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ABSTRACT

Generative modeling aims to learn the underlying probability distribution of observed
data and to generate new samples that resemble the training data. In recent years, deep
neural networks have achieved remarkable success in high-dimensional data generation tasks,
particularly in image and audio generation. Despite the success, many modern architectures
rely on overparametrized neural networks, which can be computationally expensive and
difficult to interpret and reveal the intrinsic structure of the underlying distribution.

In this thesis, we investigate an alternative framework for generative modeling based
on techniques from numerical linear algebra. Chapters 2-4 focus on density estimation
and develop a series of methods based on tensor network representations. Tensor networks
provide structured and interpretable representations for high-dimensional functions, offering
significant advantages in terms of computational efficiency and scalability. In Chapter 2, we
introduce an efficient variance-reduction scheme that improves upon the standard higher-
order singular value decomposition, enabling its application to moderately high-dimensional
problems. Chapter 3 presents a tensor-train-based density estimation framework, where a
novel convolution-deconvolution strategy is proposed to mitigate the exponential variance
growth associated with empirical density estimation in high dimensions. In Chapter 4, we
extend these ideas to hierarchical tensor-train representations. The ultimate goal of the
series is to achieve linear computational complexity in the dimensionality and maintain high
accuracy in many applications.

Chapters 5 and 6 focus on diffusion-based approaches. In Chapter 5, we develop a
numerical linear algebra framework for diffusion models that enables optimization-free score
estimation. Chapter 6 further extends this approach by incorporating sparse regression
techniques to recover sparse structures. Extensive numerical experiments demonstrate the
effectiveness of the proposed methods, and theoretical analysis establishes error bounds that
characterize their dependence on the dimensionality.
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CHAPTER 1
INTRODUCTION

Generative modeling aims to learn the underlying probability distribution of observed data
and to generate new samples that resemble the training data. Formally, given a dataset
{x(i) ZZ\L 1 independently and identically drawn from an unknown distribution p*, the goal is
to construct a model p such that p ~ p*. Once such a model is obtained, it can be used
for sampling as well as a variety of downstream tasks. This problem has broad applications
across multiple disciplines, including science [43, 33|, engineering [29], economics [243], and
modern machine learning (23, 116, 220, 105].

Methods for generative modeling can be broadly categorized into two classes. The first
class consists of approaches that aim to explicitly estimate the probability density function,
commonly referred to as density estimation in the statistical literature. Classical methods
such as histograms [193, 195] and kernel density estimators [172, 45] are well known for their
numerical robustness and statistical stability in low-dimensional settings, but they often suf-
fer from the curse of dimensionality as the dimension increases. Mixture models [49, 63|
provide a more flexible framework for modeling complex distributions; however, they may
still be limited in capturing highly nonparametric structures. To address these challenges,
adaptive methods [135, 137] have been developed for high-dimensional settings. In recent
years, deep learning has emerged as a powerful tool for approximating high-dimensional
probability distributions from data, particularly in applications such as image and signal
processing. Representative approaches include energy-based models [127, 91, 157], normal-
izing flows [52, 184, 53|, and autoregressive models [68, 217, 170, 99]. Energy-based models
assign an energy value to each data configuration and define probability through relative
comparisons of these energies, where lower energy corresponds to higher likelihood; they are
typically trained by shaping the energy landscape using sampling-based methods. Normal-

izing flows construct invertible mappings between a simple base distribution and the target
1



distribution, enabling exact likelihood evaluation and efficient sampling. Autoregressive
models factorize high-dimensional distributions into a sequence of conditional distributions,
allowing flexible modeling while maintaining tractable likelihood computation.

Another important class of generative models is based on implicit distributions, where
sampling is straightforward while likelihood evaluation is intractable. Generative adversar-
ial networks (GANs) [70, 10, 78, 23, 105] formulate learning as a minimax game between
a generator and a discriminator, and have demonstrated remarkable success in producing
high-quality samples in complex domains such as images and audio. Variational autoencoders
(VAEs) [117, 186, 90, 118| introduce latent variable models and optimize a variational lower
bound of the likelihood, providing a principled and scalable framework for probabilistic infer-
ence and representation learning. More recently, score-based generative models and diffusion
models have achieved state-of-the-art performance in high-dimensional data generation tasks
[203, 92, 206, 158, 51]. These approaches rely on estimating the score function V logp(x)
of the data distribution and generate samples by simulating stochastic differential equations.
Research on diffusion models has primarily centered around two dominant formulations. The
first approach is based on forward SDE simulation [92, 200, 205, 202|, where a stochastic
differential equation (typically an Ornstein—Uhlenbeck process) is used to gradually diffuse
data into noise. The score function is then estimated by training a neural network. The
second formulation is based on flow matching [134, 140, 138|, which directly learns a time-
dependent vector field that couples the target and base distributions, rather than estimating
score functions through a forward stochastic process. Extensions of this approach include
methods based on stochastic interpolants [7, 5, 6], which interpolate between distributions
using latent variables. For an overview of these methods, see [238, 28, 145].

Despite their empirical success, many modern generative models rely on overparame-
terized neural networks, which can be computationally expensive and difficult to interpret.

This has motivated the exploration of alternative approaches based on structured repre-



sentations, such as low-rank tensor decompositions and sparse function expansions, which
aim to capture the intrinsic low-dimensional structure of high-dimensional distributions.
These perspectives provide opportunities to integrate tools from numerical linear algebra
and high-dimensional statistics into generative modeling, enabling scalable, interpretable,

and theoretically grounded methods.

1.1 Organization

In this thesis, we develop several methods to address the aforementioned questions from
the perspective of numerical linear algebra. Chapters 2—4 focus on density estimation, cor-
responding to the first class of generative models, and present a sequence of approaches
based on tensor network structures for high-dimensional problems. In Chapter 2 (work
[111]), we introduce an efficient variance-reduction scheme that improves upon the standard
higher-order singular value decomposition, thereby extending its applicability to moderately
high-dimensional settings. Chapter 3 (work [176]) presents a tensor-train-based framework
for density estimation, in which a novel convolution—deconvolution strategy is proposed to
mitigate the exponential variance growth arising in empirical density estimation in high
dimensions. In Chapter 4 (work [175]), we further extend these ideas to hierarchical tensor-
train representations. The final objective of these chapters is to develop methods whose
computational complexity scales linearly with the dimensionality while maintaining strong
performance across a range of numerical experiments.

Chapters 5-6 turn to diffusion models, which belong to the second class of generative
models. In Chapter 5 (work [110]), we develop a numerical linear algebra framework for
diffusion models that enables optimization-free score estimation. Chapter 6 further extends
this framework by incorporating sparse regression techniques to recover sparse structures
efficiently. The goal of these chapters is to characterize the dependence of the estimation

error on the dimensionality through both theoretical analysis and numerical experiments.
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1.2 Related Work

Here we summarize several numerical linear algebra techniques that we use in this thesis.

Tensor Network: Tensor network representations have emerged as powerful tools for
the analysis and computation of high-dimensional problems, where classical methods suffer
from the curse of dimensionality. By exploiting low-rank structures and separability in multi-
dimensional data, tensor networks provide compact representations that significantly reduce
storage and computational complexity. These methods have been widely applied in scientific
computing, signal processing, machine learning, and quantum physics [119, 73, 112, 41].

One of the simplest and most classical tensor decompositions is the canonical polyadic
(CP) decomposition, which represents a tensor as a sum of rank-one components |27, 88, 123,
124, 42]. The CP format is highly interpretable and memory-efficient when the rank is small.
However, it can suffer from numerical instability and issues of ill-posedness, particularly in
high-dimensional or noisy settings.

Another widely used representation is the Tucker decomposition, which expresses a tensor
as a core tensor multiplied by factor matrices along each mode [216, 46, 221, 47|. The
Tucker format can be viewed as a higher-order generalization of the matrix singular value
decomposition and provides a flexible framework for dimensionality reduction and feature
extraction. Despite its flexibility, the storage cost of the Tucker format grows exponentially
with the tensor order, which limits its applicability in very high-dimensional problems.

To address this limitation, the tensor-train (TT) decomposition, also known as the ma-
trix product state (MPS) (|233, 177]) in the physics literature, was introduced as a scalable
tensor network format for high-dimensional problems [166, 167, 168, 165]. In the TT rep-
resentation, a high-dimensional tensor is factorized into a sequence of low-dimensional core
tensors connected in a chain structure. This representation enables both storage and com-
putational costs to scale linearly with the dimension, making it particularly suitable for

high-dimensional approximation and learning tasks.
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Beyond the formats mentioned above, a variety of more advanced tensor network struc-
tures have been developed to further improve flexibility and scalability in high-dimensional
settings. Hierarchical Tucker (HT) decompositions organize tensor representations in a tree-
based structure, enabling efficient approximation with controlled ranks [81, 72|. More general
tensor network architectures, such as tree tensor networks and projected entangled pair states
(PEPS), originate from quantum many-body physics and provide powerful representations
for capturing complex multi-way interactions [164, 222]. Tensor ring (TR) decompositions
extend the tensor-train format by forming a cyclic structure, which can enhance representa-
tion flexibility while maintaining favorable computational complexity [244, 228, 109]. These
advanced tensor network formats further expand the applicability of low-rank tensor methods

and provide a rich framework for modeling and computation in high-dimensional problems.

Randomized Linear Algebra: A notable advancement in numerical linear algebra is
the emergence of randomized low-rank approximation algorithms. These algorithms excel
in reducing time and space complexity substantially without sacrificing too much numerical
accuracy. Seminal contributions to this area are outlined in works such as [133] and [82].
Additionally, review papers like [235], [59], [149], and [150] have provided comprehensive
summaries of these randomized approaches, along with their theoretical stability guarantees.
Randomized low-rank approximation algorithms typically start by estimating the range of
a large low-rank matrix A € R™*" by forming a reduced-size sketch. This is achieved by
right multiplying A with a random matrix S € R"*¥ where k < n. The random matrix
S is selected to ensure that the range of AS remains a close approximation of the range of
A, even when the column size of AS is significantly reduced from A. As such, the random
matrix S is referred to as randomized linear embedding or sketching matrix by [215] and
[156]. The sketching approach reduces the cost in singular value decomposition from O(n3)

to O(n?), where O(n?) represents the complexity of matrix multiplication.



Recently, a series of studies have extended the matrix sketching technique to range es-
timation for high-order tensor structures, such as the Tucker structure [30, 209, 154| and
the tensor train structure [3, 122, 198]. These studies developed specialized structures for
sketching to reduce computational complexity while maintaining high levels of numerical ac-
curacy in handling high-order tensors. Previous work has also explored randomized sketching
techniques in specific estimation problems. For instance, [148] and [181] utilized randomized
sketching to solve unconstrained least squares problems. [234] , [180], [125] and [214] im-
proved the Nystrém method with randomized sketching techniques. Similarly, [4], [226], and
[239] applied randomized sketching to kernel matrices in kernel ridge regression to reduce

computational complexity.

Algorithms for Tensor-Train Decomposition: A variety of efficient algorithms have
been developed to compute tensor-train (TT) decompositions for high-dimensional tensors.
The most fundamental approach is the TT-SVD algorithm [167], which constructs the TT
representation via a sequence of matricizations and truncated singular value decompositions
(SVDs). This method provides a quasi-optimal low-rank approximation with controlled accu-
racy, but requires access to the full tensor, which may be prohibitive in large-scale settings.
To alleviate this limitation, cross approximation methods such as TT-cross and adaptive
cross approximation have been proposed [166, 190, 191]. These methods recover the TT
representation by sampling carefully selected tensor entries, significantly reducing compu-
tational complexity while maintaining approximation quality. Closely related approaches
include interpolation-based and skeleton decomposition techniques, which further improve
efficiency for structured tensors.

Another important class of methods is based on iterative optimization over the manifold of
fixed TT-rank tensors. Alternating least squares (ALS) and density matrix renormalization

group (DMRG) algorithms 95, 192, 231| update one or two TT cores at a time while keeping



the others fixed. Variants such as alternating minimal energy methods [57] and Riemannian
optimization approaches [143, 207| further improve convergence and stability, especially for
solving high-dimensional linear systems and eigenvalue problems.

In addition, tensor completion and recovery methods in TT format have been studied,
where the goal is to reconstruct a low-rank tensor from partial observations |74, 207]. These
approaches are closely related to matrix completion and often rely on alternating optimiza-
tion or Riemannian gradient methods.

Together, these methods form a comprehensive computational framework for constructing
TT representations, enabling efficient approximation, optimization, and learning in high-

dimensional problems.



CHAPTER 2
DENSITY ESTIMATION VIA VARIANCE REDUCED
SKETCHING

2.1 Introduction

Suppose the data {Zl}lj\i 1 C R? are independently sampled from an unknown density p* €
LQ(Rd). In this work, we aim to develop a new framework specifically designed to estimate
multivariate nonparametric density functions. Here we view density functions as order d
tensors in the infinite-dimensional function space Lo(R%) = Lg(R) ® --- ® Lo(R). In the
setting of estimating an a-times differentiable density function in d dimensions, our estimator

achieves error rates

\/ H?:l T

E(lp" — bvrslliL,) = O (W + fzkrl7._,7rd))~ (2.1)

Here, {r; }3?:1 are the user-specified multilinear ranks for the estimator pygrg, which is an

order d tensor in the function space; and 52}1 ) represents the best possible error one

could achieve using any multilinear rank-(rq,...,r;) tensor to approximate p* in Lo (]Rd) :
* . *
= min - B .
g(rl""’rd) B has ranks (rl,...,rd){Hp ||L2}

The multilinear rank means that each mode-i flattening of B has rank r; in function space,
where this notion of rank is defined in the following Theorem 1. The definition of multilinear
rank is frequently used in the literature, such as [119, 48, 221]. Moreover, the precise defi-

nition of {E"Tl ) Can be found at (2.24). In contrast, the error rate of the classical kernel
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density estimator (KDE) satisfies (see e.g.[229])

x o~ 1
E(Hp —PKDE||L2) =0 (W)’ (2-2)

We refer to our approach as Variance-Reduced Sketching (VRS) since the theoretical result
provides a reduced curse of dimensionality. In Section 2.4, we show that functions from

many well-known models such as the additive model! and the mean-field model? are low-

rank tensors with bounded ranks (rq,...,r;) and approximation error §Z<7"1 ry) = 0. In
such settings, the error rate in (2.1) reduces to O <W)’ which corresponds to the

nonparametric error rate in one dimension, significantly better than (2.2).

The promising performance of Variance-Reduced Sketching (VRS) comes from its ability
to reduce the problem of multivariate density estimation to the problem of estimating low-
rank functional matrices/tensors using their moments. In the finite-dimensional low-rank
matrix estimation setting, estimating the matrix is equivalent to estimating its range, which
is determined by its singular vectors. This intuition extends to the density estimation setting.
As a concrete example, suppose p*(z,y) : R? — RT is a two-dimensional density function.
It can be viewed as an infinite-dimensional matrix in Lo(R) ® Lo(R). If, in addition, p* is
low-rank, then estimating the matrix p* is equivalent to estimating its function range. Here,

the function range of p* with respect to the variable z is defined as

Range, (57) = { [ (o)) 2y o(0) € La(®) |

Note that the function range of p*(x,y) forms a linear subspace of functions in the
variable x € R. The moral from linear algebra indicates that, by multiplying a low-rank

matrix with some carefully chosen vectors, the range can be readily obtained. To estimate

1. p: R? — R is additive if p(z1,. .., 2q) = p1(21) + p2(22) + ... + pa(za).
2. p: R? = R is mean-field if p(z1, ..., 2q) = p1(21) - p2(22) - - pa(za)-



the function range, as demonstrated in Figure 2.1, in VRS we integrate p* with carefully
chosen functions, analogous to finite-dimensional matrix-vector multiplications. Integrating
p* against low-frequency functions results in moments of p* that are highly correlated to
the signals. We refer to this technique as a variance-reduced sketch for matrices in function
spaces. These moments, typically of low orders, are selected to ensure that the range of the
density can be accurately recovered while maintaining low variance in range estimation.

In this way, VRS transforms a multidimensional density estimation problem into the
task of estimating one-dimensional moments, achieving the univariate estimation error. Ad-
ditionally, this moment sketching strategy requires only a single pass over the samples and
dimensions, resulting in a computational cost that scales linearly with the sample size N. The
moment-based range estimation technique can be readily generalized to density estimation
in arbitrary dimensions.

We stress that our VRS approach is not simply an orthonormal basis expansion followed
by a standard Tucker approximation, which is the conventional pipeline for Tucker decompo-
sition. Instead, the main idea is to estimate the column space of each mode flattening of the
large tensor, without requiring full estimation of the corresponding row spaces. Because the
high-dimensional tensor is implicitly defined through samples rather than stored explicitly,
we can operate directly on these samples and avoid storing the full tensor. Combing this
with the sketching strategy, we can tackle moderately higher-dimensional problems rather
than being restricted to three-dimensional tensors, which are the typical setting for standard
Tucker methods.

We emphasize that our VRS framework is fundamentally different from the randomized
sketching algorithm for finite-dimensional matrices, as randomly chosen sketching does not
address the curse of dimensionality in multivariable density estimation models. Additionally,
the statistical guarantees for VRS are derived from a computationally tractable algorithm.

In contrast, deep learning methods exhibit generalization errors that depend strongly on the
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architecture of the neural network estimators. Moreover, the statistical analysis of these
generalization errors is not necessarily aligned with the optimization errors achieved by

computationally tractable optimizers.

y k k y

A(X, ¥) S(y, k) A(x, k) A(X, y)

Figure 2.1: The sketched function AS by VRS retains the range in the variable x of A(z,y).
The complexity of estimating the range of A using AS is much lower than the complexity of
directly estimating A.

The rest of work is organized as follows. In Section 2.2, we detail the procedure for
implementing the range estimation through sketching and study the corresponding error
analysis. In Section 2.3, we extend our study to density function estimation based on the
range estimators developed in Section 2.2, and provide the corresponding statistical error
analysis with a reduced curse of dimensionality. In Section 2.5, we present comprehensive
numerical results to demonstrate the superior numerical performance of our method. Finally,

Section 2.6 summarizes our conclusions.

Related Literature

Matrix approximation algorithms, such as singular value decomposition and QR decom-
position, play a crucial role in computational mathematics and statistics. A notable ad-
vancement in this area is the emergence of randomized low-rank approximation algorithms.
These algorithms excel in reducing time and space complexity substantially without sac-

rificing too much numerical accuracy. Seminal contributions to this area are outlined in
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works such as [133] and [82]. Additionally, review papers like [235], [59], [149], and [150]
have provided comprehensive summaries of these randomized approaches, along with their
theoretical stability guarantees. Randomized low-rank approximation algorithms typically
start by estimating the range of a large low-rank matrix p € R™*" by forming a reduced-size

R"*F_ where

sketch. This is achieved by right multiplying p with a random matrix S €
k < n. The random matrix S is selected to ensure that the range of pS remains a close
approximation of the range of p, even when the column size of pS is significantly reduced
from p. As such, the random matrix S is referred to as randomized linear embedding or
sketching matrix by [215] and [156]. The sketching approach reduces the cost in singular
value decomposition from O(n3) to O(n?), where O(n?) represents the complexity of matrix
multiplication.

Recently, a series of studies have extended the matrix sketching technique to range es-
timation for high-order tensor structures, such as the Tucker structure [30, 209, 154| and
the tensor train structure [3, 122, 198]. These studies developed specialized structures for
sketching to reduce computational complexity while maintaining high levels of numerical
accuracy in handling high-order tensors.

Previous work has also explored randomized sketching techniques in specific estimation
problems. For instance, [148] and [181] utilized randomized sketching to solve unconstrained
least squares problems. [234] , [180], [125] and [214] improved the Nystrom method with ran-
domized sketching techniques. Similarly, [4], [226], and [239] applied randomized sketching
to kernel matrices in kernel ridge regression to reduce computational complexity. While these
studies mark significant progress in the literature, they usually require extensive sampling or
evaluation of the estimated function to employ the randomized sketching technique, in order
to maintain acceptable accuracy. This step would be significantly expensive for the higher-

dimensional setting. Notably, [103] and subsequent studies [210, 183, 175, 37, 211] addressed

these issues by incorporating the variance of the data generation process into the design of
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sketching techniques for high-dimensional tensor estimation. This sketching technique allows
for the direct estimation of the range of a tensor with reduced sample complexity, rather
than directly estimating the full tensor.

In related work on Tucker decomposition, higher-order singular value decomposition
(HOSVD), also known as Tucker decomposition [189, 120, 13, 30, 154, 1|, has achieved
notable success across a wide range of applications. However, most existing approaches are
most effective in three-dimensional tensor settings; extending them to moderately higher-
order tensors can be computationally prohibitive without additional techniques to mitigate
the resulting complexity. In contrast, our work aims to recast a multi-dimensional density
estimation problem as the task of estimating a collection of one-dimensional moments, which

enables us to handle general problems in high dimensions.
Notations

Let N = {1,2,3,...} and R denote the set of all the real numbers. We denote X, =
Op(ay) if for any given € > 0, there exists a K¢ > 0 such that limsup,,_, P(|Xn/an| >
K¢) < e. For real numbers {an}>2, {bn}h2; and {cp}o2;, we denote ap = O(by) if
limy,—y00 an /by, < oo and ay = o(ey) if limpy—oo ap/cp, = 0. Let [0,1] denote the unit
interval in R. For d € N, denote the d-dimensional unit cube as [0, l]d.

Let {f;}i_; be a collection of elements in the Hilbert space H. Then
Span{f;}i_y = {b1fi + -+ bnfn : {bi}iny C R} (2.3)

Note that Span{f;}!' ; is a linear subspace of H.

For a generic measurable set Q C R% denote Ly(Q) = {f Q- R: Hf”%z(g) =
Jo f2(2)dz < oo} For any f,g € Lo(Q2), let the inner product between f and g be (f,g) =
Jo f(2)g(z)dz. We say that {¢}}?° is a collection of orthonormal functions in L (f2) if
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(D1, d1) = O We say that {¢,}72 | is a complete basis of La(Q) if {¢,}72 ; is orthonormal
and Span{¢}72, = L2(Q). Let Z € Q and dz be the indicator function at the point
Z. Define (64, f) = f(Z). In what follows, we briefly introduce the notation for Sobolev
spaces. Let Q C R? be any measurable set. For multi-index 3 = (B1,---,8q) € N¢, and

f(z1,... 29) : @ = R, define the S-derivative of f as DPf = 8?1 - 85df. Then
WSH(Q) == {f € La(Q) : DPf € Ly(Q) for all || < a}, (2.4)

where 3] = 81 + -+ + B4 and « € N represents the total order of derivatives. The Sobolev
norm of f € Wy'is ||f||%/v2a(g) = Zogm\ga ||D6f||%2(9)-

Linear algebra in tensorized function spaces is the key component to develop our Variance-
Reduced Sketching (VRS) framework for nonparametric density estimation. We start with a
convenient notation for partial integration of two functions. For j =1,2,3 let 2; C R% be
any regular domain. Let p(z,y) € La(€21 x Q9) and Q(y, z) € La(s x Q3) be two functions.
Define

(b xy Q). 2) = / Pl 9)Qy. 2)dy. (2.5)

Q9

Forj e {1,...,d},let Q; C R% be a measurable subset. Let §; be arbitrary linear subspaces

of Lo(€2;) where functions in S; correspond to the variable z;. Define

S1®---®8;=Span{g1(z1) - - ga(za) : 91(21) € S1, .-, 94(za) € Sa}-

S0 S1®--®8; C La(1) ® -+ @ La(Qq) = Lo(1 x - x Q). Let {¢l(j)(zj)}§’il be
a complete basis in Lo(€2;), and define M; = Span{qﬁl(j)(zj)}}ll. So M; C Ls(f2;) and
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M@ @My C Loy() ® -+ ® Lo(Qy). Denote
o 501, g0)
P./\/lj(zjaz;) = Z?blj (Zj)¢l] (22)
For any function p € Lo(€21 x - -+ x ), we define p x ; PMj(zl, ..., 2q) using (2.5) as

p X1 7’/\41(21,---,%):/019(21,-~~,Zj—1,2'}72j+17---,Zd)PMj(Z},Zj)dZ}~

Therefore p X1 Pagy X ... Xg Ppy, can be defined inductively. A direct calculation shows

that
m m
PX1PM, X oo X Pay (21 za) = Do > (0o, @+ @ y,), (21) -+ by, (2a).
=1 =1

Here

(P, oy, @ ®@¢p,) = /"'/p(ZLm,Zd)ébzl(Zl)"'¢zd(zd)dzl---dzd.

Therefore px1Ppqy X ... XgPpy, is a function in the space Mj @ --- ® My. Given data
{Zi}£i1 C Q1 x -+ x Qg, denote the corresponding empirical measure as p = % Ziil 07,5
where d 7. is the indicator function at the point Z;. We can also project the empirical measure
ponto M| ®---® M, as

1

m m
PX1PAMy X o Xa Pagg (21, 2) = o Y (B, ®@ - @ &y, )by, (21) -+ by, (24)
=1 l=1
o
1

m m 1 N
S {Nz ®"'®¢ld(Zi)}¢ll(Zl)"'¢ld(zd)~

l1=1 lg=1
(2.6)

15



2.2 Density Range Estimation by Sketching

In this section, we introduce a new technique called sketching, which allows us to estimate the
range of a density function based on discrete samples with a reduced curse of dimensionality.
The definition of function range can be found in (2.7). As demonstrated in Section 2.3, range
estimation plays a crucial role in the VRS density estimation framework.

Throughout this section, we set dy, do to be two arbitrary positive integers. Let 21 C R
and (29 C R? he two measurable sets. Let P (x,y) : Q1 X Q9 — R be the unknown density
function.

Let B(z,y) € Lo(21 x Q9). We define the range space of B(x,y) in the variable z as

Range, (B) = {f(x) 1) = [ Bty o any gfy) € L2<92>}. (2.7

In VRS, we first estimate the range of the unknown density p* with respect to each variable,

and then incorporate the range estimators of all variables to estimate the density function

*

p*.
We define the dimensionality of B with respect to variables (x,y) € 1 x Q9 by using

the singular value decomposition of B in the function space Lo (€21 X o).

Theorem 1. [Singular value decomposition in function space| Let B(x,y) : Q1 x Q9 — R
be any function such that || B|f,(q, xq,) < 00. There exists a collection of strictly positive
singular values {ap(B)};
basis functions {q)p(x)}zzl C La(Q) and {¥,(y)

_1 C R™ in decreasing order, and two collections of orthonormal

221 C La(Q9), where r € N U {+o0},

such that
Blr.y) = Y 0p(B) @y(2) Wy (). (2.8
p=1

In this case, we say that the rank of B(x,y) isr.
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Suppose (2.8) holds. An equivalent definition of Range,.(B) is
Range, (B) = Span{®,(z)})_;.

Therefore, dim(Range,.(B)) equals the rank of B. This illustrates the well-known fact that
the dimensionality of the column space of a matrix agrees with its rank.

Let {Zi}f\il C 21 X 9 be the observed data sampled from p*(z,y). Based on the
observed data, our goal in this section is to estimate Range, (p*) defined in (2.7). We denote

by p the empirical measure formed by {Z,}Z]\; e RY as

N
Ple.y) = 5 D2 0z,(r0). (2.9
=1

We will work with two user-specified linear subspaces M and S, where M C Lo(€)
serves as an estimation subspace, and S C Lo({22) serves as a sketching subspace. Suppose
that

dim(S)

dim(M)
}1:1 n=1 >

M = Span{v;(z) and & = Span{wy(y)} (2.10)

dim(S)

p—1 ~ are orthogonal

where {v;(x) }?ir;l(M)

are orthogonal functions in L9(€21) and {wy(y)}
functions in L9(22). Specific choices of these subspaces can be found at (2.16) and (2.17).

Our procedure is composed of the following three stages.

e Sketching stage. We apply the projection operator Pg to p by computing
dim(S)
L pwpama} (211)
Q2 n=1

Note that for each n = 1,...,dim(S), sz p(@, y)wy(y)dy is a function solely that depends

on z. This stage aims at reducing the curse of dimensionality associated to variable .
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S)

e Estimation stage. We estimate the functions { fQ2 plz, y)wn(y)dy}iifi( by utilizing the

estimation space M. Specifically, for eachn = 1,...,dim(S), we approximate sz P, y)wy(y)dy

by
2
Faw) =agmin| [ B gugdy - f@)f (212)
fem Qo La($21)
e Orthogonalization stage. Let
dim(S)N
Blay)= Y fole)wy(y). (2.13)
n=1

Compute the leading singular functions in the variable x of p(x, y) to estimate the Range,. (p*).

We formally summarize our procedure in Algorithm 1.

Algorithm 1 Density range Estimation via Variance-Reduced Sketching

INPUT: Empirical measure p = % sz\il 0z, parameter 1 € Z7F, linear subspaces M =
}?LIT(M) and S = Span{wn(y)}(;izni(s).
_ dim(S) o dim(S)
1: Compute {fﬂg plz, y)wn(y)dy}nzl , the projection of p onto {wn(y)}n:1

) i M by (2.12).

Span{v;(z)

2: Compute the estimated functions {ﬁ?(x)}
3: Compute the leading r singular functions in the variable x of p(x,y) =
dim(S) 7 =

anzni( )fn(x)wn(y) and denote them as {®,(x) p=1-
OUTPUT: Py(x,2') =377 Pp(x)Pp(a’).

An explicit expression of p(x,y) in (2.13) can be obtained from p(x,y). More precisely,

in the sketching stage, (2.11) is equivalent to computing px,Pg. Indeed, by (2.6),

Ps= X ([ 2 Pl sy (o),

In the estimation stage, using orthogonality of {v; (w)}?iT(M), (2.12) can be explicitly ex-
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pressed as
m
Z pv Ul ® wn Ul( )

where by definition, (p,v;@wy) = [q, [q, P(z,y)vi(z)w,(y)dzdy. Therefore, p(z,y) in (2.13)

can be rewritten as

dim( m
- Z Z (P, v @ wy)vy(x)wy(y). (2.14)
=1 n=1

By (2.6), p x4 Pag Xy P has the exact same expression as p. Therefore, we establish the

identification
p=D %z Pm Xy Pr. (2.15)

We discuss the specific choices of M and S. Let O be a measurable subset of R. Suppose
that Q] € O and Q9 C ©%. In density estimation, it is sufficient to assume O = [0, 1].
Indeed, if the density function p* has compact support, through necessary scaling, we can
assume the support Q x 2 is a subset of Q% x ©%2 = [0, 1]d1+d2.

Let {¢r}72; C L2(O) be a collection of orthonormal one-dimensional basis functions
generated from either the reproducing kernel Hilbert spaces or the Legendre polynomial
system. A detailed discussion of about the reproducing kernel Hilbert spaces or the Legendre
polynomial system can be found in Section A.5. Let z; € Rfor j € {1,...,d;} and let y,, € R
for k € {1,...,ds}. For m,¢ € N, let

M= spand o, (o) )0, (0 | and (2.16)
l1,.. ’ldl 1
Y4
= spand o (1) (1) -+ G0 00, | . (2.17)
771a-~-a77d2:1
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Therefore dim(M) = m% and dim(S) = ¢92. In the following result, we show that the range

estimator in Algorithm 1 is consistent.

Theorem 2. Suppose that the rank of p* isr < oo, p* € WQO‘(Od), and let o) = op(p*(z,y))
denote the minimal nonzero singular value® of p*(x,y). In Algorithm 1, let M and S be

defined as in (2.16) and (2.17). For a sufficiently large constant C, suppose that

d d,
oy > C'max {E_O‘, m-, \/(m L éj\:) log(V) } (2.18)

Let P} be the projection function onto Range,.(p*), and let 7/53; be the output of Algorithm 1.
Then

5 %12 B r Coa , (mT 4 0%2)1og(N)
12 = P2y = O § o (72 = )

The proof of Theorem 2 can be found in Section A.2. It follows that if m < N 1/ (20‘+d1),
t=Crloy )*l/ @ for a sufficiently large constant Cy,, and sample size follows the inequality
N > Cymax{(c¥)"27d/ (5*)=27d2/a} for a sufficiently large constant Cyy, then Theo-

rem 2 implies that up to a logarithm factor,

-~ %112 . T T
[Pz — PxHLQ(Q1><Q1) =Op {N2o¢/(2a+d1)(0.;<)2 * N(Ji)2+d2/a } (2.20)

In Section 2.4, we demonstrate that both additive functions and the mean-field functions are
finite-rank functions with minimal singular values being strictly positive. In these settings,
oy and r are both absolute constants, and up to a logarithm factor, (2.20) further reduces

to,

R 1
*112 _
||Pa: - PxHLQ(leQl) - OP {m}’

3. The definition of the singular values of a two-variable function can be found in (2.8).
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which matches the optimal nonparametric density estimation rate in d; dimensions. This
indicates that our sketching method is able to estimate Range, (p*) without the curse of
dimensionality introduced by the variable y € R%. Utilizing the sketching estimators, we
can further estimate the unknown function p* with a reduced curse of dimensionality as

detailed in Section 2.3.

2.3 Density Estimation by Sketching

In this section, we propose a new multi-dimensional density estimator by utilizing the range
estimator outlined in Algorithm 1. Let @ C R be a measurable set and p*(z1,...,24) :
0% — R be the unknown population function. In density estimation, it is sufficient to
assume O = [0,1]. Indeed, if p* has compact support, through necessary scaling, we can
assume the support is a subset of 0% = [0,1]%,

In Algorithm 2, we formally summarize our tensor-based estimator of p*. The selection
of tuning parameters in Algorithm 2 will be discussed in the numerical section.

We formally introduce the estimation and the sketching spaces for VRS. Let {¢}7°; C
Ls(O) be a collection of one-dimensional orthonormal basis functions. For j € {1,...,d},

let m € N, ¢; € N and denote

M, = span{¢l(zj)}m and (2.21)
=1
g.
Sj = span{gbm (1) ¢77j—1 (Zj—1)¢nj+1 (zj—H) e Oy (Zd)} ’ . (2.22)

77L---ﬂ7j—1777j+1a---a77d:1

Assumption 1. Let {¢;}7°, be a collection of one-dimensional basis functions in La(O)
generated from either the reproducing kernel Hilbert spaces or the Legendre polynomials sys-

tem.

Reproducing kernel Hilbert spaces and Legendre polynomials are widely used numerical

techniques in the machine learning literature. Next, we summarize the regularity condition
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Algorithm 2 Multivariable Density Estimation via Variance-Reduced Sketching
INPUT: Data {Zz-}i]\il, parameters {T‘j};-lzl C Z7, estimation subspaces {/\/lj};-izl as in

(2.21) and sketching subspaces {Sj};.izl as in (2.22).

Set empirical measures p = NL/Q Z?Zf dz;, and p = NL/Q EZ'Z\LN/2+1 07,

[Subspaces estimation via Sketching|
for j €{1,...,d} do

Set Yy = (21, R >Zj—17 Zj_|_1, ey Zd).
Compute the leading r; singular functions in the variable z; of the function

(ﬁxj PM] Xy PS]) (Zj>y)7

and denote them as {Cfp(zj)};j:l.

Set the projection function P;I)(zj, z}) = erzl &\>p(zj)&)p(z9).
end for

[Sketching using estimated subspaces]|
for j €{1,...,d} do
Set

~

~ P P L0y P
B_] :pXjPMJ lel Xoee Xj_l Pj—l Xj_|_1 Pj+1 Xdpd
Setyz(21,...,zj_l,zj+1,...,zd). R
Compute the leading r; singular functions in the variable z; of the function Bj(z;,y),
and R .
denote them as {‘pr(Zj)}pjzl.
Set the projection function P}I’(zj, z}) = Z;j:1 \pr(Zj)\I!p(z;).
end for
Compute the estimated density function

plz1,...,29) = (ﬁ/ ><17’fp><"'Xdpg)(21,--~,zd).

OUTPUT: The estimated density function p(z1,..., z4).

used to establish the consistency of VRS.

Assumption 2. Suppose that the data {Zi}g\il c 0% are independently sampled from the
density p* : O — RT. Suppose in addition that Hp*HWéX(Od) < oo with a > 1 and that

lp*[lo0 < o0
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Assumption 2 is widely used in the density estimation literature. We aim at establishing
the consistency of VRS even when the underlying density function is infinite-rank. This

leads us to assume the following singular-gap condition for p*.

Assumption 3. For j = 1,...,d, denote y; = (21,..-,2j-1,2j41,---»2d), and a}ip =

op(p*(24,y;)) for any p € N. Here 0(p*(zj,y;)) is the p-th singular value of the two-variable

function p*(z;,y). Suppose that

—d+1 -9

N/log(N) > Cspr (a;irj) a and a;irﬁl <o

/Noz/(ZOHrl), (2.23>

T
where Cgpy is a sufficiently large constant independent of N.

Assumption 3 postulates that when we reshape p* into the two-variable function p*(z;, y;),
the singular gap between its r;-th and (r; + 1)-th singular values is sufficiently large. Note
that Assumption 3 trivially holds for additive functions and mean-field functions.

Finally, we quantify the oracle approximation error when finite-rank tensors are used to

approximate densities that may be infinite-rank. Denote

* = inf *_ B ) 2.24
g(rl,...,rd) dim(Rangezj (B))<r; Hp HL2((9d) ( )

for all je{1,...,d}

In other words, & represents the best possible error one could achieve using any rank-
(r15s7a)
(ri,...,rq) tensor approximation of p* in LQ(Od). In the following result, we show that the

density estimator in Algorithm 2 is consistent.

Theorem 3. Suppose Assumption 1, Assumption 2 and Assumption 3 hold. In Algorithm 2,

suppose that the inputs satisfy {; = CL(U; Tj)_l/o‘ for some sufficiently large constant Cf,
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and m = Nl/(QO‘"H), and the output is p. Then it holds that

\/H? 175

Ip — p*HL2(@d) = Op (NQT:OHA) + gzkm..,rd))' (2.25)

The proof of Theorem 3 can be found in Section A.3. In Section 2.4, we show that
functions from many well-known models such as the additive model and the mean-field model

are low-rank tensors with bounded ranks (rq,...,r;) and approximation error 561 =0.

7"'7rd)
In these settings, (2.25) reduces to

~ *1(|2 _ 1
P —p HL2(@d) =Op (W)’

which matches the minimax optimal rate of estimating density functions in one dimension.

2.4 Examples of Low-rank Functions

In this section, we present three examples commonly encountered in nonparametric statistical

literature that are approximately low rank.

Example 1 (Additive models in regression). In multivariate nonparametric statistical lit-
erature, it is commonly assumed that the underlying unknown nonparametric function f* :

[0, 1]d — R process an additive structure, meaning that there exists a collection of univariate

functions {fj*(z]) :[0,1] — R}?:l such that

Fr(1 e 2q) = [E (1) + -+ £5(2q) for all (21, .., zg) € [0,1)°

Lety = (22,...,2q), we show that the rank of f*(z1,y) is at most 2. We know Range;(f*) =
Span{l, f{(z1)}. The dimensionality of Range(f*) is at most 2, and consequently the rank
of [*(z1,y) € La([0,1]) ® La([0,1]%1) is at most 2.
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Example 2 (Mean-field models in density estimation). Mean-field theory is a popular frame-
work in computational physics and Bayesian probability as it studies the behavior of high-
dimensional stochastic models. The main idea of the mean-field theory is to replace all
interactions to any one body with an effective interaction in a physical system. Specifically,
the mean-field model assumes that the density function p*(z1,...,zq) : [0, 1]d — RT can be
well-approximated by py(z1) - - py(zq), where for j =1,....d, p}‘f(zj) 10,1] = RT are uni-
variate marginal density functions. The readers are referred to [17] for further discussion.
For simplicity, suppose

Then according to (2.7), Range;(p*) = Span{pj(z1)}. The dimensionality of Range;(p*) is

at most «, and therefore the rank of p* in the variable z1 is 1.

Example 3 (Multivariate Taylor expansion). Suppose G : [0, 1]d — R is an a-times contin-

uwously differentiable function. Then Taylor’s theorem in the multivariate setting states that

forz=(z1,....29) €R% and t = (t1,...,tg) € RY, G(2) ~ T}(z), where

T(z) =Gt + Y %Dk(}(t, —_— (2.26)
k=1

and DFG(x, h) = 221 -+ 05, G(x)hyy - - hy, . For example, DG(x, h) = Z?:l 0;G(z)h;,

Zk 1
D2G(z,h) = Z 1 Zj 10;0; G( x)h;h;, and so on. To simplify our discussion, lett = 0 €

RY. Then (2.26) becomes

d
1
+Z@ G(0)z;+ 50 ZZ@ 0;G(0)z;z+. . + Z Oiy - 0;,G(0)z, -+ - 2,
=1 7=1 11,...,ia:1
Let y = (29,...,24). Then by (2.7), Range;(Tpy) = Span{l, 21, z%, ..., 21}, The dimension-
ality of Range; (1) is at most a+ 1, and therefore G can be well-approzimated by finite rank

functions.
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2.5 Numerical Results

In this section, we compare the numerical performance of the proposed estimator VRS with
classical kernel methods and neural network estimators through various density models.
As detailed in Algorithm 2, our approach involves three groups of tuning parameters:

m, {Ej}?zl, and {r; }?:1. In all our numerical experiments, the optimal choices for m and

{fj}?zl are determined through cross-validation. To select {rj};izl, we apply a popular
method in low-rank matrix estimation known as adaptive thresholding. Specifically, for each
j=1,...,d, we compute {7 ;}7° , the set of singular values of p x; PMj Xy ng. Let 7

be a prespecified parameter. We set r; = k — 1 if & is first index such that

k—1
~2 ~2
Tk <T Z T
p=1

This ensures that we can adaptively remove nonzero singular values that are associated with
the noise of the data. In our simulations, we set 7 = 1/50. Adaptive thresholding is a very
popular strategy in the matrix completion literature (|25]) and it has been proven to be
empirically robust in many scientific and engineering applications. We use built-in functions
provided by the popular Python package scikit-learn to train kernel estimators, and scikit-
learn also utilizes cross-validation for tuning parameter selection. For neural networks, we
use PyTorch to train various models and make predictions.

We study the numerical performance of Variance-Reduced Sketching (VRS), kernel den-
sity estimators (KDE), and neural networks (NN) in various density estimation problems.
For neural network estimators, we use two popular density estimation architectures: Masked
Autoregressive Flow (MAF) ([170]) and Neural Autoregressive Flows (NAF) ([99]) for com-

parisons. The details of implementing neural network density estimators are provided in
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Section A.6. We measure the estimation accuracy by the relative Lo-error defined as

17"l L)
where p is the density estimator produced by a given estimator. We also compute the
standard Kullback—Leibler (KL) divergence to measure the distance between two probability

density functions:

Dir, = Ep[log(p™/p)]-

Both relative Lo error and KL divergence are computed via Monte Carlo simulation with a
sufficiently large number of test samples.
e Simulation I: Four-mode Gaussian mixture model. We consider a four-mode Gaus-

sian mixture model in two dimensions. We generate 20,000 data from the density

exp (—%(w — 1) TS N - uz))

1
*
p (33) = n ;
i=1 4 (277)2‘22’
—0.5 0.5 —0.5 0.5
where py = N p3 = B = ;and ¥y = 39 =
—0.5 0.5 0.5 0.5
0.252 0.032 0.12  —0.052
, g =Dy = . We report the relative L9 error and KL
0.032 0.252 —0.052  0.12

divergence for each method in Table 2.1. To further visualize the performance of the four

VRS KDE MAF NAF
Relative Lo Error | 0.0721(0.0029) | 0.3987(0.0039) | 0.2441(0.0411) | 0.4617(0.0621)
KL Divergence | 0.0142(0.0015) | 0.1223(0.0014) | 0.0819(0.0161) | 0.2356(0.0417)

Table 2.1: Relative Lo errors and KL divergences for four different methods of the two-
dimensional Gaussian mixture model in Simulation I. The experiments are repeated 50
times. The average errors are reported and standard deviations are shown in the bracket.

different methods, the true density and the estimated density from each method are plotted
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in Figure 2.2. Direct comparison in Figure 2.2 demonstrates VRS provides a relatively better

estimate for the true density.

True densit VRS KDE
o~ o~ o~ o~
| . | . | . |
X1 X1 X1

Figure 2.2: Density functions from the two-dimensional Gaussian mixture model in Simu-
lation I. From left to right are the ground truth density, estimates from VRS, KDE, MAF,
and NAF, respectively. The values in the colorbar on the right represent function values.

NN-MAF NN-NAF

0.00150
0.00125
0.00100
o~
x 0.00075
0.00050
0.00025
X1 X1

0.00000

e Simulation II: Two-dimensional Gaussian mixture model. In the first simulation,
we use a two-dimensional two-mode Gaussian mixture model to numerically compare VRS,

KDE and neural network estimators. We generate 1,000 samples from the following density

function
exp (~h@—p) S @ - ) exp(<h@ - p)TS5 (@ - o))
p*(x) =04 > +0.6 - :
(2m)=| %1 | (2m)4|2q|
—0.35 0.252  —0.032 0.35 0.352  0.12
where p1 = , 01 = o = DI
—0.35 —0.032  0.252 0.35 0.12  0.352

The relative L9 error and KL divergence for each method are reported in Table 2.2. As
demonstrated in this example, VRS achieves decent accuracy in the classical low-dimensional
setting.

To further visualize the performance of the four different methods, the true density and
the estimated density from each method are plotted in Figure 2.3. Direct comparison in

Figure 2.3 demonstrates that VRS provides a relatively better estimator for the true density.
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VRS KDE NN-MAF NN-NAF
relative Ly error | 0.1270(0.0054) | 0.1636(0.0068) | 0.2225(0.0135) | 0.3265(0.0103)
KL divergence | 0.0092(0.0033) | 0.0488(0.0029) | 0.0785(0.0134) | 0.0983(0.0098)

Table 2.2: Relative Lo errors and KL divergences for four different methods of the two-
dimensional Gaussian mixture model in Simulation II. The experiments are repeated 50
times. The average errors are reported and standard deviations are shown in the bracket.

NN-MAF NN-NAF 0.0004

True densit VRS KDE
0.0003
< o o < 4 < 0.0002
0.0001
X1 X1 X1 X1 X1 0.0000

Figure 2.3: Density functions from the two-dimensional Gaussian mixture model in Simu-
lation II. From left to right: the ground truth density, and estimations from VRS, KDE,
MAF, and NAF. The values in the colorbar on the right represent function values.

e Simulation ITI: Gaussian mixture in 30 dimensions. We consider a higher dimen-
sional density model in this simulation. Specifically, we generate 10° data points from the

30-dimensional Gaussian mixture density function

] —0.5 0.12 0.062 0 0.5
iid, 1 1
r | SN[ o5 | f0.062 002 0 || +5N | 05|02 |
3 —0.5 0 0 0.12 0.5
4,5 iLd- N(0,0.04),
R SN (04,0.8%) + SN (0.4,0.3%).

The experiments are repeated 50 times. Since computing high-dimensional Ly errors is NP-
hard, we only report the averaged KL divergence for performance evaluation. Table 2.3
showcases that VRS outperforms kernel and neural network estimators with a remarkable
margin. To further visualize the performance of the four different methods, we provide vi-

sualization of a few estimated marginal densities and compare them with the ground truth
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VRS KDE MAF NAF
KL divergence | 0.0195(0.0056) | 4.3823(0.0047) | 0.9260(0.0523) | 0.1613(0.0823)

Table 2.3: KL divergence for four methods of the 30-dimensional density model in Simula-
tion III. The experiments are repeated for 50 times. The average errors are reported and
standard deviations are shown in the bracket.

marginal density. Figure 2.4 depicts the comparison of the two-dimensional marginal den-
sities corresponding to (x1,x2), (74, g), and (z1q, x2g), respectively. Direct comparison in
Figure 2.4 demonstrates VRS provides a relatively better fit for the true density.

True densit

VRS KDE

NN-MAF NN-NAF

0.0035
0.0030
0.0025
0.0020

X2

0.0015
0.0010
0.0005

0.0000
X1

True densit 0.0006
0.0005
0.0004

0.0003

Xg

0.0002
0.0001
Xa 0.0000

True densit 0.00020

0.00015

X20

0.00010
0.00005

0.00000
X10 X10 X10 X10 X10

Figure 2.4: Marginal densities from the 30-dimensional Gaussian mixture model in Simu-
lation III. From left to right: the ground truth density, and estimations from VRS, KDE,
MAF, and NAF. From top to bottom: two-dimensional marginal densities corresponding to
(x1,22), (x4,28), and (z19,z20). The values in the colorbar on the right represent function
values.

e Simulation IV: The Ginzburg-Landau model. Ginzburg-Landau theory is widely

used to model the microscopic behavior of superconductors. The Ginzburg-Landau density
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has the following expression

d

d
ATy —x; 1
% J 7+1\2 2 2
b (:Ulv' . ,.’L’d) X exp _ﬁ{ Z()a( h ) + a(x] - 1) } ) (227)
J:

j=1

where g = 24,1 = 0. We sample data from the Ginzburg-Landau density with coefficient
f=1/8A=0.02,h = 1/(d+ 1) using the Metropolis-Hastings sampling algorithm. This
type of density concentrates on two centers (+1,+1,--- ,+1) and (—=1,—1,--- ,—1), and all
the coordinates (1, ...,z ) are correlated in a non-trivial way due to the interaction term
exp ( — B Z;l:o %(Wﬁ) in the density function. We consider two sets of experiments
for the Ginzburg-Landau density model. In the first set of experiments, we fix d = 10 and
change the sample size N from 1 x 10° to 5 x 10°. In the second set of experiments, we keep
the sample size N at 1 x 10° and vary d from 2 to 10. We summarize the averaged relative
Lo-error for each method in Figure 2.5. Furthermore in Figure 2.6, we visualize several
two-dimensional marginal densities estimated by the four different methods with sample size
1% 10°. Direct comparison showcases that our VRS method recovers these marginal densities

with decent accuracy.

1.0
— - N N 0.9 —— VRS
0.9 0.8 NN-MAF
0.8 —~— NN-NAF
. —*— VRS = 0.71
£ 0.71 NN-MAF g —+ KDE
] & 0.6
0.6 —+— NN-NAF S 0.5
¢ 5] —+— KDE o
£ 0.4 5 04
& & 0.31
0.31 \\ o]
0.21 ‘\;\‘\‘\‘ 0.1
0.1+ T T T T 0.0+— T T T T T T T T
100000 200000 300000 400000 500000 2 3 4 5 6 7 8 9 10
Sample Size Dimensionality

Figure 2.5: The plot on the left corresponds to Simulation IV with d = 10 and N varying
from 1 x 10° to 5 x 10° ; the plot on the right corresponds to Simulation IV with N being
1 x 10° and d varying from 2 to 10.
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True densit
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0.0002
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Figure 2.6: Marginal densities from the 10-dimensional Ginzburg-Landau model in Simu-
lation IV. From left to right: the ground truth density, and estimations from VRS, KDE,
MAF, and NAF. From top to bottom: two-dimensional marginal densities corresponding to
(x4, x8) and (zg,z19). The values in the colorbar on the right represent the density function
values.

e Real data example. We analyze the density estimation for the Portugal wine quality
dataset from the UCI Machine Learning Repository. This dataset contains 6497 samples of
red and white wines, along with 8 continuous variables: volatile acidity, citric acid, residual
sugar, chlorides, free sulfur dioxide, density, sulphates, and alcohol. To provide a compre-
hensive comparison between different methods, we estimate the joint density of the first d
variables in this dataset, allowing d to vary from 2 to 8. For instance, d = 2 corresponds
to the joint density of volatile acidity and citric acid. Since the true density is unknown,
we randomly split the dataset into a 90% training set and a 10% test set, and evaluate the
performance of various approaches using the averaged log-likelihood of the test data. The
averaged log-likelihood is defined as follows: let p be the density estimator based on the

training data. The averaged log-likelihood of the test data {Zi}fv:t‘i“ is
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The numerical performance of VRS, NN, and KDE is summarized in Figure 2.7. Notably,
VRS achieves the highest averaged log-likelihood values, indicating its superior numerical

performance.

IS o <]
L L

Averaged Log-Likelihood

N
L

2 3 4 5 6 7 8
Dimensionality/Number of Features

Figure 2.7: Density estimation for the Portugal wine quality dataset with VRS, KDE, and
neural network estimators.

2.6 Conclusion

In this paper, we develop a comprehensive framework Variance-Reduced Sketching (VRS) for
nonparametric density estimation problems in higher dimensions. Our approach leverages
the concept of sketching from numerical linear algebra to address the curse of dimension-
ality in function spaces. Our method treats multivariable functions as infinite-dimensional
matrices or tensors and the selection of sketching is specifically tailored to the regularity of
the estimated function. This design takes the variance of random samples in nonparamet-
ric problems into consideration, intended to reduce the curse of dimensionality in density
estimation problems. Extensive simulated experiments and real data examples demonstrate
that our sketching-based method substantially outperforms both neural network estimators

and classical kernel density methods in terms of numerical performance.
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CHAPTER 3
TENSOR DENSITY ESTIMATOR VIA
CONVOLUTION-DECONVOLUTION

3.1 Introduction

Density estimation is a fundamental problem in data science with wide-ranging applications
in fields such as science [43, 33|, engineering [29], and economics [243]. More precisely, given
N data points {a:@)}g\; 1 ~ P, where each 2 is an independent and identically distributed
(i.i.d.) sample from an unknown ground truth distribution p* : R? — R, the goal is to

estimate p* based on empirical distribution
1 N
() = % > 6,0 () (3.1)
=1

where d_(;)(z) is the Dirac delta function centered at 2 In general, one cannot use the em-
pirical distribution as an estimator of the density p*, due to the lack of absolutely continuity
or exponentially large variance.

In this work, we introduce a novel framework for high-dimensional density estimation
entirely based on linear algebra. Our goal is to achieve overall computational complexity that
is linear in dimensionality. This is accomplished by viewing the density estimation process
as applying a low-dimensional orthogonal projector in function space onto the noisy p. Due
to the dimension reduction, the exponentially large variance in p is suppressed. Additionally,
we leverage tensor-train (TT) algebra to perform this projection with linear computational
complexity in terms of both dimensionality and sample size. This approach also yields a final
density estimator in the form of a tensor train. Furthermore, we theoretically show that, in
addition to achieving linear scaling in computational complexity, the estimation error also

enjoys linear scaling under certain mild regularity assumptions. Finally, we validate our
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method on Boltzmann sampling and real-world generative-modeling tasks, demonstrating
performance that matches or exceeds leading deep-learning approaches. A representative

result appears in Figure 3.1, with full details in Section 3.9.

0.2 T
_ |t-one of our methods 1
S |-1-neural network o
[} I°
= 015t o 1
3 p--1
5 -1
£ I
-8 0.1 /// 1
3 I :
(O]
7p]

0.05 ; ; ; ;
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d

Figure 3.1: Density estimation for data sampled from a Boltzmann distribution. Figure
visualizes the second-moment error for different dimensionality d. We compare the result of
one of our proposed tensor-train-based methods called TT-SVD-kn (see Section 3.4) with
that of one neural network approach (Masked Autoregressive Flow).

Our method is based on a crucial assumption about the true density:

p(x) = plx) 1+ZZb“ (@) + > Z b260 (2g) 62 () | (3.2)

i=1h=2 (j1.52)€(§) l1-12=2

where p(x) = pp(x1) - - - pg(ry) is a mean-field density, i.e., a separable density. {gb‘g 1, are

orthogonal basis functions with respect to u; and ¢{ =1, ie.,

/¢ (z; ¢ (zj)pj(dzy) = 6y, 1y (3.3)

and le j 1]2 are the corresponding coefficients. The indices (j1,jo) € (g) denote all un-

ordered pairs of distinct dimensions. In other words, we view p* as a perturbative expansion
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around a mean-field density p, where each term in the perturbation series involves only a few
variables (up to two variables in (3.2)). Although it is straightforward to generalize (3.2) to
an expansion that includes higher-order interactions involving more than two variables with
decaying coefficients, for clarity of presentation, we use (3.2) as our default model. Such an
expansion is common in perturbation and cluster expansion theory in statistical mechanics.

Based on this setting, we discuss several estimators with increasing levels of sophistica-

tion. The first approach to estimate p* is based on a simple and natural subspace projection:

p=no (Pdiaglug)@7p) . (3.4)

For notational simplicity, we treat all functions and operators above as discrete matrices and

vectors: we regard the concatenation of basis functions

O = [®y()]a,

as a matrix with rows indexed by z and columns indexed by . The operation ®1p corre-
sponds to convolution between basis functions and p, i.e., summing or integrating out the
variable x. The vector wg, indexed by [, contains the weights associated with the basis
functions and depends on a chosen positive integer K. diag(-) is the operator producing
diagonal matrix with the elements of the input vector on the main diagonal. The mean-
field u is also treated as a vector, indexed by z, and ® denotes the Hadamard (entrywise)
product. Intuitively, the operator x ® (®diag(wg)®T-) resembles a projector that projects
p onto a function space that only involves a small number of variables determined by the
chosen integer chosen integer K. More precisely, let the complete (up to a certain numerical

precision) set of k-variable basis functions be defined as:

Bk,d:{@b‘gll(le)“‘ébg:(wjk)|1<j1<"‘<jk<d and 2<l1,---,lk<n}- (3.5)
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which we refer to as the k-cluster basis throughout the paper. In particular, By ; = {1} only
contains the constant basis. Furthermore, we say a function is k-cluster if it can be expanded
by up to k-cluster basis. For example, the perturbed part of p* in (3.2) is 2-cluster. Based

on these definitions, ® can be formulated as the concatenation of the k-cluster basis across

different k:
d
O(z) := {Bk,d(xﬂk:o : (3.6)
Furthermore, we define the weight vector wy as:
. d
. 1€ (k)
wi (j) = (3.7)

0 otherwise,

which is an indicator vector that selects the 0- to K-cluster basis. With these definitions,
one can verify that if p* takes the form of (3.2), and if the univariate basis functions {qﬁ‘l] Y

satisfy the orthogonality condition (3.3), then we can recover

P =p0e (@diag(wK)q)Tp*) (3.8)

as long as K > 2. This fact motivates the proposed density estimator in (3.4). Moreover,
unlike p, whose variance scales as O(n?), Lemma 1 shows that the variance of p in (3.4) is
significantly reduced, scaling as polynomially dependent term O(dK ) due to the projection
onto a lower-dimensional function space. This substantial reduction in variance is a key
advantage of our method.

While the estimator in (3.4) is intuitive, it is possible to further reduce the variance by
imposing additional assumptions on p*. Specifically, we assume that the low-order cluster
coefficients diag(w K)@Tp* can be represented as a low-rank tensor train. The details of

such a representation are provided in the following Section. Under this assumption, our
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estimation procedure can be modified as:

P=pu® <CI> (TT—compress (diag(wK)CI)Tﬁ>>> , (3.9)

where we apply certain tensor-train compression algorithm, denoted as TT-compress, to the
tensor diag(w K)<I>T]§. The singular value thresholding involved in the compression proce-
dure (TT-compress) can further suppress noise in diag(w K)CDTﬁ, leading to a more accurate
density estimator.

While the estimator in (3.9) is expected to achieve a lower variance, a major drawback is
that the projection diag(w K)(I)Tﬁ onto the cluster basis up to order K has a computational
complexity of O(dK nf ), corresponding to the number of cluster basis functions. This scaling

quickly becomes prohibitive as d and K increase. To address this computational bottleneck,

we propose a final estimator, which can be viewed as a more efficient variant of (3.9):

P=p® (@diag(zﬁa)_l <TT-compress <diag(7jja)<bTﬁ>>> ) (3.10)

where w, € R represents a soft down-weighting of the cluster basis. This approach differs
from using wg-, which applies a hard threshold that entirely discards cluster bases involving
more than K variables. A key advantage of using such w, is that it can be designed as a
rank-1 tensor, allowing the sequence of operations in (3.10) to be executed with a computa-
tional complexity of only O(dn). This drastically reduces the cost compared to the O(d® n®)
complexity in (3.9). Furthermore, the final density estimator p naturally takes the form of a
tensor train, allowing essential tasks such as moment computation, sample generation, and
pointwise evaluation of the density to scale linearly in d. In Section 3.2.3, we present a simple
example demonstrating that the estimator in (3.10) yields accurate results comparable to

those of (3.9), thereby illustrating their similar compression capabilities. The study of (3.10)

will be the focus of this paper.

38



Related work
We survey several lines of works that are most closely related to the proposed method.

Density estimation literature. Classical density estimation methods such as his-
tograms [193, 195], kernel density estimators [172, 45| and nearest neighbor density estimates
[146] are known for their statistical stability and numerical robustness in low-dimensional
cases. But they often struggle with the curse of dimensionality, even in moderately high-
dimensional spaces. More recently, deep generative modeling has emerged as a powerful tool
for generating new samples, particularly in the context of image, based on neural network
architecture. This approach includes energy-based models [114, 60, 203| generative adver-
sarial networks (GANs) [71, 139], normalizing flows [52, 184, 53], and autoregressive models
[68, 217, 170]. While the numerical performance for these modern methods is impressive,
statistical guarantees and non-convex optimization convergence analysis remain challenging
areas of research. Furthermore, for some of these models (e.g. energy based model), gener-
ating i.i.d. samples can still be expensive. For methods like GANs, while they can generate
samples efficiently, they do not provide a way to evaluate the value of a density at any given
point. In short, it is difficult for a method to enjoy all the desirable properties such as easy
to train, easy to generate samples, can support evaluation of density values, and can be
estimated without the curse of dimensionality.

Tensor train from partial sensing of a function. Tensor train, also known as the
matrix product state (MPS) (233, 177]) in the physics literature, has recently been used
when to uncover a function, when only limited number of observations of this function are
given. Methods for this include TT-cross [166], DMRG-cross [190], T'T completion [136, 201],
and others [209, 122, 198|. It has broad applications in high-dimensional scientific computing
problems [121, 12| and machine learning [208, 101, 196].

Tensor train for density estimation. In a density estimation setting, we are not
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given observed entries of a density function, but just an empirical distribution of it. The key
challenge lies in the randomness of the observed object, i.e. the empirical histogram, which
contains an exponentially large variance in terms of the dimensionality. Therefore, reducing
variance in a high-dimensional setting is crucial to design effective algorithms. Recently, work
[103]| and subsequent studies [210, 175, 37, 211, 111] employ sketching techniques in tensor
decomposition step for density estimation problems, which originates from randomized linear
algebra literature. However, most existing algorithms in these works do not have a general
way to ensure a linear computational complexity when sketching, in terms of dimensionality.
Another approach for density estimation with tensors is through optimization-based method.
Works [20, 84, 160] implement gradient descent methods and optimize tensor-network rep-
resentations according to some loss functions. However, the performance strongly depends
on the initialization and often suffers from the problem of local minima due to the highly
non-convex nature of the optimization landscape. Furthermore, these iterative procedures
require multiple iterations over N data points, resulting in higher computational complexity

compared to the previous tensor decomposition algorithms.

Organization

Here we summarize the organization of the work. In Section 3.2, we present the core
ideas behind our proposed “convolution—deconvolution” framework, highlighting its three
key steps. The central component is the TT-compress algorithm as discussed previously
that compresses cluster coefficients into a tensor train. Section 3.3 — 3.6 introduce various
TT-compress algorithms: Section 3.3 presents a baseline algorithm based on sequential trun-
cated singular value decomposition (SVD), along with its fast implementation for density
estimation problems. Section 3.4 includes an algorithm that utilizes the Nystrém approxima-
tion to further accelerate the algorithm in Section 3.2. In Section 3.5, we study an algorithm

that performs SVD efficiently by truncating the elements in the tensor, and then introduce a
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further acceleration by employing a hierarchical matrix factorization. Section 3.6 proposes an
algorithm utilizing random sketching matrices with low-rank tensor structures. Section 3.7
presents a pre-processing procedure based on principal component analysis (PCA), enabling
our compression algorithms to handle very high-dimensional problems. Theoretical analysis
for the algorithms is provided in Section 3.8. In Section 3.9, we showcase the comprehensive
numerical results to demonstrate the high accuracy and efficiency for our proposed algo-

rithms. Finally, in Section 3.10, we summarize our findings.

Tensor notations and diagrams

We begin with some definitions regarding tensors. A d-dimensional tensor A € R™1 X2 XNd
is a collection of entries denoted by A(iy,ig, -+ ,ig) with 1 <i; < nj; for 1 < j < d. Dia-
grammatically, a tensor can be denoted as a node whose dimensionality is indicated by the
number of the “legs" of the node. In Figure 3.2(a), the diagrams for a three-dimensional
tensor A and a two-dimensional matrix B are plotted as an example. We use i1,19,1i3 to

denote the three legs in tensor A. We may also use a rectangle to denote a tensor when it

has many legs in this paper.

S e
4 \B) H4)-8)

(a)  Tensor diagrams  of (b) Tensor diagram of tensor contraction.
3-dimensional A and = 2-
dimensional B.

=
ey

Figure 3.2: Basic tensor diagrams and operations.

Based on the definition of tensor, we list several tensor operations that will be used

frequently in the paper:

1. “0” contraction. We use o to represent the tensor cores contraction (AoB)(iy, 2, jo) =

> i Ali1, 12, k)B(k, j2). Such operation is denoted as diagram in Figure 3.2 (b) which
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combines the last leg of A and the first leg of B. The resulting C' = Ao B is a

three-dimensional tensor.

2. Unfolding matrix. Given a d-dimensional tensor with entries A(iy,i9,- - ,i4), if we
group the first j indices into a multi-index 7;.; and group the rest into another multi-
index i;1.q, we will obtain a j-th unfolding matriz AU) ¢ Rm-ng)x(nj41-n4q) (also

called j-th unfolding of A) satisfying

A iy 15,00.0) = Alin, iz, L ig). (3.11)
In particular, A(0) € RIXn17a ang A e RM1ax1 are respectively the row and
column vectors reshaped from the tensor.

In general, the memory cost of a high-dimensional tensor suffers from curse of dimensionality:.
Tensor-train representation is a way to decompose the whole exponential large d-dimensional

tensor with underlying low-rank structure into d number of components:
A=G1o0Gyo0---0G; € RM* X" (3.12)

where G; € RM*7 Gy € RM>XMX72 ... Gy 1 € R'd-2XN"d-1*"d-1 G; € R'd-1*"d are
called tensor cores and {r; };i;% are the ranks. The T'T representation can be visualized as

the left panel of Figure 3.3. Throughout the paper, we denote the largest rank by

7= maxr;j.
J

Then the memory cost for storing A in TT form is at O(dnr?) , which has no curse of

dimensionality if r is small. In addition, a T'T can also be used to represent a continuous
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function f(x1,--- ,z4) formulated as a tensor product basis function expansion:

n

f(l’l,ZL‘Q,"' ,ZL‘d) = Z A(llal27"' 7ld)¢ll($1)¢l2($2)"'¢ld($d)

llal27"' 7ld:1

where the coefficient A takes the TT format as (3.12) . Such functional tensor-train repre-

sentation is illustrated in the right panel of Figure 3.3.

Figure 3.3: Diagram for tensor-train representation. Left: discrete case. Right: continuous
case.

3.2 Main Approach

In this section, we detail the framework of our main approach. In order to perform (3.10),

we perform the following three steps:

1. Convolution. Project the empirical distribution p to “coefficients" ¢ under certain

basis expansion with O(dN) computational cost:
¢ = diag(ia) @’ p = diag(da) / & (z)T p(z)dz. (3.13)

2. Tensor compression. Approximate ¢ as a TT ¢ = TT-compress(¢). This step can
be done by several proposed algorithms listed in Table 3.1. Notably, several of these
algorithms achieve O(dN) complexity. These complexity estimates will be further

validated through numerical experiments in Section 3.9.
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Algorithm Corresponding section | Computational complexity
TT-SVD §3.3 O(min(dn®™1, dN?n))
TT-SVD-kn §3.4 O(dNn)
TT-SVD-c (K-cluster) §3.5 O(dB+1 NpK+Ty
TT-SVD-c (hierarchical) §3.5.1 O(dlog(d)Nn)
TT-rSVD-t §3.6 O(dNn)

Table 3.1: Computational complexity of proposed TT-compress.

3. Deconvolution. Get the desired density estimator based on the T'T coefficient ¢ with

O(dN) computational cost:

p=p© (ddiag(wa)”

1.

(3.14)

Here p is also a TT, if @diag(ﬁ)a)_l has an appropriate low-rank tensor structure.

Overall, the computational cost of our approach (with proper choices of TT-compress) can

achieve computational complexity that scales linearly with both the dimensionality d and

sample size N, demonstrating the high efficiency. In the rest of this section, we will further

elaborate convolution (Step 1) and deconvolution (Step 3). We defer the details of tensor

compression (Step 2) to Section 3.3 — 3.6.

3.2.1

Convolution Step

The key part of this step is the choice of w, € ]R”d, the soft down-weighting of the cluster

basis (3.6). In this work, we choose the weight of any k-cluster basis gzﬁgll (zj,)-- gzﬁg”: (2j,) to

be

(%
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In this way, the coefficient tensor ¢ = diag(ia )@’ p has entries
LSl T g (200
A _ -1 J v
C(ll,lQ,"',ld)—N;OZ O]T[1¢lj(xj )
= j=

where || - ||g is the zero norm counting the number of non-zero entries of a vector, and 1
is the all-one d-dimensional vector. ||l — 1||p is then the number of non-constant univariate
basis functions among gb{ll (zjp) - gb{ : (2,). Under such choice, diag(wq) can be formulated
as a rank-1 tensor operator, allowing the fast convolution (and also fast deconvolution later)

with only O(dN) computational cost. In fact, given samples {x(i)}izl, ¢ is formulated as

N
1 s s s
=Y ed e 0l (3.16)
=1
where 5@5-“ = [1,a¢%(x§-i)), e ,a¢%(m§i))] € R™. This expression is plotted as tensor dia-
grams in Figure 3.4. For future use, we introduce
o; € RV (3.17)
to denote the matrix whose rows are é(i)

J

L ‘ I

@ o

*2 X3

o

|l
z|=
.MZ

= () () (3
o o oY
Figure 3.4: Tensor diagram of ¢ = diag(ﬁ)a)_(IDTf). “a" denotes diagonal matrix
diag(1,a,--- ) € R™"™; “¢;" denotes “matrix" [qﬁg(x)]xJ.
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The idea of such choice is to assign smaller weights for higher-order cluster basis to
suppress the variance. The parameter o describes the denoising strength — a smaller «
produces stronger denoising and thus smaller variance. In particular when o = 1, this soft-
thresholding method (3.10) reduces to the hard-thresholding (3.9) using all cluster bases. We
point out that by choosing sufficiently small «, this soft-thresholding strategy has smaller
variance compared to the hard-thresholding approach (3.9). The following lemma considers

a toy model to show the variance of the hard-thresholding approach:

Lemma 1. Suppose {gbl}?:l are Legendre polynomials and the ground truth density p* satis-
fies (3.8) with the mean-field component p ~ Unif([0,1]%), the following variance estimation

holds
dKnQK

N)'

E||®diag(wy)dT p — Gdiag(w ) d p*[|7, = Of (3.18)

Proof. Note that the error ||diag(wy )®Tp — diag(wK)CI)Tp*H% has at most (g—)nK terms,

where each term follows

K 2
S et o) " @)is (3.19)
k=1
for indices (j1,---,jg) € (Icg) and [y, -+ ,lg € {2,---,n}. Since Legendre polynomial
satisfies ||q5‘17]’:||oo < +/n, then
K 2 1 K nK
el [ (L et =57 oie | = / (L At e < [ ptaida =
(3.20)
Therefore, the total variance is bounded by
E||®diag(wp)®” p — ddiag(wg )@ p*||7, = El|diag(w )’ p — oL p*|F
d KnK dK’rL2K
< S . .
<K>n I O( N ) (3.21)
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]

On the other hand, the variance of the soft-thresholding approach under the model as-

sumption in Lemma 1 is estimated by

E [H@diag(@ba)CI)Tﬁ — ddiag(wa )07 p* H%g}

— E ||| diag(i5a)0” p — ding(ia)0" p |}

2
n d
— Y a2ty / (i) ~ () | TL ] () |
I lg=1 j=1
1 TL
. o2lli-1 ]
- = li=2lo / H o (2)da
Iy, ld 1
1 n
2[1-1 -1 *
<x O adlttlopli-tle / P (@)da
Iy, lg=1
LS (o2t — 2,
- N zl: = (14 (n = 1na’) (3.22)

where the inequality follows H(b*; Jloo < /n for I; > 2 and we use the binomial theorem for
J
the last equality. With this estimation, we conclude that if we set a = 1, the variance scales

at least O(nd), indicating the curse of dimensionality. To avoid this, we choose

C
(n—1)nd

o =

for some constant C' without d-dependency. Under this choice, (3.22) can be bounded by

o 1 Cy 1
E II‘I)dlag(wa)CI’Tp—q)dlag(wa)‘I)Tp*”%z} yl+ <5

~ (3.23)

The resulting error has no curse of dimensionality. However, we also point out that a should

not be chosen to be too small, which might lead to instability in our later operations. This
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will be further elaborated in Section 3.2.2.

3.2.2  Deconvolution Step

After we have received the approximated coefficient ¢ in TT format:
&= él o GQ 6.0 éd e RIXNX XN

in tensor compression step, the last step then obtains the final density estimator in TT

format by implementing the deconvolution
P =p O (Pdiag(wg ) 1e). (3.24)

The structure of ®diag(i,)~ ¢ is illustrated in Figure 3.5. Since ¢ is a low-rank tensor train,

the complexity of the evaluation on a single point x is only O(dn).

Figure 3.5: Tensor diagram for the final density estimator p. “a~1" denotes diagonal matrix
diag(1,1/a,---,1/a) € R™™; “¢;" denotes “matrix" [qb‘g ()]e-

Remark 1. In practice, as dimensionality d grows, some elements in diag(ie,) become ex-
ponentially small, which potentially lead to instability when computing the inverse. One
solution, is to implement inverse with given threshold: p = ®(diag(a) + A\ )~1¢. Here X is a

small thresholding constant to avoid instability issues and I is identity matrix. In practice,
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we find that even without this post-procedure, the tensor-train estimator does not suffer from

such an instability.

3.2.3  Motwation: Mean-field Example

In this subsection, we walk through the main steps of the proposed approach using a mean-
field example of the ground truth density, i.e., p* = p in (3.2). This toy example is used
to illustrate why the soft-thresholding strategy in (3.10) effectively projects an empirical
density onto the space spanned by low-order cluster bases, providing a similar effect as (3.9).
The analysis can be extended to general examples.

For convenience, we first introduce some notations for moments: we define the first-order

—1)x1

moment G; € R as

q;(lj) = /d)‘l’ﬁl(scj)ﬁ(x)dx, lj=1,-,n—1 (3.25)

and the second-order moment (jj}j’ e R(n=1)x(n—1)

(jm /(bl 9 (z; qbl, +1(:6 1 )p(x)de, lj,l;., =1,---,n—1. (3.26)

Higher-order moments can be defined following the same logic.
We consider to compress the tensor diag(wa)(I)Tﬁ into a tensor train using one specific

Rmxn

approach called CUR approximation ([147]). Specifically, a given matrix A € can be

approximated by the following rank-r factorization
A=CU'R

where C' € R™*" and R € R"™" respectively consist of selected r columns and rows. U

is the intersection (cross) submatrix formed by the selected rows and columns, and U™ is
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the Moore-Penrose generalized inverse of U. To ensure a good approximation, the columns
and rows are typically chosen to maximize the determinant of U. Repeating the procedure
for all dimensions, we can receive a tensor-train decomposition eventually. Further details
will be discussed in Section 3.4. Based on the notations above, we first unfold the weighted

projection tensor diag(ia)®p as

(0)1d 271+(0)1d
(ding(@0)Tp) M = | old; 1]3:2 . [q{’j/]j’j/ﬁ =B (3.27)
aqi @2[@5,;]?:2 0‘3[A§,3,j’]?,j’:2

in terms of the order of a, where we use [-] to represent the concatenation of those inside
terms through the column. Since the ground truth density p* is mean-field (rank-1), we
choose only r = 1 column and row for CUR approximation of (diag(we)®Tp)1). With a
chosen to be sufficiently small, the (1, 1)-entry is the largest in By. Therefore, first row and

first column are chosen for the CUR approximation:

1
~ ~(0)d 2:+(0)1d
Bl ~ A 1 O([q] ]]:2 [qj,j,]j,j/=2 (328)
aql | « - |
::BQ
1
The left vector is the resulting first TT core (before normalization). Next, we continue
aq

to implement the cross approximation on the unfolding of remaining tensor By. First row

and first column are again chosen following the same logic:

~(0)14 21+(0)14
By— | ' old; Jjms  old; 5 jr=s ~ T g o250
~ 211 314(1) 1d - J =3 3,3"3,5'=3
aqy « [QQ,j]j::} Q [QQ’j’j/]j’j/:?) aqgo | o ~ _
=:B3
(3.29)
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We repeat this procedure until decomposing the tensor into the product of d rank-1 cores:

g 1 1 1 .
diag(wq)®" p ~ ® ®-® =: TT-compress <d1ag(wa)<1> p) . (3.30)

aqi aga aqq
Furthermore, we try to estimate the difference between the representation in (3.30) and
hard truncation TT-compress (diag(wK)CI)Tﬁ> in (3.9), which are the summation of all k-
cluster terms for & > K. Since ground truth density p* is mean-field, the expectation of
empirical one-marginal is E[¢;] = 0. Besides, variance Var[g;] = O(”T_l) for each j due to
the orthogonality of {gbj 1 with respect to p. Therefore, we can have an upper bound of -
cluster, « qul ®-- @34 lF < Cak (& )%/2 for some constant C' > 0. Then compared to the
hard-thresholding K-cluster estimator in (3.9), the difference towards the soft-thresholding

estimator (3.10) is upper bounded by

I (TT—compress (diag(wK)CDTﬁ)) — (TT—compress (diag(ﬁ)a)@Tﬁ>> IF

<C Z () UL Z O‘de <Cd(0‘7de\/%)f(+1 (3.31)

k=K+1 =K+1

ade

when %%,/ < 1 for sufficient large N. The difference between two estimators is poly-
nomially small with respect to sample size N. This turns out to be a clear example to

demonstrate the reliability of soft-thresholding approach (3.10).

3.3 Tensor-train SVD (TT-SVD)

Starting from this section, we focus on Step 2 of the main approach — tensor compression.
To this end, we first propose to use the tensor-train SVD (TT-SVD) algorithm. The TT-
SVD algorithm is originally proposed in [168], which compresses a high-dimensional tensor

into a low-rank tensor train by performing truncated SVD sequentially. For our problem,
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we use TT-SVD to find the approximation ¢ in T'T format of ¢ depicted in Figure 3.4, which

can be obtained following the procedures in Algorithm 3.

Algorithm 3 TT-SVD
INPUT: Tensor ¢ € R X" Target rank {ry, -+ ,rg_1}-

1: for je{l,---,d—1} do

% Perform SVD to B; € R™ —1><nd_j, which is formed by the following tensor contrac-
tion
g o 7/—1
L e liy Lo e |l
— ¢

In particular, By = ¢() which is the first unfolding matrix of ¢ defined in (3.11). With
SVD B; = UijVjT, we obtain the j-th core @j € R"i—1*"*Tj wyhich is reshaped from
the first r; principle left singular vectors in U;.

3: end for

4: Obtain the last core Gy = By € RTd-1%" |

OUTPUT: Tensor train ¢ = Gj oGy o---o0 Gy € RMXNXxn

Below, we briefly outline the idea behind this algorithm. When j = 1, we want to obtain
the first core Gl by performing SVD to e (which is By in Algorithm 3). Then we let
G1 € R™ "1 {0 be first 71 principle left singular vectors. The rationale of the first step is to
approximate ¢ agel) él (élTé(l)). In the j = 2 step, we want to obtain @2, which gives a
further approximation to G4 (GlTé(l)). The way we do this is to factorize élTé(l) e R" X“d_l,
by applying SVD to Bs, which is the reshaping of é?é(l). This completes the j = 2 step.
Then we do the above procedure recursively till j = d — 1. After implementing sequential

SVD for d — 1 times, the remaining By € R"-1*" is a matrix and we take it as the final

core in the tensor-train representation since no more decomposition is required.
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Naively, the computational cost from SVD in Algorithm 3 scales exponentially large as
O(dnd+1) in terms of dimensionality. However, for the density estimation problem, we can
take advantage of the structure of ¢ as depicted in Figure 3.4 to achieve a fast implementation

of Algorithm 3. We will use the next subsection to elaborate such fast implementation.

3.3.1 Fuast Implementation

In this subsection, we present a fast implementation of Algorithm 3 with a complexity of
O(dN?nr), which scales linearly with d and is therefore well-suited for high-dimensional
cases. Notably, this efficient implementation introduces no additional approximations and
produces the same output as the vanilla implementation in Algorithm 3.

The key of the fast implementation lies in fast calculations of SVD of B; in Algorithm
3. Instead of performing SVD to Bj; directly to get its left singular vectors as in Line 2 of
Algorithm 3, we consider computing the eigenvectors of BjBT, which is a relatively small
matrix of size nr;_1 X nr;j_1. However, one concern is that the cost of forming BjB;fF can
in principle scale exponentially with dimensionality, since the column size of B; is nd=J as
indicated by multiple legs between the two nodes in Figure 3.6. Fortunately, by using the
structure of ¢ as shown in Figure 3.4, one can form B; BJT much more efficiently. This is shown
in Line 2 of Algorithm 4, which summarizes the TT-SVD procedure that is implemented in

a computationally feasible manner.

<~

lj+1:d

Figure 3.6: Tensor components for forming B; B]T.

In Algorithm 4, the main computation lies in forming D; and FE; in Line 2. A naive

way is to compute them independently, leading to O(dN?) complexity. However, D; and
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E; can be computed in a recursive way efficiently, where computations can be reused. More

specifically, one can precompute E; by
-V
Ei=Ej110 ((I)jq)j ) (3.32)

starting from Ej = Iy which is N X N the identity matrix. D; is computed recursively
based on core éj_l starting from D; = <:D1T according to Figure 3.7. The last core Gd
is assigned as the matrix B; in algorithm 3, which is equal to the average of Dg) over
sample index i. Therefore, we compute éd as the average of D((ii) in Algorithm 4. In this
way, the computational cost of Ej, D; and BjBJ-T is O(N 2nr) which has no dependency
on dimensionality. Afterwards, one can solve the core by eigen-decomposition of BjB;-r €
R™3-1X"j~1 with a minor cost as O((nr)3). Overall, the computational cost of this fast
implementation is O(dN?nr).

While this fast implementation significantly reduces the computational complexity from
exponential to linear in d, we point out that such implementation still requires O (N 2) com-
putations to form each Ej;, which can make it challenging with a large number of samples

even in low dimensional cases. In Section 3.4, we will further improve Algorithm 4 using

kernel Nystrom approximation, which will bring computational cost to O(dN) only.

Figure 3.7: Tensor diagram illustrating the recursive calculation of Dgi), which is the i-th
column of the matrix D; in Algorithm 4.
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Algorithm 4 Fast implementation of TT-SVD
INPUT: Samples {x(i)}i]\il. Target rank {r{,--- ,rg_1}

1: for je{l,--- ,d—1} do
2: Perform eigen-decomposition to A; := B; BJT € R™j—-1*"j-1 " which is computed by
Aj = #DjEjD}ﬂ where D; € R"i-1xN and E; € RV*N are the resulting matrices by

contraction in the boxes of the below figure:

Ej
C
iy +e L
OO,

In particular, D = @{ defined in (3.17). Here D; and E; should be computed recursively

to reuse calculations. With eigen-decomposition A; = U;A; UjT, we obtain the j-th core
G j € RT=1X"%"j which is reshaped from the first r; principle eigenvectors in U;.
3: end for
4: Obtain the last core: N
Gy = %Z Dg) € R'd-1%"
1=1

where DC(;) is the reshaping of ¢-th column of D,;.
OUTPUT: Tensor train ¢ = Gj oGy o--- oGy e RWXX X0

3.4 TT-SVD with Kernel Nystréom Approximation (TT-SVD-kn)

In this section, we propose a further modification based on the fast implementation of TT-

SVD developed in Section 3.3.1. This modification accelerates Algorithm 4 using kernel
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Nystrom approximation to reduce the complexity from O(dN?) to O(dN). As we have
pointed out at the end of Section 3.3.1, the O(N?) complexity of Algorithm 4 is the conse-
quence of exact evaluation of the N x N matrix E; in the step of eigen-decomposition for
BjB]T. The proposed modification in this section will utilize kernel Nystrom approximation
([234]) to form Ej efficiently.

To begin with, we briefly introduce the idea of kernel Nystrém method to approximate
a symmetric matrix as shown in Figure 3.8. Given a symmetric matrix A € R™*™  the
kernel Nystrom method chooses 7 columns of A uniformly at random without replacement

and approximates A by the following low-rank cross approximation
A~ MWTMT (3.33)

where M € R™*T consists of the 7 chosen columns, W € R " is the intersection of the
chosen 7 columns and the corresponding 7 rows and W™ is the Moore-Penrose generalized

inverse of W.

+
m ~miE X B X
T)V: —
—— MT
AV M

Figure 3.8: Cross approximation of a symmetric matrix.

Such approximation can be applied to the symmetric matrix F; in Algorithm 4, resulting
in the more efficient TT-SVD-kn algorithm summarized in Algorithm 3.4. By the recurrence

relation (3.32), £ is formulated as

AT\ & ET =T
B =(242;) ©(Pq-1P5_1) © -+ ©(®j11P541), (3.34)

which is depicted by the first equation in Figure 3.9. To apply kernel Nystrom method, we
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randomly sample 7 rows in £; with index Z C {1,2,--- , N}, and we define é%) e R™*"
which is denoted by the blocks in each ®,,, in Figure 3.9, as the resulting submatrices formed

by the sampled rows.

N n n n
| [ |
N = <N. X m m ) 0) <N. X ® H ) O eoe O <N. X ®m m )
—— —— ——
AT HT T
N—— T q)d e (I)d—l — (Dj+1
E; D, D,y D,
7 n
] | | n
N -_ (N. O a @ P o .) X ( 7. @ I O e e @ I >T
HA) HD) HD)
— ~ ~ q)d q)d—l (Dj+1
]Wj ch q)d—l (D_]+1
F n n
‘M =(moeloo0l)x(rlono-01)
W, B0 G PG B0 B0 Py
i o D L R P

Figure 3.9: Cross approximation of F;, the most expensive component in Algorithm 4.

At this point, we perform the cross approximation for £:
e~ M AT
Ej ~ M; Wj M j

where M; € RV X7 is the submatrix formed by the chosen columns in E; and W; € R7XT
is the corresponding intersection. Using the expression (3.34), M; and W; are respectively
formulated as the second and third equation in Figure 3.9. The structures of M; and W;
allow us to compute them in a recursive manner as in Line 2 of Algorithm 5: suppose we have
already obtained &Dj +9:q and @;?2: g0 Mj and W; can be evaluated with complexity O(Nn)

(direct computations based on their definitions in Figure 3.9 is O(dNn)). Consequently,
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B; B]T in the previous Algorithm 4 can now be approximated by

B;B] = %DjEijT ~ %DijW]*M]TD;F
as in Line 4 of Algorithm 3.4. The computational cost for the above matrix multiplica-
tions is O(Nnr max(nr, 7)), which is significantly smaller compared to the original O(N?nr)
complexity in Algorithm 4. By considering the calculations for all d tensor cores, the to-
tal computational cost is O(dNnr max(nr,7)). Here we remark that we have employed the
same indices Z for computing all £;. Such practice is the key to reuse the calculations in this
recursive implementation so that we can achieve a complexity that is only linear in sample

size.
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Algorithm 5 TT-SVD-kn

INPUT: Samples {x(i)}i]\il. Target rank {rq,--- ,rgy_1}. Number of sampled columns 7.

1:

2:

Sample 7 integers from {1,--- , N} and let Z be the set of sampled integers.
Pre-compute {WW; };l;% and {M; };l;% based on sampled indices Z recursively by Figure
3.9.

for je{l,---,d—1} do

Perform eigen-decomposition to BJB;‘.F € R"™j—-1*"j-1 which is approximated by
1
BT A — —pD.rowtEnvI pT
BjB[ ~ Aj =~ D;M;W M] D]

where D; is computed recursively as Figure 3.7. With eigen-decomposition A; =
UjAjUjT, we obtain the j-th core G’j € R"—1%"*7j wyhich is reshaped from the first
rj principle eigenvectors in U;.
end for
Obtain the last core: N

A 1 ;

Ga=5 YDy R

1=1

where DE;) is the ¢-th column of D,;.

OUTPUT: Tensor train ¢ = Gj oGy o--- oGy e RWXNXXn

3.5 TT-SVD with Truncated Cluster Basis (TT-SVD-c)

In this section, we introduce the TT-SVD-c algorithm (Algorithm 6), which is a modified

TT-SVD algorithm based on truncated cluster basis sketching. The central idea is to utilize

sketching technique to approximate the full SVDs of B; € R™i-1%7"7 i) Line 2 of Algo-

rithm 3. More specifically, each step when we compute the left singular vectors U; from B;
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in Algorithm 3, we instead compute the left singular vectors from a sketched Bj:
/
Bj = B;5j, (3.35)

where S; is some appropriately chosen sketching matrix with size nd=J x 7j, with sketching

size 7; much smaller than n?=J (Line 2 of Algorithm 6). In this way, we can reduce the

exponential complexity of full SVD for B; to O(max(nrf?, n27“2fj)) complexity of SVD for
/

Bj-

Algorithm 6 TT-SVD-c
INPUT: Samples {x(i)}fil. Target rank {ry,--- ,74_1}. Cluster order K.

1: for je{l,---,d—1} do

2: Perform SVD to B} € R™i-1%7j which is formed by the following tensor contraction

where S; € R"dijm:j is the sketching matrix depending on cluster order K. The con-
traction of the righ-hand side is done efficiently as shown in Figure 3.10. With SVD
B} = UjEjVjT, we obtain the j-th core éj € R"—1%"%7Tj which is reshaped from the
first r; principle left singular vectors in Uj .

3: end for

4: Obtain the last core Gy = B/, € RTa-1*",

OUTPUT: Tensor train ¢ = Gj oGy o---o0 Gy € RWXNXxn,

The key of this approach is to choose good sketching matrix S; such that B} retains the
same range, and thus the same left singular space, as B;. Here, we follow a specific way to
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construct sketching matrix S; ([37, 175]), where we only include the low-order cluster basis.

We first introduce the set of k-cluster indices:

jk‘,d:{(ll?"'uld)’llv"'vld€{17"'7n} and ||l_1’|0:k}7

which are the basis indices of those cluster bases in By, 4 defined in (3.5) since gzﬁ{ =1
Our choice of sketching matrix is based on the low-order cluster indices. To sketch B,
d—j 7. . . .
we construct S; € R™ 7 %7} a5 follows: each column of S ;j 1s defined based on a multivariate

index [ € Ué(:o Jk,d—; where K is the chosen cluster order:
L, 0,0 0L,

where 1; is a n X 1 column vector evaluating as 1 on the /th component and 0 elsewhere.

Under this construction, S; is a sparse matrix with column size

K
7= |Tkajl = O(d*n™).
k=0

At this point, the only concern is that forming B;- = Bj;S; has exponential complexity

by direct matrix multiplication. Similar to Algorithm 4, we utilize the structure of ¢ (3.16):
1 N
T z (4)
Bt = ¥ E (E; T ¢ Rri—1%7; (3.36)

where D, E; are defined in Figure 3.10 (c) and D§i), E;i) represent the i-th column of matrix
Dy, E, respectively. According to the structure of Dj, E;, their computation can be done
in a recursive way following the diagram in Figure 3.10 (a) and (b).

In terms of the computational complexity of Algorithm 6, the cost for {FE} } 1 is

O(d5H1NpK) for k-cluster truncation. Besides, the cost for {Dj}?:% follows the analy-
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T

Figure 3.10: Tensor diagrams illustrating recursive computation of B;. in Line 2 of Algorithm

(4)

6. (a) recursive calculation of D ;7> which is the i-th column of the matrix Dj; (b) recursive

calculation of E]@
() ()
on D J and F I

, which is the i-th column of the matrix Ej; (c) calculation of B; based

sis in Figure 3.7 and Algorithm 4, which is O(dN nr2). Furthermore, the computational
complexity of multiplication in B; and the following SVD step requires O(dX 1 NpK+1y,
To summarize, the dominant term in computational complexity is O(dK Hinp K Jrl). The
reduction is from standard TT-SVD algorithm O(min(dn®t!, dN?n)) to O(dXTINpE+L),
which is significant especially for a large sample size N and low-order K. In the following
subsection, we further propose a modification of TT-SVD-c which constructs sketching ma-
trix 5 based on hierarchical matrix decomposition. This acceleration can achieve a lower

computational complexity as O(dlog(d)).

3.5.1 Acceleration of TT-SVD-c via Hierarchical Matriz Decomposition

In this subsection, we propose a modification that further accelerates TT-SVD-c¢ method

with cluster order K = 1. The key insight of this acceleration lies in the assumption that
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the ground truth density p* has high correlations between nearby variables (such as x1 and
x9) and low correlation between distant variables (such as zq1 and x;), which is satisfied by
many real cases. In Algorithm 6, the sketching matrix S; considers all correlations equally
without taking the distance into account, which includes redundant correlations with distant
variables and leads to a large column size of S;. In fact, even if cluster order K = 1, the
column size is O(d), which results in the overall computational cost of O(d?). This motivates
us to further sketch S;, which is done by hierarchical matrix decomposition ([79, 80, 16]) of

covariance matrix M, whose (j1, j2)-block is formulated as
_ J J
Mjy gy = [Epleq! ()82 (@)l 4, € RV (3.37)

for all 1 < j1,72 < d.

Figure 3.11: Hierarchical matrix decomposition of covariance matrix for d = 8. The figure
depicts the three block matrices Mj.4 5.8, M1.2 3.4, M1 2 whose top 7 right singular vectors
(visualized as dark gray matrix in each block matrix).

To illustrate the idea, we consider an example with d = 8. Covariance matrix M is
depicted in Figure 3.11, where we use Mj,.j, j..j, to represent the submatrix formed by
blocks with row index from j; to jo and column index from j3 to j4. To implement hi-

erarchical matrix decomposition, we perform SVD on upper triangular off-diagonal blocks
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My.4.5.8, M1.2 3.4, M1 2 and get top 7 right singular vectors Vf,Vé,Vg’, respectively. Here
the sketching size 7 (different from that in Algorithm 6) is chosen as a constant. V{,Vj, V3'
respectively capture correlations with variables x5.g, 3.4 and z9.

Once the singular vectors Vl’ , VQ’ , V3/ are obtained, we can use them to construct sketching
matrices with smaller column sizes. When computing the first core @1, we form @)1 =
diag[Vl/ , VQ/ , V3’] € R™*37 which captures the weighted correlation between 2 and 9.5, and
we use S1 and 1 to sketch Bj as Bi — B151Q1 € R™37 . Once this is done, we perform
SVD to B to obtain G1. For the second core, we form Q9 = diag[V{, V4] € ROPX2T ¢4
capture the weighted correlation between variables x9 and variables x3.5. Then we sketch
Bé = B9S59@)2, and perform SVD to Bé to obtain G9. Note that we can reuse Vl’, VQ' in the
second step since both of them were already computed in the first step. By repeating the
procedure and generating new sketch B; = B;S;Q; for the remaining j, this hierarchical
approach enables the efficient computation of all cores {@ j }?:1.

In terms of computational complexity, there are two major sources of computations. The
first is the SVD of off-diagonal block matrices (M1.4 5.8, M1:2 3.4, M1 2 for d = 8). For each
block, we first apply kernel Nystrom approximation (3.33) with 7 sampled rows and columns,
followed by SVD. The cost for this part of computations is O(dlog(d)Nn7). The second
major computation is forming B; = B;S;Qj. The number of columns in the weight matrix
Q; is at most logg(d)7. Since .S} is a sparse matrix, the computation of Bé- = B;S;Q; for all j
needs O(dlog(d)Nn7) computational cost upon leveraging a similar strategy for computing
(3.36). The computational costs discussed above are the dominant cost in Algorithm 6.
We can replace S; with S;Q; in Algorithm 6 and follow the operations in Figure 3.10,
the method achieves a reduced computational complexity O(dlog(d)Nn) compared to the

original complexity O(d2Nn?2) for TT-SVD-c with cluster order K = 1.
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3.6 TT-SVD with Random Tensorized Sketching (TT-rSVD-t)

In this section, we propose another modification for TT-SVD algorithm via sketching. This
approach follows the randomized sketching technique ([100]), originated from randomized
linear algebra literature ([82]), to accelerate SVD. The key idea is to choose sketching matrix
S € ]R”d_ij as some random matrix, where 7 is a given sketching size, which is usually
chosen to be reasonably larger than target rank r of the output tensor-train estimator.
Afterwards, similar as TT-SVD-c, we perform SVD to B;- = Bj;S;. In general, the matrix
multiplication B;S; has exponentially large computational cost. Our solution to this curse
of dimensionality is to form S; by a set of random tensor trains, leading to the TT-rSVD-t

algorithm summarized in Algorithm 7.
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Algorithm 7 TT-rSVD-t
INPUT: Samples {m(i)}i]\il. Target rank {rq,--- ,rgy_1}. Sketching size 7.

1: Generate random tensor train with cores {Hj}?zl, where Hy € R My, .- JHy g €
fonxf Hd c fon_
2: for je{l,---,d—1} do

3: Perform SVD to B;- € R™i-1%7j which is formed by the following tensor contraction

l L
¥j-1 B:‘ Yi —

N

The contraction of the righ-hand side is done efficiently as shown in Figure 3.12. With
SVD B}- = UijVjT, we obtain the j-th core G’j € R"-1%"%Tj which is reshaped from
the first r; principle left singular vectors in Uj .

4: end for

5: Obtain the last core Gy = B/ € Rrd-1*",

OUTPUT: Tensor train ¢ = Gj oGy o--- o0 Gy € RWXX X0,

To implement Algorithm 7, we first generate a d-dimensional random tensor train with
fixed rank 7 whose cores are Hy, Ho,--- , H; (Line 1). In practice, we can set each core as
i.i.d. random Gaussian matrix/tensor or random uniform matrix/tensor. When sketching
Bj, we construct sketching matrix S; € R X7 as the reshaping of Hj 10 Hj 90 -0 Hy
(Line 3). Afterwards, we contract B; with S; and perform SVD to solve the j-th core éj.

Similar to (3.36) for TT-SVD-c, Bé- is computed recursively as illustrated in Figure 3.12(c).
The key difference lies in the new formulation of F;, which arises from the new choice of
sketching matrix 5;. Leveraging the tensor-train structure, E; can also be computed recur-

sively as shown in Figure 3.12(b). The total computational cost for {E; };Z;% is O(dNni?).
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The computation of {Dj };l;%, depicted in Figure 3.12(a), follows the same approach used in
Algorithm 4 and incurs a computational cost of O(dN n7’2). Overall, the SVD step required
to compute all tensor cores has a total complexity of O(dN an), which is linear with respect

to both dimensionality and sample size.

Figure 3.12: Tensor diagrams illustrating recursive computation of B; in Line 2 of Algorithm

7. (a) recursive calculation of pt¥

J
(i)

calculation of £/, which is the i-th column of the matrix Ej; (c) calculation of Bg- based

on Dj(-i) and EJ(Z)

, which is the i-th column of the matrix D;; (b) recursive

3.7 Pre-processing Steps for General Distributions

In this section, we propose several pre-processing steps to extend the discussed framework to
general distributions. The pre-processing procedure consists of a dimension-reduction step
using principal component analysis (PCA), followed by a step to determine the mean-field

and the univariate bases. The full algorithm is summarized in Algorithm 8.
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Algorithm 8 Tensor density estimator after variable re-ordering.
INPUT: Samples {x(i)}ij\il. Embedding dimension d’, d’ < d. Target rank {ry, - ,rg_1}.

1: Apply PCA to the samples {x(i)}g\; 1- Denote the top d’ orthonormal principal compo-
nents as () € R4 Define the new variables as 2(1) = QTaz(i), t=1,---, N, with the
associated empirical distribution denoted by p..

2: Estimate the l-marginals p}(21) - - u&,(zd/) using one-dimensional kernel density esti-
mation. The product of these 1-marginals forms the mean-field y/ = H;llzl u;- in the
reduced coordinate system.

3: Compute the orthogonal basis {(b‘{ (2j)}}, for each j =1,--- ,d’, where the basis func-
tions are orthogonalized with respect to ,u;(zj)

4: Obtain the d’-dimensional tensor density estimator in the reduced coordinate system:
p. = i © diag(wg) 1® (TT-compress (diag(ﬁ;a)@TﬁZ)) :
where TT-compress is any tensor-train compression algorithm detailed in Section 3.3 —

3.6. The final density estimator in the original space is obtained as:

1

p(z) = p=(Q" ),

where Z is the normalization factor.

OUTPUT: Tensor density estimator p.

When dealing with a general distribution, the optimal ordering of variables is generally
unknown. A poor variable ordering may lead to a high-rank T'T representation, significantly
increasing computational complexity. To address this, Step 1 of Algorithm 8 applies PCA
to simultaneously decorrelate the variables and reduce the dimensionality. The resulting
reduced-coordinate variables {z(i) f\i 1 often exhibit simpler dependence structures, allowing

a more compact TT representation. The eigen-decomposition in PCA can be performed
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through a “streaming approach”, as in [89, 98, 111] with a complexity of O(Ndd').

In Step 2 of Algorithm 8, we aim to perform the projection (3.10) on the empirical distri-
bution p,. However, to do so, we require knowledge of the mean-field p/(z) = H;ilzl u;(z])
To approximate this, we apply a kernel density estimator to each of the one-dimensional
marginals of p,. This step ensures that x4/ captures the product structure of the new coor-
dinate system.

In Step 3, we construct orthonormal basis functions with respect to each one-dimensional
marginal. This can be achieved using a Gram-Schmidt procedure or a stable three-term
recurrence method (see [65]) for polynomial basis functions.

Finally, in Step 4, we estimate the density p, in the reduced-coordinate system using the
tensor-train density estimator. This involves applying any tensor-train compression algo-
rithms TT-compress detailed in Section 3.3 — 3.6 to diag(a)®” p,. The resulting density es-
timator p is then mapped back to the original space via the transformation p(x) = ﬁZ(QTx)

followed by normalization.

3.8 Theoretical Results

In this section, we present an error analysis of our proposed methods. For simplicity, we
focus primarily on the hard-thresholding approach described in (3.9). Based on Section 3.2.3,
we know the estimator from hard-thresholding approach in (3.9) is close to the primarily
discussed soft-thresholding approach in (3.10). The detailed analysis of the soft-thresholding
approach in (3.10) will be deferred to future work.

For simplicity, we assume the mean-field component p ~ Unif(]0, 1]d). In this way, the
univariate basis functions {@}?:1 are orthonormal, and we take Legendre polynomials as an
example in our analysis. In addition, we propose the following assumptions on the ground

truth density:
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Assumption 4. Suppose the ground truth density function p* : [0,1]4 — RT satisfies is an

additive model (1-cluster):

pi(x1, - sxg) = 1+ qi(w1) + - + qg(zq), (3.38)

where q;f e HP0((0,1]) for some integer By > 1 satisfies the reqularity

mjian;”Lg([O,l}) >b" and m?XHq;fHHﬁo([O,l]) < B
for two O(1) positive constants b* and B* where we set B* > 1. Under this assumption, we

can immediately obtained that ||p*|lco < 1+ B*d according to Sobolev embedding theorem.

Assumption 4 considers only the 1-cluster model and include the regularity constraint for
each one-dimensional component. This motivation stems from the fact that the left /right
subspaces are computationally straightforward, allowing for an efficient tensor-train repre-
sentation of p*. This specific structure, in turn, yields a favorable estimation error rate with
respect to the dimensionality.

We state our main theorem under these assumptions:

d
Theorem 4. Let ¢* = diag(wr )T p* and ¢ = diag(wg )T p be the R coefficient tensor
associated with the ground truth and empirical density function, respectively. Suppose the
ground truth density function p* satisfies Assumption 4, and the sample size is sufficiently

large such that
N > Cod?K= 1482100 (dn), (3.39)

where Cy is some sufficiently large constant independent of N, n and d. When we use TT-

SVD (Algorithm 8) as TT-compress to compress ¢ to ¢ with target TT rank r = 2, the
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following bound holds with high probability:

S

e —c*llp 0 dnB*log(dn) -1

le*llp N =Rl

(3.40)

where ¢*U) is the Jth-unfolding matriz of ¢* as defined in (3.11), and oo(+) denotes the second

largest singular value.

The proof of this theorem is lengthy and therefore deferred to Section B.2.1. The theorem
states that the relative error of the coefficient estimates decreases at the Monte Carlo rate
of O(1/v/N) with respect to the sample size N. Furthermore, under the assumption that
p* is a l-cluster, the relative error grows only linearly with the dimensionality d (up to a
logarithmic factor), provided that the second-largest singular values (also the smallest since

r = 2) of all reshaped ground truth tensors ¢* are uniformly bounded below. As a direct

consequence of this theorem, one can derive the final error estimate for the density estimator:

Corollary 1. Suppose all the conditions in Theorem 4 hold, the following bound for den-
sity estimator p (3.24) by TT-SVD (Algorithm 3) with target rank r = 2 holds with high

1P — p*HLQ([o 1]4) B* B* [dnlog?(dn)
y — O - —ﬁO + — - ~ 7 )7 3.41
||p*||L2([07”d) ( b* (n b2 N ) ( )

where By is the reqularity parameter specified in Assumption 4.

probability:

The proof of Corollary 1 can be found in Section B.2.2.

3.9 Numerical Results

In this section, we carry out numerical experiments to examine the performance of our
proposed density estimation algorithms. In specific, we use TT-SVD-kn (Algorithm 5), TT-

SVD-c (Algorithm 6) with hierarchical matrix decomposition and TT-rSVD-t (Algorithm
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7). Unless otherwise noted, we use the following parameter settings throughout: we set the
number of sampled columns in Nystrom approximation 7 = 100 in TT-SVD-kn, sketching
size 7 = 10 in TT-SVD-c with hierarchical matrix decomposition, sketching size 7 = 30
in TT-rSVD-t and the kernel parameter o = 0.01. These parameter choices are based on
empirical observations.

For simplicity, we choose the mean-field density p as a uniform distribution, so that

{d){ }7 can be chosen as any orthonormal basis functions. Here we use the Fourier basis

/

\/%T’ for [ =1,
¢(x) = \% cos(gr—Lx) for even [ > 1 (3.42)

\/Lf sin(%) for odd [ > 1
\

as the univariate basis function for all j =1,--- ,d.

3.9.1 Gaussian Mixture Model

We first consider the d-dimensional Gaussian mixture model which is defined as :
1 1 1
6/\/1(0.18) + gM(O.Q) + §M(0.22)

where

2 1
M(o) = SN(-05, o2l q) + SN0, 21 q)-

We set the domain as the hypercube [—L, L] where L = 1.5 with mesh size 0.1 in each
direction.

We first fix dimension d = 10. We draw N i.i.d samples from the mixture model, and use
proposed three algorithms to fit a T'T approximation for the empirical distribution of these

samples. For the algorithms, we set fixed target rank r = 3 and use n = 17 Fourier bases. In
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the left panel of Figure 3.13, we test different sample sizes N and plot the relative Lo-error
defined by

15— 0",/ 1P L,

in logarithm scale. One can observe that the relative error decays with Monte Carlo rate
O(1/V'N). Here we remark that the ground truth p* for this Gaussian mixture model can
be formulated as a TT without approximation error, and the numerical Lo-norm based on

quadrature of TTs can be easily computed with O(d) complexity [166].

ol X -}-TT-SVD-c || 0.2f~f-TT-SVD-c 4
10 g ]~ TT-SVD-kn ] TT-SVD-kn 5
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Figure 3.13: Gaussian mixture model: relative Lg-error for proposed algorithms. Left:
d = 10 and sample number N = 27 98 ... 215, Right: N = 10% and dimension d =
3,6,9,---,30.

Next, we fix the sample size N = 105 and test our algorithms with various dimensions d.
The relative Lo-error is plotted in right panel of Figure 3.13, which exhibits sublinear growth
with increasing dimensionality according to the curves. In particular, with N = 109 samples,
our algorithms can achieve two-digit relative Lo-error up to d = 12. For dimensionality higher
than that, we can expect that the error can also be controlled below 0.1 for a sufficiently
large sample size, as suggested by the Monte Carlo convergence observed in the previous
experiment.

Finally, we verify the time complexity of the algorithms. In Figure 3.14, we plot the

wall clock time of three algorithms for fixed d = 5 with various N (left panel) and fixed
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N = 10000 with various d (right panel). The rates of wall clock time verify the theoretical

computational complexity at listed in Table 3.1.
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Figure 3.14: Gaussian mixture model: average wall clock time (seconds) for proposed al-
gorithms. Left: d = 5 and sample number N = 27,98 ... 2l5, Right: N = 10000 and
dimension d = 3,6,9,--- , 30.

3.9.2  Ginzburg-Landau Model

Now we consider a more practical problem in statistical physics as the Ginzburg-Landau

model [94]. In particular, we consider the density estimation for the Boltzmann distribution

1
pi(a) = eV

where £ is the inverse temperature, Z is the normalization factor such that [ p*(z)dz =1,

and V is the Ginzburg-Landau potential energy.

1D Gingburg-Landau model
We first consider a 1D Ginzburg-Landau model where the potential energy is formulated as

G (2 — 2
Vi(zy, - 2q) = Z 5 <ZTH) + ﬁ(l - x?)Q for z € [-L, L])* (3.43)
1=1
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where g = 24,1 =0, h=1/(1+d), A = 0.03 and 3 = 1/8. We consider hypercube domain
[-L, L]d with L = 2.5 and mesh size 0.05 in each direction. For the ground truth p*, we
use DMRG-cross algorithm (see [190]) to get p* in TT form, which is known to provide
highly accurate approximations with arbitrarily prescribed precision. The samples of p* are
generated by running Langevin dynamics for sufficiently long time.

In Table 3.2, we list the relative Lo-error of the approximated densities estimated by
N = 10% samples with different number of univariate basis functions. For this example, we
set fixed target rank » = 4. One can observe that the approximation improves as we use
more basis functions. Such improvement can be further visualized in Figure 3.15, where
we plot the marginal distribution of the approximated solutions solved by three algorithms
when d = 20. All of them give accurate match to the sample histograms when a sufficient

number of basis functions are used.

o | d=75 | =10

| TT-SVD-¢c TT-SVD-kn TT-rSVD-t | TT-SVD-c  TT-SVD-kn TT-rSVD-t
7| 0.2810 0.2809 0.2810 0.4304 0.4304 0.4305
11| 0.0782 0.0781 0.0781 0.1365 0.1365 0.1378
15| 0.0305 0.0304 0.0301 0.0488 0.0483 0.0533
19| 0.0275 0.0273 0.0289 0.0449 0.0404 0.0526
o | d=15 | d =20

| TT-SVD-c  TT-SVD-kn TT-rSVD-t | TT-SVD-c  TT-SVD-kn TT-rSVD-t
7| 0.6342 0.6342 0.6343 0.7897 0.7897 0.7898
11| 0.2169 0.2167 0.2186 0.3017 0.3016 0.3037
15| 0.0733 0.0740 0.0836 0.1126 0.1125 0.1158
19| 0.0613 0.0602 0.0716 0.0384 0.0874 0.1099

Table 3.2: 1D G-L model: comparison of L9 relative errors with N = 10% and d = 5, 10, 15, 20
under different numbers of univariate basis functions used.
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Figure 3.15: 1D G-L model: zj¢-marginal of approximated solutions for d = 20 and N = 10°
under different numbers of univariate basis functions used.

2D Ginzburg-Landau model

Next, we consider the 2D Ginzburg-Landau model which is defined on a m x m lattice. The

potential energy is formulated as

m+1m+1 2 2
SO (L) (F

, ; h h

i=1 j=1

V{zi, - #mm) =

DO | >

with the boundary condition

Lo =Tm+lj =1 Ti0=Tjim+1 = —1 Vi,j=1-,m

where we choose parameter h = 1/(1 4+ m), A = 0.1 and inverse temperature § = 1. We set
L = 2 with mesh size 0.05 for the domain. We consider a test example where m = 16 and
thus the total number of dimensionality is m? = 256. For this 2D model, we apply the PCA
pre-processing steps described in Section 3.7 to order the dimensions and also reduce the
dimensionality, where we choose embedding dimension d’ = 100. In terms of the algorithms,
we set target rank » = 10, a = 0.001 and we use N = 10% samples and n = 21 Fourier bases.

We evaluate the performance of our fitted tensor-train density estimators as generative
models. Specifically, we first fit tensor-train density estimators p from the given N = 104

samples {:L‘Z}Z]\i 1 using proposed algorithms, then generate new samples {iz}f\i 1 from the
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learned tensor trains. Sampling each Z; ~ p can be done via tensor-train conditional sampling

p(ry, 29, -+ xq) = p(w1)p(22|r1)p(23|22, 1) - - - P(Tg4|2g—1, - 1) (3.44)

where each

~ ﬁ(xla"' 7xi>
PG| X1, ,21) = =
(zilz: ) plry, -+ zi1)
is a conditional distribution of p, and p(z1), - ,p(x1, - ,z4_1) are the marginal distribu-

tions. We point out each conditional sampling can be done in O(d) complexity using the TT

structure of p [55].

Reference TT-SVD-kn TT-SVD-c TT-rSVD-t
T14,14
Reference TT-SVD-kn TT-SVD-c TT-rSVD-t

I8 12

5

4

- Ha

- 2

4

E 0
2 El ] 1 2

Figure 3.16: 2D G-L model on a 16 x 16 lattice: visualization of (3 3, 714,14)-marginal (first
row) and (7¢ 12,78 12)-marginal (second row). Left to right: reference sample histograms,
samples from tensor trains fitted by proposed algorithms.

2 -1 0 1 2

L6,12

Figure 3.16 illustrates the (23 3, 214,14)-marginal and (g 12, 23 12)-marginal distributions
of the generated samples. For comparison, we also show results for N* = 10° reference

samples. The visualizations reveal that samples generated from tensor trains learned by all
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three proposed algorithms can capture local minima accurately. To quantify the accuracy,

we compute the second-moment error
IXTX = XX p /| X (3.45)

where X € RV*4 is the matrix formed by the generated samples, and X* € RV ™% are
reference samples. The second-moment errors for TT-SVD-kn, TT-SVD-c and TT-rSVD-t

algorithms are respectively 0.0278,0.0252,0.0264.

3.9.8 Comparison with Neural Network Approaches

In this section, we compare the performance of generative models fitted by our proposed
tensor-train algorithms with one example of neural network-based generative methods ([170]).
For neural network details, we use 5 transforms and each transform is a 3-hidden layer neural
network with width 128. We use Adam optimizer to train the neural network. The exper-

iments are based on selected examples from previous subsections as well as real data from

MNIST.

1D Ginzburg-Landau model

We first consider the Boltzmann distribution of 1D Ginzburg-Landau potential defined in
(3.9.2) where we choose model parameters A\ = 0.005 and 8 = 1/20. We use N = 10%
samples as training data to fit tensor trains, and then generate N = 10% new samples from
the learned tensor trains by conditional sampling (3.44).

In Figure 3.17, we plot the second-moment errors of the samples generated by tensor-train
algorithms and a neural network, compared against a reference set of N* = 106 samples
across various dimensions d = 10,20,---,100. Here we choose target rank r = 4 and

use n = 17 Fourier bases for all simulations. The three proposed tensor-train algorithms
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Figure 3.17: Comparison of second-moment errors of generated samples.

exhibit similar performance and consistently achieve two-digit accuracy across all dimensions.
Moreover, they are considerably more accurate than the neural network. To visualize this
accuracy gap, Figure 3.18 further shows histograms of two selected marginal distributions
from the generated samples for d = 100. It can be observed that samples generated by the
tensor-train estimators more accurately capture local minima compared to those produced

by the neural network.

Real data: MNIST

We also evaluate our algorithms on the MNIST dataset, which consists of 70,000 images of
handwritten digits (0 through 9), each labeled with its corresponding digit. Each image is
represented as a 28 x 28 pixel matrix. To learn the generative models, we treat the dataset as
a collection of 70000 x 282 samples. For each digit class, we apply the TT-rSVD-t algorithm
with parameters a = 0.05, sketching rank 7 = 40, target rank » = 10 and n = 15 Fourier
bases, to learn tensor-train representations from the corresponding samples of dimension

d = 282 = 784. Again, the PCA pre-processing steps are applied to reduce dimensionality,
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Figure 3.18: 1D G-L model for d = 100: visualization of (xgg, x1gg)-marginal (first row)
and (zgq, r100)-marginal (second row) of samples from generative models. Left to right:
reference samples, samples from tensor trains under three proposed algorithms, and samples
from neural network.

100

100

where embedding dimension is set to d’ = 8. After training, we independently sample five
images for each digit from the learned TT, as shown in Figure 3.19(b). For comparison,
Figure 3.19(a) displays five randomly selected images per digit from the original MNIST
dataset. The generated images from the tensor train exhibit well-preserved digit structures

and visually plausible variations across classes.

3.10 Conclusion

In this paper, we propose a natural approach to high-dimensional density estimation entirely
based on linear algebra, which allows the construction of a density estimator as a low-
rank functional tensor train. To this end, we provide four tensor decomposition algorithms.
The first one is based on direct TT-SVD algorithm with fast implementation in a density
estimation setting. The second algorithm follows a Nystorm approximation. The third
approach modifies the first approach by thresholding certain elements in the tensor and

employing a hierarchical matrix factorization to accelerate computational efficiency. The last
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Figure 3.19: Generated and real images from MNIST. For each digit class, five images are
randomly selected for illustration.

algorithm employs a tensorized sketching technique. Several of these proposed algorithms
can achieve linear computational complexity both in dimension d and in sample size N.
Theoretical analysis demonstrates that tensor-train estimators can also achieve linear scaling
of the estimation error with respect to the dimensionality d under some specific conditions.
Comprehensive numerical experiments validate the accuracy of all proposed algorithms, in

comparison to other density estimators based on neural networks.
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CHAPTER 4
DENSITY ESTIMATION VIA HIERARCHICAL TENSOR
SKETCHING

4.1 Introduction

Density estimation is one of the most fundamental problems in statistics and machine learn-
ing. Let p* be a probability density function on a d-dimensional space R<. The task of density
estimation is to estimate p* based on a set of independently and identically distributed (i.i.d)
samples {y’}zj\i 1 drawn from the density. More precisely, our goal is to estimate p* from the

sample empirical distribution,

N
p(z) = %Z%Z (z), where z € RY, (4.1)

i=1
where 5yi is the d-measure supported on y' € RY.

Traditional density estimators including the histograms [194, 144] and kernel density
estimators [187, 173] (KDEs) typically perform well in low-dimensional settings. While it
is possible to engineer kernels for the above methods that work in high-dimensional cases,
recently it has been common to use neural network-based approaches that can learn features
for high-dimensional density estimations. This includes autoregressive models [218, 69, 171],
generative adversarial networks (GANs) [70], variational autoencoders (VAEs) [117], and
normalizing flows [185, 14, 54, 76].

Alternatively, several works have proposed to approximate the density function in low-
rank tensor networks, in particular the tensor train (TT) format [169] (known as matrix
product state (MPS) in the physics literatures [178, 232]). Tensor-network represented dis-
tribution can efficiently generate independent and identically distributed (i.i.d.) samples by
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applying conditional distribution sampling [55] to the obtained TT format. Furthermore,
one can take advantage of the efficient TT format for fast downstream task applications,
such as sampling, conditional sampling, computing the partition function, solving commit-
tor functions for large scale particle systems [36], etc.

In this work, we propose a randomized linear algebra based algorithm to estimate the
probability density in the form of a hierarchical tensor-network given an empirical distri-
bution, which further extends the MPS/TT [102] and tree tensor-network structure [210].
Hierarchical format applications play a critical role in statistical modeling by allowing for the
representation of complex systems and the interactions between different local components.
Various hierarchical structures have been proposed in the past with active applications in
different fields, such as Bayesian modeling [126, 130], conditional generations [188], Gaussian
process computations [34, 8, 67, 35|, optimizations {199, 38, 106] and high-dimensional den-
sity modeling |66, 26]. The hierarchical structure can effectively handle spatial random field
such as Ising models on lattice where the sites can be clustered hierarchically. Similar to
[102], we use sketching technique to form a parallel system of linear equations with constant
size with respect to the dimension d where the coefficients of the linear system are moments
of the empirical distribution. By solving d logg d number of linear equations, one can obtain

a hierarchical tensor approximation to the distribution.

Prior work

In the context of recovering low-rank tensor trains (TTs), there are two general types
of input data. The first type involves the assumption that a d-dimensional function p can
be evaluated at any point and it aims to recover p with a limited number of evaluations
(typically polynomial in d). Techniques such as TT-cross [166], DMRG-cross [190], TT

completion [207|, and generalizations [227, 108| for tensor rings are under this category.

83



In the second scenario, where only samples from distribution are given, [21, 85, 161]
propose a method to recover the density function by minimizing some measure of error,
such as the Kullback-Leibler (KL) divergence, between the empirical distribution and the
MPS/TT ansatz. However, due to the nonlinear parameterization of a TT in terms of the
tensor components, optimization approaches can be prone to local minima issues. A recent
work [102] proposes and analyzes an algorithm that outputs an MPS/TT representation of
p to estimate p*, by determining each MPS/TT core in parallel via a perspective that views
randomized linear algebra routine as a method of moments.

Although our method shares some similarities with tensor compression techniques in the
current literature and can be utilized for compressing a large exponentially sized tensor into
a low-complexity hierarchical tensor, our focus is primarily on an estimation problem instead
of an approximation problem. Specifically, we aim to estimate the ground truth distribution
p* that generates the empirical distribution p in terms of a TT, within a generative modeling
context. Assuming the existence of an algorithm A that can take any d-dimensional function
p and output its corresponding TT as A(p), then one would expect that such A could

minimize the following differences:

pr=Ap) = pr-ApY)  + AR - AD)
——— N————
approximation error estimation error

In generative modeling context, the empirical distribution p is affected by sample variance,
leading to variance in the TT representation A(p) and, consequently, the estimation error.
Our method is designed to minimize this estimation error.

In contrast, methods based on singular value decomposition (SVD) [169] and randomized
linear algebra [166, 190, 197, 155] aim to compress the input function p as a TT such that
A(p) = p. Using such methods in the statistical learning context can result in an estimation

error of A(p*) — A(p) ~ p* — p which grows exponentially with the number of variables d
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for a fixed number of samples.

Here we summarize our contributions.

1. We propose an optimization free method to construct a hierarchical tensor-network
for approximating a high-dimensional probability density via empirical distribution in
O(Ndlogd) complexity. The proposed method is suitable for representing a distribu-
tion coming from a spatial random field.

2. We analyze the estimation error in terms of Frobenious norm for high-dimensional

log d
tensor. We show that the error decays like O(C\/Ogﬁ) for some constant c that depends

on some easily computable norm of the reconstructed hierarchical tensor network.

The work is organized as follows. In the next section, we introduce notations and tensor
diagrams in this paper, respectively. In Section 4.2, we present our algorithm for density
estimation in terms of hierarchical tensor-network. In Section 4.3, we analyze the estimation
error of the algorithm. In Section 4.4 we perform numerical experiments in several 1D and

2D Ising-like models. Finally, we conclude in Section 4.5.

Notations
For an integer n € N, we define [n] = [1,2,---,n]. For two integers m,n € N where
n > m, we use the MATLAB notation m : n to denote the set [m,m +1,--- . n].

In this paper, we will extensively work with vectors, matrices and tensors. We use
boldface lower-case letters to denote vectors (e.g. ). We denote matrices and tensors by
capital letters (e.g. A). Let Z and J be two sets of indices, we use A(Z,J) to denote a
submatrix of A with rows indexed by Z and columns indexed by J. We also use A(Z,:) or
A(:, J) to denote a set of rows or columns, respectively. Similarly, we use A(Z,,:) to denote
a set of first dimensional array indexed by Z for a three-dimensional tensor A. To simplify

the notation for matrix multiplication, we use : to represent the multiplied dimension. For

instance, A(Z,:)B(:,K) = Zjej A(Z,5)B(j,K).
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Besides, we generalize the notion of Frobenius norm || - || such that for a d-dimensional

tensor p, it is defined as

IpllF = > p(x1,.. ., 2q)% (4.2)

x1€[Nn1], g€ [Ny
When working with discrete high-dimensional functions, it is convenient to reshape the
function into a matrix. We call these matrices as unfolding matrices. For a d-dimensional
density p : [nq] X [ng] x--- % [n4] = R for some ny,--- ,ny € N, we define the k-th unfolding
matrix of a d-dimensional function by p(x1, -, xp; i1, -+ ,24) or p(x1., Th11.4), Which

can be viewed as a matrix of shape H§:1 n; X Hg:k:—l—l n;.

Tensor Diagrams

To illustrate the method, we use tensor diagram frequently in the paper. In tensor dia-
grams, a tensor is represented by a node, where the dimensionality of the tensor is indicated
by the number of its incoming legs. We use circle to represent a node in the following tensor
diagram. In Figure 4.1(A), a three-dimensional tensor A and a two-dimensional matrix B
are depicted in the tensor diagram, which can be treated as two functions A(iy,i9,3) and
B(j1, j2), respectively. Besides, we use bold line to illustrate that the specific dimension has
a larger size compared to other dimensions. Thus the number of 73 is essentially larger than
the number of i1 or i9 and the same property holds for j; compared to jo in Figure 4.1(A).

In addition, we could use tensor diagram to represent tensor multiplication or tensor
contraction, which is able to provide a convenient way to understand this operation. In Fig-
ure 4.1(B), leg i3 of A is joined with leg j; of B and this supposes implicitly that the two legs
have the same size, represented by a new notation k. This corresponds to the computation:
>k A(ir,i9,k)B(k, jo) = C(i1,12, j2). Besides, reshaping is another significant operation of

tensor. In Figure 4.1(C), we demonstrate reshaping by combining the first two legs of tensor
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A (i1 and i9) into a new leg with a size equivalent to the product of the sizes of i1 and is.
This procedure converts a three-dimensional tensor into a two-dimensional matrix. This is
illustrated in Figure 4.1(C). More specifically, to emphasize the large size of the combined
dimensions, we use a bold line in the right diagram of Figure 4.1(C), with index i1.5, which
follows the notation introduced before.

Further background about tensor diagram and tensor notations could be found in [163].
An example is depicted in Figure 4.3 and this would be explained in detail in the next

section.

(a) Tensor diagrams of 3-dimensional A and 2-  (b) Tensor diagram of tensor multiplication.

dimensional B.
4@ » ll 2{:@ » tl 2 A i

) Tensor diagrams of reshaping.

Figure 4.1: Tensor diagrams examples.

4.2 Density Estimation via Hierarchical Tensor-network

In this section, we estimate a discrete d-dimensional density p from the empirical distribu-
tion in terms of a hierarchical tensor-network. For convenience, we assume d = ol , and
we partition the dimension in a binary fashion to construct our hierarchical tensor-network,
although the proposed method can be easily generalized to arbitrary choice of d. We as-
sume p : [n1] X [ng] X -+ X [ng] — R for some ny,--- ,ng € N. Given N i.i.d samples
from the density p, our objective is to approximate the density using a hierarchical tensor

representation.
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4.2.1 Main Idea

We start with a simple example to illustrate the main idea. Suppose a density only has two
variables p(x1,x9) and rank(p) = r. We can obtain a decomposition of p via the following
procedure: We first determine the column and row spaces of p as pi(z1,71) and pa(x2,72),
71,72 € [r], then we determine a matrix G € R"*" via solving the following equation for all
x1,To:

p1(a1,:)Gpa(ra, )T = pla, x9), (4.3)

which in turn provides a low-rank approximation to p. For high-dimensional cases, we can
recursively apply this binary partition to determine a hierarchically low-rank tensor-network.

More specifically, let [ = 0,..., L be the levels of the hierarchical tensor-network. At
each level I, we cluster the dimensions [d] into 2! parts and k € [2!] is the index of nodes per

level. Clusters of each level are defined as C](p (k — 1)( ) +1: k( ) for k € [2/], and
(0)

thus they partition [d]. The main idea is to solve for the nodes G} at each level via a set of

core defining equations:

@ DGO A @), )T = 0@ D, 50, 59 € 1),

P (@2 )G A @D, T = pN (@ 7 500 500 e 7 V) k€ (2,
[ l -1 ~(l—1 l l -1 l ) ~(1-1 ~(l—1 ~(]— _
P @y )GV G A S )T = e V@) T A ) A e Pk e 2177,

L L L— L— L L L— L L) ~(L— ~(L— ~(],— _
P (@ G EI s 3 E S (D) T = pEmD () D) 5By S g m(ED) e (2,

G(L) (L) k‘ c [2L]

(4.4)

The above equations (4.4) are the key equations in this paper. Here pgo) = p and I]il) =

H'ECU) [n;] is the set of all possible values for ) for k € [21],1 € [L]. Similarly, we
1=t k
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@ _ _ :
denote J,’ = Hz’e[d]\cg) [n;] as the set of all possible values for ac[d]\cl(cl) for every k,l. For
(L) (L)

convenience, we denote G, = p; " for k € [2L] in the last level. The core equations

could be depicted directly via the tensor diagram in Figure 4.2, following the pattern in
(1)

tensor diagram Section. Here clusters C,.’ satisfy the following relationship between two

levels: C](Cl) Cél,:ll) UC(Hl) and furthermore, I() Iél]jl) X I(Hl) holds for k € [21],1 €

[L — 1]. Then pli)(I]gl) %g))ﬁg) e [f(D] is obtained by reshaping the first two indices

of pO(ZH) 7+ 50 (0)

o—1:Lor sV ). We use p;~ to represent the two-dimensional form unless we

emphasize the third index of it.

e { Yooy =

Figure 4.2: Tensor diagram of core defining equations (4.4). In order to go from left hand
side to right hand side, we use the reshaping operation in Figure 4.1(C) to reshape the

dimension (x (l+1)7 (1+1)) of pglg | into x (l) and reshape the dimension (m (l+1) (1+1))
Cin—3  Cap—s 1 Can—1 Ca
()

of pyy. into xcélk)

(1)

We now state an assumption for the unfolding density p,~ that guarantees that each

(i)

equation in (4.4) would have solution G}

Assumption 5. We assume Range (pgk): 1) D Range (p](gl U(I;Q_l;lél]g,ig_l))) and

Range (péﬁ) D Range <p§€l 1)(22(2;I§271,’y](€l_1))>, respectively, for k € [2Z_1] and | € [L].
Assumption 5 in turn gives us the following theorem, which guarantees a hierarchical

tensor-network representation of p in terms of {G } k1, as depicted by a tensor diagram in

Figure 4.3.

Theorem 5. Suppose Assumption 5 holds, then {{G } 1}le0 in (4.4) gives a hierarchical

tensor-network representation of p.

Proof. Based on Assumption 5, we have Range(pgo) (Ifl);Iél), %0))) C Range(pgl)) and

Range(pgo)(lél);ﬁl),%O))) C Range(pgl)), therefore the equation defining Ggo) in (4.4)
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(1) (1)

admits a solution, which comes from taking the pseudo-inverse of py, py 7, i.e.

N T ~ T
G§°><:,:,v§°)> = (p§1)> p§°><:,:,v§°)> (pél)T) ,ﬁo) e [1],

Now we already construct a representation of pgo) = p based on pgl), pgl) and Ggo), after
(1)

(0) (1)

solving the equation involving G;” in (4.4). Furthermore, we could express p; " and p,

in terms of G(ll),p?),pg) and Ggl),pg),pf) by solving the equations for Ggl) and Gél) in
(4.4) (which again admits solutions due to Assumption 5). By recursing this procedure on

I
ng) , pg), pi(f) , pf), and the lower level {{pg)}%:l}lL:?y we obtain a tensor-network represen-

tation of p in terms of {{G](Cl)}ilzl}leo-

Figure 4.3: Tensor diagram of the hierarchical tensor-network representing an 8-dimensional
density p.

At this point there are two issues that need to be addressed in order to use (4.4) to
determine the tensor cores {Gg)} k- The first issue is on how to obtain the range plgl) at
each level. The second issue is that while one can determine the cores {Gl(gl)} ) Via (4.4), in
practice it is challenging to estimate the exponential sized coefficient matrix {p](j)} 11 (More

specifically, it scales as \I]g)], exponential with respect to |C](€l)]) via only finite number of

samples. To this end, we need to reduce the size of the system in (4.4).
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We deal with these two issues as follows:

(0)

e Obtaining p,": Inspired by how one “sketches” the range of a matrix in randomized

linear algebra literature [166, 190], we define

@) =@ g0 a0 A0, 50 e # ), (15)

70, 70

which has size |I]gl)| x #(1) and sketches the range of matrix p(Z ) via multi-

plying it with sketch function Té ) <*7k( )’:Vl(g) ). It is desirable if the sketch function
can capture the range: Range(pgj)(flil)ﬁ](cl))) = Range(p(Z,, 7. \7]5 )) ( )(j( ), ())) =

Range(p(Zlgl); jk(l))). The choice of sketch function will be discussed in Section 4.2.3.

e Reducing the number of equations: Note that the system of equations in (4.4) is
over-determined, as each G](j)(:, 3ﬁ/(fl>) is of size at most 7T x #+1)  Therefore in
principle, one can reduce the rows and columns of each equation in (4.4) such that each
equation involves only FIH1) 5 7#(141) coefficient matrices. This can be done by applying
sketch function yet another time. In particular, we apply Sél]gil(Iélk)il, 552,1) and
Sélk? (I;Q, ﬁélk)), Délk)_l, ﬁélk) e [7U] to both sides of the equations in (4.4) which results

in the following equations:

40

~(l - ~(l— ), ~( -1),~(1 ~() ~(— ~(I— ~(l—
O G0 3G 5D AD R, )T — BN 50 500y 507D ¢ -y

2%—1)Uk k 2k—1" Y2k Tk

(4.6)
for k € [2171],1 € [L] where

AV 50y = s GOl 50y — gD 5N 7Oy (7 8 50,

and

1) ~(+1) ~(1+1 1+1) (7 (14+1) ~(1+1 1) (1) (1) oD (7 (1+1) ~ (141
By 7 30 = sy @ I ) @ T A0 s @Y o).

(4.8)
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(=1, . (=1

At this point, one can solve for G, "/(:,:,7; ) in (4.6) via pseudo-inverse

U3y = (A B 3 DT e i1 e (1,
V@t ) =@t A ke R (49)

The equations with reduced size could be shown via the tensor diagram in Figure 4.4:

O oD T T NORE
"o :_:yzk—l/s(_l)\ Chi-y p-D Ch @ Yo 4

Figure 4.4: Tensor diagram of reduced core defining equations (4.6).

The following theorem guarantees that the solution (4.9) to the reduced system of equations

gives a tensor-network representation of p.

Theorem 6. If Range (p(I,il); Jk(l))T,il)) = Range (p(I,gl); j,g”)) and Range <p(I]gl); jk(l))TS](J)> =
Range (p(I]E:l); jkgl))T> for ke 21,1 € [L], then {{Gg)}gzl}f:o defined in (4.9) gives a hi-

erarchical tensor-network representation of p.

Proof. We first show that {G,gl)} in (4.9) gives a solution for (4.4), with the definition of pg)

in (4.5): p](fl)(I(l) ﬁ](fl)) = p(I(l) jk(l))Tlgl)(jk(l),ﬁ]g)). This could help to establish (4.9) as a

koo ko
tensor-network representation of p via Theorem 5.

To begin with, we show Range (Ag)T) = Range (pl(j)T) for every k, [, indicating that

the row spaces of Al(fl) and p(l) are the same. This is due to the fact that Range <p(l)T>

k k
(T T (T

= Range (Tk p(I]gl); jk(l))T> = Range (Tk p(Ik(;l); jk(l))TS,il)) = Range (Ak ) The
first and last equalities are based on the definition of p](cl) and A](j) , and second equality is due

to the assumption of the statement where Range (p(I](fl); jk(l))TS]il» = Range (p(I]il); jkgl) )T>
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and applying T}"" to the row space does not change the range. Thus G](fl_l) defined in (4.9)

satisfies equality p;l]zilGl(fl_l)(:, :,’yg_l))pglgT = pl(fl_l)(:, :,’yg_l)) for ’yl(fl_l) € [f(l_l)].

We have shown that {G](j)} in (4.9) is a solution to (4.4) when {pg)} is defined in
(4.5). The proof can be concluded if we further show {plgl)} in (4.5) satisfies Assump-
tion 5, hence Theorem 5 can be directly applied to show {G](Cl)} gives a representation of
p. For a specific choice of k& and [, Range (p;llz_1> = Range (p(Iélk) 1’*72(k) DT Q(Q 1) =
Range (p(Iéic)—i? J 2(1?—1)> =
Range (p(IéQ_l;ng), jk(l_l))> D Range (p(IéQ_l;ng)ﬁ]({l_D)) where the first equality is
by definition (4.5), second equality is due to the assumption of the theorem, the third

equality is due to the fact that J. 0 - _ Iélk) X jkgl_l) and the first inclusion holds since

2k—1
o) 70 50D (1)

on—15Logs Vg ) is formed from applying the sketch function 7| X to the columns

of p(IQ(Q_l;ISQ,j]glil)). Similarly, Range(pg]z) D Range (p(IéQ;ZéQ_l,f}g*l))), thus As-

sumption 5 is satisfied. O

Now, f(l),l = 1,..., L depends on the number of sketch functions chosen. As we tend

to choose a large set of sketch functions in order to capture the range of p(Z, () jk( ))

(T

and p;’" properly, this gives rise to three issues: (1) from a numerical standpoint, one
may run into stability issue when taking the pseudo-inverse of a nearly low rank ma-
trix. If p(Z, 7. jk( )) is nearly rank r) < #(!), then one would expect Ag)(ﬂg),’y}j)) =
S,gl)(I]gl),ﬁ]gl)) (T 7. \7](5 )) ()(j( ), ()) to be also nearly rank r() < #(). Taking the
pseudo-inverse of Ali) can cause instability (2) From a statistical standpoint, it is challeng-
ing to estimate {Ag bk, and {B } k1, the moments of p, from a fixed number of samples in
p when #(1) i large. (3) From a computational viewpoint, large #) causes large Gé), leading

to high complexity in storing and deploying the hierarchical tensor network. In order to solve

these issues caused by over-sketching, we introduce a trimming strategy in Section 4.2.2.
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4.2.2  Trimming

In practice, we often apply a low-rank truncation to each Ag). Let A(kl) — P (A,(Cl)), where
P (+) provides the best rank-r () approximation to a matrix in terms of the spectral norm.

Then we could solve

P @AY AU 5P (AT = B 50Uy S @ Ny ke oY) e (1)

(4.10)

instead of (4.6). The following proposition shows why this could be feasible:

Proposition 1. Under the assumption of Theorem 6, if rank (p(IIE:Z)3‘7kEZ))> — () < )

for k€ 2,1 € [L), then P (AV)) = AV,

Proof. For every ke 2]l e [ ), since Range (p(z}; 7\")1}) = Range (p(z}; 7))
and rank (p(Z{ )) P < 70, then rank (1) = r®). Similarly, rank (s{) =
() based on Range (pTV; 7 (”) — Range <p(zlg”;j,§”)T). Furthermore, A!!) =
SO ) jk:l))

(g ) e RT( i i (4.7) is also of rank r@). Therefore, P ¢ (AL) = A due to the
fact that P ) (-) provides the best rank-r{!) approximation. O

For A](Cl) with exactly rank r(l), the projection P _)(+) in (4.10) seems vacuous following
Proposition 1. However, this becomes crucial when A](Cl) is estimated from empirical moments,
whose rank is higher than r(l), as mentioned in the end of last subsection. Now the solution

becomes

- (- [ (- [ (-
A ena ) = (Pog)l ) BT 6aA ) (Paagd) A e )

(4.11)
for k € [2/71],1 € [L]. Let the right singular matrices of P (Ag]z_l) and P () (A( )) be
VQ(/?—I’ VQ(]? e R Since the range of G(l 1)( ,',’y]il*l)) is given by VQ(k)—l’ VZ(I?’ one
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can have a reduced size tensor-network with rank {T(l)}l via defining

- I— DT ~(— ~(I— l 1-1) ~ (1= - I— -
G ™= Y (AT AT ) W ET A e ),

Vel
(4.12)

for k € [2!=1,1 € [L]. Besides, we have a similar definition of C’]gL) in the last level:

@) A0 =P @ v ) ke 2h. (4.13)

!
The set of nodes {{C]E,l) }%:1}{’:0 gives rise to a hierarchical tensor-network in Figure 4.5,

via inserting VQ(Q_lvz(]?_Tl, VQ(]? VQ(]?T for the corresponding G](fl_l) in the hierarchical tensor-
network and regrouping the components, as shown in Figure 4.5(A). To highlight that the
smaller size of C](P compared to Gl(fl), we represent legs of C’](J) with thin lines and legs of Gg)
with bold lines. In the following sections, we use this trimmed hierarchical tensor-network

in Figure 4.5(B) as a representation of probability p.

(a) Insert Vk(l)vk(l)T and regroup the Components (b) Trimmed hierarchical tensor—network fI“OIn

in the hierarchical tensor-network. simplifying the representation with new vari-
ables.

Figure 4.5: Tensor diagram of trimmed hierarchical tensor-network.
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4.2.8  Choice of Sketch Function

In this subsection, we introduce the choice of sketch function {S } )., and {T } ) 1- There
(1)

are two criteria for such a selection. (1) Since each A, is a collection of moments, one needs

to be able to efficiently estimate Ag)

from the empirical distribution p. (2) T]il) needs to
capture the range of p( ( ). jkg )) and furthermore, S,(fl) needs to capture the row space of
p(I](C ); jk( ) ), as the assumption in Theorem 6.

We deal with the choice of basis via using a cluster basis, which is successfully imple-

mented in atomic cluster expansion [58, 61]. Starting from a single variable basis set {¢;}1_;,

we construct the cluster set of one variable:
n
1
BY = (J | U (o3, ()} | - (4.14)
ig, =1
and cluster set of two variables:
n
B* = U | U {0, k), (@)} ) (4.15)
(k17k2)6([g]) Zk1,2k2:1
and cluster set of ¢ variables in general:
n
d
Bt7 = U U {(bzkl (xkl) T ¢ikt (ZL’k.t)} : (416>
(ki eoeskir) € (1) Ny ik =1

Commonly, {¢;}"_; are chosen as a set of orthonormal basis functions for convenience.

The way that we apply the sketching function is straightforward. We define

N, - Q% D, = _ie®
s oy emtiee’| 7 51y e ga-lci’| (4.17)
where clusters C]il) = (k — 1)(22—?) +1: k(Q—l) for k € [21],1 € [L], as defined previously
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in Section 4.2.1. Therefore, to obtain A](Cl) in (4.7), we evaluate S( )( 17]2)) T R
k
(I )( (1 ) PAL ))

for all possible choices of N0 to obtain the sketch matrix S, (Z,
k

, and evaluate

T4 e

X A to obtain the sketch matrix

— R for all possible choices of z
[d]\cg) ) (1)

Tél)(Jlgl),’yS)). In practice, when we estimate A,

dney”
from empirical distribution p we do

(0)

not need to consider all possible values of x l) x ) when forming A, ”, but only those

d)ey

in the support of p. Therefore, we only need to evaluate the sketch functions N times.

We again use Sélk)il(IéQil, 175271),552 (Igg), élk)) nd T( )(jél_l),’yg_l)) together with

p@) T 77Y) o obtain BV in (4.8).

Under this construction, sketch index set {ﬁ]gl)} has cardinality (|C’§)‘)nt, significantly
larger than true rank r(0) of (T, 7. *7/5 )), especially in the case when cluster size \C](CZ) | is
large. As a result, the sketch may be substantially oversized, which can in turn create
difficulties in the subsequent trimming step.

To solve above issue, we develop randomized cluster basis following randomized singular
value decomposition technique [82]. For our problem, we assume that rank (p(I]gl); jk(l))) =
r() s small, so a sketch with only a modest number of columns is sufficient to capture the

~ U]
relevant column space. Let S ,E/,l)(-, )€ B(C| denote the original cluster basis. We define

the randomized basis

50w 7 = 800 W o) € 70) (4.18)

c®
€y, |)n <70

where W € ]R(

is arandom matrix and we assume that it has orthonormal columns
for convenience: (W (:,4), W(:,j)) = 6; j. Here we could choose 7 a dimension-independent

constant, slightly larger than true rank r() of p( () jk( ) ), to avoid oversketching issue
(1)

generated from original cluster basis. Besides, we assume cluster basis matrix S,

()

orthonormal columns as well. In the end, randomized cluster basis S},

columns: (S ), SW (e, ) = (S ¢ w (), 8P WG, 4)) = (W i), W, 5)) = 65

have

have orthonormal
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We repeat this procedure for T,gl)(-, ;") to obtain an orthonormal randomized basis in the
same way.

Another improvement is to construct the random coefficient W using a tensor-network
parameterization. Specifically, for each column W (: i), we model it either as a rank-one
tensor product or as a tensor-train representation with rank 7. This structured construction

can further reduce computational cost and improve overall efficiency.

4.2.4  Algorithm and Complexity

In this section, we summarize the steps for obtaining {C]gl)} k1> the tensor-network represen-

tation of a density p, in Algorithm 9.

Algorithm 9 Algorithm for hierarchical tensor-network estimation (algorithm denoted as
A())-
Require: Input p: [n1] X -+ x [ng] = R. Sets of sketch functions {S]il)}m and {T]gl)}k’l.

Rank at each level {r(!};.
1: for/i=1,---,L do
2 fork=1,---,2"1 do
3. Obtain p\”) in (4.5) with 7" and p, i = 2k — 1,2k.
4
5

)
Obtain AZ(Z) in (4.7) with SZ(l) and pgl), i =2k —1,2k.
Obtain B in (4.8) with ) |, & and p!' =1,

2k—1°
6: Trim A§2_1 and Agk) with rank () and solve for Gg—l) in (4.11) in terms of
-1) .
Y in (4.12).
7: end for
8: end for

9: Obtain C\*) in (4.13) for k= 1,--- 2L,

!
10: Return d-dimensional function represented in tensor-network {{C’](Cl)}]%zl}fzo as in Fig-
ure 4.5(B).

In practice, we apply this algorithm to empirical distribution p, which is constructed from
N independent and identically distributed samples. So p has at most N non-zero entries.

We denote rpax = max; #) and Tmax = maXlr(l) for convenience where Tpax > 7Tmax. For
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convenience, we assume cluster sketching order ¢ = 1 in Section 4.2.3. To calculate the

complexity, we assume that evaluating a function on a single entry is O(1). For each specific
k1, (k€ 2,1 € (L))

1. SZ.(I), Ti(l) can be computed in O(FpaxdN) time, ¢ = 2k — 1, 2k.

2. pgl) can be computed in O(7paxN) time, i = 2k — 1, 2k.

3. AEZ) can be computed in O(72,,N) time, i = 2k — 1, 2k.

4. B]gl_l) can be computed in O(73,,N) time.

5. P (AZ.Z)) can be computed in O(72,4 max) time, i = 2k — 1, 2k.

6. Gg_l) can be computed in O(F3, T max + FeaxTaay) time.

-1 . - - ~ .
7. C]g ) can be computed in O(rgaxrmax + rr%axr%ax + rmaxr%ax) time.

The number of k, [ is at most dlogy (d) in total. Note that the computation of sketching func-
tion in the first step can be implemented in a parallel way. Therefore, the total complexity

of this algorithm is

O (d log (d) (fr?laxN + fgaxrmax))

which depends linearly on N and near linearly on d.

4.3 Theoretical Results

In this section, we provide analysis regarding the estimation error. Denote p*, p, p = A(p) as
the ground truth distribution, empirical distribution in (4.1) and the tensor-network obtained

from Algorithm 9. Recall that the total error is given by

p*—Ap) =p" — Alp") + A(p*) — A(p), (4.19)
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where A is the proposed Algorithm 9.

We apply the following blanket assumption throughout the section.

Assumption 6. We assume the ground truth distribution p* could be represented by a hi-
erarchical tensor-network with rank {r(l)}lel and further, the assumption of Theorem 6 is

satisfied by p = p* with our choice of sketch functions.

In this case, no approximation error is committed when applying Algorithm 9 to p*, i.e.
A(p*) = p*. In practice, this may not be true, and we discuss such an error in Section 4.4
via numerical experiments. With such an assumption, the total error could be simplified as
p* — A(p) = p* — p, which is the estimation error caused by the sample variance in p. Our
goal is to prove the stability of ||p* — p||p in terms of N and d.

We summarize the notations in this section:

1. We denote G](j) — Gg)* if we input p* to A(+), and G,(fl) — C;'g) if we input p to A()

where tensor core G](Cl) is defined in (4.11).

2. We let A](Cl) — Algl)* if we input p* to A(+), and Ag) — /Al]({l) if we input p to A(-) where

A](Cl) is defined in (4.7).

3. We let B](fl) — Blil)* if we input p* to A(-), and B](Cl) — B](CZ) if we input p to A(+)

where B](gl) is defined in (4.8).

4. We let pg) — pg)* when p — p* where pg) is defined in (4.5). This encodes the ranges

()

of various unfolding matrices of p*. We also denote Py as estimated density at k-th

node in [-th level, following the recursion level by level in (4.20):

@t =@t ar ke 21,

pl = ) GUEDEIDT e 2171 e (1), (4.20)
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In the last level, ﬁ(kL) (IIEL), 1) reflects the sketched range of the empirical distribution

ﬁ(I]iL), jk(L) ), a good candidate of marginal density to recover the distribution based

on this hierarchical structure.

5. Weuse P (A( s ) and P (/Al]({l)) to represent the best rank-r(!) approximation matrix
)

of Alg) € ]Rr T(l) ( € R’:(Z)XFU), respectively. We recall notation rpax =
max; 7).

6. We use €4 to represent the maximum of the following Frobenius norm:e 4 = maxy, ; ||121](€l) —
*
IF

7. We use c4t, ¢ 41, €3, Cgt, Cp, ¢ @s the upper bounds of the following terms:

(AP 12 < earo (ProAD) Tl < e

t l (I
15872 < s, 1 (S47) 2 < gt Ip 1 < e 1By I < ek € 2.0 € L], (4.21)

We also use ¢, as an upper bound in the following: ¢, > ||p§0)*||F = [|p*|| p-
Here we summarize our main results in the following theorem:

Theorem 7. Suppose Assumption 5 holds and sketches are orthogonal, i.e. for each kI,

SU0), SV = 65, (M0, TV 5)) = 61, 0,5 € [FD). Then for any 0 < 6 < 1,

when ciﬁcpcﬁ + CATCP > 1, the following inequality holds with probability at least 1 — §:

27 mazd logy d
-~ log(="*5—2=)

5 — ¥l < C(% s cpes + 2, c2)l082d 0 4.22

Hp p”F_ (ATpp ATp) N ( )

202 2 2
where C‘ =3 /_fma:c (1 n Cﬁ(cm+260ATCATcp+60ATcATcp)).

42 A2
CATCpCp+CATCp 1
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Proof. By assembling Lemma51 and Lemmab2 in C.2, we have

2
CsRG
D r _ (2 2 231 d
I? p*H = Fp(0)€A (CATCpCﬁ + CATCP) e (1 i n

2 _
“p

1) €A, (4.23)

2 N 2
CATCPCP + cAJr

where kg = 0122” + GCATCzﬁCp + 6Czﬂcjﬂcp‘ By plugging upper bound €4 from Lemma 53

into (4.23), we have the following inequality holds with probability at least 1 — §:

27paxd logy d
15 = pllp < C(epes + 22 log, a108(T 5 ) 4.24
P =Pl < Cleqiepcp + Caip) VN ) (4.24)
= (%, 46¢ 3¢, cpt+6c2 . c o
where C' = 3+/Tmax (1 + 54t L A AV p)). -
¢ Lepcptce e —1
AT AT P

Inspired by [179], the theorem is aimed to bound the error in terms of the Frobenius
norm. In the following parts, we would provide two remarks about this theorem. Next we
show some preliminaries in C.1 and present the components including Lemma 51, Lemma 52,

and Lemma 53 in C.2.

Remark 2. We remark that the assumption ciﬂcpcﬁ + CiTc]% > 1 can always be satisfied by

a sufficient large choice of the constant c 4.

Remark 3. Furthermore, based on the fact that p* should be density, we could have bounds
for ¢y to simplify the result. More specifically, the sum of the absolute value of entries of
p* are 1 since p* is a density. Thus le(fl)*HF has the following upper bound: Hpg)*HF <
||p*T]§l)||F < ||p*||F||T]£l>||2 <1 for every k,l and therefore ¢, < 1. Besides, if ¢ < 1 also
holds, the simplified inequality holds with probability at least 1 — §:

1 oL < Cldo ) 2orad 2B 25720)
— At \/N )

(4.25)

- 2, 46¢ 12, +6¢% . ¢ ;
where C' = 3\/Tmaz <1 + A gTCQAT . At AT).
At
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If cp <1 < cp, then the following inequality holds with probability at least 1 — 4:

27 maed logs d
1 g(r_é&)

2logy d 2 1.26
) ), (120

15— p*||lF < C"d(c gtc5

2¢2 ., c2—1

2(.2 2 2
where C" = 3v/Tmag (1 + Cﬁ(CAT+6CATCAT+GCATCAT)> :
AP

4.4 Numerical Results

In this section, we demonstrate the success of the algorithm on various one-dimensional and
two-dimensional Ising models. ! We recall notation p*, p, p = A(p) as the ground-truth
distribution, the empirical distribution and the tensor-network represented distribution, re-

spectively. We can compute the relative error with respect to p*:

_1p=#"lr
T

For the choice of sketch function in Section 4.2.3, we are concerned with Ising-like models

where n = 2.

4.4.1  One-dimensional Ising Model

Ferromagnetic Ising model
We consider the following generalization of the one-dimensional Ising model. Define p* :
{-1,1}Y - R by

d
pH(1, e xq) ocexp(=B Y Jijmiay)
ij=1

1. The implementation of hierarchical tensor sketching can be found at https://github.com/IvanPen
g0414/Hierarchical-Tensor-Sketching.
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where § > 0 reflects the inverse of temperature in this model and the interaction coefficient

J;j is given by

(
—1/2, li—jl=1
Jij =4 —1/6, |i—j|=2

0, otherwise

\

giving interactions between both nearest and next-nearest neighbors. We first investigate the
error with respect to the number of samples (V) and show the resulting error in Figure 4.6 for
various temperatures. A typical distribution is visualized in Figure 4.9(A). The distribution
concentrates on two states, where one of them has entirely positive signs and the other has

all negative signs.

3.8 4 4.2 4.4 4.6 4.8
log10(N)

Figure 4.6: Error for next neighbor one-dimensional Ising model with d = 16. Blue, red, and
black curves represent cases with = 0.4, § = 0.6, and [ = 0.8, respectively. Dashed curve
reflects a reference curve O(N—1/2).

Based on the results obtained, it can be observed that the error decreases as \/LN’ which
satisfies the Monte-Carlo rate. Additionally, it is noticeable that the error is smaller in the
case of lower temperature examples. This can be explained by the fact that the distribution

is more concentrated at lower temperatures, giving less variance. Additionally, we plot the
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error v.s. d in Figure 4.7 with temperature § = 0.6 and N = 64000 empirical samples and

observe a mild growth with the dimensionality d.

Figure 4.7: Change of error with respect to d in one-dimensional ferromagnetic Ising model
with 5 = 0.6.

Antiferromagnetic Ising model

Another important case is the antiferromagnetic example, where the ground-truth distribu-

tion has the same form
d
pHa1, e xg) ccexp(=B Y Jimiay)
1,5=1
but the interaction coefficients J;; are positive valued:

(

1/2, li—jl=1
Jij=1941/6, |i—jl=2

0, otherwise

\
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Figure 4.8 showcases the results obtained by hierarchical tensor network. Again, the error
decreases in terms of N at a rate of 1/ V/N. However, when compared to the ferromagnetic
Ising model, the error is larger. To gain a better understanding of this difference, we could
visualize the empirical distribution. In Figure 4.9, it is evident from the antiferromagnetic
type distribution that it is less concentrated and has more small local peaks compared to
the ferromagnetic example at the same temperature, thus more samples and more detailed
sketches are required to accurately recover the antiferromagnetic case. Additionally, the
distribution of antiferromagnetic Ising model concentrates on two states, each of which have
mixed +1 and —1 variables and are visualized in Figure 4.9. Furthermore, states around the
two main states occur with non-negligible probability. This could explain why the error of

antiferromagnetic Ising model would be larger than the one in ferromagnetic Ising model.

\og10(ep)

38 4 42 44 46 48
log10(N)

Figure 4.8: Error for next neighbor antiferromagnetic Ising model with d = 16. Blue, red,
and black curves represent cases with § = 0.4, § = 0.6, and 8 = 0.8, respectively. Dashed
curve reflects a reference curve O(N~1/2).
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(a) Ferromagnetic Ising model. (b) Antiferromagnetic Ising model.

Figure 4.9: The empirical distribution with N = 64000, d = 16 and 8 = 0.4 of ferromagnetic
Ising model (Left) and antiferromagnetic Ising model (Right). Four representative states are
included in the figure. "+" and "—" correspond to z; = +1 and x; = —1, respectively.

4.4.2  Two-dimensional Ising Model

The next example is two-dimensional Ising model. Here we only consider the interaction

between nearest neighbor. The probability distribution is given by the following:

d d
P*({wigtijetea) <exp | =B Y (Jajjwigj + Jijw j41)
=1 j=1

where 8 > 0. We consider periodic boundary condition in the problem, which means z; 4,1 =

ziq and xgyq j =14 fori,j=1,---.d.

Ferromagnetic Ising model

For the ferromagnetic Ising model we take J = —1. The left figure in Figure 4.10 displays
results for different numbers of samples at different temperatures, for a 4 x 4 Ising model,
while the right figure gives the results for an 8 x 8 system. Similar to the one-dimensional

Ising model, the error decreases in terms of N at a rate of 1/4/N. For two-dimensional
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ferromagnetic Ising model, we visualize five typical samples in example = 0.4 of 4 x 4
domain. In Figure 4.11, we find that samples from the distribution would concentrate on

two states: one state has all positive signs and the other has all negative signs.

4.3 44 4.5 4.6 4.7 48 4 41 4.2 4.3 4.4
log10(N) log10(N)

(a) 4 x 4 domain. (b) 8 x 8 domain.

Figure 4.10: Error of nearest neighbor Ising model in several temperature scenarios. Blue,
red, and black curves represent cases with § = 0.4, § = 0.6, and 8 = 0.8, respectively.
Dashed curve reflects a reference curve O(N -1/ 2). Left: 4 x 4 domain; Right: 8 x 8 domain.

Figure 4.11: Visualization of five samples in 4 x 4 ferromagnetic Ising model with 5 = 0.4.
Here "+" represents z; ; = +1 and "—" represents z; ; = —1 fori,j =1,--- 4.
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Antiferromagnetic Ising model

In this section, we study the antiferromagnetic two-dimensional Ising model. The probability

distribution can be expressed as:

d d
P({wigti et a) <exp | =B Y (Jaj jwigj + T jx j41)
=1 j=1

with J = 1. In Figure 4.12, five typical samples from this type of distribution are demon-
strated, which shows oscillatory sign pattern. This stands in contrast to the ferromagnetic
Ising model. Figure 4.13 presents the results obtained in both the 4 x 4 and 8 x 8 models.

The algorithm exhibits decent accuracy with a sufficient number of samples.

Figure 4.12: Visualization of five samples in 4 x 4 antiferromagnetic Ising model with g = 0.4.
Here "+" represents z; ; = +1 and "—" represents z; ; = —1 for 4,5 =1,--- 4.

Choice of rank

The choice of rank in this algorithm is crucial as it directly affects the model’s complexity,
i.e., the number of parameters in the model. Like many machine learning methods, there is
a trade-off when selecting the rank, the hyperparameters in this model: If the rank is too
small, the model may not be able to fit the distribution well due to a lack of representation
power. On the other hand, if the rank is too large, it may lead to overfitting which results
in a large estimation error.

To illustrate the impact of rank, we consider a 4 x 4 ferromagnetic Ising model with
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(a) 4 x 4 domain. (b) 8 x 8 domain.

Figure 4.13: Error of nearest neighbor antiferromagnetic Ising model with several temper-
atures. Blue, red, and black curves represent cases with § = 0.4, § = 0.6, and § = 0.8,
respectively. Dashed curve reflects a reference curve O(N -1/ 2). Left: 4 x 4 domain; Right:
8 x 8 domain.

B = 0.2. Our first experiment is to study the effect of rank at the top level 7“50) (rank
of Ggo)) on the estimation error with a fixed number of samples N. We compare the error
ep = |D—p* || p/llp* || p with the relative approximation error eapprox = [ AP*)—p*||r/|P*| F.
i.e. the error when we replace p with the ground truth p* when applying A(-). In Figure 4.14,
we show that the best rank that achieves the smallest error €, for each IV, increases as N
increases. When N is large, the error of A(p) is converging to the approximation error
€approx. We can explain this trend as follows: when NN is small, by introducing a bias error
via using a smaller rank, we can reduce the variance in estimation. In contrast, with large
number of samples, we can afford to use a large rank to reduce the approximation error.
Our second experiment analyzes how the error changes with respect to N for fixed ranks
at the top level. Using the same example as the first test, we depict the change in the total
error €, with respect to the number of samples for two choices of rank, 6 and 10, respectively,
in Figure 4.15. It is apparent that the relative approximation error is smaller with rank = 10
than with rank = 6. However, when we compute the estimation error (ep — eapprox), the

case of rank = 6 shows faster convergence. We can explain this observation using the bias-
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Figure 4.14: The influence of truncated rank in top level on error in 4 x 4 ferromagnetic Ising
model with 8 = 0.2. The approximation error €approx is shown in the line with circle marker;
errors of empirical distribution with N = 16000, N = 32000, N = 64000 and N = 128000
are shown in line with square, star, diamond and cross marker, respectively.

variance trade-off. The bias error is reflected by €approx, which depends solely on the model
complexity and problem difficulty. In this figure, although rank = 10 provides smaller bias
error, the total error is larger than the rank = 6 case when number of samples is small. This
again shows that with limited number of samples, one might want to commit a bias error to

reduce the variance in the estimator p = A(p).

4.5 Conclusion

We present an optimization-free method for constructing a hierarchical tensor-network that
approximates high-dimensional probability density using empirical distributions. Our ap-
proach involves sketching techniques from randomized linear algebra to form the tensor-
network, with a computational complexity of O(Ndlogd). We further demonstrate the

success of the algorithm in several numerical examples concerning Ising-like models.
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Figure 4.15: Change of error with respect to number of samples for two choices of rank in top
level in 4 x 4 ferromagnetic Ising model with 5 = 0.2. The benchmark line given by relative
approximation error is shown as red and blue dashed line for rank 6 and 10, respectively.
The convergence curves are shown as red and blue star lines for rank 6 and 10, respectively.
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CHAPTER 5
OPTIMIZATION-FREE DIFFUSION MODEL

5.1 Introduction

Generative modeling, one of most active areas in machine learning, aims to learn the un-
derlying data distribution from samples so that new samples can be generated that closely
resemble the original dataset. Among the leading approaches, diffusion models [104] have
emerged as a powerful framework. These models rely on estimating the score function—the
gradient of the log-probability density—to model and generate samples from complex dis-
tributions. More specifically, diffusion models typically learn the score function s(t,z) by

minimizing the following cost functional:

T
min/ / 1||3(t,x) — Vlog pi(2)||? pe (2)dzdt. (5.1)
(tx)Jo Jrd 2

Here, T is a chosen time horizon and p¢(x) is the law of x4 governed by the overdamped

Langevin dynamics:
dry = —VV (z)dt + /28~ 1dwy, @0 ~ po, (5:2)

where V' is a user-specified potential function, § is the inverse temperature, and wy is stan-
dard Brownian motion. This dynamic gradually transforms initial samples from the data
distribution pg toward a tractable base distribution p~o, which corresponds to the stationary

distribution of the process:

poo() = 7 exp( =BV (2), (53

where Z is the normalization constant.

Once the score function is learned, new samples can be generated by simulating the
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reverse-time stochastic differential equation (SDE) corresponding to (5.2), starting from sam-
ples generated from the base distribution pso (which approximates pp when T is sufficiently

large) [9] and then propagating backwards in time:
dzp_4 = (VV(JET_t) + Qﬂ_ls(T — 1, 57T—t>> dt + 26‘1dwT_t, TT ~ Poo- (5.4)

After evolving this process from t = T to t = 0, the resulting samples z( are the newly
generated data that closely resemble the original dataset.

To represent the score function s(¢,x) one usually employs neural networks, achieving
state-of-the-art performance in generating high-quality images, audio, and other complex
data types [203, 44, 204, 205, 152]. In terms of theoretical guarantees, several recent
works [128, 129] have shown that a small Ly error of the estimated score function implies
a small discrepancy between the distribution generated by the reverse-time SDE (5.4) and
the underlying ground truth distribution. In the neural network setting, it is often difficult
to rigorously justify the assumption of a small score estimation error due to the challenges
associated with non-convex optimization and the lack of guarantees on global convergence.
In this work, we address this issue by exploring an alternative approach aside of neural
networks, aiming to understand and quantify how accurately the score function can be esti-

mated based on the number of degrees of freedom in the perturbative regime.

Contributions

Here we summarize our contributions:

1. We propose an optimization-free and forward SDE-free approach for diffusion models.
Specifically, when representing the score function by eigenfunctions of the backward
Kolmogorov operator associated with base distribution (5.3), the score can be obtained

via solving linear systems. Furthermore, the coefficient matrix in the linear systems
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can be computed without relying on any forward SDE simulation.

2. We provide a theoretical analysis of the score estimation error using perturbation
theory, under the assumption that the underlying density is a perturbation of the
base distribution (5.3). We show that the score error can be bounded in terms of
perturbation scale parameter and the number of basis functions used to represent the

score.

3. We overcome the curse-of-dimensionality by projecting the score function onto the span
of a cluster basis, which is a sparse subset of the high-dimensional eigenfunctions of the
backward Kolmogorov operator. This basis captures low-order correlations between the
variables. The coefficients for the score function can be obtained using fast numerical
techniques for solving linear system in high-dimensional settings. As a result, the
overall computation cost is reduced to O(Nd? + Nyd?) cost where N is the number of
initial samples and V¢ is the number of time steps. We demonstrate the effectiveness of
our method on several high-dimensional Boltzmann distributions and real-world image

datasets, achieving favorable results.

Related Work

Diffusion models overview: Research on diffusion models has primarily centered
around two dominant formulations. The first approach is based on forward SDE simulation
[92, 200, 205, 202|, where a stochastic differential equation (typically an Ornstein—Uhlenbeck
process) is used to gradually diffuse data into noise. The score function is then estimated
by training a neural network. For example, the Denoising Diffusion Probabilistic Model
(DDPM) [92, 200] uses a pair of Markov chains to progressively corrupt and subsequently
recover the data, with the reverse process learned via deep neural networks. Score-based
generative models (SGMs) [203, 204, 219| apply a sequence of increasingly strong Gaussian

noise to the data and learn the corresponding score functions across time. The second
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formulation is based on flow matching [134, 140, 138|, which directly learns a time-dependent
vector field that couples the target and base distributions, rather than estimating score
functions through a forward stochastic process. Extensions of this approach include method
based on stochastic interpolants [7, 5, 6], which interpolate between distributions using latent
variables. For an overview of these methods, see [238, 28, 145]. Our work falls into the first
category, where the forward SDE is modeled as an overdamped Langevin dynamics with a
user-specified potential function. Importantly, the stationary distribution associated with
this dynamic is not restricted to the Gaussian case; instead, we generalize it to a broader
class of distributions that remain amenable to efficient sampling.

Other related works have also explored training-free diffusion models, but their underly-
ing philosophy differs substantially from that of the present work. Some of these methods
focus on conditional diffusion models and investigate how to leverage a pre-trained uncon-
ditional diffusion model to achieve strong conditional generation performance without any
additional training. For example, [241] introduces a flexible and adaptive energy function
to characterize the conditional density. The work [240] provides a general framework for
training-free guidance in the reverse sampling stage, including several existing approaches
such as [15], with the goal of improving sampling efficiency. In contrast, our work considers
a different representation of score function. Rather than relying on a pre-trained diffusion
model, we focus on reducing the computational cost of score estimation in a training-free
setting without introducing any pre-trained network.

Error analysis of score estimation: Many recent works have provided an error analy-
sis for score estimation in diffusion models when using neural network as the model class. In
terms of approximation error, [31] considers a local Taylor approximation of the score func-
tion using neural networks, focusing on data supported on low-dimensional linear subspaces.
The work demonstrates that a simplified U-Net architecture with linear encoder and decoder

can achieve an efficient score approximation. In a different direction, [162] develops the theo-
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retical foundations for score approximation when the initial density lies in a Besov space. In
terms of statistical error, [18] analyzes the Rademacher complexity of neural network classes
for score representation and [31, 162] provide nonparametric statistical perspectives on this
type of error. In terms of optimization error, [83] studies the optimization guarantees for
score estimation using two-layer neural networks. Additional related works are surveyed in
the comprehensive overview [32|. In contrast to these approaches, our work is completely
based on linear regression, thereby avoiding the intractable optimization error often asso-
ciated with complex neural network architectures. Furthermore, we leverage perturbation
theory to provide a clear and rigorous analysis of the approximation error, providing a new
perspective on score estimation.

We conclude this section by outlining the organization of the work. In Section 5.2, we
introduce the main idea behind our method, explaining how the score function is represented
using a set of eigenfunctions. Section 5.3 provides a detailed explanation of our approach for
single-variable distributions and Section 5.4 extends the discussion to the high-dimensional
case, where we incorporate additional techniques to surmount the curse of dimensionality.
In Section 5.5, we present a theoretical analysis of the approximation error based on per-
turbation theory. Section 5.6 contains our numerical results, which include both synthetic
examples from Boltzmann distributions and real-world data such as the MNIST dataset.

Finally, Section 5.7 concludes the work.

5.2 Main Idea

In this work, we propose a new perspective on diffusion models that relies entirely on
numerical linear algebra, rather than neural network representations, thereby yielding an

optimization-free approach. Specifically, we represent the score function as an expansion in
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a set of basis functions {f;}.cs where S is a chosen index set:

sO(t,0) = 3 (@) fr(w) = B0V (@) = (D) f(w) - B0,V (x),  (5.5)
keS

where s(1)(t, z) is i-th component of the score s(t, ) and c](j)(t) are the corresponding time-
dependent coefficients. Note that, according to (5.3), the ground-truth score function in the
limit ¢ — oo is s(00,z) = V1og poo(z) = —BVV (z). Thus, the advantage of including the
term —SVV (z) in (5.5) is that the corresponding coefficients cg) () naturally decline to zero
as t — oo, simplifying the score estimation for large ¢.

To estimate the score function, the objective in (5.1) can be equivalently reformulated

using integration by parts [104] as:

min / ! L, (%ns(t,x)n? +div<s<t,x>>) pr(w)dadt, (5.6)

which is often more convenient for optimization. Given a time grid tgrq C [0,77], the
minimization problem in (5.6) reduces to independently minimizing the coefficients ¢ (t)

for each time ¢ € {459 and each dimension index i:

win 5 37 o)) 0) [ (o) fila)fo )

()2 ki eS

=3 A0 [ o) Ons i) = 852100,V () 57)

keS

For simplicity, we denote by A(t) € RISXISI and 50 (z) € RISIX1 the matrices:

pe®) = [ o) @z, b0 = [ o) (00, (o) ~ B0V (@) de. (59
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The optimization problem (5.7) becomes

1 .

min _ —c b() (¢ 5.9

@) ()eRISIx1 2 Q (5.9)
whose solution satisfies the linear system A(t)c() () = —b()(¢). To simplify the notation,

we aggregate the solutions for all dimension indices into a single linear system:
A)C(t) = —B(t), (5.10)

where C(t) = [V (1), -+, D(1)] € RISXD and B(t) = pW (1), --- 6D (1)) € RIS¥ By
repeating this procedure for all ¢ € 449 and each dimension index ¢, we complete the
computation of the score function s(¢,x). We refer to our approach as optimization-free
because solving (5.10) can be efficiently handled via standard linear system solvers, without
the need for iterative optimization methods such as gradient descent.

The remaining task is to efficiently compute A(#) and b()(¢) in (5.8). A common approach
is to estimate the integrals inside A(t) and b()(¢) via Monte Carlo integration, using samples
x¢ generated by the Euler-Maruyama scheme (or other numerical SDE methods) applied
to (5.2). This method incurs a dominant computational cost of O(NN¢|S|?), where N is
the sample size and Ny is the number of time steps. In contrast, we propose an alternative
approach that avoids generating z; at each time t, allowing us to compute the required
integrals more efficiently and significantly reduce the overall computational cost.

Here we provide the intuition of our approach. Note that the overdamped Langevin

dynamics in (5.2) is associated with a backward Kolmogorov operator
L=-VV(z)-V+ 1A, (5.11)

whose adjoint operator, known as the Fokker-Planck operator, describes the time evolution
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of probability density p(z):

Oipi(x) = L¥py(w),  where L¥p(x) =V - (VV (2)pr(2)) + B~ Api (). (5.12)

Therefore, if we choose the basis functions {f;}rcs as the eigenfunctions of the backward

Kolmogorov operator L:

Lfr = Ak

the integration of these eigenfunctions w.r.t. the time-evolving density p¢(z) is straightfor-

ward:

[ fe@ate = [ 5@ ttaide = [ po(@re fyla)de = [ gl

(5.13)
where )\, is the corresponding eigenvalue. Given data samples {:C }N from the initial dis-
tribution pg(z), the integral [ fi.(z)po(z)dx in the right hand side of (5.13) can be approx-
imated via Monte Carlo integration as N S =1 fi:(zU)). This allows us to approximate the
integrals involving p¢(z) through (5.13), without simulating the forward SDE as is generally
done. In order to efficiently exploit equation (5.13) in the computation of the integrals inside
A(t) and b (¢), we project the product fr(x) fir (x) and derivatives O, fi. () — B fr.(2) 0,V (x)

onto the span of eigenfunctions { fx}.cs, i-e.

D) = S @), i) = S ol @), 0 v@) = 3 o i)

leS’ leS’ les’
(5.14)

Then we are able to compute A(t) and b (t) following (5.13):

Alt) = 3 ™M) [ anpnonis = 3 N [ oo, (515)

les’ les’
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0 = [ S o P -8 3 o o) | pole)da

les’ jes’
= / S o M i) 830 4 S w P i) | pola)de
les’ jes’ lesS’
= > o™ [ p@i(e)ds -5 Y (3 ol e [ fiwmiads. (.10
leS’ le§" jes’

The choice of the new set S’ depends on the base distribution and its associated eigenfunc-
tions, ensuring that the representation in (5.14) holds with low or even no interpolation
error. Importantly, Monte Carlo integration is required only once using pg(z) at the ini-
tial step, and the resulting quantities can be reused across all time steps ¢t. This strategy
significantly reduces computational complexity compared to conventional simulation-based
methods, where we describe our method as forward SDE-free.

We summarize our optimization-free and forward SDE-free approach for learning the
score function in the following Algorithm 10. Then later in Section 5.3 and Section 5.4, we

elaborate on the implementational details of Algorithm 10.

121



Algorithm 10 Optimization-free Diffusion Model

1: Input: Initial data {x(j)}é-v:l sampled from pg. Time-grid tgiq € [0, T7.

2: Select base distribution: Select a base distribution in (5.3).

3: Compute eigenfunction: Compute associated eigenfunctions of (5.11) and choose a
set of eigenfunctions { fi. }res for score representation.

4: Solve for Score: Compute integral { [ fi(z)po(z)dz} g via Monte Carlo integration
{% Zé\le fk(x(j))}kesz. S’ is the set for expansion in (5.14).

5: for t € tgyiq do

6: Compute coefficient A(t) in (5.15) and B(t) in (5.16).

7: Solve linear system in (5.10).

8: Compute score function s(¢, z) in (5.5).

9: end for

10: Output: Score function {s(t, z)}ret -

One of the key tasks in Algorithm 10 is to choose the base distribution and a rich but
small subset of the corresponding eigenbasis. Furthermore, efficiently solving the score is
important to make the algorithm feasible for high-dimensional problem settings. In the fol-
lowing, we will give some examples of base distributions and the corresponding eigenbasis.
Crucially, in order to make the spectral decomposition of the score computationally acces-
sible in high dimensions, one needs to go beyond smoothness assumptions and takes other
hidden structures into account. To this end, we will exploit so-called locality assumptions

by expanding the score in a cluster basis.

5.3 Application of Main Algorithm: Single-variable Distribution

We will start by exemplifying the necessary steps of Algorithm 10 in the case of single-variable

distributions focusing on potential base distributions, eigenfunctions and the complexity of
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the optimization problem. All notions introduced here are also used in the multivariate case

and the single-variable setting is only to have a clean presentation of the ideas.

Examples for Base Distributions

The most commonly used base distribution in diffusion models is a Gaussian distribution,
described by the potential V(z) = %axz. The associated overdamped Langevin dynamic
is the Ornstein-Uhlenbeck process and the associated eigenfunctions are (properly scaled)
Hermite polynomials.

Alternatively, we consider a uniform distribution over the compact domain [—L, L]. It
turns out that by choosing the potential V(z) = 1 and imposing periodic boundary conditions
for the diffusion process, i.e. a periodic Brownian motion, the stationary measure of the
associated Langevin dynamics is the uniform distribution. The corresponding eigenfunctions
are trigonometric polynomials.

Further computation details can be found in [174].

5.8.1 Choosing a good Ansatz based on Figenfunctions

After choosing the base distribution and obtaining the associated eigenfunctions, we discuss
how to select an appropriate subset of eigenfunctions to achieve an accurate score represen-
tation. Recall that the expansion in (5.13) decays exponentially in time at a rate determined
by |Ar|, where all eigenvalues of the operator £ in (5.11) are non-positive. Based on this
observation, we sort the eigenfunctions in order of increasing |\;| and prioritize those with
smaller magnitudes, as they contribute more substantially to the representation. Thus, we
choose the index set S for eigenfunctions to include the |S| eigenfunctions corresponding to

the eigenvalues with smallest magnitudes.
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5.3.2  Computational Complexity

The key tasks in algorithm 10 is to solve the linear system to recover an approximation to the
score function. Building the coefficients of A and b for time ¢ = 0 is straightforward through
Monte Carlo integration which requires O(N|S’|) operations. To obtain the integrals at
later times we do the expansion in (5.14) and then compute A(t) and vector b(t) via (5.15)
and (5.16). For the two eigenfunction choices discussed above—Hermite polynomials and
Fourier basis—the expansions in (5.14) can hold exactly by using 2|S| eigenfunctions with the
smallest magnitudes for the expansion (|S’| = 2|S]): both the product of two eigenfunctions
and the derivative of an eigenfunction can be expressed as linear combinations of the basis
functions. Moreover, since V/(x) = ax in the Hermite polynomial setting and V'(z) = 0
in the Fourier basis setting, there is no interpolation error introduced in representing the
potential gradient in either case. Thus, computing the coefficients for the expansions in (5.14)
involves O(|S|?) operations.

For each time step ¢, evaluating A(t) and b(t) as in (5.15) and (5.16) also requires O(|S|?)
operations. Solving the resulting linear system (5.10) (Line 7 of Algorithm 10) using standard
methods likewise costs O(|S\3) Assuming a total of N; time steps, the overall cost for these
computations scales as O(N¢|S |3) In summary, the total computational complexity of our
method is O(N|S| + N¢[S|?).

Notably, our approach requires only a single Monte Carlo simulation in Line 4 of Algo-
rithm, which contrasts sharply with the standard Euler-Maruyama scheme. In the latter,
the integrals in A(t) and b(t) are computed by samples x; generating at each time step t.
This results in a total computational cost of O(N Ny|S|?+ N;|S|?), which can be significantly

higher than that of our method, particularly in large-sample settings.
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5.4 Application of Main Algorithm: Multi-variable Distribution

The choice of the basis set and the numerical implementation as exemplified in the previous
section does not readily extend to the higher dimensional setting without accounting for
hidden structures that mitigate the curse of dimensionality. Especially choosing the set S,
i.e. fixing our basis, is essential and needs to be done carefully in order for it to be small
enough to be computationally feasible but rich enough to retain enough expressive power to
actually approximate the score function. To that end, we will assume that the density pg is

a perturbation of the base distribution po.

5.4.1 Mean-field Approximations as Base Distribution

In this subsection, we focus on the choice of base distribution in the high-dimensional setting.
In general, we want to choose a distribution that is easy to sample from, e.g. seperable
densities. One can simply pick a Gaussian distribution with diagonal covariance matrix or a
uniform distribution on a hypercube. We, however, propose a novel base distribution based
on a mean-field approximation of the underlying data distribution, constructed directly from
empirical samples.

While the true underlying density pg is typically not mean-field, we can construct a
mean-field approximation of the form pyp(z) = H;‘izl pi(z;). This approximation enables
efficient i.i.d. sampling. To determine each one-dimensional marginal p;(z;), we match its
first few moments to those of underlying density pg. Specifically, for a fixed moment order
nm, we impose the constraint p; ; = [ xf po(x)dx for 0 < j < ny where the right-hand side

is estimated via Monte Carlo integration using samples drawn from py. Each marginal p; is
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then obtained by solving the following entropy maximization problem:

min / pi(xi) log p;(x;) dz;

subject to  p;(z;) > 0, /:Eipl(l’z) dz; = p; j, for 0 <j < nm. (5.17)

In order to solve the constrained optimization problem, we define the associated La-

grangian

L(pi, {Vy)}j) = /ﬂi(ivi)log(m(%))d% + i’{y)(/ v piwi)d; — i ).

=0
(i)

The dual variables v;  can be computed via standard numerical optimization approach

[19, 224] and p; are obtained through these dual variables via the first order necessary

conditions ”
5L(pi, 14};) LN
5p'] =0 = p;(x;) = exp(— Zyj@xg —1).
7 .
7=0

After getting {pi}glzl that defines pyp, we let pooc = pyp, Which serves as the high-

dimensional base distribution.

5.4.2  Clusters of Figenfunctions

For our proposed method, the expansion of the score function in terms of eigenfunctions
associated to the base distribution is crucial. For non-standard, seperable Gibbs mea-
sures, we need to approximate the eigenfunctions numerically as follows. Let poo(x) o
exp(—V(z)) = exp(— Z?Zl Vi(z;)), where each V; is a single variable function. In this
case, the high-dimensional backward Kolmogorov operator can be decomposed as the sum

of one-dimensional operators
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(x) 0
8ZUZ 8:B,

10

2
8:62.

d 2 82
; axz &m Zc (5.18)

L=-VV(x)-V+p1a= Z +87 o)

Let /\%) and nggz)(:pz) denote the eigenvalues and eigenfunctions of the one-dimensional
operator £;. Then, the eigenvalues and eigenfunctions of the full high-dimensional operator
L are given by Zgzl Aﬁf} and ngl gbgi)(a:i), respectively. These eigenfunctions can be con-
structed by solving individual 1D eigenvalue equation with a finite difference discretization.

For the next step, we demonstrate how to select a subset of eigenfunctions for score rep-
resentation. In the single-variable case, we select the eigenfunctions with small eigenvalues,
which typically gives rise to smooth approximations. However, one cannot directly extend
this strategy of choosing eigenvalues lesser than a certain threshold, directly to the high-
dimensional setting. The reason is that such a choice corresponds to selecting the interior
of a ball, with a weighted norm induced by the eigenvalues, in Z% with a volume that scales
exponentially in d. Therefore, it is crucial to make a well-informed choice of subsets of these
balls by adopting different strategies to select the eigenfunctions. We, thus, consider a struc-
tured subset of eigenfunctions known as the j-cluster basis [37, 175|, which consists of all

j-variable basis functions:

]d_{ﬁbnll (xll) ¢7(12,LJJ)($Z]> 1§21<<®‘7§d7 ]-Snila"'?nijgn}a (519>

where n represents the number of one-dimensional eigenfunctions for each dimension. Each
eigenfunction in B; 4 involves at most a product of j one-dimensional eigenfunctions. This

approach can reduce the total number of basis functions from n to (?) nJ, offering substantial
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computational savings while preserving expressive power.
To further reduce the computational complexity, we introduce two assumptions on the

underlying density pg:

e We assume that a 2-cluster basis is sufficient to represent the score function. This
assumption seems plausible, if the target density pg takes a high-dimensional Gibbs

measure of the form exp(—V(x)), where V(x) is at most a 2-cluster function.

e Additionally, we assume that it suffices to use a sparse set of 2-cluster basis to represent
the score function. This is possible, if the potential V(z) = >Z(; ;) Vij(%;, ;) for the
target Gibbs measure only couples a sparse set of (,7) pair. This type of potentials

are quite common in physics application where there is near-sightedness.

In Example 3 in Appendix D.2 we demonstrate how such structures transfer from the poten-
tial to the score function in the perturbative regime. These structural assumptions allow us
to expand the score function using a local 2-cluster basis, where basis functions are restricted

to interactions between nearby coordinates:
local (¢) (i") . Y Ny, )
BZd = {¢ni (x;) ¢”i' () |1<i<i <d, i <i+dy 1<n;ny< n} , (5.20)

where d}, is a dimension-independent bandwidth parameter that controls the locality of
interactions. Under this formulation, when the score function lies within 15’12038”1, the number
of coefficients in c(?) (¢) is reduced to at most |S| < d},dn?, resulting in a representation whose

complexity grows linearly with the dimension d.

5.4.3 Fast Tricks in High Dimensions

Let us now review the computational complexity of solving the linear system exploiting the

local 2-cluster basis 8120331 in (5.20). We summarize the key components of the method and
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focus on fast numerical techniques, detailed computational steps for (5.15) and (5.16) are
provided in Appendix D.1.

In the initial step (Line 4 of Algorithm 10), we compute integrals of each pair of basis
functions in 812(,’2&1 against pg(x) via Monte Carlo integration using its samples {x(j )}é\[: 1
This step incurs a computational cost of O(N d%d2n4). Next, we compute the coefficients for
the expansions in (5.14), which serve as a preparatory step for efficiently evaluating A(t) and
b(t) in (5.8). We use the same choice of S’ as in Section 5.3.2 for the expansions. This step
requires O(dy,dn3) operations. For each time step ¢, the computation of A(t) and B(t) in (5.8)
costs O(d%d2n4 + dyd?*n3) = O(d%d2n4). Solving the linear system (5.10) using a standard
solver requires O(d%d?’nG) operations. Therefore, the overall computational complexity of
the method is O(Nd%d2n4 + Nﬁd%d?’nﬁ) where NV denotes the total number of time steps.

Moreover, in the high-dimensional settings, the matrix A(t) in (5.8) is often ill-conditioned,
and directly inverting it can result in an unstable score estimator. To address this issue, a
common and effective strategy is to apply singular value thresholding: we specify a threshold
and discard all singular values of A(t) that fall below it, then compute the pseudoinverse
using the remaining components. An alternative approach is to incorporate a regularization
term, such as (o regularization, when solving the linear system (5.10). In our experiments,
we observe that A(t) frequently exhibits a low-rank structure, and thus we adopt the thresh-
olding approach in our method.

One dominant term in the computational complexity described above O(Ntd%d?’nG) arises
from solving the linear system (5.10). Fortunately, by exploiting the low-rank structure of
A(t) discussed above, this cost can be significantly reduced using randomized low-rank ap-
proximation techniques [133, 82]. The key idea is that a low-rank approximation can be con-
structed by accurately capturing the dominant left singular subspace of the matrix, without
explicitly reconstructing its full column space. Specifically, we can generate a random Gaus-

sian matrix Q € RISIX74 with 7 A < |S], typically independent of the problem dimension,
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and we then estimate its left singular subspace using the reduced matrix A(¢)2:
[U(1), 5(t), V(1)] = SVD(A(£), 7 4),

where SVD(A()Q2,r4) denotes a truncated SVD with rank 74, and U(t) € RISIX74 is the
resulting orthonormal basis. The rank r4 is typically smaller than 74 and can be adaptive
to the problem. The matrix U(t)U (t)T A(t) then serves as a low-rank approximation to A(t),
computed at a cost of O(|S|?74). The corresponding linear system can be approximated by

projecting onto this low-rank subspace:
UOUMTARC®E) = —B(t) = (U@ﬂ?ﬂﬂ)C@):—{MwTB@) (5.21)

where U(t)T A(t) is a matrix of size 4 x |S|, significantly smaller than the original system.
Solving this reduced system requires only O(|S|?7 4 + |S|?r 4 + |S|dr4 + \S|7"124) = O(|S]?74)
operations, in contrast to the classical O(|S|?) cost for direct inversion.

By incorporating this fast numerical technique, the overall computational complexity is

reduced to

O(Nd&d*n* + Nyd2d*nb), (5.22)

with assuming a sketch size 74 = O(nQ), which depends only on n. In contrast, for con-
ventional Euler-Maruyama simulation, the dominant computational cost is O(N Ntd%d2n4),

which is significantly higher in large-sample regimes.

5.5 Error Estimation in the Perturbative Regime

In this section, we show that if the underlying density is a perturbation of a mean-field Gibbs
measure, the approximation error can be bounded in terms of the perturbation scale. We

begin by formally stating and explaining the assumptions used in the analysis.
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Let pg denote the underlying density from which we wish to sample and assume it takes

the following form:

po(x) = Cp poo() (1 + 521%1%(93)) , (5.23)
1=1

where f;(x) are the eigenfunctions associated with the base distribution pso, p; are the
corresponding coefficients, and d controls the perturbation scale. The constant C), ensures
proper normalization. The second term in the formula represents the deviation of py from
Poo- In the following, we state the assumptions placed on the parameters p; and d to facilitate

our analysis.

Assumption 7. We assume the base distribution takes the form poo(x) = %G*V(x) for
some analytic, coercive potential V' such that the eigenvalues {\;} of the associated operator

L satisfy 0 = A\g > A1 > A9 > .... Let p; satisfy

sup | > pifi(x) <1, (5.24)

zeRd i=1

and assume that there is a non-decreasing function v : Z4 — Ry with limpy_,oo (M) =0

/Rd v<i§\:4pifi<x)>

To justify the assumption, we provide examples related to the Ornstein-Uhlenbeck process

such that
2

po(x)dx < r(M). (5.25)

and the periodic Brownian motion respectively, detailed in Appendix D.2.

These assumptions allow us to analyze the score estimation error in the perturbative
regime. Specifically, we will demonstrate how the choice of a finite-dimensional sub-eigensystem
will affect the accuracy of the estimated score function. To this end, we first decompose the

total error into two components: an approximation error and a statistical error.
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Theorem 8. Let Fyy = {f1,..., far} be our hypothesis class and let sp; be minimizing

/ / ( lsar(t, @)1 + div(sar (¢ x))) pi(x)dadt (5.26)

over Fyy. Now let {x(j)}é-v:l be N i.i.d. samples drawn from pg. Assume that for every
errgtat > 0 with high probability P = P(N, errstat, Fay), depending on N, errgat and the
(Rademacher) complezity of the model class Fyy, it holds

/OOO /]R (%Hs(t, 2)||? + div(s(t, x))) pt(x)dadt

5 2 | 3 e D) + div(ste, 20 (0)dt] < ern
0

=

for all s € Fyr. Let {x(j)(t)}é\le be the trajectories of {xU }N | under the overdamped
Langevin dynamics induced by the base distribution. Suppose s(t,z) = Vlog p(z) is the

ground truth score function and spr N be the minimizer of

NZ/ Slsar (e, 29 ()2 + div(sng v (t, ) (1))t

Then we have with probability P(N, errgeat, Fyy) that

"L (Shsanavteal? - Sl + aivlsas t.0) = st.0)]) el

< 2errggat + €ITappr,

where
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1 .
errapne =1 [ [ (Glsartt. o)l = Glste. )P+ divGsar(t.0) = s(t.0) ) (oo
//R-HSMM — Viog pi(x)|2pe () dadlt.

The proof follows directly from the triangle inequality and integration by parts. The
following theorem provides an approximation error analysis based on the perturbation as-

sumption 7.

Theorem 9. Let M € N. Let f1,..., fas be the eigenfunctions of pso and Assumption 7 be

fulfilled. Assume that the potential V- € Fys. Then the following bound holds

2

i [T SIS s ) a0, P di < S (O

(5.27)
Proof. Using eigenfunctions {f;} and Assumption 7, we have the following representation

for time-dependent density p¢(z):

pr(x) = X pp(a) = Cpet (poo (1 + azpifi@:)))
=1
= Cppoo (1 + 5ZpieAitfi(w)> = %e—vm (1 + 5Zpi6Aitf¢(f€)>
=1

1=1

Therefore,

Viog(pi(x)) = = VV(x) + Vlog(1+ 38 Y pie’! f;(x))
=1
5 3°20 pieitV fi(x)

=—-VV(x)+ . :
1+ 0572 pieil f;(x)
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Recall that ﬁ = Z%C’:O(—l)kyk for |y| < 1. With Assumption 7, we get

S
|Zpi€)\itfz )| < |szfz )| <1
1=1

Therefore, we can expand the second term:

Viogpi(x) = =VV(x) + 52]? NV f;(x)

1=1
00 o0 0 k
+ (5 > petitv; (x)) > (=1 (5 Zpie/\itfi@))
i=1 k=1 i=1

Thus by choosing
sM(t,x)——VV +5Zp€/\ tvfz( )GLQ([OvoO)vFM)7
we have

IV log pi(x) — sp(t, @) |12

0 o0 k
= Z pie iV fi(x) <5Zp NV f () )Z <5Zpi€)\itfi(x)>

2

i=M+1 =1
— 2 k 2
o0 o0 o0
<262 Z pie)‘itVfi(:l?) + sz Atvf Z <5zpi€)\itfi($)>
i=M+1 k=1 i=1
- P
o0 o0
<262 ||| > pieci'Vfi@)|| + sz NI i Z
i=M+1 k=1
o0 2 o0 2
<2522M! > piVii(z) iV fi(x)
i=M+1

The first inequality is from Cauchy inequality. For the last inequality, all eigenvalues \; are
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non-positive, so eM? is the largest coefficient among {e)‘ t}ool Therefore,

/OO/HVIngt(‘”) — spr(t, )| pe(x) dadt

|M|/W7Zimﬁ|mmmw% /Wipm )20 (x)da

1=M+1

2
|iﬁW+UH¢LWM)

—2\1 T 2[\]”

where we use the fact f

This result shows that the approximation error is closely tied to the perturbation scale
0: the error vanishes as 6 — 0. However, even as the number of basis functions M tends to
infinity, a small residual term in the approximation error may still persist. A more refined
analysis—leveraging certain algebraic structures of the basis—can strengthen this result. We

will illustrate this in the context of one-dimensional periodic Brownian motion.

Theorem 10. Let f;(x) = eV —lwiz gnd X\; as the corresponding eigenvalue, i € 7. Assume
coefficient |p;| < Nt for some v < 1. Then for any € > 0, there is M and a sqp; €

Span{f_ons, .-, forr} such that

/(/%Mm ) — sonr(t, ) pp(0)dadt < (5.28)

This theorem shows that the approximation error can be made arbitrarily small, pro-
vided that the number of basis functions M is sufficiently large. The corresponding proof is
provided in the appendix D.3.

Furthermore, we provide a result towards the statistical error via defining a space for

score function:
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Hg = {s(t,x) ‘ s(i)(t,x) = <c(i)(t),f(x)> — 0,V (2), c(i)(t) e RISI,
(5.29)
IC@H)|lF < Capy VEe[0,T], 1<i< d}.

where C(t) = [¢D (1), @ (@), D @)]. |S| is the number of basis for this span and

C)s is the upper bound of norm of coefficient ||C(t)]| .

Theorem 11. There exists a constant Cpy > 0 such that sy; N (t,z) € Hg for all (t,r), and

its statistical error satisfies

1
erTgtar < (§0§4M + CyM + \/dM) (5.30)

M |VN

Here Cy is a constant depending only on the chosen basis, N is the sample size.

This theorem shows that the statistical error decays at the Monte Carlo rate in the sample
size, with a reasonable dependence on the complexity of the hypothesis space. The proof is

provided in Appendix D.4.

5.6 Numerical Results

In this section, we evaluate our approach on high-dimensional Boltzmann distributions and
the MNIST data set. We begin by summarizing the overall numerical procedure. In the
first step, we estimate the score function using Algorithm 10 over an uniform time grid
teria C [0,T], where T' is chosen to be sufficiently large so that the initial data are fully
diffused to the base distribution (5.3). In the second step, we generate samples from the base
distribution using the Metropolis—Hastings algorithm. Since our choices of base distributions
are mean-field, this sampling step is relatively simple. In the third step, we simulate the
reverse-time SDE (5.4) via Euler-Maruyama scheme over t4yiq, starting from the generated
samples at time ¢ = T and evolving them backward to t = 0. The resulting samples form

an empirical distribution that approximates the target density pg. We use the discrepancy
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between this empirical distribution and the ground truth distribution as the primary measure

of error in our evaluation.

5.6.1 One-dimensional Double-well Density

We start our numerical experiments with a one-dimensional double-well density. A double-
well density refers to a probability distribution whose potential energy function exhibits two
distinct minima, or "wells," separated by a barrier. This structure often arises in physical
systems, such as in statistical mechanics or molecular dynamics. The corresponding density

is defined as

1 o~ Bpow(1-2%)%/4

po(r) = 7

Y

where SBpw is the inverse of temperature and Z is the normalization constant. We set
Bpw = 2.0 for our test. In this experiment, we consider two choices of eigenfunctions for
representing the score function introduced in Section 5.3: Hermite polynomials and the
Fourier basis. We generate 40,000 initial samples from pg and evaluate the accuracy of score

estimation using the relative Lo score error:

||S(t7 (L’) - S*(t7 x>||L2(pt)
||8*(t7 ‘r)”Lg(pt)

Y

where s*(t, z) denotes the ground truth score function, obtained by solving the one-dimensional
Fokker-Planck equation (5.12) with finite difference method. This error is estimated using
Monte Carlo integration with 100,000 samples from p; via the Euler-Maruyama scheme.
Figure 5.1 presents the results using Hermite polynomials as the basis. We fix potential
V(z) = %:pZ and set the total diffusion time to 7" = 2.0 and time step At = 0.002. Note that
the initial score function is given by s(0,z) = 0y log pg(z) = —ppwz(z® — 1), which is a
cubic polynomial. This structure makes Hermite polynomials a natural and effective choice

for the score representation.
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The left subfigure of Figure 5.1 shows the relative score error as a function of the number
of basis functions, with § = 1.0 fixed. The error remains stable as the basis size increases,
indicating good approximation properties. The middle subfigure examines the effect of vary-
ing 3, which controls the standard deviation of the Gaussian base distribution. The results
remain consistent across different [ values, demonstrating the robustness of our approach.
Finally, the right subfigure illustrates the evolution of the score function over time for number
of eigenfunctions n = 9 and 8 = 1.0, showing a transition from a cubic polynomial toward a

linear function, consistent with the behavior expected under Ornstein—Uhlenbeck dynamics.

155(:0'9 estimation with different numbers of eigenfunctions Score estimation with different beta Score estimation with different time t
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—t=2
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o
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Figure 5.1: One-dimensional score estimation using Hermite polynomials. (Left) Estimated
score functions for different numbers of eigenfunctions n = 5,7,9,11. The correspond-
ing relative errors are 0.0412, 0.0408, 0.0405, and 0.0401, respectively. (Middle) Score es-
timates for varying values of the parameter 5, which controls the standard deviation of
the Gaussian base distribution. The relative errors for § = 0.25,0.5,1.0,2.0 are 0.0428,
0.0432, 0.0421, and 0.0421, respectively. (Right) Temporal evolution of the score function
for t = 0,0.02,0.1,0.5,2. As expected, the score converges to a linear function over time in
the Hermite polynomial representation.

Next, we present results using the Fourier basis, with parameters fixed as 5 = 0.5, T = 2.0
and time step At = 0.002. The left subfigure of Figure 5.2 shows how the relative score error
varies with the number of basis functions. As expected, the error is significantly higher when
the number of basis functions is insufficient to capture the complexity of the score function.
The middle subfigure illustrates the relative score error as a function of the domain size
L. While the Fourier basis is periodic over the interval [—L, L], the ground truth score
function, defined on the support of the initial data distribution, is not inherently periodic.

To ensure that the fitted score function accurately approximates the ground truth within
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the relevant region, the domain [—L, L] must be large enough to cover the support of the
initial distribution. This explains the poor performance when L = 2, as the domain is too
small to capture the full support. The right subfigure visualizes the evolution of the score
function over time. As time increases, the score function gradually converges to a constant,

consistent with the expected long-term behavior under the chosen dynamics.
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Figure 5.2: One-dimensional score estimation using the Fourier basis. (Left) We vary the
number of eigenfunctions and visualize the estimated score. The relative score errors are
0.2756, 0.1053, 0.0666, and 0.0502 for n = 5,7,9, 11, respectively. (Middle) We vary the
domain size in the Fourier basis and plot the resulting score functions. The corresponding
relative score errors are 0.3612, 0.0763, 0.0501, and 0.0414 for L = 2,2.5, 3,4, respectively.
(Right) We show the evolution of the score function over time for ¢ = 0,0.02,0.1,0.5,2. As
expected, the score function in the Fourier representation converges toward a constant zero
function as time increases.

5.0.2  High-dimensional Double-well Density

In this subsection, we consider the high-dimensional double-well density

d
1 1
po(z) = EefﬂDWVDW( ,Vow (2 E ~(1—aF

where Spw is the inverse of temperature and Z is the normalization constant. The density is
one type of mean-field density since the variables do not interact with each other, providing
a simple high-dimensional example to illustrate the performance of our approach. We test
d = 32 and fpw = 8. In this setting, we use n = 10 eigenfunctions per dimension and set

the bandwidth to dj, = 2 for the local cluster basis representation (5.20). The score function
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is estimated over the interval ¢ € [0,T] with T"= 2 and time-step At = 0.002, using 40,000
initial samples.

We evaluate our method using all three types of basis functions. For the Hermite poly-
nomial basis, we fix f = 1.0 and V(z) = %||x||% in (5.2). For the Fourier basis, we choose
L = 5.0 and f = 0.25 in (5.2), since the dynamics converge slowly in this setting, and a
smaller S can accelerate convergence. For the mean-field approximated basis, we fix § = 1.0
and construct the approximating density by matching the first 6 moments in the entropy
maximization problem (5.17).

After learning the score function, we generate 40,000 samples from the base distribution
and simulate the reverse-time SDE with time-step At = 0.002. For visualization, we primar-
ily present one-dimensional marginal plots comparing the generated samples with reference
samples. Figure 5.3 shows the estimated density function at z3q, obtained via kernel density
estimation from the generated samples.

To quantify performance, we compute the relative error between the one-marginal esti-
mated density of the generated samples and that of the reference samples, averaged across
all dimensions. It is worth noting that the target density presents a significant contrast
between peaks and wells, making accurate recovery particularly challenging. Despite this,
the results show that the mean-field approximated basis achieves a relative error of 0.0322,

demonstrating the effectiveness of our proposed approach.
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Figure 5.3: 32-dimensional double-well density result. We visualize one-marginal densities
at xgq for three choices of eigenfunctions (Left) Hermite polynomial, (middle) Fourier basis,
and (Right) Mean-field approximated basis. The relative one-marginal density errors are
0.0472, 0.0665, 0.0322, respectively.

5.6.3  High-dimensional Ginzburg-Landau Density

In this subsection, we consider a further complicated density model, called Ginzburg-Landau

model:

d 2
= ol oo (o) Vosls) = 3 (A(;L (P5Et) e %2)2) ,

i=
for x € [—L, L]d, where zg = z4. In addition, the parameter g, denotes the inverse
temperature, while A\qy, and h control the interaction strength between different dimensional
coordinates. In the numerical experiments, we fix fgr, = 1/8 and h = 0.1, and consider
various choices of Aqp, to evaluate the performance of our method under different interaction
strength settings.

For all experiments in this subsection, we use n = 10 basis functions per dimension. A
total of 80,000 samples are drawn from the initial distribution to estimate the score function
over the interval ¢ € [0,T] with 7' = 2.0 and At = 0.002. For the score representation using
the local cluster structure (5.20), we set the bandwidth size to d;, = 4. We evaluate all
three choices of eigenfunctions in our experiments. For the Hermite polynomial basis, we

fix f = 1.0 and V(z) = %||x||% For the Fourier basis, we set L = 5 and § = 0.25. For
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the mean-field approximated basis, we fix f = 1.0 and construct the approximated density
by matching the first 6 moments in the entropy maximization procedure. In addition, for
the fast numerical technique described in (5.21) (Section 5.4.3), we select the rank that
minimizes the relative error in the initial score estimation and use this same rank for score
computation at all subsequent time steps t.

In the reverse-time SDE step, we generate 80,000 samples from the base distribution and
evolve them according to the learned dynamics, with time-step At = 0.002. To visualize
the structure of the non-mean-field target density, we focus primarily on two-dimensional
marginal plots, which highlight the accuracy of interactions between pairs of dimensional
coordinates. To quantitatively assess the global accuracy of the generated samples, we
compute the second-moment error:

|XTX - XX p
1XT X

Y

c RNXd

where X € RV* is the matrix of generated samples, and X* is the matrix of

reference samples.

32d Result

In this subsection, we present results for the 32-dimensional case, focusing on two choices
of the interaction strength parameter. The weak interaction setting uses Aqy, = 0.03, while
the strong interaction setting uses Aqy, = 0.05. These two choices already exhibit distinct
patterns in the density 2-marginal visualizations, as illustrated in Figure 5.4. The relative
second-moment errors are reported in Table 5.1, which shows that the mean-field approxi-
mated basis achieves the best performance among the tested methods.

Furthermore, Figure 5.4 visualizes the two-dimensional marginal densities obtained us-

ing the mean-field approximated basis. The small discrepancy between the generated and
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reference distributions illustrates the effectiveness of our approach in capturing complex

interactions.
Mean-field approximated basis | Fourier basis | Hermite polynomial
strong interaction 0.0512 0.0575 0.0588
weak interaction 0.0657 0.0652 0.0685

Table 5.1: 32-dimensional Ginzburg-Landau density result. We include the relative 2nd-
moment error for both strong interaction case and weak interaction case among three choices
of eigenfunctions.

Generated Samples (Strong Interaction) Reference Samples (Strong Interaction) Generated Samples (Weak Interaction) Reference Samples (Weak Interaction)

0
2 -1 0 1 2 2 -1 [ 1 2 2 -1 ) 1 2

x25 x25

Figure 5.4: 32-dimensional Ginzburg-Landau density result with mean-field approximated
basis. We visualize two-marginal densities at (z95,x9g) for (Left) strong interaction setting
and (right) weak interaction setting.

64d Result

We also evaluate our method in a 64-dimensional setting, keeping the interaction parameter
fixed at A\qp, = 0.05. In this experiment, we primarily use the mean-field approximated basis,
while keeping all other parameters identical to those used in the 32-dimensional case.
Figure 5.5 presents selected two-marginal plots comparing the generated samples with
the ground truth. The close agreement in second-moment statistics further supports the

accuracy and robustness of our approach in high-dimensional settings.
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Generated Samples Generated Samples Reference Samples

Figure 5.5: 64-dimensional Ginzburg-Landau density result with mean-field approximated
basis. We visualize two-marginal densities (left) (x5, x32) and (right) (48, 50). The relative
2nd moment error is 0.0745.

5.60.4 MNIST Dataset

In the final example, we apply our algorithm to the MNIST dataset, which consists of 70,000
images of handwritten digits (0 through 9) where each image is a 28 x 28 pixel matrix. In
our approach, for each digit, we use 5,000 samples as training data to estimate the score
function. Note that the dimensionality of each sample is d = 282 = 784, which is relatively
high. To reduce the computational complexity, we first perform PCA on the training data
and retain the first 10 principal components. We then apply our approach in this reduced
space to generate new samples in the principal component domain. Finally, we map the
generated principal components back to the original image space to recover the digit images.

In the numerical experiments, we use 10 Fourier basis functions per dimension to learn
the score function over the interval ¢ € [0, 3] with time step At = 0.002, with a temperature
parameter 5 = 0.5 and domain size L. = 4. The rank used in the fast low-rank approximation
technique follows the same selection strategy as described in Section 5.6.3. Figure 5.6 shows
both the generated and real MNIST images. The results clearly demonstrate that the images

generated by our method successfully preserve the structural features of the digits.
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Generated MNIST Digits Real MNIST Digits

Figure 5.6: MNIST dataset result. (Left) Generated Images. (Right) Real Images. For each
digit, we choose five images randomly.

5.7 Conclusion

In this work, we introduced an alternative approach for diffusion models that avoids both
iterative optimization and forward SDE. By representing the score function in a sparse set
of eigenbasis of the backward Kolmogorov operator associated with a base distribution, we
reformulated score estimation as a closed-form linear system problem—eliminating the need
for iterative optimization and stochastic simulation. We provided a theoretical analysis of

the approximation error using perturbation theory, showing that the score can be accurately
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estimated under mild assumptions. Our numerical experiments on high-dimensional Boltz-
mann distributions and real-world datasets, such as MNIST, demonstrate that the proposed
method achieves competitive performance.

As a direction for future work, we aim to extend this approach to more complex models,
such as applications in molecular dynamics and scientific computing, where accurate score

estimation is particularly important.
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CHAPTER 6
TENSOR SPARSE REGRESSION

6.1 Introduction

We consider the nonparametric regression model

y=["(@)+e (6.1)

where £ € R? and ¢ ~ N (0,02) is the Gaussian noise. We assume that the regression

function f* admits a sparse expansion over a prescribed set of multivariate candidate features

{Pp() )}y

@)=Y =)L, (6.2)
keS*
where §* C {1,...,p} is an unknown sparse index set and B* € RP is the sparse coeffi-

cient vector. Given i.i.d. observations {(m(i),y(i))}zj-\il, our goal is to estimate the sparse

coefficients 3* (and hence recover §*) from data:

N p
i 1 (i) _ (i) 2
ﬂERP,gligsparse N z:zl (y ;; Py (") 5];) . (6.3)

A variety of popular methods have been proposed to solve this problem. A foundational
example is the Lasso, which augments the least-squares objective with an ¢ penalty and
thereby performs estimation and variable selection simultaneously [212]. A closely related
method is least angle regression (LARS), which provides an efficient path-following proce-
dure and can be adapted to recover the full Lasso solution path [62]. To better accommodate
strongly correlated predictors, the Elastic Net incorporates both /1 and ¢ penalties, often
yielding improved stability and grouped variable selection compared with the Lasso [246].

These methods are commonly solved by first-order algorithms, particularly coordinate de-
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scent methods [64, 236, whose computational cost typically scales with the size of the design
matrix and is often expressed as O(T'Np), where T is the number of iterations. Although
these approaches are effective when the number of features p is moderate, they may be-
come prohibitively expensive in high-dimensional regimes where p increases rapidly with the

dimensionality d.

In this work, we consider a structured family of candidate features that is substantially
richer than univariate additive models, while avoiding the full combinatorial complexity of
unrestricted tensor-product expansions. Specifically, we consider truncated ANOVA decom-

positions of a multivariate function f up to interaction order K:

J

J1<J2 J1<<Jk

For the sparse structure, we assume the number of non-zero terms in the expansion is inde-
pendent on dimensionality. To achieve sparse recovery within this model class, without ad-
ditional prior knowledge, the number of candidate features necessarily scales as p = O(dK ).
Consequently, even if the iteration count T is regarded as a constant, the computational
cost of a direct sparse regression procedure is at least O(TNp) = O(Nd®), which becomes
expensive and superlinear in the dimensionality d whenever K > 2.

The main idea of this paper is to develop an alternative sparse regression methodology
that exploits the structure of the expansion in (6.4) and achieves improved computational
scaling with respect to the dimensionality d. We summarize our approach and contributions

in the following:

1. We first apply kernel ridge regression with a carefully chosen kernel spectrum so that
the ridge regularization imposes a stronger structured penalty on coefficients associated
with higher-order interaction components, thereby reducing their contribution to the

estimator and capturing the structure in (6.4).
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2. To achieve sparse coefficient recovery, we plan to identify the relative importance of the
coefficients and sample a small subset of dominant terms. Since direct sampling from
the full coefficient is computationally expensive, we first compress the coefficient ob-
tained from kernel ridge regression into a tensor-train representation. Both tensor-train
compression and sampling can be performed efficiently, with computational complexity

linear in the dimensionality.

3. Finally, we incorporate a refinement step by solving a reduced sparse regression problem
restricted to the selected features. Numerical experiments show that our approach
attains competitive accuracy while requiring substantially lower computational cost
than classical sparse solvers, demonstrating its practical advantage in high-dimensional

settings.

For the organization, Section 6.2 introduces the proposed sparse tensor regression frame-
work. The kernel ridge regression step is described in Section 6.2.1, the T'T compression
procedure in Section 6.2.2, and the coefficient-sampling stage in Section 6.2.3. The final
step consists of a standard sparse regression routine and is therefore omitted for brevity.
Section 6.3 presents the theoretical analysis of the estimation error for the proposed esti-
mator. Section 6.4 reports numerical experiments that demonstrate both the accuracy and
the computational efficiency of our approach. Finally, Section 6.5 summarizes the main
contributions of this work and discusses directions for future research.

Here are some related work.

Sparse Regression. High-dimensional nonlinear sparse regression concerns the estimation
of a nonlinear regression function in settings where the dimensionality is large, under the
assumption that the underlying signal depends only on a relatively small subset of covariates.
Because fully nonparametric regression in high dimensions is generally infeasible due to the
curse of dimensionality, the existing literature has emphasized models that combine nonlinear

flexibility with additional low-dimensional structure. Among the most influential frameworks
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are sparse additive models, in which the regression function is represented as a sum of
univariate component functions and sparsity is imposed on the active components, thereby
permitting nonlinear effects while maintaining statistical and computational tractability [182,
151, 242|. Subsequent work has further developed this paradigm through refined estimation
procedures, generalized sparse additive formulations, and inferential methods for selected
nonlinear effects [107, 87, 75, 40].

Tensor Regression. Tensor regression has emerged as an important framework for mod-
eling relationships involving multidimensional array-valued covariates, particularly in struc-
tured high-dimensional settings. A central motivation in this literature is that naive vector-
ization of tensor data destroys multi-dimensional structure and leads to an excessive number
of parameters, whereas low-rank tensor representations provide a natural form of dimension
reduction and regularization. A foundational contribution is the work [245], who introduced
tensor regression for scalar responses with tensor predictors and exploited a low-rank CP
decomposition of the coefficient tensor to obtain scalable estimation and asymptotic theory.
This line was subsequently extended by [132] through Tucker tensor regression, which offers
greater flexibility by allowing different ranks along different modes of the coefficient tensor.
Beyond tensor predictors with scalar responses, the literature has also developed models for
tensor-valued responses, including parsimonious tensor response regression [131], as well as
tensor-on-tensor regression frameworks [141]. Additional developments include multilinear
tensor regression for longitudinal relational and network data [93|, Bayesian tensor regres-
sion methods for uncertainty quantification and adaptive regularization [77], and more recent
extensions incorporating sparsity, generalized responses, quantile regression, and nonlinear
additive structure [142, 86, 2|. Compared with the aforementioned literature, we propose
a new methodology that leverages tensor-train decomposition and coefficient sampling to
recover the sparsity pattern of a high-dimensional regression function.

Tensor-train decomposition and the algorithms. Tensor-train (TT) representations
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have become a standard tool in scientific computing for high-dimensional problems in which
classical grid-based discretizations are computationally prohibitive, including high-dimensional
partial differential equations, parametric and stochastic PDEs, and electronic structure cal-
culations [112, 113, 56]. Beyond numerical analysis, TT parameterizations have also been
adopted in machine learning as structured low-rank models for compressing and accelerating
large-scale architectures [159]. Their appeal lies in the ability to retain substantial expres-
sive power through moderate TT ranks while achieving storage and computational costs
that scale far more favorably than those of unstructured tensor-product representations.
Moreover, TT-specific approximation procedures such as TT-SVD and TT-cross enable the
construction of accurate low-rank surrogates while requiring access to only a relatively small
subset of tensor entries, which is particularly advantageous in large-scale settings where full

tensor evaluation is infeasible [168, 166].

6.2 Main Algorithm

A modern strategy for alleviating the computational burden of high-dimensional task is to
parameterize multivariate functions using tensor networks (|168|), among which the tensor-
train (TT) format (also known as matrix product state) has emerged as a particularly ef-
fective representation. The T'T format provides a numerically stable and computationally
tractable low-rank factorization for the d-dimensional coefficient tensor induced by tensor-
product basis expansions. In our setting, we organize the coefficient vector 3 as a sparse
d-dimensional tensor A € R™* %" g0 that the regression function admits the tensor-product

expansion

d
Ay, lg) [ o (), Ae RPN (6.5)
j=1

s
)
2
=
H
£)
2
I
)
e
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where {¢;};"; is a collection of univariate basis functions and each ®;(x) in (6.2) is the
tensor-product basis H;-Zzl qﬁlj (z;) in the representation. The T'T model assumes that A can
be decomposed into a chain of low-rank cores: Gy € R"*",G; € R-17"77 (2 < j <
d—1),Gy4 € R'd-1*" guch that

Td—1

1
Ay, dg) = Y Gill,m) Ga(nsla,72) -+ Gava—1. la). (6.6)
=1 vg1=1
When the TT ranks (rq,...,r4_1) are moderate, the number of parameters decreases from
n? to Z?:l rj—inrj, (ro = rq = 1) which scales linearly in d. Moreover, evaluation of
]/C\TT(IB; A) becomes efficient via contracting the T'T cores with the univariate basis function
sequentially along the chain.

This approach is motivated by the observation that low-cluster functions can often be well
approximated by low-rank tensor-train representations. Consequently, after the smoothing
induced by kernel ridge regression, the tensor-train format provides an efficient framework for
representing the function class described in (6.4). Furthermore, to achieve sparse recovery of
the coefficients, we interpret A as a discrete probability mass function and perform sampling
from the tensor-train coefficient tensor for a sufficiently large number of draws. The collection
of sampled indices then serves as the recovered sparse support. Such sampling can be carried
out efficiently through a chain of conditional probabilities, leading to linear computational
complexity with respect to the dimensionality.

In this paper, we therefore develop a structured procedure with the following computa-

tionally manageable steps:

1. Kernel ridge regression. We consider a reproducing kernel Hilbert space H and
employ kernel ridge regression fKRR to suppress the influence of coefficients associated
with high-order cluster basis functions. In particular, we adopt a specific spectral

weighting of the kernel that both attenuates higher-order interactions and enables
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efficient evaluation of kernel entries and the resulting regression procedure. Further

details are provided in Section 6.2.1.

. TT compression of kernel ridge regressor coefficients. We then compress the
coefficient tensor obtained from kernel ridge regression into tensor-train format. In
Section 6.2.2, we present an efficient algorithm for this compression step that achieves

computational complexity linear in the dimensionality.

TT-compress

fKRR () frr(a; A) (6.7)

. Sampling candidate features from the TT coefficient. Next, we interpret the
TT coefficient tensor obtained in previous step as an indicator for the importance of
tensor-product features. After a preprocessing step that enforces nonnegativity and
normalization, we treat A as a discrete probability mass function over multi-indices

(l1,...,l;) and draw M samples:

(0, s ~ A = GroGro oGy e R (68)

}keS

where the sampled indices set is denoted as S and |S| = M. In Section 6.2.3 we
present a TT-based sequential sampling routine whose complexity scales as O(Mdn)

under fixed ranks.

. Sparse regression on the sampled features. Finally, we perform sparse regression

restricted to the M selected features by solving a reduced sparse problem:
s URY:
B N (yl‘ LG ﬁ) 6.9
ﬁGRM7IB is sparse N zz:; k%;g k( ) k ( )

The solution 3 of (6.9) constitutes our sparse estimator. This step can be implemented
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using standard first-order solvers.

In the following three subsections, we describe the first three steps of the algorithm in
detail. The final refitting step is standard and conceptually straightforward, and we therefore

omit its description. The last subsection includes the computational complexity discussion.

6.2.1 Kernel Ridge Regression

Kernel ridge regression (KRR) is a nonlinear regression method that combines the flexi-
bility of kernel methods with the stability of o regularization. Let H be a reproducing
kernel Hilbert space (RKHS) associated with a positive semidefinite kernel K(x,z') =
U(x)diag(w)¥(x')". Here ¥(x) € R®*"" i5 the concatenation of all combination of d-
terms tensor-product multivariate basis (feature map) and diag(w) specifies the user-chosen

spectral weights. KRR estimates a function f € H by solving

N
1
fkRR = argml NZ @) + Axrrll f1IZ, (6.10)
i=1

where Agkrr > 0 controls the bias-variance tradeoff and || - |3 is the corresponding RKHS
norm. By the representer theorem, the minimizer admits the finite expansion J?KRR(‘) =

Zf\il 2 K (-, (). Substituting the expansion into (6.10) yields the closed-form coefficients
z = (K + N grrlnsn) ty € RV (6.11)

and the resulting predictor is
firr() = K( @)z = 0() (diag(w)¥(@) " z) (6.12)

within the bracket, diag(w)¥ ()" 2 is the coefficient from KRR.

We specify the spectral weighting diag(w) to reflect the interaction order, following the
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construction proposed in [176]. Specifically, we assign the weight oF to each multivariate

basis function belonging to the k-cluster set By, ¢ defined in (6.13).

Bra={on (@) oy (zy) | 1<ii< <jp<d 2<h, e <np. (613)

The motivation for this choice is to assign smaller weights for higher-order cluster bases,
thereby reducing their influence in the resulting estimator. In addition, under this spectral
structure, each entry of the kernel matrix can be evaluated through d tensor-product terms,
as illustrated in Figure 6.1, leading to a computational cost of O(dn) per kernel evaluation.

The computational complexity of direct solving inverse in (6.11) is O(N3), which is
prohibitively expensive when N is large. In practice, we can consider Nystorm approximation
and choose a subset of rows and columns of kernel matrix to approximate the inverse. This
strategy can provide computational cost O(N m? + m3) which is cheap when the cardinality
of subset m < N. The details are included in [11|. Besides, Akgrr can be selected via cross-
validation. By assuming m as a constant, the total computational complexity (including the

kernel evaluation) in this step is O(Ndn).

e 5 5 - &

Figure 6.1: Tensor diagram of K(x,z’). Middle core a represents diag(1,a,---,a). The
evaluation needs O(dn) cost.
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6.2.2 TT Compression

The coefficient obtained from kernel ridge regression already suppresses the contribution of
higher-order cluster basis functions. In this subsection, we further show that this coeffi-
cient tensor can be efficiently compressed into tensor-train format, which is essential for the
efficient sampling procedure developed in the next step.

We use TT-compress(:) to denote the tensor-train compression algorithm. With this

notation, the resulting predictor is given by

Frr() = 0() (TT—compress (diag(w)\ll(:z:)Tz>> (6.14)

With above choice of spectrum diag(w), the input diag(w) ¥(z) " z can be evaluated effi-
ciently by exploiting its tensor-product structure and carrying out the required contractions
through tensor-network computations. More precisely, this quantity may be interpreted as
a sum of N rank-one tensor-train terms, each of which consists of d tensor-product compo-
nents. The corresponding computation is illustrated by the tensor diagram in Figure 6.2.
For each mode j, we define (i)j(mj) = ¢j(x;)diag(l,a, - ) € R™ 1 which collects the

evaluations of the weighted univariate basis ¢; on the j-th covariate ;. Then this quantity

can be completed with computational complexity O(Ndn).

diag(w) ¥z = Z 2 e )

i=1

Figure 6.2: Tensor diagram of diag(w) ¥(z) ' z.

For the TT-compress(-) operator, we adopt the TT-SVD with kernel Nystrom acceleration
(TT-SVD-kn) developed in Section 4 of previous work [176]. The central idea is to perform

a sequence of truncated singular value decompositions (SVDs) on appropriate unfoldings of
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the target tensor, thereby constructing a tensor-train representation in a left-to-right sweep.
Moreover, we exploit the fact that the tensors arising in our setting admit an N-term rank-
one decomposition, so that each truncated SVD can be reformulated in terms of an eigenvalue
decomposition of an associated Gram matrix.

Tz, which is viewed as a d-dimensional

More specifically, we define ¢ := diag(w) ¥(x)
coefficient tensor. To compute the first core, we reshape coefficient tensor ¢ into its first
unfolding ¢ and consider its Gram matrix ¢ (é())T. Owing to the structure (sum of

rank-one tensor-product) in é(l), this computation can be decomposed according to the

tensor diagram in Figure 6.3. To unify the notation, we denote By = ¢,

S L
P b 4T 4

Figure 6.3: Tensor diagram of BlBir . For clarity, the weight vector z is omitted from the
summation. The Gram matrix is computed by taking the double summation over the three
quantities shown in the diagram.

Denoting the middle matrix in the diagram by E € RV*N A direct matrix multiplica-
tion for BlBir would require O(N 2n2) operations, which is prohibitively expensive when N
is large. To accelerate this step, we again employ the Nystrom approximation. Letting Z be

a subset of row and column indices, we approximate E by
E~ E(,T)(E(Z,1) EtT)T. (6.15)

When the subset size |Z| is treated as a constant, the cost of this computation is reduced
to O(Nn). Further details are provided in [11]. After forming BlBil— , we compute its
eigenvalue decomposition and obtain the first tensor core G; € R™*"1 by retaining the top

rq eigenvectors. Projecting By onto this subspace yields the compressed tensor, from which
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the next core is computed through the eigenvalue decomposition of the Gram matrix BQB;— .

The general procedure is illustrated in the Figure 6.4.

sy T g TS
P bbb b

(a) Tensor diagram of BijT. The Gram matrix is computed by taking the
double summation over the three quantities shown in the diagram.

05k &

) Tensor diagram of D;. The compu-
tatlon of D; can be Carrled out sequen-
tially.

Figure 6.4: Tensor diagrams in Algorithm 11.

Following the same Nystorm approximation trick (6.15) for all middle matrix E of Fig-
ure 6.4 and the tensor-train contraction operation, each subsequent step can be carried out
efficiently. At stage j, we compute the tensor core G; by selecting the top r; eigenvectors of
the corresponding Gram matrix. Repeating this procedure for all tensor cores yields the full
tensor-train decomposition. The total cost of forming all Gram matrices BJBJT is O(Ndn),
and including the cost of the eigenvalue decompositions, the overall complexity of this stage
is O(Ndn + n3). The algorithm is listed in Algorithm 11 (assuming 79 = 1) and we refer to

[176] for the complete description and implementation details.
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Algorithm 11 TT Compression
INPUT: Tensor ¢ := diag(w) ¥(x) ' z. Target rank {r{,--- ,r4_1}. Subsampling set Z.

1: Reshape coefficient tensor ¢ into its first unfolding and denote as Bj.

2: for je{l,---,d—1} do

3: Perform eigen-decomposition to BijT € R7—1"*7Tj—1" whose calculation is visual-
ized in Figure 6.4 with Nystorm acceleration in (6.15) through subsampling set Z. Obtain
the j-th core G € R"7-1*"*"j which is reshaped from the first r; principle eigenvectors.

4: end for

5: Obtain the last core: G = By € R"d-1*",

OUTPUT: Tensor train A =Gjo0Ggo0---0Gy € RVXMXXn,

6.2.3 Sampling from TT Coefficient

This section describes how to sample multi-indices from a tensor-train (TT) coefficient tensor
A. In general, the entries of A need not be nonnegative, and thus A cannot be directly
interpreted as a probability mass function. Since our goal is to extract relative importance
information from the coefficients, we apply an entrywise transformation and work with the
Hadamard square Agq := A ® A, which is nonnegative by construction. A key advantage
of this choice is that Agq admits an explicit T'T representation that can be formed directly
from the TT cores of A via Kronecker products of the corresponding TT slices.

~ r2_ . xnxr?
Concretely, we define the squared-core tensors G; € R'i-1 J by

Gj(i,lj,i) = G](>lj7) (9 Gj(:,lj,:), lj =1,...,n, j=1,...,d, (616)

where ® denotes the Kronecker product of matrices. Then contracting {éj };-l:l yields the
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entrywise square of A:

Asq(ly, - 1g) = G1(l1,2) Gal:, o, ) -+ Ga(:, 1g)

= A(ly,...,1y)>% (6.17)

The resulting representation introduces a potential challenge: the TT ranks of Agy are the
squares of those of A. Nevertheless, this rank inflation remains manageable when the original
TT ranks are sufficiently small.

For notational convenience, we assume throughout this subsection that the TT tensor A
has nonnegative entries and is proportional to a discrete probability mass function. Under
this assumption, we can draw samples from A using a standard sequential (conditional)
sampling scheme.

We decompose A via the chain rule
d
Al 1) = Ar) TT A4 (1 1 h—) (6.18)
j=2

where the T'T structure permits efficient evaluation of the conditionals A; (l i | [1. j—l) through

successive contractions. Define the left message (a row vector) recursively as
T T : ’
Ly =1,  Lj() =Lj 1(hyo1) G 1, e R j=1,...d. (6.19)
Similarly, define the right normalizer (a column vector) by backward contraction:

Ry=1, Rj_ 1—ZG DRjeRT- j=dd—1,... 1 (6.20)

li=1
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Then, for each 57 > 2, the conditional distribution at step j is

L;—_l(llj—l) G](? lj7 ) Rj
L]T_1(51:j—1) Rj

Aj (lj | ll:jfl) = , 1< <n. (6.21)

The marginal distribution for the first coordinate is the special case j = 1:

Gi(li,) R @
) = AR gy = S G
l1=1

All the computations are visualized in the tensor diagrams of Figure 6.5.

R,
L@ @
L
Al X é» @ @
L,

4

Rj
O NN EY
L L L f b
RS S CY 1

Figure 6.5: Tensor diagram of Aq(l1) and A; (lj | ll:j—l)- The core labeled 1 denotes an
all-ones vector. For clarity, the normalization constants of the variables are omitted from
the diagram.

The algorithm is summarized in Algorithm 12. Concretely, we first precompute the right
messages {Rj};izo via the backward recursion (6.20). We then draw a sample (I1,...,[;)
sequentially: at step j, we evaluate the conditional probabilities in (6.21), sample /; accord-
ingly, and update the left message L; using (6.19). This procedure produces i.i.d. samples
from the TT-represented discrete distribution (6.18). The cost per step is O(rj_1nr;) to
form the full set of conditional discrete distributions A;(l; | l1.;_1) over [; € {1,...,n},
and the overall computational cost is O (Z;lzl ri1n rj>. In particular, when the T'T ranks

are uniformly bounded, r; < r for all j, this simplifies to O(M dnr2), which is commonly
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summarized as O(Mdn) up to a rank-dependent constant.

Additionally, there exist alternative methods for performing conditional sampling from
the Hadamard square of a tensor-train more efficiently. For example, the recent work [153]
combines randomized tensor-train sketching with slice selection via interpolative decomposi-
tion to compute the Hadamard product of tensor trains, thereby reducing the computational
cost associated with the TT ranks. In this work, we treat the TT ranks as constants and
therefore do not explicitly emphasize their contribution to the overall computational com-

plexity.

Algorithm 12 Conditional Sampling from T'T Coefficient

INPUT: TT coefficient A = Gy o---0 Gy, number of samples M.
1: Precompute right normalizer {Rj};.izl in (6.20).
2: fork=1,...,M do
3: Initialize left message Lg =1.
for j=1,...,ddo
Compute discrete distribution A;(I|l1.;_1) for 1 <1 < nin (6.21) and Figure 6.5.

J
Update L; in (6.19).
end for

end for " "
OUTPUT: Sampled multi-indices {(lg ), . ,Zg ))}]]yzl.

4
)
6: Draw sample lN(k) ~ Aj(l’llzj—l)-
7
8
9:

6.2.4 Computational Complexity

In this subsection, we analyze the computational complexity of the proposed method under
the assumption that the tensor-train ranks remain bounded by a constant. As shown in
Section 6.2.1, the kernel ridge regression step can be carried out with complexity O(Ndn)
when combined with the Nystrom approximation. In Section 6.2.2, the proposed tensor-train
compression procedure also requires only O(Ndn) operations. The sampling stage described
in Section 6.2.3 has complexity O(Mdn) when M samples are generated. Finally, in the

refitting stage, the iterative solver incurs a cost of O(T'N M), where T' denotes the number
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of iterations. Therefore, the overall computational complexity of the method is
O(Ndn+ Mdn +TNM). (6.22)

The central advantage of the proposed pipeline is the intermediate coefficient-driven
sampling step, which constructs a refined candidate set tailored to the data, thereby avoiding
optimization over the full K-cluster set of size p = O(dK n ) in the classical Lasso estimator.
Our analysis and empirical results indicate that accurate support recovery is achieved when
the number of samples satisfies M = O(|S]), where |S| is the cardinality of the ground
truth sparse support. Consequently, when |S| is independent on d, the total computational
cost of the overall procedure scales essentially linearly in the dimensionality: O(Ndn) +
O(|S|dn) + O(TN|S|), which is markedly smaller than O(TNd®n®) required by naive

Lasso on the full K-cluster set.

Remark: Our framework also extends naturally to the single-index regression model

y = f((=,8) +e¢, (6.23)

where f is an unknown link function and the index vector 3 € R is assumed to be sparse.
In this setting, the regression function varies primarily along a low-dimensional manifold
embedded in the space, suggesting an initial dimension-reduction step. A simple and widely
used preprocessing strategy is to apply principal component analysis (PCA) to the covariates
{m(i)}f\i | to obtain a low-dimensional representation. One may then estimate the reduced
subspace and subsequently apply our T'T-based sparse recovery methodology to identify the

active coordinates and refine the regression estimate.
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6.3 Theoretical Results

In this section, we present the theoretical analysis of the main algorithm. We begin by
assuming that the tensor-train estimator provides an accurate approximation to the ground-
truth function, in the sense that ||f* — fTTH L, < €. Under this assumption, our primary
goal is to analyze the coefficient recovery error introduced by the subsequent sampling and
refitting steps in the algorithm. For the simplicity, we choose ordinary least-squares in the
refit step. The analysis of the error € follows from standard arguments, and we defer those

details to the end of this section.

Theorem 12. Suppose the ground-truth regressor is f*(x) = Y pc g+ Pr(x)BL. The basis is
orthonormal under distribution @ ~ g Ky, [Pg(x)Pps(x)] = O) gr. Suppose an initial TT
estimator J?TT satisfies || f* — fTTHLg <e. We draw M i.i.d. coefficients of fTT following
Algorithm 12 and let S be the set of unique sampled indices. Let fsparse be the ordinary
least-squares fit of {y(i)}i:1 on the selected features {@k(w(i))}keg.

Assume a lower bound of ground truth coefficient m* := mingcg+ 85| > €. Suppose the

minimal eigenvalue has a lower bound

1 oo
Amin (N\IJT\II) >1—n, for some 0 <n <1

where U = {& (D)} S € RVXIS|. Then

k

(m* — ¢)? ) o> M

7 te? o (62

~ 1
2 2
E[Wsporse = 87I7,] < N8 I3(1+ 1= ) exe( - e

The theorem shows that the relative error of the proposed coefficient estimator, measured
against the ground-truth sparse coefficient, decays at an exponential rate as the number of

effectively sampled coefficients M increases. At the same time, the contribution of observa-
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tional noise introduces an additional variance term whose magnitude grows with the noise
level in y. Together, these effects highlight a trade-off and characterize the optimal statisti-
cal rate achievable by balancing approximation error (controlled by M) and estimation error
due to noise.

Remark. We briefly discuss the estimation error ||f* — ]?TTH L,- In the first stage,
the error of the kernel ridge regression estimator, ||f* — fKRRH Ly» can be analyzed using
standard results from the literature (For example, Section 7.6 of [11]). For the tensor-
train compression step, we note that the sparse ground-truth function f* admits a tensor-
train representation with rank at most |S*|. Consequently, the error of the tensor-train
estimator can be bounded as || f* = frrllz, < |f* = frrllz, + Il fkrr — frrlo, < 21 -
fKRRH L,» Where the last inequality follows from the fact that ]?TT is the best tensor-train
approximation of J?KRR within the prescribed rank class. This property holds, for instance,
when J?TT is constructed using the standard TT-SVD algorithm in [168]. Other variant of
the compression procedure, including the one introduced in Section 6.2.2, are expected to
yield similar guarantees, although establishing such results may require additional technical
arguments. Since this analysis is not the primary focus of the present paper, we do not

pursue these extensions further here.

6.3.1 Preliminaries

Before proving the main theorem, we first present a useful lemma that plays a key role in

the argument.

Lemma 2. Suppose the ground-truth regressor is f*(z) = 3 ic s+ @Ax)ﬁj and we observe
N iid. samples y@ = f*(@@) + €@ with € ~ N(0,02) where 20 ~ g and {®;} are

orthonormal under . Denote the sampled indices set as S and define the approrimation

2 _ .
o ZjeS*uféS

features {®; () }jeg"

error as T (6;)2. Let f be the ordinary least-squares fit of {y(i)}i:1 on the
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Assume moreover that the design is well-conditioned in the sense that for somen € (0,1),
A [ =XTX) > 1
min N - T’
where X € RVXP is the design matriz with Xij= (Pj(m(i)). Then,
T2 L\ 2 I p o
E[If - flIz,] < (Hl—n)T - (6.25)

Proof. Here is the proof of Lemma. Denote fg(w) = ®;(x)B7, and define the

Zje§,je$* K

unexplained residual

r(@) = f*z) - fi@) = Y ®j(@)8], sothat  E|r7, =77
jES*,j¢S

For any J?in the given span,
R 2 n 2 2 n 2 2
IF= 713, = I — £33, + Elirl3, = I1F - 753, + > (6.26)
Therefore, in order to bound the first term, we have
— x3* C— () (1)
y—X,@S\—f-’U,, UZ—T'(iL' )+€ ;

where [3:'/;\ is the restriction of B* to S. Let ,[; 5 be the ordinary least-squares estimator and
define A = BS - 52‘- Then A = (X " X)71X Tu.

Since the basis are orthonormal in Lo(u, ), we have
N 2 2
I = F5llz, = 1Al (6.27)

Thus, it remains to bound EHAH%
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Next we study the generalization bound for least squares. Conditioning on X, we have

E[||A||§ | X} - E[uTX(XTX)_QXTu | X}

— tr (X(XTX)_QXT Eluu! | X]) . (6.28)
Let rxy = (r(a:(l)), . ,r(w(N)))T and then
Euu' | X] = 'rX'r)T( + Xy,

where Yy = diag(\/ar(e(l) | W), Var(e) | :IZ(N))). By the variance assumption,

Yy =< o2I. Substituting this decomposition into (6.28) gives

E[Ja | x| = o (X(xTX) 72X Trygr ) + (X (XTx)2x T vx)

= e X(XTX) 72X Trx +tr (X(XTX)_zX 'y X) : (6.29)
Now observe that
X(XTX)_2XT < )\max((XTX)_l) X(XTX)_lXT _ )\max((XTX)_l) Py,
where Py = X(X " X)71XT is the orthogonal projector onto col(X). Hence,

e X(XTX) 72X Try < dnax((XTX) D) 7y Pyry

< Amax(X X)) [lrx |13, (6.30)
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since Py = I. Similarly, using ©x < 0?1,

tr (X(XTX)_2XT 5 X) < Amad (X T X)) tr(PySy)
< Amax((X T X)) 02 tr(Px)

= Amax((X X)) o2, (6.31)
where we use tr(Px) = rank(Px) = p. Combining (6.29), (6.30), and (6.31), we obtain
E (1A 1 X] < Amasl (X7 X)) (I 3 + o).

Using the conditioning assumption Ay, (%X TXx > > 1 —mn, we have

1 1
< .
)‘min<XTX) N N(l -1)

Amax((X X)) =

Therefore,

1
E|IA 1 X] < g =y (Il + o).

Taking expectation over X yields
EIAI3 < o (EllrxI + %)

N(1 —n)

1 N
b N R 02 4 o2
W | LB+
1=

1

= NI <N7’2 + 02p> : (6.32)

Hence, we have

~ 1
2 2 2 2
E[If = £13,] = 2 +EIAIF < 72 + -
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6.3.2  Proof of Theorem

Here we go back and give the proof of the theorem.

I D D
Proof. We denote frr(z) = > ;-1 @;(x)B;, P = |Bj|2/Z,Z = > =1 |5j|2. Assume that
the sparse estimator is constructed by drawing M indices independently with replacement
according to the distribution {Pj}jDzl, and then performing least squares on the selected

support. Let 8 C [D] denote the resulting selected index set, and let fg(x) = Zje $9®j(x) Bj
be the least-squares estimator restricted to S. Since at most M indices are selected, we have

|§ | < M. For any subset S , define the missed support
S*\S={jes& :j¢S8}

By the oracle bound from the previous lemma, applied to the model restricted to the selected

support S , we have

~ PR 1 1 M

2 2 2

Enk—fwhkﬂs(ﬁ+fzg it
JjeSH\S

Taking expectation over the random support S yields

Sl

E|lfsparse = £13,] = Es [E[Ifs — £°13,

- <1+1T177> Z 8512 P(j ¢§)+1T—a . (6.33)

Now fix j € [D]. Since each draw selects index j with probability P; independently, the
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probability that j is never selected in the M draws is

P(j ¢ S)=(1-P)M <e M

Substituting this bound into (6.33), we obtain

~ 1 _ . 1 M
E ||fsparse - f*H%Q] < (1 + m) g |ﬁ;'<|26 MP; + TUNUQ. (6.34)
JES*

It remains to lower bound P; for j € S*. Since the basis {®;} is orthonormal and

1f* = frrlliz, < e, we have
D
> 1B - BiIF <&
=1

where we extend B}‘ =0 for j ¢ §*. In particular, for each j € §*, |B;| > |Bj*| — 185 — 6j*|

Moreover, || frrllz, < I1f* L, + 1% = frrll, < 11f*lz, + ¢, and therefore

g 8- 18- 8D 635
el ~ (P, te? |

J

Furthermore, under the assumption, m* = min ¢ g+ |ﬁ;| > ¢, then (6.35) implies that for
every j € S*,

(m* —¢)?
(1f*lly +2)*

Substituting this estimate into (6.34), we conclude that

PjZ

~ 1 M(m* — ¢)? 1 M
2 2 9
E”&W%_F“JS(“WT?)WWﬁm<wah+@2*l—nﬁ“'

Finally, by orthonormality of the basis,

Hﬁ,parse - f*H% = ”Bsparse - 5*H%>
2
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which yields the desired result.

6.4 Numerical Experiments

In this section, we present numerical experiments comparing several approaches. The first
is our proposed sparse tensor regression method. The second is standard tensor-train (TT)
regression, using gradient descent to optimize the tensor-train representation. The third
is the classical lasso applied to an appropriate feature expansion. Besides, we include the
numerical results from neural network as a reference benchmark although this approach
cannot capture the sparse property in general.

To highlight the computational advantages of our method, we construct ground-truth
regressors as sums of low-order cluster components (e.g., involving only 2-cluster or 3-cluster
interactions). In such settings, the lasso baseline typically requires at least O(N d2) compu-
tational cost to include and process all pairwise (2-cluster) interaction features needed for
correct recovery, whereas our approach scales linearly in the dimensionality d under the same
experimental design. For simplicity, we draw covariates & independently from the uniform
distribution on [0, 1]%.

Example 1: The first example considers a sparse clustered function constructed from
trigonometric components f(z) = Z?:l cos(2mx; 1) sin(27rx;) and we use Fourier basis in
our algorithm. Therefore, the ground-truth function lies exactly in the span of the chosen
dictionary and can, in principle, be represented without approximation error. Consequently;,
this experiment is designed to assess the exact recovery capability of the proposed approach.
We use 9 fourier basis as univariate basis in the algorithm and keep sample size N = 30, 000.
As reported in Table 6.1, sparse tensor regression achieves errors on the order of the pre-
scribed algorithmic tolerance across a range of dimensions, closely matching the performance

of the classical lasso baseline. In contrast, direct tensor-train regression attains substantially
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poorer accuracy, as it lacks an explicit mechanism to identify and exploit the sparse clustered

structure of the target function.

Sparse Tensor Regression | Tensor-train Regression | Classical Lasso
d=10 1.7561e-9 0.0180 9.8551e-9
d=20 3.4236e-9 0.2841 3.1923e-8
d=30 7.4925e-9 0.6601 2.1434e-7
d =40 9.3312e-9 0.8536 4.2324e-7
d =50 9.7823e-9 0.9321 8.2856e-7

Table 6.1: Regression on sparse 2cluster trigonometric function with Fourier basis.

To illustrate the sparse recovery behavior, we consider the case d = 10 and visualize
all two-cluster coefficients of the tensor-train estimator obtained from Step 2 in Figure 6.6.
The plot exhibits four prominent peaks, revealing the sparse structure of the underlying
ground-truth function. This provides strong evidence that the subsequent sampling step can

effectively identify the important coefficients and sample them with high probability.

0.5 4

0.4

0.3 1

0.2 1

01 A

Value of coefficient

00 1

Index of all 2cluster coefficients
Figure 6.6: Visualization of all two-cluster coefficients of the tensor-train estimator obtained

in Step 2 of the algorithm.

Furthermore, we examine performance when a polynomial basis is used. In this setting,
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the ground-truth function is generally not represented exactly by the chosen features, and
the approximation error is therefore non-negligible. We fix all parameters and Table 6.2 nev-
ertheless shows that our method maintains strong performance across all tested dimensions.
This behavior is expected because the target function is sparse and the number of active com-
ponents does not grow with the dimensionality. In contrast, standard tensor-train regression
remains substantially less accurate, since it does not incorporate an explicit sparse recovery
step. The neural network baseline performs even worse than the sparse regressor, further
illustrating the difficulty of capturing this structured target function without exploiting its

intrinsic sparsity.

Sparse Tensor Regression | Tensor-train Regression | Classical Lasso NN
d=10 2.2324e-4 0.0128 2.3894e-4 2.2924e-3
d=20 2.2678e-4 0.2297 3.0163e-4 2.7232¢-3
d =30 2.3569e-4 0.6116 2.7831e-3 1.8501e-2
d =40 2.2891e-4 0.8201 2.7482e-3 3.5327e-2
d = 50 2.2968e-4 0.9238 2.7843e-3 4.9135e-2

Table 6.2: Regression on sparse 2cluster trigonometric function with polynomial basis.

To highlight the computational advantages of our approach, we record the wall-clock run-
time of both sparse tensor regression and the classical lasso baseline. As shown in Figure 6.7,
the runtime of sparse tensor regression grows approximately linearly with the dimensionality,
whereas the lasso runtime increases quadratically due to the need to construct and process
all pairwise (2-cluster) basis features. This pronounced difference in scaling behavior under-
scores the computational benefit of the proposed method in high-dimensional settings.

Example 2: For the second example, we take the ground-truth regressor to be a sparse
2-cluster function formed by a mixture of exponential and sinusoidal components f(x) =

Zg’:l sin(27x;) exp(z;41). We use 9 polynomial basis as univariate basis in the algorithm
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Figure 6.7: Regression on sparse 2cluster trigonometric function with polynomial basis.
(Left) The curve of wallclock runtime against dimensionality with fixed N = 30, 000. (Right)
The curve of relative error against sample size with fixed d = 50.

and keep the sample size N = 30,000. We report results for standard tensor-train regression,

the proposed sparse tensor regression, and the classical lasso baseline in Table 6.3. The results

show that our method achieves accuracy comparable to that of the lasso sparse regressor.

Importantly, it attains this performance with substantially lower computational cost, which

constitutes one of the key advantages of the proposed approach.

Sparse Tensor Regression | Tensor-train Regression | Classical Lasso NN
d=10 2.2218e-4 0.0039 2.3717e-4 7.2713e-4
d =20 2.2292e-4 0.0658 2.9843e-4 1.4232¢-3
d =30 2.2915e-4 0.1286 2.7432e-3 2.4236e-3
d =40 2.3241e-4 0.1613 3.1243e-3 3.2435e-3
d =50 2.4321e-4 0.2058 3.4328e-3 4.6343e-3

Table 6.3: Regression on sparse 2cluster mixed function.

Example3: We consider the following high-dimensional sparse localized spike model on
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the domain [0, 1]:

K

fla) = Zexp(—ZO(xi —0.3)% — 20(2j11 — 0.3)2)+ 3 eXp(—QO(xi_l —0.7)2 — 20(z; — 0.7)2> .

=1 i=d—K
(6.36)

This function is composed of a small number of localized Gaussian-type spikes, each depend-
ing only on two neighboring variables. The first group of terms generates spikes centered near
(0.3,0.3) on the coordinate pairs (z;, z;41) for i = 1,..., K, while the second group generates
spikes centered near (0.7,0.7) on the coordinate pairs (z;_1,x;) fori =d— K, ..., d. Hence,
although the dimension d may be large, the function itself only involves a sparse collection of
low-order interactions concentrated on a few coordinate pairs near the beginning and end of
the variable chain. This structure makes the example particularly well suited for illustrating
the sparse recovery capability of our method. We fix K = 3, sample size as 30,000, and
use 15 polynomial basis as univariate basis in the algorithm. As shown in Table 6.4, the
proposed approach achieves strong performance and consistently outperforms the standard

baseline method.

Sparse Tensor Regression | Tensor-train Regression | Classical Lasso NN
d=10 6.7451e-5 0.0314 1.0432e-4 3.5523e-4
d=20 7.0901e-5 0.1967 4.1934e-3 8.2134e-4
d=30 7.3784e-5 0.2654 4.5231e-3 1.4258e-3
d =40 6.9452e-5 0.3181 4.8323e-3 1.8658e-3
d =50 6.8774e-5 0.4395 5.7693e-3 2.8694e-3

Table 6.4: Regression on sparse localized spike model.
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6.5 Conclusion

In this work, we developed a computationally efficient framework for sparse tensor regression
in high-dimensional settings. The proposed method combines a kernel ridge regressor with
tensor-train (TT) compression, a coefficient-sampling stage and a final sparse regression re-
finement, yielding an estimator that can exploit low-order clustered sparsity while retaining
favorable scalability. In particular, when the number of active components in the target
regressor does not increase with the dimensionality, the overall computational complexity
of our approach scales linearly in the dimensionality, offering a substantial advantage over
classical sparse regression. We complemented the algorithmic development with a theoretical
analysis that quantifies the estimation accuracy of the proposed procedure. Under suitable
identifiability and signal-to-noise assumptions on the underlying coefficients, we established
that the estimation error decreases exponentially fast as the number of sampled coefficients
increases, thereby providing guidance for the sampling budget required to reach a desired ac-
curacy level. Finally, extensive numerical experiments across multiple synthetic benchmarks
demonstrated that our sparse tensor regression method achieves accuracy exceeding that of

the classical approach, while consistently requiring significantly lower computational cost.
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CHAPTER 7
CONCLUSION

This thesis develops a numerical linear algebra perspective on generative modeling, with
the goal of constructing scalable, interpretable, and theoretically grounded alternatives to
standard deep-learning-based approaches. The central theme is that many high-dimensional
generative modeling problems possess latent low-rank or low-interaction structure, and that
such structure can be exploited effectively through tensor networks and structured spec-
tral approximations. From this perspective, the thesis studies both density estimation and
diffusion-based generative modeling.

Chapters 2-4 focus on density estimation. In Chapter 2, we introduced a variance-
reduction framework that improves the efficiency and stability of tensor-based density esti-
mation relative to standard higher-order singular value decomposition. This chapter shows
that appropriate variance-reduction techniques can substantially extend the practical ap-
plicability of tensor methods to moderately high-dimensional settings. In Chapter 3, we
proposed a tensor-train-based density estimator based on a convolution—deconvolution for-
mulation. The key contribution of this chapter is to overcome the exponential variance
growth that arises in empirical density estimation in high dimensions, thereby enabling sta-
ble compression and accurate recovery in tensor-train format with linearly computational
complexity in dimensionality. In Chapter 4, we extend these ideas to hierarchical tensor-
train representations, aiming to model more complex data distributions. Together, these
chapters demonstrate that tensor network representations provide an effective framework for
high-dimensional density estimation beyond classical nonparametric methods.

Chapters 5 and 6 turn to diffusion-based generative modeling. In Chapter 5, we devel-
oped a numerical linear algebra framework for diffusion models that enables optimization-free
score estimation. Rather than relying on the expensive training of overparameterized neu-

ral networks, this approach exploits structured representations of the score function arising
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from the underlying diffusion dynamics. In Chapter 6, we further incorporated sparse regres-
sion techniques to recover sparse low-order structure. By combining structured kernel ridge
regression, tensor-train compression, and sparse recovery, the proposed method achieves ef-
ficient estimation in high dimensions.

Across all chapters, the proposed methods are supported by extensive numerical experi-
ments, which demonstrate their effectiveness in a variety of settings, as well as by theoretical
analysis. These results show that numerical linear algebra is not merely a computational tool
for accelerating existing methods, but rather a principled framework for designing generative
modeling algorithms with favorable structure and interpretability.

Several directions remain for future work. On the density estimation side, it would
be valuable to develop more adaptive basis constructions and to extend the tensor-based
framework to broader classes of distributions. On the diffusion side, it would be of interest
to further investigate structured approximations of score functions beyond the sparse low-
order regime and apply to more complicated dataset. More broadly, the results of this thesis
suggest that the interplay between generative modeling and numerical linear algebra remains
far from fully explored, and that it provides a promising direction for the development of

high-dimensional generative methods.

178



APPENDIX A
APPENDIX OF TENSOR VARIANCE REDUCED SKETCHING

A.1 Preliminaries

Finite-dimensional Tensors

Let B be a tensor of size m1 x mg x --- x my. Let B(ly,...,l;;lpyq,...,lg) be the k-th

unfolding matrix of B such that

B(ll, ce ’lk;lk—&—lv ce ,ld) = B(ll, ce ,ld). (Al)

Here B(ly,..., lp; g1, ..., 1) is a matrix in H];:l ms X ngk—f—l mg dimensions, and its
element in row (l1,...,l;) and column (I3, 1,...,l;) equals to B(ly,...,l;) asin (A.1). The

matrix B(l1,...,l;;lp11,...,lq) can be obtained from B by the MATLAB function

k d
reshape(B, Hms, H ms)
s=1 s=k+1

Remark 4. Given {lk}gzl such that 1 < pp. < my,, we can identify the integer (I1,..., ;)
in the following recursive way. Set (pui,p2) = (w1 — 1) - mo + po. So 1 < (uq,pg) <
mima. Then (u1,1l2,13) = ((11, p2),13) = ((n1, o) — 1) -mg +13, and so on. When working
with B(ly, ..., lg; ka1, .-, 1), the k-th unfolding matriz of the tensor B, it suffices to use
(l1,...,1lg) as the row index, and (lyiq,...,lq) as the column index. Therefore it is not

necessary to keep track of the exact value of the integer (ly,...,1;).

Let Q. € R™k*% bhe a matrix. Then B X}, Q. is a tensor of size mq X ... X my_1 X q; X

Mp41 X ...mg such that

qk
(B x4 Q) bt s W15 0) = D Bl et e et - La) Qi (U )
lp=1
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Tensors in Function Spaces

We first introduce a convenient notation for integration of two functions. For j = 1,2,3
let Q; C R% be any regular domain. Let A(z,y) € La(Q x Q9) and Q(y, z) € Ly(Qy x Q3)

be two functions. Then

(A xy Q)(x.2) = / Al y)Qy, =)dy. (A2)

Q9

Let O C R be a measurable subset. For arbitrary univariate functions { fk(zk)}gzl, denote

A® @ fg€ Ly(09) as

fi@-®@ falz1, . 2q) = fi(z1) - fa(za): (A.3)

Let {Sj};lzl C L2(0O) be arbitrary subspaces, where functions in S; correspond to the

variable zj. Define

S1®---08;= Span{gl(zl) .. -gd(zd) : 91(21) €S, .. >gd(zd) € Sd}

SO S ® - ®8y C Lo(O%). Let {#1}72, be a collection of complete basis in Lo(O), and

m € Z*. For j € {1,...,d}, define
M = Span{¢y(2;) H1 - (A4)

So M; C Ly(O) and M1 ®--- @ My C Loy(O%). Denote

m

P (2, 25) = D dilz) ().

=1
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For any function A € Lo(O%), we define A x4 Py (21, ..., 2q) using (A.2) as

AXy Py (21,000, 2q) = /OA(zl,...,zj_l,z},zj+1,...,Zd)PMj(z;,zj)dz}.

Therefore A x1 Ppgy X ... Xq Ppg, can be defined inductively. A direct calculation shows

that
m m
AXyPpgy X oo Xg Py (21,5 2a) = Z Z(A,cbzl @@ @) (v1) - O (Tg)-
=1 =1

Therefore Ax1Ppq, X ... X3Py, is a function in the space M @ --- @ My. Given data

{Z; } ., C O, denote the corresponding empirical measure as

=

~ 1
A= NE;‘SZ’

where 07, is the indicator function at the point Z;. We can also project the empirical measure

A\onto/\/l1®---®/\/ldas

Z ¢l1 " ® ¢ld>¢ll (Zl) e ¢ld(zd)

Ms

A Ppgy X oo X g P21 24

N
=
Il
—_
~
,_.

m dm 1 N
=53 {Nz% @, (Z )}@1(21) - d1,(2a)
11:1 ld:1 i=1

Lemma 3. Suppose {Z} 4, C RY are sampled independently from the density A*. Then
E(ﬁxﬂ?Ml X o Xqg Ppgy) = ASXPpgy X oo Xg Py

Proof. 1t suffices to observe that E(¢y, @ - ® ¢1,(Z;)) = (A", ¢, @ -+~ ® ¢y,). O

Definition 1 (Coefficient tensors). Suppose f € My @ --- @ My C Ly(O%). Let C(f) be a
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d
tensor in R satisfying

C(f)(lla"'ald):<f7¢l1®'“¢ld>> (A5>
where 1 < ly,...,l; < m. Here, C(f) is the coefficient tensor of f. Note that the coefficient
tensor C(f) is defined with respect to the basis functions {¢}" ;.

The following lemma shows that the coefficient tensor is distance preserving, and conse-

d
quently the space of M®? and R™" have the same topology.
y

Lemma 4. Let f € M1 ® ---®@ My, and let C(f) be defined in (A.5). Then

1100 = ICH)r-

Proof. Let {¢;}°, be the complete basis functions of Lo(O). Then {¢;, @---®@¢;, }° , _
111=1 h latiy,...lg=1

is a complete basis for Ly(O%). Therefore

1= 4= 1= 4=

where the second equality follows from the assumption that f € M ® --- ® M. O
The following lemma demonstrates the compatibility of the coefficient matrices.

Lemma 5. For j = 1,2,3 let Q; C R e any reqular domain. Let x € Qq,y € o,
and z € 3 be three variables in arbitrary dimensions. Let M = Span{¢;(z)}j",, L =
Span{wn(y)}%zl, and N' = Span{{}(2)}7_, be three subspaces of functions, where {¢;(z)}" |,
{wn(y)}%zl, and {§1.(2)}_, are othornomal functions. Let A(x,y) € M® L and Q(y, z) €
LN be two functions. Then A xy Q(z,2) = [, Az, y)Q(y, z)dy satisfies

C(A xy Q) = C(A)C(Q),
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where C(A) € R™¥ and C(Q) € RI*™.

Proof. The proof follows from a standard coordinate matching calculation. By definition,

the [, k entry of the matrix C(A xy Q) € R"™*™ is

/Q | /Q 3 /Q A1) 2y ()64 (2
Note that for any function f(y) € £, g(y) € L,
00 {
/Q o)y = ; /Q W)y /Q o))y = nizjl /Q W)y /Q o0y

Since Alz,y) € £ for fixed 2, and Q(y,2) € £ for fixed =, it ollows that
L Awnaw e ez

) /Qnil { [ Acsontitr{ [ ooty oo

; L Ao { ] 0.2 m: )

which is the (I, k)-entry of the matrix C(A)C(Q). O

The coefficient tensor of Ax1Ppq, X ... Xgq Py, satisfies
CAX1Ppy X oo Xg Pm, - lg) = (Asg @ - @ ¢y). (A.6)
For 1 <k <d,let x = (21,...,2) and y = (241, ...,2q). Denote
MO~ My @M and MO = M @ @ M,

Then A x4 PM®’“ Xy PM®d*k is a function in M®" @ M®I=k  The coefficient matrix
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ko, d—k
C(A Xz Ppyek Xy Pryed-k) € R™ XM satisfies

C(A Xz Ppryek Xy Prjodrk) s i L1, -+ -5 1g)
=(A, (0, @ @ ¢y, ) @ (dy,, @+ ®Py)). (A7)

:<A7 (bll & ®¢ld> = C<AX1PM1 X XdPMd)(llv .. 7ld)

In other words, C(AxxPM@,k Xy PM@)d_k) is the k-th unfolding matrix of
C(AX1Pp X ... Xg Prm)-

Best Low Rank Approximations

Throughout the section, we denote x € 21 C R% and y € Q9 C R%. Thus z and y can be

variables in arbitrary dimensions.

Theorem 13. [Singular value decomposition in function space| Let A(z,y) : Q1 X Q9 — R
be any function such that |[Al|p,(q,xq,) < 00. There exists a collection of singular values
01(A) > 09(A) > -+ >0, and two collections of orthonormal basis functions {(I)p(x)};i1 C

Lo(1) and {¥)(y)}72 C La(2) such that

Z JWp(y). (A8)

Proof. See Section 6 of [22]. O

Therefore A(x,y) can be viewed as an infinite-dimensional matrix. Suppose in addition
that A(x,y) has exactly 8 many strictly positive singular values, where 8 € ZTU{oc}. Then
the rank of A(z,y) is f.

Theorem 14. Let {®,(x) ;’;1 and {\I/p(y)}gil be defined as in (A.8). Forr € Z*, denote

ZU/) p(y)
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Then [A], is the best low rank approzimation of the function A in the sense that

1Az, y) = [Alr(z,9)ll = min _JJA(z,y) = B(z,y)lls = or11(Al2, 9)),

rank(B)<r
[A(x,y) — [Alr (2, )| Lo x00) = ng(ig)Q [A(x,y) — B(,Y) || Lo(01 x02) = J Z o2 (A(z,y)).
- k=r+1
Proof. See Section 6 of [22]. O

From Theorem 14, it follows that if B(z,y) is a function of rank at most r, then

1Az, y) = [Alr(z,9)ll2 < [[A(z, y) — Bz, y)ll2 (A.9)

1ACz, ) = [Alr (@, )| Ly (0, x00) < 1A 9) = B(@,9)|| 1y (0, x0y)- (A.10)

Definition 2. Let A(x,y) : Q1 x Q9 — R. The range of A(x,y) in the x-variable is defined

Range, (A) = {f(az) 1) = [ Aoy for any oly) € LM)}. (A11)

Suppose A(z,y) = Z;ﬂ):l 0p(A)®y(x)¥)(y) as in (A.8). Then an equivalent definition of
Range,.(A) is that
«

Range, (4) = Span{®,(z)},—; = {Z ap®p(x) : {apty_; C R}. (A.12)

Consequently, the rank of A(z,y) is the same as the dimensionality of Range,(A).

Corollary 2. Let x € Qq,y € Qg be two variables in arbitrary dimensions, and A(z,y) :
Q1 X Q9 — R be any function such that || A 1,0, x0,) < 00 Let {¢}2; and {7,077}%():1 be

two complete basis functions of Lo(21) and Lo(Q2a) respectively. Let C(A) € R* be the
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coefficient matrix of A in the sense that

C(A)(Ln) = (A, & @ ty).

(a) 0p(A) = 0,(C(A)) for all p € ZT. Here o,(A) is the p-th singular value of A when A is

viewed as a function of two variables x and y.

(b) C([A]r) = [C(A)],. Here [A], is the best rank-r approzimation of the function A; and

[C(A)]r is the best rank-r approximation of the matriz C(A).

Proof. Corollary 2 is a direct consequence of Theorem 14. See Section 6 of [22] for detailed

proofs. m

We will use Corollary 2 mainly in the setting where A is a finite rank function. In this
case C(A) can be identify as a finite-dimensional matrix.

Suppose B(z,y) : 1 x g is a two-variable function with Q; C R% and Q9 C R%.
Suppose in addition that [|Bl|r, o, x0,) < 0o. Then the operator norm of B(z,y) can be
defined as

1Bz, y)ll2 = sup (B,u®v).
UELQ(Ql),UELQ(Qg)

It is a well known linear algebra result that

1B(z, y)ll2 < 1B £y (0 x0)-

Whenever the context is clear, for convenience we will write || B||2 to indicate the operator

norm of B(z,y).
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A.2 Proofs Related to Theorem 2

Proof of Theorem 2. By Lemma 11,

(mdi 4 ¢d2) log(N)) (A.13)

[(A — A*) xz Pag Xy Prlla = Op (\/ I

Suppose this good event holds. Then

||1Z Xz Pp Xy Pp — A*XyPS||2
<[ A* X Pag Xy Pr — A"y Pslla + || A Xz Pag Xy Pr — A* Xz Pag Xy Prllo

<|A* x4 Pag — A|2]|Psll2 + |A Xz Pag Xy Pr — A* X0 Pag Xy Prlla

. (m—a . \/ (md1 + ejl\;) log(N))7 A1

where the last inequality follows from Theorem 15, |Pg|l2 < 1 and (A.13).
By definition, P is the projection operator onto Range,. (A*) By Lemma 6, P is also the
projection operator onto Range, (A* xy Pg). Therefore by Corollary 5, the Wedin’s theorem

in Hilbert space, it follows that

V2| A x4 Pag xy P — A* %y Pslla

[Pz — Phlla <

~ ] ¢d
By (A.14), we have that [|A x; Ppg Xy Pr—A*xyPslla = Op (m_a + \/(m 1+£J\27) 1og(N)> :
In addition, since A* has rank r, it follows that A* x,Pg has at most rank r. So 0,41 (A* xy

Ps) = 0. Consequently,

or(A* xy Ps) — 0 11(A" xyy Pg) — |4 xa Ppg xy Pp — A*xyPsllo
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where the first inequality follows from Lemma 6, and the last inequality follows from (2.18)

in Theorem 2 and (A.14). Therefore

~ . 1/ _ dy 4 pd2)1og(N
||7>x—7>x|y§:op{g(m 2, (m ) log( >>} (A.15)
'S

N

Since P, and Py are both rank r, it follows that Py — Py is at most rank 2r. Therefore

[Pz — P Ly SV 2r|| Py — P*||2. This immediately leads to the desired result. O

Lemma 6. Suppose all the conditions in Theorem 2 hold. Then
Range, (A" x, Ps) = Range,(A"),

and that o (A* Xy Pr) > op(A¥)/2.
Proof of Lemma 6. By Lemma 23 in Section A.4 and Theorem 15, the singular values
{op(A" xy Pg)} ;2 of the function A* x, Pg(z,y) satisfies

As a result if o.(A*) > Cp¢~ for sufficiently large constant Cf,, then

OUAT Xy Pp) 2 o 2 0p (A% xy Pp) > 0p(A%) = [ A* = A% x Prll Ly xiry) > 0v(A7)/2

(A.16)

Therefore, the leading r singular values of A* x,, P, is positive. So the rank of A* x, P, is
at least 7, and therefore the dimensionality of Range, (A" x, Pr) is at least 7.

Since by construction, Range,.(A* x, P,) C Range,(A*). Since in Theorem 2 we assume
that the dimensionality of Range, (A*) is r, it follows that Range, (A* x4 P,) = Range, (A¥).

]
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A.3 Proofs Related to Theorem 3

Assumption 8. Let {¢;}7°, be a collection of basis functions in Lo(O) generated from either

the reproducing kernel Hilbert spaces or the Legendre polynomials system.

For j € {1,...,d},let m € N,/; €N, z; € R and denote

M, = span{¢l(zj)}m and (A.17)
é.
Sj = Span{¢n1(21) sy (2j-1) gy (Z541) - %d(zcl)} J - (A18)

7717"'777j—1777j+17"'177d:1

Assumption 9. Suppose that the data {Zi}é\il c 0% are independently sampled from the
density A* : O — RT. Suppose in addition that HA*HW?(OC[) < oo with o > 1 and that

[ Ao < 0.

For j =1,...,d, denote y = (21,...,2j-1,%j41,- - -, 24), and

o, =0p(A"(2,9)), (A.19)

where 0,(A*(z;,y)) denote the p-th singular value of the two-variable function A*(z;,v).
Bias from Projection

Theorem 15. For j € {1,...,d}, let M; and S; be defined as in (A.17) and (A.18)

respectively. Suppose that Assumption 8 and Assumption 9 hold. Denote v = z; and y =

(21,5 Zj=1,%j41,- - 24)- Then

|A* — A* x, Ps, H%Q(Od) =02, and (A.20)
|47 = A 5o Pagy <y Ps; 7,00y = Olm ™ +75) (A-21)
Proof. The proof of Theorem 15 is detailed in Section A.5. O
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Lemma 7. Let x = zj and y = (z1,... -7 R PY-7 N P ,24).- Then there exists an absolute

constant C' such that

or(C(A* x4 PMj Xy Prjed-1)) > U}:T —Cm™ ™.

Here, a;fp is defined in (A.19) .

Proof. By symmetry, it suffices to consider x = z; and y = (29,..., 24). For brevity, denote
M=M; and M® 1= My®- - @M,y

Note that C(A* Xz Py Xy Prgea—) € R By Corollary 2, 0,(C(A* x5 Py Xy

Pped-1)) = op(A* Xz Pag Xy Ppyed—1). Therefore

o (A" Xz Ppag Xy 7DM@wl—l) — o (A% (2, )| < A" Xz P Xy P ry@d-1 — A*H%

< A" %o Pt xy Prgear — A7 o0y = O(m ™),

where the first inequality follows from Lemma 23, and the equality follows from (A.21) with
S; = M®I=1 The desired result follows from the definition in (A.19) that oy.(A*(z,y)) =
o1, ]

,r

Consistency of VRS estimator

For analysis convenient, we can rewrite our main algorithm into Algorithm 13.

190



Algorithm 13 Multivariable Density Estimation via Variance-Reduced Sketching

INPUT: Data {Zi}i]\il, parameters {rj};-izl C Z*, subspaces M as in (A.17) and sub-

o

@

10:

11:

12:

13:

14:

spaces {S};l_l as in (A.18).

N/2
: Set empirical measures A= N /2 D il

1 0z, and A’ = N/2 YL N/2+19Z
[Subspaces estimation via Sketching|
for j €{1,...,d} do

Set y = (21,--,2j-1,2j41,- - -, 2q)- Compute

d—1
mxéj ‘

C(A x; P, xy Ps;) €R (A.22)

Use SVD to compute ﬁj € O™*"j, where columns of ﬁj are the leading r; left
singular vectors of C(A x ; i Pm; xy Ps;). Set PJU = (7](7; e RMxm,
end for
[Sketching using estimated subspaces]|
Set € = C(A x1 Py, X - xg Py,) € R
for j €{1,...,d} do
Computegj:CAxlplUx-- 73 1><]Jr173+1>< degERmd.

Use SVD to compute ‘A/J € @mxrj, where the columns of Vj are the leading r; left

singular vectors of the matrix gj(lj;ll, o lio i, lg) € Rrxm - Get PJV =
ViV e Rmxm,
end for
Set C' = C(A x; Pary X oo Xqg Pay) € R™, Compute the tensor C = C' x; PY
“ X g Pc‘l/ c R,

Compute the estimated density function

" mi mq .
A(Zla cee 7Zd) = Z o Z Cll,...,ldgbl,pl (Zl) T ¢d,pd(zd)'

Lh=1 =1
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Remark 5. We show that Algorithm 2 and Algorithm 13 are numerically identical. In other

words, Algorithm 2 and Algorithm 13 are different interpretations of the same algorithm.

Note that P;I)(zj,z;-) corresponds to the leading r; singular functions in the variable z; of
A Xz PMj Xy ng (2j,v). In addition, PU corresponds to the leading r; left singular vectors

of C(/Al Xz PMj Xy ng). Therefore PU is the coefficient matriz of P(I)( Zjs ;) with respect

to the basis {¢;};" . In other words

c(p?)y=rV. (A.23)

Observe that the range of PMj contains P}I), 50
<I> P

Note that P}l’(zj, zé) corresponds to the leading r; singular functions in the variable z; of

n P P

AXjJ[ijlFl Xoee 7: 1X] 17: XdFd

n P P 0] P (0] (0]
_AXJ;MJ X1 Ml;]_ X"'Xj—]_ M 1;j_1 Xj—l—l M 1;j+1xd‘_/\/ld;d

:(A\xllex--~><d73Md) xl”PfDx'- 77 1><j+1’P 'xdpg). (A.24)
As a result, by (A.23) and (A.24),

C(EijMj X1 PR x - x P 1><J+177;-I)+1---><d73§)
=C(A X1 Ppgy X -+ deMd) X1 C(PE) x -+ %1 C(P}I’_l) 41 C(PJH) - xgC(P¥)

:C(XXNDMI x---deMd)xlpyx-- 79 1x]+179jU+1---><d73d.
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So B\j 15 the coefficient matriz of B\j, where Bj is defined in Algorithm 2 and gj 1s defined

in Algorithm 13. Consequently, 77}/ is the coefficient matriz of 77;1’(23', z}) with respect to the

basis {¢1}" . In other words

c(Py)="P;.

Therefore C in Algorithm 13 is the coefficient tensor of A in Algorithm 2, and thus Algo-

rithm 2 and Algorithm 13 are numerically identical

Definition 3 (Range and rank of multivariable functions). Let B(z1, ..., z4) € Lo(O%). For

j S {17 B ad}, let Yy = (21, ces Bi—1 Z 41 - ,zd). Deﬁne
Range;(B) = { / B w)a(y)dy : gly) is any function in Lz(od—l)},
O J—

Therefore Range;(B) is a linear subspace in Ly(O). In addition, define Rank;(B) the di-

mensionality of Range;(B).

Denote
£ = min A*—B PN A.25
(r1;--sra) BELQ(Od):Rankj(B)Srj{H 00} (A.25)
In other words, 52;1 ) is the error of the best rank-(ry,...,r;) approximation of the

density A* in Lo(O%).

Proof of Theorem 3. Let c=C X1 PY X oo Xdp}i/ € R be as in Algorithm 13. It follows
that
C(A) =C,

where C(A) denotes the coefficient tensor of A corresponding to the basis functions {13724

as in Definition 1. Then

IA — A*|| Ly 00y SIIA — A1 Pag, % -+ Xa Patgll g0y + A X1 Paty X -+ X Paty — A%l o000
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Note that with high probability,

14 = A1 Pagy % Xa Paagly(0t) = I€ = CA™ X1 Pagy X -+ Xa P,

where the equality follows from Lemma 4, and the inequality follows from Lemma 8. In

addition by Theorem 15, there exists an absolute constant C'9 such that
A"} Pty % -+ Xa Pty — A¥ll 00y < Com™ .

Therefore, with high probability,

. . m/’ﬂl/r‘2...rd * —
(e Sk

The desired result follows from the fact that m = N1/(2a+1), O]

Lemma 8. Suppose all the conditions as in Theorem 3 hold. Let
C'=C(A x1 Ppgy % -+ g Pp,) e R™

as in the algorithm, and c=_C X1 PY X - Xy Pc‘l/ € R™ 4s in Algorithm 13. Then with

high probability,

~ " mriro---r * —
IC—ClA™ Py X xa Py lF < c(\/% T g T )

Here C is some absolute constant independent of N, m, and {rj}?zl, and C(A*) is the
coefficient tensor of A* corresponding to the basis {¢y};" . The definition of coefficient

tensor can be found in Definition 1.
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d
Proof. For convenience, denote C* = C(A*x1Ppq, X -+ XqPpy,) € R™ . Note that

IC—C*llp=IC" x1 Pl x - xqaPy —C*|IF

<[c* —C* x1 PY x - xg PY|p+1(C*=C) x1 Py x - xqg PY || F. (A.26)

We bound ||C* — C* x1 73Y X o Xy PXHF in Step 1 to Step 4, and bound ||(C* — C') x;

Py x-- Xdpc‘l/HF in Step 5.

Step 1. Let columns of ‘A/] € Q"™*"j correspond to the leading r; left singular vectors of

N d—1 ~ .
the matrix Bj(lj; l,..., lj—]_7 lj_|_1, o lg) € R™M>mM™ " and VjJ_ € @mx(m—r]) correspond

to the rest m — r; singular vectors of the same matrix. It follows that

=

oT o7 %4
GV = Im = ViV = Im =Py

Therefore

Ic* —C* x1 P x -+ xq Py |l
=[C* x 1 Vi Vi +C* X1 PY xa Vo Vol + -+ C 51 P x o xg 1 Py xa Var Vi e
ST 5T S T
<[ x1 Viu Vi lIp +1IC* x1 P o Vo Vg |l + -+ [C*xa Py x -+ xq_ 1 Py g Va V]| IIF

5 ST 5 ST v 5 ST v v
<IC* <1 Vi Vi e +IIC" <o Vo Vo IFIIPY 2+ -+ ICF Xq Var Vi L IIFIIPT 2+ IPg_1 2

d
7 1T
<> et < Vi Vil le, (A.27)
j=1
where the last inequality follows from the fact that projection matrices have operator norm 1.

Step 2. We proceed to bound ||C* x1 ‘711_‘711”% as ||C* x1 ‘%LXA/]—E_HF can be bounded
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by the exact same calculations.

For j € {1,...,d}, let U; € R™*"J denote the matrix with columns being the leading r;
singular vectors of C*(I5;11,...,lj—1,lj41,..-,lq) € R} et Uj € R™*"j be the the
matrix with columns being the leading r; singular vectors of C (A\ xX; P M, Xy ng). Here

C(A X j Ppm; xy Ps;) is defined in (A.22). Then

S oST
IC* <1 Viu Vi IF

<|lc* x1 Vi1 Vi o UsUs || (A.28)
+HC* x1 Vi | xo (I — UsU3 )| . (A.29)

Note that
(A.29) < [[C*xa(Tin — USUS D) pIViL Vil < &,y + CmT, (A.30)

where the last inequality follows from Lemma 16 and the fact that ||V; | ‘711”2 = 1.
In addition, by applying Lemma 19 to the matrix C* xq VlL‘Afl—i X9 U;U;T(ZQ; li,l3,..., 1),
it follows that

(A.28) < oL (U U3)|IC* x1 Vi V)| xo U3U3 T U503 ||

min

-1
min

By Lemma 9, we have that o ((7; Uj) = Op(1). Consequently, there exists a constant Cy

such that with high probability,

(A.28) <Cq||C* x1 Vi V)| o U3U3 TULUY ||
<O1)IC* x1 Vig Vi) o UaUy || + C1l|C* x1 Vi V)| o (I — U3U3 YOLUS || 5
* o T STl * S al el Tl
<CY|IC* x1 Vi V| o UaUy ||p + C1||IC" x1 V11 V]| X2 (Im — U3US )| p||U2Uy |2

<Cille* x1 Vi Vi) x2 U0y |l + CLE, oy +m ), (A.31)

yeensTd
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where the last inequality follows from (A.30) and ||62(A]2T |2 =1. As a result

5 oT o5 OT . B.AT
IC* <1 Vi Vi llp < CHIC™ 1 ViL Vi 2 UaUy |l + CL(ELy g

MY (A32)
Step 3. We bound ||C* x1 ‘7]_J_‘71—5_ X9 (72(/]\2T||F in this step. Observe that

S ST U AT
IC* x1 Vi1 Vi) %o Uals ||p

<lle* x1 VitV o ol x5 U303 || p (A.33)
HC* x1 VLV <o Oaly xg (I — U3U3 1| (A.34)

Note that
(A34) < ||IC*x3(Im = U3 U3 D[ pIVIL VY 20203 |2 < &,y +Cm™ % (A.35)

where the last inequality follows from Lemma 16.
In addition, by applying Lemma 19 to C* x; ‘71L‘71—5_ X9 ﬁgﬁ; X 3 U;U;T(Zg; li,lo, ..., 1),
it follows that

(A.33) < oL (U5 UD)||IC* xy Vi Vi xo Uslsy x3 USUL T UsUY ||

min

By Lemma 9, we have that o+ (ﬁgUg“) = Op(1). Consequently, similar to (A.31), there

min

exists a constant (9 such that with high probability,

(A.33) <Co|C* x1 Vi1 V)| xo Ualy x5 UsU3 ||p + Ca (&

T1,..57d

EmTY). (A36)
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Combining (A.35), (A.36), and (A.32), it follows that

IC* x1 Vi Vi e < ColIC* xq Vi Vi xo Ualy x3 UsU3 || + Co&lyy gy T )

(A.37)

Step 4. Following the same argument that leads to (A.37), there exists a constant C’ such

that

1T v 1T Nl adl —
IC* <1 Vi Vi lF < c’'|Ic* xq Vi Vi xoUsUy X -+ xqUgUy ||F + O,(gz:m,---,rd) +m= ).

(A.38)

It suffices to use Lemma 18 to control ||C* xllA/lL‘/}lE_ ><2(72[72T X 'XdﬁdﬁJHF- Note that 1}

corresponds to the leading 77 left singular vectors of the matrix l§1 (I1;19,...,1y) € Rmxmdfl,
where gl = CA><2 [72(7; X - Xy ﬁdﬁ;— € R So
IC* 1 Vi V)| xo Ualy x -+ xq UgU |l
=[lc* xy ViV, <o Ualy x - xq UgUy (I13la, ..., 1g)l| p
<[(C* = C) x2 UaUy x - xq UgU4 (lyila, -, gl (A.39)

H|CFxoUsUy x -+ xq UgU] (131, ..., 1g) — [C*x2UsUsy x -+ xq UgU] (1512, . .., 19)lr ||

(A.40)

where the inequality follows from Lemma 18. By H(/]\]@T — U;‘U ]* T = Op(m™1) for all

j€{1,...,d}. Therefore by Lemma 14,

(A.39) =[|(C* = C) xo UslUy x -+ xq UyU] ||p =

<|(C* = C) xa Uy x -~ xq Ugll pl U3 N2+~ 1T] |12

1
a
*

|
aQ

~ -~ ~ mro---r
) xaUg x -+ xq Ug|lp = OIP’( Td> (A.41)
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In addition by Lemma 17,

(Ad0) <& .+ Cam (A.42)

Observe that (A.41) and (A.42) together imply that with high probability,

~ = ~ ~ o~ mro---r _
IC* x1 V11| %o Ually x -+ xq Uglg | p < Cy (\/ Td &g T a>'

(A.43)
(A.38) and (A.43) together imply that with high probability,
~ T mro - -1Tq _
IC" <1 ViiVillr < Cs (\/ v Ty T a)'
It follows from (A.27) that
d mry - -Tg
o~ a7 . B
Hw—wmexmxﬂ%wsiyvxﬂm%JWS%(-—77—+%mw@+ma)
]:
(A.44)

Step 5. Note that the projection matrices PJV = VJVJT are computed based on the empirical
measure A. Therefore {P]V}jzl are independent of A’ and C' = C(A\’ X1 Py X X g Pay)-

So by Remark 6

17
B~ ) i P e xa PYIR) = 0 (225
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Step 6. By (A.26), (A.44) and Step 5, it follows that with high probability,

IC—C*||p <|[C* = C* x1 P/ x - xg P |lp + |(C* =C") x1 PY x -+ xg PY||Ip

§C7( o e m_O‘). (A.45)

]

Lemma 9. Suppose all the conditions as in Theorem 3 hold. Let U; and (A]j be defined as
. N _ -1 -
in Lemma 10. Then HUjTU;LHQ =Op(m™1) and o (U;TUj) = Op(1).

min

Proof. By Corollary 3, we have that

o (m+ ld_l) log(N)
5T - Jirj+1 J
107 U3, = 1= omia @] U) = 05 (22 L),

],7"]' jvrj

Since (2.23) holds for sufficiently large constant, with the choices of m and /; in Theorem 3,

it holds that U] U¥ |y = Op(m™"). Since with high probability \/ 1— 02, (U] U%) <1,

min

it follows that amm(U}rU;) = Op(1). O
Consistency of Sketching

Suppose {¢},}7> | be a collection of basis function Ly(O) defined in Assumption 8. For
Jje{l,...,d}, let M; and S; be defined as in (A.17) and (A.18) respectively. Denote

v=2zj and Y= (21,21 Zj41s -5 2d)-

d—1
Lemma 10. Foreveryj € {1,...,d}, suppose a}irj > (1 max {Z—Oé’ a}:"’j"-l’ \/(m+l N)log(N)}
or some absolute constant Cy. Let U¥ € Q"*"i with columns being the r;-leading left
J J
d—
singular vectors of the matriz C*(lj; 1, ..., lj_1,ljiy1,...,lg) € R™*™ 1, where C* =
d ~ o ‘ .
A Py X oo Xg Ppgy, € R Let Uy € Q"5 with columns being the rj-leading left
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~ d—1
singular vectors of the matriz C(A Xz Paq. Xy Ps.) € R™5 . Then
M; 2y IS5

O-;‘:qutl . (m + l;.l—l) log(N)).

* *2
g y
J’rj Ngj7rj

—|— A~ A~
\sus’ U0 |12 = O]P’(

Proof. Without loss of generality, assume j = 1. Throughout the proof, for brevity we
denote U* = U¥, U = Uj, M= My, 8 =8y, r=r, = () and

MO = My @@ My,

It follows from (A.7) that C*(ly;la, .. ., lg) is the coefficient matrix of C(A* Xz Prg Xy P pqed—1)-
Therefore the columns of U* are the r-leading left singular vectors of the matrix

C(A*Xl-PM Xy ,PM®d*1)‘

Step 1. Let [A* X3P Xy P @d—1]r be the best rank-r approximation of A* X3 Pag Xy Py ed-1-
See Theorem 14 for the definition of best rank r approximation for functions. In this step,

we show that

1,

To see this, observe that

| [A* % 2P g Xy PM®d—1]r Xy Ps — A" Xz P Xy PM®d_1||2
S| [A" %2 Pag Xy Ppyoa-ilr Xy Ps — A" XaPpg Xy Pryoa-1 Xy Psll2

| A% aPag Xy Ppgwa—1 Xy Ps — A" X Prg Xy Ppyoa-1ll2-
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Note that

| [A*%aPpaq Xy Prgoa-tlr Xy Ps — A*XaPprq Xy Pryoa—1 Xy Psll2
=[[([A*%2Prq Xy Prjwailr — A*xaPpg Xy Prgod1) Xy Psll2
<|[[A*x2Pag Xy PM®dfl]r — A" %2 Ppg Xy 7DM®UZA||2||7D$||2
<A x2Pam Xy Prgod—1 — A*XaPug Xy Pyyad-1ll2[Psll2
=[[([A]} = A*) xaPpq Xy Ppgea-ill2Psll2

<I[A: = A% 2P pll2lP ppea-1 2l Psllz < I[AL — A%ll2 = o7 41, (A.47)

where the second inequality follows from (A.10) and the fact that [A];x2Pag Xy P ed—1
is a function with rank at most r; the last inequality follows from the fact that projection

functions has operator norm bounded by 1; and the last equality follows from Theorem 14.

In addition

|A*X 2P Xy Pryod—1 Xy Ps — A% Xz Pag Xy Ppyea-ill2
:”A*Xx'PM Xy Ps — A" Xz Pm Xy P/\/l®d*1||2
SNA*%gPag xy Ps — A*lg 4 |A" = A" X0 Ppg Xy Pyyod-1ll2

=0(m ¥ +1"%) +0(m™ %) =0(%),

where the first equality follows from S C M®d*1; the second equality follows from Theo-

rem 15; and the last equality holds because [ < m. Therefore

I TA* X2 P Xy Ppyea-ilr Xy Ps — A" Xa Pag Xy Ppyoa-tll2 < UirJrl(A*) +Col™
(A.48)

202



for some sufficiently large constant C5. It follows that

UT([A*XJJPM Xy PM®d—1]T)
ZUT(A*XQCPM Xy ,P/\/l®d*1) — || [A*Xx'PM Xy ,PM®dfl]r Xy PS - A*XQCPM Xy ,P/\/l®d*1||2

_ _ 1
>0y = Cam™" =07 ;4 (A7) = Col ™% = S0y,

where the first inequality follows from Lemma 23; the second inequality follows from Lemma 7

and (A.48); and the last inequality follows from the assumption that o7 2 C1 max{l~“, o] " 1)

Step 2. We show that the the column space of C([A" X3P Xy Py ad-1]r Xy Ps) equals

to the column space of [C(A* Xz P Xy Ppyed—1)]r-

To see this, note that

C([A* % Pag Xy 'PM®d71]r Xy Ps) =C([A* X4 Paq Xy PM®dfl]r>C(PS>

=[C(A* X2 Prq Xy Pyy@a-1)]rC(Ps),

where the first equality follows from Lemma 5; and the second equality follows from Corol-
lary 2 (b). So the column space of C([A*x3Pprq Xy P @d-1]r Xy Ps) is contained in the

column space of [C(A* Xz Pprg Xy Py @d—1)]r, or simply

Note that the matrix [C(A* X3P Xy Py 2d—1)]r is at most rank 7. By Lemma 7,

UT([C(A*XJ;PM Xy /PM®d71)]r) - Ur(C(A*XmPM Xy PM®d71)) > O
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So the matrix [C(A*XzPpg Xy Ppyed—1)]r is exactly rank 7.

In addition, C([A*x2P g Xy Ppyed—1]rXyPs) is at most rank r, because [A* X3 Prg Xy Py @d—1]r
is a function of rank at most . By Step 1, o, ([A* X2 P Xy Ppryed-1lr Xy Ps) > 0.

So C([A* X3P Xy Ppyed—1]r Xy Ps) is exactly rank r.

Since both [C(A* X3P Xy Ppyed—1)lr and C([A*XzPaq Xy Pryed-1]r Xy Ps) are exactly

rank 7 matrices, (A.49) implies that

Step 3. The columns of U* are the leading r left singular vectors of C(A*x ;P g xy P/\/l@d*l)‘
Therefore the columns of U* spans the column space of [C(A*XzPaq Xy P yyed—1)]r-

By Step 2, the columns of U* also spans the column space of Col{C([A* Xz P Xy PryedlrXy
735)}. Note that columns of U* are not necessarily the singular vectors of

C([A*x2Pp Xy Ppyoda-1]r Xy Ps), but U*U*T is the projection matrix onto the column

space of C([A* X3P Xy Pryad—1lr Xy Ps).

It follows from Corollary 4 that

(A.50)

jvvT = Uz < \/_(A.Sl) — (A.50)’

where

(A.50) = [|C([A* x@ Pag Xy Ppgod—ilr Xy Ps) — C(A x5 Ppg Xy Ps)ll2

(A.51) = 07 (C([A* Xz Ppp Xy Ppgoa-ilr Xy Ps)).
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Note that with high probability,

(A50) =[|[A* Xz Pag Xy Pyod-ilr Xy Ps — A Xz Prg Xy Psll2
<IA® Xz Pag Xy Prgod—1lr Xy Ps — A* Xz Ppag Xy Psll2

+[|A* Xg Py Xy Ps — Axg P <y Psll2
m + 191 log(N
<0741 +C2(\/< N) &l )>,

where the last inequality follows from (A.47) and Lemma 11.

In addition,

N | =

(A51) — (A.50) >

DO | —

(m + 19-1) log(N) 1
Uir - Uir—i—l —Cy (\/ N B ZO—T,’N

d—1
where the last inequality holds because o], > C1 max {lo‘, o] 1> \/(m+l N) log(N) }

+1471) log(N
e

UUrT =00 || < V2
| Iz < \/_(A.51) —(As0) — 3 ot

)T
[

Corollary 3. Suppose all the conditions in Lemma 10 hold. Let U;‘J_ € Q™= (m=75) pe the

orthogonal complement of U;‘. Then

o m dil 0
J’”“+J( Y )lg(N)) (A.53)

107 U7, = /1= owin @] 0) = 05
T T %o N3,
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Here amin(ﬁJTU;) is the minimal singular value of the matrix fjJTUJ* e R™T,

Proof. By Lemma 1 of [24],

~T S T 7T
||Uj U;J_H? = \/1 - Umin(UJTU;) < 2||U;<U; B UjUj l2-

Therefore (A.53) is a direct consequence of the Lemma 10. O]

A.4 Perturbation Bounds

Throughout this section, let {Zz}f\i 1 C 0% be the i.i.d. data sampled from the density A*

and A = % Zf\il dz, be the corresponding empirical measure, and
C* = C(A*x1Ppq, X -+ g Ppq,) and C=C(Ax1Ppyg, X -+ xq Py,)

Lemma 11. Let dy € ZT be such that di < d. Suppose {01172 is a collection of La(O)
basis such that ||y |lcc < Cy for some absolute constant Cy. For positive integers m and ¢,

denote

14

M = span {61, 20) -0, () | ond A= Span { o s 1)+ 0, (20 |

Uliyeslay =1 MyeesMd—dy =1

(A.54)

Suppose in addition that N > C} max{mdl, ld_dl} for some absolute constant Cy. Then it

holds that

- di 4 d=di} Jog(N
(A - 4% xo Pag xymnzzoﬁn(wm ),

Proof. Denote
r=(21,...,2¢;) and y=(2g,41,---52d)-
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For positive integers m and /, by ordering the indexes (I1,...,lg,) and (91, ..

(A.54), we can also write

€d7d1

M = span{q)l(x)}}idf and N = span{V¥y(y)},_; -

Here with the multi-index = (p1, ..., pp),
‘I)u@) = ¢l1 (z1)... ¢lp(zp)'
S di - d—d;
0 [[P]loc < 1. Similarly [|[Vp|ee < C . Therefore

¢ Y

(A%, & @ W) < CYJIA"loo

Md—dy) In

(A.55)

(A.56)

Step 1. Observe that A x, P xy Py and A* x; Pag Xy Py are both zero outside the

subspace M ® N. Let C(A x4 Py Xy Ppr) and C(A* Xz Ppag Xy Pyr) be the coefficient

dy 5 pd—dy

matrices in R™ . Note that

[(A — A*)x2Paq Xy Parlle = [IC(AX 2P g Xy Par) — CIA* X2 Pag Xy P2

LN
=I5 > B —E(By)]2,
i=1

where the first equality follows from Lemma 4; and in the second equality, B; € R"*

(A.57)

A1 xpd=d

such that (By);,, = @ ®Wy(Z;). Note that (C(AxzPag Xy Pr))y, = & iy @ By(Zi).

So

N

1 ~

~ > B =C(Ax;Ppq xy Py).
=1

Therefore E((B;);,,) = (A", &, @ ¥y) = (C(A*xzPag xy PN))l,n‘
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Step 2. In this step, we apply Theorem 16 to bound (A.57). To bound ||B; — E(B;)||2,

d—dq

let v = (v1,...,0 q) € RM™ and w = (wy,...,waq) € R Then ||B;lls =

SUD|y|=1,|w|=1 v Bjw. Observe that

m¢ 1d—dy m¢ 1d—dy
v Bjw = szl ’nwn—ZZvl(I)l@\I/n i )wy
=1 n=1 =1 n=1
m1ld dy
<Z Z \UZ|C¢|wn| < C¢ Z|Ul|2
=1 n=1

where the first inequality follows from the fact that ||®;cc < C’gl and [|[Wylloc < cd=d,

¢
Similarly calculations shows that by (A.56), |E(B;)|le < C’gHA*Hom /m‘lild—dl. So

|B; = E(By)|l2 < Cay/mf1d=dr.

Step 3. Note that E({B; — E(B;)}{B; — E(BZ-)}T) = E(B;B]') — E(B){E(B;)} ", and

E(B;){E(B;)}" is positive semi-definite. So by 8.3.2 on page 125 of [213],
IE({B; — E(B)}{Bi ~EB:)} 2 < [EBiB])]2-

Let v = (v1,...,v,4,) € R"" besuch that [v| = 1. Then [[E(B;B] )||2 = supj,—; v E(B;B] )v.
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Observe that

mf jd—d
B BT ?) o Z Z UZE{(I)Z ® \IJW (I)l’ ®\I]7; i)}vl/
LI'=1 n=1
m{ jd-d
Z Z / /d . 0P ()W) (y) Py (2) Uy (y)op A (, y)dady
LI=1 n=1 o4
m¢ 1d—dy
/ i / dsz@z ) D o) Y () A" (x, y)dady
ot Jof — = =

ld dq

d
<[l A* |00 /@d—d1 /(’)d{ v ®;(x } { Z \1;2 }dmdy.
1 %=1

Since {¥y,(y )} " is a collection of orthonormal basis functions, we have

7)1

ld dq ld dq

2 2 _dd1
/Od_dlz_:\lf dy—Z/_dl\If y)dy =1

d—d
Since {®5(y)}", ! is a collection of orthonormal basis functions, and |v| = 1,

[l :121111@1(@}2@ _1

So
IE({B; = E(B)Y{B;i —E(B)} )2 < |EBiB] )2 < [|A*locl® .

Step 4. Using similar calculations as in Step 3, it follows that

IE({B; —EBy)} ' {Bi — E(B) D2 < [E(B;B] 2 < A" [loom™.
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Step 5. Therefore by Theorem 16, it holds that

(A = A%)xaPg xy Pavlla = |l ZB —E(Bj)l2

0 {md 4 1d=d1} log(mdr 4 [d—dr) N {m1 4 19=d1} 1og (1 4 (d—dr)
P N N

o \/ (41 ) g2

where the last inequality follows from N > €} max{m®,9=4} so that m‘ll /N <4/ m‘f /N,

and 19741 /N <\ /1d=d1 /N

]

Theorem 16. [Matriz Bernstein| Let {B} Y1 be a set of independent random matrices

with dimensions my1 X mg. Suppose that for all i, E(B;) = 0 and ||B;|la < L. Denote

m = max{my,ma}. Then for anya > 2, it holds that with probability greater than 1—2n~0+1

that

< 2av log(m) N 2aL log(m)‘
- N 3N

g,

Here v = max {|E(B; B )2, |E(B;' B)ll2}-

Proof. This is the well-known matrix Bernstein inequality. See [213] for the proof. ]
Lemma 12. Let G € Lg(@d) be any non-random functions. Then

G112, 014 s
N

~

E((A-A%G)%) <

Proof. Note that (A — A* G) = %Zz]\il{G(ZZ) — (A*.G)}, and so E((A — A*, G)) = 0.
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Consequently,

n * 2 1 al * 1
B(A - 4°,G)) = Var (3 16(2) - (4°,G))) = 3 Ve (G(20))
=1

1

< VE(GX(7)) =

1 2 * 1 2 *
— A < —||G& .

]
Lemma 13. Let C* = C(A*xX1Ppq, X --- Xq PMd) and C = C(A\lej\/ll X Xy PMd> be

two tensors of size m%. Let {Qj};-lzl C R™*% be a collection of non-random matriz with

1Q;ll2 < 1. Then

d
IT5-1 4
—~ )

E()(C* =) x1 Q1 x - xq Qall%) = o(

Remark 6. Using the same notations as in Lemma 13, suppose in addition that {@j }?:1 C
R™*49 s a collection of random matriz with H@g”Q < 1. Suppose in addition that {@j}?:l

are independent of C. Then

* » A A 12 nyi:l qj
E((C" =€) x1 Q1 x -+ xq Qallp) = O —F— |-
The proof immediately follows from the argument of Lemma 13 and independence, and is

therefore omitted for breuvity.

Proof of Lemma 13. Let Q; = UjEjVjT be the SVD of @;. Then

1(C* = C) x1 Q1 x -+ xq Qallp = I(C* = C) x1 1T1V4T x -+ xq UgSqVy |p
=[[(C* = C) x1 U131 x -+ xq UgSqllp < [(C* = C) x1 Uy x -+ xq Ugllpl[S1ll2 - [1Sall2

-~

=[[(C* = C) x1 Uy x - xg Ugllpll@1ll2- - 1 Qall2, (A.58)
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where the second equality follows from the fact that multiplication of orthogonal matrices
are norm invariant; and the last inequality follows from [|Q;||2 = [|X}[|2. For j =1,...,d, let

B; € {1,...,4;}. Denote Uji;; the (Ij, Bj) entry of the matrix U;. Then the (31,...,8g)

~

entry of (C* —C) x1 Uy x -+- xq Uy is

m
Z U17l1a61 T Ud>ld75d<A* - A? gbll ® e ® ¢ld>
I1,--,0g=1

m m
=<A>|< — A, Z Ut 8,9 @ @ Z Ud7ld,5d¢ld>'

l1=1 lg=1

=1. So
Ly(0)

Since the columns of U; are orthogonal, it follows that

m
‘ lezl Uj7lj,5j¢lj

=1.
Lo(0O9)

m m
Z Ut p01, @ ® Z Udyldvﬂd¢ld
=1 Iy=1

By Lemma 12,

AN < 2\ [14%]|oo
= A" - A’ Z U17l1761¢l1 Q- ® Z Ud,ld,ﬁd¢ld < T

=1 lg=1

Consequently,

E(||(C* = C) x1 Uy x -+ xq Ugl|%)

S - . 2\ A sogr 4
~ NP
ZE( PIEEDY <A* —AD U d,® 0 ® ) Ud,ld,ﬁd¢ld> ) = N :

pr=1  Bg=1 =1 lg=1

The desired result follows from (A.58). O

Lemma 14. Let C* = C(A*X1Ppq, X - -+ Xq Ppq,) and C = C(flxﬂ?Ml X XqPpamy,) be
two tensors of size m®. Let {Qj};izl C R™*% be a collection of non-random matrices with

1Qjll2 < 1. Let {W;"};Ll C Q™75 be a collection of nonrandom matriz and {W]T"J_ ;-l:l C
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0"*("=75) be the corresponding orthogonal complements. Let {/V[?j};-izl c Q™ s a

collection of random matrices such that
1(W) TW5 (13 = Op(m™1). (A.59)

Then for any 1 < k < d, it holds that

1(C* = C) x1 Q1 % +++ Xpmq Qg1 Xp Wiy X +++ g Wyllh = Op

((H’“ L)Yy, ‘7))'

(A.60)

Proof. We proceed by induction. For k = d, (A.60) is shown in Lemma 13. Suppose (A.60)
holds for k = dy + 1. It suffices to show (A.60) holds for & = dy. Observe that

= = 19
) X1 Q1 X -+ Xg 1 Qay—1 Xa; Way X - xg Wallp

Q)

l(c* -
=[I(C* = C) x1 Q1 % -+ Xgy—1 Qay—1 Xay {WFWH T+ WL (WF ) Iy, 5o Wyl

~

T157 Ey A7 112
S2”( C) X1 Ql Xoees Xdl—l le—l Xdl W]*<W]*> Wd1 Xdl—l—l Wdl—‘rl Xowee XdeHF
(A.61)

~

T 7 117112
+2/[(C* = C) X1 Q1 X+ Xgy 1 Qg1 Xay Wi (W] ) Way g1 Way1 X+ xg Wallp,
(A.62)

where the first equality follows from the fact that T/VJTK(VI/']?")T + W}‘ J_(I/VJ’-" J_)T = I, the

identity matrix in R”™*"™. Note that

(A61) <[|(C*=C) x1 Q1 X -+ Xay—1 Quy—1 Xay Wi X1 Way 1 - xa Wall B | (W) T3 Wa |13

=[[(C* = C) x1 Q1 x -+ Xay—1 Qay—1 Xay W} Xay41 Way 11 X -+ Xg Wall%

di—1 d ) di—1 d ..
:OP((HJ 1 qJ)Tp(Hj:lerl?"J)) :OP<(HJ 1 9)ITj=a, J)>’ (A.63)

N N
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where the second equality follows from the fact that (A.60) holds for & = d; and that

projection matrices has operator norm bounded by 1. In addition,

~

(A.62) <[|(C* = C) x1 Q1 % -+ Xay—1 Qay—1 Xay WL Xay41 Way1 X -+ xa Wall 2| (W7 ) TWa, |13

J
=1 Nm — d . di—1 . a .
:OP<(H]1 QJ)( Np)(del-f-l J)>OP(ml) OP<(H]1 qj])\(]H]dl J))7 <A64>

where the first equality follows from the fact that (A.60) holds for £ = dj and (A.59); and

the last equality follows from the observation that —

;fpglgrp. The case of k = dy + 1

follows from (A.63), (A.64). O

Lemma 15. Let {ajp zo be defined as in (A.19), and fz‘n .y be defined in (A.25).

=rj+l Td)

Then for all j € {1,...,d}, it holds that

Proof. Denote x = zj and y = (21,...,2j-1,%j41,---,%4)- By the definition of 5?7‘1 )’

there exists a sequence By, € Lo(O%) with k € ZT such that Rank;(By,) < r; for j =

{1,...,d}, and that

. * = &F
klggo |A*(z,y) — Bk(ll?,y)HLQ(od) = 5(r1,...,rd)‘

See Definition 3 for the definition of Rank;. Then since Rank;(B}) < r;, it follows that the

two-variable function By (z,y) has rank at most r;. Therefore by (A.10),

1A (2 9) — (A%, (2. )y o) < A% (@) — Bilev)ll 00 (A.65)
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Since ||A*(z,y) — [A"]r; (w,y)||%2(od) = Z;irj—l-l 0;-‘72[), (A.65) implies that

00
*2 ; * — =&

Z o5 < khanéo |A™(z,y) Bk(l‘7y)||L2(Od) - g(rl,mﬂ“d)'

p=rj+1

]

Lemma 16. Let C* = C(A"X1Ppgy X -+ XqgPp,). For j € {1,....d}, let US € R™X7j

denote the matriz with columns being the leading r; singular vectors of

C* (Ll 1oL, - lg) € R Thep

I (I~ UFU Dl < €,y + Cm ™

where 52;1,---,7“61) is defined in (A.25).

Proof. Without loss of generality, assume j = 1. Denote z = z1 and y = (29, ..., 24), and
Ci =C*(I1;1a,...,lz). Then from the definition, it follows that C] is the coefficient matrix

of C(A™ Xz Ppgy Xy Ppyed—1), where
MO My @ @ My,

We have ||C*x1 (I, — UfUF )| p = |(Im — UFUF 1CE | = |ICF — [Cf)ry || - Note that

00 00
Ict = Cilnllr= Y 0p(C) = D op(A* xa Pugy Xy Pryoi-1) (A.66)
p=r1+1 p=r1+1

where the second equality follows from Corollary 2.

We are in the position to apply Lemma 24, the Mirsky’s inequality in Hilbert space. Observe
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that

o0
ICF = [Clmllr = | D o3(A* xu Pagy Xy Pryoat)
p=r1+1
(0. ¢] (0.
= Y. 02(A* xu Prgy, Xy Ppgaa1) £ | Y 03(A%(z,y))
\ p=r1+1 p=r1+1
e%e] 2 e%e]
<) X {ot <o Pa xy Pugpat) @ |+ | S0 oA,
\ p=r1+1 p=r1+1

where the inequality follows from the triangle inequality. We have that

e.¢]

2
> Lo 5Pty Page ) — )
p=r1+1

2 -2
S”A*—A* ng PMl Xy PM@d_l“LQ(Od) SCm 047
where the first inequality follows from Lemma 24; and the second inequality follows from
Theorem 15 with C' being a sufficiently large constant. By viewing A*(x,y) as a function of
(x,y), from (A.19) the singular values of A*(z,y) is {O’ip}gozl. So Zf,o:rlJrl ag(A*(x,y)) =
D e+ Uf?p. Therefore

0
ICF — [Ciln Il < VOm™ + Y ot <vVom O+,

7"'ard)’

(A.67)

where the last inequality follows from Lemma 15.

]

Lemma 17. Let {Qj};-l:2 C R™*™ be an arbitrary collection matrices such that [|Q ;2 < 1.
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Then

[C*%x2Q2 X -+ Xxq Qq(l1;lo, ..., 15) — [C*x2Q2 x - xq Qq(l1;l2, ..., I9)]r||lF  (A.68)

* —a
S RS

is defined in (A.25).

where 52;17---77’5[)

Proof. Denote C] = C*(l1;12,...,1g). Then

C*x2Q2 X -+ Xg Qq(l1;la, ..., 1g) =C{(Q2® - ®@Qg)l1;12,...,1g),

d—1 d—1

where Q9 ® -+ ® ()4 is a matrix of size m x m® . Since [C]]r, has rank at most 71,

[Ci1r(Q2 ® - - - ® Qq) has rank at most 1. So

(A68) =[IC7(Q2® - ® Q) = [C1(Q2® - ® Qu)ln [lF < ICT(Q2® -+~ ® Qa) = [C1]r, (Q2 @ -~ @ Qu)|F
=[(C1 = [Cilr)(@2® - @ Qa)llr < ICT = [Ci]n IF[Q2 @ - - ® Qa2

<IC; = (Gl llr < &,y + Cm

where the first inequality follows from (A.10); the second inequality follows from [|Q2 ®

Qe < Q12 |Qqgll2 < 1; and the last inequality follows from (A.67). ]
Perturbation bounds for matrices

Let C € R™*! be any matrix. Denote k = min{m,}. Then the singular value decompo-

sition of C satisfies

C=UxV".

Here U € Q™% with columns being the left singular vectors of C; V € O*F with columns
being the right singular vectors of C; and ¥ € RFXE is a diagonal matrix with diagonal
entries 01(C) > 02(C) > ... > 0 being the singular values of C.
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Let 7 < k be a positive integer. Suppose that U, € Q™*" V,. € QX" U, | e Qmx(k=r)

and V.| € (k=) are such that
U, Up ] = U and Vi, Vy ] = V.

Then U, has columns being the first r leading singular vectors of C. Let 3, € R"*" be the

diagonal matrix whose diagonal entries are {o1(C),...,0+(C)}, and &,.; € RF="*F=7 he the

diagonal matrix whose diagonal entries are {o,11(C),...,0,(C)}. Then
C=U%V, +U, % V], (A.69)
Denote
[Clr = UV,

Then [C]; is the best rank r approximation of C in the sense that

IC = [Clrll2 = min IC = Bll2 = 041(C),
BeR™*L yank(B)<r

IC = [Clellp = min IC = Bllp = or+1(C).
BeR™*L yank(B)<r

Theorem 17. Let C and C' be two matrices of dimensions nq x ny. Denote n = min{ny,ns}.
Let {0} (C)};-l:1 be the singular values of C in the decreasing order, and {o;(C') ?:1 be the
singular values of C' in the decreasing order.
(a) (Weyl’s inequality) For all j € {1,...,n}, it holds that |0;(C) — o;(C")] < [|C = ||
(b) (Mirsky’s inequality) It holds that

n

Y (oj0) =€) <Cc—-CF =) oic-C),
j=1

J=1

where 0j(C —C') denotes the j-th singular value of C —C'.
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Proof. See [97] for the proofs of both results. O

Lemma 18. Let A, B and C be three matrices of size m X | and that C = A+ B. Suppose
for r < min{m, 1}, the SVD of C satisfies

C=USVp + Up1 21 Vi

as in (A.69). Then
U, U Al < 2|1B|lp + |A = [Al || .

Proof. Note that
10, LU} Alp =1U,LU, (€ = B)llp < U, LU\ Cllp + U LU, Bl - (A.70)
Observe that

U, LU CllE =10, LU et Ve lle = 10 Sr Ved e = (1€ = [Clrllr

<l¢ = [Alrllr < lIC = Allp + A= [Alrllp = 1Bl + [A = [Alr| 7,

where the first equality follows from the fact that UTT Uy = 0; and the second inequality

follows from Lemma 20. In addition,
T T
1Ur LU, Bllp < |Ur Ll2l1U,  [l2]|Bll g = [|Bl| .

where the last equality follows from the fact that ||U,. | |]o = 1. The desired result directly
follows from (A.70). O

Lemma 19. Let C € R™ " and V,U € Q™*". Denote Py = VV' and Py = UU . Then

IPyCllF < ot (UTV)||PyPyC| F.

min
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Proof. Note that

IPuPyCllp =IUU T VVIC|p =|IUVVCllp

>0 (U VIV Cllp = omin(U  V)IVV T CllF = omin(U T V)|PVCl £,

where the second equality follows from Lemma 20; the inequality follows from Lemma 21;
and the third equality follows from Lemma 20. O

Lemma 20. Suppose U € Q™" and M € R™*". Then [UUTM|p = ||[U" M||p.

Proof. Observe that

UM% =Te(U'MM'UUT) =Te(UUU T MMTU) = Te(UT MM TU) = U M3

Lemma 21. Let A € R™*™ agnd B € R™*"™ be two matrices. Then
min(A) 1Bl < [|ABJ| .

Proof. Denote the SVD of A as A=3"7", 0; (A)vjw;r. Then
m m m

IAB|%: = 1>~ vi{o;(Aw) BHE = lloj(Aw] Bl3 > 02,,(A) > [lw] BlI3 = o2,,(A)|BII%,
Jj=1 Jj=1 Jj=1

where the second equality follows from the fact that {vj};nzl is a set of complete basis
vectors; and the last equality follows from the fact that {w; }3”21 is a set of complete basis

vectors. O

Theorem 18 (Wedin). Suppose without loss of generality that ny < no. Let M = M* +
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E, M* be two matrices in R™M*"2 whose svd are given respectively by

ni
o,k *T T
E o; U U] and M = g TiUV;

1=1

where 0y > --- > 0 fle and o1 > -+ > op,. For anyr <nq, let

¥ = dZCLg([O'T, 70-;':]) ERTXT7 U* = [UT’ ,Uﬂ G(D)nlxra V= [,Uff" 71};':] E©n2><r7
Y = diag([o1, -+ ,00]) €eR™" U =1uy, - ,uy] € O"*"  V =vq, -+ ,0,] € 0",
Denote Py« = UU* and Py =UUT. If|E|s < o — oy 1, then
\/—HEHQ
[Py = Pull2 < % (A.71)
r r+1 H H2
Proof. This is the well-known Wedin’s theorem. See section 2 of [39] for proofs. O

Corollary 4 (Wedin). Suppose all the conditions in Theorem 18 hold. Suppose in addition
that both M* and M are exactly rank r. Let W* € Q™ *" be such that the columns of W*
spans the column space of M*, and W € Q™ *" be such that the columns of W spans the

column space of M, Then

V2| Bl

IW*W*T —ww |, < .
of — || El2

Proof. Tt suffices to observe that W*W*T = U*U*T and WW T =UU", and or,1=0 0O

Corollary 5. Let W and W' be two Hilbert spaces. Let M and E be two finite rank operators
on W W' and denote M = M* + E. Let the SVD of M* and M are given respectively by

T2

Zazul ®uv; and M:ZUW@'@W
1=1
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where 07 > -+ > oy

r and o1 > - > opy. For v <min{ry,ra}, denote

U* = Span({u; };_1) and U = Span({u;}i_;)

Let Py« to be projection operator from W to U*, and Py to be projection operator from W

toU. If |Ella < of — oy, then

V2||E||2
P+ — Prlle < —

or —of — 1Bl

Proof. Let
S = Span({uj };L, {u;};2;) and & =Span({v;}'L,, {v;};2).
Then M* and M can be viewed as finite-dimensional matrices on S ® S’. Since Py« =

i—qu; ®@u and Py = Y i1 u; ® u;, the desired result follows from Theorem 18.

Perturbation Bounds in Function Spaces

Lemma 22. Let A and B be two compact self-adjoint operators on a Hilbert space V.
Denote A\, (A) and M\j,(A+ B) to be the k-th eigenvalue of A and A + B respectively. Then

Ak (A+ B) = A (A)] < || Bl

Proof. By the min-max principle, for any compact self-adjoint operators H and any S;, C W

being a k-dimensional subspace

max min Hlz,x] = \.(H).
Sk 2€8,[lzlw=1
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It follows that

A:.(A + B) =max min (A + B)[z, x]
Sk‘ QCGSk’HxHW:l

< max min Alx,z] + ||B||2||f||2
S zeSplzly=1 v

=Ak(A) + | Bll2-

The other direction follows from symmetry. O]

Lemma 23. Let W and W' be two separable Hilbert spaces. Suppose A and B are two

compact operators from W @ W' — R. Then
k(A + B) — a,(A)] < [|Bll2.
Proof. Let {¢;}3°, and {¢}}2°; be the orthogonal basis of W and W'. Let
W; = Span({¢;}/_;) and W} = Span({¢/}._,).

Denote

Aj = Ax Py, X< Pyyy and (A+ B)j = (A+ B) x Py, X Py

Note that (A + B); = A; + B; due to linearity. Since A and A + B are compact,

lim ”A — A]HF =0 and

lim ||
J—00 J—00

(A—l-B) — (A+B)j||F =0.
Then AAT and AjA;r are two compact self-adjoint operators on W and that

lim AAT — A;A] [|p = 0.

J—00

By Lemma 22, lim;_,, )\k(AjA;r) = M\;(AAT). Observe that Since 01,(Aj) and oy (A) are
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both positive, that A\ (AAT) = 0]%(14), and that /\k(AjA;-I—) = a]%(Aj). It follows that

lim o.(A;) = or(A).

J—00 J

Similarly lim; ., 0.((A+ B);) = 0,.(A + B). By the finite dimensional SVD perturbation
theory (see Theorem 3.3.16 on page 178 of [96]), it follows that

|0k ((A+ B);) — 03 (4;)| < [IBjll2 < |Bll2.

The desired result follows by taking the limit as j — oc.

]

Lemma 24 (Mirsky in Hilbert space). Suppose A and B are two compact operators in
WeW', where W and W' are two separable Hilbert spaces. Let {o1,(A)}22 | be the singular
values of A in the decreasing order, and {0}(B)}72 be the singular values of B in the

decreasing order. Then

S (op(A) = op(B)? < A= Bl3 = o} (A - B).

k=1 k=1

Proof. Let {¢;}32, and {¢}}2°; be the orthogonal basis of W and W'. Let
Wi = Span({¢;}}_;) and W;=Span({¢;}]_;).

Denote
Aj = A X Py, XPWJ( and Bj = B x Py, XPWJ/‘.
Since both A and B are compact, let n be sufficiently large such that for all j > n,

[A~Ajflp<e and |B-Bjlp<e
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J > (ok(A) = 05(A)))? = [A=Aj|p < e and J > (o4(B)) — ox(B))? = |B-Bj|lp <.

k=1 k=1

In addition, both A; and B; can be viewed as finite-dimensional matrices of size j X j. So

for k > j,

By finite-dimensional Mirsky in Theorem 17,

00 J J
J > (op(A)) — ox(B)))? = J > (op(A)) — op(B)))? < J > (op(A; — B)))?
=1

=[|A; — Bjllp < |A; = Allp + |A = B|lp + ||B - Bj||p <2+ [[A— B| .

Therefore
(0.9]
Y (o3(A) = op(B))? < 4+ | A= B|p.
k=1
The desired result follows because € is arbitrary. ]

A.5 Approximation Theories

In this section, we justify Theorem 15.
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Reproducing Kernel Hilbert Space Basis

Let O be a measurable set in R. For z,y € O, let K: O x O — R be a kernel function

such that
o0
y) =D Nor (@)e) (), (A.72)
k=1
where {A]E}zozl C RTU{0}, and {gé]}f}zo:l is a collection of basis functions in L9 (O).

The reproducing kernel Hilbert space generated by K is

H<K>:{feL2<[o,1] Wl = 080 o7 } (A73)

For any functions f, g € H(K), the inner product in H(K) is given by

Z L, 05 (g, 65).

Denote OK = ()\H]f)_l/ 2925%[5. Then {@%}zo:l are the orthonormal basis functions in H(K) as

we have that

1, if ky = ko;
0, if ky # ko.
an that
1By = Do) 6502 = D (£, 0°
k=1 k=1

Define the tensor product space

HK) @ @ H(K) = H(K®Y).

d copies
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The induced Frobenius norm in H(K®d) is

0 o0

2 K K \2 K \Ky\-1/4 /K K \2
14113 (keay = > (4, O ® - ®OL )" = ) Aoy - Ay) (A, @ @6y )7,
k1, kig=1 koo lig=1

(A.74)

where (A, qﬁ}}fl ® - ® qﬁ}}fd> is defined in (A.3). The following lemma shows that the space

H(K®d) is naturally motivated by multidimensional Sobolev spaces.

Lemma 25. Let O = [0,1]. With )\]}f = k2% and suitable choices of {gb]}f}zo:l, it holds that
H(KS) = W (0, 1]%).

Proof. Let O = [0,1]. When d = 1, it is a classical Functional analysis result that with

)\H]§ = k2% and suitable choices of {gf)]lkg}%o:l,
H(K) = W3 ([0, 1]).

We refer interested readers to Chapter 12 of [223] for more details. In general, it is well-known

in functional analysis that for €21 C R4 and Q9 C RdQ, then
W?(Ql) & Wg(Qg) = WQCY(Ql X 9).
Therefore by induction

HK®) = HES!) @ 1K) = Wg'([0, 1971 @ Wg'([0,1]) = Wg'([0, 1]%).
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Let di + do = d. In what follows, we show Assumption 8 holds when

1

m

M= spand o (1) -, ) | ond = spand o 1)+ 08, ()|

ll,...,ldlzl 7717'"777(:[2:1

Lemma 26. Let K be a kernel in the form of (A.72). Suppose that ME < k=20 4nd that
A:O% 5 R is such that ||A||{H(K)}®d < 00. Then for any two positive integers m,{ € 7T,

it holds that
|4 = AxaPpg xy ParllT ooy < Clm™2 + 02| AI, oay. (A.75)
where C' is some absolute constant. Consequently

|14 = AxyPrll}, 00y < CC N Allygoay  and (A.76)

[AxyPrr — AXzPpg Xy PJ\/”%Q(@d) < Cm_QaHAHg{(KQ@d)- (A.TT7)
Proof. Since M < k=22 without loss of generality, throughout the proof we assume that
A = k2 (A.78)
as otherwise all of our analysis still holds up to an absolute constant. Observe that

(AxaPut Xy Pa), (8 @ -+ @ 91 ) @ (0 @ - @ 6]y, )

<A,(¢]}f®---®¢}}§1)®(¢]}%®--~®¢;7K>2)>, if1<Uy,....lg <mand 1 <nq,...,10q, <4,

0, otherwise.
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Then

14 = AxaPp <y Parllg, o0 -y Y Z A, e oo )o@ e e )

ll m+1l27 ald1_17717 777d2_1

+...

+ Z Z Z AR e )o@ e 0 )

lla 7ld1_1771> 777d2 1= 1’7d2—£+1

Observe that

00 m Y4
DS > (AR e- vl )00 0 @)

h=m+1ly,...lg; =101, gy =1

oo

m 14
< D omTERY YT Y (A e @) ® 6 © @ g )

li1=m—+1 lQ,...Jdlzl 7717"~777d2:1

0 m /
Yoo D BTt (A @@ o )@ (0 @ @y, )

11:m+1 l2,...,ld1:1 77].7-'-’77(12:1

o0 (0.] o0
<mTN T Y RO (A e @) ) @ (0 @ @y )

l1=1 127...,ld1:1 7717-"a77d2:1

-2 2
e |

where the first inequality holds because [1 > m + 1 > m and the last equality follows from
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(A.74) and (A.78). Similarly

m 14 00
> > Y AGte-ed ) e@n e e )

ll7~-~7ld1:17717 a77d2 1= 177d2_€+1

l
Z Z (20 2a ((%511 ,®¢]}§1)®(¢]}]§®...®¢%K;2)>2

Uyensldy =L 005Ny —1=1 ngy =L+1

m Y4 00
<y > D BTl g (AL G @ @ 0 ) @ (G © - ® b))

ll7"'ald1:1 771>~-~777d271:1 nd2 :€+1

IN

SK_QQHAH%(K(&I?U,

where the first inequality holds because 74, > £+ 1 > £ and the last inequality follows from

(A.74) and (A.78). Thus (A.75) follows immediately.

For (A.76), note that when m = co, M = Ly(O%). In this case P4 becomes the identity
operator and

AXzPpag Xy Py = AXy Py

Therefore (A.76) follows from (A.75) by taking m = co.

For (A.77), similar to (A.76), we have that
4 - Axa Padl o < Om 2 AL oy
It follows that

|4y Par— APt y P, o0y < 1A= Axa P2, oa) IPAIG < Cim™ A1 e

where last inequality follows from the fact that ||Pysllo < 1. O
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Legendre Polynomial Basis

Legendre polynomials is a well-known classical orthonormal polynomial system in Lo ([—1, 1]).
We can define the Legendre polynomials in the following inductive way. Let pg = 1 and sup-
pose {pk}Z;% are defined. Let py, : [—1,1] — R be a polynomial of degree n such that
® [pnllLy(-11y) =1, and
o f_llpn(z)pk(z)dz =0foral0<k<n-—1.

As a quick example, we have that

5322 -1

po(z) =1, p1(2)=\/22, and  po(z) = 35

Let q,(2) = v2pp(22 — 1). Then {ar}72 are the orthonormal polynomial system in
L5([0,1]). In this subsection, we show that Assumption 8 holds when {¢}}77; = {qr}7—0-

More precisely, let

Sn(z) = Span{qx(2)}}_

and Pg ;) denote the projection operator from La([0,1]) to Sp(z). Then Sp(z) is the
subspace of polynomials of degree at most n. In addition, for any f € Lo(|0, 1]), Pgn(z)( f)

is the best n-degree polynomial approximation of f in the sense that

1Ps,,(2)(f) = fllLo(0,1)) = ;Ielisri lg = fll Lo (0,1))- (A.79)
We begin with a well-known polynomial approximation result. For a € ZT, denote
C*([0,1]) to be the class of functions that are v times continuously differentiable.

Theorem 19. Suppose f € C*([0,1]). Then for any n € ZT, there exists a polynomial

gon(f) of degree 2n such that

1f = 920(D1Z 5 0.17) < 0”72a||f(a)||%2([0,1])’
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where C is an absolute constant.

Proof. This is Theorem 1.2 of [237]. O

Therefore by (A.79) and Theorem 19,

1Psy ) (f) = f||%2([071]) <If=9pn/2 (f)||%2([071]) < Cln_2a||f(a)||%2([o,1])~ (A.80)

Let z = (21,...,24) € R? and let Sn(z;) denote the linear space spanned by polynomials of

z; of degree at most n.

Corollary 6. Suppose B(z1,...,zq4) € C%([0, 1]d). Then for any 1 < k < d,

1B = B Xk Ps, 2| Ly 0,174y < En” I Bllywg j0,1)-

Proof. Tt suffices to consider k = 1. For any fixed (29, ...,24), B(-, 29,...,24) € C*(]0,1]).

Therefore by (A.80),

2 2
aa
/ B(z1,29,...,24)—Bx1Pg (2 )(zl,zQ,...,zd) dzy SC’n_%‘/ B(z1,29,...,2q) ¢ dz1.
n{<1 80‘21

Therefore

1B = B x1 Ps,, (21) | 2y((0,1]¢)

2
:/.--/{B(Zl,ZQ,...,Zd)—BX1 PSn(zl)(Zlsz""7zd)} ledZQ---dZd

</.../Cn_2a/ " B(z1,29,...,24) 2d21d22---dzd.
_— aaz:l 7 ) Y

The desired result follows from the observation that [ --- [ {%B(zl, 29, ..., zd)}2d21 coedzg <

2
| B «([0,1)4)° ]
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In what follows, we present a polynomial approximation theory in multidimensions.

Lemma 27. For j € [1,...,d], let Snj(zj) denote the linear space spanned by polynomials
of zj of degree n; and let PSn»(Zj) be the corresponding projection operator. Then for any
J

B € W§([0,1]9), it holds that

d

HB - B X1 PSnl(Zl) o Xd PSnd(Zd)HLQ([O,l]d) S CZTL;OZHBHW;([OJ]d) <A81)
j=1

Proof. Since C*([0,1]%) is dense in Wst([o, 1], it suffices to show (A.81) for all functions in

e C([0,1]%). To this end, we proceed by induction. The base case

1B = B x1Ps, a)llLy(oage) < Cna 1Blwg o)

is a direct consequence of Corollary 6. Suppose by induction, the following inequality holds

for k,
k
1B =B x1Ps, (o) %k P, Iy < € 2oms “UBllwgo ey (A82)

J=1

Then

1B =B x1Ps, (1) Xk Py (z4) k41 P i) | La((0,2]9)
<IB X1 P,y (21) %k Py (z) Xk1 Py (o) = B X1 P o) %k Py (i) | 0,119)

+|B =B x1Ps, () %k Ps, () La(0,1]0)
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The desired result follows from (A.82) and the observation that

1B X1 Ps,,, (z1) "+ ¥k Py (ag) Xht1 Py (zre) — B %1 Py (e1) %k Py (i) 1 (0,119)
<IB k1 Py, i) ~ Blligo, ) Psny ey llz - 1Ps,,, 2 12

<Cny {1 1Bllwe 0.119):

where the last inequality follows from Corollary 6 and that HPSn.(zj-) |2 <1 for all j. O
j

This following lemma shows that Assumption 8 is a consequence of Lemma 27.

Lemma 28. Let 1 <dy <d, M =Sp(21)®---®@Sp(2g,), and N = Sp(2q,41)®- - -@Sp(2q).

Suppose ||A]|W2a<[0,1]d) < o00. Then for1 <m < oo and 1< (< oo,

|4 = AxaPag xy Pl jg.qja) = Om ™24 + €729 (A.83)
A — AxyPNH%Z([OJ]d) =072 and (A.84)
| A%y Par = AxaPat xy ParlF, g 10y = Olm ™). (A.85)

Proof. For (A.83), by Lemma 27,

14 = AxaPag <y Pully(o,aja) C(di(m = a =17 +do(€ = a = 1)7) [ Allyao,1j0)

=0(m™ > +079),

where the equality follows from the fact that «, di and d are constants.

For (A.84), note that when m = oo, M = Ly([0,1]%). In this case Ppq becomes the
identity operator and

AX P Xy Prr = AXy Py
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Therefore (A.84) follows from (A.83) by taking m = co.

For (A.85), similar to (A.84), we have that
2 _ —2o
|4 = 4% Pull3, g, ya) = Om™2%).

It follows that

—2a)

Y

1A%y Par = AxaPag <y Pal2, o) < 14 = A e Padll2, 0 30 [PAIE = Om

where last inequality follows from the fact that ||Pyrllo < 1. O

A.6 Additional Numerical Details
Neural Network Density Estimator

For neural network estimators, we use two popular density estimation architectures:
Masked Autoregressive Flow (MAF) (|170]) and Neural Autoregressive Flows (NAF) (]99])
for comparisons. Both neural networks are trained using the Adam optimizer ([115]). For
MAF, we use 5 transforms and each transform is a 3-hidden layer neural network with width
128. For NAF, we choose 3 transforms and each transform is a 3-hidden layer neural network

with width 128.
Kernel Methods

In our simulated experiments and real data examples, we choose Gaussian kernel for the
kernel density estimators and Nadaraya—Watson kernel regression (NWKR) estimators. The
bandwidths in all the numerical examples are chosen using cross-validations. We refer inter-

ested readers to [229] for an introduction to nonparametric statistics.
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APPENDIX B
APPENDIX OF TENSOR DENSITY ESTIMATOR

B.1 Preliminaries

Before the proof, we introduce some definitions and notations that will be used in the main
proof in Section B.2.1.
d
To begin with, we use ¢* = @Tp* € R™ to present the coefficient tensor of ground truth

under a set of orthonormal basis functions {(%5‘17 11> Whose entries are given by

C*(lla e ald) = <p*7¢111 o ¢Eil>

We point out that for p* with 1-cluster assumption as stated in Assumption 4, it holds that
c* = diag(w K)(DTp* for any K > 1. In the rest of this appendix, we omit the superscripts
on the basis functions unless they are needed to indicate the corresponding coordinate of
dimensions. Based on the additive formulation of ground truth p* in (3.38) and orthogonality

of {qb‘lj}f:l, c® can be expressed as

ldfl 1d72

c*:1d+c>1k® +1Rc® +-~~+1d71®c§, (B.1)

where 1% € R represents the k times Kronecker product of 1 = [1,0,--- ,O]T e R™

c;f € R" is a vector whose [-th coordinate is given by

1 1
éi(l) = /0 /0 Pon, - x)dy(ag)day - dag. (B.2)

We can further simplify the expression of c}‘f as follows. By the normalization condition of

p*, q; in the expression of p* satisfies Z;'l:1 fol q;f (z;)dr; = 0. Without loss of generality,
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we assume that

1
/0 q;(xj)dxj = 0. (B.3)

This further gives us

. 0, ifl =1,

Jo @ @j)éy(zj)de;, if2<I<n.

Definition 4. Let By g be the s-cluster basis functions defined in (3.5). Define the s-cluster

estimator

ps(@) =1+ Z B e1)e1(@) +- -+ Z (D, ps)ps(z) (B.5)

P1€EB1 g ps€B; ¢
The corresponding coefficient tensor ¢[s] € R of ps 18
é[s](lla T 7ld) = <ﬁ87 Pl Qpld>- (B6)

In this case, ¢[s] will be referred to as the s-cluster coefficient estimator of c*.

Rmxn

Definition 5. Given matriz A € and positive integer r < min{m,n}, we define

function SVD : RM*™ x 77t — QM*7" satisfying
SVD(A,r)=U (B.7)

where A =USVT is the top-r SVD of the matriz A.
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B.2 Proof of the Main Theorems

B.2.1 Proof of Theorem 4
In this proof, we simply denote ¢[K] as defined in (B.6) by ¢.

Proof. Let G.q be the TT cores of ¢ to bound the error ||¢* —Gy.4| p, we first use Lemma 31

to formulate it as

e — Gr.all%
—(|Geq1 GT. 1A= — ld=1)2, (B.8)
A AT ~(d—1 A AT d—1)112
H|Crag Gy @) — G 6T, Y2, (B.9)

Later we will bound the above two terms by Step 1 and Step 2 respectively. Before
elaborating these two steps, let us introduce two error estimates that will be used frequently

in the proof of this theorem. With high probability, we have

T w(k) _ ARy < \/nlog(dn)llp*lloo
rel® (U2 @ In)(c Vil < Ch N : (B.10)
dK n2K
" —¢llp < 02( ]:L, ) (B.11)

Their proofs are provided respectively by Lemma 38 and Lemma 39. In the above in-

equality, C1,Cy are two sufficiently large universal constants. Ug and V]: are orthogonal
ko ok

matrices such that UZU;T € R™ *™" is the projection matrix onto the space Col(c*(k)),

d—k . ,d—k
and VyVT e RV

is the projection matrix onto the space Row(c*(%)). Due to the
additive formulation (B.1) of ¢*, U} and V) have analytical expressions, shown in Lemma 35.
(B.11) provides an upper bound of the gap between empirical and ground truth coeffi-

cient tensor, which scales as O(dK/ 2) upon using K-cluster basis for the density estimator.

Notably, with the projection U} and V7, this gap grows only at O(y/dlog(dn)) under the
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Assumption 4 for ||p*|lco as stated in (B.10). This is due to the 1-cluster structure of c*,
which is the key to make our error analysis sharp.

Step 1. To bound (B.8), we show by induction that for k € {1,--- ,d — 1},

k
. nlOg(dn)Hp lloollc*[|3
1G4k Gl ™ — W < g —F* Z

(B.12)

J=1 7

for a universal sufficiently large constant C'3 with high probability, where ag(c*(j )) is the
second largest singular value of the unfolding matrix c*(7).

We prove k =1 first:

A A A A T A A T
GG ) — W = |GG D) — vpoi W G < |Gh 6T — Urut B |1
(B.13)

We use the matrix perturbation theory in Corollary 8 to bound HélélT — UfUi"THQ. The

spectrum gap assumption in Corollary 8 holds since ||é(1) — ) IF < O( dK;\l/?K) and

O< dK]\lfQK> < o9(c*(M)) by (B.11) and using a sufficiently large N such that (3.39) holds.

Therefore, we have

1) — Wyt e — (D)2

GGl vt < e + 2), B.14
IG1GY = U0 2 < Caf oa (D) o2(c D) ) (B.14)
for some universal constant Cy. According to (B.10), the first term
I = eyt nlog(dn)|[p*|leo
<C (B.15)
oo (c*(D) No3(cx(1)

and the second term can be bounded by the first term upon using sufficiently large N such
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that (3.39) holds. Therefore,

n log(dn)Hp*HooHC*H%
NU%(C*(D)

N

Cs

G GT M) — (W3, (B.16)

for some universal constant C'3.

Now suppose (B.12) holds for k. Then for k + 1,

. T 1 12
HG1:1€+1G1:;€+10*(’€+ ) — (k)2

=G g1 GT ) (G @ 1)(Grg @ L) T FFD |2 4G 6T a0 — )12,

<G g1 G FFY) — (G © 1) (G @ L) T k1|12, (B.17)

" og(dn)|p*|lsclc*(| % 3

N ETEE (B.18)

J=1

where the equality follows from Lemma 30, and the inequality follows from induction (B.12).

It suffices to bound (B.17). Note that

(B17) =[(G1p ® In) G GE 1 (Grp ® L) T H) — (G @ 1) (G © In)T T2,
=[(Grop ® In) [Cr1GE 1 (Grp © L) T D — (G @ 1) Ter D] 3,
<Gk © Ll3|Cr 1 GF 1 (Grp @ L) T D — (G @ 1) Ter D)3,

=11 GE (G @ L) T H) — (G @ L) T D)2, (B.19)

Step 1A. Define the matrix formed by principal left singular vectors:
Gri1 = SVD (G © L) T+ 2) € @212, (B.20)
where the SVD function is defined in (B.7). Since Rank((G1.5_1 ® In)Tc*(k)) = 2, it follows
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that
(G ® In) ) = Gy 1 G (G © 1) Ter(FHL), (B.21)
Therefore by (B.19) and (B.21),

A AT A T 1 ~ ~T A T 1)12
(BA7) =G 1G4 (Cropr @ In) T WD — Gy G (G © L) Ter D)3,
A A 1
<Gr1Gly — G GEL 1B G s ® L3l 1|13,

N AT 5 AT 12112
=|Gr1Gry1 — Grr1Gr 12l |7 (B.22)

Perturbation of projection matrices ||GJ, +1G’;‘€F R Gy, Jrlég 412 will again be estimated us-
ing Corollary 8. More specifically, in Corollary 8, we consider A = (élzk’ ® ]n)Té(k‘H) and
A= él:k; ® In)Tc*<k+1), and ék+1é£+1 and ék+1é£+1 are respectively the projection
matrices of A and A. In the subsequent Step 1B, we verify the conditions that should be

satisfied in Corollary 8.

Step 1B. By the induction assumption (B.12), we have

“

log(d
an og( n)Hp |oollc

N
ﬁm
M??‘

|Gy GT B — (k) 2,

J=
C3nlog(dn)(1+ B*d)Ced d d < ) Cynd? log?(dn)
< E < ;
c b* N

(B.23)

where C} is a universal constant, B* is given in Assumption 4. The second inequality above

follows from upper bound for HC*H% in Corollary 7 and the lower bound for singular value

in Lemma 37, and the third inequality follows from the fact that Z;'lzl 7 dl—j) = O(logd(d) ).
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Consequently,

0%(0*(k+1))
4 )
(B.24)

(Gt © In) (G ® In) T 4D — k)20 G G o+ () (k)12

where the inequality follows from the lower bound for the singular value (k) given in

Lemma 37 and the assumption (3.39) on sample size N. Therefore, by Lemma 45,

o Rank((G.p ® In) k1)) = 2, (B.25)

° V];"+1ngl is the projection matrix on to Row((élzk ® In)Tc*(k+1)); (B.26)
A *(k+1)

o 03((Grp ® 1) T4y > ) (B.27)

We start to apply Corollary 8 to G k41 and é’k 41, observe that

1(Grp @ 1) D — (G @ I) TP D p <G © Tl | HD — el

dE n2K
=||¢ — c*||p < Oy n
F

3 ) <8 So(Cuao W), By

A k
where the equality follows from the fact that G1., ® I, € Q" HXQ”, the second inequality

follows from (B.11), the third inequality follows from (3.39), and the last inequality follows
from (B.27). Since (B.28) and (B.26) hold, by Corollary 8

1GE+1G 1 — Gry1Grrall2
H(Gl o ® In)T B+ — ekt yye )
02((Grpp @ I) T (k1)
(G ® In)T (c*RHD) — alkt1))12
U%«él:k ® [n)Tc*(kJrl))Q

(B.29)

(B.30)

We will bound (B.29) in Step 1C and (B.30) in Step 1D.
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Step 1C. For (B.29), we have

(G ® In)T (e *HD — b+ Dyl
(G ® L) (G ® In) T (FHD — bt ype
=[[(G1:4GTy, ® L) () — bt Dyye
<N{URUET = Gy GT L} @ L) (e HD) — ekt Dy (B.31)

HI(UEURT @ L) (kD) — ekt Dy o, (B.32)

Note that

(B.32) =||(Uf ® L) (U @ L) T (e**HD — a4y

=||(U} ® Ip)T (c*E+D —alktype g (B.33)
<Cl\/nlog(dn)\\p oo e \/nlog(dn)Hp Hoo’
N 8 N

where the last inequality follows from (B.10) and we choose C3 in (B.16) to be at least 64012.

In addition,

(B.31) <[{UFULT — GraGToY @ Lol e+ — D)V [

N
\/nB*3||p*HOO\/dlog(dn) dKn2K \/C’g\/nlog(dn)ﬂp*ﬂoo

< < .

<G 5*202<C*(k)) N C2 N =8 N » (B34)

where the second inequality follows from (B.11), the third inequality in which Cjy is a uni-

K, 2K
N AT 5 T A AT d®n
=|URURT = GrpGlgll2llc® = élla < IURUET - Gl:kGlskHZCQ( )

versal constant follows from Lemma 32, and the last inequality holds for sufficiently large N

in (3.39).
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Therefore (B.31), (B.32), (B.33), and (B.34) together lead to

A . Cs [nlog(dn)||p*
(G @ TG0 0y < YO8 frlos@l g 5

So by (B.35) and (B.27),

VT3 v/nlog(dn)[[p*]|oc
2 VNog(erthrl))

(B.29) < (B.36)

Step 1D. Observe that

|e*(E+1) _é(k"Fl)H% _ AC3dK n2K _VC 3 v/nlog(dn)|[p*| s

B.30) < A < )
(B30) o3((Grp @ In)Terk+1))2 = NoZ(c (kH)) 2 VNoy(exk+1))

(B.37)

where second inequality follows from (B.11) and (B.27), and the last inequality hold for
sufficiently large N in (3.39). Consequently, (B.29), (B.30), (B.36), and (B.37) together lead

to

\/nlog n)|lp* [l

\|Gk+1Gk+1 Gk+1Gk+1||2 v C \/_a( D)

(B.38)

Step 1E. We complete the induction in this step. Note that

N AT S AT 0202 nlog(dn)|[p*llec | &2
(B.17) <||Gr1Gri1 — Gep1Gra 2l 17 < Cs No2(ex(k+D)) [Tt

where the first inequality follows from (B.22), and the last inequality follows from (B.38).
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(B.17) and (B.18) together lead to

*HZ k+1

F22

2 AT k1 k+1))2 nlOg(d”)Hp oo lle
1G g1 Gy D — U2 <

This completes the induction. Note that by induction

d—1
. ) _ nlog(dn) |[p*|lsollc*|I2 1
(B.8) = | Gra—1GT gD — =D)3 < ¢ N —" 2+
— 05(c*0))
7=1 2
(B.39)
Step 2. We have
(B.9) =[|G1q—1G Ly 1 (7Y — =Ly 3,
L2(Cra1Glgy = U Uil @) — D) 3 (B.40)
+2)| U U5 (@) — @Dy 7, (B.41)

Note that

a AT T 12 4(d—1 ~1)n2
(BA0) <2/|Gr.q1 Gy — Uj Ui 3] — @5,
31l..%
A AT T 12114 nB*||p*lloc dlog(dn),
=2|G1.q-1G1.q—1 — Uj_1UsZ1ll5lle — |7 < 5b*4a%(c*(d—1)) N ¢ — ||

nB*?’Hp*Hoo dlog(dn)CQ dfn2K <C nlog(dn)||p* |l (B.42)
pg(e@-1)y N 2N )50 N ! '

<Cs

where Cy, (g are universal constants. The second inequality follows from Lemma 32 given

(B.39), the third inequality follows from (B.11), and the fourth inequality follows from (3.39).
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In addition,

o nlog(dn)||p*[|co

(B41) = 2)|(U_1UsTy © In) (@D — HD)|F < 20f—=— (B.43)
where the inequality follows from (B.10).
Therefore
(B.9) < ¢;"1os@IP" oo 2C7nlog<dn>||p*||oo||c*||% (B.44)

N N a%(c*(dfl))N ’

for some universal constant C'7, where the first inequality follows from (B.42) and (B.43),
and the second inequality follows from the fact that oo(c*(@1) < ||*(@=D|p = ||c*||p. At

this point, we combine (B.39) and (B.44) and obtain the final estimation for the relative

CITor:
A d—1
Ie" = Gl _ g, [ | mlosgtimllb 521
17 N &3

By further applying [[p*|lcc < 1+ B*d from Assumption 4, we arrive at the results in
Theorem 4. O

B.2.2  Proof of Corollary 1

Proof. Let p* : R? — R be the orthogonal projection of p*:

P mg) =Y > L)y (1) - by, ().
l1=1 lg=1
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Then

<112
IP™ = Bl go.agay < 12" = By go,ay0y + 1P™ = Bl L, 0,130
= 0" = 7117, 0.0y + 1" = Grall Ly o0
d—1 %112
< CyB*2dn-20 4 oy B los(dn) <"1
N — 52(c*(7))
j=172

where Cg and Cg are some universal constants. él:d is the output tensor train from TT-SVD
(Algorithm 3). The last inequality follows from the error estimation for the approximation
error ||p*—p*||r, by Lemma 33 in the appendix and ||c*—CA¥1;d||L2 by Theorem 4. Note that by
Corollary 7, ||c*||7 = O(B*d). In addition, by (B.3), Hp*”Lg([O,l]d) =1+ 5 Hq;HLg([O,l})'
Therefore,

<1+ B*2d.

L+ 02 < 17, g 110y <

by Assumption 4. Consequently,

[p* —ﬁll%z(md) _ (B_*)2 (n_2f80 . dnlog(dn) &2 1 )
*(7))

X OlO
*(12 2
Hp ”L2([071]d) N 02

B*\? _ B* dnlog?
<oul () m e TR )

where the last equality follows from Lemma 37 and the assumption that B* > 1, and the

third inequality follows from the fact that Z?:l T dl—j) = O(logd(d) ).

B.3 Useful Results
TT-SVD

Lemma 29. Let Gl:d be the output tensor cores from Algorithm 3 with target rank r. Then
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CA?L;C e QX forke{l,--- ,d—1},

Proof. We proceed by induction. Since G = SVD(é(l),T) e R™ 7 it follows that G| €

Q™7 Assume Gy.p_1 € @”k_lxr, by Lemma 47 we have
a a a nkxr nkxr
G = (Gl:k—l & [n)Gk eR €0 :

]

Lemma 30. Let él:d be the output tensor cores from Algorithm 3 with target rank r. For

ke{l,---,d—1}, it holds that

|GGy k) — (k)2

1G4 GTpe ™ = (G © 1)(Grgr @ L) W34 Gy Gy D — D
Proof. Observe that

|G GT ™) — xR 3,
=[G GT L) = (Grpoy @ 1) (G © L) W12,
HI(Grp—1 ® In)(Grp—g @ In) T ®) — 012, (B.45)
H(GGT W) (Gt @ L) (G © L) T F) — xRy, (B.46)

~((Gr—1 @ In)(Grp—1 © In) B (Grp_q @ 1) (Grpy @ )W) — *R)y - (BLa7)
Step 1. Note that
(Grop—1 ® In) (G ® L) W) = {(Grp1GT 1) @ I} = Gy GTy D,
Therefore (B.45) = Hélzk_lé’{k_lc*(k_l) - c*(k)H%.
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Step 2. By Lemma 29, él:kfl € 0" 7' X7. Then the kronecker product of two orthog-
onal matrices is still orthogonal, él:k—l ® I € O""*™_ The details are in Lemma 46. It

follows that

(él:k—l ® In)(élzk—l @ In>TC*(k) - C*(k) = ((élzk—l ® [n)(él:k—l ® In)T - Ink)c*(k)

=(Crio1 ® In) L [(Crmr @ In) 1] ). (B.43)
Therefore

(BAT) = ((Crp1 ® In) (G ® L) T (G © L) L [(Grp1 © ) 1] )y =0
Step 3. By (B.48), it follows that

(B.A6) =((Crp1 ® In)GGT ) (Crpy @ 1) L [(Grgog @ L) ] )

=([(Grp1® In)ﬂT(Glzk—1 ® 1) GG TP (Gl ® fn)ﬂTC*(k)> = 0.

This immediately leads to the desired result. O

Lemma 31. Let él:d be the output tensor cores from Algorithm 3 with target rank r. Then
e = Gl = |9 = Gra 1 Gy V7 + 1Graa Gy Y = Graa Gy V|3
Proof. Since él;d_léid_lé(dfl) is a reshape matrix of GA’lzd, we have
e = Grallf = 1Y = Griga 6Ty, &V
It suffices to show that

(Grig Gy D) — =1 gy 6T d ) Gy 6T @y — 0. (B 49)
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By Lemma 29, G1.g 1 € O™ 7. So
Gra—1GlLy Y = 0 = (G ) (G ) 1Y,
Therefore (Gl:dfl)ir_élzdfl =0 and so

(B.49) =((Gra-1) 1 (Gra-1) LY, Griga Gl (@7 — D))

=((Grg ) Y (G )T Crg 1 G, (@Y — =Dy =,

]

Lemma 32. Suppose all the conditions in Theorem 4 holds. Let (A;Ld be the output tensor

cores from Algorithm 3 with target rank r = 2. Suppose that

k
nlog(dn)Hp ool |13 S (B.50)

GGl ® = W < © -
j=1

where C' is a universal constant. Let U; be defined as in Lemma 35. Note that by Lemma 35,

ko k
UZU:T € R X" js the projection matriz onto the space Col(c*(k)). Then

A AT T VnB*3|p*llec [dlog(dn)
|GGl — URUE |l < O b*202(c*(k);o s (B.51)

where C' a universal constant.

2
Proof. Note that by Lemma 37, for k € {1,--- ,d — 1}, ag(c*(k)) > c“k(g_k). In addition,

by Corollary 7, ||c*||3. < C.d where C. = B* + 2. Therefore by (B.50)

C'” Cenl[p*||oc dlog(dn)
j(d c2 N

(B.52)

|G GT W) —e B2, < ¢

k
nlog(dn)Hp*HooHC*HF d Z
N 2

Jj=1

_ O(log(d)

7 dl—j) = 7 ) and C" is some universal constant.
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By Lemma 45, Rank(é’lzké’{kc*(k)) = 2, and leélT/g is the projection matrix on

Col(élzké{:kc*(k) ). Consequently,

G 6T Ty < 2||G1 RGT k) — (k) - 2)|G1GT ) — (k)
H 1:kY1:k kY k H2 X «(k = 1 x(k
oo (c* k) — || Gy, GT (k) — xR o9 (c (k)
<4\/0”Ccn\lp*l\oo\/dlog(dn)
h cgog(c*(k)) N
(B.53)

where the first inequality follows from Theorem 21 and Rank(c*(k)) = 2, the second inequality

follows from the assumption on sufficiently large sample size N as stated in (3.39), and the

last inequality follows from (B.52). Furthermore, by the expressions of C. in Corollary 7 and
r B*3

co in Lemma 37, we have [T can be bounded a universal constant, leading to the

final estimation (B.51). O
Ground truth density function

Lemma 33. Under Assumption /4, let
n n
p*(l'l,"' ,l‘d) = Z Z lla ¢l1($1) ¢ld(gjd)
=1  Ig=1

d
where ¢* € R™ s the coefficient tensor formulated as (B.1). There exists an absolute

constant C' such that

d
Ip* = 2%l 1, (0,17 < Cn 0y 14511 70 (0,11)-

j=1
Proof. Direct calculations show that
n n
Pran - ag) =14 ) i)y (z1) +--+ > chlla)dr, (zq)
l1=1 lg=1



where c;f € R" is defined in (B.4). Therefore

n

Zj=1

d
Ip" =7y oy < 2

= Ly([0.1])

Denote Sy, the class of polynomial up degree n on [0, 1], and Py, the projection operator from
Ls([0,1]) to Sy, respect to Lo norm. Since Legendre polynomials are orthogonal, (B.4) and
(B.3)

> ()01, = Pnldj)- (B.54)

By the Legendre polynomial approximation theory shown in the appendix of [111], it follows

that

n

lj=1

<C|¢ n P B.55
Lo((0.1] || ]HHﬂo([OJ]) ( )

for some absolute constant C' which does not depend on c;f or q;f. The desired result follows
immediately. [

Corollary 7. Under Assumption /4, for sufficiently large n, there exists a constant C such
that

|c*% < Ced,  where C.= B* +2

d
where ¢* € R is the coefficient tensor formulated as (B.1).

Proof. Observe that

I |F =+ @1 +1ege1m 2+ + 197 e %

d
dn2 d—112 d—1 2 2
=13+l @192+ T e Gl =1+ )2
j=1
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where the first equality follows from (B.1) , and the second equality follows from orthogo-

nality. In addition, note that

n
5 =1 S €01, oy < 1 I zaqo + Colla] grso o,y ™™ < B +1,
li=1

where the first inequality follows from (B.55), and the last inequality follows from Assump-

tion 4 and n being sufficiently large. The desired result follows immediately. O]
Row and column spaces of the coefficient tensor

Lemma 34. Let k € {1,--- ,d—1}. Let %) ¢ R™ x R™ " be the k-th unfolding of the
tensor coefficient ¢* as in (B.1) fork =1,--- ;d—1. The row and the column space of (k)

are given by

Col(¢*)) =Span{1¥, i@ 1F T +10d01b2+... £ 1F 1 e}, (B.56)
Row(c*(#)) = Span{19*, 1 ® y L e Chgo ® 19702 L g ey

(B.57)

Consequently, Rank(c*<k)) < 2. Furthermore, ifq;f #0 forallje{l,---,d}, Rank(c*(k)) =
2.

Proof. 1t is direct to show that

where terms with () are viewed as column vectors in R” | and terms with { } are viewed as
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d—k
row vectors in R . To show (B.56) holds for the column space, it suffices to rewrite

*(k)

c WM e{1vFrg @1 t1ed @192 4 il g )

el r1iede1 2+ 1" e ) @ (1970

Therefore (B.56) holds. The justification of (B.57) is similar and omitted for brevity. O

Lemma 35. Let ¢ be coefficient tensor as in (B.1) and c}f be as in (B.4). Denote e] =

11,017, eo = [0, 1T and let the matrices Uy € R *2 gnd Vi€ R™ X2 be such that

gdeltlilegelh 2+ +1F e .
€2,
VIt + -+ g2

g1 ® 19-k-1 411 & g ® 192 g qdhl g o

VIl + -+ llegl?

(B.59)

U :1k®61+

vi=1""%ge + ® es. (B.60)

koo k
Then U;;UZ;T € R X" s the projection matriz onto the space Col(c*(k)), and V];‘Vk*T €

nd—Fk s pd—k

R is the projection matriz onto the space ROW(C*(R)).

Proof. Note that the set of vectors {lk, A® 1711w c5® 1F—2 1k-1g c;.} are orthogonal.

Direct calculations show that
U]:TU]: =e|®e|t+er®ey =1 € R2X2,

Therefore U} € 0" %2, Since Col(Uf) = Col(c*(k)), U,:U;T e R ig the projection
matrix onto the space Col(¢*®)). The justification of ViV T"is similar and omitted for

brevity. []
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For simplicity, in (B.59) and (B.60) we introduce the notations

,_derttliyiegeri -ty 41k leg (B.61)
uk = ’ ‘
I+ PP
¢t @1y 1, @10k 4 1l g o d—k
vf = kil k42 TERTT. (B62)

Vet 12+ + llegll?

Lemma 36. Let uj, and v}, be as in (B.61) and (B.62) respectively. Denote

2= a)dy (@) + -+ 300 g U)oy, (xg)
VIetZ + -+ g2
2l =1 Gt B ) Bp () + -+ 22p 21 Gla) ¢, (24)

Vel + llegll?

Py (w1, , wp) (B.63)

Y

(B.64)

\Iﬂ];;(xki—i-la e ,.Td)
Then uj, is the coefficient tensor of @7, and vy is the coefficient tensor of Wy. Then

||‘I>Z||L2([071]k) = |lupllp =1 and ||‘I’2||L2([071]d7k) = |lvpllp = 1.

In addition, suppose Assumption 4 holds. Then for sufficient large n such that

4B*
P lloo < C'VE and || Vi|eo < C'Vd—k where C'= )
k k b
Proof. To see that uj is the coefficient tensor of @7 (w1, -+ ,x},), it suffices to observe that
the (l1,--- ,l})-coordinate of uj is (P7, (75111 - qbfk} Since the coefficient tensor is distance

preserving, it holds that

1970 2y (0,138 = lluzlle = 1.

Next, we bound [|®7 [loc. By (B.54) and Theorem 23, it follows that there exists a constant
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(' such that

[ Zc (1081 [l 00 = IPa(a])lloo < llgflloo + Crn 0.

Therefore, the numerator of (B.63) is bounded by

n

)by + D> clly) ¢zk

=1 =1

k
< g lloo + Crhn ™" < 2kB* (B.65)
7=1

upon using Assumption 4 and sufficiently large n. Observe that

el =] Z )81 1y 0.17) = 1Pl Ly(0.17) = 16311 ((0,1))—Can ™ = b*=Con™ > b* /2

l;=1

from some constant Cy, where the second equality follows from (B.54), the first inequal-
ity follows from Corollary 9, the second inequality follows from the Assumption 4 that
minjery .. gy Hq;kH Lo([0,1]) = b*, and the last inequality holds for sufficiently large n. There-

fore, the denominator

VI + -+ llef]2 = b*vk/2 (B.66)

Note that (B.65) and (B.66) immediately imply [|®} |loo < \/_ The analysis for ||¥7 ||

is the same and therefore omitted. O
Singular Values of the reshaped coefficient tensor

Lemma 37. Let ¢* be defined as in (B.1). Denote

K d
=D lefl? and bp= > |l
i=1

1=k+1
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Then the k-th unfolding of coefficient tensor ¢* has the smallest singular value formulated as

* * * *\2 * px
R VU af +85)2 — dagby
o3 (c) 9

fork = 1,---,d. Suppose in addition that Assumption 4 holds, for sufficient large n,

oo (c*F)Y is lower bounded by

—k(d_k) where ¢ ——b*2
d 7 4/1+4B

0’2(6*<k)) > Co (B.67)

Proof. Let k € {1,---,d}. Denote
fi=col"  t1ege1" 2+ 41" ted, and gf = ¢ @17 F 10 R e

Then one can easily check that aj. = || f *||% and by, = || g*||% due to orthogonality, and we

can write
t=1M e {1977+ g} + (f) @ (1977}

where terms with () are viewed as column vectors in R | and terms with { } are viewed as
d—Fk

row vectors in R™ . Therefore

d—k *
1 + 9;

*(k) _ k *
c [1 fk} Jd—k

Observe that

—_

o L gl 1] [ gl le| |
W) =1 gy = [t sensne

L1 fr Ifelle M| | /1l
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k
Note that [ﬂf f];" /|l f/}k“ F} is an orthogonal matrix in Q" *2. Therefore the eigenval-

L+ llggllz I e

IFllE I

ues of *F)(*(F)T coincide with the eigenvalues of € R?*2. Direct

calculations show that

L+af + b — /(14 af +b})? — 4ajby,
o3(¢" M) = Do (B (M) = V .

2
For (B.67), note that by (B.55), there exists a constant C
n
> ey, —df < O (B.68)
ljzl LQ([Oal])

Since || Yi—1 c;f(zj)qsleL?([O’lD = |||, it follows that
165112y 10,17 — C1n "0 < I < Nt (0,17 + Can ™™
It follows from Assumption 4 and (B.55) that
b* < |14jll Lyq0,1)) < B™

So for sufficiently large n, it follows that % < ||c;‘|| < 2B*. Consequently,

b 2k
4

b*2(d — k) _

<af <4B**Ek  and <

bp < 4B*(d - k).
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Therefore

2
. CLaf b — /(L af + 5))? — dal

(1+aj +bf — \/(1 +af +b7)%2 —daiby)(1+aj + b + \/(1 +aj + b))% — daiby)

21+ af + b + /(1 + af + b7)% — daby)
by 204k (d — k) N L0*4k(d — k)
T4l +af+b7) T 1+44B¥2d T (144B*2)d

Variance of cluster basis estimators

Lemma 38. Suppose Assumption 4 holds. Let ¢* be the coefficient tensor of p*, and ¢ be

the s-cluster cocfficient tensor estimator defined in Definition 4 with s > 2. Let U} and V'
be defined as in Lemma 35. Then,

* * A * nlog(dn)||p*||ec
I @ 1 = OVl = o (J ] ) (B.69)

Proof. We suppose s > 3 in the proof, where the case of s = 2 is a simplified version from
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the same calculations. Given any positive number ¢, we have

P (kegf}?gd} Ly @ In) (@) — e[V |3 > 4nt2>

=P (“(Ul;ql ® In)(c*(k) _ k) [s])V]:H% > 4nt? for least one k € {1, - - - ,d})

d
< Z P <||(U;;Zl ® In)(c*(k) - é(kj)[s])V;:H%“ > 4nt2> (by union bound)
o (B.70)
S : <(B.73) > 4nt2)
k=1
d n
<SSP (I =5 0ot v > 1) + P (1067 by o)l > )
k=11=1

+P (10" = . 016 > ) + P (10" = b of 0] > ).

We now bound the four terms in the double sums above by Lemma 43, which is based on
Bernstein inequality.

We first bound

P (1t — 5, 051 6f V) > ).

Note that by Lemma 36, it holds that

||(I)zf]_¢§€‘;[j;:;HL2([O71]d) = ||(I)271||L2([0,1]k—1)||¢l||L2([0,1])||\I';::+1HLQ([O,l]d—k) =1

and that

19510 Willoo = 1195 llsclldnllocl| W41 loo < C/n(k = 1)(d = k).
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where C' = Lemma 43,

—Nt2
Ip* |0 | 2 M*H? +[|@F_ pF | t>
1 1)) k=191 F ko0

<2 ( —Nt? ) €
< 2Z2ex _. .
NI C2\/n(k —1)(d — k)t 4dn

P <|<p* - D, (I)zflqﬁé{\PZH P t) < 2exp (

(B.71)

where we assume the right-hand side is ;7 for some sufficiently small constant e. Solving

the last line above yields the quadratic equation

8dn dn

— O/l = 1)(d = ) log(=)t — log(*") "0 = 0,
whose larger root can be bounded by
C”/n(k = 1)(d — k) log(3¢) + \/0’4 — 1)(d — k)[log()]2 + 4N log(32%) [p* |0
= 2N
log(dn)||p*
) W% o

upon choosing sufficiently large N. Here C¢ ~ log(1/e) is some sufficiently large positive

constant which only depends on €. At this point, we have

IP( *_p @ b >t><—.
" 5.0 yofupl > 1) < o

For the other three terms in the double sums, by Lemma 36 we have

16F oo < vy @ 10F o0 < Vnlk — 1), [|6F¥]lso < /n(d — k).
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Following the same calculations, we can show that with high probability

with appropriate choice of N. Inserting the estimates above into (B.70), we conclude that

w>(kegfgﬂﬂu<vzfle@ancﬂk>—-< DVENE > zhn2>

for any given positive €. This indicates that, with high probability,

* s nlog(dn)||p*|| oo
e I © 1)(e® — )Vl < 2y, = 20, R

]

Lemma 39. Suppose Assumption 4 holds. Let ¢* be the coefficient tensor of p*, and ¢ be

the s-cluster coefficient tensor estimator defined in Definition 4 with s > 2. Then

dSn2s
g = . B.72
e~ el = 0p (5~ ) 8.7

Proof. 1t suffices to show that

R dsn2s
Bl - ell) = o 5 ).

To this end, let B; 4 be the j-cluster basis functions defined in (3.5). Then by

E(l|lc* - ¢|%) = Z{ SOEG-pL o))+ + Y E((p— p*,¢s>2)}

wo€EBy d @sGBs,d
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Let gs(z) = [ gbijk (z,) be a generic element in By 4. Then since {¢;}°; are Legendre

polynomials, it follows that with ||¢;]lcc < VI and therefore ||gsloo < n*/2. Consequently,

N , ar(ge(z()
E((p - p*7gs>2) = Var (% ng(m(z))) — w
i=1

[ 2@ @dr _ |lgsll [ p(@)de _
~ N ~X N ~X N’

where the last equality follows from the fact that p* is a density and so [ p*(z)dz = 1. Since

S, 28
the cardinality of By 4 is at most n®d®, it follows that ZwSEBS,d E((p — p*, ¢s)?) < d;\l, :

Since s is a bounded integers, it follows that

s C
djn2] dsn23
A2
Bl —el}) < 15 o ().
j:

]

Lemma 40. Let ¢* be the coefficient tensor of p*, and ¢[s] be the s-cluster coefficient ten-
sor estimator defined in Definition 4 with s > 2. Let Uy and V;© be defined as in (B.59)
and (B.60) respectively. ®}. and V}. are defined as in (B.63) and (B.64) respectively. The

following equalities hold:

o [fs>3,

1T} @ L) (™) — efs]Bhyvr)2,
= <<p* =P+ 0" = B, ®f_10)) + (0" — Doy VR 4 (0 -, <1>;';_1¢§wz>2);
=1

(B.73)
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o [fs=2,

10Ty @ L) - efs D) g = 3 (<p* =9 0f)? + 0" = DBy + (0 — B o] W)'
=1

(B.74)

Proof. For I € {1,---,n}, denote x; € R™ be the [-th canonical basis. That is, for k €

,---,n}
0, ifl+#k;
xi(k) =
1, ifl=k
Denote 7 the reshaped R2X™*2 tensor of the matrix (Uljfl @ 1) (k) —é[s](k))vk*. It follows
from (B.59), (B.60), (B.61) and (B.62) that, for any [ € {1,--- ,n} the (a,l,b)-coordinate of

T satisfies

(¢ —els], 1F 1oy @19 F, ifa=1b=1;
(" —els], up_,®@x ® 198y ifa=2,b=1;
Taib =
(¢ —elsl, 1" Loy o)), ifa=1b=2

(c* —els], up_, ® xg ®v), ifa=2,b=2.

\

By (B.63) and (B.64),

e 1" 1@ y; ®197% is the coefficient tensor of ¢;(x.) € Span{B 4};

e U @Y ® 197F s the coefficient tensor of O (w1, 1)@ (z)) € Span{ By 4};

e 1" 1lgy® vy, is the coefficient tensor of ¢;(xy,) W} (zp41,- -+ ,74) € Span{By 4};

e u;_; ®X; ® vy is the coefficient tensor of ®; (w1, -+, 2p_1)d(x}) VT (Tpt1, - ,2q) €
Span{B&d}.
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Step 1. Suppose s > 3. By Lemma 41,
o (¢ —¢ls], 1@y @14k = (p* — p, o),
o (F—¢fs), uf_, @y @1k = (pF —p,&F_ gk
y Up_ 1 X D =D % 1P/
* A k—1 x\ [k Y R TEAW
o (c"—¢[s], 1 ® x; ®@vy) = (p* — D, ¢ V});
° (c* — é[s], uz_l X X1 ® UZ> = (p* —]57 q’z_ﬂs;{;qu-

This immediately leads to (B.73).

Step 2. Suppose s = 2. Note that @Z_lqbfllf;; € Span{B3 4}. By Lemma 41, (p* —

D, @Z_ﬁbf@p = 0. The rest of the calculations are the same as Step 1. ]

Lemma 41. Suppose p* satisfies (3.38), and ¢[s] is the s-cluster coefficient tensor estimator
of p* in Definition 4, where 2 < s < d. Suppose t € {1,---,d} and F : R? — R is any

function such that F' € Span{B; q}. Let f € R™ be the coefficient tensor of F' as

Fll, o dg) = (Fy o) o) for 1<y, -+ lg <n.

Then
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Proof. Observe that by orthogonality of {Bj}d};'i:l

n
(c" = = Y W lg) - s la)
,...,ld 1
n
Z —Ps, O], L NE o] o)
=la= 1
Z (0" = Ps, o) (Fre0) + -+ D> (0" = bs, pa)(F 0q)
€Bp 4 ©d€Bd,q
Z (p* = ps, o) F. D (0 = Ds,ps)(Frps). (B.T5)
B ‘PSEBs,d

where in the second equality, ps is defined in (B.5), the last equality follows the observation

that p* € Span{8j7d}}:0 and ps € Span{B d}j _o with s > 2. Therefore,
o If t > s, then (F, ¢5) = 0 when s € By 4. So in this case (B.75) = 0;
o If t < s, then (B.75) = (p* — p, F') by Lemma 42.
[

Lemma 42. Let Q be a measurable set in arbitrary dimension. Let {{;.}7 be a collection

of orthonormal basis in Lo(Q2) and let M be a m-dimensional linear subspace of Lo(§2) such

that

M = Span{yy}pL .

Suppose F,G € M. Denote (F,G) = fQ x)dzx. Then

= > (F, ) (G, p)-
k=1
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Proof. 1t suffices to observe that
o0 m
ka NG, ) =2ka (G, ),
where the first equality follows from the assumption that {wk}zozl is a complete basis, and

the second equality follows from the fact that F' € M, and so (F, ) =0 if k > m. O]

Lemma 43. Suppose that {1: }N1 are independently sampled from the density p* RE
R™. Denote the empirical distribution p(z) = NZZ':I 6. (). Let ¢ : RY — R be any

non-random function. Then

— Nt2
P(

(ﬁ—p*,90>|>t)<2exp< )
[ d)+||90||oot

Proof. 1t suffices to apply the Bernstein’s inequality to the random variable (p — p*, ).

Observe that (5 — p*, ) = & SN [px®) — E[p(2())]]. Since
E([p(2®) - Elp(z)]]*) = Varlp(z)] < E(x* (1)) = / P (@)p*(@)de < Il o g7 1P"lloc

and that [J¢(z()) — E[p(2)][lso < 2[|¢]lsc, the desired result follows immediately from the

Bernstein’s inequality. O]
Orthonormal matrices

Lemma 44. Suppose M € R™™ and V € Q™% in the sense that VIV = I,. Suppose
in addition that VIM = USWT is the SVD of VTM, where U € 0T, ¥ € R™" and
W e Q"™ Then

vvim = vu)sw?t (B.76)
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is the SVD of VVTM. In particular, Rank(VI M) = Rank(VVT M) and crj(VTM) =
o;(VVTM) for all 1 < j < Rank(VTM).

Proof. Note that
vol'vu =v'vlvu =vT1,Uu =0"U = I,.

Therefore VU € OQ"*". Consequently, (B.76) holds by the uniqueness of SVD. Since the
singular values both VI M and VVT M are both determined by %, the desired results follow.

]

Lemma 45. Suppose M € R™ "™ such that Rank(M) = r. Suppose in addition that U €

Q™" and that o-(M) > 2| UUT M — M||p. Then
o Rank(UUT M) = Rank(UT M) = r;
e Row(M) = Row(UUL M);

or(M)

o 0, (UTM) =0, (UUTM) > 5.

o UUT is the projection matriz onto COI(UUTM). In other words, the column vectors of U

form a basis for Col(UUT M).

Proof. Note that Row(UUT M) ¢ Row(M). In addition, by Theorem 20,
or(UUTM) > op(M) — [UUTM — M||p > 0.

So Rank(UUT' M) > r. Therefore dim(Row(UUTM)) > r. Since Row(UUT M) c Row (M)
and dim(Row(M)) = Rank(M) = r, it follows that

Row(UUT M) = Row(M) and Rank(UUT M) =r-.
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By Lemma 44, Rank(U” M) = Rank(UUT M) = r. In addition,

or(M)
5

or(UTM) = 0,(UUT M) > 0,(M) — [UUTM — M||p >

where the equality follows from Lemma 44, and the first inequality follows from by Theo-

rem 20.

Denote U = [uy, - -+ ,ur], where {u};_, are orthogonal. Then
Col(UUT M)  Span{uy }i_;.

Since dim(Span{uy}7._,) = dim(Col(UUT M)) = r, it follows that Span({ug}r_q) = Col(UUT M).
Consequently {uy}y_; form a basis for Col(UUT M).

]

Lemma 46. Let m,n,r,s € ZT be positive integers. Suppose U € Q%" and W € Q"™*5.

Then U @ W € QUItxTrs,

Proof. 1t suffices to observe that
UeW)TUew)=U0TewWhHWUew)=U0TueWIW =1, ® I = L.

]

Lemma 47. Let m,r,s € Z1 be positive integers. Suppose U € Q™*" and V € Q'™*5,

Then (U @ I,)V € QM*s,
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Proof. 1t suffices to observe that

(U L)WVITUeL)V=VTU®L) UL,V =V (UTU® I,V

=V x L)W =V, V = I,.

O

Lemma 48. Let I,m,n,r € Z" be positive integers. Let U € Q™*" and U, € Qmx(n-r)

be the orthogonal complement matriz of U. Then
Uel), =U, ®1.

Proof. Tt suffices to note that U ® I; € Qmix(n=")l and that (U 1;,U; ®1I;) =0. O
Matrix perturbation bound

Theorem 20. Let A, A and E be three matrices in R"™™ and that A= A+ E. Then
o (A) = o (A)] < || Ell2-

Proof. This is the well-known Weyl’s inequality for singular values. m

Theorem 21. Let A, A and E be three matrices in R"™™ and that A = A+ E. Suppose
the SVD of A, A satisfies

v, o |vT X
,A:[

=
S>

A:[U U,
0 | |VI

Here r < min{n,m}, and 31, f]l € R"™ 7" contain the leading v singular values of A and A
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respectively. If op(A) — op11(A) — || Ell2 > 0, then

2Bl |
o (A) — ars1(4) — BT

|t — 00Ty <

Proof. This is the well-known Wedin’s theorem. O

Lemma 49. Let A, A and E be three matrices in R"™™ and that A = A+ E. Suppose the
SVD of A, A satisfies

>0 (vE 0 1 118 of |vT

A:|:U U,
0 S| |VI

Here r < min{n,m}, and 31,51 € R™ " contain the leading r singular values of A and A

respectively. Denote
o = oun(UTAV), B=|[UTAV, ||2, 21 = |UTEV]la, and 212 = [UTEV ||z,

Ifa? > B2+ min{z%l, Z%Q}, then

az91 + 212
2

lwot — 00T, < . .
T a2 - B2 — mm{zgl, z%2}

Proof. See Theorem 1 of [24].
[

Corollary 8. Let A, A and E be three matrices in R"™ and that A = A+ E. Suppose
Rank(A) = r and o,(A) > 4| E||y. Write the SVD of A, A as

> of |vT )
i |

AZ{U U,
0 of |V,
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where 1,31 € R™ " contain the leading r singular values of A and A respectively. The for

any U € Q%7 V € Q"™*" such that

oot =vut and vvT =vvT,

there exists a universal constant C such that

(B.78)

C T EV E|3

or(A) o} (A)
Proof. Let a, a, 291, 219 be defined as in Lemma 49. Observe that

o = opin(UTAV) = 0. (UTAV) = 0, (UUT AVVT) = 0,(UUT (A + E)VVT)

where the second equality follows from the fact that U T Ay e R"™™" and the second equality

follows from Lemma 44. So by Theorem 20,
o= o (A)| < JUUTEVVE |la = [EVV ||y = | BV |2 (B.79)
In addition, since Rank(A) = r, it holds that UIAVL = 0. Therefore,
B=IULA+EV |2 = [ULEVL 2 < |El2.
In addition, we have that z19 < || F||2 and that

201 < |[EVl2 = [EVVT g = [EVV ||z = |EV |,
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where the first and the last equality both follow from Lemma 44. Consequently

1 )
9 2 .92 2 2 2 2 2
a” — 47 —min{zy), 215} 2507 (4) = 2| EVI[3 — || Ell2 — [|£]12

1 5 9.1 2
2507«(14) —4||E|5 > 107«(14)7

where the first inequality follows from (B.79), the second inequality follows from ||EV||o <

| E|l2, and the last inequality follows from o,.(A) > 4[| E||2. Therefore by Lemma 49,

az91 + Bz12
a? — 32 —min{23,, 22,}
_(or(A) +IEVIR)IEV Iy + B3 _ 4IEV]2 , SIEI3
152(4) or(A)  o}(A)’

[UT 00|y = (lUUT - TUT | <

where ||EV||a < ||E||2 is used in the last inequality. O
Polynomial Approximation Theory

Let CP0([0,1]) denote the class of functions with continuous derivatives up to order

Bo = 1.

Theorem 22. For any f € Cﬂo([O, 1]), there exists a polynomial py of degree at most n such

that
1f = pslloc < CIIF PO | ogn="0, (B.80)

where C' 1s an absolute constant which does not depend on f.

Proof. This is the well-known Jackson’s Theorem for polynomial approximation. See Section

7.2 of [50] for a proof. O

Corollary 9. Let f € CP([0,1]). Denote Sy, the class of polynomial up degree n on [0,1],

and Py, the projection operator from Lo([0,1]) to Sy, respect to Ly norm. Then there exists
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a constant C which does not depend on [ such that

1 = Pa(H)llzy0.1) < ClFP oo™,

Proof. Let py be the polynomial satisfying (B.80). Then

1 = Pu(H oo,y < IF = Prllzoqoagy < I1F = Prlloo < ClLFP om0,

[]

Theorem 23. Let f € Cﬁo([O, 1]). Denote Sy, the class of polynomial up degree n on [0, 1],
and Py, the projection operator from Lo([0,1]) to Sy, respect to Ly norm. Then there exists

an constant C' only depending on f such that

1f = Pa(f)lloc < Cn.

Proof. See Theorem 4.8 of [225]. O
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APPENDIX C
APPENDIX OF HIERARCHICAL TENSOR SKETCHING

C.1 Preliminaries

We first provide a few useful lemmas and corollaries for conducting the analysis.

Lemma 50. (Theorem 4.1 in [230]) Suppose two matrices A, B have the same rank r(A) =
r(B), then
14T = Blly < 3)|AT|2l| B 2] 4 - Bll2

Corollary 10. (Corollary to Matriz Bernstein inequality, cf. Corollary 6.2.1 in [213]) Let
A* € R™MXM2 be g matriz, and let {AU} € leme}é\le be a sequence of i.i.d. matrices
with B]AV}] = A*. Denote A = % 25\[21 AU} Suppose there exists a constant M such that
HA{j}HQ < M for every j, then the following probability inequality holds for any t > 0:

—Nt2/2

P|A — A*||y > t] < S e
[l |2 > }_(m1+m2)eXp(M2+2Mt/3

)

Corollary 11. Assume D € R"*"2%"3 4s g three-dimensional tensor and A € R"*"™" B ¢
R'2XM2 ' e RMXM2XT3 satisfies D(:,:,v) = AC(:,:,7)BT for v € [r3]. Then the following
upper bound holds

IDllF < 1AL BIICl ¢

Proof. For each v, | D(::,7)llp = [|ACC, 1) BT |p < A2l C G, 1B | p = 1Al BOG, -

N E < IALIBIICC M lF = [All2l B2 C(: - 7)llp- Then the following inequality

holds,
2 2 2 2 2 2 2 2
IDIE =D IDCH)IE < D IABIBIBICG NI = 1AIBIBIBICHE
Y v
Therefore, [|[D|p < [[All2]|Bll2[|ClF- O
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C.2 Proof of Theorem 7

We first summarize the organization of this subsection. First, we study the perturbation
error of tensor core Hél(j) — Gg)*H r in each level. Then based on the hierarchical structure

(I-1) B p;(fl_l)*H

of the tensor-network, we could recursively bound the error ||p; F based on
lower level error || ﬁ](fl) - p,il)* || 7 in the hierarchical tensor-network structure, and thus bound

the final error ||[p — p*|| in the end. We split the whole proof into three lemmas.

1)

Lemma 51. HG (- Gg*l)*HF < kgeg fork € [21,1 € [L] where kg = c A +6CATC +

AtP

6c2 At CAtCp:

Proof. Based on (4.11), G(l L) for i =1,---, L takes the form

(I-1)x _ Ox \T L(-1)« O\t 0x \T =1 ¢ 1\ T -1
G, = (73 (l)<A2k—1)> By, (73 o (Agy ) ) = <A2k71> By, <A2k ) ke
(C.1)
The second equality is due to Proposition 1. Similarly, we have a corresponding representa-

tion G](ﬂl_l) for empirical distribution p:
(-1 A(l P o-1 TONOY _
GV = Py ) BUY (P (AG)T) ke 2. (C.2)

- f NORY
To analyze the error of Gl(gl 2 , we need to analyze the error of (73 <A;Zk);—1)) , <Pr(l) (Ag,g))

and Bgil), respectively. Here we use Lemma 50 for <77 (A El))) , (i =2k —1,2k)

(40 = (PoAD) e <31 (AD) ol (P (AD) 12l A = Py (4D,
(C.3)
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where

A2 = 1477 = AD 4 AD P

7

l

Ayl
< AP — AV )y 4 4D =P (AD) g < 2 40* = AV1y < 2¢ 4.
(C.4)

l
14D —p

The second inequality follows the fact that P g (AEZ)) is the best rank-r(!) approximation of
(D*)

flgl) in terms of spectral norm and rank(A4; ") = (D), Plugging this into (C.3), we get

(A9 = (2,0 (AP 2 < 6 gregyea (©5)

f - f
where we use the definition in (4.21) for bounding || (AZ(-Z)*) ll2 and || (Pr(l)(AZ(l))> |2
(-1

Next, we upper bound the error of B ) (defined via (4.8), as mentioned in the intro-

duction of this section):

1—1) (1 DT (I—1)% (-1 -1
”SZk 1P l(c )Sék)_sék) 1pl(c s 2k”F<CS”pk )_pl(c )*”F

(I-1) —
< I (SIVT) ALY - A < degrea=ear (C6)

1YY — Bl =

where the first inequality is due to Corollary 11 and the second inequality is from (4.7), the

definition of A](Cl_l) and A](j_l)*. Here cg = cgt = 1 since Sélk)_l, S;lk), S](Cl_l) are orthogonal

matrices in the assumption of the theorem. Besides,

[—1)* ~(1 [—1)x%
1B e = 15T o s e < V1 < e, (C.7)
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where the first inequality is from Corollary 11. Therefore, we could have the following bound:

16 - 6 —||( o5 0) B (P ABDT) — (450) B (A e
<1 (P A1) B (P AT) - (P af)_) BE (P A7) e
+||( o 1> B~ ( ><A§2>T)T_ (Pr<>(A§l;3—1>>TB/g—l)* (AS,E*T)THF
-+ ( Qk 1 > l(f < *T)T - <Ag2*1)TBIE:l_1)* (Ag’z*T>T Ir
< C?Zﬂ B]gl—l) ](f 1)* lF +czicpl ( (A%)T)T _ (Ag]g*Ty Is

Feael (P9 ) - (a0) 1o

2 2 2
< (CAT +6CATCATCP+60ATCATCP)€A’ (C.8)

where the first equality is from (C.1) and (C.2), the second inequality is based on Corol-

lary 11, and the third inequality is from (C.5). Besides,
l 1 [—1)% )T
1G5 e = 1Al B (AL T p < e (C.9)

following Corollary 11 and (C.7). O

The next step is to analyze the error of the hierarchical tensor-network in estimating p*.

2

CERG
Lemma 52. IfCATCPCp+CATC > 1, then ||p—p*||p < (CATCPCP+CAT p) <1 +—2L » %1) €A

CAT cpcp+cA C

where kg is defined in Lemma 51.

Proof. We want to prove that error || ﬁ,(gl) - p,(ﬁl)*H r has the following form:
~(1 l
150 — 2" 17 < 5 e, (C.10)

for [ =0,---,L with some Rp0)- Applying this to ﬁgo) = ﬁ,pgo)* = p* we can obtain the

desired conclusion. We obtain the form of Rp(0) in (C.10) by induction.
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At L-th level, we have ﬁ](CL) (II(CL), ) = ﬁ(I]gL), :)TIEL) for k € [27] from (4.20). Therefore,

(L (L L L L Ny a4
1570l = 5@ T = @ T e <1 (57) Il ALY A < egren = ea,
(C.11)
where the first inequality is due to (4.7), and the definitions of /Al](ﬂl) and Ag)* are given in
the introduction of this section. Thus, ||}5§€L) H r)€4 holds for any k& where
K,p(L) =1.

Next, we derive the error (C.10) for (I — 1)-th level, in terms of the the error of [-th level.

Assuming Hﬁg) - pg)*HF < KymeA holds for k € [2!]. Based on (4.20), we have

D < GV A T e, e

and
(-1 -1 =1 ()T (0 I—1) (1)«T
158D = D e = s GUET e Gl >*pgg* Ir
(1) A-DOT () (=D
< bop Gy Dy — Do 1 Gy, 2k i
(-1 ()T D)x (- 1)
+ 1P _1Gl " Dy — o1 Gy, k ||

x  ~(1=1)* ()T Dx  ~(=1)x ()T
+llpop 1 Gy Py — Py Gy b P

2, A1 [—1)* 2 (1 1) 2 9.~
<G = TV e+ Al — Py Il + i) — 5 e
2 2 2 -1
< (Cpf‘fG + ik + CATCp“p(l))EA’ kel2" 7], (C.13)

where the second inequality is from Corollary 11 and the third inequality is from Lemma 51.
~(I-1 -1

Therefore, ||p](C ) —p](C )*“F < Ku-1)€4 holds for K(i-1) = C%FLG + (C,%ﬂcpcﬁ + c%c%)mp(l).

By induction, this equality holds for every [ and we have

2 2

CERG CERG

p 2 2 2 p

Ry(i-1) 3 = (c1cpCp + C4iCp) (Fd o+ 5 ) . (C.14)
CatpCp + c —1 p CaiCpCp T CATCZ% -1
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Furthermore,

2 2
CiR@ Cha
p 2 2 2\L p
K () + (CATCPCﬁ + CATCP) </<; ) + 3 55 ) , (C.15)
P ey + ey — 1 P et t iy — 1

with the assumption 2

G+ CZTCZZ, > 1, we have

CEREG

2 2 2\L P

R0 < (Ciepcp + ¢41¢p) ™ | By + 3 7 5 )
p p CatCpCp + CatCp — 1

CZRG
= (A epcp + A ped)F <1+ £ ) (C.16)
A A ATCpC[) + CATC% —1

In the end, we have

CEKG
5 o e < e encn 4+ 2, c2)logzd 1 4 p € C.1r7
16 =¥l < fyoea = (Giepcs + hicp) 2 cocp+ e — 1 4 (CI7)

with L = logy d mentioned in the introduction of this section. O

In the following lemma, we state what the upper-bound € 4 is, which completes the proof

for Theorem 7.

Lemma 53. For 0 < § < 1, the following inequality for € 4 holds with probability at least
1—0:

— 27 mazd 1 d
3 /_rmamlog(r—(;&)
A4S N

Proof. We first consider HA(Z) — (l)*H p for each k,I. This can be bounded via spectral

(C.18)

norm: ||A || < V7 ||A ](CZ)*HQ. The error in spectral norm can be further

bounded via matrix Bernstein inequality in Corollary 10.

()

More specifically, by definition A~ takes the form

N
1 . .
@) @) g 0= 58w ) T g, (©19)
k
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where y/’s are i.i.d. samples from p*. The spectral norm of each term in the summation
]\S]gl)(yélgl), :)TTél)(yé(l), :)|l2 is bounded by 1 since S,gl) and Tél) are orthogonal matrices.

k
D NT7D i = g Dx ST
Moreover, E[S, (yC]gl), DT (ycél), )] = A, since E[p] = p*. Therefore, we could use

matrix Bernstein inequality in Corollary 10 and obtain

2
A (1) (1)* (1) —Nt“/2
P A( —A >t <2 —_— 2
o) —Nt2/2 : .
for any t > 0. We set § = 2r exp(m) and suppose N is sufficient large such that

0 <é < 1. Then ||/Al,(€l) — A](Cl)*”Q < t holds with probability at least 1 — . We now get ¢ in

terms of o:

5 5 5 (1) 20 (1)
_% 10g(27:6(l)) + \/% logZ(Q;(l) ) - 2N log(Qfé(l) ) . % log(QT ) + \/% log2(2’f' ) + 2N log(2’f' )

t = _ s 5 5
N N
#(0) F(1) 7(1) = =
2log(57) + 3log(257) + /2N log(25%) (44 v2)log(22Y)  3log(%2)
< < < )
N VN VN

(C.21)

where the first inequality follows va +b < v/a + Vb for a,b > 0 and the second inequality
follows the fact that N > 1 and log(%fl)) >1from0 <4< 1.

Therefore, using such a ¢ in (C.21), we can have the following bound:

3V log(22Y)  3/a log(2am)
<

fN
b

VN N VN ’

HA;E;Z) - A;(f)*HF < \/f(l)HA;(f) - A;(gl)*!b < (C.22)

which holds with probability at least 1 — 5 (here we recall notation 7pax = max; f(l)).

At this point we have a bound for H/lg) - A(kl)*H F for a specific k,l. However, we need

a uniform bound over all possible choice of k,I where k € [2!],] € [L]. There are at most
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dlogy d pairs of k,[, then

3+/Tax log(272) 3+/Tnax log (212)
< >

~(l 1)* ~(l 1)*
P [n;;gani) — A" ] —1-P [H}C%XHA? — A"

B VN VN
) 3\/Tnax log (o)
>1-P AD A0 s 5
> [&JI {\ kA NI
) 3v/Tnax log ( Hasx) 5
>1-Y P|IIAY — A" > 5 | >1-4ddlog,d. (C.23)
k.l VN

Let § = 4d logs d and suppose N is sufficient large such that 0 < 6 < 1. Thus, the following

inequality for €4 = maxy, HA;E;Z) — Ag)*H r holds with probability at least 1 — 4:

= 2maxd logy d
3/ Tmax 10@%)
= Vi

(C.24)
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APPENDIX D
APPENDIX OF OPTIMIZATION-FREE DIFFUSION MODEL

D.1 Coefficient Computation in High-dimensional Setting

In this appendix, we provide detailed computations of the high-dimensional coefficients in-
volved in the linear system. Recall the definitions of the coefficient matrix A(t) € RISI*IS]

and the vector b (t) € RISI¥1;

Ap(t) = / pr() i) () da,
o)1) = / pt(@) (O, fi(@) — By(@)0a,V (@) de, D1

Each basis function f;(x) is of the form ¢§Z§jl) ($k1>¢$1lz22) (z},), for some pair of indices (k1, k2).

We compute A(t) first. Using the eigenfunction property, we have:

4 4
A0 = [ mia) [ TLoW ) ) de = [ @) | TL o ) | da
J=1 j=1

where the product arises from multiplying the two basis functions associated with indices [
and I’. According to the local 2-cluster basis construction in equation (5.20), we have k1 # ko
and k3 # k4. Based on this structure, we categorize the computations into several distinct

cases.

1. When all four indices are distinct (k; # ko # k3 # ky4), the eigenfunctions are separa-

Lt

ble, and the operator e~" can be applied to each term individually:

4 4 (k5) 4
kj (2oj=1 Ay, )t kj
N T ol on) | = =775 L o (o)
j=1 j=1
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Therefore,

(kj)
()1 Anf

4
App(t) = /Po(w)eﬁt H@ﬁ?(%ﬂ dz =e )t/ H%k )
i=1

The integral on the right-hand side is evaluated using Monte Carlo integration with

samples drawn from pg at the initial time.

. When one pair among {xkj }?:1 shares the same index (e.g., k1 = k3 # ko # ky),
we express the product of the two basis functions with the same variable as a linear
combination in (5.14):

k (e Mkg) | (k
gbnkl (xkl)gb?(lkg;(xk?’) = > u, 3 gbl(ll)(xkl). Here |S'| = m follows the same

expansion strategy demonstrated in Section 5.3.2. Therefore,

4
[T on (an,) | = " (050 002 () ) €200 (g, e a0l ()
j=1

m 3\ (k3) (kq)
L.t nk Tk n Angot (K
=Lt [ 30 gk gy | M) (g, M R (g )
l1=1
m k1) (k3) (ky),
(nky y) AL (1 Mtk b
= (3w A ) ) ) M
l1=1
m k1) | y(k3) | (kg)
(nk7nk))\(1+>\3+A4 k
= Z ull 1 2 6( ) (b( 1)( )¢ (xk3)¢nk4 <$k4)
l1=1
Hence,

m Nk, N )\(kl) )\(k3) )\(k4)
App(®) = 3 " TN )0l g ol o ol o
I =1

The integral on the right-hand side is evaluated using Monte Carlo integration, follow-

ing the same approach as in the previous case.
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3. When there are two repeated pairs among {xkj};Ll (e.g., k1 = kg, ko = ky, with
k1 # k), we express each product of basis functions with repeated indices as a lin-

k Ny N k1) (k

0 r) = Sy ™Y o (), 045 (o) 00 () =

Sy 2" 6 (@), and thus

ear combination: (kl)( k1)

4
[T on (wn,) | = " (8850 o, 002 () ) 52" (6052 ()0l ()
j=1

m m
_ 6£k1t Z nk’l 7nk3 ¢l (./Ekl ) 6£k2t Z nk’g 7nk‘4 ¢l (.Tk2>

=1 lr=1
m k1) m (k2)
(Mg ig) AVt (& (Mg ey) N2t (k
= | D o ) | | 3w, g )
=1 lrh=1
m k1) | y(k2)
(g g) (i) (WD A2y g
= 3y P AT gt ()
Iy Jg=1
Therefore,

) 5\ (k2)

N (k) (M k) ()\( RED)
Al’l/(t):Zu LRy, 727 el T

I la

" [ el o )olf? i, o

Iy,lo=1

The case-by-case discussion above completes the computation of all entries in the matrix
A(t).

Next, we discuss the computation of b(0) (t). Since the chosen potential V' is of mean-field
form, the partial derivative 9,V (x) depends only on the single variable ;. Suppose we have

the following linear expansions as in (5.14):

o (@)= 3 o6 @) 0n, V(@) = 3 ¢V () (D.2)

=1 =1
Assume that the basis function f;(x) in equation (D.1) takes the form f;(x) = ¢nk1 (z kl)ﬁbgz]z) (Thy)-
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Then we have:

(00 i) = Bf@)00V (@) = €51 (0 (01 (w02 (21,)) — Bl (wr, )N (w1, )0,V ()

We now compute the expression above on a case-by-case basis, depending on the relationship

between 7, k1, and k9.

1. If k1 # i and ko # 4, then the derivative term Oy, f;(«) vanishes. The expression

simplifies to:

— B (ol (wr, )2 ()00, V (@) ) = —Be” (¢ Nan)one (1) q}?as;?(xi))

=1

=33 a e (o) (ool ()l ()

li=1
T (i) D)), .

= -8 3 gD P A (0 o) 1y 5D ()
l1=1

Therefore,
Z. T () A ), .
100 =8 3 af e [ pg@polft) (o ol (a0l (m)

l1=1
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2. If ky =i and k9 # kq, then the formula becomes

e (o) (@)l (an,) — B0k (2) o2 (01,0, V () )

_ £ (( o8 ot (ay,) - 508 )6 (i) (3 qff)¢§f)<fi>>)
=1

l1=1

UL\ )\( ;
= Z 'Ul(l Z)e( " Cbl ( )¢nk ﬁ Z qll ( TLZ‘ Z)gbl(l)(ml)gzs?(liz)(xkg))
h=1 h=1
Ty 04 )\(kg) , LA
=y ”l(l i) Ay ¢11 () —p Z ‘111 (Z ul(2“l1)¢z(2 (x )¢nk2( ))
l1=1 ll 1 lo=1
"y OO (ndr) (A2
= Z Ul(l )6 ¢11 (%)@zkz - Z ql1 Z 12 1) k2 (¢12 (‘%)(bnkQ ( 2)>
l1=1 =1 lo=1
Therefore,
m 1) /\%kz)
_ Z ) [ pofa)of) (@) ol (ar,

i) (ng A() A2y i
e (qu(l)u;;h)) iy Ao, ) / p0(@)0y) () oy (i, )da

lo=1 \l1=1
3. If ko =4 and ko # kq, the case is equivalent to the second case due to symmetry.

We summarize the computational complexity involved in computing A(t) and b()(¢).

Note that there are O(|S|?) integral terms of the form

/ li[ ¢nk (zg;)

which dominate the cost of the initial Monte Carlo integration step. This results in a
computational cost of O(N d%d2n4). Assume m = O(n).

For the computation of A(t):
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e Case 1: There are O(|S|?) terms, leading to a cost of O(d%d2n4).

e Case 2: The number of relevant dimension index pairs is O(dpdd},). Taking into

account the basis expansion, the total cost is O(dy,ddpmn?) = O(d%dn?)).
e Case 3: The total cost is O(dp,dm?) = O(dy,dn?).

Summing over all cases, the overall computational complexity for A(¢) remains dominated
by O(d2d*nt).

For the computation of b(%) (¢):
e Case 1: The cost is O(ddpdn®m) = O(dyd*n3).
e Case 2: The cost is O(ddynm?) = O(dpdn?).

As a result, the computational cost for evaluating b(i)(t) is smaller than that of A(t). The

total computational cost becomes O(d%d2n4).

D.2 Example of Assumption

In this appendix, we provide two one-dimensional examples and one high-dimensional ex-

ample to illustrate Assumption 7.

Example 4. In the case of the Ornstein—Uhlenbeck process, the stationary distribution pso
is Gaussian. We choose fy, to be the eigenfunctions associated with pso, which correspond to
Hermite polynomials Hy. Using this basis, we can expand the following two terms in terms

of Hermite polynomials:

and



for some a and b. Besides, the ratio of two Gaussian distribution pg/psc is still a Gaussian
distribution. Therefore, we can represent it by Hermite polynomials. Besides, when choosing
appropriate 8, we have supger | Yooy pifi(z)] < 1.

Next we verify the second assumption. For Hermite polynomial, we have H{(m) =

iH;_1(z). We can also assume |p;| < ~4* for v < 1 according to the previous expansion.

Then we get
o0 [e.@]
V> piHi(x) =) ipiHi_1(x)
=M =M
and thus
0 0
/ (V'S piHi () 2p0(x)de <Cy(1 + ) / (3 ipiHi_1 (1)) 2o ()l
i=M =M
(0]
<Co(1+0) S iflpillp;] / Hy1(2) Hj 1 (1) poo (1) da
i j=M
0 0 )
=Cp(1+0) Y P#pi? < Cp(1+08) > i%y*
=M =M

(M—-12 M-1 1
T 5T 3
2Inl/y 2ln~y 4In

<Cp(1 4 6)y>M-1) ( > = (M)

We denote the right hand side as r(M). Due to v < 1, the function converges to zero as

M — 0.

Example 5. In Fourier case defined in the domain [—L, L], then po is a constant. We

expand a Gaussian function pg = exp(—a2x2) as the following

xXO
wkx
po = Cppoo(po + ;pk cos(—-))

2,2 2
where pj, = (lef()L e 4T cos(ﬂTkw)dx ~ Cexp(—%) as k — oo, we can assume |pp| <
vk for some v < 1 when a is small. Thus, the condition supzer | Yooy pifi(x)] < 1 s
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strarghtforward.

Besides, we follow the same logic as in the Hermite polynomial case and obtain

(0.} (0.0}
mkx wk . Tk
/(V > oy COS(T))QPO(%‘)GUC <Cp(1 +5)/( > TPk SIH(T))2Poo(SC)dx
k=M k=M
> k'
<C1+8) S Dl [ Esin™ (o)
ke, k'=M
00 9,2 2 &, o
=Cp(1+08) Y —Iml> < Cpll+0)75 Y k*y
k=M k=M
2
7T_2(M—1)<(M—1) M-1 1 )
<Cy(1+4§ + =:r(M
ol )L 7 2Inl/y  2lny2  4ln+3 r(M)

Example 6. We are in particular interested in high-dimensional potentials V' that exhibit

some "nearest-neighbor" interactions, commonly found in physics. For example let

d
[Trite) |exp {6 D gz,
i=1

0<|i—j|§db

d
[Tui@) ) TI e (b))
=1

0<|i—j|<dp

where ;(x;) is the mean-field term of the density and exp (6a¢jxixj) 15 the interaction term.
Suppose § s small, which corresponds to a high-temperature scenario. We can expand

exp(dajxiz;) in terms of 0

ok k

ol
exp(dajrizi) = 1+ Z §F le =149 Z gk—1 ];J f ?

Assume {fT(L?}nEN are the eigenfunctions associated to mean-field density p;(x;). Now we
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5k:1mkk

can expand Y 72 4 HT T in terms of eigenfunctions and thus, we have

exp(dajrr;) = [ 1+0 Z an,n] fnl (%)fn] ()

ng,n;=1

where we have that coefficient fyi’.j ;(0) > 0asd—0.

Let us call Zn nj=1 'yn“nj( )fnl ($z>fn] (z;) = Cal(i, j) as a 2-cluster of pair (i,j). Then

exp(—da;jzir;) = 14 6Co(i, j)

and thus
d d
exp | 0 Z vy | = H (14+6C9(i,5)) =1+5Co + 520>2
i,j=1 i,j=1

Where Co is the sum of all 2-cluster and this is also a 2-cluster, while C'so contains all
products of 2-clusters and thus is a higher-order cluster.

Therefore, we can interpret pg as 2-cluster perturbation of pso since
p0 = poo(l + 8 Cy + 0°Cs9)

Based on Theorem 9 we can expand the score up to first order in d as a 2-cluster function.

D.3 Proof of Theorem 10

In order to proof the theorem we need the following lemma.

Lemma 54. Denote Fourier basis fi(z) = eV WK For ¢ > 0 there is M and g €
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span{f_pr, ..., far} such that

1
(0.}
1+46 ) petfi()

1=—00

— (1 + g(2))| < eeM!

where we can choose M € N to satisfy

M £ (1-71-9)
TS S08(5(010) log(5(1-0))
log & 52 (1-9¢ 1°g5 )

as well as

log(§(1-4))
(2M) ™ Tgs A M < -

8(1 n log<10(gl§ 5)))

We put the proof of this lemma in the end. Now we go to Proof of Theorem 10 first.

Proof of Theorem 10. In the one-dimensional case,

o0
Oy log pi(x) =0z log(1+0 Y peti' f;(x))
i=1
0 pie ()
14632 pietit f;(x)

Therefore, for some sop; € Fopr, we have

00 Nt
[ 500008 10) = st Pt [ (R

1 S R pie @) M pietitflx) 2
- [ A Yo DR e R
03 M) pietit ()
14683272 pietit fi(x)
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— sopr(t, @) pe(z)da

pi() + ( — sy (t,))*pi()da

(
522 M+1Pi¢ Ait ('r)
</(1+5ZZ 1 bie Atfz(x))



For the first term, note that (1 D ey (x))Q < a 15)2 and
—1Di A i -

oo

| Z pif ()||L2 0) = <r(M+1)

1=M+1

shown in the assumption 7. Thus, there is a M such that

) s €
T Y pifl@a < 5
i=M+1

Therefore,

532 it f]
/( ZZ—M;1 ple}\.tfz (33) )zpt($)d1" < EGZAMJrlt
L+6) 2 pieit fi(x) 2

we have that

For the second term, we follow Lemma 54 choosing & =
8 = A,

there is Sy € span{f_us,..., far} such that

A1t

621 1 Pi€ )\tf/ At z
L5 pie M) (1 + St a))| < Se
L+06322  pie it f;(x) Z b 2

= fn+m(z) we can expand

By observing that f (z) = /—1nwfp(x) and fn(x)fm(x)
M
(63 peN )+ 5a1(t,2)) = 5o, )

in Fourier basis from —2M to 2M. Denote it as s9ps(t, x). Therefore,

03y pieit f(w) , .
> N t dr < ZeM

In the end,
1
/5(855 log pt(x) — sopr(t, )2 pe(x)dx < §€2AM+1t + ge)‘lt < eeMt
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and

0
1
/ / L @y log p(a) — sonr(t,2))2pe(x)dadt <
0 2 A1
]

Proof of Lemma 54. To ease the notation we assume py = 0 according to our assumption.
Let € > 0. The proof of this theorem is based is on a more refined analysis of the expansion

of
1

1+ >2 opietitfi(z)

. With the same

N
Recall that 11 = 323 o(—1)ka# for |2] < 1. Thus, 333 v, |o|¥ < 'fﬂ‘;l

arguments as in the proof of Theorem 9 we can choose Nj such that Let Ny be such that

N1+1
1—-46 = 2

We first split the geometric expansion as

1 N1 k (0. ¢] k
= =D =D 6> pie fi(x)
L+6 > pietfi(w) =0 =
1=—00

k

+ D (D6 pe filx)

k:Nl—i-l 1=—00

The second term is the truncation error of the geometric expansion. By choosing Nj suffi-
ciently large, this term can be made arbitrarily small.

We now focus on the finite sum. For each 1 < k£ < Nj, we decompose the series into its
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low-frequency and high-frequency parts:

Ny 00 k
STEDF Y petfie)
k=1 1=—00

Ny Ny &
=D DR DD settpifia) | + ST settpfi(a)
k=1 i=—Ny i€Z\ [~ Na,No]

Applying the binomial theorem gives

N1 o0 k
D6 peitfix)
k=1 1=—00
N k—r T
- k g A At At
= =D (T) > 6elitpifi(x) > serpifi(x)
k=1 r=0 i=—No 1€Z\[—Na,No]
N Ny k
=Y (-1)F Z 5eMitp; f;(x)
k=1 —— Ny
Ny i L Ny k—r r
#E Y (F) | X dMnsw S i)
k=1 r=1 i=—DN> 1€Z\[—N2,N3]

The first term is the contribution from the truncated low-frequency expansion, while the

second term contains at least one high-frequency factor.

We next estimate the second term. Since every term contains at least one copy of the
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high-frequency tail, we factor out one such copy:

Ny i y Ny k—r r
IS (7“) ( 2. 5€Aitpz'fi(if)) ( > 56)\itpifi($))
k=1 r=1 i=—No 1€Z\[—N2,N3]
= ( Z 56)\ztpzfz($)>
i€Z\[—N2,No]
Ny b1 . Ny k—1—r r
DUASID ST I SRS S s |
k=1 r=0 i=—DNy 1€Z\[—N2,N3]
Using
k _k [(k=1
r+1) r+1 r )’
we obtain
Ny & N Ny k—r r
Y (=1FY (fr) ( 2 56)\itpifi(9‘7)) ( > 5€Aztpzfz(l’))
k=1 r=1 i=—No ZEZ\[—NQ,NQ}
Ny k-1
At k (k-1
< Z oe pzfz(x)zzr+1( r )
1€Z\[—N2,N2] k=1r=0

Ny k—1—r r
DS dlwil > dwl | -
i=—DNo i€Z\[— N2, No]

Since k/(r + 1) < Ny, the last expression is bounded by

Ny k-1 P Ny k—1—r r
Ny > ety fila) ZZ( . ) > oyl ]
i€Z\[-N2,No] k=17=0 i=—Ng i€Z\[-N2,No]
N k-1
1 o0
=N S settpifi(a)| Y ( > 5pi|) -
1€Z\[—Na,N3] k=1 \i=—o0
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Assuming > ¢ |p;| <1, we have

1=—00
Therefore,
Ny & N Ny k—r r
S ()| X answ S sNmgia)
k=1 r=1 i=—No 1€Z\[—Na,N3]
‘ 1—6M
<M Z (SeAthzfz(x) 1-5
1€Z\[—N2,No]
Furthermore,
oo sNpifie)] <seM N gl
ZEZ\[_NQJVQ] ZGZ\[_NQaNQ]
Thus
Ny & N Ny k—r r
> (=DM (r) > deNpifi) >, 0 pifi()
k=1 r=1 i=—No ’LGZ\[*NQ,NQ}
5(1 — oM
At
< ‘]\'7].6 ! 1 . 5 Z |p7,|
iEZ\[—N2,No]
5(1—0M) &
At
< 2Ny S > pil
ZZNQ
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Next we expand the low-frequency term. By the multinomial theorem,

Ny Ny k
YR YD sepfile)
k=1 i=—Ny
N1 k N2 ]
Yo Y ( | ) T (Mwisi)”.
k=1 j—N27"'7jN220 j_N27 o ’]NQ Z:_NQ
T2y ik
Using the identity
Na
II fi@i=rfn . (@)
i=—No Ez‘:—Ng 17
we can rewrite the above expression as
Ny kN I Np
MU SRV SR CINN I |
_ T , —Ng> 92N/ . 27
k=1 m= k‘NQ ZiV:Q—NQJZ’:k 1 N2

Ny ..
SN2 ij=m

We now separate the modes |m| < Ny from the modes |m| > Ny. This gives

Ny No K
SR> dettpifia)
k=1 i=—Ny
No Ny k No
= Z fm(x)Z(—d)k Z (j ; > H eJidit i
m=—Ny k=1 S ~Nyps- - INa/
ZiZQ_NQ 1j;=m
N Ny .
2> 2 @ 2 =0 3 (j j )
J=2me[—jNa,jNo\[-(j—1)N2,(j—1)No] k=j ZZ-V:Q_NQJ'F/f —Nor e Ny

N .
Zi:2_ No 1Ji=m
The first term contains only the target modes |m| < Nj. The second term contains the
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additional higher modes generated by multiplying the low-frequency functions.
We now bound this second contribution. Using | fyn ()] < 1, |p;| </, and the assumed

bounds on the exponential factors, we obtain

Moreover,
k
> ) < enf
Ny ] J N27"'7.]N2
EZ‘:_N2 Ji=k
Z;NZQ No 15
Therefore,

Ny Ny Lk Ny
L os ey (L
J=2me€[~jN2,jNa]\[-(j—1)Na,(j—1)No] k=j ZN ji=k 270 IN2S = Ny
1= N2 ?
ZZ]'V:Q7N22‘72
Ny JNo
SR S SRR wict
J=2m=(j—1)N2
JNg
At m (2N2)
< 1
2 Z Z Ny — 1
J=2m=
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)3 D SCULID DR RN I | ()
J=2me[=j N jNo\[= (1) Na,(j=1) Vo] h=j SN gk 2T i
Z;ij]\bwz—m




Now choose N9 sufficiently large so that

5(1 — N1y N2

19
2N < =
1= 154
and
2(1+N1) Ny _ N- e
——— =2 (2No) " I2 <
N, =1 2N s g

This is possible because 0 < v < 1, so 7N 2 decays exponentially fast as N9 — oo.

Define
Ny Ny i No .
My, (ta) =1+ > fmlz) D> (=0)F > (C , ) [T &l
m:—N2 k=1 N ‘]7N27 7]N2

Zi:2—N2 Ji=k ==N

Ny ..
Zi:_N2 L)g=m

Combining the geometric truncation error, the coefficient-tail error, and the high-frequency-

mode error, we obtain

1

0.0}
1+6 Y pietifi()

1=—00

—pn,(t,z)| < eeM?

This completes the proof.

D.4 Proof of Theorem 11

We divide the proof into three steps. Stepl is aimed to show how to choose Cj; in order
to include the empirical coefficient C' (t) in the space. Step2 is aimed to show how to choose

Cr in order to include the constructed score coefficient (from approximation error) in the
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space. Step3 is aimed to provide the upper bound of the statistical error.
1. Stepl

Lemma 55. Suppose py(x) = poo(x)(1 + 0g(x)) = poo(@)(1 + 03 72 pifi(w)), which

1s a perturbation of mean-field density pso, then the following inequalities

[A() = A(0) ]2
[A(o0)l2

1B(t) = B(=o)[lF
1B (o)l

< 5CA7

<dCp (D.3)

hold for some constant C'4 > 0 and Cg > 0.

Proof. For A, the matrix elements are given by:

(

=

)= A0 = [ (o) = pcl@) (o) (a)do
(£ £ (2)(p0() = poc () de

I
——

e“(f(x) f11(2)) (Opoo (2)g(x))da

uIN [ fy(2)Gpoe(w)g(a)d

I
(]

k

S
< SR S s [ omtontoriar 0
keS keS

m

Note that

/ fi(@)poo () g()da = / Fe(@)poo(@) (O pifi(x))dz = " p; / Fi(@) poo () fi(x)dz = py
=1 1=1

due to f; is orthogonal with respect to po.
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Therefore,

[A(t) = A(o0)ll2 < [|A(t) — A(oo)||F = Z ))j 1)

_ J (Z Z(“g’j/))Q) 3 e2Mto2p?

j,j" keS keS

<o [ISICE Y} (D.5)
kesS

Note that Zkesp% < oo and ||A(c0)|l2 = ||{]]2 = 1. Then W < 6Cy holds

for some constant C'y.

Besides, for B,

1B(t) - Bz =3 / pi(2) = poo (@) (Vf5(2) — f;(2)VV (2))de3
jES

-3 / (00(2) = poo@) (X 8 fu())
jES keS

-3 / (3 8D M £ () () — poo(2)) ]
jES keS

< 1dP B e2ut / Fo(2) (6pmol2)g (2))d)?)
jES k€S k:eS

=31 IBYS 2uta?}) < ISICRI01F0? Y v (D.6)
j€S kes keS keS

Therefore,

1B(t) - B(oo)
Bl =y 2

Thus, there exists constant C'g > 0 satisfying the condition.
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Lemma 56. Suppose | [ fi.(z)(po(z) — py(z))dz| < holds with constant Cy > 0 for

f
any k € S with high probability. Suppose the perturbation bound W <00y

holds with some constant C'4 > 0 for any t from Lemma 2. When /N +0Cy <1,

there exists a constant Cpy > 0 such that

IC@)IF < Cu

for any t. C(t) is the empirical score coefficient.

Proof. We aim to prove the bound ||C/(¢)||p < Cyy for any ¢. We first establish bounds

for the reference system, then extend to the perturbed system.

Note that

When ¢ = oo, WehaveA = [ poo() () fj(x)dx = d; j then A(co) = I as an

identity matrix, and assume we represent ij () = fj(2)VV =3 kes q~kj fr(z), then

Bj(o0) = [ psc(o)(Vfy(a) = 1519V = [ poc(a)(Y af fifa))dn = af?

keS
Then
IC (o)l 7 < 1B(o0)llF < [|1Q1]|F-
where Q1 = [cjgl), c’j?), e ,ngD]T. Furthermore, assume the perturbations satisfy for
general t:

JA() — A(oo)] 1B(t) - B(oo) s
Aoz =94t B OB

Note that A(t)C(t) = —B(t) and A(c0)C (00) = —B(00), we use the following pertur-
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bation bound:

ICH) = C(0)llp _ w(A(00)) ,(||A<t>—A<oo>||z+||B<t> <>HF>
)z (00)[|

C (o0 = IA(t)— A (oo Ao B
1€ (o0)| P 1_K(A(OO))'W [A(c0)]l2 |

A(t), B(t), C(t) demonstrate that those matrices are computed from empirical distri-

bution. We analyze the term || A(t) — A(c0)]|o via:
1A(t) = A(co)ll2 < IA®) — A(®)ll2 + () — A(c0)ll2.

For the first term, the matrix elements are given by:

>

(At) = A(t)); o = /(ﬁt(l‘) — p(x)) fj(2) 0 (x)dx
L (fi(x )1j(@))(Po(z) — po(z))dx

g e / i) (ofa) = pole))ds

ML

keS
< [ @R 3 et [ fa)inle) - pola))de)? (D.7)
keS keS

where we decompose f;(z)fj/(z) = > pes ug’j/)fk(x). Suppose | [ fr(z)(po(z) —

po(x))dz| < \CF for any k£ w.h.p. and denote Cyy = maxy, ||UL|| .

Thus,

IA() — A@®)ll2 < [ A(t) — A®)|lF = Z J S-S w2y fe2A1t

j,3" keS

0262)\1t CUC |S|
3\/|5|c[2]\5| fN = \/% Mt (D.8)
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Then including the second term, we obtain:

1A(t) — A(co)]l2 <

CUCf|S| At
—_— +0C 4.
JN A

Similarly, we decompose the error for B:
1B(t) = Bt)|p < |B(t) = Bt)|[p + |1 B(t) = B(co)|| -

The first term can be bounded as:

1Bt - BOIZ =] / o)V f5(x) — f;(2)VV ()3
jES
-3 / (5u(@) — (" 3 fu())dal
jES keS
= S0 1 [ (3 N Ayl o) — ()l
jES keS
<SSR e / Fr(@)(Polz) — pola))dz)?)
JjES k€S keS
Then | |
. S CsC¢|S
1B(t) - Bk < VISIC f W At = %ehﬂ

where Cgy = maxy, |Qpll7/[| B(c0)|| p = maxy, ||Qk||F/||Q1||F-
Thus,
. CoCrlS]
1B(t) = B(oo)||F < W&lt +0CB | |B(o0)l|p-

Combining all results, we receive the perturbation bound:

IC(t) — Ceo)llr _ 1 ,CM%&M%+%@W
IC(llF  — 4 = (%j@lslwc ) VN
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The final bound becomes:

A 1+ OU\%'Sl +0Cp 1+ CU\%S' +6Cp
ICOF < |C(c0)l[F = @1l F,
— (2 50y) - (S 50y
VN A VN A

under the assumption:

CyCylS|

———— +300y < L

VN
Here we take
1+ UL 5o 1+ W e
v oA v oA

and receive the norm upper bound ||C(t)||p < Cys for any ¢. O

. Step2

The next part is to verify the constructed score function belongs to the considered

space. Recall the construction score for the approximation error:

< (0

s)/(t,x) = VV(z) + 5Zp NIV fi(x) = VV (@) +6 ) pie’' (v fi(x)) (D.10)

i= JjeS

Then the norm of coefficient is upper bounded:
it (0
2 2 it (2))2 2
1C), D13 < 82> 1Y pe') |5 < ¢y
jes i=1

for some sufficient small §.
. Step3
Given ||C(t)||p < Cyy for all ¢, we aim to estimate the statistical error:
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aM%=V/@mme+w@mm)wm—mwmmu

where

sW(t,2) = (D2, f(x)) — O,V (2).

We define a space:
He = {sO(t,2) = (D), f(2)) =0,V (@), D (1) e RSP C(1) | p < Oy for all 1}

We give the statistical error for all score functions belonging to the above set.

Expanding the expression:

d d
CITgtat — ‘// |: 2 - Z§<C(Z)7 f)aajzv + % ;(ale)Q
+Z ), 0. f) 232 pe(x)) dx dt

V/ P(pr(a) — pe()) dodt

//Z ,Oui | — 02, V) (pi () — pe()) d dt

" //; (%(8%.1/)2 - agiv) (pt(z) — pt(x)) dx dt].

We denote these three terms as (1), (2), and (3) respectively.
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Bound for Term (1):

W =31 [ S 1D 2012 0u0) — ) dt

- //ZZ $(2) () (pr(2) — pu(w)) v ).

For fixed t, we analyze the matrix expression:

S
S

ZZc&i)(t)#,) (B)[A(t) — Ajj’(t)] - Z(c(z’) ) T[A() — A(t)]c(i)(t)

P i=1

) CyCylS|
Alt Nlo < [IC1% - 1A — A(t)||]o < C2,—2—L "Mt
O3 - A1) — A@)ll2 < IC]1F - [ A(t) — A@)||2 < C% Vil

||M&

Therefore, by crossing all the time ¢,

Bound for Term (2):

// t), Oa; f = fOr,V)(pr(x) — pe(2)) dw dt

. d 9
< J > @ )3 - J >y ( / (Ow; fr — fx02; V) (pr(2) — pr()) d:v)
=1

i=1keS

< OmlB(t) = B p
o G181
N VN
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Therefore,

Bound for Term (3):

@)=/ 2; (5005177 =27 ) (le) = pte) o

d .
- // Z > Ul(j)fk(fc)(m(ff) — pr(x)) d dt

i=1keS

[z (iv?))z - J S ([ 5oto) — e )

keS \i=1 keS
Cy 1
< AdCy - i B
S Vv VISl e
_ CyCpVdy/IS] 1
VN ESTR

IN

Combining all three terms:

errans < 102, C0OHISL 1 CQOUSI 1 CvOpViYIS] 1
TETMTUYN YT VN A VN A

1 1
= [ 202,01 C4|S| + Oy CACe|S| + Oy O rVd 5>—.
(FChCuCHSI+ CuCayls +CyCpVayisT)

4. Additional lemma

Lemma 57 (Perturbation of a linear system). Let A € R™ "™ be nonsingular and

X, B € R"¥4 sqtisfy AX = B. Let AA, AB be perturbations, and let X + AX solve

(A+ AA)(X +AX) = B+ AB.
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Assume a submultiplicative matriz norm || - || and that |A"TAA|| < 1. Then

1A~
1= [ATAA]

lax| < (1ABI+ aA) |1 ).

Moreover, using (A) := ||| [|A™]| and | Bl = [|AX| < ||A]l |X],

[AX] R(A) (HAAH HABH)
X1 = 1= ATtAAl \flAl (1B

Proof. From (A+ AA)(X +AX)= B+ AB and AX = B,
(A+ AA)AX =AB—AAX, AX=(A+AA) Y AB-AAX).

Write (A+AA)™ = (T+A7TAA)7LATL If |A71AA| < 1, then [|[(I+A7TAA) 7L <

1/(1 — [|[A~'AA|)) (Neumann series). Submultiplicativity gives

1A~
AX] < AB AA|X
and the relative bound follows by dividing by || X || and using || B|| < [|A|] || X]|. O
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