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ABSTRACT

This dissertation presents three different problems in recovering underlying structure from
data in diverse scientific fields, each also elucidating a different flavor of applied mathematical
approaches.

The first is a problem in manifold learning inspired by cryo-electron microscopy. We con-
sider the problem of recovering a one-dimensional curve embedded in high dimensional space
from a high noise observations centered around the curve. We prove a sample complexity
lower bound to demonstrate an inherent difficulty in recovering the underlying curve from
data, then provide an asymptotically optimal algorithm based on the method of moments.
This work demonstrates how analytic and algebraic techniques can be applied to summary
statistics to navigate the challenges of high dimensional, noisy data.

The second problem we study is an optimal transport problem on discrete spin systems.
We formulate a relaxation of the Glauber dynamics on the Ising model as an optimal trans-
port problem in discrete time and space with an exponentially large number of variables.
We then devise numerical techniques for tractably solving this algorithm at the scale of over
one billion variables. This work highlights numerical and algorithmic approaches in applied
mathematics.

Finally, we move to the world of computational chemistry and develop a machine learn-
ing framework that simultaneously serves as a generative and foundational model for 3D
conformers of small molecules. Our model is able to synthesize information across a large
library of molecules and effectively learn what the manifold of plausible molecular conform-
ers looks like, as well as learn mappings from conformers to molecular properties of interest.
At the core of our method is a novel molecular representation that models conformers not
as discrete point clouds but as dense fields. This work exemplifies the role of data-driven
techniques in complex scientific domains.

We hope this dissertation represents the rich diversity of domains and techniques in

applied mathematics.
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CHAPTER 1
INTRODUCTION

Throughout the history of science, a central theme has been the search for underlying math-
ematical models that explain data. From the 8th to 11th centuries, Islamic astronomers fit
trigonometric models to celestial observations to determine the qgibla, or direction to Mecca,
from any geographic location with remarkable accuracy [1|. In the early 17th century, Jo-
hannes Kepler formulated his laws of planetary motion from analysis of Tycho Brahe’s as-
tronomical observations [2]. In the 1920s, observations by Umberta D’Acona of populations
of cartilaginous fish in the Adriatic sea were studied by Volterra to formulate what is now
known as the Lotka-Volterra predator-prey model, a foundational model in mathematical
ecology [3].

In the 21st century, data no longer take the form of thousands of manual observations
made by humans and analog instruments, but rather millions or billions of measurements
taken by sophisticated instruments or massive arrays of measurement devices (satellites,
personal electronic devices, weather stations, etc.). In this setting, constructing tractable
mathematical models that can deduce structure from an incredibly large amount of data is
a critical endeavor. Coupled with this explosion in data in the last half-century has been the
exponential growth in computing power available to parse through and tame it. In this work,
we will consider three problems in recovering structure from data in diverse fields, each with
unique theoretical and computational challenges whose solutions elucidate a different flavor
of applied mathematical approaches. We term these three flavors statistical, computational,

and machine learning approaches.



1.1 A Statistical Approach: A Problem Arising from Imaging

Science

The first problem we will consider is a manifold learning problem inspired by cryo-electron
microscopy (cryo-EM). First developed in 1981 [4] and the subject of the 2017 Nobel Prize
in Chemistry, cryo-EM is an imaging modality for biological macromolecules and the most
modern of the three primary imaging methods for proteins, the other two being nuclear
magnetic resonance spectroscopy (subject of the 1944 and 1952 Nobel Prize in Physics) and
X-ray crystallography (subject of the 1914 Nobel Prize in Physics and many more, including
the 1962 Prize in Medicine for elucidation of the structure of DNA).

The basic principle of cryo-EM is as follows: a sample containing many copies of a single
macromolecule of interest is spread into a thin sheet and flash frozen. An electron microscope
“photograph” is taken of the entire sheet, resulting in 2D projections of many samples of the
same molecule, each one in some random unknown rotation. The task is to deduce the 3D
structure of the molecule from these 2D projections of unknown rotations. This is made
significantly more challenging by the fact that the images obtained from cryo-EM often have
an extremely low signal-to-noise ratio (SNR). This low SNR is the reason why thousands or
millions of samples are required for cryo-EM to be successful.

From Figure 1.1, it is clear that cryo-EM is a difficult problem, and a wonder that it works
at all. In Chapter 2, we are interested in a rigorous study of just how difficult the cryo-EM
problem is. To make the cryo-EM problem more tractable, we study a mathematical model
that captures the fundamental difficulties of the cryo-EM problem. Specifically, we consider
the problem on recovering a 1D curve from high noise data. To briefly describe the problem,
let C*(t) : [0,1] — R™ be some ground truth constant speed curve in space. Suppose we

observe N independent samples of the form

y) = o*(+9)) 4 o), j=1,...,N,



Figure 1.1: Left: sixteen cryo-EM images of the GroEL protein in various rotations (re-
produced with permission from [5]); note the extremely low SNR. Center and right: two
different views of the actual structure of GroEL, obtained from the Protein Data Bank [6].

where 7 ~ UJ0,1] is a uniform time point along the curve and £ ~ N(0,1;) is isotropic
Gaussian noise; we can thus view the observations as a Gaussian point cloud centered along
the curve. Our goal is to recover C* from these observations; we call this the noisy curve
recovery problem. We add on the caveat that o is large compared to the scale of C*; like
the cryo-EM problem, we wish to study how difficult the problem is when o is large enough
to “wash out” the underlying signal C*. We quantify the difficulty of this problem by the
sample complexity, i.e., a measure on how many observations N are required to recover C'*
from the data up to some fidelity. We show a pair of results: (a) when SNR is sufficiently
low, the sample complexity scales with order at least 1/ SNR3, and (b) 1/ SNR? samples is
indeed enough to recover C*, making the estimate in (a) tight.

For small SNR, 1/ SNR3 is a very large amount of data; we consider regimes where
N ~ 108. Our approach for this problem demonstrates what we call a statistical approach
to dealing with large amounts of data, i.e., reducing the analysis of large amounts of data
to the study of much more managable summary statistics. In particular, our analysis of this
problem is based on the method of moments, which reduces empirical data to its moments
(i.e., expected values of tensor powers of the data). We will show that miraculously, compact

summary statistics of millions of extremely noisy data points are still enough to solve the



noisy curve recovery problem. In our analysis, we will reveal the terseness of our summary

statistics belies some deep structure that allows us to solve the problem.

1.2 A Computational Approach: A Problem Arising from

Statistical Mechanics

The second problem we study is an optimal transport problem inspired by the Ising model
in statistical mechanics. One of the most celebrated models in statistical mechanics, the
Ising model is a discrete model of ferromagnetism consisting of n interacting spins that can
assume one of two states {£1}. This leads to a configuration space €, = {£1}" of size
2" which makes studying these spin configurations a computationally expensive task even
for modest n. The importance of the Ising model in statistical mechanics is equalled by the
importance of optimal transport in applied mathematics. In brief, optimal transport studies
ways of mapping an initial probability distribution p to a final distribution v in as efficient
a way as possible under some prescribed “moving cost”. In Chapter 3, we combine these two
notions to formulate an optimal transport problem over distributions on this exponentially
large discrete configuration space; in short, given prescribed initial and final probability
distributions p and v on €, rules about how these distributions can evolve in discrete time
steps, and prescribed costs to these evolution steps, we wish to seek the most efficient path
from u to v.

Nearly all existing work on optimal transport is between continuous probability distri-
butions; this is in part because the theoretical aspects of optimal transport between discrete
distributions is not particularly rich, since optimal transport reduces to a linear program-
ming problem for discrete distributions. However, the exponential size of our configuration
space gives rise to an exponentially large linear program, which poses significant computa-
tional challenges; in solving large scale linear programs, writing an algorithm that works in

theory is easy, but running that algorithm on an actual computer is hard. Our contribution



in Chapter 3 is in presenting a tractable algorithm for exactly solving these large linear
programs.

Our approach elucidates what we call a computational approach to dealing with large
amounts of data, wherein we reformulate a mathematical problem in a way that is amenable
to existing computing hardware; in the current decade, this means designing algorithms to
be as parallel as possible to take advantage of the parallel nature of GPUs and associated
low-level platforms for accelerated matrix computations. In particular, we solve the lin-
ear program using the primal-dual gradient method, which reduces solving linear programs
to iterative matrix-vector multiplications. While matrix-vector multiplication is generally
well-suited for acceleration on modern GPUs, this is not enough for our purposes, as the
exponential size of our problem makes even storing these matrices in memory impossible.
Rather, we go further by exploiting a particular structure in the relevant matrices that allows
us to compute the necessary matrix-vector products in a parallel and matriz-free way that
prevents us from ever actually writing down large matrices. These computational optimiza-
tions allow us to solve linear programs with over a billion variables. We parallelize our solver
even further by approximating our linear program with a collection of parallel subproblems
and demonstrate that this approach improves runtime by several orders of magnitude while
remaining close to optimal. This work highlights an important theme in applied mathemat-
ics: seemingly intractable problems can often be made tractable by the right reformulation,

with only minor sacrifices in optimality.

1.3 A Machine Learning Approach: A Problem Arising from
Medicinal Chemistry
Finally, we move to the world of computational chemistry, specifically generative molecules

for small, drug-like molecules. Small molecule drugs are molecules with low molecular weight

(on the order of hundreds of daltons) that interact with biological processes; over 90% of



existing drugs on the market are small molecules (as opposed to biologics) |7]. The space
of small molecules is astronomically vast; [8] estimates that the space of reasonable small
molecule drugs is at least 10%0. Yet only a miniscule proportion of these drugs have ever
been synthesized, indexed, or otherwise written down; the largest chemical libraries (both
academic and commercial) have “only” billions or trillions of compounds [9]. Enumerating
over the space of potential drug-like molecules is thus an impossible task®. Therefore, for
drug discovery applications, it is critical to develop powerful tools to be able to sample
diverse, novel compounds from this vast universe.

With such a rich diversity of potential drug candidates, it is important not only to be able
to sample diverse compounds efficiently, but also to perform large scale in silico screening of
compounds for key pharmacological properties. The ability to perform cheap, virtual high
throughput screening for compounds before testing a much smaller number of compounds
in wvitro or in vivo can massively improve the efficiency of the drug discovery pipeline [7].

In this era of generative artificial intelligence, the computational medicinal chemistry
community has sought out denoising diffusion models as a way to sample from the space of
small molecule drugs. At a high level, denoising diffusion models train on a large corpus of
data (text, images, or in our case, small molecules) to learn what the manifold of plausible
data samples look like. These trained models are then able to map Gaussian noise to this
manifold, giving a way to generate novel samples from randomness. Unlike with text or
images, where the data itself is its own representation (text is a string of characters, an image
is a pixel array), it is not as obvious how one should represent molecules in a computer-
parsable way. Current approaches use a variety of different representations, including string,
graph, and point cloud based representations of molecules, each with distinct advantages

and disadvantages.

®. Consider a miraculous server farm on Earth that is able to evaluate whether a given small molecule is
a good candidate for a particular biological application at a rate of one femtosecond per molecule. By the
time the Sun has expanded enough to engulf the earth [10], only 1032 out of 10°° molecules will have been
evaluated.



In Chapter 4, we propose a novel representation for 3D molecular conformers. Rather
than modeling a molecule as a discrete string, graph, or point cloud, we model a molecule
as a continuously defined vector field; we argue that such a continuous representation more
richly captures the geometry of 3D conformers at high resolution. Using the fact that multi-
layer perceptrons (MLPs) are universal function approximators, we design a neural network
architecture that is designed to map our vector field representation of molecules to MLPs
approximating these vector fields. We then train a denoising diffusion model on a library of
molecules which we convert to this vector field representation and find that we are success-
fully able to generate molecules from noise. Furthermore, our approach is able to achieve
state-of-the-art performance on a molecular inpainting task, wherein our model is tasked
with completing a partial molecule; we posit that this is a more relevant task to drug dis-
covery, as we will argue further in Chapter 4. In addition to these generative capabilities,
we harness the rich internal representations of molecules learned by our model to endow it
with property prediction capabilities; we demonstrate that our model achieves state-of-the-
art performance on a set of benchmark molecular property prediction tasks, making it a
promising tool for virtual drug candidate screening.

The approaches in this chapter demonstrate what we call a machine learning approach
to dealing with large amounts of data, where we take advantage of the miraculous ability
of machine learning methods to model complex, high dimensional data distributions from
an enormous number of samples. Central to our approach is the careful construction of a
neural network architecture that is able to effectively synthesize information across millions

of molecular conformers.



CHAPTER 2
METHOD OF MOMENTS FOR ESTIMATION OF NOISY
CURVES

Manifold learning is a central problem in applied mathematics that seeks to find simple
geometric structure in noisy data. In this chapter, we study the problem of recovering a
ground truth high dimensional piecewise linear curve C*(¢) : [0,1] — R? from a high noise
Gaussian point cloud with covariance 621 centered around the curve. We first establish that
the sample complexity of recovering C* from data scales with order at least ¢5. We then
show that recovery of a piecewise linear curve from the third moment is locally well-posed,
and hence O(o®) samples is also sufficient for recovery. We propose methods to recover a
curve from data based on a fitting to the third moment tensor with a careful initialization
strategy and conduct some numerical experiments verifying the ability of our methods to

recover curves. This chapter is adapted from the preprint [11].

2.1 Introduction

2.1.1 Motiwwation and Related Work

Manifold learning is a widely-studied problem in statistics in which a low dimensional man-
ifold is fit to high dimensional data in an effort to understand the geometry of the data and
circumvent the curse of dimensionality. A vast amount of literature has been dedicated to
the noise-free case, where the data lie exactly on some lower dimensional manifold; see, for
instance, [12| for a review of more classical methods, or [13, 14| for more recent results. Work
has also been done in the case of low noise, such as in [15-19]. Less work has been done
for the more difficult high noise case, in which each data point is completely dominated by
noise. In [20], the authors establish an algorithm for recovering manifolds with particular

smoothness properties corrupted by Gaussian noise with covariance o2 for arbitrary o, but



their algorithm requires a number of samples exponential in o2,

Another field in which recovering a signal from high noise has been studied is in orbit
recovery problems. In these problems, an underlying signal is corrupted by some group action
and a large amount of additive noise, and the goal is to recover the original signal. Perhaps
the most famous such problem is the reconstruction of the 3D structure of macromolecules
from cryo-electron microscopy (cryo-EM) images. In cryo-EM, a large number of extremely
noisy images are taken of a molecule in various 3D orientations. We can think of these images
as projections of an unknown rigid rotation of the Coulomb potential f : R® — R along an
axis to a two-dimensional image, which is then corrupted by a large amount of additive
Gaussian noise. The task of recovering f thus involves both denoising the Gaussian noise
and undoing the rotation. See [21] for a comprehensive review of computational aspects of
cryo-EM. A simpler orbit recovery problem that has been well-studied is the multireference
alighnment (MRA) problem. In the MRA model, the ground truth is a one-dimensional
signal f € R and the measurements consist of a random cyclic permutation of f corrupted
with additive Gaussian noise. The sample complexity of MRA is established in [22], where
the authors prove that for large o, any algorithm hoping to recover f must require 0(06)
samples.

We are interested in recovering one-dimensional manifolds (i.e., curves) in high dimensions
in the presence of large Gaussian noise. For a particular class of curves, we will establish the
sample complexity of the problem to be 0(06) and provide a recovery algorithm that meets
that lower bound. The setting of one-dimensional manifolds corresponds to temporal data,
and we can think of noisy curves as noisy measurements of some system evolving in time;
recovering the underlying curve thus corresponds to recovering the underlying dynamics.
In the one-dimensional setting, a great deal of work has been done in the seriation prob-
lem, where noisy observations of time-dependent data are labeled with ordered timestamps.
For instance, in cryo-EM, one might have noisy observations of a biological macromolecule

undergoing some conformational change over time; in this context, the seriation problem



involves estimating the temporal order of these conformers [23, 24|. In archaeology, seriation
techniques are used to date archeological finds [25]. Various spectral methods have been
developed for the seriation problem [26-28|, but often require strong structural assumptions
on the data. More recently, the authors in [29] use the Fiedler vector of the graph Laplacian
of the data to approach the seriation problem in a more general case. Note that our problem
is not only to recover the time ordering of noisy points coming from a curve, but to recover
the underlying curve itself. If the distribution of the noise is known, then the time ordering
of noisy points can be computed from the underlying curve simply by associating each noisy

data point with a point in the underlying curve that maximizes the likelihood.

2.1.2  Problem Formulation: Noisy Curve Recovery

Consider a parametric, non self-intersecting ground truth piecewise linear (PWL) curve C*(t)
in R%, where ¢ € [0,1]. We assume that the curve consists of a finite number of segments.
In order to fix a scale, we assume that ||C*(¢)|| < 1 for all ¢ € [0,1]. The noisy curve model

consists of IV independent observations
yO) = (U 4 0@ j=1,... N. (2.1.1)

Here 7 ~ U|0, 1] is drawn uniformly randomly and £ ~ A (0, I;) denotes isotropic Gaussian
noise independent of 7; we assume ¢ is known. We can imagine this as a Gaussian “fattening”
of the curve C*. Let Pg+ , denote the random variable given by C*(7) + o, and let
Pco+ denote the case where o = 0. We formulate the noisy curve recovery problem as the
estimation of C* from observations {y(j )}é\]: 1» as depicted in Figure 2.1. Note that we can
think of this model as a continuous Gaussian mixture model, where the mixture centers are
drawn continuously from C*(t).

In the low noise regime, the salient features of the underlying curve are still visible in the

presence of noise, and the curve can be estimated by “tracing through” the point cloud coming
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Figure 2.1: An illustration of the noisy curve recovery problem.

from (2.1.1). We provide a more detailed account of an algorithm in §A.1, but essentially,
much like the expectation-maximization step in estimating finite Gaussian mixture models,
we can assume that nearby points in the cloud come from nearby points on the underlying
curve. We can thus use the local largest principal component of subsets of the point cloud
to approximate the tangent space of the curve near that point. However, in the case where
noise is large, we can no longer reliably assign points in the point cloud to a nearby point
on the underlying curve. This is illustrated in Figure 2.2, where we demonstrate the results
of tracing through a point cloud coming from a PWL curve in both the low and high noise
case. We are henceforth interested in studying the high noise case.

In this chapter, we will first prove a result on the sample complexity of the high noise
curve recovery problem, that is, the number of samples needed to recover the ground truth
underlying curve from data up to some error. In particular, we will show that for sufficiently
high noise, the number of samples from (2.1.1) needed to recover a curve scales with order
09, The proof relies on studying the moments of the distribution Pox o, particularly the
third moment tensor. Our approach is based largely on the approach in the proof of the
sample complexity of the MRA problem in [22]; the proof hinges on showing that the first

two moments alone do not uniquely determine a curve in a neighborhood. We then prove
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Figure 2.2: Results of a cloud tracing algorithm (detailed in §A.1) on a point cloud coming
from a piecewise linear curve with low noise (left) and high noise (right). In both cases, a
ground truth curve in blue is shown with an accompanying point cloud. When the noise
is low (i.e., the scale of the noise is smaller than the scale of the geometric features of the
curve), the structure of the underlying curve is still visible in the point cloud, and the curve
can be successfully traced through (in red). When the noise is large, the local geometric
structure of the curve is destroyed and the tracing approach fails.
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that the problem of recovering the underlying curve from the third moment of the data is in
fact locally well-posed, and provide an algorithm to obtain an initial rough estimate of the
curve based on a decomposition of the third moment tensor of the curve. The idea of the
algorithm is to use the tensor power method to approximate the subspaces in which vertices
of the curve lie, then use this as an initialization to a gradient descent scheme to fit a curve

defined by the vertices to the third moment.

2.1.8  Chapter Outline

This chapter is organized as follows. In §2.2, we introduce notation for piecewise linear
curves and compute their moments. In §2.3, we state and outline the proof of the sample
complexity result. In §2.4, we show that locally, the third moment uniquely determines
piecewise linear curves in high dimensions. In §2.5, we use this local well-posedness to
devise an algorithm that recovers piecewise linear curves. We show results from numerical

experiments demonstrating the performance of our algorithm in §2.6.

2.2 Piecewise Linear Curves and their Moments

We restrict our analysis to piecewise linear curves in order to have a simple explicit repre-
sentation of a curve. We also require that our curves have domain [0, 1], are open (i.e., the
two end points are not the same), and have constant speed (i.e., [|C’(t)|| is constant).

Let 0 =ty < --- < tj; = 1 be points in time and let ¢y = ¢(tg), ..., cpr = cltys) € RY
be the vertices of a PWL curve. Throughout this chapter, we use d to denote the ambient
dimension of the curve and M to denote the number of segments. We assume in general
that our dimension is high enough that d > M. We also assume that ¢; # ¢; for all i # j.

In particular ¢y # c¢ps, so our curve is open.

13



We have the following explicit expression for C'():

o t=tig t—t;

C(t) = ¢ — ci—1, when t € [t; 1, t;]i=1 . M- (2:2.1)
ti—ti1 -t — i "
Since we require C'(t) to have constant speed, we must have
C o lles — e
t; = 2=t llor =kl g, 1,....M (2.2.2)

A

where Z = Zgil llc. — c;—1|| is the total length of the curve. The benefit of requiring
constant speed is that our curves are completely characterized by the vertices cg,...,cps. In
a slight abuse of notation, we thus identify a PWL curve with the (M + 1, d)-shaped matrix

of its row-stacked vertices:

c=| = | (2.2.3)

We assume that the ¢; are in generic position, so that the vectors {c; — Cz’—l}g]\i | are linearly
independent.
Our approach to proving lower bounds on the sample complexity of noisy curve recovery

is based on studying the moments of a curve, defined by

my(C) = /O Lot (2.2.4)

Here, .®k denotes the k-fold tensor power of a vector. For instance, for v € Rd, v®3 is the
(d,d, d)-shaped tensor whose jkl entry is given by vjvgvp. The use of moment tensors for
inverse problems has been studied in many other contexts, such as finite Gaussian mixture
models in [30].

We now derive expressions for the first three moments of C' in terms of the vertices
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COy---5CMNL-

Proposition 2.2.5 (Moments of Piecewise Linear Curves). Let C be the constant speed
PWL curve with domain [0, 1] with vertices cq, ... ,cpr. Let Z be the length of C. Then the

first three moments of C' are given by the formulas

M

Ll mell, ey

- 9 7 1—1 )
=1
M

ma(C) = lz —HCZ — il ((C + c-)®2 + P2 4 c®2> (2.2.6)
2 = 6 7 1—1 7 i—1 7 e

=1

M
1 lci — ci—1]] 3 3 3
ms(C) = 3 Z % ((Cz—1 + )3 42683+ 2 ) .

Proof. Consider the change of variables

t—ti—1

— =1, dt — (ti — ti_l)dt (2.2.7)
ti —ti-1

For any k, we can apply this change of variables and (2.2.2) to get an expression for m.(C)

in terms of the vertices ¢;:

1
C( )&k at

(t—tl L b=t >®kd
ci — Ci—1 t
ti —ti—1 ti —ti—1

my(C)

I
S—

(2.2.8)
(te; + (1 —t)e; 1) (t —tj_q)dt

>
>/

Mel Fllﬁg I Mg

N
I
—

W/O (1= t)ej_q + te;) @k dt.

The desired result can be obtained by expanding the tensor power in the integral for k =

1,2,3 and direct computation of the integral. [ |

Recall our assumption that d > M and observe that a PWL curve C' with M segments
15



naturally lives in an M-dimensional subspace V' of R" spanned by the vectors {c; — Ci—l}i]\i 1-
We can in fact compute an orthonormal basis for this subspace by taking the top M eigen-
vectors of the second moment ms(C'); indeed, the second moment is a rank M matrix for
generic C. Therefore we will often assume M = d, since if d > M, we can project the
coordinates of C' down to V. Nonetheless, for semantic clarity, we will often use M when
referring to the number of segments and d when referring to the dimension.

Later on, we will show two important results involving moment matching. We will show
that matching a PWL curve to a third moment m3(C') is locally well-posed, while matching
a PWL curve to the first two moments m1(C) and msg(C) is locally ill-posed. A careful
analysis of the moments is difficult owing to the ||¢; — ¢;_1||/Z terms (note that Z also
depends on C'). To aid in our analysis and make things easier to compute, we introduce the
following relaxed curve moments that replace the ||¢; — ¢;_1||/Z terms with new variables.

We will show that it is sufficient to consider moment matching in this relaxed setting.

Definition 2.2.9 (Relaxed Curve Moments). Let ¢ € RMADxd ang p ¢ RM . Then we

define the relazed moments of C to be

DO | —

11(C,p) = pi(ci—1+¢i)
=1
1 M
ua(Cop) = 5 3w ((eimn + )™+ 2 + c72) (2.2.10)
=1

M

1

#3(Cp) = 15 > pi ((Cifl +0)® 4+ 2625 + 20?3> :
i=1

We can rewrite these in a more vectorized way that makes our analysis more straightforward.

1
m(Crp) = 5CTA%p
12(C,p) = CTA(p)C (2.2.11)

13(C,p) = C93 % a(p).
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Here, A% is an (M + 1, M)-shaped matrix constant and A(p) is a symmetric (M +1, M +1)-
shaped matrix that is a linear function of p. The six-way tensor C®3 has shape (M+1,d, M+
1,d, M + 1,d) and has mjnkol entry given by C,;Cp1.Cy. The three-way tensor a(p) is a
linear function of p and is symmetric with shape (M + 1, M + 1, M + 1). The operation x
denotes the natural tensor contraction between tensors of shape (M +1,d, M +1,d, M +1,d)
and (M +1,M + 1, M +1):

M
X xylim = > Xojnkol¥jki- (2.2.12)

m,n,0=0
The exact forms of A%, A(p), and a(p) are given in §A.4. Note that in the case where p is
the vector of proportional segment lengths of C, i.e., p; = ||¢; —¢;_1]|/Z foralli =1,..., M,

the relaxed moments are precisely equal to the actual moments.

We now present expressions for the Jacobians of the error between a predicted relaxed
third moment and a ground truth third moment. The proof is by standard matrix calculus

techniques, which we omit.

Lemma 2.2.13 (Jacobians of Relaxed Moments). Let C' € RMAD)XA pe the matriz repre-
sentation of a PWL curve and let p € RM : note that we do not require p to be equal to the
proportional segment lengths of C'. Let m3 € REXAXd pe some third moment tensor. Define

the third moment loss

Ling(C,p) = |lp3(C, p) — m3]| %, (2.2.14)

where || - H% is the squared Frobenius norm on tensors, i.e., the sum of the squared entries.
Let y € RIMAUX 44 2 € RM | Let a(p) be as in (A.4.3) and * be as in (2.2.12). Then the

derivatives of the third moment loss with respect to C' and p applied to y and z respectively
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are given by

(VoLlmg(Cp),y) = <2 [C®3 *a(p) — m3] ,
(C®C®y+0®y®0+y®C®C)*a(p)> (2.2.15)

(VpLmy(C.p),z) = <2 [C®3 *a(p) — m3] ,C®3 *a(z)>.

2.3 The Sample Complexity Lower Bound

To talk about the sample complexity of recovering PWL curves, we need a measure of the

distance between two curves. We choose the following natural distance.

Notation 2.3.1. Let C(t) and I'(t) be two open parametric curves on [0, 1]. Then we define
the distance between the two curves to be the average squared Euclidean distance between

the curves:

1
,o(c,r)z/o 1C(t) — T(#)|)? dt. (2.3.2)

We assume that I'(¢) is parameterized so that p(C(¢),I'(t)) < p(C(t),I'(1 —t)); ie., I' is

oriented in the direction that minimizes the distance.

We first prove that curve recovery from the first and second moment alone is not locally
well-posed. In other words, we can find two curves that are arbitrarily close together with
exactly the same first and second moment. As discussed in §2.2, we assume that the number

of segments M is equal to the ambient dimension d.

Proposition 2.3.3. Let C*(t) : [0,1] — R? be a PWL constant speed curve with M = d
segments. For almost all such C*, for sufficiently small ¢ > 0, there exists a PWL curve
[(t) # C*(t) with m1(C*) = m1(T") and ma(C*) = ma(I") such that |C* —T'||p = €, where

the norm here is on the matriz representation of the curves.
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The detailed proof is provided in §A.2; the idea is that matching the first and second
moment of a curve can be expressed as an underdetermined system of polynomials whose
solutions form a manifold of positive dimension.

Since C* and T" being close as matrices implies that C*(¢) and I'(¢) are close as curves,

we have the following immediate corollary of Proposition 2.3.3.

Corollary 2.3.4. As in Proposition 2.3.3, let C*(t) : [0,1] = R? be a PWL constant speed
curve with M = d segments. For almost all such C*, for sufficiently small € > 0, there
exists a PWL curve I'(t) # C*(t) with m1(C*) = m1(I') and mao(C*) = mg(I') such that
|C*(t) = T(t)|| <e foralltel0,1].

The application of Corollary 2.3.4 is to show that the hypotheses of the following result

are not vacuous for £ = 3. The proof is rather technical and left to §A.3.

Proposition 2.3.5. Let C, I be mean zero parametric curves such that |C(t)—T'(t)|] < 1/3
and ||C@)||, IT@)|| < 1 for all t € [0,1]. Suppose my(C) = my(I') for all k < ¢ —1. Then

for o > 1, we have the following bound on the x2 divergence between Pe s and Pp -
2(Po ol Pry) < Keo2p(C,T 2.3.6
X“(PeollPrg) < Ko~ = p(C,T), (2.3.6)

where Ky is a constant that depends on € only.

This result allows us to bound the y2 divergence between two noisy curve distributions
by o~ 20 if the moments of the underlying curves match up to (but not including) order /.
This is the primary ingredient in the proof of the following main sample complexity result.

Note that we use < to denote inequality up to a universal constant.

Theorem 2.3.7. Let C' be a curve as in be as in Proposition 2.3.5. Given any A > 0
sufficiently small, there exists another curve I' # C satisfying the hypotheses of Proposition
2.8.5 such that p(C,T") = A, where I is indistinguishable from C in the following sense.

Consider N samples Y = {y(l), e ,y(N)} and the task of deciding if Y came from Pc ,
19



or Pr,. Assume a uniform prior on whether the ground truth curve is C or I'. Then if

N < oSAL, the probability of making an error is bounded below by 1/4.

Proof. Given C(t), construct I'(¢) such that the first two moments match and p(C,I') = A
as in Proposition 2.3.3. Then by Theorem 2.3.5, we have the bound X2(PC,UHPF,0) <
K30 0p(C,T). Let ng’év and Pl@iév be the distribution of N independent draws from Pg ,
and Pp ;, respectively. By Lemma A.5.4, Lemma A.5.6, and Lemma A.5.8,

TV(PEY, PEY)? <

1. _
e, KL(PEY [ PEY) < SKs0 CAN. (2.3.8)

1
2
Therefore, for N < %IC510'6A_1, we have

TV(PG Y, PEY) < 5 (2.3.9)

Co>

N —

Now let ¢ : RN — {C' T} be any measurable function of the data Y. Let A denote the

set of all Y such that ¢(Y) =I". Then

PEN@(Y) = 1) + PEN ((Y) = €) = PEN(4) + PEN (4°)
= 11— (PEY(4) - PEY(4))

>1-— Sljlp(PfgjéV (4) = PEY(A) (2.3.10)

N N
=1- TV(Pl@jU ,Pga )

>1/2.

Let X denote the event that the ground truth curve is C' and X¢ denote the event that the

ground truth curve is I'. By our uniform prior assumption, we have P(X) = P(X¢) = 1/2.
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Then the probability of the hypothesis test ¢ making an error is

P(p(Y) = TIX)P(X) + P((Y) = C|X)P(X)

= S PEN(Y) =T) + S PEN (0(V) = ©) (23.11)
1
> 1

This result reveals a fundamental limitation of the curve recovery problem in the high
noise regime; regardless of the method used, it is impossible to discern with high probability

which of two A-separated curves the data Y come from without at least O(c®) samples.

2.4 Local Well-Posedness of Third Moment-Based Recovery of

Piecewise Linear Curves

Theorem 2.3.7 gives us a lower bound of 0(06) on the sample complexity of recovering
a curve from data. We now show that for PWL curves with constant speed, this lower
bound is asymptotically tight by showing that 0(06) is indeed enough samples for recovery.
We accomplish this by showing that the third moment of a noise-free PWL curve uniquely
determines a PWL curve in a neighborhood. This is contrast to the result of Proposition
2.3.3, which says that determining a curve from the first two moments alone is locally ill-
posed. As before, in this section we assume M = d.

Our ultimate goal in this section is to show the following.

Theorem 2.4.1. Let C* € RIM+1)xd pe ground truth PWL curve with proportional
segment lengths p* € RM | where M = d > 4. Let m3 = uz(C*, p*) be the ground truth third
moment. Let ng be the third moment squared Frobenius loss as defined in (2.2.14) Then

for almost all C*, if C' is sufficiently close to C* and p is sufficiently close to p*, we have

<V0Lm§((}, p),C* — C> <0 (2.4.2)
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<Vme§(C’, p),p* —p> < 0. (2.4.3)

Local well-posedness of recovery from C' is an immediate corollary of this.

Corollary 2.4.4. Let C*, p*, and m3 as in Theorem 2.4.1. Then for almost all C*, there
exists a neighborhood U of (C*,p*) such that C* is the only PWL curve in U with third

moment m§.

Proof. The result of Theorem 2.4.1 implies that (C*, p*) is an isolated minimum of Lm§ (C,p).

To prove Theorem 2.4.1, we will first need the following weaker result.

Lemma 2.4.5. Let C* € RM+1)xd pe ground truth PWL curve with proportional segment
lengths p* € RM | where M = d > 4. Let m3 = pg(C*, p*) be the ground truth third moment.
Then for almost all C*, for C sufficiently close to C* and p sufficiently close to p*, we have

<V0Lm§(0, P, CF — c> <0 (2.4.6)

<Vme§(C'*,p),p* - p> < 0. (2.4.7)

Equation (2.4.6) differs from (2.4.2) in that we have replaced the p in ng(C’, p) with p*,
and similarly for (2.4.7) and (2.4.3). In other words, (2.4.6) says that recovery of C' from m3
and p* is locally well-posed, while (2.4.7) says that recovery of p from mj3 and C* is locally
well-posed. On the other hand, the stronger statements (2.4.2) and (2.4.3) say that recovery
of C' and p from mj is locally well-posed. We prove (2.4.6) in §2.4.1, (2.4.7) in §2.4.2, and

(2.4.2) and (2.4.3) in §2.4.3.
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2.4.1 Recovery of Curve Vertices from Proportional Segment Lengths

Let § € RM+1)xd e sufficiently small and C' = C*+4 be some other curve in a neighborhood

of C*. Then we wish to show that for C' sufficiently close to C*, we have

<vCLm (C,p*), C* — c> <0

3
Using (2.2.15), the left hand side of (2.4.6) becomes

2<(C®SC*®3)*O{(])*>,
(2.4.8)
(C®C®C*—I-C'®C*®C+C*®C®C—3C®3)*a(p*)>

We perform a Taylor expansion, replacing C' with C* + 4, expanding the nonlinear terms

and only keeping terms with one §. Then (2.4.8) has first order approximation given by
2(CFRC* R+ CTRIRC*+ 68 CT®C*) xap’)|%. (2.4.9)
Let g(0) be the term inside the norm:
g(0) =(C"RC*"RI+C*"RIRC*+0 @ C* @ C*)xa(p®). (2.4.10)

This is a linear operator from R(M+1)xd _y pdxdxd Therefore, to show (2.4.6), it suffices
to show that the kernel of g is trivial.

Let Sym : Réxdxd _y gdxdxd deppte the symmetrization operator on three-way tensors,
ie.,

1
Sym<X)jkl =3 (Xjkl + Xgij + Xijk + Xigg + Xpjr + lek) (2.4.11)

Note that Sym is linear. Then by the definition of the x operation and the symmetry of
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a(p*), we can rewrite (2.4.10) as
9(8) = Sym (3(6 ® C* ® C*) x a(p”)) - (2.4.12)
Let g denote the term inside the Sym:
§(0) =300 @ C* @ C*) *xa(p*). (2.4.13)

To show that g(0) has trivial kernel, it suffices to show that (a) § has trivial kernel and (b)

Im(g) N Ker(Sym) = {0}. We prove (a) in Lemma 2.4.14 and (b) in Lemma 2.4.17.

Lemma 2.4.14. Let M = d. Let C* = [c}, ... ,CM]T and assume that c(j,...,cy; € R are
in generic position so that any collection of M of the c;’s is linearly independent. Let § be

the linear operator given in (2.4.13). Then g has trivial kernel.

Proof. Note that g(d) is a linear operator from R(M+1)xd _, pdxdxd_Tf we think of this as
a matrix operating on the flattened spaces, then with our assumption of M = d, the matrix
representation of g is a tall and thin matrix. To show that g has trivial kernel, it suffices to
show that the (M + 1)d “columns” of g are linearly independent.

Let E™J be the standard basis matrix in R T Xd with all zeros except a 1 in the m, j
entry; note that m ranges from 0 to M while j ranges from 1 to d, i.e. we zero-index the
rows but one-index the columns. Then the (m,j) “column” of § is given by §(E™J). Let
E;n’j denote the ith row of E™J which is equal to e; (the jth standard basis vector in Rd)

if ¢ = m and zero otherwise. Then
M
P mvj * 1 m7j maj * * * *
GE™) => " pi Bl B @ (G +6) @ (6 + )
1=1

1 i 1 i
+ §Ei”j’f ®e 1 ®c 1+ 3 "R

1 1
= 7Pmej ® (Cn1 + m) ® (o1 + ) + 5Pmej @ e @ €y
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1 1
+ P16 © (En + Epit) @ (Gn + Eng1) + 5Pma1€) @ Gn © Ay

=0,...,0,F™0,...,0].

In the last line, we are notating a (M + 1, M + 1, M + 1)-shaped tensor as a size M + 1
vector consisting of size (M + 1, M + 1) matrices, where the matrix /" is in the jth slot of

the vector and is given by

2 .
Zlipf(cé + C>1k)®2 + %pfcéeg ifm=0
o TPm (Cy1 + )" + a0 1(Cm + Cgt) 2415
+ 50 + 5010 if1<m<M-1
2 .
Zl,fp7\4(c>]k\4_1 + C>}<\4[)®2 + %p}k\/[C?W@ ifm=M

From the position of the nonzero entries, it is clear that g(EmJ ) are linearly independent
for fixed m and varying j. It remains to show that there is also linear independence for fixed
j and varying m; in other words, we need to show that {F m}%zo is a linearly independent

collection of matrices; we verify this in Lemma A.5.9. [

Before we show Im(g) N Ker(Sym) = {0}, we first need the following result, which we

have adapted from Lemma 5.6 in [31].

Lemma 2.4.16. Let M(x) be a matriz whose entries are analytic functions of a variable
x € U C R" for some connected open domain U. Let r be the rank of M(zq) for some

particular xg € R"™. Then rank(M(x)) > r for almost all x € U.

Proof. Note that rank(M (z)) < r if and only if the determinant of every (7, r)-shaped minor

of M(z) vanishes. Since the rank of M(z) is 7, there exists some (r,7)-shaped minor M (z)

~

such that det(M(zg)) # 0. Note that det(M(z)) is an analytic function of x, and the

~

witness xg shows that det(M(z)) is not identically zero. An analytic function that is not

~

identically zero has a measure zero vanishing set [32]. Therefore, det(M (x)) has a vanishing
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set of measure zero, and hence rank(M(x)) is < r on a measure zero set. |

The utility of this lemma is that if a matrix M(x) has entries that are analytic and we
find a single witness xg such that M(xq) is full rank, then we know M(z) is full rank for

almost every . We use this lemma in the proof of the following result.

Lemma 2.4.17. Let d > 4 and M = d. Then for almost all C* € RM+)Xd 4he image of

g and the kernel of Sym are linear subspaces that intersect only at 0.

Proof. In the proof of Lemma 2.4.14, we showed that {g(Em’j)} forms a basis

0<m<M,1<j<d
for Im(g). Since the action of § depends on C*, in this proof we will use the notation go= to
denote the g operator induced by a particular choice of C*. For coefficients 3, ;, we wish
to show that if
Sym| Y B jdo(E™) | =0, (2.4.18)
0<m<M
1<j<d

then all the coefficients must be zero. By linearity of the Sym operator, it suffices to show

that

{Sym(gc* (E™)) }O<m<M i (2.4.19)

forms a linearly independent set of (M, M, M)-shaped tensors.

Let M(C*) denote the (M3, (M + 1)M)-shaped matrix of column-stacked flattenings of
the tensors in (2.4.19). Then we wish to show that this matrix has full column rank for
almost all C*. The entries of M(C*) are either zeros or linear combinations of the entries
of " as defined in (2.4.15). Recall that the values p; are a function of C* in the following

way:

ol e

__ |
SM e =l

On the connected open domain U := {C* € R(M+1)xd c}‘f —c}‘f_l #0,j=1,... M}, thisis

p; =i (CY) (2.4.20)

an analytic function of the entries of C*. Since the entries of terms of the form (cf, | +c},)?

and ¢5,%? are also analytic, it follows from the form of F™ that the entries of M(C*) are
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analytic functions of the entries of C*. By Lemma 2.4.16, it suffices then to find a single
witness C* for each dimension M where M(C™*) has full rank.
For M > 4, we define the following witness CM (for notational clarity, we show the case

M = 4 here, with CM for greater M being defined in the obvious way):

- i
7 0 0
0o L 0

cM .= V2 (2.4.21)
0 0 -55
0 0 i%-+1

We choose this particular CM pecause it induces matrices F™ that are sparse and have

a particular recursive structure, and the proportional segment lengths of CM are all 1 /M.

Define

why’ = M Sym(geu (B™))
M ¢ (2.4.22)

WM = (W Yocmerr1<j<ur-

To show that C™ is a witness for a full rank M(C*), it suffices to show that for all M > 4,
WM is a linearly independent collection of tensors. We proceed by induction. The base
case M = 4 can be verified by straightforward computation. We verify this numerically by
computing the singular value decomposition of the matrix M(C’4) and observing that the
smallest singular value is positive; the smallest singular value is approximately 3.29024 x
1074,

Now suppose WM s a linearly independent collection; we wish to show that WM+l
also is a linearly independent collection. Note that wnﬂ}’il isan (M +1,M + 1, M + 1)-
shaped tensor. Let wT/‘,’il denote the (M, M, M)-shaped “minor” of w]\m/[’il given by the
(1: M,1:M,1: M) subtensor of wﬁ’j (here we are 1-indexing). By straightforward explicit

computation of the entries of MSym(ch(Em’j)) and (M + 1) Sym(chH(Em’j)), it can
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be shown that the minors of w' M +1 have the following properties:

(a) For 0<Sm<M—2,1<j <M afyl =wi

1.4 1 1 ;
(b) For 1 <j < M: oM=Ly M=1g <———) wMi

Uner = Yp J2 4)"Mm

y ”\Mu] 1 M?]
c) For1<j < M:w =
() =] > M+L T 444 22 M

, M1,
(d) For1<j < M: wM+1j:

~m,M+1

(e) For0<m< M+1: w ﬁ_ﬂ = 0.

Now given coefficients Qi j; SUppose

ST apulyl =0 (2.4.23)

0<m<M+1
1<j<M+1

To complete the inductive step, it suffices to show that all coefficients a;;, ; must be zero.
Observe that the (1 : M,1: M,1: M) subtensor of the linear combination above must also

be zero, and hence using the properties above we have

I Amaj
0= Z O, Wariq
0<m<M+1
1<j<M+1
_ M—1,j
= Z O‘mywj\ﬂﬁr Z a1,y 7 + Z O‘MJ“’MH
0<m<M -2 1<j<M 1<j<M
1<j<M
"M+17] AmM—f—l
+ Z M1, jWar g T Z O, M+1W 71
1<j<M 0<m<M+1
_ m,j M-1j 1 1 M,j
= Z U, j W + Z M~ lj( Wy (ﬁ_g Wyr
0<m<M-2 1<5<M
1<j<M
1 WM
J
+ Z M7]4 1_|_\/_>2 M
1<j<M
= Z Y - Z QM -1,jWpp
0<m<M -2 1<j<M
1<<M
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1 1 M.,j

+1<JZ<M< M1+ v2)2 1+f) e (E - 1)) v
This is a linear combination of the terms {wﬂ’j Yo<m<Mi<j<M = WM. by the inductive
hypothesis, this is a set of linearly independent tensors. In the last line above, we see that all
;0 the first sum must be zero and all apy_q ; in the second sum must be zero. Therefore
all apr_1 ; in the third sum of the last line must be zero, and hence all ay ; in the third
sum must be zero as well. We can thus conclude that in (2.4.23), all {au;, jbo<m<ar1<j<m

must be zero. Therefore, most of the terms in (2.4.23) vanish, and we are left with

m,j m,M+1 M+1,5
E , O‘m,jwM-JH = E Qm, MWy + E AMA+1,jWariq ’
0<m<M+1 0<m<M 1<j<M41
1<j<M+1 (2.4.24)
=0.

Now consider the (M + 1,:,:) slice of the above tensor equation, which must equal the zero

matrix. For M +1 =5, the (M +1,:,:) slices of {w%_ﬁ+1}0§m§M and {w%ii’j}lngMJrl

are as follows, with the slices for greater values of M + 1 being the obvious extension of the
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below (with the nonzero values being the same and more zero padding).

[1/8 1/24 0 o o [ o 0 0 0 %
1/24 1/24 0 0 0 0 0 0 0 0
WM M 1= | o 0 0 0 0 wy P M 1] = 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
L o 0 0 0 0 _% 0o 0 o o |
[1/24 1/24 0 0 0] [0 0 0 0 o ]
1/24  1/4 1/24 0 0 0 0 0 0 %
wy M+ 1,550 = o 1/24 1/24 0 o] wyiiPM+1,:5:= o 0 o o 0
0 0 0 0 0 0 0 0 0 0
L o 0 o o o Lo % ) o |
[0 0 0 0 0] [0 o 0 0 o
0 1/24 1/24 0 0 0 0 0 0
WM M 41,50 = {0 1/24 174 1724 0 w150 = o0 o 0 0 % (2.4.25)
0 0 1/24 1/24 0 0O 0 0 0 0
lo o 0 o o o o % 0 o |
[0 0o o 0 0 ] 0 o o 0 0o ]
0 0 0 0 0 0 0 o0 0 0
ﬁﬁff’l[MJrl,:,:] =lo o0 1/24 1/24 0 w%i}*“[MH,:,:]: 0 0 o0 0 0
0 0 1/24 1/4 1/12 0 0 o 0 %
lo o o 1712 1/8] o o o % o |
[0 0 0 0 0 ) 0 0 0 0
0 0 0 0 0 0 0 0 0 0
Wi M+ 1,5 0=10 0 o 0 0 wytPIM 41,5 0=1o 0 0 o 0
0 0 0 1/24 1/12 0o 0 o0 o 0
o 0o o 112 H4+ L o 0 o o (1+x2/§)2

One can show that for all dimensions M, these matrices are all linearly independent, and
hence the remaining coefficients in (2.4.24) must also all be zero. Therefore, all coefficients in

(2.4.23) must be zero, and hence WM+L ig 4 linearly independent collection, as desired. W

This completes the proof of (2.4.6) holding for almost all C*.

2.4.2  Recovery of Segment Lengths from Curves

Now we wish to show that for p sufficiently close to p*, we have (2.4.7), which we repeat

here for convenience:

<Vme;;(C*,p),p* —p> <0.
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We can actually show a stronger statement, that the above is true for all p # p*. Using

(2.2.15) and the fact that « is linear in p, we have

<Vme§(C*,p),p* — p> = <2C*®3 *xa(p—pY), C*93 a(p® — p)>

3
= —2/|C* xalp — p*)|?.

Unpacking the definition of o and the x operator, the term inside the norm on the last line

is equal to
M

1 1 1
> i —p7) (E(c;‘_l +c)®3 4 é(c;-k_l)@?’ + g(c;-k)®3) : (2.4.26)
=1

It suffices to show that this is equal to zero if and only if p; —p; = 0 for all . In other words,

we need to show that

ﬁ(ci—l +¢)7 + 6(%’—1) + g(%’) - (2.4.27)
1=

is a collection of M linearly independent three-way tensors for ¢} in generic position. We
omit the proof of this because it uses techniques very similar to that of the proof of Lemma

A.5.9. This completes the proof of (2.4.7) and hence the proof of Lemma 2.4.5.

2.4.3 Recovery of Curves and Segment Lengths from the Third Moment

Now we combine (2.4.6) and (2.4.7) to complete the proof of Theorem 2.4.1.
We first prove (2.4.2), which we repeat here; we wish to show that for C' sufficiently close

to C* and p sufficiently close to p*, we have

<Vch (C,p),C* — c> <0.

*
3
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For notational convenience, let us introduce the shorthand
[C,C7)] = [0 RCRC*+CRC*RC+C*RCRC — 3c®3] . (2.4.28)

We wish to write the expression in (2.4.2) in terms of (2.4.6) plus an error term. Using
(2.2.15) and the fact m3 = C*®3 & ap*) to compute the difference and regrouping terms,

we get

<V0Lm§(0, p),C* — C> - <chm§(c, P, CF — 0>

+2 <(C®3 — C* xap®), [[C,C*] * alp — p*)>
(2.4.29)
+2(0% xalp - p").[[C.07 x ap"))

+2 <C®3 xa(p—p*), [[C,C*]]xa(p —p*)> :

The first term on the right hand side above is precisely the term in (2.4.6), which we showed
was strictly negative for C' close to C* in §2.4.1. By linearity of a, the remaining three terms
on the right hand side go to zero as p — p*, and hence can be made arbitrarily small for p
close to p* by continuity. Hence, for (C, p) sufficiently close to (C*, p*), the entire right hand
side is strictly negative, and we have (2.4.2); we denote the neighborhood around (C*,p*)
for which (2.4.2) holds with Ug.

Now we prove (2.4.3), which we also repeat; we wish to show that for C' sufficiently close

to C* and p sufficiently close to p*, we have

<Vmeg(C’, p).p" - p> <0.

Similarly to before, now we wish to write the expression in (2.4.3) in terms of (2.4.6) plus
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an error term. Again using (2.2.15) and regrouping terms, we get

<Vme;;(C7p),p* —p> = <Vme§(C*,p),p* —p>

42 <(C®3 — 0" xalp), O3 x a(p*)>

+9 (O*®3 . C®3) *Oé(p*), O*®3 *Oé(p*)> (2430)

+
[\
Q

*
&
@
Q
&
N
>
2
=
Q
&
@
>
=
=
~~—

42 <(0®3 — "3 s a(p), CFE & Oz(p*)> .

Once again, the first term on the right hand side is precisely the term in (2.4.7), which we
showed was strictly negative for all p # p* in §2.4.2. By continuity of the function .®3 the
remaining six terms on the right hand side go to zero as C' — C*, and hence can be made
arbitrarily small for C' close to C*. Therefore there exists a neighborhood U, of (C*,p*)
where (2.4.3) holds.

To complete the proof of Theorem 2.4.1, let U = U N Up; in this neighborhood, (2.4.2)
and (2.4.3) hold. This completes the proof of Theorem 2.4.1, and thus the proof of local

well-posedness of third moment-based curve recovery for piecewise linear curves.

2.5 A Third Moment-Based Recovery Algorithm

Now we turn our attention to devising an algorithm to recover PWL curves from data. We
assume that we have noisy observations coming from (2.1.1) of a ground truth PWL curve
C* in R? with M segments. We assume that d > M > 4. We also assume that C* is mean
zero and that the points ¢{j, . .., ¢}, are in generic position.

The local well-posedness result in Theorem 2.4.1 suggests that a reasonable approach is to

first obtain a rough estimate C’init with proportional segment lengths p;;;; in a neighborhood
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near the ground truth C*, then perform gradient descent in C' and p on the relaxed third
moment loss (2.2.14), using Cinit and pipi¢ as initializations. We propose an algorithm that
does exactly this, where the initial rough estimate is obtained via the tensor power method.
Note however that applying Theorem 2.4.1 requires knowledge of the noise-free third moment
of a curve. We therefore need a method of estimating noise-free moments my(C') from data.

In §2.5.1, we derive unbiased estimators of the noise-free curve moments from data. In
§2.5.2, §2.5.3, and §2.5.4, we describe our recovery algorithm: in §2.5.2, we discuss how to
use the tensor power method to estimate an unordered list of subspaces that the vertices
of C* live on; in §2.5.3, we discuss how to reorder these subspaces; in §2.5.4, we use these
reordered subspaces to obtain initial estimates Ciyj and iy as initializations for a gradient

descent scheme.

2.5.1 Unbiased Estimators of Noise-Free Moments

Our task is to recover a ground truth curve C* from observations y(j ) = C*(T(j )) + o€ (7),
j=1,...,N, where 7 ~ U[0,1] and £ ~ N (0, ). We want a way of recovering the noise-free
moments of the curve mj. := my,(C*) from data. With Y := {yW, .y we define the
kth empirical moment of the data Y to be

AR
g, = (V) = — > )k, (2.5.1)

N
7=1

First we recall expressions for the first three uncentered moments of a multivariate Gaussian.

Lemma 2.5.2. (adapted from [33]) Let X ~ N (u, %) be a multivariate normal. Then the
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first through third uncentered moments of X are given by

mi(X) =p
ma(X) = p*? + % (2.5.3)

m3(X) = Sym(u®3 + 34 @ %)
Here, we use 1 @ X to denote the three-way tensor whose jkl entry is j1;3.

From Lemma 2.5.2, we can compute unbiased estimators for the noise-free moments.

Lemma 2.5.4. Let C' be such that m1(C) =0 and let y ~ C(7)+ o€, where T ~ U|0, 1] and
§~N(0,I). Then

1. y is an unbiased estimator of m1(C);
2. y®2 — 621, is an unbiased estimator of ma(C);
3. y®3 is an unbiased estimator of mg(C).

Proof. For the first moment:

B v(0,1],6~N 0,1 W) = Ercrjo, ] [C(T)] + Ee 0,1, [0€]
=B uoC(7)] (2.5.5)

=mq(C).

For the second moment, eliminating cross terms by independence and the fact that C' and &

are mean zero, we can compute

Eru0,1],6~N(0,1) [3/@2}
= E7[C(1)%%] + Er¢[C(7) ® 0€] + Erg[0€ ® C(7)] + Eeloé @ o¢] (2.5.6)
= E[C(1)%?] + E¢lo€ ® o¢]
= ms(C) + o1y
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For the third moment, eliminating terms with the same idea, we have

B u0,1),6~N(0,1,) [ZJ®3}
= E-[C(1)®] + E, £[C(1) ® 0€ ® 0] + E, £[C(7) ® C(7) ® 0¢]

+E;elo§ @ C(1) @ O(7)] + E,£[C(7) ® C(7) ® 0f]

(2.5.7)
+E, ¢[C(r) ® 06 ® O(7)] + E¢[(0€)%?]
= E,[C(1)®%] + E¢[(0€) %]
=mg(C).
|

Lemma 2.5.4 and the law of large numbers imply that the empirical moments myq,
mo — o9l, and mg3 can estimate the noise-free moments mj, m3, and m3 arbitrarily well
(in probability) with a sufficient number of points as long as the noise level ¢ is known.
Therefore, we will design our algorithm for curve recovery from data assuming that we have
estimates my, mo, and mg from (2.5.1) that are arbitrarily close to the ground truth moments
mj, my, and mz of C*.

Note that for y coming from a noisy curve with noise level o, the entries of y®* have
variance on the order of o2F , so by Chebyshev’s inequality, the number of points needed to
estimate the first three moments is order 69. A third moment-based recovery algorithm thus

shows that the sample complexity lower bound in Theorem 2.3.7 is asymptotically tight.

2.5.2  Recovering the Subspaces of the Curve with the Tensor Power Method

Let T3 be a three-way tensor of the form

.
T3 =" A, (2.5.8)
1=1
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where the vectors u; are orthonormal and the scalars \; are all positive; such tensors are called
orthogonally decomposable. The tensor power method (TPM) is a robust iterative algorithm
that is able to recover {A;,u;};_;, up to some permutation of the indices. For u; that are
unit length and independent (but not necessarily orthonormal), a whitening preprocessing
step can be applied to reduce the problem to orthogonally decomposable case through an
invertible linear transformation. A thorough introduction to the tensor power method as
well as robustness guarantees can be found in [34]; we will take the TPM for granted in this
chapter. We summarize the TPM with whitening as presented in [34] in Algorithm 1. Note
that for a (d, d, d)-shaped tensor T3 and (d, r) matrix W, we use T5(W, W, W) to denote the

tensor contraction of the three indices of T3 with the first index of W, i.e.,

T3 (W, W, W) mno = > Ty WimWin Wio- (2.5.9)
jkl
We use the TPM in our algorithm in the following way. Recall from (2.2.6) that the third

moment tensor of a ground truth PWL curve C* is given by

M * *

1 e — ¢4l ®3 ®3 ®3

mi = > A (e + )P 20, P 2 ) (2:5.10)
1=1

If we heuristically assume we can throw away the cross terms from (cj_; + c;‘)®3, then this

becomes a tensor of the form

SN (2.5.11)

We conjecture that the TPM with whitening applied to mg will recover unit vectors {¢; };‘i 0’
such that after reordering, ¢;, approximately spans the one-dimensional subspace that ¢} lives
in, that is, ¢;, is close to ¢’ in cosine similarity.® Throughout this subsection, we will use ¢;
to refer to the unsorted unit vectors and ¢;, to refer to the sorted unit vectors.

Note that (2.5.8) is invariant to a reordering of the A;’s and wu;’s, so the fact that the

@. The cosine similarity of two vectors a and b is (a,b) /(||a||||b]])-
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Algorithm 1: Tensor Power Method with Whitening: TPM

Input: Symmetric three-way tensor 7° = i /\iu??’ with u; € R< unit length and
linearly independent and A\; > 0; rank r symmetric matrix
T2 = 27{:1 )\iug@% desired number of additive factors r < d.
Output: Estimates {u;};_; of {u;};_;.
/* WHITENING STEP */
1 Set U to be the R¥*"-shaped matrix whose columns are orthonormal eigenvectors of
T5 corresponding to nonzero eigenvectors.
Set D to be the R"*"-shaped diagonal matrix of positive eigenvalues of T5.
Compute the whitening matrix W = UD~1/2 ¢ Rdx",
Whiten the 73 to an orthogonally decomposable tensor by setting
T3 = T3 (W, W, W) € RM™¥"r,
/* TENSOR POWER ITERATION */
fori=1,...,r do

N

w

I

5

6 Randomly initialize x € RY.
7 while not converged do
8

‘ Iterate z <= > Tj?’klxkxl/ﬂ >k Tj?’klxkxlﬂ.
end

©

Y. 73
10 Set Aj = > ik T jopa).

11 Set u; = x.

12 Set u; = S\i(WT)TﬂZ', where | denotes the Moore-Penrose pseudoinverse.
13 Deflate the whitened tensor: T3 < T3 — S\ZQZ@?’

14 end
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TPM recovers u; up to permutation is not important to the tensor decomposition problem.
However, to recover the vertices of a curve, we do in fact need to recover the ordering of the

c;’s. Therefore, we need some way to reorder the putative subspaces returned by the TPM.

2.5.3 Reordering the Predicted Subspaces

The tensor power moment returns unit vectors {¢; }jj\i o that are ostensibly close in alignment
to the ground truth points cz‘; we need to reorder them so that ¢;; is close to 02‘, where we
use the term “close” here (and in the rest of this subsection) in the sense of cosine similarity.
The seriation problem of ordering time dependent data is well-studied and there are many
existing approaches (see, for instance, |27, 29]), but here we outline a heuristic approach
that empirically performs well for our purposes.

A reasonable prior is that our curve is sufficiently smooth such that if ¢ # 0, M, then the

*

;+1- This is the inspiration behind Algorithm 2, where

two points closest to ¢} are ¢;_; and c
we order the subspaces (given an initial choice) by iteratively choosing the closest subspace
from {¢; }é\/i o that has not been sorted yet.

Algorithm 2 can output up to M + 1 different orderings depending on the choice of initial
index jg. To see which ordering to choose, consider the simple case illustrated in Figure
2.3. Here we assume that we have five unit vectors along some arc. Then the five possible

orderings output by Algorithm 2, depending on the choice of initial index, are
1. ¢g,c1,c9,c3,c4
2. c1,c¢p,C9,C3,C4
3. c2,c3,¢4,C1,C0
4. c3,c9,c1,C0,C4

9. ¢4,€3,C9,C1,Cp.
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Figure 2.3: An illustration of a toy ideal case for Algorithm 2.

Notice that the two correct sortings are (1) and (5), and that these two sortings are
palindromes of another. A reasonable heuristic then is to assume that C* does not deviate
too much from this ideal situation and {¢;} do not deviate too much from the true subspaces,
build up the M + 1 chains starting from each of the predicted subspaces, and choose the
chain that has a palindrome.

Of course, in general we are not guaranteed that a palindrome pair will exist among
the M + 1 sortings generated by Algorithm 2, so we instead need a way to measure how

“palindromic” a particular sorting is given a list of sortings.

Definition 2.5.12. Let IT = {m;} be a set of permutations of M + 1 elements, where we
identify permutations with ordered tuples of length M + 1 with exactly one of {0,... M} in
each entry. Let Rev(m) be the reversed tuple of 7. Given 7y, w9 € II, we define the palindrome
similarity psim(71,m9) between them as the number of entries in which 71 and Rev(ms)
agree. For example, psim((0,1,2,3,4),(2,3,4,1,0)) = 3. The palindromicity Zr(n) of a
permutation 7m € II is defined as the maximum palindrome similarity between 7 and every
other permutation in II:

Z11(m) = max psim(7, v). (2.5.13)
vell

Note that if the palindromicity of a permutation in a list is equal to M +1, that means the
palindrome of the permutation exists in the list. From our list of M + 1 orderings generated

by the chain-building algorithm, we then choose the one with the highest palindromicity,
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breaking ties arbitrarily. In the ideal case, there should be exactly one pair of orderings with

palindromicity equal to M + 1.

2.5.4  Final Optimization Steps

From the output of Algorithm 1 sorted by Algorithm 2, we now have a row-stacked matrix
C = [ EjM]T of unit vectors that approximately span the subspaces in which ¢; lie.
Since ¢;; are unit length, we now wish to find scalars A; such that the curve with vertices
A;€j; has moments close to the estimated moments 1, Mg, Mm3. Observe that diag(\)C is
the matrix whose ith row is given by A;¢;,. Then we choose A to minimize the loss of the
first three moments of diag(\)C:

~

A = argminy [i Hmk(diag(/\)é) - fﬁkH;] (2.5.14)
k=1

If the ¢;, are close in alignment to ¢, then diag(\)C =: Cipit should be close to the ground
truth C*. If this is close enough, then it will be within the neighborhood of C* where the
third moment minimizer is unique (the existence of such a neighborhood is precisely the
statement of Corollary 2.4.4). We call this first step the initial estimate phase.

With A determined, we now use C’init as an initialization for gradient descent on ng (C,p)
as defined in (2.2.14). In practice, as mentioned in §2.2, since C* naturally lives in an M-
dimensional subspace V' of Rd, we first project éinit down to the subspace spanned by the
top M eigenvectors of mo; let ) be the (d, M)-shaped matrix whose columns are these
eigenvectors. Note that if we replace the estimate mg with the exact second moment mj of
C*, then m3 has exactly M nonzero eigenvectors. Then the projection of éinit onto V' can
be estimated by Cin;it@ (the estimation is exact when Q is computed from m3 rather than
ma).

Since we wish to match the third moment in the subspace V', we need to estimate the

third moment of the projected curve. The exact third moment of the projected curve is
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given by m3(Q,Q, Q) (see (2.5.9)), and hence we can estimate the projected third moment
from data by m3(Q, Q, Q). We then use éinit@ and its corresponding proportional segment
lengths pin;x as an initial point for minimizing Lﬁ@g(Q,Q,Q)(Ca p) via alternating gradient
descent, then deproject the result back to RY to get our final prediction C. We call this
second step consisting of projection, alternating descent, and deprojection the finetuning
phase.

To summarize, our recovery algorithm is in two phases. The first initial estimate phase
uses the TPM on the third moment tensor to approximately recover the unordered subspaces
in which the points ¢; approximately lie; these points are then sorted using the chain-building
algorithm, and the sorting with the best palindromicity is chosen. We then find the best
¢; along these subspaces that minimize the loss of the first three moments. In the second
finetuning phase, we use these ¢; as an initial guess for minimizing the loss of the relaxed
third moment in the M-dimensional subspace where C* naturally lies. The full algorithm is

presented as Algorithm 3.
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Algorithm 2: Chain-Building Algorithm: ChainBuild

N =

w

Input: Unordered approximate subspaces {¢; }JM: o; initial index 0 < jo < M.

Output: Putative ordering of the approximate subspaces [jo, - .. jal]-

Initialize the chain with the initial index: chain < [jg].

Remove the initial index from the list of indices of unsorted subspaces:
RemainingSubspaces < [0,..., M]\ jo.

for k=1,...,M do

Set jj. to be the index in RemainingSubspaces such that ¢; is closest to éjkfl in
cosine similarity.
Append j; to the chain: chain < [jg, ..., Jrk_1, 7%l
Remove j;. from the list of unsorted subspaces:
RemainingSubspaces < RemainingSubspaces \ jj.
end

Algorithm 3: Full Curve Recovery Algorithm

10

11

12

Input: Number of segments M estimated moments my,mo, m3 of a PWL curve in
R? where d > M.

Output: Vertices of predicted PWL curve C in R® with M segments.

/* FIRST PHASE, INITIAL ESTIMATE *x/

Use the tensor power method to estimate the unordered subspaces in which the
vertices of C*: Cypsorted ‘= 1¢0: - - -» Car} = TPM(mg, Mg, M).

Build all possible putative sortings of the unsorted subspaces:
IT = {ChainBuild({&;}}Ly, i)}/,

Choose the most palindromic sorting in II: 7 = argmax, Z(7) (see (2.5.13));
break ties arbitrarily.

Sort Clupsorted using m: C' = [57%(0)7 e Eﬁ(M)]-

Find A € RM*1 that minimizes (2.5.14) via gradient descent:

3 Hmk(diag(/\)é) _ mkH;} .

Compute the initial guess for the curve vertices along the subspaces spanned by

{&i}: Cinit = diag(M)C.
/* SECOND PHASE, FINETUNING x/
Set ) to be the (d, M)-shaped matrix whose columns are the eigenvectors
corresponding to the top M eigenvalues of mo.
Project the initial projection to the subspaces spanned by the columns of Q:
Oproj init = Cinit@-
Set Pprojinit @s the proportional segment lengths of Chyojinit-
Compute the third moment of the projected curve: (mg3)pro; = M3(Q, Q, Q).

A= argminy

~

Solve (Cproj, Pproj) = argming, L j(C', p) via alternating gradient descent on

mi’))pro
C and p with (Cprojinits Pprojinit) as initialization.

~

Deproject the final projected prediction to the ambient space: C = Oproj QT.
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2.6 Numerical Results

Here we present some numerical results on using Algorithm 3 to recover curves. Our imple-
mentation is primarily built with the the libraries JAX and JAXopt (|35, 36]).

To generate our data, we first prescribe M segment lengths Z; uniformly randomly from
the interval [1,2]. Then we sample a random curve in R% with M segments by choosing the
origin as the initial point, then iteratively adding points by choosing a random vector on the
sphere with radius L; and adding it to the most recently generated point on the curve. We
then subtract away the first moment of the curve to ensure that our curve is mean zero. We
do not normalize the segment lengths to fit the curve into the unit ball (as in the hypotheses
for Proposition 2.3.5) for numerical stability reasons.

Recall Algorithm 3 relies on having access to the noise-free moments of the ground truth
curve C*. For high noise, a very large number (order 06) of data points from a noisy cloud
are required to closely estimate the first three moments of the noise-free underlying curve. In
high dimensions, this becomes enormously computationally expensive. Therefore, we show
results from two different experiments: one where we apply Algorithm 3 directly on ground
truth noise-free moments that we obtain from C* (i.e., we set my = mj), and another
experiment that uses empirical moments computed from a point cloud generated from C*
(i.e. we estimate m;, from data). Due to the large number of points needed to accurately
estimate the third moment tensor, we compute the moments in an online manner so that we
never have to store an entire point cloud in memory.

Algorithm 3 involves an initial phase that estimates a curve close to the ground truth
before a second phase that directly minimizes the relaxed third moment loss. We propose
two similar baseline algorithms to show that our initial rough estimation phase is essential:
we simply directly minimize either the squared Frobenius loss of the third moment or the
sum of the losses of the first, second and third moments from multiple random initializations,
as detailed in Algorithm 4. We perform the optimization in an estimation of the natural

M-dimensional subspace V' where the curve lies, so we minimize against the moments of
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the projected curve. As before, let ) be the (d, M)-shaped matrix whose columns are the
top M eigenvectors of mo; when mg equals m3 exactly, the columns of () exactly span V.
Then the first three moments of the projected curve can be estimated by (M1)proj = QL
(M2)proj = QT m9Q, and (M3)proj = M3(Q,Q, Q). As in Algorithm 3, the minimizations
are performed with gradient descent. We perform the minimization with n = 10 random

initializations and choose the result with the best final moment loss.

Algorithm 4: Baseline Recovery Algorithm with Random Initialization for Moment
Matching
Input: Number of segments M; estimated moments mi,mg, m3 of a PWL curve in
RY where d > M, number of random baseline initializations n.
Output: Vertices of predicted PWL curve C' in R® with M segments.

1 Use eigenvalue decomposition of mo to compute the (d, M)-shaped matrix ) whose
columns are the top M eigenectors of mso.

2 Estimate the moments of the projected curve: (Mm1)prej = QT
(m2)pr0j = QTm2Qa (m3>proj = 7/7\?3(@7 Q, Q)

3 Randomly initialize the running best predicted curve éproj best and set the running
best loss from n trials: lossyag ¢— +00.

4 Define a loss function from matching just the third moment or the all of first three
moments: L(C) = Y3_; [|my(C) — fg]|% or L(C) == |[m3(C) — 3|3 (as in
(2.2.14)).

/* iteratively update best estimate */
for k=1,...,ndo

Randomly initialize C’proj init With shape (M + 1,d).

5
6
7 Solve éproj = argming L(C') via gradient descent with éproj init as initialization.
8
9

~

if L(Cproj) < losspes; then
Update the best loss: losspegt < L(Chroj)-

~

10 Update the best projected curve: éproj best < éproj'
11 end
12 end

13 Deproject the best projected curve: C' = éproj bestQT-

In Table 2.1, we present results from the experiment with moments m;, estimated from
a point cloud with N = 10® points, with M = 16 segments, ambient dimension d = 24,
and noise level 02 = 1 /4. We report the lower quartile, median, and upper quartile of the

square root of the curve loss {/p(C*,C) (see (2.3.2)) and the relative third moment loss
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|m3 — ms3(C) | 7/|lm3|| p between the ground truth and predicted curves over 500 trials with
different random ground truth curves C. We present the results for the outputs of both
phases of Algorithm 3, as well as the performance of both baselines with the best result
out of n = 10 random initializations. In Table 2.2, we present the same statistics for the
experiment with access to ground truth moments with M = 32, and d = 48 (we are able
to perform the experiment in higher dimensions because we no longer have to generate and
compute moments of a large point cloud, which is the primary performance bottleneck). We
see that in both experiments, Algorithm 3 significantly outperforms both baselines in the
curve loss, even without the finetuning phase. Observe also that the actual third moment
loss is lower for the baseline algorithms even though the curve loss is higher; this indicates
that the baseline algorithms are converging to a curve different from the ground truth C*. In
the experiment with access to ground truth moments, the sorting of subspaces was successful
488 /500 = 97.6% times, where we define success as there being exactly one palindromic pair
of sorted subspaces. In the experiment with moments estimated from a point cloud, the
success rate was 449/500 = 89.8%. We show some predicted curves from Algorithm 3 for

both experiments in Figures 2.4 and 2.5.

2.7 Conclusion and Future Work

In this chapter, we consider the problem of resolving a PWL constant speed curve in high
dimensions from a high noise point cloud around the curve. We show that for sufficiently large
noise, any algorithm hoping to recover the underlying curve with high probability will require
at least 0(06) samples, giving an asymptotic lower bound on the sample complexity. We then
show that this lower bound is asymptotically tight by providing a recovery algorithm based
on the third moment tensor, exploiting the fact that the third moment uniquely determines
a curve in some neighborhood. Further work is needed in showing theoretical guarantees for
our algorithm, e.g., showing robustness in the presence of error in the estimation of the curve

moments my(C') from the data, or guarantees on Algorithm 2. There is also work to be done
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in recovery of curves other than PWL curves, as well as investigating the phase transition

between the low noise and high noise recovery problems.
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Experiment with moments estimated from point cloud
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Figure 2.4: Four uncurated experimental results for curves with M = 16 segments, ambient
dimension d = 24, noise level 02 = 1 /4 and moments estimated from point cloud with
N = 10% points. We show the ground truth curve and a subsample of 1000 points from
the point cloud in blue. The output of Algorithm 3 is given by the dashed orange line. All
curves are projected down to the first two dimensions of R%4
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Experiment with access to ground truth moments
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Figure 2.5: Four uncurated experimental results for curves with M = 32 segments, ambient
dimension d = 48, and access to ground truth moments. We show the ground truth curve in
blue. The output of Algorithm 3 is given by the dashed orange line. All curves are projected
down to the first two dimensions of R*®
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Table 2.1: Lower quartile, median, and upper quartile root curve losses

A

p(C*,C) (see

(2.3.2)) and relative third moment losses |m3 — mg(é’)\|p/||m§||p over 500 trials with mo-
ments estimated from point cloud with N = 10® points, M = 16 segments, ambient dimen-
sion d = 24, noise level 62 = 1/4. The lowest value in each column is bolded.

root curve loss

rel. third moment loss

method 25% 50% T5% 25% 50%  75%
Algorithm 3 0.4576 0.4866 0.5431 0.0513 0.0574  0.0658
after first phase

Algorithm 3 0.2271 0.2627 0.3157 0.0578 0.0776 0.1141
after second phase

Bascline algorithm 1.5947 1.6740 1.7444 0.0172 0.0201  0.0243
with third moment only

Baseline algorithm 15681 1.6505 1.7130 0.0134 0.0152 0.0171

with all three moments

Table 2.2: Lower quartile, median, and upper quartile root curve losses

~

p(C*,C) (see

(2.3.2)) and relative third moment losses |[m3 — mg(é’)||F/||m§||F over 500 trials with access
to ground truth moments, M = 32 segments, ambient dimension d = 48. The lowest value

in each column is bolded.

root curve loss

rel. third moment loss

method 25% 50% 75% 25% 50% 75%
Algorithm 3 0.6784 0.7977 0.9874 0.0415 0.0630  0.1091
after first phase

Algorithm 3 0.4532 0.6389 1.0519 0.0672 0.1023  0.2073
after second phase

Baseline algorithm 1.9862 2.0539 2.1163 0.0152 0.0176  0.0204
with third moment only

Baseline algorithm 1.9850 2.0462 2.1079 0.0115 0.0128  0.0138

with all three moments
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CHAPTER 3
FAST DISCRETE OPTIMAL TRANSPORT ON SPIN SYSTEMS

Optimal transport is one of the most well-studied problems in applied mathematics; the
following very brief historical sketch is taken from [37]. The problem was first studied in
Gaspard Monge’s 1781 work Sur la théorie des déblais et des remblais, in which he studied
the problem of optimally transporting earth from mines (or other sources in the ground)
to some other location. In the 1940s, Kantorovich rediscovered the problem, albeit with a
somewhat different formulation, and furthermore framed it as a linear programming problem,
thus giving a method to actually compute solutions to the optimal transport problem. The
21st century has seen a massive acceleration in interest in optimal transport, as evidenced
by Cédric Villani’s monumental reference [37|, as well as Filippo Santambrogio more applied
perspective [38]. While most work on optimal transport has been for continuous domains,
we are interested in optimal transport on a discrete domain; see [39] for a brief survey on
techniques in discrete optimal transport.

In search of a discrete setting in which to do optimal transport, we turn to the Ising
model. The Ising model is one of the most foundational and well-studied models in statistical
physics [40], consisting of a lattice of interacting spins that can assume one of two states.
The Glauber model, first introduced in [41], is a dynamical system on the Ising model, where
at each step, a transition rate determines the probabilities of spins changing state. In the
Glauber model, the transition rates for a particular site have a particular form that depends
on the spin states of the site’s neighbors. We instead consider a more relaxed problem with
very few restrictions on the transition rates. From these Glauber-like dynamics on spin
systems, we will derive a high dimensional optimal transport problem, then implement a
fast solver that is able to solve problem instances up to dimension one billion.

This chapter is organized as follows. In §3.1.1, we introduce and set up the spin system in
which we will be doing optimal transport. In §3.1.2, we describe the Glauber-like dynamics

we impose on the spin system and connect this to optimal transport. In §3.1.3, we give
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a formal statement of the problem. We formulate this as a standard, albeit exponentially
large, linear program in §3.2.1 and discuss a practical method to solve large instances of this
linear program in §3.2.2, followed by an accelerated mean-field approximation approach in

§3.2.3. We show some results of numerical experiments in §3.3.

3.1 Introduction

3.1.1 Notation and Introduction to the Problem

Consider a system of n spins, each of which may assume a state of £1; this gives rise to a
state space 2 = €, 1= {£1}" of size 2"; we call elements o € Q configurations. Observe
that by assigning an arbitrary ordering to the spins, there exists a natural bijection between
2 and the binary representations of all integers 0,1,...,2" — 1; for example, for the case
n = b, we can associate the decimal integer 22, with binary representation 10110, with the
configuration where sites 1 and 4 are in state —1, and sites 2, 3, and 5 are in state +1 (we let
the rightmost bit of the binary representation denote the first of n states, and the leftmost
bit denote the last of n states). For any configuration o and integer j = 1,...,n, let ol
denote the configuration that is identical to o, but with the jth spin flipped; for example, if
o = 10110 and j = 2, then o7 = 10100.

We define dynamics on these configurations as follows. Consider a temporal sequence
of configurations oq, o1, ..., o representing the trajectory of the evolution of some initial
configuration oy. At each of the T evolution steps, we only allow for one of two possible
transitions: either the configuration remains unchanged, or exactly one spin site flips; we
call the configurations that differ at exactly one spin site from ¢ the configurations that are
reachable from o.

Let v(0, j,t) denote the probability that at time step ¢, the jth spin of the configuration
o flips; we can thus consider v; = v(+,-,t) as a matrix of shape (2",n) that controls the

transition probabilities between all possible configurations at each time step t; we hence
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call v+ the control at time t. Note that the entries of v; must be nonnegative, and the
row sums must be < 1, since each row encodes the probabilities of a particular configuration
transitioning to each of its reachable configurations. Finally, let p(o,t) denote the probability
of observing a configuration o at time step ¢; then py = p(-,t) is a probability vector of size
2" over ). Note that a transition v; induces an evolution of a distribution ps to another
distribution py1.

We can write down this evolution explicitly. Note that if the configuration ¢ is at time
t + 1, either (a) the configuration o was observed at time ¢ and the configuration remained
unchanged, or (b) the configuration ¢/ was observed at time ¢ for some j = 1...,n and the

jth bit was flipped in the transition. We can write this down as:

n n

plot+1)=p(o,t) | 1 — Zv(o,j, t) | + Zp(aj,t)v(aj,j, t). (3.1.1)
j=1 j=1

In statistical physics contexts this is sometimes called the master equation in the Glauber
model [42, 43|; we will henceforth refer to it as the evolution equation of our model. Our
evolution differs from the standard Glauber dynamics in that we have few constraints on
the transition probabilities v. Typically, the spins are arranged in some graph, and v(o, j, t)
must be a function of the neighbors of spin site j of a particular form. Our dynamics are
thus a considerable relaxation of the classical Glauber dynamics.

Oftentimes, (3.1.1) is written with the notation
a n n ) )
P70 == > plo (o jt)+ > plo?d tyo(o?, j,t). (3.1.2)

J=1 J=1

From (3.1.1) and (3.1.2), we have

0
p<07t) + ap(au t) = p(07t+ 1)7

justifying the derivative notation in (3.1.2).
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Figure 3.1: The Hamming cube representation for the configurations of a spin system with
n = 3 spins.

The binary representation of the configurations and our transition rules give rise to an-
other natural representation of 2 as the hypercube graph (),,. We may associate each element
o € ) with a vertex of the hypercube graph, where edges are drawn between configurations
whose binary representations have a Hamming distance of exactly 1 (sometimes this is re-
ferred to as the Hamming cube, see Figure 3.1); note that these edges are exactly those which
connect configurations that are reachable from each other. We can then interpret p; as a
distribution of mass on the vertices of Qy,.

We wish to consider the following problem: given initial and final probability distributions
1= po and v = pp on 2, we wish to find a sequence of controls vy, ..., vp_1 that transitions
i to v. Furthermore, we will later introduce a cost function on the sequence of distributions
p¢ and controls vy that we wish to minimize. This is therefore a discrete time optimal control

problem, with state vectors given by the distributions p; and controls given by v;.

3.1.2 The FEvolution FEquation and Connection to Optimal Transport

Before further discussion of our spin system model, we first introduce the Benamou-Brenier

formulation of optimal transport, with which we will later show a connection to the dynamics
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of our model.

The classical Monge-Kantorovich problem in optimal transport is formulated as follows.
Let X and Y be complete separable metric spaces, and ¢ : X XY — [0, +00] be a continuous
cost function. Let p and v be probability measures on X and Y respectively. Let II(u, v)
denote the set of transport plans, i.e., the collection of measures on X x Y with X marginals
1 and Y marginals v. The Monge-Kantorovich problem is to find the optimal transport cost

between p and v, given by

in {/XXY cdy e Ty, y)} | (3.1.3)

The classical interpretation of this is that we wish to move a distribution of mass u to another
distribution v, and for measurable sets A € X and B € Y, the measure (A x B) represents
the amount of mass being moved from A to B. The integral in (3.1.3) is then the cost of
moving the mass from X to Y.

When X = Y and c¢(z,y) = ||z — y||P for some p € [1,00), the quantity (3.1.3) is
referred to as the Wasserstein metric and denoted Wy (u, ). When we furthermore require
X =Y =R? we have the following fluid mechanics reinterpretation known as the Benamou-

Brenier formulation (first formulated for Wy in [44], then generalized to W), in [45, 46]):

W (1, v) mln / / (x,0)||Pp(x,t) dzx dt

such that atp(x t)=-V-(pv) (3.1.4)

p(e,0) = p(x), p(r,1) = v(z).

Here we are considering 1 and v as probability density functions rather than measures.
The function v : R% x [0,1] — R denotes some time-dependent velocity field, and p(-,t)
denotes a probability density for each t. The interpretation here is that p = p(-,0) and
v = p(+,1) are some initial and final distributions of mass, and the field v pushes p towards

v, with intermediate states given by p(-,t). The first constraint in (3.1.4) is known as the
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continuity equation; by the divergence theorem, this enforces conservation of mass of p, so
that [ p(z,t)dx =1 for all ¢t € [0,1].

Observe that the continuity equation in (3.1.4) states that the time derivative of prob-
ability density is equal to some net flux term. Observe also that our evolution equation in
the form (3.1.2) makes an analogous statement, that the time derivative of the probability
density is equal to net inflow minus net outflow. Therefore we see that the dynamics of our
model can be viewed as a discrete analogue of the dynamics underlying the Benamou-Brenier
formulation of optimal transport.

Earlier we stated that we would assign a cost to a sequence of distributions p; and controls
v¢. To continue the analogy with the Benamou-Brenier formula, the straightforward choice

that most closely resembles the cost in (3.1.4) is

T-1 n
> D> o tYe(o.t). (3.1.5)

t=0 o€ j=1
3.1.3 Problem Formulation: Optimal Transport on Spin Systems

We are now ready to give a precise statement of our discrete optimal transport problem on
spin systems.

Fix an integer number of time steps 7' > 1 and a number of spins n € N. Fix p € [1, 00).
Let u,v be prescribed initial and final probability distributions on the configuration space
Qp, = {£1}". We wish to find a sequence of controls vy, ...,vp_; that solves the following

minimization problem.
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min = Y>> (o, 4,t)"p(o,t)
t o 7
such that p(o,t + 1) = p(0, ) (1 = plo,t)v(a, ], t)) +3 " p(a? (e’ 4, t)
Jj=1 j
po =W, pr="v

v(o,j,t) >0, Zv(o,j, t) <1 forall o,t
J

We will refer to the first constraint as the evolution equation. The second constraint enforces

initial and final conditions. The third constraint enforces that each vy is a valid control.

3.2 A Fast Solver for Optimal Transport on Spin Systems in the

case p =1

In this section, we will reformulate the problem (%) for p = 1 as a linear program. Though
the dimension of this linear program is exponential in the number of spin sites n, we will
describe some implementation details that make solving the problem computationally feasible

for problems up to size n =~ 20.

3.2.1 A Linear Programming Reformulation

Henceforth, we will only consider the case where p = 1 in (%); the corresponding metric is
often called the earth mover’s distance in classical optimal transport settings. In this section,
we reformulate the problem as a network flow problem on the hypercube graph Q.

Given controls v, ...,vp_1 and distributions pg, ..., pyr_i, we define the following new
quantity:

flo,7,t) =v(o,7,t)p(o, ). (3.2.1)

We will refer to this quantity as the flow, since f(o,j,t) denotes the net flow of probability
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mass from the configuration ¢ to the configuration ¢/ at time step . From (3.1.1), we can

see that the flow at time step ¢ transitions p; to ps41 in the following way:

plot+1)=plo.t) + Y f(ol j.t) =D flo,j.1). (3.2.2)
J J

We can interpret our optimal transport problem as finding a sequence of flows on the hyper-
cube graph (), to map one probability distribution on the vertices to another in a way that
minimizes the net probability mass that is moved across all time steps. Since the nodes of
@y, correspond to configurations o € €),, we will interchangably refer to configurations as
nodes. We may interpret the quantities _; f(09,4,t) and >_j f(o,7,t) in (3.2.2) as the net
inflow and outflow, respectively, into/out of the node o.

We now wish to rewrite (%) for p = 1 as a linear program in the variable f. For clarity
of exposition, we first consider the case where T' = 1, so that there is only one flow step
f(o,7,0) that transitions p to v. Then, dropping the time step argument ¢, the minimization

problem (x) becomes

min Y f(o.])
T J
such that v(o) — pu(o) = Z flo?,5) - Zf<07j> (3.2.3)
J J
flo.j) =0, Y flo.j) < p(o).
J
The first constraint term in (3.2.3) enforces that the net change in probability at each spin
site must equal the inflow minus the outflow, while the second term enforces that flows must

be nonnegative, and no node can donate more mass than it already has. This is a linear
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program in f, which we can rewrite in the following standard form:

min 1T7
f
such that Ay f < p (3.2.4)
Aeq7 =v—=pu
f=>o.

(Here ub and eq are short for upper bound and equality constraints.) We use f to denote
the 2"n-sized vector that results from the row-major (lexicographically-ordered) flattening
of the matrix representation of f(-,-), and 1 to denote the all-ones vector of the same size.

The matrices Ay}, and Aeq are chosen so that

Awp, fl(o Z f(o,4) (3.2.5)

[Acq fl(o Zfaf,j Zf(w'). (3.2.6)

These are (2, 2"n)-shaped block matrices; in the case n = 2, they are given by

(3.2.7)

(@)
—
—
o
o
o
o O O

o 10 O |-1 -1{1 O

o ojo 1 (0 0 |-1 -1

In general, these matrices will consist of 2" blocks arranged in a row, each with shape (2", n).
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The pattern for the structure of Ay, is apparent. For Aeq, using zero-indexing, the oth block
has negative terms in the oth row and positive terms in the (aj ,j)slots forall j =1,... n.

Now we wish to derive a standard formulation of the linear program (x) for general T > 1
analogous to (3.2.4). Since the flow f(-,-,t) at time step ¢ transitions the distribution py
to psa1, we can unroll this recursion and write p(o,t) in terms of the flow f and initial

distribution p(o, 0):

p(O’, 0) = p(U, O)

( UO +Zf 7.]7 _Zf<0-7]70)
J

p( 01 +Z.f 7]7 _Zf(07j71)
J

Zf((fj,j,()) - Zf(O-u%O)
J J
Zf 0!, 5, 1) =Y fo,5,1)
J

p(o,T) = p(c,0) —1—2 Zf 0’,7,t Zf(<7>jat)
. J
o)+ ZAeth-
t=0

(In the last line we are replacing pg and pp with the prescribed initial and final distributions
w and v.) We can thus write the initial and final condition constraints in (x) in terms of the

flow as

Aeq f=v—p. (3.2.9)
Here Aeq is a block matrix of shape (2", 72"n) with block structure consisting of 1" copies
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of the matrix Aeq in a row:

Aeq — Aeq Aeq e Aeq . (3210)
The vector f is size T2"n and is the concatenation of fg, f1,..., fr_1:
f=1{fo:fr,-s Froi] (3.2.11)

We now must rewrite the constraint ; f(0, j,¢) < p(o,t) for all  in terms of the flow and
initial and final distributions. From (3.2.5), (3.2.6), and our previous unrolled recursion, we

can write this as

Aub fo < po
Aub 71 - Aeq ?0 < po

Ay fa — Aeq(fo + f1) < po

Aw fro1—Aeq(fo+ -+ fr—2) < po.

We can rewrite the above system of inequalities as

A f = . (3.2.12)

Here A, is a block lower triangular matrix of shape (72", T2"n), where the block structure

is shape (7',T) and consists of Ay, on the main diagonal and — A¢q on the strict lower
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triangular portion, shown here for 7' = 4:

Ag, O 0 0
~Aeq Ay, 0 0

>

(3.2.13)

ub
—Aeq —Aeq Ay 0

- Aeq - Aeq - Aeq Aub

We use pp to denote the vector of size T2" consisting of the T-times concatenation of p

with itself:

pr = (1, - - ). (3.2.14)

Combining (3.2.9) and (3.2.12), we can now rewrite (%) as the following linear program in f

in standard form:

min lTT
f
such that Ay, f < pp (1)
Aeq? =V—u
f>o.

Although this is an exponentially large linear program (f is dimension 7'2"n, Aub is dimen-
sion (T2",T2"n) and Aeq is dimension (27, Tn2"), we will later show that we are nonetheless
able to write an implementation that solves the linear program for moderately large n and
T (up to n = 23, T' = 6); this is because the constraint matrices are sparse and highly
structured, with the only nonzero entries being £1. In addition, the dyadic structure of Aeq
and A}, allows us to express operations with these matrices using bitwise operations, which

significantly speeds up computation.
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3.2.2  Solving the Linear Program

As one of the most well-studied and classical problems in applied mathematics, there are
a variety of ways of solving linear programs [47-49]. The two most classical methods are
the simplex method [48] and the interior point method [50]. For both methods, the com-
putational bottleneck is in a matrix factorization [51]; since the matrices in our linear pro-
gramming are exponentially large, these methods are sure to lead to memory issues in com-
puting and storing matrix factors. For large linear program first-order methods are often
more suitable since the bottleneck is a matrix-vector multiplication, which is amenable for
GPU acceleration. Indeed, one of the most successful modern linear program solvers is
PDLP [52] developed by Google Research; an internally distributed implementation is able
to solve linear programs with up to 92B nonzero constraint parameters [53]. The method
is based on engineering improvements to the primal-dual hybrid gradient method, other-
wise known as the Chambolle-Pock algorithm, first described in [54] and popularized by
[55]. The Chambolle-Pock algorithm was initially motivated for convex optimization prob-
lems for image denoising problems. We will solve our linear program (}) using the standard
Chambolle-Pock algorithm, noting that potential improvements using the techniques from
[52] are possible.

We first briefly review the Chambolle-Pock algorithm. Given two finite dimensional
vector spaces X and Y and a linear operator K : X — Y, the Chambolle-Pock algorithm

solves the saddle point problem of the form

min max (Kz,y) + G(x) — F*(y). (3.2.15)
reX yeY

The functions G : X — [0,400] and F* : Y — [0, +00| are proper convex lower semicontin-

uous (L.s.c.) functions, and F™* is the convex conjugate of a convex l.s.c. function F'. This is
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a primal-dual formulation of the primal problem
mxin F(Kz)+ G(x) (3.2.16)

or the dual problem

m;x—(G*(—K*y) + F*(y)). (3.2.17)

For F* and G, we define the proximal operators

. : [ —
proxXg g+ () == argmin, ey BTy + F*(y")

=" — ||
2T

(3.2.18)
+ G(x/)} :

prox,;(Z) := argmin,/ x {

The Chambolle-Pock algorithm solves (3.2.15) via the iteration in Algorithm 5.

Algorithm 5: The general form of the Chambolle-Pock algorithm

1 Initialize stepsizes 7,0 > 0, relaxation parameter 6 € [0, 1], primal and dual iterates
(20,99) € X x Y, set 70 « 20, iteration counter k « 0

2 while not converged do

s | yFt — prox, pe(yF + 0 KTF)

a | 2Pl prox g(af — 7K yRHL

5 Ek—i—l . xkz—H + 9(Ik+1 . xk)

6 k< k-+1

7 end

To apply the Chambolle-Pock algorithm to our problem, we must first write (f) in the
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form (3.2.16). This can be done with the following choices of K, F', and G:

A 0
K= ub )
0 y < pr 0 =V =
F(y,z) == F1(y) + Fa(z) := + (3.2.19)

+o00 else +o00 else

0 x>0

G(z) =1Tz +
+o00 else.

Here x corresponds to our primal variable f. We have decoupled the dual variable into y
and z, corresponding to the inequality and equality constraints respectively. The proximal
operators of F}', Fy, and G can be computed in closed form, and hence Algorithm 5 takes
the form of Algorithm 6 when applied to (f). Notice that the performance bottleneck is in
the matrix-vector products with Aub, Aeq, AubT, and AeqT. However, since these matrices
are extremely sparse with only +1 nonzero entries, we are able to perform these operations
very cheaply without ever explicitly forming the large matrices Aub and Aeq and storing
them in memory. The block structure of the matrices also is amenable to GPU acceler-
ation. Furthermore, the action of the matrices on vectors involve accessing entries of the

vectors whose indices are powers of two, allowing for speedup via bitwise operations. We

T, and AeqT in JAX [35];

have implemented fast matrix multiplications with A, Aeq, A
we compare the performance of our fast matrix multiplications with standard JAX/numpy
matrix multiplication (i.e., A@x) in Figure 3.2.

In [55], the authors prove convergence with rate O(1/N) of Algorithm 5 for § = 1 and

70| K||?, where here || - || denotes the operator norm. Computing the operator norm of our

K in (3.2.19) is intractable for large n and 7', but the block structure of K allows us to
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fleq matrix multiplication A\, matrix multiplication
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—— fast
0.751 —}— standard
£ €10/
= =
o 0.501 o
S S
= T 9
2 0.251 Z
4.’—#/
0.00- 0 —
2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
Valueof n =T Valueof n =T
flgq matrix multiplication Aﬂb matrix multiplication
7.5
1.51
£ £5.0
£1.01 £
Q ()
= =
50'5 §2.o*
O-Or""*z"'m 0.0 ——————— M
2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
Value of n =T n="T

Figure 3.2: Comparing standard matrix multiplication (red) with our fast matrix-free meth-

ods (blue) of computing matrix-vector products with A, Aeq, AubT, and AeqT. We
report the runtime (in milliseconds) of the standard and fast matrix multiplication for
n="1T=23,...,16; for fairness, both methods are implemented in JAX and just-in-time
(JIT) compiled. The standard method is only able to run up to n =7 = 10 due to memory
limitations. Experiments were run on a single NVIDIA A40 GPU with 48GB of memory.
Reported numbers are averages out of 100 runs; in each run, the matrices are multiplied by
a different vector.
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Algorithm 6: The Chambolle-Pock algorithm for solving (f: SpinCP)
Input: Initial and final prescribed distributions on €2, p and v; number of time
steps T'; number of spins n
Output: Estimated T-step flow f that solves (7).
1 Initialize step sizes 7,0 > 0, relaxation parameter 6 € [0, 1], primal iterate

= ]RTQN”, inequality constraint dual iterate yO € RTQR, equality constraint dual
iterate 20 € R?", set 70 < 20, iteration counter k < 0

2 while not converged do
3 Dual updates:
4 yF 1 max(0,yF + o(Ay, 28 — pp))
5 SRl ok J(Aeqfk —(v—p))
6 Primal update:
7 2kl max(0, 2% — T(AubT gkl 4 AeqT PARRI D)
8 Primal extrapolation:
o Fhtl kL gk _ gk
10 k+—k+1
11 end
12 f ok

13 f < unflattening of f

compute the following closed-form estimate:

K| < max{zﬁ,ﬁ+ v esc (4T7T_ 2)} (3.2.20)

The authors of [55] also introduce an acceleration with dynamic stepsizes 7, 8, and dynamic
relaxation parameter 6;, that guarantees O(1/N?) convergence if either G or F* is uniformly
convex. For G uniformly convex with constant v > 0, the acceleration is achieved by the

dynamic stepsizes and relaxation parameter updates given by

1
0 - —
k+1 V1+2vy7

Tk+1 — Tnen

Although neither G nor F* in (3.2.19) are uniformly convex, through experimentation we
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have observed that in practice, choosing some v > 0 and applying the acceleration nonethe-

less gives us faster convergence rates. After acceleration, our algorithm for solving () is

given by Algorithm 7.

Algorithm 7: The Accelerated Chambolle-Pock algorithm for solving (t):
AccelSpinCP

10
11
12
13
14
15
16
17

Input: Initial and final prescribed distributions on €2, © and v; number of time
steps T'; number of spins n
Output: Estimated T-step flow f that solves (7).
Initialize step sizes 1, o > 0, relaxation parameter 6y € [0, 1], primal iterate
= ]RT2nn, inequality constraint dual iterate y" € RTWL, equality constraint dual
iterate 20 € RQn, uniform convexity constant v > 0; set 70 xo, iteration counter
k<+0
while not converged do
Dual updates:
" max(0, 5% + oy (A, 2F — 7))
2Rl ok ak(Aequ —(v—np))
Primal update:
okl max(0, zk — Tk(AubT yk+1 + AeqT 2k 4 1)
Stepsize and extrapolation parameter update:
Ort1 \/ﬁw
Tr+1 < Tnn

Primal Extrapolation:

Rl — k1 Qk:(xk _ mk—l)
k+—k+1
end
fex
f + unflattening of f

k

We set 6y = 1 and choose v = 100. We initialize 2", y

In practice, we compute the estimate k for || K || given by (3.2.20), then set 79 = o¢ = 1/k.

0 and 29 to be all zeros. Our

convergence criterion is in the form of a fixed tolerance for the primal-dual gap, or a maximum

number of iterations, whichever comes first.
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Figure 3.3: On the left, we depict a flow that is allowed to transport mass from any vertex
of Q3 to any other vertex. On the right, we partition ()3 into two copies of ()2 and only
allow for the flow of mass to occur within each half; this gives rise to two smaller instances
of our optimal transport problem that can be solved in parallel.

3.2.3 A Mean-Field Approrimation

We now present a mean-field approach to solving (}) that, in practice, is able to find near-
optimal solutions in a parallelizable way. The idea of the approach is to consider dyadic
partitions of the hypercube @), and restrict the solution space to flows that do not cross
between partitions; this gives rise to subproblems that can be solved in parallel.

To illustrate the idea, consider the graph flow interpretation of (1) on the hypercube Qy,
for n = 3. Consider the partitioning of the cube into two halves along the axis corresponding
to the most significant bit, as illustrated in Figure 3.3. If we could restrict our search for
an optimal flow to those that do not cross the partition, then we can reduce our problem
to two subproblems that are half the size of the original that can be solved in parallel. We
call such a partition a dyadic partition of depth 1. We may further parallelize the problem
by increasing the depth d < n of the dyadic partition to divide the original problem into 2d
parallel subproblems.

However, note that for the subproblems to be feasible, we need the total mass within
each dyadic partition to match the total mass within the dyadic partitions of the target

distribution v. Therefore, we need to first perform a rebalancing step that redistributes
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mass around @), such that the mass within the dyadic partitions are equal (see Figure 3.4).
To do this, we need to first solve the following linear program:
min 177,
fr

such that Ay, f, < (3.2.21)

DgAeq fr = Dg(v = p)

fr>0.

(The subscript 7 in f, stands for rebalancing.) Here, Dy (short for “dyadic sum with depth
d’) is the (2d, 2™)-shaped matrix that computes the total mass within each of the 24 dyadic

d
partitions of a probability vector in R%"; for example, in the case n = 3,

D1 (o, 141, 112, 143, fids 115, 16, f7) = (po + 11 + pi2 + 13, fta + pi5 + pig + 117)

Do (110, 141, 1425 43, 1o [155 [16, (7)) = (Ho + 1, 2 + 13, fa + s, fe + 7).

For a feasible point f, of (3.2.21), the resulting distribution y/ = p + Aeq f, will have the
same mass in each dyadic partition as the target distribution v.

In practice, for large n, we find that we are always able to transition y to a rebalanced
1’ with a single step flow (T' = 1). Furthermore in practice, the amount of mass that must
be transferred to transition i to 4/ is much smaller than the amount of mass that must be
transferred to transition p/ to v. Therefore, to speed up convergence in the rebalancing step,

we set the primal objective in (3.2.21) to be identically zero and instead solve the rebalancing
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Figure 3.4: On the left, an initial distribution p on ()2, and on the right, a target distribution

v. If we partition ()9 via the dotted line, it is impossible to find a dyadically partitioned flow

that transitions p to v; the total masses on each half of 1 are 0.3 and 0.7, while the total

masses on each half of v are 0.4 and 0.6. Thus we must first perform a rebalancing step that

transitions p to some distribution z/ such that the total mass within each dyadic partition
is equal to the total mass within the dyadic partitions of the target distribution.

linear program for feasability only, rather than feasability and optimality.

min 0

fr

such that Ay, f, < p (3.2.22)

DgAcq fr = Dg(v — p)

fr>0.

This linear program can also be solved using the Chambolle-Pock algorithm, and the matrix
D, once again is amenable to matrix-free matrix multiplication. Once we find a feasible
rebalancing flow f, and corresponding rebalanced distribution j’, we apply Algorithm 7 to
each dyadic partition of ;' to transition to the dyadic partitions of v; we can then merge
the optimal flow f with f, to form a flow transitioning g to v. This mean-field approach
is fully detailed in Algorithm 8; note that this approach does not exactly solve the original
problem stated in (f), since it outputs a 1 + T-step flow rather than a T-step flow. This

discrepancy can be amended by finding a (7'— 1)-step flow after the rebalancing step, but we
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keep the number of steps at T for the subproblems in order to fairly compare computational
performance later. Note critically that the iterations of the for-loop in Algorithm 8 can be

solved in parallel.

Algorithm 8: The Mean-Field approach for solving (): MeanFieldSpinCP
Input: Initial and final prescribed distributions on €2, p and v; number of time
steps T'; number of spins n; dyadic partitioning depth d > 1
Output: Estimated 1 + T-step flow f that solves (7).
1 Solve the rebalancing linear program (3.2.22) via Chambolle-Pock to get a feasible
one-step rebalancing flow f, and a rebalanced distribution s’

2 Split i/ and v into dyadic partitions [u/0, /1, . .. ,;/20{_1], WO ,VQd_l]
3 for partitions 1 =0, ..., 24 _ 1 do

4 ‘ Solve f! = AccelSpinCP((y/*, V!, T, n — d)).

5 end

=]

d
Merge fo, cee f2 “lioa single T step flow f’ transitioning 1/ to v.
7 Merge f, and f’ to a single 1 + 7" flow transitioning x to v.

3.3 Numerical Results

Here we present some numerical results on the performance of Algorithms 7 (AccelSpinCP)
and 8 (MeanFieldSpinCP) for solving (1) with 7' = 6 time steps and n = 23 spins. In these
dimensions, the primal variable f has 1,157,627,904 entries and a memory profile of 4.63
GB; this is the largest problem instance we are able to solve on a single NVIDIA A40 GPU
(48 GB of memory) with our implementation. Our implementation is written in Python
with all numerical computing done in JAX. We generate initial and final distributions p and
v in R2" from the flat Dirichlet distribution (i.e., the uniform distribution on the probability
simplex [56]) and apply AccelSpinCP to find an optimal T-step transition from pu to v; we set
our tolerance to le—6, the maximum number of Chambolle-Pock iterations to be 500, 000,
and v = 100. We also run MeanFieldSpinCP on the same p and v with dyadic partitions of
depth d = 2, 4, and 6. We will refer to the experiment with MeanFieldSpinCP as the d =0

case.
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In Figure 3.5, we plot the trajectories of the evolution p = pg,p1,...,pp = v for the
optimal flow computed by the four experiments above; we see that in each case, we are able
to successfully compute a flow that transitions p to v.

In Table 3.1, we compare the runtimes (in seconds) and attained minima for our exper-
iments; we may consider the minima attained for d = 0 as the ground truth. Observe that
our mean field approaches are able to run orders of magnitude more quickly with only a

small tradeoff in optimality.

Table 3.1: Comparing the runtime/accuracy tradeoff between various depths of dyadic split-
ting for solving (f) for 7" = 6 time steps and n = 23 spins. The vanilla approach without
dyadic splitting takes 40.5 hours to run and reaches the maximum number of iterations.
The most parallelized version that splits the problem into 26 parallel subproblems attains a
minimum within 2.5% of the vanilla approach with a 595x speedup in runtime (with a total
runtime of approximately 4 minutes).

. : Avg. dyadic
Att d
Dyadic depth d .. e T Rebalapcmg subproblem
minimum 17 f  step runtime (s) :

runtime (s)

0 0.50127 - 145969 £ 0
2 0.50326 19 30628 + 1757

4 0.50655 20 2981 £ 1418

6 0.51336 20 245 £ 112
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Figure 3.5: Computed optimal spin probability trajectories for d =0,2,4,6, T =6, n = 23
The actual probability vectors are of size

we randomly sample 2° indices from the
trajectories to plot. We see that in each case, our minimized flow evenly interpolates between
the prescribed initial and final states.
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3.4 Discussion

In this chapter we have drawn a connection between a relaxation of the Glauber dynamics
on spin systems (one of the most foundational models in statistical physics) and optimal
transport (one of the most foundational problems in applied mathematics). In particular,
we view our relaxed Glauber dynamics as a discrete analogue of the Benamou-Brenier for-
mulation of optimal transport. As with many discrete optimization problems, we have set
up a linear program that is exponentially large. Nonetheless, we are able to write a Python
implementation that solves the linear program for primal variables with up to 1.1 billion
entries; the key ingredient that allows us to do this is the Chambolle-Pock algorithm applied
to solving linear programs, combined with fast, matrix-free matrix-vector multiplications.
We furthermore introduce a mean-field approximation to the problem that allows us to get
approximately optimal solutions much more quickly.

The work in this chapter opens up many more avenues for further exploration. Some

potential follow-up questions include, in order of roughly increasing scope:

1. Can we find an efficient method to solve (%) for p > 1?7 What if we replace the cost
function with some general convex function of v and p? What about a nonconvex

function?

2. Can we adapt our technique from our relaxed Glauber model to more physically stan-

dard Glauber dynamics?

3. Can we find an approximate solver that removes the curse of dimensionality from the
exponential size of the problem? For example, [57] uses marginal and cluster moment
relaxation techniques to solve another exponentially large problem (solving the Fokker-
Planck equation). Such techniques applied in our context would allow us to significantly

scale our ability to solve larger problems.

4. What does optimal transport look like in a more general framework of the evolution

5



of a discrete system?

To paraphrase [58|, the Ising model is to statistical mechanics as the fruit fly is to genetics;
techniques initially developed for the Ising model have been adapted to study a wide variety
of phenomena, both in physics and beyond. We hope that our initial foray into optimal
transport in spin systems can be the seed for further insights into optimal transport for a

variety of other discrete dynamical systems.
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CHAPTER 4
HYPERDIFFUSIONFIELDS (HYDIF): DIFFUSION-GUIDED
HYPERNETWORKS FOR LEARNING IMPLICIT
MOLECULAR NEURAL FIELDS

In this chapter, we introduce HyperDiffusionFields (HyDiF), a framework that models 3D
molecular conformers as continuous fields rather than discrete atomic coordinates or graphs.
At the core of our approach is the Molecular Directional Field (MDF), a vector field that
maps any point in space to the direction of the nearest atom of a particular type. We
represent MDFs using per-molecule neural implicit fields, which we call Molecular Neural
Fields (MNFs). To enable learning across molecules and facilitate generalization, we adopt
an approach where a shared hypernetwork, conditioned on a molecule, generates the weights
of the given molecule’s MNF. To endow the model with generative capabilities, we train
the hypernetwork as a denoising diffusion model, enabling sampling in the function space of
MNFs. Our design naturally extends to a masked diffusion mechanism to support structure-
conditioned generation tasks, such as molecular inpainting, by selectively noising regions of
the field. Beyond generation, the localized and continuous nature of MDFs enables spa-
tially fine-grained feature extraction for molecular property prediction, something not easily
achievable with graph or point cloud based methods. Furthermore, we demonstrate that
our approach scales to larger biomolecules, illustrating a promising direction for field-based
molecular modeling.

This chapter is adapted from joint work with Sudarshan Babu and Aly Azeem Khan.

4.1 Introduction

Modeling complex, structured 3D data is a fundamental challenge in machine learning, with
critical applications ranging from drug discovery and materials science to robotics and com-

puter graphics [59-65]. Traditional approaches typically rely on discrete representations such
7



as point clouds, meshes, or voxel grids. However, each of these comes with limitations in
resolution, expressiveness, or computational efficiency [66]. Recently, implicit neural repre-
sentations (INRs), which model continuous fields over 3D space using coordinate-conditioned
neural networks, have shown remarkable success in capturing high-fidelity geometry and gen-
eralizing across spatial scales |67, 68]. By operating directly in continuous space, INRs are
uniquely suited for capturing fine-grained local geometric relationships crucial for modeling
3D objects [69, 70].

In this work, we focus on the domain of 3D modeling of small molecules, a setting
where precise geometric understanding is essential for downstream tasks of biological interest
such as binding affinity prediction, docking, and structure-based drug design [71-73|. The
majority of existing approaches represent molecules as discrete objects, typically as graphs
with nodes denoting atoms and edges denoting bonds, or as 3D point clouds representing
spatial atomic positions. These representations treat molecular geometry as a sparse set of
inputs, limiting the ability of machine learning models to capture continuous, fine-grained
spatial relationships. This discrete treatment hinders the ability to learn localized features
and gradients that are critical for modeling complex molecular interactions.

We introduce a paradigm shift in 3D molecular modeling by working directly in the
continuous field space, rather than over discrete coordinates, molecular graphs, or latents.
Instead of generating atomic positions, our method models the entire molecular structure
as a spatial field. Specifically, we introduce the Molecular Direction Field (MDF), a repre-
sentation that maps any point in 3D space to a vector pointing toward the nearest atom
of a particular type. This field-based approach encodes molecular geometry as a smooth,
dense function, offering several key advantages. First, it provides high-resolution structural
information that can be queried at arbitrary spatial locations. Second, the continuous nature
of the field enables implicit modeling of local geometry and spatial relationships. Third, the
inherent redundancy in this representation, where nearby spatial points encode correlated

directional signals, confers robustness to perturbations and offers a richer inductive bias than
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sparse, discrete coordinate sets.

To model the MDF, we propose HyperDiffusionFields (HyDiF), a generative framework
for learning continuous molecular representations. We model each MDF with a Molecu-
lar Neural Field (MNF), a coordinate-conditioned neural implicit that models the MDF.
Since training a separate MNF for each molecule prevents learning shared structure across
molecules, we adopt an approach similar to HyperFields [74], where a shared hypernetwork
generates the parameters of per-molecule MNFs, enabling cross-molecular generalization.
This adoption is further motivated by recent findings that hypernetworks often exhibit im-
proved generalization in out-of-distribution (OOD) settings [74, 75]. To enable generative
capabilities, we train the hypernetwork as a denoising diffusion model [76] over the space of
MDFs, conditioning it to produce molecule-specific MNFs. This allows explicit generation in
the continuous function space of molecular fields, rather than discrete coordinate or graph
representations or continuous latent representations.

Building on the model’s ability to capture fine-grained local geometry through the MDF,
we extend our framework to support molecular inpainting, a critical task for in silico drug
discovery [77-80|. This leverages the locality of our representation to enable structure-
conditioned generation, a more practical and relevant capability than unconditional genera-
tion. The ability of HyDiF to selectively regenerate parts of a molecule makes it well-suited
for applications that require incorporating known structural constraints while completing or
optimizing the rest.

In addition to generation, we utilize HyDiF to extract representations of molecules for
downstream property prediction tasks. Generative models inherently learn rich, data-driven
representations and recent work has demonstrated that such models excel at representation
learning [81-85], enabling a unified framework that supports both generation and represen-
tation. Unlike traditional molecular encoders that produce a single global representation,
our model naturally produces spatially localized features.

Finally, we demonstrate the scalability of our approach by applying HyDiF to proteins,
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which were previously intractable with existing methods. This extension underscores the
flexibility of our framework in handling molecules of varying size and complexity. Overall, our
work highlights a promising new direction in molecular modeling, one that shifts from discrete
representations toward continuous field-based models that unify representation learning and

generation within a single framework.

4.2 Background and Related Work

In this section, we position our work relative to molecular representations, molecular gener-

ative and inpainting models, implicit neural representations, and hypernetworks.

4.2.1 Molecular Representations

A central problem in computational chemistry is that of how to represent molecules in a
computer-parsable way, with a spectrum of different representations with tradeoffs between
simplicity and physical fidelity /resolution. See [86] for a comprehensive and practical guide;
here we offer a very brief overview of the most common molecular representations.

At the more simple end of the spectrum are string-based representations which map each
valid molecule to an ASCII string. The most classical such method is SMILES (Simpli-
fied Molecular Input Line Entry System, [87-89]), first described in the 1980s and still the
de-facto standard string-based molecular representation for computational chemistry pur-
poses. Despite widespread use, SMILES strings do not fully capture the stereochemistry
of a molecule and are not unique (one molecular species may have multiple valid SMILES
representations), although there are are canonical algorithms for computing standardized
SMILES strings. Another popular method is InChl (International Chemical Identifier, [90]),
developed by IUPAC in the 2000s, which captures more stereochemistry information and
is unique (each molecule has exactly one InChl representation), although at the expense of

human-readability (SMILES strings are reasonably human-readable for smaller molecules).
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In the age of generative artificial intelligence, the SELFIES (SELF-referenclng Embedded
Strings, [91, 92]) method was developed in 2020, primarily motivated by the task of gener-
ating novel materials and molecules; the primary innovation of SELFIES is that every single
combination of characters in the SELFIES alphabet corresponds to a valid molecule, allow-
ing generative models to work directly on strings without having to worry about validity
or parsability. String-based representations have the benefit of being cheap to generate and
store, but their inherently linear format makes them an unnatural way to represent molecules
and ill-suited for capturing rich geometric or topological information.

Graphical representations are perhaps the most broadly familiar representation, where a
molecule is represented as a graph with vertices denoting atoms and edges denoting bonds.
The vertices are tagged with information such as atom type, formal charge, implicit hydro-
gens, etc., while bonds are tagged with bond order information. Graph representations are
inherently more natural and interpretable and are suitable for analysis via graph neural net-
works. However, the graph representation breaks down for molecules that are not accurately
described by valence bond theory (i.e., the classical model of chemical bonds as either single,
double, or triple bonds), as well as organometallic compounds containing ionic or metal-metal
bonds. A far larger deficiency is that molecules are inherently three-dimensional structures,
while graphs can only capture topological information. The three-dimensional structure of
small molecules is especially critical for studying interactions with large biomolecules, which
is essential for medicinal chemistry. As an extreme example illustrating the deficiency of
graph representations, consider the case of molecular knots, i.e., molecules with a nontrivial
knot structure. The first synthetic molecular knot was a trefoil knot synthesized in 1989
[93], and there is interest in such molecules for potential biological or materials science ap-
plications [94]. A graph representation has no way of capturing the unique structure of these
molecules.

At a higher level of fidelity and complexity is the three-dimensional point cloud rep-

resentation of a molecular conformer, i.e., a specific arrangement of a molecule in three-
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dimensional space. A molecule is represented as an array of atomic positions in R3, tagged
with atomic properties such as atom type and formal charge. While physically faithful to
the three-dimensional nature of molecule, obtaining ground truth conformers is far more
expensive than computing string or graph representations. X-ray crystallography and NMR
spectroscopy experiments must be performed in the laboratory to obtain approximate struc-
tures, which then must be optimized with quantum mechanics calculations [95, 96]. A
variety of classical and quantum mechanical methods exist to compute 3D conformers from
physical first principles, most of which are based on energy minimization with the Merck
molecular force field [97] or density functional theory methods [98-102]; these methods have
varying degrees of physical fidelity and computational cost. One of the most commonly
used computational methods is ETKDG (Experimental-Torsion basic Knowledge Distance
Geometry, [103|) which has been implemented in the open-source chemoinformatics package
RDKit [104]. Conformer generation with ETKDG has a relatively low computational cost
compared to other physics-based methods, but the algorithm performs a sparse search over
the space of all molecular conformers and can often miss many low-energy conformations or
fail to find conformers for large, flexible molecules with many rotatable bonds. The current
gold standard dataset of ground truth 3D conformer data for small molecules is GEOM
(Geometric Ensemble of Molecules, [105]), a collection of 37 million high accuracy computed
conformers for over 450,000 different small molecule species. Recently there has been con-
siderable effort in ML-based methods for generating molecular conformers [106-114]; most

of these methods, including ours, are trained on the GEOM dataset.

4.2.2  Models for 3D Molecular Generation

Existing methods for molecular generation employ variational autoencoders [115-117|, nor-
malizing flows [118-120], or generative adversarial networks [121-123] over strings or molec-
ular graphs. These models often lack fine-grained control over 3D geometry, a critical lim-

itation for tasks like conformer generation or structure-based drug design [106-108, 124,
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125].

Denoising diffusion models have recently advanced the state-of-the-art in 3D molecular
generation, with methods such as EDM [126], GeoLDM [127], and MiDi [128], applying noise
to conformers and denoising in coordinate or latent spaces. These models often rely on equiv-
ariant architectures, but they still operate on sparse atomic representations. VoxMol [129]
instead uses voxelized occupancy grids, providing a denser spatial representation, though at
the cost of resolution and memory efficiency.

FuncMol [130] models 3D molecules using neural occupancy fields and performs diffusion
in a learned latent space, capturing global molecular geometry while operating on compressed
representations. This approach requires a two-stage training process, first learning the field
representation, then training a separate diffusion model in latent space. Another related
model MCF (Molecular Conformer Fields, [131]) approaches conformer generation by learn-
ing a distribution over functions that map molecular graph elements to 3D coordinates using
diffusion.

In contrast to these approaches, HyDiF performs diffusion directly in the function space
of Molecular Directional Fields (MDFs). Unlike latent-based methods, our framework is
trained end-to-end and supports localized generation via masked denoising. While MCF
models a mapping from molecular graphs to conformers and is limited to graph-to-structure
generation, HyDiF models a function from 3D space to directional vectors, enabling both

generation from noise and spatially localized structure-conditioned editing.

4.2.8  Molecular Inpainting and Scaffold-Constrained Generation

Molecular inpainting is the task of masking a portion of a molecule and filling it in with a
generative model. Several existing methods such as Scaffold GVAE [132], Sc2Mol [133], and
MoLeR [80] operate on SMILES or molecular graphs, generating molecules by conditioning
on a core scaffold and elaborating it via learned motifs or side-chain transformations. Others

such as DiffSBDD [124]| perform inpainting directly on 3D molecular coordinates in the
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context of protein-ligand binding.

In contrast, HyDiF performs localized editing directly in continuous 3D space via masked
denoising on Molecular Directional Fields. Unlike prior work, our edits are not constrained
to predefined scaffolds or external protein contexts; instead, we enable user-specified, spa-
tially targeted edits by masking arbitrary regions in the molecular field, offering a flexible,

geometry-aware approach to molecular structure manipulation.

4.2.4  Molecular Foundational Models

Molecular foundational models train with a self-supervised task on a large corpus of molecules
(on the order of millions) in order to learn rich vector representations of the data for down-
stream finetuning tasks. ChemBERTa-2 [134] is a foundational model trained on 77 million
unique SMILES from PubChem using two self-supervised tasks. The first is a masked-
language modeling (MLM) task, where a subset of characters in a SMILES string are masked
and the model is tasked with predicting the missing characters. The second is a multitask
regression (MTR) self-supervised task, where 200 molecular properties that can be easily
calculated from SMILES strings alone are simultaneously regressed on. Uni-Mol [135] is an-
other model, trained on 209 million ETKDG-generated conformers of 19 million molecular
species, with the self-supervised task being the recovery of corrupted 3D atomic positions.
ChemBERTa-2 generates a global representation of a molecule (i.e., a molecule is mapped
to a single vector), making it impossible to extract localized information from a molecule.
Uni-Mol is able to generate both per-atom and global representations (the global represen-
tation being the average of the per-atom representations). In contrast, the continuous dense
representation offered by our MDF parameterization of molecules allows for fine-grained

representations of molecules at arbitrary locations, as we will elucidate in §4.4.3.
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4.2.5 Implicit Neural Representations, Hypernetworks and Hyperfields

Implicit neural representations (INRs) have gained popularity in recent years as a way of
modeling discrete data with a continuous function, parameterized by a multilayer percep-
tron (MLP). As an illustrative example, consider an n x n-pixel RGB image; a traditional
representation is simply the n x n x 3 array of per-pixel RGB values. An INR instead models
the image as a function fy : [0, 1]2 — [0, 1]3, mapping each continuous point in the image to
an RGB value. INRs have had considerable success in computer vision, both for 2D images
and 3D volumes, especially for modeling local, high-frequency features |69, 136-138|.

Traditionally in computer vision applications, INRs are per-prompt representations, i.e.,
an INR must be separately trained for each image or 3D scene. However, we wish to con-
struct a model that is able to synthesize information across a wide variety of molecular
conformers. A natural solution is to use hypernetworks, which are neural networks that
themselves generate the weights for another neural network [139, 140]. Hypernetworks have
been successfully applied in computer vision to successfully amortize the process of learn-
ing a new INR for each scene, synthesize information across scenes, and perform well in
out-of-distribution generation tasks |74, 75, 141, 142|.

HyDiF represents the first work to apply these insights from computer vision to molecules
and train an end-to-end 3D molecular diffusion model directly on MDF representations of
molecules. This enables parameter sharing across molecules, supports generation and in-
ference over unseen structures, and allows us to train on large libraries of molecule-specific

neural implicits in a unified framework.

4.2.6 Generative Models as Feature Extractors

Recent work in computer vision has shown that diffusion models can serve as effective feature
extractors, with intermediate activations capturing rich semantic information necessary for
generation [82, 143, 144]. Motivated by this, we explore the use of intermediate representa-

tions from HyDiF for downstream molecular tasks. This dual generation and representation
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role makes HyDiF the first model in molecular conformer modeling to unify generation and

feature extraction within a single framework.

4.3 Method

In this section, we describe the elements of our HyDiF framework. Each molecule is rep-
resented as a dense field that maps every point in 3D space to a vector pointing toward
the nearest atom, yielding a locally structured and geometrically aware representation. Our
model learns to generate such fields by reversing a diffusion process using a transformer-based
hypernetwork that predicts the parameters of a neural field conditioned on observations of
noisy fields. This formulation supports both unconditional generation and molecular inpaint-
ing, and enables local feature extraction from molecular structure. HyDiF brings together
diffusion models for flexible generative modeling, hypernetworks for task-specific adaptivity,
and implicit neural representations for capturing fine-grained 3D molecular structure. We

provide a broad overview in this section, with more technical details left to §B.1.

4.3.1 Molecular Direction Fields

We represent 3D molecular conformers using Molecular Direction Fields, or MDFs, vector
fields over continuous space that capture local geometric structure. At every point in space,
the field points toward the nearest atom in the molecule, offering a dense representation of
molecular geometry.

To build intuition for MDFs, consider constructing a direction field for a toy molecule
consisting of atoms of a single type, e.g. carbon. Let A = {aj,...,a,} denote the set of
atomic coordinates. We define the vector field F : R3 — R3 where for any query point

q € R3, the output F(q) is the vector pointing from q to the nearest atom in A:

F(q) = apcarest — 4, where apcarest = argming, e 4 la — a2 (4.3.1)
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Figure 4.1: Channels F(*) of an MDF for a molecule with two carbons (black), one oxygen
(red), and no nitrogens (blue). Each query point is mapped to the nearest atom of the
corresponding type. Since nitrogen is not present in the molecule, the nitrogen field points
radially outwards.

This field assigns a direction even in regions of space far from any atom. By evaluating F

N
j=1"

over a dense set of points Q = {q, } we obtain a high-resolution encoding of a molecule’s
geometry.

To extend to molecules with multiple atom types, we construct a separate direction field
F(*) for each atom type k over the subset A;, C A which contains only atoms of type k.
The resulting representation is a multi-channel vector field F : R? — RE*3 where K is the
number of distinct atom types in the dataset. Each channel F(k)(q) is the vector from q to
the nearest atom of type k.

Each molecule in our dataset is thus represented by a K-channel direction field, one
channel for each possible atom type. If a particular type k is not present in a given molecule,
we populate that channel with outward-pointing vectors that radiate from the molecule’s

center of mass toward a bounding sphere. This ensures that the representation remains

dense and consistent across all molecules. This construction is illustrated in Figure 4.1.

4.3.2  Molecular Neural Fields

We approximate Molecular Direction Fields using Molecular Neural Fields, or MNFs coordinate-

based neural networks trained to approximate the ground truth MDF of a molecule. Each
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MNF is a function Fy : R3 — REX3 that maps a query point to a multi-channel output,
where the kth channel predicts the direction to the nearest atom of type k. The HyDiF
architecture is trained to match Fy to F at sampled points and is parameterized as an
MLP with sinusoidal activations known as a SIREN [67], which is well-suited for modeling

high-frequency geometric signals.

4.3.83  Forward Diffusion Process

To model a distribution over MDFs, we adopt the denoising diffusion probabilistic model
framework (DDPM, [76]), applied to vector fields. The forward diffusion process defines a
Markov chain that gradually transforms a clean field into Gaussian noise over T discrete
steps.

Given a ground truth direction field F evaluated at a set of spatial query points Q) =

{q; }j\f: 1, we construct the noised field at time step ¢ as:

F:(Q) = NGTE FQ) ++1—a;-€, e~ N(O, I), (4.3.2)

where ay = H§:1<1 —p;), and { 61-};:1 is a fixed noise schedule. We adopt the cosine schedule
proposed in [145], which improves stability over the usual linear schedule in high-resolution
spatial domains. Equation (4.3.2) corrupts each vector ng)(q) with additive Gaussian noise
scaled according to the diffusion schedule (see Figure 4.2).

At time step t = 0, the noised field is exactly the ground truth clean field, while at the
final step t = T, the noised field Fp(Q) becomes indistinguishable from isotropic Gaussian
noise. This progression forms a trajectory through field space, allowing the model to learn

to denoise under varying signal-to-noise ratios. The noise is applied independently to each

vector component at each spatial location and for each channel in the field.

88



.
& x| — I X
q, .‘\x" X —— " ;‘ ® X "
g add noise ¢; ol

5( dy \qf\"

x>

MDF F(Q) Noised MDF F,(Q)

Figure 4.2: The forward noising process for an MDF, where i.i.d. Gaussian noise is added
to each component of each vector in each channel at each query point. Here, € is shorthand
for the scheduled noise /1 — a4 - €.

4.8.4  Architecture

The core idea of the HyDiF architecture is to use a hypernetwork to generate the parameters
of a MNF that denoises a noised molecular direction field (see Figure 4.3). The hypernetwork,

denoted Hy, takes three inputs: the noised direction field at time step ¢, denoted F+(Q); the

N .

=15 and the diffusion time step ¢ itself. The output

corresponding 3D query points @ = {q;}
is a set of parameters 6, which define a coordinate-based neural network Fy that serves as

the denoised MNF. Formally, we have

0 = Hy(Fi(Q),Q,1). (4.3.3)

Our training objective is to learn the hypernetwork weights ¢ that give the optimal 6 so that

the resulting MNF matches the ground truth field as close as possible, i.e. Fy ~ F.

4.3.5 Reverse Process and Training

Once the parameters 6 are generated by the hypernetwork, we use the resulting MNF Fy to

reverse the forward noising process. Specifically, we evaluate Fy at the same query points
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Figure 4.3: Overview of the HyDiF architecture. A hypernetwork H takes a noised direction
field F(Q), query points @), and noising time step ¢, and produces the parameters 6 of an
MNF Fy. The neural field is evaluated at the same query points to generate a denoised
field, which is compared against the ground truth to compute the training loss. This enables
HyDiF to model molecules in a spatially localized manner.

used in the forward process to predict the clean direction field. In theory, these predictions
are then compared to the ground-truth direction vectors to minimize the following training

objective:

K
Loeeld) = 10 3 S [ @) - F O ) (13.4)
Q] 2 2=

In practice, we find this vector-based objective to be unstable for training purposes. Molec-
ular direction fields contain high-frequency discontinuities at the boundaries between the
Voronoi cells defined by the atomic positions. These discontinuities make the direction field
difficult to fit with compact MLPs, especially when training with noisy inputs.

To address this, we instead train the MNF to predict the scalar distance field, defined as
the Euclidean distance from a point q to the nearest atom of each type, i.e.,

19 (@) = [[alih e — all, where ale) o = argminge 4, la —alls.  (43.5)

nearest nearest —

This scalar function is smoother and easier for neural networks to approximate. We corre-

spondingly define the MNF as a function fj : R3 — R where each output channel predicts
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the distance to the nearest atom of type k. The associated training objective is then

Laist (¢ |Q| > Z ‘f@ — F®q)]. (4.3.6)

qeQ k=1

Through experimentation, we observe that the best performance is achieved when the
hypernetwork is conditioned on a noised direction field, but trained to output a distance
field. This hybrid setup leverages the high-frequency information present in the direction
field for conditioning, while taking advantage of the smoother, lower-frequency distance field
as the target for regression. We believe this setup helps the transformer process geometric
structure more effectively. We provide ablation studies supporting this choice in §B.2.2.

One challenge with this formulation is that it introduces a mismatch between the model’s
input and output, which poses a challenge during generation (see §4.3.6): the input to the
hypernetwork is a vector direction field, but the output is a scalar distance field. To resolve

this, note that the direction field can be recovered from the distance field as follows:

1

Vaz (19@)’ = Vg [l 0 w—a=FP@  (437)

Apearest — 9 ’ ’ Apearest

()

hearest denotes the nearest atom of type k to point q. This allows us to compute

Here, a
F(k)(q) from the predicted scalar field using automatic differentiation. During generation,
we apply this transformation at each time step to produce the direction field needed for the

next step of the reverse diffusion.

We summarize the training loop in Algorithm 9.

4.3.6 Unconditional Generation

Algorithm 10 illustrates how we generate novel molecules after training HyDiF via Algorithm
9. We start by sampling Gaussian noise and taking that to be a molecule noised at time

step t = 1000. We then ask the hypernetwork to denoise it to ¢ = 0, then noise the denoised
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Algorithm 9: Training Loop for HyDiF

Input: Query points (), ground truth atomic coordinates A

1 F(Q) < ground truth MDF for A,

2 for epoch =1,2,... do

3 Sample a maximum noising level:

4 if epoch < 100 then

5 | | T+ 10

6 end

7 | T <+ max(epoch —100 + 10, 1000)

8 Randomly uniformly sample noise level ¢ from {0,1,...,7T}.
9 Set noising coefficient ay.

10 Sample Gaussian noise € ~ N (0, I) and noise the ground truth MDF:

Fi(Q) « V- F(Q) +vI—a - e.

11 Pass noised MDF into Hy to get predicted MNF parameters:
0« Hy(Fi(Q), Q. 1).

12 Compute loss against ground truth distance field:
K
k
Lo+ r X 3 | #57(@) - FP ).
qQe@ k=1

13 Update hypernetwork parameters ¢.

14 end

prediction by noise level ¢ = 999 and repeat. Since the outputs of the hypernetwork are

the weights to an implicit distance field, we must first compute the gradients with respect

to the query points to convert it back to a direction field that we can pass back into the

hypernetwork.

Algorithm 10: Generation Procedure for HyDiF

Initialize noise level ¢ <— 1000, random query points Q).

Set noisy field to be Gaussian noise: Fy(Q) < € ~ N (0, ).

for t = 1000,999,....1 do

Push noisy field through the hypernetwork to get predicted MNF parameters:
0+ Hy(FH(Q), Q,1).

5 Compute predicted cleaned direction field by taking gradient of distance field

w.r.t. query points: Fg(Q) < V) fe(Q).

6 Re-noise predicted direction field: Fy_1(Q) < /a1 - Fp(Q) + /1 —_1 - €.

7 end

BwW N =
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Figure 4.4: We extend HyDiF to support conditional generation by expanding the hyper-
network input to two channels. We randomly select some atoms from a molecule to noise
and delete them before recomputing an MDF'; this forms our conditioning channel, which
conditions the hypernetwork on a partial molecule. We feed this into the hypernetwork,
along with the noising channel computed by noising the ground truth MDF.

4.3.7 Masked Diffusion Procedure for Molecular Inpainting

The fact that HyDiF performs diffusion directly on geometric space allows us to train for
a molecular inpainting task, in which a portion of a molecule is masked and the network
is asked to complete the molecule. This allows us to selectively modify portions of existing
molecules, a crucial step in drug discovery commonly referred to as lead optimization [146—
149].

The training and generation pipelines for partial noising and inpainting are identical to
that in §4.3.5 and §4.3.6, except in addition to a noised MDF, we also include a conditioning
MDEF as an input to the hypernetwork. The conditioning MDF is computed by randomly
deleting a subset of atoms from a conformer and recomputing the MDF for the partial
molecule. This allows the network to learn to denoise a fully noised MDF conditioned on a

partial molecule being held constant (see Figure 4.4).

4.3.8 Feature Extraction with HyDiF'

We illustrate how we leverage internal representations of HyDiF as feature representations
of molecules for downstream molecular property prediction in Figure 4.5. Our method is

inspired by recent work showing that diffusion models can be used for feature extraction
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Figure 4.5: Overview of how we use HyDiF as a foundational model for property prediction.
In practice, we always extract the central activation within the stack of transformer layers,
e.g., given 26 transformer blocks, we extract the 14th intermediate activation.

in other domains [143, 144]. We pass an unnoised MDF for the molecule of interest into a
frozen pretrained hypernetwork and extract per-query point intermediate activations, which
we average over the query points. We then pass this activation into a property prediction

head, which for us is a two layer MLLP with tanh activations.

4.3.9  From MDFs to Molecules

While the output of HyDiF is an MDF for a conformer, at inference time it is more desir-
able to have a human-parsable representation of a molecule. Our method of parsing MDFs
into molecules involves two steps: (1) recovering atomic point clouds from MNFs and (2)
recovering molecular bond information from atomic point clouds. Observe that the zeros of
a ground truth MDF are exactly the locations of atomic coordinates. Therefore to recover
atomic coordinates from MNFs, we find minima of the generated distance field and use these
minima as atomic coordinates, from which we can construct an atomic point cloud. To
recover molecular bond information from atomic point clouds, we use a combination of the

standard chemoinformatics toolkits RDKit [104] and OpenBabel [150] bond determination
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algorithms to construct RDKit-parsable molecules.

4.4 Experiments and Results

Here we discuss our experiments demonstrating the efficacy of HyDiF in four domains:
(a) unconditional generation of conformers, (b) localized partial generation of conformers,
(c) extracting features from conformers for downstream property prediction tasks, and (d)

scaling to biomolecules.

4.4.1  Pretraining HyDiEF and Unconditional Generation

We pretrain HyDiF on the gold standard GEOM (Geometric Ensemble of Molecules, [105])
dataset, a collection of high quality conformers computed in silico using semi-empirical tight-
binding density functional theory. We train on the same GEOM-drugs dataset and splits as
[130], discarding the small number of molecules that contain elements other than C, H, O,
N, F, S, Cl, and Br. The training set contains 1.1M conformers for 242K unique species.
In Figure 4.6, we exhibit unconditionally generated samples from HyDiF after pretraining,

highlighting the ability of HyDiF as a generative model for 3D conformers.

4.4.2  Molecular Inpainting

We train HyDiF on our inpainting task similarly to the pretraining method in §4.3.5 but
with the masked diffusion procedure in §4.3.7. In Figure 4.7, we exhibit a conformer from the
validation set with three different maskings and the corresponding inpainted molecules. In
each case, HyDiF is able to successfully perform local edits on a molecule while maintaining
chemical validity. This capability is primarily because of the flexibility of our model in
performing diffusion directly on the space of molecules; in contrast, models that perform
diffusion in latent space such as FuncMol and GeoLDM do not have this capability.

To quantitatively assess performance, we recover molecular graphs from inpainted MDFs
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Figure 4.6: Nine curated samples from unconditional generation with HyDiF.

96



input molecule (a) input molecule (b) input molecule (c)

inpainted molecule (a) inpainted molecule (b)

Figure 4.7: A molecule from the GEOM validation set with three different maskings (top
row) and their corresponding inpaintings (bottom row). The spheres denote atoms in the
molecule that are selected to be masked out. The above examples demonstrate the ability
of HyDiF to inpaint effectively. Observe in inpainting (a) that the five-member ring with an
oxygen has been replaced with a benzene ring. In inpainting (b), the benzene ring has been
replaced with a hexane, and sulfur has been replaced with a carbon, and an oxygen has been
deleted. In inpainting (c), an entire ring has been deleted.

97



Table 4.1: Molecular inpainting metrics on GEOM (higher is better). Metrics for EDM and
HyDiF are computed over 100 generated conformers. HyDiF’s high resolution molecular
representation are able to inpaint more chemically reasonable molecules than EDM’s discrete
representation.

Atom Stable % Mol. Stable % Validity %

data 100.0% 100.0% 96.9%
EDM 93.1% 13% 85%
HyDiF 96.3% 47% 94%

using the reconstruction procedure described in Section 4.3.9. Following prior work, we
report three standard evaluation metrics: atom stability (fraction of atoms with correct
valency), molecule stability (fraction of molecules where all atoms have correct valency), and
validity (fraction of molecules that pass RDKit’s sanitization check). Results for HyDiF and
EDM, which we use as a baseline, are presented in Table 4.1. We evaluate EDM on the
inpainting task by passing partially masked molecules and computing the metrics on the
inpainted generated conformers. GeoLDM and FuncMol are not included in the conditional
generation comparison, as it is not straightforward to adapt latent diffusion models for
spatially grounded conditional generation.

We also include in Table 4.1 the metrics on the ground truth training data, computed

over a random subset of 10K conformers; these represent an approximate upper bound.

4.4.3  Property Prediction

Following some of the ideas of [143, 144|, we use a pretrained HyperDiffusionFields as a
foundational model by feeding an unnoised MDF computed from a conformer and query
points () as input to a frozen pretrained hypernetwork, extracting a tensor of intermediate
activations between self-attention blocks, and using that as input to a property prediction
head for downstream tasks. For our experiments, we uniformly randomly sample a dense set
of query points ) around the volume of the molecule and obtain a global feature by aggre-

gating features over query points. However, observe that since the MDF and corresponding
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intermediate activations are a function of (), we could obtain local features by spatially lo-
calizing () within a molecule. For instance, if we were interested in extracting a feature for a
particular functional group of a molecule, we could concentrate the query points () around
the functional group. Other foundational models such as Uni-Mol and ChemBERT-a2 are
unable to extract features in such a flexible manner.

We use a two-layer MLP with tanh activations as our property prediction head. As
baselines, we compare the performance of our features generated from the hypernetwork to
features from the MLM version of ChemBERTa-2. We also extract intermediate features
from the diffusion models EDM and GeoLDM to compare against other diffusion models as
feature extractors. In practice, we always extract features after the most central layer in
each diffusion model, including our own. We also run an experiment where we concatenate
our features with ChemBERTa-2 MLM features.

For downstream tasks, we select a subset of the tasks from the standard MoleculeNet
benchmark [151], outlined in Table 4.2. Molecules in MoleculeNet datasets are specified as
SMILES rather than 3D conformers, so in order to run EDM, GeoLDM, and HyDiF on

MoleculeNet data, we must first generate conformers from SMILES strings using ETKDG.

Table 4.2: Overview of the subset of MoleculeNet tasks that we perform property prediction
on.

Task Name Task Type Train Size Description

BBBP classification 1,631 blood-brain barrier penetration
BACE classification 1,210 human S-secretase 1 binding
Lipo regression 3,360 lipophilicity

ESOL regression 902 water solubility

FreeSolv regression 513 hydration free energy

QM7 regression 5,464 atomization energy

In Table 4.3, we show the results of our downstream property prediction experiments.
Observe that for each task, the features taken from intermediate HyDiF are competitive
with those from the foundational model ChemBERTa-2, as well as the features taken from
the intermediate activations of the diffusion models EDM and GeoLDM. This is remarkable
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due to the fact that ChemBERTa-2 is trained on 77 million unique species, approximately
300 times more species than the data that HyDiF is trained on, and yet we are still able
to achieve competitive performance, and state-of-the-art performance in five out of six tasks
when we concatenate our features with those of ChemBERTa-2.

This highlights the ability of HyDiF to learn rich representations, even with a relative
paucity of data. We attribute this performance to a fundamental difference in how our
model represents molecules: rather than producing a single global embedding directly, HyDiF
aggregates localized features learned from spatially dense query points. This allows the model
to capture fine-grained geometric information that is otherwise lost in global or sequence-

based representations.

Table 4.3: Performance comparison on classification (AUROC) and regression (RMSE)
MoleculeNet tasks.

classification (AUROC 1) regression (RMSE )

BBBP BACE Lipo ESOL FreeSolv QM7
ChemBERTa-2 ‘ 0.70 0.79 ‘ 0.81 0.98 2.12 143.9
EDM 0.67 0.78 0.94 1.03 2.25 112.3
GeoLLDM 0.68 0.79 0.97 1.26 2.60 115.7
HyDiF 0.71 0.79 0.83 0.90 1.87 116.7
HyDiF+ChemBERTa-2 0.73 0.80 0.78 0.89 1.75 114.6

4.4.4  Scaling to Larger Biomolecules

HyDiF scales to large biomolecules in a way that current baseline architectures cannot.
Most molecular generative models, such as EDM, GeoLDM, and VoxMol, are limited to
small molecules with fewer than 100 heavy atoms. This is primarily due to architectural
bottlenecks; graph neural network-based models like EDM and GeoLDM construct fully
connected molecular graphs, resulting in O(nQ) pairwise interactions for n atoms, which
becomes computationally expensive as molecular size grows. VoxMol represents molecules
using dense 3D voxel grids, which are memory-intensive and scale cubically with the grid

size. As shown in [130], VoxMol fails to scale to the CREMP dataset [152], which includes
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Figure 4.8: Four uncurated comparisons of ground truth alpha carbon coordinates of proteins
from PLINDER (in blue) compared with coordinates reconstructed from denoising a noised
MDF (in red). We see that in all four cases, we are able to reconstruct the overall shape
of the protein. Each protein contains between 100 and 700 alpha carbons. This illustrates
the scalability of HyDiF to large biomolecules. Subplot captions are Protein Data Bank
identifiers.

macrocyclic peptides with an average of 74 heavy atoms.

Proteins contain hundreds to thousands of atoms. To evaluate the scalability of HyDiF,
we train our diffusion pipeline (see §4.3.5) on alpha carbon traces from the PLINDER dataset
[153], a collection of 3D protein structures. Figure 4.8 shows reconstructed proteins from
the training set, generated by noising and denoising their molecular direction fields. In each
case, we are able to recover the overall structure of the protein, a first step in demonstrating
that HyDiF can learn the geometry large-scale macromolecules.

The key insight enabling scalability is that the computational cost of HyDiF scales
quadratically with the number of query points, rather than the number of atoms in the
molecule. This decouples computational complexity from molecular size: we train on large
proteins by sampling a sparse set of query points, as the model sees each protein multiple

times over training.

4.5 Discussion

This work introduces HyDiF, a generative framework that models 3D molecular structure

via direct diffusion on continuous vector fields and neural function spaces. We first intro-
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duce the Molecular Distance Field, a novel, dense representation of 3D molecular conformers,
suitable for learning via implicit neural representations. We then introduce a hypernetwork
architecture that is able to synthesize knowledge over a large library of conformers to gener-
ate per-conformer implicit representations which we call Molecular Neural Fields. We train
this architecture as a diffusion model and demonstrate efficacy in both unconditional and
structure-conditioned generation of conformers. We furthermore demonstrate that our diffu-
sion model learns sufficiently rich internal representations of molecules to be used as features
for downstream property prediction tasks, and our representations are competitive with both
foundational and generative models on benchmark tasks. Moreover, the coordinate- and grid-
free nature of our representation allows HyDiF to scale to larger biomolecules. We believe
the contributions of HyDiF represent a promising direction for future work in geometric deep
learning, one that bridges the gap between high-fidelity representation and flexible, spatially
aware generation.

We believe the HyDiF paradigm opens up many new exciting avenues in the field of molec-
ular modeling. For instance, we are interested in how we may adapt HyDiF for not just
structure-conditioned generation, but property-conditioned generation, where we generate
molecules conditioned on some desired chemical property, typically of pharmacological inter-
est (e.g., absorption, solubility, etc.). This work can also be extended to protein-conditioned
generation, where we seek to generate small molecule drugs that bind to a target protein,
or even conditional generation of proteins themselves. Such advances would have the poten-
tial to significantly accelerate the process of drug discovery and understanding of structural

biology.
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CHAPTER 5
CONCLUSION AND OUTLOOK

We have considered in this work three extraordinarily different problems in applied math-
ematics, both in domain and in approach. In Chapter 2, inspired by theoretical challenges
in cryo-EM, we study the recovery of one-dimensional manifolds from extremely noisy data.
We prove a rigorous statement about the difficulty of this problem, paired with an algorithm
that is able to solve the problem with the asymptotically minimal number of samples. De-
spite the difficulty of the problem, we are miraculously able to perform the recovery with
nothing more than access to the first three moments of the ground truth curve; the difficulty
is entirely shifted towards having enough samples to estimate these moments accurately.
Highlighted in this work are the algebraic and analytic techniques used to study the mo-
ments. Our study of the noisy curve recovery problem is only a start to studying high-noise
manifold learning problems; there is much work to be done to generalizing our results to
arbitrary one-dimensional manifolds, or even manifolds of arbitrary dimension. There are
also many exciting avenues in application of our recovery algorithm in scientific domains;
our technique may prove fruitful in the analysis of real world high dimensional high-noise
temporal data, including the actual cryo-EM problem.

In Chapter 3, we considered a different challenge, where it was the dimension of the data
that was large, rather than the quantity. We developed and implemented a numerical method
that was able to solve a linear program with over one billion variables. This linear program
arose from an optimal transport problem on spin states inspired by the Glauber dynamics for
the Ising model, which we reformulated to be amenable to a parallelized solution optimized
for GPU acceleration. The core of our success lies in the implementation of extremely fast
matrix-vector multiplies that exploit the sparse structure of the linear program. This work
exhibits the performance gains in numerical optimization that are made possible by taking a
deep dive into matrix arithmetic. This represents the beginning of many potential avenues of

exploration in discrete optimal transport, particularly in more physically grounded problems.
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Furthermore, despite being able to solve large problem instances, our method has not yet
overcome the exponential size of the problem. Perhaps there are moment-based techniques
that are able to drastically compress the size of the spin configuration space from being
exponential in n to being polynomial or even linear in n. Overcoming this barrier would
allow for the analysis of problems of significantly larger size.

Finally in Chapter 4, we designed a novel representation of conformers and a hybrid
generative and foundational model for small molecules, achieving state-of-the-art results in
molecular inpainting and property prediction. Our key contributions are in this novel rep-
resentation, as well as applying hypernetwork methods to the molecular domain. This work
represents the unreasonable effectiveness of neural networks to fit intractable, complex prob-
ability distributions over real data. Our new paradigm for molecular modeling represents
the beginning of many potential approaches to grand challenges in structural biology, includ-
ing modeling ligand-protein or protein-protein interactions, understanding the relationship
between drug structure and biological function, and performing more and more of the drug
discovery pipeline in silico. More broadly, we hope our approach elucidates the potential
of dense, field-based representations in other scientific domains where data are typically
represented by discrete objects.

Each of these three works began with a daunting task to be performed on a huge quantity
of data. It was only after careful study of the underlying structure of the data and application
of known priors that the intractable was made tractable, optimized for solutions via modern
computing architectures. In dealing with data at this scale, such underlying structure is
often one’s only hope for learning anything from it.

That we have a seemingly unlimited amount of data in today’s world is a wonder. That
we are able to tame it with computations that ultimately reduce to arithmetic on floating

point numbers is a miracle.
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APPENDIX A
SUPPLEMENTARY MATERIAL TO CHAPTER 2

A.1 Cloud Tracing Algorithm for the Low-Noise Regime

In this section, we very briefly outline our algorithm for tracing through low-noise point
clouds. We do not perform any large-scale experiments or detailed analysis of the method.

For simplicity, we consider point clouds coming from a PWL curve with an a prior:
known constant segment lengths L. First consider the issue of resolving an “elbow” with
three points, cqg,cy,co € Rd, where ¢q is known. Since noise is low, we can compute the
point cloud local to this elbow by considering all points in the cloud within distance L of ¢;.
The two-dimensional subspace formed by the three points can be estimated from the second
empirical moment, onto which we can project the local point cloud. The direction (which
we can identify with an angle in the two-dimensional subspace) of each vector pointing from
c1 to a projected point from the local cloud can be computed. The histogram of angle
counts should be bimodal, with the peaks 6 and 69 occurring at the directions in which the
projections of ¢y and co lie. Since the segment lengths are known, we can then estimate the
projections of ¢y and c¢9 and deproject back to RA.

Given a full curve and an estimate of ¢(, we can first compute the point cloud local to ¢,
that is, all points that are within distance L away from cgy. We can apply a similar technique
as above on this local cloud and ¢( to get an estimate for ¢, then iteratively apply the elbow
resolution technique to the elbow centered at ¢; and the point cloud local to ¢; to estimate
¢i+1- To account for the error that might propagate at each step, we can average the two
curves obtained by applying this method with ¢y and cj; as the starting points. Figure 2.2
shows the outcome of this method on curves in R? applied to only the initial point cg.

The reason why this method fails for the high noise case is that the local point clouds
are no longer meaningful. When noise is low, the points within distance L of ¢; have a

high likelihood of coming from the elbow given by ¢;_1, ¢;, and ¢;41, and so the geometric
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structure of the curve around ¢; is preserved by the local cloud. When noise is sufficiently
high, the points within distance L of ¢; are likely to have come from elsewhere in the curve.
Without performing further detailed analysis, note that since this algorithm only requires
accurate estimation of the second moment, the number of points needed for this method to
work is order O(c?), rather than the requirement of O(c%) to accurately estimate the third

moment for our high noise recovery algorithm.

A.2 Proof of Proposition 2.3.3

Let mq and ms be the first two moments of C*, let p* € RM be the proportional segment
lengths of C*, and let Z* > 0 be the total length of C*. Then C*, p*, Z* is one particular
solution to the following system of polynomial equations in C' = [cg,...,cprl], p, Z that we

can write down using the relaxed moment expressions in (2.2.11):

1
CTA(p)C = my
. A21
2207 =i —ciql® i=1,...,M ( )

M
sz‘ =L
i=1

The first line in (A.2.1) is matching the relaxed first moment from C' and p to the prescribed
first moment my, and similarly for the second line and the second moment mo. The third
line “unrelaxes” the relaxed moments by requiring that the p; are equal to the proportional
segment lengths, and the fourth line ensures that Z is equal to the length of the full curve.

The first line of (A.2.1) consists of M equations, the second line consists of M (M +1)/2
equations (mg is a symmetric matrix, so we can eliminate all equations coming from the
lower triangular part of ms), the third line consists of M equations, and the last line is a

single equation, so we have a total of M (M +1)/2+2M +1 equations. To count the number

106



of variables, we have M (M + 1) variables from C', M variables from p, and one variable from
Z for a total of (M + 1)? variables. We therefore have more variables than equations, and
hence this is an underdetermined system of polynomial equations.

If we subtract the right hand side from both sides of each line of (A.2.1), we can consider
the left hand side of the entire system as a function f : RM+1)? _y RM(M+1)/2+2M+1 o
(C,p, Z) (where scalars, vectors, and matrices are flattened and concatenated appropriately),
and we can think of the solution set to (A.2.1) as the preimage of 0 under f.

Let Df € R(M (M+1)/242M+1)x(M+1)? 1o the Jacobian of f in the variables C', p, and
Z; this is a short and wide matrix. In the next proposition, we claim that for almost all

(C,p, Z) satisfying (A.2.1), the matrix D f(C,p, Z) is full rank.

Proposition A.2.2. Let (C,p, Z) be a solution to (A.2.1) and suppose the Jacobian D f(C,p, Z)
is not full rank. Then the all ones vector 1 € RMHL must be in the image of C, where here

we are thinking of C' as a matrix.

We omit the proof, which consists of routine calculation of the total derivative of f. Since
C* is a tall matrix with shape (M + 1, M), its image must be rank deficient, and therefore 1
is not in the image of C* for almost all C*. Therefore, for almost all C*, D f(C* p*, Z*) is
full rank. Since rank is lower semicontinuous, for such a C* there exists a neighborhood U of
(C*,p*, Z*) where Df is full rank and hence surjective at all (C,p, Z) in U. Let f|y : U —
RM+1)? be the restriction of f toU. Then 0 is a regular value of f|f, i.e., a point such that
D f|y is surjective at every point in f]l}l(()) Note that we know that f|{]1(0) is nonempty,
since it contains at least the point (C*, p*, Z*). Then by the regular level set theorem from
differential topology (also called the preimage theorem, see Theorem 9.9 in [154]), f~1(0)
is a submanifold of U with dimension (M +1)2 —[M (M +1)/24+2M +1] = M(M —1)/2 > 0.
In other words, (C*,p*, Z*) is not an isolated point in the real algebraic variety of (A.2.1).
Therefore, for sufficiently small € > 0, we can find some (I, 7, () € U such that [|[C*—T'||p =€

and (', 7, ¢) also solves (A.2.1), and hence I' has the same first and second moments as C*.
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A.3 Proof of Proposition 2.3.5

Our proof is modeled on the proof of Theorem A.1 in [22|. The idea of the proof is to bound
the x? divergence with a Taylor series of the differences of moments. We first need to prove
a few technical lemmas and introduce some notation. Let ¢s(x) denote the density of a

Gaussian centered at the origin with covariance o21;:

Po(x) = ;)d exp (— Hw”2> : (A.3.1)

2
(2702 20
Let po o () denote the density of the noisy curve P ;. Note that we have the expression

Nz —Cc@)?

I 1
peo(T) = Z/ do(x — C(t)) dt = 2/ ————exp ( —2) dt. (A.3.2)
0 0 \/(2rc2)d 20

Here Z is a normalizing constant dependent on C'; for the rest of this section, we will assume
Z = 1 for notational simplicity. We will also be using the facts that C' is mean zero and

|C(t)]] <1 throughout.

Lemma A.3.3. We have the lower bound

PC,o(r) > ¢o () exp (— . ) : (A.3.4)

202

Proof. Using the fact that the exponential function is convex, we compute

1 _ 2
— 1 x—C(t
pC’g<l’) — XD (—H2—2()”> dt
0 (2mo2)d o

e () o () o (1YY




— o) exp (—%)

The penultimate line is by Jensen’s inequality, and the last line is by the fact that C' is mean

Zero.

Lemma A.3.5. Let C' and I' be any two curves. Then

/Rd pc,agbﬂ?f;,a(x) dz — /[o e (W) s,

Proof. Note that we have

PCo(x) = do() /01 exp (%) exp (— HOQS;’P) dt,

and similarly for pp ,. Then

/ PCa( )pr (z )dx
a (z)

/% [/ exp( <g’m>>exp( ”02(02”2)654
[on("5) (5] o
/ \/272 2 z > [ p(2<c(t>2+5(5),x>>
R o pu o -
( lC() H2+ IT(s )||2> dtds]d

exp

)+ T(s),z) + (C(t) + T'(s),C(t) + T'(s))
P ( 202 >
. ( )+ T(s) ) exp (_ ||c<t>|22;r<s>||2> dw} i

. Lot o).

=1

exp 1CEDL+ BTN + 20101 = WO = NI 1

202
_ /[O 5 (<C(%ZF (S») dtds.
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In line 4, we are using Fubini’s theorem and completing the square. [ |

Lemma A.3.7. Let C(t), I'(t) be parametric curves such that ||C(t) — I'(t)|| < 1/3 and
NCON, TN < 1 forallt € [0,1]. With p(C,T") as defined in (2.3.2), we have the upper
bound

Imy,(C) = mg (D)7 < 12-2%p(C,T). (A.3.8)

Proof. Using Jensen’s inequality, we compute

1 2
(€)= mp (D)% = H JRCOREURY

F
< /01 HO(t)@’k - P(t)®kH; dt

1
<12. 2’€/ IC(t) = T(1)|2 dt (Lemma A.5.1)
0

=12 28p(C, ).

We are now ready to prove Proposition 2.3.5.

Proof (of Proposition 2.3.5). Writing out the definition of the x2 divergence, we have

X2(PC,<T||PF,U)
:/ (p070($)_pf‘,a(x))2 dr

R4 pC,U(x)
xXr) — T 2
< exp <2i2> /]Rd (Po.o ;o(i?)ra( ) dx (Lem. A.3.3)
<el/2
(C(t), C(s)) (C(t),L(s)) (L), L(s))

S /[071]2 exp (0_2> —2exp <O_2> + exp <O_2> dtds (Lem. A.3.5)
< / > %k. (<C(t), C(s)" = 2(C(t),T(s)" + (F(t),F(s)>k> dtds (Taylor exp.)

[0,1)2 k>0 g .
=Y o o, C(s)*F ubini
_kzo o2k /[071]2 <C(t) ,C(s) > (Fubini)
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—9 <C(t)®’“,l“(s)®k> + <r(t)®k,r(s)®k>] dtds

12 2%
<> i P(CT) (Lem. A.3.7)

In line 4, < denotes inequality up to a universal constant (here, el/ 2). In line 5, we are
using the fact that <x7y>k = <x®k, y®k>, where (-, ) denotes the Frobenius inner product
for tensor arguments. In the penultimate line we are using the fact that the moments match

up to order ¢ — 1. [ |

A.4 Vectorized Notation for Moments

Here we elaborate on the notation in Definition 2.2.9. We use A%, Al, and A" to denote the

following three (M + 1, M )-shaped matrix constants (here M = 3 for illustrative purposes):

1 00 1 00 0 00

5 1 10 ! 010 , 1 00
AS = Al = A" = (A4.1)

011 001 010

0 01 000 0 01

(s stands for sum, [ for left, and r for right, since the rows of (4%)T'C are ¢;_1 + ¢;, the rows

of (ANTC are ¢;_1, and the rows of (A")T'C are ¢;). The (M + 1, M + 1)-shaped matrix

A(p) is given by

(AS diag(p)(A%)T + Al diag(p)(A)T + A" diag(p)(AT)T> , (A.4.2)

Alp) =
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We use a(p) to denote the symmetric (M +1, M +1, M + 1)-shaped tensor whose mno entry

is given by
)mno = Z Pi (1214;3%%1;1 AS+ 6AfmAquéZ + GA?"WA;;Z A;Z> , (A.4.3)

A.5 Miscellaneous Technical Lemmas

In this section, we collect miscellaneous technical lemmas and information-theoretic facts.

Lemma A.5.1. Let z,y € R?, ||z||, |yl < 1. Suppose also that we have ||z — y|| < 1/3.

Then for any k > 1, we have the bound
2% — =R F <12 28|z — g (A5.2)

The proof is adapted from the proof of Lemma B.12 in [155].

Proof. Let v := (z,y — z). Note |y| < ||z||]|]z — y|| < ||z — y||. Observe that we can write

2
(z,y) = [|z]|" +~

2 2 2
[yll” = [l ]l® + 2y + [l — ylI*.
By the binomial theorem,

k k2
%% — 53,
k)2 k k k)2
= [a¥R)% = 2 (k2R 1 Jy=F |
2k k 2 2\k
= |21 = 2 (, )" + ()2 + 27 + llz = yII?)

k k
= 2l =2 (2l + )" + (Il2l? + 27 + o = I?)

_ ]2 — 22( )||:c|r“ j 7]+Z( )H:cn“ D2y + [l — )2
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2k—2 2 k—
e T N Z (]) |25
7j=2

+ (Hasu% + Rl 222y + ||z — y)?)
+Z( )nxn“ D(2y + [l — y||2)] )

k L
2 2(k— —2 2k—2 2
_ o }j(j) 252 ek |2 [z —
, %,_/ ———
Jj=2 <1

k
2(k— 2\j—k
+ (29 + o — yll) Z 2P 2y + e —y|?)F
J= <1

<292 2k kgl + (92 + Dl -yl + o - y)*) 2
< (1125 + Bl — y)?

<12 2F||z — ||,

In the third line from the bottom we are using the fact that the sum of the binomial coeffi-

cients is equal to 2. |

Definitions A.5.3. Let p and ¢ be the densities of two measures P and () that are absolutely
continuous with respect to the Lebesgue measure. The y2 divergence, KL divergence, and

TV distance are defined as

Tr) — xr 2
X2<P|’Q>:/(p( )q(;;( )) dx

KL(P|Q) = [ p(o) log (%) dr

V(P.Q) = sup P(4) — Q) = s \ [ 0) = gty as].

In the definition of the TV norm, the supremum is over all measurable sets.
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Lemma A.5.4. We have the bound
KL(P[Q) < x*(P|Q). (A.5.5)

Proof. This is an immediate consequence of the fact that log(x) <z — 1. [ |

Lemma A.5.6 (Pinsker’s Inequality, Lemma 2.5 in [156]). For any two measures P and @Q,

TV(P,Q) < vKL(P|Q)/2. (A.5.7)
Lemma A.5.8. Let P and Q be random variables and P®YN and Q®N denote the distribution
of N independent draws from P and Q. Then KL(P®N||Q®N) = NKL(P| Q).
Proof. For notational clarity, we only prove the case where N = 2. Then

KL(P#2)|Q%?)

~ [ [ st og (%) dedy
+

y
)
- o (22) e 27
= /Y p(y) /X p(z) log (%) drdy + /Y p(y) /X p(z)log (%) dxdy

= 2KL(P||Q).

p
q

Lemma A.5.9. Assume that cg,...,cpr € R are in generic position so that any collection
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of M of the ¢;’s is linearly independent. Let F'™ be the matriz given by

ip1(co + 1) + 5preg™ ifm=0
o 1Pm(Cm—1 + cm)®? + 1Pmi1(Cm + Cmg1) 2
+1Pmem® + Lpm10m®? Flem<M—1
ipar(enr—1 + ean)®® + sparen ™ if m = M.

Then {Fm}%zo is a linearly independent set.

Proof. We want to show that if T := Z%[:O kmF™ =0, then ky, =0 forallm=0,..., M.

We can reindex the sum to write

M
]{3‘71 + k; k'fl k-
T= Zl = pilem+ )P+ e+ i (A.5.10)
1=

For j =2,...,M —1, let z; be a vector in R? such that zj Lc;forallis#j—1,j. Let Tz,
denote the tensor contraction along the last index of 7. Then T'z; kills a large number of

terms and we have

ki_o+ ki1
%pj—ﬂcj—la zj)(cj_2+cj1)
. kjfl + k’j
4
kit
7 j+1
o pile ) (e + i)
1 k.
T pilejo1.a)ej_1 + Ejpj+1<0j, T)c;

1 k.
I pi1(cj_1,x)cjoq + %p;‘(% T)c;

T[Bj =

pjlcj—1 +cj ) (cj—1 +¢;)

o

+

™
[\

+

w ‘

We can rewrite this as T'rj = aj_9¢j 9 + a;j_1¢j-1 + @jc; + @j11¢41, where

ki o+ ki_q
j_g = %p]’—ﬂcj—l’xﬂ
ki_o+ ki1 ki 1+k;
aj = L—=———— 1 —pj_1lcj1,7j) + T—— 1 Ipjlej1 + ¢ z))
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ki_q ki_q
+—‘72 pj(Cj—1,x>+—‘72 pj-1{¢j-1,%)
ki_1+4k; ki +k;
J J J TR+l
aj = ———pj{ej-1 +¢j 2j) + = pjr1{cj, )
J J
+ 3pj+1<cj7 LE> + Epj<cj7 LU>
ki +k;
J Jj+1
Aj41 = =P+ )
By our assumption of genericness, ¢;_o,...,c;y1 are linearly independent. Note also that

rj is not in the span of ¢;_9 and ¢;11 by our definition of x;. Therefore, if the linear
combination of the four terms above is to be zero, that means we must have a; 9, ;411 = 0.
Our genericness assumption also implies that (c;_1,7;) and (cj, z;) are nonzero. Note also
that all p; are nonzero (positive, in fact). Therefore, if aj_9, a1 = 0, then it must follow
that k; o+ kj1 = 0 and k; + kj;1 = 0. Repeat this for j = 2,..., M — 1. Then if
Z%[:O km F™ =0, then (A.5.10) becomes

M
kic1 w2 | ki @2
S (S5tne + fne?) <0

1=1
We’ve thus reduced our problem to whether 06®2, cee c}?f is a linearly independent set.
Consider the sum
M
> ic? (A5.11)
1=0
where ~; are scalars. We can rewrite this as
M
2 2
Yeg? + Y vics?. (A.5.12)
=1

Suppose for the sake of contradiction that (A.5.12) is equal to zero and not all ; are equal to
zero; assume without loss of generality that g is nonzero. Since ¢y, ..., cys are linearly inde-
pendent, the summation is rank r, where r is the number of nonzero coefficients v1,..., v/,

so (A.5.12) is the sum of a rank 1 and rank r matrix. If » > 1, then this sum cannot possibly
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be zero. If r = 1, suppose without loss of generality that +1 is the only nonzero coefficient
among V1, - ..,Y), So that 700892 + 710?2 = 0. Then ¢y must be parallel to ¢, but this is

not possible by our assumption that ¢; are generic. [ |
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APPENDIX B
SUPPLEMENTARY MATERIAL TO CHAPTER 4

B.1 Miscellaneous Implementation Details

B.1.1 Hypernetwork Implementation Details

As described in Equation 4.3.3 in Section 4.3.4, the hypernetwork is a function H that maps
a noised MDF F¢(Q), a set of query points @), and a diffusion time step ¢ to the parameters 6
of an MNF Fy. These inputs are tokenized as follows. To encode the input MDF F(Q), we
begin by drawing a bounding box around the molecule and partitioning the enclosed volume
into a uniform ¢ x ¢ x ¢ 3D grid. A fixed number of query points are uniformly sampled
within each cell. For each query point q;, we first apply a learned positional encoding to its
3D coordinate, then concatenate the resulting embedding with the corresponding noised field
vector Ft(qj). These encoded query points form the input tokens to the transformer-based
hypernetwork. The diffusion time step t is embedded using sinusoidal Fourier features, as
in [68], and broadcast across all tokens. The transformer processes the sequence using self-
attention layers to capture spatial dependencies across grid cells, followed by MLPs. The
final token representations are passed through linear projections to produce the complete set

of MLP weights 6 for the downstream field Fy.

B.1.2  Training Curriculum

We train with a curriculum on the noise level. For the first 100 epochs of training, the
maximum noise level ¢ that we add to a sample is 10 (out of a total of 7" = 1000 noise
levels). For every subsequent epoch, the maximum possible noise level is increased by 1,
until 7' = 1000 is reached; we find that this accelerates training in practice; we show ablation

studies in §B.2.1.
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B.1.3  Hyperparameters

We use the LAMB optimizer [157] with a learning rate of 1 x 1072, a batch size of 5500,
and dropout set to 0.1. Both the noise schedule and the learning rate follow a cosine decay.

The hypernetwork consists of 26 transformer layers and contains approximately 52 million

parameters. All diffusion models are trained on NVIDIA H100 GPUs for 3500 epochs.

B.2 Ablation Studies

We conduct two ablation experiments to better understand key design choices in HyDiF: (1)
the impact of using a noise-level curriculum during training, and (2) the effect of the input

field type provided to the hypernetwork.

B.2.1  Effect of Noise Scale Curriculum

In Figure B.1, we compare training with and without a noise-level curriculum. In the cur-
riculum setting, the maximum diffusion noise level is gradually increased over the course of
training, starting from low noise levels and eventually reaching pure noise. This strategy
leads to faster convergence and improved training stability compared to the baseline with a
fixed maximum noise level throughout. Notably, we observe a rise in training loss around
epoch 800 in the curriculum setting, which coincides with the introduction of highly noised

inputs that are intrinsically more difficult to denoise.

B.2.2  FEffect of Input Field Type

In Figure B.2, we assess the impact of the type of input field (either a distance field or a
direction field) provided to the hypernetwork. We find that using a direction field as input
leads to lower training loss and more effective learning. We attribute this improvement to
the fact that direction fields contain higher-frequency signals compared to distance fields,
providing a more expressive representation of local molecular structure.
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Effect of Noise Scale Curriculum
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Figure B.1: Ablation study illustrating the benefit of using a training curriculum (blue) on
the diffusion noise scale versus no curriculum (orange). The curriculum improves convergence
and early performance by exposing the model to gradually harder denoising tasks. The rise
in loss near epoch 800 reflects the model being trained on highly noised inputs.

In both experiments, we report ¢1 loss of the field on the subset of query points that are
very close to the ground truth atomic coordinates—defined as the top 2% of query points with
the smallest distance to any atom. These points represent the highest-frequency components

of the MDF, and accurately modeling them is critical for capturing precise atomic structure.
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Effect of Input Field Type
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Figure B.2: Ablation study comparing the effect of input field type. Using a direction field
(blue) as input leads to improved training over a distance field (red), likely due to the richer
high-frequency information present in direction fields.

121



1]

2|

13l

4]

[5]

(6]

7]

8]

9]

BIBLIOGRAPHY

David A. King. “The Encyclopaedia of Islam, Second Edition”. In: vol. 5. Leiden:
Brill, 2006. Chap. Kibla: Astronomical Aspects. DOI: 10.1163/1573-3912_islam_

COM_0513.

J. L. Russell. “Kepler’s Laws of Planetary Motion: 1609-1666". In: The British Journal
for the History of Science 2.1 (1964), pp. 1-24. 1SSN: 00070874, 1474001X.

Nicolas Bacaér. A Short History of Mathematical Population Dynamics. Springer Lon-

don, 2011. 1SBN: 9780857291158. pOI: 10.1007/978-0-85729-115-8.

J. Dubochet and A.W. McDowall. “Vitrification of pure water for electron microscopy”.

In: Journal of microscopy 124.3 (1981), pp. 3—4.

Steven J Ludtke et al. “Seeing GroEL at 6 A Resolution by Single Particle Electron
Cryomicroscopy”. In: Structure 12.7 (2004), pp. 1129-1136. 1SSN: 0969-2126. DOI:

10.1016/j.str.2004.05.006.
C. Chaudhry et al. GroEL: 1ss8. Mar. 2004. DOI: 10.2210/pdb1ss8/pdb.

Michelle W. Y. Southey and Michael Brunavs. “Introduction to small molecule drug
discovery and preclinical development”. In: Frontiers in Drug Discovery Volume 3 -

2023 (2023). 1SSN: 2674-0338. DOI: 10.3389/fddsv.2023.1314077.

Regine S. Bohacek, Colin McMartin, and Wayne C. Guida. “The art and practice of
structure-based drug design: A molecular modeling perspective”. In: Medicinal Re-
search Reviews 16.1 (1996), pp. 3-50. DOI: 10.1002/(SICI)1098-1128(199601)16:

1<3::AID-MED1>3.0.C0;2-6.

Jacqueline Kuan et al. “Keeping pace with the explosive growth of chemical libraries
with structure-based virtual screening”. In: WIREs Computational Molecular Science

13.6 (2023), €1678. DOI: 10.1002/wcms . 1678.

122


https://doi.org/10.1163/1573-3912_islam_COM_0513
https://doi.org/10.1163/1573-3912_islam_COM_0513
https://doi.org/10.1007/978-0-85729-115-8
https://doi.org/10.1016/j.str.2004.05.006
https://doi.org/10.2210/pdb1ss8/pdb
https://doi.org/10.3389/fddsv.2023.1314077
https://doi.org/10.1002/(SICI)1098-1128(199601)16:1<3::AID-MED1>3.0.CO;2-6
https://doi.org/10.1002/(SICI)1098-1128(199601)16:1<3::AID-MED1>3.0.CO;2-6
https://doi.org/10.1002/wcms.1678

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

K.-P. Schroder and Robert Connon Smith. “Distant future of the Sun and Earth
revisited”. In: Monthly Notices of the Royal Astronomical Society 386.1 (Mar. 2008),

pp. 155-163. 1SSN: 0035-8711. DOI: 10.1111/3.1365-2966.2008.13022.x.

Phillip Lo and Yuehaw Khoo. Method of Moments for Estimation of Noisy Curves.

2024. arXiv: 2410.23220 [math.ST]. URL: https://arxiv.org/abs/2410.23220.

Marina Meila and Hanyu Zhang. “Manifold Learning: What, How, and Why”. In:
Annual Review of Statistics and Its Application 11 (Apr. 2024), pp. 393-417. DOI:

10.1146/annurev-statistics-040522-115238.

Charles Fefferman, Sanjoy Mitter, and Hariharan Narayanan. “Testing the Manifold
Hypothesis”. In: Journal of the American Mathematical Society 29.4 (Feb. 2016),

pp. 983-1049. DOL: 10.1090/jams/852.

Kitty Mohammed and Hariharan Narayanan. Manifold Learning Using Kernel Den-
sity Estimation and Local Principal Components Analysis. 2017. arXiv: 1709.03615

[math.ST]. URL: https://arxiv.org/abs/1709.03615.

Zhigang Yao and Yuqing Xia. Manifold Fitting under Unbounded Noise. 2024. arXiv:

1909.10228 [stat.ML]. URL: https://arxiv.org/abs/1909.10228.

Charles Fefferman et al. “Fitting a Putative Manifold to Noisy Data”. In: Proceedings
of the 31st Conference On Learning Theory. Vol. 75. Proceedings of Machine Learning
Research. PMLR, July 2018, pp. 688-720.

Hau-Tieng Wu. Design a Metric Robust to Complicated High Dimensional Noise for
Efficient Manifold Denoising. 2024. arXiv: 2401 . 03921 [stat.ML]. URL: https:

//arxiv.org/abs/2401.03921.

Dayang Wang et al. Manifoldron: Direct Space Partition via Manifold Discovery. 2022.

arXiv: 2201.05279 [cs.LG]. URL: https://arxiv.org/abs/2201.05279.

123


https://doi.org/10.1111/j.1365-2966.2008.13022.x
https://arxiv.org/abs/2410.23220
https://arxiv.org/abs/2410.23220
https://doi.org/10.1146/annurev-statistics-040522-115238
https://doi.org/10.1090/jams/852
https://arxiv.org/abs/1709.03615
https://arxiv.org/abs/1709.03615
https://arxiv.org/abs/1709.03615
https://arxiv.org/abs/1909.10228
https://arxiv.org/abs/1909.10228
https://arxiv.org/abs/2401.03921
https://arxiv.org/abs/2401.03921
https://arxiv.org/abs/2401.03921
https://arxiv.org/abs/2201.05279
https://arxiv.org/abs/2201.05279

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

Boris Landa and Xiuyuan Cheng. “Robust Inference of Manifold Density and Geome-
try by Doubly Stochastic Scaling”. In: STAM Journal on Mathematics of Data Science

5.3 (July 2023), pp. 589-614. DOL: 10.1137/22M1516968.

Charles Fefferman et al. Fitting a manifold to data in the presence of large noise.

2023. arXiv: 2312.10598 [math.ST]. URL: https://arxiv.org/abs/2312.10598.

Amit Singer and Fred J. Sigworth. “Computational methods for Single-Particle Elec-
tron Cryomicroscopy”. In: Annual Review of Biomedical Data Science 3.1 (July 2020),

pp- 163-190. DOT: 10.1146/annurev-biodatasci-021020-093826.

Amelia Perry et al. “The Sample Complexity of Multireference Alignment”. In: STAM
Journal on Mathematics of Data Science 1.3 (2019), pp. 497-517. DOI: 10. 1137/

18M1214317.

Amit Moscovich et al. “Cryo-EM Reconstruction of Continuous Heterogeneity by
Laplacian Spectral Volumes”. In: Inverse Problems 36.2 (Jan. 2020), p. 024003. DOTI:

10.1088/1361-6420/ab4£f55.

Roy R. Lederman, Joakim Andén, and Amit Singer. “Hyper-molecules: on the Repre-
sentation and Recovery of Dynamical Structures for Applications in Flexible Macro-
molecules in Cryo-EM”. In: Inverse Problems 36.4 (Mar. 2020), p. 044005. DOI: 10.

1088/1361-6420/abbede.

Alan E. Gelfand. “Seriation Methods for Archaeological Materials”. In: American

Antiquity 36.3 (July 1971), pp. 263-274. DOI: 10.2307/277714.

Jonathan E. Atkins, Erik G. Boman, and Bruce Hendrickson. “A Spectral Algorithm
for Seriation and the Consecutive Ones Problem”. In: SIAM Journal on Computing

28.1 (1998), pp. 297-310. DOI: 10.1137/30097539795285771.

Fajwel Fogel, Alexandre d’Aspremont, and Milan Vojnovic. “SerialRank: Spectral
Ranking Using Seriation”. In: Advances in Neural Information Processing Systems.

Ed. by Z. Ghahramani et al. Vol. 27. Curran Associates, Inc., 2014.
124


https://doi.org/10.1137/22M1516968
https://arxiv.org/abs/2312.10598
https://arxiv.org/abs/2312.10598
https://doi.org/10.1146/annurev-biodatasci-021020-093826
https://doi.org/10.1137/18M1214317
https://doi.org/10.1137/18M1214317
https://doi.org/10.1088/1361-6420/ab4f55
https://doi.org/10.1088/1361-6420/ab5ede
https://doi.org/10.1088/1361-6420/ab5ede
https://doi.org/10.2307/277714
https://doi.org/10.1137/S0097539795285771

28]

[29]

[30]

31

[32]

[33]

[34]

[35]

[36]

137]

Philippe Rigollet and Jonathan Weed. “Uncoupled Isotonic Regression via Minimum
Wasserstein deconvolution”. In: Information and Inference: A Journal of the IMA 8.4

(Apr. 2019), pp. 691-717. DOI: 10.1093/imaiai/iaz006.

Yuehaw Khoo et al. Temporal label recovery from noisy dynamical data. 2024. arXiv:

2406.13635 [stat.ME]. URL: https://arxiv.org/abs/2406.13635.

Joao M. Pereira, Joe Kileel, and Tamara G. Kolda. Tensor Moments of Gaussian
Mizture Models: Theory and Applications. 2022. arXiv: 2202.06930 [stat.ML]. URL:

https://arxiv.org/abs/2202.06930.

Steven J. Gortler, Alexander D. Healy, and Dylan P. Thurston. Characterizing Generic
Global Rigidity. 2010. arXiv: 0710.0926 [math.MG]. URL: %7Bhttps://arxiv.org/

abs/0710.0926%7D.

Boris Mityagin. The Zero Set of a Real Analytic Function. 2015. arXiv: 1512.07276

[math.CA]. URL: https://arxiv.org/abs/1512.07276.

Bjorn Holmquist. “Moments and Cumulants of the Multivariate Normal Distribution”.
In: Stochastic Analysis and Applications 6.3 (Jan. 1988), pp. 273-278. DOIL: 10.1080/

07362998808809148.

Animashree Anandkumar et al. “Tensor decompositions for learning latent variable

models”. In: J. Mach. Learn. Res. 15.1 (Jan. 2014), pp. 2773-2832. 1SSN: 1532-4435.

James Bradbury et al. JAX: Composable Transformations of Python + NumPy pro-

grams. Version 0.3.13. 2018.

Mathieu Blondel et al. Efficient and Modular Implicit Differentiation. 2022. arXiv:

2105.15183 [cs.LG]. URL: https://arxiv.org/abs/2105.15183.

Cedric Villani. Optimal Transport. Grundlehren der mathematischen Wissenschaften.

Berlin, Germany: Springer, Dec. 2009.

125


https://doi.org/10.1093/imaiai/iaz006
https://arxiv.org/abs/2406.13635
https://arxiv.org/abs/2406.13635
https://arxiv.org/abs/2202.06930
https://arxiv.org/abs/2202.06930
https://arxiv.org/abs/0710.0926
%7Bhttps://arxiv.org/abs/0710.0926%7D
%7Bhttps://arxiv.org/abs/0710.0926%7D
https://arxiv.org/abs/1512.07276
https://arxiv.org/abs/1512.07276
https://arxiv.org/abs/1512.07276
https://doi.org/10.1080/07362998808809148
https://doi.org/10.1080/07362998808809148
https://arxiv.org/abs/2105.15183
https://arxiv.org/abs/2105.15183

[38] Filippo Santambrogio. Optimal Transport for Applied Mathematicians: Calculus of
Variations, PDEs, and Modeling. Springer International Publishing, 2015. 1ISBN: 9783319208282.

DOI: 10.1007/978-3-319-20828-2.

[39] Justin Solomon. Optimal Transport on Discrete Domains. 2018. arXiv: 1801.07745

[math.0C]. URL: https://arxiv.org/abs/1801.07745.

[40] Jozef Strecka and Michal Jascur. A brief account of the Ising and Ising-like models:
Mean-field, effective-field and exact results. 2015. arXiv: 1511.03031 [cond-mat.stat-mech].

URL: https://arxiv.org/abs/1511.03031.

[41] Roy J. Glauber. “Time-Dependent Statistics of the Ising Model”. In: Journal of Math-
ematical Physics 4.2 (Feb. 1963), pp. 294-307. 1SSN: 0022-2488, 1089-7658. DOI: 10.

1063/1.1703954.

[42] Mario J. De Oliveira. “Linear Glauber model”. In: Physical Review E 67.6 (June 2003),

p. 066101. 18SN: 1063-651X, 1095-3787. DOI: 10.1103/PhysRevE.67.066101

[43] Shaon Sahoo and Soumya Kanti Ganguly. “Optimal Linear Glauber Model”. In: Jour-
nal of Statistical Physics 159.2 (Apr. 2015), pp. 336-357. 1SSN: 0022-4715, 1572-9613.

DOI: 10.1007/s10955-015-1188-y.

[44]  Jean-David Benamou and Yann Breiner. “A Computational Fluid Mechanics Solution
to the Monge-Kantorovich Mass Transfer Problem”. In: Numerische Mathematik 84

(Jan. 2000), pp. 375-393. DOI: 10.1007/5002110050002.

[45] Benedetto Piccoli and Francesco Rossi. “On Properties of the Generalized Wasserstein
Distance”. In: Archive for Rational Mechanics and Analysis 222 (July 2016), pp. 1339—

1364. poI: 10.1007/s00205-016-1026-7.

[46] Lorenzo Brasco. “A Survey on Dynamical Transport Distances”. In: Journal of Math-

ematical Sciences 181 (Mar. 2012), pp. 755-781. DOI: 10.1007/s10958-012-0713-7.

126


https://doi.org/10.1007/978-3-319-20828-2
https://arxiv.org/abs/1801.07745
https://arxiv.org/abs/1801.07745
https://arxiv.org/abs/1801.07745
https://arxiv.org/abs/1511.03031
https://arxiv.org/abs/1511.03031
https://doi.org/10.1063/1.1703954
https://doi.org/10.1063/1.1703954
https://doi.org/10.1103/PhysRevE.67.066101
https://doi.org/10.1007/s10955-015-1188-y
https://doi.org/10.1007/s002110050002
https://doi.org/10.1007/s00205-016-1026-7
https://doi.org/10.1007/s10958-012-0713-7

[47]

48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

L. V. Kantorovich. “Mathematical Methods of Organizing and Planning Production”.
In: Management Science 6.4 (July 1960), pp. 366-422. 1SSN: 1526-5501. DOI: 10 .

1287/mnsc.6.4.366.

George B. Dantzig. Linear Programming and Extensions. Princeton University Press,

1991.

Robert J. Vanderbei. Linear Programming: Foundations and Fxtensions. Springer
International Publishing, 2020. 1SBN: 9783030394158. DOI: 10.1007/978-3-030-

39415-8.

Renato D. C. Monteiro and Ilan Adler. “Interior Path Following Primal-dual algo-
rithms. Part I: Linear Programming”. In: Mathematical Programming 44.1-3 (May

1989), pp. 27-41. 1SSN: 0025-5610, 1436-4646. DOI: 10.1007/BF01587075.

Haihao Lu. First-Order Methods for Linear Programming. 2024. arXiv: 2403 . 14535

[math.0C]. URL: https://arxiv.org/abs/2403.14535.

David Applegate et al. “Practical Large-Scale Linear Programming using Primal-Dual
Hybrid Gradient”. In: Advances in Neural Information Processing Systems. Ed. by M.

Ranzato et al. Vol. 34. Curran Associates, Inc., 2021, pp. 20243-20257.

Vahab Mirrokni. Google Research, 2022 & Beyond: Algorithmic Advances. https :
//ai.googleblog.com/2023/02/google-research-2022-beyond-algorithmic.
html. 2023-02-10.

Minggiang Zhu and Tony Chan. “ An Efficient Primal-dual Hybrid Gradient Algorithm
for Total Variation Image Restoration”. In: UCLA CAM Reports 34 (2008), pp. 8-34.

Antonin Chambolle and Thomas Pock. “A First-order Primal-dual Algorithm for
Convex Problems with Applications to Imaging”. In: Journal of Mathematical Imaging

and Vision 40 (2011), pp. 120-145.

127


https://doi.org/10.1287/mnsc.6.4.366
https://doi.org/10.1287/mnsc.6.4.366
https://doi.org/10.1007/978-3-030-39415-8
https://doi.org/10.1007/978-3-030-39415-8
https://doi.org/10.1007/BF01587075
https://arxiv.org/abs/2403.14535
https://arxiv.org/abs/2403.14535
https://arxiv.org/abs/2403.14535
https://ai.googleblog.com/2023/02/google-research-2022-beyond-algorithmic.html
https://ai.googleblog.com/2023/02/google-research-2022-beyond-algorithmic.html
https://ai.googleblog.com/2023/02/google-research-2022-beyond-algorithmic.html

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

Samuel Kotz, N. Balakrishnan, and Norman L. Johnson. Continuous Multivariate
Distributions: Models and Applications. Wiley, Apr. 2000. 1SBN: 9780471722069. DOT:

10.1002/0471722065.

Yian Chen, Yuehaw Khoo, and Lek-Heng Lim. Convex Relazation for Fokker-Planck.

2023. arXiv: 2306.03292 [math.NA]. URL: https://arxiv.org/abs/2306.03292.

Kurt Binder and Erik Luijten. “Monte Carlo Tests of Renormalization-group Pre-
dictions for Critical Phenomena in Ising Models”. In: Physics Reports 344.4 (2001),

pp. 179-253. 18SN: 0370-1573. DOI: 10.1016/S0370-1573(00)00127-7.

Michael M. Bronstein et al. “Geometric Deep Learning: Going Beyond Euclidean
Data”. In: IEEE Signal Processing Magazine 34.4 (2017), pp. 18-42.

R. Qi Charles et al. “PointNet: Deep Learning on Point Sets for 3D Classification and
Segmentation”. In: 2017 IEEE Conference on Computer Vision and Pattern Recogni-

tion (CVPR). 2017, pp. 77-85. DOI: 10.1109/CVPR.2017. 16.

Yin Zhou and Oncel Tuzel. “VoxelNet: End-to-End Learning for Point Cloud Based
3D Object Detection”. In: 2018 IEEE/CVF Conference on Computer Vision and

Pattern Recognition. 2018, pp. 4490-4499. DOI: 10.1109/CVPR.2018.00472.

Hengshuang Zhao et al. “Point Transformer”. In: 2021 IEEE/CVF International
Conference on Computer Vision (ICCV). 2021, pp. 16239-16248. DOI: 10 . 1109/

ICCV48922.2021.01595.

Rana Hanocka et al. “MeshCNN: a network with an edge”. In: ACM Trans. Graph.

38.4 (July 2019). 1ssN: 0730-0301. DOI: 10.1145/3306346.3322959.

Patrick Reiser et al. “Graph Neural Networks for Materials Science and Chemistry”.

In: Communications Materials 3.1 (2022), p. 93.

Amil Merchant et al. “Scaling deep learning for materials discovery”. In: Nature

624.7990 (2023), pp. 80-85.

128


https://doi.org/10.1002/0471722065
https://arxiv.org/abs/2306.03292
https://arxiv.org/abs/2306.03292
https://doi.org/10.1016/S0370-1573(00)00127-7
https://doi.org/10.1109/CVPR.2017.16
https://doi.org/10.1109/CVPR.2018.00472
https://doi.org/10.1109/ICCV48922.2021.01595
https://doi.org/10.1109/ICCV48922.2021.01595
https://doi.org/10.1145/3306346.3322959

[66]

[67]

[68]

[69]

[70]

|71

[72]

73]

Bojun Liu et al. Vozxel-based Point Cloud Geometry Compression with Space-to-
Channel Context. 2025. arXiv: 2503 . 18283 [cs.CV]. URL: https://arxiv.org/

abs/2503.18283.

Vincent Sitzmann et al. “Implicit neural representations with periodic activation func-
tions”. In: Proceedings of the 34th International Conference on Neural Information
Processing Systems. NeurIPS ’20. Vancouver, BC, Canada: Curran Associates Inc.,

2020. 1SBN: 9781713829546.

Ben Mildenhall et al. “NeRF: Representing Scenes as Neural Radiance Fields for View
Synthesis”. In: Communications of the ACM 65.1 (Dec. 2021), pp. 99-106. 1SSN: 0001-

0782. DOI: 10.1145/3503250.

Sosuke Kobayashi, Eiichi Matsumoto, and Vincent Sitzmann. “Decomposing NeRF
for editing via feature field distillation”. In: Proceedings of the 36th International
Conference on Neural Information Processing Systems. NeurlPS ’22. New Orleans,

LA, USA: Curran Associates Inc., 2022. 1SBN: 9781713871088.

Itai Lang et al. “iSeg: Interactive 3D Segmentation via Interactive Attention”. In:
SIGGRAPH Asia 2024 Conference Papers. SA ’24. Tokyo, Japan: Association for

Computing Machinery, 2024. 1SBN: 9798400711312. DOI: 10.1145/3680528.3687605.

Gabriele Corso et al. DiffDock: Diffusion Steps, Twists, and Turns for Molecular
Docking. 2023. arXiv: 2210.01776 [q-bio.BM]. URL: https://arxiv.org/abs/

2210.01776.

Jiaqi Guan et al. 3D Equivariant Diffusion for Target-Aware Molecule Generation
and Affinity Prediction. 2023. arXiv: 2303.03543 [gq-bio.BM]. URL: https://arxiv.

org/abs/2303.03543.

Arne Schneuing et al. Structure-based Drug Design with Equivariant Diffusion Models.

2024. arXiv: 2210.13695 [g-bio.BM]. URL: https://arxiv.org/abs/2210.13695.

129


https://arxiv.org/abs/2503.18283
https://arxiv.org/abs/2503.18283
https://arxiv.org/abs/2503.18283
https://doi.org/10.1145/3503250
https://doi.org/10.1145/3680528.3687605
https://arxiv.org/abs/2210.01776
https://arxiv.org/abs/2210.01776
https://arxiv.org/abs/2210.01776
https://arxiv.org/abs/2303.03543
https://arxiv.org/abs/2303.03543
https://arxiv.org/abs/2303.03543
https://arxiv.org/abs/2210.13695
https://arxiv.org/abs/2210.13695

[74]

[75]

|76]

7]

78]

[79]

[80]

[81]

Sudarshan Babu et al. “HyperFields: Towards zero-shot generation of NeRFs from
text”. In: Proceedings of the 4l1st International Conference on Machine Learning.

ICML’24. Vienna, Austria: JMLR.org, 2024.

M. Przewiezlikowski et al. HyperMAML: Few-Shot Adaptation of Deep Models with
Hypernetworks. 2024. arXiv: 2205.15745 [cs.LG]. URL: https://arxiv.org/abs/

2205.15745.

Jonathan Ho, Ajay Jain, and Pieter Abbeel. “Denoising diffusion probabilistic mod-
els”. In: Proceedings of the 34th International Conference on Neural Information Pro-
cessing Systems. NeurIPS ’20. Vancouver, BC, Canada: Curran Associates Inc., 2020.
ISBN: 9781713829546.

Oriel Frigo, Rémy Brossard, and David Dehaene. Graph Context Encoder: Graph
Feature Inpainting for Graph Generation and Self-supervised Pretraining. 2021. arXiv:

2106.10124 [cs.LG]. URL: https://arxiv.org/abs/2106.10124.

Thomas E. Hadfield et al. “Incorporating Target-Specific Pharmacophoric Information
into Deep Generative Models for Fragment Elaboration”. In: Journal of Chemical
Information and Modeling 62.10 (2022). PMID: 35499971, pp. 2280-2292. DOI: 10.

1021/acs.jcim.1c01311.

Maxime Langevin et al. “Scaffold-Constrained Molecular Generation”. In: Journal of
Chemical Information and Modeling 60.12 (2020). PMID: 33301333, pp. 5637-5646.

DOI: 10.1021/acs. jcim.0c01015.

Krzysztof Maziarz et al. Learning to Extend Molecular Scaffolds with Structural Mo-

tifs. 2024. arXiv: 2103.03864 [cs.LG]. URL: https://arxiv.org/abs/2103.03864.

Xiao Zhang et al. Residual Connections Harm Generative Representation Learning.

2025. arXiv: 2404.10947 [cs.CV]. URL: https://arxiv.org/abs/2404.10947.

130


https://arxiv.org/abs/2205.15745
https://arxiv.org/abs/2205.15745
https://arxiv.org/abs/2205.15745
https://arxiv.org/abs/2106.10124
https://arxiv.org/abs/2106.10124
https://doi.org/10.1021/acs.jcim.1c01311
https://doi.org/10.1021/acs.jcim.1c01311
https://doi.org/10.1021/acs.jcim.0c01015
https://arxiv.org/abs/2103.03864
https://arxiv.org/abs/2103.03864
https://arxiv.org/abs/2404.10947
https://arxiv.org/abs/2404.10947

[82] Xiao Zhang and Michael Maire. Structural Adversarial Objectives for Self-Supervised
Representation Learning. 2023. arXiv: 2310.00357 [cs.CV]. URL: https://arxiv.

org/abs/2310.00357.

[83] Xiao Zhang, David Yunis, and Michael Maire. Deciphering ‘What’ and ‘Where’ Visual
Pathways from Spectral Clustering of Layer-Distributed Neural Representations. 2024.

arXiv: 2312.06716 [cs.CV]. URL: https://arxiv.org/abs/2312.06716.

[84] Xingyi Yang and Xinchao Wang. “Diffusion Model as Representation Learner”. In:
2028 IEEE/CVF International Conference on Computer Vision (ICCV). 2023, pp. 18892—

18903. por: 10.1109/ICCV51070.2023.01736.

[85] Tianhong Li et al. “MAGE: MAsked Generative Encoder to Unify Representation
Learning and Image Synthesis”. In: 2028 IEEE/CVF Conference on Computer Vision
and Pattern Recognition (CVPR). 2023, pp. 2142-2152. DOI: 10.1109/CVPR52729.

2023.00213.

[86] Laurianne David et al. “Molecular representations in Al-driven drug discovery: a
review and practical guide”. In: Journal of Cheminformatics 12.1 (Sept. 2020), p. 56.

ISSN: 1758-2946. DOI: 10.1186/s13321-020-00460-5.

[87] David Weininger. “SMILES, a Chemical Language and Information System. 1. Intro-
duction to Methodology and Encoding Rules”. In: Journal of Chemical Information

and Computer Sciences 28.1 (1988), pp. 31-36. DOI: 10.1021/¢ci00057a005.

[88] David Weininger, Arthur Weininger, and Joseph L. Weininger. “SMILES. 2. Algo-
rithm for Generation of Unique SMILES Notation”. In: Journal of Chemical Informa-

tion and Computer Sciences 29.2 (1989), pp. 97-101. DOI: 10.1021/ci00062a008.

[89] David Weininger. “SMILES. 3. DEPICT. Graphical Depiction of Chemical Struc-
tures”. In: Journal of Chemical Information and Computer Sciences 30.3 (1990),

pp. 237-243. DOI: 10.1021/ci00067a005.

131


https://arxiv.org/abs/2310.00357
https://arxiv.org/abs/2310.00357
https://arxiv.org/abs/2310.00357
https://arxiv.org/abs/2312.06716
https://arxiv.org/abs/2312.06716
https://doi.org/10.1109/ICCV51070.2023.01736
https://doi.org/10.1109/CVPR52729.2023.00213
https://doi.org/10.1109/CVPR52729.2023.00213
https://doi.org/10.1186/s13321-020-00460-5
https://doi.org/10.1021/ci00057a005
https://doi.org/10.1021/ci00062a008
https://doi.org/10.1021/ci00067a005

[90]

[91]

[92]

193]

[94]

195]

196]

[97]

198

Stephen R Heller et al. “InChl, the IUPAC International Chemical Identifier”. In:
Journal of Cheminformatics 7 (May 2015). 1SSN: 1758-2946.

Mario Krenn et al. “Self-referencing Embedded Strings (SELFIES): A 100% Robust
Molecular String Representation”. In: Machine Learning: Science and Technology 1.4

(Oct. 2020), p. 045024. DOL: 10.1088/2632-2153/aba947.

Mario Krenn et al. “SELFIES and the Future of Molecular String Representations”.
In: Patterns 3.10 (2022), p. 100588. 1SSN: 2666-3899. DOI: 10.1016/j.patter.2022.

100588.

Christiane O. Dietrich-Buchecker and Jean-Pierre Sauvage. “A Synthetic Molecular
Trefoil Knot”. In: Angewandte Chemie International Edition in English 28.2 (Feb.

1989), pp. 189-192. 1SSN: 0570-0833. DOL: 10.1002/anie.198901891.

Stephen D. P. Fielden, David A. Leigh, and Steffen L. Woltering. “Molecular Knots”.
In: Angewandte Chemie International Edition 56.37 (Aug. 2017), pp. 11166-11194.

ISSN: 1521-3773. DOI: 10.1002/anie.201702531.

M. S. Smyth and J. H. Martin. “X-ray Crystallography”. In: Molecular Pathology 53.1

(Feb. 2000), pp. 8-14. 1SSN: 1366-8714. DOI: 10.1136/mp.53.1.8.

Claudio F. Tormena. “Conformational Analysis of Small Molecules: NMR and Quan-
tum Mechanics Calculations”. In: Progress in Nuclear Magnetic Resonance Spec-

troscopy 96 (2016), pp. 73-88. 1SSN: 0079-6565. DOI: 10.1016/j .pnmrs.2016.04.001.

Thomas A. Halgren. “Merck Molecular Force Field. 1. Basis, Form, scope, Parame-
terization, and Performance of MMFF94”. In: Journal of Computational Chemistry
17.5-6 (1996), pp. 490-519. DOI: 10.1002/ (SICI)1096-987X(199604)17:5/6<490: :

AID-JCC1>3.0.C0;2-P.

Philipp Pracht, Fabian Bohle, and Stefan Grimme. “Automated Exploration of the

Low-energy Chemical Space with Fast Quantum Chemical Methods”. In: Physical

132


https://doi.org/10.1088/2632-2153/aba947
https://doi.org/10.1016/j.patter.2022.100588
https://doi.org/10.1016/j.patter.2022.100588
https://doi.org/10.1002/anie.198901891
https://doi.org/10.1002/anie.201702531
https://doi.org/10.1136/mp.53.1.8
https://doi.org/10.1016/j.pnmrs.2016.04.001
https://doi.org/10.1002/(SICI)1096-987X(199604)17:5/6<490::AID-JCC1>3.0.CO;2-P
https://doi.org/10.1002/(SICI)1096-987X(199604)17:5/6<490::AID-JCC1>3.0.CO;2-P

[99]

[100]

101]

[102]

[103]

[104]

[105]

[106]

Chemistry Chemical Physics 22.14 (2020), pp. 7169-7192. 1sSN: 1463-9084. DOI: 10.

1039/¢9cp06869d.

Noel M O’Boyle et al. “Confab - Systematic Generation of Diverse Low-energy Con-
formers”. In: Journal of Cheminformatics 3.1 (Mar. 2011). 1SSN: 1758-2946. DOI:

10.1186/1758-2946-3-8.

Paul C. D. Hawkins et al. “Conformer Generation with OMEGA: Algorithm and
Validation Using High Quality Structures from the Protein Databank and Cambridge
Structural Database”. In: Journal of Chemical Information and Modeling 50.4 (2010).

PMID: 20235588, pp. 572-584. DOI: 10.1021/ci100031x.

Mikko J. Vainio and Mark S. Johnson. “Generating Conformer Ensembles Using a
Multiobjective Genetic Algorithm”. In: Journal of Chemical Information and Model-
ing 47.6 (2007). PMID: 17892278, pp. 2462-2474. DOI: 10.1021/ci6005646.

J Santeri Puranen, Mikko J Vainio, and Mark S Johnson. “Accurate Conformation-
dependent Molecular Electrostatic Potentials for High-throughput in Silico Drug Dis-

covery”. In: Journal of Computational Chemistry 31.8 (June 2010).

Sereina Riniker and Gregory A. Landrum. “Better Informed Distance Geometry: Us-
ing What We Know To Improve Conformation Generation”. In: Journal of Chem-
ical Information and Modeling 55.12 (2015). PMID:26575315, pp. 2562-2574. DOI:

10.1021/acs. jcim.5b00654.
RDKit: Open-source Chemoinformatics. 2025. URL: https://www.rdkit.org.

Simon Axelrod and Rafael Gomez-Bombarelli. “GEOM, Energy-annotated Molecular
Conformations for Property Prediction and Molecular Generation”. In: Scientific Data

9.1 (Apr. 2022), p. 185. 1SSN: 2052-4463. DOI: 10.1038/s41597-022-01288-4.

Gregor Simm and Jose Miguel Hernandez-Lobato. “A Generative Model for Molecular

Distance Geometry”. In: Proceedings of the 37th International Conference on Machine

133


https://doi.org/10.1039/c9cp06869d
https://doi.org/10.1039/c9cp06869d
https://doi.org/10.1186/1758-2946-3-8
https://doi.org/10.1021/ci100031x
https://doi.org/10.1021/ci6005646
https://doi.org/10.1021/acs.jcim.5b00654
https://www.rdkit.org
https://doi.org/10.1038/s41597-022-01288-4

[107]

[108]

109

[110]

[111]

[112]

[113]

[114]

Learning. Ed. by Hal Daumé III and Aarti Singh. Vol. 119. Proceedings of Machine
Learning Research. PMLR, July 2020, pp. 8949-8958.

Chence Shi et al. “Learning Gradient Fields for Molecular Conformation Generation”.
In: Proceedings of the 38th International Conference on Machine Learning. Ed. by
Marina Meila and Tong Zhang. Vol. 139. Proceedings of Machine Learning Research.
PMLR, July 2021, pp. 9558-9568.

Minkai Xu et al. “An End-to-End Framework for Molecular Conformation Generation
via Bilevel Programming”. In: Proceedings of the 38th International Conference on
Machine Learning. Ed. by Marina Meila and Tong Zhang. Vol. 139. Proceedings of
Machine Learning Research. PMLR, July 2021, pp. 11537-11547.

Shitong Luo et al. “Predicting Molecular Conformation via Dynamic Graph Score
Matching”. In: Advances in Neural Information Processing Systems. Ed. by M. Ran-

zato et al. Vol. 34. Curran Associates, Inc., 2021, pp. 19784-19795.

Elman Mansimov et al. “Molecular Geometry Prediction using a Deep Generative

Graph Neural Network”. In: Scientific Reports 9.1 (Dec. 2019). 1SSN: 2045-2322. DOL:

10.1038/s41598-019-56773-5.

Octavian-Eugen Ganea et al. “GeoMol: Torsional Geometric Generation of Molecular
3D Conformer Ensembles”. In: Advances in Neural Information Processing Systems.

Ed. by A. Beygelzimer et al. 2021.

Jinhua Zhu et al. Direct Molecular Conformation Generation. 2022. arXiv: 2202 .

01356 [cs.AI]. URL: https://arxiv.org/abs/2202.01356.

Minkai Xu et al. “GeoDiff: A Geometric Diffusion Model for Molecular Conformation

Generation”. In: International Conference on Learning Representations. 2022.

Kirk Swanson, Jake Lawrence Williams, and Eric M Jonas. “Von Mises Mixture Dis-

tributions for Molecular Conformation Generation”. In: Proceedings of the 40th In-

134


https://doi.org/10.1038/s41598-019-56773-5
https://arxiv.org/abs/2202.01356
https://arxiv.org/abs/2202.01356
https://arxiv.org/abs/2202.01356

[115]

[116]

[117]

[118]

[119]

[120]

[121]

ternational Conference on Machine Learning. Ed. by Andreas Krause et al. Vol. 202.
Proceedings of Machine Learning Research. PMLR, July 2023, pp. 33319-33342.

Toshiki Ochiai et al. “Variational autoencoder-based chemical latent space for large
molecular structures with 3D complexity”. In: Communications Chemistry 6.1 (Nov.

2023). 1SSN: 2399-3669. DOI: 10.1038/s42004-023-01054-6.

Jaechang Lim et al. “Molecular generative model based on conditional variational
autoencoder for de novo molecular design”. In: Journal of Cheminformatics 10.1 (July

2018). 1SSN: 1758-2946. DOI: 10.1186/s13321-018-0286-7.

Ryan J Richards and Austen M Groener. Conditional 5-VAE for De Novo Molecular
Generation. 2022. arXiv: 2205.01592 [q-bio.BM]. URL: https://arxiv.org/abs/

2205.01592.

Minkai Xu et al. Learning Neural Generative Dynamics for Molecular Conformation
Generation. 2021. arXiv: 2102. 10240 [cs.LG]. URL: https://arxiv. org/abs/

2102.10240.

Yiheng Zhu et al. MolHF: A Hierarchical Normalizing Flow for Molecular Graph
Generation. 2023. arXiv: 2305 . 08457 [cs.LG]. URL: https://arxiv.org/abs/

2305.08457.

Eyal Rozenberg and Daniel Freedman. Semi-FEquivariant Continuous Normalizing
Flows for Target-Aware Molecule Generation. 2022. arXiv: 2211 . 04754 [cs.LG].

URL: https://arxiv.org/abs/2211.04754.

Bruno Macedo, Inés Ribeiro Vaz, and Tiago Taveira Gomes. “MedGAN: optimized
generative adversarial network with graph convolutional networks for novel molecule
design”. In: Scientific Reports 14.1 (Jan. 2024). 1SSN: 2045-2322. DOI: 10 . 1038/

541598-023-50834-6.

135


https://doi.org/10.1038/s42004-023-01054-6
https://doi.org/10.1186/s13321-018-0286-7
https://arxiv.org/abs/2205.01592
https://arxiv.org/abs/2205.01592
https://arxiv.org/abs/2205.01592
https://arxiv.org/abs/2102.10240
https://arxiv.org/abs/2102.10240
https://arxiv.org/abs/2102.10240
https://arxiv.org/abs/2305.08457
https://arxiv.org/abs/2305.08457
https://arxiv.org/abs/2305.08457
https://arxiv.org/abs/2211.04754
https://arxiv.org/abs/2211.04754
https://doi.org/10.1038/s41598-023-50834-6
https://doi.org/10.1038/s41598-023-50834-6

[122]

[123]

124]

[125]

[126]

[127]

[128]

[129]

Andrew E. Blanchard, Christopher Stanley, and Debsindhu Bhowmik. “Using GANs
with adaptive training data to search for new molecules”. In: Journal of Cheminfor-

matics 13.1 (Feb. 2021). 1SSN: 1758-2946. DOI: 10.1186/s13321-021-00494-3.

Ziqiao Zhang et al. “GANs for Molecule Generation in Drug Design and Discovery”.
In: Generative Adversarial Learning: Architectures and Applications. Springer Inter-
national Publishing, 2022, pp. 233-273. 1SBN: 9783030913908. DOI: 10.1007/978-3-

030-91390-8_11.

Arne Schneuing et al. “Structure-based drug design with equivariant diffusion models”.
In: Nature Computational Science 4.12 (Dec. 2024), pp. 899-909. 1SSN: 2662-8457.

DOI: 10.1038/s43588-024-00737-x.

Clemens Isert, Kenneth Atz, and Gisbert Schneider. “Structure-based drug design
with geometric deep learning”. In: Current Opinion in Structural Biology 79 (2023),

p. 102548. 18SN: 0959-440X. DOI: 10.1016/j.sbi.2023.102548.

Emiel Hoogeboom et al. “Equivariant Diffusion for Molecule Generation in 3D”. In:
Proceedings of the 39th International Conference on Machine Learning. Ed. by Ka-
malika Chaudhuri et al. Vol. 162. Proceedings of Machine Learning Research. PMLR,
July 2022, pp. 8867-8887.

Minkai Xu et al. Geometric Latent Diffusion Models for 3D Molecule Generation.

2023. arXiv: 2305.01140 [cs.LG]. URL: https://arxiv.org/abs/2305.01140.

Clement Vignac et al. MiDi: Mized Graph and 3D Denoising Diffusion for Molecule
Generation. 2023. arXiv: 2302 .09048 [cs.LG]. URL: https://arxiv.org/abs/

2302.09048.

Pedro O. Pinheiro et al. “3D molecule generation by denoising voxel grids”. In: Proceed-
ings of the 37th International Conference on Neural Information Processing Systems.

NeurIPS ’23. New Orleans, LA, USA: Curran Associates Inc., 2023.

136


https://doi.org/10.1186/s13321-021-00494-3
https://doi.org/10.1007/978-3-030-91390-8_11
https://doi.org/10.1007/978-3-030-91390-8_11
https://doi.org/10.1038/s43588-024-00737-x
https://doi.org/10.1016/j.sbi.2023.102548
https://arxiv.org/abs/2305.01140
https://arxiv.org/abs/2305.01140
https://arxiv.org/abs/2302.09048
https://arxiv.org/abs/2302.09048
https://arxiv.org/abs/2302.09048

[130]

[131]

[132]

133

[134]

[135]

[136]

137]

Matthieu Kirchmeyer, Pedro O. Pinheiro, and Saeed Saremi. Score-based 3D molecule
generation with neural fields. 2025. arXiv: 2501 . 08508 [cs.LG]. URL: https://

arxiv.org/abs/2501.08508.

Yuyang Wang et al. Swallowing the Bitter Pill: Simplified Scalable Conformer Gen-
eration. 2024. arXiv: 2311.17932 [physics.chem-ph]. URL: https://arxiv.org/

abs/2311.17932.

Chao Hu et al. “ScaffoldGVAE: scaffold generation and hopping of drug molecules via
a variational autoencoder based on multi-view graph neural networks”. In: Journal
of Cheminformatics 15.1 (Oct. 2023). 1SSN: 1758-2946. DOI: 10.1186/s13321-023-

00766-0.

Zhirui Liao et al. “Sc2Mol: a scaffold-based two-step molecule generator with varia-
tional autoencoder and transformer”. In: Bioinformatics 39.1 (Dec. 2022), btac814.

ISSN: 1367-4811. DOI: 10.1093/bioinformatics/btac814.

Walid Ahmad et al. ChemBERTa-2: Towards Chemical Foundation Models. 2022.

arXiv: 2209.01712 [cs.LG]. URL: https://arxiv.org/abs/2209.01712.

Gengmo Zhou et al. “Uni-Mol: A Universal 3D Molecular Representation Learn-
ing Framework”. In: The 11th International Conference on Learning Representations.

2023.

Rohan Chabra et al. Deep Local Shapes: Learning Local SDF Priors for Detailed 3D
Reconstruction. 2020. arXiv: 2003.10983 [cs.CV]. URL: https://arxiv.org/abs/

2003.10983.

AmirEhsan Khorashadizadeh et al. LoFi: Neural Local Fields for Scalable Image Re-
construction. 2024. arXiv: 2411 .04995 [cs.CV]. URL: https://arxiv.org/abs/

2411.04995.

137


https://arxiv.org/abs/2501.08508
https://arxiv.org/abs/2501.08508
https://arxiv.org/abs/2501.08508
https://arxiv.org/abs/2311.17932
https://arxiv.org/abs/2311.17932
https://arxiv.org/abs/2311.17932
https://doi.org/10.1186/s13321-023-00766-0
https://doi.org/10.1186/s13321-023-00766-0
https://doi.org/10.1093/bioinformatics/btac814
https://arxiv.org/abs/2209.01712
https://arxiv.org/abs/2209.01712
https://arxiv.org/abs/2003.10983
https://arxiv.org/abs/2003.10983
https://arxiv.org/abs/2003.10983
https://arxiv.org/abs/2411.04995
https://arxiv.org/abs/2411.04995
https://arxiv.org/abs/2411.04995

[138]

[139)

[140]

[141]

[142]

[143]

[144)

[145]

Chuhan Chen et al. “Implicit Neural Head Synthesis via Controllable Local Defor-
mation Fields”. In: 2028 IEEE/CVF Conference on Computer Vision and Pattern

Recognition (CVPR). 2023, pp. 416-426. DOI: 10.1109/CVPR52729.2023.00048.

David Ha, Andrew Dai, and Quoc V. Le. HyperNetworks. 2016. arXiv: 1609.09106

[cs.LG]. URL: https://arxiv.org/abs/1609.09106.

Vinod Kumar Chauhan et al. “A brief review of Hypernetworks in Deep Learning”.
In: Artificial Intelligence Review 57.9 (Aug. 2024). 1SSN: 1573-7462. pOIL: 10.1007/

510462-024-10862-8.

Jonathan Lorraine et al. “ATT3D: Amortized Text-to-3D Object Synthesis”. In: The

International Conference on Computer Vision (ICCV) (2023).

Yinbo Chen and Xiaolong Wang. “Transformers as meta-learners for implicit neu-
ral representations”. In: Furopean Conference on Computer Vision. Springer. 2022,

pp. 170-187.

Prafulla Dhariwal and Alex Nichol. “Diffusion models beat GANs on image synthesis”.
In: Proceedings of the 35th International Conference on Neural Information Processing
Systems. NeurIPS ’21. Red Hook, NY, USA: Curran Associates Inc., 2021. ISBN:
9781713845393.

Grace Luo et al. “Diffusion hyperfeatures: searching through time and space for seman-
tic correspondence”. In: Proceedings of the 37th International Conference on Neural
Information Processing Systems. NeurIPS '23. New Orleans, LA, USA: Curran Asso-

ciates Inc., 2023.

Alexander Quinn Nichol and Prafulla Dhariwal. “Improved Denoising Diffusion Prob-
abilistic Models”. In: Proceedings of the 38th International Conference on Machine
Learning. Ed. by Marina Meila and Tong Zhang. Vol. 139. Proceedings of Machine
Learning Research. PMLR, July 2021, pp. 8162-8171.

138


https://doi.org/10.1109/CVPR52729.2023.00048
https://arxiv.org/abs/1609.09106
https://arxiv.org/abs/1609.09106
https://arxiv.org/abs/1609.09106
https://doi.org/10.1007/s10462-024-10862-8
https://doi.org/10.1007/s10462-024-10862-8

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153)

Mariana Pegrucci Barcelos et al. “Lead Optimization in Drug Discovery”. In: Research
Topics in Bioactivity, Environment and Energy: Experimental and Theoretical Tools.
Cham: Springer International Publishing, 2022, pp. 481-500. 1SBN: 978-3-031-07622-0.

DOI: 10.1007/978-3-031-07622-0_19.

William L. Jorgensen. “Efficient Drug Lead Discovery and Optimization”. In: Accounts
of Chemical Research 42.6 (2009). PMID: 19317443, pp. 724-733. DOI: 10. 1021/

ar800236t.

Stephanie Kay Ashenden. “Chapter 6 - Lead optimization”. In: The Era of Artificial
Intelligence, Machine Learning, and Data Science in the Pharmaceutical Industry.
Ed. by Stephanie Kay Ashenden. Academic Press, 2021, pp. 103-117. 1SBN: 978-0-12-

820045-2. DOI: 10.1016/B978-0-12-820045-2.00007-6.

Terry Kenakin. “Predicting therapeutic value in the lead optimization phase of drug
discovery”. In: Nature Reviews Drug Discovery 2.6 (June 2003), pp. 429-438. 1SSN:

1474-1784. DOI: 10.1038/nrd1110.

Noel M O’Boyle et al. “Open Babel: An Open Chemical Toolbox”. In: Journal of

Cheminformatics 3.1 (Oct. 2011). 1SSN: 1758-2946. DOI: 10.1186/1758-2946-3-33.

Zhenqgin Wu et al. MoleculeNet: A Benchmark for Molecular Machine Learning. 2018.

arXiv: 1703.00564 [cs.LG]. URL: https://arxiv.org/abs/1703.00564.

Colin A. Grambow et al. “CREMP: Conformer-rotamer ensembles of macrocyclic
peptides for machine learning”. In: Scientific Data 11.1 (Aug. 2024). 1SSN: 2052-4463.

DOI: 10.1038/s41597-024-03698-y.

Janani Durairaj et al. “PLINDER: The protein-ligand interactions dataset and eval-
uation resource”. In: bioRziv (2024). DOI: 10.1101/2024 .07 .17 . 603955. eprint:
https://www.biorxiv.org/content/early/2024/07/19/2024.07.17.603955.1.

full.pdf.

139


https://doi.org/10.1007/978-3-031-07622-0_19
https://doi.org/10.1021/ar800236t
https://doi.org/10.1021/ar800236t
https://doi.org/10.1016/B978-0-12-820045-2.00007-6
https://doi.org/10.1038/nrd1110
https://doi.org/10.1186/1758-2946-3-33
https://arxiv.org/abs/1703.00564
https://arxiv.org/abs/1703.00564
https://doi.org/10.1038/s41597-024-03698-y
https://doi.org/10.1101/2024.07.17.603955
https://www.biorxiv.org/content/early/2024/07/19/2024.07.17.603955.1.full.pdf
https://www.biorxiv.org/content/early/2024/07/19/2024.07.17.603955.1.full.pdf

[154]

[155]

[156]

[157]

Loring W. Tu. An Introduction to Manifolds. Second Edition. Springer New York,

2011. 1SBN: 9781441974006. DOI: 10.1007/978-1-4419-7400-6.

Afonso S. Bandeira, Philippe Rigollet, and Jonathan Weed. Optimal rates of estima-
tion for multi-reference alignment. 2018. arXiv: 1702.08546 [math.ST]. URL: https:

//arxiv.org/abs/1702.08546.

A. B. Tsybakov. Introduction to Nonparametric Estimation. Springer, 2009. DOI: 10.

1007/b13794.

Yang You et al. Large Batch Optimization for Deep Learning: Training BERT in 76
manutes. 2020. arXiv: 1904.00962 [cs.LG]. URL: https://arxiv.org/abs/1904.

00962.

140


https://doi.org/10.1007/978-1-4419-7400-6
https://arxiv.org/abs/1702.08546
https://arxiv.org/abs/1702.08546
https://arxiv.org/abs/1702.08546
https://doi.org/10.1007/b13794
https://doi.org/10.1007/b13794
https://arxiv.org/abs/1904.00962
https://arxiv.org/abs/1904.00962
https://arxiv.org/abs/1904.00962

	List of Figures
	List of Tables
	Acknowledgments
	Abstract
	Introduction
	A Statistical Approach: A Problem Arising from Imaging Science
	A Computational Approach: A Problem Arising from Statistical Mechanics
	A Machine Learning Approach: A Problem Arising from Medicinal Chemistry

	Method of Moments for Estimation of Noisy Curves
	Introduction
	Motivation and Related Work
	Problem Formulation: Noisy Curve Recovery
	Chapter Outline

	Piecewise Linear Curves and their Moments
	The Sample Complexity Lower Bound
	Local Well-Posedness of Third Moment-Based Recovery of Piecewise Linear Curves
	Recovery of Curve Vertices from Proportional Segment Lengths
	Recovery of Segment Lengths from Curves
	Recovery of Curves and Segment Lengths from the Third Moment

	A Third Moment-Based Recovery Algorithm
	Unbiased Estimators of Noise-Free Moments
	Recovering the Subspaces of the Curve with the Tensor Power Method
	Reordering the Predicted Subspaces
	Final Optimization Steps

	Numerical Results
	Conclusion and Future Work

	Fast Discrete Optimal Transport on Spin Systems
	Introduction
	Notation and Introduction to the Problem
	The Evolution Equation and Connection to Optimal Transport
	Problem Formulation: Optimal Transport on Spin Systems

	A Fast Solver for Optimal Transport on Spin Systems in the case p = 1
	A Linear Programming Reformulation
	Solving the Linear Program
	A Mean-Field Approximation

	Numerical Results
	Discussion

	HyperDiffusionFields (HyDiF): Diffusion-Guided Hypernetworks for Learning Implicit Molecular Neural Fields
	Introduction
	Background and Related Work
	Molecular Representations
	Models for 3D Molecular Generation
	Molecular Inpainting and Scaffold-Constrained Generation
	Molecular Foundational Models
	Implicit Neural Representations, Hypernetworks and Hyperfields
	Generative Models as Feature Extractors

	Method
	Molecular Direction Fields
	Molecular Neural Fields
	Forward Diffusion Process
	Architecture
	Reverse Process and Training
	Unconditional Generation
	Masked Diffusion Procedure for Molecular Inpainting
	Feature Extraction with HyDiF
	From MDFs to Molecules

	Experiments and Results
	Pretraining HyDiF and Unconditional Generation
	Molecular Inpainting
	Property Prediction
	Scaling to Larger Biomolecules

	Discussion

	Conclusion and Outlook
	Supplementary Material to Chapter 2
	Cloud Tracing Algorithm for the Low-Noise Regime
	Proof of Proposition 2.3.3
	Proof of Proposition 2.3.5
	Vectorized Notation for Moments
	Miscellaneous Technical Lemmas

	Supplementary Material to Chapter 4
	Miscellaneous Implementation Details
	Hypernetwork Implementation Details
	Training Curriculum
	Hyperparameters

	Ablation Studies
	Effect of Noise Scale Curriculum
	Effect of Input Field Type



