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ABSTRACT

The field of dynamical systems studies how systems evolve in time according to deterministic,
probabilistic, or hybrid rule sets. Embedding theorems can be used to describe how observations of
these systems can be used to reconstruct their dynamics. However, these theorems do not provide
a backmapping to the full-dimensional descriptions of these dynamics. The recovery of these
full-dimensional descriptions from time series observations, such as those furnished by experiments,
is central to the study of dynamical systems. In this work we propose and validate a pipeline
that combines embedding theorems and statistical learning to represent dynamics from time series
in a mathematically rigorous way and learn backmappings to full dimensional descriptions with
universal function approximators in the context of molecular dynamics. We demonstrate that
this framework is robust under noise and extend it for use with arbitrary dynamical systems. We
introduce the TAkens Reconstruction (TAR) software package to perform univariate, multivariate
and multi-temporal Takens’ reconstructions of arbitrary time series and apply the work beyond
physics, in the context of economic systems. Lastly, we investigate optimization of observable
choice to maximize reconstruction quality. This work provides a theoretical and computational
framework with which we can reconstruct and analyze the dynamics of arbitrary dynamical systems.
It constitutes a contribution to a broader class of techniques bridging the gap between experimental

observation and theoretical understanding of dynamics.
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2.1

LIST OF FIGURES

Cartoon schematic of Single-molecule TAkens Reconstruction (STAR). The trained
STAR model predicts molecular configurations of a protein #(¢) € R3* from univari-
ate time series in an experimentally-measurable observable of the system v(z) € R!
through the four-step pathway » — d — ¢ — e — f. Each panel corresponds to a
different representation of the molecular system and arrows between them to mathe-
matical operations. Red arrows represent unsupervised nonlinear manifold learning
problems (i.e., nonlinear dimensionality reduction), blue arrows represent supervised
learning problems (i.e., function approximation), and grey arrows represent determin-
istic operations. (a,b) Molecular dynamics simulations sufficiently long to sample
the thermally-relevant configurational space provide training trajectories of molecular
configurations r(z) € R3N (panel a) and a scalar time series in an experimentally-
measurable system observable v(r) € R! (panel b). In this work, we set v(z) to be
the head-to-tail (42¢) intramolecular distance that is, in principle, measurable by sm-
FRET. (c) Interactions between atoms constrain the molecular trajectory r(r) € R3N
to a k-dimensional manifold .2 C RK ¢ R3N with effective dimensionality k < 3N.
The collective variables {y;, y»,... ¥} parameterizing the manifold are extracted
from the simulation trajectory using diffusion maps. The manifold .# supports
the smFES BF(y,ys,...¥;). (d) An image of .# and the smFES is obtained
from the time series data v(r) € R! by forming a d-dimensional delay embedding
y(t) = [(1),v(t —1),v(t —27),...,v(t — (d — 1)7)] € R? and then applying diffusion
maps to learn a parameterization {w{ , Illé, e l;/,’(} of a manifold .#’ ¢ R ¢ R¥. Under
technical conditions on v, d, and 7 discussed in the main text, Takens’ Delay Embedding
Theorem asserts that the dynamical evolution of y(¢) is C'-equivalent to that of r(r)
and that the manifold .#" is related to .# via diffeomorphic (i.e., smooth, invertible,
and bijective) transformation ® : .#’ — .# . We learn the transformation ® from the
training data using a simple artificial neural network. (e,f) The manifold .#Z C R¥
contains a low-dimensional projection of r() € R3V into {l//i}i?zl from which molec-
ular configurations #(¢) € R3N may be approximately reconstructed. We perform the
reconstruction by first learning the pairwise distances between all atoms d € RY (N-1)/2
using an artificial neural network (panel e) and then using classical multidimensional
scaling to deterministically transform this into the reconstructed atomic coordinates
P(t) € R3N (panel f). All molecular renderings in this work were constructed using
VMD Humphrey etal. [1996]. . . . . . . . . .. . ... ... ..
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2.2 Application of STAR to C,,Hs, polymer chain. (a) Synthetic idealized smFRET time
trace of the head-to-tail distance /2¢(¢) between the terminal united atoms computed
over a 100 ns MD trajectory with frames saved every 0.2 ps. The first 20 ns are used for
training (orange) and the remaining 80 ns for testing (blue). The molecule undergoes
hundreds of folding and unfolding events over the course of the simulation. (b) The
intrinsic manifold .# spanned by the dMap CVs {y(¢), y»(¢)} and supporting the
smFES BF(y;,y,). The Gibbs free energy F is dedimensionalized by the inverse
temperature 3 = 1 /kgT. The arbitrary zero of F is specified to lie at the global free
energy minimum. (c¢) RMSD reconstruction accuracy as a function of location on
the intrinsic manifold .#. (d) Molecular reconstructions using the trained STAR
pipeline of five representative points A-E in the h2¢(r) time series spanning the test
set. Reconstructions f (red) are superposed on the corresponding true configurations
r (blue) extracted directly from the MD simulation. The head-to-tail distance of the
true configuration and the RMSD under translational, rotational, mirror, and head-tail
alignment between the true and reconstructed configurations are reported under each
image. The STAR prediction of the location of each point on the smFES is illustrated in
panel b and the corresponding dimensionless free energy B F reported under each image. 32

2.3 Application of STAR to the 10-residue engineered mini-protein Chignolin. (a) Synthetic
idealized smFRET time trace of the head-to-tail distance h2¢(t) between the terminal
heavy atoms computed over a 20 us MD trajectory with frames saved every 200 ps.
The first 5 us are used for training (orange) and the remaining 15 us for testing (blue).
The molecule undergoes dozens of folding and unfolding events over the course of
the trajectory. (b) The smFES BF(y,y,) supported by the intrinsic manifold .#
has its arbitrary zero of F specified to lie at the global free energy minimum. (c)
RMSD reconstruction accuracy as a function of location on the intrinsic manifold .7 .
Molecular reconstructions using the trained STAR pipeline of five representative points
A-E selected from the testing 42¢(t) time series rendered in (d) ribbon and (e) licorice
representations. Reconstructions f (red) are superposed on the corresponding true
configurations r (blue) extracted directly from the MD simulation. The head-to-tail
distance of the true configuration and the RMSD under translational, rotational, and
mirror alignment between the true and reconstructed configurations are reported under
each pair of images. The STAR prediction of the location of each point on the smFES
is illustrated in panel b and the corresponding dimensionless free energy BF reported
under eachimage. . . . . . . . . . ... 35



3.1

32

Cartoon of the layout of Single Molecule TAkens Reconstruction (STAR). STAR takes
time series in one or more coarse-grained observables of the molecular system such as
an intramolecular distance furnished by smFRET v(¢) € R! and reconstructs a molecular
trajectory within the Cartesian coordinate space of N atoms () € R3N through the
three-step pathway b — d — ¢ — e. Each panel corresponds to a different representation
of a molecular trajectory and the arrows between the panels correspond to learning tasks
to convert one representation to another. (a,b) For the purposes of training the STAR
pipeline we collect all-atom MD trajectories recording the Cartesian coordinates of the
N constituent atoms r(z) € R3N and from these construct synthetic smFRET time series
in a single intramolecular distance v(t) € R!. Once the STAR pipeline is trained, we no
longer need any additional MD simulation data and the pipeline can operate on new
synthetic (or experimental) sSmFRET data collected under similar conditions. Following
the prescription of Takens’ Theorem we construct a delay embedding of the scalar time
series as y(r) = [v(1),v(r — T),v(t — 27)..v(t — (d — 1)7)] € RY, where 7 is the delay
time and d is the delay dimensionality. (c) The k-dimensional manifold containing the
all-atom simulation trajectory .# C RK € R3N and spanned by the nonlinear collective
variables {¥" ¥/, ... ,‘P;{} Collective couplings between the molecular degrees of
freedom leads to an emergent low-dimensionality wherein k << 3N. We learn .# from
the MD simulation trajectory r(¢) using diffusion maps unsupervised nonlinear manifold
learning. (d) The k-dimensional manifold containing the smFRET delay embedding
M cRF e RY spanned by the nonlinear collective variables {‘P/ RN ,‘P;{} We
learn .#" from the delay embedding y(¢) using diffusion maps. Takens’ Theorem
asserts .7’ is an image of .# and, under some technical conditions on symmetries
and periodicities, they are related by a diffeomorphism (i.e., a smooth and invertible
transformation) © : .#’ — .# that we learn by training a simple fully-connected
feedforward artificial neural network as a flexible and expressive nonlinear function
approximator. (e) Reconstruction of the atomistic molecular trajectory within the
Cartesian coordinate space of N atoms f € R3N. We learn the molecular reconstruction
from the manifold .# using a second fully-connected feedforward artificial neural
network. All molecular renderings were made using Visual Molecular Dynamics
Humphrey etal. [1996]. . . . . . . . . . . .
Heavy atom RMSD reconstruction accuracies for Chignolin as a function of training
data volumes Dv, time bin resolution A, and signal-to-noise ratioIp. . . . . . . . . ..
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33

34

3.5

Manifolds .# and position-dependent heavy atom RMSD reconstruction accuracy
for Chignolin as a function of time bin resolution A. (a) All-atom manifolds .#
within STAR pipelines trained at Dv = 4x10* samples and Ip = 10> for each value
of A ={0.2,1,2,5,10} ns. Manifolds are represented as scatterplots showing the
embedding of each of the Dv = 4x 10* MD configurations r into the two diffusion map
eigenvectors {¥, W5} spanning each manifold. Each point is colored by the associated
free energy BF (¥, ¥;) of that point computed by collecting histograms over the
empirical probability distribution at a bin size of {AW| =5 x 1077, A%, =5x107"}.
The arbitrary zero of free energy in each panel is specified by subtracting computed
energy of the minimum free energy point on the landscape from all other points. Five
representative configurations A-E are selected from the MD test trajectory and projected
onto each manifold: A and B reside in the folded macrostate, C in the transition region,
and D and E in the unfolded ensemble. (b) Visualizations of the reconstructions f
of each configuration A-E at each time resolution A = 0.2 ns (blue), 1 ns (green), 2
ns (cyan), 5 ns (magenta),and 10 ns (yellow). For visual clarity, configurations are
represented as ribbons tracing the backbone of the protein and are superposed upon the
true configuration extracted from the MD test trajectory r (red). (c) Heavy atom RMSD
reconstruction corresponding to each state are listed next to each image employing the
same color-coding as the reconstructions. All molecular visualizations are constructed
using VMD Humphrey etal. [1996]. . . . . . . . . . ... ... ... ... ...
Heavy atom RMSD reconstruction accuracies for Villin as a function of training data
volumes Dv, time bin resolution A, and signal-to-noise ratio Ip. . . . . . . . . . ...
Manifolds .# and heavy atom RMSD reconstruction accuracies for Villin as a function
of time bin resolution A. (a) All-atom manifolds .# within STAR pipelines trained at
Dv =4x10% samples and I, = 10° for each value of A = {0.2,1,2,10,20} ns. Manifolds
are represented as scatterplots showing the embedding of each of the Dv = 4 x 10* MD
configurations r projected into the two leading diffusion map eigenvectors {¥;, ¥, }
spanning each manifold. Zoomed in cutouts are provided for the sub-panels B-E. Color
distributions characterize associated free energy BF (¥, ¥;) of each point computed
by collecting histograms over the empirical probability distribution at a bin size of
{A¥| =5 x 10_7,A‘P2 =5x10"7}. The arbitrary zero of free energy in each panel
is specified by subtracting computed energy of the minimum free energy point on the
landscape from all other points. Five representative configurations A-E are selected
from the MD test trajectory and projected onto each manifold. A and B reside in the
folded macrostate while the C, D and E in the unfolded ensemble. (b) Visualizations
of the reconstructions  of each configuration A-E at each time resolution A = 0.2 ns
(blue), 1 ns (green), 2 ns (cyan), 10 ns (yellow), and 20 ns (black). For visual clarity,
configurations are represented as ribbons tracing the backbone of the protein and are
superposed upon the true configuration extracted from the MD test trajectory r (red).
(c) RMSD reconstruction corresponding to each state are listed next to each image
employing the same color-coding as the reconstructions. All molecular visualizations
are constructed using VMD Humphrey etal. [1996]. . . . . ... ... ... .. ...
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3.6

3.7

3.8

39

4.1

4.2

Variation of o,/r defining the relative uncertainty in r as a function of the donor-
acceptor distance r at various values of donor intensity I (Eqn. 3.13). For the purposes
of this calculation we adopt prototypical values of ¢p = ¢4 = 1 for the donor and

acceptor quantum yields and Ry = 5 nm for the FRET radius of the donor-acceptor pair.

Eigenvalue spectrum resulting from the application of diffusion maps to the MD tra-
jectory r(t) € R3N for Chignolin. A gap in the eigenvalue spectrum after the second
non-trivial eigenvalue 4, is identified using the L-method of Salvador and Chan Sal-
vador and Chan [2004] and informs extraction of a 2D intrinsic manifold .# spanned

by {\Pl,lpz}. .......................................

Eigenvalue spectrum resulting from the application of diffusion maps to the MD
trajectory r(z) € R3N for Villin. A gap in the eigenvalue spectrum after the third non-
trivial eigenvalue A3 is identified using the L-method of Salvador and Chan Salvador
and Chan [2004] and informs extraction of a 3D intrinsic manifold .# spanned by

(L%, P

All-atom manifolds .# for Villin within STAR pipelines trained at Dv = 4 x 10* sam-
ples and Ip = 10° for each value of A = {0.2,1,2,10,20} ns. The 3D manifolds in
(¥,¥,,¥3) are represented as scatterplots showing the embedding of each of the Dv =
4 10* MD configurations r into the (a) {¥{, %3} and (b) {¥,, ¥3} projections. Color
distributions characterize associated free energy BF (‘W;,'¥;) of each point computed
by collecting histograms over the empirical probability distribution at a bin size of
{A¥; =5%x 1077 ,A¥3 =5x 107"} and {AW, =5x10"7,A¥3 =5x10"'}. The
arbitrary zero of free energy in each panel is specified by subtracting computed energy
of the minimum free energy point on the landscape from all other points. The markers
A-E indicate five representative configurations selected from the MD test trajectory and

for which molecular visualizations are presented in Fig. 5b. . . . . . .. ... ... ..

Schematic of the TAR pipeline. (a) TAR is given an input time series. (b) The time
series is structured into either univariate, multivariate or multi-temporal Takens delay
vectors generating our Takens embedding manifold. (c) Latent space extraction using
diffusion maps manifold learning to learn latent space embedding I, .#’. (e) Extraction
of a latent space embedding, .#, from a full-dimensional training trajectory. This step
is only required if a training trajectory is available. (d) Reconstruction by backmapping
to the latent space representation of the full-dimensional system learned from the full-
dimensional system observations in (e). If no full-dimensional training trajectory is

available, we learn the map form (c) to (e) directly via an an artificial neural network. .

Lotka Volterra model with TAR reconstructions using a variety of time delays. (A) Phase
space diagram of X,Y populations. (B) Reconstruction and true populations of species
Y over a 25 time unit period from the test set with 7 = [0.001,0.01,0.1, 1, 10] with
(2mt) = 11. (C) Reconstruction error in phase space by time delay, T and embedding
dimension, 2m + 1, used to construct delay embedding vectors. We compare these
errors to a benchmark of the minimal root mean squared distance point in the training

72

95

population trajectory compared with all other frames ~ 68 population units. . . . . . . 100
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4.3

4.4

4.5

4.6

Reconstructions of the latent space representation of the straight chain hydrocarbon
Cy4H5( as a a function of atom index, n. (A) Visualization of the C,4H5() including
a label of the 1%, n'" and 24" atom in the molecule. We take as our set of available
observables the distance between the 15 and n'” atom. The rendering was performed
using Avogadro Hanwell et al. [2012b] (B) Mean reconstruction errors for TAR models
trained on time series of 15 and n'” atom distance plotted against Kolmogorov-Sinai
Entropies of each time series. Reconstruction errors correspond to the test set and can
be compared to a benchmark of 0.25 nm corresponding to the minimum RMSD frame
against all other frames. We plot 3 types of TAR models; In cyan we have TAR models
trained over 1 000 points with delay dimensionality (2m + 1) chosen using the E1(d)
method of Cao Cao et al. [1998]. In yellow, we present TAR models trained over 20
000 points with delay dimensionality (2m + 1) chosen using the E1(d) method of Cao
Cao et al. [1998]. In red, we present TAR models trained over 20 000 points with delay
dimensionality (2m+ 1 = 5) corresponding to m = k = 2, the intrinsic dimensionality
of the attractor. . . . . . . . . . . L
Schematic of multi-temporal TAR applied to the protein Villin with reconstruction errors
corresponding to delay time choice. (A) The multi-temporal TAR pipeline. Beginning
with a time series, we construct p sets of time delay vectors with 71, 7...T, as the time
delays and construct p latent space manifolds. We learn the map from .#y, .#,....4) to
M orq1 Via an ANN and reconstruct the full-dimensional molecule as in univariate TAR.
(B) is a VMD rendering of the protein Villin (PDB:2F4K) Humphrey et al. [1996].(C)
describes mean reconstruction errors of the full-dimensional atomic trajectory over
the course of the test set for each of the tested observables with benchmark line in red
corresponding to the minimum RMSD frame against all other frames. Uncertainties are
bootstrapped by dividing the delay vectors and trajectory in to 3 equal length portions,
training TAR on a subset of each and testing on the others. On the far left we have a
univariate model with T = 1us chosen from the first minimum of autocorrelation. All
other models are multi-temporal including 7; = 200ps and all 7 up to 7, listed (i.e.
T = 3 corresponds to a multi-temporal model using 7y, 7p and 73). . . . . .. ... ..
Vanguard S&P 500 ETF (VOO) returns from January 2024 Services [2024] for 5 second,
1 minute and 1 hour time delays returns. (A) measures hurst exponents over a 100 ms
to 2 hour time period. (B) relays the L1 norm between the true returns distributions of
VOO and (i) TAR models (ii) AR(1) (autoregressive) model (iii) Gaussian distribution.
(C) Histogram of returns over T=15s, T=1 min and 7 = 1 h time periods with
both AR(1) and Gaussian fits using all available data. (D) histogram of returns in
TAR produced phase space for both a train and test set with training performed on
min[5000,len(delay_vectors)//2]. . . . . .. ...
(a) Kolmogorov-Sinai Entropies (b) Leading Lyapunov Exponents as a function of
number of points used in training for time series of the distance between the first and
i atomin CogHsp « . v v e
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6.1

6.2

6.3

Illustrations of the target PFAS analyte, interferent, and molecular search space over
which the probes with optimal sensitivity and selectivity are discovered. (a) 3D structure
of the target PFAS variant (perfluorooctanesulfonic acid, PFOS), (b) 3D structure of the
template interferent (sodium dodecyl sulfate, SDS), and (c) search space comprising
linear hydrogenated or halogenated chains of three to fourteen carbons with and without
amine or phosphine based head groups. All semi-halogenated probes considered contain
contiguous blocks of halogenated methylene groups for experimental characterizability.
We explored primary, secondary, tertiary and quaternary states for the amine based
head group and only the primary, secondary and tertirary states of the phosphine head
groups. In total, our search space comprises 3850 molecules over which we employ
our computational active learning and high-throughput screening approach to discover
optimal molecular probes. The 3D structures are rendered using VMDHumphrey et al.
[1996], where carbon, hydrogen, oxygen, nitrogen, sulfur, fluorine are colored in cyan,
white, red, blue, yellow, and pink, respectively. . . . . ... ... ... .. ......
Ilustration of the computational active learning approach employed to identify linear
molecular probes with optimal sensitivity and selectivity. (a) Set up of all-atom and
explicit molecular dynamics simulations and enhanced sampling using parallel bias
metadynamics to estimate sensitivity (—AGpros) and selectivity (—AAGpros—sps)-
(b) embedding sensitivity and selectivity information generated through (b.i) perfor-
mance of these enhanced sampling simulations and (b.ii) an encoding of molecular
probes into a smooth low-dimensional latent space using a pre-trained variational au-
toencoder, (c) construction of Gaussian process regression (GPR) surrogate models
over the latent space to predict probe sensitivity and selectivity, (d) multi-objective
Bayesian optimization (BO) using random scalarizations to guide selection of the next
molecular probes within the design space for molecular simulation. . . . . . . ... ..
Progress of the active learning campaign in advancing the sensitivity-selectivity frontier

()

of PFOS probes within each active learning cycle. (a) Mean distance da; ; reporting the
cumulative average over the d; values of all n probes sampled so far up to and including
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CHAPTER 1

INTRODUCTION

1.1 On the Reconstruction of Dynamical Systems

Dynamical Systems include any system evolving in time according to a set of rules — whether
deterministic, probabilistic, or a combination of both. Consequently, there is very little we observe
that the field of dynamical systems does not touch. With that incredible diversity comes a wide
variety of information representation techniques. We typically write down the laws of physics as
differential equations. Economic performance tends to be measured as time series while food webs
are often represented as temporal networks. In each case, we aim to model the evolution of a system

in time yet each approach comes with tradeoffs.

In physics, we are partial to differential equations whose forms can be used to describe how the
physical laws governing the world propagate a system through phase space. This clear and explicit
formulation can be scalable; with sufficient computing power and well-tested potentials, we can
simulate large and complex interactions, such as the folding of proteins or the binding of molecules.
This is the premise of Molecular Dynamics (MD), a computational technique whereby each atom or
course graining of atoms in a molecule is propagated in time according to an interaction potential

and Newton’s laws of motion.

However, at such large scales, the individual bases of these spaces lose their interpretability. For
instance, the utility of knowing, the x-axis coordinate of a particular carbon in a protein of thousands
of atoms, surrounded by hundreds of thousands of atoms of solvent, is unclear. Nor can we derive a
fundamental understanding of the dynamics from the millions of coupled differential equations that
propagate this system. Moreover, for many systems, these differential equation representations are

unavailable, as we know neither the correct basis to represent our system nor the correct forces to



propagate each degree of freedom in space.

Experimental observations offer a different window in to dynamics. While an experimental observa-
tion may suffer from stochastic or deterministic forcing of unknown origin, the recorded phenomena
must have been produced by some physical means. Noise or a priori unknown forcing may be a

part of the story, but some underlying dynamics generate the time series.

It is, perhaps, the primary goal of dynamical systems theory to write down real world observations in
a mathematically rigorous and physically interpretable framework. In many ways, this is the central
challenge of all of science! It is then wholly remarkable that such works by the likes of Takens,
Whitney, Eckmann, Stark, Yorke, Ruelle and others hare not better known by the broader scientific
community. Their efforts laid the mathematical foundations and identified the practical limitations
of recovering a “full picture” (a complete representation of every basis coordinate) of a dynamical
system from partial observations. They showed that, when properly structured, observations embed
within them all that is required to describe a system’s dynamics in a mathematically rigorous fashion.

It is then appropriate that the rules describing these relations are called embedding theorems.

While elegant and robust, these theories lacked something that scientists and engineers value:
applicability to real-world systems. This limitation arose because these tools were only able to
provide us with embeddings describing the dynamics of full dimensional systems in a distorted way.
And while the path back to an undistorted representation was guaranteed by these theorems, how to

go about learning that mapping has been an open question.

The solution to this problem emerged in the form of universal functional approximators from
statistical learning. With the advent of neural networks, it is now possible to learn these a priori
unknown mappings between embeddings of dynamics data extracted from time series and those
derived from the full-dimensional description of a system. The objective of this dissertation is

to contribute to the closing of that loop, by creating a pipeline from time series observables to



full-dimensional reconstruction.

Over the last six years I have been a grateful and humbled beneficiary of the profound and com-
prehensive works of the scientists who defined how to represent ground truth geometrically. I am
fortunate to come to this literature at a time where the modeling tools required to recover these
full-dimensional representations of dynamics from embeddings are available and easily deployable.
Thanks to these advances, I have been able to make my own modest contribution to the field of

dynamics and embeddings that I have come so deeply appreciate.

The central objective of this dissertation is to provide a solution to the problem of learning full-
dimensional dynamics from time series, addressing a key challenge In the field of embedding
theorem. We offer key insights into how arbitrary time series from a dynamical system can be used
to reconstruct a complete representation of its dynamics. In Chapter 2, we develop and validate this
approach for molecular systems. In Chapter 3, we demonstrate the robustness of this formulation to
experimental noise. In Chapter 4, we extend this work to systems beyond molecular dynamics and
introduce the TAR software package. In Chapter 5, we explore the optimization of feature selection
for modeling of complex systems. Chapters 6 and 7 cover a separate project from my PhD, where I
designed probes for the removal of PFAS contaminants from water, using both linear and cyclic

probes, respectively.

1.2 Takens’ Reconstruction of Single Molecules

Protein engineering and design is a field of growing interest due to the therapeutics, reaction
engineering and fundamental science problems relying on the structure and function of these
biologically ubiquitous molecules. Proteins are, however, still molecules and understanding their
behavior is then a statistical mechanics problem. While the highest spatial resolution experimental
techniques available, cryo-electron microscopy and X-ray crystallography are capable of describing
the structures of these molecules frozen in time with root mean squared deviations (RMSDs) on the
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order of 0.1 nm, these proteins are not static. They fold and unfold over time following dynamical
trajectories through some high dimensional phase space spanned by their atomic coordinates and
velocities. To sample these dynamics, we have to sacrifice atomistic resolution. State of the art
techniques like single molecule fluorescence resonance energy transfer (SmFRET) furnish univariate
or multivariate time series observations of proteins. Typically, smFRET trajectories measure head
to tail distances along the backbone of a protein which is sufficient to describe if a protein is folded
or unfolded. It may not, however, resolve different folded or misfolded states or the dynamical
trajectories that bring them there. It is then highly desirable to reconstruct atomistic representations

of these trajectories to resolve these differences and better understand the dynamics of proteins.

Takens’ Delay Embedding Theorem provides a proves that single variate time series observations
can be used to construct manifolds that embed within them the full dimensional dynamics of the
systems that they describe under deterministic and stochastic forcing Takens [1981], Stark [1999],
Stark et al. [2003], Broomhead and King [1986]. Chapters 2-3, comprise content reported in
two articles published in The Journal of Chemical Physics Topel and Ferguson [2020] and The
Journal of Chemical Theory and Computation Topel et al. [2023]. The second work was performed
in collaboration with Prof. Allison Squires (UChicago) who provided us with the noise forms
characteristic of sSmFRET time series critical to our ability to produce realistic synthetic SmFRET

trajectories.

In Chapter 2, we propose and computationally validate a pipeline taking in synthetic univariate
smFRET trajectories and reconstructing atomistic representations of every frame in these trajectories
with a pipeline entitled Single-molecule TAkens Reconstruction (STAR). This work was performed
with molecular dynamics simulations of the molecule C,,Hs, and the mini-protein Chignolin
Lindorff-Larsen et al. [2011] from which we extract synthetic smFRET time series measured from
the distance between the first and final backbone C¢ carbons of each molecule. In this pipeline, we

first extract manifolds embedding the full dimensional dynamics of molecules from their smFRET



time series via Takens’ Delay Embedding Theorem. Next, we reduce the dimensionality of these
manifolds using the diffusion maps technique to extract a phase space spanned by the minimal
number of collective variables to describe the dynamics of the molecules we study, .#’. This
reduction is performed using a training portion of each trajectory with the remainder of the points
projected on to the latent space via Nystrom extension. We perform a second dimensionality
reduction from the configurational states of the full dimensional trajectory to recover intrinsic
manifold .#. We then employ a fully connected feed-forward neural network to map from .#’
to . trained over points from the first quarter of each trajectory. A second fully connected feed-
forward neural network are used to learn a pairwise distance matrix between each atom in each
frame while final reconstructions are performed using classical multidimensional scaling. This
work provides computation validation of the STAR technique by demonstrating reconstruction
qualities with accuracies on the order 0.5-2 angstroms, in line with state of the art static experimental
techniques. Moreover, it provides access to representations of free energy landscapes of molecules

from univarate timeseries.

In Chapter 3, we validate the STAR technique under noise characteristic of sSmFRET experiments.
The smFRET technique relies on the emissions of photons from acceptor and donor fluorophores
tagged to individual atoms in the molecules we are studying. The measure of intramolecular distance
is a function of the relative photon emission rates of these dyes. As photon emission statistics are
Poisson distributed, a key source of noise in these systems comes from the discrete emissions of
these photons. Using experimental noise forms, we perform STAR on synthetic sSmFRET time series
with synthetic noise corresponding to different numbers of photon emissions per smFRET time bin
for the proteins Chignolin and Villin. Additionally, in order to address larger proteins, we modify
the STAR framework to map directly from latent space manifolds to full dimensional dynamics
with an artificial neural network rather than through classical multidimensional scaling. We
demonstrate that a trained STAR model can reconstruct time-resolved molecular trajectory directly

from experimental data. Trained models achieve heavy atom RMSD reconstruction accuracies
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over a hold-out molecular dynamics test set of 0.1-0.4 nm, commensurate with the ~0.1 nm
accuracies attainable by cryo-electron microscopy and X-ray crystallography Schiittelkopf and van
Aalten [2004], Chang and Rosenthal [2011]. The STAR models trained over molecular simulation
trajectories may be applied to novel smFRET data. We demonstrate that we can construct STAR
models for two fast-folding mini-proteins, Chignolin (T¢y1q = 0.6 s) and Villin (751qg = 2.8 ts) under
conditions of trajectory length, time resolution, and signal-to-noise ratio (i.e., dye intensity) bridging
computational and experimental viability. While these proteins fold too quickly to be accessible with
existing smFRET technology, this work lays foundations for and specifies experimental conditions

necessary to perform STAR on real proteins.

1.3 Takens’ Reconstruction of Dynamics from Arbitrary Time Series

Takens’” Theorem is applicable to arbitrary dynamical systems and consequentially, STAR is not
limited to molecular systems. In this section, we extend this work to a variety of contexts from
ecology to economics. We introduce the TAkens’ Reconstruction (TAR) software package, a
multipurpose pipeline capable of in-taking univariate or multivariate time series, reconstructing
phase spaces of their dynamics and backmapping to full dimensional dynamics where appropriate.
In Chapters 4 and 5, we perform the critical work of i) generalizing STAR to TAR, ii) providing
a computational framework that can be easily imported by any scientist with automated TAR
parameter generation iii) exploring and optimizing data structuring through modified Takens’ delay
vector construction iv) providing theoretical explanations for empirically derived optimization
results. With these challenges addressed, the main contribution of the works presented in this
section is to democratize this class of models and extend profound results obtained in the field of
dynamical systems to other fields. This work was performed in the Econophysix Lab partially
at the Ecole Polytechnique in Paris under the guidance of Jean-Phillipe Bouchaud and Michael

Benzaquen who helped me to understand and model dynamics of economic systems.



In Chapter 4 we introduce the TAR software package and present alternative formulations of the
TAR pipeline allowing for the analysis of systems without ground truth full dimensional training
trajectories. This work presents a highly interoperable framework that integrates dynamical systems
theory with machine learning models to optimize time series analysis in a physically robust manner.
We introduce a pipeline that extracts phase space representations of time series data in a low-
dimensional format while preserving high-dimensional dynamics through Takens’ Theorem and
manifold learning. Additionally, we provide a method for mapping these representations back to
full-dimensional system descriptions when a training trajectory is available. We show that TAR
can be used to reconstruct arbitrary dynamical systems, starting with Lotka Volterra. Furthermore,
we demonstrate that dynamical systems theoretic measurements taken directly from timeseries
can be used to predicatively select observation streams to optimize TAR models using molecular
simulations of C,4Hs,. In a Villin protein system, we showed that multi-temporal TAR can
access dynamics across timescales and integrate the information to improve upon univariate and
multivariate TAR constructions. Finally, we demonstrate how TAR can be used in the field of
economics, by reproducing the probability distributions of returns on short timescales for liquid

securities.

In Chapter 5 we provide a mathematical treatment of the observable optimization problem. Takens’
Theorem is silent on the choice of observable for time series reconstruction provided we have
sampled a time series for a sufficiently long period of time. However, we observe empirical
differences in reconstruction quality as a function of observable choice. The Kolmogorov-Sinai
Entropy (KSE) is a measure of the rate of information production in a chaotic system. Takens’
Theorem only guarantees that a diffeomorphism exists between the manifolds embedding the time
series and full dimensional dynamics, so reconstructed manifolds may have smoothly deformed
topography corresponding to stretching, squashing, bending, local warping, twisting, smooth
rotation and shearing. Intrinsic geometrical deformations will alter distances on the manifold while

extrinsic deformations leave distances unchanged. Here we prove that intrinsic deformations of
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an extracted manifold corresponding are directly related to the KSE measurement. Moreover, we
motivate why minimization of KSEs should maximize reconstruction quality as minimally chaotic

trajectories are less sensitive to the accuracy of time series observations.

1.4 Molecular Probe Design For Per- and polyfluoroalkyl Substance

Removal

Per- and polyfluoroalkyl (PFAS) are so-called “forever chemicals” that have become ubiquitous in
the water supply. While the United States Environmental Protection Agency has reduced to zero
with an enforceable limit on the order of parts per trillion, mass detection and removal techniques
have not been able to keep up with increased water standards. Consequently, PFAS molecules pose
a profound yet unaddressed hazard to humans with risks from low birth weights to various cancers.
Sequestering these molecules in the face of a wide range of competing interferents is an important
question in the world of public health. The shape and nature of this broad class of molecules poses
two key challenges. The first is that as straight chain fluorinated compounds, they look and behave
similarly to other similar molecules such as Sodium dodecyl sulfate (SDS). The second is that
PFAS compounds encompass on the order of thousands of molecules, meaning that it is crucial that
any method of sequestering one type of PFAS be tunable to address other types of the molecule.
In Chapters 6 and 7 we explore molecular designs capable of sequestering these molecules in a

selective fashion. This work was a collaboration with Prof. Junhong Chen (UChicago).

In Chapter 6, we combine all-atom molecular dynamics simulations, enhanced sampling, deep
representational learning, and Bayesian optimization to perform high-throughput virtual screening
for highly sensitive and selective molecular probes. Our molecular design space consists of 3850
linear hydrocarbon chains with varying degrees of halogenation with and without amine and
phosphine-based head groups. By employing a data-driven search process, we efficiently explore

the molecular design space to optimize sensitivity to perfluorooctanesulfonic acid (PFOS) as a



prototypical PFAS analyte and selectivity relative to a sodium dodecyl sulfate (SDS) interferent. We
calculate 504 Gibbs free energies of probe-analyte and probe-interferent interactions and identify
probes with PFOS association free energies of up to (—AGpros) = (9.8+0.2) kJ/mol and selectivities
relative to SDS of (—AAGprps—sps) = (3.1£1.5) kJ/mol. A C,Br,3P(CH;), probe containing
11 backbone brominated carbons and a tertiary phosphine head group possesses the most sensitive
binding constant to PFOS within the defined search space of KII)JFOS =(177.4+£127)M~ ! and a
semibrominated probe CsH,,C,Br;,N(CH;), containing twelve backbone carbons and a tertiary
amine head group possesses the highest selectivity relative to SDS Klf FOS / KEDS =(4.6£1.7). A
retrospective analysis of our data to extract interpretable design rules reveals that the sensitivity
of linear hydrogenated probes increases by approximately 1 kJ/mol per C-C bond. Addition or
removal of halogen atoms and amine or phosphine head groups produces non-monotonic changes
in both sensitivity and selectivity with changes to sensitivity of up to 2.5 kJ/mol. This work places
empirical limitations on the performance of a wide range of linear probes for PFOS detection, and
offers a generic strategy for the high-throughput computational screening to promote selective and

sensitive binding.

In Chapter 7, we provide computational validations of a 3-cyclodextrin based PFOS sensor. This
ultrasensitive sensing platform for perfluorooctane sulfonic acid (PFOS) detection in tap water
with a reporting limit ( 250 ppq) lower than the maximum contaminant level (4 ppt) set by the
U.S. Environmental Protection Agency, using remote gate field-effect transistor (RGFET) sensors
featuring B-cyclodextrin (3-CD)-modified reduced graphene oxide as the sensing membrane. We
performed enhanced sampling simulations of a, and y cyclodextrins with PFOS as well as
interferents SDS and TCAA (trichloroacetic acid). The all-atom molecular simulations provide
molecular-level insight into the structural and thermodynamic behaviors of the target-probe complex
binding. Computed binding constants are in good agreement with experimental measurements,
reflecting the same rank order in preferential binding. Our calculations suggest that the superior

sensitivity and specificity of B-cyclodextrin for PFOS over TCAA can be understood as a good

9



size match of the B-cyclodextrin cavity for the PFOS molecule that results in favorable dispersion
interactions of the hydrophobic chain within the cavity while enabling the hydrophilic head group
solvent exposed. Our results also suggest potential routes for rational engineering of the rim of
the B-cyclodextrin to promote favorable electrostatic interactions with the PFOS head and further

elevate the binding constant.
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CHAPTER 2

RECONSTRUCTION OF PROTEIN STRUCTURES FROM

SINGLE-MOLECULE TIME SERIES

2.1 Abstract

Single-molecule experimental techniques track the real-time dynamics of molecules by recording a
small number of experimental observables. Following these observables provides a coarse-grained,
low-dimensional representation of the conformational dynamics but does not furnish an atomistic
representation of the instantaneous molecular structure. Takens’ Delay Embedding Theorem asserts
that, under quite general conditions, these low-dimensional time series can contain sufficient
information to reconstruct the full molecular configuration of the system up to an a priori unknown
transformation. By combining Takens’ Theorem with tools from statistical thermodynamics,
manifold learning, artificial neural networks, and rigid graph theory, we establish an approach Single-
molecule TAkens Reconstruction (STAR) to learn this transformation and reconstruct molecular
configurations from time series in experimentally-measurable observables such as intramolecular
distances accessible to single molecule Forster resonance energy transfer. We demonstrate the
approach in applications to molecular dynamics simulations of a C,,Hs polymer chain and the
artificial mini-protein Chignolin. The trained models reconstruct molecular configurations from
synthetic time series data in the head-to-tail molecular distances with atomistic root mean squared
deviation accuracies better than 0.2 nm. This work demonstrates that it is possible to accurately
reconstruct protein structures from time series in experimentally-measurable observables and
establishes the theoretical and algorithmic foundations to do so in applications to real experimental

data.
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2.2 Introduction

The molecular structure of a protein is defined by a vector in R3N specifying the Cartesian co-
ordinates of the N constituent atoms. Molecular dynamics (MD) simulation is a computational
algorithm that propagates the 3N-dimensional position vectors through time under the action of
a force field specifying the interatomic interaction potential Frenkel and Smit [2002]. At each
step of the MD simulation the full 3N-dimensional configurational state of the system is available.
Sophisticated experimental techniques such as X-ray crystallography and cryo-electron microscopy
can solve protein structures to near atomic resolution in crystalline or vitrified samples Schiittelkopf
and van Aalten [2004], Chang and Rosenthal [2011], Roy et al. [2008]. Proteins, however, are typi-
cally not functional under these conditions and these structures cannot capture transitions between
metastable states. For example, the Mycobacterium tuberculosis protein tyrosine phosphatase PtpB
exhibits dynamical transitions between “closed” and “open” states in which a pair of a-helices
transiently cover the active site and dynamically protects the active site from oxidative inactivation
Flynn et al. [2010]. Single-molecule experimental techniques such as single molecule Forster
resonance energy transfer (smFRET) can follow protein dynamics by tracking small numbers of
experimentally observable intramolecular distances between fluorescent probes conjugated to the
target molecule Chang and Rosenthal [2011], Roy et al. [2008], Zerze et al. [2014]. There are

currently no experimental techniques available to follow the dynamical evolution in atomistic detail.

Takens’ Delay Embedding Theorem is a result from dynamical systems theory that asserts a
sufficiently long and frequently sampled time series of a single system observable can contain
sufficient information to reconstruct the full-dimensional state of the system up to an a priori
unknown diffeomorphism (i.e., smooth and invertible bijective transformation) Takens [1981], Sauer
et al. [1991], Packard et al. [1980], Broomhead and King [1986], Cao et al. [1998], Stark [1999],
Stark et al. [2003], Vialar [2009], Kantz and Schreiber [2005], Ye et al. [2015]. This theoretical

result opens the door to reconstructing the molecular coordinates of a protein from single-molecule
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experimental measurements such as smFRET. We have previously applied Takens’ Theorem to
synthetic single-molecule time series extracted from molecular dynamics simulations of polymers
and proteins to estimate single molecule free energy surfaces (smFES) Wang and Ferguson [2016,
2018a]. Since the simulations also furnish the full molecular configurations we also estimated the
“true” smFES from the atomistic molecular simulation trajectory to numerically verify the existence
of the a priori unknown diffemorphism and place empirical bounds on the degree of perturbation
to the true smFES induced by this transformation. In this work, we build upon these foundations
using tools from rigid graph theory and artificial neural networks to learn this transformation from
the data and also approximate the inverse transformation from the low-dimensional smFES back
up to the molecular configuration space. This calibrates a functional approximation mapping a
time series in a single system observable to the atomistic molecular configuration, thereby enabling
reconstruction of atomistic molecular structures from experimentally-measurable observables. We

term this approach Single-molecule TAkens Reconstruction (STAR).

The structure of this paper is as follows. In the next section we describe the methodological details
of STAR. We detail the mathematical formulation and numerical solution of each step of the learning
problem combining principles and tools from statistical thermodynamics, manifold learning, and
rigid graph theory. In Section 2.4 we present applications of STAR to MD simulations of a C,,Hs,
polymer chain and the 10-residue artificial mini-protein Chignolin. We train STAR to reconstruct
molecular configurations from univariate time series in the head-to-tail distance as a synthetic and
idealized smFRET time trace. In Section 2.5 we present our conclusions and opportunities for

future work.
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2.3 Methods

2.3.1 Principles of STAR

A cartoon schematic of STAR is presented in Fig. 2.1. The objective of this work is to train STAR
as an accurate and generalizable model to predict molecular configurations from time series data
in experimental observables through the four-step pathway b — d — ¢ — ¢ — f. Each panel
in the figure corresponds to a different representation of the molecular system and the arrows
between them correspond to mathematical operations to convert one representation to another.
Red arrows correspond to unsupervised learning problems, typically nonlinear dimensionality
reduction, blue arrows to supervised learning problems requiring learning of a nonlinear function
linking the inputs and outputs, and grey arrows to deterministic operations. In order to learn and
approximate each of these functions we require training data for which the molecular configurations
(Fig. 2.1a) corresponding to each point in the time series in the experimental observable (Fig. 2.1b)
is known. We obtain the former from atomistic MD simulations and the latter by computing the
experimentally-measurable observable corresponding to each frame in the trajectory. In this work,
we adopt the head-to-tail (h2¢) distance as an experimental observable that could, in principle, be
measured by smFRET Roy et al. [2008], Zerze et al. [2014]. We emphasize that the MD simulation
data is only required to train the model and once the model is trained there is no requirement for any
additional molecular calculations. The trained model predicts molecular configurations (Fig. 2.1f)
from novel time series data (Fig. 2.1b) that was not present in the training data via the pathway
b—d— c— e— f. In this work, we generate the novel time series data from additional MD
simulations, but, in principle, the STAR model trained and calibrated over MD data could be applied
to experimental measurements. We detail the additional sophistications that would be necessary to
achieve that goal in the final section of the paper. A separate STAR model must be trained for each

molecular system.

What is the origin of the multi-step pathway in STAR illustrated in Fig. 2.1? Why not predict
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Figure 2.1: Cartoon schematic of Single-molecule TAkens Reconstruction (STAR). The trained
STAR model predicts molecular configurations of a protein ¥(¢) € R3N from univariate time
series in an experimentally-measurable observable of the system v(z) € R! through the four-
step pathway b — d — ¢ — e — f. Each panel corresponds to a different representation of the
molecular system and arrows between them to mathematical operations. Red arrows represent
unsupervised nonlinear manifold learning problems (i.e., nonlinear dimensionality reduction), blue
arrows represent supervised learning problems (i.e., function approximation), and grey arrows
represent deterministic operations. (a,b) Molecular dynamics simulations sufficiently long to
sample the thermally-relevant configurational space provide training trajectories of molecular
configurations r(t) € R3N (panel a) and a scalar time series in an experimentally-measurable system
observable v(t) € R! (panel b). In this work, we set v(¢) to be the head-to-tail (h2¢) intramolecular
distance that is, in principle, measurable by smFRET. (c) Interactions between atoms constrain
the molecular trajectory r() € R3V to a k-dimensional manifold .# C R¥ ¢ R3N with effective
dimensionality k < 3N. The collective variables {y1, y»,... ¥} parameterizing the manifold are
extracted from the simulation trajectory using diffusion maps. The manifold .# supports the smFES
BF(yi,vy,...y;). (d) An image of .# and the smFES is obtained from the time series data
v(t) € R! by forming a d-dimensional delay embedding y(z) = [v(¢),v(t — T),v(t —27), ..., v(t —
(d—1)7)] € RY and then applying diffusion maps to learn a parameterization {y], y},... ¥/} of
a manifold .#’ c Rk c R9. Under technical conditions on v, d, and T discussed in the main text,
Takens’ Delay Embedding Theorem asserts that the dynamical evolution of y(¢) is C I_equivalent to
that of r(¢) and that the manifold .# "is related to .# via diffeomorphic (i.e., smooth, invertible,
and bijective) transformation @ : .#’ — ./ . We learn the transformation ® from the training data
using a simple artificial neural network. (e,f) The manifold .#Z C RF contains a low-dimensional
projection of r(r) € R3" into {l//i}f.‘zl from which molecular configurations (1) € R3N may be
approximately reconstructed. We perform the reconstruction by first learning the pairwise distances
between all atoms d € RVN(N=1)/2 using an artificial neural network (panel e) and then using
classical multidimensional scaling to deterministically transform this into the reconstructed atomic
coordinates () € R3N (panel f). All molecular renderings in this work were constructed using
VMD Humphrey et al. [1996].
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molecular configurations directly from the 42¢ time series in a single step b — f? In this work,
we exploit the generic low effective dimensionality of molecular systems along with theoretical
guarantees offered by Takens’ Delay Embedding Theorem to formulate a succession of simpler and
typically lower-dimensional learning problems with firm theoretical underpinnings that we solve
using appropriate numerical tools. An additional benefit of this perspective is that the approach also
explicitly learns the smFES. The trained STAR model therefore furnishes both a prediction of the
molecular structure and its location and thermodynamic stability on the smFES. We now detail each

step of the STAR approach presented in Fig. 2.1.

Molecular dynamics training data (r(¢),v(z))

MD simulations of sufficient duration to comprehensively sample the thermally-relevant configura-
tional space of the molecular system are required to provide the initial training data for STAR. Data
that do not sample all relevant conformational states and transitions will result in models overfitted
to the training data and a poorly calibrated STAR model that is unable to generalize to new data. For
the small macro and biomolecular systems considered in this work, simulations of a few hundred ns
to a few us were sufficient to provide good sampling and generalizability. The simulation trajectory
provides a temporally-ordered sequence of snapshots r(z) € R3N (Fig. 2.1a). For each snapshot we
compute the instantaneous value of an experimentally-accessible observable to define a 1D time
series v(t) € R! (Fig. 2.1b). In the present work, we set v(t) to be the head-to-tail molecular distance
h2t(t) that is, in principle, measurable by smFRET by conjugating the termini of the molecules
with fluorescent probes. These time series can therefore be regarded as idealized synthetic SmFRET
time traces with no measurement noise and arbitrarily high time resolution. These training data are

used to train all steps of the STAR pipeline.
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Learning the atomistic manifold .#

Interactions between the constituent atoms of the molecular system generically constrain molecular
trajectories r(t) € R3N within the 3N-dimensional Cartesian coordinate space to a so-called intrinsic
manifold .Z € R¥ ¢ R3V of effective dimensionality £ < 3N Ferguson et al. [2010], Garcia
[1992], Amadei et al. [1993], Hegger et al. [2007], Zhuravlev et al. [2009], Das et al. [2006],
Belkin and Niyogi [2003] (Fig. 2.1c). We learn this manifold from the simulation trajectory
training data using the diffusion maps (dMaps) nonlinear manifold learning technique Coifman et al.
[2008a], Ferguson et al. [2010], Das et al. [2006], Ferguson et al. [2011], Coifman et al. [2005b],
Coifman and Lafon [2006], Nadler et al. [2006b,a], Coifman et al. [2005b], Coifman and Lafon
[2006]. Applying dMaps identifies both the dimensionality k of the latent manifold and the CVs
{1, y,... ¥} parameterizing it as nonlinear functions of the atomic coordinates Ferguson et al.
[2010, 2011], Ferguson [2017], Sidky et al. [2020b]. The dMap CVs are the leading eigenvectors of
a discrete random walk constructed over the 3N-dimensional snapshots comprising the simulation
trajectory. The bandwidth € of the Gaussian kernel used to construct the random walk can be tuned
automatically based on the structure of the data Ferguson et al. [2010], Coifman et al. [2008b] and
the dimensionality of the embedding k defined by a gap in the eigenvalue spectrum Ferguson et al.

[2010, 2011], Wang and Ferguson [2018b], Coifman and Lafon [2006], Coifman et al. [2005b].

Assuming that the distance metric used to measure pairwise similarities between molecular configu-
rations is a good proxy for the kinetic proximity of the configurations over short time scales, these
CVs furnish a dynamically meaningful low-dimensional embedding into the slowest relaxing modes
of a diffusion process over the data. In particular, Euclidean distances in the embedding correspond
to diffusion distances in configurational space that measure the kinetic proximity of any pair of
configurations under the action of the random walk Coifman et al. [2005b], Nadler et al. [2006a].
This dynamic interpretability of dMap CVs make them an excellent choice for parameterization
of the intrinsic manifold .#, but other nonlinear dimensionality reduction or manifold learning

techniques such as Isomap Tenenbaum et al. [2000], Weinberger and Saul [2006], Li et al. [2006],
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Wang [2011], locally linear embeddings (LLE) Roweis and Saul [2000b], Zhang and Wang [2006],

local tangent space alignment Wang [2011] may also be employed.

The only input to the diffusion map algorithm is the definition of a distance metric k(r;,r ;) with
which to measure the dissimilarity of pairs of configurations (r,-,r j) in the trajectory. In order
to guarantee the existence of the diffeomorphism, it is critical that this metric be appropriately
symmetrized to eliminate any spatial symmetries that cannot be distinguished by the choice of
experimentally-measurable observable v(¢). Our choice of observable v(z) = h2¢(¢) is invariant
under translation, rotation, mirror inversion, and — for chemically symmetric molecules (e.g., simple
polymer chains) — head-tail inversion of the molecular configuration r € RN, Any representation
of the system based on v(¢) sacrifices the ability to distinguish changes in the system state under
any of these transformations. It is possible to recover some or all of these symmetries under
different choices for v(¢) or by multiplexed simultaneous measurements v(r) = {v{(¢),v2(?),...}.
As is standard practice in measuring molecular similarity, we select k(r;,r ;) to be the rotationally
and translationally aligned root mean squared deviation (RMSD), which naturally mods out the
rototranslational symmetry using the Kabsh algorithm Kabsch [1976], and we eliminate the discrete

symmetries by minimizing under mirror inversion,

k(l’i,l’j) = min RMSD(I‘,',I‘]'). (21)

mirror inversion

or both mirror and head-tail inversion for chemically symmetric molecules Wang and Ferguson

[2018a],

k(ri,rj) = min min RMSD(r;, rj). (2.2)

head-tail inversion mirror inversion

Failure to eliminate all such spatial symmetries induced by the choice of observable v(z) violates
Takens’ Theorem and can cause the manifolds .# and .#" to no longer be diffeomorphisms related

by a well defined and learnable transformation.
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The dMap CVs {l[/i}f.‘:1 define a data-driven parameterization of the k-dimensional manifold
A . Projection of the full simulation trajectory into these CVs defines an empirical probability
distribution P(y1, ¥3, ... ;). An estimate of the smFES mapping out the free energy F over .Z is
obtained via the statistical mechanical relationship BF (w1, o, ... y;) = —InP(yy,yp,... ¥;) +C,
where C is an arbitrary additive constant and the free energy is de-dimensionalized by the reciprocal
temperature 3 = 1 /kgT. New molecular configurations rpew not contained within the data used to
construct .# may be projected onto the manifold using the Nystrom extension Sonday et al. [2009],

Laing et al. [2007], Long and Ferguson [2019b].

Learning the Takens’ manifold .7’

The previous section detailed a procedure to estimate the intrinsic manifold .# and the smFES
it supports by applying manifold learning to a simulation trajectory of the atomistic molecular
configuration r(t) € R3N | Takens’ Delay Embedding Theorem Takens [1981], Sauer et al. [1991],
Packard et al. [1980], Broomhead and King [1986], Cao et al. [1998], Stark et al. [2003], Vialar
[2009], Kantz and Schreiber [2005], Ye et al. [2015] provides a means to reconstruct an image of
the intrinsic manifold .2’ (Fig. 2.1d) by applying similar operations to delay embeddings of a time
series in a single coarse-grained observable v(t) € R! (Fig. 2.1b). Takens’ Theorem asserts that (1) a
(d > (2k+ 1))-dimensional delay embedding y(¢) = [v(¢),v(t — 7),v(t —27),...,v(t — (d —1)7)] €
R4 in a generic observable v(¢) constructed at a delay time 7 uniquely specifies the instantaneous
state of the system, (ii) the dynamical evolution of y(z) is Cl-equivalent (i.e., identical under a
smooth and continuous mapping) to that of r(z), and (iii) the evolution of y(¢) lies on a manifold
A that is related to .# by a diffeomorphism (i.e., smooth, invertible, and bijective transformation)
Q:. .4 — # withinverse @ . ./ — .’ Wang and Ferguson [2018a], Takens [1981], Sauer
et al. [1991], Packard et al. [1980], Broomhead and King [1986], Cao et al. [1998], Stark et al.
[2003], Vialar [2009], Kantz and Schreiber [2005], Zerze et al. [2014]. The diffeomorphism is a

priori unknown but is guaranteed only to stretch and squash the manifold and not tear it or stitch
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it together in new ways. As such, .#’ is a topologically identical image of .# that preserves its
continuity and connectivity and possesses the same dimensionality Takens [1981], Sauer et al.
[1991], Packard et al. [1980], Broomhead and King [1986], Vialar [2009], Kantz and Schreiber
[2005].

Takens’ Theorem holds for any generic observable of the system v that does not contain any
spurious symmetries that are not present in the system itself (i.e., the system is invariant in the
observable under particular symmetries), for any delay time 7 that does not introduce temporal
aliasing (i.e., is a multiple of a period of the dynamical motion), and for any delay embedding
dimensionality d greater than twice the intrinsic dimension of the system k Takens [1981], Sauer
et al. [1991], Kantz and Schreiber [2005], Letellier et al. [1998], Cross and Gilmore [2010], Letellier
and Gouesbet [1996], Letellier et al. [1998], Wang and Ferguson [2016, 2018a]. In practice,
better results are obtained for observables v that are strong functions of all system degrees of
freedom and which respond sensitively to the important dynamical motions of the system Wang
and Ferguson [2018a], for delay times 7 estimated as the first minimum of the autocorrelation or
mutual information of v(¢) Fraser and Swinney [1986a], and for delay dimensionalities d estimated
using the E; method of Cao Cao [1997], Villani and Zaldivar Comenges [2000], Kennel et al.
[1992]. Takens’ Theorem still holds when applied to observables v that do contain symmetries not
present in the system, but the system may only be reconstructed up to those symmetric operations
(vide supra), and also to observables of subsystems and under stochastic or deterministic forcing
Stark [1999], Stark et al. [2003]. The latter two generalizations are relevant to the present work
because we adopt the head-to-tail molecular distance as our observable v(r) = h2¢(t), which is
both an observation of the solute subsystem within the full solute-solvent system and is subject to
dynamical coupling with solvent and deterministic or stochastic forcing by any attached thermostats,
barostats, or other external constraints. Finally, Takens’ Theorem may also be applied to multiplexed
measurements of several simultaneous observables v(z) = {v|(¢),v,(¢),...} such as multi-channel

smFRET measuring multiple intramolecular distances Roy et al. [2008], Cao et al. [1998].
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The manifold .#’ ¢ R ¢ R? is estimated by applying dMaps to the delay embedding y(z) =
v(t),v(t—7),v(t —27),...,v(t — (d — 1)7)] parameterized by the k CVs {y{, ¥}, ...y, }. We apply
dMaps under a distance metric k’(y;,y ;) measuring the dissimilarity of pairs of delay vectors that
we select to be a simple Euclidean distance metric. This metric requires modification due to the
introduction of a spurious symmetry into the system by the temporal ordering of v(z) within the
y vectors induced by the Takens’ delay embedding. This spurious symmetry can be understood
by considering a hypothetical microstate transition of the system ry(r — 7) — rg(t) = rc(t + 7)
and its reverse r¢(r — 7) — rp(t) — ra(r + 7), with associated d=3-dimensional delay vectors
Yiwd = [Va,VB,vc| and Yprwd = [Ve, VB, va]. Adopting a convention that defines a mapping between
system microstates and delay vectors based on the central microstate, both of these delay vectors
are associated with microstate rp but the delay vectors themselves are not identical. By observing
the past and future of rg we can distinguish whether it was occupied as part of a forward or reverse
transition, and the “forward” rp and “backward” rp appear in the Takens’ delay embedding as
distinct identifiable states. For equilibrium systems obeying detailed balance, the forward and
backward transitions between any pair of microstates have equal fluxes and we should not be
able to identify whether occupancy of a particular microstate rg resulted from the forward or
reverse transition in any such pair. To prevent the occurrence of this symmetry breaking in .# that
remains unbroken in .# we must symmetrize k' (y;,y j) to eliminate this temporal symmetry. This
assures that Takens’ Theorem is not violated and the manifolds .# and .#’ remain diffeomorphic.
We have previously demonstrated the importance of eliminating this symmetry in applications of
Takens’ Theorem to equilibrium molecular systems Wang and Ferguson [2016, 2018a]. As such, we
minimize the distance metric under time reversal, which is equivalent to minimizing under inversion

of one of the delay vectors,

K (yi,yj) = min [||lyi =yl [[vi = flip (y;)[|,] (2.3)
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The dMap CVs {l//l’ }{'C:l define a data-driven parameterization of the k-dimensional manifold .2’
over which we construct the smFES BF’(y1,y),...w) = —InP'(y], v}, ... y;)+C’ by compiling
the empirical probability distribution P'(y], 5, ... y;) of the delay vectors projected onto the
manifold. New delay vectrors ypew not contained within the data used in the construction of .# !
may be projected onto the manifold using the Nystrom extension Sonday et al. [2009], Laing et al.
[2007], Long and Ferguson [2019b]. We exploit this out-of-sample extension when applying the

trained STAR model to new data that was not present during training.

Learning the diffeomorphism from .#" to .#

Takens’ Theorem guarantees the smooth manifolds .# and .#' are related by a diffeomorphism
O :.#' — .# Wang and Ferguson [2018a], Takens [1981], Sauer et al. [1991], Packard et al.
[1980], Broomhead and King [1986], Cao et al. [1998], Stark et al. [2003], Vialar [2009], Kantz
and Schreiber [2005], Zerze et al. [2014]. The theoretical guarantees on the existence of this
mapping and its low dimensional nature are a valuable advantage of the multi-step STAR pathway
that would be lost by formulating a direct reconstruction of the molecular configurations from
the univariate time series. We adopt a convention associating each delay vector y(¢) = [v(z),v(t —
T),v(t —27),...,v(t — (d — 1)7)] with the configurational microstate corresponding its central
element r(r — ((d —1)/2)7). We assert that d be odd in order to make this association unambiguous.
This mapping means that the configurations in the leading r < (d — 1)7/2 and trailing t > (d —1)7/2
periods of the molecular simulation trajectory are not associated with any delay vector and are

eliminated from all analyses.

Having defined the associations between the projections of the delay vectors y(t) on .#' rep-
resented as {y] (t)}{.‘:1 and the projections of the molecular configurations r(¢) on .# repre-
sented as {l,t/i(t)}i.‘: |» we define a supervised learning problem between pairs of data points
<{l//l( (z‘)}i.‘:1 , {l[/,-(t)}i.‘:J to perform data-driven estimation of the k-dimensional to k-dimensional

diffeomorphism @ : .#’ — .# (Fig. 2.1d — c). There are many ways to learn and approximate
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this function, including k-nearest neighbors Cover and Hart [1967], kernel methods Scholkopf and
Smola [2002], or local Jacobians Wang and Ferguson [2016, 2018a], Hauser and Ray [2017]. In this
work we employ simple fully-connected feedforward artificial neural networks (ANN) as an easy
to train and flexible function approximator Hassoun et al. [1996]. We typically find that networks
comprising 4-8 hidden layers each containing ~10xk neurons are adequate to furnish high accuracy

mappings.

Learning the reconstruction ¥()

The final step is to learn approximate reconstructions of the molecular configurations r(t) €
R3N from their projections {l//i(t)}i.‘:] € R¥ onto the intrinsic manifold .. If the effective
dimensionality of the simulation trajectory is less than or equal to k and the dMap CVs have
been properly learned from the simulation trajectory, then the k-dimensional subspace spanned
by {l//,-(t)}i.‘:1 is expected to preserve the important configurational variance in r(¢z) Ferguson
et al. [2010, 2011]. As such, the location on the intrinsic manifold .# should contain sufficient
information to approximately reconstruct the configurational state of the system () € R3N up
to any symmetries that have been modded out in its construction (vide supra). In this sense,
the process r(t) — {l//i(t)}i.‘:1 — 1(t) may be viewed as the concatenation of a low-dimensional
encoder furnished by diffusion maps and a decoder to be learned from the data. Again we have
the one-to-one mapping of data pairs ({l[/i(t)}i.‘zl,r(t)) and can formulate and solve this as a

supervised learning problem.

We split this learning problem into two steps and instead of learning to predict the Cartesian

k
i=1’

coordinates of the atoms r(¢) directly from {y;(¢)}_,, we first learn the ordered vector of pairwise
distances between all atoms d(r) € RV (N=1)/2, Rigid graph theory asserts that specification
of all (1;/ ) pairwise distances defines the absolute coordinates of the N points up to translation,
rotation, and mirror inversion Dokmanic et al. [2015], Singer [2008]. In practice, calculation of the

coordinates from the pairwise distances is easily accomplished using classical multidimensional
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scaling (cMDS) to form the Gram matrix and compute its eigendecomposition Dokmanic et al.
[2015], Crippen [1978]. In the present application, the translational, rotational, and mirror inversions
(and head-tail inversion, where applicable) have all been modded out of the construction of .#
and so there is no (additional) information loss in formulating the supervised learning problem as
first approximating the functional mapping {‘/’i<t)}§:1 — d(7) (Fig. 2.1c — e) and then making the
deterministic transformation d(z) — ¥ using cMDS (Fig. 2.1e — f). Unlike the one-step formulation
of the reconstruction {l//i(t)}i.‘zl — T, the two-step formulation eliminates the need to perform
any alignment of the molecular configurations with respect to rotation, translation, and mirror
inversion since these symmetries are naturally modded out within the pairwise distance matrix. The
omission of these alignment operations, either mutually or to some fixed reference structure, carries

advantages in avoiding the introduction of noise and approximations into the fitting problem.

We use simple ANNs to learn {l//,-(z‘)}i.‘:1 — d(r) from the training data. Typically we find that
networks comprising 4-8 hidden layers each containing on the order of up to ~1000xk neurons
are adequate to furnish high accuracy mappings. The molecular configurations #(¢) € R3N are
reconstructed only up to translational, rotational, and mirror inversion symmetries (and head-tail
inversion, for chemically symmetric molecules), and so comparisons of the reconstruction accuracy
between (F,r) pairs must be performed by mutual alignment under these transformations. The
alignment problem corresponds to an orthogonal Procrustes problem Schonemann [1966] that we

efficiently solve using the Kabsch algorithm Kabsch [1976].

Deploying the trained STAR model

The STAR pipeline trained for a particular molecular system may then be used to predict molecular
reconstructions £(r) € R3V from new time series data v(r) € R! through the four-step pathway
b—d — ¢ — e — f (Fig. 2.1b-f): Takens’ delay vectors y are constructed from the time series v(z),
projected onto the Takens’ manifold .#’ using the Nystrom extension Sonday et al. [2009], Laing

et al. [2007], Long and Ferguson [2019b], mapped onto the atomistic manifold .# using the trained
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ANN, converted into the atomistic pairwise distances matrix d using another trained ANN, and then
finally transformed into the reconstructed molecular configurations r using cMDS. Provided the
training data were sufficiently rich to span the thermally-relevant metastable states and transitions
in the system and the supervised learning problems are not overfitted, then the trained STAR model
should be able to generalize to new time series data from the system that were not included in model
training. Importantly, deployment of the trained model does not require any additional molecular

simulation data during the deployment phase (Fig. 2.1a).

We validate the trained model by extracting time traces of the molecular heat-to-tail distance
v(t) = h2t(t) from new MD simulation trajectories that were not present in the training data and
testing the capability of the trained STAR model to reconstruct the molecular configurations r(¢) in
the trajectory. A well-trained model should be able to predict molecular configurations from novel
testing data with similar accuracies to that in the training data. In applications to real experimental
smFRET data, the true molecular configurations would not be available to make this comparison
and the model predictions would have to be validated by indirect means. In all cases we seek only
to reconstruct the molecular configuration of the solute and do not attempt to predict the coordinates
of the water solvent or any counter ions. In principle, this information is — again subject to the
relevant symmetries — present within the Takens’ delay embedding, but is much more challenging
to recover due to the permutational fungibility of the water molecules and the relatively weaker

influence of solvent coordinates on our choice of solute-centric observable.

2.3.2 Molecular Dynamics Simulations

C24H50

MD simulations of C,,Hs, were conducted using the Gromacs 4.6 simulation suite van der Spoel
et al. [2005] using the TraPPE potential Martin and Siepmann [1998] that models each CH; and

CH, group as a united atom and the all-atom SPC model of water Berendsen et al. [1981]. Chain
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topologies were constructed using the PRODRG?2 server Schiittelkopf and van Aalten [2004].
Lennard Jones interactions were smoothly set to zero at a cutoff of 1.4 nm and Lorentz-Berthelot
combining rules used to determine dispersion interactions between unlike atoms Allen and Tildesley
[1989]. Electrostatic interactions were treated using particle mesh Ewald Essmann et al. [1995] with
a real-space cutoff of 1.4 nm and a 0.12 nm reciprocal-space grid spacing that were optimized during
runtime. Simulations were conducted in a 5x5x5 nm?> cubic box with periodic boundary conditions
that was sufficiently large to prevent self-interactions of the chain through the periodic walls even in
its fully-extended configuration. Initial system configurations were generated by placing an initially
elongated chain into an empty box and solvating with 4117 water molecules to a density of 1.0
g/cm3. High energy overlaps were eliminated by steepest descent energy minimization to a force
threshold of 2000 kJ/mol.nm. Initial particle velocities were sampled from a Maxwell-Boltzmann
distribution at 298 K. Simulations were performed in the NPT ensemble at 298 K and 1 bar using
a Nosé-Hoover thermostat Nosé [1984] and an isotropic Parrinello-Rahman barostat Parrinello
and Rahman [1981]. Equations of motion were integrated using the leap-frog algorithm Hockney
and Eastwood [2010] with a 2 fs time step. LINCS constraints were used to fix bond lengths to
their equilibrium distances for computational efficiency and as required by the TraPPE and SPC
potentials Nadler et al. [2006a]. Systems were equilibrated for 1 ns before conducting a 100 ns
production run during which system configurations were saved every 0.2 ps. Head-to-tail distances
were computed for each frame of the 500,000 frame simulation trajectory to furnish the univariate
time series v(z) = h2t(¢) in addition to the atomistic simulation trajectory r(¢). The first 20 ns
(100,000 frames) of these trajectories provided the (r(¢),v(¢) = h2t(¢)) training data used to train
the STAR model, and the remaining 80 ns (400,000 frames) reserved for testing. Input files for

these simulations are provided in the Supplementary Material.
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Chignolin

MD simulations of the 10-residue (166 atom) engineered mini-protein Chignolin (GYDPETGTWG,
PDB ID: 1UAO) Honda et al. [2004] were performed by D.E. Shaw Research using the Desmond
simulation suite Bowers et al. [2006] on the Anton supercomputer Shaw et al. [2010] and reported
in Ref. Lindorff-Larsen et al. [2011]. The peptide was modeled using the the CHARMM?22 x
force field Piana et al. [2011] and solvated by ~1900 water molecules Jorgensen et al. [1983b]
in a 4x4x4 nm?3 cubic box with periodic boundary conditions. Two Na™ ions were added to
maintain charge neutrality. Lennard-Jones interactions were treated with a 0.95 nm cutoff and
electrostatic interactions treated by Gaussian Split Ewald Shan et al. [2005] employing a 0.95 nm
real-space cutoff and a 32x32x32 cubic grid. Equations of motion were integrated with a 2.5 fs
time step. Equlibration runs were conducted in the NPT ensemble at 340 K and maintained by a
Nosé-Hoover thermostat Nosé [1984], Hoover [1985]. The 106 us production run was conducted in
the NVT ensemble employing a Nosé-Hoover thermostat Nosé [1984], Hoover [1985] and system
configurations harvested every 200 ps. The first 5 us (25,000 frames) of these trajectories were

used to train the STAR model, and the next 15 us (75,000 frames) employed for testing.

2.4 Results and Discussion

We demonstrate and validate STAR in applications to molecular dynamics simulations of a C,,Hs,
polyethylene chain and the 3-hairpin engineered mini-protein Chignolin. Simulation data constitut-
ing the training and testing data are collected as described in Section 2.3.2. The STAR pipeline was
trained and deployed as described in Section 2.3.1 with details specific to each system provided
below. In each case we achieve RMSD reconstruction accuracies on the hold-out test data of better

than 0.2 nm.
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STAR Training

The training portion of the C,,Hs simulation trajectory comprised 100,000 frames saved at 0.2 ps
intervals recording the Cartesian coordinates r(z) € RR72 of the N = 24 united atoms of the polymer
chain (cf. Fig. 2.1a). In order to run dMaps into local memory, the simulation trajectory was
subsampled with a stride of 20 and the excluded frames projected into the manifold post hoc using
the the Nystrom extension Sonday et al. [2009], Laing et al. [2007], Long and Ferguson [2019b]. The
stride length was empirically tuned to balance computational efficiency and comprehensive sampling
of the configurational phase space to achieve robust embeddings and reconstruction accuracies.
Application of spatially-symmetrized dMaps to these data employing a kernel bandwidth of €
= exp(—3) nm exposed a k=2-dimensional intrinsic manifold .# C R? spanned by nonlinear
collective variables of the united atom coordinates { Y71, y» } and supporting the smFES BF (v, )
(cf. Fig. 2.1c). The eigenvalue spectrum exhibiting a spectral gap separating the second non-
trivial eigenvalue from the continuum of higher-order eigenvalues is presented in Fig. Sla in the

Supplementary Material.

A scalar time series in the head-to-tail distance between the two terminal united atoms v(t) =
h2t(t) € R! was computed from the MD training trajectory as a synthetic and idealized smFRET
time series over the 100,000 frames separated by intervals of 0.2 ps (cf. Fig. 2.1b). Takens’ delay
vectors y(z) = [h2t(t),h2t(t — ©),h2t(t — 27),...,h2t(t — (d — 1)7)] were constructed at a delay
time of 7 = 30 ps (150 time steps) computed as the first minimum in the mutual information of
h2t(t) Fraser and Swinney [1986a] and delay dimensionality d = 5 computed using the E| method
of Cao Cao [1997], Villani and Zaldivar Comenges [2000], Kennel et al. [1992]. This resulted in the
construction of 99,400 delay vectors, each associated with a frame in the MD trajectory containing
the molecular structure from which the central element in the delay vector was computed. The

initial and terminal (d — 1)t /2 = 60 ps (300 frames) of the MD trajectory that were unassociated
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with any delay vector were dropped from further analyses. Application of temporally-symmetrized
dMaps to the delay embedding trajectory, subsampled with a stride of 20 in order to fit into local
memory and employing a kernel bandwidth of € = 1 nm, defined a k = 2-dimensional manifold
M C R? spanned by {l,tl{ , l//é} The eigenvalue spectrum exhibiting a spectral gap after the second
non-trivial eigenvalue is presented in Fig. S1b. The frames strided over in the application of dMaps
were projected into .#" using the Nystrom extension and used to estimate the smFES BF/(y1, y))

(cf. Fig. 2.1d).

The diffeomorphism @ : .#Z’ C R? — .# C R? linking the two manifolds was learned using a
simple 2-25-25-25-25-2 fully-connected feedforward ANN comprising four hidden layers of 25
neurons (cf. Fig. 2.1d — ¢). The ANN employed tanh activations and was trained using Adam
Kingma and Ba [2014] with a batch size of 500 and a learning rate of 1x 1074, Training was

terminated after 250 epochs upon plateauing of the validation error.

The function linking the projection of each frame in the MD trajectory into the intrinsic manifold
{yi(t),y(t)} to the N(N — 1) /2 = 276-dimensional united atom pairwise distance vectors d(¢) €
R276 corresponding to that configuration was learned using a 2-4-187-370-552-276 fully-connected
feedforward ANN employing tanh activations and trained using Adam Kingma and Ba [2014] with
a batch size of 500 and a learning rate of 1x 1073 over 150 epochs (cf. Fig. 2.1c — e). Molecular
reconstructions of the united atom coordinates £(¢) € R72 were computed deterministically from
each pairwise distance vector using cMDS (cf. Fig. 2.1e — f). The reconstruction accuracy of the
trained STAR pipeline (cf. Fig. 2.1b — d — ¢ — e — {) is assessed by computing the RMSD of the

predicted #(¢) € R7? and true r(t) € RR7? configurations under translational, rotational, mirror, and

head-tail alignment by the Kabsch algorithm Kabsch [1976].
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STAR Deployment

We illustrate the application of the trained C,,Hs, STAR model in Fig. 2.2. The trained STAR
pipeline enables us to associate each value of /42¢(¢) in the synthetic SmFRET time trace with a
molecular reconstruction and also a location and stability on the smFES supported by the low-
dimensional intrinsic manifold Ferguson et al. [2010], Wang and Ferguson [2016]. The mean
RMSD reconstruction accuracy of the trained pipeline applied to the 20 ns training trajectory is
RMSD4in = 8.4 X 1072 nm. In an application to the remaining 80 ns testing trajectory that was not
part of the training ensemble, the mean reconstruction accuracy degrades only slightly to RMSDyegt
=8.6 x10~2 nm and is at worst 0.19 nm, indicating that the STAR model is well trained and has
good generalizability to novel data. Histograms illustrating the complete RMSD distribution over
the testing trajectory are presented in Fig. S2. We illustrate for five selected points A-E in the /2¢(7)
time trace (Fig. 2.2a) their projection onto the smFES BF (yq, y;) (Fig. 2.2b), RMSD reconstruction
accuracy as a function of position on the intrinsic manifold (Fig. 2.2c), and reconstructed £(z) € R72
and true r(t) € R’2 molecular structures (Fig. 2.2d). Movie S1 in the Supplementary Material
presents an animation of molecular reconstructions and smFES projections for all test data in the

time series in Fig. 2.2a.

Configuration A corresponds to an elongated chain configurations with the preponderance of
the backbone dihedrals in the frans state. Configuration C corresponds to a similarly elongated
conformation but with a small number of gauche defects that lead to a small degree of curvature
in the contour of the chain. Configuration C resides within 0.3 kT of the global free energy
minimum at BF = 0, while Configuration A lies slightly higher at BF = 2.7. Configurations B and
D correspond to partially collapsed twisted structures ~3 kgT less stable than the global free energy
minimum that lie along the transition pathway between the global minimum at (y; ~ 1.2,y ~ 2.0)
containing elongated chains and the weak local minimum at at (y; ~ 3.2, y», ~ —6.0) containing
hydrophobically collapsed coiled chains. Configuration E is a metastable hydrophobically collapsed

coil that lies slightly outside the local minimum at BF = 4.8. We note that Configurations B
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Figure 2.2: Application of STAR to C,,Hs, polymer chain. (a) Synthetic idealized smFRET time
trace of the head-to-tail distance /42¢(¢) between the terminal united atoms computed over a 100
ns MD trajectory with frames saved every 0.2 ps. The first 20 ns are used for training (orange)
and the remaining 80 ns for testing (blue). The molecule undergoes hundreds of folding and
unfolding events over the course of the simulation. (b) The intrinsic manifold .# spanned by the
dMap CVs {y(t),y,(t)} and supporting the smFES BF (v, y,). The Gibbs free energy F is
dedimensionalized by the inverse temperature 3 = 1/kgT. The arbitrary zero of F is specified to
lie at the global free energy minimum. (c) RMSD reconstruction accuracy as a function of location
on the intrinsic manifold .# . (d) Molecular reconstructions using the trained STAR pipeline of five
representative points A-E in the /2¢(¢) time series spanning the test set. Reconstructions f (red)
are superposed on the corresponding true configurations r (blue) extracted directly from the MD
simulation. The head-to-tail distance of the true configuration and the RMSD under translational,
rotational, mirror, and head-tail alignment between the true and reconstructed configurations are
reported under each image. The STAR prediction of the location of each point on the smFES is
illustrated in panel b and the corresponding dimensionless free energy BF reported under each
image.
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(h2t = 1.8nm) and D (h2¢t = 2.0 nm) possess similar values of the A2t distance but correspond
to very distinct molecular configurations residing at different locations on the smFES that are
both accurately reconstructed by STAR. This illustrates the value of using Takens’ Theorem to
reconstruct molecular configurations that cannot be distinguished from the instantaneous value of

the observable alone.

2.4.2 Chignolin

STAR Training

The training portion of the Chignolin trajectory comprised 25,000 frames saved at 200 ps intervals
recording the Cartesian coordinates r(t) € R27? of the N = 93 heavy atoms of the protein. A k
= 2-dimensional intrinsic manifold .#Z C R? spanned by {y;, y,} was constructed by applying
dMaps with a kernel bandwidth of € = exp(—3) nm to a subsampling of this trajectory with a
stride of 2. The eigenvalue spectrum exhibiting a spectral gap separating the second non-trivial
eigenvalue from the continuum of higher-order eigenvalues is presented in Fig. S3a. Again the
stride length was tuned to balance computational cost and robust training of the STAR pipeline.
The excluded frames were projected into the manifold using the the Nystrom extension. Takens’
delay embeddings were constructed from the synthetic SmFRET time series recording the distance
between the terminal heavy atoms at a delay time 7 = 200 ps (1 time step) Fraser and Swinney
[1986a] and delay dimensionality d = 11 Cao [1997], Villani and Zaldivar Comenges [2000], Cao
[1997], Kennel et al. [1992]. This results in the construction of 24,990 delay vectors. Applying
temporally-symmetrized dMaps to the delay embedding trajectory, sub-sampled with a stride of
2 in order to fit into local memory, y(¢) € R!! with a kernel bandwidth of & = 1 nm defined a k
= 2-dimensional manifold .#’ C R2. The eigenvalue spectrum exhibiting a spectral gap after the
second non-trivial eigenvalue is presented in Fig. S3b. Again, the excluded frames were projected
into the manifold using the the Nystrom extension. The diffeomorphism ® mapping .#’ to .#

was approximated by a 2-25-25-25-25-2 ANN trained using Adam Kingma and Ba [2014] with a
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batch size of 500 and learning rate of 1x 10~% over 250 epochs. The function mapping locations
on ./ to the N(N — 1)/2 = 4278-dimensional heavy atom pairwise distances vectors d(r) € R*278
was learned and approximated by a 2-4-2855-5706-8556-4278 ANN using Adam Kingma and Ba
[2014] with a batch size of 500 and learning rate of 1x 1072 over 150 epochs. Predictions of heavy

atom molecular configurations were computed deterministically from the pairwise distance vectors

using cMDS.

STAR Deployment

Application of the trained Chignolin STAR model is illustrated in Fig. 2.3. The mean heavy atom
reconstruction accuracy over the 5 us training trajectory is RMSDyin = 0.12 nm. The mean
accuracy is only slightly diminished to RMSD¢est = 0.14 nm over the 15 us test trajectory reaching
a worst case maximum of 0.29 nm, again illustrating good generalizability of the trained model.
Histograms illustrating the complete RMSD distribution over the testing trajectory are presented in
Fig. S4. We illustrate for five selected points A-E in the 42¢(¢) time trace (Fig. 2.3a) their projection
onto the smFES BF (yq, ) (Fig. 2.3b), RMSD reconstruction accuracy as a function of position
on the intrinsic manifold (Fig. 2.3c), and reconstructed £(r) € R?7? and true r(¢) € R?’® molecular
structures (Fig. 2.3d,e). Movie S2 presents an animation of molecular reconstructions and smFES

projections for all test data in the time series in Fig. 2.3a.

Configurations A and D correspond to the native hairpin state of the protein in which all native
hydrogen bonds are intact and which lie within the deep global free energy minimum. The
reconstruction accuracy of the densely sampled native fold is extremely good as indicated by
RMSDs of ~0.05 nm. Configurations B, C, and E represent a sampling of the unfolded ensemble
containing a diversity of random coiled states with some or all of the native hydrogen bonds
broken. Despite the relatively sparser sampling and larger configurational diversity of the unfolded
ensemble, the RMSD reconstruction accuracy is still better than 0.2 nm. This indicates that the

training data, despite containing only four folding/unfolding transitions, provides a sufficiently
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Figure 2.3: Application of STAR to the 10-residue engineered mini-protein Chignolin. (a) Synthetic
idealized smFRET time trace of the head-to-tail distance 42¢(¢) between the terminal heavy atoms
computed over a 20 us MD trajectory with frames saved every 200 ps. The first 5 s are used for
training (orange) and the remaining 15 us for testing (blue). The molecule undergoes dozens of
folding and unfolding events over the course of the trajectory. (b) The smFES BF (yq, y;) supported
by the intrinsic manifold .# has its arbitrary zero of F specified to lie at the global free energy
minimum. (c) RMSD reconstruction accuracy as a function of location on the intrinsic manifold
A . Molecular reconstructions using the trained STAR pipeline of five representative points A-E
selected from the testing 42t (¢) time series rendered in (d) ribbon and (e) licorice representations.
Reconstructions r (red) are superposed on the corresponding true configurations r (blue) extracted
directly from the MD simulation. The head-to-tail distance of the true configuration and the
RMSD under translational, rotational, and mirror alignment between the true and reconstructed
configurations are reported under each pair of images. The STAR prediction of the location of each
point on the smFES is illustrated in panel b and the corresponding dimensionless free energy S F
reported under each image.
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dense and representative sampling of configurational space to enable accurate reconstruction of even
transiently visited molecular conformations. It is unsurprising that configurations lying at high free
energies (e.g., Configuration E, BF = 10.5, RMSD = 0.15 nm) that are very sparsely sampled in the
training data have poorer reconstruction accuracies than the densely sampled native configurations
(e.g., Configuration A, BF = 0.0, RMSD = 0.06 nm). We propose that adaptive sampling techniques
to perform targeted sampling of infrequently-visited regions of the manifold may be beneficial in
providing more training data to the STAR pipeline and improving the reconstruction accuracy of
higher free energy configurations. Configurations B (A2t = 2.1 nm) and C (h2t = 2.4 nm) possess
similar values of the A2t distance but constitute two configurationally and thermodynamically
distinct members of the Chignolin unfolded ensemble. Again, we observe that STAR accurately
reconstructs configurations with similar instantaneous values of the scalar observable but which

correspond to structurally different configurations that lie in very different regions of the smFES.

2.5 Conclusions

This work presents the theoretical underpinnings and numerical implementation of an approach
Single-molecule TAkens Reconstruction (STAR) to reconstruct molecular configurations from time
series in a single experimentally-measurable observable. The basis for the approach rests upon the
integration of Takens’ Delay Embedding Theorem with tools from manifold learning, statistical
thermodynamics, artificial neural networks, and rigid graph theory to extract a representation of the
system state from the scalar time series and learn the a priori unknown mapping to the molecular
configuration from molecular dynamics simulation training data. The trained STAR model can then
be applied to novel time series data to predict both the corresponding molecular configurations
and their location and stability on the single molecule free energy surface. We have demonstrated
and validated the approach in applications to a C,,Hs, polyethylene chain and the 10-residue
engineered f-hairpin mini-protein Chignolin. In both cases we demonstrate that trained STAR
models can robustly reconstruct the molecular configurations from time series data in the head-to-tail
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distance with mean RMSD reconstruction accuracies better than 0.2 nm. This is comparable to the
approximately 0.4 nm resolution of cryo-electron microscopy Righetto et al. [2019], Cheng [2015]

or 0.1 nm resolution of X-ray crystallography Blakeley et al. [2015].

In this work, we adopt the head-to-tail distance as an experimental observable that can, in principle,
be measured by a single molecule experimental technique such as smFRET. The head-to-tail time
traces in this work are extracted from MD simulation trajectories in order to test our approach
in applications where the ground truth molecular configurations are explicitly available from the
simulations. These time traces can therefore be considered to represent synthetic and idealized
smFRET data at arbitrarily high temporal resolution and subject to no measurement error or
noise. The present work reports a computational proof-of-principle demonstration of STAR in
this idealized limit. Applying STAR to real experimental time series must engage a number of
concerns surrounding the experimental realities of SmFRET measurements including millisecond
limits in sampling frequency; shot noise, uncertainties, and unpredictable trajectory lengths due to
photobleaching; degraded measurement reliabilities for fluorophores outside of the 2-8 nm range;
and conformational perturbations induced by conjugation of the fluorescent probes Chang and
Rosenthal [2011], Roy et al. [2008]. Furthermore, the STAR model must be trained and calibrated
on MD training data and so the accuracy of the molecular potential functions and degree of sampling
of the thermally-relevant configurational space will limit the quality to the trained model. A STAR
model calibrated on MD simulation data employing a poor force field or which does not sample all
of the experimentally-accessible states and transitions will not perform well when deployed on real
experimental time series. In future work, we propose to engage these practical issues empirically by
adding noise to the observables extracted from our simulation trajectories, limiting the accessible
time resolution, limiting the length of the time series, and exploring the transferability of the trained

models between molecular force fields.

We would also like to explore technical innovations to determine optimal experimental observables
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(e.g., optimal FRET fluorophore placement) for high-accuracy molecular reconstruction Mittal
and Shukla [2018], the extension of STAR to multiplexed measurements Cao et al. [1998], and
the potential to reconstruct not just the molecular configuration but also the location and orienta-
tion of proximate solvent molecules using permutationally invariant representations of the solvent
coordinates Pietrucci [2020], Han et al. [2018]. It would also be of interest to explore the trans-
ferability of reconstructions learned under one set of conditions (e.g., temperature, pressure, salt
concentration, mutations from wild type) to reconstruct those at another. Takens’ Theorem does
require time-ordered data, but this may come from many short trajectories rather than a single
long one. As such, we would also like to develop adaptive sampling capabilities wherein the
deployed model can identify regions of configurational space where it does not have sufficient
training data to make accurate predictions and performs automated targeting of additional on-the-fly
molecular simulations to supplement training in under-sampled regions. This is anticipated to
be particularly important for applications of STAR to large proteins where it is challenging to
comprehensively sample the important configurational space. MD simulations are limited by the
short time step required for stability of the numerical integration to millisecond time scales on
even the fastest computational hardware. This adaptive parameterization protocol would enable
efficient training of robust STAR models using a discontinuous ensemble of short MD trajectories
on the microsecond time scale, and then deployment of the trained model to reconstruct atomistic
trajectories from sSmFRET data on the time scale of seconds or longer. We would additionally like
to also experiment with replacing the ANN and cMDS approach to molecular reconstruction with a
conditional Wasserstein generative adversarial network (c(WGAN) Arjovsky et al. [2017], Gulrajani
et al. [2017] as a more powerful reconstruction tool that, due to its intrinsic driving by noise, has the
potential to reintroduce the richness and diversity of molecular structures in the degrees of freedom
that are not explicitly captured within the low-dimensional intrinsic manifold. Finally, we also see
potential applications of STAR in other applications where it is of interest to reconstruct the state of

a dynamical system where it is challenging or impossible to obtain complete information on its state.
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As such, we foresee potential applications of the approach in diverse fields and areas of dynamical

systems modeling such as fluid mechanics, meteorology, climatology, epidemiology, and ecology.

Supplementary Material

See supplementary material in Topel and Ferguson [2020] for simulation input files for the C,,Hs,
molecular dynamics simulations, Jupyter notebooks implementing each stage of the STAR pipeline,
Figure S1 showing the C,,Hs diffusion map eigenvalue spectra, Figure S2 showing the distribu-
tion of C,,Hs, RMSD reconstruction accuracies, Figure S3 showing the Chignolin diffusion map
eigenvalue spectra, Figure S4 showing the distribution of Chignolin RMSD reconstruction accura-
cies, Movie S1 showing an an animation of molecular reconstructions and smFES projections for
C,,Hs,, Movie S2 showing an an animation of molecular reconstructions and smFES projections

for Chignolin.

Author Contributions
A.L.F. conceived and designed the research and provided funding acquisition; A.L.F. and M.T.
performed the calculations, analyzed data, and wrote and edited the paper.

Acknowledgments

We thank Dr. Giil H. Zerze for fruitful discussions. This material is based upon work supported by
the National Science Foundation under Grant No. DMS-1841810. We are grateful to D.E. Shaw
Research for sharing the Chignolin simulation trajectories. A.L.F. is a consultant of Evozyne
and a co-author of US Provisional Patents 62/853,919 and 62/900,420 and International Patent
Applications PCT/US2020/035206 and PCT/US20/50466.

39



Data Availability Statement

Input files for the C,,Hs, molecular dynamics simulations and Jupyter notebooks implementing
each stage of the STAR pipeline are provided in the supplementary material. The Chignolin
simulation trajectories reported in Ref. Lindorff-Larsen et al. [2011] were obtained by request from

D.E. Shaw Research.

40



CHAPTER 3

LEARNED RECONSTRUCTION OF PROTEIN FOLDING

TRAJECTORIES FROM NOISY SINGLE-MOLECULE TIME SERIES

3.1 Abstract

Single molecule Forster Resonance Energy Transfer (smFRET) is an experimental methodology
to track the real-time dynamics of molecules using fluorescent probes to follow one or more
intramolecular distances. These distances provide a low-dimensional representation of the full
atomistic dynamics. Under mild technical conditions, Takens’ Delay Embedding Theorem guaran-
tees that the full three-dimensional atomistic dynamics of a system are diffeomorphic (i.e., related
by a smooth and invertible transformation) to a time-delayed embedding of one or more scalar
observables. Appealing to these theoretical guarantees, we employ manifold learning, artificial
neural networks, and statistical mechanics to learn from molecular simulation training data the a
priori unknown transformation between the atomic coordinates and delay-embedded intramolecular
distances accessible to smFRET. This learned transformation may then be used to reconstruct atom-
istic coordinates from smFRET time series data. We term this approach Single-molecule TAkens
Reconstruction (STAR). We have previously applied STAR to reconstruct molecular configurations
of a Co4Hjs( polymer chain and the mini-protein Chignolin with accuracies better than 0.2 nm
from simulated smFRET data under noise free and high time resolution conditions. In the present
work, we investigate the role of signal-to-noise ratio, data volume, and time resolution in simulated
smFRET data in order to assess the performance of STAR under conditions more representative of
experimental realities. We show that STAR can reconstruct the Chignolin and Villin mini-proteins to
accuracies of 0.12 nm and 0.42 nm, respectively, and place bounds on these conditions for accurate
reconstructions. These results demonstrate that it is possible to reconstruct dynamical trajectories of

protein folding from time series in noisy, time binned experimentally-measurable observables, and
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lay the foundations for the application of STAR to real experimental data.

3.2 Introduction

Imaging single molecule dynamics is crucial for understanding protein folding and misfolding
Schiittelkopf and van Aalten [2004], Chang and Rosenthal [2011], Roy et al. [2008], Zerze et al.
[2014], Knowles et al. [2014]. The behavior of a single protein can be characterized by recording
the positions of each of its NV constituent atoms over time in a time series of R3N dimensional vectors
called a molecular trajectory. Computationally, molecular dynamics (MD) simulations can generate
all-atom trajectories of molecules by solving Newton’s equations of motion under an interatomic
potential defined by an appropriate force field Frenkel and Smit [2002]. MD simulations are subject
to numerical and finite precision errors Wong-ekkabut and Karttunen [2016] and can become
prohibitively expensive for the simulation of large or slow folding proteins due to the short time
steps required to propagate the simulations accurately. Experimentally, cryo-electron microscopy
and X-ray crystallography can provide static reconstructions of protein structures at root mean
square deviation (RMSD) accuracies of the position of each atom of ~0.1 nm Schiittelkopf and van
Aalten [2004], Chang and Rosenthal [2011], Roy et al. [2008], Zerze et al. [2014]. The structure
of proteins within these crystalline or vitrified states may not correspond to the native functional
structure and the static reconstructions cannot shed light on the nature of the dynamical fluctuations
and transitions between metastable states Childers and Daggett [2017]. Study of protein dynamics
can be critical for understanding their function or dysfunction, with more than 50 known disorders
related to misfolding of functional peptides and proteins Knowles et al. [2014]. Single-molecule
Fluorescence Resonance Energy Transfer (smFRET) is a popular technique to experimentally follow
the dynamics of biomolecular motions by optically recording energy transfer between fluorescent
dyes grafted to particular sites on the molecule Roy et al. [2008], Lankiewicz et al. [1997]. This
technique permits an observer to track protein dynamics in a coarse-grained sense by following one
or more simple geometrical parameters such as the intramolecular distance between the two dyes.
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No experimental techniques are currently available to track the single molecule dynamical evolution

of a protein with full atomistic resolution.

Takens’ Delay Embedding Theorem is a result from dynamical systems theory which asserts that
time series data recording a single scalar observable of a dynamical system can, under some weak
technical conditions, contain sufficient information to reconstruct the state of the full-dimensional
system up to a diffeomorphic (i.e., smooth and invertible) transformation Takens [1981], Sauer
et al. [1991], Packard et al. [1980], Broomhead and King [1986], Cao et al. [1998], Stark [1999],
Stark et al. [2003], Vialar [2009], Kantz and Schreiber [2005], Ye et al. [2015]. In the context
of the present application, the theorem asserts that smFRET measurements can contain sufficient
information to reconstruct the full three-dimensional atomic dynamics of the protein via an a priori

unknown transformation.

In previous work, we showed that it is possible to learn this transformation from MD simulation
training data and then use this learned model to reconstruct molecular trajectories from intramolecu-
lar distances accessible to SmFRET Topel and Ferguson [2020]. We refer to this approach as Single
molecule TAkens’ Reconstruction (STAR). Our application of STAR to computer simulations of
a Cy4Hs( polymer chain and the Chignolin mini-protein demonstrated reconstruction accuracies
from simulated smFRET data of better than 0.2 nm RMSD accuracy. Although this work served as
proof of principle of the technique, it was only validated for long idealized synthetic SmFRET time

series that were sampled at extremely high time resolution and free of sampling noise.

The motivation of the present work is to test the ability of STAR to accurately reconstruct protein
dynamics under experimentally realistic constraints on the smFRET time series associated with its
temporal resolution, trajectory length, and presence of sampling noise. The temporal resolution is
limited by the need to accumulate sufficient numbers of photons over a specified time bin in order
to extract a reliable reading of the intramolecular distance between the fluorescent probes Roy et al.

[2008]. The length of a trajectory is primarily limited by photobleaching or photoblinking of the
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fluorophores Salem et al. [2019], Demchenko [2020], Ha and Tinnefeld [2012]. Photobleaching
is an irreversible chemical process whereby changes in a fluorophore’s electronic structure render
it permanently non-emissive Gensch et al. [2005]. Photoblinking is intermittent emissivity of a
fluorophore that may result from temporary changes in electronic structure such as electric charge or
isomerization, or from being trapped in a triplet state Gensch et al. [2005], Demchenko [2020]. The
Poisson statistics regulating photon emission combined with the ~1 ns lifetime of the (emitting)
excited singlet state Gensch et al. [2005] define this limitation. Sampling noise within the time series
arises due to systematic effects and shot-noise (i.e., Poisson statistics) Lankiewicz et al. [1997],
Roy et al. [2008]. Theoretical guarantees on the applicability of Takens’ theorem in the presence of
limited data, low sampling resolution, and measurement noise are not available. Empirical testing
of STAR under physical constraints on these three key variables will assess the degree to which
STAR can accurately reconstruct molecular configurations from experimentally realistic SmFRET
trajectories. In this work we lay the foundations for the application of STAR to real data by applying
it to synthetic sSmFRET data generated from computational MD trajectories for which the ground
truth atomic coordinates are exactly known and for which we can precisely control the length,

resolution, and noise of the smFRET trajectories.

The primary outcome of this work is to show that STAR is capable of accurate recovery of molecular
configurations to accuracies of 0.12 nm and 0.42 nm for, respectively, the Chignolin and Villin
fast-folding mini-proteins under conditions that bridge computationally tractable simulations to
experimentally realistic FRET conditions. These accuracies are achieved using simulated smFRET
trajectories of an aggregated length of approximately 0.7-3.3x the characteristic protein folding
time, temporal resolutions of 1/120-1/280x the folding time, and sampling noise commensurate
with collection of ~10° photons per time bin. For Chignolin (Tfold = 0.6 us) this corresponds to MD
trajectories of approximately 2 us and time bins shorter than 5 ns, and for Villin (Tgy)q = 2.8 Us) to
trajectories of 2 us and time bins shorter than 10 ns Lindorff-Larsen et al. [2011]. Extrapolation of

these constraints on trajectory length, time resolution, and signal-to-noise ratio suggest that STAR
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may currently be deployed upon proteins with characteristic folding times exceeding approximately
100-1000 us using state-of-the-art photon-by-photon single-molecule instruments with dye pairs
like Cy3/CyS5 that have temporal resolutions of approximately 1-10 us Pirchi et al. [2016], Phelps
et al. [2017], Oikawa et al. [2018].

The structure of this paper is as follows. In Sec. II, we summarize the previously reported STAR
pipeline and discuss implementation of noise, data restriction and time resolution limitations on
STAR input data. In Sec. III, we present applications of STAR to MD simulations of the 10-residue
artificial mini-protein Chignolin and 35-residue protein Villin under a variety of trajectory lengths,
time resolutions, and signal-to-noise ratios. In Sec. IV, we discuss the impact of this work and scope

for future development and applications of STAR.

3.3 Methods

3.3.1 Principles of STAR

A schematic illustration of STAR technique is presented in Fig. 3.1. In this subsection we provide
a brief overview of the approach that we previously reported in Ref. Topel and Ferguson [2020] .
Details of the mathematical underpinnings and numerical implementations including algorithms,
training protocols, and (hyper)parameters are provided in the Supporting Information. Template
Jupyter notebooks implementing the STAR pipeline are available at https://github.com/Fer

g-Lab/Limits-of-single-molecule-Takens-reconstruction-notebooks.

Takens’ Delay Embedding Theorem is a proven result from dynamical systems theory asserting
that, under some mild technical conditions, there exists a diffeomorphism (i.e., a smooth and
invertible transformation) between the the full dimensional state of the system and a so-called
delay embedding of one or more coarse-grained observables of the system Takens [1981], Sauer

et al. [1991], Packard et al. [1980], Broomhead and King [1986], Cao et al. [1998], Stark [1999],
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Stark et al. [2003], Vialar [2009], Kantz and Schreiber [2005], Ye et al. [2015]. In the context of
protein folding, this theorem implies that SmFRET time series may contain sufficient information to
reconstruct the all-atom configuration of the molecule. It is the fundamental principle of STAR to
learn this a priori unknown transformation from MD simulation training data, and then apply the
learned transformation to “upgrade” smFRET time series into trajectories of a molecule tracking its
Cartesian coordinates. In the illustration of the STAR pipeline in Fig. 3.1, each panel corresponds
to a different representation of a molecular trajectory and the arrows between the panels correspond

to learning tasks to convert one representation to another.

The STAR algorithm employs a combination of manifold and nonlinear learning tools to convert
a smFRET time series v(f) € R! (Fig. 3.1b) through a three-step pathway (b —d — ¢ — e) to a
reconstruction of the atomistic molecular trajectory within the Cartesian coordinate space of N
atoms f € R3N (Fig. 3.1e). Depending on the application and data quality, one may choose to
reconstruct all atoms in the molecule or just a subset, for example, the heavy or backbone atoms. In
principle, Takens’ Theorem asserts that one could learn this transformation in a single step (i.e.,
b — e). In practice, we make use of the generically low effective dimensionality of molecular
systems Ferguson et al. [2010, 2011] to recover a k << 3N dimensional manifold containing the
smFRET trajectory .#’ (Fig. 3.1d) and learn the transformation to the analogous k-dimensional
manifold containing the all-atom trajectory .# . This is beneficial in defining a lower-dimensional
and better posed mapping that must be learned from the smFRET to atomistic data. It also furnishes
an informative and interpretable k-dimensional free energy landscape supported on the manifold
A that provides a wealth of information on the metastable states and transition pathways of the

molecular system.

The existence of the transformation (d — ¢) is guaranteed by Takens’ Theorem but its expression
is initially unknown and it must be learned from training data. We perform all-atom molecular

dynamics simulations to furnish both an all-atom molecular trajectory r € R3N (Fig. 3.1a) and a
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Figure 3.1: Cartoon of the layout of Single Molecule TAkens Reconstruction (STAR). STAR
takes time series in one or more coarse-grained observables of the molecular system such as an
intramolecular distance furnished by smFRET v(¢) € R! and reconstructs a molecular trajectory
within the Cartesian coordinate space of N atoms t(z) € R3N through the three-step pathway
b — d — ¢ — e. Each panel corresponds to a different representation of a molecular trajectory and
the arrows between the panels correspond to learning tasks to convert one representation to another.
(a,b) For the purposes of training the STAR pipeline we collect all-atom MD trajectories recording
the Cartesian coordinates of the N constituent atoms r(7) € R3N and from these construct synthetic
smFRET time series in a single intramolecular distance v(r) € R!. Once the STAR pipeline is
trained, we no longer need any additional MD simulation data and the pipeline can operate on
new synthetic (or experimental) SmFRET data collected under similar conditions. Following the
prescription of Takens’ Theorem we construct a delay embedding of the scalar time series as
y(t) = [v(0),v(t —7),v(t —27)..v(t — (d — 1)7)] € R¥, where 7 is the delay time and d is the delay
dimensionality. (c) The k-dimensional manifold containing the all-atom simulation trajectory
M C RF € R3N and spanned by the nonlinear collective variables {¥}, ¥}, ... ,‘P;{} Collective
couplings between the molecular degrees of freedom leads to an emergent low-dimensionality
wherein k << 3N. We learn .# from the MD simulation trajectory r(¢) using diffusion maps
unsupervised nonlinear manifold learning. (d) The k-dimensional manifold containing the SmFRET
delay embedding .2’ C R* € R? spanned by the nonlinear collective variables {¥/ LW
We learn .7’ from the delay embedding y(¢) using diffusion maps. Takens’ Theorem asserts .#"
is an image of .# and, under some technical conditions on symmetries and periodicities, they are
related by a diffeomorphism (i.e., a smooth and invertible transformation) @ : .#’ — .# that we
learn by training a simple fully-connected feedforward artificial neural network as a flexible and
expressive nonlinear function approximator. (e) Reconstruction of the atomistic molecular trajectory
within the Cartesian coordinate space of N atoms f € R3N. We learn the molecular reconstruction
from the manifold .# using a second fully-connected feedforward artificial neural network. All
molecular renderings were made using Visual Molecular Dynamics Humphrey et al. [1996].
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synthetic sSmFRET time series in a single intramolecular distance v(t) € R! (Fig. 3.1b). In this
work, we take v to be the distance between two selected hypothetical fluorophore attachment
positions. A more realistic approximation would explicitly model the FRET fluorophores within
the MD simulation Zerze et al. [2014]. These trajectories constitute the training data necessary to
construct the k-dimensional embedding of the all-atom simulation trajectory (a — ¢), construct the
k-dimensional embedding of the synthetic SmFRET trajectory (b — d), learn the transformation
between them (d — c¢), and learn the reconstruction of the molecular configuration from the
low-dimensional all-atom manifold (¢ — e). Once all steps in the pipeline are learned from the
training data, STAR can be applied to reconstruct the molecular trajectories from new synthetic (or
real) smFRET trajectories collected under the same conditions without conducting any additional

molecular simulations via the pathway b —d — ¢ — e.

The primary focus of the present work is to test the application of STAR to smFRET trajectories
with constraints on the number of individual smFRET measurements within the trajectory (i.e.,
data volume, Dv), the temporal resolution of the smFRET trajectory (i.e., bin size, A), and under
the presence of sampling noise that is controlled by the brightness of the FRET donor fluorophore
(Ip). We train STAR models on computational training data with different values of (Dv,A,Ip)
and then test the models on novel synthetic smFRET data to assess the reconstruction accuracy.
Importantly, we intentionally test our approach on synthetic smFRET data for which we can
explicitly control Dv, A, and Ip, and for which we possess the ground truth atomistic molecular
simulation trajectories against which we can test the performance of our STAR reconstruction.
Having defined the regimes of these three critical parameters within which STAR is determined to
perform well for two fast-folding mini-proteins computationally amenable to simulation, we then
prospectively identify protein systems and experimentally realistic FRET conditions capable of
meeting these constraints and to which future applications of STAR to real experimental sSmFRET

data may be successful.

48



Training data: Molecular dynamics simulations r(¢) and synthetic sSmFRET time

series v(t))

We use all-atom MD simulations to furnish the training data necessary to learn the transformations
within the STAR pipeline. The MD trajectory provides a time series of coordinates r(r) € R3N
(Fig. 3.1a) from which we generate the synthetic smFRET trajectory corresponding to a scalar
time series of an intramolecular distance between two hypothetical FRET fluorophores v(t) € R!
(Fig. 3.1b). In this work, we assume the fluorophores to be placed at the beginning and end of the
linear proteins such that v(¢) corresponds to the molecular head-to-tail distance. We train STAR
models on the synthetic sSmFRET data extracted from the MD trajectory at particular trajectory
lengths Dv, time bin resolutions A, and signal-to-noise ratios Ip. Models are trained over subsamples
of the first 80% of each MD trajectory (vide infra) and the remaining 20% held out as a test partition.
To assure good configurational diversity in the training data, we bin the training data into 10 equally
spaced bins in the molecular head-to-tail distance and randomly sample Dv/10 configurations from
each bin. As detailed below, Takens’ Theorem requires access to the immediate time history of
each point and so we also collect the configurations preceding each selected point as far back as
required, which, for the two protein systems considered in this work, lies in the range 2-220 ns.
The training data may therefore be conceived of as an ensemble of short contiguous trajectories of
the molecule distributed over a variety of head-to-tail distances to assure good sampling of its full
configurational space. Hyperparameters are tuned for each component of the training pipeline using
noiseless data at high time resolution and large data volumes and then applied to each (Dv,4,1Ip)
triplet. We note that we train a single STAR model at a particular choice of parameters and apply it
transferably to all other parameter regimes. An alternative strategy would be to train independent
STAR models for each choice of these three parameters to better mimic within the training data
the conditions of the testing set during model deployment. In our experience, this did not lead to

significant improvements in performance.
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Time resolution, A. The operating principle of SmFRET is to label two locations on a molecule
with a pair of fluorophores whose absorption and emissions are distinct but overlapping, so that
they may non-radiatively exchange energy upon excitation. This exchange of energy is governed
by the relative geometry and spectra of the two fluorophores so that energy flows from the higher-
energy donor fluorophore to the lower-energy acceptor at distances on the scale of 2-10 nm. The
experimentally observed relative fluorescence of the donor and acceptor under donor-only excitation
reports the efficiency of energy transfer and can be used to directly estimate the distance separating
the two fluorophores as a “molecular ruler” Roy et al. [2008], Stryer and Haugland [1967]. Photon
emission statistics are Poisson distributed, so FRET efficiencies are computed over finite time
bins to mitigate the effects of noise. By recording the number of donor and acceptor photons
over the course of a single time bin a single intramolecular distance is computed corresponding
to an estimate of the average donor-acceptor distance over the time bin. Bins of 1-10° us have
been used in practice Oikawa et al. [2018], Phelps et al. [2017], Roy et al. [2008], with larger
bins possessing improved signal-to-noise ratios but sacrificing temporal resolution. To mimic time
binning in our synthetic smFRET trajectories, we bin the v(¢) time series into a sequence of bins
of length A and report for each bin the mean value of v(z) recorded between time ¢ and (r + 1)
asv(t —t+A)=(1/A) ! +4 v(t)dt, where we approximate the integral as a discrete sum at the
resolution of the synthetic time series. We perform an analogous operation for the corresponding
MD training data r(7) wherein the Cartesian coordinates of each atom are averaged over the time bin
A. Typical values of A for smFRET are on the order of ms for confocal FRET setups Hellenkamp
et al. [2018], Roy et al. [2008], but can be pushed down to 1-10 us for state-of-the-art photon-
by-photon single-molecule instruments Phelps et al. [2017], Oikawa et al. [2018], Pirchi et al.
[2016]. Training STAR models for different values of A enable us to assess how the temporal
resolution affects the reconstruction accuracy of the trained pipeline. In this work, we consider
A ={0.2,1,2,5,10} ns for Chignolin and A = {0.2,1,2,10,20} ns for Villin as appropriate to

capture the dynamics of these ultrafast-folding mini-proteins with characteristic folding times of
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Trold = 0.6 and 2.8 us, respectively Lindorff-Larsen et al. [2011]. These systems were selected for
this work as sufficiently small and fast-folding to be amenable to good sampling with unbiased MD
simulations. In the analysis of our results, we focus on the reconstruction accuracy as a function of
the ratio A /T¢,14, Which enables us to extrapolate our predictions to larger, slower-folding proteins
that are much more challenging to sample using MD but are more typically studied by experimental

smFRET.

Trajectory length, Dv. Training of the STAR pipeline requires MD training data for the protein
of interest in order to learn the mappings denoted by the arrows in Fig. 3.1. MD simulations are
typically limited to time scales of us to ms, even on high performance and bespole computational
hardware Wolf et al. [2020], Lindorff-Larsen et al. [2011]. To assess the influence of training
data volume upon the reconstruction accuracy of the trained STAR model, we consider a variety
of training data volumes defined by the number of synthetic smFRET distance measurements Dv
within the training ensemble. In this work, we select Dv = { 103, 104, 2% 104, 4x 104} observations
using our training data selection criteria. If less than Dv/10 points are available in each head-to-tail
decile, the total number of training points selected may be slightly less than Dv. As a point of
comparison, experimental smFRET trajectories can vary in length from milliseconds to tens of
seconds Hellenkamp et al. [2018], Roy et al. [2008], Asher et al. [2021] and employ temporal
resolutions of several us to ms Oikawa et al. [2018], Phelps et al. [2017], Pirchi et al. [2016],

meaning that an experimental trajectory can contain 102-107 individual distance measurements.

Noise, Ip. The signal-to-noise ratio in smFRET time series are largely controlled by the intensity
of the donor fluorophore: brighter fluorophores produce higher signal-to-noise ratios, whereas
dimmer ones suffer more from the effects of noise. There are a number of sources of noise in
smFRET emission measurements stemming from thermal fluctuations, biases in dye orientations or
spatial distributions relative to the labeling sites, fluctuations in dye photophysical properties such

as quantum yield due to local chemical environments, and fast blinking or other sub-time resolution
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kinetics Roy et al. [2008]. Due to the discrete nature of photon counts, the noise in these counts can
be modeled as shot or Poisson noise Roy et al. [2008], Nir et al. [2006]. Application of propagation
of uncertainties to the relationship between FRET efficiency and donor-acceptor distance v allows

us to derive a closed-form model for the relative uncertainty o, /v in this distance (see derivation in

v\ ¢p
() (a)]’ G-b

where ¢p is the quantum yield of the donor, ¢4 is the quantum yield of the acceptor, R is the

the Appendix),
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characteristic FRET radius for the donor-acceptor pair, and Ip(A) is the intensity of the donor
channel (i.e., number of photons collected over the time bin A) under direct excitation by the laser
without acceptor present in the system. We then sample from this noise distribution to artificially

corrupt the idealized bin-averaged distances extracted from our MD simulation trajectories,

V() < v(t) +.4(0,62), (3.2)

where .4 (0, 6y) is a random Gaussian variable with mean zero and variance 62. A Gaussian
noise model is a good continuous approximation for the underlying discrete Poisson statistics for

sufficiently large photon counts, which, as described below, is the regime in which we operate.

In this work, we assume the FRET fluorophores to have ideal quantum efficiencies ¢4 = ¢p =1
and a typical FRET radius of Ry =5 nm. The uncertainty in the donor-acceptor distance v is then
fully specified by the intrinsic brightness of the donor dye and the time bin A over which photons
are collected, which together define /. Brighter donors produce more photons in the donor and
acceptor channels for a given distance v and larger time bins increase the absolute number of
photons collected in the detector. Both of these effects therefore improve the signal-to-noise ratio
in the calculated donor-acceptor distance. By deploying our trained STAR models on synthetic

smFRET time series with different /), we can quantify how the reconstruction accuracy depends on
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the signal-to-noise ratio. Experimental setups employing sophisticated burst-search algorithms Nir
et al. [2006] can track on the order of 1,000-10,000 photon bursts per measurement Hellenkamp
et al. [2018]. In this work, we consider Ip = {103, 104, 105, 106, o}, where Ip = oo corresponds to

the hypothetical limit of an infinitely bright dye and noiseless conditions.

3.3.2 Molecular Dynamics Simulations

The MD simulations of the mini-protein Chignolin and the actin-binding protein Villin conducted
by D.E. Shaw Research were used for STAR training and validation Lindorff-Larsen et al. [2011].
Simulations were performed on the supercomputer Anton under the CHARMM?22* force field Piana
et al. [2011] with a compatible modified TIP3P water model Jorgensen et al. [1983b]. Lys, Arg,
Asp and Glu residues, N- and C-termini were simulated in their charged states Lindorff-Larsen
et al. [2011]. Each system was equilibrated in the NPT ensemble using the Desmond software
package on a PC cluster and reversible equilibrium folding simulations were performed on the
Anton supercomputer in the NVT ensemble Lindorff-Larsen et al. [2011], Shaw et al. [2010].
The initial structure for the NVT ensemble simulation was chosen as the frame with the volume
closest to the average volume. The system was then coupled to a Nose-Hover thermostat with 1
ps relaxation time Nosé [1984], Hoover [1985]. Equations of motion were integrated at a 2.5 fs
time step and frames were recorded every 200 ps Lindorff-Larsen et al. [2011]. All simulations
were run in NVT ensemble using a Lennard-Jones potential with a 0.95 nm cutoff distance for short
ranged electrostatics and the Gaussian Split Ewald method for long distance electrostatics with a

32x32x32 cubic grid Shan et al. [2005], Lindorff-Larsen et al. [2011].

Chignolin. The 10-residue 166 atom mini-protein Chignolin peptide (PDB ID: 1UAO) Honda
et al. [2004] was solvated in a box with 4 nm sides containing approximately 1900 water molecules
Jorgensen et al. [1983b]. The (-2) peptide charge was neutralized with two Na* ions. A 106 s MD
simulation in the NVT ensemble was conducted Lindorff-Larsen et al. [2011]. Training data was

subsampled from the first 80% of the trajectory and the last 20% used for testing. The characteristic
53



folding time of Chignolin is T¢y1g = 0.6 us Lindorff-Larsen et al. [2011].

Villin. The 35-residue 577 atom Villin polypeptide with protonated HIS residue (PDB ID: 2F4K)
Kubelka et al. [2006] was solvated in 40 mM NaCl in a cube with 5.4 nm sides containing
approximately 4400 water molecules. A 120 s MD simulation in the NVT ensemble was conducted
Lindorff-Larsen et al. [2011]. Training data was subsampled from the first 80% of the trajectory
and the last 20% used for testing. The characteristic folding time of Villin is Tgq = 2.8 us

Lindorff-Larsen et al. [2011].

3.4 Results and Discussion

We now report the results of our parametric study of STAR reconstruction accuracy as a function of
(Dv, A, Ip) for each of the two proteins Chignolin and Villin. Our general conclusions are that for
data volumes of Dy > 10* observations, time resolutions of A < 5 ns for Chignolin and A < 10 ns for
Villin (A / toq < 8.3% 1073 and 3.5x 1073, respectively), and signal-to-noise ratios corresponding
toIp > 10° photons per bin, we are able to reconstruct Chignolin and Villin structures with heavy
atom RMSD accuracies of 0.1-0.4 nm. These reconstruction fidelities lie in the same range as static
reconstruction techniques such as x-ray crystallography and cryo-electron microscopy Schiittelkopf

and van Aalten [2004], Chang and Rosenthal [2011].

3.4.1 Chignolin

STAR training

Calibration of the STAR hyperparameters is performed over configurations harvested from the first
80% of the 107 us simulation trajectory (85.6 us comprising 427,797 frames at 0.2 ns intervals)
employing Dv = 40,000 , A = 0.2 ns, and I, = eo. We choose to reconstruct the N = 93 heavy atoms
producing a MD trajectory r(z) € R27°. Diffusion maps were used to extract the manifold .# from

r(r), constructed with a kernel bandwidth & = ¢ 3
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a 2D embedding spanned by {¥{, ¥, } (Fig. 3.7). Delay vectors y(¢) were constructed from the
time series in the head-to-tail distance v(¢) computed between the terminal heavy atoms. A delay
dimensionality of d = 11 and delay time of T = A were employed. Diffusion maps used to extract
the manifold .#’ from y(t) were constructed with a kernel bandwidth € = 1 nm to produce 2D
embeddings into {¥},¥,}. The map from .#’ to .# was parameterized by a 2-10-10-10-10-2
ANN trained over 100 epochs with a batch size of 500 and a learning rate of 1074 using the Adam
algorithm Kingma and Ba [2014]. The map from . to t was parameterized by a 2-4-189-374-558-
279 ANN trained over 120 epochs with a batch size of 400 and a learning rate of 107> using the

Adam algorithm Kingma and Ba [2014].

STAR deployment and RMSD dependence on (Dv, A, Ip)

Using the hyperparameters detailed in the previous subsection, we trained 100 independent STAR
models at each combination of A = {0.2,1,2,5,10} ns, Dv = {103, 10%, 2x10%, 4x10%}, and
Ip = {103, 104, 109 , 106, oo}. The heavy atom RMSD reconstruction accuracies of each model on
the 20% hold-out test partition (21.4 us comprising 106,946 frames at 0.2 ns intervals) is illustrated
in Fig. 3.2. In general, we observe quite good RMSD reconstruction accuracies between 0.10-0.25
nm for all (Dv, A, Ip) triplets considered with the exception of Ip = 103 triplets where the signal-to-
noise ratio was too low to converge training of an ANN to learn the .#’ — .# diffeomorphism and
results are not reported. We must regard this accuracy with two important caveats. First, Chignolin
is a very small protein comprising only 10 residues, so the per residue RMSD lies in the range
0.010-0.025 nm. Second, we can achieve a baseline RMSD accuracy on the test data of 0.155 nm
by approximating each configuration by a single configuration from the test trajectory that results in
the lowest overall RMSD averaged over all other configurations. The predictive power of the trained

STAR models should therefore be viewed in light of improvements beyond this baseline accuracy.

The most obvious trend in Fig. 3.2 is the influence of Ip, for which we see an approximate halving

in the RMSD reconstruction error from ~0.25 nm to ~0.12 nm in moving from Ip = 10% to 10°.
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Figure 3.2: Heavy atom RMSD reconstruction accuracies for Chignolin as a function of training
data volumes Dv, time bin resolution A, and signal-to-noise ratio Ip.
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Further increasing Ip to 100 or o leads to relatively minor improvements in accuracy on the order
of 3%. We were unable to learn a mapping between .’ and .# at I = 103. These trends indicate
a clear floor on the signal-to-noise ratio necessary for reliable and accurate training of a STAR
pipeline. We find reconstruction accuracy to be quite insensitive to data volume Dv. For a particular
choice of I and A, modulating Dv over the full range of 103-4x 10* observations leads to only 1%
changes in the RMSD accuracy except for A= 0.2 ns triplets. One exception to this trend occurs for
{Dv = 103, A=02ns,Ip > 104} (Fig. 3.2a), where we observe substantially poorer reconstruction
accuracies than at larger data volumes Dv (Fig. 3.2a) and lower time resolutions A (Fig. 3.2b-e).
We hypothesize that the high temporal resolution of the training data at A = 0.2 ns means that larger
data volumes are required for STAR to effectively learn the system dynamics than at larger A values
for two interlinked reasons. First, at fixed Dv a larger A corresponds to a sampling of a longer time
Dv x A = Dy x 1 that samples a longer period of the evolution of the system. Second, a larger A
coarse-grains over the sub-A temporal fluctuations that may improve reconstruction accuracy by
attenuating the high frequency system dynamics. Finally, the reconstruction error is moderately
sensitive to the time resolution A. For fixed Ip and Dv, increasing A over the range 0.2-10 ns

(A/Trord = 3.3x1074-1.6x 1072) leads to a progressive 20-30% degradation in the RMSD.

Taken together, our analysis reveals that for training data volumes Dv > 104 samples, photon counts
per bin of Iy > 107, and time resolutions of < 5 ns (A /Trold < 8.3 1073), we are able to achieve
RMSD reconstruction accuracies of 0.12 nm or better, which is 23% better than the RMSD =
0.155 nm baseline. Conversely, in low signal-to-noise ratio (i.e., Ip < 104) regimes, reconstruction
accuracy is worse than this baseline or training data is too noisy to permit convergence of a trained

model.

Analysis of .#

For signal-to-noise ratios produced by Ip > 10° photons per bin, the dependence of the RMSD

reconstruction accuracy upon data volume Dv and donor dye brightness I is relatively weak and
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the primary determinant of reconstruction accuracy is the temporal time binning A. To understand
how the observed trends in the reconstruction accuracy as a function of A can be attributed to the
all-atom manifold .#, we present in Fig. 3.3a, the manifold .# recovered from the MD trajectory
r(z) at each A value for Dv = 4x 10* samples and Ip = 10° photons per bin. Taking the highest
resolution manifold at A = 0.2 ns as the ground truth (Fig. 3.3a-A), we observe two metastable free
energy minima at (¥ ~ 1.6 x 1070, W5 ~9.5x 107) and (¥} ~ 1.6 x 1074, W) ~ —8.5x 107)
corresponding, respectively, to the native and unfolded metastable macrostates. The high free energy
region connecting them corresponds to the transition paths linking these two states. Prior work
has reported two-state or three-state free energy landscapes corresponding to folded, unfolded and
misfolded states Wang et al. [2019], Shaffer et al. [2016], with variations attributed to differences
in the simulated molecules and simulation protocols. Our results are in good agreement with
those of Schaffer et al. Shaffer et al. [2016], who report a deep free energy well separated from
a second metastable extended state by a relatively high free energy transition state. Taking the
highest resolution manifold at A = 0.2 ns as the ground truth, we observe that the primary impact of
increasing bin size is an attenuation in the sampling of the transition region. This results in more
sparse sampling of this region and an elevation in the apparent free energy of the transition pathways.
This can be understood as a consequence of the enlarged window over which atomic positions are
averaged with increasing A that reduces the influence of transition states that are only fleetingly
occupied relative to the comparatively long-lived metastable states. Conversely, the relative location
of the metastable free energy basins are insensitive to the value of A but become more smeared out

and lose definition due with increasing A due to increased averaging over molecular configurations.

Analysis of changes in the free energy landscape as a function of A leads us to hypothesize that
configurations within the transition region are likely to be more poorly reconstructed than those
within the metastable basins due to the relatively poorer sampling of this region that is exacerbated
at large A. To test this hypothesis, we select from our validation trajectory five representative

configurations A-E and project them onto each manifold .# in Fig. 3.3a. Configurations A and B
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Figure 3.3: Manifolds .# and position-dependent heavy atom RMSD reconstruction accuracy for
Chignolin as a function of time bin resolution A. (a) All-atom manifolds .# within STAR pipelines
trained at Dv = 4x 10* samples and I, = 10 for each value of A = {0.2,1,2,5,10} ns. Manifolds are
represented as scatterplots showing the embedding of each of the Dy =4 x 10* MD configurations r
into the two diffusion map eigenvectors {¥, ¥, } spanning each manifold. Each point is colored
by the associated free energy BF (¥, ¥,) of that point computed by collecting histograms over the
empirical probability distribution at a bin size of {A¥| =5 X 1077, AY,; =5x 10~7}. The arbitrary
zero of free energy in each panel is specified by subtracting computed energy of the minimum
free energy point on the landscape from all other points. Five representative configurations A-E
are selected from the MD test trajectory and projected onto each manifold: A and B reside in
the folded macrostate, C in the transition region, and D and E in the unfolded ensemble. (b)
Visualizations of the reconstructions  of each configuration A-E at each time resolution A = 0.2 ns
(blue), 1 ns (green), 2 ns (cyan), 5 ns (magenta),and 10 ns (yellow). For visual clarity, configurations
are represented as ribbons tracing the backbone of the protein and are superposed upon the true
configuration extracted from the MD test trajectory r (red). (c) Heavy atom RMSD reconstruction
corresponding to each state are listed next to each image employing the same color-coding as the
reconstructions. All molecular visualizations are constructed using VMD Humphrey et al. [1996].
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reside within the folded macrostate, C within the transition region, and D and E within the unfolded
ensemble. In Fig. 3.3b we present the reconstruction of each reconstructed configuration r at each
value of A superposed together with the true configuration r. The folded configurations A and
B possess RMSD reconstruction accuracies of 0.08-0.13 nm, the unfolded configurations D and
E possess accuracies of 0.20-0.28 nm, and the transition configuration C accuracies of 0.16-0.24
nm. Infrequent observation of transition states relative to both folded and metastable extended
configurations results in poorer reconstruction of these transitory states, and this effect is indeed

amplified at larger A.

Although it is the case that transitory states are more poorly reconstructed than those residing
in the metastable folded and unfolded wells, transition states are occupied by only ~1% of the
test trajectory and therefore make only a small contribution to the overall mean RMSD accuracy.
The overwhelming determinant of the degradation in the RMSD accuracy with increasing A is
therefore the globally poorer reconstruction of all configurations, even those within the relatively
well sampled metastable wells, due to the loss of temporal resolution associated with the more

severe degree of temporal averaging associated with the use of larger time bins.

3.4.2 Villin

STAR training

STAR hyperparameters are calibrated over configurations harvested from the first 80% of the 125.6
(s simulation trajectory (100.5 us with 502,325 frames at 0.2 ns intervals) using Dv = 37,465, A =
0.2 ns, and Ip = co. We reconstruct the N = 287 heavy atoms of Villin to produce an MD trajectory
r(t) € R361. Diffusion maps with a kernel bandwidth € = e~2-> nm were used to extract the manifold
A fromr(t) and a gap in the eigenvalue spectrum was used to determine a 3D embedding spanned
by {¥,¥,,¥3} (Fig. 3.8). Delay vectors y(¢) were constructed from head-to-tail distance time

series data v(r) computed between terminal heavy atoms. A delay dimensionality of d = 11 and
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delay time of T = A were employed. Diffusion maps with a kernel bandwidth € = 1 nm were used to
extract the manifold .#” from y(r), producing 3D embeddings spanned by {¥}, ¥}, ¥5}. The map
from ./’ to .# was parameterized by a 3-15-15-15-15-3 ANN trained over 200 epochs with a batch
size of 750 and a learning rate of 1073 using the Adam algorithm Kingma and Ba [2014]. The map
from .# to t was parameterized by a 3-6-578-1150-1722-861 ANN trained over 240 epochs with a

batch size of 1000 and a learning rate of 5x 1077 using the Adam algorithm Kingma and Ba [2014].

STAR deployment and RMSD dependence on (Dv, A, Ip)

Using the hyperparameters specified in the previous subsection, we trained 100 independent STAR
models at each combination of A = {0.2,1,2,10,20} ns, Dv = {103, 10%, 2x10%, 4x10%}, and
Ip = {103, 104, 105, 106,00} triplet. The heavy atom RMSD reconstruction accuracies of each
model on the 20% hold-out test partition (25.1 us comprising 125,581 frames at 0.2 ns intervals)
is illustrated in Fig. 3.5. We observe RMSD reconstruction accuracies between 0.35-0.46 nm for
all (Dv,A,Ip) triplets excluding I = 103 triplets where, as was the case for Chignolin, the low
signal-to-noise ratio prevented the ANN failed from learning a converged .#’ — .# diffeomorphic
map. Villin is a medium sized protein comprising 35 residues, so the per residue RMSD lies in the
range 0.010-0.013 nm. We can achieve a baseline RMSD accuracy from test data of 0.51 nm by
computing the RMSD of every frame against the configuration from the test trajectory that results in
the lowest overall RMSD averaged over all other configurations. STAR reconstruction performance

should be judged relative to this baseline.

As with Chignolin, the clearest trend is the variation in reconstruction accuracy with the signal-to-
noise ratio Ip, for which we observe in Fig. 3.4 a nearly 10% increase in RMSD reconstruction error
from ~0.39 nm to ~0.44 nm in moving from Ip = 10> to 10* averaged across A and Dv values.
Further increases of Ip result in ~1% improvements averaging across all tested values of Dv and A
upon reaching the Ip — oo limit. We note that the degree of improvement varies substantially with

time resolution, approaching 10-16% in high time resolution regimes but falling to less than 1% at
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Figure 3.4: Heavy atom RMSD reconstruction accuracies for Villin as a function of training data
volumes Dv, time bin resolution A, and signal-to-noise ratio Ip.
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low time resolutions. We were unable to learn a mapping between .#’ and ./ at I = 103. These
trends reflect a floor on the test data signal-to-noise ratio required to reliably train the STAR pipeline.
We find reconstruction accuracy to be largely insensitive to data volume Dv. For a particular choice
of Ip and A, modulating Dv over the full range of 103-4x10* leads to an average of less than 1%
changes in the RMSD accuracy. Finally for a fixed Ip and Dv, increasing A over the range 0.2-20
ns (A /Tgog = 3.6x1072-3.6x1073) leads to up to 14% degradation in the RMSD for Ip > 104,

suggesting reconstruction quality is also quite sensitive to the time resolution A.

For training data volumes Dv > 104 samples, photon counts per bin of Ip > 10°, and time resolutions
of L <10 ns (A/Tgoq < 3.6X 10~3), we can achieve heavy atom RMSD reconstruction accuracies
of 0.42 nm or better, representing an 18% improvement over the RMSD = 0.51 nm baseline. These
conditions are largely the same as for Chignolin. However, for Villin, even in the low signal-to-noise
ratio regime (i.e., Ip = 10%), reconstruction accuracy is better than baseline value up until the failure

to produce a map at Ip = 103.

Analysis of .#Z

For Ipy > 10° photons per bin, the temporal time binning A determines the majority of variation
in reconstruction accuracy, with the dependence of the RMSD reconstruction accuracy on data
volume Dv and donor dye brightness Ip being comparatively weak. We present in Fig. 3.5 the
all-atom manifold .# at each A value for Dv = 4x10* samples and Ip = 10° photons per bin. For
visual clarity, we consider a 2D projection of the 3D manifold into the ¥{-¥, plane spanned by
the two leading eigenvectors. This 2D projection is sufficient to illuminate the changes in global
structure and free energy landscape over the manifold as a function of A. Additional projections
of the manifold are presented in Fig.3.9 in the Supporting Information. Considering the highest
resolution manifold at A = 0.2 ns as the ground truth (Fig. 3.5a-A), we observe a single free energy
minimum at (¥; ~ —3.1 X 10_4,‘112 ~ —9.9 x 10_4) corresponding to the folded state. The higher

free energy region surrounding this region contains members of the unfolded ensemble. Previous
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Figure 3.5: Manifolds .# and heavy atom RMSD reconstruction accuracies for Villin as a function
of time bin resolution A. (a) All-atom manifolds .# within STAR pipelines trained at Dv = 4 x 10*
samples and Ip = 10° for each value of A = {0.2,1,2,10,20} ns. Manifolds are represented as
scatterplots showing the embedding of each of the Dv = 4 x 10* MD configurations r projected
into the two leading diffusion map eigenvectors {¥{,%¥;} spanning each manifold. Zoomed
in cutouts are provided for the sub-panels B-E. Color distributions characterize associated free
energy BF (W, ¥,) of each point computed by collecting histograms over the empirical probability
distribution at a bin size of {A¥| =5 x 1077,AW, =5x10~"}. The arbitrary zero of free energy
in each panel is specified by subtracting computed energy of the minimum free energy point on
the landscape from all other points. Five representative configurations A-E are selected from the
MD test trajectory and projected onto each manifold. A and B reside in the folded macrostate
while the C, D and E in the unfolded ensemble. (b) Visualizations of the reconstructions f of each
configuration A-E at each time resolution A = 0.2 ns (blue), 1 ns (green), 2 ns (cyan), 10 ns (yellow),
and 20 ns (black). For visual clarity, configurations are represented as ribbons tracing the backbone
of the protein and are superposed upon the true configuration extracted from the MD test trajectory r
(red). (c) RMSD reconstruction corresponding to each state are listed next to each image employing
the same color-coding as the reconstructions. All molecular visualizations are constructed using
VMD Humphrey et al. [1996].
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work applying dimensionality reduction to molecular dynamics simulations of Villin similarly
reflect this single free energy well Sittel et al. [2014]. Other works reflect the emergence of multiple
energy wells at higher temperatures or due to denaturing Lei et al. [2007]. The most obvious effect
of increasing A from 0.2-20 ns is the translation and shrinkage of the free energy surface into the
lower left corner of the W — ¥, projection (Fig. 3.5a). The absolute values and magnitudes of
Y| — ¥, between different embeddings are not meaningful, only the relative locations of points
within each embedding. As such, it is more informative to compare the zoomed insets of each image
Fig. 3.5a-A-E that rescale each manifold onto approximately the same scale. These visualizations
reveal that increases in A result in increased averaging over contiguous molecular configurations
and a concomitant mixing of configurations between the folded and unfolded states that smears out
of the free energy minimum. At values of A greater than 2 ns, this results in the a large free energy
minimum that encapsulates both folded and unfolded states. In all cases, however, the relative

locations of the folded and unfolded configurations are insensitive to the value of A.

Again we hypothesize that configurations within the transition region and extended states outside
of the metastable unfolded state are more likely to be poorly reconstructed than those within the
metastable basins due to relatively poorer sampling at large A. To test this hypothesis, we select
from our validation trajectory five representative configurations A-E and project them onto each
manifold .# in Fig. 3.5a. Configurations A and B belong to the folded macrostate while C, D, and
E are part of the unfolded ensemble. In Fig. 3.5b we present each reconstructed configuration f at
each value of A superposed together with the true configuration r. The folded configurations A and
B possess RMSD reconstruction accuracies of 0.15-0.42 nm, the unfolded configurations C, D, and
E possess accuracies of 0.33-0.55 nm. Although we see that STAR can adequately track the overall
features of the protein conformational state over the five selected points, our analysis confirms
that less frequently observed (i.e., higher free energy) states tend to have poorer reconstruction

accuracies and that this effect is amplified with increasing A as illustrated in Fig. 3.5c.
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3.5 Conclusions

In this work, we have demonstrated the use of an approach based on Takens’ Delay Embedding
Theorem termed Single-molecule TAkens Reconstruction (STAR) to predict the molecular struc-
ture of proteins from low-dimensional time series of intramolecular distances. The fundamental
motivation of this approach is to provide a means to “upgrade” experimental measurements of
intramolecular distances accessible to experimental techniques such as smFRET to a prediction for
the atomistic coordinates of the molecule. In this manner, we can use a trained STAR model to
furnish a time-resolved molecular trajectory directly from experimental data. The STAR models
are trained over molecular simulation trajectories that provide the molecular configurations and
intramolecular distances needed to learn the mapping from the latter to the former. The trained
model may then may be applied to novel sSmFRET data without the need to conduct any additional
simulations. Provided the molecular simulation model employed is a good representation of the
protein under the conditions of interest, the simulation trajectories are sufficiently long to sample
the experimentally relevant configurational states, and the STAR model is properly trained, we
anticipate that the model should be able to accurately predict molecular configurations from new (or

hold-out) simulated smFRET trajectories and, ultimately, experimental smFRET data.

The primary contribution of the present work is to demonstrate that we can construct STAR models
for two fast-folding mini-proteins, Chignolin (Tfoq = 0.6 us) and Villin (Tf5q = 2.8 us) under
conditions of trajectory length, time resolution, and signal-to-noise ratio (i.e., dye intensity) that
bridge computationally tractable simulations to experimentally realistic FRET conditions. The
trained models achieve heavy atom RMSD reconstruction accuracies over a hold-out molecular
dynamics test set of 0.12 nm and 0.42 nm, respectively. As a point of comparison, these accuracies
are commensurate with the ~0.1 nm accuracies attainable by cryo-electron microscopy and X-
ray crystallography Schiittelkopf and van Aalten [2004], Chang and Rosenthal [2011]. In each

case we achieve these results by training over molecular simulation trajectories of 0.7-3.3x the
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characteristic protein folding time, with a temporal resolution of 1/120-1/280x the folding time,

and signal-to-noise ratios commensurate with ~10° photons per time bin.

The present work demonstrates and validates STAR under against synthetic SmFRET trajectories
generated from hold-out molecular simulation trajectories. This is vital for validation of the method
since the ground truth atomic coordinates of the testing trajectories are exactly known, but it would
be desirable in future work to apply a trained STAR model to real experimental smFRET data. The
mini-proteins studied herein are too fast folding to be accessible to existing smFRET technology,
but our results lay the foundations and specify the experimental conditions necessary to perform
extrapolative identification of putative target systems. State-of-the-art photon-by-photon single-
molecule instruments can produce observations at A=1-10 us with a fluorophore pair like Cy3/Cy5
Phelps et al. [2017], Oikawa et al. [2018], Pirchi et al. [2016]. The constraints on data volume, time
resolution, and signal-to-noise ratio identified in this work, suggest that STAR could be deployed
on proteins with characteristic folding times of 7¢yg = 100-1000 us. Such a protein system would
be simultaneously amenable to sufficiently high temporal resolution smFRET measurements using
state-of-the-art probes and sufficiently fast-folding that it would require simulation trajectory training
trajectories totaling 100-3,000 us. STAR training only requires temporally-continuous blocks of
molecular simulation trajectories of length dt, where d is the delay dimensionality and 7 is the delay
time, meaning that the training data can comprise a large number of short, discontinuous training
trajectories efficiently generated by parallel computation. All-atom molecular dynamics simulations
at these time scales are expensive but relatively accessible on high-performance supercomputing
hardware Shaw et al. [2009], Lindorff-Larsen et al. [2011], Han and Schulten [2014], Yin et al.
[2009]. This analysis suggests as one possible target system the 54-residue engrailed homeodomain
protein (PDB: 1ENH), which possesses a characteristic unfolding time of 910 us at 25°C that can
be modulated to 4.8 us at 63°C Mayor et al. [2000], has been extensively studied by molecular
simulation Zhao et al. [2006], Koulgi et al. [2010] and is sufficiently large to accommodate FRET

fluorophores operating within the preferred range of 2-8 nm Mayor et al. [2000], Huang et al.
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[2008].

In future work, we plan to increase the robustness of STAR to noise, integrate multichannel sSmFRET
information, and explore the transferability of our models. Reduction in noise effects via kernel
choice Takeda et al. [2006] or integration of hidden Markov models Liu et al. [2010] may help
reduce photon count requirements. Multichannel smFRET signals simultaneously recording multiple
intramolecular distances between multiple pairs of probes can be harnessed in conjunction with
multivariate Takens’ Theorem Cao et al. [1998], Gambin and Deniz [2010] to improve reconstruction
quality by multiplexed dynamical observations. Study of optimal FRET fluorophore placement can
help identify preferred grafting positions for the probes to maximize the dynamical information
captured by smFRET observables and minimize reconstruction errors Mittal and Shukla [2018],
Dimura et al. [2020]. Investigation of transferability of latent space manifolds and STAR mappings
across temperature, pressure, molecular force field, coarse graining, and solvent viscosity would
improve the versatility of trained STAR models while reducing training requirements. Furthermore,
transitory and extended state reconstruction can be improved by adaptive sampling of rarely visited
states Chen and Ferguson [2018] and facilitate applications of STAR to larger and slower folding
molecules by judicious selection and generation of training data. Beyond protein reconstruction,
we would also like to study other biomolecules such as DNA and RNA and also consider the
incorporation of solvent-based observables Pietrucci [2020], Han et al. [2018], Stark [1999], Stark
et al. [2003]. Lastly, we also see opportunities for applications of STAR to other fields where it is of
interest to reconstruct the state of a high-dimensional dynamical system that is implicitly observed
through an incomplete set of low-dimensional variables, including epidemiology, climatology, and

econometrics.
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3.6 Appendix

3.6.1 Synthetic smFRET noise model

The distance between a smFRET donor and acceptor pair is computed from the measured FRET
efficiency — the fraction of donor excitons that are transferred to the acceptor — by measuring the
emission intensities (“‘brightnesses”) of the donor and acceptor fluorophores Roy et al. [2008],
Hellenkamp et al. [2018]. Mathematically, the distance r is related to the emission intensities as

Roy et al. [2008], Hellenkamp et al. [2018],

1/6
dalpa )) ’ (33)

r= o (‘PD(IAD —1Iy
where ¢p is the quantum yield of the donor, ¢4 is the quantum yield of the acceptor, Ry is the
characteristic FRET radius for the donor-acceptor pair, 14 is the intensity of the acceptor channel
under direct excitation by the laser without donor present in the system, Ip4 is the intensity of the
donor channel when acceptor is present, and I p is the intensity of the acceptor channel when donor
is present. The quantum yields and FRET radius are determined by the particular choice of donor
and acceptor fluorophores. Ideal quantum yields correspond to ¢p = ¢4 = 1. Experiments typically

use dyes with quantum yields are on the order of 0.1-1, with dyes like Rhodamine 6G having a
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yield of 0.95 Roy et al. [2008], Magde et al. [1999]. Typical FRET radii are on the order of 1-10 nm
Roy et al. [2008].

Assuming no correlations between independent variables, no detector noise, isotropic dye orienta-
tions, and no direct excitation of the acceptor fluorophore by the excitation laser (I4=0), propagation

of uncertainties yields,
ar

2 ar 2 2 2 2
of=|\=——) o7, +|=—) O 34
! (aIDA) Ipa <aIAD> lap? GH
where o} is the standard deviation in r, Olpa is the standard deviation in Ip4, and oy n is the standard

deviation in I4p. The partial derivatives follow straightforwardly from Eqn. 3.3 as,

or r
dlps  6Ips’ (3-3)
Jar r (3.6)
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Assuming Poisson statistics in photon counting, GIZD L Ipy and GIi b= I4p. It immediately follows

that,
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Since Iy and I4p are not directly available from our MD simulation trajectory, it is convenient to

3.7

re-express the right hand side as a function of r and any fluorophore-specific constants. To do so,

we first rearrange Eqn. 3.3 to eliminate Iy /I4p,

Ipa _ (1 6(¢_D) 30
Iap (Ro) $a)’ 69
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and substitute into Eqn. 3.8 to yield,

Or 2_ 1 r 6 oD
(%) = 5éim, [1+(R_0) (&)] G0

To eliminate Ip4 we require an additional equation. Eqn. 3.3 computes r from experimental

measurements of /4 and Ipy that appeal to measurements of both the donor and acceptor channels.

It is also possible to estimate r using the donor channel alone Schuler [2013], Hellenkamp et al.

1/6

I

r =Ry (L> : 3.11)
Ip —Ipa

[2018],

where Ip is the intensity of the donor channel under direct excitation by the laser without acceptor
present in the system, which is dictated by the choice of donor fluorophore and laser power, and is

not a function of r. Rearranging this expression for Ip4 yields,

1
Ipp=—2 (3.12)

6
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Inserting Eqn. 3.12 into Eqn. 3.10 results in our noise model,

6
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r/) — 36lp
In Fig. 3.6, we present a plot of Eqn. 3.13 to illustrate the variation of o,/r as a function of r

parameterized by Ip. We observe the lowest uncertainties in the vicinity of the FRET radius Ry and
an asymmetric increase as the donor-acceptor pair moves to smaller or larger separations. Physically,
this is due to increased shot noise in /4 at shorter distances as the FRET efficiency increases and
the donor becomes less bright (i.e., fewer emitted donor photons), and increased shot noise in I4
at longer distances as the FRET efficiency decreases and the acceptor becomes less bright. As

anticipated, the relative error in r is mitigated by the use of brighter donors with larger values of Ip.
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Figure 3.6: Variation of o, /r defining the relative uncertainty in r as a function of the donor-acceptor
distance r at various values of donor intensity Ip (Eqn. 3.13). For the purposes of this calculation
we adopt prototypical values of ¢p = ¢4 = 1 for the donor and acceptor quantum yields and Ry =5

nm for the FRET radius of the donor-acceptor pair.
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3.7 Supplementary Methods

Learning the atomistic manifold .# from the MD trajectory r(¢)

Cooperative couplings between the configurational degrees of freedom in molecular systems
mediated by the bonded and non-bonded interactions generically lead to emergent low-dimensional
behaviors. Formally, the dynamical evolution of a molecular system is effectively contained within
a k << 3N-dimensional manifold .# spanned by a small number of k collective variables that
are much fewer in number than the 3N Cartesian degrees of freedom of the N constituent atoms
Ferguson et al. [2010, 2011]. A number of unsupervised dimensionality reduction techniques have
been applied to learn .# from MD trajectories Ichiye and Karplus [1991], Chiavazzo et al. [2017],
Ferguson et al. [2011, 2010], Rohrdanz et al. [2011], Das et al. [2006], Chen and Ferguson [2018],
Sidky et al. [2020b], Chen et al. [2019]. In this work we employ diffusion maps Coifman et al.
[2008a], Ferguson et al. [2010], Das et al. [2006], Ferguson et al. [2011], Coifman et al. [2005a],
Coifman and Lafon [2006], Nadler et al. [2006b,a], Coifman et al. [2005b] as a form of nonlinear
unsupervised dimensionality reduction to learn from the MD training trajectory r(z) € R3N the
dimensionality k of .# and the k collective variables {¥, ¥, ..., ¥, } with which to parameterize
it. Diffusion maps construct a random walk over the data points constituting the MD trajectory and
perform a spectral decomposition into the leading nonlinear collective variables parameterizing the
extended directions of the data within the ambient 3N-dimensional space. A gap in the eigenvalue
spectrum {A;} informs the existence and effective dimensionality of a low-dimensional manifold
 containing the data Ferguson et al. [2011], Nadler et al. [2006a]. The k eigenvectors below the
spectral gap provide an embedding of the data into the collective variables {‘Pi}f.‘:l spanning the

manifold.

Construction of the random walk requires specification of a distance metric k(r;,r;) defining
the dissimilarity of pairs of configurations (r;,r;) within the MD trajectory and a bandwidth &
defining the characteristic step size of the random walk. The root mean squared deviation (RMSD)
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between the atomic coordinates of aligned configurations is a natural measure of the configurational
dissimilarity of single-chain protein molecules that is known to perform well as a diffusion map
kernel Ferguson et al. [2010, 2011], Wang and Ferguson [2016, 2018a], Topel and Ferguson [2020].
In order for this metric to admit a diffeomorphism between the manifolds .# and .#’ learned from
the all-atom MD trajectory and synthetic smFRET data, Takens’ Theorem requires that this metric
be appropriately symmetrized to eliminate any spatial symmetries that cannot be distinguished
by the choice of SmFRET observable v Wang and Ferguson [2016, 2018a], Topel and Ferguson
[2020]. Our choice of the head-to-tail molecular distance is invariant to translation, rotation, and
mirror inversion. (For head-to-tail symmetric molecules such as simple polymer chains, there
1s an additional invariance to head-to-tail inversion, but none of the molecules considered in the
present work possess this symmetry.) As such, we choose k(r;,r ;) to be the RMSD between pairs
of configurations rotationally and translationally aligned using the Kabsch algorithm Kabsch [1976]
that naturally eliminates the rotational and translational symmetries and minimized under a mirror
inversion,

k(r;,x ;) = min [RMSD(x;,r ;),RMSD(r;, mirror(r;))] . (3.14)
After computing all k(r;,r ;) elements, the bandwidth € can be automatically tuned based on the

distribution of distances Ferguson et al. [2010], Coifman et al. [2008b].

The embedding of the MD trajectory into the leading k eigenvectors of the diffusion map defines the
location [¥ (i), W5 (i),...,¥(i)] of each configuration r(;) upon the intrinsic manifold .#. Any
additional molecular configurations rpew not included within the diffusion map analysis can be
projected onto the manifold using the Nystrom extension Sonday et al. [2009], Laing et al. [2007],
Long and Ferguson [2019a], Topel and Ferguson [2020]. The empirical distribution of configurations
over the manifold P(¥{,¥,,...,¥)) permits estimation of the free energy surface supported by
M as BF (¥, ¥Y,..., V) = -InP(¥,¥s,...,¥;) +C where C is an arbitrary additive constant

reflecting our ignorance of the absolute free energy scale and f = 1/kpT.
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Learning the Takens’ manifold .#’ from the smFRET time series v()

Takens’ Theorem asserts that the effectively k-dimensional MD trajectory r(z) evolving over
M < RF € R3V is uniquely specified by a (d > (2k 4 1))-dimensional delay embedding y(t) =
(), v(t —7),v(t —27),...,v(t — (d — 1)T)] € R¥ of a generic scalar observable v(¢) constructed
at a delay time 7 and delay dimensionality d Wang and Ferguson [2018a], Takens [1981], Sauer
et al. [1991], Packard et al. [1980], Broomhead and King [1986], Cao et al. [1998], Stark [1999],
Stark et al. [2003], Vialar [2009], Kantz and Schreiber [2005], Zerze et al. [2014]. Importantly,
Takens” Theorem holds for both autonomous dynamical systems and those subject to deterministic
or stochastic forcing Stark [1999], Stark et al. [2003]. This enables the approach to be applied
to MD simulations of molecules whose dynamics may be coupled to a solvent bath, thermostats,
and/or barostats that may be deterministic or stochastic in nature. Takens” Theorem asserts that we
should expect to recover a manifold .#’ C R¥ € R that is an image of .# to which it is related
by a diffeomorphism (i.e., smooth and invertible transformation) @ : .#’ — .# Takens [1981],
Sauer et al. [1991], Packard et al. [1980], Broomhead and King [1986], Vialar [2009], Kantz and
Schreiber [2005], Topel and Ferguson [2020]. Formally, the manifold .#" is a topologically, but not
necessarily topographically, equivalent representation of .# that preserves continuity, connectivity,
and dimensionality. Colloquially, .#" is a representation of .# that is subject to an a priori unknown
degree of position-dependent stretching and/or squashing, but which has not been torn apart or
stitched together in new ways Takens [1981], Broomhead and King [1986], Topel and Ferguson
[2020]. The crux of STAR rests upon this theoretical result: the bijective mapping between the two
manifolds guaranteed by Takens’ Theorem provides a route to map each smFRET measurement to

a corresponding all-atom molecular configuration.

We recover .#' during the training phase of STAR by applying diffusion maps to the delay
embedding y(¢) = [v(t),v(t — 7),v(t — 27),...,v(t — (d — 1)T)] of the synthetic smFRET scalar time
series v(¢). Although Takens’ Theorem holds for any choice of T and d > (2k+ 1), in practice

we determine a suitable value of 7 as the first minimum of the autocorrelation of v(¢) Fraser and
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Swinney [1986a] and d using the E; method of Cao Cao [1997], Villani and Zaldivar Comenges
[2000], Kennel et al. [1992]. Values of 7 are constrained to be an integer multiple of the bin size A,

so its minimum possible value is T=A.

As was the case for our application of diffusion maps to the all-atom MD trajectories, we need to
define a dissimilarity measure k' (y;, yj) between delay vectors. In the same manner that Takens’
Theorem required us to design our all-atom diffusion maps kernel to eliminate translational, rota-
tional, and mirror symmetries for which the sSmFRET observable v is invariant, in this instance we
must eliminate a temporal symmetries within the delay vectors for which the all-atom molecular
configurations r are invariant. This symmetry originates from the imposition of a temporal ordering
induced by the delay embedding vector Wang and Ferguson [2016, 2018a], Topel and Ferguson
[2020]. Systems at equilibrium must obey the condition of detailed balance, which asserts that the
forward and backward transitions between any pair of microstates have equal flux Zwanzig [2001],
Tolman [1938]. For any microstate observed at a particular instant, it should not be possible to
determine whether the microstate was an intermediate in a forward or reverse transition Wang and
Ferguson [2016, 2018a], Topel and Ferguson [2020]. Assuming that we constrain d to be odd we
may adopt a convention that defines a mapping between configurations r and delay vectors y based
on the central element of the delay vector. This means that the same configuration maps to both y
and flip(y) — where the flip operation inverts the order of vector elements — introducing a spurious
temporal symmetry arising from our artificial imposition of a temporal ordering within our delay
vectors that detailed balance insists should be indistinguishable under time-reversal symmetry. We
have previously demonstrated that it is vital to eliminate this symmetry in applications of Takens’
Theorem to equilibrium molecular systems Wang and Ferguson [2016, 2018a], Topel and Ferguson
[2020]. We design a diffusion map kernel to eliminate this symmetry by adopting a Euclidian

distance that is minimized under flipping of the order of elements in the delay vectors,

K(yi,yj)=min[||yi =yl |lvi— flip(y ;)| ,] - (3.15)
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Again, the diffusion map bandwidth is automatically adapted to the distribution of distances k’(y;,y i)

Ferguson et al. [2010], Coifman et al. [2008b].

The leading k diffusion map eigenvectors [¥) (i), W5 (i), .., ¥} (i)] define the location of each delay
vector y(#;) upon the intrinsic manifold .#’. The empirical distribution of points defines the free
energy surface supported by .#" as BF (¥}, ¥5, ..., ¥}) =-InP(¥}, ¥, ..., ¥} ) +C" where C' is an
arbitrary additive constant. New delay vectors generated by novel (synthetic) smFRET trajectories
can be projected onto .#" using the Nystrom extension Sonday et al. [2009], Laing et al. [2007],

Long and Ferguson [2019a].

Learning the diffeomorphism from .#" to .#

Takens” Theorem guarantees the existence of a diffeomorphism ® : .#’ C RF — . # c RF defining a
smooth and invertible mapping between the two manifolds, but an expression for @ itself is a priori
unknown. A number of numerical approaches exist to learn this mapping including kernel methods
Scholkopf and Smola [2002], position dependent Jacobians Wang and Ferguson [2016, 2018a], Aalto
and Verma [2019], and k-nearest neighbors Cover and Hart [1967], as well as more sophisticated
techniques based on empirical isometrization of the manifolds to furnish intrinsic coordinate systems
that are invariant to diffeomorphic transformations Dsilva et al. [2013], Peterfreund et al. [2020].
In this work, we approximate ® by training a simple fully-connected feedforward artificial neural
network (ANN) over (‘P(i), ¥’ (7)) pairs, where (i) = [¥1 (i), W2 (i), ..., ¥ (i)] is the embedding
of configuration r; from the MD trajectory onto manifold ./, and W' (i) = [¥] (i), ¥ (i), ..., ¥, (i)]
is the embedding of delay vector y; from the smFRET time series onto manifold .#’. We adopt a
convention wherein we associate each delay vector y(¢) with the configuration r(t — (d — 1)7/2)
corresponding to its middle element. To avoid ambiguity in this mapping we constrain d to be
odd and we eliminate MD configurations within the first and last (d — 1)t/2 periods of our MD
simulation trajectories from our analysis since they cannot be associated with any complete delay

vector. We have found that simple fully-connected feedforward networks containing 4-8 hidden
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layers with 103-10* neurons per layer are sufficient to learn accurate approximations to ®. Networks
were trained using the Adam algorithm with a learning rate of 10~% to minimize the loss function
&L =¥ (i) — W (i)||5, where ¥/ (i) € R¥ is the output of the ANN Kingma and Ba [2014]. We
guard against overfitting by employing early stopping based on the validation error on a 20%

randomly sampled hold-out validation partition.

Learning the reconstruction t(¢) from the manifold .#

Finally, we must learn reconstructions f; € R3N of the molecular configurations r; € R3N from
their projections ¥ (i) = [¥ (i), W2 (i), ..., ¥ (i)] onto manifold .# C R¥. By construction, the
manifold .# contains the important high-variance collective variables corresponding to the most
significant dynamical motions of the molecule. Encodings of r into the latent manifold .# are
therefore expected to preserve the important information on the salient molecular configurations
and can be approximately recovered by learning the inverse decoding. If the diffusion map has done
a satisfactory job in properly learning the collective variables spanning .#, then we anticipate that
the information loss of the encoding should be restricted to the relatively unimportant low-variance

collective degrees of freedom Wang and Ferguson [2016, 2018a], Topel and Ferguson [2020].

We learn the decoding from I' : ¥ — r over (W(i),r;) pairs from the training data using simple
fully-connected feedforward ANNSs containing 3-5 hidden layers each containing 103-10* neurons.
These very simple and modestly sized networks were found to have more than sufficient capacity to
learn accurate mappings. Networks were trained using the Adam algorithm with a learning rate of
10~ to minimize the loss function . = RMSD(t;,r;) Kingma and Ba [2014]. We guard against
overfitting by employing early stopping based on the validation error on a 20% randomly sampled

hold-out validation partition.
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Deploying the trained STAR model

A separate STAR model is trained for each {A,Dv,Ip} combination, where training data is extracted
from the first 80% of a single long MD simulation trajectory and the remaining 20% is held out
as a test partition. Application of the trained STAR models have no further requirement for MD
trajectory data and operate only on the synthetic sSmFRET time series v(¢) extracted from the 20%
test partition. The synthetic trajectory v(¢) is processed as described in the main text to possess a
particular time resolution A and donor intensity Ip, then passed through the trained STAR pipeline
to produce a reconstructed atomistic molecular trajectory #(¢). Commencing from the synthetic
smFRET time series, the reconstruction process constructs a delay vector y(t), projects this onto the
manifold .#' using the Nystrom extension Reinhardt [1985], maps over to the manifold .# using
the first trained ANN, and finally decodes to the all-atom reconstruction f using the second trained

ANN (Fig. 1b - d — ¢ — e).
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3.8 Supplementary Figures
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Figure 3.7: Eigenvalue spectrum resulting from the application of diffusion maps to the MD
trajectory r(t) € R3N for Chignolin. A gap in the eigenvalue spectrum after the second non-trivial
eigenvalue A, is identified using the L-method of Salvador and Chan Salvador and Chan [2004] and
informs extraction of a 2D intrinsic manifold .# spanned by {¥{,¥;}.
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Figure 3.8: Eigenvalue spectrum resulting from the application of diffusion maps to the MD
trajectory r(z) € R3N for Villin. A gap in the eigenvalue spectrum after the third non-trivial
eigenvalue A3 is identified using the L-method of Salvador and Chan Salvador and Chan [2004] and
informs extraction of a 3D intrinsic manifold .# spanned by {¥;,¥,,¥3}.
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Figure 3.9: All-atom manifolds .# for Villin within STAR pipelines trained at Dv = 4 x 104 samples
and Ip = 10° for each value of A = {0.2,1,2,10,20} ns. The 3D manifolds in (¥;,¥,,¥3) are
represented as scatterplots showing the embedding of each of the Dv = 4x 10* MD configurations r
into the (a) {¥,¥3} and (b) {¥,,¥3} projections. Color distributions characterize associated free
energy BF (¥;,'¥';) of each point computed by collecting histograms over the empirical probability
distribution at a bin size of {A¥| =5 x 1077,A%3 =5x 10"} and {A¥, =5x 1077 A¥3 =
5% 10*7}. The arbitrary zero of free energy in each panel is specified by subtracting computed
energy of the minimum free energy point on the landscape from all other points. The markers
A-E indicate five representative configurations selected from the MD test trajectory and for which
molecular visualizations are presented in Fig. Sb.
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CHAPTER 4

OPTIMIZING DATA STRUCTURE TO LEARN DYNAMICS FROM TIME

SERIES DATA

4.1 Abstract

Embedding theorems can be used to provide theoretical guarantees about the relation between
low-dimensional observations of a system and the full-dimensional dynamics. Such theorems do
not, however, provide guidance on optimal observable choice or methodologies to learn the mapping
between the embedded and full-dimensional dynamics. In previous work, we have shown that it
is possible to learn these relations through a combination of Takens’ Theorem, manifold learning
techniques and universal function approximators. Here we provide an algorithmic framework
and software package that performs reconstructions of arbitrary dynamical systems from time
series observables of those systems, TAkens Reconstruction (TAR). We use TAR to investigate
how observable choice and delay vector structure impact reconstruction quality across a variety of
systems. With an ecological system, we show that simple periodic dynamics can be reconstructed
with observations taken over a wide variety of embedding parameters. With the protein Villin,
we introduce the multi-temporal Takens’ approach, demonstrating that dynamics from multiple
time delays can be used to improve reconstruction results in systems with characteristic times
of dynamics spanning many timescales. In a straight chain hydrocarbon, C,,Hs, we show that
Kolomogorov-Sinai Entropies can predictively select optimal time series observables to learn system
dynamics from. Finally, using trade histories from the order book of Vanguard S&P 500 ETF we
demonstrate how TAR can be used to learn the rule sets behind systems for which we have no
training data. This algorithm and these guidelines for maximizing time series information embedded
in observable streams can be applied to arbitrary dynamical systems, aiding in the reconstruction of

full-dimensional dynamics from arbitrary time series.

83



4.2 Introduction

Dynamical systems, be they collections of molecules, colonies of bacteria or groups of animals,
are often modeled by breaking down each system in to its constituent elements and propagating
them according to the appropriate differential equations relating each constituent of the system
with all others. The state of each system can be given by the unique combination of coordinates
serving as inputs to these equations. We can then define the accessible phase space corresponding
to each dynamical system as those areas of coordinate space that any given dynamical system can
visit. The full-dimensional representation of a given dynamical system can be described by a vector

containing the coordinates of every input to the propagation equations.

In the case of computer simulations of an N atom molecule, for example, we can completely
describe the molecular structure by recording the R3N positions of every atom in that molecule and
its solvent as we propagate them with molecular dynamics (MD) algorithms Hollingsworth and Dror
[2018]. In experiments observing molecules evolving over time, however, such atomistic detail is
not available Wu and Brand [1994], Roy et al. [2008]. The problem becomes even more pronounced
when moving beyond MD to biological systems, where such calculations are intractable, or to social
systems, where the underlying rules are unknown. We can, however, collect time series observations
of most dynamical systems. A central objective of dynamical systems theory is to learn an injective
and surjective mapping between experimental observations and the full-dimensional representation
of a system’s dynamics Deyle and Sugihara [2011], Lu et al. [2022], Berry and Das [2023], Yair
et al. [2017].

Limits on the nature of the relationship between time series and full-dimensional dynamics have
been thoroughly explored analytically Takens [1981], Cao et al. [1998], Stark [1999], Broomhead
and King [1986], Stark et al. [2003], Baranski et al. [2020]. Takens’ Delay Embedding Theorem
proved that, under mild technical conditions, there exists a bijective map between vectors constructed

from time series observables and the full-dimensional representation of a system Takens [1981].
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Stark and Broomhead elaborated upon this work to demonstrate that this map exists even for systems
under stochastic or deterministic forcing Stark [1999], Stark et al. [2003], Broomhead and King
[1986]. Cao furthered Takens’ univariate work by extending the mathematical principle to integrate
information from multiple observables Cao et al. [1998]. Baranski et al. showed that Takens’
Theorem can be extended to a non-dynamical probabilistic embedding theorem Baranski et al.
[2020]. While theoretical guarantees exist regarding the relation between experimental observations
and full-dimensional system representations, Takens’ Theorem provides no insight on the form
of this map. Moreover, the theorem pertains to systems for which we have a complete sampling
of a phase space, giving little guidance on its utility in empirical studies where it is unknown if
accessible phase space is fully sampled. The accessible observables and time series may not be
arbitrary, but rather imposed by practical limitations. These considerations motivate empirical study
of optimal data structuring to best represent system dynamics and backmapping of individual time

series observations to full-dimensional phase space diagrams.

With the advent of artificial neural networks as universal functional approximators Hassoun et al.
[1996], it has become possible to readily learn these a priori unknown mappings in systems where
it is not possible to solve for these relations analytically. We combine the embedding theorem
mathematical framework that guarantees diffeomorphic mappings between vectors constructed from
arbitrary experimental observations and full-dimensional representations with universal functional
approximators capable of estimating their forms. The central challenge we seek to address - how
can we reconstruct full-dimensional dynamics from experimental observations - can be divided
in two parts. Firstly, there is a methodological question regarding how one can perform these
reconstructions. This has been the focus of some of our previous work Wang and Ferguson [2018a],
Topel and Ferguson [2020], Topel et al. [2023]. Secondly, there is a practical question of how one
should choose and structure the experimental observables used as inputs to these reconstruction
pipelines. In this work, we describe several novel methods for selecting and structuring these time

series. With a toy Lotka-Volterra predator prey model Wangersky [1978], we demonstrate the
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effect of delay choice in reconstruction quality. With the straight chain hydrocarbon, C,4Hs(, we
explore observable selection based on minimization of chaos in our input data streams to reduce
reconstruction errors. Using the example of the Villin protein, we leverage multiple timescale
dynamics to implement Takens’ Theorem over multiple time delays, allowing us to capture dynamics
occurring on many time scales. We also extend the theoretical innovation of Cao Cao et al. [1998]
in multiplexing Takens’ Theorem to empirically perform reconstructions that engage multiple
simultaneous observable streams. Lastly, we demonstrate how TAR can be used to learn the phase
space of price changes in the Vanguard S&P 500 ETF in the absence of full-dimensional training

data from historical time series.

We also provide a software package, TAkens Reconstruction (TAR), to perform each of these phase
space reconstruction calculations that can be downloaded at https://github.com/maxtopel/TA

R.

The structure of the remainder of the paper is as follows. In Sect. 4.3, we discuss how arbitrary
time series observations can be reduced to latent space representations of their dynamics. In Sect.
4.4, we introduce various ways of constructing delay vectors to capture information available from
multiple observables or dynamics evolving across multiple time scales. In Sect. 4.5, we present the
combined TAkens Reconstruction (TAR) pipeline. In Sect. 4.6 we define dynamical systems metrics
used to quantify the qualities of input data to asses which will optimally reconstruct dynamics via
TAR. In Sect. 4.7, we apply TAR to a toy predator-prey ecological dynamics model to demonstrate
the approach and test the influence of time delay choice on reconstruction quality. In Sect. 4.8,
we study how observable choice effects reconstruction quality for a simple molecular system, the
linear hydrocarbon C,4Hs(. In Sect. 4.9, we demonstrate how multi-temporal Takens delay vectors
constructed over the same observable can embed information from different timescales using the
Villin protein. In Sect. 4.10, we demonstrate how TAR can perform phase space reconstruction of

securities returns and estimate returns probability distributions at levels superior to standard models
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in the field over short time scales. Finally, in Sect. 4.11, we discuss limitations of TAR and future

avenues for its development and application.

4.3 Dynamics from Time Series

The propagation of a dynamical system may be represented by a set of coupled differential equations
or a matrix rotation acting upon a state space vector that defines the system’s position in phase space
Brin and Stuck [2002], Strogatz [2015]. The state space of an N dimensional dynamical system
evolving in time, can be written as . C RV with state r(t) € .7 at time, t. Typically, individual
degrees of freedom of a dynamical system will interact with one another and these couplings lead
% to admit a lower dimensional representation, .#Z C ]Rk, where k is the intrinsic dimensionality
of the system Eckmann and Ruelle [1985], Sauer et al. [1991], Tenenbaum et al. [2000], Roweis
and Saul [2000a], Coifman and Lafon [2006], Coifman et al. [2005a]. This intrinsic dimensionality
of the system, the minimum dimensionality required to accurately describe the dynamics of our
system, is generally much smaller than N Eckmann and Ruelle [1985], Sauer et al. [1991]. For
example, we can describe the evolution of a molecular system composed of n atoms, . C RN , at
discrete times, ¢, in full dimension with N = 6n dimensions (3 spatial and 3 velocity for each atom),
and plot its evolution in that high dimensional space. However, numerous works have demonstrated
that the long time dynamical evolution can be adequately described in a low dimensional space
of leading collective variables where . admits a low dimensional representation .# C R¥ where
k < 6n Takens [1981], Stark [1999], Stark et al. [2003], Broomhead and King [1986] For instance,
in previous work, we have shown that the proteins chignolin (PDB:2RVD) and Villin (PDB:2F4K)

can be described in 2 and 3 dimensions respectively Topel et al. [2023].

4.3.1 Embedding theorems

The (weak) Whitney’s embedding theorem guarantees that any continuous function .7 (¢) evolving

on an N dimensional manifold . C RV can be approximated by a smooth embedding on a
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2N + 1 dimensional manifold spanned by at least k independent variables where k is the intrinsic
dimensionality of the system Hirsch [1994]. However, for dynamical systems where some low
dimensional attractor exists, we can extend this embedding principle to restrict the dynamics on
. to some low dimensional phase space .# C RK where k < N. Interactions between individual
components of .’ mean that time series observations of each degree of freedom in a dynamical
system may contain information about other degrees of freedom and consequently, the intrinsic
dimensionality of the dynamics on . can be described in reduced dimension RK where k < 6n
Eckmann and Ruelle [1985], Sauer et al. [1991]. There exists some manifold .#Z C R* that then
embeds the dynamics on . in a latent space. The dimensionality, , is bounded by k < dg, the box

counting dimension of .% Hirsch [1994].

High dimensional dynamics can, therefore, generally be embedded in reduced dimension, but how
can these dynamics evolving in R¥ with k > 1 be recovered from univariate time series? Time
series offer a window into both the evolution of a system in phase space and the propagators driving
these systems. Although a univariate time series & (t) € R! evolves in a space of equal or lesser
dimensionality to the intrinsic dimensionality of our system, the trajectories that system takes
through R! are generated by whatever dynamics propagates the system. Consequently, vectors
constructed from time delayed observations of a system reflect those mathematically predetermined
trajectories in deterministic systems. This approach is extend to cover deterministically evolving
systems under both deterministic and stochastic forcing by Stark and Broomhead Stark et al. [2003],

Stark [1999], Broomhead and King [1986] .

Takens’ Delay Embedding Theorem can be viewed as an elaboration on the Whitney Embedding
Theorem on time series of a single system observable. The theorem states that, if properly arranged,
scalar time series data observed over a sufficiently long period of time to well-sampled phase
space embed within them the same dynamics, up to a smooth and continuous mapping, as the

full-dimensional representation Takens [1981]. More precisely, any generic observable, &(t), of a
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dynamical system can be used to construct a time delay vector y(¢) = [0(t), O (t —T)..0(t —2m7)] €
R +1 with time delay 7 and intrinsic dimensionality m which enjoy a unique relation with the
full-dimensional representation of that system’s state space r(¢) € .# C RV, This relation has three

key components.

1. The dynamics of y(¢) and r(r) are C!-equivalent up to observable symmetry (i.e. identical up

to a smooth and continuous mapping up to observable invariance or degeneracy )

2. y(t) uniquely specifies the state of the system (i.e. y(¢) is defined by at least k independent

variables that unambiguously define system configuration over all ¢)

3. y(t) lies on manifold .#" which is related by a smooth, invertable and bijective mapping (i.e.

diffeomorphism) to the manifold .#, ® : .# "'

Given the C'-equivalence of the dynamics of y(¢) and r(¢) and the diffeomorphic relation between
' and . , these manifolds are topologically identical. However, squashing or stretching of .2’
means that while continuity and connectivity are preserved, topography is not guaranteed to be
preserved Takens [1981], Stark [1999], Stark et al. [2003], Sauer et al. [1991], Cao et al. [1998],
Packard et al. [1980]. To ensure that y(¢) uniquely specifies the state of the system, we must collect
sufficient observations such that we well sample the phase space accessible to our dynamical system
Takens [1981]. Moreover, delay vectors constructed from observables that have some type of
symmetry (e.g. mirror symmetry) will not allow for the construction of delay vectors able to resolve

the difference between symmetric states.

Takens’ Theorem can be used to construct an appropriate basis that spans the phase space accessible
to the parts of the dynamical system’s history sampled by our time series data Takens [1981]. More-
over, the theorem has been shown to hold for systems subject to both stochastic and deterministic
forcing Broomhead and King [1986], Stark [1999], Topel et al. [2023]. Consequently, it provides

a robust theoretical basis upon which we can build mathematically rigorous representations of
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full-dimensional dynamics with data-driven models.

4.3.2 Dimensionality Reduction and Manifold Learning

Empirically based manifold learning techniques can also be used to learn a map from high dimen-
sional representations of dynamics in . C RN , to a low dimensional manifold .#Z C RK k<N
Coifman and Lafon [2006], Coifman et al. [2005a], Roweis and Saul [2000a], Tenenbaum et al.
[2000], Scholz et al. [2008]. Many of these techniques rely on a chosen distance metric (e.g.
Euclidean, L1, cosine similarity, Mahalanobis...) between points in the high dimensional space to
construct a lower-dimensional vector space, spanned by collective variables, that approximately
preserve distances between points Coifman and Lafon [2006], Coifman et al. [2005a], Tenenbaum
et al. [2000], Roweis and Saul [2000a], Scholz et al. [2008]. These choices will have an effect on
the shape and structure of these latent space, embedding the same information differently. We can
recover the intrinsic system dimensionality of time series data, for example, via Cao’s E1(d) method
Cao [1997] and construct low-dimensional embeddings using manifold learning techniques Coifman
and Lafon [2006], Coifman et al. [2005a], Tenenbaum et al. [2000], Roweis and Saul [2000a],
Scholz et al. [2008]. Combining this manifold reduction technique with embedding theorems allows
us to harness the information gains from ordering time series data via Takens’ Theorem while
producing the lowest dimensional representation that still embeds the full-dimensional dynamics

with manifold learning.

In this work, we apply the diffusion map nonlinear manifold learning technique to reduce full-
dimensional training trajectories and time delayed vectors constructed from experimental observ-
ables to low dimension Coifman and Lafon [2006], Coifman et al. [2005a]. Diffusion maps are a
technique that performs a spectral decomposition of a diffusion operator on a high dimensional
data set to produce an embedding of that data in a lower dimensional space Coifman and Lafon
[2006], Coifman et al. [2005a]. In doing so, diffusion maps allow for the embedding of a high

dimensional data set on a lower dimensional manifold where the Euclidean distance between points
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is approximately equal to the diffusion distance on the high dimensional manifold Coifman and
Lafon [2006], Coifman et al. [2005a]. This favorable property of the latent space embeddings means
that states that have high transition probabilities are embedded next to each other and those that have
low transition probabilities are embedded further apart, such that the latent space tends to preserve
the topology (more specifically, the connectivity) of the high dimensional phase space. Furthermore,
diffusion maps also provide a straightforward means to extract intrinsic dimensionality through the
spectral gap in the harmonic decomposition Nadler et al. [2006a,b] and also are very robust to noise

Coifman and Lafon [2006].

4.4 Construction of Delay Vectors

In many experiments, we are able to take time series, ﬁ’tj € Rl, of observable j recorded at time
t. Such observations may measure quantities related to individual elements of a system such as
the price of a stock, multiple elements of a system such as the distance between two atoms in that
molecule or measures of continuum dynamics such as the velocity of a fluid flow. In this section, we

discuss methods of time delaying data to recover higher dimensionality dynamics from time series.

Univariate data streams: We can supplement a single time series observation ﬁ’,j with observations
from previous times to collect histories of these observables into delay vectors as proposed by Floris
Takens Takens [1981],

i_ (g gi
J"yl - ﬁl’ﬁ t—2m7t

f—Tr

where 7 is the time delay between observations and m is the dimensionality of the delay vector.
Conceptually, we can think of a system history as a way of specifying the path our system takes
through phase space, thereby uniquely defining where on the high dimensional manifold .7 C RN

the observation lies at time ¢ and enabling us to discriminate between identical observations of & .

Multivariate Data Streams: In many experiments, it is possible to collect multiple sources of
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time series data. We can construct a multivariate time delay vector from multiple data streams as

proposed by Liangyue Cao Cao et al. [1998], %i’j , by concatenating ?,”tj and @/tj

. i

—gi t—ZmTJ]

i | ti,ﬁt"%i,...,ﬁt’;zmﬂ’ﬁtj,ﬁ[ (4.1)

where 7! and 7/ are time delays chosen for observable & "and 0/ respectively. Multivariate data
streams allow for information from various sources with potentially different symmetries and noise
susceptibilities to be combined to provide a more robust description of .#’. While we do not
apply this method to any system in this paper, we have included it as an option for delay vector

construction in the TAR software package.

Multi-temporal dynamics: Many real world dynamical systems may evolve on multiple time
scales. Separability of dynamics occurring on varying time scales implies that we cannot learn
information about separate dynamics occurring at a time scales Jy < 9[3 from the same time
delayed vectors

@l =0l 0/ ...

J
2

—2mt

unless 7 is sufficiently small and m is sufficiently large to span multiple time scales, resulting in
excessively high dimensional time delay vectors. However, we can construct separate time delay
vectors corresponding to the same discrete time, ¢, from the same time series data stream with
distinct time delays 7 and 7g. We can then either concatenate these to construct a single time delay

i . . .
vector %, B from the same time series data stream, i,

P 101,010y O

i
! —2mg TH® t—tiBr ﬁt—2m5 ri-ﬁ] (4.2)

or from multiple time series data streams, i and j,
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where My g are the appropriate delay dimensionalities for each time delay. Consideration of
dynamics occurring over multiple characteristic times allows for access to information about the
evolution of a given dynamical system from a single time series. In Sect. 4.9, we demonstrate that
this innovation provides nontrivial information and performance gains for complex systems with

lower experimental overhead than multivariate approaches.

Choosing delay times and dimensionalities: While Takens’ Delay Embedding Theorem does
not explicitly restrict our choice of time delay, 7, in practice, this value may be tuned to match
characteristic time scales of the dynamics we wish to reconstruct. In the univariate case, delay times
are chosen by taking the first minimum of each observable’s autocorrelation or mutual information
function or by choosing a cutoff value of the autocorrelation function to minimize redundancy (i.e.
select T such that AC=0.2) Fraser and Swinney [1986b]. For multi-temporal cases, we choose time
delays that access different timescales. For instance, we may use time delays of 1s, 10s and 100s to
get a full covering of delay times for dynamics spanning from 1-1000 seconds. We may also use
physical knowledge of system dynamics, for instance, characteristic times of dynamics of particular
phenomena known to influence a given system. We estimate the intrinsic dimensionality, &, of the
system from time series using the E1(d) method of Cao Cao [1997], and select m = k as dictated by

Takens’ Theorem Takens [1981].
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4.5 Computational Application: Architecture of TAkens Reconstruction

(TAR)

In this section, we assemble the TAR pipeline. We first structure our data inputs into univariate,
multivariate or multi-temporal Takens vectors. We then reduce vector dimensionality with diffusion
maps on to the intrinsic manifold. Finally, we learn approximate maps back to the full-dimensional
phase space using artificial neural networks (ANNs). This pipeline serves as a tool set for optimiza-
tion of data structuring to maximize relevant information in time series measurements, providing a
learned low-dimensional embedding representation of the data to understand and predict system
dynamics. Furthermore, if high dimensional training data is available, TAR serves as a means to
approximately reconstruct the high dimensional system state from time series measurements. We
have previously developed and relayed components of this protocol in the context of molecular
systems in our STAR (Single-molecule TAkens Reconstruction) pipeline Topel and Ferguson [2020],

Topel et al. [2023]. The present work extends this approach to arbitrary dynamical systems.

4.5.1 Data Structuring

We begin by assembling our time series inputs in time delay vectors (Fig. 4.1(a)-(b)) and splitting
them up in to training and test set. For a time series with K observations with time delay 7 and
delay embedding dimensionality 2m + 1, we can construct K — 2m7T Takens delay vectors from the
entirety of our time series. In all cases we use the first half of the time series trajectory for training

and the second half for testing.

4.5.2  Manifold Learning

We employ diffusion maps to learn representations of the intrinsic manifold .#’ from Takens delay
vectors and, if available, .# from full-dimensional system observations (Fig. 4.1(b)-(c) and Fig.

4.1(f)-(d) respectively). For some high dimensional data V € RV, we compute the pairwise distances
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Figure 4.1: Schematic of the TAR pipeline. (a) TAR is given an input time series. (b) The time series
is structured into either univariate, multivariate or multi-temporal Takens delay vectors generating
our Takens embedding manifold. (c) Latent space extraction using diffusion maps manifold learning
to learn latent space embedding I, .#’. (e) Extraction of a latent space embedding, .#, from a
full-dimensional training trajectory. This step is only required if a training trajectory is available.
(d) Reconstruction by backmapping to the latent space representation of the full-dimensional
system learned from the full-dimensional system observations in (e). If no full-dimensional training
trajectory is available, we learn the map form (c) to (e) directly via an an artificial neural network.
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between each point v € V, construct a kernel matrix by applying a Gaussian kernel to the pairwise
distance matrix and normalize that matrix to guarantee that we are accurately representing the
transition matrix. We then transform the similarity matrix to a Laplacian matrix and finally perform
eigenvalue decomposition of this matrix to get the eigenvectors that span our new latent space
Coifman and Lafon [2006], Coifman et al. [2008a]. We choose an appropriate Gaussian kernel
width by recursively performing diffusion maps over a small training set, normally 5000 points,
estimating intrinsic dimensionality using the L method of Salvador and Chan, and measuring the
implied dimensionality against the results of our E1(d) analysis Salvador and Chan [2004], Cao
[1997], Coifman and Lafon [2006]. We repeat this process until we have agreement on the implied
dimensionality and then perform diffusion maps on a larger training set. The remainder of the delay
vectors not used in training are Nystrom extended to the latent space manifold Williams and Seeger
[2000]. This use of diffusion maps allows us to reduce the dimensionality of the system we are
observing while allowing for an appropriate representation of nonlinearity in system dynamics. The
values of each latent space coordinate extracted by diffusion maps do not necessarily reflect an easily
interperetable collective variable. As each eigenvector produced by diffusion maps seeks to create a
phase space where distance reflects transition probability, the exact values of each coordinate are

not relevant but rather their positions relative to one another.

4.5.3 Reconstruction

We use simple feed forward fully-connected artificial neural networks (ANNs) Hassoun et al. [1996]
to learn the mappings between latent spaces .#" extracted from time series and ./ extracted from
full-dimensional trajectories (Fig. 4.1(c)-(d), Fig. 4.1(c)-(e) and 4.1(d)-(f)). In cases where there the
full-dimensional trajectory is already low dimensional we map directly to the trajectory. In cases
where the full-dimensional trajectory is high dimensional, we map first from the latent space .#’
extracted from a given time series to that .# constructed from full-dimensional trajectories and

then finally to the full-dimensional trajectory.
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4.5.4 Synthesis

The TAR pipeline has three variants depending on the nature of the data: (1) explicitly high-
dimensional dynamical systems with intrinsically low-dimensional dynamics for which we have
both time series and corresponding full-dimensional trajectories are available, (2) explicitly low-
dimensional dynamical systems for which we have both time series and corresponding full-
dimensional trajectories are available and (3) intrinsically low-dimensional dynamical systems for

which we only have time series available.

For high dimensional dynamical systems for which single or multivariate time series and correspond-
ing full-dimensional trajectories are available, we construct Takens delay vectors as in Fig. 4.1(a)-(b)
either using univariate, multivariate or multi-temporal Takens delay vectors and then construct a
latent space .#’ manifold by running diffusion maps on the training portion of the Takens delay
vectors as in Fig. 4.1(b)-(c). This latent space .#" is diffeomorphically related to the embedding of
the full-dimensional dynamics .# provided we have sufficiently adhered to the dictates of Takens’
Theorem. This manifold is the final product in case (3). In cases (1) and (2) we can use an ANN
to map back to either the latent space embedding .# of the full-dimensional system learned by
applying diffusion maps to the full-dimensional system observations or the full-dimensional system
itself corresponding to Fig 4.1(c-d) then (d-e) and (f-d) and (d-e) respectively. We opt to do the
former for case (1) as an intermediary to mapping back to the full-dimensional system, as this

improves results empirically, and map directly to the full-dimensional system in case (2).

4.6 Dynamical systems metrics

There are a number of information theoretic and dynamical systems measures available to interpret
time series data. These include the degree to which a system exhibits chaotic behavior (Lyapunov
exponents Wilkinson [2016]) and the rate of information loss as a result of chaotic behavior

(Kolmogorov-Sinai Entropy Dorfman [1999]). Further measurements, the amount of ‘information
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surprise’ in a data set (Shannon Entropy Shannon [1948]) and the information shared by two
univariate time series (mutual information Fraser and Swinney [1986b]) are discussed in supporting
materials section 4.12.1. We combine these different metrics to optimize time delay and observable

choice in constructing our Takens delay vectors.

Deterministically evolving dynamical systems that exhibit chaos may not be predictable after a
certain characteristic time if we begin our observations with limited information. Chaotic systems
display properties such as strong sensitivity to choice of initial conditions, topological transitivity
and dense periodic orbits Hasselblatt and Katok [2010], that make prediction difficult in spite of
this deterministic evolution. We can measure the degree to which those initial conditions matter
to the evolution of a time series using Lyapunov exponents and estimate the information loss over

time using the Kolmogorov-Sinai Entropy Wilkinson [2016], Dorfman [1999].

Lyapunov exponents: We can measure the rate of divergence of two trajectories with infinitesimally
close initial conditions in a phase space as a function of the distance between those trajectories in
that space. This measure serves to quantify the degree to which initial conditions alter trajectories in
phase space and thus how ‘chaotic’ a system is. The distance, D(t), is then related to the Lyapunov

exponent, A and the initial separation dd by the relation Rosenstein et al. [1993]:

D(t) = eMsa

There will be a number of Lyapunov exponents corresponding to the dimensionality of the phase
space as rates of separation may vary by dimension. We hypothesize that time series that display
lower levels of chaos as measured by their Lyapunov exponents should be more easily predicted
than those with higher levels of measured chaos. Takens’ Theorem applies to generic observables
and, in the limit of infinite data, we expect that all time delayed representations of our observable

data will be related in a bijective fashion. The stretching or squeezing of the true phase space
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manifolds constructed from Takens’ Theorem can result in local differences in rates of divergence
of the same trajectory across time series of different observables of the same system. Even
in the large information limit, different observables will likely produce manifolds that while
topologically equivalent are not topographically equivalent by Takens’ Theorem. In this limit, we
expect convergence of the Lyapunov exponents on each manifold by Oseledets Theorem Walters
[1993]. However, given topographical differences on the manifolds, Lyapunov exponents across
all manifolds should not converge to a unique set of values. We hypothesize that the measure of
chaotic character in a time series of an observable may be used as a principle to guide selection of
an observable that in the finite data limit, can promote higher predictive accuracies of the system
state within TAR. Specifically, we conjecture that the time series of observables with smaller
Lyapunov exponents, and therefore lower chaotic character, should produce higher accuracy TAR
predictions. We compute Lyapunov exponents from time series using the nolds package Scholzel

[2020], Eckmann et al. [1986].

Kolmogorov-Sinai Entropy: Related to this sensitivity to initial conditions is the rate of information
creation and loss in our observable data stream, quantified by the Kolmogrov-Sinai Entropy (KSE)
Dorfman [1999]. For (deterministic) chaotic systems where we do not have full knowledge of our
system, our prediction capabilities are limited to a certain characteristic time bound by this rate
of information loss Dorfman [1999]. We can use the sum of the positive Lyapunov exponents to
compute an upper bound quantity for n dimensional dynamics of Takens delay vectors constructed

from a time series, 2 following Ruelle’s Inequality Ruelle [1978]:

n
KSE(Z) < Y A
i=1

We can use this quantity to rank order time series before performing reconstructions, making use of

those with the smallest KSEs as, in principle, they correspond to greater long term predictive power.
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Figure 4.2: Lotka Volterra model with TAR reconstructions using a variety of time delays. (A)
Phase space diagram of X,Y populations. (B) Reconstruction and true populations of species Y
over a 25 time unit period from the test set with T = [0.001,0.01,0.1,1, 10] with (2m7) = 11. (C)
Reconstruction error in phase space by time delay, T and embedding dimension, 2m + 1, used to
construct delay embedding vectors. We compare these errors to a benchmark of the minimal root
mean squared distance point in the training population trajectory compared with all other frames
~ 68 population units.
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4.7 Introducing Takens Informed Reconstruction: the Lotka Volterra Model

As a proof of concept, we introduce TAR with a simple toy example, the Lotka Volterra model
Wangersky [1978] modeling the population dynamics of a predator-prey system. Here we show that
TAR can reconstruct the full-dimensional system history (both predator and prey populations) from
univariate time series using various time delays. We find that reconstruction qualities are dependent
on time delay choice, but, at least for simple periodic systems like this one, we can use time delays
significantly longer than the characteristic time series of dynamics. Excessively short time delay

models are, however, unsuccessfully reconstructed.

The Lotka Volterra equations describe the interactions of a two-species ecosystem of predator and

prey through a set of coupled nonlinear first order differential equations;

dx dy

= ox — Bxy; o oxy — Yy 4.3)

where x and y are the instantaneous predator and prey populations, and o = 1, B = 0.005, § = 0.8
and ¥ = 0.6. We propagate the Lotka Volterra coupled population dynamics equations for 100
000 time units using a Runge-Kutta 4 Butcher [1964] ordinary differential equation solver with a
time step of 0.001 time units yielding 100 000 000 points available for reconstruction. In practice
we only use enough points to compute 100 000 delay vectors. The required number of points is
given by 100000 + 2mt. The simulation was adapted from Charleux et al. [2024]. All training was
performed on a 5 000 observation subset of the first half of the constructed delay vectors while
testing was performed on the last half of delay vectors. Further simulation and TAR parameter

details are available in Appendix 4.12.2.

We demonstrate the application of the trained Lotka Volterra TAR models constructed with a variety

of inputs in Fig. 4.2. A phase space diagram representation of the X,Y populations over the course
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of our simulation of this model is described in Fig. 4.2(A). We perform univariate TAR on the time

series of the X populations with the goal of predicting Y populations.

In Fig. 4.2(B), we present the resulting predicted Y populations over the course of a sample 25 time
unit period from the test set for 7 = [0.001,0.01,0.1, 1, 10] with (2mt) = 11. We choose these time
delays to sample many different orders of magnitude of dynamics while (2mt) = 11 is chosen so
that m > k = 1, the intrinsic dimensionality of the attractor. Reconstruction errors are determined
by minimum root mean squared error (RMSE) between TAR predicted X ,Y locations of the test set
on the phase space diagram and the correct positions. We get errors on the order of 0.25 —31.02%
with 0.25% error constituting an RMSE of 0.50 - 0.07 population units for 7 = 1 and 31.02%
corresponding to the shortest time delay 7 = 0.001 with an RMSE of 62.04 +1.69 population
units. As is evidenced by the red and green lines, this is only slightly better than estimating the
mean value of Y across all time points (68.45 units). Models with 7 = 0.001,0.01 are not able to
reconstruct dynamics and instead correspond to the average Y population (~ 200 units). T = 0.1
is nearly sufficient to reconstruct peaks of ¥ but not the complete oscillation. All tested T > 1 are
capable of reconstructing ¥ with ~ 0.5 +0.4% error. The blue, magenta and olive lines are plotted
nearly exactly on top of one another as reconstruction errors are quite small. All uncertainties are
computed by bootstrapping; we split the test trajectory into thirds, reconstruct the system via TAR

and compute the root mean squared errors of reconstruction for each of the test sets.

Fig. 4.2(C) displays reconstruction errors by input time series. We use time delays (7) of
[0.001,0.005,0.01,0.05,0.5,1,5,10,50,100,200] time units with embedding dimensions (2m + 1)
of [3,5,11,25,51,101] dimensions. This range allows us to probe histories ranging from far shorter
to far longer than the period of oscillation exhibited by the Y population (~ 9.8 time units). The
shortest time history is constructed over just (2m+ 1)t = 0.003 time units while the longest spans
(2m+ 1)t = 20200 time units. We observe a diagonal pattern demarcating models that can predict

values of Y from X and those that cannot. For histories of 2m7t ~ 2 time units, TAR models are able
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to perform significantly better than guessing the mean value of Y (error ~30 population units). For
2m7 < 1 time units, TAR models predict Y with accuracies similar to guessing the mean value of Y

whereas for 2m7 > 5 time units, errors fall to ~ 1 population unit or less.

This diagonal trend in the heatmap occurs as longer histories allow us to more assuredly identify
where any given time delay vector is on the attractor describing Lotka Volterra dynamics. Once
sufficiently long, a time delay vector can be uniquely mapped to its corresponding trajectory in phase
space. Consequently, even for incredibly long time delays, i.e. T =200 time units, reconstruction
errors remain ~ 1 population unit. On the other hand, for very short short time delays, i.e. T=0.1
time units, a sufficiently large embedding dimension is enough to overcome the limited view

provided by very close observations used to construct the delay vector.

This toy model depicts several notable behaviors transferable to the study of more scientifically
relevant systems. (1) A sufficiently long history (e.g. 2m7) is required to uniquely identify where in
phase space a given observation is. (2) For periodic non-chaotic systems like this one, reconstruction
qualities may not require very high time resolution to reconstruct dynamics. For instance, the best
T =1 model, (2m+ 1) = 25, RMSE 33% greater than the best 7 = 50 model, (2m+ 1) = 25,
even though a single period is ~ 9.8 time units. (3) Using measurements like the first minimum
of the autocorrelation or mutual information functions Fraser and Swinney [1986b], often used
to select appropriate time delays, give us suggested time delays on the order of 1-3 time units.
In Fig. 4.2(C), we see that these values are not uniquely successful choices. In fact, the best
performing model, T = 50, (2m + 1) = 25 has RMSE 0.23 + 0.02 population units. (4) There is
a lower bound limit for the optimal embedding dimensionality that may exceed (2k+ 1). The
worst performing models for all 7 > 0.5 were (2m+ 1) = 3 models even though the intrinsic
dimensionality of these systems k = 1. For instance, for the T = 50 models which had the lowest
average error across all tested embedding dimensionalities, the (2m + 1) = 3 model had an RMSE

of 8.78 £1.59, significantly under-performing other choices of m. (5) While longer histories (e.g.
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greater embedding dimensionalities) tend to be an asset for limit cycle attractors, this relationship is
non-monotonic. For instance, for the T = 5 model whose time delay is on the order of the period of
oscillation of this system, the (2m + 1) = 11 model performs with an RMSE nearly half of that of
the (2m+ 1) = 101 model (0.26 +-0.06 vs 0.50 £ 0.23 population units). We have observed a more

dramatic version of this effect in chaotic systems, wherein information creation becomes relevant.

4.8 Experimental Observable Optimization: Molecular Dynamics of a

Straight Chain Hydrocarbon

Although Takens’ Theorem can be applied to arbitrary observables of system dynamics, they do
not produce the same Takens delay vector spaces and consequently latent space embeddings. In
fact, even in the limit of a full sampling of accessible phase space, Takens’ theorem only guarantees
that there exist a diffeomorphism between these spaces. Moreover, in experimental regimes, it can
be difficult to make guarantees that a phase space has been "well sampled". It is then unsurprising
that empirically, we do not observe the same reconstruction quality for any arbitrary choice of
observable. Given many options for observable choice in modeling, we ask, can we predictively

identify good observables in advance of modeling efforts?

We hypothesize that for TAR models of chaotic systems, the model accuracy is a function of the
degree of chaos exhibited by a given time series. For any deterministic reconstruction problem,
TAR seeks to learn a bijective map between each individual trajectory snippet constructed from
observations in R! to a position in the high dimensional RX, where K is the full dimension of
the system. We rely on the system being sufficiently well sampled that any new delay vector
passed to TAR can be mapped to a precise location on the attractor of the dynamics being modeled.
Consequently, unique identification of any given trajectory snippet in phase space is paramount. If
a system is more chaotic, trajectories will be more sensitive to infinitesimal differences in phase

space coordinates. We measure this sensitivity formally with Lyapunov exponents Wilkinson
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Figure 4.3: Reconstructions of the latent space representation of the straight chain hydrocarbon
C,4H5( as a a function of atom index, n. (A) Visualization of the C,4Hs including a label of the
1%, n' and 24" atom in the molecule. We take as our set of available observables the distance
between the 1 and n”* atom. The rendering was performed using Avogadro Hanwell et al. [2012b]
(B) Mean reconstruction errors for TAR models trained on time series of 1* and n’ h atom distance
plotted against Kolmogorov-Sinai Entropies of each time series. Reconstruction errors correspond
to the test set and can be compared to a benchmark of 0.25 nm corresponding to the minimum
RMSD frame against all other frames. We plot 3 types of TAR models; In cyan we have TAR
models trained over 1 000 points with delay dimensionality (2m + 1) chosen using the E1(d) method
of Cao Cao et al. [1998]. In yellow, we present TAR models trained over 20 000 points with delay
dimensionality (2m + 1) chosen using the E1(d) method of Cao Cao et al. [1998]. In red, we present
TAR models trained over 20 000 points with delay dimensionality (2m+ 1 = 5) corresponding to
m = k = 2, the intrinsic dimensionality of the attractor.

105



[2016], which correspond to the time constant corresponding to the exponential divergence in two
trajectories started infinitesimally close in phase space. A phase space may be high dimensional
and exhibit multiple subspaces whose rate of growth is exponential in time, meaning that there may
exist many positive Lyapunov exponents. Under Ruelle’s Inequality Ruelle [1978], we have that
the upper bound limit of the Kolmogorov-Sinai Entropy of a chaotic system, or rate of information
creation, is given by the sum of positive Lyapunov exponents of a system. We then propose to use
this Kolmogorov-Sinai Entropy (KSE) as a means of selecting minimally chaotic observations from
time series. A more mathematical treatment of this hypothesis including a proof that topographical

deformation of manifolds grows as a function of KSE is provided in Chapter 5.

In this section, we test this hypothesis with the example of the straight chain hydrocarbon C,4Hs
in water which, in principle, can be observed experimentally using the single molecule fluorescence
resonance energy transfer (SmFRET) technique and whose dynamics can be simulated using
molecular dynamics Roy et al. [2008], van der Spoel et al. [2005]. In smFRET, a target molecule
is tagged with two or more dyes whose fluorescence is a deterministic function of the distance
between each dye. As such, an intramolecular distance between two or more chosen atoms on a
molecule can be estimated up to an experimentally determined time resolution. Using a ground
truth molecular dynamics simulation of C,4Hs, for which we know the positions of every atom in

the molecule, we extract a synthetic sSmFRET signal.

By training TAR models on time series from various dye placement points, we learn a latent
space phase space representation with TAR and backmapping to the all atom representation of the
molecule and we empirically investigate the optimal point of dye placement. We hypothesize that as
the distance between atoms on the hydrocarbon backbone increase, time series should better reflect
folding dynamics. This connects to the Kolmogorov-Sinai entropies as follows; both time series
of 15 to 24" atom and 1% to 4" atom distances embed information sufficient to reconstruct an

attractor describing the dynamics of this molecule up to a smooth mapping according to Takens’
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Theorem. However, the former has a mean value of 1.647 nm with a standard deviation of 0.54 nm
and the latter has a mean value of 0.368 nm with a standard deviation of 0.038 nm. This means that
the same dynamics information must be embedded in the 1% to 4th atom time series using changes

of far smaller magnitudes.

We use a 100 ns molecular dynamics simulation of C,4Hs( with system configurations saved every
0.2 ps for a total of 500001 frames. We compute intramolecular distances between the head carbon
(atom 1) and all other atoms in the molecule for a total of 23 time series. All TAR models are
trained over some subset of the first half of the simulation trajectories and reconstruction accuracy is
tested over the second half. Results are benchmarked against the lowest RMSE frame in the training
trajectory relative to all other frames in the trajectory. The details of this simulation are available in
the supplemental information of Topel and Ferguson [2020]. Further details of the TAR parameters

can be found in supplemental materials Section 4.12.3.

We use TAR models to reconstruct phase space representations of the univariate time series de-
scribing the distances between atoms 1 and all other atoms in in Cy4Hs(. Fig. 4.3(A) displays
the C,4Hs( labeled with the head atom (1), tail atom (24) and n'" atom where the distance d used
to construct Takens delay vectors is taken as the distance between atoms 1 and n. Note that this
molecule is symmetric so our choice of head atom and tail atom makes no difference. In Fig. 4.3(B)
We measure TAR model performance by the root mean squared distance or reconstruction error
(RMSE) between each atom in each reconstructed test trajectory with the corresponding frame in
the MD simulation over every frame. In cyan we have TAR models trained over 1 000 points with
delay dimensionality (2m + 1) chosen using the E1(d) method of Cao Cao et al. [1998]. In yellow,
we present TAR models trained over 20 000 points with delay dimensionality (2m + 1) chosen
using the E1(d) method of Cao. In red, we present TAR models trained over 20 000 points with
delay dimensionality (2m + 1 = 5) corresponding to m = k = 2, the intrinsic dimensionality of the

attractor. We compare reconstruction qualities to a benchmark error of 0.25 nm corresponding to
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the RMSE of the lowest RMSE configuration against all other configurations in the trajectory. On

the same plot we include KSEs measured for each time series of the 1% to n'”

atom estimated using
Ruelle’s inequality with Lyapunov exponents computed via the nolds package Scholzel [2020] using

Eckmann’s approach Eckmann et al. [1986].

This figure demonstrates meaningful differences in reconstruction quality as a function of observable
choice and predictability of those differences via dynamical systems measurements. The high
sensitivity of short time series dynamics leading to higher chaos is reflected by the KSEs with
a practical consequence of increased RMSEs. The effect of that sensitivity on reconstruction
quality is, however, also a function of how we construct TAR. In 4.3(B), we observe a largely
monotonic relationship between increased atom index and RMSE, however, there is variation with
model choice In red, we have TAR models trained over 20 000 points with delay dimensionality
(2m+1 =5) corresponding to m = k = 2, the intrinsic dimensionality of the attractor. For these
observations we observe the lowest RMSEs but highest uncertainties of the tested models. This
may be attributed to the fact that we selected m = k, so the embedding dimensionalities accurately
reflect the intrinsic dimensionality of the attractor. While larger embedding dimensionalities were
perhaps not harmful for the previous example of a limit cycle attractor, for chaotic system this
is tantamount to adding “deterministic noise”” Eckmann and Ruelle [1985]. These have the most
monotonic relationship between RMSE and KSE with a Spearman rank correlation coefficient of
Spearman: 0.97 (p=3.31e-15) indicating a strongly monotonic relationship. Larger uncertainties are,
however, likely attributable to these shorter time delay vectors than those chosen with the E1(d)

method of Cao.

The RMSEs plotted in yellow corresponding to TAR models trained over 20 000 points with delay
dimensionalities chosen by the E1(d) method have a reduced Spearman rank correlation coefficient
of 0.91 (p=1.02e-09). This reduction correlation coefficient likely stems from much longer delay

vectors for smaller values of atom index n. For instance, value of (2m + 1) chosen for n = 1 is 43
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compared to 19 for n = 24. It follows that more chaotic systems require longer histories (i.e. larger
m) in order to uniquely specify a path in phase space than less chaotic ones. These larger m values

are, however, insufficient to entirely eliminate the advantage of lower chaos in this case.

Another way of limiting the availability of histories is to reduce training data volume. In cyan,
we present models with 1 000 points with delay dimensionality (2m + 1) chosen using the E1(d)
method of Cao. We measure a Spearman coefficient of 0.96 (p=2.40e-13), indicating a strongly
monotonic trend. We understand this larger Spearman coefficient as stemming from limited training
data volume. Less chaotic systems ought to be more predictable and consequently, while all of
these systems are deterministic, predictions using minimally chaotic time series correspond to lower

RMSEs.

This computational experiment provides practical insights for both experimentalists and computa-
tionalists analyzing time series data. Suboptimal choice of time series increases measured chaos,
reducing system predictability. Here we have shown that for real systems like C,4Hs, KSEs
and leading Lyapunov exponents optimize observable selection for TAR models, maximizing the

relevant information captured by a univariate time series.

4.9 Multi-Temporal Takens’ Theorem: Protein Dynamics and Folding

Dynamical systems often admit the simultaneous observations of multiple observables, allowing for
the multiplexing of information flows. These extra information flows may provide new information,
however, they may also come at a cost. In the example of smFRET, gathering more intramolecular
distances requires tagging a molecule with more fluorophores, thus further altering molecular
dynamics Reinartz et al. [2020]. Given that Takens’ Theorem tells us that a univariate observable
stream is sufficient to reconstruct dynamics under modest technical conditions, the utility of a new

and potentially experimentally costly observable may not improve reconstruction quality.
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Figure 4.4: Schematic of multi-temporal TAR applied to the protein Villin with reconstruction
errors corresponding to delay time choice. (A) The multi-temporal TAR pipeline. Beginning with
a time series, we construct p sets of time delay vectors with 7, 7,...T, as the time delays and
construct p latent space manifolds. We learn the map from .4, #,....# t0 M, 44 Via an ANN
and reconstruct the full-dimensional molecule as in univariate TAR. (B) is a VMD rendering of the
protein Villin (PDB:2F4K) Humphrey et al. [1996].(C) describes mean reconstruction errors of the
full-dimensional atomic trajectory over the course of the test set for each of the tested observables
with benchmark line in red corresponding to the minimum RMSD frame against all other frames.
Uncertainties are bootstrapped by dividing the delay vectors and trajectory in to 3 equal length
portions, training TAR on a subset of each and testing on the others. On the far left we have a
univariate model with T = 1us chosen from the first minimum of autocorrelation. All other models
are multi-temporal including 7 = 200ps and all T up to 7, listed (i.e. T = 3 corresponds to a
multi-temporal model using 77,7, and 73).

110



In this section, we introduce a multi-temporal approach to Takens’ Theorem in which manifolds
constructed using multiple time delays can offer a more complete description of dynamics than
single or multivariate approaches alone. The reason for this multi-temporal approach stems from
the separability of dynamics over time. We take as an example the molecular dynamics of the Villin
protein. The folding of this protein occurs in on &'(us) Kubelka et al. [2003], Henzler-Wildman
and Kern [2007], rotomeric dynamics occur on &'(ps-ns) Haddad et al. [2019], Henzler-Wildman
and Kern [2007], local thermal fluctuations occur on &'(ps-ns)Kurplus and McCammon [1983],
Henzler-Wildman and Kern [2007] and long range interactions may occur on &'(us-ms) Henzler-
Wildman and Kern [2007]. Single time delays offer insight on any one of these given phenomena,
however, it would take extraordinarily high dimensional Takens Delay vectors to span dynamics
from ps to ms (& (109) dimensions!). We recognize that practically, information cascades allow for
the reconstruction of dynamics from across timescales. Weak nonlinear coupling, feedback loops,
multiscale interactions, stochastic resonance and noise-driven cross-scale interactions can result
in these multiscale information cascades, in some cases allowing for reconstruction without such
a multi-temporal approach Haken [1983], Brummitt et al. [2012], Easley and Kleinberg [2010],
Scheffer et al. [2009].

We hypothesize that combining time delay vectors from the same time series, but with different
T corresponding to distinct characteristic times, can embed multi-scale dynamics without causing
an explosion in dimensionality. To test this, we merge latent space manifolds extracted from TAR
across multiple timescales and evaluate reconstruction quality. As dynamics are separable by
timescale, the manifolds constructed at different T should capture independent components of the
system’s behavior Kevrekidis et al. [2005]. We first construct a latent space for each timescale using
univariate TAR, then learn a mapping from the set of all leading eigenvectors of these manifolds to
the latent space of the ground truth molecular dynamics simulation. This approach enables recovery

of the correct manifold dimensionality before backmapping to an all-atom representation.
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In this section, we make use of a 125.6 us MD simulation of the protein Villin produced by D. E.
Shaw research Lindorff-Larsen et al. [2011] as our ground truth model. Frames were saved every
2 ps, producing 627 907 frames. All Takens delay vectors produced are created from synthetic
time series produced by measuring intramolecular distances between two heavy atoms in the Villin
protein. Simulation details are available in Lindorff-Larsen et al. [2011]. Model parameters for

TAR are available in supplemental materials section 4.12.4.

Figure 4.4 provides an overview of the multi-temporal TAR reconstruction process and its application
to the protein Villin to reconstruct its full-dimensional configurations from a synthetic smFRET
time series generated from an MD simulation. In Fig. 4.4(A) we provide a schematic of the multi-
temporal TAR setup. Beginning with a time series, we construct p sets of time delay vectors with
71, T2...Tp as the time delays and construct p latent space manifolds. We also learn a latent space
representation of the molecular dynamics trajectory of Villin, .#;,,,;. Next, we learn the map
from A\, My....Mp t0 My, via an ANN. Finally, we map from the reconstructed @(.#;,4;) to
the full-dimensional molecule. Fig. 4.4(B) is a VMD rendering of the protein Villin (PDB:2F4K)
Humphrey et al. [1996]. Fig. 4.4(C) describes mean reconstruction errors of the full-dimensional
atomic trajectory over the course of the test set for each of the tested observables with benchmark
line in red corresponding to the minimum RMSD frame against all other frames. Uncertainties are
bootstrapped by dividing the delay vectors and trajectory in to 3 equal length portions, training
TAR on a subset of each and testing on the others. On the far left we have a univariate model with
T = 1us chosen from the first minimum of autocorrelation. All other models are multi-temporal
including 71 = 200ps and all T up to T, listed (i.e. T = 3 corresponds to a multi-temporal model

using 71, Tp and 73).

Fig. 4.4(C) demonstrates that all multi-temporal and univariate Takens’ approach perform with
RMSEs that are a fraction of the benchmark RMSE (~ 0.3 nm vs 0.72 nm). The univariate

reconstruction performed with T = 1us, a time delay approximately equal to the first minimum of
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autocorrelation of the distance time series, performs with an RMSE of 0.318 £0.005 nm. Starting
from the shortest time delays available (200 ps), we construct multi-temporal Takens’ vectors using
time delays on successively larger orders of magnitude. The first model uses 7; = 200ps, 7p = 1ns,
the second uses 7; = 200ps, Ty = Ins, 73 = 10ns and so on. The best performing model is the final
one with longest time delay 77 = 4us with an RMSE of 0.274 +0.003 nm. This Villin protein has
a characteristic folding time of 2.8us Lindorff-Larsen et al. [2011] so while the last 3 models using
T5 = 1us,Tq = 2Us, 77 = 4us all use time delays on the characteristic folding time of Villin, the

performance improvement only comes with the last model.

Both the univariate and multivariate models effectively capture the protein’s folding dynamics,
which dominate the system’s behavior, especially at longer timescales and with full head-to-tail
distances. While empirically we find that there is sufficient information at short time scales to
reconstruct Villin with RMSEs characteristic of static methods such as cyro-electron microscopy and
x-ray crystallography, improvement is achieved without the introduction of new data streams through
multi-temporal Takens delay vectors. The lack of monotonic improvement with multi-temporal
approaches demonstrates that timescale choice can be important to improve these models. However,
while physical intuition such as characteristic folding times can be used to intuit good choices
for 75, we are not able to determine these ideal values precisely. The multi-temporal approach
offers a more nuanced reconstruction by integrating information across multiple timescales, thereby
capturing dynamics at these various scales. Importantly, this method does not require an increase in
the number of observables, making it a cost-effective yet robust platform for multiscale modeling

provided there is a limited information cascade between timescales.
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Figure 4.5: Vanguard S&P 500 ETF (VOO) returns from January 2024 Services [2024] for 5 second,
1 minute and 1 hour time delays returns. (A) measures hurst exponents over a 100 ms to 2 hour time
period. (B) relays the L1 norm between the true returns distributions of VOO and (i) TAR models
(i1) AR(1) (autoregressive) model (iii) Gaussian distribution. (C) Histogram of returns over 7 =5
s, T=1 min and 7 = 1 h time periods with both AR(1) and Gaussian fits using all available data.
(D) histogram of returns in TAR produced phase space for both a train and test set with training
performed on min[5000, len(delay_vectors)//2].
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4.10 Phase Space Reconstruction in the absence of training data: Vanguard

S&P 500 ETF

Many experiments describe phenomena that are beyond the capacity of simulation, either because
the rule sets describing them are unknown or are excessively expensive. For instance, proteins
folding on time scales on the order of seconds are many orders of magnitude in timescale beyond the
accessibility of atomistic simulations even on the largest super computers. Conversely, many social
scientific and biological studies do not have clear physical rules that we can write to propagate these
systems. However, Takens’ Theorem guarantees that univariate time series can be structured in to
delay vectors constructing a manifold that is diffeomorphically related to the manifold embedding
the true full-dimensional dynamics. This means that the manifolds we extract with TAR in the
absence of a training ground truth simulation can still give us phase spaces that embed the system
dynamics. TAR manifolds can then represent them on a landscape that is bijectively related to some
objective function or time series we wish to reconstruct Takens [1981]. This is sufficient to gain
insight on phenomenologies driving dynamics and construct phase space descriptions of arbitrary

dynamics.

In this section, we take one such experimental time series, the execution price of shares of the
Vanguard S&P 500 Exchange Traded Fund (VOO) over the month of January 2024 and use TAR
models to learn the phase space of returns over short time delays. It is expected that at short
timescales, the price of liquid assets such as VOO will follow a random walk as traders have similar
information and consequently have no ability to make decisions based on material changes in market
conditions Fama [1995]. We model the returns attributable to these random walks as Gaussian

processes.

a2
flx)= ! exp (—%) 4.4)



where x are the observed returns, [l is the estimated mean return and & is the estimated standard

deviation.

At very short time scales are observed to be mean reverting as a result of bid-ask bounce, liquidity
effects and associated transaction costs, order-book dynamics and inventory management by market
makers Madhavan [2000], Bouchaud et al. [2018], Campbell et al. [1998], O’Hara [1995]. As prices

are discrete (they correspond to tick values), we use an AR(1) process to model returns:

Xt =Qx 1 +&, &~ /(0’682) (4.5)
1 (ot — Pxp_1)?
S [ xim1) = ——exp |~ (4.6)
21 62 O¢

where ¢ is the autoregressive coefficient, determining the memory or persistence of the process,
O¢ is the standard deviation estimated from the noise term, x; is the return at time ¢ and & is the
Gaussian noise at time t. As timescale increases and processes switch from mean reverting to
random walks, we expect that the value of ¢ goes to zero. At long time scales changes to economic
conditions can shift equilibria and we see the emergence of trend. In this section, we show that we
can use TAR to estimate probability distributions of returns for all three situations with L.1 norms

better than the theoretical models for systems evolving at each of these time scales.

We first construct Takens delay embedding vectors over our time series, for T =[5 s, 1 min, 1 h].
We elect to use these values as they correspond to weakly mean reverting, random walk and trend
following regimes and consequently are described well by either the AR(1) process, the Gaussian or
neither. While prices are discrete in the order book, times are not. We avoid smaller time bins to
ensure that there are multiple orders per time bin for every time in our time series, eliminating empty
bins. Similarly, as there are only 6.5 trading hours per day and we need multidimensional Takens

delay vectors to describe dynamics, we limit reconstructions to a maximum time delay of 1 hour to
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avoid having time delays involving interday observations. There are methods of approaching both
of these issues; last observation carried forward approaches, use of midpoint quotes and skipping
empty bins can be used to deal with empty bins Bouchaud et al. [2018], O’Hara [1995]. Modeling
overnight gaps explicitly or measuring time based on cumulative trading activity Hansen and Lunde
[2006], Clark [1973] can smooth over interday effects. We choose to limit our study of time ranges

to avoid the necessity of more sophisticated financial modeling techniques.

We use time delays of 3 time units as we expect k = m = 1 for these simple processes that are
well described by Gaussian and AR(1) models. We then compute the log return over the each
element of each delay vector, dividing each element by its first component. Log returns are used
in securities price modeling as they better approximate a normal distribution, are additive in time
and are more stationary than standard returns Campbell et al. [1998]. We then scale returns using
a MinMax scaler bound by [—1, 1] Pedregosa et al. [2018] and perform diffusion maps to get our
latent space manifold construction of the returns landscape. Gaussian kernel width is adjusted
recursively to match the implied dimensionality of diffusion maps extracted latent spaces with the
embedding dimensionalities computed with the E1(d) method Cao [1997]. We train all TAR models
over min[5000, len(delay_vectors)//2] chosen randomly from the first half of all constructed delay
vectors, ensuring that we never use more than half of available delay vectors to train our data. We
then project the remain delay vectors down to the latent space extracted from real data via Nystrom
extension Williams and Seeger [2000]. We asses model quality by the L1 norm between the train
and test probability density functions in latent space. These are compared with the .1 norms of the
Gaussian and AR(1) fits to the log returns distributions. We use L1 norms as they correspond to

total variation distance between distributions. These are constructed over all of the data available.

In Fig 4.5(A), we measure Hurst exponents over a 100 ms to 2 hour time period Hurst [1956, 1957],
Weron [2002]. The green range represents trend following processes, while the red range is mean

reverting. Hurst exponents near 0.5 correspond to random walks. We observe that on short time
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scales (order of ms to s), we observe Hurst exponents indicating mean reversion while at long time
scales (order of hours) and random walks occur at middle time scales (order of 10s of seconds to
minutes). In Fig 4.5(B), we present the .1 norms for all tested time ranges and models. We observe
that on all time ranges, TAR outperforms the AR(1) and Gaussian processes. On the 5 second
timescale, the AR(1) process outperforms the Gaussian whereas on the 1 minute timescale, they
perform at a similar level, indicating that ¢ takes a small value. On the 1 hour time scale, neither
is capable of reconstructing the skewness in the returns distribution, as mean log returns for VOO
over January 2024 are positive. In all three cases, TAR outperforms the standard models. Fig 4.5(C)
displays histogram of returns over T =35 s, T =1 min and 7 = 1 h time periods with both AR(1)
and Gaussian fits using all available data. We see that at short time scales, the processes are weakly
mean reverting, become near random walks and eventually become trend following reflectedby the
skewness in subpanel (ii1). Fig. 4.5(D) reflects the histogram of returns in TAR produced phase
space for both a train and test set with training performed on min[5000, len(delay_vectors)//2]. In

all 3 cases, the phase space of returns can be described in a single dimension, V.

We conclude that we can observe the phase space corresponding to any given time series regardless
of whether or not we have a ground truth test set. TAR is agnostic to probability distribution
and is able to reconstruct dynamics for all 3 tested time periods. While, future TAR models may
incorporate knowledge of these distributions in the loss function constructing latent spaces, we find

that for this VOO securities price time series, TAR describes the returns spectrum well.

4.11 Conclusions and Future Work

This work presents a highly interoperable framework, TAR, that integrates dynamical systems
theory with machine learning models to optimize time series analysis in a physically robust manner.
We introduce a pipeline that extracts phase space representations of time series data in a low-

dimensional format while preserving high-dimensional dynamics through Takens’ Theorem and
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manifold learning. Additionally, we provide a method for mapping these representations back to
their full-dimensional descriptions when a training trajectory is available. We show that TAR can
be used to reconstruct arbitrary dynamical systems, starting with Lotka Volterra. Furthermore,
we demonstrate that Kolmogorov-Sinai Entropies can be used to predicatively select time series
inputs to optimize TAR models using molecular simulations of C,4Hs,. With Villin, we showed
that multi-temporal TAR can access dynamics across timescales and integrate the information to
improve upon univariate TAR constructions using the same time series. Finally, with the security
VOO, we showed that TAR can learn phase space representations of time series that accurately
embed system dynamics without a ground truth full-dimensional model for training. All of the
components of these pipelines including univariate, multivariate and multi- temporal TAR, nonlinear
mapping and dimensionality reduction tool set developed for this paper are available on github at

https://github.com/maxtopel/TAR.

While the TAR package can address a wide variety of dynamical systems, we seek to continue
improving its accuracy. In this work we proposed the use of KSEs to predict optimal inputs for
chaotic attractors. In future work we seek to expand our use of dynamics measures to characterize
the utility of a given time series for learning. Like most nonlinear dimensionality reduction
platforms, TAR does not provide an easily interpretable basis for the dynamical system. In the
future, we seek to construct mappings from proposed bases of systems to the latent spaces we
construct to understand better the physical nature of our collective variables. We also seek to expand
TAR’s capabilities to apply holonomic constraints such as physical loss functions to increase the
accuracy of these reconstructions. These two innovations can increase the interpretability of TAR
models. The TAR pipeline promises to provide a window in to the dynamics of arbitrary time series
observables. Given the wide diversity of system we seek to study with TAR, we aim to expand the
types of intermanifold mapping, dimensionality reduction and data structuring methods available

and investigate the effect of model choice on the quality of Takens-informed reconstructions.

119



4.12 Supporting Information

4.12.1 Information Theoretic Measurements for Determining Time Delay of

Embeddings

Determining the optimal delay time for Takens Delay vectors is directly related to the characteristic
time of dynamics we wish to reconstruct. Consequently, we wish to understand over which time
periods these dynamics occur. Mutual information and auto-correlation allow us to make estimates

about these time periods. In this section we discuss the calculation of mutual information.

Shannon Entropy: The Shannon Entropy is a measure of the average amount of information
required to differentiate states in a process Shannon [1948]. Let p(x) be the probability that our
system occupies state x € 2. Then the average amount of information, H(x) required to describe
the state of x is the expectation value of the probability of occupying any given x times the log

likelihood of occupying state x:

H(x)= ) p(x)logy(p(x))

xe 4

x can describe any given state of our dynamical system as conveyed by our time series observables,
the true full-dimensional data set, or low dimensional representations of either data set produced

using manifold learning techniques such as diffusion maps.

Mutual Information: Mutual Information describes how much information time series X contains

about time series Y and can be defined in terms of Shannon entropies Fraser and Swinney [1986b]:

I(X;Y)=H(X,Y)—H(X|Y)—H(Y|X)
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This can be used to to estimate how capable X is of predicting Y. We can also compute a time series’
mutual information with a delayed version of itself to determine how far in to the future we have to
look such that observable X (¢) and X (¢ + 7) share no mutual information. We use this criterion to

determine optimal time delays for Takens delay vectors Fraser and Swinney [1986b].

4.12.2 2D Lotka Volerra Predetor Prey Dynamics

The 2D Lotka Volterra (LV) model simulates the interaction of predator and prey species through a

set of coupled differential equations.

dx dy

; — = 0xy— 4.7
i g oW 4.7

We propagate the Lotka Volterra coupled population dynamics equations for 100 000 time units

with a time step of 0.001 time units and a,f3, € and y of 1, 0.005, 0.8 and 0.6 respectively. The

solved differential equations give us 100 000 000 observations of the populations and population

changes of two species which we denote as x, y and %,Z—{ respectively.

All reconstructions of Lotka Volterra models are trained on univariate time series of the population
of species X, x. For each time delay, we construct 100 000 delay vectors. Each model uses 5 000

delay vectors subsampled uniformly from 1/3 of the delay vectors.

We reduce the Takens delay vectors via diffusion maps Coifman et al. [2005a] to recover a 2
dimensional intrinsic manifold using the diffusion maps method trained on the same 5 000 point
training set. We take the Euclidean distance between time delay vectors as the similarity metric
used to construct the pairwise distance matrix. We tune the Gaussian kernel width, €, for each
model such that the implied dimensionality of the resulting manifold matches the 2 dimensional
full system model. Implied dimensionality is computed using the L method of Salvador and Chan

Salvador and Chan [2004]. We recognize that the limit cycle attractor is itself 1 dimensional but
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keep the 2D representation as the full-dimensional system we map to, [X,Y] populations, is 2D.
The remaining data points not included in training were Nystrom extended Williams and Seeger

[2000] to project them on to the extracted manifold.

Finally, we backmap from our latent space manifold to the 2 dimensional population time series X, Y
using a neural network trained on the training 1/3rd of the trajectory and tested on the remaining
2 thirds. Our network has input dimension and output dimensions of 2, respecting the Takens
determined diffemorphic mapping between the Takens space and the full-dimensional dynamics
space. The network has five hidden layers, each containing 50 nodes. Each hidden layer is a linear
with a ReLLU activation function Agarap [2019] to allow for nonlinear behavior. The training process
consists of 500 epochs, using the Adam optimizer Kingma and Ba [2014] with a learning rate of

0.01. All data is scaled using MinMaxScaler Pedregosa et al. [2018] between [0,1].

4.12.3 Cy4Hsp molecular dynamics and synthetic smFRET

Simulation details

A 100 ns MD simulation of the straight chain hydrocarbon C,4Hs, was conducted to provide a full-
dimensional trajectory to train and test the TAR model. The trajectory contains frames trained every
0.2 ps, yielding 500 001 frames. The details of this simulation are available in the supplemental

information of Topel and Ferguson [2020].

All reconstructions of C,4Hs models are trained on univariate time series observation of intramolec-
ular distances evolving over time. These time series correspond to the distance between the head
(157) and n'" carbon along the backbone of the straight chain polymer C,4Hs(. Takens delay vectors
are either taken as 5 dimensional so that m = k = 2 matches the intrinsic dimensionality of the
system attractor or are computed via an E1(d) analysis of each of the intramolecular distance
trajectory Cao [1997] with a cutoff of 0.98 depending on the model. Optimal delay times were

extracted using the first minimum of the autocorrelation function for each time series. All data is
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scaled using MinMaxScaler Pedregosa et al. [2018] between [0,1].

We reduce the Takens delay vectors to a 2 dimensional intrinsic manifold using the diffusion maps
Coifman et al. [2005a] method trained on a 5 000 or 20 000 point training set selected. These
training points are subsampled from 1/3 of the available delay vectors with test data coming from
the remaining 2/3. A simple Euclidean distance between time delay vectors is taken to be the
distance metric used to construct the pairwise distance matrix. We tune the Gaussian kernel width
€ for each model such that the implied dimensionality of the resulting manifold matches the 2
dimensional full system model. Implied dimensionality is computed using the L method of Salvador
and Chan Salvador and Chan [2004]. All remaining data points were Nystrom extended Williams
and Seeger [2000] extended on to the extracted manifold. We then map from our latent space
manifold extracted by diffusion maps to a manifold extracted by diffusion maps run over a matrix
constructed from the Euclidean distances between each frame of the trajectory, learned over the
first half of all constructed delay vectors. This latent space manifold, .# ! embeds within it the

dynamics displayed by the time delay vectors used to construct it.

We reconstruct a latent space representation of the C,4Hsy molecular dynamics directly from the
full-dimensional data. Constructing a pairwise distance matrix over the all atom representations of
the frames corresponding to the training points used to construct the latent space manifold from
time series. These pairwise distances correspond to the rotationally and translationally aligned root
mean squared error (RMSE) of each atomic position Kabsch [1976] with minimization of RMSE
about mirror symmetries arising from the uniformity of this straight chain hydrocarbon and those
due to head to tail inversion. Details of this process are available in Topel and Ferguson [2020].
We use the same Gaussian kernel width estimation and Nystrom extension method to recover the
latent space manifold .# that embeds the dynamics displayed by the C,4Hs simulation. Following
the L method of Salvador and Chan Salvador and Chan [2004], we determine that this manifold is

intrinsically 2 dimensional.
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To recover the diffeomorphic mapping between .’ and .# , we use a neural network trained on the
first half of delay vectors constructed from the time series and tested on the last half. Our network
has input and output dimensions of 2 with five hidden layers, each containing 50 nodes. Each hidden
layer is a linear with a ReLU activation function Agarap [2019] to allow for nonlinear behavior. The
training process consists of 500 epochs, using the Adam optimizer Kingma and Ba [2014] with a
learning rate of 0.01. We call the reconstruction of .# produced by this last mapping from .7,

().

To recover the full-dimensional coordinates of each of the 24 heavy atoms of C,4Hs(, we employ a
second network, also with five hidden layers, each containing 100 nodes using the RelLU activation
function. Models are trained over 500 epochs, using the Adam optimizer Kingma and Ba [2014]
with a learning rate of 0.01 on the first half of points corresponding to the same training set at the
previous step. This network takes in the 4 coordinates of each point on ®(.#) and outputs the
3 x 24 coordinates corresponding to the x,y,z positions of each heavy atom of C,4Hs(. This process

is repeated twice more using the other 2/3 of the data to bootstrap uncertainty estimates.

Calculation of Lyapunov Exponents and Kolmogorov-Sinai Entropies

All Lyapunov exponent are computed using the nolds package which implement’s Eckmann’s
method for computing the Lyapunov Exponents Scholzel [2020], Eckmann et al. [1986]. A matrix
and embedding dimensionality of 5 was used to be consistent with the intrinsic dimensionality

m = k = 2 of the C,4Hs system.

Fig.4.6 shows how varying the number of points used in these computations alters the computed
Lyapunov exponents. This is a well documented phenomenon Rosenstein et al. [1993]. We note that
for all computations, the trend in Lyapunov exponents increases monotonically with points used. In
all cases except for n < 5000, rank ordering in KSEs and leading Lyapunov Exponents is preserved.

Moreover, the spacing between values computed for each choice of time series remain largely
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Figure 4.6: (a) Kolmogorov-Sinai Entropies (b) Leading Lyapunov Exponents as a function of
number of points used in training for time series of the distance between the first and i’ h atom in
Ca4Hsp.

static across number of points used. As we are not interested in the converged values of KSEs and
Lyapunov Exponents but rather this rank ordering as a way to determine optimal time series choice,
we find that any sufficiently large quantity of points used in this calculation is sufficient to make
this determination. The 2 000 data points we use are sufficient to make this determination. Errors
are computed by bootstrapping; we compute both quantities from 3 different parts of the C,4Hs,

MD trajectory.

4.12.4  Villin molecular dynamics and synthetic smFRET

We use a simulation of the Villin polypeptide, a 35-residue 577 atom protein, with protonated
HIS residue (PDB ID: 2F4K) conducted by D.E. Shaw Research on the supercomputer Anton
Lindorff-Larsen et al. [2011] as our ground truth model. This 125.6 us MD simulation has 2 ps

time resolution yielding 627 907 frames.
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Reconstructions of Villin univariate and multi-temporal TAR models based on time series obser-
vation of intramolecular distances between atoms in the protein over time. These distances are
extracted from the molecular dynamics simulation order to create synthetic smFRET signals. These

time series correspond to the distance between the head (1st) and 286"

carbon along the backbone
of the protein. We learn each latent space from 20 000 time delay vectors subsampled uniformly
from 1/3 of all constructed delay vectors. As we do three reconstructions to bootstrap uncertainty,
we cycle the training region between the first, middle and last thirds of the training time series.
Testing is performed on remaining points. Dimensionalities of each delay vector are chosen in
accordance with the E1(d) analysis suggested dimensionality for each intramolecular distance
trajectory with a cutoff of 0.98 Cao [1997]. Optimal delay times were extracted using the first

minimum of the autocorrelation function for each time series. All time series are scaled using

MinMaxScaler Pedregosa et al. [2018] between [0,1].

We reconstruct a latent space representation of Villin molecular dynamics trajectory directly from the
full-dimensional data. Next, we construct a pairwise distance matrix over the all atom representations
of the frames corresponding to the 20 000 training points used to learn the latent space manifold
from time series. These pairwise distances correspond to the rotationally and translationally aligned
root mean squared deviation of each atomic position Kabsch [1976] with minimization of RMSE
about mirror symmetries arising from head to tail inversion. Details of this process are available
in Topel and Ferguson [2020]. We use the same Gaussian kernel width estimation and Nystrom
extension method to recover the latent space manifold .# that embeds the dynamics displayed by
the Villin simulation. Following the L. method of Salvador and Chan Salvador and Chan [2004], we
determine that this manifold is intrinsically 3 dimensional. The method for the extraction of ./#’
from Takens delay vectors is identical to that for C,4Hs, and the network used to map from .2’

and . is also identical.

To recover the full-dimensional coordinates of each of the 287 heavy atoms of Villin, we employ a
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second network, also with five hidden layers, each containing 100 nodes using the ReLU activation
function. Models are trained over 500 epochs, using the Adam optimizer Kingma and Ba [2014]
with a learning rate of 0.01 on the first half of points corresponding to the same training set a the
previous step. This network takes in the 3 coordinates of each point on ®(.#) and outputs the

3 x 287 coordinates corresponding to the x,y,z positions of each heavy atom of C,4Hs,.
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CHAPTER 5

KOLMOGOROV-SINAI ENTROPIES IDENTIFY OPTIMAL
OBSERVABLES FOR PREDICTION AND DYNAMICS
RECONSTRUCTION IN CHAOTIC SYSTEMS

5.1 Abstract

Embedding theorems provide theoretical insight into the relationship between time series obser-
vations of a system and the dynamics that generate them. Notably, Takens’ Delay Embedding
Theorem guarantees that there exists a bijective map between vectors constructed from arbitrary
time series observables and the full-dimensional dynamics of that system. However, Takens’
Theorem is agnostic to the choice of observable and formal bounds on the limitations of these
relationships in real systems are lacking. Here we show that under modest technical conditions, the
Kolmogorov-Sinai entropy is predictive of the time series that minimizes reconstruction errors in
the full dimensional dynamics for chaotic ergodic systems. Using Oseledets Multiplicative Ergodic
Theorem, we demonstrate that, if the conditions of Takens’ Theorem are met, manifolds constructed
from Takens’ Theorem can be described by a filtration of subspaces that are diffeomorphically
related for any observable that respects these conditions. Moreover, the exponential rates of growth
and shrinkage of their subspaces can be used to estimate the sensitivity of each to error. Finally, we
bound reconstruction errors as a function of the error contributions from each Oseledets subspace
for a given observable, showing that they are proportional to the positive Lyapunov exponents of the
system and, by the Ruelle inequality, the Kolmogorov-Sinai entropy. This work provides analytical
intuition into observable selection for arbitrary dynamical systems and can be used to this effect for

the modeling of dynamical systems via statistical learning.
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5.2 Introduction

Advances in the fields of complex systems Strogatz [2015], Barabdasi [2002], Mitchell [2009]
and machine learning Goodfellow et al. [2015] alike have enabled the study of complicated,
interconnected and noisy systems from population dynamics May [1976] to consumer demand
functions Varian [2014]. These tools have put the study and prediction of complex systems
comfortably within the reach of anyone with access to compute. However, with these marked
advances in learning technologies, much of the theoretical and analytical insight provided by the
fields of dynamical systems and embedding theorems has gone unused. Within a sea of plausible
time series observations of dynamics coming from any number of data sources, deciding which
to use can be tricky. In this work, we propose how and prove why one such tool of dynamics, the
Kolmogorov-Sinai Entropy (KSE), can be used to predictively select optimal time series to feed

into machine learning platforms modeling chaotic ergodic systems.

We apply a combination of geometry, embedding theorems and dynamics to first define the problem
of time series selection, introduce the notion of geometries from time series, discuss differences
in the manifolds describing dynamics of each and finally prove how the KSE can be used to
optimize time series selection. In Sect. 5.3, we introduce the notion of ergodic dynamics and
invariant manifolds arising from complex dynamics. In Sect. 5.4, we discuss Takens’ Delay
Embedding Theorem and its application in ergodic dynamics. In Sect. 5.5, we describe types
of geometrical distortion to attractors constructed from time series. In Sect. 5.6, we introduce
Oseledets Multiplicative Ergodic Theorem and its application to Takens embeddings under certain
conditions. In Sect. 5.7, we define Lyapunov exponents and the Kolmogorov-Sinai entropy. Finally,
in Sect. 5.8, we prove that under certain modest technical conditions, Kolmogorov-Sinai entropy
predictively selects time series that minimize reconstruction errors when backmapping to full

dimensional dynamics.
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5.3 Ergodic Dynamics and Attractors

We can define the accessible phase space of a dynamical system S in terms of its measurable phase
space given by the triple (X,X, 1) where X defines accessible states, ¥ specifies the c-algebra
consisting of all measurable subsets in X, and p is the probability measure defining the probability
of measurable sets in X Walters [1982], Cornfeld and Fomin [1982]. We can also define some
measure preserving transformation 7 : X — X that propagates X through S. T is said to be ergodic

if for every invariant set A € ¥ satisfying 7~ (A) = A, u(A) =0 or u(A) = 1 Walters [1982].

For instance, in classical mechanics, Liouville’s Theorem guarantees that there exists a time
evolution map given by Hamilton’s equations of motion where phase space volume is preserved
under the time evolution Arnold [1989]. More formally, for any measurable set A C X, u(A)
remains constant under time evolution, (7?(A)). This transformation is said to be symplectic
(volume-preserving) Arnold [1989]. It may also be ergodic with respect to the Liouville measure;
however, constraints on dynamics can result in the emergence of restrictions to accessible phase

space.

The existence of conserved quantities such as energy in classical physical systems results in the
emergence of lower dimensional surfaces (invariant manifolds) in phase space that can effectively
describe system dynamics Noether [1918]. For instance, an N-atom molecular system evolving in
some high dimensional phase space ROV has an effective description on an invariant manifold of
k < 6N dimensions. These dynamics are restricted to RON-1 by energy constraints and then can be
further confined to R¥ as a result of atomic interactions such as electrostatic forces Wales [2003].
We term this subset of phase space the attractor, although this term is also used for manifolds
emerging from dissipative dynamics where trajectories converge. We extend this usage to describe
any low dimensional and invariant subset of an original high dimensional description. In this work,
we consider the broader context of both dissipative and chaotic systems giving rise to attractors.

Such systems may have an invariant Sinai—Ruelle-Bowen (SRB) measure describing the statistical
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behavior of chaotic attractors which are typically ergodic on systems where they are defined
Young [2002], Ruelle [1979]. These attractors have been shown to be robust to perturbations as in
Kolmogorov—Arnold—Moser (KAM) theory Arnold [1989] and in the works of Stark and Broomhead
under both stochastic and deterministic forcing Stark [1999], Stark et al. [2003], Broomhead and
King [1986]. If we constrain X to these invariant attractors, we can often define some transformation
T that is ergodic with respect to a measure (1 on these invariant manifolds Walters [1982], Eckmann

and Ruelle [1985].

5.4 Takens’ Delay Embedding Theorem

Takens’ Delay Embedding Theorem states that for any dynamical system, S, with smooth dynam-
ics describable by a compact attractor (i.e. on an invariant manifold), for which we can record
a time series observation of its dynamics, vectors constructed by recording time delayed scalar
observables of S constitute an embedding of the attractor of S onto R2"+1 where m is the dimen-
sionality of the attractor under modest technical conditions Takens [1981]. These vectors have form
y(t) =[01,0i—7,- -, 0t _omz] € R2"+1 and their embedding describes the geometry and dynamical

properties of S up to an a priori unknown diffeomorphism Takens [1981].

This powerful theorem can be used to extract robust descriptions of a dynamical system from time
series observations of that system. This is particularly convenient for complex dynamics where
the forces or rules that propagate that system are unknown, or for large interacting systems like
molecules, where propagating those rules in a full-dimensional form is very expensive. While this
theorem allows us to identify these intrinsic manifolds describing dynamics, these manifolds do
not necessarily have ergodic measures. There may exist multiple invariant components to these
manifolds and ergodicity requires that these systems not be decomposable. That is to say, for an
ergodic measure i on the map 7 describing all accessible states X for (X,X, i), there cannot be

some A C X that is not accessible by the propagation of any other subset A’ C X, T (A’). If there
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were multiple closed sets in X, X could be subdivided into multiple subsets where p(A) =0, 1,
violating ergodicity. In this case, an invariant measure could be composed on each closed subset of

X, however the decomposability would violate the requirements of ergodicity.

Here we will appeal to two facts. 1) If we collect continuously observed time series observations
of a dynamical system S then we typically only capture the states within an invariant subset of the
phase space Strogatz [2015]. We can then apply ergodicity to this subset of phase space if there is an
ergodic invariant measure on it. It should be noted that stochastic or deterministic forcing causing a
jump to a different invariant manifold is possible in the case where there exist multiple invariant
manifolds describing dynamics for forced systems Grebogi et al. [1983]. 2) It is often the case that
the chaotic dynamical systems we discuss in this work enjoy an invariant Sinai—Ruelle-Bowen
measure describing that is typically ergodic on systems where they are defined Young [2002]. This
SRB measure is considered to be physical because it describes statistical behavior congruent on
almost any initial conditions characteristic of the attractor Young [2002], Eckmann and Ruelle

[1985].

5.5 Distortions to Embedded Manifolds

Our discussion of both Takens’ Theorem and dynamics has been somewhat idealized. In the real
world, our time series observations may be subject to noise or deterministic forcing. Moreover,
chaotic systems are subject to "deterministic noise", small differences in initial conditions resulting
in exponentially different trajectories over time Eckmann and Ruelle [1985]. Consequently, although
a system may evolve deterministically, the time series observations of that system may resemble
stochastically defined noise. This high degree of sensitivity to initial conditions for chaotic systems
means that any imprecision in our definition of a state x € X can lead to a mischaracterization of the
embedding .#Z C R¥"*! we can produce from Takens’ Theorem. Possible sources of error abound.

Stochastic noise from recording equipment, deterministic forcing from a second and separable form
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of dynamics influencing our system or even errors determining the correct value of x due to errors
accrued solving differential equations numerically over long time scales can limit our ability to
correctly and uniquely define the set of accessible states X on an attractor over time Kantz and

Schreiber [2004].

It is fortunate, then, that the works of Stark and Broomhead Broomhead and King [1986], Stark
[1999], Stark et al. [2003] have demonstrated the robustness of Takens’ Theorem to such determin-
istic and stochastic forcing. However, we expect that the degree of sensitivity of any one of our
potential time series observations to noise will result in distortions to the embedding .#" C RZm+1
that will be a function of individual manifold topography. Consequently, while Takens’ Theorem
applies to generic observables, in practice, observable choice can affect the quality of modeling
performed using Takens delay vectors constructed from that time series Kantz and Schreiber [2004],
Takens [1981], Sauer et al. [1991]. To our knowledge, formal guidelines surrounding the selection

of such time series observables do not exist.

We can, however, classify the types of distortions to latent space representations of dynamics that
can arise in manifolds constructed from Takens’ Theorem. While Takens delay embeddings are
guaranteed to be diffeomorphically related to manifolds describing full dimensional dynamics, they
are subject to smooth deformations of their topography including stretching, squashing, bending,
local warping, twisting and shearing Hirsch et al. [2003]. These will result in deformations to the
intrinsic geometry of the manifold, meaning that there will be changes to the distances between

embedded points on .#’ produced by Takens’ Embedding.

Any intrinsic geometrical deformation alters distances on the manifold while extrinsic ones may
visually affect the manifold but leave distances unchanged Hirsch et al. [2003]. Minimizing intrinsic
distortions leads to more faithful representations of system dynamics. Moreover, larger deformations
present the opportunity for greater sensitivity to mischaracterization of 7 (¢) € .#’ and consequently,

observable selection should be done in a fashion that minimizes such deformations. In the following
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Deformation Type  Description Intrinsic Geometry Conserved

Stretching/Squashing Expansion or compression of regions of phase No
space.

Bending Smooth curving that does not induce folds. Yes

Local Warping Small deformations on the surface. No

Twisting Smooth rotation. Yes

Shearing Deformation in angles and distances. No

Table 5.1: Types of deformations of the manifold .#’ under C ! equivalence as guaranteed by
Takens’ Theorem that may vary with observable choice Hirsch et al. [2003], Takens [1981], Sauer
et al. [1991].

section, we apply Oseledets Multiplicative Ergodic Theorem to study the rate of such distortions.

5.6 Oseledets Multiplicative Ergodic Theorem

It is now incumbent upon us to study the rate at which the reconstructed manifold .2’ C R¥ produced
by Takens’ Theorem is distorted. We assume first that our observations describe an effective phase
space described by an attractor, .#Z C Rk , and that the time evolution of state r(t) € .# is described
by transformation 7 ergodic on the invariant measure (. We contend that this is a fair assumption
for a wide variety of chaotic dynamical systems as discussed in the previous sections. Moreover,
ergodicity ensures that time averages converge to ensemble averages via Birkhoff’s Ergodicity

Theorem, ensuring reliability of the statistical properties derived from observations Birkhoff [1931].

Oseledets multiplicative ergodic theorem (OMET) provides the convergence criterion in the rates
of growth or shrinkage of the tangent space (or bundle) at almost every point on the attractor
M C R¥HL Oseledets [1968). Tt is multiplicative as it deals with the product of linear operators
and is vector-valued; that is to say it describes time averaged behavior of the evolution of a vector
under a sequence of linear transformations to our system Arnold [1998]. For some linear operator
A(r) operating on the orbit 7 (r) acting on vector r(t) € .4 C R?"T1, there exist statistical limits
to the evolution of r propagated by A(r) = A(T*~!(r)) ---A(T(r))A(r). This operator corresponds

to the cocycle over the base dynamics, 7. OMET tells us that we can subdivide the tangent space of
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the attractor .# C R?"t! into a filtration of subspaces {0} CVopCV; C...CV, C Vgr1 € ... C
Vi C R +1 for which there exist a corresponding set of Lyapunov exponents A; > A, > ... > Ag
measuring rate of growth or shrinkage of each subspace under the transformation A Oseledets [1968],
Arnold [1998]. Moreover, these rates of growth and shrinkage are given by the limit behavior of the

evolution of our system at long timescale:

!
Jim —log [A: (r)v]| = 44 (5.1)

where v € Vq\Vq_l is a nonzero vector in subspace V; but not V,,_; Oseledets [1968], Arnold

[1998].

We can equivalently apply OMET to some manifold extracted via Takens’ Delay Embedding
Theorem .7’ C R¥"*1 that enjoys a smooth, invertible and bijective map between manifolds,
®: .4 . leading to its own filtration of subspaces {0} C Vé C Vl’ C..C Vé C Vc;+1 C..C
Vi C R?™+ for which there exist a corresponding set of Lyapunov exponents A{ > A5 > ... > A%

produced by the limiting behavior:

.1 VAT Y.
Jim —Tog 47(/)V'|| = A (5.2)

where 7/ is a point on the reconstructed manifold .#’, A}(r’) describes the linear map of propagating

r’ over base dynamics T’ with orbit 77/ and v/ € Vé\Vé_l is a vector in the tangent space at r”.

Takens theorem guarantees that the manifolds .# and .#" are diffeomorphically related Takens
[1981]. As we have assumed that base dynamics 7 and 7’ are ergodic on the invariant measure
u and ' respectively, we can apply OMET. Moreover, there exists a bijective map between any

given point on the orbits 7 (r) and T//() in the limit that the requirements of Takens’ theorem are
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fulfilled. The induced diffeomorphism between .# and .#’ holds for their tangent bundles; this
ensures invariant splittings defined by the filtration in OMET, V,; and Vé, also enjoy a diffeomorphic

relation.

Earlier, we argued that the fidelity of latent space manifold extracted via Takens’ theorem, .# 'isa
function of stochastic and deterministic forcing as well as inconsistencies in the recording of time
series O. Applying this to our understanding of OMET, it follows that reconstruction of any given
invariant subspace V; will then be a function of the deformation to the intrinsic geometry of each
subspace induced by noise and forcing. It then follows that the sensitivity of each subspace Vq’ to
infinitesimal errors in our estimation of v/q S Vé is given by %1' This fact is the basis of our proof in
Sect. 5.8. In the next section we explore the interpretation of these Lyapunov exponents and the

aggregate effect of their values across all subspaces.

5.7 Lyapunov Exponents and the Kolmogorov Sinai Entropy

The Lyapunov exponents of a dynamical system describe the average exponential rate of divergence
or convergence of infinitesimally close trajectories on a phase space describing the evolution of a
dynamical system. Empirically, they are extractable by fitting a function of mean distance between
trajectories (1) = 8(0)e* where 8(r) describes the mean distance between trajectories at time
with Lyapunov exponent A. Positive Lyapunov exponents correspond to exponential divergence in
trajectories, negative ones to convergence or dissipation while a zero Lyapunov exponent typically

characterizes motion along a limit cycle attractor Eckmann et al. [1986], Rosenstein et al. [1993].

In the previous section, we discussed how the rate of growth and shrinkage of subspaces for systems
satisfying OMET are related to these exponents. They can be extracted directly from time series
using the method of Eckmann Eckmannet al. [1986]. Now we consider the aggregate effect of these

deformations on the time series.
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hKS

The Kolmogorov-Sinai Entropy The Kolmogorov-Sinai Entropy (KSE), , quantifies the average

rate of information production in the system. It is defined as

1
hXS = lim lim —H(e,n), (5.3)

e—0n—eon

where H (&, n) is the Shannon entropy of trajectories defined with resolution € over n-step intervals
Walters [1982]. However, it is also extractable directly from the Lyapunov exponents. Intuitively, this
is because positive Lyapunov exponents describe chaotic behavior, and consequently information
production. Ruelle’s inequality allows us to bound this directly from the positive Lyapunov

exponents of our time series Ruelle [1978]:

W< Y {4} (5.4)
A;>0
Under appropriate conditions (e.g., for smooth hyperbolic systems with an SRB measure), Pesin’s

Theorem shows these values are indeed equal Pesin [1977], Young [2002].

As the upper bound limit of the KSE is computed from the Lyapunov exponents of a given time
series and these are computed by the mean divergence in the distance of infinitesimally close points
on the manifold extracted from this time series (.#"), we hypothesize that manifolds with larger

KSEs will be more sensitive to noise, forcing and errors in specifying a given r’ € .’

5.8 Theorem and Proof

In previous work, we demonstrated that minimizing Kolmogorov-Sinai entropies of input time
series minimize error in a reconstruction of a backmapping from scalar time series observations of
the straight chain hydrocarbon C,,Hjs, to configurational representations of each of its 24 carbons

in Euclidean space. Here we prove that time series exhibiting smaller Kolmogorov-Sinai entropies
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can produce reconstruction of full dimensional dynamics with smaller mean errors than those with

large errors.

Theorem 1. Let S be a dynamical system whose dynamics are chaotic and evolve on the intrinsic
attractor M C R, Let O;(t),i € {1,...,n} € N be a set of n true scalar time series observables
of S. Due to imperfect measurement, external forcing and stochastic noise, the observed time series
is then O(t) = O(t) + &(t) where €(t) represents the perturbation at time t. Furthermore, we assume
that €(t) is drawn from some probability distribution Q. Q can be time dependent in the case of
deterministic forcing. Let ||€(t)|| < ||O(¢)|| and let this noise be uncoupled with the nonlinear
dynamics of M . Assume that the trajectories of each O;(t) produce embeddings M; C RZm+1L yig
Takens’ Theorem upon which the time-evolved trajectories on the embedded manifolds, T;(t), exist.
Assume that all of the requirements of Takens’ Theorem be fulfilled including sufficient sampling
time such that all .#; will be diffeomorphically related to each other and the intrinsic attractor 4 .
Assume each orbit Tj(t) on #; be ergodic with respect to measure ; pertaining to the dynamics on

each manifold.

Let thS be the effective Kolmogorov-Sinai entropy whose upper bound limit under Ruelle’s Inequality

KS,UB
i

Ruelle [1978], h , is taken as the sum of positive Lyapunov exponents of #;. Under noise,
the effective Kolmogorov-Sinai entropies of each observation are not guaranteed to be invariant
as this condition requires measure-preserving isomorphisms (i.e. smooth, invertible changes of
coordinates) between all #; and ./ Walters [1982 ] which may be violated by these perturbations.
Let g; be the lowest possible mean root mean squared error in reconstruction of all points r(t) € A
from ri(t) € M; performed by any backmapping procedure ¢3 that is locally Lipschitz continuous
about any point ri(t) € .# with L > 0. Then, among the candidate observables, O;(t), the one with

the smallest effective Kolmogorov-Sinai entropy upper bound limit produces the minimum possible

€. That is to say if

KS,UB _ ,KS,UB
h;

< ik
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then

£ < g

Vk € {1,...,n} as these correspond to minimally chaotic embeddings % which are, consequently,

the least susceptible to error due to deterministic forcing and stochastic noise.

Proof. As the orbits T;(t) are ergodic with respect to their invariant measures ;, Birkhoff’s Ergod-
icity Theorem guarantees that time averages computed along these orbits are equivalent to ensemble
averages. This justifies the use of the Kolmogorov—Sinai entropies and the application of Oseledets

Multiplicative Ergodic Theorem that follow.

Step 1: Establishing diffeomorphic relationships

Oseledets Multiplicative Ergodic Theorem (OMET) provides the convergence criterion in the rates
of growth or shrinkage of the tangent space (or bundle) at almost every point on the attractor
M C R+ For some linear operator A, (r) = A(T! -1 (r))---A(T(r))A(r) operating on the orbit
TJ(r) acting on vector r(t) € .# C R¥"+1 OMET tells us that we can subdivide the tangent space of
the attractor .2 C R2"*1into a filtration of subspaces {0} C Vo CV}...V, C Vgp1--C Vg C R2m+1
for which there exist a corresponding set of Lyapunov exponents A; > A, > ... > Ag measuring

rate of growth or shrinkage of each subspace under the transformation A:

1
Jim —log |4 (r)vg]| = 2 (5.5)

where v € Vq\Vq_l is a nonzero vector in subspace V; but not V.

We can equivalently apply OMET to .#; C R?"*+1 constructed from observable O;(t) via Takens’

Delay Embedding Theorem, leading to its own filtration of subspaces {0} C Vé - Vli ...Vé -
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qi e Vli< C R?"*1 for which there exist a corresponding set of Lyapunov exponents QL{ > Aé >

i
> A

Takens’ theorem guarantees that the manifolds .# and .#; are diffeomorphically related; that is to
say there exists a smooth, invertible mapping between the two. Moreover, there exists a bijective
map between any given point on the orbits 7'(r) and T(r;) in the limit that the requirements of
Takens’ theorem have been fulfilled. The induced diffeomorphism between .# and .#; holds for
their tangent bundles; this ensures invariant splittings defined by the filtration in OMET also enjoy a
diffeomorphic relation. Consequently the reconstruction of any given invariant subspace V,; will
be a function of the deformation to the intrinsic geometry of each subspace induced by noise and
forcing. That is to say, the sensitivity of each subspace Vc; to infinitesimal errors in our estimation

of viI € Vé is given by lqi.

Summary: Provided the requirements of Takens’ Delay Embedding Theorem are met, Oseledets
multiplicative ergodic theorem guarantees that both the true intrinsic manifold describing the
dynamics of S, . and its reconstruction from time series O;(t) are diffeomorphically related as

are the subspaces in their OMET filtrations.

Step 2: Relating Lyapunov exponents to error sensitivity

Let the set of true scalar observables be denoted by O;(z) and due to imperfect measurement,
external forcing and stochastic noise, the observed time series is then O(¢) = O(t) + £(¢) where
(1) represents the perturbation at time . Furthermore, we assume that €(¢) is drawn from some
probability distribution Q. Note that € can be time dependent in the case of deterministic forcing.

Let [le(n)[| < [[O@)]]-

Reconstruction of the embedding .#; from O(t) via Takens’ Delay Embedding Theorem will

propagate these perturbations leading to an error in reconstructed states. We denote the true state of

140



the system at time 7 on the attractor .# as r(t) and state on the reconstructed attractor .#; extracted

from O;(¢) is given as r;(¢). Then the reconstruction error at time # is given by:

where 7;(t) is the output of the backmapping from r;(¢) to ().

We consider a linearization of these dynamics around a given point r;(¢). Let A(7) be a linear
operator propagating r;(¢) to a new r;(¢ 4+ 0t). Then a small perturbation to r;(¢), o (z) will result in
perturbation

O(t+7)~A(1)d(r)

Given an initial perturbation 6r(0) = €(0) and assuming a single positive Lyapunov exponent, A,

then

Extending this to .#; with its K Lyapunov exponents, A}, corresponding to the ¢ h invariant subspace

V;, then the sensitivity of dynamics in each subspace is given by:

where &,(0) describes the initial perturbation in subspace Vé. Summing over all subspaces, the total

error is given by the Euclidean distance between the perturbed and unperturbed states:
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tiotal(T) = f (811 (O) ek(gr) ’
q=1

This effect is dominated by those subspaces whose lé > 0 as these experience exponential diver-

gence.

We can then relate the reconstruction error &; to 6, otal( ). As the sum of the positive Lyapunov

exponents (KSE) decreases, so too does 8 (7). In the limit of Takens’ Theorem holding, .#; and

total
A enjoy a diffeomorphic relationship. The limitation to learning this mapping with a universal
functional approximator in this limit comes from errors in the estimation of any r;(¢) € .#;. Then

the reconstruction error &; is a function of (5tlotal< ).

Summary: For the noisy time series O(t), points on the reconstructed manifold .#; will be recon-

total \/Z T) ’

structed with mean error 8!

Step 3: Error in the backmapping of r;(r)

There exists a smooth, continuous, invertible and diffeomorphic mapping between the manifolds

M; — A given by Takens’ Theorem:

O M — A

approximated by continuous backmapping function ¢ : .#; — .# . Then for every € >038 > 0

such that for any r;(¢) € .; perturbation 61 ot With

I7i(e) = (ri(t) + Sl | < &
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when the there r;(¢) and r;(t) + 5tiotal € ; are mapped onto .#, they will be at some distance

16(ri(t)) = ¢ (rile) + Sl Il < &

away from each other. Then if ¢ is locally Lipschitz continuous about any given r;i(t) with Lipschitz

constant L > O:

16(ri(1)) =  (ri(t) + Sgga) Il < LI 8oy

Consequently, small errors in the estimation of r;(z) translate monotonically into small errors in the

reconstructed state ¢ (r;()).

Summary: Small errors in estimation of ri(t), (8! (7)) result in reconstruction errors in the

total

estimation of ¢ (r;(t)) that are monotonically related to (6f)10(T))

Step 4: Bounding the mean error, &;

We define the mean reconstruction error €; as the mean of the RMSEs computed for each frame.

That is,

&= LI =il = 5 L et

where N is the total number of time frames over which the reconstruction is computed.

Then substituting the error bound for a single time step in Step 3, €; evaluates to

1r() = 7 (0)]| = 16 (ri(1)) — @ (ri(t) + 8 gy (O] < LISy (1)1l
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The overall reconstruction error €; can be bounded by the average of these local errors:

N
Z‘, total

ZIP

In Step 2, we showed that

. K l
o) = || L (550)44)
£

Consequently, as & grows monotonically with NZN Ll total( )|, NZ Ll total( 7)|| grows mono-

KS.UB

tonically with increased 7L’ and h; <Y. l,; which grows monotonically with increases in each

),6’], then if

thS,UB

< hKS UB

then

KS,UB hKS UB

Conclusion: Then if h < & < g.

5.8.1 Limitations

We recognize the following limitations to this theorem and proof. We assume that errors along
different invariant subspaces combine in a Euclidean manner. This assumption of local linearizability

will break down under strong enough nonlinearity or large enough noise Strogatz [2015], Kantz
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and Schreiber [2004]. We have treated noise as being separable from dynamics. In many cases this
assumption holds, however if noise interacts with the system’s nonlinear dynamics, the linearized
error propagation may not be sufficient to bound errors in recorded r;(¢). Examples of this include
accrued errors from the propagation of differential equations over long time periods with numerical
means Frenkel and Smit [2002] and experimental observations with error that is a function of
the recorded observable such as single molecule fluorescence energy transfer (smFRET Roy et al.

[2008]).

We reiterate that the proof applies to functional approximators respecting this condition of local
Lipchitz continuity. We note that this condition is required for any smooth and diffeomorphic map
between //> and .# Rudin [1976], Spivak [1965]. While we cannot make such a guarantee for
any arbitrary universal functional approximator, if such an approximator is close to the true map, it
must also respect this condition of a smooth and diffeomorphic mapping as guaranteed by Takens’

Theorem.

Finally, as noted earlier, under appropriate conditions (e.g., for smooth hyperbolic systems with
an SRB measure), Pesin’s Theorem shows that the Ruelle Inequality actually becomes an equality

Ruelle [1978], Pesin [1977], Young [2002].

5.9 Conclusion

We have now proven that manifolds constructed from time series with greater Kolmogorov-Sinai
entropies experience greater mean level of reconstruction errors under modest technical conditions.
In Chapter 4, we demonstrated this finding computationally with the molecular system C,,Hs.
This proof represents an analytical description for the physical intuition surrounding observable
selection. It provides a means of selecting observables to model arbitrary dynamical systems before

performing costly modeling.
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There are many other bounding problems in the embedding theorems space that could inform input
design in the statistical learning space. In future work, we seek to extend this proof to describe the
size of these reconstruction errors as a function of sampling time. Moreover, we would like to form
a deeper understanding of the nature of topographical deformations in manifolds constructed from
Takens’ Theorem. Advances in these and similar areas will provide a mathematical foundation for

observable selection in complex systems where such problems are beyond physical intuition.
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CHAPTER 6

DATA-DRIVEN DISCOVERY OF LINEAR MOLECULAR PROBES WITH

OPTIMAL SELECTIVE AFFINITY FOR PFAS IN WATER

6.1 Abstract

Approaches to tackle the wide and growing variety of highly persistent per- and polyfluoroalkyl
substances (PFAS) are of pressing global need because of their detrimental human health effects
such as cancer, birth defects, and hormone imbalance. Sensitive, selective, and easy-to-use real-time
sensors to monitor and detect PFAS and sorbents to extract them are critical to meeting government-
mandated environmental concentrations. In this work, we combine all-atom molecular dynamics
simulations, enhanced sampling, deep representational learning, and Bayesian optimization to
perform high-throughput virtual screening for highly sensitive and selective molecular probes. Our
molecular design space consists of 3850 linear hydrocarbon chains with varying degrees of halo-
genation with and without amine and phosphine-based head groups. By employing a data-driven
search process, we efficiently explore the molecular design space to optimize sensitivity to perfluo-
rooctanesulfonic acid (PFOS) as a prototypical PFAS analyte and selectivity relative to a sodium
dodecyl sulfate (SDS) interferent. We calculate 504 Gibbs free energies of probe-analyte and probe-
interferent interactions and identify probes with PFOS association free energies of up to (—AGpros)
= (9.8£0.2) kJ/mol and selectivities relative to SDS of (—AAGprps_sps) = (3.1£1.5) kJ/mol.
A C,Br,;P(CH;), probe containing 11 backbone brominated carbons and a tertiary phosphine
head group possesses the most sensitive binding constant to PFOS within the defined search space
of KPFOS = (177.4+12.7) M~!, and a semibrominated probe CsH,,C,Br,,N(CHj), containing
twelve backbone carbons and a tertiary amine head group possesses the highest selectivity relative
to SDS K};FOS / KEDS = (4.6£1.7). A retrospective analysis of our data to extract interpretable

design rules reveals that the sensitivity of linear hydrogenated probes increases by approximately 1
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kJ/mol per C-C bond. Addition or removal of halogen atoms and amine or phosphine head groups
produces non-monotonic changes in both sensitivity and selectivity with changes to sensitivity of up
to 2.5 kJ/mol. This work places empirical limitations on the performance of a wide range of linear
probes for PFOS detection, and offers a generic strategy for the high-throughput computational

screening to promote selective and sensitive binding.

6.2 Introduction

Per- and polyfluoroalkyl substances (PFAS) represent a large group of synthetic chemicals defined by
the U.S. Environmental Protection Agency (EPA) as compounds containing R—(CFZ)—C(F)(R’)R”
units, where CF, and CF groups are saturated carbons and the R groups (R, R, or R") are not
hydrogens.Wallington et al. [2021], U.S. Environmental Protection Agency [2022e] Due to their
excellent properties including heat resistance, hydrophobicity and oleophobicity, PFAS have been
extensively used in numerous commercial applications such as non-stick cookware, firefighting
foam and flame retardant, stain resistant fabrics, and fast food packaging.Baker and Knappe [2022],
Gliige et al. [2020], Xia et al. [2022], Sim et al. [2021] PFAS compounds enter the environment
during the production, use, or waste of these consumer products and, due to the highly stable carbon-
fluorine covalent bonds — one of the strongest single bonds with a dissociation energy of ~440
kJ/mol due to the high electronegativity of fluorine Wang et al. [2021b] — are extremely persistent,
resulting in PFAS accumulation in both the environment and living organisms and leading to them
often referred to as “forever chemicals”.Ghisi et al. [2019], De Silva et al. [2021], Cousins et al.
[2022], Kwiatkowski et al. [2020] PFAS exposure can cause adverse health effects in humans such
as increased cholesterol levels, birth defects, disruption in thyroid hormone balance, and potentially
a high risk of cancer.Fenton et al. [2021] Due to these detrimental properties, PFAS attracted broad
interest from various regulatory agencies worldwide Brennan et al. [2021]. It is one of the pressing
global challenges to address the growing quantities of PFAS in the environment, especially in water
resources from which these molecules are readily disseminated to living organisms.Ghisi et al.
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[2019], Wang et al. [2021b], Cousins et al. [2022] This requires an approach to effectively and
efficiently detect and eliminate the growing number (> 4700 as per the EPACompTox Chemicals
Dashboard, U.S. Environmental Protection Agency [2022]) of PFAS variants and to do so at or
below the very dilute concentrations of approximately 4 ng/L. mandated by EPA guidelines for safe

drinking water U.S. Environmental Protection Agency [2023].

Current standard approaches available for regulatory or guidance activities of PFAS in water sources
by the EPA utilize solid-phase extraction (SPE) and liquid chromatography/tandem mass spectrome-
try (LC-MS/MS) based analytical tools.Wang et al. [2021b], U.S. Environmental Protection Agency
[2022d] These approaches formally referred as Method 537.1 and 533 can measure 18 and 25 types
of PFAS, respectively with a common total of 29 PFAS molecules in potable water sources.U.S.
Environmental Protection Agency [2022c,b] The lowest concentration minimum reporting level
(LCMR) for Method 537.1 and 533 ranges from 0.53-6.3 ng/L and 1.4-16 ng/L, respectively de-
pending on the PFAS variant.U.S. Environmental Protection Agency [2022¢,b] Both methods offer
LCMR well below the established health advisory levels — 70 ng/L (70 ppt) for lifetime exposure
set by the USEPA in 2016 for the most commonly used and studied PFAS — perfluorooctanoic
acid (PFOA) and perfluorooctanesulfonic acid (PFOS). However, the proposed legal maximum
contaminant levels (MCL) and non-enforceable maximum contaminant level goals (MCLG) of
PFAS in drinking water by EPA in early 2023U.S. Environmental Protection Agency [2023] for both
PFOA and PFOS (MCL =4 ng/L and MCLG = 0 ng/L) are approaching the limits of LC-MS/MS. In
addition, LC-MS/MS require expensive instruments intended for skilled analysts with complex and
time consuming procedures for sample preparation, data collection and interpretation. Wang et al.
[2021b] In contrast to LC-MS/MS based tools, portable sensors engineered with molecular probes
for detecting PFAS are a promising alternative to standard methods with potential advantages such
as lower cost, simpler operation and real-time analysis.Wang et al. [2021b], Cheng et al. [2020],
Allonia [2022] However, given the vast and growing number of PFAS variants, it is a challenge to

design molecular probes that can sensitively and selectively detect PFAS molecules in water Wang
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etal. [2021b].

In this work, we engage this challenge by developing a high-throughput machine learning (ML)
guided computational screening protocol to efficiently navigate the chemical design space to find
probes with optimal sensitivity and selectivity. We target perfluorooctanesulfonic acid (PFOS) as one
of the major PFAS molecules of concern due to its wide initial production and adverse effects such
as low birth weight, tissue damage and cancer.Agency for Toxic Substances and Disease Registry,
United States Department of Health and Human Services [2022], Meegoda et al. [2020], Buck et al.
[2011] PFOS is a linear surfactant molecule with eight fluorinated carbon groups and a sulfonate
head group (Fig. 6.1) that remains in an anionic state at the pH values in typical environmental water
courses.U.S. Environmental Protection Agency [2022a], Meegoda et al. [2020], Wang et al. [2021b]
While this work focuses on PFOS, our approach is equally applicable to any of the PFAS variants.
The particular choice of PFOS is made because it is one the earliest PFAS known for its toxic
propertiesAgency for Toxic Substances and Disease Registry, United States Department of Health
and Human Services [2022]. The fluorinated PFOS tail is hydrophobic while the anionic sulfonate
head group is hydrophilic and elevates solubility in water.Meegoda et al. [2020] We search for
optimal PFOS probes over a design space consisting of 3850 linear hydrogenated and halogenated
molecules of length ranging from three to fourteen carbons with and without an amine or phosphine
based head group (Fig. 6.1). We are motivated to define our design space as such based on the
synthetic accessibility of these molecules and their similar chemical nature to PFOS, wherein we can
exploit hydrophobic binding to the aliphatic tail and potentially favorable electrostatic interactions
with a head group. For synthesizability reasons, we consider only semi-halogenated probes wherein
the halogenated groups form contiguous blocks of fluorinated/chlorinated/brominated methylenes.
While some of these probe molecules show a strong resemblance to PFAS, they will be tethered
to surfaces and deployed at such small scales as not to themselves represent any significant threat
to the PFAS contamination challenge they are designed to help solve in their potential future uses

within portable sensors.
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Search space: Cp,Hpy,X,Y
(a) Target PFAS: PFOS X = {F,Cl, Br}

Y = {e, NH,, NH(CH3), N(CH3),,N(CH3)3,
PH,, PH(CH3), P(CHs),}

n={3,..,14}, m=2n+ 2 —p,
r=1{0,3,5,...,2n + 2}

(b) Interferent: SDS 3850
molecules

’f; Pk

Figure 6.1: Illustrations of the target PFAS analyte, interferent, and molecular search space over
which the probes with optimal sensitivity and selectivity are discovered. (a) 3D structure of
the target PFAS variant (perfluorooctanesulfonic acid, PFOS), (b) 3D structure of the template
interferent (sodium dodecyl sulfate, SDS), and (c) search space comprising linear hydrogenated
or halogenated chains of three to fourteen carbons with and without amine or phosphine based
head groups. All semi-halogenated probes considered contain contiguous blocks of halogenated
methylene groups for experimental characterizability. We explored primary, secondary, tertiary and
quaternary states for the amine based head group and only the primary, secondary and tertirary
states of the phosphine head groups. In total, our search space comprises 3850 molecules over
which we employ our computational active learning and high-throughput screening approach to
discover optimal molecular probes. The 3D structures are rendered using VMDHumphrey et al.
[1996], where carbon, hydrogen, oxygen, nitrogen, sulfur, fluorine are colored in cyan, white, red,
blue, yellow, and pink, respectively.

Having specified PFOS as our target analyte, we can compute the sensitivity of candidate molecular
probes in our design space by measuring the PFOS-probe binding free energy, AGprps. Addi-

tionally, we adopt sodium dodecyl sulfate (SDS) as an interferent molecule representative of the
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diversity of other potential absorbants that may be present in a water sample (Fig. 6.1). This allows
us to quantify the selectivity of candidate probes via the relative PFOS-probe and SDS-probe binding
free energies, AAGpros—_sps = AGpros — AGgsps. 1t is computationally intractable to measure
the selectivity of a candidate probe against all possible competing interferents, so we selected
SDS as a representative interferent that is often found in waterways with PFAS. The chemical
similarity of PFOS and SDS means that it is expected to be a challenging task for a molecular probe
to discriminate the PFOS analyte from the SDS interferent based on differential thermodynamic

binding affinity.

It is the goal of our computational search to simultaneously minimize AGpr s and AAGpros—_sps
— or, equivalently, simultaneously maximize (—AGppos) and (—AAGpros—_sps) — to discover
highly sensitive and selective probe candidates for experimental testing. To achieve this, we employ
a computational active learning approach involving deep representational learning of the molecular
probes, training of surrogate Gaussian process regression models, and the application of a multi-
objective Bayesian optimization with random scalarizations to identify Pareto optimal probes with
respect to sensitivity and selectivity. We train our active learning platform over 10 rounds and
~250 probe molecules (~6% of the design space) to identify probes on the sensitivity-selectivity
Pareto frontier with sensitivities as high as (-AGprpg) = (9.81+0.2) kJ/mol, with a corresponding
binding constant of KIE’FOS = (177.4412.7) M~ !, and selectivities as high as (-AAGpFos—sps)
= (3.1£1.5) kJ/mol, with a corresponding binding constant ratio of KZE)FOS /KEDS = (4.6t1.7).
A retrospective analysis of our data reveals that marginal increases to chain length provide the
significant increase in sensitivity, whereas the incorporation of amine head groups and halogenation
can improve sensitivity and selectivity of probes. However, there is no clear trend as to which head
group and halogenation combination results in better sensitivity and selectivity for a given length of
hydrogenated or fluorinated probe. A C;Br,3P(CH;), probe containing 11 backbone brominated
carbons and a tertiary phosphine head group possesses the highest computed sensitivity to PFOS

within the design space, and a semibrominated probe CsH;;C;Br;,N(CHj;), containing twelve

152



backbone carbons and a tertiary amine head group possesses the highest selectivity.

6.3 Methods

We employ a machine learning guided approach to efficiently navigate the molecular design space to
discover probes with high sensitivity and selectivity. This approach is similar to the active learning
frameworks we have employed in recent high-throughput screening campaigns for self-assembling
m-conjugated peptidesShmilovich et al. [2020], switchable nanostructured materialsDasetty et al.
[2022] and small organic molecules to selectively permeate cardiolipin membranesMohr et al.
[2022]. Fig. 6.2 illustrates our employed active learning framework that involves four key compo-
nents: (i) all-atom molecular dynamics (MD) simulations and enhanced sampling using parallel bias
metadynamics to estimate sensitivity (—AGprs) and selectivity (—AAGpros—_sps), (ii) encoding
of probes in search space using a pre-trained variational autoencoder with Self-Referencing Embed-
ded Strings (SELFIES)Krenn et al. [2020] representation, (iii) construction of Gaussian process
regression (GPR) surrogate models over the collected simulation data to predict sensitivity and
selectivity for the encoded probes in search space, and (iv) multi-objective Bayesian optimization
(BO) using random scalarizations using the trained GPR surrogate models to identify the next round

of probes in search space with optimal sensitivity and selectivity.

6.3.1 Estimation of sensitivity (—AGppos) and selectivity (—AAGpros—sps)

All-atom molecular dynamics simulations of PFOS-probe and SDS-probe systems

We perform all-atom MD simulations of PFOS-probe and SDS-probe interactions accelerated
with parallel bias metadynamics Pfaendtner and Bonomi [2015] (Fig. 6.2a). Although, constant
pH MD simulationsde Oliveira et al. [2022] could dynamically capture the protonation state of
a molecule, we fix the protonation state and perform standard MD simulations because of their

low computational cost and higher computationally efficiency that are paramount for our high-
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Figure 6.2: Illustration of the computational active learning approach employed to identify linear
molecular probes with optimal sensitivity and selectivity. (a) Set up of all-atom and explicit
molecular dynamics simulations and enhanced sampling using parallel bias metadynamics to
estimate sensitivity (—AGprpg) and selectivity (—AAGpros—sps). (b) embedding sensitivity and
selectivity information generated through (b.1) performance of these enhanced sampling simulations
and (b.i1) an encoding of molecular probes into a smooth low-dimensional latent space using a
pre-trained variational autoencoder, (c) construction of Gaussian process regression (GPR) surrogate
models over the latent space to predict probe sensitivity and selectivity, (d) multi-objective Bayesian
optimization (BO) using random scalarizations to guide selection of the next molecular probes
within the design space for molecular simulation.

throughput virtual screening. We model PFOS in its anionic stateCheng et al. [2009], Lindim et al.
[2016] because of its extremely low pKalLampert et al. [2007](< 1) and consider a target pH range of
6.5-8.5 corresponding to typical tap and drinking water sources.Yin et al. [2023], City of Chicago,
Department of Water Management - Bureau of Water Supply [2023], WHO [2022] Similarly, we
model SDS in anionic state that has a low pKaMoosavi-Movahedi et al. [2005] of 3.3.Details on the
generation of initial structures in PDB format of PFOS, SDS, and the probes are provided in the

Supporting Information.

Calculations to determine partial charges are performed using the restrained electrostatic potential
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(RESP) methodBayly et al. [1993] with Gaussian 16RevA.03Frisch et al. [2016] and force field
parameters are taken from General Amber Force Field (GAFF) Wang et al. [2004] by antecham-
berWang et al. [2006]. Specifically, we performed geometry optimization and the partial charge
calculations in vacuum using density functional theory (DFT) at B3LYP/6-31G(d) basis level fol-
lowing the conventional RESP procedure.Bayly et al. [1993] A more computationally burdensome
but more physically accurate scheme for partial charge assignments would employ a solvation
model in the charge calculationMarenich et al. [2009], Ehlert et al. [2021], Marenich et al. [2013].
System topoglogy generation in GROMACSAbraham et al. [2015] format is facilitated by ACPYPE
Sousa da Silva and Vranken [2012]. Each simulation system comprises a single probe and a single
target analyte in water, which can be interpreted as a system at infinite dilution concentration limit.
This follows the primary objective of this work in designing probes for detecting target PFAS at

extremely low target concentrations enforced by EPA.

Each system was first energy minimized and then equilibrated for 1 ns in a NVT ensemble at
300 K followed by a 1 ns equilibration in a NPT ensemble at 300 K and 1 bar. MD simulation
parameters applied during energy minimization and the equilibration runs are provided in Supporting

Information at https://pubs.acs.org/doi/10.1021/acs.jced.3c00404.

Enhanced sampling using parallel bias well-tempered metadynamics

Accelerated sampling of probe-SDS and probe-PFOS interactions makes high throughput simulation
of targeted design space computationally accessible by reducing simulation costs while ensuring
good sampling of the intermolecular free energy landscape. In this work, we employ parallel bias
metadynamics (PBMetaD) methodPfaendtner and Bonomi [2015] to accelerate the sampling of
probe-SDS and probe-PFOS interactions and estimate their equilibrium binding free energies and
binding constants. Details on the PBMetaD procedure, the choice of collective variables (CVs),
calculation of the potential of mean force curves as a function of the center of mass separation

PMF (r), and binding free energies AG between the probes and PFOS or SDS, are provided in
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Supporting Information.

All the molecular simulations with parallel bias metadynamics are performed using the GROMACS-
2018.6 suiteAbraham et al. [2015] with PLUMED-2.5.2Bonomi et al. [2009] library. These
enhanced sampling calculations took ~3-5 days for each PFOS or SDS and probe system depending
on the system size on a shared supercomputing node utilizing 1 x V100 GPU and 20 x CPU cores

of Intel Skylake processor.

6.3.2 Encoding of probe molecules using pre-trained variational autoencoder

with SELFIES representation

Molecular design space

In this work, we focus our search for optimal probes by considering linear hydrogenated and
halogenated molecules with the number of carbons ranging from three to fourteen (Fig. 6.1). We
consider three halogens — fluorine, chlorine, and bromine for the halogenated molecules with a
constraint that the halogenated methyl or methylene groups are contiguous along the backbone of
the probe molecule. The halogenated methylene and methyl groups were primarily considered to
take advantage of the halogen mediated interactions between the probe and the target PFAS Tsuzuki
and Uchimaru [2020], Robalo et al. [2019, 2020]. For each of the hydrogenated or halogenated
molecules, we also include amine and phosphine based head groups to utilize electrostatic interac-
tions for binding the head group of probe with the anionic sulfonate head group of PFOS. These
head groups replace terminal hydrogenated or halogenated methyl group in a probe. For amine
head groups, we include primary (NH,), secondary (NH(CHy)), tertiary (N(CH;),), and quaternary
(N(CH3)3+) states. For phosphine head groups, only primary (PH,), secondary (PH(CH;)), and
tertiary (P(CH;), ) states are considered. Collectively with the head group combinations of the linear

hydrogenated and halogenated molecules, there are 3850 molecules in our search space (Fig. 6.1).
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Molecular featurization and embedding using a pre-trained small molecule varia-

tional autoencoder (VAE)

The variational autoencoder (VAE)Kingma and Welling [2022], Gémez-Bombarelli et al. [2018]
model utilized in this study was previously trained on more than 1.2M small molecules contained
within the ZINC dataset Irwin and Shoichet [2005 Jan-Feb], Irwin et al. [2012, 2020] plus a
number of common chemical screening libraries.Tang et al. [2023] It was our anticipation that
this pre-trained VAE over a large class of small molecules would provide good representations of
the 3850 linear probe molecules considered in this work as rich but interpretable featurizations
appropriate for our active learning search. The training process first requires unique representation
of the molecules using SELFIESKrenn et al. [2020] and optimization of a loss function to learn a
continuous representation of these molecules within a low-dimensional latent space constituting
the information bottleneck layer between the encoder and decoder. This latent space provides a
smooth and low-dimensional representation of the molecular design space that is well-suited to
the construction of surrogate structure-property models and enables a Bayesian-guided traversal
and optimization of molecules within the design spaceGémez-Bombarelli et al. [2018], Shmilovich
et al. [2020], Mohr et al. [2022], Tang et al. [2023]. We provide a brief description of the VAE
model construction and training in the Supporting Information; full details are available in Tang

et al. [2023].

The 3850 candidate probe molecules in the design space were created and stored as SMILES strings
using RDKitLandrum et al. [2023]. We use selfies 1.0.4Krenn et al. [2020] to encode each molecule
into SELFIES representation using the generated SMILES strings. The molecules in SELFIES
representation are then projected onto the molecular latent space of the pre-trained VAE model
(Fig. 6.2b.11). For this, we apply the same one-hot encoding SELFIES representation used during
training process of the VAE model. To reduce the 100-dimensional latent space of molecules in

search space, we then apply principal component analysis (PCA) Jolliffe and Cadima [2016]. The
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top 5 principal components (PC) capture more than 95% of the cumulative variance of the search
space molecules in the latent space, allowing us to further compress the latent space representation
for the purposes of GPR training and BO active learning with limited loss of information. We also
verify that the 3850 linear probe molecules are smoothly embedded into the five leading PCs of the
latent space, exhibiting smooth transitions in key molecular properties such as molecular weight
and number of carbon or halogen atoms in the probe. This implies that the molecules in a given
neighborhood of latent space have similar properties and might therefore also be expected to have
similar observables such as binding affinity to a target analyte. The present work considers a finite
design space of 3850 candidate molecules that we project into the VAE latent space to provide a
featurization of these molecules suitable for our active learning search. As such, we do not exploit
the generative capacity of the VAE decoder to produce novel molecules conditioned on a particular
location in the latent space, although note that this capability could be useful for expanding the

search into new regions of molecular design space.

6.3.3 Construction of Gaussian process regression (GPR) surrogate models

We train the GPR surrogate models Deringer et al. [2021] to predict (—AGprpg) and

(—AAGpros—_sps) as a function of the 5D vector x specifying the projection of each candidate
probe molecule into the leading five principal components of the VAE latent space (Fig. 6.2c). We
construct our GPR kernel using the widely used and infinitely differentiable radial basis function
(RBF) for the GPR covariance function. The RBF length scale parameter / that sets the distance
for two points to be correlated is treated as hyperparameter that is optimized separately for each of
the five dimensions of x during training by maximizing the log marginal likelihood Rasmussen and
Williams [2005]. The bounds of RBF length scale parameter / during optimization were set to 0.001
and 200, which are close to the minimum and maximum distances between the search set molecules
along the top five principal components. The GPR models are trained using scikit-learn Pedregosa

etal. [2011]. The models are trained over the (—AGprs) and (—AAGpros—_sps) values collected
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for all probes to date, and return predictions of an estimated mean u and standard deviation o for
(—=AGpros) and (—AAGpfros—_sps) for any vector x. In this manner, the GPR serves as a surrogate

model for the sensitivity and selectivity of new probe molecules that have not yet been simulated.

6.3.4 Multi-objective Bayesian optimization (BO)

The trained GPR surrogate models are passed to a multi-objective Bayesian Optimization (BO)
protocol using random scalarizations Paria et al. [2020] (Fig. 6.2d). The aim of the BO-guided
search is to prospectively identify probe molecules residing on the high-sensitivity—high-selectivity
Pareto frontier. A single acquisition function for the sensitivity (i.e., maximize (—AGppog)) and
selectivity (i.e., maximize (—AAGpros_sps)) objectives is constructed from a random scalarization
of the two GPR surrogate models Shmilovich et al. [2022b], Paria et al. [2020]. In this approach,
two independent acquisition functions are first employed for each of the objectives and then merged

to obtain a single scalarized acquisition function.

As is standard practice when employing random scalarizations, we employ upper confidence
bound (UCB) acquisition functions Qcp sens(x) = U(—AGpros(x)) — Bo(—AGprps(x)) and
Oy B select(X) = L(—AAGpFos—sps(x)) — Bo(—AAGppos—sps(x)) Auer [2002] for each of the
two design objectives Paria et al. [2020], Cox and John [1997], where the mean and standard
deviations in the sensitivity and selectivity at a particular x are extracted from the most recently
trained GPR models and f is a random variable drawn from a log uniform distribution on the
range [log(10™4),log(10%)) that controls the degree of exploitation vs. exploration Shmilovich et al.
[2022b]. The two UCB acquisition functions are merged via a randomly weighted linear combi-
nation into a single scalarized acquisition function o(x) = Yocp sens(x) + (1 — ¥) Oy cB select (*)
(Fig. 6.2d). Colloquially, a(x) provides a measure of desirability for each potential candidate
molecule with embedding vector x under a random sample of the relative weighting y ~ U (0, 1)
between the two objectives, where U(0, 1) is a uniform distribution over (0,1). Under sufficient

numbers of trials, ¥ will explore various weightings of the sensitivity-selectivity design objectives
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and guide sampling to explore the entire Pareto frontier. We calculate o(x) for all as-yet-unsampled
candidate molecules in the design space and employ the Kriging believerShahriari et al. [2015] to

perform batched selection of molecules for the enhanced sampling calculations.

We seed the active learning search process with 45 manually-selected candidates from the design
space designed to comprise a diversity of molecules consisting of hydrogenated and halogenated
probes of different lengths with and without amine head groups. Rather than distributing the initial
probes over the search space using a diversity maximizing strategyShmilovich et al. [2022a], we
instead adopted a hypothesis driven approach motivated by experimental insights in an attempt to
inject this prior knowledge into the initialization of the search. Specifically, we hypothesized that
the fluorophilic interactions can be critical in binding the probe with the target PFOS containing
fluorinated backbone relative to the interferent SDS that has a hydrogenated backbone. For this
reason, we initially selected probes of different lengths ranging from 3 to 14 backbone carbons
with different degrees of contiguous blocks of fluorination. In addition, we added amine (including
cationic) head groups to the probes to explore the feasibility of stacking (electrostatic interactions)
with the head (anionic) group in PFOS and SDS. For a selected few probes that are found to be
optimal with respect to sensitivity and selectivity in the fluorinated probes, we studied chlorinated
variants of the fluorinated probes. We performed a total of 10 rounds of active learning over
the course of which we simulated a total of 252 probe molecules (~6% of the 3850 candidate
design space) at a cost of ~25,000 GPU-h and ~5,000 CPU-h. Approximately N = 20 molecules
were sampled within each active learning cycle, but this number varied in each round in order to
make efficient use of parallel compute resources. Specifically, molecules whose 1 us simulation
completed within the ~2 week time horizon of a single active learning round participated in the
active learning cycle. The remaining molecules whose simulations were incomplete at beginning
of the new cycle were added to the next cycle. In addition, we added five hand selected probes
with amine head group in active learning cycle 8 within a human-in-the-loop intervention into the

otherwise automated search protocol. Specifically, we were interested in understanding the role of
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amine head groups upon probe performance and appreciated that such molecules had heretofore
been undersampled in the active learning screen. Incorporating these molecules within our screen
was valuable for our retrospective analyses of the role of probe length, degree of fluorination, and

presence of amine head groups upon probe performance.

A notebook containing the computational active learning process with multi-objective BO is
available at https://github.com/Ferg-Lab/activelLearningPFASLinear.git. Sensitivities
(—=AGprs). selectivities (—AAGpros_sps), and equilibrium binding constants of the probes
explored in each round of the active learning search along with their 2D structures, molecular
weights, and TUPAC names. In addition, the SMILES strings, sensitivities, selectivities, and
equilibrium binding constants (Klf FOS KEDS) of each cycle are available in machine-readable
format at

https://github.com/Ferg-Lab/activeLearningPFASLinear.git along with helper

notebooks and scripts to help facilitate ready uptake and use by the community.

6.3.5 Training of LASSO regression models to infer important chemical

substructures of probes

We train and analyze LASSO (Least Absolute Shrinkage and Selection Operator) regression mod-
els to extract important chemical substructures of probes that correlate with their sensitivity and
selectivity to PFOS. In contrast to the relatively opaque GPR models, these simple and inter-
pretable linear models are commonly applied for feature selection and to understand substructures
or sub-graphs that play an important role in predicting observed molecular properties and re-
sponses.Bhattacharjee and Vlachos [2020], Mohr et al. [2022] LASSO regression employs standard
least squares regressions with an L1 regularization over the weights to minimize the cost function
(= Z{y Vtrue,i — Z? WX; j)z +A 25-( |/wjll1, where y;,,; corresponds to the measured response,

x;j corresponds to the value of the jth feature of a sample i, w; is the linear regression coefficient
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accorded to feature j within the LASSO model, N is the number of samples, K is the number of
features, and A is a hyperparameter controlling the strength of the L1 regularization. The hyperpa-
rameter A is typically tuned by cross-validation. The effect of the regularization term is to shrink
the regression coefficients of the least important features to zero, thereby inducing sparsity in the
model to include only those features with the greatest explanatory power. The magnitude and sign
of the weights w; lend themselves to simple interpretability as to the strength and direction of the

effect of that feature upon the response.

We train separate LASSO regression models to predict the measured negative sensitivity (y;ye ; =
AGjD Fos) Of negative selectivity (yyyye,i = AAG} ros—sps) Of the 252 simulated probe molecules
using an input featurization enumerating the presence or absence of particular chemical substructures
(i.e., molecular subgraphs) within each molecular probe. We follow the procedure described by
Bhattacharjee and Vlachos [2020] to extract the substructures of the molecular probes explored in
active learning process using RDKitLandrum et al. [2023] by setting the minimum and maximum
edge lengths as 1 and 8, respectively. Hydrogen atoms are not considered part of the substructures.
We note that the substructures mined consider only edge connectivity between atoms but not
the atom properties such as their charge or amine state. A matrix with each molecule and the
count of each unique substructure mined from RDKitLandrum et al. [2023] as rows and columns,
respectively are used as features for training the LASSO regression models. Standard scalers in
scikit-learnPedregosa et al. [2011] are applied to normalize the features or matrix representing
substructures count in each molecule prior to training. The hyperparameter A in the LASSO
regression model is tuned by 10-fold cross validation to minimize the validation prediction error on
the validation set. The trained models are evaluated on a randomly-selected 20% hold-out test set

that was not exposed to the model during any part of training.
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6.4 Results and Discussion

6.4.1 Discovery of optimal linear molecular probes using computational active

learning

Our goal is to discover probes in the design space of 3850 linear molecules those possessing optimal
sensitivity and selectivity to PFOS (Fig. 6.1). We efficiently traverse the design space using our
computational active learning pipeline (Fig. 6.2) that we seed with an initial batch of 45 probes
and execute 10 cycles of active learning sampling N = 13-29 molecules per round. To assess

convergence of the active learning campaign, we calculate,

d; = \/(sensitivityi)2 + (selectivity;)? = \/(—AG;)FOS)Z + (=AAGh s sps)?s (6.1

as the distance of each probe i from the origin in the 2D sensitivity-selectivity design space.
Recalling that it is our objective to simultaneously maximize sensitivity (—AGpros) and selectivity
(=AAGpros—sps)- this presents a quantitative measure of the advancement of the active learning

screen in discovering desirable molecular probes. We further compute,

d9=a@, ie{),....())}, 62)
dl(){z)reto - d_i7 1€ Pareto{(0)7...7(j)}7 (6.3)

where d ({ )

j reports a cumulative average over the d; values of all probes sampled in the campaign so
a

far up to and including cycle j, and d ()

Pareto TEPOTtS an average over the d; values of those probes

constituting the Pareto frontier at the end of round j. We present in Fig. 6.3c scatter plots showing
the location of the sampled probes in each cycle of the campaign within the sensitivity-selectivity
design space and the advancement of the Pareto frontier. The trends in Fig. 6.3 indicate convergence
of our active learning search by approximately cycle 6, beyond which we do not observe any further

() op 4V

improvements in da{ j ordp,, ;.- or further advancement of the Pareto frontier. This suggests that
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the search has identified the top performing molecules within the molecular design space and that

we may not expect the discovery of significantly superior candidates with additional cycles of the

search.
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Figure 6.3: Progress of the active learning campaign in advancing the sensitivity-selectivity frontier

()

of PFOS probes within each active learning cycle. (a) Mean distance d ;; reporting the cumulative
average over the d; values of all n probes sampled so far up to and including cycle j. (b) Pareto

distance d ;,Qr 10 TEPOIting an average over the d; values of those probes constituting the Pareto
frontier at the end of round j, including contributions to the frontier from all prior rounds. (c)
Scatter plots of the sampled probes within the sensitivity-selectivity design space over the course
of the active learning campaign. The sensitivity and selectivity increase in the positive x- and
y-directions, respectively. The probes sampled in the present round are indicated by red markers
and those accumulated from all previous rounds by grey markers. The Pareto frontier is indicated
by the black line. The green shaded region highlights the shift in the Pareto frontier relative to cycle

0. The molecules in cycle 0 contains the 45 molecules used to train the initial GPR model.

We present in Fig. 6.4 violin plots illustrating the cumulative sensitivity and selectivity distributions
of all probes sampled over the course of the active learning campaign. In terms of sensitivity, we

see round-on-round improvements in the top candidate identified up to cycle 6, beyond which
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no further advances are observed. In terms of selectivity, we see improvements only through
cycle 2, where the top candidate is identified. The initial 45 probes (cycle 0) have a broad range
of sensitivities — (-0.91+0.3) kJ/mol to (8.4%0.5) kJ/mol (Fig. 6.4a) — but their selectivities span
a relatively narrow range — (-2.240.6) kJ/mol to (1.540.9) kJ/mol (Fig. 6.4b). A fully chlori-
nated probe C;,Cl,, with 12 backbone carbons has the highest sensitivity to PFOS among all
the studied probes in cycle 0. However, this probe has lower selectivity to PFOS than a probe
C3;H,NH, that has three backbone carbons and one primary amine head group, which has the
highest selectivity among all the probes in cycle 0. We discovered three more probes with improved
sensitivity in cycles 1, 4, and 6. These include a semi-brominated probe C,Br,sCsH,,P(CH3),
with 12 backbone carbons and a tertiary phosphine head group, a completely chlorinated probe
C,;C1,3N(CH;), with 11 backbone carbons and a tertiary amine head group, and a completely
brominated probe C;;Br,;P(CH;), with 11 backbone carbons and a tertiary phosphine head group.
A semi-brominated probe CsH;,C,Br;,N(CH;), with twelve backbone carbons and a tertiary
amine head group has the highest selectivity among all the probes discovered in the active learning

cycles.

To facilitate contact with experimental measurements, we compute the equilibrium binding constant
K}, from our calculated free energy profiles by numerically evaluating the following integral Li and

Voth [2021], Raniolo and Limongelli [2020],
0 "bound 2
K, =C /O anr exp(—PMF(r) JkgT)dr, 6.4)

where CY = 1/1661 A3 is the standard state concentration at 1 mol/L, and the cutoff of ryoynq = 1
nm delimits the bound and unbound states, motivated by the 1 nm cutoff of the van der Waals and

real-space electrostatic interactions implemented in our simulations.

How are the top performing probes identified in our screen predicted to perform in practice? With

regards to sensitivity, adopting a target PFOS concentration of 4 ng/LL ~ 8x 10~ 12 mol/L mandated
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Figure 6.4: Change in the distribution of sensitivity and selectivity of probes to PFOS with
each active learning cycle. Violin plots of the (a) sensitivity (—AGpprps) and (b) selectivity
(—AAGpFros—_sps) as a function of the active learning cycle. Chemical structures of molecules with
maximum sensitivity and selectivity among all the probes studied up to a given cycle are shown at
the cycles in which they were discovered. The black solid line shows the change in the maximum
sensitivity or selectivity of probes to PFOS with each active learning cycle. Both sensitivity and
selectivity increase with increase in positive direction of y-axis.

by EPA guidelines for safe drinking water U.S. Environmental Protection Agency [2023] and
assuming a 10-fold higher initial free PFOS concentration and negligible interferents present, we
can invert the relationship K }f FOS — COCprobe_PFOS / Cprobe CPFOS to estimate that the most sensitive
probe discovered in our screen with KEFOS = (177.4+12.7) M~ ! would require to be present at
a concentration of Cprope =~ 0.05 mol/L. It is conceivable that such local probe concentrations
may be achievable by surface immobilization within a sensing device, but substantially lower
concentrations may be expected for previously reported high-affinity molecular host-guest systems
such as B-cyclodextrin (K}, ~ 10%-10° M~ 1, Cprobe ~ 0.1-1 mmol/L)Weiss-Errico and O’Shea
[2017b], Zheng et al. [2019] or guanidinocalix[5]arenes (Kj, ~ 107 M*I, Cprobe ~ | umol/L)Zheng

et al. [2019]. Assuming that our active learning search has identified the top performing candidates
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within the molecular design space, these results indicate that this class of linear molecules does
not contain highly sensitive molecular probes for PFOS detection. With regards to selectivity,
assuming equimolar initial free concentrations of PFOS and SDS of 8x 10~ mol/L, the most
selective probe in our screen with KZP;FOS = (62.7+15.3) M1, KbSDS = (13.6+3.8) M1, and
K};FOS / KEDS = (4.6x£1.7), would require a concentration of Cyyope =~ 0.1 mol/L to achieve the
EPA target PFOS concentration and would produce a bound PFOS to SDS relative enrichment of

C

probe—PFOS / Cprobe—sDs ~ 1.4. This suggests that the linear molecular candidate space does not

contain highly selective molecular probes, although we observe that even modest selectivities can

be exploited within multiplexed sensing schemes Alzate-Carvajal et al. [2023].

6.4.2 Identification of chemical substructures that are the principal determinants

of sensitivity and selectivity

Having efficiently navigated the search space using our active learning protocol to discover the
candidates populating the sensitivity-selectivity Pareto frontier, we now seek to infer the chemical
features underpinning the calculated sensitivity and selectivity of the molecular probes to PFOS.
This understanding can both help rationalize the trends observed within our active learning search
and help guide and inform the subsequent design and exploration of augmented libraries engineered
to be enriched in molecules with promising chemical features. To do so, we trained LASSO
(Least Absolute Shrinkage and Selection Operator) regression models as interpretable “glass box”
predictive models to identify the chemical substructures within the molecular probes that are the
principal determinants of PFOS sensitivity and selectivity. We present in Fig. 6.5 the LASSO
regression weights w associated with each chemical substructure. The magnitude of these weights
can be interpreted, under the linear LASSO model, as the relative importance of that substructure in
determining sensitivity or selectivity. Negative weights indicate molecular substructures that tend to
promote elevated sensitivity (—AGjD Fos) OF selectivity (|AAGpppg—sps), whereas positive weights

indicate substructures that tend to be detrimental to sensitivity or selectivity.
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Figure 6.5: Chemical substructures within the 252 molecular probes considered within our active
learning search identified by LASSO regression to be the leading determinants of PFOS (a) sen-
sitivity and (b) selectivity. Large LASSO weights w identify substructures that are the leading
determinants of sensitivity or selectivity. The chemical substructures possessing the largest LASSO
weights are illustrated in green on representative probe molecules containing these substructures.
The vertical arrows on the y-axes indicate the direction of favorable LASSO weights.
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Analysis of the sensitivity LASSO model (Fig. 6.5a), indicates that the substructure with the most
negative LASSO weight, and therefore the chemical motif that most promotes high PFOS sensitivity,
is the C—C bond. The next most three most favorable substructures are a hydrogenated probe with
seven backbone carbons and a secondary amine head group, a five backbone carbon substructure
with one brominated methyl group, and a chlorinated substructure with an amine based head group.
The top 20 substructures that promote favorable sensitivity include hydrogenated and halogenated
substructures containing amine and phosphine head groups. Taken together, these results indicate
that the chain length (i.e., number of C—C bonds) and the presence of chlorinated or fluorinated
heads or tails, and brominated head group appear to elevate PFOS sensitivity. Turning to the positive
LASSO weights, we identify a rather small number of significant chemical substructures that are
detrimental to sensitivity, including two brominated substructures with seven backbone carbons

and a semi-brominated substructure with quaternary amine head group. The remaining top seven
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substructures that promote unfavorable sensitivity include substructures with chlorinated methyl
groups and primary phosphine head groups. These results appear to indicate that bromination of the

tail and the inclusion of phosphine head groups are detrimental to probe sensitivity.

Analysis of the selectivity LASSO model (Fig. 6.5b), reveals a semi-brominated substructure with
eight branched backbone carbons to be the most favorable in promoting selectivity of probes
for the PFOS target over the SDS interferent. This is followed by a similar semi-brominated
substructure but seven branched backbone carbons and a phosphine based head group. Chlorinated,
fluorinated substructures with phosphine and amine based head groups are the next most favorable
substructures. From the top 20 substructures that promote favorable selectivity, we identify the
importance of halogenation and head groups in improving selectivity of a probe. In contrast to
sensitivity, we identify a relatively large number of substructures unfavorable substructures to
selectivity. These include a semi-brominated substructure with seven branched backbone carbons
and phosphine head group, a branched brominated substructure with seven backbone carbons, a
hydrogenated substructure with seven backbone carbons and a secondary amine head group, and
the C—C bond. This indicates that bromination and increasing chain length can be unfavorable to

promoting selectivity of the molecular probes.

Considering now both sensitivity and selectivity, we observe that the third most unfavorable
substructure to selectivity is the same as the second most favorable substructure to sensitivity.
Furthermore, the fourth most unfavorable substructure to selectivity — the C—C bond — is the same
as the most favorable substructure to sensitivity. This analysis suggests the competing nature
of both chain length and certain substructures for the simultaneous optimization of both PFOS
sensitivity and selectivity, and exposes an inherent challenge for this two-dimensional optimization

by controlling the presence of particular chemical groups.
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6.4.3 Correlation analysis of important identified chemical substructures

Our substructure analysis exposed C—C groups, halogenation, and head groups as chemical sub-
structures as important determinants of sensitivity and selectivity. Informed by this analysis, we now
perform a correlation analysis to quantify the role of these features upon sensitivity (—AGpros)
and selectivity (—AAGpros—_sps)- In Fig. 6.6, we plot the sensitivity and selectivity dependence
upon chain length for fully hydrogenated and fully fluorinated probes. For hydrogenated probes,
we observe ~0.4-1.3 kJ/mol increase on average in sensitivity with each additional C—C bond
(Fig. 6.6a). Fluorinated probes appear to be marginally more sensitive than their hydrogenated
counterparts, but the corresponding values do not generally lie outside of standard errors. Con-
trariwise, there is a degradation in selectivity with increasing probe length of ~1-2 kJ/mol upon
elongating the hydrogenated and fluorinated probes from four to twelve C—C bonds (Fig. 6.6b), but
this trend is not monotonic. In all cases, the selectivity for SDS is higher than or equal to that for
PFOS, indicating that these probes are not selective towards the desired target molecule. Again,
there tend not to be statistically meaningful differences in selectivity between fully fluorinated and

hydrogenated probes of the same length.
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Figure 6.6: Effect of probe length upon PFOS (a) sensitivity and (b) selectivity for fully hydrogenated
(blue) and fully fluorinated (red) probes. Markers and error bars represent means and standard
errors estimated by three-fold block averaging over a 900 ns production run. Standard propagation
of errors is employed to obtain the standard errors on selectivity. The vertical arrows on the y-axes
indicate the direction of favorable sensitivity and selectivity.

Although the PFOS target has a fluorinated tail whereas the SDS interferent has a hydrogenated
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tail, our results indicate both fluorinated and hydrogenated probes have largely similar sensitivities
and selectivities. This indicates the relatively weak role of fluorophilic interactions in modulating
probe performance, and is consistent with the DFT-SAPT based study by Tsuzuki and Uchimaru
[2020], which indicate that the dispersion forces that dominate intermolecular interactions are nearly
identical between CF 4-CF,, CF,-CHy,, and CH 4-CH,. It is only the electrostatic interactions that
arise due to electronegativity effects that are higher in unlike pairs relative to like pairs, but their
net contributions are smaller than dispersion forces.Tsuzuki and Uchimaru [2020] Furthermore,
the interactions between the probes and PFOS and SDS can be largely entropic with a significant
role played by the solvent. For example, fluorination of hydrocarbons can increase hydrophobicity
Wilhelm et al. [1977] and alter the hydration shell structure of fluorinated methyl groups Robalo et al.
[2019]. Complementary work shows that these changes are nonmonotonic in methyl groups with
increasing fluorination Robalo et al. [2020]. In the context of the present work, we find similarly

nonmonotonic trends in interaction strengths as a function of degree of fluorinatation.

In Fig. 6.7 we present the effect of different amine head groups on sensitivity and selectivity of fully
hydrogenated and fluorinated probes of various lengths. Specifically, we consider probe molecules
Cy Xy CgX g and Cy», X5, where X = H or F, and consider replacing the the terminal CH; group
with a primary NH,, secondary NH(CHj), tertiary N(CH;),, and charged quaternary N(CH3)3Jr
amines. Overall, we see relatively muted and non-monotonic trends in the influence of head group
upon sensitivity and selectivity, although there is evidence for a generally favorable influence of
substituting in a primary, secondary, or tertiary amine upon the sensitivity and selectivity at the
Cg probe length. There are also no clear trends in the sensitivity and selectivity difference of fully
hydrogenated or fully fluorinated probes, however, addition or removal of halogen atoms and amine
or phosphine head groups produces non-monotonic changes in both sensitivity and selectivity with
changes to sensitivity of up to 2.5 kJ/mol. The addition of charge to the probe via the charged

quaternary amine did not lead to statistically meaningful improvements in sensitivity or selectivity.
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Figure 6.7: Effect of amine head group upon PFOS sensitivity and selectivity for fully hydrogenated
(blue) and fully fluorinated (red) probes with a backbone length of (a) four, (b) eight, and (c) 12
single bonds. Markers and error bars represent means and standard errors estimated by three-fold
block averaging over a 900 ns production run. Standard propagation of errors is employed to
obtain the standard errors on selectivity. The vertical arrows on the y-axes indicate the direction of
favorable sensitivity and selectivity.

6.5 Conclusions

The detection and elimination of PFAS “forever chemicals” within environmental water courses
represents a pressing challenge for the design of highly sensitive and selective molecular probes. In
this work, we employed a computational active learning pipeline combining enhanced sampling cal-
culations, deep representational learning, Gaussian process regression, and multi-objective Bayesian
optimization to efficiently screen molecular candidate libraries for highly sensitive and selective
molecular probes. We chose to focus on a design space comprising 3850 linear hydrogenated and
halogenated molecules of length three to fourteen carbons with and without an amine or phosphine

based head group. The design of the library was motivated by the ready synthetic accessibility of

172



these candidate probes, their similar nature to PFAS, and capacity to exploit hydrophobic bind-
ing to the aliphatic tail and electrostatic binding to the head. After conducting 10 rounds of our
active learning screen during which we simulated a total of 252 probe molecules (~6% of the
3850 candidate design space) at a cost of ~25,000 GPU-h and ~5,000 CPU-h, we identified five
candidate molecules lying on the sensitivity-selectivity Pareto frontier with sensitivities spanning
(=AGprps) = 6.9-9.8 kJ/mol and selectivities spanning (—AAGprps—_sps) = (-5.6)-3.1 kJ/mol.
The most sensitive probe identified in our screen — a C,,Br,3P(CH;), molecule containing 11
backbone brominated carbons and a tertiary phosphine head group — possesses a binding con-
stant of KII;FOS =(177.4+12.7) M~ and the most selective probe — a semibrominated molecule
CsH,;,C,Br 4N(CH;), containing 12 backbone carbons and a tertiary amine head group possesses
a binding constant ratio of KEFOS / KEDS = (4.6£1.7). An analysis of the influence of particular
chemical motifs within the probes that are the primary determinants of the observed sensitivity and
selectivity expose delicate and relatively weak trends in probe length, halogenation, and head group

in modulating their behaviors.

The relative paucity of highly performant linear probe molecules identified by our ML-enabled
workflow militates for an expansion of the molecular search space to molecular libraries containing
a richer chemical diversity of candidate molecules including branched and cyclic hydrocarbons,
as well as more exotic molecules such as cyclodextrin-based probes that have garnered some
attention and success in PFAS sequestration Xiao et al. [2017], Ching et al. [2020], Wang et al.
[2021b], Ching et al. [2023]. Further enlargements of the design space make the computational
screening platform established in this work even more valuable in performing an efficient filtration
of the design space to identify the most promising molecular probes to be explored experimentally
and also in excavating molecular-level understanding of probe performance that can be coupled
with experimental intuition to help inform rational molecular design. The performance of our
active learning pipeline in achieving convergence after considering only 6% of the molecular space

provides support for its capacity to efficiently navigate and traverse large search spaces and quickly
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home in on the most promising candidates.

While we focused on only one interferent in this work, it may be desirable to find probes that are
selective to a given target PFAS in the presence of various types of interferents for their practical
applications. To this end, one may take the top-performing probes identified in the primary screen
into a lower-throughput secondary screen against a broader panel of potential interferents to better
evaluate the breadth of its selectivity. In the future, it is of interest to also extend our approach
for discovering molecular probes for some of the other commonly known PFAS variantsUnited
States Environmental Protection Agency [2023] such as (per) perfluorooctanoic acid (PFOA),
perfluorohexane sulfonate (PFHxS), and 6:2 fluorotelomer sulfonate (6:2FTS).Similarly, it may
be of interest to evaluate the performance of the top probes over a wider range of operating
temperatures and pH conditions. We would also like to couple our computational search to
hybrid computational/experimental active learning campaigns, in which we conduct asynchronous
but simultaneous computational and experimental screens in order to integrate high-throughput
computation and low-throughput experimentation to minimize the experimental costs in time and
labor to identify the top performing probes for applications in PFAS sensors Shmilovich et al.

[2022a].
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CHAPTER 7

ESTIMATING BINDING FREE ENERGIES OF
PERFLUOROOCTANESULFONIC ACID (PFOS) WITH
CYCLODEXTRIN PROBES

7.1 Abstract

Per- and polyfluoroalkyl substances (PFAS), often referred to as “forever chemicals”, are ubiquitous
water contaminants, posing serious risk to human well-being. With U.S. Environmental Protection
Agency intake limits on PFAS molecules set at or below parts per trillion for many variants,
we have limited means to detect and remove PFAS at those concentrations. Cyclodextrin-based
probes have proven to be promising candidates for the development of sensing platforms due
to their tunable cavity sizes and ease of functionalization; however, the optimal design of these
structures for PFAS sequestration is still an open question. In this work, we examine the binding
interactions of @—, B— and y-cyclodextrin with perfluorooctane sulfonic acid (PFOS) and potential
interferents trichloroacetic acid (TCAA) and sodium dodecyl sulfate (SDS) using enhanced sampling
simulations. Our calculations show that PFOS binds preferentially with f—cyclodextrin with a
binding constant of 2.43 +0.02 x 10 M~ ! - an order of magnitude greater than that of SDS and 5
orders of magnitude greater than for TCAA. This work validates the efficacy of  —cyclodextrin-
based probes for PFAS detection and informs an experimental effort to build an ultrasensitive
detection platform for PFOS. Moreover, the favorable binding qualities of —cyclodextrin and

molecular tunability allow for the rational design of next-generation sensing platforms.
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7.2 Introduction

Per- and polyfluoroalkyl substances (PFAS) are a group of thousands of synthetic chemicals
Wallington et al. [2021], U.S. Environmental Protection Agency [2022¢] with highly desirable
design properties from hydrophobicity to heat resistance, resulting in their widespread usage Baker
and Knappe [2022], Gliige et al. [2020], Xia et al. [2022], Sim et al. [2021]. Due to the very strong
(~440 kJ/mol Wang et al. [2021b]) carbon-fluorine covalent bonds that characterize these molecules,
PFAS have lifetimes on the order of thousands of years Ghisi et al. [2019], De Silva et al. [2021],
Cousins et al. [2022], Kwiatkowski et al. [2020]. Consequently, PFAS molecules have been building
up in the environment for decades, permeating the water supply from agriculture to tap water. PFAS
molecules have been found to increase rates of cancers, cause birth defects, and result in hormone
imbalances Fenton et al. [2021], making them a target for regulatory agencies such as the United

States Environmental Protection Agency (EPA) Brennan et al. [2021]

Here, we focus on molecular level detection of one such PFAS molecule, perfluorooctanesulfonic
acid (PFOS). While EPA guidelines suggest a maximum contaminant level of PFOS of 4 ng/L
in drinking water U.S. Environmental Protection Agency [2023], this is at the detection limit for
solid-phase extraction (SPE) and liquid chromatography/tandem mass spectrometry (LC-MS/MS)
Wang et al. [2021b], U.S. Environmental Protection Agency [2022d] techniques used by the EPA.
Moreover, these methods are not rapidly deployable or scalable due to high costs, the requirement
for skilled personnel and time consuming processes Wang et al. [2021b]. The design of rapid
portable sensors for PFOS requires the identification of molecules that can selectively bind to PFOS

in the face of the many interferents in water

In this work, we study cyclodextrin-based probes, a promising class of molecules whose tunable
cavity sizes and ease of functionalization support efforts to selectively sequester PFAS. We compute
binding energies for PFAS variant PFOS with o—, B— and y— cyclodextrins via enhanced sampling

molecular dynamics calculations. In Sect.7.3, we discuss the setup of our molecular dynamics
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calculations. In Sect. 7.3.1, we discuss the all atom molecular dynamics methods used to study these
molecules. In Sect.7.3.2, we introduce funnel metadynamics used to accelerate these calculations. In
Sect. 7.3.3, we discuss the estimation of binding constants from our enhanced sampling calculations
and compute free energy corrections. In 7.3.3, we present the resulting binding energy calculations
for target PFOS and interferents trichloroacetic acid (TCAA) and sodium dodecyl sulfate (SDS)

with a—, B— and y— cyclodextrins.

7.3 Methods

Several classical molecular dynamics (MD) simulation studies of B-cyclodextrin with Per- and
Polyfluoroalkyl Substances such as PFBA (perfluorobutanoic acid) and PFOA (perfluorooctanoic
acid) have been conducted Tunioli et al. [2023], Choudhary et al. [2022], however, to the best of our
knowledge, studies on B-cyclodextrin-PFOS interactions are largely limited to DFT calculations
for evaluating their binding interaction energies and mapping of electrostatic potentials Wang
et al. [2021a]. Moreover, no simulation work has been published comparing the effects of cavity
sizes on binding affinity to PFAS molecules. We conducted all-atom classical MD simulations
to gain molecular-level insight into the structure and thermodynamics of the bound complex
between the PFOS analyte and TCAA or SDS interferent with the a-, 8-, and y-cyclodextrin
probes. Simulations were conducted using the GROMACS 2021.6 simulation suite Abraham
et al. [2015] employing the General Amber Force Field (GAFF2) He et al. [2020] and the TIP3P
water model Jorgensen et al. [1983a]. To improve sampling of complex formation, we combined
funnel metadynamics Limongelli et al. [2013], Rizzi et al. [2021] with well-tempered parallel bias
metadynamics (PBMetaD) Pfaendtner and Bonomi [2015] implemented within PLUMED 2.8.1
Bonomi et al. [2009]. We use these calculations to recover an unbiased estimate of the potential
of mean force, PMF(r,z), describing the relative free energy of various configurations of the
probe-target system parameterized by the radial separation r and axial separation z of the molecular
centers of mass within a coordinate frame centered on the cyclodextrin probe. These PMFs enable
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us to identify both the thermodynamically preferred binding locations for the the PFOS analyte
and TCAA interferent into the three cyclodextrin probes and also make numerical predictions of
the standard state equilibrium binding constants K}, for comparison with a field-effect transistor
sensors. In Subsection 7.3.1, we discuss all-atom molecular dynamics simulations of target PFOS
and interferents TCAA and SDS with a—, 3— and y—cyclodextrin probes. In Subsection 7.3.2,
we describe enhanced sampling using funneled well-tempered parallel bias metadynamics. In

Subsection 7.3.3, we estimate equilibrium binding free energies and constants.

7.3.1 All-atom molecular dynamics simulations of PFOS, SDS and TCAA

interactions with cyclodextrin probes

We study the interactions of the PFOS analyte and SDS and TCAA interferent molecules with
o-, B-, and y-cyclodextrin probes using all-atom molecular dynamics simulations conducted in
GROMACS 2021.6 Abraham et al. [2015]. The initial structures of PFOS and TCAA target
molecules were generated using Avogadro version 1.2.0 Hanwell et al. [2012a] in PDB format. The
PFOS, SDS and TCAA molecules were generated in anionic states U.S. Environmental Protection
Agency [2022a], Meegoda et al. [2020], Wang et al. [2021b] corresponding to the pH 8 conditions
explored in this work. The restrained electrostatic potential (RESP) method Bayly et al. [1993]
was used to compute partial charges with Gaussian 16RevA.03 Frisch et al. [2016] software and
General Amber Force Field (GAFF2 )He et al. [2020] force field parameters. System topologies
were generated in GROMACS Abraham et al. [2015] format using the acpype Sousa da Silva
and Vranken [2012] library. The GAFF2 compatible g4md-CD force field Cézard et al. [2011],
Dupradeau et al. [2010] combining GLYCAMO04 Kirschner and Woods [2001b], Basma et al. [2001],
Kirschner and Woods [2001a] and Amber99SB Cornell et al. [1995] was used to model the glucose
units in the o-, B-, and y-cyclodextrin probes. The structure and g4md-CD force field files in
GROMACS Abraham et al. [2015] format of the «-, B-, and y-cyclodextrin probes were obtained
from Zhang et al. Zhang et al. [2012], van der Spoel [2017]. Calculations were performed in
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cubic boxes of at least 6 x 6 x 6 nm> with periodic boundary conditions implemented in all three
dimensions. The linear dimensions of the box were sufficiently large for the target-probe pair to
reach the effectively non-interacting regime in the far field. The PFOS, SDS or TCAA molecule
being simulated was initialized in the center of the cyclodextrin cavity for each calculation. Each
system was solvated with TIP3P water molecules Jorgensen et al. [1983a] to a density of 1.0 g/cm?
of water and PFOS systems were charge neutralized by the addition of a single sodium counterion to
balance the formal (—1) net charge carried by PFOS. The total number of atoms in the simulations
lie in the range of ~12,000 to ~35,000. Forces arising due to the Lennard-Jones potential were
switched smoothly to zero at 1 nm. Electrostatic interactions were treated using the particle mesh
Ewald Darden et al. [1993] method with a 1 nm real-space cutoffs and a reciprocal grid spacing
optimized during runtime. The neighbor list was generated every 10 steps using the Verlet method
Verlet [1967]. The LINCS algorithm Hess et al. [1997] was used to update the hydrogen atomic
positions relative to their bonded non-hydrogen atoms in the system. High-energy overlaps in
the initial system configuration were eliminated by steepest descent energy minimization using
the low memory Broyden-Fletcher-Goldfarb-Shanno approach Saputro and Widyaningsih [2017]

employing a maximum force tolerance of 10 kJ mol ! nm~!

on any single atom. Initial velocities
corresponding to 7' = 300 K were drawn from the Maxwell-Boltzmann distribution. A harmonic
position restraint with force constant of k = 500 kJ/mol.nm? was applied during these equilibration
runs to the positions of the target or interferent-probe complex to prevent drift from their initial
positions within the cyclodextrin cavity. The energy minimized systems were equilibrated for 1 ns
in a NVT ensemble at temperature 7 = 300 K with a stochastic velocity rescaling thermostat Bussi
et al. [2007]. Next, a 1 ns NPT ensemble equilibration with a target 7 = 300 K and a target pressure
P =1 bar was performed employing a stochastic velocity rescaling thermostat Bussi et al. [2007]

and a Berendsen barostat Berendsen et al. [1984]. Equations of motion were integrated with a 2 fs

time step using the leapfrog algorithm Hockney et al. [1974].
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7.3.2 Enhanced sampling using funnel well-tempered parallel bias metadynamics

Enhanced sampling techniques are required to accelerate sampling of the interactions between the
o-, B-, and y-cyclodextrin probes and the PFOS analyte or TCAA or SDS interferent and assure
good exploration of the thermally-relevant configurational phase space. We employed parallel bias
metadynamics (PBMetaD), a technique in which the molecular dynamics simulation is subjected
to biasing potentials along pre-selected collective variables (CVs) to accelerate transitions over
free energy barriers in these coordinates and drive good sampling of configurational space Pfaendt-
ner and Bonomi [2015]. Unbiased free energy landscapes can be extracted from the converged
PBMetaD trajectories using thermodynamic reweighting of the configurations according to the
applied converged biasing potential to recover the Boltzmann distribution in the thermodynamic
ensemble under which the simulation was conducted Zhao et al. [2020]. We define our PBMetaD
CVs within a coordinate system defined by the cyclodextrin probe. Since we are interested in the
configurational phase space sampled by the target molecule relative to the probe (or vice versa), it is
convenient to use a coordinate system centered on one of the molecules rather than the absolute
coordinate system of the simulation box to mod out rigid translational and rotational displacements
that alter the absolute position of the two molecules but not relative to one another. We define this
coordinate system as illustrated in Fig. 7.1. The origin point is defined as the center of mass (COM)
of all carbon and oxygen atoms in the narrow-side plane (primary face) of the D-glucose units of
cyclodextrin probes. The XY plane is defined as this plane constructed from the carbon and oxygen
atoms in the narrow-side plane of each 6 sided D-glucose units that constitute the cyclodextrin
probes. The Z axis is defined via the normal vector to this plane passing through the origin of
the coordinate system defined at the center of mass (COM) of all carbon and oxygen atoms in the
cyclodextrin rings and with the positive sense of the z-axis pointing from the broader to the narrower
end of the cyclodextrin molecule. Due to the high level of angular symmetry, our PBMetaD CVs do
not require definition of the X and Y axes, so it is sufficient to define just the XY plane and the Z

axis.
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Figure 7.1: Illustration of the cyclodextrin-centric coordinate system and PBMetaD CV's within this
reference frame for the o-cyclodextrin and PFOS system. The XY plane is defined by the carbon
and oxygen atoms that are colored in green in the narrow-side plane of each 6 sided D-glucose units
in each cyclodextrin probe and the Z axis is defined as the normal vector to that plane. The three
PBMetaD CVs correspond to (i) z: the Z coordinate of the COM of the target molecule, (ii) r: the
radial distance of the COM of the target molecule away from the Z axis in the XY plane, and (iii) 0:
the planar angle between a vector drawn between the tail and head of the target molecule and the Z
axis. Atoms are color coded; Carbon, hydrogen, oxygen atoms are colored in cyan, white, and red,
respectively. Something along these lines will be nice. Molecular renderings were produced with
VMD Humphrey et al. [1996]

We now define the three CVs used to drive our PBMetaD calculations (i) z: the Z coordinate of the
COM of the target molecule, (ii) r: the radial distance of the COM of the target molecule away from
the Z axis in the XY plane, and (iii) 0: the planar angle between a vector drawn between the head

and tail of the target molecule and the Z axis. Physically, z controls the vertical separation between
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the cyclodextrin probe and the target molecule, while r controls the orthogonal distance of the target
molecule from the axis of the cyclodextrin ring. In selecting as our CV the radial distance r — as
opposed to its decomposition into the x and y components, where r2 = x2 4+ y? — we have implicitly
moded out the approximate cylindrical symmetry of the cyclodextrin ring in the XY plane, and
chosen r to drive sampling in a single lumped CV that just controls the radial component of the
intermolecular COM separation. Finally, 8 characterizes whether the target molecule approaches
the cyclodextrin ring head-first or tail-first, and driving sampling in this CV helps sample both of
these possibilities as the target molecule approaches the narrow (z>0) and broad (z<0) sides of the
cyclodextrin ring. Since the target molecule can exist as a guest within the core of the cyclodextrin

host, this CV is particularly useful in driving sampling of the different docked orientations.

Having defined the PBMetaD CVs, we then conduct the enhanced sampling calculations employing
a well-tempered metadynamics procedure Barducci et al. [2008] in which we use a bias factor of y
= 20, an initial Gaussian height of W = 1.2 kJ/mol, and a Gaussian width of ¢ = 0.2 nm for z and r
and 0.2 radians for 8. We deposit Gaussians with a pace corresponding to once every 500 time steps.
Furthermore, to focus PBMetaD sampling on the region of configurational space of most interest
where the target molecule is close to the cyclodextrin probe, we utilized funnel metadynamics
Limongelli et al. [2013] following a procedure largely similar to that detailed in Rizzi et al.Rizzi
et al. [2021]. The principle of the approach is that within the funnel region defined within the
cyclodextrin-centric coordinate system, the target molecule does not feel any additional restraining
forces and the metadynamics simulation proceeds as normal, whereas outside the funnel region,
the target molecule experiences restraining forces that drive it back into the funnel. This focuses
sampling on the region of space within the funnel to improve computational efficiency. In this work,
we elect to use a spherical funnel of radius 2 nm centered on the origin of the cyclodextrin-centric
coordinate system (Fig.7.1) and applied a harmonic restraining potential at the funnel walls with a
force constant of k = 5,000,000 kJ/mol.nm2. As demonstrated in Fig.7.2, the volume of the funnel

was sufficiently small to achieve good sampling of the full configurational phase space within the
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Figure 7.2: Illustration of convergence of the funnel well-tempered parallel bias metadynamics
calculations for the a-cyclodextrin — PFOS system. (a-c) CVs z,r and 0 (from left to right) as
a function of simulation time.(d-f) Bias heights deposited as a function of time for CVs z,r and
0 (from left to right). (g-i) AGs and related quantities computed from the simulation by using
trajectory of length equal to the reported simulation time on x-axis. Points are computed at 10 ns
intervals of simulation length. (g) Observed AG computed over the entire trajectory up until the
reported simulation time. (h) Change in AG computed for each marginal 10 ns of simulation. (i)
Standard error computed from 3 fold block averaging of AG over the trajectory of length equal to
the reported simulation time on x-axis.

funnel using PBMetaD, and sufficiently large that the target molecule was sufficiently far from
the probe at the funnel wall that it entered the effectively non-interacting regime such that the free
energy landscape plateaued and no longer changed as a function of COM distance between the

molecules.

We conducted the funnel well-tempered PBMetaD simulations in the NPT ensemble at 7 = 300
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K and P =1 bar using a Nosé-Hoover thermostat Evans and Holian [1985] and Parinello-Rahman
barostat Parrinello and Rahman [1981] using GROMACS 2021.6 Abraham et al. [2015] patched with
PLUMED-2.8.1 Bonomi et al. [2009]. The simulation parameters were identical to those detailed
above for system initialization, with the exception that integration of the equations of motion were
performed with a 2 fs time step for PFOS and a 1 fs time step for TCAA. Empirically, we found the
TCAA system required a shorter timestep to maintain numerical stability of the numerical integration.
Snapshots were saved for analysis at a period of 2 ps. Following best metadynamics practices Bussi
and Laio [2020], simulation convergence was validated by (1) monitoring for diffusive sampling in
the three CVs, (i1) measuring the fall-off in the heights of the deposited Gaussian biases in each
CV deposited over time, and (iii) assessing convergence of the calculated AGs of interaction for
each simulated system using a block average estimate of uncertainty. Convergence was defined
to have been reached when (1) qualitatively the transitions in CV-time plot are diffusive (Fig. 7.2)
(i1) deposited bias height falls off to less than 1/100th of initial height (Fig. 7.2 b), and (iii) AG,
uncertainties in AG and change in AG as a function of simulation length remain static with increased
simulation length. (Fig. 7.2 c). In practice, we ran calculations for each of the nine systems — -,
B-, and y-cyclodextrin probes with PFOS, SDS and TCAA targets — for a total of 1 us (500,000,000
steps) and we observed convergence in all three criteria within approximately 500 ns (Fig.7.2) The
production MD simulation with enhanced sampling simulation took ~4-11 days (between 90-250
ns/day) per system depending on the system size on a shared supercomputing node utilizing either
4 x NVIDIA Quadro RTX 5000 GPUs and 2 x Intel Xeon E5-2620 v4 Broadwell CPUs or 1 x
V100 GPU and 20 x CPU cores of Intel Skylake processor.

7.3.3  Estimation of equilibrium binding free energies AG and binding constants
Kp
We now extract from the funnel well-tempered PBMetaD simulations for each system estimates

of the equilibrium binding free energies and binding constants. We compile biased histograms

185



p(r,z) in the radial and vertical CVs used to drive our PBMetaD calculations over the converged
portion of our simulation trajectories. Since the bias continues to (slowly) evolve over the converged
portion, to obtain the unbiased histograms p(r,z), up to an unknown normalizing constant, we are
obliged to reweight each frame according to the instantaneous bias applied in the CV's and funnel
restraints using the reweighting method detailed in Zhao et al. Zhao et al. [2020]. The unknown
normalizing constant reflects our ignorance of the absolute free energy scale or, equivalently, the
partition function, although the probability ratio of various (r,z) configurations can be quantitatively
compared in a relative sense. As an aside, although the 2D r-z projection turns out to be a useful
projection of the free energy surface for this system, we note that we are at liberty to accumulate
unbiased histograms in this manner in any CVs of our choosing provided we properly reweight as a
function of the PBMetaD CVs (and funnel restraints) in which the accelerating biases were applied.
In this particular case, therefore, we conducted enhanced sampling in {r,z, 0} but choose to project
our free energy landscapes into {r,z} and marginalize out 8 such that we integrate over the various

different probe orientations sampled by our PBMetaD calculations at each (r,z) configuration.

Having obtained our estimates of the unbiased but unnormalized probability distributions through
our histogram approximation, we then convert this into a potential of mean force (PMF) using the
standard statistical mechanical relation PMF (r,z) = —kgT log p(r,z) + C, where C is an arbitrary
additive constant reflecting our ignorance of the absolute free energy scale. Since we will only
appeal to relative free energies (i.e., free energy differences or probability ratios) we are at liberty to

specify C for numerical convenience and different choices of C do not affect our results.

In Fig. 7.4, we present the PMF (r,z) for the systems to resolve the preferred binding location of
each two target molecules with each of the three cyclodextrin probes, and choose to set C such that
the mean PMF of the non-interacting region has a free energy of zero for visualization convenience.
For the purposes of the binding constant calculations described below, it is convenient to adopt a

convention wherein the PMF takes on a value of zero in the far field where the target and probe

186



are distantly separated at large r and/or z corresponding to the effectively non-interacting state (i.e.,
PMF (r — o0,z — 0)=0). In practice, we do this by projecting the PMF into the COM separation
§ = \/m between the target and the probe, subtracting out the entropic correction Abraham
et al. [2015], Pdll et al. [2014], Neumann [1980], and computing the mean value of PMF (s) in the
plateau region 1 < (s = \/m) < 3.5. In performing this calculation, we exclude the region near
the funnel wall to avoid edge effects associated with the large restraining potentials in these regions
of configurational space. We present in Fig. 7.3 the resulting PMF (s) free energy landscapes for
each combination of PFOS and TCAA target-probe systems. These plots confirm that the box
size was sufficiently large in each case that the non-interacting far field region was sampled in the
calculations corresponding to the plateau region where the free energy no longer changes with
increasing separation. As described below, this observation is important for the purposes of reliable
estimation of binding constants.
(a) (b)
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Figure 7.3: Univariate free energy landscapes PMF (s) projected into the COM separation of the

target and probe s = /2 + z2 illustrating that we reach the effectively non-interacting regime in the
far field where the free energy ceases to be a function of 5. Landscapes are adjusted by the entropic
correction accounting for the trivial increase in configurational phase space volume associated with
increasing s and which physically corresponds to subtracting out the PMF (s) corresponding to
non-interacting point particles. (a) Describes PMF (s) for PFOS. (b) Describes PMF (s) for TCAA.

We estimate the free energy difference AG between the bound and unbound states using a statistical

mechanical formalism based on the ratio of the partition functions in each of the two states Dasetty
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et al. [2023], Aldeghi et al. [2018], General [2010]. Specifically, we define

4
AG = —kgT'n (;) , (7.1)

u

where the bound and unbound state partition functions are,

Zy = /Fb exp (—BU(x))dx (7.2)
Zu:/r exp (—BU(x))dx, (7.3)

where U (x) is the potential energy of the system as a function of the full dimensional configurational
phase space coordinates x, I';, and I';, respectively delimit the configurational phase space volume

occupied of the bound and unbound states, and B = 1 /kgT.

We choose to specify the extent of the bound state as a cylinder of radius 1.2 nm and linear extent 2
nm centered around the COM of the cyclodextrin probe. The limits of this cylinder were motivated
by the PMF (s) flattening as we enter the non interacting region, shown in Fig. S3 and a cylindrical,
as opposed to spherical, geometry was selected based on the shape of the cyclodextrin molecules.
Alternative definitions for the bound state can result in slightly different values for AG, and we
quantify these differences below. Importantly, this cylinder is contained fully within the spherical
funnel region used in the funnel well-tempered PBMetaD calculations and so we need not be
concerned about any issues of poor sampling outside of the funnel region. The bound state partition

function then becomes,

"bound [ Zbound

Zy = 27r/ / rexp(—B(PMF (r,z) — PMF (r — o0,z — o0))drdz (7.4)
Zbound
Tbound [ *Zbound

= / / rexp(—BPMF(r,z))drdz, (7.5)
<Zbound
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where rpound = Zbound = 1.2 nm. In the first line, we note that the potential energy in the full
configurational phase space coordinates U (x) has been replaced by the potential of mean force
PMF (r,z) in the Boltzmann factor due to marginalization over all of the other degrees of freedom
in constructing the cylindrical integral, and we have performed the angular integral since there is
no dependence on 6 in PMF(r,z). In the second line, we note that under our specification of the
arbitrary additive constant in the potential of mean force, we have specified that PMF (r — oo,z —
o) = 0. We note that asserting this limit is numerically convenient but the final results of our AG
calculation do not depend on this choice due to cancellation in the numerator and denominator of

the ratio in Eqn. 7.1.

The extent of the unbound state is naturally defined as the volume of the simulation box not
occupied by the bound state. For a sufficiently large simulation box and rapid convergence of
PMF (r,z) to the PMF (r — o0,z — o) limit, it is a reasonable approximation to take PMF (r,z) =
PMF (r — o0,z — o) = 0 and perform the integral over the full volume of the simulation box. In
the present case, assuming the restraining potentials in our metadynamics funnel to be sufficiently
strong, we may approximate them as hard walls and conduct the integration over the volume of the

spherical funnel,

Tfunne
/ 4772 exp (— BPMF (o0))dr (7.6)
Tfunne
/ el y (7.7)
3 nrfunnel (7‘8)
= Vfunnelv (7.9)

where rfnnel = 2 nm is the radius of the spherical funnel and Vipnel = 33—271' nm? is the volume of

the funnel.
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Combining Eqns. 7.1, 7.5, and 7.9, we arrive at our final expression for AG,

Tbound [Zbound
/ / rexp(—BPMF (r,z))drdz| . (7.10)

AG = —kgTIn {
Zbound

funnel

We recognize that the concentration of each species in the simulation box is C = Cprobe = Crarget =

Cprobe—target = 1 /Viunnel and that in general C differs from the standard concentration of C O =1M

corresponding to a standard volume of V® = 1 / C® = 1661 A Hermans and Wang [1997]. We are
obliged, therefore, to apply a concentration correction to estimate the binding free energy at the

standard concentration Dasetty et al. [2023],

C
AG® = AG +kgT1n <C—®> (7.11)

® Tbound  [<bound
= —kgTIn |C 27r/ / rexp(—BPMF (r,z))drdz| . (7.12)

Zbound

Comparing this expression to the relation Dasetty et al. [2023],
AG® = —kpTnk,, (7.13)
we can immediately express the binding constant K}, as,

® "bound [ Zbound
K,=C 27r/ / rexp(—BPMF (r,z))drdz. (7.14)

Zbound

Results

7.3.4  Evaluation of binding energies

We present in Fig. 7.4 the results of our enhanced sampling all-atom molecular dynamics calcula-
tions to map out the free energy landscape for binding of the PFOS analyte and TCAA interferent

with the o-, B-, and y-cyclodextrin probes. We represent this landscape through the potential of
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mean force PMF (r,z) describing the relative free energy of different (r,z) configurations of the
probe-target system in the radial separation r and axial separation z of the molecular centers of
mass within a coordinate frame centered on the cyclodextrin probe (Fig. 7.4a). In Figs. 7.4b-g
we present the PMFs for the six combinations of the two target molecules (PFOS analyte and
TCAA interferent) and three probes (¢-, B-, and y-cyclodextrin) along with molecular snapshots
of the thermodynamically preferred bound configuration. We also report in Table 7.1 the values
of the standard state binding constant K}, calculated for each of the six systems along with our
experimentally measured values from QCM. In all cases, we observe good agreement between the

computational and experimental K;, values, lending confidence to the computational results.

First considering the a-cyclodextrin system (Figs. 7.4b,e), the white region in the vicinity of (r =0,
z =0) indicates that the ~0.53 nm diameter a-cyclodextrin cavity is too narrow to accommodate
either molecule within the probe. Driven primarily by the hydrophobic nature of the two target
molecules, the most probable location (i.e., lowest free energy) for the target molecules relative to
the probe is at (r = 0, z =~ -0.5) for the PFOS analyte and (r ~ 0, z ~ -0.2) for the TCAA interferent.
This indicates that both target molecules preferentially bind to the broader (negative z) opening to
the probe in favor of the narrower (positive z) opening. The smaller TCAA molecule is able to insert
further into the cyclodextrin cavity than the relatively larger PFOS but this belies the two orders of
magnitude weaker binding constant for TCAA relative to PFOS. The PMFs also reveal the existence
of a secondary, less preferred, binding site for TCAA at the narrow end of the a-cyclodextrin probe,
although this does not exist for the larger PFOS. For both TCAA and PFOS, we observe weak
binding interactions on the exterior of the probe evinced by the weak free energy well around the

exterior of the interior forbidden white region.

Turning to B-cyclodextrin (Figs. 7.4c,f), the wider ~0.65 nm diameter probe is sufficiently large to
accommodate both TCAA and PFOS within the cavity and in both cases the thermodynamically

preferred state is for the target guest to reside within the cavity of the probe host. The value of our
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Figure 7.4: Molecular simulations of PFOS analyte and TCAA interferent binding with -, -, and
Y-cyclodextrin probes.(a) [llustration of the cyclodextrin-centric coordinate frame. Potential of mean
force (PMF) landscapes PMF (r,z) are constructed in the radial separation r and axial separation z
of the molecular centers of mass. PMFs for (a) a-cyclodextrin—PFOS (b) 3-cyclodextrin—PFOS
(c) y-cyclodextrin—PFOS (d) a-cyclodextrin—-TCAA (e) B-cyclodextrin-TCAA (f) y-cyclodextrin—
TCAA. For visualization convenience, the arbitrary additive constant for each PMF reflecting our
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ignorance of the absolute free energy scale is specified such that the average free energy of the
non-interacting region (r > 1.2,z > 1.2) is set to zero. The location (r=0 nm, z = 0 nm)
corresponds to a configuration in which the target molecule resides within the pore of the probe and
the centers of mass are coincident. The white region in the center of each plot corresponds to the
prohibited region due to excluded volume overlaps of the target molecule and the cylindrical wall of
the probe. The white region around the edge of each plot corresponds to the far-field region that
was unsampled under our funnel metadynamics approach that focused computational sampling on
the near-field region. In all cases the narrow end of the cyclodextrin probe is oriented towards
positive z values and the broader end towards negative z values. Molecular snapshots corresponding
to the thermodynamically preferred bound configuration are presented for each system. All
renderings were constructed using VMD Humphrey et al. [1996].

computed PFOS binding constant of K}; Egnsbtlation =243 +0.02 x10° is in good agreement with
field-effect transistor sensors readings suggesting strongest adsorption of PFAS on 3-CD surfaces
and weak adsorption for TCAA. It is also consistent with previous experimental reports that lie
in the range Kj, = 10°-10% Weiss-Errico and O’Shea [2017a], Chen et al. [2023], Weiss-Errico
and O’Shea [2019], and is approximately six orders of magnitude larger than that for TCAA. As
illustrated in the representative molecular snapshots of the thermodynamically preferred bound
configurations, the relative preference for PFOS can likely be understood as the bulkier PFOS
providing stronger van der Waals interactions with the interior probe wall than the relatively smaller
TCAA. This trend also appears to underpin the relatively larger K; for TCAA with the smaller
o-cyclodextrin probe relative to the larger B-cyclodextrin cavity due to better contact between the
TCAA and the interior probe wall in the smaller a-cyclodextrin system. Further analysis of the
PFOS-B-cyclodextrin bound complex indicates that the fluorinated backbone tends to occupy the
cavity leaving the charged head exposed into solvent. This suggests that there may be an opportunity

to further enhance the PFOS binding constant by engineering the lip of the 3-cyclodextrin probe to

promote favorable electrostatic interactions with the PFOS head.

The y-cyclodextrin probe possesses the widest cavity diameter of ~0.83 nm, which can easily
accommodate both TCAA and PFOS within the cavity as the thermodynamically preferred state of

the complex (Figs. 7.4d,g). The wider cavity gives the bound target molecules more configurational
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Probe Kg’F oS ( M~ 1) KZ’CAA ( M—l ) KII;F [N / KbTCAA

a-cyclodextrin 2.13 £0.01 x10° | 3.06 +£0.02 x101 | 6.99 +0.05 x10!
B-cyclodextrin 2.4340.02 x10° | 478 £0.02 x10° | 5.08+ 0.05 x10°
y-cyclodextrin 1.09 +0.02 x10° | 3.13 £0.03 x10' | 3.46+ 0.03 x10°

Table 7.1: Binding constants K}, for the PFOS analyte and TCAA interferent with the o-, 8-, and
Y-cyclodextrin probes calculated using enhanced sampling all-atom classical MD simulations. The
selectivity of each cyclodextrin probe for PFOS relative to TCAA is quantified by the ratio of the
binding constants KII:FOS/KI;FCAA.
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Figure 7.5: Calculated values of the standard state (a) binding free energy and (b) binding constant
for a-, B-, and y-cyclodextrin probes with the PFOS and TCAA target molecules.

freedom within the cavity leading to a greater diversity of bound states. As illustrated by the
representative bound configuration, the PFOS chain no longer contacts both walls of the probe while
the charged hydrophilic head of the chain is often still extended into the solvent. The less snug fit of
the PFOS chain leads to weaker dispersion interactions and an order of magnitude smaller binding
constant for PFOS to y-cyclodextrin relative to B-cyclodextrin. Conversely, the TCAA interferent
has a weaker stronger binding constant to y-cyclodextrin relative to B-cyclodextrin. The widening
of the cyclodextrin cavity appears to increase the number of conformational states accessible to the
TCAA within that region by accommodating the relatively bulky carbon-oxygen bonds. We present
a summary of the binding constants extracted from all simulations of TCAA and PFOS with each

cyclodextrin probe as well as relative binding affinities in Table 7.1.
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Finally, to demonstrate the robustness of parameter choices for the bound region, we report the
calculated values of AG® and K}, from our funnel well-tempered PBMetaD calculations for the
binding of the PFOS analyte or TCAA interferent with the a-, 8-, and y-cyclodextrin probes in
Tables 7.2 and 7.3. Numerical quadrature of the 2D integral was performed 2D Simpson’s rule over
PMF (r,z). Uncertainties were estimated by three-fold block averaging over the converged portion
of the simulation trajectories. The numerical values of AG® and K}, can depend on the definition
of the bound state. We report the calculated values of AG® and K}, under different choices for the
bound state. These calculations reveal that there is some minor sensitivity to the choice of bound
state phase space volume within noise, and the trends in these quantities are preserved under all

choices for the bound state.

K M1 Shound < 0.8nm | spond <1.0nm | sy < 12nm | sy < 14nm | spouna < 1.6 nm
TCAA-a-CD | 9.91+0.16 x 100 | 2.01 £0.01 x 107 | 2.73+0.01 x 10° | 3.82+0.03 x 107 | 4.744+0.07 x 10V
PFOS-a-CD | 1.29+0.05x 103 | 1.50+0.06 x 10% | 1.71+£0.02 x 103 | 1.96+0.01 x 103 | 2.11+0.07 x 103
TCAA-B-CD | 1.864+0.04 x 107 | 3.74+0.01 x 10 | 7.26 +£0.02 x 10° | 1.2140.06 x 10° | 1.83 +0.06 x 10°
PFOS-B-CD | 1.82+0.04 x 10° | 1.92+0.06 x 10° | 2.16 £0.04 x 10° | 2.41 £0.03 x 10° | 2.37 £0.03 x 10°
TCAA-7-CD | 1.0740.06 x 10! | 1.45+0.02x 10! | 2.49+0.02 x 10! | 3.4940.04 x 10! | 5.23+0.03 x 10!
PFOS-y-CD | 3.9740.03 x 10% | 4.214£0.02 x 10* | 4.63+0.04 x 10* | 5.1140.05 x 10* | 5.31+0.02 x 10*

Table 7.2: Binding constant K}, computed under cutoff regimes from 0.8 nm < s3,,,,,¢ < 1.6 nm.

AGO [KJ/mol] | sppung < 0.8 nm | 8500 < 1.0 0m | sp,,,0 < 1.20m | 8,0 < 1.40m | 55,7 < 1.6 nm
TCAA-a-CD —5.72+£0.04 —7.48£0.02 —8.25+£0.01 —9.08£0.02 —9.62+£0.00
PFOS-o-CD —17.87£0.09 —18.22£0.10 —18.57£0.04 —18.89£0.01 —19.10£0.08
TCAA-3-CD —1.55£0.06 —3.29+£0.01 —4.94+£0.01 —6.22+£0.03 —7.26£0.01
PFOS-3-CD —35.95£0.05 —36.09£0.01 —36.38£0.04 —36.65+£0.03 —36.61£0.02
TCAA-y-CD —5.91+£0.01 —6.68 £0.04 —8.01£0.02 —8.86+£0.03 —9.87£0.02
PFOS-y-CD —26.40£0.21 —26.55£0.14 —26.80£0.02 —27.05£0.03 —27.13£0.09

Table 7.3: Binding free energies AG® computed under cutoff regimes from 0.8 nm < sp,pg < 1.6
nm.

In Fig 7.6, we present a comparison of the sensitivities and selectivities of f-CD with PFOS, SDS
and TCAA. We choose this probe as it is the most sensitive to PFOS. Fig 7.6(a-c) indicates that
B-CD experiences its strongest binding to all analytes when they occupy the center cavity. However,
PFOS enjoys both the deepest free energy of binding and largest overall binding constant with 3-CD.

SDS has a wider free energy basin, admitting a larger variety of bound states than PFOS, however
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Figure 7.6: PMF landscapes and selectivity of B-CD with PFOS, SDS and TCAA. (a) PMF
landscape of B-CD with PFOS. (b) PMF landscape of -CD with SDS. (¢) PMF landscape of 3-CD
with TCAA. Renderings of each system in its strongest bound state are presented above (a-c). d)
diagram describing construction of r an z collective variables as a function of probe and analyte
positioning. (e) Spatially resolved selectivity of B-CD with PFOS relative to SDS. (f) Spatially
resolved selectivity of B-CD with PFOS relative to TCAA.
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with a lower mean free energy. TCAA experiences only very weak binding. Fig 7.6(e) demonstrates
that while PFOS has a deeper maximum G of interaction with 3-CD than SDS has, there are less
accessible states on the [r, z] plane that experience strong bonding with B-CD. Although both PFOS
and SDS are straight chain hydrocarbons, the electrostatic interactions between the fluoronated
backbone of the PFOS probe are more restrictive than the hydrogen backbone of SDS. This accounts
for the stronger free energies of interaction relative to SDS but larger exclusion zone on the [r, 7]
plane relative to SDS. Fig 7.6(f) demonstrates that f-CD preferentially binds to PFOS relative to
TCAA. These spatially resolved sensitivities and selectivities indicate the f-CD will preferentially
bind to PFOS relative to both SDS and TCAA, however, interaction energies are similar for PFOS

and SDS.

7.4 Conclusions

The all-atom molecular simulations provide molecular-level insight into the structural and ther-
modynamic behaviors of the target-probe complex binding. The computed binding constants are
in good agreement with both our and prior experimental measurements, lending confidence to
our computational results. Our calculations suggest that the superior sensitivity and specificity of
B-cyclodextrin for PFOS over TCAA can be understood as a good size match of the f3-cyclodextrin
cavity for the PFOS molecule that results in favorable dispersion interactions of the hydrophobic

chain within the cavity while enabling the hydrophilic head group to be solvent exposed.

Our results also suggest potential routes for rational engineering of the rim of the f3-cyclodextrin
to promote favorable electrostatic interactions with the PFOS head and further elevate the binding
constant. The favorable selectivity of f-CD for PFOS against all tested interferents, particularly
in the largest interaction energy states indicates that B-CD is a good vehicle to build upon. In
future work, we intend to extend our high throughput screening approach to molecular design by

engineering the rims of these cyclodextrin probes to increase sensitivity to and selectivity for PFOS
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in the face of interferent molecules.
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CHAPTER 8

CONCLUSIONS

8.1 Summary of Contributions

This work provides a solution to the problem of reconstructing full-dimensional dynamics from time
series for arbitrary dynamical systems. Building on the confluence of the groundbreaking work of
Takens, Ruelle, Eckmann and others in the embedding theorems and advances in universal functional
approximation through statistical learning, this dissertation addresses several key challenges. First,
we empirically demonstrate that full-dimensional dynamics of complex systems can be reconstructed
from univariate time series, even under deterministic and stochastic forcing characteristic for real
world experiments. Second, we developed a software package that implements TAR on any time
series and introduced new constructions of Takens’ Theorem to maximize the information embedded
in latent space representations of dynamics. Third, we extended this framework to problems lacking
an explicit differential equation formulation and demonstrated its value in a social science context.
While the universal functional approximators employed may not always represent the optimal
computational model for any given mapping problem, the robust and interoperable TAR mechanism
allows for each step to be retrofitted with any model. The mathematics that governing latent space
embeddings from data, observable selection, and delay vector structuring are likely to outlast
any specific choice of dimensionality reduction and nonlinear mapping algorithms implemented
in this dissertation. We hope that these models and the TAR pipeline become one in a class of
reconstruction techniques that treat the geometry of time series as a fundamental facet of any
dynamics problem to be used in concert with machine learning. This will allow for fast, efficient

and mathematically rigorous representations of the dynamics of any complex system in latent space.
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8.2 A review of ideas that did not work and future directions

The market can remain wrong for longer than I can remain solvent - John Maynard Keynes

It is often difficult to distinguish between ideas that did not work and potential future directions.
Below, I provide a non-exhaustive list of ideas I tested and explored over the course of the past six
years Which, in my opinion, constitute interesting but incomplete studies. Time and PhDs are finite,
so while I have faith in the core concepts here presented, none are fully complete. It is my hope
that, with time and as the intersection of machine learning and embedding theorems evolves, some

of these ideas continue to develop and take root.

8.2.1 Generative Techniques in Latent Space and Latent Space Liouville

Propogators

After the publication of the first TAR paper Topel and Ferguson [2020], we explored the use of
generative adversarial networks (GANS) as an alternative mapping to ANNs, with the added benefit
of generating novel trajectories in latent space Sidky et al. [2020a]. While the unpredictable nature
of GANs and their relatively expensive training, compared with ANNs, made them impractical
for backmapping in STAR, such generative techniques could still be useful in generating synthetic
latent space dynamics. I experimented with various data structuring methods to enforce constraints
to the solutions suggested by the GAN, including a second implementation of Takens’ Theorem in
latent space, attempting to guide the GAN to learn the properties of physically correct trajectories.
While these efforts were largely unsuccessful, this spurred an idea that could ensure holonomic
constraints were respected even in latent space. There are likely more sophisticated statistical
learning approaches that could produce improved latent space trajectories, however, molecular

systems are also subject to physical constraints providing another avenue to improve modeling.

Several dimensionality reduction techniques have been introduced that can construct latent space
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manifolds with a consistent metric Perrault-Joncas and Meila [2011], Chadebec et al. [2023],
Bertalan et al. [2020]. This property is highly desirable for physical systems, as it allows us
to enforce geometric holonomic constraints that exist in high-dimensional space in the reduced-
dimensional latent space. The idea is as follows: 1) Liouville’s theorem guarantees that any legal
trajectory must preserve area in phase space, ii) techniques like MML and RHVAE can produce
latent space manifolds that preserve Riemannian metric iii) any generative technique producing a
novel trajectory in latent space can ensure the physical viability of that trajectory by preserving area

of infinitesimal regions propagated in the latent space.

The idea of symplectic integrators is not new; Ronald Ruth Forest and Ruth [1990] proposed
algorithms capable of performing symplectic integration in high-dimensional spaces. The major
innovation here is the ability to apply this in latent space, allowing molecular dynamics simulations
to evolve in tens of thousands of dimensions using just a few. While theoretically simple, the main
challenge lies in computing areas in phase space. As it turns out, for moderately high-dimensional
systems (5+ dimensions), this remains a largely unsolved problem that requires relatively expensive
bounding calculations. However, many protein systems are low-dimensional, and volumes can still
be computed. Although I had to abandon this work in favor of more viable applications of the TAR

framework, the idea remains sound and merits further investigation.

8.2.2 Botany Meets Dynamics

Both Hawking and Oppenheimer mused that particle physics had become akin to botany or zoology,
focused on the classification of the unending parade of new particles. Though these may have been
jabs at particle physics, the practical merits of classification are quite clear and often come with

scientific utility.

The Protein Data Bank (PDB) contains hundreds of thousands of protein structures. However,

as we discussed in Chapters 2 and 3, structure is only a small part of the problem. TAR offers a
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window into the dynamics of arbitrary systems from time series data, producing manifolds that
are diffeomorphically related to the dynamics of the full-dimensional system. Consequently, both
molecular dynamics simulations and experimental time series data can be used to extract and classify
the dynamics of proteins. Significant efforts in the classification of dynamical systems, particularly
by physicists like William Gilpin, have focused on toy or low-dimensional systems. By applying
TAR to large numbers of proteins or molecules and classifying their dynamics, we could generate
new way of understanding and grouping these systems. For instance, proteins in the same family
may not have the same function, and proteins from different families could share functions. Could
we group proteins that share function dynamically in phase space? TAR enables us to do just that
from either experimental observations like smFRET or MD simulation, offering insights into protein

engineering and design.

This idea emerged from a much more fundamental problem. After conducting some 500 simulations
to produce the data in Chapter 6 and performing a LASSO regression on the design properties of our
candidates, we found that the only monotonic relation was that larger molecular probes had larger
free energies of association with both PFAS and SDS. This result is wholly unsurprising from an
entropic perspective, but it reveals that even the design space of simple, straight chain hydrocarbons
resists being characterized without from their dynamics. This raised the question: do we even know
how the free energy landscape of methane changes when we add a second or third carbon? MD
simulations can provide some insight, but we lack hard and fast rules to predict how dynamics
will change in these simple cases, let alone in more complex ones. TAR offers a unique, universal
method to extract the dynamics from experiments or simulations, allowing for the classification of
these phase spaces. In doing so, it presents the opportunity to learn transformations phase space

when modifying systems, such as adding single carbons to a molecule.

Moreover, while we can construct phase transition diagrams for systems undergoing changes such

as an increase in pressure or temperature, getting at the changes to the accessible phase spaces
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of these systems is a far more difficult problem. TAR allows us to understand these transitions,
from either simulations or experiments. For instance, SmFRET measurements run taken at varying
temperatures could inform us about how accessible phase spaces change. In combination with
something like a protein dynamics data bank, it could allow us to infer changes to dynamics in
proteins that are out of sample, but that are dynamically similar to ones proteins for which we have

already studied these temperature-induced changes.

All of these proposals require a substantial simulation or experimental costs. However, the time
and compute cost of running TAR is trivial relative to both of those costs, especially with the
TAR package now available in Python. If a data bank of these dynamics could be constructed, it
would significantly democratize access to protein dynamics data, similar to what PDB has done for

structural data.

8.2.3 Econometrics

In this dissertation, I presented market microstructure time series reconstructed with TAR. These
system all evolve on short time scales, with trades happening on the scale of milliseconds for very
liquid securities. What about things with lower data resolution such as monthly jobs numbers
or company quarterly reports? Our work on currencies (particularly on the Canadian Dollar and
Chinese Yuan), commodities and interest rate rate dynamics on long time scales has revealed the
strength of theoretically predicted links between dynamical drivers of the returns and the returns
themselves via TAR. While it is difficult to compare the results to linearized econometric models
which, while theoretically interperetable, do not describe dynamics well. Our investigations of
these systems reveal secular trends evolving on the multi-month to multi-year time scale. It then
stands to reason that these lower time resolution data are sufficient to extract useful dynamics
in and of themselves. This opens the door to studying some of the most interesting problems in

macroeconomics.

203



For instance, the Phillips curve, which describes the theoretical relation between unemployment
and inflation, is typically estimated for individual countries and time periods in macroeconomic
literature. While some variation across countries and time is expected, why does the Phillips curve
fail to exhibit a consistent form, at the very least. I cannot count the number of “Is the Phillips
Curve Dead?” articles I have read. This debate likely stems from the fact that the dynamics of both
inflation and unemployment are unlikely to be one-dimensional, confounding correlation-based
analyses. Instead of considering the scalar relations between the two variables, we can construct
manifolds of unemployment and inflation. While there may still be a monotonic relationship
between the manifolds, true insight lies in understanding the relationship between the underlying
dynamics behind these variables, rather than measuring isolated monthly or country-specific values.
TAR provides a way to learn these manifolds directly from unemployment and inflation data. This
allows us to examine the universality of the Phillips curve. Similar to our study of the key drivers
of Canadian Dollar prices, we can study the mutual information between the leading eigenvectors

spanning the inflation and unemployment manifolds.

This same logic can be extended to other macroeconomic models such as the Solow Model to
construct evolving attractors describing economic growth in an equation-free setting. The form-free
nature of TAR eliminates the need to introduce mercurial X-factors like productivity, allowing for
a more direct understanding of the dynamical effects of changes in macroeconomic variables on

economic growth.

TAR models currently lack explicit interpretability of leading eigenvectors, especially in complex
systems. However, as we have demonstrated with currency systems, the judicious application of
economic reasoning to these dynamics means that we can identify core aspects leading behind
dynamics. My hope is that this class of geometry-based models, supported by statistical learning,
finds a home in fields such as econometrics and biostatistics — disciplines rich in data but lacking

robust mathematical descriptions of the complex phenomena they study. I plan to continue these
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economic and biological investigations focused on precisely these types of questions.

8.2.4 Topology, Topography and Holonomic Constraints

There is no such thing as a free lunch. If we attempt to reconstruct an output with a higher Shannon
entropy than its input, this extra information must come from somewhere. Statistical methods seek to
bridge this information gap by studying large datasets describing that mapping. However, holonomic
constraints can achieve this without the informational overhead of learning directly from the data. I
am particularly excited about the applications of symmetry groups in MD, network structures in
brain connectomics, and restrictions on simultaneous currency exchange rates, all of which can
provide these types of holonomic constraints. This is a move towards mathematically rigorous
bounding for learning problems around complex systems that lack clear-cut constraints such as
Liouville’s Theorem for classical physics. The topology of the manifolds describing dynamics under
these constraints will inherently reflect them, suggesting that methods like TAR can be significantly

improved by imposing those constraints.

Perhaps the most important insight I have gained over the course of my PhD stems from the inter-
section of embedding theorems and machine learning. Takens’ Theorem states that a geometrical
representation of full dimensional dynamics in the form of Takens’ delay embeddings, which are
diffeomorphically related to the true manifold embedding the full dimensional dynamics. Through
years of observing how machines learn, combined with insights from information theory—such as
the information bottleneck—I have come to understand that a central point in machine learning-based
modeling has to be learning a representation of information that is diffeomorphically related to
the quantity we wish to predict. Ambiguity in these relationships, in the form of non-injective or
surjective mappings, introduces error into the modeling of deterministic phenomena. It is therefore
paramount for the development of statistical learning for such systems to find ways to enforce
constraints on a topological level. If we cannot do so directly with physical insights, TAR offers an

alternative method to do so from data.
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Chapter 5 highlights why, even if we can learn a manifold with the same topology as the manifold of
full-dimensional dynamics, topographic deformations can still affect reconstruction quality. While
this issue is explored in this work both empirically and mathematically, open questions remain
regarding the optimization of learning techniques and data representations. It is my contention that
a key to the future of machine learning lies in understanding topology and topography underlying

the data we study.

What is the relationship between dynamics learned by different statistical learning techniques from
the same data? Can we predict the optimal statistical learning tool for a given problem? Are there
optimal metric spaces to describe dynamics or that facilitate learning? How can we physically
constrain arbitrary dynamics to reduce solution space sizes? These questions are too important to

be left unexplored.

8.3 Contradictory Advice

It is rare that life offers corner solutions. We live on a Pareto frontier and we are constantly balancing
our time and efforts. Below I present a few of the main tradeoffs I have tried to balance over the
course of my PhD, to varying degrees of efficacy. It is easy to go too far to one side in each of these

so I hope that the reader will take this as an opportunity to reflect.
1. Think before you do. This will save you a lot of time (and compute).
2. Do not think too much otherwise you will not do.

3. Get to know your field and its literature well. Figure out what the interesting problems are

before you start solving one that is perhaps not so interesting.

4. Do not stop yourself from contributing because there is more to learn. Sometimes the literature

is missing something very important and you may do well pursuing it.
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10.

. Make time for exercise and socializing each day to avoid burnout. It is beneficial to combine

the two.

Use your limited time in grad school so spend it learning as much as possible. Classes can
be good but I have found that finding the right mentors, people interested in your research

problems, is critical. Always keep learning and find good people to learn with.

. Be intellectually open and diverse. Many innovations come from collaboration and your

colleagues are experts in fields you will struggle to grasp. You will learn a lot from them.

. Learn a specialty well. Deep knowledge of a particular problem is required to make a deep

contribution.

. Only publish high quality work with a clean story supported by data and a scientifically

rigorous explanation of that data.

No paper is a complete solution to a problem so do not stop yourself from completing a

project because unanswered questions remain. There are always more unanswered questions.
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