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Abstract

This dissertation consists of three essays on the strategic logic of collective punishment.

The first essay studies why rulers knowingly punish the innocent. A ruler who can
perfectly observe who obeys or disobeys designs a directed graph of collective responsibility,
specifying who is punished for whose disobedience. Making people responsible for others
trades vertical for horizontal deterrence: it reduces the protection generated by one’s own
obedience, but can induce people to police each other.

The second essay studies why rulers punish people for failure to report their disobedient
peers. Now the ruler observes individual disobedience independently with some probability.
When reporting is costly, punishing silence elicits information only under two-sided igno-
rance: the ruler must not know what people know, namely who disobeyed, and people must
not know what the ruler already knows. Denunciation regimes are therefore optimal only at
intermediate detection probabilities.

The third essay studies collective punishment when the ruler observes only how many
people disobey. The obedience-maximizing rule is a threshold chosen to maximize individ-
ual pivotality. Such a threshold must be self-modal: from any person’s perspective, it is
the most likely number of other disobedient people under the equilibrium distribution that
the threshold itself induces. As a result, collective punishment can be frequent even when

individual disobedience is rare.



A mio papa.



The bearers who had lost their standards, as well as the centurions and previ-
ously decorated soldiers who had deserted the ranks, he ordered scourged and

beheaded; from the rest every tenth man was selected by lot for execution.

Livy, Ab Urbe Condita 2.59, emphasis added
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1 General introduction

This dissertation studies the strategic logic of collective punishment, a sanction imposed on
people for the actions of others. Throughout history, rulers have often punished collectively,
sometimes because they cannot condition sanctions on individual behavior, and sometimes
even when they can. Neighborhoods or villages are destroyed after acts of resistance; prison
cells or blocks are locked down after individual infractions; whole classrooms are penalized
for the conduct of a few. Despite the prevalence of these practices, the incentives they
generate remain under-theorized. I address this gap with three formal models, each isolating
a distinct mechanism through which collective punishment shapes incentives for obedience.

The three models share a common framework. A ruler faces a finite set of people
N = {1,...,n} and publicly commits to a punishment rule, mapping what he observes
into bounded sanctions. Each person ¢ chooses whether to obey or not, where a; = 0 denotes
obedience and a; = 1 disobedience. The ruler wants obedience, but disobedience may be
tempting: people each have a private type measuring their direct gain from disobeying. The
models differ in what the ruler observes, what he can choose, and whether people can police
or report one another. Figure 1.1 summarizes the structure of the dissertation.

The first essay asks why rulers punish people for others’ actions when individual conduct
is observable. It develops a non-informational theory of collective punishment: rulers use
collective responsibility to create incentives for people to sanction one another’s disobedience.
I model collective responsibility as a binary relation (or directed graph) R on the set of people:

an edge iRy means that person ¢ is punished when person j disobeys.
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Figure 1.1. Schematic overview of the dissertation.

The ruler faces a trade-off between vertical deterrence, generated by the direct threat of
his punishment, and horizontal deterrence, generated by peer sanctions. Responsibility for
others weakens vertical deterrence because obedience no longer guarantees safety from the
ruler’s sanction, but it can generate horizontal deterrence by inducing people to police others.
A person may police someone for whom she is not directly responsible: it is enough that
sanctioning that peer is not too costly and that the peer’s obedience helps deter someone
whose disobedience would expose her to punishment. Policing incentives follow these directed
paths in the responsibility graph.

Figure 1.2 illustrates three responsibility relations which will be central to the analysis.
When peer policing is too costly for the ruler to generate horizontal deterrence, individual
responsibility is uniquely optimal. When horizontal deterrence can be generated, the ruler
maximizes one person’s obedience by making everyone else responsible for her, while making
her responsible only for herself. Everyone has reason to police her, and her vertical deterrence
remains maximal. However, maximal obedience is exclusive: the ruler cannot maximize two
people’s obedience at once. If the ruler must treat people symmetrically, and peer policing is
sufficiently cheap, the optimal rule is maximally sparse: each person is responsible for herself
and for exactly one other person. This rule gives everyone a reason to police everyone else

while minimizing the loss in vertical deterrence.
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Figure 1.2. Three examples of collective responsibility as a directed graph. Arrows point
from the person punished to the person whose disobedience triggers punishment. Panel
(a) depicts individual responsibility: each person is responsible only for herself. Panel (b)
depicts star responsibility: everyone is responsible for the person in the center. Panel (c)
depicts cycle responsibility: each person is responsible for herself and one successor.

The second essay studies peer denunciations. It asks why rulers punish people not only
for disobeying, but also for failing to report others’ disobedience. The ruler independently
observes each act of disobedience with a fixed probability, which measures his monitoring
capacity. People perfectly observe one another’s behavior and may report disobedience at
a cost. The ruler chooses a denunciation regime: a partition of N into reporting groups.
Within a group, a person is punished when she is caught by the ruler, when she is reported
by someone, or when someone in her group was caught by the ruler but not reported. A
degenerate case is the partition into singletons, where people are never expected to denounce
peers; this is the analogue of individual responsibility in the first essay.

The mechanism is two-sided ignorance. People may know about violations that the ruler
misses, but they do not know which violations the ruler has already detected. The mechanism
benefits the ruler only if his monitoring capacity is intermediate. When it is too low, the
ruler rarely observes violations independently, making reports hard to incentivize; when it
is too high, direct monitoring already deters disobedience, so reporting duties mostly add
costs that weaken obedience incentives. Strikingly, even as reporting costs vanish, optimal

group size remains bounded above by the inverse of the ruler’s monitoring capacity. Finally,



if people observe one another only imperfectly, the same two-sided ignorance logic can create
incentives for baseless accusations.

The third essay removes peer actions altogether and studies collective punishment under
anonymity. The ruler cannot condition punishment on individual identities: he observes only
the number of people who disobey and must punish everyone equally. Here, a punishment
rule maps the number of disobedients to a collective punishment in the unit interval; hence

n+1) " Incentives

it is a function p : {0,...,n} — [0,1] (or equivalently a vector p € [0, 1]
can be created only through pivotality: a person obeys because her obedience may keep the
group from being punished.

I show that an optimal punishment rule is a threshold rule: the group is punished if and
only if total disobedience is sufficiently high. For any given threshold, people respond to the
incentives it creates, generating an equilibrium distribution of the number of disobedients.
Figure 1.3 illustrates this logic. The optimal threshold is self-modal: from any person’s
perspective, the pivotal count is also the most likely number of other people to disobey
under the equilibrium distribution induced by that same threshold. This result explains why
frequent punishment is a structural feature of optimal deterrence under aggregate monitoring,
not necessarily evidence of weak control or latent disloyalty. The ruler places the punishment
boundary where a person’s action is most likely to matter; that also means the group is often
close to the boundary, so punishment occurs frequently.

The models also rest on several common assumptions. In each, people’s gains from
disobedience are private and independently distributed. The ruler commits to a punishment
rule before people act and maximizes obedience, ignoring any cost of punishing. Fixing the
ruler’s institutional design, whenever there are multiple equilibria, I generally select the one
that yields the highest expected obedience. These assumptions are made for both analytical
convenience and theoretical parsimony.

From the people’s perspective, the private-value and independence assumptions fix the

source of strategic interdependence. A person’s payoff from disobedience depends on her
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Figure 1.3. Each panel shows a threshold rule and the equilibrium distribution relevant
for one person’s pivotality. Pink bars mark outcomes that lead to punishment. The self-
modal threshold places the punishment boundary where one person’s action is most likely
to determine whether the group is punished.

own type, not directly on other people’s types or actions. Other people’s choices matter only
through the ruler’s punishment rule. Thus, whenever obedience decisions are strategically
linked, the link comes from the ruler’s institutional design.

From the ruler’s perspective, even in a frictionless world in which he can fully commit
and punishing is free, optimal behavior is often restrained. In the first essay, maximizing
obedience can require exclusive or sparse responsibility relations. In the second, optimal
reporting groups remain bounded even as reporting costs vanish. In the third, the optimal
rule is self-modal, rather than a zero-tolerance rule under which any disobedience triggers
punishment. This restraint is solely a consequence of the incentive structures that can be
generated by collective punishment. Extreme forms of indiscriminate collective punishment

therefore require explanations other than obedience maximization.



2 Repression by collective responsibility

In the camps things are arranged so that the zek is kept up to the mark not by
his bosses but by the others in his gang. Either everybody gets a bonus or else

they all die together.

Aleksandr Solzhenitsyn, One Day in the Life of Ivan Denisovich

2.1 Why punish the innocent?

It is generally accepted that people should be accountable only for their own actions.! Col-
lective punishments violate this principle and are forbidden by the laws of war; yet they
have been widely used historically and remain common today. This essay asks why rulers
use them even when individual offenders are known. It develops a non-informational model
of repression, based on the notion of collective responsibility: people may be punished for
others’ actions in order to give them a stake in one another’s obedience. By making one
person’s safety depend on another person’s conduct, the ruler creates incentives for people
to police each other.

Collective responsibility is modeled as a directed graph, specifying who is punished for
whose disobedience. The ruler faces a trade-off between the vertical deterrence created by his
own sanctions and the horizontal deterrence from peer sanctions. Responsibility for others

weakens vertical deterrence because obedience no longer guarantees safety from punishment,

1. Humans display a moral aversion to collective punishments from early childhood (Smith and Warneken,
2016; Thomas et al., 2024).



but it can generate horizontal deterrence by inducing people to police those whose disobedi-
ence exposes them to punishment. Making people responsible for others increases obedience
precisely when the horizontal-deterrence gains exceed the vertical-deterrence losses.

The military of ancient Rome used various forms of collective discipline, which in extreme
cases included decimation, the killing by lot of one in ten soldiers. In the dissertation’s
opening epigraph, Livy recounts the earliest case of decimation in Roman written tradition.
After a defeat against the Volscians, consul Appius Claudius beheaded every deserter; then,
the rest of the army was decimated. Ancient authors like Polybius (6.38.1-4), as well as
modern ones like Eckstein (2005), have suggested that the threat of these practices was
important in enforcing discipline among soldiers.? Nonlethal collective discipline survives in
the modern military: for example, Gilham (1982, p. 239) reports an example of a United
States Marine drill instructor using collective punishment, while reminding everyone that
offending recruits may always “accidentally” injure themselves or slip in the shower.

In premodern China, extreme forms of collective punishment were common, including the
extermination of the families of those accused of high crimes (Fairbank, 1978). Shang Yang,
the Legalist reformer credited with instituting mutual-responsibility groups of five or ten
households (shiwi), was later accused of treason and, according to tradition, executed along
with his clan.? The persecution of the families of political opponents has persisted into the
modern era, including Sippenhaft in Nazi Germany (Loeffel, 2012), Stalin’s extermination of
the rod (kin) of the “enemies of the state” (Alexopoulos, 2008), and the reported confinement
of entire families to North Korean labor camps (Haggard and Noland, 2012).

A more recent case comes from the essay’s opening quote. In the Gulag, prisoners were
often divided into work brigades, with punishment and rewards being based on a group
point system (Applebaum, 2003). The stated goal was to ensure that inmates would be

compelled by their peers to work hard and obey the rules, for example through beatings and

2. The intensity of collective discipline varied: executions were rare in practice though always a staple of
military law, while nonlethal punishments were far more common (Taylor, 2022).

3. The next essay discusses shiwt and related denunciation-based institutions in greater depth.
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expulsion into weaker brigades with reduced rations. Pyotr Yakir (1972, p. 100), a historian
who spent his youth in the Gulag, recalls that after his failed escape, his colony was docked
many points; another inmate warned, “[if] you go into the compound now, the lads will tear
you apart.” Less extreme forms still exist in modern prisons, despite formal prohibitions
(McCall-Smith, 2016; Shaw et al., 2023). Heckathorn (1988, p. 537) cites a juvenile officer
in the U.S. who notes that revoking privileges for the whole block after a fight makes repeat
offenders “very unpopular with their peers.”

Despite their frequency, the precise structure of incentives generated by collective punish-
ments remains understudied. Individual responsibility makes good rational sense, because
the deterrent effect of a sanction is largest when the expected gap in punishment between
disobeying and obeying is maximized (e.g., Becker, 1968). Perhaps because of this, scholars
have typically attributed collective punishments to informational constraints on the part
of the authority, who uses group-based sanctions if unable to reliably observe and punish
behavior individually (e.g., Kalyvas, 2006).

However, in all examples above the informational account is incomplete, as it does not
explain why known non-offenders are deliberately sanctioned after the offender has been
identified. Why would Claudius first execute the identified deserters and only then decimate
the remaining soldiers? Why persecute the families of political enemies if they are not
accused of any crime? Why punish Yakir’s brigade members, who had stayed behind, for
his escape? The puzzle is especially stark in disciplinary institutions such as armies, prisons,
and labor camps (Goffman, 1958; Foucault, 1977): these are settings in which individual

behavior is closely scrutinized, yet the punishment of the innocent remains pervasive.

2.1.1 Summary of results

A ruler maximizes obedience over a finite set N of people by publicly designing a collective
responsibility regime, represented by a relation R C N x N. The ordered pair :Rj means

that person 7 is punished when person j disobeys. People observe R and publicly decide



whom to police. If ¢ polices j and j disobeys, then j is sanctioned and 7 pays a cost. People
then privately learn their types and publicly decide whether to obey.

Fixing a responsibility relation and a policing profile, each person’s obedience rule is a
cutoff in her type. Vertical deterrence comes from the extent to which her own obedience
protects her from ruler punishment. Responsibility for others weakens this channel, because
she may be punished even if she obeys. Horizontal deterrence comes from peer sanctions:
responsibility can induce people to police those whose obedience reduces their own exposure
to punishment. Section 2.2 isolates this trade-off in the two-person case. Theorem 2.4 derives
the obedience equilibria and comparative statics in the general model.

The general model then characterizes how horizontal enforcement propagates through a
responsibility network. Theorem 2.6 shows that equilibrium policing follows a connection re-
lation: a person polices another only when the other’s obedience can reduce her own exposure
to ruler punishment. When policing is cheap, every such connection induces policing.

When sanctioning peers is too costly to incentivize, individual responsibility is uniquely
optimal (Proposition 2.9). When sanctioning others is cheap, two main results follow. First,
reaching one person’s maximal obedience cutoff requires preserving that person’s full vertical
deterrence while concentrating all possible peer sanctions on her, so maximal obedience can-
not be achieved for more than one person at a time (Proposition 2.12). Second, the optimal
symmetric responsibility network is maximally sparse, and the ruler punishes individually if
and only if peer sanctions are small (Proposition 2.10).

Section 2.4 considers several additional mechanisms. Mutual responsibility can make
policing a positive signal of the policer’s own obedience. Without ex ante commitment, peer
sanctions must be credible after disobedience is observed. With altruistic concerns, people
may obey or police in order to reduce punishment borne by those they care about.

All proofs for this essay and the two that follow are in the Appendix.



2.1.2 Related literature

This essay contributes to research on collective sanctions, repression, and political violence.

The closest antecedents on collective sanctions and in-group enforcement are arguably
in sociology (Heckathorn, 1988, 1990; Whitmeyer, 2002) and legal theory (Levinson, 2003),
where the present mechanism has been hypothesized without making the strategic trade-off
and the ruler’s design problem explicit.

Political economists often view group incentives, reputations, and peer enforcement as
a second-best response to imperfect observability of individual behavior (e.g., Tirole, 1996;
Greif, 2002). In Fearon and Laitin (1996), individual histories are common knowledge within
but not across groups. Repression is also usually studied as an informational problem (e.g.,
Egorov and Sonin, 2024). Rulers use purges to motivate and screen unobservable agents
(Montagnes and Wolton, 2019), vary repression by group when information is unreliable
(Rozenas, 2020), or choose whether to punish rebels alone or also silent free-riders when
rebels trade off group size and secrecy (Zhou, 2021). The essay argues that group-based in-
centives, and collective repression in particular, can be optimal even when such informational
constraints are absent.

At a general level, we can say that collective punishment exposes people to sanctions
due to others’ actions, while indiscriminate violence is imposed without regard to behavior.
However, the literature often blurs these concepts, and treats them as synonymous with

4 Much of this literature argues that indiscriminate

targeting civilians or non-combatants.
violence is counterproductive, producing backlash and mobilizing opposition (Lichbach, 1987;
Rosendorff and Sandler, 2010; Hultquist, 2017; Kocher et al., 2011). Other work finds more
conditional effects: Lyall (2009), for example, finds that indiscriminate shelling of Chechen

villages reduced subsequent insurgent attacks.

4. Kalyvas (2006, p. 142) writes: “The distinction is based on the level at which ‘guilt’ (and hence
targeting) is determined. Violence is selective when there is an intention to ascertain individual guilt |[...]
selective violence entails personalized targeting, whereas indiscriminate violence implies collective targeting
[...] individual guilt is replaced by the concept of guilt by association.”

10



The distinction between indiscriminate violence and collective punishment matters in
both directions. Indiscriminate violence may be aimed at non-punitive ends, such as draining
enemy support, destroying infrastructure, trimming the population of ideological enemies,
appropriating resources, or manipulating the labor market (Valentino et al., 2004; Lyall,
2009; Gregory et al., 2011; Esteban et al., 2015; Sun, 2024).5 Conversely, practices that
have been described as selective violence are obvious examples of collective punishment.
Punitive demolitions of insurgents’ houses have been used by the Israel Defense Forces in
the West Bank and by pro-Russian security forces in Chechnya (Darcy, 2007; Klocker, 2020).
Benmelech et al. (2015) find that punitive demolitions of Palestinian suicide bombers’” houses
reduced further attacks in the short term during the Second Intifada.% Although they frame
their results as evidence of the effectiveness of selective counter-insurgency (in contrast with
the indiscriminate bulldozing of whole city blocks), punitive house demolitions are collective
punishment because an entire household is sanctioned for one person’s actions.” Souleimanov
et al. (2022) make a similar point with regard to punitive kin killings.

This essay also contributes to work on agency and credibility in repression. Tyson (2018)
argues that repression is often modeled as an interaction between ruler and targets, ignoring
agency problems between ruler and apparatus. Acemoglu and Wolitzky (2020) study the
trade-off between community enforcement and specialized enforcement in repeated games,
emphasizing that specialized enforcers must themselves be given incentives to punish. In this
essay, the ruler does not choose between specialized and community enforcement, but rather

designs responsibility relations that make targets of repression responsible for enforcing oth-

5. The law of war makes a similar distinction. Although collective punishment may involve group-based
targeting, it requires the specific mens rea of punishing a particular outcome. According to the Sierra
Leone Tribunal, “While targeting takes place on account of who the victims are [...] the crime of collective
punishments occurs in response to the acts or omissions of protected persons” (Klocker, 2020, p. 30).

6. Fallah (2024) questions the robustness of their results. Hatz (2019) shows that Palestinians view
punitive demolitions as collective punishments and that they increase opposition to Israel.

7. The logic of family responsibility appears explicitly in the Supreme Court of Israel’s house-demolition
jurisprudence. Justice Sohlberg, invoking the principle that “the sinner is not alone,” attributed responsibility
for a relative’s act to the whole family, reasoning that they “should have known” of it and “should have done
something to prevent the act” (Klocker, 2020, pp. 55-56).

11



ers’ obedience. Bueno de Mesquita et al. (2024) show that when repression is costly for both
government and citizens, too large a threat may lack credibility and increase opposition. In
this model, the ruler’s trade-offs do not depend on any punishment cost.®

Group-liability lending, historically associated with microcredit institutions like Grameen
Bank, relied on collective sanctions: groups of borrowers were jointly responsible for repay-
ment, and each person’s future loans could depend on all members’ good standing (Morduch,
2000). Grameen Bank later moved away from formal joint liability, though the mechanism
remains central to classic theories of group lending and peer monitoring (Stiglitz, 1990; Var-
ian, 1990). The evidence of the effectiveness of group-liability lending is mixed (Giné and
Karlan, 2014), and so is the lab-experimental evidence of collective sanctions more broadly

(e.g., Dickson, 2007; Pereira and van Prooijen, 2018; Chapkovski, 2021; Duell et al., 2024).

2.2 Motivating example with two people

This section isolates the trade-off between vertical and horizontal deterrence in the smallest

environment in which both margins are present.

2.2.1 Model setup

There are three actors: a ruler, Ann, and Bob. Ann and Bob each choose whether to obey,
a; € {0, 1}, where a; = 0 denotes obedience and a; = 1 disobedience.

Ann and Bob have private gains from disobedience 6 4 and 6 g, independently drawn from
a common distribution F' on R. F' is strictly increasing and continuous, and E[|6;|] < oo.
Each person observes her own type before choosing whether to obey.

The ruler first chooses whether to make Ann responsible for Bob, r € {0,1}. If r = 1,

Ann is punished if at least one of Ann and Bob disobeys; if » = 0, she is punished only when

8. A separate class of theories studies signaling. Terrorists may provoke indiscriminate violence to reveal
government disregard for civilians (Bueno de Mesquita and Dickson, 2007); rulers may use repression to
signal loyalty of the apparatus (Casper and Tyson, 2014); and indiscriminate repression may signal inability
to monitor (Rozenas, 2020).

12



she disobeys. Bob is punished whenever he disobeys. Punishment by the ruler imposes a
unit loss on its recipient.

After observing r, but before types are realized, Ann publicly chooses whether to police
Bob, P € {0,1}. If she polices Bob and he disobeys, Bob incurs a peer sanction 7 and
Ann incurs a policing cost €. Types are then realized, and Ann and Bob simultaneously
choose whether to obey after observing their own types. This timing represents an ex ante
commitment to sanctioning behavior; Section 2.4.2 considers variants without commitment.
The one-directional structure is expositional; the general model allows arbitrary directed
responsibility and policing relations.

The ruler values obedience according to V(ag,ag) = (1—F)(1—ay)+ (1 —ap), where
B € (0,1) is the weight on Bob’s obedience.

Ann’s and Bob’s payoffs are

ug(ag,ap;r,P) = 0404 — ®ylay,ap;r) — {Pap,

up(ap; P) = ap(fp — 1 — Pr),

where £, > 0 and ® 4(ayg,ap;r) := ay + (1 — aq)rap indicates whether Ann is punished.
Throughout the two-person model, each person obeys when indifferent and Ann chooses

P =1 when indifferent.

2.2.2 Obedience decisions

Fix (r, P) € {0, 1}2. The obedience stage has a unique cutoff equilibrium. Bob obeys if and
only if 6 < 1+ P, so his cutoff is xg(P) =1 + P~.

Ann is punished after obeying only when » = 1 and Bob disobeys, whereas disobedience
leads to punishment for sure. Since Bob obeys with probability F'(zg(P)), Ann obeys if and
only if

04 <aza(r,P):=1-r(1-F(zp(P))) =1-r(1-F1+ Py)). (2.1)

13



Policing raises Bob’s cutoff from 1 to 1+ . Under individual responsibility, Ann’s cutoff
remains 1. Under collective responsibility, her cutoff is F'(1) without policing and F'(1 + )
with policing. Holding policing fixed, responsibility for Bob weakens Ann’s incentive to obey
because her own obedience no longer guarantees protection from punishment. Policing partly

restores that incentive by increasing Bob’s obedience.

2.2.3 Ann’s policing decision

Define J(z) := [{ F(t)dt. By Lemma A.1, J(x) is the change in Ann’s expected obedience-
stage payoff when her cutoff moves from 1 to z. Up to an additive constant independent of

(r, P), Ann’s ex ante continuation payoff is

Wa(r, P) = J(z4(r, P)) = €P(1 = F(1+7)). (2.2)

Under individual responsibility, policing is never worthwhile. If » = 0, then z4(0,1) =
4(0,0) = 1 and W4 (0,1) — W4(0,0) = —¢(1 = F(1+1)) <0.

Under collective responsibility, policing raises Bob’s cutoff from 1 to 14+ and Ann’s cutoff
from F(1) to F(1++). Ann polices if and only if J(F(l —1—7)) — J(F(l)) > 5(1 —F(1 —i—v)),

or equivalently,
) J(F(1+7)) = J(F(1))
= 1—F(1+7) '

(2.3)

The numerator is Ann’s gross gain from policing, and the denominator is the probability
that she incurs the policing cost. The threshold is strictly positive for every v > 0 and

converges to zero as v — 0.

2.2.4 The ruler’s problem

The ruler benefits from collective responsibility only if it induces policing.
Under individual responsibility, Ann does not police and both people obey with prob-

ability F'(1), so the ruler’s payoff is Vj = F(1). If he chooses collective responsibility
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but (2.3) fails, Bob still obeys with probability F'(1), whereas Ann obeys with probabil-
ity F(F(1)) < F(1). Collective responsibility without policing is therefore strictly worse
than individual responsibility.

Suppose instead that (2.3) holds. Ann and Bob then obey with probabilities q114 =
F(F(l +’y)) and q}g := F(1+47), where the superscript denotes collective responsibility and

q114 < F(1) < qlB. The ruler’s payoff is V] = (1 — ﬁ)q}él + BqlB. Define

F(1) - F(F(1+7))
F(1+7) - F(F(1+7))

Br(y) = (2.4)

This threshold lies in (0,1) because ¢y < F(1) < g¢k.

Proposition 2.1 (Optimal binary responsibility). If (2.3) fails, individual responsibility is
uniquely optimal. If (2.3) holds, the ruler weakly prefers collective responsibility if and only

if B> B*(~) and strictly prefers it if § > (7).

At B*(7), the weighted gain in Bob’s obedience exactly equals the weighted loss in Ann’s

obedience.

2.2.5 Continuous responsibility

Suppose now that the ruler chooses a responsibility level r € [0,1], retaining the same
objective as above. Ann is punished for sure if she disobeys and with probability r if she
obeys while Bob disobeys. Thus, r = 0 represents individual responsibility and r» = 1 full
responsibﬂity.9

Bob’s cutoff remains zg(P) = 1 + Py, while Ann’s becomes

v4(r, P)=1=r(1=F(1+ P7)). (2.5)

9.r = %0 captures the individual punishment risk created by decimation: following a collective failure,
one tenth of the unit was selected by lot. The analogy is reduced-form, since the model represents individual

liability as a probability rather than the joint selection of a fixed fraction of the group.
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Up to an additive constant independent of (r, P), her continuation payoff remains

Wa(r, P) = J(z4(r, P)) = €P(1= F(1+7)). (2.6)

Ann’s gross gain from policing is ¥ (r; ) = J(mA(r, 1)) - J(IA(T, O)) She polices if and
only if 4 (r;v) > f(l — F(1 —1—7)).

The function r — ¥(r;~) need not be monotone. Increasing r widens the gap between
Ann’s cutoffs with and without policing, but also lowers both cutoffs. Because J/(x) = F(z),

a given increase in the cutoff is less valuable at lower cutoff levels. Define

X&) ={re0,1]: 907 =1~ F1+7))}. (2.7)

Because 4(0;) = 0, individual responsibility does not induce policing. Moreover, F is

continuous, so X' (&, ) is closed and has a strictly positive minimum whenever it is nonempty.

Proposition 2.2 (Minimal responsibility). If X (§,7) is empty, individual responsibility is
uniquely optimal. Otherwise, let v := min X'(&,) > 0. Ewvery optimal responsibility level

belongs to {0,r}.

Any positive responsibility level that fails to induce policing lowers Ann’s obedience
without affecting Bob’s and is dominated by » = 0. Among levels that induce policing, the
ruler chooses the smallest because further responsibility reduces Ann’s obedience without

further increasing Bob’s.

2.3 Model of collective responsibility

The two-person example made collective responsibility a single choice: whether Ann is re-

sponsible for Bob. The general model represents responsibility and policing as relations on
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the same population.!? This allows the analysis to compare sparse and dense, symmetric

and asymmetric structures while preserving the central trade-off.

2.3.1 Model setup

Let N = {1,...,n} be a finite set of people, where n > 2. Each person i € N chooses
whether to obey (a; = 0) or disobey (a; = 1). An action profile is a = (a;);eny € {0,1}".
Each person ¢ has a privately observed gain from disobedience, ¢; € R, drawn independently
from a common distribution F. Assume that F' is continuous and strictly increasing on the
real line and that E[|6;]] < oo.!

The ruler chooses a responsibility relation R C N x N, where ¢ Rj means that person i is
punished whenever person j disobeys. Person ¢ is punished if at least one person for whom

she is responsible disobeys. Thus

®,;(R,a) = max a;, 2.8

(R.) = max (2.9
where the maximum over the empty set equals zero. Being punished by the ruler costs k > 0.
Each person i also chooses a set P; C N \ {i} of people whom she polices. These choices
define an irreflexive relation P C N x N, where ¢Pj means that ¢ polices j. If iPj and j

disobeys, then ¢ incurs a policing cost £ > 0 and j incurs a peer sanction v > 0. Let

di(P):={j € N :jPi}|

denote the number of people who police 7. Responsibility and policing are therefore directed
relations on the same population: the ruler chooses R, while P emerges from people’s policing

choices under it.

10. The binary model in Section 2.2 is the special case n = 2 and k = 1, with responsibility restricted to I
and TU{(A, B)}, policing restricted to Ann policing Bob, and a linear ruler objective with weights (1 — 8, ).

11. The moment condition ensures that the expected continuation payoffs used below are finite.
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(a) Individual responsibility (b) Star responsibility (¢) Cycle responsibility C'
I:={(i,i):i€e N} S1:={(i,1):ie N}

Figure 2.1. Responsibility and policing as graphs on the same vertex set of people. Thin
black arrows represent responsibility R; thick blue arrows represent policing P.

An arrow ¢ — j in the responsibility graph indicates that ¢ is punished when j disobeys.
Arrows therefore point from the person exposed to punishment toward the person whose
disobedience triggers it, and self-responsibility is represented by a loop. Three responsibility
rules will recur throughout the analysis. Under individual responsibility, I := {(i,i) : i € N},
each person is responsible only for herself. Under the star centered on i, S; := {(j,4) : j €

N}, everyone is responsible for person i. Finally, under cycle responsibility,
iCj ifandonlyif i=j5 or j=i+1 (modn),

each person is responsible for herself and one neighbor, forming a directed cycle. A cycle
responsibility rule is any relabeling of this cycle. Figure 2.1 illustrates these responsibility
rules together with illustrative policing relations.

The three rules preview the main design possibilities studied below: preserving individual
deterrence, concentrating peer enforcement on one person, and distributing it symmetrically
through a sparse network.

The timing is illustrated in Figure 2.2. First, the ruler publicly chooses R. Second,
people simultaneously and publicly choose whom to police. Third, nature independently
draws (0;);en from F. Finally, each person privately observes her type and chooses whether

to obey.
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Each person i Each person i observes 6;

polices P; C N\ {i} and obeys or disobeys
: © 5 O
Ruler chooses Nature draws
RCNxN 01,...,00 X F

Figure 2.2. Timing of the general model of collective responsibility. All actions are publicly
observed, but people learn their types privately.

In the baseline, people choose whom to police before learning their gains from disobedi-
ence. Their policing decisions therefore reflect the incentives created by the responsibility
relation rather than their privately known temptations to disobey. Section 2.4.1 allows types
to be realized before policing decisions, while Section 2.4.2 considers variants in which peer
sanctions must be credible after disobedience is observed.12

The ruler maximizes obedience: his payoff is v(a), where v : {0,1}" — R is strictly
decreasing in each coordinate. Changing any person’s action from disobedience to obedience,

holding all other actions fixed, strictly raises his payoff. Each person i’s utility is

Ui(R, P,a) = O;a; — k®;(R,a) — & Y aj —vd;i(P)a;. (2.9)

jiiPj
The four terms are 7’s gain from disobedience, ruler punishment, the cost of policing others
who disobey, and the peer sanctions imposed on ¢ when she disobeys. The analysis proceeds
by backward induction, beginning with obedience decisions, then policing decisions, and

finally the ruler’s design.

12. Policing costs are paid only after disobedience: if i polices j and j disobeys, then i pays £ and j bears
the sanction . Alternatively, policing could require an up-front monitoring cost, with the peer sanction
triggered costlessly by disobedience. This would increase the cost threshold for activating a policing link
while leaving the obedience cutoffs and connection relation unchanged.
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2.3.2 Obedience decisions

Fix a responsibility relation R and a policing relation P. In the obedience subgame, each
person i privately observes 6; and chooses a; € {0,1}. A person is assumed to obey when
indifferent. The payoff difference between disobeying and obeying is increasing in 6;. Hence
every equilibrium of the obedience subgame is in cutoff strategies: for each i € N, there
exists z; > 0 such that person 7 obeys if and only if §; < x;.

The cutoff x; is the payoff gain from obeying. It has two parts. The first is ruler
punishment avoided by obeying. This term is present only if ¢ is self-responsible: obeying
prevents ¢ from triggering her own punishment only when every other person for whom she
is responsible obeys. The second is the peer sanction avoided by obeying. If jPi, then @

incurs a sanction 7 when she disobeys. Thus equilibrium cutoffs satisfy

x; = K1{iRi} I;IF(%) +vd;(P) =: g;(x). (2.10)
e
iRj

The first term is vertical deterrence; the second is horizontal deterrence.

Self-responsibility performs two roles: it makes a person’s obedience pivotal for her own
punishment, creating vertical deterrence, and also makes her obedience depend on the con-
duct of those for whom she is responsible. Self-responsible rows therefore transmit changes

in obedience through the responsibility relation; rows without self-responsibility do not.

Denote the largest attainable equilibrium obedience cutoff by 6 := x + (n — 1)7.

Remark 2.3. Fix R and P. Every equilibrium of the obedience subgame is in cutoff strategies.

Moreover, x € [0, 0]" is an equilibrium cutoff profile if and only if it satisfies (2.10).

To identify the part of the responsibility relation through which obedience incentives
propagate, define

R:={(i,j) € R:iRi}. (2.11)
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For any i # j, a higher cutoff for j raises i’s cutoff if and only if iRj. Thus R consists
precisely of the responsibility links that transmit changes in obedience.

The comparative statics follow from the cutoff map ¢ in (2.10). Increasing k raises g;
for every self-responsible 7. Increasing v, or adding a policing link into ¢, raises g; directly.
Adding a self-responsibility link (4,4) also raises g;, since it creates the ruler-punishment
term in (2.10). Holding self-responsibility fixed, adding an off-diagonal responsibility link
(1, 7) weakly lowers g;: if i is not self-responsible, the link is irrelevant; if 7 is self-responsible,
it adds another factor F (a:j) < 1 to the product that determines the punishment avoided by

obeying.

Theorem 2.4 (Obedience comparative statics). The obedience game has smallest and largest

min and xmax

equilibrium cutoff profiles, denoted x . Both are weakly increasing in k and .
With relations ordered by set inclusion, both are weakly increasing in P and, holding R\ 1

fized, in RN I; holding RN I fixed, both are weakly decreasing in R\ I.

The proof is a standard monotone fixed-point argument. For fixed primitives, g is increas-
ing in x, so Tarski’s theorem gives smallest and largest fixed points; monotone comparative
statics for extremal fixed points then gives the result.

Because obedience decisions are strategic complements along R, the obedience subgame
may have multiple equilibria. In what follows, either the smallest or the largest equilibrium
is fixed, and the same selection is used throughout.

Off-diagonal responsibility therefore has a direct cost for the ruler: holding policing fixed,
it weakly lowers obedience. Collective responsibility can be optimal only if the policing it

induces more than offsets this loss. The analysis now turns to that policing channel.

2.3.3 Policing decisions

This subsection analyzes the policing decisions induced by R. Let z*(R, P) denote the

selected extremal obedience equilibrium fixed above.
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Self-responsible rows transmit changes in obedience through the responsibility relation.
A person may therefore have an incentive to police someone for whom she is not directly
responsible: that person’s obedience may affect an intermediate self-responsible person and
thereby change her own exposure to ruler punishment. Responsibility can thus create both
direct and indirect policing incentives.

Given responsibility R and cutoff vector x, write a ~ x when actions are independent

and Pr(a; = 0) = F(x;) for every i. Define

iR, P) =By (pp@i(Roa) =1— [[ F(z3(R P))
JuRj

as the selected equilibrium probability that ¢ is punished by the ruler.

The induced policing game is the normal-form game in which people simultaneously
choose their outgoing links in P, holding R, k,~,¢ fixed. Let V;(R, P;k,7) denote per-
son 7’s selected normalized continuation payoff from the obedience subgame, evaluated with
outgoing policing costs set equal to zero. 13 Expected payoffs in the induced policing game

are

Uf(Pik,7,8) = Vi(R, P;r,7) =€ > (1= F(z3(R, P))). (2.12)
Jubj

Figure 2.3 illustrates how responsibility paths create indirect policing incentives. Person
6 is directly responsible for person 1. Because person 1 is self-responsible and responsible for
persons 2 and 4, greater obedience by either 2 or 4 raises person 1’s obedience and thereby

lowers person 6’s punishment risk. Person 6 is therefore connected to persons 1, 2, and 4.

Definition 2.5. Fix responsibility R. Person ¢ is connected to j, denoted 1 it j, if there
exists ¢ such that ¢R¢ and either ¢ = j or j is reachable from ¢ via R. Equivalently,

K._Ro (IU EJF), where composition is read from left to right.

13. The normalization subtracts the constant E[f;] and therefore does not affect the policing game.
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(a) An arbitrary relation R. (b) The restriction R. (¢) The connection ﬁ

Figure 2.3. Construction of the connection relation, starting from an arbitrary relation R

_ —
(left), through its restriction R (center) and finally its connection R (right).

Say that a policing relation P can arise in equilibrium if some mixed Nash equilibrium
of the induced policing game assigns positive probability to P. The next result makes the

relationship between connection and policing exact.

Theorem 2.6 (Connection and policing). For every s,y > 0, there exist 0 < {(k,7) <
E(k,7y) < oo such that, for every & > 0, every responsibility relation R, every policing

relation P that can arise in equilibrium, and every pair i # j:
(a) if iPj, then i ij and &€ < &(k,7);
(b) if & <E&(k,7), then iPj if and only if i Eit j.

The proof builds on the obedience comparative statics. If ¢ is not connected to j, policing
j cannot lower i’s exposure to ruler punishment. Any collection of unconnected outgoing
policing links is therefore strictly dominated by deleting all of them. If 7 is connected to
J, policing 7 raises j’s cutoff directly by ~ and, by Theorem 2.4, weakly raises the selected
extremal cutoff profile. Strict monotonicity of F', together with F'(0) > 0, propagates the
initial strict increase backward along every relevant R-path, strictly lowering i’s punishment
probability. Because there are finitely many responsibility and policing relations, this benefit
exceeds the policing cost uniformly when ¢ is sufficiently small.

The theorem identifies three regions. Policing always follows connection: people po-

lice only those whose obedience can affect their own punishment risk. When & < £(x,7),
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the unique equilibrium policing relation contains exactly the connections between distinct
people. When & > £(k,7), the empty relation is the unique equilibrium policing outcome.
Between the two bounds, connection remains necessary but need not be sufficient, and mul-
tiple policing equilibria may exist.

The result predicts the direction of peer enforcement, as well as its aggregate extent. Peer
sanctions should track the exposure created by the responsibility rule: people should police
those whose conduct can ultimately affect their own punishment. Indirect enforcement can
travel only through self-responsible intermediaries. A responsibility chain ceases to transmit
policing incentives when it reaches a person who is not responsible for herself. Very low
policing costs activate every such connection between distinct people, whereas sufficiently
high costs eliminate peer enforcement.

Connection identifies which policing links can arise. To discipline equilibrium behavior
when policing costs are intermediate, the next result imposes a sufficient condition under

which policing choices are strategic complements.

Definition 2.7 (Cutoff convexity). The distribution F' is cutoff-convez if it is twice differ-

entiable and satisfies F”(z) > 0 for every z € [0, 0].

Equivalently, cutoff convexity requires the density to be weakly increasing over the feasible
range of obedience cutoffs. It holds, for example, for normal and logistic distributions whose
location parameter is weakly above 8. Cutoff convexity is sufficient for supermodularity;
supermodularity may also hold when cutoff convexity fails. Comparisons across values of
k or v require cutoff convexity over the union of the corresponding feasible cutoff ranges.
Cutoft convexity is used only for supermodularity and the comparative statics that follow;
the obedience, connection, and design results do not require it.

The responsibility structure pushes toward complementarity for two reasons. First, polic-
ing a target raises that target’s obedience, lowering the expected cost of additional policing
directed at her. Second, punishment exposure is multiplicative, so the marginal value of

one person’s obedience is greater when the others whose conduct determines punishment are
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already more likely to obey. Cutoff convexity ensures that curvature in £’ does not overturn

these forces.

Proposition 2.8 (Supermodular policing). If F' is cutoff-convex, then the induced policing
game is supermodular. Hence it has least and greatest pure equilibria, Pmin(R, K,7, &) and

PMX(R K, v,&), and both are weakly increasing in k and ~y.

The proposition implies that ruler punishment and peer enforcement reinforce one an-
other. A larger peer sanction makes policing more effective, while a larger ruler sanction
gives people more to lose from the disobedience of those to whom they are connected. Under
cutoff convexity, stronger ruler punishment and stronger peer sanctions therefore expand
both extremal policing equilibria. Empirically, the severity of state punishment and the ex-
tent of peer enforcement should covary positively, holding the responsibility rule and policing
costs fixed.

The same monotonicity need not hold in £. A higher £ raises the cost of policing, but an
additional policing link can also raise obedience among people already policed, lowering the

expected cost of existing policing links.

2.3.4 Ruler’s problem

The ruler chooses a responsibility relation anticipating both obedience and policing. The
analysis first identifies when responsibility for others is counterproductive, then characterizes
optimal responsibility when policing is cheap and studies how sanction strength changes the
ruler’s choice. Finally, it shows how responsibility can concentrate obedience incentives on
one person.

Fix a pure-equilibrium selection of the policing game whenever policing is not uniquely
determined.1* Given a responsibility relation R, let z(R) denote the induced obedience

vector under the maintained equilibrium selections, and let ¢;(R) := F(x;(R)). Given the

14. A pure policing equilibrium exists in the cheap- and expensive-policing regions characterized by The-
orem 2.6, and under cutoff convexity by Proposition 2.8.
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selected cutoff profile, obedience events are independent because types are independent. The

ruler’s expected payoff is therefore

VR = Y v [T a@® [I (1-aR). (2.13)

ae{0,1}" 1:a;=0 1:a;=1

The first result identifies a general reason for the ruler to use individual responsibility. If
responsibility for others generates no peer enforcement, its only effect is to weaken vertical

deterrence.

Proposition 2.9 (Collective responsibility requires enforcement). If a responsibility relation
R # I induces the empty policing relation under the maintained equilibrium selection, then
V(I) > V(R). Consequently, for every r,~v > 0, individual responsibility is uniquely optimal
whenever & > &(k,v). Moreover, for every &,y > 0, there exists k(€,v) > 0 such that

individual responsibility is uniquely optimal whenever 0 < k < K(&,7).

Under individual responsibility, every person has cutoff k. Without policing, every cutoff
is at most k. A person who is not self-responsible has cutoff zero, while an off-diagonal
link in a self-responsible row multiplies the punishment avoided through obedience by an
additional probability strictly below one. Every nonindividual relation therefore weakly
lowers all cutoffs and strictly lowers at least one.

The proposition gives collective responsibility a clear behavioral implication. Under the
baseline assumption that people care only about their own punishment, responsibility for
others can improve obedience only through the peer enforcement it induces. Section 2.4.3
shows that collective punishment may still deter without policing when offenders care about
those exposed to punishment. Where neither channel is plausible, its use must rest on
considerations omitted from the baseline: retribution, if the ruler values punishment as a
response to perceived collective guilt; generalized intimidation, if punishing non-offenders
is meant to frighten a wider audience; or administrative convenience, if collective sanctions

economize on investigation or individualized enforcement.
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The next result characterizes optimal responsibility when policing is cheap. Call a respon-
sibility relation R connection-minimal if every off-diagonal responsibility link is necessary
for its connection relation: for every (i,7) € R\ I, R\&”j)}gi.

To state the implication for symmetric rules, a bijection ¢ : N — N is a symmetry of R,
denoted ¢ € Sym(R), if, for every i,j € N, iRj if and only if ¢(i)Rp(j). The relation R is
symmetric if, for every i, j € N, some ¢ € Sym(R) satisfies p(i) = j. Symmetry means that
the relation does not “name” anyone. Individual responsibility and cycle responsibility are
symmetric; a star is not.

Let C denote the set of cycle-responsibility relations. For fixed £, > 0, let I'; ¢ := {y>

0:& < &(k,7)} denote the values of the peer sanction for which policing is cheap.
Proposition 2.10 (Optimal responsibility under cheap policing). Suppose that & < £(k,7).
(a) Ewvery optimal responsibility relation is reflexive and connection-minimal.

(b) Every optimal symmetric responsibility relation belongs to {1} UC.

Moreover, fir k,§& > 0. There exists v* > 0 such that, among symmetric responsibility
relations and for every v € I'y, ¢, individual responsibility is uniquely optimal if v < ", while

only cycle-responsibility relations are optimal if v > v*.

Part (a) follows from the two deterrence channels. Adding a missing self-responsibility
link creates vertical deterrence and weakly expands connection. Under cheap policing, it
therefore weakly expands policing, weakly raising every cutoff and strictly raising at least
one. Conversely, once reflexivity is established, removing an off-diagonal link that does not
change connection leaves policing unchanged and strictly raises the cutoff of the person whose
row contained it. Such a link cannot appear in an optimal relation.

Optimal collective responsibility consequently has a backbone of individual accountabil-
ity and a minimal set of cross-person links. Every person remains punishable for her own

disobedience, and every link holding her responsible for someone else must create an addi-
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tional policing incentive. Once a thinner responsibility relation induces the same enforcement
network, further links only increase exposure to punishment.

Part (b) applies this logic to symmetric rules. Any nonindividual symmetric rule assigns
at least one off-diagonal responsibility link to every person. A cycle assigns exactly one such
link per person. Because every person is self-responsible under a cycle, R contains the entire
directed cycle, and R connects every person to every other. A cycle therefore induces full
horizontal deterrence with the smallest possible dilution of vertical deterrence. Any other
nonindividual symmetric rule either uses additional off-diagonal links or generates a smaller
connection relation.

The remaining comparison is between individual responsibility and cycle responsibility.
Individual responsibility preserves full vertical deterrence and generates no peer sanctions.
Cycle responsibility weakens vertical deterrence and induces every person to police every
other. The first force dominates when peer sanctions are weak, while the second dominates
when they are strong.1?

These results predict that obedience-oriented collective responsibility should preserve
punishment for one’s own misconduct and use cross-person liability sparingly. Dense or
clique-like responsibility creates no additional enforcement when the same connection relation
can be generated by a thinner graph. Historically common clique-like rules may instead
reflect limits on who can observe and sanction whom, robustness to inactive members or
failed links, the ease of administering fixed groups, or a separate benefit from exposing a
broad group to punishment.

Cutoft convexity yields broader comparative statics in sanction strength.

Remark 2.11 (Ruler comparative statics). Suppose that F' is cutoff-convex over the cutoff

ranges generated by the parameter values being compared, and select either the least or

15. At v = ~*, the comparison depends on the selected extremal obedience equilibrium. Even when the
same extremal selection is used throughout, that equilibrium may change discontinuously with v as fixed
points appear or disappear, so individual and cycle responsibility need not yield the same payoff at the
threshold.
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the greatest pure policing equilibrium throughout. For every fixed responsibility relation R,
V(R) is weakly increasing in x and in . The ruler’s maximized payoff is therefore weakly
increasing in both parameters. Moreover, V(I) is independent of ~, so, for fixed x and &,

the set of values of v for which individual responsibility is optimal is a lower interval.

Stronger ruler and peer sanctions expand both extremal policing equilibria and increase
obedience for any fixed policing relation. The design implication is strongest for . Individual
responsibility induces no peer policing, so its value does not depend on the peer sanction.
Once some collective-responsibility relation strictly outperforms individual responsibility,
further increases in vy cannot make individual responsibility optimal again.

The corresponding conclusion does not follow for k. A larger ruler sanction raises obedi-
ence under every fixed responsibility relation, including individual responsibility, and there-
fore does not generally order the ruler’s preferred relations. Equilibrium policing also need
not be globally monotone in &: a higher policing cost directly discourages policing, while
additional policing can increase obedience and reduce the expected cost of existing links.
Propositions 2.9 and 2.10 instead characterize the high- and low-cost regions.

Finally, responsibility can concentrate horizontal enforcement on one focal person. Such

concentration requires an asymmetric position in the responsibility graph.

Proposition 2.12 (Maximal obedience is exclusive). Suppose that § < §(k,v). For every
i € N, some responsibility relation induces x; = 0; for example, the star S;. However, no

responsibility relation can induce x; = x; = 0 for distincti,j € N.

Thus at most one person can receive maximal obedience incentives. Attaining z; = 0
requires person i to be self-responsible, responsible for no one else, and policed by every
other person. The star 5; is one particularly stark relation satisfying these conditions: it
gives person i cutoff # and every other person cutoff zero. Other responsibility relations can
maximize ¢’s cutoff while preserving some deterrence for the remaining people, but none can

give a second person the same maximal combination of vertical and horizontal deterrence.
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The cases of the extermination of Shang Yang’s clan and Sippenhaft illustrate how respon-
sibility can be organized around one focal person. Such a star-shaped structure is especially
useful when the ruler places disproportionately high value on that person’s obedience, as
with a prominent political or military role. It may also deter the focal person directly if she
cares about the punishment imposed on her relatives; the next section formalizes this second

channel, along with several other extensions.

2.4 Robustness checks and extensions

The baseline makes several key assumptions: policing is chosen before types are known and
before disobedience occurs; people care only about their own punishment; and the ruler
perfectly observes individual conduct. This section relaxes each assumption. Policing can
itself signal the policer’s propensity to obey, and peer enforcement can survive without
advance commitment, although it may collapse when many people disobey at once. When
people care about punishment imposed on others, responsibility can strengthen obedience
directly as well as induce policing. By contrast, when the ruler’s individual signals become
almost uninformative, peer enforcement disappears and individual responsibility is uniquely

optimal.

2.4.1 Policing as signaling

In the baseline model, policing is chosen before types are realized, so it cannot reveal the
policer’s type. The analysis now returns to the two-person example (fixing the ruler’s pun-
ishment at x) and lets Ann observe 6 4 before deciding whether to police Bob. Under mutual
responsibility, her decision can then reveal whether she herself is likely to obey.

Ann observes 64 and chooses P € {0, 1}, where P = 1 means that she polices Bob. For
expositional simplicity, only Ann can police Bob. Bob observes P and his own type 0p, after

which both people choose whether to obey. Given the posterior induced by Ann’s strategy
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after each observed policing decision, the largest-obedience equilibrium of the continuation
game is selected, and Ann polices when indifferent.

Three responsibility relations isolate when this information matters. Under individual
responsibility, R = {AA, BB}, Bob’s action has no effect on Ann’s punishment, so Ann
never polices. Under one-way responsibility, R = {AA, AB, BB}, Ann is exposed to Bob’s
disobedience and may therefore police him. Bob’s payoff remains independent of Ann’s
action, so his cutoff is zg(P) = k + yP: policing affects Bob only through her sanction ~.

Under mutual responsibility, R = {AA, AB, BA, BB}, Bob is also exposed to Ann’s
disobedience. Let g4(P) denote Bob’s posterior probability that Ann obeys after observing
P. Bob’s cutoff is xg(P) = kga(P) + vP: the term P is the direct peer sanction, while
kqA(P) captures Bob’s inference about Ann’s obedience.

A policing decision by ¢ can affect j through information only if jRi, since only then
does j care whether i obeys; for the signal to arise from equilibrium policing, ¢ must also
care about j’s obedience. One-way responsibility can generate horizontal enforcement, while
mutual responsibility can also make that enforcement informative.

Assume mutual responsibility. For fixed posterior beliefs ¢4 (P) and the corresponding
continuation equilibrium, write gg(P) := F(xg(P)). In equilibrium, these beliefs and obedi-
ence probabilities must be generated by Ann’s policing and obedience strategies. Ann obeys

after choosing P if and only if 4 < kgg(P). Her gain from policing is

G(04) = (kap(1) —04)" — (kqp(0) —0.4)" — (1 — gp(1)). (2.14)

Whenever policing raises Bob’s obedience probability, G(f,4) is weakly decreasing in 04,
so Ann follows a cutoff strategy in policing, with lower types more likely to police. These
types are also more likely to obey and consequently place greater value on Bob’s obedience:

Bob’s disobedience may cause Ann to be punished despite her own obedience. Higher types,
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by contrast, are more likely to trigger punishment through their own disobedience, making
Bob’s action less consequential for them.
The next result gives an equilibrium in which policing perfectly reveals Ann’s subsequent

obedience.
Proposition 2.13 (Policing as a positive signal). Suppose R = {AA, AB, BA, BB}. Define

F(1H_+};y(),€_+};<)ﬁ)7 ap = kF(k+7) — (1 — F(k+7)). (2.15)

&=k

If 0 < & < &, then there is a pure-strategy PBE in which Ann polices if and only if 04 < xp.
In this equilibrium, g4(1) =1 and q4(0) =0, so Bob’s cutoff is xg(1) = K+~ after policing

and xg(0) = 0 after no policing.

Both policing decisions occur with positive probability, so the posterior beliefs g 4(0) and
qa(1) are determined by Bayes’ rule. The proposition isolates a fully separating equilibrium
and does not characterize all PBEs.

The comparison with one-way responsibility identifies the informational effect. Under
one-way responsibility, policing raises Bob’s cutoff from k to x++, whereas in the separating
equilibrium under mutual responsibility, it raises his cutoff from 0 to k4. The peer sanction
contributes 7, while Ann’s inferred obedience contributes x. No policing reveals that Ann
will disobey in the relevant continuation, eliminating the direct incentive that her expected

obedience would otherwise create.

2.4.2 Policing without commitment

The baseline timing has people choose policing before obedience decisions, giving policing
a commitment interpretation: a person agrees in advance to incur the enforcement cost
if the target later disobeys. This section considers two alternatives: Section 2.4.2.1 inter-

prets policing as a contingent switch between self-enforcing continuation equilibria, while
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Section 2.4.2.2 removes advance commitment and lets people choose sanctions only after

obedience has been observed.

2.4.2.1  Withholding future cooperation

Policing can represent the credible threat to withdraw cooperation in a subsequent bilat-
eral interaction. After obedience decisions, suppose that each ordered pair (7, j) plays the
following game:

G D
Ci | (&) (—=n,0) with &, v,n > 0. (2.16)

Di (07 _77) (O’ O)

The continuation choices are observed within the group but are neither verifiable nor con-
tractible by the ruler. A switch from C'C' to DD imposes a loss & on person i and a loss 7
on person j, matching the policing cost and peer sanction in the baseline model. Both C'C
and DD are pure-strategy equilibria.

Before obedience decisions, each person i publicly announces, for every j # i, a map
mi; - 10,1} = {CC, DD}, where m;;(a;) selects the continuation equilibrium played by the
ordered pair (i, j) after j chooses a;j. These announcements serve as a public equilibrium-
selection device, and following the announced map is sequentially rational because each
prescribed outcome is a continuation equilibrium. Attention is restricted to maps satisfying
m;;(0) = CC, so obedience preserves cooperation and withdrawal cannot occur for reasons

unrelated to disobedience; the remaining choice is whether disobedience triggers DD.

Remark 2.14. For every responsibility relation R, every such profile of continuation maps
induces a unique policing relation P: person ¢ polices person j if and only if their continuation
outcome is C'C' after j obeys and DD after 5 disobeys. The resulting obedience and policing

incentives coincide with those in the baseline model.

This interpretation replaces commitment to a costly future action with a public selection

between self-enforcing continuation equilibria. The construction is not renegotiation-proof,
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since both people prefer CC' to DD after disobedience. The announcements coordinate

equilibrium selection; they do not make withdrawal jointly optimal.

2.4.2.2  FEx post policing

Advance commitment is now removed altogether. The ruler first chooses a responsibility
relation R; nature then draws types, which people privately observe before choosing whether
to obey. Only after the obedience profile is realized does each person choose whom to
sanction.

The ruler’s punishment rule is modified accordingly. If ¢Rj and i # j, then i is pun-
ished when j disobeys unless ¢ sanctions j; if ¢ Ri, then ¢ is punished whenever she disobeys.
Because sanctioning another person cannot undo punishment caused by one’s own disobedi-
ence, person ¢ is punished if and only if some disobedient person for whom she is responsible
remains unsanctioned:

P;(R,a,P):= max aj, 2.17
i VT (247

where the maximum over the empty set equals zero. Because P is irreflexive, self-
responsibility can never be removed through sanctioning. Sanctions impose cost £ on the
sanctioner and cost v on the target, as in the baseline model. Payoffs are obtained from
(2.9) by replacing ®; with ®,.

By backward induction, fix R and an obedience profile a. Let D;(R,a) := {¢ # i :
iR¢ and ay = 1} be the set of disobedient people other than ¢ for whom i is responsible, and
let m;(R,a) := |D;(R,a)|.

Person ¢ can use sanctions to avoid ruler punishment only if she is not already punished

by her own disobedience. Define

S (R,a):={ie€ N:(i,i) ¢ R or a; = 0}.
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Thus . (R, a) is the set of people who can still avoid ruler punishment by sanctioning the

disobedient people for whom they are responsible.

Proposition 2.15 (Ex post sanctioning). For every R and a, there exists an equilibrium
sanctioning relation P* such that, for every distinct i # j, 1P*j if and only if i € (R, a),
Jj € Di(R,a), and Eém;(R,a) < k.

Given the sanctioning relation P*, every equilibrium of the obedience stage is in cutoff

strategies. Because m;(R,a) does not depend on a;, write it as m;(R,a_;), and define
si(Roa—g) = |[{h# i : hP*(R, (La_y))i}].
In any cutoff equilibrium,
v; = H{iRi}E [r — min{&m;(R, a—;), i }] + 7B [s;(R,a_;)], (2.18)

where expectations are taken over the independent actions induced by the other people’s
cutoffs. The first term is the net ruler punishment avoided by obedience; the second is the
expected peer sanction avoided.

Ex post enforcement is all or nothing: because partial sanctioning incurs a cost without
preventing ruler punishment, a person sanctions everyone in D;(R,a) or no one. Condi-
tional on still being able to avoid punishment, person ¢ sanctions exactly when the total cost
¢m;(R,a) does not exceed k, so her ex post enforcement capacity is |x/£] simultaneously
disobedient people. Once m;(R,a) exceeds this bound, she sanctions no one; peer enforce-
ment may therefore deter isolated disobedience but collapse when many people disobey
simultaneously.

The right-hand side of (2.18) defines an increasing self-map of [0, 0]". Greater obedience

by others lowers m;(R,a) and can make sanctioning worthwhile; if i is self-responsible,

her own obedience determines whether sanctions can still save her from ruler punishment.
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Tarski’s fixed-point theorem therefore gives smallest and largest cutoff equilibria. The same
complementarity operates in both directions: higher obedience makes peer enforcement more
likely, while anticipated peer enforcement raises the incentive to obey.

The ex post model also preserves the concentration result from the baseline model. Recall

that 0 := x + (n — 1) is the largest possible obedience cutoff.

Remark 2.16 (Maximal obedience is again exclusive). Suppose that £ < k. For every i € N,
some responsibility relation induces x; = 0; for example, the star S;. No responsibility

relation can induce z; = z; = 0 for distinct 7,7 € N.

The star S; gives person ¢ the full direct incentive x and all n—1 peer sanctions whenever
she disobeys; each other person is responsible only for 7, so each has only one person to
sanction and does so when £ < k.

The same construction cannot maximize two people simultaneously. A maximally de-
terred person must be self-responsible; when two self-responsible people both disobey, how-
ever, each is already punished and cannot escape punishment by sanctioning the other.
Neither sanctions the other in that state, so neither can receive every possible peer sanction
whenever she disobeys. The source of exclusivity therefore differs from the baseline model:

here it follows from ex post credibility rather than dilution of vertical deterrence.

2.4.3 Altruistic concerns

The baseline model assumes that people care only about their own punishment; the model
now allows each person to internalize punishment imposed on others. Let L C N x N be
an exogenously given irreflexive directed relation. If ¢Lj, then person ¢ incurs cost A > 0
whenever person j is punished by the ruler. Given responsibility R, policing P, and action

profile a, person ¢’s utility is

UF(R,P,a) = Uy(R, P,a) — X Y @;(R,a), (2.19)
jiiLj
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where ®; and U; are given by (2.8) and (2.9). Let My, := 6 + (n — 1)X\. The baseline

assumptions on F' continue to apply, and the timing is unchanged.

2.4.3.1 Obedience decisions

Altruistic concerns give a person two reasons to obey: her obedience may reduce her own
punishment risk, and it may reduce the punishment risk of someone whose punishment she
internalizes. As in the baseline model, obedience takes a cutoff form. A vector x is an

equilibrium cutoff profile if and only if, for each 1,

z; = k1{iRi} [] Fzg) + X Y. ] Flzg) +~vdi(P). (2.20)
ki jiiLlj ki
iRk jRi jRk

The first term is self-pivotality, the ruler punishment that i avoids for herself; the second is
altruistic pivotality, punishment imposed on others that ¢ avoids by obeying; and the third
is the peer sanction avoided by obedience.

Equation (2.20) also identifies the relevant dependence relation. Person j’s obedience
raises person i’s incentive to obey when it affects the punishment of either ¢ herself or
someone whose punishment ¢ internalizes. Equivalently, some person ¢ with iL¢ or ¢ =i is

responsible for both ¢ and j. Define

~

R:=(LUlnR YHoR (2.21)

For i # j, iﬁj means that greater obedience by j raises i’s gain from obeying. If L = &,
then R = R. The cutoff map remains increasing in others’ obedience, so the obedience game

again has smallest and largest equilibrium cutoff profiles.

Proposition 2.17 (Obedience with altruistic concerns). Fiz R. FEvery equilibrium of the
obedience subgame is in cutoff strategies, and x € [0, M]"™ is an equilibrium cutoff profile

if and only if it satisfies (2.20). Moreover, the obedience game has smallest and largest
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equilibrium cutoff profiles, denoted z™ and ™%, Both are weakly increasing in k, ~, and

A, and, with respect to set inclusion, in L and P.

The cutoff and lattice structure of the baseline model therefore survives, although the
comparative statics with respect to the responsibility relation require more care. An off-
diagonal responsibility edge may weaken a person’s direct incentive by exposing her to pun-
ishment for another person’s action; the same edge, however, may strengthen obedience by
making her action pivotal for punishment imposed on someone she cares about.

Remark 2.18. Fix P. The comparative statics in Theorem 2.4 with respect to R hold uni-
formly over responsibility relations if and only if L = &.

The proof constructs both failures: an off-diagonal edge can create altruistic pivotality
and raise obedience, while a self-responsibility link can dilute altruistic pivotality and lower
it. Altruistic concerns therefore remove the unambiguous effect of responsibility links found
in the baseline model. The sign of an added edge depends on the exposure it creates and

the altruistic pivotality it generates.

2.4.3.2 Policing decisions

People police others to reduce the expected punishment costs they internalize. For any cutoff

vector x, let

Ci(z) == kEanz[®i(R, @) + X D Eqny[Pr(R, a)]
k:iLk

denote the expected punishment cost internalized by 7. Policing j is valuable to ¢ only when
raising j’s obedience lowers C;(z).

This can occur directly or indirectly: person j’s obedience may directly reduce punish-
ment imposed on ¢ or on someone ¢ cares about, or it may raise another person’s incentive
to obey, which then reduces a punishment cost that ¢ internalizes. The relation R describes

these indirect obedience effects. Define

B _(Lul)oRo(IURM). (2.22)
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Thus i % J means that greater obedience by j can lower the punishment cost internalized

by i. If L = @, then R =R and 5;:@, recovering the baseline connection relation.

Proposition 2.19 (Policing under altruistic concerns). Fiz k,v, A > 0 and the relation L.
There exist thresholds 0 < § < & such that, for every responsibility relation R, every on-path

policing relation P, and every pairi # j:
(i) if iPj, then i % j and € <€
(ii) if £ < &, then iPj if and only if i gij,

Policing continues to follow the links through which another person’s obedience reduces
punishment costs internalized by the potential policer, but altruistic concern expands those
links beyond collective exposure. In particular, collective responsibility is no longer necessary
for policing: if R = I, then ¢ £ jJ if and only if iLj for distinct 7 and j; when § < §, the
policing relation is therefore P = L. Even under individual responsibility, people police those
whose punishment they internalize. Altruism also changes the ruler’s useful responsibility

links when policing is too costly to arise.

Remark 2.20 (Ruler’s choice without policing). If € > £, the ruler can restrict attention to
responsibility rules satisfying R C I U L1

Every useful off-diagonal edge then has the form ¢Rj with jLi: the ruler uses i’s pun-
ishment to discipline j precisely when j cares about ¢’s punishment. Punishing someone the
disobedient person cares about can therefore deter even without policing. In kin-based pun-
ishment, this separates two possible channels: relatives may police because the disobedient
person’s conduct exposes them to punishment, while she may obey because she internalizes

the punishment imposed on them.

2.4.4 Noisy ruler monitoring

The baseline assumes that the ruler perfectly observes disobedience. A general treatment of

imperfect monitoring would introduce additional strategic problems, including environments
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in which both the ruler and the population are uncertain about realized behavior. This
section provides a negative answer to a narrower question: does collective responsibility
remain useful when the ruler’s individual signals are almost uninformative?

Maintain the baseline timing and let the ruler observe a conditionally independent binary
signal s; € {0,1} for each person, where s; = 1 is a bad signal. For some a € [0,1) and

5 € (0,1—q,

Pr(sij=1]a; =0) = a, Pr(si=1|a;=1)=a+§.

The parameter 0 measures the informativeness of the signal. Under responsibility relation

R, person i is punished if at least one person j for whom ¢Rj receives a bad signal.

Proposition 2.21 (Noisy ruler monitoring). Fiz o € [0,1) and the remaining primitives of
the baseline model. There exists 6 > 0 such that, for every & € (0,6), individual responsibility

s uniquely optimal.

When ¢ is small, policing another person hardly changes the policer’s probability of
ruler punishment: policing may induce greater obedience, but the ruler’s signal distribution
changes by only 4, so the resulting reduction in punishment risk vanishes as J approaches
zero. The policing cost does not vanish, and sufficiently noisy monitoring therefore eliminates
peer enforcement. Because the policing gain is of order ¢ regardless of the peer sanction, no
fixed value of 7 restores collective responsibility near 6 = 0.

Once policing disappears, responsibility for others has only its direct cost. Any departure
from individual responsibility either removes a person’s liability for her own signal or makes
her punishment depend on additional noisy signals; both changes weaken the connection
between her own action and her punishment. Individual responsibility preserves the limited

behavioral information contained in the ruler’s signals.
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2.5 Conclusion

A ruler who knows what each person has done may still punish one person for another’s
conduct. Holding someone responsible for another’s disobedience gives them a reason to
police that person, but it also weakens their own incentive to obey: once their punishment
depends on what others do, obedience no longer guarantees safety. The ruler must therefore
decide where horizontal deterrence is worth the loss of vertical deterrence.

Peer enforcement requires rulers and peers to observe individual disobedience and sanc-
tion it. Individual responsibility is uniquely optimal when policing is too costly, when the
ruler’s sanctions are too weak, or when the ruler’s monitoring is too poor. Poor monitoring
may still motivate collective punishment through uncertain attribution, but it cannot sus-
tain the mechanism studied here. The same information that permits individual punishment,

then, is what can make collective responsibility an effective instrument of peer enforcement.
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3 Denunciations under imperfect monitoring

The people were to be grouped in units of five and ten households, exercising
mutual surveillance and mutually responsible before the law. Anyone failing to

report an offence was to be cut in two at the waist.

Sima Qian, The Biography of Lord Shang

3.1 Punishing silence

Rulers often depend on ordinary people for information about conduct they cannot directly
observe. Some regimes do more than solicit or reward such information: they punish people
who fail to report disobedience around them. A person may therefore be sanctioned not
for what she did, but for what she knew and left undisclosed. This essay studies when
punishment for silence increases obedience and how broadly the resulting reporting duties
should extend.

I model a denunciation regime as a partition of the population into reporting groups.
The ruler independently detects each act of disobedience with some probability, while people
observe realized disobedience but do not know what he has detected. If every detected act
within a group has been reported, punishment is targeted at those who were named; if
some detected disobedience remains unreported, the entire group is punished. Reporting
can therefore expose an offender to punishment while protecting the reporter from liability

for silence.
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This rule creates a basic trade-off. Reports increase the expected cost of disobedience by
exposing offenders whom the ruler might otherwise miss, but reporting duties also burden
people who obey. Someone who complies may still be punished because another member
of her group disobeyed, and avoiding that punishment may require her to file a costly re-
port. Denunciation improves obedience only when the deterrence created by peer reporting
outweighs the loss of protection associated with obedience itself.

Historical denunciation regimes often relied on this logic. Shang Yang’s reforms in Qin
organized households into groups of five and ten whose members were required to moni-
tor one another, report offenses, and bear punishment when offenses went unreported (Ch’i,
1961). Related duties appeared in institutions such as the Spanish Inquisition and in modern
authoritarian regimes (Gellately, 1996; Fitzpatrick and Gellately, 1997; Bergemann, 2019).
These systems differed greatly in organization and purpose, but they shared an attempt
to extract local information by making silence independently punishable. The mechanism
requires two-sided ignorance: people may know about conduct the ruler missed, while re-
maining uncertain about what he already knows.

The next two subsections summarize the results and review the related literature. Sec-
tion 3.2 presents the model and characterizes reporting, obedience, and the ruler’s optimal
partition. Section 3.3 introduces imperfect peer monitoring and studies accusations unsup-

ported by direct evidence. Section 3.4 concludes.

3.1.1 Summary of results

The first result isolates the role of two-sided ignorance. If the ruler’s detected set is publicly
observed, reports provide no new information, and individual punishment uniquely maxi-
mizes obedience. The value of denunciation is therefore non-monotonic in the ruler’s moni-
toring capacity. When detection is rare, unreported disobedience is unlikely to be exposed, so
punishment for silence generates little reporting. When detection is nearly complete, direct

monitoring already provides strong deterrence and reports add little information. Denunci-
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ation can improve on direct monitoring only between these extremes, when the ruler detects
enough disobedience to make silence dangerous but still benefits from people’s information.

The ruler faces a related trade-off over group size. Larger groups create more potential
reporters, but they also expose each person to more misconduct by others and make obedi-
ence less protective. Even as reporting becomes arbitrarily cheap, optimal reporting groups
remain bounded. In the limit, their size is no greater than [1/u] and is weakly decreasing
in the ruler’s monitoring capacity.

Finally, Section 3.3 allows people to observe peer disobedience imperfectly. When peer
monitoring is sufficiently accurate, reports remain confined to observed misconduct, and
denunciation can still improve on direct monitoring. When reports become too cheap, how-
ever, people may name peers they have not observed disobeying. Such accusations protect
reporters from collective punishment but make punishment less connected to actual con-
duct. With imperfect peer monitoring, denunciation therefore improves obedience only at

intermediate reporting costs.

3.1.2 Related literature

This essay contributes to work on denunciation and authoritarian information gathering. His-
torical studies document how regimes elicited accusations through formal duties, rewards,
and social pressure (Gellately, 1996; Fitzpatrick and Gellately, 1997; Bergemann, 2019),
while recent empirical work traces how coercive pressure can generate cascades of denuncia-
tion (Estévez et al., 2024). The closest formal analysis is Wolton and Yu (2026), who study
how an autocrat chooses the anonymity and rewards of denunciations when reports provide
noisy information about citizens’ loyalty. Their central design problem is how these instru-
ments affect the volume and informativeness of reports, and they also consider anti-regime
action. Here disobedience is endogenous from the outset: the ruler chooses reporting groups
and makes silence punishable in order to alter incentives to obey. False or baseless accusa-

tions arise through different mechanisms. In their model, the chosen reward and anonymity
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regime can induce accusations that convey little information about loyalty; here, naming an
unobserved peer can protect the reporter from collective punishment.

This essay also relates to theories of collective sanctions and decentralized enforcement.
The previous essay studies how collective responsibility induces peer policing when conduct
is observable; here liability for silence elicits reports under imperfect state monitoring. Halac
et al. (2024) study a principal who partitions agents into monitoring teams and conditions
rewards on each team’s joint performance in order to uniquely implement effort. Unlike
the ruler in this essay, their principal always benefits from finer partitions. More broadly,
principals can exploit agents’ information about one another through group incentives and
delegated monitoring (Varian, 1990; Rahman, 2012). Collective sanctions can induce group
members to enforce compliance (Heckathorn, 1990; Levinson, 2003), while local information
can sustain enforcement when conduct is better observed within groups (Fearon and Laitin,
1996). In Zhou (2021), rebels trade off group size against secrecy, and the ruler may punish
those who knew of a rebellion but failed to report it; here the ruler himself designs reporting
groups to maximize obedience. Related work on whistleblowing studies strategic information
transmission under organizational incentives and unverifiable reports (Ting, 2008; Chassang
and Padr6 i Miquel, 2019). Here reporting incentives arise from two-sided ignorance and

exposure to collective punishment.

3.2 Model of denunciations

3.2.1 Model setup

There are a ruler and a finite set of people N := {1,...,n}. Each person i € N chooses
whether to obey, a; = 0, or disobey, a; = 1. An action profile is a = (a;);en € {0,1}", and
the realized set of disobedient people is A := {i € N : a; = 1}. Each person i has a privately

observed gain from disobedience, #;, drawn independently from a common distribution F,
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which is continuous and strictly increasing on the real line and has full support. The direct
payoff from disobedience is a;0;.

The ruler observes disobedience imperfectly. For each person i, he privately receives an
independent detection signal s; € {0,1}, with Pr(s; = 1| a;) = pa;, where p € (0, 1) is his
monitoring capacity. Thus s; = 1 means that ¢ has been detected disobeying, while s; = 0
means that no disobedience by i has been detected. Let S := {i € N : s; = 1} be the
detected set.

After actions are taken, people observe A but not S. Each person ¢ then submits a
message M; C N. A message is costly: person i pays &|M;|, where £ > 0 is the cost of
reporting each name. Let M := U;cn M; be the aggregate message. Whether people have

an incentive to denounce each other depends on the ruler’s choice of a denunciation regime.

Definition 3.1 (Denunciation regime). A denunciation regime is a partition D of N. Given
detected set S and aggregate message M, the punished set IIp(S, M) C N is defined block
by block:

MnB ifSNBCM,

Ip(S, M) = |J (3.1)

BeD | B otherwise.

The rule evaluates coverage at the block level through the aggregate message M: detected
disobedience in B is covered if some report names it, so one member’s report can protect
the whole block from collective punishment.

Figure 3.1 depicts three possible partitions of a population of six people. To illustrate
the rule, consider the middle case, where people are divided into pairs. In a pair B = {4, j},
person i is punished if and only if i € S, or i € M, or j € S and j ¢ M. A message
naming j can protect ¢ from collective punishment, while a message naming 7 exposes i to
targeted punishment. Messages are therefore accusatory and exculpatory at the same time:
they name someone for punishment and help shield the sender from liability for silence.

The timing is shown in Figure 3.2. First, the ruler publicly chooses a partition D. Second,

nature draws private disobedience gains (6;);c independently from F. Third, each person
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(a) Singletons (b) Pairs (c) Triples

Figure 3.1. Denunciation regimes as partitions of the population. People are expected to
report disobedience by others in their own block. The ruler’s problem reduces to finding the
block size that maximizes obedience.

privately observes her own type and chooses whether to obey. Fourth, nature generates
detection signals S, which are privately observed by the ruler. Fifth, people simultaneously
submit messages without observing S. Finally, punishments are implemented according to
p(S, M).

The ruler’s payoff is v(a), where v : {0,1}" — R is strictly decreasing in each coordinate.

Each person i’s utility is

ui(a,D, M,S) :Hiai—l{i EHD(S, M)}—§|MZ’ (3.2)

Punishment is a fixed cost, independent of type, and reporting costs are linear in the number
of names reported.
This specification isolates the logic of denunciation under imperfect monitoring. The

ruler’s signal produces hard evidence: a detected person has disobeyed, while an undetected

Nature draws Nature realizes

d
O1,....0h ~ F the detected set S
Ruler chooses Each person i observes 6; Each person 7 observes who
a partition D and obeys or disobeys disobeyed and reports M; C N

Figure 3.2. Timing of the denunciation model. The ruler observes the detected set S, while
people observe the realized disobedience set A but not S when they report.
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person has not been cleared. People observe the realized disobedience set, but not the ruler’s
detections. Messages are useful because they link these two information sources: a message
can identify disobedience that the ruler missed, and it can also show that the sender did not
remain silent when someone in her block was detected.

The reporting cost & captures the friction associated with naming others. It may reflect
effort, stigma, fear of retaliation, or the cost of producing a usable statement. Reports are
costly, so people must be given an incentive to make them. Denunciation therefore has two
effects on obedience incentives: it increases the expected punishment from disobedience, but
it can also lower the payoff from obedience by making compliance require costly reporting.

As in the other essays, punishment is bounded and the ruler does not pay a direct
cost of punishing. The punishment cost borne by each person is normalized to one. The
bound matters: without it, weak monitoring could be offset mechanically by making detected
disobedience arbitrarily costly. The absence of a punishment cost favors denunciation, since
silence liability expands the set of states in which sanctions are imposed.

A strategy for person i is a pair o; := (o, ;). The obedience rule o; : R — [0, 1] gives the
probability that i disobeys as a function of her type. The messaging rule §; : 2V — A(QN )
gives her message after observing A. The messaging rule need not depend on 6;: once A
is realized, the direct payoff from obedience or disobedience is sunk, so type has no further
payoff relevance.

Throughout, equilibrium means perfect Bayesian equilibrium. I restrict attention to
symmetric equilibria and to undominated reporting continuations. Because names have no
payoff relevance beyond the partition, symmetry means invariance under relabelings that
preserve the partition. For ¢ € Sym(/N) and X C N, write o(X) := {p(i) : 1 € X}. A
relabeling preserves D if {p(B) : B € D} = D. Let Sym(D) be the set of relabelings that

preserve D.

Definition 3.2 (Symmetric equilibrium). An equilibrium o is symmetric if, for every ¢ €
Sym(D), ay;(0) = «;(0) and B, (0(M;) | 9(A)) = Bi(M; | A) for every i, 0, A, and M;.
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This restriction rules out behavior based only on names while allowing strategies to
depend on the block structure and on the realized disobedience set.

The analysis proceeds by backward induction. Section 3.2.2 first considers the benchmark
in which the detected set is public. Section 3.2.3 solves the reporting problem within a block.
Section 3.2.4 derives the obedience cutoff induced by each block size. Section 3.2.5 then

studies the ruler’s optimal partition.

3.2.2 Public detection

To isolate the role of two-sided ignorance, first consider the benchmark in which the detected

set is common knowledge at the reporting stage.

Theorem 3.3 (Public detection). Suppose S is publicly observed before messages are chosen.
Fiz any denunciation regime D. In every equilibrium, for every block B € D, every person
i € B, and every message M; chosen with positive probability, M; C SN B\ {i}. Under
symmetric equilibria, the singleton regime uniquely maximizes the ruler’s expected payoff

Elv(a)].

Public detection removes the informational role of reports. A message outside one’s
block cannot affect one’s punishment, and a message naming an undetected person cannot
help cover the detected set. A self-report only exposes the sender to punishment. Hence
equilibrium messages can name only detected block members other than oneself. With
public detection, larger blocks cannot create informational deterrence. If person ¢ disobeys
and is detected, she is punished regardless of the messages she submits. If she obeys or
disobeys without being detected, her reporting continuation value is the same. The marginal
punishment cost of disobedience therefore comes only from direct detection.

Singleton blocks hence attain the maximal marginal deterrence. A disobedient single-
ton is punished if detected, while an obedient singleton is never punished and never pays
reporting costs. Nonsingleton blocks expose obedient and undetected people to punishment

risk generated by others’ detected disobedience. Since F'(1) < 1, every nonsingleton block
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faces a positive probability that another member disobeys and is detected. Under symme-
try, this strictly lowers obedience relative to the singleton regime. The value of denunciation
therefore requires two-sided ignorance: people must know disobedience the ruler may have

missed, and they must be uncertain about which disobedients the ruler has detected.

3.2.3 Reporting decisions

Fix a partition D and a realized disobedience set A. Messages are chosen after people observe
A, but before they observe the ruler’s detected set S. This informational asymmetry allows

messages to reveal disobedience the ruler may have missed.

Lemma 3.4 (Local reports). Fiz a denunciation regime D and a disobedience set A. In every
equilibrium, reports contain only local disobedients other than oneself: for every block B € D,

every person i € B, and every message M; used with positive probability, M; C AN B\ {i}.

Lemma 3.4 removes messages that cannot affect the sender’s punishment risk. A message
outside one’s block has no effect on one’s block. A message naming an obedient person cannot
help cover the detected set. A self-report only makes the sender more likely to be punished.
Hence the continuation problem separates by block.

Fix a block B € D of size b, and let k := |A N B| be the number of disobedients in the
block. For each person i € B, write M"** := AN B\ {i} for the maximal local report
available to 7. The next lemma reduces the reporting problem to two endpoints. Once
reports are local, a person either reports all available local disobedients or reports no one.
Fix the messages submitted by everyone other than ¢. Person i’s message matters only when
some detected disobedients in her block remain uncovered by those other messages. If the
set of uncovered names is C', then ¢ prevents collective punishment only by reporting every
name in C'. Reporting a strict subset of C' has no protective value.

Symmetry then reduces the comparison to the number of names reported. Let | M| =
K, and suppose ¢ reports r names with 0 < » < K. Under symmetry, this is equivalent to

a uniform random r-subset of M"®*. A lottery that reports all K names with probability
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r/K and reports no one otherwise has the same expected reporting cost. It covers any single
residual name with the same probability and covers any residual set with more than one
name with weakly higher probability. Hence every interior report is weakly dominated by a

lottery between silence and the maximal local report.

Lemma 3.5 (Endpoint reports). Fiz a block B € D and a disobedience set A. In any un-
dominated symmetric reporting continuation, every message M; used with positive probability

by person i € B satisfies M; = @ or M; = M"?*.

The reporting problem therefore reduces to whether the maximal local report is worth
making. The answer depends on whether anyone in the block obeyed.

If 1 < k < b, an obedient person can report all £ disobedients. When her report is
pivotal for coverage, it prevents collective punishment if at least one of those k disobedients

is detected. The per-name value is

1—(1—p)k
o) = 2L - W i<k<n (3.3)
In particular, vi(p) = p. If £ = b, everyone disobeyed. Person ¢ can report only the other
b—1 members of the block. Her report can help only if she is not detected, and then prevents
collective punishment if at least one other member is detected. The per-name value is

1—p)|1— (1= p)bt
) i u)[b_<1 n"

b> 2. (3.4)

The two values differ because the reporter’s own action changes the event in which her
report can protect her. An obedient reporter is never directly detected, so her report matters
whenever some reported disobedient is detected. A disobedient reporter must also avoid
detection herself.

When reporting is strictly profitable and there is a unique person who can make the rel-

evant report, she reports with probability one. When there are several symmetric reporters,
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each relevant person mixes between silence and her maximal local report so that the others

are indifferent.

Proposition 3.6 (Symmetric reporting). Fiz a block of size b with k disobedients. In any

undominated symmetric reporting continuation characterized above:
(a) if k=0 ork=b=1, everyone is silent;

(b) if 1 < k < b, disobedients are silent, and obedient people report all k disobedients with

positive probability if and only if vy (u) > &;

(c) if k = b > 2, everyone is silent if wy(p) < &, and everyone reports all other block

members with positive probability if wy(u) > €.

Proposition 3.6 gives the reporting continuation for every realized block state. The two-

person case is the simplest version: the relevant thresholds are p and p(1 — p).

Remark 3.7 (Reporting in pairs). Suppose B = {i,j}. If exactly one person disobeys, say j,
then person ¢ can report j. Reporting costs £ and prevents punishment of i exactly when j
is detected, which occurs with probability u. Hence ¢ reports if and only if vy (p) = p > &.
If both people disobey, then person i can report only 7. This report helps i exactly when ¢
is not detected and j is detected, which occurs with probability p(1— ). Hence disobedients

report with positive probability if and only if wo(u) = pu(1 — p) > &.

Figure 3.3 plots these thresholds. Reporting by obedient people becomes easier to sustain
as monitoring improves. Reporting in the all-disobedient state is different: a disobedient
reporter benefits only when she is missed while someone else is caught, so the threshold is

hump-shaped in monitoring capacity.
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Figure 3.3. Symmetric reporting thresholds. Panel (a) shows the three reporting regions
in a two-person block. Panel (b) shows the corresponding thresholds in a block of six: v ()

governs reporting by obedient people when k people disobey, while wy (i) governs reporting
in the all-disobedient state.

Proposition 3.6 also pins down the mixing probabilities. For 1 < k < b, set

0, ika(u)gf,
Wg’k =11, if vp(p) >&andb—Fk =1,
1<§>b_é_1f()§dbk2
— , top(p)>&and b—k > 2.
o (1) "
Ifk=b>2,set
0, if wy(p) <€,
7'('1': 1
U)o -
— , itwp(p) > €.
wp(1) ’

Thus the reporting continuation is governed by two thresholds. The function vy ()
applies when at least one person obeyed; reports then come from obedient people and name
all disobedients in the block. The function wy(u) applies in the all-disobedient state; reports

then come from disobedients and can name only other block members.
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3.2.4 Obedience decisions

For a singleton block, the local reporting problem is empty. A person who obeys is never
punished, and a person who disobeys is punished exactly when she is detected. Hence the
singleton cutoff is x1 = pu.

Now fix a block B of size b > 2. Consider a symmetric cutoff strategy in which a person
obeys if and only if §; < z. Fix a tagged person i € B, and let h € {0,...,b — 1} be the
number of other members of B who disobey. Write ¢, () := 1 — (1 — p)" for the probability
that at least one of those h people is detected.

If 2 obeys and h others disobey, her continuation cost is

Op(h) := min{&h, cp (1)} (3.5)

If h = 0, this cost is zero. If h > 1 and vy, (1) < &, she remains silent and faces collective
punishment when at least one of the h disobedients is detected. If A > 1 and vy (u) > &, her
continuation cost is £h: with a unique obedient person she reports for sure, while with several
obedient people the mixed continuation makes reporting and silence payoff-equivalent. Since
vp (1) = cp(p)/h, the reporting threshold vy, (1) > £ is equivalent to h < ¢p(p).

If ¢ disobeys, the block contains h 4 1 disobedients. Her continuation cost is

1= (1L—a, )P = p)htt ifh<b-2,
Dy(h) = ’ (3.6)

1— (1=t - wb, if h=>b—1.

In the first case, at least one person obeyed and may report all disobedients. In the second
case, everyone disobeyed, so reports can come only from other disobedients. In both cases,
Dy (h) is one minus the probability that ¢ escapes punishment when she remains silent against

the reports of others.
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No additional own-reporting cost appears in (3.6). If a disobedient reporter mixes, re-
porting and silence give the same continuation payoff, so the continuation value can be
evaluated at silence without changing the payoff.

Define Ay(h) := Dy(h) — Op(h). This is the marginal value of obedience when h other
members of the block disobey. Block liability affects obedience only through this difference.
It can raise the cost of disobedience by exposing disobedients to reports, and it can raise the

cost of obedience by making obedient people report or bear liability for silence.

Proposition 3.8 (Obedience equation). Fiz b > 1 and the reporting continuation charac-
terized in Proposition 3.6. A symmetric cutoff equilibrium exists. For b =1, x1 = p. For

b > 2, every symmetric cutoff equilibrium is a fized point x = Ty (z), where

SN\ h( o \b—1—h
@) =2 {, JO-F@)'F@) Ap(h). (3.7)
h=0

The reporting stage determines Ay(0),..., Ay(b—1). The cutoff z determines how likely
each value of h is. Higher obedience by others shifts probability toward smaller A, so obedi-
ence decisions are strategic complements if Ay(0) > Ay(1) > --- > Ay(b—1). This ordering
holds in two-person blocks. In larger blocks it can fail because potential reporters may free-
ride on one another. When multiple symmetric cutoff equilibria exist, the design problem

below evaluates each block size at its largest cutoff equilibrium.

3.2.5 Optimal denunciation regimes

For each block size b, let zj, denote the largest symmetric cutoff equilibrium generated by
the reporting continuation characterized above, with x1 = p. This is the equilibrium used
in the ruler’s design problem. If a block size admits multiple symmetric cutoff equilibria, x,
is the ruler-favorable cutoff for that block size. Hence a person assigned to a block of size b

disobeys with probability 1 — F'(xy).
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3.2.5.1 When denunciation helps

The preceding analysis allows any payoff v(a) that is strictly decreasing in disobedience.
For the block-size comparison, I specialize the ruler’s objective to expected disobedience, so

maximizing the ruler’s payoff is equivalent to minimizing the expected number of disobedient

people. If a partition D has block sizes by, ..., by, then expected disobedience is
m
LD) = Y byl1 = F(ay,)]. (3.8)
r=1

Thus, under this objective, the partition matters only through its block sizes. A block size
with a higher cutoff generates lower expected disobedience per person.

The first question is whether collective liability can improve on direct detection. The
singleton partition is the benchmark: each person is punished only when directly detected,
and the cutoff is 1 = p. A nonsingleton block can improve on this benchmark only if
reports raise the marginal cost of disobedience by more than they raise the continuation cost
of obedience. The next result shows that this improvement is possible only at intermediate

monitoring capacity.

Theorem 3.9 (Non-monotonicity in monitoring capacity). Suppose n > 2 and take the

ruler’s objective to be expected disobedience. The following hold.
(a) If £ > p, the singleton partition is uniquely optimal.
(b) If & < u(1 — p), the singleton partition is not optimal.

(c) For every & > 0, there exist 0 < pu < i < 1 such that the singleton partition is uniquely

optimal whenever p < p or p > .

The result gives the basic non-monotonicity. When monitoring is weak relative to re-
porting costs, reports do not protect reporters often enough to be induced. Nonsingleton

blocks then only expose people to punishment risk generated by others. When monitoring is
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very strong, a disobedient reporter is unlikely to avoid direct detection herself, so reports in
the all-disobedient state lose value. Between these extremes, reports can make disobedience
more costly than direct detection alone.

The two-person block gives the simplest sufficient condition for improving on the singleton

partition.

Remark 3.10 (Pairs or singletons?). If £ < u(1—p), then a two-person block has cutoff strictly
above the singleton cutoff ;. Hence replacing two singleton blocks by one pair strictly lowers

expected disobedience.

Equivalently, for fixed £ < %, pairs improve on singletons whenever

1—y1—-4¢ 14+4/1 -4
w e : : (3.9)
2 2

Reports must be cheap enough relative to detection, while monitoring must leave room for
disobedient reporters to escape direct detection.

Theorem 3.9 establishes that nonsingleton blocks can improve on direct detection, but it
does not say how large useful blocks should be. Larger blocks create more potential reporters,
while making each report less pivotal and increasing exposure to others’ disobedience. The

next result shows that useful blocks remain bounded in size.

3.2.5.2  Cheap reports

I now consider the limit as & — 0 in a large-population block-size comparison. By this, I
mean the comparison of fixed block sizes b > 2 when the population is large enough that each
such block size is feasible and integer divisibility constraints can be ignored. At the maximal
cutoff, the only remaining disobedience comes from types above one. Let p := 1 — F(1)
be the share of people who disobey even under maximal punishment. Singletons rely only
on direct detection, so their cutoff remains below maximal deterrence whenever p < 1. For

every fixed block size b > 2, cheap reports instead sustain maximal deterrence: xp(§) — 1.
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The relevant comparison is therefore among nonsingleton blocks, and is governed by how
fast they approach this common limit.
Because every fixed nonsingleton block converges to cutoff one, the limiting design prob-

lem compares first-order losses from maximal deterrence. For each b > 2 and u,p € (0, 1),

define
(b—1)[p(1 — p))>!
L= (1 —pb=t

The first term is the exposure created by irreducible disobedients in the rest of the block.

Ap(p, p) == (b —1)p+

(3.10)

The second term is the residual loss from the all-disobedient reporting problem. In the
first-order comparison, [p(1 — p)]?~! is the probability that all other block members are
irreducible disobedients and escape direct detection, while 1 — (1 — u)bfl is the detection

event that makes reports among disobedients valuable.

Theorem 3.11 (Cheap reports). Let b*(u, p) be the smallest minimizer of Ay(u,p) over

integers b > 2 in the large-population block-size comparison.
(a) As & — 0, the limiting optimal nonsingleton block size is b*(u, p), and b*(u,p) < [1/u].
(b) The limiting solution b*(p, p) is weakly decreasing in .

The theorem gives a bound on the scale of optimal mutual liability. Even when reports
become arbitrarily cheap, optimal blocks remain small. If each offender is detected with
probability p, the limiting optimal block contains no more than about % people. Larger
blocks create more potential reporters, but they also expose each person to more irreducible
disobedience in the rest of the block. Past the bound, this exposure dominates.

Cheap denunciation yields bounded liability units whose size is calibrated to monitoring
capacity. Better monitoring supports smaller units, because fewer people are needed to make
silence dangerous. Worse monitoring requires larger units, but only up to the point at which

additional members mainly add exposure to disobedience that cannot be deterred.
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3.3 Imperfect peer monitoring

The baseline model assumes that people observe the realized disobedience set before reports
are filed. I now allow people to miss peer disobedience with some probability. The ruler still
partitions the population into blocks, detects each disobedient person with probability u,
and punishes a whole block if some detected disobedience in that block was left unreported.
The new force is accusation without evidence: when peer monitoring is imperfect, cheap
reports can induce people to name unobserved peers, making punishment less connected to

actual disobedience.

3.3.1 Signals and reporting

Fix a block B of size b, and let Ag := AN B be the set of disobedient people in the block.
Person ¢ € B observes a private signal Z; C Ag \ {i}: each j € A\ {i} is independently
observed with probability v € [0, 1]. People receive no direct signal of obedience. Thus, if
j & Z;, person i knows only that j either obeyed or disobeyed without being observed.

The parameter v measures peer-monitoring accuracy. The baseline model is the case
v =1, in which Z; = Apg \ {i} with probability one. When v < 1, unobserved names are
ambiguous: in a symmetric cutoff equilibrium with obedience probability ¢, the posterior

probability that an unobserved person disobeyed is

1-q)(1-v)

- (A-q1-v) (3.1

m(q,v) =Pr(j € Ap | j ¢ Z;) =

This posterior is decreasing in v, increasing in 1 — ¢, equal to zero when v = 1, and positive
when v < 1 and ¢ < 1. This is the source of baseless accusation.

The reporting problem again collapses to endpoints. The signal creates two ordered
classes of names: observed disobedients are known to be disobedient, while unobserved
names are only possibly disobedient. Thus, in any undominated symmetric continuation,

reports first exhaust the observed set before adding unobserved names. Below the signal,
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the endpoint argument from Lemma 3.5 applies to the exchangeable set Z;. Above the signal,
the same endpoint argument applies to the exchangeable set B\ ({i} U Z;).

Thus, in any undominated symmetric reporting continuation, person i’s report after
signal Z; can be restricted to &, Z;, or B\ {i}. These are silence, evidence, and accusation.
Silence names no one; evidence reports exactly the observed disobedients; accusation reports

every other member of the block, including unobserved names.

Lemma 3.12 (Endpoint reporting with imperfect peer monitoring). Fiz a block B and a
signal Z;. In any undominated symmetric reporting continuation, every report used with
positive probability is equivalent to one of three reports: &, Z;, or B\ {i}. If v =1 and

€ >0, accusation is strictly dominated by evidence whenever Z; # B\ {i}.

The reduction follows from the same convexification argument as in the baseline reporting
game. Interior reports of observed disobedients are weakly dominated by lotteries over
reporting none and reporting all observed disobedients. Reports that include all observed
disobedients and an interior number of unobserved names are weakly dominated by lotteries
over adding no unobserved names and adding all unobserved names. Expected reporting
costs are unchanged, and the endpoint lottery weakly raises the probability of covering every
pivotal detected disobedient person.

When v = 1, every unobserved person is known to have obeyed, so adding unobserved
names cannot cover detected disobedience and only adds cost. When v < 1, unobserved

people may have disobeyed, so accusation can be privately valuable.

Proposition 3.13 (Accurate peer monitoring). Fiz a finite block size b and a reporting cost
& > 0. There exists U < 1 such that, for all v > T, accusation is not optimal after any
signal with unobserved names. Hence, for sufficiently accurate peer monitoring, all reports

are contained in private evidence.

As v — 1, the posterior in (3.11) approaches zero uniformly over equilibrium cutoffs, be-

cause finite blocks and bounded reporting costs keep cutoffs in a compact interval and hence
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keep obedience probabilities bounded away from zero. The expected benefit from adding

unobserved names becomes arbitrarily small, while the reporting cost remains positive.

Proposition 3.14 (Useful denunciation under accurate peer monitoring). Fiz p € (0,1)
and suppose & < u(l — p). There exists 7 < 1 such that, for every v > U, a two-person
block generates a strictly larger cutoff than singleton punishment. Hence, for sufficiently
accurate peer monitoring, pairs strictly improve on singleton punishment throughout the pair-

improvement region.

The proposition follows from continuity around the case of perfect peer monitoring. In the
baseline model with v = 1, pairs strictly improve on singleton punishment by Remark 3.10.
By Proposition 3.13, accusation is not optimal when v is sufficiently close to one, and the

two-person reporting continuation converges to the perfect-peer-monitoring continuation.

3.3.2 Design implications

For each block size b, let x3(€, ) denote the largest symmetric cutoff generated by an undom-
inated symmetric endpoint reporting continuation of the kind described above. For singleton
blocks, reporting plays no role, so z1(£,v) = u. If a partition D has block sizes by, ..., bmn,

optimized expected obedience is

QEv) = max 3 |BIF(ayp(€,0) (312)

BeD

The singleton benchmark is F'(u).

Proposition 3.15 (Cheap-report collapse). Fiz v € (0,1) and a finite population. Then

limsup max zp(&,v) < p.
1 Sup 0, b(&v) < p

FEquivalently, as reporting costs vanish, no nonsingleton block strictly improves on singleton

punishment.
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Since F'(1) < 1, some people disobey even under maximal punishment; since v < 1,
unobserved people may have disobeyed without being observed. As ¢ | 0, accusation becomes
privately attractive whenever it has a positive chance of mattering. Broad accusation then
erodes the deterrence advantage of nonsingleton blocks. At exactly & = 0, the reporting
game may have many weak equilibria because reports are free.

The high-cost endpoint is unchanged. If reports are sufficiently costly, they are not filed.
Coarse blocks then add liability without generating information, so singleton punishment
weakly dominates every nonsingleton partition. The low-cost endpoint is new: by Proposi-

tion 3.15,

lélﬁ)l Q& v) = F(p)- (3.13)

Thus lowering reporting costs too far can make denunciation less useful. Cheap reports

induce accusation, and accusation makes punishment less connected to disobedience.

Corollary 3.16 (Interior reporting costs). Fiz v € (0,1). Suppose there exist € > 0 and a

partition D such that

1 A
~ > |BIF(zp/(&v)) > Fw).
BeD
Then useful denunciation occurs only at intermediate reporting costs. In particular, Q(é, v) >

limg o Q(€,v) = F(u), and Q(§,v) also exceeds the value attained when reporting costs are

sufficiently high.

The condition is satisfied whenever peer monitoring is sufficiently accurate and reporting
costs lie in the pair-improvement region from Proposition 3.14. At very high costs, reports
are not filed; at very low costs, accusation makes coarse blocks uninformative. Singleton
blocks provide a flat outside option; if a nonsingleton partition is useful at all, it must be

between these two extremes.
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3.4 Conclusion

This essay studies how a ruler can use people’s information about one another to deter
disobedience when state monitoring is imperfect. A denunciation regime does this by making
silence punishable: if every disobedient detected by the ruler is reported, punishment is
targeted at the reported people; if a detected disobedient is left unreported, her whole block
is punished. The rule therefore creates reporting incentives by weakening the protection
normally provided by obedience, since an obedient person can still be punished when someone
in her block disobeys and goes unreported.

The analysis identifies the monitoring conditions under which denunciation improves on
singleton punishment. When monitoring is too weak, reports are too costly to induce; when
monitoring is very strong, direct detection already disciplines disobedience, and disobedi-
ent reporters are unlikely to escape detection. Nonsingleton blocks improve on singleton
punishment only between these extremes.

The optimal scale of denunciation is also bounded. Larger blocks create more potential
reporters, but they expose each person to more disobedience by others. Even when reports
become arbitrarily cheap, optimal blocks remain small: the limiting optimal block size is
bounded by monitoring capacity.

The extension to imperfect peer monitoring shows why low reporting costs can become
counterproductive. If people may miss peer disobedience, then an unobserved person may
have obeyed or may have disobeyed without being seen. Cheap reports can then induce
accusation without evidence; in the limit, baseless accusations are so frequent that deter-
rence collapses. Hence, with imperfect peer monitoring, denunciation improves on singleton
punishment only at intermediate reporting costs.

The essay leaves open richer punishment rules. A broader design problem could allow
varying punishment severity, leniency for informers, corroboration requirements, penalties

for false accusations, or rules that weight direct detection and reports jointly.
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4 Collective punishment under anonymity

Finally, Abraham said, “Please don’t get angry, Lord, if I speak just once more.
Suppose you find only ten good people there.” “For the sake of ten good people,”

the Lord told him, “I still won’t destroy the city.”

Genesis 18:32, CEV

4.1 The problem of anonymous deterrence

Rulers often govern people whose individual actions they cannot observe. An occupying army
may know that an attack came from a village but not who is responsible. A government
may observe the opposition’s vote share in a precinct, but not personal vote choices. A
bureaucracy may know that a production quota was missed but not who shirked. In these
settings, punishment must be anonymous: it is imposed on the whole group, based only on
a collective signal of its members’ behavior. The practice is sufficiently important in the law
of war that Article 33 of the Fourth Geneva Convention expressly forbids it: “No protected
person may be punished for an offence he or she has not personally committed.” Yet the
strategic logic of anonymous deterrence remains under-theorized.

This essay studies which anonymous collective punishment rules create the strongest
incentives for obedience. A ruler faces a finite population of people who privately know their
inclination to disobey, namely a type drawn from a known distribution. The ruler observes
only the total number who disobey. I show that the obedience-maximizing rule is always

a threshold: the group is punished if and only if the disobedience count is at or above a

64



cutoff. Obedience depends on individual pivotality. A person’s behavior matters only when
it moves the group across the punishment boundary. For a threshold rule, call the count
just below the cutoff its tolerance: the number of disobedient others the rule forgives before
one more disobedience triggers punishment. The ruler therefore sets the cutoff where this
pivotal event is most likely. In equilibrium, the optimal tolerance coincides with a mode of
the induced binomial distribution of others’ disobedience. I call this property self-modality.

Figure 1.3 in the general introduction illustrates the logic. If the threshold is too low,
the pivotal event lies in the lower tail of the induced distribution and is too rare to generate
much deterrence. If the threshold is too high, it lies in the upper tail and is again too rare.
Deterrence is maximized when the rule’s tolerance is placed at a mode of the distribution of
others’ disobedience.

In the costless exact-count benchmark, this essay offers a theory of frequent repression
as a structural feature of optimal deterrence. Because the ruler adjusts the punishment
rule to the distribution of types he faces, frequent on-path punishment can arise even in
a highly obedient population, and similar punishment rates can occur across populations
with different obedience rates. Observed repression is therefore a poor proxy for underlying
disloyalty or regime weakness. At the same time, self-modality implies restraint. It is not
generally optimal to punish at the first observed disobedience, even when punishment itself
is costless: zero tolerance maximizes obedience precisely when zero disobedient others is

modal from an individual’s perspective.

4.1.1 Summary of results

A ruler maximizes obedience over a finite set of people by publicly committing to an anony-
mous punishment rule: a map from the number of disobedient people to a group punishment
level. People privately learn their types, drawn independently from a known distribution F’,

and choose whether to obey. The ruler observes only the disobedience count.
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Fixing a punishment rule and a symmetric conjecture, each person’s obedience decision
is a cutoff in her type (Lemma 4.1). Deterrence is linear in the increments of the punishment
rule, and each increment matters only through the event that the person is pivotal at the
corresponding count. Concentrating all deterrence at a single boundary is therefore without
loss (Lemma 4.2). Theorem 4.3 characterizes the obedience-maximizing rule: the punishment
threshold is self-modal, with the rule’s tolerance coinciding with a mode of the induced
binomial distribution of others’ disobedience. The optimal cutoff must be validated by the
very behavior it induces. Obedience is higher when types favor obedience and lower in larger
groups (Proposition 4.4).

Zero tolerance, where the ruler triggers punishment at the first observed disobedience, is
optimal only in groups no larger than a distribution-specific number ((F") (Proposition 4.5).
Beyond it, the optimal rule tolerates some disobedience, yet punishes on path with probabil-
ity at least one quarter, converging to one half as the group grows (Theorem 4.7). Frequent
punishment is thus a structural feature of optimal anonymous deterrence, not evidence of
disloyalty or weak control.

Section 4.3 considers several extensions. With costly punishment, the problem reduces
to choosing an obedience target and paying the least expected on-path punishment that sus-
tains it; least-cost rules are upper thresholds in disobedience counts, and higher costs weakly
lower both obedience and expected punishment (Proposition 4.10). With public shocks, obe-
dience and the optimal threshold move together, leaving on-path punishment asymptotically
pinned at one half across states (Proposition 4.11). The same self-modality logic extends to
symmetric interdependence in obedience payoffs under single crossing and uniform interiority
conditions (Proposition 4.14) and to any monotone anonymous monitoring technology, with

the threshold now in signal space (Proposition 4.21).
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4.1.2 Related literature

The problem belongs to a broader literature on authoritarian control under limited informa-
tion, including models of dictatorship, preference falsification, and political control (Win-
trobe, 1990; Kuran, 1991; Hassan et al., 2022; Egorov and Sonin, 2024). The closest substan-
tive paper is Shadmehr and Bernhardt (2011), who study repression and collective action
under imperfect information. In their model, the repression technology is fixed. Here, the
ruler chooses the punishment rule, subject to the constraint that punishment can depend
only on aggregate disobedience. The object is therefore the design of anonymous collective
punishment.

Theories of indiscriminate violence and collective punishment study coercion when indi-
vidual responsibility is difficult to establish (Kalyvas, 2006; Lyall, 2009; Benmelech et al.,
2015; Rozenas, 2020). Rozenas (2020), for example, studies demographic targeting as a way
to disrupt cross-group collective action. Here, punishment is anonymous and conditioned
only on aggregate disobedience. The ruler does not choose which group to target; he chooses
where to place the punishment cutoff within a group.

The results have implications for empirical work on state repression (Davenport, 2007;
Hill and Jones, 2014; Ritter, 2014). If frequent collective punishment can arise under optimal
deterrence, then observed coercion need not be a reliable proxy for latent disloyalty or weak
control. This logic also qualifies designs that use public shocks (such as rainfall, elections,
internet outages, focal dates, or censorship capacity) to study mobilization and repression
(Ritter and Conrad, 2016; King et al., 2013; Christensen and Garfias, 2018; Truex, 2019;
Carter and Carter, 2020; Gohdes, 2020; Garbe, 2024). If such shocks also move the ruler’s
optimal punishment threshold, observed repression may remain stable or even decrease even
as underlying disobedience increases.

On the technical side, the model connects team moral hazard to pivotal participation.
Team moral-hazard models study incentives when individual actions are inferred from pooled

outcomes (Holmstrom, 1982; Rasmusen, 1987; Legros and Matthews, 1993; Battaglini, 2006).
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Models of pivotal participation, including voting and discrete public-good provision, show
how individual incentives depend on the probability of changing a collective outcome (Pal-
frey and Rosenthal, 1983, 1984; Feddersen and Pesendorfer, 1997, 1998). Recent work on
pivotal protest applies this logic to finite-population collective action (Gieczewski and Ko-
cak, 2025). Related models of profiling and deterrence also require policy and behavior to
be jointly consistent (Knowles et al., 2001; Persico, 2002; Baliga et al., 2020). Anonymous
punishment has a similar threshold logic: one person’s action matters when it moves an
aggregate count across a cutoff. Because punishment is costless in the baseline, the ruler
does not face a budget over sanctions; the design question is which aggregate count should
trigger punishment. Self-modality answers this question: punishment is most effective when

the boundary is placed where individual pivotality is largest.

4.2 Model of anonymous punishment

This essay studies the obedience-maximizing punishment rule under an anonymity con-

straint: punishment cannot condition sanctions on people’s identities.

4.2.1 Model setup

There are a ruler and a finite set of people N := {1,...,n}. Each person ¢ € N obeys
(a; = 0) or disobeys (a; = 1). The ruler observes only the number of people who disobey,
denoted |a| := 3" a;, without observing their identities.

First, the ruler publicly commits to an anonymous punishment rule p : {0,...,n} — [0, 1],
where p(r) is the group punishment level when exactly r people disobey. Second, nature
draws types 01, ..., 0y independently from a distribution F', which is continuous and strictly
increasing on the real line and has a finite first moment. The type 6; is person ¢’s private
gain from disobedience. Third, each person privately observes 6; and chooses a; € {0,1}.
Finally, the ruler observes |a|, the prescribed punishment p(|a|) is imposed, and payoffs are

realized. The timing is shown in Figure 4.1.
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Nature draws

01, ... 0,9 p
@ ®
Ruler chooses Each person i observes 6;
p:{0,...,n} —[0,1] and obeys or disobeys

Figure 4.1. Timing of the model of anonymous collective punishment. The ruler’s choice is
publicly observed, but people learn their types privately. The ruler observes and conditions
punishment on the total count of disobedients.

The ruler’s payoff is v(a), where v : {0,1}" — R is weakly decreasing in each coordinate
and non-constant. The ruler’s commitment power can be justified by the fact that repres-
sion is rarely carried out by the official who designs it: execution is generally delegated to
subordinates whose authority is limited to following the rule. Section 4.3.1 considers the
case where the ruler pays a cost of punishing, while retaining commitment power.

People’s payoffs are additively separable in disobedience gains and punishment: each
person ¢’s utility is

u;i(a,p) = O;a; — p(lal). (4.1)

This specification assumes private gains from disobedience do not depend on others’
actions. This assumption is adopted for transparency: in the baseline, the only source of
strategic interdependence is the punishment rule itself, so pivotality stands out cleanly. Sec-
tion 4.3.3 relaxes this assumption and shows that the main results hold under arbitrary
symmetric action interdependence, including both strategic complements and strategic sub-
stitutes, under single crossing in own type and uniform interiority conditions.

A pure strategy for person i is a measurable function s; : R — {0,1}. Given a pun-
ishment rule p, a Bayesian Nash equilibrium is a strategy profile (s;);en such that each
s;(6;) maximizes expected utility given p and the strategies of the other people. For each
rule p, I select the symmetric Bayesian Nash equilibrium with the largest obedience rate.
This selection favors the ruler, but it is also natural from people’s perspective: as long as

obedience imposes no negative externalities on others, and punishment is weakly increasing
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in the number of people who disobey, symmetric equilibria with higher obedience are weakly

Pareto superior. Remark 4.15 makes this claim precise in the general-payoff case.

4.2.2 Obedience decisions

Fix a punishment rule p. Suppose all people other than ¢ obey with probability ¢. Since
types are independent, the number of other people who disobey is X, ~ Bin(n — 1,1 — ¢).

If i obeys, total disobedience is Xg; if she disobeys, it is X4 + 1. The gain from obedience is
—0; + E[p(Xq + 1) — p(Xq)].

Thus 7 obeys if and only if this gain is non-negative. Since the gain from obedience is strictly

decreasing in #;, the best response takes a cutoff form.

Lemma 4.1. For any punishment rule p, there exists a symmetric Bayesian Nash equilibrium
in cutoff strategies. In such an equilibrium, there is a threshold t* such that each person obeys

if and only if 6; < t*.

Any symmetric cutoff equilibrium is summarized by an obedience rate ¢ = F'(t*). Define

the deterrence created by a punishment rule at conjectured obedience rate ¢ by

Dp(q) == E[p(Xq + 1) — p(Xg)], (4.2)

where Xy ~ Bin(n —1,1—¢). This is the expected reduction in punishment from obedience,
or equivalently the expected increase in punishment from disobedience. A marginal type is

indifferent when 6; = D)(q), so any symmetric equilibrium obedience rate satisfies

g =F(Dy(q)). (4.3)

Let ¢(p) denote the largest solution. Since the null rule p = 0 sustains the voluntary

obedience rate ¢! := F(0), the ruler never needs to consider selected equilibria below ¢.
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4.2.3 Self-modal thresholds

Under the largest symmetric equilibrium selection, each punishment rule p induces a product
distribution of actions with common obedience probability ¢(p). Since the ruler’s payoff is
decreasing in each coordinate, higher selected obedience raises the expected ruler payoff.
Hence the ruler can, without loss, choose p to maximize the largest symmetric obedience

rate it sustains:

q(p), (4.4)

max
p:{0,...,n}—[0,1]

where ¢(p) is the largest solution to (4.3).
For r € {0,...,n— 1}, let Ay(r) := Pr[Bin(n — 1,1 — ¢) = r] denote the probability that

exactly r other people disobey. Then

n—1
Dylg) = ZO Ag(r)(p(r +1) = p(r)). (4.5)

Deterrence is linear in the increments of the punishment rule, and each increment matters
only through the event that exactly r other people disobey. The following lemma shows
that the ruler loses nothing by concentrating deterrence at a single boundary. Equivalently,
the ruler places the punishment boundary at the count where a person is most likely to be

pivotal.

For h € {1,...,n}, let pp(r) := 1{r > h} and define
Pivy(¢q) :== Pr{Bin(n — 1,1 —q¢) = h — 1}.

This is the probability that exactly h — 1 other people disobey, so that one person’s dis-
obedience moves the group from safety to punishment. The number h — 1 is the rule’s

tolerance.

Lemma 4.2. For every punishment rule p, there exists a threshold rule py, such that q(pp,) >

q(p)-
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The ruler therefore loses nothing by using an increasing threshold rule, where the group
is punished if the disobedience count is at or above a cutoff and spared otherwise. Under
Pp, & person’s action matters only when exactly h — 1 other people disobey. In that event,
and only in that event, obedience moves the group from punishment to safety, so Dy, (q) =
Pivy(q). For a fixed obedience rate ¢, the best threshold maximizes Pivy(q), placing the
rule’s tolerance at a mode of the distribution of other people’s disobedience.

Write D*(q) := maxj<p<y, Pivy(q), and define

T(q) = F(D*(a)). (4.6)

Here D*(q) is the largest deterrence attainable at obedience rate ¢, and T'(¢) is the largest
obedience rate sustainable when others obey with probability ¢ and the ruler uses the best
threshold. Since each function Pivy(g) is continuous in ¢ and the maximum is taken over
finitely many h, both D* and T are continuous. Maximal symmetric equilibrium obedience

¢* is then the largest fixed point of T

Theorem 4.3 (Self-modality). Let ¢* denote maximal symmetric equilibrium obedience. A
threshold rule py, mazimizes obedience if and only if h — 1 is a mode of Bin(n — 1,1 — ¢*).

In particular, the strictest obedience-maximizing disobedience threshold is h* = n — |ng*].

The optimal punishment threshold must be validated by the distribution of other peo-
ple’s disobedience that it induces. In equilibrium, the rule’s tolerance lies at a mode of

the induced binomial distribution.!

Equivalently, in obedience-count notation, the largest
optimal obedience cutoff is |ng*|.
Figure 4.2 illustrates the fixed-point logic behind the optimal threshold. Panel (a) plots

the maximal attainable deterrence D*(q) together with the deterrence required to sustain

obedience rate ¢, namely F _1(q). Their largest intersection determines maximal symmetric

1. If n(1 — q) is an integer, Bin(n — 1,1 — ¢) has two adjacent modes, n(1 — ¢) — 1 and n(1 — ¢). Selecting
the strictest optimal threshold corresponds to selecting the smaller of these two pivotal counts.
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deterrence D

obedience rate ¢

(a) Fixed point characterization

—t
0 1 2 3 4 5)

(b) Self-modality of optimal punishment

Figure 4.2. Self-modality as a fixed point. Panel (a) plots maximal attainable deterrence
D*(q) in blue and required deterrence F~1(q) in pink; their intersection determines ¢*.
Panel (b) shows the induced distribution of other people’s obedience at ¢*. In obedience-
count notation, the optimal boundary is placed at a modal count, corresponding to the
envelope segment containing the intersection in panel (a). Here n = 6 and F' is the standard
normal, so ¢* ~ 0.63 and h* = 3.
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equilibrium obedience ¢*. The function D*(q) is the largest pivotal mass of Bin(n—1,1—q):
it is high near ¢ = 0 and ¢ = 1, where the distribution is concentrated on a few counts, and
lower at intermediate values of ¢, where probability mass is more dispersed. The scalloped
shape comes from taking the upper envelope of the curves Pivj(q), viewed as functions of
q; each scallop is the region of obedience rates where a given cutoff is best. Panel (b) shows
the induced distribution of other people’s obedience at ¢*, with the counts at or below the
optimal obedience boundary shown in pink. In obedience-count notation, the largest optimal
obedience cutoff is [ng*| = 3. Equivalently, the disobedience threshold is h* = 3, so the
rule tolerates h* — 1 = 2 disobedient others. Under p3, the group is punished when total

disobedience is at least 3; a person is pivotal exactly when three other people obey.

Proposition 4.4 (Comparative statics of maximal obedience). Let ¢*(F,n) denote mazximal

equilibrium obedience under distribution F' and population size n.
(a) If Fr(x) > Fg(z) for all x, then ¢*(Fr,n) > ¢*(Fg,n).
(b) For every F and n, ¢*(F,n+1) < ¢*(F,n).

Part (a) follows because a gain distribution with more mass below every cutoff shifts the
fixed-point map T'(q) = F(D*(q)) upward. Part (b) follows because larger populations shift

the map downward: any one individual is less likely to be pivotal.

4.2.4 Zero tolerance or frequent punishment

Theorem 4.3 also clarifies the role of restraint. In the obedience-maximization benchmark,
punishment is free for the ruler. One might therefore expect zero tolerance, namely py(r) :=
1{r > 1}: punish the group whenever anyone disobeys. This intuition is correct for a single
person, where the ruler uses cutoff h* = 1, and the obedience rate is F(1). For larger
groups, however, the ruler maximizes obedience by placing the punishment boundary where

one person’s action is most likely to be pivotal. Zero tolerance is optimal only when the all-
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obedient margin is itself modal; once that fails, the optimal rule tolerates some disobedience
before punishment is imposed.

However, this restraint does not make punishment rare on path. Define zero tolerance as
the threshold rule pi(r) := 1{r > 1}. For each n > 1, let g, denote the largest equilibrium
obedience probability induced by zero tolerance. Under zero tolerance, a person is pivotal
exactly when no other person disobeys, so the cutoff equation is t = q}?*l and ¢, = F(t).
Equivalently, if z;, is the largest solution of = F(z)"~!, then G, = F(z).

Zero tolerance is obedience-maximizing if and only if zero disobedient others is a mode of
Bin(n—1,1—¢p). This condition is equivalent to g, > nT_l Hence zero tolerance is optimal
exactly when the expected number of disobedient people in the zero-tolerance equilibrium is
at most one.

Define the zero-tolerance number by

§(F)::max{n21:§n21—1}. (4.7)

n

The condition defining {(F’) is monotone in n, and it always holds at n = 1.

Proposition 4.5 (Zero tolerance in small groups). Zero tolerance is obedience-mazximizing

if and only if n < ((F).

The zero-tolerance number is the largest population size for which zero tolerance remains
obedience-maximizing. Whenever F' is continuous and has full support, ((F) is finite and
at least one: zero tolerance is always obedience-maximizing for one person, and there is
always a group size large enough that zero tolerance is not obedience-maximizing. At or
below this number, punishment can be rare. Under zero tolerance, punishment occurs on
the equilibrium path with probability 1 — g, which can be small only if the rule induces
near-universal obedience.

For any conjectured obedience rate ¢, let B ~ Bin(n, 1—q) denote total disobedience and

define hy,(q) :== n—|nq|. Under the self-modal threshold, punishment occurs with probability
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Po(q) :==Pr{B > hy(q)}, equivalently P,(q) = Pr{O < |nq]} for O ~ Bin(n, q). Figure 4.3
shows why this obedience-punishment mapping is discontinuous and non-monotone. On
each segment, the threshold is fixed, so punishment declines smoothly with obedience. At
the dotted lines, the self-modal boundary changes and punishment jumps. The rightmost
branch is zero tolerance, where punishment tracks the probability that at least one person
disobeys. The hollow marker in each panel shows the zero-tolerance equilibrium g, for F
the standard normal. The figure shows that zero tolerance passes the self-modality test for
n = 1,2, 3 but not 4; hence the standard normal has ((F') = 3. The projected point in panel
(b) marks the limiting value liqu 1 Py(q) = %, which is the sharp infimum in Pinelis (2021).
Away from the rightmost branch, punishment is applied near the center of the induced count
distribution, so it remains bounded away from zero and quickly settles near one half.
When n exceeds the zero-tolerance number, the obedience-maximizing rule moves the
threshold into the body of the induced distribution. Let ¢;; denote maximal equilibrium
obedience at population size n, let h), := n— |ng;, | be the associated disobedience threshold,
and let By, ~ Bin(n,1—g¢}) be total disobedience. Equilibrium-path punishment occurs with

probability Py := Pr(By, > hy,).

Lemma 4.6 (Binomial lower tail). For O ~ Bin(n, q), if [nq] < n—2, then Pr(O < [ngq]) >
%. If (gn) is bounded away from zero and one and Oy, ~ Bin(n, qy), then limy, s~ Pr(Oy <
[nan]) = 3.

The first bound is sharp as an infimum: for n = 2, Pr(O < [2¢]) = (1 — ¢)? when ¢ < %,

converging to one quarter as ¢ approaches one half (Pinelis, 2021). The second claim follows

from the central limit theorem, since |ngy, | differs from the mean ng, by less than one.

Theorem 4.7 (Zero tolerance or frequent punishment). For every F' and every n, either

n < ((F) or Py > % Moreover, limy o P = %

Hence rare punishment is confined to the zero-tolerance region. Once n > ((F'), the

optimal rule is restrained, in that it allows some disobedience before punishment is imposed.
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Figure 4.3. Punishment under the self-modal threshold as a function of obedience ¢ and
group size n. Each panel plots P,(q) = Pr{B > hy(q)}, where B ~ Bin(n,1 — ¢) and
hn(q) = n — |ng|. Smooth segments correspond to fixed thresholds; jumps occur when the
self-modal boundary changes. The rightmost branch is zero tolerance. Hollow markers show
the zero-tolerance equilibrium g, for F' = N(0,1).

Yet punishment is frequent on the equilibrium path: it occurs with probability at least one
quarter, and this probability converges to one half. The reason is that the optimal rule
punishes realized disobedience only once it exceeds its typical level, and a random count
exceeds its typical level about half the time in large groups.

The same logic explains why obedience provides little individual protection against pun-
ishment in large groups. Under the optimal rule, the punishment risks conditional on obe-
dience and disobedience differ exactly by the pivotal mass D*(g;), which vanishes with n.
The rule deters because the threshold is placed where pivotality is as large as possible, even

though each person is rarely pivotal.
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Figure 4.4. Obedience and punishment as group size increases. The horizontal axis in-
dicates population size n. Blue circles plot maximal equilibrium obedience ¢;;, and pink
triangles plot equilibrium-path punishment P = Pr(By,, > h},), where By, ~ Bin(n,1 — ¢;)
and 1}, = n—|ng;:|. The horizontal blue line marks the voluntary obedience level ¢° := F(0),
and the numbers by the pink triangles indicate the obedience cutoff k) = |ng; |.

Figure 4.4 shows equilibrium obedience and punishment, for three different distributions
of types, as n grows. The figure suggests that convergence to one half is fast. In all three
examples, on-path punishment is already close to one half for moderate group sizes, even

though equilibrium obedience remains visibly above the voluntary level ¢P.
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4.3 Robustness checks and extensions

4.3.1 Costly punishment

The baseline treats punishment as free. This extension gives the ruler a direct linear cost of
punishing. For simplicity, assume that the ruler’s utility is now

os(a.p) = 1~ p(la),
where k > 0 is the cost of punishing. Hence, up to the additive constant —1, if a rule
induces selected obedience ¢ and equilibrium-path expected punishment P, his expected
payoff is ¢ — K P.

At a fixed conjectured obedience rate ¢, let Xy ~ Bin(n—1,1—¢q) be the number of other
people who disobey and By ~ Bin(n, 1 —¢) the total number who disobey. A rule p generates
deterrence Dy(q) and expected on-path punishment Py(g¢), and the feasible punishment solid
is

Dp(q) == E[p(Xq + 1) — p(Xq)],

Py(q) = E[p(By)],

q €10,1],
By = { (4, Dp(q), Pp(q)) :
p:{0,...,n} —[0,1]

The floor projection gives the deterrence levels attainable at each obedience rate. Its upper
envelope is the deterrence envelope from the previous section. Once punishment is costly,
rules that deliver the same (g, D) are no longer equivalent. Among those rules, the ruler
chooses the one with the lowest expected on-path punishment.

Figure 4.5 shows this reduction. The pink curve is the deterrence needed to sustain
each obedience rate. The frontier turns that deterrence requirement into a punishment cost:
sustaining ¢ costs C'(q). The orange curve is the ruler’s menu after this reduction. He chooses

from that menu to maximize ¢ — kC(q).
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Figure 4.5. The blue surface represents the ruler’s frontier, namely the lowest expected
punishment P he must give to generate deterrence D at obedience rate q. The pink curve
on the floor is the equilibrium deterrence requirement D = 7(q). The dashed black line is
the set of triples (¢, 7(q),C(q)). Projecting this set into the (¢, P) plane yields the orange
curve P = C(q), the ruler’s menu. Here n = 6 and F = N (0,1).

Fix ¢ € (0,1). Write Ag(r) := Pr(Xyq = r), with Ag(—=1) = Ag(n) := 0, and By(r) =
Pr(By =r). Then

Dylq) = ZO Gp(r)  cqlr) = Aglr— 1) — Aglr).
Pyq) = ;0 By(r)p(r).

For fixed ¢, finding the lower surface is a knapsack problem: punishing count r costs B4(r)

on path and contributes cq4(r) to deterrence.
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For fixed ¢, define

Cy(D) = Oggég)lgl Py(q) subject to  Dy(q) > D,

with Cy(D) = +o0 if the constraint is infeasible. Since both D)(q) and Py(q) are linear in

p, Cq is convex. Whenever S4(r) > 0,

cq(r) _r—n(l—gq)
Bg(r)  ng(1l—q)

This ratio is strictly increasing in r. Deterrence is cheapest at the highest disobedience
counts. The ruler therefore punishes from the top of the disobedience-count distribution
downward, with possible fractional punishment at one boundary count. Equivalently, the

cheapest rule may mix between two adjacent upper-threshold rules.

Lemma 4.8 (Punishment frontier). Fiz ¢ € (0,1) and a deterrence target D. If Cy(D) <

+00, then a least-cost rule can be chosen in upper-threshold form:

0 ifr<h,

p(r) =1 a if r =h,

1 ifr>h,

for some h € {1,...,n} and a € [0, 1].

The lemma identifies the lower surface in Figure 4.5. For any fixed obedience rate and
deterrence target, the cheapest rule starts at the highest disobedience counts and lowers the
punishment boundary only as needed. When the required deterrence falls between two pure
thresholds, the rule uses partial punishment at the boundary count.

We can now impose equilibrium. In the private-values benchmark, sustaining obedience
rate ¢ requires deterrence 7(¢) := F~1(q). Since the null rule already sustains ¢° := F(0) and

deterrence is capped by 1, it is enough to consider ¢ € [¢V, F(1)]. Define C : [0, 1] — [0, +-00]
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by setting C(q) = 0 for ¢ < ¢¥, C(q) := Cy(7(q)) for ¢ € (¢°, F(1)], and C(q) = +oo for
q > F(1), with C(q) = 400 if the constraint is infeasible. This is the least expected on-path

punishment needed to sustain obedience rate q.

Lemma 4.9 (Target-cost reduction). Under the maintained highest-obedience selection, the

costly-punishment problem is value-equivalent to

sup  {q—rC(q)}-
¢:C(q)<+o0

For each k, choose an optimal upper-threshold rule, allowing partial punishment at one
boundary count. Let ¢, denote its selected equilibrium obedience, Py its equilibrium-path
expected punishment, and h, the lowest disobedience count punished with positive prob-
ability. Among optimal upper-threshold rules, choose the largest such boundary, and set

hy :=n 4+ 1 when the null rule is optimal.

Proposition 4.10 (Costly punishment). As k increases, equilibrium obedience and expected
on-path punishment weakly decrease, while the punishment boundary weakly increases. The
ruler’s value weakly decreases. In the private-values benchmark, individuals’ ex ante welfare

weakly increases.

A higher punishment cost shifts the ruler toward obedience targets that require weakly
less expected on-path punishment. Because least-cost rules punish from the highest disobe-
dience counts downward, the chosen boundary moves weakly upward, and selected obedience
falls weakly as the ruler buys less deterrence.

The ruler’s value falls because the old rule remains feasible when punishment becomes
more expensive. The welfare statement uses the private-values benchmark to isolate the
repression effect. A higher punishment cost lowers punishment and removes only obedience
that was privately induced by punishment. With interdependent payoffs, lost obedience may

create externalities, so individuals’ welfare need not have a fixed sign.
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Costly punishment limits how far the ruler pushes deterrence. He chooses how much
obedience to buy, and the price is the punishment needed to sustain it. Frequent punishment

can still occur, but only when its obedience gain justifies its cost.

4.3.2 Public correlation

A public shock can move obedience and the optimal punishment threshold together, leaving
on-path repression nearly unchanged. Let z € Z be a public state, observed by the ruler and
all people before the ruler chooses a punishment rule. Conditional on z, types are indepen-
dently drawn from F, and a state-contingent rule is p, : {0,...,n} — [0, 1], where p,(7) is
punishment when exactly r people disobey. State by state, the ruler faces the benchmark
problem with F replaced by F.. The baseline self-modality argument therefore applies state
by state: an obedience-maximizing rule can be chosen as a threshold in disobedience counts.

Public shocks move behavior, but they also move the optimal repression. For each pop-
ulation size n and public state z, let g, » be the selected obedience rate in state z. Under

the associated state-contingent threshold rule,

hn)z =n — ann,ZJ) Pn7Z = PI‘{BlIl(n, 1 - Qn’z) Z hn’z}

Equivalently, if O ~ Bin(n, gy ») is the total number of obedient people, then P, , = Pr{O <

ann,zJ }-

Proposition 4.11 (Public shocks and on-path punishment). Suppose there exists ¢ > 0
such that qn . € [e,1 — €| for every n and every public state z. Under the state-contingent

obedience-mazximizing threshold rule,

1

sup
ze€Z
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The on-path probability of collective punishment is asymptotically pinned at %, uniformly
across public states. Public shocks can move obedience, thresholds, and realized counts while
leaving the equilibrium frequency of collective punishment nearly unchanged.

4.3.3 Interdependent payoffs

The baseline assumes that people’s payoff from obedience depends only on their own action
and type. I now allow the gain from obedience to depend on others’ actions, including

through strategic complements or substitutes. Let each person’s utility be given by

ui(a,p,0;) = wi(a,0;) — p(|al), (4.8)
where w; : {0,1}" x R — R may depend on the full action profile. The main result survives
this generalization given the following assumptions.

Assumption 4.12. The environment satisfies the following conditions.

a or every 1 € and everv a_; € - the obedience gain
(a) F y i € N and y a_; € {0,1}"1, the obedi gai
gi(a_;,0) == w;(0,a_;,0) —w;(1,a_;,0)

is continuous and strictly decreasing in 6.

(b) For any i,j € N, there exists a permutation ¢ : N — N with o(i) = j such that
wj(ag,0) = w;(a,0) for all a € {0,1}" and 6 € R.

(c) There are § < 0, independent of n, i, and a_;, such that g;(a_;,8) > 1 and g;(a_;,0) <
—1.

(d) F is continuous on R and strictly increasing on [6, 0], with F(§) > 0 and F(0) < 1.

Parts (a) and (c) jointly ensure a unique interior threshold; (b) ensures the expected

obedience gain is symmetric across people; (d) keeps the induced obedience rate interior.
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Under a symmetric conjecture that others obey independently with probability ¢, the

obedience gain is random because it depends on others’ actions. Let
Gnlg,0) == E[g;(A%,,0)],

where each coordinate of AY ; equals 0 with probability ¢ and equals 1 otherwise. By Assump-
tion 4.12(b), this does not depend on the identity of i. For any ¢ € [0,1] and D € [-1,1],

let tp,(q, D) denote the unique solution to Gy(q,t) + D = 0.

Lemma 4.13 (Symmetric reduction). Fiz a conjectured symmetric obedience rate q and a
punishment rule p. A person of type 0; has total gain from obedience Gy(q,60;) + Dp(q).
Hence the best response is cutoff at tn(q, Dp(q)), and any symmetric equilibrium obedience

rate satisfies

¢ = F(ta(g, Dp(q))) -

Lemma 4.13 is the key formal result of the extension. The baseline analysis has two steps:
identifying the marginal type for a given deterrence level, and choosing the punishment rule
that maximizes deterrence at a fixed conjectured obedience rate. Interdependence changes
only the first step, through Gj: the marginal type is now t5(q, Dp(q)) rather than Dpy(q).
The second step is unchanged because deterrence retains the binomial pivotality expression
in (4.5). The baseline self-modality argument therefore goes through.

Let ¢} denote maximal equilibrium obedience, h} :=n — |ng}, | the associated disobedi-
ence threshold, and P := Pr{Bin(n,1 — ¢;;) > h;,} equilibrium-path punishment under the
largest obedience-maximizing threshold.

Proposition 4.14 (Strategic interdependence). Under Assumption 4.12, self-modality holds
1

unchanged. If zero tolerance is not obedience-mazximizing, then Py > 211 Moreover, Py — 5

as n — Q.

Zero tolerance is still characterized by the self-modality test. Let @% be the largest

symmetric equilibrium obedience rate induced by zero tolerance, where zero tolerance means
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p(r) = 1{r > 1}. Then zero tolerance is obedience-maximizing if and only if (}\g >1- %
Unlike in the private-values benchmark, (j,% depends on the payoff environment through Gy,
so the finite zero-tolerance region is no longer summarized by the private-values number
C(F). Assumption 4.12 keeps equilibrium obedience bounded away from zero and one, so
the binomial tail bound and the central limit argument deliver the frequent-punishment
conclusions.

The first-order stochastic dominance comparative static in Proposition 4.4(a) also con-
tinues to hold, since F' enters the fixed-point map only through composition.

Moreover, the following monotonicity condition on the levels of obedience payoffs is useful
for interpreting the equilibrium selection. Say that obedience has no negative externalities
if, for every person i, every type 6, every own action b € {0, 1}, every j # i, and every profile
a_j—j €10, 132

w; (b, a—j—;,0, 0) > w;(b, a—j—j,1, 0).

Remark 4.15 (Obedience equilibria are Pareto ranked). Fix a weakly increasing p. If obedi-
ence has no negative externalities, then symmetric equilibria are weakly Pareto-ordered by

their obedience rate.

In particular, the largest symmetric equilibrium yields everyone the maximal expected
equilibrium payoff. The reason is that under an increasing punishment rule, higher obedience
by others weakly lowers expected punishment under either own action. If obedience also has
no negative externalities, the non-punishment payoff is weakly higher as well. Hence the

value of best-responding is weakly increasing in the symmetric obedience rate.

4.3.4 Anonymous monitoring technologies

The baseline assumes exact-count monitoring: after actions are chosen, the ruler observes |a|
and conditions punishment directly on that count. I now relax that assumption: the ruler

still does not observe identities, but instead observes a public signal drawn from an arbitrary
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anonymous monitoring technology. The threshold logic then survives, now in signal space,
provided the signal structure satisfies a simple monotonicity condition.

Let S = {s1 < --- < si} be a finite ordered signal space, and let « : {0, 1}N — A(S5)
be the conditional law of the public signal given the action profile. For a permutation

o: N — N, write af := O ()

Definition 4.16. A monitoring technology « is anonymous if a(- | a?) = a(- | a) for every

action profile a € {0, 1}N and every permutation o of N.
Exact count is the finest anonymous signal: the next lemma makes this precise.

Lemma 4.17 (Anonymous monitoring is a garbling of count). A monitoring technology «

is anonymous if and only if there exist probability vectors mq, ..., € A(S) such that
_ N
a(- | a) =my for every a € {0,1}"".

By Lemma 4.17, any anonymous monitoring technology can be represented by the family
{mr}I'_oy, where 7-(-) is the distribution of the signal conditional on exactly r people dis-
obeying. To recover a threshold characterization, I impose an ordering condition on these

signal laws.

Definition 4.18. An anonymous monitoring technology is monotone if the family {m}'_

is monotone in the likelihood-ratio order: for every r’ > r and every j’ > j,

WT/(Sj/)WT(Sj) > WT/(Sj)WT(Sj/).

Higher signals are then evidence of higher disobedience. Exact-count monitoring satis-
fies this condition, and so do noisy count signals generated by many standard monotone
likelihood-ratio error structures.

Fix a conjectured obedience rate ¢ € (0,1). Let By ~ Bin(n, 1 —¢) be total disobedience,

let ¥q(j) := Pr(s = s;) be the induced probability of signal s;, and write p; := p(s;) for a
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signal rule p : S — [0, 1]. Using the pivotal-count weights Ay4(r) from (4.5), expected on-path

punishment and deterrence are

K
Py(q) == > ¥q()py,
=1
jK
Dp(q) := Y dg(5)p;,
j=1
n—1
T() = 3 Aqglr) (mrs1(s5) = mr(s;)-

The key object is the deterrence-per-punishment ratio dg(j)/14(j). Monotone anonymous

monitoring ranks signals by this ratio.

Lemma 4.19 (Signal ranking). Fiz ¢ € (0,1). Under monotone anonymous monitoring,
dq(7)/vq(j) is weakly increasing in j on {j : ¥q(j) > 0}.
Thus higher signals are cheaper sources of deterrence. The same exchange argument used

for counts now implies threshold optimality in signal space.

Remark 4.20 (Fixed-q upper-threshold rules). Fix ¢ € (0,1).

1. For any x > 0, an optimizer of

K

0%&%%:1(%@) B WQ(j))pj

is an upper-threshold rule.

2. For any feasible target deterrence level d, an optimizer of
K K B
min Z ¢q(j)pj subject to E dq(j)pj > d

0<p;<1 i ~

is also an upper-threshold rule, with possible mixing at one boundary signal.

So the count model survives in form. Once ¢ is fixed, the ruler’s problem again reduces

to choosing a cutoff, now in signal space rather than count space.
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Fort € {1,..., K+1}, let p(s;) := 1{j > t}, with pgr 1 = 0, and define Dy¢(q) := Dy, (q)
and D§(q) == max) << +1 Di(q)-
Proposition 4.21 (Anonymous monitoring). Let T'(q) := F'(tn(q, D§(q))). Under Assump-
tion 4.12 and monotone anonymous monitoring, every symmetric equilibrium obedience rate
q implementable by some punishment rule satisfies ¢ < T(q). Consequently, the mazimal

implementable symmetric obedience rate is the largest fived point of T, and it is attained by

a threshold rule in signal space.

The same logic also yields a natural posterior interpretation. Signals are valuable when

they predict high realized disobedience.

Remark 4.22 (Posterior interpretation). For any signal s; with 14(j) > 0,

dq(j)  E[Bg|s=s;j] —n(l—q)
¥q(J) nqg(1—q) ‘

Thus a signal is more valuable for deterrence precisely when it predicts higher posterior

disobedience.

The costly-punishment reduction also carries over with signals replacing counts. Suppose,
as in Section 4.3.1, that the ruler’s gross objective is obedience and that punishment has
linear cost k. Let 7,(¢) denote the least deterrence level d such that ¢ = F(t,(g,d)); in
the private-values benchmark, 7,(q) = F~1(¢). Define C(q) as the least expected on-path

punishment needed to deliver 7,(¢) units of deterrence:
K K
Clg) = min > ¥g(j)p; st. > dq(j)p; = mla).

By Remark 4.20, whenever the constraint is feasible, an optimizer is upper-threshold in signal
space, with possible mixing at one boundary signal. The same target-cost argument gives

the reduced problem



Under monotone anonymous monitoring, the comparative statics on the ruler’s cost of
punishment x from Proposition 4.10 survive, with the boundary now in signal space. More-
over, if two anonymous monotone monitoring technologies are Blackwell ordered, maximal

symmetric equilibrium obedience is weakly higher under the more informative technology.

Remark 4.23 (Comparative statics under anonymous monitoring). Let ¢, denote the lowest
punished signal index under an optimal upper-threshold rule. As k increases, ¢, and Py
weakly decrease, while ¢, weakly increases. Moreover, if two anonymous monotone moni-
toring technologies are Blackwell ordered, then maximal symmetric equilibrium obedience is

weakly higher under the more informative technology.

The welfare implications are less straightforward. A coarser anonymous signal weakly
hurts the ruler: more informative monitoring can always be ignored. For people, the effect is
ambiguous: coarser monitoring lowers the obedience burden, but it can also make punishment
less precise and more frequent, because the ruler is less able to separate obedience from

disobedience.

4.4 Conclusion

When a ruler observes only how many of his subjects disobey, he must choose where to
place the punishment boundary against the distribution of disobedience that boundary itself
induces. Optimal anonymous deterrence is self-modal: the ruler’s tolerance coincides with
a mode of the induced binomial distribution of others’ disobedience. The ruler punishes
the states in which an individual action is most likely to tip the group from safety into
punishment. Groups that differ substantially in their propensity to obey can face similar
equilibrium-path punishment rates, because the ruler adjusts the threshold to the distribu-
tion he faces. Repression frequency may thus be a poor indicator of the ruler’s control over

a population.
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Appendix: Proofs
A.1 Proofs for Chapter 2

A.1.1 Proofs for Section 2.2

Lemma A.1. For every finite x,
E[(x—0;)"| —E[(1—-6)"] = J(x).

Proof. For every realization of 6;, the difference on the left equals [{ 1{6; < t} dt. Taking
expectations and applying Fubini’s theorem gives [{* F(t) dt = J(x). ]

Derivation of Ann’s continuation payoff and policing condition. Let dp := 1 — F(1 + P~).
At type 04, Ann’s optimized obedience-stage payoff is 4 — 1 — EPdp + (JEA(T, P) — HA)+.
Its expectation equals E[f4 — 1] +E[(1 —04)"] + J(.CEA(T, P)) — &{Pdp. The first two terms
are independent of (r, P), while Pdp = P(l —F(1+ 7)) This gives (2.2).

When r» = 0, Ann’s cutoff is 1 under either policing choice, so policing only adds its strictly
positive expected cost. When r = 1, substituting z4(1,0) = F(1) and x4(1,1) = F(1 + )
gives (2.3). Its numerator is strictly positive because F' and J are strictly increasing. As
v — 0, the numerator converges to zero while the denominator converges to 1—F'(1) > 0. [

Proof of Proposition 2.1. If (2.3) fails, the comparison in Section 2.2.4 shows that collective
responsibility is strictly worse than individual responsibility. If it holds, V; > Vj) is equivalent
to 8 > B*(7). The inequalities ¢ < F(1) < ¢} imply that 3*(7) € (0,1) and give the stated
strictness conditions. O

Proof of Proposition 2.2. Continuity of 4(-;~) makes X (&, ) a closed subset of [0, 1]. More-
over, 4(0;7) = 0 < f(l — F(1+ 7)) Thus, if X'(&,v) is nonempty, compactness gives a
minimum r > 0. Any r > 0 outside X' (&, ) fails to induce policing. Bob’s cutoff is then 1,
while Ann’s cutoff is 1 —r(1 — F'(1)) < 1, so r is strictly dominated by individual respon-
sibility. Within X' (&, ), Bob’s cutoff remains 1 + v, while Ann’s cutoff 1 — (1 — F(1 + 7))
strictly decreases in r. Because F' is strictly increasing and 1 — 3 > 0, the ruler’s payoff also
strictly decreases in r. He therefore prefers r to every other element of X' (£, ), so every
optimum belongs to {0,r}. O

A.1.2 Proofs for Section 2.3
A.1.2.1 Proofs for Section 2.3.2

Proof of Remark 2.3. Fix R and P, and let ¢; denote the probability that person j obeys.
By independence, given the strategies of the other people, person ¢’s expected payoff gain
from obeying is k1{iRi} [1;4;.;r; ¢j + vd;(P) — 0;. This expression is strictly decreasing in
0;, so i obeys if and only if her type is weakly below the cutoff given by its first two terms.

The cutoff lies in [0,60]. In a cutoff equilibrium, ¢; = F(z;), so the cutoff vector satisfies
(2.10). Conversely, if z € [0, 0]" satisfies (2.10), then each person’s gain from obeying when
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the others use the cutoffs in = is x; — ;. The cutoff profile is therefore an equilibrium under
the tie-breaking convention. ]

Proof of Theorem 2.4. By Remark 2.3, equilibrium cutoff profiles are the fixed points of
the map ¢ defined in (2.10). This map sends [0,6]" into itself and is weakly increasing in
every coordinate. Tarski’s fixed-point theorem therefore implies that its fixed points form a
nonempty complete lattice and hence have smallest and largest elements.

The map g is pointwise weakly increasing in r, v, and P. Holding R\ I fixed, enlarging
R NI turns on a nonnegative vertical-deterrence term in each affected row and therefore
weakly raises g. Holding R N [ fixed, enlarging R\ I adds factors in [0, 1] to the vertical-
deterrence term and therefore weakly lowers g. For any two environments ordered as in
the theorem, let M be the larger of their feasible cutoff bounds. Both cutoff maps act on
[0, M]™ and are pointwise ordered in the stated direction. Monotone fixed-point comparison
therefore gives all the stated comparative statics for both extremal equilibria. O]

A.1.2.2  Proofs for Section 2.3.3

Lemma A.2 (Graph dependence of obedience cutoffs). Fiz R and one of the two extremal
obedience selections. For r # j with (r,j) ¢ P, define

Pt =PU{(r,j}, r = 2"(R, P), zT = 2*(R, PT). (A.1)

Then, for every h € N,
x; >z, < h=jorhR'j

Consequently, for everyi € N,
3;(R,PT) < T,(R,P) < iL%}

Proof. The added link raises only dj(P), so the cutoff map under PT weakly exceeds that
under P. Theorem 2.4 therefore gives 2 > z, while (2.10) gives :U;r >+ > ;.

Suppose hR' j and take an R-path from h to j. Starting from the strict increase in T,
proceed backward along the path. If hyRh;11 and x;{tﬂ > Thy s then h; is self-responsible

and responsible for hyy1. Equation (2.10) therefore gives xit > xp, because F is strictly
increasing and every other factor in the relevant product is at least F'(0) > 0.

For the converse, let C' contain the people other than j from whom j is not reachable
through R. If h € C and hRm, then m € C. Hence, for every h € C, the coordinate g,
depends only on coordinates indexed by C', and the added policing link does not change
dy,. Because g is continuous, its smallest and largest fixed points are obtained by monotone
iteration from 0 and 01, respectively. The two iterations agree on C' at every step, so 93; =1y
for every h € C'. This proves the cutoff claim.

Finally, T > 2 implies that i’s punishment probability weakly falls. The fall is strict
exactly when i is responsible for some ¢ whose cutoff rises strictly. By the cutoff claim and

Definition 2.5, this is equivalent to 4 it ] n
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Lemma A.3 (Value effect of a policing link). Use the notation in (A.1) with r =i. Then
Vi(R, P*ik7) > Vi(R, Piw,y) <= iL% ]

If i 7@» 7, the two continuation values are equal.

Proof. Integration by parts and the cutoff equation give the following representation:

H(z) = /_Z F(t) dt,
Vi(R, P;x,7) = H(«}(R, P)) + Bi(P),
—Kk — vd;(P), if iR,
—k®;(R, P) — ~d;(P), if (i,i) ¢ R.

(A.2)
B;(P) := {

Adding (i,7) does not change d;(P). If iRi and i it j, then iEJrj, so Lemma A.2 gives
z¥(R, PT) > zf(R, P). Since H is strictly increasing, the continuation value rises strictly.
If (i,4) ¢ R, then 27 (R, P) = vd;(P) is unchanged. The continuation value therefore rises

strictly exactly when ®; falls strictly, which by Lemma A.2 occurs exactly when i 5 7. When
7 is not connected to 7, both the relevant cutoff and punishment probability are unchanged,
so the continuation values are equal. O

Lemma A.4 (Uniform policing bounds). For fired R, P_;, and any two outgoing choices
P; and PZ-/, the following bounds hold:

n(k,y) =1-— F(li—i— (n — 1)7) > 0,
Vi(R, (P, P_)i 5,7) = Vi(R, (P, P_i)i k)| < s, (A.3)
&n(r,7) < &(1 = F(a}(R, P))) <&

The final bounds apply to the expected cost of any policing link directed at j.

Proof. With outgoing policing costs suppressed, changing ¢’s outgoing links affects her payoff
only through ruler punishment. For every type and action, the resulting payoff difference is
at most k in absolute value. Taking maxima over actions and then expectations gives the

second line of (A.3). The final line follows from 27(R, P) € [0,6]. O

Proof of Theorem 2.6. Fix k,~ > 0 and the selected extremal obedience continuation. Define
~ K

&(Rk,y) = ) A4

) n(k,7) 4

~

If £ > &(k,7), Lemma A.4 implies that every nonempty outgoing policing choice is strictly
dominated by choosing no outgoing links. Hence no policing link can arise on path.
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We next eliminate unconnected links. For fixed R, ¢, P;, and P_;, define

cl={jeN\{i}:i %}, Pf=PnCE

(A.5)
P = (P, P_;), P = (Pf, P_j).

By Lemma A.3, deleting the links in P; \ P{ leaves V; unchanged. It also leaves the cutoff
of every retained target unchanged. Indeed, if deleting a link directed at j ¢ CZR changed
the cutoff of some r € C’Z-R, Lemma A.2 would imply either r = j or rRT j. The first is

impossible, while the second would imply ¢ K j. Thus all retained-link costs are unchanged,
while every deleted link has strictly positive cost. Hence P; is strictly dominated by P
whenever the two differ. No unconnected link can arise on path.

For every missing connected link define its gross gain and the minimum such gain by

GY(R, P;k,7) == Vi(R,PU{(i,5)}; k,7) — Vi(R, P; K, 7),

Ak, 7) = in  GI(R,P;r,7) > 0. A6
(K, 7) R P i (R, Pk, ) (A.6)
(i) EP, i%
Positivity follows from Lemma A.3 and finiteness of the sets of responsibility and policing
relations. Define

€)= 20 () = max{Em. 7). 0m ). (AT

If ¢ <&(k,7), adding any missing connected link gives a gross gain of at least A(k, ). The
new link costs at most &, while the expected costs of existing links weakly fall because the
added link weakly raises every selected cutoff. The net gain is therefore at least A(k,y)—¢& >
0. Every connection between distinct people must consequently be present on path. Together
with the preceding arguments, this proves both parts of the theorem. O]

Lemma A.5 (Increasing effects of policing). Suppose that F' is convex on the cutoff ranges
being compared. Fix R and the selected extremal obedience equilibrium, and define

v(P)=a"(R,P),  qu(P):=F(ay(P)). (A.8)
For any P' O P and any policing link e ¢ P,

o(P'U{e}) — x(P') = a(PU{e}) — a(P),
an(P'U{e}) — an(P) = an(PU{e}) —an(P)  for every h.

These increments are also weakly increasing in k and in 7.

Proof. Suppose 2’ > x and 2/ > z > 0. Convexity and monotonicity of F imply that

F(xy + 2)) — F(zy) > F(zg+ 2¢) — F(xg) > 0
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for every ¢. Writing each factor as its baseline value plus its increment and expanding
products therefore gives, for every A C N,

II Fxy+2) — T F(zh) > I Fxe+2z0) — T Flzp). (A.9)
leA teA leA teA

Let g9 denote the cutoff map in (2.10) under policing relation @), and write e = (r, 7).
For the smallest fixed points, define four iterations from zero:
a:80 = xéo = x81 = xél =0,

and, for every t > 0,

00 00 10 PU 10 01 P/ 01 11 Py 11
o2 =gP @), 2}l =R, W =T e, oty =P .
We show by induction that
01 > xOO 10 > :UOO > xm x%l — x?l > :z:lo x?o. (A.10)

The claims hold at ¢ = 0. Suppose they hold at ¢. The first three inequalities at ¢ 4+ 1
follow from P’ O P, the pointwise ordering of the corresponding cutoff maps, and their
monotonicity in x. For the final inequality, let A, := {¢ # h : hR{} and s, := 1{hRh}.
Because adding e raises only d; by one,

11 01 .
Tyiqp — Tyy,p = KSh H F( xt( IT F( fcte +1{h = j},
(EAh EEAh i
whereas -
10 00 ;
Titg p — Tig1p = KSh H F(x H F( xt@ +~v1{h = j}.
_(EAh EEAh |
Apply (A.9) with
x —xgl, z':xtu —x?l, x-x?o, z:x%o—xgo.

The induction hypothesis gives 2’ > x and 2/ > z > 0, so the first difference is weakly larger
than the second in every coordinate. This proves (A.10) at ¢t + 1. Taking limits yields

ZM(R, P U {e}) — 2™(R, P') > ™R, P U {e}) — 2™ (R, P).

For the largest fixed points, initialize all four iterations at the common upper bound 61
and use the same four recursions. The iterations decrease to the corresponding largest fixed
points. The induction above applies without change, since the four initial vectors are again
equal and the argument uses only the ordering of the maps and (A.9). Taking limits gives
the same inequality for the largest equilibrium selection.

The comparison across values of « is identical. Fix &' > k and compare the four maps
associated with (k, P), (k, P U{e}), (k/,P), and (', P U {e}). The baseline map is weakly

95



higher under x’. In the increment comparison, the product difference under x’ is weakly
larger by (A.9) and is multiplied by the weakly larger coefficient x’. Iteration from zero
gives the result for the smallest fixed points, while iteration from the common upper bound
(/@" + (n — 1)7)1 gives it for the largest fixed points.

Now fix 7/ > 7 and compare the four maps associated with (v, P), (v, P U {e}), (v, P),
and (7/, P U {e}). The baseline map is weakly higher under +'. The propagated product
difference is weakly larger by (A.9), while the direct increment in coordinate j is o/ rather
than +. The same induction from zero and from the common upper bound (/@ +(n—1)y )1
proves that the cutoff increments are weakly increasing in ~.

Finally, apply convexity and monotonicity of F' to the ordered baseline cutoffs and cutoff
increments already established. For every h,

F(zp(P'U{e})) = F(an(P") = F(2p(PU{e})) = F(xn(P)),

and the same argument gives the parameter comparisons for the obedience-probability in-
crements. N

Proof of Proposition 2.8. Fix R, k,~, & and the selected extremal obedience equilibrium. Us-
ing the notation in (A.2) and (A.8), define

R; :=={h € N :iRh}, O;(P) :=={r e N :iPr},
Ci(P)i==¢ 3 (1=a(P)), UF(P)=H(i(P) +Bi(P)+Ci(P). (A1)
r€0;(P)

For an outgoing link e = (7, j), define
A Z(P) = Z(PU{e}) — Z(P). (A.12)

Fix P' O P with e ¢ P'. We show that AUF(P') > A UF(P). 1f iRi, then A B;(P') =
AeBi(P) = 0. 1If (i,i) ¢ R, the only component of B; affected by e is x[Ipepr, qn(P).
Lemma A.5 and (A.9) therefore imply that AeB;(P) > AeB;(P).

Because H' = F, the function H is increasing and convex. Lemma A.5 therefore gives
AcH(zi(P)) > AcH (z;(P)).

Finally,

ACi(P) = —E+&;(PU{e}) +€ > (ar(PU{e}) — g (P)).
r€0;(P)

Since O;(P') 2 O;(P), Lemma A.5 implies that A.C;(P') > AcC;(P). Adding the three
comparisons gives the required increasing-differences inequality. Thus each person’s payoff
is supermodular in her own policing links and has increasing differences between her own
links and the full policing relation. The induced policing game is supermodular and, because
each action set is a finite lattice, has least and greatest pure equilibria.

The same comparisons, together with the parameter part of Lemma A.5, show that the
marginal payoff from every outgoing link is weakly increasing in x and in . Topkis’s mono-
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tone comparative-statics theorem therefore implies that both extremal policing equilibria are
weakly increasing in these parameters. O]

A.1.2.3 Proofs for Section 2.3./

Lemma A.6 (Cutoff dominance). If two induced outcomes have cutoff profiles ' > x, then
the ruler’s expected value is weakly higher under x'; strictly so if a:; > x; for some 1.

Proof. Couple the outcomes using common independent uniform random variables, with
person i obeying under cutoff profile = if and only if her draw is at most F'(x;), and write
a(z) for the resulting action profile. If 2/ > z, then a(2’) < a(x) coordinatewise almost
surely. If some cutoff is strictly higher, strict monotonicity of F' implies that the inequality
is strict in that coordinate with positive probability. The result follows because v is strictly
decreasing in each coordinate. O]

Proof of Proposition 2.9. Suppose first that R # I induces no policing. Individual respon-
sibility also induces no policing because it has no cross-person connections. By (2.10),
x;(I) = k and z;(R) < k for every i. The inequality is strict for at least one person: if some
i is not self-responsible, then x;(R) = 0; otherwise, some self-responsible row contains an
off-diagonal link, and its cutoff is strictly below & because the corresponding factor F'(z;(R))
is strictly below one. Lemma A.6 therefore gives V(1) > V(R).

If £ > &(k,7), Theorem 2.6 implies that every responsibility relation induces no policing,
so the preceding argument makes I uniquely optimal. Finally, fix £, > 0. By (A.3), the
gross continuation benefit from any nonempty outgoing policing choice is at most x, whereas
its expected cost is at least {[1 — F'(k + (n — 1)7v)]. As k | 0, the latter converges to the
strictly positive number {[1 — F((n—1)v)]. Hence every nonempty outgoing choice is strictly
dominated when k is sufficiently small. Policing is then empty under every responsibility
relation, and [ is again uniquely optimal. O

Proof of Proposition 2.10. Because policing is cheap, Theorem 2.6 implies that iPj if and
only if ¢ ij for every 1 # j.

Suppose first that an optimal R is not reflexive, and let R’ := RU{(7,4)} for some i who
is not self-responsible. Adding (,7) weakly expands connection and therefore policing, while
turning on a strictly positive vertical-deterrence term for i. Theorem 2.4 gives z(R') > z(R),
with a strict inequality for i, contradicting Lemma A.6. Hence every optimal relation is
reflexive.

Now suppose that (i,j) € R\ I is unnecessary for connection, and let R’ := R\ {(i, )}
Connection, and hence policing, is unchanged. Because R is reflexive, removing (4, j) removes
a factor strictly below one from person i’s vertical-deterrence term. Theorem 2.4 again gives
z(R') > x(R), with a strict inequality for i, contradicting Lemma A.6. Every optimal
relation is therefore connection-minimal, proving part (a).

For part (b), fix v € T, ¢ and a symmetric relation R. Its connection relation is symmet-
ric, and every symmetry of R maps an equilibrium cutoff profile into another. The selected
extremal profile is therefore invariant under every symmetry, so all people have a common
cutoff xp. Let x denote the selected common cutoff under a cycle-responsibility rule. By
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symmetry, the following quantities are independent of the person i used to define them:

sp = 1{iRi}, rre=|{GAiiRGY,  eri=|{iAi Y,
9R(2) = KsRF(2)® +7cg, go(2) = KF(z) +7(n = 1), (A-13)
g = 9gr(TR), zo = gc(zc)-

Individual responsibility gives every person cutoff x, so if xp < k, it strictly dominates R.
Suppose instead that zp > k and R ¢ {I} UC. By (A.13),

go(g) —vg = k| Fxg) — sgF(xg)"| +y(n —1—cp). (A.14)

If sp =0, the first term is strictly positive. If sp = 1, then R # I implies rp > 1, and both
terms in (A.14) are nonnegative. Equality requires rp = 1 and ¢ = n — 1. In that case the
off-diagonal responsibility graph has one outgoing link per person and is strongly connected,
so it is a single directed cycle and R € C, contrary to hypothesis. Thus go(zg) > zp.

Moreover, go(z) > gr(z) for every z. Monotone fixed-point comparison gives xo > =
for the selected extremal solutions. Equality would imply go(zg) = xpg, contradicting
the preceding strict inequality. Hence zo > xp, and Lemma A.6 implies that a cycle-
responsibility rule strictly dominates R. This proves part (b).

It remains to compare individual and cycle responsibility as v varies. For every v > 0,
let Zo(7y) be the selected extremal solution of

Bc(y) = kF(Tc(7)) +y(n - 1). (A.15)

The map in (A.15) shifts strictly upward with v. Monotone fixed-point comparison on a
common bounding interval therefore implies that Z () is strictly increasing.

At v = 0, every solution of (A.15) is strictly below k. Moreover, every solution satisfies
r < Kk +v(n —1); by continuity, KF(k + vy(n — 1)) +y(n — 1) < & for all sufficiently small
positive 7, so every solution remains below x near zero. Conversely, every solution exceeds
x whenever v(n — 1) > k. Define

v = sup{7 >0:720(7) < /-{}. (A.16)

Then 0 < v* < oo. Strict monotonicity implies that T (y) < kK when v < v* and Z¢o(y) > K
when v > ~*, with no restriction at equality.

For v € T, ¢, the actual cutoff under cycle responsibility equals Z¢ (7). Lemma A.6
therefore implies that individual responsibility is uniquely optimal among symmetric rela-
tions when v < ~*, while only cycle-responsibility relations are optimal when ~ > ~*. ]

Proof of Remark 2.11. For fixed R, Proposition 2.8 implies that the selected extremal polic-
ing relation is weakly increasing in x and . Theorem 2.4 then implies that the selected cutoff
profile, and hence V(R) by Lemma A.6, is weakly increasing in either parameter. Taking
the maximum over responsibility relations preserves this monotonicity.

Under individual responsibility, there are no cross-person connections, policing is empty,
and every cutoff equals &, so V(I) is independent of +. If I is optimal at some 7/, then for
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every 7 < v and every R, monotonicity gives V(R;~v) < V(R;~') < V(I;+") = V(I;7). The
set of values at which [ is optimal is therefore a lower interval. O

Proof of Proposition 2.12. By (2.10), every cutoff is at most #. Fix i and consider the star
S;, defined in the main text. Person ¢ is self-responsible and has no off-diagonal responsibility
links, while every j # i is directly connected to ¢. Theorem 2.6 therefore implies that every
j # i polices i, giving x; = k + (n — 1)y = 0.

Suppose that distinct people ¢ and j both attain 8. Each must have vertical-deterrence
term x and n—1 incoming policing links. Thus each is self-responsible and has no off-diagonal
responsibility links, while jP:. But a person with no off-diagonal responsibility links cannot

be connected to anyone else. This contradicts Theorem 2.6, which requires j K whenever
7 Pi. Hence no two distinct people can both attain 6. O]

A.1.3 Proofs for Section 2.4
A.1.3.1 Proofs for Section 2.4.1

The monotonicity claim follows from (2.14). If gg(1) > ¢g(0), then the difference of the two
positive-part terms is weakly decreasing in 6 4, and strictly decreasing between rqp(0) and
kqp(1) when the inequality is strict. The cost term is independent of 64, so the types who
weakly prefer policing form a lower interval.

Proof of Proposition 2.13. Consider the stated assessment. Given g4(1) =1 and g4(0) =0,
Bob’s cutoffs are xk + v and 0, so his obedience probabilities are F(x + ) and F(0). By
(2.15), £ < & implies 2p > kF(k), while £ > 0 implies 2 < KF(k + 7). Hence every type
who polices obeys after policing, establishing g4(1) = 1.

After no policing, any candidate posterior satisfies g4(0) < 1, so Bob’s cutoff is at most
 and his obedience probability is at most F'(x). Ann’s obedience cutoff is therefore at most
kF(k) < 2p. Every type in the no-policing pool disobeys, establishing ¢4(0) = 0 and hence
Bob’s cutoff xg(0) = 0. This also shows that the no-policing continuation is unique.

Substituting these continuation probabilities into (2.14), the policing gain crosses zero
at p by (2.15). Because zp lies strictly between xF'(0) and xF(x 4+ ), the piecewise-
linear expression is strictly positive below x> and strictly negative above it. Ann therefore
polices exactly when 04 < z. Finally, strict increase of F' on R implies F(27) € (0, 1), so
both policing decisions occur with positive probability and the stated posteriors are Bayes-
consistent. The assessment is therefore a pure-strategy PBE. ]

A.1.3.2 Proofs for Section 2.4.2

Proof of Remark 2.14. In (2.16), neither person gains by deviating from C'C, while a uni-
lateral deviation from DD yields —y < 0. Thus both outcomes are continuation equilib-
ria. Because admissible maps satisfy 7;;(0) = CC, each map is determined by whether
m;j(1) = CC or m;;(1) = DD, giving the stated bijection with irreflexive policing relations.
Relative to C'C', switching to DD after j disobeys imposes losses £ on ¢ and v on j. Summing
across ordered pairs gives exactly the policing-cost and peer-sanction terms in (2.9), so the
obedience and policing incentives coincide with those in the baseline model. O]
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Proof of Proposition 2.15. Fix R and a. If i ¢ (R, a), her own disobedience makes ruler
punishment unavoidable, so no outgoing link saves her punishment and she sanctions nobody.
Suppose instead that i € .(R,a). She avoids ruler punishment if and only if she sanctions
every member of D;(R,a). Any proper nonempty subset therefore adds sanctioning costs
without preventing punishment and is strictly dominated by sanctioning nobody. Person ¢
consequently chooses between paying x and sanctioning all m;(R, a) relevant offenders at

cost ém;(R,a). When &m;(R,a) = k, sanctioning everyone and sanctioning nobody are
both optimal. Selecting sanctioning everyone at equality gives the equilibrium stated in the
proposition. O

Derivation of equation (2.18). Fix the other people’s strategies and a_;. If ¢ obeys, her
selected cost from ruler punishment and outgoing sanctions is min{{m;(R,a_;), k}. If she
disobeys, this cost is unchanged when she is not self-responsible and equals x when she is self-
responsible. Disobedience also exposes her to the incoming sanctions counted by s;(R,a_;).
Her expected gain from obeying is therefore the right-hand side of (2.18) minus 6;. It is
strictly decreasing in 6;, giving the stated cutoff equation.

Let T' denote the right-hand side of (2.18). It maps [0,0]" into itself. To see that it
is increasing, couple the action profiles generated by two ordered cutoff vectors so that an
increase in a cutoff can only change a person’s action from disobedience to obedience. The
number m; (R, a_;) then weakly falls, weakly raising the first term of T;. For every h # 1,
greater obedience by the other people weakly expands . (R, a) and weakly lowers m, (R, a),
so the indicator that h sanctions ¢ weakly rises. The second term of 7T} therefore also weakly
rises. Thus T is increasing, and Tarski’s fixed-point theorem gives smallest and largest cutoff
equilibria. O

Proof of Remark 2.16. Fix i and use the star S;. Person ¢ is self-responsible, while every
h # 1 is responsible only for i. Whenever ¢ disobeys, each such h faces one relevant offender
and sanctions because £ < k. Person i therefore faces her own ruler punishment and all n —1
peer sanctions, giving x; = 0.

Now suppose that distinct people ¢ and j both attain . Maximality of z; requires j to
sanction ¢ with probability one conditional on i’s disobedience. Maximality of z; requires
the full direct incentive x and hence jRj. Because F(f) < 1, conditional on 4’s disobedience,
Jj also disobeys with positive probability. On that event, j ¢ .#(R,a) and Proposition 2.15
implies that she imposes no outgoing sanctions. This contradicts the requirement that she
always sanction ¢ following ¢’s disobedience. O]

A.1.3.3 Proofs for Section 2.4.3

Proof of Proposition 2.17. Given the other people’s strategies, person i’s expected gain from
obeying is the right-hand side of (2.20) minus 6;. It is strictly decreasing in 6;, so every
equilibrium is in cutoff strategies and its cutoff vector satisfies (2.20); the converse follows
from the same best-response calculation.

The right-hand side of (2.20) lies in [0, M}] and is weakly increasing in every cutoff.
Tarski’s fixed-point theorem therefore gives smallest and largest fixed points. The cutoff
map is pointwise weakly increasing in x, vy, A\, L, and P. Comparing any two environments
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on a common bounding lattice gives the stated comparative statics for both extremal fixed
points. L]

Proof of Remark 2.18. 1If L = @, (2.20) reduces to (2.10), so the claims follow from Theo-
rem 2.4. Conversely, suppose iLj. With P = &, compare the empty responsibility relation
with {(j,7)}. All cutoffs are zero under the former, whereas the latter gives x; = A\ and
leaves every other cutoff at zero. Thus obedience need not decrease when an off-diagonal
responsibility edge is added.

Next compare {(j,4)} with {(j,4), (j,7)}. Under the first relation, z; = X. Under the
second, every equilibrium satisfies 2; = AF'(z;) < A. Thus obedience need not increase when
a self-responsibility edge is added. Either comparative static can therefore hold uniformly
over responsibility relations only if L = &. ]

Lemma A.7 (Altruistic graph dependence). Fix R, L, and one of the two extremal obedience
selections. Forr # j and (r,j) ¢ P, define

Pt .= PU{(r)}, x:= 2" (R, P), T = a2*(R,PT). (A.17)

Then 93;; >z, if and only if h = j or hRTj. Moreover, Ci(xT) < Ci(x) if and only if i £ j.

Proof. For distinct h and m, the right-hand side of (2.20) is strictly increasing in z,, if and
only if hRm. Adding (r, j) directly raises coordinate j by . The monotone-iteration proof
of Lemma A.2 therefore applies with R in place of R, proving the first claim.

Because 7 > z, every punishment probability internalized in C; weakly falls. The fall is
strict exactly when some person whose punishment ¢ internalizes is responsible for a person

whose cutoff rises strictly. By the first claim and (2.22), this is equivalent to i N4 J. O

For use below, let V;L(R, P) denote person i’s ex ante continuation payoff with outgoing
policing costs set equal to zero. Her payoff in the induced policing game is
gL

7

(P):=VHR,P)—¢ Y (1= F(x}(R,P))). (A.18)
Jiibj

Lemma A.8 (Altruistic value effect of a policing link). In the setting of Lemma A.7, with

r =1, V;L(R, PT) > V;L(R, P) if and only if i £ j. Otherwise the two continuation values
are equal.

Proof. Couple obedience under P and P using common type realizations. Lemma A.7
implies that every person who obeys under P also obeys under PT. For every type of
1 and each fixed action, this weakly lowers the punishment costs internalized by 4, while
her incoming peer sanctions are unchanged. Maximizing over her action therefore gives
V(R PT) > VR, P).

If e 7% j, Lemma A.7 implies that none of the punishment probabilities internalized by

1 changes, so equality holds. Suppose instead that ¢ £ 7. If some cutoff other than 7’s
that enters a punishment probability internalized by ¢ rises strictly, sufficiently low types of
1 obey in both environments and receive a strict reduction in expected punishment costs.
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Otherwise, the definition of £ and Lemma A.7 imply that i’s own cutoff rises strictly. Strict
increase of F' then gives positive probability to types between the old and new cutoffs.
These types switch from disobedience to obedience and gain strictly. In either case the ex
ante continuation value rises strictly. O]

Proof of Proposition 2.19. Every cutoff is at most M}, so each policing link has expected
cost at least £[1— F'(Mp,)] > 0. For fixed s, 7, A\, and L, there are finitely many responsibility
and policing relations, and all continuation values are finite. Gross continuation gains from
outgoing policing choices are therefore uniformly bounded. For sufficiently large &, every
nonempty outgoing choice is strictly dominated by choosing no outgoing links. This gives a
finite upper threshold above which policing is absent.

Next fix R and i. From any outgoing choice, delete every link (7, ;) for which ¢ 7@» J-
Lemma A.8 implies that these deletions leave V;L unchanged. They also leave the costs of
retained links unchanged. Indeed, if deleting (7, j) changed the cutoff of a retained target r,
Lemma A.7 would imply either r = j or rR* j. The first is impossible, while the second,

together with ¢ Z r, would imply ¢ g 7. Each deleted link has strictly positive expected
cost, so any outgoing choice containing such a link is strictly dominated. Hence ¢Pj on path
only if ¢ 4 7.

Finally, Lemma A.8 gives a strictly positive gross continuation gain from adding any
missing link (4,j) with 4 2 j. There are finitely many such configurations, so these gains
have a strictly positive minimum. Adding the link costs at most &, while the expected costs
of existing links weakly fall because all selected cutoffs weakly rise. For sufficiently small
positive £, every such addition is therefore strictly profitable. Thus every on-path relation

satisfies P =% \I. Choosing the lower and upper thresholds, and enlarging the latter if
necessary, gives 0 < § < £ and both conclusions of the proposition. O

Proof of Remark 2.20. If ¢ > £, Proposition 2.19 implies that policing is absent. Starting
from any responsibility relation, delete every edge outside I U L™1. Consider one such edge
(h,k). Then h # k and k /Lh. Deleting the edge weakly raises h’s self-pivotality term by
removing a factor F'(z;.). It also cannot destroy an altruistic-pivotality term: the only such
term that the edge itself could create is the term for person k generated by kLh, which is
ruled out. In every existing altruistic-pivotality term involving h’s punishment, deletion can
only remove the factor F(zy).

The cutoff map therefore rises pointwise after each deletion. Monotone fixed-point com-
parison implies that both extremal cutoff profiles weakly rise, and the common-uniform
coupling then implies that the ruler’s value weakly rises. The ruler can consequently restrict
attention to relations contained in 7 U L. O]

A.1.3.4 Proofs for Section 2.4.4

Proof of Proposition 2.21. Fix R and P. Given cutoff z;, person i’s good-signal probability
is 1 —a—0(1—F(z;)). Obeying lowers her bad-signal probability by 4, so equilibrium cutoffs
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satisfy

vi = k6 1{iRi} [T (1 — @ = 0(1 = F(x)))) +7d;(P). (A.19)
JFi
iRj
Every cutoff lies in [0,60]. For every type of i and each fixed action, changing her outgo-

ing policing links affects only her ruler-punishment probability because her incoming peer
sanctions are fixed. Each good-signal factor lies in an interval of width 9§, so a telescoping
product comparison bounds the change in this punishment probability by nd. Maximizing
over i’s action, the gross continuation benefit of any outgoing choice is therefore at most knd.
Each policing link has expected cost at least £[1 — F'(f)] > 0. Choose § < 1 — « sufficiently
small that xknd < £[1 — F(#)]. For every § < d, every nonempty outgoing choice is strictly
dominated and policing is absent under every responsibility relation.

Under individual responsibility, (A.19) gives x;(I) = k¢ for every i. Under any R # I,
every cutoff is weakly below xd. The inequality is strict for at least one person: a person who
is not self-responsible has cutoff zero, while a self-responsible person with an off-diagonal
responsibility link has a cutoff strictly below xd because the corresponding good-signal factor
is strictly below one. The common-uniform coupling therefore gives V' (I) > V(R). Hence
individual responsibility is uniquely optimal whenever 0 < § < 4. O

A.2 Proofs for Chapter 3

A.2.1 Proofs for Section 3.2.2

Proof of Theorem 3.3. Fix a denunciation regime D and suppose that .S is publicly observed
before messages are chosen. Let B € D be a block and write C':= SN B.

First consider equilibrium messages. A message naming someone outside B cannot affect
whether B is collectively punished and cannot affect whether the sender is targeted inside B.
A message naming someone in B\ C' cannot help satisfy the coverage condition SN B C M.
A self-report can only add the sender to the targeted punished set and never helps the sender
avoid collective punishment. Since every reported name costs £ > 0, every message used with
positive probability satisfies M; C SN B\ {i}.

It remains to compare singleton and nonsingleton regimes. Under the singleton regime,
person ¢ is punished if and only if she disobeys and is detected. Thus the singleton cutoff is
r1 = W

Now consider a nonsingleton block B and fix ¢« € B. With public detection, undetected
disobedience has no reporting role: reports can cover only the public detected set. Con-
ditional on ¢ being undetected, her reporting continuation value is the same whether she
obeyed or disobeyed. If ¢ is detected, she is punished regardless of her message. Hence the
marginal punishment benefit of obedience is at most pu.

It is strictly below p in every nonsingleton block. Since F(1) < 1, each other member
of B disobeys with positive probability even under cutoff one. With positive probability,
some other member of B disobeys and is detected. In that event, an undetected person in B
either bears reporting costs to cover detected disobedience or faces collective punishment if
detected disobedience is left uncovered. This continuation cost is borne whether ¢ obeyed or
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disobeyed without being detected. Therefore the cutoff in any nonsingleton block is strictly
below the singleton cutoff u.

Thus the singleton regime induces weakly more obedience for every person and strictly
more obedience for every person who would otherwise belong to a nonsingleton block. Since
v(a) is strictly decreasing in each coordinate, the singleton regime uniquely maximizes E[v(a)]
under symmetric equilibria. O]

A.2.2 Proofs for Section 3.2.3

Proof of Lemma 3.4. Fix a partition D, a realized disobedience set A, a block B € D, and
a person ¢ € B. People observe the realized disobedience set A, but a message can affect
person ¢’s payoff only through punishment in her own block B.

A message naming someone outside B cannot affect whether B is collectively punished
and cannot affect whether 7 is individually targeted in B. A message naming someone who
obeyed cannot help cover detected disobedience, because obedient people are never detected.
A self-report is also dominated. If ¢ obeyed, self-reporting names an obedient person and is
useless. If ¢ disobeyed, then when 7 is detected she is punished whether or not she names
herself; when she is not detected, naming herself can only put her in the targeted punished
set. In all cases, deleting such a name weakly lowers punishment risk and strictly lowers
reporting cost.

Hence every message used with positive probability satisfies M; C AN B\ {i}. O]

Proof of Lemma 3.5. Fix a block B, a realized disobedience set A, and a person ¢ € B. By
Lemma 3.4, the only names that can appear in an undominated message are the names in
MM = AN B\ {i}. Let K := |M™¥|. If K <1, there is no interior report size. Suppose
K >2.

Under symmetry, names in M;"** are exchangeable. Thus a symmetric report can be
described by its size r € {0, ..., K}, interpreted as a uniformly random r-subset of M.

Fix the messages submitted by everyone other than ¢. Person i’s message matters only
when it covers every still-uncovered detected feasible name in her block. Let C' C M be
any residual pivotal set of names: if every name in C' is detected and not otherwise covered,
then ¢ avoids collective punishment only if her message includes all names in C'.

Compare an interior report of size 0 < r < K to the lottery that sends M;"** with
probability /K and sends @ with probability 1 — /K. The two procedures have the same
expected reporting cost, equal to {r. For any nonempty residual pivotal set C', the endpoint
lottery covers C' with probability 7/ K. The uniform r-name report covers C' with probability

(I::||CC||) / (]T{ ), with the convention that this probability is zero if » < |C|. This probability
is weakly below r/K for every nonempty C. Hence the endpoint lottery weakly raises the
probability of covering every residual pivotal set at the same expected cost.

Therefore every interior report is weakly dominated by a lottery between silence and the
maximal local report. In any undominated symmetric reporting continuation, every message

used with positive probability is either @ or M;"*¥. O

Proof of Proposition 3.6. Fix a block B of size b and suppose that k := |A N B| people in
the block disobeyed. By Lemmas 3.4 and 3.5, it is enough to study endpoint messages inside
the block.
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Let ag be the probability that an obedient person sends the maximal local message
naming all k£ disobedients. Let aj be the probability that a disobedient person sends the
maximal local message naming all other disobedients.

If £k = 0, there is no feasible name to report. If k = b = 1, the only person in the block
disobeyed and has no feasible name to report. In both cases, everyone is silent.

Now suppose 1 < k < b. We first show that disobedient people are silent. Consider an
obedient person. If she sends the maximal local message, she avoids collective punishment
and is not individually targeted. Her message is pivotal when the detected disobedience in
the block would otherwise not be fully covered. Given the symmetric endpoint probabilities,
the gross gain from reporting is

Go = (1= a0)" M1 —01)* (1= (1= ) + ko (1 = 00)*Hu]

The reporting cost is &k.

Now consider a disobedient person. Her message can help her only if no obedient person
reports and no other disobedient person reports her. Conditional on that event, naming
all other disobedients saves her exactly when she is not detected and at least one other
disobedient is detected. Hence her gross gain from reporting is

Gr=(1-ap) (1 —a)* (1= (1-(1-w*).

The reporting cost is £(k —1). If kK = 1, a disobedient person has no feasible name to report,
so she is silent. Suppose k& > 2.
Write a :=1—ag and ¢t := 1 — a1. The per-name gain for an obedient reporter is

Go ab—k—ltk—lt(l —(1- /L)k) +k(1—t)p
ko k ‘

The per-name gain for a disobedient reporter is

G1 b—k k—l(l - N)(l - (1 - :u)k_l)
—— =a t )
k—1 k—1

The bracketed term in Gg/k is minimized at ¢ = 1, because 1 — (1 — ,u)k < kp. Hence

1= ")+ RO =tr 11—t
k - k '

Moreover,
A Gl et e Dl
k k—1 '
The left side is p times the average of 1,(1 — p),..., (1 — p , while the right side is p

times the average of (1—p),...,(1— u)kil. Therefore, whenever GG1 > 0, the per-name gain
from reporting is strictly larger for an obedient person than for a disobedient person.

)kfl
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Suppose toward a contradiction that reporting by disobedient people is active. Then
G1 > &(k —1). The strict per-name comparison gives Go > &k, so obedient people strictly
prefer to report and ag = 1. But then G1 = 0, contradicting active reporting by disobedient
people. Hence a; = 0 whenever 1 < k < b.

With a1 = 0, the gross gain from reporting by an obedient person is (1 — ag)?~#~1 {1 —
(1-— ,u)k] Reporting costs k. Hence reporting is active if and only if [1 — (1 — p)*]/k > ¢,
that is, if and only if vy (p) > £. If the obedient person is unique, b — k = 1, she reports with
probability one. If there are at least two obedient people, symmetric mixing requires

(1—ag)* F 11— (1—pk| =k

Equivalently, ag = 1 — (§/ vk(u))l/ (b=k=1) " At equality, silence is selected.

It remains to consider k = b > 2. Everyone in the block disobeyed. A disobedient
person’s endpoint message names the other b — 1 disobedients. The message can help her
only when she is not detected and at least one other disobedient is detected. Given the
symmetric endpoint probability a1, the gross gain from reporting is

Gr=(1-a) ' 1-pt-1-p

The reporting cost is £(b — 1). Thus reporting is active if and only if (1 — u) [1 - (1 -

,u)b_l}/(b — 1) > ¢, that is, if and only if wp(u) > & When reporting is active, symmetric
mixing requires
(1—a)’ A =m[i- 1=t =co-1).

Thus o = 1—(§/ wb(,u))l/ (0=1) At equality, silence is selected. This proves all parts of the
proposition. ]

A.2.3 Proofs for Section 3.2.4

Proof of Proposition 3.8. For b = 1, there is no peer reporting and no block liability. A
person who disobeys is punished if and only if she is detected, so the unique cutoff is x1 = pu.

Now fix b > 2 and a symmetric cutoff z. Let h € {0,...,b — 1} be the number of other
members of the block who disobey. Write ¢, (p) := 1 — (1 — )"

Suppose first that the tagged person ¢ obeys. If h = 0, there is no disobedience to report
and her continuation cost is zero. If A > 1, she can report all h disobedient others at cost
&h. If she remains silent, she is exposed to collective punishment when at least one of the h
disobedient others is detected, an event with probability ¢ (u). Since vy, (1) = ¢p(p)/h, the
reporting condition vy (u) > £ is equivalent to £h < ¢ (n). Hence her selected continuation
cost is Op(h) = min{&h, ¢ (1) }-

Now suppose that i disobeys. If h < b — 2, the block contains h + 1 disobedient people
and at least one obedient person. By Proposition 3.6, disobedient people are silent in this
state, while each obedient person reports all A+1 disobedient people with probability Wl?’ hil
The tagged disobedient person avoids punishment only if no obedient person reports and no
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disobedience in the block is detected. Therefore
Dy(h) =1—(1—mp )"t =" h<b-2

If h =b—1, everyone in the block disobeys. Each other disobedient person reports all other
block members with probability Wg. The tagged disobedient person avoids punishment only
if no other person reports her and no disobedience in the block is detected. Therefore

Dy(b—1)=1— (1=’ 11— p).

Conditional on h, the payoff gain from obedience is Ay(h) := Dy(h) — Op(h). Given
cutoff z, each other member disobeys independently with probability 1 — F(z). Therefore
the induced cutoff is

b—1
i = 3 (7, ) et ra .

h=0

A symmetric cutoff equilibrium is exactly a fixed point z = Tj(x).

It remains to prove existence. For each h, both O(h) and Dy(h) lie in [0, 1]. Moreover
Dy(h) > Op(h): whenever obedience exposes the tagged person to a reporting or silence-
liability cost, disobedience exposes her to the same block event plus the possibility that she
herself is detected or reported. Hence Ay(h) € [0,1]. The map Ty is continuous and maps
[0, 1] into [0, 1]. Therefore Tj(z) — x is nonnegative at = 0 and nonpositive at x = 1. By
the intermediate value theorem, a fixed point exists. Since the fixed-point set is closed and
nonempty, the largest symmetric cutoff equilibrium is well defined. O]

A.2.4 Proofs for Section 3.2.5

Proof of Theorem 3.9. We prove the three claims in order.

First suppose £ > u. Since vy(p) = p, vp(p) < p for k > 2, and wy(p) < vp_q1(u) for
b > 2, no reports are active in any state, with silence selected at equality.

Fix a block of size b. If the tagged person obeys and h other members disobey, her
punishment probability is 1 — (1 — ,u)h. If she disobeys, her punishment probability is
1 — (1 — )", Hence the marginal value of obedience is (1 — p)®. The cutoff equation is
therefore

b—1 /5 B
=3 (b ) 1) (1= P@)"F (@)t — ) = 1t = (1 = P
h=0

For b = 1, this gives 1 = p. For every b > 1 and every z € [0,1], F(1) < 1 implies
b—1

1 —F(zx) >0, so u{l — u(l — F(x))} < pr. Thus every nonsingleton block has cutoff

strictly below . Since expected disobedience per person is 1 — F'(xp), the singleton partition

uniquely minimizes expected disobedience. This proves part (a).

For part (b), suppose & < u(1 — p). Consider a two-person block. By Proposition 3.6,
both the one-disobedient state and the all-disobedient state have active reporting. The two-
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person cutoff map is To(z) = 1—(&/p) (1—F(x)> Because £ < pu(1—p), we have £/ < 1—p,
and therefore To(z) > 1 — &/ > p for every = € [0, 1]. Hence every two-person fixed point
has cutoff strictly above 1 = x1. Replacing two singleton blocks by one pair strictly lowers
expected disobedience. Therefore the singleton partition is not optimal. This proves part
(b).
For part (c), fix & > 0. If p < &, then part (a) applies, so the singleton partition is
uniquely optimal for all sufficiently low .

It remains to show that the singleton partition is uniquely optimal for u sufficiently
close to one. Let p := 1 — F(1) > 0. Fix a nonsingleton block size b > 2 and any cutoff
x € [0,1]. Let H be the number of other members of the block who disobey. Since each
other member disobeys with probability 1 — F(x) > p, we have Pr(H > 1) > p. If H > 1,
an obedient person either reports at least one name at cost at least £ or remains silent and
faces collective punishment with probability at least p. Hence Op(H) > min{¢, u}. Since a
disobedient person’s continuation cost is at most one, Ay(H) < 1 —min{¢, u} on {H > 1}.
On the complementary event, Ay(H) < 1. Hence, uniformly in z and in every nonsingleton
block size, Ty(z) < 1 —Pr(H > 1)min{{, u} < 1 — pmin{&, u}. For p sufficiently close to
one, the right side is strictly below p. Thus every nonsingleton block has cutoff strictly below
the singleton cutoff 1 = u. Since there are finitely many feasible block sizes, the singleton
partition is uniquely optimal for all sufficiently high p. This proves part (c). O

A.2.5 Proofs for Section 3.2.5.2

Proof of Theorem 3.11. Fix a block size b > 2 and write p, := 1 — F(x). For every fixed
nonsingleton block size, all reporting thresholds are active in every nonzero disobedience
state when ¢ is sufficiently small. Hence xp(§) — 1. Let p:=1— F(1).

Let H ~ Bin(b — 1, pz) be the number of other block members who disobey. If the
tagged person obeys and H = h, then Oy(h) = £h for all sufficiently small £, so E[Oy(H)] =
£(b—1)pa.

Now suppose the tagged person disobeys. If h < b — 2, let k = h 4+ 1 be the number of
disobedients and g = b — k£ the number of obedient reporters. If g = 1, the unique obedient
person reports with probability one. If g > 2, then

g

(- = (kaﬂ)> )

Thus states with at least one obedient reporter contribute only o(€) to the probability that
the tagged disobedient escapes punishment.
The only first-order contribution comes from the all-disobedient state. Since 1 — W% =

&/ wb(u))l/ (0=1) the tagged person escapes punishment with probability

(b-11 -

b _
(1_:“) _f 1_(1_M)b71

1— Dy(b—1) =

wy (1)
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This state occurs with probability pgfl. Since Py (€) = P the fixed-point equation gives

(b=1)p(1 = w)>~?
1= (1-pb!

Because F' is strictly increasing, the limiting optimal nonsingleton block size minimizes
Ay, p) over integers b > 2.

Set m:=b—1,a:=1—p, and ¢, := a™/(1—a"). Dividing the objective by the positive
constant p, the equivalent problem is to minimize

L—ap(§) =€ [(b—1)p+ +0(§) = EAp(p, p) + 0(§).

Hp(a,p) == m—+mp™ e, m > 1.

Its adjacent difference is

1

dm(p) == Hmt1 — Hm =1 = mepp™ " + (m + Ve p™

Suppose first that m > 2. The only positive critical point of dyy, is py,, := (m—1)cy /[(m+
Demat]. If pfy, < 1, then di(pf,) = 1 — em(pf,)™ 1 > 1 = ¢, s0 dim(p) > 0 whenever
am < 1/2.

If p},, > 1, then dy, is decreasing on [0, 1] and is minimized at p = 1. Since Hy,(a,1) =
m/(1 — a"), the sign of dp,(1) is the sign of 1 — a”(1 + mu). This expression is positive
because a (1 +mp) < e (1 +mp) < 1.

Now let m := [1/u] — 1. Then u > 1/(m + 1), so

_ ol m
amg(_m) <1
m+1 2

The last inequality follows from (1+1/m)™ > 2. Tt is strict except when m = 1 and p = 1/2.
Thus d;,(p) > 0 for every m > m, except possibly at that boundary point. When p = 1/2
and m =1, ¢y = 1 and dy(p) = 2c¢2p > 0 because p > 0. Therefore Hjy, < Hij11 < Hijpo <
.-+, 80 every minimizer satisfies m* < m. Hence b*(u,p) = m* +1 < [1/pu].

For monotonicity, differentiate the adjacent difference with respect to a:

I et [ (4 D% m?

oa (1—amth2 (1 —qm)2

Since p < 1, the bracket is nonpositive if (m + 1)y/a(1 — a™) < m(1 — a™*1h).
To verify this inequality, set ¢t := y/a. After dividing by 1 — t2, it is equivalent to

. m .
(m+1) Y 2 <m 3%,
j=0 j=0
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Let I := Z;n:_ll t2) and E := 1+ t?™. The inequalities 2t2T1 < 2 4 2742 and 27 +
$20m=j) < 1427 jmply

m—1 N
DR A SN gty )
2 2 2
7=0
Therefore
—~ 241 m+1 Ly
(m+1) > S(m+1)I+TE§mJ+mE:mZtJ.
Jj=0 Jj=0

Hence dd;,/0a < 0, so every adjacent difference is increasing in p.

It follows that the smallest minimizer is weakly decreasing in p. Indeed, if 4/ > p and
the smallest minimizer were larger at i/, the difference between its objective value and that
of the smaller minimizer at p would be weakly positive at p and weakly negative at p’.
This difference is a sum of adjacent differences and is increasing in p, a contradiction unless
both values are equal at x/. In that case the smaller value would also be a minimizer at
', contradicting selection of the smallest minimizer. Thus b*(u, p) is weakly decreasing in
- O

A.2.6 Proofs for Section 3.3

Proof of Lemma 3.12. Fix a block B and a signal Z;. Let U; := B\ ({i} U Z;) be the set of
unobserved names.

First, reports outside B and self-reports are dominated by the same argument as in
Lemma 3.4. Next, observed disobedients are exhausted before unobserved names. An ob-
served name is known to be disobedient. An unobserved name is only possibly disobedient.
Since every name has the same reporting cost, replacing an unobserved reported name with
an omitted observed disobedient weakly raises the probability of covering detected disobe-
dience and leaves the reporting cost unchanged. Hence, in any undominated symmetric
reporting continuation, a report that names any unobserved person also names every ob-
served disobedient in Z;.

The remaining reduction is the same endpoint argument as Lemma 3.5, applied twice.
Below the signal, reports are subsets of the exchangeable set Z;. Any interior subset of Z; is
weakly dominated by a lottery between reporting no observed names and reporting all of Z;.
Above the signal, reports contain Z; and add a subset of the exchangeable unobserved set Uj.
Any interior subset of U; is weakly dominated by a lottery between adding no unobserved
names and adding all unobserved names. Expected reporting costs are unchanged, and the
endpoint lotteries weakly raise the probability of covering every residual pivotal set.

Therefore every report used with positive probability is equivalent to one of the three
endpoint reports &, Z;, or B\ {i}.

If v =1, then Z; = Ap \ {i} with probability one. Thus every name in B\ ({i} U Z;) is
known to have obeyed. Adding such names cannot cover detected disobedience and strictly
increases reporting costs when & > 0. Hence accusation is strictly dominated by evidence

whenever Z; # B\ {i}. O
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Proof of Proposition 3.153. Fix b < oo and £ > 0. Since punishment is bounded by one and a
person can report at most b — 1 names, the continuation payoff difference between obedience
and disobedience is bounded in absolute value by Kj := 14+£(b—1). Hence every equilibrium
cutoff lies in [— K}, K3|, and the obedience probability ¢ is bounded below by F(—Kp) > 0.
The posterior m(q,v) = (1—¢q)(1—v)/[q¢+(1—q)(1—v)] therefore converges to zero uniformly
over all equilibrium obedience probabilities as v — 1.

Fix a signal Z; with nonempty unobserved set U; := B\ ({i}UZ;). The additional benefit
from moving from evidence Z; to accusation B \ {i} is bounded above by the probability
that at least one unobserved name both disobeyed and is detected by the ruler. By the
union bound, this probability is at most |U;|um(q,v) < (b — 1)um(q,v). The additional cost
of accusation is £|U;| > &.

By uniform convergence of 7(q, v) to zero, there exists 7 < 1 such that, for all v > 7 and
all equilibrium obedience probabilities ¢, (b — 1)un(q,v) < &. For such v, the benefit from
adding unobserved names is strictly smaller than its cost after every signal with unobserved
names. Hence accusation is not optimal after any such signal, and all reports are contained
in private evidence. O

Proof of Proposition 3.14. Fix p € (0,1) and suppose £ < u(1 — u). In the baseline model
with v = 1, a two-person block has a cutoff strictly above the singleton cutoff u by Re-
mark 3.10.

By Proposition 3.13, for all v sufficiently close to one, accusation is not optimal after any
signal with unobserved names. Hence reports are contained in private evidence. The two-
person reporting continuation and the induced punishment probabilities converge to their
perfect-peer-monitoring values as v — 1. Therefore the selected two-person cutoff converges
to the baseline two-person cutoff. Since the baseline two-person cutoff is strictly above u,
there exists 7 < 1 such that, for every v > 7, the two-person cutoff remains strictly above

r1(§,v) = . O

Proof of Proposition 3.15. Fix v € (0,1) and a nonsingleton block size b > 2. For & < 1,
every equilibrium cutoff is bounded above by 1 + b, because punishment is bounded by one
and total reporting costs are bounded by b — 1. Hence the posterior probability that an
unobserved person disobeyed is bounded below by

(1-F(1+b)(1—-v)

T a4t + (A= FO+0) (1 —0)

Consider any reached information set at which a reporter has a nonempty unobserved
set. Conditional on this information set, the probability that the unobserved set contains
a detected disobedient is bounded below by a positive constant depending only on b, u, v,
and F. If the probability that no other message covers the relevant unobserved detected
disobedience were bounded away from zero along a sequence ¢ | 0, then accusation would
have a gross benefit bounded away from zero along that sequence, while its cost is at most
£(b—1). Thus, in any undominated symmetric endpoint continuation, the probability that
the relevant unobserved detected disobedience remains uncovered must converge to zero as
¢ 1 0. Equivalently, cheap accusation need not make each individual accuse with probability
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one, but it makes each payoff-relevant unobserved name covered by some accusation with
probability approaching one.

Consequently, for every ¢ > 0, there exists £ > 0 such that, for every £ < £, every person
in a nonsingleton block is named by some other person’s message with probability at least
1 — &, whether she obeys or disobeys. If she obeys, other people receive no signal that clears
her, so she is an unobserved name for each of them. If she disobeys, each other person
either observes her, in which case evidence includes her, or fails to observe her, in which case
accusation includes her with probability approaching one.

If © € M_;, then 7 is punished whether the block is collectively punished or punishment
is targeted at the aggregate message. Hence, uniformly over cutoffs, Pr(i € IIp(S, M) |
a; = 0) > 1—¢cand Pr(i € lIp(S,M) | a; = 1) > 1 — ¢ for all sufficiently small &.
Since punishment probabilities are bounded above by one, the marginal punishment wedge
between disobedience and obedience in any nonsingleton block is at most € in the limit.
Thus limsupg zp(§,v) < 0 for every fixed nonsingleton block size b under the selected
continuation. In particular, limsupg xp(§,v) < p. Since the population is finite, there are
only finitely many nonsingleton block sizes, so

limsup max xp(&,v) < pu.
0 sup p(&v) <p

Thus no nonsingleton block strictly improves on singleton punishment as reporting costs
vanish. O]

Proof of Corollary 3.16. Fix v € (0,1). Singleton blocks give x1(§,v) = pu for every &, so
the singleton partition yields expected obedience F'(u) for every reporting cost.

By Proposition 3.15, as ¢ | 0, no nonsingleton block strictly improves on singleton
punishment. Since singleton blocks are always feasible,

lflf(}Q(él v) = F(u).

For sufficiently high reporting costs, no nonempty report is optimal: any nonempty
report costs at least &, while the largest possible benefit from a report is avoiding one unit of
punishment. With silence selected at equality, all reports are empty for all sufficiently high
&. Coarse blocks then add liability without generating information, so singleton punishment
weakly dominates every nonsingleton partition. Hence Q(&,v) = F(u) for all sufficiently
high &.

Now suppose that some partition D strictly improves on singleton punishment at report-
ing cost é > 0:

LS BIF(pE ) > Pl
BeD

Then, by definition of @, Q(f ,v) > F(u). Combining this strict inequality with the low-cost
and high-cost endpoint values gives

Q. v) > lim Q(¢,v) = F(u)
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and Q(f ,v) also exceeds the value attained when reporting costs are sufficiently high. Thus
useful denunciation occurs only at intermediate reporting costs. ]

A.3 Proofs for Chapter 4

A.3.1 Preliminary lemmas

The proofs below repeatedly use two facts. The first identifies maximal implementable
obedience with the largest fixed point of a best-sustainable-rate map. The second is a
uniform bound on binomial point masses.

Lemma A.9 (Largest fixed point). Let T': [0, 1] — [0, 1] be continuous with T'(1) < 1, and
let S:={qe0,1]:q<T(q)}. Then gl := max S exists and satisfies ¢' = T(qT); moreover,
qJr is the largest fived point of T'. If, in addition, every symmetric equilibrium obedience rate q
under eTvery punishment rule satisfies ¢ < T'(q), then no punishment rule sustains obedience
above q'.

Proof. Since T(0) > 0, the set S is nonempty. Since T is continuous, S is closed. Hence
¢' = max S exists. Suppose ¢! < T(qT). Since T'(1) < 1, we have 1 ¢ S, so ¢ < 1. The
map ¢ — T'(q) — ¢ is continuous, strictly positive at qT, and strictly negative at 1; by the
intermediate value theorem it vanishes at some ¢’ € (qT, 1). Then ¢ € S and ¢ > qT,
contradicting maximality. Hence gt = T(qT). Any fixed point of T lies in S, so g' is the
largest one.

For the final claim, if ¢ is a symmetric equilibrium obedience rate under some punishment
rule, then ¢ < T'(q) by hypothesis, so ¢ € S and ¢ < gl O]

Lemma A.10 (Uniform local bound). For every e € (0, %] there exists C(e) < oo such that,
for allm>1 and allp € [e,1 — ¢,

: C(e)
=k| < .
Og}ﬁagm Pr[Bin(m,p) = k| < N

Proof. Write ¢ := 1 — p. Stirling’s double inequality, v27n (n/e)” < n! < ey/n(n/e)"™ for
n>1, gives, for 1 <k <m—1,

()< o (B ()™

The last product equals exp{—m KL(k/m || p)} < 1, where KL denotes the Kullback—Leibler
divergence between Bernoulli parameters. Hence

M\ k m—k _ © m
< —,/—— for1<k<m-—1.
(k:)pq =\ ktm—k) ==

The maximum of the pmf is attained at a mode k* = | (m+1)p], which satisfies [k*—mp| < 1.
If m > 4/¢, then k* > mp—1 > me/2 and m—k* > mg—1 > me/2, so k*(m—k*) > m?e? /4
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and
1

m

e
2

max Pr[Bin(m,p) = k| <

(LI )

For the finitely many m < 4/¢, the trivial bound maxy, Pr[Bin(m,p) = k] <1 < \/4/e/\/m
applies. Taking C(e) := max{e/(w¢e), 2//c} proves the claim. O

A.3.2 Proofs for Section 4.2

Proof of Lemma 4.1. Fix a punishment rule p. If all people other than ¢ use cutoff ¢, then
they obey with probability ¢(t) := F(t), so the number of other people who disobey is
Xt ~ Bin(n — 1,1 — g(t)). If ¢ obeys, total disobedience is Xy; if she disobeys, it is Xy + 1.
Her expected gain from obedience is —0; + E[p(X; + 1) — p(X¢)] = —0; + Dp(q(t)). Thus a
best response is a cutoff strategy with cutoff b(t) := Dp(q(?)).

Since F' is continuous and Dj(q) is a polynomial in ¢, the map b is continuous. Also
Dy(q) € [-1,1] because p € [0,1], so b maps [—1,1] into itself. Hence g(t) := b(t) —t is
continuous, with g(—1) > 0 and ¢(1) < 0. By the intermediate value theorem, there exists
t* € [—1,1] such that b(t*) = t*. Therefore the strategy “obey if and only if 6; < ¢t*” is a
symmetric best response to itself. O]

Lemma A.11. Let A(q) € {0,1}" have independent coordinates with Pr(A;(q) =1) = 1—gq,
where A;(q) = 1 denotes disobedience. If v : {0,1}" — R is weakly decreasing in each
coordinate and non-constant, then

qd >q — E[v(A(q")] > E[v(A(q))].

Consequently, under the largest symmetric equilibrium selection, the ruler can solve the base-
line problem by choosing a punishment rule that mazimizes q(p).

Proof. Let Un,. ... Up " 144[0,1], and define 4;(q) := 1{U; > q}. It ¢ > ¢, then A(¢') < A(q)
coordinatewise almost surely. Since v is weakly decreasing, v(A(q")) > v(A(q)) almost surely.

The inequality is strict with positive probability. Since v is weakly decreasing and non-
constant, v(0,...,0) > v(1,...,1). The event {A(q) = (1,...,1), A(¢") = (0,...,0)} has
positive probability whenever ¢ < ¢/, whether or not g or ¢’ is at a boundary; on this event
v(A() > v(A(q))-

Thus E[v(A(¢"))] > E[v(A(q))] whenever ¢' > ¢g. Under the selected symmetric equilib-
rium, any punishment rule p induces a product distribution with obedience parameter ¢(p).
Hence the ruler’s expected payoff is strictly increasing in ¢(p), and maximizing the selected
obedience rate is without loss. [

Proof of Lemma 4.2. Fix q € [0,1], and let Ag(r) := Pr[Bin(n—1,1—¢q) = r], with Ay(—1) =
Ag(n) := 0. Since

n—1

Dp(q) = Y Ag(r)(p(r +1) = p(r)),

r=0
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summation by parts gives

Dy(q) = i (Ag(m — 1) = Ag(m))p(m).

m=0

The binomial pmf is single-peaked, so the coeflicients Ay(m — 1) — Ag(m) are nonpositive
up to a mode and nonnegative afterward. Since the objective is linear and p(m) € [0, 1],
some maximizer is an upper-threshold rule py(m) = 1{m > h}. For this rule, Dy, (q) =
Ag(h — 1) = Pivy(q), so

D < Pi = D* f .
p(q) < max ivp,(q) (9) or every p,q

Let T'(q) := F(D*(q)). Since each Pivy, is a polynomial in ¢ and F' is continuous, T is
continuous, and T'(1) = F/(1) < 1. Every symmetric equilibrium obedience rate ¢(p) satisfies
q(p) = F(Dp(q(p))) < T(q(p)). By Lemma A.9, the largest fixed point § of T" exists and
q(p) < g for every rule p.

Choose any h € arg maxj <<y Pivy(§). Then ¢ = T(q) = F(D*(q)) = F(Dp; (), so ¢
q = q(p)- O

Proof of Theorem 4.3. By Lemma 4.2 and its proof, maximal symmetric equilibrium obe-
dience is the largest fixed point ¢* of T'(¢) = F(D*(q)), and any threshold p;, satisfying
Pivy,(¢*) = D*(q*) attains it. Thus py, is obedience-maximizing whenever h — 1 is a mode
of Bin(n — 1,1 — ¢%).

Conversely, suppose py, is obedience-maximizing. Then its selected equilibrium is ¢*, so
q¢* = F(Pivy(¢")). If h—1 were not a mode, then Pivy(¢*) < D*(¢*), implying ¢* < T'(¢*) =
q*, a contradiction. Hence pj, is optimal if and only if A — 1 is a mode of Bin(n — 1,1 — ¢*).

Finally, ¢* € (0,1) because T'(0) = T(1) = F(1) € (0,1). For X ~ Bin(n — 1,1 — ¢*),

is a symmetric equilibrium obedience rate under p;. Hence q(p;l) >

PriX=r+1) n—-1-r 1-¢°
Pr(X=r)  r4+1 q*

This ratio is at least one if and only if r + 1 < n(1 — ¢*), and at most one if and only if
r+1>n(1—¢*). Hence the modal set is {r € {0,...,n— 1} : r <n(l —¢*) <r+1}. The
strictest optimal disobedience threshold uses the smaller pivotal mode, so h* = n—|ng*|. O

Proof of Proposition 4.4. For part (a), fix n and write Tp(q) := F(D*(q)). If Fr.(x) > Fg(x)
for all x, then Tp, (¢) > Ty, (q) for every g. Hence {q:q < Tp, (¢)} C{q:q <TF,(q)}, so
the largest fixed points from Lemma A.9 are ordered: ¢*(Fy,n) > ¢*(Fg,n).

For part (b), fix F', and define

* L . . . _
Dylq) = | _max  Pr[Bin(n —1,1—¢) =r],
* L . . _
n+1(g) = max Pr{Bin(n, 1 —¢q) =r].
If Y, ~Bin(n — 1,1 — ¢) and B ~ Bernoulli(1 — ¢) is independent, then Y, 11 :=Y,, + B ~
Bin(n,1 — ¢) and Pr(Y,41 = k) = ¢Pr(Y, = k) + (1 — q) Pr(Y,, = k — 1). Therefore
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Pr(Yoy1 = k) < Djy(g) for every k, s0 D1 (q) < Di(q) for every g. Thus Tys1(g) < Ta(g),
and the same fixed-point comparison gives ¢*(F,n + 1) < ¢*(F,n). O

Proof of Proposition 4.5. Under zero tolerance p1(r) := 1{r > 1}, a person is pivotal exactly
when no other person disobeys. Hence Dy, (q) = "1 soa symmetric equilibrium obedience
rate under zero tolerance solves ¢ = F' (q"il). By definition, g, is the largest solution of this
equation.

We first show that zero tolerance is obedience-maximizing if and only if ¢, > 1 — %
If zero tolerance is obedience-maximizing, then its selected obedience rate is maximal, so
an = q. ]i)y Theorem 4.3, zero must be a mode of Bin(n — 1,1 — @,). This is equivalent to
gn>1- 1L

Conversely, suppose gp, > 1 — % Then zero is a mode of Bin(n — 1,1 — gy), so D*(qn) =
gV and T(Gn) = F(D*(Gn)) = F(G"1) = Gu. Thus Gy, is a fixed point of 7. There is no
fixed point of T" above Gy: if ¢ > @, then ¢ > 1 — %, so zero is a mode of Bin(n — 1,1 — q)
and T(¢) = F(¢"1); this would contradict the definition of G, as the largest solution of
q = F(q”_l). Hence @, is the largest fixed point of 7', and zero tolerance is obedience-
maximizing.

It remains to connect this condition to ¢(F). Let Zy(q) := F(¢" 1) and S, := {q €
0,1] : ¢ < Zp(q)}. By Lemma A.9, ¢, = max.Sy. Since Z,11(q) < Zy(q) for every g, one
has Sy+1 C Sp, S0 @p+1 < @n. Meanwhile 1 — % increases with n. Therefore the set of group
sizes satisfying ¢, > 1 — % is an initial segment of the positive integers. Since ¢, < F(1) <1
while 1 — % — 1, this initial segment is finite. By the definition of ((F'), zero tolerance is
obedience-maximizing if and only if n < ((F). O

Proof of Lemma 4.6. The first claim is immediate when ¢ = 0. Otherwise, let B :=n—0 ~
Bin(n,1 —¢). Since |ng] < n —2 implies 1 — ¢ > 1/n > log(4/3)/n, Pinelis (2021) gives
Pr(B>EB) > lef, while {B > E B} = {O < nq} C {O < |ng|}. The bound is sharp as an
infimum, as shown by n =2 and ¢ 1 %

For the second claim, let (gp) be bounded away from zero and one, and let O, ~
Bin(n, gn). Then ng,(1 — gn) — 00, and the central limit theorem gives

On — ngp

N(0,1).
”%1(1_971):> 00

Since (|ngn] —ngn)/y/ngn(l — gn) — 0, it follows that Pr(O, < |ngp]) — ®(0) = % O

Lemma A.12. Asn — oo, ¢ — ¢° and P} — %

Proof. For each n, write D} (¢) := maxg<,<p—1 Pr[Bin(n — 1,1 — ¢) = r] and Ty(q) =
F(Dz(q)). Since D (q) < 1, every fixed point of T}, is at most F(1). Conversely, at ¢¥ :=
F(0), the threshold rule that punishes only when total disobedience is n gives deterrence
(1—¢"" 1, so T(¢") > F((1 = ¢")" 1) > ¢¥. Since Tj,(1) = F(1) < 1, Lemma A.9 gives a
largest fixed point satisfying ¢ € [¢, F(1)] € (0,1).
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Let ¢ := ¢” and g := F(1), and choose ¢ € (0, %] with [1 —q,1 —¢] C [e,1 —¢]. By
Lemma A.10,

« C(e)
sup Dp(q) <
q€lg,q] vn—1

for all n > 2.

Therefore D (g) — 0, and the fixed-point equation gives ¢ = F(D¥(q%)) — F(0) = ¢.

By Theorem 4.3, punishment under the strictest optimal threshold is equivalent to O, <
|ng;, | for Oy, ~ Bin(n,q;,). Since (g;;) is bounded away from zero and one, the second part
of Lemma 4.6 gives F;; — 5. O

Proof of Theorem 4.7. If n < ((F), there is nothing to prove. Suppose n > ((F'). By Propo-
sition 4.5, zero tolerance is not obedience-maximizing. Therefore the strictest obedience-
maximizing disobedience threshold cannot be hj, = 1, so hy, > 2, equivalently |ng;, | < n—2.

Let O, ~ Bin(n,q;;). By Theorem 4.3, punishment under the optimal threshold is
equivalent to O, < |ng;]. Hence Lemma 4.6 gives P} = Pr(O, < |ng;]) > % The
convergence Py — % follows from Lemma A.12. O

A.3.3 Proofs for Section 4.3
A.3.83.1 Proofs for Section 4.3.1

Proof of Lemma 4.8. Fix ¢ € (0,1) and D such that Cy(D) < +oo. If D <0, the null rule
is optimal and has the stated form. Suppose D > 0.

Let X4 ~ Bin(n — 1,1 — ¢) and By ~ Bin(n,1 — ¢q). Write Ay(r) := Pr(X, = r), with
Ag(—1) = Ag(n) := 0, let By(r) := Pr(By = r), and set cy(r) = Ag(r — 1) — Ag(r). By

summation by parts, the problem is

n

Oggzirl)lgl gﬁq(r)p(r) subject to 7230 cq(r)p(r) > D.

Because 34(r) > 0 for every r, the constraint binds at any optimum: otherwise one can lower
a positive coordinate slightly while preserving feasibility and strictly reducing cost. The same
argument shows that an optimum assigns no punishment to a count with ¢4(r) < 0.
For every 7,
po(r) = cq(r) _r—- n(l—q)
T Belr)  mg(1—q)

which is strictly increasing in r. Suppose an optimum has p(r) > 0 and p(s) < 1 for some
r < s. For sufficiently small § > 0, lower p(r) by 0/54(r) and raise p(s) by 6/84(s). This
preserves cost and changes deterrence by

5(pg(s) = pg(r)) > 0.

Since only counts with positive ¢4 are punished, one can then reduce punishment slightly
and return to the binding deterrence target at strictly lower cost, a contradiction.
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Thus no punished count can lie below a count that is not fully punished. If A is the
lowest punished count, then p(r) = 0 for r < h, p(r) = 1 for r > h, and p(h) = a € (0, 1].
This is the claimed upper-threshold form. m

Proof of Lemma 4.9. Take any punishment rule p, and let ¢(p) be its selected equilibrium.
Since p provides sufficient deterrence at g(p), it is feasible in the problem defining C'(q(p)),
so C(q(p)) < Pp(q(p)). Hence the ruler’s payoff from p is no greater than the value of the
reduced objective at ¢(p).

Conversely, fix ¢ such that C(q) < +oc0. If ¢ < ¢V, the null rule gives payoff ¢ > ¢—rC/(q).
If ¢ > ¢Y, choose an upper-threshold minimizer p? of C(q), as permitted by Lemma 4.8.
Since F(Dpa(q)) > q and F(Dye(1)) < 1, continuity gives a fixed point weakly above ¢q. The
selected equilibrium therefore satisfies ¢(p?) > ¢. Expected punishment under an upper-
threshold rule is nonincreasing in obedience, so Ppa(q(p?)) < Ppa(q) = C(q). Thus the
payoff from p? is at least ¢ — kC'(¢q). Taking suprema gives value equivalence.

It remains to show that the reduced problem has a solution. Targets below ¢ are
dominated by ¢", so consider

Q ={q€ ¢’ F(1)] : Dy(q) > 7(g) for some p € [0,1]" 1}
The corresponding set of feasible pairs (g, p) is closed in the compact set [¢0, F/(1)] x [0, 1]*T1,
so it is compact and its projection @) is compact. The minimum defining C(q) is attained
for every q € Q.

To see that C' is lower semicontinuous on @, let ¢, — ¢ and choose minimizers py, at
gm. Along a subsequence realizing the liminf, compactness gives p,, — p. Joint continuity
of (¢,p) = Dp(q) and (q,p) — Pp(q), together with continuity of 7, implies that p is feasible
at ¢ and

Clq) < Bp(q) = liminf C(gm).

Hence ¢ — kC(q) is upper semicontinuous on ) when x > 0 and attains a maximum. When
k = 0, the reduced objective is simply ¢, which also attains a maximum on Q). O

Proof of Proposition 4.10. Fix 0 < k < /. For each ¢ € {k, '}, choose an optimal upper-
threshold rule according to the selection in the text, and let q., P, and h. denote its selected
obedience, expected punishment, and boundary, with A, = n + 1 for the null rule.

Optimality gives g5 — kPs; > ¢ — kP and qu — ' Py > q — k' Ps. Adding yields
P, > P, and substitution into the first inequality gives gx > ¢,/

Suppose, toward a contradiction, that h,s < hg. If hy =n+1, then P, =0 < P, a
contradiction. Otherwise let B, ~ Bin(n, 1—¢.). Since q,s < g, B, first-order stochastically
dominates By. The rule at &’ fully punishes every count at or above hy, whereas the rule
at x punishes no more than that event. Hence P > Pr(B,s > hy) > Pr(Bg > hy) > Px.
The inequality is strict if g,/ < gx; if the obedience rates are equal, it is strict because the
rule at ' also punishes a positive-probability count below h,. Either way this contradicts
P. < P;. Thus h, > hy.

Let U(c) be the ruler’s value at cost c. Using the rule optimal at ' as a comparison at
Kk gives U(k) > U(K') + (k' — k) Py > U(K).
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For welfare, write B(q) for individuals’ ex ante non-punishment payoff; then B(q) =
fql F *1(u) du. The null rule gives the ruler ¢', so optimality implies ¢, — kP > ¢° and
therefore g, > ¢°. On [¢¥,1], B(¢) = —F~!(g) < 0. Since both g;; and P, weakly decrease
with k, welfare B(q;) — P weakly increases. O

A.8.3.2  Proofs for Section 4.5.2

Proof of Proposition 4.11. Let Yy, » ~ Bin(n, qn ), and write pp , = ngn, and oy, =
\/nqn7z(1 - Qn7z) Set Zn7z = (Yn7z - /Jn7z)/0—n72 and a/n7z = (Lunrzj - [Ln’z)/an’z. Because

qn,» € [, 1—¢], the Berry-Esseen bound is uniform in z, while sup, |ay_ .| < [ns(l—e)]*l/Q —
0. Therefore

sup

1
p [P - 2’ < sup [Pr(Znz < an.2) — ®(an,s)| + sup [@(an.:) — B(0)| = 0.
ze

z€Z z€Z

A.3.3.3 Proofs for Section 4.3.3

Proof of Lemma 4.13. For a permutation o : N — N, write (ag)j == G—1(1)- Fix a punish-
ment rule p and a conjectured symmetric obedience rate q.

Fix ¢,5 € N. By Assumption 4.12(b), there exists a permutation ¢ with o(i) = j such
that w;(ag,0) = w;(a,0) for all a € {0,1}" and # € R. If b € {0,1} and a = (b, AZ,), where
each coordinate of Aqﬂ- equals 0 with probability ¢ and equals 1 otherwise, then a, has the
same distribution as (b, Aq_j). Hence E[w; (b, Aq_j, 0)] = E[w;(b, AL, 0)] for each b € {0,1},

and therefore

So Gp(q,0) is well defined.

Now fix 7. Conditional on a_;, the gain from obedience is w;(0,a_;,0;) —w;(1,a_;,6;) +
p(la—i|+1) —p(|la—;|). Taking expectations gives Gy (q,6;)+ Dp(q). By Assumption 4.12(a),
6 — Gn(g,0) is continuous and strictly decreasing. Since Dy(q) € [—1, 1], Assumption 4.12(c)
implies that for each (q,d) € [0,1] x [—1,1] there is a unique t,(q,d) € [6,0] such that
Gn(q,tn(q,d)) + d = 0. Moreover, for each fixed ¢, the map d — t,,(q, d) is strictly increas-
ing, because 0 — Gy(q, 0) is strictly decreasing.

Hence a; = 0 if and only if §; < t,(¢q, Dp(q)), so any symmetric equilibrium obedience
rate satisfies

¢ = F(tn(q, Dp(9)))

Assumption 4.12(d) ensures that this obedience rate is interior.

Since the action space is finite, Gy, is continuous in (gq,#). Uniqueness of the root on
the compact interval [0, 8] implies continuity of (q,d) — tn(q,d): if (¢m,dm) — (¢,d) and
tn(gm,dm) — t' along a subsequence, then continuity gives Gn(q,t') + d = 0, hence t =
tn(q,d). Since Dp(q) is continuous in ¢, the map V,(q) := F(tn(q, Dp(q))) is continuous

119



from [0, 1] to [0, 1]. Thus ¥, has a fixed point, and its fixed-point set is closed, hence has a
largest element. O

Lemma A.13. Fiz q € [0,1]. For every punishment rule p, there exists a threshold rule
pp(m) == 1{m > h}, for some h € {1,...,n}, such that Dp,(q) > Dp(q). Moreover,
Dy, (q) = Pivy(q). Hence maximal deterrence at obedience rate q is

D}(q) == max Piv .

n(q) == max Pivy(q)
Proof. The deterrence term Dp(q) has the same expression as in the baseline, so the first para-
graph of the proof of Lemma 4.2 applies verbatim: summation by parts, single-peakedness
of the binomial pmf, and linearity of the objective in p yield an upper-threshold maximizer
pp, with Dy, (q) = Ag(h — 1) = Pivy,(¢). Taking the maximum over h gives D} (q). O

Proof of Proposition 4.14. For each n, define D} (q) := maxj<p,<, Pivy(q) and Tj(q) :=
F(tn(q, D} (q))). The map T}, is continuous and satisfies Ty, (1) < F(f) < 1. By Lemmas 4.13
and A.13, every symmetric equilibrium obedience rate ¢ satisfies ¢ < Tj,(q). Conversely, if
q; is the largest fixed point of T}, and h maximizes Pivy,(q}), then ¢ = F(t,(q), Pivy,(q})))),
so gy, is an equilibrium under pj,. Lemma A.9 therefore implies that ¢, is maximal.

The modal characterization follows exactly as in Theorem 4.3. If an optimal threshold
had a nonmodal pivotal count, then Pivy(q)) < D (g;); strict monotonicity of ¢, (g, -) and of
F on the relevant interval would imply ¢ < T,(q;;), contradicting the fixed-point property.
Hence a threshold is optimal if and only if its pivotal count is a mode, and the strictest
optimal threshold is h;, =n — |[ng;, |.

For completeness, let Z,,(q) := F(tn(q,¢" 1)) and let qu be its largest fixed point, the
selected zero-tolerance equilibrium. If zero tolerance is optimal, the modal characterization
gives qu > 1 — 1/n. Conversely, suppose this inequality holds. Then zero is a mode at
ng , SO Tn(@% ) = Zn(@% ) = cjg . For every ¢ > qu , zero remains a mode and therefore
Tn(q) = Zn(q); by the definition of cjg, T, has no fixed point above it. Hence Ejg is the
largest fixed point of T},, and zero tolerance is optimal.

If zero tolerance is not optimal, then h;, > 2, so |ng;,| < n —2. For O, ~ Bin(n,q;,),
punishment is equivalent to O, < |ng;, |, and Lemma 4.6 gives Py > 211 Assumption 4.12
also implies

Q;G[Q@]a q:= F(Q)>Ov q:= F<0)<1

The second part of Lemma 4.6 therefore gives Py — %
Finally, if F, > Fpg pointwise, then Ty, (q; Fr) > Ty (q; Fgr) for every ¢, so Lemma A.9

gives ¢, (F) > ¢, (Frr). O

Proof of Remark 4.15. Fix a punishment rule p. If the other n—1 people obey independently
with probability ¢, write Aq_i for their action profile, with A;I. = 1 denoting disobedience,

and Xy := |A(ii\ ~ Bin(n — 1,1 — q). A type-0 person’s expected payoff from own action
be{0,1} is
Up(a) = Elwy(b, AL, 0)] — E[p(Xq +b)],

and her best-response payoff is Vy(q) := maX{Ual(q), Ug(q)}
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Fix ¢’ < ¢ and couple the two profiles as in the proof of Lemma A.11: with

Ui,...,Up_1 ii(}Z/{[(), 1] and A? =1U; >q} for g€ {d,q"},

we have A({; < Aq_,i coordinatewise almost surely, hence also X q" <X J almost surely.

By no negative externalities, E[w; (b, Aq_/;-, 0)] > E[w; (b, A(i/i, 0)] for each b and 6. Since p
is weakly increasing, E[p(X » + b)] < E[p(X, + b)]. Therefore Ué’(q”) > Ug(q') for each b
and 0, so Vy(q") > Vy(q').

Now let qL < qH be two symmetric equilibrium obedience rates under the fixed rule p.
At a symmetric equilibrium with obedience rate ¢, each type chooses a best response to that

q, so her equilibrium payoff is exactly Vy(q). Hence Vg(qH ) > V@(QL ) for every #. This is
weak Pareto dominance of the equilibrium at ¢ over the equilibrium at ¢~. O]

A.8.3.4 Proofs for Section 4.3.4

Proof of Lemma 4.17. If there exist probability vectors m,...,m, € A(S) such that a(- |
a) = |, for every a € {0,1}"V, then for any permutation o of N, a(- | a”) = T|ao| = T|a| =
a(- | a), since |a?| = |a|. So « is anonymous.

Conversely, suppose « is anonymous. For each m € {0, ...,n}, choose any a™ € {0,1}V
with [a™| = m, and define 7, = a(- | ™) € A(S). If a € {0,1}Y and m := |a|, then a is a
permutation of a™, say a = (a™)?. Hence a(- | a) = a(- | (a™)7) = a(- | a') = 7 = 7).
Thus «(- | a) depends only on |al. O
Proof of Lemma 4.19. Set Ag(m) := Pr[Bin(n — 1,1 — ¢) = m], with Ag(—1) = Ag(n) := 0,
and let By(m) := Pr(By = m). Summation by parts gives dy(j) = X0 _o(Ag(m — 1) —
Aqg(m))mm(sj). I bg(j) > 0, Bayes’ rule and the identity Ag(m —1) — Ag(m) = ((m —n(1 -
0)/(na(1 — 0)))By(m) yield

dg(j) _ <~ m—n(l—q)
Ye(d) =y ma(l—q)

BBy | s = 5j) = n(l—q)

Pr(Bg=m|s=s;) = o

J

If ¥q(j) = 0, then 7y, (s;) = 0 for every m, so the signal is irrelevant.
Now fix j/ > j with positive signal probabilities and let 1, j(m) := Pr(By =m | s = s;).
For m’ > m, monotonicity of the monitoring technology and Bayes’ rule imply

nqvj, (m/)TIQJ (m> Z nqﬂ (m/)nq’]/ (m)

Thus the posterior distribution of By rises with j in the MLR order. It therefore also rises
in first-order stochastic dominance, so its mean weakly increases. The displayed identity
proves that dy(j)/1vq(j) weakly increases as well. O

Proof of Remark 4.20. Fix ¢ € (0,1). Signals with ¢4(j) = 0 also have dy4(j) = 0 and can
be ignored.
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For part 1, the coefficient on p; is dg(j) — Kg(j) = Vq(j)(dg(5)/¥q(j) — K). By
Lemma 4.19, its sign changes at most once, from nonpositive to nonnegative, so a maxi-
mizer can be chosen upper-threshold.

For part 2, the null rule is optimal when d < 0. When d > 0, the constraint binds and no
least-cost rule punishes a signal with dy(j) < 0. The exchange argument from Lemma 4.8,
with (dg, 1¢) in place of (¢q, By), shifts punishment toward weakly higher deterrence-per-cost
ratios. Lemma 4.19 orders those ratios by the signal index; ties can be shifted upward without
changing either cost or deterrence. Hence a least-cost rule can be chosen upper-threshold,
with possible mixing at one boundary signal. O]

Proof of Proposition 4.21. For each t € {1,..., K 4+ 1}, the map ¢ — D(q) is continuous
because each f4(m) and Ag(m) is a polynomial in q. Hence DY is continuous, and so is
T(q) = F(tn(q, D§(q))). Moreover, T'(1) < 1 because t,(1, Dg(1)) < ¢ and F(0) < 1 by
Assumption 4.12.

If ¢ is a symmetric equilibrium obedience rate under some punishment rule p, then by
Lemma 4.13 and Remark 4.20,

g = F(ta(q, Dp(q))) < Flta(g, Ds(q))) = T(q).

By Lemma A.9, the largest fixed point ¢* of T exists, and no punishment rule sustains
obedience above ¢*.
Choose any threshold t* attaining Dg(¢*). Then

¢" = F(tn(q", D+(g")))

so Lemma 4.13 implies that ¢* is a symmetric equilibrium under p;+. Hence maximal im-
plementable symmetric obedience is the largest fixed point of T', attained by a threshold
rule. O

Proof of Remark 4.22. The stated formula is the posterior-mean identity established in the
proof of Lemma 4.19. O]

Proof of Remark 4.23. Delete any globally null signal. Then every remaining signal has pos-
itive probability for every ¢ € (0,1). The compactness and lower-semicontinuity argument in
Lemma 4.9 applies verbatim in finite signal space, so optimal rules exist. Under multiplicity,
maintain the largest-boundary selection used in the count model.

Fix 0 < k < #/, and write q := qx, ¢/ :== qu, P := Pg, P := Py, { := g, and ' := (.
The two optimality inequalities used in Proposition 4.10 give P > P’ and ¢ > ¢'.

For r € {1,..., K}, let U,(q) := Pr(s > s | ¢). Monotone likelihood ratios imply that
Pr(s > s, | |a| = m) is weakly increasing in m, while Bin(n, 1 —q) is first-order stochastically
decreasing in ¢q. Hence U, (q) is weakly decreasing in g.

Suppose ¢/ < £. If ¢ = K + 1, then P = 0 < P’, a contradiction. Otherwise, the rule
at x’ fully punishes every signal weakly above s, and also punishes a positive-probability
signal below sy, whereas the rule at x punishes no more than the event {s > s,}. Therefore
P'>,(¢") > V,(q) > P, again a contradiction. Thus £,/ > (.
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Now let S be a garbling of an anonymous monitoring technology Y, so ﬂ%(s) = >y Xx(s |

y)7Y (y). For any rule p : S — [0,1], define p(y) := X x(s | 4)p(s). The induced expected
punishment at every count is identical:

pY (m) = ; o ()B(y) = ;w%<s>p<s> = 7% (m).

Thus every count-contingent punishment schedule, and hence every deterrence level, attain-
able under S is attainable under Y. By Remark 4.20, maximal deterrence under either
monotone technology is attained by a threshold rule, so D(q) < D5 (q) for every ¢q. Con-
sequently Tg(q) < Ty (q) pointwise, and Lemma A.9 gives ¢5 < ¢j-. The same replication
argument shows that the ruler’s optimal payoff is weakly higher under the more informative
technology. O
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