Supplemental information

The situation where many interacting electrons in an electrostatic trap couple to a microwave resonator represents
an interesting physical system. Experimentally it is not possible to directly observe how electrons arrange themselves
inside the trap. However, such configurations contain important information of the electrostatic and microwave
properties of the system. Therefore, the goal of this supplement is to develop a set of tools that provides a complete
quantitative understanding of the classical interaction between few electrons in a trap and a microwave resonator.
The first step is to start with an electrostatic simulation and solve for the equilibrium position of each individual
electron in a given trapping potential.

With the electron configuration at hand, we can then calculate the dispersive shift of the cavity. We take a non-
perturbative approach to directly compute the cavity frequency from the equation of motion of the electrons-cavity
coupled system. The numerical results are confirmed by a simple analytic model in the low density regime. In the high
density regime where our experiment lies, the simulation model agrees well with the experimental data. Using this
model, we are able to derive a number of relevant quantities, such as the total number of electrons on the resonator,
and the average coupling per electron.

The fabrication recipe and experimental setup can be found at the end of the document.

Electrostatic Simulation

The first step of our modeling effort starts with the electrostatic simulation of the trapping potential. We simulate
the trapping potential for a CPW in Maxwell, a finite element simulation tool. Since the geometry does not change in
the y-direction, we only extract the cross-sectional profile. This numerical potential profile is then fitted with a 14"
order polynomial (with only the even power terms). From this we extract the second order coefficient to construct
an ideal parabolic potential for use in the molecular dynamics simulation. Our analysis shows that for the most part,
the electrons stay within 500 nm from the center, where this approximation is good.
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FIG. S1. Potential profile of the trap, showing the original numerical profile derived from a finite element simulation model; a
polynomial fit,and a parabolic approximation using the second order term of the polynomial fit.

Numerically, the electrostatic potential used in the molecular dynamics simulation is
U(x,Vep) = 0.0733 eVepa?, (S1)

where z is measured in pum from the center of the trap and V., is the bias voltage applied to the center pin.



Molecular Dynamics

To solve for the equilibrium positions of the electrons in a given electrostatic potential, we use a simulation method
called molecular dynamics. Molecular dynamics represents a class of deterministic, iterative algorithms that can be
used to find solutions to many-body problems. For this work, we use the package HOOMD [1]. This general-purpose
particle simulation toolkit scales on multi-core CPU and GPUs which allows us to quickly anneal up to 4000 electrons.

In a typical simulation run, we start with a fixed number of electrons n. Due to the large number of pairwise
interactions that grows quadratically with n, we shrink our 12 mm long resonator from the actual length down to a
50 pm X 50 pm box with periodic boundary conditions on each side. Simulation and experimental results can then be
compared by multiplying the number of electrons in the 50 um X 50 pm box by Lies/Lbox =~ 243. In the remainder of
this supplement we refer to the number of electrons on the resonator as N = 243 - n.

There is no long-range screening in our simulation. However, the Coulomb interaction is cut off at 20 um to prevent
electrons from interacting with their own image charges across the periodic boundary condition, causing an explosion
of pairwise interactions in the system.

The lowest energy electron configuration is found by annealing the system. Here the temperature of the ensemble is
gradually decreased until a temperature of below 1 K is reached. Starting from a random initial electron distribution,
a typical annealing procedure for n = 1000 (N = 2.43 x 10%) in a 50um x 50 um box takes 20 minutes. The
simulation has two input parameters: N and Vi, the second of which determines the depth of the trapping potential.
We simulate several N’s for the range of V,;, used in the experiment. Results from multiple runs with different random
initial conditions were consistent.

Fig.S2 shows equilibrium electron configurations for six different pairs of {IV, V,,}. The electrons arrange themselves
in rows along the y-direction, the direction perpendicular to the electrostatic trap. Increasing the trap bias voltage
leads to an increase in electron density, a reduction in the number of rows, and a decrease of the overall width of the
ensemble. This is depicted more clearly in Fig.S3 for N = 2.43 x 10°. In this figure the color represents the binned
electron density along z (bin size 6 nm), which was obtained by integrating the electron distribution along y. Gradual
transitions from 9 rows to 4 rows can be observed as V¢, is swept from 0 to 4V.
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FIG. S2. Examples of electron configurations obtained by molecular dynamics simulations. (a)-(c) Equilibrium electron
configurations for N = 0.61 x 10° electrons on the resonator as the bias voltage is increased from 0.5V, 1.5V to 3.0V, respectively.
(d)-(f) Same as in (a)-(c) but for N = 2.43 x 10°.
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FIG. S3. Integrated electron distribution for a large number of electrons on the resonator: N = 2.43 - 10°. For each bias
voltage the density along the z-axis was obtained by integrating the electron distribution along y. Gray dashed lines indicate
transitions that lead to configurations with one fewer row.

Equation of motion for electrons coupled to a CPW cavity

With the electron configurations in hand, our goal is to compute the dispersive resonance frequency shift. One
approach is to calculate all the electron normal modes, and use perturbation theory to find the frequency shift. This
approach is difficult, as defects in the electron Wigner crystal and the flat potential along the y-direction lead to
degenerate modes. To tackle this problem, we follow a non-perturbative approach, and calculate the cavity normal
mode from the equations of motion of the entire electron-cavity coupled system.

Electron Subsystem

To calculate the equations of motion for the electrons, we use a Lagrangian formalism. The full Lagrangian £
consists of an electronic part L., a cavity part £. and an interaction energy Lcoupling. The electronic part is given by
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where r; = (2, y;) is the coordinate of electron i and Vp(r;) is the electrostatic potential that defines the static trap
for the electrons. In our case Vpc(r) = %k‘trapr. The trap depth and thus ki;.p are determined by the center pin
bias voltage.

Cavity

Working in the charge basis, the cavity part of the Lagrangian is
Q2 Q2

where L and C are the effective inductance and capacitance respectively.



Electron-Cavity Coupling

The coupling between the electrons and the cavity can be written straightforwardly as

ﬁcouplod =e€ Z VRF (ria Q) (84)

Here Vrr(r;, Q) is the RF potential generated by the resonator. It should be emphabized that generally this potential
may have a different position dependence than the electrostatic potential Vpc(r) = ktmpz However, in this work
the electrostatic potential is determined by the bias voltage on the center pin, Whereas Vrr(r;, Q) depends on the
RF voltage (or rather charge) on the center pin. Since both potentials originate from the center pin, the functional
dependence is the same.

To proceed with the analysis, the charge and position dependent parts are separated, such that

‘Ccoupled = g Z URF (1"7,) (85)

Urr(r;) is a dimensionless function that describes the position dependence of the microwave potential.

Full Equations of Motion

The equations of motion are easily obtained by calculating the derivatives with respect to x;, y;, @ and their time
derivatives. In general
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which for the cavity results in:
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In a similar fashion, the equation of motion in the z-direction for electron ¢ becomes
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Egs. (S7) and (S8) are the exact equations of motion but are also highly nonlinear. To this end the system is
linearized around the equilibrium point (; eq, Yi,eqs @eq = 0). This means that the equations of motion will contain
terms involving r; oq. This underlines that obtaining the equilibrium electron configuration via molecular dynamics
simulations is of critical importance.

At the equilibrium point the potential energy

U= %+?ZURF Ti +€ZVDC ri) 24weozz|rl—r]\ (89)

of the system is minimized, such that
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Finally, Egs. (S7) and (S8) can be linearized. First consider Eq.(S7). If @ is a small deviation from Q. = 0 and
0z; is a small deviation from x; oq this equation may be written as
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and by using Eq.(S12) we arrive at the equation of motion for the cavity:
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FIG. S4. Schematic representation of two nearby interacting electrons located at (x;,y;) and (x;,y;). The distance between
the two electrons is given by |r; — r;| = r;;. The angle between the line that connects the two charges and the z-axis is 6;;.
Here the trap confines electrons along the x-axis. The electron spacing along the y-direction is % and finally the row spacing

is d. Note that this figure is not to scale.

Now for the electrons we linearize Eq.(S8). To do this, it is useful to note that (see Fig.S4)
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Here r;j = |rj.eq — rj,eq\ and 0;; is the angle between r; ¢q — I'jeq and the z-axis.
The linearized version of the equation of motion then becomes
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Finally, for the sake of transparency let
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such that Eq.(S17) simplifies to the linearized equation of motion for the electrons:
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Above equations show that a change in position (either in x or y) of electron j translates into an x displacement of
electron 7. In the y-direction the equation of motion follows in a similar way:
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The system of equations (S14), (S19) and (S20) can be written in matrix form as follows:
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With the kinetic matrix and mass matrix, the eigenvalue problem
M7 ;) = wi ) (524)

can be solved to obtain the normal modes |7;) and corresponding frequencies w;. The eigenfrequency corresponding
to the mode with the highest cavity participation tells us the dispersive cavity shift.

Constraining the Motion Along the z-axis

In the previous section the most general equations of motion for a two dimensional confined electron gas were
derived. In this case, the static trap is flat in the y-direction:

1
VDC(ri) = §ktrapxz'27 (825)
and Urr has the same r-dependence as Vpc:
Ugp(r;) = Bz}, (S26)

Since both Vpe and Urp do not depend on y; the equations of motion simplify drastically. Additionally, since the

trapping potential is flat along the y-direction and due to the presence of defects — either intrinsic or due to imperfect

annealing — one can get modes with imaginary or zero frequency. To reduce the impact of these modes we “freeze”

the modes in the y-direction, i.e. we set dy; = 0 in what follows to simplify the equations of motion even further.
After these simplifications the matrices that govern the equations of motion read
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Analytical Model of Simple Electron Configurations

With only two rows of electrons inside the channel, it is possible to find the lowest energy configuration analytically.
This serves as a good comparison for our numerically simulated electron configurations. Let the transverse direction
of the trap be x, then the trap is parabolic along the x direction and flat along y. If we assume no electron loss
and only two rows, as we vary the trap bias, only the transverse configuration of the electrons changes. The electron
density along the y axis (A) remains constant.

In the simple geometry depicted in Fig.S4, the force electron i exerts on its neighbor j along x is

1 €% d

4meg i Tij

(529)

Fw, single neighbor —

Since electron j has another neighbor to the right, the resulting force is close to 2F} .. If we take into account of the
next-nearest neighbor, the total force one electron experiences is

Fz,total = ’YFCE, single neighbor; (830)



where v & 2.08. Depending on the electron density, v grows from 2.08 in the sparse limit to around 2.38 in the dense
limit where the ensemble transits into 3 rows.
Now to find the equilibrium configuration, we have

*Fz,trap = ’YF:c,single neighbor- (831)

Note that the z-location of the electrons is measured from the center line, therefore = d/2. We can then rewrite
Eq.(S31) as

ek d_ 7e’ 1 4
trap2 a 4dmeq (1/)\)2+d2 ’I"ij.

(S32)

Here kirap is the curvature of the trap, which grows linearly with respect to the trapping bias voltage V.. For any
bias voltage, we can now solve for d in the equilibrium configuration

d2< R )2/3(1/)\)2. (S33)

kirap 2T€q

In Fig. S5 we plot the width of the ensemble for different densities .
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FIG. S5. 2-row ensemble width as a function of trap bias voltage V., at various electron densities. An electron density of
A =0.8 (2.0) pm~! corresponds to N = 9.7 x 10® (N = 2.4 x 10*) electrons on the resonator.

For simple configurations that have only 1 ~ 2 rows, we derived the analytical solution of the electrostatic equilib-
rium configuration. However, as the electron density and the number of rows increase, the total number of interactive
terms that need to be taken into account quickly grows to become unmanageable. More importantly, because the
trapping potential is more shallow on the side than in the middle, adjacent rows of the electron ensemble are not
commensurate. This means when there are more than 2 rows, the electrons cannot form a perfect crystal in a chan-
nel with parabolic transverse profile and our analytical solution breaks down. Therefore, for more than 2 rows we
calculate the equilibrium position of the electrons numerically using our molecular dynamics formalism.

Modeling Electron-Induced Cavity frequency Shift

Using the equation of motion of the constrained electron-cavity coupled system, we can now calculate the electron-
induced cavity frequency shift at various bias voltages V., with different number of electrons V. First, we calculate
the normal mode frequency of a simple 2-row electron ensemble, using the analytical solution to the equilibrium
configuration (Eq.(533)). Then we compare this result with the normal mode frequency calculated from electron
configurations obtained using HOOMD. The results are depicted in Fig.S6.
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FIG. S6. Comparison between the analytical model and the molecular dynamics simulation for two different numbers of trapped
electrons: N = 0.41 - 10° (left column) and N = 0.61 - 10° (right column). Top: binned electron density (bin size = 6 nm) as a
function of  via HOOMD simulation (color in the background) and calculated width of a two row electron configuration obtained
from the analytic model (blue). Note that there is no free parameter. Bottom: Cavity frequency shift solved numerically (with
HOOMD, orange dots) and analytically (blue). In the analytical solution, a simplified version of the equations of motion was
used.

In Fig.S6a and S6b., we compare the z-locations of the electrons in the ensemble from HOOMD with those from
the analytic model. In the analytical model, we only take into account nearest neighbor interactions, such that the
geometric parameter v in Eq.(S33) is equal to 2.08. Clearly, this results in good agreement in the region where
Vep > 1.0V. For lower bias voltages it is energetically more favorable to form three rows instead.

Next we compare the cavity frequency shift for both cases. The cavity frequency shift is obtained by solving
the equation of motion, Eq.(S24). For the analytical model we exploit symmetry to simplify the kinetic matrix .
Therefore, the problem reduces to diagonalizing a 2 x 2 matrix M1/, where

deSwS LN ekipap + 2k12

Here wg = 1/1/LC is the resonance frequency of the resonator and 3 = 0.0733 m~2 from Eq.(S1).

The results are shown in Figures S6c and S6d. Again, both plots show good agreement between the analytical
model and molecular dynamics simulation. The largest deviation occurs when the bias voltage is low, where the
electron configuration transits from 3 to 2 rows. As expected, the 2-row analytic model no longer describes the
correct geometry in this regime.



11
Comparison with experimental data at higher densities

The electron ensembles encountered in our experiment are much more complicated than the simple cases mentioned
above. However, using the molecular dynamics simulation package HOOMD [2], we are able to anneal systems far
beyond the simple 2-row case, and solve for the cavity frequency shift using these configurations.
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FIG. S7. Comparison of the measured cavity shift (gray) to the simulated cavity shift (color). The number of electrons in the
simulation was increased from N = 0.49 x 10° (blue curve) to N = 2.43 x 10°. For the intermediate curves the number of
electrons N (in units of 10°) is depicted next to each curve.

The key observations in our experiment are the smooth change of the cavity frequency shift during the bias voltage
sweep, and the sharp jumps corresponding to irreversible electron loss from the trap. In our numerical model, we are
able to replicate both of these phenomena by calculating the cavity frequency shift for each point in our Ve, sweep,
and for various number of electrons N in the trap. For each curve in Fig. S7, we do not rescale the x or y axis nor is
there any offset applied. The only free parameter is N. By comparing the simulation with the experimental data, we
are able to estimate how many electrons are present for each trace in the experiment shown in the main text. The four
curves that match the experimental data have N = 0.61 x 10°, N = 1.09 x 10°, N = 1.70 x 10° and N = 2.43 x 10°.

In the experiment, an important observation is the loss of electrons from the trap. With the equilibrium positions,
such a process can be simulated. Let us assume there is a leak in the trap with a threshold voltage Vie.x that is
independent of the trap bias. If the screened potential (Fig. S8) that an electron feels is higher than this threshold
voltage, it is energetically more favorable for this electron to leak out of the trap. Hence the configuration is unstable.
To determine the threshold voltage, we compute the screened potential for all electrons in each configuration. Then
we find the threshold voltage that produces the best fit to the experimental data.

The actual value of the leak voltage determines the starting point of each of the curves in Fig. S7. A leak voltage
of 530 mV gives the best fit to the data, shown in Fig. S9.

Normal modes of the electron configuration and coupling strength

The same normal mode solution to the electron-cavity coupled system also gives access to the relevant modes in the
electron subsystem. By picking the ten most strongly coupled electron modes, we can estimate the electron normal
mode frequency during the voltage sweep.

In Fig.S10a we plot the normal mode frequency of the trapped electrons. For most V¢, the electron mode frequency
is tens of GHz, indicating that we are working in the dispersive limit. In this limit the cavity shift is given by Ng2_./A,
where grms is the rms electron-cavity coupling and A is the frequency difference between the electron normal mode
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FIG. S8. Comparision between the trap potential (light blue) and the screened potential when electrons are present (red).
A green rectangle in the middle shows where the electrons appear. The rugged shape of the screened potential is due to the
discreteness of the electron configuration.
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FIG. S9. Loss frontier calculated using Vieax = 530 mV. The model fits well with the hysteresis data until the electron ensemble
is reduced down to mostly a single row in the trap.

and the cavity resonance. A closer look at the electron mode evolution for N = 0.61 x 10° reveals an interesting
feature. For this curve, the electron density is low enough to support only 1 or 2 rows of electrons. As we increase the
bias voltage, the electron normal mode initially grows as \/VTP , but rolls off as the angle € between each electron and
its nearest neighbor approaches m/2 (see Fig.54). At 6 = 7/2 the electrons form a single row such that the coupling
to the cavity vanishes. The voltage at which this happens is determined by the electron density A and can be modeled
precisely with our analytical model.

For higher N, where there are more than 2 electron rows, the electron normal modes evolve mostly as \/Wp . Minor
row-reconfigurations occur, which result in small jumps in the normal mode frequency.

Using the fact that we are in the dispersive limit, we can now look at the rms coupling per electron at different
Vep and different N. This is depicted in Fig.S10b. In general, the coupling per electron decreases as the bias voltage
increases and higher N leads to a higher overall coupling. Upon further analysis, we found that this trend is mostly
due to the linear relationship between the location of an individual electron and its coupling to the cavity. In our
normal mode solution, for an electron located at a equilibrium position x; o, the coupling term between the electron
and a single photon excitation in the cavity is

2efT;j cq

C

If we plot the rms coupling per electron as a function of the overall ensemble width, the relationship is roughly linear
for constant N, while ensembles with more rows have a smaller rms coupling.

Experimental Setup

The measurements are done dispersively by measuring the shift in the cavity resonance frequency.



—
Q
fa)

(b) 2.0 (c) 1.0, : ‘ = o
80 o N=2.43 x10° - mmm gnalytical o H .._-"_‘.
«  N=1.70x10° _ 1.5 1 0.8 Q] ."'.'. O
N 60 o N=1.09x10° s 2% E o6 R
) N=0.61 x10° 3 K = .}_: ~
< 40| | e 1.0f c R
s g < 0.4 S A
3 & &
20t 0.5 0.2t .0‘
4 ‘4
: : : : : 0. : : : : 0. : : : :
8.0 05 1.0 15 20 25 3.0 8.0 05 1.0 20 25 3.0 8.0 0.2 0.4 0.6 0.8

Center Pin Voltage Bias, V, (V)

Center Pin Voltage Bias, V,, (V)

Ensemble half width (um)

FIG. S10. (a): Electron normal mode frequency for N = 0.61 x 10® (orange), N = 1.09 x 10° (red), N = 1.70 x 10° (green) and
N =2.43 x 10° (blue). (b): rms coupling per electron for different values of N. Same color coding as in (a). (c): rms coupling
per electron plotted as a function of the electron configuration width. Same color coding as in (a). Small gaps in the solution
appear for V, that correspond to row transitions. For these points the unstable equilibrium configuration results in solutions
where a small fraction of the electrons has a disproportionate displacement.

An Agilent network analyzer is connected to the input and output ports of the cavity with attenuation along the
input line for photon thermalization and amplification on the output. Low-pass filters filled with the Eccosorb epoxy
are used to filter out thermal photons that would otherwise enter the sample box and affect the cavity Q.
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FIG. S11. Left: microwave measurement setup, right: gas handling system.

To feed helium into the hermetic sample box, particular consideration was taken to thermalize the room temperature
helium gas with each stage of the fridge. Stainless steel capillary tube was wrapped around and soldered to copper
cylinders at each stage of the fridge. Above 4K, 0.085” ID (1/8” OD) tubes were used to prevent plugs, while below
4K the capillary tube had an ID of 0.022” (1/16” OD).

During the experiment, the transmission spectrum of the cavity is monitored using a network analyzer (NWA). The
electrons are loaded by pulsing a small filament briefly with a negative bias voltage. As the sample cools down after
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the loading, we record the cavity resonance frequency and the quality factor.

FIG. S12. Fig a: 3D rendering of the system, showing the cutaway view of the sample box, with the sample mounted in the
Arlon breakout board. Fig b: 3D rendering of the geometry of the channels, filled with liquid helium with electrons trapped
on the surface. Fig c: a photo of the setup inside the dilution refrigerator. The sample box is located next to the white arrow.
Fig d: a close-up of the sample box mounted at the base-stage of the dilution fridge. The helium line is hermetically sealed to
the lid of the box with indium seal from the inside behind the filament.

Device Fabrication

The coplanar waveguide resonator chip is fabricated via a two-step e-beam lithography process. The ground plane
is made of 800 nm thick niobium, whereas the center pin of the waveguide is made of 80 nm aluminum. All patterning
is done on a JOEL 100keV e-beam writer.

Due to the thickness of the niobium layer (800nm), an aluminum hard mask is required for the etching. Re-
depositioning of aluminum (micro-masking) occurred during the RIE process, which is mitigated by over-etching at
the end.

Below we list all the fabrication steps:

1. First Layer

(a) Nb deposition and wafer preparation
(b) Coat 2-inch sapphire wafer with 800 nm Nb



(c) Coat wafer with aluminum as the dry etch stopper layer
2. E-beam lithography

(a) Spin coat ZEP 520 at 3000 rpm for 45 s
(b) Bake resist at 150C for 180 s
(c) Pattern with a JEOL JBX9300FS tool; area dose 1600 C/cm?.
(d) Develop ZEP in xylene at 0°C, rinse with DI water.
)

(e) Oxygen plasma clean 10 min
3. Dry etch (reactive ion etching)

(a) Prepare the chamber by running the Al etch recipe for 10 min.

(b) To pattern the aluminum hard mask use BCl3(3.0 sccm) and Cly(24.0 sccm) at 20°C, for 1:45 min.
(¢) Prepare the chamber by running the Nb etch recipe for 10 min.

(d) Then with SFg(25 sccm) + Ar (5 scem) at 20°C, for 15 min until etched through.

4. Second layer:

(a) E-beam lithography
i. Spin coat ZEP 520 at 4000 rpm for 45 s.
ii. Pattern with JOEL tool at area dose of 1600 C/cm?.
iii. Develop ZEP at 0°C, rinse with IPA and DI water.
iv. Oxygen plasma clean 10 min
(b) Aluminum lift-off
i. Evaporate 80 nm of aluminum
ii. Dip wafer in n-methylpyrrolidone (NMP) heated to 60°C,
iii. As the resist dissolves away, gently blow away the aluminum and dip into acetone heated to 60°C

iv. take out and blow dry.

[1] J. A. Anderson, C. D. Lorenz, and A. Travesset, J. Comput. Phys. 227, 5342 (2008).
[2] “HOOMD,” .
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