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ABSTRACT

Mathematical models are powerful tools for understanding physical systems. If the dynamics
of the system are of interest, these models are commonly parameterized systems of ordinary
differential equations (ODEs). For the model to be useful, it should reproduce known prop-
erties of the experimental system and ideally make meaningful predictions. In general, an
arbitrary choice of parameters will not result in a model that is consistent with the physi-
cal system. As a first step, a suitable set of parameters must be determined such that the
model can reproduce properties of the physical system, and this can represent a significant
undertaking in itself.

The process of determining a set of parameters that can reproduce the known properties
of the system is an example of an inverse problem. In general, inverse problems do not admit
unique solutions; there can be no solutions or multiple solutions that are equally valid. Due
to this indeterminacy, Monte Carlo Markov Chain (MCMC) methods are commonly used to
estimate a probability distribution over the solution space to provide both a set of optimal
solutions and a measure of uncertainty. The probability distributions that arise from inverse
problems involving parameterized ODE models tend to be poorly conditioned in ways that
degrade the performance of general MCMC methods. We first present a specialized method
for sampling the distributions that arise from inverse problems involving parameterized ODEs
and demonstrate its performance gains over conventional MCMC methods.

Our specialized MCMC method enables the treatment of ODE models that are difficult
for conventional MCMC methods to handle without extensive tuning of hyperparameters.
We apply our method to a model of the Kai oscillator. The sampling results make an
unconventional prediction that the T432 phosphorylation site of KaiC is not necessary for
oscillatory dynamics, but instead keeps the period of the oscillator robust over a wider
range of KaiA concentrations. We confirm this prediction experimentally. To understand
the mechanism by which robustness arises in the Kai oscillator, we reduce the optimized

xii



model to a simple minimal model that we analyze using the method of matched asymptotic
expansions. The asymptotic analysis reveals that the robustness in the Kai oscillator is
governed by the balance between the rate of autocatalytic KaiA release and the rate of KaiA
sequestration, and that the presence of T432 allows the balance to persist across a wider
range of KaiA concentrations.

Lastly, we consider how to analyze noisy systems modeled with stochastic differential
equations (SDEs). The presence of noise requires us to compute averages of quantities of
interest instead of the deterministic quantities in the case of ODEs. We extend the framework
of transition path theory, which has traditionally been used to analyze molecular simulations,

to compute statistics regarding the trajectories of the system.
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CHAPTER 1
INTRODUCTION

An important role of theoretical models is to make predictions regarding a system of interest.
In biological systems, the high number of interacting degrees of freedom makes it intractable
to describe everything in atomistic detail. Consequently, models that describe biological
systems tend to be more phenomenological as the size of the system in question increases.
Despite the relative imprecision of models of biological systems compared to those that may
arise in more traditional fields of physics, these models can still be useful, but often have
parameters that must be inferred from experimental data before they can reliably reproduce
the known properties of the system, let alone make meaningful predictions. This is an
inverse problem: we seek to determine inputs, in this case a set of model parameters, that
will produce a desired output, in this case some experimental measurements.

Since objective functions associated with inverse problems are generally nonconvex and
admit multiple solutions, Bayesian methods are commonly used to find optimal parameters
and quantify their uncertainty simultaneously. Under the Bayesian framework, known infor-
mation about the system, such as bounds on parameter values, is incorporated into a prior
distribution, and deviation from experimental measurements is incorporated into a likelihood
function. The posterior distribution quantifies the quality of a particular set of model param-
eters, and is proportional to the product between the prior and the likelihood. For models
of realistic systems, direct evaluation of the posterior is computationally intractable and
must be estimated. Conventionally, this is done using Markov Chain Monte Carlo (MCMC)
methods, where trajectories are drawn from a Markov chain constructed to have the same
stationary distribution as the posterior distribution. In principle, an unbiased estimate of
the posterior distribution can be obtained from the empirical distribution of a sufficiently
large number of samples.

The behavior of ODE solutions can cause posterior distributions that arise when estimat-
1



ing ODE parameters to be particularly poorly behaved, which in turn can cause the number
of steps required to obtain a sufficiently converged estimate of the posterior distribution
to be very large. One step of a simple MCMC algorithm for ODE parameter estimation
might involve proposing a set of parameters by perturbing from a known set of parameters,
solving an initial value problem (IVP) for the proposed parameters, and then computing the
agreement of the ODE solution with the experimental data. This is a shooting method. For
systems with even mild instability (e.g. stiff systems or those with a positive local Lyapunov
exponent), small changes in the initial conditions or parameters are exponentially amplified
over the solution. This manifests as an ill-conditioned posterior distribution with regions of
high probability density concentrated along steep, narrow bands, limiting size of steps that
the MCMC sampler can make without stalling. Moreover, bifurcations in the ODE generi-
cally occur as parameters are varied. This causes qualitative changes in the solutions that
can lead to large inconsistencies with experimental data, which again manifests as very sharp
variations in the posterior distribution. Even with parameters far from any bifurcations, the
numerical conditioning of the ODE can cause IVP solvers to diverge, resulting in inaccurate
values of the posterior or stalling of the sampler.

We address the challenges that arise when estimating parameters for ODEs by develop-
ing a specialized MCMC method that combines ideas from numerical bifurcation analysis
and trajectory optimization (Chapter 2). First, we note that fixed points of ODE systems
contains information that can be used as a surrogate to rapidly identify regions of the pa-
rameter space that are worth dedicating more computational resources to. For example, if
the dynamics of the physical system relax to a steady state, regions of the parameter space
that do not produce a fixed point that agrees with the experimentally observed steady state
can be quickly eliminated. Computing the fixed point for this preliminary screen only in-
volves finding a root of the vector field of the ODE, which is orders of magnitude cheaper

than solving the IVP. When solving for the full dynamics of the ODE, the conditioning of



the solutions and by extension the posterior distribution can be improved by using colloca-
tion methods instead of the more obvious approach of single shooting. Instead of solving
an [VP, the domain of integration is decomposed into a mesh, the ODE is solved locally on
each mesh element, and the local solutions are required to agree at the interface between two
mesh elements. Each local solution has its own sensitivity to perturbations in the parameters
instead of the globally compounding sensitivity in the case of single shooting. Collocation
methods also allow for easier computation of gradients of the log-posterior with respect to
parameters. Gradients in the case of single shooting must be computed by integrating the
sensitivity equations of the original ODE, usually the adjoint sensitivities if the original
system is high-dimensional. The adjoint equations inherit any instability possessed by the
original equations. In contrast, collocation methods store the ODE solution as a set of ba-
sis coefficients, making gradient computation a linear operation that is simple to evaluate
using automatic differentiation tools. We enforce the collocation constraints with Lagrange
multipliers and sample the constrained distribution using methods related to the RATTLE
integrator used in molecular simulation. These integrators can be viewed as generalizations
of the pseudoarclength continuation method used in numerical bifurcation analysis and are
inherently able to track ODE solutions through fold bifurcations. Taken together, these
optimizations improve the tractability of inference problems that involve large models of
realistic systems.

The performance gains afforded by our specialized MCMC sampler allows us to analyze
a molecularly detailed model of the Kai oscillator, the core biochemical oscillator of the
circadian clock of the cyanobacterium Synechococcus elongatus. The Kai oscillator consists
of three proteins, KaiA, KaiB, and KaiC, that, when reconstituted in vitro with adenosine
triphosphate (ATP), generate free running oscillations with a 22.4 hour period that persists
for weeks. The simplicity of the Kai oscillator has lead to several computational studies that

have sought to reproduce specific experimental observations, but to date there have been no



attempts to account for the published properties of the system holistically.

The existing literature has resulted in a conventional understanding that the dynamics of
the Kai oscillator are due to ordered phosphorylation the serine (S431) and threonine (T432)
residues on the C-terminal domain (CII) of KaiC. KaiA acts as a nucleotide exchange factor
for the nucleotide binding site on CII. With ATP bound on CII, KaiC phosphorylates itself,
first on T432, which promotes further autophosphorylation on S431. Phosphorylation on
S431 promotes ATP hydrolysis on the N-terminal domain of KaiC (CI), which induces a
conformational switch that allows KaiC to recruit KaiB on CI. KaiC that has recruited a
full ring of six KaiB monomers on CI then sequesters KaiA. Sequestration of KaiA prevents
nucleotide exchange on CII and by consequence inhibits phosphorylation on CII, forcing
KaiC to dephosphorylate and reset the cycle. Our results in Chapter 3 complicate this
simple picture.

When the model of the underlying system exhibits stochastic dynamics, the Bayesian
approach we have used to investigate the Kai oscillator faces the additional complication
that there is now both noise in the experimental observations and noise intrinsic to the
dynamics. There are methods such as sequential Monte Carlo methods designed for this class
of problems, but it can be informative to first compute summary statistics of the dynamics of
the system, analogous to how we first compute simple attractors for deterministic dynamics.
Statistics concerning the trajectories of the stochastic system can be computed from the
Kolmogorov Backward Equation or Feynman—Kac formula. This approach has been applied
in the field of molecular simulation under the name of Transition Path Theory (TPT). In
its simplest form, TPT can only compute quantities that do not depend on the history of
the process, but we show in Chapter 4 examples of history-dependent statistics that can be

computed by appropriately augmenting the state space.



CHAPTER 2
SAMPLING PARAMETERS OF ORDINARY DIFFERENTIAL
EQUATIONS WITH CONSTRAINED LANGEVIN DYNAMICS

2.1 Abstract

Fitting models to data to obtain distributions of consistent parameter values is important
for uncertainty quantification, model comparison, and prediction. Standard Markov chain
Monte Carlo (MCMC) approaches for fitting ordinary differential equations (ODEs) to time-
series data involve proposing trial parameter sets, numerically integrating the ODEs forward
in time, and accepting or rejecting the trial parameter sets. When the model dynamics
depend nonlinearly on the parameters, as is generally the case, trial parameter sets are often
rejected, and MCMC approaches become prohibitively computationally costly to converge.
Here, we build on methods for numerical continuation and trajectory optimization to intro-
duce an approach in which we use Langevin dynamics in the joint space of variables and
parameters to sample models that satisfy constraints on the dynamics. We demonstrate the
method by sampling Hopf bifurcations and limit cycles of a model of a biochemical oscillator
in a Bayesian framework for parameter estimation, and we attain performance that matches
or exceeds the performance of leading MCMC approaches that require numerically integrat-
ing the ODEs forward in time. We describe numerical experiments that provide insight
into the speedup. The method is general and can be used in any framework for parameter

estimation and model selection.

2.2 Introduction

Fitting mathematical models to data provides insight that may be difficult to obtain di-

rectly from experiments. One can formulate models to test competing hypotheses and com-



pare them systematically for how readily the models fit the data while accounting for their
complexity (for examples from systems biology, which is our application focus here, see
[7, 16, 131, 42, 135, 68, 40, 94, 65]). In so doing, one learns the implications of the fits for
parameters and variables that are not measured, and one can interpolate the measurements
to arbitrary resolution. These predictions (and their uncertainties) can in turn be used to
guide the design of additional experiments and manipulations for control (e.g., therapeutic
interventions).

Typically, the data are insufficient to constrain models fully, and the parameters have a
distribution of values that are consistent with the data. An accurate representation of this
distribution is important for both quantitative and qualitative assessment of the associated
models. Because a closed form expression for the distribution is rarely available, numerical
methods such as Markov chain Monte Carlo (MCMC) are often used to sample the distri-
bution. In MCMC, one generates random sequences of parameter sets in such a way that
their distribution converges to the distribution of interest.

Two features of parameter distributions often make MCMC converge prohibitively slowly.
First, they can be multimodal, and sequences of low probability parameter sets must be
sampled for MCMC to transition between the modes. Second, parameter distributions are
generally poorly scaled [59]. That is, the support of the distribution may be much narrower
in certain directions than others. Because the narrow (stiff) and wide (soft) directions
often involve combinations of multiple parameters, they are not obvious, and the narrowest
direction often limits the separations between successive parameter sets and, in turn, the
amount of space explored.

Much work has been done to address these issues. Multimodality can be treated by
enhancing the sampling of the low-probability sequences of parameter sets that enable tran-
sitions [34, 93, 101, 99, 113, 124|. Poorly scaled distributions can be sampled more efficiently

by schemes in which proposed changes to the parameters are asymmetric [30], affine invariant



[55, 85], or otherwise depend on the current position in parameter space [52, 137|. Neverthe-
less, even with enhanced sampling and preconditioning, generally 10 to 107 parameter sets
must be proposed and evaluated to obtain a reasonable sample of a parameter distribution.
As a result, even when a single parameter set is a fraction of a second to test, obtaining a
good sample of a distribution can be prohibitively computationally costly.

Here, we develop a complementary approach based on the observation that it can be much
faster to compute the limiting behavior of a (deterministic) dynamical model—for example,
its fixed points and limit cycles—than to integrate it forward in time. Namely, we show how
constrained Hamiltonian dynamics can be used to sample fixed points consistent with data
directly; the fixed points can be used to seed more computationally expensive calculations to
obtain transient behaviors. While related methods have been applied in a variety of contexts
[17, 134], to the best of our knowledge, they have not been previously applied to estimating
parameters for systems of ordinary differential equations (ODEs). We focus particularly on
ODE systems exhibiting oscillatory dynamics [69], which can be especially difficult to sam-
ple because freedom in the phase of oscillations causes the parameter distributions of such
models to be poorly scaled and multimodal. In Section 2.3, we motivate the approach by
discussing the problem of sampling parameters for a model of the repressilator, an oscilla-
tory gene regulatory network that we introduce. In Section 2.4, we provide a conceptual
overview of the approach. In Section 2.5, we return to the problem of sampling parameters
of the repressilator and show that, for it, we can outperform widely used MCMC methods.
We conclude by discussing how the method could be extended and combined with other
strategies for accelerating parameter estimation in Section 2.6. Technical details regarding
our implementation of the method are given in Section 2.7. This chapter was previously

published in [28].



2.3 Motivating example

Suppose selected measurements are made on a biochemical system. The problem that we
consider is how to fit the data (or more generally how to satisfy a set of constraints on the dy-
namics) to evaluate models and /or estimate parameter values. When spatial heterogeneities
are not resolved and stochasticity can be neglected, the dynamics of such a system can be
modeled through a set of ODEs.

For concreteness, consider the repressilator [38], a cycle of inhibitory gene regulatory
interactions that can give rise to oscillations in gene expression (Figures 2.1 and 2.2). A

minimal model of this system is the set of ODEs

dy
e f(y,k,n) (2.1a)
kjo ki
fi(y.k,n) = T yj, J€10,1,...,20}, (2.1b)

L+y;75 ko,1

where y; is the concentration of the jth gene product, k; o are dimensionless expression rates,
kj1 are dimensionless degradation rates, n; are Hill coefficients, s is dimensionless time, and
¢ > 1 is a positive integer. The first term on the right hand side of (2.1b) represents the
inhibitory effect of the previous species in the cycle on expression and the second term
represents degradation of the gene product. For a fixed ¢, we would like to infer values for
k and n that are consistent with the (simulated) data in Figure 2.2, for example.

Bayesian statistics provide a framework for accomplishing this goal [91, 131, 40]: let k be
the parameters of the model and x be experimental observations. Given a prior distribution
7(k) and likelihood function m(x|k), the posterior distribution m(k|x) can be computed using

Bayes’ rule:
m(x[k)7 (k)

(i) = 750

x m(x|k)m(k). (2.2)

That is, the probability of the model given the data is proportional to the product of our



Figure 2.1: Schematic of the repressilator model with 2¢ + 1 species, where ¢ is a positive
integer.

prior belief in the model and the probability of the data given the model. Assuming that the
experimental uncertainties of observable ¢ are independent and normally distributed with

variance 02»2, the likelihood takes the form

M; 1
7(x|k) o exp 2 Uzl 2022 zi)? |, (2.3)
where x is the model output, N is the number of observables, and M; is the number of
measurements of observable 7. As the likelihood can vary over several orders of magnitude
and the logarithm is a strictly increasing function, computations are usually performed with
the logarithm of the likelihood (log-likelihood). Maximizing the log-likelihood corresponds

to minimizing the weighted sum of squared errors:

N M; 1
logm(x|k) =Y > A z;)? + C, (2.4)
i=1j=1 "1

where C' is a constant that is independent of x and k.
In general, closed form expressions for the marginal likelihood 7(x) are not available and
numerical estimates can be difficult to compute when x is more than a couple of dimensions.

Direct computation of m(x) can be avoided by using Markov chain Monte Carlo (MCMC)
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Figure 2.2: Simulated data used in parameter estimation for the three- and seven-species
repressilator. We integrate the three-species equations with arbitrarily chosen oscillatory
parameters forward in time using Tsitouras’s 5/4 explicit Runge-Kutta method [128] to
generate the ground truth data shown red. Simulated observations, shown in blue, are
generated by adding normally distributed noise with mean zero and variance 2.5 x 1073 to
the concentration of the first species.

methods to sample sequences of parameter sets in such a way that their distribution converges
to m(k|x).

Random Walk Metropolis (RWM) is one of the simplest and most widely used forms of
MCMC. When applied to an ODE model like that for the repressilator above, it involves
many steps of the form in Algorithm 1. In words, a random change to the parameter values
is made (drawn from a normal distribution in the example shown), the posterior is evaluated
(which involves integrating the ODEs), and the step is accepted with probability

min § Oelki ) (ki)
{ 7 (x[k; ) (k;) ’1}7 (2.5)

where k; are the current parameter values and k; 1 are the perturbed parameter values.
In principle, RWM provides an unbiased estimate of the target distribution when run for

a sufficiently large number of steps; in practice, this number may be intractably large because

the distribution may be multimodal and poorly scaled, as discussed above. There are many

ways to improve the performance of MCMC, but, in the absence of a closed form expression
10



Algorithm 1 One step of Random Walk Metropolis
Input: current model parameters k;, current posterior value 7;, step size At
Output: updated model parameters k; 1, updated posterior value ;1
mn~ N(07 I)
ki1 <k + nAt
i1 < m(x|kip1)m(kisq) > Integrate (2.1Db)
r~U(0,1)
if » > m; 11 /m; then
ki1 < k;
i+l < T
end if
return k; 1, m; 11

for the likelihood, the operations in step 3 of Algorithm 1 are unavoidable and usually
constitute the bulk of the computational cost. Therefore, we can improve the performance
of any MCMC algorithm by reducing the total amount of effort spent on step 3, through
reducing either the cost of evaluating the likelihood or the number of likelihood evaluations
required to generate independent samples from 7(k|x). Our method accomplishes both of

these.

2.4 Theory

The key observation that we make to improve on the efficiency of basic MCMC methods
like RWM is that certain properties may be more tractable to compute when expressed
as constraints. In the case of a dynamical system, limiting properties can be computed
without integrating the differential equations describing the dynamics. For example, if the
steady-state behavior of a system described by y(t) = f(t) is of interest and the system
is known to converge to a fixed point at long times, it can be several orders of magnitude
cheaper to compute y* such that f(y*) = 0 with a root-finding algorithm than to integrate
y(t) = f(t) for times of interest. For systems such as the repressilator with complicated
limiting dynamics such an approach does not provide a complete description of the system,

but it can still provide a way to characterize regions of the parameter space rapidly. To the
11



extent that a system is known to satisfy certain constraints, it can be better to introduce
them directly through equations of the form f(y) = 0 than indirectly through penalty terms
added to the log-likelihood because the latter strategy tends to make the support for the
target distribution narrow and limit the step size, as discussed above. Thus our goal is to
develop a way to sample parameter values that satisfy constraints of the form f(y) = 0.

More precisely, suppose that some properties of a system can be expressed as a system of
equations f(y,k) = 0, where f : R x R" — R™, y € R describes the state of the system,
and k € R" is a vector of adjustable parameters. Our goal is to sample points from the
solution set M = {(y,k)|f(y,k) = 0} efficiently. We show how numerical continuation
can be used for the case n = 1 in Section 2.4.1. This procedure is equivalent to running
Hamiltonian dynamics on a constraint curve, which suggests a general approach for sampling
based on (deterministic) Hamiltonian dynamics for n > 1. We present the direct extension
to multidimensional constraint manifolds in Section 2.4.2 and then explicitly consider its
application to the Bayesian framework with a specific (stochastic) numerical integrator in
Section 2.4.3.

The resulting method is related to ones used to constrain the lengths and angles of bonds
in molecular simulations |2, 6, 82, 84|, which enables larger timesteps. More generally, [134]
shows that constrained distributions involving up to ~103 variables can be tractably sampled
by a symmetric quasi-Newton method similar to the approach to solve for constraints that
we describe in Section 2.7.3. Considerations for convergence and bias of constrained Monte

Carlo methods are discussed in [86, 87|.

2.4.1 Numerical continuation in a single parameter

We first consider the case where f : R4l — R? y € R? k € R. Suppose that (v(0),k(0))
is a solution to f(y,k) = 0 and let fy denote the matrix with elements df;/0y;. If fy is

nonsingular at (y(0),k(0)), then by the implicit function theorem, there is a one-dimensional

12



curve M C R4 in a neighborhood of (y(0),k(0)) consisting of solutions to f(y,k) = 0.
To obtain additional solutions to f(y,k) = 0, M can be parameterized as the ¢-dependent
solution to f(y(¢),k(t)) = 0, and a path of solutions that originate from the initial known
solution (y(0),k(0)) can be extended as long as fy remains nonsingular. A simple way to

parameterize M is

(2.6)

where k is the derivative of k with respect to ¢, and 0 and 1 are vectors of zeros and ones,
respectively. This parameterization is known as natural parameter continuation (NPC).

Differentiating f(y(¢), k(¢)) results in the system of ODEs

y(t) = ~fy(y(t), k(1) iy (1), k(1)) (2.7a)

k(t) = 1. (2.7b)

In principle, the curve defined by f(y,k) = 0 can be computed by numerically integrating
(2.7), but this approach generally leads to issues: solving (2.7) requires inverting fy(¢), and
the solution is undefined when fy (¢) is singular, which generically occurs at turning points
in the solution curve of f(y, k) = 0 (Figure 2.3(left)). One way to resolve these issues is to

parameterize M instead as the solution to the equations

f(y(t). k(t)) =0 (2.8a)

Iy (O + %)) = 1. (2.8b)

This parameterization is used to define the pseudoarclength continuation (PALC) procedure
in [23]. As previously, we can differentiate f(y(¢), k(t)) with respect to ¢ to obtain a system of
ODEs that can be numerically integrated. Equation (2.8b) has the form of a kinetic energy, so

(2.8) can be interpreted as describing the motion of a particle constrained to slide along a one-
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Figure 2.3: Behavior of the derivative vector (y k) when approaching a turning point at
(0,0). (left) In the case of natural parameter continuation, the derivative vector of (2.7)
increases in norm when (y,k) approaches (0,0) due to the constraint k(¢) = 1 and is
undefined at (0,0). (right) In pseudoarclength continuation (PALC), the derivative vector
is constrained to have unit norm in the system of equations in (2.8) and is well defined even
at (y, k) = (0,0).

dimensional rail at constant speed. Because the speed is constant, (2.8) is well-behaved even
when fy is singular (Figure 2.3(right)). This suggests constrained Hamiltonian dynamics as

a natural generalization for computing points on constraint manifolds in problems involving

more than one parameter.

2.4.2  Constrained Hamiltonian dynamics

For clarity, we now treat the dynamical variables and the parameters together by defining q =
(y k). Letting p denote the conjugate momenta, the Hamiltonian of a general mechanical

system is

H(q,p) =T(p) +U(a), (2.9)
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where T'(p) = %pTM_lp is the kinetic energy, U(q) is the potential, and M is a symmetric
positive definite mass matrix. The constrained dynamics of the system can be obtained by
solving

q="Hp(a,p) =M 'p

p = —Hq(a,P) — ATcq(a) = —Uqg(a) — ATeq(q) (2.10)

0 = ¢(q),
where Ugq is the gradient of U, and cq denotes the matrix with elements dc;/dq;, A € R™ is
a vector of Lagrange multipliers. In general, (2.10) cannot be solved analytically and must
be integrated numerically. We use an operator splitting method [84] to integrate (2.10), as

we describe in Section 2.7.1.

2.4.8  Hamultonian Monte Carlo methods

Our goal is to sample a distribution, 7(q) (e.g., representing (2.2)), subject to constraints

(e.g., imposed by (2.8) for an f such as that in (2.1b)). To this end, we define the potential

U(q) = —log(m(q)). (2.11)

Deterministically integrating (2.10) does not generate samples from the whole target distri-
bution owing to energy conservation, and it is necessary to introduce randomness. A few
schemes with empirically good performance are jittered Hamiltonian Monte Carlo [63], no-
U-turn sampling [64], and underdamped Langevin dynamics [115]. The advantage of these
schemes over RWM is that they make use of the gradient of U(q), which directs sampling
toward low-energy/high-probability states. For certain classes of target distributions, such
as those consisting of n independent and identically distributed components [9] and strongly
log-concave distributions that are sufficiently smooth [92], the advantage of gradient based

samplers over RWM can be shown to grow with dimension: (’)(nl/ 4) steps are required to
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generate an independent sample using Hamiltonian Monte Carlo, whereas O(n) steps are
required when using RWM.
For the present study, we use Langevin dynamics. To this end, we modify (2.10) to obtain

the system of stochastic differential equations:

qa=M"p (2.12a)
p=—Uq—p + 2T7MY?n(t) — ATcq(q) (2.12b)
0 = c(q), (2.12¢)

where v is a friction coefficient, T' is the temperature, and 7 is a white-noise vector of
independent components, each with unit variance. We integrate these equations numerically
by building on the operator splitting scheme mentioned previously [84], as we describe in
Section 2.7.2.

Our method for enforcing constraints is related to the SHAKE [118] and RATTLE |[2]
methods used in molecular simulation. SHAKE with the velocity Verlet integrator can be
viewed as an unconstrained half step in p, followed by a step in q with projection onto the
constraint manifold M, and then another unconstrained half step in p. However, even if the
position constraints are satisfied, the dynamics with SHAKE do not satisfy the cotangency
constraints cq(q)M_lp = 0 in general. To enforce the cotangency constraints, RATTLE
with the velocity Verlet integrator adds an orthogonal projection of p onto the cotangent
space after the last half step in p. The operator splitting method that we use (see Sec-
tion 2.7.2) is similar to RATTLE with the velocity Verlet integrator but also performs an
orthogonal projection of p onto the cotangent space after the first half step in p.

Because the nonlinear projection performed in our sampler is the same as that performed
in pseudoarclength continuation, our sampler inherits the properties of pseudoarclength con-

tinuation; in particular, the dynamics can move past fold bifurcations if the step size is small
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enough. However, other bifurcations may require special treatment. One can monitor and
control for local bifurcations by including auxiliary variables and constraint equations that

define the bifurcation during sampling, as we do for Hopf bifurcations in Section 2.5.2.

2.5 Estimating model parameters for the repressilator

To demonstrate our method and compare its performance with established Monte Carlo
methods for Bayesian parameter estimation, we fit the model for the repressilator in (2.1b) to
simulated data. When the number of species in the cycle is odd (integer [ in (2.1b) and Figure
2.1), the dynamics tend to either a globally attracting fixed point or a globally attracting
limit cycle [121]. These relatively simple dynamics make the repressilator a tractable yet
nontrivial test of our methods.

To enforce nonnegativity of both concentrations and rate constants, we make a change

of variables to logarithmic coordinates:

y Iy
ds f(y,k,n) (2.13)
/ (~ » ) exp (k?j,o yj) (i{v; ];; > ] {() 1 2[}
iy, K, n) = — exp ,1 — hO,1 , J € g Ly .
J 1+ exp (nj 1y],1) J:

For notational convenience, we henceforth omit the tildes on y and k where there is no risk
of confusion. The repressilator model with 2¢ 4+ 1 species has a total of 6/ 4+ 2 indepen-
dent parameters after setting the timescale by fixing ky 1 = 0: the synthesis rates {k:(m}?i 0’
the remaining degradation rates {kl,z}?i 1> and the Hill coefficients {nz}gi o- We generate
simulated data by choosing arbitrary values for the parameters, integrating the equations
forward in time using Tsitouras’s 5/4 explicit Runge-Kutta method [128], and adding nor-
mally distributed noise with mean zero and variance 2.5 x 1073 to the concentration of the

first species (prior to transforming to logarithmic coordinates) (Figure 2.2). That is, we
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assume only one of the 2¢ + 1 species is observable. We then sample from a sequence of
constrained distributions, each of which incorporates more information regarding the model
and is more computationally demanding than the previous one.

The results are summarized in Figure 2.4, where we project the sampled parameter sets
onto three pairs of parameters. The top row shows sampling of all fixed points. The sampling
is nearly uniform, indicating that the procedure readily explores the space. The middle row
shows sampling of Hopf bifurcations. The constraints of the Jacobian (discussed below)
restrict the sampling to a subspace, though it remains quite smooth. The bottom row shows
sampling of limit cycles that fit the data. The sampling is most constrained in this case. We
discuss how we obtain these results in Sections 2.5.1 to 2.5.3, and we compare our procedure
with unconstrained MCMC algorithms in Section 2.5.4. We use a step size of 10~1, friction

coefficient v = 10™1, and mass matrix M = I throughout.

2.5.1 Sampling fixed points

Let = (y k n ). If the right hand side of (2.13) is specified as the constraint c¢(q) = 0 to
be satisfied in (2.10), then assuming that cq is nonsingular, every q sampled gives a set of
parameters for which (2.13) has a fixed point at y. This can be useful, for instance, if the
steady-state behavior of an experimental system is known, allowing the space of parameters
to be restricted without performing costly integration of the system of ODEs.

During sampling, we bound the search space by including half quadratic penalty terms

in the log-prior:

100 [|(k — Krnax) © 1{k > Kinax }[|* + 100 [|(k = kpyin) © 1{k < kpyin }* + (2.14)

100 /(1 — max) ® 1{n > nmax} | + 100 (0 = nyin) © 1{n < nyin 1

where 1{k > kpax} compares k and kpyax componentwise and returns a vector with com-
ponents equal to 1 wherever k > kpax and 0 otherwise, and © denotes the componentwise
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product. We choose ki, to be a length 4¢+1 vector with all components equal to —5, kyax
to be a length 4¢+ 1 vector with all components equal to 5, ny,;,, to be a length 2¢+ 1 vector
with all components equal to 0, and npyax to be a length 2¢ 4+ 1 vector with all components
equal to 10. We sample a single chain for 107 steps and subsample every 10 steps.

As noted above, the results are shown in the top row of Figure 2.4. Since no additional
terms other than the restraints (3.14) are included in the posterior, the sampled points
should be uniformly distributed across the solution set of f(y,k,n) = 0. However, we note
that the points are not necessarily uniformly distributed throughout the parameter space
due to the curvature of the solution manifold. In particular, the top right panel of Figure 2.4
shows points concentrated along ng = 0. This is a consequence of sampling in logarithmic
concentrations. When n9 is small, combinations of parameters that cause the steady-state
concentration of y; to be large correspondingly cause the steady-state concentration of yo to
be close to zero. The logarithm of the concentration of y9 in this case is uniformly distributed
across a large range of negative values, which results in the sampled points concentrating
near ng = 0 when they are projected onto the (nq,n9) plane. If desired, one can correct
for the curvature of the solution manifold when projecting onto the parameter space by

reweighting by the transformed volume element of the solution manifold (see Section 2.7.6).

2.5.2  Sampling Hopf points

For the repressilator, we are interested in estimating model parameters from oscillatory data,
so we seek sets of parameter values that give rise to limit cycles. Empirically, we find that
these sets represent a small fraction of the space of possible parameter values. To boost
efficiency, we can exploit the fact that one way for limit cycles to appear is through Hopf
bifurcations and restrict the sampling to a manifold of Hopf bifurcation points. At a Hopf
bifurcation, the Jacobian of a system of ODEs evaluated at a fixed point has a complex

conjugate pair of imaginary eigenvalues that crosses the imaginary axis, causing the fixed
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point to change stability and give rise to a small amplitude limit cycle.
Numerically, the exact point of crossing, at which the Jacobian has a purely imaginary

pair of eigenvalues, can be computed as the solution to the system of equations

f(y,k,n) =0 (2.15a)
(fy(y,k,n) — iwl)v = 0 (2.15h)
viv=1 (2.15¢)

Im(vy) = 0, (2.15d)

where v € C% is the eigenvector of fy (y, k) associated with the eigenvalue iw, and v1 denotes
the first component of v. We incorporate (2.15) as real valued constraints to be satisfied

during sampling after splitting v into its real and imaginary parts:

f(y,k,n)=0
fy(y,k,n)Re(v) + wlm(v) =0
c(q) = fy(y,k,n)Im(v) —wRe(v) =0 (2.16)

Re(v)T Re(v) + Im(v) T Im(v) = 1

Im(v1) = 0.

\

This is the fully extended system for Hopf bifurcations [56]. Samplingq=(y k n v w)
subject to (3.22) gives k and n for which f(y, k,n) has a Hopf point at y. Solving (3.22) is
computationally more demanding than solving for the fixed points of (2.13) but is still or-
ders of magnitude computationally cheaper than numerically integrating (2.13). The period
estimate 27 /w can be used to restrict the space of parameters for ODE models of oscillatory
systems further and provide reasonable starting points for performing sampling that involves
the computationally expensive time integration of (2.13).

The fixed points of (2.13) sampled in Section 2.5.1 cannot be directly used to initiate
20



Hopf-point sampling since they generally do not have any purely imaginary eigenvalues and
thus do not satisfy (3.22). To find starting points consistent with (3.22), we compute the
eigenvalues and eigenvectors of the Jacobian matrix at each of the fixed points sampled
in Section 2.5.1 and then select the eigenvalue-eigenvector pair whose eigenvalue has the

smallest real part relative to its imaginary part:

¢ = min Re(;5)

i (2.17)

Y

where (;; is the jth eigenvalue of the ith fixed point sampled and v;; is its correspond-
ing eigenvector. We then select (y, k; n; ) for which |Re(¢)/Im(¢)| is small, set qg =
(y; ki n; Vi ), and solve (3.22) using Gauss—Newton iteration starting from qq as an
initial guess. Upon success, we obtain a point q consistent with the constraints in (3.22)
from which we initiate Hopf-point sampling.

During Hopf-point sampling, we again bound the search with the prior in (3.14). We
sample a single chain for 107 steps and subsample every 10 steps. The results are shown in

the middle row of Figure 2.4.

2.5.8  Sampling limit cycles

With candidate parameters obtained from sampling the solution manifold of (3.22), further
sampling involving the explicit computation of limit cycle solutions to (2.13) can be initiated

from selected points. We formulate the limit cycle computation as a boundary value problem:

d_z =Tk (2.18)
y(0) = y(7).

We discretize (3.29) using fourth-order Gauss—Legendre collocation on 60 mesh intervals (see

Section 2.7.4) to obtain a system of 241(2¢ + 1) equations whose solution u(s) approximates
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y(s). Incorporating the discretized equations into c(q) and sampling q = (u(s) k n 7)
gives points that allow for periodic solutions to (2.13). While this constraint does not
exclude fixed point solutions, which are trivially periodic, such solutions can be discouraged
by including a penalty term for solutions with arc lengths below a threshold in the prior.

We compute the arc length as

-
L:/ a(s)] ds (2.19)
0
and use a penalty of the form
2
1 (L3
-|—=—-1| I{L< L 2.2
| (m ) (L <o) (2.20)

with Ly = 0.3 for the results shown.
In addition to the prior terms in (3.14) and (3.32), we include a least squares log-likelihood

term of the form in (2.4). Thus the full log-posterior is

N M
wlapx) =) > —5 (@ —x)* +

2
io1j=1 2%
1 L(% : (T — Tdat )2
ata

. . 2
100 H(k — ki) @ 1{k > kMin ‘ +100 || (k — K™9%) © 1{k > K™} +

100 [[(n — npax) © 1{n > nmax}||2 + 100 ||(n — nyi,) © I{n < nmin}H2 .

We process the simulated data shown in Figure 2.2 to use as x in the log-likelihood. We
estimate the period 7g4,t, by dividing the total integration time by the highest amplitude
frequency of the fast Fourier transform of the data, excluding the zero-frequency mode. We
then segment the data into pieces of length 74,5, average them, and scale the time so the
period is 1. The model output x in the least squares log-likelihood is exp(yg) evaluated at

the time associated with each data point. We use o; = 0.05 for all ¢ in the log-likelihood
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term (2.4). We reintroduce the period by including a quadratic penalty on the difference
between the period of the model output 7 and 74,4, in the log-likelihood: (7 — Tdata)2 /202
with o = 0.05.

To initiate sampling, we choose k from the Hopf-point samples that minimize (27/w —
Tdata)? and use a fifth-order Radau ITA method to integrate (2.13) forward starting from
the initial conditions that were used to generate the simulated data (which we assume are
known) for 207 /w time units. The solution over the last 27 /w length interval of time is taken
to be y(t). This y(¢), along with k and 7 are used as an initial guess to solve (3.29) using
Gauss—Newton iteration to obtain an initial point for sampling with periodicity constraints.
We sample 10 independent chains for 107 steps each and subsample every 10 steps. Results

are shown in the bottom row of Figure 2.4.

2.5.4  Comparison with unconstrained MCMC methods

To assess the speedup from our method, we compare our results to three widely-used MCMC
methods: an affine-invariant ensemble sampler (henceforth, ensemble MCMC) [55, 43|, the
unconstrained Metropolis-adjusted Langevin algorithm (MALA) [66], and the no-U-turn
sampler (NUTS) [64]. Descriptions of each of the methods can be found in Section 2.7.5.
As we do in Section 2.5.3, for the constrained Langevin dynamics, we use the restraint in
(3.14) to bound the search space, the arc-length penalty term in (3.32) to discourage constant
solutions, and a log-likelihood of the form (2.4). In addition to the model parameters k and
n, we include the initial conditions y(0) as parameters to be sampled to align the phase of
the model output with the phase of the data. The total set of parameters sampled with
the unconstrained methods is (k n y(0) ). We process the simulated data the same way as
described in Section 2.5.3 to obtain x but instead average over a window of 274,t, to better
control the period of the model output. To obtain the model output x when evaluating

the log-likelihood for the unconstrained MCMC methods, we use Tsitouras’s 5/4 explicit
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Table 2.1: Comparison of the performance of the constrained Metropolis-adjusted Langevin
algorithm (CMALA), constrained unadjusted Langevin algorithm (CULA), unconstrained
Metropolis-adjusted Langevin algorithm (MALA), no-U-turn sampler (NUTS), and ensemble
MCMC (EMCEE) when estimating parameters for the three- and seven-species repressilator
models using data that are consistent with those shown in Figure 2.2. The acceptance rate
for CULA dynamics is below one because steps that fail to satisfy the constraints are rejected.
MALA was not tested for the seven-species model owing to its failure to converge for the
three-species model.

Species | Method | Acceptance Steps for Average Minimum
rate R<11 ESS/step ESS/step
3 EMCEE 0.0397 2 x 108 9.96 x 1076 4.55 x 1070
3 CMALA 0.8332 1 x 107 1.87 x 1072 8.61 x 107°
3 CULA 0.9561 1 x 108 2.77 x 1073 1.76 x 1073
3 MALA 0.6277 > 1x 108 6.95 x 10~° 6.19 x 1078
3 NUTS 0.8537 2.5 x 107 4.12 x 107° 1.87 x 107°
7 EMCEE 0.0134 > 4 x 108 571 x 10~ 7 4.81 x 1078
7 CMALA 0.7916 1.4 x 108 9.23 x 1076 9.27 x 10~ 7
7 CULA 0.9647 1.5 x 107 1.38 x 1074 1.28 x 107°
7 NUTS 0.9087 5.4 x 107 1.05 x 107° 6.83 x 10°6

Runge-Kutta method [128] to integrate (2.13) forward for 30 time units starting from y(0).
We then take x to be exp(yg) on the interval ¢ € [30 — 27344, 30]

For all the methods, the bulk of the computational cost comes from numerical integration
of (2.13): for the constrained Langevin sampler, we solve a two-point boundary value problem
for the constraints at each step, and, for the unconstrained methods, we solve an initial value
problem at each step (each attempted walker update in ensemble MCMC and each iteration
of the symplectic integrator in the no-U-turn sampler). As such, the cost of a step is similar
for all the methods, and we compare their performance in terms of the total number of steps.

One way to quantify the relative performance of the algorithms is the effective sample

size (ESS) per step (Table 2.1). For a one-dimensional distribution, the ESS is given by

N N
f T 11230, )

(2.22)
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where N is the number of samples, and C(t) is the autocorrelation function at time lag ¢
[122]. In practice, the sum must be truncated at some finite time lag. We use the criterion
given in [50]. For the example that we consider, there are multiple parameters, and we report
the average and minimum ESS over all of them.

To monitor convergence, we compute a version of the potential scale reduction factor
R described in [48] for k. For a set of M independent chains each with N samples, R =
|X.1%||2, where 3, is the average within-chain covariance and X is an estimate of the
covariance of the stationary distribution, which includes the between-chain covariance (see
Section 2.7.7 for formulas). If the sampling is converged, the within-chain covariance ¥,
and stationary covariance ¥ matrices should be approximately equal, and the 2-norm (i.e.,
square root of the largest singular value) of the matrix 3 1S3 should be approximately one.

Table 2.1 gives the ESS and potential scale reduction factors for each of the methods when
applied to sampling parameters for the three- and seven-species repressilator models. Best
fits and marginal distributions of the parameters for the three-species repressilator model
are shown in Figures 2.5 and 2.6, respectively. Both the constrained and unconstrained
methods produce fits that are visually reasonable, but some unconstrained methods are less
efficient at sampling. The ensemble MCMC sampler has a low acceptance rate due to the
high sensitivity to changes in parameter values of initial-value problem solutions to (2.13):
small changes in parameter values can cause large changes in the phase, resulting in rapid
variations in the posterior distribution (Figure 2.7). Consequently, proposals generated by
(2.53) using two points close in Euclidean distance are frequently rejected as they often
land in low probability regions. Consequently, the ESS per step of ensemble MCMC is
about 20 times lower than that for the constrained Metropolis-adjusted Langevin algorithm
(CMALA). Consistent with the ESS, the required number of steps for convergence is about
20 times higher for EMCEE than it is for CMALA.

Similarly, the unconstrained Metropolis-adjusted Langevin algorithm (MALA) mixes ex-
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tremely slowly; none of the walkers explore beyond the immediate vicinity of their starting
points. The conditioning of the posterior requires MALA to use a step size 100 times smaller
than the one that we use for CMALA to achieve a reasonable acceptance rate, making the
ESS per step 2000 times lower for MALA than for CMALA and preventing convergence
within the time that we allow (108 steps). By solving for the periodic solutions directly, the
constrained Langevin sampler is agnostic to initial conditions, resulting in a much smoother
posterior distribution that allows for a larger step size to be used. This behavior is well
known in the context of trajectory optimization: shooting methods often have more diffi-
culty converging than collocation methods due to the highly nonlinear dependence of the
objective function on the control variables and initial conditions [10].

In contrast to ensemble MCMC and MALA, the no-U-turn sampler (NUTS) performs
slightly worse than CMALA on the three-species repressilator and slightly better than
CMALA on the seven-species repressilator. This can be attributed to the use of precon-
ditioning in the no-U-turn sampler: whereas the constrained and unconstrained Langevin
samplers use a unit mass matrix, the no-U-turn sampler uses the empirical covariance com-
puted over a warmup period as the inverse mass matrix. We expect that the performance of
the constrained Langevin sampler can be further improved if its dynamics are preconditioned
as well.

Interestingly, we obtain a further 15 fold speedup when we do not adjust the constrained
Langevin dynamics with the Metropolis criterion (the constrained unadjusted Langevin al-
gorithm, CULA, in Table 2.1), at the expense of some bias due to the numerical error of
discretizing the Langevin equations. We believe that this is due to the reversal of the mo-
mentum when steps are rejected in the MALA dynamics. The lower acceptance rate of
MALA over ULA causes the MALA dynamics to retrace previously explored regions more
often when the noise in the dynamics is small, as is the case for our calculations.

Because the constrained and unconstrained methods treat the initial conditions differ-
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ently, their parameter distributions should not be exactly the same. Nevertheless, they
contain similar information: most of the normalized importance weights (see Section 2.7.8)
for reweighting the distribution sampled by the constrained Langevin dynamics to the dis-
tribution sampled by the unconstrained methods are close to one (and only a tiny fraction
are larger than three, as shown in Figure 2.7, representing the unconstrained methods by
ensemble MCMC). Given this similarity, the marginal distribution of k for the constrained
Langevin sampler can be reweighted to that for the unconstrained methods or vice versa if

desired.

2.6 Conclusions

Here, we introduced a constrained Langevin sampler that enables harvesting features of a
dynamical system such as fixed points and limit cycles without integrating the dynamics for
long times. The sampler is closely related to ones used previously in molecular simulations
[2, 6, 82, 84, 134], but to the best of our knowledge, the present study is the first to apply
it to parameter estimation.

To converge the parameter distribution for a model of a biochemical oscillator fit to
time-series data, our constrained sampler needed orders of magnitude fewer likelihood eval-
uations than unconstrained samplers without preconditioning and comparable numbers of
likelihood evaluations for appropriately preconditioned unconstrained samplers. This sug-
gests the conditioning of posterior distributions associated with ODE parameter estimation
problems can be improved by formulating the ODEs as constraints to be satisfied during
sampling. In the specific case of oscillator models, the conditioning of posterior distributions
is significantly improved by eliminating the dependence of the phase of the model output on
model parameters, a known problem when sampling oscillator model parameters [69]. For
simplicity, we did not tune the inverse mass matrix for the constrained dynamics; we note

that existing methods for estimating the inverse mass matrix based on FEuclidean distances
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[85, 46] might not perform well without modification because the constraint manifold is non-
linear. That said, we expect that with appropriate preconditioning the constrained sampler
can outperform unconstrained MCMC in general.

The main challenge in applying our method to new problems is in formulating and solv-
ing the constraint equations. For example, different defining systems for bifurcations [56],
although formally equivalent, may exhibit different numerical behavior. We note that, when
incorporating continuous constraints such as those arising from a boundary value problem,
the choice of discretization and solution method can greatly affect the efficiency of the sam-
pling procedure. If the mesh is too coarse, the solution to the boundary value problem
may fail to converge and result in many rejected steps, whereas, if the mesh is too fine, the
constraint equations may be computationally expensive to solve. In our implementation,
the number of mesh points is fixed, but their spacing adapts to concentrate them where the
solution has the highest curvature. We expect that the performance of the method can be
further improved with more sophisticated methods [22, 112].

Our focus here is on ODEs, but the method can be extended to systems of partial differen-
tial equations (PDEs) by spatially discretizing the system of PDEs and then incorporating
the resulting system of ODEs as constraints. As we have done with ODEs, the limiting
behaviors of a system of PDEs can be obtained with much less computational effort than
numerically integrating in time as is done in [21, 72]. The choice of spatial discretization,
however, may have a large effect on the efficiency of the sampling scheme [30, 18, 106, 19].

Because the method does not rely on a specific form of the likelihood, it can be combined
with enhanced sampling methods [34, 93, 101, 99, 113, 124] for further speedups. Recently,
machine-learning methods have also been suggested for MCMC for parameter estimation
[45, 132, 31|. In principle, the logarithm of a learned parameter distribution could be used as
an additional potential term to bias the constrained Langevin dynamics. Thorough sampling

of parameter distributions of complex models can open the door to systematic assessments
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of models in biology and other fields where they have been limited to date.

2.7 Methods

2.7.1 Numerical integration of Hamilton’s equations of motion with

constraints

Following [84], the Hamiltonian can be split into terms corresponding to the potential and

kinetic energies:

1
Ha=5p M 'p (2.23a)
Hp =U(a), (2.23b)

The equations of motion for a system with Hamiltonian H 4 are

q=M"'p
p=—cq(@)A (2.24)
0= c(q),
and the equations of motion for a system with Hamiltonian H p are
q=0
p=—Uq(a) — cqla) 1 (2.25)

where A and p are the Lagrange multipliers appearing in the kinetic and potential terms,

respectively. The dynamics for (2.24) and (2.25) are discretized separately. Discretizing
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(2.24) gives

a(t + At) = q(t) + AtM Ip(t + At) (2.26a)
p(t + At) = p(t) + Atcq(q(t) TA(L + At) (2.26b)
0 = c(q(t + At)), (2.26¢)

and discretizing (2.25) gives

q(t + At) = q(t) (2.27a)
p(t + At) = p(t) — At (Uq(q<t)) +cqla(t) T p(t+ At)) (2.27b)
0 = cq(q(t))MIp(t + At). (2.27¢)

The momentum update (2.27) is an explicit system of linear equations that can be solved
directly, whereas the position update (2.26) is a nonlinear system of equations that must be
solved iteratively. The details of solving these equations are discussed in section 2.7.3.

At the start of each step, q(t) is assumed to satisfy the position constraints c(q(t)) = 0
and p(t) is assumed to satisfy the cotangency constraints cq(q(t))M~1p(t) = 0. For a given
timestep At, (2.26) and (2.27) define discrete maps ®4 oy and ®p A (Algorithms 2 and 3)
that can be composed to approximate the continuous flow map (2.10). Repeatedly applying

Pp At/2Pa,AtPRB A1/2, for example, results in the WIGGLE integrator [82].

Algorithm 2 constrained_position_step (4 A¢)

Input: position q;, momentum p;, step size At, inverse mass matrix M_l, constraint
function c(-)
Output: new position q; 1, new momentum p;1

1: Aj+1 < nonlinear_solve [c (qi + AtM~! (pi + At)\;:_lcq(qi))) = 0}
2 Piy1  Pi+ Atcq(ai) TAis

3 i1+ q; + AIMIp; gy

4: return q;11,P;+1
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Algorithm 3 constrained_momentum_step (®p A¢)

Input: position q;, momentum p;, step size At, inverse mass matrix ML, constraint
function c(-), potential energy function U(-)
Output: new position q; 1, new momentum p; 1

i pin o (cala)Meqla)T)  eqla) M Ug(a)/At

2 piy1 < Pi + At (Uq(Qi) + Cq(qz')TMiH)
3: return q;, pj+1

2.7.2  Numerical integration of constrained Langevin equations
Just as we added noise and friction terms in (2.12), we can add a term corresponding to an

Ornstein—Uhlenbeck process in p to (2.24) and (2.25) to make the dynamics stochastic:

q=0
p=—1p+2IMn(t) — cq(q) T (2.28)

0= Cq(Q)M_lp

These equations can be integrated exactly (in the sense of averages) over a time interval At:

q(t + At) = q(t) (2.29a)
p(t + At) = ap(t) + bMY%r + Atcq(q(t) T u(t + At) (2.29b)
0 = cq(a(t)MIp(t + At), (2.29¢)

where a = exp(—yAt), b = \/T(1 —a?), and r ~ N(0,I). (2.29) defines a stochastic map
Do At (Algorithm 4).

The ®4 At P Ar, and o Ay maps are combined in various ways in [84]. Among
them, we choose to use the “OBABQO” scheme which approximates (2.12) by the map

qDO,At/QCDB,Atﬂ (I)A,At(I)B,At/Qq)O,At/Q because it minimizes the number of applications of
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the ® 4 A map, which is the most computationally expensive owing to its iterative solution

of the constraint equations.

Algorithm 4 constrained_momentum_noise (®p A¢)

Input: position q;, momentum p;, step size At, inverse mass matrix M_l, constraint
function c(-), friction coefficient v, temperature T
Output: new position q; 41, new momentum p;41

1: a + exp(—yAt) b+ /T(1 — a?)
2: T~ N(O,I)

1
3 Wiyl (Cq(Qi)M_lcq(Qi)T> cqla)M ™ 2r/At

4: pisr1 < ap; + bML/2r + Ateq(q;) i
5: return q;, p;j+1

The error in the discrete dynamics introduces bias to the sampled distribution that can
be controlled by reducing the timestep At. However, it may be preferable to use a large
timestep to reduce the amount of computational effort required to generate independent
samples. The bias due to discretization errors can be corrected by applying the Metropolis
criterion [95|. A particular source of bias that we handle specially is the possibility of non-
reversible changes in the position. For large timesteps, the position update (2.26) may not
be reversible up to momentum reversal [86]; that is, the point obtained by performing a
position update and then performing a second position update after reversing the resulting
momentum may differ from the initial point. As the convergence of the samplers that we use
relies on the reversibility of the dynamics, such errors introduce bias. We correct for non-
reversibility by performing a second position update with reversed momentum after every
position update and rejecting any steps for which the difference between the initial point
and the endpoint of the reverse step is greater than a specified tolerance. One step of the

sampling scheme is given by Algorithm 5.
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Algorithm 5 obabo_step

Input :position q;, momentum p;, step size At, inverse mass matrix M_l, constraint func-
tion c(+), potential energy function U(-), friction coefficient ~, temperature T, reversibility
tolerance €rev

Output: new position q; 1, new momentum p;1

Qj+1,Pjt1 < constrained_momentum_noise(q;, p;, At/2, M1 c,v,T)
Qjt1, Pis1 < constrained_momentum_step(q;, piy1, At/2, ML c)
Qi+1,Pj+1 < constrained_position_step(q;, pjt1, At, M1 c)
Q;, Pj, < constrained_position_step(q;i1, —Pji1, At, M1 c)
accept < ||q; — q;|| < €rev > reversibility check
if accept then
Qi+1,Pjt] < constrained_momentum_step(q;i1,Pi+1, At/2, M~ c)
Qj11,Pir1 < constrained_momentum_noise(q;; 1, P;i1, At/2, M~ cv,T)
H;  U(q;) + p{ M 'p;/2
Hiy1 < U(qit1) + Py M 1piy/2
r~U(0,1)
accept < r < exp(H; — Hi11)
: end if
: if not accept then
Ai+1;Pi+1 < Qi —Pi
: end if
: return q;y1, Piy1

e e e e e e T e
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2.7.3 Solving the constraint equations

Dense cq

In computing the momentum update, substituting the expression for p(t + At) from (2.27b)

into (2.27c) gives
cq(a(t))M™Ip(t + At) — Atcq(q(t)) M Leq(q(t) Tp(t + At) = 0, (2.30)

where

p(t + At) = p(t) — AtUq(q(t)) (2.31)
is the momentum after an unconstrained step. Rearranging (2.30) gives a linear system for
w(t + At):

e+ A1) = 1 (eqlalt)M eq(alt) ) eqlalt)M'pt + AH. (232)

If cq(q(t)) is dense, an efficient way to solve (2.32) is to compute the LQ factorization of
T
cq(q(t))l\/l_l/2 (i.e., the QR factorization of (M_1/2> cq(a(t))T), such that cq(q(t))l\/l_l/2 =

LQ, where L is a lower triangular matrix, Q is a matrix with orthonormal rows, and M—1/2

i
is a matrix that satisfies M~1/2 (M_l/z) = M~! (e.g., the Cholesky factor of M~1).

Assuming that cq has full row rank everywhere, p(t + At) and p(t) in terms of L and Q are
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given by

e+ %) = - (cqlal) M eqlalt) ) eqlal)M bt + A1)

— ﬁ(Cq(Q(t))M_lcq(q(t))T)—1Cq(q(t))M_1/2 <M_1/2>T f)(t n At)
(Laq™e) 1 (M 1?) i+ 8

1
At
L TQ <1\/I’1/ 2)T (t + At) (2.33a)

_1
At

p(t + At) = p(t + At) — Ateq(q(t) T u(t + At)

p(t+ At) — At <M1/2>T (MI/Q)T cqla(®) Tu(t + At)

b(t + At) + (Ml/ 2)T Q'L'LTQ (M_l/ 2)T B(t + At)

B(t+ At) — (Ml/ 2)T Q'Q (M—1/2)T p(t+ At). (2.33h)

For the position update, substituting (2.26a) and (2.26b) into (2.26¢) gives the nonlinear

system of equations in terms of A:
c(q(t)) = c(q(t + At) + AtM~eq(q(t) TA(E + At)) = 0, (2.34)
where

q(t + At) = q(t) + AtMp(t) (2.35)

is an unconstrained position update. Differentiating (2.34) with respect to A gives

cx(a(t + At)) = cq(qlt + At))ax(t + At)
(2.36)

= Atcq(q(t + At)M eq(q(t)T.
A(t+At) and q(t+At) can then be computed using Newton’s method. Given approximations
XD (¢ + At) to At + At) and gD (¢ + At) to q(t + At), improved approximations can be
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computed by iteratively solving

— Ait(cq(q(i)(t+At))M_lcq(q(t))T)_1c(q(i)(t+At))

AFD 4 A1) = XD ¢ + At) + 620

sa (@)
| | (2.37)
QU+ At) = q(t + At) + APM Leg(q(t) TA (¢ 4+ Ar)

= q(i)(t + At) + 5q®)

However, computing and inverting the matrix cq(q(t+At))M_1cq(q(t))T can be quite com-
putationally costly, and depending on the conditioning of cq, may be numerically unstable.
Consequently, we instead approximate cq(q(t+At))M_1cq(q(t))T with cq(q(t))M_lcq(q(t))T
for small At as proposed in [6]. As cq(q(t))MLeq(q(t)T is symmetric and assumed to be
positive definite, quasi-Newton iterates can be efficiently computed in terms of the LQ fac-

torization of cq(q(t))Mfl/Q:

sa @)

s (catatMeq(a)T) " ela®(t + A1)
1
Y
_ E(LLT)—lc(q(i)(t + At)) (2.382)

T At
(LQQTLT) @@t + A1)
1
5q" = APMeq(q(t)) ToAl)
= APM /2 <M_1/2>T cqlq(®) 7oAl

=AM Y2QTLTLLT) Le(q (¢ + At))

= AtMY2QTLte(q D (¢ + AL). (2.38b)

To improve the rate of convergence, Broyden updates can be applied to the factorization of
cq(a(t))Meq(q(t))T. Our implementation computes Broyden updates using the QNERR

algorithm described in [33].
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Sparse Cq

If ¢ contains constraints arising from a boundary value problem discretized using a local

basis, then cq can be partitioned as

cq=(cy cg ) (2.39)

where cy is a sparse matrix containing derivatives with respect to the variables of the dis-
cretized boundary value problem, and cy is a dense matrix containing derivatives with respect
to parameters. Efficient solution of (2.27) would ideally exploit the sparsity of ch_l/ 2
where we assume that M~ is such that ch_l/ 2 has the same structure as cq (e.g., diagonal

M), so that
cgM 2 =(A B) (2.40)

with A sparse and B dense. In general, direct LQ factorization of ch_l/ 2 results in a
dense Q, and since cq contains dense columns cy, L is also dense, making the dense solution
procedures (2.33) and (2.38) expensive for fine discretizations of the boundary value problem.
However, if the LQ factorization of ¢y can be computed efficiently, Algorithms 3 and 4 in
[49] can be applied to update a sparse factorization of cy, allowing for efficient solution of
the linear systems that arise in the position and momentum update steps.

If exact Newton iterations are used to compute the position update, the matrices

cq(@”(t +A))Meq(a(t))" =A@ (t + A1) Afa(t)" (2.41)

+B(q" (¢t +A0)B(q(1)T
must be inverted. Since cy generally has many fewer columns than cy, the Woodbury matrix
identity can in principle be applied, treating B(q(t + At))B(q(t))T as a low rank update to
A(q(t + At))A(q(t))T. However, A(q(t + At))A(q(t))T tends to be ill-conditioned, which

leads to poor convergence of the Newton iterations due to inaccurate solution of the linear
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system. Alternatively, Cq(q(t))M_lcq(q(t))T can be used as a symmetric approximation
to cq(a(t + At))Mleq(q(t))T for quasi-Newton solution of the position constraints as in
the dense case. We use Algorithm 3 from [49] to invert Cq(q(t))Mflcq(q(t))T and use
quasi-Newton iterations with Broyden updates to compute position updates as in the dense
case. A similar procedure for solving large, sparse constraint equations is proposed in [134]
where the Cholesky factorization of cq(q(t))Mflcq(q(t))T is computed instead of the LQ

factorization of ch_l/ 2,

2.7.4 Discretizing periodic orbits

To compute solutions to (3.29) numerically, a suitable discretization must be applied. As
only periodic solutions are of interest, a natural choice of discretization is to apply Galerkin’s
method with Fourier basis functions (i.e., Fourier collocation). This can be very efficient if
the system of ODEs has smooth solutions. However, if the solutions to the system of ODEs
or its derivatives undergo rapid variation, the number of Fourier basis functions required for
an accurate approximation can be prohibitively large. Consequently, we instead discretize
the system of ODEs using Gauss-Legendre collocation on piecewise polynomials [77]. Given
a mesh

{0=sp<s1<---<sy=7} (2.42)

with interval widths

As; = 8; — Sj_1, 1<i<N (2.43)
we approximate the solution to (3.29) on the space of piecewise polynomials

Prn s = {0 € CL0.7] |l ) € P} (2.44)
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That is, P, A5 consists of continuous functions u on the interval [0, 7] such that on each
mesh subinterval [s; 1, s;], u is a polynomial of up to order m. We demand that on each

subinterval, u satisfies (2.13) at collocation points {z; ;}
u(z ) =f(u(z;).k), je€{0,....,m}, ie{0,...,N—1} (2.45)

where u/(s) denotes the derivative of u with respect to s. We choose the collocation points
to be the scaled and shifted roots of the m-th Legendre polynomial. Our implementation
constructs u with Newton polynomials on each mesh subinterval.

Accurate solution of boundary value problems using a mesh-based discretization requires
the mesh to be sufficiently fine at regions where the solution undergoes rapid variation. If the
boundary value problem is discretized on a uniform mesh, a large number of mesh elements
may be placed in relatively smooth regions of the solution that only require a few points
to resolve. To save computational effort, adaptive mesh refinement procedures can be used
to generate meshes that concentrate mesh points at rapidly varying regions of the solution
without using a fine mesh globally. For applications such as finite element calculations, mesh
refinement is typically performed by dividing mesh elements into smaller pieces in regions
where an error estimate is high (h-adaptivity), which changes the total number of mesh
points. Changing the size of the mesh, however, complicates reversibility guarantees. As an
alternative, we adapt the mesh by redistributing the mesh elements after each step of the
sampler while keeping the total number of mesh elements constant (r-adaptivity, moving
mesh methods). Central to moving mesh methods is the equidistribution principle: for some
strictly positive mesh density function p(s) that is proportional to an error estimate of the
solution and mesh points {sg, ..., sy}, the integral of the mesh density function should be

equal on each mesh element of the optimal mesh

g

/SHI ds = ! /SN ds = 2.46
s)ds = — s)ds = —. )
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The mesh density function we use is based on the curvature of u(t) [67]:

ols) = (1+ " ())2) " (2.47)

where u”(s) is the second derivative of u with respect to s. We choose to solve the mesh
equations (2.46) and the boundary value problem (3.29) simultaneously, leading to the system

of equations

u'(z ;) =f(u(z,),k), i€{0,...,N—1}

j€{0,...,m}
(2.48)
u(0) = u(r)
/Silﬂp(s)ds:%, i€{0,...,N—1}

which we solve using sparse Newton iteration.

2.7.5 Unconstrained Monte Carlo methods

In this section, we briefly describe the unconstrained MCMC methods with which we compare

our method and refer readers to their original references for more complete discussions.

Metropolis-adjusted Langevin

One step of the algorithm we refer to as unconstrained Metropolis-adjusted Langevin consists
of one timestep of discretized underamped Langevin (i.e., second-order Langevin) dynamics
followed by application of the Metropolis criterion with negation of the momenta upon
rejection. As in (2.23), the Hamiltonian H can be split into potential and kinetic parts for

which the dynamics can be solved exactly. For an unconstrained system, the equations of
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motion for the potential and kinetic parts, respectively, are

qg=M"p
(2.49)
p=0,
and
q=0
(2.50)
p= —Uq(CI)‘

Stochasticity can be introduced as an unconstrained Ornstein—Uhlenbeck process in the
momenta

q=0

p = —p + 2T Mn(t),

where v is a friction coefficient. Equations egs. (2.49) to (2.51) define unconstrained maps

(2.51)

Pa.nt: PB AL Po,ar that can be composed to numerically integrate the Langevin equa-
tions of motion. We use the composition ®p at/2P A At/2P0,AtP A AL/2PB AL/2 for the
unconstrained Metropolis-adjusted Langevin sampler since it has been observed to produce
good statistics for position variables [83]. Note that this method differs from the conven-
tional Metropolis-adjusted Langevin algorithm by the inclusion of momentum variables. This
method can be interpreted as generalized Hamiltonian Monte Carlo [66] with the trajectory

length set to a single timestep.

The no-U-turn sampler

From a starting point q, Hamiltonian Monte Carlo in its simplest form consists of sampling
a normally distributed momentum vector p, integrating the equations of motion for a fixed
trajectory length L, and then accepting or rejecting the last point of the trajectory based
on the Metropolis criterion. Since a single trajectory is approximately contained within a
particular level set of the energy, certain choices of L can result in slow sampling due to
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trajectories forming approximately closed orbits. Let (q—,p—) and (q+,p+) denote the
position and momentum at the two endpoints of a trajectory. The no-U-turn sampler [64]

adaptively sets the trajectory length by integrating trajectories until the criterion

.
pPi(g+ —q-) <0
" (2.52)
.

pL(q- —qy4) <0

is satisfied. When (2.7.5) is true, the momenta at the endpoints projected onto the line
joining the endpoints of the trajectory point towards each other, and further integration is
likely to decrease the distance between the endpoints of the trajectory. To preserve time
reversibility, the implementation of NUTS [20] that we use iteratively doubles the length of
the trajectory until (2.7.5) is satisfied or a maximum trajectory length is exceeded and then
returns a point in the trajectory with probability proportional to its energy.

In addition to adaptively tuning L, the step size At is tuned using dual averaging [102]
to achieve a specified acceptance rate, and the inverse mass matrix is approximated as the

empirical covariance matrix computed over a warmup period [123].

Ensemble MCMC

The affine-invariant ensemble sampler that we use efficiently samples poorly scaled distribu-
tions by evolving an ensemble of parameter sets (random walkers) and using the spread in
the ensemble to guide the directions of moves [55, 43]. Specifically, at each step, two walkers

x; and xj, are selected randomly, x; is replaced with

X; = xj, + Z[xj; — xz], (2.53)
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and the move is accepted with probability
: N—-1
min[l, Z W(X;)/TI‘(X]')], (2.54)
where N is the dimension of the parameter space, Z is a random variable with density

12 it s e [ail,a}
p(z) (2.55)

0 otherwise,

and a is an adjustable step size parameter. We use a = 1.5, which we found to give relatively

good behavior in preliminary simulations.

2.7.6 Accounting for manifold curvature

The solution manifold to a system of constraints is generally curved, and projecting points
sampled on the constraint manifold onto a limited set of variables results concentrates the
points where the manifold is close to orthogonal to the coordinate axes. For example, pro-
jecting equispaced points on the unit circle onto the interval [—1, 1] results in the Chebyshev
nodes, which are concentrated near the endpoints —1 and 1, where the unit circle becomes
increasingly orthogonal to the real line. If this concentration of points is undesired, one can
correct for it by weighting each point by a factor that accounts for the change of the volume
element of the manifold upon projection.

Given an m-dimensional submanifold M of R™ and a parameterization ¢ : R — M,
the volume element of a point ¢(x) on M is given by det(cbiq&x)l/ 2dx, where ¢ denotes
the matrix of derivatives with elements d¢;/0x;. The columns of ¢y (x) are a basis for the
tangent space of M at x. We compute the correction for the effect of manifold curvature by
constructing an orthonormal basis Q € R™*™ for the tangent space of M at each sampled

point and then projecting each column of Q onto k coordinate axes of interest to obtain
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Q € RF*™ where k < m. The factor by which volume is changed by the projection is given

by det(QQT)l/ 2 which can be used to weights points when constructing a histogram.

2.7.7 Assessing convergence

We assess the convergence of simulations using a version of the potential scale reduction
factor (R) defined in [48]. For a set of M independent chains each with N samples, we first

compute the within-chain mean (k;,) and covariance (X;):

1 N
km = > K (2.56a)
n=1
1 M
¥, = 7 Z S (2.56D)
m:
al CoNT
Z Knn — km) (k;mn — ki) - (2.56¢)
Then we compute the between-chain covariance (2):
M
N o\ T
=T > (k km — k) (2.57a)
m=1
1 M
k = i > k. (2.57h)
m=1

Given the within-chain and between-chain covariances, we estimate the stationary covariance

as
N -1 1
> = Y, 3. 2.
Then,
R=|=,12. (2.59)
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The essential idea is that upon convergence, the initial conditions should be forgotten, and

~

the within-chain covariance should equal the stationary covariance; in this case, R = 1.

2.7.8 Importance sampling

Given two absolutely continuous probability distributions 71 and w9 defined over the same

sample space, the importance weight

w(x) = (2.60)

allows for integrals with respect to 79 to be computed using 71. For any function f(z),

Bny(f(0) = [ f@mle)de = [ f@m@o@ de =B (feu@), (26D

where w(x) is the Radon-Nikodym derivative of mo with respect to 7. Given samples

{z1,..., 2N} from 71, an unbiased estimate of (2.61) is

1 T (T;
Ery (@) ~ 3 3 flay) 200 (2:62)
If 71 and w9 are only known up to a normalization constant, such that

™ (x) = er71 () (2.63)

mo(x) = cafo(w),
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then the expectation with respect to m9 can instead be computed as

= ) (x m2(z) x 71 (x m2(2) T
- [rom@2Dd [ [m@ 204
= ) (x T3(z) x 71 (x T3(z) T
- [rom@2 G/ [me2a
By (f(z)w(x))
Er, ((z))
Accordingly, we refer to
Er, (0(z))

as the normalized importance weights (cf. Figure 2.7). Given samples {z1,

a biased estimate for (2.64) is

~1

En(@i) _ (S Y (S

B (0@) ;f( i) () ; (i)
Software

(2.64)

(2.65)

...,xn} from 7y,

(2.66)

Open-source software implementing the method using the Google JAX package [13] is avail-

able at https://github.com/dinner-group/constrained-Langevin.
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Figure 2.4: Representative two-dimensional marginals for the three-species represillator
model parameter distribution obtained from 107 steps of the constrained Langevin sam-
pler with fixed-point constraints (top), Hopf-point constraints (middle), and periodicity con-
straints (bottom). The log-likelihood when sampling fixed points and Hopf points is constant
everywhere, and the log-likelihood when sampling limit cycles is proportional the squared
error from the data shown in Figure 2.2 (see Section 2.5.4).
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Figure 2.5: 100 best fit solutions obtained after 107 steps of the constrained MALA sampler
(left) and 2 x 108 steps the ensemble MCMC sampler (right). Results shown are for the
three-species repressilator fit to the data shown in Figure 2.2 (see Section 2.5.4).
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Figure 2.6: Representative marginal distributions sampled using constrained MALA, ensem-
ble MCMC, unconstrained MALA, and NUTS after 107 steps. Results shown are for the
three-species repressilator fit to the data shown in Figure 2.2 (see Section 2.5.4).
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Figure 2.7: The distribution sampled by the unconstrained methods is multimodal despite
the marginals along certain dimensions appearing smooth (top left). The multimodal struc-
ture is apparent when examining the distribution at different initial values of y; and y9: the
unnormalized log-posterior distribution exhibits rapid, non-concave variations with the rest
of the parameters fixed at the high probability values indicated by the symbols (g, orange;
q2, blue; the linear interpolation 0.8¢1 + 0.2¢2; pink in the bottom row). The interpolated
parameters generate trajectories that are close in period and shape to the trajectories gen-
erated by g1 and ¢9 but about half a period out of phase with the data used to compute the
log-likelihood (top middle). The apparent noise in the bottom middle plot results from fail-
ure to integrate the ODEs for certain initial conditions. Most of the normalized importance
weights for reweighting the distribution sampled by constrained Langevin to the distribution
sampled by the unconstrained methods are close to one (top right).
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CHAPTER 3
T432 STABILIZES THE PERIOD OF THE KAI OSCILLATOR
BY ENABLING DOUBLY PHOSPHORYLATED KAIC TO ACT
AS AN ALTERNATIVE SINK FOR KAIA

3.1 Abstract

Circadian clocks maintain a nearly constant period despite variation in the concentrations
of their components. The core oscillator of the cyanobacterial circadian clock can be recon-
stituted in vitro from the purified proteins KaiA, KaiB, and KaiC, making it a tractable
system for studying this robustness. Models of the Kai system are generally parameterized
by hand, so their failure to generalize to other conditions could reflect either the mechanisms
that they encode or the parameters chosen for them. Here, we construct a kinetic model that
allows for all elementary reactions among the phosphorylation, nucleotide, and KaiA-binding
states of KaiC and fit it to phosphorylation kinetics measured across a range of total KaiA
concentrations and solution ATP fractions by constrained Langevin Monte Carlo sampling of
periodic solutions. Systematic reduction of the sampled models yields networks that oscillate
without phosphorylation at T432, contrary to the conventional sequential mechanism but
consistent with the oscillation of the T432V mutant. Because these networks oscillate over
a narrower range of KaiA concentrations, we predict and confirm experimentally that the
T432V clock loses rhythmicity at KaiA concentrations that the wild-type clock tolerates.
Asymptotic analysis of a minimal model indicates that the ability of KaiA to inhibit its
own sequestration limits the range of KaiA concentrations over which the period is stable,
and that doubly phosphorylated KaiC offsets this limitation by acting as an additional sink.
More generally, our results show how sampling and systematically reducing models consistent

with data from multiple conditions can reveal and dissect biochemical mechanisms.
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3.2 Introduction

Circadian clocks are endogenous biochemical oscillators with near-24-h periods that organ-
isms in all kingdoms of life use to time their physiology to the daily solar cycle. The mecha-
nisms underlying these rhythms are generally complex, involving transcription, translation,
molecular association, phosphorylation, and degradation. The clock of the cyanobacterium
Synechococcus elongatus is unusual in that its core oscillator, composed of the proteins KaiA,
KaiB, and KaiC, involves only molecular association and phosphorylation of KaiC, and the
phosphorylation state of KaiC encodes the time of day. Remarkably, free-running phos-
phorylation oscillations that persist for over a week with a period of about 22.4 h can be
reconstituted in vitro from the purified proteins together with adenosine triphosphate (ATP)
[117, 71]. This in vitro system enables quantitative data to be collected under well-controlled
conditions and molecularly detailed mathematical models to be formulated, making the Kai
oscillator a uniquely tractable system for developing a mechanistic understanding of molec-
ular timekeeping.

KaiC is a hexameric ATPase that autophosphorylates and dephosphorylates at two sites,
S431 and T432, in its C-terminal CII domain. Based on the relative phases of site-specific
phosphorylation oscillations and mutation studies, the established mechanism is that, start-
ing from the unphosphorylated state, KaiC phosphorylates preferentially on T432, which
promotes subsequent phosphorylation on S431 [103, 111]. Phosphorylation of S431 increases
the rate of ATP hydrolysis in the N-terminal CI domain, which drives a conformational
change that allows KaiB to bind on CI. KaiC in complex with KaiB sequesters KaiA [117];
because KaiA acts as the nucleotide-exchange factor that drives phosphorylation, its seques-
tration forces S431 and T432 to dephosphorylate, completing the cycle. This KaiB-mediated
sequestration constitutes a delayed negative feedback loop that is thought to be the primary
driver of oscillation.

The tractability of the Kai system has motivated many mathematical models [80, 130,
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111, 60, 89, 107, 108, 65|. Early models were largely phenomenological, constructed to re-
produce specific observations such as robustness of the period to ATP levels [111], to protein
stoichiometry [89], and to temperature [60]; later models sought to represent the underly-
ing physical interactions more closely [108, 107]. Although existing models offer plausible
explanations for the properties they were designed to reproduce, none reproduces behaviors
outside the regime for which it was optimized. Whether this failure to generalize reflects
structural shortcomings of the models or insufficient optimization of their parameters is un-
clear, because models parameterized by hand give little indication of the range of parameters
consistent with the dynamics.

In principle, these issues can be addressed by constructing a model that allows for all
possible mechanisms and fitting it to the data within a Bayesian framework. In this frame-
work, one assigns a prior probability to the parameters and a likelihood for the data given
the parameters; the posterior probability of the parameters is then proportional to the prod-
uct of these probabilities. By then sampling parameters, one can not only maximize the
posterior but also learn its distribution to quantify uncertainties. Hong and co-workers pre-
viously applied this approach to the KaiA-KaiC subsystem, fitting a molecularly detailed but
mechanistically naive kinetic model directly to phosphorylation data by Markov chain Monte
Carlo (MCMC) sampling [65]. Even though many microscopic parameters remained loosely
constrained, the ensemble of fits made a consistent prediction: an ultrasensitive dependence
of KaiC phosphorylation on KaiA concentration, which they confirmed experimentally and
attributed to the differential affinity of KaiA for competing nucleotide-bound states of KaiC.
This result illustrates how data-driven modeling can reveal a mechanism that was not built
into a model a priori.

Extending this approach from the KaiA-KaiC subsystem to the full oscillator is com-
plicated by the oscillatory dynamics themselves. Only a small fraction of parameter space

gives rise to sustained oscillations, so conventional Monte Carlo methods expend most of
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their effort sampling irrelevant, non-oscillatory regions of the posterior unless the prior is
carefully tuned. Moreover, oscillations can appear or disappear through bifurcations, which
can make the posterior poorly conditioned and hard to sample [55|. To overcome these dif-
ficulties, we adapted constrained Langevin Monte Carlo for sampling oscillatory solutions
of ordinary differential equations (ODEs) [28]. This approach enables us to scan parameter
space rapidly for regions likely to support oscillations and then to enforce periodicity of the
ODE solutions within those regions.

Here, we introduce a parameterized kinetic model of the Kai oscillator (Figure 3.1) and
use the constrained Langevin Monte Carlo approach to fit it to KaiC phosphorylation data
collected across a range of total KaiA concentrations and solution ATP fractions. Surpris-
ingly, the models that predominate in the sampling reduce to ones that do not require the
T432 phosphorylation site to sustain oscillations, consistent with the observation that the
T432V mutant oscillates [44]. However, these reduced models are less tolerant of variation
in the total KaiA concentration, which leads us to predict that the T432V mutant should
be more sensitive to KaiA than wild-type KaiC. We confirm this prediction experimentally.
Through an asymptotic analysis of a minimal model obtained by reducing the sampled mod-
els, we interpret how the T432 site confers this robustness. We find that the key is the

previously known but underappreciated ability of KaiA to inhibit its own sequestration [89].

3.3 Results

3.8.1 A monomeric model of the Kai oscillator fits data over a range of

conditions.

We construct a parameterized model of the Kai oscillator by enumerating the states of a
KaiC monomer and the reactions connecting them (Figure 3.1). To avoid the combinatorial

explosion of states that would result from modeling the full KaiC hexamer, we treat KaiC as

o4



a six independent monomers. For additional computational savings, we assume that KaiB
remains at quasi-steady-state and treat it implicitly. We track three properties of each KaiC
monomer: its phosphoform, the nucleotide bound at each of its two ATPase domains (CI
and CII, both of which we take to be always occupied by ADP or ATP), and the KaiA
occupancy of each domain.

Each KaiC monomer carries two phosphorylation sites, S431 and T432, and thus adopts
one of four phosphoforms: U (unphosphorylated), T (phosphorylated on T432), S (phospho-
rylated on S431), and D (doubly phosphorylated). These form the four groups of states in
Figure 3.1. Within each group, a superscript gives the state of CI and a subscript the state
of CII; in either index, an A in the first position marks KaiA bound to that domain, and a
1 in the second position marks ADP, rather than ATP, at its nucleotide-binding site. The
subscript therefore ranges over four CII states, one for each combination of KaiA occupancy
and bound nucleotide.

Four reaction types connect the states (Figure 3.1 and Table 3.1): phosphotransfer,
KaiA (un)binding, nucleotide exchange, and ATP hydrolysis. We require reversible cycles
of these reactions to obey detailed balance (Table 3.2) but otherwise impose only upper and
lower bounds on each rate constant to keep the model maximally general. Each time KaiA
binds a CII domain, we remove one-sixth of a KaiA dimer from the free pool to account
for the hexameric stoichiometry. KaiA bound to CII can catalyze nucleotide exchange.
Phosphorylation at S431, present in the S and D phosphoforms, enables ATP hydrolysis at
CI; because KaiB is not modeled explicitly, we fold its binding into this hydrolysis step and
treat the composite reaction as pseudo-first-order. After hydrolysis, CI can reversibly bind
KaiA to sequester it. The full network defines a system of ordinary differential equations
(ODEs) for the time-dependent concentrations of all KaiC and KaiA species, coupled through
mass-action kinetics.

We fit this model to data using a variant of constrained Langevin Monte Carlo for sam-
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Table 3.1: A list of all reactions between KaiC species in the model. Reactants and products
are indexed with a binary string notation in which a KaiC monomer is specified by six binary
variables, listed in the key at the top of the table: S431 phosphorylated (pS431), T432
phosphorylated (pT432), KaiA bound to CII (CII-KaiA), ADP bound to CII (CII-ADP),
KaiA bound to CI (CI-KaiA), and ADP bound to CI (CI-ADP). Each variable is equal to
1 if the corresponding condition is satisfied and 0 otherwise; when ADP is not bound, ATP
is bound (i.e., we do not allow for unoccupied nucleotide binding sites). A - is a wildcard
that accommodates either 0 or 1, so long as the full six-index combination is among the
allowed species. The rate constants k, distinguish the nucleotide exchange reactions, which
can only occur if KaiA is bound on CII, and the CII ATP hydrolysis reactions, which can
occur regardless of the presence of KaiA.

Binary string notation key:

(pS431, pT432, CII-KaiA, CII-ADP, CI-KaiA, CI-ADP)

Reaction Description Mass action form
(0--000)—(1--100) S431 phosphorylation ky[0 - -000]
(1--100)— (0--000) S431 dephosphorylation ky[1--100]
(+0-0-+)—(-1-1-+) T432 phosphorylation ky[-0-0- -]
(+1-1--)—(-0-0--) T432 dephosphorylation ky[-1-1- -]
(«+-0---)—(--1--+) CII KaiA binding kay[- -0 - - -]
(«+1--)—(--0--+) CII KaiA unbinding kyl[- -1 -]
(- 10--) —(--11--)  CII ADP binding kay[- - 10 - -]
(+-11--)—(--10-") CII ATP binding koyl- - 11 -]
(-0 --)—(---1--)  CIIATP hydrolysis g 0]
(1---00)—(1---01) CI ATP hydrolysis ky[1---00]
(I---01)—(1---00)  CIATP binding ky[l- - - 01]
(1---01)—(1---11) CI KaiA sequestration kay[l - - - 01]
(1---11)—(1---01) CI KaiA desequestration ky[l- - -11]

Table 3.2: Cycles of reactions that obey detailed balance. The binary string notation is
the same as in Table 3.1. In addition to the reactions shown, there is a pair of reversible
reactions between the first and last species in each sequence to close the cycle. Each cycle
introduces a constraint that the product of the reaction constants in the forward direction
must equal the product of the reaction constants in the reverse direction.

Cycle

Description

(0-0000)=(1-0100)=(1-1100)=(0-1000)

pS—CII KaiA binding

(+000--)=(-101- )= (-111--)=(-010--)

pT—CII KaiA binding

(1-0-01)=(1-1-01)= (1-

1 -

I11)=(1-0-11)

CI and CII KaiA binding
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A diagram of the states of KaiC and their reactions in our monomeric model of the Kai
oscillator. Panels labeled with U, T, S, or D represent KaiC monomers with CII domain
that is unphosphorylated, phosphorylated on T432 only, phosphorylated on S431 only, or
phosphorylated on both sites, respectively. The cells in each panel represent the KaiA and
nucleotide binding states of the CII domain; an empty upper half cell denotes CII without
KaiA bound and an upper half cell labeled with KaiA denotes KaiA bound on CII. We
assume that all nucleotide binding sites are always occupied by either ATP or ADP. KaiC
with S431 phosphorylated can hydrolyze ATP on its CI domain and then bind KaiB to enter
a sequestration competent state. We model the combined effect of CI ATP hydrolysis and
KaiB binding as a pseudo first order reaction. The KaiA and nucleotide binding states of the
CI domain are labeled in the upper right corner of the S and D panels. These sequestration
competent states are represented by the two panels behind the main S and D panels. The
panels in the background contain the same CII reactions as those in the foreground. Each
state in the main S and D panels are joined by a pair of reactions to the corresponding state
in the panel behind. A cartoon of KaiC phosphorylated on S431 only with KaiA bound on
CII and KaiA sequestered on CI is shown on the upper right. The reactions within the entire
S block of the diagram is expanded on the upper left with cartoons depicting the states of
KaiC involved. KaiA binding reactions follow second order kinetics.

pling parameters of models of oscillatory dynamics [28]. We first sample the parameter space
for fixed points of the dynamics with purely imaginary eigenvalues (i.e., Hopf points). This
serves as a computationally inexpensive way to identify parts of parameter space where os-
cillatory dynamics are likely. We then use these Hopf points to initiate sampling of limit
cycle solutions to the ODEs. To enforce periodicity of solutions, we discretize and incor-
porate a periodic boundary value problem (BVP) for the model dynamics as constraints to
be solved at every sampling step. We previously found this approach to have better perfor-
mance for sampling oscillatory dynamics compared to conventional MCMC methods such as
Hamiltonian Monte Carlo due to better conditioning of the resulting posterior distributions.

The data consist of phosphorylation kinetics measured under four conditions [111], each
chosen to isolate a complementary part of the reaction network (Table 3.3): the full clock
reaction at 100% and 25% ATP, the KaiA-KaiC subsystem, and KaiC alone. The two
subsystem conditions constrain the phosphorylation and dephosphorylation kinetics in the

absence of KaiB-mediated feedback; the two full-clock conditions constrain the complete
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oscillator. We fit these data by subtracting a term to from log likelihood for each condition,
proportional to the squared error between the predicted and measured phosphoform kinetics.
To reduce computational effort, we partition each of the full-clock time series that spans
multiple periods into single-period segments, average the phosphoform levels across segments,
solve the ODEs over one period, and fit the resulting solution to the period-averaged data.

Sustained oscillations have also been observed at higher KaiA concentrations [26]. Rather
than fit these time series directly, we use them to enforce robustness of the period to variations
in KaiA concentration and %ATP: we compute the oscillatory solution at each oscillatory
condition in Table 3.3 during the sampling and subtract a penalty from the log posterior
proportional to the variance of the period across these solutions.

Table 3.3: Conditions used to constrain the model. KaiC is at 3.5 uM throughout, and KaiB,
where present, at 3.5 uM. A check in the Fit column indicates that the measured phosphoform
kinetics enter the least-squares term of the log posterior; a check in the Oscillatory column
indicates that the system is oscillatory and that the oscillation period enters a variance
penalty on the period. Nucleotide exchange requires KaiA, so %ATP does not enter the
model for KaiC alone (dash). Sustained oscillations at the higher KaiA concentrations were
reported by [26].

Proteins KaiA dimer (uM) %ATP Fit Oscillatory
KaiA, KaiB, KaiC 1.8 100 v
KaiA, KaiB, KaiC 1.2 100 v
KaiA, KaiB, KaiC 0.6 100 v v
KaiA, KaiB, KaiC 0.6 2% v v
KaiA, KaiC 0.6 100 v

KaiC 0.0 - v

Figure 3.2 compares solutions from the 1000 sampled parameter sets with the highest
log posterior values to the period-averaged experimental data (thinned by 10 for clarity). In
general, it is easy to find parameters that can reproduce the nonoscillatory autophospho-
rylation and dephosphorylation dynamics of KaiC. If the model is required to oscillate at
only one of the experimental conditions (i.e., at 100% ATP or 25% ATP), then the sampled
parameters result in solutions that agree with the data collected at the one experimental

condition to high precision. However, demanding oscillatory solutions at both conditions

29



KaiA + KaiB + KaiC, 100% ATP KaiA + KaiB + KaiC, 25% ATP

O 0.41 ]
= 0.25
4
< 0.3 0.20+ 0 S
"6 ° °
: 0.15+ N z
002 { )
c 0.10
o % 3
5ot 0.057 ¢ .
© [ ]
—
% 0.0 : : : : | 0.00L, : : : : :
00 02 04 06 08 1.0 00 02 04 06 08 1.0
KaiA + KaiC, 100% ATP KaiC dephosphorylation
%0.6* 0.5 e pT
- 0.4 P°
= "0 Z . e pD
£ 0.4 o . o, 0
9 /4 e T 0.3 &'
Y— f °® S S
o (] o
c 021 ." ° 0.2 T.
g 3 B
% o® 0.1 o:'.
]
£ 0,01 ¢ | | | | ool | . Steetets oy o e
00 02 04 06 08 1.0 00 02 04 06 08 1.0
Time Time

Figure 3.2: Experimentally measured phosphorylation dynamics of the Kai oscillator (sym-
bols) and 100 optimized model outputs (thin lines) for different conditions. For the oscillatory
conditions shown with total KaiA and ATP fractions of (0.6,1.0) and (0.6,0.25), we process
the time-dependent phosphorylation data reported in [111] by dividing the experimental data
into segments of length equal to the experimentally determined period and averaging over
all segments.

causes the quality of fits to deteriorate. In particular, the amplitude of oscillations in the
phosphoserine KaiC fraction is consistently lower than observed experimentally (Figure 3.2).
That said, we are not aware of any other model that maintains near stable periods across
the conditions considered (Table 3.3).

To further validate the model, we test its ability to reproduce properties of the clock
that were not considered when fitting the data (Figure 3.3). The experiments that we
consider are ones in which the oscillator is subjected to changes in the ATP/ADP ratio

(reported as percentage ATP), which the system senses and, in the cell, correlates with light
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intensity [116]. With the parameters in Figure 3.2, the model entrains to periodic variations
in the ATP fraction over a range of driving periods within about three cycles (upper left),
consistent with experiments [88|. The model reproduces the phase response to a step down
in solution ATP from 100% to 25% over a duration of 0.27 nearly quantitatively (lower
left) and the phase response to a 16% step up in total KaiA concentration qualitatively
(lower right). Finally, we consider experiments in which the fraction of the period at 100%
ATP is varied, which mimics seasonal changes in day length. For selected periods, the peak
in phosphorylation occurs close to the midpoint of the interval with 100% ATP (midday),
consistent with experiments [88], but for other periods, it is closer to the start of the interval
with 100% ATP (dawn; upper right). The latter behavior is inconsistent with data for the in
vivo oscillator [88]; data for the in vitro oscillator are not available. Finally, we simulate an
experiment in which samples with different phases are mixed in a 1:1 ratio [71]; the results
of this experiment are also well reproduced by our optimized model (Figure 3.4).

Taken together, these results indicate that the model generalizes reasonably well to con-
ditions beyond the training data, giving us confidence that a closer dissection of its behavior

can offer meaningful insight into the underlying mechanism.

3.8.2  Model reduction reveals that T432 is dispensable for oscillations but

required for robustness to variations in KaiA concentration.

The data constrain the rate constants of the model to widely varying degrees. Sampling yields
an ensemble of parameter sets. Figure 3.5) shows marginal posterior densities obtained by
projecting the ensemble obtained from sampling unstable fixed points as a surrogate for
oscillatory dynamics (Section 3.5.4) onto one reaction constant at a time, which we take
as a measure of how strongly the data support the associated reaction. Nearly all of these
densities take one of four shapes: a single peak at an intermediate value; a maximum at

the lower end of the sampled range; a maximum at the upper end; or a nearly flat profile
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Figure 3.3: Model behavior in response to time-varying conditions, compared to experiment.
(Upper left) Entrainment of the model when the solution ATP fraction is alternated between
equal intervals of 25% and 100% at driving period 74, for 74 between 0.9 7 and 1.1 7, where
7 is the intrinsic period; dashed lines indicate the limiting cycle duration at each driving
period. (Upper right) Timing of the peak in phosphorylation relative to the ATP pulse for
different “day lengths” (fractions of the period at 100% ATP). Different lines show different
driving periods, as indicated. (Lower left) Model and experimental [74, 116] phase response
curves (PRCs) for a step down in solution ATP from 100% to 25% lasting 0.2 7. (Lower
right) Model and experimental PRCs for a 16% step up in total KaiA concentration.
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Figure 3.4: Simulations of the phase mixing experiment performed in |71]. Each point in
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of these mixed conditions, and the time at which the peak in the phosphorylation fraction
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the simulations started from the unmixed conditions, which are plotted with a black marker
along the dotted diagonal line, and the mixed conditions.
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spanning the sampled range. Only the first shape indicates a rate constant that is well
determined. Reactions are grouped by these behaviors in 3.4.

The remaining three shapes are manifestations of the “sloppiness” typical of multiparam-
eter fits [59] and have different implications for mechanism. Density accumulating at the
lower end of the range indicates a reaction that does not help reproduce the data and that
degrades the fit if its flux is too high; such reactions are natural candidates for removal from
the model. Density accumulating at the upper end instead indicates a reaction that need
only be fast relative to the rest of the network, so that increasing its rate constant leaves the
dynamics essentially unchanged; such reactions imply a separation of time scales. Finally,
there are rate constants that have appreciable density across the sampled range for various
reasons. Different regions of parameter space correspond to different mechanisms, and the
marginal density superposes the contributions from each; the result can be a peak on a broad
background when a reaction is essential to one mechanism and dispensable in another (e.g.,
the rate constant for CII KaiA binding to unphosphorylated KaiC), or separated maxima
when two mechanisms favor different rates. A rate constant can also be unconstrained be-
cause its substrate never accumulates, e.g., because that substrate is consumed by a much
faster competing reaction, in which case the rate constant can vary over orders of magnitude
without appreciably changing the dynamics.

Based on these considerations, we reduce the network by deleting reactions one at a
time and asking whether oscillations persist. We start from a parameter set drawn from
the high-density region of the posterior, together the reference condition of 0.6 uM KaiA
dimer, 100% ATP. We select a reaction and decrease its rate constant in steps, at each
step re-solving for the periodic orbit by natural parameter continuation |77], in which the
orbit computed at the previous value of the rate constant serves as the initial guess for the
next. Continuation allows us to follow a limit cycle whose period and amplitude change by

large factors and to locate the point at which the cycle ceases to exist. If oscillations in
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the reference condition do not fail at any point during the parameter sweep, we then check
whether oscillations persist as we increase the KaiA concentration from 0.6 M to 1.8 uM
while keeping ATP% fixed at 100%, and when we decrease the ATP% from 100% to 25%
while keeping the KaiA concentration fixed at 0.6 M. If nontrivial periodic solutions persist
over all of these sweeps, we conclude that the reaction is not required and delete it from the
network; if instead the limit cycle collapses onto a fixed point at some finite value of the rate
constant, we restore the reaction and move on to the next candidate. We test each reaction
in the network in turn and repeat the sweep until no further reaction can be deleted. Any
state that can no longer be reached by a remaining reaction is removed as well. We note
that, because reactions are deleted sequentially, the resulting network need not be unique.
However, we obtain qualitatively consistent results from multiple parameter sets in a given
region of parameter space (we discuss alternative mechanisms in Section 3.3.7).

The reactions that survive the reduction depend on which property of the model we insist
on preserving at each deletion. Requiring that the model continue to oscillate at all four
oscillatory conditions in Table 3.3 with a period that varies by no more than about 10%
yields the network shown in Figure 3.6, in which KaiC retains both phosphorylation sites
but occupies only the U, S, and D states; we refer to this network as the SD model. Relaxing
the robustness requirement, so that the model need only oscillate at the standard conditions
of 0.6 uM total KaiA dimer and 100% solution ATP, yields the smaller network shown in
Figure 3.6, in which KaiC carries a single phosphorylation site corresponding to S431; we

refer to this network as the S-only model.
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Figure 3.5: Marginal posterior densities for the rate constants of the monomeric model of
the Kai oscillator, obtained by sampling subject to the Hopf point constraints and likelihood
function described in Section 3.5.4. Horizontal axes are logarithmic, and each density is
normalized.
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Figure 3.6: Reactions and states that remain after deleting reactions from the full model
while requiring that certain properties of the model remain intact. If we only require that
the system oscillates at 0.6 uM total KaiA dimer and 100% solution ATP, only the states
connected by the reactions represented by solid lines are necessary (the S model). If we
require that the system oscillates with a robust period, the states connected by reactions
represented by dotted lines are also necessary (the SD model).
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Table 3.4: Behavior of the marginal posterior densities for each rate constant. Reactants
and products follow the same binary string notation as in Table 3.1. Group labels marked
(cont.) continue from the previous page.

Posterior behavior Reaction type Reaction
CI nucleotide exchange | (100101) — (100100)
CI KaiA binding (100101)— (100111)
(000000)— (000100)
(001000)—(001100)
(100000)—(100100)
, 100001)— (100101
CII ATP hydrolysis E101000§_>2101100;
(T01001)—(I0L101)
Peaked (110000)—(110100)
(I11000)—(L11100)
o (000100)—(001100)
CII KaiA binding (I00111) > (101111)
CII KaiA unbinding (101101)— (100101)
(000000)—(100100)
(1T00001) — (110101)
CII phosphotransfer (100100) —(000000)
(T01011) > (111111)
CI ATP hydrolysis (100100)— (100101)
(100001)—(100011)
CI KaiA binding (110001)— (110011)
(110101)—(110111)
(101011)— (101001)
, oo (101111)—(101101)
CI KaiA unbinding (TT1011) = (111001)
(111111)—(111101)
(001100)—(001000)
(101000)—(101100)
(101001)—(10L1101)
Increasing (101011)—(101111)
(101100)—(101000)
(101101)—(101001)
CII nucleotide exchange | (101111) — (101011)
(111000) — (111100)
(T11001)—(111101)
(TT1011) > (IT11111)
(111100)—(111000)
(11T1101) — (111001)
(TI1111)—(L11011)
(100001)—(101001)
CII KaiA binding (100100)—(101100)
(110001)— (111001)

continued on next page
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Table 3.4 (continued)

Posterior behavior Reaction type Reaction
(001000)—(000000)
(001100)—(000100)

CII KaiA unbinding [ (101011)—(100011)
(T11011)—(110011)
(TT1111) —(110111)
(000000)—(010100)

Increasing (cont.) (001000)—(011100)

(010000)—(110100)

CII phosphotransfer Egi?éggg:g????ggg
(011100)—(001000)

(110100)— (100000)
(111100)—(101000)
(101001)—(101011)

. (101101) —(101111)

CI KaiA binding (I11001)— (I111011)
(111101) —(111111)
(100011)—(100001)

, L (100111) — (100101)

CI KaiA unbinding (110011) > (110001)
(110111) —(110101)
(T00011)—(101011)

CII KaiA binding (110011) —(111011)
Decreasing (TT0111) —(111111)
CII KaiA unbinding (111001) —(110001)
(001000)—(101100)
(100000)—(110100)
(T00011)—(110111)
(101000)—(111100)

101001)— (111101

CII phosphotransfer gl 0110 0; — gO 0100 0;
(110100)—(010000)
(TT0111)—(100011)
(111100)—(011000)
(T11111)—(101011)
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Table 3.4 (continued)

Posterior behavior

Reaction type

Reaction

Unconstrained

(100000) — (100001)
(101000) — (101001)

(101100) —(101101)

CI ATP hydrolysis (110000)—(110001)
(110100) —(110101)
(I11000) — (111001)

(I11100)— (111101)

(T00001)— (100000)

(101001) —(101000)

(T01101) —(101100)

CI nucleotide exchange | (110001) — (110000)
(TT0101) —(110100)

(111001) —(111000)
(T11101) > (111100)
(010000) > (010100)

(011000) —(011100)
(100011) — (100111)

i 101011)— (101111

CII ATP hydrolysis 5110001;_>§110101;
(TI10011)— (110111)
(I11001) — (111101)

(I11011)— (111111)

(001000) —(001100)

CII nucleotide exchange | (011000) — (011100)
(011100)—(011000)

(000000) —(001000)

(010000)— (011000)

(010100) —(011100)

CA e g 100000)— (101000

CII KaiA binding 5100101;%5101101;
(T10000) — (111000)

(110100)— (111100)
(110101) 5 (111101)
(011000) > (010000)

(011100) —(010100)

(101000) —(100000)

(101001) —(100001)

CII KaiA unbinding (101100)—(100100)
(T0T1111) > (100111)

(111000) —(110000)

(TT1100) —(110100)

(T11101) —(110101)

(TT0101) —(100001)

CII phosphotransfer (TT1101) —(101001)
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Notably, neither reduced model retains the T state. At the best fit parameters the full model
carries substantial flux through the U—T reactions, yet these reactions can be removed without
abolishing oscillations. This result is at odds with the conventional understanding, in which phos-
phorylation proceeds sequentially with T432 phosphorylated before S431, but it is consistent with
the observation that the T432V mutant oscillates with a period approximately twice that of the
wild-type clock [44].

Comparing the two reduced models suggests instead that the role of T432 is to confer robustness
to variations in KaiA concentration (Figure 3.7, left). The SD model oscillates with a stable period
over the tested range of KaiA concentrations, whereas the S-only model oscillates only below 0.8
uM, with the period lengthening sharply as that limit is approached. The computational results
thus lead to a prediction: the T432V clock should be less robust to changes in KaiA concentration.
To test this prediction, we reconstitute the system in vitro with wild-type or T432V KaiC, fluo-
rescently labeled KaiB, and ATP, over a range of KaiA concentrations, and track oscillations by
fluorescence polarization (Figure 3.8). Consistent with the prediction, the T432V clock oscillates
over a narrower range of KaiA concentrations than the wild-type clock, with the period lengthening
as the concentration increases (Figure 3.7, right).

The sampling and reduction procedures thus reveal an unanticipated function for T432 that
the experiments confirm: the site is essential for stabilizing the period rather than generating the
oscillation. In the next section, we take advantage of the simplicity of the SD and S-only models to
develop analytically tractable approximations that show how the period depends on individual rate

constants.

3.3.83 A minimal model recasts the oscillator as a competition between KaiA
binding at CI and at CII.

As a first step toward understanding the function of T432 and, more generally, the factors that
determine the period, we further reduce the S-only model. The S only model contains two loops

of reactions. The first loop describes the phosphorylation dynamics of KaiC and passes through
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Figure 3.7: Simulated and experimentally measured periods as a function of the total KaiA
dimer concentration. The simulated periods are reported relative to the period of the full
model at 0.6 uM KaiA dimer concentration, and the experimental periods are repored rel-
ative to the wild-type clock at 0.6 uM KaiA dimer concentration. The full model and the
SD model oscillate over the entire range of KaiA concentrations at which oscillations have
been observed experimentally, whereas the S-only model fails at substantially lower KaiA
concentrations. T432V KaiC is experimentally observed to function over a narrower range
of KaiA concentrations than wild-type KaiC.
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Figure 3.8: Fluorescence polarization measurements of fluorescently labeled KaiB reconsti-
tuted with KaiA and either wild-type KaiC or T432V KaiC.
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states in the bottom S panel and the states in the U panel in Figure 3.6. This loop imposes a delay
such that KaiC cannot immediately resequester KaiA that has been released from CI. We replace
this sequence of states with a single state representing unphosphorylated KaiC and the sequence of
reactions with a reaction to the [KaiA|ADP] state in the bottom S panel. The rate of this reaction
is governed by the slowest reaction in the sequence. The second loop describes the dynamics of
KaiA sequestration and joins states in the two upper S panels in Figure 3.6. Since KaiA is rapidly
released from CI if KaiA is also bound on CII, we remove the [KaiA|ADP] state in the top S panel
in Figure 3.6 and join the | |ADP] state in the top S panel directly to the [KaiA|ADP| state
in the middle S panel. The rate of this reaction is determined by the rate of KaiA binding to the
| |ADP]| state in the top S panel. The resulting minimal model retains five species: free KaiA
(a), unphosphorylated KaiC (u), and three forms of KaiC phosphorylated on S431, distinguished
by whether KaiA is absent (sg), sequestered at CI (s;), or bound at CII (s2) (Figure 3.9 and Tables

3.5 and 3.6). Their concentrations, expressed relative to the total KaiC monomer concentration,

obey

du

o ksuso — kuysua (3.1a)
d

% = —ksuso — ko1soa + koos2 (3.1b)
dt

d

% = —koos2 + k12s1a + kysua (3'1d)
d 5 1 1

d—? = —kg150a + 61@‘1281& + 6k2082 - ékusua- (3'16)

Only three of the five variables are independent because total KaiC and total KaiA are conserved,

u+so+s1+s2=1 (3.2a)

1
a—+ s+ g5 = A, (3.2b)

where A is the total KaiA concentration in the same units. The factors of 1/6 arise because a KaiC

hexamer can only bind one KaiA dimer at CII; by contrast, each KaiC monomer can bind KaiA at
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Figure 3.9: A minimal model of the single-site oscillator.

CI, so the net gain of free KaiA in the k12 reaction is 5/6 of a dimer.

We take KaiC that is phosphorylated on S431 but is not bound by KaiA to have hydrolyzed ATP
and bound KaiB at CI, so that sy and s; represent KaiB—KaiC and KaiA-KaiB-KaiC complexes,
respectively. KaiA binding at CII, nucleotide exchange, and phosphotransfer are treated together
and produce so at rate kysua. Dephosphorylation returns sg to u at rate kg,sg. At CI, KaiA binds
so at rate kogispa; at CII, it unbinds so at rate kggse. The two domains are coupled by a reaction in
which a second dimer binds the CII domain of a sequestered complex and releases the first dimer
at rate kig9sia. This reaction, which results directly from the sampling and model reduction, is
consistent with the observations that KaiA inhibits KaiB binding at CI and destabilizes existing
KaiB-KaiC complexes [89].

Table 3.5: Dynamical variables of the minimal single-site model (3.1). Concentrations are
expressed in units of the total KaiC monomer concentration. No state carries KaiA at CII
and a hydrolyzed CI simultaneously, because release of KaiA from CI is fast in the doubly
bound complex and that complex is contracted out of (3.1); a complex with KaiA at CII
therefore reaches sg only after KaiA leaves CII.

Variable Species
U Unphoslliyhor lated KaiC

50 KaiC phosphorylated on S431 and able to sequester KaiA
59 KaiC phosphorylated on S431 with KaiA bound at CII

S1 %{aiC h(j&sphorylated on S431 with KaiA sequestered at CI
a ree Kai

We analyze the minimal model in the regime O(1) = kys ~ kg, = koo < k12 < ko1. Phospho-
rylation, dephosphorylation, and KaiA release from CII are comparable; KaiA binding at the CII

domain of a sequestered complex is much faster, and sequestration at CI is faster still. The last of
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Table 3.6: Reactions of the single-site minimal model (3.1) (Figure 3.9). KaiC concentrations
are expressed as fractions of the total KaiC monomer concentration, and a denotes a free
KaiA dimer; because one KaiA dimer binds the CII domain of a KaiC hexamer, KaiA binding
at CII consumes 1/6 unit of a per KaiC monomer, whereas sequestration at CI consumes
one unit of a per monomer. The k9 reaction consumes 1/6 unit of a at CII and liberates
the dimer held at CI, for a net gain of 5/6 unit of a.

Reaction Description Rate
u+ %a —> 59 S431 phosphorylation with KaiA at CII ~ kysua
S0 —> U S431 dephosphorylation ksuso
so+a— s1 KaiA sequestration at CI ko1soa
51+ %a — s9 +a KaiA binding at CII and release from CI  kj9s1a
59 —> S0 + %a KaiA unbinding from CII kapso

these relations is consistent with the sampling, in which the posterior density for the sequestration
rate constant accumulates at the upper end of the sampled range (Figure 3.5). In this parameter
regime, the limit cycle can be divided into two segments, corresponding to phosphorylation and
dephosphorylation, connected by fast transitions (Figure 3.10). We compute an asymptotic esti-
mate for the limit cycle and its period using the method of matched asymptotic expansions. In
each segment, we rescale the variables and time to bring the dominant balance to leading order,
substitute into (3.1), and expand the solution in powers of a local small parameter (¢ = 1/ko1,
0 = kia/ko1, or & = 1/k12). We then require that the solutions in adjacent segments agree where
they overlap. Appendix 3.6.1 gives full mathematical details of the asymptotic analysis; here, we

focus on its interpretation.

3.3.4  The phosphorylation and dephosphorylation segments are determined
by the relative rates of KaiA sequestration at CI and release at CII.

At the start of the dephosphorylation segment, so is high and begins to decay at rate kogss. Each
unit of sg that decays yields one unit of syp and 1/6 unit of a, which rapidly converts 1/6 unit of s
to s1 because kg is large. Balancing release of KaiA with sequestration gives

koo s2

= ~ E. 3.3
6ko150 ‘ (3:3)
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Figure 3.10: Numerical solutions of the single-site model of the Kai oscillator (3.1) when
using the parameter values ko3 = 108 k1o = 300, ksy = kus = ka9 = 1. The solution for
A = 6/35 has been magnified and plotted on a log scale to emphasize the different segments
of the limit cycle.

7



With a ~ €, no phosphorylation occurs to leading order. Consequently, any sg that is not converted
to s1 dephosphorylates to u at rate kg, s9. Thus both sg and so decay exponentially after an initial
transient, as seen from the linear behavior of their logarithms from ¢t &~ 1 to ¢ &~ 10 in Figure 3.10.
Over this interval, s; — A.

Eq. (3.3) holds only while sequestration at CI outruns release at CII, that is, while ko159 > ki251.
The two rates become comparable when sy ~ § = kj2/ko1 = €/§. The threshold that terminates
dephosphorylation is thus the ratio of the CII and CI binding rate constants; the segment boundary
is set by the antagonism between the two binding sites rather than by the dephosphorylation rate
constant alone.

At t = 10, sg ~ 9, so that from ¢t ~ 10 to ¢t ~ 12 the rate of the kg1sga and ki2s1a reactions
are comparable. In the kj2s1a reaction, 1/6 unit of a binds to 1 unit of s; to form 1 unit so and 1
unit of a for a net gain of 5/6 unit of a, which can then further deplete so. When s¢ ~ § the kg1s0a
reaction still occurs and consumes sy to produces si, but once sg = kogsa/(koia) ~ € the kiasia
reaction dominates, consuming s; to produce sg until s1 = kogsa/kiea ~ & at t ~ 12.3.

At this point, a ~ 1 and the system enters the phosphorylation segment. In this segment, the
kysua reaction produces s and consumes a until a ~ s1 ~ /€ and kogse > kysua. When a ~ /€,
the rate k,sua becomes negligible, and the sy formed from the decay of so consumes the remaining

a until a ~ €, and the system enters the dephosphorylation segment.

3.3.5  The duration of the phosphorylation segment is sensitive to KaiA and
nucleotide concentrations.

In the asymptotic regime, the durations of the dephosphorylation and phosphorylation segments are
much longer than the durations of the transitions between them, and contributions of the transitions
to the period can be neglected.

The duration of the phosphorylation segment can be shown (Section 3.6.2) to scale as

Tphos — tphos(SAiold) - tphos<3A,start>7 (34)
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where

1
 12kyskao(1 — A)

tphos(SA) =

2@ arctan <k12(1 —sa)+ F>

G
+ 2(6k20 — 5k12A) log (—6k720 + km(ﬁA — SA) + F)

— (6k20 — klg(l + 4A)) log (66k20 + ]€12(6A — SA) + F)

— (6k20 + k‘lg(l — 6A)) log (klg(l — SA>)]

F= \/36(k20 + k12 A)? — 12k12(11kog + k12A)s4 + (k128A)2

G = /363 + 12ka0k12(11 — 6A) — k%, (6A — 1)2

6k
S A start = A WTZ
o 6(11k20 + k10A — 2\/5k20(6]€20 + k‘lgA)
SA fold = .

k12
Analysis of (3.4) shows oscillations fail when the dephosphorylation segment intersects a saddle

node at a total KaiA concentration of

1 ke 1 [30ks0
Ay =224 . 3.6
Y76 ke 3V R (3.6)

Below A, as A increases, more time is required for a to fall to a ~ /£, and, at A = A, enough

free KaiA is present in solution for the ki9s1a reaction to keep a well above /€ at all times. For
kao/k12 < 5/6, the regime we considered above, (3.6) shows that the range of A tolerated can be
increased by increasing kog and decreasing kio. For example, for ko1 = 109, k1o = 300, kgy = kuys =
koo = 1, numerical continuation indicates that oscillations fail through a homoclinic bifurcation at
A ~ 0.2687 ~ 9.4/35; if k2 is decreased to 30, oscillations instead fail at A ~ 0.4666 ~ 16.33/35.
These thresholds agree with the asymptotic result (3.6) quantitatively.

In contrast to the duration of the phosphorylation segment, the duration of the dephosphoryla-

tion segment remains bounded for A > 0. The formula depends on the precise relation between the
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rate constants kg, and ko,

1 s 5\ -1 -
7o | log [F] +log |1+ (F) s if ke < koo

Tdephos ~ —i [log (553‘20)) — log (— log [552(20)} )} if kg =koo =k (3.7)

where
5kopSa (0)

K=—"+"".
6(k20 - k:su)

(3.8)

In all cases, the dependence on A, which enters through the initial condition s9(0) ~ 64 — 2/5A&
(from (3.2) and a ~ s1 ~ /€), is logarithmic. A comparison of the dependence of the phosphoryla-
tion and dephosphorylation segment durations on A is shown in Figure 3.11.

Since the dephosphorylation segment is much less sensitive than the phosphorylation segment
to changes in A, the sensitivity of the overall period to A can be decreased by choosing parameters
such that the duration of the dephosphorylation segment dominates the overall period. Examining
(3.126) shows that the duration of the phosphorylation segment can be shortened by increasing kys
and koo and decreasing kj9, and (3.137,3.138,3.140) show that the duration of the dephosphorylation
segment can be lengthened by decreasing k12, kog, and kg, and increasing kg;. The behavior of the
segment durations as these parameters are varied is shown in Figure 3.12.

Consistent with KaiA’s role as a nucleotide exchange factor, the effect of the nucleotide ratio
on the period of the oscillator can be controlled similarly. In all of our models, the nucleotide
ratio affects the dynamics by modulating the phosphorylation rate, and, for the single-site model,
it specifically scales k,s. This parameter only appears in the denominator of the multiplicative
prefactor in (3.4). Thus, increasing the ATP:ADP ratio shortens the duration of the phosphorylation
segment and, in turn, the overall period. In contrast, to leading order in €, k,s; does not affect the

duration of the dephosphorylation segment. Thus, robustness of the period to variations in the
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Figure 3.11: The dependence on A of duration of the dephosphorylation and phosphorylation
segments of the single-site Kai oscillator model when using the parameter values kg; =
109, k19 = 300, key = kuys = koo = 1. The duration of the phosphorylation segment has a

logarithmic singularity at A = 1/6 — kog/k12 + /30kag/k12/3 ~ 0.2687.
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Figure 3.12: The duration of the dephosphorylation and phosphorylation segments of the
single-site Kai oscillator model when using the parameter values kg, = 106, k19 = 300, A =
6/35. The duration of the phosphorylation segment is evaluated with kg, = 1, and the
duration of the dephosphorylation segment is evaluated with ks = 1.
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nucleotide ratio can also be achieved by having the duration of the dephosphorylation segment
dominate the total duration of the limit cycle.

That said, the hierarchy of scales in the reaction constants required for robust oscillations in
the single-site model results in unrealistic solutions: the system spends long stretches of time in a
strongly phosphorylated state before rapidly jumping to a short-lived weakly phosphorylated state.
Experimentally, the waveform of total KaiC phosphorylation is close to sinusoidal and has no sharp
transitions, with the phosphorlyation segment being only slightly shorter than the dephosphorylation
segment. This suggests that the T432 phosphorylation site provides additional flexibility that
allows the full system to function with a smaller separation of scales than when only a single

phosphorylation site is present.

3.3.6  Doubly-phosphorylated KaiC stabilizes the period by acting as a sink
for KaiA.

Our simulations, theory, and experiments suggest that the role of T432 is to confer robustness
to variations in KaiA (and by extension nucleotide ratio). In studies with KaiC S431E;T432A
and KaiC S431E;T432E, which mimic the S and D phosphoforms, respectively, Lin et al. [89]
observed that KaiA has a weaker inhibitory effect on the formation KaiB:KaiC complexes with the
D phosphomimic than the S phosphomimic. More D forms at higher KaiA concentrations. If KaiA
has a weaker inhibitory effect on the formation of KaiB-KaiC complexes by D, D could replace S
as the primary sink for KaiA at high KaiA concentrations, extending the range of clock function.
To test this hypothesis, we reintroduce the D state to the single-site minimal model to obtain a

double-site minimal model (Figure 3.13 and Table 3.7)

Z—Q: =ksuS0 — kusua (3.9a)
dSo

7 ko1s0a — ksuso + kasqo + k2052 (3.9b)
d

% :k‘mSOa — k1281a (3.9C)
dss

E =kio81a — kopsg — ksgSo + kysua (3.9d)
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dqo

—— = — kao190a — kasqo + ka20q2

dt
dq

— =kqo190a — kq12q1a

dt
dqo

—= =ksqs2 + kq1aqra — ka20q2

dt
da

dt

1
— —kysua — (ko1so + kao1q0) @

6

5 1
+ 8 (k1251 + ka12q1) a + 6 (k2os2 + ka2092)

(3.9h)

Where we have introduced additional variables for D that is able to sequester KaiA (qp), D with

KaiA bound to CI (q1), and D with KaiA bound to CII (¢2), paralleling the variables for S in the

single-site model. Total KaiC and total KaiA are conserved analogously,

u+sg+s1+s2+q+qg+qgp=1

1 1
a+51+682+Q1+EQQ2A-

KaiC phosphorylated only on the T432 site is still not allowed to form.

(3.10a)

(3.10b)

We compare the behavior of the single-site and double-site minimal models in a non-asymptotic

parameter regime: kg1 = 650, k1o = 600, kg, = 1, kys = 40, kog = 5, kg1 = 650, kg1 = 200, kgs =

1,ksqg = 1,kgo0 = 60 (Figure 3.14). As A approaches 0.2879, the period of the single-site model

lengthens significantly before oscillations fail by a fold of limit cycles. In contrast, the double-site

model maintains a robust period throughout the physically relevant range of A.

Table 3.7: Reactions added to the single-site minimal model to obtain the double-site minimal
model (Figure 3.13). The reactions of Table 3.6 are retained unchanged. The last three
reactions parallel the corresponding reactions of the S phosphoform, with rate constants
distinguished by the subscript d; the two T432 phosphotransfer reactions join the S and D
branches. Conventions for concentrations and KaiA stoichiometry are as in Table 3.6.

Reaction Description Rate
59 — @2 T432 phosphorylation with KaiA at CII  kggs2
q0 — S0 T432 dephosphorylation k4590
g +a—q1 KaiA sequestration at CI kqo190a
q1 + %a — ¢2 +a KaiA binding at CII and release from CI kgi9q1a
g — qo + %a KaiA unbinding from CII k49092
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Figure 3.13: A minimal model of the Kai oscillator with the doubly phosphorylated state of
KaiC restored.
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Figure 3.14: KaiA dependence of the period of the single-site minimal model and the double-
site minimal model. The dynamics are for the specific parameter choices kg; = 650, k1o =
600, ksyy = 1, kys = 40,kog = 5,kgg1 = 650,kz190 = 200,k45 = 1,kgq = 1,kg99 = 60.
Oscillations in the single-site minimal model fail at A ~ 0.2879 by a fold of limit cycles,
whereas the double-site minimal model exhibits robust oscillations throughout the entire
physically relevant range of A. The periods in the right panel are reported relative to the
periods of each respective model at A = 6/35
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3.3.7 Alternative models

The high connectivity of the network shown in Figure 3.1 results in many different mechanisms
(i.e., paths in the reaction network) for which oscillations are possible. Most of these alternative
mechanisms are not qualitatively different in that they can be converted into each other by a
combination of relabeling the species and contracting or subdividing reactions in the network. A
specific instance of this arises when reducing the full model to the S only model (Figure 3.6). The
sequence of reactions between the bottom S panel and the U panel imposes a delay such that
KaiC cannot immediately resequester KaiA after it has been released from CI. This entire loop
can be substituted with the single reaction connecting the | |ADP] and [KaiA|ADP] states in
the bottom S panel, effectively contracting the sequence of five reactions into a single reaction.
Although the precise shape of the orbit varies with the number of reactions in the sequence, which
affects the timing of the delay, the resulting models have the same qualitative behavior.

A more significant, but subtle difference arises in how D acts as a sink for KaiA. In the majority
of sampled parameters, KaiA very weakly inhibits the formation of KaiB—KaiC complexes by D, the
affinity for KaiA by the CI domain of D is high, and D forms at an intermediate rate. Although we
have included terms in the prior that encourage the rate of KaiA release from CI to be higher for
D when KaiA is bound to CII than when KaiA is not, parameters for which both rates are low are
still compatible with the prior. In this regime, D acts less like a parallel sink for KaiA that takes
over at KaiA concentrations when S can no longer function, and more like a buffer for KaiA. Higher
total KaiA concentrations lead to a higher steady state concentration of D, which then sequesters
enough KaiA to keep the pool of KaiA that can interact with S small enough for S to function.
This mechanism is less consistent with the results in [89], which shows that the inhibitory effect of
CII KaiA binding on KaiB—KaiC complex formation is indeed weaker for D, but not to the extent
suggested by the sampling.

The alternative, more realistic mechanism is that KaiA has a smaller but still noticeable in-
hibitory effect on KaiB-KaiC complex formation by D than on KaiB-KaiC complex formation by
S, and that the rates of KaiA sequestration, desequestration, CII KaiA binding, and D formation
are all balanced such that D replaces S as the primary sink for KaiA when nearing KaiA concentra-
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tions that cause S to fail. This reasoning inspired the double-site minimal model (3.9). Compared
to the more commonly sampled mechanism, this mechanism requires a stricter hierarchy of scales.
Additional data that enters through either the prior or the likelihood could increase the proportion

of sampled parameter sets that correspond to this mechanism.

3.4 Discussion

In this study, we have constructed a mechanistically agnostic, monomeric model of the Kai oscillator
that we optimized to reproduce a wide range of experimental observations. Central to the function
of our model is the ability for KaiA to promote its own release from the CI domain of KaiC. This
mechanism has direct experimental support from [89], which shows that increasing the total concen-
tration of KaiA promotes disassembly of the KaiB-KaiC complexes, even when the phosphorylation
state of KaiC is kept fixed by phosphomimetic mutants. To our knowledge, this mechanism has not
received significant attention in previous computational studies. From the full model (Figure 3.1),
we obtain a reduced single-site minimal model that only possesses the S431 phosphorylation site
(Figure 3.9). The single-site minimal model admits an asymptotic analysis in which the limit cycle
can be divided into two slow segments, corresponding to the dephosphorylation and phosphorylation

phases of the clock.

3.4.1 Relation to previous models of the Kai oscillator

Models of the Kai oscillator fall broadly into two families, distinguished by whether oscillations
rely on positive feedback [54]. In monomeric models descended from [117]|, KaiA suppresses the
formation of the KaiC state that acts as its inhibitor, resulting in a positive feedback loop that is
essential for oscillations in these models. In allosteric models of the KaiC hexamer descended from
[130], including the thermodynamically consistent model by [108], a sufficiently long delay between
the phosphorylation-driven conformational switch and subsequent KaiA sequestration is enough to
sustain oscillations without any positive feedback term.

Our models contain a variant of the positive feedback mechanism, in which KaiA promotes
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its own release through the disruption of KaiB-KaiC complexes. If detailed balance is assumed
for all reactions other than ATP hydrolysis, an assumption also made by [108] to construct their
model, then the disruption of KaiB-KaiC complexes and the inhibition of the formation of KaiB-
KaiC complexes are two segments of the same thermodynamic cycle governed by a single free energy
parameter. Both of these mechanisms are present in the model by [108]. Following [130], their model
assumes that all monomers within a hexamer undergo a concerted conformation switch, in the spirit
of the Monod—Wyman—Changeux model. This same switching behavior is proposed by [89] as the
source of robustness to KaiA concentrations in their model. Separately, [108] also includes a term
proportional to the number of KaiA dimers bound to CII in their hexamer conformation free energy,
which provides the capacity for KaiA to promote its own release from CI in their model. However,
the model by [108| does not exhibit positive feedback due to a 10.0kgT free energy penalty for KaiA
binding to the CII domain of inactive KaiC and free energy penalties of 2.0kgT and 1.0kgT for KaiA
binding per S monomer and D monomer, respectively. These penalties collectively result in a penalty
on the order of 20kgT for inactive hexamers, which tend to be strongly phosphorylated on S4321.
A penalty of this size suppresses the binding rate of KaiA to CII by factor of about 5 x 10~8. This
is difficult to reconcile with the fluorescence polarization measurements by [90], which shows that
KaiB-KaiC complexes formed when incubating KaiB with the KaiC S431E;T432E phosphomimetic
mutant disassemble upon addition of KaiA.

Our explanation for robustness does not rely on cooperative, ultrasensitive switching of the
KaiC hexamer. We show in (3.7) and (3.4) that the duration of the dephosphorylation and phos-
phorylation segments scale as log(A) and log(A; — A), respectively. The greater sensitivity of
the phosphorylation segment to the total KaiA concentration can be exploited to achieve period
robustness in the single-site minimal model by tuning parameters such that the duration of the de-
phosphorylation segment dominates the total period. However, the hierarchy of scales required for
robustness in the single-site model results in unrealistic solutions. Restoring the T432 phosphoryla-
tion site results in a double-site minimal model (Figure 3.13) that exhibits robust oscillations over a
wide range of KaiA concentration without the extreme scale separations required by the single-site

minimal model. Our mechanism need not be mutually exclusive with ultrasensitive switching of the
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hexamer concentration, as our model only models KaiC at the monomeric level and cannot demon-
strate ultrasensitive switching. We do not expect that our minimal models quantitatively reproduce
the dynamics of experimental system, but we expect that the qualitative behavior of the minimal
models is accurate. The two key assumptions made in the minimal model, that the unbinding rate
of KaiA from CI is large when KaiA is also bound on CII, and that the sequestration rate of KaiA
by fully formed KaiB-KaiC complexes is high, are well supported by our sampling results (Figure
3.5). The other reactions in the minimal models represent longer loops in the full model that have
been contracted. The rate constants of the members of these loops tend to be distributed over
several orders of magnitude, so the assumed scales of the slow reactions in the reduced models are

at least compatible with our sampling results.

3.4.2  Mized positive/negative feedback and evolvability

A general argument for combining positive and negative feedback in a biochemical oscillator was
made by [126]: a pure negative feedback oscillator’s frequency and amplitude are difficult to tune
independently, whereas adding positive feedback allows a wide range of tunable frequency with
comparatively constant amplitude. This property of mixed positive/negative feedback oscillators
seems to confer no obvious advantage for circadian oscillators, whose frequencies are fixed at one
cycle per day. Noting that the cyanobacterial clock nonetheless appears to rely on positive feedback,
they propose and test an alternative advantage: that mixed positive/negative feedback permits
oscillations over a wider range of concentrations and parameters, making the oscillator both easier to
evolve and more tolerant of imperfect components. Their Monte Carlo sampling of the parameters of
three minimal architectures found oscillatory parameter sets in 0.36% of random draws for a triple
negative feedback loop alone, rising to 2.1% with weak added positive feedback and 5.1% with
strong positive feedback, while adding a second negative loop instead lowered the yield to 0.19%
and 0.086%. This frames the comparison in the same terms by which robustness and evolvability are
usually discussed. In [4], a distinction is made between robustness that requires fine tuning of specific
parameter values from robustness that follows from the qualitative structure of a network across a
broad region of parameter space; the former is fragile, since most perturbations move the system
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out of the narrow supporting regime, while the latter is relatively insensitive to mutations. The
general relationship between this kind of tolerance to mutations and a system’s capacity for gradual
evolutionary change is developed in [32]. The Monte Carlo results by [126] are a quantification of this
distinction applied to oscillator topologies. All of our models fall under the mixed positive /negative
feedback class and are not fine tuned in the strictest sense since the oscillations only require their
parameters to be ordered, but our models with the T432 phosphorylation site present allow for

robust oscillations without pushing any parameters to unrealistic extremes.

3.4.8 Broader connections to models of chemical oscillators

The term describing KaiA release that appears in our minimal models is mathematically identical to
autocatalytic reactions that appear in models of chemical oscillators, which places this model within
a much older tradition of minimal models of chemical oscillators built around an autocatalytic step
inhibited by a slower, delayed feedback loop. The clearest point of comparison is the Oregonator
model [41] of the Belousov-Zhabotinsky reaction (8], whose defining step, BrOj3 reacting with HBrOo
to produce more HBrOs, contributes a term to the rate equation for HBrOs that is linear in HBrO»
itself: mathematically the same structure as a promoting its own release. In both systems, this
autocatalytic step is inhibited by a second, more slowly varying species (Br~ in the Oregonator,
So in our single-site minimal model) that builds up gradually and eventually shuts off the fast
process, resetting the cycle. Our model differs from most classical models of chemical oscillators
in that most chemical oscillators are formulated as open systems with buffered reservoir species
that are not conserved together with the oscillating intermediates, whereas in our models the total
KaiC and total KaiA are conserved. The closer chemical analogy of KaiC and KaiA is not to the
BrOj /malonate substrate pool of the BZ reaction, which is consumed over the course of a batch
reaction, but to the BZ reaction’s catalyst (cerium or ferroin), which cycles between oxidation states
while its total amount stays fixed. ATP, which is hydrolyzed to provide the thermodynamic driving
force for the KaiC conformational cycle, plays the role that the substrate pool plays in BZ chemistry.

This shared structure carries over into shared mathematical tools. The two-variable reduction of
the Oregonator [129] is a standard example in singular perturbation theory of how a limit cycle can
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be decomposed into slow segments connected by fast transitions, the same decomposition strategy
used in our asymptotic treatment of the dephosphorylation and phosphorylation segments. It is also
a standard example of how the specific route to oscillator failure (ordinary Hopf, canard explosion,
or homoclinic/SNIC type divergences) depends sensitively on where in parameter space the model
is relative to the folds of the underlying slow manifold. The geometric (Fenichel theory) methods
developed in this literature can be applied directly to our reduced equations to distinguish these

cases.

3.5 Methods

In this section, we describe the parameter sampling procedure for the full model, which closely
follows [28]. We impose priors to keep the parameters consistent with existing, often qualitative,
understanding of the Kai system. Even then, only a small fraction of parameter sets result in
oscillations. Because limit cycles are computationally costly to evaluate, we first scan the space to
identify parameter sets likely to result in oscillations. We do so in three stages: we first sample fixed
points, then narrow these to Hopf points, which lie at the boundaries of oscillatory regions, and
finally require the fixed point to be unstable at each condition at which oscillations are observed,
using the imaginary parts of the associated eigenvalues as surrogates for the period to enforce
consistency across conditions. We initiate searches for limit cycles from the last set of fixed points.

During sampling, we nondimensionalize the model. All concentrations are taken relative to the
total KaiC concentration, so the population of all KaiC states sums to the dimensionless constant 1.
All first-order rate constants are taken relative to the rate constant for CII ATP hydrolysis by the U
phosphoform. In doing so, we assume that the CII ATP hydrolysis reaction by the U phosphoform
always occurs with nonzero rate. All second-order rate constants are multiplied by the total KaiC
concentration and divided by the rate constant for CII ATP hydrolysis by the U phosphoform. We

sample the natural logarithm of the nondimensionalized reaction constants.
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Using these dimensionless coordinates, the two conservation laws of the system are

(3.11)

where A is the ratio of KaiA dimer to KaiC monomer, and the sum runs over all indices consistent

with the wildcards (-). We enforce these constraints for a particular A by solving

y[000000]=1=> {y[- - - - - ] #£y[000000]}

a:A_Zy[. . 1.]_%23/[. 1]

3.5.1 Choice of priors

(3.12)

Here, we detail the log prior, which is added to the log likelihood to obtain the log posterior. To

this end, we define the one-sided quadratic penalty

M1 ko) = [1{ks > Ko} © (kg — ko), (3.13)

where 1{k; > ko} compares k; and ky componentwise and returns a vector with components equal
to 1 wherever k; > ks and 0 otherwise, and ® denotes componentwise multiplication between
vectors.

To bound the parameter space, we subtract

50h(K, Kmax) + 50A(Kmin, K), (3.14)

where k.« and ki are vectors of upper and lower bounds for k, a vector of the natural logarithm of

the nondimensionalized rate constants. We set kpax and kpi, to constant vectors with components
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all equal to 7 and —7, respectively. To account for the results of [103], we subtract

50> h{K[(00-000) = (10-100)], kK[(00-000)—(01-100)]}+

50> h{k[(10-100)—(00-000)], k[(01-100)—(00-000)]}+ 515
15

50> h{k[(11-100)—(01-000)], k[(11-100)—(10-000)]}+

503 h{k[(10-000)—(11-100)], k[(01-000)—(11-100)]},

where k[a — b] is the natural logarithm of a rate constant associated with a reaction in Table 3.1.
The value of the wildcards in each term must match. These terms reflect the observation that phos-
phorylation on T432 is faster than phosphorylation on S431 when both sites are unphosphorylated,
but phosphorylation on S431 inhibits phosphorylation on T432. Similarly, since it is observed in
[89] that binding of KaiA to the CII domain of KaiC allosterically inhibits binding of KaiB to CI,

we subtract

50 h{k[(- - 1-01) = (- - 1-11), k[(--0-01)=(--0-11)]}+

50> h{k[(--0-11)—=(--0-01)], k[(--1-11)=(--1-01)}

(3.16)

These terms favor a lower rate of KaiA binding and higher rate of KaiA unbinding on the CI
domain when KaiA is bound to the CII domain. Since the nucleotide exchange rate on the CII has
not been experimentally observed to depend on the nucleotide and KaiA binding state of CI, we
subtract the term

1000 Var{ka[(1 011 - -) = (1010 - )], ko[(1010- -) = (1011 - -)]} +
(3.17)

1000 Var{kg[(11 11« -) > (1110 - )], k(1110 -)— (1111 - )]}

This encourages the rate of nucleotide exchange on CII between KaiC states with the same phos-
phorylation state to be similar regardless of the state of CI in the absence of additional evidence.

Likewise, since the ATP hydrolysis rate by the CII domain of KaiC has not been experimentally
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observed to depend on KaiA binding, we subtract
500> {k[(- - 00 )= (01 ) —Kk[(--10--)=(--11- )~ (3.18)

This encourages the rate of ATP hydrolysis on the CII domain of different states of KaiC to have
similar values in the absence of additional evidence. The log prior is the sum of the negative of
3.14-3.18, and we use it in the loss governing all sampling simulations. The regularization weights
were chosen so that the restraints can be violated if doing so can significantly improve the agreement
with experimental measurements. For example, a relatively low regularization weight of 50 is used
in (3.15) since the rates involved can also be determined by the likelihood term (3.23), whereas the
regularization weights in (3.17) and (3.18) are larger to reflect the lack of measurements that would

provide direct evidence for or against significant differences between the rate constants involved.

3.5.2  Sampling fixed points

In the first stage, we sample fixed points of the model when the KaiC to KaiA ratio is 6/35 and
at 100% ATP. That is, using the binary string notation in Table 3.1, we sample (y,k) with the
constraints that

dy

Additionally, we require that the location of the fixed point y is consistent with the average fractions
of pT, pS, and pD phosphoforms reported in [111]. These measurements are incorporated into the

log likelihood by subtracting

1000 (@~ _y[01 - - 00]>2+
1000(5:ps—zy[10- - -])2+ (3.20)

1000(;31)]3_21;[1 1. .. _]>2’

where Z is the average of the experimentally measured fraction of all KaiC monomers that a

particular KaiC phosphoform occupies. Using a step size of 1072, friction coefficient of 10~!, and
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unit mass matrix, we sample 10 independent chains for 107 steps each for a total of 10% sampling

steps.

3.5.83  Sampling Hopf points

After sampling fixed points, we sort the fixed points by

Re(Gij)
Im(ij)

g = mjin , (3.21)
where (;; is the jth eigenvalue of the Jacobian of the ODE model evaluated at the ith fixed point
sampled, Re denotes the real part of a complex number, and Im denotes the imaginary part of a
complex number. We use g; as a heuristic for finding fixed points that are close to a Hopf bifurcation;
at a Hopf bifurcation, the Jacobian has a pair of purely imaginary eigenvalues, which gives g; = 0.
Although small g; does not guarantee that the eigenvalue pair is near a crossing, we can verify by
using these points as initial guesses to solve for the exact conditions for a Hopf bifurcation to occur:

starting from (yo, ko, vo,w), we apply Gauss—Newton iterations to the constraints

f(y,k)=0

J(y,k)Re(v) +wIm(v) =0
(3.22)

J(y,k)Im(v) —wRe(v) =0

Re(v)" Re(v) 4+ Im(v) " Im(v) =1,

where J(y, k) is the matrix of derivatives of f with respect to the components of y, w = Im(¢*), and
(* is an eigenvalue with eigenvector v corresponding to parameters that produce an appropriately
small g;. We note that (3.22) usually contains a constraint to fix the complex phase of v and w.
We omit this constraint since our choice of Gauss—Newton solver resolves this phase degeneracy by
returning a minimum norm solution. Solving (3.22) gives (y, k, v,w), where y is now the location
of a Hopf point (a fixed point with a pair of purely imaginary eigenvalues), k are the corresponding
rate constants for which the Hopf point exists, v is the eigenvector associated with imaginary

eigenvalue iw. We sample k that satisfy the constraints (3.22) as a surrogate for parameters at which
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the model exhibits oscillatory dynamics, since supercritical Hopf bifurcations lead to the onset of
stable oscillations and solving the constraint equations (3.22) is much cheaper computationally than
integrating the system of ODEs forward in time.

When sampling Hopf points, we require that the dephosphorylation dynamics of the model agree
with the measurements reported in [111]. Experimentally, when KaiC is allowed to dephosphorylate
in the absence of KaiA and KaiB, the time-dependent fraction of each KaiC phosphoform is measured
over the course of one period of the full oscillator. We model this by considering the dynamics of
the subsystem consisting of only the reactions between the subset of KaiC species that match the
indices (- - 0 - 0 0). We incorporate the dephosphorylation data into the likelihood by subtracting

from the log likelihood

T 2
1500 ( / (Zdephos,pT(t) = D Ydephos[0 10 - 0 0](t) dt>+
0
T 2
1500 / (Zdephos,ps(t) = D Ydephos[ 1 00 - 0 0](t)"dt |+ (3.23)
0
T 2
1500 ( / (Zdephos,pD (t) — > Ydephos[1 1 0 - 0 0](2) dt),
0

where Zgephos is the experimentally measured time dependent KaiC phosphoform fraction and
Ydephos 15 the population of a particular KaiC monomer in the model of the dephosphorylation
subsystem. Since the dephosphorylation subsystem is linear, we evaluate ygephos using the matrix
exponential of the Jacobian of the subsystem. We assume that that the CII nucleotide binding site

is fully occupied by ADP at time 0, so that

ydephos[ --010 0](0) = xdephos(o)
(3.24)

ydephos[ --000 O](O) =0.

We approximate the period of the full oscillatory system as 7 = 27 /w and rescale time such that 7
corresponds to 24 hours in the experimental data. We then evaluate the integral in (3.23) numerically
by the trapezoidal rule, taking the rescaled times of the data points as the quadrature nodes. We
apply (3.23) in addition to the prior and likelihood terms detailed in Section 3.5.2. Using a step

size of 1072, friction coefficient of 10~!, and unit mass matrix, we sample 10 independent chains for
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107 steps each for a total of 10® sampling steps.

3.5.4  Surrogate sampling for oscillations that are robust to variations in

KaiA and ATP concentrations

After identifying parameters for which a Hopf point exists, we sample parameters subject to the

constraints

f(ye,k) =0

I(ye, k) Re(ve) — Re(Ce) Re(ve) 4 Im(Ce) Im(ve) = 0
J(¥e k) Im(ve) — Re((e) Im(ve) — Im(Ce) Re(ve) = 0 (3.25)

Re(v.)" Re(v) + Im(v,)  Im(v,) = 1

Re(¢) > 0.

The index c represents a particular combination of total KaiA and %ATP for an oscillatory condition
in Table 3.3. y. is the location of a fixed point for a particular ¢, (. is a Jacobian eigenvalue of
f evaluated at y., and v, is its corresponding eigenvector. We assume that we always sample the
eigenvalue with positive imaginary part in the pair of complex eigenvalues and use the natural
logarithm of Im((.). Since (3.22) enforces Re((.) = 0 the results obtained from sampling with the
constraint (3.22) are not directly compatible with (3.25). We perform an initialization run with 10

independent chains for 10® steps each using with the soft restraint

1000h(5 x 1072, Re(¢.)). (3.26)

Once we find parameters for which Re((;) > 0 holds for all ¢, we enforce the inequality constraint
on (. by sampling log(Re((.)). When sampling fixed points at each ¢, we include the log likelihood
term in (3.20) for ¢ at which there are available data [111]: ¢ = (0.6,100%) and ¢ = (0.6,25%). To
reflect the observation that the period of the oscillator changes by at most 10% across the oscillatory

conditions in Table 3.3, we penalize variance in Im((.), which we use as a surrogate for the period,
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by subtracting from the log likelihood
1000 Var(Im(¢.)). (3.27)

The log likelihood terms detailed in Sections 3.5.2 and 3.5.3 are also present. To control the

magnitude of (., we subtract from the log prior

P (3.28)

Using a step size of 5 x 1073, friction coefficient of 10~!, and unit mass matrix, we sample 40

independent chains for 107 steps each for a total of 4 x 107 sampling steps.

3.5.5  Sampling limit cycles

The points sampled in Section 3.5.4 provide starting points from which we initiate sampling that
accounts for the detailed time-dependent dynamics of the oscillator. We sample parameters subject

to the constraint that there exists a periodic solution to the ODE

dy

Yy, k

ar 1 (3.29)
y(0) = y(7).

This boundary value problem imposes a continuous constraint. For numerical evaluation, we dis-
cretize (3.29) with fourth-order Gauss—Legendre collocation a mesh of size N = 61 and approximate

the solution to (3.29) on the space of piecewise polynomials

Pm,At = {5’ E 0[077—] | y[tifl,ti} E Pm} . (330)

That is, Ppm ¢ consists of continuous functions y on the interval [0, 7] such that on each mesh
subinterval [t;_1,t;], ¥ is a polynomial of up to order m. We demand that on each subinterval, y

satisfies

V' (zi;) =£(y(z;).k), 7€{0,....m—1}, i€{0,...,N—1}, (3.31)
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where {z; ;} are the collocation points and y'(¢) denotes the derivative of § with respect to t. We
choose the collocation points to be the scaled and shifted roots of the m-th Legendre polynomial.
Our implementation constructs y with Newton polynomials on each mesh subinterval. As in Section
3.5.4, we impose these constraints for solutions at each oscillatory condition listed in Table 3.3.

To avoid identifying constant solutions, which are trivially periodic, we subtract a term from

the log prior that penalizes orbits with small arclength:

2
I (ﬁz - 1> 1{L < Lo}, (3.32)

where the threshold Ly = 0.3 and the arclength L. is computed as

L. _/ 15,8 . (3.33)

We control the period of the solutions by subtracting from the log likelihood

Var(7.)
M(TC)Q ’

1000 (3.34)

where p(-) denotes the arithmetic mean. Data for total KaiA and ATP fraction (0.6,1.0) and
(0.6,0.25) are processed as described in the caption to Figure 3.2 and are included in the log likelihood

term

1500(/0 zpr(t) =) 901 - - ](t)th>+
1500(/0 2ps(t) = > G[10 - - - -](t)2dt>+ (3.35)
1500(/0 rpp(t) = > ge[11 - - - -](t)th>.

Although there are no data for the KaiA and ATP conditions ¢ = (1.2,1.0) and ¢ = (1.8,1.0)
reported in [111], experiments at these conditions were performed in [89], and these experiments
show that when the KaiA dimer concentration is increased from 0.6 uM to 1.8 uM, the fraction of
D increases linearly up to an additional 0.1 at 1.8 uM KaiA dimer while the fraction of the other

KaiC phosphoforms does not show any clear trend. The data from [89] are not regular enough to be
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processed with the segmentation procedure that we apply to the data from [111], so we substitute
synthetic data generated by shifting the fraction of D in the data from [111] for the condition
(0.6,1.0) linearly with the KaiA dimer concentration. These synthetic data are included in a log
likelihood term with the same form as (3.35), but with the weight reduced from 1500 to 150 to
reflect their reduced reliability.

When the reaction mixture contains only KaiA and KaiC but not KaiB, pS431 and pT432
increase to a steady state on the time scale of one period of the full system [111]. This KaiA-
KaiC subsystem contains the subset of reactions between the subset of KaiC species that match
the indices (- - - - 00). We solve the ODEs corresponding to the KaiA-KaiC subsystem by
forward integration using Kvaerno’s 4/3 explicit singly diagonally implicit Runge Kutta method

and incorporate the results by subtracting from the log likelihood

1500(/07 racpr(®) = Y pacl01 - - 0](t)2dt>+
1500</OT TACps(t ZyAC _ o](t)th>+ (3.36)

1500</0T zACpD( ZyAC . 00](t)2dt>

where xpc are experimental measurements for the phosphorylation fraction of KaiC in the KaiA-
KaiC subsystem and yac is the population of a particular KaiC monomer in the model of the
KaiA-KaiC subsystem. We assume that KaiC is fully dephosphorylated and the CII nucleotide
binding site is occupied by ADP at the start of the experiment, i.e., we take the initial condition

for the KaiA-KaiC subsystem to be
y[000100]=1. (3.37)

As is the case when computing (3.23), we rescale time in (3.35) and (3.36) such that 7 corresponds to
24 hours in the experimental data. The integrals are computed numerically by the trapezoidal rule,
with the rescaled data collection times as nodes, and the values of y are evaluated by polynomial

interpolation of the ODE solution. Using a step size of 1072, friction coefficient of 10~!, and unit
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mass matrix, we sample a total of 1.6 x 10% steps over 68 independent chains. The steps are not
uniformly distributed over the chains since in certain parameter regimes the constraint solver fails

and causes the sampler to stall.

3.5.6 Experimental methods

Protein expression and purification

KaiA, KaiB, KaiC and KaiC T432V mutant were expressed in FEscherichia coli and purified as

previously described [90].

Fluorescent labeling

KaiB was labeled with a FAM fluorophore using sortase-mediated N-terminal ligation as previously

described [26].

Kai oscillator reaction set-up and fluorescence polarization monitoring

A 30 pL reaction mixture consisting of different concentrations of KaiA (0.6 to 3.0 uM), 3.5 uM
KaiB, 3.5 uM KaiC-T432V, and FAM-KaiB was loaded into a black non-binding 384-well plate
(Corning cat. 3575) and covered with an optical film (Thermo Scientific cat. 235307). The reaction
mixture was incubated at 30°C while fluorescence polarization signals being read by a microplate
reader (Tecan Infinite F500) every 15 minutes for a total of 250 hours. Filter pairs were used to

obtain an excitation wavelength of 485 nm and an emission wavelength of 535 nm.

KaiA injection phase response curve

We first created a set of oscillator reactions with staggered phase. This is achieved by first making
a master mix consisting of 1.5 uM KaiA, 3.5 uM KaiB, 3.5 uM KaiC, and FAM-labelled KaiB and
incubating it at 4°C for 24 hours, allowing it to reach a steady state at a low temperature which

does not allow oscillations. Subsequently, an aliquot of the master mix was transferred to 30°C
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(maintained using a thermocycler) every 2 hours during a 12-hour window, initiating oscillations.
This procedure yielded a set of seven oscillator reactions with staggered initiation times, whose
phases together spanned a 12-hour period. After a 24-hour relaxation period, each reaction in the
set was then divided into three aliquots, two of which were perturbed 12 hours apart while the other
served as an unperturbed control. Perturbation was applied by injecting purified KaiA from a high-
concentration stock (27 uM), equivalent to 25% of the existing amount in the reaction mixture, into
each staggered reaction. Fluorescence polarization signals were read from all reactions, including
the perturbed ones and the unperturbed controls, for 72 hours under 30°C temperature control.
Reaction phases were inferred by fitting a sinusoidal wave given by where zero point of the phase
is defined at the trough, to the fluorescence polarization traces. The phase shift of a perturbed

reaction is then estimated by subtracting its phase by that of the corresponding control reaction.

3.6 Appendix

3.6.1 Asymptotic expansions of the single-site model

After reducing the S only model by contracting the loops of reactions in Figure 3.6, we obtain the
single-site minimal model (3.1). Since we assume that O(1) = kys = kg = koo < k12 < ko1, a
natural approach for obtaining an approximate solution to (3.1) is to divide (3.1) through by ko1,

define € = kall and take € — 0. Doing so results in the system of equations

d
% = kysua + k12510 — kops2 (3.38a)

0 = spa (3.38b)

Equation (3.38b) gives either so = 0 or a = 0. Assuming the case of a = 0, s would have the

asymptotic solution

s9 o exp(—kaot) (3.39)

However, the numerical solution of (3.1) is oscillatory. For any e¢ > 0, (3.39) and the solution

to (3.1) will have regions that differ by much more than e; solutions to (3.1) do not converge
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uniformly to (3.39) as ¢ — 0. The asymptotic behavior of (3.1) is singularly perturbed. We use
the method of matched asymptotic expansions [79] to obtain approximate solutions to (3.1). The
method involves identifying different regions in the limit cycle depending on which terms in (3.1) are
dominant, performing a sequence of locally valid expansions in terms of an expansion parameter that
may depend on the region being considered, and then enforcing that the expansions of neighboring
regions agree within an overlap domain. A specific application of the method of matched asymptotic
expansions arises in the WKB approximation for solving the time independent Schrédinger equation.
In the following sections we identify different segments of the solution to (3.1) and provide closed
form local solutions when analytically tractable. A comparison of the asymptotic and numerical
phase portraits for the specific parameter choices ko1 = 10%, k12 = 300, kg = kus = k2o = 1 is shown

in Figure 3.15

Main dephosphorylation segment

First, we consider the behavior of the numerical solution from ¢ =~ 0 to ¢t ~ 10 in Figure 3.10. Based

on the behavior of the numerical solution in Figure 3.10, we use the variable scalings

)+ o) (3.40)

®
_.
|
»
o
—

a= ea(lo) + O(e?)
0 _ 1 _ 4O _ 0 8(02

0,1~ 521 1,
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—— numerical solution
sS4 depletion

— s floor

— phosphorylation

—— adepletion

—— dehosphorylation

Figure 3.15: The phase portrait of the single-site minimal model (3.1) for the specific param-
eter choices kg = 10, k1o = 300, ksy = kus = kog = 1, A = 6/35 overlaid with asymptotic
solutions of the different segments of the limit cycle. The error from the approximation
(3.121) causes the asymptotic solution of the dephosphorylation segment to deviate from the
numerical solution even though the asymptotic expansion of the dephosphorylation segment
is accurate to O(e). The segments describing the transition between the dephosphorylation
segment and the s; depletion segment all occur within a O(§) neighborhood of the point
(a =0,s1 = A, sp = 0) and are not visible on this scale.
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where the expansion coefficients S(()(R, sg?l, sg?z,ago) are O(1) and € = k;;'. Substituting (3.40) into

(3.1) and retaining terms of O(1) gives

s (0) 0 _ (0) (0)

dt7 = —ksuSy 1 T k20837 — $p103
0

dsg,i AN (V)

dt 20°2,1
0

a5y 0,0

dt 0,1%1 -

Differentiating (3.42) gives

0 0
dii_ 1dsi O(e)
dt 6 dt
1
sé?%ago) = gkgosg?% + O(e).
This leads to the quasi steady state relation
0
©) k‘203;,i
aq RO
50,1

Substituting (3.44) into (3.41) then gives the planar system

dsi) 0,9 0

at —hsusid + 6’“2055,%
0

dsin _ N0

e~ 0L
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(3.41D)

(3.41c¢)

(3.42)

(3.43)

(3.44)

(3.45)



Equation (3.45) and the conservation law (3.42) has solutions

5CQI<I20 (€7k20t — efksut)

(0) —kaut
— su .4
so1 = Cre 6(ho — o) (3.46a)
sy) = Coe a0t (3.46b)
0
0 _ 4 1 3.46
si1=A- ¢ (3.46¢)

In the dephosphorylation segment, a = O(€) means that the phosphorylation reaction ky,sua does
not occur at leading order. Thus sy decays exponentially from its initial concentration upon entering
the dephopshorylation segment. The conservation law (3.2b) directly relates the concentrations of
s1 and so at leading order and leads to the quasi steady state (3.44). The quasi steady state then
reduces the equation for sy to a linear first order ODE. Although the kogss reaction produces sg,
the large magnitude of kg1 the 1/6 of an a released by the kogpsa reaction to instantly be sequestered
through the kg1 spa reaction which consumes 1/6 of a sg, so that the kygse reaction results in a net

gain of 5/6 of a sg.

Terminal dephosphorylation segment

The quasi steady state (3.44) was derived assuming that spa > dsja, where

e

12

y=—
k10

= 61@‘12. (3.47)

If sp falls to O(0), the rates ko1spa and k12s1a become comparable in magnitude, and (3.44) loses
validity. This at ¢t ~ 10 in Figure 3.10, where a remains O(e) but s falls to O(6). This prompts

the variable scalings

50 = (538(2
S = (53(202)

(3.48)



Substituting (3.48) into (3.1) and retaining terms up to O(9) leads to the equations

dsy) (0) (0) _ (0) (0)
e —ksusg 2 + k20895 — 50202
dsg)% 0 0

7(17; = —kgosé’% + Aag )

dsgo)

2 — 0 cf?

dt

Substituting (3.48) into the conservation law (3.2b) gives

s

A= 76272 + 555(2 + eaéo)
0
(0) 35%

where

Differentiating (3.50) gives

ds 50% 1 dsgog)

@ = o a o0
1
09— 409 = L (ke — 4d?) + 00
k2053
aéO) = 650 7 O(¢)

(3.49a)
(3.49b)

(3.49c¢)

(3.50)

(3.51)

(3.52)

Since a ~ O(e) < O(6), a is still at quasi steady state in the terminal dephosphorylation segment,

but (3.52) acquires a factor of —5A4 in the denominator compared to (3.44) to account for the k12510

reaction, which now has a rate comparable to kyisga and kogso.

Equation (3.49) is not analytically tractable, but can still be shown to match with the main

dephosphorylation segment. In as ¢ — —oo back into the main dephosphorylation segment,

(0)
lim CL(O) = k2082’2
80,2(0) 7 2 65((](2

106

(3.53)



so that the large negative time behavior of (3.49) is precisely (3.45).

Dephosphorylation QSS departure

Equation (3.52) defines the critical manifold for the fast aéo) subsystem. At sé?% = 5A/6, the

Jacobian of the critical manifold is

=== — s44. (3.54)

When 56(2 < 5A/6, the critical manifold is unstable and the quasi steady state given by (3.52) is
repelling. The behavior of the system near this point can be mapped onto a dynamic fold bifurcation,

which near the bifurcation has the canonical scalings

t =3
50 A
So = 5 + 551/33(()?3)» + O ((552/3>
5= 85 + 0634l + 0 (06%1°) (3.55)

s1= A+ 050 + 6630 + 0 (06°)

a= 552/3ag0) + O(e).

These variable scalings result in the equations

d;g% _ _5Ag§0) (3.56a)
d;g% _0 (3.56b)
d;t%), _ Aaéo) (3.56¢)
d;jzg 0 (3.56d)
d;i% - A%;(J,O) (3.56¢)
dal? s ~ 50a® (3.56¢)



Solving (3.56a) for aéo) and substituting into (3.56f) gives

0 0 0
d23(()7§ 3(0,) ds&% 5Asg7§
dt? 03 dtg 36

= 0. (3.57)

Integrating (3.57) once with respect to t3 gives a Riccati equation

dtg + 5 (80,3) + T +C = 07 (358)

where C' is constant. The substitution 580% = 2v' /v transforms the Riccati equation into an Airy

equation
d*v 5A8g)§t3 C
B R A =0. 3.59
dt? ( = T 2)°" (8:59)

Equation (3.59) has solutions in terms of the Airy functions Ai and Bi. Equations of this form
also appear in the WKB approximation: (3.59) can be interpreted as a Schrodinger equation where
v is the wavefunction and the time dependent coefficient to v is a potential linearized around
the boundary between classically allowed and forbidden regions. Solving (3.59) and inverting the

variable substitution gives

1/3
(54k2083) " (B (2) + C3 AV (2))

(0)
_ 3.60
%03 32/3 (Bi(z) + C3 Ai(z)) (3.60a)
6
s3 = Ca— 2503 (3.60b)
1
Sf% =Cs + 588?% (3.60c)
0\2/3 . .
o kaosOts  (Akaosts)  (BY(2) + Cs AY(2))?
ay) = Cy e — (3.60d)
6 1513 (Bi(z) + C3 Ai(2))

51/3 4 <6CQ + kzosé?%t:;)

2 (3Akms§?§)z/ ’

) (3.60e)

where Ai’ and Bi’ are the derivatives of the Airy functions Ai and Bi. As t3 — —oo back into the
terminal dephosphorylation region, z — co. For large z, Bi grows exponentially whereas Ai decays
exponentially to 0. For (3.60) to match with the terminal dephosphorylation region, we must have

108



C3 — oo so that

1/3
(514]{22055?%) AII(Z)
03T T3 AN(y)

0\2/3 ,.
0 _ ¢ Fanshits (Akzosgﬂ?))) Al'(2)”
L Ty D

(3.61)

The constants Cy and Cs can be determined by expanding the phase plane parameterization of

(3.49) as 5§y — 5A/6 + £/35):

W 1 )
ds((]?% gys dsé’%
dsgg 6 4
2 b3 2/3
0 = 5O (%)
703 (3.62)
ds'®) ds'®
S12 1 451
ds((]?% 51/3 dsé’%
dsi) 1
2 751/3 +0 {2/3 )
ds((]??)) 5 ( )
Integrating (3.62) gives
sg)% = sg)% {1/33(()?3), +0 (52/3) (3.63
= Lo ()
Since no constant term appears at the O(£1/3) tier in (3.63), we must have
Ci=0
(3.64)
Cs = 0.

(0) (0)

The constants sy 53 and s; 4 must be determined by numerically integrating (3.49) starting from a

(0) (0) (0)
2

point on the main dephosphorylation segment solution where s;’ ~ 9, 557 ~ d, 577 ~ § until

5[()(2 =5A/6.
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so depletion

At ¢t ~ 12 in Figure 3.10, sg falls below 50 A/6 and the quasi steady state (3.44) loses validity and

a grows from O(e) to O(J). Define the transformed variable
SA = S2 + S1.

The updated variable scalings are

S0 = 588(2 + O(e)

sS4 = 5554?’)4 + 685417)4 + O(€€)

s1=A+ (555(2 + O(e),

(3.65)

(3.66)

With a at O(9), the rate of kj2s1a increases, starting a positive feedback loop that releases more

a from s;. At t ~ 12 in Figure 3.10, the remaining sg rapidly falls from O(d) to a floor of O(e)

as it is consumed by the increasing pool of a. We parameterize the orbit spatially using sy as the

independent variable

d81 . kmsoa — klgsla

dso  —ksuso + k2032 — ko1s2a

dsa . —koosa + ko1soa + kysua
dsg  —ksuso + kaos2 — kors2a”

(3.67)

If this segment of the orbit is parameterized in time, ¢ should be rescaled as t = dt4, but the time

variable drops out of the spatial parameterization (3.67). Substituting (3.66) into (3.68) gives

0
dsgji _ 14
s S
0 0
0= Gl
dSE41,)4 _ kus(l - A) - 6ksu
PR O B R )
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Equation (3.68) has solutions

55(2 =07 — sé?i + Alog (sé?i)

Gksu

(0)
0 B - 0) B 50,4
sy = Cs — kus(1 — A) log (80,4) /0 Ce + 5C7 — 6y + 5Alog (y)°

To determine C'7, we expand

A
o) = 22 4 1250

0,4 6
—A 54 5A
M = O T e o ()

5A AT 66135
~ O = — €4 (k’g )

54, €750y 54

=Cr—— S 4 Alog (2=

Cr 6 + 5 + ( 5 >

(3.69a)

(3.69D)

(3.70a)

(3.70b)

The matching target for the spatial parameterization of the dephosphorylation QSS departure seg-

ment can be obtained directly from (3.60):

€196

si—A _ (0
- < 1,3 5

=
To eliminate the constant terms in (3.70b), we choose

0 ) 5A
Cr = S&%%—A (6 — log [6}) .

The dephosphorylation QSS departure segment matching target for s, is

SA — A 0 0 5A 0
= sy + 513 — = — £,
Substituting (3.70a) into (3.68b) gives
5A
5540,)4 = 06 - 6 - 51/38[()(,)3’)‘
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To balance the constant term in (3.73), we choose
Ce = sg)% + 550% = 553)3 (3.75)

To determine the remaining constant Cg, the expansion in the dephosphorylation QSS departure
segment would need to be extended to (’)(5{3/ 3). For simplicity, we leave it unbalanced and set

Cg = 0.

so floor

Towards the end of the so depletion segment, so approaches O(e), but s and s; remain at O(J)
since the conversion of sy to s2 only changes the total concentration of so by O(d). For small sg,
(3.69a) and (3.68b) show that so decreases exponentially with increasing so. Past the so depletion
region, sg is at the quasi steady state (3.84) and depends linearly on so. The differing slopes of the
so depletion segment and the subsequent s; depletion segment must be bridged by an ultra fast
region where sg adjusts down to its O(e) minimum. In Figure 3.10, this appears as a corner in
solution for sg at ¢t &~ 12.02. This segment has the variable scalings
0= esl)
s1=A+0dlog(&)A+ (585(2
SA =S89+ 51 (3.76)
=A+ elog(ﬁ)sg{)5 + 6827)5

o &ts
log(&)
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Note that since £ < 1, log(§) < 0 and the sign of ¢5 is reversed relative to t. The variable scalings

(3.76) result in the equations

(0)

Equation (3.77) has the solutions

0
08 =

0) _

6kaog 5Ats
5 + Cgexp ( G >

5A%ts

s15 =Co+ —¢

6k 5kysA(l — A)t 5At
3541’)52011— 520— (6 )5+C'9(1—exp[ 6“1).

To match with the sg depletion region, we invert (3.78a) to obtain

t —ilo ﬁ——ﬁkzo
> Cy  5Co
—A+4

~A+9d (Alog

Alog(&) + C1p + Alog

+ Cio + Alog

sqa=A+c¢€|log(¢ 852)54-094-011 3805) kys(1 — A)log

(()g) ~ Gkgo
C 5C9
( )

50,5

C

)

~Ate (log (€)s'D5 + Co + Cr1 — 540 — kus(1 — A) log
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To obtain the sy depletion segment matching target, we rewrite (3.69) in terms of 3(()?5)) as 5[()?5)) —0

) 5A
s1=A+ 5S§?§ + A (6 —log [6} + log [fsé?%})

(3.80)
sqa=A+ 58527)3 —€ (s(()?g — kyus(1 — A)log [fs(()?g]) )
To complete the match, we choose

0
9, =

Co=1

5 5A

010 = Sg??)) + A <6 — log [ 6 :|> (3.81)

sk = —kus(1— A)
Cy1 = -1
s1 depletion

From time ¢ ~ 12.1 to ¢ ~ 20 in Figure 3.10, so = O(¢) and a = O(1). This suggests the variable

scalings

sp = 6860) + O(€f)

s+ 0(e)

52
51 850) +O(e) (3.82)
a=a"% +0(e)
ul® =1— s(()o) — sgo) + O(e).
Substituting (3.82) into (3.1) gives the leading order equations
0 = kopsa — s(()o)a(o) (3.83a)
ds) (0) (0)
di = —koosy ~ + kUSU(O)CL(O) + k128y al® (3'83b)
(0)
dz = 5040 _ 15040, (3.83¢)
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Equation (3.83a) imposes the quasi steady state

0 _ kaosy

) = 0 (3.84)
Substituting (3.84) into (3.83) gives a planar system:
ds®
22 = kysu@a® + klgsgo)a(o) — kgoséo)
(’50) (3.85)
ds
d; = kgosgo) — k125§0)a(0).

The solution to equation (3.85) is uniformly valid for the next four segments but is not analytically
tractable. We further expand (3.85) and the rescaled variables (3.82) in terms of ¢ for analytically
tractable solutions. Sequentially expanding (3.83) in terms of £ after expanding (3.1) in terms of €
simplifies the algebra compared to the alternate approach of constructing a bivariate expansion of
(3.1) in terms of £ and €, but we note that the sequential approach is only valid when the highest
power of & that appears in the expansion is smaller than e.
When the system enters the s; depletion segment,
s1=0(1)
(3.86)
52 = O(§).
From these initial conditions, s; rapidly falls to O(§) and is converted to sz, which rises to O(1).
This transition occur over a O(§) timescale, during which s; 4 s2 is approximately conserved. This

leads to the variable scalings
st = sig +0(6) -
s = A+ ey + 0.

In terms of s(j), 8&0)’ (3.85) is

(3.88)
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The spatial parameterization of (3.88) is

0
dsy __ kuu®a® (3.89)
dsgo) kgosg)) — klgsgo)a(o)
Substituting (3.87) into (3.89) and expanding up to O(§) gives
ds')y  kus(1- A
= us{ o ) (3.90)
dsy ¢ S1
Equation (3.90) has solutions
SEL?’)G = Cl2 — kys (1 — A) log (s%) . (3.91)
To match with the sy floor, we consider the limit
8%0) =A + (581’5
s% = Ch12 — kys(1 — A)log (A + ds15) (3.92)
)
~ i~ hun(1 = ) (Togl) + 252 ).
To obtain the sg floor matching target for s4, we solve
5A%ts
s1,5 = log(§)A+ Cro +
6 5175 — 010 log(f)
ts = ( o T (3.93)
- A k kus(1 — A - —
SAg =4 (—6 520 +1- ( )f(181,5 Clo)) — €exp <81’5 1 Cio + log(§)> .
As ts — —o00, 515 — —oo such that
sa—A 6ka0 kus(1 — A) (s15 — Cro)
=0l - 1-—- : . 3.94
S e (- ¢ (3.00

The linear terms in (3.92) and (3.94) balance, the constant term in (3.92) can be eliminated by
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choosing

012 == kus(l - A) log(A). (3.95)

In the limit (3.92), the quasi steady state (3.84) becomes

(0) (0)
kzosgj) . k20 (SA -5 )

a® 4506 55 /6
B —0ka0s1,5 + O(e) (3.96)
N —5(581’5/6 + O(E)
_ Gkop
==

Taking the limit as t5 — —oo in (3.78a) results in the same 6k20/5 minimum for s(()?g. To balance the
remaining constant terms in (3.94), the expansion of s4 must be extended to O(e). For simplicity,

we limit the expansion of (3.88) to O(£) and leave the O(d) residual in (3.94) unbalanced.

s1 floor

(0)

Although the s; depletion segment successfully resolves the approach of the orbit to the sy~ nullcline,

(3.91) has a logarithmic singularity at 55?23 = 0 and cannot describe the slow accumulation of Sgo)

after reaching its minimum. Since sgo) decays to a constant at O(¢), its slow accumulation should

be a O(£?) effect. We introduce a region parameterized by time, with variable scalings

t =&ty
sg)) =A+ flog(f)sf‘?’)7 + 585417)7 (3.97)

sgo) = fsg?% + &2 log(f)s%% + 528%.
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The variable scalings (3.97) result in the equations

dsA7 0
dty
25D
SA7 S5kusA (1 A)
dt: 6
ds\") 0)
T A kay— 2
dty < 20 651’7)
dsiy © . L(.© (1)
dt kaosaz + <5A,751,7 - 5A51,7>
(2) (0)
dsy 7 1) (0 1,7 ( (1 0
o (4ol + 2 () -
Equation (3.98) has solutions
SkusA (1 —A)t
s, = Cug + (6 ) tr
6k 5At
G050 oo (54
' 5 6
oSl sy (o
LT = 954 P\7 76 6 15
8(2) _ _36k20ku5 (1 — A) 6k20ku3(1 — A)t7 i 36konC13
L7 25A 5 25A
5kusCraA(1 — A)t2 5At; C13
™ exp 5 + Chg | koo + e
Cty

A

< 5At>
exp |~

)

(0
To determine s AT

0
=

ty =

C13, and Ch4, we express t7 in terms of $17t

54l
Ary
(0)

k At
6% + C'i4 exp (—567>
5C14

. 6k:20> '

6 log (
0
Zaen
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5Asf;

5
(3.99a)
(3.99b)
(3.99c¢)

5At;
) texp <—6>

(3.99d)
(3.100)



substituting (3.100) into (3.99a) gives

(0)
sy — A
A : = log(ﬁ)s(f?’)7 + S(A{)?
(0)
s 6k
=10g(&)s\yy + C13 — kus (1 — A) log (511 - 502) (3.101)

(0)
S
~ log(ﬁ)sfi)7 + C13 — kys (1 — A) log <é7> )
14

From the s; depletion segment,

(0)
85417)6 = —kys (1 — A)log (2)

01\ - (3.102)
S
= —kus(1— 4) (log(f) +log ;{D
To complete the match, we choose
sk = —kus(1 — A)
Ci3=0 (3.103)

014 = A.
The solutions to s?% and sﬂ contain terms multiplied by Ci5 and Cig that are not balanced by

anything in (3.102), which is only resolved up to O(§), so we set

Ci5=0
(3.104)
Ci6 = 0.

Main phosphorylation segment

At the end of the s; depletion segment, s; reaches a minimum of 6£kao/5 and the system enters the

main phosphorylation segment, where u is slowly converted to so. We use the spatial parameteri-
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zation of the orbit, with
0 sl + €24+ 09

sf) = SS],)S + O(8).

From (3.88)
§_18(0) kgos( ) _ 1 dsgo)
1

a(o) a(o) dt
0
kaosy) € ds ¥

)

) _
) 8 a(o) a(o) dt
0 0
kaosy € dsggds;;
T a0 a0 g0

0
il
a(©) 750

A8

Equating terms of size O(1) in (3.106) gives

]{720 (SA S fS(O)>
(0) /6 5¢s (0)/6'

(0)

This is the nullcline for s7”/. Equating terms of size O(¢) in (3.106) gives

1 dsi} dsiiy

a1
1.8 a(0) dsff)s dt
(0)
ds
1 1,8
st = —husul® —
S48

To determine dsl s/dSA '3, we differentiate (3.107) with respect to s( )

0 ds| 3
dsgog B kao (A - 551,8 —&(1—4) dsi}i

0) 2
s (4= sWh/6 — 5¢s16)
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(3.106)
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Solving (3.107) for 554?,)8 gives

o 5©) (A + Ehap — 565 /6)
SA8 =
koo + S%?%/G

(3.110)

Substituting (3.110) into (3.109) gives

2
0
ds\) - <k20 + 5%/ 6)

o 2
dSA,S kooA + & (kgo - 5k2055?5);/3 -5 (Sg(,)é)%) >

(3.111a)

( <l<:20 + s§?§ + sg?g (A + &k — 5585?5);/6)) (kzo + Sg)
o0 = . (3.111b)

2
koA + € (kgo ~ Skasi /3 = 5 (s1%) )

Equation (3.107) and (3.111b) are resummed solutions: the fsg?g term has been promoted to O(1).
(0)

The relatively large value of £ results in poor agreement with the numerical solution if the s; g is
properly treated as a O(§) term. To match the main dephosphorylation segment with the end of

the s1 depletion segment, we consider the large ¢7; behavior of (3.99). From the s; floor,

s(j)g = A+ Ekus(1 — A) <— log(§) + 5‘?) : (3.112)

Equation (3.112) can be inverted to express t7 in terms of 552)8

0 (S(f?)S - A) , Glog(&)

tr =
T 5k A(l — A) 5A

(3.113)

For large t7,

6&k 36(1+lo kaokus(1 — A 6kookys(1 — A)t
)+ g} + 44 B0 (IO HoBO k1= )| Ol A1)

(0)
_ 6hyy 305k (SA,S - A)  36%kz0 (1 - A)
5 25A 254

(3.114)
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At the start of the main phosphorylation segment,

hao (A -+ €51 — &1
A= (A+esh) /6 - 5esiR/6

[ 68ka0 n 652]‘“20552,)7 B 6521@203(1(,)5); 14 55(/?,)7 n 685?5
I 5A 54 5A A (3.115)
A

(0)
N 6§k20 N 6fk20 (SA,S - A) B 6£2k208g?§ 14 Sfé[l),)8 — N 55&?%
5 5A 5A 5A A

0
N 6§k720 36§k20 (854,)8 — A)
T 5 25A ‘

The terms in (3.115) and (3.114) match. The remaining term is found by taking the limit of (3.111b)

as sg?; — 6kao/5

2 _
lim 528&% _ 368 kao(1 — A)

5304 —+6k20/5 5(54 — 6¢ka) (3.116)
_ _3652’“;%(1}1 “Ai o).
sy fold
The 850) nullcline reaches a fold at
SAfold = 6A 4+ 66Ekan — 21/5ka0(6&2ka0 + EA)
81 fold = —6&ka0 + \/k20(6‘52k520 +EA) (3.117)
afold = A — éSA,fold - %81,fo1d-
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The form of (3.117) and the behavior of the numerical solution at ¢ ~ 20 suggests a segment

describing the depletion of a with the variable scalings

t =&ty

st = 51 o1 + 51/25920 +O(§)

(3.118)
SA = SAfold + 58(27)10 +0 (53/2>

a9 = agoq + €257 + O(€).

The approach to the fold and departure from the phosphorylation quasi steady state would be

described by another segment with the turning point scalings
0 0
Sg ) = S1,fold + 52/38573 +0 <£1/2)

(3.119)

Sf) = SAfold + 55/68(2,)9 + O(§).

The variable scalings (3.119) are analogous to (3.55), but the O(£1/2) location of the fold imposes
a local expansion gauge of €1/6. For the numerical values of the parameters that we consider, the
€1/6 expansion gauge and the size of the coefficients in (3.117) are problematic. If ¢ ~ 1073 to 1074,
€/6 ~ 0.316 to 0.216. Formally £'/¢ is a small parameter, but numerically it is close to O(1).

Likewise, the expansion of s4 fo1q4 to (’)({1/ %) is

6A + 124/58ka0A + O(§). (3.120)

If € ~ 1073 to 1074, the O(§1/2) term is 0.351 to 0.111, which again, despite being formally treated
as a small correction, is in reality O(1). Instead of performing an asymptotic expansion of these
two segments, which would be inaccurate and converge slowly, we make the crude approximation

that the main dephosphorylation segment tracks the s; nullcline exactly until the fold, at which the
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system jumps to

531(0) = 0

Sff,)l(o) = SAfold

s°(0) = % - %SA,fold 12
= —66¢ka0 + 2\/ kzo(ﬁek;“ )

We take (3.121) as the entry conditions to the main dephosphorylation segment, which fixes

222 thon — 125k 6620 + €4) = (0)

C() =64+
(3.122)
Ch=0.

This approximation also skips an ultra fast segment analogous to the sy floor, visible as a corner at

t ~ 20.9 in Figure 3.10, which would have the variable scalings

t = ety
s0 = espy + O()
s2=sy1y +O(e) (3.123)
s1= s+ 0(e)

a= eag(i) + O(€?).

3.6.2  Asymptotic duration of the phosphorylation segment

When numerically integrating the single-site model (3.1) with kg; = 106, k12 = 300, ksy = kys =
koo = 1, the duration of the phosphorylation segment is highly dependent on the total KaiA con-
centration; increasing A from 6/35 to 9/35 triples the duration of the phosphorylation segment.
However, the duration of the dephosphorylation segment depends only slightly on the total KaiA

concentration. An asymptotic expression for the duration of the phosphorylation segment can be
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obtained by computing

dsa -1
7-phos(SA) :/ W dSA

_/ 1 d
) (0 —sa)(a—s4/6—5s1/6) "

From (3.107), the value of s; in the dephosphorylation segment is

0
S1 R fsig

_ kao(sa — s1)
klg (A - SA/G - 581/6)

_ 3 (kQQ + klg(A — SA/6)) + \/—10k20k128A/3 =+ (k‘go + ku(A — SA/G))2

5]{212

Substituting (3.125) and evaluating (3.124) gives

1 k12<1—8A)+F

2G arctan <

tohos = —
pho 12kyskao(1 — A) G

+ 2(6]{220 — 5/{?12A) log (—6k20 + k12(6A — SA) + F)

— (6]{120 - k‘lg(l + 4A)) log (661{320 + k12(6A — SA) + F)

— (6k20 + k12(1 — 6A4)) log (k12(1 — SA))]

F = \/36(k20 + k19A)? — 12k19(11kog + k12A)sA + (klgsA)2

G = \/~36k3, + 12kakin(11 — 64) — k3, (64 — 1)2.
The phosphorylation segment begins when s; ~ 6kao/(5k12), i.e. at

6k
SAstart = A 5??2

(0)

and ends when reaching the fold in the sy~ nullcline, which occurs at

6(11kag — 2+/5k20(6k20 + k12A)
k12 '

5A,fold = 6A +
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The duration of the phosphorylation segment is then

Tphos = 75ph0s(5A,fold) - tphos(SA,start)- (3129)
The asymptotic period diverges at a value of A that causes

1— saou =0. (3.130)

1 kog 1 [30ky
Ay =—- — — 4+ — . 3.131
76 ki 3V ki (3.131)

Thus, A gives an estimate for the value of A at which oscillations fail. In the asymptotic limit,

This occurs at

oscillations fail at A, where the dephosphorylation segment intersects a saddle node. Solving for

the roots of (3.85) gives a trivial root at s; = A, s = 0, and two conjugate roots at

_ 6kgp — ki1a(1 — 6A) + \/—120kgok12 + (6kz0 — k12(1 — A))?

B 10k15

_ Gkao — k1a(11 — 6A) £ \/—120kgoki2 + (6k20 — k12(1 — A))?
10k19 ’

S1
(3.132)

S9 =

which are complex for A= < A < A;. At A = A, a saddle node appears on the s; nullcline, and
the asymptotic period diverges to co. For 0 < A < A™, the conjugate roots are also real, but the

location of the root is at negative values of s1, making this case physically irrelevant.

3.6.3  Asymptotic duration of the dephosphorylation segment

Using the approximation (3.121), the solution for sy in the main dephosphorylation segment is

so(t) = K exp (—ksut) — K exp (—kaot)
5h2055(0) (3.133)

K=—_——"—".
6(k20 - ksu)
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To find the duration of the dephosphorylation segment, we solve

5
i
¥

so(t) =0 (3.134)

5
=)
=

For general ko and ks, so(t) does not have an inverse in terms of known special functions. However,
since & < 1, s¢ should reach O(d) at large t, so that if k,s < koo, then K exp (—ks,) dominates,

leading to the approximation
0
so(t) ~ K exp (_kusT(gel);)hos)

~ 0 (3.135)

(0) B 1 1)
Tdephos =~} log <K) :

This approximation can be refined by computing

Kexp <—k5u7(§i§)hos> =0+ Kexp <—k207'c(121))h05>

(3.136)
N v (L (—F207ommos)
7—dephos - ksu g K Xp 207—dephos :
Substituting (3.135) gives the 1 step iterative correction
kag —1
1 1) 0\ Fsu
T s = i L [K] +1log |1+ <K) : (3.137)

Similarly, in the case of of kg, > koo,

ksu
1 ) 5\ Fao t
T(gil)ahos = _?20 (log |:_K:| - log [1 - <_K> ]) . (3138)

In the case of ks, = k20 = K, Tdephos has an exact solution in terms of the secondary branch of the

Lambert W function

1 60
ephos — ——W_ - ~ | - 3.139
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Since § < 1,

b (-5tg) =) ()] o

In (3.137), K > 0, and in (3.138), K < 0 but appears with a multiplicative factor of —1, so the
quantity that enters in both cases is |K|. As kog — ksu, (3.137) and (3.138) diverge since the
denominator of koy — kg, — 0 inside the logarithm. We can construct a composite solution by

replacing |kag — ksy| in the denominator of |K| with the regularized expression

k2o — Ksu| & v/ (k20 — ksu)? + 1. (3.141)

Substituting (3.141) gives

0) 1 65/ (k20 — ksu)? + 12
S —— . 3.142
7-dephos min(ksu, k20) og ( 5/62082(0) ( )

We then require that at kg, = kog = K,

o _ 1 66m 1 60
Tdephos = log <5Ii52(0)> N KW_l 5s2(0)

L IO (W_1 [—65]) (3.143)

~ exp (W(z2)) = . (3.144)

Equation (3.142) can then be substituted into (3.136) to obtain an iterative correction that is exact

for kg, = kog. We plot the composite T;Elllls in Figure 3.12.
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CHAPTER 4
TRANSITION PATH THEORY FOR EXCITABLE DYNAMICS

4.1 Abstract

Transition path theory (TPT) provides a means to compute path-dependent quantities of a Markov
process using only local quantities. For systems exhibiting excitable dynamics, quantities of in-
terest can depend on the history of the process. As TPT relies on the Markov property, such
history-dependent quantities cannot be computed using TPT without modification. By appropri-
ately augmenting the state space, TPT can be used as an alternative to other methods such as large
deviation theory to compute statistics of excitable systems when the noise is large, and TPT can
also provide mechanistic information about the dominant contributions to quantities of interest. We
demonstrate the use of transition path theory to compute path-dependent quantities of a model of

noise-induced bursting in neurons.

4.2 Introduction

Suppose that a system with intrinsically noisy dynamics is modeled as an It6 diffusion
dx = f(x)dt + cdW. (4.1)
The infinitesimal generator of (4.1) is
o2
ﬁzf-v+7v2. (4.2)

Transition path theory (TPT) concerns the computation of expectations over realizations of (4.1)

using the Kolmogorov Backward Equation (KBE):

du
e —Lu(x,t). (4.3)
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Conventionally, TPT has been used to compute statistics concerning transitions between two well-
separated subsets A and B of the state space S. One such statistic is the mean first passage time
T(x), i.e., the expected time it takes for the system to hit set B given that the system has initial

state x. The mean first passage time satisfies
T(x0) = E[T(x¢)|x0] + t. (4.4)

That is, if the system was initially at state x¢ and has not hit B by time ¢, the expected time
required to hit B is ¢, the amount of time the system has already spent outside of B, in addition to
the expected additional time that the system must wait given that it is now in state x;. In terms

of the infinitesimal generator, T'(x) satisfies

E[T(x¢)|x0] — T(x0) = —t

lim E[T'(x¢)|x0] — T(x0)
tl0 t

=1 (4.5)

= LT(x) =—-1

At the set boundary 0B, the system is already in B, leading to the boundary value problem

LT(x)=-1 (46)

T(dB) = 0.

Another quantity central to TPT is the committor ¢(x), defined as the probability that the system

hits B before hitting A given that the system has initial state x. The committor satisfies

E[q(x¢)[x0] = q(x0)

=0 (4.7)
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Equation (4.7) is a statement of conservation of probability. At the set boundaries,

q(0A) =0
(4.8)
q(0B) = 1.

The boundary conditions (4.8) simply state that the system will always hit B before A if it is already
in B, and has no chance of hitting B before A if it is already in A.
The mean first passage time and committor are both expectations of functionals of trajectories

of (4.1) that satisfy

f=9()+ fob, (4.9)

where the functional f can be decomposed into the sum of g(¢), a contribution from the trajectory
at all times up to ¢, and f o6 is the same functional evaluated after shifting the starting time of the
trajectory to t, i.e., the same functional evaluated on a fresh copy of the trajectory restarted at x;.
For the first passage time, g(t) = ¢ is the time the trajectory has spent outside of B up until now.
In the case of the committor f is 1 if the trajectory hits B before A and 0 otherwise, and g = 0;
the value of the functional is determined entirely by the terminal state of the trajectory. Taking

the expectation of (4.9) gives

u(xo) = Elg(#)] + Efu(x:)[xo]

Elu(x)[x0] — u(x0) = —E[g(t)]
i ElCGe)Ix0] —u(x0) _ . Elg(t)] (4.10)
10 t 110 .

Functionals that cannot be additively decomposed as in (4.9) cannot be computed as a boundary
value problem (BVP) involving the generator of the process but can still be of physical interest.
In such cases, augmenting the original state space with additional history information can restore
additivity and allow expectations of the functional to be computed as a BVP involving the generator

of the augmented process. We provide two examples of such quantities that may be of interest when
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studying systems that exhibit excitable dynamics, such as those that appear in neuroscience and

immunology.

4.2.1  Ezpected maximum deviation

Let A be a neighborhood of a reference state x*. In the deterministic limit, x* might be the fixed
point of an ODE. Let T4 be the first time that the process hits A, and assume that T4 < oo with

probability 1. Let d4(x) be the distance of x to A under some metric. We seek to compute

ma(x) =E | sup da(xy)
0<t<Ty

Xo = X] . (4.11)

Equation (4.11) can be decomposed into contributions from all past times and a contribution from

a fresh trajectory initiated from x;, but the decomposition is not additive:

() = [max  sup s max)

X0 = x] . (4.12)

The term supg<s<; da(Xs) is the maximum excursion size up until ¢, but it is combined with the
contribution from the restarted trajectory through max(-,-) and not through addition. Additivity

can be achieved if we define a process on the augmented state space
Q={x,r:da(x) <r}, (4.13)

where r tracks the running supremum of d4(x) in the original process. The augmented state space
Q has the structure of a cone (Figure 4.1). A slice through the cone for fixed = p contains all the

points x in the original state space at most p away from A:
B, = {x:da(x) < p}. (4.14)

Within each B,, x; has the same dynamics as in the original system. If a transition x; — Xy

would result in d(X¢rq:) > 7¢, then g is updated to da(x¢yq:). Otherwise, reiqr = r¢. By
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(xo, 70 = |zo])

:1,:*

Figure 4.1: The state space of the augmented process when computing the expected max-
imum deviation for a one-dimensional x. For a fixed r = p, the augmented process freely
moves between all  with |x| < p. The history variable r increments whenever a transition
is made from z that would cause |z| > r. The absorbing set A becomes A x [0,00) in the
augmented state space.
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construction, r is nondecreasing. The functional f on trajectories of the augmented process is
simply the value of rr,, and g = 0 as in the case for the committor. This leads to the boundary
value problem over the augmented state space

Lowgma(x,7) =0
(4.15)

ma(0A,r) =,

where La,g is the generator of the augmented process.
In practice, there is a more robust way to compute my4 than solving (4.15). Since rq, > r¢ for

every realization of the augmented process,

oo

T4 =70 :/ L(rp, > p)dp
;

0

ma(xo,70) = ro + E[rr, — r0|x0, 0]
- (4.16)
=1 +/ E[1(rr, > p)|xo0,70]dp
T

0

o0
=7y +/ P(re, > plxo,70)dp

0

The integrand P(rr, > p|xo, ro) is the probability that, given a trajectory is at xg and has previously
hit By, the trajectory hits B, before being absorbed in A. If r > p, this probability must be 1.
However, the integration limits of (4.16) require that da(x) < 9 < p. In this case, P(ry, > p|xo,70)
as a hitting probability is independent of x; for ¢ < 0 and thus of 79, and P(r7, > p|x0) = ¢,(x0)

is the committor for B, so that

o0

ma(Xo,70) = 70 +/ qp(x0)dp
o (4.17)

ma(x0) = ma(xo,da(x0)).

Using (4.17), m4(x) can be computed from a sequence of regular committors using the generator
of the original system; no explicit augmentation with r is required. The committor ¢,(x) has the
interpretation of the complementary cumulative distribution function that a trajectory starting from

x makes an excursion of at least size p. Numerically, it is easier to solve g,(x) for a nested sequence
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Figure 4.2: A diagram of the nested sets involved in the committor sequence when solving
for the expected maximum deviation using (4.17). The probability that a trajectory makes
an excursion of at least p before returning to A is given by g,(x), the committor to the set
By, which can be interpreted as the complementary cumulative distribution function that
a trajectory makes an excursion of at least size p. The expected maximum deviation is
computed by integrating g,(x) over p.

of B, (Figure 4.2) and then integrate over p with quadrature than it is to discretize and solve (4.15)

directly.

4.2.2  Expected excursion count

For this quantity the presentation is clearer when working with the discretized process. Let L
denote the generator of a discrete Markov process, i.e., the transition rate matrix. Some neurons
exhibit bursting dynamics, where the neuron fires several times in rapid succession before returning
to a resting state. The transition between bursting and resting states can also be driven by noise.
Abstractly, this can described with three subsets A, B, C' of the state space S. We seek to compute
the expected number of A — B transitions made by the system before being absorbed in C. Let

N; be the number of A — B transitions made by time ¢ and T be the first time that the system

135



hits C. At first glance, the transition count can be decomposed as

Nt = Ny + (N1, — Ny). (4.18)

C

Where N1, — Ny would be the number of future transitions for a process currently at x;. This
decomposition, however, is not actually of the form (4.9). The number of future transitions Nz, — Ny,
cannot be computed from a trajectory restarted from x;; N7, depends on which of A or B the process
last visited. If the process last visited A, then N increments if the process next visits B, whereas
if the process last visited B, then the process must first visit A before visiting B again for N to

increment. This ambiguity can be resolved by defining the augmented state space

Q=5x{0,1}. (4.19)
The augmented state variables are then
(x,w) €
0 if system was last in A (4.20)
w = .

1 if system was last in B

On the augmented state space, (4.18) can be unambiguously written as a sum between past contri-
butions and a contribution from a trajectory restarted at (x;,w). The augmented state space has
the structure shown in Figure 4.3. The augmented state space has a discrete axis corresponding to
the value of the binary variable w. The sets S; and Sy are copies of S\ B and S\ A, respectively, that
contain all of the internal transitions in the original S. A; and B are copies of A and B stripped
of all internal transitions. This reflects the change in y upon making a transition from a state A or
B. The directional flow allows the expected number of A — B transitions to be computed as the

expected number of times that a trajectory hits B; before being absorbed in C' in the augmented
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Figure 4.3: The state space of the augmented process when computing the expected excursion
count. S1 and Sy are copies of S\ B and S\ A, respectively. Ao and By are copies of A and
B stripped of all internal transitions as to avoid overcounting; states in Ao and By can only
transition to their neighbors in A; C S7 and By C Sy. All states in S and Ss (including
those in A1 and Bs) retain their internal transitions. Transitions to the absorbing state C
occur at some state-dependent rate.
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system. The generator of the augmented process is

Lo — 0 Lgp Lp 0
aug 0 0 Loy Loy ’
L4 0 0 Lyugy

(4.21)

where Li; and Loy contain the rates of transitions internal to S; and S5. The block Lipg contains
all transitions from S7 to Bi, and the blocks Lps, Lioa, L 41 are defined analogously. The blocks

Las and Lgp are diagonal such that

(Lpp)i = — Y _(Lp2)ij

J

(4.22)
(Laa)is = — Z(LAl)ij-
J
The expected number of visits to By is then
E[N|X0, wU] = diag(Laug)La_ulg]]-(Bl)a (423)

where diag(Layg) is a diagonal matrix sharing diagonal elements with Lay,g. The matrix diag(Laug)La_ulg

is the fundamental matrix of the augmented process, i.e., the inverse of the generator of embedded
discrete time chain. Having computed (4.23), the second moment can be computed as
E [N2)x0, wo} — diag(Liug) Lynydiag(1(B1)) (2E[N[xo, yo] — 1). (4.24)

4.3 Numerical examples

We consider the hybrid system

dr = (y — ax® + Bz* — z + I)dt + odW, (4.25a)
dy = (’y e — y) dt + odW, (4.25b)
2 €{0,3}, (4.25¢)
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Table 4.1: Parameters for (4.25) and (4.26).

Parameter Numerical value

g 1
3
e i
K13 .
A13 2
W
1 .
o 5 0.1
2.
1.
>
0.
_1- d

0 500 1000 1500 2000 2500 3000
t

Figure 4.4: A realization of (4.25). The phase portrait is overlaid on the vector field in the
case of z = 0.

where z transitions between 0 and 3 with rates

k13 — /<.)13(Cl13 + exXp (A13$)) (4 26)

k31 = r31(as1 + exp(Az1z)).
Values for the parameters that appear in equations (4.25) and (4.26) are given in Table 4.1. Equa-
tion (4.25) originates from the Hindmarsh-Rose model of bursting neurons. The z variable can
be interpreted as an extremely coarse discretization of the dynamic bifurcation parameter z that
dictates whether the system is quiet or bursting in the original continuous dynamical system. We

further discretize (4.25) using upwind finite volumes. A realization of (4.25) is plotted in Figure

4.4. We define the sets
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-5.0 2.4

2.0

> -75
1.6
—-10.0 1.2
-12.5 08
0.4

—-15.0
0.0

Figure 4.5: The expected maximum excursion size computed for (4.25) using the set defini-
tions (4.27) and the metric (4.28).

A={(z,y,2) 1 x < —1/2}
B={(z,y,2z):x >2} (4.27)

C={(z,y,3)}

For the expected maximum excursion, we use the metric
da(z,y,2) = mf{|z4 — 2] : (24,94, 24) € A}. (4.28)

The expected excursion size is plotted in Figure 4.5 and the expected excursion count is plotted
in Figure 4.6. Both quantities have the most structure around (1,—4), which is a fixed point
of the vector field in the case of z = 1. The vector field shown in in Figure 4.4 spirals outward
from (1, —4). Where the vector field points in the +z direction, trajectories are sent towards larger
values of z and my is significantly larger than the baseline of d4. Starting points near (1,—4)
with y slightly larger than —4 produce trajectories that turn around sooner, resulting in smaller
values of m4. A similar effect can be observed in Figure 4.6 for N7,,. When w = 0, trajectories
initiated near (1,—4) that turn around too soon can miss B and get sent back towards A. Such

trajectories must make another attempt at reaching B, during which they can also be absorbed
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3.44 234
3.24 2.28
3.04 2.22
2.16

2.84
2.10

2.64
2.04

2.44
1.98
2.24 192
2.04 1.86
1.84 1.80

w =

0.0 2.44 2.25
_o5] 2.24 2.20
2.04 2.15
—-5.01 184 2.10
> -75 L4 2.05
2.00

—10.0- 1.44
1.95
~12.5- 124 1.90
1.04 1.85

—15.01 1
0.84 _ _ . . y 1.80
-3 -3 -2 -1 0 1 2 3
X X

Figure 4.6: The expectation and standard deviation of the number of A — B excursions for
the system (4.25) with the set definitions (4.27).
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in C, resulting in a lower value of Nt relative to trajectories initiated in the rest of the domain.
When w = 1, the opposite is true; trajectories must hit A and then B to register another excursion.
Consequently, trajectories that turn around sooner can reach A and attempt a transition towards
B sooner, whereas trajectories that make it deeper into B take longer to hit A and are more likely
to be absorbed before registering another excursion. The requirement that the sets A and B must
be visited sequentially also results in a difference in scale between the plots for w = 0 and w = 1:
when w = 0, N, is approximately 1 greater than when w = 1, since when w = 1, the system must
return to A before registering the next excursion. The expected excursion count is slightly lower
than the trajectory in Figure 4.4 suggests, since z occasionally flips rapidly from 3 — 1 — 3, but x

does not make an excursion, lowering the average.

4.4 Discussion

In this chapter we have introduced a framework for computing expectations of functionals of real-
izations of a stochastic dynamical system. By appropriately augmenting the state space to track the
history of trajectories, a richer set of functionals can be computed than is possible with conventional
TPT. For high dimensional problems, the uniform discretization used to compute the numerical ex-
amples becomes computationally costly. This can be addressed by computing Monte Carlo estimates
of the integrals involved in discretizing the BVP as is done in the Dynamical Galerkin Approxima-
tion (DGA) [125] when applying TPT to molecular simulation. As an alternative approach, large
deviations theory has been applied by [73] to approximate the firing rate of a noisy Morris-Lecar
neuron as the asymptotic rate of escape from a quasipotential well around the rest state of the neu-
ron. This approach scales well with the dimension and does not require solving a sampling problem
as is required for DGA, but is only asymptotically accurate in the noise level. The two approaches
can be used complementarily: large deviations theory can provide an asymptotic estimate of the
stationary density of the process and most probable transition path. These estimates can then be

used to initiate sampling for a DGA calculation.
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CHAPTER 5
CONCLUSIONS AND OUTLOOK

In this dissertation, we have developed and applied methods for analyzing the dynamics of biolog-
ical systems. Specifically, in Chapter 2, we developed a specialized MCMC method for inferring
parameters of systems of ODEs that scales more favorably to higher dimensional problems than
conventional methods, which we apply to a model of the Kai oscillator in Chapter 3. Our sampling
results make an unexpected prediction regarding the mechanism by which period robustness arises
in the Kai oscillator. We confirm the prediction experimentally and investigate the mechanism
in more detail using asymptotic analysis. In Chapter 4 we consider the case of noisy dynamics,
and show how history dependent statistics can be computed by augmenting the state space of the
system.

The MCMC sampler developed in Chapter 2 borrows heavily from ideas used in numerical bifur-
cation theory and trajectory optimization. More ideas can be incorporated for further improvements
to the efficiency of the sampler. Branches of solutions emerge from certain bifurcations of the ODE.
One case directly relevant to our work is the emergence of a branch of limit cycles from Hopf bi-
furcations. Branch switching methods in numerical bifurcation analysis initiate continuation of a
branch of limit cycles upon encountering a Hopf bifurcation; for our applications, this can be used
to perform constrained sampling of fixed points until encountering a Hopf bifurcation, and then
switch to sampling limit cycles to rapidly move through regions of low posterior probability with-
out needing to perform multiple stages of sampling. The switching procedure would need special
treatment to preserve the reversibility of the sampling process. When we solve the BVP constraint
during the limit cycle sampling stage, we include the mesh points as state variables to be sampled
and move them such that the mesh is the finest where a monitor function is high. This is to improve
the convergence of the BVP solver in parameter regimes where the ODE solution exhibits sharp
transitions. However, the parameters of the ODE can be tuned to make the problem arbitrarily
stiff, and a mesh of fixed size will eventually encounter regions that cause the BVP solver to fail,
stalling the entire sampler. The BVP solver can be made more robust by introducing an h adap-

tive mesh [1], where additional mesh intervals are introduced where the solution has the sharpest
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features. Such a Monte Carlo move would alter the dimension of the space being sampled, and
the sampler would need to incorporate a transdimensional move as in Reversible Jump MCMC or
be implemented as a Multilevel Monte Carlo algorithm [57, 61]. A complementary approach is to
switch to an asymptotic approximation of the ODE when such an approximation would be accurate.
Stiff solutions tend to arise where the parameters of the ODE impose a large scale separation, which
conveniently is where asymptotic approximations of the system are accurate. Even if an asymptotic
approximation does not admit analytical solutions, the asymptotic ODEs are often scale free and
do not exhibit the stiffness that plagues the exact system. In general, it is difficult to automati-
cally identify the dominant balances for matched asymptotic expansions of a generic ODE, but for
ODESs with polynomial vector fields of moderate size there has been some success in automatically
identifying dominant balances using the Newton polytope of the polynomial. In the event that the
sampler does stall, the sampler could switch to a sampling a distribution where the BVP constraints
have been relaxed to soft restraints in hopes of returning to a region in parameter space where the
constraints can again be imposed exactly, but as before this requires special treatment to preserve
the reversibility of the sampler.

Our results regarding the Kai oscillator in Chapter 3 raise further questions about the effect of the
T432 phosphorylation site on the dynamics of the clock. For our optimized parameters, oscillations
tend to fail through a supercritical Hopf bifurcation at high KaiA concentrations, where the limit
cycles shrinks to a point. This amplitude scaling is consistent with experimental measurements
as the KaiA concentration is increased [26]. Deleting the T432 phosphorylation site changes the
bifurcation structure of the model. Instead of failing through a supercritical Hopf bifurcation, the
single site minimal model often fails through SNIC or homoclinic bifurcations that cause the period
to diverge. The period of T432V KaiC does lengthen significantly as KaiA is increased while the
amplitude does not appear to change by much, but our data for T432 KaiC was not collected on a
fine enough grid of KaiA concentrations to make a definite statement about the scaling of the period
and amplitude. Further measurements at a finer resolution of KaiA concentrations can enable a
more precise comparison with the behavior of the model and provide evidence regarding whether

the T432V mutation alters the bifurcation structure of the physical system.
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The examples in Chapter 4 were computed by discretizing the Kolmogorov Backward Equation
using the finite volume method and then solving the resulting linear systems. For higher dimensional
models, such as models of neurons whose dynamics are driven by ion channels that undergo state
transitions, direct discretization is numerically intractable. This problem has been encountered in
molecular simulation, where TPT is used to analyze protein dynamics. The Dynamical Galerkin
Approximation [125], in which the inner products that appear in the weak form of the KBE are
computed using MCMC, has been successfully applied to systems with hundreds of dimensions [58].

The same approach can be adapted for the analysis of stochastic dynamical systems.
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