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ABSTRACT

This thesis begins the study of the beyond endoscopic trace formula for GL2 over Q attached

to any symmetric power representation σk of the dual group GL2(C).

For an adelic function that incorporates the L-functions L(sB , π, σk) through the basic func-

tions at all the finite places, we integrate the cuspidal kernel against a corresponding Eisen-

stein series E(g, s) and realize the trace formula as a residue at s = 1, replacing Arthur’s

truncation operation by a continuously deformed trace formula. We argue Poisson summa-

tion on the trace variable of the Hitchin-Steinberg base and show that the dominant term

of the elliptic part admits meromorphic continuation to R(sB) ≥ 0 with a pole of order k at

sB = 1.
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CHAPTER 1

INTRODUCTION

For an automorphic representation π = ⊗νπν of a reductive group G over a number field F ,

and a finite-dimensional representation

ρ : LG→ GL(Vρ)

of the L-group of G, Langlands defined the associated automorphic L-function as an Euler

product of local factors [5]. More precisely, for a finite set S of places containing the ramified

and archimedean places, one considers the partial L-function given by

LS(sB , π, ρ) =
∏
ν 6∈S

det(1− ρ(απν )q
−sB
ν )−1 =

∑
n

(n,S)=1

aπ,ρ(n)

nsB

where απν ∈ LG denotes the local parameter of πν . This Euler product converges absolutely

in a right half-plane and hence defines a holomorphic function there. The L-function con-

jecture of Langlands [22] states that this function can be extended meromorphically to the

whole complex plane, and should satisfy a functional equation similar to that of the Riemann

ζ-function.

This conjecture is traditionally dealt via the functoriality conjectures [21]. Roughly speaking,

if G and H are reductive groups over F , and

ε : LH → LG

is a homomorphism of L-groups, then functoriality predicts a transfer of (packets) of auto-

morphic representations of H to (packets) of automorphic representations of G such that

the corresponding local parameters are compatible with ε. In particular, the associated
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L-functions are expected to agree in the sense that

LS(sB , π
H , ρ ◦ ε) = LS(sB , π, ρ)

By the theorem of Godement and Jacquet [19], the moremorphic continuation and functional

equation of LS(sB , π, ρ) is known for G = GLn and ρ standard representation. Thus, having

access to the functoriality conjecture will allow us to derive the meromorphic continuation

and functional equation of some general automorphic L-functions from the special case of

standard L-functions.

One important subset of the functoriality program is endoscopy. Roughly, this is the case

where LH is essentially the centralizer of a semi-simple element in LG. Endoscopic transfer

is now known in great generality through the cumulative efforts of many mathematicians

over the past several decades. The main components of the proof include development of

the trace formula, due in large part to Arthur [4], together with the proof of the transfer

conjecture [32] and the fundamental lemma [13]. Despite these major advances, however,

endoscopy covers only a limited part of the general functoriality conjecture, which remains

widely open.

In order to go beyond the endoscopic setting, Langlands proposed a new strategy based on a

non-comparative use of the trace formula, now known as Beyond Endoscopy [23]. The main

aim of beyond endoscopy is to isolate those automorphic representations of G, unramified

outside of S that arise as functorial transfers from other groups. In order to detect this func-

torial transfer, Langlands proposed studying the partial L-functions LS(sB , π, ρ) for various

irreducible representations ρ of the dual group. The expectation is that if LS(sB , π, ρ) has

a pole in R(sB) ≥ 1, the π should be a functorial transfer. Conversely, if π is a functorial

transfer, then by the theorem of Chevally [15], it is possible to find ρ such that LS(sB , π, ρ)

has a pole in R(sB) ≥ 1.

In his original paper on beyond endoscopy, Langlands formulated this approach in terms of
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arithmetic averages involving logarithmic derivatives of L-functions [23]. Soon after this, P.

Sarnak, in his letter to Langlands [28], suggested studying the L-functions themselves instead

of their arithmetic sums. Although this suffers from the lack of formal additivity that makes

the logarithmic derivative setup attractive, it has the advantage of inserting the L-functions

directly into the trace formula and appears more amenable to analytic techniques such as

Poisson summation. In this thesis, we follow the suggestion of Sarnak ahead.

This approach has been carried out in the case of G = GL2 over Q for the standard represen-

tation of the dual by Ali Altug [1],[3],[2]. In this work, the main components were using an

approximate functional equation to treat the volume terms, applying Poisson summation on

the trace variable, and further studying the partial averages by applying Poisson summation

again on the determinant variable.

Thus, establishing a general trace formula through the diagonal integral of a cuspidal kernel

is central to Langlands program. Traditionally, for a nice enough function φ on GL2(A), the

Selberg trace formula is obtained by writing the cuspidal kernel K0(g, g) as

K
φ
0 (g, g) = Kφ(g, g)−K

φ
sp(g, g)−K

φ
cont(g, g)

and then integrating along the diagonal. Although the cuspidal kernel is rapidly decreasing,

the individual terms on the right are not, so one must regularize the resulting integrals,

either by deleting small neighborhoods of the cusp forms from a fundamental domain or by

truncating the kernel functions by subtracting their constant terms in such neighborhoods

and then passing to a limit.

An alternate approach towards trace formula was proposed by Zagier [35][20] wherein instead

of integrating the cuspidal kernel directly, one integrates it against a suitable Eisenstein

series:

I(s) =

∫
GFZA\G(A)

K0(x, x)E(x, s)dx
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The idea of integrating a GFZA-invariant function against an Eisenstein series goes back

to Rankin and Selberg, who observed that in the region of absolute convergence of the

Eisenstein series, this integral equals the Mellin transform of the constant term in the Fourier

expansion of the function. Since the residue of E(x, s) at s = 1 is a constant function, up to

the normalizations of the Eisenstein series, we expect to recover the Selberg trace formula

by computing

Ress=1I(s)

This method replaces the truncation procedure with a continuous deformation and gives a

more conceptual explanation of the appearance of various terms in the trace formula. Most

importantly, class numbers that appear as volumes of torii arise naturally as residues of zeta

functions. This approach was initiated by Zagier and Jacquet [20] in the 1980’s, but the

recovery of the Selberg trace formula was completed more recently in 2019 by Han Wu [33].

We begin the study of the beyond endoscopic trace formula for GL2 associated to an arbitrary

symmetric power representation σk of the dual GL2(C). For convenience, we work over Q

and choose S = {∞}. In this setting, the relevant trace formula is expressed in terms

of the cuspidal kernel Kk
0,sB

attached to the matrix coefficient for weight κ discrete series

representation φ∞ and a special family of basic functions φksB ,q (see section 2.1) built directly

from the L-functions LS(s, π, ρ). The novelty lies in treating the problem using Zagier’s

approach. This helps visualize the trace formula through a continuous deformation lens.

More precisely, establishing this trace formula is equivalent to establishing the meromorphic

continuation of in sB variable of

Ress=1I(sB , s) = Ress=1

∫
GL2(Q)Z(A)\GL2(A)

Kk
0,sB

(x, x)E(x, s)dx

Integrating against the Eisenstein series transforms the geometric side of the integral I(sB , s)

from the GL2(Q)-conjugacy classes into P (Q)-conjugacy classes of GL2(Q). (P denotes the
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Borel subgroup of upper triangular matrices) to get (refer to 2.3.3 for details)

I(sB , s) = Iell(sB , s) + Ihyp(sB , s) + Iunip(sB , s) + I∞(sB , s) (1.1)

where I∞(sB , s) incorporates the special and continuous kernels, along with orbital integrals

for elements in P (Q).

In this thesis, we start the analysis of the elliptic part

T k
ell(sB) = Ress=1Iell(sB , s)

of this trace formula. We want to emphasize that the volumes of torii arise naturally as

residues of zeta functions (see 4.2). The elliptic part involves Archimedean orbital integrals

weighted by the zeta functions (see 4.4). These Archimedean orbital integrals have singu-

larities at central elements (see 3.1). Note that, in general, non-Archimedean integrals will

also have such singularities, but because we are using basic functions at all finite places, we

only encounter singularities from the Archimedean place. These singularities present a ma-

jor analytical obstacle in the analysis. As in Ali Altug’s work, we apply Poisson summation

to the trace variable, but the difference is that instead of using an approximate functional

equation for the volumes, we use a functional equation for the theta series corresponding to

the zeta functions mentioned above. The presence of rapidly decreasing exponential factors

in the theta series smooths out the singularities of the Archimedean orbital integrals. This,

along with the functional equation makes Poisson summation and further growth analysis

possible.

We analyze the dominant term after applying Poisson summation and show the following

result.

5



Theorem 1.1. The dominant term of the elliptic contribution

T
k,ξ=0
ell (sB)

admits meromorphic continuation to R(sB) ≥ 0 with a pole of order k at sB = 1.

Here, ξ denotes the Poisson dual variable to the trace variable. Specializing to k = 1

above recovers Ali Altug’s analysis for the standard representation case. (See Section 4.1.2

of [3]). Note that we are considering full level holomorphic cusp forms here, and their

symmetric power L-functions have been shown to be holomorphic ([26], [27]). Hence, we

expect cancellation of this pole of order k with unipotent and hyperbolic contributions. This

cancellation has been shown for the standard representation case by Ali Altug in his work

(See Section 2 of [3]).

We would like to remark that the magic of Zagier’s approach is that the local orbital integrals

that we get can be represented naturally via a uniform expression of the form (see 3.2.3)

Ik(λ) =
∞∑
r=0

Ck
r wt(r)

with Ck
r depending on the symmetric power through evaluation of the basic functions at

certain points, and wt(r) being independent of k (see 3.10). Moreover, we note that for

higher symmetric powers, the complications arise from the plethysm coefficients µ(k,m, r)

defined by

Symm(σk) =

bkm/2c⊕
r=0

µ(k,m, r) (σkm−2r ⊗ (det)r)

These appear in the calculation of basic functions via Satake transforms (see 2.5). We exploit

the explicit description of these coefficients given by the Cayley-Sylvester formula (See 2.4).

Although having such explicit formula is very rare, Casselman, through computer experi-

ments has expressed hope in the existence of a completely explicit formula for the symmetric
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power decompositions of finite-dimensional irreducible representations for complex groups.

[10]. Such a formula would significantly accelerate the development of the trace formula for

other groups.

We believe that this method, along with inspirations from previous works has significant po-

tential for further development and generalization. Questions of immediate interest include

the study of the remaining terms in the trace formula (1.1) and the extension to number

fields. Another interesting direction would be to deduce functorial transfers using this ap-

proach. In particular, it would be interesting to develop the corresponding trace formula

for L-functions for ρ = Sym2 arising from lifts of characters of quadratic extensions at some

ramified place.

For the convenience of the reader, we outline the roadmap here. In Chapter 1, we give a brief

overview of beyond endoscopy and basic functions and their explicit calculation for GL2. We

conclude Chapter 1 with Zagier’s treatment to the beyond endoscopy trace formula. This

is followed by the development of the Archimedean and Non-Archimedean geometric side

orbital integrals in Chapter 2. At the end of Chapter 2, we establish the functional equation

for the theta series corresponding to Zagier L-functions that appear through the global or-

bital integral calculations later. Finally, in Chapter 3, we set up the elliptic part of the trace

formula, argue Poisson summation in the trace variable and conclude with the analysis of

the dominant term.

1.1 Notations and Conventions

Notations

- Z,R,C denote the usual set of integers, real numbers and complex numbers respec-

tively. N = {0, 1, 2, . . .} denotes the set of natural numbers. A subscript denotes the

elements of the set satisfying the condition given in the subscript. For example, R>0
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denotes the set of positive reals.

- A denotes the set of adeles over Q.

- S(R) = {Φ ∈ C∞(R) : sup |xiΦ(j)(x)| < ∞ ∀ i, j ∈ N} denotes the space of Schwartz

function on R. Similarly, S(A) will denote the Schwartz space of A.

- vq(x) for x ∈ Qq denotes the q-valuation of x.

- µ denotes the Mobius function given by

µ(n) =


1 n = 1

−1 n is product of k distinct primes

0 n is divisible by a square > 1

- The greatest common divisor of two numbers a and b is denoted by (a, b).

- The Fourier transform of a function F will be denoted by F̂ .

- The Mellin transform of a function Φ is denoted by Φ̃.

- For a fundamental discriminant D, δD is defined by χD(−1) = (−1)δD . Similarly,

depending on the context, δt is defined by

δt =


1 t2 − 4d < 0

0 t2 − 4d ≥ 0

- Γ(z) denotes the Gamma function, B(α, β) the Beta function and e(x) = e2πix.

-
∫
(c) f(u)du denotes contour integration along the vertical line R(u) = c.

8



Conventions

- Hypergeometric branch: 2F1(a, b; c; z) is taken as the standard principal analytic con-

tinuation from |z| < 1, with the usual branch cut along [1,∞) in the z-plane. On the

branch, the hypergeometric function is defined using boundary values. As such, there

are 2 ways to to reach the boundary, namely the upper plane and the lower plane. On

|z| < 1, the hypergeometric function is defined as follows:

2F1(a, b; c; z) :=
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
, (q)n =

Γ(q + n)

Γ(q)

(q)n is called the Pochhammer symbol.

- Arg(z) and Log(z): For any z ∈ C\(−∞, 0], define

arg(z) ∈ (−π, π), log(z) := ln |z|+ i arg(z)

Then for any complex exponent α, zα := eα log(z).

- Principal square root: For w ∈ C\(−∞, 0],
√
w := e

1
2 log(w).

- Normalization of measures: We use the usual Lebesgue measure on R. For a local

field Qq, the additive Haar measure dy is normalized by vol(Zq, dy) = 1 and the

multiplicative Haar measure on Q×
q is given by d×y = dy

|y|q . If E/Qq is a quadratic

extension and OE is the ring of integers of E, then the measure d×t on E× is normalized

so that vol(O×
E , d

×t) = 1.

9



CHAPTER 2

BACKGROUND

This chapter gives a brief overview behind the motivation towards the setup of the trace

formula as it appears. For each section, we refer to more detailed resources for interested

readers. We have tried to be self contained about the theory required ahead by relying

on proofs and details from the references cited. In the first section, we review beyond

endoscopy and motivate the trace formula setup in this setting. In the next section, we briefly

review the history of basic functions that incorporate information about the L-functions

of interest, and subsequently make them explicit for GL2. We end by adapting Zagier’s

approach of integrating the kernel against the corresponding Eisenstein series to our setup

of trace formula.

2.1 Overview of Beyond Endoscopy

We only work over Q for notational simplicity and convenience.

Langlands proposal of beyond endoscopy proposes a trace-formula approach to functoriality

with an aim of detecting automorphic transfer through analytic behavior of automorphic

L-functions. Its guiding principle is that the poles of these L-functions encode information

about how automorphic representations of a given group arise from smaller groups through

functoriality. We give a brief explanation of this below and develop the stable trace formula

in which automorphic L-functions appear directly on the spectral side. For detailed study,

refer to [23] [12] [18].

Let G be a reductive group over a global field Q, and let

ρ : LG→ GL(Vρ)
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be a finite-dimensional representation of the L-group of G. For an automorphic representa-

tion π = ⊗qπq of G(AQ), consider the partial L-function

LS(sB , π, ρ) =
∏
q 6∈S

Lq(sB , πq, ρ)

where S is a finite set of places containing all the ramified and archimedean places and the

local L-factors are defined by

Lq(sB , πq, ρ) = det(1− ρ(απq)q
−sB )−1 (2.1)

where απq ∈ LG is the local parameter of πq. According to the guiding conjectures, the

behavior of this L-function near the line R(sB) = 1 is governed by the way π arises from

smaller groups by functorial transfer. In particular, poles on the line R(sB) = 1 are expected

to signal that π comes from a smaller subgroup on the dual side.

More precisely, an automorphic representation π = πG determines, in addition to its local

semisimple parameters, a homomorphism

η : SL2(C) → LG

together with a subgroup λH ⊂ LG centralizing the image of η, and finally a reductive group

H together with an L-homomorphism

ψ : LH → λH ⊂ LG

11



such that π is related to an automorphic representation πH of H by functorial transfer. If

we restrict ρ along η × ψ, we obtain a decomposition

ρ ◦ (η × ψ) ∼=
⊕
j

σj ⊗ ρ
j
H

with σj denoting irreducible representations of SL2(C). This leads to the formal factorization

LS(sB , π, ρ) =
∏
j

∏
i

LS(sB + i, πH , ρ
j
H) (2.2)

where the shifts i are determined by the weights of σj . This formula shows that the analytic

behavior of LS(sB , π, ρ), especially its poles, is governed by the smaller group H together

with the nontrivial SL2-factor η. In particular, nontrivial η shifts possible poles to the right

of the central line and makes them, at least in theory, detectable by analytic means.

Thus, poles of automorphic L-functions are spectral markers of functorial transfer. If π is

transferred from a subgroup H, and if the restriction of ρ to LH contains the trivial repre-

sentation, then we expect LS(sB , π, ρ) to acquire a pole at sB = 1. More generally, the order

of the pole measures the multiplicity of the trivial representation in the restriction of ρ to the

relevant subgroup of the dual group. This way, the pole order is a representation-theoretic

invariant that is expected to distinguish different functorial sources inside the automorphic

spectrum.

We now move to establishing how the trace formula setup can be used to extract analytical

information about L-functions. Langlands original proposal was to set up the trace formula

by considering logarithmic derivatives of L-functions, since residues of logarithmic deriva-

tives are additive and hence well suited to separate contributions according to pole order. As

mentioned in the introduction, this leads to studying arithmetic sums remniscent of those

appearing in the proof of the prime number theorem. We develop the trace formula below

following Sarnak’s suggestion to get a sum over integers that is more amenable to adelic
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harmonic analysis.

To make this precise, we define local test functions φρsB ,ν on G(Qν) that are smooth com-

pactly supported for ν ∈ S, and unramified outside S. For ν 6∈ S, one introduces the basic

function φ
ρ
sB ,ν that satisfies

tr
(
πν(φ

ρ
sB ,ν)

)
=


Lν(sB , πν , ρ) πν is unramified

0 otherwise

Consequently, if we define the global test function

φsB = ⊗ν φ
ρ
sB ,ν

then the corresponding stable trace formula has spectral side given by

∑
πst

m(πst)LS(sB , π
st, ρ)

∏
ν∈S

tr πst
ν (φ

ρ
sB ,ν)

The automorphic L-functions now appear directly on the spectral side, and the analytic

behavior in the variable sB is built into the kernel itself.

The stable trace formula is expected to be used recursively. First, one can isolate the part

of the spectrum corresponding to non-tempered parameters (those with nontrivial η). Since

the associated L-functions have poles shifted to the right of R(sB) = 1 from the integers

coming from the SL2-factor 2.2, we hope to remove such contributions recursively, group by

group. After this, one is left with those representations for which η is trivial, namely the

representations that should satisfy the Ramanujan conjecture. Among these representations,

one seeks to isolate those for which LS(sB , π, ρ) has a pole of prescribed order at sB = 1.

These are precisely the representations coming by transfer from those subgroups H ⊂ LG

on which the restriction of ρ contains a trivial summand.
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Frenkel-Langlands-Ngô [18] emphasized that after stabilization, and after careful treatment

of the measure factors, the elliptic regular part of the geometric side of the trace formula

is almost a sum over a finite-dimensional vector space over Q. The authors used Getz

truncation to overcome the analytical difficulties posed by the singularities of orbital integrals

at ramified places, and isolated the contribution of the trivial representation in the dominant

term for a general group G that is semi-simple, simply connected and satisfies G = Gder

(the derived group of G). Ali Altug [1] rediscovered the result in the case of GL2, where

instead of truncation, he used an approximate functional equation that allowed him to get

an expression suitable for further analysis. [2][3].

Our approach is similar to these methods in its use of Poisson summation, and is particularly

close to the approach of Ali Altug in that it also relies on a functional equation. The principal

difference is that we employ Zagier’s method to obtain a form in which the trace formula

emerges through residues, at the cost of introducing an additional complex variable s. We

expect this perspective to provide a clearer understanding of the constituents of the trace

formula and hence, to be more generalizable. In particular, Zagier’s approach naturally

produces zeta functions incorporating the volume terms appearing in the trace formula, and

directly yields the local representations for them that play a central role in establishing the

functional equation of these zeta functions.

2.2 Basic functions

One of the central goals of the Langlands program is the study of the analytic properties of

automorphic L-functions, particularly their meromorphic continuation and functional equa-

tions. One approach to these questions is through functoriality, as mentioned in the introduc-

tion. Yet another approach, due to Roger Godement and Hervé Jacquet [19], generalizes the

earlier work of John Tate on the Riemann zeta function ζ(s) [31]. In their work, they estab-

lished the meromorphic continuation and functional equation of the L-function L(sB , π, ρ),
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associated to an automorphic representation π of GLn(Q)\GLn(A) and the standard repre-

sentation ρ of the dual group. Their method relies on Fourier analysis on the Schwartz space

of the matrix algebra Mn, together with a global Poisson summation formula.

This led to the question of how to adapt this approach of Godement-Jacquet to other groups.

In particular, what will replace the matrix algebra and the Schwartz functions? Braverman

and Kazhdan made a series of conjectures aimed at answering these questions for general

automorphic L-functions [6].The program conjectures the existence of local Schwartz spaces

Sρ(G(Qν)), existence of ρ-basic functions within this space, construction of global Schwartz

space, an involutive ρ-Fourier transform and a Poisson summation formula for the global

ρ-fourier transform. For a modern overview of the Braverman-Kazhdan program, we refer

the reader to [12]. These conjectures were known for torii for quite sometime [12], and more

recently, the ρ-Fourier transform was established and made explicit in the recent paper of

Luo and Ngô [24] in full generality in the case of SL2 and GL2.

Beyond endoscopy suggests using the trace formula for these ρ-basic functions to study the

L-functions. That is, these basic functions serve as test functions in our trace formula de-

velopment ahead. We begin by recalling the definition of the ρ-basic function and calculate

it explicitly for GL2 in this section.

Definition 2.1. The conjectured space of ρ-Schwartz functions Sρ(G(Qν)) contains a dis-

tinguished vector, the ρ-basic function φ
ρ
sB ,ν that satisfies

tr
(
πν(φ

ρ
sB ,ν)

)
=


Lν(sB , πν , ρ) πν is unramified

0 otherwise

From the definition of the local L-function (2.1), it follows that computing basic function

has two major components: Satake transform and their inverses, and symmetric power

decompositions of ρ. Both these components can be easily made explicit for GL2 case,
15



which we do next. We refer to Casselman’s work [10] for modern proofs and a more involved

study of these components.

2.2.1 Basic functions for GL2

We now compute the unramified local basic function at a finite place q attached to the k-th

symmetric power representation

ρ = σk = Symk(W )

where W is the standard two-dimensional representation of GL2(C). For this subsection, let

G = GL2(Qq), K = GL2(Zq)

Let A denote the subgroup of diagonal matrices in G and H = C∞
c (K\G/K) be the spherical

Hecke algebra of compactly supported K-bi-invariant functions on G.

Satake transform for GL2

The unramified characters of A are parametrized by α, β ∈ C× via:

χ[α,β] :

qm 0

0 qn

 7→ αmβn

If π[α,β] denotes the unramified principal series representation associated with χ[α,β], then

the subspace of K-fixed vectors πK
[α,β]

is one dimensional and any function in H acts on this
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space by a scalar. This gives the Satake homomorphism

S : H → C[α±1, β±1]S2 (2.3)

φ 7→ S(φ) (such that trπ(φ) = S(φ)(απ)) (2.4)

from the Hecke algebra to the space of symmetric polynomials in α±1, β±1. The following

lemma gives the explicit description of the Satake transform without proof for GL2.

Lemma 2.2. Consider the normalized basis
fm,n = q−(m−n)/21

K

qm
qn

K


m≥n

of H and the basis of C[α±1, β±1]S2 given by

{
τm+n,n(α, β) = αnβn

(
αm + αm−1β + · · ·+ βm

)}
m,n∈Z≥0

In terms of these basis, the Satake transform S is given by

S(fm,n) =


τm,n m = n, n+ 1

τm,n − q−1τm−1,n+1 m ≥ n+ 2

(2.5)

Since this matrix is triangular and unipotent, the corollary below follows:

Corollary 2.3. For GL2, the Satake inverse S−1 takes the following form

S−1(τm,n) =
∑

m≥j≥i≥n
j+i=m+n

qn−ifj,i (2.6)
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We will use this form of the Satake inverse to calculate the ρ-basic function below. Before

that, we discuss the second component: the symmetric power decompositions for GL2.

Decomposition of Symm(σk)

The decomposition theorem for symmetric powers is well known. We recall the result here.

Lemma 2.4. For GL2, the representation Symm(σk) decomposes into irreducible as

Symm(σk) =

km/2⊕
r=0

µ(k,m, r)
(

Symkm−2r(W )⊗ (det)r
)

(2.7)

where the Plethysm coefficients µ(k,m, r) denote the multiplicities in the decomposition.

These are given by the Cayley-Sylvester formula:

µ(k,m, r) = pm.k(r)− pm,k(r − 1), pm,k(−1) = 0, 0 ≤ r ≤ bkm
2

c (2.8)

with pm,k(r) defined by

km∑
r=0

pm,k(r)q
r =

k∏
j=1

1− qm+j

1− qj
=

[
m+ k

k

]
q

(2.9)

Remark. 1. pm,k(r), the coefficients of the q-Gaussian binomial (2.9) give the number

of partitions of r with k or fewer parts each less than or equal to m.

2. We emphasize that the telescoping nature (2.8) plays an important role in making the

analysis of the dominant feasible (see 4.6)

This formula was first given by Cauchy [11] in 1843. For decomposition results of sym-

metric powers for arbitrary reductive groups, see [30] [9]. Although no comprehensive gener-

alization of such simple formula for the plethysm coefficients is known, computer experiments

hint at their existence for other groups [10].
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We now put together the Satake transform and the decomposition above to calculate the

basic functions for σk.

Proposition 2.5. The basic function φksB ,q corresponding to the k-th symmetric power rep-

resentation σk of GL2(C) is given by

φksB ,q =
∞∑

m=0

bkm/2c∑
r=0

µ(k,m, r)qrT
m,r
k,q

 q−m(sB+k
2 ) (2.10)

with Tm,r
k,q being the characteristic function of the set

{
X ∈ M2(q

rZq) : | detX|q = q−km
}

Proof. From the definitions of the basic function 2.1 and Satake transform 2.4, it is clear

that the basic function is defined by

S(φksB ,q) (γ) = det(1− σk(γ)q
−sB )−1

for a semisimple Satake parameter γ =

α
β

 ∈ GL2(C). Expanding the right hand side
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using Molien’s formula and using the decomposition of symmetric powers, we get

S(φksB ,q) (γ) =
∞∑

m=0

tr (Symmσk(γ)) q
−msB

=
∞∑

m=0

bkm/2c∑
r=0

µ(k,m, r)tr
(

Symkm−2r(W )(γ)
) tr ((det(γ))r) q−msB

=
∞∑

m=0

bkm/2c∑
r=0

µ(k,m, r)αrβr

bkm/2c∑
r=0

αkm−2r−jβj

 q−msB

=
∞∑

m=0

bkm/2c∑
r=0

µ(k,m, r)τkm−r,r(α, β)

 q−msB

Note that S(φksB ,q) (γ) can be easily verified to be absolutely convergent for R(sB) � 0.

Now, the result follows by applying Satake inverse (2.6) on both sides and groups the terms

by determinant valuations.

Remark. The appearance of the shift by k/2 is exactly what one expects from the general

theory. In our normalization, the basic function associated to a highest weight λ is naturally

attached to the shifted L-factor L(sB − 〈λ, ρ∨〉, π, σλ). For GL2 and λ = kε1, we have

〈λ, ρ∨〉 = k

2

The factor q−km/2 appearing above is just the local manifestation of this shift.

We conclude this section by verifying that the local basic functions are integrable for

R(sB) � 0. Note that the bound given below is in no way optimal.

Lemma 2.6. For R(sB) ≥ k
2 , φksB ,q ∈ L1(GL2(Qq))

Proof. It is enough to show that

||φksB ,q||1 ≤
∞∑

m=0

bkm2 c∑
r=0

|µ(k,m, r)|qrq−m(R(sB)+k
2 )vol(Tm,r

k,q ) <∞
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Because the Haar measure on G is multiplication invariant, it follows that

vol(Tm,r
k,q ) = vol{Y ∈M2(Zq) : vq(detY ) = km− 2r}

Using the Cartan double cosets volume given by

vol
(
K
(
ql

1

)
K
)
=


1 l = 0

ql + ql−1 l > 0

we get

vol(Tm,r
k,q ) �

bn2 c∑
b=0

qkm−2r−2b ≤ qkm−2r

and hence,

||φksB ,q||1 ≤
∞∑

m=0

bkm2 c∑
r=0

|µ(k,m, r)|

 q−m(sB−k
2 )

The r-sum has at most polynomial growth, and thus, when R(sB) >
k
2 , the exponential

decay beats the polynomial growth of the r-sum and the sum converges.

2.3 Zagier treatment of the beyond endoscopy trace formula

2.3.1 Choice of test functions and conventions

From now on, we fix the following notations and test functions, unless otherwise stated.

- G = GL2, GA = G(A), Z denotes the center of G, Z+
∞ ⊂ Z(R) is the identity

component of the archimedean center. We work over the field of rationals Q.

- P ⊂ G is the standard upper triangular Borel subgroup.
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- We fix a decomposition

A× = A×
1 × R×

>0

where A×
1 is the subgroups of ideles A× of norm 1.

- At the archimedean place, we choose the test function for the trace formula φ∞ to be

the matrix coefficient of discrete series representation of even weight 2κ, which is given

by

φ∞(g) =


2κ−1
4π

(det g)κ(2i)2κ

(−b+c+(a+d)i)2κ
g =

(
a b
c d

)
, det g > 0

0 det g < 0

(2.11)

- At all the finite places, we set the test function to be the basic function for σk, which

as shown in the last section, is given by

φksB ,q =
∞∑

m=0

bkm/2c∑
r=0

µ(k,m, r)qrT
m,r
k,q

 q−m(sB+k
2 ) (2.12)

with T
m,r
k,q as given in 2.5.

- We specialize Φ ∈ S(A2) to Φ = Φ∞ ×
∏

q Φq given by

Φ∞(x, y) = e−(x2+y2), Φq(x, y) = 1Zq
× 1Zq

(2.13)

from Chapter 3 3.

2.3.2 Zagier deformation of the trace formula

Let φsB ∈ C∞(Z+
∞\GA) with φsB = φ∞ ×

∏
q φ

k
sB ,q and let Π be the representation of GA

on L2(X), X = Z+
∞G(Q)\G(A) given by right translation, and Π0 be its restriction to the
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cusp forms L2cusp(X). We have the following spectral decomposition of Π given by

L2(X) = L2cusp(X)⊕ L2res(X)⊕ L2cont(X) (2.14)

where L2cusp(X) is the cuspidal spectrum, L2res(X) is the residual spectrum spanned by one-

dimensional representations of the form χ◦det, where χ runs through continuous characters

of Q×\A1 and L2cont(X) is the continuous spectrum generated by Eisenstein series.

To φsB , we associate the automorphic kernel

KsB (x, y) =
∑

γ∈G(Q)

φsB (x
−1γy) (2.15)

which is well defined on X × X thanks to 2.6. This kernel decomposes according to the

spectral decomposition of L2(X) as

KsB (x, y) = KsB ,cusp(x, y) +KsB ,res(x, y) +KsB ,cont(x, y) (2.16)

For Φ ∈ S(A2) (which we will soon specialize to 2.13), the corresponding Eisenstein series

is given by

E(g, s) =
∑

γ∈P (Q)\G(Q)

fΦ(s, γg)

where the Godement section is given by

fΦ(s, g) = | det g|s
∫
A×

Φ ((0, t)g) |t|2sd×t (2.17)

For R(s) > 1, this series is absolutely convergent. By the standard theory of Eisenstein

series for GL2, it admits meromorphic continuation to the whole complex plane and satisfies
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the functional equation given by

E(g, s) =
π−(1−s)Γ(1− s)ζ(2− 2s)

π−sΓ(s)ζ(2s)
E(g, 1− s)

and has a simple pole only at s = 1 with residue independent of g:

Ress=1E(g, s) =
3

π
(2.18)

Following Zagier [35] and Jacquet-Zagier [20] approach, we consider the following integral

I(sB , s) =

∫
Z+
∞G(Q)\G(A)

KsB ,cusp(x, x)E(x, s)dx

We first show that this integral converges absolutely for large R(sB):

Proposition 2.7. The integral I(sB , s) (2.18) is absolutely convergent for R(sB) > 1 + k
2

and for all s, with E(x, s) realized by meromorphic continuation outside R(s) > 1.

Proof. Recall that the cuspidal kernel can be given by

KsB ,cusp(x, x) =
∑

π⊂L2cusp

∑
ϕ∈B(π)

(R(φsB )ϕ)(x)ϕ(x)

where B(π) is an orthonormal basis and R(φsB ) = ⊗νπν(φsB ,ν). As φsB ,∞ is the matrix

coefficient for the weight κ discrete series representation Dκ, π(φsB ) = 0 unless π∞ = Dκ.

Again, by construction of the basic function, π(φsB ) = 0 unless πq is unramified. Thus,

R(φsB ) is a finite rank operator on L2cusp and we can diagonalize the kernel to write

KsB ,cusp(x, x) =
∑
π∈Ak

d−1
k Lfin(sB , π, σk)|ϕπ(x)|2

where Ak = {πϕ : ϕ is k-th level Hecke eigenform} and ϕπ be the L2 normalized new vector.
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Note that this is a finite sum. Now,

Lfin(sB , π, σk) =
∏
q

k∏
i=0

(1− αk−i
q βiqq

−sB )−1

where diag(αq, βq) denotes the Satake parameter of πq. The standard Fourier-coefficient

estimate for Hecke form gives |αq|, |βq| � q
1
2 . Taking logarithms, this implies

log |Lfin(sB , π, σk)| �
∑
q

(k + 1)q
k
2−R(sB)

which converges for R(sB) > 1 + k
2 . Now because ϕπ is a cusp form, its constant term

vanishes and

|ϕπ(x)|2 �N x−N for every N

On the other hand, for R(s) > 1, the series defining E(x, s) converges absolutely and has at

most polynomial growth

|E(x, s)| � xR(s)

Thus |ϕπ(x)|2|E(x, s)| �N xR(s)−N ∀ N is itself rapidly decreasing and Z+
∞G(Q)\G(A)

has finite volume and the result follows.

Remark. The bound derived above is not optimal. The key was bounding the local parameters

αq, βq. Kim-Sarnak [7] have improved the bound to 1 + 7k
64 , and the strongest bound of

R(sB) > 1 is given by Deligne [16] [17]. We are working with the loosest bound here, because

the idea is to extend this region of convergence through analytic techniques without using

these advanced geometric results.

Thus, we are interested in studying the meromorphic continuation of I(sB , s) in the

variable sB via the geometric side 2.3.3. Then, due to (2.18);

Ress=1I(sB , s)
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will, in principle recover the analytically continued beyond endoscopy trace formula for GL2

and ρ = σk. With this in mind, we start with unfolding the geometric side of the integral.

2.3.3 Geometric decomposition of trace formula

The diagonal cuspidal kernel can be broken according to conjugacy classes as

KsB ,cusp(x, x) =
∑
C

KsB ,C(x) +KsB ,∞(x)

where the sum is over the non-central conjugacy classes C ⊂ G(Q),

KsB ,C(x) =
∑
λ∈C

λ 6∈P (Q)

φsB (x
−1λx)

and

KsB ,∞(x) =
∑

λ∈P (Q)

φsB (x
−1λx)−KsB ,cont(x, x)−KsB ,res(x, x).

Because each of these expressions are P (Q)-invariant, for R(s) > 1, the Eisenstein series

unfolds to give

I(sB , s) =

∫
Z+
∞G(Q)\G(A)

KsB ,cusp(x, x)
∑

γ∈P (Q)\G(Q)

f(γx, s)dx

=

∫
Z+
∞P (Q)\G(A)

KsB ,cusp(x, x)f(x, s)dx

Hence,

I(sB , s) =
∑
C

IC(sB , s) + I∞(sB , s)

where

I∞(sB , s) =

∫
Z+
∞P (Q)\G(A)

KsB ,∞(x)f(x, s)dx
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and

IC(sB , s) =

∫
Z+
∞P (Q)\G(A)

KsB ,C(x)f(x, s)dx

The non-central conjugacy classes further decompose into elliptic, hyperbolic and unipotent

classes to give

I(sB , s) = Iell(sB , s) + Ihyp(sB , s) + Iunip(sB , s) + I∞(sB , s)

with

- Elliptic contribution: Each elliptic element λ ∈ G(Q) generates a quadratic extension

E = Q[λ], and its centralizer is G(Q)λ = E×. Fixing an embedding E× ↪→ G(Q) for

each quadratic extension E/Q, the elliptic contribution can we written as

Iell(sB , s) =
∑

[E:Q]=2

IE(sB , s), IE(sB , s) =
1

2

∑
λ∈E×
λ6∈Q

I{λ}(sB , s)

- Hyperbolic contribution Ihyp =
∑

C hyp IC(sB , s)

- Similarly, the unipotent contribution Iunip(sB , s) =
∑

C unip IC(sB , s)

Remark. Observe that integrating the kernel against the Eisenstein series reorganizes the

kernel expansion from a sum over G-conjugacy classes to a sum over P -conjugacy classes.

2.3.4 Simplification of elliptic, hyperbolic and unipotent orbital integrals

For a non-central conjugacy class C represented by λ, any element of the conjugacy class can

be represented by γ−1λγ for γ determined uniquely up to left multiplication by an element
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of the centralizer G(λ)Q; and hence we can write

KsB ,C(x) =
∑

γ∈G(λ)Q\G(Q)

γ−1λγ 6∈P (Q)

φsB (x
−1γ−1λγx) (2.19)

This set can be represented simply as the following lemma shows

Lemma 2.8. For any non-central conjugacy class C represented by an element λ,

{γ ∈ G(λ)Q\G(Q) : γ−1λγ 6∈ P (Q)} ∼= λ0P (Q)/Z(Q) (2.20)

with

λ0 =


( 1 0
0 1 ) λ is elliptic

( 1 0
1 1 ) λ is hyperbolic

( 0 1
1 0 ) λ is unipotent

Remark. The lemma is essentially a reformulation of the fact that the conjugation action

of P (Q) on G(Q) \ P (Q) is free.

Proof. - If λ is elliptic, none of its conjugates lie in P (Q). Moreover,

G(λ)QP (Q) = G(Q), G(λ)Q ∩ P (Q) = Z(Q).

Hence, the result follows.

- Suppose

λ =

α 0

0 β

 , α 6= β.
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Then G(λ)Q = A(Q), where A is the diagonal torus. If

γ =

a b

c d

 ,

then

γ−1λγ = (ad− bc)−1

 ∗ ∗

ac(α− β) ∗

 .

Hence γ−1λγ /∈ P (Q) if and only if a 6= 0 and c 6= 0. In that case γ has a unique

decomposition

γ =

a 0

0 c


1 0

1 1

 p, p ∈ P (Q),

so that

G(λ)Q\{γ ∈ G(Q) : γ−1λγ /∈ P (Q)} = λ0P (Q)/Z(Q), λ0 =

1 0

1 1

 .

- λ unipotent: Let λ =
(
α 1
0 α

)
. Then G(λ)F = NF . Again, observe

γ−1λγ =

a b

c d


−1α 1

0 α


a b

c d

 =

a b

c d

 = (ad− bc)−1

 ∗ ∗

−c2 ∗


Thus, γ−1λγ 6∈ PF if and only if c 6= 0, in which case γ is uniquely represented as

1 a/c

1


0 1

1 0


c d

0 (bc− ad)/c


Thus we see that G(λ)F \{γ ∈ GF | γ−1λγ 6∈ PF } = λ0PF with λ0 =

(
0 1
1 0

)
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This lemma simplifies (2.19) to

KsB ,C(x) =
∑

p∈P (Q)/Z(Q)

φsB (x
−1p−1λ−1

0 λλ0px)

Substituting this and the definition for f(x, s), we arrive at the nice simplified expression of

orbital integrals:

Lemma 2.9. For a non-central conjugacy class C, the corresponding orbital integral IC(sB , s)

is given by

IC(sB , s) =

∫
G(A)

φsB (x
−1λ−1

0 λλ0x)

(∫
Ẑ×

Φ((0, 1)ux)d×u
)
| detx|sdx (2.21)

Proof. From 2.8 and the definition of f(x, s) (2.17), the integral simplifies to

IC(sB , s) =

∫
Z+
∞P (Q)\G(A)

∑
p∈P (Q)/Z(Q)

φsB (x
−1p−1λ−1

0 λλ0px)

∫
A×

Φ((0, t)x)| detx|s|t|2sd×t dx

=

∫
Z+
∞Z(Q)\G(A)

φsB (x
−1λ−1

0 λλ0x)| detx|s
∫
A×

Φ((0, t)x)|t|2sd×t dx

Using the decomposition A× = A×
1 × R×

>0 and A×
1
∼= Q× × Ẑ× gives

IC(sB , s) =

∫
G(A)

φsB (x
−1λ−1

0 λλ0x)

(∫
Ẑ×

Φ((0, 1)ux)d×u
)
| detx|sdx

For Φ as in (2.13), the orbital integral simplifies further. We record it as corollary here

for future reference.
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Corollary 2.10. For Φ given by

Φ∞(x, y) = e−(x2+y2), Φq(x, y) = 1Zq
× 1Zq

the orbital integral for any non-central conjugacy class C is given by

IC(sB , s) =

∫
G(A)

φsB (x
−1λ−1

0 λλ0x)Φ((0, 1)x)| detx|sdx (2.22)

Remark. This form of the orbital integral has a advantage that it factors easily into local

factors as

IC(sB , s) =

∫
G(A)

φsB (x
−1λ−1

0 λλ0x)Φ((0, 1)x)| detx|sdx

=
∏
ν

∫
Gν

φsB ,ν(x
−1
ν λ−1

0,νλνλ0,νxν)Φ((0, 1)xν)| detxν |
sdx

We recall that in this thesis, we begin the study of the elliptic part of this trace formula

Iell(sB , s) for the kth symmetric power representation of GL2(C), which is given by

T k
ell(sB , s) =

∑
d∈Q×

∑
t∈Q

t2−4d6=�

I(t,d)(sB , s) (2.23)

Here, a pair (t, d) of the trace and determinant denotes the conjugacy class C of
(
t −d
1 0

)
.

Remark. This elliptic part essentially studies the elliptic part of the P action on G by

conjugation, whereas the elliptic part of the Selberg trace formula studies the elliptic class of

G-conjugacy classes of G.

For the chapters that follow, we work with the choices mentioned in the beginning of this

section 2.3.1.
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CHAPTER 3

LOCAL ORBITAL INTEGRALS AND THE ZAGIER

L-FUNCTION

In this chapter, we assemble the local components of the elliptic part of the trace formula.

We begin with the analysis of the archimedean orbital integral and then turn to the orbital

integrals at the finite places. We conclude with a treatment of Zagier L-functions through

their associated theta series. By the end of the chapter, we will have developed the tools

required for the application of Poisson summation and for the analysis of the dominant term

in the next chapter.

3.1 Archimedean local orbital integral

We work over R in this section. Consider an element λ =

t −d

1 0

 such that t2 − 4d 6= �

determined by a pair (t, d). The archimedean local orbital integral is given by

Iλ,∞(sB , s) =

∫
G(R)

φ∞(g−1λg)Φ∞((0, 1)g)| det g|s dg

with the functions appearing given by 2.3.1. Note that λ0 is identity because λ is chosen to

be elliptic. We record some useful observations here

- φ∞ is only supported on the positive determinant (d > 0) locus and is K-invariant,

that is φ∞(gk) = φ∞(g) for K = SO(2).

- Φ∞(x, y) = e−x2+y2 , and hence, Φ∞((0, 1)gank) = Φ∞((0, 1)g) for a ∈ A and n ∈ N .

Here, A =


a

1

 : a ∈ R×

 and N =


1 n

1

 : n ∈ R


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These observations along with the Iwasawa decomposition G(R) = ZANK simplifies the

above integral to

Iλ,∞(sB , s) =

∫
AN

φ∞(n−1a−1λan)

(∫
Z
Φ∞((0, 1)zan)|z|2sd×z

)
|a|sd×a dn

= π−sΓ(s)

∫
R

∫
R×

φ∞


t− xy tx− y−1d− yx2

y yx


 |y|sd×y dx

= π−sΓ(s)
(2κ− 1)(2i)2κ

4π

∫
R

∫
R×

dκ|y|s

(−tx+ y−1d+ yx2 + y + it)2κ
d×y dx

= π−sΓ(s)
(2κ− 1)(2i)2κ

4π

∫
R

∫
R

y2κ−2|y|s

(x2 − t2
4 + d+ y2 + ity)2κ

dx dy

where we have used the substitution x 7→ y−1(x + t
2) to get the last expression. Now,

splitting the y-integral into positive and negative parts; substituting x 7→
√
dx, y 7→

√
dy

and setting α = t
2
√
d
, the integral becomes

π−sΓ(s)
(2κ− 1)(2i)2κd

s
2

4π

(
I+λ,∞(sB , s) + I−λ,∞(sB , s)

)
(3.1)

with

I±λ,∞(sB , s) =

∫ ∞

0

∫
R

y2κ−2+s

(x2 + 1− α2 + y2 ± 2iαy)2κ
dx dy (3.2)

We compute these integrals in the lemma below to get the archimedean orbital integral.

Proposition 3.1 (Archimedean orbital integrals). For an element (t, d) such that t2−4d 6= �

and d > 0; the archimedean orbital integral Iλ,∞(sB , s) is given by

Cκ(s) d
s
2Pκ

(
s,

t

2
√
d

)

with

Cκ(s) =
Γ(s)(2k − 1)(−1)κΓ(2k − 1

2)Γ(2k + s− 1)Γ(2k − s)

41−κπs+
1
2Γ(2k)Γ(4k − 1)
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and

Pκ(s, α) = (1−α2)
1
2−2κ

(∑
±

(±i(α + 1))2κ+s−1
2F1

(
2κ− 1

2
, 2κ+ s− 1; 4κ− 1;

2

1− α
± sgn(α)i0

))

Proof. Note that the x-integrals in I±λ,∞ of (3.2) are of the form
∫
R

dx
(x2+C)m

with C ∈

C\(−∞, 0]. For R(C) > 0, using the Mellin transform identity

(x2 + C)−m =
1

Γ(m)

∫ ∞

0
tm−1e−t(x2+C)dt

we get that ∫
R

dx

(x2 + C)m
=

√
π
Γ(m− 1

2)

Γ(m)
C

1
2−m

By analytic continuation, this remains valid for all C 6∈ (−∞, 0]. Using this, we get

I±λ,∞(sB , s) =
√
π
Γ(2κ− 1

2)

Γ(2κ)

∫ ∞

0
y2κ−2+s(y2 + 1− α2 ± 2iαy)

1
2−2κdy

=
√
π
Γ(2κ− 1

2)

Γ(2κ)

∫ ∞

0
yp−1(y + r±)−q(y + s±)−qdy

for r± = ±i(α + 1), s± = ±i(α − 1), p = 2κ + s and q = 2κ − 1
2 . By substituting the

standard Euler-type integral representation for the hypergeometric function,

∫ ∞

0
yp−1(y + a)−q(y + b)−qdy = ap−qb−qB(p, 2q − p)2F1(q, p; 2q; 1−

a

b
)

into (3.1), the claim follows.

Remark. 1. For α2 < 1, the argument of the hypergeometric function 2
1−α ∈ [1,∞) lies

on the principal branch. At these points, the we define hypergeometric function by

averaging, that is,

2F1(a, b; c;x) =
1

2
(2F1(a, b; c;x+ i0) + 2F1(a, b; c;x− i0)) x ∈ [1,∞)
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2. For the case when s ∈ R, since the second term becomes conjugate to the first term,

the prefactor Pκ(s, α) simplifies considerably as follows:

Pκ(s, α) = (1−α2)
1
2−2κ<

(
(i(α + 1))2κ+s−1

2F1

(
2κ− 1

2
, 2κ+ s− 1; 4κ− 1;

2

1− α

))

3. At s = 1, using

2F1(2κ− 1

2
, 2κ; 4κ− 1; z) =

1√
1− z

(
1

2
+

1

2

√
1− z

)2−4κ

the above archimedean orbital integral becomes

Iλ,∞(sB , 1) =
(−1)κ−1d

1
2

2π


(
√
1− α2 + iα)1−2κ + (

√
1− α2 − iα)1−2κ α2 = t2

4d < 1

0 t2

4d > 1

This exactly matches the archimedean local orbital integral that one obtains in the

usual trace formula [3]. This is not surprising as integrating against Eisenstein series

in Zagier’s approach does not interfere with the archimedean place. (they only interact

with the finite places to give the class numbers through Zagier L-functions 4.2)

4. Note that because the hypergeometric functions 2F1 have singularities at 1 and ∞,

the archimedean orbital integral has singularities at α = ±1, which correspond to the

central elements in GL2(Q).

3.2 Non-Archimedean local orbital integrals

In this section, we compute the non-archimedean local orbital integrals appearing in 2.3.4.

For completeness, we include all necessary details. The method was carried out in [25] in

the case of the function 1Zq
, while the computations of the weight factors were previously

obtained in [14] for a slightly different normalization.
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Throughout this section, q denotes a fixed prime. For simplicity, we assume q 6= 2, so that the

quadratic étale Qq-algebras E are representated by the split algebra Qq×Qq, the unramified

field extension Qq(
√
ε), and the two ramified field extensions Qq(

√
q) and Qq(

√
qε), where

we have fixed the uniformizer q and ε ∈ Z×
q a non-square unit. We are interested in the

integral

Iλ,q(sB , s) =

∫
GL2(Qq)

φksB ,q(g
−1λg)Φq((0, 1)g)| det g|s dg

where Φq(x, y) = 1Zq
(x)1Zq

(x) and φksB ,q is the basic function attached to the symmetric

power representation σk (2.5). We use the theory of suitable embeddings of E into M2(Qq)

so that GL2(Qq) factors nicely with respect to this embedding. For more general results on

embeddings, refer to [25]. The suitable embedding are given by well-positioned embeddings

defined as

Definition 3.2 (Well-positioned embedding). Let E be a quadratic étale extension of Qq

with an embedding ι : E → M2(Qq) as Qq-algebras. Such an embedding is said to be

well-positioned with respect to an element θ ∈ OE and θ 6∈ Qq if

θ2 − bθ + a = 0, ι(θ) =

b −a

1 0

 , a 6∈ q2Zq

and

OE = Zq[θ]

Here, OE is the ring of integers of E.

The following decomposition of GL2(Qq) is a key ingredient that enables us to understand

the non-archimedean local orbital integrals ahead.

Lemma 3.3. Let E be a well-positioned étale quadratic extension of Qq with respect to
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θ ∈ Mq(Qq) (identify E with its image ι(E)). If E is non-split, then

GL2(Qq) =
∞⊔
r=0

E×a(q−r)GL2(Zq), a(t) :=

t 0

0 1


If E is split, we identify θ with (λ1, λ2) ∈ Qq ×Qq, and then we have

GL2(Qq) =
∞⊔
r=0

λ1 λ2

1 1

An(q−r)GL2(Zq), n(x) =

1 x

1 0

 , A =
{
a(t) : t ∈ Q×

q

}

Proof. See Proposition 4.1 [25]

We now treat the integral (3.2) for the different cases of λ being split, non-split ramified

or non-split unramified in GL2(Q).

Remark. For any of these cases and for a pair (t, d) ∈ Q × Q, by considering the support

of the basic function φksB ,q, we observe that the integral (3.2) vanishes unless k | vq(d).

For the rest of this section, we assume this to be the case.

3.2.1 The split case

Let λ =

t −d

1 0

 with t2− 4d = f2D (D fundamental discriminant) such that λ1, λ2 ∈ Qq

are the roots of

X2 − tX + d = 0

We write

vq(t) = m, vq(f) = vq(λ1 − λ2) = l, vq(d) = vq(λ1λ2) = kn
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so that l ≥ m. Substituting g 7→ Xg for X =
(
λ1 λ2
1 1

)
, using the decomposition of GL2(Qq)

GL2(Qq) =
∞⊔
r=0

λ1 λ2

1 1

An(q−r)GL2(Zq)

from 3.3, the fact that the integrand is GL2(Zq)-invariant and the decomposition

N(Qq) = N(Zq)
∞∑
r=0

N(q−rZ×
q )

we get

Iλ,q(sB , s) =

∫
GL2(Qq)

φksB ,q(g
−1λg)Φq((0, 1)g)| det g|s dg

= q−ls
∞∑
r=0

Crwt(r) (3.3)

with the coefficients Cr given by

Cr = φksB ,q

n(−q−r)

λ1
λ2

n(q−r)

 = q−n(sB+k
2 )

min(m,l)∑
j=0

qjµ(k, n, j)1j≤l−r (3.4)

and the weight factor wt(r) being

wt(r) =
∫
A(Qq)×Z(Qq)

Φq((1, 1)z(u)a(y)n(q
−r)) |u|2s|y|sd×u d×y


vol(N(Zq), dn) r = 0

vol(N(q−rZ×
q , dn)) r ≥ 1

Now, with the normalization of measure we are following, vol(N(Zq), dn) = 1 and vol(N(q−rZ×
q ), dn) =

qr(1− q−1). Expanding the integral and using the substitutions u 7→ u/y and y 7→ y−1, we
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get

=

∫
Q×
q ×Q×

q

1Zq
(u)1Zq

(u(q−r + y))|u|2s|y|sd×ud×y

=
∑

vq(u)=j≥0

q−2sj


qsj(1− q−s) j ≥ r

qsr
∫
y∈1+qr−jZq

|y|sd×y r > n ≥ 0

= (1− q−s)−2


1 r = 0

(q−1/2Z)r(qZ+Z−1−2q1/2)−(q−1/2Z−1)−r(Z+qZ−1−2q1/2)
(1−q−1)(Z−Z−1)

r > 0

where Z = qs−
1
2 . Thus, the weights for the split case are:

wt(r) = (1− q−s)−2


1 r = 0

(q1/2Z)r(Z+q−1Z−1−2q−1/2)−(q1/2Z−1)−r(Z−1+q−1Z−2q−1/2)
(Z−Z−1)

r > 0

(3.5)

3.2.2 The non-split case

Let λ =

t −d

1 0

 with t2 − 4d = f2D be non-split, so that the corresponding quadratic

extension is Qq(
√
q), Qq(

√
qε) or Q(

√
ε). Let e(E | Qq) denote the ramification index (so

e(E | Qq) = 1 for the unramified case and e(E | Qq) = 2 for ramified case). Let θ ∈ E be

such that E is a well-positioned embedding with respect to θ. It is straightforward to see

that

OQq(
√
q) = Zq[

√
q], OQq

√
qε = Zq[

√
qε], OQq(

√
ε) = Zq[

√
ε]

and hence, from 3.2, we have the decomposition

GL2(Qq) =
∞⊔
r=0

E×a(q−r)GL2(Zq)
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Let t = 2a and t2 − 4d = b2q and

vq(t) = m, vq(f) = l, vq(d) = kn

Then substituting g 7→ Xg for X =

b a

0 1

 and using the above decomposition along with

the fact that the integrand is GL2(Zq)-invariant, we get

Iλ,q(sB , s) = q−ls
∞∑
r=0

Crwt(r) (3.6)

with

Cr = φksB ,q

a(qr)
a bq

b a

 a(q−r)

 (3.7)

and

wt(r) = q−rsdr

∫
E×

1Or
(e)|NmE/Qq

(e)|sd×e (3.8)

having chosen a standard embedding of E into M2(Qq) so that every element can be written

as e = y + xθ; and with Or = Zq + qrZqθ and dr = vol
(
O×
E/(Or ∩ O×

E)
)

coming from the

correct normalization of measures. These weight factors are given by the following lemma:

Lemma 3.4. The weight factors in (3.8) are given by:

In the ramified case:

wt(r) =


(1− q−s)−1 r = 0

(1− q−s)−1 (q
1/2Z)r(Z−q−1/2)−(q1/2Z−1)r(Z−1−q−1/2)

Z−Z−1 r > 0
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In the unramified case:

wt(r) =


(1− q−2s)−1 r = 0

(1− q−2s)−1 (q
1/2Z)r(Z−q−1Z−1)−(q1/2Z−1)r(Z−1−q−1Z)

Z−Z−1 r > 0

with Z = qs−
1
2

Proof. The proof involves careful calculation of dr and splitting the integral over E× as a

sum over valuation shells. For details, see Section 4.2 of [14].

3.2.3 A uniform expression for the non-archimedean local orbital integrals

Observe that for a fixed determinant valuation vq(d) = kn, a matrix

α β

γ δ

 ∈ GL2(Qq)

with vq(αδ − βγ) = kn belongs to the support of Tn,j
k,q if and only if

0 ≤ j ≤ min
(
vq(α), vq(β), vq(γ), vq(δ)

)
and in the case it does, it contributes qjµ(k, n, j) towards φksB ,q

(
α β
γ δ

)
. This observation

gives

Cr = q−n(sB+k
2 )

min(m,l)∑
j=0

qj µ(k, n, j)1j≤l−r (3.9)

for all the cases: split as well as non-split.

Moreover, the weight factors from the earlier section can be expressed uniformly through the

simple form

wt(r) =


(1− q−s)−1(1− χD(q)q−s)−1 r = 0

(1− q−s)−1(1− χD(q)q−s)−1 (Br −Br−1) r > 0

(3.10)
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with

Br =
q
r
2 (Zr+1 − Z−(r+1))− χD(q)q

r−1
2 (Zr − Z−r)

Z − Z−1

where χD denotes the Legendre symbol
(
D
·

)
. We finally use these results and summarize

the non-archimedean local orbital integral 3.2 below

Proposition 3.5 (Non-archimedean orbital integrals). At a finite place q, the local orbital

integral

Iλ,q(sB , s) =

∫
GL2(Qq)

φksB ,q(g
−1λg)Φq((0, 1)g)| det g|s dg

vanishes unless vq(t) ≥ 0 and vq(d) = kn ≥ 0; and when this is the case, is given by

q−n(sB+k
2 )ζD,q(s)

min(m,l)∑
j=0

q−j(s−1)µ(k, n, j)L
(D)

ql−j (s)

with

ζD,q(s) = (1− q−s)−1 (1− χD(q)q−s)−1

L
(D)
qr (s) = Z−r (Z

r+1 − Z−(r+1))− χD(q)(Zr − Z−r)

Z − Z−1
, Z = qs−

1
2

Proof. We can now treat all the split and non-split cases together. The telescoping nature
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of the weight factors in (3.10) simplifies the computations immensely

Iλ,q(sB , s) = q−ls
∞∑
r=0

Crwt(r)

= q−n(sB+k
2 )ζD,q(s)q

−ls

min(m,l)∑
j=0

qjµ(k, n, j) +

min(m,l)∑
j=0

qjµ(k, n, j)

l−j∑
r=1

(B(r)−B(r − 1))


= q−n(sB+k

2 )ζD,q(s)q
−ls

min(m,l)∑
j=0

qjµ(k, n, j)B(l − j)

= q−n(sB+k
2 )ζD,q(s)

min(m,l)∑
j=0

q−j(s−1)µ(k, n, j)L
(D)

ql−j (s)

as claimed.

Remark. The factors (1−χD(q)q−s)−1L
(D)
qr (s) are exactly the Euler factors for the Zagier

L-function, which when evaluated at s = 1 give the class numbers that represent the volume

terms. Thus we can interpret the Zagier approach as a continuous analytic deformation of

the beyond endoscopy trace formula.

As the Euler factors for the Zagier L-functions appear in the local orbital integrals, we

now study the Zagier L-function.

3.3 Zagier L-function and their theta series

In this section, we develop the theta series attached to the Zagier L-function and prove its

functional equation. We first recall the classical theta series attached to a primitive quadratic

Dirichlet character of a fundamental discriminant. We then extend the construction to

non-primitive quadratic characters of discriminant Dr2. Finally, for a general discriminant

δ = Dl2, we construct a theta series whose Mellin transform is the Zagier L-function L(s, δ),

and conclude with its functional equation.
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3.3.1 Theta series for a fundamental discriminant

Let D be a fundamental discriminant, and let χD denote the associated primitive quadratic

Dirichlet character. We write

δD ∈ {0, 1} such that χD(−1) = (−1)δD

The classical Dirichlet L-function associated with D is given by

L(s, χD) =
∞∑
n=1

χD(n)

ns
, R(s) > 1

Using the identity

∫ ∞

0
x(s+δD)/2e−πn2xd×x = (πn2)−(s+δD)/2Γ

(
s+ δD

2

)
(3.11)

we can write

L(s, χD) =
π(s+δD)/2

Γ
(
s+δD
2

) ∫ ∞

0
θD(x)x(s+δD)/2d×x, R(s) > 1

with θD given by

θD(x) =
∞∑
n=1

χD(n)nδDe−πn2x

The following lemma gives the functional equation for θ(x):

Lemma 3.6. The theta series θD(x) defined as above,

θD(x) =
1

(|D|x)δD+1
2

θD

(
1

D2x

)

Proof. In order to be able to perform Poisson summation, we extend the sum over all integers
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by setting

ΘD(x) :=
∑
n∈Z

χD(n)nδDe−πn2x = 2θD(x)

It is enough to show the identity for ΘD(x). By the periodicity of the character χD modulo

|D|, and then applying Poisson summation to the inner summation, we get

ΘD(x) =
∑

a mod |D|
χD(a)

∑
m∈Z

(m|D|+ a)δDe−π(m|D|+a)2x

=
∑

a mod |D|
χD(a)

∑
t∈Z

(−i)δD
|D|δD+1xδD+1/2

e2πiat/|D|tδDe−πt2/D2x

=
(−i)δD

|D|δD+1xδD+1/2

∑
t∈Z

 ∑
a mod |D|

χD(a)e2πiat/|D|

 tδDe−πt2/D2x

Now the term in the bracket simplifies to χ̄D(t)τ(χD) with χ̄D being the conjugate Dirichlet

character and τ(χD) the Gauss sum. The claim follows from the fact that

τ(χD) = iδD
√
|D|

for a fundamental discriminant D.

This lemma will be key ingredient in developing the theta series properties for the Zagier

L-function. From the lemma, it follows that the theta series θD(x) is rapidly decreasing at

both x→ ∞ and x→ 0. Now, we treat the Zagier L-functions.
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3.3.2 Theta series for Zagier L-function

Consider a non-primitive character defined by d = Dr2, with D fundamental. Then the

Dirichlet series corresponding to χd satisfies

L(s, χd) = L(s, χD)
∑
u|r

µ(u)χD(u)u−s (3.12)

We now recall the definition of the Zagier L-function.

Definition 3.7 (Zagier L-function). For a discriminant δ = Dl2 with D being fundamental,

the Zagier L-function is defined via Euler product as

L(s, δ) = L(s, χD)
∏
qk||l

q(
1
2−s)k

(
q(s−

1
2 )(k+1) − q(

1
2−s)(k+1)

)
− χD(q)q−

1
2

(
q(s−

1
2 )k − q(

1
2−s)k

)
qs−

1
2 − q

1
2−s

This L-function first appeared in Zagier’s work [34] in the context of constructing modular

forms whose Fourier coefficients are given by infinite sums of zeta functions of quadratic fields

at arbitrary complex arguments. They also appear in the Bykovskii’s work [8] as a Dirichlet

series as follows:

For a discriminant δ and a natural number n, define

ρn(δ) = #{x mod 2n : x2 ≡ δ mod 4n}

then the Zagier L-function is given by

L(s, δ) =
ζ(2s)

ζ(s)

∞∑
n=1

ρn(δ)

ns

Soundararajan and Young [29] used this L-function to improve the prime geodesic theorem

bounds.
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Getting back to the study of Zagier L-function, from the above definition, for a discriminant

δ = Dl2, it follows that

L(s, δ) =
∑
df2=δ

L(s, χd)f
1−2s (3.13)

For detailed proof, see Lemma 2.1 of [29].

Lemma 3.8 (Theta series for Zagier L-function). For L(s, δ) and R(s) > 1, we have

L(s, δ) =
π(s+δD)/2

Γ(s+δD
2 )

∫ ∞

0
ϑδ(x)x

(s+δD)/2d×x

for

ϑδ(x) =
∑
r|l

(
l

r

)2δD+1∑
u|r

µ(u)uδDχD(u)θD

(
u2l4x

r4

)
(3.14)

Proof. The description of the Zagier L-function (3.13) and (3.12) gives

L(s, δ) =
∑
r|l

L(s, χDr2)

(
l

r

)1−2s

=
π(s+δD)/2

Γ(s+δD
2 )

∑
r|l

(
l

r

)1−2s∑
u|r

µ(u)χD(u)u−s
∫ ∞

0
θD(x)x(s+δD)/2d×x

Using the change of variables x 7→ l4u2

r4
x, the lemma follows.

Another form of this theta series ϑδ(x) that will be useful for us is the following:

Lemma 3.9. For ϑδ(x) as defined by 3.14,

ϑδ(x) =

′∑
f2|δ

f2δD+1
∞∑

m=1

mδDχδ/f2(m)e−πm2f4x

where ′ denotes sum over f such that δ/f2 is a discriminant.
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Proof. Applying the change of variables f = l
r and expanding θD, we arrive at

ϑδ(x) =

′∑
f2|δ

f2δD+1
∞∑

m=1

χD(m)mδD

 ∑
u|
(

l
f ,m

)µ(m)

 e−πm2f4x

Now the identity follows using Mobius inversion and the fact that

χDr2(m) =


χD(m) (m, r) = 1

0 else

We end this section with the following theorem that sets up the functional equation

satisfied by ϑδ(x).

Theorem 3.10 (Functional equation for theta series of Zagier L-function). ϑδ(x) defined as

in (3.14) for δ = Dl2 satisfies the functional equation given by

ϑDl2(x) =
1

(|D|l2x)δD+1/2

∞∑
n=1

vn,l χD

(
n

v2n,l

)
nδDe

− πn2

D2l4x (3.15)

where

vn,l =


0 there does not exist any v such that

(
l
v ,

n
v2

)
= 1

vn,l unique vn,l such that
(
l
v ,

n
v2

)
= 1

Proof. Using the definition of ϑDl2(x) (3.14) and the functional equation for θD (3.6), we

find that

ϑDl2(x) =
1

(|D|l2x)δD+1/2

∑
r|l

r2δD+1
∑
u|r

µ(u)χD(u)u−(δD+1)θD

(
r4

D2u2l4x

)
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Setting r = uv and then expanding θD, one arrives at

1

(|D|l2x)δD+1/2

∑
r|l
r|n

∑
v|r

v|n/r

v µ
(r
v

)
χD

( n
v2

) e
− πn2

D2l4x

Using the substitution r = vm, the sum in the bracket simplifies using Mobius inversion as

follows

∑
r|l
r|n

∑
v|r

v|n/r

v µ
(r
v

)
χD

( n
v2

)
=
∑
v|l
v2|n

∑
m|l/v
m|n/v2

vχD

( n
v2

)
µ(m) = vn,lχD

(
n

v2n,l

)

where we have again used Mobius inversion identity for the last equality.
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CHAPTER 4

ELLIPTIC PART OF TRACE FORMULA AND THE

DOMINANT TERM

Having established the necessary background and preliminary results, we are now ready to

study the elliptic part of the trace formula. We begin this chapter by setting up the elliptic

contribution and carrying out several initial simplifications. In the following chapter, we

use the theta series associated with the Zagier L-function to smooth the singularities of the

archimedean orbital integrals and apply Poisson summation. We then analyze the resulting

Dirichlet series and conclude by proving the meromorphic continuation of the dominant term.

4.1 Elliptic part of trace formula

Recall that the elliptic part of the trace formula is given by

T k
ell(sB , s) =

∑
d∈Q×

∑
t∈Q

t2−4d6=�

I(t,d)(sB , s) (4.1)

From 3.1 and 3.5, we know that for λ = (t, d) ∈ Q × Q× with t2 − 4d = f2D, with D

fundamental discriminant

- I(t,d)(sB , s) = Iλ,∞(sB , s)×
∏

q Iλ,q(sB , s)

- Iλ,∞(sB , s) = 0 unless d > 0. In case when d > 0; from 3.1 we have

Iλ,∞ = d
s
2 I

sB ,s
∞

(
t

2
√
d

)

with

I
sB ,s
∞ (α) = Cκ(s)Pκ (s, α)
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where the components are as in 3.1.

- Iλ,q(sB , s) = 0 unless t ∈ Zq ∀q and d ∈ Zk
q ∀q; and when these conditions are satisfied

Iλ,q(sB , s) = q−n(sB+k
2 )ζD,q(s)

min(m,l)∑
j=0

q−j(s−1)µ(k, n, j)L
(D)

ql−j (s)

with the terms as in 3.5. Note that here, m = vq(t), l = vq(f) and n = vq(d) changes

as q changes.

Thus, the support of the summations in 4.1 is in fact restricted to d ∈ Z>0 and t ∈ Z. In

the case when this happens, let d = dk0 . Then, from the definition of the Zagier L-function

3.7 we find that

I(t,d)(sB , s) = Iλ,∞(sB , s)×
∏
q

Iλ,q(sB , s)

=d
ks
2
0 I

sB ,s
∞

 t

2
√
dk0

∏
q

q−vq(d0)(sB+k
2 )ζD,q(s)

∏
q

min(vq(t),vq(f))∑
j=0

q−j(s−1)µ(k, vq(d0), j)L
(D)

qvq(f)−j (s)


=d

−sB+k
2 (s−1)

0 I
sB ,s
∞

 t

2
√
dk0

 ζ(s)
∑

u|f, u|t
u−(s−1)Ck(d0, u)L

(
s,
t2 − 4dk0
u2

)
(4.2)

where

Ck(d, u) =
∏
q

µ(k, vq(d), vq(u)) (4.3)

Thus, the elliptic part of the trace formula becomes

T k
ell(sB , s) = ζ(s)

∞∑
d=1

1

dsB−k
2 (s−1)

∑
t∈Z

t2−4dk 6=�

I
sB ,s
∞

(
t

2
√
dk

) ∑
u|f, u|t

u−(s−1)Ck(d, u)L

(
s,
t2 − 4dk

u2

)

(4.4)
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4.1.1 A simplification

Recall that we are interested in the meromorphic continuation of

Ress=1T
k
ell(sB , s)

in the variable sB . As such, we break the elliptic part (4.4) according to R-conjugacy classes,

that is

T k
ell(sB , s) = T k

ell,,≥0(sB , s) + T k
ell,<0(sB , s)

where T k
ell,≥0(sB , s) denotes the sum over pairs (t, d) with t2 − 4dk > 0 and similarly,

T k
ell,<0(sB , s) denotes the sum over pairs (t, d) with t2 − 4dk < 0.

Because IsB ,1
∞

(
t

2
√
dk

)
= 0 for t2 − 4dk > 0(3), we have that

Ress=1T
k
ell,≥0(sB , s) = 0

Hence, we will focus on

T k
ell,<0(sB , s) = ζ(s)

∞∑
d=1

1

dsB−k
2 (s−1)

∑
t∈Z

t2−4dk 6=�

Fs

(
t

2
√
dk

) ∑
u|f, u|t

u−(s−1)Ck(d, u)L

(
s,
t2 − 4dk

u2

)

= ζ(s)
∞∑
d=1

1

dsB−k
2 (s−1)

∑
u≥1
u2|dk

u−(s−1)Ck(d, u)Hs

(
dk

u2

)
(4.5)

with Fs supported only on R-elliptic elements, that is

Fs(x) =


I
sB ,s
∞ (x) x2 < 1

0 otherwise
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and

Hs(n) =
∑
t∈Z

t2−4n 6=�

Fs

(
t

2
√
n

)
L
(
s, t2 − 4n

)
(4.6)

Remark. - The simplification introduced in this section is primarily for technical con-

venience, as it allows certain interchanges to be justified more easily. The argument

would still remain valid without this simplification, though the resulting analysis would

be technically more involved.

- Hs(n) is reminiscent of the elliptic part of a trace formula over SL2.

4.2 Smoothing and Poisson summation

In this section, we study Hs(n) by first smoothing Fs and then applying Poisson sum-

mation. At present, the function Fs(x) is compactly supported and bounded, but it has

singularities at x = ±1. Although Poisson summation can technically be applied directly

in this setting, doing so does not yield sufficiently strong bounds for the resulting Fourier

transforms. Smoothing these singularities is therefore essential for obtaining the analytic

estimates needed later. In particular, these bounds will be required to extend the region of

convergence of Ress=1 T
k
ell,≥0(sB , s).

Using techniques similar to the proof for the analytic continuation of the Riemann zeta

function, we arrive at the following theorem

Just like the proof for analytic continuation of the Riemann zeta function via theta series,
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we write the Zagier L-function as a Mellin transform of associated θ-series (3.8) to get

Hs(n) =
∑
t∈Z

t2−4n 6=�

Fs

(
t

2
√
n

)
L
(
s, t2 − 4n

)

=
∑
t∈Z

t2−4n 6=�

π(s+δt)/2

Γ(s+δt
2 )

Fs

(
t

2
√
n

)∫ ∞

0
ϑδ(x)x

(s+δt)/2d×x, δ = t2 − 4n

Now using the change of variables x 7→ x
|t2−4n| , and then breaking the integral, we find that

Hs(n) =
∑
t∈Z

t2−4n 6=�

π(s+δt)/2

Γ(s+δt
2 )

Fs

(
t

2
√
n

)
|t2 − 4n|−

s+δt
2 I(t2 − 4n) (4.7)

where

I(t2 − 4n) =

∫ ∞

1
ϑδ

(
1

|t2 − 4n|x

)
x−

s+δt
2 d×x+

∫ ∞

1
ϑδ

(
x

|t2 − 4n|

)
x
s+δt
2 d×x

We first simplify I in the following proposition.

Lemma 4.1. The individual components of I are given by

∫ ∞

1
ϑδ

(
1

|t2 − 4n|x

)
x−

s+δt
2 d×x

=
∞∑
k=1

vk,l χD

(
k

v2k,l

)
ks−1

(
|t2 − 4n|

π

)− s
2+

δt+1
2

Γ

(
−s
2
+
δt + 1

2
,

πk2

|t2 − 4n|

)

and

∫ ∞

1
ϑδ

(
x

|t2 − 4n|

)
x
s+δt
2 d×x

=

′∑
f2|δ

f2δt+1
∞∑
l=1

lδtχ t2−4n
f2

(l)

(
|t2 − 4n|
πl2f4

) s+δt
2

Γ

(
s+ δt
2

,
πl2f4

|t2 − 4n|

)
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where

Γ(z, x) =

∫ ∞

x
e−uuz−1du, x ∈ R>0, z ∈ C

Proof. For the first integral, the result follows by applying the functional equation (3.15) and

interchanging the summation and the integral. For the second integral, we directly apply

the alternate form for the theta series (3.9) and interchange the summations and integrals.

In both cases, the interchange is valid due to the decay of the exponential and the fact that

the integral is away from 0 in both cases.

Using the above lemma in 4.7, we get

Hs(n) = H1
s (n) +H2

s (n)

H1
s (n) =

∑
t∈Z

t2−4n 6=�

πs−
1
2 |t2 − 4n|

1
2−s

Γ(s+δt
2 )

Fs

(
t

2
√
n

) ∞∑
k=1

vk,l χD

(
k

v2k,l

)
ks−1Γ

(
−s
2
+
δt + 1

2
,

πk2

|t2 − 4n|

)

H2
s (n) =

∑
t∈Z

t2−4n 6=�

1

Γ(s+δt
2 )

Fs

(
t

2
√
n

) ′∑
f2|δ

1

f2s−1

∞∑
l=1

1

ls
χ t2−4n

f2

(l) Γ

(
s+ δt
2

,
πl2f4

|t2 − 4n|

)

In the next two propositions, we treat each of the terms Hi
s(n), i = 1, 2 and apply Poisson

summation.

Proposition 4.2. The term given by H1
s (n) is equal to

(4n)1−sπs−
1
2

4Γ(s+1
2 )

∞∑
f=1

1

f3−2s

∞∑
l=1

1

l2−s

∑
ξ∈Z

Kll,f (ξ, n)Il,f (ξ, n)

where

Il,f (ξ, n) =

∫ 1

−1
(1− y2)

1
2−sFs(y)Φ1

( √
πlf2

2
√
n(1− y2)

)
e

(
−ξ

√
ny

2lf2

)
dy (4.8)

with

Φ1(x) = Γ
(
1− s

2
, x2
)

(4.9)
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and

Kll,f (ξ, n) =
∑

a mod 4lf2

a2−4n≡0 mod f2

a2−4n
f2

≡0,1 mod 4

(
a2 − 4n/f2

l

)
e
2πiξa

4lf2 ,
( ·
·

)
: Legendre symbol

Proof. Observe that by the simplification (4.5), the t-sum is finite and the k-sum converges

due to the exponential, hence we can interchange the sums. Moreover, by the same simpli-

fication, whenever t2 − 4n = �, Fs(t/2
√
n) = 0. Thus,

H1
s (n) = πs−

1
2

∞∑
k=1

ks−1
∑
t∈Z

t2−4n=Dl2

vk,lχD

(
k

v2k,l

)
G(k, t) (4.10)

with

G(k, t) =
|t2 − 4n|

1
2−s

Γ(s+δt
2 )

Fs

(
t

2
√
n

)
Γ

(
−s
2
+
δt + 1

2
,

πk2

|t2 − 4n|

)
We first focus on the t-sum. Note that in this sum, k is fixed. Let k = s(k)2ksf, ksf being

square-free and let l = vb. Then only b satisfying (b, k/v2) = 1 appear in the sum. Hence,

∑
t∈Z

t2−4n=Dl2

vk,lχD

(
k

v2k,l

)
G(k, t) =

∞∑
b=1

∑
v2|k

(b, k
v2

)=1

∑
t∈Z

t2−4n=D(kv)2

v χd

(
k

v2

)
G(k, t)

Observe here that D denotes a fundamental discriminant. To get rid of this not-so-nice

condition, we use Mobius inversion so that the above sum become

∞∑
b=1

∑
v2|k

(b, k
v2

)=1

∑
t∈Z

t2−4n≡0 mod b2v2

t2−4n
b2v2

≡0 mod 4

v χd

(
k

v2

)
G(k, t)

∑
u2| t2−4n

b2v2

µ(u)

Now interchanging the summation (which is valid because all the sums are finite by our
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simplification (4.5) ) and using the substitution bu = f , we arrive at

∑
v2|k

∞∑
f=1

∑
t∈Z

t2−4n≡0 mod f2v2

t2−4n
f2v2

≡0,1 mod 4

v χ t2−4n
f2v2

(
k

v2

)
G(k, t)W (f) (4.11)

where

W (f) =
∑
u|f

µ(u)χu2

(
k

v2

)
1{( k

v2
,
f

u
) = 1 =


1 f = 1

0 f > 1

by a simple application of Mobius inversion again. Substituting (4.11) into (4.10), we have

that

H1
s (n) = πs−

1
2

∞∑
k=1

ks−1
∑
v2|k

∑
t∈Z

t2−4n≡0 mod v2

t2−4n
v2

≡0,1 mod 4

v χ t2−4n
v2

(
k

v2

)
G(k, t)

= πs−
1
2

∞∑
f=1

∞∑
l=1

(lf2)s−1 f
∑
t∈Z

t2−4n≡0 mod f2

t2−4n
f2

≡0,1 mod 4

χ t2−4n
f2

(l)G(lf2, t) (4.12)

where the equality follows by setting v = l and k = lf2. Now observe that χ t2−4n
f2

(l) is

periodic in t mod 4lf2. Hence, the t-sum can be broken according to modulo class to get

∑
t∈Z

t2−4n≡0 mod f2

t2−4n
f2

≡0,1 mod 4

χ t2−4n
f2

(l)G(lf2, t) =
∑

a mod 4lf2

a2−4n≡0 mod f2

a2−4n
f2

≡0,1 mod 4

χa2−4n
f2

(l)
∑
t∈Z

t≡a mod 4lf2

G(lf2, t)

(4.13)

The t-sum on the right is now ready for Poisson summation. Let us unfold G to comment
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on the smoothing:

G(lf2, t) =
|t2 − 4n|

1
2−s

Γ(s+δt
2 )

Fs

(
t

2
√
n

)
Γ

(
−s
2
+
δt + 1

2
,
πl2f4

|t2 − 4n|

)

First, note that G(lf2, t) is bounded and rapidly decreasing except possibly at t = ±2
√
d. At

t = ±2
√
d, the incomplete Gamma factor is rapidly decreasing, and hence smooths out the

singularities of Fs. Therefore, the function G(lf2, t) is a Schwartz function in the variable t.

Now, for a function F ∈ S(R), the Poisson summation formula gives

∑
m∈Z

m≡a mod P

F (m) =
1

P

∑
ξ∈Z

F̂

(
ξ

P

)
exp

(
ξa

P

)
(4.14)

Applying this formula to the t-sum in (4.13), observing that Fs is only supported in (−1, 1)

and substituting the result in (4.12) simplifies H1
s (n)

πs−
1
2 (4n)1−s

4Γ(s+1
2 )

∞∑
f=1

1

f3−2s

∞∑
l=1

1

l2−s

∑
ξ∈Z

Kll,f (ξ, n)Il,f (ξ, n)

as claimed.

The term H2
s (n) is treated in an analogous manner and is, in fact, technically simpler.

We therefore state the resulting formula below without proof.

Proposition 4.3. The term H2
s (n) is equal to

2
√
n

4Γ(s+1
2 )

∞∑
f=1

1

f2s+1

∞∑
l=1

1

ls+1

∑
ξ∈Z

Kll,f (ξ, n)Jl,f (ξ, n)

where

Jl,f (ξ, n) =

∫ 1

−1
Fs(y)Φ2

( √
πlf2

2
√
n(1− y2)

)
e

(
−ξ

√
ny

2lf2

)
dy (4.15)
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with

Φ2(x) = Γ

(
s+ 1

2
, x2
)

(4.16)

and Kll,f (ξ, n) defined as in 4.2

We summarize the results of this section in the following theorem.

Theorem 4.4 (Smoothing and Poisson summation). For a fixed determinant n, the term

Hs(n) (4.6) is given by

2
√
n

4Γ(s+1
2 )

∞∑
f=1

1

f2s+1

∞∑
l=1

1

ls+1

∑
ξ∈Z

Kll,f (ξ, n)
(
Jl,f (ξ, n) +

(
lf2

√
π

2
√
n

)2s−1

Il,f (ξ, n)

)

with the terms given as in (4.2) and (4.3).

With this, the elliptic part of our trace formula T k
ell,<0(sB , s) can be given by

ζ(s)

2Γ(s+1
2 )

∞∑
d=1

1

dsB−ks
2

∑
u≥1
u2|dk

Ck(d, u)

us

∞∑
f,l=1

1

(lf2)s+
1
2

∑
ξ∈Z

Kll,f (ξ, d
k

u2
)

√
l

Hs
l,f (ξ,

dk

u2
) (4.17)

with

Hs
l,f (ξ, n) = Jl,f (ξ, n) +

(
lf2

√
π

2
√
n

)2s−1

Il,f (ξ, n) (4.18)

Before we analyze the dominant term corresponding to ξ = 0 in (4.17), we digress to a

Dirichlet series.

4.3 A Dirichlet series

For complex numbers w, sB ∈ C, define the Dirichlet series given by

D(w, sB) =
∞∑
u=1

1

u2w−1N(u)sB+k
2−kw

∞∑
d=1

Ck(N(u)d, u)

dsB+k
2−kw

∞∑
f,l=1

Kll,f (0,
N(u)dk

u2
)

f4w−1l2w
(4.19)
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where

N(u) =
∏
q

qd
2vq(u)

k e

We need the analytic properties of this series in treating the dominant term.

Observe that all the terms appearing in the Dirichlet series above are multiplicative and

hence can be broken down into local factors. The following lemma does this for the double

sum over f and l.

Lemma 4.5. For an integer n,

K(n) =
∞∑

f,l=1

Kll,f (0, n)
f2z+1lz+1

= 4
ζ(2z)

ζ(z + 1)

∏
q|n

(1− q−z(vq(n)+1))

(1− q−z)

Proof. Due to the multiplicative nature of Kll,f , the Dirichlet series breaks into Euler product

K(n) =
∏
q

Kq(n) (4.20)

with

Kq(n) =
∞∑

u,v=0

Klqv,qu(0, n)
pu(2z+1)pv(z+1)

(4.21)

Now, the Kloosterman sums Klqv,qu(0, n) can be computed explicitly. One identity used

multiple times ahead is Lemma 2 of Appendix A of [23], given by

∑
a mod q

(
a2 −N

q

)
= 1 (4.22)

Next, we compute this Kloosterman sums case-by-case for q 6= 2. For q = 2, the analysis is

similar, but little more technically involved. Let r = vq(n).

- u = 0, v = 0
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Clearly, Kl1,1(0, n) = 1

- u = 0, v > 0

In this case

Klqv,1 =
∑

a mod qv

(
a2 − 4n

qv

)
=


∑

a0 mod q

(
a20−4n
qv

)∑
a1 mod qv−1 1 r = 0

∑
a mod qv

(
a2
qv

)
r > 0

=


qv − qv−1

(
1 +

(
n
q

))
r = 0, v ≡ 0 mod 2

−qv−1 r = 0, v ≡ 1 mod 2

qv − qv−1 r > 0

This follows from the observation that r > 0 =⇒ q | n, and when r = 0, in the case

when v ≡ 1 mod 2, the result follows from 4.22.

- r ≥ 2u > 0, v = 0

Kl1,qu(0, n) =
∑

a mod q2u

a2≡4n mod q2u

1 = qu
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- r ≥ 2u > 0, v > 0

Klqv,qu(0, n) =
∑

a mod qv+2u

a2≡4n mod q2u

(
a2 − 4n/q2u

qv

)

=


∑

a0 mod qv+u

(
a20−4n0

qv

)
r ≡ 0 mod 2, 2u = r, n = qrn0∑

a0 mod qv+u

(
a20
qv

)
r > 2u

=


qv+u − qv+u−1

(
1 +

(
n0
q

))
r ≡ 0 mod 2, 2u = r, v ≡ 0 mod 2

−qv+u−1 r ≡ 0 mod 2, 2u = r, v ≡ 1 mod 2

qv+u − qv+u−1 r > 2u

This follows from the observation that r > 2u =⇒ a
q2u

≡ 0 mod q. On the other

hand, when 2u = r, we use 4.22 for the case of v ≡ 1 mod 2.

- 2u > r

Observe that in the case of r ≡ 1 mod 2, it is impossible to have a2 ≡ 4n mod q2u,

and hence, Klqv,qu(0, n) = 0. Let’s move to the case of r ≡ 0 mod 2 now. Again,

when v = 0, this becomes

Kl1,qu(0, n) =
∑

a mod q2u

a2≡4n mod q2u

1 = qr/2
(
1 +

(
n/qr

q

))

For the case of r ≡ 0 mod 2 and v > 0, let n = qrn0 and r = 2r0. In order to have

a2 ≡ 4n mod q2u, we must have
(
n0
q

)
= 1. Let’s assume that is the case moving

forward and let uj , j = 1, 2 be the two roots of u2j ≡ n0 mod q2u−r+1. Then the
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Kloosterman sum can be written as

Kl1,qu(0, n) =
∑

a mod qv+2u

a2≡4n mod q2u

(
a2 − 4n/q2u

qv

)

= qv−1
∑

a0 mod q1+2u

a20≡4n mod q2u

(
a20 − 4n/q2u

qv

)

= qv−1
∑

a1 mod q1+2u−r0

a21≡4n/qr mod q2u−r

(
a21 − 4n0/q

2u−r

qv

)

= qv+r0−1
∑
j=1,2

∑
a3 mod q

(
a3uj
qv

)

= qv+r0

(
1− 1

q

)(
1 +

(
n0
q

))
0 v ≡ 1 mod 2

1 v ≡ 0 mod 2

Now, the result follows by calculating the sum 4.21 and then substituting into the Euler

product 4.20.

We now use this lemma and study the series D(w) in the following proposition.

Proposition 4.6. For w, sB ∈ C and k = 2h, the Dirichlet series D(w, sB) (4.19) is given

by

D(w, sB) = 4
ζ(2z)

ζ(z + 1)

h∏
m=−h

ζ(sB −m(2w − 1))

Proof. By (4.5), it is enough to show that

G(z) =
m=h∏
m=−h

ζ(sB −mz)
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where

G(z) =
∞∑
u=1

1

uzN(u)sB−ks
2

∞∑
d=1

Ck(N(u), d)

dsB−kz
2

∏
q|N(u)k

u2
dk

1− q
−z(vq

(
N(u)kdk

u2

)
+1)

1− q−z

Now, since

Ck(d, u) =
∏
q

µ(k, vq(d), vq(u))

is multiplicative, we can write G(z) as an Euler product

G(z) =
∏
q

Gq(z) (4.23)

where for r = vq(u),m = vq(d) and n = d2rk e = d rhe, the local factors are given by

Gq(z) =
∑

m,r≥0

q−rz−(m+n)(sB−hz)µ(2h,m+ n, r)
1− q−z(2hn+2hm−2r+1)

1− q−z

Let us set M = m+ n and X = q−z. Observe that because µ(k,m+ n, r) is supported only

for 0 ≤ r ≤ hM , the r-sum is in fact finite, and we can rewrite the local factor as

Gq(z) =
∞∑

M=0

q−MsB
hM∑
r=0

µ(2h,M, r)SX(hM − r)

with

SX(a) =
a∑

i=−a

Xi
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Recall that the coefficients µ(2h,M, r) (2.8) are given by

µ(2h,M, r) = pM,2h(r)− pM,2h(r − 1), pM,2h(−1) = 0

2hM∑
r=0

pM,2h(r)q
r =

2h∏
j=1

1− qM+j

1− qj
=

[
M + 2h

2h

]
q

Observe that by definition, we also have the following symmetry

pM,2h(r) = pM,2h(2hM − r)

Using the telescoping nature of the coefficients µ(2h,M, r) and the above symmetry, we have

Gq(z) =
∞∑

M=0

q−MsBX−hM
2h∏
j=1

1−XM+j

1−Xj

=
∞∑

M=0

[
M + 2h

2h

]
X
(X−hq−sB )M

=
h∏

m=−h

(1− q−(sB−mz))−1

where the last equality comes from the q-binomial identity

∞∑
M=0

[
M +N

N

]
X
tM =

N∏
j=0

1

1−Xjt

The lemma now follows from (4.23).
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4.4 Dominant term of the elliptic part

In this section, we give meromorphic continuation of the dominant term of the elliptic part

given by

T
k,ξ=0
ell,<0 (sB , s) =

ζ(s)

2Γ(s+1
2 )

∞∑
d=1

1

dsB−ks
2

∑
u≥1
u2|dk

Ck(d, u)

us

∞∑
f,l=1

Kll,f (0, d
k

u2
)

(lf2)s+
1
2
√
l
Hs
l,f (0,

dk

u2
) (4.24)

The first step will be writing Hs
l,f (0, n) as a Mellin transform. The following lemma does

this.

Lemma 4.7. We can write

Hs
l,f (0, n) = Jl,f (0, n) +

(√
πlf2

2
√
n

)2s−1

Il,f (0, n)

as

Hs
l,f (0, n) =

1

2πi

∫
(2)

(2w − 3
2)

(w + s
2 − 1)(w − s+1

2 )
Γ(w)F(w, s)

(√
πlf2

2
√
n

)−2w+s+1

dw (4.25)

with

F(w, s) =

∫ 1

−1
Fs(y)(1− y2)w−

s+1
2 dy (4.26)

Proof. Note that for Φ1(x) and Φ2(x) as defined in (4.9) and (4.16) respectively, we have

Φ̃1(z) =
1

z
Γ
(z
2
+ 1− s

2

)
, Φ̃2(z) =

1

z
Γ

(
z

2
+
s+ 1

2

)
(4.27)

In particular, for R(s) < 2 (which we assume to be the case, we really are interested in the

66



region near R(s) = 1), Φ̃1(z) and Φ̃2(z) do not have poles in the region R(z) > 0. Hence,

(√
πlf2

2
√
n

)2s−1

Il,f (0, n) =
1

2πi

∫ 1

−1
(1− y2)

1
2−s

∫
(2− s

2 )

Γ(w2 + 1− s
2)

w

( √
πlf2

2
√
n(1− y2)

)−w

dw dy

=
1

2πi

∫
(2)

1

(w + s
2 − 1)

Γ(w)

(√
πlf2

2
√
n

)−2w+s+1(∫ 1

−1
Fs(y)(1− y2)w−

s+1
2 dy

)
dw

where in the last line we have used the substitution w 7→ 2w+s−2. Note that the interchange

is valid due to rapid decay of Gamma functions in vertical strips.

Similarly, we have

Jl,f (0, n) =
1

2πi

∫
(2)

1

(w − s+1
2 )

Γ(w)

(√
πlf2

2
√
n

)−2w+s+1(∫ 1

−1
Fs(y)(1− y2)w−

s+1
2 dy

)
dw

and the claim follows.

We now prove the main theorem below.

Theorem 4.8. The dominant term of the elliptic contribution

T
k,ξ=0
ell (sB) = Ress=1T

k,ξ=0
ell,<0 (sB , s)

admits meromorphic continuation to R(sB) ≥ 0 with a pole of order k at sB = 1.

Remark. We prove the theorem for the case k = 2h. This assumption is made purely for

computational convenience; the result remains valid for all k ∈ Z>0

Proof. By the above lemma, we have

T
k,ξ=0
ell,<0 (sB , s) =

ζ(s)

2Γ(s+1
2 )

∞∑
d=1

1

dsB−ks
2

∑
u≥1
u2|dk

Ck(d, u)

us

∞∑
f,l=1

1

(lf2)s+
1
2

Kll,f (0, d
k

u2
)

√
l

Hs
l,f (0,

dk

u2
)

=
ζ(s)

2Γ(s+1
2 )

∞∑
d=1

A(d, s)

dsB
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where

A(d, s) =
d−

k
2

2πi

∑
u2|d

u Ck(d, u)
∞∑

l,f=1

Kll,f (0,
dk

u2
)f

∫
(2)

(2w − 3
2)Γ(w)F(w, s)

(w + s
2 − 1)(w − s+1

2 )

(√
πlf2u

2
√
dk

)−2w

dw

For sufficiently large R(sB), Perron’s formula gives

∑
d≤X

A(d, s) =
1

(2πi)2

∫
(16h2)

Xu

u

∫
(2)

(2w − 3
2)Γ(w)F(w, s)

(w + s
2 − 1)(w − s+1

2 )

(√
π

2

)−2w+s+1

D(w, u)dwdu

=
21−sπ

s+1
2

(2πi)2

∫
(16h2)

Xu

u

∫
(2)

(2w − 3
2)Γ(w)F(w, s)ζ(4w − 2)

(w + s
2 − 1)(w − s+1

2 )ζ(2w)

(√
π

2

)−2w h∏
m=−h

ζ(u−m(2w − 1))dwdu

where we have used the description of D(w, sB) from (4.6). The rest of the proof is obtained

by shifting the w-contour to the right beyond the poles, interchanging the integrals and then

shifting the sB-contour to left of 0 while keeping track of the poles being crossed. Let’s do

this in steps. First, we shift the w contour far right past all poles, say R(w) = 8h. In the

region between R(w) = 2 and R(w) = 8h,

- There are no poles from (2w−3
2 )Γ(w)F(w,s)ζ(4w−2)

(w+ s
2−1)(w− s+1

2 )ζ(2w)
.

- The poles of
∏h

m=−h ζ(sB −m(2w − 1)) has poles at

w =
1

2
+
u− 1

2n
, n = 1, 2, . . . h

with

Resw=1
2+

u−1
2n
ζ(u− 2nw + n) = − 1

2n
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Thus,

∫
(16h2)

Xu

u

∫
(2)

(2w − 3
2)Γ(w)F(w, s)ζ(4w − 2)

(w + s
2 − 1)(w − s+1

2 )ζ(2w)

(√
π

2

)−2w h∏
m=−h

ζ(u−m(2w − 1))dwdu

=

∫
(16h2)

Xu

u

∫
(8h)

(2w − 3
2)Γ(w)F(w, s)ζ(4w − 2)

(w + s
2 − 1)(w − s+1

2 )ζ(2w)

(√
π

2

)−2w h∏
m=−h

ζ(u−m(2w − 1))dwdu

(4.28)

+ 2πi
h∑

n=1

R(n) (4.29)

with R(n) given by

∫
(16h2)

Xu

u

(2u− 2− n)Γ(u−1+n
2 )F(u−1+n

2 , s)ζ(2u−2
n )

(u− 1− n+ ns)(u− 1− ns)

(√
π

4

)1−u−n
n

h∏
m=−h

m6=n,n−1

ζ(
un−mu+m

n
)du

(4.30)

We first treat (4.28). Because of rapid decay of the Gamma factor and polynomial growth

of zeta functions and F in vertical strips, we can freely interchange the integrals, and shift

the u-integral to R(u) = −1
4 . The only poles this picks up are at u = 1 (coming from

ζ(u−m(2w − 1) at m = 0) and u = 0 (from 1
u). Hence, the term (4.28) is

A(s)X +O(1)

We shift the u-integrals in (4.30) to R(u) = −1
4 . For this shift, in the region between

R(u) = 7h to R(u) = −1
4

- Pole of order at most 1 at u = 0

- Pole of order 1 at u = 1 + ns. Note that at s = 1, this pole is canceled by the zero of

F (that is F(1, 1) = 0)

- The pole at u = 1 + n
2 is canceled by the zero of (2u− 2− n).
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- A pole of order 1 at u = 1+ n(1− s). Note that at s = 1, this contributes an order to

the pole at u = 1.

- Pole at u = 1 of order 2h− 1 coming from the product of zeta functions.

In summary, we have, for 0 < s < 2 and s 6= 1

∑
d≤X

A(d, s) =
h∑

n=1

B(s)X1+ns +
h∑

n=1

C(s)X1+n(1−s) +XP2h−2(X) +O(1) (4.31)

Note that the pole from (4.28) is engulfed in the pole of order 2h− 1 in (4.30) At s = 1, due

to (4.4), we simply have

∑
d≤X

A(d, s) = XP2h−1(X) +O(1) (4.32)

Recall that

T
k,ξ=0
ell (sB) = Ress=1

ζ(s)

2Γ(s+1
2 )

∞∑
d=1

A(d, s)

dsB

=
1

2

∞∑
d=1

A(d, 1)

dsB

(4.32) now implies the claim.
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