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ABSTRACT

Over the past few decades various quantum technologies have been proposed and it is their
potential impact on the world that is making many researchers eagerly pursue their real-
ization. This endeavor comes with new challenges that we do not encounter in classical
computers for instance, as a fundamentally different set of principles determined by quan-
tum mechanics governs the behavior of these novel systems. Quantum information is very
delicate and prone to distortion by the environment, therefore the control of such devices
needs to be carefully designed with the underlying physical properties in mind. Furthermore,
in the case of quantum computing, algorithms and compilation techniques can make use of
hardware noise characteristics to improve the quality of results. While eventually we would
like to build a computing stack where these high-level design choices can be agnostic to such
low-level details, this will not be possible in the near future as complete fault-tolerance is a
major research goal that the community regards as a long-term mission.

In this thesis we explore how the low-level understanding of a quantum system aids the
optimization of different layers of its device stack. In particular, one major contribution
lies in studying the design, improvement and implementation of control pulses that make a
system undergo desired operations — in the case of quantum computers (our main focus),
this corresponds to the realization of gates that compose programs. However, we further
explore quantum sensors as another technology that is promising to have practical use. Here
control pulses determine the sensing scheme and the sensor sensitivity, which one seeks to
maximize. Pulse optimization covers a lower layer in the quantum stack we study first. We
then turn to the top layer and discuss work that improves a particular quantum algorithm,
the Variational Quantum Eigensolver, by including efficient hardware noise modeling in its
execution. Overall, we demonstrate the impact of design choices for quantum technologies

that are inspired by the physics governing the underlying systems.
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Simplified depiction of the stack of a quantum computer as an example of a quan-
tum technology. The low levels consist of the quantum hardware and the control
system, which can implement physical operations. A quantum error correction
(QEC) scheme translates between physical and logical instructions and is able to
dynamically correct errors (lightning symbol). QEC has not been demonstrated
in full universality yet, thus the dashed boundary lines. On top we find the high-
level programs that are compiled to fundamental operations. Without perfect
QEC, errors can propagate all the way up and distort the computation result. . 2

Truncated spectrum of the quantum harmonic oscillator. The black line corre-
sponds to the quadratic potential and the wavefunctions ¢, of the lowest eigen-
states are visualized at their respective energies Fp. . . . . . . . ... ... 16
Energy spectra showing the encoding of qubit states in larger quantum systems.
(a) In neutral atoms such as 87Rb, two hyperfine levels can be used to repre-
sent the qubit. (b) In superconducting architectures like transmons, the qubit is
typically encoded in the two lowest-energy eigenstates. The colored lines show
the probability distributions 1, (4)? of the eigenstates |n). Section 2.3.2 includes
more background on transmons specifically. . . . . .. ... 00000 17
A qubit state |¢) is represented by a point on the Bloch sphere (red). The poles
correspond to the computational basis states |0) and |1). Single-qubit gates (see
Section 2.2.2) correspond to rotations of the Bloch sphere about specific axes 1

Conceptual depiction of a quantum circuit. A sequence of unitary gates U; is
applied to the qubit register that is typically initialized in the state |0>®N . At

the end the qubits are measured in the Z basis. . . . . . .. ... ... ... .. 23
Quantum circuit decomposition of the three-qubit Toffoli gate into single- and
two-qubit gates. . . . . . . 24

A Josephson junction (left) is shunted by a large capacitor (left) to form a transmon. 33

Real part of an exemplary pulse in the rotating frame, with one carrier wave
(Ny=1). (a) Six B-splines shape the envelope of the pulse. Grey dots mark the
support of each time-local basis function. (b) The final pulse is constructed from
a single carrier wave bounded by the B-spline envelope. With Ny > 1, the final
pulse is the sum of these individual pulses with one carrier wave. . . . . . . . .. 44
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The Incremental Pulse Re-seeding process. (a) The problem is initialized with
a random pulse and duration guess Tgtart- (b) The main optimization function,
which searches for the highest-fidelity pulse for a given duration using Jugbox,
returning an optimized pulse v and a fidelity F(7;4). (c) If an optimization
succeeds, save the duration and pulse, then decrease T' and start from a truncated
version of the successful pulse. (d) If an optimization fails, but a successful pulse
has been found in the past, decrease step size and work backwards from 7T3,egt
again; if step size has reached granularity, return best pulse. (e) If no successful
pulse has been found so far, but fidelity improved, mark this duration as the best
so far, extend the duration, and re-seed with the extended previous pulse. (f)
If no successful pulse has been found and fidelity decreased, restart the whole
process with the highest-fidelity duration and a random guess. . . . . . . . . ..
Applying Incremental Pulse Re-seeding (IPR) to find the shortest duration for the
H, gate. (a) Visualization of attempted durations during the IPR procedure, with
the chronological order of steps indicated by the colored numbers. Green (red)
arrows represent steps that did (did not) lead to meeting the pulse target fidelity
of Frarg = 99.9%. Starting from Tytart = 70ns and a time step of 8ns, three
pulse extension and re-optimization steps are required before the target fidelity
is first reached at 94ns. The duration is then reduced to 78ns by successfully
re-seeding with truncated pulses. After step 6 the time step is halved because re-
optimizing at T' = 70 ns with the truncated pulse does not meet the target fidelity.
Repeating this scheme leads to the final duration of 7. = 76 ns, highlighted by
the star, as after step 10 the time step falls below the granularity of 1 ns. (b) Plot
A shows the optimized pulse after IPR step 2. A new seed for the optimization
at T' = 94ns is generated by extending the previous result in duration (A*). At
94 ns the target fidelity is met, so the optimized pulse is truncated (B*) and used
as a seed for the second T' = 84 ns optimization, leading to the successful result
shown in C. . . . . . ..
Evolution of state populations when applying the Hy pulse of shortest duration
(76ns) to a qudit with d = 4. Every computational basis state is transformed
into superposition of all four basis states with nearly equal population, deviations
only arising from the remaining 0.1% infidelity. At all times the populations of
the guard states |4) and |5) are below 2 - 1073 and 1075, respectively. . . . . . .
Distribution of naive random-guess optimizations of the Xg gate for individual
durations between 180 ns and 230 ns. Each boxplot consists of 20 fidelities from 20
individual Jugbox optimizations, with the blue line indicating the median value,
the box indicating the middle 50% of fidelities, and the whiskers indicating the
full range of values. (a) The full data, showing a general increase in fidelity as
duration increases. (b) Focusing on the area of interest (fidelities close to 99.9%).
The IPR scheme outperforms random guessing, finding a minimum duration of
Thest = 195ns at 99.9% fidelity, whereas none of the 20 random guesses at that
duration reached the same fidelity. . . . . . . .. .. ... ... ... ... ..
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Dependence of single-qudit gate durations from qudit dimension d. The four gates
are defined in Equation (3.2). Each data point shows the minimum duration of
applying Incremental Pulse Re-seeding (IPR) from ten different starting times.
The unexpected discrepancy between d = 6 and d = 7 for the generalized T, gate
suggests a highly complicated optimization space and shows that shorter pulses
for some d values may be possible. For each gate the scaling of duration with
dimension d is analyzed with quadratic and linear regressions, where the latter is
less accurate but captures the essential behavior in this low-dimensional regime.
The fit coefficients are presented in Table 3.3. . . . . . . . ... ... ... ...
Gate durations of two-qudit SWAP operations for qudit dimensions d = 2, 3, 4.
The horizontal axis corresponds to the dimension of the full Hilbert space d2.
Due to the low number of data points, regression is not applied, but a near-linear
trend is visible. . . . . ...
False-colored optical image of the device. The left transmon (red) is used as the
ququart in the experiment. Single-ququart rotations are sent through the input
line coupled to the resonator (blue). The SQUID coupler (purple, zoomed-in
region) is kept biased to the flux sweet spot throughout the experiment. . . . . .
Measurement setup. . . . . .. ... Lo e
Two ways of realizing arbitrary quantum gates on a four-level ququart, which is
controlled by three modulated carrier waves with resonant frequencies w;. (a)
Any ququart gate can be decomposed into a series of at most six qubit-like
Y;_1,;(0;) rotations interleaved with ququart phase gates. Given a target uni-
tary, the parameters 0; and ¢; can be calculated numerically. (b) Lifting the gate
abstraction, quantum optimal control can be used to determine a control signal
that operates on all subspaces in parallel and manipulate the entire ququart state.
A final virtual Z4(¢) gate adjusts the relative phases. The shown pulses together
with ¢ = (4.265,4.590,0.000) (radians) implement a ququart Hadamard Hy in
T =350ns. . . . .
Optimal control pulses for ququart Hadamard H,4, with final VZ correction (solid
lines, T" = 350ns) and without final VZ correction (dashed lines, T" = 420ns).
The vertical gray line marks the duration of the former. . . . . . . . . . . .. ..
Optimal control pulses for the tensor product H® H without a final VZ correction,
T = 380ns. Allowing a correction did not lead to a significantly reduced gate
duration. . . . . . . . ..
Readout characterization. (a) Single-shot histogram after phase rotation and
(b) heatmap of detection probabilities (in %). Single-ququart basis states are
prepared and measured 5000 times. . . . . ... ...
Process matrices for quantum optimal control implementations of the (a) ququart
Hy and (b) two-qubit H ® H. The area of each square encodes the magnitude
of the corresponding element while the color encodes its phase. The Hy process
matrix is represented in the generalized Pauli basis while H ® H is represented
in the Pauli basis for two qubits. The exponent/index n € {0,1,2,3} assumes

increasing values from left to right or top to bottom for each tick in a label group. 81
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3.15 Experimental results for (a) ququart RB (Cy Clifford group, red) and (b) two-
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4.3

4.4
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4.6
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qubit RB (0592 Clifford group, red) on a four-level transmon. Using IRB we
benchmark (a) Hy and (b) H ® H in the appropriate setting, for both their gate-
level decomposition (DEC, yellow) and their quantum optimal control (QOC,
blue) implementation. Markers represent the mean survival probabilities and
error bars (smaller than the marker size) are the standard deviations of these

Band structure of the optical lattice Hamiltonian (see Equation (4.1)) for ¢ = 0.
The potential V' (z) for the specific choice Vj = 10wp is shown in black, while
modulating ¢ corresponds to shifting the potential to the left or right. The Bloch
states ¢, (x) = (x|v) g are shown at their corresponding energy eigenvalue, clearly
defining a valence and a conduction band subspaces, with latter characterized by
nearly degenerate pairs of opposite-parity states. A subset of the operations
considered in this work are indicated by red arrows (see also Section 4.2.1 and
Figure 4.2). . . . . .. 91
Visualization of a variety of operations that can be realized in the optical lattice
interferometer. Neighboring pairs of Bloch states are identified as qubit subspaces
and represented by separate Bloch spheres. Upon initialization the system is in
|0) 5 in the valence band (II; qubit). SPLIT, maps to a Bloch state |v)p in
the conduction band, here shown for ¥ = 4. Unitary BOOST, /SLOW, operations
map between adjacent conduction band qubits, for instance BO0OSTy : 114 — f[6
and SLOWg : IIg — II4. The mapping Il — II; corresponds to bringing the
atoms to rest (HOLD operation, inverse is RELEASE). Single-qubit operations on
the conduction band qubits are visualized; we provide interpretations in terms
of atom-cloud trajectories in the main text. The yellow circles in the conduction
band Bloch spheres correspond to approximate momentum eigenstates |+vk L>p' 99
SPLIT3 : |0)g — |3) g operation, 7' = 1.88 wél, 7 =3.27-107°. The top panel
shows the state evolution in the Bloch basis while the lower panel shows the
corresponding control function. . . . . .. ..o 100
Realization of logical qubit gates on the Il qubit. Each column shows the state
evolution of one basis state, the control function as well as its Fourier trans-
form. The desired frequency cutoff at w. = 70wp is achieved through an addi-
tional term in the objective and enables smooth waveforms. The gate properties
(duration 7', infidelity ) are (1.50wp’, 4.05-1073) for Xy, (3.00wp!, 2.13-1073)
for Zy, (3.50wp",9.39 - 1075) for Hy and (2.50wp",3.61-1074) for 7y, . . . . . 102
Zg gate acting on qubit Ilg, T" = 4.50 wl_%l, 7 =290-1073. Tt is equivalent to a
MIRROR operation for atoms in |+6k L>p' The top panel shows the state evolution
in the Bloch basis while the lower panel shows the corresponding control function. 106
Control functions for the HOLD operation (left, Z = 1.37 - 1073) and the BOOST,
operation (right, Z = 9.13-107°). For both operations the gate time is 7' = 1.75 w; 1.108
Space-time representation of a simple circuit for a lattice-hold interferometer
sequence written using the gates proposed in this work. . . . . . . . . .. .. .. 109
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Optimization of the accelerometer’s sensitivity in an end-to-end fashion. The
red vertical lines indicate the insertion of free-propagation windows of duration
2.0-27rw}_31 ~ 12.6 wl_%l in order to mimic the structure of a Mach-Zehnder interfer-
ometer. (a) Evolution of the Bloch states throughout the protocol. (b) Evolution
of the (classical) Fisher information, normalized to the Fisher information of the

idealized Mach-Zehnder interferometer Zjgeq1(a = 0; T') shown in Equation (4.48).

(a) In frequency-tunable transmons (inset), uncertainties in the flux ®; ey lead to
unknown frequency shifts A (orange arrows around green point) when operated
away from sweet spots (pink stars). (b) Shifts A break the degeneracy of the
KC qubit (orange circle), causing phase errors. The gap opening is exponentially
suppressed with the cat size a2, creating robustness to A. . . . ... ... L.
(a) Bloch sphere of the KC qubit showing Wigner functions of the X and Z
eigenstates as well as rotations about the axes X (easy, green), Y and Z (hard,
red), and an arbitrary axis in the X-Y plane n, (blue). (b) Dependence of the
magnitude of the drive matrix element hy, on the angle . As the cat size and
protection increase, rotations about all axes in the X-Y plane except for the X
axis get suppressed. . ... .. L
Pulse implementation and infidelity robustness for the X (7/2) gate. (a) The
X (0) rotation is native to the KC and is realized through a simple single-photon
drive pulse. (b) The infidelity of the pulse (a) when simulated over a range of
detuning errors A. (c) The average infidelity Z of pulses of type (a) for different
durations and cat sizes. The infidelity decreases when the cat size is increased

(a) Pulse scheme for the Y rotation, which includes tuning the two-photon the
pump strength &9 to lower the cat size and a DRAG term €;. (b) The infidelity of
the pulse (a) when simulated over a range of detuning errors A. (c¢) The average
infidelity Z of pulses of type (a) for different durations and cat sizes. The increase
in robustness diminishes when increasing the cat size beyond o2 220 ...
Optimization results of the Y (7/2) gate for different settings, showing average
infidelity Z, drive amplitude e, ¢ and relative cat size n = a?(T/2)/a? at the most
ramped-down point. (a) Gate scheme including the DRAG correction e,. This is
the main result, which is also included in Figure 5.4. The cat size is barely ramped
down to retain the KC protection, however this makes large drive amplitudes
necessary, which can become a limiting factor. (b) When constraining the drive
amplitude, the cat size has to be ramped increasingly more for larger initial o
in order to counteract the suppressed hy element. Sacrificing the KC protection
limits the achievable average infidelity. (c) Without the implementation of a
DRAG correction, the coupling to excited states combined with the suppressed
hy element leads to a Stark shift and ultimately to a loss in fidelity, hence the
found solution is to ramp the cat size down all the way to zero. No robustness
improvement over the bare qubit (a? = 0) is achieved. . .. ... ... ... ..
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Adiabatic realization of the Z(—n/2) gate using the scheme @)«+>@). (a) The
energy gap derivative d5E1 (9, 042) as a function of the detuning 6 and cat size
2. The robust line &, () is highlighted by a black dashed line. An example
gate trajectory is shown with an orange solid line. The inset (same legend as
(d)) shows the robust line in the energy spectrum. (b) Control pulse for the solid
trajectory shown in (a), which simultaneously tunes the detuning § and the two-
photon pump strength via &o. (¢) The infidelity of the pulse (b) when simulated
over a range of detuning errors A. (d) The average infidelity Z of pulses of type
(b) for different durations and cat sizes. We note that the a® = 1 line ends at
T =~ 22 K1 because our scheme @@ is not applicable in the case of small
cat sizes (o? < 1), which is also why a? = 0 is excluded here. We discuss an
alternative scheme @9<>&) below, which works for all cat sizes but is less suited
for dynamical errors A(f). . . . . ..o L
Alternative realization of the Z(—n/2) gate using the €9<>&) scheme. (a) The
energy gap derivative 0g5Eqq(d, a2) as a function of the detuning 0 and cat size
o2. The robust line &, (a?) (highlighted by a black dashed line) separates the
parameter space into two regions with different signs of the energy gap derivative
05 E01 (9, a2), which enables first-order insensitivity to static errors A on averaging
over the trajectory. An example trajectory is drawn with an orange solid line.
The inset shows the energy spectrum. (b) Control pulse for the solid trajectory
shown in (a), which simultaneously tunes the detuning § and the two-photon
pump strength via 9. (c) The infidelity of the pulse (b) when simulated over a
range of detuning errors A. (d) The average infidelity Z of pulses of type (b) for
different durations and cat sizes. . . . . . . . ...

VQAs combine a classical optimizer which adjusts the parameters in each it-
eration with a quantum device producing function evaluations by running the
corresponding quantum circuits. . . . . ... L.
The fundamental idea behind Clapton: Transforming a VQA problem structure
to match the noise structure on a quantum device. Having identified a good
algorithmic state, transforming the VQA problem such that it is mapped to a good
hardware state improves the fidelity under noisy evaluation, leading to improved
performance of the entire VQA instance. . . . . . . . . ... ... ...
Key result: Clifford operations enable the combination of classically simulable
noise and VQA Hamiltonian transformation, which ultimately gives Clapton its
advantage over other initialization schemes in terms of solution quality (lower
energy) and modeling accuracy. . . . . . .. ...
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The Clapton transformation engine. Given a problem Hamiltonian #, a noise-
equipped version of the VQE ansatz (at the zero point) A(0) and a Clifford trans-
formation ansatz C(7), Clapton employs genetic algorithms (GAs) to search over
transformation parameters « to find a solution 4. It instantiates s processes
GAq,...,GA,, starting from random popultions Si,...,Ss, that search the pa-
rameter space independently. Internally, each GA instance performs m iterations
of transformation optimization, where for different v the Hamiltonian is trans-
formed and the noisy (L) as well as noiseless (Lg) energy of the initial point
is evaluated. The GAs produce final populations S, of which Clapton takes the
top k solutions, mixes them and randomly constructs new starting populations
S;, additionally adding new random guesses that are not derived from the pre-
vious round. This entire scheme is repeated until the global loss value does not
decrease between rounds (convergence). . . . . . . ...
Comparing the VQE initialization quality of Clapton against the baselines CAFQA
and nCAFQA, as measured by achieved energy and relative improvement 7, across
a variety of benchmarks (color-coded). Results are shown for three noise models
(nairobi, toronto, mumbai) and one real quantum device (hanoi). Top rows:
Energy values of found solutions for each method on an absolute, normalized
scale (see main text). Different symbols refer to the evaluation of each solution in
different noise environments. Energies under full model/device evaluation (x) are
the most relevant. The dark X refers to the energy after a couple hundred VQE
iterations (final point (f)) when starting from the colored x (initial point (i)).
Bottom rows: Relative improvements of Clapton over CAFQA and nCAFQA,
evaluated for the initial x and the final x. The inset text shows the geometric
mean 7) across all benchmarks. . . . . . . ... 00000
Visualizations of the VQE convergence of the ten-qubit XXZ model with (a)
J = 0.25 and (b) J = 1.00, run on two different noise models. The Clapton
initialization starts better than the baselines and typically converges better. Ini-
tial and final evaluations on real machine hanoi are shown with stars. Hardware
experiments yield worse final points in some cases, suggesting a device-model
discrepancy that Clapton does not seem to be strongly affected by. . . . . . ..
The impact of Clapton when solely sweeping the single-qubit gate error p (two-
qubit gate error 10p), for three different decay times and a selection of bench-
marks. Relative improvement is evaluated at the initial VQE point. . . . . . . .
The impact of Clapton when solely sweeping the measurement error p, for three
different decay times and a selection of benchmarks. Relative improvement is
evaluated at the initial VQE point. . . . . . . .. ..o oL
Scaling of Clapton optimization time with the number of qubits N for the Ising
model (J = 0.25). Each instance is run from five initial guesses using s = 10.
The inset presents the scaling of the average optimization time per round, which
follows an O(N?) trend. The baseline CAFQA method shows a considerably
faster performance as it only computes noiseless evaluations. . . . . . . . .. ..
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CHAPTER 1
INTRODUCTION

In the last few years, the development of quantum technologies has seen tremendous progress.
One large endeavor pursued by scientists around the globe is the design and engineering of
a fault-tolerant quantum computer, which is expected to introduce a new revolutionary
paradigm of computing. The trajectory of achievements is promising: The number of quan-
tum bits (qubits) on hardware and their quality has been steadily increasing across different
quantum computing platforms, and researchers have been designing more reliable ways to
encode and manipulate the fragile quantum information.

However, further improvements to various parts of the quantum computing stack are
needed to reach a point of practical utility for these machines. The simplified version of
the stack design in shown in Figure 1.1. Starting at the bottom, these challenges include
the fabrication of high-fidelity qubits, which requires a deeper understanding of material
properties, a careful choice of physical device parameters (especially in the case of artificial
qubits like transmons) and layout, and better shielding from interaction with the environ-
ment. On the next level, where we wish to purposefully manipulate the quantum hardware
to perform computations, researchers are concerned with optimizing the control system that
implements logic gates and performs the readout of quantum information. Work at this layer
is still largely platform-specific as different architectures like superconducting qubits, atomic
qubits or semiconductor qubits come with their own set of control knobs as well as unique
features and limitations. As an example, superconducting transmons [99] are operated with
microwave pulses, while neutral atoms [201] are mostly controlled with laser beams.

It is intuitive that both these layers bear many sources of imperfections that can degrade
the performance of the quantum computer. Quantum devices are operated at extreme condi-
tions (cryogenic temperature, ultra-high vacuum, etc.) and any distortion typically leads to

unwanted corruption of the quantum information. On the control side, the pulses that drive
1
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Figure 1.1: Simplified depiction of the stack of a quantum computer as an example of
a quantum technology. The low levels consist of the quantum hardware and the control
system, which can implement physical operations. A quantum error correction (QEC) scheme
translates between physical and logical instructions and is able to dynamically correct errors
(lightning symbol). QEC has not been demonstrated in full universality yet, thus the dashed
boundary lines. On top we find the high-level programs that are compiled to fundamental
operations. Without perfect QEC, errors can propagate all the way up and distort the
computation result.

the qubits themselves can have errors stemming from the control electronics or interact with
the quantum system in a way that is not intended (e.g., leakage outside the computational
space). Each factor can be limiting to the qubit coherence and impose a fundamental barrier
on the capability of a device. Generally, these issues are regarded collectively and referred
to as nmoise affecting the hardware. A major goal by every experimentalist is to reduce the
noise in their system as much as possible.

In an ideal world without noise, the layers that follow this low-level part of the stack can
be more and more agnostic to these hardware details. A specific platform offers a set of native
gates depending on the available control knobs and further defines a certain qubit topology,
both being properties a quantum compiler has to know about. For instance, in a neutral
atom architecture, a multi-qubit gate can be achieved with a single, native operation that
exploits the so-called Rydberg blockade [183], which is not possible on a transmon processor

as it lacks this quantum feature and also typically only allows nearest-neighbor connectivity.
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Above that, on the program or algorithm level, no knowledge of the underlying quantum
system should be necessary, allowing for the universal design of applications that can be
executed on any quantum computer.

However, in reality, noise is a serious concern because these low-level distortions lead to
errors on the top level, limiting the fidelity of algorithms. While an obvious effort is to reduce
the noise at the source, much research has also been dedicated to higher layers in the stack
to reduce the impact of errors. For instance, a variety of error mitigation techniques have
been proposed, like noise-aware compilation schemes [129] or zero-noise extrapolation [178].
While these methods have proven helpful, in recent years, the community has come to the
realization that better hardware engineering and error mitigation will not be sufficient to
build machines that can tackle large-scale problems, the error rates will not be sufficiently
low enough. This is why the field of quantum error correction (QEC) has been experiencing
a large growth in attention and major breakthroughs have been achieved [21]|. The idea is to
redundantly encode quantum information in a larger quantum system in order to detect and
correct errors dynamically. This would define intermediate layers in the stack as shown in
Figure 1.1. QEC offers a systematic path to achieve the long-term goal of completely fault-
tolerant quantum computing, however, its redundancy overhead is critically determined by
the quality and the control of the hardware components, which is why improving the low-
level stack is still of utmost importance. Furthermore, until then the high-level algorithm
side will still be exposed to hardware noise, therefore tailoring application programs to deal
with such distortions constitutes a worthwhile research direction.

Taking inspirations from these observations for quantum computers, this thesis addresses
the space of optimizations across the device stacks of different quantum technologies. We
demonstrate how to use the knowledge about the physics that governs these quantum tech-
nologies to improve their performance and inform architectural design choices at different

layers of the stack. Our focus lies on optimizations that can be achieved through theory,



simulations and software. While quantum computing platforms serve as the main example
for the major part of this thesis, another promising technology we consider are quantum
sensors. The key idea behind quantum sensing is making use of quantum effects to detect
physical properties that are not accessible to us with classical tools, for instance, magnetic
fields [159] or spatial accelerations [30] at a very fine scale. We describe how the concept of
a stack is translated to this technology and how it can benefit from various physics-inspired
optimizations as well.

Before we dive into the technical research content of this thesis, we first give a more
detailed introduction to the quantum technology stack and the formalism of quantum physics
in Chapter 2. We discuss the concepts of wavefunctions and state vectors describing quantum
systems as well as their evolution and controlled manipulation, which is relevant in different
parts of the thesis. Especially the latter, the control of quantum systems and the room for
optimization it provides, represents a key aspect of our research. Over the course of the
following three chapters, we show that improvements at this low-level pulse layer enable
positive implications on the device stack’s quality for the cases of three different quantum
architectures.

First, in Chapter 3, we explore how pulse control enables hardware-specific operations
that go beyond what we would intuitively deem necessary to realize standard quantum com-
putation. Specifically, many quantum systems allow access to higher energy levels, enabling
the implementation of d-dimensional qudits. In the past qudits have been investigated as ar-
chitectural components on the gate level with promising results |6, 7|. In order to assess their
feasibility in reality, we present hardware-aware studies where we numerically design control
pulses using quantum optimal control [199] and further benchmark them in experiment on
a quantum device.

Second, we apply the tools from quantum optimal control to a sensing technology based

on neutral atoms. We describe in Chapter 4 how we design control sequences that enable a



“programmable sensing” framework, which includes proposing gate primitives and a language
similar to quantum computing, thus defining higher-level stack layers specifically for this
sensing platform. The specific pulse implementation of a sensing scheme influences the
sensitivity it can sense the desired parameters with. Pushing this sensitivity to the limit is a
key goal when constructing such a device, which is why we furthermore present an end-to-end
pulse optimization scheme that directly boosts the sensor’s sensitivity.

Third, we turn our attention back to quantum computing in Chapter 5 and consider a
qubit system with an inherent noise protection. This is particularly appealing in the context
of quantum error correction as it could reduce the redundancy overhead that is usually
required. In particular, we focus on Kerr-cat qubits which are robust to undesired phase flip
errors. However, this gain in error protection comes at the cost of reduced controllability,
which poses a significant obstacle for their practical use. In order to address this challenge,
we study the specific instance of operating a Kerr-cat qubit encoded in superconducting
hardware that is subject to unknown frequency fluctuations. We demonstrate pulse schemes
that circumvent this tradeoff, thereby recovering universal computation while maintaining
robustness to induced phase flips.

These chapters extensively cover the low-level part of the technology stack. In Chap-
ter 6, we move up the stack to target the algorithm level, where we leverage knowledge of
hardware noise characteristics to inform quantum programs and increase their fidelity. This
adaption is especially useful in the transitional period from current noisy hardware to fully
fault-tolerant machines. In particular, we focus on an algorithm that lends itself to this
endeavor in an intuitive way: the Variational Quantum Eigensolver. Its purpose is to find
the ground state of a (modeled) quantum system. We investigate how a specific ground state
problem can be transformed given the knowledge of hardware noise to yield a more noise-
resilient formulation. As a result we propose a pre-processing error mitigation technique that

exploits the structure of hardware noise and evaluate its performance in simulation as well



as experiment.

To reiterate, in this thesis we present a variety of physics-inspired optimizations that can
be applied to different layers of the quantum technology stack, which is also highlighted in
Figure 1.1. We discuss multiple architectures and show how their unique features enable

device-specific improvements.



CHAPTER 2
THE QUANTUM TECHNOLOGY STACK

For a classical computer, like our phone, laptop or smart TV, the concept of its stack is
well established. It describes the different layers that define the technology, from the bare
hardware (the “silicon”) at the bottom to complex software applications at the top. The
space in between is filled by a number of layers that add an increasing amount of abstraction
to bridge the gap between top and bottom; these layers include the basic instruction set,
compilers and the operating system for instance.

As quantum technologies emerge and develop, this concept can be extended to them
as well and we already introduced the adaption for a quantum computer with Figure 1.1
in the previous chapter. We find the underlying quantum hardware at the bottom, which
is controlled with classical electronics that implements physical operations. The quantum
effects coming to life inside such a device are highly delicate and prone to noise, limiting
a quantum device’s capability. In order to build a powerful quantum technology able to
tackle practical problems, this limitation needs to be overcome. For quantum computing
specifically, great efforts are being devoted to the development of quantum error mitigation
and quantum error correction (QEC) schemes. A QEC code defines logical operations as
compositions of physical operations, which then form the fundamental set of instructions.
At the top, a quantum compiler takes a high-level algorithm and makes it compatible with
the underlying layers by translating it to basic instructions.

In this chapter, we go over the different layers of the stack in more detail and introduce

physical concepts, terminology and example platforms that are of interest in our works.



2.1 Fundamentals of quantum mechanics

At the heart of all quantum technologies lie the principles of quantum mechanics, which
enable their unique features. Therefore, in this section, we start with an introduction to
the basic concepts of quantum mechanics that are relevant throughout this thesis. For more

in-depth material, we refer to standard textbooks like Refs. [167, 71, 136].

2.1.1 From classical to quantum

In classical mechanics (we refer to Ref. [60] for a detailed introduction), the state of a
system is fully determined by a set of spatial coordinates x = [x] ... :cd]T together with
corresponding conjugate momenta p = [p1 ... pd]T. Collectively, one refers to the 2d-tuple
(x,p) as canonical coordinates. While there exist many such coordinate systems that are
equivalent in the sense that they can be transformed into each other (keyword: canonical
transformation), in this thesis it is sufficient to consider the common case that x represents
Cartesian coordinates; also, it simplifies this brief discussion. As an example, the state of a
system of two particles in three dimensions could be described by the canonical coordinates
(21 x9 T3 T4 T5 T P1 P2 P3 P4 P5 6] |, where the indices 1 — 3 refer to the first particle and
4 — 6 to the second.

The system evolves in time according to Hamilton’s equations of motion:

IH(z(1),p(t),t)
op ’

pt) = ~ 2= p(1).6). (2.1)

2(t) = ox

The function H : (z,p,t) — H(x,p,t) is called the Hamiltonian and often takes the form
H =T+V, where T is the kinetic energy and V' the potential energy (or simply, potential) of
the system, thus representing the total energy of the system. For instance, the Hamiltonian

of a harmonic oscillator (mass m, eigenfrequency wg) subject to an external force F(t) in



one dimension is given by

2

1
H(a,p.t) = o + smupa’® - F(t)r, (2.2)

which leads to equations of motion that are familiar from Newtonian mechanics:

B(t) ==L, p(t) = —mwda(t) + F(t). (2.3)

However, certain phenomena cannot be explained with the laws of classical mechanics,
for instance, the behavior of electrons inside atoms. The necessary transition to quantum
mechanics is achieved via canonical quantization, where the canonical coordinates xj. and py,
are replaced with Hermitian operators (i.e., linear maps) ;. : V — V and p;. : V — V in the
Hamiltonian H, giving rise to an Hamiltonian operator H : V — V describing the energy of
the quantum system:

~

H(x,p,t) = H(z,p,t). (2.4)
These operators act on elements 1) € V of a vector space of functions V C {f : R — C}:

Oy ()

B@) = m(@). () = i

(2.5)

The reduced Planck constant h =~ 1.054-1073% Js is a fundamental, scale-defining constant in
quantum mechanics; however, it is common to work in units where A = 1. This has the effect
that energy and frequency are measured in the same units. We set the symbol in lightgray
in this section and it does not appear in the rest of this thesis.

The complex-valued function 4 is called the quantum system’s wavefunction and it fully
describes its state, similar to the canonical coordinates in the classical case. For example, in
the case of N electrons inside an atom, the wavefunction 1) with d = 3NN describes their global

state in three dimensions. While 1)(x) itself has no clear interpretation, its squared absolute

9



value |1()|? can be understood as a probability density, i.e., [1)()|? d%@ corresponds to the
probability of observing the system in a small volume d%e¢ around @. Therefore, we require

a physically meaningful wavefunction to be normalized:

/ () 2 dd = (]2 = 1. (2.6)

This means that wavefunctions are elements of the Hilbert space £2(Rd, C), which is the
vector space of square-integrable functions (i.e., functions with finite norm) that map from
R? (here the coordinates @) to C. The space of all wavefunctions (including unnormalized
ones) is thus a subspace V C Ez(]Rd, C) and furthermore inherits the standard inner product
from £2(R%,C),

(h:Vxv e (o) = [ @) dla, (2.7

making V a Hilbert space itself.
The evolution of the quantum state in time leads to a smoothly parameterized family of
wavefunctions ¢(t) € V, where the dynamics is determined by the famous time-dependent

Schrédinger equation (TDSE)

i (2, 1) = H(&, b, ) (@, 1). (2.8)

Applied to our example of a simple harmonic oscillator in Equation (2.2), the TDSE gov-

erning a driven quantum harmonic oscillator reads

~2 82 1 9 9

. 1
i(x,t) = (f—m + 2mw0x — F(t)z )w(a:,t) = ( 9 902 + UL —F(t)a:)¢(:c,t).
(2.9)
This is a partial linear differential equation of first order in time and second order in space,

which is the common case as the kinetic energy is typically quadratic in p.
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2.1.2 Dirac notation

We transition to a more general formulation of quantum mechanics using a notation that
was first introduced by Paul Dirac in 1939 [47| and is now ubiquitously used by quantum
scientists. It enables the description of quantum effects that cannot be modeled with wave-
functions, for instance, the spin of an electron.

The language of quantum mechanics is linear algebra. The quantum state of a system is
represented by an element (called ket) 1)) € V of a complex Hilbert space V that is equipped

with an inner product (.|.) : V x V — C, and can therefore be expanded in an orthonormal

basis {|[¥5) b ((Vrlvr) = or),
) =" oy ) (2.10)
2

with complex coefficients o = (|¢)) € C. The coefficient «j, determine the probability
PE = |oz/€|2 of observing the system in the state |¢;.), which implies the normalization con-
straint ) lag|? = 1. Due to the vector space structure, and as Equation (2.10) shows, a
quantum system can exist in a superposition of basis states. This is one of the unique prop-
erties of quantum mechanics that are essential to the functionality of a quantum technology,
which becomes clearer in the next section.

Another crucial feature is entanglement, which can emerge between multiple subsystems
with Hilbert spaces V; of a composite quantum system with Hilbert space V = ®j V. If a
state [¢)) € V can be factorized, i.e., written in the form [¢)) = ®j |¢j> with |wj> €V, itis
called a product state. Otherwise, the state is called entangled, which means that properties

of the subsystems cannot be described independently of each other. For example, the state

y_ b @ fut) + ) @ [vd) _ [uivi) + [vid) (2.11)

v NG o

where {W@}k denotes an orthonormal basis of V;, is entangled. Here we also introduced
the shorthand notation for product states, e.g., |w%w%> = |¢%> ® |w%> Upon measurement,

11



we either find both subsystems in their first basis states ‘@b%@/}@ or their second basis states
W%z/;%>, with a 50% probability each, thus the individual observations are correlated. En-
tanglement is a form of correlation that has no classical counterpart and cannot be explained
by local properties of the subsystems (keywords: local hidden variable model, Bell inequality
[10]), making it the key ingredient that quantum technologies aim to exploit.

Mathematically, the quantum state [1)) can often be thought of as a (possibly infinitely
dimensional) column vector of complex numbers. Its dual (called bra) (1| is identified by the
adjoint, (¢| = ]¢>T, which then corresponds to the complex-conjugated and transposed row
vector. In that case the inner product (.|.) is given by the familiar standard inner product
of two complex vectors, which is captured in the notation: (¢|y) = (¢| |¢) for ¢, ¢ € V.

Information about a quantum system is extracted by measuring an observable O, which
is an Hermitian operator (O = OT) with real eigenvalues o;, and corresponding eigenstates
log.), so O |og) = o} |og). We say that we “measure O” or “measure in the O basis”. Upon
measurement, the outcome oy, is obtained with probability p(og) = |(0g|¥)]|? and the system
collapses to the eigenstate |o;), which may lead to the loss of entanglement correlations to
other systems. The expectation value of the observable is then given by (O) = (¥|O|y). As
an example, we can draw the connections to wavefunctions: Let {|x)}, be the set of eigen-
states of the d-dimensional position operator &, defining the position basis, with eigenvalues
{z},. The projection of the quantum state onto this basis corresponds to the wavefunction
W(x) = (x|v) and relates to the probability density! [¢(x)|? of the outcome @, as discussed
before.

To reiterate, the probability of any physical observation is determined by the squared
absolute value |{og|))|? of its corresponding state component (og|t). This has the direct
consequence that we are unable to differentiate between a state [¢) and a state |¢') = ' )

with ¢ € [0, 27), therefore, the global phase of a quantum state is unobservable. Thus, we can

1. Due to the uncountably infinite dimension of the position basis {|&)}, the notion of a probability
density is required.

12



associate with |¢) a family of equivalent states {ei‘b |v) ‘ ¢ € |0, 2%)}, but work in derivations
with a particular representative |¢)) with a fixed global phase without loss of generality. This
freedom is in stark contrast to the relevance of relative phases between different basis states

in a superposition, for instance,

Y1) + [¥2) = 3) o 1) —ilYe) + [Ug) (2.12)

V3 V3

because they determine the constructive or destructive interference of basis states as the
system evolves.

A particularly interesting observable is the Hamiltonian #, which describes the sys-
tem’s energy. Its eigenvalue problem is known as the time-independent Schrédinger equation

(TISE)
H|vr) = By [vr) (2.13)

which defines the eigenenergies Ej. and eigenstates |¢) of the system. It is often useful to
choose the energy eigenbasis to express arbitrary states (see Equation (2.10)). The Hamil-
tonian determines the evolution of the system’s state |¢(¢)) in time, which is governed by

the time-dependent Schridinger equation (TDSE)

i(t)) = H(t) (1), (2.14)

which generalizes Equation (2.8) to arbitrary quantum systems. We included the possibility
that the Hamiltonian can be time-dependent, which is a fundamental requirement for build-
ing a quantum device because the system needs to be controllable. The formal solution of

the TDSE is given by

() = T exp (—z' () dt’) (1)) = U(1) [(0) (2.15)




Here, 7 denotes the time-ordering operator, which is required because the Hamiltonian
generally does not commute with itself at different times, i.e., [ﬁ(t), H(t' )] # 0. Effectively,

N N 1
the dynamics is described by the unitary time evolution operator U(t) = (U(t)g that
evolves any input state at time t( to its corresponding output state at time ¢. By purposefully
engineering the Hamiltonian 7:[(15), different such unitary transformations on the quantum

system can be realized, enabling the practical use of a quantum technology as we discuss in

Section 2.2.

2.1.3  Example: Quantum harmonic oscillator

To conclude the introduction of basic concepts, we briefly describe the algebraic solution of
the one-dimensional quantum harmonic oscillator (QHO) as it is a fundamental model in
quantum mechanics and we encounter it multiple times throughout this thesis.

We recall the Hamiltonian from Equation (2.9), where we consider the case of no driving

(F(t) = 0) for now:

~oopE

By introducing the new operators

R mwy .. w 1 . o mwy .. . 1 ~
a=\—2+1 : o' =4/ —x—1i
\V 2 omg. 2 T

z

(2.17)

I
—_
S
Q>
+
Q>
-
N——
3>
Il
|
o~

the Hamiltonian can be rewritten as (using the commutation relation [z, p] = i)

H=wy (aTd + %) = wy (n + %) (2.18)

The solution of the TISE (2.13) of the QHO is determined by the number operator n = ala,

14



which can be shown to fulfill

nln) =n|n) (2.19)

with eigenvalues n € N. Therefore, the energies F), = wy <n + %) of the QHO are equally
spaced with gap size wyg.
The operators a and al are called annihilation and creation operator, respectively, as

they lower or raise the energy by one quanta:
aln)=+vnln—1), a|ln)=vn+iln+1). (2.20)

They enable moving up and down the ladder of eigenstates, thus they are also referred to as
ladder operators. Starting from the ground state |0) with property a|0) = 0, the spectrum
is constructed by repeated application of al. This way the corresponding wavefunctions

tn(x) = (x|n) can be determined:

muw 1 (9 . - mwg % _mw0x2
(\/ 2 “\rmwoa—x)%(@—o — o) = (F0) e

a0 = (|22 - LD o)

The prefactor in Equation (2.21) takes care of the normalization requirement. We visualize

(2.21)

the first few wavefunctions of the QHO in Figure 2.1.

Adding back the driving term F'(t) leads to the time-dependent Hamiltonian

H(t) = wy (n + %) _ W (a+af) (2.22)

2mwy

in terms of ladder operators, which shows the possibility to add or remove excitations to the

system using the force input F'(¢).
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Figure 2.1: Truncated spectrum of the quantum harmonic oscillator. The black line cor-
responds to the quadratic potential and the wavefunctions 1, of the lowest eigenstates are
visualized at their respective energies F,.

2.2 Quantum computing

In this section we discuss the example of a quantum computer in order to give intuition for
how the unique features of quantum mechanics can be leveraged to design novel technologies.
Most projects in this thesis are centered around this specific technology.

Going forward, we drop the hat on operators (e.g., H — ‘H), which is commonly done in

research works and it will be clear from context which symbols denote operators.

2.2.1 Quantum bits

The idea behind quantum computing is to encode information in the quantum system and
purposefully manipulate it, using superposition and entanglement, to enable computing
schemes that a classical computer does not have access to. While the fundamental unit
of computation in the classical case is the bit, which can take the value of either 0 or 1, the

quantum computer operates on quantum bits, called qubits, with basis states denoted by

0) = H 1) = H 2.2
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This is also often referred to as the computational basis. In hardware, the qubit is typically
encoded in two energy eigenstates of the underlying quantum system, |0) = |Ek1> and
1) = }Ek2> for k1 # ko. Figure 2.2 visualizes this for the popular platforms based on neutral
atoms and superconducting transmons (see also Section 2.3.2). However, other encoding
schemes exist and may offer specific advantages — we refer to Chapter 5 for an example.
The specific hardware implementation defines the lowest layer of the quantum computing
stack shown in Figure 1.1.

(a) 8Rb (b) Transmon

, )
T 0 N\~

) N~
52Py ) 12) %\
1)

)
10) 52515 102 W

-3 —2 -1 0 1 2 3 mr T ‘(z)
0

Figure 2.2: Energy spectra showing the encoding of qubit states in larger quantum systems.
(a) In neutral atoms such as 87RD, two hyperfine levels can be used to represent the qubit.
(b) In superconducting architectures like transmons, the qubit is typically encoded in the
two lowest-energy eigenstates. The colored lines show the probability distributions @/Jn(qu)Q
of the eigenstates |n). Section 2.3.2 includes more background on transmons specifically.

Being a quantum object, a qubit may exist in a superposition of the basis states (Equa-

tion (2.10)), so its general state is typically written as
[¥) = a|0) + B|1) € C*. (2.24)

with complex amplitudes o, 8 € C, hence the Hilbert space is V = C2. We know the meaning
of these coefficients from the general discussion in the previous section: The probabilities
of observing the qubit in the states [0) and |1) are given by |a|? and |3|?, respectively, and

therefore we have the normalization condition |a|? + |3|> = 1. Fixing the global phase, an
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alternative representation of an arbitrary qubit state is thus given by

) = Cos(g) 10) + €' sm(g> 1), (2.25)

with spherical angles 6 € [0, 7] and ¢ € [0,27). Therefore, a common representation of the
state space for a single qubit is the Bloch sphere, shown in Figure 2.3, which is a unit sphere

in R? with the poles corresponding to the computational basis states |0) and 11).

Figure 2.3: A qubit state |¢)) is represented by a point on the Bloch sphere (red). The
poles correspond to the computational basis states |0) and |1). Single-qubit gates (see
Section 2.2.2) correspond to rotations of the Bloch sphere about specific axes n (blue).

A quantum computer requires a large number of qubits to perform powerful computations.
In an N-qubit system the computational basis is given by the product basis {|0), ]1>}®N ,
thus each basis state corresponds to one of the 2V classical bitstrings. For instance, in
the case of two qubits, the four basis states are {|00),]01),[10),|11)}. While the state of
a classical device is described by exactly one bitstring at a time, the quantum computer
can exist in a superposition of all 2V basis states simultaneously. This exponential factor
is the foundation for the potential advantage of quantum applications over their classical
counterparts. However, at the same time it makes the simulation of quantum computing
on classical machines exponentially hard as it necessitates the representation of elements of
(C2N, which is very costly in memory. We expand on this discussion throughout the next few

subsections.
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2.2.2  Quantum gates and measurement

In order to perform computation, we wish to implement quantum gates U that alter the

state of the qubits:
) = [¢) =U[¥). (2.26)

Since the qubits’ dynamics is governed by the TDSE (2.14), any such desired transformation
U has to correspond to a unitary operator. Specifically, the underlying Hamiltonian #(¢) has
to be tuned during the time interval [0, 7] in such a way that the time evolution operator U (T")
equals the target unitary, U(T) = U. Due to the global phase freedom on quantum states,
this equality is to be understood as “up to global phase factor” as well and thus denoted with
“>=” T denotes the gate duration, which depends on the specific hardware implementation
and how the control of H(t) is realized. We dive more into the topic of quantum control in
Section 2.3 to set the stage for the majority of the thesis, which discusses different control
projects (see Chapters 3, 4 and 5). With respect to the device stack (see Figure 1.1), the
implementation of gates through physical control signals constitutes the second layer from
the bottom.

A quantum gate U acting on N qubits can be represented by a oV x9N unitary matrix
when expressed in a particular basis, which is typically the computational basis. A funda-
mental set of single-qubit gates that are ubiquitous in the field of quantum information are

the Pauli operators P = {I,X,Y,Z}, defined as
1500:[1 0], X=o01= 0 =

A A
1 0

01 0 —1

: YEU2:[ 03:[1 0].(2.27)

The identity gate I leaves the qubit state unaltered and corresponds to an idling operation.
The X and Y gate both flip the computational basis states |0) <+ |1) but influence the
relative phase of superpositions differently. The Z gate is diagonal in the computational

basis (hence the terms “computational basis” and “Z basis” are often used interchangeably)
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and only imposes a relative phase flip: [0) — |0), but [1) — —|1).
The Pauli operators are unitary but also Hermitian, and in fact they form a basis for
the vector space of all 2 x 2 Hermitian matrices, therefore they can generate any possible

single-qubit gate, which we parameterize as (up to global phase)

Rn(n) = eigno cos(%)] —|—isin(g>'fza. (2.28)
Here 71 € R? denotes a unit vector (||72]| = 1) and o = [0 09 03] | is the vector of nontrivial

Pauli operators. The gate Ry (n) corresponds to a rotation about the axis n by an angle n
in the Bloch sphere, which is highlighted in Figure 2.3, and thus they are also referred to as

rotation gates. We use a special notation for rotations about the principal axes X, Y and Z:

X(n)=Rz),  Y(n)=Ry(n),  Z(n) = Rz(n). (2.29)

As a brief observation we point out that the nontrivial Pauli gates can be viewed as rotations
by an angle 7, for instance, X = X ().
Some frequently encountered single-qubit gates are given special symbols, such as the

phase gates

and the Hadamard gate

H =

o1l 0) (10 + [1))/V2.
E[l _1] :Rfc_;_g (7T) — H= (2.31)

V2
1)« (j0) = [1))/v2,
which maps between the computational basis states and equal-weight superpositions.

In order to create entanglement between qubits, we require multi-qubit gates. The sim-
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plest kind are two-qubit gates, with two common examples being

1000 100 0
evor—cx—= [0 P00 cpmasp—cz= |01 00 (2.32)
0001 00 1
0010 000 —1

The CNOT (“controlled NOT”) gate flips the state of the target qubit q; conditioned on the
state of the control qubit qq, i.e., CNOT |q1) |q2) = |q1) |g2 ® q1) for q1,q2 € {0,1}. In other
words, it applies a conditional X gate on the target qubit, hence the equivalent notation CX
(“controlled X™). Similarly, the CPHASE (“controlled PHASE”) gate applies a conditional Z
gate on the target qubit (— CZ, “controlled Z”), which corresponds to flipping the phase of
the |11) basis state and leaving the other basis states unaltered. Another crucial two-qubit
gate is the SWAP gate, SWAP |q1¢2) = |g2¢1), which cannot create entanglement but is very
useful to move quantum information around between qubits.

While higher-dimensional multi-qubit gates can be defined (such as the Toffoli gate, see
Figure 2.5), any such gate can be decomposed into a sequence of single- and two-qubit gates.
Specifically, the access to arbitrary single-qubit operations together with one entangling gate
is sufficient for this task. Moreover, the former can be approximately realized (to arbitrary
precision) using sequences of gates from a special finite single-qubit gate set, according to
the Solovay-Kitaev theorem [42]. Such gate sets are called universal and a common universal
single-qubit gate set is given by {H,T}. Therefore, universal quantum computing on any
number of qubits can be achieved with {H,T, CNOT} for instance.

As mentioned before, the Pauli operators are Hermitian, therefore they also constitute
qubit observables. When measuring one of the nontrivial operators X, Y or Z, the state

collapses to one of the eigenstates

X:|i>:%, Y |£i) =

0) +i|1)

5o Zs o, (2.33)
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depending on the probabilistic measurement outcome +1 (eigenvalue). “Measuring” I corre-
sponds to no measurement as all qubit states are eigenstates of I with eigenvalue +1.

Typically, the native measurement basis supported on a quantum computer is the Z
basis. In order to measure in a different basis, specific gates have to be applied to the qubit
state prior to measurement, effectively rotating the measurement basis. For instance, the
Hadamard gate H, recalling its definition in Equation (2.31), can transform the Z basis
measurement into an X basis measurement.

The simultaneous measurement of Pauli operators on N qubits is described by a Pauli
string

N
P=Q) P =pP'P.. PN epy, (2.34)
j=1

which is an element of Py = PN Here PF denotes the Pauli operator acting on the kth
qubit. Often I components are not written explicitly, so the four-qubit Pauli string I X127
would be abbreviated as X224 for instance. The possible measurement outcomes of a Pauli
string are +1 as well, and are equal to the product of the individual qubit measurement
results.

The set of all N-qubit Pauli strings forms a basis for the vector space of Hermitian oper-

ators on N qubits, thus any N-qubit observable O can be expressed as a linear combination
0=> o (2.35)
k

with real coefficients ¢;. € R. Most importantly, any N-qubit Hamiltonian H can be repre-

sented this way, which becomes particularly relevant in Chapter 6.

2.2.8  Quantum circuits

With the fundamental building blocks at the lowest two levels of the stack available (i.e.,

physical qubits and gates), we can consider the top layer of the stack: quantum programs.
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In analogy to classical programs, a quantum program or algorithm consists of a sequence
of quantum gates that is applied to an N-qubit register, followed by measurement of the
register to read out the result of the computation. Programs are commonly represented by
quantum circuits, which show the succession of operations acting on the qubits. Figure 2.4

visualizes the structure of a quantum circuit.

w0 H - H=

i) H o HAA

Figure 2.4: Conceptual depiction of a quantum circuit. A sequence of unitary gates U; is
applied to the qubit register that is typically initialized in the state ]O>®N . At the end the
qubits are measured in the Z basis.

The qubits are typically initialized to the |0) state and each wire represents the state
evolution of a qubit. Time flows from left to right, so the application of gate layers U

through Uy, corresponds to the circuit unitary
U=Upn...UUj. (2.36)

Each layer U; might act only on a subset of qubits. The total number of layers m is called
the circuit depth, while the number of qubits N is also referred to as the circuit width. The
meter symbol at the end of the circuit denotes the measurement in the Z basis.

A quantum circuit may include complex multi-qubit operations which can be challenging
to realize on hardware directly. We know from above that these gates can be decomposed
into sequences of fundamental basis gates from a universal gate set, therefore, if the quantum
computer supports such a gate set, this challenge can be addressed. As an example, we show

in Figure 2.5 the decomposition of the Toffoli gate [136], which is also called the CCNOT
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gate as it flips the state of the target qubit given that two control qubits are in the state |1).

Toffoli CNO

e : ! T —
e = E E T D A
——  Juledripedrte{rite{rHal——

Figure 2.5: Quantum circuit decomposition of the three-qubit Toffoli gate into single- and
two-qubit gates.

2.2.4  Quantum compilation

Given a high-level quantum circuit, it usually needs to be modified to meet the requirements
of the underlying quantum hardware. Devices in the noisy intermediate-scale quantum
(NISQ) era as well as future fault-tolerant machines impose constraints such as limited qubit
connectivity or finite basic instruction sets. For instance, in superconducting hardware we
usually find physical qubits laid out in a grid (or even sparser) structure, whereas on neutral
atom platforms qubits can interact over longer distances.

The translation process that transforms the input circuit to an equivalent circuit re-
specting all the constraints is called quantum compilation. Key components of compilation
pipelines include rewriting the circuit in terms of the device’s native gate set, mapping pro-
gram qubits to hardware qubits, routing qubits to compensate for limited connectivity, and
scheduling the instructions in time. We refer to Ref. [40] for a more detailed description
of quantum compilation and insights on how optimized compilation can boost the success

probability of quantum programs.
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2.2.5 Clifford gates and circuits

While generally the complexity of classically simulating quantum circuits scales exponentially
with the size of the qubit register N due to the exponential scaling of the Hilbert space
dimension d = 2%, there are certain gate families that allow for classically efficient simulation
because of their special properties.

One such family is given by the Clifford group Cpr on N qubits. It includes all quantum

gates C that normalize the corresponding Pauli group Py
CPCl e +Py VP € Py. (2.37)

The expression CPCT is called the conjugation of the Pauli operator P with the Clifford
operator C' and by definition yields a Pauli operator again. However, it can introduce a sign
flip, indicated with £+ here. We denote the conjugation of an input Pauli P to an output
Pauli P’ by P — £P’. The Clifford group includes the set of Pauli gates, Pnr C Cp .

Just like any other quantum gate, multi-qubit Clifford gates can be decomposed into
single- and two-qubit Clifford operations. Some single-qubit Clifford gates and their conju-

gation rules include:
H: X+ Z, S: X=>Y—>-X—-Y-—>X (2.38)

The CNOT gate CX.—y; (with control on qubit ¢ and target on qubit ¢) is a commonly

encountered two-qubit Clifford gate:

X¢ - x°xt, Xt xt,
CXeost = (2.39)
Z¢ — Z°, zt — z¢7°.

It is important to note how it correlates certain Pauli terms with each other. This observation
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is a crucial ingredient for the work we present in Chapter 6.

Clifford circuits are quantum circuits that only include gates from the Clifford group.
They can be efficiently simulated because it suffices to represent the action of each gate by its
specific conjugation rules, thus an exponentially-scaling matrix representation is not required.
This enables polynomially-scaling simulation [64] of these circuits, which is implemented in
libraries like Stim [58].

Due to this nature, Clifford gates are not sufficient for universal quantum computation
as they can only explore a limited subset of Hilbert space. Clifford gates on N qubits can
map between stabilizer states |¢g), which are defined as the mutual +1 eigenstates of their

respective N commuting stabilizers S = {Sz’}iN:1 C Py
Silvs) =lbs) VSieS. (2.40)

For the initial state |O>®N we have § = {Zi}ij\il for instance. The action of a Clifford gate
C yields
Clus) = CSilus) = (Csict)Clus) ¥S; €8, (2.41)

N
thus the output state is described by the conjugated stabilizer group CSCt = {CSZ-CT}Z.Zl.
Universality can be recovered by adding a non-Clifford gate to the instruction set. A
popular choice is the T' gate, leading to the “Clifford+7" set that is of high interest in the

context of arbitrary gate decomposition and fault-tolerant quantum computing [158].

2.3 Control of quantum hardware

We now turn to the task of purposefully manipulating a quantum system in order to realize

desired gates U, which is at the heart of the second layer of the stack (see Figure 1.1). The
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system needs to be governed by a tunable Hamiltonian #(t), which can be decomposed as
H(t) = Ho+ He(t) = Ho+ Y _ [ (O)H;. (2.42)
J

Here H( denotes the system’s internal drift Hamiltonian and H.(t) the control Hamiltonian,
which can be expressed as classical control functions f; coupling to drive Hamiltonians H;.
The goal is to choose the control pulses f; in such a way that the system evolution (see

Equation (2.15)) realizes the desired transformation Utayg after a time 7

U(T) =T exp (—i /OTH(t) dt> é Utarg- (2.43)

As an example, we look at the simple case of a two-level qubit. In the so-called lab frame,

a possible Hamiltonian is given by
_wol
H(t) = _TZ + Q(t) cos(wt + p) X. (2.44)

The drift term sets the energy values of the computational basis states, i.e., £y = —wq1/2 and
E1 = wo1/2 are the energies of |0) and |1), respectively. Thus, the qubit’s energy gap equals
Ey1 = E1—Ey = wp1- The classical control is given by a cosine signal f(t) = Q(t) cos(wt + ¢)
with drive phase ¢ and tunable amplitude Q(¢). Typically, the timescale set by the qubit
and the drive is much shorter than the timescale of the gate, i.e., wo_ll, w1 <« T. Moving to

a time-dependent rotating frame defined by a unitary basis transformation Uyot (),

[theot (1)) = UL (1) [1(1))

_ (2.45)
Hrot(t) = UL (VH(#)Urot (£) — iU, (8) Urot (£)

allows focusing on the slow dynamics of the gate determined by €2(¢). In our example, we
- wt
choose a rotating frame Upot(t) = 2% defined by the drive frequency w, which leads to the
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transformed Hamiltonian

Hyot(t) = —gZ + @((COS(Q@) + cos(2wt + ) X — (sin(p) + sin(2wt + ¢))Y)  (2.46)
— —gZ + @(cos(gp)X —sin(p)Y). (2.47)

Here 0 = w1 — w denotes the detuning between the qubit frequency and the drive frequency.
The crucial step happens in Equation (2.47), where the rotating wave approximation (RWA)
is applied: The fast-oscillating terms (~ 2w) are neglected as they can be approximated to av-
erage to zero on the relevant timescale of the gate, assuming weak driving, i.e., Q(t) < wp1,w.
The RWA is widespread in the study of the control of quantum systems and computation is
typically performed in such a rotating frame.

When driving the qubit on resonance, i.e., w = wpi, the RWA Hamiltonian simplifies to

Q(t)

Hrot(t) = T(cos(go)X —sin(p)Y), (2.48)
leading to the time evolution
Jo Q) dt |
U(T) = exp —ZT(COS(QO>X —sin(p)Y) | = Ru(n), (2.49)

which realizes a rotation about the axis n = (cos(¢), —sin(¢),0) by an angle n = fOT Q(t) dt
in the Bloch sphere (see Equation (2.28)). Therefore, driving a qubit on resonance enables
the direct implementation of arbitrary rotations about axes in the X-Y plane of the Bloch
sphere, depending on the drive phase . In this setup the Z axis is not directly accessible,
but physical Z rotations could be achieved by combining X and Y rotations. However, this
is not necessary as Z rotations can be implemented virtually in zero time by advancing the
drive phase of subsequent operations in a quantum circuit [119]. We directly exploit this

property for the gate optimizations we consider in Section 3.3.
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If the drive frequency is strongly detuned from the qubit frequency, i.e., |§] > |Q(t)|, then
no population transfer between the computational states is possible. This can be illustrated

with the example of a constant X drive with (¢) = Q and ¢ = 0:

Hrot = —%Z+%X s U(T) = Ry(n) with 7 — ﬁ 05 5 250
Therefore, a qubit needs to be driven on resonance to effectively move the state around the
Bloch sphere. This means that a system of two levels can only be addressed when the drive
frequency matches (or is close to) its energy gap. When the qubit is encoded in a bigger
Hilbert space, it is thus important to engineer the system in such a way that this individual
addressability is assured, i.e., the qubit’s energy gap is sufficiently different from transition
energies to neighboring eigenstates. Examples include superconducting platforms, which we
discuss in more detail in Section 2.3.2.

While the control of an isolated qubit is rather simple, the control problem becomes more
complex as more energy levels get involved. Generalizing from the idea of the encoded qubit,
we are often interested in controlling only a subspace V C V of a system’s full Hilbert space
V, i.e., implement transformations on a subset of states. We refer to V as the computational
subspace with dimension d = dimV. The challenge becomes to design control pulses that
implement the desired transformations on V without causing leakage outside the computa-
tional subspace, i.e., populating states outside V, which relates back to the idea of individual
addressability from the previous paragraph.

The quality of a quantum gate implementation U(T; f) : V — V, where we explicitly
indicate the dependence on the controls f = [ fj}j, is quantified by its fidelity F or infidelity

7 with respect to the desired target gate Utarg : V — V, which are defined as

1

- PUT: £)P] ]2 €01, I(T:f) = 1-F(T: f) € [0,1]. (251)

F(T; f)

Tr [UtTarg
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Here Pf; .V — V denotes the projector onto the computational subspace. The fidelity
equals one (the infidelity equals zero) if the target gate Uparg is realized perfectly up to
global phase. Therefore, when optimizing quantum systems, experimentalists are concerned
with improving their gate calibrations (i.e., tuning f) in order to push the gate fidelities as
close to unity as possible. However, there exist many sources of distortion that influence a

quantum system and can limit the gate performance. We devote Section 2.4 to this issue.

2.3.1 Quantum optimal control

Finding analytical control solutions, like we did for the qubit in the previous section, can
become challenging as the complexity of the quantum system increases. To address this issue,
various numerical optimization frameworks have been proposed in order to find hardware-
specific control pulses that realize desired transformations to high accuracy [141, 75, 105,
146, 22, 182, 59]|. This is referred to as quantum optimal control (QOC), and it represents a
major part of this thesis. Specifically, Chapters 3 and 4 deal with applications of quantum
optimal control to two different quantum technologies.

While different frameworks vary in their specific implementation, they generally follow
the same high-level approach of minimizing a cost function £, which is usually primarily
given by the gate infidelity Z (2.51). To this end, the control functions f(v) = | [ (7j)]j are
expressed in terms of optimizable parameters v = [’yj]j, which in the simplest case could

correspond to the control values at discrete times ¢; € [0, T:

i) = - (2.52)

This is the scenario we encounter in Chapter 4. Alternatively, v can serve as coefficients in

a basis expansion

Fitv;) = vjsBs(t) (2.53)
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with basis functions Bg(t), and we apply this approach in Chapter 3.

Given a parameterization of the controls, the infidelity

Z(T;~y) =Z(T5 £ (7)) (2.54)

of the resulting gate U(T';-y), which is consistent with the dynamics imposed by the TDSE,
with respect to a target gate Utarg can be estimated via Equation (2.51). The simplest

optimization problem is then given by

4 = arg rr}yin L(7) (2.55)

with L(v) = Z(T;~), which is typically solved using gradient-based methods. However,
more terms can be added to the cost function £ in order to encourage solutions with cer-
tain properties. For instance, we might want to penalize large drive amplitudes to respect
power constraints imposed by the hardware or discourage leakage outside the computational
subspace during the gate evolution.

The variation of QOC that we have introduced so far is called open-loop control. The
optimization is based on the model of the quantum system (i.e., the Hamiltonian #(t)), which
is assumed to be perfect. However, in practice, the real quantum system deviates from the
model due to unwanted distortions (see Section 2.4) or unmodeled effects, inevitably leading
to a reduced gate fidelity when implementing the QOC pulses in hardware. While this
mismatch can be mitigated by improving the characterization of the hardware to reduce the
model error, an alternative approach is given by including the experiment in the optimization
routine, thereby closing the loop. In this closed-loop setting, the parameterized pulses are
applied to the hardware and the fidelity determined experimentally (e.g., via tomography
or randomized benchmarking, see Section 3.3.5 for instance), which then feeds back into the

optimization to tune the controls. Therefore, the model may be imperfect, and moreover
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there have been pulse optimization schemes proposed that are completely model-free [9, 198]

Closed-loop optimal control is more advantageous to produce high-fidelity gates that
work well on a specific hardware, however, the optimization scheme is quite time-costly and
data-intensive, as it requires many experimental runs per iteration to estimate the value of
different observables in order to determine the infidelity. In this thesis we focus on open-loop

control as we are mostly concerned with theoretical studies of quantum systems.

2.3.2  FExample: The transmon processor

We conclude this section by going over one prominent approach to construct quantum com-
puting hardware based on superconducting circuits and discussing their control. We specifi-
cally consider the popular transmon architecture introduced in Ref. [96], which is nowadays
being researched by many academic groups as well as industry teams like IBM and Google.
We sketch the derivation of the model Hamiltonian (which we shall recognize in later chap-
ters), where we follow and summarize the description in Ref. [99].

In its simplest form, the transmon consists of a Josephson junction (JJ) that is shunted

by a large capacitor, as shown in Figure 2.6, giving rise to the system Hamiltonian
H = 4Ecn® — Ejcos(). (2.56)

Here E denotes the capacitive energy per electron, thus 4E corresponds to the capacitive
energy per Cooper pair, and the operator n counts the number of excess Cooper pairs on the
superconducting island. E; describes the JJ’s energy and the operator ¢ is the supercon-
ducting phase difference across the JJ. For a proper introduction to superconductivity and
the Josephson effect, we refer to Ref. [94].

The operators ¢ and n are the conjugate operators for the superconducting circuit just like

x and p are the conjugate operators for a moving particle, which lets us draw parallels between
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T

Figure 2.6: A Josephson junction (left) is shunted by a large capacitor (left) to form a
transmon.

the different physical systems by identifying ¢ <> x and n <> p. Thus the term —E ; cos(¢)
can be interpreted as a potential. Numerically diagonalizing the system leads to the spectrum
visualized in Figure 2.2(b). In the following we discuss the common approximate description
of the transmon.

In the transmon regime Ej > F(, we may expect the eigenstates with the lowest energy
to be well localized at the bottom of the potential, therefore we can expand the cos(¢) term

up to fourth order and obtain (up to constant terms)
2 Lo 14

Introducing ladder operators ¢ o (a + af) and n o« —i(a — al) as we did for the QHO in

Equation (2.17), ultimately yields

2
H = woala — %aua2 = (wo + %) ala — K (aTa> . (2.58)

Here all terms that have a different number of creation and annihilation operators have been
neglected (keyword: rotating wave approximation) and we used [a, aq = 1. Recalling the
discussion on the QHO in Section 2.1.3, we note that the resulting Hamiltonian is diagonal

in the basis of the number operator n = ala. However, the energies are now given by

K K
E, = <w0 + 5)71 — §n2, n €N, (2.59)

and most importantly, the gaps between neighboring states are not equal anymore, Fy 1 —
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E, = wg — nK. Therefore, the transmon can be regarded as an anharmonic oscillator,
with base frequency wg ~ /8E-FE; and anharmonicity (also called Kerr nonlinearity)
K = —FE¢. Typical transmon parameters are in the range wgy/(27) ~ 3 — 6 GHz and
K/(2m) ~ 100 — 300 MHz.

In a transmon architecture, the qubit is typically encoded in the lowest two eigenstates |0)
and |1). The qubit frequency is given by Ey; = wp and is different from transition energies to
higher excited states. This is the reason for using the JJ as an inductive element: The cos(¢)
potential creates the nonlinear ladder of eigenstates, enabling individual addressing of the
qubit transition and thereby control of the qubit subspace. If a linear inductive element had
been chosen, creating an LC circuit, the energy levels would have been equally spaced (like
in the harmonic oscillator as shown in Figure 2.1) and driving the qubit states on resonance
would lead to on-resonance driving of unwanted transitions as well, causing leakage.

Driving the transmon is achieved by coupling to the charge (— n) or phase (— ¢) degree
of freedom. For instance, the former is realized by capacitively coupling the transmon to a

waveform generator, which adds the control Hamiltonian

Ho(t) = f(1) (a n aT) (2.60)

to the system. Here we see the connection to driving a mechanical harmonic oscillator that
we showed in Equation (2.22). Given the magnitude of the qubit frequency wy, typical drive
frequencies lie in the microwave regime (~ GHz).

In order to construct a practical quantum computing platform, different qubits have to

be able to interact with each other. This is achieved by engineering a coupling like

Hint(t) = g(t) <aJ{a2 + a£a1> (2.61)

for instance, also called beamsplitter interaction, where excitations are exchanged between
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the two transmons labeled 1 and 2. Depending on the architecture, the coupling might be
static g(t) = g (IBM’s former approach) or tunable g(t) (Google’s and also IBM’s current

approach).

2.4 The distorting impact of noise

Current quantum computers are not perfect but instead prone to errors, caused by unwanted
interactions with the environment and distortions to the control of the quantum system. This
current state of technology defines the noisy intermediate-scale quantum (NISQ) era, where
the fidelity of quantum programs is limited and therefore prevents the advantage of quantum
computing over classical computing.

Due to the impact of noise and the uncertainty it introduces, a quantum system cannot
be described by a so-called pure state |i)) anymore in the general case. Instead, we require

the more general concept of the density operator
p=>_ pili)Xwil (2.62)
v

to describe possibly mized states. p is a positive semi-definite (p »= 0), Hermitian (p = pT)
operator that represents the classical mixtures of pure states |¢);) with probabilities p;. This
implies Tr[p] = 1. For the case of a qubit, pure states lie on the surface of the Bloch sphere,
see Figure 2.3, while mixed states make up the inside.

The quantum mechanical concepts we discussed for pure states can be generalized to
mixed states. For instance, given an observable O, the probability of observing a specific

outcome oy and the expectation value of the observable correspond to

plog) = {oglplog) and  (O) = Tr[pO], (2.63)
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respectively. While the evolution of a pure state is unitary, |¢’> = U |¢), the dynamics of

mixed states is described by more general quantum channels

P =E(p) = xjpAjpAL. (2.64)
7k
Here {Aj }j denotes an operator basis and y is called the process matriz, which parameterizes
the quantum channel. In an experimental setting, the process matrix (and thereby the model
of the quantum channel) can be reconstructed from measurement data in a scheme called
quantum process tomography. We employ this method in Section 3.3.5.
A particularly common noise channel is the depolarizing channel

Eacplp) =p 5+ (1= D), (2.65)

where the state p gets transformed into the fully mixed state I /d, which has lost all quantum

information, with chance p. For an N-qubit system, this can be rewritten as
4N 1 o
Eaeplp) = (L=P)p+ > —PirP), (2.66)
j=1

where the sum goes over all 4V — 1 nontrivial Pauli strings P #1 ®N  Therefore, with
chance p’/ (4N —1), one of these strings is applied to the system (corresponding to an error),
while with chance 1 — p' the state remains unaltered. The connection to Equation (2.65) is

given by p’' = (4N — 1)p/4N . For the single-qubit case specifically, we have

/

Eaep(p) = (L= p)p+ 5 (XpX +Y Y + ZpZ). (2.67)

Therefore, with chance p//3, the qubit experiences either a bit-flip error (X), a phase-flip

error (Z), or a combination of both (Y =iX 7).
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2.4.1  Common sources of errors

While there exist many error mechanisms that vary across different platforms, here we briefly

mention three prominent classes of errors.

Thermal relaxation

A quantum system has a natural tendency to decay to a low-energy configuration. In many
cases, |0) is encoded in a state with lower energy than |1), thus a qubit in the arbitrary
superposition « |0) + |1) progressively decays down to |0) as it evolves over time. The
probability of having decayed from |1) to |0) after a time ¢ is given by e %71 where T} is

the characteristic decay time of a qubit describing its thermal relaxation.

Gate errors

The quantum gates U that we wish to execute are noisy themselves, stemming from undesired
couplings and imperfect control. A good way to model this effect (on average) is given by the
noiseless application of U followed by a depolarizing noise channel &qgp,, which is realized by
the stochastic application of Pauli operators as shown in Equation (2.66). In particular, gate
error rates gained from experimental methods like randomized benchmarking correspond to

depolarizing error probabilities [113].

Measurement errors

When a qubit is measured, it collapses from a superposition state to one of the basis states.
For instance, when measuring in the Z basis, o |0) + 3 |1) collapses to |0) or |1). However, the
qubit might suffer errors at the time of measurement due to imperfect measurement control

or misclassification of the result, i.e., |0) could be reported as |1), and vice versa.
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2.4.2  Quantum error mitigation and error correction

While experimentalists work to construct quantum hardware that experiences lower error
rates, there has been much interest in developing other techniques to push the limits of
a quantum computer’s performance. For instance, multiple proposals of quantum error
mitigation methods have emerged over the past decade (some examples include Refs. [37,
178, 187, 39|) that try to suppress errors, cancel them out in a clever way or post-process
computation results in order to boost the signal of the correct answer. In Chapter 6, we
design a pre-processing error mitigation technique specifically designed for a certain class of
algorithms, and we refer to Section 6.2.5 for more background on error mitigation work.

Instead of only mitigating errors, being able to correct for errors dynamically during
the execution of a program would be even more powerful and enable the implementation of
large-scale algorithms. The field of quantum error correction (QEC) addresses this challenge
and represents a highly active area of research because the quantum community has been
realizing that QEC is a vital ingredient towards achieving fault-tolerance. They key idea of
QEC is to encode the quantum information of a qubit redundantly in a larger Hilbert space;
for instance, in the Hilbert space of multiple physical qubits. Research on QEC explores the
design of error correction codes, trying to find good tradeoffs between resource overhead and
the ability to correct as many errors as possible.

As an example, in stabilizer codes, the manifold of a logical qubit encoded in N physical
qubits is determined by a set § = {Sz}l]\izl of N — 1 commuting Pauli stabilizers, that

constrain the global quantum state to the mutual +1 eigenspace:
Silw) = [v) VS €8, (2.68)

This is similar to Equation (2.40), however, here we have one stabilizer less, therefore leav-

ing a two-dimensional subspace that describes the logical qubit. Measuring the stabilizers
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S allows detecting errors on the physical qubits (whenever the outcome is not +1) and cor-
rections can be applied. A highly popular code is the surface code [51|, where the qubits
are laid out on a 2D grid and the stabilizers are given by XX XX and ZZZZ products of
physical qubits that surround the unit cells. Great research efforts target the questions of
how to translate error signatures to required corrections (decoding) and how to implement
operations on logical qubits given a specific code.

A quantum error correction code therefore defines an intermediate layer in the quantum
computing stack as shown in Figure 1.1 because it translates physical qubits and gates to
logical qubits and operations that the high-level program interacts with. For more back-
ground on the vast field of QEC, we refer to the introductory guide in Ref. [157] and the
draft textbook in Ref. [66].
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CHAPTER 3
QUANTUM OPTIMAL CONTROL FOR QUDIT
COMPUTATION

Current efforts to build quantum computers mostly focus on the fabrication and high-fidelity
control of two-level qubits. However, many proposed implementations like superconducting
transmons or neutral atoms provide a much larger Hilbert space with more energy levels
present, as is visualized in Figure 2.2. Their influence is typically aimed to be suppressed
through careful device engineering (e.g., by creating an anharmonicity in the transmon, see
Section 2.3.2), but these states would be available for computation as well.

Therefore, qudits, the d-level generalization of qubits with state vector

d—1
) =agl0) +ay [1) + - +ag_g[d—1) =) ay k), (3.1)
k=0

have gained a lot of interest as they provide an exponential increase in Hilbert space dimen-
sion (dN versus 2V for N units), allowing for the adaption and simplification of a variety of al-
gorithms [193, 137, 45, 16, 132]. Extensive research has been conducted for the qutrit case d =
3: While theoretical studies have shown benefits for quantum compilation |6, 7| and improved
schemes for quantum error correction [86, 107, 130, 116|, experimental implementations of

qutrits have been demonstrated on several architectures [14, 112, 125, 62, 160, 112, 106].

3.1 Generalized qudit gates

The qudit extends the qubit abstraction to d levels as shown in Equation (3.1). This moti-

vates the generalization of common qubit gates (see Section 2.2.2) to the qudit case, and in
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the following we specifically consider the gates (k=0,...,d —1) [65, 208]

Xy k) = |k + 1modd), X5:10) ¢ |d — 1),
d—1 (3.2)
1 ki, .
Hylk) = ﬁzwd] 5, Zglk) = wh |k).
j=0

2mi/d denotes the primitive dth root of unity. X; maps a computational basis

Here wy = e
state to the next higher one, and maps |d — 1) back to |0). As an alternative generalization,
X3 swaps the amplitudes of the lowest and the highest state. The generalized Hadamard
gate H,; creates an equal superposition with different relative phases depending on the input
state. In analogy to the qubit case, we also consider a generalized T; = Zoll/ 4 gate as the
fourth root of the Z; gate. It preserves populations of the basis states but introduces phase
differences.

Analogously, two-qudit gates can be generalized as well. For example, the CNOT oper-
ation can be generalized to the SUM gate [65] or other useful operations depending on use
case [7,208|. In the next section we specifically focus on the generalized qudit SWAP gate,

the straightforward extension to the qubit case, which fully swaps the amplitudes of two

qudits.

3.2 Time-efficient qudit gates through Incremental Pulse

Re-seeding

Harnessing qudits could allow current or near-future devices to solve larger, more useful
problems sooner than with only qubits. However, qudit gate durations theoretically scale
in (’)(dQN ) time [111], which appears to limit the usefulness of higher-dimensional qudits as
the benefit of a larger computational space might come at the cost of impractically long gate

durations.
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In the following study, we address this concern by directly optimizing qudit gates of
shortest duration using the quantum optimal control (QOC) tool Jugbox [141]. We refer
to Section 2.3.1 for an introduction to QOC. Like many other QOC frameworks, Jugbox
is designed to find the most accurate control pulse for a fixed gate and duration. This
means that finding the high-accuracy pulse of shortest duration for a given gate requires
many independent optimizations at different durations. We present the Incremental Pulse
Re-seeding (IPR) scheme, a method for repeatedly changing the pulse duration and using
previous results as new initial guesses for the optimizer. IPR provides improved shortest-
duration results and decreases the dependence on random initial guesses, which is increasingly
important for larger Hilbert space dimension. Using IPR, we then study the dependence of
durations of representative gates on the Hilbert space dimension for the exemplary case of a

transmon platform.

3.2.1 Quantum optimal control setup

In the following we specify the QOC problem for this theoretical study. We consider a
system based on superconducting hardware that consists of two weakly coupled, anharmonic

transmons (see Section 2.3.2) with full Hamiltonian

K.
H(t) = Z {wja;f-aj - #a}a}ajaj + f;(t) <aj + a})] + g(a{ag + a£a1>. (3.3)
j=1

The indices denote the different subsystems. In order to numerically model qudits, we

typically truncate the ladder operators a; and a; at level d+2. Including two additional guard
states allows us to penalize population leakage into higher energy states, while we have found
that additional guard states beyond two provide marginal fidelity improvements at higher
computational cost. We choose realistic physical parameters inspired by Ref. [169]: The 0-1

transition frequencies of the transmons are wy/(27) = 4.914 GHz and w9 /(27) = 5.114 GHz,
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and both transmons have the same anharmonicity K1/(27) = K9/(27) = 330 MHz. They are
effectively coupled with ¢g/(27) = 3.8 MHz. While our specific results depend explicitly on
these parameters, our methods apply to systems with different parameters as well. Control
of our model system is possible through microwave drives f;.

Similar to the discussion of the idealized qubit control in Section 2.3, we move to a

rotating frame defined by Uyt (t) = exp(—iwr (aJ{al + a£a2>t>, yielding the transformed

Hamiltonian
2
. K; I;(t) Q1)
H(t) = Z [(wj - wr)a;[aj — %a}a}ajaj + 3_2 (aj + a}) + 2_32 -(aj — a})]

+ g(a];ag + agcq).

The quadrature signals /; and (); in the rotating frame are then related to the lab frame
controls through f;(t) = Re[(1;(t) +iQ; (t))ert] [141].
For the case that we want to describe only a single transmon, we disregard the transmon

at index 2 and restrict the model to a single anharmonic oscillator with one lab frame control

field f1(t).

Pulse parameterization

Jugbox [141] is an open-source software package designed to solve quantum optimal control
problems in closed systems under the rotating wave approximation. The control functions
I;(t) and Q;(t) are given by a sum of Ny carrier waves with fixed angular frequencies wjy,,

where each carrier wave has an amplitude envelope Bg(t) that consists of Ng time-local
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B-spline basis functions:

Ny Ny
Ij(ta'Y) = Z ZRG [ijs e t} Bs(t)

m=1s=1

[ (3.5)
Qj<t7'7) = Z Zlm[73m5 €' t]B (t)

m=1s=1

Jugbox finds optimal pulses by adjusting the 2NN real coefficients vjp,s = ’yﬁgs + w}% s
for the quantum devices indexed by j. The collection of these design variables is denoted
by «. The benefit of this approach is that the B-spline parameterization drastically reduces
the dimensionality of the optimal control problem, especially for long-duration pulses, and

allows carrier wave frequencies to be chosen to specifically address the target state evolutions

while avoiding undesired transitions. Figure 3.1 shows an example pulse defined by a single

carrier wave and six B-splines.

'y

(a) (b) 1t
01 017 H
F El
3 0.0 5 0.0
2 £
S S
—0.1 envelope —0.15 — (1)
0 25 50 75 tlau] 0 2 50 75 tlau]

Figure 3.1: Real part of an exemplary pulse in the rotating frame, with one carrier wave
(Ny =1). (a) Six B-splines shape the envelope of the pulse. Grey dots mark the support
of each time-local basis function. (b) The final pulse is constructed from a single carrier

wave bounded by the B-spline envelope. With Ny > 1, the final pulse is the sum of these
individual pulses with one carrier wave.

The user of this tool must specify a number of physical and numerical parameters for the
optimizer, the most significant of which are summarized in Table 3.1 and discussed in the

following.

After specifying the required parameters, Jugbox applies gradient-based methods to min-
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Table 3.1: Important parameters for optimization in Jugbox

Symbol Description

T Total pulse duration

wr Rotating frame frequency

Ho Drift Hamiltonian in the rotating frame
He Control Hamiltonian in the rotating frame
Wim Carrier frequencies in the rotating frame
Ny Number of B-spline basis functions per carrier wave
Utarg Target unitary gate

TYmaz Bound on magnitude of B-splines
error_threshold | Goal infidelity

max_iter Maximum optimization iterations

imize an objective function consisting mainly of the infidelity Z(7;~) (2.54). For a given
target Utarg, certain values of duration 7" will be too small for the optimizer to find a pulse of
sufficiently low infidelity, in which case a larger T' is needed. In the remainder of Section 3.2,
the “gate duration” for a gate Utarg refers to the shortest T' for which the optimizer converges

to our target infidelity.

Choosing optimization parameters

We observe that for high-dimensional quantum optimal control problems it is generally
difficult to specify a set of optimization parameters that guarantees finding high-fidelity
pulses. Parameters such as Ng, the number of B-splines per pulse, must be large enough to
give the optimizer freedom, while not so large as to introduce unnecessary local minima in
the highly non-convex search space. We now describe and justify our choosing of relevant
optimization parameters.

The carrier frequency and B-spine envelope parameterization of the control pulse has two
benefits: It reduces the dimensionality of the pulse, and additionally allows us to easily target

the desired state transitions in the qudits by using carrier frequencies directly corresponding
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to the qudit transition energies. In the lab frame, the Ny = d — 1 carrier frequencies

1

correspond to the resonant frequencies of qudit j. For instance, wllag is the frequency of

the |2) — |3) transition for qudit 1. For a two-qudit gate, each control pulse includes the
complete set of 2(d — 1) carrier frequencies in order to make use of the cross-resonance effect
[155, 194], where driving one transmon at a resonant frequency of the other transmon triggers
a state transition in the latter. We choose not to correct these frequencies to account for the
weak coupling between the transmons, since the small corrections fall inside the widths of
the respective Fourier peaks of pulses with finite duration. From experience, we have found
that considering the complete set of (d — 1)2 resonant frequencies significantly increases the

complexity of the problem without providing a noticeable improvement.

Given the fixed set of 2(d — 1) lab frame carrier frequencies wﬁ]ﬂb), we choose the aver-
lab lab

age frequency as the rotating frame frequency w, = (wihy + w22)/2, which is equal for

min
both qudits (the coupling term is then constant in time, as shown in Equation (3.4)). This
minimizes the magnitude of the carrier frequencies in the rotating frame, allowing the op-
timizer to choose larger discrete time steps and decreasing overall optimization run time.
As an example we consider two qutrits: The lab frame carrier frequencies are wﬁ? /(2m) €
{4.914 GHz, 4.584 GHz, 5.114 GHz, 4.784 GHz}, where the first two correspond to the two res-
onant frequencies of transmon 1 and the latter two to the resonant frequencies of transmon
2. The rotating frame frequency is wy/(27) = (5.114 + 4.584)/2 GHz = 4.849 GHz. Thus,
the carrier frequencies in the rotating frame are given by wjy,/2m = (w}ab —wp)/(2m) €
{65 MHz, —265 MHz, 265 MHz, —65 MHz}.

The number of B-spline basis functions Ng determines how fast the pulse envelope can
vary over time (see Figure 3.1). While a larger number may enable shorter-duration pulses,

this will increase the dimensionality of the problem, as well as introduce additional oscilla-
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tions possibly. We choose Ng = round[T'/(10ns)] + 2 (rounding to the nearest integer) for
two reasons. First, we want to maintain an approximately constant B-spline density when
varying T for consistency between different optimization problems. Second, this choice guar-
antees a minimum envelope rise time of around 15 ns, which is realistic in experiment [169].
The term “+42” accounts for B-splines on the time domain boundaries, which are always
set to zero in Jugbox’s implementation to ensure that the final pulse starts and ends at
£5(0) = £;(1) = 0.

The parameter vpax limits the amplitudes of the individual B-splines, effectively lim-
iting the maximum amplitude of the final pulses. This is needed to ensure weak driving
[114], which increases the accuracy of approximate models like shown in Equation (3.4).
Additionally, limited power reduces the risk of leakage into guard levels due to off-resonant
transitions. We aim for lab frame pulse amplitudes of at most 40 MHz and achieve this by
tuning ymax/(27) = 40/(2v2N ;) MHz.

We set error_threshold, the target gate infidelity, to 1073, corresponding to a fidelity
of Frarg = 99.9%. The optimization terminates if the pulse fidelity reaches this target.

Finally, the parameter max_iter limits the number of iterations of the optimizer if it does
not terminate early due to reaching error_threshold. This variable must be set sufficiently
large to ensure that the optimizer has converged very nearly to a local minimum, and is
generally set experimentally depending on the dimension and target unitary (typically in

the range 200 . ..1000).

3.2.2  Gate duration optimization

In this section we describe our method for finding the shortest-duration, high-fidelity pulse
for a given target unitary. Optimal control software generally works with a fixed pulse du-
ration, so finding the shortest high-fidelity pulse involves repeated optimizations at different

durations.
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By default, each optimization begins with a random guess for the coefficient vector a
within some bounds for each coefficient (typically +vymax/100 or £7ymax/10). Due to the
non-convex nature of the optimization space, it is generally good practice to try multiple
initial guesses if the first does not work and the fidelity seems relatively close to the goal

fidelity.

Naive approaches to duration optimization

We first introduce two simple approaches to finding optimal gate durations, the exhaustive
method and the binary search method, and explain their downsides. The exhaustive process
begins at some low T = Ttart and increases T at a fixed interval, running an independent
random-guess optimization for each duration, until one value of T" yields a high-fidelity pulse.
While this method will work (at least for qudits of small dimension), it is computationally
inefficient, motivating the second approach: a binary search. This method involves specifying
Thin and Tinax and then optimizing in a binary search pattern within the bounds, decreasing
T if optimization succeeds and increasing if it fails (still running an independent, random-
guess optimization at each duration) until reaching the specified granularity.

Both methods struggle when transitioning to high-dimensional qudit gates. Larger qudit
dimension significantly increases computational cost of solving the optimization, which means
the exhaustive method can potentially be very computationally expensive if the starting
duration 7' is far below the shortest duration possible. The binary search method is more
efficient, but individual long-duration optimizations near Ty ax will still be quite expensive
if Tinax is large.

However, the more significant issue is the increased complexity of the optimization space
for higher qudit dimensions. We find that random guesses become less effective at consis-
tently converging to the optimal solution for a given T', as we show in the comparison at the

end of this section.
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Incremental Pulse Re-seeding

We developed an optimization scheme to address both of these problems. The key idea is to
reuse the coefficient vector « from failed optimizations as a seed for the next. For example, if
a pulse of duration T' converges to a fidelity of 99.5%, we can reuse this pulse as the starting
point for an optimization at duration 77 = T + 7, which we find to have a better chance of
converging to 99.9% fidelity than a random guess.

Depending on the success of the optimizer to find a high-fidelity pulse for a certain
duration, our algorithm changes the duration for the next iteration by a discrete time step
and reuses the previous pulse (by extending or truncating it to fit the new duration) as a
seed. The step size decreases as the algorithm approaches the final solution. We therefore
call this scheme Incremental Pulse Re-seeding (IPR). The variables used in IPR are listed
in Table 3.2, and a flowchart of the method is shown in Figure 3.2. We denote an optimized

pulse as “successful” if it has fidelity greater than our goal fidelity, and “failed” if not.

Table 3.2: Variables used in Incremental Pulse Re-seeding

Symbol Description

Tstart First duration tried by optimizer

step Time step to increase/decrease by
granularity Minimum step size

Y guess B-spline coefficients of initial guess pulse
error_threshold | Target infidelity

The program starts from an initial duration Tgtart with a random guess ¥gyess- A flag
variable found_time, which indicates if a successful pulse has been found before, is set to
false. The optimizer then converges to a solution ~ with fidelity F(7';~). If the converged
pulse is of sufficiently high fidelity, the solution is stored as ~},qt, the duration is stored as
Thest, and found_time is set to true. We then reduce the gate duration by the step size
and re-seed the optimizer with a truncated version of 7y .¢ that fits the new duration.

If the target fidelity is not met, but a successful pulse has been found before, we de-
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Figure 3.2: The Incremental Pulse Re-seeding process. (a) The problem is initialized with a
random pulse and duration guess Tgtart- (b) The main optimization function, which searches
for the highest-fidelity pulse for a given duration using Jugbox, returning an optimized pulse
~ and a fidelity F(T;4). (c) If an optimization succeeds, save the duration and pulse, then
decrease T and start from a truncated version of the successful pulse. (d) If an optimization
fails, but a successful pulse has been found in the past, decrease step size and work backwards
from Tj .t again; if step size has reached granularity, return best pulse. (e) If no successful
pulse has been found so far, but fidelity improved, mark this duration as the best so far,
extend the duration, and re-seed with the extended previous pulse. (f) If no successful pulse
has been found and fidelity decreased, restart the whole process with the highest-fidelity
duration and a random guess.
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crease the step size and repeat the above steps, starting from T g — step with Yeyess =
truncate(Ypest). This only happens if the step size is larger than the predefined granularity
limit (in our case 1 ns); otherwise, the algorithm terminates and returns the converged result
with the shortest duration.

If the optimized pulse does not meet the target fidelity, and no successful pulse has been
found before, we increase the duration and re-seed the optimizer with an extended version of
the previous pulse, for as long as the fidelity increases with each optimization. If the fidelity
decreases (compared to a shorter duration) before any solution is found, we start the entire
procedure with a new random ~ygyess. In this case we set Tstart = Thest, the duration for

which fidelity was highest.

Example: H4 gate

As an example, we present an application of Incremental Pulse Re-seeding to find the optimal
duration of the d = 4 Hadamard gate Hy (see Equation (3.2)). Figure 3.3(a) shows the
sequence of IPR steps, where the chronological order is given by the numbered arrows. Red
arrows represent steps that failed to reach the target fidelity of 99.9%, while green arrows
indicate success. We start at Tytart = 70ns with an initial time step size of 8ns and a
random guess for the coefficient vector «v. The fidelity of the optimized pulse falls short of
the target, so IPR extends the output pulse and uses it to seed the optimizer at a longer
duration (step 1). This occurs two more times (steps 2 and 3) before a pulse that reaches
the target fidelity is found at 7" = 94 ns. In step 4, this solution is then truncated and used
to revisit T = 86 ns. This time the optimization task is successful, so the duration can be
further decreased (step 5), resulting in another high-fidelity pulse at 78 ns. T' = 70 ns fails to
converge to the target fidelity, so the time step is halved and IPR tries 74 ns instead (step 7).
After few more steps, the minimum step granularity is reached, and 7} = 761ns is found

to be the shortest duration to realize the Hy gate with 99.9% fidelity. It is important to
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note that durations 78 ns and 86 ns both initially resulted in failed optimizations, but then
succeeded when re-seeded with truncated successful pulses.

With the help of Figure 3.3(b), we take a closer look at steps 3 and 4 to explain how
pulses are extended and truncated. Initially (plot A), we have an optimized 86ns pulse
that falls short of the target fidelity. The controls I; and ()7 are numerically extended by
appending 8ns of idle time (zero amplitude pulse). The number of B-spines Ng changes
due to the duration change, so we obtain the new coeflicient vector ygyuess by applying
a least-squares fit according to Equation (3.5) with the new number of B-splines. The
approximation introduces small distortions, as can be seen in plot A*, because the manually
modified control functions are not perfectly realizable with the given parameterization. The
following optimization (plot B) meets the target fidelity, so the pulse is truncated to 86 ns and
re-parameterized (plot B*). Plot C shows the converged pulse after step 4, which successfully
reaches 99.9% fidelity. Together, the series of plots (where A and C are both at duration
86 ns) shows how a new minimum was found after visiting 94 ns and then revisiting 86 ns
with a better guess.

Figure 3.4 visualizes the evolution of the basis state populations for the shortest pulse
of 76 ns. It is clearly visible how an equal-population superposition emerges in every case,
and the small imperfections at the final time come from the remaining 0.1% infidelity. The
populations of the guard states cannot be seen because they are suppressed by multiple orders
of magnitude. This guard state suppression is achieved by the carrier wave parameterization

method, which allows us to selectively induce state transitions.

Comparison with random guessing

For the Xg gate (see Equation (3.2)), the IPR scheme finds a shortest-duration pulse of
195 ns with target fidelity 99.9%. To compare our approach with a naive approach, we run

20 random-guess, single-duration Jugbox optimizations at every 5ns between 180ns and
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Figure 3.3: Applying Incremental Pulse Re-seeding (IPR) to find the shortest duration for
the Hy gate. (a) Visualization of attempted durations during the IPR procedure, with the
chronological order of steps indicated by the colored numbers. Green (red) arrows represent
steps that did (did not) lead to meeting the pulse target fidelity of Fiarg = 99.9%. Starting
from Tgtart = 70ns and a time step of 8ns, three pulse extension and re-optimization steps
are required before the target fidelity is first reached at 94 ns. The duration is then reduced
to 78 ns by successfully re-seeding with truncated pulses. After step 6 the time step is halved
because re-optimizing at T' = 70 ns with the truncated pulse does not meet the target fidelity.
Repeating this scheme leads to the final duration of Tj,.st = 76 ns, highlighted by the star,
as after step 10 the time step falls below the granularity of 1ns. (b) Plot A shows the
optimized pulse after IPR step 2. A new seed for the optimization at 7' = 94 ns is generated
by extending the previous result in duration (A*). At 94 ns the target fidelity is met, so the

optimized pulse is truncated (B*) and used as a seed for the second T' = 84 ns optimization,
leading to the successful result shown in C.
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Figure 3.4: Evolution of state populations when applying the Hy4 pulse of shortest duration
(76 ns) to a qudit with d = 4. Every computational basis state is transformed into superpo-
sition of all four basis states with nearly equal population, deviations only arising from the
remaining 0.1% infidelity. At all times the populations of the guard states |4) and |5) are
below 21073 and 1079, respectively.
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230ns, where the components of vgyeqs are sampled from [—0.1vmax, 0.19max]. Figure 3.5
shows the distribution of pulse fidelities achieved by this naive random guessing across a

range of durations for the same gate, with 20 random attempts at each duration.
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(@) 10y & T T TT-1- (0)L00y099 S
0.91 T
ol ™ 0.995
=038 =
0.9901
180 195 210 225 T'[ns| 180 195 210 225 T[ns]

Figure 3.5: Distribution of naive random-guess optimizations of the Xg gate for individual
durations between 180 ns and 230 ns. Each boxplot consists of 20 fidelities from 20 individual
Jugbox optimizations, with the blue line indicating the median value, the box indicating the
middle 50% of fidelities, and the whiskers indicating the full range of values. (a) The full
data, showing a general increase in fidelity as duration increases. (b) Focusing on the area
of interest (fidelities close to 99.9%). The IPR scheme outperforms random guessing, finding
a minimum duration of Tjes = 195ns at 99.9% fidelity, whereas none of the 20 random
guesses at that duration reached the same fidelity.

It is evident that there is significant variation in the naive approach; no random-guess
optimizations converged to 99.9 fidelity at 195ns, and only 8 out of 20 random guesses
converged to 99.9% fidelity at 200ns. Even for larger durations such as 215ns, not all
guesses converged to the target fidelity. This is clearly a problem for binary-search-based
methods, which implicitly assume that a given duration will either always succeed or never
succeed. In contrast, over ten IPR runs (with Tytart sampled from [160 ns, 240 ns|), we find
an average duration of 198.6ns and a standard deviation of 3.0ns. This small standard
deviation given the large range of starting times is evidence that our method is more stable

than random guessing for large Hilbert space optimizations.
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3.2.3  Qudit pulse results

Previous work [6, 7] has shown that breaking the qubit abstraction in quantum circuits
can lead to substantially reduced circuit complexity involving fewer ancillae, making qudits
promising candidates for quantum computation. However, these improvements can only be
practical if the gate duration overhead does not scale poorly with the Hilbert space dimension
while still maintaining high gate fidelity. In this section we investigate this relation by
explicitly constructing short duration pulses of at least 99.9% fidelity for one- and two-qudit

gates using Incremental Pulse Re-seeding (IPR).

Single-qudit gates

We consider the single-qudit gates X;, X 5, H, presented in Equation (3.2) as well as Ty =
Zé/ 4 for dimensions 2 < d < 8. In each case we include two guard levels to account for
and suppress leakage into higher energy states. Expecting short gate durations, we choose
Tstart = D0 ns for the qubit and qutrit (d = 3) cases, and use the resulting shortest durations
to estimate Tgtart for higher d with a linear extrapolation. We set step to the power of two
nearest to 0.1 Tstary because this results in integer durations. Having found durations T} et
for every dimension, we then run IPR repeatedly with starting durations randomly chosen
from [0.8 Thyest, 1.2 Thest] to identify other local minima and reduce the gate time further, as
well as to measure the uncertainty of the method.

Figure 3.6 shows the minimum single-qudit gate durations found over ten IPR runs for
each dimension. The durations for the generalized gates X4, X and the Hadamard gate,
H,;, scale similarly with the qudit dimension. We suspect that the generalized T, gate
can be realized in lower time at higher dimension compared to the others because it only
causes a change in phase, not in state populations. For this gate, we observe that the best
pulse found for d = 7 is of shorter duration than the d = 6 pulse, when the reverse is

intuitively expected. This discrepancy suggests shorter pulses may exist and indicates a
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highly complicated optimization space.
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Figure 3.6: Dependence of single-qudit gate durations from qudit dimension d. The four
gates are defined in Equation (3.2). Each data point shows the minimum duration of apply-
ing Incremental Pulse Re-seeding (IPR) from ten different starting times. The unexpected
discrepancy between d = 6 and d = 7 for the generalized T,; gate suggests a highly compli-
cated optimization space and shows that shorter pulses for some d values may be possible.
For each gate the scaling of duration with dimension d is analyzed with quadratic and lin-
ear regressions, where the latter is less accurate but captures the essential behavior in this
low-dimensional regime. The fit coefficients are presented in Table 3.3.

Theoretical studies [111] have shown that optimal gate durations scale asymptotically
with (’)(d2N ) Here we have N = 1, therefore we fit each sequence of data points with a
quadratic polynomial Tquad(d> = ad® + bd + ¢ (solid gray lines) to compare our findings
with the theory. Furthermore, the layout of the data also motivates linear regression, so we
investigate the performance of a linear model Tj;,(d) = bd + ¢ (dotted gray lines) as well.
The fit coefficients and their standard deviation estimates are given in Table 3.3, where for
each gate the first line corresponds to the linear fit and the second line to the quadratic fit.

The quality of each regression is quantified with the coefficient of determination RZ.

Table 3.3: Linear and quadratic fit coefficients for single-qudit gate durations

Gate a |ns| b |ns| ¢ |ns| R?
Do 26.79£1.16 | —26.07 £6.23 | 0.991
d 148 £0.12 | 12.02£1.18 | 4.93+£2.67 | 1.000
X8 28.64 £1.26 | —29.79 £6.78 | 0.990
d 1.60£0.16 | 12.69 £1.60 | 3.71 £ 3.63 1.000
I 26.04 £1.05 | —24.61 £5.68 | 0.992
d 1.15+0.36 | 14.49 +£3.66 | —0.36 £ 8.28 | 0.998
T 1436 £1.37 | 14.36 £7.36 | 0.957
d —0.38+£0.86 | 18.17+8.74 | 6.36 £19.78 | 0.959
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The near-ideal R? values for quadratic fits to Xgq, X j and H; indicate that the quadratic
models describe the empirical scaling behaviors for these gates very well, which agrees with
the theoretical predictions. However, we emphasize that linear scaling models capture the
essential behavior in this low-dimensional regime (compared to asymptotic considerations) in
good approximation too, deviating from the duration points by less than 5ns on average for
those three gates. Barely any difference between quadratic and linear regression is noticeable
for the T; gate, but the more scattered data points lead to a reduced R? value and larger
uncertainty. Additionally, the fit parameter a < 0 indicates an unrealistic scaling of pulse
duration because this leads to negative durations in the limit of large d. T} is a good case
study in the interplay between theoretical expectations and empirical realizations. Specif-
ically, the poor fit obtained here indicates that for many values of d, these gate durations
may overestimate the optimal gate times.

This result of essentially linear scaling over the practical range of qudit dimensions has
promising implications for the current era where qudit experiments have been conducted
successfully [14, 156, 80, 112, 125, 62, 160, 112, 106]. It suggests that the computational

advantage single-qudit gates can provide is not outweighed by pulse time overhead.

Two-qudit SWAP gate

For the two-qudit case we consider the generalized SWAP gate, which fully swaps the state
amplitudes between the qudits. In many architectures, this is an important operation for
communication, as limited connectivity between devices requires quantum information to be
moved around repeatedly. We apply IPR to find SWAP durations for two qudits of dimen-
sions 2, 3, and 4, with corresponding Hilbert space dimensions 4, 9, and 16, respectively. We
limit our analysis to these three cases because simulating the evolution of two qudits with
d > 5 (plus guard states) becomes very resource-expensive. We use two guard states for

dimensions 2 and 3 and only one guard state for 4 due to the large Hilbert space. As in the
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single-qudit case, each data point is the minimum duration from ten IPR runs with different
Tstart values.

Figure 3.7 shows shortest-duration results for the SWAP gate with respect to the Hilbert
space dimension d2. Given the small number of points, we do not attempt a fit, but note that
the points appear nearly linear, as was the case with the single-qudit gates. It is worth noting
that fully swapping the states of two ququarts (d = 4) is slightly less expensive (1128 ns)
than performing two sequential SWAP operations on qubits (581 ns + 581 ns = 1162ns).
Given that a single ququart has the same information capacity as two qubits, this represents
an efficient way of moving quantum information. Additionally, given that the d = 4 SWAP
optimization space is much more complex than the qubit case, we expect that this duration

could be further decreased through more sampling or fine-tuning.

| SWAP .

4 6 8 10 12 14 16 d
Figure 3.7: Gate durations of two-qudit SWAP operations for qudit dimensions d = 2, 3, 4.

The horizontal axis corresponds to the dimension of the full Hilbert space d2. Due to the
low number of data points, regression is not applied, but a near-linear trend is visible.

3.2.4  Conclusion

In this study we presented the Incremental Pulse Re-seeding (IPR) scheme, an efficient
method for finding short-duration pulses for quantum optimal control tasks, which performs
better than random-guess based methods for large Hilbert space gates. We used this method
together with the optimal control software Jugbox to demonstrate that single-qudit gate
duration scaling is nearly linear for several useful gates, with dimension up to d = 8. We

29



also show that the two-qudit SWAP gate appears to follow a similar trend for Hilbert space
dimensions up to d? = 16.

We emphasize that while Incremental Pulse Re-seeding helps to make intelligent initial
pulse guesses for the optimizer during intermediate steps, it does not eliminate the possibility
of converging to a local infidelity minimum. As quantum optimal control problems are
typically underconstrained, different initial guesses can converge to different solutions. In
our case, this means starting IPR with different values for Tytart and Youess Mmay result in
slightly different gate durations. However, as an example, our simulations show a relatively
small variation in gate duration of 4.69 ns on average for single-qudit gates, underlining the
advantage of our algorithm.

Our findings in this section prompt several directions of future research. For instance, the
efficiency of qudit gates motivates further exploration into quantum circuits that explicitly
use qudits for computation, such as the asymptotic ancilla reductions achieved in Refs. |6,
7]. Furthermore, it justifies and encourages the investigation of quantum error correction
schemes based on qudits as we move towards fault-tolerant quantum computing.

We specifically considered the generalized SWAP two-qudit gate, which appears to scale
nearly linearly for small qudit dimension. This result encourages analysis of duration scaling
for more two-qudit gates, such as the SUM gate (a generalization of CNOT) from Ref. [65].

The presented results are based on a system Hamiltonian modeling superconducting
transmons. We emphasize that our approach is not limited to this specific case and could
be directly applied to optimal control problems across a wider class of quantum systems.

Our optimizations use an approximate Hamiltonian in a closed system (governed by the
Schrodinger equation). For a more accurate measure of gate duration scaling, similar studies
are needed in an open system, where errors can be modeled more realistically. This can be
achieved by describing the dynamics with the GKSL master equation [108, 61]. In addition,

benchmarking the performance of qudit pulses on actual noisy quantum architectures would
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help to investigate the accuracy of models employed. Optimizing control pulses to specifically
mitigate the increased sources of errors from operating on higher energy levels may lead to

making qudit computation practical.

3.3 Exploring ququart computation on a transmon using optimal

control

Given the encouraging results of the theoretical qudit gate study discussed in Section 3.2,
we now address the last-mentioned future direction and ask how well qudit optimal control
pulses perform on actual quantum hardware. To this end we collaborate with the experi-
mental research group around David Schuster (formerly University of Chicago, now Stanford
University).

We are specifically interested in operating a ququart (d = 4) as it can be viewed from two
different perspectives: the four-level extension of the qubit as well as the encoding of two
qubit’s worth of information. Theoretical works have looked at this encoding of qubit pairs
into ququarts to study advantages for quantum circuit compilation [109, 110]. Increased
hardware utilization, efficient internal two-qubit gates and reduced routing costs render this
design highly promising. Recent experimental results have shown the efficient realization
of a variational quantum algorithm [23] and the verification of the entropic inequality [49]
under this scheme.

In the following, we discuss the realization of single-ququart operations on a supercon-
ducting transmon under both the qudit perspective and the encoded-qubit perspective. We
compare two approaches for each gate: an optimized decomposition into natively supported
gates on our system and direct implementation through quantum optimal control. Using the
frameworks Jugbox [141] and Boulder Opal [151], we find optimal control pulses that drive

all three transitions in parallel while respecting hardware constraints.
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3.3.1 Hardware specifications

Before we discuss the pulse design and experimental analysis, we start by briefly summa-
rizing the hardware parameters and fabrication process like it was described to us by our
collaborators. While this is rather involved and not critical to understanding the results of
this research project, it provides a nice view behind the scenes of an experimental lab and
gives a taste of what engineering work at the very bottom of the quantum computing stack
looks like.

We use the two-transmon processor presented in Ref. [160, 106|, which is built from two
superconducting transmons (see Section 2.3.2) with a flux-tunable coupler, and focus solely
on one of the transmons (left device in Figure 3.8 below, marked in red). The other transmon
remains in the ground state and can be disregarded when the coupler is not modulated and
biased at the sweet spot. We use the lowest four energy levels {|0),|1),]|2),|3)} of our
superconducting transmon, shown in Figure 2.2(b), to represent the ququart.

The substrate used for the device fabrication is a 430 ym thick C-plane sapphire that was
annealed at 1200 °C for two hours. 200nm thick Tantalum film was sputtered at 800 °C.
Large features are written with optical lithography using Heidelberg ML A 150 Aligner and
wet-etched using Transene Tantalum etchant 111. Ebeam lithography with Ratih EBPG5000
Plus E-Beam writer was used to create the junction mask with a double-layer resist consisting
of MMA EL11-950 and PMMA A7. The Dolan-bridge junctions were evaporated in the
Plassys electron beam evaporator through double-angle evaporation. 7 x 7mm chips are
diced and lifted off. The resistance of the on-chip test junctions are measured at room
temperature to help pre-selection. The selected chip was mounted on a printed circuit
board, wire-bounded, and mounted inside a double-shielded p-metal can.

The coherence times and frequency parameters are listed in Table 3.4. We note that
we observe a larger 77 relaxation time for the |2) — |1) transition than for the |1) — |0)

transition, which seems to contradict the expected scaling T1[|j) — |j — 1)] ~ T1/7 [14]. This
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is due to our choice of centering the filter stopbands around the |1) <+ |2) transition, which
leads to less protection for the other transitions. Figure 3.8 shows our device’s false-colored
optical image. Unused charge lines coupling to the transmon pad are visible, which cause
Purcell-limited relaxation times between qudit levels. The cryogenic and room temperature

measurement setup is illustrated in Figure 3.9.

| Transitions 0) < [1) [1) < [2) [2) < ]3) |
T (1) 2262 25.96 10.19
Tr (1s) 1060 42.32 2.68
Frequency w;/(27) (GHz) 3.2222 3.1021 2.9717
Drive response r; (MHz/AWG)  5.5528 5.6712 1.6749

Table 3.4: Ququart characterization. Relaxation times 77 and Ramsey dephasing times Tp
between neighboring energy levels [j — 1) <> |7) (j = 1,2, 3) are listed, as well as transition
frequencies w; and on-chip drive responses r; to unit power AWG driving.

Figure 3.8: False-colored optical image of the device. The left transmon (red) is used as the
ququart in the experiment. Single-ququart rotations are sent through the input line coupled
to the resonator (blue). The SQUID coupler (purple, zoomed-in region) is kept biased to
the flux sweet spot throughout the experiment.
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Figure 3.9: Measurement setup.

64

ttenuator

L
20 dB attenuator 10 dB attenuator

£X.
<]—o

Output




AWG drive calibration and native gates

In experiments, all components in the measurement and control chain have their unique
frequency response matrix. To map the actual ququart drive strength observed in the exper-
iment to the drive strength specified by the input signal, we need to extract the frequency re-
sponse matrix between the Arbitrary Waveform Generator (AWG) and the transmon around
the frequency band used in the control pulse. In our case, we only need to consider the fre-
quencies around the three transitions |0) <> [1), |1) <> |2), and |2) <> |3) each within a
25 MHz frequency span. We further assume that under such a narrow span the frequency
response matrix is constant for each transition |j — 1) <> |j), which allows us to directly
extract the on-chip drive response factors r;. They describe the experimentally measured
effective drive strength at the maximum AWG output power for each transition, determined
from the observed Rabi rate. For arbitrary transition rates, as they appear in the optimal
control pulses, the corresponding AWG output power can be scaled accordingly. The unit
of these parameters is [rj} = MHz/AWG, where we overload the abbreviation AWG to also
refer to the amplitude unit of the waveform generator. We include the calibrated r; values
in Table 3.4.

We note that we do not observe the expected scaling r; ~ \/7, which we suspect is due
to the filter choices and undesired couplings of the input line to external modes on the chip.
Especially for the |2) <> |3) transition, we suspect that the unused control lines, which are
directly coupled to the transmon pads, cause a stray on-chip mode which blocks this input

signal. We do not study this more within the scope of this work.

3.3.2  One ququart or two qubits

The concept of the ququart extends the computational unit of a qubit by two levels and

describes the special qudit case d = 4. Recalling the generalized qudit gates from Equa-
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tion (3.2), some special ququart gates are given by

Z4 = diag(1,i, —1, —). (3.7)

S O = O
O = O O
_ o O O
o O O =

Due to the special Hilbert space dimension d = 4 = 22, another way to think about a
ququart is as a pair of qubits. One possible encoding is given by mapping the qubit bitstrings

to their corresponding decimal numbers:

lgoq1) =

)
Lo gy, (3.8)
)
)

Therefore, two-qubit operators can be directly translated to ququart gates given their matrix
representation. For example, simultaneous bit flips on ¢y and ¢; described by X ® X can be
implemented by flipping |0) <> |3) and |1) <> |2). Furthermore, such an encoding provides
efficient qubit CX and SWAP gates through state flips |2) <> |3) and |1) <> |2), respectively.
Past theoretical and experimental works have studied qubit-based computation under this

scheme to find potential advantages in resource requirements and circuit speed [109, 110, 23].
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3.3.3  Numerical gate decomposition

The elementary gates available in the transmon are qubit-like rotations R;_1 ;(0,¢) =

Z}_Lj(¢)Yj_1’j(9)Zj_1’j(¢) between two adjacent levels |j — 1) and |j), with j € {1,2,3}:

[ cos g — e gin g 0 0]
e~ gin & cos & 00
Rn(00)= | % % ol (3.92)
i 0 0 0 1]
1 0 0 0]
0 Cos 9 e sin 9 0
Ri9(0,¢) = 2 2 , 3.9b
12(0,¢) 0 e @sin % cos g 0 ( )
10 0 0 1]
[1 0 0 0 ]
0 1 0 0
fty3 (0,0) = 0 0 cosg _el® sin% ' (3.9¢)
10 0 e~ gin % Cos g

The Y _1 ;(0) rotations are implemented using microwave pulses resonant with the [j — 1) <
|7) transitions, where the pulse shape is a Gaussian flat-top pulse with a 20 = 5ns ramp and
a 20 = Hns tail, where o is the standard deviation of the Gaussian edge. Arbitrary rotation
angles  are achieved by driving at the power limit of the waveform generator (1 AWG) and
tuning the duration of the constant part 7; of the flat-top section. The overall gate duration

T;(0) = 7;(0) + 40 is then given by:

0
N QW\/jTj-lAWG

0
—Varert(v2)o + 4o ~ 4ns. (310
rert (V2) o+ do w1 AwG s (310

i (0)

The phase rotations Z;_1 j(¢) are realized in software (known as “virtual Z(¢),” we
also use the abbreviation VZ) by appropriately updating the phase of the respective carrier
wave [119] and are therefore near-perfect. The concept of VZ gates can be generalized to

the ququart case, allowing the direct implementation of relative phase rotations Z4(¢) =
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diag(l, ei‘bl, ei(¢1+¢2), ei(¢1+¢2+¢3)> by updating all three carrier waves at once, where ¢ =
(61,92, ¢3) and ¢; denotes the phase shift to the jth microwave drive.
As derived in Ref. [48] and shown in Figure 3.10(a) at the end of this section, every

single-ququart gate U can be decomposed in the following way:

U(0;, ;) = Za(4)Y01(06)Y12(05)Y23(04) Za(d3)Y01(03)Y12(02) Za(d2) Y01(01) Za(1)-
(3.11)

This decomposition holds up to a global phase, which is inconsequential in the experiment.
While at first, it looks like 4 - 3 phases + 6 angles = 18 real degrees of freedom, which con-
tradicts the 15 real degrees of freedom for an arbitrary ququart gate, it is actually the case
that one can fix ¢19 = ¢13 = ¢23 = 0 [48], leaving the right number of parameters. We
changed the indexing of the subspaces compared to Ref. [48] such that the decomposition
uses the fewest gates in the third subspace. This was motivated by the fact that we experi-
mentally observed a significantly reduced achievable Rabi rate in this subspace as discussed
in Section 3.3.1, which would likely cause much slower gate implementations when using
the original decomposition under the same experimental constraints. We emphasize that
Equation (3.11) represents the most general decomposition and in special cases not all gates
might be needed. For instance, we have X4 = Z4(7,0,0)Yy1 (7)Y12(7m)Yo3(m) but Hy requires
all gates as shown in Table 3.5.

Given a target unitary Ugarg, we determine the decomposition parameters 0; € [0, 7] and
¢; € [0, 27T)3 via numerical optimization, where we primarily minimize the gate infidelity
(recall Equation (2.51))

Z(0;, ;) =1 — kS

72 Tr<UtTargU(9ia ¢i)> ’2 (3.12)

between the target and the decomposition U(6;, ¢;). We speak of a feasible decomposition if
Z(0;, ¢;) <1075,
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For a specific target, there may be many feasible decompositions, however, not all of them
need to be reasonable with respect to experimental implementation. For instance, consider
the identity operation I4 on a ququart: Iy = Yy1(7)Yp1(w) would be compatible with the
general formulation (3.11) but unnecessarily expensive to implement. Therefore, we also

want to minimize the estimated overall gate duration

6 0;

=1 27T\/7Ts(i) -1 AWG

T*(6;) (3.13)
which is determined by the rotation angles. For simplicity, we assume rectangular pulse
shapes (no Gaussian edges) in this model. The function s maps the angle index i to the
corresponding subspace index j.

However, this approach is not ideal because it could lead to the unnecessary splitting of
operations. For instance, if Utarg = Y01(7), feasible decompositions would be U(0;, ;) =
Yo1(m) (ideal) or U(0;, ;) = Yo1(5)Y01(5)Y01(5) (not ideal). Therefore, we actually use a

different penalty of the form

(3.14)

Z 27r\/37“ 1AWG'

This makes use of the fact that, for a,b > 0, Va+b < y/a + Vb, with equality if and only
if a or b equals zero. Thus splitting of native rotations is discouraged. Other than that T is
still monotonically increasing in each 6; and minimizing T also leads to reducing T*.
Additionally, it may be the case that (infinitely) many sets of phase angles ¢; lead to
feasible decompositions, even for optimal rotation angles. In order to reduce this degeneracy
and furthermore get a better intuition of the action for the gate sequence, we steer the
optimization towards phase angles that are multiples of 5. In conjunction with Yj~_1’j(9)

gates, these special phase shifts effectively lead to rotations about the X-axis and Y-axis in
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the jth subspace’s Bloch sphere. We achieve this by introducing another cost term

4 3
P(¢;) = i2 DO sin?(264). (3.15)

i=1j=1

Overall, for a given target Ugarg We solve the minimization problem

0is i = axg pin (Z(65,90) + e T(03) + cpP(@1)) (3.16)

to find a feasible decomposition. We optimize a batch of ten initial guesses for the optimiza-
tion variables and check if the best-obtained infidelity is below the desired threshold; if not,
we keep optimizing batches until we do. For a suitable choice of penalty coefficients ¢ and
cp this method is guaranteed to succeed eventually since any unitary can be realized with
decomposition (3.11). We set ¢ = 0.2 to strongly encourage fast sequences and cp = 0.05
to gently push the optimizer towards preferred phase values, and find this setup to work
consistently well in practice.

We show the decomposition for the ququart Hadamard Hy as well as several gates acting
on two qubits in Table 3.5 and further list the execution time computed by summing up
the individual pulse times according to Equation (3.10), rounded to full ns. The numerically
obtained parameter values suggest that they approximate multiples of % or more complicated
analytical expressions: For example, for the gate Hy we find 67 ~ 2.09440, which has the
property et1/2 i@ This analytical nature is reasonable given the structure of the

gates we consider to factor unitaries, which motivates studying qudit gate decompositions

further and finding better ways to obtain these expressions directly.

3.3.4  Quantum optimal control

We design open-loop control pulses using Jugbox [141] by LLNL as well as the proprietary

tool Boulder Opal [151] from Q-CTRL We model our superconducting transmon with the
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Gate 0123 456 &1 P2 P35 @4 Tns]
% 01 St & 1 5
Hy 09 09 0 %ﬂ' 103 % 343
é3 o 0 0 %ﬂ' 5
Z2T (?1 T T T 0
HeH 09 0o 0 0 ™ ™ 365
2 z o 0 7 0
5 5 2« 0 3 g
I®H 0 0 o o I I 139
0 0 0 0 s 0
0 5 0 T 0 T
H®I T T 0 s s T 272
s 0 0 0 0 0
0 T 0 0 0 0
t=q
CXc:q%) 0 0 0 0 0 0 176
0 0 0 0 s 0
0 s 0 T T s
CXiZlh  x T 0 3 7 % 309
0 0 o 0 T 3r
01 0 03 1 2
value 2.09440 1.91063 1.31812 5.17604 5.03414
(i0/2  14+V3i 14+v2i  V/5+V3Bi _
5 2 V3 V38
oo _ _ V2—/8i 1-3i
V10 V10

Table 3.5: Numerically obtained decomposition parameters for several gates according
to Equation (3.11), together with sequence execution durations 7" computed using Equa-
tion (3.10). All angles are measured in radians. We recognize decimal approximations of
parameters as multiples of & or special analytical expressions which we show in the lower

table.
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(a) Ququart Gate Decomposition (b) Ququart Optimal Control (Hy)
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Figure 3.10: Two ways of realizing arbitrary quantum gates on a four-level ququart, which is
controlled by three modulated carrier waves with resonant frequencies w;. (a) Any ququart
gate can be decomposed into a series of at most six qubit-like Y;_1 ;(6;) rotations interleaved
with ququart phase gates. Given a target unitary, the parameters 6; and ¢; can be calculated
numerically. (b) Lifting the gate abstraction, quantum optimal control can be used to
determine a control signal that operates on all subspaces in parallel and manipulate the
entire ququart state. A final virtual Z4(¢) gate adjusts the relative phases. The shown
pulses together with ¢ = (4.265,4.590,0.000) (radians) implement a ququart Hadamard Hy
in T'= 350 ns.

Hamiltonian

d—1
H=Ho+ Helt) = Y e n)n| + f(£)(—i) (a . aT), (3.17)

n=0

where Hy and H. describe the drift and the control Hamiltonian, respectively. f(t) is the

control pulse which we write as

3
F(£) = Qj(t) cos(wjt + 9j(t)) = Re | Y _(1;(t) +iQ;(t))e™i" |, (3.18)
j=1

J=1

where for each subspace we define the quadratures I;(t) = €;(t) cos(p;(t)) = Zé\gl 73{935(75)

and Q;(t) = Q;(t)sin(g;(t)) = Zi\gl yﬁBS (t). We employ the same parameterization as in
the IPR study covered in Section 3.2, which is written in Equation (3.5).

We calibrate the resonant carrier frequencies w; = €; — €;_1 for the ququart subspace
from Rabi and Ramsey experiments and extrapolate the energies of higher levels as

(n—2)(n—3)
2

en = €3+ (n — 3wz + (wo — w3) (3.19)
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for n > 3. This method essentially defines an anharmonicity K = w3 — w9 and extends
the calibrated spectrum according to the anharmonic oscillator model that we introduced in
Section 2.3.2. The difference in drive operator in Equation (3.18) (—i(a — al)) compared to
previously shown in Equation (2.60) (a 4 a) only corresponds to a different convention.

It is important to note that we want our optimal control pulses to implement a desired
gate Utarg within duration 7" in the interaction frame defined by |t)yot(t)) = "ot |4y ()

with Hamiltonian

3 -
o = 3 (100 + Q%))
j=1

This is the same frame that the native gate decomposition discussed in Section 3.3.3 realized
the target gate in. However, optimal control using this model cannot take the leakage into
higher energy levels into account, therefore we consider a different rotating frame [ty (t)) =

™ot |4y 1 (t)) to solve the open-loop problem instead. This yields the Hamiltonian

d—1

1 ‘
Hio() = D (en = nwror) [)n] + 5 (10) (=) (e — o) + Q@) (a +al))  (320)
n=0
with I(t)+iQ(t) = Z?:l (1;(t) +1iQ; (t))ei(“j_wfot)t. The Hamiltonian is truncated at d = 5
levels to account for leakage and we find this to be sufficient in simulation (see final part
of Section 3.3.5). Accordingly, the target gate has to be transformed to Ut/arg = WrUtarg,

where Wy = e@rotTe=HoT'  The infidelity cost term becomes

1 / 2
L(Ti,¢) = 1 - —| T [Vl Zi (@)U (T:)]| (3.21)
with the phase corrections ¢ and pulse parameters v = [VJI 57’7;29] ~ that are optimized
js

over. This expression for the infidelity differs from our original definition in Equation (2.51)
because we want to search for a pulse that implements the target up to a trailing phase gate

Z4(¢); this is why we also optimize over the phase vector ¢. It effectively creates a manifold
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of equally desirable optimization targets, some of which might be easier to realize than the
original target. Since virtual phase gates come at zero cost in the experiment, this increases
the freedom of the optimization and generally allows for faster pulse implementations. This
trailing Z4(¢) gate has the same effect as Z4(¢,) in the gate decomposition approach shown
in Figure 3.10(a). Note that an explicit leading phase gate is not required as its effect is
already captured by the phase relations of I; 4 iQ);.

Figure 3.10(b) shows optimized quadrature envelopes /; and @; that modulate the carrier
waves to directly realize the ququart Hadamard Hy4 up to a final phase correction ¢ =
(4.265,4.590,0.000) (radians). We similarly obtain controls for the Hadamard tensor product
H® H. For this gate the freedom of a final phase correction did not help to achieve a reduced

gate duration, so we set ¢ = 0.

Technical details of full QOC setup

We choose wyot = wy to reduce the oscillating behavior of the functions I and (), which allows
the choice of larger time steps in the numerical solution of the dynamics. Typically we set the
time step size At = 0.03...0.3ns. We seek to find optimal control pulses of short durations
as decoherence limits the capabilities of our device, especially due to increased dephasing
in the {|2),|3)} subspace (see Table 3.4). Here we perform the duration optimization by
hand, which is achieved by reducing the gate time further and further while making sure
the numerical infidelity stays below the threshold Z(T’;~, ¢) < 10~%. This simple approach
could be substituted by a modified IPR scheme (see Section 3.2) which takes the freedom of
the trailing phase gate Z4(¢) into account. Alternatively, one could make the duration 7" an
optimization variable, rescale all time variables with 7! and all frequency variables with
T, respectively, and then solve the optimal control task in the time interval [0, 1]. However,
we observe worse convergence and higher obtained gate durations in this case. Despite its

simpler nature, our method is sufficient for our purposes and manages to show the impact of
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performing final phase corrections using a virtual Z(¢) (VZ) on the gate time 7T'. Figure 3.11
shows H, pulse implementations both with (solid lines) and without a final VZ (dashed lines),
where the difference in duration is highlighted by the solid gray line. Interestingly we find
that for the H ® H tensor product optimizing with a final VZ does not lead to a reduced

gate duration, therefore we choose the optimization result without a VZ in our experiments.
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Figure 3.11: Optimal control pulses for ququart Hadamard Hy, with final VZ correction
(solid lines, T" = 350ns) and without final VZ correction (dashed lines, 7" = 420ns). The
vertical gray line marks the duration of the former.

The full optimal control problem formulation includes additional cost terms to ensure a
narrow Fourier spectrum of the pulse f and to respect external hardware constraints. We first
discuss the latter. The optimized control pulse needs to obey the power limit of the waveform
generator (AWG), which imposes [f(t)] < 1AWG. We recall that the conversion from the
drive strength on-chip (in MHz) to AWG power is frequency-dependent and described by 7;

(see Section 3.3.1). Using Equation (3.18), this constraint can be ensured by imposing

IQt'r

t7\<z

3
= Q(t; ) é LAWG = ) %,\/(’st)Q + (7%)2 < 1AWG.
(3.22)
At this time Jugbox does not support constraints that include multiple optimization vari-
ables. Without any additional knowledge of the structure of the target gate, the most general

approach is assigning one third of the power budget to each of the three carrier waves, which

@

can be done by enforcing "YJZS ;

< 3 \;Q However, this may drastically reduce the po-
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tential speed of the gate implementation as no transition is allowed to be driven at more
than a third of the maximum power.

This motivated the transition to Boulder Opal [151] as the optimization tool while sticking
to the Jugbox pulse parameterization to overcome this limitation. While Boulder Opal
currently cannot directly implement constraints of the form (3.22) either, it allows for a
more flexible formulation of the quantum control task, construction of signals and definition

of cost terms. Let us consider the functions

tanh(_—log%) +1
2 )

s(x) = (1= h(z —a))z+ h(x — a)a, (3.24)

hz)=1- (3.23)

where h serves as a differentiable version of the Heaviside step function © that can be
implemented in Boulder Opal’s framework. s can be seen as a suppression function with
threshold a, which means s(z) ~ x for x < a and s(x) ~ a for x > a. Using this we can

construct a suppressed signal

O (1) = s(0(1)) (3.25)

and a penalty term

T
Panp() = [t |ti) = 0Pt ). (3.26)

which captures how much the original signal Q violates the power constraint. We set the
threshold amplitude to a = 0.95 AWG to allow the optimizer some slack to the critical value
of 1 AWG.

The other additional cost term addresses the assumption of a constant frequency response

matrix in the range [—25MHz, 25 MHz| around the three transition frequencies, which we
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discussed in Section 3.3.1. In order to be consistent with this assumption in the optimal
control pulse design, we introduce a filter penalty to steer the optimization towards pulses

with narrow peaks in the Fourier spectrum:
3 T .
P =3 [ e - ot (3.27)
j=1

Here Qgﬂ is the convolution of §2; with a sinc-kernel to limit the bandwidth around each
transition to [—25MHz, 25 MHz]. The computation of the convolution is a built-in feature
in Boulder Opal.

Ultimately, the full optimal control problem reads

Yis» ¢ = arg mlg [Z(T; 5, @) + camp Pamp(7) + ¢ Par ()], (3.28)

b

where we empirically choose camp = cg1 = % We show the obtained pulse implementations

for our gates of interest H4 and H ® H in Figures 3.11 and 3.12, respectively.
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Figure 3.12: Optimal control pulses for the tensor product H ® H without a final VZ
correction, 7' = 380 ns. Allowing a correction did not lead to a significantly reduced gate
duration.

3.3.5  Fxperimental results

We now turn towards the experimental realization of qudit operations with our control pulses

and describe how we employ quantum process tomography (QPT) as well as randomized
7



benchmarking (RB) to characterize their fidelities.

Quantum process tomography

We start by estimating the quality of our control pulses via quantum process tomography
(QPT) [33], which allows us to fully characterize the corresponding quantum channel £(p) =
ij XjkAjPA;L (recall Section 2.4). We extract the process matrix x of a specific gate by
applying it to 16 differently prepared states {|k), (|l) + |k))/V2, (|l) —i|k))/V2} (k1 €
{0,1,2,3},k > 1) and reconstructing the resulting state using quantum state tomography
(QST) [33]. This is achieved by sandwiching the gate pulse of interest between combinations
of pre- and post-rotation gates from sets S and 7T, respectively. These sets are shown
in Table 3.6, where I is the identity gate and the rotations Rj_Lj(O, ¢) are defined in
Equation (3.9).

Single-shot readouts are collected after applying the post-rotations. The readout his-
togram and heatmap of the assignment fidelity matrix are visualized in Figure 3.13. We
apply the confusion matrix, which is the inverse matrix of the normalized readout heatmap,
to the single-shot data to reduce the readout error. Maximum likelihood estimation (MLE)
is then used to reconstruct the physical density matrix that describes the state prepared by

a specific pre-rotation and gate pulse.

(a) Readout histogram (b) Detection probability (%)
—|g>i—|§>'
200{ 12171 E
2 : : %|1)| 18 2 1
2 | E:
© 100 ! ! 22) o 1 ﬂ 28
| | a
0 ! ! 3)] o o | 34
-8 4 0) (1) [2) [3)

Phase response Prepared state

Figure 3.13: Readout characterization. (a) Single-shot histogram after phase rotation and
(b) heatmap of detection probabilities (in %). Single-ququart basis states are prepared and
measured 5000 times.
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Ryg(m, 0)Ria(m, 0)Roq (, 0)
Table 3.6: Sets of pre-rotation (S) and post-rotation (7°) gates to implement quantum state

tomography and quantum process tomography.



The full quantum channel

g(p) = Z an,m/n’AmnPAjn/n/ (329)

mn,m’'n’

is calculated based on Ref. [122] with either the basis { A, = ZTXZ}mn (ququart sce-
nario) or {Amn = om ® on}t,,, (two-qubit scenario, ququart encoding), m,n = {0,1,2,3}.
Here Z4 and X, are the single-ququart Pauli operators and o,, denotes one of the qubit
Pauli operators {I, X,Y, Z}. The operator basis elements are orthogonal under the Hilbert-
Schmidt inner product: Tr [A;rnnAm/n/] = d 0,/ 0nn- The process fidelity of two channels

with process matrices y1 and y9 is then given by
F = |Tr[xixz]l- (3.30)

Figure 3.14 shows the process matrices for both gates of interest H4 and H ® H, compar-

ing between ideal theory and implementation on our transmon. Defining the experimental

process fidelity as F = }Tr [Xideal Xexpt} , we obtain fidelities of 86.19% and 84.06%, respec-
tively. As a reference, we note that performing no gate (thus, characterizing the identity
1) leads to a process fidelity of 89.88%. We trace back this loss in fidelity to measurement
errors as the primary source, resulting from the challenge of implementing a four-state single-
shot readout. A well-known disadvantage of quantum process tomography for benchmarking
quantum gates is that it cannot separate gate errors from SPAM errors, thus yielding a lower

bound on the true gate performance.

In Table 3.7 we include more QPT characterization results for a wider range of gates.

Randomized benchmarking

Randomized benchmarking (RB) allows extracting the average error per Clifford gate re

without including SPAM errors [113]. In this protocol one constructs sequences of m Clifford
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Figure 3.14: Process matrices for quantum optimal control implementations of the (a)
ququart Hy and (b) two-qubit H ® H. The area of each square encodes the magnitude
of the corresponding element while the color encodes its phase. The H4 process matrix is
represented in the generalized Pauli basis while H ® H is represented in the Pauli basis for
two qubits. The exponent/index n € {0,1,2,3} assumes increasing values from left to right
or top to bottom for each tick in a label group.

Gate DEC QOC
no VZ  with VZ

I 89.83%

7 88.85%

Hy 84.30% 81.35%  86.18%
H®H 83.53% 84.06% —*
X®H 8347% — -
H®I 84.80% — -
OXIZD 8536%  — -

Table 3.7: Single-ququart gate fidelity characterized by QPT, for decomposed gates (DEC)
and optimally controlled gates (QOC). In the QOC implementation of H @ H (*) we only
considered the case without a final virtual Z (VZ).
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gates Cp,Cpy—1 ... C1 and further computes inversion gates Cjyy, which invert the effect of

the sequences:

CioreCrmCont - .. C1 = I 4. (3.31)

Ciny can be computed efficiently due to the Gottesman-Knill theorem [64]. In the experi-
ment, one initializes the system in the ground state, applies the sequence, and measures the
population in the ground state (survival probability) P,.

By averaging over randomly sampled sequences of gates from the Clifford group C, the
error channel becomes effectively depolarizing; analyzing the exponential decay (Pp,) =
ap™ + b over sequences of different depths m allows extracting the depolarization parameter

pc- The error per gate is then given as

d—1

re=——(1-pc) (3.32)

and the average gate fidelity defined as Fp =1 — 1.

Since RB relies on sampling from the Clifford group, choosing the appropriate Clifford
group for a certain scenario is important. We recall from Section 2.2.5 that the Clifford
group C is defined as the group which normalizes the Pauli group P. In the ququart case,
the Pauli group Py consists of products of Xy and Z4, which are normalized by Hy and
Sy = diag(l, Vi, i, \/E) [79]. Z4 trivially is an element of the ququart Clifford group C4 and
we check numerically that {Hy, Z4, S4} can generate the predicted number of 768 elements
in C4 [180]. In the case of two qubits, the Pauli group 73592 is given by the tensor product
of the single-qubit operators I, X, Y and Z, and the gates { H, S, CX} generate the Clifford
group C?Q with 11520 elements (up to scalars) [165].

For the ququart case, we sample from C4, which we construct explicitly, and for the two-
qubit case we use Qiskit [152] to produce RB sequences. In either case, we decompose the

matrices for each gate in a sequence according to decomposition (3.11) in order to implement
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the RB experiment on our transmon. We consider RB sequences of depth m up to 100. The

measured survival probabilities are visualized in Figure 3.15 and clearly show the exponential

decay. We obtain RB fidelities Fp, = 96.22(14)% and F,e2 = 95.84(05)% for the ququart
2

RB and two-qubit RB, respectively.
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Figure 3.15: Experimental results for (a) ququart RB (Cy Clifford group, red) and (b) two-
qubit RB (0582 Clifford group, red) on a four-level transmon. Using IRB we benchmark
(a) Hy and (b) H ® H in the appropriate setting, for both their gate-level decomposition
(DEC, yellow) and their quantum optimal control (QOC, blue) implementation. Markers
represent the mean survival probabilities and error bars (smaller than the marker size) are
the standard deviations of these means.

Interleaved randomized benchmarking

Interleaved RB (IRB) builds upon standard RB to characterize the error of a specific Clifford
group element GG, which is achieved by interleaving the gate of interest between the randomly
sampled RB gates [115]. Similar to standard RB, this yields the depolarization parameter
pc+G- Together with the previously determined parameter pg, the gate fidelity can be

computed as

d—1
f0:1—rGZ1——(1—pc—+G>. (3.33)
d 2%

We apply IRB to characterize the ququart Hadamard H4 and the Hadamard tensor prod-
uct H ® H, where we interleave them between gates sampled from the appropriate Clifford
groups. We do this for both the gate-level decomposition and the optimal control implemen-

tation of each gate and juxtapose the results in Figure 3.15. The open-loop optimized pulses
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achieve an improvement over the gate-based realizations in both cases: The Hy QOC pulse is
benchmarked at 96.41(32)% while the decomposition achieves 96.18(32)% fidelity; the H® H
QOC pulse yields 95.98(19)% fidelity compared to the decomposition with 95.17(26)%. This
observation suggests a good agreement between the Hamiltonian model and the device. The
main limitation is now caused by decoherence, dominated by the increased dephasing in the
{I2),|3)} subspace.

In Table 3.8 we include additional RB and IRB results for special gates.

Gate DEC QOC

Hy 96.18(32)%  96.41(32)%

H®H 95.17(19) 95.98(19)%
IT®H 98.51(13) —

H®I 96.70(29)

(24)

(17)

N | R X

CXiZh 96.68(24
CXi=l0 98.84(17)% -

Table 3.8: Single-ququart gate fidelity characterized by different types of RB experiments,
for decomposed gates (DEC) and optimally controlled gates (QOC). The Hy gate fidelity is
characterized using the Clifford group Cy4, other gates are characterized using the Clifford
group C52. Base fidelity for RB with Cy is 96.22(14)%, and with C5' is 95.84(5)%. We only
consider the VZ implementation for the QOC Hy pulse.

Error budget simulation

In order to simulate the gate errors we observe in experiments, we compute the system
evolution under our designed control pulses using the Lindblad master equation [108, 61]
and show the obtained infidelities of different ququart gates in Table 3.9. We compare the
noise-free case with the noisy case, where for the latter we include decay and dephasing
collapse operators for each subspace using the experimentally measured lifetimes shown in
Table 3.4. The simulation time step is set to df = 1 ps for high numerical precision, which

is over an order of magnitude lower than what was used for the pulse optimization (see
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Section 3.3.4). We perform all simulations with the lowest 5 energy levels of the transmon
to account for a leakage into higher levels. By taking the trace of the 4 x 4 submatrix which
describes the ququart state, we verify for each simulation result that leakage into the fifth
state is below 0.01%, justifying the truncation of the Hamiltonian at d =5 levels.

We observe that the optimal control pulses can theoretically reduce the decoherence-free
infidelities by more than 30%, and future work will optimize pulse duration to reduce the
decoherence error further. The difference in infidelity between the ideal simulation here and

the optimization target Z < 10~% arises from the increased time step precision.

Gate Decoherence-free  Decoherence
H,; DEC 0.42% 4.53%
H ® H DEC 0.41% 4.78%
CX.=81 DEC 0.38% 4.11%
CX.= DEC 0.03% 2.18%
H ® I DEC 0.62% 3.89%
I ® H DEC 0.11% 1.82%
Hy QOC 0.08% 4.28%
H® H QOC 0.26% 4.81%

Table 3.9: Ququart gate infidelities extracted from simulation. DEC: decomposition, QOC:
quantum optimal control.

3.3.6 Conclusion

We successfully demonstrated the coherent control of the lowest four levels in a supercon-
ducting transmon, where we explored the implementation of both high-level optimized gate
sequences and low-level optimized control pulses to realize target unitaries. While in the first
approach we drive only one transition at a time, the latter approach enables manipulating
all internal states at once by using open-loop quantum optimal control tools.

We studied the quantum system from two angles: from the ququart perspective, as the

four-dimensional generalization of a qubit, and from the perspective of two encoded qubits.
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We characterized gates from either perspective in QPT and RB experiments, focusing in
particular on the ququart H4 and the two-qubit H ® H gate. They have similar matrix
representations but belong to different Clifford groups C4 and 0592, respectively, and we
observe IRB fidelities > 95% for both, finding that the optimal control implementations
perform better.

The fundamental challenges of increased noise on higher levels as well as the difficulty of
performing a four-state readout limit the capabilities of our device. One possible future di-
rection includes exploring the application of data-driven methods like presented in Ref. [202]
to incorporate hardware feedback into the pulse calibration and close the optimal control
loop.

While recently presented related work also studied the two-qubit encoding scheme |23, 49|,
we were, to our knowledge, first to explore optimally controlled quantum gates on a transmon
ququart and further perform ququart randomized benchmarking using the Clifford group

Cy.
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CHAPTER 4
QUANTUM OPTIMAL CONTROL FOR QUANTUM SENSING

While the primary focus of this thesis lies with quantum computing, another quantum tech-
nology that has promising near-term applications and can benefit from advances control
schemes are quantum sensors. In the following, we draw parallels to familiar concepts from
quantum computing and introduce the control problem for a specific quantum sensing plat-
form.

In the realm of quantum computing, the language of quantum gates has been developed
to describe universal sets of operations that may be performed on a quantum computer
(regardless of the platform) in order to implement quantum algorithms [136]. Such algo-
rithms consist of state preparation, single-qubit rotations, entangling blocks, mid-circuit
measurements, readout, etc., based on single-, two- and multi-qubit operations. Although
this paradigm is intended for performing quantum computing, the high degree of control
over quantum systems has opened up analog applications including quantum simulation of
many-body Hamiltonians (particularly of lattice systems) [57, 38| and on-demand generation
of quantum resources for quantum sensing [117, 89]. In the latter case, quantum computers
have been explored as programmable quantum sensors, mainly exploring the preparation of
states according to metrological cost functions.

These developments motivate the paradigm of “programmable” quantum sensing, which
describes using quantum logic gates, in a hardware-agnostic manner, to perform sensing
tasks. Much attention has been paid to using noisy intermediate-scale quantum (NISQ) [145]
machines as quantum sensors of spin rotations due to, for example, stray electromagnetic
fields [117, 89, 212, 88]. However, due to the tight confinement of qubits in quantum comput-
ing platforms, these machines are ill-suited for measuring inertial and gravitational forces,
limiting their application as programmable inertial sensors. Conventional cold atom inertial

sensing platforms are instead able to generate large momentum transfers and subsequently
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split clouds of atoms to enclose large spacetime areas in free space, thereby yielding high
sensitivities to external parameters [87, 128, 98]. The set of possible operations in such
systems is however constrained due to the lack of reconfigurability of the platforms and the
restriction to limited spatial regions of a vacuum chamber where the atoms can be addressed,
which severely limits their programmability.

Recent experiments have demonstrated that cold atom inertial sensing can be performed
using optical lattices, where the atoms remained always confined in a standing wave of
light, and the basic steps of an interferometer — splitting, mirroring and recombining —
can be achieved by time-dependent modulation of the phase of the light forming the lattice
[196, 103, 102]. Such a protocol enables sensing the presence of external accelerations,
thus this system can be regarded as a quantum accelerometer. Because the atoms remain
always confined (albeit delocalized), the modulation waveforms for efficiently generating the
traditional components required for interferometry are nontrivial. Previous studies have
outlined how machine learning methods, including reinforcement learning, and (indirect)
quantum optimal control can be used to perform state mappings and design the traditional
components (SPLIT, MIRROR, RECOMBINE) as well as find modulation sequences spanning
the entire operation time of the sensor which maximize the overall accelerometer sensitivity
[103, 144, 50, 197, 195, 30, 168, 134, 3, 31, 29]. While much attention has been paid to these
traditional component and end-to-end design problems, the reconfigurability of the optical
lattice interferometer can also be used to perform a wider range of operations, making it a
natural candidate for an inertial quantum sensing platform which can execute a broad array
of user-defined programs.

In the following sections, we introduce the physics of the sensing system as well as its
control, discuss a framework for programmable sensing using that system, and finally present
an alternative approach to optimized quantum sensing that goes beyond the structure of fixed

primitives. This work is in collaboration with Infleqtion, a cold-atom company focusing on
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engineering quantum computers and sensors.

4.1 Sensing hardware

In this section, we describe both the cold atom optical lattice platform and the specific
quantum optimal control method used to design quantum operations in this system. The
description of cold atoms in an optical lattice is kept at a basic level, and we refer to
Refs. [103, 101] for further details of this system, including the implementation of state

preparation, control, and measurement in the lab.

4.1.1  Optical lattice interferometry

We consider a cloud of cold, spinless bosonic atoms in a one-dimensional optical lattice
that is generated by two counter-propagating laser beams, as realized in Refs. {196, 103].
Furthermore, we consider density regimes where interaction effects between atoms can be
neglected, reducing the description to the single-atom level. At sufficiently low temperatures,
the cloud forms a Bose condensate [142] such that the wavefunction of the entire system of
N atoms can be represented as a product W(zy,...,xy,t) = Hf\il (x;,t) of the single-
particle wavefunction 1 (x,t). The wavefunction v (z,t) evolves according to the Schrédinger

equation with time-dependent Hamiltonian

2
Ht) =L 4 V(1) (4.1)

2m

where p and Z are, respectively, the momentum and position operators for an atom with

mass m, and

V(x,t) = —% cos(2kpx + p(t)), (4.2)
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is the potential generated by the optical lattice at time . The depth V{) of the lattice is deter-
mined by the dynamic atomic polarizability and the intensity of the laser via the AC Stark
shift [82]. Along with the depth, the wavenumber kj, of the lattice is also held fixed while
its phase ¢ is modulated according to a time-dependent control function whose waveform
is determined using quantum optimal control as described in Section 4.1.2. Experimentally,
the position of the lattice is altered using frequency shifts applying to acousto-optic modu-
lators [103]. Previous works have developed control functions implementing SPLIT, MIRROR
and RECOMBINE components of an interferometer [103, 30, 168, 134| as well as end-to-end
protocols maximizing the overall sensitivity of the device |3, 31].

Expanding the lattice potential V' in the plane-wave basis {| p)<p|}p, we find
Vo ( ip(t) —ip(t)
V(t) = —Z<e P(tp_ 4 eiv b+>. (4.3)

The operator b4 is defined by b+ |p) = |p £ 2ky,), representing a two-photon Bragg scattering
process in which an atom absorbs and emits a photon between counterpropagating laser
beams, changing its momentum by +2kj, [36]. In the case of a stationary lattice (¢ = 0),
the eigenstates of the lattice Hamiltonian are given by the Bloch states |v, ¢) with eigenergies
E,(q) parametrized by the band index v and quasimomentum ¢q. We refer to Refs. [94, 142]
for a more detailed introduction. The Bloch states are of alternating parity with spatial
dependence and eigenenergies shown in Figure 4.1. In particular, the quasimomentum is left
unchanged by the action of V' regardless of the specific control of the phase . However, the
application of a linear force with Hamiltonian contribution —F(t)z leads to a time-dependent
q(t).

In general, an inertial force leads to a final state with different expansion coefficients and
quasimomentum than in an (ideal) unaccelerated frame. In experiment the cloud is typically
split, mirrored and then recombined using modulated waveforms of the control function, with

each component separated by a period of free evolution.
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Figure 4.1: Band structure of the optical lattice Hamiltonian (see Equation (4.1)) for ¢ = 0.
The potential V'(z) for the specific choice Vj = 10wp is shown in black, while modulating ¢
corresponds to shifting the potential to the left or right. The Bloch states ¢, () = (z|v) g are
shown at their corresponding energy eigenvalue, clearly defining a valence and a conduction
band subspaces, with latter characterized by nearly degenerate pairs of opposite-parity states.
A subset of the operations considered in this work are indicated by red arrows (see also
Section 4.2.1 and Figure 4.2).
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Measurement is performed in the final stage of the protocol, where the atomic cloud
is allowed to ballistically expand for a fixed amount of time. This leads asymptotically to
a separation of the wavefunction into the basis of discrete momentum states of the lattice
{I2nky, + q) |n € Z} [103]. Depending on the force F, different populations of the discrete
momentum states are observed, producing a multi-fringed interference pattern, rather than
the conventional interference signal of two recombined clouds in a Bragg interferometer,
that reflects differential phase accumulation between the multiple arms of the interferometer.
This is due to the possibility of occupying an array of discrete momentum states at integer
multiples of the lattice wavenumber. In this chapter, we find control functions for the case
F' = 0, which can be straightforwardly generalized to F' # 0 via the application of an
offsetting bias field or through re-optimization.

It is convenient to work with the natural units of the lattice, where spatial dimensions
are defined via the wave number k; and energy scales are determined by the photon re-
coil frequency wp = k‘% /2m. In these units, the momentum-space representation of the

Hamiltonian reads (¢ = 0):
H(t) = dwpn® — % <ei90(t)bf + e*iw(t)bJr). (4.4)

Here n denotes the operator that counts the multiples of 2k; making up the momentum.
Because ¢ is a constant of motion, we therefore use the notations |2nk L>p for the discrete
momentum states and |v) g = |v, ¢ = 0) for the Bloch states. Note that in this representation
the operators b+ effectively perform the mapping n — n + 1.

For concreteness, we fix Vj = 10wp, which is a representative value of lattice depths
used experimentally [103]. We note that the results in this chapter are specific to this choice
of the lattice depth but the presented framework can be applied to any other setting in
a straightforward fashion. As shown in Figure 4.1, the Bloch states |0) 5 and |1) 5 have

harmonic-oscillator-like wavefunctions that are well localized in the lattice potential and
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thus form the valence band. The higher-energy conduction band (v > 3) features quadratic
dispersions with opposite-parity wavefunctions in the (approximate) form of plane waves.
As the naming convention suggests, atoms in the conduction bands translate under the
application of a weak external force, while atoms in the valence bands undergo (Bloch)
oscillations {142, 11]. The state |2)  can be viewed as an intermediate state with properties
similar to both bands.

Formally, the fixed-g Bloch bands illustrated in Figure 4.1 form qudits, with the con-
duction and valence bands being infinite- and finite-dimensional subspaces, respectively. In
practice, atoms are prepared in the ground Bloch state | = 0) g, and then the dynamics of
the control function drive metrologically useful transitions between various bands prior to
measurement. Of particular importance are the (nearly) degenerate pairs of opposite-parity
states in the conduction band. The sum and difference of these states (approximately) cor-
respond to individual momentum eigenstates, i.e. (|[v)g £ |v —1)5)/V2 ~ |£vkg),. Given
our specific choice of the lattice depth Vj, we identify these pairs for even v > 4 and as can
be seen in Figure 4.1. Here the parity of the state |v)p is equivalent to the parity of the

integer v.

4.1.2  Direct trajectory optimization

Using optimal control, we are interested in designing components of the optical lattice inter-
ferometer that correspond to unitary operations Ugayg on the whole system as well as simple
state transfers |¢) — ‘wtarg>; which move the system from a specific initial state [i) to a
desired final state Wtarg>- While the quality of the former can be quantified by the gate
infidelity Z(7';y) we introduced around Equation (2.51), the latter is characterized by the

state infidelity

I(T;y) = 1 — | (Yrang 0T 7)), (4.5)
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which relates to the overlap between the target state |¢targ> and the final state |[¢(T;4))
at time T'. As before, the evolution of the system is dependent on the control functions
flv) = [ J; Wjﬂj which are expressed in terms of optimizable parameters v = ['yj]j.

Most optimal control tools employ so-called indirect methods [141, 59, 22, 92|, where the
Schrodinger equation is solved numerically for each choice of control parameters, and the
control parameters are adjusted iteratively to decrease the loss function. This is the approach
we took in Chapter 3 as well. While being memory-efficient, it is restrictive if one wishes to
also enforce constraints on the quantum state evolution or design cost functions that require
information from intermediate time steps. Furthermore, reinforcement learning methods (as
they have been applied specifically in the optical lattice interferometry context [103, 30])
are usually limited by their discrete, pre-defined action space, which typically leads to lower
fidelities and requires further knowledge to determine the set of actions a priori.

In this chapter we look at a different approach known as direct trajectory optimization,
which treats the quantum states at all times as free parameters, and treats equations of
motion as constraints on these parameters. Minimization of the loss function can then be
performed via interior-point optimization methods like IPOPT [188]. While this approach is
more memory-intensive, as it must store the entire space-time history of a quantum state (or
unitary) trajectory, it allows for a high degree of flexibility and control over the trajectory
variables. For instance, in Section 4.2 we exploit the possibility to impose constraints on the
quantum state parameters to guide the evolution through a certain part of Hilbert space.
While this sounds rather restrictive at first, these constraints can be well motivated by the
physical principles of the optical lattice interferometer and therefore reduce the search space
and aid the optimizer in finding a solution. This methodology is enabled by the unique nature
of direct trajectory optimization and would not be possible with the conventional optimal
control tools and reinforcement learning methods mentioned above. In the following sections

we explain in detail how we leverage constraints to solve for complex, high-dimensional
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optical lattice operations.

Specifically, we make use of the Piccolo.jl framework introduced in Ref. [182]. In
the remainder of this section, we introduce the fundamental language of direct trajectory
optimization and apply it to the optical lattice problem.

We denote the “state” at the discrete time ¢; abstractly with x;, { = 1,..., Ny, which
corresponds to either the quantum state |¢;) (for state transfer) or the unitary U (for gate
design), and parameterize the controls as f;(¢;) = 7;;. In this setup, z; become additional

optimization variables in an extended nonlinear constrained optimization problem:

21,741 = arg min L(zy,v51) (4.6)
’ 1]

subject to: ;41 — exp(—i?—[(vﬂ)At)xl =0,
(4.7)
z1 = z(0)

where At is the discrete time step. In the simplest case, the loss is given by the infidelity
at the final time, £(z,7j) = Z(zp,). The advantage of this approach is that the cost
function explicitly depends on a small subset of optimization variables, which allows for
trivial gradient computation of £ in these variables. The full gradient step for all variables x;
and j; is then furthermore determined by constraints like in Equation (4.7), which enforces
the unitary evolution according to the Schrodinger equation (2.14). Moreover, this approach
gives us direct access to the quantum state or unitary at intermediate times of the evolution,
which we exploit when designing control function waveforms. We refer the interested reader
to Ref. [182] for further details.

In its current version Piccolo.jl supports Hamiltonians of the form shown in Equa-
tion (2.42), which is not directly compatible with the Hamiltonian in Equation (4.4) as the

desired control function ¢ enters nonlinearly. Therefore we introduce auxiliary quadrature
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controls

I(t) = cos(p(t),  Q(t) = sin(p(t)),
so that we obtain
H(t) = duopn® — ~U(I()(b +by) + QO — b))
After discretization, the quantum optimal control problem then takes the form
&, 1, Q¢ = arg min  L(z;, )

lelanv@l

subject to the constraints in Equations (4.7) and (4.8) as well as

g€ [-m 7], @o=¢0)=0pN,=eT)=0,

(4.8)

(4.9)

(4.10)

(4.11)

which constrains the range of the control function and resets the position of the lattice at

the final time ¢t = 7.

In this current formulation there is nothing constraining the shape of the control function.

However, for practical reasons of implementation on hardware, we do not want it to be

discontinuous or oscillating too strongly. To this end we augment the cost function by a

term

2

T
o(t) — /O K(t— s)p(s)ds| dt

@MZAT
2

N N
discreti
1scr_e> 1ze ﬁw(@l) — Atz Y] — At Z Klmgpm )
I=1 m=1

(4.12)

that penalizes the Fourier spectrum of ¢ beyond a cutoff w., which we choose to be w, =
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TOwpg. Ky, = K(t; — ty) is the convolution kernel and here we use a sinc kernel:

K(t) = 2 sinc(wet). (4.13)

™

The final form of the optimal control problem is now given by Equation (4.10) with
L(z, 1) = I(xp,) + 100 L,(¢;) and constraints given by Equations (4.7), (4.8) and (4.11).
This general setup is used to find the results presented in the remainder of this chapter,
and specific cases where further modifications are required or more constraints are added to
improve the convergence of the numerical optimization are addressed as encountered.

It is important to note that our proposed framework does not require any modification to
existing experimental implementations, such as that demonstrated in Ref. [103]. We merely
suggest a different approach to designing high-fidelity control pulses that modulate the phase

@, therefore our results would be directly compatible with this experimental setup.

4.2 Programming an optical lattice interferometer

We use the optimal control framework introduced in the previous section to design control
functions implementing various quantum gates for the optical lattice interferometer system
previously demonstrated experimentally in works such as Ref. [103|. The direct trajectory
optimization method, which has thus far been applied towards gate design for quantum
computing [182], has distinct advantages including the ability to enforce constraints on the
evolution of the quantum state and design cost functions that require information from
intermediate time steps. We find that this method is able to produce high-fidelity gates, for

instance for large-momentum two-level subspaces.
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4.2.1 Gate design

In this section, we analyze the results for control functions producing the types of operations
shown in Figure 4.2 that act on and between qubit subspaces defined within the system’s full
Hilbert space. A qubit subspace can be constructed from any pair of Bloch states, however,

we find it useful to take neighboring pairs (|v) g, |v — 1) g) that are defined by projectors
I, = v v|g +|v—1)Xv —1|5. (4.14)
For a given subspace II,,, we denote the logical qubit isometry in these subspaces as
Py =10)p(vlp+ )L {r—1lp. (4.15)

where we choose the convention that the even-parity state is assigned to the north pole of
the logical Bloch sphere, associated with |0);. For later convenience, the qubit subspace
of the ground and first excited Bloch states are labeled following a different convention
Piy = [0)0|  + [1)(1]  with isometry P = [0)1(0|p + [1)}(1|p-

Figure 4.2 shows the qubit subspaces of interest as individual Bloch spheres as well as
mapping operations between these subspaces. The mapping operations are also visualized
in Figure 4.1 for reference. In the following discussion, we comment on the relevance of each

operation for inertial sensing.

SPLIT,, RECOMBINE,

The Mach-Zehnder interferometer is a paradigmatic sensing scheme comprised of SPLIT,,
MIRROR, and RECOMBINE, operations. Given the central importance of this protocol we first
analyze the results for the control function that produces the SPLIT, action. This operation

maps the ground state |0) g, which corresponds to the initial state, to a Bloch state |v)pg
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Figure 4.2: Visualization of a variety of operations that can be realized in the optical lattice
interferometer. Neighboring pairs of Bloch states are identified as qubit subspaces and
represented by separate Bloch spheres. Upon initialization the system is in |0)p in the
valence band (II; qubit). SPLIT, maps to a Bloch state |v) g in the conduction band, here
shown for v = 4. Unitary BOOST, /SLOW, operations map between adjacent conduction band
qubits, for instance BOOST4 : Il — ﬂﬁ and SLOWg : IIg — II4. The mapping 11y — Il
corresponds to bringing the atoms to rest (HOLD operation, inverse is RELEASE). Single-qubit
operations on the conduction band qubits are visualized; we provide interpretations in terms
of atom-cloud trajectories in the main text. The yellow circles in the conduction band Bloch
spheres correspond to approximate momentum eigenstates |+vk L>p‘

in the conduction band. We note that this operation has been analyzed in several related
works specifically for the choice v = 3, each finding different control functions [103, 30, 168|.
As noted in Ref. [30], the inverse RECOMBINE, operation can be achieved through the time
reversal of SPLIT,.

We briefly present our result for this well-studied task. In order to optimize the desired
state transfer, we consider the optimization problem in Equation (4.10) with infidelity func-
tion Equation (4.5) and [¢(0)) = |0) 5, |ttarg) = |3) 3. Figure 4.3 shows the obtained control
function together with the Bloch state evolution. The even-parity |2) g state is heavily pop-
ulated at intermediate times as population is transported between valence and conduction

bands.
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Figure 4.3: SPLIT3 : |0) g — |3) g operation, T" = 1.88 wél, 7 = 3.27-107°. The top panel
shows the state evolution in the Bloch basis while the lower panel shows the corresponding

control function.
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Qubit gates

Within a qubit subspace II,,, arbitrary unitary transformations can be performed. In order
to optimize the control function producing these gates, we use the infidelity expression in
Equation (2.54) with Utarg = PJUtarg,LPVa where Ug,ye 1 18 the logical gate of interest acting
on II, and P, is the isometry as defined in Equation (4.15).

We provide results for the control function achieving the common qubit gates X, 7, H
and T = Z1/4 that we introduced in the context of quantum computing in Section 2.2.2.
These are of special interest because we recall that any arbitrary single-qubit gate can be
approximated by a product of H and T gates [136]. We equip a gate label with the index
v to denote the qubit subspace it acts on, for instance X, acts on qubit subspace II,,. We
obtain the control functions for the lowest conduction band qubit Il and show the results
together with the corresponding state evolutions in Figure 4.4. The bottom row shows the
Fourier transformation of ¢, providing information on the dominant spectral components of
the control function.

Although this gate set is ubiquitous in circuit models of quantum computing (see Sec-
tion 2.2.3), we provide their interpretation and utility for operations within the the con-
duction band in the context of inertial sensing. First, the Z,, corresponds to the MIRROR,,
component in the Mach-Zehnder interferometer, which inverts the momenta of the interfer-

ometer arms. This can be seen by looking at the X-axis eigenstates (recall v is even):

Wp+lv-1g 2z, |wp—lv-1)p

\

vk ~ ¢

~ |—vkp), - (4.16)

The other gates we consider cannot be found in the standard Mach-Zehnder protocol. The
Hadamard gate H, transforms between Bloch and momentum bases. It maps the even-parity
state |v) g, which describes a state with equally split momentum, to the positive momentum

state |vkp) » (approximately) and vice versa. Similarly, it maps between the odd-parity state
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Figure 4.4: Realization of logical qubit gates on the Il4 qubit.

Frequency w [wg]

Frequency w [wg]

Frequency w [wgr]

Frequency w [wg]

Each column shows the

state evolution of one basis state, the control function as well as its Fourier transform.
The desired frequency cutoft at we. = 70wp is achieved through an additional term in the
objective and enables smooth waveforms. The gate properties (duration 7', infidelity Z) are
(1.50wpt, 4.05 - 1073) for Xy, (3.00wpt, 2.13 - 1073) for Zy, (3.50wp",9.39 - 1075) for Hy
and (250w, 3.61 - 1074) for 7.
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lv —1)p and |—V]€L>p. Therefore, if the atoms are in a split state and propagating apart,
the application of H, splits each arm |j:ukL>p again to then create four arms in total —
two positive momentum and two negative momentum arms. However, when two arms come
together, interfere and an H), is applied, they may merge and propagate in only one direction
as they were mapped to an (approximate) momentum eigenstate.

The operations in Figure 4.4 are required to create branches of a multi-armed interferom-
eter to measure, for instance, gravity gradients and rotations [181, 24| as well as manipulate
the relative phases and populations between arms. The X, gate performs a 7-rotation about
the X-axis in the Bloch sphere, which leaves the population in the states |+vk L>p invariant
but flips their relative phase. More generally, the design of arbitrary X, (¢) rotations would
allow to impart different relative phases on the interferometer arms in order to, for instance,
shift the phase of the interference fringe pattern.

“Partial mirror” operations can be achieved with Z, () rotation gates as they move pop-

ulation between the momentum states:

0 .. (0
Zy(0) |£vkp), ~ COS<§> |+vkp), — zsm(§) |FrkL),- (4.17)

Clearly 6 = 7 recovers the standard MIRROR,, but this also shows the effect of the 7}, gate,
which corresponds to § = 7/4, resulting in an unbalanced fraction of the interferometer arm
(~ sin?(7/8)) changing direction. The squared operation T2 = /Z, can then be viewed as
a “half mirror” since cos?(w/4) = sin?(n/4) = 1/2.

From Figure 4.4, we note the many distinct state transfer pathways between Bloch states
achieved by the control function for each gate. The X4 gate achieves population inversion in
the II4 qubit subspace by temporarily transferring to the Ilg qubit subspace as well as the
lower energy state |2) g. The broad Fourier spectrum reflects the presence of these multiple
transitions. The situation is different for the phase gates Z4 and T where specific transitions

to the valence band dominate, leading to a dominant Fourier component at w ~ 11 wpg. This
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supports the heuristic usage of this frequency in prior works to design control functions,
for instance with reinforcement learning methods [103, 30]. The use of quantum optimal
control makes this restrictive design assumption unnecessary, which is one of the advantages
as described in Section 4.1.2. Last, the Hadamard gate H4 employs many intermediate Bloch
states in order to transform the basis due to a strict phase convention.

For completeness, and to demonstrate the advantages and generality of the direct opti-
mal control method, we want to realize the Zg gate, which mirrors the interferometer arms
at a higher momentum |+6k L>p‘ Computationally, this case is more complicated than the
conventional mirror in the lowest conduction band qubit (Z4) due to the involvement of a
larger set of Bloch states. It is helpful to think about this problem classically to gain intu-
ition for this task. A mirror inverts momentum, thus we aim to perform the transformations
|=2nkp), — |F2nkr),. The operators b+ can only alter the momentum in steps of +£2kp,
(n — n=+1), thus it is reasonable to expect that for larger momenta the complexity of control
function achieving the Z,, (MIRROR,) gate increases as a greater momentum difference has
to be imparted in gradual steps. Furthermore, it is conceivable that a standard (indirect)
optimal control method might struggle at the task as it would only optimize over the con-
trol parameters ¢; and could not immediately exploit any knowledge about the quantum
state trajectory, highlighting the potential advantages of the direct trajectory optimization
approach we employ here.

In particular, classical intuition allows us to form additional constraints for such high-
momentum gates to aid their design. Classically, there must be a point in time during
mirroring where the atoms are stationary. Due to time-reversal symmetry, we expect this
to occur at time 7'/2. Since we are designing our gates in the basis of the Bloch states,
we are interested in the highest-energy Bloch state that has a significant zero-momentum
component. For our choice of lattice depth Vj = 10wp, this is the state |2) g, which is

closest in energy to the initial (|v) 5, |V — 1) ) and target split states (Z, |v)g, Zv |v — 1))
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and, due to its zero-momentum component, allows for transition through the stationary
state. This is why one could expect the state |2)  to be populated at 7'/2. We incorporate
this intuition via an additional constraint on the time evolution operator Uy = zy at time
ty =T/2:

(@lpap gl = 0.0, [@lgayly - 1P > 0.1, (4.18)

This forces the population of the state |2) 5 to be at least 10% at time 7'/2. We choose
10% to inform the optimization that populating this state is required while aiming not to
be too restrictive, otherwise the specific value is not of great relevance. It is important
to keep in mind that this modification is directly enabled by the chosen optimal control
method and would be nontrivial to realize with alternative frameworks that were used in
Refs. [103, 30, 168, 134] for instance.

We now apply this extended problem formulation to design control functions for the Zg
gate. Figure 4.5 shows the state evolution as well as the control function waveform. As
expected, a significantly higher gate duration is required, and we note the expected large
occupation of the state |2)p at time 7'/2. The population of this state is much larger
than our lower bound of 10%, thus verifying our reasoning for implementing the additional

constraints.

Interqubit gates

With the introduction of the SPLIT,, we already provided examples of an operation that
maps between qubit subspaces. This mapping considered only two states with one drawn
from each qubit subspace. One can however imagine a broader set of useful operations
W II, < II,, that map between qubit subspaces. Within the conduction band, this
includes BOOST, : II, — II, 49 or SLOW, : II, — II,,_o operations which accelerate or
decelerate the atoms, respectively. Furthermore, a mapping between conduction and valence

band qubit subspaces can serve to HOLD or RELEASE atoms, for instance, as steps in a lattice
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Figure 4.5: Zg gate acting on qubit Ilg, T = 4.50 wﬁl, Z =2.90-1073. It is equivalent to
a MIRROR operation for atoms in ]:|:6/€L)p. The top panel shows the state evolution in the
Bloch basis while the lower panel shows the corresponding control function.
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hold procedure designed to increase the space-time area enclosed within a spatially confined
system [207]. We discuss results for these operations connecting the qubit subspaces 111 and
I1y.

In order to optimize a subspace transfer, we propagate the initial qubit subspace spanned
by |¢o(t =0)) = |v)g and |11 (t = 0)) = |v — 1)  and project the final states into the target

qubit subspace II,,. The infidelity

1

I(Ti9) = 1~ 5 3 (T T [T ) (119
k=0

describes the amount of population that is not transferred into the desired subspace, thus
Z(T;~) = 0 corresponds to a perfect transfer. For this operation it is not relevant where
exactly in the target Bloch sphere the states in the initial qubit subspace are mapped to;
when the transfer operation is optimized and fully characterized, additional corrections inside
the target qubit subspace can be performed via single-qubit rotations, which were discussed
above.

In Figure 4.6 we show the results for the BOOST4 and HOLD operations. As expected, when
evolving a basis state of the initial manifold we do not arrive at a basis state of the target
manifold but instead in a superposition. This is due to the particular choice of infidelity
function in Equation (4.19) which only fixes the target manifold but not a particular state.
It allows for more freedom for the optimization compared to optimizing for a fixed unitary
gate acting on both subspaces. We note that the related inverse actions SLOWg and RELEASE

can be obtained via time-reversal symmetry of the corresponding control functions.

4.2.2  Conclusion

We demonstrated how the direct trajectory optimization can be used to design control func-

tions for operations relevant to inertial sensing on various qubit subspaces of an atom con-
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Figure 4.6: Control functions for the HOLD operation (left, Z = 1.37 - 10_3) and the BOOSTy
operation (right, Z = 9.13 - 107°). For both operations the gate time is 7 = 1.75w; L.
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Figure 4.7: Space-time representation of a simple circuit for a lattice-hold interferometer
sequence written using the gates proposed in this work.

fined in a one-dimensional optical lattice. We presented a framework that breaks the complex
control space of the optical lattice interferometer architecture into fundamental computa-
tional units that can be acted on by quantum gates in analogy to quantum computing. We
identified two-level subspaces which are embedded in the infinite-dimensional optical lattice
system and can be thought of as logical qubit subspaces that describe a specific momentum
configuration of atoms in the lattice. In this section we demonstrated the design of control
functions that implement physically motivated transformations on and between these logical
qubit subspaces.

The larger aim of this work is to introduce “programmability” into this platform by
gathering a catalog of useful operations, which allow abstraction and consequently sensing-
protocol design which rises above the level of the control function dynamics themselves.
This has a direct analogy to the kinds of abstractions which occur in the field of quantum
computing where algorithms are expressed in terms of quantum circuits. Using such primi-
tives, various sensing protocols for the optical lattice interferometer can be expressed in the
circuit language. Figure 4.7 shows an example of a circuit of gates that realize an interfer-
ometry protocol where the atom cloud is split, propagated, held, mirrored and eventually
recombined, allowing for the enclosure of a large space-time area (and thus high sensitiv-
ity) without increasing the spatial size of the lattice. More complex protocols that involve
interqubit operations and qubit subspace operations can be developed without having to
return to the (non-intuitive) level of the control function and Bloch state transfer dynamics.

Much as quantum computing, this transition from pulse to circuit level design has obvious
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practical advantages also for quantum sensing. For inertial sensors, one can easily imagine
a catalog of operations (those discussed in Section 4.2.1 constituting only a small subset)
that can be used to assemble sensing protocols in one, two, and three dimensions in order
to sense vector components of acceleration, rotation, gravity, and force gradients [102, 203].
This also includes calibrating protocols which are sensitive to internal settings of a device
that are subject to drift as well as the changing inertial and electromagnetic environment
of a device [3|. Just like in quantum computing, one could imagine utilizing the catalog of
operations available on an inertial sensor in order to characterize and verify performance
of a device [78]. This could include the equivalent of mid-circuit measurements via (for
instance) nondestructive measurements or the transfer of atomic populations into untrapped
states [13, 166]. Here the prospect of correcting errors in quantum sensors has been the
subject of recent interest [210, 91], highlighting the need for protocols to generate quantum
resources (such as entanglement and squeezing) that are useful for inertial sensing. [176, 70,
200, 25, 18, 90].

Towards the conclusion of this project, we became aware of related work [104] taking a
similar approach to gate sets as well as their implementation for optical lattice interferom-
eters. However, they employ a different control optimization framework and do not draw

parallels to the qubit language as we did.

4.3 End-to-end optimization of interferometer sensitivity

The effectiveness of any sensing technology is ultimately determined by its sensitivity to the
physical quantity being measured. Given a parameter § we wish to sense, we can think of
the sensor’s sensitivity as related to the variance Var(é) of an unbiased estimator # obtained
from measurement outcomes. The Cramér-Rao bound [135]

- 1
Var(60) > RZ(0)

(4.20)
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sets a lower bound on the sensitivity that we can infer after k trials. It is determined by the

(classical) Fisher information of a single sample

)] fux o (o05Y,

where X denotes the random variable describing the stochastic measurement with distribu-

I(9> = IE"X;H

tion p(X;0).

In the context of optical lattice interferometry, this motivates the design of control pulses
that, instead of realizing predefined primitives as in Section 4.2, are directly optimized to
boost the Fisher information in order to enable a very fine sensitivity of the sensor. In
this final part of the chapter, we discuss how to exploit the structure of direct trajectory
optimization and adapt the Piccolo.jl framework [182] to find such control pulses in an end-

to-end fashion.

4.3.1 Sensing accelerations

As a reminder, we are specifically interested to construct an accelerometer from our cold
atom platform, i.e., a quantum sensor that can sense (1D) accelerations of the system. This
is modeled by an additional force F'(t) acting on the atoms (mass m), which yields the

single-particle Hamiltonian
H(t) = o + V(x,t) — F(t)z. (4.22)

The term V(x,t) describes the optical lattice potential defined in Equation (4.2). The

TDSE (2.14) in momentum space reads

ia¢é€’ H_ (% +V(—i§—p,t> —Z'F(t)aﬁp)zﬁ(p, ). (4.23)
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Here p denotes the total momentum of a particle. With the help of intuition from classical
mechanics, we expect an evolution of the momentum that is related to the external force

P(t) = F(t), thus we perform a variable transformation

p=p—Pt), t=t (4.24)
This lets us rewrite the partial derivatives,
o _opo oo _ o
dp  Opdp  Opol  Op
p pop p p (4.25)

9 opo ol 0 N

.. 0
o ot Toioi - TWast g gt o

and obtain the TDSE in the new variables:

a~ at 2m 8}5
(4.26)
- 2
i%¢(ﬁ + P(1),1) = <(P +2fn;(t)) + V(—zap, t)>¢(ﬁ +P@),1)  (4.27)
~ Y 2
@%&(ﬁ, t) = (W + v(—z‘gp,t»&(ﬁ, t). (4.28)

In the last step we relabeled £ — ¢ (essentially used ¢ = ¢) and introduced the new wave-
function ¥ (p + P(t),t) = ¥(p,t). P can be understood as the momentum deviation from
the classical momentum P(t) which is fully determined by the force trajectory F(t), and
thus the wavefunction ?ﬁ(ﬁ, t) now captures the quantum state with respect to this moving
reference frame. In order to draw analogies to derivations in the previous sections, we relabel

p — p and 1; — 1 but need to keep the change in reference frame (i.e., the transformations

discussed) in mind. Going forward we assume the initial condition P(0) = 0.
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Using a similar analysis that lead to Equation (4.4), we can write down the effective
Hamiltonian that takes into account that the momentum (relative to P(t)) can only take

values p = 2nky, for n € Z,

kL + P Vo o —ip(t)
Hit) = g = (e e, )

2 . .
= 4an2 + kLn% + ﬂ 0 (ew(t)b_ + e—zap(t)b+>

2m 4
P . .
>~ 4wpn’ + kyz% — ? (e“p(t)b_ + e_w(t)b+>. (4.29)

We denote the single-particle state with |1(¢)) as usual and remember its meaning in the
moving reference frame. Equation (4.29) holds up to the “constant” (non-operator) term
P(t)?/2m, which would only influence the global phase of the quantum state |¢(t)) and is

therefore not observable.

Constant accelerations

Going forward we restrict our discussion to the case of constant accelerations a, thus we have

F = ma = const. and P(t) = mat. The final Hamiltonian reads
%
H(t;a) = dwpn® + 2kpant — f(z(z)(b, F b)) +iQ() (b — by ), (4.30)

where we also introduced the quadrature controls f; = I and fo = @ from Equation (4.8)
again so that the Hamiltonian is linear in all control terms. Technically, the second compo-
nent 2k ant corresponds to a non-controllable drift term of the system, however, in QOC
tools like Piccolo.jl, time-dependent Hamiltonian terms are considered controls. We integrate
this by considering the additional control “pulse” f3 that couples to the operator 2kjan and

enforcing the constraint

f3(t) =t. (4.31)



Such constraints can easily be configured in Piccolo.jl.

4.3.2  Fisher information optimization

Measurement of the atom cloud after a sensing protocol yields information about the pop-
ulation of different momentum states. We denote the probability of observing a parti-
cle with (relative) momentum p = 2nkj at time ¢ given the system acceleration a by
P(nla;t) = [{(n|(t;a))|, which corresponds to a probability distribution. The Fisher in-

formation (4.3.2) for our sensing parameter of interest § = a is thus given by

. 2
I(a;t) = Xn: S <n1|a; 5 <8P(gla’ t)) . (4.32)

Ultimately we are interested in the final time of the sensing protocol t = T in order to make
statements about the sensitivity, but it shall prove useful for the optimization to consider
intermediate times as well.

A critical component of the Fisher information expression (4.32) is the partial derivative
of the population with respect to the sensing parameter. It can be computed via

OP(nla;t)

5q — dal{nly(t a))* = 2Re[(n]dat)(t; a)) (¥(t; a) |n)). (4.33)

Thus we require the dynamics of the derivative state d,1(t; a), which can be obtained by
differentiating the TDSE (2.14) with Hamiltonian H(¢; a) from Equation (4.30):

0 |0a¥(t; a)) = (OaH(t; a)) [Y(t;a)) + H(t; a) |0a¥(t;a)) - (4.34)

The dynamics of 041 (t; a) couples to the dynamics of ¥(¢; a), leading to non-unitary dynam-
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ics of 0q(t; a). By defining an augmented state vector

Y (t;a))
Y(t;a)) = ; 4.35
66 ) [|aaw<t; ) 3

we can write the dynamics succinctly in TDSE form as
10 [ (t;a)) = H(t:a) [U(t;a)) (4.36)

with augmented Hamiltonian
H(t; a) 0

H(t;a) = . 4.37
#(t;a) [aa’l-[(t; a) H(t; a)] (437)

From Equation (4.30) we can deduce 04 (t;a) = 2kpnt. The augmented Hamiltonian
H(t;a) is not Hermitian, therefore the evolution determined by Equation (4.36) is not uni-
tary. This is because the norm of the derivative state 041 (t; a) is not preserved (it is not a
physical state), which is a desired feature as we want its components to grow such that the
Fisher information increases (see Equations (4.32) and (4.33)). We can compute the Fisher
information at the final time T of a sensing protocol by propagating the initial augmented

state

[(0;0)) = [w(oo»] (4.38)

under the generalized TDSE (4.36) and evaluating Equation (4.32) at t = 1"

. . 2
T ) = 3 AREAGIOUT ) (T ) 30

m [(n[(T; a)) |

Using direct trajectory optimization (see Section 4.1.2), we seek to find sensing protocols,
i.e., determine control functions for the phase ¢ through the helper quadratures I and @, that

maximize the Fisher information Z(a; T'). The state variables 2; now describe the augmented
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state vector at discrete times #;, [1(;; a)> = 7, while the control variables v;; parameterize

the ¢, I and @) as before, but also the “time control™

©(t1) = o1, I(t;) = 711, Q(t1) = var, t =31 (4.40)

The last expression serves as the constraint (4.31) that is required to implement the effect of
static accelerations a. The phase modulation ¢, the control that we ultimately care about,
is included in the optimization through auxiliary parameters 7q;, which do not appear in the
Hamiltonian but are crucial for the constraint (4.8) that connects the quadratures. Further-
more, this way the desired solution for () can be directly extracted after the optimization.

The objective function £ we seek to minimize is primarily given by the negative Fisher
information, L(x},7vj) = —Z(a;T) = L(z,). Just like in Section 4.1.2, the “directness” of
the optimization approach is helpful as the Fisher information and therefore the objective
function are solely determined by the augmented state at the final time. Thus they can
be computed from a small subset of directly accessible optimization variables. Just like
before, we furthermore add an Fourier penalty term L, as shown in Equation (4.12) to
the optimization in order to encourage smooth control solutions. The final form of the

optimization problem now reads

oy, 40 = arg min —T(a; T) + aly(ho1) (4.41)
» 1
subject to: 1 — exp(—iﬂ(fyjl)At)xl =0, x1 = z(0),
71,1 = cos(70,1) V2,0 = sin(v0,1)
(0.) (0.) a)
V3,041 = 73, + At 73,1 =0,

Y0,1 = Yo,N; = 0,

where « is a hyperparameter that determines the weight of the Fourier penalty term and is

chosen empirically.
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Insertion of free propagation windows

Due to fine time discretization and large number of optimization variables typically encoun-
tered when employing QOC, trying to solve for sensing protocols in this end-to-end fashion
becomes infeasible as the duration 7" grows. In conventional sensing setups using optical
lattice interferometry, the time period of active control (e.g., during a SPLIT or MIRROR op-
eration) is much smaller than the time period when the atoms propagate freely [30]. It is
during these free propagation windows when the arms of the interferometer accrue signifi-
cant relative phase differences due to the influence of the external parameter that we want
to sense, and thus those time windows contribute strongly to the final Fisher information.
For this reason we want to impose this structure on our end-to-end problem as well.
While this restricts the set of possible control schemes we can optimize over, it allows us
to push to long-duration sensing protocols. We achieve this by once again exploiting the
design of direct trajectory optimization, here specifically the fact that the dynamics of the
augmented state |¢(¢; a)) is implemented via constraints as is shown in Equations (4.42). In
Piccolo.jl [182], the propagator exp(—iﬂ(vjl)At) over the small time step At is implemented
using Padé approximants [123], which leads to approximation errors as AT is larger. We
insert free propagation windows by replacing these approximated propagators in a small
number of constraints with the exact exponential propagator U(t,t + tfee; @, ¢ = 0) over a
longer time interval tgee > At, which is obtained from numerically integrating the “TDSE”

(recall that the evolution of the augmented state is non-unitary)

ié’Q(t’,t; a, =0)

T =H(t;a)UW  ta,0 =0), (4.43)

over the domain [,f + tge). The time windows for the free propagation are set a priori.
We furthermore impose the additional constraint that the lattice is in its unperturbed state

during this stage, hence the specification ¢ = 0 above. These two design choices bring the
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advantage that the propagator U(t',t' +tf.ee; a, ¢ = 0) can be computed independently before
the actual optimization because it does not depend on any control parameters, therefore this
more costly computation is only performed once and the result stored for use when evaluating
the modified constraints.

In order to implement such a window at index I’, we modify the following optimization

constraints from Equations (4.42):

xl/+1 — U(tl/, tl’ + tfree; a,p = O)xl, = ()7 (444)
Yo, = 0, (4.45)
V3,041 = V3,00t Uree- (4.46)

Constraint (4.44) shows the replacement of the small-time-step propagator with the window’s
precomputed propagator, while constraint (4.46) accounts for the larger jump in time. In

constraints (4.45) we capture the additional problem structure of ¢ = 0 during the window.

End-to-end optimization result

The standard Mach-Zehnder interferometer sequence, which has been studied extensively
in the context of optical lattice tomography [30, 29, 103], is given by (see Section 4.2 for

terminology)
SPLIT — FREE PROP. — MIRROR — FREE PROP. — RECOMBINE (: SPLIT_l). (4.47)

Usually the nontrivial components SPLIT and MIRROR are optimized with QOC individually,
but here we want to use the end-to-end approach to boost the sensitivity while preserving
the structure of the protocol. Like in the previous works, we are specifically interested in
sensing accelerations around the point a = 0.

We consider three actively controlled components of duration 0.3 - 27rw}_21, 0.6 - 27m)§1
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and 0.3 - 27rw§1, respectively, interspersed with two free propagation windows of duration
2.0- 27Tw§1 each. Therefore, the duration of the full protocol is T'= 5.2 - 27rw§1 ~ 32.7 wél.
The components are initialized with control solutions for SPLIT3, MIRROR4 and RECOMBINEj,
respectively, which we obtain like described in Section 4.2. Thus, our starting point is a
Mach-Zehnder interferometer sequence that puts the atoms in a superposition of momentum
states |+4ky) (approximately) during propagation, and therefore the momentum difference
between the interferometer arms is Ap ~ 8k. For the idealized Mach-Zehnder interferometer
sequence with instant state manipulation (control components have zero duration) and total

duration T, the Fisher information is given by [104]

2\ 2
Ligealla = 0;T) = (Ap(g) ) ) (4.48)

and we compare our optimization result to this baseline value.

Starting from the Mach-Zehnder initialization, we apply the end-to-end trajectory opti-
mization, where we employ the free-propagation modification to Piccolo.jl in order to simu-
late the two non-controlled windows of duration 2.0 - 27rw§1 ~ 12.6 w;%l. Figure 4.8 shows
the evolution of (a) the quantum state as well as the (b) Fisher information for the obtained
solution, where the latter is normalized to the idealized case Zjjeqi(@ = 0;7). We observe
that, while the individual control components still look similar to the starting configura-
tion (compare to Figure 4.3 for SPLITg and Figure 4.4 for MIRROR4 = Z4), the end-to-end
optimization finds modifications to the components that ultimately yield a Fisher informa-
tion that is three times as high as in the standard ideal case, thus improving the sensor’s

sensitivity by a factor of three.
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Figure 4.8: Optimization of the accelerometer’s sensitivity in an end-to-end fashion. The red
vertical lines indicate the insertion of free-propagation windows of duration 2.0 - 27rw]_%1 R~

12.6 w}_%l in order to mimic the structure of a Mach-Zehnder interferometer. (a) Evolution of
the Bloch states throughout the protocol. (b) Evolution of the (classical) Fisher information,
normalized to the Fisher information of the idealized Mach-Zehnder interferometer Z;jeq1 (@ =
0; T') shown in Equation (4.48).

4.3.83  Conclusion

Leveraging the framework of direct trajectory optimization, we demonstrated the implemen-
tation of an end-to-end search to boost the sensitivity of an accelerometer based on optical
lattice interferometry. By including both the quantum state |1)) as well as the derivative
state |0g1)) as optimization variables, we were able to compute their time evolution efficiently
in an augmented system and directly evaluate the relevant objective function, the Fisher in-
formation, at the final time 7. Through manipulation of the original set of constraints, we
imposed additional structure on the optimization problem (free-propagation windows) that
was inspired by existing work on interferometry. This aided the optimization process and
enabled finding sensing sequences of longer duration.

So far these additional modifications were designed by hand. In our implementation the
free-propagation windows have to be pre-computed and fixed in time a priori, which allows
the optimization to run fast, however, this also limits the achievable improvement. This opens
the door for many opportunities to extend this framework. Making the window duration

tunable or allowing for a flexible number of windows, thus relying on less assumptions about
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the concrete sensing protocol, may lead to further improvements but also adds complexity
to the optimization task. This could require combining direct trajectory optimization with
other optimization techniques, such as reinforcement learning, to explore the parameter
space.

We particularly focus on the task of sensing 1D accelerations, therefore two natural
extensions are given by increasing the system dimensionality or sensing multiple parameters
at the same time. Recent work [3] has started to look at the latter, however the authors
employ reinforcement learning to solve for the control functions, which is less expressive than

the direct trajectory optimization approach we discussed.
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CHAPTER 5
CONTROL OF A NOISE-PROTECTED QUBIT SYSTEM

To build a useful quantum computer which can solve problems of practical importance,
it is crucial to increase the size of quantum computing systems while ensuring sufficiently
low component error rates. In recent years, the field of quantum computing has witnessed
significant progress as larger systems with lower error rates have been realized with various
hardware platforms [15, 2, 150, 140, 189, 127|. Despite the rapid progress, however, it remains
a challenge to produce a large quantum computing system in a reliable manner. Realizing
quantum error correction (QEC) will be a vital step towards achieving this goal as it enables
logical pushing error rates below the individual components’ physical error rates.

As we discussed in Section 2.4.2, QEC usually follows the approach of encoding logical
qubit information within a great number of physical qubits and exploiting this redundancy to
detect and correct errors during computation. However, there exists an alternative approach:
Instead of using many copies of small qubit systems, one can also consider a single system
with a much larger Hilbert space. For instance, in bosonic error correction |68, 19], one
encodes a logical qubit in a single bosonic mode, that is, a quantum harmonic oscillator (see
Section 2.1.3).

Cat codes [19] are an example of such an error correction scheme. In their simplest form,

the qubit states are chosen to be coherent states |ta), a € C, where

o) :e—mz'go\%m (5.1)

We do not go into further background and details on bosonic codes here as this is not relevant

for this chapter. However, we like to point out the special property of this qubit encoding;:

alta) = ta|ta). (5.2)
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Coherent states are eigenstates of the annihilation operator a, therefore they are robust
to excitation loss, which is one of the dominant error sources in many systems such as
superconducting transmons (recall Section 2.4). Therefore, by choosing this encoding, we
obtain a qubit that is inherently robust to this type of error. This allows for additional QEC
schemes to focus on other error sources and thus potentially reduces the resource overhead
required for QEC.

In this chapter, we discuss the use of such noise-protected qubits to mitigate another
source of error encountered in superconducting systems: frequency noise. In the following
sections we argue how an encoding similar to the one mentioned above enables the sup-
pression of this type of noise and we furthermore demonstrate gate schemes for universal
computation. The latter poses a challenge in these systems, which we explain in Section 5.2.1.
This work represents a joint effort with the theory team at the AWS Center for Quantum

Computing.

5.1 Mitigating frequency noise on the physical level

The performance of a large-scale superconducting quantum device is often limited by fabri-
cation disorders and spurious two-level systems (TLSs). In particular, TLSs often move close
to a subset of qubits in an unpredictable way and significantly degrade the performance of
the affected qubits (e.g., substantially reducing qubit lifetimes) [43, 95, 209, 32, 118].

The negative effects of TLSs are often mitigated by using frequency-tunable trans-
mons [96, 163, 8] and operating them at a frequency that is off-resonant with any nearby
TLSs. However, this might require tuning the qubit away from its “sweet spot,” where the
frequency is insensitive to its control knob (usually the external flux ®,) to first order, as il-
lustrated in Figure 5.1(a). Thus, reduction in the TLS-induced errors on a frequency-tunable
qubit comes at the cost of increased frequency noise and dephasing caused by undesired fluc-

tuations in the control knob, without any protection from a first-order insensitivity.
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Taking inspiration from this example, throughout this chapter, we seek to propose a gen-
eral approach for robustly operating qubits encoded in Kerr-nonlinear oscillators that are
subject to undesired fluctuations in their frequency (e.g., frequency-tunable transmons). Our
proposal is based on Kerr-cat qubits (KCs) [35, 72, 147, 148, 205, 161, 76, 4, 186, 185, 56,
41, 81, 52, 149, 69, 63]. In Section 5.2 we discuss how KCs enable the inherent suppression
of dephasing errors due to unknown frequency shifts by increasing the mean photon number
n of the encoded qubit states. However, a critical consequence is the reduced controllability
of KCs in the protected regime. Therefore, in Section 5.3, we propose gate schemes that
overcome this tradeoff between protection and controllability and enable universal compu-
tation with KCs, while being highly robust to dephasing errors that emerge from undesired
frequency noise. We are driven by a fundamentally different motivation compared to past
studies on KCs, which typically focused on engineering a strong noise bias through large mean
photon numbers and realizing bias-preserving gates [205, 149, 148]. Here we specifically con-
sider the regime of smaller mean photon numbers (7 < 3) in order to limit the negative
impact of increasing bit-flip rates (o< ) in KCs. We further note that, compared to previous
approaches to realizing frequency-noise-insensitive control of superconducting qubits (e.g.,
via spin-locking [211]), our approach allows for always-on frequency noise protection across

a universal set of single- and two-qubit gates.

5.2 Kerr-cat qubits

We consider a Kerr-nonlinear oscillator subject to a two-photon squeezing drive with fre-

quency woy,. In the frame rotating with wo),/2, the system Hamiltonian reads

K £
ot K oyo9 8279 io
H =da'a Fatat+ o (a +a ), (5.3)
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Figure 5.1: (a) In frequency-tunable transmons (inset), uncertainties in the flux ®; ¢rr lead
to unknown frequency shifts A (orange arrows around green point) when operated away
from sweet spots (pink stars). (b) Shifts A break the degeneracy of the KC qubit (orange
circle), causing phase errors. The gap opening is exponentially suppressed with the cat size
o2, creating robustness to A.

where § = wy—wo)/2 is the detuning between frequency of the bare qubit wy and the rotating
frame, €9 is the two-photon drive strength, and K is the Kerr nonlinearity. Without loss of
generality we assume K > (.

Equation (5.3) shows that the system has a symmetry in the photon number parity,
therefore the eigenstates are superpositions of either only even or only odd photon number
states. We denote by |2k) the (k + 1)th even parity state and by |2k + 1) the (k + 1)th
odd parity state, & > 0, sorted by energy. The computational subspace is spanned by
the states |0) and |1) with energy gap Eoi(0,0?) = E; — Ey. On resonance at § = 0,
these states are degenerate (Ey; = 0) and furthermore correspond to Schrodinger cat states

0) = |C(j> = (la) + |—a)) /N4 and |1) = |C;> = (la) — |—a))/N_ with normalization

constants N = \/ 2(1+ exp(—2a2)), thus they are superpositions of coherent states (see
Equation (5.1)). This defines the standard Kerr-cat (KC) with cat size a? = e9/K > 0 and
mean photon number 7 ~ 2. The isometry that maps from the full KC Hilbert space to

the logical qubit states is then given by

Po =10)(Co| + 1) £(Cq |- (5.4)
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Figure 5.2(a) shows the Bloch sphere of the KC qubit, where the Wigner functions (phase

space representations) of the X and Z eigenstates are shown at the respective axes.
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Figure 5.2: (a) Bloch sphere of the KC qubit showing Wigner functions of the X and Z
eigenstates as well as rotations about the axes X (easy, green), Y and Z (hard, red), and an
arbitrary axis in the X-Y plane 7, (blue). (b) Dependence of the magnitude of the drive
matrix element A, on the angle ¢. As the cat size and protection increase, rotations about
all axes in the X-Y plane except for the X axis get suppressed.

5.2.1  Protection versus controllability

Unknown shifts A in the oscillator frequency break the KC’s degenerate qubit manifold in the
basis {|C’§> , |Coj>} and open the energy gap to first order like Eyq (A, a2) ~ 05Fp1(0, a2) A,
leading to the accumulation of undesired phase errors. However, the appeal of the KC is
that such phase errors are exponentially suppressed with the cat size via 85E01(0,042) o~
402 exp(—2a2). Figure 5.1(b) visualizes the energy gap Egi(A, ) as a function of the fre-

2 increases.

quency uncertainty A, which shows the exponential suppression as the cat size «
This illustrates the inherent protection of KCs to phase errors induced by unknown frequency
shifts when idling. In the remainder of this article we address the question of whether this
robustness can be retained while simultaneously realizing universal control of the KC.

The key challenge arises from the difficulty to implement arbitrary single-qubit gates.

While the inherent protection mitigates unwanted perturbations, it also limits the control-

lability. For example, rotations about axes in the X-Y plane are realized by applying a
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single-photon drive with frequency w),, = wgy/2, which adds the Hamiltonian term

He(t) = ?(a’% + et ) & PyHc()Pl = ?(cos(@hxx —sin(@)h,Y). (5.5)

The projection onto the KC subspace gives rise to the drive coupling terms

2
9 9 —2a
a hy = —e = e 20

e = vV1-— 6—402’ Y vV1-— e—da? ’

(5.6)

which shows that rotations about the Y axis are exponentially suppressed in the cat size o?

while rotations about the X axis are (approximately) linearly enhanced. More generally, the

relevant matrix element for such KC rotations is given by
hwei‘p = (1|(cos(@)he X — sin(@)hyY)|0) = hy <cos(g5) - z‘sim(@)e_%p)7 (5.7)

where n, = (cos(p),sin(p),0)T describes the rotation axis in the Bloch sphere and the
magnitude h, determines the achievable Rabi rate €2 oc hy for rotations about that axis.
We find an exponential suppression of the Rabi rate when ¢ # mm, m € N.

We visualize this dependence of the matrix element hy, on the azimuthal angle ¢ in
Figure 5.2(b). In order to obtain an analytical expression, we first conclude the relationship

between the azimuthal angle ¢ and the drive phase ¢ from Equation (5.7):

p = arg <cos(c,5) — isin(gb)e_%‘?) <= sin(p)cos(p) = —sin(p) Cos(go)e_2a2. (5.8)
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Using this we can determine the magnitude of the matrix element hy, as a function of ¢:

hy = hx\/cosz(gé) + sin?(@)e—40?

672042
\/1 — cosZ(p) (1 - 6_40‘2)
(
1 — 202 sin?(p) (for a? < 1),
= hy . (o = m), (5.10)
) (for a2 > 1).
\ 1 —cos2(p) e=20% 4 O(e‘4a2> (otherwise),

Equation (5.9) is derived using the square of the right part of Equation (5.8) and the

Pythagorean trigonometric identity. Equation (5.10) shows the exponential suppression of

rotations about all axes except for the £X axis in the large cat size limit o > 1. We

indicate this observation with differently colored axis rotations in Figure 5.2(a). The limit
2

a® — 0 recovers the familiar property hy, — hy — 1 of the bare qubit, where rotations

about all axes are equally possible and there is no dependence on .

5.3 Frequency-noise-insensitive universal control of Kerr-cat
qubits
In this main section, we analyze the impact of this special nature of the KC on the perfor-
mance of rotation gates about the principal axes X (¢ = 0, hy — hy) and Y (¢ = 7/2,

hy — hy) as well as Z. Furthermore, we briefly comment on the realization of two-qubit

gates in order to complete the universal set of gates.
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5.3.1 X(0) rotations

Figure 5.2(b) underlines the well-known fact that for large cat sizes only X rotations are not
suppressed [72, 76, 52|. In fact, the relevant matrix element grows like h, ~ 2a as we saw in
Equation (5.6). This enables the straightforward realization of arbitrary X () gates under
the KC protection, so we refer to X as the “easy” rotation axis.

We validate the robustness of a X (7/2) rotation (target gate Utarg) to frequency noise
by simulating the dynamics (actual gate U(T; A)) and computing the infidelity (recall Equa-
tion (2.51))

I(T; A7) =1 — i’Tr [UjargPaU(T; A,fy)P(ﬂ ‘2 (5.11)

for gate times T € [10 K_l, 50 K_l] and frequency shifts A € [—Amax, Amax] With Apax =
5-1073 K. Here ~ denotes parameters that determine the gate pulse. Were there no
protection, our choice for T and Apax would correspond to coherent errors in the range
(AmaXT)Q ~ 1072 — 107!, In the case of superconducting platforms with typical Kerr
values K /21 ~ 10 — 100 MHz, we would have characteristic time units of K1 ~ 16 — 1.6 ns
and frequency shifts up to Apax/2m ~ 50 — 500 kHz. For now we focus on static shifts A
which allow for conclusions about errors with low-frequency signatures (“quasistatic”), and
we discuss time-dependent errors A(t) in Section 5.3.5.

For the pulse shape ¢, we consider the truncated Gaussian

ft) =

(5.12)

1 — e (T/2)%/202

o—(t=T/2)2/20% _ —(T/2)%/2027™
] 1—e /8

[e—(t/T—1/2)2/2 _ 17877

that was used in Ref. [205] and write e;(f) = €, 0f(f), thus we have v = [, 0]. The last
equation holds for our specific choice of parameters ¢ =T and m = 2, which is the same as
in Ref. [205].

Given a gate time T, we find the optimal pulse parameters (here the drive amplitude
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£2,0) that minimizes the average infidelity:

_ 1 Amax
Z(T) = min dAZ(T; A, 7). 5.13
1) =min gy — [ " daz(ria) (513)

The integral is evaluated numerically by computing the infidelity at eleven equally spaced
points in the interval [—Apax, Amax| and applying the Simpson rule for a better approxi-
mation. We perform the optimization exhaustively, which is feasible for the low-dimensional
pulse parameterization we apply.

In Figure 5.3(a) we graph the pulse shape for T = 40 K ~1 which achieves infidelities
T < 10~% over the A range as shown in Figure 5.3(b). This constitutes one data point
in Figure 5.3(c), where we show the average infidelity Z over the range of gate durations.
We observe that Z decreases (the robustness increases) for greater o2, as expected, reaching
values orders of magnitude below the naive coherent error limit (Apax?)? thanks to the
KC’s robustness. We note that infidelities increase with larger gate time as the phase errors
are not perfectly eliminated and accumulate more over longer durations. The comparatively
large infidelity in the short gate time regime for small cat sizes is because the required drive
amplitudes become large while the gap to leakage states is rather small (~ 20K [72]),
leading to off-resonant excitation. A more sophisticated pulse design or the introduction
of a DRAG component (see discussion in Section 5.3.3, where this is more relevant) could
mitigate this effect, however here we do not optimize the well-understood X (#) protocol
further. For larger cat sizes the leakage issue does not emerge because the gap to leakage
states grows linearly with o and the drive amplitude required for the gate decreases since

hy ~ 2o increases.
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Figure 5.3: Pulse implementation and infidelity robustness for the X (7w /2) gate. (a) The
X (0) rotation is native to the KC and is realized through a simple single-photon drive pulse.
(b) The infidelity of the pulse (a) when simulated over a range of detuning errors A. (c) The
average infidelity Z of pulses of type (a) for different durations and cat sizes. The infidelity
decreases when the cat size is increased

5.3.2  Two-qubit gate

Before we turn to the more challenging single-qubit gates (the main focus of this chapter),
we briefly discuss the realization of a two-qubit gate that is analogous to the X (6) gate.

We consider two KC qubits ¢ = A, B with cat sizes 04% coupled via a tunable beamsplitter

interaction [5, 149]:

Hint (1) = g(t) <ei¢a1t4a3 + e_i‘ﬁaTBaA)

t 1 1

(5.14)
= g(t) <cos(95) (aAaB + aTBaA) + i sin(p) (aAaB — aBaA>>.

On a superconducting architecture this could be realized by driving a tunable transmon

coupler [4] or SNAIL coupler [27] at the difference frequency ‘w(‘;l - wéB ’ In the KC basis
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the effective Hamiltonian reads

g(t ~
Py Pay Mo (0P P = %(cos@p) (hhEX 4 X+ hERPY A ) 515,
+ i sin(p) (hfhz]f XaYp — by hfyAXB))‘

Depending on the drive phase ¢, different rotation axes can be accessed, similar to the single-
qubit case. However, we note that only the X X term does not contain a suppressed factor,

207 (see Equation (5.6)), significantly

as each other term contains at least one factor hé x e
reducing the achievable Rabi rate of rotations about those axes. Hence, we focus the on the

@ = 0 case:

g9(t)
Py Poy it ()P4, P, = o (h;?hfx AXp + hﬁthAYB). (5.16)

For the bare qubit with a2 = 0 this reduces to an iSWAP interaction. In the KC case we

instead target an X X () gate as the vanishing h’y x 6_20‘12 elements suppress the Y'Y term.
However, since the YY term may be non-negligible in the regime of smaller a2, an echo
sequence

XX(0) = X;iRint (0/2) X Rin (6/2) (5.17)

can be employed to fully cancel the YY term. Here either i = A or ¢ = B is possible and

Rint(n) is the rotation generated by Hi,e with angle

T
n= / dt g(t)hAnB (5.18)
0

The special choice X X (7/2) is equivalent to the Mglmer-Sgrensen gate on trapped-ion plat-
forms [172], which is locally equivalent to CNOT and CZ. Thus, similarly to the X (0) case,
an entangling gate can be directly realized in a robust way as the KCs have an exponentially

suppressed sensitivity to detuning-induced dephasing while offering a large matrix element
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product héhf ~ 4o gap to drive the interaction.

5.3.3 Y (0) rotations

In order to realize a universal gate set, single-qubit rotations about at least one “nontrivial”
axis are required. A natural first candidate are Y () gates as they can also be realized
with a single-photon drive, similarly to X () gates. However, Y rotations are exponentially
suppressed in the KC (see Figure 5.2(d)). To overcome this issue, we temporarily reduce
the cat size a?(t) by adiabatically ramping down the two-photon drive amplitude e9(t) =
2,0 + €2(t), where £9(t) < 0. This trades off an increased matrix element hy(t) for smaller
inherent protection, which we expect to be partially compensated by a dynamical robustness
effect emerging from the gate drive itself, similar to a spin-locking effect [211]. Both the Y
gate drive ¢, and the ramping &2 are given by truncated Gaussians (5.12) with optimizable
amplitudes v = [gy,0, £2,0]-

It turns out that in order to produce a high-fidelity gate, we need to include a corrective
component €, in the other quadrature, inspired by the Derivate Removal by Adiabatic Gate
(DRAG) scheme [126, 54]. This is due to non-negligible coupling to leakage states when
driving rotations about the Y axis, and we provide the derivation of the £, component as
well as a detailed discussion at the end of this section.

We perform the robustness study introduced in Section 5.3.1 for Y (7/2) and present
the results in Figures 5.4. We note that, while the robustness generally grows with o2
and improves over the spin-locking-only case at a? = 0, the average infidelity Z does not
decrease significantly as a? = 2 — 3. This is in stark contrast to the X (7/2) case where
the exponentially growing robustness is evident, which is because the KC protection has to
be partially sacrificed in order to realize the Y (7/2) gate when starting with a greater cat
size, and the spin-locking effect of the gate drive provides only limited robustness. While

this scheme can produce average infidelities well below 10~4 on short timescales for these
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intermediate cat sizes, it requires possibly prohibitively large drive amplitudes g, (see
discussion below). In Section 5.3.4, we present an alternative gate scheme for a “nontrivial”
axis and show that a greater level of robustness can be achieved by harnessing the structure
of KC qubit’s energy spectrum, going beyond the limitation of a spin-locking mechanism

while also avoiding the necessity for strong gate drives.

Y(7/2)
(a) = (b)
<34 SN
— ey % 2 ] j;}
— 2] :
< -1 T 1
0 10 20 30 40
Time ¢[K '] Error A[107°K]
(c) o 'Z 102
= -3
0.0 g 10
1.0 &= -1 -
—_— 920 2 10 =
. bb 1070 —
—_— 3.0 > _6
< 107° | | |
10 20 30 40 50

Gate duration T[K ']

Figure 5.4: (a) Pulse scheme for the Y rotation, which includes tuning the two-photon the
pump strength £5 to lower the cat size and a DRAG term e,. (b) The infidelity of the pulse
(a) when simulated over a range of detuning errors A. (c) The average infidelity Z of pulses
of type (a) for different durations and cat sizes. The increase in robustness diminishes when
increasing the cat size beyond a2 > 2.

Importance of the DRAG correction

The exponentially small matrix element hy ~ 20e29% necessitates a large drive component
ey, which leads to the undesired off-resonant coupling to states outside the computational
subspace. In particular, we observe Stark shifts of the computational states |0) and |1),
causing a tilted rotation axis m with a nonzero n, component. We aim to cancel this effect

by introducing a DRAG (Derivate Removal by Adiabatic Gate [126, 54]) term &, in the X
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quadrature, which we derive in the following. The system Hamiltonian reads

H(t) = —gama2 + M (a2 + aT2> + ey (1) (—1) (a — aT> + ExT(t) <a + aT)

2 2
So(t t t
=H0+€2( )Hg—i-gy( )Hy—i-gx( >Hq; (5.19)
2 2 2
t
= Hoay(t) + €x2( )’Hx.

Defining the instantaneous eigenstates Wj (t)> with respect to the main drive Hamiltonian
Hogy via Hozy(t) |;(t)) = Ej(t) |4;(t)), we can conclude for the time evolution of an

arbitrary state |¢(t)) = >_; ¢;(t) |;(t)):

640 = =B 0ci(0) - S i (iF57 (O el) + O ). (520
k

All controls start at 0, therefore we have [¢o(0)) = |+i) = (|0) +i|1))/v/2 and [11(0)) =
|—i) = (|0) —i]1))/v/2 due to the presence of H,, where [0/1) = ‘Cojf> and o? = g9 /K.
In the ideal case the desired Y () rotation in the computational basis is realized through
the accrual of a phase difference between | (t)) and |11 (t)) without any transitions in the
process. However, the sum in Equation (5.20) includes terms that describe such transitions
between instantaneous eigenstates, and using the DRAG control £, we aim to specifically

cancel the |1g(t)) <> [¢1(t)) transition. Thus we require

2i (1 () |0 (1)) (5.21)

=) = T Ol
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In order to rewrite (¢1(t)|¢o(t)), we consider

Ok (Hony (1) [40(1))) = &1 (Bo(t) (1))

Hozy (1) [0(1)) + Hozy () [ 1)) = Eo(t) [Lo() + Eo(t) [ (1))

(W1 () Hozy () 110 (1)) (5.22)
Ep(t) — Ey(t)

E2(1) (1(8)[Halvo(t)) + £y (1) (Y1 (8)[Hy|vo(?))
2(Eo(t) — Ex(1))

(P1(t)[Po(t)) =

Therefore the full DRAG correction reads

)= SOl £ 50 OO o

Ey(t) — Eq1(t) (V1) Hao(t))

This is the exact solution that cancels the desired transition at every point in time ¢. It can
be simplified by treating the control ¢, perturbatively and approximating the energies and
matrix elements. Expanding the numerator and denominator to first order ultimately yields

1 h1—>2(t)2 h0—>3(t>2 .
€x<t>=4hy<t>hx(t)( B0 B )‘gy“)’ 524

where h2_>3(t) = |(3|Hy|0) (t)| and h;_)Z(t) = |(2|Hy|1) (t)| describe the coupling of the
computational states to the first two excited states |2) (energy Es(t)) and |3) (energy F3(t))
with respect to the instantaneous KC of size o?(t). Equation (5.24) recovers the familiar
structure where the DRAG drive €, is proportional to the derivative of the primary drive
ey, here for the case of two relevant transitions, which was also discussed in Ref. [54].

We compare the robustness study for the Y'(7/2) gate for different settings. To reiterate,
the drive’s Y component ey (t) = €, 0f(t) as well as the two-photon ramp &5(t) = &9 o f(t) are
given by truncated Gaussians, where the amplitudes €, o and 3 are optimized over. We

include the results in Figure 5.5, which shows the optimized average infidelities Z alongside
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the optimized pulse parameters for the different settings, where instead of €9 () we plot the

relative cat size n = o%(T/2)/a® = 1—|—§270/(a2K) at the most ramped-down point (t = 7'/2).

(a) Y(r/2) with DRAG
g0 2 10 = 1.0 —W
o 2 = 1
= —2 W @
5 10T g £
£ 107 Z 5 £ 05 -
a2 ] = ©
< 107 T T T T T T i T T T
10 20 30 40 50 10 20 30 40 50 10 20 30 40 50
Gate duration T[K '] Gate duration T[K ] Gate duration T[K ']
(b) Y(n/2) with DRAG, ¢,,< K
~ 107! _ _
> < 1.0 = 1.0
= 107 o g
3 g i
g 107 —\\ Z 05 % 05 —/
=1 . _ '_Q" \4'
t::}b o <:E 0.0 g 0.0
< 107 T T T a T T T i T T T
10 20 30 40 50 10 20 30 40 50 10 20 30 40 50
Gate duration T[K '] Gate duration T[K ] Gate duration T[K ']
(c) Y(7/2) without DRAG
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Figure 5.5: Optimization results of the Y'(7/2) gate for different settings, showing average
infidelity Z, drive amplitude &, o and relative cat size ) = o?(T/2)/a? at the most ramped-
down point. (a) Gate scheme including the DRAG correction €;. This is the main result,
which is also included in Figure 5.4. The cat size is barely ramped down to retain the KC
protection, however this makes large drive amplitudes necessary, which can become a limiting
factor. (b) When constraining the drive amplitude, the cat size has to be ramped increasingly
more for larger initial a2 in order to counteract the suppressed hy element. Sacrificing the
KC protection limits the achievable average infidelity. (c¢) Without the implementation of a
DRAG correction, the coupling to excited states combined with the suppressed hy element
leads to a Stark shift and ultimately to a loss in fidelity, hence the found solution is to
ramp the cat size down all the way to zero. No robustness improvement over the bare qubit
(a? = 0) is achieved.

Figure 5.5(a) reiterates the results from above for the Y (7/2) gate with DRAG correction
and further shows the pulse parameters. We note that under the assumption of an uncon-

strained drive strength, the optimal solution is to keep the cat size high in order to retain
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as much KC protection as possible and achieve improving infidelities as the cat size grows.
However, this necessitates the application of a rapidly growing drive strength to compen-
sate for the exponentially suppressed matrix element hy. Therefore, as long as the required
power can be provided, this approach is feasible and can produce average infidelities well
below Z < 10~% for cat sizes o2 2 2 with short gate times.

As the supply of drive power can be a physical limitation, we consider the case where
the dominant Y component is upper-bounded, and for this study we choose £,y < K as an
example. Figure 5.23(b) shows how the robustness and pulse parameters are affected by this
constraint. While there are no changes for the small cat sizes o2 < 1 as these systems do not
require that much drive power in the unconstrained case, we observe a clear loss of robustness
for the larger cat sizes we consider, especially in the short gate time regime. Due to the upper
limit on the drive amplitude, the cat size has to be ramped down significantly during the
gate protocol to increase the matrix element 5, and speed up the gate angle accumulation.
The associated reduction of KC protection leads to an increase of the average infidelity, and
we essentially find no improvement when increasing the cat size beyond a? > 2.

In order to emphasize the importance of the DRAG correction, we include in Figure 5.5(c)
the (unconstrained) gate optimization without a DRAG term ;. We observe that in this
setting the best performing solution corresponds to ramping the KC down all the way to
the bare qubit at a® = 0 (equivalent to = 0) to realize the rotation. This is because
at nonzero cat size the KC suffers from a Stark shift that emerges from the strong drive
(due to exponentially suppressed matrix element hy) coupling to the excited states, which is
not suppressed with the cat size. This coherent error hurts the gate fidelity more than the
influence of the frequency noise A, hence the reduction to the bare qubit and no robustness
improvement is achieved by making the KC larger. Therefore, the addition of the DRAG

correction is absolutely crucial.
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5.3.4  Z(0) rotations

The Z axis is the other “nontrivial” principal axis as rotations are directly suppressed by the
KC’s phase error protection. In many quantum computing platforms, rotations about the
Z axis are implemented “virtually” by adjusting the phase ¢ of the single-photon drive for
subsequent gates [119]. However, this relies on the assumption that a change in ¢ induces
a significant change in the azimuthal angle ¢ of the rotation axis, which does not apply in
the case of the KC as can be seen in Equation (5.8). This is why Z(#) gates have to be
implemented physically (i.e., with an actual gate pulse) beyond a certain cat size as the
imbalance between rotation axes becomes too dominant, and therefore we consider o > 1
in the following.

Prior works [147, 63, 84| suggested intentionally detuning the KC (§(¢) # 0). However,
due to the KC protection mechanism and the resulting suppressed energy gap FEo1(0, a2)
(see Figure 5.1(b) and inset of Figure 5.6 below), this leads to gate times that are exponen-
tially slow in o2, which is impractical for larger cat sizes. To overcome this controllability
issue, we consider an approach where the cat size is adjusted during the Z(0) gate in ad-
dition to the detuning. In particular, we propose an adiabatic Z(#) scheme that can be
implemented on a similar timescale as X () gates while retaining robustness to first order,

thereby circumventing the usual tradeoff between protection and controllability.

Robust Z(#) gates enabled by the robust line

Our scheme relies on the key observation that for a detuned KC there exists a “robust line”
S0 (@) € [0, K] where the energy gap Eoi (0,0 (), a?) > 0 is positive but also first-order-
insensitive to detuning errors, i.e. 95Eq1(d,0n,?) = 0. This is visualized in Figure 5.6(a)
with black dotted lines. The solid orange line highlights an example gate trajectory of our
proposed Z(6) scheme, which works as follows: Starting from the initial KC with size a2

(@), we adiabatically change the detuning & : 0 — d,op,(a2) over a time 7. Next, over a time
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2 2 2

(T —7)/2, we adiabatically trace the robust line by ramping down the cat size a* — o/* < «
while adjusting the detuning 6(¢) = d,op(a()) (midpoint @, cat size a’?). This increases the
energy gap FEp; to accrue a logical phase difference more quickly while the system remains
first-order-insensitive to unwanted detuning errors A. Finally, we reverse the process to
complete the gate (@)). Figure 5.6(a) shows how the gate trajectory is confined to regions
of parameter space where J5FE); < 1, suggesting a gate with high robustness and average

fidelity overall.
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Figure 5.6: Adiabatic realization of the Z(—n/2) gate using the scheme @+«@. (a) The
energy gap derivative J5F1(0, a2) as a function of the detuning § and cat size o®. The
robust line 5r0b(a2) is highlighted by a black dashed line. An example gate trajectory is
shown with an orange solid line. The inset (same legend as (d)) shows the robust line
in the energy spectrum. (b) Control pulse for the solid trajectory shown in (a), which
simultaneously tunes the detuning § and the two-photon pump strength via £9. (c¢) The
infidelity of the pulse (b) when simulated over a range of detuning errors A. (d) The average
infidelity Z of pulses of type (b) for different durations and cat sizes. We note that the a® = 1
line ends at 7' = 22 K~ because our scheme @+« is not applicable in the case of small
cat sizes (o? < 1), which is also why a? = 0 is excluded here. We discuss an alternative

scheme @+« below, which works for all cat sizes but is less suited for dynamical errors
A(t).

We perform the robustness study for a Z(—n/2) gate following this scheme. The negative
rotation angle is due to the nonnegative energy gap Ey; > 0 (see Equation (5.28) below).
The detuning ramps 6 : 0 <+ 0,1, as well as the pump modulation £ are based on truncated

Gaussians (see Equation (5.12)), and the optimizable parameters are the ramp time 7 and the
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amplitude £9 ). An example pulse is included in Figure 5.6(b). We observe in Figures 5.6(c)-
(d) that this gate scheme can achieve average infidelities Z in the 10-4-10"6 range, which
means similar performance to native X (6) rotations at gate times that are within the same
order of magnitude (tens of K1), This underlines that utilizing the robust line 6, (a?) is
crucial for realizing a protected gate.

We provide analytical reasoning for the emergence of robustness using a simplified model
of the adiabatic evolution. We start with the Hamiltonian

H(t) = 6(t)ala — gcﬁ?cﬂ + zﬁ(cﬂ + aT2), (5.25)

where we now assume control over the detuning 0(¢) and, like for Y () gates discussed in
Section 5.3.3, the cat size a?(t) = e9(t)/K. Considering the evolution of a quantum state
(1)) =25 ¢(t) |1;(t)) expressed in the instantaneous eigenbasis defined by H(t) |¢j (1) =

E;(t) [1(t)), we obtain the equation of motion (similarly to Equation (5.20))

¢j(t) = —iEj(t)ej(t) = Y exlt) (Wi ()] 0n(t) (5.26)

k

We define the gauge such that arg(c;(0)) = 0. In our idealistic and simplified analysis of an
adiabatic evolution, where we assume no transitions and geometric phases, we can disregard
the right term and only consider the phase accumulation of each eigenstate Wj (t)> due to
its energy Ej;(t):

¢i(t) = exp (—z /0 4t Ej(t’)>cj<0). (5.27)
The gate schemes we consider start and end with the non-detuned KC (§ = 0, cat size o2,

point @) and then trace the parameter space (6(t), a?(t)) approximately adiabatically in a

time 7. The number operator ala breaks the KC’s degeneracy in the computational basis

{}C’;r> , |C’Oj>} basis, therefore we have |1y(0)) = [o(T)) = ’C’&L> and [11(0)) = [1(T)) =
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}C’Oj > This is why the relative phase accrued between the instantaneous eigenstates |1y(t))

and |11(t)) leads to a Z(0) rotation in the computational basis, with rotation angle

0 = arg <E;E§§> = — /OT dt Eoq(¢). (5.28)

Here Eg1(t) = Eg(t) — E1(t) = Eg1((t), a?(t)) denotes the instantaneous energy gap along
the trajectory (0(t), az(t)). In the detuning range § € [0, K| we consider in this work, the
emerging energy gap is nonnegative, i.e. Epi(t) > 0, thus the rotation occurs clockwise and
the gate angle 6 grows in the negative direction.

Detuning errors A lead to shifts in the energy gap Epi(t; A) along the trajectory and

therefore cause erroneous rotation angle (A). To first order in A, we can write

T T
o(A) = —/0 dt By (5(2) + A, a(t)) ~ —/0 dt (EOl(é(t),oz(t)) N %(5@),0@)))
(5.29)
— 6(A = 0) + AGH(A = 0) (5.30)
s 950(A = 0) = /0 ! dt%(é(w,a(m. (5.31)

The robustness of our primary scheme @0+ originates from the fact that by design the
energy gap derivative JsF(p is either vanishingly small or exactly zero along the entire
trajectory. During the initial detuning ramp 6 : 0 — §rob(a2) and final detuning ramp
8 1 Oyop (@) = 0 the gap derivative is exponentially small in o2 due to the KC protection, and
while traversing the robust line (8,01, (0(t)), @(t)) we have d5Eq1(t) = 0 by construction.
This enables average gate infidelities Z < 107° as can be seen in Figure 5.6(d).

Since this gate scheme relies on adiabatic evolution, nonadiabatic errors are a relevant
source of infidelity, in particular in the low duration regime. This reason for the spikes in

that regime in Figure 5.6(d). More carefully designed pulse shapes could help mitigate this
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effect. Especially the two-photon pulse €9 should be looked at in this context, as the relevant
spectral gaps, which critically influence the validity of the adiabatic approximation, strongly
depend on the cat size.

We note that Equations (5.30) and (5.31) are only valid for static detuning errors as we
take A out of the integral. However, the limitation to static errors is not strictly necessary
for the scheme €0+, because the error term under the integral in Equation (5.29) is small
or zero for all t. This is why high robustness can be expected for certain dynamical errors

A(t) as well, and we expand on the extension to time-dependent errors in Section 5.3.5.

Alternative gate scheme for static shifts A

If we strictly restrict ourselves to static detuning errors A, then a different gate scheme with
a simpler implementation becomes possible. It allows to relax the constraint of d5FEq1(t)
(approximately) vanishing at all times ¢, and instead we can only require d56(A = 0) = 0
over the entire gate evolution in order to have first-order robustness against static detuning
errors. We conclude from Equation (5.31) that this corresponds to a vanishing time-averaged
energy gap.

The robust line d,0},(a) traces the maxima of the energy gap and therefore separates
parameter space into two parts, which is visualized in Figure 5.7(a). On the left side we
have 05Eq1 (5, %) > 0, while on the right side we have d5En; (5, o2) < 0. Therefore, there
are many gate trajectories that lead to first-order robustness because they start with a
non-detuned KC on the left side and cross over to the right side before returning to the
initial point on the left side, which, when pulse parameters are chosen properly, results in a
vanishing time-averaged energy gap.

To illustrate this scheme, we consider the subset of such gate trajectories that traverse
the parameter space in a straight line from an initial KC (§ = 0, cat size 042) at point

to the midpoint and back to @. The midpoint @ with parameters (dmax, @’?) may lie
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Figure 5.7: Alternative realization of the Z(—n/2) gate using the @+<+@ scheme. (a) The
energy gap derivative Jg5F1(0, a2) as a function of the detuning 0 and cat size o2. The
robust line 8., (o) (highlighted by a black dashed line) separates the parameter space into
two regions with different signs of the energy gap derivative dsFEy (6, a2), which enables first-
order insensitivity to static errors A on averaging over the trajectory. An example trajectory
is drawn with an orange solid line. The inset shows the energy spectrum. (b) Control pulse
for the solid trajectory shown in (a), which simultaneously tunes the detuning § and the
two-photon pump strength via £9. (c) The infidelity of the pulse (b) when simulated over a
range of detuning errors A. (d) The average infidelity Z of pulses of type (b) for different
durations and cat sizes.

anywhere in parameter space for this scheme, however, as discussed above, robustness is
only possible when it is located on the right side of the robust line (Jmax > 6rop(a’?)). An

example trajectory is highlighted in Figure 5.7(a) with an orange line. We specifically choose

the truncated Gaussian pulse shape f(t) to trace the trajectory, so that we have:

) = s (M) - ran( (5.32)
a“(t) a of
50\ oo (O

— <52 @) - f(t)(éw) (5.39)

Here we introduced the two-photon pump difference &(¢)/K < 0 again, which describes the
change in cat size from the starting point via a?(t)K = e(t) = 9,0+ &2(t). The amplitudes
dmax and €9 ( are the optimizable parameters.

We perform the Z(—/2) robustness study for this @<+@) scheme like we did for the
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<@ above and present the results in Figures 5.7(b)-(d). We find highly robust pulses
that achieve infidelities well below 107° for all cat sizes studied. Similarly to the primary
scheme, we note higher infidelities in the low duration regime with stronger spikes due to
nonadiabatic errors. The infidelity for o2 = 1 grows significantly for T 230K ~1 because
feasible trajectories that implement the right rotation angle # = 7/2 do no extend far enough
into the blue (right) region (as most of the phase is accumulated in the red (left) region) to
average out the energy gap Jd5FEp1.

We observe small infidelities over a greater range of gate times 7" compared to the primary
scheme, which is due to the greater freedom in pulse trajectories and simpler pulse shapes.
Regarding the latter, we emphasize that this scheme €<+ is more practical and easier
to implement compared to €0<>@ because it only uses analytical pulse shapes (truncated
Gaussians) that can be easily calibrated in experiment (amplitude tuning). The scheme

+» is more challenging to realize in this regard as the computation of the robust line
8ob () Tequires numerical diagonalization of the Hamiltonian in theory and a more involved
calibration in practice. However, it is important to keep in mind that this simpler nature of

the @9<>& scheme comes at the cost of being effective to static errors A only.

Brief comparison to the Kerr gate

Due to the retained protection, our schemes offer a better error scaling than the fundamen-
tally different Kerr gate scheme, which implements a discrete Z(7/2) rotation and has been
demonstrated in experiment [72, 52|. That approach involves rapidly turning off the two-
photon pump (g9 = 0) and letting the system evolve under the Kerr Hamiltonian for a time
T = n/K. During the gate evolution the qubit is fully unprotected and Z ~ o2A2T2 for
o? 2 1, thus the error grows with cat size. Our schemes enable Z = O(A4T2K _2) as they
cancel the lowest-order error term. This comes at the cost of gate times T = 7/(2E) (for

Z(—m/2)) that are about an order of magnitude longer than for the Kerr gate (Eg ~ 0.1 K
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is the energy gap averaged over the gate trajectory, see Figure 5.6(a)).

5.3.5 Extension to time-dependent errors

While so far we have mostly focused on static frequency shifts A, here we give qualitative
and quantitative reasoning why we can expect our KC control framework to be robust to
(well-behaved) time-dependent shifts A(t) as well. In the case of idling, X (f) and X X ()
rotations, where we have the full KC protection related to the cat size o, this is easy to see

because of the suppressed energy gap between the computational states:
Eo1(A(t),0®) =~ d5E01(0, o) A(t), (5.34)

This holds for slow-varying perturbations A(¢) where we can consider the instantaneous
energy spectrum of the system. More generally, we can look at the action of the perturbation

operator (the photon number operator in this case) in the computational subspace
2
PopalaPl ~ a1 — 202e720° 7 (5.35)

and note the exponential suppression of phase errors (~ Z).

In the following we focus the discussion on our adiabatic Z () schemes, where we assume
slowly-varying perturbations A(t), so we can apply the adiabatic modeling we already intro-
duced in Section 5.3.4. Employing the same derivation that lead to Equation (5.29), we can

approximate the error of the gate angle due to the shift A(¢) as
T
GIA] = 0[A] — Oy ~ — / dt A (1) oy (1), (5.36)
0

where 05Eq1(t) = 05Eo1(6(t), o2(t)) denotes the energy gap derivative along the trajectory.

We use the notation g[A] to indicate that ¢ is a functional that maps the function A(t) to
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a scalar. The gate infidelity is given by

(5.37)

1T T
= 1/0 dtl/o dig A(t1)A(t2) 95 Eo1 (t1)05Eo1 (t2) -

-~

EF(tl,tQ)

Ultimately we are interested in the average fidelity over different realizations of the fre-

quency noise A(t),

T T
I~ i/@ dtl/o dto (A(t1)A(t2)) F(t1,t2), (5.38)

where we have introduced the autocorrelation function of A(t)

A)AE) = [ DIAPIAIAG)AE (5:39)

with the probability distribution P[A] and integration measure D[A]. We make the addi-
tional assumption that the frequency noise has no memory effect, i.e., the autocorrelation is

a function of the time difference only: (A(t1)A(t2)) = (A(t; — t2)A(0)). This lets us rewrite
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Equation (5.38):

T T
I~ i/o dtl/o dto (A(t1 — t9)A(0)) F(t1,t2)
T T
=3 an [ an [arse— 0 - 12) AOAO) P ) (5.0
—i OTdtl OTdtQ/dt/;l_: —iw(t—(t1—t2)) (A(H)A(0)) F(tq,19) (5.41)
w T T
(o soaon) (5 [ [ e )
Z/g—:SA(w)W(w). (5.42)

In Equation (5.40) we inserted a Dirac-6 distribution, which was then expanded to its ex-
ponential form in Equation (5.41). In its final form the average infidelity is expressed as
a convolution of the power spectral density Sa(w) of the frequency noise and the weight-
ing function W (w), which is solely determined by the energy gap derivative along the gate

trajectory:

Sa(w) = / dt e 7T (A)A(0)Y (5.43)
1 /T T _

W(w) = Z/o dty ; dty 1 =12) 95 By ()95 By (t2). (5.44)

This result supports our robustness analysis for the Z(6) gate, which was discussed in
Section 5.3.4. Our primary scheme €0<+@) is designed such that we have d5FEy;(t) ~ 0 along
the trajectory, therefore we have W (w) ~ 0 for all w and, due to Equation (5.42), we can
expect very small infidelities independent of the structure (~ Sa(w)) of the frequency noise.
For the other scheme @3>, however, the weighting function W (w) does not vanish
for most values of w, which makes this scheme less robust to time-varying errors A(t).

In the special case of static frequency shifts A the power spectral density simplifies to

~

Sa(w) = 270(w)A2 and the average infidelity becomes Z ~ A2 (0). The value W(0)
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is proportional to the square of the trajectory-averaged energy gap derivative, which can be
zero for certain trajectories as discussed in Section 5.3.4, leading to the first-order robustness
to static frequency shifts that we observed in the study (see Figure 5.7).

All in all we note that good robustness properties for a universal set of gates (in particular,
X(0), XX (0), Z(f)) can be expected in the presence of time-dependent frequency shifts A(t)
as well. However, it is important to keep in mind that the above analysis relied on an idealized
adiabatic model and the assumption of slow-varying noise, which is helpful to gain intuition
for the origin of robustness in the KC, but it might not hold for highly oscillating or less

well-behaved noise.

5.3.6 Conclusion

We introduced a robust approach to universally control Kerr-cat qubits (KCs) with resiliency
to frequency fluctuations, which circumvents the KC’s usual tradeoff of inherent protection
at the cost of reduced controllability. We discuss gate schemes for rotations about the
principal axes X, Y and Z in the Bloch sphere as well as the two-qubit X X rotation and
analyze their robustness against frequency shifts A. The “easy” gates X (0) and X X () are
native to the KC as they can be directly implemented for arbitrary cat size and therefore are
trivially robust due to the exponential KC protection. While Y () rotations can be realized
with low infidelity (to a certain limit) but require large drive power, our carefully designed
Z(0) scheme demonstrates high robustness without facing any physical barriers. It leverages
tracing an error-insensitive region d,.p, (o) in parameter space (8, a?), which makes the gate
robust throughout the entire state evolution.

This ability to perform arbitrary rotations about the axes { X, Z, X X'} suffices for univer-
sal computation, motivating the concept of a robust KC-based platform. For instance, in the
context of tunable superconducting hardware, this could enable the design of a TLS-resistant

processor where individual physical devices are operated away from their sweet spots. Alter-
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natively, one could imagine a hybrid platform where devices are used as transmons at their
sweet spots (@ = 0) by default and are only tuned away and converted to KCs (o > 0)
when an interfering TLS is observed. Note that X X (#) rotations are natively possible for any
pair of cat sizes (see Equation (5.16)), which allows to directly interact a bare transmon with
a KC. This hybrid approach would also reduce the impact of increased bit-flip rates in KCs.
Lastly, we remark that since our work provides strategies for circumventing the usual trade-
off between protection and controllability in protected qubits, it opens up interesting future
research directions for enhancing the controllability of various types of protected qubits such

as fluxonium qubits and 0 — 7 qubits without significantly compromising the protection.
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CHAPTER 6
APPLICATION-TAILORED ERROR MITIGATION

In the past three chapters we targeted the lower layers of the quantum stack and discussed
how research on the pulse level leads to opportunities for optimization in different platforms.
Now we turn to the top layer of the stack, the algorithm layer, where the problems are
formulated that we are interested in solving with quantum hardware.

In the current noisy intermediate-scale quantum (NISQ) era, quantum computers are
prone to a variety of errors as outlined in Section 2.4. They propagate up the stack and
impact the performance of quantum algorithms. While in the long term scientists would
like to implement quantum error correction (QEC) schemes that can detect and correct for
these distortions in real time, the adaption of quantum algorithms to hardware noise profiles
can enable practical improvements in the near future and furthermore reduce the gap to the
fault-tolerant era. There are certain classes of algorithms where even current noisy quantum
computers are postulated to outperform the most powerful classical computers, and one such
class is variational quantum algorithms (VQAs). In this chapter, we model the noise that
affects the VQA performance and propose a pre-processing error mitigation scheme that

exploits the noise’s structure and is efficient to implement.

6.1 Variational quantum algorithms

A variational quantum algorithm (VQA) consists of a parameterized circuit A(0), called
an ansatz, and a Hermitian operator of interest H, called the problem’s Hamiltonian. The
ansatz is usually constructed from parameterized single-qubit rotations interspersed with
entangling gates and it prepares a quantum state |¢)(0)) depending on the parameters 6. A
scalar loss (objective function) is given by the expectation value £(0) = (H), of the problem

Hamiltonian for this quantum state (that is, the state’s average energy with respect to H),
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which can be obtained from measurement on quantum hardware after preparing the state.
The goal is to obtain an optimal set of parameters that minimizes the loss. This is achieved
by employing a classical minimization algorithm which feeds ansatz parameters to the quan-
tum device and processes the resulting loss. Gradient-based methods like SPSA [173] and
gradient-free methods like Nelder-Mead [131] have been used for this task in the past [179].

Figure 6.1 summarizes the process.

QC CREATION, OPTIMIZATION
EXECUTION, AND PARAMETER
AND MEASUREMENT GENERATION
- DONE ON QUANTUM - DONE ON CLASSICAL
HARDWARE COMPUTERS

Figure 6.1: VQAs combine a classical optimizer which adjusts the parameters in each iter-
ation with a quantum device producing function evaluations by running the corresponding
quantum circuits.

VQAs exhibit optimal parameter resilience (OPR) [192]: If the noise is below a certain
threshold, the parameters that minimize the loss on noisy hardware also often minimize the
loss on a noiseless device. This makes VQAs robust to errors and leading candidates for
demonstrating quantum advantage on NISQ devices. However, often the noise on NISQ
devices is too high to observe OPR. Thus, we need to suppress errors using error mitigation

techniques tailored for VQAs in order to realize OPR.

6.1.1 Variational Quantum Eigensolver

A popular VQA, which involves the estimation of the minimum eigenvalue of a given Hamil-
tonian H, is called the Variational Quantum Eigensolver (VQE) [179]. VQE is extensively
used in physics and chemistry applications for finding the minimum energy of Ising models
or computing dissociation energies of molecules as functions of their bond lengths. This is
why VQE has been studied extensively from an architectural perspective [153, 73, 191, 154]

to ensure its reliable execution.
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6.1.2 CAFQA

For VQAs, the optimal circuit parameters 0 and the target objective is unknown initially.
However, prior work has proposed effective classical methods to find good initial circuit pa-
rameters 0y for VQA problems [77, 153|. Of particular interest to this work is CAFQA [153],
which uses classical noiseless simulation to explore the Clifford space of a target VQA prob-
lem to find a good initial state. CAFQA exploits the key idea that circuits made up of only
Clifford operations can be exactly simulated in polynomial time [64], which is due to their
special properties mentioned in Section 2.2.5.

Clifford operations do not provide a universal set of quantum gates. Hence, the stabilizer
states produced by Clifford-only circuits are limited in how effectively they can explore the
quantum space. However, CAFQA showed that the Clifford-based initial state has high
overlap with the problem’s ground state, and often achieved 90-99% accuracy finding the
ground state energy, even before running VQA on the actual quantum device. While CAFQA
only targeted VQA initialization, our work Clapton pursues the idea that these known good
initial states provide excellent opportunity for state-dependent error mitigation.

CAFQA’s main shortcoming is that it does not take noise characteristics of the underlying
hardware into account, which makes it susceptible to device errors that can significantly
degrade the quality of the found solution when executed on a quantum machine, therefore

not guaranteeing high-fidelity results in experiment.

6.2 Clapton: Clifford-assisted problem transformation for VQA

error mitigation

VQAs and other NISQ algorithms can sustain noise strengths only up to certain limits, and
techniques that can reduce the effects of noise-induced errors are of paramount importance.

As we briefly discussed in Section 2.4.2, several error mitigation schemes have been proposed
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in the past and they have considerably improved the result quality of quantum algorithms.
However, there is still a long way to go — despite the implementation of error mitigation,
the accuracy of VQAs on current NISQ machines often falls notably short of the stringent
precision requirements essential in fields like molecular chemistry, particularly as the scale of
problems grows. Thus, novel error mitigation techniques tailored to VQAs can substantially
enhance their real-world utility.

We begin with the important observation that the noise affecting quantum devices has
structure, stemming from physical properties of the qubits and their interaction with the
environment. The noise itself may vary temporally (over time) and spatially (across qubits),
but a significant portion of the noise can be broken down into key components that can be
modeled accurately and scalably with classical compute. If such noise characteristics are
well understood, then it is intuitive that quantum algorithms can be transformed so that
they gain robustness to a target’s device noise profile.

A simple example of a noise bias is the higher fidelity of the ground state |0) compared to
the excited state |1) on most qubits due to state decay (recall Section 2.4). Thus, one could
expect that quantum circuits that mostly operate on and navigate through quantum states
with many excitations (basis states with large Hamming weight) are likely to show reduced
fidelity compared to circuits which operate close to the |0) states throughout. Taking this a
step further, if one has prior knowledge that a circuit is expected to produce outputs with
large Hamming weight, and if they have the ability to efficiently transform this circuit to
produce low Hamming weight outputs instead, then the execution fidelity of the transformed
circuit is expected to be higher than the former. Applying the inverse transformation to the
output should then yield a good solution to the original problem.

While state-dependent biases in quantum device noise and bias-aware circuit transfor-
mations are interesting, their utility is not obvious. First, useful quantum circuits produce

output states unknown to the user, which is why the circuit is executed on the device in the
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first place. The classical computational complexity of identifying the correct output quantum
state a priori would be exponential. Second, naive classical simulation of the effects of device
noise on a quantum circuit, to gauge its impact on a given quantum state, is exponentially
hard as well. Thus, naively thinking, it would be implausible to use information about the
correct output state and state-dependent noise biases to avoid the impact of detrimental
execution on quantum devices.

However, there is unique opportunity in the domain of VQAs. A VQA allows identifying
noise-free “good” output states for the target problem (i.e., states having a high overlap with
the unknown correct output state of the circuit) which can be computed in polynomial time
using classical methods. Furthermore, a VQA can be efficiently transformed to an equivalent
VQA problem with a different quantum state search space but an unchanged solution (the
minimum energy), enabling a more noise-resilient search that is tailored to the quantum
device characteristics. This is because there exists the freedom of a unitary basis change
which only changes the representation of a problem (by defining new unit basis vectors
in state space) but not its solution. As a fundamental operation in linear algebra this is
universally applicable to any VQA problem.

Therefore, if we have a classically simulable model of some components of the device noise,
then we are able to classically estimate the noisy fidelity of a known good state of a VQA
problem and furthermore transform the VQA problem such that this state gets mapped to a
good hardware state, like the all-qubit ground state |0), in a more noise-robust environment.
This is the essence behind our proposed error mitigation scheme Clapton: Clifford-assisted
problem transformation for VQA error mitigation. The Clapton hypothesis is that as long
as the known good states of the VQA problem are fairly close to the ground state and the
device noise modeling is reasonably accurate, our proposed problem transformations decrease
the impact of device noise on the ground state of the VQA problem, thereby increasing

the accuracy of the VQA solution. We design an end-to-end framework that implements
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this hypothesis and achieve tremendous improvements in VQA quality in noisy quantum
environments. Importantly, all the steps in the Clapton framework can be performed in

polynomial time and are, therefore, classically efficient. The high-level idea is illustrated in

Figure 6.2.
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' ——- Device noise ——- Device noise
s Noisy original VQA 1.0 === Noisy(ransformed VA
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§ _________ § 0.51 Noisy energy atknown ' ¢ =3~
[ o goodstate=-0.7  fh_—==""
T g0l --—="7~ s | ) EeetTEEm L
< < (=77
g Noisy energy at g’ 0.0 Noisy energy at
known good state = - 0.5 ground state =- 0.9
~0.51 Noisy energy at - o5
ground state =- 0.6 - . Ideal energy at known
Ideal energy at good state =-0.9
known good state =- 0.9 CIapton Ideal energy at
N, —
—1.01 Ideal energy at ground state =- 1.0 ————p< I —1-0‘1 ~— ground state = - 1.0
0 1 2 3 4 5 6 0 1 2 3 4 5 6

Ansatz parameter value Ansatz parameter value

Figure 6.2: The fundamental idea behind Clapton: Transforming a VQA problem structure
to match the noise structure on a quantum device. Having identified a good algorithmic
state, transforming the VQA problem such that it is mapped to a good hardware state
improves the fidelity under noisy evaluation, leading to improved performance of the entire

VQA instance.

Going forward, we specifically focus on the special case of VQE, which was introduced in
Section 6.1.1, to benchmark our error mitigation scheme Clapton. However, it is important
to note that Clapton can be applied to other VQAs as well. Figure 6.3 summarizes the key
result we observe with Clapton, and throughout the next sections we go over the design

choices that enabled it.

6.2.1 Clapton proposal

Clapton addresses the issues of CAFQA described in Section 6.1.2 by incorporating hardware
information from the lowest layer of the stack and modeling relevant sources of noise in
Clifford-based efficient simulations. Given a VQE problem 7, it searches for a transformation
H = CTHC to an equivalent problem H with improved resilience to realistic hardware errors.

H and H are equivalent formulations of the same optimization problem because they share
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Figure 6.3: Key result: Clifford operations enable the combination of classically simulable
noise and VQA Hamiltonian transformation, which ultimately gives Clapton its advantage
over other initialization schemes in terms of solution quality (lower energy) and modeling
accuracy.

the same eigenvalues (in particular, the ground state energy which is given by the smallest

eigenvalue) due to the unitary transformation via the Clifford operation C.

The big picture of the Clapton transformation

Let us consider a VQE problem H on N qubits with a variational ansatz A(#) over d rotation
parameters 6 € [0, 27r)d. The VQE is solved by finding the minimum expectation value over

all quantum states that can be produced by the ansatz:
E* = min (4(6) [H[0(0)) = min (0]A'(6)HA(B) ) (6.1)

Here E* > E( denotes the best approximation to the true ground state energy Ejy achievable
in the variational setting. CAFQA limits the search over discrete sets of parameters @ such
that A(@) becomes a Clifford operation and is efficiently simulable on classical hardware.
Clapton changes perspective by searching over Hamiltonian transformations H(vy) =
CT(v)HC () where the qubit ground state [0)*Y = |0 corresponds to the best initial state

for the VQE problem. The full post-Clapton VQE algorithm on the quantum device is then

157



initialized with ansatz parameters @ = 0. Clapton finds this transformation by primarily

focusing on the following optimization problem:

7 = argmin (0]41(0)H(7)A(0)0)
] ) (6.2)
= argmin (0]AT(0)C(7)HC(7)A(0)[0)

C'(7y) corresponds to a parametrized Clifford operation with parameters v € I' from a space
I". The set of Clifford operations on N qubits scales exponentially with N [165], therefore it is
useful to choose an ansatz for C' as well to limit the search space. A denotes the noisy version
of the ansatz A. We model this noise with stochastic Pauli operations (see Section 2.4). The
goal is to resemble the hardware noise as accurately as possible to account for its effect during
the online VQE optimization that follows Clapton. However, it is crucial to note that this
design choice makes A(0) a composition of (in part stochastic) Clifford operations, meaning
it can be efficiently evaluated with classical compute. Clapton’s output is the transformation
parameter vector 4 which yields the transformation operator C' = C(%) and new problem

formulation H = H(%).

Transformation via Pauli conjugation

The VQE Hamiltonian is an observable, and we showed in Equation (2.35) that therefore it
can be expressed as a weighted sum of M Pauli terms H = sz\il ¢; P;, where ¢; is the energy
coefficient corresponding to the Pauli string P;. Clapton’s transformation with a Clifford
operation C' maps every Pauli string P; to its anticonjugated Pauli string CTPiC = iPZ-' . The
sign is absorbed into the coefficient ¢; — cg = =+¢;, therefore the transformed Hamiltonian

reads

M
CTHC =>4 P (6.3)
1=1
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This applies one of the appealing properties of Clifford gates that we introduced in Sec-
tion 2.2.5: Since they map Pauli strings to (signed) Pauli strings, the structure of the VQE
problem is preserved and the transformed Hamiltonian can be implemented in the VQE
framework just like the original one.

Anticonjugation is the inverse operation compared to the formal definition introduced in
Equation (2.37). The choice of conjugation method is arbitrary because CT is Clifford if and
only if C' is, so the same properties hold. We prefer the anticonjugation because it is more
intuitive in the grand scheme of VQE: When running the post-Clapton VQE algorithm,
a quantum state |(0)) = A(0)|0) with respect to the Clapton Hamiltonian H can be
directly translated back to a corresponding quantum state [)(0)) = C |)(0)) = C'A(0) |0)
with respect to the original Hamiltonian 7. The states are equivalent as far as VQE is
concerned because they share the same energy, (1(8)|H[(0)) = ((0)|CTHC|Y(0)) =
(1)(0)|H|1)(0)). Therefore, C' can be used to construct a good solution with respect to the
original Hamiltonian, which is particularly easy in experiment if Cis given by a circuit using

single- and two-qubit Clifford gates like we are suggesting.

6.2.2  Clapton design

Within the scope of this paper we focus on specific choices for the VQE ansatz A(0) and the
Clapton transformation ansatz C'(v). For the VQE ansatz we consider the circular hardware-
efficient ansatz. It is composed of parameterized rotation gates Y (¢;) and Z(6;) introduced in
Equation (2.29) as well as controlled-NOT gates CX. The number of parameters is d = 4.
If @ € {0,7/2,7,3m/ Q}d, then all rotation gates are Clifford, turning the full ansatz circuit
into an efficiently simulable Clifford operation. CAFQA searches over this discrete space
directly to find the best Clifford initialization for A(@) in noiseless simulation. For Clapton
we are especially interested in the circuit A(0), where all the rotation gates become identity

gates I and only the CX skeleton remains.
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The transformation ansatz C(-y) is inspired by the VQE ansatz, however it treats the two-
qubit gates differently. While it still includes the parameterized rotation gates, it replaces
the CX operations with parameterized two-qubit gates, which, depending on the added

parameters 7;, can each be one of the following (acting on qubits k and [):

k1l
’y':O:[I, ’y':l:CXk ls
’ ! 7 (6.4)
’yjIQZCXZ_)k, ’yj:3:SWAPk<_>l.

We do this to increase the expressiveness of the ansatz and include the possibility to move
around the components Pl-k of the Hamiltonian Pauli strings P; by the means of SWAP
operations (fyj = 3). Furthermore, given the properties of CX that we discussed after
Equation (2.39), having a CX (y; = 1,2) or not (y; = 0) as well as the choice of direction
(k — [ versus | — k) has a significant impact on the transformed Hamiltonian and its
characteristics in a noisy environment. Our Clapton transformation ansatz for four qubits
is visualized as part of the right flowchart shown in Figure 6.4.

Clapton’s parameter space I' for this ansatz has dimension 5N and each parameter v;
can take four values, either one of four rotation angles for a single-qubit gate or one of the

four choices for a two-qubit gate.

The implementation of the Clapton optimization

Just like CAFQA, Clapton focuses on finding a good initial point for a given VQE prob-
lem. Unlike CAFQA, it achieves this by transforming the Hamiltonian of the problem and
restricting the initial parameters for the post-Clapton VQE to be 8 = 0. Thus, one part
of Clapton’s cost function is given by the noisy estimate of the energy of the transformed

Hamiltonian () at the initial VQE point:

Ly () = (0] AT(0)H(7)A(0)[0). (6.5)
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However, only searching for a low noisy energy is not sufficient. There can be solutions that,
when evaluated without noise, are relatively far from the true ground state energy FE(y but
they are also rather error-resilient, therefore their noisy evaluations appear deceptively good.
Thus, a transformation ~ will be useful if it shows low noisy and noiseless energy. This is

why Clapton furthermore adds the noiseless energy as another term (note A(0) |0) = |0))

Lo(v) = (0]AT(0)H(7) A(0)[0) = (O[H(7)]0) , (6.6)

so that the full cost function reads L(v) = Lar(7y) + Lo(7).

Clapton evaluates both terms using the open-source framework Stim [58] that has been
developed for fast Clifford simulations. It provides functionality to compute the anticonju-
gation of Pauli strings under Clifford operations as well as tools to simulate noisy Clifford

circuits with depolarizing errors. Clapton then solves the discrete optimization problem

y = arg min £(7) (6.7)

by searching the parameter space I' using genetic algorithms (GAs) implemented with
PyGAD [53].

The complete optimization engine is visualized in Figure 6.4. Feeding in the VQE prob-
lem (#) and setup (A(0), C(v)), Clapton spawns s GA instances that individually search T
starting from random populations S;. They each compute m iterations using the loss function
L, yielding final populations S;. Now Clapton combines good features from different GA
instances. Therefore it chooses the best k solutions from each S}, mixes them and randomly
draws s new initial populations, while adding new random guesses to fill back up to the
original population size |S|. This is repeated until the global loss does not decrease between

rounds, where Clapton typically allows for two retry rounds in this case before terminating.

For the benchmarks we describe in the following sections, we ran Clapton with the hyper-
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parameters s = 10, m = 100, k = 20 and |S| = 100, which we found to work consistently

well.

~

H=3YXZY +2XXZY min: update 7 using
+5YZZX + XYXY classical optimizer
+8ZZYX +TZXYZ

(m ’
transformation ansatz C(y) iterations

)

I H(y) =3ZXXY —2XXXY

- - — —52ZYZY + XXYX
O repeat until convergence \ —8IXZZ+TYZXZ ¢
transformed Hamiltonian

H(y) = C(y)"HC(y)

_ “ Y,

Pauli Pi(y)

Figure 6.4: The Clapton transformation engine. Given a problem Hamiltonian H, a noise-
equipped version of the VQE ansatz (at the zero point) A(0) and a Clifford transformation
ansatz C(7), Clapton employs genetic algorithms (GAs) to search over transformation pa-
rameters v to find a solution 4. It instantiates s processes GA,...,GAg, starting from
random popultions Sq,...,Ss, that search the parameter space independently. Internally,
each GA instance performs m iterations of transformation optimization, where for different
~ the Hamiltonian is transformed and the noisy (Lxr) as well as noiseless (Lg) energy of
the initial point is evaluated. The GAs produce final populations S}, of which Clapton
takes the top k solutions, mixes them and randomly constructs new starting populations
S;, additionally adding new random guesses that are not derived from the previous round.
This entire scheme is repeated until the global loss value does not decrease between rounds

(convergence).

Clapton is designed to account for realistic noise

Here we describe how the Clapton design addresses the three relevant sources of error intro-
duced in Section 2.4.

Thermal relaxation — As this error channel causes excitations |1) to decay, the qubit
ground state |0) is the favored state in its presence. This is why Clapton chooses the initial
point @ = 0 for the post-Clapton VQE: In the idealized case of no gate errors, the VQE

circuit A(0) keeps all qubits in their ground state because the rotation gates reduce to
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identity operations and the CX gates do not have an effect, A(0)|0) = |0). Furthermore,
recalling the discussion from the end of Section 6.2.1, the ground state |0) translates to
the equivalent state |¢)) = C'|0) with respect to the original Hamiltonian #. The work on
CAFQA has shown that Clifford states like |1ﬂ) can approximate the true solution of H very
well. This implies that |0) represents a good approximation to the solution of H as well.
Thus, it is reasonable to expect that the true solution of # shows a large overlap with the
ground state and the measurement results will be dominated by the ground state during
the VQE execution. Therefore, by prioritizing the |0) state this design leads to increased
resilience to thermal relaxation when performing VQE on the transformed problem .

Gate errors — However, in reality quantum instructions are imperfect and gate errors
must be considered. This requires replacing the ansatz circuit A(0) by its noisy version A(0).
As we discussed in Section 2.4, a common way to model gate errors is with depolarizing noise,
which is implemented in simulation via the stochastic application of Pauli strings. Each time
the circuit is simulated (a shot is executed) the random gates get sampled which ultimately
leads to the noisy output distribution of the circuit. As A(0) is only constructed from (in
part stochastic) Clifford operations, it is efficiently simulable in Stim. By incorporating gate
errors, Clapton becomes aware of which qubits might accumulate a significant amount of
noise and adjust the Hamiltonian accordingly to minimize the effect on the evaluation of
Pauli terms with large energy coefficients. In particular, CX gates propagate and spread
errors due to their special nature (see Equation (2.39)), which especially affects qubits at
the end of long CX chains.

Measurement errors — Measurement is typically performed in the computational
basis and yields classical bit values 0 or 1 (corresponding to the Z eigenvalues +1 and
—1, respectively) for each measured qubit as output. Readout errors correspond to the
event of misidentifying the underlying state, meaning the state |0) yields output 1 or vice

versa. While this misassignment is not perfectly symmetric in 0 and 1 in real hardware,
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approximating this error as a random bit flip usually serves as a good model. In order to
measure the transformed Pauli strings P;(7y) when evaluating the energy cost Lo(7), we
first append single-qubit gates to the noisy circuit A(0) (including gate errors) to prepare
the measurement basis. We then add random X gates with probabilities p;, on the qubits
prior to the ideal readout, where p;. describes the misassignment error on qubit k. Readout
errors can be significantly larger than gate errors, making this addition essential to build a

more accurate model.

6.2.3 Methodology

In this section we introduce the benchmarks we use to analyze Clapton’s performance and

furthermore describe the metric of interest.

Selection of VQE problems as benchmarks

In order to study the impact of Clapton we focus on a selection of physics and chemistry
Hamiltonians as VQE problems.

Physics models — In statistical mechanics, two popular types of theoretical descrip-
tions of magnetic systems are given by Ising models [34] and Heisenberg models [17]. They
are known to be able to show phase transitions in certain dimensions as well as complex
non-classical ground states. Here we focus on the simple case of 1D models with constant

couplings. The (transverse field) Ising model is given by
N-1 N

H=J) X Xip+)» Z (6.8)
=1 i=1

which describes how N spins (qubits) coupled in X-direction with strength J interact with
an external field of unit strength pointing in Z-direction.

We further look at a special case of the (field-free) Heisenberg model, which couples the
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spins in all directions:

N-1
M= (JXiXjp1+IYYip1 + ZiZi11). (6.9)

i=1
Here the energy scale is set by choosing the Z Z-interaction to be of unit strength. Since the
X X- and YY-interactions are constrained to have the same coupling J, this model is also

referred to as the XXZ model.

Here we study the cases J = 0.25,0.50, 1.00 for both the Ising model and the XXZ model.
Chemistry models — In order to evaluate Clapton for more complex Hamiltonians with
a greater number of terms, we select three different molecules: HoO, Hg and LiH. We use
Qiskit Nature [46] (which uses PySCF [175] behind the scenes) to construct the corresponding
Hamiltonians. They are computed in the STO-3G basis and mapped to qubits using the
parity mapping [164] with the two-qubit reduction applied. We limit the qubit count of all
Hamiltonians to ten by restricting the active space of the molecules to six spatial orbitals.
For each molecule we consider two different bond lengths [, one where classical methods yield
high accuracy (small bond length) and one where the accuracy of classical methods is known

to be less good (high bond length) [153]. The specific configurations are:
e HyO: 1 =1.0A,3.0A — 367 Hamiltonian terms
e Hg: 1=1.0A,3.0A — 919 Hamiltonian terms

e LiH: I =15A,4.5A — 631 Hamiltonian terms

Evaluation Method

Since Clapton proposes a transformation scheme which is based on the initial point of a
VQA, we compare its performance against the current state-of-the-art initialization method

CAFQA. While the original CAFQA framework was implemented using Bayesian optimiza-
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tion [153]|, we build our own adapted version that employs an optimization engine similar to
the one shown Figure 6.4. The main difference is that CAFQA optimizes the VQE ansatz
A over Clifford-compatible angles 8 and only considers a noiseless cost term similar to L.

Since CAFQA does not have a sense for noise, we furthermore implement an improved
baseline to compare to: noise-aware CAFQA, abbreviated as nCAFQA. Just like CAFQA,
nCAFQA finds an initialization for the original problem 7 by searching over Clifford-
compatible angles, but it uses the noise-equipped ansatz A. Tt computes cost terms similar
to Clapton’s L and Ly and also uses an adapted optimization engine. Comparing Clapton
to nCAFQA highlights the relevance of the Hamiltonian transformation step. While we refer
to nCAFQA as a baseline, we would like to emphasize that it does not correspond to any
prior art and gains its improvement over CAFQA through one of our major contributions,
the classically efficient noise modeling.

We are comparing initialization schemes, thus we are mostly interested in the quality of
the noisy evaluation of initial points. For Clapton this means @ = 0 on the transformed prob-
lem and for CAFQA /nCAFQA 6 = 6 AFQA /nCAFQA On the original problem. However,
since for practical applications we care about the converged solutions after the application
of VQE, we also run the full VQE for all problems to show the impact of the initialization
schemes on convergence and the final result. We build the VQE simulation within the Qiskit
framework and use the SPSA optimizer [173].

Evaluation metric — For all studies, our primary metric is given by the performance
of Clapton relative to CAFQA /nCAFQA. We compute the relative improvement n which
describes to what extent Clapton can reduce the gap to the problem’s ideal ground state

energy Fy under noisy evaluation compared to a baseline:

Ey — Eyoisy (baseline)
Eo — Enoisy(CIapton).

n= (6.10)

Here “baseline” can either be CAFQA or nCAFQA. Since we consider benchmarks with up
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to ten qubits, it is possible to compute E() exactly by diagonalizing the Hamiltonian. As an
example, n = 2 means that Clapton was able to reduce the gap by half.

Evaluation on quantum backends — For our main studies we use both realistic noise
models (not Clifford-only simulable) and real quantum hardware to obtain energy values
for our Hamiltonians of choice. To this end we use Qiskit [152] and its built-in simula-
tors as well as the IBM Quantum Platform [1] to access real devices. In particular, we
select noise model snapshots (known as fake backends) of the IBM machines nairobi (seven
qubits), toronto (27 qubits) and mumbai (27 qubits). We furthermore choose the cloud de-
vice hanoi (27 qubits) for our quantum experiments. For nairobi we constrain the set of
benchmarks to only the physics models (N = 7) while for the larger machines we investi-
gate all models (N = 10). Since quantum devices have a restricted topology, every VQE
ansatz circuit A needs to be mapped and routed on the machine before execution is possible.
For Clapton this means that this so-called transpilation step happens first to produce the
transpiled ansatz A’ (now consistent with the hardware constraints), which is then fed to
the Clapton scheme and used to evaluate the loss £r (Equation (6.5)). Clapton extracts
the required parameters for gate and measurement errors from the noise models or machine
calibration data accessible through Qiskit.

Evaluation for specific sources of noise — Additionally, for a subset of the N = 10
benchmarks, we conduct studies for depolarizing noise and measurement noise individually,
where we sweep a noise parameter p. In the case of depolarizing noise, p represents the single-
qubit gate error and ranges in 5-107%...5-1073. The two-qubit gate errors are set to 10p.
When studying measurement noise, p describes the misassignment error (see Section 6.2.2)
and we vary it within 5-1073...9.5-1072. For both studies we add thermal relaxation
errors with characteristic decay times 77 = 50 us, 100 us, 150 us. The noise parameters are
global across all qubits for this study. These chosen values are representative of what we

find in the noise models of the quantum backends introduced above. In order to respect the
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realistic constraint of a limited hardware connectivity, we transpile the ten-qubit ansatz A
to match toronto’s topology for optimization and evaluation. The latter is performed using

Qiskit’s AerSimulator.

6.2.4 FEvaluation

Having introduced the methodology, we now dive into the results and highlight the suitability

of Clapton account for device errors in VQE applications.

VQE initial and final points on backends

For the general evaluation of our scheme under realistic noise effects, we start by running
Clapton, nCAFQA and CAFQA for all VQE problems on all the backends as described in
Section 6.2.3. In order to find the quality of the initial VQE points, we need to evaluate
the realistic energy estimates for the specific problems and inputs. We achieve this by using
Qiskit’s built-in simulators for the fake backends (“models”) nairobi, toronto and mumbai,
while for the real machine hanoi we send jobs to the IBM Quantum Platform. Afterwards we
run up to a thousand VQE iterations from each initial point on those backend noise models
and find the quality of the converged solution. Therefore we only evaluate the final points
on the actual hardware. Finally we determine relative improvements 7 for initial and final
points and combine all findings in Figure 6.5.

Figure 6.5 consists of two similar parts showing results for two backends respectfully.
The top rows present the quality analysis of found solutions from each method for each
benchmark. Different colors correspond to different benchmarks. For easier visualization
they are normalized such that two fixpoints align: the ground state energy FEy and the
energy of the fully mixed state E, = tr[pH] = tr[H]/2V (p = In/2V). We show three
different energy values for each initial point: (1) The noiseless case (¢), which is a lower

bound for any noisy value and used by all three methods in their optimization (Clapton:
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Figure 6.5: Comparing the VQE initialization quality of Clapton against the baselines
CAFQA and nCAFQA, as measured by achieved energy and relative improvement 7, across
a variety of benchmarks (color-coded). Results are shown for three noise models (nairobi,
toronto, mumbai) and one real quantum device (hanoi). Top rows: Energy values of found
solutions for each method on an absolute, normalized scale (see main text). Different sym-
bols refer to the evaluation of each solution in different noise environments. Energies under
full model/device evaluation (x) are the most relevant. The dark x refers to the energy after
a couple hundred VQE iterations (final point (f)) when starting from the colored x (initial
point (i)). Bottom rows: Relative improvements of Clapton over CAFQA and nCAFQA,
evaluated for the initial x and the final x. The inset text shows the geometric mean 7 across
all benchmarks.
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Ly). (2) The energy under the approximate Clifford noise model (o), which Clapton and
nCAFQA use to evaluate the other part of their cost function (Clapton: Lnr). (3) The
energy under the full complex noise model derived from a fake backend or, in the case of
hanoi, the result from the hardware experiment (x). Clearly the most relevant property is
(3). We observe that for almost all benchmarks Clapton finds significantly better starting
points than the other two methods, while nCAFQA often performs better than CAFQA as
one would expect. Another interesting observation is that the discrepancy between (2) and
(3) is typically the lowest for Clapton (see also Figure 6.3 for a magnified version of one
benchmark), indicating that the Clifford noise modeling becomes more accurate when we
transform to the |0) state. This aligns with the Clapton hypothesis that exploring around
the |0) is favorable as the influence of relaxation (which is non-Clifford) is mitigated.

We mark the final point after the application of VQE with a dark x and find that the
advantage of Clapton persists through the convergence in nearly all cases. In few cases a
CAFQA or nCAFQA instance is able to catch up and overtake a Clapton instance. We
address this further in the next section. In the case of hanoi these results were obtained
by extracting the noise model from calibration data and perform the VQE iterations on the
classical simulator. The final points are then evaluated using hardware experiments. The
overhead of submitting jobs to the cloud for every iteration in combination with long queue
times would render full VQE on the real devices infeasible.

The bottom rows visualize the relative improvements that Clapton enables, both for
the initial and the final points. When comparing to CAFQA, we find (geometric) mean
improvements ranging from 1.7x to 3.7x for initial points, with improvements for individual
VQE problems up to 13.3x. For the final points the mean improvements range 1.5x to 3.5x
(14.8x max). As expected, the improvements over nCAFQA are smaller but still significant.
This is because nCAFQA already benefits strongly from modeling gate and readout errors

during its optimization which is one of our key contributions. The Clapton transformation
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then further adds resilience to state decay which yields its advantage over nCAFQA. However,
one should keep in mind that even a relative improvement of (for example) 1.3 is remarkable
as it corresponds to a ~23% gap reduction.

Looking across devices we observe that experiments executed on the toronto model par-
ticularly benefit from Clapton, while looking across problem types shows that chemistry
problems profit greatly. We suspect the latter to be caused by the substantially larger
number of Pauli terms in the respective Hamiltonians, allowing for a greater impact of
the Clapton transformation — this is promising for real world applications. We emphasize
the observed improvements for the real quantum device hanoi: Device execution of noise-
model-optimized transformations show improvements across all benchmarks except for one
case where the final point was slightly worse. This should not be taken for granted as there
can be no guarantee that simplified noise models represent effects on real hardware well.

VQE convergence — In Figure 6.6, we visualize the VQE convergence of the ten-qubit
XXZ model with (a) J = 0.25 and (b) J = 1.00 when run on the models of the four 27-qubit
machines toronto and hanoi. J = 0.25 represents a case where stabilizer states can provide
a good approximation to the ground state while for J = 1.00 that is not the case. We see
here that Clapton finds good starting points and converges well in both cases. We note that
even though the Clapton solution starts better than the nCAFQA solution for J = 1.00 on
hanoi, the latter overtakes quickly and finds a better final point. This suggests that the
cause for these two observation lies with SPSA and its configuration. Nondeterminism in
noise, barren plateaus and uncertainty in sampled energy estimates can be detrimental to its
performance. This issue could be addressed by configuring the optimizer hyperparameters
more carefully or studying other optimization frameworks, which is outside the scope of this
work. We emphasize that while Clapton is able to produce high-quality starting points, it
does not come with the guarantee of best convergence every time, as this is influenced by

factors Clapton (and any other VQA initialization method) does not have control over.
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Figure 6.6: Visualizations of the VQE convergence of the ten-qubit XXZ model with (a)
J =0.25 and (b) J = 1.00, run on two different noise models. The Clapton initialization
starts better than the baselines and typically converges better. Initial and final evaluations
on real machine hanoi are shown with stars. Hardware experiments yield worse final points
in some cases, suggesting a device-model discrepancy that Clapton does not seem to be
strongly affected by.

The experimental results of the initial and final points on hanoi are visualized by stars.
It is interesting to observe that in some cases experiments on real hardware yield worse
final points that are worse than the initial points. This suggests a discrepancy between the
extracted noise model which is used for the simulated VQE and the actual device. This
is unsurprising as accurately capturing the quantum effects on many-qubit devices is very
challenging. We note that even though Clapton did not find the best final point for J = 1.00

on hanoi according to the simulation, it achieved the best experimental result.

Varying the strength of individual noise channels

Having presented the positive impact on Clapton when applied to full machine noise models,
we now turn to studying individual noise channels in an isolated environment in particular.
As described towards the end of Section 6.2.3, we sweep gate errors and measurement errors,
which are both essential Clapton ingredients, for different decay times T7. Results are
presented for the initial point of selected VQE problems and we focus on comparing to the

modified baseline nCAFQA.
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In Figure 6.7 we show the relative improvements for four different benchmarks when
sweeping the gate errors. We note that the Clapton transformation is especially useful for
lower error rates when solving the complex chemistry models, while we observe an upwards
trend for the Ising model as the gate error increases. As expected, shorter T} times, meaning
stronger thermal relaxation, typically lead to better improvements as the nCAFQA initial
point suffers from more state decays. This influence is actively counteracted by Clapton by

transforming to the qubit ground state |0).
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Figure 6.7: The impact of Clapton when solely sweeping the single-qubit gate error p (two-
qubit gate error 10p), for three different decay times and a selection of benchmarks. Relative
improvement is evaluated at the initial VQE point.

We find similar results when varying measurement errors on the readout qubits as shown
in Figure 6.8. The noticeable difference is that the Ising model seems to be more robust to this
kind of error as only small improvements over the baseline can be observed. The chemistry
problems still profit significantly from the transformation, underlining that Clapton is well

suited for this type of Hamiltonian structure.

Clapton’s performance scaling

In this last results section we study the classical compute Clapton requires for its optimiza-

tion. We investigate the performance scaling with respect to the qubit count N and to this
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Figure 6.8: The impact of Clapton when solely sweeping the measurement error p, for three
different decay times and a selection of benchmarks. Relative improvement is evaluated at
the initial VQE point.
end consider the Ising model with O(N) terms. For the purpose of this study transpilation
is not required so we keep the ansatz structure A, which grows in depth and width with
O(N). Thus the complexity of the circuit that needs to be simulated scales with O(N?).
For N = 11,...,40 we run Clapton five times from random initial configurations and
measure the time until convergence (that is, no loss function improvement even after two
retry rounds). We specify s = 10 and use ten processes, thus we only parallelize over the
genetic algorithm instances GAq,...,GA1g and not over the Pauli terms or population size.
Figure 6.9 shows the scaling of the total compute time ¢ with qubit count N. Up to 20
qubits we barely observe any variation in optimization time across the five guesses, noting
an essentially linear increase with N. For higher qubit counts it shows that an increasing
number of rounds is required to achieve convergence, which is expected due to the growing
number of parameters (O(N)) and the vast search space I" (dimension exponential in N).
While the right half of Figure 6.9 hints at this exponential scaling, it is important to note
that the compute time never exceeded ten hours even for N = 40, which is already well
beyond what would be classically simulable if we considered more accurate quantum models.
The inset visualizes the average time per round 7, which scales like the circuit spacetime
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Figure 6.9: Scaling of Clapton optimization time with the number of qubits N for the Ising
model (J = 0.25). Each instance is run from five initial guesses using s = 10. The inset
presents the scaling of the average optimization time per round, which follows an O(N 2)
trend. The baseline CAFQA method shows a considerably faster performance as it only
computes noiseless evaluations.

volume with O(N). This makes sense as rounds have a fixed number of iterations and their
speed is therefore determined by Stim’s simulation efficiency. The round duration could be
reduced by a constant factor by furthermore parallelizing over the Pauli term count and GA
population size in each iteration, which would speed up Clapton’s performance by a constant
factor. This can be realized in a straightforward way due to the parallel nature of the Clapton
design with the use of genetic algorithms (see Figure 6.4), underlining Clapton’s efficient and
scalable implementation.

We perform the same study for the baseline methods CAFQA and nCAFQA. While
nCAFQA yields a performance scaling that is essentially equivalent to Clapton due to its
very similar design (we thus do not show it in Figure 6.9), our CAFQA implementation runs
in much less time to achieve convergence. This is because only noiseless Clifford simulations
are required where no sampling is necessary, every Pauli expectation value can be determined
in one circuit evaluation. Figure 6.9 includes these results and the inset shows how Stim’s
fast Clifford simulation leads to linear scaling of round time 7 over the considered qubit

count range.
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This study as well as all other Clapton or CAFQA optimizations demonstrated in this

chapter were performed on Intel Gold 6248R CPUs.

6.2.5 Related work

Although Clifford group operations and Pauli measurements do not suffice for universal quan-
tum computing, many quantum domains such as quantum networks [184], error correction
codes [157], teleportation [67] and error mitigation [37, 174| focus on applications within the
Clifford space.

In terms of related work in the space of VQA optimization, Mitarai et al. [120] advocate
a perturbative expansion of the cost function from Hartree-Fock initialization, potentially
yielding improved performance. Sauvage et al. [162] introduce FLIP using machine learning
for initialization. MetaVQE by Cervera et al. [26] encodes Hamiltonian parameters into
the ansatz for a more reliable estimate of the ground state. Wurtz et al. [204] use classical
solutions to aid some special sets of problem-specific circuits. Wang et al. propose Quan-
tumNAS [191], a framework for noise-adaptive co-search of the variational circuit structure
and qubit mapping. Their approach is substantially different to the Clapton proposal as
they leave the degrees of freedom that come from transforming the Hamiltonian untouched
and focus on the manipulation of the original problem implementation.

Various orthogonal error mitigation strategies are also available to address quantum errors
at different stages of a quantum program: Pre-processing techniques (e.g., noise-aware map-
ping [129]), post-processing techniques (e.g., measurement error mitigation [177]) or in-situ
techniques (e.g., dynamical decoupling [12, 83, 93, 143|). Previous studies [85, 192| empha-
size error mitigation’s role in enhancing VQA accuracy and trainability, with techniques like
zero-noise extrapolation (ZNE) and addressing noise-induced barren plateaus. The VAQEM
approach [154] tailors existing error mitigation techniques dynamically to real-time execution

characteristics of VQAs on a quantum machine.
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6.2.6 Conclusion

In this current NISQ era VQAs represent a promising avenue to obtain useful insights from
quantum devices. However, noise is the defining characteristic of this period and will always
have a detrimental effect on any quantum computing results, rendering adjustment to this
noise through sophisticated error mitigation techniques indispensable. The Clapton proposal
directly addresses this issue for VQAs by exploiting the freedom that can be found in the
problem formulation (the Hamiltonian ). It makes use of the observation that, given a spe-
cific quantum device, some Hamiltonians are less susceptible to its noise pattern than others
when running the VQA. Clapton performs a classically simulable search over transformations
that make the problem formulation more compatible with the hardware noise characteristics,
yielding a new Hamiltonian 7 that is then used during the full VQA execution. This work
shows the beneficial impact of this approach across a variety of benchmarks.

Clapton can be viewed as a pre-processing error mitigation technique, which may be
combined with other popular error mitigation methods outlined in Section 6.2.5; an inter-
esting idea for future work. It is a pure software tool which models and simulates the target
quantum machine efficiently by expressing all operations in terms of Clifford gates.

As quantum computing research moves closer to fault-tolerance and error correction, it is
important to point out that the Clapton is not limited to the NISQ regime. Error-corrected
quantum devices will also run VQEs and errors on (logical) qubits will still occur, albeit with
a significantly reduced rate. In fact, errors on these machines are discretized and typically
expressed in terms of bit flips (X operations) and phase flips (Z operations) [20], which
directly suggests the depolarizing error model to describe these effects. Therefore, given the

implementation of Clapton, it might prove itself to be even more relevant in the future.
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CHAPTER 7
CONCLUSION AND FUTURE DIRECTIONS

The fundamental insight of this thesis is that leveraging the physical features and character-
istics of a quantum technology enable optimizations across its entire stack. We particularly
identify the pulse level to be a crucial layer that can motivate architectural design decisions
and we provide demonstrations in three distinct settings under different perspectives. Us-
ing analytical device modeling and numerical pulse optimization, we validate the feasibility
of higher-dimensional qudit systems, introduce a gate language for optical lattice interfer-
ometers and present universal gate schemes for noise-protected Kerr-cat qubits. While the
approaches to addressing these research problems are conceptually similar (i.e., minimizing
objective functions over parameters of the control functions of interest), the specific imple-
mentations differ depending on the respective physical system and underlying constraints.

On the matter of qudit systems, we used open-loop quantum optimal control methods to
show that qudit gate durations scale more favorably with dimension than originally assumed,
which encourages their use as architectural components. In particular, ququarts, which can
store the information content of two qubits, become promising candidates as fundamental
units on quantum processors, and their architectural implications have been studied in re-
lated follow-up works [109, 110]. This directly showcases how low-level optimization enables
high-level design decisions on the systems level. In order to verify the feasibility of qudits
in practice, we implemented optimal control solutions in experiment on a superconducting
transmon processor and demonstrated the coherent control of a ququart.

Our studies of qudit systems only scratched the surface and motivate many avenues of
future research. The pulse optimizations we presented were performed without the assump-
tion of noise, therefore including noise contributions in the model of the system is a natural
next step, in particular given the fact that higher additional levels in qudits introduce in-

creasingly more noise. An alternative strategy is given by switching to closed-loop optimal
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control methods where the pulses are directly optimized using the feedback obtained from
execution on the quantum hardware, which allows for the most accurate representation of
the noisy physical system. However, this opens up other challenges such as the efficient
evaluation of the objective function from experimental data. Another direction is to realize
qudit computation in larger systems with multiple units.

In the context of quantum sensing, we employed a different open-loop optimal control
technique, known as direct trajectory optimization, that allowed us to exploit the structures
of the optical lattice system as well as the optimization targets. Specifically, we are able
to design highly complex gate primitives for programmable sensing by imposing additional
constraints on the optimization problem that guide the numerical solver and are reasonably
motivated by physical intuition. Thus a key observation is that identifying such intuition and
incorporating it as supplemental structure, which is very specific to the underlying system,
can lead to significant improvements in the optimization results or enable them in the first
place. In the second study we applied this theme in a similar way: We directly optimized the
quantum sensor’s sensitivity in an end-to-end fashion and built the interferometer structure
into the problem using constraints.

Our studies on quantum sensing were purely theoretical, therefore it would be interesting
to evaluate the performance of the optimal control solutions on hardware. Furthermore, this
particular sensing platform using cold atoms is usually analyzed using the single-particle
wavefunction under the assumption of no interactions, however, that is not the case for
realistic Bose-condensed atom clouds. Thus extending the control optimization framework
to the more general description including interactions seems necessary.

In our work on Kerr-cat qubits we were primarily interested in the conceptual realization
of and intuition behind the proposed gate schemes, which is why we did not employ opti-
mal control methods and instead limited our exploration to simple pulse shapes with few

tunable parameters. Here the crucial insight came from modeling the system and energy
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landscape over a broader parameter regime and identifying local noise-insensitive points,
which ultimately lead to the proposal of the protected adiabatic Z(6) scheme. Therefore,
this is another example of exploiting device-specific (Hamiltonian-specific) structure. With
the Z(0) scheme we were able to recover universal computation with Kerr-cat qubits while
protected to frequency-noise-induced phase flips like they occur in superconducting archi-
tectures. We thereby successfully addressed the critical limitations imposed by the tradeoff
between noise protection and controllability, making Kerr-cat qubits an even more attractive
candidate as quantum processing units.

Now that we have gained this intuition, applying optical control to the Kerr-cat system
would be a viable next step. In particular, for our adiabatic gate schemes one could define
the optimal control problem such that the gate time and robustness is optimized while not
sacrificing adiabaticity. Another direction could extend the discussion on the impact of
time-dependent errors that we only briefly touched on. Furthermore, as we based our entire
analysis on an effective Kerr oscillator model, a more realistic modeling within the language
of circuit quantum electrodynamics would be crucial in order to understand how our findings
would translate to realistic hardware implementations.

The optimizations we proposed on the algorithm layer of the stack are not based on
pulse control but observations about the noise properties of quantum hardware instead.
With our framework Clapton we demonstrated that adapting quantum programs to the
noise characteristics of the underlying hardware can lead to significant improvements in the
performance, and we showed that variational algorithms are particularly well suited for this
error mitigation technique. We leverage the observations that certain families of gates (in
this case Clifford gates) are efficiently simulable on classical computers and that noise models
constrained to these families capture the actual hardware noise sufficiently well. Clapton is
a pre-processing error mitigation technique that could work in conjunction with other error

mitigation techniques (e.g., measurement error mitigation [39]), and we showed its positive
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impact for a variety of benchmarks in simulation and experiment.

In our demonstrations of Clapton we used standard ansatz structures (in this case the
hardware-efficient circular ansatz) that were not tailored to the specific problem Hamiltonian.
Investigating the performance of Clapton for different ansatz structures and the dependence
of ansatz and problem symmetries in connection with Clapton would be worthwhile future
research directions. Furthermore, extending the noise modeling beyond depolarizing noise or
considering other efficiently simulable gate families such as matchgates [121] are interesting
candidates for follow-up work. Alternatively, it would be interesting to study if the trans-
formation idea behind Clapton can be transferred to other quantum applications beyond
variational algorithms.

As quantum technologies become larger in size and grow in complexity, it will remain
crucial to understand the interplay between the different layers of the stack and how op-
timizations at one layer can impact the performance of the entire system. For the case of
quantum computing, even though the community moves towards the pursuit of full fault-
tolerance that could imply our strategies to become less relevant eventually, optimizations
like the ones we propose can push the limits of current devices and thereby help to bridge

the gap to the fault-tolerant era.
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