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ABSTRACT

Allostery is a fundamental property of proteins, describing the functional coupling between
distantly separated sites within the molecule. In different manifestations, this property
enables signal transduction, gene expression, and regulation. Although decades of research
have advanced our understanding of allosteric proteins, fundamental questions persist. In
this thesis, I present my work on two of these questions: What physical principles enable
allostery? And how can allosteric function emerge in proteins through evolution?

I begin by presenting a reduced theoretical framework that physically represents generic
proteins. By making minimal assumptions, I derive the essential physical conditions neces-
sary for allostery. What emerges is a basic classification of allostery into two forms: mecha-
nisms that couple distant sites through soft normal modes within a single state, and mecha-
nisms that rely on multiple states, with effective interactions emerging only upon switching
between them. This framework unifies all previously proposed models of allostery.

Building on this work, I investigate what determines the form of allostery that emerges
through evolution. T analyze an elastic network model of a protein across a range of physical
and evolutionary constraints and find that a continuum of mechanisms exists, operating on
a combination of the soft mode and multi-state principles. I find that when the system has
the capacity for frustration, the multi-state mechanism produces stronger allosteric effects
and is selectively favored.

Finally, T consider how allosteric function can emerge in proteins even without direct
selection. This question is motivated by the finding that many proteins have latent allosteric
function—properties that exist in the protein but are not part of its native role. Previous
computational and experimental data suggest that allosteric architectures enhance a protein’s
adaptability by wiring distant sites to functional regions. I hypothesize that fluctuating
environments select for evolvable designs and, as a byproduct, allosteric architectures. Using
a minimal binding model, I show that periodically switching selective pressures promote the

viii



emergence of evolvable, allosteric sequences. These results show how a protein’s design
reflects not only its present function but also the statistical structure of its evolutionary

past.
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CHAPTER 1
INTRODUCTION: THE PROBLEM OF ALLOSTERY



1.1 Introducing allostery

Proteins provide the machinery for the cell to maintain proper function, adaptation, and
growth. As a group, they perform many specialized tasks, with nearly every protein playing
a distinct role. However, these tasks can be broadly classified into a few elementary cate-
gories. Perhaps their most basic function is to bind other molecules. Proteins bind ions,
small molecules, lipids, DNA, RNA, and other proteins. Beyond binding, many proteins
(enzymes) catalyze chemical reactions and are responsible for processing matter into energy
and accumulating biomass. Furthermore, binding and catalysis are often coupled to other
binding or catalytic events. For example, in metabolism, enzyme activity is often modu-
lated by the binding of an effector molecule at a site distinct from the active site, where
catalysis occurs |16]. In cell signaling, ligand binding to a G-protein-coupled receptor on the
extracellular surface ultimately facilitates the dissociation of the G-protein on the intracel-
lular surface [39]. In gene regulation, binding of an inducer molecule to the ligand-binding
domain of a transcription factor promotes the DNA-binding domain’s interaction with a
specific DNA sequence [50]. This coupling of spatially separated molecular events within a
protein (or other macromolecule) is called allostery. In its many forms, allosteric behavior
enables nearly all cellular processes [53, 24, 30, 6, 20].

Before continuing, it is important to understand the length scales relevant for allostery. A
small protein domain is roughly 25 A across (e.g., PDZ domain [9]), while a large protein can
be greater than 100 A across (e.g,. Glutamate synthase [8]). The interactions between atoms
occur on the scale of 1-5 A. A carbon-carbon covalent bond is 1.54 A, a hydrogen bond is 3
A, and a salt bridge between two charged residues is 2.8-4.0 A [4]. Thus, the length scale of
a protein is roughly an order of magnitude larger than the length scale of the interactions.
The distances associated with allostery range from just beyond a protein contact (5.5 Ain

a PDZ domain[38]) to over 100 A, as in the case of the aspartate receptor [36], but can



generally be thought of as spanning the same scale as the protein itself.

The long-range communication of allostery presents a question: how can two distant
sites be coupled in a protein when atomic interactions are short-ranged? Despite decades of
research, a complete mechanistic understanding remains unclear.

In this thesis, I take a theoretical approach to the problem, which has historically been
much less popular than the experimental approach, for which there is already a substantial
body of work. In the remainder of this chapter, I first define allosteric coupling between sites
in quantitative terms. I then present a simple calculation to build intuition for how non-
allosteric material should behave. Finally, I discuss previous theoretical models proposed to

explain allostery.

1.2 A quantitative definition of allosteric coupling

A protein in solution is a thermal system, meaning that it exchanges energy with the solvent,
leading it to sample different structural conformations. Such systems are quantitatively
defined by their energy landscape Up(r), a function that relates a protein’s configuration
of atomic coordinates r to its potential energy. At thermal equilibrium, the stability of a

system is determined by its free energy,
FlU) = —5110g/e5U<r> dr, (1.1)

where 3 = (kgT)~! is the inverse temperature and the integral is over Cartesian coordinates
of the atomic positions.

When a ligand binds, it interacts with the protein by applying forces, breaking bonds,
etc.—generally altering its energy landscape. (I use the case of ligand binding to describe
allostery, but the concepts equally apply to other chemical modifications such as phosphory-

lation and mutation.) The ligand-induced change in the landscape can be represented as a



function V(r), so the ligand-bound energy landscape becomes Up(r) 4+ V(r). The tightness
with which the ligand binds is measured by its binding free energy, defined as the difference
in free energy between the unbound and bound states, AF = F[U, + V] — F[Up].

Allostery is fundamentally about communication between multiple sites. For simplicity,
consider a protein with two binding sites, a and b. Ligand binding at site a is described by
the landscape Up(r) 4+ V4 (r), and similarly for binding at site b: Up(r) + V3 (r). When both
ligands are bound, the energy landscape is Up(r) 4+ Vo (r) + Vp(r). We take the energies to be
additive precisely because allostery requires separated sites such that the two bound ligands

do not directly interact. The corresponding binding free energies are

AFy = F[Up + Va] — F[Uy) (1.2)

Although the energies are assumed to be additive, the binding free energies need not be.

The allosteric coupling is defined as the non-additivity in the binding free energies:

AAF = AF, + AF, — AFy, (1.3)

When binding at one site increases the affinity for the ligand at the other site (also known

as positive cooperativity), AAF > 0.

1.3 A calculation of interacting perturbations in a non-allosteric

material

The concept of allostery—the energy of interaction (AAF') between two spatially separated
perturbations—extends beyond proteins. This type of phenomenon has been studied ex-

tensively in physics. For example, defects in a crystal interact over distances greater than
4



the lattice spacing [15], and inclusions in membranes can influence each other by straining
the surrounding membrane [35]. The key difference between these physical systems and
allosteric proteins is that proteins can have evolutionarily optimized architectures that en-
able long-range interactions, unlike in homogeneous, isotropic materials where interaction
energies decay rapidly with distance [35]. In fact, the framework of continuum elasticity,
commonly used to describe such materials, can be used to calculate a null expectation for
how perturbations should interact in non-allosteric soft elastic matter.

Here I present such a calculation. For simplicity, consider a linear, isotropic, elastic
medium subject to perturbations in the form of applied forces. The analog of the protein’s

energy landscape for continuous systems—the elastic energy functional.

mng/wﬂmﬂ (1.4)

The field u(x) describes the displacement of each point x of the system and its gradient Vu
gives (a simplified version of) the strain tensor and (Vu)? = Zi’j(@iuj)z i describes the
stiffness of the medium. To model the effect of an external force field F(x), we include the

work done by the force in the functional,

U[u]:/dx{

Minimizing U with respect to u(x), gives the equilibrium equation

o=

(V@Q—F@yu@&. (1.5)

1Viu(x) = —F(x). (1.6)

This is a linear equation. In general, linear equations have a solution that can be written in



terms of the Green’s function G(x,y) of the operator:

u(x) = / dy G(x,y) - F(y). (L.7)

In this case, the operator is the Laplacian pV?2 whose Green’s function in 3d is G(x,y) =

—m, where I is the identity matrix. Substituting (1.7) into (1.5) gives the minimum

energy,

E = —% // dxdy F(x) - G(x,y) - F(y). (1.8)

To model ligand binding at each site, assume two distinct force distributions F(x) = Fg(x)+

F,(x). The elastic energy becomes

B / / dxdy [Fa(x) + Fy(x)] - Clx.y) - [Faly) + Fy(y)]. (1.9)

and the elastic interaction energy (allosteric coupling) is given by the cross-term

AAE = — // dxdy Fo(x) - G(x,y) - Fy(y). (1.10)

If we assume the perturbations are point forces Fy(x) = Fg d(x — x4), Fp(x) = Fp d(x — x3)
separated by d = ||x, — xp||, the interaction energy reduces to

Fan

AAFE = :
A pd

(1.11)

This shows that in the simplest elastic materials with no explicit allosteric design, we expect
the coupling energy to decrease with distance as a power law. In fact, for more natural
types of perturbations, such as force dipoles, the energy of interaction decays with a higher

power [57].



1.4 Review of previous theoretical models of allostery.

Allostery has long stood as a central puzzle in protein biochemistry, emerging from early
efforts to explain cooperative binding in hemoglobin (Hb), the oxygen-transport protein
in red blood cells. Long before Hb structures were resolved, experiments revealed that
Hb binds oxygen in an all-or-none manner, producing a sigmoidal binding curve [3, 1].
The sigmoidal shape deviates from the hyperbolic shape expected for independent binding
sites with constant affinity. In the 1920s, Adair measured this behavior and proposed that
oxygen binds sequentially and that affinity increases as more oxygen molecules bind. Without
structural data, Adair deduced that Hb is a tetramer and argued that the binding sites likely
do not interact directly. What was left unexplained was how binding at one site alters the
affinity at others.

To explain allostery in Hb and later other proteins, numerous theoretical models have
been proposed, serving various purposes: fitting experimental data [33, 27|, identifying min-
imal physical requirements for allosteric phenomena [19, 31, 45|, exploring evolutionary
conditions favoring its emergence [42|, and guiding its engineering into synthetic materi-
als |43, 57, 37]. This diversity of perspectives and objectives has led to a proliferation of
models whose common principles are difficult to discern.

The first theoretical models of allostery coarse-grained the high-dimensional conforma-
tional space that proteins sample into a few discrete states (Fig. 1.1AB) and defined rules
for transitioning between these states. These models are often referred to as thermodynamic
or phenomenological models. Monod, Wyman, and Changeux (MWC) introduced such a
model to describe the cooperative binding of oxygen to hemoglobin [33|. Their original
model makes assumptions that limit its applicability, but its core principle is general. The
MWC principle relies on the presence of two or more states that the protein samples in the

absence of ligands, and ligands bind to each state with different affinities (Fig. 1.1A). The



two states were originally interpreted as two structurally distinct conformations, and we call
the mechanism described by the model a “conformational switch”. However, the principle
applies irrespective of the physical nature of the states and is also often described in terms
of “population shift” [52, 2, 40].

Another early model proposed by Koshland, Nemethy, and Filmer (KNF) [27] assumes the
protein consists multiple parts (subunits) whose state changes upon binding ligand. As with
the MWC model, the KNF model is thermodynamic and applies irrespective of the physical
nature of the states, but these states are, again, most often interpreted as representing
different conformations of the subunits. A key difference from the MWC model is that each
ligation condition, whether unbound, single-bound, or double-bound, is associated with a
single state of the subunits. Since states are defined by the presence or absence of ligands,
this mechanism is said to operate by “induced fit” [26, 5]. Another notable distinction is
that cooperativity is explicitly introduced through a parameter representing the interaction
between subunits, which is not required in the MWC model (Fig. 1.1B).

Different variations of these models have been proposed [13], including models that rep-
resent the MWC and KNF models as particular cases of a more general model with more
states [14, 22].

From a general thermodynamic standpoint, a “state" is any ensemble of configurations
associated with a minimum of free energy. Accordingly, some models interpret one of the
states to represent the ensemble of unfolded configurations of a protein, as in the ensemble
model of Hilser and Thompson [23]. In this model, each domain of a protein can exist
in either a folded or unfolded state, with only the folded state being capable of binding
ligand. In this model, interaction energies between domains are also introduced explicitly
and depend on the state of the domains.

A change of state does not necessarily imply a structural difference: distinct states of

thermodynamic models may share the same mean structural conformation. This point is
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Figure 1.1: Variety of theoretical models of cooperativity. Each row organizes models by
level of description: top row (A—C); thermodynamic models; second row (D-G); free en-
ergy landscapes; third row (H-J); minimal physical models; bottom row (KK-M); microscopic
physical models. Each column organizes models by mechanism: first column (A, D, H, K);
conformational switch mechanism with pre-existing conformational states; second column
(B, E, I, L); induced fit mechanism with one pre-existing conformational state where confor-
mational changes are induced by ligand binding; third column (F, J, M); dynamic mechanism
with one pre-existing conformational state where ligand binding stiffens the system without
changing its mean conformation; fourth column (C, G); folding mechanism, where folded and
unfolded states are in equilibrium and ligands can bind and stabilize the folded state. (A)
MWC model [33]; (B) KNF model [27]; (C) ensemble model [23]; (D-G) commonly drawn
free energy landscapes [2, 18, 52]; (H-I) minimal elastic models [45]; (J) scissor model [31];
(K) frustrated elastic network model [45]; (L) linear elastic network models [12, 57]; (M)
elastic network derived from an experimentally determined structure [44].



illustrated through a calculation by Cooper and Dryden [7] where ligand binding only alters
the fluctuations around a mean conformation that remains unchanged. This behavior is
instantiated by a flexible protein that stiffens upon binding: the first ligand incurs an entropic
penalty when binding, but not the second ligand that binds an already stiffened protein. This
mechanism is often termed “entropic", “dynamic" or “dynamics-driven" allostery |7, 19, 25].

To illustrate thermodynamic models, free energy landscapes are often depicted along a
coordinate with local minima representing the different states. The KNF model, where the
protein exists in a single conformation for each ligation condition is, for instance, depicted
by a free energy landscape with a single minimum. In this representation, ligand binding
changes the location of the minimum (Fig. 1.1E), and cooperativity requires the minimum of
the single-bound landscape (not shown) to be greater than the minimum of the unbound or
doubly bound landscapes [2, 18, 55|. On the other hand, the MWC model is represented by
a free energy landscape with two local minima that ligand binding tilts to change the height
of the minima (Fig. 1.1D) [52, 5]. In this representation, cooperativity requires both minima
of the single-bound landscape to be above the stable minima of the unbound and doubly-
bound landscapes. The ensemble model can similarly be represented with two minima in
the unbound state, for the folded and unfolded states, and a single minimum in the bound
state (Fig. 1.1G). Finally, the dynamic mechanism is often depicted as a broad free energy
basin that narrows upon ligand binding (Fig. 1.1F) |2, 18, 55].

Thermodynamic models and their corresponding free energy landscape representations
describe different mechanisms of allostery but do not reveal the physical process by which
allosteric transitions occur. A variety of other models have been proposed to fill this gap.
Some models provide a conceptual description by using analogies, for instance, allostery has
been compared to a domino-like chain reaction of side chains [25]. Such informal analogies
to inertial macroscopic objects have, however, obvious limitations. Other models, based

on evolutionary analyses of coevolution across homologous proteins, provide insights into

10



the structural organization of networks of amino acids involved in allostery [49, 41]. These
analyses indicate that allostery is widespread beyond proteins known to be allosterically
regulated, but they do not reveal the underlying physical processes. These limitations are
overcome by physical models, defined by an energy landscape rather than a free energy
landscape. Models of this sort fall into two classes: minimal models, which involve a minimal
number of degrees of freedom, and microscopic models, which integrate a large number of
degrees of freedom.

Minimal models provide the simplest physical instantiation of the different mechanisms of
cooperativity. For instance, in previous work with Olivier Rivoire and Rama Ranganathan, I
introduced a minimal model to compare the physical constraints behind the conformational
switch and induced fit mechanisms [45]. The model consists of two rigid bars, connected
by springs and constrained to a single degree of freedom (Fig. 1.1HI). Ligand binding is
modeled as changing the rest length of a spring, which induces a conformational change. The
difference between the conformational switch and induced fit mechanisms lies in the stiffness
of a third spring that can cause bistability. This model reveals that the conformational
switch mechanism is more effective than induced fit when accounting for the limited extent
to which a ligand can perturb a protein. Similarly, McLeish and colleagues proposed a scissor
model to study dynamic allostery [31]. Their model consists of two rigid bars connected at
a hinge, allowing only rotation between them (Fig. 1.1J). Ligand binding is modeled by the
addition of a harmonic spring that stiffens motions about the hinge, and the binding of a
second ligand introduces another spring.

Microscopic models address how long-range cooperativity can emerge from the collective
action of particles with short-range interactions. One common type of model in this class
is disordered elastic networks, either derived from structural data or designed in silico to
have an allosteric function. Their motivation extends beyond proteins, encompassing ap-

plications for designing allosteric materials [37] and for understanding generic properties of

11



genotype-to-phenotype maps [12|. In a study by Yan et al., such networks were optimized
for long-range cooperativity by varying the location of springs within the network [57]. The
resulting networks are characterized by a soft normal mode connecting the two distant bind-
ing sites and operate on an induced fit mechanism. Ligand binding, simulated through
applied displacements at the binding sites, induces strain along this soft mode. Additionally,
elastic networks have been employed to investigate the dynamic mechanism of cooperativity
(Fig. 1.1M) [44, 51, 10]. These works, along with several others [43, 56, 17, 47, 48, 54], provide
physical and geometrical insights into the mechanisms by which the effect of a perturbation
propagates from one location to another in heterogeneous elastic materials.

Most studies of elastic network models are limited to the linear regime that excludes con-
formational switches, even though elastic networks are fundamentally nonlinear and have
rugged landscapes that enable conformational switches. We previously took advantage of
this possibility to examine the conditions that lead to the evolution of an induced fit or a
conformational switch mechanism. Nonlinearity has also been introduced explicitly into elas-
tic networks to account for conformational switches [40]. Alternatively, microscopic models
have also been devised whose constituent elements are themselves switch-like, such as spin
models, where the elementary degrees of freedom are in one of two discrete states [42]. These
models can be seen as reflecting the different rotameric states of side chains, a feature shown
to play a role in allostery [11].

Microscopic models differ not only by the nature of the interactions between constituents
of the “proteins”, but also by the nature of the interaction between proteins and ligands. In
elastic networks, ligand binding has been modeled by imposed displacement [43, 57|, imposed
force |17, 12, 46], or a change in the rest length [45] or spring constant [19, 31, 46] of a bond,
while in spin glass models, it is natural to treat ligand binding as an applied field [21, 42].
The implications of each modeling choice have, however, not been examined.

Finally, another class of computational models investigates allostery by means of molec-

12



ular dynamics simulations using interaction potentials tailored to quantitatively capture the

properties of real proteins |28, 32, 29, 34]|. These models aim to describe allostery in partic-

ular proteins, rather than to provide general principles. As such, they fall outside the scope

of the models that we intend to unify, but we will discuss how the data they provide can be

used to recognize the principle at play in specific proteins.
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ABSTRACT

Allostery is a basic property of proteins that represents the functional coupling of distantly
positioned amino acids. In different manifestations, this property underlies signal transmis-
sion, cooperative binding, regulation, and evolvability—the elementary features of molecular
processes in living cells. While thermodynamic models have provided excellent abstract phe-
nomenological descriptions and classifications of allostery, we lack comparable descriptions
and classifications of the underlying physical principles. Here we use simple models amenable
to analytical calculations to elucidate these principles and show that they provide a unifying
link between phenomenological models and the atomistic details of intramolecular commu-
nication in specific systems. All forms of allostery are thus recast as special combinations of
two core principles. The organization of allostery by these principles may provide a simpler
and more universal language to describe the physics of allostery in proteins.

This project was conceived by me with guidance from Olivier Rivoire and Rama Ran-
ganathan. I performed all of the calculations and analyses. This work will soon be submitted

and is currently available at arXiv:2411.06519

2.1 Introduction

While allostery is most often associated with biomolecules, it is a purely physical phe-
nomenon. However, a physical theory that describes how many short-range interactions in
a material collectively give rise to specific long-range couplings in a system remains missing.
Because of this, several fundamental questions remain unanswered. What are the different
types of allosteric mechanisms? Are some types better suited for specific tasks, for example,
what is the best mechanism for very long-range tasks, or those where the perturbation of
ligand binding is quite subtle? In the context of proteins where data are available, it is not
clear what features are the essential ones versus those that are a specific detail only relevant

to the particular system.
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At its essence, allostery describes the thermodynamic coupling of two sites of a protein
when they do not directly interact. This coupling, often termed cooperativity, is a thermo-
dynamic phenomenon, and thus its existence is agnostic to the physical mechanism through
which it is implemented.

Various theoretical models have been proposed to explain allostery, each differing in their
level of physical detail. At the most abstract level, thermodynamic (or phenomenological)
models reduce the high-dimensional conformational space that proteins sample into a few
discrete states and define rules for the free energy of each state |35, 25, 20, 13, 12, 21, 60].
While these models have successfully explained and fit data [35, 25, 20, 59, 29|, they lack
the detail needed to describe the physics of allosteric mechanisms.

On the other hand, molecular dynamics models define the chemical interactions between
all atoms, enabling granular descriptions of the sequence of motions in allosteric transi-
tions [30, 2, 27]. However, this level of detail makes it challenging to separate general
principles from features unique to individual proteins.

Between these two extremes exist reduced physical models that assume simplified inter-
actions between coarse-grained amino acid groups. A common example is elastic network
models, where amino acid groups interact through ideal springs, and structural motions are
approximated within linear response [53, 23, 3]. These simplifications allow for exact calcula-
tion of the allosteric cooperativity between binding sites [34, 11, 58]. However, a drawback of
these models is that they often rely on assumptions that limit the range of possible allosteric
behaviors. For instance, the linear response approximation in elastic networks prevents the
existence of multiple metastable conformational states.

The wide variety of models has led to numerous proposed forms of allostery, each em-
phasizing different key physical behaviors, such as multiple conformational states [35, 54,
40, 42, 44], changes in protein dynamics upon binding [8, 18, 34|, and folding and intrinsic

disorder [21]. What remains unclear is how these different models of allostery relate to one
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another. Are they simply alternative implementations of the same underlying principle, or
do they rely on fundamentally distinct principles? If the latter, how many unique principles
can enable allostery?

To address these questions, we present a physical framework in which a protein has
two non-overlapping binding sites and investigate the conditions in which ligand binding is
allosterically coupled. We assume a generic form of an energy landscape that can approxi-
mate any protein, and show that only two physical principles can enable allostery. The first
principle is to have soft normal modes (low-energy correlated motions around a structure)
that couple the two sites with ligand binding, engaging the same modes from both sites.
This is the only solution when a protein’s energy landscape is described by a single energy
basin. The second principle requires two or more states that bind ligands with different
affinities—the same principle described by the well-known MWC model [35]. We show that
different physical implementations of each principle correspond to previously proposed forms
of allostery.

Previous works have unified allosteric models at the thermodynamic level [13, 20, 22, 60],
however, this level of description lacks the notion of normal modes. Consequently, the soft
mode principle is missed and forms of allostery that depend on this principle [8, 18, 34, 61,
56, 43, 57, 58, 11| are not described by these unifications. By considering generic energy
landscapes, we overcome this limitation and make inroads toward a general physical theory

of allostery.

2.2 Formulation of allosteric cooperativity at the energy

landscape level

Several proposals have been made to quantitatively define allostery, including structural
[57], catalytic (V systems) [35], and information-theoretic [32] definitions. However, the

most widely used and most biologically relevant quantity is a thermodynamic one, termed
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cooperativity (a.k.a. thermodynamic coupling [9] or allosteric efficiency [19]), which quan-
tifies how the energetic impact of one perturbation depends on the application of another
perturbation.

We deliberately consider one of the simplest microscopic models of allosteric cooperativ-
ity. The model consists of N beads that take the role of amino acids in a protein (Fig. 2.1A).
Beads interact with each other through a potential Up(r) that is a function of the bead
coordinates r = (r1,ro,...,ry), where r; = (z;,v;, 2;)-

Ligand binding is treated as a perturbation of Uy and acts only on the few beads that
define each binding site. The first binding site, labeled site a, is defined by a set of beads
B, and the ligand binding perturbation at this site is given by a function Vg(r,) where
rq = {r;} for i € B,. Similarly, the second binding site, b, is comprised of beads in By, and
the perturbation on this site is given by Vj(rp) where ry, = {r;} for i € By. To describe
allosteric cooperativity the sites are taken to have no overlap, B, N B, = (. To simplify
notation in the main text, we write V,, and V} as functions of all the degrees of freedom r,
with it implied that only the binding site degrees of freedom are acted upon.

With indicator variables o4, 0} that take value 1 if the ligand is bound to the site and
0 if unbound, we can write the energy landscapes of the four binding conditions (unbound:
0q = op = 0, bound at a: o4, = 1,0 = 0, bound at b: o4 = 0,03 = 1 and doubly bound:
oq =0p=1) as

Ugao'b(r) = Up(r) + O'ava(ra) + abe(rb). (2.1)

The partition function for each energy is Zy, 5, = hng [ drexp(—pUg,0,) and the corre-
sponding free energy is Fy o, = —B1log Zgqao,- We choose units where hy = 1, and it is
omitted going forward. Binding cooperativity measures the extent to which binding at one

site changes the binding free energy at the other site and is defined as

1

AAF = Fig+ Fy1 — Fi11 — Foo = 3

log [— (2.2)
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Figure 2.1: The model considers a protein with two binding sites, a and b, resulting in four
distinct ligation states: apo, bound at a, bound at b, and doubly bound. Ligand binding at
sites a and b perturbs the protein’s energy landscape, Up, by V; and Vj, respectively.

This definition establishes positive cooperativity when AAF > 0 and negative cooperativity
when AAF < 0. Since the free energy is the sum of energetic and entropic contributions
F = FE — TS, the cooperativity also decomposes into energetic and entropic contributions
AAF = AAFE — TAAS. In this model, the different mechanisms previously studied are

associated with different choices of the protein potential Uy and ligand potentials Vg, V.

2.3 Condition for nonzero cooperativity

Before considering more specific cases, we show here that a general condition must be satisfied
for cooperativity to be possible, regardless of the type of ligand perturbation. At each binding

site, we defined a linear collective variable (CV),
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(2.3)
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Here u, and uy are dimensionless unit vectors that have nonzero entries only on beads in
B, and By, respectively, and describe a single mode of each binding site. We assume that

ligands interact with the protein only along the collective variables,

Va(r) = ga(Xa(r)), Vp(r) = gp(Xp(r)) (2.4)

The results of this calculation hold for the more general case of arbitrary Vj, Vj, (Appendix).

The partition functions can now be expressed as

Zguoy = /dxae—aaﬁga(xa)/dxbe—abﬁgb(xb)j(xa’xb% (2.5)

Z(xq,xp) = /dré(uaTr - xa)é(ubTr - xb)e_ﬂUP(r). (2.6)

Taking the log of Z gives a so-called free energy surface of the unperturbed system as a

function of the binding site collective variables,

F(zq,xp) = —B Yog Z (x4, xp). (2.7)

If [ is separable, F(zq,1p) = Fa(xa) + Fy(x3), both Z(z4,x3) and Zo 40, factor, leading to
no cooperativity: AAF = 0. Cooperativity therefore requires F to be non-separable. This
implies that the potential for allostery lies in the “protein” landscape U, even before the

details of the ligand perturbations are specified.

2.3.1 A General Multi-State Model

We assume the energy landscape of a protein may be complex with an arbitrary number

of minima. The shape of the energy landscape around each energy minimum R,; can be

approximated by expanding to second order, Uy(r) ~ ¢ + %(r — R;)"H;(r — R;), with

¢; = Up(R;) where H; = VVTUp|r:Ri is the Hessian of Uy at R;. By treating each local
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basin as a state, the full energy landscape can be approximated by summing over the basins,
1 " 1 T
Uplr) ~ Fy(r) = = log | - e Pl HtrRave ) 2.8)
B i=1

This form accurately approximates the regions of an energy landscape that contribute most to
the free energy—around the energy minima. The corresponding free energy surface (derived

in the Appendix) is,

- 1 & LT A=y pe,
F(zq,xp) = —Blog (Z Cie_ﬁ(?XiTAi X“LEZ)) : (2.9)
1=1
where
T T+ T+
e —u, R; u, H"'ugu, H'u
X; = ¢ cand 4, = | “ 7 @ Tt T (2.10)
xTp — ul;rRZ- u;—H;'ub ubTH;rub
and
B (QW)dN—Z
Ci = 2(dN—2 (2.11)

h2N"2) BAN -2 det( A;) det(H)

is a constant for each state ¢. Here H Z+ is the pseudo-inverse of H;. Cooperativity can only
occur when (2.9) is not separable, which can occur in two independent ways.

The first way is a property of the curvature of each basin and is most easily seen when
only one basin exists, n = 1 (for notation we omit the subscripts). In this case, the free
energy surface, up to an additive constant, simplifies to F(ma, xp) = %XTA_lx, and is non-
separable only when |u] Htuy| > 0. Physically, u) H 1wy, represents the correlation between
the collective variables of the two binding sites. Diagonalizing HT expresses this term in
normal modes, ulH*’ub = u;—QA+QTub. The columns of () are the normal modes of H and
thus Q Tu, and QTub describe the overlap of the ligand binding motion with each normal

mode. A is a diagonal matrix whose entries give the stiffnesses of each normal mode.

When u, HTuy, is small, the cooperativity scales as AAF ~ u) Huy, (Appendix). This
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result implies that when a protein’s energy landscape is well described by a single quadratic
potential, allostery can only occur when the binding sites are coupled through the normal
modes. Furthermore, the contribution of a mode is inversely proportional to its stiffness,
making the softest modes the main contributors of cooperativity. We refer to this as the soft
mode principle.

The second way cooperativity can occur is when there are multiple, distinct states (n >
1). In this case, there are many conditions when F is non-separable even when the binding

sites are uncoupled within each state u,

H;Fub = 0. For example, in a two-state landscape,
cooperativity is possible when the minima are separated in both x4 and xp (i.e. uJRl #+
UJL—RQ and ubTRl =+ ul—)ng), or when the conformational fluctuations at the binding sites
differ in the two states, (i.e. qu—HlJrua + ug—H;ua and ul;errub + u;H;ub).

This case, where multiple states exist and within each state the binding sites are uncou-
pled (uJH;Fub = 0), corresponds to the key features of the MWC model. We refer to these
features as the MWC principle.

This calculation shows that even without describing the physical nature of the ligand
perturbations gg, gp, one of two physical principles must hold for cooperativity to arise—
through soft modes that couple binding sites within a single state (soft mode principle) or
by having multiple distinct states (MWC principle).

In the following sections of this chapter, we consider specific cases for U, and Vj, V}, and

solve for cooperativity.

2.4 Quadratic landscape with first and second order

perturbations.

What cooperative mechanisms can arise solely from local changes around the minimum of

a single basin? To investigate this, we consider the n = 1 case of (2.8) with Ry = 0 and
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€1 = 0 for convenience,

LT
Up = Uquad = F Hr. (2.12)

For the ligand potentials (2.4), we consider polynomials up to second order, g,(x) = %kaxQ —
fax + cq and gp(x) = %kbxz — fpx + cp. The constant terms do not affect the cooperativity

and are set to zero going forward. The full partition function becomes,
ZUan _ C«/dl,ae—oaﬂga(l‘a) /d:Eb G—Ubﬂgb(xb)e—%BXTA_lx (213)

Here, C' is a constant that has the constant term of (2.9) folded into it. With the partition
functions, the cooperativity (2.2) can be solved but takes a lengthy analytical form and is left
in the Appendix. Of interest, are the limits that correspond to different ligand perturbation

conditions.

2.4.1 Applied Force

When ligand binding is modeled as a constant force, (kg = k; = 0 giving V(r) = — fou, R,

Vy(r) = —fbubTR), the cooperativity reduces to (2.14).

Applied Force Limit

When kg =k = 0,
AAF = fyofyu) H . (2.14)

(2.14) indicates that cooperativity occurs when there are normal modes that couple the
binding sites and when the ligand applies forces that push on the same modes in the same
direction. Within the context of a particular physical system, structural rigidity imposes
constraints on the normal mode structure. In particular, as a folded protein must maintain
some stiffness, cooperativity is optimized by making only some modes softer. Negative

cooperativity AAF < 0 is optimized under the same conditions as positive cooperativity,
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except that ligand forces must push the soft modes in opposite directions. In both cases,
the cooperativity is purely energetic with no change in entropy upon ligand binding AAF =
AAE. This form of cooperativity, previously calculated in different quadratic allosteric
models [19, 11, 48, 4] follows the induced fit (IF') mechanism: ligands induce a conformational
change through applying a force, each of the energy landscapes has a single minimum, ligand
binding results in the translation of the minimum and there is a notion of a direct physical
coupling between sites, here mediated through the soft modes.

Recent work has shown that linear elastic networks can be optimized for long-range
allosteric tasks by varying the stiffness of the bonds [43, 57, 58, 14, 11, 44]. These models
operate on the induced fit mechanism: an applied force or displacement of a few beads
induces strain along one or several soft modes spanning the network, connecting a distant

site.

2.4.2  Applied Stiffness

Next, we consider second order ligand perturbations (f, = fj, = 0, giving V,(r) = %ka(ugr)Q

and Vj(r) = %kb(u;r)2), thereby purely stiffening binding sites. In terms of proteins, this
may correspond to binding a ligand that perfectly fits the geometry of the binding sites,

thereby not causing a change in conformation. In this case, the cooperativity is given by:

Applied Stiffness Limit

When f, = f, = 0,

2

1 kﬁakb (u(—erJrub)

AAF =——log (1— — . (2.15)
2B (1 i kaug—HJrua)(l i kbub H+ub)

When both ligands stiffen (or soften) kqk;, > 0, cooperativity can only be positive and re-

quires the term u, Huy to be non-zero. This indicates that soft modes must couple binding
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sites and that ligand binding must stiffen the same soft modes. This corresponds to the dy-
namic (or entropic) mechanism proposed by Cooper and Dryden [8] and studied extensively
in minimal models and elastic networks by McLeish and colleagues|18, 34|. Additionally, this
dynamic mechanism has been considered in a 1D model of allostery in DNA [48]. Negative
cooperativity can occur when ligand binding stiffens one site but softens the other, kqk; < 0.

Regardless of sign, this cooperativity is purely entropic, AAF = —TAAS.

2.4.3 Imposed Displacement

Another limit of interest is when both the stiffnesses and forces diverge, |k;| — oo, | fi| — oo,
such that the ratio f;/k; = d; remains finite, 0 < |d;| < co. In fact, this case corresponds
to adding a rigid spring that causes displacement d; along the binding site CV z;. In these
quantities i € {a,b}. Since the x; degree of freedom cannot vary after ligand binding, the
entropy (and thus the entropic contribution to the cooperativity) diverges; however, the

energetic contribution to the cooperativity, AAFE remains finite.

Imposed Displacement Limit

When |k;| — oo, |f;| — oo such that d; = f;/k; remains finite, 0 < |d;| < oo, for

i € {a,b},

AR (u;rH+ub)2 <(uZH+ub)d3 + (u;—HJrua)dg)

2(u Hug)(w] Hwp) ((uf HHwy)® = (] Hug) (w] Hw))
2(uJH+ub)(ugHJrua)(ubTHJrub)dadb
2(uIH+ua)(ubTH+ub) ((uaTH+ub)2 — (uIH+ua)(ul—)rH+ub))

(2.16)
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Figure 2.2: Cooperativity with quadratic landscapes. (a) Cooperativity AAF, (b) the mean
conformational change upon ligand binding A(r), and (c) the change in the magnitude of
fluctuations upon ligand binding AVar(r), of a quadratic model with a soft mode where
ligand binding can apply a force of magnitude f, stiffen with magnitude k£ or both. The
two types of perturbation at each site (force and stiffness) act on the same soft mode that
couples the sites. With quadratic landscapes, different types of ligand perturbations can
drive cooperativity; applying a force results in a conformational change, while stiffening
changes the magnitude of fluctuations. Parameter values for the figure are given in the
Appendix.

2.4.4 Discussion of different soft mode mechanisms.

Both the induced fit (force) and dynamic (stiffness) mechanisms operate on the soft mode
principle—binding sites coupled through soft normal modes—the difference lies in the details
of the ligand binding interaction. In the general case, the ligand perturbations can be
composed of both force and stiffness, however, the cooperativity does not take a simple
analytical form (Appendix). We graphically represent AAF for the model under a range
of ligand stiffnesses k = k, = kj and forces f = fq = fp. Fig. 2.2A shows two regions of
cooperativity, one where force dominates, corresponding to the induced fit mechanism, and
the other where stiffness dominates, corresponding to the dynamic mechanism.

While these two mechanisms operate on the same soft mode principle, physical fea-
tures differ. This is apparent when representing the change in the mean conformation
between the apo (00) and doubly bound (11) conditions, A(r) = |[(r);1 — (r)gol| (here
the subscript of the angle brackets denotes the ligation condition in which the average is

taken). A conformational change occurs in the induced fit regime (Fig. 2.2B). The other
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regime recapitulates the “allostery without a conformational change" feature of dynamic
allostery. However, this regime shows large changes in root mean squared fluctuations

AVar(r) = ‘\/m - \/m

upon binding of both ligands (Fig. 2.2C).

2.5 Allostery beyond linear response

Bistable Models

What new mechanisms of cooperativity are possible when the landscape has multiple states?
The calculation above (ending with (2.9)) showed that when minima are separated in confor-
mational space (u;rRi + u;er and u;Ri +# u;Rj, for at least one pair of states i, j), the
free energy surface F' is non-separable, allowing for cooperativity. To explore this, we min-
imally extend the quadratic energy landscape ((2.12)) to introduce two basins in a manner
that retains analytical tractability,

1
Upi(r) = 5NHr —lg'r|—h'r. (2.17)

Here, bistability is introduced through the absolute value term with minima at Ry = H™ (h+
g) and Ry = H'(h — g). Each minimum retains a quadratic basin with curvature H, and
an additional linear term h'r tilts the landscape, enabling one minimum to be lower energy
than the other.

When a ligand applies a force (Vy(r) = —faugr, Vi(r) = —fbubTr), the cooperativity
takes a lengthy analytical form. However, the essential principles can be illustrated in the

zero temperature limit where the free energy converges to the ground state energy (F — E
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as # — oo) . In this case, the ground state cooperativity is,

AAFE = fafbu;rHJrub
+ ‘(faua + fyuy+h) " H+g‘ + ’hTH+g‘ (2.18)

- ‘(faua+h)T H+g‘ - ‘(fbub"‘h)T HJrg’-

The most important feature is that cooperativity has two components: an induced fit term
identical to (2.14) for the single state case and new terms that depend on the bistability
parameter g. These extra terms describe a mechanism in which the forces f,u, and fpuy
communicate by coupling to the bistable switch, induced when ||g|| > 0. Since the coop-
erativity scales with the bistable parameter, AAFE can be arbitrarily large, irrespective of
the strength of the perturbations, f4, f5- The contribution from the bistability is maximized
when one minimum has initially lower energy, and the ligand forces push the system to
stabilize the other minimum, an implementation of the MWC principle. This mechanism
of allostery has been called population shift [54, 40]. However, we refer to it as the confor-
mational switch mechanism as it makes clear that there is a physical switch (a transition
between two or more states) and that these states differ by their conformation. Negative
cooperativity emerges when the minima initially have equal energy and the ligand forces
push the system in opposite directions.

In Fig. 2.3B, we show the cooperativity at nonzero temperature (§ = 1) of a system with
an internal mode that couples ligand binding sites with stiffness A. The conformational switch
has magnitude ||g|| under conditions where ligands apply a force. The data show that as in
the zero temperature case, cooperativity can be achieved exclusively through the soft mode
principle ( 2.3B bottom left), the MWC principle by influencing the conformational switch
( 2.3B top right), or a combination of the two ( 2.3B bottom right). When cooperativity
emerges solely from the conformational switch (no soft mode contribution), the system can
be analytically written exactly as an MWC model (SI).
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Figure 2.3: .
Different physical implementations of allosteric principles. The plots on the left half (A-F)
describe allosteric mechanisms of a bistable landscape with bistability of strength ||g|| and
a mode that couples binding sites with stiffness A. Ligand binding is modeled as an applied
force (A). (B) The cooperativity AAF, (C) the mean conformational change upon ligand
binding A(r), and (D) the change in the magnitude of fluctuations upon ligand binding
AVar(r) are plotted over a range of [|g|| and A. (E) The free energy along the
conformational change coordinate, FU Ub(gb) for the system located at the lower-left +
mark in (B), for the four ligation conditions. In this regime, the induced fit mechanism is
observed. (F) F® " o, (@) for the system at the top-right + mark of (B), for the four ligation
conditions. In this regime, the conformational switch mechanism is observed. The plots on
the right half (G-L) describe the allosteric mechanisms of a landscape with an ordered
state and a disordered state. In the ordered state, a mode couples binding sites with
stiffness A\. The two states are separated in energy by €g;q, and ligand binding is modeled
as an applied stiffness (G). (H) The cooperativity AAF, (I) the mean conformational
change upon ligand binding A(r), and (J) the change in the magnitude of fluctuations
upon ligand binding AVar(r) are shown over a range of A and egis. () The free energy
along a conformational coordinate, F(;I) Ub(qb), for the system located at the lower-right +
mark in (H), for the four ligation conditions. In this regime, the dynamic mechanism is
observed. (L) F® " 0, (@) for the system at the top-center + mark of (H), for the four ligation
conditions. In this regime, the order-disorder mechanism is observed. For these landscapes,
Usoo, = Fq.a — oakq(ug r)? — crbk:b(u;—r)2 in (2.20), and we set AR of (2.19) to be the soft
mode, since there is no conformational change upon binding. Numerical values for the plots
are listed in the SI.
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Plots of free energy surfaces help to intuitively differentiate various mechanisms. We

define a collective variable ® in which the conformational change AR = (r)11 — (r)gp takes

place,
AR
O(r) = ——— - (r —(r)oo)- 2.19
(r) |ARH( (r)oo) (2.19)
and compute free energy surfaces
- 1 _
Fraa,(9) = = los U dr 5(D(r) — ¢)e Ve (x) (2.20)

for systems using the induced fit (Fig. 2.3E) and conformational switch (Fig. 2.3F) mecha-
nisms. Here, Uy, o, = Ubi—aafauaTr—UbfbubTr. These computed 1D landscapes recapitulate
the landscapes often drawn to illustrate the induced fit and conformational switch mecha-
nisms [1, 15, 55, 54, 5|. Note that both mechanisms in Fig. 2.3E-F are underpinned by
a conformational change and have no contribution from changes in conformational fluctua-
tions (compare Figs. 2.3C-D). An interesting distinction between these two mechanisms is
how they scale with the magnitude of the ligand forces. By taking f, = f, = f, 9 = |gl|,
and h = —f(ug, + 1p)/2, we find that the induced fit component scales as x~! f2 while the
conformational switch component scales as K 1gf, where  is an effective spring constant.
These results suggest that the conformational switch mechanism is preferred when ligand
binding imposes a subtle effect (e.g. when the ligand closely fits the geometry of the binding
site).

Many previous physical models used to explain allosteric cooperativity make use of the
conformational switch mechanism. For example, elastic networks where the conformational
switch is explicitly added [40], elastic networks where the conformational switch emerges
through an evolutionary selection for cooperativity [44], or spin-glass models [42]. In addi-
tion, many coarse-grained models involve a double (or multi) basin energy landscape imposed

by design [37, 36, 28, 10, 31, 7] and display conformational switch-like behavior.
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Order-disorder Models

Bistable landscapes achieve cooperativity through spatially distinct minima that make the
free energy surface F non-separable. However, non-separability can be achieved even when
minima overlap (R; = R; for all pairs of states 4, j) if the magnitude of fluctuations at the
binding sites differs between states: u;—H;rua F# u;_erua and u;—HZ*ub # u;_H;rub for at
least one pair of states ¢, j. This condition occurs in systems with an order-disorder transition
where the ordered state is low energy and low entropy, and the disordered state is high
energy and high entropy. In proteins, the most obvious implementation of this condition is
the global folding transition: the native state is enthalpically stable and lower entropy than
the unfolded state [62]. However, more subtle transitions exist, including partial or local
folding [46, 47| as well as transitions between a compact, yet disordered, molten globule and
a well-packed native state [38].

To study allostery through order-disorder transitions, we again consider the simplest
model that captures this property without loss of generality. Thus, we take a protein en-
ergy landscape that comprises a sum of two potentials—an ordered state with a quadratic

potential (U,

quad) and another potential to describe the disordered state (egs),

LT
Ugis(r) = 51‘ Hgist + €qis- (2'21)

Here €g;5 > 0 represents the change in energy from breaking interactions between residues in
the ordered state. To describe the high conformational entropy of the disordered state in an
analytically tractable manner, we consider det Hj;; < det H, where det denotes the pseudo-

determinant. The two states can then be integrated to produce a free energy landscape,

F, 4(r) = =8 Vlog | e PUanad(®) 4 o=BUais(r)| | (2.22)

4
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Since the ordered and disordered states have different entropies, ligand interactions that
modulate the entropy have the greatest effect. Thus, we consider the limit where ligand
binding just changes the stiffness of the system, V,(r) = %ka(u;{r)Q, Vi(r) = %k‘b(u;r)z To
examine cooperativity, we consider a landscape where the native state curvature H has one
internal mode that couples binding sites with stiffness A and an energy difference between
ordered and disordered states of €j;,. We take the curvature of the disordered state to
be isotropic, Hgy;s o< I such that the disordered state lacks coupling between binding sites
(u;—H("ﬂSub =0).

Fig. 2.3H shows the cooperativity of this minimal system. At low values of €gi5 (Segis <
log(det H/ det Hy;s)) the model is in the disordered state for all ligation conditions and no
cooperativity occurs. At high values of eg;5 (Beqis > log(det H/ det Hyis)) the model occupies
the ordered state for all ligation conditions and cooperativity occurs through the dynamic
mechanism of the soft mode principle (Fig. 2.3H bottom right and the associated 1d free
energy landscape in Fig. 2.3K). At intermediate values of €g;s, the model is disordered in
the absence of ligands and ordered in the presence of ligands. In this case, cooperativity
occurs even without a soft mode in the ordered state, emerging purely through the switching
from disordered to ordered states (Fig. 2.3H top center and the associated 1d free energy
landscape in Fig. 2.3L). Thus, cooperativity emerges from the relative decrease in entropy
of the disordered state upon ligand binding. When cooperativity emerges solely from this
mechanism (no soft mode contribution), the system can again be written exactly as an MWC
model (SI).

This analysis helps to mechanistically unify different forms of allostery described in pre-
vious works. In both limits (marked in Fig. 2.3H) we obtain the behavior of “allostery
without conformational change". However, one case depends on the normal modes within
the native state as described by Cooper and Dryden (Fig. 2.3K) 8], while the other de-

pends on engaging a switch between two states with different entropies (Fig. 2.3L). The
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Figure 2.4: Free energy surfaces along simple collective variables can be used to distinguish
different mechanisms of cooperativity. The variable ¢ measures progress along a single
conformational direction, and the variable ¢) measures structural disorder. Each panel shows
the free energy surface for the apo and doubly bound conditions for the (A) induced fit,
(B) dynamic, (C) conformational switch, and (D) order-disorder mechanisms. Surfaces are
calculated using equilibrium Monte Carlo simulations.

case of folding-mediated allostery can be seen as a combination of both change in average

conformation and overall entropy [21].

Distinguishing mechanisms in proteins

The work presented here suggests a different organizational structure for mechanisms of al-
lostery than presently used. Current classifications focus on distinguishing whether allostery
arises through ligand-induced changes in conformation (the “structure" view) or internal dis-
order (the “dynamics" view). The work presented here argues that the central distinguishing
characteristic is whether cooperativity operates on the soft mode or multi-state principle,
with changes in conformation and dynamics representing an important but orthogonal char-
acteristic. The distinction is not trivial in terms of defining the operating mechanism. If
single-state, allostery must arise through the coupling of ligand perturbations to (soft) normal

modes of the protein. If multi-state, allostery may have nothing to do with normal modes,
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arising instead through biasing the occupancy of different macroscopic states in the free en-
ergy landscape. The issue of dynamics is distinct, resolving whether the allosteric mechanism
makes use of enthalpic or entropic changes in the system. Consistent with this, the simple
models of multi-state allostery making use of either change in conformation (Fig. 2.3F) or
dynamics (Fig. 2.3L) converge analytically (as expected) to the same thermodynamic model
(MWC, SI). Similarly, the requirement for engagement of internal soft modes is true for all
forms of single-state allostery, regardless of whether the mechanism involves conformational
change or not.

This thinking clarifies the right collective variables (CVs) in which the physics of allostery
should be classified. The CV & (2.19) distinguishes the induced fit (Fig. 2.3E) and confor-
mational switch mechanisms (Fig. 2.3F). However, it fails to identify two minima for the
two-state order-disorder mechanism because there is no change in the mean conformation
(Fig. 2.3K and L). To address this, we need an orthogonal CV, ¥, that measures root mean

squared fluctuations around conformations.

w(r) = | (r = (t)oo) = ((r = (¥)oo) - AR) AR

) , (2.23)

where AR = AR/||AR||. This CV measures the conformational deviations in directions
other than AR. As allostery can arise through any combination of these CVs, measuring
the free energy surface over both ® and W represents a complete basis to classify allosteric

mechanisms.

1

F2V (6,0) = 7

log (# / dr §(®(r) — ¢)5(V(r) — w)e_*BU"“"b(r)> . (2.24)
0

For example, Fig. 2.4 shows Monte Carlo estimates of free energy surfaces over these two CVs
for the four limiting cases explored analytically in this study. The induced fit (Fig. 2.4A)

and dynamic (Fig. 2.4B) mechanism both operate on the soft mode principle (left panels),
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and the conformational switch (Fig. 2.4C) and order-disorder (Fig. 2.4D) mechanisms both
operate on the MWC principle (right panels). For real proteins, the classification could
be achieved experimentally |24, 17| or through molecular dynamics simulations [45, 6] by

plotting free energy landscapes along these collective variables.

Discussion

Previous work has stressed the importance of different physical features in allostery: confor-
mational changes, dynamical changes, multiple preexisting conformational states, soft normal
modes, intrinsic disorder, and folding. The diversity of these features and the varying levels
of abstraction in the models that implement them make it challenging to distinguish fun-
damental physical principles of allostery from those details that are idiosyncratic to specific
systems. In this work, we propose a physical framework in which the essential conditions for
allosteric cooperativity can be identified.

The main result is that cooperativity only emerges when the system satisfies one (or a
combination) of two physical principles. The first is a soft mode principle where, within
a single state, binding sites are coupled through soft normal modes, and ligand binding at
different sites perturbs the same modes. The second is the MWC principle, which occurs
when the system has multiple states with different affinities for the ligands. Upon binding,
the system undergoes a switch-like transition between the states. While the MWC principle
can be fully defined at a thermodynamic level, namely the MWC model [35], the soft mode
principle requires a physical description of the energy landscape around a minimum and, by
nature, is not captured in thermodynamic models.

We show that each principle can have various specific implementations that recapitulate
observed forms of allostery. Both the induced fit and dynamic mechanisms operate on the soft
mode principle, with the difference between them arising from how ligand binding perturbs

the soft mode—either by applying a force or by stiffening the modes. The conformational
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switch (or population-shift [54]) mechanism, where the two states have different conforma-
tions, and the order-disorder mechanism, where the two states have different magnitudes of
fluctuations, both operate on the MWC principle. The cases we have considered (Fig. 2.3)
represent limiting forms of allostery in which we can analytically illustrate and therefore
fully understand the mechanism. Specific implementations of allostery in a real protein need
not conform strictly to these limiting conditions. However, these more complicated cases can
be understood as nothing more than a combination of these archetypal mechanisms. In this
sense, we suggest that the core physical principles that distinguish mechanisms of allostery
are fully described in the cases explored in this work.

This work is formulated at the level of energy landscapes with no inherent notion of the
internal geometry of proteins. As a result, we can say nothing about the patterns of amino
acid interaction through which forces are transmitted within proteins to mediate coupling
between ligand binding sites. Previous work has explored how cooperativity should scale with
the distance between binding sites or with the size of the protein [58, 40, 48], and has probed
how structural rigidity contributes to allostery [52, 58]. In addition, the sector hypothesis
for proteins proposes that allostery is mediated through physically contiguous networks of
collectively acting amino acids [51, 16, 26, 41]. More generally, sectors have been linked to
the core constraints that enable native state folding [49], active site function [16, 33, 50], and
the capacity of proteins to adapt to fluctuating conditions of selection [33, 50, 39]. In this
regard, the simple physical models described here represent a foundation for understanding

more general rules by which evolution builds allostery in biological macromolecules.
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Appendix for Chapter 2

Multi-basin Free Energy Surface

Any energy landscape can be well approximated by the following free energy landscape,
1 " 1 T
Fy(r) = -3 log Y e Azlr—Ri) Hilx=Ri)te; (2.25)
=1

Each state is quadratic with curvature H;, ground state R; and ground state energy e;.
Substituting F}, for Uy in (2.6) and solving the integral, we find,
~ 1

Z(xa,p) = HIN=2
0

n
- hdJ}/'—Q > / drd(ulr — 2q)d(u) r — zp)e P2 R Hilr—Ry) e
0 i=1

/dré(ugr — $a)(5(ubTr — xb)e_ﬁFp(I‘)

n
1 Ze—ﬁei / ds /2T 5aTa / dsbemmbxb / dr e—%B(r—Ri)THi(r—Ri)—iZW(saua—i—sbub)Tr

= 7dN—2
hO =1
n
1 Ze—ﬂei ds eiQWsa(ma—u;rRi) ds eiZﬂsb(xb—ul;rRi)
o th—2 a b
0 1=1
% /d}’i e*%By;Hiyz‘*iQW(Saua+Sbub)Tyz‘
n
‘ 2m)dN , TR. : _uTR.
— B2 o Pei ( /ds 6127rsa(a:a—ua Rl)/dsbez%rsb(a:b u, R;)
0 ; 2N gdN det(H;) ) ¢
% <€—27T26_1(saua—i—sbub)THj(saua+sbub)>
n dN )
= h% Z e—ﬁei 2dN(2]7\r[) /dse—QwB_lsTAis—HQﬂszs
P hg* B det(H;)
n _
_ Z (27T)dN 2 6_6(%XIA;lXi+€i)
2(dN—-2 _
T\ g N TR pAN =2 det(A;) det(H)
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On the third line, we write the delta functions in terms of their Fourier transforms, §(t) =

ffooo e~275tds. On the fourth line we used the substitution y; = r — R; and on the sixth

line we introduced s = (sq, s3), X; = (zq — uy Ry, xp — u;—RZ-) and

Trrta ol g+
u, H"'ug u, H:"u

A= | e e T (2.26)
u;—HZﬂ'ub ubTH;'ub

d is the number of spatial dimensions. The free energy surface is,

n
Plawsn) =~ 1o (S0 T4 0 21
=1
where,
o (27.‘,)de2 5 98
"] 20@N=2) gin 2 ' (2.28)
0 B det(A;) det(H;)

Conditions for cooperativity

Cooperativity can only exist when the free energy surface is non-separable, i.e. when
F(xq,2p) can not be written as Fj(z4) 4+ Fj(xp). Since (2.27) is generally non-separable,
we solve the few cases where it is separable to identify which conditions must be broken to

achieve non-separability and cooperativity.

Single-state case

When there is only one state n = 1, (2.27) reduces to

~ 1 1
F(zq,zp) = §XTA_1X +e— 3 log(C) (2.29)
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which is separable only when the off-diagonal entry of A~ is zero. The subscripts have been

dropped to simplify notation. The inverse of a symmetric 2x2 matrix is,

-1

a ¢ 1 b —c
= 5 , (2.30)
c b ab—c —c a
and so the condition for separability is,
T+
—u, H
Ho 7 U ~0. (2.31)

uJHJFuau;—H*ub — (2u) Htuy)?

Thus in a single state system, cooperativity requires ulH*’ub # 0.

Multi-state case

When there are multiple states n > 1, separability requires u;er;"ub =0Vie{l,...,n}
(assumed in the following) as well as additional conditions. Without loss of generality we

assume n = 2 condition. The free energy surface (2.27) reduces to,

1 1
F(za,xp) = —llog C1e_ﬁ<%G§1)(x“_“aTRl)2+%G§2)(wb—ubTRl)2+e1)
Y8

(2.32)

+ e (36 aud R+ 4G (-0 o))

Here G(1) = A;l and Ggil) and Gg?) are the diagonal entries of GO, Fis only separable

when the argument of the log takes the form: (Function of z) x (Function of z3) x Constant.

This is the case when either:

GV =6 andulRy =u/Ry or GU) =G and u/ Ry = u) Ry (2.33)
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or both. This implies that non-separability arises when neither coordinate can be factored

out of the log-sum. In particular, both of the following must hold:

(u;—Hfua #* u;—H;ua or u;—RI # uIRg) and (ul;erub # ul;rH;ub or u;Rl # u;—Rg).
(2.34)
In words this means that the two states need to be physically distinct.

When there are any number of states n > 1.

(u;—H;Fua =+ u;—Hjua or u;—Ri #* uJRj) and (u;—H;rub =+ u;)rH;ub or ul—)rRi #+ u;—Rj)
(2.35)

for at least one pair of states 1, j.

Scaling of cooperativity within a single basin

Here we show that AAF ~ u;erJrub when uJH*’ub is small when there is a single basin

(n = 1). The free energy surface when n = 1 simplifies to,

~ 1

_ 1
F(zg,xp) = §X1TA1 Ixi+e— =

5 log(C) (2.36)

Going forward, we omit the subscripts on the Hessian and other parameters in this section,
and we drop the constant terms as they do not contribute to the cooperativity. Let G = A™1.

The quadratic terms can be written as,

1 _ 1 1
§XTA Ix = §G11(xa —u R)?+ §G22 (xp — ubTR)2 + Gia(zqg —uy R)(zp — ubTR). (2.37)
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The partition function (for which we omit the factor hg 2 because it does not contribute to

the cooperativity) becomes

Zonos :/dxaeﬂ(gaga(xa)+%Gll(zaUIR)2)/dxbeB(Gbgb(xb)+%G22(mbubTR)2) (2.38)

v e—ﬁGlg(xa—u;—R)(xb—u;R)’

We are interested in the onset of cooperativity, so we consider the condition where u;—H Tu,

is small (relative to u, H+u, and ul)TH+ub). Since G1g = —uaTH‘Lub/(ugHJruaubTHJrub—
T T

(u) Hrup)?), when u,} HTuy is small, then G is small and e~ PG12(za—u, R)(@p—uy R) (o)

be approximated by a Taylor expansion of around G = 0 is,
e A0 w R @ R) 1 _ gz~ uTR)(x) — uf )Gy + O(G2y) (2.39)

Using this, we get,

Zgooy = /dxae_ﬁ(aaga(xa)+%Gll(xa_u;rR)Q)/dxbe_ﬂ(o'bgb(xb)“"%GQQ(mb_ul—,rR)Q) (2.40)
x (1= B(za — ug R)(z) — uy R)G12)
= Z;aab - 6Gab90a0b (2'41)
where

0q0p ~—

7 _/dwae—ﬁ(Uaga(fEa)Jr%Gn(%—ulR)z)/dwbe—ﬂ(abgb(%H§G22(95b—11bTR)2) (2.42)
and

Qoo :/dxae—ﬁ(ﬁaga(waﬂ%Gn(xa—uIR)z)/dxbe—ﬁ(%gb(l‘b)Jr§G22(l‘b—ubTR)2) (2.43)

X (zq — uj R)(z, — u} R)
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Using these, the fraction in the log of the cooperativity (2.2) gives,

Z10Zor _ (Ziy — BAw10)(Z5; — BAwS01)

= 2.44
ZooZ11  (Z5y — BAwL00) (271 — BAG11) (2.44)
_ ZigZg — BAw0ZE) — BApQ01Ziy + B2A% 210001 (2.45)
ZiZ11 — BApQ00ZT, — BAw1Zg + B2AZ, Q00011
 ZigZy — BAp(Q10Zy; + Qo127) (2.46)

- Z5, 23 — BAw(QooZiy + Qi Zy,)

On the last line, we neglected the order G%Q terms. We also know that Z7,Z5, = Zjy2];-

We use the relation,

b b—
L ORI (2.47)
a—+c a
which holds when a > b and a > c.
2102401 QoZy + Qo125 — Qo027 — Q12
210201 1 _ Gy, 01 10~ 0071 00 (2.48)
Z00Z11 Z()Ole
Now for the cooperativity when,
_ Z10Z01 Q02 + Qo127 — Q0211 — Q12 9
AAF = —pj 110g(— ~ G192 +0O(G
(2.49)

Finally, this means that AAF ~ u;LrHJrub when small.

Derivation of Quadratic Cooperativities (2.14) and (2.15)

We assume ligand binding affects a single mode (2.4), and consider polynomial perturbations
up to second order gq(z) = %kaxQ — faxr and gp(z) = %kbxz — fpx (constant terms of the
polynomials will not contribute to AAF and have been omitted). Since we are considering

the case where there is only one state (n = 1), the subscripts on the parameters are dropped
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(e.g. x1 — x). We use the notation A, = u) HTuy,. The full partition function is,

Zoyoy = /dxae_aaﬂga(%)/dxb o~ 0B (x) ,—BE (wa,mp) (2.50)
with,
X 1+ 1
F(zq,zp) = 5% A" 'x+e— 3 log(C). (2.51)

Recall, x = (24 —u/) R,z — u;R). To compute the cooperativity (2.2) we need to compute

the partition function for each binding condition.

_B|LT g-1 1 2_ 1 2_
Zo'aa'b:Ce/Be/dXe ﬁ[gx A7 x+oa(5kats— fata)+op(5kps fbmb)] (2.52)

Which can be rewritten as,

Ca(1,T W
Zorgn, = Ce ¢ / axe~ P (35T Mooy x b 4500, ) (2.53)
where,
Mo,o, = AL aakaele]— + abkbege;, (2.54)
and
1 1
Seaop = 0a {gl@a(ugR)z — fa (uaTR)] + o} [akb(ubTRF — f (ubTR)} . (2.56)

Here e; = (1,0), eo = (0,1). This is a Gaussian integral and can computes to,

21 _ 1
Zogop = EC exp (—f€) exp (—BSgaab) exp (ghgaobMoa}fthan) (det My,o,)~ 2. (2.57)
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In the ratio of the partition functions in the cooperativity (2.2), the terms %”C’ exp (—f€) exp (—BSgan)

cancel. Using the Matrix determinant lemma,

det(Mog) = det(A™1) (2.58)
1+ koA
det(Myg) = det(A~1)—— "+ Faflae_ (2.59)
AaaAbb - Aab
1+ kA
det(Moy) = det(A~1)—— 0200 (2.60)
AaaAbb - Aab
1+ kg Aga + kyAgy + kaky(Aga Ay, — A2
det(My) = det(a~y Lt Faddaa ¥ Ry, hak(Aaayy = Ayy) (2.61)

AaaAbb - A?Lb

We introduce the variables hy = fo — kq(ul R) and hy, = f; — kb(u;—R) to describe the
effective forces that are combinations of the applied forces fg, fp and the forces that arise

from the applied stiffness. Using the Sherman-Morrison formula,

h{y Mg hgo = 0 (2.62)
ha A
h{ M 1hy, = 4% 2.
1059 B0 = 7777 (2.63)
hy A
hl M lhg, = ——0b0 2.64
o1Morhor = 770 (2.64)

2Aaphahy + Abbhz + AaaAbbhgka + Aaahg(l + Appkp) — Agb(h%ka + h?lk‘b)

h{, M_lhll =
H 1+ Appky — A2 kaky + Aaa(ka + Agpkaky))

(2.65)
Putting these together, the full cooperativity becomes

2hahy Ay, (1 + kaAga + ky Ay, + kakbAaaAbb) - Agb(kahg + kph2 + Agah2k2 + Abbhgkg)
2(1 + kaAaa) (1 + kyApp) (1 + kaAaa + kpApp + kaky(AaaApp — Aib))

koky A2
_ i 10g 1— albap .
20 (14 kqAaa)(1 + kyApp)

AAF =

(2.66)
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For the cases of (2.14) and (2.15), we took R = 0, leading to hq, hyy = fa, fp. When binding

purely applies a force, the cooperativity reduces to (2.14).
When ko =ky=0 — AAF = fofyul H uy, (2.67)

and when binding purely stiffens, the cooperativity reduces to (2.15),

2
1 kakb (uaTH+ub>
When =f,=0 — AAF=——log|(1-— :
fo=1 20 & ( (1 + kau(—er+ua)(1 + l{:bu;—HJFub))

(2.68)
Another limit of interest is when both the stiffnesses and forces diverge, |k;| — oo, |f;| = oo,
such that the ratio f;/k; = d; remains finite, 0 < |d;| < oco. In fact, this case corresponds
to adding a rigid spring that causes displacement d; along the binding site CV z;. In these
quantities i € {a,b}. Since the x; degree of freedom cannot vary after ligand binding, the
entropy (and thus the entropic contribution to the cooperativity) diverges; however, the
energetic contribution to the cooperativity, AAFE remains finite.
When |k;| — oo, |fi| — oo such that d; = f;/k; remains finite, 0 < |d;| < oo, for

i € {a,b},

AAE =

<(ugH+ub) ((uaTH‘Lub)(ubTH‘Lub)dg + (uIHJFub)(uIHJrua)d% — 2(uJH+ua)(uJH+ub)dadb)>

2(ug Htug) (w] Hwy) ((ug Héw)? = (u] Hug) (] Hwy) )

(2.69)

Now let us try to simplify (2.66). First we will consider the symmetric case, where
ko =ky =k, fo=fo = f, do = dp = f/k = d and uuH u, = usH u, = 1. Next,
we nondimensionalize. In this problem, there are three different units: stiffness, force, and

energy. The stiffness scale is set by the flexibility of the binding sites, k. The relevant energy

o8



scale is the thermal energy, 5L, There is no clear force scale, so it is set by the energy and

stiffness scales, \/x/f. Writing the symmetric version of (2.66).

27240 (14205~ 4 1272) = A2 (kg2 25 127) k22
AAF = —35 108 1— ( ab .

2(1 + kr—1)2 (1 + 2k~ + K2(k72 — Agb)> L+ kr—1)?
(2.70)

The natural dimensionless variables are
k=k/x, i=Agk, [=f/\V5/B. (2.71)

And,

f2ﬁ<1 +(1— n)k) < LR )
: _ g1 ). (@72
(1+k:)<1+2k+ (1 —ﬁ2)k2> 2 (1+k)?

In the pure force case k = 0, we find SAAF = ﬁfQ and in the pure stiffness case f = 0, we

BAAF =

find BAAF = —% log (1 — k2 /(1 + /%)2) and in the imposed displacement case, |k| — oo,

i\ 2
|| = oo such that d = f/k remains finite, we find BAAE = (%) 771@—;7;7)

Derivation of Conformational Switch Cooperativity (2.18)

Starting with the bistable energy landscape Uy;(r) defined in (2.17) and ligand perturbation
that apply forces, V(r) = fau;lrr, Vi(r) = fbu;—r, the energy landscape of each binding
condition is,

Usyop(r) = Upi(r) — aafau;lrr — fbu;—r. (2.73)

Each of these energies will have two minima if the following condition is met,

g'H h+f—-g)<0<g H  (h+f+g), (2.74)
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where f = 04 fouq + 03 fpup. For a generic quadratic potential with an applied force U(r) =
r' Hr—fr there will be a minimum at rpj, = Hf of energy E = min, U(r) = —%fTH""f.

When there are two minima, they will have energies,
1 1
Ey=—5(f+h+ g)'H (f+h+g), E_= —5(f+h- g)TH (f+h—g) (2.75)

The ground state energy is,

1

E=min(Ey,E-) = 5 (Es + B — |Ey — E_|) (2.76)
1 1 1

= —5f7H+f - 5hTH+h - 5gTH+g —fTHth—|fTH g+h " Hg] (2.77)

The cooperativity of the bistable landscape becomes,

1 1 1
AAE = — 3 311;'—H+ua — §hTH+h _ §gTH+g _ fauZH+h _ ’fau;rH—i—g + h—l—H—i—g‘
1 1 1
- §beul—)|—H+ub - §hTH+h - §gTH+g — fyuy H h — ‘fbubTH+g + hTH+g‘
1 1
+5h Hh+ g g+ ‘hTHJFg‘

1 1
(Fava + fymp) "H (farta + fywy) + h " H b+ ogT BT g+ (fava + fyw) " H'h

N | —

+

+|(fana + fpu) TH g+ H gl

(2.78)

AAE = fofyu) Huy + ‘(faua + fyup+h) " H+g‘ + ’hTH+g’ (2.79)
—|(fawa + 1) B g| — |(fywy + 1) " H g |

2.6 Definitions of Quantities

Conformational Change: The conformational change is measured as the magnitude of

the difference in the mean conformation with both ligand bound, (r);1, and no ligand bound
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()00,

A(r) = [[(r)11 = (r)ooll- (2.80)

Fluctuation Change: To measure the change in the magnitude of the fluctuations around

the mean conformation we measure the change in the RMSF upon binding both ligands,

Aar(r) = |y/ e = @, = /a0 — @0 (2.81)

Here the subscripts on the angle brackets indicate the ligand binding condition for which the

average is taken.

2.7 Connection to the MWC model.

Here we define an MWC model with two binding sites and show that the bistable and
order-disorder cases reduce to the MWC model when there is no soft mode contribution to

cooperativity.

MWC models make two assumptions: there exists an equilibrium of k£ > 1 states and,
within each state, the binding free energies do not depend on whether a ligand is already
bound (ie no cooperativity when locked in a single state). For simplicity, we assume the case
of a symmetric protein so ligands bind to each site with the same binding energy for a given
state. Denoting the free energy of the unbound condition of the kth state as Fég), the free

energy of state k in the 7, j € {0, 1}2 binding condition can be written as,

k)

FP = FP + (i + jar®), (2.82)

ij
The cooperativity, as before, is defined as AAF = Fig + Fy1 — Foo — F11. The free energy
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of each ligand binding condition is calculated by summing over states, which in this case we

consider k = 2, F;; = —pL log <6_ﬁFij + e_BFij > The cooperativity can be written as,

( —BEY) | . 6Ff§)) (e—BFSP +e—6Fé?>

AAF = =3 log ) @) ) @)
<e BFOO + e 5F00 ) (e/BFll —{—eiﬂFll )

(2.83)

Defining the difference in free energies of the apo states AFyy = FO((Q)) —Féé) and the difference

of binding energies AF = AF®@) — AF() gives the two MWC parameters. With these

parameters the cooperativity becomes,

2
(e‘B(Fécl))+AF(1)) + =B (2)+AF( )))
AAF = —37 L og

(e—ﬂFéé) n e—ﬁFéS)) (6—5<Féé)+2AF<l>> N 6—5<Fé§)+2AF<2>>)
(2.84)
The free energies of state 2 can be written in terms of the free energies of state 1 and the

differences,

2
(6—5(Fg§)+AF<1>) N 6—5(F§3)+AFOO+AF<1>+AF)>

AAF = —37 og

(2.85)

<1 n 65(AF00+AF)>2

=3 llog (2.86)

(1 + e—BAFw) (1 " e—ﬂ(AF00+2AF)>

The cooperativity is often in terms of equilibrium constants ¢ = e PAF and L = e‘ﬁAFOO,

AAF = -7 11og (2.87)

(1+ cL)?
(1+L) (14 L)
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Order-disorder Model: The order-disorder model ((2.22)) satisfies the two assumptions
of the MWC model when u) H+tu, = 0. In this case, we can express AF and AFyg in
terms of parameters of the order-disorder landscape (2.22). First we solve for AFyg. The

free energy of the ordered and disordered apo states are,

dN dN
1 h2 . 1 B2
F(g)(l;d = % log (52—7:)) det H | , F(%S =€+ % log (i—;) det Hy| . (2.88)

Here det is the pseudo-determinant since H is singular. The difference between these is,

AFyy = F(%b - F(%d =e+ —log {

det Hy
26 '

2.
det H (2.89)

Next, we solve for AF. The binding free energies in the ordered and disordered states

are,

N N
2 2
AFOd = AP _ ARG — L log by det H| — L log by det(H + kqugqu, )
20 2T 20 2T “

1
=25 log(1 + kqu, Huy)

(2.90)

and,

N N
2 2
AFdis — AFfﬁS — AFdis 1 log % det Hy | — L log % det(Ho + kauauT)
0 0 =35 o 23 o ¢

1
=33 log(1 + k:au;LrHarua).

(2.91)

Quantities from binding site b do not appear because of symmetry uaTH Tu, = ubTH Tu,
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and u;—Harua = u;Harub. Finally,

AF = AFds _ apord — Lo, (1 + Favg Hy “a> . (2.92)

20 1+ kqu) Htu,
Bistable Model: The bistable model ((2.17)) satisfies the two assumptions of the MWC
model when there are two minima: g' H+ (h+f—-g) <0< g HT (h+f+g) and no
cooperativity exists in each state uaTH Tuy, = 0. Here we express AF and AF in terms of
parameters of the bistable landscape. Let state 1 be the basin in gTr > 0 and state 2 be
the basin g'r < 0. We consider conditions where the basins are distinct (i.e. the barrier is

larger than the temperature). First we solve for AFy.

N
2
(1 _ L Fhy 1 Tt
Fy 2 log ( 5 det H 2(h—|—g) H"(h+g),
o - o N - 1 (2.93)
_ 270 — “(h—eo) HT(h -
Fyo' = 2ﬁlog <2ﬂ> det H 2(h g) H ' (h—g)
giving
2 1
ARy = B\ — F) =onTHtg (2.94)

Now we solve for AFjy. Since the ligand binding applies a force, the curvature does not
change, and the binding free energies only depend on the change in the energy minimum.
Because we assume a symmetric protein, we can write the free energies in terms of either

binding site. Here we choose site a.

1 1 1
Ar®) = pl) _ gl —g i HY g — faug Hh — foug H'g (2.95)
and instead
2 2 1
AF(2) = Fl(o) — Féo) =3 2u) H ug — foul H h+ fou) H g, (2.96)
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Finally,
AF = AF® _AF() —of ] Htg. (2.97)

2.8 Two physical principles enable allostery: Arbitrary ligand

potentials

In the main text, we considered ligand potentials that act along one mode of the binding
site. Va(ra) = ga(ulr), Vj(ry) = gb(ugr). Here we relax this assumption and find the
same results.

We partition the degrees of freedom of the system, into degrees of freedom that describe
binding site a, ry, binding site b, ry, and the rest of the degrees of freedom, r, such that
r = (rq,rr,1p). With this notation, we can write the four energy landscapes with ligand

potentials as a function of either r, or r;. we can write the four ligation conditions,
Usaay(r) = Up(r) + 06 Va(ra) + oy Vy(rp) (2.98)
and the partition functions as,

Zopo, = /drdxadxb 5(rq — %4)8(ry — x3)ePUp(1)=0aBV (xa) =008V (x3) (2.99)
= /dxae_aaﬁv(x‘l)/dxbe_abﬁv(xb) /dr d(rq — xq)0(1y, —xb)e_BUp(r) (2.100)

= /dxae_aaﬂv(x“)/dxbe_gbﬁv(xb) Z(Xq,Xp) (2.101)

with Z(xq, %) = [ dr §(ra—Xq) (5(rb—xb)e_f8UP(r). As before we have chosen units where the
length scale hq of the partition function is one and is omitted. Using the Fourier transform

definition of the multivariate delta function,

00 LT
5(t) :/ ds e~ 2S¢, (2.102)

—00
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we get,

Z(Xq,Xp) = /dr /dsae_%is;(ra_x‘l)/dsbe_%isl—zr(rb_xb)e_ﬁUp(r) (2.103)

_ / s, 2150 Xa / 2780 % / dre—BUp(r)—2mis] ro—2mis] 1y (2.104)

Now we use I}, of (2.8) to approximate any Up. and define the vector s = (s4,0,sp).
5 ﬁ:/dsaeQWista/dSbGQWistxb/dreﬂ(%(rRi)THi(rRi)Jrei)2m‘sTr (2.105)
/dsezms x/dy e~Bay] Hiyi=2mis' (yi+R;) (2.106)

/ SeQms >/dye ﬂQYIHz‘Yi—QMSTYi (2.107)

/ 2 _

det /dse2ﬂls ) 6—27T2B 1STIT[—i_S (2108)
/ 27r 25-15T

Bdet / 27TZS ) —2m 6 G iS (2109)

dN B
(&4
=1
n _ _ _
B Z (27)dN o 3B(E-Ry) TG (x—Ry)—Be; (2.111)
— Bdet det 47r25 G, )

(2.112)
On the second line we introduced y; = r — R;, § = (s4,8) and X = (x4,%p). On the

third line we introduce R; = (RY, sz) where R; = (R{, R/, Rg’) describes the same way of

partitioning the vector’s entries into those associated with binding site a, binding site b and
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the rest, as was done for r = (rg, ry, ). One the fifth line we introduced,

_ HY (H )T
G, = wi ( Zyib) (2.113)
Hi,ab i,bb

where H HT

, ,H are sub matrices of H:" that contain the entries that contribute to
1,00’ " 1,ab ,bb v

the product STH;FS. On the last line, [ is the number of dimensions of S. The resulting free

energy surface is,

. (2m)dN (2m)! —1B(x-Ry) TG (x—Ry)—Be;
F(xq,%xp) = log Z\/ﬁdet \/47r26_1det(@¢)6 i l

(2.114)
When there is one state n = 1 (we drop the subscript), the free energy surface, up to a
constant, is

. 1 o

F(xa,33) = 5(x = R)'G'(x—R). (2.115)

G is a 2 by 2 block matrix. The inverse of a symmetric 2 by 2 block matrix is,

-1
A BT At 4+ A71BT(C - BAIBT)"1BA=1 —A-1BT(C - BA='BT)~!

B C —(C—BA™1BT)~1paA-! (C—BA~1BT)~1
(2.116)
The free energy surface is separable when the off-diagonal block of G~! is zero. That is

when

(H£ - HCE(H%YI(H&)T) HY (HS) ™ =0 (2.117)

If we assume that HJ, and H pp are invertible, non-zero, and have finite entries, then the
solution occurs when H:L% = 0, that is there is no correlation between the degrees of freedom

at binding site a and binding site b.
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Numerical parameters for figures

Figures 2.2 - 2.4 use specific values for H, Hgjs, uq, up, g, h and other parameters. For all
figures, we use systems of 5 dimensions and choose diagonal Hessians so that the entries
of u, and uy clearly describe the effect on the normal modes. For all figures 5 = 1. The
function diag takes a vector and returns a diagonal matrix with the vector’s entries on the

diagonal, and normalize(v) = v/||v||.

Parameters for Fig. 2.2

H = diag((10,0.5, 10, 10, 10)), u, = normalize((0.0,0.9,0.1,0,0)), u; = normalize((0.9,0.1,0.0,0.1,0)).

Parameters for Fig. 2.3 Left Half
H = diag((10, A, 10, 10, 10)), ug = normalize((0.9,0.1,0.1,0,0)), u; = normalize((0.9,0.1,0.0,0.1,0)),

g= (gaoa 07070)7 fa = fb =1, h= _<faua+fbub)/2‘

Parameters for Fig. 2.3 Right Half
H = diag((10, A, 10, 10, 10)), Hy;s = diag((0.01,0.01,0.01,0.01,0.01)), u, = normalize((0.0,0.5,0.5,0,0)),
u;, = normalize((0.0,0.5,0.0,0.5,0)), kg = kp = 1.

Parameters for Fig. 2.4 A
H = diag((1,0.1,1,1,1)), Hy;s = diag((0.01,0.01,0.01,0.01,0.01)), ug = normalize((0.0,0.5,0.5,0,0)),
u, = normalize((0.0,0.5,0.0,0.5,0)), fo = f, = 0.5, kg = kyy = 0, € = 30, h = —(fyuq +

fbub)/2, g = (0, 0, O, 0, 0)

Parameters for Fig. 2.4 B

H = diag((1,0.08,1,1,1)), Hgis = diag((0.01,0.01,0.01,0.01, 0.01)), u, = normalize((0.0,0.5,0.5,0,0)),
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u, = normalize((0.0,0.5,0.0,0.5,0)), fo = fp, =0, kg = ky, = 0.5, ¢ = 30, h = (0,0,0,0,0),
g =(0,0,0,0,0).

Parameters for Fig. 2.4 C
H = diag((1,1,1,1,1)), Hy;s = diag((0.01,0.01,0.01,0.01,0.01)), u, = normalize((0.5,0.0,0.5,0,0)),
u, = normalize((0.5,0.0,0.0,0.5,0)), fo = fp = 0.5, kg = ky = 0, ¢ = 30, h = —(fqus +

fbub)/2, g = (5, 0, O, 0, 0).

Parameters for Fig. 2.4 D

H = diag((1,1,1,1,1)), Hy;s = diag((0.01,0.01,0.01,0.01,0.01)), u, = normalize((0, 0, 1,0,0)),
u, = normalize((0,0,0,1,0)), fo = fp, = 0, kg = ky = 0.5, ¢ = 12, h = (0,0,0,0,0),

g = (0,0,0,0,0).
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CHAPTER 3
OPTIMAL ALLOSTERY IN ELASTIC NETWORKS BEYOND
LINEAR RESPONSE
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ABSTRACT

Several physical mechanisms have been proposed to explain allostery in proteins. They differ
by the number of internal states that they assume a protein to occupy, leaving open the
question of what controls the emergence of these distinct physical forms of allostery. Here,
we analyze a simplified model of protein allostery under a range of physical and evolutionary
constraints. We find that a continuum of mechanisms between two archetypes emerges
through evolution. In one limit, a single-state mechanism exists where ligand binding induces
a displacement along a single normal mode, and in the other limit, a multi-state mechanism
exists where ligand binding induces a switch across an energy barrier to a different stable
state. Importantly, whenever the two mechanisms are possible, the multi-state mechanism
confers a stronger allosteric effect and thus a selective advantage. This work defines the
essential constraints that distinguish single- and multi-state allostery and sets the stage for
a physical theory of its evolutionary origins.

The project was conceived by Olivier Rivoire, Rama Ranganathan, and me. I performed
all the simulations, and Olivier Rivoire and I performed the mathematical analyses. This

work is published in PRX Life 1, 023004 (2023).

3.1 Introduction

Allostery, the change of activity of a macromolecule in response to a perturbation at a
distance from its active site, is thought to be a ubiquitous feature of proteins [15]. Initially
described in the context of multimeric proteins [32, 31, 25], it is now understood to underlie
the regulation of proteins with diverse structural architectures, from receptors to signaling
proteins and metabolic enzymes [50, 24, 28, 5, 18|.

Efforts to explain how allostery works date back decades with the phenomenological
models of Monod, Wyman, Changeux (MWC model) and Koshland, Nemethy, Filmer (KNF

model) [31, 25]. These models postulate that allosteric proteins occupy a small number
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of internal states between which transitions occur either spontaneously or upon interaction
with a ligand. The MWC model postulates a thermal equilibrium between two distinct
states while the KNF model postulates that conformational changes are induced by binding
events. These models have proved successful at fitting experimental data, and multiple
extensions have been developed [25, 48, 20, 8|. They leave, however, a fundamental question
unanswered: Under what physical and evolutionary conditions are one or several internal
states expected in allosteric systems?

Strategically, questions of the origins of allosteric mechanisms are facilitated by reduced
physical models. In such models, the emergence of one or several states can be rigorously
analyzed as a function of applied physical and evolutionary constraints, permitting general-
izable insights. Indeed, simplified models of proteins have been extensively studied in the
context of protein folding, a problem that they helped to significantly advance [33]. More
recently, several such models have been developed to study the physics and evolution of
allostery [19, 53, 49, 40, 12, 54, 9, 37, 38, 41|. The idea is that by stripping down the
complexities of real proteins to the essential physical features that control allostery, we can
enable a foundation for better theory and experiment design. Here, we introduce a general
model that encompasses previous work but extends to address the origin and properties of
different forms of allostery.

Using this model, we show that two archetypal mechanisms of cooperative allostery can
arise, depending on the physical and selective constraints under which evolution takes place.
First, a single-state mechanism where ligand binding actuates a soft normal mode. Second,
a multi-state mechanism where ligand binding stabilizes an alternate stable state, resulting
in a switch-like conformational change. The former necessarily emerges when the energy
landscape is constrained to be smooth. In contrast, when the energy landscape has the
possibility to be rugged, we find that the second mechanism provides a statistically more

likely and more cooperative mechanism. We elucidate the origin of this evolutionary outcome
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with a simple analytical theory and provide a testable explanation for the pervasiveness of

multiple states in allosteric proteins.

3.2 Model

Our model abstracts proteins into a two-dimensional elastic network of residues whose inter-
actions depend on their types. Abstractly, the residues are shown as nodes in the network
(Fig. 3.1A). The nodes can take @ values playing the role of the 20 amino acids constituting
protein sequences (Fig. 3.1A). The energy of a network with sequence s = (sq,...,sy) and

conformation r = (rq,...,ry) is of the form

1 2
U(r,s, lact, Canlo) = 3 > kg (0rij — )
(i.3) (3.1)

1 1
+ §k3act (0Tact — gact)Q + §kallo(6rallo - fallo)Q

where the sum is over adjacent nodes in the network and where dr;; = [|r; — rj| is the
distance between nodes ¢ and j, k;; is the stifiness of the spring that connects them and ¢;;
is its rest length. Both the values of k;; and {;; depend on the types s; and s;:

di di
kij = K(SZ’,SJ'), gij = L(SZ‘, Sj) + HRZ 5 _ R]-ISH. (3.2)

The values of K(s;,s;) and L(s;,sj) are given by Q x @Q interaction tables (Fig. 3.1B-C),
which are fixed during the evolution of networks. We set all entries of the spring stiffness
table K(s;,s;j) to be stiff (K = 1) except for one soft interaction (K = 0.01). R?is is a
conformation generated from a disordered triangular lattice with mean spacing a (Methods).
The entries of the rest length deviation table L(s;,s;) are drawn uniformly in [~ca, cd]
where o is a dimensionless parameter controlling the variation in the rest length deviations.

When o = 0, networks are spatially disordered yet have a zero energy ground state. As o
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increases, L(s;, s;) becomes heterogeneous and the rest lengths deviate around the base rest
di di
lengths [|R§™ — RjISH.
To provide intuition about what o represents, consider the absolute minimum energy of

the network, known as the ground state energy,
E(s, lact, Lallo) = min U(r, s, lact, Lallo)- (3.3)

The energy is substantially lower than other local minima associated with excited states when
o = 0. Increasing o increases the heterogeneity of the rest lengths, which leads to networks
where no single conformation can minimize the energy of all springs simultaneously. This
phenomenon, known as frustration, increases the energy of the ground state and decreases
the energy difference between the ground state and excited states. At large values (o = 0.3)
the energy is rugged with many nearly degenerate minima (Fig. 3.7).

We define two binding sites, an active and an allosteric site, on opposite sides of the
network. The two sites correspond to springs of stiffnesses kact and kg, and rest lengths
lact and £,7, between nodes separated by distances draet and dryy,. Binding at these sites
is modeled by changing the rest length of one of these springs from one value representing
the “solvent” £y to another value representing a “ligand” ¢ (colored bonds in Fig. 3.1D;
their stiffness is, for simplicity, the same, kaet = kg, = 1). Four ground-state energies are
therefore defined, depending on whether the two sites are unbound, Eyg = FE({, ), one
site is bound, Egy = E({y,¢1) and F1g = E({1,{y), or both are bound, E11 = E({1,{(1).
These energies depend on the sequence s and are estimated using a variant of the Basin-
Hopping algorithm [51] (Methods). Given the four energies, we quantify allostery by the
binding cooperativity, the extent to which the binding energy at the active site depends on

the presence of a ligand at the allosteric site, that is,

AAE(s) = (E10(s) — Eoo(s)) — (E11(s) — Epi(s)). (3.4)
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Figure 3.1: The elastic network model — (A) The physical parameters of the networks are
determined by a sequence s = (s1,...,sy) that specifies the type s; € {1,...,@Q} of each
node 7. Nodes are organized in a two-dimensional triangular lattice. The spring connecting
nodes ¢ and j has stiffness K(s;, s;) and rest length L(s;, s;)+ ||R§jliS —R}iiSH (Methods). (B)
The table L(s;, s;) has entries drawn uniformly in [~oa, ca] where o controls the disorder
of the interactions. (C) The table K (s;, s;) has all entries with K (s;,s;) = 1 except for one
soft interaction with K(s;,s;) = 0.01. (D) Ground-state structures of an elastic network
for the four possible ligand combinations. Solid lines represent stiff springs (K (s;,s;) = 1)
and dashed lines represent soft springs (K(s;,s;) = 0.01). Ligand binding is modeled by
changing the rest length of springs between two pairs of nodes that define the active or
allosteric sites. One value of the rest length defines a ligand (in green) and the other is the
solvent (in blue).
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Figure 3.2: Archetypes of networks with two different allosteric mechanisms — (A-F) show a
network evolved with homogeneous interactions (o = 0), which displays a single-state mech-
anism. (G-L) show a network evolved with disordered interactions (o = 0.3), which displays
a two-state mechanism. (A-B) Ground state structures of the fully-solvated (00) and fully-
bound (11) networks. (C) Bond strain between the structures in A and B. (D) Energy of the
fully-solvated (blue) and fully-bound (green) networks along the conformational coordinate
y interpolating between the structures in A and B (Methods). (E) Structural displacements
between the structures in A and B (00 — 11, in black) and motion of the softest mode of the
unbound state (00, in red), showing that the two are aligned. (F) Overlap ¢; between the
structural displacement upon binding ligand Ar and each normal mode of the network vy,
(qr. = |vp. - Ar/||Ar|| |) as a function of the mode stiffness \j,, which shows, as in E, a strong
overlap along the first mode. (G-L) The same analyses for a network with a two-state mech-
anism, showing, in contrast, a major conformational change (H versus G), an energy with
two minima along the conformational coordinate, and no overlap between the displacement
induced by the ligand and the softest normal modes (K-L).

76



We evolve the sequence s of a network using a Monte Carlo algorithm with the analog of

mutations consisting of randomly changing the type of the node and a fitness defined by

AAE (Methods).

3.3 Results

Physical constraints on allostery

Previous elastic networks models used to evolve allostery [53, 40, 9, 54, 12| shared two key
design properties. First, they lacked frustration, the condition in which stressed springs
occur in the ground state. This design results in energy landscapes with effectively one
minimum. Second, mutations only changed the spring stiffness of interactions. Our model
implements these design properties when o = 0.

In this limit, evolving networks for allostery reproduce the mechanism described in pre-
vious works [54, 49, 40| — a soft normal mode connects the active site to the allosteric site,
and ligand binding induces a strain that aligns with this soft mode (Fig. 3.2A-F). To ex-
plain, a soft normal mode defines a direction of motion along which the system can fluctuate
substantially with near isoenergetic changes. We quantify the implication of this motion in
allostery by computing the overlap between the network’s softest mode v and the allosteric
displacement Ar (¢ = |vq - Ar/||Ar| |) (Methods). The energy along the conformational
coordinate, U(y) = U(Rgg + yAr), where R represents the conformation in the unbound
ground state, has a single minimum that shifts upon ligand binding, corresponding to a con-
formational change (Fig. 3.2D). For ¢ = 0, the ground-state structures in the unbound R
and bound Ry conditions belong to the same basin of attraction (Fig. 3.2D). Thus, we say
that ligand binding induces a single-state conformational change (see Methods), in contrast
to cases where the basins of attraction differ (e.g., Fig. 3.2J). Together, a large overlap of the

conformational change with a single soft mode and the presence of a single energetic basin
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Figure 3.3: Interaction disorder controls the mechanism of allostery — (A-B) Statistics over
n = 100 networks evolved to maximize AAE over 500 Monte Carlo iterations as a function
of the disorder o of the interaction table L(s;,s;). (A) Fraction of networks that undergo a
multi-state conformational change ne./n (error bars are 95% Wilson CI). (B) Mean overlap
between the softest mode of the network vi and the allosteric displacement upon ligand
binding Ar computed as g1 = |vy - Ar/||Ar|| | (error bars are 95% Wald CI). (C-D) Ex-
amples of ground state energy surfaces E(lyct, La)0) Tor networks evolved with homogeneous
and disordered interactions, respectively. The “+” marks the locations of different binding
combinations, lact, Cano = (¢0,%0), (€1, 40), (€0, £1), (£1,€1).

define “single-state allostery”.

Making the energy landscape more rugged by taking o > 0 qualitatively changes this
picture (Fig. 3.2G-L). A network evolved for allostery in this context can now switch upon
binding to a different stable state that is separated by an energy barrier, a multi-state confor-
mational change (Fig. 3.2J). Additionally, the allosteric displacement no longer necessarily
overlaps with the softest mode (Fig. 3.2L). This mechanism defines “multi-state allostery”.

Which of these mechanisms emerge over evolution depends critically on the diversity of
available interactions imposed by o: as ¢ increases, networks become more frustrated, result-

ing in more rugged energy landscapes. The fraction of evolved networks with a multi-state

78



conformational change (symbolized by n../n) increases while the overlap between the soft-
est mode and the allosteric displacement decreases (Fig. 3.3A-B). This is also the case for
random networks (gray curves in Fig. 3.3A-B), but evolved networks show significant enrich-
ment of multi-state mechanisms for large o and of single-state mechanisms for low o (green
curves). In between these limits exists a continuum of mechanisms that are characterized
by intermediate values of n../n and ¢;. The results of Fig. 3.3A-B are robust to parameter
choice (Fig. 3.8) and hold for 3d networks as well (Fig. 3.9).

The difference between mechanisms is also illustrated by representing the ground-state
energy of evolved networks as a function of different binding ligands, corresponding to varying
the rest lengths £,c¢ and £, of the springs defining the active and allosteric sites (Fig. 3.3C-
D). In this representation, the ground state energy landscape associated with a single-state
allosteric network typically takes the form of an anisotropic basin elongated in the lact = €410
direction such that F11 + Egg < E19 + Ep1- On the other hand, the energy landscape
associated with a multi-state allosteric network can display two minima around lact = 30 =

(o and lact = Ca30 = {1, which also achieves E11 + Egg < E19 + Ep1.-

Evolutionary constraints on allostery

The previous results show that the diversity of available physical interactions determines the
mechanism of allostery. Under conditions where both mechanisms can evolve, which does
evolution favor? We address this question by considering a set of interactions that contains
both homogeneous (0 = 0) and disordered (¢ = 0.3) rest length deviation distributions
(Fig. 3.4A). Networks evolved with such an interaction table have effectively the choice to
populate a part of sequence space with either smooth or rugged local energy landscapes.
Simulations show that networks evolved under a selection for cooperativity have a greater
number of disordered interactions (those between nodes of type 1-5) than those of random

networks (random: 24%, evolved: 34%). Correspondingly, the vast majority of these evolved
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networks display multi-state conformational changes (random: 10%, evolved: 90%) and an
overlap with the softest mode comparable to those of random networks (random: ¢; = 0.32,
evolved: g1 = 0.36). These results are represented by the data-point Ejpfolded = 00 in
Fig. 3.4. They indicate that the multi-state mechanism is more competitive than the single-
state mechanism. That is, when the interactions provide sufficient disorder, networks tend
to evolve towards multi-state allostery.

In real proteins, the analog of our interaction tables are interactions between the amino
acids. The physics of these interactions is largely fixed and o is therefore not subject to phys-
iological control. But some tunable parameters may play a role similar to ¢ and effectively
control the ruggedness of the energy landscape. One such parameter is thermal stability,
which is itself subject to natural selection. As a proxy for thermal stability, we introduce
here an arbitrarily defined energy E\,folded tO represent the energy of a non-functional un-
folded state. To impose a stability constraint, we again select networks based on AAFE but
now restrict the evolution to sequences satistying Eyg < Eynfolded-

By evolving networks for varying values of Epfo1ded, We verify that smaller values of
Enfolded result in more stable networks (Fig. 3.4F). The most stable networks are less likely
to undergo a multi-state conformational change upon ligand binding (Fig. 3.4C) and, on
average, show a greater overlap between the allosteric displacement and the softest mode
(Fig. 3.4E). Additionally, the usage of disordered interactions decreases with decreasing
Einfolded (Fig. 3.4D). These results show how an additional selective pressure, here stability,
can alter the likelihood of evolving a single or multi-state mechanism of allostery. The
underlying phenomenon is the same as before — stable networks minimize frustration and
thus tend to populate smoother parts of the landscape, effectively corresponding to a smaller
o. Thus, thermal stability is a parameter that can, in principle, control the mechanism of

allostery.
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Figure 3.4: Additional selective pressures can modulate the mechanism of allostery — (A) An
example of a rest length deviation table L(s;, s;) designed to support both homogeneous and
disordered interactions. (B) Spring-constant interaction table K (s;,s;). (C-F) Properties of
networks evolved under a joint pressure for cooperativity (large AAFE) and stability (small
Ey) as a function of the intensity Eyp,fo1qeq Of the selective pressure for stability (statistics
over 100 networks evolved through 500 Monte Carlo iterations). (C) Fraction of networks
that undergo a two-state conformational change (error bars are 95% Wilson CI). (D) Fraction
of interactions between nodes of type 1-5 ((s;,55) € {1,2,3,4, 5}2; error bars are 95% Wilson
CI). (E) Mean overlap of the allosteric displacement upon ligand binding (00—11) and the
softest non-zero mode of the network in the unbound state (error bars are 95% Wald CI).
(F) Ground-state energy of the unbound state (errors bars are 95% Wald CI). In the absence
of constraint for stability (Eyyfolded = 0©), networks evolve a multi-state mechanism using
the disordered interactions. As the constraint for stability is increased (F\yfolded decreased),
they tend to evolve a single-state mechanism relying on non-disordered interactions.
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1d model

The two archetypal mechanisms displayed by our two-dimensional network model can be
illustrated in an even simpler one-dimensional model. This model consists of two rigid bars
connected by three springs — two harmonic springs represent the active and allosteric sites,
and a single elastic spring with the potential to flip mediates the mechanism of allostery

(Fig. 3.5A). The energy of this model is
— k(e = tat)? + & — ) + kgl — Loo)?
U(z) = 5 a(® = lact)” + km(|z] = €m)” + ka(z — Lano)” |- (3.5)

The ground-state energy F(lact, la11o) = ming U(z) is harmonic with a single minimum when
U, = 0 and has two minima when ¢, > 0 (Fig. 3.5CD). As in the 2d elastic network, we

represent solvent and ligand by the algebraic values ¢y and /1, respectively. For simplicity,

we assume fo = —{1. Under these assumptions, the cooperativity is (see Appendix)
AAE = .
2ka + km, ’ (36)

with 0 = |1 — {y|. The mechanism is strictly single-state only for ¢,, = 0, in which case
AAFE cannot exceed ka52/2. On the other hand, when ¢, > 0, AAFE can take arbitrarily
large values and scales as AAFE ~ kgl when k;, — co. A continuum of mechanisms
exists between these two extremes (Fig. 3.5E) but, when viewing ¢, as a physical property
of the landscape and ky, as an evolutionary parameter, two distinct regimes emerge: when
Uy < /4, a single-state mechanism with a soft mode (k;, = 0) is optimal while when
lm > /4, a two-state mechanism with a large barrier (k,, = oo) is optimal. Finally, if
U, is itself subject to evolution, maximal cooperativity AAFE is achieved by the two-state
mechanism (€, = 00, ky, = 00).

The analytical prediction of the 1d model (3.6) can be compared with data from the 2d
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model by defining 2d analogs, Kyn and £p,, of the 1d model’s reduced parameters, km /kq and
U /6. We define k= )\1/5\, where \{ is the stiffness of the softest non-zero mode and \
is the median mode stiffness. This quantity captures the stiffness of the allosteric mode in
single-state allostery, which ky, /kq measures in the 1d model. In the 1d model, ¢, is related

to the height of the barrier of U(z) when kg = 0: AUpgrrier,1d = km(2,/2. To define an

equivalent quantity for the 2d elastic network model, we consider £, = 5*1\/ 2AUnarrier/ M
when kact = Kajlo = 0 and AUpgprier 1S the height of the network’s barrier (See Methods).
We find that non-allosteric random networks have large values of km and small values of
U, for all values of o (Fig. 3.6A). At small values of sigma, evolved, allosteric networks
localize to the single-state region where l%m and Em are both small as predicted by the 1d
model. Increasing o enables networks to have larger energy barriers and larger values of f,,
(Fig. 3.10A). Evolved networks at large o take advantage of this by switching to a multi-
state mechanism and localizing to the large ky,, large £y, region. Comparing Fig. 3.5E and
Fig. 3.6A shows the remarkable ability of the 1d theory to qualitatively describe the complex
behavior from the 2d network.

Equation (3.6) predicts that cooperativity of the two mechanisms should scale differently
with the magnitude of ligand binding perturbation ¢ = |¢1 — {y| (AAE ~ §7, single-state:
v = 2 and multi-state: v = 1). When o = 0 and networks use the single-state mechanism,
we find v &~ 1.95 for evolved networks (Fig. 3.6B). Increasing o results in decreasing values
of v toward unity. This result suggests a testable hypothesis: If smaller ligands induce more
subtle perturbations, then allosteric proteins that bind small molecules should use the multi-
state mechanism more often than allosteric proteins whose ligands are other large proteins.

To summarize, the 1d model identifies the key elements necessary for understanding the
connection between single-state and multi-state allostery. It suggests that the specific details

of the 2d network, which are absent in the 1d model, can vary with little effect (Fig. 3.8).
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Figure 3.5: A 1d model recapitulates the results obtained with 2d elastic network— (A)
The model consists of three springs connecting two rigid bars constrained to move in one
dimension. Two springs are analogous to the ligand springs of the elastic network. The
third spring, whose contribution to the energy is kp,(|z| — €m)?/2, mediates the mechanism
of allostery and can flip. (B) Total energy U(z) as a function of z for two values of £y,
the energy landscape has a single minimum /¢,, = 0 and two minima when ¢,, > 0. (C)
The ground state energy of the 1d model, E(lyct, Layo). Small values of kyy,, £y, correspond
to a single-state mechanism. (D) The ground state energy of the 1d model, E(lact, Cano)-
Large values of kyy,, {;, correspond to a multi-state mechanism. (E) Cooperativity AAE as a
function of the normalized quantities ky, /k, and £y, /9, showing a continuum between purely
single-state and strongly two-state mechanisms.
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Figure 3.6: 1d model predicts the behavior of the 2d elastic networks. l%m and Em are the 2d
elastic network analogs of the 1d model’s parameters ky, and £;,. (A) The mean /;;m and Zm7
and AAF are plotted for 100 random and 100 evolved networks at different o. Error bars are
95% CI. Consistent with the 1d model, non-allosteric random networks localize to the large
Ly and small £, corner. When o is small, networks approach the single-state mechanism
limit (¢, = 0, k;y, = 0). As o increases, networks localize towards the multi-state mechanism
limit of large ky,, large £,,,. (B) Scaling of allosteric cooperativity AAE with the magnitude
of ligand binding perturbation § = |¢1 —{y|. Each data point shows the mean AAE averaged
over 100 evolved networks with parameters o and d. For each o, data is fit to the power law
AAE ~ §7, and fitted v values are shown at the bottom. The 1d model predicts that in
the single-state limit, v = 2, while in the multi-state limit v = 1. 2d networks evolved at
o = 0 use a single-state mechanism and show a scaling of v &~ 1.95. As ¢ increases, networks
increasingly use the multi-state mechanism, and values of v approach one.
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3.4 Discussion

In this work, we study the evolutionary origins of single or multiple states in systems selected
for allostery using a minimal yet generic physical model of protein allostery. Depending on
the ruggedness of the underlying energy landscapes, two archetypal mechanisms emerge: in
smooth landscapes, a single-state mechanism evolves, while in rugged landscapes, a multi-
state mechanism evolves. In single-state systems, allostery is mediated through the actuation
of a soft global mode induced by ligand binding, whereas in multi-state systems, ligand
binding stabilizes an alternate pre-existing state. We find that the multi-state mechanism
has a greater potential for cooperativity and is therefore evolutionarily favored whenever it
has the possibility to evolve. We also find that additional selective pressures can modulate
the outcome of evolution; in particular, a strong selection for stability favors the evolution of
single-state mechanisms. These results are demonstrated by numerical simulations in a two-
dimensional elastic network model and recapitulated by analytical calculations in a simpler
one-dimensional model.

Elastic network models have been extensively studied as coarse-grained models for pro-
teins and have been shown to accurately capture thermal fluctuations |2, 1|. Here, we use
these models to implement a generic energy landscape in which the allosteric role of soft
modes and multiple states can be understood. Multi-state conformational changes take the
form of buckling instability in the elastic network model, while in proteins, state transitions
may take many different physical forms [50, 42, 27, 52|. Regardless, the essential feature
of multi-state conformational switching is a barrier between two energy minima, which is
shared in simple models and real proteins. The fact that our results extend to 3d networks
(Fig. 3.9) and they are recapitulated by a 1d model of three springs (Figures 3.5 and 3.6)
indicate that they are robust to details of the geometry of the network and to the nature of

the potential. Indeed, the only feature necessary to control single- or multi-state outcomes
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is tunable ruggedness. An implication is that, as seen by simulations (Fig. 3.4F), multi-
state proteins varied through directed evolution protocols to optimize stability should lose
their multi-state character due to loss of ruggedness, a prediction that can be experimentally
tested. These findings illustrate the clarifying value of simple physical models in isolating
the essential parameters from the large ensemble of complex properties exhibited by natural
proteins.

For computational expedience, the simulations here are at zero temperature, ignoring
changes in system entropy. However, the distinction between single-state and multi-state
mechanisms extends to finite temperatures straightforwardly by simply considering the free
energy instead of the ground-state energy. We carried out this generalization for the one-
dimensional model, showing that temperature does not modify the general conclusions re-
ported here (see Appendix, Fig. 3.11). In future work, it will be valuable to extend this
work to consider “dynamic allostery" in which long-range interactions are driven purely by
propagated changes in entropy [7, 29, 36]. The route to this extension is by enabling lig-
and binding to stiffen ligand binding sites rather than applying a force or a displacement.
Our model also does not explicitly account for partial or global unfolding [30] but allosteric
mechanisms where ligand binding differentially stabilizes the folded and unfolded ensembles
are also instances of multi-state mechanisms when folding is a cooperative process [22].

The distinction between single and multi-state mechanisms of allostery reflects the two
classes of phenomenological models that have been introduced to describe allostery, namely
the MWC and KNF models |31, 25]. The KNF model, where state changes only upon ligand
binding, assumes a single-state mechanism, while the MWC model, where two states preexist
ligand binding, assumes a two-state mechanism. Indeed, the physical model described here
can be reformulated from a thermodynamic perspective to be analogous to MWC and KNF
models (Appendix). The MWC and KNF models are archetypes at the two ends of a con-

tinuum of models for allostery that interpolate between them [20]. Thus, the work presented
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here provides a foundation for understanding the assumptions underlying these models, and
perhaps more importantly, the evolutionary origin of specific models for allostery.

The central parameter controlling single- or multi-state allostery is the heterogeneity
o of interactions, leading to frustration and ruggedness in the energy landscape of the
model networks. Indeed, a significant prior work shows that real proteins are frustrated
networks [10, 11] and that this property is important for allostery [14]. Since conformational
switching between stable states [13, 50, 23|, folding intermediates 3] and misfolding [6] are
commonplace in proteins, we conclude that amino acid interactions display the kind of het-
erogeneity in natural proteins to enable the evolution of multi-state allostery. Indeed, these
considerations, together with the work presented here, suggest that a multi-state mechanism
is statistically more likely in natural allosteric proteins.

This statement is consistent with the diversity of mechanisms underlying allostery ob-
served in proteins. Previous work using Normal Mode Analysis to estimate the largest overlap
between the allosteric displacement and any normal mode (max; ¢;) of proteins has found a
broad range of values. Several studies converge to find that the largest overlaps in allosteric
proteins are of the order of 0.5 with a standard deviation of the order 0.2 [37, 55]. When we
measure the largest overlap max; ¢; rather than the overlap with the softest mode ¢; we find
overlaps of a similar order (2 0.5) even for non-allosteric random networks (Fig. 3.12E-F).
Additionally, we find that many evolved allosteric networks lie in the continuum between
the two archetypal mechanisms, with both an energy barrier separating multiple states and
some overlap with the softest mode ¢; > 0.5 (Fig. 3.12A-D,K,L). Thus, the empirical finding
that the allosteric conformational change overlaps with the softest mode does not signify the
absence of a multi-state conformational change. This point has been made by Gur, Zomot,
and Bahar based on analysis of elastic networks by molecular dynamics simulations [16].

An interesting perspective is the potential value of simplified models for better under-

standing computational approaches for inferring allosteric networks from extant sequence
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data [39]. Indeed, statistical analyses of homologous protein sequences have demonstrated
the existence of sparse, collectively evolving networks of amino acids within proteins that
mediate allosteric communication |26, 47, 17|. It will be interesting to use the simplified
models presented here as a ground truth to study how sequence-based inference process de-
pends on both the sampling of input data and the parameters that control the emergence of
different forms of allostery.

While our work focuses on allostery in the context of proteins, the implications of these
results extend more broadly to the emerging field of learning in physical systems [43|. The
idea of physical learning is to start with a randomly configured (and non-functional) physical
system and to iteratively optimize its performance for a chosen task by varying the many
physical parameters [45, 44, 46]. For example, recent studies have taken this approach to
train an elastic network to perform an allosteric task [40, 41, 21, 46]. Typically, networks are
designed with minimal frustration, resulting in single-state allostery, but multi-state behavior
has been empirically shown to emerge when rest lengths are allowed to vary 21, 46]. The
work presented here provides a clear rationale for these observations and predicts that by
design with frustration, more efficient and varied allosteric functions may be achieved. It will
be interesting to test these ideas using now emerging methods to prototype physical materials
that embody the simulated networks [40, 35, 34]. Such experiments in macroscopic materials
would provide a clear test of the ideas presented in this work, even as we await practical

methods for engineering allosteric proteins.

3.5 Methods

To build a network, nodes are first placed on a triangular lattice (with spacing a) with
their positions given by R%at. An adjacency matrix defined by nearest neighbors, A;; = 1
if HR%at - R;at\\ = a and A;; = 0, otherwise. The nodes are then displaced by a random

uniform perturbation AR; ~ ([—ae, a€], [—ae, ae]) to achieve a disordered structure R?is =
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R%at + AR,;. The dimensionless parameter e controls the extent of the spatial disorder and is
taken to be e = 0.1 unless stated otherwise. Each node is assigned a value s; € {1,2,...,Q}
giving the network a sequence s = (s1,...,sy). Springs are connected between nodes with

stiffness and rest lengths that depend on the sequence s,

lij = L(si,sj) + ||R{P — RY|| (3.8)

The values of K(s;,s;) and L(s;,s;) are given by @ x ) symmetric interaction tables.
Specifically, we consider all interactions in K(s;,s;) to be stiff (K = 1) except for one
randomly chosen entry that is soft (K = 0.01). The entries of L(s;, s;) are drawn uniformly

in [—ao, ao] where o is a dimensionless parameter controlling the disorder in the rest lengths

deviations.
The full energy of a network with conformation r = (rq,...,ry) sequence s is
U(r,s, lact; Lallo) = ka 5T2] 2])
Z>J
1
+ riep Z grep (STZ])(éij — grep)Z
i>j (3.9)
1
+ ékact((sract - gact)2
1 2
+ §kallo((57nallo — Lao)”
where r; = (x;,5;) is the position of node 7 and ér;; = |[r; — r;|| is the distance between

nodes i and j. To prevent non-physical network collapse behaviors, the second term of (3.9)
defines a harmonic repulsion term between non-adjacent nodes. © is the Heaviside function
so that O(lrep — 0r;j) = 1 if lrep > 0r;; and 0 otherwise. frep = 0.7 and kyep = 2 are
the distance cutoff and spring constant for the harmonic repulsion term, respectively. All

networks simulated in this work have a size of N = 49 nodes.
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The third and fourth terms in (3.9) detail the contribution of ligand binding to the active
and allosteric sites, respectively. The active site is chosen by picking two nodes on one side
of the network that are previously unconnected and connecting them with a spring of rest
length /..t and stiffness kact. 0ract measures the distance between these two nodes. The
allosteric site is chosen in the same way, but on the opposite side of the network. For this
work Kact = kajo = 1. Importantly f4c¢ and €3, are independent of s.

The ground state energy of the network is computed as,
E(S7€a’Ct7‘€aHO) — mI}Il U(I‘,S,gact,gauo) (310)

Binding is modeled by changing the rest length of a binding site spring from one value
representing the “solvent” £y to another value representing the “ligand” ¢1 (colored bonds in

Fig. 3.1D). The binding cooperativity is computed as,

AAE(S) = (E(S,El,éo) — E(S,Eo,fo))
(3.11)
— (E(S,ﬁl,ﬁl) — E(S,fo,fl))

Disorder enters in three forms in our model, once from variability in the stiffnesses of the
springs, which is enabled by the heterogeneity of the stiffness table K(s;,s;). A second form
enters through the spatial disorder in the base conformation R;-hs. In the case of € > 0 and
o = 0, the rest lengths reduce to the pairwise distances of the disordered lattice conformation
lij = ||RZC.1is — R;hSH7 which results in U(s, RYS) = 0 (ignoring the effect of ligands). This
implies that spatial disorder originating from € > 0 does not contribute to the frustration
of the network. Finally, when ¢ > 0 the rest lengths can deviate from HR;hS — R;ﬁsH by
an amount given by L(s;,s;). Only the disorder in L(s;, s;) gives rise to frustration in the
network. The realizations of K(s;,s;), L(s;,s;) and R?is are fixed during the evolution of

network.
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Estimating ground states. We estimate the ground state of a network with a version
of the Basin-Hopping algorithm [51| where a genetic algorithm is used instead of a Monte
Carlo algorithm to search conformation space. The algorithm (1) initializes a population of
p copies of a network; (2) perturbs (r — r+n, n ~ N) and relaxes each structure to a
local minimum using the FIRE algorithm [4]; (3) removes the p/2 structures with the highest
relaxed energy; (4) replicates each remaining structure; (5) repeats steps 2-4 Niterations times;
(6) outputs the structure with the lowest energy. We take p = 20 and Njterations = 100,
which we find to be sufficient for estimating the ground state (See Fig. 3.7D for an estimate
of the error in the algorithm).

Definition of single-state and multi-state mechanisms. Let Ryg and R1; denote the
unbound (laet = lapo = fo) and bound (laet = oy, = ¢1) ground-state conformations,

respectively,

Rii = argmin U(I‘, S,Ei,gi), 1= 0, 1. (3.12)

r
We define R60 as the structure relaxed from Rqq in absence of ligand (€act = 410 = o) and
R’11 as the structure relaxed from R in presence of the two ligands (Cact = Capo = ¢1)-
We say that the mechanism is single-state if Rgg = R60 and Rq1 = R’H, and multi-state
otherwise.

Normal modes. Normal modes are computed by eigenvalue decomposition of the Hessian
matrix H of the energy in the unbound state Rgg when the active and allosteric site springs

are removed, kact = kajjo = 0. The components of H are,

0%
H: = U 3.13
4 &EZ@% r=Rgo ’ ( )
U=U(r,s,ly, Ly, kact = 0, kypo = 0). (3.14)

There are three zero modes (A, = 0) corresponding to global rotation vyot and two global
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translations v, and vy. The nonzero modes and their stiffnesses are denoted vy, and Ay, with
Ai < Ajif i > j, with vy being the softest nonzero mode.
Allosteric displacement. Given d = Rj1 — Ryg, the allosteric displacement Ar is com-
puted as

Ar =d — (d - vyot) Vit — (d - V) ve — (d - vy)vy. (3.15)

Overlaps. The overlap between a nonzero normal mode vj and the allosteric displacement

Ar is computed as

Ar

Conformational coordinate. The conformational coordinate y is defined by r(y) = Rgg+
yAr and its associated energy by U(y) = U(r(y),s).

Monte Carlo evolution. Networks are “evolved” using a Metropolis Monte Carlo method
with an error-catching step due to the stochastic nature of the ground state finding algo-
rithm. A candidate sequence s, one mutation away from the current sequence s, is accepted
with probability p = exp((AAE(s') — AAE(s))/Tevo) where Tevo = 107°. Following the
acceptance or rejection step, the ground states of the current sequence, Fyg, F19, Fo1, F11
are systematically reevaluated. If a lower ground state energy is found, the current sequence
is set to the previous sequence, and ground states are recomputed. This step prevents inac-
curate ground state estimates from causing fictitiously large values of AAFE. Importantly,
the error in the ground state finding algorithm does not affect the results as demonstrated
by Fig. 3.8P — the same results are found with more exhaustive sampling and thus lower
rates of error.

Elastic network analogs of 1d model parameters. In the 1d model, %k, can be in-
terpreted as the stiffness of the allosteric mode. To define an equivalent quantity for the
2d elastic network model, we consider ky, = )\1/5\, where A; is the stiffness of the softest

non-zero mode and \ is the median stiffness. In the 1d model, ¢, is related to the height of
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the barrier of U(z) when kq = 0: AUpaprier = kml>,/2. To define an equivalent quantity for

the 2d elastic network model, we consider £, = 6_1\/2AUbarrier/)‘1 when kact = ka0 = 0.
We define AUp,pier = 0 if U(y) has one minimum (U'(y) = 0,U"(y) > 0). If U(y) has two
minima, we take y1 and yo to be their locations and y3 to be the location of the maximum
in between. We define, AUy prier = U(y3) — max(U(yy),U(y2)). Scenarios with more than

two minima are not observed.
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Appendix for Chapter 3
3.6 Supplemental Information

Method for adding disorder in network connectivity.

In the main text, the method to build networks resulted in a connectivity (adjacency matrix
Az‘j) of that of a triangular lattice. To introduce disorder in the connectivity, we place nodes
on a triangular lattice with their positions given by R%at. The nodes are then displaced by a
random uniform perturbation AR; ~ ([—¢, €], [—¢, €]) to achieve a disordered structure R?is

= R%at + AR;. An adjacency matrix is defined as follows,

1, i#jand |[R{ES — RIS|| < c

Aij =

0, otherwise

The value of c is chosen such that the mean coordination z = Zij A;j/N takes a desired

value.

3d Networks

Three dimensional networks share the same definition as 2d networks (Eq. (3.7), (3.8), (3.9))
except for the following differences: r; = (z;,y;, 2;), nodes are initially placed on a 3d hexago-
nal closed packed lattice rather than 2d triangular lattice, and AR; ~ ([—ae, a€], [—ae, ae], [—ae, ae]).
The values of the distance cutoff and spring constant for the harmonic repulsion term remain
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1d model at zero temperature

For a system of harmonic springs, the energy takes the form,

AN
V(JJ) = %Zkz(x—gz)Z = % (Z kz> (l‘— %) + Vinin

where

: 1 o (0 kili)?

The 1d model of allostery is given by
1 2 1 2 1 2
Ulz) = §ka($ — Lact)” + §ka($ — Lanto)” + §km(’x‘ — lm)”.

Putting (3.19) in the form of (3.17) gives

k?a (fact + fallo) + kmfm
2kq + km,

2
Viz, ) = %(2% + Em) (x _ > F Vi (6n)

where

Vnin (Em) =

{ka (et + C210) + k3, —

N | —

2kg + km,

U(z) can be written as a piecewise function,

V(z,—ly), <0
Ux) =

V(z,bm), x>0.
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(3.17)

(3.18)

(3.19)

(3.20)
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The ground state of U is defined by £ = min, U(x) = min4 Vi, (£6,,). Taking the physical

conditions kg > 0, ky, > m and £,, > 0, this gives

k 2 2 2 2
E(gacb €a110> = Q(QI%—j’lfm) (ka(gact - gallo) + km(gact + gallo + 2£m> - 2km|(£act + £a110>£m|)
(3.23)
Cooperative allostery is computed as
AAE = E({1,ly) + E(ly, 1) — E(f1,41) — E(¢o, o), (3.24)

where /3 and /1 represent the solvent and the ligand, respectively. In the 1d model AAFE

reduces to,
AAE = K (ulty — ol + 2kl (6] + 10l — 161+ 60) . (325)
2k + km
If 61 = —Ly and & = |01 — £,
ka (koS + 2kmbm)d
AAFE = . 2
2kq + km (3.26)

The mechanism changes from single-state to multi-state at the transition rest length ¢7, =
d/4. When ¢, < §/4, AAE is optimized at ky, = 0 and can not exceed ka52/2. When ¢,,, >
d/4, AAE is optimized at ky, = oo and can take arbitrarily large values (AAE = 2kqlp,9).
The first term in (3.26) is the contribution from being able to actuate the (potentially) soft

allosteric mode and the second term is the contribution from the two-state switch.

1d model at finite temperature

In the canonical ensemble, the partition function Z of a system with energy U(z) = ka?/2

at temperature T (the Boltzmann constant is folded in T such that T has units of energy)
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is given by

Z = /eE(I)/de = /OO e ke* /2T gy — \/ %, (3.27)

and its free energy is

Tk
F=-ThZ="In—. 2
T oo (3.28)

The energy of the 1d model (3.19) takes the form of two parabolas that abut at x = 0. The

partition function is
0 o0
Z- / eV @—tm)/T gy 4 / ¢V @ tm)/T gy (3.29)
—00 0

Setting k = 2kq + ki, and A(0,) = (ka(Cact + lano) + kmlm)/ (2kq + ki) gives

0
7 = o~ Vanin(—m)/T / o~ R@=A=0m))?/2T gy o o~ Viin(bm) /T / X k(@A 6m)?/2T g,
—00 0
(3.30)
= LT Vi ()T LV ~Vinin (b /T Ll
= S\ e 1+ erf 2T)\< lm) | ) +e 1+ erf QTA(ﬁm)
(3.31)
where erf is the error function.
In the limit where ky,/kq — oo the energy simplifies to
%a ((z = Lact)® + (bm — La110)?) r=—lm
U(l‘) - kTa ((95 - Eact)Q + (ém - éallo)Q) x =l (3'32)

00 otherwise
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and the free energy becomes

F(gact; gallo) = —-TIn [@_%((£m+£act)2+(€m+£allo)2) + @_%((em_gact)Q‘f‘(fm—gallo)Q) (333)

Taking ¢y = —0/2 and ¢1 = §/2 the cooperativity is

AAF = F(5/2,—8/2) + F(—8/2,8/2) — F(5/2,5/2) — F(—§/2,—5/2),

and after some algebra,

AAF = 2T In cosh (ko ly6/T).

In the opposite limit where ky,/kq, — 0,

k k
U(ZL’) = 70(1‘ — gact)2 + ?a($ — gallo)Q
Cact + Lanio \ > K
=k (@ = =20 ) = (fact — Lao)”
2 4
and the free energy is
k T =T
F(lact, Lano) = _a(eact - gallo)Q — —In—
4 2 ky

Taking (g = —0/2 and fy = §/2 the cooperativity is
AAF =F(§/2,-6/2) + F(=46/2,0/2) — F(6/2,0/2) — F(—0/2,—8/2)

and after some algebra

AAF = %ka52.
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When T > 0, the transition point between mechanisms occurs for

T
U (T) = [ In [eka52/4T + \/M

(3.42)

Thermodynamical models

Our models can be coarse-grained to obtain a thermodynamic description comparable to the
formulation of the MWC and KNF models. This is achieved by defining “states” with given
free energies, from which equilibrium probabilities are computed from Boltzmann’s law. A
state corresponds in our models to a distinct local minimum of the energy or free energy
landscape. At finite temperatures, a further requirement is that the free energy barriers are
large relative to the temperature so that a local equilibrium occurs within the states. If two
states have free energies F; and Fy with a maximum Jall along the conformational coordinate
that connects them, this assumption amounts to Ff— max(Fp, Fp) < T in units where the
Boltzmann constant is kg = 1. A description can also be given in terms of kinetic rates

k1_9 and k9_,1 for the transition between the states, which may, for instance, be of the form

Fi-Fy)/ F1—Fy)/T

k19 = ke T and ko1 = kpe(

One possible coarse-graining of the 1d model could assert that two conformational states
exist: state 1" corresponding to x < 0 and state R corresponding to x > 0. This coarse-
graining separates the two states by the barrier at x = 0. With two binding sites, there
would be a total of eight states: T00, T10, T01, T11, R00, R10, R0O1, R11 (the last two
digits represent the state of ligand binding as in Figure 3.1). Taking ¢y and ¢ to be the rest
lengths of the springs representing the unbound and bound states, the free energies of the

eight states are,

FTZ,], o </O e%(k;a(:céi)2+ka(xéj)2+k‘m(x+€m)2)/de) (3.43)

—0o0
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o0
FRij =—TIn ( / e—i(’fa<ff—fi>2+ka<ff—‘fj>2+’fm(f—fmf)/de) (3.44)
0
A quantity of particular interest is the fraction of occupied binding sites Y at a ligand
concentration c,

Y(C) =0x* PO()(C) + % * POl(C) + % * Plo(c) + 1 % Pll(c) (3.45)

ceFrio/T 4 co=Frio/T  20=Fri/T . 20—Frut/T

Y(c) =
(<) e—Froo/T 4 ¢=Froo/T 4+ 2¢e—Fr10/T 4 9¢e—Fr10/T 1 26=Fr11/T 4 (20—Fr11/T

(3.46)

3.7 Supplemental Figures
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Figure 3.7: Ruggedness and frustration increase with o. (A) The energies of the 25 lowest
minima relative to the ground state energy (E) for a network with o = 0 (blue) and 0 = 0.3
(red). The networks with ordered interactions (o = 0) have a ground state far more stable
than any other minima, whereas networks with disordered interactions ¢ = 0.3 have many
near-degenerate low energy states. (B) We measure the ruggedness of an energy landscape
as the number of minima within e of the ground state energy (Ej). For each o, we plot the
ruggedness averaged over 100 random networks. Higher o implies more low-energy minima
relative to the ground state. Minima are found with the ground-state finding algorithm
(Methods). (C) Frustration, the extent to which bonds are stressed, is measured by the
ground state energy FEp. A ground state where all springs are relaxed has Fy = 0. For
each o, 100 random networks are generated and their ground states are estimated with the
ground-state finding algorithm (Methods). (D) The error in the estimated ground state
energy E for an increasing number of iterations of the ground state finding algorithm for
100 random networks. (0 = 0.3 and population size p = 20). At 100 iterations, 96% of
ground state estimates are correct. The energies after 10000 iterations are taken to be the
true ground state energies, Fy. These data show that the ground state can be estimated
with sufficient accuracy even when the energy landscapes are rugged with many minima.

108



A Reference B b,y V3F02 by, 1 = V3F0.4

004

— —
<o <o y
] T R
L € 0.01
- _— o 000 - oo —
D lo,lh =/3+0.3 E lo, 01 =V/3+02 F lo, b1 =V/3+04
081 — evolved 0.8 — evolved 0.020- 0.8
Zos gm Sos W oot Eos
Soa . Foe Koo Foa
02 S 02 0005- 02
S S ,, - I

G Nevosteps = 2000 H . Nsoft 0 I

— — =
<o <o 4 <
Fos Sos /| Tos o s
[~ . _ __/ 000 . P
] Tovo = 10 L
—

os P os] ety o vor
Soe woo Sos Lo [T,
K] g 8 o g
04 04 0
& . < =S| Y
02 02 o
_ o / o - oo =~
50w 01 0B 0T 0B T TTom oI 0 0T en T 0% 010l 07 0B 3 G305 010150705 03 o oTo TTeE 365 01 015 03 035 93 50w 010150705 T TTowm 0T 0 070 B o oTo I PTeE 3
o o o o o 2 o o o
M N . _ . o, i
[ — i [ =
081 — evolved 0020 08] — evolved 08 o8 0.8 — evolved
yoos Sos - Y oz Sos
0010 5 8
3 0 3 os
< oor < /
o2 0z —
PrS I— ~ > oo T - [~ e _
TTomoTon 0T o T oom 0Tl g7 T s o oTon 07 o T CToRoTon ST en 305 01 015 03 035 03 G50 ook 62 0B 0 G500 G 0 07 0 03 i a0 5 aE
o o o o 2 2 o o

nterations = 900 Q € 0 R e=0.2

" ranaom — random oo oo
o8] — cvoves 08{ — cuoned [ e o
Sos Sos Sos o
] ) B |
Soa . oa / o 3.
02 / 0z 02
o5 0k 01033 03 035 03 5 0% 9T 035 07 035 03 ek 01015 07 055 03 5 abs 01 035 02 05 5 TTaks U1 0%s 07 05 o 5 0%s 03 03 02 035 05 0% 01 038 03 03 03 ook o1 0T 03 0k a3 T oL o es B
o o o o 12 12 o

S €e=02,2=45 T €e=02,2=5.0 u €e=0.2,2=5.5

1o [ — n
oo 08| — et 00] — svonen
<. - Sos Ve Soe ~
& Soa <
o == / o /
I— evoived 02 g 02
02| Lz X [ I— ool £ [
0% 91 o 02 033 03 S5 0% S0k 07 0% 0 5 0% 01 035 07035 03 o 0% T o5 97 0% 03 o ST ek 07 0% 03 5005 01 035 02 033 03 To 0% G0 07 0% 03 5 0% T o 07 0% 03 3o 0% 01 015 07 035 03
o o o o o o o o o

v €=022=45/0.0 =v3F0.15 =5.0,00,01 =v/3F0.15 x €=02,2=55/,0 =v37F0.15
10 — 3 10- = +
e
0.8] — evolved s 0.8 0.015-
Sos gnmn o6 — random %‘”‘“
dos N — oves
0z 02 /

109



Figure 3.8: Robustness of Figure 3.3AB with respect to various parameters. Each panel
shows the fraction of networks that undergo a multi-state conformational change upon bind-
ing ligand ncc/n, the mean overlap of the allosteric mode with the softest mode ¢q, and the
mean cooperativity AAE for 100 random (gray) and evolved (green) networks. In panels
B-Q only one parameter is changed from the reference in panel A. (A) Same data as in
Figure 3.3AB where the parameters of the simulation are: ¢y = v/3 — 0.3, {1 = v/3 4+ 0.3,
ko = k1 =1, Nevosteps = 500, Ngott = 2, Tevo = 10_57 Q =9, kgoft = 0.01, Niterations = 100,
and spatial disorder e = 0.1. (B-F) Results do not significantly change with different choices
of ligands, except that cooperativity decreases when the difference between ¢y and ¢1 de-
creases, as predicted by the 1d model. (G) Results do not change when the number of interac-
tions of the Monte Carlo evolution is increased from Neyosteps = 500 to Neyosteps = 2000. (H)
When there are no soft interactions permitted between nodes, Ngop = 0, (i.e. if K(s;,5;) =1
for all entries) no cooperativity evolves at low 0. (I) Doubling the number of soft interactions
from Ngop = 2 to Ngopr = 4 does not significantly change the results. (JKL) Changing the
temperature of the evolutionary Monte Carlo Ty, does not change the results as long as it
is sufficiently small, Tovo < 1073, At Tevo = 1073 nearly no cooperativity evolves at small
0. (MN) The results are unchanged with a different number of node types Q. (O) The
results are unchanged when the softness of the soft interactions is increased to kgop = 0.1.
(P) The results are unchanged if the number of iterations of the basin hopping algorithm is
increased from Njterations = 100 t0 Niterations = 900. (QR) The results are unchanged when
the spatial disorder is removed ¢ = 0 (corresponding to D;; = 0) or increased e = 0.2. (S-X)
The results are unchanged if networks are built with an alternate method where disorder is
allowed in the connectivity (A4;;). z is the mean coordination (see SI).

110



) A N ——— B c=0 C oc=0.2
g = ° o A e ® e 0.30
» U AW | —_— UV 1o f 3.0
Y ° A2 R = Y 0.25 (yr 0r 0)
oo L]
o * o ° o > 0.20 I U(yrllnll) 2.5
LRI X 2 2
N AR AN 4 o015 20
S . S >
2 i ABN2 ® ~ 010 =~
A B ° .. o ° - v ° 15
. ¥ . . 0.05
° 0. ". e L e 1.0
e
° e . 0.00 T T T T T
* J ° o ° e 0.0 0.5 1.0 0.0 0.5 1.0
o o L]
* y y
D c=0 F o=0.2
0.25 1 0.25 1
— —— random -~
é —— evolved é
~ 0.20 A ~ 0.20 A
o o
© ©
— 0.154 — 0.154
2 2
O 0.10 1 o 0.10 1
c c
@© i @© i
GEJ 0.05 g 0.05
0.00 A 0.00 1
1072 107! 10° 10t 1072 107t 10° 10t
mean mode stiffness (Ag) mean mode stiffness (Ax)
F 1.0 G 1.0 H0.012
B random =)
=l
081 mmm evolved o 087 0.020
N 0.008
Sos 1 0.61
-~ 0.006
S S g
C 04 O 0.4 0.004
X
0.2 T 0.2 1 0.002 .
E 0.000 =—— —
0.0 T 0.0- T T
0.0 o 0.2 0.0 g 0.2 0.0 o 0.2
0.0035 0.07 0.150
0.0030 0.06 0125 ]
uF 0.0025 @ 0.05 iy
75 0.0020 =00 X 01001
. .04 B
LLI'I 0.0015 Lll.I Toors]
- 0.03 | S
o o
<W 0.0010 ‘W 0,02 w0
0.0005 0,011 ="
0.0000 0.00] ==
100 100 102 100 10° 100 100 102 10°  10° 100 100 102 10°  10°
Niterations Niterations Niterations

111



Figure 3.9: 3d networks show same behaviors as 2d networks. (a) A visualization of a 5 x 5
x 5 3d network. Blue springs on opposite sides of the network are the active and allosteric
sites. The data in the following subplots are from simulations with the following parameters:
lo, 01 = 2v/3/3 F 0.15, kg = k1 = 1, Neyosteps = 103, Nyofp = 2, Tevo = 1077, Q = 5,
ksort = 0.01, Niterations = 100, and spatial disorder ¢ = 0.1. (BC) Mean energy of the
fully-solvated (blue) and fully-bound (green) networks along the conformational coordinate
y interpolating between the two ground state structures Rgg and Ry of evolved networks,
averaged over 100 replicates. When o = 0 (subplot B), the energy has a single minimum,
and when o = 0.2 (subplot C), energies are bistable. (DE) The mean overlap (averaged
over 100 replicates ) (gz) between the structural displacement upon binding ligand Ar and
each normal mode of the evolved network v (g = |vj - Ar/||Ar|| |) plotted against the
mean mode stiffness (\;) . When o = 0 (subplot D), the softest modes overlap with the
allosteric displacement indicative of a single-state mechanism. (F) The fraction of networks
that undergo a multi-state conformational change upon binding ligand nec/n, for 100 ran-
dom (gray) and evolved (green) networks. (G) The mean of the maximum overlap of the
allosteric mode with any of the 10 softest modes ¢, k£ = 1,...,10, for 100 random (gray)
and evolved (green) networks. (H) The mean cooperativity AAE for 100 random (gray)
and evolved (green) networks. (IJK) The error in the estimated ground state energy Ej
for an increasing number of iterations of the ground state finding algorithm for 100 random
networks (population size p = 20). For ¢ = 0.2 and 100 iterations, 95% of ground state
estimates are correct. The energies after 10% iterations are taken to be the true ground state
energies, Fy.
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Figure 3.10: The properties of the 1d model recapitulate the properties of the 2d elastic
network. l%m and Em are the 2d elastic network analogs of the 1d model’s reduced parameters
km /kq and £y, /5. See methods for their definitions and motivations. (ABC) For each o, ;8
of each of the 100 random and 100 evolved networks is plotted, showing an estimate of the
range of possible values of £,,8 given o. (DEF) The mean km and £,,, and AAF are plotted
for 100 random and 100 evolved networks at different o. Consistent with the 1d model,
non-allosteric random networks have a large l;m and small Zm. When ¢ is small, networks
approach the single-state mechanism limit (¢, = 0,k = 0). As o increases, networks
localize towards the multi-state mechanism limit of large ky,, large £,,. Error bars are 95%
CIL.
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Figure 3.11: 1d model at finite temperature. (A) Free energy surfaces as a function of
different binding ligands, corresponding to varying the rest lengths (4.4 and ¢,j, of the
springs defining the active and allosteric sites. The two panels on the left show the free energy
surfaces of a single-state mechanism (k;, = 1 and ¢,, = 0) at T'/k, = 0 and T'/k, = 0.2. The
two panels on the right show the free energy surfaces of a multi-state mechanism (ky, = oo
and (p, = 0.5) at T'/k, = 0 and T'/k, = 0.2. (B) The cooperativity AAF as a function of
the normalized quantities &y, /kq and £, /6 for different temperatures. (C) A plot of ¢;,,(T),
the value of ¢, where the single and multi-state mechanisms provide equal cooperativity at
temperature T
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Figure 3.12: A continuum of mechanisms exists in the 2d elastic network. (A-D) The barrier
height AUpairier (see SI text for definition) and overlap with the softest mode ¢ are plotted
for both random (grey points) and evolved (green points) networks at different values of
rest length interaction disorder o. Grey and green horizontal lines indicate the mean of ¢
for the random and evolved networks, respectively. (E-H) The barrier height AUy appier and
the maximal overlap of the allosteric displacement with any mode, max; ¢; is plotted for
both random (grey points) and evolved (green points) networks at different values of rest
length interaction disorder o. Grey and green horizontal lines indicate the mean of max; g;
for the random and evolved networks, respectively. (I,M) The energy along the allosteric
displacement U(y) and the overlaps of each mode ¢;, vs. the mode stiffness \;. of an example
evolved sequence from the population shown in A and E. (J,N) U(y) and ¢ vs. Aj of an
example evolved sequence from the population shown in B and F. (K,0) U(y) and g, vs. A\
of an example evolved sequence from the population shown in C and G. (L,P) U(y) and ¢
vs. A of an example evolved sequence from the population shown in D and H. The networks
in I-P were chosen as examples of when ¢; g 0.5 even when energy barriers start to emerge.
Networks with multi-state conformational change have AUy, ppier > 0.
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CHAPTER 4
AN EVOLUTIONARY SCENARIO FOR THE ORIGIN OF
ALLOSTERY
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ABSTRACT

Although allosteric properties are ubiquitous in proteins, their evolutionary origins remain
unclear. While functional traits like allostery can be attributed to positive selection from
fitness advantages, experimental findings suggest that direct selection alone does not fully
explain their initial emergence. Studies reveal that proteins harbor unused allosteric architec-
tures, a phenomenon referred to as latent allostery. What can explain this? Computational
and experimental work suggest that such architectures can enable evolvability by wiring
many distant sites to active sites. Intuitively, the connection between these two properties
is that when many sites are ‘wired’ to the active site, there are more positions where muta-
tions can alter binding site function, enabling more rapid adaptation. We hypothesize that
fluctuating selective pressures select for evolvable designs and, as a consequence, select for
allosteric architectures. Using a minimal physical model, we show that periodically switch-
ing selective pressures promote the emergence of evolvable, allosteric sequences. However,
the outcome depends critically on the mutation rate and switching timescale. We develop a
method to decompose evolutionary forces and identify two regimes: one where selection for
generalist binding drives latent allostery, and another where the fluctuating selective pres-
sures drives evolvability. Our results demonstrate that a protein’s design reflects not only
its current function but also the statistical features of its evolutionary history.

The project described in this chapter was conceived by Rama Ranganathan, Olivier
Rivoire, and me. All simulations and analyses were performed by me. This work is in

preparation for submission.

4.1 Introduction

Previous chapters focused on the physics of allostery—the principles that enable allostery
and their implementation in different physical models. A fundamental remaining question

is how allosteric properties can arise through evolution. Often, the evolutionary origin of
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a trait—such as allosteric regulation in a protein—is attributed to it conferring a fitness
benefit, thereby putting it under positive selection. While this effect certainly plays a role
in building and maintaining allosteric machinery, findings from experiments suggest it may
not fully account for the initial emergence of allostery in proteins.

Experiments have shown that allosteric properties can exist in proteins even when these
properties do not contribute to the protein’s native function. For example, Reynolds and
Ranganathan demonstrated that the metabolic enzyme dihydrofolate reductase (DHFR)
contains numerous allosteric hotspots across its surface that, when perturbed, can modulate
active site function [9]. These hotspots were identified by systematically inserting a light-
sensitive domain (LOV2) at all surface-exposed regions and measuring the resulting light-
dependent activity of DHFR. Upon exposure to blue light, an alpha helix of the LOV2
domain unfolds and locally perturbs the insertion region of the enzyme. None of the identified
hotspots are known allosteric effector binding sites or sites of post-translational modification
such as phosphorylation. This type of allostery, which is not part of the protein’s native
function, is referred to as latent allostery because its existence becomes apparent only when
specifically probed.

In a different example, the yeast kinase Fus3 is naturally allosterically regulated by
the scaffolding protein Steb. Coyle, Flores, and Lim investigated homologs of Fus3 from a
fungal strain that evolved without a Ste5 homolog; these Fus3 orthologs are not allosterically
regulated in their native context [1]. Through in vitro studies, they found that many of these
non-natively allosteric homologs could nonetheless be allosterically regulated by Ste5. This
shows that these proteins possess a latent allosteric capacity that predates the emergence of
their allosteric binding partner.

It is important to emphasize how latent allostery relates to the common picture of al-
losteric regulation. In Chapter 2, we showed that for allosteric coupling between two ligand

binding events (e.g., substrate binding at the active site and effector binding at the allosteric
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site), two conditions must be satisfied: (1) The protein, in the absence of ligand, must have
an allosteric design that couples binding sites, either through the soft mode principle or the
multi-state principle. (2) Ligand binding must interact with the protein in a way that en-
gages this allosteric design. For example, in a protein with an allosteric soft mode, a ligand
that pushes the protein in a conformational direction orthogonal to the soft mode will fail to
engage it, yielding no allosteric communication. Allosteric regulation has both of these fea-
tures. A latently allosteric protein, on the other hand, satisfies only the first condition—the
allosteric design—but lacks binding of the allosteric effector. This could occur because the
effector is missing (as in Fus3 homologs mentioned above) or because the allosteric binding
site lacks sufficient affinity for the effector, so it never binds. The key idea of latent allostery
is that an underlying allosteric potential exists but goes unused during the protein’s native
function.

The two examples in DHFR and Fus3 homologs make it clear that direct selection for
regulation does not explain the origin of latent allostery in proteins and offers the possi-
bility that functional allosteric regulation may originate from co-opted preexisting latent
allosteric features. What could be the origin of latent allostery in proteins? One hypothesis,
proposed by Rivoire is that latent allostery arises from the need for specific binding—the
ability to bind a target ligand while avoiding similar non-target molecules [10]. Simulations
of minimal models support this hypothesis: selection for specific binding yields models with
allosteric architectures, where distant perturbations regulate ligand binding [10]. Interest-
ingly, sequences that acquired allostery in this way were more evolvable than non-allosteric
ones—that is, they more readily produced mutations enabling adaptation to new selective
pressures. The underlying link is that allosteric sequences had more positions ‘wired’ to
the binding site, so many mutations at these sites could alter binding specificity, enabling
adaptation.

In an experimental line of work, Ranganathan and co-workers showed that evolvability
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physically depends on allostery. For both the third PDZ domain of PSD-95 [8] and the
TEM-1 f-lactamase [11], the adaptive mutations—those that enabled new functions—were
measured. In the PDZ domain, the new function was the ability to bind a non-native peptide
ligand and in the TEM-1 (-lactamase, the new function was the ability to hydrolyze cefo-
taxime, a [-lactam antibiotic that the wild-type enzyme poorly hydrolyzes. Some adaptive
mutations, termed direction-switching mutations, abolished the wild-type function while
conferring new function. Others, termed conditionally neutral mutations, preserved wild-
type function but also enabled new activity. These conditionally neutral mutations facilitate
evolvability as their neutrality allows them to persist in the population and are poised to
sweep when selection favors the new function. The authors found that direction-switching
mutations clustered at the binding site (in PDZ) or the active site (in TEM-1), while con-
ditionally neutral mutations were more often located farther away—sometimes on distant
surfaces. These mutations work allosterically, modifying active site function from a distance.
Thus, the data from both proteins demonstrate that their evolvability relies on allostery.

Thus, in both minimal physical models and proteins, evolvability has been linked to al-
lostery. If evolvability need be physically encoded through allosteric architectures, could
allostery itself arise as a byproduct of selection for evolvability? We hypothesize that evo-
lution in fluctuating environments will select for evolvable sequences and, as a consequence,
will select for allosteric sequences.

The first part of our hypothesis supposes that evolvability can emerge under fluctuating
selective pressures. This assumes that evolvability itself can evolve—a question that has
attracted significant attention. Computational studies across various evolving systems have
demonstrated that evolvability can, indeed, arise under changing selective conditions [5, 3,
7, 2, 4, 6]. The underlying principle is that fluctuating selection pressures, over the long
term, favor genotypes capable of rapidly adapting to new environments. Importantly, these

studies show that fluctuating selective pressures leave a signature in the physical architecture
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of evolved systems. For example, the evolved gene regulatory networks in [2| develop hub-like
designs, where some genes are highly copied and control others, such that single mutations
can have widespread effects on gene expression. Similarly, evolving Boolean logic circuits
and RNA secondary structures under systematically changing environments lead to modular
physical architectures that allow small mutations to produce large phenotypic changes [5, 7|.
Analogously, we hypothesize that protein designs will reflect their evolutionary history of
selective pressures, with allostery emerging as a mechanistic implementation of evolvability.

In the rest of the chapter, we test this hypothesis using the model proposed by Rivoire [10].
We evolved populations of these models under periodically switching selective pressures,
where selection alternated between favoring binding to one ligand and favoring binding to
a different ligand. We find that the data support the hypothesis: fluctuating environments
indirectly select for evolvable allosteric sequences. However, this result strongly depends on
the timescale of selection fluctuations (denoted 7) and the mutation rate (denoted ). Under
some conditions, the opposite emerges—sequences that are highly mutationally robust, less
evolvable with no long-range effects.

We propose a method to decompose the evolutionary forces that drive the emergence
of traits like evolvability and latent allostery. Specifically, we separate the contribution to
a trait that arises as a byproduct of a protein’s current function from contributions driven
by the history of selective pressures during evolution. Applying this method reveals two
distinct regions in u-7 space where evolvability and latent allostery emerge, each arising
from a different evolutionary reason. Under low mutation rates and fast switching, latent
allostery emerges as a byproduct of generalist binding, while when the external switching
timescale matches the internal adaptive timescale, latent allostery arises from the need to
adapt to fluctuating environments.

The data show that, in principle, the design of a protein is shaped by the statistical

features of its evolutionary history in addition to its current selection.
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Figure 4.1: (a) The evolvable spin glass model of a protein adapted from [10]. The model
is defined on a 2d square lattice with periodic boundaries connecting the top to the bottom
(thin vertical lines). The lattice has size L + 1 (length) by W (width), where we use L =
10,W = 5 for this work. The red site is the binding site, where a field ¢ is applied to
model ligand binding. (b) Each site carries a spin variable x; € {—1,+1} and an amino acid
type s; € {1,...,q}. The fields on site i, h;(s;), and the couplings between sites ¢ and j,
Jij(s;, ), are determined by the sequence of amino acid types s = (s1,...,sy).

In the following section, I define the physical model of a protein (Section 4.2) and describe
the evolutionary dynamics used to evolve populations of sequences (Section 4.3). Then, in
Sections 4.4 and 4.5, I define and measure the evolvability and latent allostery of evolved

sequences, respectively.

4.2 The Model

We use a minimal physical model that aims to capture two essential features of proteins:
(1) amino acids interact via short-range potentials, so long-range effects arise from collective
interactions among many coupled residues; (2) the energy landscape is rugged and sequence-
dependent, allowing for the evolution of physical features of the model. Mathematically, the
model takes the form of a spin glass where spin variables x; = 41 represent the physical
degrees of freedom of a protein (i.e. the atomic coordinates). The model is defined on
a 2d square lattice of size L + 1 by W with semi-periodic boundary conditions to give a
geometry of a cylinder, Fig. 4.1A. Spins interact only with their nearest neighbors in a way

that depends on the model’s sequence s = (s1,s9,...,sy). Each element of the sequence,
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s;i € {1,...,q}, takes the place of an amino acid type in a protein sequence and it is these s;

that evolve over time. For this work, we consider ¢ = 5. The energy of the model is defined,
U(x,s,?) ZJZJ 5458 J:Za:J—i-Zh i)z + Ly, (4.1)

where (i) run over the nearest-neighbor bonds of the lattice shown in Fig.4.1A. For every
bond (ij), the ¢? values of Jij(sisj) are selected at random from the normal distribution
N(0,0) with ¢ = 3 and are fixed during evolution. The ¢ values for the h;(s;) of every site
i are selected similarly. The couplings J;;(s;,s;) and the fields h;(s;) relate sequence s to
energy U. The last term in (4.1) implements ligand binding: a single site b is chosen as the
binding site and a force (field) ¢ is applied on the site. The site b is included in the sums
n (4.1). We use three field values: \g for solvent interaction, and Ay, Ao for ligands 1 and
2, respectively. In this work, we use ¢y = 0, {1 = 1, and fo = —1. The molecular phenotype

under selection is the binding free energy which is
AFy(s) = F(s,lg) — F(s, {) (4.2)

where

F(s,0) = =3 1log Z e BUGs0), (4.3)

is the free energy of the system that depends on the identity of the bound ligand k£ = 0, 1, 2.
b= (kBT)_1 is the inverse temperature. We set = 1, fixing the energy scale. With fo = 3,
typical interactions exceed kT, as in proteins where hydrogen bonds are ~ 1-3kgT. The

free energy can be solved exactly using transfer matrices (see SI).
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Figure 4.2: The population averaged binding energies for ligand 1 (red) and ligand 2 (blue)
over evolutionary time with population size P = 200 and mutation rate u = 0.01. (A) With
a long selective period 7 = 100, the population fully adapts to an optimal binding energy.
(B) As the switching period decreases to 7 = 20, the populations do not have time to fully
adapt. (C) At very short switching periods, 7 = 2, no periodicity is seen in the population
dynamics, instead, the population settles to a generalist solution that can bind both ligands.
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4.3 Evolutionary simulations

The binding energies AF7, AFy depend only on the sequence, yielding two sequence-to-

function maps that can be used to evolve a population. We perform evolutionary simulations

of a population with a fixed size of P individuals with selection switching periodically between

acting on AF] and AF,. To be precise, we denote the binding energy to ligand k € {1,2} of

the jth sequence in the population as AFé The population at generation ¢ 4+ 1 is sampled

from the population at generation ¢ from the distribution,
e—aAF]g(t)

j .
pi= it k;(t):1+{
t Zz’eiaAFk(t)

t—1

T

J mod 2. (4.4)

When the selective pressure a > 0, this update rule rewards tighter binding (greater —AF')
with increased probability of survival and reproduction. The switching selective pressure
is implemented by k(t), which alternates between & = 1 and k = 2 every T generations.
Each generation, every site in every sequence mutates with probability p (mutation rate).
Mutation of site ¢+ amounts to changing its current s; to a random value selected from the
set {1,2,...,q}\ {s;}-

In Fig. 4.2, we show how populations adapt to changing selective pressures. For instance,
in panel A, during the first 100 periods, the population is under selection for binding ligand
1, and the population quickly adapts to strongly binding ligand 1. At generation ¢t = 101, the
selective pressure switches to act on ligand 2, and the population consequently adapts over
the subsequent generations to successfully bind ligand 2. For analysis, one hundred sequences
are randomly sampled from the second half of each trajectory. This random sampling ensures
that any effects that depend on the time since a selective pressure change are averaged out.
We simulate 200 replicate trajectories for each choice of u, 7 pair and consider a range of

and 7.
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Figure 4.3: (A) A cartoon illustrates how a difference in the breadth of mutational effects of
two sequences can be a proxy for evolvability. The black dots indicate two sequences, and
clouds around them represent the range spanned by the collection of all their single mutants.
The blue cloud is larger, meaning that within one mutation, the sequence can adapt to more
regions of binding space. We use the broadness of the distribution of mutational effects
to quantify evolvability (4.5). (B) The mean evolvability relative to random sequences &
(4.6) of sequences sampled from evolutionary simulations with selection switching period T,
mutation rate p and population size P = 200.

4.4 Measuring Evolvability

We first test if sequences evolved under fluctuating selection are more evolvable than ran-
domly generated sequences. To quantify evolvability, we define a simple metric based on
the breadth of single-mutation effects in binding space (4.6). The idea, illustrated in Fig.
4.3A, is that a sequence is more evolvable if single mutations can access a wide range of
binding space, compared to a sequence whose mutations are mostly neutral and require mul-
tiple steps to reach new binding phenotypes. To quantify this idea, we measure the binding
free energies of a sequence (referred to as wild type (wt)), AFV" = (AF, AFJ"). Then,
for all of the N x (¢ — 1) single mutants (indexed by a) we compute their binding ener-
gies AFY = (AF[*, AFY') and define the evolvability as the root mean square mutational

deviations:

1 (¢—1)N )
E= | ——m— AF® — AFWt||“, 4.5
oo | || (45)

a=1
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To make this metric more interpretable, we report the evolvability relative to the mean evolv-
ability of uniformly distributed random sequences (£)(, averaged over all sampled sequences

(indexed by j):
NSe S
1 ~ & - <5>0_

£ =
Nseqs =1 <5>0

(4.6)

We use this metric to evaluate the evolvability of sequences evolved under switching selection
of period 7, mutation rate u, and population size P = 200. (100 sequences per trajectory
and 200 trajectories give Ngeqs = 20000). This is shown in Fig. 4.3B, where the evolvability
of evolved sequences significantly deviates from that of random sequences. In addition to
regions of increased evolvability, we find regions of reduced evolvability at fast switching

speeds and intermediate mutation rates. These sequences are more robust to mutation.

4.4.1 Decomposing phenotypes

What causes evolvability to increase or decrease under different evolutionary conditions?
Evolvability is an indirect trait—it is never directly selected, but can change over time as
a consequence of selection on other traits. One possible explanation is that evolvability
arises due to genetic correlations with directly selected traits (e.g. binding energies), even
without fluctuating selection. For example, in [10], the model defined in this chapter was
used to show that static selection for binding specificity resulted in sequences that were both
specific as well as allosteric. For the data in Fig. 4.3B, the evolvability may correlate with an
underlying binding function and arise as a consequence. Alternatively, it may not have any
correlation with function at all, but rather emerge as a byproduct of the sequence’s changing
evolutionary history.

We propose a new method to separate these two contributions. First, we describe this
method using a generic trait 1 to establish notation, then apply it to evolvability and later,

to other traits associated with allostery. The essential idea is to compare the trait i of
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evolved sequences with the expected value of the trait of random sequences that share the
same binding phenotype (AF}, AF>). To do this, we take advantage of a feature of the
model that all sequences lie on a bounded 1d curve in the 2d binding space (Fig. 4.4A). We
uniformly sample random sequences, measure their binding energies, and bin them into 50
evenly sized bins along the 1d curve, shown in Fig. 4.4B. We parameterize binding space
with the bin number ¢, which takes value ¢ = —1 for extreme ligand 2 specialists (top left,
Fig. 4.4B), value ¢ = 1 for extreme ligand 1 specialists (bottom right, Fig. 4.4B), and ¢ ~ 0
identifies generalists—sequences that bind both ligand 1 and 2 (see Methods for details).
The mean of the trait ¢ of sequences for a specific bin ¢, denoted as (1)|¢)(, reflects the
association of a trait with a particular function. (Note that this notation is not related to
Dirac notation of Quantum Mechanics; it is simply a way of denoting conditional expecta-
tion). Fig. 4.4C shows this quantity when the trait is evolvability. We can use (¢|¢)q as a
null expectation with which to compare the evolved sequences. As with evolvability (4.6),
we are interested in the trait, relative to the random sequence mean (1)q, averaged over

evolved sequences. We introduce the following decomposition:

PR B U ()
Nseqs =1 <¢>0
R S L %wwm—wm .
Nseqb —1 <w>0 Nseqs =1 <7/}>0 .
=ty + g

Here, 1; and ¢; are the raw trait and bin number of the jth sequence sampled from the
evolutionary trajectories, respectively. In @Lh, the term ¢); — (¥|¢;)g removes any contribu-
tions from the current function; it purely reflects the contributions from the evolutionary

history. In contrast, the term ([¢;)g — ()¢ in ﬁf, reports only the trait associated with
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the specific function ¢;.

Y represents a generic trait on which to define the decomposition (4.7). For a specific
trait, such as evolvability £, the substitution ¢y — & defines £ ,gh, and éf. We plot 5}1 in
Fig. 4.4D and find that it isolates the ridge of enhanced evolvability observed in Fig. 4.3B.
Since these heat maps are on a log-log plot, the diagonal ridge seems, at least by eye, to
be well described by pur N = const. In this case, it appears that u7N =~ 3.5, and represents
the mean number of mutations a sequence will incur during an evolutionary epoch. Further
analysis is needed to determine whether this relationship holds quantitatively.

The other feature in Fig. 4.4D is the region of reduced evolvability under fast switching.
When 7 = 1, the selective pressure switches every generation and effectively acts as static
selection for generalists. We verify this by measuring a score, G = min(—AF;, —AF»), which
quantifies how strongly a sequence binds both ligands (Fig. 4.4F). Starting from the 7 = 1,
Wwo= 10~% corner of Fig. 4.4D and increasing the mutation rate, the evolvability due to
history decreases. At higher mutation rates, excess evolvability in an already well-adapted
generalist increases the mutational load, reducing fitness. Instead, the opposite phenotype—
reduced evolvability—is advantageous, as it will experience a smaller effective mutational
load. This concept of localizing to regions of sequence space where mutations are neutral at
high mutation rates has been described as ‘survival of the flattest’ [12].

(é;f7 is shown in Fig. 4.4E. This contribution is strongest in the low-mutation-rate, fast-
switching regime—precisely where generalists emerge. Since £ = éf + éh, the total evolv-
ability reflects two components: one from the generalist function and one from the need to

adapt in a fluctuating environment.

4.5 Latent Allostery

What physical designs enable some sequences to be more evolvable than others? Some clues

come from the spatial pattern of mutational sensitivity. Fig. 4.5A shows an example of an
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Figure 4.4: The evolvability € of a sequence has two contributions. (A) All sequences live
on a 1d curve in the binding space —AF], —AF5. 1000 random sequences are plotted by
blue dots. Random sequences sampled from a narrow segment of this curve (small circle)
share similar function but vary in evolvability (inset). (B) 50 bins are used to bin binding
space. Each color segment represents a bin. ¢ € [—1, 1] parameterizes the 1d curve where
sequences live. (C) The mean evolvability of 250 random sequences for each bin ¢. Er-
ror bars are 95% CIL. (D) The evolvability contribution from evolutionary history &,. (E)
The evolvability contribution from underlying function &. (F) The mean generalist score,
G = min(—AF, —AFy), averaged over evolved sequences. Larger values indicate stronger
generalists.
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evolvable sequence. The size of each green dot reflects the mutational sensitivity at that
position. This sequence has a large fraction of sensitive sites, including many on the far side
of the lattice from the binding site, and so these sites are allosterically coupled as they control
function at a distance. By contrast, a low-evolvability sequence, shown in Fig. 4.5C, has only
a few sensitive positions. These two examples support a hypothesis that links evolvability
and allostery. To be evolvable, a sequence must have many function-altering mutations. As
a result, many positions are mutationally sensitive. But not all of these sites can be at the
active site—some must lie farther away and work allosterically to modulate binding. Thus,
evolvability requires allostery.

Does this connection between evolvability and allostery extend beyond the two examples
considered? We can use the distance d to the furthest sensitive mutation (up to a threshold)
as a reporter of latent allosteric capacity. We use the decomposition (4.7) to define relative
and decomposed quantities dA, cih, (ff, and show how they vary across a range of p and 7 in
Fig. 44EFG. We find strong similarity between it and the evolvability & of Fig. 4.3B. Just
as with evolvability, the contribution from history shows a diagonal element.

To go beyond mutation-based measures of allostery, we consider two other quantities:
participation ratio and an experimentally inspired allosteric scan.

Physically, ligand binding is modeled by applying a field to the binding site spin. This
can shift the magnetization at other sites if they are coupled through the interactions J;;.
In a protein, the analog would be a binding-induced conformational change. Fig. 4.5B and
D show w;, the change in magnetization of spin ¢ between the ligand 1 and ligand 2 bound
conditions (Methods), for the same two sequences of Fig. 4.5A and C, respectively. The
sequence with extended mutational effects also has a large number of sites that experience
a conformational change. The extent of spin flips is measured by the participation ratio,

w

% Zi\il w;. When all the spins flip upon changing ligand, @ = 1, and when no spins

flip, v = 0.
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Figure 4.5: Allostery evolves under certain fluctuating selective pressures. (A) A map of
the mutational sensitivity (size of green dot) on the structure of the model for an evolvable
sequence. (B) A map of the magnitude of the change in magnetization (size of blue dot) upon
binding different ligands for the same evolvable sequence as A. (C) A map of the mutational
sensitivity (size of green dot) on the structure of the model for a non-evolvable sequence.
(D) A map of the magnitude of the change in magnetization (size of blue dot) upon binding
different ligands for the same non-evolvable sequence as C. (E) The mean mutational distance
d, (F) the mean mutational distance from function dg, (G) the mean mutational distance
from history dh of sequences evolved over a range of selection switching timescales 7 and
mutation rates pu. (H) The mean participation ratio @, (I) the mean participation ratio from
function @, (J) the mean participation ratio from history @y of sequences evolved over a
range of selection switching timescales 7 and mutation rates pu. (K) The mean allosteric
scan AAF, (L/)t\he mean allosteric scan from function mf, (M) the mean allosteric scan

from history AAFY, of sequences evolved over a range of selection switching timescales 7 and
mutation rates .
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To see how the participation ratio of evolved sequences depends on the mutation rate
and switching period, we use the decomposition (4.7) to define the relative and decomposed
quantities @, &y, wf, and plot them in Figs. 4.5H,I,J. We find that evolutionary conditions
(i, 7) that promote long-range mutational effects also promote large participation ratios.

In proteins, latent allosteric effects can become functional if they couple the active site to
distant surfaces that serve as novel allosteric effector binding sites or phosphorylation sites.
To quantify this in our model, we introduce a measure inspired by the experimental method
of Reynolds et al.|9]. In this assay, we simulate ligand binding by applying fields A1, Ao to
each site on the side of the lattice opposite the original binding site, one at a time, and
measure the resulting change in binding energy. Some positions are more strongly coupled
than others. To report on the most coupled allosteric hotspot, we record the largest change
in binding energy across all perturbations, denoted AAF (Methods). We show the averaged
and normalized allosteric scan m, as well as the contributions from function AAFf and
history mh, in Fig.4.5K,L,M. This allosteric scan quantity shows similar dependence on

mutation rate and switching period as other metrics of allostery, such as @ and AAF.

4.6 Discussion

All three measures of long-range allosteric coupling—cz, w, AAF—and the evolvability metric
& exhibit remarkably similar patterns across mutation rates and switching periods. Each
decomposes similarly into contributions from function and history. These results support
the hypothesis that allostery underpins evolvability by ‘wiring’ more sites to the binding
site, such that mutations at these sites can alter its function. A greater number of such sites
increases the number of mutational paths to new functions. Thus, variable environments
can promote the emergence of latent allostery.

Interestingly, evolvability and allostery also emerge under static selection for generalist

binding (bottom left corner of Fig. 4.4E and Fig. 4.5F 1,J). This parallels the results of
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Rivoire [10], where selection for binding specificity yields evolvable, allosteric sequences.
Indeed, specificity and generalist binding take on similar definitions in the model, as both
share the constraint that the binding site must perform two functions. For generalist binding,
the model must bind two ligands; for specificity, it must bind one ligand while excluding a
similar one.

The results presented in this chapter provide strong support for the hypothesis that
latent allostery can emerge as a byproduct of fluctuating selective pressures. However, the
generality of these findings remains unclear. Specifically, what essential features must a
system possess to exhibit behavior similar to the model considered? One way to address
this question is to propose a simpler model that includes only those essential features and
test whether the same results emerge. In the case of the spin glass model, an essential
feature is that in some sequences (those that are allosteric), mutations at many positions
can alter fitness (Fig. 4.5A), whereas in others (non-allosteric), only a few positions do so
(Fig. 4.5C). This property depends only on a defined fitness landscape and does not require
explicit physical interactions between sites. By constructing a model at the level of the
fitness landscape, it may be possible to define a simpler system in which the evolutionary
dynamics can be predicted analytically.

In proteins and other macromolecules, allostery plays a critical role in regulating biologi-
cal functions. While much work has focused on understanding how allostery works (including
Chapters 2 and 3), much less is known about how allosteric properties emerge through evo-
lution. In this chapter, I propose that allostery need not arise for any functionally beneficial
reason but may instead emerge as a byproduct of something more fundamental: fluctuating
environments. Since allosteric proteins serve as building blocks in higher-level systems—such
as signaling networks and protein complexes—this work offers a key step toward understand-

ing how complex biological systems readily evolve.
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4.7 Methods

4.7.1 Parameterize Function Space.

A feature of the model is that all sequences lie on a bounded 1d curve in the 2d binding
space (Fig. 4.4A). We divide this space into Ny, = 50 bins, shown in Fig. 4.4B. All of the
sequences in a single bin have approximately the same ligand binding energies. The bins are
indexed by the bin number n, with n = 0 containing extreme ligand 2 specialists (top left,
Fig. 4.4B) and bin n = Ny, — 1 containing extreme ligand 1 specialists (bottom right, Fig.

4.4B). We introduce the normalized bin number ¢ = Nb-Qn—l — 1 that locates specialists at
1S

¢ = 1. Thus, ¢ parameterizes the region of binding space accessible to sequences.

4.7.2  Measures of Allostery

Mutational Distance: For a reference sequence, each single mutant o will have an associ-
ated effect on the binding energies, 5, = ||AF® — AF"V!|| and associated distance from the
binding site, o (shortest number of steps on lattice from binding site to mutated site). We
define the ‘mutational distance’ as the distance of the furthest sensitive (d, > #) mutant

from the binding site,

d = max rq. (4.8)

a:6q>0
In this work, we take 6 to be the root-mean-square (RMS) distance from the centroid of
uniformly distributed random sequences in binding space. This sets the scale of binding
energies.
Participation ratio: We also measure the conformational change upon binding ligands. In
the spin glass, this is measured by the extent of the change of the magnetization of the spins.

The magnetization of spin ¢ when field ¢ is applied to the binding site (z;),. We measure
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the change in magnetization between ligand 1-bound and ligand 2-bound states,

_ 1
s W= Zwl (4.9)

Allosteric Scan This measure is designed to quantify latent allostery in a way that may
be more realistic for a protein. Essentially, it measures how strongly allosteric hotspots on
the distant side of the lattice are coupled to the binding site. To implement it, first, we
perturb each spin ¢ on the distant surface by applying fields ¢1 and ¢o. This mimics ligands
interacting with the protein at sites other than the binding site. Using a notation similar
to that used for mutations, we will represent the binding energy of a sequence without any
allosteric perturbation to be AFW, where k = 1,2 determines the ligand. When an allosteric
ligand binds to site ¢ of the allosteric surface and applies field ¢;,] = 1,2 to that site, the
binding energy is denoted AF]g’l. The effect of binding an allosteric ligand on the active site
binding energy is denoted AAF;;’Z = AFZ:’Z — AF];”t. As a measure of the latent allosteric

potential of the sequence, we define the latent allosteric coupling as:

AAF = max ‘AAFZJZ . (4.10)
ikl
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Appendix for Chapter 4

4.8 The Transfer Matrix Method

The spin glass model defined in this chapter is amenable to exact calculation through transfer
matrices. Here, I outline how to compute the partition function, mean magnetization, and
spin correlations using this method. I first illustrate the method in the simpler case of a 1D

spin glass, and then extend it to the 2D case.

4.8.1 1d spin glass model

Consider the Hamiltonian H for a 1D spin glass with nearest-neighbor interactions and no

periodic boundary conditions (i.e., no interaction between spin 1 and N):

N-1 N
H(o)=— > Jiojoi1— Y hio; (4.11)
i—1 i=1

where o; are the spin variables, J; are the interaction strengths between neighboring spins,
and h; are the external fields acting on the spins. This can be rewritten as
N-1
(i ith B L
H=|> EY0j,0i41) | ~hnoy, with EY(oj,0,1) = —Jioi0i+1~ 5 (hioithit10i11)

=1
(4.12)
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The superscript on E®@ indicates the coupling and field dependence on ¢. The partition

function Z is given by:

Z =Y Y exp(—BH(0)) (4.13)

=Y ) exp BZE (03,0141) | exp(—B(—hyon)) (4.14)

ON

=3 "N exp(—BEW (01, 09)) exp(—BEP (09, 03)) .. .exp(—BEN V(on_y,0n)) exp(Bhyon)

(4.15)

Define the matrix Té 2, 1 = exp(—ﬁE(i)(ai, 0i+1))- Now we can think of the spin variables

0;,0;+1 as indices of a matrix.
7 = E E T(l) T(Q) T( 1) xp(Bhyo 4.16
0102+ 0903 -+ LON_1ON € p( N N) ( . )

Recall that matrix multiplication takes the form Cj; = > ; A;By; and the contraction
properties ; Ajjvj = 371 Aijdjpvy and Y5 Ajjui By = 3751 Aijojv By The partition

function can be written as a matrix product,

Z=33" TooXpgy =1"TX1 (4.17)

01 ON o

with 7 = HN 170 where X is a matrix with entries Xotgn = Oolon exp(Bhyo’) and 1 is

the ones vector.
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The magnetization can be expressed in similar terms.

(o) =271 Y ojexp(—BH(0)) (4.18)
o1 ON
— 20T, T et TN exp(Bhyon)  (4.19)
o1 ON
— 71 TW7@ D@ p(N-Dx 4.20
;:;N: ( 4 )alaN ( )
=z TrWr®@ | pl=Dp@)  pWN-1)xq (4.21)

where 7 = diag([+1, —1]). A similar calculation leads to the formula for the correlation.

(ojoj) =z~ T =) pG=hep() (Nl x (4.22)

4.8.2  2d spin glass model

For a 2d model, we consider a square lattice with periodic boundary conditions in one

direction. The lattice can be divided into L layers of W spins (columns of spins in the

Layer index [

xS
3
8X

K5 / / / /

Figure 4.6: Schematic of the connectivity of the spin glass model.

figure). The spin ;1 is located at position ¢ in layer [. Between layers [ and [ + 1, the spin

142



0; 1 1s coupled to 0; ;1 and 6;_1 ;41 when ¢ > 1 and oy 1 when ¢ = 1. The trick for using
the transfer matrix method for 2d models is to think of each layer as a coarse-grained ‘site’
that can take 2V states, and each layer only interacts with the layer on the left and the
layer on the right. Because of this structure, we can write the Hamiltonian as the sum of

interaction energies between layers (similar to (4.12)).

L-1 w
l
H(o)=> EV(oy,011) = hiroi (4.23)
=1 =1
with
w
l —
ED(ey,0111) = | - > Ji10i100 041 + Ji—j—lai,lai—l,l+1 +higoig | - (4.24)
1=1
Here oy = (0 ,0i114,---,0w,), and for periodic boundary conditions o¢; = oyy;. The

partition function can be written as,
Z=Y Y exp(—BH(c)) (4.25)
o1 oy,

L-1 w
=" exp | 8D EV(ey.0151) | exp(BD_ hipoir) (4.26)
o1 oy, =1

i=1
W
- Z e Zexp <—6E(1)(01, 02)) ... eXp (—BE(LA)(UL—L O'L)) exp(f3 Z hi.Loi.L)
g1 oy, i=1
(4.27)
(4.28)
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Define the transfer matrix Tt(flz)mﬂ = exp (—ﬁE(l)(al, 0'1+1)>, which requires interpreting

o; as an index that can take oW values.

w
Z = Z T Z Tlgll)dthng)dg . -Tc(rijllc)rL exp(f Z hi,LUz’,L) (4.29)
g1 oL =1
L—-1
=1" | []77) x1. (4.30)
=1

where X is a diagonal matrix: X¢, o, = exp(f Zl/zl hi -0 1)

To implement the transfer matrix method computationally, one needs to choose the
ordering of values o € {(o1,...,0w;) | 015, o € {1,—1}}. For my implementation,
I chose the following ordering for an example where W = 3.

Table 4.1: All possible spin configurations oy

011 | 021 | 931
1 1 1
-1 1 1
1 -1 1
-1 -1 1
1 1 -1
-1 1 -1
1 -1 -1
-1 -1 -1

Magnetization:

w
-1 1 -1 l L—1
<O-i,l> =7 § T E Ttg'l)(fg s To('l_lt)J'lUi,lTé-l)g-l_Fl s TO('L_IQ)TL eXp(ﬁ § h’i,LO-@L)
o1 or, i=1

(4.31)

What to do with o; ; sandwiched between the transfer matrices? Note that a particular value
of g, a particular row of the table 4.1, the value of o; ; is the ith element of the row in the
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table. Thus o; ; is indexed by o and thus acts like a vector, and vectors can be de-contracted

to a diagonal matrix. The magnetization can be written,
(o) =1TTW 7= Dnr® )y, (4.32)

where 7; is a diagonal matrix with the ¢-th column of the table placed on the diagonal.

The correlation is computed the same way

(o5 00j0) =1TTH U DnpO) pk=pk) p(L) xy, (4.33)
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