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Locomotion on a lubricating fluid with spatial viscosity variations
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We study locomotion of a model crawler corresponding to a deforming upper boundary
of finite length above a thin Newtonian fluid film whose viscosity varies spatially. We first
derive a general locomotion velocity formula with fluid viscosity variations via the lubri-
cation theory. For further analysis, the surface of the crawler is described by a combination
of transverse and longitudinal traveling waves and we find that under a uniform viscosity a
transverse wave results in a retrograde crawler, while a longitudinal wave leads to a direct
crawler. We then analyze the time-averaged locomotion behaviors under two scenarios:
(i) a sharp viscosity interface and (ii) a linear viscosity gradient. Using the asymptotic
expansions of small surface deformations and the method of multiple timescale analysis,
we derive an explicit form of the average velocity that captures nonlinear, accumulative
interactions between the crawler and the spatially varying environment. (i) In the case of
a viscosity interface, the time-averaged speed of the crawler is always slower than that in
the uniform viscosity, for both the transverse and longitudinal wave cases. Notably, the
speed reduction is most significant when the crawler’s front enters a more viscous layer
and the crawler’s rear exits from the same layer. (ii) In the case of a viscosity gradient,
the crawler’s speed becomes slower for the transverse wave, while for the longitudinal
wave, the locomotion speed does not change significantly. Our analysis illustrates the
fundamental importance of interactions between a locomotor and its environment, and
separating the timescale behind the locomotion.

DOI: 10.1103/yrzq-k45v

I. INTRODUCTION

Locomotion is a fundamental feature that animals use to survive in their environment; they walk
on land, swim in water, fly in the air, and dive into porous media to search for food and mates and
escape from lethal situations and predators. Here, the mechanical interaction between a deforming
body and its surrounding environment is essential for the dynamics of locomotion itself [1].

Crawling, a type of locomotion by means of body deformation on a substrate, is widely seen
in gastropods, arthropods, snakes, caterpillars, and earthworms [2–6]. The mechanical interactions
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between the crawler and a substrate have been treated from different mechanical aspects as frictional
forces at the substrate [7–9], viscous and viscoplastic forces [10–12], and anchoring forces [13,14].
Among these crawlers, mollusca, including gastropods, slugs, and snails, typically crawl on a
substrate by deforming their elastic body covered with secreted mucus. Hence, the hydrodynamic
interactions at the substrate have been a focus for these types of crawlers, and a prototypical
mathematical model of such a locomotion system has been formulated as a deforming boundary on
a lubricating fluid film [15,16]. These crawler dynamics have also been examined experimentally
through mechanical robots [15,17,18]. In the present study, we consider locomotion of a model
crawler corresponding to a deforming upper boundary of finite length above a thin Newtonian fluid
film.

The deformation of these animals is typically driven by a peristaltic traveling muscular wave,
and two major crawling modes are known: crawling with retrograde waves and with direct (pro-
grade) waves [19]. A retrograde crawler, which is usually seen in marine gastropods, moves in
a direction opposite to that of the traveling pedal wave, and a direct crawler is usually seen in
terrestrial gastropods and moves in the same direction as the traveling wave. The type of crawling
depends on the species, but interestingly, both modes can be seen in an individual when backward
locomotion is induced [14,20,21]. For example, Ischnochiton comptus exhibits retrograde crawling
for forward locomotion, and direct crawling is used for backward locomotion [14]. In both forward
and backward locomotion, the deformation wave travels from head to tail.

Lubrication approximation in fluid mechanics holds when the length scales in two directions
are sufficiently separated. Let us consider the typical length scales in, for example, gastropods.
The typical wavelength of the pedal of snails is 10−3 m [22]. In contrast, the mucus thickness of
gastropods is typically on the order of 10−5 to 10−4 m [11,22–24]. These can be taken as typical
longitudinal (parallel to the locomotion direction) and transverse (perpendicular to the locomotion
direction) length scales, respectively, to validate the use of lubrication approximation. In Chan et al.
[15], only transverse surface deformation was considered, which resulted in a retrograde crawler
with Newtonian fluids. Katz [25] addressed a similar problem and concluded that longitudinal
deformation has subleading-order contribution to physical quantities in the expansion with respect
to the small length ratio in a usual lubrication setting.

The models have been extended to include non-Newtonian properties of the lubricating fluids
[26,27], elasticity of the body of the crawler as an elastic sheet [28–30], and both of these [31] to
account for the two typical modes of crawling (i.e., with retrograde and direct waves). Other studies
have explored the hydrodynamics of locomotion under a free surface [32,33] and particle collection
on a water surface [34,35].

In the fluid dynamics of animal locomotion, spatial viscosity variations play an important role,
such as a viscous layer on the epithelium to provide protection from infectious bacteria [36].
The spatial fluid viscosity variation is also realized by temperature variations and inhomogeneous
density distribution of a solute (e.g., salt or nutrient) and solvent composition [37]. Viscotaxis
[38,39], the tendency of active agents to accumulate in regions with higher or lower viscosity due
to an interaction between fluids and the (active) particle, is an illustrative example of how viscosity
variation provides navigation during locomotion. In the low-Reynolds number hydrodynamics of
swimming, recently the effects of spatial viscosity variation or viscosity gradients on swimming
behaviors have been intensively studied.

One type of spatial variation is a (small) viscosity gradient. Studies of the effects of a viscosity
gradient on spherical squirmers [40–44] and spheroidal swimmers [45,46] revealed additional
torques that change the swimming direction, yielding swimmer guidance. A Taylor sheet [47] in
a viscosity stratified fluid was addressed in Dandekar and Ardekani [48], and they found a reduction
in the swimming velocity. Moreover, resistive force theory and the scallop theorem under viscosity
gradients were studied in Kamal and Lauga [49] and Esparza López and Lauga [50], respectively.
Liu et al. [51] and Anand et al. [52] studied an elastic rod in a viscosity gradient in the context of
ciliary motion and flagellar beating, respectively.
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FIG. 1. Schematic of the problem setup and two reference frames: (a) the laboratory frame and (b) the
frame comoving to an upper surface (crawler frame).

Another type of spatial viscosity variation can be found in a sharp interface between two
fluids with different viscosities. The dynamics of helical swimmers crossing a viscosity interface
were studied in Gonzalez-Gutierrez et al. [53] and Esparza López et al. [54]. Active particles
crossing a sharp viscosity gradient were studied experimentally [37], computationally [55], and
theoretically [56].

Because the locomotive motion is usually achieved by repeating cycles of gaits, two timescales
naturally arise: the fast motion of the periodic gait and slow displacement of the entire body. When
the locomotion relies on viscous resistance, as for swimming microorganisms in low-Reynolds
number fluids, in particular, these two timescales are well separated due to inefficient locomotion in
this environment, as seen in sperm progressive dynamics accompanied by a lateral yawing motion
[57] and the back-and-forth motion of Chlamydomonas [58]. Such a fast oscillation coupled with the
surrounding environment often yields nonlinear effects in long-term locomotion behavior, leading
to the eventual turning seen in chemotaxis and phototaxis [59–62]. To deal with these multiple
timescale phenomena in locomotion, the utility of multiscale analysis has recently been explored
in the context of microswimmers in a complex environment, including swimmer-shear coupling
[63–66], the rheotactic response of microalgae in a Poiseuille flow [67], and swimmer-wall and
swimmer-swimmer hydrodynamic interactions [68].

Therefore, here we analytically study the effects of spatial variation of viscosity on the
locomotion velocity of a model crawler, which is a deforming body on a lubricating Newtonian
fluid (Fig. 1). Our first aim is to derive a general velocity formula for crawling locomotion with
spatial viscosity variations. The second aim of this study is then to examine the emergent nonlinear,
multiscale coupling between the surface oscillation and spatial viscosity variation. In doing so, we
perform a multiscale perturbation analysis to derive the asymptotic long-term average dynamics,
mainly focusing on two important cases with a shape viscosity interface and with a linear viscosity
gradient.

This article is organized as follows. In Sec. II, we derive a formula for locomotion velocity on a
lubricating fluid [Eq. (27)], which is used thereafter. Also, to deal with a self-deforming object with
both longitudinal and transverse traveling waves, we derive useful formulas by small-amplitude
expansions. In Sec. III, we start by examining a situation where the fluid viscosity is uniform.
We find that the longitudinal and transverse waves correspond to direct and retrograde crawlers,
respectively. In Sec. IV, we consider locomotion on a fluid with an abrupt viscosity change (a vis-
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TABLE I. Summary of the leading-order average locomotion velocity for the sinusoidal deformation given
by Eq. (34).

Velocity Velocity
Viscosity profile (transverse wave) (longitudinal wave) Section

Uniform U (y)
0 = − 3ω

h2
0k

A2
y (<0) U (x)

0 = kω

2 A2
x (>0) III

Jump � U (y)
0 (speed down) � U (x)

0 (speed down) IV
Gradient � U (y)

0 (speed down) � U (x)
0 (almost the same) V

cosity “jump”) and explicitly derive asymptotic locomotion velocities. Then, we perform multiple
timescale analysis to average the velocity over a fast timescale (a period of oscillation of traveling
waves) and demonstrate that the locomotion speed is reduced by the viscosity jump [Eqs. (68) and
(84)]. In Sec. V, we examine the crawler with a linear viscosity gradient in space. In this situation,
through the multiscale analysis, we show that the viscosity gradient decreases the crawling speed
for a transverse wave, but the same crawler with a longitudinal wave has almost the same speed even
with the viscosity gradient. In Sec. VI, we summarize our main findings and draw conclusions. The
asymptotic time-averaged velocities obtained in this study are also summarized in Table I.

II. LOCOMOTION VELOCITY FORMULA

A. Setup

We consider a viscous incompressible Newtonian fluid with position-dependent viscosity μ

confined by two boundaries (Fig. 1). The upper boundary is a crawler’s body surface, while the
lower boundary is a flat and rigid substrate. We assume that the system depends only on x and y,
and therefore is invariant in the third direction z. Let x1(t ) and x2(t )[>x1(t )] be the ends of the
lubricating fluid region, corresponding to the body of a crawler. Thus, the crawler is of finite length
in the x direction. We denote the height of the upper boundary (the crawler’s body) in the laboratory
frame of reference as h(x, t ).

In the laboratory frame [Fig. 1(a)], the upper boundary, in general, deforms in both the x and y
directions, with the instantaneous velocities denoted by U (x, t ) for the tangential (x) components
and V (x, t ) for the normal (y) components. In the laboratory frame, where the substrate is in rest,
the crawler moves along the x axis with velocity U0(t ) and does not move along the y axis. Thus,
U0(t ) is an instantaneous locomotion velocity of the crawler. We also introduce a reference frame
attached to the upper boundary, termed the crawler frame [Fig. 1(b)]. We denote a surface velocity
of the crawler in the crawler frame as [U (c)(x, t ),V (c)(x, t )]T,

U (c)(x, t ) = U (x, t ) − U0(t ), (1)

V (c)(x, t ) = V (x, t ). (2)

The body deformation of a crawler should be defined in the crawler frame, not in the laboratory
frame, since the deformation is controlled by the crawler itself.

We denote X and Y as typical length scales in the directions of x and y, respectively, and assume
that their ratio is small so that the lubrication approximation is valid, that is, Y/X � 1. We typically
take X as a wavelength of the crawler deformation and Y as the mean height of the crawler from the
substrate. From the Navier-Stokes equations, the leading-order equations for the fluid motion are
obtained as [69–71]

∂ p

∂x
= ∂

∂y

(
μ

∂u

∂y

)
, (3)

∂ p

∂y
= 0, (4)
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where μ(x, y, t ) is the fluid viscosity, p(x, y, t ) is a pressure field, and u(x, y, t ) denotes the fluid
velocity in the x direction. The fluid viscosity can spatially vary in the presence of inhomogeneous
distribution of chemical concentration [40] and temperature [72], which we denote by a general
scalar field c(x, y, t ) (concentration or temperature field). We then write the viscosity as a function
of a general scalar field c such that μ = μ(c(x, y, t )) and assume that the scalar field follows the
advection-diffusion equation,

∂c

∂t
+ u

∂c

∂x
+ v

∂c

∂y
= D

(
∂2c

∂x2
+ ∂2c

∂y2

)
, (5)

where v(x, y, t ) is the fluid velocity in the y direction and D is the diffusion constant of the scalar
field. To derive the equation in the lubricating situation, we estimate the order of magnitude of both
sides of Eq. (5). The ratio between the left- and right-hand sides is then estimated to be at the order
of Pe(Y/X ) with the Péclet number Pe = ÛY/D, where Û is the characteristic speed of the system.
At the leading order of Y/X , we thus have [71]

∂2c

∂y2
= 0, (6)

which allows us to neglect the diffusion in the x direction and the advection of the scalar in
both x and y directions. If the scalar field has the same value at the bottom and upper surfaces,
c(x, y = 0, t ) = c(x, y = h, t ) = c0(x, t ), we have c(x, y, t ) = c0(x, t ) for all y with 0 � y � h(x, t ),
indicating that the fluid viscosity μ(c(x, y, t )) is also independent of y. Therefore, we hereafter
assume that viscosity μ may depend on position x but not y (i.e., ∂μ/∂y = 0). Equation (3) then
reduces to

∂ p

∂x
= μ

∂2u

∂y2
. (7)

From Eq. (7), we find that we can neglect the advection and diffusion in the x direction in the
lubrication limit. In the current study, therefore, we consider a fixed viscosity profile μ(x), which is
constant over time.

B. Locomotion velocity of the crawler

Here, we derive a velocity formula that provides a locomotion velocity of the crawler in the
laboratory frame, following standard procedures [15], but we generalize to the case with position-
dependent viscosity and tangential deformation. Because our working equations [Eqs. (4), (6), and
(7)] do not explicitly depend on time t , the state of the system is determined only by instantaneous
physical quantities with no history dependence. In addition, from Eq. (4), p is independent of y, that
is, p(x, t ). Hence, we simply write ∂ p/∂x as d p/dx. Thus, by integrating Eq. (7) twice with respect
to y, we obtain

u = − 1

2μ

d p

dx
(h − y)y + y

h
U, (8)

where we use the no-slip boundary conditions at the fluid boundaries,

u = 0 (at y = 0) and u = U (at y = h). (9)

The continuity condition (∇ · u = 0) is written as

∂u

∂x
+ ∂v

∂y
= 0, (10)
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where the fluid velocity in the z direction is independent of its position z. Integrating Eq. (10) with
respect to y yields

0 =
∫ h

0

∂u

∂x
dy + [v]h

0 = d

dx

(∫ h

0
udy

)
− U

dh

dx
+ V. (11)

Here, we used no-slip boundary conditions for u [Eq. (9)] and v,

v = 0 (at y = 0) and v = V (at y = h). (12)

From Eq. (8), we find ∫ h

0
udy = − h3

12μ

d p

dx
+ 1

2
Uh, (13)

and thus,

d

dx

(∫ h

0
udy

)
= d

dx

(
− h3

12μ

d p

dx

)
+ 1

2
U

dh

dx
+ 1

2
h

dU

dx
. (14)

Plugging Eq. (14) into Eq. (11) and integrating by x, we obtain

d p

dx
= μ

h3
[F (x) − C], (15)

with

F (s) =
∫ s

x1

6

(
−U

dh

dx
+ h

dU

dx
+ 2V

)
dx, (16)

where C is a constant of integration. We assume that the pressures on both ends are equal,

�p = p(x2) − p(x1) = 0, (17)

because fluid pressures are in balance with ambient pressures (e.g., atmospheric pressures) at the
ends. As a side note, this pressure balance [Eq. (17)] also holds for a spatially periodic surface
deformation, where the system is invariant under a discrete parallel displacement x → x ± (x2 −
x1). The constant C is then determined by enforcing Eq. (17) as

C =
(∫ x2

x1

μF (x)

h3
dx

)/(∫ x2

x1

μ

h3
dx

)
. (18)

We impose a force balance on the crawler to obtain a locomotion velocity. The force acting on
the upper side, f = ( fx, fy)T, is given by

f = σ · n, (19)

with the fluid stress tensor of Newtonian fluids,

σi j = −pδi j + μ

(
∂ui

∂x j
+ ∂u j

∂xi

)
, i, j ∈ {x, y}, (20)

where δi j is the Kronecker delta and n is the outward unit normal to the upper surface. Under the
lubrication approximation, the stress tensor is simply

σxx = −p + 2μ
∂u

∂x
� −p and σxy = μ

(
∂u

∂y
+ ∂v

∂x

)
� μ

∂u

∂y
, (21)

and the normal vector reduces to

n �
(

dh

dx
,−1

)T

. (22)
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Thus, the force-balance condition in the x direction is read as

0 =
∫ x2

x1

fxdx =
∫ x2

x1

(σxxnx + σxyny)|y=hdx (23)

= [−ph]x2
x1

−
∫ x2

x1

(
−h

d p

dx
+ μ

∂u

∂y

∣∣∣∣
y=h

)
dx (24)

= −
∫ x2

x1

(
−1

2
h

d p

dx
+ μ

U

h

)
dx. (25)

Here, we perform integration by parts in Eq. (24) and use Eq. (17) and the relation

∂u

∂y
= 1

2μ
(2y − h)

d p

dx
+ U

h
, (26)

which is obtained from Eq. (8) in Eq. (25). We also assume h(x1) = h(x2) for simplicity.
By plugging Eqs. (15) and (18) into the force-balance relation [Eq. (25)], we may explicitly

determine the locomotion velocity U0. After some calculations with Eqs. (1) and (2), we obtain

U0 = −4I[h2U (c)]I[1] + 3I[hU (c)]I[h] + 6I[hJ (x)]I[1] − 6I[h]I[J (x)]

4I[h2]I[1] − 3(I[h])2
, (27)

with

I[G(x)] =
∫ x2

x1

μG(x)

h3
dx (28)

and

J (s) =
∫ s

x1

(
h

dU (c)

dx
+ V (c)

)
dx. (29)

As the x-dependent surface velocities in the crawler frame are U (c) = U − U0 and V (c) = V ,
Eq. (27) provides an instantaneous locomotion velocity for a given fluid viscosity profile and an
instantaneous surface shape with its deformation velocity.

Our result [Eq. (27)] is a generalization of known results for the case with spatially dependent
viscosity and tangential deformation. For example, when the fluid viscosity is spatially homoge-
neous and only the normal surface deformation is considered, that is, dμ/dx = 0 and U (c) = 0, the
expression in Eq. (27) readily recovers the velocity formula of Chan et al. [15].

C. Small surface deformation

In the above subsections, we treat h, U , and V as independent variables. However, these variables
should be determined by the movement of surface points. Let us introduce a Lagrangian label of a
material point on the surface, ξ, by the position on an undeformed flat surface in the frame moving
together with the surface, that is, ξ = (ξ, 0)T (Fig. 2). Hereafter, we consider small deformations of
the surface for explicit calculations of surface shapes and velocities.

We introduce the positions of the material points after deformation as

h(ξ, t ) = [hx(ξ, t ), hy(ξ, t )]T, (30)

and assume the deformation δ is on the order of ε, where ε � 1 is a small parameter, or explicitly,

δ(ξ, t ) = h(ξ, t ) − ξ =
(

hx(ξ, t ) − ξ

hy(ξ, t )

)
=

(
O(ε)
O(ε)

)
. (31)
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ξ = (ξ, 0)

h = (hx, hy)

δ = (hx − ξ, hy)
x

y

O

undeformed surface
deformed surface

FIG. 2. Schematic of an undeformed flat surface (thick line) and a deformed surface (dashed line). We take
the position of an undeformed flat surface, ξ = (ξ, 0)T, in the frame attached to the surface as a Lagrangian
label of material points. The surface profile h is given by h = ξ + δ.

From the Taylor expansion, the Eulerian expression of the surface position is obtained as

hE(x, t ) =
(

ξ[
1 − (hx − ξ ) ∂

∂ξ

]
hy(ξ, t )

)∣∣∣∣
ξ=(x,0)T,ξ=x

+
(

O(ε3)
O(ε3)

)
, (32)

where the subscript E denotes the Eulerian expression. Similarly, the velocity vector is given by

UE(x, t ) =
{[

1 − (hx − ξ )
∂

∂ξ

]
∂

∂t

(
hx(ξ, t )
hy(ξ, t )

)}∣∣∣∣
ξ=(x,0)T,ξ=x

+
(

O(ε3)
O(ε3)

)
. (33)

As an illustrative example used hereafter, we consider a combination of sinusoidal waves
traveling in the +x direction with oscillation in the x (longitudinal) and y (transverse) directions,

h(ξ, t ) =
(

ξ + Ax sin (kξ − ωt )
h0 + Ay sin (kξ − ωt + φ)

)
, (34)

with amplitudes Ax, Ay (>0) being on the order of ε and a phase shift φ between waves oscillating in
the x and y directions. Here, the wavenumber k (>0) and the angular frequency ω (>0) are assumed
to be the same for both waves. To give hx(ξ ; t ) = ξ + Ax sin(kξ − ωt ) its inverse function ξ (hx ),
Ax must satisfy Ax � 1/k, which is consistent with the small-amplitude expansion, Ax = O(ε), with
k = 2π used hereafter. For later use, we calculate hE and UE by substituting Eq. (34) into Eqs. (32)
and (33) to obtain

hE(x, t ) =
(

x
h0 + Ay sin (kx − ωt + φ) − AxAyk sin (kx − ωt ) cos (kx − ωt + φ)

)
+ O(ε3) (35)

and

UE(x, t ) =
( −Axω cos (kx − ωt ) − A2

xωk sin2 (kx − ωt )
−Ayω cos (kx − ωt + φ) − AxAyωk sin (kx − ωt ) sin (kx − ωt + φ)

)
+ O(ε3).

(36)

In the subsequent sections, we apply the traveling-wave type deformations [Eqs. (35) and (36)] to
the locomotion velocity formula [Eq. (27)] with spatially varying fluid viscosity. In Sec. III, we
examine the case with uniform viscosity. We then analyze the cases of abrupt change in viscosity
in Sec. IV and linear viscosity gradient in Sec. V. The results of our analysis are summarized in
Table I.

103102-8



LOCOMOTION ON A LUBRICATING FLUID WITH …

III. LOCOMOTION WITH A UNIFORM VISCOSITY

Before proceeding to a detailed analysis of the inhomogeneous viscosity effects on the locomo-
tion speed, here we discuss the case of uniform viscosity. We consider a crawling motion over a
thin fluid film with a uniform viscosity by a deformation with a traveling wave given by Eq. (34).
The profile of the crawler surface is given as in Eq. (34) in the crawler frame, comoving with the
crawler. Then, we can use the results derived in Sec. II C [Eqs. (35) and (36)]. That is,

h(x, t ) = h0 + Ay sin (kx − ωt + φ) − AxAyk sin (kx − ωt ) cos (kx − ωt + φ) + O(ε3), (37)

U (c)(x, t ) = −Axω cos (kx − ωt ) − A2
xωk sin2 (kx − ωt ) + O(ε3), (38)

V (c)(x, t ) = −Ayω cos (kx − ωt + φ) − AxAyωk sin (kx − ωt ) sin (kx − ωt + φ) + O(ε3). (39)

We assume that length scales in the x and y directions are already rescaled so that the lubrication
theory applies. Here, we take the wavelength λ = 2π/k as a typical length scale of x and the
distance between the crawler surface and the substrate h0 as that of y. Then, we can set k = 2π

and h0 = 1, for example, but we retain the notation for clarity. Note that Ax and Ay are on the
order of ε in the rescaled settings, indicating that the wave amplitude in the x direction is large
enough compared to that in the y direction so that the lubrication approximation holds in the
original (unscaled) configuration. For example, gastropods deform their body surface around 10−5

to 10−4 m in the longitudinal (x) direction compared with the longitudinal wavelength 10−3 m
[22], and the transverse amplitude is also known to be sufficiently small [11], allowing for a
small-amplitude expansion. However, the measurement accuracy for the transverse amplitude is still
controversial [22].

We now proceed to derive the locomotion velocity of a crawler on a fluid with a uniform viscosity.
By applying x1 = −λ/2 = −π/k and x2 = λ/2 = π/k and substituting Eqs. (37)–(39) in Eq. (27),
we can obtain the instantaneous locomotion velocity U0 as

U0 = kω

2
A2

x − 3ω

h2
0k

A2
y − 2ω

h0
AxAy sin φ + O(ε4), (40)

where we perform the Taylor expansion with respect to ε. The velocity of the crawler U0 is then
independent of time (i.e., steady motion) and the (uniform) viscosity μ, with the leading-order
contribution being on the order of ε2. Although the direction of traveling waves is taken towards the
+x direction [see Eq. (34)], the crawler’s locomotion can be in both directions, depending on the
surface deformation profile. The leading-order velocities are summarized in Table I.

When the wave is purely transverse (i.e., Ax = 0 and Ay �= 0), the locomotion velocity becomes

U (y)
0 = − 3ω

h2
0k

A2
y (<0), (41)

which is negative, and the crawler always moves in the −x direction, consistent with the results
obtained in Chan et al. [15]. This locomotion gait is called retrograde crawling because the
direction of the traveling wave (+x direction) is opposite to the direction of crawler locomotion
(−x direction).

In contrast, if the wave is purely longitudinal (i.e., Ax �= 0 and Ay = 0), we have

U (x)
0 = kω

2
A2

x (>0), (42)

and the locomotion speed does not depend on the average height between the surface and the
substrate, h0. In this case, the crawler moves in the same direction as the traveling wave and this
locomotion gait is known as direct crawling. The expression in Eq. (42) is identical to the swim-
ming speed of a Taylor sheet with longitudinal deformation [73]. Also, a similar expression was
obtained for a model crawler with viscous friction [74]. The correspondences between longitudinal
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deformation and direct wave, and transversal deformation and retrograde wave, are both consistent
with experimental observations [21,75,76].

When the transverse and longitudinal waves coexist (i.e., Ax �= 0 and Ay �= 0), the crawler
locomotion can be either direct or retrograde crawling depending on the amplitudes Ax, Ay and
their phase shift φ [see Eq. (40)]. To further examine this effect, we fix the amplitudes as (Ax, Ay).
For a given set of (Ax, Ay), there exists a critical phase shift φ0 such that the locomotion speed
vanishes (i.e., U0 = 0),

φ0 = arcsin

(
1

4

kh0Ax

Ay
− 3

2

Ay

kh0Ax

)
, (43)

if 10 − √
2 � kh0Ax/Ay � 10 + √

2. Thus, when this condition is satisfied, the crawler locomotion
becomes either direct or retrograde only by changing the relative phase of the waves with their
amplitudes kept constant.

Before moving to the next section, here we remark on the validity of the small-amplitude expan-
sion. For a pure transverse wave with Ay = 0.3, the relative error, εrel = |(U num

0 − U asym
0 )/U num

0 |,
is calculated as εrel ≈ 0.18, where U num

0 is the velocity by the direct numerical computation of
Eq. (27) and U asym

0 is the small-amplitude expansion results provided in Eqs. (41) and (42). This
relative error rapidly decreases as εrel ≈ 0.02 for Ay = 0.1, and we numerically confirmed that
the asymptotic relation, εrel ∼ 2A2

y , holds for smaller values of Ay. For a pure longitudinal wave,
the amplitude needs to be Ax � 1/(2π ) ≈ 0.16 to prevent the material points from overlapping,
and the relative errors are found to be extremely small, such as εrel < 10−10 for Ax = 0.1, which
suggests that the higher-order terms vanish in the small-amplitude expansion. Indeed, we confirmed
by the Taylor expansions that the O(ε4) term of the locomotion velocity vanishes, being compatible
with the Taylor sheet model in the absence of a nearby wall [77], whereas our calculations include
the wall effect within the lubrication approximation.

IV. LOCOMOTION WITH A VISCOSITY JUMP

We consider a crawling motion over a sharp viscosity interface (jump) on a flat surface by a
deformation with a traveling wave given by Eq. (34) (Fig. 3). The profile of the (upper) crawler
surface is given as in Eq. (34) in the crawler frame, comoving with the upper surface (crawler) as
in Sec. III. We consider a crawling motion across the viscosity jump whose profile in the laboratory
frame is given by

μ(x) = μ1H (−x) + μ2H (x), (44)

where H (z) is the Heaviside step function. Hence, μ = μ1(>0) for x < 0 and μ = μ2(>0) for
x > 0, and the viscosity interface is located at x = 0. Remember that in the lubrication approxi-
mation, the horizontal scale is taken as being much larger than the vertical scale. Hence, the sharp
viscosity jump is validated when the spatial scale of the viscosity variation is of the same order of
h0 in the original (unscaled) configuration.

A. Instantaneous velocity and time evolution

We now proceed to derive the locomotion velocity of a crawler across the viscosity jump by
using the velocity formula [Eq. (27)] in the crawler frame [Fig. 3(b)], where the viscosity interface
is located at x = x∗, μ(x) = μ1H (x∗ − x) + μ2H (x − x∗) and the interface moves with an instan-
taneous velocity −U0 in the x direction. By applying x1 = −λ/2 = −π/k and x2 = λ/2 = π/k in
Eq. (27), we can obtain the instantaneous locomotion velocity U0 as

U0 = −4I[h2U (c)]I[1] + 3I[hU (c)]I[h] + 6I[hJ (x)]I[1] − 6I[h]I[J (x)]

4I[h2]I[1] − 3(I[h])2
, (45)
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FIG. 3. Schematic of a crawler traveling across a sharp viscosity interface, characterized by the two
different viscosity coefficients μ1 and μ2 in (a) the laboratory frame and (b) the frame attached to the crawler
(crawler frame). (a) In the laboratory frame, the crawler’s locomotion velocity is denoted by U0. (b) In the
crawler frame, the viscosity interface, whose position is denoted by x∗, moves with velocity −U0.

with

I[G(x)] =
∫ λ/2

−λ/2

μG(x)

h3
dx = μ1

∫ x∗

−λ/2

G(x)

h3
dx + μ2

∫ λ/2

x∗

G(x)

h3
dx (46)

and

J (s) =
∫ s

−λ/2

(
h

dU (c)

dx
+ V (c)

)
dx. (47)

We aim to evaluate U0 up to the order of ε2. With this in mind, we evaluate each integral by
substituting Eqs. (37)–(39). For example, the integral J (x) is on the order of ε, and is expanded as

J (x) = −h0ωAx cos (kx − ωt ) − ω

k
Ay sin (kx − ωt + φ) + ωkh0

2
A2

x cos 2(kx − ωt ) + CJ + O(ε3),

(48)
with

CJ = −h0ωAx cos (ωt ) + ω

k
Ay sin (ωt − φ) − ωkh0

2
A2

x cos (2ωt ). (49)

By explicit calculations, we find that the viscosity jump generates O(ε0) contributions at the leading
order in I[1], I[h], and I[h2] as

kI[1] = k(λM/2 + x∗m)

h3
0

+ 3m

h4
0

Ay[cos (kx∗ − ωt + φ) − cos (kλ/2 − ωt + φ)] + O(ε2), (50)

kI[h] = k(λM/2 + x∗m)

h2
0

+ 2m

h3
0

Ay[cos (kx∗ − ωt + φ) − cos (kλ/2 − ωt + φ)] + O(ε2), (51)

kI[h2] = k(λM/2 + x∗m)

h0
+ m

h2
0

Ay[cos (kx∗ − ωt + φ) − cos (kλ/2 − ωt + φ)] + O(ε2), (52)
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where we introduced

m = μ1 − μ2 and M = μ1 + μ2. (53)

The remaining integrals, I[hU (c)], I[h2U (c)], I[J (x)], and I[hJ (x)], however, have a leading-order
contribution on the order of ε and need to be expanded up to O(ε2) for our purpose. Through
straightforward but cumbersome Taylor expansions, one may obtain the expression of the instanta-
neous velocity up to O(ε2) as

U0 = 2ωAxK (x∗) cos

(
kx∗
2

)
sin

(
kx∗ − 2ωt

2

)
+ kω

2
A2

x[1 − K (x∗) sin (kx∗) cos (kx∗ − 2ωt )]

− 3ω

h2
0k

A2
y

[
1 − K (x∗) sin (kx∗) cos (kx∗ − 2ωt + 2φ) − 8K2(x∗) cos2

(
kx∗
2

)

× cos2

(
kx∗ − 2ωt + 2φ

2

)]
− 2ω

h0
AxAy

{
sin φ + K (x∗) sin(kx∗) sin (kx∗ − 2ωt + φ)

− 4K2(x∗) cos2

(
kx∗
2

)
[sin φ − sin(kx∗ − 2ωt + φ)]

}
+ O(ε3), (54)

where we introduce a nondimensional parameter K (x∗), which is defined as

K (x; q) = q

k(λ/2 + xq)
= m

k(λM/2 + xm)
, (55)

where q = m/M = (μ1 − μ2)/(μ1 + μ2) and q ∈ (−1, 1) by definition. Note that the velocity U0

depends on x∗ and t , both of which change over time.
When the viscosity interface is located outside the crawler’s body (i.e., x∗ /∈ [x1, x2]), the

crawler’s velocity does not depend on the surrounding viscosity, as detailed in Sec. III. Thus, the
effects of the viscosity interface on the crawler’s velocity are seen only during the time the crawler
is crossing the viscosity jump in our lubrication setup. In the crawler frame, the viscosity interface
moves with an instantaneous velocity −U0 in the x direction. Therefore, the time evolution of the
viscosity interface in the crawler frame is written as

dx∗
dt

= −U0(x∗, t ). (56)

Integrating over time t for some duration t0, we can formally write an average velocity of the
crawler U 0 as

U 0 = 1

t0

∫ t ′+t0

t ′
U0(x∗(t ), t )dt = − 1

t0

∫ t ′+t0

t ′

dx∗
dt

dt = −x∗(t ′ + t0) − x∗(t ′)
t0

. (57)

Nonetheless, due to the nonlinear x∗ dependence in U0 [see Eq. (54)], the integration is no longer
straightforward.

In Sec. IV B, we analyze the nonlinear effects in the average velocity by exploiting the timescale
separation between the crawler’s deformation and the locomotion.

B. Multiple timescale analysis

In this subsection, we explore the impact of the viscosity jump on the crawler’s locomotion by
further analyzing the nonlinear effects in Eq. (54). We first note that there are two timescales in
the system: the timescale of the crawler’s surface deformation, τosc = O(1/ω), and the duration of
time for the crawler crossing the interface, τdur = O(λ/U 0), where U 0 is the average locomotion
speed. Moreover, these two timescales are sufficiently separated in our asymptotic regime, because
τdur/τosc = O(1/ε2), as we will see below.
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Our focus is therefore on the crawler’s long-term behavior after averaging out the rapid oscilla-
tion of self-deformation. To do so, we exploit the multiple timescale analysis (e.g., Walker et al. [63])
and introduce the fast time variable T = ωt with ω 
 1, where t denotes the slow time variable.

Below, we focus on two representative cases with the pure transverse wave (Ax = 0 and Ay �= 0)
and the pure longitudinal wave (Ax �= 0 and Ay = 0).

1. Case of transverse wave (retrograde crawler)

We start with the transverse wave case with Ax = 0 and Ay �= 0. The locomotion velocity
[Eq. (54)] together with Eq. (56) gives

dx∗
dt

= −U (y)
0

{
1 − K (x∗) sin (kx∗) cos (kx∗ − 2ωt ) − 4K2(x∗) cos2

(
kx∗
2

)
[1 + cos (kx∗ − 2ωt )]

}
,

(58)

where U (y)
0 = −3ωA2

y/(h2
0k)(< 0) is the velocity in the absence of the viscosity jump [see Eq. (41)]

and we set φ = 0 without loss of generality. Following Walker et al. [63], we introduce the formal
transformations,

t �→ (t, T ), x∗(t ) �→ x∗(t, T ), and
d

dt
�→ ∂

∂t
+ ω

∂

∂T
, (59)

and we have the partial differential equation,

∂x∗
∂t

+ ω
∂x∗
∂T

= −U (y)
0

{
1 − K (x∗) sin (kx∗) cos (kx∗ − 2T )

− 4K2(x∗) cos2

(
kx∗
2

)
[1 + cos (kx∗ − 2T )]

}
. (60)

We then expand x∗ by a series of 1/ω � 1 as

x∗(t, T ) = x0(t, T ) + 1

ω
x1(t, T ) + 1

ω2
x2(t, T ) + · · · . (61)

The left side of Eq. (60) becomes

∂x∗
∂t

+ ω
∂x∗
∂T

= ω
∂x0

∂T
+

(
∂x0

∂t
+ ∂x1

∂T

)
+ 1

ω

(
∂x1

∂t
+ ∂x2

∂T

)
+ O(ω−2), (62)

while the right side of Eq. (60) is O(ω0). Thus, the leading-order contribution is the O(ω) term, and
we have

∂x0

∂T
= 0. (63)

This indicates that x0 is a function of t only, i.e., x0(t, T ) = x0(t ). The subleading O(ω0) term is
then written as

dx0

dt
+ ∂x1

∂T
= −U (y)

0

{
1 − K (x0) sin (kx0) cos (kx0 − 2T )

− 4K2(x0) cos2

(
kx0

2

)
[1 + cos (kx0 − 2T )]

}
. (64)

Here, we impose the solvability condition 〈
∂x1

∂T

〉
= 0, (65)
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FIG. 4. Reduction in locomotion velocity caused by a viscosity jump. The ratio of the locomotion velocities
with and without a viscosity interface, U

(y)
0 /U (y)

0 [see Eq. (68)], is plotted as a function of x0 for selected values
of viscosity ratios and values of q. We set k = 2π and λ = 1.

with 〈 f 〉 denoting the time average of a function f over a period of fast timescale T ,

〈 f 〉 = 1

2π

∫ 2π

0
f (t, T )dT . (66)

By taking an average over T of both sides of Eq. (64), we find

dx0

dt
= −U (y)

0

[
1 − 4K2(x0) cos2

(
kx0

2

)]
, (67)

by 〈cos (kx0 − 2T )〉 = 0. We note that q ranges in q ∈ (−1, 1), x0 ∈ [−λ/2, λ/2], and kλ = 2π ;
thus, the quantity in [. . . ] in the right side of Eq. (67) is strictly positive (see Fig. 4). Hence, by
U (y)

0 < 0, the leading-order effective velocity averaged over the fast timescale, U
(y)
0 , given by

U
(y)
0 = U (y)

0

[
1 − 4K2(x0) cos2

(
kx0

2

)]
, (68)

is negative definite, and we find that the effective locomotion speed is lower than that in the uniform
viscosity environment, that is, |U (y)

0 | � |U (y)
0 |. Equation (68) also shows that the two timescales

introduced in the beginning of this subsection are sufficiently separated, τdur/τosc = O(ωλ/U 0) =
O(1/ε2).

Therefore, if the crawler has only a transverse traveling wave on its surface, the viscosity jump
suppresses the locomotion speed as it crosses the interface. Moreover, this speed reduction occurs
irrespective of the direction of travel (i.e., the sign of m or q). The decrease of the locomotion speed
is characterized by |q|, which is made clear by noting that the locomotion velocity [Eq. (67)] is
invariant under the transformations of q �→ −q, x0 �→ −x0, and t �→ −t .

In Fig. 4, we plot U
(y)
0 /U (y)

0 in Eq. (68) as a function of x0 for different values of q(� 0),
corresponding to the viscosity difference ratio, μ1/μ2 ∈ {100, 101, . . . , 104}. Note that the right side
of Eq. (68) is invariant under the transformations x0 �→ −x0 and q �→ −q. Further, by analyzing
the value of Eq. (68), we find that the speed decrease becomes remarkable when the crawler’s
front penetrates the high-viscosity layer or when the crawler’s rear exits from the high-viscosity
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FIG. 5. Results of numerical simulation with a viscosity jump for (a) a transverse wave and (b) a longi-
tudinal wave. The time evolution of the deviations of the position from the locomotion without a viscosity
jump, �x∗ (solid lines; without averaging) and �x0 or �x∗ (dashed lines; with averaging), is shown. See the
main text for definitions [Eqs. (69) and (70) for (a) and Eqs. (85) and (86) for (b)]. The thickness of the solid
lines represents the range of �x∗. Parameters are μi = 1, 3 for i ∈ {1, 2} and thus q = ±1/2, Aj = 0, 0.01 for
j ∈ {x, y}, λ = 1, k = 2π , ω = 2π , and h0 = 1. We show the time evolution over the whole period when the
crawler crosses over the viscosity jump.

layer. Moreover, the amount of speed drop monotonically increases as the viscosity difference |q|
increases.

To further validate our asymptotic analysis for the slow timescale, we calculate time evolution
of x∗. In Fig. 5(a), we compare the results of numerical simulation of the fast and slow timescale
dynamics. For visualization, we subtract a motion under the uniform viscosity and plot the time
evolutions of

�x∗ = x∗ + U (y)
0 t (69)

for the fast timescale dynamics and

�x0 = x0 + U (y)
0 t (70)

for the time-averaged slow dynamics. As shown in the figure, the asymptotic multiscale analysis
clearly captures the average behavior. Note that �x∗ oscillates but its amplitude is so small that it
falls within the solid line. From the symmetry in Eq. (67), the changes of μ1 ↔ μ2 (i.e., q �→ −q)
do not alter the total duration of time needed to travel across the interface, as shown in Fig. 5(a).

2. Case of longitudinal wave (direct crawler)

We now consider locomotion with a longitudinal surface wave with Ax �= 0 and Ay = 0. As seen
in Eq. (54), the leading-order oscillation term is of O(ε), being distinct from the transverse wave
case, where the leading order is of O(ε2). The leading-order contribution in the locomotion velocity
[Eq. (56)] is then written as

dx∗
dt

= −U (x)
0 − BK (x∗) cos

(
kx∗
2

)
sin

(
kx∗ − 2T

2

)
, (71)
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where U (x)
0 = kωA2

x/2(> 0) is the velocity with uniform viscosity in Eq. (42), and B = 2ωAx(> 0)
is a positive constant. Here, we dropped the subleading correction term of O(ε2).

Now, we proceed to examine the nonlinear effects of the viscosity jump by multiple timescale
analysis as in the previous subsection. By the formal transformation [Eq. (59)] and series expansion
with respect to ω−1 [Eq. (61)], the O(ω) term is simply ∂x0/∂T = 0, and thus we have x0(t, T ) =
x0(t ). Similarly, the O(ω0) term is written as

dx0

dt
+ ∂x1

∂T
= −U (x)

0 − BK (x0) cos

(
kx0

2

)
sin

(
kx0 − 2T

2

)
. (72)

By taking the average over the fast timescale T with the solvability condition 〈∂x1/∂T 〉 = 0, we
find

dx0

dt
= −U (x)

0 (73)

from 〈sin (kx0/2 − T )〉 = 0. Integration over the slow timescale t yields

x0 = λ

2
− U (x)

0 t (74)

with an initial condition x0(0) = λ/2. Equation (74) is exactly the same as the case without a
viscosity jump. To obtain the nonzero effects, we need to proceed to the next order.

Substituting Eq. (73) into Eq. (72) and integrating it by the fast timescale T , we have

x1(t, T ) = E (t, T ) − 〈E〉 + x1(t ), (75)

where E (t, T ) is given by

E (t, T ) =
∫ T

0

[
−BK (x0) cos

(
kx0

2

)
sin

(
kx0 − 2T ′

2

)

−
〈
−BK (x0) cos

(
kx0

2

)
sin

(
kx0 − 2T

2

)〉∣∣∣∣
T =T ′

]
dT ′, (76)

or explicitly,

E (t, T ) = −BK (x0) cos

(
kx0

2

)[
cos

(
kx0 − 2T

2

)
− cos

(
kx0

2

)]
. (77)

The O(ω−1) term in the expansion is then summarized as

∂x1

∂t
+ ∂x2

∂T
= BK (x0)kx1

[
K (x0) cos

(
kx0

2

)
sin

(
kx0 − 2T

2

)
− 1

2
cos (kx0 − T )

]
. (78)

We now repeat the same procedure to obtain the slow timescale dynamics by averaging over the fast
timescale with the solvability condition, 〈∂x2/∂T 〉 = 0, as〈

∂x1

∂t

〉
=

〈
BK (x0)kE (t, T )

[
K (x0) cos

(
kx0

2

)
sin

(
kx0 − 2T

2

)
− 1

2
cos (kx0 − T )

]〉
, (79)

where we substitute Eq. (75) and use the relations 〈sin (kx0/2 − T )〉 = 〈cos (kx0 − T )〉 = 0.
We then continue to calculate the average with Eq. (77), using some trigonometric identities,
〈sin (kx0/2 − T )〉 = 〈cos (kx0 − T )〉 = 〈sin (kx0 − 2T )〉 = 〈cos (3kx0/2 − T )〉 = 0, and the rela-
tion 〈

∂x1

∂t

〉
= ∂

∂t
[〈E (t, T ) − 〈E〉 + x1(t )〉] = dx1

dt
(80)
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from Eq. (75). The nonzero effect in the locomotion velocity is then obtained as

dx1

dt
= k

[
B

2
K (x0) cos

(
kx0

2

)]2

. (81)

Note that dx1/dt is on the order of O(ε2) and is comparable to U (x)
0 . From Eq. (81), we find x1 � 0

because x1(0) = 0 from the initial condition.
Because the slow dynamics of x∗ has the expansion

x∗ = x0 + 1

ω
x1 + O(ω−2), (82)

the time-averaged locomotion velocity U
(x)
0 is obtained as

U
(x)
0 = −dx∗

dt
= U (x)

0 − 1

ω

dx1

dt
+ O(ω−2) � U (x)

0 . (83)

The leading-order term is therefore given by

U
(x)
0 = U (x)

0

[
1 − 2K2(x0) cos2

(
kx0

2

)]
. (84)

Remarkably, the correction term in Eq. (84) has the same form as in the transverse case [Eq. (68)].
Hence, we can draw the same conclusion on the crawler’s velocity except for the overall sign
difference: the speed decreases as it crosses the viscosity interface, that is, 0 < U

(x)
0 � U (x)

0 .
In Fig. 5(b), we compare the fast timescale dynamics and the asymptotic slow dynamics of

the viscosity interface in the crawler frame, by plotting the deviations from the locomotion in the
absence of a viscosity jump,

�x∗ = x∗ + U (x)
0 t (85)

for the fast timescale solution and

�x∗ = x0 + 1

ω
x1 + U (x)

0 t = 1

ω
x1 (86)

for the slow timescale solution. As in the figure, both numerical results clearly agree. The final
deviation distance is invariant under the change of μ1 ↔ μ2 (i.e., q �→ −q), as in the transverse
wave case (Sec. IV B 1). As the oscillating terms are O(ε2) for Fig. 5(a) and O(ε) for Fig. 5(b),
oscillation is more evident in Fig. 5(b), as seen in the oscillatory amplitudes of the gray solid lines
in Figs. 5(a) and 5(b).

To sum up our analysis up to this point, through multiple timescale analysis we find that the
nonlinear coupling between the fast oscillation of the crawler’s deformation and the viscosity jump
leads to a decrease in the locomotion speed for both transverse and longitudinal waves. In particular,
for a longitudinal wave, the effects of the viscosity jump only appear in the higher-order contribution
in the multiscale expansion. As a result, for both transverse and longitudinal waves, the average
locomotion speed is on the order of O(ε2) while the fast timescale dynamics contain the O(ε)
contribution for the longitudinal wave case.

V. LOCOMOTION WITH A CONSTANT VISCOSITY GRADIENT

In the previous section, we considered locomotion with a sharp viscosity change in the position-
dependent viscosity μ(x), which was represented by a step function [Eq. (44)]. In this section, we
discuss the opposite scenario of a gentle change in the viscosity profile, where μ(x) is a linear
function of x (Fig. 6), namely,

μ(x) = μ0 + γ x

λ
(>0) (87)

103102-17



TAKAHIRO KANAZAWA AND KENTA ISHIMOTO

FIG. 6. Schematic of a crawler traveling over a viscosity gradient (top panels), and the viscosity profile,
μ(x) (bottom panels) in (a) the laboratory frame and (b) the frame attached to the crawler (crawler frame).
(a) In the laboratory frame, the crawler’s locomotion velocity is denoted by U0. The viscosity linearly depends
on the position x, μ(x) = μ0 + γ x/λ with a constant γ . (b) In the crawler frame, the origin of the laboratory
frame, denoted by x∗, moves with an instantaneous velocity −U0.

in the laboratory frame. Here, μ0 denotes the viscosity at x = 0 and γ is a constant slope in the
laboratory frame.

As in Secs. III and IV, we consider the same traveling wave profile for the crawler surface, that
is, Eq. (34). Hence, the instantaneous locomotion velocity U0 has the same form as Eq. (45),

U0 = −4I[h2U (c)]I[1] + 3I[hU (c)]I[h] + 6I[hJ (x)]I[1] − 6I[h]I[J (x)]

4I[h2]I[1] − 3(I[h])2
, (88)

where the expressions of h(x, t ), U (c)(x, t ), and V (c)(x, t ) are provided in Eqs. (37)–(39). The
function I[G(x)] now reads as

I[G(x)] =
∫ λ/2

−λ/2

μG(x)

h3
dx = μ∗

∫ λ/2

−λ/2

G(x)

h3
dx + γ

λ

∫ λ/2

−λ/2

xG(x)

h3
dx, (89)

while J (s) has the same form as in Eq. (47). To express the crawler position, we introduce the
position of the origin of the laboratory frame in the crawler frame as x∗ (Fig. 6) and denote the
viscosity at the origin of the crawler frame (i.e., the midpoint of the crawler) as μ∗,

μ∗(x∗) = μ0 − γ x∗
λ

. (90)
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We then proceed to the Taylor expansions with respect to small parameters, Ax and Ay, while we
assume that the nondimensional function of x∗,

D(x∗) = γ x∗
μ0λ

, (91)

is not necessarily a small value. By introducing a nondimensional parameter, η(x) = O(ε0), as

η(x∗) = γ

kλμ∗(x∗)
= γ

kλμ0[1 − D(x∗)]
, (92)

and performing the Taylor expansions of Eq. (88) with respect to Ax and Ay, we finally obtain

U0 = ωAxη sin (ωt ) + kω

2
A2

x

[
1+ η

2
sin (2ωt )

]
− 3ω

h2
0k

A2
y

[
1+ η

2
sin 2(ωt − φ) − 2η2 cos2 (ωt − φ)

]

− 2ω

h0
AxAy

[
sin φ − η

2
cos (2ωt − φ) − 2η2 sin (ωt ) cos (ωt − φ)

]
+ O(ε3). (93)

Because x∗ is a position of the origin of the laboratory frame in the crawler frame, the rate of change
in x∗ is −U0, and hence,

dx∗
dt

= −U0, (94)

as in Eq. (56). In other words, the crawler’s representative position in the laboratory frame, −x∗,
moves with the locomotion velocity U0. Below, we evaluate the effects of the viscosity gradient on
the time-averaged velocity by the multiple timescale analysis as in Sec. IV B.

A. Case of transverse wave (retrograde crawler)

We start with the transverse wave case with Ax = 0 and Ay �= 0, corresponding to the retrograde
crawler (i.e., U (y)

0 < 0). By setting φ = 0 without loss of generality, together with the instantaneous
velocity [Eq. (93)], we write the equation of motion [Eq. (94)] as

dx∗
dt

= −U (y)
0

{
1 + η(x∗)

2
sin (2ωt ) − η2(x∗)[1 + cos (2ωt )]

}
, (95)

where U (y)
0 is the locomotion velocity in the absence of the viscosity gradient [Eq. (41)].

Following the procedures of the multiple timescale analysis [Eqs. (59), (61), and (62)], we first
obtain the leading-order dynamics on the order of ω as ∂x0/∂T = 0, yielding x0(t, T ) = x0(t ),
where t and T = ωt are slow and fast timescales, respectively. From the O(ω0) contributions of the
multiple timescale expansion for Eq. (95) and the solvability condition, 〈∂x1/∂T 〉 = 0, we readily
find the leading-order slow dynamics,

dx0

dt
=

〈
−U (y)

0

{
1 + η(x0)

2
sin (2T ) − η2(x0)[1 + cos (2T )]

}〉
= −U (y)

0 [1 − η2(x0)]. (96)

Therefore, the time-averaged velocity U 0 follows as

U
(y)
0 = U (y)

0 [1 − η2(x0)], (97)

which indicates that the crawler’s locomotion speed decreases by the viscosity gradient, regardless
of its gradient direction. The results are similar to those obtained in Sec. IV B 1.

To demonstrate the validity of the multiscale analysis, we show the results of numerical calcu-
lation in Fig. 7(a) by plotting position deviations from the locomotion in the absence of a viscosity
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FIG. 7. Results of numerical simulation with a viscosity gradient for (a) a transverse wave and (b) a longi-
tudinal wave. The plots show the time evolution of the deviation of the position from the locomotion without
a viscosity gradient, �x∗ (solid lines; without averaging) and �x0 or �x∗ (dashed lines; with averaging). See
the main text for definitions [Eqs. (98) and (99) for (a) and Eqs. (110) and (111) for (b)]. The thickness of
the solid lines represents the range of �x∗. Parameters are set as μ0 = 1, γ = ±0.1 [light gray and dark gray,
respectively, in (b)], λ = 1, k = 2π , ω = 2π , h0 = 1, and x∗(0) = 0.

gradient,

�x∗ = x∗ + U (y)
0 t (98)

for the fast timescale dynamics and

�x0 = x0 + U (y)
0 t (99)

for the averaged slow dynamics. The figure clearly shows that the multiscale analysis captures the
average locomotion behavior.

B. Case of longitudinal wave (direct crawler)

We then consider the longitudinal wave case with Ax �= 0 and Ay = 0, corresponding to a direct
crawler. From Eq. (93), the locomotion velocity in a viscosity gradient is written as

U0 = ωAxη(x∗) sin (ωt ) + kω

2
A2

x

[
1 + η(x∗)

2
sin (2ωt )

]
. (100)

We then obtain an ordinary differential equation that governs the position of the crawler,

dx∗
dt

= −U (x)
0 − η(x∗)

2

[
B sin T + U (x)

0 sin (2T )
]
, (101)

where T = ωt is the fast timescale, B = 2ωAx = O(ε), and U (x)
0 = kωA2

x/2 = O(ε2) is the locomo-
tion velocity in the absence of a viscosity gradient [Eq. (42)]. By employing the multiple timescale
analysis as in Sec. IV B 2, we first obtain ∂x0/∂T = 0 as the leading-order fast time dynamics of
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O(ω), and thus x0(t, T ) = x0(t ). On the next order, O(ω0), we find

dx0

dt
+ ∂x1

∂T
= −U (x)

0 − η(x0)

2

[
B sin T + U (x)

0 sin (2T )
]
, (102)

and by averaging over T with 〈∂x1/∂T 〉 = 0, we have

dx0

dt
= −U (x)

0 . (103)

Thus, no viscosity gradient effect is found, and we proceed to the next order of ω−1. By substituting
Eq. (103) into Eq. (102), we can write

x1(t, T ) = F (t, T ) − 〈F 〉 + x1(t ) (104)

with

F (t, T ) =
∫ T

0

{
−η(x0)

2

[
B sin T ′ + U (x)

0 sin (2T ′)
]

−
〈
−η(x0)

2

[
B sin T + U (x)

0 sin (2T )
]〉∣∣∣∣

T =T ′

}
dT ′, (105)

or explicitly,

F (t, T ) = η(x0)

2

{
B(cos T − 1) + U (x)

0

2
[cos (2T ) − 1]

}
. (106)

By examining the O(ω−1) terms in Eq. (101), we find

∂x1

∂t
+ ∂x2

∂T
= −kx1

2
η2(x0)

[
B sin T + U (x)

0 sin (2T )
]
. (107)

By substituting Eqs. (104) and (106) into Eq. (107) and averaging over T with 〈∂x2/∂T 〉 = 0, we
obtain

dx1

dt
= 0. (108)

Contrary to the case of a sharp viscosity jump described in Sec. IV B 2, the subleading term x1

vanishes in the slow timescale; in other words, x1 = 0 from the initial condition x1(0) = 0. Hence,
the time-averaged velocity, U 0, becomes

U
(x)
0 = U (x)

0 + O(ω−2). (109)

Note the difference in oscillation terms cos (kx∗/2) sin (kx∗/2 − T ) and sin T in Eqs. (71) and
(101), respectively. Due to the slow modulation of oscillation in Eq. (71), we obtained the nonzero
subleading-order effect in the presence of viscosity interface in Sec. IV B 2.

Numerical demonstrations of these multiscale analyses are shown in Fig. 7(b). Similar to the
previous sections, we plot the difference in positions between a uniform viscosity and a viscosity
with a gradient, defined as

�x∗ = x∗ + U (x)
0 t, (110)

where x∗ is the solution of Eq. (101) for the fast timescale solution, and the results of our multiscale
analysis,

�x∗ = x0 + 1

ω
x1 + U (x)

0 t = 0. (111)

In Fig. 7(b), we use γ = ±0.1, and we confirm that the average position of �x∗ is almost
constant, although its value is slightly negative (when γ = 0.1) or positive (when γ = −0.1). This
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slight difference is due to the initial condition, hx(ξ, t = 0) = ξ + Ax sin (kξ ) [Eq. (34)]. Indeed,
if we allow hx to have a different initial phase [i.e., hx(ξ, t ) = ξ + Ax sin (kξ − ωt + ϕ0) with ϕ0

constant], the trend seen in the figure can be reversed depending on the value of ϕ0. In other words,
x0 has a constant of integration, which is determined from the initial condition in the slow timescale
dynamics.

In this section, we analyze the case where the viscosity linearly depends on the position x.
Through multiple timescale analysis as in the previous section, we find a locomotion speed decrease
for a crawler with a transverse wave. However, such an effect on the locomotion speed vanishes at
the leading order for a crawler with a longitudinal wave. The locomotion velocity without time
averaging is on the order of O(ε2) and O(ε) for the transverse and longitudinal waves, respectively.
The time-averaged locomotion velocity, however, becomes on the order of O(ε2) for both cases.

VI. CONCLUSIONS

In this study, we theoretically analyzed a model crawler on a lubricating viscous fluid with
spatial heterogeneity, focusing on multiple timescale mechanics emergent from body-environment
coupling. First, we derived a generalized locomotion velocity formula [Eq. (27)] for a lubricating
incompressible Newtonian fluid with spatial viscosity variations and then explicitly calculated
asymptotic locomotion velocities with small surface deformations for various situations, including a
sharp viscosity interface (jump) and linear viscosity gradient, as summarized in Table I. Specifically,
we examined a crawler with a self-deformation represented by a traveling wave in both the
transverse and longitudinal directions.

In the absence of spatial viscosity variations, the surface deformation with a transverse wave
led to a retrograde crawler, moving in a direction opposite to the deformation wave, whereas the
longitudinal wave led to a direct crawler whose locomotion velocity had the same direction as the
deformation wave. The longitudinal wave can be considered as a contractile wave driven by surface
muscular actuation. Therefore, our study implies that the Newtonian fluid alone can account for
both types of crawling by altering the surface deformation mode [14]. Indeed, other mechanisms,
such as the non-Newtonian properties of fluids [26,27], the elasticity of crawlers themselves [29,31],
and control of anchoring phases [13,14], can also contribute to complex modes in the locomotion of
biological crawlers. Our study illustrates the general importance of contractile waves in the crawling
dynamics.

We then examined the effects of a sharp viscosity jump by calculating time-averaged locomotion
velocities in the presence of spatial viscosity variations. For a longitudinal wave, the correction
in the locomotion speed from the viscosity jump appears as an oscillation term on the order of
O(Ax ) = O(ε) in the instantaneous velocity. For a transverse wave, conversely, the correction term
is on the order of O(A2

y ) = O(ε2).
Naive averaging over the phase of oscillation (i.e., ωt and 2ωt) in the instantaneous velocity while

the current position x∗ is fixed often leads to no correction terms from the spatial variation. Hence,
to properly accumulate the fast oscillatory effects, we applied multiple timescale analysis to the
obtained theoretical expression of the average speed of a crawler in the slow timescale. Remarkably,
the resultant asymptotic of the average velocity has a similar form in both cases [Eqs. (68) and (84)],
demonstrating that the locomotion speed decreases when the front of the crawler penetrates into the
high-viscosity region and when the rear of the crawler exits from the high-viscosity region.

We then analyzed the crawling dynamics with a linear viscosity gradient in space to derive the
average locomotion velocity by the multiple timescale analysis, leading to a speed reduction in the
transverse wave case. In contrast, the correction term was found to be at the subleading order for
the longitudinal wave case, suggesting the great complexity and diversity of the body-environment
coupling that depends on the details of the problem settings.

In fact, the medium viscosity can drastically increase with additional solute, and in a laboratory
experiment for Chlamydomonas viscotaxis, for example, a sharp viscosity interface with viscosity
ratio of 60 was realized by a microfluidics device with a 0.75% methylcellusose medium [37].
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Even in a higher-viscosity medium, microswimmers such as sperm cells can migrate by modulating
their waveform in a solution with 1400 times the viscosity of water [78]. In a biological context,
therefore, a viscosity interface may be realized when a crawler moves over a wet substrate with
different viscosity from its mucus. The spatial viscosity variations may also be observed when the
solute diffuses in the lubricating fluid layer and the linear viscosity variation can also be relevant in
biological locomotion. Besides, temperature variations also change the fluid viscosity [72], and the
inhomogeneous viscosity profile may also be achieved by controlled heat of the substrate in labo-
ratory experiments. Moreover, our theoretical prediction for the dynamics of crawling locomotion
can be potentially testable with robots that mimic gastropod locomotion [15,17,18].

Millimeter-sized nematodes, Caenorhabditis elegans, can also migrate through a highly viscous
medium, while they exhibit crawling on a gel. Their undulatory waveforms are gradually modulated
by the increase of viscosity [79], suggesting adaptation to external mechanical loads in the outer
environment [80]. Our results here may offer a methodological basis for understanding this adaptive
locomotion in complex environments.

The current crawling model in the lubrication regime is theoretically equivalent to microswim-
ming dynamics in the vicinity of a wall boundary, such as the slithering locomotion of sperm cells
[81,82] and gliding motion of bacteria [83,84]. We showed in Sec. III that the leading-order loco-
motion velocity of the longitudinal wave is the same as that of the Taylor sheet model [73]. Along
this line, Du et al. [85] addressed the Taylor sheet in viscous two-phase fluids and found a reduction
in swimming velocity compared to that in single-phase fluids, although direct comparisons with
the current study are not feasible due to the different problem settings. Further studies with various
locomotion modes and environment models are warranted for a comprehensive understanding of
locomotion with spatial viscosity variation.

More generally, biological locomotion is, in principle, achieved by repeated deformation of a
body, and in particular in a dissipation-dominating regime, such as swimming at low Reynolds
number and crawling on a thin liquid film, the timescales of shape deformation and progressive
movement are well separated due to the inefficiency of locomotion in this regime. Our study
highlights the nonlinear, accumulative effects of mechanical coupling between the locomotor and
the outer environment with spatial variations. Our methodology based on the multiple timescale
analysis will be widely useful for understanding locomotion in complex environments with spatial
heterogeneity.
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