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ABSTRACT

The complexity class NP has a natural definition that has been widely studied in various

contexts in classical complexity theory. For the quantum version of NP, however, one can

make several choices while defining a class of problems that can be verified in quantum

polynomial time. QCMA,QMA and QMA(2) are examples of these classes – see Gharibian

[2023c] for a survey. Although these three classes have been studied extensively in the

past two decades, little is known about their comparative power beyond QCMA ⊆ QMA ⊆

QMA(2). Here we study the relation between these classes using different techniques: either

through oracle separations or by studying restricted variants of these classes.

First, to study the power of classical proofs, we examine how different design choices for

an oracle influence the complexity of quantum property testing problems that are defined

with respect to that oracle. Specifically, we represent a regular graph with even degree

as an invertible function f , and explore various oracle models for accessing f . First, we

introduce a one-query QMA protocol to test whether the graph encoded by f contains a

small disconnected component. Then, using representation theory, we demonstrate that a

classical witness cannot assist a quantum verifier in efficiently solving this problem when

using an in-place oracle. Interestingly, a minor alteration to the conventional oracle setup

can prevent even a quantum verifier with unlimited witness access from solving the problem

efficiently.

Second, in an attempt to understand the power of QMA(2), we explore a direction pro-

posed by Jeronimo and Wu [2023a] – where it was shown that QMA(2) with non-negative

amplitudes has the ability to solve NEXP-hard problems, and hence amplification for that

class implies QMA(2) = NEXP. To give negative evidence for this direction, we explore

QMA with non-negative amplitudes. When only the completeness condition is altered, this

modified class remains equivalent to standard QMA. However, if both completeness and

soundness are changed, the resulting class becomes significantly more powerful. We demon-

strate that QMA+ with one fixed completeness-soundness gap equals NEXP, while with a
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different constant gap, it remains equivalent to QMA. This result limits the possibility of

proving QMA(2) = NEXP by amplification, since any amplification technique must fail for

QMA+.

Lastly, we use first these techniques to establish that QMA, when the verifier is allowed

to perform a single non-collapsing measurement, is equivalent to NEXP–answering an open

question posed by Aaronson. Central to several findings influenced by Blier and Tapp Blier

and Tapp [2010] is a non-physical property testing problem, which involves determining

whether a quantum state is close to a specific basis element. This viewpoint leads us to a

variation of QMA in which a single quantum proof is strictly less powerful than two unentan-

gled proofs—under the assumption that EXP ̸= NEXP. This provides a novel path towards

proving that QMA(2) = NEXP, while avoiding a key limitation of the previous proposed

method. In our modification, each proof is required to exhibit a type of multipartite un-

entanglement: specifically, once one register is traced out, a small subset of qubits remains

separable from the rest of the quantum state.
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CHAPTER 1

INTRODUCTION

Computational complexity explores the fundamental resources needed to perform a given

task. Tasks that require similar resource amounts are grouped into complexity classes, and a

major goal in the field is to understand how these classes relate to one another. Some progress

has been made in showing that certain classes are equivalent—such as IP = PSPACE Shamir

[1992], the PCP theorem Arora et al. [1998b], and MIP∗ = RE Ji et al. [2021a]. However,

demonstrating that two complexity classes are different remains much more difficult; for

instance, we still cannot prove P ̸= PSPACE, let alone the famous P ̸= NP.

One approach to addressing this challenge involves using an oracle – a black-box com-

putational tool that can solve a specific (potentially very complex) problem in one step.

Oracles often make it easier to prove results like P ̸= NP in a relativized world. Moreover,

they clarify which proof techniques cannot resolve the problem in the unrelativized setting.

Beyond separating complexity classes, oracles and the broader concept of query complex-

ity also appear naturally in areas like cryptography Katz and Lindell [2020] and learning

theory Kushilevitz and Mansour [1993].

Still, even when oracles are involved, proving class separations can remain extremely

challenging. For example, Aharonov and Naveh introduced the class QCMA – a subset of

QMA where the proof (or witness) is classical, and questioned whether QCMA is strictly

contained in QMA Aharonov and Naveh [2002a]. Aaronson and Kuperberg proposed an

oracle that separate these classes, but their result relied on a "quantum oracle" Aaronson and

Kuperberg [2007]. Later works Fefferman and Kimmel [2018], Natarajan and Nirkhe [2022]

removed the explicitly quantum aspects, but still relied on oracles with internal randomness

or other non-standard features.

In Chapter 2, we study quantum property testing problems where the input is provided

via oracles drawn from various models. Specifically, we encode the edges of a graph as a

reversible function f , and explore how presenting f as a standard, in-place, or random-
1



ized oracle affects computational power. Under reasonable limits on the quantum verifier’s

workspace, we find:

1. In several oracle models, a quantum witness allows a quantum verifier to efficiently

determine whether the graph encoded in f contains a small disconnected component.

2. If f is given as a randomized in-place oracle, no classical witness enables efficient

verification by a quantum verifier.

3. When f is presented as a randomized phase oracle, no witness – regardless of its type

or size – can assist a quantum verifier in solving the problem efficiently.

These results emphasize that the quantum complexity of oracle-based tasks – especially in

the case of QMA and QCMA – is deeply affected by the specific oracle model used.

Next, we turn to another variant of quantum NP, QMA(2). Two key sources of power

of quantum computation are entanglement, which gives rise to nonlocal correlations, and

relative phase, which enables interference effects like destructive cancellation. Using tools

from complexity theory, we examine how these properties influence computational power.

Extending the results of Jeronimo and Wu [2023b], we study the class QMA+, where

quantum witnesses are constrained to have no relative phase. Surprisingly, we find that this

restriction alone does not weaken the class, in fact, there exist constants 1 > c > s > 0 such

that QMA+
c,s equals NEXP.

To understand this result, recall that a QMAc,s protocol is a verification procedure where

a quantum verifier (“Arthur”) interacts with a potentially deceptive but computationally

unbounded prover (“Merlin”). Merlin provides a quantum proof, which Arthur checks with

high probability if the input is valid (completeness) and rejects with high probability if

it is invalid (soundness). The standard QMA class corresponds to protocols with (c, s) =

(2/3, 1/3).

Intuitively, one might expect that limiting Merlin’s capabilities – like forcing him to send

simpler or less expressive quantum states – would reduce the class’s power. However, in many
2



cases, restricting Merlin’s proof in completeness (when the statement is true) has surprisingly

little effect. For instance, even if the proof is a subset state – a special case with neither

relative phase nor variable amplitudes – QMA remains unchanged Grilo et al. [2014]. This

robustness stems from promise gap amplification, which boosts the completeness-soundness

gap so that even “imperfect” witnesses succeed if the subset of witnesses form an epsilon net.

In contrast, limiting Merlin’s power on the soundness side (when the statement is false)

can significantly enhance the verifier’s ability to detect deception. For example, if Merlin

is forced to provide a quantum state without relative phase, Arthur can assess its spar-

sity, a value that is obscured by interference in general quantum states. In such settings,

sparse states have low overlap with the uniform superposition |+⟩⊗n, making them easier to

distinguish.

A related line of research looks at restricting entanglement in QMA, leading to the class

QMA(2), where two Merlins provide unentangled proofs Kobayashi et al. [2003]. While

QMA(2) is known to lie between QMA and NEXP, its precise power remains an open question

despite significant attention Blier and Tapp [2010], Aaronson et al. [2008], Chen and Drucker

[2010], Pereszlényi [2012b], Harrow and Montanaro [2013], Gharibian et al. [2018], She and

Yuen [2022].

This raises a natural question: What happens if we restrict both entanglement and

relative phase? In Jeronimo and Wu [2023b], the classes QMA+c, s and QMA+(2)c, s are

defined to capture exactly this. Perhaps unexpectedly, it was shown that for certain constants

c > s > 0, QMA+(2)c, s = NEXP – driven by the verifier’s ability to estimate the sparsity of

a given quantum state. This result also opens the door to possibly proving QMA(2) = NEXP

by amplification, since other constants c′, s′ exist for which QMA+(2)c′, s′ = QMA(2).

In Chapter 3, we take this further and show that restricting only the relative phase,

without any entanglement constraints, still gives the full power of NEXP. That is, there are

constants c > s > 0 such that QMA+c, s = NEXP. This has striking implications: assuming

EXP ̸= NEXP, it follows that QMA+ cannot be amplified using traditional gap amplification

3



Figure 1.1: Relationship between QMA+ and QMA(2). Jeronimo and Wu [2023b] show that for some
constants 1 > c > s > 0, QMA+(2)c,s = NEXP. We show that the same is true for QMA+. Restricting
relative phase does not restrict entanglement across a fixed barrier: for example, consider the GHZ state
|0⟩⊗n

+ |1⟩⊗n, or more generally states where the Schmidt vectors have no relative phase.

Figure 1.2: Plot of QMA+
c,s for increasing c

s . By our main result, there exist constants c, s where 1 < c
s < 4

and QMA+
c,s = NEXP, but by Corollary 90, QMA+

c,s = QMA when c
s > 4. Gap amplification of QMA+ would

imply QMA = NEXP.

techniques, since at other values of c′, s′ we have QMA+c′, s′ = QMA ⊆ EXP.

Consequently, any attempt to prove that QMA(2) equals NEXP must crucially leverage

the unentanglement constraint, as restricting relative phase alone is already enough to reach

NEXP. See Figure 1.1 and Figure 1.2 for visual summaries of these relationships.

The previous sections explored how constraining quantum states – by limiting entangle-

ment or relative phase – can increase computational power. A related and equally intriguing

direction is to consider quantum measurements themselves. In particular, hidden-variable

theories aim to explain quantum randomness as the result of underlying, inaccessible pa-

rameters. If these hidden variables became observable to a quantum computer, they could

potentially unlock more powerful models of computation. Motivated by this idea, Aaronson

and collaborators Aaronson [2005b], Aaronson et al. [2014] proposed complexity classes that

extend BQP by incorporating features inspired by hidden-variable interpretations.
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One such extension is the class CQP (Collapse-free Quantum Polynomial-time)Aaronson

et al. [2014], which models a quantum computer that, after every gate or intermediate

measurement, receives a readout of the current quantum state in the computational basis –

without collapsing or disturbing it. Though this does not give polynomial-time solutions to

all problems, it does provide access to classes like SZK, and improves unstructured search over

Grover’s algorithm in a black-box setting. With the addition of quantum advice, this model

becomes immensely powerful: Aaronson showed that CQP/qpoly = ALL Aaronson [2018], a

big contrast to the more constrained power of BQP/qpoly Aaronson [2005a], Aaronson and

Drucker [2013].

This dramatic increase in computational power echoes themes in quantum verification,

where an untrusted quantum proof is checked by a quantum verifier. A particularly subtle

case is QMA(2) Kobayashi et al. [2003], where the verifier receives two unentangled quantum

proofs. Building on this, Aaronson recently posed a compelling new question:

Question 1 (Aaronson [2023]). What is the power of QMA where the verifier can make

non-collapsing measurements?

This model is trivially upper bounded by NEXP, but Aaronson conjectured it might

actually be equal to NEXP.

In Chapter 4, we prove this conjecture by using similar tools: allowing even a single

non-collapsing measurement in a QMA protocol yields a complexity class equal to NEXP.

Our proof draws inspiration from the results in earlier chapters, and is unified by a common

structure we call the superposition detection problem. Here, the verifier’s task is to distin-

guish between states that are computational basis states and those that are in superposition

(i.e., ϵ-far from any basis state). If a verifier can test for superposition on post measurement

quantum states, it can simulate any problem in NEXP.

It is important to note that this detection task is not physically implementable with only

a single copy of a quantum state – it even allows distinguishing ensembles with identical

mixed-state density matrices (see Fact 111). Thus, any successful test must access hidden
5



information beyond the conventional quantum state, like that provided by non-collapsing

measurements. Our results show that such a measurement enables perfect superposition

detection, while QMA+ achieves the same effect by limiting the set of allowed quantum

witnesses. In both cases, this yields NEXP-level computational power.

Although superposition detection becomes possible with multiple copies of the state, gen-

erating these copies is highly nontrivial – it often requires techniques like postselection Aaron-

son [2004], inverse exponential precision Pereszlényi [2012b], or an infeasibly large number

of quantum witnesses Aaronson et al. [2008], Chen and Drucker [2010], Chiesa and Forbes

[2011]. These limitations mirror long-standing obstacles in attempts, starting with Blier and

Tapp Blier and Tapp [2010], to prove that QMA(2) = NEXP.

So far, we have hinted how subtle restrictions or enhancements to quantum proofs and

verifiers – such as limiting relative phase, disallowing entanglement, or introducing non-

collapsing measurements, can significantly impact computational power. These investiga-

tions reveal that quantum complexity classes are remarkably sensitive to structural assump-

tions about the quantum witness or the verifier’s capabilities.

For instance, we show that removing relative phase from quantum proofs yields the

class QMA+, which surprisingly equals NEXP Bassirian et al. [2023b], showing that destruc-

tive interference is not necessary for exponential verification power. Similarly, we showed

that granting a verifier access to a single non-collapsing measurement, a feature inspired by

hidden-variable theories, also suffices to achieve NEXP power. Central to both results is the

ability to detect superposition, a task that either requires new measurement capabilities or

is trivially solved when witnesses are restricted to non-negative amplitudes.

These findings naturally bring us back to one of the most persistent open questions in

quantum complexity theory: What is the power of QMA(2)? That is, how much additional

computational power does a verifier gain by receiving two unentangled quantum proofs,

instead of one unrestricted proof?

In Chapter 5, we advance this program by proposing a new approach to separate QMA

6



from QMA(2). Instead of weakening the structure of the quantum proofs (as in QMA+), we

impose additional entanglement structure. We show that in certain computational models,

a single quantum proof is provably weaker than two unentangled quantum proofs, unless

EXP = NEXP. This gives new evidence that QMA(2) is strictly more powerful than QMA,

and opens up a new path to proving that QMA(2) = NEXP.

Crucially, our approach matches the strengths of earlier techniques while avoiding their

core limitations. By embedding the notion of multipartite entanglement into the compu-

tational model, we define new complexity classes that generalize QMA(2) and reveal fresh

structure in the landscape of quantum verification. These classes do not just serve our

immediate goals – they also offer a broader framework to understand how entanglement

interacts with computational power, and we believe they will be of independent interest to

the quantum complexity community.
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CHAPTER 2

CLASSICAL PROOFS

This chapter is adapted (with minor modifications) from the work of Roozbeh Bassirian,

Bill Fefferman, and Kunal Marwaha. On the power of nonstandard quantum oracles. In

18th Conference on the Theory of Quantum Computation, Communication and Cryptography

(TQC 2023), 2023a. doi:10.4230/LIPIcs.TQC.2023.11. URL https://arxiv.org/abs/22

12.00098.

2.1 Techniques and Contributions

We use a well-known fact of Petersen to encode the edges of any even-degree regular graph in

an invertible function f . We then consider natural ways to install f within an oracle; we say

that f is presented as a particular kind of oracle. For example, a standard oracle presents f

through the map |c, x⟩ 7→ |c⊕ f(x), x⟩, while an in-place oracle presents f through the map

|x⟩ 7→ |f(x)⟩. In general, we consider oracles that give access both to f and f−1. An oracle

may also have internal randomness: on every query to a randomized oracle, f is chosen

uniformly at random from a fixed set of functions F .

Consider the Laplacian Lf of a graph encoded in f . We first provide a test such that

for any input state |ψ⟩, the test succeeds with probability expressible in terms of ⟨ψ|Lf |ψ⟩,

independently of how an oracle presents f . We use this test to construct a QMA protocol

verifying that the graph is not an expander graph. This problem is primarily motivated

by the preimage-testing problem of Fefferman and Kimmel Fefferman and Kimmel [2018],

which separates QMA and QCMA relative to a nonstandard oracle. They encode an invertible

function π in an oracle without efficient access to π−1, and test a property of π−1; by design,

this property can be verified but not easily computed. Crucially, we view a permutation

and its inverse as the edges of an undirected graph; properties of undirected graphs are

not sensitive to the ordering of (x, π(x)). We use multiple permutations to study graphs
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of higher degree, and notice that detecting if a graph has a non-expanding region is hard

without traversing most of the graph. Some of these ideas are related to the component

mixer concept of Lutomirski Lutomirski [2011], and are simultaneously and independently

explored by Natarajan and Nirkhe Natarajan and Nirkhe [2022].

A randomized oracle presenting a set of functions F can be seen as a quantum channel,

so small changes to F cause statistically indistinguishable changes to the oracle. We use

this flexibility to modify non-expansion testing to a simple permutation problem: do the

functions f ∈ F stabilize a small set V ⊆ [N ], or is F the set of all permutations on [N ]?

Notice that F is a group in both cases. When an oracle presenting F preserves the group

structure of F , we can use representation theory. For this problem, this is satisfied by an in-

place oracle; the oracle is then an orthogonal projector onto one of two symmetric subspaces

of matrices. After finding an orthogonal basis for each subspace, we construct a hybrid

argument to prove that only witnesses with knowledge of V can help a quantum verifier

efficiently decide this problem. We also use representation theory to give a QCMA protocol

for an analogous permutation problem in randomized standard oracles.

We finally study the permutation problem in a randomized phase oracle. We directly

analyze the effect of the oracle on any input density matrix; with high probability, the oracle

decreases the magnitude of every off-diagonal term by a 1
2poly(n) factor. We then construct

a hybrid argument, bounding our measure of progress using an inequality relating the sizes

of Schatten p-norms. When the state space is not too large, we prove that an exponential

number of queries are required to distinguish most YES instances from the NO instance,

regardless of input state. As a result, no witness can help a verifier distinguish YES from

NO.

Note that our quantum verifiers are not fully general. Our lower bound techniques restrict

the number of extra workspace qubits in the verifier; however, our upper bounds also work

in this setting. In Section 2.4.2, we explain these restrictions in more detail and discuss

prospects for generalizing our results.
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2.2 Related work

Quantum oracle models A fundamental constraint of quantum oracle models is that

they must be unitary. We describe several nonstandard oracle models used in quantum

computing:

• A quantum oracle is any unitary operation U in the full Hilbert space. Although

the operation is unitary, the verifier doesn’t necessarily have access to U−1. Oracles

like these are not typically classical because the unitary’s action is not efficiently and

classically representable.

• An in-place oracle maps |x⟩ → |π(x)⟩ for some classical invertible function π. Again,

this computation is not efficiently reversible since the verifier may not have access to

π−1. When a standard oracle gives access to π−1, an in-place oracle query can be

simulated in two queries; otherwise, an exponential number of queries are required to

construct one from the other Kashefi et al. [2002].

• A phase oracle puts the output of a classical function f in the phase of a basis state.

We consider the map |x⟩ → ef(x)·2πi/N |x⟩. To contrast, note that the map |c, x⟩ →

ecf(x)·2πi/N |c, x⟩ is unitarily equivalent to the standard oracle.

All of these oracles can optionally have internal randomness, as considered by Harrow

and Rosenbaum Harrow and Rosenbaum [2011]; we call these randomized oracles. On every

query to a randomized oracle, a unitary is chosen at random from a fixed set. This can be

very powerful; for example, Harrow and Rosenbaum [2011] gives examples of randomized

oracles where problems impossible to decide with classical queries can be decided with a

single quantum query.

QMA and QCMA The Merlin-Arthur style of complexity classes considers a decision prob-

lem and two players. The magician (Merlin) has claimed the answer to the decision problem

is YES, and gives the verifier a token (the proof or witness) to convince them. The verifier
10



(Arthur) must then ensure the answer is actually YES. Given a problem with size n, the

verifier must accept a correct witness (i.e. when the answer is YES) with probability 1/q

higher than a “lying” witness (i.e. when the answer is NO) for some q = poly(n). The set of

problems that can be decided this way in a classical setting is known as Merlin Arthur (MA).

If the verifier is a quantum computer, this is QCMA; if the witness can be any quantum

state, this is QMA.

verifier is classical verifier is quantum

witness is classical MA QCMA

witness is quantum - QMA

Table 2.1: Complexity classes in the style of Merlin-Arthur. QCMA is a subset of QMA where the witness
can be efficiently written as a classical bitstring.

Since any classical bitstring can be efficiently written as a quantum state, QCMA ⊆ QMA.

But is the reverse true? Even the oracle version of this problem is open: at the top of a

recent list of open problems, Aaronson asks for a standard oracle that separates the two

classes Aaronson [2021]. All previous progress Aaronson and Kuperberg [2007], Fefferman

and Kimmel [2018], Natarajan and Nirkhe [2022] relies on specifically chosen nonstandardness

in the oracle.

Natarajan and Nirkhe Natarajan and Nirkhe [2022] make progress on a standard oracle

separation of QMA and QCMA by constructing an oracle with randomness. They simulta-

neously and independently provide a QMA protocol for testing non-expansion of a graph in

an oracle. To prove their lower bound, they combine the adversary method, the polynomial

method, and a reduction to a problem of Ambainis, Childs, and Liu Ambainis et al. [2011a].

However, their notion of randomness is different from ours and other works Harrow and

Rosenbaum [2011], Fefferman and Kimmel [2018], Arora et al. [2022], and acts as follows:

when an oracle is first queried, it chooses a function f from a distribution, but on subsequent

queries, it uses the same function f . By contrast, our notion of randomness is memoryless:

an oracle chooses f from a uniform distribution on F for every query. This allows one to
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make small changes to F without affecting the success of the QMA protocol; we use this

flexibility to study a simpler permutation problem.

2.3 Our setup

Consider a d-regular graph on N := 2n vertices for any n and even d. We show that an

invertible function can list the edges adjacent to each vertex in G.

Definition 2 (Graph-coded function). Consider a d-regular graph G (for even d) on N

vertices. A G-coded function is a function f : [N ] × [d/2] → [N ], such that fi(x) := f(x, i)

is a bijection for each i ∈ [d/2], and each edge is uniquely represented by a tuple (x, fi(x)).

Remark 3 (Even-degree regular graphs have graph-coded functions). Every regular graph

G of even degree has a G-coded function.

Proof. A d-regular graph G of even degree always has a 2-factorization Petersen [1900]. This

means that the edges of G can be partitioned into d/2 edge-disjoint subgraphs [E1, . . . , Ed/2]

where in each Ei, all vertices have degree two (i.e. a collection of cycles). Thus, we can

represent each Ei with a permutation πi, where the edge (x, y) ∈ Ei if and only if πi(x) = y

or πi(y) = x. Then f(x, i) := πi(x) is a G-coded function.

Graph-coded functions f are bijective, and therefore invertible. We now present f in

various oracle models. Note that we define all oracles with access both to f and f−1.

Definition 4 (An oracle model presents a function f). For each oracle model below (e.g.

standard oracle), we say that this oracle model presents the function f .

Remark 5. For notational convenience, we refer to a qubit z that controls the inversion of

a function f as taking on values in {±1}, so that fz is either f1 = f or f−1.

Definition 6 (Standard oracle). For any f : [N ] → [N ], define Uf : C2N2 → C2N2
as

Uf
∑

c,x∈[N ],z∈{±1}
αc,x,z |c, x, z⟩ :=

∑
c,x∈[N ],z∈{±1}

αc,x,z |c⊕ fz(x), x, z⟩ . (2.1)
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Definition 7 (In-place oracle Kashefi et al. [2002]). For any permutation π : [N ] → [N ],

define Ũπ : C2N → C2N as

Ũπ
∑

x∈[N ],z∈{±1}
βx,z |x, z⟩ :=

∑
x∈[N ],z∈{±1}

βx,z |πz(x), z⟩ . (2.2)

Remark 8 (Kashefi et al. [2002]). A standard oracle Uf (with access to f−1) can simulate

an in-place oracle Ũf in two queries:

(I⊗X) ◦ Uf ◦ (SWAPn,n ⊗X) ◦ Uf |0⟩⊗n |x, z⟩ = |0⟩⊗n |fz(x), z⟩ . (2.3)

Definition 9 (N th root of unity). Define the N th root of unity as ωN := e2πi/N .

Definition 10 (Phase oracle). For any function f : [N ] → [N ], define Uf : C2N → C2N as

Uf

∑
x∈[N ],z∈{±1}

αx,z |x, z⟩ :=
∑

x∈[N ],z∈{±1}
αx,zω

fz(x)
N |x, z⟩ . (2.4)

We describe how an oracle in our setup exhibits internal randomness. On each query, a

randomized oracle chooses a function uniformly from a set F . We say that a randomized

oracle presents F .

Remark 11. Given a unitary U , we use the notation U to denote an operator on density

matrices; that is,

U [ρ] := UρU† . (2.5)

Definition 12 (Randomized oracle (e.g. Harrow and Rosenbaum [2011], Fefferman and

Kimmel [2018])). For any set F of functions f : [N ] → [N ] corresponding to oracles {Uf | f ∈
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F}, define the linear operator OF as

OF :=
1

|F |
∑
f∈F

Uf . (2.6)

We match the notation of randomized oracle OF with oracle Uf ; e.g. ÕF is a randomized

in-place oracle.

2.3.1 Problem statements

The problems below are not fully specified without the choice of oracle model. We prepend

the names below with the choice of oracle model; for example, we denote Problem 13 in a

standard oracle as STANDARD NON-EXPANSION(d, α, ϵ).

Problem 13 (NON-EXPANSION(d, α, ϵ)). Consider an oracle Uf presenting a G-coded func-

tion f .

1. In a YES instance, we are promised that G is a union of two disconnected d-regular

graphs, and that the smaller graph has Nα vertices.

2. In a NO instance, we are promised that G is d-regular and has spectral gap at least ϵ

(for example, an expander graph).

The problem is to decide whether Uf is a YES instance or NO instance.

We also consider a version of this problem with randomized oracles, where each random-

ized YES instance is specified by the set of vertices V of the smaller graph. On each query,

an oracle chooses an graph-coded function f uniformly at random that corresponds to a

graph where V and [N ]/V are disconnected.

Problem 14 (RANDOMIZED NON-EXPANSION(d, α, ϵ)). Consider a randomized oracle OF

presenting a set of graph-coded functions F .
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1. Each subset V ⊆ [N ] of size |V | = Nα specifies a YES instance OFV
. Let FV be the

set of all G-coded functions of d-regular graphs G with no edges between V and [N ]/V .

2. There is a single NO instance OF∅. Let F∅ be the set of all G-coded functions of

d-regular graphs G with spectral gap at least ϵ.

The problem is to decide whether O is a YES instance or a NO instance.

In the configuration model of a random graph, FV contains all functions f(x, i) such that

fi(x) := f(x, i) is the union of a permutation on [N ]/V and a permutation on V . In fact, we

can use the oracle’s internal randomness to adjust the underlying set F , and even consider

graphs that are not typically expander graphs.

Definition 15 (Subset indicator). For a set V ⊆ [N ], define the function iV : [N ] →

{V, [N ]/V } as

iV (x) =


V x ∈ V

[N ]/V x /∈ V .

(2.7)

Definition 16 (Permutations that stabilize a subset). For a set V ⊆ [N ], define the set of

permutations

TV := {π : [N ] → [N ] : iV (x) = iV (π(x))∀x ∈ [N ]} . (2.8)

We say that TV stabilizes the subset V .

Problem 17 (RANDOMIZED HIDDEN SUBSET(α)). Consider a randomized oracle OF

presenting a set of functions F .

1. Each subset V ⊆ [N ] of size |V | = Nα specifies a YES instance OTV .

2. There is a single NO instance OT∅, where T∅ is the set of all permutations of [N ].
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The problem is to decide whether O is a YES instance or a NO instance.

Notice that TV is a group under function composition. One can generalize this algebraic

structure to a problem distinguishing oracles presenting subgroups of T∅ from an oracle

presenting T∅:

Problem 18 (RANDOMIZED HIDDEN SUBGROUP(×, {Hi})). Consider the set T∅ of all

permutations on [N ] as a group with operation ×, such that each Hi ⊊ T∅ is also a group.

Suppose a randomized oracle O presents either T∅ or any Hi.

1. Each subgroup Hi specifies a YES instance OHi
.

2. There is a single NO instance OT∅, where T∅ is the set of all permutations of [N ].

The problem is to decide whether O is a YES instance or a NO instance.

For example, RANDOMIZED HIDDEN SUBSET(α) is a special case of RANDOMIZED

HIDDEN SUBGROUP(×, {Hi}) using the group operation of function composition.

2.4 Our results

2.4.1 Non-expansion and quantum witness

Our first result shows that there is a one-query QMA protocol for NON-EXPANSION(d, α, ϵ)

in many oracle models presenting a graph-coded function.

Theorem 19. There is a QMA protocol for STANDARD NON-EXPANSION(d, α, ϵ) and IN-

PLACE NON-EXPANSION(d, α, ϵ) at every even d ≥ 4, all 0 < α < 1
2 , and all constant

ϵ > 0.

Graphs with good expansion are well-connected despite their sparsity. For any graph G,

let AG be the adjacency matrix of G, and LG = dI−AG be the graph Laplacian of G. The

smallest eigenvalue of LG is λ1(LG) = 0, and the next-smallest eigenvalue λ2(LG) measures
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the expansion of G. In this framework, NON-EXPANSION(d, α, ϵ) asks if an oracle presenting

a G-coded function has λ2(LG) = 0 (YES), or if λ2(LG) ≥ ϵ (NO).

At the heart of our protocol is the spectral test, which takes an input state |ψ⟩ and fails

with probability proportional to ⟨ψ|LG |ψ⟩. We describe the spectral test for both standard

oracles and in-place oracles in Section 2.5.1. A state that passes the spectral test is essentially

supported on a subspace according to λ(LG) = o( 1
poly(n)); in a NO instance, this is one-

dimensional, and in a YES instance, this is at least two-dimensional. In fact, the uniform

superposition over all inputs, |+⟩⊗n, is always in this subspace. As a result, our protocol

(Theorem 19) either runs the spectral test, or checks if the input state is close to |+⟩⊗n.

Consider the randomized variant of NON-EXPANSION(d, α, ϵ). The graph of any graph-

coded function presented in a YES instance is guaranteed to have a small set V (i.e. |V | =

Nα) disconnected from the rest of the graph. As a result, there is a state, defined only by

the vertices of V , that is all-but-negligibly supported in the λ(LG) = 0 subspace. This state

is the subset state |V ⟩:

Definition 20 (Subset state). For any non-empty subset S ⊆ [N ], define the subset state of

S as

|S⟩ := 1√
|S|

∑
x∈S

|x⟩ . (2.9)

Since |V ⟩ is a good witness for every graph encoded in a YES instance, the QMA protocol

works just as well in the randomized setting (Theorem 26).

Randomized oracles that present a set F of graph-coded functions are stable to small

changes in the set F . In fact, an oracle presenting F encoding all d-regular expander graphs

is indistinguishable from an oracle presenting F encoding all d-regular graphs. The latter

oracle can be simulated with d/2 queries to the NO instance of RANDOMIZED HIDDEN

SUBSET(α); we show in Theorem 27 that the same QMA protocol can also decide this

problem.
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2.4.2 Randomized in-place oracles and classical witness

Our second result shows that a general class of verifiers cannot decide IN-PLACE RANDOM-

IZED HIDDEN SUBSET(α).

Theorem 21 (informal). No quantum verifier with O(log(n)) additional workspace qubits

can efficiently decide IN PLACE RANDOMIZED HIDDEN SUBSET(α) given a polynomial

sized classical witness.

Recall that in this problem, a verifier has access to a quantum channel and a polynomial-

sized classical witness, and must distinguish whether the oracle presents a uniformly random

permutation or a permutation that stabilizes a hidden subset V . Let Y be the set of all YES

instances; note that each instance is uniquely defined by a subset V .

Suppose there exists a QCMA algorithm for this problem. Since there are at most

O(2poly(n)) different classical witnesses, there exists a set of YES instances Y ′ that share the

same witness, such that
∣∣Y ′∣∣ / |Y| = Ω(2−poly(n)). We can refute the existence of such an

algorithm by proving that the same verification “strategy” cannot distinguish all instances

of Y ′ from the NO case with non-negligible probability. A “strategy” is exactly a quantum

algorithm: a series of unitaries and oracle queries, followed by a POVM. Without loss of gen-

erality, a T -query algorithm alternates between unitaries and oracle queries on HO ⊗ HW

followed by a measurement1, where HO is the Hilbert space of the “oracle” qubits and HW

is the extra workspace:

EO[ρ0] = (O ⊗ I) ◦ UT ◦ . . . ◦ U2 ◦ (O ⊗ I) ◦ U1[ρ0] . (2.10)

One may try to use the hybrid argument of Bennett, Bernstein, Brassard, and Vazirani Ben-

nett et al. [1997] and Ambainis Ambainis [2000] to prove that diamond norm
∣∣∣∣EÕTV

− EÕT∅

∣∣∣∣
⋄

is small in expectation over the choice of ÕTV ∈ Y ′. This would imply that the verifier can-

1. Note that the last operation does not have to be a unitary – one can simply replace a unitary followed
by a POVM with another equivalent POVM.
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not distinguish all instances of Y ′ with the same strategy. We can consider the optimal

distinguishing probability in terms of
∣∣∣∣EÕTV

[ρ0]− EÕT∅
[ρ0]

∣∣∣∣
1

for some fixed ρ0 ∈ HO⊗HW .

However, this statistical argument does not hold for some choices of Y ′. Consider the

following simple example: Y ′ contains all V such that 1 ∈ V . First, Y ′ satisfies the size

implied by the pigeonhole principle. Second, for ρ0 = |1⟩⟨1| ⊗ I,
∣∣∣ÕTV [ρ0]− ÕT∅ [ρ0]

∣∣∣
1

is

large for all instances in Y ′, since |1⟩ ⟨1| mixes only within a small subset. Note that this

only implies the existence of an instance-specific POVM distinguishing each YES instance in

Y ′ from the NO instance. By contrast, a verification strategy has a fixed POVM {E, I− E}.

This allows us to prove that the following value is small on average over the choice of V :

∣∣∣∣Tr [EEÕTV

[ρ0]

]
− Tr

[
EEÕT∅

[ρ0]

]∣∣∣∣ (2.11)

We must bound this value for arbitrary choices of E, ρ0 and Ui fixed in the algorithm.

In order to do this, we leverage tools from representation theory; this allows us to see

randomized oracles in our problem as orthogonal projectors into a subspace of matrices with

low dimension, and prove that the density matrix of good distinguishers is characterized

by the hidden subset. One caveat of our technique is that the verifier is only allowed to

have O(log(n)) extra workspace qubits. This restriction is necessary to reduce the subspace

dimension to regimes we can handle.

Representation theory has been previously used to study symmetric operators on vari-

ables (in probability) or qubits (in quantum computing) using the language of de Finetti

theorems (e.g. Harrow [2013b]); these operators project into subspaces of permutation-

invariant sequences or quantum states. By contrast, we notice that some randomized oracles

are symmetric operators on density matrices. This allows us to explicitly find an orthogonal

basis for the associated symmetric subspaces. We match oracle models with problems with

the same group structure: RANDOMIZED HIDDEN SUBSET(α) for in-place oracles in Sec-

tion 2.6.1, and an analogous special case of RANDOMIZED HIDDEN SUBGROUP(×, {Hi})

19



for standard oracles in Section 2.6.2.

2.4.3 Randomized phase oracles: no witness can help

Our third result shows that deciding RANDOMIZED HIDDEN SUBSET(α) in a phase oracle

is much harder than other oracle models we consider. A random phase has zero expectation.

We use this fact to show that queries to most YES instances and the NO instance reduce

the magnitude of each off-diagonal of the density matrix by an exponential factor, regardless

of the input state. We bound the Frobenius norm of the difference of query outputs to show

that these instances are statistically indistinguishable when the state space is not too large.

As a result, no untrustworthy witness can help decide this problem.

Theorem 22 (informal). No quantum verifier with o(n) additional workspace qubits can

efficiently decide PHASE RANDOMIZED HIDDEN SUBSET(α) given any unbounded witness.

Moreover, these verifiers require an exponential number of queries to statistically distinguish

a YES instance from the NO instance, for each of asymptotically all YES instances.

We defer the formal proof to Section 2.7. Note that the query lower bound here is

statistical. In the NO instance, a witness is designed to fool the verifier; in order to over-

come this, the verifier must use the witness in tandem with the oracle. But this cannot be

done efficiently: distinguishing the NO instance from nearly any YES instance requires an

exponential number of queries, regardless of input state.

In fact, Theorem 22 holds for any oracle that sends |c, x, z⟩ → ω
c·fz(x)
N |c, x, z⟩, where the

c register has k = o(n) qubits, while at k = n qubits, the oracle is unitarily equivalent to a

standard oracle, and thus has a QMA protocol for RANDOMIZED HIDDEN SUBSET(α) by

Theorem 19.
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2.5 Verifying non-expansion with a quantum witness

2.5.1 The spectral test

We give a test that takes an input state |ψ⟩ =
∑

x∈[N ] ax |x⟩ on n qubits, and fails with

probability proportional to ⟨ψ|LG |ψ⟩. This relies on a curious fact:

Lemma 23. Consider a d-regular graph G (for even d) on 2n vertices and a G-coded function

f . Suppose we have a normalized quantum state |ψ⟩ =
∑

x∈[N ] ax |x⟩ on n qubits. Then

∑
i∈[d/2]

∑
x∈[N ]

∥ax ± af(x,i)∥
2 = d± ⟨ψ|AG |ψ⟩ . (2.12)

Proof.

∑
i∈[d/2]

∑
x∈[N ]

∥ax ± af(x,i)∥
2 =

∑
i∈[d/2]

∑
x∈[N ]

∥ax∥2 + ∥af(x,i)∥
2 ± (axa

∗
f(x,i) + a∗xaf(x,i))

(2.13)

= d±
∑

i∈[d/2]

∑
x∈[N ]

(axa
∗
f(x,i) + a∗xaf(x,i)) (2.14)

= d± ⟨ψ|AG |ψ⟩ . (2.15)

We construct the spectral test with one query either to a standard oracle or in-place

oracle presenting a graph-coded function f . The former (Procedure 24) is a SWAP test but

with an oracle query in the middle. The latter (Procedure 25) relies on controlled access to

the in-place oracle.

Procedure 24 (Spectral test with a standard oracle). Consider a d-regular graph G on

N = 2n vertices where d is even, and normalized state |ψ⟩ =
∑

x∈[N ] ax |x⟩ ∈ CN . We

assume access to a standard oracle Uf : Ck×k for k = N22⌈log2 d⌉, which acts on a basis
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vector as

Uf |c, x, i, z⟩ = |c⊕ fz(x, i), x, i, z⟩ , (2.16)

for c, x ∈ [N ], i ∈ 2⌈log2 d⌉−1, and z ∈ {±1}.

1. Pick i ∈ [d/2] uniformly at random, and prepare the state |i⟩ ∈ C2⌈log2 d⌉−1
.

2. Prepare a qubit in the state |+⟩ =
|1⟩+|−1⟩√

2
∈ C2. (Recall that we label the values of

this register in {±1}.)

3. Combine n registers |0⟩⊗n, the input state |ψ⟩, |i⟩ and |+⟩ to create |0⟩⊗n |ψ⟩ |i⟩ |+⟩.

4. Apply the oracle Uf , which creates the state

1√
2

∑
x∈[N ]

ax

(
|f(x, i)⟩ |x⟩ |i⟩ |1⟩+

∣∣∣f−1(x, i)
〉
|x⟩ |i⟩ |−1⟩

)
. (2.17)

5. Swap the first two sets of n qubits, controlled by the last qubit. This creates the state

1√
2

∑
x∈[N ]

ax

(
|f(x, i)⟩ |x⟩ |i⟩ |1⟩+ |x⟩

∣∣∣f−1(x, i)
〉
|i⟩ |−1⟩

)
(2.18)

=
1√
2

∑
x∈[N ]

ax |f(x, i)⟩ |x⟩ |i⟩ |1⟩+
1√
2

∑
x∈[N ]

af(x,i) |f(x, i)⟩ |x⟩ |i⟩ |−1⟩ . (2.19)

6. Apply a Hadamard on the last qubit, which creates the state

1

2

∑
x∈[N ]

(ax + af(x,i)) |f(x, i)⟩ |x⟩ |i⟩ |1⟩+
1

2

∑
x∈[N ]

(ax − af(x,i)) |f(x, i)⟩ |x⟩ |i⟩ |−1⟩ .

(2.20)

7. Measure the last qubit and accept if it is 1.
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Moreover, by Lemma 23, this procedure fails with probability

1

d/2

∑
i∈[d/2]

∑
x∈[N ]

∥ax − af(x,i)∥2

4
=

⟨ψ|LG |ψ⟩
2d

. (2.21)

Procedure 25 (Spectral test with an in-place oracle). Consider a d-regular graph G on

N = 2n vertices where d is even, and normalized state |ψ⟩ =
∑

x∈[N ] ax |x⟩ ∈ CN . We

assume controlled access to an in-place oracle Ũf : Ck×k for k = N2⌈log2 d⌉+1, which acts

on a basis vector as

Ũf |a, x, i, z⟩ = |a, fa·z(x, i), i, z⟩ . (2.22)

for control qubit a ∈ {0, 1}, x ∈ [N ], i ∈ 2⌈log2 d⌉−1, and z ∈ {±1}.2

1. Pick i ∈ [d/2] uniformly at random, and prepare the state |i⟩ ∈ C2⌈log2 d⌉−1
.

2. Prepare a qubit in the state |+⟩ = |0⟩+|1⟩√
2

∈ C2.

3. Combine |+⟩, the input state |ψ⟩, |i⟩, and a register |1⟩ to create |+⟩ |ψ⟩ |i⟩ |1⟩.

4. Apply the oracle Ũf , which creates the state

1√
2

∑
x∈[N ]

ax (|0⟩ |x⟩+ |1⟩ |f(x, i)⟩) |i⟩ |1⟩ (2.23)

=
1√
2

∑
x∈[N ]

(ax |0⟩+ af−1(x,i) |1⟩) |x⟩ |i⟩ |1⟩ . (2.24)

5. Apply a Hadamard on the first qubit, which creates the state

1

2

∑
x∈[N ]

(
(ax + af−1(x,i)) |0⟩+ (ax − af−1(x,i)) |1⟩

)
|x⟩ |i⟩ |1⟩ . (2.25)

2. Note that this procedure does not actually need access to the inverse of f to conduct the spectral test.
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6. Measure the first qubit and accept if it is 0.

Moreover, by Lemma 23, this procedure fails with probability

1

d/2

∑
i∈[d/2]

∑
x∈[N ]

∥ax − af−1(x,i)∥
2

4
=

⟨ψ|LG |ψ⟩
2d

. (2.26)

2.5.2 A one-query protocol

Theorem 19 (restated). For every even d ≥ 4, all 0 < α < 1
2 , and all constant ϵ > 0,

there is a QMA protocol for STANDARD NON-EXPANSION(d, α, ϵ) and IN-PLACE NON-

EXPANSION(d, α, ϵ), .

Proof. Suppose the oracle presents a G-coded function. Let λ1 ≤ λ2 ≤ · · · ≤ λN be the

eigenvalues of the graph Laplacian LG. Note that the smallest eigenvalue of a regular graph

G is λ1 = 0. We always choose the eigenvector associated with λ1 as a uniform superposition

over vertices of the graph (i.e. |λ1⟩ := |[N ]⟩ = |+⟩⊗n).

Suppose Arthur receives a state |ψ⟩ =
∑

i∈[N ] αi |λi⟩ from Merlin. Consider the following

strategy:

• With probability 1
2 , measure |ψ⟩ in the Hadamard basis. Fail if it is in the basis state

according to |+⟩⊗n, and pass otherwise.

• With probability 1
2 , use the spectral test (Procedure 24 or Procedure 25, respectively).

The probability of failure FAIL is

FAIL =
1

2
∥ ⟨ψ| |+⟩⊗n ∥2 + 1

2

⟨ψ|LG |ψ⟩
2d

(2.27)

=
1

2

(
∥α1∥2 +

1

2d

N∑
i=1

λi∥αi∥2
)
. (2.28)

In a NO instance, λk = Ω(1) for all k > 1. So the probability of failure is always a positive
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constant:

FAILNO =
1

2
∥α1∥2 +

1

2d

N∑
i=2

Ω(∥αi∥2) = Ω(
N∑
i=1

∥αi∥2) = Ω(1) . (2.29)

In a YES instance, the spectrum of LG is the combined spectrum of the two disconnected

graphs. This means λ1 = λ2 = 0, and the associated eigenvectors are linear combinations

of |V ⟩ and |[N ]/V ⟩. Recall that |λ1⟩ := |+⟩⊗n. We find the orthogonal eigenvector |λ2⟩ in

this subspace by inspection:

|λ2⟩ =
√
N − |V |

N
|V ⟩+

√
|V |
N

|[N ]/V ⟩ . (2.30)

Note that any vector with ∥α2∥2 = 1− o( 1
poly(n)) has negligible probability of failure:

FAILYES =
1

2
∥α1∥2 +

1

2d

N∑
i=1

λi∥αi∥2 = O(∥α1∥2 +
N∑
i=3

∥αi∥2) = O(1− ∥α2∥2) . (2.31)

Suppose Merlin sends the subset state |V ⟩. Since ∥ ⟨V |λ2⟩ ∥2 = 1 − |V |
N = 1 − O( 1

2poly(n) ),

the strategy has probability of failure O( 1
2poly(n) ).

In general, the spectral test can be used in a QMA protocol to test the magnitude of the

second-smallest or largest eigenvalue of a graph Laplacian to inverse polynomial precision.

The former is a measure of the quality of a graph’s expansion, and the latter is related to a

measure of a graph’s bipartiteness named the bipartiteness ratio Trevisan [2008].

Because this QMA protocol requires only one query of either a standard oracle or an

in-place oracle, it works even when these oracles are randomized.

Theorem 26. For all even d ≥ 4, all 0 < α < 1
2 , and all constant ϵ > 0, there is

a QMA protocol for STANDARD RANDOMIZED NON-EXPANSION(d, α, ϵ) and IN-PLACE

RANDOMIZED NON-EXPANSION(d, α, ϵ) .

Proof. The strategy in Theorem 19 also works here. Consider any G-coded function pre-
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sented in a YES instance; the same vertices V are exactly the vertices of the smaller com-

ponent of G. So the witness |V ⟩ is close to the second eigenvector |λ2⟩, and the failure

probability is negligible. Now consider any G-coded function presented in a NO instance.

By definition, G is an expander graph, so the failure probability is always a positive con-

stant.

Because a randomized oracle chooses a function uniformly from a set F , it is statis-

tically indistinguishable from an oracle with exponentially small changes to F . We use

this fact to simplify the NO instance in RANDOMIZED NON-EXPANSION(d, α, ϵ). Sup-

pose the NO instance instead presents graph-coded functions of all d-regular graphs. Since

1−O( 1
poly(N)

) = 1−O( 1
2poly(n) ) graphs have a constant spectral gap Friedman [2004] when

d > 2, the failure probability in the QMA protocol changes by at most O( 1
2poly(n) ).

Notice that with this modification, the oracles are exactly d/2 copies of the oracles in

RANDOMIZED HIDDEN SUBSET(α). One way to interpret this is that the randomization

offers a substitute for expander graphs. An expander graph is sparse but well-mixing; a

randomized oracle query instantaneously mixes across a graph’s connected component. As

a result, we can distinguish degree-2 graphs with this QMA protocol, even though they are

not typically expander graphs:

Theorem 27. For all 0 < α < 1
2 , there is a QMA protocol for STANDARD RANDOMIZED

HIDDEN SUBSET(α) and IN-PLACE RANDOMIZED HIDDEN SUBSET(α).

Proof. Perhaps surprisingly, the strategy in Theorem 19 also works here:

• Consider the graph G of any G-coded function presented in a YES instance. By

definition, the vertices V are disconnected from all vertices in [N ]/V . So the witness

|V ⟩ is close to the second eigenvector |λ2⟩, and the failure probability is negligible.

• Consider the NO instance. Then f is chosen uniformly from the set T∅ of all permu-
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tations of [N ]. Then the spectral test fails with probability

E
π∈T∅

[
d− ⟨ψ|Aπ |ψ⟩

2d

] ∣∣∣∣∣
d=2

=
1

2
− 1

4
E

π∈T∅
[⟨ψ|Aπ |ψ⟩] (2.32)

=
1

2
− 1

4

 1

N !

∑
π∈T∅

⟨ψ|Aπ |ψ⟩

 (2.33)

=
1

2
− 1

8

 1

(N !)2

∑
π1,π2∈T∅

⟨ψ| (Aπ1 + Aπ2) |ψ⟩

 . (2.34)

The matrix Aπ1 + Aπ2 determines the adjacency matrix of a random 4-regular graph

in the configuration model; as a result,

E
π∈T∅

[
d− ⟨ψ|Aπ |ψ⟩

2d

] ∣∣∣∣∣
d=2

= E
π1,π2∈T∅

[
d− ⟨ψ|Aπ1,π2 |ψ⟩

2d

] ∣∣∣∣∣
d=4

. (2.35)

Since a random 4-regular graph has a constant spectral gap with probability 1 −

O( 1
poly(N)

) Friedman [2004], the failure probability is at least FAILYES from Theo-

rem 19, less O( 1
2poly(n) ). So the failure probability is Ω(1), just as before.

2.6 Randomized oracles and symmetric subspaces

We first formalize how randomized oracles are orthogonal projectors. We defer the proofs to

Section 2.10.

Definition 28 (Representation of a group). Consider a group G and a vector space V. A

representation of G is a map R that sends each g ∈ G to a linear operator R(g) : V → V

such that R(g1g2) = R(g1) ◦R(g2) for all g1, g2 ∈ G.

Theorem 29 (Projecting onto the symmetric subspace [Harrow, 2013b, Proposition 2]).

Consider a finite group G, a vector space V, and a representation R : G → L(V). Then the

27



operator

ΠR :=
1

|G|
∑
g∈G

R(g) (2.36)

is an orthogonal projector onto VG ⊆ V, where

VG := {v ∈ V : R(g)[v] = v ∀g ∈ G} . (2.37)

Theorem 30 (Oracles on density matrices form a representation). Consider a group G of

functions f : [N ] → [N ] with bitwise ⊕ as the group operation. Then the map f 7→ Uf is a

representation over the vector space of 2N2 × 2N2 complex matrices.

Similarly, consider a group G̃ of permutations π : [N ] → [N ] with composition as the

group operation. Then the map π 7→ Ũπ is a representation over the vector space of 2N×2N

complex matrices.

Theorem 31 (Some randomized oracles are orthogonal projectors). Consider a group G of

functions f : [N ] → [N ] with bitwise ⊕ as the group operation. Then OG is an orthogonal

projector, under the Frobenius inner product (x|y) = Tr
[
x†y
]

for x, y ∈ C2N2×2N2
, onto

VG := {ρ ∈ C2N2×2N2
: Uf [ρ] = ρ∀f ∈ G} . (2.38)

Similarly, consider a group G̃ of permutations π : [N ] → [N ] with composition as the group

operation. Then Õ
G̃

is an orthogonal projector, under the Frobenius inner product (x|y) =

Tr
[
x†y
]

for x, y ∈ C2N×2N , onto

Ṽ
G̃
:= {ρ ∈ C2N×2N : Ũπ[ρ] = ρ∀π ∈ G̃} . (2.39)

In IN-PLACE RANDOMIZED HIDDEN SUBSET(α), a quantum verifier is either given ÕT∅

(NO) or ÕTV for some V ⊆ [N ] where |V | = Nα (YES). Since TV ⊆ T∅, the symmetric
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subspace according to T∅ is a subspace of that according to TV , i.e. ṼT∅ ⊆ ṼTV . So we can

exactly find the basis of the symmetric subspaces ṼT∅ and ṼTV (see Section 2.8 for details).

This key property is used throughout Section 2.6.1.

2.6.1 In-place oracles: when classical witnesses are not enough

We interpret IN-PLACE RANDOMIZED HIDDEN SUBSET(α) as distinguishing the set of all

permutations from a subgroup that stabilizes a small subset V ⊆ [N ]. In Theorem 21,

we prove that classical witnesses designed for the verifier to choose YES cannot help a

quantum verifier efficiently decide this problem. This requires three main lemmas. First,

we show in Lemma 33 that input states distinguishing a YES instance or NO instance must

have knowledge of the hidden subset V (either as a subset state |V ⟩ or a mixed state IV ).

However, no density matrix can be close to too many subset states |V ⟩ (Lemma 34), and no

POVM can choose the right answer for too many mixed states IV (Lemma 35). We combine

these facts in a hybrid argument; note that we must fix an algorithm by its unitaries and its

POVM. We formally state the lemmas (deferring the proofs to Section 2.8 and Section 2.10),

and then prove Theorem 21.

We use the following measure of “progress” for the hybrid argument:

Definition 32 (Difference of oracle queries). For any ρ, let dV,ρ be the difference of the two

oracle queries

dV,ρ := ÕTV [ρ]− ÕT∅ [ρ] . (2.40)

If the nuclear norm of dV,ρ is non-negligible, we say that ρ is a good distinguisher of ÕTV

and ÕT∅ . We show that every good distinguisher ρ has a certain form; the proof is deferred

to Section 2.8.

Lemma 33 (Good distinguishers have a certain form). Consider a density matrix ρ and

up to O(log(n)) extra workspace qubits. Suppose ∥dV,ρ∥1 = Ω( 1
poly(n)). Then among the
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quantities

⟨V, z| ρ |V, z⟩ , (2.41)

Tr

[
ρ

(
IV,z −

|V |
N

I[N ],z

)]
, (2.42)

for any z ∈ {±1}, at least one has magnitude Ω( 1
poly(n)).

We now state two lemmas about subsets and subset states. These help us prove that no

quantum state can be a good distinguisher of too many YES instances. We defer the proofs

to Section 2.10.

Lemma 34 (Can’t approximate too many subset states). Consider a Hermitian N × N

matrix ρ that is positive semidefinite and has trace at most 1. Consider the set of all subsets

V ⊆ [N ], where |V | = Nα for a fixed 0 < α < 1
2 . Then the fraction of subsets V such that

⟨V | ρ |V ⟩ = Ω( 1
poly(n)) decreases faster than any exponential in poly(n).

Lemma 35 (Not too many subsets can have elevated mean). Consider any N ×N POVM

{E, I−E}, and the set of all subsets V ⊆ [N ], where |V | = Nα for a fixed 0 < α < 1
2 . Then

the fraction of subsets V where

|f(V )| :=
∣∣∣∣ 1

|V |
Tr[IV E]−

1

N
Tr[E]

∣∣∣∣ = Ω(
1

poly(n)
) , (2.43)

decreases faster than any exponential in poly(n).

Intuitively, Lemma 34 and Lemma 35 hold because subset states can approximate any

quantum state well. Grilo, Kerenidis, and Sikora Grilo et al. [2015] show that for any n-qubit

quantum state |ψ⟩, there exists a subset state |S⟩ such that | ⟨S|ψ⟩ | ≥ 1
8
√
n+3

.

We now prove the main statement:

Theorem 21. No quantum verifier that entangles oracle queries with at most O(log(n))

additional qubits can efficiently decide IN PLACE RANDOMIZED HIDDEN SUBSET(α) for
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any 0 < α < 1
2 , even with a polynomial-length classical witness designed for the verifier to

choose YES.

Proof. Let the set of YES instances be Y ; note that each YES instance corresponds to a set

V ⊆ [N ] where |V | = Nα, for some fixed 0 < α < 1
2 .

Suppose for contradiction that there is a protocol for this problem at some α < 1
2 . Then

the verifier can distinguish ÕT∅ from any ÕTV in a polynomial number of queries using

a classical witness of size O(poly(n)). By the pigeonhole principle, there must exist a set

of YES instances Y ′ such that |Y ′|/|Y| = Ω( 1
2poly(n) ), where the verifier can use the same

algorithm to distinguish ÕT∅ from every YES instance in Y ′.

We then construct a hybrid argument in the style of Bennett, Bernstein, Brassard, and

Vazirani Bennett et al. [1997] and Ambainis Ambainis [2000], which interpolates from queries

of one oracle to queries of another oracle. For simplicity we write the proof without extra

workspace qubits; however, we can have up to O(log(n)) extra workspace qubits to satisfy

Lemma 33. Any polynomial query algorithm can be written as a set of unitaries A =

{U (1), . . . , U (k)} for some k = O(poly(n)) (alternating between unitary evolutions and oracle

queries), and a POVM {E, I− E}. Consider the following “hybrid” algorithms:

Definition 36. Given any set of k unitaries A = {U (1), . . . , U (k)}, define the hybrid algo-

rithm

AV,ℓ [ρ0] = Õ(k)
TV

◦ U (k) ◦ · · · ◦ Õ(ℓ+1)
TV

◦ U (ℓ) ◦ Õ(ℓ)
T∅

◦ U (ℓ) ◦ . . . Õ(1)
T∅

◦ U (1) [ρ0] , (2.44)

which evolves ρ0 under the oracle OT∅ for ℓ steps and under OTV for the other k − ℓ steps.

Then the following is true for each ÕTV ∈ Y ′:

Ω(
1

poly(n)
) =

∣∣Tr[EAV,k[ρ0]
]
− Tr

[
EAV,0[ρ0]

]∣∣ (2.45)

≤
k−1∑
i=0

∣∣Tr[EAV,i+1[ρ0]
]
− Tr

[
EAV,i[ρ0]

]∣∣ , (2.46)
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which implies

Ω(
1

poly(n)
) =

k−1∑
i=0

∣∣∣Tr[E (Õ(k)
TV

◦ . . .U (i) ◦
(
Õ(i)
TV

− Õ(i)
T∅

)
[ρ(i)]

)]∣∣∣ (2.47)

=
k−1∑
i=0

∣∣∣Tr[EV,(i)dV,ρ(i)

]∣∣∣ , (2.48)

for the operator EV,(i) constructed by

EV,(i) = U†(i) ◦ Õ(i)
TV

◦ · · · ◦ U†(k) ◦ Õ(k)
TV

[E] . (2.49)

By Fact 53, the operators EV,(i) and I−EV,(i) are also Hermitian and positive semidefinite,

so {EV,(i), I− EV,(i)} is a POVM.

Using the pigeonhole principle, there must be a step ℓ in the summation with magnitude

Ω( 1
poly(n)). Each ÕTV ∈ Y ′ has such a step. Again by the pigeonhole principle, there is a ℓ∗

and set Y∗ ⊆ Y ′ where

∣∣∣Tr[EV,(ℓ∗)dV,ρ(ℓ∗)

]∣∣∣ = Ω(
1

poly(n)
) , (2.50)

and |Y∗|/|Y ′| ≥ 1
k = Ω( 1

poly(n)). Notice that this implies |Y∗|/|Y| = Ω( 1
2poly(n) ).

Since the trace of M with a POVM operator is at most ∥M∥1 (Fact 50), we have for all

ÕTV ∈ Y∗,

Ω(
1

poly(n)
) =

∣∣∣Tr[EV,(ℓ∗)dV,ρ(ℓ∗)

]∣∣∣ ≤ ∥∥∥dV,ρ(ℓ∗)∥∥∥1 . (2.51)

When queries are entangled with at most O(log(n)) qubits, the premise of Lemma 33 holds;

then one of the quantities in the theorem statement must be large. However, Lemma 34 says

that a given ρ can only satisfy either of the first two quantities for a smaller-than-exponential
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fraction of Y . So for most choices of ÕTV ∈ Y∗,

Tr

[
ρ(ℓ

∗)
(
IV,z −

|V |
N

I[N ],z

)]
= Ω(

1

poly(n)
) . (2.52)

for at least one of z ∈ {±1}.

Inspecting the proof of Lemma 33, this implies dV,ρ(ℓ∗) can only have Ω( 1
poly(n)) weight

on C4,z for some z ∈ {±1} across all matrices in C. In fact, for most choices of ÕTV ∈ Y∗,

we show that this is also true for

dV,ℓ∗,j := Õ(ℓ∗+j)
TV

◦ U (ℓ∗+j) ◦ · · · ◦ Õ(ℓ∗+1)
TV

◦ U (ℓ∗+1) ◦ dV,ρ(ℓ∗) , (2.53)

for all 0 ≤ j ≤ k − ℓ∗. We show this by induction. Note that by Fact 50 and the fact that

dV,ℓ∗,k−ℓ∗ is the difference of two objects with nuclear norm 1, ∥dV,ℓ∗,k−ℓ∗∥1 = Ω( 1
poly(n)) =

O(1).

Consider dV,ℓ∗,i for some 1 ≤ i ≤ k − ℓ∗, which can be represented with the basis C. By

Fact 54, it has Frobenius norm at most ∥dV,ρ(ℓ∗)∥Fr = O( 1√
|V |

). So it must have o( 1
poly(n))

weight on pure states. Inspecting the basis C, this means dV,ρ(ℓ∗) can only have Ω( 1
poly(n))

weight on C4,z or 1
N I[N ],z for z ∈ {±1}. By Fact 54, dV,ρ(ℓ∗) has nuclear norm at least

∥dV,ℓ∗,k−ℓ∗∥1 = Ω( 1
poly(n)), so it must have Ω( 1

poly(n)) weight on at least one such matrix.

Suppose for contradiction that the matrix is 1
N I[N ],z for z ∈ {±1}. Then

Ω(
1

poly(n)
) = Tr

[
I[N ],zÕTV

[
U (ℓ∗+i) [dV,ℓ∗,i−1

]]]
= Tr

[(
U (ℓ∗+i)† ◦ Õ†

TV
[I[N ],z]

)
dV,ℓ∗,i−1

]
.

(2.54)

By the inductive hypothesis, dV,ℓ∗,i−1 only has Ω( 1
poly(n)) weight on some C4,z for z ∈ {±1}.

Then for some z′ ∈ {±1},

Ω(
1

poly(n)
) = Tr

[(
U (ℓ∗+i)† ◦ Õ†

TV
[I[N ],z]

)( 1

|V |
IV,z′ −

1

N
I[N ],z′

)]
. (2.55)
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Notice that for any unitary U , the object

{U (ℓ∗+i)† ◦ Õ†
TV

[I[N ],z=+1],U
(ℓ∗+i)† ◦ Õ†

TV
[I[N ],z=−1]}

forms a POVM. By Lemma 35, this can only be satisfied at either z ∈ {±1} for a smaller-

than-exponential fraction of choices of V . So for most choices of ÕTV ∈ Y∗ (i.e. a Ω( 1
2poly(n) )

fraction of choices of V ), dV,ℓ∗,i has Ω( 1
poly(n)) weight on C4,z for at least one of z ∈ {±1},

and for no other matrices in C.

Since Ω( 1
poly(n)) =

∣∣Tr[EdV,ℓ∗,k−ℓ∗
]∣∣, our supposition then implies that for one of z ∈

{±1},

Ω(
1

poly(n)
) =

∣∣Tr[EC4,z
]∣∣ = ∣∣∣∣Tr[E ( 1

|V |
IV,z −

1

N
I[N ],z

)]
±O(

1

2poly(n) )

∣∣∣∣ . (2.56)

But by Lemma 35, this can only be satisfied at either z ∈ {±1} for a smaller-than-exponential

fraction of Y . This is a contradiction. So there can be no efficient protocol for this problem.

2.6.2 Standard oracles: when classical witnesses are enough

As shown in Theorem 30, randomized standard oracles can also form a representation. But

the preserved group structure is much different than for randomized in-place oracles. Con-

sider the set T∅ of permutations on [N ]. For any f1, f2 ∈ T∅, the element f1f2 in this group

structure acts for all x ∈ [N ] and z ∈ {±1} as

(f1f2)
z(x) = fz1 (x)⊕ fz2 (x) . (2.57)

Note that this operation is abelian; that is, (f1f2) = (f2f1). Any finite abelian group can

always be represented as the direct sum of cyclic groups. In fact, under this group operation,
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T∅ can be decomposed by the input x ∈ [N ] and function inverter z ∈ {±1}:

T∅ =
⊕

x∈[2n],z∈{±1}
Z2n . (2.58)

With this group operation, the only possible subgroups of T∅ have the form

⊕
x∈[2n],z∈{±1}

Z
2kx,z

, (2.59)

for 0 ≤ kx,z ≤ n. As a result, there is a QCMA protocol to distinguish any strict subgroup

of T∅ from T∅.

Theorem 37. There is a one-query QCMA protocol for STANDARD RANDOMIZED HIDDEN

SUBGROUP(×, {Hi}) when the group operation × is bitwise XOR, for any valid {Hi}.

Proof. Suppose the classical witness is a bitstring of length at least n + 1. The verifier can

then:

1. Use the first n bits to construct x and the next bit to construct z.

2. Prepare the state |0⟩⊗n |x, z⟩.

3. Apply OH , creating the state |fz(x)⟩ |x, z⟩ for some f ∈ H.

4. Measure the first n qubits, and accept if the result is even.3

Consider a YES instance associated with a subgroup H ⊊ T∅. Then H will have some

x ∈ [N ], z ∈ {±1} such that kx,z < n. A witness can store x and z; since kx,z < n, fz(x)

will be even with probability 1.

In the NO instance, H = T∅. Then fz(x) is even with probability 0.5 for every x ∈

[N ], z ∈ {±1}.

3. Depending on the encoding, one can simply measure the nth qubit, and accept if the result is 0.
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Note that Theorem 37 holds even if the randomized standard oracle OF does not have

access to the function inverse.

2.7 No witness is enough for phase oracles

Theorem 22. No quantum verifier that entangles oracle queries with at most o(n) additional

qubits can efficiently decide PHASE RANDOMIZED HIDDEN SUBSET(α) for any 0 < α < 1
2 ,

even with any witness designed for the verifier to choose YES. Moreover, these verifiers

require an exponential number of queries to statistically distinguish a YES instance from the

NO instance, for each of asymptotically all YES instances.

Proof. We now prove the query lower bound. Let k be the number of queries required to

distinguish OTV from OT∅ . Consider any algorithm that distinguishes the two instances,

defined by a starting state ρ0, k unitaries, k oracle queries, and a POVM {E, I−E}. In the

framework of hybrid algorithms (Definition 36),

Ω(
1

poly(n)
) =

∣∣Tr[EAV,k[ρ0]
]
− Tr

[
EAV,0[ρ0]

]∣∣ (2.60)

≤
∥∥AV,k[ρ0]− AV,0[ρ0]

∥∥
1

(2.61)

≤ k max
i∈{0,...,k−1}

∥∥AV,i+1[ρ0]− AV,i[ρ0]
∥∥
1

(2.62)

≤ k max
i∈{0,...,k−1}

∥∥∥OTV [ρ
(i)]−OT∅ [ρ

(i)]
∥∥∥
1
, (2.63)

where the last line follows because randomized oracles do not increase the nuclear norm

(Fact 54).

We now bound
∥∥OTV [ρ]−OT∅ [ρ]

∥∥
1

for any ρ. Recall that a phase oracle OF acts as

OF [|x1, z1⟩ ⟨x2, z2|] =
1

|F |
∑
f∈F

ω
fz1(x1)−fz2(x2)
N |x1, z1⟩ ⟨x2, z2| , (2.64)

for any x1, x2 ∈ [N ] and z1, z2 ∈ {±1}. So every basis vector |x1, z1⟩ ⟨x2, z2| acquires a
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coefficient cx1,z1,x2,z2 .

We start with OT∅ (the NO instance). When (x1, z1) = (x2, z2), the coefficient is 1.

When x1 ̸= x2, fz(x1) and f−z(x2) are uniformly likely to be any value, so the coefficient is

1

N2

∑
a∈[N ],b∈[N ]

ωa−b
N =

1

N2

∥∥∥∥∥∥
∑
a∈[N ]

ωaN

∥∥∥∥∥∥
2

= 0 . (2.65)

Similarly, when x1 ̸= x2, fz(x1) and fz(x2) are uniformly likely to be any unequal values;

the coefficient is

1

N(N − 1)

∑
a∈[N ],b∈[N ],a̸=b

ωa−b
N =

1

N(N − 1)

[ ∑
a∈[N ],b∈[N ]

ωa−b
N −

∑
a∈[N ]

ωa−a
N

]
= − 1

N − 1
.

(2.66)

We now consider OTV (a YES instance). When (x1, z1) = (x2, z2), the coefficient is again

1. When x1 ̸= x2, the values of fz(x1) and f−z(x2) are uniformly likely to be any value in

iV (x1) and iV (x2), respectively, so the coefficient is

1

|iV (x1)| × |iV (x2)|
∑

a∈iV (x1),b∈iV (x2)

ωa−b
N . (2.67)

Similarly, when x1 ̸= x2, fz(x1) and fz(x2) are uniformly likely to be any unequal values in

iV (x1) and iV (x2), respectively, so the coefficient is

1

|iV (x1)| × |iV (x2)|
∑

a∈iV (x1),b∈iV (x2),a ̸=b

ωa−b
N =

(∑
a∈iV (x1),b∈iV (x2)

ωa−b
N

)
− δ|iV (x1)|

|iV (x1)| × |iV (x2)− δ|
,

(2.68)

where δ is 1 if iV (x1) = iV (x2) and 0 otherwise.

Consider the object OTV [ρ]−OT∅ [ρ] as the sum of two matrices AV +BV . Let AV contain

the (V, z)×(V, z) submatrix for both z ∈ {±1}, and BV contain the rest of the entries. When

37



the oracle query is entangled with o(n) additional qubits, AV has rank O(|V |), and BV has

rank O(N).

Since the roots of unity sum to zero,
∑

a∈V ω
a
N = −

∑
a∈[N ]/V ω

a
N for any V ⊆ [N ].

Because of this,

∥∥∥∥∥∥
∑

a,b∈iV (x)

ωa−b
N

∥∥∥∥∥∥ ≤

∥∥∥∥∥∥
∑

a∈iV (x)

ωaN

∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥
∑
a∈V

ωaN

∥∥∥∥∥∥
2

= O(|V |2) . (2.69)

As a result, all coefficients in BV are O( 1
N1−α ).

In Lemma 38, we show that for asymptotically all choices of V , all coefficients in AV are

O( 1
N3α/4 ). This argument uses a Chernoff bound and a central limit argument on samples

without replacement.

We bound the nuclear norm of OTV [ρ] − OT∅ [ρ] with the rank and Frobenius norm of

AV and BV (Fact 48):

∥∥OTV [ρ]−OT∅ [ρ]
∥∥
1
≤ ∥AV ∥1 + ∥BV ∥1 (2.70)

= O(
√
V )∥AV ∥Fr +O(

√
N)∥BV ∥Fr (2.71)

≤
(
O(

√
V )O(N−3α/4) +O(

√
N)O(Nα−1)

)
∥ρ∥Fr (2.72)

= O(N−α/4 +Nα−1/2) . (2.73)

Thus, for most choices of V , distinguishing OTV and OT∅ requires

k = Ω(min(Nα/4, N1/2−α))

queries.

We now prove the Chernoff bound:

Lemma 38. Fix any 0 < α < 1
2 , and consider all subsets V ⊆ [N ] such that |V | = Nα.
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Then for all but a doubly exponentially small fraction of choices of V ,

∥∥∥∥∥∥ 1

N2α

∑
a,b∈V

ωa−b
N

∥∥∥∥∥∥ = O(
1

N3α/4
) . (2.74)

Proof. Consider the distribution X = {ωkN} where k is chosen uniformly from N . Both

Re(X) and Im(X) have mean zero and variance at most 1.

Take a size-Nα sample from the distribution X, without replacement. Denote Y as

the distribution of the sample mean. Both Re(Y ) and Im(Y ) have expectation Re(X) =

Im(X) = 0, and variance

σ2X
Nα (1−

Nα − 1

N − 1
) ≤ 1

Nα . (2.75)

Even when sampling without replacement, Y is asymptotically normally distributed Erdos

[1959]. So its moment generating function is

MGFY [t] = etµY +σ2Y t2/2 ≤ et
2/Nα

. (2.76)

We use a Chernoff bound to estimate when Y has magnitude at least N−3α/8. Notice that

Pr[Y ≥ a] = Pr[etY ≥ eta] ≤ e−atMGFY [t] ≤ et
2/Nα

e−at , (2.77)

so

Pr[Y ≥ 0.5

N3α/8
] ≤ inf

t≥0
exp

(
t2

Nα − 0.5t

N3α/8

)
≤

t=2Nα/2
exp
(
4−Nα/8

)
= O(

1

exp(exp(n))
) .

(2.78)

This implies that Y has magnitude at most N−3α/8 (and Y 2 at most N−3α/4) except in a

doubly exponentially small fraction of choices of V .
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Remark 39. Consider an oracle that sends |c, x, z⟩ → ω
c·fz(x)
N |c, x, z⟩, where the c register

has k qubits. Note that Theorem 22 applies whenever k = o(n). However, there must be a

phase transition, since at k = n, this oracle is unitarily equivalent to a standard oracle, and

thus has a QMA protocol for RANDOMIZED HIDDEN SUBSET(α) in Section 2.5.

2.8 Basis elements of symmetric subspaces

In this section we find an orthogonal basis for ṼT∅ and ṼTV , and prove Lemma 33.

Theorem 40 (Basis elements of ṼT∅). Consider T∅, the set of all permutations of [N ].

Then ṼT∅ is spanned by the matrices

Az1,z2 = |+⟩⊗n ⟨+|⊗n ⊗ |z1⟩ ⟨z2| , (2.79)

B′
z1 = I[N ] ⊗ |z1⟩ ⟨z1| , (2.80)

for z1, z2 ∈ {±1}.

Proof. By definition, ṼT∅ contains the set of matrices M such that UπMU
†
π = M for all

permutations π : [N ] → [N ]. We can always write M in the following form:

M :=
∑

x1,x2∈[N ],z1,z2∈{±1}
αx1,z1,x2,z2 |x1, z1⟩ ⟨x2, z2| . (2.81)

Then UπMU
†
π has the form

UπMU
†
π =

∑
x1,x2∈[N ],z1,z2∈{±1}

αx1,z1,x2,z2 |π
z1(x1), z1⟩ ⟨πz2(x2), z2| (2.82)

=
∑

x1,x2∈[N ],z1,z2∈{±1}
απ−z1(x1),z1,π

−z2(x2),z2
|x1, z1⟩ ⟨x2, z2| . (2.83)
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Thus, for all permutations π, and for all x1, x2 ∈ [N ] and z1, z2 ∈ {±1},

αx1,z1,x2,z2 = απ−z1(x1),z1,π
−z2(x2),z2

. (2.84)

Given (x1, z1, x2, z2), this restriction depends on the possible values of (π−z1(x1), π
−z2(x2)):

• When z1 ̸= z2, this can take on any value (j, k) ∈ [N ]× [N ].

• When z1 = z2 and x1 ̸= x2, this can take on any value (j, k) ∈ [N ] × [N ] such that

j ̸= k.

• When z1 = z2 and x1 = x2, this can take on any value (j, j) ∈ [N ]× [N ].

As a result, for a given choice of z1, z2 ∈ {±1}, all coefficients are equal except possibly

on the diagonal when z1 = z2. There are then six basis elements, one proportional to

⊮N ⊗ |z1⟩ ⟨z2| ∝ |+⟩⊗n ⟨+|⊗n ⊗ |z1⟩ ⟨z2| for each z1, z2 ∈ {±1}, and one proportional to

I[N ] ⊗ |z⟩ ⟨z| for each z ∈ {±1}.

Theorem 41 (Basis elements of ṼTV ). Consider TV for some non-empty V ⊊ [N ]. Then

ṼTV is spanned by the matrices

C ′
S1,S2,z1,z2

= |S1⟩ ⟨S2| ⊗ |z1⟩ ⟨z2| , (2.85)

DS1,z1 = IS1 ⊗ |z1⟩ ⟨z1| , (2.86)

for S1, S2 ∈ {V, [N ]/V } and z1, z2 ∈ {±1}.

Proof. The proof is similar to Theorem 40. By definition, ṼTV contains the set of matrices

M such that UπMU
†
π = M for all permutations π ∈ TV . We can always write M in the

following form:

M :=
∑

x1,x2∈[N ],z1,z2∈{±1}
αx1,z1,x2,z2 |x1, z1⟩ ⟨x2, z2| . (2.87)
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Then for all π ∈ TV , x1, x2 ∈ [N ] and z1, z2 ∈ {±1},

αx1,z1,x2,z2 = απ−z1(x1),z1,π
−z2(x2),z2

. (2.88)

Given (x1, z1, x2, z2), this restriction depends on the possible values of (π−z1(x1), π
−z2(x2)):

• When z1 ̸= z2 or iV (x1) ̸= iV (x2), αx1,z1,x2,z2 = αj,z1,k,z2 whenever j ∈ iV (x1) and

k ∈ iV (x2).

• When z = z1 = z2 and iV (x1) = iV (x2), αx1,z,x2,z = αj,z,k,z whenever j, k ∈ iV (x1)

and j ̸= k.

• When z = z1 = z2 and x = x1 = x2, αx,z,x,z = αj,z,j,z whenever j ∈ iV (z).

As a result, for a given choice of z1, z2 ∈ {±1} and iV (x1), iV (x2) ∈ {V, [N ]/V }, all coeffi-

cients are equal except possibly on the diagonal when z1 = z2 and iV (x1) = iV (x2). There

are then twenty basis elements; one proportional to |iV (x1)⟩ ⟨iV (x2)| ⊗ |z1⟩ ⟨z2| for each

iV (x1), iV (x2) ∈ {V, [N ]/V } and z1, z2 ∈ {±1}, and one proportional to IiV (x) ⊗ |z⟩ ⟨z| for

each iV (x) ∈ {V, [N ]/V } and z ∈ {±1}.

We can now find an orthogonal basis for ṼT∅ and ṼTV :

Theorem 42 (Orthogonal basis elements of ṼT∅ and ṼTV ). The symmetric subspace ac-

cording to T∅ is spanned by the orthogonal matrices

Az1,z2 = |+⟩⊗n ⟨+|⊗n ⊗ |z1⟩ ⟨z2| , (2.89)

Bz1 =
1

N

(
I[N ] − |+⟩⊗n ⟨+|⊗n

)
⊗ |z1⟩ ⟨z1| , (2.90)

for z1, z2 ∈ {±1}.

Let δi,j be the Kronecker delta function. The symmetric subspace according to TV for

any nonempty V ⊊ [N ] is spanned by the matrices above, and the orthogonal matrices in C,
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which are

C1,z1,z2 = (|V ⟩ ⟨[N ]/V | − |[N ]/V ⟩ ⟨V |)⊗ |z1⟩ ⟨z2| , (2.91)

C2,z1,z2 =

(
|V ⟩ ⟨[N ]/V |+ |[N ]/V ⟩ ⟨V | (2.92)

− 2

N
√

|V |(N − |V |)

(
|+⟩⊗n ⟨+|⊗n − δz1,z2

1

N
I[N ]

))
⊗ |z1⟩ ⟨z2| , (2.93)

C3,z1,z2 =

(
|V ⟩ ⟨V | − |V |

N − |V |
|[N ]/V ⟩ ⟨[N ]/V | (2.94)

− δz1,z2

1− |V |
N−|V |
N

I[N ]

)
⊗ |z1⟩ ⟨z2| , (2.95)

(2.96)

C4,z1 =

(
1

|V |
(IV − |V ⟩ ⟨V |)− 1

N − |V |
(I[N ]/V − |[N ]/V ⟩ ⟨[N ]/V |)

)
⊗ |z1⟩ ⟨z1| , (2.97)

for z1, z2 ∈ {±1}. Moreover, these matrices have Frobenius norm at most O(1) and nuclear

norm Θ(1).

Proof. All matrices are orthogonal when the last qubit |z1⟩ ⟨z2| doesn’t match. We first

consider the basis elements of ṼT∅ , as listed in Theorem 40. When z1 ̸= z2, Az1,z2 is the

only basis vector; when z = z1 = z2, observe that Bz is a linear combination of Az,z and

B′
z, and

Tr
[
A
†
z,zBz

]
=

1

N

(
⟨+|⊗n I[N ] |+⟩⊗n − ⟨+|⊗n |+⟩⊗n ⟨+|⊗n |+⟩⊗n

)
= 0 . (2.98)

We now construct the basis of ṼTV /ṼT∅ . When z1 ̸= z2, the only vectors are lin-

ear combinations of C ′
S1,S2,z1,z2

for S1, S2 ∈ {V, [N ]/V } and z1, z2 ∈ {±1}. Note that

⟨+|⊗n |V ⟩ = 1√
|V |N

.

• First of all, C1,z1,z2 is antisymmetric; for every state |ψ⟩, ⟨ψ|C1,z1,z2 |ψ⟩ = 0.

• C2,z1,z2 is constructed as the symmetric version of C1,z1,z2 , and then offset by |+⟩⟨+|⊗n
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to account for overlap with Az1,z2 .

• C3,z1,z2 is immediately orthogonal C1,z1,z2 and C2,z1,z2 , and inspection shows orthog-

onality with Az1,z2 .

When z = z1 = z2, we modify C1,z,z, C2,z,z, C3,z,z to be traceless (i.e. orthogonal to IN ⊗

|z⟩ ⟨z|). The last matrix C4,z must include IV ; it is immediately orthogonal to C1,z,z, C2,z,z,

and inspection shows that it is traceless and orthogonal to any |S⟩ ⟨S| ⊗ |z⟩ ⟨z| for S ∈

{V, [N ]/V }.

We now calculate the norms of each vector. The Frobenius norm and nuclear norm of an

outer product |ψ⟩ ⟨ψ| is exactly 1. The nuclear norm of 1
N I[N ] is 1, and the Frobenius norm

is 1√
N

. Using Cauchy-Schwarz, the Frobenius norm and nuclear norm of Az1,z2 , C1,z1,z2 ,

C2,z1,z2 , C3,z1,z2 are all Θ(1). The nuclear norm of Bz and C4,z are both Θ(1), and their

Frobenius norms are Θ( 1√
N
) and Θ( 1√

|V |
), respectively.

We use the orthogonal basis in Theorem 42 to describe the form of good distinguishers

of ÕTV and ÕT∅ .

Fact 43 (Representing the difference of randomized oracles). Since ÕTV and ÕT∅ are both

orthogonal projectors under the Frobenius inner product, the difference of their outputs can

be represented with the basis elements C of ṼTV /ṼT∅ (computed in Section 2.8). That is,

dV,ρ := ÕTV [ρ]− ÕT∅ [ρ] =
∑
M∈C

cMM , (2.99)

where

cM =
Tr
[
M†ρ

]
∥M∥2Fr

. (2.100)

We refer to cM as the weight (of ρ) on the matrix M .

Lemma 44 (Lemma 33, restated). Consider a density matrix ρ and up to O(log(n)) extra
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workspace qubits. Suppose ∥dV,ρ∥1 = Ω( 1
poly(n)). Then among the quantities

⟨V, z| ρ |V, z⟩ , (2.101)

Tr

[
ρ

(
IV,z −

|V |
N

I[N ],z

)]
, (2.102)

for any z ∈ {±1}, at least one has magnitude Ω( 1
poly(n)).

Proof. By Fact 43, dV,ρ can be written as a linear combination of basis elements in C, i.e.

dV,ρ =
∑
M∈C

cMM =
∑
M∈C

Tr
[
M†ρ

]
M

∥M∥2Fr

. (2.103)

By the pigeonhole principle and the triangle inequality, there is an M ∈ C where

∥cMM∥1 ≥ 1

|C|
Ω(

1

poly(n)
) = Ω(

1

poly(n)
) , (2.104)

Note that the last equality holds when |C| = O(poly(n)); this is true allowing up to O(log(n))

extra workspace qubits. Inspecting each condition:

• Suppose the matrix M is C1,z1,z2 or C2,z1,z2 for some z1, z2 ∈ {±1}. By the proof of

Theorem 42, the Frobenius norm and nuclear norm are both Θ(1), so

Ω(
1

poly(n)
) = Tr

[
C
†
1.5±0.5,z1,z2

ρ
]

(2.105)

= ⟨[N ]/V, z2| ρ |V, z1⟩ ∓ ⟨V, z2| ρ |[N ]/V, z1⟩ ±O(
1

2poly(n) ) . (2.106)

By pigeonhole, this implies that there is some z1, z2 ∈ {±1} such that

|⟨[N ]/V, z2| ρ |V, z1⟩| = Ω(
1

poly(n)
),

and by Fact 55, ⟨V, z1| ρ |V, z1⟩ = Ω( 1
poly(n)).
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• Suppose the matrix M is C3,z1,z2 for some z1, z2 ∈ {±1}. By the proof of Theorem 42,

the Frobenius norm and nuclear norm are both Θ(1), so

Ω(
1

poly(n)
) = Tr

[
C
†
3,z1,z2

ρ
]
= ⟨V, z2| ρ |V, z1⟩ ±O(

1

2poly(n) ) , (2.107)

and by Fact 55, ⟨V, z1| ρ |V, z1⟩ = Ω( 1
poly(n)).

• Suppose the matrix M is C4,z for some z ∈ {±1}. By the proof of Theorem 42, the

Frobenius norm is Θ( 1√
|V |

) and the nuclear norm is Θ(1), so

Ω(
1

poly(n)
) = |V |Tr

[
C
†
4,zρ

]
(2.108)

= Tr

[
ρ

(
IV,z −

|V |
N

I[N ]/V,z

)]
− ⟨V, z| ρ |V, z⟩ ±O(

1

2poly(n) ) . (2.109)

By pigeonhole, this implies that at least one of the two terms has magnitude Ω( 1
poly(n)).

This proof holds even if we allow controlled access to the oracle. Consider the addition of a

control qubit |a⟩, such that if a = 0 the oracle has no effect, and if a = 1 the oracle acts as

usual. We can separate dV,ρ into four matrices d(a1,a2)V,ρ based on the values (a1, a2).

If ∥dV,ρ∥1 = Ω( 1
poly(n)), one of the four matrices d(a1,a2)V,ρ must have Ω( 1

poly(n)) nuclear

norm. We have already seen what happens if that matrix is d(1,1)V,ρ . Recall that the oracle has

no effect when a1 = a2 = 0. Every matrix M with control register |0⟩ ⟨0| satisfies UπMU
†
π =

M for all permutations π, and so M ∈ ṼT∅ . As a result, the matrix d
(0,0)
V,ρ ∈ ṼTV /ṼT∅ is

identically zero.

Suppose the matrix d
(1,0)
V,ρ has Ω( 1

poly(n)) nuclear norm. (The proof for d(0,1)V,ρ is nearly

identical.) Despite an exponentially large basis of matrices of this form, we show in Lemma 45

that this matrix has small rank. In particular, up to O( 1
2poly(n) ) multiplicative error, d(1,0)V,ρ is a

weighted sum of outer products Pz=+1 = |1, V,+1⟩ ⟨ψz=+1| and Pz=−1 = |1, V,−1⟩ ⟨ψz=−1|

for some normalized states |ψz⟩. These outer products have nuclear norm 1, so by the

pigeonhole principle, there is a z ∈ {±1} such that the weight cPz
on Pz has magnitude at
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least O( 1
poly(n)). Since the Frobenius norm of each outer product is also 1, the weight is

cPz
= Tr

[
P
†
z ρ
]
= ⟨1, V, z| ρ |ψz⟩. Thus, by Fact 55, ⟨1, V, z| ρ |1, V, z⟩ = Ω( 1

poly(n)) for some

z ∈ {±1}.

We now prove the lemma:

Lemma 45. Consider any matrix A ∈ ṼTV /ṼT∅ where the control register is

|a1 = 1⟩ ⟨a2 = 0| or |a1 = 0⟩ ⟨a2 = 1| .

Up to O( 1
2poly(n) ) multiplicative error, A is a linear combination of outer products

|1, V,+1⟩ ⟨ψz=+1| and |1, V,−1⟩ ⟨ψz=−1|

or their conjugate transposes for some states |ψz=+1⟩ and |ψz=−1⟩.

Proof. We set a1 = 1 and a2 = 0; the proof in the reverse case is nearly identical. Consider

any matrix with the form

M :=
∑

x1,x2∈[N ],z1,z2∈{±1}
αx1,z1,x2,z2 |1, x1, z1⟩ ⟨0, x2, z2| . (2.110)

For any permutation π, the matrix UπMU
†
π is

UπMU
†
π =

∑
x1,x2∈[N ],z1,z2∈{±1}

αx1,z1,x2,z2 |1, π
z1(x1), z1⟩ ⟨0, x2, z2| (2.111)

=
∑

x1,x2∈[N ],z1,z2∈{±1}
απ−z1(x1),z1,x2,z2

|1, x1, z1⟩ ⟨0, x2, z2| . (2.112)

For every matrix M ∈ ṼT∅ and permutation π, M = UπMU
†
π. Thus, the coefficients do not

47



depend on x1: every M ∈ ṼT∅ has the form

M =
∑

x2∈[N ],z1,z2∈{±1}
αz1,x2,z2

∣∣1,+⊗n, z1
〉
⟨0, x2, z2| =

∑
z∈{±1}

αz
∣∣1,+⊗n, z

〉
⟨χz| .

(2.113)

Similarly, any matrix in ṼTV satisfies M = UπMU
†
π when π stabilizes the subset V . So if

M ∈ ṼTV ,

M =
∑

S∈{V,[N ]/V },x2∈[N ],z1,z2∈{±1}
αS,z1,x2,z2 |1, S, z1⟩ ⟨0, x2, z2| (2.114)

=
∑

S∈{V,[N ]/V },z∈{±1}
αS,z |1, S, z⟩ ⟨χz| . (2.115)

Any matrix in ṼTV /ṼT∅ must be orthogonal to all matrices in ṼT∅ . Thus, if M ∈ ṼTV /ṼT∅ ,

M =
∑

z∈{±1}
αz |1⟩

∣∣V ′〉 |z⟩ ⟨ψz| , (2.116)

where

∣∣V ′〉 =√N − |V |
N

|V ⟩+
√

|V |
N

|[N ]/V ⟩ . (2.117)

Note that
∣∣V ′〉 is equal to |V ⟩ up to O(

√
|V |
N ) = O( 1

2poly(n) ) multiplicative error.

2.9 Norms and inner products

Note that we work with arbitrary matrices, not just positive semidefinite ones.

Definition 46 (Nuclear norm of a matrix). The nuclear norm of a matrix M is the sum of
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its singular values; that is,

∥M∥1 =
∑
i

σi(M) = Tr
[√

M†M
]
. (2.118)

Definition 47 (Frobenius norm and inner product of a matrix). The Frobenius inner product

of N ×N matrices A,B is

(A|B) = Tr
[
A†B

]
(2.119)

This induces a norm, which is the square root of the sum of squares of the singular values:

∥A∥Fr =

√∑
i

σi(A)2 =

√ ∑
ij∈[N ]

|Aij |2 . (2.120)

Fact 48. The nuclear norm of a matrix is at most the product of its Frobenius norm and

the square root of its rank.

Proof. See Rennie Rennie [2005] for a proof with explanation.

Fact 49 (Nuclear norm of a positive semidefinite matrix). The nuclear norm of a positive

semidefinite Hermitian matrix is simply its trace; that is, if ρ is Hermitian and positive

semidefinite, then

∥ρ∥1 = Tr[ρ] . (2.121)

Proof. For a Hermitian and positive semidefinite matrix, the eigenvalues are all real and

nonnegative, so the singular values are exactly the eigenvalues. Alternatively, notice that

ρ =
√
ρ†ρ and use Definition 46.

Fact 50 (POVM trace is at most the nuclear norm). Consider any Hermitian matrix M
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and a POVM {E, I− E}. Then

Tr[EM ] ≤ ∥M∥1 . (2.122)

Proof. Consider the singular value decomposition of a Hermitian M = UDU†. Then

Tr[EM ] = Tr
[
(U†EU)D

]
= Tr

[
E′D

]
(2.123)

for some matrix E′. Note that {E′, I−E′} make a POVM; they have the same eigenvalues

of {E, I − E}, respectively, and so are both positive semidefinite. Recall that the diagonal

elements of a POVM are all nonnegative and at most 1. Then

Tr[EM ] = Tr
[
E′D

]
=
∑
i

E′
iiDi ≤

∑
i

|Di| = ∥D∥1 = ∥M∥1 . (2.124)

Fact 51 (Trace of outer product is inner product). Consider vectors |x⟩ , |y⟩ ∈ Cm and a

matrix A ∈ Cm×m. Then the inner product of |y⟩ ⟨x| and A is

Tr
[
(|y⟩ ⟨x|)†A

]
= Tr[A |x⟩ ⟨y|] = ⟨y|A |x⟩ . (2.125)

Proof.

Tr[A |x⟩ ⟨y|] = Tr

 ∑
i,k∈[m]

 ∑
j∈[m]

Aijxj


i

y
†
k

 =
∑

k,j∈[m]

Akjxjy
†
k = ⟨y|A |x⟩ . (2.126)

Remark 52 (Orthogonal basis for an input density matrix). We can decompose ρ into a
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basis M that is orthogonal under the Frobenius inner product (a|b) = Tr
[
a†b
]
:

ρ =
∑

M∈M
cMM . (2.127)

Because the basis is orthogonal, for any M ∈ M,

Tr
[
M†ρ

]
=

∑
M ′∈M

cM ′ Tr
[
M†M ′

]
= cM∥M∥2Fr . (2.128)

Moreover, by Cauchy-Schwarz, the inner product of M and ρ is at most the product of the

norm of each, so

∥cMM∥Fr =

∣∣∣Tr[M†ρ
]∣∣∣

∥M∥Fr
≤ ∥ρ∥Fr . (2.129)

We also state two properties that hold for any randomized oracle:

Fact 53 (Randomized oracles preserve trace, Hermiticity, and positive semidefiniteness).

Consider any randomized oracle OF corresponding to a set of functions f ∈ F . Then OF

preserves the trace of its input. Moreover, if the input M is Hermitian, so is OF [M ]; if M

is also positive semidefinite, so is OF [M ].

Proof. Consider any input matrix M . Then

Tr[OF [M ]] = Tr

 1

|F |
∑
f∈F

Uf [M ]

 =
1

|F |
∑
f∈F

Tr
[
UfMU

†
f

]
=

1

|F |
∑
f∈F

Tr[M ] = Tr[M ] .

(2.130)

Now suppose M is Hermitian; that is, M† =M . Then

OF [M ]† =
( 1

|F |
∑
f∈F

Uf [M ]
)† (2.131)
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=
1

|F |
∑
f∈F

(
UfMU

†
f )

† =
1

|F |
∑
f∈F

UfM
†Uf = OF [M ] . (2.132)

Furthermore, suppose M is positive semidefinite; that is, there is a matrix B such that

M = B†B. Then

OF [M ] =
1

|F |
∑
f∈F

Uf [M ] =
1

|F |
∑
f∈F

UfB
†BU†

f =
∑
f∈F

(
BUf

)† (
BUf

)
, (2.133)

which is a sum of positive semidefinite matrices. Thus, OF [M ] is positive semidefinite.

Fact 54 (Randomized oracles do not increase nuclear norm or Frobenius norm). Consider

any randomized oracle OF corresponding to a set of functions f ∈ F . Then OF does not

increase the nuclear norm nor the Frobenius norm of its input.

Proof. Recall that both the nuclear norm and Frobenius norm are unitarily invariant. Now

consider any input matrix M . Then the nuclear norm of OF [M ] is

∥OF [M ]∥1 =

∥∥∥∥∥∥ 1

|F |
∑
f∈F

UfMU
†
f

∥∥∥∥∥∥
1

≤ 1

|F |
∑
f∈F

∥∥∥UfMU
†
f

∥∥∥
1

(2.134)

=
1

|F |
∑
f∈F

∥M∥1 = ∥M∥1 . (2.135)

The Frobenius norm of OF [M ] follows in exactly the same way.

We use one additional property of density matrices in the proof of Lemma 33:

Fact 55. Consider any N ×N density matrix ρ and normalized states |v⟩ , |w⟩. If

| ⟨v| ρ |w⟩ | = Ω(
1

poly(n)
),

then both ⟨v| ρ |v⟩ and ⟨w| ρ |w⟩ are Ω( 1
poly(n)).
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Proof. Recall that a density matrix is Hermitian and positive semidefinite, so it is diagonal-

izable and has real and nonnegative eigenvalues. As a result, it has a decomposition

ρ = S†ΛS = S†
√
Λ
√
ΛS (2.136)

= (
√
ΛS)†(

√
ΛS) = A†A , (2.137)

for some diagonal Λ and A :=
√
ΛS. Then by Cauchy-Schwarz,

| ⟨v| ρ |w⟩ |2 =
∣∣∣(A |v⟩)†(A |w⟩)

∣∣∣2 ≤
∣∣∣(A |v⟩)†(A |v⟩)

∣∣∣ · ∣∣∣(A |w⟩)†(A |w⟩)
∣∣∣ = ⟨v| ρ |v⟩ · ⟨w| ρ |w⟩ .

(2.138)

Since Tr[ρ] = 1, ⟨ψ| ρ |ψ⟩ ≤ 1 for all normalized states |ψ⟩. Thus, both ⟨v| ρ |v⟩ and ⟨w| ρ |w⟩

are at least | ⟨v| ρ |w⟩ |2 = Ω( 1
poly(n)).

2.10 Deferred proofs

Theorem 56 (Theorem 29, restated; [Harrow, 2013b, Proposition 2]). Consider a finite

group G, a vector space V, and a representation R : G→ L(V). Then the operator

ΠR :=
1

|G|
∑
g∈G

R(g) (2.139)

is an orthogonal projector onto VG ⊆ V, where

VG := {v ∈ V : R(g)[v] = v ∀g ∈ G} . (2.140)

Proof. We include the proof for completeness.
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Note that for any g ∈ G,

R(g)ΠR = R(g)
1

|G|
∑
g′∈G

R(g′) =
1

|G|
∑
g′∈G

R(gg′) =
1

|G|
∑

g−1g′∈G
R(g′) = ΠR . (2.141)

This implies ΠRΠR = ΠR:

ΠRΠR =
1

|G|
∑
g∈G

R(g)ΠR =
1

|G|
∑
g∈G

ΠR = ΠR . (2.142)

So ΠR is a projection.

Note that for any v ∈ V and g ∈ G,

R(g)[ΠR[v]] = (R(g) ◦ ΠR)[v] = ΠR[v] , (2.143)

so ΠR[v] ∈ VG. And similarly, for all w ∈ VG,

ΠR[w] =
1

|G|
∑
g∈G

R(g)[w] =
1

|G|
∑
g∈G

w = w ∈ VG . (2.144)

So the image of ΠR is exactly VG.

In order to consider orthogonality, we must define an inner product. Consider an inner

product (u|v) for u, v ∈ V. If for some g ∈ G, (R(g)[u]|R(g)[v]) ̸= (u|v), use the inner

product

⟨u, v⟩ = 1

|G|
∑
g∈G

(R(g)[u]|R(g)[v]) . (2.145)

Then under this inner product, R(g) is a unitary operator for all g ∈ G:

⟨R(g)[u], R(g)[v]⟩ =
∑

g′g−1∈G
(R(g′)[u]|R(g′)[v]) = ⟨u, v⟩ . (2.146)

54



This implies that ΠR is an orthogonal projection:

⟨ΠR[u], v⟩ =
1

|G|
∑

g,g′∈G
(R(gg′)[u]|R(g)[v])

=
1

|G|
∑

h,h′∈G
(R(h)[u]|R(h′)[v])

=
1

|G|
∑

j,j′∈G
(R(j)[u]|R(jj′)[v]) = ⟨u,ΠR[v]⟩ . (2.147)

Theorem 57 (Theorem 30, restated; oracles on density matrices form a representation).

Consider a group G of functions f : [N ] → [N ] with bitwise ⊕ as the group operation. Then

the map f 7→ Uf is a representation over the vector space of 2N2 × 2N2 complex matrices.

Similarly, consider a group G̃ of permutations π : [N ] → [N ] with composition as the

group operation. Then the map π 7→ Ũπ is a representation over the vector space of 2N×2N

complex matrices.

Proof. See that f1f2 acts as (f1f2)
z(x) = fz1 (x)⊕ fz2 (x) for any f1, f2 ∈ G. The associated

unitary acts as

Uf1f2

∑
c,x∈[N ],z∈{±1}

αc,x,z |c, x, z⟩ =
∑

c,x∈[N ],z∈{±1}
αc,x,z |c⊕ (f1f2)

z(x), x, z⟩ (2.148)

=
∑

c,x∈[N ],z∈{±1}
αc,x,z |c⊕ fz1 (x)⊕ fz2 (x), x, z⟩ (2.149)

= Uf1Uf2

∑
c,x∈[N ],z∈{±1}

αc,x,z |c, x, z⟩ . (2.150)

Since Uf1f2 = Uf1Uf2 , Uf1f2 = Uf1 ◦ Uf2 . So the map f 7→ Uf respects the group operation

of G.

Similarly, π1π2 acts as (π1π2)
z(x) = πz1(π

z
2(x)) for any π1, π2 ∈ G̃. The associated
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unitary acts as

Ũπ1π2
∑

x∈[N ],z∈{±1}
αx,z |x, z⟩ =

∑
x∈[N ],z∈{±1}

αx,z |(π1π2)z(x), z⟩ (2.151)

=
∑

x∈[N ],z∈{±1}
αx,z |πz1(π

z
2(x)), z⟩ (2.152)

= Ũπ1Ũπ2
∑

x∈[N ],z∈{±1}
αx,z |x, z⟩ . (2.153)

Since Ũπ1π2 = Ũπ1Ũπ2 , Ũπ1π2 = Ũπ1 ◦ Ũπ2 . So the map π 7→ Ũπ respects the group operation

of G̃.

Theorem 58 (Theorem 31, restated; some randomized oracles are orthogonal projectors).

Consider a group G of functions f : [N ] → [N ] with bitwise ⊕ as the group operation.

Then OG is an orthogonal projector, under the Frobenius inner product (x|y) = Tr
[
x†y
]

for

x, y ∈ C2N2×2N2
, onto

VG := {ρ ∈ C2N2×2N2
: Uf [ρ] = ρ∀f ∈ G} . (2.154)

Similarly, consider a group G̃ of permutations π : [N ] → [N ] with composition as the group

operation. Then Õ
G̃

is an orthogonal projector, under the Frobenius inner product (x|y) =

Tr
[
x†y
]

for x, y ∈ C2N×2N , onto

Ṽ
G̃
:= {ρ ∈ C2N×2N : Ũπ[ρ] = ρ∀π ∈ G̃} . (2.155)

Proof. By Theorem 30, the maps f 7→ Uf for f ∈ G and π 7→ Ũπ for π ∈ G̃ both are

representations. Note that for any unitary U and square matrices x, y of the same dimensions,

(UxU†|UyU†) = Tr
[
(UxU†)†UyU†

]
= Tr

[
Ux†U†UyU†

]
= Tr

[
Ux†yU†

]
= Tr

[
x†y
]
.

(2.156)
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So the representation of each group element is a unitary operator under the Frobenius inner

product. The proof then follows by Theorem 29.

Lemma 59 (Lemma 34, restated; can’t approximate too many subset states). Consider a

Hermitian N × N matrix ρ that is positive semidefinite and has trace at most 1. Consider

the set of all subsets V ⊆ [N ], where |V | = Nα for a fixed 0 < α < 1
2 . Then the fraction of

subsets V such that ⟨V | ρ |V ⟩ = Ω( 1
poly(n)) decreases faster than any exponential in poly(n).

Proof. Let W be any set of subsets V , with size |W| = ω(poly(n)) = o( 2
√
n

poly(n)), such that

| ⟨V1|V2⟩ | = O(2−
√
n) for all V1, V2 ∈ W . Consider an approximate basis for ρ, consisting of

• |V ⟩ ⟨V |, for all V ∈ W , and

• a set of matrices M′ orthogonal to all other matrices, and with Frobenius norm 1.

Representing ρ into this approximate basis is not unique, but the coefficient on each term

must be close to ⟨V | ρ |V ⟩. Recall that the Frobenius norm of a density matrix ρ is at most

1; by Remark 52, each |cM | ≤ 1:

ρ :=
∑
V ∈W

cV |V ⟩ ⟨V |+
∑

M∈M′
cMM , (2.157)

⟨V | ρ |V ⟩ =
∑

V ′∈W
cV ′
∣∣〈V ′∣∣V 〉∣∣2 = cV +

∑
V ′∈W,V ′ ̸=V

cV ′
∣∣〈V ′∣∣V 〉∣∣2 = cV ± o(

1

poly(n)
) .

(2.158)

Let’s inspect Tr
[
ρ2
]
≤ Tr[ρ]2 = 1:

1 ≥ Tr
[
ρ2
]
=

∑
V1 ̸=V2∈W

Tr
[
cV1c

†
V2

|V1⟩ ⟨V1|V2⟩ ⟨V2|
]
+
∑
V ∈W

|cV |2 +
∑

M∈M′
|cM |2 . (2.159)

Notice that the first summation has o(22
√
n) terms of size O(2−2

√
n), so it has magnitude

o(1). Since the last summation is nonnegative, the second summation must be at most a
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constant O(1). Thus, for at most a O(poly(n)) distinct choices of V ∈ W , cV (and thus

⟨V | ρ |V ⟩) can have magnitude Ω( 1
poly(n)).

So, after choosing a polynomial number of |V ⟩ ⟨V | for V ∈ W , all other subsets V that

have good overlap with ρ must have ω(2−
√
n) overlap with some previously chosen V ∈ W .

The fractional number of subsets V with this property is at most

O(poly(n))×

( N
Nα(1−ω(2−

√
n))

)
( N
Nα

) =
O(poly(n))

NNαω(2−
√
n)

=
1

2n2
αn(1−o(1))

= o(
1

2poly(n) ) . (2.160)

Lemma 60 (Lemma 35, restated; not too many subsets can have elevated mean). Consider

any N × N POVM {E, I − E}, and the set of all subsets V ⊆ [N ], where |V | = Nα for a

fixed 0 < α < 1
2 . Then the fraction of subsets V where

|f(V )| :=
∣∣∣∣ 1

|V |
Tr[IV E]−

1

N
Tr[E]

∣∣∣∣ = Ω(
1

poly(n)
) , (2.161)

decreases faster than any exponential in poly(n).

Proof. Suppose for contradiction that |f(V )| = Ω( 1
poly(n)) for at least a Ω( 1

2poly(n) ) fraction

of all subsets V ⊆ [N ] where |V | = Nα. Because f(V ) is real, it can be either positive or

negative; by pigeonhole, a 1
2Ω(

1
2poly(n) ) = Ω( 1

2poly(n) ) fraction of subsets V must have the

same sign of f(V ) (without loss of generality, assume it is positive). Let W contain the

subsets V with this property.

Let k = N1−α − N1−α−(α/3−ϵ) for any ϵ > 0. We now build a finite sequence Q =

{V1, V2, . . . , Vk} ⊆ W that nearly cover [N ], and where no two elements share more than

Nα/3 elements. First, choose V1 ∈ W . On subsequent draws, choose another Vm ∈ W such

that

|Vm ∩
(
∪1≤j<mVj

)
|

|V |
≤ Nα/3 . (2.162)
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Suppose we could not draw Vm ∈ W ; then all remaining elements of W share at least Nα/3

elements with one of {V1, . . . , Vm−1}. The fractional size of W (compared to all subsets)

would then be at most

(m− 1) +

((m−1)Nα

Nα/3

)( N
Nα−Nα/3

)( N
Nα

) ≤
((k−1)Nα

Nα/3

)
(N−(Nα−Nα/3)

Nα/3

) (2.163)

≤ (
k

N1−α − 1
)N

α/3
≤
(
1− 1

Nα/3−ϵ

)Nα/3

≤ o(
1

2poly(n) ) , (2.164)

which is a contradiction. So we can always construct Q. Now consider

∑
V ∈Q

f(V ) =
1

|V |
∑
V ∈Q

Tr[EIV ]−
|Q|
N

Tr[E] . (2.165)

By supposition, all f(V ) > 0 and have magnitude Ω( 1
poly(n)), so this quantity should be

Ω(|Q| 1
poly(n)). We show however that this sum is small because the two sums are very close.

The number of “overcounts” of an element x ∈ [N ] is at most |Q|Nα/3, and the number of

elements x ∈ [N ] not in some V ∈ Q is at most

N − k(Nα −Nα/3) = O(N1−(α/3−ϵ)) . (2.166)

Recall that the diagonal elements of a POVM are each nonnegative and at most 1. So then

∣∣∣∣∣∣ 1

|V |
∑
V ∈Q

Tr[EIV ]−
|Q|
N

Tr[E]

∣∣∣∣∣∣ = O(
|Q|
|V |

Nα/3) +O(
|Q|
N
N1−(α/3−ϵ)) = o(

|Q|
poly(n)

) .

(2.167)

This contradicts our supposition. So the fraction of subsets V where |f(V )| = Ω( 1
poly(n))

decreases faster than any exponential in poly(n).
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2.11 Our setup contrasted with a discrete-time quantum walk

The way one stores a graph in an oracle drastically changes the difficulty of some problems.

Consider a discrete-time quantum walk Watrous [1998], which allows a vertex access to a

superposition of its neighbors.4 Given a d-regular graph G(V,E), the operator W : CN2×N2

acts as

W =

 ∑
(j,k)∈E

|j, k⟩ ⟨k, j|

C (2.168)

C =
∑
j∈V

|j⟩ ⟨j| ⊗ (2
∣∣∂j〉 〈∂j∣∣− I) (2.169)

∣∣∂j〉 = 1√
d

∑
(j,k)∈E

|k⟩ . (2.170)

Using a discrete-time quantum walk, we can learn about the mixing properties of the asso-

ciated graph; these are fundamentally related to the graph’s spectral gap Godsil and Zhan

[2019].

By contrast, we query each neighbor of a vertex v ∈ G with the value of the registers

encoding i ∈ [d/2] (defined by a G-coded function). For example, Ambainis et al. [2011a]

uses a similar oracle to show that deciding whether a graph is a single expander graph

or two equal-sized disconnected expander graphs is outside of BQP. Intuitively, a lack of

superposition access to neighbors of a vertex makes it harder for a quantum computer to

“traverse” the graph.

4. [Childs, 2022, Chapter 17] has a good introduction to this topic.
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CHAPTER 3

PROOFS WITHOUT RELATIVE PHASE

This chapter is adapted (with minor modifications) from the work of Roozbeh Bassirian,

Bill Fefferman, and Kunal Marwaha. Quantum merlin-arthur and proofs without relative

phase. In Venkatesan Guruswami, editor, 15th Innovations in Theoretical Computer Sci-

ence Conference, ITCS 2024, January 30 to February 2, 2024, Berkeley, CA, USA, volume

287 of LIPIcs, pages 9:1–9:19. Schloss Dagstuhl - Leibniz-Zentrum für Informatik, 2024b.

doi:10.4230/LIPICS.ITCS.2024.9. URL https://doi.org/10.4230/LIPIcs.ITCS.2024.9.

3.1 Techniques and Contributions

Our primary technical contribution is to show a QMA+ protocol for a NEXP-complete prob-

lem. This directly extends the work of Jeronimo and Wu Jeronimo and Wu [2023b], who

show a QMA+(2) protocol for a NEXP-complete problem. As in Jeronimo and Wu [2023b],

we study constraint satisfaction problems (CSPs) with constant gap. In (1, δ)-GapCSP,

either all constraints can be satisfied, or at most a δ fraction of constraints can be satisfied.

These problems are known to be NP-hard or NEXP-hard (depending on the problem size)

using the PCP theorem Arora and Safra [1992], Arora et al. [1998a], Harsha [2004].

Before proving QMA+ with some constant gap equals NEXP, we prove QMA+
log (with

some other constant gap) equals NP. This choice (also taken by Jeronimo and Wu [2023b])

is pedagogical: it allows us to explain the protocol without worrying about input encoding

size, since QMA+ has a polynomial amount of space and verifier runtime. Here, we consider

(1, δ)-GapCSP with polynomially many variables and clauses; the quantum proof must

certify that there is a satisfying assignment to all clauses.

The QMA+
log(2) protocol of Jeronimo and Wu [2023b] crucially relies on an estimate

of sparsity (ℓ1 norm) of a quantum state without relative phase. The overlap of a m-

qubit quantum state without relative phase |ψ⟩ with |+⟩⊗m is exactly the value 2−m/2 ·
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∥ |ψ⟩ ∥1. With multiple quantum proofs |ψ1⟩ ⊗ . . . |ψk⟩, one can estimate the sparsity by

repeating this “sparsity test” on each |ψi⟩, and using a swap test to ensure that all |ψi⟩ are

approximately equal. Interestingly, no other part of their protocol requires the no relative

phase assumption.1

In QMA+
log, we have a single quantum proof, so we cannot use this test to estimate

sparsity. Instead, we design a similar test that directly enforces a rigidity property of the

proof.2 The required form is 1√
R

∑
j∈[R] |j⟩

∣∣v⃗j〉, where the second register is constant-sized.

Using a “sparsity test” over the second register, Arthur ensures that the second register has

one v⃗j per j; but using the complement of a “sparsity test” over the whole proof, Arthur

ensures the overall state maximizes ℓ1 norm. States of the required form are optimal for this

combination of tests. We make use of the no relative phase property in Lemmas 66 and 68.

Now we can describe our protocol. For each constraint j ∈ R, Arthur asks for the values

v⃗j associated with the variables involved in constraint j. The protocol either enforces rigidity

of the quantum proof, or verifies the constraints of the CSP. Note that we need two kinds of

constraint checks: the values v⃗j must satisfy constraint j, and the value of a variable must

be consistent across the constraints it participates in. For states with the rigidity property,

checking satisfiability is simple: measure in the computational basis and verify the measured

constraint j, v⃗j . States with the rigidity property will succeed with probability equal to the

satisfying fraction of the CSP assignment.

Checking consistency is done using a technique called “regularization” from the PCP

literature Dinur [2007]; for each constraint j, we verify that each variable participating in j

has the same value in exactly d other constraints for some constant d, in a way that the edges

form an expander graph. The expansion property guarantees that cheating on this test is as

damaging as cheating on the satisfiability test. Jeronimo and Wu Jeronimo and Wu [2023b]

1. Formally, Jeronimo and Wu [2023b] studies states with non-negative amplitudes. Recall that the set
of these states, up to global phase, are equivalent to states with no relative phase.

2. Note that we use the intuition of rigidity in a more general context, where Arthur’s tests, not a non-local
game, enforce states of a certain form.
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use a swap test to implement these new checks, but this requires multiple quantum proofs.

We show how to use a Hadamard test (which requires only one quantum proof) to achieve

the same result, building on ideas from previous work Bassirian et al. [2023a]. Since there

exists a δ such that (1, δ)-GapCSP is NP-hard, this completes the proof of NP ⊆ QMA+
log

with some constant gap.

When scaling up to QMA+, one must be careful of how to succinctly encode the input

of a NEXP-complete problem. The PCP theorem allows us to choose (1, δ)-GapCSP that

is succinct, but we need stronger properties. Following the adjustments taken in Jeronimo

and Wu [2023b], we choose a PCP system for NEXP that is both doubly explicit and strongly

uniform. Doubly explicit means that one can efficiently compute the variables participating

in a given constraint and the constraints a given variable participates in; using this, we

can implement the consistency checks in polynomial time. Strongly uniform means that

the number of constraints a variable participates in is efficiently computable, and one of a

fixed number of possibilities; using this, we only need to build a fixed number of expander

graphs during regularization. Recent work also shows how to construct exponentially-sized

expander graphs in polynomial time Lubotzky [2009], Alon [2021]. Once we are through

these input encoding difficulties, our protocol is identical to that for NP.

Fundamentally, the no relative phase property allows Arthur to verify a number of con-

straints exponential in the number of qubits. Attempts to do this for QMA(2) gave too

small a promise gap Blier and Tapp [2010], Pereszlényi [2012b], Gall et al. [2012], too many

provers Aaronson et al. [2008], Chen and Drucker [2010], Chiesa and Forbes [2011], or too

much space or time Harrow and Montanaro [2013], Natarajan and Zhang [2023]. Jeronimo

and Wu Jeronimo and Wu [2023b] show that QMA+(2) circumvents this difficulty: using no

relative phase and unentanglement, Arthur enforces the sparsity of a quantum proof to solve

a NEXP-complete problem. At the center of our work is the insight that no relative phase is

enough for Arthur to require constant-sized answers to exponentially many questions, solving

a NEXP-complete problem with a single polynomial-size quantum proof.
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3.2 Related work

The complexity class QMA(2) The complexity class QMA(2) is known to have promise

gap amplification, and to be equal to QMA(k) for any k at most polynomial in n Harrow and

Montanaro [2013]. It is not obvious how to test for entanglement; even determining whether

a polynomially-sized vector is entangled is NP-hard Gharibian [2009]. If there exist efficient

approximate “disentanglers” that can create any separable state, then QMA = QMA(2);

see Aaronson et al. [2008] for some progress. Gharibian et al. [2018] describe quantum

variants of the polynomial hierarchy and connect their properties to bounds on QMA(2). It

is not even known whether there is a quantum oracle separating QMA and QMA(2) Aaronson

[2021].

PCPs and expander graphs Probabilistically checkable proofs (PCPs) show hardness

for CSPs with a constant gap Arora and Safra [1992], Arora et al. [1998a], Harsha [2004].

Dinur Dinur [2007] proves the PCP theorem using a regularization step, which adds new

constraints associated with the edges of a regular expander graph. Polynomial-time regu-

larization for NEXP requires an efficient description of exponentially-sized expander graphs.

Recent advances in expander graph constructions Lubotzky [2009], Alon [2021] allow for this

type of regularization, first used in Jeronimo and Wu [2023b].

Quantum states and relative phase Up to a global phase, states with non-negative

amplitudes are equivalent to states with no relative phase. Jeronimo and Wu [2023b] propose

the class QMA+ and QMA+(2), and show QMA+(2) = NEXP. Note that by contrast, QMA

restricted to states with real amplitudes is equal to QMA McKague [2013]. Relative phase was

recently proposed as a quantum resource Xu [2023]. For both QMA and QMA(2), restricting

Merlin in completeness to send a subset state does not change the power of the complexity

class (i.e., QMA = SQMA and QMA(2) = SQMA(2)). Grilo et al. [2014] also shows why their

proof strategy fails if Merlin is restricted in both completeness and soundness.

64



Rigidity and games Rigidity was first formally introduced in the context of non-local

games Mayers and Yao [2004], and have been used to prove several complexity class equalities.

For example, the CHSH game Clauser et al. [1969] tests for a maximally entangled state on

two qubits Tsirelson [1993], and was used to prove QMIP = MIP∗ Reichardt et al. [2013]. The

Mermin-Peres magic square game tests for two copies of a maximally entangled quantum

state, and was used to prove MIP∗ = RE Ji et al. [2021b]. Rigidity is known to exist in

broader contexts, including some (but not all) linear constraint games Cui et al. [2020] and

monogamy-of-entanglement games Broadbent and Culf [2023].

3.3 Our setup

We restate the definition of QMA+(k) from Jeronimo and Wu [2023b]. When the proof

length is not specified, it is allowed to be at most any polynomial in input size. We follow

the conventions QMA+ := QMA+(1), QMA+(k) :=
⋃
c−s=Ω(1)QMA+(k)c,s, and QMA+

log :=

QMA+ with proof length at most O(log n).

Definition 61 (QMA+
ℓ (k)c,s). Let k : N → N and s, c, ℓ : N → R+ be polynomial time

computable functions. A promise problem Lyes,Lno ⊆ {0, 1}∗ is in QMA+
ℓ (k)c,s if there

exists a BQP verifier V such that for every n ∈ N and every x ∈ {0, 1}n:

• Completeness: if x ∈ Lyes, then there exist unentangled states |ψ1⟩ , . . . ,
∣∣∣ψk(n)〉,

each on at most ℓ(n) qubits and with real non-negative amplitudes, s.t.

Pr[V (x, |ψ1⟩ ⊗ . . .⊗
∣∣∣ψk(n)〉) accepts] ≥ c(n) . (3.1)

• Soundness: If x ∈ Lno, then for every set of unentangled states |ψ1⟩ , . . . ,
∣∣∣ψk(n)〉,

each on at most ℓ(n) qubits and with real non-negative amplitudes, we have

Pr[V (x, |ψ1⟩ ⊗ . . .⊗
∣∣∣ψk(n)〉) accepts] ≤ s(n) . (3.2)
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We make a few remarks on this complexity class, with extended discussion in Section 3.6.

First, we stress that the restriction to quantum proofs with non-negative amplitudes is

promise-symmetric, i.e. both in completeness and in soundness. This is unlike, for example,

the class SQMA Grilo et al. [2014]. Although the restriction to subset states is stronger than

non-negative amplitudes,3 its use only in completeness allows for SQMA = QMA. In fact, our

work implies that QMA with a promise-symmetric subset state restriction also interpolates

from QMA to NEXP, depending on the size of the promise gap.

We also explain why the promise gap of QMA+ cannot obviously be amplified. The first

strategy one might try is parallel repetition: an honest Merlin sends multiple copies of the

original proof and Arthur verifies each copy of the original proof. For QMA, entangling the

copies in soundness does not help Merlin, since Arthur’s protocol is sound for all quantum

states. But perhaps unintuitively, it can help for QMA+. (See Fact 88 for a simple example.)

This is because partial measurement can destroy the restriction on the quantum proof! For

example, Arthur’s first measurement may introduce relative phase in the rest of the proof.

This fact also obstructs more clever amplification strategies for QMA such as the proof-length

preserving variant Marriott and Watrous [2005a].

Furthermore, it is not clear how to upper-bound QMA+ beyond the trivial NEXP.4 One

technique to upper-bound QMA is to find the optimal proof using a semidefinite program (or

a general convex program). This shows that QMA ⊆ PSPACE (or QMA ⊆ EXP with a convex

program). But these arguments do not immediately transfer to QMA+. Convex optimization

over states with non-negative amplitudes is equivalent to optimizing over the copositive

cone Burer [2011]. Even the weak membership problem over the copositive cone (deciding if

the optimal vector is close to a non-negative vector) is NP-hard in polynomially-sized vector

spaces; recall that quantum states are in exponentially-sized vector spaces. These are the

same reasons that prevent straightforward upper bounds for QMA(2) Gharibian [2009].

3. A subset state is a uniform superposition over a subset of all computational basis states. States with
non-negative amplitudes are conical combinations of subset states.

4. QMA+ ⊆ NEXP by directly simulating the quantum proof and verifier.
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3.4 QMA+
log Protocol for NP

We first define the problem we consider:

Definition 62 (CSP system). A (N,R, q,Σ)-CSP system C on N variables with values in Σ

consists of a set (possibly a multi-set) of R constraints {C1, . . . , CR} where the arity of each

constraint is exactly q.

Definition 63 (Value of CSP). The value of a (N,R, q,Σ)-CSP system C is the maximum

fraction of satisfiable constraints over all possible assignments σ : [N ] → Σ. The value of C

is denoted val(C).

Definition 64 (GapCSP). The (1, δ)-GapCSP problem inputs a CSP system C. The task

is to distinguish whether C is such that (in completeness) val(C) = 1 or (in soundness)

val(C) ≤ δ.

Fix the input size n, and consider (N,R, q,Σ)-CSP systems where N and R are polyno-

mials in n. Deciding whether or not these systems are satisfiable is NP-hard. In fact, there

exists δ < 1 such that deciding (1, δ)-GapCSP on these CSP systems is NP-hard.

Theorem 65 (Dinur [2007]). There exist constants q > 1 and |Σ| such that (1, 1/2)-GapCSP

is NP-hard.

Our goal in this section is to construct a protocol for (1, δ)-GapCSP given any (N,R, q,Σ)

CSP system C where N,R = poly(n) and q, |Σ| = O(1). Let κ := |Σ|q. We first outline

the protocol. Arthur asks for a quantum state from CR ⊗ Cκ; we call the first register

the constraint register and the second register the color register. A quantum proof has the

following form:

|ψ⟩ :=
∑

j∈[R],x∈Σq

aj,x |j⟩ |x⟩ (3.3)
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For completeness, consider the satisfying assignment of variables (in [N ]) to values (in Σ).

Merlin sends the quantum proof 1√
R

∑
j∈[R] |j⟩

∣∣v⃗j〉, where each v⃗j is the (ordered) list of

values associated with the variables participating in Cj .

Arthur then applies one of two kinds of tests:

1. Rigidity tests : These ensure that the quantum proof is of the form 1√
R

∑
j∈[R] |j⟩

∣∣v⃗j〉.
2. Constraint tests : These verify that values in the quantum proof satisfy constraints of

the CSP system.

Below, we separately describe the rigidity tests and constraint tests. In each, we analyze the

success probability in completeness and prove lemmas to study soundness. We then combine

the technical statements to prove the result.

3.4.1 Rigidity tests

Arthur enforces rigidity of a quantum proof using two tests. The first test is the Density test,

which maximizes ℓ1 norm. Here, we measure the state in the Hadamard basis and accept if

the outcome is |+⟩.5 Given |ψ⟩, the success probability of this test is

D(|ψ⟩) = |⟨+|ψ⟩|2 =
1

κR

∣∣∣∣∣∣
∑

j∈[R],x∈Σq

aj,x

∣∣∣∣∣∣
2

=
1

κR
(∥ |ψ⟩ ∥1)2 . (3.4)

Recall that if |ψ⟩ is a subset state according to subset S, its sparsity ∥ |ψ⟩ ∥1 is exactly
√

|S|.

In completeness, the quantum proof is a subset state with R elements, so this test passes

with probability 1
κ .

The second test is the Validity test, which minimizes ℓ1 norm only on the second register.

Here, we measure the color register in the Hadamard basis, and reject if the outcome is |+⟩.

5. For simplicity, we denote the uniform superposition over all standard basis states by |+⟩. The dimension
is clear from the context.
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Given |ψ⟩, the success probability of this test is

V (|ψ⟩) = 1− ⟨+|TrR(|ψ⟩ ⟨ψ|) |+⟩ = 1− 1

κ

∑
j∈[R]

∣∣∣∣∣∣
∑
x∈Σq

aj,x

∣∣∣∣∣∣
2

, (3.5)

where TrR is partial trace over the constraint register. In completeness, recall that the proof

has the form 1√
R

∑
j∈[R] |j⟩

∣∣v⃗j〉, so the success probability is

1− ⟨+|

 1

R

∑
j∈[R]

∣∣v⃗j〉〈v⃗j∣∣
 |+⟩ = 1− 1

κ
. (3.6)

In fact, no quantum state without relative phase can pass the Validity test with a higher

probability:

Lemma 66. Suppose |ψ⟩ has no relative phase. Then V (|ψ⟩) ≤ 1− 1
κ .

Proof. The success probability V (|ψ⟩) is

1− 1

κ

∑
j∈[R]

(
∑
x∈Σq

aj,x)
2 = 1− 1

κ
(
∑
j∈[R]

∑
x,y∈Σq

aj,xaj,y) (3.7)

= 1− 1

κ
(1 +

∑
j∈[R]

∑
x,y∈Σq;x ̸=y

aj,xaj,y) ≤ 1− 1

κ
, (3.8)

where the second equality follows from
∑

j,x a
2
j,x = 1 and the inequality holds since aj,x ≥

0.

It turns out that is impossible to score high on both the Validity test and the Density

test. We use this to enforce the rigidity property of |ψ⟩.

Lemma 67. D(|ψ⟩) + V (|ψ⟩) ≤ 1.
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Proof. By Cauchy-Schwarz,

D(|ψ⟩) = 1

κR

∣∣∣∣∣∣
∑
j∈[R]

∑
x∈Σq

aj,x

∣∣∣∣∣∣
2

≤ 1

κ

∑
j∈[R]

∣∣∣∣∣∣
∑
x∈Σq

aj,x

∣∣∣∣∣∣
2

= 1− V (|ψ⟩) .

Why does this help with rigidity? Suppose Arthur inputs a quantum proof (with-

out relative phase) |ψ⟩ and runs Density test with probability p1 and Validity test with

probability p2. Suppose also that p2 > p1. Then the expected success probability is

p1D(|ψ⟩) + p2V (|ψ⟩) ≤ p1 + (p2 − p1)V (|ψ⟩) ≤ p1 + (p2 − p1)(1 − 1
κ). Note that this

upper bound is achieved in completeness, and for any state of the form 1√
R

∑
j∈R |j⟩

∣∣v⃗j〉.
We show that quantum proofs must have this form to reach the upper bound.

One requirement to get close to the upper bound is near-optimal success probability on

Validity test. We prove that any quantum proof that has this property must be close to a

state that assigns one color to each constraint.

Lemma 68. Given |ψ⟩ =
∑

j,x aj,x |j⟩ |x⟩ with no relative phase (i.e. aj,x ≥ 0), let

γ := max
ν:[R]→Σq

∑
j∈[R]

a2j,ν(j) (3.9)

be associated with maximizing function σ, and let |ϕ⟩ := 1√
γ

∑
j aj,σ(j) |j⟩ |σ(j)⟩. Fix any

d ≥ 0. If V (|ψ⟩) = 1− 1+d
κ , then |⟨ψ|ϕ⟩|2 ≥ 1− d.

Proof. Note that for all x ∈ Σq, aj,σ(j) ≥ aj,x; otherwise, σ is not maximizing. Using the

proof of Lemma 66,

d =
∑
j∈[R]

∑
x,y∈Σq;x ̸=y

aj,xaj,y ≥
∑
j∈[R]

∑
y∈Σq;y ̸=σ(j)

aj,σ(j)aj,y ≥
∑
j∈[R]

∑
y∈Σq;y ̸=σ(j)

a2j,y . (3.10)
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So then,

γ =
∑
j∈[R]

a2j,σ(j) = (
∑
j∈[R]

∑
x∈Σq

a2j,x)− (
∑
j∈[R]

∑
x∈Σq;x ̸=σ(j)

a2j,x) ≥ 1− d . (3.11)

So |⟨ψ|ϕ⟩|2 = ( 1√
γ

∑
j a

2
j,σ(j)

)2 = γ ≥ 1− d.

Another requirement to get close to the upper bound is near-optimal success probability

on Density test, up to Lemma 67. Consider any quantum proof that passes Validity test

with probability close to 1− 1
κ and Density test with probability close to 1

κ ; we show it must

be close to a state of the form 1√
R

∑
j∈R |j⟩

∣∣v⃗j〉. Now we can prove the soundness of the

rigidity test by relying on the following fact:

Fact 69. Let 0 ≤ Π ≤ I be a positive semi-definite matrix, and let |ψ1⟩ and |ψ2⟩ be quantum

states such that |⟨ψ1|ψ2⟩|2 ≥ 1− d. Then |⟨ψ1|Π |ψ1⟩ − ⟨ψ2|Π |ψ2⟩| ≤
√
d.

Proof. The quantity

|⟨ψ1|Π |ψ1⟩ − ⟨ψ2|Π |ψ2⟩| = |Tr(Π (|ψ1⟩⟨ψ1| − |ψ2⟩⟨ψ2|))| (3.12)

is upper-bounded by the trace distance of |ψ1⟩⟨ψ1| and |ψ2⟩⟨ψ2|, which has value

√
1− |⟨ψ1|ψ2⟩|2 ≤

√
d.

Lemma 70 (Rigidity lemma). Let d2 ≥ d1 ≥ 0 be small constants. Suppose |ψ⟩, |ϕ⟩, and σ

are defined as in Lemma 68, and |χ⟩ is defined as

|χ⟩ := 1√
R

∑
j∈[R]

|j⟩ |σ(j)⟩ . (3.13)

If D(|ψ⟩) = 1
κ − d1 and V (|ψ⟩) = 1− 1

κ − d2, then |⟨χ|ψ⟩|2 ≥ 1− κd1 − (κ+ 1)
√
κ · d2.

Proof. By Lemma 68, we know that |⟨ψ|ϕ⟩|2 ≥ 1− κ · d2. So by Fact 69, for any quantum
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state |µ⟩,
∣∣∣|⟨µ|ϕ⟩|2 − |⟨µ|ψ⟩|2

∣∣∣ ≤ √
κ · d2. We use this in two places. First, when |µ⟩ = |+⟩.

Since D(|ψ⟩) = |⟨+|ψ⟩|2 = 1
κ−d1, we have |⟨+|ϕ⟩|2 ≥ 1

κ−d1−
√
κ · d2 by triangle inequality.

Second, when |µ⟩ = |χ⟩. Notice that

|⟨χ|ϕ⟩|2 = κ |⟨+|ϕ⟩|2 ≥ 1− κ(d1 +
√
κ · d2) . (3.14)

Again by triangle inequality,

|⟨χ|ψ⟩|2 ≥ 1− κ(d1 +
√
κ · d2)−

√
κ · d2 .

Intuitively, Lemma 70 allows us to tune the probability of each test in the NP protocol.

As we explain in the analysis (Section 3.4.3), if the probabilities of running Validity test and

Density test are much higher than that for constraint tests, then if d1 or d2 is large, these

two tests catch a “deceptive” quantum proof in soundness. This allows constraint tests to

focus on the case of small d1 and d2; i.e. nearly rigid quantum proofs.

3.4.2 Constraint tests

We analyze the constraint tests on rigid quantum proofs, i.e. states of the form |ψ⟩ =

1√
R

∑
j∈[R |j⟩

∣∣v⃗j〉. The verifier needs to check two properties:

(i) (satisfiability) For all j ∈ [R], the assignment v⃗j satisfies Cj .

(ii) (consistency) Each variable is assigned the same value when participating in different

constraints.

One may ask why we even need to check for consistency. Couldn’t we ask for the assignment

of each variable a : [N ] → Σ, for example as the quantum proof 1√
N

∑
i∈[N ] |i⟩ |a(i)⟩? The

problem with this is checking satisfiability becomes difficult, since the assigned values are
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given in superposition.6

Instead, with a state 1√
R

∑
j∈[R |j⟩

∣∣v⃗j〉, satisfiability is easy to verify: measure the first

register (observing some |j⟩
∣∣v⃗j〉), and compute Cj(v⃗j). Let us be the number of unsatisfied

constraints. The outcome is 1 with probability 1− us
R .

But this form of quantum proof gives Merlin a new way to “deceive”: for a given variable,

send different values depending on the constraint! We prevent this by checking for consis-

tency, similarly to the pre-processing step of Dinur [2007] sometimes called regularization.

As in [Jeronimo and Wu, 2023b, Section 7], we add “consistency constraints” to the CSP

system C as follows:7

• For each variable i ∈ [N ], let Vi represent the constraints that i participates in.

• Fix a constant d. For each i ∈ [N ], draw a d-regular graph with vertices Vi that is

expanding.8

• Each edge (j1, j2) of each expander Vi represents a “consistency constraint”, where

we assert that the value of variable i sent with constraint j1 equals that sent with

constraint j2.

Using expander graphs allows us to prevent this kind of “deceptive” Merlin: either the proof

fails many of the original constraints, or it fails many “consistency constraints”. Let ue be

the number of unsatisfied “consistency constraints” out of Rq · d2 :

Claim 71 ([Dinur, 2007, Lemma 4.1]). Consider a (N,R, q,Σ)-CSP system C, and apply

regularization. If val(C) = 1, then all “consistency constraints” can be simultaneously sat-

isfied. If val(C) ≤ δ, then the total number of unsatisfied constraints (us + ue) is at least

(1− δ)R.

6. There is a way around this limitation for CSP systems consisting of unique game constraints, where
each (binary) constraint involving variables i1, i2 accepts exactly one a(i2) for each a(i1). See [Jeronimo and
Wu, 2023b, Section 6] for more discussion.

7. Note that since N and R are polynomially-sized, this process is efficient.

8. For technical reasons of Claim 71, we require that the Cheeger constant is at least 2.
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How do we check these “consistency constraints”? Over the next few paragraphs, we

construct a unitary related to permutations on the constraint graph. In completeness, the

quantum proof is an eigenvector of this unitary, but in soundness, all rigid quantum proofs

are detectably far (i.e. using a Hadamard test) from an eigenvector. We study the graph

G̃ with R · q vertices, where each vertex (j, i) corresponds to a clause j and a variable i

that participates in clause j. Let G̃ be the union of all consistency edges created during

regularization, i.e. (j1, j2) for variable i becomes the edge ((j1, i), (j2, i)). Note that G̃

contains a copy of each expander graph, so it is d-regular.

We now choose d permutations. It is a classical fact that the adjacency matrix of any

d-regular graph can always be decomposed to d permutations. Let π1, . . . , πd be the decom-

position of G̃; recall that these are permutations on V (G̃) where |V (G̃)| = R · q. For each

k ∈ [d], we identify πk with a permutation on [R]× [N ], where any (j, i) ∈ [R]× [N ] that is

not a vertex of G̃ (i.e. variable i does not participate in constraint j) is mapped to itself.9

Note that this map always preserves the variable i ∈ [N ]; without loss of generality, we also

identify πk with its restriction [R] × [N ] → [R]. From here on, we use this last definition

of πk, which maps constraint j1 that variable i participates in to another constraint j2 that

variable i participates in, and identity otherwise.

Now consider a rigid quantum proof, i.e. of the form |ψ⟩ = 1√
R

∑
j∈[R] |j⟩

∣∣v⃗j〉. Since

there are a polynomial number of variables and constraints, we can efficiently transform |ψ⟩

to
∣∣ϕ′〉, where

∣∣ϕ′〉 := 1√
q ·R

∑
j∈[R]

∑
i∈Cj

|j⟩
∣∣v⃗j〉 |i⟩ ∣∣vj(i)〉 . (3.15)

Here, i ∈ Cj are the variables participating in Cj , and vj(i) is the value of this variable

according to v⃗j .

We now would like to construct a unitary on
∣∣ϕ′〉 that maps |j⟩ |i⟩ |value⟩ to

∣∣j′〉 |i⟩ |value⟩
9. These permutations (and their inverses) are all efficient because N and R are polynomially-sized.
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for some other constraint j′ that i participates in. In completeness, this unitary would

leave the state unchanged. Notice that from the perspective of such a unitary, the second

register containing
∣∣v⃗j〉 is “junk”. Fortunately, we can measure out the second register in the

Hadamard basis, and reject if the outcome is not |+⟩. All rigid states will observe outcome

|+⟩ with probability 1
κ ; one can see this by writing the second register in the Hadamard

basis.

Suppose the observed outcome is |+⟩; let us call the postselected state |ϕ⟩, where

|ϕ⟩ := 1√
q ·R

∑
j∈R

∑
i∈Cj

|j⟩ |i⟩
∣∣vj(i)〉 . (3.16)

For each k ∈ [d], we now implement the in-place transformation Πk according to πk :

[R]× [N ] → [R], where

Πk : |j⟩ |i⟩
∣∣vj(i)〉→ |πk(j, i)⟩ |i⟩

∣∣vj(i)〉 . (3.17)

Recall that the map (j, i) 7→ (πk(j, i), i) is a permutation. Since we have access both to this

permutation and its inverse, we can implement Πk.

Note that in a satisfiable instance, Πk |ϕ⟩ = |ϕ⟩. By contrast, if vj(i) ̸= vj′(i), Πk |ϕ⟩

is orthogonal to |ϕ⟩. Hence, ⟨ϕ|Πk |ϕ⟩ is the fraction of satisfied “consistency constraints”

observed by πk. We use the Hadamard test to measure this value, in a similar way to the

Spectral test in Bassirian et al. [2023a]. Note that unlike the swap test, the Hadamard test

only uses one copy of a quantum state.

Definition 72 (Hadamard test). Let |ψ⟩ be a quantum state and U a unitary operator.

1. Prepend a control qubit to |ψ⟩, to create |0⟩ |ψ⟩.

2. Apply a Hadamard on the control qubit, to create 1√
2
(|0⟩+ |1⟩) |ψ⟩.

3. Apply U , controlled by the control qubit, to create 1√
2
(|0⟩ |ψ⟩+ |1⟩U |ψ⟩).
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4. Apply a Hadamard on the control qubit, to create:

1

2
|0⟩ (|ψ⟩+ U |ψ⟩) + 1

2
|1⟩ (|ψ⟩ − U |ψ⟩) .

5. Measure the control qubit, and accept if the output is 0.

The success probability is then

1

4
∥|ψ⟩+ U |ψ⟩∥2 =

1

2
+

1

4
⟨ψ|U + U† |ψ⟩ = 1

2
+

Re ⟨ψ|U |ψ⟩
2

. (3.18)

We now can describe the constraint tests together:

(i) With probability 1
qdκ+1 , check satisfiability. This succeeds with probability 1− us

R .

(ii) W. P. qdκ
qdκ+1 , generate

∣∣ϕ′〉, and measure the second register in the Hadamard basis. If

the output state is not |+⟩, reject. Otherwise, choose a random k ∈ [d], and perform a

Hadamard test with Πk. This succeeds with probability 1
κ(

1
2 + 1

2Ek[Re ⟨ϕ|Πk |ϕ⟩]) =
1
κ(1−

ue
qdR).10

The overall success probability of the constraint tests is

1

qdκ+ 1
(1− us

R
) +

qdκ

qdκ+ 1

(
1

κ
· (1− ue

qdR
)

)
=

qd+ 1

qdκ+ 1
− ue + us
R · (qdκ+ 1)

. (3.19)

We now show a constant gap between completeness and soundness. In completeness, ue =

us = 0, so |ψ⟩ passes the constraint tests with probability CYES := qd+1
qdκ+1 . In soundness,

recall that val(C) ≤ δ, so by Claim 71, any rigid quantum proof passes the constraint tests

with probability at most CYES− 1−δ
qdκ+1 . We now apply Lemma 70: any quantum proof that

passes Density test and Validity test with probabilities too similar to that in completeness

must pass the constraint tests with probability less than CYES.

10. Note that in our protocol, ⟨ϕ|Πk |ϕ⟩ is always real because |ϕ⟩ and Πk have real values.
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Corollary 73. In soundness, if D(|ψ⟩) = 1
κ − d1 and V (|ψ⟩) = 1− 1

κ − d2, then

C(|ψ⟩) ≤ CYES − 1− δ

qdκ+ 1
+
(
κd1 + (κ+ 1)

√
κ · d2

)1/2
. (3.20)

3.4.3 Analysis

In the protocol, Arthur applies Density test, Validity test, or constraint tests with probability

p1, p2, p3, respectively, where p3 = 1− p1 − p2.

We start by analyzing the success probability of the protocol in completeness. Here,

val(C) = 1, and the quantum proof |ψ⟩ = 1
R

∑
j |j⟩

∣∣v⃗j〉 is such that v⃗j is a satisfying

assignment to the variables that participate in Cj . The success probability for each test

is exactly 1
κ , 1 − 1

κ , and CYES, respectively. So the success probability of the protocol in

completeness is PYES = p1
κ + p2(1− 1

κ) + p3C
YES.

We now choose the probabilities p1, p2, p3. Choose λ := 1−δ
qdκ+1 .

1. We first set a distance threshold ε := λ
Γ for a large enough constant Γ(κ, q, d, δ) satis-

fying

(
κε+ (κ+ 1)

√
κ · ε

)1/2 ≤ λ

2
. (3.21)

2. Let Z := 1
2 + 1 + ε

4(1−CYES)
. Then let

p1 =
1

2
· 1
Z

p2 =
1

Z
p3 =

ε

4(1− CYES)
· 1
Z
. (3.22)

Now we study soundness, i.e. when val(C) ≤ δ. We again denote the quantum proof as |ψ⟩.

We divide up the analysis into a few parts:

1. A quantum proof that is “too sparse” (i.e. D(|ψ⟩) = 1
κ − d for any d ≥ ε) is detected
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by Density test.

PNO = p1(
1

κ
− d) + p2V (|ψ⟩) + p3C(|ψ⟩) (3.23)

≤ PYES − p1d+ p3(1− CYES) (3.24)

≤ PYES − p1ε+ p3(1− CYES) (3.25)

= PYES − ε

2Z
+

ε

4Z
= PYES − ε

4Z
. (3.26)

2. A quantum proof that is “too dense” (i.e. D(|ψ⟩) = 1
κ + d for any d ≥ ε) is detected by

Validity test.

PNO = p1(
1

κ
+ d) + p2V (|ψ⟩) + p3C(|ψ⟩) (3.27)

≤ p1(
1

κ
+ d) + p2(1−

1

κ
− d) + p3 (3.28)

= PYES − (p2 − p1)d+ p3(1− CYES) (3.29)

≤ PYES − (p2 − p1)ε+ p3(1− CYES) (3.30)

= PYES − ε

2Z
+

ε

4Z
= PYES − ε

4Z
, (3.31)

where the first inequality follows from Lemma 67.

3. A quantum proof that is “the right density” (i.e. D(|ψ⟩) = 1
κ + d1 for |d1| ≤ ε) but

far from “valid” (V (|ψ⟩) = 1 − 1
κ − d2 for d2 ≥ ε) is detected by Validity test when

p2 > p1.

PNO ≤ p1(
1

κ
+ |d1|) + p2(1−

1

κ
− d2) + p3 (3.32)

≤ PYES + p1|d1| − p2d2 + p3(1− CYES) (3.33)

≤ PYES − (p2 − p1)ε+ p3(1− CYES) (3.34)

= PYES − ε

4Z
. (3.35)
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4. Lastly, a quantum proof that is nearly rigid (i.e. D(|ψ⟩) = 1
κ + d1 and V (|ψ⟩) =

1− 1
κ − d2 for any |d1|, d2 ≤ ε) is detected by the constraint tests.

PNO = p1(
1

κ
+ d1) + p2(1−

1

κ
− d2) + p3C(|ψ⟩) (3.36)

≤ PYES + p1d1 − p2d2 + p3

(
− 1− δ

qdκ+ 1
+
(
κd1 + (κ+ 1)

√
κ · d2

)1/2)
(3.37)

≤ PYES + p1d1 − p2d2 − p3
λ

2
. (3.38)

The first inequality follows from Corollary 73, and the second inequality holds by our

choice of ε. Note that d2 ≥ 0 by Lemma 66. By Lemma 67, if d1 ≥ 0, then d1 ≤ d2;

otherwise d1 ≤ d2 trivially. So then

PNO ≤ PYES − (p2 − p1)d2 − p3
λ

2
≤ PYES − ελ

8(1− CYES)Z
. (3.39)

Combining these cases proves the following result:

Theorem 74. Given an instance of (1, δ)-GapCSP, the QMA+
log protocol succeeds with

probability PYES in completeness and at most PYES − ∆ in soundness for some constants

1 > PYES > ∆ > 0.

Corollary 75. There exist constants 1 > PYES > ∆ > 0 such that NP ⊆ QMA+
log with

completeness PYES and soundness PYES −∆.

3.5 QMA+ protocol for NEXP

Our goal in this section is to modify the previous protocol to solve an NEXP-complete prob-

lem. Again by the PCP theorem, the succinct (1, δ)-GapCSP problem with exponentially

many variables and clauses is NEXP-complete. The succinctness allows us to efficiently de-

scribe the problem input. What remains is to ensure that the verifier’s protocol is efficient.

Previously, the unitary transformations were efficient because the verifier handled poly(n)-
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size graphs. Furthermore, the expanders used to check the equality constraints for each

variable may have different sizes. Now that there can be exponentially many possibilities

for the size of each cluster, naively applying the previous technique is not efficient. These

challenges were addressed in Jeronimo and Wu [2023b] by considering a PCP construction

for NEXP with strong properties.

Theorem 76 (Jeronimo and Wu [2023b]). There is a NEXP-hard (1, δ)-GapCSP instance

for some (N = 2poly(n), R = 2poly(n), q = O(1),Σ = {0, 1})-CSP system C that is both

τ -strongly uniform for some constant τ and polylog(NR)-doubly explicit.

Informally, every constraint in a succinct CSP system must be computable in polynomial

time. The doubly explicit property further requires the existence of efficient maps from

variables to constraints and from constraints to variables. Intuitively, these maps allow us

to efficiently implement the Hadamard test of the consistency checks.

We include the formal definition of these properties. Define AdjC(j) to be the list of

variables participating in Cj , and AdjV (i) be the list of constraints that depend on variable

i.

Definition 77 (Doubly explicit CSP). A (N,R, q,Σ)-CSP system C is Z(N,R)-doubly ex-

plicit if for all i ∈ [N ] and j ∈ [R], the following are computable in time Z(N,R):

(i) Cardinality of AdjV (i) and AdjC(j) for all i ∈ [N ] and j ∈ [R].

(ii) Adjind
C : [R] × [N ] → [q]; if i participates in Cj, then Adjind

C (j, i) = ı is the index of i

in AdjC(j).

(iii) AdjidC : [R]× [q] → [N ]; AdjidC (j, ı) = i is the ı-th variable of AdjC(j).

(iv) Adjind
V : [N ]× [R] → [R]; if i participates in Cj, then Adjind

V (i, j) = ȷ is the index of j

in AdjV (i).

(v) AdjidV : [N ]× [R] → [R]; AdjidV (i, ȷ) = j is the ȷ-th variable AdjV (i).
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This property alone is not enough for efficient regularization: the verifier must know how

to implement an expander of size |AdjV (i)| for all variables i. The strongly uniform property

resolves this complication.

Definition 78 (Strongly uniform CSP). Let τ ∈ N. A (N,R, q,Σ)-CSP system C is τ -

strongly uniform if the variable set [N ] can be partitioned into at most τ different subsets⋃
y Vy such that |AdjV (i)| = |AdjV (j)| = nk if i and j belong to the same part Vk. Further-

more, the part k ∈ [τ ] can be determined in time polylog(NR).

A τ -strongly uniform CSP system allows the verifier to use τ different (possibly expo-

nential size) d-regular expanders. These can be constructed in polynomial time:

Theorem 79 (Doubly explicit expander graphs Lubotzky [2009], Alon [2021]). There is a

constant d such that the following explicit constructions of expander graphs exist:

1. For every n, there is a d-regular graph on n vertices.

2. For every prime p > 17, there is a d-regular graph on n = p(p2 − 1) vertices, and the

graph can be decomposed into d permutations π1, . . . , πd that can each be evaluated in

time polylog(n).11

Furthermore, the neighbors of each variable can be listed in polylog(n), and the graphs have

Cheeger constant at least 2.

With this theorem, the verifier can choose a large constant n0, and use Construction 1

if ni ≤ n0. Otherwise, the verifier can cover almost all ni vertices with an explicit expander

using Construction 2.

Theorem 80 (Primes in short intervals Cheng [2013]). There is an absolute constant k0

such that for any integer k > k0, there is a prime in the interval [k − 4k2/3, k].

11. In fact, since these graphs are Cayley graphs, both the permutations and their inverses can be evaluated
in time polylog(n). We use both πk and π−1

k in the constraint tests to implement the unitary Mk.
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We modify the protocol to expect the quantum proof |p1, p2, . . . , pτ ⟩ ⊗ 1
R

∑
j∈R |j⟩

∣∣v⃗j〉
such that each pi ∈ [⌊n1/3i ⌋ − 4⌊n1/3i ⌋2/3, ⌊n1/3i ⌋]. The verifier measures the primes, and

can always check that every pi is a prime number in the required range. The rest of the

analysis is similar to the NP protocol, but regularized using these efficient expanders. We

first explain how to efficiently implement the constraint tests, and then analyze the QMA+

protocol.

3.5.1 Efficient constraint tests

We show how to efficiently implement consistency checks that imply a version of Claim 71.

Fix any vertex i. Let n be the number of constraints that depend on i and p be the

corresponding prime. Let n0 be a large enough constant. If n ≤ n0, then use Construction 1

d-regular expander to wire new copies of the vertex together, just as for NP. Otherwise, use

Construction 2 to generate a d-regular expander graph of size p(p2 − 1) ∈ [n − O(n8/9), n]

that wires nearly all copies of the vertex together. Then add d self-loops for the remaining

vertices. The number of vertices with self loops is at most some ηn (for some small constant

η) since p(p2−1) ≥ n−O(n8/9); we can make η arbitrarily small by choosing a large enough

n0.

Claim 81 (Jeronimo and Wu [2023b]). Consider a (N,R, q,Σ)-CSP system C, and apply

efficient regularization. If val(C) = 1, then all “consistency constraints” can be simultane-

ously satisfied. If val(C) ≤ δ, then the total number of unsatisfied constraints is at least

(1− δ − qη)R.

The analysis of Claim 81 is similar to Claim 71. The additional factor of qη comes from

the self-loop constraints; these can be satisfied without violating any “consistency constraint”.

After measuring the primes, let the verifier act on the space CR ⊗Cκ ⊗CN ⊗C|Σ|. We

explicitly define the unitary operators that are used in the NP protocol. These definitions

exactly match Jeronimo and Wu [2023b]. First, operator A expands the values from the list
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of values of variables involved in each constraint:

A : |j⟩ |v⟩ |0⟩ |0⟩ → 1

q

q∑
r=1

|j⟩ |v⃗⟩ |ir⟩ |vr⟩ , (3.40)

Here, v is the list of values of variables involved in constraint j, ir is the r-th variable involved

in j, and vr is the value of ir according to v. Next, define the permutation operators Mk

for each k ∈ [d] that implement the d permutations of each efficiently constructed expander:

Mk : |j⟩ |v⟩ |i⟩
∣∣v′〉→ |Πk(j, i)⟩ |v⟩ |i⟩

∣∣v′〉 (3.41)

The last operation computes the constraints in superposition:

B |j⟩ |v⟩ |0⟩ → |j⟩ |v⟩
∣∣Cj(v)〉 (3.42)

Theorem 82 (Jeronimo and Wu [2023b]). A,B,Mk can be implemented by BQP circuits.

3.5.2 Analysis

The analysis is nearly the same as in the NP protocol, with the minor difference that the

verifier also receives p1, . . . , pτ in the quantum proof. The rigidity tests are unchanged. For

the constraint tests, the verifier can use the explicit operators A,B,Mk:

(i) For satisfiability, the prover computes B |ψ⟩ |0⟩ and measures the second qubit in the

standard basis.

(ii) For consistency, the prover computes A |ψ⟩, selects random d ∈ [k], and uses Mk in

Hadamard test.
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We already know that for a quantum proof of the valid form, we can write the success

probability as:

C(|ψ⟩) = qd+ 1

qdκ+ 1
− ue + us
R · (qdκ+ 1)

(3.43)

To be able to analyze soundness, all that is left is to reprove Corollary 73 to handle

the subtle difference between Claim 81 and Claim 71. Let D(|ψ⟩) = 1
κ ± d1 and V (|ψ⟩) =

1− 1
κ − d2, then we can write:

C(|ψ⟩) = CYES − ue + us
R · (qdκ+ 1)

(3.44)

≤ CYES − R · (1− δ − qη)

R · (qdκ+ 1)
+
(
κd1 + (κ+ 1)

√
κ · d2

)1/2
. (3.45)

We can choose a small enough η (via large enough n0) so that ηq < 1−δ
2 .

Corollary 83. If D(|ψ⟩) = 1
κ ± d1 and V (ψ) = 1− 1

κ − d2, then:

C(|ψ⟩) ≤ CYES − 1− δ

2 (qdκ+ 1)
+
(
κd1 + (κ+ 1)

√
κ · d2

)1/2
For soundness, the same analysis of Section 3.4.3 goes through by reducing λ by a factor

of 2; this change comes from Corollary 83, which handles the extra qη self-loop constraints.

All together:

Theorem 84. Consider (1, δ)-GapCSP with a (N = 2poly(n), R = 2poly(n), q = O(1),Σ =

{0, 1})-CSP system that is polylog(NR)-doubly explicit and O(1)-strongly uniform. The

QMA+ protocol solves this problem with completeness c and soundness s for some constants

1 > c > s > 0.

Corollary 85. There exist constants 1 > c > s > 0 such that NEXP ⊆ QMA+
c,s.
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3.6 Subtle features of QMA+

3.6.1 Promise symmetry matters

One can imagine restricting to proofs with non-negative amplitudes only in completeness.

But this class is equal to QMA:

Fact 86. Consider the class QMA+′
, where the proof must have non-negative amplitudes

only in completeness. Since subset states have non-negative amplitudes, SQMA ⊆ QMA+′ ⊆

QMA. By Grilo et al. [2014], SQMA = QMA+′
= QMA.

Instead, QMA+ also restricts the proof in soundness, which reduces the ways Merlin can

“deceive” Arthur. This increases the power of the complexity class:

Corollary 87. Notice that QMA+′
c,s ⊆ QMA+

c,s for any choice of 0 ≤ c, s ≤ 1, since any

QMA+′
c,s protocol is also a QMA+

c,s protocol. Since QMA = QMA+′
, QMA ⊆ QMA+

c,s whenever

c < 1 and c− s ≥ 1
p(n)

for any polynomial p(n).

In general, suppose R is a set of quantum states that approximate all quantum states

(i.e. an ϵ-covering) by at least an inverse polynomial in number of qubits. Then QMA is

equal to QMA restricted to R in completeness, and at most QMA restricted to R in both

completeness and soundness.

Furthermore, classes that modify QMA only in completeness enjoy promise gap amplifi-

cation through parallel repetition. This does not hold for promise-symmetric modifications.

We provide a simple example of how parallel repetition fails to amplify the promise gap of

QMA+:

Fact 88. Consider a Hermitian and positive semidefinite matrix M . Let

∥M∥+ := max
|v⟩≥0

∥M |v⟩ ∥2
∥ |v⟩ ∥2

be the maximum value among real non-negative vectors. Then it is possible for ∥M⊗M∥+ >

∥M∥2+.
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Proof. Consider two qubits and the projector M = |x−⟩ ⟨x−|, where M projects into the

Pauli-X basis (i.e. |x−⟩ = 1√
2
(|0⟩ − |1⟩)). Then ∥M∥+ = 1√

2
, maximized at |0⟩ or |1⟩. But

using the state |χ⟩ = 1√
2
(|00⟩+ |11⟩), ∥M ⊗M∥+ ≥ ∥M |χ⟩ ∥ = 1√

2
> ∥M∥2+.

3.6.2 QMA+ at some constant gap equals QMA

Perhaps surprisingly, QMA+
c,s equals QMA for some constants 1 > c > s > 0. This is because

every quantum state can be approximated (up to a constant) by a quantum state without

relative phase:

Proposition 89. QMA+
c,s ⊆ QMAc,4s.

Proof. Consider a problem in QMA+
c,s, and let Π1 be its accepting operator. We will use the

same circuit in QMA, and analyze the new completeness and soundness.

• (completeness) The same completeness proof is a valid proof for QMA, accepting with

completeness c.

• (soundness) Recall that ⟨χ|Π1 |χ⟩ ≤ s for any |χ⟩ with non-negative amplitudes.

Consider any state |ψ⟩ with real (but possibly negative) amplitudes. Separate and

normalize its positive entries and negative entries, i.e. |ψ⟩ = √
p |ψ+⟩ −

√
1− p |ψ−⟩.

Notice that ⟨ψ+|ψ−⟩ = 0, so |ψ⟩ is of unit norm. Then

⟨ψ|Π1 |ψ⟩ = p ⟨ψ+|Π1 |ψ+⟩+ (1− p) ⟨ψ−|Π1 |ψ−⟩ (3.46)

−
√
p(1− p)(⟨ψ−|Π1 |ψ+⟩+ ⟨ψ+|Π1 |ψ−⟩) (3.47)

≤ p ⟨ψ+|Π1 |ψ+⟩+ (1− p) ⟨ψ−|Π1 |ψ−⟩ (3.48)

+ 2
√
p(1− p)

√
⟨ψ−|Π1 |ψ−⟩ ⟨ψ+|Π1 |ψ+⟩ (3.49)

≤ s+ 2s
√
p(1− p) ≤ 2s , (3.50)

where the first inequality holds by Cauchy-Schwarz because Π1 is positive semidefinite.
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Similarly, consider any state with arbitrary amplitudes. Separate and normalize its

real and imaginary entries, i.e. |ϕ⟩ =
√
p′ |ϕR⟩+ i

√
1− p′ |ϕiR⟩. Notice that |ϕ⟩ is still

unit norm. By the same calculation, one finds that ⟨ϕ|Π1 |ϕ⟩ ≤ 4s.

Corollary 90. For any 0 < ε < 0.2, QMA+
0.8+ε,0.2 = QMA.

Proof. QMA+
0.8+ε,0.2 ⊆ QMA follows from Proposition 89. The other direction follows from

Corollary 87.

This is a strange phenomenon: depending on the choice of constants c > s, QMA+
c,s could

be as small as QMA and as large as NEXP!12 See Figure 1.2 for a pictorial description. An

implication of our work is that assuming EXP ̸= NEXP, QMA+ simply cannot be amplified.

3.7 Open questions

1. What is the relationship of QMA and QMA(2)? Our result does not immediately

say anything about QMA and QMA(2). It only suggests that for QMA, the restriction of

relative phase is maximally strong. For example, it is possible that QMA(2) = NEXP;

i.e. the restriction of entanglement across a fixed barrier may be just as powerful.

In fact, showing QMA(2) = QMA+(2) is still an open route to proving QMA(2) =

NEXP, but in light of this work, amplification for QMA+(2) must crucially rely on the

unentanglement promise.

2. Are other complexity classes sensitive to different constant-sized promise

gaps? We show that for QMA+
c,s, the parameter c

s can be “tuned” to change the

power of the class from QMA to NEXP (see also Figure 1.2). Do other complexity

classes drastically change power with different promise gaps? One similar class is

12. Note that the same phenomenon holds for QMA+(2) and QMA(2) with nearly the same proof. This is
why Jeronimo and Wu [2023b] was perceived as “just a constant gap away” from proving QMA(2) = NEXP.
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SBQP Kuperberg [2015], which equals BQPc,s when c
s = 2 (but unlike our work, c and

s are exponentially small). However, when c
s is allowed to be any number above 1,

BQPc,s is equal to PP Deshpande et al. [2022]. Note that relative to oracles, SBQP is

not closed under intersection, which was used to separate it from QMA Aaronson et al.

[2020].

3. State complexity vs. decision complexity? Although we prove that there are

constants c1, s1, c2, s2 such that QMA+
c1,s1 = QMA+(2)c2,s2 , we do not prove the exis-

tence of any product test (as in Harrow and Montanaro [2013]). In fact, it is possible

that no product test exists! This could lead to a separation between the complex-

ity of decision problems and state synthesis problems ; i.e. QMA+ = QMA+(2) but

stateQMA+ ̸= stateQMA+(2). In fact, it is even possible that QMA = QMA(2) but

stateQMA ̸= stateQMA(2). This inquiry can help us understand whether (or how) the

power of unentanglement is useful when solving decision problems.
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CHAPTER 4

NON-COLLAPSING MEASUREMENTS

This chapter is adapted (with minor modifications) from the work of Roozbeh Bassirian

and Kunal Marwaha. Superposition detection and QMA with non-collapsing measurements.

CoRR, abs/2403.02532, 2024. doi:10.48550/ARXIV.2403.02532. URL https://doi.org/

10.48550/arXiv.2403.02532.

4.1 Techniques and Contributions

Our techniques primarily follow that of Jeronimo and Wu [2023b], Bassirian et al. [2023b],

which are inspired by the work of Blier and Tapp Blier and Tapp [2010]. We describe the

general approach and then note the differences in this work.

The central challenge is to place an NEXP-complete problem in a variant of QMA. Fol-

lowing Jeronimo and Wu [2023b], Bassirian et al. [2023b], we use a succinct constraint

satisfaction problem with constant gap. In (1, δ)-GapCSP, either all constraints can be

satisfied, or at most a δ fraction of constraints can be satisfied. This problem is NEXP-hard

due to the PCP theorem Arora and Safra [1992], Arora et al. [1998a], Harsha [2004].1

Consider a witness over two registers: the constraint index register with a polynomial

number of qubits, and a constant-sized value register. The protocol chooses one of two tests

to run with some probability. The first test checks the rigidity of a quantum state, i.e.

accepting if the witness is close to the form 1√
R

∑
j∈[R] |j⟩ |σ(j)⟩. The second test verifies

the constraints of the CSP by measuring the state in the computational basis and verifying

the constraint indexed by the outcome of the first register. Using several tricks from the

PCP literature Dinur [2007], Jeronimo and Wu [2023b], the second test is able to decide

(1, δ)-GapCSP whenever the witness is rigid.

1. As we do not consider NP-completeness in this work, we often omit the word succinct when describing
(1, δ)-GapCSP.
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Surprisingly, the non-negative amplitudes guarantee is only used in the first test, i.e.

checking the rigidity of the witness. With some probability, the verifier encourages a large ℓ1-

norm by measuring the overlap with the uniform superposition state |+⟩. It must now enforce

that the witness sends at most one basis element in the value register per basis element in

the constraint index register. For example, after measuring the constraint index register in

the computational basis, the verifier must reject any superposition in the remaining quantum

state. Jeronimo and Wu [2023b], Bassirian et al. [2023b] can enforce this property assuming

the witness has non-negative amplitudes, thus deciding the NEXP-complete problem.

In this work, we consider any algorithm that detects superposition over constant-sized

computational basis states:

Definition 91 (Superposition detector). A superposition detector SupDetectk,ϵ,∆ is an al-

gorithm that inputs a quantum state |ψ⟩ on k qubits and outputs 1 or 0, such that:

• If |ψ⟩ is a computational basis state on k qubits, then SupDetectk,ϵ,∆(|ψ⟩) = 1 with

probability 1.

• If | ⟨e|ψ⟩ |2 ≤ 1− ϵ for every computational basis state |e⟩ on k qubits, then

SupDetectk,ϵ,∆(|ψ⟩) = 1

with probability at most 1−∆.

We show that if a quantum computer can implement a superposition detector over the

value register of the quantum witness, then it can check rigidity of the witness, and thus

decide the NEXP-complete problem. Since the value register is constant-sized, we only need

a superposition detector where k is some constant.

We use this generalization in two places. First, we show that a single non-collapsing

measurement allows a quantum computer to detect superposition on any quantum state,

and thus decide any problem in NEXP. This resolves Question 1. Curiously, in both the
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verification and advice setting Aaronson [2018], the power of non-collapsing measurements

is magnified when the verifier is given a state it cannot prepare.

Second, we show that if the witness has non-negative amplitudes, a quantum computer

can efficiently detect superposition; this reproves the statement QMA+ = NEXP Bassirian

et al. [2023b]. The superposition detection viewpoint gives new intuition for this result:

QMA+ and QMA+(2) pre-select quantum witnesses where the verifier can detect superpo-

sition. However, the verifier cannot detect superposition in all quantum witnesses unless

QMA ̸= NEXP. As a consequence, any proof of NEXP ⊆ QMA(2) must handle some wit-

nesses in a fundamentally new way.

We first prove the following statement:

Theorem 92 (Main theorem). Consider a variant of QMA where for any constant k and

ϵ > 0, there exists some ∆ = Ω( 1
poly(n)) such that SupDetectk,ϵ,∆ can be efficiently applied

to the quantum witness after a partial measurement in the computational basis. Then this

variant contains NEXP.

This has two direct consequences. First, since a superposition detector can be efficiently

implemented on all quantum states if the verifier can make non-collapsing measurements,

we resolve Question 1:

Corollary 93. Consider the variant of QMA where the verifier may make one non-collapsing

measurement of an arbitrary quantum state. Then this variant equals NEXP.

Second, since a superposition detector can be implemented for all quantum witnesses

with non-negative amplitudes, we recover the main result of Bassirian et al. [2023b]:

Corollary 94 (Bassirian et al. [2023b]). QMA+ = NEXP.

4.2 Related work

QMA and hidden-variable theories Aaronson initiated the study of quantum complex-

ity subject to hidden-variable theories in Aaronson [2005b]. They introduced the class DQP
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(Dynamical Quantum Polynomial-time), and showed evidence that this class was more pow-

erful than BQP. However, DQP has subtleties in its definition which make it particularly

challenging to study. To address this, Aaronson et al. [2014] introduced the concept of

“non-collapsing” measurement through the classes CQP and naCQP (non-adaptive CQP)2.

They showed evidence that these classes were only “slightly more powerful” than BQP. By

contrast, Aaronson [2018] showed that this power dramatically increased in the presence

of quantum advice: naCQP/qpoly = ALL ̸= BQP/qpoly. Aharonov and Regev Aharonov

and Regev [2003a] define a variant of QMA3, which can be interpreted as allowing non-

collapsing measurements on the accept/reject qubit at the end of the computation. This

variant is equal to QMA; see further discussion in Aaronson and Drucker [2013], Aaronson

[2023]. Non-collapsing measurements are also connected to “rewindable” quantum computa-

tion; see Hiromasa et al. [2023].

The complexity class QMA(2) The power of QMA(2) is not sensitive to the number

of separable partitions: Harrow and Montanaro [2013] showed that QMA(2) = QMA(k)

for k at most polynomial in n using a primitive called the product test. One reason to

believe that QMA(2) is powerful is that QMA(2) can decide NP using only logarithmic-sized

proofs Blier and Tapp [2010]; by contrast, QMA with logarithmic-sized proofs is equal to

BQP. However, since the QMA(2) protocol has a subconstant promise gap, it cannot (so far)

be scaled to NEXP Chen and Drucker [2010], Chiesa and Forbes [2011], Aaronson et al. [2008],

Pereszlényi [2012b], Gall et al. [2012]. If there exist efficient algorithms that “disentangle”

quantum states, then QMA = QMA(2); Aaronson et al. [2008], Akibue et al. [2024] show some

evidence that no “disentanglers” exist. Although QMA+ = QMA+(2) = NEXP Jeronimo and

Wu [2023b], Bassirian et al. [2023b], there exist constants c, s where QMA+
c,s ⊆ QMA and

QMA+(2)c,s ⊆ QMA(2). In fact, there exists a promise gap for QMA+(2) where a sharp

2. naCQP was called PDQP (Product Dynamical Quantum Polynomial-time) in a preprint of Aaronson
et al. [2014], and again in subsequent work Aaronson [2018], Aaronson et al. [2024b]. We use the name
naCQP.

3. Confusingly, this variant is called QMA+, not to be confused with QMA+ of Jeronimo and Wu [2023b].
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transition in complexity occurs (assuming there is a transition) Jeronimo and Wu [2024]; it

is unknown if the same is true for QMA+.

Concurrent work Aaronson et al. [2024b] simultaneously and independently study the

power of QMA with non-collapsing measurements. They show that this computational model

is equal to NEXP, also resolving Question 1. However, their proof uses O(n log n) non-

collapsing measurements, as opposed to just one in this work. Notably, they use different

techniques, building on the proofs of MIP = NEXP Babai et al. [1990] and naCQP/qpoly =

ALL Aaronson [2018]. They also explore the power of DQP Aaronson [2005b] in the contexts

of quantum verification and quantum advice. Note that one must make minor adjustments to

the definitions of CQP and naCQP Aaronson et al. [2014] to allow non-collapsing measurement

on a quantum witness. Aaronson et al. [2024b] makes a slightly different choice than this

work; we discuss this technicality further in Section 4.5.1.

4.3 Our Setup

We first define QMAc,s. When c, s are not specified, c−s is allowed to be at least any inverse

polynomial in input size. In general, the promise gap can be amplified via parallel repetition

or with more clever methods Marriott and Watrous [2005a], Nagaj et al. [2009].

Definition 95 (QMAc,s). Let c, s : N → R+ be polynomial-time computable functions. A

promise problem Lyes,Lno ⊆ {0, 1}∗ is in QMAc,s if there exists a BQP verifier V such that

for every n ∈ N and every x ∈ {0, 1}n:

• Completeness: if x ∈ Lyes, then there exists a state |ψ⟩ on poly(n) qubits, s.t.

Pr[V (x, |ψ⟩) accepts] ≥ c(n) . (4.1)
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• Soundness: If x ∈ Lno, then for every state |ψ⟩ on poly(n) qubits, we have

Pr[V (x, |ψ⟩) accepts] ≤ s(n) . (4.2)

We prove Theorem 92 using the NEXP-complete problem proposed by Jeronimo and Wu

[2023b].

Definition 96 (CSP system). A (N,R, q,Σ)-CSP system C on N variables with values in

Σ consists of a set (possibly a multi-set) of R constraints where the arity of each constraint

is exactly q.

Definition 97 (Value of CSP). The value of a (N,R, q,Σ)-CSP system C is the maximum

fraction of satisfiable constraints over all possible assignments σ : [N ] → Σ. The value of C

is denoted val(C).

Definition 98 (GapCSP). The (1, δ)-GapCSP problem takes as input a (N,R, q,Σ)-CSP

system C. The task is to distinguish whether C is such that (in completeness) val(C) = 1 or

(in soundness) val(C) ≤ δ.

Theorem 99 (Jeronimo and Wu [2023b]). There exist constants q and δ < 1 and a family of

succinct (Ni, Ri, q,Σ = {0, 1})-CSP systems {Ci}i≥1 for which the (1, δ)-GapCSP problem

is NEXP-complete.

In our proof, we use the same notion of rigidity Definition 143. These states map each

constraint to a single assignment in Σq. Bassirian et al. [2023b] showed a QMA protocol for

(1, δ)-GapCSP, assuming the quantum witness is a rigid state. In other words, the protocol

is sound only for rigid quantum witnesses.

Lemma 100 (Bassirian et al. [2023b]). There exist constants 0 < ξ ≤ CYES < 1 and a

QMACYES,CYES−ξ protocol ConstraintCheck such that for every (1, δ)-GapCSP instance I

guaranteed by Theorem 99, ConstraintCheck decides I assuming the quantum witness is a

rigid state.
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Jeronimo and Wu [2023b], Bassirian et al. [2023b] considered QMA+, a variant of QMA

such that the quantum witness always has non-negative amplitudes. Given this condition,

Bassirian et al. [2023b] designed a protocol to ensure the quantum witness is a rigid state,

and so NEXP ⊆ QMA+. In this work, we design a similar protocol assuming the existence

of efficient superposition detectors. We repeatedly make use of the following fact:

Fact 101 (Fuchs and van de Graaf [1998]). Let 0 ≤ Π ≤ I be a positive semi-definite matrix,

and let |ψ1⟩ and |ψ2⟩ be quantum states such that | ⟨ψ1|ψ2⟩ |2 ≥ 1− d. Then | ⟨ψ1|Π |ψ1⟩ −

⟨ψ2|Π |ψ2⟩ | ≤
√
d.

Proof. | ⟨ψ1|Π |ψ1⟩−⟨ψ2|Π |ψ2⟩ | = |Tr(Π(|ψ1⟩⟨ψ1| − |ψ2⟩⟨ψ2|))| is at most the trace distance

of |ψ1⟩⟨ψ1| and |ψ2⟩⟨ψ2|, which equals
√

1− | ⟨ψ1|ψ2⟩ |2 ≤
√
d.

4.4 Proof of main theorem

Our protocol depends on R, q,Σ that determine the (N,R, q,Σ)-CSP system C. It considers

quantum witnesses over two registers: a constraint index register of dimension R and a value

register of dimension κ := |Σ|q, i.e.

|ψ⟩ =
∑

j∈[R],x∈Σq

aj,x |j⟩ |x⟩ , (4.3)

for some aj,x ∈ C so that ⟨ψ|ψ⟩ = 1. Before describing the protocol, we define two tests,

Density and QuasiCheck, that act on the quantum witness. We use them in tandem to ensure

the witness is rigid.

Definition 102. Density takes as input a quantum state, measures it in the Fourier basis,

and accepts iff the observed basis element is 1√
R·κ

∑
j∈[R],x∈Σq |j, x⟩.

Definition 103. QuasiCheckϵ,∆ takes as input a quantum state, measures the constraint

index register in the computational basis, then sends the remaining quantum state to a su-

perposition detector SupDetectlog κ,ϵ,∆, and accepts iff the output of SupDetectlog κ,ϵ,∆ is 1.
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Density is straightforward: it checks the overlap of a quantum state with the uniform

superposition state. Let A(V, |ψ⟩) be the acceptance probability of test V when input the

quantum state |ψ⟩.

Fact 104. A(Density, |ψ⟩) = | ⟨+|ψ⟩ |2. Moreover, if |ψ⟩ is rigid, then A(Density, |ψ⟩) = 1
κ .

QuasiCheckϵ,∆ collapses the constraint index register of the input, and ensures that there

is no superposition over the value register. A quasirigid state perfectly satisfies this test.

Fact 105. If |ψ⟩ is quasirigid, then A(QuasiCheckϵ,∆, |ψ⟩) = 1. For arbitrary |ψ⟩,

A(QuasiCheckϵ,∆, |ψ⟩) ≤
∑
j∈[R]

∑
x∈Σq

|aj,x|2
 · cj,ϵ (4.4)

= (1−∆) +∆ ·
∑

j∈[R];cj,ϵ=1

∑
x∈Σq

|aj,x|2
 , (4.5)

where cj,ϵ = 1−∆ if maxx∈Σq |aj,x|2 ≤ (1− ϵ)
∑

x∈Σq |aj,x|2, and 1 otherwise.

In a formal sense, QuasiCheckϵ,∆ ensures that the input is close to a quasirigid state:

Lemma 106. Suppose A(QuasiCheckϵ,∆, |ψ⟩) = w. Then there exists a quasirigid state |ϕ⟩

such that | ⟨ψ|ϕ⟩ |2 ≥ (1− ϵ)
w−(1−∆)

∆ .

Proof. Choose a map f : [R] → Σq so that for every clause j ∈ [R], f(j) is an element of Σq

that has the largest weight; i.e. |aj,f(j)|2 = maxx∈Σq |aj,x|2. Consider the quasirigid state

|ϕ⟩ = 1√
γ

∑
j∈[R] aj,f(j) |j⟩ |f(j)⟩, where γ =

∑
j∈[R] |aj,f(j)|2 is chosen so that ⟨ϕ|ϕ⟩ = 1.

Then | ⟨ψ|ϕ⟩ |2 =
∣∣∣ 1√

γ

∑
j∈[R] |aj,f(j)|2

∣∣∣2 = γ. Finally, notice that

γ ≥
∑

j∈[R];cj,ϵ=1

|aj,f(j)|
2 ≥

∑
j∈[R];cj,ϵ=1

(1− ϵ)
∑
x∈Σq

|aj,x|2 ≥ (1− ϵ) · w − (1−∆)

∆
.

Since quasirigid states only use a 1
κ fraction of basis elements, they will not test well on

Density. In fact, no quantum state can do well on both Density and QuasiCheckϵ,∆:
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Lemma 107. Suppose A(Density, |ψ⟩) = wD ≥ 1
κ and A(QuasiCheckϵ,∆, |ψ⟩) = wQ. Then

(wD − 1
κ)

2 + (1− ϵ)
wQ−(1−∆)

∆ ≤ 1.

Proof. By Lemma 106, there exists a quasirigid state |ϕ⟩ such that

| ⟨ψ|ϕ⟩ |2 ≥ (1− ϵ)
wQ − (1−∆)

∆
.

Let |ϕ⟩ =
∑

j∈[R] bj |j⟩ |σ(j)⟩ for some function σ and amplitudes {bj}j∈[R]. Using Fact 101,

we see that
∣∣| ⟨+|ψ⟩ |2 − | ⟨+|ϕ⟩ |2

∣∣ is at most
√

1− (1− ϵ)
wQ−(1−∆)

∆ . Note that | ⟨+|ψ⟩ |2 =

wD, and by Cauchy-Schwarz, | ⟨+|ϕ⟩ |2 = 1
R·κ

∣∣∣∑j∈[R] bj

∣∣∣2 ≤ 1
κ

∑
j∈[R] |bj |2 = 1

κ . Since

wD ≥ 1
κ , we have wD − 1

κ ≤ | ⟨+|ψ⟩ |2 − | ⟨+|ϕ⟩ |2 ≤
√
1− (1− ϵ)

wQ−(1−∆)
∆ . The statement

follows after rearranging terms.

We show that the best quantum states for this pair of tests are close to rigid states.

Intuitively, the quasirigid states that test well on Density have nearly uniform amplitudes,

and so are close to rigid.

Claim 108. Suppose A(Density, |ψ⟩) ≥ 1
κ − dD and A(QuasiCheckϵ,∆, |ψ⟩) ≥ 1 − ∆ · dQ.

Then there exists a rigid state |χ⟩ such that | ⟨χ|ψ⟩ |2 ≥ 1− κdD − (κ+ 1)
√
ϵ+ dQ.

Proof. By Lemma 106, there exists a quasirigid state |ϕ⟩ such that | ⟨ψ|ϕ⟩ |2 ≥ (1−ϵ)(1−dQ).

By Fact 101, we have
∣∣| ⟨µ|ψ⟩ |2 − | ⟨µ|ϕ⟩ |2

∣∣ ≤√1− (1− ϵ)(1− dQ) ≤
√
ϵ+ dQ for any unit

vector |µ⟩. We use this in two places. First, since | ⟨+|ψ⟩ |2 ≥ 1
κ − dD, applying Fact 101

with |µ⟩ = |+⟩ implies | ⟨+|ϕ⟩ |2 ≥ 1
κ − dD −

√
ϵ+ dQ. Now let |χ⟩ be the rigid state with

the same computational basis elements as |ϕ⟩. Then

| ⟨χ|ϕ⟩ |2 = κ| ⟨+|ϕ⟩ |2 ≥ 1− κ
(
dD +

√
ϵ+ dQ

)
. (4.6)

Applying Fact 101 using |µ⟩ = |χ⟩ implies | ⟨χ|ψ⟩ |2 ≥ 1−κ
(
dD +

√
ϵ+ dQ

)
−
√
ϵ+ dQ.

We are now ready to prove Theorem 92.
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Proof of Theorem 92. Suppose for any constant k and ϵ > 0, there exists some ∆ at least

inverse polynomial in input size such that SupDetectk,ϵ,∆ can be efficiently implemented.

We construct the following QMA verifier that decides every GapCSP instance guaranteed

by Theorem 99, choosing p1, p2, p3, ϵ later on:

• With probability p1, run Density.

• With probability p2, run QuasiCheckϵ,∆.

• With probability p3, run the protocol ConstraintCheck guaranteed by Lemma 100.

Lemma 100 implies the existence of absolute constants CYES, ξ, κ. We choose ϵ and

distance thresholds νlow, νhigh to be small positive constants that satisfy the following con-

ditions:

ϵ < ν2high ≤ ν2low ≤ 1
νhigh
νlow

≤ ξ

6(1− CYES)

(
κνlow + (κ+ 1)

√
ϵ+ νlow

)1/2 ≤ ξ

2
(4.7)

For example, this can be done by first making all constants equal and small enough to satisfy

the right-most inequality, then reducing νhigh to satisfy the middle inequality, then reducing

ϵ to satisfy the first inequality.

Now we choose the probabilities p1, p2, p3. Let

p1 =
1

Z
p2 =

(νlow + νhigh)(1− ϵ)

∆(ν2high − ϵ)Z
p3 =

νlow
2(1− CYES)Z

, (4.8)

where Z := 1 +
(νlow+νhigh)(1−ϵ)

∆(ν2high−ϵ)
+ νlow

2(1−CYES)
, so that the probabilities sum to 1.

Given a quantum witness |ψ⟩, the verifier accepts with probability

p1 · A(Density, |ψ⟩) + p2 · A(QuasiCheckϵ,∆, |ψ⟩) + p3 · A(ConstraintCheck, |ψ⟩) . (4.9)

In completeness, we consider the quantum witness guaranteed by Lemma 100. Since this

state is rigid, by Fact 104 and Fact 105, the verifier accepts with probability at least PYES :=
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Figure 4.1: Plot of possible acceptance probabilities for the tests Density and QuasiCheckϵ,∆ when ∆ = 1.
The numbers 1 to 4 correspond to the four cases in soundness in the proof of Theorem 92. The upper right
corner is forbidden by Lemma 107. Rigid states live at the black “×” icon by Fact 104 and Fact 105.

p1 · 1κ + p2 · 1 + p3 · CYES.

We split soundness into four cases, depending on the acceptance probabilities of Density

and QuasiCheck. We give a graphical picture in Figure 4.1.

1. In the first case, the witness doesn’t test well enough on Density. If A(Density, |ψ⟩) =
1
κ − d for d ≥ νlow, then the verifier accepts with probability at most

PNO ≤ p1 · (
1

κ
− d) + p2 · 1 + p3 ≤ PYES − p1 · νlow + p3 · (1− CYES) (4.10)

= PYES − νlow
2Z

. (4.11)

2. In the second case, the witness tests too well on Density, and so cannot test well

enough on QuasiCheck. If A(Density, |ψ⟩) = 1
κ + d for d ≥ νhigh, then by Lemma 107,

A(QuasiCheckϵ,∆, |ψ⟩) ≤ 1−∆+∆ · 1−d2

1−ϵ :

PNO ≤ p1 ·
(
1

κ
+ d

)
+ p2 ·

(
1−∆+∆ · 1− d2

1− ϵ

)
+ p3 (4.12)
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≤ PYES + p1 · d− p2∆ ·
(
d2 − ϵ

1− ϵ

)
+ p3 · (1− CYES) . (4.13)

The right-most expression depends on d through the term p1 · d − p2∆ ·
(
d2−ϵ
1−ϵ

)
=

p1

(
d− (νlow+νhigh)(d

2−ϵ)

ν2high−ϵ

)
. This term is decreasing with d when d ≥ νhigh; one can

verify this by taking a partial derivative with respect to d. So the expression is maxi-

mized at d = νhigh, and so

PNO ≤ PYES + p1

(
νhigh −

(νlow + νhigh)(ν
2
high − ϵ)

ν2high − ϵ

)
+ p3 · (1− CYES) (4.14)

= PYES − νlow
2Z

. (4.15)

3. In the third case, the witness doesn’t test well enough on QuasiCheck, and the accep-

tance probability of Density is not too high. If A(Density, |ψ⟩) = 1
κ + d for −νlow ≤

d ≤ νhigh and A(QuasiCheckϵ,∆, |ψ⟩) ≤ 1−∆ · νlow, then

PNO ≤ p1 ·
(
1

κ
+ d

)
+ p2 · (1−∆ · νlow) + p3 (4.16)

≤ PYES + p1 · d− p2∆ · νlow + p3 · (1− CYES) . (4.17)

By our choice of constants, d ≤ νhigh ≤ νlow. Moreover, one can verify that p2∆ ≥ 2·p1

whenever νhigh ≤ 1. So p1 · d− p2∆ · νlow ≤ −p1 · νlow, and PNO ≤ PYES − p1 · νlow +

p3 · (1− CYES) = PYES − νlow
2Z .

4. In the fourth case, the witness tests well on QuasiCheck, and the acceptance prob-

ability of Density is not too low. So the witness must be close to rigid, and do

worse on ConstraintCheck. If A(Density, |ψ⟩) = 1
κ + d for −νlow ≤ d ≤ νhigh and

A(QuasiCheckϵ,∆, |ψ⟩) ≥ 1 − ∆ · νlow, then by Claim 108, there is a rigid state

|χ⟩ such that | ⟨χ|ψ⟩ |2 ≥ 1 − κd − (κ + 1)
√
ϵ+ νlow. We use Fact 101 with Π

equal to the accepting projector of ConstraintCheck; then |A(ConstraintCheck, |ψ⟩) −
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A(ConstraintCheck, |χ⟩)| ≤ (κd+ (κ+ 1)
√
ϵ+ νlow)

1/2. Putting this together,

PNO ≤ p1 ·
(
1

κ
+ d

)
+ p2 · 1 + p3 ·

(
CYES − ξ +

(
κd+ (κ+ 1)

√
ϵ+ νlow

)1/2)
(4.18)

≤ PYES + p1 · d+ p3 ·
(
−ξ +

(
κd+ (κ+ 1)

√
ϵ+ νlow

)1/2) (4.19)

≤ PYES + p1 · νhigh − p3 ·
ξ

2
(4.20)

= PYES +
1

Z

(
νhigh − νlow · ξ

4(1− CYES)

)
(4.21)

≤ PYES −
νhigh
2Z

. (4.22)

So, this protocol succeeds with completeness PYES and soundness at most PYES−
νhigh
2Z .

4.5 Implications

4.5.1 QMA with non-collapsing measurements equals NEXP

The ability to make non-collapsing measurements implies efficient superposition detection.

Claim 109. For any constant k and ϵ > 0, a quantum computer with the ability to make

just one non-collapsing measurement can efficiently implement SupDetectk,ϵ,2(x−x2) where

x = min(ϵ, 1
2k
).

Proof. Suppose the quantum computer is given a k-qubit state |ψ⟩, and choose any ϵ > 0.

The computer first makes one non-collapsing measurement of |ψ⟩. The computer then makes

a (collapsing) measurement of |ψ⟩ in the computational basis, and outputs 1 if and only if

the measurements agree.

If |ψ⟩ is truly a computational basis state, then the computer always outputs 1. Now

suppose | ⟨e|ψ⟩ |2 ≤ 1 − ϵ for all k-qubit computational basis states |e⟩ ∈ Bk. Let |e∗⟩ be

a state in Bk with the largest squared overlap with |ψ⟩, and let t = | ⟨e∗|ψ⟩ |2. Then the
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probability of outputting 1 can be upper-bounded as

∑
|e⟩∈Bk

(
| ⟨e|ψ⟩ |2

)2
= | ⟨e∗|ψ⟩ |4 +

∑
|e⟩∈Bk;|e⟩≠|e∗⟩

| ⟨e|ψ⟩ |4 (4.23)

≤ t2 +

( ∑
|e⟩∈Bk;|e⟩̸=|e∗⟩

| ⟨e|ψ⟩ |2
)2

= t2 + (1− t)2 , (4.24)

which equals 1 − 2(t − t2). This is maximized at the largest and smallest valid values of t.

Observe that t ≥ 1
2k

since |e∗⟩ has the largest squared overlap with |ψ⟩, and t ≤ 1 − ϵ by

supposition.

Corollary 93 is then a direct consequence of Theorem 92 and Claim 109. This resolves

Question 1.

Aaronson et al. [2014] defined two complexity classes with non-collapsing measurement:

CQP and naCQP (non-adaptive CQP). In naCQP, the non-collapsing measurement results

can only be used at the end of the quantum computation (i.e. in classical post-processing).

We remark that both Claim 109 and the proof of Theorem 92 satisfy this non-adaptive

condition.

The original framing of Question 1 in Aaronson [2023] directly considers the power of

QMA with a naCQP (or CQP) verifier. This has a technical issue which we discuss here.

Aaronson et al. [2014] considered a classical oracle O that receives a quantum circuit and

outputs non-collapsing measurement results. naCQP (CQP) is then defined as P with 1

(poly(n)) query to O. If we use such a machine as a verifier, it equals NEXP only if O can

also receive the quantum witness. To handle this issue, we consider QMA where the verifier

can make a non-collapsing measurement on an arbitrary quantum state at any point in the

computation. Here, Claim 109 uses one non-collapsing measurement, which is immediately

followed by one collapsing measurement.

Aaronson et al. [2024b] instead defines the class PDQMA, where the verifier first runs

a quantum circuit (with collapsing measurements), then makes all non-collapsing measure-
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ments, and finally runs a classical circuit given the non-collapsing measurement results. In

this model, Claim 109 is not valid as written, since non-collapsing measurements must occur

after all collapsing measurements. However, by replacing the final collapsing measurement

with a non-collapsing measurement, we recover NEXP ⊆ PDQMA using two non-collapsing

measurements. We remark that this is optimal: PDQMA with one non-collapsing measure-

ment is equal to QMA, since the verifier’s final measurement can always be collapsing. Aaron-

son et al. [2024b] uses O(n log n) non-collapsing measurements to prove NEXP ⊆ PDQMA.

4.5.2 QMA+ = NEXP

If a quantum witness has non-negative amplitudes, a partial measurement in the compu-

tational basis will preserve this property. A BQP machine can implement superposition

detection on any such quantum state:

Claim 110. Consider the algorithm Verify+k , which given a k-qubit quantum state |ψ⟩, mea-

sures |ψ⟩ in the Fourier basis and outputs 0 if the observed basis component is 1
2k/2

∑
i∈[2k] |i⟩

and 1 otherwise. Then for every ϵ > 0, there is a superposition detector SupDetect
k,ϵ,

√
ϵ/2k

such that for every state |ψ⟩ with non-negative amplitudes in the computational basis:

A(Verify+k , |ψ⟩) = A(SupDetect
k,ϵ,

√
ϵ/2k

, |ψ⟩)− 1

2k

.

Proof. Let the input be |ψ⟩ =
∑

i∈[2k] ai |i⟩. Then A(Verify+k , |ψ⟩) = 1 − 1
2k

∣∣∣∑i∈[2k] ai
∣∣∣2.

Since all ai ≥ 0,

A(Verify+k , |ψ⟩) = 1− 1

2k

( ∑
i∈[2k]

ai

)2
= 1− 1

2k
−

∑
i,j∈[2k];i ̸=j

aiaj ≤ 1− 1

2k
, (4.25)

and this is achieved if |ψ⟩ is a computational basis state. Now, let i∗ = argmaxi∈[2k]a
2
i .
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Since
∑

i∈[2k] a
2
i = 1, ai∗ ≥ 1

2k/2
. If a2i∗ ≤ 1− ϵ, then

∑
i,j∈[2k];i̸=j

aiaj ≥
1

2k/2

∑
j∈[2k],j ̸=i∗

aj ≥
1

2k/2

√ ∑
j∈[2k],j ̸=i∗

a2j ≥
√
ϵ

2k/2
.

Corollary 94 is then a direct consequence of Theorem 92 and Claim 110. Note that

Verify+k acts as a superposition detector, since the additive error 1
2k

in Claim 110 does not

change the promise gap of the protocol in Theorem 92.

In QMA+, one only considers quantum witnesses which admit efficient superposition

detection by Claim 110. By contrast, Theorem 92 implies that this property cannot be tested

on all quantum witnesses, assuming QMA ̸= NEXP. In fact, it is information-theoretically

impossible, assuming the density matrix is “all there is” in quantum mechanics:

Fact 111. Fix k. Consider the set S1 of k-qubit computational basis states and the set S2 of

k-qubit Fourier basis states. Then a uniformly random choice from S1 has the same density

matrix as a uniformly random choice from S2. Despite this, SupDetectk,ϵ,∆ distinguishes

these two options for all ϵ ≤ 1− 1
2k

and ∆ > 0.

Does it help to have more quantum witnesses? Note that having two copies of a quan-

tum state allows one to detect superposition: measure each copy in the computational

basis, and output 1 iff the outcomes agree. However, in Theorem 92, the superposition

detector is used on a quantum witness after a partial measurement. In completeness, even

with poly(n) quantum witnesses, there is an inverse exponential chance of receiving two

copies of the same post-measurement state. So as is, we cannot use the additional quan-

tum witnesses to detect superposition unless we allow an inverse exponential promise gap,

or post-selection Aaronson [2004]. We observe that Theorem 92 neatly recovers the results

preciseQMA(2) = NEXP Pereszlényi [2012b] and postQMA(2) = NEXP Kinoshita [2018], as

well as the QMA(2) protocol with logarithmic-sized proofs for NP Blier and Tapp [2010].

In light of this, we suggest that lower bounds to QMA(2) must go beyond the QMA+

framework, as the verifier must be able to handle quantum witnesses without directly de-
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tecting superposition.

4.6 Open problems

1. Non-collapsing measurement is especially powerful with access to an inefficient quan-

tum state: QMA with non-collapsing measurements equals NEXP, but QCMA with non-

collapsing measurements is in PSPACE. Can one use this concept to construct a clas-

sical oracle separating QMA and QCMA? Similarly, how does the power of CQP/poly

compare to the power of CQP/qpoly = ALL Aaronson [2018]?

2. The position of the non-collapsing measurement in a quantum computation seems to

matter in Corollary 93: non-collapsing measurement is used after a collapsing partial

measurement. This stymies one approach to prove QMA(2) = NEXP; see discussion

in Section 4.5.2. What is the power of BQP (or QMA) with the ability to make non-

collapsing measurements, but only before all collapsing measurements?
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CHAPTER 5

INTERNALLY SEPARABLE PROOFS

This chapter is adapted (with minor modifications) from the work of Roozbeh Bassirian,

Bill Fefferman, Itai Leigh, Kunal Marwaha, and Pei Wu. Quantum merlin-arthur with an

internally separable proof. CoRR, abs/2410.19152, 2024a. doi:10.48550/ARXIV.2410.19152.

URL https://doi.org/10.48550/arXiv.2410.19152.

5.1 Techniques and Contributions

Consider the complexity class QMAIS, a variant to QMA where the quantum proof must have

a fixed, separable subsystem: that is, after tracing out all qubits beyond the subsystem, a

predetermined set of O(1) qubits are not entangled with the rest of the subsystem. Unlike

in QMA(2), this guarantee refers to internal separability: the two parts of the subsystem

can be entangled, but only if the entanglement disappears when the subsystem is isolated.

See Figure 5.1 for a visual comparison. We restrict one part of the subsystem to O(1) qubits

to zero in on the effect of internal entanglement structure; without the restriction, this class

trivially contains QMA(2).

We first show that QMAIS, even with inverse exponentially small gap, is contained in

EXP:

Theorem 112 (Upper bound). For any polynomial p and 1 > c > s > 0 such that c− s >

1
2p(n)

, we have QMA
c,s
IS ⊆ EXP, where c, s are the completeness and soundness parameters,

respectively.1

We also define QMAIS(2), where the verifier receives two unentangled proofs, each with

the above guarantee. In contrast with Theorem 112, we find a constant-sized gap where

1. We formally define QMAIS in Section 5.4. In a QMAc,s
IS protocol, YES instances are accepted with

probability at least c, and NO instances are accepted with probability at most s.
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Figure 5.1: Cartoons of a separable state and a state with a separable subsystem. The left side depicts
a separable state, where parts A and B share no entanglement. The right side depicts a state where after
tracing out part A, parts B and C share no entanglement; this state is in general entangled across every
bipartition. The lower cartoons each display a graph where every vertex is a part (A, B, or C), and an edge
between two parts X,Y allows bipartite entanglement in the reduced state ρXY . On the right side, part A
is entangled with both part B and part C.

QMAIS(2) equals NEXP. As a consequence, QMAIS and QMAIS(2) cannot be equal unless

EXP = NEXP.

Theorem 113 (Lower bound). There exist constants 1 > c > s > 0 where QMA
c,s
IS (2) =

NEXP.

Corollary 114. If EXP ̸= NEXP, then QMAIS ̸= QMAIS(2).

We summarize these results in Table 5.1. Theorem 113 also implies that a quantum

verifier with a specific guarantee on entanglement structure is exponentially more powerful

than a classical verifier.

Corollary 114 provides a new route to characterize the power of QMA(2). For any constant

k, QMAIS(k) at large enough completeness-soundness gap is equal to QMA(k). This suggests

that the guarantee of internal separability is not too strong.

Claim 115. For any constant k, there exist constants 1 > c > s > 0 so that QMA
c,s
IS (k) =

QMA(k).
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By Claim 115 and Theorem 113, gap amplification of QMAIS(2) would imply QMA(2) =

NEXP:

Corollary 116. If QMAIS(2) exhibits gap amplification, then QMA(2) = NEXP.

Although the same is true of QMA+(2) Jeronimo and Wu [2023a], we now know that the

class QMA+ at some completeness-soundness gap is also equal to NEXP, while it is equal

to QMA at a larger gap. As a consequence, QMA+ cannot have gap amplification unless

QMA = NEXP Bassirian et al. [2024b]. This limits the techniques available to prove gap

amplification of QMA+(2) in order to show QMA(2) = NEXP.

By contrast, gap amplification of QMAIS(2) can be plausibly found by studying gap

amplification of QMAIS, since the latter implies no such complexity collapse. This raises the

exciting possibility of using Corollary 116 to fully characterize QMA(2).

internal structure
external structure general separable bipartition

general QMA QMA(2)

separable subsystem QMAIS ⊆ EXP QMAIS(2) = NEXP

Table 5.1: Categorizing quantum verification protocols by the guaranteed entanglement structures in the
proof.

To show Theorem 112, we rely on a well-known duality of membership testing of a convex

set and optimizing a convex function over this set. We use this duality to reduce any QMAIS

problem to membership testing of the set of internally separable quantum states WIS. In

order to use tools from convex optimization, we represent quantum states as vectors in a

generalized Bloch sphere. We use a non-ellipsoidal reduction that permits an error analysis

matching our setup Liu [2007], Gharibian [2009].

We then show how to test membership of WIS in EXP. It is essential that only O(1)

qubits are unentangled from the rest of the subsystem. Our algorithm tests membership of

two convex sets whose intersection forms WIS; note that this requires testers with inverse

exponential precision. The first set represents all Bloch vectors of quantum states, which
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can be tested using exponentially many explicit conditions (e.g. Kimura [2003]). The second

set represents all vectors whose reduced density matrix on the subsystem is separable. This

can be tested by solving the Doherty-Parrilo-Spedalieri SDP Doherty et al. [2002, 2004],

Navascués et al. [2009] which decides if a state has a symmetric extension. A careful error

analysis shows that separability of a bipartite state ρ with local dimensions M,N can be

tested to error δ in time Õ((2/δ)9Npoly(M,N)) Ioannou [2007]. When N is a fixed constant,

this SDP runs in exponential time.

To prove Theorem 113, we consider QMA|IS⟩, a variant of QMAIS where the proof must

also be a pure state. Note that unlike QMA and QMA(2), restricting QMAIS to pure states can

change the power of the complexity class, as an internally separable ensemble of pure states

may not decompose into an ensemble of internally separable pure states.2 We then develop

a QMA|IS⟩ protocol for an NEXP-complete problem, building on the proof of QMA+ = NEXP

Blier and Tapp [2010], Jeronimo and Wu [2023a], Bassirian et al. [2024b].

As in Jeronimo and Wu [2023a], Bassirian et al. [2024b], we consider a succinct con-

straint satisfaction problem (CSP) with constant promise gap, which is NEXP-hard by the

PCP theorem Arora and Safra [1992], Arora et al. [1998a], Harsha [2004]. In the QMA+

protocol, one enforces a rigidity property of the quantum proof: the state must be close

to 1√
R

∑
j∈[R] |j⟩

∣∣aj〉. It is easy to ensure that all constraints j ∈ [R] are included in the

state (“density”), but the positive-amplitude guarantee is used to ensure there is at most one

assignment aj per constraint (“quasirigidity”). We find a way to instead enforce quasirigidity

using both internal separability and purity.

Lemma 117 (informal). There is a test A and a fixed quantum circuit C such that for any

internally separable |ψ⟩, if A(|ψ⟩) ≥ 1 − ϵ, then C |ψ⟩ has 1 − O(ϵ) squared overlap with a

quasirigid state.

2. For example, the same is true in QMA+: this is the difference between doubly non-negative matrices
and completely positive matrices.
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In our QMA|IS⟩ protocol, the verifier enforces tripartite proofs of the form

∑
j,a

zja |j⟩ |a, j⟩ |a⟩ .

This can be done by measuring all registers and accepting iff we see two copies of the

same constraint j, and two copies of the same assignment a. We then observe that having

multiple assignments per constraint adds entanglement to the second and third registers,

even after tracing out the first register. Thus, if the state is internally separable, it has high

overlap with a state with one assignment a per constraint j. Notably, this test is inspired by

recasting the QMA+ protocol in the language of “superposition detection” and non-collapsing

measurement Bassirian and Marwaha [2024], Aaronson et al. [2024b], an unphysical operation

related to a problem of Aaronson Aaronson [2023].

We then prove that QMA|IS⟩ ⊆ QMAIS(2). Without loss of generality, the best proof

Merlin can send in a QMAIS(2) protocol is a product state ρ1 ⊗ ρ2, since separable states

form the convex hull of the set of product states. The SWAP test accepts a product state

with probability 1
2(1 + Tr[ρ1ρ2]): this is 1 only if ρ1, ρ2 are pure. The QMAIS(2) simulator

thus applies a SWAP test with some probability, and otherwise applies the QMA|IS⟩ circuit.

5.2 Related work

The complexity class QMA(2) One sign that QMA(2) is more powerful than QMA is

that QMA with a O(log n)-qubit proof is equal to BQP Marriott and Watrous [2005b]. By

contrast, QMA(2) with two unentangled O(log n)-qubit proofs can decide NP, although with

inverse polynomially small completeness-soundness gap Aaronson et al. [2009], Beigi [2008],

Blier and Tapp [2010], Chen and Drucker [2010], Chiesa and Forbes [2011], Gall et al. [2012],

Pereszlényi [2012a]. Improving the completeness-soundness gap to a constant would likely

imply QMA(2) = NEXP; see Jeronimo and Wu [2023a], Bassirian et al. [2024b], Jeronimo and

Wu [2024] for a recent attempt using quantum proofs with non-negative amplitudes (QMA+).
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In general, one only needs two unentangled proofs since QMA(2) = QMA(k) Harrow and

Montanaro [2013]; the proof of this result uses an iterated SWAP test. There are few

complete problems known for QMA(2) Chailloux and Sattath [2012], Hayden et al. [2013],

Gutoski et al. [2015]; one proposal is the pure state marginal problem, which is known to be

QMA-hard and in QMA(2) Liu [2006], Liu et al. [2007], Liu [2007], Wei et al. [2010], Yu et al.

[2021, 2022].

Convex optimization and quantum entanglement Some quantum papers build a

Turing reduction using the duality between convex optimization and membership testing of

a convex set, for example NP-hardness of separability testing Gurvits [2003], Ioannou [2007],

Gharibian [2009], and QMA-hardness of the mixed state marginal problem Liu [2006], Liu

et al. [2007], Liu [2007], Wei et al. [2010]. This reduction can be implemented in several ways,

including the ellipsoid method Yudin and Nemirovskii [1976], Grötschel et al. [1988], random

walks Bertsimas and Vempala [2004], and a perceptron-like algorithm Liu [2007]. One can

use a hierarchy of semidefinite programs to detect entanglement Doherty et al. [2002, 2004],

Navascués et al. [2009], Harrow et al. [2017] or optimize over separable states Brandão et al.

[2011b], Brandão and Harrow [2013], Barak et al. [2017]. In some cases, carefully chosen

ϵ-nets provide similar performance Shi and Wu [2015], Barak et al. [2014], Brandão and

Harrow [2015].

Measuring quantum entanglement There are numerous ways to quantify entangle-

ment; see the surveys Życzkowski and Bengtsson [2017], Gühne and Tóth [2009], Horodecki

et al. [2009, 2024]. One approach considers the set of reachable states under transforma-

tions comprising only of local operations and classical communication (LOCC) Dür et al.

[2000], Bennett et al. [2000], Vrana and Christandl [2015]. Other works classify multipar-

tite entanglement by whether a subsystem is separable Thapliyal [1999], Brassard and Mor

[2001]. Permutation-symmetric approaches include the Positive Partial Transpose (PPT)

criterion Peres [1996] and quantum de Finetti theorems Caves et al. [2002], Christandl et al.
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[2007]. Mysteriously, both approaches identify entangled states that “look” separable under

LOCC transformations Tóth and Gühne [2009], Brandão et al. [2011b], Brandão and Har-

row [2013], Lancien and Winter [2013], Li and Smith [2015]. There exist ensembles of low-

entanglement quantum states that are computationally indistinguishable from maximally

entangled quantum states Aaronson et al. [2024a].

5.3 Other implications

A complexity-theoretic framework to study multipartite entanglement. Despite

much attention given to QMA(2), entanglement can be much richer than simply across a

bipartition. For example, the W state

1√
3
(|001⟩+ |010⟩+ |100⟩)

and GHZ state 1√
2
(|000⟩+ |111⟩) are entangled in inequivalent ways: both states are entan-

gled across every bipartition, yet the states are not equivalent under LOCC Dür et al. [2000].

The same paper observes that tracing out a qubit from the W state gives an entangled state,

but the same action on the GHZ state destroys all entanglement.

QMAIS allows us to probe one type of multipartite (un)entanglement from the lens of

computational complexity, defined as partial semi-separability in Brassard and Mor [2001].

It is intuitive to study the power of QMA with other kinds of multipartite entanglement

guarantees. As a first step, we show that restricting to quantum proofs that are pure and

multiseparable3 Thapliyal [1999] can also decide NEXP:

Corollary 118. There exist constants 1 > c > s > 0 where QMAc,s restricted to pure,

multiseparable quantum proofs can decide NEXP.

These results motivate a general question about the power of multipartite entanglement:

3. See Section 5.12 for a definition of multiseparability.
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Question 119. Which notions of multipartite unentanglement are computationally strong?

Why?

A unifying perspective: QMA(2) and purity testing. Many works Liu et al. [2007],

Harrow and Montanaro [2013], Barak et al. [2017], Yu et al. [2022] use the fact that a

protocol over separable states is equivalently a protocol over states with a purity constraint.

This suggests that purity testing is at the heart of QMA(2)’s power, even if it seems like a

weaker primitive. In our case, QMAIS(2) is no more powerful than QMAIS with a purity test.

The proof of Theorem 113 only uses the two unentangled quantum proofs to implement a

SWAP test, ensuring that Merlin sends a pure quantum state. We show that optimizing over

purifications of separable states is enough to decide NEXP, and even hard to approximate:

Corollary 120. Given any M ∈ Rn×n, consider the optimization problem

max
ρ∈W|IS⟩

Tr[Mρ] , (5.1)

where W|IS⟩ is the set of n-dimensional pure states that the prover in QMAIS can send. Then

there exists a constant 0 < α < 1 for which it is NP-hard to compute an α-approximation of

this problem.

By contrast, optimizing over separable states (of poly(n) dimension) is known to be

NP-hard, but with gap decreasing with system size Gurvits [2003], Aaronson et al. [2009],

Gharibian [2009], Blier and Tapp [2010], Pereszlényi [2012a], Gall et al. [2012]. If the gap in

these problems could be made constant, then QMA(2) = NEXP.4

More generally, with mild conditions on a set of quantum states W , we show how a

QMA(2) protocol with each proof restricted to W can implement a QMA protocol with a

proof restricted to pure states in W . We use this as a recipe to generate other computational

models where one quantum proof is provably weaker than two unentangled quantum proofs,

4. One must also assume that the problems can be made succinct.
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up to standard complexity-theoretic assumptions. We give two examples in Section 5.11,

from the pure quantum proofs in QMA+ and the proper states of Aaronson et al. [2009],

Beigi [2008]. Each set represents the pure states of some larger set W . Then, QMAW can be

decided with a semidefinite program, but QMAW(2) can restrict to the more capable pure

states. This technique can likely generate other examples that demonstrate the power of

unentanglement.

5.4 Our setup

Let D(X) be the set of density matrices over register X. Let SEP(X, Y ) be the set of

separable density matrices over registers X, Y . Let Sym(X1, . . . , Xk) be the symmetric

subspace over registers X1, . . . , Xk. Let XY |Z refer to the bipartition with registers X, Y

in one part and Z in the other.

QMA with a restricted set of proofs. Fix any set of quantum states W . Let QMAW(m)

as QMA(m) where Merlin must send m unentangled proofs from W . Here we modify both

completeness and soundness. Only modifying completeness sometimes has no effect, as seen

in Grilo et al. [2014].

Definition 121 (QMAW(m)). Let c, s : N → R+ be polynomial-time computable functions,

and m, p be polynomials. Fix an arbitrary set of quantum states W.

A promise problem A = (Ayes, Ano) is in QMA
c,s
W (m) if and only if there exists a poly-

nomial q and a polynomial-time uniform family of quantum circuits {Qn}, where Qn takes

as input a string x ∈ {0, 1}n, m p(n)-qubit quantum states in W, and q(n) scratch qubits in

state |0⟩⊗q(n), such that:

• completeness: If x ∈ Ayes, there is a set of m p(n)-qubit quantum states ρ1, . . . , ρm ∈

W such that Qn accepts |x⟩⟨x| ⊗ (ρ1 ⊗ · · · ⊗ ρm)⊗ |0⟩⟨0|⊗q(n) with probability at least

c(n).
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• soundness: If x ∈ Ano, then for any set of m p(n)-qubit quantum states ρ1, . . . , ρm ∈

W, Qn accepts |x⟩⟨x| ⊗ (ρ1 ⊗ · · · ⊗ ρm)⊗ |0⟩⟨0|⊗q(n) with probability at most s(n).

Remark 122. Following the convention in Jeronimo and Wu [2023a], we drop the c, s when

the completeness-soundness gap is allowed to be any absolute constant:

QMAW(m)
def
=

⋃
c−s=Ω(1)

QMA
c,s
W (m).

However, note that QMA
c,s
W (m) is not in general equal to QMA

c′,s′

W (m) Bassirian et al.

[2024b].

This work studies tripartite proofs. Label the three registers A,B,C. Consider two

families of quantum states, where k ∈ N is the dimension of register C:

• WIS
k = {ρ | TrA[ρ] ∈ SEP(B,C)}: all mixed states that are internally separable on

B,C.

• W|IS⟩
k = {|ψ⟩ | TrA[|ψ⟩⟨ψ|] ∈ SEP(B,C)}: all purifications of separable states on

B,C.

We denote WIS =
⋃
k∈NWIS

k and W|IS⟩ =
⋃

k∈NW|IS⟩
k to allow the dimension of register

C to be any fixed number. This generates the following complexity classes:5

QMAIS(m)
def
= QMAWIS

(m), (5.2)

QMA|IS⟩
def
= QMAW|IS⟩ . (5.3)

We will only consider QMA|IS⟩ with one proof, as we prove QMA|IS⟩ = NEXP in Section 5.6.

This implies QMA|IS⟩(m) = NEXP for all m ≥ 1.

5. In the definition for QMAIS and QMA|IS⟩, the underlying Hilbert spaces of registers A,B,C are omitted.
To be more accurate, we could instead define QMAa,b,k

IS ,QMAa,b,k
|IS⟩ , where a, b correspond to the number of

qubits in registers A and B (some polynomial depending on n), and k ∈ N is some constant representing the
number of qubits for register C. However, to ease the notation, we put this information in WIS and W|IS⟩.
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We occasionally select another property P to choose a set of quantum states which we

denote WP . When this occurs, we use the shorthand QMAP (m)
def
= QMAWP

(m). We use

the label |P ⟩ to signify that the set W|P ⟩ is pure.

Convex optimization. In the area of convex optimization, a convex set K is typically

defined as a subset of Rd that is equipped with the standard (Euclidean) inner product.6 Let

Bℓ(p⃗) be the ball of radius ℓ around point p⃗ ∈ Rd. Some algorithms use special properties

of K:

• compactness : By Heine-Borel, it is equivalent for K to be closed and bounded.

• well-bounded p⃗-centeredness : There is a known radius R such that K ⊆ BR(⃗0). More-

over, there is a known point p⃗ and radius r such that Br(p⃗) ⊆ K.

To work with this formalism, we represent a quantum state in D(CM ) by its generalized

Bloch vector in RM2−1; see Kimura [2003] for a review. For example, fix any set {σi}i∈[M2−1]

of traceless Hermitian generators of SU(M) satisfying Tr
[
σiσj

]
= 2δij . Then we may

decompose ρ as

ρ =
I
M

+
1

2

M2−1∑
i=1

r⃗iσi . (5.4)

We call r⃗ ∈ RM2−1 the (generalized) Bloch vector of ρ. Note that a Bloch vector uniquely

specifies a quantum state. We can thus identify a set of quantum states J ⊆ D(CM ) with

the set of associated Bloch vectors K ⊆ RM2−1. We only consider problems where M is a

power of 2. Thus, choose the generators to be the nontrivial logM -qubit Pauli words, each

multiplied by the normalizing factor 2(1−logM)/2 to preserve the identity Tr
[
σiσj

]
= 2δij .

Let S(K, ϵ) be the set of points x that are at most ϵ-far from K; i.e. Bϵ(x) ∩ K is

nonempty. Let S(K,−ϵ) be the set of points x ∈ K that are at least distance ϵ from the

boundary; i.e. Bϵ(x) ⊆ K. We always have S(K,−ϵ) ⊆ K ⊆ S(K, ϵ).

6. For a self-contained introduction to convex optimization, see the textbook Grötschel et al. [1988].
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We work with two of the five “basic problems” Grötschel et al. [1988] in convex optimiza-

tion. The first problem we use decides the maximum value of a linear function on a convex

set.

Definition 123 (Weak Validity (WVALϵ(K)) Grötschel et al. [1988], Liu [2007], Gharibian

[2009]). Let K ⊆ Rd be a convex, compact, and well-bounded p⃗-centered set. Then, given

c⃗ ∈ Qd with ∥c⃗ ∥2 = 1, and γ, ϵ ∈ Q such that ϵ > 0, decide the following:

• If there exists y⃗ ∈ S(K,−ϵ) with c⃗ · y⃗ ≥ γ + ϵ, then output YES.

• If for all x⃗ ∈ S(K, ϵ), we have c⃗ · x⃗ ≤ γ − ϵ, then output NO.7

The second problem we use decides if an arbitrary point is in the convex set:

Definition 124 (Weak Membership (WMEMβ(K)) Grötschel et al. [1988], Liu [2007],

Gharibian [2009]). Let K ⊆ Rd be a convex, compact, and well-bounded p⃗-centered set.

Then given y ∈ Qd and parameter β ∈ Q such that β > 0, decide the following:

• If y ∈ S(K,−β), then output YES.

• If y /∈ S(K, β), then output NO.

We conclude this section with a few facts about Bloch vector representations of quantum

states. To start, the norm of the Bloch vector is always bounded by a constant:

Claim 125 (Folklore). Every Bloch vector has norm at most R =
√
2.

Proof. Fix any quantum state ρ, and let r⃗ be the associated Bloch vector. Then

1 ≥ Tr
[
ρ2
]
=

1

M
+

1

2

M2−1∑
i=1

r⃗i
2 ≥ 1

2
∥r⃗ ∥2 .

Moreover, Bloch vectors with small enough norm are separable across every bipartition:

7. We use the naming convention of Grötschel et al. [1988] where WVAL is a decision problem. As in Liu
[2007], Gharibian [2009], we formulate WVAL and WMEM as promise problems instead of multi-output
problems.
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Fact 126 (Gurvits and Barnum [2002]). Fix any quantum state ρ ∈ D(CM ), and let r⃗ be

the associated Bloch vector. If ∥r⃗ ∥2 ≤ 1
M2 , then ρ is separable across every bipartition.

Corollary 127. The set of Bloch vectors representing separable states in D(CM ,CN ) is

well-bounded 0⃗-centered with r = 1
M2N2 and R =

√
2.

Finally, the Euclidean distance of two vectors is upper-bounded by a constant times the

trace distance of their associated matrices:

Claim 128. Consider two vectors r⃗, t⃗ ∈ RM2−1, and let ρ and τ be the associated M ×M

matrices according to Eq. (5.4). Then ∥r⃗ − t⃗ ∥2 ≤
√
2∥ρ− τ∥1.

Proof. Note that ∥ρ− τ∥1 ≥ ∥ρ− τ∥2 by monotonicity of Schatten norms. Moreover,

∥ρ− τ∥2 =

√√√√√1

4

M2−1∑
i,j=1

(r⃗i − t⃗i)(r⃗j − t⃗j) Tr
[
σiσj

]
=

√√√√1

2

M2−1∑
i=1

(r⃗i − t⃗i)2 =
1√
2
∥r⃗ − t⃗∥2 .

5.5 Optimization over internally separable states: QMAIS ⊆ EXP

In this section, we show how to decide any QMAIS problem in exponential time. This has

three steps:

QMAIS

(1)
≤m WVAL(WIS)

(2)
≤T WMEM(WIS)

(3)
⊆ EXP . (5.5)

First, we build a many-one reduction8 from any problem in QMAIS to the convex optimization

problem WVAL(WIS). Then, we use a Turing reduction from WVAL(WIS) to the member-

ship testing problem WMEM(WIS). We finally show that WMEM(WIS) can be decided in

8. Recall that a Turing reduction from problem A to problem B is an algorithm to solve problem A using
an oracle for problem B. A many-one reduction is a special type of Turing reduction where the oracle can
only be called once, and the oracle’s output must be returned by the algorithm.
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EXP.9

For any problem in QMAIS, there is a QMAIS protocol and polynomial p such that for

input size n, the quantum proof in WIS has p(n) qubits. In this section, we identify WIS

with its subset on p(n) qubits, i.e. the set of allowed quantum proofs in this protocol. By

Section 5.4, we can interchange WIS with its projection to the generalized Bloch sphere (a

subset of R4p(n)−1) in exponential time. Therefore, in this section, we may view WIS as a

subset of real Euclidean space.

5.5.1 Showing that WIS is well-behaved

We first verify that WIS has all the properties we need in our reduction.

Claim 129. WIS is a convex, well-bounded 0⃗-centered set with radii R =
√
2, r = 1

4p(n)
.

Proof. We first check convexity. Consider ρ1, ρ2 ∈ WIS. Since both TrA[ρ1] and TrA[ρ2] are

separable, then so is TrA[pρ1+(1−p)ρ2]. So the state pρ1+(1−p)ρ2 ∈ WIS. This establishes

that WIS is convex when viewed as density matrices. Since the transformation from density

matrix to Bloch vector is linear, WIS is also convex when viewed as Bloch vectors.

By Claim 125, all Bloch vectors have norm at most
√
2. Moreover, by Fact 126, every

Bloch vector in RM2−1 with norm at most 1
M2 is separable across every bipartition. This im-

plies that they are separable across the AB|C bipartition, and are thus internally separable.

So WIS is well-bounded 0⃗-centered with r = 1
4p(n)

and R =
√
2.

It will be useful to represent WIS as the intersection of two sets WIS = K1 ∩ K2. Let

K1 be the set of all Bloch vectors corresponding to density matrices on p(n) qubits; i.e. the

projection of D(C2p(n)) onto R4p(n)−1. Let K2 be the set of all vectors in R4p(n)−1 whose

associated vector on the subsystem represents a separable state (up to normalization), and

where all other coordinates have magnitude at most 2. This works for the following reason:

9. To be precise, step (1) runs in exponential time and creates an exponentially long output. Steps (2)
and (3) each run in polynomial time with respect to input size, which is exponential in the original QMAIS

problem’s input length.
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Remark 130. When the Bloch vector encoding uses the generators {σi} associated with

Pauli words, the Bloch vector of a subsystem is a subset of the coordinates of the original

Bloch vector, multiplied to a global normalization.10 In particular, r⃗i = Tr[ρσi] corresponds

to an element of the Bloch vector of the subsystem if and only if σi is I on every qubit beyond

the subsystem.

Claim 131. K1 and K2 are convex, compact, well-bounded 0⃗-centered sets, with associated

radii R1 =
√
2, R2 = 4p(n), r = 1

4p(n)
.

Proof. We start with convexity. The set of all p(n)-qubit states is convex; since the transfor-

mation from density matrix to Bloch vector is linear, K1 is also convex. The set of separable

states is convex, by the same argument, so are the associated Bloch vectors. K2 is the set of

all vectors which match a separable Bloch vector on a fixed set of coordinates, intersected

with the solid hypercube [−2, 2]4
p(n)−1. Both sets are convex (and K2 is non-empty), so K2

is convex.

All Bloch vectors have norm at most
√
2. Furthermore, vectors in K2 have norm at

most
√

2 · (4p(n) − 1). Since we have WIS ⊆ K1 and WIS ⊆ K2, both K1 and K2 contain a

0⃗-centered ball of radius r = 1
4p(n)

by Claim 129.

The set of all density matrices is compact (e.g. Życzkowski and Bengtsson [2017]). Since

the transformation from density matrix to Bloch vectors is linear, K1 is also compact. By

Heine-Borel, K2 is compact iff it is closed and bounded. It remains to show closure. The set

of Bloch vectors representing separable states is closed (e.g. Gharibian [2009]). Note that

K2 is the Cartesian product of this set with the closed set [−2, 2] on each other coordinate.

Since the product of closed sets is closed, K2 is closed.

Claim 132. WIS is compact.

Proof. By Heine-Borel, WIS is compact since it is closed and bounded. WIS is bounded

10. The normalizing factor is exactly sqrt of the dimension of register A, to preserve the identity Tr[σiσj ] =
2δij .
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because the norm is always at most R. WIS is closed because it is the intersection of two

closed sets K1, K2 (Claim 131).

5.5.2 Proving the reduction

The first step is straightforward. Recall the definition of WVAL from Section 5.4. Observe

that the maximum acceptance probability of any QMAIS protocol with verifier circuit V can

be written as maxρ∈WIS
Tr[V ρ]. Thus, we can decide this problem if we can decide the value

maxρ∈WIS
Tr[V ρ] with good enough precision.

Claim 133. Every problem in QMAIS with completeness-soundness gap ∆ has an exponential

time reduction to WVALϵ(WIS), where ϵ = Ω( ∆
2poly(n) ).

Proof. Suppose the verification circuit is V , and let the proof be a state on p(n) qubits. We

represent V as a vector c⃗, so the acceptance probability of V on ρ is affine to the inner product

of c⃗ with the Bloch vector representation of ρ. The quantity Tr[V ρ] can be decomposed via

Eq. (5.4) as

Tr[V ρ] =
1

2p(n)
Tr[V ] +

1

2

4p(n)−1∑
i=1

r⃗i · Tr[V σi] , (5.6)

where r⃗ ∈ R4p(n)−1 is the Bloch vector representation of ρ. Let d⃗ be the vector where

d⃗i = Tr[V σi], and choose c⃗ def
= d⃗

∥d⃗ ∥
. We now argue that there is a small enough ϵ so that

deciding WVALϵ(WIS) with c⃗ decides the QMAIS problem.

Since V is generated by a polynomial-time Turing machine, there is a polynomial q such

that each matrix element of V has norm at most 2q(n). So, each vector element d⃗i = Tr[V σi]

has norm at most 2p(n)+q(n). This implies that ∥d⃗ ∥ is at most 22p(n)+q(n).

Suppose the QMAIS problem has soundness s. Then in soundness, for any state ρ ∈ WIS,
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we have Tr[V ρ] ≤ s, or equivalently,

c⃗ · r⃗ = 2

∥d⃗ ∥

(
Tr[V ρ]− 1

2p(n)
Tr[V ]

)
≤ 2

∥d⃗ ∥

(
s− 1

2p(n)
Tr[V ]

)
. (5.7)

The QMAIS problem has completeness s+∆ by definition. In this case, there exists ρ ∈ WIS

where Tr[V ρ] ≥ s+∆, or equivalently,

c⃗ · r⃗ ≥ 2

∥d⃗ ∥

(
s− 1

2p(n)
Tr[V ]

)
+

2

∥d⃗ ∥
∆ . (5.8)

Define the parameter

γ
def
=

2

∥d⃗ ∥

(
s− 1

2p(n)
Tr[V ]

)
+

1

∥d⃗ ∥
∆.

We verify this problem can be solved by the weak optimization problem WVALϵ/4p(n)+1(WIS)

for

ϵ
def
= min

(
1

2 · 4p(n)
,

∆

2∥d⃗ ∥

)
. (5.9)

• In the soundness case, consider y⃗ ∈ S(WIS, ϵ). By definition, there exists a vector

x⃗ ∈ WIS such that ∥y⃗ − x⃗∥ ≤ ϵ. So by Cauchy-Schwarz, for unit vector c⃗, we have

c⃗ · y⃗ = c⃗ · x⃗+ c⃗ · (y⃗ − x⃗) ≤ c⃗ · x⃗+ ∥c⃗ ∥∥y⃗ − x⃗∥ ≤ c⃗ · x⃗+ ϵ . (5.10)

Since for any x⃗ ∈ WIS, we have c⃗ · x⃗ ≤ γ − ∆
∥d⃗ ∥

≤ γ − 2ϵ by Eq. (5.7), the above

inequality implies c⃗ · y⃗ ≤ γ − ϵ.

• In completeness, there is an r⃗ ∈ WIS such that c⃗ · r⃗ ≥ γ + ∆
∥d⃗ ∥

≥ γ + 2ϵ by Eq. (5.8).

We split into two cases, depending on the norm of r⃗:

– If ∥r⃗ ∥ ≤ ϵ ≤ 1
2·4p(n) , then it must be in S(WIS,− 1

2·4p(n) ) ⊆ S(WIS,−ϵ). This is
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because by Claim 129, all vectors of norm at most 1
4p(n)

are in WIS.

– Otherwise, define z⃗ def
= r⃗ · ∥r⃗ ∥−ϵ

∥r⃗ ∥ . Since 0⃗ ∈ WIS, z⃗ ∈ WIS by convexity. Moreover,

c⃗ · z⃗ = c⃗ · r⃗ + c⃗ · (z⃗ − r⃗) ≥ c⃗ · r⃗ − ϵ ≥ γ + ϵ . (5.11)

Finally, by a geometric argument11, Bℓ(z⃗) ⊆ WIS for ℓ = 1
2 · ϵ

∥r⃗ ∥ · 1
4p(n)

≥ ϵ
4·4p(n) .

So then z⃗ ∈ S(WIS,− ϵ
4·4p(n) ).

The second step uses a duality between optimization over a convex setK and membership

testing of K. In our case, we need a reduction from optimization to membership testing. We

use a reduction that runs in exponential time given our setup. The runtime of this reduction

depends on the encoding size of the convex set K, denoted by ⟨K⟩. This is defined as the

dimension plus the number of bits required to specify r, R, p⃗ Gurvits [2003], Gharibian [2009].

In our case, ⟨WIS⟩ is at most O(2poly(n)).

Theorem 134 ([Liu, 2007, Proposition 2.8]). Let K ⊆ Rd be a convex, compact, and well-

bounded p⃗-centered set with associated radii (R, r). Given an instance Π = (K, c, γ, ϵ) of

WVALϵ(K) with 0 < ϵ < 1, there exists an algorithm which runs in time poly(⟨K⟩, R, ⌈1/ϵ⌉),

and solves Π using an oracle for WMEMβ(K) with 1/β = O(poly(d, ϵ, R, 1/r)).

Putting the first two steps together, we obtain the following:

Corollary 135. Every problem in QMAIS with completeness-soundness gap ∆ has an expo-

nential time reduction to WMEMβ(WIS), where β = Ω( ∆
2poly(n) ).

In the third step, we show that WMEM(WIS) can be solved in exponential time. We do

this by testing membership of convex sets K1, K2 whose intersection K1 ∩K2 = WIS.

Theorem 136 ([Grötschel et al., 1988, Section 4.7]). For each i ∈ {1, 2}, let Ki ⊆ Rd be a

convex, compact, and well-bounded p⃗i-centered set with associated radii (Ri, ri). Suppose we

11. Consider a 0⃗-centered convex set K with inner radius r. Then for any vector x⃗ ∈ K and 0 ≤ α ≤ 1,
the set K contains a ball centered at (1− α)x⃗ of radius at least 1

2αr.
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are given an r3 ∈ Q such that K1∩K2 contains a ball with radius r3. Then K1∩K2 is a well-

bounded convex body, and given an instance Π = (K1∩K2, y, β) of WMEMβ(K), there exists

an algorithm which runs in constant time and solves Π using an oracle for WMEMζ(K1)

and WMEMζ(K2), with ζ = β · r3
2min(R1,R2)

.

To decide WMEM(K2), we must test that each coordinate of the vector has magnitude at

most 2, and that the vector’s projection to the subsystem (as in Remark 130) is proportional

to a Bloch vector of a separable state. Fortunately, since one part of the subsystem has O(1)

qubits, we can test the latter using an algorithm that runs in time polynomial in dimension,

i.e. exponential time.

There are many known algorithms to test whether a Bloch vector is separable; see Ioannou

[2007] for a (slightly dated) comparison. In this work, we rely on an algorithm which searches

over symmetric extensions of a state. This algorithm takes an input ρ ∈ D(X, Y ) and tries

to find an extension; i.e. a state σ ∈ D(X, Y1, . . . , Yk) such that the reduced density matrix

of σ on X and any Y register is equal to ρ. A state is separable if and only if it is k-

extendable for all k, so this test always succeeds at large enough k (although this may not

be polynomial in the number of qubits). This algorithm was initiated by works of Doherty-

Parrilo-Spedalieri Doherty et al. [2002, 2004] and the quantum de Finetti theorem Caves

et al. [2002], Christandl et al. [2007], but see follow-ups Navascués et al. [2009], Brandão and

Christandl [2012], Harrow et al. [2017] which find ways to quantify and reduce the value of

k required to test separability.

Claim 137 ([Ioannou, 2007, Corollary 1 and Section 3.5]). Let SN1,N2
be the set of separable

states of dimension N1 ×N2. Then there is an algorithm to decide WMEMβ(SN1,N2
) (with

respect to the trace distance) in time poly((1/β)9N2 , N1, N2).

By Claim 128, we know that Claim 137 also holds with respect to Euclidean distance of

the real vectors. As a consequence:
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Theorem 138. We can decide WMEMζ(K2) in exponential time, for any ζ that is at least

an inverse exponential in n.

Proof. Let M = 2p(n) be such that K2 ⊆ RM2−1. Consider any vector r⃗ ∈ RM2−1.

We first trivially check if any coordinate is more than 2; if it is, we stop and report that

r⃗ /∈ K2. Otherwise, we consider the projection of r⃗ to the BC subsystem, which is a vector

on fewer dimensions. By Claim 137, we can check this reduced vector is separable up to

error β def
= ζ

2M in time poly((2M/ζ)9 dim(C), dim(B), dim(C)). Since dim(C) is at most some

uniform constant, this runtime is poly(1/ζ,M), i.e. exponential in n.

We remark on the error tolerance. Let |BC represent the projection onto the BC subsys-

tem. By Remark 130, K2 is the direct sum of K2|BC and a solid hypercube (for the other

coordinates).

• In the YES case, the input x⃗ ∈ S(K2,−ζ). So K2|BC contains a ball centered at x⃗|BC

of radius ζ: x⃗|BC ∈ S(K2|BC ,−ζ). This is correctly decided since Claim 137 has error

at most ζ
M , and the normalization factor is at most M .

• In the NO case, the input x⃗ /∈ S(K2, ζ). We can check each coordinate of x⃗ is at most

2 up to bit precision, i.e. inverse double exponential in n. If this check succeeds, then

x⃗|BC must be at least distance ζ
2 from K2|BC : x⃗|BC /∈ S(K2|BC , ζ2). This is correctly

decided since Claim 137 has error at most ζ
2M , and the normalization factor is at most

M .

To decide WMEM(K1), we must test whether a vector is a true Bloch vector. This

amounts to ensuring that the associated density matrix is positive semi-definite, as it is

already trace-1 and Hermitian. There are several ways to test this property; for example,

we can use Claim 137 with N1 =M and N2 = 1.

Fact 139. We can decide WMEMζ(K1) in exponential time, for any ζ that is at least an

inverse exponential in n.
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Remark 140. In a model of computation that supports exact arithmetic, we can analytically

verify that a vector is a true Bloch vector Kimura [2003]. Choose r⃗ ∈ RM2−1 and a set

{σi}i∈[M2−1] of traceless Hermitian generators of SU(M) satisfying Tr
[
σiσj

]
= 2δij. Let P

be the M ×M matrix

P
def
=

I
M

+
1

2

M2−1∑
i=1

r⃗iσi . (5.12)

Then P is positive semidefinite if and only if ak ≥ 0 for all k ∈ [M ], where a0 = 1, and

k · ak =
k∑

q=1

(−1)q−1Tr[P q]ak−q . (5.13)

We can now state the main result of this section:

Theorem 141. For all 0 ≤ c < s ≤ 1 where c− s = Ω( 1
2poly(n) ), we have QMA

c,s
IS ⊆ EXP.

Proof. Recall that WIS = K1 ∩ K2, where K1 and K2 are convex, compact, well-bounded

0⃗-centered sets with associated radii R1 =
√
2, R2 = 4p(n), r = 1

4p(n)
by Claim 131. Both

WMEMζ(K1) and WMEMζ(K2) can be solved in time exponential in n, for any ζ at least

an inverse exponential in n, by Fact 139 and Theorem 138. Moreover, WIS contains a 0⃗-

centered ball of radius r3 = 1
4p(n)

. Thus, by Theorem 136, we can solve WMEMβ(WIS) for

any β ≥ ζ · 4p(n)+1 ≥ ζ · 2min(R1,R2)
r3

; i.e. any β at least inverse exponential in n.

Consider a problem in QMAIS with completeness-soundness gap ∆. By Corollary 135,

there is an exponential-time reduction to WMEMβ(WIS), where β = Ω( ∆
2poly(n) ). When

∆ = Ω( 1
2poly(n) ), so is β, and this problem can be decided in exponential time.

Remark 142. It is likely that Theorem 141 can be improved to a completeness-soundness

gap that is inverse double exponential in n. This would require two changes. First, the

second step needs a reduction that runs in poly(log 1/ϵ) time; this may be satisfied by the

shallow-cut ellipsoid method Grötschel et al. [1988], Liu [2007]. Second, membership testing
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of K2 needs a program that runs in poly(log 1/ϵ) time; this can plausibly be done using an

improvement to the Doherty-Parrilo-Spedalieri SDP Harrow et al. [2017].

5.6 Purity and internal separability: QMA|IS⟩ = NEXP

In this section we prove there exist constants c, s representing completeness and soundness

for which QMA
c,s
|IS⟩ (the variant of QMA

c,s
IS restricted to pure quantum proofs) can decide

NEXP.

The starting point of our approach is the Blier-Tapp protocol to decide the NP-hard

3-COLORING graph problem Blier and Tapp [2010] in QMAlog(2), i.e. QMA(2) with two

unentangled quantum proofs each on O(log n) qubits. In their protocol, the classical NP

proof is encoded in O(log n)-qubit quantum states of the form |ψ⟩ =
∑

v∈V |v⟩ |cv⟩, where

V is the set of vertices of the graph and cv is a color assigned to vertex v. So |ψ⟩ encodes

a coloring to the graph. With two copies of a quantum proof in this form, the verifier can

measure both in the computational basis, obtaining two random vertices v, w with their

assigned colors cv, cw. If the two measured vertices are neighbors, one can check whether

or not the color constraint is satisfied on this edge. When the two proofs are unentangled,

Arthur can verify that the proofs have the “correct” form: (i) each vertex is assigned exactly

one color, and (ii) the coloring is consistent across the two proofs.

The catch is that the protocol decides NP with an inverse polynomial completeness-

soundness gap. Thus, a straightforward application of the same protocol (for a succinct

version of 3-colorability Papadimitriou and Yannakakis [1986]) decides NEXP with inverse

exponential completeness-soundness gap. This is too small a gap for QMA(2).12 What causes

this small gap in the Blier-Tapp protocol? The first source is that when the graph is not

3-colorable, there may be only one edge that violates the coloring, so it is very difficult

to sample this edge. This can be overcome by taking the PCP version of 3-coloring.

12. Intuitively, Arthur most often sees two vertices which are not connected by an edge and so he cannot
check the validity of the coloring. In the O(log n)-qubit version he saw adjacent vertices with an inverse-
polynomial probability, but now this occurs with an inverse-exponential probability.
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The second source is that for sparse graphs, the probability of that two vertices chosen at

random are adjacent is inverse polynomial in the number of vertices. One may try to fix this

with a dense graph; however, since one can efficiently approximate 3-coloring on dense

graphs Arora et al. [1999], we can no longer use a PCP to fix the first issue.

To simultaneously overcome both issues in the Blier-Tapp protocol and appropriately

scale up to NEXP, Jeronimo and Wu Jeronimo and Wu [2023a] consider a different succinct

gapped constraint satisfaction problem (CSP). Their protocol follows a similar outline.13 A

key part of the protocol in Jeronimo and Wu [2023a] is to enforce the same “correct” form

of each quantum proof, as used in the Blier-Tapp protocol. This form was later named rigid

in Bassirian et al. [2024b]:

Definition 143 (Rigid and quasirigid states). A bipartite state |ψ⟩ ∈ CR ⊗ Cκ is called

quasirigid if it is of the form |ψ⟩ =
∑

v∈[R] αv |v⟩ |cv⟩ for some complex numbers {αv}v∈[R]

and indices {cv ∈ [κ]}v∈[R], and moreover called rigid if all αv = 1√
R

.

However, Jeronimo and Wu [2023a] only managed to enforce the rigidity of each quantum

proof by requiring additional structure, i.e. the proofs are unentangled, and have non-

negative amplitudes in the computational basis. Bassirian et al. [2024b] show how to use

only the non-negative amplitudes requirement (i.e. without imposing unentanglement) to get

the same result. This is done using two distinct tests: (i) check that each vertex is assigned

exactly one color (i.e. quasirigid or valid), and (ii) check that every vertex is represented in

the proof with nontrivial weight.

In this section we go the other direction: we enforce that a quantum proof is rigid for pure

states with our specific entanglement structure of internal separability. We closely follow the

recipe of Bassirian et al. [2024b], Bassirian and Marwaha [2024], adjusting some of their

claims (especially [Bassirian et al., 2024b, Lemma 10]) to our scenario.

13. Each quantum proof, instead of encoding each vertex and a chosen color, now encodes a each constraint
and a list of assigned values to its corresponding variables. For ease of discussion, we continue to call the
registers “vertex” and “color” registers. This is just a difference in notation, as each constraint only uses a
constant number of variables.
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5.6.1 A warm-up with the computational basis

In Bassirian and Marwaha [2024], Bassirian and Marwaha create a framework to unify the

previous results. They observed that a variant of QMA, where Arthur is equipped with a

fantastical operation they call a “superposition detector”, can decide NEXP. This opera-

tion inputs a quantum state, and decides whether the quantum state is a computational

basis element, or ϵ-far from any such element. It empowers Arthur to enforce condition (i)

(quasirigidity) — i.e. ensuring the proof has one color per vertex. For condition (ii), Arthur

needn’t any special equipment. He tests that all vertices are in the proof with similar weight

by projecting to the uniform superposition state |+⟩. While this test is simple, it comes at

a price: the honest proof state passes it only with probability 1/κ, strictly less than 1. This

creates some difficulty when choosing the probabilities of running each test in a way that

decides the problem, but it typically can be overcome.

A superposition detector can be easily implemented given two copies of |ψ⟩: measure

each copy in the computational basis, and accept iff the outcomes agree. But in Bassirian

and Marwaha [2024], this operation is applied to a single quantum proof after a partial

measurement in the computational basis. Nonetheless, Bassirian and Marwaha [2024] shows

how to efficiently implement this operation if the proof has a particular form, which includes

states with non-negative amplitudes (showing the main result of Bassirian et al. [2024b]

within the framework).

Here, we warm up by considering two entanglement guarantees that are stronger than

W|IS⟩. We show how to decide NEXP with each entanglement guarantee using the framework

of Bassirian and Marwaha [2024]. We progressively relax the guarantees, eventually working

with W|IS⟩ in the next subsection.

We start with a set of tripartite proofs — where the first register may contain O(poly(n))

qubits, and the other two registers are of constant size — that roughly corresponds to

having “two copies” of the color register. Precisely, the set is W|dup⟩
def
= {|ψ⟩ | |ψ⟩ =∑

i αi |i⟩ |ϕi⟩ |ϕi⟩}. Thus, after measuring any outcome |i⟩, the reduced state is some |ϕi⟩ |ϕi⟩.
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Since the reduced state has two copies, we can implement a superposition detector and en-

force condition (i). Thus, a quantum proof from this state must be close to
∑

v αv |v⟩ |cv⟩ |cv⟩

(where |cv⟩ is a computational basis state). We may convert such a state to a quasirigid

state by applying a CNOT on the last two registers. From here, the framework of Bassirian

and Marwaha [2024] shows how to choose the test probabilities to enforce a rigid state, and

thus decide NEXP.

We now slightly relax the guarantee by considering the set of computational basis pu-

rifications of separable states: W|comp⟩ = {|ψ⟩ | |ψ⟩ =
∑

i αi |i⟩ |µi⟩ |νi⟩}. The difference

between W|dup⟩ and W|comp⟩ is that W|comp⟩ contains states where |µi⟩ and |νi⟩ are different.

We claim that a similar argument as before shows QMA|comp⟩ = NEXP.

Claim 144 (Inspired by [Bassirian and Marwaha, 2024, Claim 21]). Consider a quantum

state of the form |µ⟩ |ν⟩, where each register has k qubits. For 0 < ϵ ≤ 1/2, there is an

efficient quantum protocol that decides if (YES) |µ⟩ |ν⟩ is two copies of a computational

basis element |e⟩ |e⟩, or (NO) ϵ-far in trace distance from any such basis element, with

completeness and soundness gap 2x(1− x) for x = min(ϵ,
√
1− ϵ,

√
1−ϵ
2k

).

Proof. Let |µ⟩ =
∑

j βj |j⟩ and |ν⟩ =
∑

j δj |j⟩, where
∑

j |βj |2 =
∑

j |δj |2 = 1. The

protocol measures each state in the computational basis and accepts iff they agree. This

succeeds with probability

∑
j

|βjδj |2 . (5.14)

In the YES case, |µ⟩ = |ν⟩ both are equal to some computational basis element |j⟩, and so

the protocol succeeds with probability 1.

In the NO case, |βjδj |2 = | ⟨µ, ν|j, j⟩ |2 ≤ 1 − ϵ for every computational basis element

|j⟩. We suppose the probability of success is at least 1 − 2ϵ, since otherwise there is a

completeness-soundness gap of 2ϵ. Let j∗ be a value that maximizes |βjδj |2 (break ties
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arbitrarily). Then |βj∗δj∗|2 ≥ 1−2ϵ
2k

. So the probability of success is

∑
j

|βjδj |2 = |βj∗δj∗|2 +
∑
j ̸=j∗

|βjδj |2 (5.15)

≤ |βj∗δj∗|2 +
( ∑
j ̸=j∗

|βj | · |δj |
)2 (5.16)

≤ |βj∗δj∗|2 +
( ∑
j ̸=j∗

|βj |2
)
·
( ∑
j ̸=j∗

|δj |2
)

(5.17)

≤ |βj∗δj∗|2 + (1− |βj∗|2) · (1− |δj∗|2) . (5.18)

The second inequality follows by Cauchy-Schwarz. We next invoke the AM-GM inequality:

for non-negative x, y, we have 2
√
xy ≤ x+ y. This implies

(1− x)(1− y) = 1− x− y + xy ≤ 1− 2
√
xy + xy = (1−√

xy)2 . (5.19)

So the probability of acceptance is at most |βj∗δj∗|2 + (1− |βj∗δj∗ |)2 = 1− 2|βj∗δj∗| · (1−

|βj∗δj∗ |). This expression is maximized at the smallest and largest values of |βj∗δj∗|. By

definition of the NO case, |βj∗δj∗| ≤
√
1− ϵ, and by assumption, |βj∗δj∗| ≥

√
1−ϵ
2k

.

Since we can still implement the superposition detector with a single proof from W|comp⟩,

we may use the framework of Bassirian and Marwaha [2024] to enforce rigidity of our proof

(up to a CNOT gate), and so QMA|comp⟩ = NEXP.

5.6.2 Handling purifications in an arbitrary basis

In W|comp⟩, after a computational basis measurement in the first register, the post mea-

surement state is always separable. We took advantage of this structure to implement a

superposition detector in Claim 144. Unfortunately, showing that QMA|IS⟩ = NEXP is not

quite as simple. The main difference between W|IS⟩ and W|comp⟩ is that in W|IS⟩, the purifi-

cation register can be oriented in any basis. For example, the below state belongs to W|IS⟩,
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but not W|comp⟩:

1√
2
(|+⟩ |0⟩ |0⟩+ |−⟩ |1⟩ |1⟩) = 1

2(|0⟩ (|00⟩+ |11⟩) + |1⟩ (|00⟩ − |11⟩)) . (5.20)

To amend this issue, we add data to the second register to mimic the behavior of states in

W|comp⟩.

Consider states on four registers CR ⊗ (Cκ ⊗ CR) ⊗ Cκ, where R = 2poly(n) and κ is

some constant. Let p1, p2 be probabilities that we set later. Our protocol is as follows:

• Enforce “quasirigidity”. With probability p1 run MatchCheck — measure all the regis-

ters in the computational basis, and make sure it is of the form |v⟩ |c⟩ |v⟩ |c⟩ (i.e. the

first pair of outcomes matches the second pair of outcomes).

• Enforce “density”. With probability p2 run CNOT1,3 (i.e. applied to the first and third

register), then CNOT2,4, and check Density — measure the first two registers in the

Hadamard (X) basis and accept if all the qubits are |+⟩.

• Estimate CSP value. Otherwise run CNOT1,3 and CNOT2,4, and then run the con-

straint tests of Bassirian et al. [2024b] on the first two registers, which check that the

encoded classical assignment satisfies the CSP.

Why does this work? It turns out that MatchCheck combined with the internal separability

guarantee enforces the state (after applying CNOTs) to be close to quasirigid. Adding the

Density check (after CNOTs) enforces it to be close to rigid. However, to show this, we must

reprove adjusted versions of lemmas from Bassirian et al. [2024b], Bassirian and Marwaha

[2024].

Consider an arbitrary tripartite state

|ψ⟩ def
=

∑
v,c,w,d

avc,wd |v⟩A |c, w⟩B |d⟩C , (5.21)
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and let ρB,C = trA(|ψ⟩⟨ψ|) be the reduced density matrix after tracing out register A. Then

the success probability of MatchCheck is exactly
∑

vc |avc,vc|2.

Now consider |ψ⟩ after applying CNOT1,3 and CNOT2,4:

CNOT1,3CNOT2,4 |ψ⟩ =
∑
vc,wd

avc,wd |v⟩ |c⟩ |w ⊕ v⟩ |d⊕ c⟩ . (5.22)

The last two registers are |0⟩ |0⟩ exactly when (v, c) = (w, d), which happens with exactly

the probability that MatchCheck succeeds. So conditioned on the last two registers being

|0⟩ |0⟩, the new state is proportional to

(∑
vc

avc,vc |v⟩ |c⟩

)
|0⟩ |0⟩ . (5.23)

It remains to show that the new state is quasirigid. Suppose MatchCheck passes with high

probability; then for a typical |v⟩A in state Eq. (5.21), the two color registers are the roughly

in superposition of |cc⟩ for allowed colors c. If the superposition consists more than one

color, it adds some entanglement between the B and C registers. Since we have that state

ρB,C is separable, then |ψ⟩ must be close to quasirigid.

To prove this claim formally, we require a technical lemma:

Lemma 145. Consider a state ρ ∈ D(Cm,Cn) that is separable. Then for any w, y ∈ [m]

and x, z ∈ [n], we have

| ⟨wx| ρ |yz⟩ | ≤
√
min(⟨wx| ρ |wx⟩ , ⟨wz| ρ |wz⟩ , ⟨yx| ρ |yx⟩ , ⟨yz| ρ |yz⟩) , (5.24)

and moreover,

| ⟨wx| ρ |yz⟩ | ≤ 1

2
·min(⟨wx| ρ |wx⟩+ ⟨yz| ρ |yz⟩ , ⟨wz| ρ |wz⟩+ ⟨yx| ρ |yx⟩) . (5.25)

Proof. Fix a separable decomposition of ρ of the form ρ =
∑

ι pιMι ⊗Nι, where all pι ≥ 0,
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∑
ι pι = 1, and Mι, Nι are trace-1 and positive semidefinite. Choose any w, y ∈ [m] and

x, z ∈ [n]. Then

|⟨wx| ρ |yz⟩| ≤

∣∣∣∣∣∑
ι

pι ⟨w|Mι |y⟩ · ⟨x|Nι |z⟩

∣∣∣∣∣ ≤∑
ι

pι |⟨w|Mι |y⟩| · |⟨x|Nι |z⟩| . (5.26)

Recall that PSD matrices A decompose as A = B†B, and so by Cauchy-Schwarz,

| ⟨i|A |k⟩ |2 =
∣∣∣(B |i⟩)†(B |k⟩)

∣∣∣2 ≤ ⟨i|B†B |i⟩ · ⟨k|B†B |k⟩ = ⟨i|A |i⟩ · ⟨k|A |k⟩ , (5.27)

So then |⟨wx| ρ |yz⟩| ≤
∑

ι pι
√
⟨w|Mι |w⟩ · ⟨y|Mι |y⟩ · ⟨x|Nι |x⟩ · ⟨z|Nι |z⟩.

For any PSD matrix A and vector |ψ⟩, we have 0 ≤ ⟨ψ|A |ψ⟩ ≤ Tr(A). All Mι, Nι are

trace-1, so

|⟨wx| ρ |yz⟩| ≤
∑
ι

pι
√
⟨w|Mι |w⟩ · ⟨z|Nι |z⟩ (5.28)

≤
√∑

ι

pι ⟨w|Mι |w⟩ · ⟨z|Nι |z⟩ (5.29)

=
√
⟨wz| ρ |wz⟩ , (5.30)

where the second inequality is Jensen’s. The other bounds follow mutatis mutandis.

Moreover, we can use the AM-GM inequality; i.e. for non-negative a, b, we have
√
ab ≤

a+b
2 . So

|⟨wx| ρ |yz⟩| ≤ 1

2

∑
ι

pι (⟨w|Mι |w⟩ · ⟨x|Nι |x⟩+ ⟨y|Mι |y⟩ · ⟨z|Nι |z⟩) (5.31)

=
⟨wx| ρ |wx⟩+ ⟨yz| ρ |yz⟩

2
. (5.32)

Similarly, |⟨wx| ρ |yz⟩| ≤ 1
2 · (⟨wz| ρ |wz⟩+ ⟨yx| ρ |yx⟩).

Lemma 146. Suppose MatchCheck succeeds with probability 1 − ϵ, and ρB,C is separa-
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ble. Then there is a state |ϕ⟩ that is quasirigid after applying CNOT1,3CNOT2,4 such that

| ⟨ϕ|ψ⟩ |2 ≥ 1− (κ+ 1)ϵ.14

Proof. Label the computational basis elements of |ψ⟩ as avc,wd |v⟩ |c, w⟩ |d⟩ as in Eq. (5.21).

Let σ : [R] → [κ] be a function that picks out the largest amplitude per vertex, i.e. where

|avσ(v),vσ(v)|2 ≥ |avd,vd|2 for all d ̸= σ(v). For convenience, denote σv
def
= σ(v).

Consider the matrix elements of the reduced density matrix of |ψ⟩ after tracing out the

first register:

⟨c, v, d| ρB,C |e, w, f⟩ =
∑
x

axc,vda
†
xe,wf . (5.33)

We use this expression to upper-bound the weight on colors not chosen by σ:

∑
v

∑
d;d ̸=σv

|avd,vd|2 ≤
∑
v

∑
d;d̸=σv

|avσv,vσv | · |a
†
vd,vd| (5.34)

=
∑
v

∑
d;d ̸=σv

|avσv,vσv · a
†
vd,vd| (5.35)

=
∑
v

∑
d;d ̸=σv

| ⟨σv, v, σv| ρB,C |d, v, d⟩ −
∑
x;x ̸=v

axσv,vσv · a
†
xd,vd|


(5.36)

≤

(∑
v

∑
d;d̸=σv

| ⟨σv, v, σv| ρB,C |d, v, d⟩ |

)
(5.37)

+
∑
v

∑
d;d̸=σv

∑
x;x ̸=v

|axσv,vσv | · |a
†
xd,vd| . (5.38)

The second term is actually quite small. By the AM-GM inequality,

|axσv,vσv | · |a
†
xd,vd| ≤

1

2
·
(
|axσv,vσv |

2 + |a†xd,vd|
2
)
. (5.39)

14. Recall that κ is the dimension of the third register. Although this lemma resembles [Bassirian and
Marwaha, 2024, Lemma 18], note that ϵ has a different meaning in this paper.
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Taking |axd,vd|2 over all three sums (v, d, x) is at most
∑

(x,c) ̸=(v,d) |axc,vd|2 = 1−(1−ϵ) = ϵ.

Similarly, summing |axσv,vσv |2 over sums (v, x) contributes at most ϵ, so at most κϵ over

sums (v, d, x). In total, the second term is at most κ+1
2 ϵ.

For the first term, since ρB,C is separable, we can use one of the bounds proven in

Lemma 145, i.e.

| ⟨σv, v, σv| ρB,C |d, v, d⟩ | ≤ 1

2
·
(
⟨σv, v, d| ρB,C |σv, v, d⟩+ ⟨d, v, σv| ρB,C |d, v, σv⟩

)
. (5.40)

So then

∑
v

∑
d;d ̸=σv

|avd,vd|2 ≤ κ+ 1

2
ϵ (5.41)

+
1

2

∑
v

∑
d;d̸=σv

⟨σv, v, d| ρB,C |σv, v, d⟩+ ⟨d, v, σv| ρB,C |d, v, σv⟩


(5.42)

≤ κ+ 1

2
ϵ+

1

2

∑
v

∑
d;d̸=σv

∑
x

|axσv,vd|
2 + |axd,vσv |

2

 . (5.43)

The remaining sum is at most
∑

(x,c) ̸=(v,d) |axc,vd|2 = ϵ, so the upper bound is at most

κ+2
2 ϵ ≤ κϵ.

Consider the state |ϕ⟩ = 1√
γ

∑
v avσv,vσv |v⟩ |σv⟩ |v⟩ |σv⟩, where γ =

∑
v |avσv,vσv |2 is

chosen so that ⟨ϕ|ϕ⟩ = 1. Note that |ϕ⟩ is quasirigid after applying CNOT1,3 and CNOT2,4.

Moreover, | ⟨ϕ|ψ⟩ |2 = γ. Putting everything together,

γ =
∑
v

|avσv,vσv |
2 = Pr[MatchCheck succeeds]−

∑
v

∑
d;d̸=σv

|avd,vd|2 ≥ 1− ϵ− κϵ .

We also use the following fact in several places:

Fact 147 (Fuchs and van de Graaf [1998]). Let 0 ≤ Π ≤ I be a positive semi-definite matrix,

and let |ψ1⟩ and |ψ2⟩ be quantum states such that | ⟨ψ1|ψ2⟩ |2 ≥ 1− d. Then | ⟨ψ1|Π |ψ1⟩ −
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⟨ψ2|Π |ψ2⟩ | ≤
√
d.

We are now ready to show that a quantum proof passing both tests must be close to

quasirigid:

Claim 148. Suppose Density and MatchCheck succeed on |ψ⟩ with probability 1
κ−dD and 1−

dM, respectively. Then there exists a state |χ⟩ that is rigid after applying CNOT1,3CNOT2,4

such that

| ⟨χ|ψ⟩ |2 ≥ 1− κdD − (κ+ 1)
√

(κ+ 1)dM . (5.44)

Proof. By Lemma 146, there exists a state |ϕ⟩ =
∑

v αv |v⟩ |cv, v⟩ |cv⟩ such that

| ⟨ψ|ϕ⟩ |2 ≥ 1− (κ+ 1)dM . (5.45)

By Fact 147, for any unit vector |µ⟩, we have
∣∣| ⟨µ|ψ⟩ |2 − | ⟨µ|ϕ⟩ |2

∣∣ ≤√(κ+ 1)dM. We use

this in two places. Let
∣∣+′〉 = CNOT1,3CNOT2,4 |+⟩ |0⟩ |0⟩. First, since |

〈
+′∣∣ψ〉 |2 ≥ 1

κ−dD,

applying Fact 147 with |µ⟩ =
∣∣+′〉 implies |

〈
+′∣∣ϕ〉 |2 ≥ 1

κ − dD −
√
(κ+ 1)dM. Now let

|χ⟩ = 1√
R

∑
v |v⟩ |cv, v⟩ |cv⟩ be the state with the same computational basis elements as |ϕ⟩.

Then

| ⟨χ|ϕ⟩ |2 =

∣∣∣∣∣∣ 1√
R

∑
v∈[R]

αv

∣∣∣∣∣∣
2

= κ

∣∣∣∣∣∣ 1√
κR

R∑
v∈[R]

αv

∣∣∣∣∣∣
2

(5.46)

= κ|
〈
+′∣∣ϕ〉 |2 ≥ 1− κ

(
dD +

√
(κ+ 1)dM

)
. (5.47)

Applying Fact 147 using |µ⟩ = |χ⟩ then implies

| ⟨χ|ψ⟩ |2 ≥ 1− κ
(
dD +

√
(κ+ 1)dM

)
−
√

(κ+ 1)dM = 1− κdD − (κ+ 1)
√

(κ+ 1)dM .

Recall that in the YES case, the Density test succeeds with probability strictly less than
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1. A conniving Merlin in the NO case could try to take advantage of this fact. To mitigate

this issue, we show that if the Density test succeeds with probability higher than in the

YES case, the success of the MatchCheck test is penalized. We prove a tradeoff between the

success of these two tests:

Lemma 149. Suppose Density and MatchCheck succeed on state |ψ⟩ with probability wD ≥ 1
κ

and wM, respectively. Then (wD − 1
κ)

2 + (κ+ 1)wM ≤ κ+ 1.

Proof. By Lemma 146, there exists a |ϕ⟩ =
∑

v∈[R] αv |v⟩ |cv, v⟩ |cv⟩ such that | ⟨ψ|ϕ⟩ |2 ≥

1 − (κ + 1)(1 − wM). Using Fact 147, we see that
∣∣| 〈+′∣∣ψ〉 |2 − |

〈
+′∣∣ϕ〉 |2∣∣ is at most√

(κ+ 1)(1− wM). Note that by assumption, |
〈
+′∣∣ψ〉 |2 = wD ≥ 1

κ , and by Cauchy-

Schwarz, |
〈
+′∣∣ϕ〉 |2 = 1

R·κ

∣∣∣∑v∈[R] αv

∣∣∣2 ≤ 1
κ

∑
v∈[R] |αv|2 = 1

κ . Combining these claims, we

have

wD − 1

κ
≤ |
〈
+′∣∣ψ〉 |2 − |

〈
+′∣∣ϕ〉 |2 ≤

√
(κ+ 1)(1− wM) . (5.48)

The lemma follows after rearranging the terms.

After following the recipe in Bassirian and Marwaha [2024] and adjusting many tools

from there, we have in Claim 148 and Lemma 149 two tests that enforce rigidity of the

quantum proof. These statements allow us to set the probability of running each test (i.e.

p1, p2) in the protocol. We defer the full calculation to Section 5.13. Once this is done, we

reach our goal in this section:

Theorem 150. There exist constants 1 > c > s > 0 such that QMA
c,s
|IS⟩ = NEXP.

5.7 Two copies enforce purity: QMA|IS⟩ ⊆ QMAIS(2)

We can use two unentangled proofs to implement a SWAP test. For product states, this

ensures the unentangled proofs are pure. Consider a convex set of quantum states W with

the property that nearly-pure states in W are always close to a state in rank1(W), i.e. a
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pure state in W . When this is the case, we show that any protocol in QMArank1(W) can be

simulated in QMAW(2).

Definition 151 (Continuity condition of W). A set of quantum states W has the continuity

condition if there exists a number 0 < a ≤ 1 and a continuous, strictly monotonic function

f : [0, a] → [0, 1] with f(0) = 0 satisfying the following property: For any ρ ∈ W, if the

maximum eigenvalue of ρ is 1 − x, then there is some |ψ⟩ ∈ rank1(W) where ⟨ψ| ρ |ψ⟩ ≥

1− f(x).

The continuity condition guarantees that ρ ∈ W is ϵ-close to a pure state only if it is

f(ϵ)-close to a pure state in W . Although this condition is satisfied by many sets W , for

example the set of separable states, there exist pathological sets without this condition.15

Lemma 152. Consider any protocol V in QMArank1(W) with completeness-soundness gap

∆. Suppose also that W has the continuity condition with function f . Then QMAW(2) can

simulate V with completeness-soundness gap Ω(∆ · f−1(∆
2

4 )).

Proof. The quantum proof in QMAW(2) is some product state ρ1 ⊗ ρ2 where ρ1, ρ2 ∈ W .

The verifier runs the following procedure, where we fix the value of p later on:

• With probability p, run the SWAP test.

• Otherwise, choose i ∈ {1, 2} uniformly at random and run V on ρi.

The SWAP test passes with probability 1
2(1+Tr[ρ1ρ2]). Notice that if this is 1, then ρ1 = ρ2

is a pure state; i.e. ρ1, ρ2 ∈ rank1(W). In completeness, Merlin sends an honest quantum

proof, so the procedure accepts with probability at least p + (1− p)(s +∆), where s is the

soundness guaranteed by V . We’ll split the analysis of soundness into cases depending on

the maximum overlap of ρ1 and ρ2 with a pure state.

15. For example, let Pd ⊆ D(Cd) be the set of states with overlap at least 1− 1
d with some pure state, and

define G def
=
⋃

d(D(Cd) \ Pd). Then G has states that are arbitrarily close to pure, yet rank1(G) is empty.
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Let ρ1 =
∑

i pi |ψi⟩⟨ψi| and ρ2 =
∑

j qj
∣∣ϕj〉〈ϕj∣∣ where {|ψi⟩} and {

∣∣ϕj〉} are orthonormal

sets, and the pi’s and qi’s are in decreasing order. Suppose p1q1 = 1− ϵ. Then each of p1, q1

is at least 1− ϵ.

1. The first case is when ϵ ≥ 1/3. Here, the proofs are very far from pure, and so the

SWAP test fails. Notice that Tr[ρ1ρ2] =
∑

j qj
〈
ϕj
∣∣ ρ1 ∣∣ϕj〉 ≤ max|χ⟩ ⟨χ| ρ1 |χ⟩ = p1.

Similarly, Tr[ρ1ρ2] ≤ q1. So then Tr[ρ1ρ2]
2 ≤ min(p1, q1)

2 ≤ p1q1 = 1 − ϵ. Thus,

the SWAP test succeeds with probability 1
2(1 + Tr[ρ1ρ2]) ≤ 1

2(1 +
√
2/3). So the

completeness-soundness gap is at least

p+ (1− p)(s+∆)−
(
p · 1

2
(1 +

√
2/3) + (1− p)

)
(5.49)

= p · 1
2
(1−

√
2/3) + (1− p)(s+∆− 1) . (5.50)

The gap is at least δ > 0 when the probability p is at least

p >
1− (s+∆) + δ

1− (s+∆) + 1
2(1−

√
2/3)

. (5.51)

2. Otherwise, ϵ < 1/3. We will need the probability of the SWAP test in this case, whose

proof is deferred:

Claim 153. When ϵ < 1/3, the SWAP test accepts with probability at most 1− 1
2ϵ+

1
2ϵ

2.

We next analyze the acceptance probability of the other test. Suppose i = 1; the i = 2

case is the same by symmetry. Let f be the polynomial associated with the continuity

condition of W . Since p1 ≥ 1− ϵ, ρ1 has squared overlap at least 1− f(ϵ) with a state

in rank1(W). Since one state is pure, the squared overlap is equal to the fidelity.16

Fuchs-van de Graaf Fuchs and van de Graaf [1998] implies that the trace distance is

at most
√
f(ϵ). So this test accepts with probability at most s+

√
f(ϵ).

16. We use the “squared” version of fidelity, i.e. F (ρ, σ)
def
=
(
Tr
[√√

ρσ
√
ρ
])2.
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Altogether, the procedure accepts with probability at most

p · (1− 1

2
ϵ+

1

2
ϵ2) + (1− p)(s+

√
f(ϵ)) , (5.52)

and so the completeness-soundness gap is at least

1

2
p · ϵ(1− ϵ) + (1− p)(∆−

√
f(ϵ)) . (5.53)

Choose γ > 0 where f(γ) = ∆2

4 .17 We further divide into two subcases:

(a) When ϵ ≤ γ, the proof is close to a state in rank1(W), so the gap is at least

(1− p)∆2 .

(b) Otherwise, γ < ϵ < 1/3. Then the proofs are far from pure and fail the SWAP

test, even if f(ϵ) = 1. The gap is at least δ > 0 when the probability p is at least

p >
1−∆+ δ

1−∆+ 1
2γ(1− γ)

. (5.54)

If we set δ = 1
4 min(1 −

√
2/3, γ(1 − γ)), then we may choose 0 < p < 1 that satisfies

both Eqs. (5.51) and (5.54), producing a completeness-soundness gap Ω(min(δ, (1− p)∆)) =

Ω(δ∆). So the completeness-soundness gap is Ω(∆ · f−1(∆
2

4 )).

We finish the proof of Lemma 152 by proving Claim 153.

Proof of Claim 153. Recall that Tr[ρ1ρ2] =
∑

i,j piqj |
〈
ψi
∣∣ϕj〉 |2. Then

Tr[ρ1ρ2] ≤ p1q1| ⟨ψ1|ϕ1⟩ |2 +
∑
j ̸=1

qj |
〈
ψ1
∣∣ϕj〉 |2 +∑

i̸=1

pi| ⟨ψi|ϕ1⟩ |2 +

∑
i̸=1

pi

∑
j ̸=1

qj

 .

(5.55)

Let | ⟨ψ1|ϕ1⟩ |2 = 1− z. We simplify each term in this upper bound:

17. If this is not possible for any γ ≤ 1/3, then set γ = 1/3, and ignore case (b).
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• The first term is (1− ϵ)(1− z).

• The value |
〈
ψ1
∣∣ϕj〉 |2 when j ̸= 1 is at most 1 − | ⟨ψ1|ϕ1⟩ |2 = z. So the second term

is at most z(
∑

j ̸=1 qj) ≤ zϵ.

• By symmetry, the third term is at most zϵ.

• Since p1, q1 ≥ 1− ϵ, the last term is at most ϵ2.

Altogether, we have

Tr[ρ1ρ2] ≤ (1− ϵ)(1− z) + 2zϵ+ ϵ2 = 1− ϵ+ (3ϵ− 1)z + ϵ2 . (5.56)

Since ϵ < 1/3, this upper bound is maximized at z = 0. So the SWAP test accepts with

probability 1
2(1 + Tr[ρ1ρ2]) ≤ 1− 1

2ϵ+
1
2ϵ

2.

We now use Lemma 152 to prove that QMA|IS⟩ ⊆ QMAIS(2).

Claim 154. QMA|IS⟩ ⊆ QMAIS(2), and so QMAIS(2) = NEXP.

Proof. Ideally, we would like to show that WIS has the continuity condition. However, we

are unable to do this when the first register in the proof has too few qubits. Nevertheless,

we show that a subset of WIS has the continuity condition, and moreover, the protocol for

NEXP (Section 5.6) can use quantum proofs in this subset of WIS. Since the NEXP-hard

problem is complete for QMA|IS⟩, every problem in QMA|IS⟩ can be decided in QMAIS(2).

Label the registers of the quantum proof A,B,C, and denote the dimension of any

register X as dim(X). Let WIS
∗ ⊆ WIS be the set of tripartite states in WIS where the

registers also satisfy dim(A) ≥ dim(B) · dim(C). We show in Section 5.14 that the protocol

of Section 5.6 can use a quantum proof in W|IS⟩ obeying this register size inequality; thus,

NEXP ⊆ QMArank1(WIS
∗).

We now show that the continuity condition holds for WIS
∗. Consider any such quantum

proof ρ. Suppose the largest eigenvalue-eigenvector pair of ρ is (λ1, |ψ⟩). The fidelity of
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ρ and |ψ⟩ is exactly ⟨ψ| ρ |ψ⟩ = λ1. Since fidelity is non-decreasing under CPTP maps,

the fidelity of TrA[ρ] and TrA[|ψ⟩⟨ψ|] is at least λ1. Since |ψ⟩ purifies TrA[|ψ⟩⟨ψ|], and

dim(A) ≥ dim(B) · dim(C), Uhlmann’s theorem implies the existence of a purification
∣∣χρ〉

of TrA[ρ] that maintains fidelity, i.e. |
〈
ψ
∣∣χρ〉 |2 ≥ λ1.

Note that by construction,
∣∣χρ〉 ∈ rank1(WIS

∗). Moreover,

〈
χρ
∣∣ ρ ∣∣χρ〉 ≥ λ1

〈
χρ
∣∣ |ψ⟩⟨ψ| ∣∣χρ〉 ≥ λ21 . (5.57)

We verify that WIS has the continuity condition with f(x) = 2x. Suppose λ1 = 1−x; then the

squared overlap with
∣∣χρ〉 is at least (1−x)2 = 1−(2x−x2) ≥ 1−2x. Lemma 152 then implies

that NEXP ⊆ QMAWIS
∗(2), which is trivially contained in QMAWIS

(2) = QMAIS(2).

We show in Section 5.10 that QMAIS(2) at large enough completeness-soundness gap can

be simulated by QMA(2). As a consequence:

Corollary 155. Gap amplification of QMAIS(2) implies QMA(2) = NEXP.

However, by Theorem 112, the single-copy variant QMAIS ⊆ EXP at all completeness-

soundness gaps at least inverse exponential in input size. Unlike QMA+, gap amplification

of QMAIS does not obviously imply any complexity collapse. In other words, QMAIS(2) has

exactly the desired features of Jeronimo and Wu [2023a] while bypassing the issue identified

in Bassirian et al. [2024b].

5.8 Open questions

1. Does the complexity class QMAIS exhibit gap amplification? This is a good start-

ing point to study gap amplification of QMAIS(2), which by Corollary 116 implies

QMA(2) = NEXP.

2. The proof of Theorem 113 uses two quantum proofs only to implement a purity

test. Is there a set of proofs W such that QMAW(2) is strictly more powerful than
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QMArank1(W)? If so, there is a setting where unentanglement is useful for something

beyond purity testing.

3. Is there a reduction from WVAL to WMEM that preserves a constant gap? If so,

we can convert our results on hardness of approximation to the associated testing

problems. For example, this would imply NP-hardness of testing whether a state is a

purification of a separable state or Ω(1)-far from any such state.

4. How essential is the continuity condition (Definition 151) to show QMArank1(W) ⊆

QMAW(2)? For example, does all of WIS satisfy the continuity condition? A positive

answer would simplify the proof of Claim 154 by bypassing the argument in Sec-

tion 5.14. Is there a simple characterization of sets which do not satisfy the continuity

condition?

5. One problem related to QMA and purity testing is the pure state marginal problem.

Here, one decides if there exists a pure state that is consistent with a given set of

reduced density matrices. It is known to be in QMA(2) and at least QMA-hard, whereas

the mixed variant is QMA-complete Liu [2006], Broadbent and Grilo [2022]. Can one

exactly characterize the complexity of this problem?

6. A disentangler is a hypothetical quantum channel that maps the set of states to sep-

arable states and is approximately surjective. As noted by John Watrous (and com-

municated in Aaronson et al. [2009]), the existence of an efficient disentangler implies

QMA = QMA(2). We remark that an analogous map from states (or even separable

states) to internally separable states would imply QMA(2) = NEXP. Does such a chan-

nel exist? In fact, disentanglers that separate O(1) qubits from the rest of the state

exist by the quantum de Finetti theorem Caves et al. [2002], Christandl et al. [2007],

but they separate a register from the entire system, not a particular subsystem.

7. Our work initiates a complexity-theoretic study of a notion of multipartite unentan-
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glement. As asked in Question 119, which notions are computationally powerful? For

example, what is the power of QMAW when W contains states with a multipartite

entanglement structure distinct from internal separability?
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5.9 Characterizing QMA(2) as a purity test

The proof of QMAIS(2) = NEXP uses the two unentangled proofs only to implement a purity

test. We suggest this is not coincidence: many works Harrow and Montanaro [2013], Barak

et al. [2017], Yu et al. [2021, 2022] take advantage of the fact that every protocol over

separable states is equivalently a protocol over states with a pure subsystem. We formalize

this equivalence in a self-contained way.

From Harrow and Montanaro [2013], the optimal success probability of a QMA(2) verifier

V is

hsep(V )
def
= max

ρ∈SEP(X,Y )
Tr[V ρ].

By convexity, we only need to optimize over pure product states ρ = |ψX⟩⟨ψX | ⊗ |ψY ⟩⟨ψY |.

In fact, we only need to optimize over ρ ∈ D(X, Y ) such that TrY [ρ] is pure, since these

states contain all pure product states:

Claim 156. Consider a state ρ ∈ D(X, Y ) where TrY [ρ] is pure. Then ρ is a product state.

Proof. Diagonalize ρ =
∑

i pi |ϕi⟩⟨ϕi|. Since TrY [ρ] =
∑

i piTrY [|ϕi⟩⟨ϕi|] is some pure state

|ψ⟩⟨ψ|, all TrY [|ϕi⟩⟨ϕi|] must be proportional to |ψ⟩⟨ψ|. A pure state has a pure subsystem

if and only if it is separable, so |ϕi⟩ = |ψ⟩ |χi⟩ for all i. So ρ = |ψ⟩⟨ψ| ⊗
∑

i pi |χi⟩⟨χi| is a

product state.

Fact 157. Consider a state ρ = |ψ⟩⟨ψ| ⊗ |ϕ⟩⟨ϕ|. Then its reduced density matrix |ϕ⟩⟨ϕ| is

pure.

So hsep(V ) is equivalently an optimization over all states ρ ∈ D(X, Y ) where TrY [ρ] is

pure. In other words, hsep(V ) is exactly

max
ρ∈D(X,Y )

Tr[V ρ] (5.58)

such that rank(TrY [ρ]) = 1 . (5.59)
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Thus, the optimal acceptance probability of a QMA(2) protocol can be written as an SDP

with a rank-1 constraint (i.e. pure subsystem).

At the same time, any SDP with a rank-1 constraint can be converted to an SDP over

separable states. For example, we may rewrite the above optimization as

max
ρ∈SEP(XY,Y ′)

Tr[V ρ]

such that TrX [ρ] ∈ Sym(Y, Y ′) . (5.60)

Eq. (5.60) specifies the SWAP test on (Y, Y ′) to accept with probability 1. This is because

optimizing over separable states is equivalent to optimizing over product states, and for

product states, the SWAP test passes with probability 1 iff the states are rank-1 (i.e. pure).

One can incorporate Eq. (5.60) into a new verifier V ′, which with probability p applies

the SWAP test on (Y, Y ′), and otherwise applies V . Then maxρ∈SEP(XY,Y ′)Tr
[
V ′ρ
]

is affine

to hsep(V ), with precision depending on p. This is essentially the content of the product

test of Harrow and Montanaro [2013].

We also describe how QMA(2) essentially applies “purity testing” to extendable states.

Extendable states can be thought of as “weakly” separable.

Definition 158 (k-extendable bipartite state). Fix k > 1. A state ρAB ∈ D(A,B) is k-

extendable with respect to B if there exists a state σ ∈ D(A,B1, . . . , Bk) that is invariant on

permutation of the subsystems {B1, . . . , Bk} and satisfies TrB2,...,Bk
[σ] = ρAB.

Fact 159. Every separable state is k-extendable for all k > 1.

Proof. Any separable state ρ =
∑

i piρA,i⊗ρB,i can be extended to σ =
∑

i piρA,i⊗ρ⊗k
B,i.

In fact, a state is separable if and only if it is k-extendable for all k Doherty et al. [2004].

For pure states, extendability is equivalent to separability. As a result, any optimization

over pure separable states is equivalently an optimization over pure k-extendable states for

any k > 1.
147



Fact 160. Any pure bipartite state |ψ⟩ ∈ D(A,B) is 2-extendable with respect to B if and

only if it is separable.

Proof. The backwards direction follows from Fact 159, so we focus on the forwards direction.

Consider the 2-extension σ ∈ D(A,B1, B2), which can be diagonalized as σ =
∑

i pi |ϕi⟩⟨ϕi|.

Note that TrB2
[σ] = |ψ⟩⟨ψ| is pure; thus, σ = |ψ⟩⟨ψ|⊗

∑
i pi |χi⟩⟨χi| by Claim 156. But since

σ is symmetric over (B1, B2), TrB1
[σ] = |ψ⟩⟨ψ| is also pure. This implies that TrB1

[|ψ⟩⟨ψ|]⊗∑
i pi |χi⟩⟨χi| must be pure, and thus |ψ⟩ must be separable.

By contrast, optimization over mixed extendable states is equivalent to that over arbitrary

states:

Claim 161. An optimization problem over arbitrary states can be converted to one over

poly(n)-extendable states, and vice versa.

Proof. Consider the optimization maxρ∈D(A)Tr[V ρ]. This is trivially equivalent to optimiz-

ing Tr[(VA ⊗ IB)ρ] over states ρ ∈ D(A,B) that are k-extendable with respect to B.

Fix any k = poly(n). Consider optimizing Tr[Wρ] over states ρ ∈ D(A,B) that are

k-extendable with respect to B. This is equivalent to the following optimization:

max
ρ∈SEP(A,B1,...,Bk)

Tr
[
(WA,B1

⊗ IB2,...,Bk
)ρ
]

such that TrA[ρ] ∈ Sym(B1, . . . , Bk) . (5.61)

Moreover, one can implement the constraint by projecting ρ to the symmetric subspace, and

accepting only if the projection succeeds.

From this perspective, the power of unentanglement in QMA(2) is exactly the ability to

test purity of extendable states. See Table 5.2 for a summary of these claims.
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optimization over arbitrary states poly(n)-extendable states separable states
mixed states allowed QMA QMA QMA(2)

pure states only QMA QMA(2) QMA(2)

Table 5.2: Categorizing quantum verification protocols by the purity and extendability of the quantum
proof.
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5.10 On gap amplification of QMAIS and QMA|IS⟩

Both QMAIS and QMA|IS⟩ can trivially simulate any QMA protocol by using only part A

of the quantum proof, i.e. ignoring the proof’s separable subsystem. But at large enough

completeness-soundness gap, both QMAIS and QMA|IS⟩ can be simulated in QMA. This relies

on the following claim:

Claim 162. Consider any tripartite state |ψ⟩ supported on registers A,B,C. Then there

exists a state |χ⟩ ∈ W|IS⟩ such that that | ⟨χ|ψ⟩ |2 ≥ 1
dim(C)

.

Proof. Schmidt decompose |ψ⟩ on the AB|C bipartition as |ψ⟩ =
∑

i αi |i⟩AB |ϕi⟩C . By

pigeonhole principle, there is an i∗ such that |αi∗ |2 is at least 1 divided by the number of

Schmidt vectors. The number of Schmidt vectors is at most min(dim(B), dim(C)) ≤ dim(C),

so |αi∗|2 ≥ 1
dim(C)

. Then the state |χ⟩ def
= |i∗⟩AB |ϕi∗⟩C has at least 1

dim(C)
squared overlap

with |ψ⟩.

Claim 163. There exist constants c, s such that QMA
c,s
IS ⊆ QMA and QMA

c,s
|IS⟩ ⊆ QMA.

Proof. This proof follows Grilo et al. [2014], Bassirian et al. [2024b]. We focus on QMAIS; the

proof for QMA|IS⟩ is identical. Consider any QMA
c,s
IS protocol with verifier V . We directly

run V in QMA.

By Claim 162, any quantum proof can be written as |ψ⟩ =
√
ℓ |g⟩ + (

√
1− ℓ) |b⟩, where

|g⟩ is a unit vector in W|IS⟩, |b⟩ is some other unit vector, 0 < ℓ ≤ 1 is a positive uniform

constant, and ⟨b|g⟩ = 0. Recall also that W|comp⟩ ⊆ W|IS⟩ ⊆ WIS.

• The completeness proof is unchanged, so the simulator accepts with probability at least

c.

• In soundness, the simulator accepts with probability at most

⟨ψ|V |ψ⟩ = ℓ ⟨g|V |g⟩+ (1− ℓ) ⟨b|V |b⟩+
√
ℓ(1− ℓ) · (⟨b|V |g⟩+ ⟨g|V |b⟩) (5.62)

≤ ℓ ⟨g|V |g⟩+ (1− ℓ) ⟨b|V |b⟩+ 2
√
ℓ(1− ℓ) ·

√
⟨b|V |b⟩ · ⟨g|V |g⟩ (5.63)
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≤ ℓ · s+ (1− ℓ) · 1 + 2
√
ℓ(1− ℓ) ·

√
s . (5.64)

The first inequality follows by Cauchy-Schwarz since V is PSD (i.e. V = LL†).

For any positive constant ℓ, there exist constant c, s where 1− ℓ+ ℓs+2
√
s · ℓ(1− ℓ) < c,18

and so the protocol successfully distinguishes completeness and soundness.

Remark 164. As in Grilo et al. [2014], Bassirian et al. [2024b], Claim 163 naturally extends

to QMA(k). For any constant k, there exist constants c, s such that QMA
c,s
IS (k) ⊆ QMA(k).

We also prove that QMA|IS⟩ = NEXP in Section 5.6. As a result, QMA|IS⟩ does not have

gap amplification unless QMA = NEXP. Note the same is true for the class QMA+ Jeronimo

and Wu [2023a], Bassirian et al. [2024b].

Nonetheless, QMAIS may exhibit gap amplification. The naive strategy of parallel repeti-

tion fails, since a partial measurement can destroy the guarantee of internal separability. But

it is possible that other sophisticated methods (e.g. Marriott and Watrous [2005b], Harrow

and Montanaro [2013]) could be used to prove such a statement.

18. For example, c = 1− ℓ2

4 and s = ℓ
4 is sufficient.
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5.11 Other computational models where unentanglement is

powerful

5.11.1 Towards a new understanding of QMA+

Lemma 152 clarifies recent work on the complexity class QMA+(k) Jeronimo and Wu [2023a],

Bassirian et al. [2024b]. This class is defined as QMA+(k)
def
= QMAW|+⟩(k), where W|+⟩

def
=

{
∑

i ai |i⟩ | (∀i) ai ≥ 0} is the set of quantum states with non-negative amplitudes in the

computational basis.

Jeronimo and Wu found that QMA+(2) at large enough completeness-soundness gap can

be simulated by QMA(2), but can decide NEXP at small enough completeness-soundness

gap Jeronimo and Wu [2023a]. They conjecture that QMA(2) = NEXP, since this would

follow if QMA+(2) exhibits gap amplification. However, Bassirian et al. [2024b] found a

barrier to this approach, as gap amplification of QMA+ would imply the unlikely QMA =

NEXP. One interpretation of this result is that the power of QMA+ comes from restricting

quantum proofs to W|+⟩. This suggests the following question:

Question 165. Is there a set of quantum proofs W where gap amplification of both QMAW

and QMAW(2) implies QMA(2) = NEXP, and no other complexity collapse?

We remark that Question 165 is answered affirmatively by the set WIS. Notably, a

slight adjustment of QMA+ also affirmatively answers Question 165. Expand the set of

quantum proofs to density matrices with non-negative elements: W+
def
= {ρ | (∀i, j) ρij ≥ 0}.

As before, QMAW+
(k) at large enough completeness-soundness gap can be simulated by

QMA(k). Moreover, QMAW+
⊆ EXP, as the non-negative constraints can be added to an

exponential-size semidefinite program. Finally, we can use Lemma 152 to show QMAW+
(2) =

NEXP:

Claim 166. QMAW+
(2) with a constant completeness-soundness gap can decide NEXP.
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Proof. First, note that any rank-1 density matrix with non-negative elements is in fact a

non-negative amplitude state; thus, W|+⟩ = rank1(W+). By Lemma 152, if W+ has the

continuity condition, then QMA+ = QMAW|+⟩ ⊆ QMAW+
(2). The result follows since

QMA+ = NEXP Bassirian et al. [2024b].

We now verify that W+ has the continuity condition. By a standard fact of linear algebra,

the maximum eigenvector of any ρ ∈ W+ can be chosen to have non-negative amplitudes,

i.e. in W|+⟩ = rank1(W+). So then the continuity condition holds with f(x) = x.

Lemma 152 provides an interpretation for the result of Bassirian et al. [2024b]. The

complexity class QMAW+
restricts quantum states as density matrices. Here, we know that

two unentangled proofs are more powerful than one: QMAW+
̸= QMAW+

(2) unless EXP =

NEXP. This directly stems from the SWAP test (i.e. purity test) in Lemma 152. Thus,

the power of QMA+ comes not from restricting quantum proofs to non-negative elements,

but from further restricting W+ to pure states. Because of this, QMA+ cannot have gap

amplification (unless QMA = NEXP), but QMAW+
plausibly can.

5.11.2 Proper states

Proper states are states of the form |ψ⟩ =
∑d

i=1±
1√
d
|i⟩. It was shown in Aaronson et al.

[2009], Beigi [2008] that optimizing over proper states of polynomial dimension is NP-hard

with a constant gap. We show how this can be used to build a computational model where

having one quantum proof is strictly weaker than having two quantum proofs, assuming

P ̸= NP.

Consider the set of real density matrices with equal values on the diagonal; i.e.

Wproper
def
= {ρ ∈ R | (∀i, j) ρii = ρjj} . (5.65)

Consider a variant of QMA allowing only O(log n) space, and the quantum proof restricted to

states in Wproper. Then this class can be decided in P, since there is an efficient semidefinite
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program to calculate the maximum acceptance probability.

On the other hand, note that the pure states of Wproper are exactly the proper states

of Aaronson et al. [2009], Beigi [2008]. By Lemma 152, the associated variant of QMA(2)

can simulate NP, assuming that Wproper satisfies the continuity condition. We verify this

now:

Claim 167. Wproper has the continuity condition.

Proof. Consider any element ρ ∈ Wproper. Since ρ is real, we can always choose the maximum

eigenvector to be real-valued; let it be |ψ⟩ def
=
∑

i ai |i⟩. Let the maximum eigenvalue is λ1;

then ρ− λ1 |ψ⟩⟨ψ| is a PSD matrix, and so all diagonal values are non-negative. Thus,

∑
i

|1/n− λ1a
2
i | =

∑
i

1/n− λ1a
2
i = Tr[ρ− λ1 |ψ⟩⟨ψ|] = 1− λ1 . (5.66)

Let X be the random variable with value nλ1a
2
i . Then E[X] = λ1

∑
i a

2
i = λ1. Since

0 ≤ X ≤ 1, V ar(X) ≤ λ1(1− λ1). By Chebyshev, Pr[X ≤ λ1 − k
√
λ1(1− λ1)] ≤ Pr[X ≤

λ1 − kσ] ≤ 1
k2

.

We investigate the squared overlap of |ψ⟩ with any proper state, which is maximized at

value 1
n(
∑

i |ai|)2. We lower-bound this quantity by ignoring the small terms from Cheby-

shev’s inequality:

1

n

n ·
(
1− 1

k2

)
·

√
λ1 − k

√
λ1(1− λ1)

n · λ1

2

=

(
1− 1

k2

)2

·

(
1− k

√
1− λ1
λ1

)
. (5.67)

Let c = 1−λ1
λ1

. Then choose k = c−1/6. The squared overlap value is then (1 − c1/3)3. So,

Lemma 152 holds with any polynomial dominating g(x) = 1− (1− ( x
1−x)

1/3)3. For example,

we may use the Taylor polynomial of g around 0, or f(x) = 4x1/4 for x ∈ [0, 2−8].

In fact, assuming there is a PCP to scale up the NP-hardness result of Aaronson et al.

[2009], Beigi [2008] to NEXP-hardness, we have QMAWproper ⊆ EXP, yet QMAWproper(2) =
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NEXP. Just as before, we can view the power of proper states as arising from restricting

Wproper to pure states.

However, this class does not provide a good approach to prove QMA(2) = NEXP. Unlike

QMA+ and QMAIS, it is not clear how to simulate QMAWproper in QMA for any completeness-

soundness gap. For example, any computational basis state in D(Cd) has only 1
d squared

overlap with every proper state.
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5.12 QMA with a multiseparable quantum proof

We investigate the power of quantum proofs with another restriction of multipartite entan-

glement, called multiseparability by Thapliyal [1999]. These are tripartite states where after

tracing any register, the reduced density matrix is separable. Label the registers A,B,C as

before. Then

W|multisep⟩ = {|ψ⟩ | TrA[|ψ⟩⟨ψ|] ∈ SEP(B,C),TrB [|ψ⟩⟨ψ|] ∈ SEP(A,C) (5.68)

,TrC [|ψ⟩⟨ψ|] ∈ SEP(A,B)}. (5.69)

Let QMA|multisep⟩
def
= QMAW|multisep⟩ . Then this class can also decide NEXP at some gap:

Theorem 168. There exist constants 1 > c > s > 0 where QMA
c,s
|multisep⟩ = NEXP.

Proof sketch. The proof is almost identical to the proof of Theorem 113.

We consider states on five registers CR ⊗ (CR ⊗ Cκ) ⊗ (CR ⊗ Cκ), where R = 2poly(n)

and κ is some constant. Our protocol is as follows:

• With probability p1, measure all the registers in the computational basis, and make

sure it is of the form |v⟩ |v⟩ |c⟩ |v⟩ |c⟩ (i.e. the vertices match and the colors match).

• With probability p2, run CNOT1,2 (i.e. applied to the first and third register), then

CNOT1,4, then CNOT3,5, and check Density on the first and third registers.

• Otherwise, run CNOT1,2 and CNOT1,4 and CNOT3,5, and then run the constraint

tests of Bassirian et al. [2024b] on the first and third registers.

Our quasirigid state before applying the CNOT gates is of the form

∑
v

av |v⟩ |v, σ(v)⟩ |v, σ(v)⟩ .

We remark that these states are in fact multiseparable. Since each basis element is uniquely
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determined by the value in any one of the registers, tracing out any one register gives a

separable state. The rest of the proof goes through virtually unchanged.

Remarkably, pure states that are multiseparable can be characterized in another way.

Definition 169. A tripartite state |ψ⟩ has a generalized Schmidt decomposition if it can be

written in the form

|ψ⟩ =
∑
i

√
pi |ai⟩ |bi⟩ |ci⟩ , (5.70)

where each set {|ai⟩}, {|bi⟩}, {|ci⟩} is an orthonormal set.

Note that every tripartite state can be recursively Schmidt-decomposed, but this does

not imply that every set {|ai⟩}, {|bi⟩}, {|ci⟩} is simultaneously an orthonormal set.

Fact 170 (Thapliyal [1999]). A state |ψ⟩ has a generalized Schmidt decomposition iff |ψ⟩ ∈

W|multisep⟩.

Corollary 171. There exists a constant α < 1 above which it is NP-hard to α-approximately

optimize linear functions of poly(n)-dimension states with generalized Schmidt decomposi-

tions.

It is fruitful to further understand the connection between Corollary 171 and other NP-

hardness results about testing properties of tensors.

One may also investigate the power of mixed multiseparable states Wmultisep. It is likely

that Lemma 152 can be used to show QMAmultisep(2) = NEXP. The one copy-variant

QMAmultisep can simulate QMA(2) by ignoring any one register of the proof, but its exact

power remains unclear.
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5.13 Computing probabilities of the QMA|IS⟩ protocol for NEXP

Here, we set the probability of running each test in the protocol of Section 5.6. This largely

follows [Bassirian and Marwaha, 2024, Section 3.3] although with slightly different constants.

We rely on the following claim, paraphrased from Bassirian et al. [2024b]:

Lemma 172 (Bassirian et al. [2024b]). There exist constants 0 < ξ ≤ CYES < 1 and a QMA

protocol ConstraintCheck with completeness CYES and soundness CYES−ξ that decides NEXP,

assuming the quantum proof is a rigid state.

Lemma 172 implies the existence of absolute constants CYES, ξ, κ. We choose distance

thresholds νlow, νhigh to be small positive constants that satisfy the following conditions:

0 ≤ νhigh ≤ νlow
κ

,
νhigh
νlow

≤ ξ

6(1− CYES)
,
(
κνlow + (κ+ 1)

√
(κ+ 1)νlow

)1/2
≤ ξ

2
.

(5.71)

This can be done by first making both constants equal and small enough to satisfy the last

inequality, then reducing νhigh to satisfy the first two inequalities.

Now we choose the probabilities p1, p2, p3. Let

p1 =
1

Z
p2 =

(νlow + νhigh)

ν2highZ
p3 =

νlow
2(1− CYES)Z

, (5.72)

where Z def
= 1 +

(νlow+νhigh)

ν2high
+ νlow

2(1−CYES)
, so that the probabilities sum to 1.

Given a quantum proof |ψ⟩, the verifier accepts with probability

p1 ·Pr[Density succeeds] (5.73)

+ p2Pr[MatchCheck succeeds] (5.74)

+ p3 ·Pr[ConstraintCheck succeeds] . (5.75)

In completeness, we consider the quantum proof guaranteed by Lemma 172. Since this state
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is rigid, the verifier accepts with probability at least PYES
def
= p1 · 1κ + p2 · 1+ p3 ·CYES. For

soundness, we analyze four separate cases:

1. In the first case, the proof doesn’t test well enough on Density. If

Pr[Density succeeds] =
1

κ
− d

for d ≥ νlow, then the verifier accepts with probability at most

PNO ≤ p1 · (
1

κ
− d) + p2 · 1 + p3 (5.76)

≤ PYES − p1 · νlow + p3 · (1− CYES) = PYES − νlow
2Z

. (5.77)

2. In the second case, the proof tests too well on Density, and so cannot test well enough

on MatchCheck. If Pr[Density succeeds] = 1
κ + d for d ≥ νhigh, then by Lemma 149 we

can upper bound the success probability of MatchCheck as Pr[MatchCheck succeeds] ≤
k+1−d2

k+1 . Then

PNO ≤ p1 ·
(
1

κ
+ d

)
+ p2 ·

κ+ 1− d2

κ+ 1
+ p3 (5.78)

≤ PYES + p1 · d− p2 ·
d2

κ+ 1
+ p3 · (1− CYES) . (5.79)

The right-most expression depends on d through the term

p1 · d− p2 ·
d2

κ+ 1
= p1

(
d−

(νlow + νhigh)d
2

(κ+ 1)ν2high

)
.

This term is decreasing with d when d > κ+1
2 · νhigh

1+νlow/νhigh
≥ νhigh

2 . So the expression
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is maximized at d = νhigh, and then

PNO ≤ PYES + p1

(
νhigh −

(νlow + νhigh)ν
2
high

ν2high

)
+ p3 · (1− CYES) = PYES − νlow

2Z
.

(5.80)

3. In the third case, the proof doesn’t test well enough on MatchCheck, and the acceptance

probability of Density is not too high. If Pr[Density succeeds] = 1
κ + d for −νlow ≤ d ≤

νhigh and Pr[MatchCheck succeeds] ≤ 1− νlow, then

PNO ≤ p1 ·
(
1

κ
+ d

)
+ p2 · (1− νlow) + p3 (5.81)

≤ PYES + p1 · d− p2 · νlow + p3 · (1− CYES) . (5.82)

By our choice of constants, d ≤ νhigh ≤ νlow. Moreover, one can verify that p2 ≥ 2 · p1

whenever νhigh ≤ 1. So p1 · d− p2 · νlow ≤ −p1 · νlow, and PNO ≤ PYES − p1 · νlow +

p3 · (1− CYES) = PYES − νlow
2Z .

4. In the fourth case, the proof tests well on MatchCheck, and the acceptance proba-

bility of Density is not too low. So the proof must be close to rigid, and do worse

on ConstraintCheck. If Pr[Density succeeds] = 1
κ + d for −νlow ≤ d ≤ νhigh and

Pr[MatchCheck succeeds] ≥ 1− νlow, then by Claim 148, there is a rigid state |χ⟩ such

that

| ⟨χ|ψ⟩ |2 ≥ 1− κd− (κ+ 1)
√

(κ+ 1)νlow . (5.83)

We use Fact 147 with Π equal to the accepting projector of ConstraintCheck; then we

have

|Pr[ConstraintCheck succeeds]−Pr[ConstraintCheck succeeds]| (5.84)
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≤
(
κd+ (κ+ 1)

√
(κ+ 1)νlow

)1/2
. (5.85)

Putting this all together,

PNO ≤ p1 ·
(
1

κ
+ d

)
+ p2 · 1 + p3 ·

(
CYES − ξ +

(
κd+ (κ+ 1)

√
(κ+ 1)νlow

)1/2)
(5.86)

≤ PYES + p1 · d+ p3 ·
(
−ξ +

(
κd+ (κ+ 1)

√
(κ+ 1)νlow

)1/2)
(5.87)

≤ PYES + p1 · νhigh − p3 ·
ξ

2
(5.88)

= PYES +
1

Z

(
νhigh − νlow · ξ

4(1− CYES)

)
(5.89)

≤ PYES −
νhigh
2Z

. (5.90)

So, this protocol succeeds with completeness PYES and soundness at most PYES − νhigh
2Z .
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5.14 Padding argument for the proof of QMAIS(2) = NEXP

Here, we verify that the protocol in Section 5.6 goes through even when the quantum proofs

are from rank1(WIS
∗); i.e. states in W|IS⟩ obeying the register size inequality in the proof

of Claim 154. We modify the protocol as follows. We prepend a scratch qudit (using index

variable z) to the first register to satisfy the register size inequality. In both Density and

MatchCheck, we also measure the scratch qudit in the standard basis, and reject if it does

not output 0z. In the other test, we ignore the scratch qudit.

For this modified protocol, we prove that Lemma 146, Claim 148, and Lemma 149 hold

with the same parameters. We may then choose the test probabilities exactly as in Sec-

tion 5.13, as the analysis only depends on these three statements.

Lemma 173 (Padded version of Lemma 146). Suppose MatchCheck succeeds with probability

1 − ϵ, and ρB,C is separable. Then there is a state |0z⟩ |ϕ⟩ that is quasirigid after applying

CNOT1,3CNOT2,4 such that | ⟨0z, ϕ|ψ⟩ |2 ≥ 1− (κ+ 1)ϵ.

Proof. Label the computational basis elements of |ψ⟩ as azvc,wd |z⟩ |v⟩ |c, w⟩ |d⟩. Let σ :

[R] → [κ] be a function that picks out the largest amplitude per vertex when the scratch

qudit z = 0, i.e. where |a0z ,vσ(v),vσ(v)|
2 ≥ |a0z ,vd,vd|

2 for all d ̸= σ(v). For convenience,

denote σv
def
= σ(v).

Consider the matrix elements of the reduced density matrix of |ψ⟩ after tracing out the

first register:

⟨c, v, d| ρB,C |e, w, f⟩ =
∑
z

∑
x

az,xc,vda
†
z,xe,wf . (5.91)

We use this expression to upper-bound the weight on colors not chosen by σ:

∑
v

∑
d;d̸=σv

|a0z ,vd,vd|
2 ≤

∑
v

∑
d;d ̸=σv

|a0z ,vσv,vσv | · |a
†
0z ,vd,vd

| (5.92)

=
∑
v

∑
d;d ̸=σv

|a0z ,vσv,vσv · a
†
0z ,vd,vd

| . (5.93)
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We break this upper bound into three parts, by rewriting |a0z ,vσv,vσv · a
†
0z ,vd,vd

| as

| ⟨σv, v, σv| ρB,C |d, v, d⟩ −
∑
z ̸=0

∑
x

az,xσv,vσv · az,xd,vd (5.94)

−
∑
x;x ̸=v

a0z ,xσv,vσv · a
†
0z ,xd,vd

| (5.95)

≤ | ⟨σv, v, σv| ρB,C |d, v, d⟩ |+
∑
z ̸=0

∑
x

|az,xσv,vσv | · |a
†
z,xd,vd| (5.96)

+
∑
x;x ̸=v

|a0z ,xσv,vσv | · |a
†
0z ,xd,vd

| . (5.97)

1. For the first term, since ρB,C is separable, we use one of the bounds proven in

Lemma 145:

| ⟨σv, v, σv| ρB,C |d, v, d⟩ | ≤ 1

2
·
(
⟨σv, v, d| ρB,C |σv, v, d⟩ (5.98)

+ ⟨d, v, σv| ρB,C |d, v, σv⟩
)
. (5.99)

So then

∑
v

∑
d;d ̸=σv

| ⟨σv, v, σv| ρB,C |d, v, d⟩ ≤ (5.100)

1

2

∑
v

∑
d;d ̸=σv

⟨σv, v, d| ρB,C |σv, v, d⟩+ ⟨d, v, σv| ρB,C |d, v, σv⟩

 (5.101)

≤ 1

2

∑
v

∑
d;d ̸=σv

∑
z

∑
x

|az,xσv,vd|
2 + |az,xd,vσv |

2

 . (5.102)

2. The second term appears because of the scratch qudit. This term is small because

z ̸= 0:

∑
v

∑
d;d̸=σv

∑
z ̸=0

∑
x

|az,xσv,vσv | · |a
†
z,xd,vd| ≤

∑
z ̸=0

∑
v,x,d

|az,xd,vd|2 (5.103)
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The sum of the first and second term are upper-bounded by

∑
(z,x,c)̸=(0,v,d)

|az,xc,vd|2 = ϵ.

3. For the third term, we use the AM-GM inequality:

|a0z ,xσv,vσv | · |a
†
0z ,xd,vd

| ≤ 1

2
·
(
|a0z ,xσv,vσv |

2 + |a†0z ,xd,vd|
2
)
. (5.104)

Taking |a0z ,xd,vd|
2 over all three sums (v, d, x) is at most

∑
(z,x,c) ̸=(0,v,d) |az,xc,vd|2 =

1− (1− ϵ) = ϵ. Similarly, summing |a0z ,xσv,vσv |2 over sums (v, x) contributes at most

ϵ, so at most (κ− 1)ϵ over sums (v, d ̸= σv, x). In total, this term is at most κ
2 ϵ.

Combining each of the three terms, we have

∑
v

∑
d;d ̸=σv

|a0z ,vd,vd|
2 ≤ ϵ+

κ

2
ϵ =

κ+ 2

2
ϵ ≤ κϵ , (5.105)

where the last inequality holds because κ ≥ 2 (i.e. we need at least two colors).

Consider the state |ϕ⟩ = 1√
γ

∑
v a0z ,vσv,vσv |v⟩ |σv⟩ |v⟩ |σv⟩, where γ =

∑
v |a0z ,vσv,vσv |2

is chosen so that ⟨ϕ|ϕ⟩ = 1. Note that |ϕ⟩ is quasirigid after applying CNOT1,3 and CNOT2,4.

Moreover, | ⟨0z, ϕ|ψ⟩ |2 = γ. Putting everything together,

γ =
∑
v

|a0z ,vσv,vσv |
2 = Pr[MatchCheck succeeds]−

∑
v

∑
d;d̸=σv

|a0z ,vd,vd|
2 ≥ 1− ϵ− κϵ .

Claim 174 (Padded version of Claim 148). Suppose Density and MatchCheck succeed on |ψ⟩

with probability 1
κ − dD and 1− dM, respectively. Then there is a state |0z⟩ |χ⟩ that is rigid

after applying CNOT1,3CNOT2,4 such that

| ⟨0z, χ|ψ⟩ |2 ≥ 1− κdD − (κ+ 1)
√
(κ+ 1)dM . (5.106)
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Proof. By Lemma 173, there exists a state |ϕ⟩ =
∑

z,v αz,v |z, v⟩
∣∣cz,v, v〉 ∣∣cz,v〉 such that

| ⟨ψ|ϕ⟩ |2 ≥ 1− (κ+ 1)dM . (5.107)

By Fact 147, for any unit vector |µ⟩, we have
∣∣| ⟨µ|ψ⟩ |2 − | ⟨µ|ϕ⟩ |2

∣∣ ≤√(κ+ 1)dM. We use

this in two places. Let
∣∣+′〉 = |0z⟩⊗

(
CNOT1,3CNOT2,4 |+⟩ |0⟩ |0⟩

)
. First, since |

〈
+′∣∣ψ〉 |2 ≥

1
κ−dD, applying Fact 147 with |µ⟩ =

∣∣+′〉 implies |
〈
+′∣∣ϕ〉 |2 ≥ 1

κ−dD−
√
(κ+ 1)dM. Now let

|χ⟩ = 1√
R

∑
v |v⟩

∣∣c0z ,v, v〉 ∣∣c0z ,v〉 be such that |0z⟩ |χ⟩ has exactly the shared computational

basis elements of
∣∣+′〉 and |ϕ⟩. Then

| ⟨0z, χ|ϕ⟩ |2 =

∣∣∣∣∣∣ 1√
R

∑
v∈[R]

α0z ,v

∣∣∣∣∣∣
2

= κ

∣∣∣∣∣∣ 1√
κR

R∑
v∈[R]

α0z ,v

∣∣∣∣∣∣
2

(5.108)

= κ|
〈
+′∣∣ϕ〉 |2 ≥ 1− κ

(
dD +

√
(κ+ 1)dM

)
. (5.109)

Applying Fact 147 using |µ⟩ = |0z⟩ |χ⟩ then implies

| ⟨0z, χ|ψ⟩ |2 ≥ 1− κ
(
dD +

√
(κ+ 1)dM

)
−
√
(κ+ 1)dM = 1− κdD − (κ+ 1)

√
(κ+ 1)dM .

Lemma 175 (Padded version of Lemma 149). Suppose Density and MatchCheck succeed on

state |ψ⟩ with probability wD ≥ 1
κ and wM, respectively. Then (wD− 1

κ)
2+(κ+1)wM ≤ κ+1.

Proof. By Lemma 173, there exists a |ϕ⟩ =
∑

z,v αz,v |z, v⟩
∣∣cz,v, v〉 ∣∣cz,v〉 such that

| ⟨ψ|ϕ⟩ |2 ≥ 1− (κ+ 1)(1− wM) . (5.110)

Using Fact 147, we see that
∣∣| 〈+′∣∣ψ〉 |2 − |

〈
+′∣∣ϕ〉 |2∣∣ is at most

√
(κ+ 1)(1− wM). Note
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that by assumption, |
〈
+′∣∣ψ〉 |2 = wD ≥ 1

κ , and by Cauchy-Schwarz,

|
〈
+′∣∣ϕ〉 |2 =

1

R · κ

∣∣∣∣∣∣
∑
v∈[R]

α0z ,v

∣∣∣∣∣∣
2

≤ 1

κ

∑
v∈[R]

|α0z ,v|
2 ≤ 1

κ
.

Combining these claims, we have

wD − 1

κ
≤ |
〈
+′∣∣ψ〉 |2 − |

〈
+′∣∣ϕ〉 |2 ≤

√
(κ+ 1)(1− wM) . (5.111)

The lemma follows after rearranging the terms.
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