critical points where phase transitions occur, RG flows reach fixed points characterized
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by scale invariance [49].

In RG language, "infrared" (IR) refers to the long-distance or low-energy behavior of a

system, while "ultraviolet" (UV) refers to short-distance or high-energy behavior. For ex-

ample, in a magnetic material, the UV description includes details about individual atomic

spins and their local interactions, while the IR description captures only the collective be-

havior like overall magnetization. This distinction is crucial because many physical systems

appear completely different at different scales.

Wilson’s formulation revolutionized the understanding of critical phenomena, explaining

universality in phase transitions and providing tools for calculating critical exponents. Near

critical points, the correlation length diverges and the system becomes scale-invariant. The

behavior is dominated entirely by fluctuations at all length scales with no characteristic

size. At such points, microscopic details become irrelevant, and the system’s properties

are determined solely by a small number of relevant operators that survive in the IR limit.

This explains the remarkable phenomenon of universality: systems with entirely different

microscopic constituents can exhibit identical critical behavior characterized by the same set

of universal exponents. The systems all flow under renormalization group transformations

to the same IR fixed point, erasing their microscopic differences.

’t Hooft’s anomaly matching condition [50] places strict constraints on RG flows by re-

quiring anomalies to match between microscopic degrees of freedom and infrared descriptions

of a theory. If a symmetry has an anomaly in the microscopic theory, the IR theory must

account for this anomaly regardless of how the physics reorganizes at low energies. This often

rules out the possibility of a trivially gapped phase, forcing theories with certain anomalies

to either break symmetry spontaneously or maintain gapless excitations [51]. Gapless exci-

tations refer to low-energy modes that require arbitrarily small amounts of energy to excite,

indicating the absence of an energy gap in the spectrum. The presence of gapless degrees

of freedom fundamentally alters a system’s response to perturbations and typically leads to
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power-law correlations rather than the exponential decay characteristic of gapped phases.

The matching of anomalies during RG flow leads means that even if the theory is strong

coupled in the IR, one can use the knowledge of the anomaly in the UV to get a better under-

standing of the dynamics of the theory. Thus, global symmetries and their anomalies offer

one of the few tools for analytically studying the QFT at string coupling. In QCD, anomaly

matching explains why massless pions must emerge when chiral symmetry is spontaneously

broken.

Chapter 2 extends this powerful technique to non-invertible symmetries, a generaliza-

tion that goes beyond the conventional group structure of symmetries [52]. While ’t Hooft

anomalies for ordinary symmetries can obstruct gapped phases, we demonstrate analogous

obstructions arising from non-invertible duality symmetries in (3+1)d ZN gauge theories.

We classify which values of N permit symmetric gapped phases, and which values necessarily

lead to gapless excitations or spontaneous symmetry breaking. A gapped phase has a finite

energy difference (a gap) between its ground state and first excited state, even in the ther-

modynamic limit, implying that all excitations require a minimum finite energy to create.

Symmetric gapped phases preserve the system’s symmetries while maintaining this energy

gap. When such phases are forbidden by non-invertible symmetry constraints, the system

must either develop gapless excitations or spontaneously break the symmetry. This extends

the Landau paradigm to encompass non-invertible symmetries and provides a systematic

framework for understanding phase transitions in terms of these generalized symmetries.

1.5 Deep Learning

Deep learning has emerged as a powerful and versatile tool, transforming fields from com-

puter vision and natural language processing to physics, biology, and materials science [53].

Its development started in the 1950s, but progress remained slow for decades due to limited

computational resources and insufficient data. A key turning point came in the 2010s, when
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three trends converged: (1) the availability of massive datasets, (2) advances in parallel hard-

ware (especially GPUs and TPUs), and (3) the development of algorithms and architectures

that scale effectively with data and compute.

The central task in deep learning is to learn conditional probability distributions from

data. Given input variables x, the model learns to approximate p(y|x): the probability

distribution of outputs y conditioned on x. This paradigm is quite flexible and cover a wide

range of tasks:

• In image classification, x is an image and y is a label.

• In language modeling, x is a sequence of text and y is the next word or token.

• In protein structure prediction models such as AlphaFold, x is an amino acid sequence

and y is a 3D protein structure [54].

To learn these conditional distributions, deep learning models are trained to minimize a

quantity called the loss function, which measures how far the model’s prediction ŷ is from

the true value y. The loss function encodes the learning objective such as cross-entropy

loss for classification tasks, or the mean squared error for regression. For example, in image

classification, the model outputs a probability distribution over possible labels, and cross-

entropy penalizes deviations from the true label. In AlphaFold, the loss is more complex: it

includes terms that penalize differences between predicted and experimentally determined

3D coordinates, as well as violations of physical or geometric constraints [54].

During training, the model parameters (weights and biases) are updated to reduce the loss

using gradient-based optimization, most commonly stochastic gradient descent (SGD) [55]

or one of its variants like Adam [56]. At each step, the model computes the gradient of

the loss with respect to its parameters and updates them in the direction that most rapidly

reduces the loss. This iterative process continues until the model converges to a function

that approximates p(y|x) well over the training data.
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The power of this framework lies in its ability to generalize across domains, modeling com-

plex, high-dimensional data without requiring explicit rules. Today’s most capable models

e.g.: AlphaFold [54] and GPT-4 [57] are built on this principle. These neural networks

with billions of parameters are trained on massive datasets, optimized by stochastic gradient

descent accelerated with large-scale parallel processors.

1.6 Neural Quantum States and Lattice Gauge Theory

Neural quantum states (NQS) are a powerful class of variational wavefunctions where the

quantum states is parameterized by neural networks [58]. The central task is to approximate

the ground state of a quantum Hamiltonian by minimizing the expected energy. Unlike

supervised learning problems with a fixed labeled dataset, this task is inherently unsuper-

vised: data is generated on the fly by sampling from the basis elements of the Hilbert space.

The network learns to assign amplitudes ψ(x) to configurations x, and training proceeds by

minimizing the expectation value pf energy, which serves as the loss function [58]. Gradi-

ents of the energy with respect to the network parameters are computed using automatic

differentiation, allowing for efficient optimization via stochastic gradient descent [59]. In

this framework, learning the ground state becomes equivalent to learning a complex-valued

probability distribution that minimizes a physically meaningful loss.

Neural quantum states have been successfully applied to a wide range of quantum many-

body problems [60]. In quantum chemistry, they have been used to approximate the ground

states of molecular electronic systems, capturing strong electron correlations beyond tra-

ditional mean-field methods. In lattice models, they have described frustrated magnets,

topological phases, and systems with sign problems that are beyond the reach of traditional

Monte Carlo methods [61]. Unlike tensor networks, which are efficient primarily for low-

entanglement states in one dimension, NQS can scale to higher dimensions and represent

states with more complex entanglement, including volume-law states. Global and gauge sym-
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metries can be incorporated directly into the network architecture using group-equivariant

neural networks, enabling computationally efficient representations [62]. Thus, NQS provide

a computational tool to study strongly coupled quantum many-body systems, enabling the

exploration of phenomena beyond traditional computational methods.

In Chapter 3 we use neural quantum states to study discrete lattice gauge theories in

(2+1)d, which serve as simplified models capturing essential features of more complex gauge

theories including confinement and symmetry breaking [62, 63]. For the first time, we show

that gauge-equivariant NQS can not only approximate ground states, but also accurately

extract critical exponents associated with second-order phase transitions. This demonstrates

that NQS can characterize universality classes directly from real-space simulations, offering

capabilities beyond those of standard Euclidean Monte Carlo or tensor network methods.

Our architecture is based on lattice convolutional neural networks (L-CNNs), which are

both local and gauge-equivariant by design [64]. What makes the use of CNNs in physics so

striking is that they encode only a very minimal inductive bias: locality. The core assumption

behind CNNs is that nearby inputs are more likely to interact than distant ones, and that

the same local patterns can occur anywhere in the input space. This principle of local weight

sharing is incredibly general and applies equally well to the pixels in an image as to spins on

a lattice or degrees of freedom in a quantum field.

This minimalism is precisely what enables convolutional neural networks to generalize

across domains. Their power lies not in hand-crafted, domain-specific heuristics, but in their

ability to learn directly from data. The effectiveness of such general-purpose systems reflects

what Sutton termed the "Bitter Lesson" [65], which encapsulates the idea that progress in

AI has consistently come from methods that leverage computation and scale, rather than

those built around human-designed structure or domain knowledge. CNNs exemplify this

lesson: with locality as their only built-in assumption, they have proven capable of tackling

tasks in image recognition, self-driving cars, and even quantum many-body physic.
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The fact that a single architectural principle of locality can be applied across such diverse

domains is a striking example of methodological unification. This convergence heralds a shift

in scientific inquiry, with data-driven architectures emerging as powerful tools for discerning

structure in systems once deemed too complex to model. A vivid example of this trans-

formation is AlphaFold [54], a deep learning system that solved the long-standing protein

folding problem and, within just a few years lead to a Nobel Prize in Chemistry. What was

once an intractable biological puzzle became tractable through scalable neural architectures

trained end-to-end on raw sequence data without human-designed rules.

This breakthrough exemplifies a broader transformation in scientific inquiry, where ma-

chine learning methods can tackle diverse challenges from particle tagging in high-energy

physics [66] and real-time detection of gravitational waves [67] to the accelerated discovery

of novel materials [68]. As machine learning systems grow ever more capable, they promise

to reshape how we tackle intractable problems and uncover new questions. We are in the

midst of a new computational paradigm, in which tools of artificial intelligence will accelerate

the pace of discovery across the sciences.
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CHAPTER 2

OBSTRUCTIONS TO GAPPED PHASES FROM

NON-INVERTIBLE SYMMETRIES

This chapter is reprinted with permission from:

Apte, A., Córdova, C., and Lam, H. T. Obstructions to gapped phases from noninvertible

symmetries. Physical Review B (Vol. 108, Issue 4). © 2023 American Physical Society

DOI:10.1103/PhysRevB.108.045134

2.1 Introduction

The study of renormalization group flows and phase transitions has been a central topic in

quantum field theory for the past half century. A core conceptual idea is the organization

of phases of field theories by their global symmetries and the realization of these

symmetries on the ground state. This is the Landau paradigm for states of matter. In this

paper, we explore this framework for novel non-invertible duality symmetries.

In its modern incarnation, the idea of symmetry has become intrinsically linked with

topology. Each global symmetry of a theory may be understood as a co-dimension one

defect operator (or as a domain wall in a spontaneously broken phase). These symmetry

defects are topological: continuous deformations of their positions which do not cross other

operators leave their correlation functions invariant.

Over the last decade this idea has radically broadened in its scope and applicability,

encompassing higher-form symmetry corresponding to invertible topological operators of

general dimension [69], higher-group symmetries which intertwine invertible topological

operators of different dimensions [70–73], and finally non-invertible symmetries [71,74–77]:

the algebraic frontier where the defect operators are characterized by general higher fusion

categories [78–84].
13
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In this work, we focus on non-invertible symmetries of (3+1)d theories, with the basic goal

of determining when these symmetries are compatible with a unique vacuum state and a

gapped spectrum. As we describe below, in general we will find that such realizations of

duality symmetries are impossible. These obstructions are similar in spirit to the

Lieb-Shultz-Mattis theorem [85] which implies that certain (1+1)d lattice models are

gapless or have degenerate ground states given the existence of certain types of symmetry.

Our results extend these ideas to the arena of higher-dimensional field theories invariant

under a novel class of symmetries.

2.1.1 Symmetry in Duality Invariant Theories

Examples of (3+1)d systems invariant under non-invertible symmetries may be constructed

by starting from the class of quantum field theories which have a Z(1)
N one-form global

symmetry. Given any such theory Q, one can construct others by the following operations:

• S: Gauging the Z(1)
N symmetry by coupling to a dynamical ZN two-form gauge field

b. The resulting theory SQ, then has an emergent dual Z(1)
N global symmetry arising

from the Wilson surface operators exp
(
2πi
N

∮
b
)
.

• T : Stacking the theory Q with a minimal invertible theory for the Z(1)
N global

symmetry. In terms of a Z(1)
N background gauge field B this is expressed as


exp

[
2πi
2N

∫
X P(B)

]
N even ,

exp
[
2πi(N+1)

2N

∫
X P(B)

]
N odd ,

(2.1)

where P(B) is a suitable quadratic function (see equation (2.6) below).
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As an action on the set of all field theories with Z(1)
N symmetry, S, and T realize a discrete

analog of the modular group and obey the equations:

S2 = C , (ST )3 = Y , (2.2)

where C is charge conjugation acting as B ↔ −B, and Y represents stacking the original

theory Q with an invertible field theory depending only on the spacetime manifold [69,86].

By performing such a gauging procedure in half of space-time with Dirichlet boundary

conditions separating the two halves, one obtains an interface separating two theories Q

and SQ (see Figure 2.1). As observed in [76,77] when the theory is self-dual under gauging

i.e. Q ∼= SQ, then this interface is a topological symmetry operator in Q, a duality defect.

Such duality defects generalize Kramers-Wannier duality lines from (1+1)d QFTs to this

higher-dimensional setting. More generally, one may also consider theories invariant under

gauging operations built from composites of S and T . For instance, invariance T−1S leads

to a triality defect [81].

These defects generalize the ordinary concept of symmetry. In particular, their fusion is

not defined by a group. For instance, the duality defect D is invertible up to a condensate

of one-form symmetry defects. Specifically, wrapping the defect D on a three-manifold M

and colliding it with its CPT conjugate D one finds:

D(M)×D(M) ∼= 1

N

∑
S∈H2(M,ZN )

exp

(
2πi

N

∮
S
b

)
, (2.3)

For a complete list of the fusion rules for the duality and triality defects see [81].

A wide variety of non-trivial examples realizing these symmetries or related non-invertible

defects have recently been constructed in the literature. These

include [43,76,77,79–83,87–124], which build on extensive previous investigations of

non-invertible symmetries in (1 + 1)d theories [71, 75,125–152].
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Figure 2.1: The definition of the duality defect D via gauging in half of spacetime. The
left region couples to a background two-form gauge field BL associated to the Z(1)

N global
symmetry. In the right region this symmetry is gauged with dynamical field b. The right
region recovers the Z(1)

N global symmetry through the Wilson surface operators of b which
couple to the background field BR.

2.1.2 Phases of Duality Invariant Field Theories

Like all notions of symmetry in quantum field theory, the duality defects described above

can be used to constrain dynamics. Below our main focus is on characterizing the interplay

between duality invariant phases and the mass gap.

In general, given any symmetry one may always realize it in a spontaneously broken phase.

In the case of a discrete symmetry, such as the duality defects discussed here, a

spontaneously broken phase means that there are multiple local vacua which are

characterized by the presence of multiple topological local operators.1 The local physics in

a given ground state is unconstrained, but the various ground states are related by the

gauging operation. This possibility can occur at a first order phase transition, where the

duality defect forms the domain wall between different ground states. We discuss

spontaneous symmetry breaking further in supplementary section 2.5.5, and highlight its

occurrence in ZN lattice gauge theory for small N below.

In contrast with the scenario outlined above, symmetry preserving phases are tightly

constrained. In this situation there is a unique local topological operator (the identity).

1. Here and below, by a local vacuum state we mean a ground state on R3 or equivalently S3.
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Scale invariant phases arising at the end of renormalization group flows can be classified as

follows:

• Invertible Phases: The theory is gapped and invertible. Its partition function is a

phase and there is a unique ground state on any spatial topology.

• Topologically Ordered Phases: The theory is gapped, but described by a non-trivial

topological quantum field theory (TQFT). The ground state degeneracy depends on

the spatial manifold.

• Gapless Phases: The mass gap vanishes and the theory is a free or interacting

conformal field theory, with non-trivial power law correlation functions.

In the case of invertible symmetry (characterized by groups), the obstruction to the

existence of an invertible realization is the ’t Hooft anomaly. However, anomalies can also

obstruct the existence of topologically ordered phase. This phenomenon is referred to as

symmetry enforced gaplessness explored in condensed matter systems in [153–157], and

through the lens of quantum field theory in [158–164].

We generalize these considerations to (3+1)d duality invariant field theories by providing

the first examples of TQFTs which are duality invariant without spontaneous symmetry

breaking, and classifying all possible N for which this can occur. This extends parallel

results in (1+1)d [75] as well as the work of [77,81], where duality invariant (3+1)d

one-form symmetry protected topological (SPT) phases were classified. For the case of

theories invariant under S with the duality defect D, our findings are enumerated in Table

2.1.

Our basic method is to generalize the analysis of [162,163] to the setting of non-invertible

symmetries. The key idea is to examine the Z(1)
N one-form symmetry action on line

operators. A distinguished role is played by the subgroup of Z(1)
N that does not act
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SPT 2, 5, 10, 13, 17, 25, 26, 29, 34, 37, 41, 50, 53, 58, ...
TQFT 4, 8, 9, 16, 18, 20, 25, 32, 36, 40, 45, 49, 50, 52, ...

Table 2.1: Possible N ≤ 60 for Z(1)
N symmetric gapped phases invariant under gauging (S).

The top line enumerates those N where an SPT exists. These are integers where −1 is a
quadratic residue modulo N . The second line enumerates those N where a duality invariant
non-trivial TQFT exists. In this case N = k2ℓ, where −1 is a quadratic residue modulo ℓ.
A duality symmetry preserving theory with N that does not appear above is gapless. These
include N = 3, 6, 7, 11, 12, ....

faithfully, i.e. the subgroup of the symmetry with no associated charged objects.2 In a

gapped phase, these operators admit topological boundary conditions. If we further assume

that there is no spontaneous symmetry breaking of the duality invariance, the effect of

these unfaithfully acting surface operators can be reduced to insertions of the identity

operator. Enforcing duality invariance then leads to constraints on N as elucidated in

theorem 5. We also provide a converse to our constraints on N by explicitly constructing

duality invariant TQFTs for all allowed values of N , generalizing the results of [164] to the

setting of non-invertible symmetries.

Beyond simply reproducing the analysis of [77] for SPT phases, our analysis of duality

defects also reveals their physical properties. In particular, we show that for a duality

invariant SPT phase the world-volume theory of the defect D is a minimal Abelian

TQFT [167] with a T invariant spectrum of anyons as analyzed in [168]. This is analogous

to the analysis presented in [169–171], where Z2 symmetry defects were shown to admit T

symmetry with a map relating the bulk and defect anomalies.

Finally, we illustrate our results by considering ZN lattice gauge theories. In these theories,

topological phase transitions for Z2,Z3 and Z4 occur by spontaneous breaking of

non-invertible self-duality, while for larger N the duality invariant point is gapless. Thus,

these first order phase transitions for small N can be viewed as part of a generalized

2. Note that a one form symmetry which acts unfaithfully by linking with line operators may still have
non-trivial correlation functions for instance via triple linking or other more intricate configurations [165,166].
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Landau paradigm by incorporating non-invertible symmetries. Several appendices

summarize more technical material about quadratic Gauss sums, partition functions of

topological two-form gauge theories, details of our argument classifying duality invariant

TQFTs, and comments about models that spontaneously break duality symmetry.

2.2 Invertible Phases

In this section, we classify invertible field theories with duality symmetry which are

invariant under combinations of the gauging operations S and T following [77,81]. We also

highlight how self-duality leads to an anti-unitary time-reversal symmetry acting on the

duality defect D, and comment on other physical aspects of the resulting symmetry defects.

For simplicity, throughout this paper we will work on a smooth simply-connected

Euclidean spacetime four-manifold X. The manifold X has the bi-linear intersection

pairing in the middle dimension

I : H2(X;Z)×H2(X;Z) → Z , (2.4)

defined by the cup product. Associated to I we introduce a quadratic function P(B) where

B ∈ H2(X;ZN ) is a background field for the one-form symmetry and P depends on the

parity of N as:

P(B) =


Pontryagin square ∈ H4(X,Z2N ) N even ,

B ∪B ∈ H4(X,ZN ) N odd .
(2.5)
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2.2.1 Self-Dual SPT Phases

The most general bosonic SPT phase for a Z(1)
N one-form symmetry can be expressed

as [172]:

Z[B] = exp

[∫
X

2πip

2N
P(B)

]
. (2.6)

Here the integer p characterizes the phase and is identified as p ∼ p+ 2N . For N even

there are thus 2N distinct phases, while for N odd, p is further constrained to be even

leading to N distinct phases.

The phase (2.6) enjoys duality symmetry if it is invariant under the gauging operation S.

This can be directly checked by computing the partition function after gauging:3

SZ[B] = λ−1
N

∑
b∈H2(X,ZN )

Z[b] exp

[∫
X

2πi

N
b ∪B

]
, (2.7)

where λN =
√
|H2(X,ZN )|. The right-hand side above is in general a non-invertible

TQFT, and hence can only be equivalent to (2.6) in the special case where all operators are

trivialized by the equations of motion for b, given by

pb+B = 0 mod N . (2.8)

If p is co-prime to N , the above equation may be solved for b restricting it to be a

non-fluctuating classical background B. Thus only in this case can gauging the SPT (2.6)

result in an invertible theory. From now on we assume this condition. Substituting (2.8)

3. In (2.7) one may also consider a more general bi-character by modifying the the weight of the b ∪ B
term by an integer ℓ which is co-prime to N . This does not modify the conclusions below.
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back into the action (2.7) leads to4

SZ[B] = G(I, p,N) exp

−∫
X

2πi (p)−1
γ(N)N

2N
P (B)

 . (2.9)

In the above, G(I, p,N) is an overall B independent phase defined by a Gauss sum for the

intersection form I (see supplementary section 2.5.1):

G(I, p,N) =
1

N rk(I)/2

N−1∑
x=0

exp

(
2πip

2N
xT Ix

)
, (2.10)

where rk(I) is the rank of I.

Let us focus first on the B dependence of (2.9). We see that the gauged action has a

quadratic dependence on B with a map on p:

p 7→ −(p)−1
γ(N)N

, γ(N) ≡


1 odd N

2 even N
, (2.11)

where the notation (α)−1
β denotes the inverse of α in the ring Zβ for co-prime integers α

and β. Invariance under the S transformation therefore means that in the discrete group

classifying the SPT, this map is the identity.

Thus, a duality invariant SPT can exist only if there are solutions to the modular

quadratic equation:

p2 = −1 mod γ(N)N . (2.12)

Moreover, when solutions to the above exist it is straightforward to check that the overall

phase defined by the Gauss sum in (2.9) is unity (see (2.58).) As is well known, the

existence of solutions to (2.12) depends on the prime factorization of N . Thus, we

4. When N is odd, we pick an even (p)−1
N so that the action is well-defined. If (p)−1

N is odd, we can
redefine it by a shift of N to obtain an even (p)−1

N .
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reproduce the result of [77]:

Theorem 1. There exist invertible bosonic phases realizing the duality defect D, i.e.

invariant under the gauging operation S if and only if N is odd and a product of

Pythagorean primes:

N = pa11 p
a2
2 . . . pann , ∀i pi = 1 mod 4 . (2.13)

For fermionic or equivalently spin theories, we can further refine the result above. When N

is even, using the fact that,

P(B) = B ∪ w2(X) mod 2 , (2.14)

we deduce that on a spin manifold, P(B) is also even and hence there is an identification

p ∼ p+N . Then, the same steps as above imply that we have to solve the quadratic

residue equation modulo N for both odd and even N

p2 = −1 mod N . (2.15)

Moreover in this case the overall phase defined by the Gauss sum is trivial due to Rokhlin’s

theorem (see below (2.57)). Therefore we again reproduce the result of [77]:

Theorem 2. There exist invertible spin phases invariant under the gauging operation S if

and only if N a product of Pythagorean primes up to a single factor of two.

2.2.2 Physics of the Duality Defect

It is instructive to analyze the physics of the duality defect D. We focus below on the

bosonic case, though analogous considerations hold for duality defects of fermionic SPTs.

With general bulk dynamics, the symmetry defect has a Z(1)
N × Z(1)

N symmetry which arises
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from bulk one-form symmetry defects ending on the duality defect (see Figure 2.2). This

ending is possible because the duality defect is defined by Dirichlet boundary conditions for

the dynamical gauge field (see Figure 2.1).

Figure 2.2: Z(1)
N ×Z(1)

N symmetry of D arises from ending of one-form symmetry defects from
Q (purple) and SQ (green).

Physically, the one-form symmetries of D define Abelian anyons within D. The

self-braiding of each Z(1)
N factor is theory dependent, but the braiding between the

generators of each Z(1)
N factor is fixed by the pairing of b and B in the gauging defining the

defect (See Figure 2.1).5

When the bulk dynamics are invertible the theory on the duality defect is a well-defined

(2+1)d TQFT and the bulk SPT phase on the left and the right specify the anomaly of

this system. Moreover the construction of the defect by gauging in a half space identifies

the (2+1)d defect theory as a minimal Abelian TQFT AN,p [167] (see Figure 2.3). Such a

theory has a spectrum of lines which are exactly given by the abelian anyons defining the

one-form symmetry.

The theory AN,p has a single Z(1)
N symmetry generated by an abelian anyon a. Thus, the

left and right bulk symmetry surfaces must each end on these abelian anyons but with a

5. This generalizes an analogous statement in (1+1)d theories with Tambara-Yamagami fusion category
symmetry where the bi-character encodes the anomaly between left and right symmetries of the defect
[75,143,173].
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Figure 2.3: The duality defect D in a bulk SPT phase. The defect D is a well-defined (2+1)d
TQFT which is indentified with a minimal abelian TQFT.

possible difference in the choice of generating line. To deduce the relationship between left

and right, we consider the equation of motion (2.8) and interpret B and b as the fields on

the wall sourcing the right and left symmetries. When (2.8) is not solved the partition

function of the total system including the defect vanishes. This means that the quantity

appearing in the equations of motion sources charged abelian anyons wrapping non-trivial

cycles in the defect. Correspondingly, when the equation of motions hold no charged lines

are inserted. Hence, the left and right surfaces end on the lines:

Left : a Right : a(p)
−1
N . (2.16)

This relation between the left and the right symmetries (2.16) may be further understood

by observing that in an invertible phase, the duality defect D has an antiunitary

time-reversal symmetry, T. Note that this is true even though for general p the bulk SPT

defined in (2.6) does not have T symmetry.

To argue for this conclusion we proceed analogously to [169–171]. Consider the theories Q

and SQ separated by the duality defect as in Figure 2.4. A rotation by π along an axis in

the defect, which we denote by Rπ, swaps the theories Q and SQ. By composing this

operation with gauging of the one-form symmetry in all of space-time i.e. S we obtain a
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Figure 2.4: T symmetry of the duality defect separating phases Q and SQ. Rπ combined
with gauging of one-form symmetry in all of spacetime maps the boundary conditions to
themselves, but reverses the orientation of D. Hence this composite operation defines a
time-reversal symmetry T of the duality defect worldvolume.

symmetry T

T ≡ S ·Rπ . (2.17)

By construction this leaves the boundary conditions invariant and therefore acts on the

duality defect. Moreover since it reverses the defect orientation it is a time-reversal

symmetry.6

We can also deduce the unitary symmetry T2 from the fusion algebra of the duality defect

(2.3). Within the wall the T symmetry defect is realized by intersecting D with itself.

Since this is a time-reversal symmetry, at each such intersection the orientations of the

defects reverse (see Figure 2.5). If we now collide two such junctions we obtain the fusion

of D×D resulting in a condensation of one-form symmetry surfaces. Such surfaces come in

two varieties:

• Surfaces parallel to the vertical duality defect D in Figure 2.5. These surfaces are

simply absorbed by the duality defect. Indeed, D is characterized by Dirichlet

boundary conditions (see Figure 2.3), and therefore absorbs one-form symmetry

defects contained completely within it.

• One-form symmetry surfaces that intersect the vertical duality defect D in Figure 2.5.

These are non-trivial and give rise to abelian anyons within the duality defect.

6. More generally when the bulk dynamics is not invertible, we expect that the duality defect D still
enjoys an antiunitary non-invertible symmetry analogous to those recently discussed in [99].
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Taking into account the identification of generators, we see that a generator for the

bulk one-form symmetry yields an abelian anyon a1+(p)−1
N within D.

Figure 2.5: The T symmetry of the duality defect D is realized by intersecting duality defects
(shown as black dots). At each such intersection the duality defect orientations reverse.
Colliding two such junctions leads to the bulk fusion algebra of D with its orientation reversal
D resulting in a condensation of one-form symmetry surfaces shown in magenta. Within the
duality defect worldvolume, this restricts to a condensation of abelian anyons that produces
the charge conjugation symmetry C.

From these observations, we deduce that the operator T2 in D is defined by a condensate of

abelian anyons [79]. For instance taking the surface supporting T to be a torus M we find:

T2 =
1

N

∑
γ∈H1(M,ZN )

a1+(p)−1
N (γ) . (2.18)

Although condensation operators like the one appearing above are frequently

non-invertible, in fact in this special case the condensation is invertible and is identified

with the charge conjugation symmetry C that maps ar to a−r.

To demonstrate this we note that as a consequence of (2.12), when N is odd, 1 + (p)−1
N is

co-prime to N .7 Therefore, the condensation defect above is equivalent to a sum over all

7. Using (2.12), we have (1 + (p)−1
N )(2)−1

N (1 − (p)−1
N ) = 1 mod N for odd N and therefore 1 + (p)−1

N is
co-prime to N .
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abelian anyons:

T2 =
1

N

∑
γ∈H1(M,ZN )

a(γ) . (2.19)

Now we follow [79] and evaluate the action of T2 on a line as. Let α, β ∈ H1(M,Z) denote

a basis for the one-cycles on the torus with intersection form α ∩ β = 1. We can split a

general line on a cycle γ as:

a(xα + yβ) = exp

(
2πipxy

2N

)
ay(β)ax(α) , (2.20)

where x, y ∈ Z, and above we have used that the spin of the line ar is fixed as:

h(ar) =
pr2

2N
. (2.21)

We consider a geometry where the anyon as wraps the β cycle at the center of the solid

torus whose boundary is the support M of T2. Then the lines wrapping α braid with the

central anyon, while those wrapping β fuse with it. Whence using (2.20):

T2 (as) =
1

N

N−1∑
x,y=0

exp

(
2πipxy

2N

)
ay(β)ax(α)as(β) ,

=
1

N

N−1∑
x,y=0

exp

(
2πipxy

2N
+

2πipxs

N

)(
ay+s) . (2.22)

The sum above over x now enforces

py

2
+ ps = 0 , mod N . (2.23)

And since N is odd and p and N are co-prime, we can solve for y to find simply:

T2 (as) = a−s . (2.24)
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This is exactly the expected action of charge conjugation on lines. In summary we have

derived the algebra:8

T2 = C . (2.25)

The symmetry T that we have identified provides another explanation of several of the

features of the duality defect. As is evident from Figure 2.4, T exchanges the left and right

bulk one-form symmetries. Since these couple differently to the defect as in (2.16), we

conclude that T acts on the anyons of the defect theory AN,p as:

T(a) = a(p)
−1
N . (2.26)

We can see that this is a consistent action of time-reversal by recalling that the spin of the

anyon ar in (2.21). Indeed, T changes the sign of the spin precisely when p obeys p2 = −1

mod N . This reproduces the condition (2.8) necessary for the existence of a duality

invariant SPT. However, now we see that it is a consequence of the T symmetry of the

(2+1)d duality defect TQFT in agreement with analysis of [168].

Finally, let us comment on the chiral central charge c of the duality defect. This may be

computed by summing over the spins of the distinct lines (2.21). Recalling that pN is even

(and hence AN,p is bosonic), the distinct lines correspond to ar for r = {0, . . . , N − 1}.

This yields:

exp

(
2πic

8

)
=

1√
N

N−1∑
r=0

e
2πip
2N r2 = G([+1], p,N) , (2.27)

where the right-hand side is the quadratic Gauss sum for the intersection form of CP2.

Pragmatically, this is also the same phase factor that we encounter in (2.9) when we

integrate out the dynamical field b.

8. For even N , charge conjugation is instead the condensation defect generated by a2. This matches
(2.18) because (2.15) implies that (1 + (p)−1

N )(1 − (p)−1
N ) = 2 mod N and therefore 1 + (p)−1

N is even and
(1 + (p)−1

N )/2 is co-prime to N/2.
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As remarked above (and proven in (2.58)), when the conditions for the existence of the

duality defect are met, namely when p2 = −1 mod N for odd N , the Gauss sum above is

trivial and hence the chiral central charge vanishes modulo eight. In particular, this implies

that up to possibly stacking with a properly quantized bosonic gravitational Chern-Simons

term, we deduce that the chiral central charge of the duality defect AN,p vanishes.

In fact, the condition c = 0 is also compatible with the time-reversal invariance of the

duality defect, since T relates left and right moving chiral edge modes. Thus we see how

the T symmetry of the duality defect explains and unifies many of its physical properties.

2.2.3 General Duality Invariant Invertible Phases

It is straightforward to extend the previous analysis to invertible phases invariant under

compositions of gauging (S) and stacking (T ) operations defined in section 2.1.1. Let us

now consider the composite operation T−p′S. In particular, the case p′ = ±1 or

p′ = ±(1 +N), for even or odd N respectively give rise to the existence of triality defects

studied in [81].

Acting on the general invertible theory defined in (2.6), the operation T−p′S leads to the

action
(T−p′SZ)[B]

= λ−1
N

∑
b∈H2(X,ZN )

Z[b] exp

[∫
X

2πi

N
b ∪B − 2πip′

2N
P(B)

]
.

(2.28)

Using the equations of motion for b, we can follow the same steps that we did to derive

(2.9) to obtain

(T−p′SZ)[B]

= G(I, p,N) exp

−∫
X

2πi
(
p′ + (p)−1

γ(N)N

)
2N

P (B)

 ,
(2.29)
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If the theory T−p′SQ is equivalent to the original theory Q (up to a gravitational

counter-term), then the dependence on B must match. Imposing this condition leads to

the following theorem [81]:

Theorem 3. There exists a bosonic SPT that is invariant under T−p′S gauging a Z(1)
N

one-form symmetry, if and only if there exists a solution p to

p(p+ p′) = −1 mod γ(N)N . (2.30)

Analogously, for spin theories we have [81]:

Theorem 4. There exists a spin SPT that is invariant under T−p′S gauging a Z(1)
N

one-form symmetry, if and only if there exists a solution p to

p(p+ p′) = −1 mod N . (2.31)

We now restrict our attention to triality invariant SPTs. For even N , this means that the

SPT is invariant under T−1S gauging the Z(1)
N one-form symmetry. Such a (spin) SPT

does not exist because there is no solution to the conditions (2.30) or (2.31) when p′ = 1

and N is even. For odd N , p′ = −(1 +N) and such SPTs may exist.9

As in the case of SPTs invariant under the S operation, it is instructive to analyze the

physics on the triality defect defined by doing T−(1+N)S gauging in half of the spacetime.

The theory on the triality defect is the minimal Abelian TQFTs AN,p ×AN,N+1. The first

minimal TQFT comes from S gauging the SPT in half of the spacetime while the second

one is introduced to cancel the anomaly inflow from the T−(1+N) operation on the right.

We can evaluate the chiral central charge of the TQFT on the defect by summing over lines

9. Inspecting equation (2.30), we deduce that solutions exist if and only if -3 is a quadratic residue modulo
N [81].
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as in (2.27) yielding:

exp

(
2πic

8

)
= G([+1], p,N)G([+1], 1 +N,N) . (2.32)

The first Gauss sum is the same phase factor that shows up in (2.29). The Gauss sum in

(2.32) does not equal to unity in general but it is independent of the integer p

characterizing the triality invariant SPT. Using (2.61), we get

exp

(
2πic

8

)
=


1 N ≡ 1 mod 4 ,

−1 N ≡ 3 mod 4 .

(2.33)

Since the Gauss sum is always an eighth root of unity the chiral central charge of the

symmetry defect may be cancelled by stacking with a well quantized spinC gravitational

Chern-Simons term.

Therefore, for triality invariant SPT phases, the symmetry defects implementing the

gauging operation have a vanishing chiral central charge modulo the addition of invertible

(2+1)d gravitational theories.

2.3 Topologically Ordered Phases

In this section, we construct examples of (3+1)d duality symmetry preserving TQFTs

which are invariant under combinations of S and T gauging operations of a Z(1)
N one-form

symmetry. Without loss of generality, we consider only TQFTs that have a unique local

vacuum. After these explicit constructions, we prove that for values of N that are not

realized by these explicit examples, such TQFTs do not exist.
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2.3.1 Examples

As a starting example, consider the case when N = k2 is a perfect square. Then, a Zk

gauge theory is invariant under gauging a Z(1)
N one-form symmetry that couples to the

background gauge field B as

Z[B] = λ−1
k

∑
b∈H2(X,Zk)

exp

[
2πi

k

∫
X
b ∪B

]

= λk δ(B mod k) ,

(2.34)

where λk =
√
|H2(X,Zk)|. The Z(1)

N one-form symmetry, in particular its Z(1)
k subgroup,

does not act faithfully on line operators. It is straightforward to check that gauging the

Z(1)
N one-form symmetry leads to the same partition function as the original Zk gauge

theory. Using the half space gauging construction, we find that the duality defect factorizes

into the product of Dirichlet boundary conditions for the Zk two-form gauge fields on the

two sides.

More generally, consider the case when N = k2ℓ for some integers k and ℓ, and -1 is a

quadratic residue of ℓ. Then, there exists a (spin) TQFT that is invariant under gauging a

Z(1)
N one-form symmetry. Let p be a solution to p2 + 1 = 0 mod ℓ. In particular, this

implies that p and ℓ are co-prime.

Let us first consider the case when ℓ is odd. Then solutions exist if and only if ℓ is a

product of Pythagorean primes. The TQFT invariant under gauging is a Zk gauge theory
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stacked with a Z(1)
N one-form SPT described by the following partition function10

Z[B]

= λ−1
k

∑
b∈H2(X,Zk)

exp

[
2πi

∫
X

(
p

2N
P(B) +

1

k
b ∪B

)]

= λkδ(B mod k) exp
[
2πip

2ℓ

∫
X
P
(
B

k

)]
.

(2.35)

Gauging the Z(1)
N one-form symmetry, we obtain a partition function identical to (2.35)

SZ[B]

= λ−1
kℓ

∑
b∈H2(X,Zkℓ)

exp

[
2πi

∫
X

(
p

2ℓ
P(b) +

1

kℓ
b ∪B

)]

= λkδ(B mod k)G(I, p, ℓ) exp

[
−
2πi(p)−1

ℓ

2ℓ

∫
X
P
(
B

k

)]

= λkδ(B mod k) exp
[
2πip

2ℓ

∫
X
P
(
B

k

)]
= Z[B] .

(2.36)

In the second equality, we used (2.9) for the odd ℓ case since p and ℓ are co-prime, and we

pick an even (p)−1
ℓ . In the last equality, we simplified the expression using the fact that

G(I, p, ℓ) = 1 when p2 + 1 = 0 mod ℓ and and (p)−1
ℓ /2 = −p/2 mod ℓ. Note that the

TQFT (2.35), as a bosonic TQFT, is already invariant under gauging.

Now consider the case when ℓ is even. Then solutions exist if ℓ/2 is odd and ℓ/2 is a

product of Pythagorean primes. Again, let us consider the theory (2.35). Using (2.9) for

the even ℓ case, gauging leads to

SZ[B] =λkδ(B mod k)G(I, p, ℓ)

× exp

[
−
2πi(p)−1

2ℓ

2ℓ

∫
X
P
(
B

k

)]
.

(2.37)

10. For the expressions to be well-defined, we pick an even solution to p2 + 1 = 0 mod ℓ. If the solution p
is odd, we can get an even solution by redefining p to p+ ℓ.
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As a spin TQFT, the theory is exactly invariant under gauging the Z(1)
N one-form

symmetry since (p)−1
2ℓ = −p mod ℓ and G(I, p, ℓ) = 1 on spin manifolds. However, as a

bosonic TQFT, the theory cannot be invariant under gauging because there is no solution

to (p)−1
2ℓ = −p mod 2ℓ.

2.3.2 Constraints on TQFTs

So far, we have explicitly constructed (spin) TQFTs that have a unique local vacuum and

are invariant under gauging a Z(1)
N one-form symmetry for some particular N . We now

prove that such TQFTs do not exist for the values of N that have not been realized in the

last subsection. This means that

Theorem 5. There exists a (spin) TQFT, that has a unique local vacuum and is invariant

under gauging a Z(1)
N one-form symmetry up to a gravitational counterterm eiΩ(X), if and

only if N = k2ℓ for some integers k and ℓ and −1 is a quadratic residue of ℓ (or

equivalently ℓ is a product of Pythagorean primes up to a factor of two). If such a (spin)

TQFT exists, eiΩ(X) = 1 for every simply-connected smooth spin 4-manifold X.

We now present a brief sketch of the proof, while the details are fleshed out in

supplementary section 2.5.3.

In general, the Z(1)
N one-form symmetry can act unfaithfully on line operators i.e. some

symmetry surface operators link trivially with all line operators. Denote the unfaithful

subgroup by Z(1)
M . Then, we have N =Mk for some integers M and k. If the theory is a

TQFT, after gauging the Z(1)
N one-form symmetry, the Ẑ(1)

k subgroup of the dual Ẑ(1)
N

one-form symmetry necessarily act unfaithfully on line operators because their symmetry

surface operators admit topological boundary conditions provided by the topological line

operators charged under the original Z(1)
N one-form symmetry. Using these topological

boundary conditions, we can unlink the dual Ẑ(1)
k symmetry operators and any line

operator. Since the TQFT is invariant under gauging the Z(1)
N one-form symmetry, the
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unfaithful subgroup of the dual Ẑ(1)
N one-form symmetry should be Ẑ(1)

M , which should

include the unfaithful Ẑ(1)
k one-form symmetry as a subgroup. This implies that M is

divisible by k and N = k2ℓ for some integer ℓ.

In a TQFT, symmetry operators of an unfaithful one-form symmetry admit topological

boundary conditions [162]. In our case, this means that we can cut open the symmetry

surface operators of the unfaithful Z(1)
M one-form symmetry and shrink them to local

operators. Consider placing the TQFT on X = S2 × S2 and turning on the background

gauge field B = (B1, B2) ∈ H2(S2 × S2,ZM ) = Z2
M for the unfaithful Z(1)

M one-form

symmetry. By shrinking the symmetry operators to local operators at their intersections,

we argue that the partition function takes the form

Z[B1, B2] = Z[0, 0] exp

(
2πip

M
B1B2

)
. (2.38)

The partition function Z[0, 0] on S2 × S2 is a positive number because of unitarity [162].

Using the fact that the TQFT is invariant under gauging the Z(1)
N one-form symmetry (upto

a gravitational counterterm), we show that the partition function (2.38) obeys a constraint

1

kℓ

kℓ∑
b1,2=1

Z[b1, b2] exp

(
2πi

ℓ
(b1C2 + b2C1)

)

=
1

k

k∑
b1,2=1

Z[ℓb1 + C1, ℓb2 + C2]× eiΩ(S
2×S2) ,

(2.39)

where C = (C1, C2) ∈ H2(S2 × S2,Zℓ) = Z2
ℓ and eiΩ(S

2×S2) is a phase independent of

(C1, C2). First line of the equality is the partition function of the TQFT after gauging the

unfaithful Z(1)
M one-form symmetry with the dual Z̃(1)

ℓ background gauge field C turned on.

The same partition function can also be obtained from the Z(1)
N -gauged theory by gauging

the Ẑ(1)
k subgroup of the dual Ẑ(1)

N one-form symmetry with the background gauge field C
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for the dual Ẑ(1)
M /Ẑ(1)

k one-form symmetry turned on. Since the Z(1)
N -gauged TQFT share

the same partition function as the original TQFT up to a gravitation counterterm eiΩ(X),

Z[B] = (SZ)[B]e−iΩ(X) , (2.40)

we have the equality (2.39).

In the end, the partition function (2.38) together with the constraint (2.39) implies that −1

is a quadratic residue of ℓ. We also learned that eiΩ(S
2×S2) = 1. Similar reasoning holds on

every simply-connected smooth spin 4-manifold X. This leads to the same constraint on ℓ

and gives eiΩ(X) = 1. This concludes the proof for theorem 5.

2.3.3 General Duality Invariant TQFTs

It is straightforward to extend the results to more general non-invertible symmetries

associated to the invariance of T−p′S gauging, including the triality symmetry.

Generalizing the argument used in the proof of theorem 5, in supplementary section 2.5.3

we prove the following theorem:

Theorem 6. There exists a (spin) TQFT, that has a unique local vacuum and is invariant

under T−p′S gauging a Z(1)
N one-form symmetry up to a gravitational counterterm eiΩ(X),

if and only if N = k2ℓ for some integers k and ℓ and there exists a solution p to

p(p+ p′) + 1 = 0 mod ℓ . (2.41)

If such a (spin) TQFT exists, eiΩ(X) = 1 for every simply-connected smooth spin

4-manifold X.

When N obeys the condition, we can explicitly construct examples of spin TQFTs that are

invariant under T−p′S gauging of the Z(1)
N one-form symmetry. This spin TQFT is a Zk
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gauge theory stacked with a Z(1)
N one-form SPT as in (2.35), where the parameter p is

given by the solution of (2.41). Using (2.41), it is straightforward to check that the theory

as a spin TQFT is invariant under gauging the Z(1)
N one-form symmetry and eiΩ(X) = 1 on

simply-connected smooth spin 4-manifold X.

2.4 Lattice Examples

As an application of the analysis of the previous section, let us study (3+1)d ZN lattice

gauge theory in the Villain formulation [174], which is defined on a 4d Euclidean

hyper-cube lattice. The action is

SQ =
1

2g2

∑
plaquette

(
∆m(1) −Nn(2)

)2
, (2.42)

where m(1) is the integer one-form gauge field on each link, while n(2) is the integer

two-form gauge field on each plaquette. There is an integer gauge symmetry

m(1) → m(1) +∆k(0) +Nk(1) ,

n(2) → n(2) +∆k(1) ,

(2.43)

that effectively makes the one-form gauge field a ZN gauge field. This theory has an

electric Z(1)
N one-form global symmetry that shifts m(1) by a flat integer gauge field. By

performing a Poisson resummation on n(2) in (2.42), we obtain a dual description of the

theory in terms of an integer gauge field n̂(2) on the plaquettes of the dual lattice. After

introducing the Stueckelberg fields m̃(1) and ñ(2), we obtain

SSQ =
2πi

N

∑
link

m(1)∆ñ(2)+

4π2g2

2N2

∑
plaquette

(
∆m̃(1) −Nñ(2) − n̂(2)

)2
.

(2.44)
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By comparing the second term in (2.44) with (2.42), we see that the duality maps the

theory at coupling g2 to the one at coupling N2/4π2g2 with the electric Z(1)
N one-form

symmetry being gauged [175–180]. At the self-dual coupling g2∗ = N/2π, this implies that

the theory is invariant under gauging the electric Z(1)
N one-form symmetry and therefore

has a non-invertible duality symmetry [77]. Consequently, we can apply theorem 5 to infer

that the ZN lattice gauge theory at the self-dual coupling should either be gapless or

spontaneously break the duality symmetry unless N is of the form N = k2ℓ, with −1 being

a quadratic residue modulo ℓ. All values of N ≤ 60 where duality invariant SPTs or

TQFTs are not ruled out are listed in Table 2.1.

The schematic phase diagram of the ZN lattice gauge theory as a function of N and

coupling g is summarized in Figure 2.6, with the vertical line at g−2∗ N = 2π demarcating

the self-dual coupling. This phase diagram is supported by Monte-Carlo simulations [181].

When N ≤ 4, at the self-dual coupling, the duality symmetry is spontaneously broken

leading to two local vacua: one is trivial and preserves the Z(1)
N electric one-form symmetry,

and the other one supports a deconfined ZN TQFT that spontaneously breaks the electric

Z(1)
N one-form symmetry. See supplementary section 2.5.5 for more discussion regarding the

spontaneous breaking of non-invertible symmetries. On the other hand, when N ≥ 5, the

duality symmetry is preserved and the theory flows to the gapless Maxwell theory (U(1)

gauge theory) at a particular coupling

SMaxwell =
1

2e2

∫
F ∧ ⋆F , e2 =

2π

N
. (2.45)

The coupling above is fixed by matching the duality symmetry across the RG flow. The

Maxwell theory at e2 = 2π/N is invariant under gauging the Z(1)
N subgroup of the U(1)(1)

electric one-form symmetry thanks to the electromagnetic duality [77]. Thus, the

advocated phase diagram is consistent with the constraints stated in theorem 5.

More generally, one can consider a broader class of lattice gauge theories by introducing a θ
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Figure 2.6: Schematic Phase Diagram of ZN Lattice Gauge theory. Solid and dashed lines
represent first order phase transitions. The vertical line at coupling g2∗ = N/2π is duality
invariant. At weak coupling, the theory is in the Higgs phase i.e. it flows to a ZN TQFT in
the IR and at strong coupling, the theory is in the confining phase i.e. the vacuum is trivial.
For N ≤ 4, the Higgs and confining phases are separated by a first order phase transition
at the self-dual coupling g2∗ = N/2π where the duality symmetry is spontaneously broken.
For N ≥ 5, the two phases are separated by an intermediate gapless coulomb phase which
flows to a Maxwell theory and at the self-dual coupling g2∗ = 2π/N the IR Maxwell theory
has e2 = 2π/N .

term on the lattice. One concrete realization is the Cardy-Rabinovici model [182,183] or its

generalization [184,185], which is a U(1) lattice gauge theory that couples to charge N

electric matter and charge 1 magnetic matter.11 The lattice model is parameterized by a

complex coupling τ . We will work with a formal continuum description of the

Cardy-Rabinovici model given in [187].12 In the formal continuum description, the

Cardy-Rabinovici model is described as a continuum U(1) gauge theory

1

2e2

∫
F ∧ ⋆F +

iNθ

8π2

∫
F ∧ F , (2.46)

at coupling τ = 2πi/Ne2 + θ/2π with a sum over insertions of charge N Wilson lines and

11. For simplicity, we consider only a version of the Cardy-Rabinovici model where both bosonic and
fermionic matter is present. Otherwise, the duality group in general differs from SL(2,Z) [186].

12. We can also work with the self-dual lattice models constructed in [184, 185] which have the SL(2,Z)
duality as an exact duality on the lattice.
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charge 1 ’t Hooft lines. The sum is weighted by the matter action. In the continuum

approximation, this theory has a SL(2,Z) duality generated by the S and T duality

transformation. The S duality maps τ → −1/τ and swaps the electric and magnetic

matter. Since the charges of electric and magnetic matter are different, the duality maps

the theory at coupling τ to the one at −1/τ with the Z(1)
N electric one-form symmetry

gauged. The T duality maps τ → τ + 1 and turns the magnetic matter to dyonic matter

with magnetic charge 1 and electric charge N .

The model has a duality symmetry at τ = i, which leads to the same constraint as in the

(3+1)d ZN lattice gauge theory at the self-dual coupling.

More interestingly, at τ∗ = eπi/3, because of the S duality the model is invariant under the

ST−1 gauging of the electric Z(1)
N one-form symmetry and therefore has a triality

symmetry.13 According to theorem 6, the model either is gapless or spontaneously breaks

the triality symmetry unless N = k2ℓ for some integers k and ℓ such that there exists a

solution to p(p+ 1) + 1 = 0 mod ℓ. Even if N obeys the condition, we can still exclude the

possibility of triality invariant TQFTs using the mixed triality-gravity anomaly. In [188],

Hayashi and Tanizaki showed that on a spin manifold X, the model at the complex

coupling τ∗ = eiπ/3 has a mixed triality-gravity anomaly given by

ZST−1Q[X] = ZQ[X] exp

[
− iπ

3
σ(X)

]
. (2.47)

In particular, we can pick X to be the simply-connected smooth spin 4-manifold K3 whose

signature is −16. We then have ZST−1Q[K3]/ZQ[K3] = e−2πi/3. However, theorem 6

states that any triality invariant TQFT with a unique local vacuum has

ZST−1Q[X]/ZQ[X] = 1 on simply-connected smooth spin 4 manifold X. Therefore, we can

deduce that the theory at τ∗ = eiπ/3 cannot flow to a triality symmetry preserving TQFT.

Note that this is a stronger result than that of [188], wherein it is shown that the theory

13. If the theory Q is invariant under ST−1 operation, the theory T−1Q is invariant under T−1S operation.
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cannot be in a SPT phase.

A heuristic calculation of the free-energy of dyons [182] suggests the following scenario for

the Cardy-Rabinovici model at τ∗ = eπi/3. When N is small, the triality symmetry is

spontaneously broken leading to three vacua: a Higgs vacuum (a ZN TQFT that

spontaenously breaks the Z(1)
N one-form symmetry), a confined vacuum (a trivial vacuum

that preserves the Z(1)
N one-form symmetry) and a oblique confined vacuum (a Z(1)

N

one-form SPT) [189]. The triality symmetry permutes these three vacua. When N is large,

the theory flows to the triality invariant gapless Maxwell theory. By matching the triality

symmetry, we can fix the coupling of the Maxwell theory to be the triality symmetric

point [81]

SMaxwell =
N

4π

√
3

2

∫
F ∧ ⋆F +

N

4π

i

2

∫
F ∧ F . (2.48)

These two scenarios are both consistent with the constraint stated in theorem 6.
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2.5 Supplementary Material

2.5.1 Gauss Sums of Intersection Forms

Let X be a smooth simply connected 4-manifold, with the intersection form

I : H2(X;Z)×H2(X;Z) → Z. The intersection form I is a bi-linear symmetric form. We
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are interested in computing its normalized Gauss sum given by

G(I, p,N) =
1

N rk(I)/2

N∑
xi=1

exp

(
2πip

2N
xiIijxj

)
, (2.49)

where rk(I) is the rank of I. The normalized Gauss sum can be interpreted as the partition

function of a ZN two-form gauge theory when pN is even (see supplementary section 2.5.2

for more details). In this supplementary section, we will focus on the case that has even

pN and p co-prime to N .

Note that the intersection form I may be definite or indefinite. Let E8 be the intersection

form of the E8 manifold and H be the intersection form of S2 × S2, then by combining

Donaldson’s theorem with Hasse-Minkowski theorem we have the following result [190]

Theorem. The only bi-linear symmetric forms that can be realized as intersection forms of

a smooth simply connected 4-manifold are

⊕ a[+1] , ⊕ b[−1] , ⊕±mE8 ⊕ nH ; (2.50)

where a, b,m, n are positive integers.

By the theorem above, the task of computing the Gauss sum (2.49) for a general

intersection form reduces to computing the Gauss sum for [+1], [−1], E8 and H.

To prepare for the calculation below, define

εN =


1 if N ≡ 1 mod 4

i if N ≡ 3 mod 4

. (2.51)

Let us also review the Jacobi symbol (an), which is defined for any integer a and any

positive odd integer n. The Jacobi symbol factorizes into the product of the Legendre
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symbols (a
n

)
=

(
a

s1

)r1
(
a

s2

)r2
· · ·

(
a

sk

)rk
, (2.52)

where n = sr11 s
r2
2 · · · srkk is the prime factorization of n. The Legendre symbols is defined

for any integer a and any odd prime s as

(a
s

)
=


0 if a = 0 mod s

1 if a ̸= 0 mod s and a = x2 mod s for some integer x

−1 if a ̸= 0 mod s and there is no such x

(2.53)

The Gauss sum for I = [+1] is [191]

G([+1], p,N) =


εN

(
p/2
N

)
odd N

e
πi
4 ε−1

p

(
2N
p

)
even N

. (2.54)

It is valued in 4th root of unity when N is odd and 8th root of unity when N is even.

Taking its complex conjugate we obtain the Gauss sum for I = [−1]. For H, the Gauss

sum is unity

G(H, p,N) =
1

N

N∑
x1,x2=1

exp

(
2πip

2N
2x1x2

)
= 1 . (2.55)

For E8, the Gauss sum is also unity [188]

G(E8, p,N) = 1 . (2.56)

Since [+1], [−1], H and E8 have signature +1, −1, 0 and +8 respectively, the normalized

Gauss sum for the intersection form I of a smooth simply connected 4-manifold X can be
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summarized a function of the signature σ(X) of the 4-manifold

G(I, p,N) =


[
εN

(
p/2
N

)]σ(X)
odd N[

e
πi
4 ε−1

p

(
2N
p

)]σ(X)
even N

. (2.57)

Since the normalized Gauss sum is valued in 8th root of unity and by Rokhlin’s theorem

the signature of the intersection form I of a spin manifold is divisible by 16, the Gauss sum

is always unity on a spin-manifold.

We now study two special cases. First, consider the case when p2 = −1 mod N and N is

odd. This situation arises only if all the prime factors of N are 1 modulo 4, and thus

εN = 1. Since p/2 =
[
(2)−1

N (p+ 1)
]2

mod N , we have
(
p/2
N

)
= 1. Combining these two

facts, we find that the normalized Gauss sum is unity:

G(I, p,N) = 1 when p2 ≡ −1 mod N and N is odd . (2.58)

Next, consider the case when p(p+ 1) = −1 mod N . This is possible only when N is odd.

Using the following properties of the Jacobi symbol

(
ab

n

)
=

(a
n

)(
b

n

)
,

(a
n

)2
= 1 ,

(
1

n

)
= 1 , (2.59)

we find that (
p/2

N

)
=

(
2

N

)( p
N

)
=

(
2

N

)(
(p+ 1)2

N

)
=

(
2

N

)
. (2.60)

Therefore,

G(I, p,N) =

[
εN

(
2

N

)]σ(X)

when p(p+ 1) = −1 mod N . (2.61)
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2.5.2 Partition Function of ZN 2-form Gauge Theory

In this supplementary section, we compute the partition function of a (3+1)d ZN 2-form

gauge theory in the presence of the background gauge field B for the Z(1)
N one-form

symmetry. For simplicity, we assume the underlying manifold X is simply connected and

thus H2(X,Z) has no torsion classes.

The partition functions of a (3+1)d ZN 2-form gauge theory is

Z[B] =
1√

|H2(X,ZN )|
∑

b∈H2(X,ZN )

exp

[
2πi

∫
X

(
p

2N
P(b) +

1

N
b ∪B

)]
. (2.62)

When N is even, p ∼ p+ 2N and P(b) : H2(X,ZN ) → H4(X,Z2N ) is the Pontryagin

square map. When N is odd, p ∼ p+ 2N ∈ 2Z and

P(b) = b ∪ b : H2(X,ZN ) → H4(X,ZN ). In both cases pN is even. Let us define

L ≡ gcd(p,N), q ≡ p

L
, K ≡ N

L
, J ≡ qKL

2
. (2.63)

If q and K are both odd, L has to be even because pN = qKL2 is even. Thus, J is always

an integer. To evaluate the partition function, we split b into a ZL cochain b0 and ZK

cocycle b1:

b = Kb0 + b1 . (2.64)

The gauge symmetries are

b0 → b0 + δα0 + Lβ0 − β1 , b1 → b1 + δα1 +Kβ1 . (2.65)

The cocycle conditions are

δb1 = 0 mod K , δb0 = −δb1/K mod L ≡ −Bock(b1) mod L ; (2.66)
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where Bock(b1) is the Bockstein homomorphism applied to the cocycle b1. The second

cocycle condition ensures that δb = δ(Kb0 + b1) = 0 mod N . Now substituting (2.64) into

(2.62), we obtain

Z[B] =
1√

|H2(X,ZN )|
×

∑
b1∈H2(X,ZK)

exp

[
2πi

∫
X

(
q

2K
P(b1) +

1

N
b1 ∪B

)]
×

∑
b0∈C2(X,ZL)
δb0=−Bock(b1)

exp

[
2πi

∫
X

(
qK

2
P(b0) +

1

L
b0 ∪B

)]
.

(2.67)

The second sum can be simplfied using the Wu formula, P(b) = b ∪ ν2(X) mod 2, where

ν2(X) = w2(X) +w1(X)∪w1(X) is the second Wu class of the underlying manifold X and

wi(X) is the ith Stiefel-Whitney class. Summing over b0 then gives

Z[B] =
|H2(X,ZL)|√
|H2(X,ZN )|

×

∑
b1∈H2(X,ZK)

exp

[
2πi

∫
X

(
q(1−K)

2K
P(b1) +

1

K
b1 ∪

1

L
(B + Jν2(X))

)]
δ ((B + Jν2(X)) mod L) .

(2.68)

We reorganized the exponents using the Wu formula so that each term is independently

well-defined. The first term is well-defined because qK(1−K) is always even. The second

term is well-defined when the delta function is non-zero. We can complete the square in

the exponent by a change of variable

b̃1 = b1 + (1 +K) (q)−1
γ(K)K

B + Jν2
L

, (2.69)

where the notation (α)−1
β denotes the inverse of α in the ring Zβ for co-prime integers α
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and β, and

γ(K) =


1, odd K

2, even K
. (2.70)

When q = 0, we define (q)−1
γ(K)K

= 0. The exponents in the sum now becomes

exp

2πi∫
X

q(1−K)

2K
P(b̃1)−

(1−K) (q)−1
γ(K)K

2K
P
(
B + Jν2

L

) ; (2.71)

The remaining sum over b̃1 is related to the normalized Gauss sum for the intersection

form I via

∑
b̃1∈H2(X,ZK)

exp

[
2πi

∫
X

q(1−K)

2K
P(b̃1)

]
=

√
|H2(X,ZK)|G(I, q(1−K), K) . (2.72)

Summing over b1 then leads to

Z[B] =
√
|H2(X,ZL)|G(I, q(1−K), K)×

exp

−2πi

∫
X

(1−K) (q)−1
γ(K)K

2K
P
(
B + Jν2

L

) δ ((B + Jν2) mod L) .
(2.73)

We now discuss two situations when the formula simplifies. When the underlying manifold

X has a trivial second Wu class ν2(X), (2.73) simplifies to

Z[B] =
√
|H2(X,ZL)|G(I, q,K)δ (B mod L) exp

[
−2πi

∫
X

(q)−1
K

2K
P
(
B

L

)]
. (2.74)

In the special case of L = 1, (2.73) simplifies to

Z[B] = G(I, p,N) exp

−∫
X

2πi (p)−1
γ(N)N

2N
P (B)

 . (2.75)
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When N is odd, we pick an even (p)−1
N for the expression to be well-defined. This can

always be achieved by redefining (p)−1
N to (p)−1

N +N .

2.5.3 Details of TQFT Argument

In this supplementary section, we provide more details of the proof of theorem 5 and

theorem 6.

2.5.4 Duality Symmetry

Consider a (3+1)d (spin) TQFT Q that has a unique vacuum and a Z(1)
N one-form

symmetry. We will prove that the TQFT cannot be invariant under gauging the Z(1)
N

one-form symmetry up to a gravitational counterterm eiΩ(X) unless N = k2ℓ with k, ℓ ∈ Z

and −1 is a quadratic residue of ℓ. Furthermore, if the TQFT is invariant under gauging,

the gravitational counterterm eiΩ(X) = 1 on every simply-connected smooth spin

4-manifold X.

The Z(1)
N one-form symmetry is generated by surface operators Ug. To detect the one-form

charge of a line operator L, we link the surface operators Ug with the line operator L. If

the correlation function, where Ug and L form a Hopf link, differs from the one, where the

link is trivial, we say the surface operator Ug links nontrivially with the line operator L.

Otherwise, we say Ug and L link trivially with each other.

In general, the Z(1)
N one-form symmetry can act unfaithfully on line operators in the sense

that some symmetry operators Ug link trivially with all line operators.14 The unfaithful

one-form symmetry forms a Z(1)
M subgroup of the Z(1)

N one-form symmetry where M ∈ Z

and k = N/M ∈ Z. In this case, all line operators transform with a kth root of unity,

instead of a Nth root of unity, under the Z(1)
N one-form symmetry.

14. An unfaithful symmetry operator can still have non-trivial correlation functions associated to other
topological invariants, such as intersections, triple linkings and quadruple linkings of surfaces and etc. [165,
166].
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We now gauge the Z(1)
N one-form symmetry by coupling the theory to a dynamical ZN

two-form gauge field b ∈ H2(X,ZN ). This leads to a dual Ẑ(1)
N one-form symmetry,

generated by the Wilson surface operator Û = exp(2πi
∮
b/N), in the gauged theory

Q/Z(1)
N . Here, we add a hat to the dual symmetry group to distinguish it from the original

symmetry group.

Line operators charged under the Z(1)
N one-form symmetry become non-gauge-invariant in

the gauged theory Q/Z(1)
N . To make them gauge invariant, we attach an open Wilson

surface operator to them. Recall that all line operators transform only with a kth root of

unity under the Z(1)
N one-form symmetry. Therefore, only the Wilson surface operators

generated by ÛM = exp(2πi
∮
b/k) can end on these charged lines. The charged lines are

topological, based on the assumption that Q is a TQFT, so they provide a topological

boundary condition to the Wilson surface operators ending on them. Using these

topological boundary conditions, we can unlink any Hopf link between the surface

operators generated by ÛM = exp(2πi
∮
b/k) and any line operator. Thus, the Ẑ(1)

k

subgroup, generated by ÛM = exp(2πi
∮
b/k), of the dual Ẑ(1)

N one-form symmetry acts

unfaithfully in the gauged theory Q/Z(1)
N .

The unfaithful subgroup of the dual Ẑ(1)
N one-form symmetry can be larger than Ẑ(1)

k . If

the TQFT is invariant under gauging, the unfaithful subgroup in the gauged theory Q/Z(1)
N

should be Ẑ(1)
M , which should include Ẑ(1)

k as a subgroup. It implies that N = k2ℓ for some

integer ℓ.

We now derive a constraint on ℓ. Consider placing the theory Q on S2 × S2, which has

H2(S
2 × S2,Z) = H2(S2 × S2,Z) = Z2 and an intersection form H. We can turn on the

background gauge field (B1, B2) ∈ H2(S2 × S2,ZM ) = Z2
M for the unfaithful Z(1)

M

subgroup one-form symmetry. It amounts to inserting B1 and B2 number of basic Z(1)
M

symmetry operators wrapping around the two S2 respectively. According to Proposition 1

of [162], any surface operator in a TQFT that links trivially with all line operators admits
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a topological boundary condition. In our TQFT Q, it implies that the symmetry operators

of the unfaithful Z(1)
M subgroup one-form symmetry can be opened up topologically without

changing the correlation functions. On S2 × S2, opening up the (B1, B2) number of

symmetry operators and shrinking them leaves us with B1B2 number of identical local

operators O at the intersections. Since the TQFT has a unique local vacuum, these local

operators must be a multiple of the identity operator, i.e. O = λ1 and therefore the

partition function is ZQ[B1, B2] = λB1B2ZQ[0, 0]. Because of the identification

B1,2 ∼ B1,2 +M , the coefficient λ obeys

ZQ[B1 +M,B2]

ZQ[B1, B2]
= λMB2 = 1 . (2.76)

Solving for λ, we get

ZQ[B1, B2] = ZQ[0, 0] exp
[
2πip

M
B1B2

]
, p ∈ Z . (2.77)

The fact that Q is invariant under gauging the Z(1)
N one-form symmetry imposes a

constraint on ZQ[B1, B2]. Starting from the theory Q, we can gauge the Z(1)
M subgroup

one-form symmetry and obtain the theory Q/Z(1)
M , which has a dual Z̃(1)

M and a Z̃(1)
k

one-form symmetry. We put a tilde on the symmetry group of the theory Q/Z(1)
M . The

dual Z̃(1)
M one-form symmetry is generated by the Wilson surface operators of the Z(1)

M

two-form gauge field. Turning on the background gauge field (C1, C2) ∈ H2(S2 × S2,ZM )

for the Z̃(1)
ℓ subgroup of the Z̃(1)

M one-form symmetry leads to the following partition

function for the Q/Z(1)
M theory on S2 × S2 that can be computed with the formula for
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partition functions (2.77) and (2.74)

ZQ/Z(1)
M

[C1, C2] =
1

M

M∑
b1,2=1

ZQ[b1, b2] exp
[
2πi

ℓ
(b1C2 + b2C1)

]

=
1

M

kℓ∑
b1,2=1

ZQ[0, 0] exp
[
2πip

kℓ
b1b2 +

2πi

ℓ
(b1C2 + b2C1)

]

= ZQ[0, 0]× L exp

[
−2πi(q)−1

K

K

kC1

L

kC2

L

]
δ(kC1,2 mod L) .

(2.78)

where L = gcd(p, kℓ), K = kℓ/L, q = p/L. Note that the Gauss sum equals unity for the

intersection pairing on S2 × S2 as shown in the supplementary section on Gauss sums. On

the other hand, we can also start from the gauged theory Q/Z(1)
N and gauge the Ẑ(1)

k

subgroup of the Ẑ(1)
N one-form symmetry to obtain the theory Q/Z(1)

M . The Z̃(1)
k one-form

symmetry of Q/Z(1)
M is the dual symmetry generated by the Wilson surface operators of

the Ẑ(1)
k two-form gauge field. The Ẑ(1)

M /Ẑ(1)
k = Z(1)

ℓ part of the Ẑ(1)
M one-form symmetry of

Q/Z(1)
N becomes the Z̃(1)

ℓ ⊂ Z̃(1)
M one-form symmetry of Q/Z(1)

M . We then have another

expression for ZQ/Z(1)
M

[C]

ZQ/Z(1)
M

[C1, C2] =
1√
k

k∑
b1,2=1

ZQ/Z(1)
N

[ℓb1 + C1, ℓb2 + C2] . (2.79)

Recall that the partition functions before and after gauging are identical up to a

gravitational counterterm eiΩ(X) which is a pure phase. On S2 × S2, this gives

ZQ[B1, B2] = ZQ/Z(1)
N

[B1, B2]e
−iΩ(S2×S2) . (2.80)
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Together with (2.77) and the formula (2.74), we obtain

ZQ/Z(1)
M

[C1, C2] =
1

k

k∑
b1,2=1

ZQ[0, 0]eiΩ(S
2×S2) exp

[
2πipℓ

k
b1b2 +

2πip

k
(b1C2 + b2C1) +

2πip

kℓ
C1C2

]

= ZQ[0, 0]eiΩ(S
2×S2) × L exp

2πip

kℓ
C1C2 −

2πi(q̃)−1
K̃

K̃

pC1

L̃

pC2

L̃

 δ(pC1,2 mod L̃) ,

(2.81)

where L̃ = gcd(pℓ, k), K̃ = k/L̃, q̃ = pℓ/L̃.

On S2 × S2, the partition function ZQ[0, 0] is positive [162].15 Hence, equating (2.78) and

(2.81), we get the following constraints. First of all, to match the magnitudes of the two

partition functions, we have

Lδ
(
kC1,2 mod L

)
= L̃δ

(
pC1,2 mod L̃

)
, L ≡ gcd(p, kℓ) , L̃ ≡ gcd(pℓ, k) . (2.82)

It implies that L = L̃ = gcd(p, k) and therefore ℓ, p̂ ≡ p/gcd(p, k), k̂ ≡ k/gcd(p, k) are all

co-prime to each other. Once these conditions are obeyed, the delta functions in (2.78) and

(2.81) both become trivial. Next, we match the phases of the two partition functions. Since

eiΩ(S
2×S2) is independent of (C1, C2), we have

eiΩ(S
2×S2) = 1 . (2.83)

Matching the remaining phases that depend on (C1, C2) leads to the constraint

−
(p̂)−1

k̂ℓ

k̂ℓ
k̂2 =

p̂

k̂ℓ
−

(p̂ℓ)−1
k̂

k̂
p̂2 mod 1 (2.84)

15. This is because S2 × S2 is the double of an open four-manifold χ which may be embedded inside S4.
In particular this means that the partition function of Q on S4 which is necessarily non-zero by unitarity,
may be viewed as the inner-product of the state defined by χ and the state defined by the complement of χ.
Therefore χ defines a non-zero state and the partition function on S2 × S2 is the norm of a non-zero vector
and so positive.
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We can multiply the equation by k̂ℓ and treat it as an equation modulo ℓ.16 The second

term on the right-hand side dropped out and the constraint simplifies to

(p̂)−1
k̂ℓ
k̂2 + p̂ = 0 mod ℓ (2.85)

If we further multiply the equality by (p̂)−1
k̂ℓ

and still treat the equality as an equality

modulo ℓ, we get

(k̂(p̂)−1
k̂ℓ

)2 + 1 = 0 mod ℓ . (2.86)

The constraint implies that −1 is a quadratic residue of ℓ. The condition holds if and only

if every odd prime factor xi in the prime factorization of ℓ

ℓ = 2y0x
y1
1 x

y3
3 · · ·xymm , (2.87)

is 1 modulo 4 and the power of 2 in the prime factorization is y0 = 0, 1. This completes the

first part of the proof.

The foregoing derivation remains unmodified if we replace the spacetime manifold S2 × S2

by any other simply-connected smooth spin 4-manifold X. On such manifolds, by opening

up the unfaithful Z(1)
M symmetry operator and shrinking them to the intersection points, we

can fix the partition function to

ZQ[B] = ZQ[0] exp

[
2πip

M

BT IB

2

]
, p ∈ Z , (2.88)

where B ∈ H2(X,ZM ) = Zn
M is the background gauge field for the unfaithful Z(1)

M

one-form symmetry and I is the intersection form of the 4-manifold X. Here, p is an

integer because the intersection form of a spin manifold is even. Note that ZQ[0] is positive

16. If we multiply the equation (2.84) by k̂ℓ and treat it as an equation modulo k̂, we get a trivial equality.
Since k̂ and ℓ are co-prime, the equality (2.84) is equivalent to (2.85).
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on any simply-connected smooth spin 4-manifold [163]. Generalizing (2.78) and (2.81), we

have the equality

1

M rk(I)/2

M∑
b=1

ZQ[b] exp
[
2πi

ℓ
bT IC

]
=

1

krk(I)/2

k∑
b=1

ZQ/Z(1)
N

[ℓb+ C] . (2.89)

Substiting (2.88) and

ZQ[B] = ZQ/Z(1)
N

[B]e−iΩ(X) (2.90)

into (2.89) leads to the same constraint on ℓ as before and since the Gauss sum for the

intersection forms of X is unity, we have eiΩ(X) = 1 on every simply-connected smooth

spin 4-manifolds. This concludes the proof. Since the proof only uses spin 4-manifolds,

which have a trivial second Stiefel-Whitney class, we cannot determine whether the TQFT

is a spin TQFT or a non-spin TQFT.

Triality Symmetry and More General Non-invertible Symmetry

We now generalize the constraint on duality invariant TQFTs to TQFTs that preserves

more general non-invertible symmetry including the triality symmetry. Consider a (3+1)d

(spin) TQFT Q that has a unique local vacuum and a Z(1)
N one-form symmetry. We will

prove that the TQFT cannot be invariant under T−p′S gauging the Z(1)
N one-form

symmetry upto a gravitational counterterm eiΩ(X) unless N = k2ℓ with k, ℓ ∈ Z and there

exists a solution p ∈ Z such that

p(p+ p′) + 1 = 0 mod ℓ . (2.91)

Furthermore, if the TQFT is invariant under the T−p′S gauging, the gravitational

counterterm eiΩ(X) = 1 on every simply-connected smooth spin 4-manifold X. When N is

even and p′ = ±1 or when N is odd and p′ = ±(1 +N), the non-invertible defects
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constructed by half-gauging the theory leads to the triality defects.

The proof for these more general T−p′S symmetries follows the same reasoning as in the

duality case. We will directly work on simply connected smooth spin manifolds X. (2.88)

and (2.89) still holds but now due to the invariance under T−p′S gauging we have

ZQ/Z(1)
N

[B] = ZQ[B] exp

[
2πip′

N
(kB)T I(kB)

]
eiΩ(X) . (2.92)

Combining this relation with (2.88) and (2.89), we get the same constraint as in (2.82) so ℓ,

p̂ ≡ p/gcd(p, k), k̂ ≡ k/gcd(p, k) are all co-prime to each other and we further derived

p̃(p̃+ p′) + 1 = 0 mod ℓ . (2.93)

where p̃ = k̂(p̂)−1
k̂ℓ

. Again, because the Gauss sum for the intersection forms of a simply

connected smooth spin 4-manifold X is unity, we learned that eiΩ(X) = 1. This concludes

the proof.

2.5.5 Spontaneous Symmetry Breaking

While the main focus of our analysis is on theories with a unique vacuum state on S3, it is

also possible to spontaneously break duality symmetries leading to multiple vacuum states.

In this case there is no constraint on N . Here we briefly summarize some simple examples

of this phenomenon. We also note that spontaneous duality symmetry breaking is realized

in ZN lattice gauge theory for small N as discussed in section 2.4.

We can construct an elementary gapped example of spontaneously breaking the duality

defect D by starting from ZN topological gauge theory (i.e. Dijkgraaf-Witten theory).

This theory has a Z(1)
N one-form symmetry under which the Wilson lines are charged. In

the presence of a background gauge field B the partition function on a simply connected

55



four-manifold X is:

ZDW[B] =
1√

|H2(X,ZN )|
∑

c∈H2(X,ZN )

exp

[
2πi

N

∫
X
c ∪B

]
=

√
|H2(X,ZN )|δ(B mod N) .

(2.94)

Performing the S gauging operation replaces the partition function above by

SZDW[B] =
1

|H2(X,ZN )|
∑

b,c∈H2(X,ZN )

exp

[
2πi

N

∫
X
b ∪ (c+B)

]
. (2.95)

The equation of motion for b forces c = −B, and as a consequence the theory obtained

after gauging is trivial

SZDW[B] = Ztrivial[B] = 1 . (2.96)

This gauging procedure is reversible: gauging a Z(1)
N one-form symmetry in the trivial

theory takes us back to the original Dijkgraaf-Witten theory.

We can now use these results to construct a theory which is self-dual under gauging Z(1)
N

one-form symmetry for all values of N . We consider a theory Q which is the direct sum of

the Dijkgraaf-Witten theory and the trivial theory:17

ZQ ≡ ZDW ⊕ Ztrivial . (2.97)

By construction, Q has two local ground states and correspondingly two topological local

operators corresponding to the identity operator in each of the sectors above. According to

the discussion above the S operation exchanges these two summands. This implies that the

theory Q has a duality defect D which permutes the two topological local operators.

Physically, the construction above can occur at a first order phase transition with a

17. The direct sum of d-dimensional theories assigns to a d−1 manifold a Hilbert space which is the direct
sum of the Hilbert space assigned to each summand, and assigns to a closed d manifold the sum of the
partition functions. See references [192,193] for additional details.
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spontaneously broken duality symmetry. In this case the symmetry defect D describes a

domain wall connecting the two local vacua which are hence related by the gauging

operation S. In particular, this is exactly the phase transition which occurs in self-dual ZN

lattice gauge theory for N ≤ 4. (See section 2.4.)

The construction above may be straightforwardly generalized to produce myriad examples

of spontaneously broken duality symmetry. Indeed, given any theory G with Z(1)
N one-form

symmetry, we can consider the direct sum:

ZQ ≡ ZG ⊕ ZSG , (2.98)

which again realizes spontaneously broken duality symmetry. Similarly, we can construct

gapped or gapless phases realizing spontaneous symmetry breaking for the more general

non-invertible symmetries arising from invariance under T−p′S. For instance, a

spontaneously broken triality symmetry leads in general to three local vacua connected by

sequential gauging and stacking operations. This occurs in the Cardy-Rabinovici model at

τ∗ = eπi/3 for small N . (See section 2.4.)
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CHAPTER 3

DEEP LEARNING LATTICE GAUGE THEORIES

This chapter is reprinted with permission from:

Apte, A., Ashmore, A., Córdova, C., and Huang, T. C. Deep learning lattice gauge

theories. Physical Review B (Vol. 110, Issue 16). © 2024 American Physical Society

DOI:10.1103/PhysRevB.110.165133

3.1 Introduction

Since their introduction by Wilson [194,195], lattice gauge theories have been pivotal in

understanding fundamental physics, particularly quantum chromodynamics

(QCD) [196,197], which governs the strong nuclear force. QCD, a non-Abelian gauge

theory, describes interactions between quarks and gluons, the elementary constituents of

hadrons. Despite its apparent simplicity, the non-perturbative regime of this theory

exhibits remarkably complex phenomena, including confinement [198] and chiral symmetry

breaking [199,200], often resisting analytical tools. As such, Monte Carlo-based numerical

methods have become invaluable [201], providing insights into QCD phases [202] and

enabling first-principles calculations of hadron masses [203].

Discrete lattice gauge theories – lattice gauge theories with finite gauge groups – serve as

important models for studying the non-perturbative behavior and emergent phenomena of

gauge theories. While simpler than their continuous counterparts, they still capture key

features such as gauge invariance, confinement and topological excitations. This makes

them valuable testing grounds for developing and benchmarking new theoretical and

computational techniques.

The present work focuses on finding the ground-state wavefunction of discrete lattice gauge

theories in 2 + 1 dimensions. Since the wavefunction contains rich information about
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quantum correlations and topological properties of the system, there are many reasons to

directly compute the wavefunction itself instead of simply calculating expectation values of

observables via traditional (Euclidean) Monte Carlo. For example, entanglement measures

such as Rényi entropies can be computed with this approach, since the wavefunction

encodes the full correlation structure of the lattice system [204,205].

Obtaining accurate ground-state wavefunctions for lattice gauge theories is challenging due

to the complexity of the non-perturbative regime and the exponential growth of the Hilbert

space with system size. In particular, traditional analytical and numerical methods often

struggle to capture the intricate correlations and entanglement present in the ground state

of these systems. Recent years have shown that deep neural networks are adept at learning

and sampling from classical probability distributions across a variety of domains, including

text, images and speech [206]. The problem of finding a ground-state wavefunction can be

viewed as a generalization of this problem, namely, computing the complex-valued

probability amplitude associated to the basis elements of the underlying Hilbert space, so it

is not surprising that neural networks are well suited to this task.

The use of neural networks to represent wavefunctions was pioneered by Carleo and

Troyer [58], and has since become known as a “neural network quantum state” (NQS or

NNQS). The idea behind a neural network quantum state is to model the wavefunction as

a deep neural network with hidden layers, leveraging the expressive power of these

networks to construct a highly flexible variational ansatz for the ground state. One then

“trains” the network to minimize the energy of the variational state, with expectation

values calculated using Markov chain Monte Carlo. Key to this process is the ability to

efficiently compute gradients of expectation values with respect to the parameters of the

network, so that the energy can be minimized via (stochastic) gradient descent [207].

Thanks to differentiable programming and backpropagation [208,209], one can compute

these gradients to machine precision without resorting to numerical interpolation. At the
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end of the training process, one hopes to have a NNQS that can accurately capture the

physics of the ground state and enable calculation of other observables.

There are two fundamental problems in simulating quantum many-body systems: the

problems of representation and computation. Focusing on a discrete lattice system for

concreteness, a wavefunction associates a complex number to every lattice configuration.

Since the number of configurations grows exponentially with the system size, naively one

might need an ansatz with a similarly large number of parameters. This is the problem of

representation. There is no reason to expect that a randomly chosen state of the full

Hilbert space can be represented efficiently, but fortunately physical states – and ground

states in particular – are not generic, instead exhibiting features such as area-law

entanglement [210].

NNQSs provide an efficient and flexible parametrisation of these states with a

sub-exponential number of variational parameters.1

Given such an efficient encoding of a quantum state, one still needs to be able to compute

probability amplitudes in a reasonable time. Furthermore, physical observables are still

operators on an exponentially large Hilbert space, so computing expectation values may be

challenging. These comprise the problem of computation. For NNQSs, it is simple and fast

to compute the amplitude for an input lattice configuration, with observables then

calculated by restricting to a finite sum over Hilbert space via Monte Carlo importance

sampling [215].

Much like traditional lattice Monte Carlo, NNQSs can be used to study finite-temperature

1. NNQSs should also be compared with tensor networks for 1+1-dimensional systems. Tensor networks
are known to be complete (any pure state can be described by increasing the bond dimension sufficiently) and
efficient for states with area-law entanglement (the cost of computing expectation values grows polynomially
with the number of parameters). Similarly, thanks to universal representation theorems [211], NNQSs can
describe arbitrary quantum states, including ground states with volume-law entanglement [212]. Although
there is no bound on the size of the network required to encode these states, it is known that NNQSs
can exactly reproduce tensor network or projected entangled pair states, and there are examples where
NNQSs provide efficient representations of physically relevant states where these other approaches fail to be
efficient [213,214].
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systems [216]. There are also a number of questions that are difficult to tackle with

Euclidean methods but which are within reach of NNQSs, including real-time and

dissipative dynamics, fermionic systems with finite chemical potential, quantum-state

reconstruction, and open quantum systems [217]. It is possible to impose both global and

gauge symmetries exactly in NNQS by using invariant neural networks [218].

The particular neural network architecture that we employ is based on “lattice

gauge-equivariant convolutional neural networks” (L-CNNs), introduced by Favoni et

al. [64]. L-CNNs possess the usual locality and weight sharing properties of traditional

convolutional networks. Crucially, they are also manifestly gauge equivariant and so one

does not have to impose gauge symmetry via inexact methods, such as energy penalties.

Their uses to date have focused on predicting gauge-invariant observables via supervised

learning [219–224]. We instead use an L-CNN as a NNQS, i.e. a variational ansatz for the

ground-state wavefunction, similar to the approach taken by Luo et al. [225,226]. We have

implemented this architecture using NetKet [227], a flexible machine-learning framework

for many-body quantum physics built on top of JAX [228], enabling automatic

differentiation and GPU acceleration.

Previous work

Machine learning methods have already made an impact in many areas of physics,

including astronomy and cosmology, condensed-matter physics, fluid dynamics, quantum

chemistry, and nuclear and particle physics, and have shown potential for studying lattice

gauge theories [229].

Since our approach is based on an existing network architecture, it is useful to outline how

our work adds to the state of the art. Favoni et al. [64] introduced L-CNNs to incorporate

gauge symmetries directly into the network structure while maintaining the ability to

approximate any gauge-covariant function on the lattice. The authors showed that L-CNNs
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outperform conventional CNNs in regression tasks involving Wilson loops of different sizes

and shapes in pure SU(2) gauge theory, with the performance gap increasing as the loop

size grows. This supervised learning problem demonstrated that L-CNNs can learn the

physical information encoded in Wilson loops and other gauge-invariant observables. There

have been a number of follow-up works which explore the generalization ability of L-CNNs

and their geometric interpretation [222,230], but no attempt has been made to use this

architecture as a variational ansatz for the ground state of a lattice theory.

Closer to our approach is the work by Luo et al. [225], where gauge-equivariant neural

network quantum states were introduced as a technique to efficiently model the

wavefunction of lattice gauge theories while maintaining exact local gauge invariance. For

the specific case of Z2 gauge theory on a square lattice, the authors combined this

architecture with variational Monte Carlo to study the ground state and the

confinement-deconfinement transition. This was extended to include matter in [231] and to

U(1) gauge theory in [226]. The aims of the present paper include greatly improving upon

the precision of these results and studying Z3 gauge theory. For example, these studies did

not determine the order of the phase transition, calculate the critical exponents, investigate

static charges, or provide a precise value for the critical coupling. In filling these gaps, our

goal is to demonstrate that deep learning can be used for precise calculation, and in doing

so enhance our understanding of the phases and phase transitions in discrete gauge theories.

Main results

For Z2 lattice gauge theory, we compute the ground-state energy as a function of coupling

for various lattice sizes (Figure 3.8) and confirm the existence of confined and deconfined

phases via calculations of order and disorder parameters and the string tension. We show

that the confinement phase transition between the two phases is continuous, with a critical
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coupling and critical exponents given by

gc = 0.7546(8), β = 0.326(4), ν = 0.630(3) . (3.1)

These values are calculated via “curve collapse” from finite-scaling theory. The high quality

of the resulting collapse can be seen in Figure 3.13. These values imply that the conformal

dimensions of the σ and ϵ primary operators in the 2 + 1-d Ising CFT are:

∆σ = 0.518(4), ∆ϵ = 1.412(8) , (3.2)

in excellent agreement with previous results from perturbative calculations, Monte Carlo

simulations and the conformal bootstrap. We further refine our estimate of the critical

coupling using BST extrapolation [232–234] and find gc = 0.756431. We also confirm the

linear potential between static charges and compute it as a function of coupling, finding it

vanishes for small couplings and smoothly increases around the critical coupling,

approaching the strong-coupling prediction for large couplings.

For Z3, we compute the ground-state energies for varying lattice size (Figure 3.16) and, for

small lattices, confirm that they agree with results from exact diagonalization. As with Z2,

we show the existence of confined and deconfined phases via Wilson loop and ‘t Hooft

string operators, and the string tension. We investigate the nature of the phase transition

by examining the electric and magnetic energies, and derivatives of the energy as a

function of coupling. We plot these in Figure 3.19, finding that Z3 displays a sharp change

at the transition compared with a smooth change for Z2, indicating the presence of a

first-order transition. This transition occurs within the range g ∈ [0.775, 0.7875], giving a

critical coupling of

gc = 0.781(6) . (3.3)

Due to finite system size and the weakly first-order nature of the transition, we do not
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observe a discontinuity in either the energy derivatives or the order and disorder

parameters.

We also quantify how well our networks have learned the charge conjugation symmetry of

the Z3 theory by measuring the imaginary component of Wilson loop expectations, which

should vanish for the exact ground state. Depending on the value of the coupling, we find

that this holds to better than one part in 104 to 106. Finally, we compute the static

potential between charges, recovering the expected linear potential and finding agreement

with perturbative results in the small and large coupling regimes.

The NNQSs that we use to obtain these results have up to 10k parameters, depending on

the depth and width of the networks. To illustrate the computational resources and time

needed for training, in Figure 3.1 we plot the number of seconds per iteration and the

number of seconds per network parameter for a single iteration for various lattice sizes.

The networks are the same size as those used to obtain the results in the main text, with

(Nout, K) = (4, 2) (see Section 3.4.1) and depths given by
⌈
log2 L

2
⌉

for an L× L lattice, so

that the largest Wilson loops constructed by the network can cover the full lattice. We

train our networks for 500 to 1000 iterations, with smaller networks converging well before

this and larger networks benefitting from longer training. The networks used for studying

L = 12 systems train in approximately five hours on a single NVIDIA A100 GPU [235]. In

fact, the networks often converge well before this if one utilises transfer learning when

scanning over couplings (see Section 3.4.2).

Outline

We begin in Section 3.2 by recalling ZN gauge theory on the lattice, including a discussion

of Wilson loops, the string tension and ‘t Hooft strings. We also comment on the global

symmetry of these theories and their relation to ZN spin models, their ground-state

degeneracies and the potential between static charges. In Section 3.3, we give more details
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Figure 3.1: The left figure shows seconds per training iteration as a function of lattice size
L. The depths of the networks are chosen so that, with kernel size K = 2 per layer, the
largest Wilson loop is large enough to cover the entire lattice. All other hyperparameters are
identical. The right figure shows the number of seconds per network parameter for a single
iteration. The computations were performed on a single NVIDIA A100 GPU.

on the phases of zero-temperature ZN gauge theories in 2 + 1 dimensions, including an

overview of confined and deconfined phases, and the expected nature of the transition for

varying N . In Section 3.4, we introduce the ideas behind neural network quantum states

and compare them with traditional Euclidean Monte Carlo. Following this, we review the

network architecture that we use in this work, namely lattice gauge-equivariant

convolutional neural networks [64]. We describe our implementation of this and give details

of sampling, initialization, training, transfer learning and calculation of observables.

Thereafter, we explain why the states represented by the networks are always in the trivial

superselection sector of the Z(1)
N one-form global symmetry. With this groundwork set, in

Section 3.5 we analyze Z2 gauge theory. Our exploration includes computing ground-state

energies as a function of coupling for varying lattice size, and expectation values of order

and disorder operators and the string tension. Using finite-size scaling theory and curve

collapse, we compute the critical coupling and critical exponents characterising the theory’s

continuous phase transition, finding excellent agreement with previous results. We then

study the potential between static charges as a function of coupling, recovering the

expected linear dependence on distance. We move to Z3 gauge theory in Section 3.6. Here,

65



we compute ground-state energies and look at order and disorder operators to identify the

location of the phase transition. By looking at derivatives of the energy as a function of

coupling, we argue that the transition is weakly first-order in nature. We finish with a check

that the network has correctly learned charge conjugation symmetry and analyze the static

charge potential. The appendices contain an overview of our implementation of Wilson

loop operators, a review of calculating critical exponents from curve collapse, and a brief

summary of the BST extrapolation technique which we use to identify the critical coupling.

Future directions

Obvious next steps include examining ZN theories for N > 3, extending our networks to

continuous gauge groups and including matter fields. In particular, there is renewed

interest in ZN and U(1) theories under the guise of studying flux tubes using confining

strings [236,237], and it would be interesting to investigate if mass gaps can be computed

using NNQSs. We also intend to study theories in 3 + 1 dimensions; unlike approaches such

as matrix product states, no conceptual changes to the network architecture are needed to

move to higher dimensions.

Our identification of critical exponents for Z2 relies on curve collapse via a leading-order

finite-scaling analysis. It would be interesting to see if incorporating subleading corrections

gives more precise estimates [238], even without going to larger system sizes. In another

direction, it would be encouraging to observe signs of the discontinuities that characterise a

first-order transition for Z3 by studying larger lattices. Moreover, since second Rényi

entropies can be computed efficiently from a NNQS [239,240], it would be fruitful to study

the entanglement structure of the ground state and to determine the central charge of the

CFTs governing the continuous phase transitions that occur for N ̸= 3. Note that the

replica method is another approach to computing the entanglement entropy [241,242], and

it will be insightful to compare the two techniques.
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We have not fully explored how to optimize the training process. For example, we have

used transfer learning when scanning over couplings. Since the form of an L-CNNs is

system-size agnostic, one could also use transfer learning to move from smaller to larger

lattices as demonstrated in [231,243]. It has also been observed that for ground states with

non-trivial sign structure, it is often helpful to first learn the phase of the wavefunction,

with the amplitude learned towards the end of training [244]. In a different direction, our

ground-state wavefunctions were found by minimizing their energy, however one might also

try to minimize the variance of the energy. Empirically, variance minimization alone seems

ill-suited for finding ground states [245], though some combination of the two appears to

improve performance [246]. It may also be useful to monitor other observables such as

expectation values of ‘t Hooft strings during training. Since the systematic error in a

general observable depends linearly on the difference between the variational state and the

true ground state (while the energy is quadratic in the difference), tracking other

observables may provide a more sensitive measure of whether the network has converged.

By construction, L-CNNs give wavefunctions which are invariant under both gauge

transformations and lattice translations. In the future, we plan to investigate whether

including further symmetries improves the accuracy of the variational state. For example,

the wavefunction should also be invariant under rotations and reflections, which can be

implemented using group convolutional neural networks (G-CNNs) [247]. Rather than

relying on the network learning this information, imposing these symmetries exactly has

been found to improve results [248]. Furthermore, one can impose exact charge conjugation

invariance, so that the amplitude for a lattice configuration U is the same as for U†. This

can be done simply by averaging the network over U and U†.
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Figure 3.2: The left figure shows our convention for associating link variables to a lattice
site at x. The middle figure shows the links (l1, l2, l3, l4) which make up a plaquette p
when defining the magnetic term in the Hamiltonian (3.5). The right figure shows the
links associated with the operator Θx acting at the lattice site at x, defined in (3.7), which
implements Gauss’s law on the lattice.

3.2 ZN lattice gauge theory

Following [64,249], we first review pure ZN gauge theory on the lattice. In the

Hamiltonian approach to lattice gauge theory, space is discretized while time remains

continuous. Consider a spacelike two-dimensional lattice corresponding to a lattice gauge

theory in 2 + 1 dimensions, with periodic boundary conditions. The lattice spacing is taken

to be one, and the size of the lattice is L× L.

The gauge field degrees of freedom live on the links between the lattice sites. The link

variables Ux,µ are valued in the gauge group. Here our notation is that Ux,µ determines the

parallel transport from a lattice site at x to a neighboring site x+ µ, with µ = êµ, where

the lattice spacing is taken to be one and êµ is a unit vector pointing in the positive µ

direction. This is shown in Figure 3.2. We denote a particular configuration of the 2L2 link

variables by U = {Ux,µ}. Under a gauge transformation, the link variables transform

non-locally as

Ux,µ 7→ TΩUx,µ = ΩxUx,µΩ
†
x+µ , (3.4)

where Ωx are group elements.
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The Hamiltonian of pure ZN gauge theory can then be written as [249–251]

H = HE +HB ,

=
g2

2

∑
l

[
2− (Pl + P

†
l )
]

+
1

2g2

∑
p=(l1,l2,l3,l4)

[
2− (Q

†
l1
Q
†
l2
Ql3Ql4 + h.c.)

]
. (3.5)

The first term is a sum over all links l of the lattice, while the second term is a sum over all

plaquettes p. We refer to these as the electric and magnetic terms, respectively. The links

(l1, l2, l3, l4) make up the plaquette p, as shown in Figure 3.2. The operators Ql and Pl are

the standard “clock” and “shift” operators on the link l. These unitary operators are

generalizations of the Pauli operators and satisfy a ZN algebra:

P
†
l Pl = Q

†
lQl = 1, PN

l = QN
l = 1 ,

P
†
l QlPl = e2πi/NQl , (3.6)

where operators that act on different links commute with one another.

The discretized version of Gauss’s law for a ZN gauge theory is encoded by a set of local

unitary vertex operators Θx. For d = 2, these operators are defined as

Θx = Px,µPx,νP
†
x−µ,µP

†
x−ν,ν , (3.7)

where µ = x̂ and ν = ŷ, so that the links correspond to those in Figure 3.2. The lattice

Hamiltonian commutes with all of these operators,

[Θx, H] = 0 ∀ x , (3.8)

which implies the local gauge invariance of the theory. The vertex operators have
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eigenvalues e2πin/N , with operators for different sites commuting. For a state |Ψ⟩, Gauss’s

law is the statement that

Θx|Ψ⟩ = |Ψ⟩ ∀x . (3.9)

A state which satisfies this constraint is gauge invariant. The ground state of the theory is

always gauge invariant. There are, however, other superselection sectors of the Hilbert

space of the theory, classified by the eigenvalues of Θx. For example, the twisted or

charged sector where Θx = e2πin/N and Θx′ = e2πin′/N for integer n and n′ can be

interpreted as the gauge-invariant states with charges n and n′ located at the lattice sites x

and x′ respectively.

The link variables Ux,µ are elements of ZN , and so can be thought of simply as phases of

the form e2πiq/N , where q ∈ {0, . . . , N − 1}. With this, we define states |q⟩l which span the

Hilbert space on the link l. These states are assumed to give an orthonormal basis for the

Hilbert space, ⟨q|q′⟩ = δq,q′ and are eigenstates of the clock operator:

Ql|q⟩l = e2πiql/N |q⟩l . (3.10)

Moreover, the shift operator P acts as a periodic lowering operator,

Pl|q⟩l = |q − 1⟩l , (3.11)

with Pl|0⟩l = |N − 1⟩l. We also define plaquette variables Ux,µν as 1× 1 untraced Wilson

loops of the form

Ux,µν = Ux,µUx+µ,νU
†
x+ν,µU

†
x,ν . (3.12)

Under (3.4), the plaquette variables transform locally as

Ux,µν 7→ TΩUx,µν = ΩxUx,µνΩ
†
x . (3.13)
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For our example of a d = 2 lattice, we take µ = x̂ and ν = ŷ so that the loop is traversed

anticlockwise, in agreement with the convention in Figure 3.2.

At a given time, a wavefunction Ψ for the lattice system takes in a configuration

U ∈ Z2L2

N ⊂ C2L2
of the link variables and returns a complex number:

Ψ: C2L2 → C , U 7→ Ψ(U) . (3.14)

We will be particularly interested in those wavefunctions which can approximate the

ground state of the system. Since the Hamiltonian is time independent, the ground state is

time independent, so it is sufficient to consider only the two-dimensional spatial lattice for

a 2 + 1-dimensional theory. The ground state must also be gauge invariant. Denoting the

ground state by |Ψ0⟩, this means that under the gauge transformation (3.4), the

wavefunction Ψ0 is invariant, i.e. Ψ0(TΩU) = Ψ0(U).2

3.2.1 Wilson loop operators

Naively, one might expect that, in analogy to the magnetization of a spin system, the

phases of a lattice gauge theory should be distinguished by a spontaneous alignment of the

link degrees of freedom. This would manifest as a non-zero value of
∑

l⟨Ql⟩. In the

analogous spin system, a non-zero magnetization indicates a spontaneous breaking of a

global symmetry. In the gauge theory, a non-zero expectation value would instead imply

the spontaneous breaking of a local symmetry. This is impossible by Elitzur’s

theorem [252], and so the phases of the theory cannot be distinguished by these

expectation values (which vanish by gauge invariance). Instead, one must look at non-local,

gauge-invariant observables, the simplest of which is the Wilson loop.

A Wilson loop operator WΓ is defined given Γ, a closed oriented path on the lattice [194].

2. More generally, a gauge equivariant function f obeys f(TΩU) = TΩf(U).
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Γ

Γ̃

Figure 3.3: Order and disorder operators on the lattice. The blue path denotes a Wilson
loop, WΓ =

∏
ΓQ, given by the product of clock operators along the closed contour Γ.

The shaded blue region shows the area enclosed by the Wilson loop. The dotted gray path
denotes a ‘t Hooft string, T

Γ̃
=

∏
Γ̃
P , given by the product of shift operators on the links

pierced by the contour Γ̃ between two points on the dual lattice.

Explicitly, we define

WΓ =
∏
l∈Γ

Ql , (3.15)

where our convention is that if the link l is oriented to agree with the arrows in Figure 3.2,

one has Ql, whereas if the link has the opposite orientation, one instead takes the

Hermitian conjugate, Q†
l . Note that the magnetic term HB in the Hamiltonian is simply

(1− reW□), summed over the 1× 1 plaquettes □. An example of a Wilson loop on the

lattice is shown in Figure 3.3.

In a pure ZN gauge theory, the expectation values of Wilson loop operators can detect the

phase of the system [194,253,254]. In particular, whether the system is in a confined or

deconfined phase is determined by the scaling of the expectation value of WΓ as the size of

the loop Γ is varied. Therefore, the Wilson loop serves as an (unconventional) order

operator for the lattice gauge theory. In a deconfined phase, the magnetic term HB in the
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Hamiltonian dominates and the expectation value of the Wilson loop decays exponentially

with the length of the perimeter PΓ of the loop as

⟨WΓ⟩ ∼ e−κPΓ , (3.16)

where κ is coupling dependent. In a confined phase, the electric term HE dominates,

leading to an additional confining area-law scaling:

⟨WΓ⟩ ∼ e−κPΓ−σAΓ , (3.17)

where AΓ is the area of the loop and σ is known as the string tension. Again, σ is expected

to depend on the coupling g. Note that the Wilson loop does not follow a strict area law in

the confined phase since there is always a perimeter law contribution.

3.2.2 Creutz ratio

In the thermodynamic limit, one expects an order parameter to be positive in an ordered

phase and zero in a disordered phase. The expectation values of Wilson loop operators do

not display this behavior, and their interpretation is more nuanced. Instead, as we

discussed above, it is the scaling with the size of the corresponding loop that is different in

each phase. However, this behavior can be used to extract the string tension, which gives a

conventional order parameter. It is simple to check that the so-called Creutz ratio [255]

χl = − ln
⟨Wl×l⟩⟨W(l−1)×(l−1)⟩
⟨W(l−1)×l⟩⟨Wl×(l−1)⟩

, (3.18)

where Wl×m is an l×m Wilson loop operator on the lattice, removes the perimeter scaling

and so computes the string tension, χl = σ. Due to this, the Creutz ratio behaves like a

standard order parameter in the thermodynamic limit: positive in the confining phase and
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vanishing in the deconfined phase [256]. Note that the perimeter- and area-law scalings

given in (3.16) and (3.17) are only the leading contributions. The Creutz ratio is

constructed to remove some subleading finite-size corrections and also corrections that

come from edge/corner effects. The leftover corrections are smaller for larger Wilson loops,

so that χl is a better estimate of the continuum string tension for larger values of l.

Unfortunately, computing χl using Monte Carlo sampling can be challenging. In the

confined phase, where χl is expected to be non-zero, Wilson loops decay both with the area

of the loop and increasing coupling. The string tension is then estimated by computing a

ratio of very small numbers, which can be very sensitive to Monte Carlo errors – we will see

this later in Figure 3.11. Consequently, one often restricts the computation to smaller

values of l.

3.2.3 ‘t Hooft operators

A string of P operators, T =
∏

Γ̃
P , along an open path Γ̃ between two points on the dual

lattice defines a magnetic line operator known as a ‘t Hooft string. These ‘t Hooft strings

serve as disorder operators for the gauge theory, and can diagnose the confined-deconfined

phases. An example of a ‘t Hooft string operator is shown in Figure 3.3.

The insertion of a Gauss’s law operator Θx acts on a ‘t Hooft string simply by shifting the

path Γ̃ without moving its endpoints. Furthermore, since the ground state is gauge

invariant, insertions of Θx are “free” and do not change expectation values. Thus, ⟨T
Γ̃
⟩

depends only the endpoints of the string and not on the path itself. This can be

interpreted as the string operator creating a pair of quasi-particles (magnetic monopoles)

which reside on the plaquettes at either end of the string, corresponding to the green dots

in the example in Figure 3.3. Note that the distance between the end points must scale

with the lattice size L in order to obtain a line operator in the limit as L→ ∞. In a

deconfined phase, the expectation value of a ‘t Hooft string decays exponentially with the
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distance between its endpoints. In a confined phase, ⟨T
Γ̃
⟩ is independent of distance, since

the monopoles living at the ends of the ‘t Hooft string are condensed.

3.2.4 Global symmetry and dual spin models

ZN gauge theory in 2 + 1d can be obtained by gauging the Z(0)
N zero-form global symmetry

of a ZN spin model. The Z(0)
N symmetry corresponds to transforming all spins of the model

by a global ZN factor. In the case of the Ising model, we have a Z2 symmetry that

corresponds to flipping all the spins. By Poincaré duality, we expect that the theory after

gauging will have a dual Z(1)
N one-form global symmetry in 2+1 dimensions [69]. The phase

transitions that occur in ZN gauge theories are characterised by breaking or restoration of

this one-form global symmetry. In the following subsection, we will use this one-form

global symmetry to study the ground-state degeneracy of these theories at small coupling.

On a torus, these global symmetry operators are magnetic ‘t Hooft loops wrapping

non-contractible cycles. Similar to ‘t Hooft strings, these operators are topological and

depend on only the homotopy class of the loops. However, unlike the open string operators,

the closed loops intersect each plaquette exactly twice and, as a result, they commute with

the magnetic term of the Hamiltonian. Since they are built from the P operators, they

manifestly commute with the electric term of the Hamiltonian and thus commute with the

entire Hamiltonian for all values of the coupling g [257,258].

As a result of the gauging procedure, the local operators that transform non-trivially under

the Z(0)
N zero-form global symmetry are projected out. In contrast, extended line operators

with these charges at their end points are a part of the spectrum of the gauge theory [75].

Examples of such extended operators include the Wilson and ‘t Hooft line operators

discussed earlier. Since local gauge symmetries cannot break spontaneously on a finite

lattice, these extended operators can serve as order parameters for diagnosing phase

transitions.
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Figure 3.4: Low-lying energy levels of Z2 lattice gauge theory computed using exact diago-
nalization on an L = 2 lattice. Away from g = 0, there is a unique ground state (teal), with
an approximate fourfold degeneracy for small but non-zero couplings.

3.2.5 Ground-state degeneracy

ZN gauge theory has interesting low-lying state structure on lattices with non-trivial

topology, such as the torus defined by our periodic boundary conditions. Focusing on Z2

for concreteness, these states can be discerned from the global symmetry operators

wrapping the two non-contractible cycles of the torus [257]. The magnetic ‘t Hooft loops

which wrap the x and y directions of the torus are denoted by Vx and Vy respectively. As

with ‘t Hooft strings, these operators are topological and depend on only the homotopy

class of the loops. Since these two operators commute with the Hamiltonian, even when

the eigenstates of H are degenerate one can find a basis of states which are simultaneously

eigenstates of the Hamiltonian and Vx,y.

In the g → ∞ limit, the ground state |Ψ0⟩ is given by all links in the +1 eigenstate of the

shift operator (X for Z2), and so the ground state has eigenvalue +1 for both Vx and Vy.

States with different Vx,y eigenvalues must have at least one spin in the −1 eigenstate of
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the X operator, which will cost an energy ∼ g2. As a result, these states cannot be

degenerate with the ground state, so that |Ψ0⟩ is unique even in the L→ ∞ limit.

As g → 0, we can express the ground state in terms of the basis of the clock operator which

is Z for Z2. By taking linear combinations, we can express the four lowest energy states as

(1± Vx)(1± Vy)|0⟩⊗2L2
with eigenvalues Vx = ±1 and Vy = ±1. At g = 0, these states

have the same energy, giving a fourfold degeneracy for the ground state. For small but

non-zero couplings, these Vx,y eigenstates are no longer degenerate, but separated by a

splitting that scales as g4L with the size L of the lattice [257]. As a result, the splitting

becomes exponentially small deep in the deconfined phase, g ≪ 1. This effect occurs since

there is non-zero tunneling amplitude between states with distinct values of Z2 flux. In the

general case of ZN gauge theory on a closed compact oriented surface Σ with first

homology group H1(Σ,ZN ), the ground state degeneracy for g = 0 is given by [259]

Ground-state degeneracy on Σ = N |H1(Σ,ZN )| , (3.19)

where |H1(Σ,ZN )| = 2 if Σ is a torus. This degeneracy is one of the characteristic features

of ZN topological order [260–266].

The behaviors we have discussed actually persist throughout the deconfined and confined

phases. In general, for g ̸= 0 the ground state is unique and has eigenvalue +1 for both Vx

and Vy. Below the critical coupling, for Z2, there is an approximate fourfold degeneracy

with a splitting governed by the size of the lattice that goes to zero as g → 0. This can be

seen in Figure 3.4, which shows the lowest-lying states of Z2 gauge theory on a 2× 2 lattice

computed using exact diagonalization. One observes the approximate fourfold degeneracy

at small couplings, with the gap growing with g.
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3.2.6 Potential energy between charges

As reviewed earlier, the uncharged sector of the Hilbert space, describing the gauge field

degrees of freedom, is the subsector which satisfies Θx|Ψ⟩ = |Ψ⟩ for all lattice sites x. We

now discuss the subsectors with static charges placed at the lattice sites. Since the insertion

of a single charge at a lattice site is not gauge invariant, the simplest setup one can consider

is an open Wilson line with opposite charges at each end. Starting from a gauge-invariant

state |Ψ⟩, one can introduce charges by acting with a string of clock operators that stretch

between lattice sites on which the charges are placed. For example, the following string

operator can be used to place the charges a distance r apart along the x-direction:

Wr = Qx,µQx+x̂,µ . . . Qx+rx̂,µ . (3.20)

Note that the charges in the ZN theory are constrained to be {0, 1, . . . , N − 1}. Using the

ZN commutation relations, one finds

Θx(Wr|Ψ⟩) = e−2πi/N (Wr|Ψ⟩) , (3.21)

Θx+rx̂(Wr|Ψ⟩) = e2πi/N (Wr|Ψ⟩) .

From these phases, one deduces that the Wilson line connects static charges at x and

x+ rx̂, with charges N − 1 and 1 respectively. To compute the potential between the

charges, one can compare the ground-state energies with and without the charges. In

practice, this means one compares

⟨H⟩0 vs ⟨W †
rHWr⟩0′ , (3.22)

where the expectation values are evaluated using the ground-state wavefunction in each

sector, denoted by 0 and 0′ respectively.
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Let us now analyze the potential energy V (r) needed to separate the charges in the limit of

very small and large values of g. When g ≪ 1, the magnetic term in the Hamiltonian (3.5)

dominates and as a result the ground state is an eigenvector of Ql with eigenvalue +1 for

all links l. Consequently, the Wilson line operator Wr leaves the ground state unchanged.

Therefore, pulling the charges out of the vacuum and separating them does not take any

energy, thus the charges are deconfined.

In the opposite limit, when g ≫ 1, the electric term in the Hamiltonian (3.5) dominates

and the ground state is an eigenvector of Pl with eigenvalue +1 for all links l. Employing

the commutation relations (3.6), we observe that the Q operators forming the Wilson line

(3.20) modify the eigenvalues of Pl and P †
l along the Wilson line to e2πi/N and e−2πi/N ,

respectively. To first-order in perturbation theory, the ground-state energy in the twisted

sector is given by evaluating W †
rHWr using the untwisted ground-state wavefunction.3

Plugging this back into the Hamiltonian, and neglecting the magnetic term which is very

small in this limit, one finds that the energy difference is linear in the distance r

V (r) ≈ ⟨W †
rHWr⟩0 − ⟨H⟩0 , (3.23)

= g2r
(
1− cos(2π/N)

)
.

We see that it costs a great deal of energy to increase the separation between the charges,

implying that the charges are confined. Note that one can instead place charges k and

3. Experimentally, we have observed negligible difference between evaluating the expectation of W †
rHWr

using the “true” ground state in the twisted sector and the ground state of the sector without static charges,
at least for couplings in the range 0.5 to 1.1. Using the ZN operator identities, the result of conjugating the
Hamiltonian by the Wilson string operator is W †

rHWr = H + g2

2

∑r−1
i=0

(
Px+i,µ(1 − e−2πi/N ) + h.c.

)
, where

the second term can be thought of as a perturbation. Since the original Hamiltonian is given by a sum
over 2L2 links, while the perturbation is a sum over only r links, the parameter controlling the size of the
perturbation is r/2L2 which will be small for large enough lattices. Providing the gap between the original
ground state and the first excited state is large compared with the energy shift due to the perturbation, one
will get a good estimate of the perturbed ground-state energy using first-order perturbation theory, where
one computes the correction by evaluating the expectation value of the perturbation using the unperturbed
ground state.
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N − k on the two ends by acting with the operator W k
r . In this case, the potential energy

in the confined phase is given by V (r) ≈ g2r(1− cos(2πk/N)).

In summary, the energy needed to separate the charges differs in the two phases. In the

confined phase, the potential energy rises linearly with the distance between the charges,

corresponding to the formation of a confining flux tube or string between the charges. In

the deconfined phase, the electric flux lines are condensed and the potential between the

charges is very small, becoming independent of distance in the limit of large L.

It is useful to compare this perspective with Euclidean lattice gauge theory, where a

timelike Polyakov loop (a Wilson loop extended in imaginary time) serves as an order

parameter for confinement. The expectation value of this non-local operator is then related

to the free energy of an isolated static charge. In particular, it should be zero in the

confined phase, indicating an infinite free energy cost for isolating a single charge.

Conversely, a non-zero Polyakov loop expectation value signals deconfinement, where

isolated charges can exist. To directly study confinement, one instead considers the

correlation function of two timelike Polyakov loops separated in space. If the theory is in

the confined phase, this correlation function should decay exponentially with the

separation, reflecting the linear confining potential between the static charges represented

by the Polyakov loops. Note that it is only in the continuum limit where Lorentz

invariance emerges that one can directly relate spatial and timelike Wilson loops, and thus

identify the string tension σ appearing in (3.17) with the coefficient of the linear potential

between static charges. Away from this limit, these two quantities do not necessarily agree.

3.3 Phases and phase transitions in ZN theories

The central aim of this paper is to use neural network quantum states to model the

ground-state wavefunction of ZN lattice gauge theories. Beyond simply computing the

energy of the ground state, one can use this approach to study the phases and phase
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transitions as the coupling g is varied. With this in mind, we now review some useful

concepts for studying transitions and critical behavior on the lattice.

3.3.1 First-order vs continuous phase transitions

In quantum mechanics, a first-order phase transition is characterised by level-crossing in

the energy spectrum. This means that, as a parameter in the Hamiltonian (such as the

coupling g) is varied, the energy levels of two distinct states intersect. At the point of

intersection, the ground state of the system changes abruptly from one state to another.

The ground-state energy of the system

E0 = ⟨H⟩0 ≡ ⟨Ψ0|H|Ψ0⟩
⟨Ψ0|Ψ0⟩

, (3.24)

has a kink at the transition point, while the derivative of the energy with respect to the

coupling is discontinuous. This abrupt change is the hallmark of a first order phase

transition. For the case of the first order transitions, the energy gap between the lowest

energy state and the first excited state remains finite even as the ground state energy levels

cross and as a result of this gap the system has finite correlation length.

For a lattice gauge theory, in the limit where the lattice size is much greater than the

correlation length of the system, one expects a sharp change between an ordered and a

disordered state. Moreover, the order parameters which characterise the order and

disordered states also display a discontinuity at the transition. For finite L, the ordered

and disordered states coexist in the vicinity of the transition. The sharp kink in the energy

is smoothed somewhat, with the derivative of the energy displaying a large gradient at the

transition point.

Unlike a first-order transition, a first continuous quantum phase transition occurs without

level-crossing. Here, the ground state of the system evolves smoothly as a function of the

coupling. There is no abrupt change in the ground state, but rather a gradual change in its
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Deconfined phase
⟨W ⟩ ∼ perimeter law
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Confined phase
⟨W ⟩ ∼ area law

No topological order

Figure 3.5: Phases of ZN gauge theory in 2 + 1 dimensions. The deconfined and confined
phases are separated by a confinement transition as the critical coupling gc.

properties. The smooth change of the state is mirrored in the smooth change of the

ground-state energy, in contrast to the kink/discontinuity at a first-order transition. When

such a continuous phase transition occurs, the spectral gap between the ground state and

the first excited state closes. Consequently, the correlation length of the system diverges,

leading to the onset of long-range correlations across the system [267]. Due to the resulting

scale invariance of the system, continuous critical phenomenon can be characterised using

critical exponents, which capture the behavior of physical quantities near the phase

transition. For many quantum-mechanical lattice models, such as lattice gauge theory, the

system at the critical coupling has an enhanced conformal symmetry in addition to scale

invariance leading to a conformal field theory (CFT) [268].

3.3.2 Confined and deconfined phases

In 2 + 1 dimensions, discrete gauge theories with a Hamiltonian given by (3.5) have two

possible phases. They are in a deconfined phase at weak coupling and in a confined phase

at strong coupling. As explained in Section 3.2.6, in the deconfined phase it takes very

little energy to separate the charges, while in the confined phase the energy required to pull

charges apart grows linearly with the length of the flux string. The expectation values of

Wilson loops follow a perimeter law in the deconfined phase and an area law in the

confined phase, as described in Section 3.2.1. Since the magnetic monopoles are in

condensed in the deconfined phase, the value of a ‘t Hooft string operator is independent of
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distance in this phase. The deconfined phase is topologically ordered, with a ground state

degeneracy that depends on the topology of the system. This topologically ordered state

has long-range quantum entanglement [269]. The Z(1)
N one-form symmetry is preserved in

the confined phase, while it is broken in the deconfined phase. These characteristics of the

two phases are summarised in Figure 3.5.

3.3.3 Confinement transition

The nature of the confinement phase transition depends on N , with a first-order transition

for N = 3 and a continuous transition occurring for all other values of N [270–272].

Evidence for this comes from Monte Carlo simulation of spin systems, which are dual to

these lattice gauge theories. Furthermore, high-order perturbative expansions confirm the

Monte Carlo simulation results [273,274]. As explained in Section 3.2.4, this duality

corresponds to gauging the global ZN zero-form symmetry in the spin-system to obtain the

lattice gauge theory. As a result, in the case of a continuous transition the theory at the

critical coupling gc is described by the gauged version of the CFT that describes the

continuous transition in the corresponding spin system.

The second-order phase transition for the transverse-field Ising model is in the universality

class of 2 + 1-d Ising Wilson–Fisher CFT. Thus, the confinement phase transition for the

Z2 lattice gauge theory belongs to the 2 + 1-d gauged Ising universality class [257]. This

theory is also sometimes referred to as the Ising∗ theory. In Section 3.5, we calculate the

critical exponents for this transition using neural network quantum states. For Z3, we

observe the first-order nature of the phase transition and determine the approximate

location of the critical coupling in Section 3.6.

Remarkably, the Z4 theory decomposes into two decoupled Z2 theories for every value of

the coupling, with the critical point hosting two copies of the 2 + 1-d Ising∗ CFT [275].

Monte Carlo simulations suggest that the continuous transitions for N > 4 belong to the
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2 + 1-d XY (O(2) model) universality class [272,276]. The critical coupling at which the

confinement transition occurs goes to zero as the value of N increases. The N → ∞ limit

recovers U(1) lattice gauge theory, which is confined for all values of the coupling [270]. As

shown by Polyakov, this is a result of the fact that certain monopole operators are relevant,

leading to a phase of unbroken Z(1)
N one-form global symmetry [277,278]. The phase

diagram is much richer in 3 + 1 dimensions, with two phase transitions occurring for

N ≥ 5 [52, 279]. Investigating these phase transitions in 3 + 1 dimensions with neural

network quantum states will be a fruitful direction for future work.

Note that the critical couplings (or inverse temperatures) at which the transition occurs

computed with Monte Carlo methods are not directly comparable to the critical couplings

that one finds from a Hamiltonian approach. The reason for this is that the time direction

of the d+ 1-dimensional spacetime is also discretized. In order to recover the Hamiltonian

perspective, one must take a certain anisotropic limit of the lattice [280,281], which comes

with a non-trivial rescaling of the couplings of the theory. For this reason, other than for

simple examples, it is difficult to directly compare the location of phase transitions in the

two approaches.

3.4 Neural network quantum states

Monte Carlo Neural network quantum states
Computes path integral Computes ground state

d+ 1-dimensional spacetime lattice d-dimensional spatial lattice
Sign problem No sign problem

Asymptotic convergence guarantee No convergence guarantee
Difficult sampling problem Difficult optimization problem

Few hyperparameters Many hyperparameters

Table 3.1: Brief comparison of path-integral Monte Carlo (MC) and neural network quantum
state (NNQS) approaches.

There is a long history of using the variational method to find approximations to the
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ground-state wavefunction of quantum-mechanical systems [282]. This relies on the

observation that, given the system’s Hamiltonian H and a normalisable wavefunction Ψθ,

where θ are parameters that specify the particular wavefunction from a family of

variational states, the functional4

Eθ = ⟨H⟩θ ≡ ⟨Ψθ|H|Ψθ⟩
⟨Ψθ|Ψθ⟩

, (3.25)

is bounded from below by the true ground-state energy E0 of the system, with Eθ = E0 if

and only if Ψθ is the exact ground-state wavefunction of the system. Thus, by minimizing

Eθ with respect to the parameters θ, one obtains an approximation to both the

ground-state energy and wavefunction itself.

The more flexible the variational ansatz, the better the resulting approximation should be.

Moreover, if the form of Ψθ is particularly well suited to the system, one expects that fewer

parameters are needed to obtain a good approximation. For example, for the simple

harmonic oscillator, an ansatz of a Gaussian in the square of the displacement needs only a

single parameter to describe the exact ground state, while an ansatz in terms of Fourier

modes would need more parameters (and an infinite number to capture the exact ground

state). Finding a good approximation to the ground state of a complicated quantum

system then requires variational states which are well suited for the system under

consideration and flexible enough to capture the relevant physics.

Neural network quantum states (NNQS) were developed in 2016 by Carleo and Troyer as a

new kind of variational ansatz for quantum systems [58]. Their idea was to use a neural

network as the trial wavefunction of a quantum system, with the parameters of the network

chosen to minimize the expectation value of the Hamiltonian. In their most basic form,

neural networks give a map from inputs to outputs, with the map given by compositions of

4. Here we are explicitly dividing by the norm of the variational state. For ease of notation, we often
suppress this and assume that the state is correctly normalized, though in practice it is simpler to work with
unnormalized NNQSs.
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linear transformations and non-linear activation functions. In our case, we are interested in

networks which map from a configuration of link variables to a single complex number,

C2L2 → C, so that the network can be interpreted as assigning a probability amplitude to

a given lattice configuration. The linear transformations can be thought of as acting with

matrices whose entries are known as “weights”, which are then interpreted as variational

parameters. The non-linear activation functions, often alternated with the linear

transformations, result in the network output being a complicated non-linear function of

the variational parameters. Thanks to this, NNQSs can capture a wide range of

phenomena, including ground-state wavefunctions.

A NNQS gives a variational ansatz Ψθ for the wavefunction parametrised by the choice of

weights θ. The next question is how to choose these weights so that Ψθ provides an

approximation to the ground state of a given quantum system. Again, one can use the

variational method by trying to minimize the expectation value of the Hamiltonian with

respect to the weights of the neural network. Since the network is a complicated non-linear

function of these weights, and these weights often number in the thousands or tens of

thousands, it is not possible to solve this minimization problem exactly. Instead, one

resorts to numerical methods to iteratively reduce Eθ by varying the weights. The way to

do this is (stochastic) gradient descent. The key to this is the fact that modern neural

network packages allow for automatic differentiation, so that one can differentiate Eθ with

respect to the weights θ and evaluate the resulting gradient exactly (that is, without using

finite differences). Given this gradient, one adjusts the weights to move in the direction of

steepest descent. By repeatedly iterating, one hopes to “train” the network and eventually

find the set of weights which minimize Eθ. At the end of training, one not only has an

estimate of the ground-state energy, but also an approximation Ψθ for the exact

ground-state wavefunction Ψ0.
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MC vs NNQS

Before describing the gauge-invariance networks we will use in this paper, let us quickly

compare traditional Monte Carlo (MC) methods with neural network quantum states

(NNQS) for studying lattice theories:

• Dimensionality of the lattice: In NNQS, the trial wavefunction is defined on the

d-dimensional spatial lattice. In MC, fields are defined on a d+ 1-dimensional lattice

that includes the imaginary time direction.

• Variational principle: NNQS relies on a variational principle, wherein the trial

wavefunction is optimized to minimize the energy expectation value. MC does not

involve any optimisation, but instead aims to directly evaluate the path integral on

the lattice using Monte Carlo sampling.

• Sampling problem: In NNQS, one generates configurations of gauge fields on a

d-dimensional lattice weighted according to the trial wavefunction. In MC, one

instead samples d+ 1-dimensional lattice configurations weighted according to the

Euclidean action e−S .

• Sign problem: In Monte Carlo (MC) simulations, a sign problem occurs because the

fermion determinants in the path integral can turn complex in the presence of a finite

chemical potential or a non-zero theta angle. This complexity makes it difficult to

treat e−S as a straightforward probability measure, which prevents the use of

standard Monte Carlo methods. Moreover, even when one can absorb the complex

phase, evaluating expectation values often requires extremely high accuracies due to

possible cancellations. This sign problem is absent in NNQS, since one samples from

the Born distribution |Ψ|2, meaning that standard Monte Carlo sampling can be
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used.5

• Convergence: In the absence of sign problem, MC is guaranteed to converge

asymptotically when a sufficient number of samples have been drawn. Nevertheless,

number of steps required to adequately sample the system increases as the critical

point is approached due to critical slowing, making simulations near criticality

computationally expensive [283]. In contrast, a fixed network has limited

expressivity [284] and may not be capable of representing the true ground state of a

system. Furthermore, even if a network is capable of representing the ground state,

there is no guarantee that gradient based optimization methods will efficiently find

the optimal set of parameters.

• Systematic improvements: In MC, systematic improvements come from improving

the Monte Carlo sampling and summing over more lattice configurations. The

accuracy of NNQS can be systematically improved by using more sophisticated trial

wavefunctions with more variational expressivity. However, there is a trade-off

between expressivity and the efficiency of optimization.

• Observables: In MC, observables are calculated as ensemble averages over the

generated lattice configurations, which are related to the path integral. In NNQS,

observables are calculated directly as expectation values of operators with respect to

the trial wavefunction.

• Hyperparameters: NNQS involve a large number of hyperparameters including the

number of layers in the network, the number of neurons per layer, the type of

activation functions, the initialization methods and the learning rate. The selection

and tuning of these hyperparameters can greatly influence the learning dynamics and

5. Note that one can still run into sign problems when considering operators with non-trivial phase
structure, so that expectation values rely on many cancellations, leading to large variances in Monte Carlo
estimates.
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the accuracy of the models. The key hyperparameters in the MC approach are the

number of samples and the choice of update algorithm. Although the update

algorithm affects the rate of convergence, the overall method is quite robust.

Another point to emphasise are the trade-offs between MC and NNQS in situations where

both can be used. One swaps a higher-dimensional sampling problem for a

lower-dimensional sampling problem with an additional optimisation problem. Naively, this

optimisation problem may eat up any efficiency gain in reducing the dimension of the

lattice. However, this optimisation problem can be put on hardware designed for

large-scale machine learning tasks, such as clusters of GPUs, while utilising existing

software libraries which implement automatic differentiation, etc. In addition, one also

benefits from “transfer learning” – the wavefunction for a lattice system found for one value

of a coupling will give a good starting point for the wavefunction at a nearby coupling.

Thanks to this, one does not have to solve the optimisation problem from scratch when

scanning over couplings or probing phase diagrams. The differences between the two

methods discussed above are summarised in Table 3.1.

3.4.1 L-CNNs

The neural network architecture that we will use to approximate the ground state of a ZN

lattice gauge theory is a so-called “lattice gauge-equivariant convolutional neural network”,

or L-CNN. This particular architecture was introduced by Favoni et al. in [64] as a way to

approximate a large class of gauge-equivariant or gauge-invariant functions of a lattice

system.6 In our case, since the network should approximate the ground-state wavefunction

of the system, we want the network output to be gauge invariant.

An L-CNN is made up of constituent “layers”. Depending on their construction, the layers

can do a variety of operations, including gauge-equivariant convolutions and

6. See also [225,226] for an alternative gauge-equivariant architecture.
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Figure 3.6: A schematic of an L-CNN with a single L-CB layer with (Nout, K) = (2, 1) and
no Dense-SELU layers. Here, the input is a configuration of link variables U = {Ux,µ}.
The first layer, Plaq, converts the link variables into plaquette variables and stores them as
W = {Wx} in a single channel. The L-Conv layer then parallel transports the plaquette
variables by up to one lattice site in the positive x and y directions, giving a new set of
plaquette-like variables W ′ = {Wx,Wx+x̂,Wx+ŷ} with three channels. The sets W and
W ′ are then multiplied by element-wise multiplication (denoted by the Hadamard product
⊙), giving Wx ⊙Wx (squares of 1 × 1 loops), Wx ⊙Wx+x̂ (2 × 1 loops), and Wx ⊙Wx+ŷ
(1 × 2 loops). Since Nout = 2, one then takes linear combinations of these (determined
by the weights αijk) to give two output channels. Finally, a global pooling layer averages
each of these channels over the lattice, giving two neurons which can be processed further.
To help the reader follow variables through the network, we have highlighted three 1 × 1
plaquettes in blue, green and orange. Red dots indicate the lattice points to which the
plaquette variables are associated. For example, the action of Wx ⊙ Wx+x̂ equivariantly
multiplies the blue plaquette by the orange plaquette (since they are associated to the same
lattice point), resulting in a 2× 1 plaquette.
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multiplications, and acting with activation functions. For our purposes, we will need three

of these layers, namely a plaquette layer, a convolution layer and a bilinear layer. At each

layer, we keep track of two sets of data. The first is the set of link variables U = {Ux,µ},

which transforms non-locally under gauge transformations, as in (3.4). The second set

transforms locally under gauge transformations, as in (3.13). We refer to these collectively

as W = {Wx,i}. Here, i is a “channel” index which allows us to associate multiple W

elements to the same lattice site at x. The plaquette variables {Ux,µν} are an example of

these with a single channel; an L-CNN will naturally construct more general quantities

which transform in the same way. We give a schematic diagram of an L-CNN in Figure 3.6.

Each layer of the L-CNN can be thought of as acting on the pair (U ,W). The initial input

to the network is the set of link variables U , describing a gauge field configuration on the

lattice, while W is initially empty. The first layer carries out “preprocessing”, generating

the plaquette variables from the link variables. This is done via a Plaq layer:

Plaq : Ux,µ 7→ Ux,µν . (3.26)

The plaquette variables are then stored in W . As in [64], to reduce redundancy, we generate

only the anticlockwise plaquettes (those with positive orientation in higher dimensions).

The next layer allows the parallel transport of objects stored in W from one lattice site to a

neighboring site. This is implemented as a convolutional layer, L-Conv, given explicitly by

L-Conv : (3.27)

(Ux,µ,Wx,i) 7→
∑
j,µ,k

ωijµkUx,kµWx+kµ,jU
†
x,kµ ,

where ωijµ ∈ C are the “weights” or parameters of the convolutional layer, i and j run over

the number of output and input channels respectively, and µ ∈ {x̂, ŷ} for a d = 2 lattice.

The index k runs over 0, . . . , K, where K is an integer which determines the maximum
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lattice distance to translate the W quantities, or equivalently the kernel size of the

convolution.7

Finally, we need a layer which multiplies two sets W and W ′ in an equivariant manner.

This is done via an L-Bilin layer:

L-Bilin : (Wx,i,W
′
x,i′) 7→

∑
j,k

αijkWx,jW
′
x,k , (3.28)

where αijk ∈ C are weights, j and k run over the number of input channels for W and W ′

respectively, and i runs over the number of output channels. Since this layer multiplies

locally transforming variables at the same position x, the output is again locally

transforming, so that the layer output is gauge equivariant. For ZN gauge theories, the

gauge group is abelian and so the link variables are simply phases. Thanks to this, the

traced and untraced Wilson loops are equivalent, and any function of the W variables is

automatically gauge invariant.

In practice, prior to multiplying, W and W ′ are extended by including the Hermitian

conjugate of all their elements, and the unit matrix 1 at each lattice site. A little thought

should convince the reader that this allows the layer to include a bias and act as a residual

module (i.e. the output also contains a linear combination of the inputs) [285]. As in [64],

we combine L-Conv and L-Bilin into a single L-CB layer with a single set of trainable

weights. A choice of L-CB layer is then fixed by a choice of (Nout, K), i.e. the number of

output channels and the kernel size of the convolution.

The power of an L-CNN is in the fact that by stacking L-CB layers, one can construct

arbitrary (untraced) Wilson loops, and so approximate any gauge equivariant function. For

example, after a Plaq layer, one has all 1× 1 Wilson loops. Following this with an L-CB

layer, the output includes linear combinations of 1× 2 and 2× 1 Wilson loops (and 1× 1

7. We restrict to non-negative shifts along the lattice.
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loops and squares of 1× 1 loops when the W variables are extended by the unit matrix). If

the number of output channels is large enough, in principle, one can capture all possible

Wilson loops of area two and below. With another L-CB layer, the output includes loops

up to area four. This also makes clear that L-CNNs exploit locality on the spatial lattice,

with nearby Wilson loops more likely to be multiplied together compared with distant

loops.

Clearly, the number of possible Wilson loops grows very quickly with area, so quickly that

one cannot hope to optimize a variational ansatz constructed by simply taking

combinations of all loops. Instead, by restricting the size of the output channels, an L-CNN

works with a much smaller number of combinations of loop variables. During training, the

network then determines which combinations to keep within this much smaller subspace. It

is this restriction that ensures an L-CNN variational ansatz has a sub-exponential number

of parameters. For example, for Z2 gauge theory on a 10× 10 lattice, there are

22×102 ≈ 1060 possible lattice configurations, and so modeling the wavefunction as a

“look-up table” that assigns an amplitude to each of these is clearly intractable.8 Instead,

using an L-CNN with seven L-CB layers with (Nout, K) = (4, 2) leads to a variational

ansatz with approximately 104 parameters. As we will see, this network is sufficient to

accurately capture the physics of the ground state, and so an L-CNN clearly gives an

efficient encoding of the wavefunction.

3.4.2 NetKet implementation

We have implemented this network architecture using NetKet [227], a machine-learning

framework for many-body quantum physics. NetKet is built on top of JAX [228], a

framework for Python which allows automatic differentiation and GPU acceleration, with

8. This is obviously an overcounting, as the ground-state wavefunction depends only on gauge-invariant
data and should also be invariant under translations, etc., but the rough level of complexity is what the
reader should take away.
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its neural network components implemented using Flax [286]. The network output is taken

to be log Ψθ. Thanks to the complex weights of the network, the output is complex, so can

accommodate a wavefunction with non-trivial phase structure. Schematically, as a

functional, the wavefunction is given by the composition of the following layers

log Ψθ ≡ Dense ◦ · · · ◦ Dense-SELU ◦ Pooling ◦ · · · ◦ L-CB ◦ Plaq , (3.29)

where the final layers are fully connected dense layers, each followed by a scaled

exponential linear unit layer (Dense-SELU), and a dense layer with a single neuron

(Dense). Each L-CB layer is labeled by a choice of (Nout, K), the number of output

channels and the kernel size, while each Dense-SELU layer is fixed by Nfeat, a choice of

the number of neurons or “features” in the dense layer.

The network is trained using the in-built features of NetKet. Specifically, training attempts

to minimize Eθ, the expectation value of the Hamiltonian in the variational state. It does

this using automatic differentiation to compute the derivative (gradient) of Eθ with respect

to the parameters (weights) of the network, and then stochastic gradient descent to move

in the steepest direction of lower energy. In addition, NetKet includes the option to

precondition the gradient – we use the quantum geometric tensor in all numerical

experiments in this paper, with the resulting dynamics known as stochastic

reconfiguration.9 We further elucidate the training process below.

Sampling

Gradient descent requires the calculation of Eθ and its gradient with respect to the

parameters of the network at each training step. In principle, computing these quantities

requires summing over the Hilbert space of the system. Since the Hilbert space of gauge

field configurations is too large to sum over exactly, one must instead use stochastic

9. See, for example, [227, Section 4.1] for a discussion of this.
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gradient descent with an estimate of the gradient. The expectation values of observables

and their gradients with respect to the network parameters are computed using a

representative sample of configurations which approximate the full sum over the Hilbert

space. Here, representative means that a configuration U is sampled according to its

probability |Ψθ(U)|2. These are selected via a standard local Metropolis algorithm. As Ψθ

converges to the ground-state wavefunction, the sampling becomes better at reproducing

the sum over the Hilbert space.

Obviously, in order to actually move in the direction of decreasing energy, one needs

reasonably accurate estimates of the gradient of the energy. Since this gradient is

calculated approximately by summing over a sample of lattice configurations, one might

worry that this gradient (or the energy itself) cannot be estimated to sufficient accuracy

without using a very large number of samples. However, the Hamiltonian is a particularly

well-behaved observable as it satisfies the “zero-variance property”.10 Given a trial

wavefunction Ψθ, one can consider both the variational error in the energy, Eθ − E0, and

the variance, ⟨(H − Eθ)
2⟩θ. One can show that both the variational error and the variance

are second order in the difference between the trial wavefunction Ψθ and the true

ground-state wavefunction Ψ0. In the limit where Ψθ = Ψ0, both the error and the

variance vanish, so that Eθ = E0. Moreover, since the variance determines the statistical

error, the error in computing the gradient of the variational energy due to Monte Carlo

sampling also decreases as Ψθ approaches Ψ0. Thanks to this, one does not need a large

number of samples when estimating the energy or its gradient.

For the experiments described in this paper, each stochastic gradient descent step is

evaluated using 4096 configurations. The number of sweeps (the number of Metropolis

steps taken before returning a sample, i.e. the subsampling factor of the Markov chain) is

chosen to be equal to the number of degrees of freedom of the Hilbert space. This is simply

10. See, for instance, the discussion in [287]
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the number of links, so that for an L× L lattice, 2L2 sweeps are made. Combined with a

warm-up phase, we found this to be sufficient to ensure reasonably small correlation of the

Monte Carlo chains and an acceptable autocorrelation time. When approaching critical

couplings, an increase in the number of sweeps was needed.

initialization

Since L-CB layers are multiplicative, when using deep networks, it is essential to properly

initialize the network weights. A little thought should convince the reader that for a deep

network, if the weights are initially too small or too large, one will quickly run into

vanishing or exploding gradients. For fully connected or convolutional networks with

standard activation functions, there are analytic results for choosing a good initialization.

Without similar results for multiplicative networks, such as an L-CNN, the best one can do

is to choose the initialization empirically. Following [288], one can do this via

“layer-sequential unit-variance” initialization. The idea is that one starts with some

distribution of weights for each layer, with known standard deviations. One then proceeds,

layer by layer, changing the standard deviation so that the output of each layer has the

same variance as the previous layer. In this way, the gradient should not vanish nor

explode. We have implemented this for all the networks that we discuss. We find that this

is essential for ensuring that deep networks do not immediately diverge, nor take a long

time to begin training.

Training details

For all the networks in this paper, we used stochastic gradient descent together with a

preconditioning of the gradient via the quantum geometric tensor. In the variational Monte

Carlo community, this is known as stochastic reconfiguration [289,290]. The update rule
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for the weights θ of a variational state |Ψθ⟩ is

θ → θ − ηG−1∇θEθ , (3.30)

where η is the learning rate and G−1 is the (pseudo-)inverse of the quantum geometric

tensor. This tensor (also known as the quantum Fisher matrix) is the metric tensor

induced by the Fubini–Study distance between pure quantum states. The resulting

dynamics is akin to what is known as “natural” gradient descent in the machine-learning

community [291], where G−1 takes into account that the space of states has non-trivial

geometry [292]. In practice, G is often ill-conditioned, and so a small diagonal shift

proportional to the identity matrix is often added before inversion. For large diagonal

shifts, the identity matrix will dominate G, leading to standard stochastic gradient descent

with the Euclidean metric on weight space. This should still converge to the ground state,

though may be much slower than choosing an optimally small value of the shift.

In our experiments, the learning rate was initially set to 0.03 and reduced via cosine decay

over 500 iterations. Stochastic reconfiguration was implemented following the “MinSR”

algorithm [293,294] using NetKet’s experimental VMC_SRt driver with a diagonal shift of

10−4. Double (FP64) precision was used for all experiments, as we found this led to more

stable training of the multiplicative layers that make up an L-CNN.

As discussed in [295], the variance of the energy is useful for tracking the convergence of a

variational method.11 Given an approximate eigenstate with energy E = ⟨H⟩ and

∆E =
√
varH =

√
⟨H2⟩ − ⟨H⟩2, there will be an exact energy eigenvalue Eexact within

∆E of the energy E, |E − Eexact| ≤ ∆E [297,298]. The variance thus gives an upper

bound on how far an approximate state is from an exact energy eigenstate, and thus can be

11. See also [296] for the “V-score”, which can be thought of as a system-size agnostic definition of the
accuracy of a variational state.
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used as a stopping condition.12 Training is stopped once the network has converged, which

is indicated by Eθ no longer changing and the variance of H becoming sufficiently small.13

Upon convergence, the resulting trained network should then approximate the ground-state

wavefunction.

Transfer learning

One of the advantages of computing the wavefunction of a quantum system, rather than

using path-integral methods to compute observables directly, is the possibility of employing

transfer learning. This relies on the fact that on a finite lattice, small changes in the

parameters of the Hamiltonian should lead to only small changes in the ground-state

wavefunction. We exploit this when performing scans over the coupling: by starting with

the network weights corresponding to a nearby, previously learned wavefunction, the new

NNQS is already relatively close to the sought-for ground state. This also helps with

stability near to critical values of the of coupling, since the NNQS starts from a nearby

wavefunction (in state space), rather than trying to converge from a generic state. We find

this form of transfer learning helps the network to converge and greatly decreases overall

training time.

There is also a second kind of transfer learning that we could take advantage of (though we

did not in our experiments). Since an L-CNN is a convolutional network, it implements

weight sharing for different lattice sites. Said differently, the trainable weights in an L-CB

layer are encoded in a rank-three tensor with entries αijk ∈ C, where the indices run over

the output and input channels. The number of these channels does not depends on the

hyperparameters (Nout, K) for each layer, but does not depend on the size of the

12. One might worry that training might become stuck at an excited state, and that the variance cannot
be used to discriminate between this and the true ground state. Fortunately, stochastic reconfiguration is
excellent at driving the network to the ground state, after which the variance stopping condition can be
trusted.

13. In practice, we use the sample variance of Eθ to estimate the variance of H while training.
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underlying lattice. This means that one can train an L-CNN on a small lattice, and then

transfer the network weights to an L-CNN for a larger lattice. Presumably, this would

provide a good starting point for learning the wavefunction on the larger lattice.

Calculating observables

At the end of training, one has a NNQS which approximates the ground-state wavefunction

of the system. With this in hand, one would like to compute other observables in order to

probe various aspects of its physics. Unlike the Hamiltonian, general observables do not

enjoy the zero-variance property. This has important consequences for computing accurate

expectation values. Given an observable O, the variational error ⟨O⟩θ − ⟨O⟩0 is no longer

quadratic in the difference Ψθ −Ψ0, but changes linearly. Moreover, the variance

varθ O = ⟨(O − ⟨O⟩θ)2⟩θ remains order one (effectively because the exact ground-state

does not have to be an eigenstate of O). Thus, the statistical fluctuations of ⟨O⟩θ can be

large, requiring many samples to reduce the standard error in the estimate, which naively

goes as the square root of varθ O/nsamples modulo the effects of autocorrelation.

3.4.3 Hilbert space sector of the NNQS

The ‘t Hooft loop operators along the two one-cycles of the torus are the generators of the

Z(1)
N one-form global symmetry and commute with the Hamiltonian. Therefore, the Hilbert

space can be decomposed into selection sectors based on the eigenvalues of the ‘t Hooft

loop operators [299]. Within each sector, the states can be transformed from one to

another by acting with contractible Wilson loop operators comprised of gauge field on

links. This is in contrast to states belonging to different sectors that cannot be transformed

into each other in this manner. Given our discussion of ground-state degeneracies in the

deconfined phase in Section 3.3.3, one might wonder which sector the NNQS belongs to. Is

the neural network finding some superposition of the approximately degenerate ground
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states? In fact, as we now show, the network architecture ensures that one is always in the

trivial ‘t Hooft loop sector. Therefore, the NNQS recovers the true ground states in both

the confined and deconfined phases. To see this, as we review in supplementary section

3.7.1, recall that the expectation value of an observable O can be expressed as

⟨O⟩ =
∑
U

|Ψ(U)|2
⟨Ψ|Ψ⟩

∑
U ′

Ψ(U ′)
Ψ(U) ⟨U|O|U ′⟩

 . (3.31)

The summation over all possible field configurations U is usually approximated by

sampling using Markov chain Monte Carlo (MCMC). The sum over U ′ inside the

parentheses receives contributions only from “connected configurations”, that is,

configurations where |U⟩ and O|U ′⟩ have non-zero overlap. In the case where O = Θx is a

local generator of gauge transformations on the lattice, there is only one connected

configuration, and Ψ(U) and Ψ(U ′) must be equal since the network used to calculate Ψ is

gauge invariant by construction. The expectation value then reduces to an average of 1’s,

giving ⟨O⟩ = 1, implying that the wavefunction is gauge invariant.

A similar argument applies when O is taken to be any of the ‘t Hooft loop operators that

wrap the torus. Focusing on N = 2 for concreteness, one has O ∈ {Vx, Vy}. These

operators commute with all contractable Wilson loops, and so they do not change the

expectation values of Wilson loops at all:

⟨U ′|W |U ′⟩ = ⟨U|O†WO|U⟩ = ⟨U|W |U⟩ . (3.32)

Since our variational wavefunction Ψ is built from contractable Wilson loops of all sizes, it

is invariant under Vx and Vy by construction. Therefore, we always have (Vx, Vy) = (1, 1),

which are the quantum numbers of the true ground state (and not of the approximately

degenerate states). In order to explore other sectors, one can simply conjugate the

Hamiltonian with appropriate combinations of the Vx and Vy operators.
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3.5 Z2 gauge theory in 2 + 1 dimensions

We now turn to the study of Z2 lattice gauge theory in 2 + 1

dimensions [250,253,281,300–302]. There are surprisingly few direct numerical studies of

the ground state of Z2 lattice gauge theories, mainly due to the requirement of gauge

invariance. Instead, the literature has focused either on path-integral Monte Carlo or

simulating the dual spin system. Our focus will be on finding the ground-state wavefunction

itself, allowing us to compute the ground-state energy as a function of coupling, to identify

the critical coupling and the confined-deconfined phases, and to calculate estimates for the

critical exponents that characterise the conformal field theory governing the phase

transition. We also investigate the potential between two static charges on the lattice.

As reviewed in [258], Z2 gauge theory at zero temperature is known to have two phases: an

ordered (deconfined) phase and a disordered (confined) phase. These phases are

distinguished by the behavior of the order and disorder parameters, given by expectation

values of Wilson loop and ‘t Hooft string operators. Z2 gauge theory is dual to a classical

Ising model in 2 + 1 dimensions, and therefore the second-order phase transition at gc is in

the universality class of the three-dimensional gauged Ising CFT.

The ordered phase is expected to appear for couplings below a critical coupling gc, and is

characterised by perimeter-law decay for Wilson loops. The Z(1)
2 one-form symmetry is

broken in this phase. The slow decay of Wilson loops indicates that the ground state of the

theory is dominated by these operators. One then says that the corresponding electric flux

lines are “condensed” and the theory is deconfined. Above the critical coupling, the theory

is in a disordered phase, with the Wilson loop expectations following an area-law decay.

The ‘t Hooft string expectations are constant (independent of distance) due to the

condensation of magnetic monopoles. The Z(1)
2 one-form symmetry is unbroken and the

theory is confined.
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Figure 3.7: Expectation value of ⟨H⟩ for Z2 gauge theory (3.5) on a 2×2 lattice as a function
of coupling g. The ground state was computed using an L-CNN with six L-CB layers with
hyperparameters (Nout, K) = (3, 1). The networks were trained for up to 100 iterations with
4096 samples, though they converged within 25 or so iterations. We trained the networks
from larger to smaller values of the coupling g, using the previously trained network as the
starting point. The solid teal line is the exact diagonalization result, computed using NetKet.
The inset shows the fractional difference between the ground state energies calculated using
the neural network and exact diagonalization.
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3.5.1 Ground-state energies

As a first test of the L-CNN, we compute the ground-state energy of pure Z2 lattice gauge

theory in 2 + 1 dimensions. In Figure 3.7, we plot the expectation value of the lattice

Hamiltonian (3.5) in the ground state as a function of coupling g for a 2× 2 lattice. We see

excellent agreement with the energy calculated by exact diagonalization.

In Figure 3.8, we plot the ground-state energy per lattice site, ⟨H⟩/L2, for couplings in the

range g ∈ [0.5, 1.1] with lattice sizes L = 2, . . . , 10. By eye, one sees that the L = 10 values

are likely already very close to the continuum energy per site and that even relatively small

lattices provide a good estimate, with only L = 2 showing large deviations. We quantify

this further in Figure 3.9, which shows the difference between the ground-state energy per

lattice site for L = 10 and smaller values of L. Other than for L = 2, away from

g ∈ [0.7, 0.8], the estimates agree to better than 10−4 to 10−6. It is also interesting to

observe that the differences are maximised for g ≈ 0.76 which, as we will see, is in the

vicinity of the phase transition.

3.5.2 Searching for the critical point and phase structure

The critical coupling gc for the Z2 gauge theory has not been directly computed previously.

From [225, Figure 5], the behavior of the string tension on a 12× 12 lattice suggests

gc ≈ 0.74.14 However, this comes from eyeballing the area-law scaling of Wilson loops and

is accurate to, at best, one significant figure. Later work suggested a transition around

gc ≈ 0.76 from considerations of ‘t Hooft string expectations and derivatives of the

energy [231]. Instead, the most accurate identifications of the critical coupling come from a

Monte Carlo analysis of the dual spin system, the quantum transverse-field Ising model.

The authors of [280] simulate an anisotropic limit of the Ising model on a 2 + 1-dimensional

14. The critical coupling is given in [225] as h ≈ 0.3. Examining their Hamiltonian, one finds that the h

coupling is related to ours via h
1/4
there = ghere.
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Figure 3.8: Expectation value ⟨H⟩ for Z2 gauge theory (3.5) for varying lattice sizes as a
function of coupling g, focused on the region around the critical coupling. The networks were
trained for up to 2000 iterations with 2048 samples. Training was stopped early when the
variance of the energy per site stabilised to a value of 1.25× 10−4 or less. The expectation
values were then calculated using 32× 4096 Monte Carlo samples. We trained the networks
from larger to smaller values of the coupling g, using the previously trained network as the
starting point.
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Figure 3.9: The difference between the calculated ground-state energy per lattice site for
L = 10 and varying L, ∆e|L =

∣∣EL=10/10
2 − EL/L

2
∣∣, as a function of coupling g. Taking

the L = 10 result to be our “continuum” values, we see that the energies quickly approach
this, even for smaller lattice sizes.
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lattice, equivalent to the two-dimensional quantum transverse-field Ising model on a square

lattice. Their result is that gc = 0.757051.15

A first attempt at locating the phase transition might proceed by looking for signs of the

confinement-deconfinement transition using the order parameter of the theory. Recall that

though the order parameter is the Wilson loop operator, confinement is not cleanly

characterised by its expectation value, but by a change from perimeter- to area-law decay.

Indeed, as can be seen in Figure 3.10, ⟨W□⟩ is non-zero for all finite couplings on a

finite-size lattice. Instead, it is the string tension that displays the usual behavior of an

order parameter – zero in the in the area-law decay of the loops. As discussed in Section

3.3.3, given the ground-state wavefunction, the string tension can be estimated using the

Creutz ratio. In Figure 3.11, we show the string tension σ estimated using χ2 on a 10× 10

lattice. In the small-coupling regime, sufficiently far from the phase transition, the string

tension is zero to within Monte Carlo errors. As we approach g ≈ 0.76, the expected

critical coupling, we see that the string tension becomes non-zero and has approximately

linear growth with coupling. Using a rough linear fit to this regime, one finds

σ(g) = −3.48 + 4.59g. Extrapolating back to zero string tension implies gc ≈ 0.758, which

is already in good agreement with Monte Carlo results from the dual spin system. For

larger couplings, g > 0.95, Monte Carlo errors become of the same order as the quantities

appearing in the Creutz ratio, leading to a noisier signal. Figure 3.11 also shows the string

tension estimated using χ3. Since larger Wilson loops should be less affected by finite-size

corrections, this should give a better estimate of σ, though we also observe that the signal

quickly becomes dominated by Monte Carlo errors in the confined phase.

Next, we can look for evidence of the phase transition in the disorder parameter, i.e. the

‘t Hooft string. In the ordered/deconfined phase, expectation values of these string

operators decay with the distance between the ends of the string, while in the

15. Our coupling is related to theirs via t
−1/4
there = ghere.
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Figure 3.10: The lattice average of the single-plaquette Wilson loop operator W□ in Z2
gauge theory as a function of coupling g near the critical point for varying lattice sizes.
This corresponds to the expectation value of the magnetic flux energy per site. The dotted
yellow line indicates the position of the critical coupling at gc = 0.756, as determined by our
analysis in Section 3.5.3.

disordered/confined phase, they should be constant. In Figure 3.12, we plot the disorder

parameter as a function of coupling for monopoles a distance five apart on a 10× 10

lattice. We see that below the critical coupling, the expectation values decays quickly to

zero, while near to the transition it grows rapidly, eventually approaching one. These

results should be compared with those in [231, Figure 11 (b)], which display a similar,

though much noisier, transition.

At this point, we have demonstrated the presence of confined and deconfined phases, with

the transition occurring at around 0.76. We would now like to identify the critical

couplings more accurately and to establish whether the transition is first-order or

continuous. We will see that it is continuous, in agreement with the literature, and then go

on to calculate the critical exponents that characterise the conformal field theory that

governs the critical point.
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Figure 3.11: String tension estimated from the Creutz ratio χl for l = 2, 3 on a 10 × 10
lattice using 220 ≈ 1M Monte Carlo samples. The error bars shown only take into account
Monte Carlo errors. For g > gc, Wilson loops decay rapidly with size. Estimates of σ are
then challenging due to ratios of very small numbers, as can be seen from the noisier signal
for g > 1 with l = 2 and g > 0.85 with l = 3. In particular, above g = 0.9375, the estimates
of χ3 are unreliable, with the standard error becoming larger than the observable. As such,
we have not shown these points.
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Figure 3.12: The lattice average of the ‘t Hooft string operator in Z2 gauge theory as a
function of coupling g near the critical point for a 10× 10 lattice. The string operator is of
length five in the x direction.

107



0.75 0.76 0.77 0.78

0.1

0.2

0.3

0.4

0.5

0.74
0 g

⟨T ⟩
4× 4

6× 6

8× 8

10× 10

12× 12

−1 −0.5 0 0.5 1
0

2

4

−1
g̃

L2β/ν⟨T ⟩
4× 4

6× 6

8× 8

10× 10

12× 12

Figure 3.13: Lattice average of the ‘t Hooft string for varying lattice size and distance L/2
between ends of ‘t Hooft string. The left figure shows the unscaled expectation values as
a function of coupling, spaced equally over the range g ∈ [0.74, 0.78] around the critical
coupling. The right figure shows curve collapse for the rescaled observable L2β/νT , with the
rescaled coupling g̃ = L1/ν(g − gc)/gc. The critical coupling and exponents are given by
gc = 0.7546, β = 0.326 and ν = 0.630. Note that, since g̃ depends on L, a fixed range of g
values is mapped to a varying range of g̃ values, as can be seen in the figure.

3.5.3 Critical exponents and finite-size scaling

The discontinuities and singular behavior that characterise phase transitions appear only in

the thermodynamic limit, wherein the volume of the system (the lattice size) approaches

infinity [303,304]. This is a result of the fact that for finite system size, all calculations

involving the ground state and path integrals are finite and lead to smooth functions.

Away from the critical coupling for the phase transition, there is an exponential decay of

two-point correlation functions as e−r/ξ, where r is the distance between the operator

insertions and ξ is the correlation length. For continuous phase transitions, the correlation

length diverges as the system approaches the critical point ξ = ξ0|g − gc|−ν with a positive

critical exponent ν > 0. For a finite-size system of size L, the theory of finite-size scaling

describes how observables behave in the vicinity of the critical point as a function of the

length scale L and the distance from the critical point [305]. The key insight of this theory

is that, close to the critical coupling gc, the correlation length ξ is comparable to the
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system size and therefore the microscopic length given by the lattice spacing which governs

the range of interaction no longer affects the correlation functions on scales larger than the

lattice spacing.

The Ising model has a Z2 global symmetry, which corresponds to flipping all the spins on

the lattice. Recall that in the Ising model, one has to tune the temperature to the critical

value T = Tc and the external field to zero to obtain the Ising CFT, which inherits this Z2

global symmetry. Consequently, all operators are either Z2 odd (e.g. the spin field σ) or Z2

even (e.g. the energy density field ϵ) and there are exactly two relevant scalar operators in

the CFT [306]. The Z2-even scalar with the lowest scaling dimension is the energy density

field ϵ, and its scaling dimension ∆ϵ is related to the critical exponent ν, which

characterises the divergence of the correlation length as T → Tc. The Z2-odd scalar with

the lowest scaling dimension is the spin field σ, which transforms as σ → −σ under the Z2

global symmetry and serves as the order parameter for the Z2 symmetry breaking phase

transition. The scaling dimension ∆σ is related to the magnetization critical exponent β,

which characterises the vanishing of magnetization as temperature is increased to the

critical value. Renormalization group (RG) analysis reveals the precise relation between

scaling dimensions of these operators and the critical exponents in d-dimensions [49]:

ν =
1

d−∆ϵ
, β =

∆σ

d−∆ϵ
. (3.33)

As Z2 lattice gauge theory can be obtained by gauging the Z2 global symmetry of the Ising

model, the theory at the critical coupling gc is described by the Z2 gauged Ising CFT

(Ising∗ CFT). Since the two theories are related by a discrete gauging, the corresponding

scaling dimensions and critical exponents are identical. The Z2 odd local operators get

projected out during the gauging procedure. However, the Z2 odd σ field that is attached

to the ‘t Hooft string operator remains in the spectrum. Consequently, the order parameter

that we employ to diagnose the confinement phase transition and compute the critical
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exponents β and ν is the lattice average of the expectation value of a ‘t Hooft string

operator.

The ‘t Hooft string is taken to lie in the x-direction with length L/2, corresponding to

one-half of the lattice size. This choice numerically leads to the smallest variance and, since

the length of the string operator scales with the system, it ensures that one obtains a line

operator in the L→ ∞ limit. Since there are two σ fields (monopole operators) at the end

of the string operator, the CFT then predicts that in the vicinity of the critical point the

expectation value of the operator should vary with L as

⟨T ⟩ ∼ L−2∆σ , (3.34)

where ∆σ is the scaling dimensions of the σ operator attached to the ‘t Hooft string in the

Ising∗ CFT [75].

Combining this with the finite-size scaling hypothesis, the functional dependence can be

expressed solely in terms of the dimensionless ratio ξ/L and system size L as

⟨T ⟩ = L−2∆σf(ξ/L) , (3.35)

where f is an L-independent scaling function. Using the relations ξ(g) ∼ |g − gc|−ν and

β/ν = ∆σ, this can be expressed in terms of g using another scaling function F :

⟨T ⟩ = L−2β/νF
(
L1/ν(g − gc)

)
. (3.36)

Thus, plotting L2β/ν⟨T ⟩ against g̃ ≡ L1/ν(g − gc)/gc should give curves that are

independent of L and so “collapse” onto each other. One can use this curve collapse to fix

the values of gc, β and ν directly from data. Following the approach of [307], reviewed in

supplementary section 3.7.2, one can automate this by defining a measure of how well the
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curves collapse and then numerically minimizing the measure as a function of (gc, β, ν).

The data for this procedure is generated by finding L-CNNs which approximate the

ground-state wavefunction for g ∈ [0.74, 0.78] in steps of 0.001 and for lattice sizes

L = 4, . . . , 12, and then computing the lattice average of the expectation value of a ‘t Hooft

string of length L/2 in the x direction. The raw data is shown in the left plot of Figure

3.13. We note that these curves do not collapse on each other for the range of couplings

considered. Following the procedure outlined in supplementary section 3.7.2, we find the

values of gc, β and ν that provide the best collapse across the range g̃ ∈ [−1, 1] for

L = 8, 10, 12,16 giving

gc = 0.7546(8), β = 0.326(4), ν = 0.630(3) . (3.37)

Here, the errors are computed by bootstrapping the fits over the original data. Using these

values, in the right plot of Figure 3.13 we show that the curves of L2β/ν⟨T ⟩ do indeed

collapse onto each other as expected. The collapse for L = 6, . . . , 12 is excellent. The

collapse holds even for L = 4, which will have larger corrections in L−1 not captured by the

leading-order analysis. These results predict that the conformal dimensions of the σ and ϵ

primary operators in the critical 2 + 1-d Ising model are ∆σ = 0.518(4) and ∆ϵ = 1.412(8).

We can compare our results with previous calculations of the critical exponents. Since the

scaling dimensions of operators are identical for Ising and Ising∗ CFT, our results should

match the ones computed for all systems in the Ising universality class. The three principal

theoretical methods of computing critical exponents are Monte Carlo study of lattice

systems, perturbative RG flow and the conformal bootstrap. The conformal bootstrap

computations are the most precise, but all three techniques are in agreement with each

other. From the conformal bootstrap program, state-of-the-art bounds on conformal

16. Since our finite-size scaling ansatz includes only leading-order corrections, we have used only the three
largest lattice sizes to compute the fits – these should be least affected by subleading corrections in the
inverse lattice size.

111



0.6 0.7 0.8 0.9 1 1.1

0.2

0.4

0.6

0.8

1

0.5
0 g

V (r)/2g2r

gc = 0.756

10× 10

1 2 3 4 5

2

4

0
0 r

V (r)/2g2

g = 0.5125

g = 0.5875

g = 0.6625

g = 0.7375

g = 0.8125

g = 0.8875

g = 0.9625

g = 1.0375

Figure 3.14: The left figure shows the linear potential V (r) for Z2 gauge theory between two
static charges on the lattice divided by its expected strong-coupling limit, 2g2r. The charges
are placed at (0, 0) and (r, 0) for r ∈ {1, . . . , 5} on a 10× 10 lattice. The coefficient for each
g is computed by fitting a linear function with zero intercept. The right figure shows the
potential energy, V (r) ≡ Eq−E0, defined as the difference between the ground-state energy
without static charges, E0, and the energy Eq with charges a distance r apart on a 10× 10
lattice for various values of the coupling. The lines are linear fits of the form V (r) ∝ r. The
r = 0 data corresponds to the state without charges. From the form of the Hamiltonian (3.5),
in the strong-coupling limit, one expects the potential to approach 2g2r, so we have divided
by 2g2 to see this. We have also plotted this behavior as the dashed diagonal black line.
In all cases, after inserting the static charges, the networks were trained for a further 200
iterations before computing ⟨W †

rHWr⟩θ (though we observed negligible difference between
this and using the untwisted sector ground state).

dimensions yield ∆σ = 0.5181489(10) and ∆ϵ = 1.412625(10) [308,309], which in turn fix

βCB = 0.326419(3) , νCB = 0.629971(4) . (3.38)

The most precise Monte Carlo results for exponents of the 2 + 1-d Ising model are due to

Ferrenberg et al. [310], extending previous results of Hasenbusch [311], leading to

νMC = 0.62960(15) and βMC = 0.32620(31).

These results are summarised in Table 3.2. We see that our estimates for β and ν are in

excellent agreement with high-precision conformal bootstrap and Monte Carlo values. The

value of the critical coupling determined by our scaling collapse analysis, gc = 0.7546(8), is

within the 95% confidence interval (two standard deviations) of the value gc = 0.757051

determined by Monte Carlo calculations [280]. This small deviation can be attributed to
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the corrections from irrelevant operators in the conformal field theory, which shift the

computed value of the critical coupling from the exact value. It is also important to note

that our analysis considers only the leading-order effects in the inverse lattice size L−1,

whereas the Monte Carlo results incorporate subleading corrections, which may further

explain the discrepancy in the values of gc.

Method ν β

NNQS 0.630(3) 0.326(4)
Conformal Bootstrap [309] 0.629971(4) 0.326419(3)

Monte Carlo [312] 0.62960(15) 0.32620(31)
ϵ expansion [313] 0.6305(25) 0.3265(15)

Large N [313] 0.6304(13) 0.3258(14)

Table 3.2: Selected theoretical determinations of 2 + 1-d Ising critical exponents.

Critical coupling from BST extrapolation

So far, we have seen that both the order and disorder parameters display changes in

behavior in the vicinity of critical coupling predicted by Monte Carlo studies of the dual

spin system, and that curve collapse can be used to identify the critical coupling and

exponents. Here, we provide an alternative estimate for the critical coupling directly from

our results.

Our curve collapse approach relied on the leading-order corrections from finite-size scaling

theory. In fact, one can do better than this by taking into account subleading corrections

in L−1 and extrapolating to the continuum limit. One way to do this is via BST

extrapolation [232–234], a technique which uses rational functions to accelerate

convergence. In practice, one looks at the pairs (L, gcross), where the coupling gcross is

where the curve for lattice size L and the next largest lattice size cross. One then follows

an iterative procedure to find the continuum critical coupling, as outlined in supplementary

section 3.7.3.
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Applying this to the crossing points of ⟨T ⟩ for a ‘t Hooft string operator of length L/2

gives the estimate17

gc = 0.756431 , (3.39)

where the error solely due to convergence of the BST procedure is negligible. This is

slightly larger than the coupling we found via curve collapse, though a small difference is

not surprising – curve collapse considers only leading-order corrections in L−1 while BST

extrapolation can also account for higher-order corrections, including an L-dependent shift

of gc.

3.5.4 Potential energy between charges

By using the ground-state wavefunctions obtained after training, we can compute the

expectation value of the Wilson string to find the potential between charges on the lattice.

Since the gauge group is Z2, the possible charges are {0, 1}. The Wilson string stretching

between two non-zero charges lying along the x direction of length r is simply a product of

Z (clock) operators

Wr = Zx,µZx+x̂,µ . . . Zx+rx̂,µ . (3.40)

At small couplings g ≪ 1, the theory is deconfined and the potential per unit length of the

Wilson string vanishes. On the other hand, for large values of the coupling, the potential

energy can be obtained by setting N = 2 in (3.23):

⟨W †
rHWr⟩0 − ⟨H⟩0 = 2g2r . (3.41)

The expected linear dependence of the potential energy as a function of the distance

between charges is confirmed on the right plot in Figure 3.14. The potential energy per

17. The error solely from BST extrapolation can be estimated from ε
(0)
N−1 (see Equation (3.58)). The

optimal choice of ω leads to ε
(0)
N−1 ∼ 10−11, implying that the extrapolation has converged well.
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unit length increases rapidly near the phase transition and saturates to 2g2 at strong

coupling, as can be seen from the left plot of Figure 3.14.

3.6 Z3 gauge theory in 2 + 1 dimensions

We now turn to studying Z3 gauge theory. This theory is expected to have a first-order

phase transition separating the deconfined and confined phase [250,314]. For a first-order

transition, the spectral gap does not vanish even in the thermodynamic limit, and therefore

the correlation length is always finite. Since the ground state of the system changes

abruptly at the point of transition, physical observables such as the energy and its

derivatives as a function of coupling display kinks or discontinuities. For finite lattice sizes,

the ordered and disordered phases coexist, smoothing out these features.

By computing the energy and its derivatives, we can determine the critical coupling gc at

which the transition occurs. The computation of other observables such as the Creutz

ratio, ‘t Hooft string operator and the potential energy between charges provides insight

into the deconfined and confined phases. The theory is in a deconfined phase below the

critical coupling, with perimeter-law decay for Wilson loops and a broken Z(1)
3 one-form

symmetry. In the confined phase, the Wilson loops obey an area-law decay and the Z(1)
3

one-form symmetry is preserved. As with Z2, the expectation value of the ‘t Hooft string

operators become constant due to condensation of magnetic monopoles.

3.6.1 Ground-state energies

As a test of our approach, we compare it with previous work using tensor networks to

numerically investigate the ground state of a pure Z3 lattice gauge theory in 2 + 1

dimensions [249]. In Figure 3.15, we plot the expectation value of the lattice Hamiltonian

(3.5) in the ground state, i.e. the ground state energy, as a function of coupling g for a 2× 2

lattice. We see excellent agreement with the energy calculated by exact diagonalization,
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Figure 3.15: Expectation value of ⟨H⟩ for Z3 gauge theory (3.5) on a 2×2 lattice as a function
of coupling g. The ground state was computed using an L-CNN with six L-CB layers with
(Nout, K) = (3, 1). The networks were trained for up to 100 iterations with 4096 samples.
We trained the networks from larger to smaller values of the coupling g, using the previously
trained network as the starting point. The solid teal line is the exact diagonalization result,
computed using NetKet. The inset shows the fractional difference between the ground state
energies calculated using the neural network and exact diagonalization.
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Figure 3.16: Expectation value ⟨H⟩ for Z3 gauge theory for varying lattice sizes as a func-
tion of coupling g, focused on the region around the critical coupling. The networks were
constructed from ⌈log2Nsites⌉ L-CB layers with (Nout, K) = (4, 2), and trained for up to
1000 iterations with 4096 samples. Training was stopped early when the variance of the
energy per site stabilised to a value of 1.25× 10−4 or less. The expectation values were then
calculated using 32 × 4096 Monte Carlo samples. We trained the networks from larger to
smaller values of the coupling g, using the previously trained network as the starting point.
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and find more accurate results than those recently obtained using tensor networks [249].

In Figure 3.16, we show the ground-state energy on lattices of size L ∈ {2, 4, 6, 8, 10} as a

function of coupling in the region g ∈ [0.5, 1.1]. Compared with the results for Z2 in Figure

3.8, the curves for Z3 appear to be somewhat sharper at the transition around g ≈ 0.8. As

we will see in a moment, this can can be seen more clearly by computing the derivative of

the energy with respect to the coupling.

3.6.2 First-order phase transition

The zero-temperature Z3 theory is expected to undergo a first-order phase transition at

some critical coupling gc. There are few works in the literature which determine this

coupling directly from the gauge theory. From [249, Figure 7], the behavior of the string

tension on a 6× 6 lattice suggests gc ∈ [0.75, 0.90]. However, the string tension data is

rather noisy, and the authors do not give an explicit estimate of gc. A somewhat cleaner

calculation is given in [315] using an infinite projected entangled-pair state (iPEPS) ansatz.

The ground-state energy displays a kink at the critical coupling, and a fit to the area-law

coefficient agrees with the location of the kink, giving gc = 0.818.18

Before locating the critical coupling, we first look for evidence of the confined and

deconfined phases. Following a similar discussion in Section 3.5, in Figure 3.17, we plot an

estimate of the string tension, computed using the Creutz ratio for l = 2. At small

couplings, the string tension is zero, indicating the presence of an ordered, deconfined

phase. At larger couplings, the string tension is non-zero and increasing with coupling,

corresponding to a disordered, confined phase. The phase transition appears to occur in

the region g ∈ [0.7755, 0.7875]. For completeness, we also compute the lattice average of

the disorder operator, i.e. the ‘t Hooft string. As for Z2, one expects this operator to decay

18. The critical coupling is given in [315] as g2c = 1.159. However, their Hamiltonian is not the same as
ours. Specifically, working in a basis where the shift operator is diagonal, they have resummed the electric
term in the Hamiltonian and absorbed various constants into the coupling. This results in the identifications
g2there =

√
3g2here and

√
3Hthere(gthere) = Hhere(ghere)− g−2

hereL
2.
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Figure 3.17: String tension estimated from Creutz ratio χl for l = 2 on a 10 × 10 lattice
using 220 ≈ 1M Monte Carlo samples. For g > gc, Wilson loops decay rapidly with size.
Estimates of σ are then challenging due to ratios of very small numbers, as can be seen
around g > 0.95.

exponentially with the string length in the ordered phase, while it should be independent of

length (but coupling dependent) in the disordered phase. Our results in Figure 3.18

confirm these expectations, with the transition region agreeing with that suggested by the

string tension.

Note that one would expect a first-order transition to be signalled by discontinuities in

order and disorder parameters. For the ‘t Hooft string, the Z3 theory displays a steeper

increase than Z2 at the transition, however it does not display clear signs of a

discontinuity. In fact, this behavior is not unexpected, and is often referred to as being

“weakly” first order. First-order transitions are referred to as weakly first order when the

(finite) correlation length at the transition is larger than the system size. If the lattice

system is smaller than the correlation length ξ, it is difficult to differentiate between

first-order and continuous transitions, with the expected discontinuities smoothed out, the

critical coupling shifted, and finite-size scaling analysis failing to recover trivial critical
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Figure 3.18: The lattice average of the ‘t Hooft string operator in Z3 gauge theory as a
function of coupling g near the critical point for a 10 × 10 lattice. The string operator is
of length five in the x direction. The dotted yellow line indicates our identification of the
transition at gc = 0.781.
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Figure 3.19: The left figure shows various expectation values per lattice site for Z2 gauge
theory computed on a 10×10 lattice using an L-CNN as a function of coupling. These include
the ground-state energy, the electric and magnetic energies, and the derivative of the energy
with respect to g2. We have also labeled the position of the critical coupling gc = 0.756 with
a dashed gold line as calculated from BST extrapolation in Section 3.5.3. The right figure
shows the same data for Z3 gauge theory, with the transition marked midway between 0.775
and 0.7875 at gc = 0.781.

120



0.6 0.7 0.8 0.9 1 1.1

0.2

0.4

0.6

0.8

1

0.5
0 g

V (r)/3
2g

2r

gc ≈ 0.78

10× 10

1 2 3 4 5

2

4

0
0 r

V (r)/3
2g

2

g = 0.5125

g = 0.5875

g = 0.6625

g = 0.7375

g = 0.8125

g = 0.8875

g = 0.9625

g = 1.0375

Figure 3.20: The left figure shows the linear potential V (r) for Z3 gauge theory between two
static charges on the lattice divided by its expected strong-coupling limit, 3

2g
2. The charges

are placed at (0, 0) and (r, 0) for r ∈ {1, . . . , 5} on a 10× 10 lattice. The coefficient for each
g is computed by fitting a linear function with zero intercept. The right figure shows the
potential energy, V (r) ≡ Eq−E0, defined as the difference between the ground-state energy
without static charges, E0, and the energy Eq with charges a distance r apart on a 10× 10
lattice for various values of the coupling. The lines are linear fits of the form V (r) ∝ r. The
r = 0 data corresponds to the state without charges. From the form of the Hamiltonian
(3.5), in the strong-coupling limit, one expects the potential to approach 3

2g
2r, so we have

divided by 3
2g

2 to see this. We have also plotted this behavior as the dashed diagonal black
line. In all cases, after inserting the static charges, the networks were trained for a further
200 iterations before computing ⟨W †

rHWr⟩.

exponents (i.e. ν = 1/d) [316].19 Indeed, it is known that the spin system dual to Z3 gauge

theory, the three-state Potts model, has a correlation length ξ ∼ 10 [318], and so we may

need to look at larger lattices to see a clear signal of first-order behavior.

A first-order quantum phase transition can also be diagnosed by a discontinuity in the first

derivative of the energy with respect to the coupling [315]. Using the Hellmann–Feynman

theorem, this derivative can be calculated as

∂⟨H⟩θ
∂g2

≡
〈
∂H

∂g2

〉
θ
= g−2⟨Ψθ|HE −HB |Ψθ⟩ . (3.42)

In Figure 3.19, we plot the derivative of the energy per lattice site as a function of coupling

19. For example, the correlation lengths of the two-dimensional q-state Potts model were computed by
Buffenoir and Wallon [317]. The theory has a continuous ξ → ∞) transition for q = 4, and a first-order
transition for q ≥ 5. However, for q = 5, . . . the correlation lengths ξ ≈ 2500, 150, 50, 25, 15, 10, . . . indicate
that one will not see discontinuities in observables for smaller values of q without going to very large lattices.
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for both Z2 and Z3 on a 10× 10 lattice. In the case of Z2, which is known to have a

continuous phase transition, the transition region near to the critical coupling (gc ≈ 0.756)

shows a smooth decrease. For Z3, the derivative instead shows a steep decrease in the

region [0.775, 0.7875], indicating a first-order transition. This is also apparent in the curves

for ⟨HB⟩, the magnetic term in the Hamiltonian, which display a sharper, more sudden

increase for Z3.20 From this, and the order and disorder parameters, we identify the

critical coupling to be

gc = 0.781(6) . (3.43)

where the error corresponds to the half-width of the interval [0.775, 0.7875]. If one plots the

same expectations for varying lattice size, one sees that the curve for Z2 does not change

much between L = 6 and L = 10, suggesting that it is not becoming discontinuous in the

continuum limit. The curves for Z3 instead show the pattern of getting steeper and steeper

with increasing L, exactly as one would expect for a first-order phase transition.

We can also check whether our variational state has correctly learned the symmetries of the

ground state. For example, we know that the true ground state should be invariant under

lattice translations, rotations and reflections, and charge conjugation. L-CNNs are

manifestly translationally invariant, so this symmetry is exact. The remaining symmetries

will be learned as part of the training process, and so they will approximate. One can

check this by comparing the amplitude Ψ(U) with Ψ(U ′), where U ′ is related to U by one

of the symmetry transformations. For example, charge conjugation acts by sending all link

variables to their conjugates, U ′ = U†. Charge conjugation invariance then implies that

expectation values of Wilson loops for the ground state should be real.21 Denoting the

20. Note that HB/L
2 is effectively one minus the single-plaquette Wilson loop W□, so we have not plotted

this separately.

21. In fact, since the Hamiltonian commutes with time reversal, if the ground-state is unique, one can always
pick the ground-state to be real (see, for instance, [319, Equation 6.4]). Then, if it is also charge-conjugation
invariant, one also has Ψ(U) = Ψ(U†). This symmetry could be imposed in the network architecture, though
we have not done so in this work.
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charge conjugation operator by C, this follows from

⟨W ⟩0 = ⟨Ψ0|C†WC|Ψ0⟩ = ⟨W ⟩†0 , (3.44)

where we have used C|Ψ0⟩ = |Ψ0⟩ for the ground state. Again, we can check to what

accuracy this holds for our trained networks by comparing the size of the imaginary part of

the expectation value with its magnitude. On a 10× 10 lattice, evaluating the lattice

average of the single-plaquette Wilson loop operator for our NNQSs with 218 ≈ 250k

samples gives values of im⟨W□⟩θ/|⟨W□⟩θ| in the range 10−6 to 10−4 for g ∈ [0.5, 1.1].

From this, we conclude that our networks have learned the charge conjugation symmetry to

high accuracy.

3.6.3 Static charges

Finally, we turn to the potential between static charges in the Z3 theory, computed using

the expectation value of the Hamiltonian conjugated by a Wilson string. In this case, the

possible charges are {0, 1, 2} and thus there are two distinct Wilson strings. The following

Wilson string operator places the charges 1 at x and 2 at x+ rx̂, a distance r apart along

the x-direction:

Wr = Qx,µQx+x̂,µ . . . Qx+rx̂,µ . (3.45)

The square of this operator W 2
r = W

†
r places charges 2 at x and 1 at x+ rx̂, so the

potential energy associated to it is identical to that of Wr.

The theory is deconfined at very small values of the coupling, and so the potential per unit

length should vanish. Since there is a first-order phase transition for Z3, the potential

energy per unit distance should increase drastically near the phase transition, with this

behavior becoming singular in the thermodynamic limit. For very large values of g, the
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potential energy can be estimated by setting N = 3 in (3.23)

V (r) ≈ ⟨W †
rHWr⟩0 − ⟨H⟩0 =

3

2
g2r . (3.46)

The dramatic increase in the potential at the phase transition and the predicted

weak-/strong-coupling behavior is demonstrated in the left plot of Figure 3.20, while the

linear dependence of the potential energy on the distance between charges is illustrated in

the right plot. Comparing these with the analogous results for Z2 in Figure 3.14, we see

that both display potentials that increase linearly with distance, with the increase at the

phase transition being smooth for Z2 and much sharper for Z3, in agreement with their

continuous and first-order nature respectively.
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3.7 Supplementary Material

3.7.1 Implementation of Wilson loop operators

In NetKet, Wilson loop operators can be constructed either by chaining together products

of LocalOperator’s, or by constructing a custom operator. The first approach often runs

into memory problems, as large Wilson loops need products of many local operators

(e.g. an 8× 8 Wilson loop will need a product of 32 local operators). Instead, we

constructed a custom operator. The implementation is simplified by the fact that we are

interested only in the expectation value of the Wilson loop operators, and not in their

gradients with respect to the network parameters (which would require a more complicated

implementation). Given a state |Ψ⟩, one can compute the expectation value of an operator

O via

⟨O⟩ = ⟨Ψ|O|Ψ⟩
⟨Ψ|Ψ⟩ =

∑
U

|Ψ(U)|2
⟨Ψ|Ψ⟩

∑
U ′

⟨U|O|U ′⟩⟨U ′|Ψ⟩
⟨U|Ψ⟩

 = EU∼|Ψ(U)|2
[
Oloc(U)

]
, (3.47)

where U and U ′ are gauge field configurations, EU∼|Ψ(U)|2 means take the expectation

value over U , with U distributed according to the PDF |Ψ(U)|2, and we have defined the

“local estimator”

Oloc(U) =
⟨U|O|Ψ⟩
⟨U|Ψ⟩ =

∑
U ′

⟨U|O|U ′⟩⟨U ′|Ψ⟩
⟨U|Ψ⟩ =

∑
U ′

⟨U|O|U ′⟩Ψ(U ′)
Ψ(U) . (3.48)

In order to evaluate this expectation value via variational Monte Carlo, one needs the

following:

1. Some way of restricting the sum over U to finitely many representative values by

sampling the PDF, |Ψ(U)|2. This is provided by the Monte Carlo variational state
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interface of NetKet.

2. A method to take the samples {U} and compute the “connected elements”, i.e. those

for which the matrix element ⟨U|O|U ′⟩ ≠ 0 is non-zero. This means that for each U ,

one does not have to sum over all of the sampled configurations again, but can

instead restrict to a (usually much) smaller set of configurations, labeled by {U ′}.

One then also needs to compute the matrix elements themselves.

3. A calculation of the local estimators Oloc(U) given the matrix elements, the sets {U}

and {U ′}, and the state |Ψ⟩. Again, this implementation is provided by NetKet.

4. The statistical average of the local energies weighted by |Ψ(U)|2.

For a single clock operator Ql, it is simple to find the connected elements {U ′} and the

matrix elements ⟨U|O|U ′⟩. Given a configuration of link variables

|U⟩ = |q⟩1 ⊗ · · · ⊗ |q⟩l ⊗ . . . on the lattice, Ql acts as

Ql|U⟩ = e2πiql/N |U⟩ . (3.49)

Since we are working in a basis which diagonalises the action of Ql, this preserves the

configuration up to a phase, so that the connected set {U ′} has only one element, namely

U itself. That is

⟨U ′|Ql|U⟩ = e2πiql/N δU ,U ′ . (3.50)

The same holds for products of clock operators, such as those used for constructing Wilson

loop operators. Using this, it is relatively straightforward to implement a custom Wilson

loop operator in NetKet.
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3.7.2 Exponents from data collapse

Finite-size scaling is one of the key pillars in the theory of critical phenomena [320].

Consider a system of characteristic length scale L close to the critical point gc. The

behavior of a physical quantity m in the vicinity of the transition can be captured by a

scaling relation [321]

m(t, L) = Ldf(t/Lc) , (3.51)

where t = (g − gc)/gc is the reduced coupling, and depending on the physical system m

may refer to quantities such as specific heat, magnetization, or in our case the expectation

value of the ‘t Hooft string operator. The remarkable aspect of this relation is that it holds

for different physical systems in the same universality class. The scaling relation predicts

that when the data for mL−d is plotted against tL−c, the curves for different system sizes

(and even for different materials belonging to the same universality class) should collapse

onto a single curve. See, for example, the first figure in [320] for a striking illustration of

curve collapse in magnetization data for five different materials belonging to the 2 + 1-d

Heisenberg universality class.

The scaling relation can be used to extract the values of the exponents c and d, and the

critical coupling gc based on numerical data for m(t, L). Given a measure for the data

collapse, numerical minimization techniques can be used to automatically search for the

exponents. Consider a collection of data for a set of lengths {Lj}. The tabulated values of

m and t can be represented as {mij} and {tij} respectively, where ij labels the i’th value

of t for length Lj . The central obstacle to overcome in defining a measure of collapse is the

absence of the knowledge of the scaling function f . Closely following [307], we can use a

polynomial interpolation based on any length Lp ∈ {Lj} to determine f and compute the

deviation from this curve. Since any length can be used for this purpose, we repeat the
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procedure for all lengths and average to obtain a measure of collapse:

P =
1

Nover

∑
p

∑
i,j

∣∣∣mijL
−d
j − Ep(tijL−c

j )
∣∣∣ , (3.52)

where Ep(x) is the interpolation function based on Lp. The sum over i is performed only in

the overlapping region to avoid extrapolation, and Nover is the total number of points used

to compute P . We use a cubic spline interpolation scheme to find Ep(x). Since P ≥ 0 and

vanishes only for perfect data collapse, minimization of P can be used to extract the

optimal values of the parameters. Since each of the terms that appears in the sum is

non-negative, we can use the method of least-squares [322] to compute the optimal values

of (c, d, gc) that lead to the best-fit. The uncertainties in the computed values are

estimated by using statistical bootstrapping [323], wherein the computation of optimal

parameters is carried out multiple times using data that is re-sampled from the original

dataset. This method of computing uncertainties in critical exponents is routinely

employed in the Monte Carlo simulations of statistical systems [238,324].

3.7.3 BST extrapolation

Finite-size scaling analysis has long been used to extrapolate finite-size lattice data to the

thermodynamic limit, L→ ∞. In this supplementary section, we give a brief review of one

such technique for extrapolating a sequence of finite-size data which empirically has been

found to converge rapidly. This is known as BST extrapolation [232–234].

The general set-up is as follows. Certain continuum observables, such as the critical

coupling gc, admit an asymptotic form

gc(L) = gc + a1L
−ω1 + a2L

−ω2 + . . . , (3.53)

where gc(L) is computed via a finite lattice simulation and gc is the continuum critical
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coupling that one is interested in predicting to high accuracy.

Let hi, i = 0, . . . , N , denote a sequence of positive numbers which converges to zero for

i→ ∞. In practice, one often takes the hi to be given by the inverse lattice size. As an

example, consider even lattices with hi = (1/2, 1/4, 1/6, 1/8) with N = 3 and i = 0, . . . , 3.

Assume that the continuum observable of interest is T , which has a finite-size expansion

T (h) = T + a1h
ω1 + a2h

ω2 + . . . , (3.54)

where ω2 > ω1, and so on. One then computes the following quantities

m = 0 T
(0)
0 T

(1)
0 T

(2)
0 T

(3)
0

m = 1 T
(0)
1 T

(1)
1 T

(2)
1

m = 2 T
(0)
2 T

(1)
2

m = 3 T
(0)
3

using the iterative rules

T
(i)
−1 = 0 ,

T
(i)
0 = T (hi) ,

T
(i)
m = T

(i+1)
m−1 + (T

(i+1)
m−1 − T

(i)
m−1)

( hi
hi+m

)ω
1−

T
(i+1)
m−1 − T

(i)
m−1

T
(i+1)
m−1 − T

(i+1)
m−2

− 1

−1

,

(3.55)

where the final line is evaluated for m ≥ 1. These rules come from approximating T (h) via

a sequence of rational functions.

The point of this is that the original sequence of finite-size data T (i)
0 is expected to

converge slowly to the continuum limit, with T (3)
0 in our example being the best estimate

that one can obtain from the four lattice sizes considered. Comparing with the expansion
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of T (h) in (3.54), this estimate obeys

T
(3)
0 = T +O(hω13 ) . (3.56)

Using the rules above to calculate the m = 1 row, our new best estimate will be T (2)
1 . It

then follows straightforwardly from the form of (3.55) that, upon picking ω = ω1, this

estimate obeys

T
(2)
1 = T +O(h

η
2) , (3.57)

where η = min(ω2, 2ω1). Provided that the hi are chosen appropriately (i.e. close enough),

this correction term will be smaller than the naive one in (3.56). In other words, in one

step of the BST algorithm, one can remove the leading-order correction in T (h). One then

iterates to eventually find T (0)
3 , which gives the “best” estimate of T .

It then remains to choose an appropriate value of ω given the data T (hi). In practice, this

is done by calculating

ε
(i)
m = 2|T (i+1)

m − T
(i)
m | . (3.58)

Taking i = 0 and m = N − 1, ε(0)N−1 measures the difference between the extrapolants in

the penultimate row. One should then choose ω to minimize this quantity. The idea behind

this is that, in the N → ∞ limit of many data points, one expects |T (i)
m − T | ≤ ε

(i)
m , and so

minimizing the difference between the penultimate estimates will lead to a prediction T (0)
N

for T with the smallest extrapolation error.
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CHAPTER 4

CONCLUSION

In this thesis, we explored two complementary approaches to studying quantum field

theory. The first part of our work examined non-invertible symmetries in gauge theories,

extending the Landau paradigm for phase transitions beyond the traditional framework of

invertible symmetries. The second part applied deep learning techniques to simulate lattice

gauge theories, showcasing how neural network quantum states can efficiently capture

ground-state wavefunctions and precisely characterize phase transitions.

Our investigation of non-invertible symmetries revealed that these generalized symmetries

place significant constraints on the possible gapped phases of a quantum field theory. By

studying ZN gauge theories in 3+1 dimensions, we provided a complete classification of

when symmetry-preserving gapped phases can exist. We proved that a duality invariant

theory can be in a gapped phase if and only if N = k2ℓ where −1 is a quadratic residue

modulo ℓ. For other values of N , the theory must either spontaneously break the duality

symmetry or flow to a gapless phase in the infrared. Our work thus provides a

generalization of ’t Hooft anomaly matching to the context of non-invertible symmetries.

The development of a complete algebraic theory of these symmetries remains an important

frontier for future research. Current understanding suggests that non-invertible symmetries

in quantum field theories are described by higher fusion categories [325]. However, the

classification and systematic study of these higher categorical structures is still in its early

stages [326–328]. Further work is needed to develop a comprehensive theory that can fully

characterize the possible symmetries in arbitrary dimensions and understand their

dynamical consequences.

A particularly exciting direction is the exploration of anomalies of non-invertible

symmetries [329–331]. Traditional ’t Hooft anomalies for group-like symmetries have a

well-established mathematical description in terms of group cohomology and bordism
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theory. Extending these frameworks to non-invertible symmetries would provide powerful

tools for constraining the possible phases and renormalization group flows of quantum field

theories. The mathematical structures needed for such an extension such as higher

categorical versions of cohomology theories are active areas of research in both physics and

mathematics.

The second part of this thesis demonstrated how deep learning techniques can be applied

to study lattice gauge theories from first principles. By implementing gauge-equivariant

convolutional neural networks, we constructed neural network quantum states that respect

the exact gauge invariance of the theory while providing an efficient representation of the

ground-state wavefunction. Our approach differs fundamentally from traditional Monte

Carlo methods, which directly evaluate the path integral. Instead, we compute the

ground-state wavefunction on a spatial lattice, which provides access to quantum

mechanical quantities such as entanglement entropy. Our application to Z2 lattice gauge

theory produced remarkably precise results for the critical coupling and critical exponents.

For Z3 lattice gauge theory, our neural network approach confirmed the existence of a

first-order phase transition.

Building on our success with discrete gauge theories in 2+1 dimensions, several natural

extensions present themselves for future work. Firstly, it will be good to extend our

analysis of ZN gauge theories to 3+1-d dimensions. This should be straightforward and

will require us to incorporate the z-direction in the generation of the Wilson loops. The

phase diagram is more interesting in this case and locating the critical couplings and

identifying phases and phase transition should be possible [181,332]. Furthermore, it has

been suggested that deforming the model with higher order plaquette terms while

maintaining self-duality can lead to a new interacting fixed point [333]. In 3+1-d

dimensions, one can include a θ-term which leads to a sign problem and thus cannot be

simulated with Monte-Carlo techniques. There is way to write the Hamiltonian for this on
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the lattice [334] and investigate the phases as elucidated by Cardy-Rabinovici [182].

The inclusion of matter even in the Z2 gauge theory in 2+1-dimensions leads to an

interesting phase diagram with Higgs-Confinement continuity. Parts of the phase diagram,

especially the transitions along the self-dual line are still not fully understood [281,335].

Incorporating fermionic matter will allow us to investigate many systems of physical

interest that suffer from a sign problem. As a simple example, the celebrated Hubbard

model which can be used to study high-temperature superconductivity has a sign problem

away from half-filling [336].

Simulating systems at finite temperature is challenging and this can also be tackled with

neural quantum states. QCD undergoes a chiral phase transition and such a chiral

transition also occurs in the NJL model, which is arguably the simplest model displaying

such a transition for a finite chemical potential and temperature [337]. The thermal states

can also be used to compute transport coefficients for gauge theories [338]. The eventual

goal of simulating systems at finite temperature would be to precisely map out the phase

diagram of QCD, which is largely conjectural [339].

The ability to accurately compute excited states is crucial for obtaining masses of hadrons

built from quarks [340]. Even before computing hadron masses, the masses of lightest

glue-balls in Non-Abelian gauge theories without matter will be a important

milestone [341]. Using the scaling of the spectral gap with the size of the system, one can

also compute the dynamical critical exponent z for quantum phase transitions [342].

Neural quantum states can also be used for real time evolution [343], although maintaining

coherence for long times is still quite challenging. Once the real time evolution techniques

are sufficiently developed, they will enable effective computation of scattering processes.

The dynamics of quenches and scars observed in Rydberg atom based quantum simulators

can also be simulated with this method [344–346]. In terms of questions of concerning NQS

themselves, it will be worthwhile to investigate if there is a scaling law of the accuracy of
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the states with the number of parameters similar to scaling laws in large language

models [347,348].

The combination of analytical insights from symmetry principles and numerical precision

from deep learning techniques represents a promising direction for the study of quantum

field theories. Non-invertible symmetries provide powerful constraints on possible phases,

while neural network methods allow us to explore the detailed structure of these phases

and the transitions between them. Together, these approaches form a complementary

toolkit for understanding the rich landscape of quantum field theories. Moreover, our

findings indicate that neural networks with minimal inductive bias as exemplified by

convolutional architectures, are nevertheless capable of learning representations of quantum

states. This suggests that the simulations of quantum systems may be more accessible to

deep learning approaches than previously thought.

In conclusion, this thesis has expanded our understanding of quantum field theories

through both abstract symmetry principles and concrete numerical simulations. By

studying the anomalies of non-invertible symmetries and leveraging the power of deep

learning, we have provided new insights into the phases and phase transitions of gauge

theories. These approaches not only deepen our theoretical understanding but also enhance

our ability to make quantitative predictions. As mathematical foundations of symmetries

become more fully developed and computational techniques advance, we anticipate

significant progress towards a deeper understanding of quantum field theory.
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