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ABSTRACT

Icy moons are satellites orbiting the giant planets in the outer solar system. Some of

them are believed to harbor global liquid oceans beneath ice shells, and are therefore prime

targets in the search for life beyond Earth. Direct observations of these oceans are nearly im-

possible because the oceans are hidden beneath ice shells tens of kilometers thick. One of the

few observational constraints is the ice shell thickness distribution inferred from shape and

gravity measurements, which is closely linked to ocean circulation and heat transport. Un-

derstanding the dynamical processes that govern ocean heat transport is therefore essential

for interpreting observations and assessing the habitability of icy moon oceans.

Ocean heat transport in icy moon oceans is primarily controlled by two processes: baro-

clinic eddies driven by buoyancy forcing at the ice-ocean interface associated with ice thick-

ness variations, and slantwise convection driven by heating from the underlying silicate core.

In this dissertation, we first study how salinity influences ocean stratification and circulation,

as well as the meridional heat transport by baroclinic eddies on Enceladus. Then, we turn

to slantwise convection in rapidly rotating icy moon oceans. Unlike the upright convection

commonly assumed in terrestrial ocean models, slantwise convection in icy moon oceans is

strongly influenced by planetary rotation and develops preferentially along the rotation axis.

Traditional convection parameterizations cannot adequately represent convection in rapidly

rotating icy moon oceans. We therefore use theoretical analysis and numerical simulations to

investigate the instability criterion and heat transport scaling laws for slantwise convection

in icy moon oceans. Based on these results, we develop a new slantwise convection parame-

terization for global ocean simulations that captures the poleward heat transport neglected

by traditional convection schemes. We apply this parameterization to study the interaction

between baroclinic eddies, which transport heat equatorward on Enceladus, and slantwise

convection, which transports heat poleward.

Scaling analysis suggests that on Europa, Titan, and Ganymede, baroclinic eddies dom-

xiv



inate the meridional heat transport when the equator-to-pole ice thickness contrast exceeds

about 10 m, whereas slantwise convection dominates when the contrast is smaller. On Ence-

ladus, the entire ocean can convect when the salinity is sufficiently high, whereas a global

stably stratified layer forms near the ocean surface when the salinity is sufficiently low. Re-

gardless of salinity, baroclinic eddies are expected to dominate the meridional heat transport

on Enceladus due to its large ice shell thickness gradient inferred from shape and gravity mea-

surements. The resulting equatorward heat transport acts to smooth the poleward-thinning

ice shell geometry, indicating that ocean heat transport alone is unlikely to maintain the

present-day ice shell topography on Enceladus.
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CHAPTER 1

INTRODUCTION

Icy moons are satellites orbiting giant planets in the solar system, mainly around Jupiter

and Saturn (Table 1.1). Our curiosity about the icy moons can be traced back to their first

discovery by Galileo in the 1600s. Centuries later, the Galileo and Cassini space missions

have turned this curiosity into scientific discovery, uncovering subsurface oceans beneath the

ice through gravitational and magnetic field measurements (Khurana et al., 1998; Neubauer,

1998; Zimmer et al., 2000; Kivelson et al., 2002; Iess et al., 2012; McKinnon, 2015; Thomas

et al., 2016). Some of these hidden oceans are in contact with rocky cores and may hold

the keys to life’s potential beyond Earth, making icy moons prime targets in the search for

extraterrestrial life in the solar system (McKay et al., 2008; Hsu et al., 2015; Sekine et al.,

2015; Waite et al., 2017).

Hidden beneath ice shells tens of kilometers thick, direct measurements of the subsurface

oceans are infeasible. The only exception so far is Enceladus, where tidal stresses open

cracks at the south pole, allowing material from the ocean interior to be ejected into space

as geysers, some of which forms Saturn’s E-ring (Showalter et al., 1991; Nicholson et al., 1996;

Spahn et al., 2006; Schmidt et al., 2008; Kempf et al., 2008), providing a unique opportunity

for direct sampling. In the ejecta, mass spectrometry data from Cassini detected salts, CO2,

CH4, H2, and silica nanoparticles (Waite et al., 2006; Hillier et al., 2007; Postberg et al.,

2009a,b; Hsu et al., 2015; Waite et al., 2017). The coexistence of H2 and silica points to

hydrothermal activity at the seafloor (Hsu et al., 2015; Sekine et al., 2015; Waite et al.,

2017), processes that sustain chemosynthetic ecosystems and may have fostered life’s origin

on Earth (Holm and Andersson, 2005; Shock, 2007; McKay et al., 2008). More recent analyses

have identified six primary bioessential elements (C, H, O, N, P, and S; Postberg et al., 2023)

and complex macromolecular organics (Postberg et al., 2018; Khawaja et al., 2025), further

suggesting that Enceladus’s ocean could be chemically habitable. To better connect these

1



Table 1.1: Icy moon ocean parameters. The first section is adapted from Table 1 in
Soderlund (2019). The heat flux Q, planetary radius R, and ocean depth H are based on
Vance et al. (2018); the thermal expansivity αT is taken from Vance (2017). Note that
these parameters are representative values derived from selected interior models rather than
direct observations. Estimates involving negative thermal expansivity are excluded, as such
values suppress convection driven by bottom heating (Zeng and Jansen, 2021). Ω is the
planetary rotation rate, and g is the surface gravity. The second section presents derived
quantities based on these parameters. The natural Rossby number is defined as Ro∗ ≡
B1/2(2Ω)−3/2H−1, where B = QgαT /(ρcp) is the bottom buoyancy flux, ρ ≈ 1000 kg m−3

is the density, and cp = 4000 J kg−1 K−1 is the heat capacity of water. The plume scale is
estimated as lplume = 5B1/4(2Ω)−3/4H1/2 (see Chapter 4 for details). The existence of a
global ocean on Titan remains under debate (Petricca et al., 2025), but we still include its
parameters here for reference.

Parameter Enceladus Titan Europa Ganymede
Q (mW m−2) 16–83 14–20 23–123 15–107

R (km) 252 2575 1561 2631
g (m s−2) 0.1 1.4 1.3 1.4

αT (10−4 K−1) 0.1–1.3 0.4–4.2 1.9–2.5 1.9–4.4
2Ω (s−1) 1.1× 10−4 9.2× 10−6 4.2× 10−5 2.0× 10−5

H (km) 11–63 91–420 97–131 24–518
B (10−14 m2 s−3) 0.4–27.0 19.6–294 148–938 120–1650
lplume (×0.01◦) 0.6–3.9 2.7–11.3 2.4–4.4 2.6–10.6
Ro∗ (×10−5) 0.1–4 4–50 4–10 2–40

2



measurements and future observations to the ocean habitability, it is important to trace the

observed surface materials back to their sources and formation processes within the ocean,

which in turn requires a better understanding of ocean circulation.

Because Enceladus provides the most direct observational access to a subsurface ocean

through its geyser activity, we will use it as the primary example throughout this intro-

duction. Nevertheless, many of the fundamental processes governing ocean circulation and

heat transport are shared among icy moons, and the concepts discussed here are broadly

applicable to other ocean worlds, although their detailed planetary parameters may differ

(Table 1.1). Enceladus has a solid core of about 190 km in radius, an ocean of about 40 km

in depth, and is covered by an ice shell with an average thickness of 20 km, according to

gravity (Iess et al., 2014) and topography (Nimmo et al., 2011; Tajeddine et al., 2017) obser-

vations and models. To maintain a global ocean beneath the ice shell and to account for the

observed heat loss of approximately 10 GW from the south polar region (Spencer et al., 2006;

Howett et al., 2011; Spencer et al., 2013), Enceladus must possess an internal energy source,

most likely associated with tidal dissipation. Solar heating is insufficient because Enceladus

receives little solar radiation due to its large distance from the Sun, the high surface albedo,

and the inability of the remaining solar energy to penetrate the ice shell over tens of kilome-

ters. Instead, the observed O(10 GW) heat loss may be supplied by tidal dissipation within

the porous rocky core and/or the ice shell, although the partitioning between them remains

poorly constrained. Tidal dissipation within the ice shell, as well as turbulent dissipation

of water in conduits at the south pole (Kite and Rubin, 2016), can potentially generate up

to O(10 GW) of heat (Beuthe, 2019; Souček et al., 2019). However, the rheology of Ence-

ladus’s ice shell remains poorly understood, leading to substantial uncertainty in estimates

of dissipation in the ice shell. The low bulk density of Enceladus suggests that the core

may be porous, potentially allowing tidal dissipation rates of O(10 GW) (Iess et al., 2014;

Roberts, 2015; Travis and Schubert, 2015; Čadek et al., 2016; Choblet et al., 2017), although
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the core porosity is also poorly constrained. By contrast, tidal dissipation within the ocean

itself is generally considered negligible relative to dissipation in the ice shell and rocky core

(Nimmo et al., 2018), owing to the small obliquity of Enceladus (Chen and Nimmo, 2011),

the large ocean depth (Tyler, 2011; Hay and Matsuyama, 2017, 2019), and the presence of

an overlying ice shell (Beuthe, 2016). In addition, libration has been proposed as a source

of dissipative heating within the ocean, contributing up to O(0.1 GW) (Lemasquerier et al.,

2017; Wilson and Kerswell, 2018; Rekier et al., 2019).

Even for Enceladus, direct measurements of ocean circulation are difficult because of the

surface ice shell. We therefore have to rely on indirect measurements to infer the ocean state,

and one of them is the ice thickness distribution. On Enceladus, the ice shell thickness is

not uniform. Based on shape, gravity, and libration measurements, Hemingway and Mittal

(2019) inferred an equator-to-pole ice shell thickness contrast of approximately 10–30 km1,

assuming Airy isostatic compensation. The significant gradient in the ice shell thickness

suggests an equator-to-pole ice flow. If the ice shell on Enceladus is in an equilibrium state,

the equator-to-pole mass transport of the ice flow must be balanced by ice freezing at the

equator and melting at the pole. The freezing and melting rate required to balance the ice

flow is estimated to be a few millimeters per year2, or equivalently, O(0.01 W m−2) of latent

heat caused by freezing and melting (Čadek et al., 2019). This spatially varying latent heat-

ing could possibly be a result of the tidal dissipation in the ice shell, which is expected to

peak at the poles and be amplified where the ice shell is thin (Kang and Flierl, 2020). Mean-

while, the tidal heating in the bottom solid core also peaks at the pole, and thus could also

help to maintain the ice geometry. However, the ocean transports heat meridionally, which

modulates the bottom heating pattern before reaching the surface. Understanding ocean

1. These values are based on the preferred model. For discussions of alternative assumptions regarding
isostatic compensation and elastic flexural support, see Hemingway and Mittal (2019).

2. Throughout this dissertation we will use years (and similarly months and days) as referring to Earth-
years.
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heat transport is therefore important in interpreting the ocean circulation and stratification

from surface observations of the ice shell thickness distribution.

We focus on two key dynamical processes that govern ocean circulation in icy moon

oceans. First, heating from the silicate core (Choblet et al., 2017) drives convection. Under

the strong rotational constraints expected on icy moons, convection tends to organize into

columnar structures aligned with the planetary rotation axis rather than purely vertical

plumes, namely slantwise convection. Second, horizontal density gradients at the ice-ocean

interface drive overturning circulations and baroclinic eddies (Kang et al., 2022c; Zhang

et al., 2024, 2025b). These gradients originate from freezing point variations caused by ice

thickness gradients, as well as salt fluxes from spatial variations in freezing and melting rates.

These processes have very different spatial scales, making numerical modeling difficult.

Specifically, convective plumes under icy moon conditions are extremely small, about 0.01–

0.1◦ in latitude (Table 1.1), and thus not resolved in current global ocean models. Most mod-

els, therefore, rely on convective adjustment schemes developed for Earth’s oceans (Marotzke,

1991), which assume purely vertical mixing (i.e., parallel to gravity). This assumption is in-

compatible with the rotationally aligned convection on icy moons, raising concerns about

the accuracy of current parameterizations. In this dissertation, we use a hierarchy of models

to study different heat transport mechanisms, first in isolation and then in combination.

In Chapter 2, we use a global ocean General Circulation Model (GCM) to investigate

ocean circulation and heat transport on Enceladus. We focus on the role of mean ocean

salinity. The results show that a stably stratified layer forms if the salinity is low enough,

which suppresses convection in the upper ocean. Regardless of salinity, the meridional heat

transport is dominated by baroclinic eddies and is equatorward, acting to smooth the ob-

served poleward-thinning ice shell geometry. However, the convection scheme employed in

this chapter is adapted from Earth’s oceans and does not represent the rotation-aligned slant-

wise convection expected on icy moons. This motivates the development of a new slantwise
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convection scheme in Chapters 3 to 5.

In Chapter 3, we investigate the instability criteria for slantwise convection. We derive

the general instability criterion for symmetric instability in a rotating Boussinesq fluid. For

icy moons, the Rossby number is much smaller than unity (Table 1.1), so rotation plays a

dominant role in the dynamics. In this regime, the instability criterion reduces to unstable

stratification along the rotation axis, rather than along gravity as assumed in traditional

convection schemes. This result demonstrates the need for a new convection parameterization

that accounts for the rotation-aligned nature of convection in icy moon oceans.

In Chapter 4, we investigate heat transport by slantwise convection using local convection-

resolving simulations in the icy moon parameter regime. We find that the heat transport

along convective plumes follows the classical CIA (Coriolis–Inertial–Archimedean) scaling

(Aurnou et al., 2020). In addition, slantwise convection produces significant heat transport

across the plumes, for which we derive a new scaling law. The total heat transport is both

upward and poleward, opposite to the equatorward transport associated with baroclinic

eddies. This raises the question of how heat transport by slantwise convection compares

with that by baroclinic eddies in global icy moon oceans. To address this question, the next

chapter develops a parameterization for slantwise convection that represents the effects of

unresolved convective plumes in global ocean models.

In Chapter 5, we develop a parameterization for slantwise convection in global ocean sim-

ulations. We benchmark the scheme against convection-resolving simulations and find that

it successfully reproduces the meridional heat transport, although it does not fully capture

the temperature structure, likely due to the lack of a proper representation of the boundary

layers. By contrast, the traditional convection scheme fails to capture the meridional heat

transport and produces even larger deviations in the temperature field. These results demon-

strate that the scheme can represent the heat transport associated with unresolved slantwise

convection in global ocean models, enabling direct comparisons between heat transport by

6



slantwise convection and baroclinic eddies.

In Chapter 6, we apply the scaling laws for heat transport by slantwise convection and

baroclinic eddies to predict their relative importance in icy moon oceans, and test these pre-

dictions using global simulations with the slantwise convection parameterization developed in

Chapter 5. We find that baroclinic eddies dominate the meridional heat transport on Ence-

ladus, and the conclusions of Chapter 2 remain largely unchanged. On Europa, Ganymede,

and Titan, the ice thickness contrast is poorly constrained. We show that the dominant

transport mechanism depends on the amplitude of ice shell thickness variations: slantwise

convection dominates when ice shell thickness variations are small, whereas baroclinic eddies

dominate when thickness variations are sufficiently large.

In Chapter 7, we provide a summary and conclusion of the dissertation, as well as direc-

tions for future work.
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CHAPTER 2

THE EFFECT OF SALINITY ON OCEAN CIRCULATION AND

ICE-OCEAN INTERACTION ON ENCELADUS

An earlier version of this chapter was published as: Zeng, Yaoxuan, and Malte F. Jansen.

“The effect of salinity on ocean circulation and ice–ocean interaction on Enceladus.” The

Planetary Science Journal 5, no. 1 (2024): 13.

2.1 Introduction

Enceladus is believed to have a global ocean of about 40 km in depth under a global ice

shell (e.g., Postberg et al., 2011; Patthoff and Kattenhorn, 2011; Thomas et al., 2016). The

energy source that maintains the global liquid ocean and a heat loss of about 10 GW at the

south polar region (Spencer et al., 2006; Howett et al., 2011; Spencer et al., 2013) is believed

to primarily come from tidal dissipation (Iess et al., 2014; Roberts, 2015; Čadek et al., 2016;

Choblet et al., 2017; Lemasquerier et al., 2017; Wilson and Kerswell, 2018; Beuthe, 2019;

Souček et al., 2019; Rekier et al., 2019; Soderlund et al., 2020). Although the fraction of tidal

heating coming from the solid core and the ice shell remains highly uncertain, some heating

from the bottom solid core is expected, which fundamentally shapes the ocean circulation

on Enceladus.

The ice shell on Enceladus is about 20 km thick on average, and is not flat: it is thickest

at the equator (over 30 km) and thinnest at the south polar region (less than 10 km). There

is also an interhemispheric asymmetry in the ice shell with ice being thinner at the south

pole than at the north pole (Beuthe et al., 2016; Čadek et al., 2019; Hemingway and Mittal,

2019). The significant gradient in the ice shell thickness suggests an equator-to-pole ice flow.

If the ice shell on Enceladus is in an equilibrium state, the equator-to-pole mass transport

of the ice flow must be balanced by ice freezing at the equator and melting at the pole in
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the order of 0.01 W m−2 (Čadek et al., 2019).

Freezing and melting of the ice is determined by the heat budget. The associated latent

heat (QLH , with melting defined as positive) has to match the imbalance between the heat

flux from the ocean to the ice (Qoi) and the upward heat flux within the ice shell. Since the

ice shell on Enceladus is unlikely to be convecting (Nimmo et al., 2018), we assume that the

upward heat flux in the ice is purely due to conduction (Qcond). The energy balance at the

ice-ocean interface is then: Qcond +QLH = Qoi. The conductive heat flux at the ice-ocean

interface in turn is modulated by the ice shell thickness, as well as the tidal heating in the

ice shell (Qi). Without strongly localized tidal heating in the ice shell, conductive heat loss

is strongest at the pole where the ice is thinnest, which would favor ice freezing at the pole -

the opposite of what is needed to maintain the ice geometry. Tidal dissipation in the ice shell

could be a possible answer to the problem, since it is strongest at the pole and is amplified

where the ice is thin (e.g., Beuthe, 2018, 2019), and thus could potentially allow for melting

at the pole. Alternatively, the heat flux from the ocean, Qoi, could be amplified at the pole.

The global ocean heat flux to the ice comes from the tidal heating in the bottom solid core

that peaks at the pole (Choblet et al., 2017), but the spatial pattern is modulated by the

ocean circulation, which is the focus of this chapter.

Previous studies have explored the global ocean circulation on Enceladus and other icy

moons (Soderlund et al., 2014; Travis and Schubert, 2015; Soderlund, 2019; Amit et al., 2020;

Lobo et al., 2021; Kang et al., 2020; Zeng and Jansen, 2021; Ashkenazy and Tziperman, 2021;

Bire et al., 2022; Kvorka and Čadek, 2022; Kang and Jansen, 2022; Kang, 2022; Kang et al.,

2022a,c; Jansen et al., 2023). However, there have not yet been simulations with fully coupled

ice-ocean thermodynamics in a 3-D global domain. The published simulation results vary

substantially in their ocean circulation and ocean-ice heat fluxes, likely as a result of the large

uncertainties in the external parameters and the difficulties in modeling the global ocean in

a realistic parameter regime. The real regime of ocean circulation and heat transport on
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Enceladus therefore remains uncertain.

One important factor determining the ocean circulation and heat transport is salinity

(S). Salinity determines the equation of state of water, thus affecting ocean stratification

and circulation. Most importantly, if the salinity is lower than a critical value, the thermal

expansivity (α ≡ −(1/ρ)(∂ρ/∂T ) where ρ is density and T is temperature) is negative near

the freezing point. As a result, in such a low salinity ocean, a stably stratified layer forms

in the upper ocean with bottom heating (Melosh et al., 2004; Zeng and Jansen, 2021).

The threshold for the negative thermal expansivity to exist under the pressure found in

Enceladus’s ocean is around 20 g kg−1 (Zeng and Jansen, 2021; Kang et al., 2022c). There

are different methods to estimate the salinity of Enceladus’s ocean, based on the observations

of salt-rich ice grains (Postberg et al., 2009b), the existence of silica nanoparticles (Hsu

et al., 2015), using models of boiling water in ice conduits (Ingersoll and Nakajima, 2016),

equilibrated water-rock interaction (Zolotov, 2007), ocean geochemistry (Glein et al., 2018),

and ocean heat transport (Kang et al., 2022c). The estimates vary from study to study,

giving a wide range of 2-40 g kg−1. Therefore, both “high salinity” (S > 20 g kg−1) and

“low salinity” (S < 20 g kg−1) scenarios should be carefully considered when studying the

ocean circulation on Enceladus.

Salinity can also influence the overturning circulation driven by surface density contrasts,

and modulate the ocean heat transport, which further affects the ice geometry. Kang et al.

(2022c) model the ocean circulation with prescribed ice thickness and prescribe melting rates

at the pole and freezing rates at the equator as required to balance the estimated ice flow

induced by the ice thickness gradient. They find that the surface density contrast between

the equator and the pole drives an overturning circulation in each hemisphere. The direction

of the circulation depends on the mean salinity of the ocean, but the ocean heat transport

is found to always be equatorward because the freezing point at the pole (with thinner ice

and hence lower pressure) is higher than at the equator (with thicker ice and hence higher
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pressure), and the heat transport is always from the warmer pole to the colder equator. The

equatorward ocean heat transport favors freezing at the pole and melting at the equator and

thereby acts to reduce the equator-to-pole ice shell thickness gradient, which is known as

the ice pump effect (Lewis and Perkin, 1986).

The partitioning of tidal heating between the ice shell and the bottom solid core may

also affect the ocean heat transport, further influencing the asymmetric ice shell geometry

between the two hemispheres. Kang et al. (2022a) prescribe an ice geometry with an in-

terhemispheric asymmetry where ice is slightly thinner in the southern hemisphere. They

incorporate fully coupled ice-ocean thermodynamics in a 2-D domain with tidal dissipation

in both the ice shell and the bottom solid core. They find that when the heating is domi-

nated by tidal dissipation in the ice shell, there is stronger melting at the south pole than

the north, and the overturning circulation transports heat to the south, thus enhancing the

asymmetry; instead, when the heating is primarily in the core, there is stronger freezing

at the south pole than the north, and the overturning transports heat to the north, thus

suppressing the asymmetry.

Here we study the effect of salinity on the ocean circulation and ice-ocean interaction on

Enceladus, focusing on the ocean heat transport. We carry out 3-D global ocean simula-

tions using the Massachusetts Institute of Technology General Circulation Model (MITgcm)

(Adcroft et al., 2018), with prescribed ice geometry and fully coupled ice-ocean thermody-

namics. We exclude tidal heating in the ice to focus specifically on whether ocean heat

transport from the solid core can maintain the observed ice topography and the associated

pattern of freezing and melting. Section 2.2 describes the model configuration and exper-

imental design. Section 2.3 introduces the numerical simulation results, focusing on ocean

stratification, circulation, and heat transport. Section 2.4 compares the simulation results

with previous studies and provides concluding remarks.
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Table 2.1: Parameters for Enceladus simulations. The values are taken from Čadek
et al. (2019) with some simplifications.

Parameters Value

Surface gravity g(rs) 0.113 m s−2

Rotation rate Ω 5.31× 10−5 s−1

Ocean bottom radius rc 192 km
Mean ice-ocean interface radius ro 232 km

Mean ice surface radius ri 252 km

Table 2.2: Experimental Design.

Case Case Mean ocean Horizontal turbulent
label description salinity S (g kg−1) diffusivity κh (m2 s−1)

HSh High Salinity + high κh 35 0.5
HSl High Salinity + low κh 35 0.05
LSh Low Salinity + high κh 8.5 0.5
LSl Low Salinity + low κh 8.5 0.05

2.2 Experimental design

We perform numerical simulations using the MITgcm to solve the non-hydrostatic equations

for a Boussinesq fluid in a rotating spherical shell in a 3-D domain, where all sphericity terms

are preserved, including all components of the Coriolis force (Adcroft et al., 2018). Radius,

rotation rate and gravity are set to be the same as Enceladus, and the vertical variation of

gravity is also taken into consideration (see Table 2.1 and Zeng and Jansen, 2021). We use a

non-linear equation of state (Jackett and McDougall, 1995) so that the thermal expansivity

becomes negative near the freezing point in a low salinity ocean.

We simulate an ocean with a depth of 40 km on average over a zonal range of 15◦ with

zonally periodic boundary conditions and a meridional range from 85.5◦S to 85.5◦N, with

free-slip, no-normal flow conditions at the meridional boundaries. At the surface of the

ocean, we prescribe the ice geometry and simulate the ice-ocean thermodynamics. In order

to include the ice pump effect, we set the ice geometry to be an idealized (zonally-invariant
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Figure 2.1: Prescribed ice topography (a), corresponding conductive heat loss (b, blue line),
and bottom heating (b, red line) per unit area, as a function of latitude. The global integral
of bottom heating balances the conductive heat loss. The apparent offset between the blue
and red lines in panel (b) is due to the different surface areas at the bottom and ice-ocean
interface.

and interhemispherically symmetric) approximation to Enceladus’s inferred ice topography

(Tajeddine et al., 2017; Čadek et al., 2019), with ice thinning towards the pole. We do not

allow the ice shell thickness to evolve (which would occur on a timescale that is much longer

than the duration of the simulations) but compare the freezing and melting rate calculated in

the simulations with the expected rate that is required to maintain the ice geometry against

the ice flow. This approach is the same as used in Kang et al. (2022a) but different from

Kang et al. (2022c) (where the freezing and melting rates are prescribed). At the bottom

of the ocean we apply a prescribed heat flux based on Choblet et al. (2017) (Fig. 2.1). The

detailed model description can be found in Appendix 2.A.

We carry out simulations with both high salinity (35 g kg−1, same as Earth ocean) and

low salinity (8.5 g kg−1, suggested by Glein et al., 2018) to study the effect of salinity on ocean

circulation and ice-ocean interaction on Enceladus. For each salinity, we use two different

horizontal turbulent diffusivities (κh), 0.05 m2 s−1 and 0.5 m2 s−1, to test how sensitive

the results are to this poorly constrained parameter, which is meant to mimic the effect

of unresolved eddies and directly affects the meridional heat transport. The experimental
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setups are summarized in Table 2.2. All simulations are integrated to a quasi-equilibrium

state where the total energy imbalance is less than 3% of the seafloor heating rate (see

Appendix 2.A.3).

2.3 Simulation results

Ocean stratification is highly dependent on the mean ocean salinity. The high salinity

ocean is mostly unstratified or weakly stratified below the ice-ocean interface. Instead, as

previously found in ocean-only simulations with a flat upper boundary and constant salinity,

a stably stratified layer develops in the low salinity ocean (Fig. 2.2). In the stratified layer,

the temperature decreases with height due to bottom heating, which, due to the negative

thermal expansivity, amounts to a statically stable stratification (Zeng and Jansen, 2021).

The stratified layer maintains a large vertical thermal contrast due to the difference between

the freezing point and the critical temperature at which the thermal expansivity changes

sign (around 2 ◦C difference with a salinity of 8.5 g kg−1, Fig. 2.2a3 & a4). Despite the

ice shell topography, isopycnals in the stratified layer are largely flat rather than following

the ice shell topography, indicating that ocean circulation is efficient in removing any large

horizontal density gradients that would be associated with an undulating stratified layer.

The temperature and salinity structure is strongly affected by the surface ice shell in

both high and low salinity simulations. In the upper ocean, the ocean is in contact with the

ice shell, and the temperature is near the freezing point at the ice-ocean interface, which

decreases with increasing pressure and hence with increasing ice thickness. Therefore, the

temperature increases poleward in the upper ocean (Fig. 2.2a). The salinity mostly increases

poleward except for the equatorial region in the low salinity ocean (Fig. 2.2b). The density

mostly increases poleward in all simulations, although the role that temperature and salinity

play in setting this structure differs in the high versus low salinity oceans (Fig. 2.2c). In

the high salinity ocean, the salinity and temperature gradients act in the opposite way,
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Figure 2.2: Zonal-mean temperature (T , a), salinity anomaly (S, b), and potential density
anomaly (ρσ, with reference pressure near the ocean surface, c) in the quasi-equilibrium
state of all simulations. The first to the fourth columns are results of the high salinity
simulation with high horizontal diffusivity (HSh), high salinity simulation with low horizontal
diffusivity (HSl), low salinity simulation with high horizontal diffusivity (LSh), and low
salinity simulation with low horizontal diffusivity (LSl), respectively. In (a1) & (a2), the
contour interval is 0.01 ◦C below -2.14 ◦C and 0.001 ◦C above -2.14 ◦C. In (a3) & (a4),
the contour interval is 0.01 ◦C below -0.6 ◦C and 0.2 ◦C above -0.6 ◦C. In (b1) & (b2), a
reference salinity of 34.97 g kg−1 is subtracted, and the contour interval is 10−3 g kg−1.
In (b3) & (b4), a reference salinity of 8.45 g kg−1 is subtracted, and the contour interval
is 5 × 10−4 g kg−1. In (c1) & (c2), a reference density of 1029.13 kg m−3 is subtracted,
and the contour interval is 10−3 kg m−3 below 5 × 10−3 kg m−3 and 3 × 10−4 kg m−3

above 5× 10−3 kg m−3. In (c3) & (c4), a reference density of 1007.7 kg m−3 is subtracted,
and the contour interval is 10−3 kg m−3 below -10−2 kg m−3 and 5 × 10−3 kg m−3 above
-10−2 kg m−3.
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Figure 2.3: Thermal wind balance in the quasi-equilibrium state of all simulations. (a)
shows 2Ω⃗ · ∇[u], and (b) shows −∂[b]/r∂ϕ, respectively, where [·] denotes a zonal average.
The first to the fourth columns are results of the high salinity simulation with high hori-
zontal diffusivity (HSh), high salinity simulation with low horizontal diffusivity (HSl), low
salinity simulation with high horizontal diffusivity (LSh), and low salinity simulation with
low horizontal diffusivity (LSl), respectively.

but the contribution from the salinity anomaly is about 2-3 times larger than that of the

temperature anomaly, so that the density increases poleward. In the low salinity ocean, the

thermal expansivity is negative, so that both temperature and salinity anomalies contribute

to the poleward-increasing density, with the contribution from the temperature anomaly 3-5

times larger than the salinity anomaly.

The density structure controls the zonal flow via the thermal wind relationship, which

can be written as (see e.g. Kaspi et al., 2009; Bire et al., 2022):

2Ω⃗ · ∇u = 2Ω
∂u

∂Z
= 2Ω

(
sinϕ

∂u

∂r
+ cosϕ

∂u

r∂ϕ

)
= −1

r

∂b

∂ϕ
, (2.1)

where Ω⃗ is the planetary rotation rate, u is the zonal velocity, Z is the axis parallel to

rotation, r is radius, ϕ is latitude, and b ≡ −gδρ/ρ0 is buoyancy, where g is gravity, δρ

is the density anomaly and ρ0 is a constant reference density. The thermal wind balance

holds very well in all simulations (Fig. 2.3), except in regions where there is strong grid-scale

convection (c.f. Fig. 2.4b & c). With density increasing poleward (i.e. −∂b/∂ϕ > 0 in the
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Figure 2.4: Zonal-mean zonal velocity (u, a), stream function (Ψ, with clockwise circulation
defined as positive, b), and zonal-mean vertical kinetic energy (w2, in logarithmic scale, c) in
the quasi-equilibrium state of all simulations. The first to the fourth columns are the results
of the high salinity simulation with high horizontal diffusivity (HSh), high salinity simulation
with low horizontal diffusivity (HSl), low salinity simulation with high horizontal diffusivity
(LSh), and low salinity simulation with low horizontal diffusivity (LSl), respectively. The
stream function is calculated as Ψ = −

∫ λx
0

∫ r
rb
vr cosϕdλdr where λx = 15π/180 is the

longitudinal extent of the domain, v is the meridional velocity, λ is longitude, and r is
radius. The black dashed lines denote the boundary of the tangent cylinder (a cylinder that
is parallel to the rotational axis and is tangent to the bottom core).
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northern hemisphere; and opposite in the southern hemisphere), at mid- and high-latitudes

we therefore find ∂u/∂Z > 0, and there are eastward jets in the upper ocean with the jet

cores aligned with the axis of rotation. Near the equator, sinϕ is close to zero and therefore

cosϕ∂u/(r∂ϕ) > 0, so that the zonal velocity decreases equatorward and there is a westward

current near the equator (Fig. 2.4a1-a3). An exception is that in the low salinity simulation

with small horizontal diffusivity (LSl), an eastward flow exists near the equatorial surface

(Fig. 2.4a4) as a result of the locally reversed density gradient (Fig. 2.2b4 & c4).

In both high and low salinity oceans, there is a slantwise Hadley-like circulation that

ascends from the seafloor at the equator, following the tangent cylinder (a surface of constant

angular momentum), and descends at higher latitudes. In the low salinity ocean, there is

another reversed circulation cell at mid-latitudes along with an eastward jet, which bears

similarity to the Ferrel cell in Earth’s atmosphere. We also see grid-scale slantwise convection

near the surface at high latitudes (Fig. 2.4b). Although the radial stratification (parallel

to the gravity vector) is near neutral or stable as maintained by the convective adjustment

scheme in the model, the stratification along surfaces of constant angular momentum (mostly

parallel to the rotational axis) can be unstable, which can cause slantwise convection.

A strong small-scale overturning cell exists near the equatorial surface in the high salinity

simulation with high horizontal diffusivity (HSh, Fig. 2.4b1), which is associated with a

positive feedback loop. There is a strong but narrow (only several degrees in latitude) melting

region at and just south of the equator (Fig. 2.5a1). As a result, a local density minimum and

sharp density gradient exists at the equatorial surface (Fig. 2.2c1). Following the thermal

wind relationship, this density gradient is associated with a strong westward jet near the

equatorial surface (Fig. 2.4a1), and the corresponding frictional drag is associated with an

Ekman transport that drives a localized overturning circulation. The local circulation cell

then provides heat to maintain strong melting, forming a positive feedback loop. Note that

this overturning is associated with a slight asymmetry around the equator where the peak
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Figure 2.5: Zonal-mean surface heat flux (a) and zonally- and vertically-integrated merid-
ional ocean heat transport (b, see Appendix 2.B.1 for details) in the quasi-equilibrium state
of all simulations. The first to the fourth columns are results of the high salinity simulation
with high horizontal diffusivity (HSh), high salinity simulation with low horizontal diffu-
sivity (HSl), low salinity simulation with high horizontal diffusivity (LSh), and low salinity
simulation with low horizontal diffusivity (LSl), respectively. In (a), the black dashed line
is the bottom heating (Qb), the blue line is the latent heating (QLH), the red line is the
conductive heat loss (Qcond), and the black solid line is the surface ocean-to-ice heat flux
(Qoi). In (b), the blue line is the diffusive heat flux (FDif ), the red line is the advective heat
flux (FAdv), and the black line is the total heat flux (FQ).
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Figure 2.6: Meridional temperature gradient ∂T/(r∂ϕ) in the quasi-equilibrium state of all
simulations. The first to the fourth columns are results of the high salinity simulation with
high horizontal diffusivity (HSh), high salinity simulation with low horizontal diffusivity
(HSl), low salinity simulation with high horizontal diffusivity (LSh), and low salinity simu-
lation with low horizontal diffusivity (LSl), respectively. The black dashed lines indicate the
tangent cylinder.

of the melting and hence the salinity minimum is slightly displaced towards the southern

hemisphere.

An even stronger asymmetry exists in the high salinity simulation with low horizontal

diffusivity (HSl). There are overturning cells across the equator (Fig. 2.4b2), and the salin-

ity profile is asymmetric between the two hemispheres as a result of asymmetric freezing

and melting patterns (Fig. 2.2b2). The advection of heat and associated freezing and melt-

ing generates a positive feedback loop that can result in spontaneous symmetry breaking

between the two hemispheres: once we get more melting in one hemisphere, the density

becomes smaller, driving an overturning circulation across the equator, with sinking in the

hemisphere with higher density and rising in the hemisphere with lower density. Due to the

bottom heating, the temperature increases with depth at low latitudes, so that the over-

turning transports warmer water to the hemisphere with lower density, enhancing melting

in that hemisphere. Note that in our simulation, this positive feedback seems to be con-

fined to outside the tangent cylinder at low latitudes, although the details of the results are

likely affected by poorly constrained model parameters and insufficient resolution. There is

almost no asymmetry in the low salinity simulations, likely because the density gradient is

dominated by the temperature gradient in the low salinity ocean. The temperature gradient
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Figure 2.7: Temporal variability in the high salinity simulation with low horizontal diffusivity
(HSl). Zonal-mean latent heating (a), zonal-mean surface temperature (b), zonal-mean
surface salinity (c, a reference salinity of 34.97 g kg−1 is subtracted), zonal-mean surface
density (d, a reference density of 1029.13 kg m−3 is subtracted), and stream function at
r = 225.375 km (e) as a function of time and latitude. The black dashed lines are the
latitudes where the tangent cylinder intersects the ocean surface in (a)-(d) and the latitudes
where the tangent cylinder intersects r = 225.375 km in (e). The first 4000-year average is
used as the quasi-equilibrium state of the simulation HSl.
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Figure 2.8: Snapshots of meridional eddy velocity v′ (deviations from time- and zonal-mean)
in all simulations at r = 225.375 km. The first to the fourth columns are results of the high
salinity simulation with high horizontal diffusivity (HSh), high salinity simulation with low
horizontal diffusivity (HSl), low salinity simulation with high horizontal diffusivity (LSh),
and low salinity simulation with low horizontal diffusivity (LSl), respectively. Note that the
magnitude of v′ in (a) is 104 times smaller than in (b-d).
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is largely determined by the surface freezing point, which in turn is determined by the ice

shell topography. As long as the ice shell topography remains symmetric (as assumed in this

study) the temperature field also stays approximately symmetric (Fig. 2.2a).

The ocean circulation drives ocean heat transport and modulates the surface density

structure through the freezing and melting rate, and the density structure in turn modulates

the ocean circulation. The heat budget at the ice-ocean interface is Qcond + QLH = Qoi,

where the conductive heat loss (Qcond) in the simulation is prescribed along with the ice

geometry (see Appendix 2.A.2). If the ocean is in an equilibrium state, the ocean heat

flux to the ice shell (Qoi) is balanced by the bottom heating (Qb) when globally integrated.

However, locally, the ocean heat transport determines the latent heat (i.e., the freezing and

melting rate) by modulating the bottom heating pattern and providing an ocean heat flux

to the ice shell.

In all simulations, there is strong freezing at the pole and melting at lower latitudes

(low latitudes in high salinity simulations and mid-latitudes in low salinity simulations; see

Fig. 2.5a). Locally, the dominant balance is between the latent heat flux (QLH) and the

sensible heat flux from the ocean to the ice (Qoi), because the spatial variations in the

meridional heat flux convergence are much larger than the variations in the bottom heating

and the conductive heat loss (Fig. 2.5b). This latent heating profile, where freezing happens

at higher latitudes than melting, is a result of the ocean heat transport mostly towards

lower latitudes, induced by the ice pump effect. The meridional temperature gradient is

strongest in the upper ocean where the ocean is in contact with the ice shell, so that the

temperature gradient is largely determined by the freezing point at the ice-ocean interface

(Fig. 2.6). With polar-thinning ice geometry, the freezing point increases poleward so that

the temperature is generally warmer at the pole than at the equator. As a result, any down-

gradient heat flux is transporting warm water towards lower latitudes, so that melting occurs

at lower latitudes than freezing. The strong freezing at the pole is moreover associated with a
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positive feedback: freezing at the pole leads to a density increase due to salt rejection, which

destabilizes the stratification, thus promoting convection. Because the temperature decreases

with depth under the ice shell at the poles (due to horizontal mixing with colder low-latitude

water), the convection brings up colder water from below, which supports further freezing

(see Appendix 2.B.2).

The meridional heat flux is larger in the low salinity ocean than in the high salinity

ocean (Fig. 2.5b). This result can be understood by noting that the meridional heat flux has

three components: diffusive heat flux, resolved eddy heat flux, and heat flux by the mean

circulation (See Appendix 2.B.1). All three fluxes become larger when there is a stratified

layer. The meridional heat transport by diffusion and resolved eddies both increase with

the vertical integral of the meridional temperature gradient. The meridional temperature

gradient near the surface is similar in both high and low salinity oceans, because the temper-

ature here is controlled by the freezing point, and hence is determined by the ice geometry,

which is the same in both simulations. The meridional temperature gradient in the unstrat-

ified convective layer is small in all simulations. However, in the low salinity ocean, the

temperature gradient in the stratified layer is comparable to that near the surface, so that

the vertical integral of the meridional temperature gradient (i.e. the vertical extent of the

meridional temperature gradient) is larger in the low salinity ocean (Fig. 2.6), resulting in

a higher meridional heat flux for a given eddy diffusivity. Additionally, the heat transport

by the mean circulation is proportional to the strength of the overturning multiplied by the

temperature contrast between the poleward and equatorward branches of the overturning

circulation. Since the vertical temperature contrast is much larger in the low salinity ocean

with a stratified layer, the heat transport by the mean circulation is also expected to be

larger in the low salinity ocean.

Comparing simulations with different horizontal diffusivities indicates that, although

freezing at the pole is found robustly across all simulations, the detailed pattern of melting
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is sensitive to model parameters. In the high salinity simulations, there is persistent melting

at the equator in the simulation with higher diffusivity (HSh), while in the simulation with

lower diffusivity (HSl), the melting latitude varies temporally. In the northern hemisphere,

there is an intermittent melting region outside the tangent cylinder (at low latitudes), asso-

ciated with the spontaneous symmetry breaking mechanism (Fig. 2.7). The system switches

between an asymmetric state and a more symmetric state with a period of about 1000-

2000 years, but the cross-equatorial overturning never reverses in this simulation (although

the sign of the circulation depends on the initial conditions – see Appendix 2.C). In the

southern hemisphere, there is intermittent melting in a region inside the tangent cylinder

(at mid-latitudes). The southern hemisphere melting only persists for several hundreds of

years and is likely associated with an instability near the tangent cylinder (Fig. 2.7). The

strong freezing at the pole and the pattern of melting in the low salinity simulations are less

sensitive to horizontal diffusivities. In both high- and low-salinity ocean simulations, when

the horizontal diffusivity κh is high, the meridional heat transport is dominated by diffusion;

when κh is low, the advective heat transport becomes more important, while the overall

heat flux changes relatively little (Fig. 2.5b). The results indicate that increased eddy heat

transport, associated with increased eddy activity (Fig. 2.8), tends to compensate for the

decrease in the prescribed parameterized diffusivity.

2.4 Discussion and conclusion

We find that ice topography and salinity fundamentally affect the ocean stratification, circu-

lation, and heat transport on Enceladus. In both high and low salinity scenarios, the upper

ocean temperature, salinity and density all increase poleward. The temperature is near the

freezing point at the ice-ocean interface, which varies with pressure and is thus set by the ice

shell thickness variation. The salinity pattern is strongly affected by the salinity flux through

freezing and melting. The density anomalies are dominated by the salinity anomalies in the
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high salinity simulations and are dominated by the temperature anomalies in the low salinity

simulations, which is qualitatively consistent with Kang et al. (2022c).

In a low salinity ocean, with tidal heating at the bottom, a stably stratified layer forms

in the upper ocean, as previously found by Zeng and Jansen (2021) in simulations with a flat

upper boundary and no thermodynamic ice-ocean interface. This global thermally-driven

stratified layer is caused by bottom heating and the negative thermal expansivity near the

freezing point in a low salinity ocean, and is thus different from locally stable salt-stratified

layers that form by surface melting, like the “freshwater lens” at the polar surface ocean

discussed in Lobo et al. (2021), and the stratification in the “shell-heating” scenario in Kang

et al. (2022a,c). Note that the depth of the stratified layer here is deeper than in the more

idealized simulations of Zeng and Jansen (2021), but is thinner than in the “core-heating”,

low salinity ocean in Kang et al. (2022a,c), where the entire ocean is stratified. The depth

of the stratified layer H is proportional to the vertical temperature contrast |∆Tr|, vertical

diffusivity κr, and the inverse of the vertical diffusive heat flux Qdiff : H ∝ κr|∆Tr|/Qdiff

(Zeng and Jansen, 2021). The vertical turbulent diffusivity in Kang et al. (2022a,c) is set

100 times larger than in our simulations and in Zeng and Jansen (2021), such that the depth

of the stratified layer exceeds the depth of the ocean in Kang et al. (2022a,c), leaving the

entire ocean stratified. The smaller difference between our simulations and those in Zeng

and Jansen (2021) can be understood by noting that all heat flux in the stratified layer is

diffusive in the simulations in Zeng and Jansen (2021), while in the simulations presented in

this chapter, some vertical heat transport is accomplished by advection. Therefore, Qdiff

here is somewhat smaller and H is somewhat larger than in Zeng and Jansen (2021). This

small discrepancy is likely due to the much larger meridional temperature gradient in this

work, which in turn arises from the freezing point variations due to the ice shell topography.

In our simulations, the convergence of the meridional heat flux is much stronger than the

variation of the bottom heating and surface conductive heat loss. As a result, the ocean heat
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transport becomes the primary control on the pattern of ice freezing and melting, which is

consistent with the core-heating scenario in Kang et al. (2022a) but is different from Zeng and

Jansen (2021), which uses a flat ice shell. With ice thickness decreasing from equator to pole,

the freezing point increases poleward, resulting in a much stronger meridional temperature

gradient and hence a stronger meridional heat flux in this work and Kang et al. (2022a)

compared to Zeng and Jansen (2021) where the ice shell is flat.

The meridional heat flux is mostly towards lower latitudes in both high- and low-salinity

oceans, due to the ice pump effect. This heat transport can be understood qualitatively by

noting that the freezing point increases poleward due to the thinning of the ice shell, and

the ocean heat transport tends to be directed down the meridional temperature gradient.

Consequently, we find freezing at the poles, which cannot maintain the ice geometry against

the poleward ice flow, as also found in Kang et al. (2022a,c). The result that freezing happens

at the poles indicates that either the ice shell on Enceladus is not in an equilibrium state,

or that tidal heating in the ice shell is important in maintaining the ice geometry.

The stratified layer in the low salinity ocean tends to enhance the meridional heat trans-

port by the mean overturning circulation through increasing the vertical temperature con-

trast, and enhance the meridional heat transport by diffusion and resolved eddies through

increasing the vertical extent of the meridional temperature gradient. The first mechanism

is also found in Kang et al. (2022c). In their core-heating scenario, the ocean heat transport

is stronger in the low salinity ocean compared to the high salinity ocean, despite a weaker

overturning.

In our high salinity simulation with small diffusivity, we find a positive feedback where

enhanced melting in one hemisphere drives a cross-equatorial overturning circulation that

further enhances the melting. This feedback can result in spontaneous symmetry breaking

between the two hemispheres. Although the specific simulation results here cannot explain

the observed ice thickness distribution, it is possible that a similar mechanism could play a
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role in the interhemispheric asymmetry of Enceladus’s ice shell thickness. Indeed, a similar

mechanism was previously identified by Kang et al. (2022a). In the core-heating scenario

in Kang et al. (2022a), they however find that this ocean circulation acts to weaken the

asymmetry of the ice shell, because melting occurs where the ice is thick in their simulations,

which use an asymmetric ice shell topography. The combined results therefore indicate that

the positive feedback may only hold as long as the asymmetry remains relatively small. With

asymmetric tidal heating in the ice shell, Kang et al. (2022a) instead find enhanced melting

in the hemisphere where the ice shell is thin, such that the ocean heat transport feedback

can further enhance the asymmetry of the ice shell.

Besides Enceladus, previous studies have also investigated the heat transport in oceans on

other icy moons (e.g., Soderlund, 2019; Amit et al., 2020; Ashkenazy and Tziperman, 2021;

Bire et al., 2022; Kvorka and Čadek, 2022). In studies with direct numerical simulation

(DNS) methods, simulations have been carried out without parameterizations of eddies and

convection, and without including the effect of ice topography and ice-ocean thermodynamics

(e.g., Soderlund, 2019; Amit et al., 2020; Bire et al., 2022; Kvorka and Čadek, 2022). These

studies reveal how the ocean circulation and ocean heat transport vary over a wide non-

dimensional parameter regime. However, care must be taken when interpreting the real icy

moon ocean regime with these simulations because the non-dimensional parameters in the

numerical simulations and real icy moon oceans differ by many orders of magnitudes due to

numerical constraints (Jansen et al., 2023). More directly comparable to the present work

are studies using General Circulation Models (GCMs), where the effect of sub-grid-scale

eddies (and in some cases convection) are parameterized (e.g., Ashkenazy and Tziperman,

2021; Kang et al., 2022a). In Ashkenazy and Tziperman (2021), the authors use MITgcm to

study the ocean circulation and heat transport on Europa considering the effect of salinity

and ice-ocean thermodynamics with a flat ice shell. They find that the meridional ocean

heat transport is sufficient to compensate for the local imbalance between bottom heating
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and surface heat loss, thus allowing for a uniform ice thickness. This result is qualitatively

consistent with our finding that ocean heat transport will tend to remove any ice thickness

variations. However, the ice geometry is flat in the simulations of Ashkenazy and Tziperman

(2021) so that there is no ice pump effect, and the planetary parameters of Europa and

Enceladus are also significantly different, which makes it difficult to quantitatively compare

the results of Ashkenazy and Tziperman (2021) to our work.

In global GCM ocean simulations of Enceladus and other icy moons, there are many

processes that are difficult, or computationally impossible, to resolve. For example, slantwise

convection cannot be adequately resolved in global ocean simulations but arises in the form

of grid-scale convection in our simulations. Additionally, the effects of tides and librations

are not explicitly included in our model - we only consider their effect in providing energy

for eddy mixing in the choice for the vertical eddy diffusivity (see Section 2.2 in Zeng and

Jansen, 2021). Therefore, we need parameterizations for these processes, which introduce

external parameters (e.g., eddy diffusivties and viscosities) that are poorly constrained. Our

results indicate that at least some of the results are sensitive to these parameterizations.

The development of improved parameterizations for these unresolved processes in global icy

moon ocean simulations therefore should be a high priority. In the following chapters, we

focus on slantwise convection by examining its instability criterion, deriving heat transport

scaling laws, and developing a parameterization for global ocean models.
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Appendix 2.A: Model description

2.A.1 Parameterization of sub-grid scale processes

In our simulations, the vertical resolution is 300-400 m near the boundaries, about 1000 m in

the upper ocean, where the stratified layer is formed in a low salinity ocean, and 5000 m in

the deep ocean. The varying vertical resolution is designed to save computational resources

and to better resolve ice-ocean boundaries and the stratified layer in the low salinity ocean.

The horizontal resolution is 1◦ in the zonal and 0.95◦ in the meridional direction, which is

around 4 km × 4 km near the equatorial surface, decreasing to around 300 m × 3 km near

the seafloor at the highest latitudes.

Sub-grid scale processes are parameterized by turbulent viscosities and diffusivities. How-

ever, the turbulent viscosities and diffusivities are poorly constrained in simulations for ocean

circulation on Enceladus. The vertical turbulent diffusivity in a stably stratified ocean can

be constrained by the energy required to mix the water column (Wunsch and Ferrari, 2004).

On Enceladus, this energy can come from tidal dissipation in the ocean and/or librations,

based on which the vertical turbulent diffusivity in the stratified layer is estimated to be

anywhere below 3 × 10−3 m2 s−1, although likely much smaller, according to Zeng and

Jansen (2021). Here we choose a vertical turbulent diffusivity of 5×10−5 m2 s−1 so that the

estimated depth of the stratified layer is around 14 km and can be explicitly resolved. We

further set the vertical viscosity to νr = 5× 10−4 m2 s−1 to keep the vertical Prandtl num-

ber Pr = 10 (Soderlund, 2019). To ensure numerical stability, we apply a grid-dependent

horizontal viscosity (νh), increasing linearly with the square of the zonal grid scale (L2x).

The horizontal viscosity maximizes at about 6 m2 s−1 near the equatorial surface and min-

imizes at about 0.5 m2 s−1 near the seafloor at the highest latitudes. We test two different

horizontal diffusivities, 0.05 m2 s−1 and 0.5 m2 s−1. These values are motivated by Kang

et al. (2020) who estimate the horizontal eddy diffusivity to be κh = 0.8 m2 s−1 using a
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scaling for geostrophically adjusted convection (Jones and Marshall, 1993).

The horizontal grid scale is not sufficient to resolve convective plumes. The length scale

where rotation becomes important is estimated to be lr ≈ 0.2 m, many times smaller than

our horizontal resolution, which means accurately resolving convective plumes is computa-

tionally impossible (Zeng and Jansen, 2021). We therefore apply a convective adjustment

by increasing the vertical diffusivity from the background value κr = 5 × 10−5 m2 s−1 to

κconv =1 m2 s−1 whenever the stratification becomes unstable to parameterize the effect of

convection. The value of κconv is chosen such that the parameterized convective time scale

(τconv = D2
o/κconv ≈ 50 years where Do is the averaged depth of the ocean) is similar to

the convective time scale estimated for the high salinity ocean (see Zeng and Jansen, 2021).

2.A.2 Boundary conditions

We set the ice geometry based on Enceladus’s topography and gravitational field as inferred

by Čadek et al. (2019). We only apply the Y20 component of the spherical harmonic function,

which means we exclude zonal variations and hemispheric asymmetry in the ice geometry

for simplicity (Fig. 2.1a).

At the bottom of the ocean, we apply a fixed bottom heat flux pattern as thermal

boundary condition, following the zonal-mean tidal forcing pattern in Choblet et al. (2017)

with a total flux of 20 GW (Fig. 2.1b). We are applying a smoothly varying bottom heating

pattern, although there could be strong local hot spots in the core heating (e.g., Choblet

et al., 2017). While this may affect the details of the simulation results, it is not likely to

affect the main conclusions. As recently shown by Kang et al. (2022b), warm water from a

localized strong heat source will be quickly mixed with the surroundings due to baroclinic

instability before it reaches the ice shell. As a result, the small-scale structure of the heating

pattern is expected to have relatively little effect on the freezing and melting patterns at

the ice-ocean interface. There is no salinity source or sink at the bottom of the ocean. We
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apply a linear bottom drag with a drag coefficient rb ∼ 10−4 m s−1 as dynamic boundary

condition (see Zeng and Jansen (2021) for a more detailed discussion of the bottom boundary

condition). The same linear drag is also applied at the surface. The surface thermal and

salinity boundary conditions are determined by the heat and salinity flux due to the ice-ocean

interaction.

We apply the “shelfice” package in MITgcm to calculate the ice-ocean interaction (Adcroft

et al., 2018). The heat flux balance at the ice-ocean interface is between the conductive heat

loss, the latent heat, and the ocean heat flux to the ice-ocean boundary. The conductive

heat loss in the shelfice model is assumed proportional to the inverse of the ice shell thickness

and the temperature difference between the freezing point and the ice surface temperature,

the latter of which is assumed to be spatially constant in our simulations. The magnitude

of the conductive heat loss is chosen such as to exactly balance the total heat flux at the

sea floor, as is necessary to obtain an equilibrated ocean state. The ocean heat flux to the

ice shell is calculated by a turbulent exchange flux through the ice-ocean boundary layer,

where the heat flux is assumed proportional to the temperature contrast between the local

ocean temperature and the temperature at the bottom of the ice shell (assumed to be the

freezing point). The freezing and melting rate is calculated based on the latent heat required

to balance the heat budget at the ice-ocean interface. In the shelfice model, the freezing and

melting rate is converted to a salinity flux and does not affect the freshwater volume. The

volume flux associated with meltwater input is negligible in our simulations: the latent

heat is QLH ∼ O(0.1 W m−2) in all simulations (Fig. 2.5a), so that the volume flux is

wq = QLH/ρL = 3 × 10−10 m s−1 where ρ is the density of the water and L is the latent

heat of fusion. This flux is negligible compared with the typical vertical velocity in the ocean

(wo ∼ O(10−6 m s−1)).

Our model does not account for the latitudinal variation of the ice surface temperature

and the dependence of the heat diffusion coefficient of ice on the local ice temperature (both
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Figure 2.9: Simulation with parameters in HSh but including surface temperature varia-
tion and temperature- dependent heat diffusion coefficient of the ice when prescribing the
conductive heat loss (following Kang et al., 2022c). (a): zonal-mean zonal velocity u. (b):
stream function Ψ, with clockwise circulation defined as positive. (c): surface heat budget,
where the black dashed line is the bottom heating (Qb), the blue line is the latent heating
(QLH), the red line is the conductive heat loss (Qcond), and the black solid line is the surface
ocean-to-ice heat flux (Qoi). (d): zonal-mean temperature T (the contour interval is 0.01 ◦C
below -2.14 ◦C and 0.001 ◦C above -2.14 ◦C). (e): zonal-mean salinity S (a reference salinity
of 34.97 g kg−1 is subtracted, and the contour interval is 10−3 g kg−1). (f): zonal-mean
potential density ρσ (a reference density of 1029.13 kg m−3 is subtracted, and the contour
interval is 10−3 kg m−3 below 5×10−3 kg m−3 and 3×10−4 kg m−3 above 5×10−3 kg m−3).

parameters are assumed constant in our model). We carried out one sensitivity test using

the parameters of the simulation HSh but with the conductive heat loss through the ice shell

computed using a latitudinally-varying surface temperature and a temperature-dependent

heat diffusion coefficient, following Kang et al. (2022c). By comparing the results of this

simulation with HSh in the main text, we find that the results do not qualitatively change

(Fig. 2.9). Therefore, we do not expect these variations to qualitatively affect our results,

as long as the conductive heat loss is increasing towards the pole, as a result of the polar-

thinning ice shell.

It is not known whether Enceladus’s ocean and ice shell are in an equilibrium state

or not. The adjustment time scale of the ice shell can be estimated as τi ∼ Di/wq ≈ 2 ×
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106 years whereDi = 20 km is the average ice thickness. For comparison, the (parameterized)

convective time scale of the ocean is τconv ≈ 50 years, the overturning time scale of the ocean

is τadv ∼ Vo/Ψ ≈ 3 × 105 years where Vo is the volume of the ocean and Ψ is the stream

function, and the diffusive time scale of the stratified layer in the low salinity ocean is

τdiff ∼ H2/κr ≈ 105 years, where H is the thickness of the stratified layer and κr is the

radial diffusivity. We find that the adjustment time scale of the ice shell is much longer than

the adjustment time scale of the ocean. As a result, although we do not know if the ice shell

on Enceladus is equilibrated, it is more likely that the ocean is near an equilibrium state.

2.A.3 Integration of the simulations

The ice-ocean coupled 3-D global ocean simulations are difficult to integrate to a fully equi-

librated state. Therefore, we present quasi-equilibrium states where the total energy imbal-

ance is less than 3% of the seafloor heating rate. Although there are still temperature and

salinity trends in parts of the ocean, we expect that the remaining small imbalance does not

qualitatively affect the general results discussed in this chapter. The presented results are

500-year averages for HSh, LSh, and LSl, and 4000-year averages for HSl which has larger

low-frequency variability.

We start the integration of all simulations with a uniform salinity (35 g kg−1 for high

salinity and 8.5 g kg−1 for low salinity). The initial temperature for the high salinity ocean

is set to be near the freezing point (about −2◦C) everywhere. For the low salinity ocean, we

set the temperature in the upper ocean where the ocean is in contact with the ice shell to be

near the freezing point (about −0.6◦C). At the bottom of the ocean, we set the temperature

to the critical temperature where the thermal expansivity changes sign and becomes positive

(about 1.4◦C). In between, we calculate the depth of the stratified layer using Eq. 1 in Zeng

and Jansen (2021) by assuming that the diffusive flux is equal to the total bottom heating,

and then prescribe a linear temperature profile to connect the upper and bottom ocean
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layers, so that the initial conditions are reasonably close to the expected equilibrium state.

Small-amplitude random noise is added to generate zonal variability.

This initial estimate still differs significantly from the final solution and the adjustment is

very slow in the low salinity ocean. Therefore, we apply an acceleration method for the low

salinity ocean simulations. For the temperature, we take the horizontally averaged profile for

the temperature tendency (∂T/∂t), and accelerate the simulation by adding this tendency

multiplied by a long time period (several thousands of years) to the original temperature

profile. We only apply the tendency in layers where it has the same sign as the global

temperature tendency: if the global ocean is net warming, we only apply positive temperature

tendencies, and vice versa. After each acceleration step is applied, we integrate the model,

initialized from the new profile, for about 200 years, and then repeat the acceleration step

with the new tendencies. We repeat this procedure until the global temperature tendency

changes sign, at which point we continue to integrate the model to a global thermal quasi-

equilibrium state (defined as described above). It takes about 20 cycles (several tens of

thousands of years) and a final integration of another several thousands of years for the

low salinity ocean to reach a quasi-equilibrium state. During the acceleration steps, we did

not accelerate the salinity, as the amplification of salinity tendencies from transient freezing

and melting does not systematically nudge the simulated solution closer to its equilibrium

state. Instead we apply a single adjustment step to the deep ocean salinity once a thermal

quasi-equilibrium has been reached. In an equilibrium state, extrema of salinity can only

exist at the surface of the ocean where there are salinity sources and sinks, so that every

isoline of salinity should start or end at the surface. We hence find the lowermost isoline

that intersects with the ice-ocean boundary and set the salinity below this isoline equal to

this value. After this adjustment, we run the simulation for an additional 1000 years and

use the last 500 years for analysis. Notice that the equilibrated solution is expected to be

independent of the spin-up procedure and hence the acceleration method (unless multiple
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Figure 2.10: Simulation with the same parameters as in HSh but with the zonal width of the
domain extended from 15◦ to 360◦. (a): zonal-mean zonal velocity u. (b): stream function
Ψ, with clockwise circulation defined as positive. (c): surface heat budget, where the black
dashed line is the bottom heating (Qb), the blue line is the latent heating (QLH), the red
line is the conductive heat loss (Qcond), and the black solid line is the surface ocean-to-ice
heat flux (Qoi). (d): zonal-mean temperature T (the contour interval is 0.01 ◦C below -
2.14 ◦C and 0.001 ◦C above -2.14 ◦C). (e): zonal-mean salinity S (a reference salinity of
34.97 g kg−1 is subtracted, and the contour interval is 10−3 g kg−1). (f): zonally- and
vertically-integrated meridional ocean heat transport. The blue line is the diffusive heat flux
(FDif ), the red line is the advective heat flux (FAdv), and the black line is the total heat flux
(FQ). Note that the color bar range in (b) and the vertical axis range in (f) are multiplied
by 24 compared to Fig. 2.4b1 and Fig. 2.5b1 to account for the larger zonal width of the
domain and allow for easier comparison.

equilibria exist). While our low salinity simulation has not fully reached equilibrium, the

remaining drifts are very small, suggesting that the results are not likely to differ qualitatively

from the true equilibrium.

2.A.4 Sensitivity to domain width

In our simulations, we only simulate a zonal domain of 15◦ in longitude to save computational

resources. However, the effect of horizontal eddies can be important in both ocean heat

transport (see Fig. 2.5 and relevant discussions in the main text) and momentum transport

(Ashkenazy and Tziperman, 2021). Therefore, we carried out one sensitivity test with the
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same parameters as in HSh, but with the zonal width of the domain extended from 15◦

to 360◦ (Fig. 2.10). To accelerate the simulation, we set the initial condition to be the

zonal-mean field of the quasi-equilibrium state of HSh with small random perturbations

added to the temperature field. This simulation has been run for 120 years, at which point

a quasi-equilibrium state is reached where the total heat imbalance is smaller than 7% of

the seafloor heating rate. The results of this simulation are qualitatively similar to those in

HSh, in particular showing a very similar freezing and melting pattern.
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Appendix 2.B: Heat budget

2.B.1 Meridional heat transport

The meridional heat flux FQ has two components: advective heat flux FAdv and diffusive

heat flux FDif . Here we define FQ as the zonally- and vertically-integrated, time-averaged

heat flux, which is

FQ = FAdv+FDif = ρcp

∫ λx

0

∫ roi

rb

vT r cosϕdλdr+ρcp

∫ λx

0

∫ roi

rb

κh

(
−1

r

∂T

∂ϕ

)
r cosϕdλdr,

(2.2)

where rb is the radius at the bottom of the ocean, roi is the radius at the ice-ocean interface,

v is the meridional velocity, T is the temperature, λ is longitude, λx is the longitudinal extent

of the domain, and the overbar indicates a time-average. The time- and zonally-averaged

advection can be written as [vT ] = [v][T ] + [v′T ′], where the bracket denotes the zonal

average and primes denote deviations from the zonal and temporal average - which we will

refer to as the eddy component. Eq. 2.2 can then be written as

FQ = ρcpλx

∫ roi

rb

[v][T ] r cosϕdr + ρcpλx

∫ roi

rb

[v′T ′] r cosϕdr − ρcpλx

∫ roi

rb

κh
∂[T ]

∂ϕ
cosϕdr.

(2.3)

If we assume that the eddy heat transport is down-gradient and is proportional to the

mean gradient of temperature, we can apply an equivalent “eddy diffusivity” κe to replace

the eddy term: [v′T ′] = −κe∂[T ]/r∂ϕ (Vallis, 2017). Then Eq. 2.3 becomes

FQ = ρcpλx

∫ roi

rb

[v][T ] r cosϕdr − ρcpλx

∫ roi

rb

(κe + κh)
∂[T ]

∂ϕ
cosϕdr, (2.4)

where on the right hand side the first term indicates heat transport by the mean overturning
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Figure 2.11: Vertical heat fluxes near the surface of the ocean (the uppermost ocean model
layer in contact with the ice shell). The blue lines show the radial diffusive heat flux (includ-
ing the parameterized convective heat flux) at the bottom of the surface ocean model layer,
and the black line shows the ocean heat flux to the ice shell (Qoi). The thinner lines are the
raw data and the thicker lines are moving-averages of 9 grids to smooth grid-scale variabil-
ities. The first to the fourth columns are results of the high salinity simulation with high
horizontal diffusivity (HSh), high salinity simulation with low horizontal diffusivity (HSl),
low salinity simulation with high horizontal diffusivity (LSh), and low salinity simulation
with low horizontal diffusivity (LSl), respectively.

circulation, while the second term indicates heat transport by resolved eddies and diffusion

(which may be thought of as representing the effect of unresolved eddies).

2.B.2 Ocean heat budget of the surface layer

To better understand how the parameterized upright convection is connected with the sur-

face freezing and melting pattern, we compare the vertical diffusive heat flux near the

ice-ocean interface (at the bottom of the model layer in contact with the ice shell) with

the ocean heat flux to the ice shell Qoi (Fig. 2.11). The parameterized vertical convec-

tive diffusivity (κconv = 1 m2 s−1) is much larger than the background vertical diffusivity

(κr = 5 × 10−5 m2 s−1), so that the vertical diffusive heat flux primarily shows the effect

of the parameterized upright convection. In all simulations, near the polar surface, Qoi

approximately matches the parameterized upright convective heat flux, indicating that the

convection brings up colder water from below and supports freezing near the poles.
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𝑸𝑳𝑯 𝚿𝑻 𝐒 𝝆𝝈

Figure 2.12: Simulation with the same parameters as in HSl, but using the “mirrored”
salinity field of the quasi-equilibrium state in HSl as the initial condition. Zonal-mean
latent heating (a), zonal-mean surface temperature (b), zonal-mean surface salinity (c, a
reference salinity of 34.97 g kg−1 is subtracted), zonal-mean surface density (d, a reference
density of 1029.13 kg m−3 is subtracted), and stream function at r = 225.375 km (e) as a
function of time and latitude. The black dashed lines are the latitudes where the tangent
cylinder intersects the ocean surface in (a)-(d) and the latitudes where the tangent cylinder
intersects r = 225.375 km in (e).
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Appendix 2.C: Multiple equilibria in high salinity simulations

We have found a positive feedback which can result in spontaneous symmetry breaking

in the high salinity simulations. This mechanism, however, should not have a preference

between the northern and southern hemisphere. We hence carried out one sensitivity test

with the same parameters as the HSl simulation but using the “mirrored” salinity field of the

quasi-equilibrium state in HSl as the initial condition. In this sensitivity test, we observe

that the cross-equatorial overturning circulation has the opposite sign. Consistently, we find

stronger melting outside the tangent cylinder at low latitudes in the southern hemisphere

(in contrast to the northern hemisphere in HSl), and we still see the switching between an

asymmetric state and a more symmetric state (Fig. 2.12). The nonlinear dynamics controlling

the multiple quasi-equilibria could be an interesting topic for future studies.
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CHAPTER 3

SYMMETRIC INSTABILITY IN A BOUSSINESQ FLUID ON A

ROTATING PLANET

An earlier version of this chapter was published as Zeng, Yaoxuan, and Malte F. Jansen.

“Symmetric instability in a Boussinesq fluid on a rotating planet.” Journal of Geophysical

Research: Planets 130, no. 7 (2025): e2025JE009115.

3.1 Introduction

In this chapter, we focus on the instability criteria for slantwise convection, which is as-

sociated with symmetric instability. Symmetric instability describes the instability of ax-

isymmetric flow. In an axisymmetric rotating fluid with background density stratification

and angular momentum gradient, if a fluid parcel is perturbed from its origin, two restoring

forces come into play: the buoyancy force and the inertial acceleration (Coriolis and cen-

trifugal forces). These forces individually may result in gravitational instability or inertial

instability. Moreover, even when the fluid is both gravitationally and inertially stable, the

combined effects of the two force anomalies may result in symmetric instability (Solberg,

1936; Høiland, 1941; Hoskins, 1974; Haine and Marshall, 1998).

Symmetric instability has broad applications in geophysical fluid dynamics. On Earth,

it is relevant to the formation of mesoscale rainbands in the midlatitude atmosphere (e.g.,

Emanuel, 1983, 1985) and instability in the ocean’s mixed layer (e.g., Straneo et al., 2002;

Callies and Ferrari, 2018b). Beyond Earth, symmetric instability is closely tied to slantwise

convection in the atmospheres of gas giants (e.g., Stone, 1967; Busse, 1970; Stone, 1971b;

Walton, 1975; O’Neill and Kaspi, 2016) and in the oceans of their icy satellites (e.g., Soder-

lund, 2019; Ashkenazy and Tziperman, 2021; Kang et al., 2022c; Bire et al., 2022; Zeng and

Jansen, 2024), where convection is tilted along angular momentum surfaces.
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Symmetric instability is often studied under certain assumptions about the background

field. In most literature, it is examined in inertially stable (η/f > 0) fluids with stable

gravitational stratification (N2 > 0), where N2 = −(g/ρ)(∂ρ/∂R), η = f − (1/R)(∂u/∂θ)

is the absolute vorticity, g is gravity, ρ is density, u is the zonal component of the velocity,

f = 2Ω sin θ is the component of planetary rotation parallel to gravity, θ ∈ (−π/2, π/2] is the

latitude, R is the planetary radius, and ∂/∂R denotes the derivative along the gravitational

direction. Under these assumptions, instability occurs when the planetary vorticity has the

opposite sign to the potential vorticity. In the Northern Hemisphere, symmetric instability

arises when the potential vorticity, defined as q = ∇b·(2Ω+∇×v), is negative, where Ω rep-

resents planetary rotation, v is the three-dimensional (3-D) relative velocity in the rotating

frame, and b is the buoyancy (Eliassen, 1951; Ooyama, 1966; Hoskins, 1974; Stevens, 1983).

Although assuming N2 > 0 is reasonable for most regions of Earth’s atmosphere and ocean,

this condition may not hold on other planetary bodies such as icy moon oceans and gas

giant atmospheres. Studies on rotating convective instability have examined scenarios with

N2 < 0, and have found that rotating systems can remain stable even when N2 < 0 (Flasar

and Gierasch, 1978; Hathaway et al., 1979). In Flasar and Gierasch (1978) and Hathaway

et al. (1979), the background zonal shear is assumed to be purely vertical. However, merid-

ional shears resulting from eddy angular momentum transport (e.g., Busse, 1970; Aurnou

et al., 2007; Soderlund, 2019; Zeng and Jansen, 2021) are likely significant in the oceans of

icy moons and the atmospheres of gas giants, thereby influencing the instability criteria.

Beyond the background field, various approximations have been employed in studies of

symmetric instability. In early studies, the traditional approximation (Gerkema et al., 2008)

has been commonly applied, wherein the problem is examined on an f -plane that considers

only the component of planetary rotation parallel to gravity. In this framework, the insta-

bility criteria for gravitationally and inertially stable fluids can be expressed as Ri < η/f ,

the same as negative PV in the Northern Hemisphere (c.f. Hoskins, 1974; Haine and Mar-
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shall, 1998), where Ri = N2/(∂u/∂R)2 is the Richardson number. However, the traditional

approximation is not valid for planets with deep fluid layers, such as the atmospheres of

gas giants and the oceans of icy moons, for flows with strong vertical motion, or for near-

equatorial flows where f → 0 (Gerkema et al., 2008). Later studies have considered a “tilted

f -plane” that takes into account both vertical and horizontal components of the planetary

rotation, f = feR + f̃eθ where f̃ = 2Ω cos θ, eR denotes the upwards direction parallel to

gravity, and eθ denotes the latitudinal direction defined to point northward (see Figure 3.1;

Sun, 1995; Straneo et al., 2002; Fruman and Shepherd, 2008; Itano and Maruyama, 2009;

Jeffery and Wingate, 2009). Sun (1995) concluded that as latitude decreases, i.e., the angle

between planetary rotation and gravity becomes larger, the effect of f̃ in modulating the

maximum growth rate of symmetric instability increases. Itano and Maruyama (2009) found

that the parameter regime for the occurrence of symmetric instability is less sensitive to f̃

when Ri > 0.25 and η/f > 1, but is considerably influenced in other regions.

The instabilities discussed above are generally difficult to resolve in global ocean simula-

tions due to their small spatial scales. In studies of icy moon oceans, two main approaches

have been used. The first involves direct numerical simulations in parameter regimes that

differ from those of actual icy moon oceans, with asymptotic scaling laws developed to ex-

trapolate the results (Soderlund et al., 2014; Gastine et al., 2016; Soderlund, 2019; Amit

et al., 2020; Kvorka and Čadek, 2022; Cabanes et al., 2024; Bouffard et al., 2025). Pa-

rameters are chosen such that convective instabilities can be explicitly resolved, but results

often need to be extrapolated by several orders of magnitude to infer the circulation on icy

moons, raising concerns about their reliability in representing real ocean dynamics. The sec-

ond approach uses sub-grid parameterizations to represent unresolved processes (including

convection), enabling simulations under realistic icy moon conditions (Kang et al., 2022a,c;

Kang, 2023; Zeng and Jansen, 2024). However, most parameterizations are designed for

Earth-like flows, and whether they are applicable to other planets remains unclear. Here,
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we discuss symmetric instability conditions and unstable mode properties over a wide plane-

tary parameter regime with slowly varying, but otherwise arbitrary zonal velocity shear and

density stratification. We apply a local linear instability analysis to the adiabatic, inviscid,

non-hydrostatic Boussinesq equations formulated in a cylindrical coordinate system, which is

the most natural choice for analyzing fast-rotating planets, such as icy moon oceans, where

motions are largely aligned with the rotation axis (Ashkenazy and Tziperman, 2021; Bire

et al., 2022). We retain full Coriolis force and metric terms that arise from the cylindrical

geometry of the coordinate system. We linearize around a zonally symmetric background

state in hydrostatic and gradient wind balance, without imposing additional assumptions on

this state. In particular, we do not require the background stratification to be stable in the

gravitational direction (N2 > 0), which, as we show, is in general neither a necessary nor

sufficient condition for stability. We consider zonally-symmetric perturbations, which allow

for gravitational, inertial, and mixed symmetric instabilities, as discussed in this chapter,

while excluding baroclinic instabilities associated with nonzero zonal wavenumbers (Stone,

1966). In Section 3.2, the theoretical analysis for linear instability criteria, the most unstable

mode, and the maximum growth rate are discussed. With hindsight, the instability criteria

derived here are essentially the Boussinesq analog of the Solberg-Høiland criteria (Solberg,

1936; Høiland, 1941) as formulated in Ogilvie (2019). Section 3.3 presents the numerical sim-

ulation results for comparison with the theoretical analysis. Section 3.4 provides discussions.

Section 3.5 provides concluding remarks.

3.2 Linear instability analysis

3.2.1 Instability criteria

The adiabatic, inviscid, nonhydrostatic equations for a Boussinesq fluid in a cylindrical

coordinate are the three components of the Navier-Stokes equations:
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∂

∂t
+
u

r

∂

∂ϕ
+ v

∂
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+ w

∂

∂z

)
u+ 2Ωv +

uv
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= −1

r

∂Φ

∂ϕ
, (3.1)

(
∂

∂t
+
u

r

∂

∂ϕ
+ v

∂

∂r
+ w

∂

∂z

)
v − 2Ωu− u2

r
= −∂Φ

∂r
+ b cos θ, (3.2)

(
∂

∂t
+
u

r

∂

∂ϕ
+ v

∂

∂r
+ w

∂

∂z

)
w = −∂Φ

∂z
+ b sin θ, (3.3)

the buoyancy equation:

(
∂

∂t
+
u

r

∂

∂ϕ
+ v

∂

∂r
+ w

∂

∂z

)
b = 0, (3.4)

and the mass continuity equation:

1

r

∂u

∂ϕ
+
∂v

∂r
+
∂w

∂z
+
v

r
= 0, (3.5)

where r is the radial cylindrical direction, increasing outwards perpendicular to the rotation

axis of the planet, ϕ is the longitude, denoting the zonal (azimuthal) direction, and z is the

vertical (rotational) direction (Figure 3.1). u, v, w are velocity components in the eϕ, er,

and ez directions, respectively. Φ = p′/ρ0, where p′ is the pressure anomaly and ρ0 is the

reference density. b = −gρ′/ρ0 is buoyancy, where ρ′ is the density anomaly (c.f. Vallis,

2017).

We consider an axisymmetric state around the planetary rotation axis where all variables

are invariant in the zonal direction (∂/∂ϕ = 0, i.e., zonally symmetric), and assume a

background state with an arbitrary background zonal flow u(r, z) and buoyancy field b(r, z)

that are invariant in time: b = b(r, z) + b′(r, z, t), Φ = Φ(r, z) + Φ′(r, z, t), u = u(r, z) +

u′(r, z, t), v = v′(r, z, t), w = w′(r, z, t). Assuming the perturbations are small, the zeroth-

order balance reveals the gradient wind balance and hydrostatic balance for the background
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Figure 3.1: Sketch of the coordinate system. Black coordinates show the cylindrical
coordinate system applied in this chapter (er, eϕ, ez), where ez is the planetary rotation
axis and the origin locates at the center of the planet. Grey coordinates show the spherical
coordinate system (eϕ, eθ, eR), where eR is opposite to gravity. Note that the zonal direction
eϕ is the same in both cylindrical and spherical coordinates.

state:

−2Ωu− u2

r
= −∂Φ

∂r
+ b cos θ, (3.6)

0 = −∂Φ
∂z

+ b sin θ. (3.7)

With

f = 2Ω + 2ω, (3.8)

being a modified Coriolis parameter where ω ≡ u/r is the angular velocity of the background

zonal flow, Equations 3.6 & 3.7 yield

f
∂u

∂z
=
∂b

∂r
sin θ − ∂b

∂z
cos θ. (3.9)

Equation 3.9 is similar to the thermal wind balance in a rapidly rotating (geostrophic) fluid
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(Kaspi et al., 2009; Bire et al., 2022), but here f is modified by the background flow, with

the effects of centrifugal force incorporated, thus giving the shear of a flow in gradient-wind

balance rather than geostrophic balance.

In the first-order balance, we obtain linearized perturbation equations (Equations 3.49-

3.53). In this chapter, we focus on local instability analysis, with the length scales of the

perturbations small compared to the planetary radius. We therefore look for plane-wave so-

lutions, where all variables are proportional to exp (ikrr + ikzz − iξt), where ξ is the angular

frequency, and kr and kz are wavenumbers in the radial and vertical directions, respectively.

We assume that variations in the background field are small across the perturbation length

scale (Equation 3.41), allowing us to evaluate them locally at (r = r0, z = z0), with kr

and kz treated as constants. Under these assumptions, we have the dispersion relation (see

Appendix 3.A for detailed derivation)

ξ2 =
bz sin θ0k

2
r + (f0Mr + br cos θ0)k

2
z − 2br sin θ0krkz

k2r + k2z
, (3.10)

where bz ≡ ∂b/∂z|(r0,z0) and br ≡ ∂b/∂r|(r0,z0) are stratification, f0 ≡ 2Ω+2ω is the modified

Coriolis parameter, and Mr ≡ (1/r0)(∂m/∂r)|(r0,z0) = f0 + r0(∂ω/∂r)|(r0,z0) describes the

radial gradient of the background angular momentum m = (Ω + ω)r2, all evaluated at

(r0, z0). θ0 = arctan (z0/r0) is the local latitude.

Stability requires that the frequency ξ has no imaginary part, which means the right-

hand-side of Equation 3.10 is positive definite. Specifically, this requires the quadratic func-

tion bz sin θ0k
2
r + (f0Mr + br cos θ0)k

2
z − 2br sin θ0krkz > 0 for all kr and kz. Consequently,

the stability matrix

 bz sin θ0 −br sin θ0

−br sin θ0 f0Mr + br cos θ0


must be positive definite. This stability matrix is essentially the same as the one derived
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in previous studies on symmetric instability on a tilted f -plane (e.g., Itano and Maruyama,

2009) although here it is expressed in cylindrical coordinates instead of spherical coordinates

to emphasize the symmetry in flows that are strongly rotationally constrained, and the

Coriolis parameter f0 is modified by the angular velocity of the background flow ω. It also

closely resembles the corresponding expression for a compressible atmosphere in cylindrical

coordinates (Ogilvie, 2019). The necessary and sufficient conditions for instability are that

either the trace or determinant of this matrix be negative, i.e., either

bz sin θ0 + f0Mr + br cos θ0 < 0, (3.11)

or

bz sin θ0(f0Mr + br cos θ0)− b2r sin
2 θ0 < 0. (3.12)

Equation 3.12 can also be expressed in terms of a condition for the background potential

vorticity. The background potential vorticity is

q0 = ∇b · (2Ω+∇× v) =Mrbz −Mzbr =Mrbz −
br
f0

(br sin θ0 − bz cos θ0), (3.13)

where Mz ≡ (1/r0)(∂m/∂z)|(r0,z0) = r0(∂ω/∂z)|(r0,z0) describes the vertical gradient of the

background angular momentum, and the background gradient wind shear (Equation 3.9) is

applied. We can hence rewrite Equation 3.12 as

q0f0 sin θ0 < 0, (3.14)

i.e., instability occurs if the potential vorticity has the opposite sign to the generalized

background planetary vorticity. This instability criterion is commonly referred to as the
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symmetric instability criterion (e.g., Hoskins, 1974; Haine and Marshall, 1998), although it

should be noted that in general, Equation 3.14 by itself is a sufficient but not necessary

condition for instability.

3.2.2 Most unstable mode and growth rate

When ξ is imaginary, the perturbation fields will grow exponentially. Note that ξ2 is a

real number (Equation 3.10); therefore, ξ is either purely real (corresponding to neutral

wave solutions) or purely imaginary (corresponding to exponentially growing or decaying

solutions). By substituting ξ = iσ in the dispersion relation (Equation 3.10), the e-folding

growth rate σ of the unstable mode can be expressed as

σ =

(
−bz sin θ0 tan

2 δ + 2br sin θ0 tan δ + f0Mr + br cos θ0
1 + tan2 δ

)1/2

, (3.15)

where δ ∈ (−π/2, π/2] is the angle between the unstable mode and er so that tan δ = −kr/kz.

Equation 3.15 indicates that for a given background field and latitude, the growth rate is

only a function of tan δ, i.e., the direction of the unstable mode, but not the magnitude of

the wavenumber, i.e., the size of the mode. The result that the growth rate depends only

on the direction of the mode is consistent with previous studies of symmetric instability on

an f -plane (e.g., Ooyama, 1966) and a tilted f -plane (e.g., Sun, 1995). By calculating the

derivatives of the function σ(tan δ) and performing some algebra, we find that the maximum

growth rate is obtained when

tan δm =
bz sin θ0 − f0Mr − br cos θ0 −

[
(f0Mr + br cos θ0 − bz sin θ0)

2 + 4b2r sin
2 θ0
]1/2

2br sin θ0
.

(3.16)

It should be noted that δm also characterizes the net heat and zonal momentum transports

in the r-z plane by the most unstable mode, and their directions align with the mode itself
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(see Appendix 3.B). Substituting Equation 3.16 into Equation 3.15, we obtain the maximum

growth rate as

σm =

−
f0Mr + br cos θ0 + bz sin θ0 −

√
(f0Mr + br cos θ0 − bz sin θ0)2 + 4b2r sin

2 θ0

2

1/2

.

(3.17)

3.2.3 Instability diagram

In this section, we discuss the instability criteria assuming br sin θ0 ̸= 0. The special case

where br sin θ0 = 0 is discussed in Appendix 3.C, where it is shown that the most unstable

mode in this case always aligns with the radial (r) or vertical (z) directions. The instability

criteria for fluid parcels perturbed purely along the er and ez directions are f0Mr+br cos θ0 <

0 and bz sin θ0 < 0, respectively, which are derived by solving ξ2 < 0 (Equation 3.10) when

δ = 0 and δ = π/2, respectively. It is convenient to define a 2-D nondimensionalized phase

space based on the stability in these two orthogonal directions:

x =
bz sin θ0
|br sin θ0|

, y =
f0Mr + br cos θ0

|br sin θ0|
. (3.18)

The stability matrix then becomes

 x −1

−1 y

 ,

and positive definiteness requires that

x+ y > 0, and xy > 1, (3.19)

which means only the region above the hyperbolic xy = 1 in the first quadrant (x > 0, y > 0)
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is stable (Figure 3.2c & d).

(a)

𝒈

𝛁ഥ𝒃

Gravitational instability

𝛁 ഥ𝒎

𝑓0𝒆𝒓

𝛀

Inertial instability

Angular momentum surfaces Buoyancy surfaces

(c)

(b)

(d)𝑏𝑟 > 0 𝑏𝑟 < 0

Figure 3.2: Instability diagrams for θ0=60◦. (a) and (b) sketch gravitational and iner-
tial instabilities, respectively (see text for details). (c) and (d) show the instability regime
diagram with br > 0 in (c) and br < 0 in (d). Subscripts in the labels indicate different
types of instability: G for gravitational instability (Equation 3.20), I for inertial instability
(Equation 3.21), M for mixed symmetric instability (Equation 3.14), and S for the stable
regime. The GI regime is both gravitationally and inertially unstable, with GIa correspond-
ing to q0f0 sin θ0 < 0 and GIb to q0f0 sin θ0 > 0. Dots in (c) and (d) mark simulation
parameters listed in Table 3.1. In simulations sG and sS , the y-axis value is 1.15 × 104,
which lies outside the plotted range. Black solid lines in (c) and (d) indicate the criteria for
gravitational, inertial, and mixed symmetric instabilities (Equations 3.22-3.24). The dashed
lines indicate N2 = 0, with regions to the left corresponding to N2 < 0. The magenta lines
indicate the criterion for θ0 = 30◦ for comparison.
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3.2.4 Gravitational instability, inertial instability, and mixed symmetric

instability

In a rotating fluid with background stratification and shear, two restoring forces, associated

with gravity and rotation, act when a fluid parcel is displaced: buoyancy force and inertial

acceleration. If a fluid parcel is displaced along a constant angular momentum surface,

the inertial acceleration anomaly is zero and the only restoring force is the buoyancy force

anomaly. As a result, pure gravitational instability can occur when the stratification is

unstable along constant angular momentum surfaces. Similarly, if the displacement of the

fluid parcel is along a constant buoyancy surface, the only restoring force is the inertial

acceleration anomaly, hence pure inertial instability can occur when the angular momentum

shear is unstable along constant buoyancy surfaces. Here, unstable stratification indicates

buoyancy decreases in the opposite direction to gravity, and unstable angular momentum

shear indicates the angular momentum gradient is opposite to the background planetary

angular momentum gradient, f0er (Figure 3.2a & b). Therefore, gravitational instability

can occur when

(∇b · eM)(−g · eM) = g(Mrbz −Mzbr)(Mr sin θ0 −Mz cos θ0) < 0, (3.20)

where eM = −Mzer +Mrez is the direction along a constant angular momentum surface.

Inertial instability can occur when

(∇m · eb)(f0er · eb) = f0bzr0(Mrbz −Mzbr) < 0, (3.21)

where eb = −bzer + brez is the direction along a constant buoyancy surface. Using the

gradient wind shear (Equation 3.9), and the definition of x and y (Equation 3.18), the

gravitational instability criterion (Equation 3.20) becomes
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[y + cot2 θ0x− 2| cot θ0|sgn(br)](xy − 1) < 0, (3.22)

where sgn denotes the sign function, and the inertial instability criterion (Equation 3.21)

becomes

x(xy − 1) < 0. (3.23)

Comparison with the results derived in Section 3.2.1 shows that neither the gravitational

nor inertial instability criteria are necessary for instability. Instability can still occur as a

result of gravitational and inertial force anomalies when q0f0 sin θ0 < 0, or equivalently,

xy − 1 < 0. (3.24)

We therefore refer to this instability (Equation 3.24) when the flow is both gravitationally

stable and inertially stable as a mixed symmetric instability.

In the instability diagram, the phase plane is divided into several regions where gravita-

tional instability (Equation 3.22), inertial instability (Equation 3.23), or mixed symmetric

instability (Equation 3.24) occur. In all regions except for the stable region SS located above

the hyperbolic curve xy = 1 in the first quadrant, at least one type of instability is present

(see Figure 3.2c & d and Figure 3.3a).

The alignment of the most unstable mode with the buoyancy and angular momentum

surfaces is indicative of different types of instabilities. To illustrate how the most unstable

mode aligns with the buoyancy and angular momentum surfaces, we define α ∈ (−π/2, π/2]

as the angle between the direction of the most unstable mode and the buoyancy surface,

and β ∈ (−π/2, π/2] as the angle between the direction of the most unstable mode and

the angular momentum surface, with the most unstable mode counterclockwise of the buoy-

ancy/angular momentum surface defined as positive (Figure 3.3b). When α = 0, the most
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Figure 3.3: Growth rate and orientation of the most unstable mode with positive
br here shown for latitude θ0=60◦. (a): growth rate of the most unstable mode, nondi-
mensionalized with |br|1/2: σm/|br|1/2 = ((−x − y + ((x − y)2 + 4)1/2)| sin θ0|/2)1/2. (b)
defines the angles of the most unstable mode relative to the buoyancy (α) and the angular
momentum surface (β), shown in (c) and (d), respectively. In (a), (c), and (d), the dots, solid
lines, and labels are the same as in Figure 3.2c. Note that +90◦ and −90◦ are equivalent as
they correspond to a perturbation along the same physical surface.

unstable mode aligns with the buoyancy surface, and there is no buoyancy transport associ-

ated with the most unstable mode (Equation 3.60). As a result, the most unstable mode can

only extract kinetic energy from the background angular momentum field (see Appendix 3.B
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for detailed derivations), and regions where α ≈ 0 can be identified as inertially unstable

(Figure 3.3c). Similarly, when the most unstable mode aligns with the angular momentum

surface (β = 0), it can only extract potential energy from the background buoyancy field,

and regions where β ≈ 0 can be identified as gravitationally unstable (Figure 3.3d). How-

ever, the opposite is not always true, and in many parts of the parameter regime, the most

unstable mode does not align with either surface. The special case where the Rossby number

is small and the most unstable mode always aligns with the angular momentum surface will

be discussed in Section 3.2.5.

Most previous studies on symmetric instability have focused on what we here call the

“mixed symmetric instability”, thus neglecting regimes where N2 < 0 or η/f < 0, as they

typically assume stable stratification in the gravitational direction and stable zonal velocity

shear in the latitudinal direction. However, we find that N2 < 0 is neither sufficient nor

necessary for instability. In Figure 3.2c & d, the dashed lines indicate N2 = 0, with regions

to the left of these lines corresponding to N2 < 0. Therefore, when br < 0, the system

can remain stable even if N2 < 0. Meanwhile, η/f < 0 is a sufficient (but not necessary)

condition for instability. When η/f > 0, the sufficient and necessary condition for instability

becomes q0f0 sin θ0 < 0 (see detailed derivation in Appendix 3.D). This result is consistent

with Flasar and Gierasch (1978) and Hathaway et al. (1979), who assumed that the back-

ground flow is in thermal wind balance with no meridional shear, such that η/f = 1 > 0.

Under these assumptions, they found that symmetric instability would occur if and only if

q0f0 sin θ0 < 0 (equivalent to Equation 38 in Hathaway et al. (1979) after substituting in the

background thermal wind shear), consistent with our findings.

3.2.5 Low Rossby number limit

In the low Rossby number regime, Ro = U/(f0L) ≪ 1 where U is the velocity scale and L

is the length scale of motion, the rotational effect dominates over nonlinear advection (c.f.
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Vallis, 2017). Many planetary flows in geophysical fluid dynamics likely fall into this regime,

such as the deep convection in the bulk ocean away from the boundary layers on icy moons.

For deep convection, the Rossby number can be estimated by the convective Rossby number,

RoC = B1/2f
−3/2
0 H−1 (Maxworthy and Narimousa, 1994), where B is the buoyancy flux

and H is the depth of the ocean (RoC is equivalent to the square root of the modified flux

Rayleigh number in Rayleigh–Bénard convection studies, c.f. Christensen and Aubert, 2006).

In the bulk ocean interior, Jansen et al. (2023) suggest that the convective Rossby number is

at most on the order 10−3, indicating that the deep convection in the bulk icy moon ocean

is strongly constrained by rotation.

In the low Rossby number limit, we have ω, r∂ω/∂r, r∂ω/∂z ≪ f0, which implies

Mr ≈ f0 ≈ 2Ω and Mz ≪ f0. In gradient wind balance, we moreover have the scaling

that br, bz ∼ f0Mz ≪ f20 . Consequently, the criterion for inertial instability, Equation 3.21,

reduces to

f20 b
2
z < 0, (3.25)

which cannot be satisfied, because small Rossby number flow is always inertially stable.

Instability then occurs if, and only if,

bz sin θ0 < 0, (3.26)

i.e., for an unstable stratification in the direction parallel to planetary rotation, which coin-

cides with the angular momentum surface in the small Ro limit. The most unstable mode

(Equation 3.16) is obtained when

|tan δm| ≈

∣∣∣∣∣−f20 − [(f20 )
2]1/2

2br sin θ0

∣∣∣∣∣ =
∣∣∣∣∣ f20
br sin θ0

∣∣∣∣∣≫ 1, i.e., δm ≈ π

2
, (3.27)

and the corresponding growth rate is
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σm ≈ (−bz sin θ0)1/2. (3.28)

Therefore, the most unstable mode is associated with slantwise convection aligned with

the planetary angular momentum surface. This mode, parallel to the rotation axis, is likely

to be important in the bulk oceans away from boundary layers on icy moons, which are

thought to be characterized by low Rossby numbers. Such slantwise convection aligned

with the rotation axis has been identified in numerical simulations of icy moon oceans (e.g.,

Ashkenazy and Tziperman, 2021; Kang et al., 2022c; Bire et al., 2022; Zeng and Jansen,

2024).

3.3 Numerical simulations

3.3.1 Simulation set up

To verify the theoretical results, we numerically integrate Equations 3.1–3.5 for a zonally

symmetric flow (∂/∂ϕ = 0) using Dedalus, which can solve initial-value partial differential

equations using spectral methods (Burns et al., 2020). We nondimensionalize the equations

using the rotational time scale (T = f−1
0 ) and the domain length scale. We neglect varia-

tions of the background field and the metric term in the continuity equation (v/r), allowing

the use of a local Cartesian coordinate system and double-periodic boundary conditions (c.f.

Appendix 3.E). We prescribe a background state which satisfies the gradient wind balance

(Equations 3.6 & 3.7), and solve for the evolution of the nondimensionalized perturbation

fields (û, v̂, ŵ, b̂, Φ̂). We apply a resolution with 256 grid points in both r and z directions.

Simulations without viscosity and diffusivity develop unphysical grid-scale noise, once non-

linear effects become significant (Figure 3.8). In addition to inviscid simulations, we therefore

perform simulations with a Leith sub-grid parameterization (Leith, 1996) to represent the

effects of sub-grid-scale eddy mixing, and compare their results with the simulations without
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viscosity and diffusivity. It takes some time for the most unstable mode to grow and become

dominant, before which nonlinear effects may already induce turbulence in the system. To

address this issue, we initialize the simulations with their most unstable modes (as inferred

from an integration of the linearized equations). A detailed description of the simulation

setup can be found in Appendix 3.E.

We carry out six simulations with the background field representing each region in the pa-

rameter space, where different types of instability (or no instability) occur (Figure 3.2c & d).

The simulation parameters are summarized in Table 3.1 and the prescribed background fields

are shown in Figure 3.4.

෡ഥ𝑀

෠ത𝑏

𝒈 𝛁෡ഥ𝒃

𝑓0𝒆𝒓

𝛁෡ഥ𝑴

Figure 3.4: Background states in the simulations. The first row shows the background
angular momentum surfaces (M̂ = M̂rr̂ + M̂z ẑ) and the second row shows the background
buoyancy surfaces (b̂ = b̂rr̂ + b̂z ẑ), where the domain-averaged values are subtracted. Blue
arrows indicate the direction of angular momentum gradients, red arrows indicate the direc-
tion of buoyancy gradients, and black arrows indicate gravity g in the upper row and the
Coriolis vector f0er in the lower row, all consistent with sketches in Figure 3.2a & b. Solid
arrows indicate gravitational (red) and/or inertial (blue) instability, while dashed arrows
indicate stability. The black dotted line indicates the orientation of the most unstable mode
predicted by Equation 3.16.
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Simulation b̂r b̂z M̂r q̂0 N̂2 Instability σ̂m

sG 1e-4 -3.33e-5 1 -3.33e-5 2.11e-5 Grav 5.37e-3
sGIa 1 0.15 2.5 -0.416 0.630 Grav, Iner 0.333
sGIb 1 -0.5 -4 0.884 6.70e-2 Grav, Iner 1.93
sI 1 1 0 -0.366 1.37 Iner 0.450
sM 1 -0.333 0 -1.03 0.211 Mixed 0.920
sS -1e-4 3.33e-5 1 3.33e-5 -2.11e-5 Stable /

Table 3.1: Numerical simulation setups. The latitudes for all simulations are θ0 = 60◦.
The simulation parameters are nondimensionalized with the rotational time scale (f−1

0 ) and
the domain length scale, and hats are used to indicate nondimensionalized quantities (See
Appendix 3.A). The types of instability in each simulation are indicated in the simulation
name and the “Instability” column, where G and Grav indicate gravitational instability, I
and Iner indicate inertial instability, M and Mixed indicate mixed symmetric instability, and
S and Stable indicate the system is stable. Simulations sG and sS represent the low Rossby
number limit.

3.3.2 Simulation results

For all simulations without diffusivity and viscosity, the eddy kinetic energy (EKE) grows

exponentially, consistent with the maximum growth rate predicted by Equation 3.17. When

the Leith closure is applied, the EKE growth rate decreases slightly due to viscous and
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Figure 3.5: Time series for domain-averaged eddy kinetic energy (EKE),
(û2+v̂2+ŵ2)/2. The blue and red solid lines show the simulation results without diffu-
sivity and viscosity, and the blue and red dashed lines show the simulation results with eddy
diffusivity and viscosity. Note that the red dashed line overlaps the red solid line because
the effect of eddy viscosity is weak. The black dashed line shows the predicted maximum
growth rate of EKE (2σ̂m due to the square, Equation 3.17). The time is normalized by
the maximum growth rate in each simulation (for sS , the normalization uses the maximum
growth rate for simulation sG).
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Figure 3.6: Snapshots of the normalized buoyancy anomaly fields from simula-
tions with eddy diffusivity and viscosity. The buoyancy anomaly is normalized by
the maximum value of the background buoyancy field (b̂/max(|b̂|)) in each simulation. The
time of each snapshot is indicated above the respective columns and are normalized by the
maximum growth rate σ̂m in each simulation. The black solid lines indicate the orientation
of the most unstable mode predicted by Equation 3.16.
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diffusive dissipation (Figure 3.5). During the exponential growth phase (t̂ = 4/σ̂m) of

simulations with an unstable background state, the orientation of the perturbation fields

aligns closely with the most unstable mode predicted by Equation 3.16 (Figure 3.6, second

column). At t̂ = 8/σ̂m, nonlinear effects begin to become important, and the flow field

becomes turbulent, while it is still dominated by small-scale eddies roughly aligned with

the most unstable mode (Figure 3.6, third column). Eventually, at t̂ = 14/σ̂m, the non-

linear advection effects become dominant, the flow is characterized by domain-scale eddies,

and the growth rates of EKE decrease significantly (Figure 3.6, last column). Notably, the

EKE eventually converges for simulations with and without eddy viscosity and diffusivity

(Figure 3.5).

The simulation with stable background state (sS) does not show exponential growth but

an oscillation behavior. The initial condition used in simulation sS is the most unstable

mode in simulation sG, which has tan δ = π/2. In this case, we can estimate the oscillation

period P according to the dispersion relation (Equation 3.10) as P = 584.79, or 3.14/σm

with σm being the maximum growth rate of sG, consistent with the oscillation period in the

simulation (Figure 3.5a).

The numerical simulations also show that N2 < 0 is neither a sufficient nor necessary

condition for instability. In simulation sS , N2 < 0, but the system is stable. In simulations

sG and sGIb , N
2 > 0, but the systems are unstable, with either q0f0 sin θ0 > 0 (sGIb) or

q0f0 sin θ0 < 0 (sG).

In simulations with Ro ≪ 1 (sG and sS), the instability criteria reduce to bz sin θ0 < 0.

In the unstable case (simulation sG), the most unstable mode is parallel to the rotation axis,

i.e., slantwise convection parallel to planetary rotation.
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3.4 Discussions

The analysis conducted in this chapter provides physical insight into symmetric instabil-

ity within a generalized framework, applicable across a wide range of planetary parameter

regimes. This framework offers useful guidance for developing more accurate convection

schemes for icy moon oceans in Chapter 5.

The traditional convective adjustment schemes widely applied in ocean General Circula-

tion Models (e.g., Marotzke, 1991) parameterize upright convection when N2 < 0. However,

our results show that a negative stratification in the gravitational direction (N2 < 0) is

neither a sufficient nor necessary condition for instability. This suggests that such schemes

may not be appropriate for capturing slantwise convection in icy moon oceans. Given that

bz sin θ0 < 0 is a sufficient condition for symmetric instability, and becomes a necessary and

sufficient condition in the low Rossby number limit, we propose that stratification along

the rotation axis should be treated as the criterion for static stability and used to trigger

convective parameterizations in planetary ocean models.

In the linear regime, the angle of the most unstable mode controls both the direction

and relative magnitude of the heat and momentum transports (see Section 3.2.4 and Ap-

pendix 3.B). However, our linear instability analysis does not capture nonlinear effects. As

shown in Figure 3.6, once the flow becomes fully nonlinear and turbulent, it no longer follows

the structure of the most unstable mode. A complete understanding of heat and momentum

transport in fully nonlinear slantwise convection is left for future studies.

Although we consider Boussinesq fluids in this chapter, the results are also relevant for

anelastic fluids, such as atmospheric convection on gas giants (e.g., O’Neill and Kaspi, 2016).

In a compressible fluid, the Solberg–Høiland criteria in Equations 3.11 and 3.12 remain valid,

but the buoyancy gradients must be replaced by the specific entropy gradient, as derived by

Ogilvie (2019). In the low-Rossby number regime, where the angular momentum gradient

is dominated by planetary rotation, the criteria reduce to unstable entropy gradients along
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the rotation axis, similar to our findings under the Boussinesq approximation. Observations

of the gravitational fields of Jupiter and Saturn suggest that the zonal jets on these planets

are aligned with the rotation axis (Kaspi et al., 2018; Galanti et al., 2019; Kaspi et al.,

2023), indicating that the prevailing modes are parallel to planetary rotation. The in-situ

temperature profile measurement from the Galileo probe indicates a neutral stratification

along constant angular momentum surfaces, which are parallel to the rotation axis outside

the high-shear region in the upper weather layer (O’Neill et al., 2017). Numerical simulations

of gas giant atmospheres also reveal slantwise convection aligned with planetary rotation

(Christensen, 2002; Kaspi et al., 2009; Heimpel et al., 2016).

Our study focuses exclusively on zonally symmetric instabilities. However, asymmetric

modes could also play a significant role in fluid motions on a rotating planet. For instance,

equatorial convective rolls driven by heating from the bottom of the fluid are believed to be

important in driving the equatorial jets on gas giants (e.g., Busse and Hood, 1982; Busse

and Or, 1986). Therefore, it is important to characterize the growth rate of different sym-

metric and asymmetric unstable modes to determine under which regime the symmetric

mode dominates. Stone (1966) studied the growth rate of symmetric instability, Kelvin-

Helmholtz instability, and baroclinic instability on an f -plane with hydrostatic balance. He

concludes that on an f -plane, symmetric instability prevails when 0.25 < Ri < 0.95; Kelvin-

Helmholtz instability dominates for Ri < 0.25; and baroclinic instability is dominant when

Ri > 0.95. When considering the horizontal component of planetary rotation, Jeffery and

Wingate (2009) suggest that the transition point between symmetric and baroclinic insta-

bility dominance can exceed Ri = 0.95. Understanding how the symmetric mode, such as

slantwise convection in the low Rossby number limit, interacts with baroclinic instability un-

der arbitrary background stratification and shear, and conditions that separate symmetric

and asymmetric mode dominance, are important future research directions. These questions

will be revisited in Chapter 6. We applied a linear instability analysis method, which is valu-
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able to understand stability criteria for small-amplitude perturbations but is not applicable

to large-amplitude perturbations or non-linear instability problems. Bowman and Shepherd

(1995) applied the energy-Casimir stability method (Holm et al., 1985; Shepherd, 1990; Cho

et al., 1993) to study nonlinear symmetric instability where the hydrostatic approximation

is made and the rotation is aligned with gravity. However, extending this approach to a

more generalized setup (e.g., Fruman and Shepherd, 2008) presents challenges that remain

to be addressed in future work. In our current study, solutions are sought on an infinitely

large domain (local plane-wave solutions). Future work should also explore how boundary

conditions might modify the characteristics of the most unstable modes.

3.5 Conclusions

We conduct local linear instability analysis with slowly-varying background shear and strat-

ification, and find that the necessary and sufficient conditions for instability of zonally sym-

metric Boussinesq flow on a rotating planet are the background field is (1) gravitationally

unstable, or (2) inertially unstable, or (3) the background potential vorticity has a different

sign from the planetary vorticity, which is consistent with previous studies on symmetric

instability (e.g., Hoskins, 1974). In our framework, we define the gravitational instabil-

ity criterion as unstable buoyancy stratification along angular momentum surfaces (Equa-

tion 3.20 & Figure 3.2a) and the inertial instability criterion as unstable angular momentum

shear along buoyancy surfaces (Equation 3.21 & Figure 3.2b), which ensures both to be

sufficient conditions for instability. Mathematically, the criterion for instability can most

compactly be expressed as either bz sin θ0 < 0 (i.e., unstable stratification along the plane-

tary rotation axis) or q0f0 sin θ0 < 0 where q0 is the background potential vorticity. These

results establish the stability criterion for slantwise convection under planetary conditions

relevant to icy moon oceans. When instability occurs, the growth rate is not sensitive to the

magnitude of the radial and vertical wavenumbers, kr and kz, but is only a function of their
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ratio, kr/kz, i.e., the tilting direction of the mode.

A negative stratification in the gravitational direction (N2 < 0) is neither necessary nor

sufficient for instability, indicating that traditional convective adjustment schemes used in

ocean general circulation models (e.g., Marotzke, 1991) may not be appropriate for repre-

senting slantwise convection in icy moon oceans.

In the low Rossby number limit, instability occurs if and only if bz sin θ0 < 0, and the

most unstable mode is slantwise convection parallel to the planetary rotation axis. This

limit is particularly relevant for icy moon oceans and motivates the focus on the low Rossby

number regime in the rest of the dissertation.

Our work provides criteria and physical insight into instabilities within a generalized

framework applicable across diverse planetary parameter regimes. These results enhance

our understanding of fluid motions on various planetary bodies and provide a foundation for

developing parameterizations of subgrid-scale transport in large-scale models, such as the

slantwise convection scheme for icy moon oceans presented in Chapter 5.
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Appendix 3.A: Derivation of the dispersion relation

After subtracting the gradient wind balance and the hydrostatic balance for the background

flow (Equations 3.6 & 3.7) from the original Equations 3.1-3.5, we have the perturbation

equations:

(
∂

∂t
+ v′

∂

∂r
+ w′ ∂

∂z

)
u′ +

(
2Ω +

∂u

∂r
+
u

r

)
v′ +

∂u

∂z
w′ = 0, (3.29)

(
∂

∂t
+ v′

∂

∂r
+ w′ ∂

∂z

)
v′ −

(
2Ω +

2u

r

)
u′ − cos θb′ +

∂Φ′

∂r
= 0, (3.30)

(
∂

∂t
+ v′

∂

∂r
+ w′ ∂

∂z

)
w′ − sin θb′ +

∂Φ′

∂z
= 0, (3.31)

(
∂

∂t
+ v′

∂

∂r
+ w′ ∂

∂z

)
b′ +

∂b

∂r
v′ +

∂b

∂z
w′ = 0, (3.32)

∂v′

∂r
+
∂w′

∂z
+
v′

r
= 0. (3.33)

We assume that the background fields vary slowly over the characteristic length scale

of the perturbations, L, so that they can be treated as constants. This criterion can be

formally obtained by performing the Taylor expansion of all background fields locally around

(r = r0, z = z0):

2Ω +
2u

r
= 2Ω + 2ω

= 2Ω + 2ω(r0, z0) + 2
∂ω

∂r

∣∣∣∣
(r0,z0)

r′ + 2
∂ω

∂z

∣∣∣∣
(r0,z0)

z′ + ...,
(3.34)
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2Ω +
∂u

∂r
+
u

r
= 2Ω + 2ω + r

∂ω

∂r

= 2Ω + 2ω(r0, z0) + r0
∂ω

∂r

∣∣∣∣
(r0,z0)

+

(
3
∂ω

∂r
+ r0

∂2ω

∂r2

)
(r0,z0)

r′ +
(
2
∂ω

∂z
+ r0

∂2ω

∂r∂z

)
(r0,z0)

z′ + ...,

(3.35)

∂u

∂z
= r

∂ω

∂z
= r0

∂ω

∂z

∣∣∣∣
(r0,z0)

+

(
r0
∂2ω

∂r∂z
+
∂ω

∂z

)
(r0,z0)

r′ + r0
∂2ω

∂z2

∣∣∣∣
(r0,z0)

z′ + ..., (3.36)

∂b

∂r
=
∂b

∂r

∣∣∣∣
(r0,z0)

+
∂2b

∂r2

∣∣∣∣
(r0,z0)

r′ +
∂2b

∂r∂z

∣∣∣∣
(r0,z0)

z′ + ..., (3.37)

∂b

∂z
=

∂b

∂z

∣∣∣∣
(r0,z0)

+
∂2b

∂r∂z

∣∣∣∣
(r0,z0)

r′ +
∂2b

∂z2

∣∣∣∣
(r0,z0)

z′ + ..., (3.38)

sin θ = sin θ0 +
∂ sin θ

∂r

∣∣∣∣
(r0,z0)

r′ +
∂ sin θ

∂z

∣∣∣∣
(r0,z0)

z′ + ...

= sin θ0 − sin θ0 cos θ0
r′√

r20 + z20

+ cos2 θ0
z′√

r20 + z20

+ ...,
(3.39)

cos θ = cos θ0 +
∂ cos θ

∂r

∣∣∣∣
(r0,z0)

r′ +
∂ cos θ

∂z

∣∣∣∣
(r0,z0)

z′ + ...

= cos θ0 + sin2 θ0
r′√

r20 + z20

− sin θ0 cos θ0
z′√

r20 + z20

+ ...,
(3.40)

where θ0 = arctan (z0/r0) is the local latitude, and |r′| ∼ |z′| ∼ L. We study the local

instability of fluid in the outer region of the planet, where we assume L ≪ r0. The left-

hand-sides of Equations 3.34–3.40 remain approximately constant over the scale L if
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(
|ω|
|dω|

)
(r0,z0)

≫ L,

(
|dω|
|d2ω|

)
(r0,z0)

≫ L,(
|db|
|d2b|

)
(r0,z0)

≫ L,
| cos θ0|
| sin2 θ0|

,
| sin θ0|
| cos2 θ0|

≫ L

r0
,

(3.41)

where d and d2 represent the first and second spatial derivatives, respectively. Equation 3.41

indicates that the approximation holds when b and ω have a large radius of curvature relative

to the characteristic perturbation length scale L, the variation in ω is small compared to its

average, and the region we consider is not too close to either the equator or the pole. Under

this limit, we define

f0 ≡ 2Ω + 2ω(r0, z0), Mr ≡ f0 + r0
∂ω

∂r

∣∣∣∣
(r0,z0)

, Mz ≡ r0
∂ω

∂z

∣∣∣∣
(r0,z0)

,

br ≡
∂b

∂r

∣∣∣∣
(r0,z0)

, bz ≡ ∂b

∂z

∣∣∣∣
(r0,z0)

.

(3.42)

We nondimensionalize Equations 3.29-3.33 using the rotational time scale (f−1
0 ) and the

perturbation length scale (L), such that

t̂ = tf0, (û, v̂, ŵ) = (u′, v′, w′)/(f0L), b̂ = b′/(f20L), Φ̂ = Φ′/(f20L
2),

(r̂, ẑ) = (r′, z′)/L, (M̂r, M̂z) = (Mr,Mz)/f0, (b̂r, b̂z) = (br, bz)/f
2
0 .

(3.43)

The nondimensionalized equations become

(
∂

∂t̂
+ v̂

∂

∂r̂
+ ŵ

∂

∂ẑ

)
û+ M̂rv̂ + M̂zŵ = 0, (3.44)

(
∂

∂t̂
+ v̂

∂

∂r̂
+ ŵ

∂

∂ẑ

)
v̂ − û− cos θ0b̂+

∂Φ̂

∂r̂
= 0, (3.45)
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(
∂

∂t̂
+ v̂

∂

∂r̂
+ ŵ

∂

∂ẑ

)
ŵ − sin θ0b̂+

∂Φ̂

∂ẑ
= 0, (3.46)

(
∂

∂t̂
+ v̂

∂

∂r̂
+ ŵ

∂

∂ẑ

)
b̂+ b̂rv̂ + b̂zŵ = 0, (3.47)

∂v̂

∂r̂
+
∂ŵ

∂ẑ
+

v̂

r0/L+ r̂
= 0. (3.48)

We neglect the last term in Equation 3.48 because r0/L ≫ 1 for the local instability

problem. In the linearized instability problem, we assume that the perturbation fields are

much smaller than the background fields, and obtain the first-order linear perturbation

equations:

∂û

∂t̂
+ M̂rv̂ + M̂zŵ = 0, (3.49)

∂v̂

∂t̂
− û− cos θ0b̂+

∂Φ̂

∂r̂
= 0, (3.50)

∂ŵ

∂t̂
− sin θ0b̂+

∂Φ̂

∂ẑ
= 0, (3.51)

∂b̂

∂t̂
+ b̂rv̂ + b̂zŵ = 0, (3.52)

∂v̂

∂r̂
+
∂ŵ

∂ẑ
= 0. (3.53)

We look for plane-wave solutions of the linearized perturbation equations 3.49-3.53:

(û, v̂, ŵ, b̂, Φ̂) = (Au, Av, Aw, Ab, AΦ) exp(ik̂rr̂ + ik̂z ẑ − iξ̂t̂), (3.54)
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where Au, Av, Aw, Ab, AΦ are constant amplitudes, and (k̂r, k̂z) = (kr, kz)L.

Under these conditions and substituting Equation 3.54 into Equations 3.44–3.48, we get

a linearized equation system. The linearized equations must have zero determinant to have

non-trivial solutions, which requires

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−iξ̂ M̂r M̂z 0 0

−1 −iξ̂ 0 − cos θ0 ik̂r

0 0 −iξ̂ − sin θ0 ik̂z

0 b̂r b̂z −iξ̂ 0

0 ik̂r ik̂z 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0. (3.55)

This gives

ξ̂[(k̂2r + k̂2z)ξ̂
2 − b̂z sin θ0k̂

2
r − (M̂r + b̂r cos θ0)k̂

2
z + 2b̂r sin θ0k̂rk̂z] = 0. (3.56)

Neglecting the trivial solutions ξ̂ = 0 and k̂r = k̂z = 0, we have the dispersion relation:

ξ̂2 =
b̂z sin θ0k̂

2
r + (M̂r + b̂r cos θ0)k̂

2
z − 2b̂r sin θ0k̂rk̂z

k̂2r + k̂2z
. (3.57)

Restoring Equation 3.57 back to dimensionalized form, we have the dispersion relation:

ξ2 =
bz sin θ0k

2
r + (f0Mr + br cos θ0)k

2
z − 2br sin θ0krkz

k2r + k2z
. (3.58)
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Appendix 3.B: Heat and zonal momentum transport by the most

unstable mode

In this section, we analyze the heat transport (Re(v̂b̂∗), Re(ŵb̂∗)) and zonal momentum trans-

port (Re(v̂û∗), Re(ŵû∗)) associated with the most unstable mode, where Re indicates the

real part and the asterisk indicates the complex conjugation. By substituting Equation 3.54

into Equations 3.49, 3.52, and 3.53, we have

ŵû∗ =
M̂rk̂z − M̂z k̂r

−iξ̂k̂r
|ŵ|2, v̂û∗ =

k̂z(M̂rk̂z − M̂z k̂r)

iξ̂k̂2r
|ŵ|2,

ŵb̂∗ =
b̂rk̂z − b̂z k̂r

−iξ̂k̂r
|ŵ|2, v̂b̂∗ =

k̂z(b̂rk̂z − b̂z k̂r)

iξ̂k̂2r
|ŵ|2.

(3.59)

For stable modes, the frequency ξ̂ is real, so that v̂ and ŵ are π/2 out of phase with û

and b̂. As a result, we have Re(ŵû∗) = Re(v̂û∗) = Re(ŵb̂∗) = Re(v̂b̂∗) = 0, implying zero

net heat and momentum transport.

For unstable modes, −iξ̂ is replaced by the positive growth rate σ̂, which yields

Re(ŵû∗)
Re(v̂û∗)

=
Re(ŵb̂∗)

Re(v̂b̂∗)
= − k̂r

k̂z
= tan δ, (3.60)

showing that the net heat and zonal momentum transports associated with the unstable

mode are always aligned with the mode’s orientation.

Equation 3.59 also provides the relative magnitude of the heat and zonal momentum

transport:

|uu|
|ub|

=
M̂rk̂z − M̂z k̂r

b̂rk̂z − b̂z k̂r
=

|∇M̂ | sin β

|∇b̂| sinα
, (3.61)

where u = ver + wez, and α and β are the angles between the most unstable mode and

the buoyancy and angular momentum surfaces, respectively (see Figure 3.3b). In addition

to the overall magnitudes of the buoyancy and angular momentum gradients, the angles α
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and β therefore determine the relative magnitude of the buoyancy and momentum fluxes.

When the most unstable mode aligns with the angular momentum surface (β = 0), there

is no zonal momentum transport, and the mode cannot extract kinetic energy from the

background angular momentum field. Similarly, when α = 0, the most unstable mode

aligns with the buoyancy surface, and the mode cannot extract potential energy from the

background buoyancy field.
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Appendix 3.C: Instability analysis for br sin θ0 = 0

In this section, we discuss the special case when br sin θ0 = 0, which essentially suggests br =

0 since sin θ0 = 0 violates Equation 3.41. In this case, the dispersion relation (Equation 3.10)

becomes

ξ2 =
bz sin θ0k

2
r + f0Mrk

2
z

k2r + k2z
. (3.62)

Therefore, the instability criteria reduce to bz sin θ0 < 0 or f0Mr < 0, i.e., the instability

for perturbations in the vertical or radial directions (where the vertical is here defined as

parallel to the rotation axis, while the radial is orthogonal to the rotation axis). When the

system is unstable, the most unstable mode can be inferred by taking the limit br → 0 of

Equation 3.16, which gives

lim
br→0

tan δm →


− br sin θ0

bz sin θ0−f0Mr−br cos θ0
→ 0 if bz sin θ0 − f0Mr > 0,

bz sin θ0−f0Mr−br cos θ0
br sin θ0

→ ±∞ if bz sin θ0 − f0Mr < 0,

(3.63)

with the maximum growth rate being

lim
br→0

σm →


(−f0Mr)

1/2 if bz sin θ − f0Mr > 0,

(−bz sin θ0)1/2 if bz sin θ − f0Mr < 0.

(3.64)

This indicates that the most unstable mode always aligns with either the radial (δm = 0)

or vertical (δm = π/2) directions, depending on the relative magnitude of the growth rate

in these two directions, (−f0Mr)
1/2 and (−bz sin θ0)1/2.
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Appendix 3.D: Instability analysis for N 2 < 0 and η/f < 0

In this section, we show that N2 < 0 is not a sufficient condition for instability in a zonally

symmetric flow, while η/f < 0 is a sufficient condition for instability.

N2 can be expressed as

N2 =
∂b

∂R

= bz sin θ0 + br cos θ0

= |br sin θ0|
[
bz sin θ0
|br sin θ0|

+
br
|br|

cos θ0
| sin θ0|

]
= |br sin θ0|[x+ | cot θ0|sgn(br)], (3.65)

where x = bz sin θ0/|br sin θ0| is defined in Equation 3.18, and we used the definition that

θ0 ∈ (−π/2, π/2] so that cos θ0 > 0. Therefore, N2 < 0 is equivalent to

x < −| cot θ0|sgn(br). (3.66)

The blue lines mark Equation 3.66 in Figure 3.7 when θ0 = 60◦. As indicated in the plot,

when br < 0, N2 < 0 is not a sufficient condition for instability as the system can remain

stable even when N2 < 0, which is consistent with results shown in the numerical simulation

sS .

We next consider the case η/f < 0, where, for easier comparison with previous work

(e.g., Itano and Maruyama, 2009), we neglect the geometric terms so that f0 = 2Ω and

Mr = f0 + ∂u/∂r. Note that

1

R

∂u

∂θ
=
∂u

∂z
cos θ0 −

∂u

∂r
sin θ0 =Mz cos θ0 − (Mr − f0) sin θ0. (3.67)

As a result,
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η

f
=

f0 sin θ0 − 1
R

∂u
∂θ0

f0 sin θ0

=
Mr sin θ0 −Mz cos θ0

f0 sin θ0

=
Mr sin θ0 − br sin θ0−bz cos θ0

f0
cos θ0

f0 sin θ0

=
f0Mr − br cos θ0 + bz sin θ0 cot

2 θ0

f20

=
|br sin θ0|

f20

[
f0Mr + br cos θ0

|br sin θ0|
+
bz sin θ0 cot

2 θ0
|br sin θ0|

− 2br cos θ0
|br sin θ0|

]
=

|br sin θ0|
f20

[
y + cot2 θ0x− 2| cot θ0|sgn(br)

]
. (3.68)

Figure 3.7: Instability diagram for θ0 = 60◦ (other latitudes have similar results).
Blue lines indicate N2 = 0, and red lines indicate η/f = 0, with solid lines indicating the
results for br > 0 and dashed lines indicating the results for br < 0. The black lines indicate
xy = 1. The shading indicates the stable region. The black dot indicates the parameters for
simulation sS . Note that for sS , the y-axis value is 1.15 × 104, outside the y-values shown
in the plot.
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where y = (f0Mr + br cos θ0)/|br sin θ0| is defined in Equation 3.18. Therefore, η/f < 0 is

equivalent to

y < − cot2 θ0x+ 2| cot θ0|sgn(br). (3.69)

The separating line described by Equation 3.69 is always tangential to the hyperbolic

curve, xy = 1 (see the red lines in Figure 3.7 for the case with θ0 = 60◦). η/f < 0 is

therefore always a sufficient (although not necessary) condition for instability.
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Appendix 3.E: Details of the simulation setup

The perturbation equations 3.44–3.48 form the system that we numerically integrate in

time with Dedalus (Burns et al., 2020), where we choose the domain scale of the numerical

simulations as the length scale L. We neglect the last term in Equation 3.48, consistent

with the scaling analysis in 3.A. To search for plane-wave solutions in an infinitely large

domain, we apply a Cartesian coordinate system with double-periodic boundary conditions.

The equations are solved on a grid with 256× 256 grid points.

The nonlinear effects may induce turbulence in the system before the most unstable mode

becomes dominant when simulations are initialized with white noise. To address this issue

and emphasize the initial exponential growth phase, we integrate the linearized equations

(Equations 3.44–3.48 without the advection terms, v̂∂/∂r̂ and ŵ∂/∂ẑ) with white noise in

the b̂ field as the initial condition for at least 10/σ̂m, where σ̂m is the expected maximum

growth rate, until the most unstable mode dominates. Subsequently, we use these modes,

albeit with reduced amplitude, as the initial conditions for nonlinear simulations in each

scenario (first column in Figure 3.6). Only the results of these nonlinear simulations are

presented in this chapter. In sS , we adopt the same initial conditions as in sG for the

nonlinear simulation, representing both stable and unstable scenarios with Ro ≪ 1.

To address the problem of grid-scale noise in the non-linear simulations without viscosity

and diffusivity (Figure 3.8), we employ sub-grid parameterizations to represent the effects

of sub-grid-scale eddy mixing via a flow-dependent eddy diffusivity (κe) and viscosity (νe),

computed following the parameterization of Leith (1996). The Leith sub-grid parameteri-

zation is based on the theory of 2-D turbulence, where enstrophy cascades toward smaller

scales and is ultimately dissipated at the grid scale. As a result, the eddy diffusivity and

viscosity are parameterized as follows:
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νe = κe =

(
KLeith

π

)3

L3grid

√[
∂

∂r̂

(
∂v̂

∂ẑ
− ∂ŵ

∂r̂

)]2
+

[
∂

∂ẑ

(
∂v̂

∂ẑ
− ∂ŵ

∂r̂

)]2
, (3.70)

where Lgrid is the grid scale and KLeith is a proportionality parameter, chosen as KLeith =

1 in our simulations. In addition to simulations with Leith viscosity and diffusivity, we

also perform simulations without any explicit viscosity and diffusivity, and compare their

results (see Figures 3.5, 3.6, and 3.8). During the initial, approximately exponential, growth

stage, the two simulation sets behave similar albeit with a somewhat reduced growth rate in

the simulations with eddy viscosity and diffusivity. Once the simulations become strongly

nonlinear, the simulations without Leith viscosity and diffusivity develop excessive noise at

small scales, although the large-scale results remain qualitatively similar over the time-scale

considered in our simulations (Figure 3.8).
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Figure 3.8: Same as Figure 3.6, but for simulations with no diffusivity and viscosity.
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CHAPTER 4

SLANTWISE CONVECTION AND HEAT TRANSPORT IN ICY

MOON OCEANS

An earlier version of this chapter was published as Zeng, Yaoxuan, and Malte F. Jansen.

“Slantwise convection and heat transport in icy moon oceans.” Geophysical Research Letters

53, no. 3 (2026): e2025GL118761.

4.1 Introduction

In this chapter, we focus on heat transport by slantwise convection, another key process in

icy moon oceans besides the baroclinic eddies studied in Chapter 2. As shown in Chapter 3,

convection in icy moon oceans is strongly constrained by planetary rotation and organizes

into columns aligned with the rotation axis, known as slantwise convection (Ashkenazy and

Tziperman, 2021; Zeng and Jansen, 2021; Bire et al., 2022; Kang, 2023). Convective plumes

under icy moon conditions are extremely small, about 0.01–0.1◦ in latitude (Table 1.1), and

thus not resolved in current GCMs. Most models, therefore, rely on convective adjustment

schemes developed for Earth’s oceans (Marotzke, 1991), which assume purely vertical mix-

ing (i.e., parallel to gravity). This assumption is incompatible with the rotationally aligned

convection on icy moons (Chapter 3), raising concerns about the accuracy of current param-

eterizations. It is therefore essential to characterize heat transport by slantwise convection,

which is the primary goal of this chapter and provides the basis for the parameterization

developed in Chapter 5.

The simplest abstraction for ocean convection is Rayleigh–Bénard convection, which mod-

els buoyancy-driven flow between two parallel plates heated from below and cooled from

above. Rotational effects are often studied using an f -plane, where the rotation axis is

aligned with gravity and perpendicular to the plates (see Ecke and Shishkina (2023) and
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references therein). In the rapidly rotating, turbulent regime, assuming a dominant balance

among the Coriolis force, inertial acceleration, and buoyancy force leads to a CIA (Corio-

lis–Inertial–Archimedean) scaling (c.f. Aurnou et al. (2020) and references therein) for the

flux-gradient relation:

|∇b| = ∆b/H ∝ B2/5(2Ω)4/5H−4/5, (4.1)

where ∇b is the buoyancy gradient, ∆b = gαT∆T is the buoyancy contrast between the

two plates, B = (QgαT )/(ρ0cp) is the buoyancy flux, Ω is the rotation rate, H is the depth

scale, and g, αT , ∆T , Q, ρ0, and cp are gravity, thermal expansion coefficient, temperature

contrast, heat flux, reference density, and heat capacity, respectively. This scaling is con-

sistent with the scaling law in the diffusion-free limit, also known as the ultimate regime,

for rapidly rotating fluids, where planetary rotation is sufficiently strong and the flow is

sufficiently turbulent that the effects of molecular viscosity and diffusivity become negligible

(c.f. Julien et al. (2012); Gastine et al. (2016)).

On planetary scales, the rotation axis is often tilted relative to gravity. To capture

this, many studies adopt a tilted f -plane, where the rotation vector has both vertical and

horizontal components (Flasar and Gierasch, 1978; Hathaway et al., 1979, 1980; Hathaway

and Somerville, 1983; Von Hardenberg et al., 2015; Novi et al., 2019; Currie et al., 2020; Tro

et al., 2024). The horizontal component of the rotation vector breaks horizontal symmetry

and stretches convective structures along the rotation axis. At high rotation rates and

large thermal contrasts, strong zonal flows can emerge, shearing the plumes and causing

intermittent convection near the equator (Von Hardenberg et al., 2015).

Recent studies have also explored Rayleigh–Bénard convection in spherical shells (Soder-

lund et al., 2014; Gastine et al., 2016; Soderlund, 2019; Amit et al., 2020; Wang et al., 2021;

Kvorka and Čadek, 2022; Bire et al., 2022; Lemasquerier et al., 2023; Gastine and Aurnou,

2023; Hartmann et al., 2024; Fan et al., 2024). Several of these studies have examined
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whether bottom heat is preferentially transported toward the poles or the equator (Soder-

lund, 2019; Amit et al., 2020; Kvorka and Čadek, 2022; Bire et al., 2022; Lemasquerier et al.,

2023). The parameters of these simulations remain far from those relevant to icy moons,

so their results should be interpreted with caution when applied to real ocean conditions.

For example, if the viscosity (ν) is set too high for numerical stability, leading to a high

Ekman number (Ek = νΩ−1H−2), high-latitude convective plumes can be artificially sup-

pressed. This suppression may not occur in the low-viscosity (small Ek) regime that likely

best represents icy moon ocean interiors. In this low-viscosity limit, Bire et al. (2022) found

enhancement of vertical heat transport toward the poles under uniform bottom heating.

Slantwise convection drives heat transport both vertically and meridionally, and its merid-

ional component may influence ice shell thickness variations by modifying the pattern of

basal melting and freezing. Theoretical studies have shown that, in rapidly rotating regimes,

the heat transport associated with the most unstable linear mode is aligned with the ro-

tation axis, implying transport in both directions (Flasar and Gierasch, 1978; Hathaway

et al., 1979). However, most studies of rotating Rayleigh–Bénard convection have focused

on vertical transport, with the meridional component less explored. In this work, we con-

duct convection-resolving simulations to study the relationship between buoyancy flux and

buoyancy gradient in icy moon oceans, considering heat transport in both directions. We

target a parameter regime comparable to real planetary conditions on icy moons. Section 4.2

describes our numerical method. Section 4.3 presents simulation results and scaling laws.

Section 4.4 discusses the implications for ocean heat transport and ice shell topography on

icy moons. Section 4.5 provides discussion and concluding remarks.

4.2 Numerical method

We use the Massachusetts Institute of Technology General Circulation Model (MITgcm)

(Adcroft et al., 2018) to perform convection-resolving simulations in a local Cartesian box,
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with heating imposed at the bottom and cooling at the surface (Fig. 4.1a). The simulations

use the Boussinesq approximation, and the governing equations are:

Dv

Dt
+ 2Ω× v = −∇Φ + ber + ν∇2v, (4.2)

Db

Dt
= κ∇2b, (4.3)

∇ · v = 0, (4.4)

where v is the velocity vector, ∇Φ is the pressure gradient term, b is the buoyancy, er

denotes the vertical direction (opposite to gravity), and ν and κ are the eddy viscosity and

diffusivity, respectively. We assume a linear equation of state with constant salinity: b =

gαTT , where T is the temperature anomaly from a constant reference, αT = 4× 10−5 K−1,

and g = 0.1 m s−2.

Baroclinic eddies typically have much larger scales than slantwise convection, making it

numerically infeasible to resolve both simultaneously. We therefore focus on the heat trans-

port by slantwise convection in the absence of baroclinic instability. Equations 4.2–4.4 are

solved in a local Cartesian domain with doubly periodic boundary conditions in the zonal

(ex) and meridional (ey) directions, which removes any mean meridional temperature gra-

dient and excludes the baroclinic instability associated with it. We apply free-slip boundary

conditions, with a no-penetration bottom and a free surface top (a rigid lid at the top yields

similar results; see Appendix 4.A). A constant buoyancy flux B0 is prescribed at both vertical

boundaries (Fig. 4.1b):

κ
∂b

∂R
= B0 at r = 0 and Lr, (4.5)

where r denotes the vertical direction and Lr is the vertical domain extent.
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Figure 4.1: Numerical simulation set up. (a) Schematic of the coordinate system. ex,
ey, and er are the zonal, meridional, and vertical (opposite to gravity) directions, respec-
tively. ez is the axial direction aligned with planetary rotation, and es is the radial direction
perpendicular to it. (b) Sketch of the numerical domain in the meridional-vertical plane.
The vertical buoyancy flux Br is prescribed at the top and bottom boundaries. Horizontal
boundaries are doubly periodic. The meridional buoyancy flux By is not prescribed and
is free to adjust. The domain is divided into an interior region and two boundary layers,
distinguished by whether the temperature profile (sketched as the blue line) is linear or not
(see Appendix 4.A for details). H, Hz = H/ sin θ, and Hs = H/ cos θ represent the interior
depth measured along the vertical, axial, and radial directions, respectively.

We explore a parameter regime relevant to icy moon oceans (Table 4.1). These oceans lie

in a transitional regime between rapidly rotating and non-rotating convection (Gastine et al.,

2016), where rotation dominates the bulk interior dynamics but not the boundary layers and

the smallest scales. To develop a parameterization for bulk heat transport by slantwise

convection, we focus on the ocean interior, defined as the region where the horizontally

and temporally averaged temperature gradient is approximately constant (Appendix 4.A).

We hypothesize that the CIA scaling law remains applicable in the ocean interior. To test

this, we run simulations for four buoyancy fluxes (B0 = 10−14, 4 × 10−14, 1.6 × 10−13,
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and 6.4 × 10−13 m2 s−3) and four rotation rates (2Ω = 3.9 × 10−5, 6.25 × 10−5, 10−4,

and 1.6 × 10−4 s−1), all relevant to the icy moon conditions (Table 1.1). Due to the high

computational cost of simulating the full ocean depth on icy moons (typically 104–105 m),

we test four reduced domain depths (H0 = 300, 600, 1200, and 2400 m). We consider

latitudes of θ = 15◦, 30◦, 60◦, and 90◦, excluding equatorial cases due to large temporal

variability (Von Hardenberg et al., 2015). The natural Rossby number (Jones and Marshall,

1993; Maxworthy and Narimousa, 1994; Bire et al., 2022), Ro∗ ≡ B1/2(2Ω)−3/2H−1, in our

simulations is within the estimated range for Titan, Europa and Ganymede, and about 10-100

times larger than the estimate for Enceladus (comparing Tables 1.1 and 4.1). Importantly,

the condition Ro∗ ≪ 1 in both real icy moon oceans and our simulations confirms that

they lie within the same regime, where convection is strongly influenced by rotation. All

simulations are initialized with small-amplitude white noise in temperature and integrated

until reaching a statistically steady state.

The typical plume size is estimated as lplume = kB1/4(2Ω)−3/4H1/2 ≈ 100 m using

simulation parameters and an empirical pre-factor k = 5 (Fernando et al., 1989; Jones and

Marshall, 1993; Bire et al., 2022). To resolve these plumes, we use a grid spacing of 4 m in

most simulations. We use 300 grid points in the meridional and vertical directions to ensure

scale separation between the domain size and the plume scale, and use 140 points in the zonal

direction to save computational costs. The shorter zonal domain relative to the meridional

extent also promotes the formation of zonal rather than meridional jets (Julien et al., 2018;

Currie et al., 2020), more realistically representing icy moon conditions (Soderlund, 2019;

Ashkenazy and Tziperman, 2021; Kvorka and Čadek, 2022; Bire et al., 2022; Kang, 2023;

Cabanes et al., 2024). To test the effect of jets on heat transport, we also conduct sensitivity

experiments with different horizontal aspect ratios (L600.5Ly
and L602Lx0.5Ly

), as well as a

simulation with linear bottom drag that suppresses jet formation (L60drag). For simulations

with varying depth, we adjust the resolution to maintain a constant total number of grid
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Table 4.1: Numerical simulation parameters.

Name θ (◦) B0 (m2 s−3) 2Ω (s−1) H0 (m) Nx ×Ny ×Nr Aν,smag Ro∗

L60Ctrl 60 4× 10−14 10−4 1200 140× 300× 300 10−2 1.67× 10−4

L600.25B 60 1× 10−14 10−4 1200 140× 300× 300 10−2 8.33× 10−5

L604B 60 1.6× 10−13 10−4 1200 140× 300× 300 10−2 3.33× 10−4

L6016B 60 6.4× 10−13 10−4 1200 140× 300× 300 10−2 6.67× 10−4

L600.39Ω 60 4× 10−14 3.9× 10−5 1200 140× 300× 300 10−2 6.84× 10−4

L600.625Ω 60 4× 10−14 6.25× 10−5 1200 140× 300× 300 10−2 3.37× 10−4

L601.6Ω 60 4× 10−14 1.6× 10−4 1200 140× 300× 300 10−2 8.24× 10−5

L600.25H 60 4× 10−14 10−4 300 140× 300× 300 10−2 6.67× 10−4

L600.5H 60 4× 10−14 10−4 600 140× 300× 300 10−2 3.33× 10−4

L602H 60 4× 10−14 10−4 2400 140× 300× 300 10−2 8.33× 10−5

L15Ctrl 15 4× 10−14 10−4 1200 140× 300× 300 10−2 1.67× 10−4

L150.25B 15 1× 10−14 10−4 1200 140× 300× 300 10−2 8.33× 10−5

L150.625Ω 15 4× 10−14 6.25× 10−5 1200 140× 300× 300 10−2 3.37× 10−4

L152H 15 4× 10−14 10−4 2400 140× 300× 300 10−2 8.33× 10−5

L30Ctrl 30 4× 10−14 10−4 1200 140× 300× 300 10−2 1.67× 10−4

L300.25B 30 1× 10−14 10−4 1200 140× 300× 300 10−2 8.33× 10−5

L300.625Ω 30 4× 10−14 6.25× 10−5 1200 140× 300× 300 10−2 3.37× 10−4

L302H 30 4× 10−14 10−4 2400 140× 300× 300 10−2 8.33× 10−5

L90Ctrl 90 4× 10−14 10−4 1200 140× 300× 300 10−2 1.67× 10−4

L900.25B 90 1× 10−14 10−4 1200 140× 300× 300 10−2 8.33× 10−5

L900.625Ω 90 4× 10−14 6.25× 10−5 1200 140× 300× 300 10−2 3.37× 10−4

L902H 90 4× 10−14 10−4 2400 140× 300× 300 10−2 8.33× 10−5

L60lowvisc 60 4× 10−14 10−4 1200 140× 300× 300 10−3 1.67× 10−4

L60lowres 60 4× 10−14 10−4 1200 70× 150× 150 10−2 1.67× 10−4

L60RigidLid 60 4× 10−14 10−4 1200 140× 150× 300 10−2 1.67× 10−4

L60drag 60 4× 10−14 10−4 1200 140× 150× 300 10−2 1.67× 10−4

L600.5Ly
60 4× 10−14 10−4 1200 140× 150× 300 10−2 1.67× 10−4

L602Lx0.5Ly
60 4× 10−14 10−4 1200 280× 150× 300 10−2 1.67× 10−4
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points.

Fully resolving turbulence down to viscous scales is computationally infeasible. We there-

fore apply a Smagorinsky closure to parameterize subgrid-scale mixing, which assumes an

isotropic forward energy cascade at the grid scale (Smagorinsky, 1963; Smagorinsky et al.,

1993). Although the “plume scale” is resolved in our simulations, the characteristic scale

at which rotation becomes important, lΩ = B1/2(2Ω)−3/2, is approximately 0.2 m in our

simulations, smaller than the grid spacing. This means that rotational effects may remain

important below the grid scale, but are not adequately accounted for by the Smagorin-

sky closure. To test the sensitivity to the Smagorinsky closure, we performed simulations

L60lowvisc and L60lowres to assess the effects of viscosity and resolution, and found no signif-

icant differences (see Appendix 4.A). We set ν/κ = 10 to maintain minimally diffusive stable

simulations. Based on the posterior-diagnosed Smagorinsky eddy diffusivity and viscosity,

the simulation parameters fall within the transitional regime, consistent with that expected

for icy moon oceans (Appendix 4.A).

4.3 Flux-gradient relation of the heat transport

Strong zonal jets as well as slantwise convection plumes form in the simulations, all aligned

with the planetary rotation axis (Fig. 4.2). Notably, the radial velocity component vs is

comparable in magnitude to the axial component vz (Fig. 4.2, second and third rows), while

both are roughly one order of magnitude smaller than the zonal jet velocities. This similarity

(vs ∼ vz) suggests that radial transport may be as important as axial transport. Moreover,

the length scales of vs and vz are similar, indicating no clear scale separation between the two

directions. This finding is supported by the heat transport spectra (Appendix 4.B), implying

that both components should be treated concurrently in any parameterization of slantwise

convection. Thermal boundary layers form near the top and bottom boundaries, maintaining

a large temperature contrast between them (Appendix 4.A). Temperature anomalies are also
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organized along the rotation axis, with horizontal temperature variations roughly an order

of magnitude smaller than the full vertical temperature contrast (Fig. 4.2, last row).

We diagnose buoyancy gradients and fluxes from the simulations with the goal of inform-
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Figure 4.2: Snapshots of the flow and temperature fields. The first to fourth columns
show results from the control simulations at different latitudes: L15Ctrl, L30Ctrl, L60Ctrl,
and L90Ctrl, respectively. The first to fourth rows show the velocity components vx, vs, vz
(c.f. Fig. 4.1a), and the temperature anomaly T , respectively. In each panel, the front face
shows a slice in the y–r plane at x = 0, the right face shows a slice in the x–r plane at
y = Ly, and the top face shows a slice in the x–y plane at r = Lr/2, where Lx, Ly, and Lr
are the domain extents in the zonal, meridional, and vertical directions, respectively. Only
the lower half of the domain is shown due to symmetry in the vertical direction, and to
illustrate the flow and temperature fields in the interior. In the top face of the last row, the
temperature anomaly is scaled up by a factor of 10 to enhance visibility. Dashed lines in the
y–r plane indicate the rotation axis (ez).
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ing parameterizations of bulk ocean heat transport in global models (Fig. 4.3). Specifically,

we focus on the ocean interior, away from boundary layers, where the horizontally and tem-

porally averaged temperature profile is approximately linear (Fig. 4.1b). Within this region,

we compute the buoyancy gradient |∇b|, the interior depth H, and the buoyancy flux B. The

total buoyancy flux is decomposed into the axial component (Bz, parallel to the convective

columns) and the radial component (Bs, perpendicular to the columns). The zonal heat flux

is dynamically uninteresting because the averaged flux has to be approximately zero due to

symmetry.

The CIA scaling reasonably captures the total heat transport magnitude (Fig. 4.4). Mo-

tivated by this, we assume this scaling holds for heat transport along the convective plumes

(i.e., the rotation axis) at fixed latitude. When latitude varies, the plumes tilt along the

rotation axis, and their height changes to Hz = H/ sin θ (Fig. 4.1b). We adjust H to Hz

to account for the plume depth change, leading to the following flux–gradient scaling in the

axial direction:

−ez · ∇b ≡
∆b

Hz
= CzB

2/5
z (2Ω)4/5H

−4/5
z , Hz =

H

sin θ
, (4.6)

where Cz = 1.181 is an empirical constant obtained from simulations at θ = 60◦ and applied

to all latitudes. This scaling performs well for all simulations with zonal jets (filled markers),

with errors below 10% in most cases. The one notable exception is simulation L150.625Ω (red

square), which exhibits large temporal variability in buoyancy flux and temperature profiles

(Fig. 4.5). Even in this case, the scaling predicts the temperature gradient within a factor

of 2 (Fig. 4.3a). One sensitivity test (L602Lx0.5Ly
, open upward triangle), which develops

meridional rather than zonal jets, exhibits up-gradient axial heat transport and is not shown

in Fig. 4.3a. However, because meridional jets are unlikely to occur in real icy moon oceans,

we exclude this case from consideration here (see Section 4.5 and Appendix 4.C for further

discussion).
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Figure 4.3: Buoyancy flux–gradient relationships. (a) and (b) show heat transport
scaling in the axial and radial directions (Equations 4.6 and 4.7), respectively. (c) and (d)
show the latitude dependence of normalized vertical (Br) and meridional (By) buoyancy
fluxes (Equations 4.8 and 4.9), respectively. Marker color denotes latitude (legend in a),
shape denotes parameter variations (legend in b), and grey markers denote sensitivity tests
(legend in c–d). Filled/open markers represent simulations with/without zonal jets. Error
bars show one standard deviation of temporal variability, typically negligible. Black lines
denote the one-to-one line in (a) and (b) and the theoretical prediction in (c) and (d).
Simulation L602Lx0.5Ly

is outside the range in (a) and (d); L150.625Ω is outside the range
in (c). (e) illustrates the heat transport for a hypothetical icy moon ocean with uniform
depth and vertical temperature contrast, with red and blue arrows showing the predicted
heat flux from this study’s scaling laws versus a traditional convective adjustment scheme
(see text for details). Arrow direction indicates the direction of heat flux, and arrow length
is proportional to its magnitude.
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Figure 4.4: The CIA scaling compared with simulation results. (a)–(c) show the CIA
scalings for the eddy velocity, V = (v′2s + v′2z )

1/2, buoyancy perturbation b′, and buoyancy
contrast ∆b, respectively, where primes denote deviations from the horizontal average. The
vertical axis shows simulation results, while the horizontal axis shows the corresponding theo-
retical CIA scalings: V ∼ ∆b(2Ω)−1, b′ ∼ ∆b3/2(2Ω)−1H−1/2, and ∆b ∼ B2/5(2Ω)4/5H1/5

(c.f. Aurnou et al. (2020) and references therein). All scalings are evaluated from a single
snapshot and averaged over the interior region. Note that B denotes the magnitude of the
total buoyancy flux, B = (B2

s +B2
z )

1/2, rather than the individual components Bs and Bz,
which are discussed in Section 4.3. Pre-factors are fitted using simulations at θ = 60◦ and
applied uniformly across all cases: 1.16 in (a), 0.86 in (b), and 0.51 in (c). Symbols are
consistent with those in Fig. 4.3.
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Figure 4.5: Time series of the temperature profile and buoyancy flux in simula-
tion L150.625Ω. (a) Horizontally averaged temperature profiles. Thin lines show individual
snapshots, and the thick black line shows the time-averaged profile. Black dashed lines mark
the boundaries between the interior and the boundary layers. (b) Time series of buoyancy
flux in the axial (Bz, red) and radial (Bs, blue) directions. Solid lines show the time series,
while dashed lines indicate the corresponding time averages.
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Table 4.2: Time-averaged simulation results.

Name ∆b/H (s−2) Bs (m2 s−3) Bz (m2 s−3) H (m)
L60Ctrl 1.46× 10−11 7.64× 10−15 ± 3.94× 10−16 4.21× 10−14 ± 7.31× 10−16 872
L600.25B 8.06× 10−12 2.02× 10−15 ± 1.48× 10−16 1.04× 10−14 ± 2.88× 10−16 856
L604B 2.61× 10−11 3.35× 10−14 ± 5.23× 10−15 1.67× 10−13 ± 1.03× 10−14 880
L6016B 4.54× 10−11 1.22× 10−13 ± 1.56× 10−14 6.72× 10−13 ± 2.99× 10−14 864
L600.39Ω 6.89× 10−12 7.50× 10−15 ± 1.15× 10−15 4.15× 10−14 ± 2.26× 10−15 856
L600.625Ω 1.02× 10−11 9.51× 10−15 ± 6.67× 10−16 4.08× 10−14 ± 1.34× 10−15 856
L601.6Ω 2.10× 10−11 8.28× 10−15 ± 3.44× 10−16 4.19× 10−14 ± 8.12× 10−16 848
L600.25H 4.77× 10−11 9.09× 10−15 ± 1.41× 10−15 4.10× 10−14 ± 2.71× 10−15 220
L600.5H 2.62× 10−11 8.77× 10−15 ± 6.99× 10−16 4.07× 10−14 ± 1.47× 10−15 436
L602H 8.19× 10−12 8.35× 10−15 ± 2.62× 10−16 4.17× 10−14 ± 5.25× 10−16 1712
L15Ctrl 1.42× 10−11 3.37× 10−14 ± 6.94× 10−15 2.62× 10−14 ± 4.38× 10−15 928
L150.25B 1.10× 10−11 7.54× 10−15 ± 1.97× 10−15 1.16× 10−14 ± 1.41× 10−15 936
L150.625Ω 5.36× 10−12 3.61× 10−14 ± 2.37× 10−14 1.45× 10−14 ± 8.70× 10−15 816
L152H 1.10× 10−11 2.97× 10−14 ± 6.85× 10−15 4.96× 10−14 ± 7.92× 10−15 1872
L30Ctrl 1.91× 10−11 1.75× 10−14 ± 2.65× 10−15 4.80× 10−14 ± 3.47× 10−15 928
L300.25B 1.11× 10−11 4.21× 10−15 ± 2.89× 10−16 1.25× 10−14 ± 3.92× 10−16 944
L300.625Ω 1.61× 10−11 1.85× 10−14 ± 2.69× 10−15 4.69× 10−14 ± 3.97× 10−15 856
L302H 1.11× 10−11 1.67× 10−14 ± 1.05× 10−15 5.07× 10−14 ± 1.43× 10−15 1872
L90Ctrl 1.56× 10−11 −3.31× 10−17 ± 2.72× 10−18 4.09× 10−14 ± 1.11× 10−15 864
L900.25B 9.04× 10−12 −1.18× 10−17 ± 4.39× 10−19 1.04× 10−14 ± 1.60× 10−16 856
L900.625Ω 1.02× 10−11 6.36× 10−18 ± 4.18× 10−18 4.10× 10−14 ± 3.24× 10−15 864
L902H 8.86× 10−12 4.44× 10−17 ± 1.83× 10−18 4.16× 10−14 ± 7.96× 10−16 1680

L60lowvisc 1.49× 10−11 7.84× 10−15 ± 5.18× 10−16 4.19× 10−14 ± 9.90× 10−16 856
L60lowres 1.43× 10−11 7.64× 10−15 ± 4.82× 10−16 4.18× 10−14 ± 9.35× 10−16 784
L60RigidLid 1.40× 10−11 7.91× 10−15 ± 7.27× 10−16 4.12× 10−14 ± 1.37× 10−15 840
L60drag 1.49× 10−11 1.77× 10−14 ± 6.44× 10−16 3.57× 10−14 ± 1.17× 10−15 888
L600.5Ly

1.40× 10−11 7.85× 10−15 ± 7.22× 10−16 4.17× 10−14 ± 1.36× 10−15 848
L602Lx0.5Ly

1.36× 10−11 1.08× 10−13 ± 4.42× 10−16 −1.63× 10−14 ± 1.19× 10−14 864
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To the best of our knowledge, no established theory exists for heat transport in the

radial direction (es, perpendicular to the convective plumes). We propose a semi-empirical

scaling by analogy with the axial direction, projecting the depth along the radial direction

as Hs = H/ cos θ (Fig. 4.1b). This yields:

−es · ∇b ≡
∆b

Hs
= CsB

2/5
s (2Ω)4/5H

−4/5
s , Hs =

H

cos θ
, (4.7)

where Cs = 2.009 is fitted using simulations at θ = 60◦. Alternative formulations using best-

fit exponents in the natural Rossby number for heat transport in the radial direction (Ro∗s =

B
1/2
s (2Ω)−3/2H−1

s ) were tested and found to yield similar performance (Fig. 4.6). Notably,

Equation 4.7 implies that Hs → ∞ at the pole, leading to Bs → 0, which is consistent with

the expected horizontal isotropy and agrees with simulation results showing Bs/Bz ≈ 0.1%

in all cases with θ = 90◦ (Table 4.2). At lower latitudes, the tilt between the rotation axis and

gravity breaks isotropy, generating correlated radial velocity and temperature anomalies that

drive net radial heat transport (Appendix 4.B). For most simulations, this scaling predicts

radial heat flux with errors below 15%.

Zonal jets influence the radial heat transport but have little effect on the heat transport

along the rotation axis. This likely occurs because zonal jets are primarily barotropic along

the rotation axis but have strong radial shear (Fig. 4.2). The radial shear deflects the flow,

reducing the efficiency of radial heat transport (Aurnou et al., 2008; Guervilly and Cardin,

2017). Consequently, simulations without steady zonal jets exhibit stronger radial heat

transport, producing a weaker buoyancy gradient than predicted. In simulations without

zonal jets (L602Lx0.5Ly
and L60drag) and those with strongly meandering zonal jets (L15Ctrl

and L150.625Ω; see Appendix 4.C), the scaling tends to overestimate the buoyancy contrast

(or equivalently, underestimate the buoyancy flux) in the radial direction. Even in these

cases, the predicted values remain within a factor of 3 (Fig. 4.3b).
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Figure 4.6: Scaling of the radial (es) flux-gradient relation with best-fit exponents.
According to the Buckingham π theorem, there is one non-dimensional parameter that gov-
erns the buoyancy flux–gradient relation. We define it as Ro∗s = |Bs|1/2(2Ω)−3/2H−1

s ,
motivated by the natural Rossby number but using the interior depth projected in the radial
direction, Hs, as the characteristic length scale. We assume a flux–gradient relation of the
form −es · ∇b = CB

2/5
s (2Ω)4/5H

−4/5
s Ro∗s

n, and fit the pre-factor C and exponent n using
simulations at θ = 60◦, then apply the fit across all latitudes. Symbols match those in
Fig. 4.3. The fitted exponent n is close to zero, supporting the use of the semi-empirical
scaling (Equation 4.7).
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4.4 Implications for the global ocean heat transport and ice shell

thickness on icy moons

The flux–gradient scaling laws (Equations 4.6 and 4.7) predict the dependence of heat trans-

port on latitude. The normalized vertical and meridional buoyancy fluxes are given by

B̃r ≡
Br

∆b5/2(2Ω)−2H−1/2
= C

−5/2
z sin3/2 θ + C

−5/2
s cos3/2 θ (4.8)

and

B̃y =
By

∆b5/2(2Ω)−2H−1/2
= C

−5/2
z sin1/2 θ cos θ − C

−5/2
s cos1/2 θ sin θ, (4.9)

respectively.

The vertical heat transport increases with latitude for fixed buoyancy contrast, rotation

rate, and depth, as predicted by Equation 4.8 (Fig. 4.3c). This trend aligns well with our

simulation results within a factor of 1.5, except for the lowest latitude cases (L15Ctrl and

L150.625Ω). As discussed in Section 4.3, in these simulations, the jets are highly meandering,

and the heat transport in the radial direction (close to vertical direction at low latitudes) is

underestimated (Fig. 4.3b & c).

The meridional heat transport is poleward and exhibits a non-monotonic dependence on

latitude, peaking near θ = 30◦ and vanishing at both the equator and the pole, as predicted

by Equation 4.9 (Fig. 4.3d). This pattern broadly agrees with the simulations within a factor

of 1.5, although the scaling overestimates the meridional transport in simulation L60drag,

which does not develop jets. Only simulation L602Lx0.5Ly
, which develops meridional jets,

exhibits equatorward heat transport. This case is not shown in this panel and is excluded

from consideration, as the meridional jets are not representative of icy moon ocean conditions

(see Section 4.5).

For comparison with traditional convective parameterizations, which assume heat trans-
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port aligned with gravity, we evaluate the fluxes predicted by both the traditional scheme

and the scaling laws developed in this study (Equations 4.8 and 4.9), assuming constant

ocean depth and vertical buoyancy contrast, with latitude taken at the bottom boundary.

For the traditional scheme, we adopt the scaling from Equation (3.10) of Gastine et al.

(2016), which has previously been applied to icy moon ocean studies (e.g., Kang (2023)).

Our scaling predicts weaker heat flux at lower latitudes and a heat flux vector that lies be-

tween the direction of gravity and the planetary rotation axis, resulting in a net poleward

transport (Fig. 4.3e, red arrows). In contrast, traditional GCM convection schemes assume

transport strictly aligned with gravity (Fig. 4.3e, blue arrows), thereby underestimating the

poleward component. At the poles, our scaling converges with the traditional scheme, with

a pre-factor difference of less than 10%.

The predicted latitude dependence, with increased vertical flux at high latitudes and

poleward meridional flux, suggests that slantwise convection may play an important role in

redistributing heat toward the poles. If it dominates the heat transport, this redistribution

would help maintain poleward-thinning ice shells on icy moons, qualitatively consistent with

observations of Enceladus (Beuthe et al., 2016; Čadek et al., 2019; Hemingway and Mittal,

2019).

4.5 Discussion

We investigate heat transport associated with slantwise convection in the ocean interior, away

from boundary layers, under conditions relevant to icy moons. Using convection-resolving

simulations of rotating Rayleigh-Bénard convection on a tilted f -plane, we examine heat

fluxes in both the axial and radial directions. We find scaling laws consistent with the classical

diffusion-free (CIA) scaling at fixed latitude, extended here to include latitude dependence

(Equations 4.6 & 4.7). The heat transport in the axial and radial directions is of comparable

magnitude, suggesting that both components should be included in parameterizations of
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slantwise convection in icy moon oceans. These scalings show that the total convective

heat flux vector lies between the directions of gravity and planetary rotation. The vertical

heat transport increases with latitude, and the meridional transport is poleward, both of

which support the formation of a poleward-thinning ice shell, qualitatively consistent with

observations of Enceladus.

Zonal jets emerge in most simulations. Sensitivity tests show that the presence of zonal

jets influences the radial heat transport, although the jet strength itself has little effect. We

performed one simulation with meridional jets, where the meridional heat flux reverses sign

and becomes equatorward (Table 4.2 and Appendix 4.C). However, in realistic icy moon

oceans, the β-effect arising from planetary rotation and spherical geometry promotes zonal

jets and suppresses meridional jets (Rhines, 1975; Vallis, 2017). We therefore focus on

simulations with zonal jets only, where all simulations exhibit a poleward meridional heat

transport.

Our simulations consider buoyancy driven solely by temperature. However, salinity can

also contribute significantly to buoyancy stratification in icy moon oceans (Lobo et al., 2021;

Zeng and Jansen, 2021; Kang et al., 2022c; Zeng and Jansen, 2024; Ames et al., 2025). In

the turbulent regime studied here, mixing is dominated by turbulence, which mixes heat

and salt similarly. Therefore, as long as the equation of state is approximately linear for

both temperature and salinity, our conclusions should remain valid in the presence of both

buoyancy sources.

We adopt a Rayleigh–Bénard setup with uniform heating. However, seafloor heating

on icy moons may be heterogeneous or spatially localized, as has been argued specifically

for Enceladus (Choblet et al., 2017; Bouffard et al., 2025). Such localized heating could

generate isolated plumes rather than global convection (Goodman et al., 2004; Goodman

and Lenferink, 2012; Kang et al., 2022b; Bire et al., 2023; Zhang et al., 2025a; Wang et al.,

2025). On Enceladus, these localized plumes are likely to lose buoyancy through mixing
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with the surrounding denser fluid, driven by baroclinic instability (Zhang et al., 2025a; Wang

et al., 2025). Once buoyancy becomes horizontally homogenized, the system is expected to

dynamically resemble the uniform heating case considered in this study. However, if highly

localized heat sources exist on Europa, localized plumes there may or may not become well-

mixed across the global ocean before reaching the surface (Wang et al., 2025). A quantitative

analysis of the behavior of isolated slantwise convecting plumes under a tilted rotation axis

remains an important topic for future work.

Our work is designed to investigate processes in the ocean interior, and the boundary layer

is not well resolved due to numerical constraints. This may influence the vertical velocity

and buoyancy anomalies at the outer edge of the boundary layer and therefore introduces

some uncertainty in the heat transport. We note, however, that boundaries in real icy moons

are rough, and a viscous boundary layer along a smooth boundary is in any case unlikely to

be applicable to icy moons. The possible role of realistic boundary layer processes remains

an important area of research.

Our study isolates the effects of slantwise convection in the absence of baroclinic in-

stability, which arises from large-scale meridional temperature gradients. Chapter 2 has

shown that baroclinic eddies tend to smooth out ice shell topography (Kang, 2022; Kang

et al., 2022c), in contrast to the poleward-thinning tendency driven by slantwise convection.

Kang (2023) examined the interaction between these competing processes using a traditional,

gravity-aligned convective parameterization. Revisiting this problem using a more realistic

representation of slantwise convection is therefore an important next step. In the next two

chapters, we develop a parameterization scheme for heat transport by slantwise convection in

icy moon oceans, and then apply it to investigate the competition between baroclinic eddies

and slantwise convection.
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Appendix 4.A: Numerical details

We set the parameters of our numerical simulations based on typical values for icy moon

oceans. The buoyancy flux is calculated as B = (QgαT )/(ρ0cp), where we use ρ0 =

103 kg m−3 for reference density and cp = 4000 J kg−1 K−1 for the specific heat capacity

of water. The bottom heat flux Q, gravitational acceleration g, and thermal expansivity αT

for various icy moons are listed in Table 1.1; in our simulations, we adopt g = 0.1 m s−2

and αT = 4 × 10−5 K−1, and vary Q between 10 and 640 mW m−2. A summary of the

numerical simulation parameters is provided in Table 4.1. All simulations use uniform grid

spacing in the zonal, meridional, and vertical directions.

We focus on the ocean interior, where the horizontally and temporally averaged temper-

ature profile is approximately linear. To identify the boundaries between the interior and

the thermal boundary layers, we perform a linear fit to the temperature profile, starting

from the domain center and extending outward toward both the top and bottom. The fit

is carried out incrementally over increasing depth and is terminated when the coefficient of

determination falls below r2 = 0.998. From this fit, we obtain the depth of the interior, H,

and the corresponding buoyancy gradient, |∇b| ≡ ∆b/H, as illustrated in Fig. 4.7.

In our simulations, subgrid-scale eddies are not explicitly resolved but are parameterized

using the Smagorinsky closure, in which viscosity and diffusivity are determined by local ve-

locity gradients, grid spacing, and prescribed coefficients Aν,smag and Aκ,smag (Smagorinsky,

1963; Smagorinsky et al., 1993):

νsmag = 2
√
2Aν,smagV

2/3
grid

√
v2xx + v2yy + v2rr +

(vxy + vyx)2

2
+

(vxr + vrx)2

2
+

(vry + vyr)2

2
,

(4.10)
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Boundary layer

Boundary layer

Interior 𝑯

Figure 4.7: Interior and boundary layer. Example of the horizontally and temporally
averaged temperature profile from simulation L60Ctrl. Solid lines show the simulation result,
and the dashed line indicates the best-fit slope for the interior temperature gradient.
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κsmag = 2
√
2Aκ,smagV

2/3
grid

√
v2xx + v2yy + v2rr +

(vxy + vyx)2

2
+

(vxr + vrx)2

2
+

(vry + vyr)2

2
,

(4.11)

where Vgrid is the grid volume, and vij ≡ ∂vi/∂j, i, j = x, y, r are the velocity gradients.

Values of Aν,smag are listed in Table 4.1 and we set Aκ,smag = 0.1Aν,smag in our simulations.

For comparison with previous direct numerical simulations that characterize planetary

parameters using the Rayleigh number Ra = ∆bdomainH
3
domain/(νκ) and the Ekman number

Ek = ν/(ΩH2
domain), we estimate Ra and Ek based on the diagnosed horizontally averaged

buoyancy contrast between the two plates and the domain-averaged Smagorinsky eddy vis-

cosity and diffusivity from a single snapshot (the eddy viscosity and diffusivity only vary

within a factor of 2 vertically across the domain in our simulations). Here, both ∆bdomain

and Hdomain are evaluated across the full domain, differing from the ocean interior definition

used in the main text, to ensure consistency with previous studies. The transition to the

non-rotating regime is given by RaT,NR = 100Ek−12/7, and the transition to the rapidly ro-

tating regime is given by RaT,RR = 0.4Ek−8/5, following Gastine et al. (2016). The resulting

values place our simulations in the transitional regime, RaT,RR < Ra < RaT,NR, consistent

with that expected for icy moon oceans (Table 4.3).

To assess the sensitivity to the sub-grid eddy parameterization, we conducted one simu-

lation with viscosity and diffusivity parameters, Aν,smag and Aκ,smag, reduced by a factor of

10 (L60lowvisc), and another low-resolution simulation with grid spacing doubled (L60lowres),

both compared to the control simulation L60Ctrl. In the low-viscosity case, results changed

by less than 3%, indicating that viscosity and diffusivity have minimal influence on interior

ocean dynamics under our simulation parameters. In the low-resolution case, the buoyancy

gradient and the meridional heat flux show very little change (less than 2%), while the in-

terior depth decreased by about 10%. This suggests that the coarser resolution thickens the
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Table 4.3: Ekman and Rayleigh numbers for numerical simulations. See Ap-
pendix 4.A for details.

Name Ek Ra RaT,RR = 0.4Ek−8/5 RaT,NR = 100Ek−12/7

L60Ctrl 7.91× 10−8 4.96× 1012 9.22× 1010 1.49× 1014

L600.25B 4.81× 10−8 8.42× 1012 2.05× 1011 3.51× 1014

L604B 1.21× 10−7 3.48× 1012 4.66× 1010 7.20× 1013

L6016B 2.08× 10−7 2.00× 1012 1.96× 1010 2.84× 1013

L600.39Ω 2.12× 10−7 1.95× 1012 1.90× 1010 2.75× 1013

L600.625Ω 1.34× 10−7 2.85× 1012 3.97× 1010 6.06× 1013

L601.6Ω 4.91× 10−8 8.01× 1012 1.98× 1011 3.38× 1014

L600.25H 2.13× 10−7 1.96× 1012 1.90× 1010 2.75× 1013

L600.5H 1.27× 10−7 3.18× 1012 4.34× 1010 6.66× 1013

L602H 4.71× 10−8 8.78× 1012 2.12× 1011 3.64× 1014

L15Ctrl 1.48× 10−7 1.09× 1012 3.37× 1010 5.09× 1013

L150.25B 5.14× 10−8 6.86× 1012 1.84× 1011 3.13× 1014

L150.625Ω 1.49× 10−7 1.39× 1012 3.34× 1010 5.03× 1013

L152H 5.22× 10−8 6.67× 1012 1.79× 1011 3.04× 1014

L30Ctrl 8.19× 10−8 5.14× 1012 8.73× 1010 1.41× 1014

L300.25B 5.00× 10−8 8.76× 1012 1.92× 1011 3.28× 1014

L300.625Ω 1.34× 10−7 3.06× 1012 3.96× 1010 6.04× 1013

L302H 4.93× 10−8 9.06× 1012 1.97× 1011 3.37× 1014

L90Ctrl 8.18× 10−8 4.53× 1012 8.74× 1010 1.41× 1014

L900.25B 4.92× 10−8 7.41× 1012 1.98× 1011 3.38× 1014

L900.625Ω 1.30× 10−7 3.01× 1012 4.17× 1010 6.39× 1013

L902H 1.90× 10−7 1.03× 1012 2.27× 1010 3.33× 1013

L60lowvisc 1.04× 10−8 2.86× 1014 2.37× 1012 4.83× 1015

L60lowres 2.14× 10−7 7.22× 1011 1.88× 1010 2.72× 1013

L60RigidLid 8.90× 10−8 3.77× 1012 7.64× 1010 1.22× 1014

L60drag 8.98× 10−8 3.12× 1012 7.54× 1010 1.20× 1014

L600.5Ly
8.24× 10−8 4.44× 1012 8.64× 1010 1.39× 1014

L602Lx0.5Ly
8.50× 10−8 3.72× 1012 8.23× 1010 1.32× 1014
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boundary layers, likely due to increased effective viscosity and diffusivity from the larger grid

spacing, but does not significantly affect the interior dynamics.

We also use a free surface as the top boundary condition in our simulations. To assess

its impact, we performed an additional simulation with a rigid lid at the top (L60RigidLid),

comparing it to the corresponding simulation with a free surface (L600.5Ly
). The results only

differed by 1%, indicating that the top boundary condition has little effect on heat transport.

This insensitivity arises because the barotropic deformation radius, LD =
√
gH/(2Ω), is

much larger than the domain scale in all simulations, with LD/Ldomain ranging from 40 to

500. As a result, variations in surface elevation have negligible dynamical influence.
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Appendix 4.B: Eddy scale of the heat transport

As shown in Section 4.3, the axial (ez) and the radial (es) heat fluxes are of comparable

magnitude. To guide the development of parameterizations, which are intended to repre-

sent the effects of unresolved subgrid-scale dynamics, it is important to assess whether the

processes responsible for these transports occur at different spatial scales. If a clear scale

separation exists, it may be possible to explicitly resolve the larger-scale process in global

simulations while parameterizing the smaller-scale one.

We estimate the characteristic length scales of heat transport by computing the spectral

centroids (kcx, k
c
y) of the axial and radial heat transport cross-spectra in the ocean interior.

These spectra are defined by Re(v̂zT̂
∗) for axial transport and Re(v̂sT̂

∗) for radial transport,

where the hat denotes the Fourier transform and the asterisk denotes the complex conjugate.

The spectral centroids are given by:

kcx =

(∫∫
k2x|P̂ |dkxdky∫∫
|P̂ |dkxdky

)1/2

, kcy =

(∫∫
k2y|P̂ |dkxdky∫∫
|P̂ |dkxdky

)1/2

, (4.12)

where P̂ represents the cross-spectrum of either Re(v̂sT̂
∗) or Re(v̂zT̂

∗).

We find that the eddy length scales associated with heat transport in the axial and

radial directions are of comparable magnitude, indicating no clear scale separation between

them (Fig. 4.8). In the polar simulation (θ = 90◦), strong cancellation between positive

and negative contributions to the radial heat transport results in a negligible net radial flux

(Table 4.2).

The radial heat transport spectrum (first row in Fig. 4.8) exhibits a dip in energy near

kx = 0, indicating that the zonally symmetric mode primarily transports heat along the

rotation axis. This result is consistent with the linear instability analyses of Flasar and

Gierasch (1978) and Hathaway et al. (1979), which showed that the most unstable symmetric

modes correspond to slantwise convection and preferentially transport heat along the rotation
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Figure 4.8: Horizontal cross-spectra of the eddy heat transport. From left to right,
the columns show results from the control simulations at different latitudes: L15Ctrl, L30Ctrl,
L60Ctrl, and L90Ctrl. The upper and lower rows show the cross-spectra for radial and axial
heat transport, Re(v̂sT̂ ∗) and Re(v̂zT̂

∗), respectively. Spectra are computed from averages
of horizontal slices within the interior region using a single snapshot. Spectral centroids are
indicated in the upper-left corner of each panel.
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axis.

More generally, the heat transport spectrum is nearly isotropic near the pole and becomes

increasingly anisotropic toward lower latitudes. There is some anisotropy present in the

θ = 90◦ simulation, which arises from the domain geometry, where the zonal extent is shorter

than the meridional one. At lower latitudes, eddies become elongated in the meridional

direction (i.e., shifted toward smaller ky), as also evident in the snapshots (Fig. 4.2). This

anisotropy is consistent with the findings of Currie et al. (2020) and likely results from the

geometric projection of slantwise convection onto the horizontal plane: at the pole, where the

rotation axis is vertical, the projection is isotropic; at lower latitudes, the rotation axis tilts

in the meridional direction, introducing anisotropy and leading to meridional elongation.
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Appendix 4.C: Effects of zonal jets

Previous studies have shown that zonal jets can influence convective heat transport. Aurnou

et al. (2008) and Guervilly and Cardin (2017) found that the radial shear of the zonal jets

decreases the radial heat transport. Novi et al. (2019) and Currie et al. (2020) found that

vertical heat transport along gravity increases with latitude in the presence of zonal jets.

Currie et al. (2020) further demonstrated that when the zonal domain is longer than the

meridional domain, meridional jets form instead of zonal ones. In such cases, vertical heat

transport decreases with latitude up to approximately 60◦, and remains nearly constant

higher than 60◦ (see their Fig. 4).

In our simulations, zonal jets are present, and the vertical heat transport (i.e., along the

direction of gravity) increases with latitude, consistent with earlier findings. To investigate

the influence of jets, we conducted sensitivity tests by modifying the horizontal domain

aspect ratio and introducing linear bottom drag. At θ = 60◦, we tested three aspect ratios:

Lx : Ly = 7 : 15 (L60Ctrl), 14 : 15 (L600.5Ly
), and 28 : 15 (L602Lx0.5Ly

). Additionally, we

performed a simulation with linear bottom drag (L60drag), in which bottom-layer velocities

were relaxed to zero at a rate of 2.5× 10−4 s−1, which suppresses jet formation.

In simulations L600.5Ly
and L60Ctrl, zonal jets develop (Fig. 4.9a & b). Although their

jet magnitudes differ by a factor of two, the resulting buoyancy gradient and flux vary by less

than 4% (Table 4.2), suggesting that jet strength has a limited impact on heat transport. In

L602Lx0.5Ly
, where the zonal domain is wider than the meridional one, meridional jets form

instead (Fig. 4.9c), consistent with Julien et al. (2018) and Currie et al. (2020). In this case,

the meridional heat flux reverses sign (By = Bz cos θ − Bs sin θ < 0; Table 4.2). However,

as discussed in Section 4.5, the β effect in real icy moon oceans is expected to inhibit the

formation of meridional jets (Rhines, 1975; Vallis, 2017), making such a scenario unlikely

to occur in real oceans. In L60drag, linear drag suppresses jet formation, and domain-scale

eddies dominate (Fig. 4.9d), reducing the meridional heat flux By by a factor of 5, although
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Figure 4.9: Horizontal snapshots of the horizontal velocity fields at mid-depth (r =
600 m). The first and second rows show the zonal velocity vx and the meridional velocity
vy, respectively. (a)–(c) show simulations with varying horizontal aspect ratios: L60Ctrl,
L600.5Ly

, and L602Lx0.5Ly
. (d) shows the simulation with linear bottom drag applied to

suppress jet formation (L60drag). (e) and (f) show simulations L15Ctrl and L150.625Ω. In
all other simulations, relatively strong and straight jets form, resembling those in L600.5Ly

and L60Ctrl.

it remains poleward.

These results suggest that the presence and orientation of jets significantly affect merid-

ional heat transport. Across all four simulations, however, the vertical buoyancy flux re-

mains close to the imposed value, and buoyancy gradients vary by less than 10%, indicating

that vertical transport at θ = 60◦ is less sensitive to jet configuration. Notably, in the

other two outlier cases in Fig. 4.3b (L15Ctrl and L150.625Ω), jets exhibit strong meander-

ing (Fig. 4.9e & f), in contrast to the relatively straight jets in other simulations. This

also suggests that the structure of the zonal jets may influence convective heat transport.

Quantifying this effect is left for future work.
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CHAPTER 5

PARAMETERIZING SLANTWISE CONVECTION IN ICY

MOON OCEANS

An earlier version of this chapter was posted on arXiv as Zeng, Yaoxuan, and Malte F.

Jansen. "Parameterizing slantwise convection in icy moon oceans." arXiv:2606.22547 (2026).

5.1 Introduction

In this chapter, we apply the instability criterion developed in Chapter 3 and the heat trans-

port scaling laws developed in Chapter 4 to build a parameterization scheme for slantwise

convection that can be implemented in global ocean circulation models.

In icy moon oceans, the natural Rossby number is small, Ro∗ ≡ B1/2(2Ω)−3/2H−1 ≪

1, where B is the buoyancy flux (Jones and Marshall, 1993; Maxworthy and Narimousa,

1994; Bire et al., 2022). Under strong rotational constraints, convection in icy moon oceans

organizes into columnar structures aligned with the planetary rotation axis. The ocean can

then be divided into two regions separated by the tangent cylinder, a virtual cylinder parallel

to the rotation axis and tangent to the solid core (Fig. 5.1). Inside the tangent cylinder, the

bases of columns aligned with the rotation axis are in direct contact with the heated core,

forming convective plumes known as slantwise convection. Outside the tangent cylinder, the

columns are not directly connected to the core at their bases, and convection takes the form

of equatorial rolls that circulate around the columns (Ashkenazy and Tziperman, 2021; Bire

et al., 2022).

Most existing global simulations of icy moon oceans rely on convective adjustment schemes

developed for Earth’s oceans (Marotzke, 1991). However, these schemes cannot represent

slantwise convection in icy moon oceans, as illustrated in Chapters 3 and 4. A new parame-

terization is therefore needed for global icy moon ocean models. The scaling laws for vertical
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and meridional heat transport derived in Chapter 4 provide a framework for representing the

effects of unresolved slantwise convection in global models. However, these scaling laws were

derived from local Cartesian simulations, and their applicability in global models remains to

be examined.

In this study, we develop a slantwise convection scheme based on the convection-resolving

simulations in Chapter 4. This scheme captures the meridional transport by slantwise con-

vection, which is neglected in the traditional convection scheme. The scheme is implemented

in the Massachusetts Institute of Technology General Circulation Model (MITgcm, Adcroft

et al., 2018), a numerical model widely used to simulate icy moon oceans (e.g., Zeng and

Jansen, 2021; Kang et al., 2022c; Kang, 2023; Zeng and Jansen, 2024; Ames et al., 2025).

We conduct benchmark tests in the low-Ro∗ regime relevant to icy moon oceans. Sec-

tion 5.2 describes the formulation of the slantwise convection scheme. Section 5.3 presents

benchmark simulations in the low-Ro∗ regime and compares the parameterized results with

convection-resolving simulations in a global spherical shell. Section 5.4 provides discussion

and concluding remarks.

5.2 Formulation of the scheme

5.2.1 Governing equations and coordinates

We solve the Navier-Stokes equations under the Boussinesq approximation for icy moon

oceans:

Dv

Dt
+ 2Ω× v = −∇Φ + ber +∇ · (ν∇v), (5.1)

DT

Dt
= ∇ · (κ∇T ), (5.2)
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(a)
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er(−g) eθ
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Tangent 
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Figure 5.1: Coordinate systems. (a) Schematic of the coordinate systems. eθ and er
are the meridional (latitudinal) and vertical (opposite to gravity) directions, respectively.
ez and es are the axial direction aligned with planetary rotation and the radial direction
perpendicular to it, respectively. eϕ represents both the zonal direction in spherical coordi-
nates and the azimuthal direction in cylindrical coordinates. (b) Distribution of Hz in the
simulation with Enceladus-like parameters: a core radius of 192 km and an ocean surface
radius of 232 km. Outside the tangent cylinder, Hz is kept constant. In (a) and (b), gray
dashed lines indicate the tangent cylinder.

DS

Dt
= ∇ · (κ∇S), (5.3)

∇ · v = 0, (5.4)

where v is the velocity vector, ∇Φ is the pressure gradient term, b = b(S, T ) is the buoyancy,

S is the salinity, and T is the temperature. ν and κ are the three-dimensional (3-D) eddy

viscosity and diffusivity tensors representing unresolved subgrid-scale mixing processes. We

use (eϕ, eθ, er) to denote the zonal, meridional, and vertical directions in spherical coordi-

nates, where ϕ is longitude and θ is latitude, and (eϕ, ez, es) to denote the azimuthal, axial,
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and radial directions in cylindrical coordinates, respectively (Fig. 5.1a; note that the zonal

direction in spherical coordinates and the azimuthal direction in cylindrical coordinates are

the same).

5.2.2 From traditional upright convection to slantwise convection

To incorporate slantwise convection, two main aspects of the traditional convection scheme

widely used for Earth’s ocean (Marotzke, 1991) must be modified. The first is the instability

criterion. The traditional scheme is triggered when stratification is unstable along the grav-

itational direction, i.e., ∂b/∂r < 0. This criterion is appropriate for upright convection on

Earth. However, in icy moon oceans, the Rossby number is small, so angular momentum is

dominated by planetary rotation, and surfaces of constant angular momentum are approxi-

mately parallel to the rotation axis. In this regime, the flow is always inertially stable, and

the only possible buoyancy-driven instability is governed by stratification along the rotation

axis. Instability therefore occurs if (∂b/∂z) sin θ < 0, where the factor sin θ accounts for the

projection of gravity relative to the rotation axis (Chapter 3).

The second aspect is the representation of convective buoyancy transports. The tra-

ditional scheme parameterizes convection using a large vertical diffusivity, κrr,c, typically

prescribed as a constant, where the subscript c here denotes the convective contribution to

the eddy diffusivity. This formulation represents only upright transport and adjustment of

the buoyancy profile along the gravitational direction, while neglecting any meridional fluxes

associated with the tilted structure of slantwise convection. Moreover, it does not depend

on local buoyancy gradients, which control the strength of convection.

To address these limitations, we represent convective transport using an anisotropic diffu-

sivity tensor κc derived from simulations in Chapter 4. The buoyancy flux along the rotation

axis follows a CIA (Coriolis–Inertial–Archimedean) scaling (Aurnou et al., 2020):
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Figure 5.2: Scalings of diffusivities. Panels (a) and (b) compare the diffusivity scalings in
the axial and radial directions (Equations 5.5 and 5.6) with convection-resolving simulations
from Chapter 4, respectively. Marker color denotes latitude (legends in a), and shape denotes
parameter variations (legends in b). Black lines denote the one-to-one line. Grey shading
indicates the range between 0.67× and 1.5× the scaling in panel (a), and between 0.4× and
2.5× in panel (b). Most simulations lie within this range, except for one case exhibiting
large temporal variability (see Chapter 4 for details).

Bz = −κzz,c
∂b

∂z
, κzz,c =


Kz

∣∣∣∣∂b∂z
∣∣∣∣3/2 (2Ω)−2H2

z , if
∂b

∂z
sin θ < 0,

0, if
∂b

∂z
sin θ ≥ 0.

(5.5)

where Hz is the characteristic depth scale of convection plumes and Kz = 0.660 is an empir-

ical constant. This scaling reproduces the simulation results in Chapter 4 well (Fig. 5.2a).

Inside the tangent cylinder of a spherical shell, the depth scale of slantwise convection

plumes is constrained by the shell geometry and therefore varies with latitude, assuming

that convection spans the full ocean depth inside the tangent cylinder. Outside the tangent

cylinder, however, the dynamics are dominated by equatorial rolls rather than slantwise

convection, making the appropriate choice of Hz less clear. In the present formulation,

we keep Hz constant outside the tangent cylinder (Fig. 5.1b). We also tested alternative
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formulations in which Hz is constrained by the spherical boundaries outside the tangent

cylinder, but found no qualitative changes in the results (Appendix 5.B).

For the radial direction, we assume that the diffusivity is proportional to that in the axial

direction but reduced by a constant factor:

Bs = −κss,c
∂b

∂s
, κss,c = γκzz,c, (5.6)

where γ = 0.326 is an empirical constant obtained from the simulations in Chapter 4. With

this factor, the scaling agrees with the simulations to within a factor of 2.5 (Fig. 5.2b).

The diffusivity κzz,c represents transport associated with slantwise convective motions along

the rotation axis, while κss,c represents cross-column transport. Because these processes

are dynamically distinct, we represent the diffusivity tensor as anisotropic but diagonal in

cylindrical coordinates (i.e., κzs,c = κsz,c = 0).

5.2.3 Tensor transformation

General circulation models for global icy moon ocean simulations are formulated in spher-

ical coordinates to accommodate realistic boundary conditions. We therefore transform

the diffusivity tensor from cylindrical coordinates to spherical coordinates. We focus on the

meridional heat transport and therefore only require the transformation between the (ez, es)

and (eθ, er) directions:

κc =

κθθ,c κθr,c

κrθ,c κrr,c

 = RT

κzz,c 0

0 κss,c

R = κzz,c

 cos2 θ + γ sin2 θ (1− γ) sin θ cos θ

(1− γ) sin θ cos θ sin2 θ + γ cos2 θ

 ,

(5.7)

where
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R =

 cos θ sin θ

− sin θ cos θ


is the rotation matrix. The slantwise convection diffusivity is added to the background eddy

diffusivity to form the total eddy diffusivity, κ = κb+κc. The slantwise convection scheme

does not modify the eddy viscosity, so that ν = νb. Here, the subscript b denotes the

background contribution to the eddy diffusivity and viscosity. The scheme is implemented

in MITgcm, which uses an Arakawa-C grid (Arakawa, 1977).

5.3 Benchmark tests

5.3.1 Model configuration

The scaling laws in Section 5.2.2 are derived from local Cartesian simulations. To assess

their applicability in a more realistic geometry, we conduct convection-resolving simulations

(CR simulations) in a global spherical shell using MITgcm. In addition, we perform simula-

tions with the slantwise convection parameterization (Equations 5.5 & 5.6) under the same

setup for comparison (SL simulations). These simulations serve as benchmark tests for the

parameterization developed in this study. We also perform simulations with the traditional

convection scheme (“convective adjustment scheme” in MITgcm, Adcroft et al., 2018) for

comparison (TR simulations).

We impose a uniform bottom heat flux Qbot and restore the surface temperature toward

the freezing point (0◦C) at a time scale τT to represent icy moon conditions. The uniform

surface temperature suppresses lateral buoyancy gradients and therefore minimizes the in-

fluence of baroclinic eddies, allowing us to isolate the effect of slantwise convection. We fix

the ocean salinity and adopt a linear equation of state with thermal expansion coefficient

αT = 2 × 10−4 K−1, such that b = −gαT (T − Tref ), where we choose Tref = 0◦C. Other
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Table 5.1: Simulation setup. CR indicates convection-resolving simulations, SL indicates
simulations with the slantwise convection parameterization, and TR indicates the simula-
tion with the traditional convection scheme. The restoring timescale τT is chosen to be
approximately 1/50 of the vertical overturning timescale. In the TR simulations, we set
κrr,c = 3869, 972, 244, and 61.3 m2 s−1 for simulations from the highest to lowest heat
fluxes, respectively. These values are chosen to be comparable to the diffusivities estimated
from the corresponding SL simulations.

Scheme Qbot Ro∗ Ek = νΩ−1H−2 Resolution τT τU

CR

106 W m−2 5.6× 10−2 5.8× 10−4 0.45◦ 104 s 105 s
105 W m−2 1.8× 10−2 2.7× 10−4 0.45◦ 3× 104 s 105 s
104 W m−2 5.6× 10−3 1.3× 10−4 0.225◦ 9× 104 s 105 s
103 W m−2 1.8× 10−3 5.8× 10−5 0.225◦ 2.7× 105 s 106 s

SL

106 W m−2 5.6× 10−2 3.8× 10−3 0.9◦ 104 s 105 s
105 W m−2 1.8× 10−2 1.7× 10−3 0.9◦ 3× 104 s 105 s
104 W m−2 5.6× 10−3 8.1× 10−4 0.9◦ 9× 104 s 105 s
103 W m−2 1.8× 10−3 3.8× 10−4 0.9◦ 2.7× 105 s 106 s

TR

106 W m−2 5.6× 10−2 3.8× 10−3 0.9◦ 104 s 105 s
105 W m−2 1.8× 10−2 1.7× 10−3 0.9◦ 3× 104 s 105 s
104 W m−2 5.6× 10−3 8.1× 10−4 0.9◦ 9× 104 s 105 s
103 W m−2 1.8× 10−3 3.8× 10−4 0.9◦ 2.7× 105 s 106 s

SL

104 W m−2 5.6× 10−3 3.2× 10−4 0.45◦ 9× 104 s 105 s
104 W m−2 5.6× 10−3 1.4× 10−3 1.35◦ 9× 104 s 105 s
104 W m−2 5.6× 10−3 2.4× 10−3 0.9◦ 9× 104 s 105 s
104 W m−2 5.6× 10−3 2.7× 10−4 0.9◦ 9× 104 s 105 s

parameters are chosen to be representative of Enceladus: rotation rate Ω = 5 × 10−5 s−1,

gravity g = 0.1 m s−2, bottom radius rbot = 192 km, and surface radius rsurf = 232 km.

The resulting Hz profile is shown in Fig. 5.1b.

Resolving slantwise convection with realistic heat fluxes is computationally infeasible be-

cause the resulting convective plumes are too small (Table 1.1). We therefore apply enhanced

heat fluxes to make the plumes resolvable, while keeping a small natural Rossby number:

Ro∗ = 5.6 × 10−2, 1.8 × 10−2, 5.6 × 10−3, and 1.8 × 10−3. For reference, we also diag-

nose the horizontally averaged vertical temperature profile to estimate the Rayleigh number

(Ra = gαT∆TH
3/(νκ)) for each CR simulation (see Table 5.2 in APPENDIX 5.A).
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In all simulations, we apply isotropic background eddy diffusivity and viscosity and fix

the Prandtl number Pr = νb/κb = 10 to maintain numerical stability. The vertical resolution

is 1000 m. For the CR simulations, the horizontal resolution is 0.45◦ for Ro∗ = 5.6 × 10−2

and 1.8 × 10−2, and 0.225◦ for Ro∗ = 5.6 × 10−3 and 1.8 × 10−3, in order to resolve

the convective plumes (see APPENDIX 5.A for more details). The SL (slantwise convection

parameterization) and TR (traditional convective parameterization) simulations use a coarser

horizontal resolution of 0.9◦ with increased viscosity, since convection is parameterized rather

than explicitly resolved.

To assess sensitivity to numerical parameters, we additionally perform SL simulations

with different horizontal resolutions (0.45◦ and 1.35◦)1 and viscosities (3ν and ν/3), while

keeping Pr = 10. To reduce computational cost, the zonal domain is restricted to 13.5◦ with

periodic boundary conditions, corresponding to an approximate 27-fold zonal symmetry. The

meridional extent spans 81◦S to 81◦N to avoid numerical difficulties near the poles, where

zonal grid spacing becomes small. We apply no-normal-flow and free-slip boundaries at the

top and bottom. To prevent long-term drift of the zonal flow, we apply a linear bottom drag,

which restores the velocity in the lowest model level toward zero with a timescale τU = 105–

106 s. All simulations are integrated to a statistically steady state, and time-averaged results

are presented to reduce temporal variability, unless otherwise noted. Detailed simulation

parameters are listed in Table 5.1.

5.3.2 Simulation results

In convection-resolving (CR) simulations, we observe distinct dynamical features in equato-

rial rolls (Fig. 5.3a) and mid-latitude slantwise convection (Fig. 5.3b) across different Ro∗.

In the smaller-Ro∗ simulations (Ro∗ = 5.6× 10−3 and 1.8× 10−3), mid-latitude convection

1. For simulations with varying horizontal resolution, the viscosity is also adjusted according to Kol-
mogorov scaling, ν ∝ L

4/3
grid (cf. Appendix B in Zeng and Jansen, 2021).
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Figure 5.3: Snapshots of convective plumes in convection-resolving (CR) simula-
tions. (a): Snapshots of equatorial rolls, longitude–depth sections averaged over a 10◦ band
around the equator. (b): Snapshots of slantwise convection at mid-latitudes, latitude–depth
sections for one longitude slice. From left to right, the columns correspond to convection-
resolving simulations with Ro∗ = 5.6 × 10−2, 1.8 × 10−2, 5.6 × 10−3, and 1.8 × 10−3,
respectively. In (a) and (b), color shadings indicate temperature, arrows indicate velocity
anomalies with the zonal mean subtracted, and dashed lines indicate directions parallel to
rotation (s = r cos θ = const). (c): Snapshots of vertical velocity w at one longitude slice.
The velocity is non-dimensionalized by rotation rate Ω and ocean depth H, representing
the Rossby number of the convective flow. In (c), black dashed lines indicate the tangent
cylinder.
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Figure 5.4: Benchmark test results. (a): Horizontally averaged temperature profiles.
(b): Vertically integrated meridional heat flux Fθ, normalized by the total bottom heat
flux as F̂θ = Fθ/(QbotAbot), where Abot is the total bottom area. (c) Surface heat flux
per unit area Qsurf , normalized by the bottom heat flux rescaled to the surface as Q̂surf =
(QsurfAsurf )/(QbotAbot), where Asurf is the total surface area. In (a)–(c), red lines indicate
convection-resolving (CR) simulations, blue lines indicate simulations with the slantwise
convection parameterization developed in this study (SL), and gray lines indicate simulations
using the traditional convection scheme (TR). In (a), gray shading indicates the interior
region, defined as the region where the vertical temperature profile is approximately linear
(see Chapter 4 for details of the algorithm separating interior and boundary layers). Blue and
gray lines are shifted by a constant offset for better comparison of the interior temperature
gradient. In (b), blue dotted, dashed, and dash-dotted lines indicate contributions from
resolved, parameterized, and background diffusive fluxes, respectively. In (b) and (c), gray
shading indicates regions outside the tangent cylinder.
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aligns with the rotation axis, consistent with the rapidly rotating regime (Aurnou et al.,

2020). In the equatorial regions we see indications for eastward tilted rolls, resembling

equatorial Busse modes associated with superrotation, i.e., an eastward jet at the equator

(Busse and Hood, 1982). In contrast, in the larger-Ro∗ simulations (Ro∗ = 5.6× 10−2 and

1.8 × 10−2), the equatorial rolls tend to tilt westward and the mid-latitude convection no

longer exhibits clear rotational alignment. These differences are also evident in the verti-

cal velocity fields (Fig. 5.3c), indicating that the larger-Ro∗ cases lie outside the rapidly

rotating regime relevant to icy moon oceans. This transition is broadly consistent with

Bire et al. (2022), who found that rotationally constrained convection occurs approximately

for Ro∗ < 10−2. Realistic icy moon oceans typically have Ro∗ ∼ 10−6–10−4 (Table 1.1),

substantially smaller than the values explored here.

For the smaller-Ro∗ cases, simulations with the slantwise convection parameterization

(SL) reproduce the total meridional heat transport in the CR simulations well (Fig. 5.4b3 & b4).

In particular, inside the tangent cylinder (i.e. at mid- to high-latitudes), the parameterized

flux matches the total meridional heat transport in the CR simulations well (compare dashed

blue and solid red lines), while the resolved flux (blue dotted lines) and background diffusive

flux (blue dash-dotted lines) are negligible. Outside the tangent cylinder, the agreement

between the parameterized and CR fluxes becomes weaker, consistent with the fact that

the low latitudes are not dominated by slantwise convection. In the two simulations with

larger Ro∗, the parameterized meridional heat transport deviates substantially from the CR

results, as these cases are not within the rotation-constrained slantwise convection regime

assumed in the parameterization.

The meridional heat transport significantly modifies the surface heat flux distribution. In

all simulations, it modulates the surface heat flux by up to a factor of 2 relative to the uniform

bottom heating (Fig. 5.4c). In contrast, simulations using the traditional convection scheme

(grey lines in Fig. 5.4a3-c3) exhibit negligible meridional heat transport, resulting in a nearly
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Figure 5.5: Heat transport and temperature fields in the sensitivity tests with
Ro∗ = 5.6× 10−3. (a) and (b) are the same as Fig. 5.4b3 and a3, respectively, but include
sensitivity tests. (c)-(j) show the zonal-mean temperature T . Purple indicates sensitivity
tests with varying horizontal resolution, and green indicates simulations with varying back-
ground viscosity. In (a), the gray shading indicates regions outside the tangent cylinder. In
(b), the gray shading indicates the interior region. In (c)-(i), black dashed lines indicate the
tangent cylinder.

uniform surface heat flux. This leads to an underestimation of polar heat accumulation for

a uniform surface temperature, which in turn could affect predictions of ice shell thickness

distribution.

Although the slantwise convection scheme reproduces the meridional heat transport well,

the simulations with parameterized convection struggle to fully reproduce the temperature

structure (Fig. 5.4a and Fig. 5.5). In the SL simulations, there are no thermal boundary layers

seen in the CR simulations, where large vertical temperature gradients occur. This is because

the parameterization is derived for the ocean interior and does not represent boundary layers

(Chapter 4). The parameterized diffusivity is much larger than the background diffusivity,

which smooths out sharp vertical gradients. Nevertheless, the interior temperature gradients

in the SL simulations agree reasonably well with those in the CR simulations for the smaller-

Ro∗ cases (Fig. 5.4a3-a4), indicating that the scheme captures the bulk interior structure in

the rotation-constrained regime.

Besides the missing boundary layers, differences also appear in the latitudinal distribu-
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Figure 5.6: Flow fields in the sensitivity tests with Ro∗ = 5.6 × 10−3. The first row
shows the zonal-mean zonal velocity u, and the second row shows the stream function ψ,
calculated as ψ = −2π

∫ rsurf
rcore

vr cosϕ dr, where v is the zonal-mean meridional velocity, and
rcore and rsurf are the radii of the core and ocean surface, respectively. Positive values of ψ
indicate clockwise circulation. Black dashed lines indicate the tangent cylinder. In the first
row, black solid lines indicate the u = 0 contours.

tion of temperature fields. In the CR simulation, there is a temperature maximum near

the tangent cylinder (Fig. 5.5c), associated with upwelling flow along the tangent cylinder

(Fig. 5.6a2). This feature is not reproduced in the SL simulation, and the overall temper-

ature contrast in the SL simulation is weaker compared to the CR simulation (Fig. 5.5e).

This misfit is likely again attributable to the treatment of the boundary layers, since any

mismatch in the meridional temperature structure at the outer edge of the boundary layer

can project into the interior temperature field. However, it should also be noted that the

boundary layers in our convection-resolving simulations are not expected to faithfully repre-

sent those in realistic icy moon oceans. Adequate parameterizations of the boundary layer

dynamics are ultimately required, but developing such parameterizations is beyond the scope

of this study.

5.3.3 Sensitivity tests

To better understand the discrepancy in the temperature fields, we perform a series of sen-

sitivity tests for the Ro∗ = 5.6× 10−3 case. This case lies within the rapidly rotating regime

while allowing the convective plumes to be better resolved than in the simulation with the

smallest Ro∗. In the first experiment, the resolved ocean dynamics are turned off and all
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heat redistribution is represented solely by the slantwise convection scheme, together with

a very weak background diffusion. In this case, the simulation reproduces the temperature

maximum near the tangent cylinder, although the maximum shifts slightly equatorward

(Fig. 5.5d). This behavior is expected because heat transport is most efficient near the

tangent cylinder. If all heat transport were aligned with the rotation axis, the temperature

maximum would occur at the tangent cylinder, where the area projection from the bottom

boundary onto columns parallel to the rotation axis is largest (cf. Appendix A in Zeng and

Jansen 2021). In the parameterization, however, heat transport is not purely axial. The

additional cross-column diffusivity shifts the effective transport direction slightly away from

the rotation axis, causing the temperature maximum to move slightly equatorward. This

simulation also overestimates the interior vertical temperature gradient and the meridional

heat transport (Fig. 5.5a & b, black dashed lines). The likely explanation is that the scaling

law underestimates the effective cross-column diffusivity outside the tangent cylinder, where

the dynamics are dominated by equatorial rolls. A similar underestimation in the radial heat

transport is also evident in the low-latitude simulations in Chapter 4. Near the equator, this

cross-column diffusivity is approximately equivalent to the vertical diffusivity. Consequently,

a larger temperature gradient is required to maintain the prescribed vertical heat flux. This

enhanced temperature gradient then increases the heat transport along the rotation axis,

which is approximately meridional near the equator. As a result, this simulation overesti-

mates the meridional heat transport outside the tangent cylinder by approximately a factor

of four (black dashed line in Fig. 5.5a).

The temperature field in the simulation with resolved dynamics turned off differs sub-

stantially from the simulation with active ocean dynamics, suggesting that the resolved

dynamics play an important role in shaping the temperature structure and the associated

heat transport even in the relatively coarse simulations with parameterized convection. To

further examine this effect, we carry out sensitivity tests by varying the horizontal resolution
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and background viscosity. In the simulation with finer horizontal resolution (SL 0.45◦) and

the simulation with reduced viscosity (SL ν/3), the resolved dynamics become stronger, and

the heat transport outside the tangent cylinder increases by about 50%. In contrast, in the

simulation with coarser horizontal resolution (SL 1.35◦) and the simulation with increased

viscosity (SL 3ν), the resolved dynamics become weaker, and the meridional heat transport

outside the tangent cylinder is reduced by about 50%. Despite these differences, all SL

simulations reproduce the heat transport inside the tangent cylinder reasonably well and

capture the bulk interior vertical temperature gradient, while none of them reproduces the

exact latitudinal temperature structure in the CR simulation (Fig. 5.5). For comparison, the

simulation with the traditional convection scheme (TR) exhibits even weaker temperature

gradients and produces a very weak and largely wrong-signed meridional heat flux. This

difference arises because the traditional parameterization applies strong diffusion only along

the gravitational direction, without enhancing meridional diffusion.

Although the slantwise convection scheme does not include momentum transport, it is

nevertheless interesting to examine its impact on the flow fields. In the CR simulation,

a strong superrotating jet occupies the region outside the tangent cylinder, together with

multiple alternating jets inside the tangent cylinder (Fig. 5.6a1). In all SL simulations and the

TR simulation, there is a superrotating jet outside the tangent cylinder but it is much weaker.

These simulations also fail to reproduce the multiple alternating jets inside the tangent

cylinder. Only the SL 0.45◦ and SL νe/3 simulations, which resolve more dynamical processes

and hence can better represent the momentum fluxes, better reproduce the equatorial jet

magnitude and the alternating jet structures (Fig. 5.6c1 & e1).

The meridional overturning circulation also differs substantially between the simulations.

In the CR simulation, multiple small-scale slantwise overturning cells appear inside the

tangent cylinder, together with larger overturning cells outside the tangent cylinder. Near

the tangent cylinder, a pair of overturning cells forms, with upwelling at the tangent cylinder
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and downwelling on its flanks (Fig. 5.6b1). This structure is not reproduced in the SL and

TR simulations. Many of them instead exhibit a single overturning cell spanning across the

tangent cylinder (second row in Fig. 5.6), which leads to equatorward convergence of heat

by resolved advective transport (dotted blue line in Fig. 5.4b3).

5.4 Discussion

We developed a slantwise convection scheme to parameterize heat transport in the low-

Ro∗ regime relevant to icy moon oceans. The scheme captures the meridional heat transport

associated with slantwise convection, which is absent in traditional convection schemes. This

transport modulates the surface heat flux by up to a factor of 2 relative to the imposed

bottom heat flux. Such redistribution affects the ice-ocean heat budget and may influence

ice shell topography, one of the key observational constraints of icy moons.

The scheme performs best inside the tangent cylinder, where it accurately reproduces the

meridional heat transport from convection-resolving simulations, and performs reasonably

well outside the tangent cylinder where it captures the sign and general magnitude of the

meridional heat transport. Our sensitivity tests show that heat transport outside the tangent

cylinder remains sensitive to the resolved dynamics, while heat transport inside the tangent

cylinder is reproduced robustly across a wide range of resolutions and viscosities. The reduced

accuracy outside the tangent cylinder likely reflects the distinct dynamical regime dominated

by equatorial-roll-like motions. Future work should therefore focus on understanding these

dynamics and developing improved parameterizations for them.

Although the slantwise convection scheme performs well in representing the bulk vertical

temperature gradient in the ocean interior, it does not fully reproduce the temperature field

in the convection-resolving simulations. The likely explanation is that the scheme does not

represent the boundary layers, which set the boundary conditions for temperature and heat

transport in the interior. However, the viscous boundary layers along a smooth surface in
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the convection-resolving simulations themselves are unrealistic, as even the CR simulations

cannot adequately resolve the boundary layer dynamics, and the boundaries of real icy moon

oceans are likely rough rather than smooth. Future studies should therefore investigate

appropriate boundary-layer parameterizations for icy moon oceans and their influence on

the temperature structure and heat transport.

In addition, the scheme does not account for momentum transport by slantwise convec-

tion, which may lead to nonsynchronous rotation of ice shells (Ashkenazy et al., 2023; Kang,

2024). Extending the scheme to include momentum redistribution by slantwise convection

is therefore an important direction for future work.

In the benchmark tests, density is controlled solely by temperature. In realistic icy

moon oceans, salinity can also play an important role (Zeng and Jansen, 2021; Kang et al.,

2022c). The scheme can be directly extended to include salinity under a linear equation

of state. However, the equation of state for seawater under icy moon conditions can be

strongly nonlinear, and the impact of this nonlinearity on convective transport remains to

be explored. The current formulation assumes that convection spans the full ocean depth.

Previous studies suggest that for Enceladus, a stably stratified layer may exist above a

convective layer when salinity is low (Zeng and Jansen, 2021, 2024; Ames et al., 2025). In

such cases, the depth scale for slantwise convection Hz should be reduced to the depth of the

convective layer, which can be estimated from the bottom heat flux and background vertical

diffusivity (cf. Eq. 1 in Zeng and Jansen (2021)).

This study isolates the effects of slantwise convection and neglects baroclinic eddies.

However, Chapter 2 has shown that baroclinic eddies can dominate heat transport when

the ice shell is not flat. In the next chapter, we will use the slantwise convection scheme

developed here to examine the interaction between slantwise convection and baroclinic eddies,

and assess their relative importance for ocean heat transport.

Beyond icy moons, this scheme can also be applied to other oceans in the rapidly rotating
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regime, i.e., Ro∗ ≡ B1/2(2Ω)−3/2H−1 ≪ 1. This regime can be realized when the ocean

depthH is large, and may therefore be relevant to deep ocean worlds on exoplanets (Kuchner,

2003; Léger et al., 2004; Sotin et al., 2007; Kite and Ford, 2018; Lai and Yang, 2022).
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Appendix 5.A: Rayleigh number and plume scale

We estimate the convective plume scale in the simulations as lplume ∼ B1/4(2Ω)−3/4H1/2

(Fernando et al., 1989; Jones and Marshall, 1993). The actual plume size is larger than

this scaling by a prefactor, reported to be approximately 20 in Bire et al. (2022) and 5

in Chapter 4. Taking this prefactor into account, to ensure that convection plumes are

adequately resolved in the CR simulations, we choose horizontal resolutions smaller than

lplume/10.

Using the posteriori diagnosed horizontally-averaged vertical temperature contrast ∆T ,

we calculate the Rayleigh number for the convection-resolving simulations (Table 5.2). For

comparison, we also compute the transitional Rayleigh numbers RaT,RR = 0.4Ek−8/5 and

RaT,NR = 100Ek−12/7, which represent the transitions from the rapidly rotating regime

to the transitional regime and from the transitional regime to the non-rotating regime,

respectively (Gastine et al., 2016).

For the simulation with Ro∗ = 5.6 × 10−2, we find Ra ∼ RaT,NR, indicating that this

case lies near the non-rotating regime. In this regime, convective flows are dominated more

by buoyancy than by rotation, consistent with the absence of rotation-aligned structures and

the tendency for plumes to align with gravity.

For the simulations with Ro∗ = 5.6 × 10−3 and 1.8 × 10−3, we find RaT,NR < Ra <

Table 5.2: Plume scales and diagnosed Rayleigh numbers for the convection-
resolving simulations. The average ocean radius, r = (rcore + rsurf)/2, is used
to convert the estimated plume size into an equivalent latitudinal scale (∆θplume ∼
5B1/4(2Ω)−3/4H1/2/r).

Ro∗ Ra = gαT∆TH
3ν−1κ−1 RaT,RR RaT,NR ∆θplume

5.6× 10−2 2.5× 107 6.0× 104 3.5× 107 12.8◦

1.8× 10−2 4.1× 107 2.1× 105 1.3× 108 7.2◦

5.6× 10−3 5.7× 107 7.0× 105 4.9× 108 4.1◦

1.8× 10−3 9.9× 107 2.4× 106 1.8× 109 2.3◦
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RaT,RR, with Ra approximately an order of magnitude away from both transition values,

indicating that these cases lie within the transitional regime. In this transitional regime,

the interior flow remains strongly influenced by rotation, while the boundary layers are not

rotationally constrained. This is consistent with the presence of slantwise plumes aligned with

the rotation axis in the interior. Icy moon oceans are expected to lie within this transitional

regime. The good agreement in meridional heat transport for these low-Ro∗ simulations

therefore supports the applicability of the slantwise convection scheme developed in this

study to realistic icy moon conditions.
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Appendix 5.B: An alternative choice of Hz outside the tangent

cylinder

The appropriate length scale Hz outside the tangent cylinder is not well constrained, as

the dynamics there are dominated by equatorial rolls rather than slantwise convection. In

the default setup, we prescribe a constant Hz outside the tangent cylinder. An obvious

alternative choice is to define Hz as the distance between the ice shell and the equatorial

plane, which yields an Hz profile that decreases to zero toward the equator (Fig. 5.7a).

To assess the sensitivity to this choice, we rerun Ro∗ = 5.6 × 10−3 simulations using

the alternative Hz profile while keeping all other parameters unchanged. The resulting

meridional heat transport and temperature structure remain broadly unchanged (compare

Fig. 5.5 and Fig. 5.7). The alternative formulation produces slightly better agreement with

the convection-resolving simulation in the meridional heat transport outside the tangent

cylinder. However, it yields a less realistic temperature structure in some simulations, with

a temperature maximum outside the tangent cylinder rather than the temperature minimum

seen in the convection-resolving simulation.

Figure 5.7: Heat transport and temperature fields in the sensitivity tests with
Ro∗ = 5.6× 10−3 and varying Hz outside the tangent cylinder. This plot is the same
as Fig. 5.5, but with varying Hz outside the tangent cylinder (see panel a).

132



CHAPTER 6

HEAT TRANSPORT IN ICY MOON OCEANS: INTERPLAY

BETWEEN SLANTWISE CONVECTION AND BAROCLINIC

EDDIES

6.1 Introduction

In icy moon oceans, two major processes control ocean heat transport: baroclinic eddies

driven by meridional buoyancy gradients at the ice–ocean interface, and slantwise convection

driven by heating from the silicate core. Previous studies have investigated the relative

importance of baroclinic eddies and convection under a variety of theoretical frameworks and

numerical model configurations (e.g., Stone, 1966, 1971a; Jeffery and Wingate, 2009; Callies

and Ferrari, 2018b; Kang, 2023; Wang et al., 2026). For icy moon oceans in particular, Kang

(2023) combined theoretical analysis and global ocean simulations to examine whether ocean

heat transport driven by bottom heating can sustain the observed ice thickness variations

on Enceladus and other icy moons. They showed that ice thickness variations on Enceladus

generate strong meridional density gradients that drive baroclinic eddies, which dominate the

meridional heat transport. The resulting equatorward heat transport efficiently redistributes

heat from the poles toward lower latitudes, indicating that bottom heating alone cannot

maintain the observed poleward-thinning ice shell geometry. This conclusion is consistent

with the results presented in Chapter 2.

However, convection in icy moon oceans develops preferentially along the rotation axis

rather than along the gravitational direction, as shown in Chapter 3. Previous studies either

relied on under-resolved convection in global simulations, which likely underestimates the

associated heat flux, or employed traditional convection parameterizations, which cannot

represent the poleward heat transport by the slantwise convection in icy moon oceans, as

shown in Chapter 4. This poleward heat transport is opposite to the equatorward heat
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transport associated with baroclinic eddies. The relative importance of slantwise convection

and baroclinic eddies in controlling heat transport therefore needs further examination.

In this chapter, we revisit the interaction between slantwise convection and baroclinic ed-

dies using the slantwise convection parameterization developed in Chapter 5. For Enceladus,

we assess how the conclusions of previous studies are modified when slantwise convection

is more appropriately represented. For Europa, the equator-to-pole ice shell thickness vari-

ation remains poorly constrained. We therefore investigate the critical equator-to-pole ice

thickness contrast that separates regimes where meridional heat transport is dominated by

slantwise convection from those dominated by baroclinic eddies. Section 6.2 applies scaling

laws to estimate this critical thickness contrast. Section 6.3 describes the numerical model

configuration. Section 6.4 presents the simulation results. Section 6.5 discusses the impli-

cations for different icy moons. Section 6.6 provides discussions, and Section 6.7 provides

concluding remarks.

6.2 Theoretical prediction

In this section, we apply scaling laws for heat transport by slantwise convection and baroclinic

eddies to estimate the critical equator-to-pole ice thickness contrast at which the dominant

heat transport mechanism transitions from slantwise convection to baroclinic eddies.

We start with the buoyancy transport by slantwise convection. In Chapter 4, we showed

that the buoyancy flux by slantwise convection is directed between the gravitational direction

and the rotation axis. Let ϕSL denote the angle between the heat flux direction and the

local horizontal surface. Then

By,SL

Br,SL
= cotϕSL ≡ kSL, (6.1)

where B is the buoyancy flux, subscripts y and r denote the meridional (latitudinal) and the
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Figure 6.1: Heat flux angle for slantwise convection. Angle between the slantwise
convective heat flux vector and the local horizontal surface, ϕSL, as a function of latitude.
Markers show results from the convection-resolving simulations in Chapter 4: colors denote
different latitudes, and marker shapes denote different sensitivity experiments. The black
solid line shows the theoretical prediction from the scaling laws developed in Chapter 4. The
black dashed line indicates the direction parallel to the rotation axis, and the black dotted
line indicates the gravitational direction.

vertical (opposite to the gravitational) directions, respectively, and SL denotes heat transport

by slantwise convection. In the convection-resolving simulations of Chapter 4, ϕSL ranges

from 45◦ to 90◦ (Fig. 6.1), corresponding to cotϕSL values between 1 and 0. For scaling

analysis presented here, we adopt kSL = 0.5.

We then build a scaling law for heat transport by baroclinic eddies following previous

work (Kang, 2023; Zhang et al., 2025b). The buoyancy transport by baroclinic eddies is

largely adiabatic, which means the eddy buoyancy flux aligns with isopycnals (Vallis, 2017):

Br,BC

By,BC
= −

∂yb

∂rb
≡ s, (6.2)

where b is the buoyancy, s is the slope of the isopycnal, ∂y ≡ (1/r)(∂/∂θ), ∂r ≡ ∂/∂r, r

is radius, θ is latitude, the overline denotes zonal averages, and the subscript BC denotes

contributions from baroclinic eddies. We assume that the meridional buoyancy flux can be

expressed as an effective diffusive flux acting on the background buoyancy gradient:
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By,BC = −κBC∂yb, (6.3)

where κBC is an effective baroclinic eddy diffusivity. Following derivations in Zhang et al.

(2025b), based on Held and Larichev (1996), the effective diffusivity scales as (cf. Equa-

tions 16–21 in Zhang et al. (2025b))

κBC ∼ kBC(s|∂yb|)3/2β−2 ∼ kBC(s|∂yb|)3/2R2(2Ω)−2, (6.4)

where R is the planetary radius, Ω is the rotation rate, β ∼ 2Ω/R is the meridional gradient

of the planetary vorticity, and kBC = 0.25 (Kang, 2022). With Equations 6.2–6.4, we have

By,BC ∼ k
2/5
BCB

3/5
r,BC |∂yb|R

4/5(2Ω)−4/5 ∼ k
2/5
BCB

3/5
r,BC∆bR

−1/5(2Ω)−4/5, (6.5)

where ∆b is the equator-to-pole buoyancy contrast so that |∂yb| ∼ ∆b/R.

In the transition regime, we assume that the vertical heat transports by slantwise con-

vection and baroclinic eddies are comparable, so that both are constrained by the buoyancy

flux supplied from the core (Bbot),

Br,SL ∼ Br,BC ∼ Bbot. (6.6)

As a result, the corresponding meridional buoyancy transports by slantwise convection and

baroclinic eddies can be estimated as

By,SL ∼ kSLBbot, By,BC ∼ k
2/5
BCB

3/5
bot ∆bR

−1/5(2Ω)−4/5, (6.7)

respectively. We further consider the condition under which the meridional buoyancy trans-

ports by slantwise convection and baroclinic eddies are equal, i.e., By,SL = By,BC . This

defines a critical surface buoyancy contrast ∆bc at which the meridional buoyancy transport
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transitions from a slantwise-convection-dominated regime to a baroclinic-eddy-dominated

regime:

∆bc ∼
kSL

k
2/5
BC

B
2/5
bot (2Ω)

4/5R1/5. (6.8)

The prefactor kSL/k
2/5
BC = 0.87 is close to unity and is therefore neglected in the following

analysis.

We now translate the buoyancy contrast to the equator-to-pole ice thickness contrast. For

simplicity, we neglect the contribution of salinity to buoyancy, so that Bbot = QbotgαT /(ρcp),

and the surface buoyancy contrast is entirely due to the freezing point variation, ∆b =

gαT∆Tf , where Qbot is the bottom heat flux, g is gravity, αT is the thermal expansivity,

ρ = 1000 kg m−3 is the density of the water, cp = 4000 J kg−1 K−1 is the heat capacity of

the water, and ∆Tf is the equator-to-pole freezing point contrast at the ice-ocean interface.

The freezing point contrast is associated with the ice thickness contrast:

|∆Tf | = kp|∆p| = kpρig|∆Hice|, (6.9)

where kp = 7.61 × 10−8 K Pa−1 and ρi = 917 kg m−3 is the density of the ice shell. As a

result, the critical equator-to-pole ice thickness contrast is

∆Hice,c ∼ (kpρi)
−1α

−3/5
T

(
Qbot

ρcp

)2/5

(2Ω)4/5R1/5g−8/5. (6.10)

This scaling predicts that if the ice thickness contrast is larger than ∆Hice,c, baroclinic

eddies dominate, while if the ice thickness contrast is smaller than ∆Hice,c, slantwise con-

vection dominates the meridional heat transport. Note that if we fix the bulk density of the

icy moon, we have approximately g ∝ R, so that

∆Hice,c ∝ Q
2/5
bot α

−3/5
T (2Ω)4/5R−7/5, (6.11)
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suggesting that with the same ice thickness contrast, baroclinic eddies are more likely to

dominate on moons with smaller bottom heat flux, larger thermal expansivity, slower plan-

etary rotation, and larger planetary radius. This result is qualitatively consistent with the

findings of Kang (2022), who showed that baroclinic eddies are more effective at smoothing

ice thickness variations on larger icy moons.

6.3 Simulation design

We carry out numerical simulations using MITgcm with the slantwise convection parameter-

ization developed in Chapter 5. Simulations are performed for two icy moons, Europa and

Enceladus. At the ocean bottom, we apply a spatially varying heat flux that peaks at the

poles, following the pattern of tidal dissipation (Beuthe, 2013, 2018, 2019), with different

globally averaged heat fluxes for the two moons. We also account for the depth dependence

of gravity because the ocean depth is not negligible compared with the planetary radius.

The gravity profile is calculated assuming constant densities for both the ocean and the core

and is scaled to match the prescribed surface gravity. Calculation details for the bottom

heat flux and gravity profiles can be found in Appendix B of Zeng and Jansen (2021). At

the ocean surface, temperature is restored toward the local freezing point using a piston

velocity of wT = 9 × 10−4 m s−1 for Europa and wT = 6 × 10−4 m s−1 for Enceladus.

No-normal-flow and free-slip boundary conditions are applied at both the upper and lower

boundaries. To prevent long-term drift of the horizontal velocities, we include a linear bot-

tom drag that restores the bottom horizontal velocity toward zero using a piston velocity of

wu = 10−4 m s−1.

For Europa, we adopt planetary parameters of αT = 3×10−4 K−1 and Ω = 2.1×10−5 s−1.

The ocean bottom and surface radii are rbot = 1431 km and rsurf = 1551 km, respectively,

corresponding to an ocean depth of 120 km. The globally averaged bottom heat flux is

0.2 W m−2, and the surface gravity is 1.3 m s−2 (Fig. 6.2a–b). Substituting these values
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Figure 6.2: Europa simulation setup. Panel (a) shows the vertical gravity profile, panel
(b) shows the bottom heat flux profile, and panel (c) shows the prescribed surface freezing
point (relative to −3.94 ◦C) in the simulation with ∆Hice = 150 m. For simulations with
∆Hice = 15 m and 1.5 m, the amplitude of the freezing point variation decreases by factors
of 10 and 100, respectively, while retaining the same spatial pattern. For the simulation with
∆Hice = 0 m, we set Tf = −3.94 ◦C everywhere. In panels (b) and (c), the gray shading
indicates the region outside the tangent cylinder.

into Equation 6.10 yields a critical ice thickness contrast of ∆Hice,c ≈ 8 m. This corresponds

to a very small ice shell slope, whose dynamical effect on the ocean circulation is expected to

be negligible. In addition, such small surface height variations cannot be resolved with the

vertical grid spacing that we can afford. We therefore employ a flat upper boundary in the

ocean model and represent the effect of ice thickness variations solely through the prescribed

surface freezing point distribution. To investigate the transition from slantwise-convection-

dominated to baroclinic-eddy-dominated regimes, we perform simulations with ∆Hice = 0,

1.5, 15, and 150 m, corresponding to freezing point contrasts of ∆Tf = 0, 1.47 × 10−4,

1.47 × 10−3, and 1.47 × 10−2 K, respectively. We restore the surface temperature toward

Ts(θ) = T0−∆Tf (cos
2 θ−1/2), where T0 = −3.94 ◦C is the mean freezing point (Fig. 6.2c).

For Enceladus, we adopt planetary parameters of αT = 2 × 10−4 K−1 and Ω = 5.3 ×

10−5 s−1. The ocean bottom and surface radii, gravity profile, and bottom heating profile

are identical to those used in Chapter 2. Substituting these parameters into Equation 6.10

yields ∆Hice,c ≈ 400 m, which is substantially smaller than the observed equator-to-pole
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ice thickness contrast of tens of kilometers. We therefore expect slantwise convection to

play a negligible role compared to baroclinic eddies, and hence the choice of convection

scheme has little influence on the simulated ocean circulation and heat transport. To test

this prediction, we perform two simulations: one using the slantwise convection scheme and

one using the traditional convection scheme. Both simulations use the same ice topography

as in Chapter 2, with an equator-to-pole ice thickness contrast of approximately 9 km.

In all simulations, the vertical grid spacing is refined near the surface and bottom bound-

aries to better resolve boundary layers. For Enceladus-like simulations, the vertical resolution

is 300 m near the ice-ocean interface, increases to about 2000 m in the ocean interior, and

decreases to about 1000 m near the seafloor. For Europa-like simulations, the vertical grid

spacing is three times larger than applied for Enceladus, reflecting its approximately three-

fold greater ocean depth. The horizontal resolution is 0.25◦ for Europa-like simulations and

is 0.5◦ for Enceladus-like simulations. The resolution cannot resolve all relevant dynami-

cal process for Enceladus, and the impact of the resolution is discussed in Appendix 6.A.

We apply background horizontal and vertical diffusivities of κh = 4 × 10−3 m2 s−1 and

κr = 5 × 10−4 m2 s−1 for Europa, and κh = 1 × 10−4 m2 s−1 and κr = 5 × 10−5 m2 s−1

for Enceladus. The corresponding viscosities are set to ten times these values to ensure nu-

merical stability. To damp grid-scale numerical noise, we additionally apply a Smagorinsky

viscosity in the horizontal direction. In the meridional direction, the model domain extends

from 85.5◦S to 85.5◦N to avoid numerical singularities at the poles. In the zonal direction, we

simulate only a 15◦ sector with periodic boundary conditions, corresponding to an assumed

24-fold symmetry, to reduce computational cost. All integrated quantities reported below

are scaled to the full 360◦ domain. All simulations are integrated to a statistically steady

state, in which the total horizontally integrated heat flux varies by less than 10%.
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Figure 6.3: Simulations for Europa-like oceans. Panels (a) show the vertically integrated
meridional heat transport. Solid lines indicate simulation results, where red lines indicate
resolved eddy transport, blue lines indicate parameterized transport by slantwise convection,
purple lines indicate transport by background diffusion and mean circulation, and black lines
indicate the total transport (see Appendix 6.B for details). Dashed lines show the scaling
estimates (Equation 6.7), with the red and blue lines representing baroclinic eddies and
slantwise convection, respectively. Both scalings are divided by a factor of 5 to better match
the simulation results. Panels (b) show the vertical heat flux at the ocean surface. Blue lines
indicate the surface heat flux from model outputs, and red lines indicate the rescaled bottom
heat flux, Qbot(rbot/rsurf )

2, for comparison (when the two lines are the same, ocean heat flux
is purely vertical). In panels (a) and (b), gray shadings indicate regions outside the tangent
cylinder. In panels (a), the vertical axis range is chosen to better illustrate the meridional
heat transport inside the tangent cylinder. The peak meridional heat transport occurs
outside the tangent cylinder, although this may reflect an overestimation of the meridional
heat transport by the slantwise convection scheme (see discussions in Section 6.4.1). In
panels (b), darker lines indicate profiles smoothed using a 5-point running average, while
fainter lines indicate the raw data. Panels (c) show the zonal-mean temperature T . Panels
(d) show the stability measure, ∂b/∂z sin θ, where positive and negative values indicate stable
and unstable stratification along the rotation axis, respectively (Chapter 3). Panels (e) show
the zonal-mean zonal velocity U . The color scale is saturated outside the tangent cylinder to
better illustrate the mid-latitude jets. The equatorial jet speeds are 0.023, 0.040, 0.020, and
0.065 m s−1 for the first through fourth rows, corresponding to simulations with ∆Hice = 0,
1.5, 15, and 150 m, respectively. Gray dashed lines in panels (c)-(e) indicate the tangent
cylinder. In panels (d), black lines indicate the zero contour.
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6.4 Results

6.4.1 Europa-like simulations

In simulations with Europa-like parameters, we observe a clear transition from a slantwise-

convection-dominated regime to a baroclinic-eddy-dominated regime as we increase ∆Hice

(Fig. 6.3). In the simulations with ∆Hice = 0 m and 1.5 m, the results are largely sim-

ilar. The meridional heat transport is dominated by slantwise convection (blue lines in

Fig. 6.3a1 & a2), and its poleward heat transport results in a surface heat flux minimum

near the equator and maxima near the poles (Fig. 6.3b1 & b2). The ocean stratification is

unstable or close to neutral throughout most of the domain (Fig. 6.3d1 & d2), consistent with

the dominance of slantwise convection. Both simulations exhibit a temperature maximum

at the equator (Fig. 6.3c1 & c2), although it remains unclear whether this feature is physical

or arises from limitations of the slantwise convection scheme in representing heat transport

outside the tangent cylinder (see Chapter 5). The zonal flow exhibits a strong prograde jet

at the equatorial surface, together with multiple alternating jets at mid-latitudes that are

approximately barotropic along the rotation axis (Fig. 6.3e1 & e2). The only noticeable

difference between these simulations is that the isopycnals are steeper near the surface in the

∆Hice = 1.5 m simulation than in the ∆Hice = 0 m simulation. This is because the imposed

freezing point contrast in the ∆Hice = 1.5 m simulation (1.47 × 10−4 K) becomes compa-

rable, though still smaller, to the temperature contrast generated by slantwise convection in

the ∆Hice = 0 m case (4× 10−4 K).

The simulation with ∆Hice = 15 m appears to represent the transitional regime. Inside

the tangent cylinder, the meridional heat transport associated with slantwise convection

and baroclinic eddies becomes comparable (compare the blue and red lines in Fig. 6.3a3),

resulting in a weak net heat transport. The meridional heat transport within the tangent

cylinder is equatorward and dominated by baroclinic eddies below about 60◦, but poleward
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and dominated by slantwise convection at higher latitudes. This transition occurs where

the stability1 changes sign: at lower latitudes, stable stratification suppresses slantwise con-

vection, so that baroclinic eddies dominate; at higher latitudes, the fluid is unstable and

slantwise convection dominates (Fig. 6.3d3). Outside the tangent cylinder, the meridional

heat transport appears to remain dominated by the parameterized slantwise convection flux,

although this may be due to the tendency of the scheme to overestimate meridional heat

transport in this region (see Chapter 5). The isopycnals become substantially steeper as

the meridional temperature gradient becomes larger than the vertical temperature gradient

(Fig. 6.3c3). A strong prograde equatorial jet persists, but the mid-latitude jets exhibit

stronger shear along the rotation axis, reflecting the increasing importance of thermal wind

balance associated with the meridional buoyancy gradient (Vallis, 2017).

In the simulation with ∆Hice = 150 m, the meridional heat transport is dominated by

baroclinic eddies and is substantially stronger than in the other three simulations (Fig. 6.3a4).

As a result, the surface heat flux peaks near the equator rather than near the poles (Fig. 6.3b4).

The isopycnals are nearly vertical throughout most of the domain, except for a strongly strat-

ified layer near the polar surface (Fig. 6.3c4). Most of the ocean is stably stratified, with

unstable regions confined to small areas near the poles (Fig. 6.3d4). The zonal jets exhibit

clearer thermal wind shear, and both the temperature and velocity fields become smoother

than in the other simulations because slantwise convection is largely suppressed throughout

the domain, resulting in substantially less small-scale variability (Fig. 6.3e4).

Our scaling law predicts a transition at ∆Hice,c ≈ 8 m, which is broadly consistent with

the simulations, where the ∆Hice = 15 m case appears to represent the transition regime.

It is nevertheless instructive to examine the scaling estimates derived in Section 6.2 in more

detail. We compare the scaling estimates from Equation 6.7 with the simulation results. The

1. Here, stability is evaluated using the low-Rossby-number criterion derived in Chapter 3. In this limit,
instability is determined by the buoyancy gradient along the rotation axis, ∂b/∂z sin θ < 0, rather than by
the gravitational stratification, N2 ≡ ∂b/∂r < 0. Thus, although N2 is largely negative or close to zero
everywhere (Fig. 6.3c3), regions with ∂b/∂z sin θ > 0 can remain stable.
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slantwise-convection scaling is not evaluated for the ∆Hice = 150 m simulation because the

stratification is stable everywhere, and the baroclinic-eddy scaling is not evaluated for the

∆Hice = 0 m and 1.5 m simulations because the stratification is unstable everywhere. First,

we note that both scalings overestimate the meridional heat transport. However, after divid-

ing both scaling estimates by a factor of 5, the slantwise-convection scaling reproduces the

meridional heat transport inside the tangent cylinder reasonably well, while the baroclinic-

eddy scaling captures the peak meridional heat transport (dashed lines in Fig. 6.3a). The

origin of this factor-of-five discrepancy remains unclear. For slantwise convection, it may

arise because the scaling assumes a fixed heat flux angle, whereas the parameterization rep-

resents heat transport as anisotropic diffusion, making the direction of the heat flux sensitive

to local buoyancy gradients. For baroclinic eddies, the adiabatic assumption used to relate

vertical and meridional heat transport may not strictly apply. Despite this discrepancy,

the fact that the required correction factors are similar for both scalings further suggests

that the scaling framework successfully captures the leading-order transition between the

slantwise-convection-dominated and baroclinic-eddy-dominated regimes.

6.4.2 Enceladus-like simulations

For Enceladus-like cases, the meridional heat transport is dominated by equatorward eddy

heat transport, together with equatorward heat convergence associated with the mean cir-

culation near the tangent cylinder, while the contributions from parameterized slantwise

convection and background diffusion remain negligible (Fig. 6.4a). As a result, the surface

heat flux peaks at lower latitudes and minimizes at the poles (Fig. 6.4b). The dense water

formed near the equatorial surface sinks and spreads toward higher latitudes, producing a

temperature structure in which warmer water generally overlies colder water (Fig. 6.4c).

Consequently, most of the ocean remains stably stratified (Fig. 6.4d). Near the tangent

cylinder, an overturning circulation develops, with dense equatorial surface water sinking
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Figure 6.4: Simulations for Enceladus-like oceans. Panels (a)–(e) are the same as
Fig. 6.3, except that panel (a) additionally separates the contributions from the mean circu-
lation (green) and background diffusion (magenta), and the surface heat flux in (b) is shown
after applying an 11-point running average. Panel (f) shows the stream function, calculated
as ψ = −2π

∫ rsurf
rbot

vr cosϕ dr, where v is the zonal-mean meridional velocity. Positive val-
ues indicate clockwise circulation, and negative values indicate counter-clockwise circulation.
The streamfunction is smoothed in the meridional direction using a 5-point running average.

near the tangent cylinder and returning poleward at depth (Fig. 6.4f). Because the upper

branch of this circulation is warmer than the lower branch and is equatorward, the resulting

net heat transport is equatorward. The zonal flow exhibits prograde jets outside the tangent

cylinder and clear thermal wind shear inside the tangent cylinder (Fig. 6.4e).

Simulations with the slantwise convection scheme and the traditional convection scheme

produce very similar results, except that simulations with the slantwise convection scheme

exhibit slightly stronger stratification and meridional heat transport than those with the

traditional convection scheme. This similarity is consistent with the result that baroclinic

eddies dominate heat transport on Enceladus, and our conclusions from Chapter 2 will not be

substantially altered by replacing the traditional convection scheme with the slantwise con-

vection scheme. Applying the baroclinic eddy scaling law together with the empirical prefac-

tor estimated in Section 6.4.1 predicts a meridional heat transport of approximately 6.6 GW

at 60◦, which is about five times larger than that obtained in the simulations. This discrep-

ancy likely reflects the limited resolution of the model, which underestimates the strength

of baroclinic eddies and therefore their associated heat transport (see Appendix 6.A). Nev-

ertheless, this quantitative underestimation does not affect the main conclusion. Both the
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scaling analysis and the numerical simulations indicate that heat transport in Enceladus’s

ocean is equatorward and dominated by baroclinic eddies. Because the ocean remains nearly

stably stratified throughout most of the domain, slantwise convection plays only a minor

role in the overall heat budget. Consequently, the large-scale circulation and heat transport

are largely insensitive to whether a traditional convection scheme or the slantwise convection

scheme is employed.

6.5 Application to different icy moons

In this section, we apply the scaling law developed in Section 6.2 to estimate the critical

equator-to-pole ice thickness contrast, ∆Hice,c, for different icy moons using the planetary

parameters listed in Table 1.1. We rewrite Equation 6.10 as

∆Hice,c =
∆bc

∆bice,1m
=

(QbotgαT ρ
−1c−1

p )2/5(2Ω)4/5R1/5

kpρiαT g
2

, (6.12)

where ∆bc is the critical equator-to-pole buoyancy contrast at which baroclinic eddies and

slantwise convection contribute equally to the meridional heat transport, and ∆bice,1m =

kpρiαT g
2 is the buoyancy contrast created by a 1 m equator-to-pole ice thickness contrast

through the pressure dependence of the freezing point. Figure 6.5 summarizes the predicted

transition ice thickness contrast for different icy moons.

For Enceladus, we obtain ∆Hice,c ≈ 400–4000 m. This value is substantially smaller

than the inferred equator-to-pole ice thickness contrast of more than 20 km (Hemingway and

Mittal, 2019). Enceladus therefore lies well within the baroclinic-eddy-dominated regime,

consistent with both the numerical simulations presented in this chapter and previous studies

(Kang, 2022, 2023; Zeng and Jansen, 2024). The strong equatorward heat convergence by

baroclinic eddies therefore suggests that ocean heat transport alone is unlikely to maintain

the observed poleward-thinning ice geometry on Enceladus.
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Figure 6.5: Critical equator-to-pole ice thickness contrast for different icy moons.
The horizontal axis shows the buoyancy contrast produced by a 1 m ice thickness contrast,
∆bice,1m, and the vertical axis shows the critical equator-to-pole buoyancy contrast, ∆bc, at
which baroclinic eddies and slantwise convection are equally important for meridional heat
transport (Equation 6.8). Background shading and contour lines indicate the corresponding
critical ice thickness contrast, ∆Hice,c = ∆bc/∆bice,1m. Boxes indicate the parameter ranges
for different icy moons. The color shading within the Enceladus box indicates the inferred
equator-to-pole ice thickness contrast from observations (Hemingway and Mittal, 2019).
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For Europa, Titan, and Ganymede, the predicted transition ice thickness contrast is much

smaller, typically of order 1–10 m. In the Europa simulations presented in Section 6.4.1, the

transition occurs for ice thickness contrasts of the same order, providing additional support

for the scaling analysis. Although the actual ice thickness contrasts on these moons remain

poorly constrained, the results suggest that baroclinic eddies would dominate the meridional

heat transport whenever equator-to-pole ice thickness variations exceed about 10 m.

6.6 Discussion

It is useful to compare the critical buoyancy contrast derived here with those obtained in

previous studies. In Kang (2023) and Wang et al. (2026) (hereafter KWL), the transition

between baroclinic-eddy-dominated and convection-dominated regimes is defined as the point

at which convection can overcome the stable stratification established by baroclinic eddies.

Specifically, the transition occurs when the isopycnal originating from the coldest surface

water first reaches the ocean bottom. Under this definition, the critical buoyancy contrast

is derived as

∆bc,KWL ∼ B
2/5
bot (2Ω)

4/5R1/5R

H
, (6.13)

where H is the ocean depth. We find that this scaling is similar to our result, differing by

an additional factor of R/H > 1. This difference arises from the distinct transition criteria

adopted. In KWL, the transition criterion is based on the onset of convection that overcomes

the stable stratification established by baroclinic eddies. In contrast, our framework defines

the transition as the point at which the meridional heat transport by slantwise convection

becomes comparable to that by baroclinic eddies. Consequently, the transition in our study

requires a weaker heat transport by baroclinic eddies, and therefore corresponds to a smaller

critical buoyancy contrast than in KWL.
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In the mixed layer of Earth’s ocean, Callies and Ferrari (2018b) considered the transition

between baroclinic-eddy-dominated and convection-dominated regimes by comparing the

destabilizing vertical buoyancy flux that drives convection with the vertical buoyancy flux

associated with baroclinic eddies (Kempf et al., 2008; Callies and Ferrari, 2018a). They found

a transition at approximately Bbot/(2ΩΛ
2H2) ≈ 0.1, where Λ = ∂u/∂r is the vertical shear

of the zonal flow. However, Callies and Ferrari (2018b) explored a parameter regime with

Λ/(2Ω) = 1, corresponding to order-unity shear relative to planetary rotation and therefore

Rossby number (Ro) of order unity. This differs from the regime relevant to the interior of

icy moon oceans, where Ro ≪ 1. Therefore, the transition criterion derived in Callies and

Ferrari (2018b) may not be directly applicable to the transition in icy moon oceans.

Besides scaling theories, previous studies have also examined the transition using linear

instability analyses (e.g., Stone, 1966, 1971a; Jeffery and Wingate, 2009). In Stone (1966,

1971a), instability analyses on an f -plane showed that the dominance of baroclinic instability

(relevant to baroclinic eddies) and symmetric instability (relevant to slantwise convection)

depends on the Richardson number (Ri ≡ N2/Λ2, where N2 ≡ ∂b/∂r), with the transition

occurring near Ri ≈ 1. Jeffery and Wingate (2009) further extended this result to a tilted

f -plane and showed that the transition Richardson number can be larger than unity with

a positive shear (Λ > 0). These studies assume N2 > 0 and examine symmetric instability

associated with vertical shear. However, Chapter 3 showed that in the low-Rossby-number

regime relevant to icy moon oceans, symmetric instability is controlled by the stratification

along the rotation axis rather than by vertical shear. Therefore, the Richardson number

criterion may not be directly applicable to the transition discussed in this study either.

We translate the critical buoyancy contrasts derived in KWL into the corresponding

critical equator-to-pole ice thickness contrasts for different icy moons, as listed in Table 6.1.

The values of ∆Hice,c predicted by KWL are approximately an order of magnitude larger,

reflecting the additional aspect-ratio factor R/H in the scaling. Nevertheless, the critical
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Table 6.1: Comparison of the critical ice thickness contrast in different studies.
Results are computed from the critical buoyancy contrasts given by Equation 6.8 for this
study and Equation 6.13 for KWL, then converted to ∆Hice,c using Equation 6.9. Planetary
parameters are adopted from Table 1.1.

Moons Enceladus Titan Europa Ganymede

∆Hice,c (m) 439–3950 0.660–3.12 3.77–8.69 1.23–4.48
∆Hice,c,KWL (m) 1750–90500 4.04–88.2 44.9–140 6.26–491

ice thickness contrast remains small for Titan, Europa, and Ganymede. For Enceladus, the

upper end of the KWL estimate exceeds the observed ice thickness contrast. However, this

requires the lower-end estimates of both the thermal expansivity (αT = 10−5 K−1) and

ocean depth (H = 11 km). Despite these quantitative differences, both analyses lead to the

same qualitative conclusion. Ocean heat transport alone is unlikely to maintain a large ice

shell thickness variation on Titan, Europa, and Ganymede. For Enceladus, baroclinic eddies

are likely to be the dominant contributor to meridional heat transport for most plausible

ocean parameters, and therefore ocean heat transport is unlikely to be sufficient to maintain

the observed poleward-thinning ice shell geometry.

6.7 Conclusion

In this chapter, we studied the transition between slantwise-convection-dominated and baroclinic-

eddy-dominated regimes of meridional heat transport in icy moon oceans. Using scaling laws

for heat transport by slantwise convection and baroclinic eddies, we derived a scaling for the

critical equator-to-pole ice thickness contrast separating these two regimes (Equation 6.10

and Fig. 6.5). We then tested this scaling using global numerical simulations with the slant-

wise convection parameterization developed in Chapter 5.

For Enceladus, the inferred equator-to-pole ice thickness contrast exceeds 20 km (Heming-

way and Mittal, 2019), substantially larger than the predicted transition thickness contrast

of 400–4000 m. Both the scaling analysis and numerical simulations indicate that meridional
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heat transport is dominated by baroclinic eddies and is directed equatorward. This result

is consistent with previous studies (Kang, 2022, 2023; Zeng and Jansen, 2024) and further

suggests that ocean heat transport alone is unlikely to maintain the observed ice shell topog-

raphy on Enceladus. For Europa, Titan, and Ganymede, the predicted transition thickness

contrast is only several meters. Slantwise convection can therefore dominate meridional heat

transport only when ice thickness variations are very small. Once equator-to-pole ice thick-

ness contrasts exceed about 10 m, baroclinic eddies are expected to dominate the meridional

heat transport.

Throughout this chapter, we have assumed that the ice shell is thicker at lower latitudes

than higher latitudes, so that the freezing point is lower at the equator and baroclinic eddies

transport heat equatorward (Zhang et al., 2025b; Kang and Zhang, 2026). This configu-

ration is consistent with the observed ice shell geometry of Enceladus and with theoretical

expectations, because both tidal heating (Beuthe, 2013, 2018, 2019) and slantwise convection

preferentially favor thinner polar ice shells, while ice flow and baroclinic eddies act to smooth

out ice thickness gradients. Alternative scenarios involving reversed buoyancy gradients and

the effect of ice-ocean interface slopes have been discussed in Zhang et al. (2025b). While

these effects may modify the quantitative details of the circulation, we do not expect them

to qualitatively alter the conclusions of this chapter.

In this study, we assume that buoyancy anomalies arise entirely from temperature varia-

tions and employ a linear equation of state. In reality, salinity variations may also contribute

to the buoyancy contrast. In most cases, salinity effects are expected to reinforce the thermal

buoyancy contrast because melting near regions of thin ice freshens the upper ocean and fur-

ther reduces the density there. One exception may occur on Enceladus, where the thermal

expansivity becomes negative at sufficiently low salinity (Zeng and Jansen, 2021). However,

Chapter 2 suggests that even under the low-salinity scenario, the meridional heat transport

on Enceladus remains dominated by baroclinic eddies and is directed equatorward, implying
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that the qualitative conclusions of this chapter are unlikely to change because of salinity.

Although the scaling law developed here successfully predicts the transition between

slantwise-convection-dominated and baroclinic-eddy-dominated regimes, it is less accurate

in predicting the quantitative heat transport. Developing a more accurate quantitative

theory for heat transport by both baroclinic eddies and slantwise convection is therefore an

important direction for future work.
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Appendix 6.A: Baroclinic eddy length scale

The characteristic length scale of the energy-containing baroclinic eddies is given by the

β-scale (Vallis and Maltrud, 1993; Held and Larichev, 1996):

Lβ ∼ B
1/5
r,BCβ

−3/5 ∼ B
1/5
r,BC(2Ω)

−3/5R3/5. (6.14)

In our Enceladus-like simulations, the horizontal resolution is 0.5◦, while Lβ ∼ 0.28◦.

Consequently, baroclinic eddies, although present, are not properly resolved, suggesting that

their contribution to meridional heat transport may be underestimated. This may also help

explain the substantial overestimation of the meridional heat transport by the scaling law

relative to the simulation results. For the Europa-like simulations, the horizontal resolution

is 0.25◦ and Lβ ∼ 0.58◦, suggesting that the dominant baroclinic eddies are reasonably

resolved.
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Appendix 6.B: Decomposition of the meridional heat transport

By integrating the temperature equation (Vallis, 2017) in the zonal and vertical directions,

the total meridional heat transport can be expressed as

Fy = ρcp

∫ 2π

0

∫ rsurf

rbot

vT r cos θdλdr − ρcp

∫ 2π

0

∫ rsurf

rbot

ey · (κ∇T )r cos θdλdr, (6.15)

where λ is longitude, κ = κb+κSL is the total diffusivity tensor, consisting of the background

diffusivity (κb) and the parameterized diffusivity due to slantwise convection (κSL), and the

overline denotes a time and zonal average. The advection term can be decomposed as

vT = vT + v′T ′, where primes denote deviations from the average. Equation 6.15 can then

be written as

Fy = 2πρcp

∫ rsurf

rbot

vT r cos θdr

+ 2πρcp

∫ rsurf

rbot

v′T ′ r cos θdr

− 2πρcp

∫ rsurf

rbot

ey · (κSL∇T )r cos θdr

− 2πρcp

∫ rsurf

rbot

κh
∂T

∂θ
cos θdr,

(6.16)

where κh is the background horizontal eddy diffusivity. The four terms on the right-hand side

represent contributions from the mean circulation, resolved eddy heat flux, parameterized

slantwise convection, and background horizontal diffusion, respectively.
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CHAPTER 7

CONCLUSIONS

Oceans beneath the ice shells of icy moons are among the most promising environments in

the search for life beyond Earth. However, observations of these subsurface oceans remain

extremely limited because they are hidden beneath thick ice shells. One of the few obser-

vational constraints is the ice shell thickness distribution inferred from shape and gravity

measurements, which is closely linked to ocean circulation and heat transport.

In this dissertation, we investigated ocean circulation and heat transport in icy moon

oceans, with a particular focus on the role of slantwise convection and its interaction with

baroclinic eddies. In Chapter 2, we examined the effects of salinity on ocean circulation and

heat transport on Enceladus. Motivated by the limitations of traditional convection param-

eterizations used in Chapter 2 and previous work, we investigated the instability criterion

and heat transport scaling laws of slantwise convection in Chapters 3 and 4. Using these

theoretical results, we developed a slantwise convection parameterization for global ocean

models in Chapter 5. Finally, in Chapter 6, we applied this parameterization to investi-

gate the interaction between slantwise convection and baroclinic eddies and explored the

implications for different icy moons.

Our main findings and takeaways are summarized below:

• Salinity strongly influences the stratification of Enceladus’s ocean. If the salinity is

sufficiently low (below approximately 20 g kg−1), a stably stratified layer forms near

the surface. At higher salinity, bottom heating can drive convection throughout the

ocean except in regions where stable stratification is maintained by baroclinic eddies. In

either regime, baroclinic eddies transport heat equatorward, thereby acting to smooth

the ice shell thickness gradient.

• Convection in icy moon oceans differs substantially from the upright convection com-

155



monly assumed in Earth ocean models. On icy moons, the buoyancy forcing is relatively

weak and the ocean is deep, so the Rossby number is typically much smaller than unity.

As a result, convection preferentially aligns with the planetary rotation axis, namely

slantwise convection. In this regime, slantwise convection is triggered when the strat-

ification becomes unstable along the rotation axis, corresponding to ∂b/∂z sin θ < 0,

where b is buoyancy, z is the direction parallel to the rotation axis, and θ is latitude.

• Slantwise convection transports heat both along and across convective plumes. Using

convection-resolving simulations and scaling analysis, we developed scaling laws for

these two components of heat transport. The resulting heat transport is both upward

and poleward, opposite to the equatorward heat transport by baroclinic eddies on

Enceladus.

• Traditional convection parameterizations cannot represent the meridional heat trans-

port associated with slantwise convection. To address this limitation, we developed

a slantwise convection parameterization for global icy moon ocean models. Bench-

mark simulations demonstrate that this scheme successfully reproduces the meridional

heat transport in convection-resolving simulations. While the scheme reproduces the

bulk temperature structure of the ocean interior, it does not accurately capture the

detailed temperature distribution. This limitation is likely due to the absence of a

proper boundary layer scheme. Despite this limitation, the scheme provides a prac-

tical representation of unresolved slantwise convection in global models and enables

investigations of its interaction with other dynamical processes, including baroclinic

eddies.

• Applying the parameterization and scaling laws to icy moon oceans reveals a transi-

tion between slantwise-convection-dominated and baroclinic-eddy-dominated regimes

in meridional ocean heat transport. For Europa, Titan, and Ganymede, slantwise con-
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vection dominates the meridional heat transport only when the equator-to-pole ice

thickness contrast is less than O(10 m). Larger ice thickness variations generate suffi-

ciently strong baroclinic eddies to dominate the meridional heat transport, which tends

to smooth the ice thickness gradient. These results suggest that ocean heat transport

alone is unlikely to maintain large ice thickness contrasts on these moons. On Ence-

ladus, the meridional heat transport is expected to be dominated by baroclinic eddies,

and the resulting equatorward heat transport cannot maintain the observed ice shell

geometry. If the present-day ice shell is in equilibrium, its thickness gradient is more

likely to be maintained by spatial variations in tidal dissipation within the ice shell.

These results establish a framework for understanding convection and its interaction

with other dynamical processes, such as baroclinic eddies. They also provide a pathway

for connecting observations of ice shell structure to the underlying ocean circulation. As

new measurements become available in the coming decades from missions such as Europa

Clipper and JUICE, the theoretical and numerical tools developed in this dissertation can

help interpret observed ice shell thickness distributions and constrain the role of ocean heat

transport in shaping them. The slantwise convection parameterization developed here may

also be extended to the transport of chemical tracers, providing a useful tool for assessing

the habitability of icy moon oceans.

Several important directions remain for future work. First, the parameterization devel-

oped here primarily represents heat transport by slantwise convection inside the tangent

cylinder, whereas heat transport outside the tangent cylinder is associated with equatorial

rolls and remains less well understood. Future studies should investigate the dynamics of

these equatorial rolls and develop corresponding scaling laws and parameterizations. Second,

the current scheme does not explicitly represent boundary layer processes, which may play

an important role in setting temperature and tracer distributions in the ocean. Developing

a complementary boundary layer parameterization would therefore improve the representa-
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tion of ocean heat and tracer transports. Third, the slantwise convection scheme developed

in this dissertation accounts only for heat transport and neglects momentum transport.

Convection-driven momentum transport may contribute to nonsynchronous rotation of the

ice shell, which provides another potential observational constraint of ocean circulation on

icy moons (Ashkenazy et al., 2023; Kang, 2024). Extending the parameterization to include

momentum transport is therefore an important direction for future work. Lastly, the results

presented here focus primarily on ocean heat transport. A complete understanding of icy

moon evolution will require fully coupled models that incorporate ocean circulation, ice shell

dynamics, and seafloor processes. Developing such coupled models is therefore an important

next step toward understanding the long-term evolution and habitability of icy moon oceans.
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