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but the glory of kings is to search things out.
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ABSTRACT

This dissertation presents three different problems in recovering underlying structure from

data in diverse scientific fields, each also elucidating a different flavor of applied mathematical

approaches.

The first is a problem in manifold learning inspired by cryo-electron microscopy. We con-

sider the problem of recovering a one-dimensional curve embedded in high dimensional space

from a high noise observations centered around the curve. We prove a sample complexity

lower bound to demonstrate an inherent difficulty in recovering the underlying curve from

data, then provide an asymptotically optimal algorithm based on the method of moments.

This work demonstrates how analytic and algebraic techniques can be applied to summary

statistics to navigate the challenges of high dimensional, noisy data.

The second problem we study is an optimal transport problem on discrete spin systems.

We formulate a relaxation of the Glauber dynamics on the Ising model as an optimal trans-

port problem in discrete time and space with an exponentially large number of variables.

We then devise numerical techniques for tractably solving this algorithm at the scale of over

one billion variables. This work highlights numerical and algorithmic approaches in applied

mathematics.

Finally, we move to the world of computational chemistry and develop a machine learn-

ing framework that simultaneously serves as a generative and foundational model for 3D

conformers of small molecules. Our model is able to synthesize information across a large

library of molecules and effectively learn what the manifold of plausible molecular conform-

ers looks like, as well as learn mappings from conformers to molecular properties of interest.

At the core of our method is a novel molecular representation that models conformers not

as discrete point clouds but as dense fields. This work exemplifies the role of data-driven

techniques in complex scientific domains.

We hope this dissertation represents the rich diversity of domains and techniques in

applied mathematics.
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CHAPTER 1

INTRODUCTION

Throughout the history of science, a central theme has been the search for underlying math-

ematical models that explain data. From the 8th to 11th centuries, Islamic astronomers fit

trigonometric models to celestial observations to determine the qibla, or direction to Mecca,

from any geographic location with remarkable accuracy [1]. In the early 17th century, Jo-

hannes Kepler formulated his laws of planetary motion from analysis of Tycho Brahe’s as-

tronomical observations [2]. In the 1920s, observations by Umberta D’Acona of populations

of cartilaginous fish in the Adriatic sea were studied by Volterra to formulate what is now

known as the Lotka-Volterra predator-prey model, a foundational model in mathematical

ecology [3].

In the 21st century, data no longer take the form of thousands of manual observations

made by humans and analog instruments, but rather millions or billions of measurements

taken by sophisticated instruments or massive arrays of measurement devices (satellites,

personal electronic devices, weather stations, etc.). In this setting, constructing tractable

mathematical models that can deduce structure from an incredibly large amount of data is

a critical endeavor. Coupled with this explosion in data in the last half-century has been the

exponential growth in computing power available to parse through and tame it. In this work,

we will consider three problems in recovering structure from data in diverse fields, each with

unique theoretical and computational challenges whose solutions elucidate a different flavor

of applied mathematical approaches. We term these three flavors statistical, computational,

and machine learning approaches.

1



1.1 A Statistical Approach: A Problem Arising from Imaging

Science

The first problem we will consider is a manifold learning problem inspired by cryo-electron

microscopy (cryo-EM). First developed in 1981 [4] and the subject of the 2017 Nobel Prize

in Chemistry, cryo-EM is an imaging modality for biological macromolecules and the most

modern of the three primary imaging methods for proteins, the other two being nuclear

magnetic resonance spectroscopy (subject of the 1944 and 1952 Nobel Prize in Physics) and

X-ray crystallography (subject of the 1914 Nobel Prize in Physics and many more, including

the 1962 Prize in Medicine for elucidation of the structure of DNA).

The basic principle of cryo-EM is as follows: a sample containing many copies of a single

macromolecule of interest is spread into a thin sheet and flash frozen. An electron microscope

“photograph” is taken of the entire sheet, resulting in 2D projections of many samples of the

same molecule, each one in some random unknown rotation. The task is to deduce the 3D

structure of the molecule from these 2D projections of unknown rotations. This is made

significantly more challenging by the fact that the images obtained from cryo-EM often have

an extremely low signal-to-noise ratio (SNR). This low SNR is the reason why thousands or

millions of samples are required for cryo-EM to be successful.

From Figure 1.1, it is clear that cryo-EM is a difficult problem, and a wonder that it works

at all. In Chapter 2, we are interested in a rigorous study of just how difficult the cryo-EM

problem is. To make the cryo-EM problem more tractable, we study a mathematical model

that captures the fundamental difficulties of the cryo-EM problem. Specifically, we consider

the problem on recovering a 1D curve from high noise data. To briefly describe the problem,

let C∗(t) : [0, 1] → Rn be some ground truth constant speed curve in space. Suppose we

observe N independent samples of the form

y(j) = C∗(τ (j)) + σξ(j), j = 1, . . . , N,
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Figure 1.1: Left: sixteen cryo-EM images of the GroEL protein in various rotations (re-
produced with permission from [5]); note the extremely low SNR. Center and right: two
different views of the actual structure of GroEL, obtained from the Protein Data Bank [6].

where τ ∼ U [0, 1] is a uniform time point along the curve and ξ ∼ N (0, Id) is isotropic

Gaussian noise; we can thus view the observations as a Gaussian point cloud centered along

the curve. Our goal is to recover C∗ from these observations; we call this the noisy curve

recovery problem. We add on the caveat that σ is large compared to the scale of C∗; like

the cryo-EM problem, we wish to study how difficult the problem is when σ is large enough

to “wash out” the underlying signal C∗. We quantify the difficulty of this problem by the

sample complexity, i.e., a measure on how many observations N are required to recover C∗

from the data up to some fidelity. We show a pair of results: (a) when SNR is sufficiently

low, the sample complexity scales with order at least 1/SNR3, and (b) 1/SNR3 samples is

indeed enough to recover C∗, making the estimate in (a) tight.

For small SNR, 1/SNR3 is a very large amount of data; we consider regimes where

N ≈ 108. Our approach for this problem demonstrates what we call a statistical approach

to dealing with large amounts of data, i.e., reducing the analysis of large amounts of data

to the study of much more managable summary statistics. In particular, our analysis of this

problem is based on the method of moments, which reduces empirical data to its moments

(i.e., expected values of tensor powers of the data). We will show that miraculously, compact

summary statistics of millions of extremely noisy data points are still enough to solve the
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noisy curve recovery problem. In our analysis, we will reveal the terseness of our summary

statistics belies some deep structure that allows us to solve the problem.

1.2 A Computational Approach: A Problem Arising from

Statistical Mechanics

The second problem we study is an optimal transport problem inspired by the Ising model

in statistical mechanics. One of the most celebrated models in statistical mechanics, the

Ising model is a discrete model of ferromagnetism consisting of n interacting spins that can

assume one of two states {±1}. This leads to a configuration space Ωn = {±1}n of size

2n, which makes studying these spin configurations a computationally expensive task even

for modest n. The importance of the Ising model in statistical mechanics is equalled by the

importance of optimal transport in applied mathematics. In brief, optimal transport studies

ways of mapping an initial probability distribution µ to a final distribution ν in as efficient

a way as possible under some prescribed “moving cost”. In Chapter 3, we combine these two

notions to formulate an optimal transport problem over distributions on this exponentially

large discrete configuration space; in short, given prescribed initial and final probability

distributions µ and ν on Ωn, rules about how these distributions can evolve in discrete time

steps, and prescribed costs to these evolution steps, we wish to seek the most efficient path

from µ to ν.

Nearly all existing work on optimal transport is between continuous probability distri-

butions; this is in part because the theoretical aspects of optimal transport between discrete

distributions is not particularly rich, since optimal transport reduces to a linear program-

ming problem for discrete distributions. However, the exponential size of our configuration

space gives rise to an exponentially large linear program, which poses significant computa-

tional challenges; in solving large scale linear programs, writing an algorithm that works in

theory is easy, but running that algorithm on an actual computer is hard. Our contribution
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in Chapter 3 is in presenting a tractable algorithm for exactly solving these large linear

programs.

Our approach elucidates what we call a computational approach to dealing with large

amounts of data, wherein we reformulate a mathematical problem in a way that is amenable

to existing computing hardware; in the current decade, this means designing algorithms to

be as parallel as possible to take advantage of the parallel nature of GPUs and associated

low-level platforms for accelerated matrix computations. In particular, we solve the lin-

ear program using the primal-dual gradient method, which reduces solving linear programs

to iterative matrix-vector multiplications. While matrix-vector multiplication is generally

well-suited for acceleration on modern GPUs, this is not enough for our purposes, as the

exponential size of our problem makes even storing these matrices in memory impossible.

Rather, we go further by exploiting a particular structure in the relevant matrices that allows

us to compute the necessary matrix-vector products in a parallel and matrix-free way that

prevents us from ever actually writing down large matrices. These computational optimiza-

tions allow us to solve linear programs with over a billion variables. We parallelize our solver

even further by approximating our linear program with a collection of parallel subproblems

and demonstrate that this approach improves runtime by several orders of magnitude while

remaining close to optimal. This work highlights an important theme in applied mathemat-

ics: seemingly intractable problems can often be made tractable by the right reformulation,

with only minor sacrifices in optimality.

1.3 A Machine Learning Approach: A Problem Arising from

Medicinal Chemistry

Finally, we move to the world of computational chemistry, specifically generative molecules

for small, drug-like molecules. Small molecule drugs are molecules with low molecular weight

(on the order of hundreds of daltons) that interact with biological processes; over 90% of
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existing drugs on the market are small molecules (as opposed to biologics) [7]. The space

of small molecules is astronomically vast; [8] estimates that the space of reasonable small

molecule drugs is at least 1060. Yet only a miniscule proportion of these drugs have ever

been synthesized, indexed, or otherwise written down; the largest chemical libraries (both

academic and commercial) have “only” billions or trillions of compounds [9]. Enumerating

over the space of potential drug-like molecules is thus an impossible task¬. Therefore, for

drug discovery applications, it is critical to develop powerful tools to be able to sample

diverse, novel compounds from this vast universe.

With such a rich diversity of potential drug candidates, it is important not only to be able

to sample diverse compounds efficiently, but also to perform large scale in silico screening of

compounds for key pharmacological properties. The ability to perform cheap, virtual high

throughput screening for compounds before testing a much smaller number of compounds

in vitro or in vivo can massively improve the efficiency of the drug discovery pipeline [7].

In this era of generative artificial intelligence, the computational medicinal chemistry

community has sought out denoising diffusion models as a way to sample from the space of

small molecule drugs. At a high level, denoising diffusion models train on a large corpus of

data (text, images, or in our case, small molecules) to learn what the manifold of plausible

data samples look like. These trained models are then able to map Gaussian noise to this

manifold, giving a way to generate novel samples from randomness. Unlike with text or

images, where the data itself is its own representation (text is a string of characters, an image

is a pixel array), it is not as obvious how one should represent molecules in a computer-

parsable way. Current approaches use a variety of different representations, including string,

graph, and point cloud based representations of molecules, each with distinct advantages

and disadvantages.

¬. Consider a miraculous server farm on Earth that is able to evaluate whether a given small molecule is
a good candidate for a particular biological application at a rate of one femtosecond per molecule. By the
time the Sun has expanded enough to engulf the earth [10], only 1032 out of 1060 molecules will have been
evaluated.
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In Chapter 4, we propose a novel representation for 3D molecular conformers. Rather

than modeling a molecule as a discrete string, graph, or point cloud, we model a molecule

as a continuously defined vector field ; we argue that such a continuous representation more

richly captures the geometry of 3D conformers at high resolution. Using the fact that multi-

layer perceptrons (MLPs) are universal function approximators, we design a neural network

architecture that is designed to map our vector field representation of molecules to MLPs

approximating these vector fields. We then train a denoising diffusion model on a library of

molecules which we convert to this vector field representation and find that we are success-

fully able to generate molecules from noise. Furthermore, our approach is able to achieve

state-of-the-art performance on a molecular inpainting task, wherein our model is tasked

with completing a partial molecule; we posit that this is a more relevant task to drug dis-

covery, as we will argue further in Chapter 4. In addition to these generative capabilities,

we harness the rich internal representations of molecules learned by our model to endow it

with property prediction capabilities; we demonstrate that our model achieves state-of-the-

art performance on a set of benchmark molecular property prediction tasks, making it a

promising tool for virtual drug candidate screening.

The approaches in this chapter demonstrate what we call a machine learning approach

to dealing with large amounts of data, where we take advantage of the miraculous ability

of machine learning methods to model complex, high dimensional data distributions from

an enormous number of samples. Central to our approach is the careful construction of a

neural network architecture that is able to effectively synthesize information across millions

of molecular conformers.
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CHAPTER 2

METHOD OF MOMENTS FOR ESTIMATION OF NOISY

CURVES

Manifold learning is a central problem in applied mathematics that seeks to find simple

geometric structure in noisy data. In this chapter, we study the problem of recovering a

ground truth high dimensional piecewise linear curve C∗(t) : [0, 1] → Rd from a high noise

Gaussian point cloud with covariance σ2I centered around the curve. We first establish that

the sample complexity of recovering C∗ from data scales with order at least σ6. We then

show that recovery of a piecewise linear curve from the third moment is locally well-posed,

and hence O(σ6) samples is also sufficient for recovery. We propose methods to recover a

curve from data based on a fitting to the third moment tensor with a careful initialization

strategy and conduct some numerical experiments verifying the ability of our methods to

recover curves. This chapter is adapted from the preprint [11].

2.1 Introduction

2.1.1 Motivation and Related Work

Manifold learning is a widely-studied problem in statistics in which a low dimensional man-

ifold is fit to high dimensional data in an effort to understand the geometry of the data and

circumvent the curse of dimensionality. A vast amount of literature has been dedicated to

the noise-free case, where the data lie exactly on some lower dimensional manifold; see, for

instance, [12] for a review of more classical methods, or [13, 14] for more recent results. Work

has also been done in the case of low noise, such as in [15–19]. Less work has been done

for the more difficult high noise case, in which each data point is completely dominated by

noise. In [20], the authors establish an algorithm for recovering manifolds with particular

smoothness properties corrupted by Gaussian noise with covariance σ2 for arbitrary σ, but
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their algorithm requires a number of samples exponential in σ2.

Another field in which recovering a signal from high noise has been studied is in orbit

recovery problems. In these problems, an underlying signal is corrupted by some group action

and a large amount of additive noise, and the goal is to recover the original signal. Perhaps

the most famous such problem is the reconstruction of the 3D structure of macromolecules

from cryo-electron microscopy (cryo-EM) images. In cryo-EM, a large number of extremely

noisy images are taken of a molecule in various 3D orientations. We can think of these images

as projections of an unknown rigid rotation of the Coulomb potential f : R3 → R along an

axis to a two-dimensional image, which is then corrupted by a large amount of additive

Gaussian noise. The task of recovering f thus involves both denoising the Gaussian noise

and undoing the rotation. See [21] for a comprehensive review of computational aspects of

cryo-EM. A simpler orbit recovery problem that has been well-studied is the multireference

alignment (MRA) problem. In the MRA model, the ground truth is a one-dimensional

signal f ∈ Rd and the measurements consist of a random cyclic permutation of f corrupted

with additive Gaussian noise. The sample complexity of MRA is established in [22], where

the authors prove that for large σ, any algorithm hoping to recover f must require O(σ6)

samples.

We are interested in recovering one-dimensional manifolds (i.e., curves) in high dimensions

in the presence of large Gaussian noise. For a particular class of curves, we will establish the

sample complexity of the problem to be O(σ6) and provide a recovery algorithm that meets

that lower bound. The setting of one-dimensional manifolds corresponds to temporal data,

and we can think of noisy curves as noisy measurements of some system evolving in time;

recovering the underlying curve thus corresponds to recovering the underlying dynamics.

In the one-dimensional setting, a great deal of work has been done in the seriation prob-

lem, where noisy observations of time-dependent data are labeled with ordered timestamps.

For instance, in cryo-EM, one might have noisy observations of a biological macromolecule

undergoing some conformational change over time; in this context, the seriation problem
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involves estimating the temporal order of these conformers [23, 24]. In archaeology, seriation

techniques are used to date archeological finds [25]. Various spectral methods have been

developed for the seriation problem [26–28], but often require strong structural assumptions

on the data. More recently, the authors in [29] use the Fiedler vector of the graph Laplacian

of the data to approach the seriation problem in a more general case. Note that our problem

is not only to recover the time ordering of noisy points coming from a curve, but to recover

the underlying curve itself. If the distribution of the noise is known, then the time ordering

of noisy points can be computed from the underlying curve simply by associating each noisy

data point with a point in the underlying curve that maximizes the likelihood.

2.1.2 Problem Formulation: Noisy Curve Recovery

Consider a parametric, non self-intersecting ground truth piecewise linear (PWL) curve C∗(t)

in Rd, where t ∈ [0, 1]. We assume that the curve consists of a finite number of segments.

In order to fix a scale, we assume that ‖C∗(t)‖ < 1 for all t ∈ [0, 1]. The noisy curve model

consists of N independent observations

y(j) = C∗(τ (j)) + σξ(j), j = 1, . . . , N. (2.1.1)

Here τ ∼ U [0, 1] is drawn uniformly randomly and ξ ∼ N (0, Id) denotes isotropic Gaussian

noise independent of τ ; we assume σ is known. We can imagine this as a Gaussian “fattening”

of the curve C∗. Let PC∗,σ denote the random variable given by C∗(τ) + σξ, and let

PC∗ denote the case where σ = 0. We formulate the noisy curve recovery problem as the

estimation of C∗ from observations {y(j)}Nj=1, as depicted in Figure 2.1. Note that we can

think of this model as a continuous Gaussian mixture model, where the mixture centers are

drawn continuously from C∗(t).

In the low noise regime, the salient features of the underlying curve are still visible in the

presence of noise, and the curve can be estimated by “tracing through” the point cloud coming
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Figure 2.1: An illustration of the noisy curve recovery problem.

from (2.1.1). We provide a more detailed account of an algorithm in §A.1, but essentially,

much like the expectation-maximization step in estimating finite Gaussian mixture models,

we can assume that nearby points in the cloud come from nearby points on the underlying

curve. We can thus use the local largest principal component of subsets of the point cloud

to approximate the tangent space of the curve near that point. However, in the case where

noise is large, we can no longer reliably assign points in the point cloud to a nearby point

on the underlying curve. This is illustrated in Figure 2.2, where we demonstrate the results

of tracing through a point cloud coming from a PWL curve in both the low and high noise

case. We are henceforth interested in studying the high noise case.

In this chapter, we will first prove a result on the sample complexity of the high noise

curve recovery problem, that is, the number of samples needed to recover the ground truth

underlying curve from data up to some error. In particular, we will show that for sufficiently

high noise, the number of samples from (2.1.1) needed to recover a curve scales with order

σ6. The proof relies on studying the moments of the distribution PC∗,σ, particularly the

third moment tensor. Our approach is based largely on the approach in the proof of the

sample complexity of the MRA problem in [22]; the proof hinges on showing that the first

two moments alone do not uniquely determine a curve in a neighborhood. We then prove
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Figure 2.2: Results of a cloud tracing algorithm (detailed in §A.1) on a point cloud coming
from a piecewise linear curve with low noise (left) and high noise (right). In both cases, a
ground truth curve in blue is shown with an accompanying point cloud. When the noise
is low (i.e., the scale of the noise is smaller than the scale of the geometric features of the
curve), the structure of the underlying curve is still visible in the point cloud, and the curve
can be successfully traced through (in red). When the noise is large, the local geometric
structure of the curve is destroyed and the tracing approach fails.
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that the problem of recovering the underlying curve from the third moment of the data is in

fact locally well-posed, and provide an algorithm to obtain an initial rough estimate of the

curve based on a decomposition of the third moment tensor of the curve. The idea of the

algorithm is to use the tensor power method to approximate the subspaces in which vertices

of the curve lie, then use this as an initialization to a gradient descent scheme to fit a curve

defined by the vertices to the third moment.

2.1.3 Chapter Outline

This chapter is organized as follows. In §2.2, we introduce notation for piecewise linear

curves and compute their moments. In §2.3, we state and outline the proof of the sample

complexity result. In §2.4, we show that locally, the third moment uniquely determines

piecewise linear curves in high dimensions. In §2.5, we use this local well-posedness to

devise an algorithm that recovers piecewise linear curves. We show results from numerical

experiments demonstrating the performance of our algorithm in §2.6.

2.2 Piecewise Linear Curves and their Moments

We restrict our analysis to piecewise linear curves in order to have a simple explicit repre-

sentation of a curve. We also require that our curves have domain [0, 1], are open (i.e., the

two end points are not the same), and have constant speed (i.e., ‖C ′(t)‖ is constant).

Let 0 = t0 < · · · < tM = 1 be points in time and let c0 = c(t0), . . . , cM = c(tM ) ∈ Rd

be the vertices of a PWL curve. Throughout this chapter, we use d to denote the ambient

dimension of the curve and M to denote the number of segments. We assume in general

that our dimension is high enough that d ≥ M . We also assume that ci 6= cj for all i 6= j.

In particular c0 6= cM , so our curve is open.
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We have the following explicit expression for C(t):

C(t) =
t− ti−1

ti − ti−1
ci −

t− ti
ti − ti−1

ci−1, when t ∈ [ti−1, ti]i=1,...,M . (2.2.1)

Since we require C(t) to have constant speed, we must have

ti =

∑i
k=1 ‖ck − ck−1‖

Z
for i = 1, . . . ,M (2.2.2)

where Z :=
∑M
k=1 ‖ck − ci−1‖ is the total length of the curve. The benefit of requiring

constant speed is that our curves are completely characterized by the vertices c0, . . . , cM . In

a slight abuse of notation, we thus identify a PWL curve with the (M + 1, d)-shaped matrix

of its row-stacked vertices:

C =



−c0−

−c1−
...

−cM−


. (2.2.3)

We assume that the ci are in generic position, so that the vectors {ci− ci−1}Mi=1 are linearly

independent.

Our approach to proving lower bounds on the sample complexity of noisy curve recovery

is based on studying the moments of a curve, defined by

mk(C) =

∫ 1

0
C(t)⊗k dt. (2.2.4)

Here, ·⊗k denotes the k-fold tensor power of a vector. For instance, for v ∈ Rd, v⊗3 is the

(d, d, d)-shaped tensor whose jkl entry is given by vjvkvl. The use of moment tensors for

inverse problems has been studied in many other contexts, such as finite Gaussian mixture

models in [30].

We now derive expressions for the first three moments of C in terms of the vertices
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c0, . . . , cM .

Proposition 2.2.5 (Moments of Piecewise Linear Curves). Let C be the constant speed

PWL curve with domain [0, 1] with vertices c0, . . . , cM . Let Z be the length of C. Then the

first three moments of C are given by the formulas

m1(C) =
1

2

M∑
i=1

‖ci − ci−1‖
Z

(ci−1 + ci)

m2(C) =
1

6

M∑
i=1

‖ci − ci−1‖
Z

(
(ci−1 + ci)

⊗2 + c⊗2
i−1 + c⊗2

i

)

m3(C) =
1

12

M∑
i=1

‖ci − ci−1‖
Z

(
(ci−1 + ci)

⊗3 + 2c⊗3
i−1 + 2c⊗3

i

)
.

(2.2.6)

Proof. Consider the change of variables

t− ti−1

ti − ti−1
7→ t, dt 7→ (ti − ti−1)dt (2.2.7)

For any k, we can apply this change of variables and (2.2.2) to get an expression for mk(C)

in terms of the vertices ci:

mk(C) =

∫ 1

0
C(t)⊗k dt

=
M∑
i=1

∫ ti

ti−1

(
t− ti−1

ti − ti−1
ci −

t− ti
ti − ti−1

ci−1

)⊗k
dt

=
M∑
i=1

∫ 1

0
(tci + (1− t)ci−1)⊗k (ti − ti−1) dt

=
M∑
i=1

‖ci − ci−1‖
Z

∫ 1

0
((1− t)ci−1 + tci)

⊗k dt.

(2.2.8)

The desired result can be obtained by expanding the tensor power in the integral for k =

1, 2, 3 and direct computation of the integral. �

Recall our assumption that d ≥ M and observe that a PWL curve C with M segments
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naturally lives in anM -dimensional subspace V of Rn spanned by the vectors {ci−ci−1}Mi=1.

We can in fact compute an orthonormal basis for this subspace by taking the top M eigen-

vectors of the second moment m2(C); indeed, the second moment is a rank M matrix for

generic C. Therefore we will often assume M = d, since if d > M , we can project the

coordinates of C down to V . Nonetheless, for semantic clarity, we will often use M when

referring to the number of segments and d when referring to the dimension.

Later on, we will show two important results involving moment matching. We will show

that matching a PWL curve to a third moment m3(C) is locally well-posed, while matching

a PWL curve to the first two moments m1(C) and m2(C) is locally ill-posed. A careful

analysis of the moments is difficult owing to the ‖ci − ci−1‖/Z terms (note that Z also

depends on C). To aid in our analysis and make things easier to compute, we introduce the

following relaxed curve moments that replace the ‖ci − ci−1‖/Z terms with new variables.

We will show that it is sufficient to consider moment matching in this relaxed setting.

Definition 2.2.9 (Relaxed Curve Moments). Let C ∈ R(M+1)×d and p ∈ RM . Then we

define the relaxed moments of C to be

µ1(C, p) =
1

2

M∑
i=1

pi(ci−1 + ci)

µ2(C, p) =
1

6

M∑
i=1

pi

(
(ci−1 + ci)

⊗2 + c⊗2
i−1 + c⊗2

i

)

µ3(C, p) =
1

12

M∑
i=1

pi

(
(ci−1 + ci)

⊗3 + 2c⊗3
i−1 + 2c⊗3

i

)
.

(2.2.10)

We can rewrite these in a more vectorized way that makes our analysis more straightforward.

µ1(C, p) =
1

2
CTAsp

µ2(C, p) = CTA(p)C

µ3(C, p) = C⊗3 ? α(p).

(2.2.11)
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Here, As is an (M + 1,M)-shaped matrix constant and A(p) is a symmetric (M + 1,M + 1)-

shaped matrix that is a linear function of p. The six-way tensor C⊗3 has shape (M+1, d,M+

1, d,M + 1, d) and has mjnkol entry given by CmjCnkCol. The three-way tensor α(p) is a

linear function of p and is symmetric with shape (M + 1,M + 1,M + 1). The operation ?

denotes the natural tensor contraction between tensors of shape (M+1, d,M+1, d,M+1, d)

and (M + 1,M + 1,M + 1):

[X ? y]jkl =
M∑

m,n,o=0

Xmjnkolyjkl. (2.2.12)

The exact forms of As, A(p), and α(p) are given in §A.4. Note that in the case where p is

the vector of proportional segment lengths of C, i.e., pi = ‖ci− ci−1‖/Z for all i = 1, . . . ,M ,

the relaxed moments are precisely equal to the actual moments.

We now present expressions for the Jacobians of the error between a predicted relaxed

third moment and a ground truth third moment. The proof is by standard matrix calculus

techniques, which we omit.

Lemma 2.2.13 (Jacobians of Relaxed Moments). Let C ∈ R(M+1)×d be the matrix repre-

sentation of a PWL curve and let p ∈ RM ; note that we do not require p to be equal to the

proportional segment lengths of C. Let m3 ∈ Rd×d×d be some third moment tensor. Define

the third moment loss

Lm3(C, p) = ‖µ3(C, p)−m3‖2F , (2.2.14)

where ‖ · ‖2F is the squared Frobenius norm on tensors, i.e., the sum of the squared entries.

Let y ∈ R(M+1)×d and z ∈ RM . Let α(p) be as in (A.4.3) and ? be as in (2.2.12). Then the

derivatives of the third moment loss with respect to C and p applied to y and z respectively
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are given by

〈∇CLm3(C, p), y〉 =

〈
2
[
C⊗3 ? α(p)−m3

]
,

(C ⊗ C ⊗ y + C ⊗ y ⊗ C + y ⊗ C ⊗ C) ? α(p)

〉
〈
∇pLm3(C, p), z

〉
=

〈
2
[
C⊗3 ? α(p)−m3

]
, C⊗3 ? α(z)

〉
.

(2.2.15)

2.3 The Sample Complexity Lower Bound

To talk about the sample complexity of recovering PWL curves, we need a measure of the

distance between two curves. We choose the following natural distance.

Notation 2.3.1. Let C(t) and Γ(t) be two open parametric curves on [0, 1]. Then we define

the distance between the two curves to be the average squared Euclidean distance between

the curves:

ρ(C,Γ) =

∫ 1

0
‖C(t)− Γ(t)‖2 dt. (2.3.2)

We assume that Γ(t) is parameterized so that ρ(C(t),Γ(t)) ≤ ρ(C(t),Γ(1 − t)); i.e., Γ is

oriented in the direction that minimizes the distance.

We first prove that curve recovery from the first and second moment alone is not locally

well-posed. In other words, we can find two curves that are arbitrarily close together with

exactly the same first and second moment. As discussed in §2.2, we assume that the number

of segments M is equal to the ambient dimension d.

Proposition 2.3.3. Let C∗(t) : [0, 1] → Rd be a PWL constant speed curve with M = d

segments. For almost all such C∗, for sufficiently small ε > 0, there exists a PWL curve

Γ(t) 6= C∗(t) with m1(C∗) = m1(Γ) and m2(C∗) = m2(Γ) such that ‖C∗ − Γ‖F = ε, where

the norm here is on the matrix representation of the curves.
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The detailed proof is provided in §A.2; the idea is that matching the first and second

moment of a curve can be expressed as an underdetermined system of polynomials whose

solutions form a manifold of positive dimension.

Since C∗ and Γ being close as matrices implies that C∗(t) and Γ(t) are close as curves,

we have the following immediate corollary of Proposition 2.3.3.

Corollary 2.3.4. As in Proposition 2.3.3, let C∗(t) : [0, 1]→ Rd be a PWL constant speed

curve with M = d segments. For almost all such C∗, for sufficiently small ε > 0, there

exists a PWL curve Γ(t) 6= C∗(t) with m1(C∗) = m1(Γ) and m2(C∗) = m2(Γ) such that

‖C∗(t)− Γ(t)‖ ≤ ε for all t ∈ [0, 1].

The application of Corollary 2.3.4 is to show that the hypotheses of the following result

are not vacuous for ` = 3. The proof is rather technical and left to §A.3.

Proposition 2.3.5. Let C, Γ be mean zero parametric curves such that ‖C(t)−Γ(t)‖ ≤ 1/3

and ‖C(t)‖, ‖Γ(t)‖ < 1 for all t ∈ [0, 1]. Suppose mk(C) = mk(Γ) for all k ≤ ` − 1. Then

for σ ≥ 1, we have the following bound on the χ2 divergence between PC,σ and PΓ,σ:

χ2(PC,σ‖PΓ,σ) ≤ K`σ−2`ρ(C,Γ), (2.3.6)

where K` is a constant that depends on ` only.

This result allows us to bound the χ2 divergence between two noisy curve distributions

by σ−2` if the moments of the underlying curves match up to (but not including) order `.

This is the primary ingredient in the proof of the following main sample complexity result.

Note that we use . to denote inequality up to a universal constant.

Theorem 2.3.7. Let C be a curve as in be as in Proposition 2.3.5. Given any ∆ > 0

sufficiently small, there exists another curve Γ 6= C satisfying the hypotheses of Proposition

2.3.5 such that ρ(C,Γ) = ∆, where Γ is indistinguishable from C in the following sense.

Consider N samples Y := {y(1), . . . , y(N)} and the task of deciding if Y came from PC,σ
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or PΓ,σ. Assume a uniform prior on whether the ground truth curve is C or Γ. Then if

N . σ6∆−1, the probability of making an error is bounded below by 1/4.

Proof. Given C(t), construct Γ(t) such that the first two moments match and ρ(C,Γ) = ∆

as in Proposition 2.3.3. Then by Theorem 2.3.5, we have the bound χ2(PC,σ‖PΓ,σ) ≤

K3σ
−6ρ(C,Γ). Let P⊗NC,σ and P⊗NΓ,σ be the distribution of N independent draws from PC,σ

and PΓ,σ, respectively. By Lemma A.5.4, Lemma A.5.6, and Lemma A.5.8,

TV(P⊗NC,σ , P
⊗N
Γ,σ )2 ≤ 1

2
KL(P⊗NC,σ ‖P

⊗N
Γ,σ ) ≤ 1

2
K3σ

−6∆N. (2.3.8)

Therefore, for N ≤ 1
2K
−1
3 σ6∆−1, we have

TV(P⊗NC,σ , P
⊗N
Γ,σ ) ≤ 1

2
. (2.3.9)

Now let ψ : Rd×N → {C,Γ} be any measurable function of the data Y . Let A denote the

set of all Y such that ψ(Y ) = Γ. Then

P⊗NC,σ (ψ(Y ) = Γ) + P⊗NΓ,σ (ψ(Y ) = C) = P⊗NC,σ (A) + P⊗NΓ,σ (Ac)

= 1− (P⊗NΓ,σ (A)− P⊗NC,σ (A))

≥ 1− sup
A

(P⊗NΓ,σ (A)− P⊗NC,σ (A))

= 1− TV(P⊗NΓ,σ , P
⊗N
C,σ )

≥ 1/2.

(2.3.10)

Let X denote the event that the ground truth curve is C and Xc denote the event that the

ground truth curve is Γ. By our uniform prior assumption, we have P(X) = P(Xc) = 1/2.
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Then the probability of the hypothesis test ψ making an error is

P(ψ(Y ) = Γ|X)P(X) + P(ψ(Y ) = C|Xc)P(Xc)

=
1

2
P⊗NC,σ (ψ(Y ) = Γ) +

1

2
P⊗NΓ,σ (ψ(Y ) = C)

≥ 1

4
.

(2.3.11)

�

This result reveals a fundamental limitation of the curve recovery problem in the high

noise regime; regardless of the method used, it is impossible to discern with high probability

which of two ∆-separated curves the data Y come from without at least O(σ6) samples.

2.4 Local Well-Posedness of Third Moment-Based Recovery of

Piecewise Linear Curves

Theorem 2.3.7 gives us a lower bound of O(σ6) on the sample complexity of recovering

a curve from data. We now show that for PWL curves with constant speed, this lower

bound is asymptotically tight by showing that O(σ6) is indeed enough samples for recovery.

We accomplish this by showing that the third moment of a noise-free PWL curve uniquely

determines a PWL curve in a neighborhood. This is contrast to the result of Proposition

2.3.3, which says that determining a curve from the first two moments alone is locally ill-

posed. As before, in this section we assume M = d.

Our ultimate goal in this section is to show the following.

Theorem 2.4.1. Let C∗ ∈ R(M+1)×d be a ground truth PWL curve with proportional

segment lengths p∗ ∈ RM , where M = d ≥ 4. Let m∗3 = µ3(C∗, p∗) be the ground truth third

moment. Let Lm∗3 be the third moment squared Frobenius loss as defined in (2.2.14) Then

for almost all C∗, if C is sufficiently close to C∗ and p is sufficiently close to p∗, we have

〈
∇CLm∗3(C, p), C∗ − C

〉
< 0 (2.4.2)
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〈
∇pLm∗3(C, p), p∗ − p

〉
< 0. (2.4.3)

Local well-posedness of recovery from C is an immediate corollary of this.

Corollary 2.4.4. Let C∗, p∗, and m∗3 as in Theorem 2.4.1. Then for almost all C∗, there

exists a neighborhood U of (C∗, p∗) such that C∗ is the only PWL curve in U with third

moment m∗3.

Proof. The result of Theorem 2.4.1 implies that (C∗, p∗) is an isolated minimum of Lm∗3(C, p).

�

To prove Theorem 2.4.1, we will first need the following weaker result.

Lemma 2.4.5. Let C∗ ∈ R(M+1)×d be a ground truth PWL curve with proportional segment

lengths p∗ ∈ RM , where M = d ≥ 4. Let m∗3 = µ3(C∗, p∗) be the ground truth third moment.

Then for almost all C∗, for C sufficiently close to C∗ and p sufficiently close to p∗, we have

〈
∇CLm∗3(C, p∗), C∗ − C

〉
< 0 (2.4.6)〈

∇pLm∗3(C∗, p), p∗ − p
〉
< 0. (2.4.7)

Equation (2.4.6) differs from (2.4.2) in that we have replaced the p in Lm∗3(C, p) with p∗,

and similarly for (2.4.7) and (2.4.3). In other words, (2.4.6) says that recovery of C from m∗3

and p∗ is locally well-posed, while (2.4.7) says that recovery of p from m∗3 and C∗ is locally

well-posed. On the other hand, the stronger statements (2.4.2) and (2.4.3) say that recovery

of C and p from m∗3 is locally well-posed. We prove (2.4.6) in §2.4.1, (2.4.7) in §2.4.2, and

(2.4.2) and (2.4.3) in §2.4.3.

22



2.4.1 Recovery of Curve Vertices from Proportional Segment Lengths

Let δ ∈ R(M+1)×d be sufficiently small and C = C∗+δ be some other curve in a neighborhood

of C∗. Then we wish to show that for C sufficiently close to C∗, we have

〈
∇CLm∗3(C, p∗), C∗ − C

〉
< 0

Using (2.2.15), the left hand side of (2.4.6) becomes

2

〈
(C⊗3−C∗⊗3) ? α(p∗),

(C ⊗ C ⊗ C∗ + C ⊗ C∗ ⊗ C + C∗ ⊗ C ⊗ C − 3C⊗3) ? α(p∗)

〉 (2.4.8)

We perform a Taylor expansion, replacing C with C∗ + δ, expanding the nonlinear terms

and only keeping terms with one δ. Then (2.4.8) has first order approximation given by

− 2 ‖(C∗ ⊗ C∗ ⊗ δ + C∗ ⊗ δ ⊗ C∗ + δ ⊗ C∗ ⊗ C∗) ? α(p∗)‖2F . (2.4.9)

Let g(δ) be the term inside the norm:

g(δ) := (C∗ ⊗ C∗ ⊗ δ + C∗ ⊗ δ ⊗ C∗ + δ ⊗ C∗ ⊗ C∗) ? α(p∗). (2.4.10)

This is a linear operator from R(M+1)×d → Rd×d×d. Therefore, to show (2.4.6), it suffices

to show that the kernel of g is trivial.

Let Sym : Rd×d×d → Rd×d×d denote the symmetrization operator on three-way tensors,

i.e.,

Sym(X)jkl =
1

6

(
Xjkl +Xklj +Xljk +Xlkj +Xkjl +Xjlk

)
(2.4.11)

Note that Sym is linear. Then by the definition of the ? operation and the symmetry of
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α(p∗), we can rewrite (2.4.10) as

g(δ) = Sym (3(δ ⊗ C∗ ⊗ C∗) ? α(p∗)) . (2.4.12)

Let g̃ denote the term inside the Sym:

g̃(δ) := 3(δ ⊗ C∗ ⊗ C∗) ? α(p∗). (2.4.13)

To show that g(δ) has trivial kernel, it suffices to show that (a) g̃ has trivial kernel and (b)

Im(g̃) ∩Ker(Sym) = {0}. We prove (a) in Lemma 2.4.14 and (b) in Lemma 2.4.17.

Lemma 2.4.14. Let M = d. Let C∗ = [c∗0, . . . , c
∗
M ]T and assume that c∗0, . . . , c

∗
M ∈ Rd are

in generic position so that any collection of M of the c∗i ’s is linearly independent. Let g̃ be

the linear operator given in (2.4.13). Then g̃ has trivial kernel.

Proof. Note that g̃(δ) is a linear operator from R(M+1)×d → Rd×d×d. If we think of this as

a matrix operating on the flattened spaces, then with our assumption of M = d, the matrix

representation of g̃ is a tall and thin matrix. To show that g̃ has trivial kernel, it suffices to

show that the (M + 1)d “columns” of g̃ are linearly independent.

Let Em,j be the standard basis matrix in R(M+1)×d with all zeros except a 1 in the m, j

entry; note that m ranges from 0 to M while j ranges from 1 to d, i.e. we zero-index the

rows but one-index the columns. Then the (m, j) “column” of g̃ is given by g̃(Em,j). Let

E
m,j
i denote the ith row of Em,j , which is equal to ej (the jth standard basis vector in Rd)

if i = m and zero otherwise. Then

g̃(Em,j) =
M∑
i=1

p∗i

[
1

4
(E

m,j
i−1 + E

m,j
i )⊗ (c∗i−1 + c∗i )⊗ (c∗i−1 + c∗i )

+
1

2
E
m,j
i−1 ⊗ c

∗
i−1 ⊗ c

∗
i−1 +

1

2
E
m,j
i ⊗ c∗i ⊗ c

∗
i

]

=
1

4
p∗mej ⊗ (c∗m−1 + c∗m)⊗ (c∗m−1 + c∗m) +

1

2
p∗mej ⊗ c∗m ⊗ c∗m
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+
1

4
p∗m+1ej ⊗ (c∗m + c∗m+1)⊗ (c∗m + c∗m+1) +

1

2
p∗m+1ej ⊗ c

∗
m ⊗ c∗m

= [0, . . . , 0, Fm, 0, . . . , 0] .

In the last line, we are notating a (M + 1,M + 1,M + 1)-shaped tensor as a size M + 1

vector consisting of size (M + 1,M + 1) matrices, where the matrix Fm is in the jth slot of

the vector and is given by

Fm =



1
4p
∗
1(c∗0 + c∗1)⊗2 + 1

2p
∗
1c
∗
0
⊗2 if m = 0

1
4p
∗
m(c∗m−1 + c∗m)⊗2 + 1

4p
∗
m+1(c∗m + c∗m+1)⊗2

+1
2p
∗
mc
∗
m
⊗2 + 1

2p
∗
m+1c

∗
m
⊗2 if 1 ≤ m ≤M − 1

1
4p
∗
M (c∗M−1 + c∗M )⊗2 + 1

2p
∗
M c∗M

⊗2 if m = M

(2.4.15)

From the position of the nonzero entries, it is clear that g̃(Em,j) are linearly independent

for fixed m and varying j. It remains to show that there is also linear independence for fixed

j and varying m; in other words, we need to show that {Fm}Mm=0 is a linearly independent

collection of matrices; we verify this in Lemma A.5.9. �

Before we show Im(g̃) ∩ Ker(Sym) = {0}, we first need the following result, which we

have adapted from Lemma 5.6 in [31].

Lemma 2.4.16. Let M(x) be a matrix whose entries are analytic functions of a variable

x ∈ U ⊂ Rn for some connected open domain U . Let r be the rank of M(x0) for some

particular x0 ∈ Rn. Then rank(M(x)) ≥ r for almost all x ∈ U .

Proof. Note that rank(M(x)) < r if and only if the determinant of every (r, r)-shaped minor

ofM(x) vanishes. Since the rank ofM(x0) is r, there exists some (r, r)-shaped minor M̂(x)

such that det(M̂(x0)) 6= 0. Note that det(M̂(x)) is an analytic function of x, and the

witness x0 shows that det(M̂(x)) is not identically zero. An analytic function that is not

identically zero has a measure zero vanishing set [32]. Therefore, det(M̂(x)) has a vanishing
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set of measure zero, and hence rank(M(x)) is < r on a measure zero set. �

The utility of this lemma is that if a matrixM(x) has entries that are analytic and we

find a single witness x0 such that M(x0) is full rank, then we know M(x) is full rank for

almost every x. We use this lemma in the proof of the following result.

Lemma 2.4.17. Let d ≥ 4 and M = d. Then for almost all C∗ ∈ R(M+1)×d, the image of

g̃ and the kernel of Sym are linear subspaces that intersect only at 0.

Proof. In the proof of Lemma 2.4.14, we showed that
{
g̃(Em,j)

}
0≤m≤M,1≤j≤d forms a basis

for Im(g̃). Since the action of g̃ depends on C∗, in this proof we will use the notation g̃C∗ to

denote the g̃ operator induced by a particular choice of C∗. For coefficients βm,j , we wish

to show that if

Sym

 ∑
0≤m≤M
1≤j≤d

βm,j g̃C∗(E
m,j)

 = 0, (2.4.18)

then all the coefficients must be zero. By linearity of the Sym operator, it suffices to show

that {
Sym(g̃C∗(E

m,j))
}

0≤m≤M,1≤j≤d
(2.4.19)

forms a linearly independent set of (M,M,M)-shaped tensors.

LetM(C∗) denote the (M3, (M + 1)M)-shaped matrix of column-stacked flattenings of

the tensors in (2.4.19). Then we wish to show that this matrix has full column rank for

almost all C∗. The entries ofM(C∗) are either zeros or linear combinations of the entries

of Fm as defined in (2.4.15). Recall that the values p∗i are a function of C∗ in the following

way:

p∗i = p∗i (C
∗) =

‖c∗i − c
∗
i−1‖∑M

j=1 ‖c∗j − c
∗
j−1‖

. (2.4.20)

On the connected open domain U := {C∗ ∈ R(M+1)×d : c∗j − c
∗
j−1 6= 0, j = 1, . . .M}, this is

an analytic function of the entries of C∗. Since the entries of terms of the form (c∗m−1+c∗m)⊗2

and c∗m
⊗2 are also analytic, it follows from the form of Fm that the entries of M(C∗) are
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analytic functions of the entries of C∗. By Lemma 2.4.16, it suffices then to find a single

witness C∗ for each dimension M whereM(C∗) has full rank.

For M ≥ 4, we define the following witness CM (for notational clarity, we show the case

M = 4 here, with CM for greater M being defined in the obvious way):

CM :=



1√
2

0 0

0 1√
2

0

0 0 1√
2

0 0 1√
2

+ 1


. (2.4.21)

We choose this particular CM because it induces matrices Fm that are sparse and have

a particular recursive structure, and the proportional segment lengths of CM are all 1/M .

Define

w
m,j
M

:= M Sym(g̃CM (Em,j))

WM = {wm,jM }0≤m≤M,1≤j≤M .

(2.4.22)

To show that CM is a witness for a full rankM(C∗), it suffices to show that for all M ≥ 4,

WM is a linearly independent collection of tensors. We proceed by induction. The base

case M = 4 can be verified by straightforward computation. We verify this numerically by

computing the singular value decomposition of the matrix M(C4) and observing that the

smallest singular value is positive; the smallest singular value is approximately 3.29024 ×

10−4.

Now suppose WM is a linearly independent collection; we wish to show that WM+1

also is a linearly independent collection. Note that wm,jM+1 is an (M + 1,M + 1,M + 1)-

shaped tensor. Let ŵm,jM+1 denote the (M,M,M)-shaped “minor” of wm,jM+1 given by the

(1 : M, 1 : M, 1 : M) subtensor of wm,jM (here we are 1-indexing). By straightforward explicit

computation of the entries of M Sym(g̃CM (Em,j)) and (M + 1) Sym(g̃CM+1(Em,j)), it can
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be shown that the minors of wm,jM+1 have the following properties:

(a) For 0 ≤ m ≤M − 2, 1 ≤ j ≤M : ŵm,jM+1 = w
m,j
M .

(b) For 1 ≤ j ≤M : ŵM−1,j
M+1 = w

M−1,j
M −

(
1√
2
− 1

4

)
w
M,j
M .

(c) For 1 ≤ j ≤M : ŵM,j
M+1 =

1

4(1 +
√

2)2
w
M,j
M .

(d) For 1 ≤ j ≤M : ŵM+1,j
M+1 = 0.

(e) For 0 ≤ m ≤M + 1: ŵm,M+1
M+1 = 0.

Now given coefficients αm,j , suppose

∑
0≤m≤M+1
1≤j≤M+1

αm,jw
m,j
M+1 = 0. (2.4.23)

To complete the inductive step, it suffices to show that all coefficients αm,j must be zero.

Observe that the (1 : M, 1 : M, 1 : M) subtensor of the linear combination above must also

be zero, and hence using the properties above we have

0 =
∑

0≤m≤M+1
1≤j≤M+1

αm,jŵ
m,j
M+1

=
∑

0≤m≤M−2
1≤j≤M

αm,jŵ
m,j
M+1 +

∑
1≤j≤M

αM−1,jŵ
M−1,j
M+1 +

∑
1≤j≤M

αM,jŵ
M,j
M+1

+
∑

1≤j≤M
αM+1,jŵ

M+1,j
M+1 +

∑
0≤m≤M+1

αm,M+1ŵ
m,M+1
M+1

=
∑

0≤m≤M−2
1≤j≤M

αm,jw
m,j
M +

∑
1≤j≤M

αM−1,j

(
w
M−1,j
M −

(
1√
2
− 1

4

)
w
M,j
M

)

+
∑

1≤j≤M
αM,j

1

4(1 +
√

2)2
w
M,j
M

=
∑

0≤m≤M−2
1≤j≤M

αm,jw
m,j
M +

∑
1≤j≤M

αM−1,jw
M−1,j
M
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+
∑

1≤j≤M

(
αM,j

1

4(1 +
√

2)2
− αM−1,j

(
1√
2
− 1

4

))
w
M,j
M .

This is a linear combination of the terms {wm,jM }0≤m≤M,1≤j≤M = WM ; by the inductive

hypothesis, this is a set of linearly independent tensors. In the last line above, we see that all

αm,j in the first sum must be zero and all αM−1,j in the second sum must be zero. Therefore

all αM−1,j in the third sum of the last line must be zero, and hence all αM,j in the third

sum must be zero as well. We can thus conclude that in (2.4.23), all {αm,j}0≤m≤M,1≤j≤M

must be zero. Therefore, most of the terms in (2.4.23) vanish, and we are left with

∑
0≤m≤M+1
1≤j≤M+1

αm,jw
m,j
M+1 =

∑
0≤m≤M

αm,M+1w
m,M+1
M+1 +

∑
1≤j≤M+1

αM+1,jw
M+1,j
M+1

= 0.

(2.4.24)

Now consider the (M + 1, :, :) slice of the above tensor equation, which must equal the zero
matrix. For M + 1 = 5, the (M + 1, :, :) slices of {wm,M+1

M+1 }0≤m≤M and {wM+1,j
M+1 }1≤j≤M+1

are as follows, with the slices for greater values of M + 1 being the obvious extension of the
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below (with the nonzero values being the same and more zero padding).

w
0,M+1
M+1

[M + 1, :, :] =



1/8 1/24 0 0 0

1/24 1/24 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0



w
1,M+1
M+1

[M + 1, :, :] =



1/24 1/24 0 0 0

1/24 1/4 1/24 0 0

0 1/24 1/24 0 0

0 0 0 0 0

0 0 0 0 0



w
2,M+1
M+1

[M + 1, :, :] =



0 0 0 0 0

0 1/24 1/24 0 0

0 1/24 1/4 1/24 0

0 0 1/24 1/24 0

0 0 0 0 0



w
3,M+1
M+1

[M + 1, :, :] =



0 0 0 0 0

0 0 0 0 0

0 0 1/24 1/24 0

0 0 1/24 1/4 1/12

0 0 0 1/12 1/8



w
4,M+1
M+1

[M + 1, :, :] =



0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 1/24 1/12

0 0 0 1/12 11
8

+ 1√
2



w
M+1,1
M+1

[M + 1, :, :] =



0 0 0 0
(1+

√
2)2

6

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

(1+
√

2)2

6
0 0 0 0



w
M+1,2
M+1

[M + 1, :, :] =



0 0 0 0 0

0 0 0 0
(1+

√
2)2

6

0 0 0 0 0

0 0 0 0 0

0
(1+

√
2)2

6
0 0 0



w
M+1,3
M+1

[M + 1, :, :] =



0 0 0 0 0

0 0 0 0 0

0 0 0 0
(1+

√
2)2

6

0 0 0 0 0

0 0
(1+

√
2)2

6
0 0



w
M+1,4
M+1

[M + 1, :, :] =



0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0
(1+

√
2)2

6

0 0 0
(1+

√
2)2

6
0



w
M+1,5
M+1

[M + 1, :, :] =



0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0
(1+

√
2)2

2



(2.4.25)

One can show that for all dimensions M , these matrices are all linearly independent, and

hence the remaining coefficients in (2.4.24) must also all be zero. Therefore, all coefficients in

(2.4.23) must be zero, and hence WM+1 is a linearly independent collection, as desired. �

This completes the proof of (2.4.6) holding for almost all C∗.

2.4.2 Recovery of Segment Lengths from Curves

Now we wish to show that for p sufficiently close to p∗, we have (2.4.7), which we repeat

here for convenience: 〈
∇pLm∗3(C∗, p), p∗ − p

〉
< 0.
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We can actually show a stronger statement, that the above is true for all p 6= p∗. Using

(2.2.15) and the fact that α is linear in p, we have

〈
∇pLm∗3(C∗, p), p∗ − p

〉
=
〈

2C∗⊗3 ? α(p− p∗), C∗⊗3 ? α(p∗ − p)
〉

= −2‖C∗⊗3 ? α(p− p∗)‖2.

Unpacking the definition of α and the ? operator, the term inside the norm on the last line

is equal to
M∑
i=1

(pi − p∗i )
(

1

12
(c∗i−1 + c∗i )

⊗3 +
1

6
(c∗i−1)⊗3 +

1

6
(c∗i )
⊗3
)
. (2.4.26)

It suffices to show that this is equal to zero if and only if pi−p∗i = 0 for all i. In other words,

we need to show that

{
1

12
(c∗i−1 + c∗i )

⊗3 +
1

6
(c∗i−1)⊗3 +

1

6
(c∗i )
⊗3
}M
i=1

(2.4.27)

is a collection of M linearly independent three-way tensors for c∗i in generic position. We

omit the proof of this because it uses techniques very similar to that of the proof of Lemma

A.5.9. This completes the proof of (2.4.7) and hence the proof of Lemma 2.4.5.

2.4.3 Recovery of Curves and Segment Lengths from the Third Moment

Now we combine (2.4.6) and (2.4.7) to complete the proof of Theorem 2.4.1.

We first prove (2.4.2), which we repeat here; we wish to show that for C sufficiently close

to C∗ and p sufficiently close to p∗, we have

〈
∇CLm∗3(C, p), C∗ − C

〉
< 0.
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For notational convenience, let us introduce the shorthand

[[C,C∗]] :=
[
C ⊗ C ⊗ C∗ + C ⊗ C∗ ⊗ C + C∗ ⊗ C ⊗ C − 3C⊗3

]
. (2.4.28)

We wish to write the expression in (2.4.2) in terms of (2.4.6) plus an error term. Using

(2.2.15) and the fact m∗3 = C∗⊗3 ? α(p∗) to compute the difference and regrouping terms,

we get

〈
∇CLm∗3(C, p), C∗ − C

〉
=
〈
∇CLm∗3(C, p∗), C∗ − C

〉
+ 2

〈
(C⊗3 − C∗⊗3) ? α(p∗), [[C,C∗]] ? α(p− p∗)

〉
+ 2

〈
C⊗3 ? α(p− p∗), [[C,C∗]] ? α(p∗)

〉
+ 2

〈
C⊗3 ? α(p− p∗), [[C,C∗]] ? α(p− p∗)

〉
.

(2.4.29)

The first term on the right hand side above is precisely the term in (2.4.6), which we showed

was strictly negative for C close to C∗ in §2.4.1. By linearity of α, the remaining three terms

on the right hand side go to zero as p → p∗, and hence can be made arbitrarily small for p

close to p∗ by continuity. Hence, for (C, p) sufficiently close to (C∗, p∗), the entire right hand

side is strictly negative, and we have (2.4.2); we denote the neighborhood around (C∗, p∗)

for which (2.4.2) holds with UC .

Now we prove (2.4.3), which we also repeat; we wish to show that for C sufficiently close

to C∗ and p sufficiently close to p∗, we have

〈
∇pLm∗3(C, p), p∗ − p

〉
< 0.

Similarly to before, now we wish to write the expression in (2.4.3) in terms of (2.4.6) plus
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an error term. Again using (2.2.15) and regrouping terms, we get

〈
∇pLm∗3(C, p), p∗ − p

〉
=
〈
∇pLm∗3(C∗, p), p∗ − p

〉
+ 2

〈
(C⊗3 − C∗⊗3) ? α(p), C⊗3 ? α(p∗)

〉
+ 2

〈
(C⊗3 − C∗⊗3) ? α(p∗), C∗⊗3 ? α(p)

〉
+ 2

〈
(C∗⊗3 − C⊗3) ? α(p∗), C∗⊗3 ? α(p∗)

〉
+ 2

〈
(C∗⊗3 − C⊗3) ? α(p), C∗⊗3 ? α(p)

〉
+ 2

〈
(C∗⊗3 − C⊗3) ? α(p), C⊗3 ? α(p)

〉
+ 2

〈
(C⊗3 − C∗⊗3) ? α(p), C∗⊗3 ? α(p∗)

〉
.

(2.4.30)

Once again, the first term on the right hand side is precisely the term in (2.4.7), which we

showed was strictly negative for all p 6= p∗ in §2.4.2. By continuity of the function ·⊗3, the

remaining six terms on the right hand side go to zero as C → C∗, and hence can be made

arbitrarily small for C close to C∗. Therefore there exists a neighborhood Up of (C∗, p∗)

where (2.4.3) holds.

To complete the proof of Theorem 2.4.1, let U = UC ∩ Up; in this neighborhood, (2.4.2)

and (2.4.3) hold. This completes the proof of Theorem 2.4.1, and thus the proof of local

well-posedness of third moment-based curve recovery for piecewise linear curves.

2.5 A Third Moment-Based Recovery Algorithm

Now we turn our attention to devising an algorithm to recover PWL curves from data. We

assume that we have noisy observations coming from (2.1.1) of a ground truth PWL curve

C∗ in Rd with M segments. We assume that d ≥ M ≥ 4. We also assume that C∗ is mean

zero and that the points c∗0, . . . , c
∗
M are in generic position.

The local well-posedness result in Theorem 2.4.1 suggests that a reasonable approach is to

first obtain a rough estimate Ĉinit with proportional segment lengths p̂init in a neighborhood
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near the ground truth C∗, then perform gradient descent in C and p on the relaxed third

moment loss (2.2.14), using Ĉinit and p̂init as initializations. We propose an algorithm that

does exactly this, where the initial rough estimate is obtained via the tensor power method.

Note however that applying Theorem 2.4.1 requires knowledge of the noise-free third moment

of a curve. We therefore need a method of estimating noise-free moments mk(C) from data.

In §2.5.1, we derive unbiased estimators of the noise-free curve moments from data. In

§2.5.2, §2.5.3, and §2.5.4, we describe our recovery algorithm: in §2.5.2, we discuss how to

use the tensor power method to estimate an unordered list of subspaces that the vertices

of C∗ live on; in §2.5.3, we discuss how to reorder these subspaces; in §2.5.4, we use these

reordered subspaces to obtain initial estimates Ĉinit and p̂init as initializations for a gradient

descent scheme.

2.5.1 Unbiased Estimators of Noise-Free Moments

Our task is to recover a ground truth curve C∗ from observations y(j) = C∗(τ (j)) + σξ(j),

j = 1, . . . , N , where τ ∼ U [0, 1] and ξ ∼ N (0, I). We want a way of recovering the noise-free

moments of the curve m∗k := mk(C∗) from data. With Y := {y(1), . . . , y(N)}, we define the

kth empirical moment of the data Y to be

m̂k = m̂k(Y ) :=
1

N

N∑
j=1

(y(j))⊗k. (2.5.1)

First we recall expressions for the first three uncentered moments of a multivariate Gaussian.

Lemma 2.5.2. (adapted from [33]) Let X ∼ N (µ,Σ) be a multivariate normal. Then the
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first through third uncentered moments of X are given by

m1(X) = µ

m2(X) = µ⊗2 + Σ

m3(X) = Sym(µ⊗3 + 3µ⊗ Σ)

(2.5.3)

Here, we use µ⊗ Σ to denote the three-way tensor whose jkl entry is µjΣkl.

From Lemma 2.5.2, we can compute unbiased estimators for the noise-free moments.

Lemma 2.5.4. Let C be such that m1(C) = 0 and let y ∼ C(τ) +σξ, where τ ∼ U [0, 1] and

ξ ∼ N (0, I). Then

1. y is an unbiased estimator of m1(C);

2. y⊗2 − σ2Id is an unbiased estimator of m2(C);

3. y⊗3 is an unbiased estimator of m3(C).

Proof. For the first moment:

Eτ∼U [0,1],ξ∼N (0,Id) [y] = Eτ∼U [0,1][C(τ)] + Eξ∼N (0,Id)[σξ]

= Eτ∼U [0,1][C(τ)]

= m1(C).

(2.5.5)

For the second moment, eliminating cross terms by independence and the fact that C and ξ

are mean zero, we can compute

Eτ∼U [0,1],ξ∼N (0,Id)

[
y⊗2

]
= Eτ [C(τ)⊗2] + Eτ,ξ[C(τ)⊗ σξ] + Eτ,ξ[σξ ⊗ C(τ)] + Eξ[σξ ⊗ σξ]

= Eτ [C(τ)⊗2] + Eξ[σξ ⊗ σξ]

= m2(C) + σ2Id.

(2.5.6)
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For the third moment, eliminating terms with the same idea, we have

Eτ∼U [0,1],ξ∼N (0,Id)

[
y⊗3

]
= Eτ [C(τ)⊗3] + Eτ,ξ[C(τ)⊗ σξ ⊗ σξ] + Eτ,ξ[C(τ)⊗ C(τ)⊗ σξ]

+ Eτ,ξ[σξ ⊗ C(τ)⊗ C(τ)] + Eτ,ξ[C(τ)⊗ C(τ)⊗ σξ]

+ Eτ,ξ[C(τ)⊗ σξ ⊗ C(τ)] + Eξ[(σξ)⊗3]

= Eτ [C(τ)⊗3] + Eξ[(σξ)⊗3]

= m3(C).

(2.5.7)

�

Lemma 2.5.4 and the law of large numbers imply that the empirical moments m̂1,

m̂2 − σ2I, and m̂3 can estimate the noise-free moments m∗1, m
∗
2, and m∗3 arbitrarily well

(in probability) with a sufficient number of points as long as the noise level σ is known.

Therefore, we will design our algorithm for curve recovery from data assuming that we have

estimates m̂1, m̂2, and m̂3 from (2.5.1) that are arbitrarily close to the ground truth moments

m∗1, m
∗
2, and m

∗
3 of C∗.

Note that for y coming from a noisy curve with noise level σ, the entries of y⊗k have

variance on the order of σ2k, so by Chebyshev’s inequality, the number of points needed to

estimate the first three moments is order σ6. A third moment-based recovery algorithm thus

shows that the sample complexity lower bound in Theorem 2.3.7 is asymptotically tight.

2.5.2 Recovering the Subspaces of the Curve with the Tensor Power Method

Let T 3 be a three-way tensor of the form

T 3 =
r∑
i=1

λiu
⊗3
i , (2.5.8)
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where the vectors ui are orthonormal and the scalars λi are all positive; such tensors are called

orthogonally decomposable. The tensor power method (TPM) is a robust iterative algorithm

that is able to recover {λi, ui}ri=1, up to some permutation of the indices. For ui that are

unit length and independent (but not necessarily orthonormal), a whitening preprocessing

step can be applied to reduce the problem to orthogonally decomposable case through an

invertible linear transformation. A thorough introduction to the tensor power method as

well as robustness guarantees can be found in [34]; we will take the TPM for granted in this

chapter. We summarize the TPM with whitening as presented in [34] in Algorithm 1. Note

that for a (d, d, d)-shaped tensor T 3 and (d, r) matrix W , we use T 3(W,W,W ) to denote the

tensor contraction of the three indices of T 3 with the first index of W , i.e.,

[T 3(W,W,W )]mno =
∑
jkl

T 3
jklWjmWknWlo. (2.5.9)

We use the TPM in our algorithm in the following way. Recall from (2.2.6) that the third

moment tensor of a ground truth PWL curve C∗ is given by

m∗3 =
1

12

M∑
i=1

‖c∗i − c
∗
i−1‖

Z

(
(c∗i−1 + c∗i )

⊗3 + 2c∗i−1
⊗3 + 2c∗i

⊗3
)
. (2.5.10)

If we heuristically assume we can throw away the cross terms from (c∗i−1 + c∗i )
⊗3, then this

becomes a tensor of the form
M∑
i=0

λic
∗
i
⊗3. (2.5.11)

We conjecture that the TPM with whitening applied to m̂3 will recover unit vectors {c̃j}Mj=0,

such that after reordering, c̃ji approximately spans the one-dimensional subspace that c∗i lives

in, that is, c̃ji is close to c∗i in cosine similarity.¬ Throughout this subsection, we will use c̃j

to refer to the unsorted unit vectors and c̃ji to refer to the sorted unit vectors.

Note that (2.5.8) is invariant to a reordering of the λi’s and ui’s, so the fact that the

¬. The cosine similarity of two vectors a and b is 〈a, b〉 /(‖a‖‖b‖).
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Algorithm 1: Tensor Power Method with Whitening: TPM
Input: Symmetric three-way tensor T 3 =

∑r
i=1 λiu

⊗3
i with ui ∈ Rd unit length and

linearly independent and λi > 0; rank r symmetric matrix
T 2 =

∑r
i=1 λiu

⊗2
i ; desired number of additive factors r ≤ d.

Output: Estimates {ûi}ri=1 of {ui}ri=1.
/* WHITENING STEP */

1 Set U to be the Rd×r-shaped matrix whose columns are orthonormal eigenvectors of
T2 corresponding to nonzero eigenvectors.

2 Set D to be the Rr×r-shaped diagonal matrix of positive eigenvalues of T2.
3 Compute the whitening matrix W = UD−1/2 ∈ Rd×r.
4 Whiten the T 3 to an orthogonally decomposable tensor by setting

T̃ 3 = T 3(W,W,W ) ∈ Rr×r×r.
/* TENSOR POWER ITERATION */

5 for i = 1, . . . , r do
6 Randomly initialize x ∈ Rd.
7 while not converged do
8 Iterate x←

∑
jk T̃

3
jklxkxl/‖

∑
jk T̃

3
jklxkxl‖.

9 end
10 Set λ̃i =

∑
jkl T̃

3
jklxjxkxl.

11 Set ũi = x.
12 Set ûi = λ̃i(W

T )†ũi, where † denotes the Moore-Penrose pseudoinverse.
13 Deflate the whitened tensor: T̃ 3 ← T̃ 3 − λ̃iũ⊗3

i .
14 end
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TPM recovers ui up to permutation is not important to the tensor decomposition problem.

However, to recover the vertices of a curve, we do in fact need to recover the ordering of the

c∗i ’s. Therefore, we need some way to reorder the putative subspaces returned by the TPM.

2.5.3 Reordering the Predicted Subspaces

The tensor power moment returns unit vectors {c̃j}Mj=0 that are ostensibly close in alignment

to the ground truth points c∗i ; we need to reorder them so that c̃ji is close to c∗i , where we

use the term “close” here (and in the rest of this subsection) in the sense of cosine similarity.

The seriation problem of ordering time dependent data is well-studied and there are many

existing approaches (see, for instance, [27, 29]), but here we outline a heuristic approach

that empirically performs well for our purposes.

A reasonable prior is that our curve is sufficiently smooth such that if i 6= 0,M , then the

two points closest to c∗i are c
∗
i−1 and c∗i+1. This is the inspiration behind Algorithm 2, where

we order the subspaces (given an initial choice) by iteratively choosing the closest subspace

from {c̃j}Mj=0 that has not been sorted yet.

Algorithm 2 can output up toM+1 different orderings depending on the choice of initial

index j0. To see which ordering to choose, consider the simple case illustrated in Figure

2.3. Here we assume that we have five unit vectors along some arc. Then the five possible

orderings output by Algorithm 2, depending on the choice of initial index, are

1. c0, c1, c2, c3, c4

2. c1, c0, c2, c3, c4

3. c2, c3, c4, c1, c0

4. c3, c2, c1, c0, c4

5. c4, c3, c2, c1, c0.
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Figure 2.3: An illustration of a toy ideal case for Algorithm 2.

Notice that the two correct sortings are (1) and (5), and that these two sortings are

palindromes of another. A reasonable heuristic then is to assume that C∗ does not deviate

too much from this ideal situation and {c̃j} do not deviate too much from the true subspaces,

build up the M + 1 chains starting from each of the predicted subspaces, and choose the

chain that has a palindrome.

Of course, in general we are not guaranteed that a palindrome pair will exist among

the M + 1 sortings generated by Algorithm 2, so we instead need a way to measure how

“palindromic” a particular sorting is given a list of sortings.

Definition 2.5.12. Let Π = {πi} be a set of permutations of M + 1 elements, where we

identify permutations with ordered tuples of length M + 1 with exactly one of {0, . . .M} in

each entry. Let Rev(π) be the reversed tuple of π. Given π1, π2 ∈ Π, we define the palindrome

similarity psim(π1, π2) between them as the number of entries in which π1 and Rev(π2)

agree. For example, psim((0, 1, 2, 3, 4), (2, 3, 4, 1, 0)) = 3. The palindromicity PΠ(π) of a

permutation π ∈ Π is defined as the maximum palindrome similarity between π and every

other permutation in Π:

PΠ(π) = max
ν∈Π

psim(π, ν). (2.5.13)

Note that if the palindromicity of a permutation in a list is equal toM+1, that means the

palindrome of the permutation exists in the list. From our list of M + 1 orderings generated

by the chain-building algorithm, we then choose the one with the highest palindromicity,
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breaking ties arbitrarily. In the ideal case, there should be exactly one pair of orderings with

palindromicity equal to M + 1.

2.5.4 Final Optimization Steps

From the output of Algorithm 1 sorted by Algorithm 2, we now have a row-stacked matrix

C̃ = [c̃j0 , . . . c̃jM ]T of unit vectors that approximately span the subspaces in which c∗i lie.

Since c̃ji are unit length, we now wish to find scalars λi such that the curve with vertices

λic̃ji has moments close to the estimated moments m̂1, m̂2, m̂3. Observe that diag(λ)C̃ is

the matrix whose ith row is given by λic̃ji . Then we choose λ to minimize the loss of the

first three moments of diag(λ)C̃:

λ̂ = argminλ

[
3∑

k=1

∥∥∥mk(diag(λ)C̃)− m̂k

∥∥∥2

F

]
(2.5.14)

If the c̃ji are close in alignment to c∗i , then diag(λ̂)C̃ =: Ĉinit should be close to the ground

truth C∗. If this is close enough, then it will be within the neighborhood of C∗ where the

third moment minimizer is unique (the existence of such a neighborhood is precisely the

statement of Corollary 2.4.4). We call this first step the initial estimate phase.

With λ̂ determined, we now use Ĉinit as an initialization for gradient descent on Lm∗3(C, p)

as defined in (2.2.14). In practice, as mentioned in §2.2, since C∗ naturally lives in an M -

dimensional subspace V of Rd, we first project Ĉinit down to the subspace spanned by the

top M eigenvectors of m̂2; let Q be the (d,M)-shaped matrix whose columns are these

eigenvectors. Note that if we replace the estimate m̂2 with the exact second moment m∗2 of

C∗, then m∗2 has exactly M nonzero eigenvectors. Then the projection of Ĉinit onto V can

be estimated by ĈinitQ (the estimation is exact when Q is computed from m∗2 rather than

m̂2).

Since we wish to match the third moment in the subspace V , we need to estimate the

third moment of the projected curve. The exact third moment of the projected curve is
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given by m∗3(Q,Q,Q) (see (2.5.9)), and hence we can estimate the projected third moment

from data by m̂3(Q,Q,Q). We then use ĈinitQ and its corresponding proportional segment

lengths p̂init as an initial point for minimizing Lm̂3(Q,Q,Q)(C, p) via alternating gradient

descent, then deproject the result back to Rd to get our final prediction Ĉ. We call this

second step consisting of projection, alternating descent, and deprojection the finetuning

phase.

To summarize, our recovery algorithm is in two phases. The first initial estimate phase

uses the TPM on the third moment tensor to approximately recover the unordered subspaces

in which the points ci approximately lie; these points are then sorted using the chain-building

algorithm, and the sorting with the best palindromicity is chosen. We then find the best

ĉi along these subspaces that minimize the loss of the first three moments. In the second

finetuning phase, we use these ĉ∗i as an initial guess for minimizing the loss of the relaxed

third moment in the M -dimensional subspace where C∗ naturally lies. The full algorithm is

presented as Algorithm 3.
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Algorithm 2: Chain-Building Algorithm: ChainBuild
Input: Unordered approximate subspaces {c̃j}Mj=0; initial index 0 ≤ j0 ≤M .
Output: Putative ordering of the approximate subspaces [j0, . . . jM ].

1 Initialize the chain with the initial index: chain← [j0].
2 Remove the initial index from the list of indices of unsorted subspaces:

RemainingSubspaces← [0, . . . ,M ] \ j0.
3 for k = 1, . . . ,M do
4 Set jk to be the index in RemainingSubspaces such that c̃j is closest to C̃jk−1

in
cosine similarity.

5 Append jk to the chain: chain← [j0, . . . , jk−1, jk].
6 Remove jk from the list of unsorted subspaces:

RemainingSubspaces← RemainingSubspaces \ jk.
7 end

Algorithm 3: Full Curve Recovery Algorithm
Input: Number of segments M ; estimated moments m̂1, m̂2, m̂3 of a PWL curve in

Rd where d ≥M .
Output: Vertices of predicted PWL curve Ĉ in Rd with M segments.
/* FIRST PHASE, INITIAL ESTIMATE */

1 Use the tensor power method to estimate the unordered subspaces in which the
vertices of C∗: C̃unsorted := {c̃0, . . . , c̃M} = TPM(m̂3, m̂2,M).

2 Build all possible putative sortings of the unsorted subspaces:
Π = {ChainBuild({c̃j}Mj=0, i)}

M
i=0.

3 Choose the most palindromic sorting in Π: π̂ = argmaxπ PΠ(π) (see (2.5.13));
break ties arbitrarily.

4 Sort C̃unsorted using π̂: C̃ = [c̃π̂(0), . . . , c̃π̂(M)].
5 Find λ̂ ∈ RM+1 that minimizes (2.5.14) via gradient descent:

λ̂ = argminλ

[∑3
k=1

∥∥∥mk(diag(λ)C̃)− m̂k

∥∥∥2

F

]
.

6 Compute the initial guess for the curve vertices along the subspaces spanned by
{c̃i}: Ĉinit = diag(λ̂)C̃.
/* SECOND PHASE, FINETUNING */

7 Set Q to be the (d,M)-shaped matrix whose columns are the eigenvectors
corresponding to the top M eigenvalues of m̂2.

8 Project the initial projection to the subspaces spanned by the columns of Q:
Ĉproj init = ĈinitQ.

9 Set p̂proj init as the proportional segment lengths of Ĉproj init.
10 Compute the third moment of the projected curve: (m̂3)proj = m̂3(Q,Q,Q).
11 Solve (Ĉproj, p̂proj) = argminC,p L(m̂3)proj

(C, p) via alternating gradient descent on

C and p with (Ĉproj init, p̂proj init) as initialization.
12 Deproject the final projected prediction to the ambient space: Ĉ = ĈprojQ

T .
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2.6 Numerical Results

Here we present some numerical results on using Algorithm 3 to recover curves. Our imple-

mentation is primarily built with the the libraries JAX and JAXopt ([35, 36]).

To generate our data, we first prescribe M segment lengths Zi uniformly randomly from

the interval [1, 2]. Then we sample a random curve in Rd with M segments by choosing the

origin as the initial point, then iteratively adding points by choosing a random vector on the

sphere with radius Li and adding it to the most recently generated point on the curve. We

then subtract away the first moment of the curve to ensure that our curve is mean zero. We

do not normalize the segment lengths to fit the curve into the unit ball (as in the hypotheses

for Proposition 2.3.5) for numerical stability reasons.

Recall Algorithm 3 relies on having access to the noise-free moments of the ground truth

curve C∗. For high noise, a very large number (order σ6) of data points from a noisy cloud

are required to closely estimate the first three moments of the noise-free underlying curve. In

high dimensions, this becomes enormously computationally expensive. Therefore, we show

results from two different experiments: one where we apply Algorithm 3 directly on ground

truth noise-free moments that we obtain from C∗ (i.e., we set m̂k = m∗k), and another

experiment that uses empirical moments computed from a point cloud generated from C∗

(i.e. we estimate m̂k from data). Due to the large number of points needed to accurately

estimate the third moment tensor, we compute the moments in an online manner so that we

never have to store an entire point cloud in memory.

Algorithm 3 involves an initial phase that estimates a curve close to the ground truth

before a second phase that directly minimizes the relaxed third moment loss. We propose

two similar baseline algorithms to show that our initial rough estimation phase is essential:

we simply directly minimize either the squared Frobenius loss of the third moment or the

sum of the losses of the first, second and third moments from multiple random initializations,

as detailed in Algorithm 4. We perform the optimization in an estimation of the natural

M -dimensional subspace V where the curve lies, so we minimize against the moments of
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the projected curve. As before, let Q be the (d,M)-shaped matrix whose columns are the

top M eigenvectors of m̂2; when m̂2 equals m∗2 exactly, the columns of Q exactly span V .

Then the first three moments of the projected curve can be estimated by (m̂1)proj = QT m̂1,

(m̂2)proj = QT m̂2Q, and (m̂3)proj = m̂3(Q,Q,Q). As in Algorithm 3, the minimizations

are performed with gradient descent. We perform the minimization with n = 10 random

initializations and choose the result with the best final moment loss.

Algorithm 4: Baseline Recovery Algorithm with Random Initialization for Moment
Matching
Input: Number of segments M ; estimated moments m̂1, m̂2, m̂3 of a PWL curve in

Rd where d ≥M , number of random baseline initializations n.
Output: Vertices of predicted PWL curve Ĉ in Rd with M segments.

1 Use eigenvalue decomposition of m̂2 to compute the (d,M)-shaped matrix Q whose
columns are the top M eigenectors of m̂2.

2 Estimate the moments of the projected curve: (m̂1)proj = QT m̂1,
(m̂2)proj = QT m̂2Q, (m̂3)proj = m̂3(Q,Q,Q).

3 Randomly initialize the running best predicted curve Ĉproj best and set the running
best loss from n trials: lossbest ← +∞.

4 Define a loss function from matching just the third moment or the all of first three
moments: L(C) :=

∑3
k=1 ‖mk(C)− m̂k‖2F or L(C) := ‖m3(C)− m̂3‖2F (as in

(2.2.14)).
/* iteratively update best estimate */

5 for k = 1, . . . , n do
6 Randomly initialize Ĉproj init with shape (M + 1, d).
7 Solve Ĉproj = argminC L(C) via gradient descent with Ĉproj init as initialization.
8 if L(Ĉproj) < lossbest then
9 Update the best loss: lossbest ← L(Ĉproj).

10 Update the best projected curve: Ĉproj best ← Ĉproj.
11 end
12 end
13 Deproject the best projected curve: Ĉ = Ĉproj bestQ

T .

In Table 2.1, we present results from the experiment with moments m̂k estimated from

a point cloud with N = 108 points, with M = 16 segments, ambient dimension d = 24,

and noise level σ2 = 1/4. We report the lower quartile, median, and upper quartile of the

square root of the curve loss
√
ρ(C∗, Ĉ) (see (2.3.2)) and the relative third moment loss
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‖m∗3−m3(Ĉ)‖F /‖m∗3‖F between the ground truth and predicted curves over 500 trials with

different random ground truth curves C. We present the results for the outputs of both

phases of Algorithm 3, as well as the performance of both baselines with the best result

out of n = 10 random initializations. In Table 2.2, we present the same statistics for the

experiment with access to ground truth moments with M = 32, and d = 48 (we are able

to perform the experiment in higher dimensions because we no longer have to generate and

compute moments of a large point cloud, which is the primary performance bottleneck). We

see that in both experiments, Algorithm 3 significantly outperforms both baselines in the

curve loss, even without the finetuning phase. Observe also that the actual third moment

loss is lower for the baseline algorithms even though the curve loss is higher; this indicates

that the baseline algorithms are converging to a curve different from the ground truth C∗. In

the experiment with access to ground truth moments, the sorting of subspaces was successful

488/500 = 97.6% times, where we define success as there being exactly one palindromic pair

of sorted subspaces. In the experiment with moments estimated from a point cloud, the

success rate was 449/500 = 89.8%. We show some predicted curves from Algorithm 3 for

both experiments in Figures 2.4 and 2.5.

2.7 Conclusion and Future Work

In this chapter, we consider the problem of resolving a PWL constant speed curve in high

dimensions from a high noise point cloud around the curve. We show that for sufficiently large

noise, any algorithm hoping to recover the underlying curve with high probability will require

at least O(σ6) samples, giving an asymptotic lower bound on the sample complexity. We then

show that this lower bound is asymptotically tight by providing a recovery algorithm based

on the third moment tensor, exploiting the fact that the third moment uniquely determines

a curve in some neighborhood. Further work is needed in showing theoretical guarantees for

our algorithm, e.g., showing robustness in the presence of error in the estimation of the curve

moments mk(C) from the data, or guarantees on Algorithm 2. There is also work to be done
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in recovery of curves other than PWL curves, as well as investigating the phase transition

between the low noise and high noise recovery problems.
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Figure 2.4: Four uncurated experimental results for curves with M = 16 segments, ambient
dimension d = 24, noise level σ2 = 1/4 and moments estimated from point cloud with
N = 108 points. We show the ground truth curve and a subsample of 1000 points from
the point cloud in blue. The output of Algorithm 3 is given by the dashed orange line. All
curves are projected down to the first two dimensions of R24
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Figure 2.5: Four uncurated experimental results for curves with M = 32 segments, ambient
dimension d = 48, and access to ground truth moments. We show the ground truth curve in
blue. The output of Algorithm 3 is given by the dashed orange line. All curves are projected
down to the first two dimensions of R48
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Table 2.1: Lower quartile, median, and upper quartile root curve losses
√
ρ(C∗, Ĉ) (see

(2.3.2)) and relative third moment losses ‖m∗3 −m3(Ĉ)‖F /‖m∗3‖F over 500 trials with mo-
ments estimated from point cloud with N = 108 points, M = 16 segments, ambient dimen-
sion d = 24, noise level σ2 = 1/4. The lowest value in each column is bolded.

root curve loss rel. third moment loss

method 25% 50% 75% 25% 50% 75%

Algorithm 3
after first phase 0.4576 0.4866 0.5431 0.0513 0.0574 0.0658

Algorithm 3
after second phase 0.2271 0.2627 0.3157 0.0578 0.0776 0.1141

Baseline algorithm
with third moment only 1.5947 1.6740 1.7444 0.0172 0.0201 0.0243

Baseline algorithm
with all three moments 1.5681 1.6505 1.7130 0.0134 0.0152 0.0171

Table 2.2: Lower quartile, median, and upper quartile root curve losses
√
ρ(C∗, Ĉ) (see

(2.3.2)) and relative third moment losses ‖m∗3−m3(Ĉ)‖F /‖m∗3‖F over 500 trials with access
to ground truth moments, M = 32 segments, ambient dimension d = 48. The lowest value
in each column is bolded.

root curve loss rel. third moment loss

method 25% 50% 75% 25% 50% 75%

Algorithm 3
after first phase 0.6784 0.7977 0.9874 0.0415 0.0630 0.1091

Algorithm 3
after second phase 0.4532 0.6389 1.0519 0.0672 0.1023 0.2073

Baseline algorithm
with third moment only 1.9862 2.0539 2.1163 0.0152 0.0176 0.0204

Baseline algorithm
with all three moments 1.9850 2.0462 2.1079 0.0115 0.0128 0.0138
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CHAPTER 3

FAST DISCRETE OPTIMAL TRANSPORT ON SPIN SYSTEMS

Optimal transport is one of the most well-studied problems in applied mathematics; the

following very brief historical sketch is taken from [37]. The problem was first studied in

Gaspard Monge’s 1781 work Sur la théorie des déblais et des remblais, in which he studied

the problem of optimally transporting earth from mines (or other sources in the ground)

to some other location. In the 1940s, Kantorovich rediscovered the problem, albeit with a

somewhat different formulation, and furthermore framed it as a linear programming problem,

thus giving a method to actually compute solutions to the optimal transport problem. The

21st century has seen a massive acceleration in interest in optimal transport, as evidenced

by Cédric Villani’s monumental reference [37], as well as Filippo Santambrogio more applied

perspective [38]. While most work on optimal transport has been for continuous domains,

we are interested in optimal transport on a discrete domain; see [39] for a brief survey on

techniques in discrete optimal transport.

In search of a discrete setting in which to do optimal transport, we turn to the Ising

model. The Ising model is one of the most foundational and well-studied models in statistical

physics [40], consisting of a lattice of interacting spins that can assume one of two states.

The Glauber model, first introduced in [41], is a dynamical system on the Ising model, where

at each step, a transition rate determines the probabilities of spins changing state. In the

Glauber model, the transition rates for a particular site have a particular form that depends

on the spin states of the site’s neighbors. We instead consider a more relaxed problem with

very few restrictions on the transition rates. From these Glauber-like dynamics on spin

systems, we will derive a high dimensional optimal transport problem, then implement a

fast solver that is able to solve problem instances up to dimension one billion.

This chapter is organized as follows. In §3.1.1, we introduce and set up the spin system in

which we will be doing optimal transport. In §3.1.2, we describe the Glauber-like dynamics

we impose on the spin system and connect this to optimal transport. In §3.1.3, we give
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a formal statement of the problem. We formulate this as a standard, albeit exponentially

large, linear program in §3.2.1 and discuss a practical method to solve large instances of this

linear program in §3.2.2, followed by an accelerated mean-field approximation approach in

§3.2.3. We show some results of numerical experiments in §3.3.

3.1 Introduction

3.1.1 Notation and Introduction to the Problem

Consider a system of n spins, each of which may assume a state of ±1; this gives rise to a

state space Ω = Ωn := {±1}n of size 2n; we call elements σ ∈ Ω configurations. Observe

that by assigning an arbitrary ordering to the spins, there exists a natural bijection between

Ω and the binary representations of all integers 0, 1, . . . , 2n − 1; for example, for the case

n = 5, we can associate the decimal integer 22, with binary representation 10110, with the

configuration where sites 1 and 4 are in state −1, and sites 2, 3, and 5 are in state +1 (we let

the rightmost bit of the binary representation denote the first of n states, and the leftmost

bit denote the last of n states). For any configuration σ and integer j = 1, . . . , n, let σj

denote the configuration that is identical to σ, but with the jth spin flipped; for example, if

σ = 10110 and j = 2, then σj = 10100.

We define dynamics on these configurations as follows. Consider a temporal sequence

of configurations σ0, σ1, . . . , σT representing the trajectory of the evolution of some initial

configuration σ0. At each of the T evolution steps, we only allow for one of two possible

transitions: either the configuration remains unchanged, or exactly one spin site flips; we

call the configurations that differ at exactly one spin site from σ the configurations that are

reachable from σ.

Let v(σ, j, t) denote the probability that at time step t, the jth spin of the configuration

σ flips; we can thus consider vt = v(·, ·, t) as a matrix of shape (2n, n) that controls the

transition probabilities between all possible configurations at each time step t; we hence

52



call vt the control at time t. Note that the entries of vt must be nonnegative, and the

row sums must be ≤ 1, since each row encodes the probabilities of a particular configuration

transitioning to each of its reachable configurations. Finally, let ρ(σ, t) denote the probability

of observing a configuration σ at time step t; then ρt = ρ(·, t) is a probability vector of size

2n over Ω. Note that a transition vt induces an evolution of a distribution ρt to another

distribution ρt+1.

We can write down this evolution explicitly. Note that if the configuration σ is at time

t + 1, either (a) the configuration σ was observed at time t and the configuration remained

unchanged, or (b) the configuration σj was observed at time t for some j = 1 . . . , n and the

jth bit was flipped in the transition. We can write this down as:

ρ(σ, t+ 1) = ρ(σ, t)

1−
n∑
j=1

v(σ, j, t)

+
n∑
j=1

ρ(σj , t)v(σj , j, t). (3.1.1)

In statistical physics contexts this is sometimes called the master equation in the Glauber

model [42, 43]; we will henceforth refer to it as the evolution equation of our model. Our

evolution differs from the standard Glauber dynamics in that we have few constraints on

the transition probabilities v. Typically, the spins are arranged in some graph, and v(σ, j, t)

must be a function of the neighbors of spin site j of a particular form. Our dynamics are

thus a considerable relaxation of the classical Glauber dynamics.

Oftentimes, (3.1.1) is written with the notation

∂

∂t
ρ(σ, t) = −

n∑
j=1

ρ(σ, t)v(σ, j, t) +
n∑
j=1

ρ(σj , t)v(σj , j, t). (3.1.2)

From (3.1.1) and (3.1.2), we have

ρ(σ, t) +
∂

∂t
ρ(σ, t) = ρ(σ, t+ 1),

justifying the derivative notation in (3.1.2).
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Figure 3.1: The Hamming cube representation for the configurations of a spin system with
n = 3 spins.

The binary representation of the configurations and our transition rules give rise to an-

other natural representation of Ω as the hypercube graph Qn. We may associate each element

σ ∈ Ω with a vertex of the hypercube graph, where edges are drawn between configurations

whose binary representations have a Hamming distance of exactly 1 (sometimes this is re-

ferred to as the Hamming cube, see Figure 3.1); note that these edges are exactly those which

connect configurations that are reachable from each other. We can then interpret ρt as a

distribution of mass on the vertices of Qn.

We wish to consider the following problem: given initial and final probability distributions

µ = ρ0 and ν = ρT on Ω, we wish to find a sequence of controls v0, . . . , vT−1 that transitions

µ to ν. Furthermore, we will later introduce a cost function on the sequence of distributions

ρt and controls vt that we wish to minimize. This is therefore a discrete time optimal control

problem, with state vectors given by the distributions ρt and controls given by vt.

3.1.2 The Evolution Equation and Connection to Optimal Transport

Before further discussion of our spin system model, we first introduce the Benamou-Brenier

formulation of optimal transport, with which we will later show a connection to the dynamics
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of our model.

The classical Monge-Kantorovich problem in optimal transport is formulated as follows.

Let X and Y be complete separable metric spaces, and c : X×Y → [0,+∞] be a continuous

cost function. Let µ and ν be probability measures on X and Y respectively. Let Π(µ, ν)

denote the set of transport plans, i.e., the collection of measures on X×Y with X marginals

µ and Y marginals ν. The Monge-Kantorovich problem is to find the optimal transport cost

between µ and ν, given by

inf

{∫
X×Y

c dγ : γ ∈ Π(µ, ν)

}
. (3.1.3)

The classical interpretation of this is that we wish to move a distribution of mass µ to another

distribution ν, and for measurable sets A ∈ X and B ∈ Y , the measure γ(A×B) represents

the amount of mass being moved from A to B. The integral in (3.1.3) is then the cost of

moving the mass from X to Y .

When X = Y and c(x, y) = ‖x − y‖p for some p ∈ [1,∞), the quantity (3.1.3) is

referred to as the Wasserstein metric and denoted Wp(µ, ν). When we furthermore require

X = Y = Rd, we have the following fluid mechanics reinterpretation known as the Benamou-

Brenier formulation (first formulated for W2 in [44], then generalized to Wp in [45, 46]):

W
p
p (µ, ν) = min

v

∫ 1

0

∫
Rd
‖v(x, t)‖pρ(x, t) dx dt

such that
∂

∂t
ρ(x, t) = −∇ · (ρv)

ρ(x, 0) = µ(x), ρ(x, 1) = ν(x).

(3.1.4)

Here we are considering µ and ν as probability density functions rather than measures.

The function v : Rd × [0, 1] → R denotes some time-dependent velocity field, and ρ(·, t)

denotes a probability density for each t. The interpretation here is that µ = ρ(·, 0) and

ν = ρ(·, 1) are some initial and final distributions of mass, and the field v pushes µ towards

ν, with intermediate states given by ρ(·, t). The first constraint in (3.1.4) is known as the
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continuity equation; by the divergence theorem, this enforces conservation of mass of ρ, so

that
∫
ρ(x, t) dx = 1 for all t ∈ [0, 1].

Observe that the continuity equation in (3.1.4) states that the time derivative of prob-

ability density is equal to some net flux term. Observe also that our evolution equation in

the form (3.1.2) makes an analogous statement, that the time derivative of the probability

density is equal to net inflow minus net outflow. Therefore we see that the dynamics of our

model can be viewed as a discrete analogue of the dynamics underlying the Benamou-Brenier

formulation of optimal transport.

Earlier we stated that we would assign a cost to a sequence of distributions ρt and controls

vt. To continue the analogy with the Benamou-Brenier formula, the straightforward choice

that most closely resembles the cost in (3.1.4) is

T−1∑
t=0

∑
σ∈Ω

n∑
j=1

v(σ, j, t)pρ(σ, t). (3.1.5)

3.1.3 Problem Formulation: Optimal Transport on Spin Systems

We are now ready to give a precise statement of our discrete optimal transport problem on

spin systems.

Fix an integer number of time steps T ≥ 1 and a number of spins n ∈ N. Fix p ∈ [1,∞).

Let µ, ν be prescribed initial and final probability distributions on the configuration space

Ωn = {±1}n. We wish to find a sequence of controls v0, . . . , vT−1 that solves the following

minimization problem.
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min
v

∑
t

∑
σ

∑
j

v(σ, j, t)pρ(σ, t)

such that ρ(σ, t+ 1) = ρ(σ, t)

1−
n∑
j=1

ρ(σ, t)v(σ, j, t)

+

n∑
j=1

ρ(σj , t)v(σj , j, t)

ρ0 = µ, ρT = ν

v(σ, j, t) ≥ 0,
∑
j

v(σ, j, t) ≤ 1 for all σ, t

(?)

We will refer to the first constraint as the evolution equation. The second constraint enforces

initial and final conditions. The third constraint enforces that each vt is a valid control.

3.2 A Fast Solver for Optimal Transport on Spin Systems in the

case p = 1

In this section, we will reformulate the problem (?) for p = 1 as a linear program. Though

the dimension of this linear program is exponential in the number of spin sites n, we will

describe some implementation details that make solving the problem computationally feasible

for problems up to size n ≈ 20.

3.2.1 A Linear Programming Reformulation

Henceforth, we will only consider the case where p = 1 in (?); the corresponding metric is

often called the earth mover’s distance in classical optimal transport settings. In this section,

we reformulate the problem as a network flow problem on the hypercube graph Qn.

Given controls v0, . . . , vT−1 and distributions ρ0, . . . , ρT−1, we define the following new

quantity:

f(σ, j, t) = v(σ, j, t)ρ(σ, t). (3.2.1)

We will refer to this quantity as the flow, since f(σ, j, t) denotes the net flow of probability
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mass from the configuration σ to the configuration σj at time step t. From (3.1.1), we can

see that the flow at time step t transitions ρt to ρt+1 in the following way:

ρ(σ, t+ 1) = ρ(σ, t) +
∑
j

f(σj , j, t)−
∑
j

f(σ, j, t). (3.2.2)

We can interpret our optimal transport problem as finding a sequence of flows on the hyper-

cube graph Qn to map one probability distribution on the vertices to another in a way that

minimizes the net probability mass that is moved across all time steps. Since the nodes of

Qn correspond to configurations σ ∈ Ωn, we will interchangably refer to configurations as

nodes. We may interpret the quantities
∑
j f(σj , j, t) and

∑
j f(σ, j, t) in (3.2.2) as the net

inflow and outflow, respectively, into/out of the node σ.

We now wish to rewrite (?) for p = 1 as a linear program in the variable f . For clarity

of exposition, we first consider the case where T = 1, so that there is only one flow step

f(σ, j, 0) that transitions µ to ν. Then, dropping the time step argument t, the minimization

problem (?) becomes

min
v

∑
σ

∑
j

f(σ, j)

such that ν(σ)− µ(σ) =
∑
j

f(σj , j)−
∑
j

f(σ, j)

f(σ, j) ≥ 0,
∑
j

f(σ, j) ≤ µ(σ).

(3.2.3)

The first constraint term in (3.2.3) enforces that the net change in probability at each spin

site must equal the inflow minus the outflow, while the second term enforces that flows must

be nonnegative, and no node can donate more mass than it already has. This is a linear
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program in f , which we can rewrite in the following standard form:

min
f

1T f

such that Aub f ≤ µ

Aeq f = ν − µ

f ≥ 0.

(3.2.4)

(Here ub and eq are short for upper bound and equality constraints.) We use f to denote

the 2nn-sized vector that results from the row-major (lexicographically-ordered) flattening

of the matrix representation of f(·, ·), and 1 to denote the all-ones vector of the same size.

The matrices Aub and Aeq are chosen so that

[Aub f ](σ) =
∑
j

f(σ, j) (3.2.5)

[Aeq f ](σ) =
∑
j

f(σj , j)−
∑
j

f(σ, j). (3.2.6)

These are (2n, 2nn)-shaped block matrices; in the case n = 2, they are given by

Aub =



1 1 0 0 0 0 0 0

0 0 1 1 0 0 0 0

0 0 0 0 1 1 0 0

0 0 0 0 0 0 1 1


(3.2.7)

Aeq =



-1 -1 1 0 0 1 0 0

1 0 -1 -1 0 0 0 1

0 1 0 0 -1 -1 1 0

0 0 0 1 0 0 -1 -1


(3.2.8)

In general, these matrices will consist of 2n blocks arranged in a row, each with shape (2n, n).
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The pattern for the structure of Aub is apparent. For Aeq, using zero-indexing, the σth block

has negative terms in the σth row and positive terms in the (σj , j) slots for all j = 1, . . . , n.

Now we wish to derive a standard formulation of the linear program (?) for general T ≥ 1

analogous to (3.2.4). Since the flow f(·, ·, t) at time step t transitions the distribution ρt

to ρt+1, we can unroll this recursion and write ρ(σ, t) in terms of the flow f and initial

distribution ρ(σ, 0):

ρ(σ, 0) = ρ(σ, 0)

ρ(σ, 1) = ρ(σ, 0) +
∑
j

f(σj , j, 0)−
∑
j

f(σ, j, 0)

ρ(σ, 2) = ρ(σ, 1) +
∑
j

f(σj , j, 1)−
∑
j

f(σ, j, 1)

= ρ(σ, 0) +

∑
j

f(σj , j, 0)−
∑
j

f(σ, j, 0)


+

∑
j

f(σj , j, 1)−
∑
j

f(σ, j, 1)


...

ρ(σ, T ) = ρ(σ, 0) +
T−1∑
t=1

∑
j

f(σj , j, t)−
∑
j

f(σ, j, t)


ν(σ) = µ(σ) +

T−1∑
t=0

Aeq f t.

(In the last line we are replacing ρ0 and ρT with the prescribed initial and final distributions

µ and ν.) We can thus write the initial and final condition constraints in (?) in terms of the

flow as

Ãeq f = ν − µ. (3.2.9)

Here Ãeq is a block matrix of shape (2n, T2nn) with block structure consisting of T copies
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of the matrix Aeq in a row:

Ãeq =

[
Aeq Aeq · · · Aeq

]
. (3.2.10)

The vector f is size T2nn and is the concatenation of f0, f1, . . . , fT−1:

f =
[
f0, f1, . . . , fT−1

]
(3.2.11)

We now must rewrite the constraint
∑
j f(σ, j, t) ≤ ρ(σ, t) for all t in terms of the flow and

initial and final distributions. From (3.2.5), (3.2.6), and our previous unrolled recursion, we

can write this as

Aub f0 ≤ ρ0

Aub f1 − Aeq f0 ≤ ρ0

Aub f2 − Aeq(f0 + f1) ≤ ρ0

...

Aub fT−1 − Aeq(f0 + · · ·+ fT−2) ≤ ρ0.

We can rewrite the above system of inequalities as

Ãub f = µT . (3.2.12)

Here Ãub is a block lower triangular matrix of shape (T2n, T2nn), where the block structure

is shape (T, T ) and consists of Aub on the main diagonal and −Aeq on the strict lower
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triangular portion, shown here for T = 4:

Ãub =



Aub 0 0 0

−Aeq Aub 0 0

−Aeq −Aeq Aub 0

−Aeq −Aeq −Aeq Aub


. (3.2.13)

We use µT to denote the vector of size T2n consisting of the T -times concatenation of µ

with itself:

µT = [µ, µ, . . . , µ]. (3.2.14)

Combining (3.2.9) and (3.2.12), we can now rewrite (?) as the following linear program in f

in standard form:

min
f

1T f

such that Ãub f ≤ µT

Ãeq f = ν − µ

f ≥ 0.

(†)

Although this is an exponentially large linear program (f is dimension T2nn, Ãub is dimen-

sion (T2n, T2nn) and Ãeq is dimension (2n, Tn2n), we will later show that we are nonetheless

able to write an implementation that solves the linear program for moderately large n and

T (up to n = 23, T = 6); this is because the constraint matrices are sparse and highly

structured, with the only nonzero entries being ±1. In addition, the dyadic structure of Aeq

and Aub allows us to express operations with these matrices using bitwise operations, which

significantly speeds up computation.
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3.2.2 Solving the Linear Program

As one of the most well-studied and classical problems in applied mathematics, there are

a variety of ways of solving linear programs [47–49]. The two most classical methods are

the simplex method [48] and the interior point method [50]. For both methods, the com-

putational bottleneck is in a matrix factorization [51]; since the matrices in our linear pro-

gramming are exponentially large, these methods are sure to lead to memory issues in com-

puting and storing matrix factors. For large linear program first-order methods are often

more suitable since the bottleneck is a matrix-vector multiplication, which is amenable for

GPU acceleration. Indeed, one of the most successful modern linear program solvers is

PDLP [52] developed by Google Research; an internally distributed implementation is able

to solve linear programs with up to 92B nonzero constraint parameters [53]. The method

is based on engineering improvements to the primal-dual hybrid gradient method, other-

wise known as the Chambolle-Pock algorithm, first described in [54] and popularized by

[55]. The Chambolle-Pock algorithm was initially motivated for convex optimization prob-

lems for image denoising problems. We will solve our linear program (†) using the standard

Chambolle-Pock algorithm, noting that potential improvements using the techniques from

[52] are possible.

We first briefly review the Chambolle-Pock algorithm. Given two finite dimensional

vector spaces X and Y and a linear operator K : X → Y , the Chambolle-Pock algorithm

solves the saddle point problem of the form

min
x∈X

max
y∈Y
〈Kx, y〉+G(x)− F ∗(y). (3.2.15)

The functions G : X → [0,+∞] and F ∗ : Y → [0,+∞] are proper convex lower semicontin-

uous (l.s.c.) functions, and F ∗ is the convex conjugate of a convex l.s.c. function F . This is
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a primal-dual formulation of the primal problem

min
x
F (Kx) +G(x) (3.2.16)

or the dual problem

max
y
−(G∗(−K∗y) + F ∗(y)). (3.2.17)

For F ∗ and G, we define the proximal operators

proxσF ∗(ỹ) := argminy′∈Y

{
‖y′ − ỹ‖2

2σ
+ F ∗(y′)

}
proxτG(x̃) := argminx′∈X

{
‖x′ − x̃‖2

2τ
+G(x′)

}
.

(3.2.18)

The Chambolle-Pock algorithm solves (3.2.15) via the iteration in Algorithm 5.

Algorithm 5: The general form of the Chambolle-Pock algorithm
1 Initialize stepsizes τ, σ > 0, relaxation parameter θ ∈ [0, 1], primal and dual iterates

(x0, y0) ∈ X × Y , set x0 ← x0, iteration counter k ← 0
2 while not converged do
3 yk+1 ← proxσF ∗(y

k + σKxk)

4 xk+1 ← proxτG(xk − τK∗yk+1)

5 xk+1 ← xk+1 + θ(xk+1 − xk)
6 k ← k + 1

7 end

To apply the Chambolle-Pock algorithm to our problem, we must first write (†) in the
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form (3.2.16). This can be done with the following choices of K, F , and G:

K :=

Ãub 0

0 Ãeq



F (y, z) := F1(y) + F2(z) :=


0 y ≤ µT

+∞ else

+


0 z = ν − µ

+∞ else

G(x) := 1Tx+


0 x ≥ 0

+∞ else .

(3.2.19)

Here x corresponds to our primal variable f . We have decoupled the dual variable into y

and z, corresponding to the inequality and equality constraints respectively. The proximal

operators of F ∗1 , F
∗
2 , and G can be computed in closed form, and hence Algorithm 5 takes

the form of Algorithm 6 when applied to (†). Notice that the performance bottleneck is in

the matrix-vector products with Ãub, Ãeq, Ãub
T , and Ãeq

T . However, since these matrices

are extremely sparse with only ±1 nonzero entries, we are able to perform these operations

very cheaply without ever explicitly forming the large matrices Ãub and Ãeq and storing

them in memory. The block structure of the matrices also is amenable to GPU acceler-

ation. Furthermore, the action of the matrices on vectors involve accessing entries of the

vectors whose indices are powers of two, allowing for speedup via bitwise operations. We

have implemented fast matrix multiplications with Ãub, Ãeq, Ãub
T , and Ãeq

T in JAX [35];

we compare the performance of our fast matrix multiplications with standard JAX/numpy

matrix multiplication (i.e., A@x) in Figure 3.2.

In [55], the authors prove convergence with rate O(1/N) of Algorithm 5 for θ = 1 and

τσ‖K‖2, where here ‖ · ‖ denotes the operator norm. Computing the operator norm of our

K in (3.2.19) is intractable for large n and T , but the block structure of K allows us to
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Figure 3.2: Comparing standard matrix multiplication (red) with our fast matrix-free meth-
ods (blue) of computing matrix-vector products with Ãub, Ãeq, Ãub

T , and Ãeq
T . We

report the runtime (in milliseconds) of the standard and fast matrix multiplication for
n = T = 2, 3, . . . , 16; for fairness, both methods are implemented in JAX and just-in-time
(JIT) compiled. The standard method is only able to run up to n = T = 10 due to memory
limitations. Experiments were run on a single NVIDIA A40 GPU with 48GB of memory.
Reported numbers are averages out of 100 runs; in each run, the matrices are multiplied by
a different vector.
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Algorithm 6: The Chambolle-Pock algorithm for solving (†: SpinCP)
Input: Initial and final prescribed distributions on Ωn µ and ν; number of time

steps T ; number of spins n
Output: Estimated T -step flow f that solves (†).

1 Initialize step sizes τ, σ > 0, relaxation parameter θ ∈ [0, 1], primal iterate
x0 ∈ RT2nn, inequality constraint dual iterate y0 ∈ RT2n , equality constraint dual
iterate z0 ∈ R2n , set x0 ← x0, iteration counter k ← 0

2 while not converged do
3 Dual updates:
4 yk+1 ← max(0, yk + σ(Ãub x

k − µT ))

5 zk+1 ← zk + σ(Ãeq x
k − (ν − µ))

6 Primal update:

7 xk+1 ← max(0, xk − τ(Ãub
T
yk+1 + Ãeq

T
zk+1 + 1))

8 Primal extrapolation:
9 xk+1 = xk+1 + θ(xk − xk−1)

10 k ← k + 1

11 end
12 f ← xk

13 f ← unflattening of f

compute the following closed-form estimate:

‖K‖ ≤ max

{
2
√
nT ,
√
n+
√
n csc

(
π

4T − 2

)}
. (3.2.20)

The authors of [55] also introduce an acceleration with dynamic stepsizes τn, θn and dynamic

relaxation parameter θn that guarantees O(1/N2) convergence if either G or F ∗ is uniformly

convex. For G uniformly convex with constant γ > 0, the acceleration is achieved by the

dynamic stepsizes and relaxation parameter updates given by

θk+1 ←
1√

1 + 2γτk

τk+1 ← τnθn

σk+1 ← σn/θn.

Although neither G nor F ∗ in (3.2.19) are uniformly convex, through experimentation we
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have observed that in practice, choosing some γ > 0 and applying the acceleration nonethe-

less gives us faster convergence rates. After acceleration, our algorithm for solving (†) is

given by Algorithm 7.

Algorithm 7: The Accelerated Chambolle-Pock algorithm for solving (†):
AccelSpinCP
Input: Initial and final prescribed distributions on Ωn µ and ν; number of time

steps T ; number of spins n
Output: Estimated T -step flow f that solves (†).

1 Initialize step sizes τ0, σ0 > 0, relaxation parameter θ0 ∈ [0, 1], primal iterate
x0 ∈ RT2nn, inequality constraint dual iterate y0 ∈ RT2n , equality constraint dual
iterate z0 ∈ R2n , uniform convexity constant γ > 0; set x0 ← x0, iteration counter
k ← 0

2 while not converged do
3 Dual updates:
4 yk+1 ← max(0, yk + σk(Ãub x

k − µT ))

5 zk+1 ← zk + σk(Ãeq x
k − (ν − µ))

6 Primal update:

7 xk+1 ← max(0, xk − τk(Ãub
T
yk+1 + Ãeq

T
zk+1 + 1)

8 Stepsize and extrapolation parameter update:
9 θk+1 ← 1√

1+2γτk
10 τk+1 ← τnθn
11 σk+1 ← σn/θn
12 Primal Extrapolation:
13 xk+1 = xk+1 + θk(xk − xk−1)
14 k ← k + 1

15 end
16 f ← xk

17 f ← unflattening of f

In practice, we compute the estimate k for ‖K‖ given by (3.2.20), then set τ0 = σ0 = 1/k.

We set θ0 = 1 and choose γ = 100. We initialize x0, y0, and z0 to be all zeros. Our

convergence criterion is in the form of a fixed tolerance for the primal-dual gap, or a maximum

number of iterations, whichever comes first.
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Figure 3.3: On the left, we depict a flow that is allowed to transport mass from any vertex
of Q3 to any other vertex. On the right, we partition Q3 into two copies of Q2 and only
allow for the flow of mass to occur within each half; this gives rise to two smaller instances
of our optimal transport problem that can be solved in parallel.

3.2.3 A Mean-Field Approximation

We now present a mean-field approach to solving (†) that, in practice, is able to find near-

optimal solutions in a parallelizable way. The idea of the approach is to consider dyadic

partitions of the hypercube Qn and restrict the solution space to flows that do not cross

between partitions; this gives rise to subproblems that can be solved in parallel.

To illustrate the idea, consider the graph flow interpretation of (†) on the hypercube Qn

for n = 3. Consider the partitioning of the cube into two halves along the axis corresponding

to the most significant bit, as illustrated in Figure 3.3. If we could restrict our search for

an optimal flow to those that do not cross the partition, then we can reduce our problem

to two subproblems that are half the size of the original that can be solved in parallel. We

call such a partition a dyadic partition of depth 1. We may further parallelize the problem

by increasing the depth d < n of the dyadic partition to divide the original problem into 2d

parallel subproblems.

However, note that for the subproblems to be feasible, we need the total mass within

each dyadic partition to match the total mass within the dyadic partitions of the target

distribution ν. Therefore, we need to first perform a rebalancing step that redistributes
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mass around Qn such that the mass within the dyadic partitions are equal (see Figure 3.4).

To do this, we need to first solve the following linear program:

min
fr

1T fr

such that Ãub fr ≤ µ

Dd Ãeq fr = Dd(ν − µ)

fr ≥ 0.

(3.2.21)

(The subscript r in fr stands for rebalancing.) Here, Dd (short for “dyadic sum with depth

d”) is the (2d, 2n)-shaped matrix that computes the total mass within each of the 2d dyadic

partitions of a probability vector in R2d ; for example, in the case n = 3,

D1(µ0, µ1, µ2, µ3, µ4, µ5, µ6, µ7) = (µ0 + µ1 + µ2 + µ3, µ4 + µ5 + µ6 + µ7)

D2(µ0, µ1, µ2, µ3, µ4, µ5, µ6, µ7) = (µ0 + µ1, µ2 + µ3, µ4 + µ5, µ6 + µ7).

For a feasible point fr of (3.2.21), the resulting distribution µ′ = µ + Aeq fr will have the

same mass in each dyadic partition as the target distribution ν.

In practice, for large n, we find that we are always able to transition µ to a rebalanced

µ′ with a single step flow (T = 1). Furthermore in practice, the amount of mass that must

be transferred to transition µ to µ′ is much smaller than the amount of mass that must be

transferred to transition µ′ to ν. Therefore, to speed up convergence in the rebalancing step,

we set the primal objective in (3.2.21) to be identically zero and instead solve the rebalancing
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Figure 3.4: On the left, an initial distribution µ on Q2, and on the right, a target distribution
ν. If we partition Q2 via the dotted line, it is impossible to find a dyadically partitioned flow
that transitions µ to ν; the total masses on each half of µ are 0.3 and 0.7, while the total
masses on each half of ν are 0.4 and 0.6. Thus we must first perform a rebalancing step that
transitions µ to some distribution µ′ such that the total mass within each dyadic partition
is equal to the total mass within the dyadic partitions of the target distribution.

linear program for feasability only, rather than feasability and optimality.

min
fr

0

such that Ãub fr ≤ µ

Dd Ãeq fr = Dd(ν − µ)

fr ≥ 0.

(3.2.22)

This linear program can also be solved using the Chambolle-Pock algorithm, and the matrix

Dd once again is amenable to matrix-free matrix multiplication. Once we find a feasible

rebalancing flow fr and corresponding rebalanced distribution µ′, we apply Algorithm 7 to

each dyadic partition of µ′ to transition to the dyadic partitions of ν; we can then merge

the optimal flow f with fr to form a flow transitioning µ to ν. This mean-field approach

is fully detailed in Algorithm 8; note that this approach does not exactly solve the original

problem stated in (†), since it outputs a 1 + T -step flow rather than a T -step flow. This

discrepancy can be amended by finding a (T −1)-step flow after the rebalancing step, but we
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keep the number of steps at T for the subproblems in order to fairly compare computational

performance later. Note critically that the iterations of the for-loop in Algorithm 8 can be

solved in parallel.

Algorithm 8: The Mean-Field approach for solving (†): MeanFieldSpinCP
Input: Initial and final prescribed distributions on Ωn µ and ν; number of time

steps T ; number of spins n; dyadic partitioning depth d ≥ 1
Output: Estimated 1 + T -step flow f that solves (†).

1 Solve the rebalancing linear program (3.2.22) via Chambolle-Pock to get a feasible
one-step rebalancing flow fr and a rebalanced distribution µ′.

2 Split µ′ and ν into dyadic partitions [µ′0, µ′1, . . . , µ′2
d−1], [ν0, ν1, . . . , ν2d−1]

3 for partitions i = 0, . . . , 2d − 1 do
4 Solve f i = AccelSpinCP((µ′i, νi, T, n− d)).
5 end

6 Merge f0, . . . , f2d−1 to a single T step flow f ′ transitioning µ′ to ν.
7 Merge fr and f ′ to a single 1 + T flow transitioning µ to ν.

3.3 Numerical Results

Here we present some numerical results on the performance of Algorithms 7 (AccelSpinCP)

and 8 (MeanFieldSpinCP) for solving (†) with T = 6 time steps and n = 23 spins. In these

dimensions, the primal variable f has 1, 157, 627, 904 entries and a memory profile of 4.63

GB; this is the largest problem instance we are able to solve on a single NVIDIA A40 GPU

(48 GB of memory) with our implementation. Our implementation is written in Python

with all numerical computing done in JAX. We generate initial and final distributions µ and

ν in R2n from the flat Dirichlet distribution (i.e., the uniform distribution on the probability

simplex [56]) and apply AccelSpinCP to find an optimal T -step transition from µ to ν; we set

our tolerance to 1e−6, the maximum number of Chambolle-Pock iterations to be 500, 000,

and γ = 100. We also run MeanFieldSpinCP on the same µ and ν with dyadic partitions of

depth d = 2, 4, and 6. We will refer to the experiment with MeanFieldSpinCP as the d = 0

case.
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In Figure 3.5, we plot the trajectories of the evolution µ = ρ0, ρ1, . . . , ρT = ν for the

optimal flow computed by the four experiments above; we see that in each case, we are able

to successfully compute a flow that transitions µ to ν.

In Table 3.1, we compare the runtimes (in seconds) and attained minima for our exper-

iments; we may consider the minima attained for d = 0 as the ground truth. Observe that

our mean field approaches are able to run orders of magnitude more quickly with only a

small tradeoff in optimality.

Table 3.1: Comparing the runtime/accuracy tradeoff between various depths of dyadic split-
ting for solving (†) for T = 6 time steps and n = 23 spins. The vanilla approach without
dyadic splitting takes 40.5 hours to run and reaches the maximum number of iterations.
The most parallelized version that splits the problem into 26 parallel subproblems attains a
minimum within 2.5% of the vanilla approach with a 595× speedup in runtime (with a total
runtime of approximately 4 minutes).

Dyadic depth d
Attained

minimum 1T f

Rebalancing
step runtime (s)

Avg. dyadic
subproblem
runtime (s)

0 0.50127 – 145969± 0
2 0.50326 19 30628± 1757
4 0.50655 20 2981± 1418
6 0.51336 20 245± 112
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Figure 3.5: Computed optimal spin probability trajectories for d = 0, 2, 4, 6, T = 6, n = 23.
The actual probability vectors are of size 223; we randomly sample 25 indices from the
trajectories to plot. We see that in each case, our minimized flow evenly interpolates between
the prescribed initial and final states.
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3.4 Discussion

In this chapter we have drawn a connection between a relaxation of the Glauber dynamics

on spin systems (one of the most foundational models in statistical physics) and optimal

transport (one of the most foundational problems in applied mathematics). In particular,

we view our relaxed Glauber dynamics as a discrete analogue of the Benamou-Brenier for-

mulation of optimal transport. As with many discrete optimization problems, we have set

up a linear program that is exponentially large. Nonetheless, we are able to write a Python

implementation that solves the linear program for primal variables with up to 1.1 billion

entries; the key ingredient that allows us to do this is the Chambolle-Pock algorithm applied

to solving linear programs, combined with fast, matrix-free matrix-vector multiplications.

We furthermore introduce a mean-field approximation to the problem that allows us to get

approximately optimal solutions much more quickly.

The work in this chapter opens up many more avenues for further exploration. Some

potential follow-up questions include, in order of roughly increasing scope:

1. Can we find an efficient method to solve (?) for p ≥ 1? What if we replace the cost

function with some general convex function of v and ρ? What about a nonconvex

function?

2. Can we adapt our technique from our relaxed Glauber model to more physically stan-

dard Glauber dynamics?

3. Can we find an approximate solver that removes the curse of dimensionality from the

exponential size of the problem? For example, [57] uses marginal and cluster moment

relaxation techniques to solve another exponentially large problem (solving the Fokker-

Planck equation). Such techniques applied in our context would allow us to significantly

scale our ability to solve larger problems.

4. What does optimal transport look like in a more general framework of the evolution
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of a discrete system?

To paraphrase [58], the Ising model is to statistical mechanics as the fruit fly is to genetics;

techniques initially developed for the Ising model have been adapted to study a wide variety

of phenomena, both in physics and beyond. We hope that our initial foray into optimal

transport in spin systems can be the seed for further insights into optimal transport for a

variety of other discrete dynamical systems.
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CHAPTER 4

HYPERDIFFUSIONFIELDS (HYDIF): DIFFUSION-GUIDED

HYPERNETWORKS FOR LEARNING IMPLICIT

MOLECULAR NEURAL FIELDS

In this chapter, we introduce HyperDiffusionFields (HyDiF), a framework that models 3D

molecular conformers as continuous fields rather than discrete atomic coordinates or graphs.

At the core of our approach is the Molecular Directional Field (MDF), a vector field that

maps any point in space to the direction of the nearest atom of a particular type. We

represent MDFs using per-molecule neural implicit fields, which we call Molecular Neural

Fields (MNFs). To enable learning across molecules and facilitate generalization, we adopt

an approach where a shared hypernetwork, conditioned on a molecule, generates the weights

of the given molecule’s MNF. To endow the model with generative capabilities, we train

the hypernetwork as a denoising diffusion model, enabling sampling in the function space of

MNFs. Our design naturally extends to a masked diffusion mechanism to support structure-

conditioned generation tasks, such as molecular inpainting, by selectively noising regions of

the field. Beyond generation, the localized and continuous nature of MDFs enables spa-

tially fine-grained feature extraction for molecular property prediction, something not easily

achievable with graph or point cloud based methods. Furthermore, we demonstrate that

our approach scales to larger biomolecules, illustrating a promising direction for field-based

molecular modeling.

This chapter is adapted from joint work with Sudarshan Babu and Aly Azeem Khan.

4.1 Introduction

Modeling complex, structured 3D data is a fundamental challenge in machine learning, with

critical applications ranging from drug discovery and materials science to robotics and com-

puter graphics [59–65]. Traditional approaches typically rely on discrete representations such
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as point clouds, meshes, or voxel grids. However, each of these comes with limitations in

resolution, expressiveness, or computational efficiency [66]. Recently, implicit neural repre-

sentations (INRs), which model continuous fields over 3D space using coordinate-conditioned

neural networks, have shown remarkable success in capturing high-fidelity geometry and gen-

eralizing across spatial scales [67, 68]. By operating directly in continuous space, INRs are

uniquely suited for capturing fine-grained local geometric relationships crucial for modeling

3D objects [69, 70].

In this work, we focus on the domain of 3D modeling of small molecules, a setting

where precise geometric understanding is essential for downstream tasks of biological interest

such as binding affinity prediction, docking, and structure-based drug design [71–73]. The

majority of existing approaches represent molecules as discrete objects, typically as graphs

with nodes denoting atoms and edges denoting bonds, or as 3D point clouds representing

spatial atomic positions. These representations treat molecular geometry as a sparse set of

inputs, limiting the ability of machine learning models to capture continuous, fine-grained

spatial relationships. This discrete treatment hinders the ability to learn localized features

and gradients that are critical for modeling complex molecular interactions.

We introduce a paradigm shift in 3D molecular modeling by working directly in the

continuous field space, rather than over discrete coordinates, molecular graphs, or latents.

Instead of generating atomic positions, our method models the entire molecular structure

as a spatial field. Specifically, we introduce the Molecular Direction Field (MDF), a repre-

sentation that maps any point in 3D space to a vector pointing toward the nearest atom

of a particular type. This field-based approach encodes molecular geometry as a smooth,

dense function, offering several key advantages. First, it provides high-resolution structural

information that can be queried at arbitrary spatial locations. Second, the continuous nature

of the field enables implicit modeling of local geometry and spatial relationships. Third, the

inherent redundancy in this representation, where nearby spatial points encode correlated

directional signals, confers robustness to perturbations and offers a richer inductive bias than
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sparse, discrete coordinate sets.

To model the MDF, we propose HyperDiffusionFields (HyDiF), a generative framework

for learning continuous molecular representations. We model each MDF with a Molecu-

lar Neural Field (MNF), a coordinate-conditioned neural implicit that models the MDF.

Since training a separate MNF for each molecule prevents learning shared structure across

molecules, we adopt an approach similar to HyperFields [74], where a shared hypernetwork

generates the parameters of per-molecule MNFs, enabling cross-molecular generalization.

This adoption is further motivated by recent findings that hypernetworks often exhibit im-

proved generalization in out-of-distribution (OOD) settings [74, 75]. To enable generative

capabilities, we train the hypernetwork as a denoising diffusion model [76] over the space of

MDFs, conditioning it to produce molecule-specific MNFs. This allows explicit generation in

the continuous function space of molecular fields, rather than discrete coordinate or graph

representations or continuous latent representations.

Building on the model’s ability to capture fine-grained local geometry through the MDF,

we extend our framework to support molecular inpainting, a critical task for in silico drug

discovery [77–80]. This leverages the locality of our representation to enable structure-

conditioned generation, a more practical and relevant capability than unconditional genera-

tion. The ability of HyDiF to selectively regenerate parts of a molecule makes it well-suited

for applications that require incorporating known structural constraints while completing or

optimizing the rest.

In addition to generation, we utilize HyDiF to extract representations of molecules for

downstream property prediction tasks. Generative models inherently learn rich, data-driven

representations and recent work has demonstrated that such models excel at representation

learning [81–85], enabling a unified framework that supports both generation and represen-

tation. Unlike traditional molecular encoders that produce a single global representation,

our model naturally produces spatially localized features.

Finally, we demonstrate the scalability of our approach by applying HyDiF to proteins,
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which were previously intractable with existing methods. This extension underscores the

flexibility of our framework in handling molecules of varying size and complexity. Overall, our

work highlights a promising new direction in molecular modeling, one that shifts from discrete

representations toward continuous field-based models that unify representation learning and

generation within a single framework.

4.2 Background and Related Work

In this section, we position our work relative to molecular representations, molecular gener-

ative and inpainting models, implicit neural representations, and hypernetworks.

4.2.1 Molecular Representations

A central problem in computational chemistry is that of how to represent molecules in a

computer-parsable way, with a spectrum of different representations with tradeoffs between

simplicity and physical fidelity/resolution. See [86] for a comprehensive and practical guide;

here we offer a very brief overview of the most common molecular representations.

At the more simple end of the spectrum are string-based representations which map each

valid molecule to an ASCII string. The most classical such method is SMILES (Simpli-

fied Molecular Input Line Entry System, [87–89]), first described in the 1980s and still the

de-facto standard string-based molecular representation for computational chemistry pur-

poses. Despite widespread use, SMILES strings do not fully capture the stereochemistry

of a molecule and are not unique (one molecular species may have multiple valid SMILES

representations), although there are are canonical algorithms for computing standardized

SMILES strings. Another popular method is InChI (International Chemical Identifier, [90]),

developed by IUPAC in the 2000s, which captures more stereochemistry information and

is unique (each molecule has exactly one InChI representation), although at the expense of

human-readability (SMILES strings are reasonably human-readable for smaller molecules).
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In the age of generative artificial intelligence, the SELFIES (SELF-referencIng Embedded

Strings, [91, 92]) method was developed in 2020, primarily motivated by the task of gener-

ating novel materials and molecules; the primary innovation of SELFIES is that every single

combination of characters in the SELFIES alphabet corresponds to a valid molecule, allow-

ing generative models to work directly on strings without having to worry about validity

or parsability. String-based representations have the benefit of being cheap to generate and

store, but their inherently linear format makes them an unnatural way to represent molecules

and ill-suited for capturing rich geometric or topological information.

Graphical representations are perhaps the most broadly familiar representation, where a

molecule is represented as a graph with vertices denoting atoms and edges denoting bonds.

The vertices are tagged with information such as atom type, formal charge, implicit hydro-

gens, etc., while bonds are tagged with bond order information. Graph representations are

inherently more natural and interpretable and are suitable for analysis via graph neural net-

works. However, the graph representation breaks down for molecules that are not accurately

described by valence bond theory (i.e., the classical model of chemical bonds as either single,

double, or triple bonds), as well as organometallic compounds containing ionic or metal-metal

bonds. A far larger deficiency is that molecules are inherently three-dimensional structures,

while graphs can only capture topological information. The three-dimensional structure of

small molecules is especially critical for studying interactions with large biomolecules, which

is essential for medicinal chemistry. As an extreme example illustrating the deficiency of

graph representations, consider the case of molecular knots, i.e., molecules with a nontrivial

knot structure. The first synthetic molecular knot was a trefoil knot synthesized in 1989

[93], and there is interest in such molecules for potential biological or materials science ap-

plications [94]. A graph representation has no way of capturing the unique structure of these

molecules.

At a higher level of fidelity and complexity is the three-dimensional point cloud rep-

resentation of a molecular conformer, i.e., a specific arrangement of a molecule in three-
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dimensional space. A molecule is represented as an array of atomic positions in R3, tagged

with atomic properties such as atom type and formal charge. While physically faithful to

the three-dimensional nature of molecule, obtaining ground truth conformers is far more

expensive than computing string or graph representations. X-ray crystallography and NMR

spectroscopy experiments must be performed in the laboratory to obtain approximate struc-

tures, which then must be optimized with quantum mechanics calculations [95, 96]. A

variety of classical and quantum mechanical methods exist to compute 3D conformers from

physical first principles, most of which are based on energy minimization with the Merck

molecular force field [97] or density functional theory methods [98–102]; these methods have

varying degrees of physical fidelity and computational cost. One of the most commonly

used computational methods is ETKDG (Experimental-Torsion basic Knowledge Distance

Geometry, [103]) which has been implemented in the open-source chemoinformatics package

RDKit [104]. Conformer generation with ETKDG has a relatively low computational cost

compared to other physics-based methods, but the algorithm performs a sparse search over

the space of all molecular conformers and can often miss many low-energy conformations or

fail to find conformers for large, flexible molecules with many rotatable bonds. The current

gold standard dataset of ground truth 3D conformer data for small molecules is GEOM

(Geometric Ensemble of Molecules, [105]), a collection of 37 million high accuracy computed

conformers for over 450,000 different small molecule species. Recently there has been con-

siderable effort in ML-based methods for generating molecular conformers [106–114]; most

of these methods, including ours, are trained on the GEOM dataset.

4.2.2 Models for 3D Molecular Generation

Existing methods for molecular generation employ variational autoencoders [115–117], nor-

malizing flows [118–120], or generative adversarial networks [121–123] over strings or molec-

ular graphs. These models often lack fine-grained control over 3D geometry, a critical lim-

itation for tasks like conformer generation or structure-based drug design [106–108, 124,
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125].

Denoising diffusion models have recently advanced the state-of-the-art in 3D molecular

generation, with methods such as EDM [126], GeoLDM [127], and MiDi [128], applying noise

to conformers and denoising in coordinate or latent spaces. These models often rely on equiv-

ariant architectures, but they still operate on sparse atomic representations. VoxMol [129]

instead uses voxelized occupancy grids, providing a denser spatial representation, though at

the cost of resolution and memory efficiency.

FuncMol [130] models 3D molecules using neural occupancy fields and performs diffusion

in a learned latent space, capturing global molecular geometry while operating on compressed

representations. This approach requires a two-stage training process, first learning the field

representation, then training a separate diffusion model in latent space. Another related

model MCF (Molecular Conformer Fields, [131]) approaches conformer generation by learn-

ing a distribution over functions that map molecular graph elements to 3D coordinates using

diffusion.

In contrast to these approaches, HyDiF performs diffusion directly in the function space

of Molecular Directional Fields (MDFs). Unlike latent-based methods, our framework is

trained end-to-end and supports localized generation via masked denoising. While MCF

models a mapping from molecular graphs to conformers and is limited to graph-to-structure

generation, HyDiF models a function from 3D space to directional vectors, enabling both

generation from noise and spatially localized structure-conditioned editing.

4.2.3 Molecular Inpainting and Scaffold-Constrained Generation

Molecular inpainting is the task of masking a portion of a molecule and filling it in with a

generative model. Several existing methods such as ScaffoldGVAE [132], Sc2Mol [133], and

MoLeR [80] operate on SMILES or molecular graphs, generating molecules by conditioning

on a core scaffold and elaborating it via learned motifs or side-chain transformations. Others

such as DiffSBDD [124] perform inpainting directly on 3D molecular coordinates in the
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context of protein-ligand binding.

In contrast, HyDiF performs localized editing directly in continuous 3D space via masked

denoising on Molecular Directional Fields. Unlike prior work, our edits are not constrained

to predefined scaffolds or external protein contexts; instead, we enable user-specified, spa-

tially targeted edits by masking arbitrary regions in the molecular field, offering a flexible,

geometry-aware approach to molecular structure manipulation.

4.2.4 Molecular Foundational Models

Molecular foundational models train with a self-supervised task on a large corpus of molecules

(on the order of millions) in order to learn rich vector representations of the data for down-

stream finetuning tasks. ChemBERTa-2 [134] is a foundational model trained on 77 million

unique SMILES from PubChem using two self-supervised tasks. The first is a masked-

language modeling (MLM) task, where a subset of characters in a SMILES string are masked

and the model is tasked with predicting the missing characters. The second is a multitask

regression (MTR) self-supervised task, where 200 molecular properties that can be easily

calculated from SMILES strings alone are simultaneously regressed on. Uni-Mol [135] is an-

other model, trained on 209 million ETKDG-generated conformers of 19 million molecular

species, with the self-supervised task being the recovery of corrupted 3D atomic positions.

ChemBERTa-2 generates a global representation of a molecule (i.e., a molecule is mapped

to a single vector), making it impossible to extract localized information from a molecule.

Uni-Mol is able to generate both per-atom and global representations (the global represen-

tation being the average of the per-atom representations). In contrast, the continuous dense

representation offered by our MDF parameterization of molecules allows for fine-grained

representations of molecules at arbitrary locations, as we will elucidate in §4.4.3.
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4.2.5 Implicit Neural Representations, Hypernetworks and Hyperfields

Implicit neural representations (INRs) have gained popularity in recent years as a way of

modeling discrete data with a continuous function, parameterized by a multilayer percep-

tron (MLP). As an illustrative example, consider an n × n-pixel RGB image; a traditional

representation is simply the n×n×3 array of per-pixel RGB values. An INR instead models

the image as a function fθ : [0, 1]2 → [0, 1]3, mapping each continuous point in the image to

an RGB value. INRs have had considerable success in computer vision, both for 2D images

and 3D volumes, especially for modeling local, high-frequency features [69, 136–138].

Traditionally in computer vision applications, INRs are per-prompt representations, i.e.,

an INR must be separately trained for each image or 3D scene. However, we wish to con-

struct a model that is able to synthesize information across a wide variety of molecular

conformers. A natural solution is to use hypernetworks, which are neural networks that

themselves generate the weights for another neural network [139, 140]. Hypernetworks have

been successfully applied in computer vision to successfully amortize the process of learn-

ing a new INR for each scene, synthesize information across scenes, and perform well in

out-of-distribution generation tasks [74, 75, 141, 142].

HyDiF represents the first work to apply these insights from computer vision to molecules

and train an end-to-end 3D molecular diffusion model directly on MDF representations of

molecules. This enables parameter sharing across molecules, supports generation and in-

ference over unseen structures, and allows us to train on large libraries of molecule-specific

neural implicits in a unified framework.

4.2.6 Generative Models as Feature Extractors

Recent work in computer vision has shown that diffusion models can serve as effective feature

extractors, with intermediate activations capturing rich semantic information necessary for

generation [82, 143, 144]. Motivated by this, we explore the use of intermediate representa-

tions from HyDiF for downstream molecular tasks. This dual generation and representation
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role makes HyDiF the first model in molecular conformer modeling to unify generation and

feature extraction within a single framework.

4.3 Method

In this section, we describe the elements of our HyDiF framework. Each molecule is rep-

resented as a dense field that maps every point in 3D space to a vector pointing toward

the nearest atom, yielding a locally structured and geometrically aware representation. Our

model learns to generate such fields by reversing a diffusion process using a transformer-based

hypernetwork that predicts the parameters of a neural field conditioned on observations of

noisy fields. This formulation supports both unconditional generation and molecular inpaint-

ing, and enables local feature extraction from molecular structure. HyDiF brings together

diffusion models for flexible generative modeling, hypernetworks for task-specific adaptivity,

and implicit neural representations for capturing fine-grained 3D molecular structure. We

provide a broad overview in this section, with more technical details left to §B.1.

4.3.1 Molecular Direction Fields

We represent 3D molecular conformers using Molecular Direction Fields, or MDFs, vector

fields over continuous space that capture local geometric structure. At every point in space,

the field points toward the nearest atom in the molecule, offering a dense representation of

molecular geometry.

To build intuition for MDFs, consider constructing a direction field for a toy molecule

consisting of atoms of a single type, e.g. carbon. Let A = {a1, . . . , an} denote the set of

atomic coordinates. We define the vector field F : R3 → R3 where for any query point

q ∈ R3, the output F(q) is the vector pointing from q to the nearest atom in A:

F(q) = anearest − q, where anearest = argminai∈A ‖q− ai‖2. (4.3.1)
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Figure 4.1: Channels F(k) of an MDF for a molecule with two carbons (black), one oxygen
(red), and no nitrogens (blue). Each query point is mapped to the nearest atom of the
corresponding type. Since nitrogen is not present in the molecule, the nitrogen field points
radially outwards.

This field assigns a direction even in regions of space far from any atom. By evaluating F

over a dense set of points Q = {qj}Nj=1 , we obtain a high-resolution encoding of a molecule’s

geometry.

To extend to molecules with multiple atom types, we construct a separate direction field

F(k) for each atom type k over the subset Ak ⊂ A which contains only atoms of type k.

The resulting representation is a multi-channel vector field F : R3 → RK×3, where K is the

number of distinct atom types in the dataset. Each channel F(k)(q) is the vector from q to

the nearest atom of type k.

Each molecule in our dataset is thus represented by a K-channel direction field, one

channel for each possible atom type. If a particular type k is not present in a given molecule,

we populate that channel with outward-pointing vectors that radiate from the molecule’s

center of mass toward a bounding sphere. This ensures that the representation remains

dense and consistent across all molecules. This construction is illustrated in Figure 4.1.

4.3.2 Molecular Neural Fields

We approximate Molecular Direction Fields usingMolecular Neural Fields, or MNFs coordinate-

based neural networks trained to approximate the ground truth MDF of a molecule. Each
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MNF is a function Fθ : R3 → RK×3 that maps a query point to a multi-channel output,

where the kth channel predicts the direction to the nearest atom of type k. The HyDiF

architecture is trained to match Fθ to F at sampled points and is parameterized as an

MLP with sinusoidal activations known as a SIREN [67], which is well-suited for modeling

high-frequency geometric signals.

4.3.3 Forward Diffusion Process

To model a distribution over MDFs, we adopt the denoising diffusion probabilistic model

framework (DDPM, [76]), applied to vector fields. The forward diffusion process defines a

Markov chain that gradually transforms a clean field into Gaussian noise over T discrete

steps.

Given a ground truth direction field F evaluated at a set of spatial query points Q =

{qj}Nj=1, we construct the noised field at time step t as:

Ft(Q) =
√
ᾱt · F(Q) +

√
1− ᾱt · ε, ε ∼ N (0, I), (4.3.2)

where ᾱt =
∏t
i=1(1−βi), and {βi}Ti=1 is a fixed noise schedule. We adopt the cosine schedule

proposed in [145], which improves stability over the usual linear schedule in high-resolution

spatial domains. Equation (4.3.2) corrupts each vector F(k)
t (q) with additive Gaussian noise

scaled according to the diffusion schedule (see Figure 4.2).

At time step t = 0, the noised field is exactly the ground truth clean field, while at the

final step t = T , the noised field FT (Q) becomes indistinguishable from isotropic Gaussian

noise. This progression forms a trajectory through field space, allowing the model to learn

to denoise under varying signal-to-noise ratios. The noise is applied independently to each

vector component at each spatial location and for each channel in the field.
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Figure 4.2: The forward noising process for an MDF, where i.i.d. Gaussian noise is added
to each component of each vector in each channel at each query point. Here, εt is shorthand
for the scheduled noise

√
1− ᾱt · ε.

4.3.4 Architecture

The core idea of the HyDiF architecture is to use a hypernetwork to generate the parameters

of a MNF that denoises a noised molecular direction field (see Figure 4.3). The hypernetwork,

denoted Hφ, takes three inputs: the noised direction field at time step t, denoted Ft(Q); the

corresponding 3D query points Q = {qj}Nj=1; and the diffusion time step t itself. The output

is a set of parameters θ, which define a coordinate-based neural network Fθ that serves as

the denoised MNF. Formally, we have

θ = Hφ(Ft(Q), Q, t). (4.3.3)

Our training objective is to learn the hypernetwork weights φ that give the optimal θ so that

the resulting MNF matches the ground truth field as close as possible, i.e. Fθ ≈ F.

4.3.5 Reverse Process and Training

Once the parameters θ are generated by the hypernetwork, we use the resulting MNF Fθ to

reverse the forward noising process. Specifically, we evaluate Fθ at the same query points
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Figure 4.3: Overview of the HyDiF architecture. A hypernetworkHφ takes a noised direction
field Ft(Q), query points Q, and noising time step t, and produces the parameters θ of an
MNF Fθ. The neural field is evaluated at the same query points to generate a denoised
field, which is compared against the ground truth to compute the training loss. This enables
HyDiF to model molecules in a spatially localized manner.

used in the forward process to predict the clean direction field. In theory, these predictions

are then compared to the ground-truth direction vectors to minimize the following training

objective:

Lvec(φ) =
1

|Q|
∑
q∈Q

K∑
k=1

∥∥∥F(k)
θ (q)− F(k)(q)

∥∥∥
1
. (4.3.4)

In practice, we find this vector-based objective to be unstable for training purposes. Molec-

ular direction fields contain high-frequency discontinuities at the boundaries between the

Voronoi cells defined by the atomic positions. These discontinuities make the direction field

difficult to fit with compact MLPs, especially when training with noisy inputs.

To address this, we instead train the MNF to predict the scalar distance field, defined as

the Euclidean distance from a point q to the nearest atom of each type, i.e.,

f (k)(q) = ‖a(k)
nearest − q‖, where a(k)

nearest = argmina∈Ak ‖q− a‖2. (4.3.5)

This scalar function is smoother and easier for neural networks to approximate. We corre-

spondingly define the MNF as a function fθ : R3 → RK , where each output channel predicts
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the distance to the nearest atom of type k. The associated training objective is then

Ldist(φ) =
1

|Q|
∑
q∈Q

K∑
k=1

∣∣∣f (k)
θ (q)− f (k)(q)

∣∣∣ . (4.3.6)

Through experimentation, we observe that the best performance is achieved when the

hypernetwork is conditioned on a noised direction field, but trained to output a distance

field. This hybrid setup leverages the high-frequency information present in the direction

field for conditioning, while taking advantage of the smoother, lower-frequency distance field

as the target for regression. We believe this setup helps the transformer process geometric

structure more effectively. We provide ablation studies supporting this choice in §B.2.2.

One challenge with this formulation is that it introduces a mismatch between the model’s

input and output, which poses a challenge during generation (see §4.3.6): the input to the

hypernetwork is a vector direction field, but the output is a scalar distance field. To resolve

this, note that the direction field can be recovered from the distance field as follows:

∇q
1

2

(
f (k)(q)

)2
= ∇q

1

2

∥∥∥a(k)
nearest − q

∥∥∥2
= a

(k)
nearest − q = F(k)(q) (4.3.7)

Here, a(k)
nearest denotes the nearest atom of type k to point q. This allows us to compute

F(k)(q) from the predicted scalar field using automatic differentiation. During generation,

we apply this transformation at each time step to produce the direction field needed for the

next step of the reverse diffusion.

We summarize the training loop in Algorithm 9.

4.3.6 Unconditional Generation

Algorithm 10 illustrates how we generate novel molecules after training HyDiF via Algorithm

9. We start by sampling Gaussian noise and taking that to be a molecule noised at time

step t = 1000. We then ask the hypernetwork to denoise it to t = 0, then noise the denoised
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Algorithm 9: Training Loop for HyDiF
Input: Query points Q, ground truth atomic coordinates A

1 F(Q)← ground truth MDF for A;
2 for epoch = 1, 2, . . . do
3 Sample a maximum noising level:
4 if epoch ≤ 100 then
5 T ← 10
6 end
7 T ← max(epoch−100 + 10, 1000)
8 Randomly uniformly sample noise level t from {0, 1, . . . , T}.
9 Set noising coefficient αt.

10 Sample Gaussian noise ε ∼ N (0, I) and noise the ground truth MDF:
Ft(Q)←

√
αt · F(Q) +

√
1− αt · ε.

11 Pass noised MDF into Hφ to get predicted MNF parameters:
θ ← Hφ(Ft(Q), Q, t).

12 Compute loss against ground truth distance field:

Ldist ← 1
|Q|

∑
q∈Q

K∑
k=1

∣∣∣f (k)
θ (q)− f (k)(q)

∣∣∣.
13 Update hypernetwork parameters φ.
14 end

prediction by noise level t = 999 and repeat. Since the outputs of the hypernetwork are

the weights to an implicit distance field, we must first compute the gradients with respect

to the query points to convert it back to a direction field that we can pass back into the

hypernetwork.

Algorithm 10: Generation Procedure for HyDiF
1 Initialize noise level t← 1000, random query points Q.
2 Set noisy field to be Gaussian noise: Ft(Q)← ε ∼ N (0, I).
3 for t = 1000, 999, . . . , 1 do
4 Push noisy field through the hypernetwork to get predicted MNF parameters:

θ ← Hφ(Ft(Q), Q, t).
5 Compute predicted cleaned direction field by taking gradient of distance field

w.r.t. query points: Fθ(Q)← ∇Qfθ(Q).
6 Re-noise predicted direction field: Ft−1(Q)←

√
αt−1 · Fθ(Q) +

√
1− αt−1 · ε.

7 end
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Figure 4.4: We extend HyDiF to support conditional generation by expanding the hyper-
network input to two channels. We randomly select some atoms from a molecule to noise
and delete them before recomputing an MDF; this forms our conditioning channel, which
conditions the hypernetwork on a partial molecule. We feed this into the hypernetwork,
along with the noising channel computed by noising the ground truth MDF.

4.3.7 Masked Diffusion Procedure for Molecular Inpainting

The fact that HyDiF performs diffusion directly on geometric space allows us to train for

a molecular inpainting task, in which a portion of a molecule is masked and the network

is asked to complete the molecule. This allows us to selectively modify portions of existing

molecules, a crucial step in drug discovery commonly referred to as lead optimization [146–

149].

The training and generation pipelines for partial noising and inpainting are identical to

that in §4.3.5 and §4.3.6, except in addition to a noised MDF, we also include a conditioning

MDF as an input to the hypernetwork. The conditioning MDF is computed by randomly

deleting a subset of atoms from a conformer and recomputing the MDF for the partial

molecule. This allows the network to learn to denoise a fully noised MDF conditioned on a

partial molecule being held constant (see Figure 4.4).

4.3.8 Feature Extraction with HyDiF

We illustrate how we leverage internal representations of HyDiF as feature representations

of molecules for downstream molecular property prediction in Figure 4.5. Our method is

inspired by recent work showing that diffusion models can be used for feature extraction
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Figure 4.5: Overview of how we use HyDiF as a foundational model for property prediction.
In practice, we always extract the central activation within the stack of transformer layers,
e.g., given 26 transformer blocks, we extract the 14th intermediate activation.

in other domains [143, 144]. We pass an unnoised MDF for the molecule of interest into a

frozen pretrained hypernetwork and extract per-query point intermediate activations, which

we average over the query points. We then pass this activation into a property prediction

head, which for us is a two layer MLP with tanh activations.

4.3.9 From MDFs to Molecules

While the output of HyDiF is an MDF for a conformer, at inference time it is more desir-

able to have a human-parsable representation of a molecule. Our method of parsing MDFs

into molecules involves two steps: (1) recovering atomic point clouds from MNFs and (2)

recovering molecular bond information from atomic point clouds. Observe that the zeros of

a ground truth MDF are exactly the locations of atomic coordinates. Therefore to recover

atomic coordinates from MNFs, we find minima of the generated distance field and use these

minima as atomic coordinates, from which we can construct an atomic point cloud. To

recover molecular bond information from atomic point clouds, we use a combination of the

standard chemoinformatics toolkits RDKit [104] and OpenBabel [150] bond determination
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algorithms to construct RDKit-parsable molecules.

4.4 Experiments and Results

Here we discuss our experiments demonstrating the efficacy of HyDiF in four domains:

(a) unconditional generation of conformers, (b) localized partial generation of conformers,

(c) extracting features from conformers for downstream property prediction tasks, and (d)

scaling to biomolecules.

4.4.1 Pretraining HyDiF and Unconditional Generation

We pretrain HyDiF on the gold standard GEOM (Geometric Ensemble of Molecules, [105])

dataset, a collection of high quality conformers computed in silico using semi-empirical tight-

binding density functional theory. We train on the same GEOM-drugs dataset and splits as

[130], discarding the small number of molecules that contain elements other than C, H, O,

N, F, S, Cl, and Br. The training set contains 1.1M conformers for 242K unique species.

In Figure 4.6, we exhibit unconditionally generated samples from HyDiF after pretraining,

highlighting the ability of HyDiF as a generative model for 3D conformers.

4.4.2 Molecular Inpainting

We train HyDiF on our inpainting task similarly to the pretraining method in §4.3.5 but

with the masked diffusion procedure in §4.3.7. In Figure 4.7, we exhibit a conformer from the

validation set with three different maskings and the corresponding inpainted molecules. In

each case, HyDiF is able to successfully perform local edits on a molecule while maintaining

chemical validity. This capability is primarily because of the flexibility of our model in

performing diffusion directly on the space of molecules; in contrast, models that perform

diffusion in latent space such as FuncMol and GeoLDM do not have this capability.

To quantitatively assess performance, we recover molecular graphs from inpainted MDFs
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Figure 4.6: Nine curated samples from unconditional generation with HyDiF.
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Figure 4.7: A molecule from the GEOM validation set with three different maskings (top
row) and their corresponding inpaintings (bottom row). The spheres denote atoms in the
molecule that are selected to be masked out. The above examples demonstrate the ability
of HyDiF to inpaint effectively. Observe in inpainting (a) that the five-member ring with an
oxygen has been replaced with a benzene ring. In inpainting (b), the benzene ring has been
replaced with a hexane, and sulfur has been replaced with a carbon, and an oxygen has been
deleted. In inpainting (c), an entire ring has been deleted.
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Table 4.1: Molecular inpainting metrics on GEOM (higher is better). Metrics for EDM and
HyDiF are computed over 100 generated conformers. HyDiF’s high resolution molecular
representation are able to inpaint more chemically reasonable molecules than EDM’s discrete
representation.

Atom Stable % Mol. Stable % Validity %

data 100.0% 100.0% 96.9%

EDM 93.1% 13% 85%
HyDiF 96.3% 47% 94%

using the reconstruction procedure described in Section 4.3.9. Following prior work, we

report three standard evaluation metrics: atom stability (fraction of atoms with correct

valency), molecule stability (fraction of molecules where all atoms have correct valency), and

validity (fraction of molecules that pass RDKit’s sanitization check). Results for HyDiF and

EDM, which we use as a baseline, are presented in Table 4.1. We evaluate EDM on the

inpainting task by passing partially masked molecules and computing the metrics on the

inpainted generated conformers. GeoLDM and FuncMol are not included in the conditional

generation comparison, as it is not straightforward to adapt latent diffusion models for

spatially grounded conditional generation.

We also include in Table 4.1 the metrics on the ground truth training data, computed

over a random subset of 10K conformers; these represent an approximate upper bound.

4.4.3 Property Prediction

Following some of the ideas of [143, 144], we use a pretrained HyperDiffusionFields as a

foundational model by feeding an unnoised MDF computed from a conformer and query

points Q as input to a frozen pretrained hypernetwork, extracting a tensor of intermediate

activations between self-attention blocks, and using that as input to a property prediction

head for downstream tasks. For our experiments, we uniformly randomly sample a dense set

of query points Q around the volume of the molecule and obtain a global feature by aggre-

gating features over query points. However, observe that since the MDF and corresponding
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intermediate activations are a function of Q, we could obtain local features by spatially lo-

calizing Q within a molecule. For instance, if we were interested in extracting a feature for a

particular functional group of a molecule, we could concentrate the query points Q around

the functional group. Other foundational models such as Uni-Mol and ChemBERT-a2 are

unable to extract features in such a flexible manner.

We use a two-layer MLP with tanh activations as our property prediction head. As

baselines, we compare the performance of our features generated from the hypernetwork to

features from the MLM version of ChemBERTa-2. We also extract intermediate features

from the diffusion models EDM and GeoLDM to compare against other diffusion models as

feature extractors. In practice, we always extract features after the most central layer in

each diffusion model, including our own. We also run an experiment where we concatenate

our features with ChemBERTa-2 MLM features.

For downstream tasks, we select a subset of the tasks from the standard MoleculeNet

benchmark [151], outlined in Table 4.2. Molecules in MoleculeNet datasets are specified as

SMILES rather than 3D conformers, so in order to run EDM, GeoLDM, and HyDiF on

MoleculeNet data, we must first generate conformers from SMILES strings using ETKDG.

Table 4.2: Overview of the subset of MoleculeNet tasks that we perform property prediction
on.

Task Name Task Type Train Size Description

BBBP classification 1,631 blood-brain barrier penetration
BACE classification 1,210 human β-secretase 1 binding
Lipo regression 3,360 lipophilicity
ESOL regression 902 water solubility
FreeSolv regression 513 hydration free energy
QM7 regression 5,464 atomization energy

In Table 4.3, we show the results of our downstream property prediction experiments.

Observe that for each task, the features taken from intermediate HyDiF are competitive

with those from the foundational model ChemBERTa-2, as well as the features taken from

the intermediate activations of the diffusion models EDM and GeoLDM. This is remarkable
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due to the fact that ChemBERTa-2 is trained on 77 million unique species, approximately

300 times more species than the data that HyDiF is trained on, and yet we are still able

to achieve competitive performance, and state-of-the-art performance in five out of six tasks

when we concatenate our features with those of ChemBERTa-2.

This highlights the ability of HyDiF to learn rich representations, even with a relative

paucity of data. We attribute this performance to a fundamental difference in how our

model represents molecules: rather than producing a single global embedding directly, HyDiF

aggregates localized features learned from spatially dense query points. This allows the model

to capture fine-grained geometric information that is otherwise lost in global or sequence-

based representations.

Table 4.3: Performance comparison on classification (AUROC) and regression (RMSE)
MoleculeNet tasks.

classification (AUROC ↑) regression (RMSE ↓)
BBBP BACE Lipo ESOL FreeSolv QM7

ChemBERTa-2 0.70 0.79 0.81 0.98 2.12 143.9

EDM 0.67 0.78 0.94 1.03 2.25 112.3
GeoLDM 0.68 0.79 0.97 1.26 2.60 115.7

HyDiF 0.71 0.79 0.83 0.90 1.87 116.7
HyDiF+ChemBERTa-2 0.73 0.80 0.78 0.89 1.75 114.6

4.4.4 Scaling to Larger Biomolecules

HyDiF scales to large biomolecules in a way that current baseline architectures cannot.

Most molecular generative models, such as EDM, GeoLDM, and VoxMol, are limited to

small molecules with fewer than 100 heavy atoms. This is primarily due to architectural

bottlenecks; graph neural network-based models like EDM and GeoLDM construct fully

connected molecular graphs, resulting in O(n2) pairwise interactions for n atoms, which

becomes computationally expensive as molecular size grows. VoxMol represents molecules

using dense 3D voxel grids, which are memory-intensive and scale cubically with the grid

size. As shown in [130], VoxMol fails to scale to the CREMP dataset [152], which includes
100



Figure 4.8: Four uncurated comparisons of ground truth alpha carbon coordinates of proteins
from PLINDER (in blue) compared with coordinates reconstructed from denoising a noised
MDF (in red). We see that in all four cases, we are able to reconstruct the overall shape
of the protein. Each protein contains between 100 and 700 alpha carbons. This illustrates
the scalability of HyDiF to large biomolecules. Subplot captions are Protein Data Bank
identifiers.

macrocyclic peptides with an average of 74 heavy atoms.

Proteins contain hundreds to thousands of atoms. To evaluate the scalability of HyDiF,

we train our diffusion pipeline (see §4.3.5) on alpha carbon traces from the PLINDER dataset

[153], a collection of 3D protein structures. Figure 4.8 shows reconstructed proteins from

the training set, generated by noising and denoising their molecular direction fields. In each

case, we are able to recover the overall structure of the protein, a first step in demonstrating

that HyDiF can learn the geometry large-scale macromolecules.

The key insight enabling scalability is that the computational cost of HyDiF scales

quadratically with the number of query points, rather than the number of atoms in the

molecule. This decouples computational complexity from molecular size: we train on large

proteins by sampling a sparse set of query points, as the model sees each protein multiple

times over training.

4.5 Discussion

This work introduces HyDiF, a generative framework that models 3D molecular structure

via direct diffusion on continuous vector fields and neural function spaces. We first intro-
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duce the Molecular Distance Field, a novel, dense representation of 3D molecular conformers,

suitable for learning via implicit neural representations. We then introduce a hypernetwork

architecture that is able to synthesize knowledge over a large library of conformers to gener-

ate per-conformer implicit representations which we call Molecular Neural Fields. We train

this architecture as a diffusion model and demonstrate efficacy in both unconditional and

structure-conditioned generation of conformers. We furthermore demonstrate that our diffu-

sion model learns sufficiently rich internal representations of molecules to be used as features

for downstream property prediction tasks, and our representations are competitive with both

foundational and generative models on benchmark tasks. Moreover, the coordinate- and grid-

free nature of our representation allows HyDiF to scale to larger biomolecules. We believe

the contributions of HyDiF represent a promising direction for future work in geometric deep

learning, one that bridges the gap between high-fidelity representation and flexible, spatially

aware generation.

We believe the HyDiF paradigm opens up many new exciting avenues in the field of molec-

ular modeling. For instance, we are interested in how we may adapt HyDiF for not just

structure-conditioned generation, but property-conditioned generation, where we generate

molecules conditioned on some desired chemical property, typically of pharmacological inter-

est (e.g., absorption, solubility, etc.). This work can also be extended to protein-conditioned

generation, where we seek to generate small molecule drugs that bind to a target protein,

or even conditional generation of proteins themselves. Such advances would have the poten-

tial to significantly accelerate the process of drug discovery and understanding of structural

biology.
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CHAPTER 5

CONCLUSION AND OUTLOOK

We have considered in this work three extraordinarily different problems in applied math-

ematics, both in domain and in approach. In Chapter 2, inspired by theoretical challenges

in cryo-EM, we study the recovery of one-dimensional manifolds from extremely noisy data.

We prove a rigorous statement about the difficulty of this problem, paired with an algorithm

that is able to solve the problem with the asymptotically minimal number of samples. De-

spite the difficulty of the problem, we are miraculously able to perform the recovery with

nothing more than access to the first three moments of the ground truth curve; the difficulty

is entirely shifted towards having enough samples to estimate these moments accurately.

Highlighted in this work are the algebraic and analytic techniques used to study the mo-

ments. Our study of the noisy curve recovery problem is only a start to studying high-noise

manifold learning problems; there is much work to be done to generalizing our results to

arbitrary one-dimensional manifolds, or even manifolds of arbitrary dimension. There are

also many exciting avenues in application of our recovery algorithm in scientific domains;

our technique may prove fruitful in the analysis of real world high dimensional high-noise

temporal data, including the actual cryo-EM problem.

In Chapter 3, we considered a different challenge, where it was the dimension of the data

that was large, rather than the quantity. We developed and implemented a numerical method

that was able to solve a linear program with over one billion variables. This linear program

arose from an optimal transport problem on spin states inspired by the Glauber dynamics for

the Ising model, which we reformulated to be amenable to a parallelized solution optimized

for GPU acceleration. The core of our success lies in the implementation of extremely fast

matrix-vector multiplies that exploit the sparse structure of the linear program. This work

exhibits the performance gains in numerical optimization that are made possible by taking a

deep dive into matrix arithmetic. This represents the beginning of many potential avenues of

exploration in discrete optimal transport, particularly in more physically grounded problems.
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Furthermore, despite being able to solve large problem instances, our method has not yet

overcome the exponential size of the problem. Perhaps there are moment-based techniques

that are able to drastically compress the size of the spin configuration space from being

exponential in n to being polynomial or even linear in n. Overcoming this barrier would

allow for the analysis of problems of significantly larger size.

Finally in Chapter 4, we designed a novel representation of conformers and a hybrid

generative and foundational model for small molecules, achieving state-of-the-art results in

molecular inpainting and property prediction. Our key contributions are in this novel rep-

resentation, as well as applying hypernetwork methods to the molecular domain. This work

represents the unreasonable effectiveness of neural networks to fit intractable, complex prob-

ability distributions over real data. Our new paradigm for molecular modeling represents

the beginning of many potential approaches to grand challenges in structural biology, includ-

ing modeling ligand-protein or protein-protein interactions, understanding the relationship

between drug structure and biological function, and performing more and more of the drug

discovery pipeline in silico. More broadly, we hope our approach elucidates the potential

of dense, field-based representations in other scientific domains where data are typically

represented by discrete objects.

Each of these three works began with a daunting task to be performed on a huge quantity

of data. It was only after careful study of the underlying structure of the data and application

of known priors that the intractable was made tractable, optimized for solutions via modern

computing architectures. In dealing with data at this scale, such underlying structure is

often one’s only hope for learning anything from it.

That we have a seemingly unlimited amount of data in today’s world is a wonder. That

we are able to tame it with computations that ultimately reduce to arithmetic on floating

point numbers is a miracle.
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APPENDIX A

SUPPLEMENTARY MATERIAL TO CHAPTER 2

A.1 Cloud Tracing Algorithm for the Low-Noise Regime

In this section, we very briefly outline our algorithm for tracing through low-noise point

clouds. We do not perform any large-scale experiments or detailed analysis of the method.

For simplicity, we consider point clouds coming from a PWL curve with an a priori

known constant segment lengths L. First consider the issue of resolving an “elbow” with

three points, c0, c1, c2 ∈ Rd, where c1 is known. Since noise is low, we can compute the

point cloud local to this elbow by considering all points in the cloud within distance L of c1.

The two-dimensional subspace formed by the three points can be estimated from the second

empirical moment, onto which we can project the local point cloud. The direction (which

we can identify with an angle in the two-dimensional subspace) of each vector pointing from

c1 to a projected point from the local cloud can be computed. The histogram of angle

counts should be bimodal, with the peaks θ0 and θ2 occurring at the directions in which the

projections of c0 and c2 lie. Since the segment lengths are known, we can then estimate the

projections of c0 and c2 and deproject back to Rd.

Given a full curve and an estimate of c0, we can first compute the point cloud local to c0,

that is, all points that are within distance L away from c0. We can apply a similar technique

as above on this local cloud and c0 to get an estimate for c1, then iteratively apply the elbow

resolution technique to the elbow centered at ci and the point cloud local to ci to estimate

ci+1. To account for the error that might propagate at each step, we can average the two

curves obtained by applying this method with c0 and cM as the starting points. Figure 2.2

shows the outcome of this method on curves in R2 applied to only the initial point c0.

The reason why this method fails for the high noise case is that the local point clouds

are no longer meaningful. When noise is low, the points within distance L of ci have a

high likelihood of coming from the elbow given by ci−1, ci, and ci+1, and so the geometric
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structure of the curve around ci is preserved by the local cloud. When noise is sufficiently

high, the points within distance L of ci are likely to have come from elsewhere in the curve.

Without performing further detailed analysis, note that since this algorithm only requires

accurate estimation of the second moment, the number of points needed for this method to

work is order O(σ4), rather than the requirement of O(σ6) to accurately estimate the third

moment for our high noise recovery algorithm.

A.2 Proof of Proposition 2.3.3

Let m1 and m2 be the first two moments of C∗, let p∗ ∈ RM be the proportional segment

lengths of C∗, and let Z∗ > 0 be the total length of C∗. Then C∗, p∗, Z∗ is one particular

solution to the following system of polynomial equations in C = [c0, . . . , cM ], p, Z that we

can write down using the relaxed moment expressions in (2.2.11):

1

2
CTAsp = m1

CTA(p)C = m2

Z2p2
i = ‖ci − ci−1‖2, i = 1, . . . ,M

M∑
i=1

pi = 1.

(A.2.1)

The first line in (A.2.1) is matching the relaxed first moment from C and p to the prescribed

first moment m1, and similarly for the second line and the second moment m2. The third

line “unrelaxes” the relaxed moments by requiring that the pi are equal to the proportional

segment lengths, and the fourth line ensures that Z is equal to the length of the full curve.

The first line of (A.2.1) consists of M equations, the second line consists of M(M + 1)/2

equations (m2 is a symmetric matrix, so we can eliminate all equations coming from the

lower triangular part of m2), the third line consists of M equations, and the last line is a

single equation, so we have a total ofM(M +1)/2+2M +1 equations. To count the number
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of variables, we have M(M +1) variables from C, M variables from p, and one variable from

Z for a total of (M + 1)2 variables. We therefore have more variables than equations, and

hence this is an underdetermined system of polynomial equations.

If we subtract the right hand side from both sides of each line of (A.2.1), we can consider

the left hand side of the entire system as a function f : R(M+1)2 → RM(M+1)/2+2M+1 of

(C, p, Z) (where scalars, vectors, and matrices are flattened and concatenated appropriately),

and we can think of the solution set to (A.2.1) as the preimage of 0 under f .

Let Df ∈ R(M(M+1)/2+2M+1)×(M+1)2
be the Jacobian of f in the variables C, p, and

Z; this is a short and wide matrix. In the next proposition, we claim that for almost all

(C, p, Z) satisfying (A.2.1), the matrix Df(C, p, Z) is full rank.

Proposition A.2.2. Let (C, p, Z) be a solution to (A.2.1) and suppose the Jacobian Df(C, p, Z)

is not full rank. Then the all ones vector 1 ∈ RM+1 must be in the image of C, where here

we are thinking of C as a matrix.

We omit the proof, which consists of routine calculation of the total derivative of f . Since

C∗ is a tall matrix with shape (M + 1,M), its image must be rank deficient, and therefore 1

is not in the image of C∗ for almost all C∗. Therefore, for almost all C∗, Df(C∗, p∗, Z∗) is

full rank. Since rank is lower semicontinuous, for such a C∗ there exists a neighborhood U of

(C∗, p∗, Z∗) where Df is full rank and hence surjective at all (C, p, Z) in U . Let f |U : U →

R(M+1)2
be the restriction of f to U . Then 0 is a regular value of f |U , i.e., a point such that

Df |U is surjective at every point in f |−1
U (0). Note that we know that f |−1

U (0) is nonempty,

since it contains at least the point (C∗, p∗, Z∗). Then by the regular level set theorem from

differential topology (also called the preimage theorem, see Theorem 9.9 in [154]), f−1|U (0)

is a submanifold of U with dimension (M+1)2− [M(M+1)/2+2M+1] = M(M−1)/2 > 0.

In other words, (C∗, p∗, Z∗) is not an isolated point in the real algebraic variety of (A.2.1).

Therefore, for sufficiently small ε > 0, we can find some (Γ, π, ζ) ∈ U such that ‖C∗−Γ‖F = ε

and (Γ, π, ζ) also solves (A.2.1), and hence Γ has the same first and second moments as C∗.
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A.3 Proof of Proposition 2.3.5

Our proof is modeled on the proof of Theorem A.1 in [22]. The idea of the proof is to bound

the χ2 divergence with a Taylor series of the differences of moments. We first need to prove

a few technical lemmas and introduce some notation. Let φσ(x) denote the density of a

Gaussian centered at the origin with covariance σ2Id:

φσ(x) =
1√

(2πσ2)d
exp

(
−‖x‖

2

2σ2

)
. (A.3.1)

Let pC,σ(x) denote the density of the noisy curve PC,σ. Note that we have the expression

pC,σ(x) =
1

Z

∫ 1

0
φσ(x− C(t)) dt =

1

Z

∫ 1

0

1√
(2πσ2)d

exp

(
− ‖x− C(t)‖2

2σ2

)
dt. (A.3.2)

Here Z is a normalizing constant dependent on C; for the rest of this section, we will assume

Z = 1 for notational simplicity. We will also be using the facts that C is mean zero and

‖C(t)‖ < 1 throughout.

Lemma A.3.3. We have the lower bound

pC,σ(x) ≥ φσ(x) exp

(
− 1

2σ2

)
. (A.3.4)

Proof. Using the fact that the exponential function is convex, we compute

pC,σ(x) =

∫ 1

0

1√
(2πσ2)d

exp

(
−‖x− C(t)‖2

2σ2

)
dt

=

∫ 1

0

1√
(2πσ2)d

exp

(
−‖x‖

2

2σ2

)
exp

(
〈C(t), x〉

σ2

)
exp

(
−‖C(t)‖2

2σ2

)
dt

≥ φσ(x) exp

(
− 1

2σ2

)∫ 1

0
exp

(
〈C(t), x〉

σ2

)
dt

≥ φσ(x) exp

(
− 1

2σ2

)
exp

(∫ 1

0

〈C(t), x〉
σ2

)
dt
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= φσ(x) exp

(
− 1

2σ2

)

The penultimate line is by Jensen’s inequality, and the last line is by the fact that C is mean

zero. �

Lemma A.3.5. Let C and Γ be any two curves. Then

∫
Rd

pC,σ(x)pΓ,σ(x)

φσ(x)
dx =

∫
[0,1]2

exp

(
〈C(t),Γ(s)〉

σ2

)
dtds. (A.3.6)

Proof. Note that we have

pC,σ(x) = φσ(x)

∫ 1

0
exp

(
〈C(t), x〉

σ2

)
exp

(
−‖C(t)‖2

2σ2

)
dt,

and similarly for pΓ,σ. Then

∫
Rd

pC,σ(x)pΓ,σ(x)

φσ(x)
dx

=

∫
Rd

φσ(x)

[∫ 1

0

exp

(
〈C(t), x〉

σ2

)
exp

(
−‖C(t)‖2

2σ2

)
dt

]
[∫ 1

0

exp

(
〈Γ(s), x〉

σ2

)
exp

(
−‖Γ(s)‖2

2σ2

)
ds

]
dx

=

∫
Rd

1√
(2πσ2)d

exp

(
−〈x, x〉

2σ2

)[∫
[0,1]2

exp

(
2 〈C(t) + Γ(s), x〉

2σ2

)

exp

(
−‖C(t)‖2 + ‖Γ(s)‖2

2σ2

)
dtds

]
dx

=

∫
[0,1]2

[∫
Rd

1√
(2πσ2)d

exp

(
−〈x, x〉 − 2 〈C(t) + Γ(s), x〉+ 〈C(t) + Γ(s), C(t) + Γ(s)〉

2σ2

)
exp

(
〈C(t) + Γ(s), C(t) + Γ(s)〉

2σ2

)
exp

(
−‖C(t)‖2 + ‖Γ(s)‖2

2σ2

)
dx

]
dtds

=

∫
[0,1]2

∫
Rd

1√
(2πσ2)d

exp

(
−‖x− (C(t) + Γ(s))‖2

2σ2

)
dx︸ ︷︷ ︸

=1

exp

(
‖C(t)‖2 + ‖Γ(s)‖2 + 2 〈C(t),Γ(s)〉 − ‖C(t)‖2 − ‖Γ(s)‖2

2σ2

)
dtds

=

∫
[0,1]2

exp

(
〈C(t),Γ(s)〉

σ2

)
dtds.
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In line 4, we are using Fubini’s theorem and completing the square. �

Lemma A.3.7. Let C(t), Γ(t) be parametric curves such that ‖C(t) − Γ(t)‖ ≤ 1/3 and

‖C(t)‖, ‖Γ(t)‖ ≤ 1 for all t ∈ [0, 1]. With ρ(C,Γ) as defined in (2.3.2), we have the upper

bound

‖mk(C)−mk(Γ)‖2F ≤ 12 · 2kρ(C,Γ). (A.3.8)

Proof. Using Jensen’s inequality, we compute

‖mk(C)−mk(Γ)‖2F =

∥∥∥∥∫ 1

0
C(t)⊗k − Γ(t)⊗k dt

∥∥∥∥2

F

≤
∫ 1

0

∥∥∥C(t)⊗k − Γ(t)⊗k
∥∥∥2

F
dt

≤ 12 · 2k
∫ 1

0
‖C(t)− Γ(t)‖2 dt (Lemma A.5.1)

= 12 · 2kρ(C,Γ).

�

We are now ready to prove Proposition 2.3.5.

Proof (of Proposition 2.3.5). Writing out the definition of the χ2 divergence, we have

χ2(PC,σ‖PΓ,σ)

=

∫
Rd

(pC,σ(x)− pΓ,σ(x))2

pC,σ(x)
dx

≤ exp

(
1

2σ2

)
︸ ︷︷ ︸
≤e1/2

∫
Rd

(pC,σ(x)− pΓ,σ(x))2

φσ(x)
dx (Lem. A.3.3)

.
∫

[0,1]2
exp

(
〈C(t), C(s)〉

σ2

)
− 2 exp

(
〈C(t),Γ(s)〉

σ2

)
+ exp

(
〈Γ(t),Γ(s)〉

σ2

)
dtds (Lem. A.3.5)

≤
∫

[0,1]2

∑
k≥0

1

σ2kk!

(
〈C(t), C(s)〉k − 2 〈C(t),Γ(s)〉k + 〈Γ(t),Γ(s)〉k

)
dtds (Taylor exp.)

=
∑
k≥0

1

σ2kk!

∫
[0,1]2

[〈
C(t)⊗k, C(s)⊗k

〉
(Fubini)
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− 2
〈
C(t)⊗k,Γ(s)⊗k

〉
+
〈

Γ(t)⊗k,Γ(s)⊗k
〉]

dtds

=
∑
k≥0

1

σ2kk!

[
〈mk(C),mk(C)〉 − 2 〈mk(C),mk(Γ)〉+ 〈mk(Γ),mk(Γ)〉

]

=
∑
k≥0

1

σ2kk!
‖mk(C)−mk(Γ)‖2F

≤
∑
k≥`

12 · 2k

σ2kk!
ρ(C,Γ) (Lem. A.3.7)

= K`σ−2`ρ(C,Γ).

In line 4, . denotes inequality up to a universal constant (here, e1/2). In line 5, we are

using the fact that 〈x, y〉k =
〈
x⊗k, y⊗k

〉
, where 〈·, ·〉 denotes the Frobenius inner product

for tensor arguments. In the penultimate line we are using the fact that the moments match

up to order `− 1. �

A.4 Vectorized Notation for Moments

Here we elaborate on the notation in Definition 2.2.9. We use As, Al, and Ar to denote the

following three (M + 1,M)-shaped matrix constants (here M = 3 for illustrative purposes):

As =



1 0 0

1 1 0

0 1 1

0 0 1


Al =



1 0 0

0 1 0

0 0 1

0 0 0


Ar =



0 0 0

1 0 0

0 1 0

0 0 1


(A.4.1)

(s stands for sum, l for left, and r for right, since the rows of (As)TC are ci−1 + ci, the rows

of (Al)TC are ci−1, and the rows of (Ar)TC are ci). The (M + 1,M + 1)-shaped matrix

A(p) is given by

A(p) :=
1

6

(
As diag(p)(As)T + Al diag(p)(Al)T + Ar diag(p)(Ar)T

)
, (A.4.2)
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We use α(p) to denote the symmetric (M +1,M +1,M +1)-shaped tensor whose mno entry

is given by

[α(p)]mno =
M∑
i=1

pi

(
1

12
AsmiA

s
niA

s
oi +

1

6
AlmiA

l
niA

l
oi +

1

6
ArmiA

r
niA

r
oi

)
. (A.4.3)

A.5 Miscellaneous Technical Lemmas

In this section, we collect miscellaneous technical lemmas and information-theoretic facts.

Lemma A.5.1. Let x, y ∈ Rd, ‖x‖, ‖y‖ ≤ 1. Suppose also that we have ‖x − y‖ ≤ 1/3.

Then for any k ≥ 1, we have the bound

‖x⊗k − y⊗k‖2F ≤ 12 · 2k‖x− y‖2. (A.5.2)

The proof is adapted from the proof of Lemma B.12 in [155].

Proof. Let γ := 〈x, y − x〉. Note |γ| ≤ ‖x‖‖x− y‖ ≤ ‖x− y‖. Observe that we can write

〈x, y〉 = ‖x‖2 + γ

‖y‖2 = ‖x‖2 + 2γ + ‖x− y‖2.

By the binomial theorem,

‖x⊗k − y⊗k‖2F

= ‖x⊗k‖2 − 2
〈
x⊗k, y⊗k

〉
+ ‖y⊗k‖2F

= ‖x‖2k − 2 〈x, y〉k + (‖x‖2 + 2γ + ‖x− y‖2)k

= ‖x‖2k − 2
(
‖x‖2 + γ

)k
+
(
‖x‖2 + 2γ + ‖x− y‖2

)k
= ‖x‖2k − 2

k∑
j=0

(
k

j

)
‖x‖2(k−j)γj +

m∑
j=0

(
k

j

)
‖x‖2(k−j)(2γ + ‖x− y‖2)j
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= ‖x‖2k − 2

‖x‖2k + k‖x‖2k−2γ +
k∑
j=2

(
k

j

)
‖x‖2(k−j)γj


+

(
‖x‖2k + k‖x‖2k−2(2γ + ‖x− y‖2)

+
k∑
j=2

(
k

j

)
‖x‖2(k−j)(2γ + ‖x− y‖2)j

)

= −2γ2
k∑
j=2

(
k

j

)
‖x‖2(k−j)γj−2︸ ︷︷ ︸

≥−1

+k ‖x‖2k−2︸ ︷︷ ︸
≤1

‖x− y‖2

+ (2γ + ‖x− y‖2)2
k∑
j=2

‖x‖2(k−j)(2γ + ‖x− y‖2)j−k︸ ︷︷ ︸
≤1

≤ 2γ2 · 2k + k‖x− y‖2 +
(

4γ2 + 4γ‖x− y‖2 + ‖x− y‖4
)

2k

≤ (11 · 2k + k)‖x− y‖2

≤ 12 · 2k‖x− y‖2.

In the third line from the bottom we are using the fact that the sum of the binomial coeffi-

cients is equal to 2m. �

Definitions A.5.3. Let p and q be the densities of two measures P and Q that are absolutely

continuous with respect to the Lebesgue measure. The χ2 divergence, KL divergence, and

TV distance are defined as

χ2(P‖Q) =

∫
(p(x)− q(x))2

q(x)
dx

KL(P‖Q) =

∫
p(x) log

(
p(x)

q(x)

)
dx

TV(P,Q) = sup
A
|P (A)−Q(A)| = sup

∣∣∣∣∫
A

(p(x)− q(x)) dx

∣∣∣∣ .
In the definition of the TV norm, the supremum is over all measurable sets.
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Lemma A.5.4. We have the bound

KL(P‖Q) ≤ χ2(P‖Q). (A.5.5)

Proof. This is an immediate consequence of the fact that log(x) ≤ x− 1. �

Lemma A.5.6 (Pinsker’s Inequality, Lemma 2.5 in [156]). For any two measures P and Q,

TV(P,Q) ≤
√

KL(P‖Q)/2. (A.5.7)

Lemma A.5.8. Let P and Q be random variables and P⊗N and Q⊗N denote the distribution

of N independent draws from P and Q. Then KL(P⊗N‖Q⊗N ) = N KL(P‖Q).

Proof. For notational clarity, we only prove the case where N = 2. Then

KL(P⊗2‖Q⊗2)

=

∫
Y

∫
X
p(x)p(y) log

(
p(x)p(y)

q(x)q(y)

)
dxdy

=

∫
Y
p(y)

∫
X
p(x)

[
log

(
p(x)

q(x)

)
+ log

(
p(y)

q(y)

)]
dxdy

=

∫
Y
p(y)

∫
X
p(x) log

(
p(x)

q(x)

)
dxdy +

∫
Y
p(y)

∫
X
p(x) log

(
p(y)

q(y)

)
dxdy

=

∫
X
p(x) log

(
p(x)

q(x)

)
dx+

∫
Y
p(y) log

(
p(y)

q(y)

)
dy

= 2 KL(P‖Q).

�

Lemma A.5.9. Assume that c0, . . . , cM ∈ Rd are in generic position so that any collection
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of M of the ci’s is linearly independent. Let Fm be the matrix given by

Fm =



1
4p1(c0 + c1)⊗2 + 1

2p1c0
⊗2 if m = 0

1
4pm(cm−1 + cm)⊗2 + 1

4pm+1(cm + cm+1)⊗2

+1
2pmcm

⊗2 + 1
2pm+1cm

⊗2 if 1 ≤ m ≤M − 1

1
4pM (cM−1 + cM )⊗2 + 1

2pMcM
⊗2 if m = M.

Then {Fm}Mm=0 is a linearly independent set.

Proof. We want to show that if T :=
∑M
m=0 kmF

m = 0, then km = 0 for all m = 0, . . . ,M .

We can reindex the sum to write

T =
M∑
i=1

ki−1 + ki
4

pi(ci−1 + ci)
⊗2 +

ki−1

2
pic
⊗2
i−1 +

ki
2
pic
⊗2
i (A.5.10)

For j = 2, . . . ,M − 1, let xj be a vector in Rd such that xj ⊥ ci for all i 6= j − 1, j. Let Txj

denote the tensor contraction along the last index of T . Then Txj kills a large number of

terms and we have

Txj =
kj−2 + kj−1

4
pj−1〈cj−1, xj〉(cj−2 + cj−1)

+
kj−1 + kj

4
pj〈cj−1 + cj , xj〉(cj−1 + cj)

+
kj + kj+1

4
pj+1〈cj , xj〉(cj + cj+1)

+
kj−1

2
pj〈cj−1, x〉cj−1 +

kj
2
pj+1〈cj , x〉cj

+
kj−1

2
pj−1〈cj−1, x〉cj−1 +

kj
2
pj〈cj , x〉cj

We can rewrite this as Txj = αj−2cj−2 + αj−1cj−1 + αjcj + αj+1cj+1, where

αj−2 =
kj−2 + kj−1

4
pj−1〈cj−1, xj〉

αj−1 =
kj−2 + kj−1

4
pj−1〈cj−1, xj〉+

kj−1 + kj
4

pj〈cj−1 + cj , xj〉
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+
kj−1

2
pj〈cj−1, x〉+

kj−1

2
pj−1〈cj−1, x〉

αj =
kj−1 + kj

4
pj〈cj−1 + cj , xj〉+

kj + kj+1

4
pj+1〈cj , xj〉

+
kj
2
pj+1〈cj , x〉+

kj
2
pj〈cj , x〉

αj+1 =
kj + kj+1

4
pj+1〈cj , xj〉

By our assumption of genericness, cj−2, . . . , cj+1 are linearly independent. Note also that

xj is not in the span of cj−2 and cj+1 by our definition of xj . Therefore, if the linear

combination of the four terms above is to be zero, that means we must have αj−2, αj+1 = 0.

Our genericness assumption also implies that 〈cj−1, xj〉 and 〈cj , xj〉 are nonzero. Note also

that all pi are nonzero (positive, in fact). Therefore, if αj−2, αj+1 = 0, then it must follow

that kj−2 + kj−1 = 0 and kj + kj+1 = 0. Repeat this for j = 2, . . . ,M − 1. Then if∑M
m=0 kmF

m = 0, then (A.5.10) becomes

M∑
i=1

(
ki−1

2
pic
⊗2
i−1 +

ki
2
pic
⊗2
i

)
= 0.

We’ve thus reduced our problem to whether c⊗2
0 , . . . , c⊗2

M is a linearly independent set.

Consider the sum
M∑
i=0

γic
⊗2
i (A.5.11)

where γi are scalars. We can rewrite this as

γ0c
⊗2
0 +

M∑
i=1

γic
⊗2
i . (A.5.12)

Suppose for the sake of contradiction that (A.5.12) is equal to zero and not all γi are equal to

zero; assume without loss of generality that γ0 is nonzero. Since c1, . . . , cM are linearly inde-

pendent, the summation is rank r, where r is the number of nonzero coefficients γ1, . . . , γM ,

so (A.5.12) is the sum of a rank 1 and rank r matrix. If r > 1, then this sum cannot possibly
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be zero. If r = 1, suppose without loss of generality that γ1 is the only nonzero coefficient

among γ1, . . . , γM , so that γ0c
⊗2
0 + γ1c

⊗2
1 = 0. Then c0 must be parallel to c1, but this is

not possible by our assumption that ci are generic. �
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APPENDIX B

SUPPLEMENTARY MATERIAL TO CHAPTER 4

B.1 Miscellaneous Implementation Details

B.1.1 Hypernetwork Implementation Details

As described in Equation 4.3.3 in Section 4.3.4, the hypernetwork is a function Hφ that maps

a noised MDF Ft(Q), a set of query points Q, and a diffusion time step t to the parameters θ

of an MNF Fθ. These inputs are tokenized as follows. To encode the input MDF Ft(Q), we

begin by drawing a bounding box around the molecule and partitioning the enclosed volume

into a uniform c × c × c 3D grid. A fixed number of query points are uniformly sampled

within each cell. For each query point qj , we first apply a learned positional encoding to its

3D coordinate, then concatenate the resulting embedding with the corresponding noised field

vector Ft(qj). These encoded query points form the input tokens to the transformer-based

hypernetwork. The diffusion time step t is embedded using sinusoidal Fourier features, as

in [68], and broadcast across all tokens. The transformer processes the sequence using self-

attention layers to capture spatial dependencies across grid cells, followed by MLPs. The

final token representations are passed through linear projections to produce the complete set

of MLP weights θ for the downstream field Fθ.

B.1.2 Training Curriculum

We train with a curriculum on the noise level. For the first 100 epochs of training, the

maximum noise level t that we add to a sample is 10 (out of a total of T = 1000 noise

levels). For every subsequent epoch, the maximum possible noise level is increased by 1,

until T = 1000 is reached; we find that this accelerates training in practice; we show ablation

studies in §B.2.1.
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B.1.3 Hyperparameters

We use the LAMB optimizer [157] with a learning rate of 1 × 10−2, a batch size of 5500,

and dropout set to 0.1. Both the noise schedule and the learning rate follow a cosine decay.

The hypernetwork consists of 26 transformer layers and contains approximately 52 million

parameters. All diffusion models are trained on NVIDIA H100 GPUs for 3500 epochs.

B.2 Ablation Studies

We conduct two ablation experiments to better understand key design choices in HyDiF: (1)

the impact of using a noise-level curriculum during training, and (2) the effect of the input

field type provided to the hypernetwork.

B.2.1 Effect of Noise Scale Curriculum

In Figure B.1, we compare training with and without a noise-level curriculum. In the cur-

riculum setting, the maximum diffusion noise level is gradually increased over the course of

training, starting from low noise levels and eventually reaching pure noise. This strategy

leads to faster convergence and improved training stability compared to the baseline with a

fixed maximum noise level throughout. Notably, we observe a rise in training loss around

epoch 800 in the curriculum setting, which coincides with the introduction of highly noised

inputs that are intrinsically more difficult to denoise.

B.2.2 Effect of Input Field Type

In Figure B.2, we assess the impact of the type of input field (either a distance field or a

direction field) provided to the hypernetwork. We find that using a direction field as input

leads to lower training loss and more effective learning. We attribute this improvement to

the fact that direction fields contain higher-frequency signals compared to distance fields,

providing a more expressive representation of local molecular structure.
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Figure B.1: Ablation study illustrating the benefit of using a training curriculum (blue) on
the diffusion noise scale versus no curriculum (orange). The curriculum improves convergence
and early performance by exposing the model to gradually harder denoising tasks. The rise
in loss near epoch 800 reflects the model being trained on highly noised inputs.

In both experiments, we report `1 loss of the field on the subset of query points that are

very close to the ground truth atomic coordinates—defined as the top 2% of query points with

the smallest distance to any atom. These points represent the highest-frequency components

of the MDF, and accurately modeling them is critical for capturing precise atomic structure.
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Figure B.2: Ablation study comparing the effect of input field type. Using a direction field
(blue) as input leads to improved training over a distance field (red), likely due to the richer
high-frequency information present in direction fields.
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