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ABSTRACT

This dissertation studies the problem of aligning artificial intelligence systems with human

preferences through three fundamentally connected dimensions: personalization, robustifi-

cation, and evaluation. Modern AI systems increasingly operate in interactive environments

where they must adapt to diverse users, learn from imperfect feedback, and continuously

assess the quality and alignment of their own behaviors. These challenges are intrinsi-

cally sequential: effective personalization requires learning from human interactions; such

interaction-driven systems must remain reliable under noisy or adversarial feedback, mo-

tivating robustification; and understanding whether these systems truly align with human

preferences ultimately requires principled evaluation frameworks. Addressing this pipeline

demands both rigorous modeling and learning algorithms with strong theoretical guarantees.

First, from the perspective of personalization, this dissertation develops personalized

decision-making frameworks based on contextual reinforcement learning, with applications

such as auto-bidding systems in digital advertising. A central challenge in these environments

is learning from delayed and cumulative user responses while adapting to heterogeneous

preferences across individuals and contexts. We propose learning algorithms that effectively

balance exploration and exploitation under delayed feedback and state-dependent effects,

achieving near-optimal theoretical guarantees and strong empirical performance. These re-

sults demonstrate how AI systems can adapt their behaviors to individual users in complex

interactive environments.

However, personalization necessarily relies on feedback collected from human interac-

tions, which is often noisy, inconsistent, strategic, or even adversarial. This motivates the

second part of the dissertation on robustification. We investigate learning under imper-

fect and corrupted human feedback and establish an intrinsic efficiency–robustness trade-off

showing that algorithms with faster statistical efficiency are generally more vulnerable to

adversarial or corrupted observations. This vulnerability becomes even more pronounced in
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multi-agent systems, where the manipulation of a single agent can substantially alter global

interaction dynamics and collective behavior. Our results reveal how localized attacks may

propagate system-wide and motivate the design of defense-aware and corruption-resilient

learning algorithms.

Finally, once AI systems become adaptive and robust, a fundamental question remains:

how should we evaluate whether their behaviors are truly informative, diverse, and aligned

with human preferences? To address this challenge, the final part of this dissertation studies

information conveyance in the generation space of large language models and other gener-

ative AI systems. We introduce principled information-theoretic measures and statistically

consistent estimators, grounded in a tree-based view of language generation, to characterize

how uncertainty and semantic diversity are distributed across model outputs. Our anal-

ysis provides new insights into how fine-tuning reshapes generation uncertainty into more

informative, semantically meaningful, and human-aligned behaviors, rather than merely re-

ducing diversity. Together, these contributions establish a unified perspective on aligning

AI systems with human preferences through adaptive personalization, robust learning under

imperfect feedback, and principled evaluation of generative behaviors.
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CHAPTER 1

INTRODUCTION

Artificial intelligence systems are increasingly deployed in high-stakes, interactive environ-

ments where decisions are shaped by human feedback, strategic interactions, and long-term

consequences. From recommendation systems and online advertising to multi-agent plat-

forms and human-in-the-loop AI alignment, modern learning systems must adapt to diverse

users while operating under imperfect observations, delayed outcomes, and strategic or ad-

versarial behavior. In such environments, the central challenge is no longer merely optimizing

prediction accuracy, but aligning artificial intelligence systems with human preferences in re-

alistic and dynamic settings. Achieving this goal requires a principled understanding of how

learning algorithms behave when classical assumptions—such as clean feedback, independent

observations, and immediate rewards—are violated.

To address these challenges, this dissertation studies the design and analysis of learn-

ing algorithms in complex interactive environments through three fundamentally connected

perspectives: personalization, robustification, and evaluation. These directions follow an

intrinsic logical progression. First, AI systems must learn to personalize decisions and adapt

to heterogeneous users in sequential environments. However, personalization necessarily

depends on learning from human interactions, where feedback is often noisy, inconsistent,

strategic, or adversarial, motivating the need for robustification. Finally, once systems be-

come adaptive and robust, a fundamental question remains: how can we evaluate whether

their behaviors are truly informative, reliable, and aligned with human preferences? This

dissertation develops theoretical foundations and algorithmic tools across all three stages,

contributing toward the broader goal of building reliable, adaptive, and trustworthy AI sys-

tems.
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1.1 Personalized Decision-Making under Delayed Rewards

We begin with personalization, a defining feature of modern AI systems that interact contin-

uously with heterogeneous users. In applications such as online advertising, recommendation

systems, and adaptive decision-making platforms, effective learning requires understanding

how actions influence users over time. These effects are often delayed, cumulative, and

user-specific. For example, an advertisement may not trigger an immediate conversion but

may gradually influence future user behavior through repeated exposure, reinforcement, or

fatigue.

To model these challenges, we formulate ad bidding as a contextual Markov decision

process (CMDP) with delayed Poisson rewards. This framework simultaneously captures

delayed and long-term effects of actions, cumulative impacts such as reinforcement or fatigue,

and heterogeneity across users.

To tackle the resulting estimation and decision-making difficulties, we propose a two-

stage maximum likelihood estimation framework combined with data-splitting techniques

that control error propagation across stages. Building on this framework, we design rein-

forcement learning algorithms with near-optimal regret guarantees of Õ(dH2
√
T ), where d

is the contextual dimension, H is the horizon, and T is the number of users. These results

demonstrate that explicitly modeling delayed, cumulative, and heterogeneous treatment ef-

fects can substantially improve personalization quality in interactive learning systems.

1.2 Learning from Imperfect Human Feedback

While personalization enables AI systems to adapt to users, such adaptation fundamentally

relies on human feedback. In practice, however, human responses are rarely clean or sta-

tionary. Feedback may be noisy, inconsistent, strategic, or evolve over time due to cognitive

biases, limited information, or learning effects. Ignoring these imperfections can lead to
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misleading conclusions and unstable learning dynamics.

To address this challenge, we study the framework of Learning from Imperfect Human

Feedback (LIHF), modeling the problem as a continuous-action dueling bandit under struc-

tured corruption whose magnitude decays over time. This captures the realistic phenomenon

that humans gradually improve and provide more reliable feedback through repeated inter-

actions.

Within this setting, we establish a regret lower bound of Ω
(
max{

√
T , T ρ}

)
, revealing the

intrinsic difficulty of learning under imperfect feedback. To match this lower bound, we de-

velop the Robustified Stochastic Mirror Descent for Imperfect Dueling (RoSMID) algorithm,

which achieves near-optimal regret Õ
(
max{

√
T , T ρ}

)
. Beyond this specific algorithm, we

introduce a broader analytical framework for studying gradient-based methods under cor-

ruption, enabling applications across a wide range of preference-learning and interactive

optimization problems.

1.3 Robustness in Multi-Agent Learning

The challenge of imperfect feedback becomes even more severe in multi-agent systems, where

multiple learning agents interact strategically and influence one another’s behavior. Such en-

vironments naturally arise in markets, auctions, recommendation platforms, and distributed

decision-making systems. In these settings, local perturbations may propagate through the

interaction dynamics and produce large-scale system-wide effects.

A central question we study is: how robust are multi-agent learning algorithms to adver-

sarial manipulation? Surprisingly, we show that even minimal adversarial power can have

dramatic consequences. In particular, poisoning the observations of a single agent is suffi-

cient to destabilize the entire system and drive the learning dynamics toward outcomes far

from the desired Nash equilibrium.

Our analysis reveals a fundamental efficiency–robustness trade-off in multi-agent learn-
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ing. Algorithms with faster convergence rates are inherently more vulnerable to adversarial

perturbations and can be manipulated using only a sublinear corruption budget. Conversely,

algorithms with stronger robustness guarantees must necessarily sacrifice efficiency. These

results expose fundamental limitations of existing learning dynamics and provide guidance for

designing defense-aware algorithms that balance speed, robustness, and resilience in strategic

environments.

1.4 Information Conveyance in Fine-Tuned Language Models

Once AI systems become adaptive and robust, a final challenge remains: how should we eval-

uate whether these systems are truly aligned with human preferences? Existing evaluation

frameworks for large language models often focus on task accuracy or token-level uncertainty

while overlooking how information is distributed across the entire generation process. In par-

ticular, output length acts as a major confounding factor, making it difficult to distinguish

whether fine-tuning genuinely improves information conveyance or merely reduces diversity.

To address this issue, we introduce Canopy Entropy (CE⋆), an information-theoretic

measure that views language generation from a tree-based perspective, where the “canopy”

represents the space of all possible rollouts. Under this view, CE⋆ naturally characterizes the

effective size and structure of the generation space. Unlike token-level uncertainty measures,

it jointly captures uncertainty in both the output length N and generated sequence Y1:N

through the total Shannon entropy H(N, Y1:N | X), where X denotes the prompt.

This formulation further yields interpretable quantities such as the length–uncertainty

correlation ρ(N, rN ), where rN denotes the entropy rate. This correlation measures infor-

mation conveyance efficiency by characterizing whether longer outputs remain informative

on a per-token basis. Empirically, across tasks and model families, we find that fine-tuned

models consistently exhibit stronger positive correlation ρ(N, rN ), even when total entropy

decreases. Moreover, after controlling for task, prompt, model family, and output length,
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we find that fine-tuning substantially strengthens the relationship between entropy rate and

semantic diversity. These findings suggest that aligned models do not simply reduce uncer-

tainty; rather, they reorganize uncertainty into more informative, semantically meaningful,

and human-aligned generations.

1.5 Organization of the Dissertation

The remainder of this dissertation is organized as follows. Chapter 2 studies personalized

decision-making under delayed rewards and develops contextual reinforcement learning al-

gorithms for heterogeneous users. Chapter 3 introduces the framework of learning from

imperfect human feedback and presents the RoSMID algorithm with near-optimal guaran-

tees. Chapter 4 studies robustness in multi-agent learning and establishes the efficiency–

robustness trade-off under adversarial poisoning. Chapter 5 develops information-theoretic

tools for evaluating information conveyance in fine-tuned language models through the lens of

Canopy Entropy. Finally, Chapter 6 concludes with broader implications and future research

directions.

In summary, this dissertation develops a unified perspective on aligning AI systems with

human preferences through adaptive personalization, robust learning under imperfect feed-

back, and principled evaluation of generative behaviors. By studying learning under delayed

rewards, corrupted observations, strategic interactions, and uncertainty in generation, this

work advances the theoretical and algorithmic foundations of reliable, adaptive, and human-

centered artificial intelligence systems.
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CHAPTER 2

LEARNING PERSONALIZED AD IMPACT VIA CONTEXTUAL

REINFORCEMENT LEARNING UNDER DELAYED REWARDS

2.1 Introduction

E-commerce is expanding rapidly worldwide, with online sales expected to constitute 23%

of total retail by 2027, supported by a 14.4% annual growth [ITA, 2025]. This growth has

made digital advertising inevitable, empowering tech giants like Google, Meta, Microsoft,

and Amazon, which leverage automated auctions to connect advertisers with customers.

Auto-bidding, where platforms handle bid placement on behalf of advertisers, has grown sig-

nificantly because of its simplified interaction for the advertisers and improved performance

thanks to real-time optimization [Aggarwal et al., 2024, Google Ads Support, 2025, Facebook

Ads, 2025, Microsoft Ads, 2025, Amazon Ads, 2025]. Given its importance, it is crucial to

develop effective ad bidding strategies.

Developing effective bidding strategies requires accurately understanding advertising im-

pacts. Psychological studies have long shown that advertising has a delayed and long-term

impact on consumer beliefs and attitudes, ultimately shaping purchasing behavior over time

[Vakratsas and Ambler, 1999, Lewis and Wong, 2022, Sakalauskas and Kriksciuniene, 2024].

Advertising effectiveness varies significantly across individuals. Observational studies re-

veal substantial heterogeneity based on demographics, platform usage patterns, and cen-

sus data [Liu et al., 2019, Gordon et al., 2019]. These insights recommend personalized

e-commerce advertising, suggesting platforms should leverage customer data to target high-

value users and optimize bidding strategies tailored to diverse behavioral profiles [Sakalauskas

and Kriksciuniene, 2024]. Additionally, the impact of ads also depends on their cumulative

effect: while repeated exposure can strengthen brand recognition, it may also lead to ad fa-

tigue—highlighting a subtle trade-off that is often overlooked in “learning to bid” literature
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[Pechmann and Stewart, 1988, Lane, 2000, You et al., 2015, Bell et al., 2022, Guo and Jiang,

2024].

Limitation in recent work. However, these insights are not fully reflected in current

algorithmic designs. The problem of “learning to bid” has been widely studied, with most

prior work modeling it as a (contextual) bandit problem that assumes immediate rewards,

such as click-through rates, which prioritizes short-term customer engagement [Weed et al.,

2016, De Haan et al., 2016, Ren et al., 2017, Feng et al., 2018, 2023, Han et al., 2024a,

Zhang and Luo, 2024b]. This approach, however, neglects the delayed and cumulative effects

of advertising on consumption, potentially leading to incentive misalignment [Deng et al.,

2022]. This misalignment is further exacerbated by the rise of auto-bidding systems, where

platforms automatically manage bidding decisions on behalf of advertisers. While platforms

typically optimize for engagement-based metrics, advertisers ultimately care about long-

term revenue growth via production conversion 1. Recent work has therefore begun to

emphasize metrics like target return on ad spend as a practical alternative [Wang et al., 2019,

Aggarwal et al., 2024] and design bidding strategies which account for delayed and cumulative

effects of ads. Recently, Badanidiyuru et al. [2023] models the long-term causal impact of

ad impressions using Markov Decision Process with mixed and delayed Poisson rewards.

However, this approach assumes homogeneous treatment effects across users, overlooking

the importance of personalization, a crucial factor in advertising effectiveness. To the best

of our knowledge, no theoretical work jointly addresses all three aspects—delayed effects,

cumulative impacts, and heterogeneity—in modeling ad effectiveness and designing bidding

algorithms, potentially due to the modeling complexity and difficulty in estimation.

Our contribution. To address this gap, motivated by the initial proposal of Contextual

Markov Decision Process (CMDP) [Hallak et al., 2015] to model customer behavior during

website interactions, we model auto-bidding as CMDP with delayed Poisson rewards—using

1. We defer a more detailed discussion of the “learning-to-bid” literature to Appendix A.1.1
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context to capture personalized ad impacts and states to capture ads cumulative effects. For

effective estimation, rather than fitting all model parameters simultaneously using a single

giant likelihood function, we introduce a novel data-splitting strategy and develop a two-

stage maximum likelihood estimator that ensures controlled estimation error in the presence

of delayed impacts. Based on this efficient online estimation oracle, we design a reinforcement

learning algorithm to solve the CMDP with near-optimal regret of Õ(dH2
√
T ), where d is

the contextual dimension, H is the number of rounds, and T is the number of customers.

Finally, we perform simulation studies which validate our theoretical findings.

2.2 Modeling Personalized Ad Impact by CMDP with Delayed

Rewards

Notation. For a positive integer T , we denote [T ] = {1, 2, . . . , T}. We use standard

asymptotic notations, including O(·), Ω(·), and Θ(·), as well as their counterparts Õ(·),

Ω̃(·), and Θ̃(·) to suppress logarithmic factors. The symbol e represents the base of the

natural logarithm. The Mahalanobis norm is defined as ∥x∥Σ =
√
x⊤Σx. ∥ · ∥2 represents

L2 norm. For vectors x and y, we use ⟨x,y⟩ and x⊤y interchangeably to denote their inner

product.

To address the complexities of advertisement impacts on product conversions, we model

online ad bidding as a Contextual Markov Decision Process (CMDP). This framework cap-

tures the three key impacts discussed in Section 2.1 and allows transitions and rewards

to depend on context xt, personalized information of customer t, supporting dynamic and

personalized bidding. While incorporating xt directly into the state is possible, it greatly en-

larges the state space and complicates learning [Levy and Mansour, 2023]. Instead, we adopt

a CMDP formulation—common in user-driven applications—that keeps the state compact

and treats context as auxiliary information [Hallak et al., 2015], preserving both efficiency

and personalization. Our analysis focuses on ad platforms that bid on behalf of advertisers.
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We use “ad platform” and “learner” interchangeably.

Mathematically, a CMDP is defined as the tuple (X ,S,A,M), where X ⊆ Rd represents

the contextual feature space, S denotes the state space capturing customer ad exposure

history, and A is the action space for ad bidding strategies. The mapping M assigns each

context x to a Markov Decision Process (MDP), M(x) = (S,A,Px,Rx, S1, H), where the

state transition probability Px and reward function Rx depend on x. S1 is the initial

state. H represents the maximum number of customer-learner interactions with details in

the context of online bidding as below.

Definition 2.2.1 (State). The state of customer t at round h, denoted as Sth = [Sth,1, S
t
h,2],

encodes information about the two most recent ad exposures. Specifically, let Gth,1 represent

the round of the most recent ad impression, we set Sth,1 = h − Gth,1, which captures the

time elapsed since that impression. Similarly, let Gth,2 denote the round of the second-

to-last ad impression, we set Sth,2 = Gth,1 − Gth,2, representing the time interval between

the two most recent impressions. Sth,1 ∈ H1 = {∞, 1, 2, . . . , H − 1} and Sth,2 ∈ H2 =

{−∞, 1, 2, . . . , H − 2}. The interpretation of ∞ and −∞ is deferred to Remark 2.2.1.

Assumption 1 (Observation). The expected product conversion rate µth at round h for

customer t with context xt follows

µth =


dSth,1

x⊤t θSth,2
if oth = 0

x⊤t θSth,1
otherwise.

The observed product conversion yth follows a Poisson distribution, i.e. yth ∼ Poi(µth).

dSth,1
represents the delayed advertisements impact, Sth,1 ∈ H1 = {∞, 1, 2, . . . , H − 1}. oth

indicates the bidding outcome for customer t at round h. oth = 1 if the bid is won and oth = 0

otherwise.

Remark 2.2.1. If customer t has no prior ad exposure, the state is Sth = [∞,−∞]. Specif-
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ically, when no advertisement has been successfully displayed, product conversion yth ∼

Poi(µth), where µth = d∞x⊤t θ−∞, Here, x⊤t θ−∞ represents the natural demand in the ab-

sence of ads, which may vary with context xt to capture factors such as income, preferences,

tastes, and seasonality [Manandhar, 2018]. We set d∞ = 1 to avoid identifiability issue. If

the learner wins the bid, yth ∼ Poi(µth) with µth = x⊤t θ∞, where θ∞ captures the effect of

first-time ad exposure. It is possible to generalize the linear modeling of the expected product

conversion rate to a more flexible form, i.e., µth = hSth,1
(xt). For example, hSth,1

may be mod-

eled as a state-dependent neural network, though this would come at the cost of sacrificing

theoretical guarantees. We refer readers to Appendix A.1.2 for a detailed discussion.

Figure 2.1: Illustration

As illustrated in Figure 2.1, if no new adver-

tisement is displayed at round h, the impact of

the previous ad shown at round Gth,1 carries over,

with a delayed and long-term effect governed by

dh−Gth,1
, depending on the time interval h−Gth,1.

This delayed factor allows ad effects to span multiple rounds, enabling delayed conversion

peaks, as dl is not restricted to be less than 1. This results in an expected product conver-

sion of dh−Gth,1
x⊤t θGth,1−G

t
h,2

(Assumption 1), where θGth,1−G
t
h,2

captures the impact of the

ad shown at Gth,1, which affected by its most recent predecessor at Gth,2. In contrast, if a

new ad is successfully displayed at round h, its effect overrides the previous one, but itself

is influenced by the most recent prior impression at round Gth,1. The resulting impact is

modeled by θh−Gth,1
, leading to an expected conversion of x⊤t θh−Gth,1

.

A natural question arises: why does the cumulative advertising impact depend only on

the most recent display, rather than the entire history of ad exposures? This modeling choice

is motivated by the recency effect, a well-documented cognitive bias in psychology and mar-

keting [Murphy et al., 2006, Chatfield, 2016, Phillips-Wren et al., 2019]. It suggests that

individuals tend to place greater weight on recent experiences when making decisions. This
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phenomenon is especially relevant in advertising, where exposure timing significantly affects

consumer behavior [Chatfield, 2016], and underlies practical approaches like Google’s attri-

bution models [Google Ads Attribution, 2025] which uses last-touch heuristics that prioritize

recent ad exposures. In fact, our state formulation is very flexible and readily accommodates

an enlarged state space. It supports a broad class of CMDP formulations for θS , where S

encodes domain knowledge about ad effects, and remains compatible with our proposed

learning algorithm. For example, if we believe that all past ad exposures contribute to cus-

tomer behavior, we can easily extend the state to include Sth = [Sth,1, S
t
h,2, n

t
h], where nth is

the total number of successful ad displays in the past. We refer readers to Appendix A.1.3

for a detailed discussion of the flexibility of our state formulation.

The bidding outcome oth depends on both learner’s bid ath and the competitors’ bids. The

bidding space is given by ath ∈ [0,BA], where BA is the maximum allowable bid. ath = 0

indicates that the learner opts out of the auction. At each round, the learner submits ath

and wins if its bid exceeds all competitors’ bid. The probability of winning by ath is shown

below.

Definition 2.2.2 (Transition). For a given bid amount ath, the probability of winning the

auction, denoted as P(oth = 1), is modeled by Fh(ath,xt), where Fh : [0,BA] × X → [0, 1]

represents the cumulative distribution function (CDF) of the Highest Other Bids (HOB).

Remark 2.2.2. Given the current state Sth = [Sth,1, S
t
h,2] and bid ath, the next state transi-

tions according to Fh(ath,xt). With probability Fh(ath,xt), the bid is successful, and the

next state is Sth+1 = [1, Sth,1]. Otherwise, the bid is lost, and the state transitions to

Sth+1 = [Sth,1 + 1, Sth,2]
2.

This CDF, Fh(ath,xt), of HOB captures the competitive bidding environment by mod-

eling both context xt and time h, allowing for round-to-round variation from changing

2. Due to the special meaning of ∞ and −∞, we define h−∞ =∞, and h−∞− (−∞) =∞.
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competitors and context-driven bid adjustments. In line with standard practice, we con-

sider a full information feedback setting, where the realized HOB mt
h is observed by the

learner regardless of the bidding outcome [Cesa-Bianchi et al., 2014, Feng et al., 2018, Zhang

et al., 2022, Badanidiyuru et al., 2023]. This setting is practical since bidders can always

access the “minimum-bid-to-win" feedback [Google Developers, 2024]. Also, ad platforms

inherently know realized bids for their auto-bidding algorithms. We assume mt
h follows a

lognormal distribution, a common modeling choice in the literature for advertisement auc-

tions [Laffont et al., 1995, Wilson, 1998, Smith et al., 2003, Skitmore, 2008, Ballesteros-Pérez

and Skitmore, 2017] (Assumption 2), resulting the probability of winning with a bid ath as

Fh(ath,xt) = Φ((log(ath) − ⟨xt,βh⟩)/σh), where Φ denotes the CDF of the standard nor-

mal distribution, βh ∈ Rd represents the highest willingness to pay for displaying ads from

other competitors, capturing the competitiveness of the environment, while σh reflects the

associated variability.

Assumption 2 (Lognormal Distribution of HOB). log(mt
h) ∼ N (⟨xt,βh⟩, σ2h).

In a second-price auction, the format we study, the winning bidder pays the second-

highest bid, with payment given by ph(ath,xt) = ath−
1

Fh(ath,xt)
∫ ath
0 Fh(v,xt)dv. This format

is standard in both industry and research [Cooper and Fang, 2008, Weed et al., 2016, Zhao

and Chen, 2019], and our analysis extends to other single-item auctions without entry fees,

such as first-price auctions. To bid effectively, the learner must balance the probability

of winning, the incurred payment, and the expected product conversion. Without loss of

generality, we normalize the value of each unit of product conversion to ν = 1, leading to

the following definition of the expected reward.

Rth

(
Sth, a

t
h,xt

)
= dSth,1

⟨θSth,2 ,xt⟩(1−Fh(a
t
h,xt)) + (⟨θSth,1xt⟩ − ph(a

t
h,xt))Fh(a

t
h,xt).

By these formulation, in the context of online bidding,
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the tuple (X , S, A, Pxt , {Rth
(
Sth, a

t
h,xt

)
}Hh=1, S

t
1, H) is a CMDP (Fact 2.2.1, Appendix

A.4.1). Pxt is the joint probability distribution of states Sth, induced by {Fh(·,xt)}h∈[H].

We direct reader to Appendix A.1.4 for an illustration example for modeling online bidding

as a CMDP.

Fact 2.2.1. (X ,S,A,Pxt , {Rth
(
Sth, a

t
h,xt

)
}Hh=1, S

t
1, H) is a CMDP.

2.2.1 Learning goal: regret minimization

The learner interacts with T customers over H rounds, receiving context information xt for

customer t. The learner begins without prior knowledge of the product conversion parameters

Θ = {θl}l∈H ∪ {dl}l∈H1
3 nor the transition Fxt := {Fh(·,xt)}Hh=1. We assume Θ and

transition parameters {βh}h∈[H] ∪ {σh}h∈[H] are bounded. The context space X is also

bounded, with no distributional assumptions on the arrival of xt. b is a small positive

constant, which ensures that displaying an ad always yields a non-zero (expected) purchase

quantity (Assumption 3).

Assumption 3. There exists positive constants b,Bx, Bθ,Bd,Bβ, σ̄ such that ∥xt∥2 ≤

Bx, and θ⊤l xt ≥ b, ∀t ∈ [T ], ∀l ∈ H, ∥θl∥2 ≤ Bθ, ∀l ∈ H, dl ∈ [0,Bd], ∀l ∈ H1, and

∥βh∥2 ≤ Bβ, σh ≤ σ̄, ∀h ∈ [H].

The learner’s objective is to minimize the cumulative regret over T customers with regret

defined as:

RegT :=
T∑
t=1

OPT (Θ,xt,Fxt)− Eπ1,...,πT∼G
[ T∑
t=1

R (πt;xt,Θ,Fxt)

]
. (2.1)

The expectation is taken over the policy πt : S × X → [0,BA] generated by the algo-

rithm G employed by the learner. We define OPT(Θ,xt,Fxt) as the optimal expected

3. H = H1 ∪H2
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utility achievable for a customer with contextual features xt over H rounds, under the

true parameters Θ and the distribution Fxt . The reward collected by the policy πt over

H rounds for customer t, denoted as R(πt;xt,Θ,Fxt), denoted by R (πt;xt,Θ,Fxt) =

ESth∼Pxt [
∑H
h=1R

t
h

(
Sth, πt(S

t
h,xt),xt

)
].

2.3 Algorithm Design

In this section, we introduce design principles for solving CMDPs with delayed Poisson

rewards. The proposed algorithm (Algorithm 1) consists of three main stages: exploration,

exploitation, and estimation, with the estimation stage playing a central role.

The estimation stage contains three key components. First, ridge regression [Abbasi-

Yadkori et al., 2011] combined with two-stage variance estimators is used to estimate the

transition dynamics Fxt , handling potential adversarial arrivals of xt. Second, a variant of

online Newton estimator [Xue et al., 2024] is employed to estimate the instant advertise-

ment effects {θl}l∈H. Third, a novel two-stage maximum likelihood estimator (TS-MLE) is

developed to estimated the delayed impacts {dl}l∈H1
.

The key challenge in online estimation is that a naive approach—simultaneously esti-

mating and updating all parameters by maximizing a joint log-likelihood L(Θ)—is infeasible

due to two main issues. First, the log-likelihood function L(Θ) is non-concave in Θ, mak-

ing it difficult to ensure a unique solution. Second, the score equations ∇ΘL(Θ) = 0 lack

closed-form solutions, rendering direct analysis intractable. These challenges motivate the

development of the estimator, TS-MLE, which efficiently estimates delayed effects while

maintaining computational tractability.

The core idea of the TS-MLE is to divide the estimation into manageable steps. In-

tuitively, if the estimation error, ∥θ̂l − θl∥2, is small, θ̂l can then be treated as a close

approximation of the true parameter θl. Based on this approximation, a maximum like-

lihood estimator d̂l can be constructed, ensuring that the estimation error for dl remains
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small. This approach is feasible because the conditional log-likelihood L({dl}l∈H1
|{θ̂l}l∈H)

is concave in {dl}l∈H1
(Eqn. (2.2)), and both its gradient ∇{dl}l∈H1

L (Eqn. (A.3)) and the

solution to the corresponding score equation∇{dl}l∈H1
L = 0 (Eqn. (2.3)) are straightforward

to compute.

To control the estimation error of d̂l, it is crucial to ensure that this error depends only on

the error in θ̂l, not vice versa. This prevents feedback loops between the estimation errors of

d̂l and θ̂l, which would otherwise complicate mathematical analysis and make the estimation

process intractable. To achieve this, we employ a carefully designed data-splitting strategy,

where separate data subsets are allocated exclusively for estimating θl and dl, ensuring their

errors remain independent.

To achieve this separation, we introduce two datasets, Wt,l and Dt,l, which share a

common structure but serve distinct purposes (Def. 2.3.1). Both datasets focus on round

h for customer t where the most recent bid win occurred l rounds before the current round

(Sth,1 = l). The key difference lies in the parameter being estimated. Wt,l includes rounds

that observations {yth}h∈Wt,l
with mean ⟨θl,xt⟩. Thus this datasets is used to estimate θl,

as they depend solely on θl. Dt,l contains rounds that observations {yth}h∈Dt,l
with mean

dl⟨θSth,2 ,xt⟩. This datasets is used to estimate dl because they depend solely on the unknown

parameter dl when {θ̂l}l∈H are given. This ensures that the estimation error of dl depends

on θl, while the estimation error of θl remains independent of dl.

Definition 2.3.1. For customer t, we define two datasets: Wt,l = {h|Sth,1 = l,oth = 1} and

Dt,l = {h|Sth,1 = l,oth = 0}, for l ∈ H \ [−∞]. We define Wt,−∞ = {h|Stt,1 = ∞,oth = 0}

for the estimation of θ−∞. The collection of observations across the first t customers are

Wt
l = {Ws,l}ts=1 and Dt

l = {Ds,l}ts=1. The size of Dt
l is given by Nt,l = |Dt

l |.
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Taken this together, the log-likelihood of dl up to the first t customers as:

L
(
y, dl; θ̂

s
l

)
=

t∑
s=1

∑
h∈Ds,l

ysh log

(
dlx
⊤
s θ̂

s
Ssh,2

)
− dlx⊤s θ̂sSsh,2 . (2.2)

Differentiating the log-likelihood with respect to dl, setting it to zero, and solving for dl,

results in

d̂tl =

∑t
s=1

∑
h∈Ds,l

ysh∑t
s=1

∑
h∈Ds,l

⟨θ̂sSsh,2
,xs⟩

. (2.3)

In the online setting, d̂tl estimates dl as of customer t, analogous to θ̂tl . Instead of using

the most recent estimates {θ̂tSsh,2}
t
s=1 as the first-stage input for estimating d̂tl , we leverage

{θ̂sSsh,2}
t
s=1, a progressively updated estimate of the advertisement’s impact across customer

arrivals. This novel design is motivated by the observation that the estimation error of

θ̂sSsh,2
instead of θ̂tSsh,2

in the direction of xs is well-controlled. Further details, including the

confidence region Dtl (line 2 of Algorithm 2), are provided in Theorem 2.4.1 and its proof.
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Algorithm 1: Online Contextual RL with Delayed Poisson Reward
Input: d, T,H, b,Bx,Bθ,Bd,BA, δ, γ, Γ, nl

1 for t = 1 to T do

2 Obtain the context xt for the arriving customer t;

3 if t ≤ (H + 1)nl then

// Exploration

4 Compute l =
⌊

t
nl

⌋
;

5 if l = H then

6 Set ath = 0, ∀h ∈ [H];

7 else

8 Set at1 = atl+1 = BA, and ath = 0 for ∀h ̸= 1, l + 1;

9 for h = 1 to H do

10 Observe yt
h, mt

h; Update β̂t
h by Eqn. (2.5) and σ̂t

h by Eqn. (2.6);

11 else

// Exploitation

12 Update πt = argmaxπ maxθ̃∈Ct−1
R(π; θ̃, F̂xt

t−1);

13 for h = 1 to H do

14 Observe St
h; Take action ath = πt(S

t
h,xt); Observe ot

h, mt
h, and yt

h; Update β̂t
h by

Eqn. (2.5) and σ̂t
h by Eqn. (2.6);

// Estimation

15 for l ∈ H do

16 Update dataset Wt
l ,D

t
l by Def. 2.3.1;

17 if Wt,l is nonempty then

18 Compute θ̂t
l and Ctl by Algo. 4;

19 else

20 Set θ̂t
l = θ̂t−1

l and Ctl = C
t−1
l ;

21 if Dt,l is nonempty then

22 Compute d̂tl and Dt
l by Algo. 2;

23 else

24 Set d̂tl = d̂t−1
l and Dt

l = D
t−1
l ;

25 Set Ct = {Θ | {θl ∈ Ctl } ∩ {dl ∈ Dt
l}, ∀l ∈ H};17



Remark 2.3.1 (Key Tuning Parameters for Algorithm 3). The input parameters d, T, and

H are structural components of the CMDP. The quantities b,Bx,Bθ,Bd,BA are defined

in Assumption 3. The tail probability δ determines the confidence region for β̂l and d̂l and

serves as an input for Algorithm 4 and Algorithm 2. The truncation threshold Γ, used to

handle heavy-tailed distributions, is defined in Eq. (A.1) and appears in Algorithm 4. The

parameter γ, defined in Lemma 2.3.1, serves as a weighted estimation error bound and is

used in Algorithm 2. The exploration stage guarantees a minimum number of observations to

ensure reliable estimation. Specifically, the threshold nl is given by nl := ⌈
32 log(HT )
eBdBxBθb2

⌉, which

guarantees sufficient observations in Wt
l and Dt

l , ensuring |Wt
l | ≥ nl and Nt,l = |Dt

l | ≥ nl

for all l ∈ H in all subsequent episodes after the exploration stage.

The estimation of d̂tl depends on accurately estimating θ̂tl . Using observations yth from

Wt
l , the problem reduces to efficiently estimating θl from Poisson data. To achieve this, we

adopt the Confidence Region with Truncated Mean approach (see Algorithm 4 and Appendix

A.2), introduced by Xue et al. [2024]. This method utilizes a variant of the online Newton

estimator, given by:

θ̂tl = arg min
∥θ∥2≤Bθ

{12∥θ − θ̂t−1l ∥2
Vt
l
+ (θ − θ̂t−1l )⊤∇l̃t(θ̂t−1l )}, (2.4)

Vt
l = Vt−1

l + 1
2xsx

⊤
s , with V0

l initialized as the identity matrix Id. ∇l̃t(θ̂t−1l ) = (−ỹth +

(xt)
⊤θ̂t−1l )xt. The truncated observation ỹth is defined as ỹth = ythI∥xt∥

(Vtl)
−1 |yth|≤Γ

.

This truncation mitigates the impact of extreme values in yth by setting outliers to zero, a

technique originally designed for generalized linear bandit problems with heavy-tailed data.

By Lemma 2.3.1, the weighted estimation error ∥θl − θ̂tl∥
2
Vtl

remains well-controlled with

high probability.

Lemma 2.3.1 (Theorem 1 in Xue et al. [2024]). Given l ∈ H, with probability at least

1− δ, θ̂tl defined in Eqn. (2.4) satisfies ∥θl − θ̂tl∥
2
Vtl
≤ γ, ∀t ≥ 0, where γ = 896dBxBθ(1 +
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BxBθ) log
(
4T
δ

)
log
(
1 + T

2d

)
+ 2B2

xB
2
θ + 48dBxBθ log

(
1 + T

2d

)
.

To estimate the transition dynamics Fh, we estimate βh by Eqn. (2.5). Without loss of

generality, we set λ = 1.

β̂th =

(
t∑

s=1

xsx
⊤
s + λId

)−1( t∑
s=1

xs log(m
s
h)

)
. (2.5)

The variability σh, similar to d̂tl , is estimated based on the first-stage estimators {β̂sh}
t
s=1

(Eqn. (2.6)). We use {β̂sh}
t
s=1 instead of β̂th to control over estimation error in the direction

of xs (details in Appendix A.3.2).

σ̂th =

√√√√1

t

t∑
s=1

(
log(ms

h)− x⊤s β̂
s
h

)2
. (2.6)

In addition to estimation, the exploration period aims to gather sufficient observations for

dl to ensure quadratic tail decay of Poisson (Remark 2.3.1).

After exploration, the algorithm enters exploitation, selecting actions via the greedy pol-

icy πt to maximize rewards within the confidence region. πt is computed via dynamic pro-

gramming with time complexity Poly(H, |S|,BA/ϵ) when discretizing the bidding space for

an ϵ-optimal solution (detail in Appendix A.1.5). By balancing exploration and exploitation,

Algorithm 3 achieves near-optimal performance, formally proven in the next section.
Algorithm 2: Two-Stage Maximum Likelihood Estimation

Input: datasets Dt
l , {xs}ts=1, {θ̂s

Ss
h,2
}ts=1; parameters b,Bx,Bθ,Bd, d, T,H, δ, γ

1 Update estimator d̂tl by Eqn. (2.3);

2 Compute

Dt
l =

{
dl ∈ [0,Bd] | |d̂tl − dl| ≤

4HBd

√
d log

(
1 + T

2d

)
γ +

√
2eBdBxBθ log(2/δ)

b
√
Nt,l

}

Output: (d̂tl ,Dt
l )
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2.4 Analysis of Near-Optimal Regret Bound

This section demonstrates the efficiency of the TS-MLE (Theorem 2.4.1) and analyzes the

near-optimal performance of the proposed Algorithm 3 (Theorem 2.4.2).

Theorem 2.4.1 (Confidence Region for d̂tl). Let δ ≥ 1
T 4H

and Nt,l ≥ nl. With probability

at least 1− δ, the estimation error |d̂tl − dl|, with d̂tl defined in Eqn. (2.3), is bounded by:

∣∣d̂tl − dl∣∣ ≤ 4HBd

√
d log

(
1 + T

2d

)
γ +

√
2eBdBxBθ log

(2
δ

)
b
√
Nt,l

. (2.7)

γ is as defined in Lemma 2.3.1 and nl defined in Remark 2.3.1.

Theorem 2.4.1 shows that the estimation error of TS-MLE is bounded by Õ(1/
√
Nt,l),

where Nt,l (Def. 2.3.1) is the total number of observations used to estimate dl. This result

demonstrates the efficiency of the estimator, achieving a near-optimal parametric conver-

gence rate [Rao, 1992].

Proving the near-optimal convergence when data are collected from a complex CMDP

with delayed observations requires precise understanding of the sources of estimation error

and refined analysis to control them. As discussed in Section 2.3, the core idea for estimating

dl is to use observations that are “purified” with respect to dl. In particular, we construct d̂tl

using only observations {{ysh}h∈Ds,l
}ts=1, where ysh ∼ Poi(dl⟨θSsh,2 , xs⟩). Then, to analyze

how the estimation error of TS-MLE depends on the first-stage estimators θ̂sSsh,2
, we decom-

pose |d̂tl − dl| into two parts: the error by the randomness in Poisson observations (Term A

in Eqn. 2.8) and the cumulative estimation error from the first-stage estimators (Term B in

Eqn. 2.8). ηsh in Term A has sub-exponential distributions, specifically, SubE(edl x⊤s θSsh,2 , 1)

(Lemma A.4.1), since ysh = dlx
⊤
s θSsh,2

+ ηsh. To control the heavy tail of Term A, we show

that P(Term A > ϵ) ≤ δ, where ϵ =

√
2eBdBxBθ

b2Nt,l
log(2δ ). The exploration phase of Algo-

rithm 3 ensures Nt,l ≥ nl, providing sufficient observations to make ϵ small enough to have
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faster convergence.

|d̂tl − dl| ≤

∣∣∣∣∣∣
∑t
s=1

∑
h∈Ds,l

ηsh∑t
s=1

∑
h∈Ds,l

⟨θ̂sSsh,2
,xs⟩

∣∣∣∣∣∣︸ ︷︷ ︸
Term A

+
Bd

Nt,lb

∣∣∣∣∣∣
t∑

s=1

∑
h∈Ds,l

x⊤s

(
θSsh,2

− θ̂sSsh,2

)∣∣∣∣∣∣︸ ︷︷ ︸
Term B

. (2.8)

Controlling Term B is essential for bounding |d̂tl − dl|. Unlike traditional second-stage

estimators, which typically plug in the most recent estimates θ̂tSh,2 , we instead use θ̂sSh,2
, as

its estimation error is better controlled in the direction of xs. Specifically, let rsh = |(θ̂sSsh,2 −

θSsh,2
)⊤xs| denote this directional estimation error. By the Cauchy–Schwarz inequality, we

have rsh ≤ ∥θ̂
s
l′ − θl′∥Vs

l′
· ∥xs∥(Vs

l′)
−1 , where l′ = Ssh,2. Letting γsl′ = ∥θ̂

s
l′ − θl′∥2Vs

l′
, Lemma

2.3.1 guarantees that γsl′ ≤ γ holds with high probability for all s and l′.

To analyze the growth the directional estimation error rsh for each l ∈ H over time, we

apply recounting techniques. Define the dataset F ls,l′ := {h|S
s
h,1 = l, Ssh,2 = l′,osh = 0},

which partitions Ds,l by Ssh,2, the time interval between the two recent ads impression. This

partitioning ensures
∑
l′∈H2

|F ls,l′| = |Ds,l|. We then bound the total directional error as:∑t
s=1

∑
h∈Ds,l

|(θ̂sSsh,2−θS
s
h,2

)⊤xs| ≤
√
Nt,l

√∑t
s=1

∑H
l′=1

∑
h∈F l

s,l′
(rsh)

2. Let ns,l′ = |F ls,l′|,

where ns,l′ ≤ H. The total count across all partitions satisfies
∑t
s=1

∑
l′∈H2

ns,l′ = Nt,l. We

further bound the error as
√
Nt,l

√∑H
l′=1 γ

∑t
s=1 ns,l′ min(∥xs∥(Vs

l′)
−1 , 1). Applying the El-

liptical Potential Lemma [Abbasi-Yadkori et al., 2011], we obtain 2H
√
d

√
Nt,l log

(
1 + T

2d

)
γ.

Finally, by applying a union bound to account for the simultaneous occurrence of Term A

and Term B, we establish Theorem 2.4.1 (details in Appendix A.3.1).

Building on the efficiency of TS-MLE, we now show that the regret of Algorithm 3 is

nearly optimal, as established in Theorem 2.4.2.

Theorem 2.4.2 (Nearly Optimal Regret). For any δ ≥ 6
T 3 , with probability at least 1 − δ,

RegT incurred by Algorithm 3 is O(dH2
√
T log(THδ ) log(1 + T

2d)).

Theorem 2.4.2 shows that, with high probability, Algorithm 3 achieves a regret bound of
21



Õ(
√
T ). Given the Ω(

√
T ) lower bound for CMDPs with even known transitions [Levy and

Mansour, 2023], this confirms that Algorithm 3 is nearly optimal in T . As discussed earlier,

the key challenge in designing an efficient reinforcement learning algorithm for CMDPs is

developing an online estimation oracle that handles long-term Poisson rewards under poten-

tially adversarial arrivals of contextual xt, without relying on distributional assumptions.

This improves upon prior work [Modi and Tewari, 2020, Levy and Mansour, 2022, 2023,

Levy et al., 2023], which is limited to instantaneous rewards and cannot capture long-term

effects in CMDPs, or addresses long-term rewards but fails to account for the heterogeneous

effects of xt [Badanidiyuru et al., 2023]. Even with TS-MLE, establishing a high-probability

regret upper bound for Algorithm 3 is nontrivial and requires careful analysis. We provide

a proof sketch below, with detailed arguments in Appendix A.3.

The proof begins by decomposing RegT into four terms. In Eqn. (2.9), Term (i) equals∑T
t=τ OPT(Θ,xt,Fxt)−

∑T
t=τ OPT(Θ,xt, F̂xt

t−1), and Term (iv) = E(
∑T
t=τ R(πt;xt,Θ, F̂

xt
t−1)−

R(πt;xt,Θ,Fxt)), capturing the cumulative regret due to transition error, arising from the

discrepancy between Fxt and F̂xt
t−1

4.

Term (iii) is
∑T
t=τ OPT(Ct−1,xt, F̂xt

t−1) − E(
∑T
t=τ R(πt;xt,Θ, F̂

xt
t−1)), which accounts for

decision error resulting from imprecise estimates of the model parameters Θ = {θl}l∈H ∪

{dl}l∈H1
. Thus, accurate estimators of Fxt and Θ lead to low cumulative regret, as shown

jointly by Lemma 2.4.1 and 2.4.2.

RegT ≤ Θ(log T ) + Term (i) + Term (ii) + Term (iii) + Term (iv) (2.9)

Lemma 2.4.1 (Term (i) Upper Bound). For δ ≥ 1/T 4, with probability at least 1− δ, Term

(i) in Eqn. (2.9) is bounded above by O(dH2
√
T
√

log((1 + T )/δ) log(1 + T/d)).

Lemma 2.4.1 provides a high-probability upper bound for Term (i). The proof firstly

uses the simulation lemma [Kearns and Singh, 2002] to bound Term (i) by the cumulative

4. We have τ = Hnl + 1 and regret incurred in the exploration phase is Θ(log T ).
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estimation error in the transition dynamics,
∑T
t=1 supb suph |F̂

t−1
h (b,xt)−Fh(b,xt)|, which

depends on |β̂th − βh| and |(σ̂th)
2 − σ2h|. A high-probability bound is then derived for these

estimations errors, with |(σ̂th)
2 − σ2h| shown to follow a sub-exponential distribution. To

ensure quadratic tail decay, we set δ ≥ 1/T 4. A similar analysis applies to Term (iv), which

is bounded by O(dH2
√
T
√

log((1 + T )/δ) log(1 + T/d)) with probability at least 1− 1/T 4.

Details are in Appendix A.3.2.

Lemma 2.4.2 (Term (iii) Upper Bound). With probability at least 1 − 2δ, where δ ≥ 1
T 3 ,

Term (iii) in Eqn. (2.9) is bounded by O(H2
√
dT log(4TH/δ) log(1 + T/2d)).

Lemma 2.4.2 provides a high-probability bound for Term (iii), which can be decomposed

into two parts: the cumulative estimation error of θ̂tl , which is
∑T
t=τ E(

∑H
h=1 |⟨θ̃

t−1
Sth,1
−

θ̂t−1
Sth,1

+ θ̂t−1
Sth,1
− θSth,1

,xt⟩|) +
∑T
t=τ E(

∑H
h=1 |⟨θ̃

t−1
Sth,2
− θ̂t−1

Sth,2
+ θ̂t−1

Sth,2
− θSth,2

,xt⟩|) and the

cumulative estimation error of d̂l, specifically,
∑T
t=τ E(

∑H
h=1 |d̃

t−1
Sth,1
− d̂t−1

Sth,1
+ d̂t−1

Sth,1
− dSth,1 |).

Here, Θ̃t−1 := argmaxΘ∈Ct−1
R(πt;xt,Θ, F̂xt

t−1). Applying Lemma 2.3.1 and Theorem 2.4.1,

together with a union bound, yields the high-probability bound for Term (iii) (Appendix

A.3.3).

Meanwhile, in Eqn. (2.9), Term (ii) =
∑T
t=τ OPT(Θ,xt, F̂xt

t−1)−
∑T
t=τ OPT(Ct−1,xt, F̂xt

t−1),

measures the gap in regret between a chosen point and the optimal point within a feasible

set. Lemma 2.4.3 proves Θ ∈ Ct for all t ≥ τ with high probability, ensuring that Term (ii)

can be negative with high probability. Combining these results, we conclude that, with

probability at least 1− 6
T 3 , the overall regret RegT is O(dH2

√
T log(THδ ) log(1 + T

2d)).

Lemma 2.4.3 (Confidence Region of Θ). With probability at least 1 − δ with δ ≥ 2
T 3 ,

Θ ∈ Ct, ∀t ≥ τ .
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2.5 Experiments

We conducted experiments, which leads to two key findings: first, our algorithm achieves

near-optimal regret scaling of
√
T , and second it consistently outperforms several strong

baselines, including aggressive bidding, passive bidding, and random bidding strategies, with

definition shown below.

Environment Setup. We simulate a second-price auction with horizon H = 3 (a

realistic setting since advertisers typically show ads only a few times per user), context

dimension d = 2, and T = 20,000 sequential customers. The first 2400 rounds are used for

exploration, and the remaining rounds for exploitation. Context vectors xt ∈ R2, as well

as parameters dl,βh, σh, are sampled elementwise from |N (0, 1)| + 0.1 to ensure positivity,

while θl ∼ 5|N (0, 1)| + 0.1. Under this configuration, each ad impression yields an average

instantaneous reward roughly five times its cost (i.e., the highest other bid). The reward also

decays rapidly over time, making aggressive bidding—always winning the impression—close

to optimal and therefore a competitive baseline.

Estimators. We estimate four sets of parameters: θl via the online Newton method

(Algorithm 4) with truncation threshold Γ = 100,000, bound Bθ = 10, zero initialization,

and V0 = I. We estimate delay impact dl via the two-stage MLE (Eq. (2.3)) using Dt,l, θ̂,

and xt; β by ridge regression (Eq. (2.5), λ = 1.0); and σ via empirical variance (Eq. (2.6)).

Connection Between Bid, Outcome, and Reward. In our setting, the bidder’s

action is the bid amount, but due to the second-price auction format, the reward depends

only on the outcome–whether the bid exceeds the HOB-not the bid itself. Winning results

in paying the HOB; losing incurs no cost. This decoupling allows optimal rewards to be

computed from outcomes rather than bids. We leverage this to evaluate both oracle and

policy-based rewards. With full knowledge of true parameters, we enumerate all 2H = 8

possible win/loss outcomes and define the oracle reward as the maximum achievable value.

With estimated parameters, we compute expected rewards for all outcome sequences, select
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the best, and evaluate it in simulation. Regret is then the cumulative difference between

oracle and realized rewards, reflecting both estimation and decision errors.

Baseline Policies and Regret Comparison. We compare our algorithm against

three fixed policies: Aggressive bidding : Always bids above HOB (ot = [1, 1, 1]). Random

bidding : Samples ot uniformly from all 8 outcomes. Passive bidding : Rarely bids or wins

(ot = [0, 0, 0]). All baselines are evaluated using the same oracle-based regret metric. Note

that aggressive bidding, while competitive, still incurs O(T ) regret since it is non-adaptive.

We ran all algorithms over 20 independent trials. Table 2.1 reports the mean cumulative

regret (± 0.5 standard deviation) and the fitted regret order (via log–log regression). Our

algorithm achieves an estimated regret order of 0.37, while all baselines exhibit linear regret,

validating our theoretical results and demonstrating the substantial advantage of adaptive

learning in ad bidding.

t Algorithm 1 Aggressive Bid Random Bid Passive Bid

500 1770 [1174, 2379] 228 [121, 336] 1920 [1791, 2049] 4630 [3391, 5869]
5000 8465 [5585, 11345] 2373 [1243, 3502] 19285 [17873, 20697] 46179 [33850, 58508]
10000 8484 [5606, 11363] 4741 [2477, 7005] 38399 [35573, 41226] 92468 [67735, 117201]
15000 8505 [5628, 11382] 7142 [3724, 10561] 57651 [53452, 61849] 138652 [101576, 175729]
20000 8525 [5649, 11401] 9568 [4991, 14146] 76945 [71390, 82500] 184873 [135414, 234332]

Tα 0.37 1.0 1.0 1.0

Table 2.1: Average cumulative regret (± 0.5 standard deviation) and fitted regret order (Tα).

2.6 Discussion and Limitation

In this paper, we model ad bidding as a CMDP, presenting a unified framework to address

delayed impacts, cumulative effects, and individual personalization. We designed a near-

optimal algorithm using a novel two-stage maximum likelihood estimator to effectively handle

delayed rewards. However, several important directions remain open for future research. One

promising extension involves incorporating budget constraints, a critical practical consider-

ation in real-world advertising. Developing constrained optimization algorithms for CMDP
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with delayed rewards is highly non-trivial and will be explored in future work.Although our

work validates the theoretical insights through experiments, implementing and evaluating

the proposed algorithms in real-world settings would provide valuable evidence of its practi-

cal applicability. In particular, such experiments could help assess two modeling choices: the

adequacy of modeling the expected product conversion rate using linear functions, and the

robustness of focusing only on very recent ad exposures due to recency bias. However, given

the lack of publicly available online advertising and bidding datasets, we leave this empirical

validation to future work as an important step toward bridging the gap between theory and

practice.
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CHAPTER 3

LEARNING FROM IMPERFECT HUMAN FEEDBACK

3.1 Introduction

Many real-world problems, such as personalized recommendation [Yue and Joachims, 2009b,

Immorlica et al., 2020, Yao et al., 2022a] and fine-tuning generative models [Bai et al., 2022,

Casper et al., 2023, Han et al., 2024b], require learning from human feedback. Expressing

preferences as numerical values or concrete functions is generally challenging for humans.

Therefore, an approach that has achieved significant real-world success is to learn humans’

preferences by eliciting their comparative feedback between two options [Bai et al., 2022].

A natural theoretical framework capturing such learning task is the seminal dueling bandits

framework introduced by Yue and Joachims [2009b]. The dueling bandit problem features

a sequential online learning problem, during which a pair of actions are selected at each

round and only their comparison result is revealed to the learner. The comparison outcome

between two actions is modeled using a utility function of actions, alongside a link function

that determines the probability of each action winning based on their utility difference. This

modeling approach is termed as utility-based dueling bandit and achieves great success in

generating summaries closely aligned with human preferences [Stiennon et al., 2020]. How-

ever, human feedback is often imperfect, a crucial factor that has been largely overlooked in

previous studies of dueling bandit. As we are all aware of, humans are not always rational

[Posner, 1997] neither perfectly know our preferences [Pu et al., 2012]. A powerful frame-

work that can capture this problem is robust bandit learning under adversarial corruption

[Bogunovic et al., 2020, Saha and Gaillard, 2022, Di et al., 2024]. However, assuming fully

adversarial feedback from a regular human seems over-pessimistic at the first glance, hence

might make our algorithm development overly conservative. Indeed, ample behavioral stud-

ies show that humans often refine their preferences through interactions with the system,
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navigating a complex tradeoff between exploration and exploitation [Cohen et al., 2007, Wil-

son et al., 2014]. Furthermore, their response errors may exhibit systematic patterns that

depend on their past consumption history, rather than merely random noise. Though the

sources of imperfections vary a lot in human feedback, one common finding in these studies

is that the feedback’s imperfection tends to decrease over time, as humans interact more with

the system [Cohen et al., 2007, Wilson et al., 2014, Immorlica et al., 2020, Yao et al., 2022a].

This premise is the core motivation of this work, which studies dueling bandit learning under

corruption that can be arbitrary but have decaying scales.

Our Model and Contributions. We cast Learning from Imperfect Human Feedback

(LIHF) as a concave-utility continuous-action dueling bandit learning problem under adver-

sarial utility corruption yet with decaying scale, upper bounded by O(tρ−1) at round t, for

some ρ ∈ [0, 1] (hence the total amount of attack within time T is O(T ρ)). A fundamental

research question that motivates our study is whether LIHF is fundamentally easier than

learning under arbitrarily corrupted feedback.

Our first main technical result hints on a potentially negative answer to the above ques-

tion. We prove a strong regret lower bound of Ω(dmax{
√
T , T ρ}) under LIHF, where d is

the action’s dimension. This bound holds even when the decaying rate of imperfection index

ρ is known. This lower bound has the same order as recent lower bounds of dueling bandits

under (the harder) arbitrary corruption [Agarwal et al., 2021, Di et al., 2024], thus hinting

that learning from imperfect human feedback may be no easier than learning from arbitrary

adversarial corruption. Notably, however, we use the phrase “hint”, while not an affirmative

claim, because our setting with continuous action space and concave utility function is dif-

ferent from the K-armed bandits setting of Agarwal et al. [2021] and linear utility function

case of Di et al. [2024]. Therefore, neither their lower bounds nor their proof techniques

are directly applicable to our setting with corruption to strictly concave utilities; see more

discussions and comparisons below.
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Our second main result is an efficient algorithm with regret upper bound Õ(dmax{
√
T , T ρ})

that matches the above lower bound, up to logarithmic terms, in the same setting (i.e., decay-

ing corruption level tρ−1 with known ρ). Unlike previous corruption-robust dueling bandit

algorithms based on robust K-armed bandits [Agarwal et al., 2021] or robustified LinUCB

[Di et al., 2024], our algorithm is a gradient-based algorithm that is built upon the recent

Noisy Comparison-based Stochastic Mirror Descent (NC-SMD) of Kumagai [2017]. This is

natural for our setup with continuous actions and strictly concave utility. While our algo-

rithm itself can be viewed a natural generalization of Kumagai [2017], its analysis is highly

non-trivial and much more complex, due to the necessity of accounting for corruption.

Our main technical contribution is a new framework for analyzing the regret of gradient-

based algorithms under arbitrary corruption. This framework introduces a novel regret

decomposition lemma for dueling bandits, which upper bounds total regret by combining

decision regret and feedback error due to corruption, based on quantifying bias in gradient

estimation. It yields a tight analysis of our new algorithm and implies regret bounds for

popular existing algorithms in (even fully) adversarial corruption settings, such as the dueling

bandit gradient descent (DBGD, Yue and Joachims [2009b]).

These upper bounds are looser than our lower bound for the LIHF setting. It is an

intriguing open question to understand whether these upper bounds under arbitrary corrup-

tion are tight, or the lower bound under arbitrary corruption may be stronger than our lower

bound under LIHF. Finally, we conduct simulations which validate our theory.

Comparisons with Related Works. Since multiple recent works [Agarwal et al.,

2021, Saha and Gaillard, 2022, Di et al., 2024] study dueling bandits under arbitrarily adver-

sarial corruption , it is worthwhile to discuss the key difference between these works and ours.

The first key difference is the setting, which leads to fundamentally different algorithms hence

analysis. Specifically, our setting with continuous action space and a completely unknown

concave utility function is motivated by addressing problems from modern recommender sys-
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tems where the action (i.e., contents) space is extremely large, not enumerable, thus often

embedded as high-dimensional continuous vectors [Chen et al., 2019, 2021a]. This setting

and our techniques are crucially different from earlier works. Agarwal et al. [2021], Saha and

Gaillard [2022] consider the K-arm dueling bandit setting and utilizes the reduction of Ailon

et al. [2014] from dueling bandits to multi-K-armed bandits (MAB); [Di et al., 2024] consid-

ers linear utility setting where the unknowns is a parameter vector θ, and utilizes techniques

from linear contextual bandits based on the optimism principle. The methods all rely on

parameter estimation which are not applicable to our setting with arbitrary concave utilities.

Moreover, they often need to enumerate all actions to identify the best one under optimism,

which are not computationally efficient for our setting with continuous action space. This

is why our algorithm is gradient-based and falls within the family of stochastic mirror de-

scent. To the best of our knowledge, this is the first time a corruption-robust algorithm is

developed for dueling bandits with continuous actions and strictly concave utilities, which

is also why it is necessary for us to develop a new analysis framework. Additionally, we also

note that dueling bandits with strictly concave utility and linear utility are generally not

comparable, both in terms of their problem difficulties and methodologies. A strictly more

general situation is the concave utility case (no need to be strongly concave), however the

best upper bound so far for general concave utility is O(T 3/4) [Flaxman et al., 2005, Yue and

Joachims, 2009b], which are considerably worse than the O(T 1/2) for linear and for strongly

concave utility.

The second main difference between our work and previous is the more restricted class

of adversarial environments. Our model is motivated by imperfect human feedback whereas

previous studies are motivated by arbitrarily adversarial adversaries.

Finally, a more subtle difference is that the corruption in our model is on utility with

motivations from learning from imperfect human feedback, whereas corruption in all previous

settings directly flip the comparison outcome. These two differences lead to a very different
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proof techniques of our lower bound. Our proof is more involved because the adversary

has limited capability to alter the comparison outcomes. Specifically, the corruption are

decaying; moreover, a constant amount of utility corruption only slightly shifts the outcome

probability whereas in previous settings each corruption completely changes the outcome.

3.2 The Problem of Learning from Imperfect Human Feedback

Notation. For a positive integer T , we use [T ] to denote {1, 2, . . . , T}. We use standard

asymptotic notations including O(·), Ω(·), Θ(·). We use Õ(·), Ω̃(·), Θ̃(·) to hide logarithmic

factors. We use ∥·∥2 to define L2 norm, ∥·∥∞ to define infinity norm, and λmax(·) to denote

maximum eigenvalue.

Motivated by alignment of machine learning models with human preferences [Bai et al.,

2022], we study learning from comparative human feedback within the seminal dueling bandit

framework [Yue and Joachims, 2009b] but account for “imperfections” in human feedback,

as described below.

Basics of Continuous Dueling Bandits. We consider the dueling bandit framework

with continuous action set A ⊂ Rd [Yue and Joachims, 2009b]. At each round t ∈ [T ],

the learner chooses two actions at, a′t to present to some human agent, henceforth denoted

as the “user”. The user receives utility µ(at), µ(a
′
t) from the two actions respectively, and

will pick one of these actions following a link function σ(·). In the absence of corruption,

the user selects action at with probability σ(µ(at)− µ(a′t)) and chooses action a′t otherwise.

Since the comparison outcome has less errors compared to the exact utility value while

still carries useful information about the underlying utility function µ, this form of human

feedback has been widely used for learning human preferences [Ailon et al., 2014, Maystre and

Grossglauser, 2017, Bengs et al., 2021a, Bai et al., 2022]. Following standard assumptions

in this field [Yue and Joachims, 2009b, Kumagai, 2017], we also assume

1. the action set A is a convex compact set that contains the origin, has non-empty
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interior, and is contained in a d-dimensional ball of radius R;

2. the utility function µ : A → R is strongly concave and twice-differentiable. The follow-

ing constants are useful for our algorithm analysis: µ is Lµ-Lipschitz, α-strongly con-

cave,1 κ-smooth, bounded, Rµ := supa,a′∈A µ(a) − µ(a′), and a∗ := argmaxa∈A µ(a)

is the unique optimal within A;

3. the link function σ : R→ [0, 1] is smooth, rotation-symmetric (i.e. σ(x) = 1−σ(−x)),

and concave for R+. Since Rµ is finite, there exists positive lσ1 , Lσ1 and Rσ2 such that

lσ1 ≤ σ′ ≤ Lσ1 on [−Rµ, Rµ], and the second derivative is bounded above by Rσ2 and

Lσ2 -Lipschitz on [−Rµ, Rµ]. For a more detailed discussion on the generality of the

modeling assumptions, please refer to Appendix B.2.

A broad range of natural link functions satisfy our assumptions, including the standard

logistic distribution function, the cumulative standard Gaussian distribution function, and

the linear function. This distinguishes our work from some prior studies, working with

concrete link function formats such as logistic function [Maystre and Grossglauser, 2017,

Saha, 2021b, Xu et al., 2024] or the linear function [Ailon et al., 2014, Chen and Frazier,

2017, Zimmert and Seldin, 2018, Lin and Lu, 2018].

Modeling Imperfect Human Feedback as a Restricted Form of Adversarial

Corruption. To incorporate imperfect human feedback, we study a generalization of the

dueling bandit framework above, by introducing a corruption term, c(a, a′), to the utility

difference. Formally, let a ≻ a′ represent the event where the user chooses a over a′. The

probability of this event in the presence of corruption c(a, a′) is denoted by P̂(a ≻ a′),

expressed as P̂(a ≻ a′) := σ(µ(a)−µ(a′)+c(a, a′)). We denote the user’s preferential feedback

under corruption as F̂(a, a′), referred to as imperfect dueling feedback. Mathematically,

F̂(a, a′) follows a binomial distribution with mean P̂(a ≻ a′), as expressed by the following

1. µ is α-strongly concave for some α > 0 if µ(x) ≥ µ(y) + ⟨∇µ(x), x− y⟩+ α
2 ∥y − x∥

2
2 for any x, y ∈ A.
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equation.

F̂(a, a′) :=


1 w.p. P̂(a ≻ a′)

0 w.p. 1− P̂(a ≻ a′)

The “hat" notation in F̂ and P̂ is to emphasize the presence of corruption. When there is

no corruption, we use P(a ≻ a′) := σ(µ(a)− µ(a′)) to represent the probability of the event

a ≻ a′, and F(a, a′) to denote the corresponding dueling feedback.

We remark that the term c(a, a′) above is often called “strong corruption” in the literature

of adversarial corruption because it can be introduced after observing actions a and a′ and

the corruption function, c(·), can depend on µ and past actions [Bogunovic et al., 2020, He

et al., 2022, Di et al., 2024]. The only difference between our model and the above works on

adversarial corruption is a natural restriction to the scale of the corrupted term c(a, a′). Our

motivation is that human feedback, while imperfect, should not be arbitrarily adversarial

and tends to improve as human agent interact with the learner. This motivates our following

definition of imperfect human feedback.

Definition 3.2.1 (ρ-Imperfect Human Feedback). The human feedback is said to be ρ-

imperfect for some ρ ∈ [0, 1] if there exists a constant Cκ such that corruption ct(at, a
′
t)

satisfies |ct(at, a′t)| ≤ Cκt
ρ−1, ∀t ∈ [T ].2

The definition shows that ρ-imperfect human feedback is mathematically equivalent to

a restricted form of strong adversarial corruption to user utility functions. The total cor-

ruption is bounded by
∑T
t=1 |ct(at, a′t)| ≤ CκT

ρ, which is a key parameter influencing the

intrinsic difficulty of the learning problem. We thus cast the Learning from Imperfect Hu-

man Feedback (LIHF) problem as dueling bandits under strong corruption but with decaying

scales. For clarity, we use “arbitrary adversarial corruption" as corruption without decay-

ing constraints and “ρ-Imperfect Human Feedback" as corruption with decaying constraints,

2. All our results naturally applies to ρ < 0, which is a significantly easier situation since accumulated
corruption is a constant in that case. Therefore, we will not explicitly consider it in this paper.
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as described in Definition 3.2.1. Through this modeling, we aim to: first create a more

optimistic framework for LIHF compared to arbitrary adversarial corruption, and second,

explore LIHF’s intrinsic difficulty to achieve more efficient learning guarantees than those

possible under arbitrary adversarial corruption. We direct readers to Appendix B.1 for a

more comprehensive discussion on challenges in developing robust algorithms for continuous

dueling bandits with generally concave utility under arbitrary adversarial corruption.

Several points are worth noting about Definition 3.2.1. While we are not the first to model

imperfect human feedback, we are the first to apply it to dueling bandits with strictly concave

utilities. Recent works, motivated by recommendation systems, have explored learning user

preferences from imperfect feedback [Immorlica et al., 2020, Yao et al., 2022a, Wang et al.,

2023]. These studies assume that users do not know their true expected reward θi for each

choice i (i.e., arm) and instead behave based on an estimated reward θ̂t,i at time t. The

utility difference |θi− θ̂t,i| = ct is modeled as a decreasing function of time, tρ−1, indicating

that users improve their preference estimates over time. By viewing the human utility µ(a)

as the average reward, our modeling of ρ-Imperfect Human Feedback shares the same spirit;

it captures imperfect yet gradually improving human feedback (e.g., due to inaccuracies in

utility perception or initial ignorance of true preferences). As one of our motivations, when

generative models like ChatGPT learn to create personalized content, the user could undergo

a process of preference refinement during interactions with the model. Additionally, our

model differs from recent corruption-robust dueling bandit studies [Komiyama et al., 2015,

Saha and Gaillard, 2022, Di et al., 2024], which corrupt realized outcomes (e.g., flipping

a′ ≻ a to a ≻ a′) and are motivated by adversaries like malicious users or fraudulent clicks

[Deshpande and Montanari, 2013, Lykouris et al., 2018]. In contrast, our model focuses on

utility corruption caused by imperfect perception of true utility, not outcome manipulation.

Learning goal: regret minimization by Learning from ρ-Imperfect Human

Feedback (ρ-LIHF). The goal of the learner is to optimize her sequential actions to
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minimize the following dueling regret in the ρ-LIHF problem:

RegT := E

 T∑
t=1

σ(µ(a∗)− µ(at)) + σ(µ(a∗)− µ(a′t))− 1

 . (3.1)

This regret measure has been extensively studied in prior literature [Yue and Joachims,

2009b, Komiyama et al., 2015, Kumagai, 2017, Saha and Gaillard, 2022]. Other regret

measures, such as the cumulative difference between optimal and obtained utility, are also

considered. We discuss the equivalence of various regret measures in Lemma B.4.1.

3.3 The Intrinsic Limit of LIHF

In this section, we study the intrinsic limit of learning from ρ-Imperfect Human Feedback.

We are particularly interested in understanding whether learning from this restricted version

of corrupted feedback is fundamentally “easier” than learning from arbitrarily adversarial

corruption. Somewhat surprisingly, the answer seems to be no, as illustrated by the following

lower bound result.

Theorem 3.3.1. There exists a ρ-Imperfect Human Feedback (see Definition 3.2.1), strongly

concave utility function µ, and link function σ such that any learner has to suffer RegT ≥

Ω
(
dmax{

√
T , T ρ}

)
, even with the knowledge of ρ.

Notably, similar lower bound results have appeared in recent studies on adversarial cor-

ruption in bandits [Bogunovic et al., 2022], including dueling bandits [Agarwal et al., 2021,

Di et al., 2024], showing the same lower bound Ω(dmax{
√
T , T ρ}) (though they often use

C := Θ(T ρ) to denote total corruption budget). However, a few key distinctions are worth

noting. First, Theorem 3.3.1 presents a stronger result, showing that even when corruption

decays over time, this structure (which defines our LIHF problem) does not make learning

easier. Second, our corruption targets utility values, which is quite different from the corrup-

tion of comparison outcomes studied in [Agarwal et al., 2021, Di et al., 2024]. In their case,
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corruption can fully flip comparison outcomes, which is critical for promoting sub-optimal

arms in their lower bound proofs. However, such full control of the outcome is infeasible

in our corruption of only the utility, which only slightly shifts the comparison probabilities

since the scale of the corruption is also upper bounded by O(tρ−1).

The aforementioned difference from previous works [Agarwal et al., 2021, Di et al., 2024]

also render our proof of Theorem 3.3.1 fundamentally different from (and much more in-

volved than) their proofs. Specifically, due to limited and diminishing corruption power, the

corruption in our LIHF problem are insufficient to completely “mask" the instance as one

with a different sub-optimal arm, which is the key strategy in previous lower bound proofs.

Thus, our proof has to leverage information-theoretic lower bounds of statistical distributions

to understand how small-scale corruption at each round could influence the overall function

estimation errors. Core of our proof is the follow lower bound result for a different, and

intuitively easier, problem: the standard bandit setup with direct reward feedback shown in

Lemma 3.3.1 below. We then convert this lower bound for direct reward feedback to dueling

feedback through a linear link function, i.e. σ(x) = 1+x
2 .

Lemma 3.3.1 (Lower Bound under Direct Reward Feedback). Consider bandit learning with

direct reward feedback, where reward r(a) := µ(a)+ϵ, ϵ follows standard normal distribution.

The action space A is contained in a d-dimensional unit ball, and µ is µθ(a) := θ⊤a− 1
2∥a∥

2
2,

with θ ∈ Rd, ∥θ∥2 ≤ 1 . Under ρ-Imperfect Human Feedback (Definition 3.2.1), for any T ,

d ≤ 1
Cκ
T 1−ρ, and for any learner, there exists a θ such that under direct reward feedback,

even with the knowledge of ρ3, has to suffer regret RegT := E{
∑T
t=1 µθ(a

∗) − µθ(at)} ≥
d
4CκT

ρ.

Proof Sketch of Lemma 3.3.1. We aim to show that there exists a corruption strategy such

that the regret incurred by any learner with direct reward feedback is no less than Ω(dT ρ).

The formulation of such a corruption strategy hinges on the observation that the regret

3. We only consider ρ ≥ 1
2 . If ρ < 1

2 , the lower bound degenerates to Ω(d
√
T ) [Kumagai, 2017].
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incurred by the learner is bounded below by the sum of the Kullback-Leibler (KL) divergence

between the distribution of the corrupted reward feedback v̂t conditioned on different values

of θ. Specifically, let θ be uniformly drawn from {−β, β}d, for some constant β > 0. Given

an action at and index i, conditioned on the value of the i-th coordinate of θ, θi, if θi > 0,

then v̂t is

v̂t = µθ(at) + ct(at|θi > 0) + ξat =

(
− 1

2
∥at∥2 +

∑
j ̸=i

θjat,j

)
+ βat,i + ct(at|θi > 0) + ξ.

Conditioned on θi < 0, the corrupted reward feedback v̂′t is

v̂′t = µθ(at) + ct(at|θi < 0) + ξat =

(
− 1

2
∥at∥2 +

∑
j ̸=i

θjat,j

)
− βat,i + ct(at|θi < 0) + ξ.

The noise ξ follows standard normal distribution. Consider the following corruption strat-

egy which sets ct(at|θi > 0) := −βat,i and ct(at|θi < 0) := βat,i to minimizes the KL

divergence between v̂t and v̂′t. Together with 1-strongly concavity of µθ, we can establish

E
{∑T

t=1 µθ(a
∗)− µθ(at)

}
≥ 1

2 max
{∑T

t=1(
CκT

ρ−1

β − β)2, dTβ
2

2

}
. Since d ≤ 1

Cκ
T 1−ρ, we

can set β :=
√
CκT

ρ−1
2 to satisfy ∥θ∥2 ≤ 1 and to optimize the aforementioned lower bound.

Then we obtain E
{∑T

t=1 µθ(a
∗)− µθ(at)

}
≥ dCκT

ρ/4. Notice that the corruption level

each round is bounded by β∥at∥∞. In the scenario when the radius of A is upper bounded

by β, the corruption budget each round is bounded by Cκtρ−1. It implies that the corruption

is ρ-Imperfect Human Feedback, completing the proof.

Theorem 3.3.1 can be proved by converting the lower bound in Lemma 3.3.1 for direct

reward feedback to dueling feedback (see Lemma B.3.1). Before concluding this section,

we note that the strongly concave utility function in the lower bound of Theorem 3.3.1 is

not necessary. In particular, Proposition 1 below shows that similar lower bound applies to

linear utilities as well. This result happens to resolve an open problem posed by Yao et al.
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[2022a] which studies a similar learning from imperfect user problem with linear utility and

dueling feedback (they termed it the “learning from a learning user” problem), develops a

no-regret learning algorithm for that setting, but left the lower bound as an open problem.

Proposition 1 implies that their upper bound’s dependence on T is tight. We direct readers

to Appendix B.3.1 and B.3.2 for proof details of Lemma 3.3.1 and Proposition 1.

Proposition 1. There exists an LIHF instance with ρ-Imperfect Human Feedback (Definition

3.2.1), linear user utility µ, and link function σ, such that any learner has to suffer RegT ≥

Ω(dmax{
√
T , T ρ}), even with the knowledge of ρ.

3.4 An Efficient and Tight ρ-LIHF Algorithm

In this section, we present a learning algorithm with a regret upper bound that matches the

Ω(dmax{
√
T , T ρ}) lower bound, up to a logarithmic term, for the ρ-LIHF setting discussed in

Section 3.3. Our algorithm, Robustified Stochastic Mirror Descent for Imperfect Dueling

(RoSMID), outlined in Algorithm 3, generalizes the Noisy Comparison-Based Stochastic

Mirror Descent (NC-SMD) from Kumagai [2017]. RoSMID employs a corruption-aware

learning rate, ηρ :=
√
log T/(dTmax{0.5,ρ}), to slow down the learning when the imperfection

level ρ is large, with NC-SMD being the special case with ρ = 0. Although RoSMID may

initially seem like a pretty natural extension of NC-SMD, the choice of optimal ηρ is in fact

through careful derivation from a novel framework for analyzing continuous bandits under

utility corruption. We conclude by demonstrating the applicability of this new framework

to analyzing other gradient-based algorithms.
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Algorithm 3: Robustified Stochastic Mirror Descent for Imperfect Dueling

(RoSMID)

Input: Learning rate ηρ :=
√
log T/

(
dTmax{0.5,ρ}

)
, ν-self-concordant function R a,

time horizon T , tuning parameters λ ≤ lσ1α
2 , ϕ ≥ ((Lσ1 )

3Lσ2/λ)
2

1 Initialize a1 = argmina∈AR(a)

2 for t ∈ [T ] do

3 Update concordant function Rt(a) = R(a) +
ληρ
2

∑t
i=1 ∥a− ai∥2 + ϕ∥a∥2

4 Sample direction ut uniformly at random from a unit sphere Sd

5 Obtain corrupted feedback F̂(a′t, at) ∈ {0, 1}, for at and

a′t = at +∇2Rt(at)−1/2ut

6 Compute the corrupted gradient: ĝt = F̂(a′t, at)d · ∇2Rt(at)1/2 · ut

7 Set at+1 = ∇R−1t (∇Rt(at)− ηρĝt)
Output: aT+1

a. We direct reader to Definition B.4.1 for formal definition of self-concordancy.

Theorem 3.4.1. RoSMID satisfies RegT ≤ Õ(dmax{
√
T , T ρ}) for any ρ-LIHF problem.

The main technical contribution underlying this theorem is a novel framework for ana-

lyzing continuous dueling bandits with arbitrary strongly concave, yet possibly imperfect or

corrupted utilities, which we believe has independent value. This framework not only enables

a tight regret upper bound analysis, as shown in Theorem 3.4.1, but also allows us to easily

derive regret guarantees for other dueling bandit algorithms under adversarial corruption,

as demonstrated in Subsection 3.4.1. While recent works have explored corruption-robust

regret analysis for dueling bandits with K arms [Saha and Gaillard, 2022] or linear utilities

[Di et al., 2024], neither their algorithms nor analysis can be applied to our setting with

arbitrary concave utilities in continuous action space.

The full proof of Theorem 3.4.1 is quite involved and is deferred to Appendix B.4. Here,

we outline the main ideas, divided into four key steps. Step 1-3 are applicable for analyzing
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continuous dueling bandits under any form of corruption, whereas last Step 4 is the only

step that hinges on the decaying corruption level assumptions of ρ-LIHF and is also the most

involved and novel step.

Proof Sketch. The proof of Theorem 3.4.1 is divided into four major steps.

Step 1: quantifying bias of gradient estimation in ρ-LIHF

Our proof starts from quantifying the bias of the gradient ĝt caused by ρ-Imperfect

Human Feedback, as shown in the following Lemma 3.4.1.

Lemma 3.4.1 (Corrupted Gradients Estimation). The gradient ĝt in Line 6 of Algorithm

3 satisfies

E (ĝt|at) = ∇|a=atP̄t(a)− E (bt|at) .

where P̄t(a) := Ex∈B
[
P(at ≻ a+∇2Rt(at)

−1
2x)
]

(with B as the unit ball) is the smoothed

probability that at is preferred over any action a,

and bt = d
(
P(at ≻ a′t)− P̂(at ≻ a′t)

)
∇2Rt(at)

1
2ut.

Step 2: decomposing regret for dueling bandits into regret of decision and

feedback error

Core to our proof is a “regret decomposion” lemma below that upper bounds the regret

by two parts: regret of sub-optimal decision making under uncertainty, referred as regret of

decision (first term in (3.2)), and regret due to corruption, referred as feedback error (second

term in (3.2)).

Lemma 3.4.2 (Regret Decomposition for Dueling Bandits). The RegT of Algorithm 3 sat-

isfies:

RegT ≤
C0

ηρ
log(T ) + 8d2ηρT + 2LµLσ1R︸ ︷︷ ︸

Regret of Decision

+2E


T∑
t=1

b⊤t (at − a∗T )

︸ ︷︷ ︸
Feedback Error

, (3.2)

where C0 := (2ν + 4Lσ1κ+ 4Rσ2 (L
µ)2 + LµLσ1κ)/λ, and a∗T := 1

T a1 + (1− 1
T )a
∗.
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Similar regret decomposition has been shown to be useful for reinforcement learning

which has direct reward feedback [Foster et al., 2023]. However, to the best of our knowledge,

Lemma 3.4.2 is the first to exhibit such a decomposition for dueling feedback, which contains

much sparser information than direct reward feedback as in classic RL or online learning.

Hence the lemma may be of independent interest for future research on dueling bandits under

corruption or erroneous feedback.

Step 3: upper bounding the regret from feedback error

Bounding the regret of decision term in (3.2) is standard. Thus, this step develops a

novel upper bound for bounding the regret from feedback error, as shown below.

Lemma 3.4.3 (Feedback Error). The feedback error term in (3.2) can be bounded as follows:

E


T∑
t=1

b⊤t (at − a∗T )

 ≤ C1d
√
ηρE


T∑
t=1

√
t|ct(at, a′t)|

√
µ(a∗)− µ(at)

+ C2dT
ρ + 2d

√
λ
√
ηρT ,

where C1 :=

√
2λ(Lσ)2

α , and C2 := 2LσR
√

supa∈A λmax
(
∇2R(a)

)
+ 2ϕ.

To our knowledge, such a bound is new for dueling bandits. The less common term in

the bound is
√
µ(a∗)− µ(at). It comes from the strong concavity of the utility function µ,

which implies ⟨bt, at − a∗⟩ ≤ ∥bt∥2∥at − a∗∥2 ≤ ∥bt∥2
√

2
α(µ(a

∗)− µ(at)).

Step 4: The iterative regret refinement analysis and resultant optimal learning

rate

Our last and also the most intriguing step is to pin down the regret upper bound. Given

the bounds from previous steps, the only remaining term to upper bound is

E
{∑T

t=1

√
t|ct(at, a′t)|

√
µ(a∗)− µ(at)

}
in Lemma 3.4.3. We can upper bound

√
t|ct(at, a′t)|

by Cκt
ρ−1

2 under ρ-Imperfect Human Feedback assumption (this is the point where we

start to need the decaying structure in Definition 3.2.1). This is a tricky question, since this

term involving optimal action a∗ closely connects to the regret RegT itself (see (3.1)). This is
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precisely the motivation for our analysis approach of “iterative regret refinement”. Concretely,

it turns out that a good upper bound for the term A := E
(∑T

t=1 µ(a
∗)− µ(at)

)
can be

leveraged to derive a good upper bound for term B := E
{∑T

t=1 t
ρ−1

2
√
µ(a∗)− µ(at)

}
,

which can then be leveraged to derive a good upper bound for the regret RegT , which can

be used to refine the original upper bound of term A, at which point we can re-apply the

above refinement process.

Two key factors are essential for the iterative regret refinement mentioned above to re-

sult in a tight bound. The first step is to derive a good upper bound for term B using

term A, which is shown in Lemma 3.4.4. The second step is to prove that this iterative

refinement consistently improves the regret bound, eventually reaching a limit. This is

demonstrated by Lemma 3.4.5. The choice of learning rate ηρ =
√
log T

dTmax{1/2,ρ} is crucial in the

second step; in a sense, it is the only choice that converges to the tight regret upper bound

Õ
(
dmax{

√
T , T ρ}

)
in the limit, rather than exploding the bound.

Lemma 3.4.4. If A = E
(∑T

t=1[µ(a
∗)− µ(at)]

)
≤ O(T

1
2+ψ) for some ψ ∈ [0, 12), then we

must have B = E
(∑T

t=1 t
ρ−1

2
√
µ(a∗)− µ(at)

)
≤ O(T−

1
4+

ψ
2+ρ).

To prove Lemma 3.4.4, we first bound term B by
∑T
t=1 t

ρ−1/2√E[µ(a∗)− µ(at)] using

the concavity of the square root function. The key novelty of our proof is to use the Abel’s

equation [Williams, 1963] to re-arrange the term
∑T
t=1 t

ρ−1/2√E[µ(a∗)− µ(at)] and estab-

lish its connection with another term C =
∑T
t=1

√
E[µ(a∗)− µ(at)]. We finally connect term

C with the term A in the lemma statement, by proving
∑T
t=1

√
E[µ(a∗)− µ(at)] ≤ O(T

3
4+

ψ
2 )

if E
(∑T

t=1 µ(a
∗)− µ(at)

)
≤ O(T

1
2+ψ) via concavity of square root. Together with the decay

scale tρ−1, which allows tρ−1− (t+1)ρ−1 ≤ tρ−2, we obtain the tight bound O(T−
1
4+

ψ
2+ρ).4

Armed with Lemma 3.4.4, we can use it to prove the induction claim (Lemma 3.4.5).

The challenge in this proof lies in identifying the constant K, which must hold across all

4. If corruption ct was arbitrary, then tρ−1/2 is
√
t|ct|, and the bound could deteriorate to O(T

2ρ
3 ) in the

first T ρ rounds.
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iterations, k, of the analysis to ensure the bound remains stable and does not explode.

Lemma 3.4.5 (Induction Claim). Consider T >
√
2LµLσ1R and ηρ =

√
log T

dTmax{1/2,ρ} . If

RegT ≤ 144dK
√
log TT

ρ+
3
2−ρ
2k for some integer k, then we must also have

RegT ≤ 144dK
√
log TT

ρ+
3
2−ρ
2k+1 . K is a instance-dependent constant,

where K := max
{
C0,

C2Cκ√
log T

, (LσCκ)
2, 2
√
λRCκL

σ
}
, C0 and C2 defined in Lemma 3.4.2

and 3.4.3 respectively.

3.4.1 Additional Applications of Our Regret Analysis Framework

To showcase useful applications of the new regret analysis framework above for proving

Theorem 3.4.1, in this subsection we employ the framework to study continuous dueling

bandits under arbitrary and agnostic corruption — i.e., remove decaying constraints on ct and

ρ is unknown to the learner. We analyze natural variants of RoSIMD, which apply to strongly

concave utilities, and the well-known algorithm Dueling Bandit Gradient Descent (DBGD)

[Yue and Joachims, 2009b], which apply to general concave utilities. The proofs of these

results are direct applications of the analysis from Steps 1-3 outlined above (without Step 4,

since it is the only one requiring knowledge of ρ and decaying corruption). Additionally, we

present these results to offer a set of principled benchmark algorithms for the experiments

in Section 3.5. One thing to highlight is that our robustified algorithms retain the same

computational complexity as the originals, ensuring added robustness without compromising

efficiency. For further details, see Appendix B.7.1.

Proposition 2 (Efficiency-Robustness Tradeoff in RoSMID). If the total corruption level

satisfies
∑T
t=1 |ct(at, a′t)| ≤ O(T ρ), then for any α ∈ [12 , 1), if the utility function is strongly

concave, for a sufficiently large round T , by choosing learning rate η =
√
log T
2d T−α

1. (Robustness) RoSMID incurs RegT ≤ Õ(dTα +
√
dT

1
2 (1−α)+ρ + dT ρ).
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2. (Efficiency) There exists a strongly concave utility function µ and a link function σ

such that RegT suffered by RoSMID is at least Ω (Tα) in scenario without corruption.

Proposition 3 (Efficiency-Robustness Tradeoff in DBGD). If the total corruption level sat-

isfies
∑T
t=1 |ct(at, a′t)| ≤ O(T ρ), then for any α ∈ (0, 14 ], if utility function µ is generally

concave, for a sufficiently large round T , choosing γ = R√
T

and δ =
√
2Rd√

13LσLµTα
for DBGD

1. (Robustness) RegT incurred by DBGD satisfies RegT ≤ O(
√
dT 1−α +

√
dTα+ρ).

2. (Efficiency) There exists a linear utility function µ and a link function σ such that

RegT suffered by DBGD is at least Ω
(
T 1−α) in scenario without corruption.

Both propositions illustrate the tradeoff between learning efficiency and robustness to

adversarial corruption, achieved through their tunable learning rate ηρ, γ, δ (learning rate in

DBGD is γδ
d ; we direct reader to Algorithm 6 for detail). Specifically, greater tolerance for

agnostic corruption (i.e., larger α in Proposition 2) results in worse regret in non-corrupt

settings. A similar robustness-accuracy trade-off has been studied in classification problems

with adversarial examples, both empirically [Tsipras et al., 2018] and theoretically [Zhang

et al., 2019]. However, to our knowledge, this is the first formal analysis of such a trade-off in

online learning. While expanding the confidence region for UCB-type algorithms to handle

agnostic corruption in linear contextual dueling bandits increases tolerance for corruption

but worsens regret—sharing a similar idea of a trade-off [Di et al., 2023]—it’s unclear if this

approach necessarily reduces efficiency. In contrast, our work demonstrates that adjusting

learning rates in gradient-based algorithms to enhance robustness against agnostic corrup-

tion inevitably decreases efficiency when no corruption is present. In particular, the efficiency

statements in both propositions can be interpreted as algorithm-dependent lower bounds,

concretely demonstrating that for certain problem instances, increasing robustness neces-

sarily decreases the learning efficiency of the algorithm. In fact, the “efficiency-robustness

tradeoff" is inherent under unknown adversarial attacks. Lemma B.5.1 in the appendix

44



shows that algorithms that learn faster tend to be more vulnerable to unknown corruption.

However, the nature of this tradeoff varies across different algorithms. It is a very intrigu-

ing and fundamental open question to study what the optimal tradeoff is under unknown

adversarial corruption and how to achieve it.

3.5 Experiments

In this section, we validate our theoretical analysis of RoSMID and DBGD under ρ-Imperfect

Human Feedback through simulations. We also compare their performance against two

baseline algorithms: Doubler and the heuristic algorithm, Sparring, proposed by Ailon et al.

[2014]. For Sparring, we use bandit gradient descent [Flaxman et al., 2005] as the black-box

bandit algorithm. We direct readers to Appendix B.7 for implementation details.

Experiment Setup. We consider a standard experiment setup, which adopts a strongly

concave utility µθ(a) := θ⊤a − 1
2∥a∥

2
2, and a logistic link function σ(x) = 1

1+exp(−x) . We

choose d = 5, and T = 105. Our action space A is a d-dimensional ball with radius R = 10.

The preference parameter θ is randomly sampled from the surface of A. In our problem

setting, the optimal action a∗ = θ and µθ(a
∗) = 50. We simulate ρ-Imperfect Human

Feedback for ρ ∈ [0.5, 1].

Figure 3.1: Robustness of
RoSMID for ρ-LIHF

Results and Discussion. Figure 3.1 presents a log-log

plot of regret versus iteration, t, which the order of regret in

T is represented by the slope of the line. Each line represents

the average over five trials with different random seeds, and

each line corresponds to a distinct value of ρ. The shaded

region indicates ± one standard deviation. In the legend, “o”

denotes the estimated order of regret. We estimate it using

least squares on the last 1% of the data. Figure 3.1 supports

Theorem 3.4.1, as for ρ ∈ [0.5, 1), the estimated slope is less
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than ρ, suggesting that the choice of ηρ =
√
log T

dTmax{1/2,ρ} for RoSMID results in a regret bound

of at most Õ(T ρ).

Figure 3.2 compares the performance of our proposed algorithms, variants of DBGD and

RoSMID, with two baseline algorithms, Sparring and Doubler, in the setting when ct is

arbitrary and agnostic. We set the parameter α = 1/4 for DBGD and α = 1/2 for RoS-

MID. When ρ is unknown to the algorithms, these parameter choices enable DBGD and

RoSMID to tolerate O(T 3/4) levels of unknown corruption, since the slope estimates are

less than 1, implying sublinear regret, aligning with our theoretical predictions. Experimen-

tally, RoSMID demonstrates the best performance under strongly concave utility functions.

Sparring performs comparably to RoSMID, despite being a heuristic approach without the-

oretical guarantees. In contrast, Doubler exhibits the worst performance, likely because its

theoretical guarantees are only applicable to linear link functions, which differs from our

experimental setup. We direct readers to Appendix B.7 for experiment results with other

choice of α for efficiency-robustness tradeoff.

Figure 3.2: For each algorithm, we tested its performance under ρ-Imperfect Human feedback
with ρ = 0.5, 0.6, 0.75. For each ρ, we presented a line plot of the average regret over five
simulations, accompanied by ± one standard deviation shown by the shaded region. In the
legend, o denotes the estimated line slope, calculated using least squares on the last 1% of
the data.
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3.6 Conclusion

In conclusion, this paper enhances the understanding of continuous dueling bandits by ad-

dressing ρ-Imperfect Human Feedback with concave utilities. We established fundamental

regret lower bounds, introduced the RoSMID algorithm with nearly optimal performance,

and developed a novel regret analysis framework that highlights the inherent efficiency-

robustness trade-off in gradient-based algorithms. Our experimental results corroborate the

theoretical predictions. A promising future direction is the development of an algorithm that

achieves Õ(d
√
T + dT ρ) regret for continuous dueling bandits with strongly concave utilities

under arbitrary adversarial corruption. Additionally, incorporating contextual information

to better model real-world scenarios could further enhance the applicability and robustness

of these algorithms. We left these directions for future research.
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CHAPTER 4

SINGLE-AGENT POISONING ATTACKS SUFFICE TO RUIN

MULTI-AGENT LEARNING

4.1 Introduction

In recent years, multi-agent learning (MAL) systems have become increasingly prevalent,

finding applications in diverse fields such as autonomous systems, distributed optimization,

and economic markets [Leo et al., 2014, Shalev-Shwartz et al., 2016, Jin et al., 2018, Qiu

et al., 2021, Zhou et al., 2021, Wu et al., 2022]. These systems, characterized by agents

acting independently to maximize their own utilities in a non-cooperative environment, offer

significant potential but also introduce unique vulnerabilities to potential adversarial attacks.

Consider, for example, autonomous vehicles that communicate to coordinate traffic flow or

financial trading algorithms that interact to optimize individual profits [Sharif and Marijan,

2022, Ataiefard and Hemmati, 2023, Shah et al., 2024]. In both cases, each agent (vehicle or

trader) aims to maximize its own utility without direct collaboration. However, these systems

can be highly susceptible to manipulation, as a single compromised or malicious agent can

significantly influence the overall outcome. While it may be difficult for an adversary to

directly attack or control multiple agents, targeting a single vulnerable or insider agent can

be more feasible [Lin et al., 2020]. This raises an intriguing question of whether an adversary

can still create a disruptive outcome by simply poisoning the utility of one agent.

This scenario—where a single agent in an MAL system is targeted for a utility poisoning

attack—presents a new and critical challenge. Prior research has primarily focused on two

related but distinct areas: adversarial attacks on individual agents in online learning envi-

ronments [Bogunovic et al., 2021a, Jun et al., 2018, Garcelon et al., 2020], and many-agent

attacks on MAL systems [McMahan et al., 2024, Guo et al., 2021, Wu et al., 2023, Ma et al.,

2021, Zhang et al., 2023, Liu and Lai, 2023]. However, the impact of single-agent attacks
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specifically in the multi-agent learning context remains underexplored. In this work, we ad-

dress this gap by investigating the robustness of MAL dynamics against single-agent utility

poisoning attacks. We show that even when one agent is compromised, the system can be

disrupted, revealing a stark vulnerability that has been overlooked in prior studies.

To study the effect of single-agent poisoning in multi-agent systems, we use NE-finding

dynamics in monotone games as our benchmark. Monotone games [Rosen, 1965], which

include well-known models like Cournot competition [Cournot, 1838], Kelly auctions [Kelly

et al., 1998], and Tullock contests [Tullock, 2008], represent a broad class of multi-agent

strategic systems. In these games, agents’ utility functions are concave, and many well-

established MAL dynamics converge to their unique NE [Even-Dar et al., 2009, Farina et al.,

2022, Bravo et al., 2018, Ba et al., 2024b, Tatarenko and Kamgarpour, 2020, Cai and Zheng,

2023], making them ideal benchmarks for studying the effects of single-agent poisoning on

system-wide behavior.

Our theoretical results demonstrate that single-agent poisoning attacks can drive the

dynamics away from the original NE, using an imperceptible, sublinear budget with respect

to the time horizon. This holds for all MAL algorithms in this setting. We also investigate

the robustness of two representatives of such MAL algorithms [Ba et al., 2024b, Bravo et al.,

2018] and show that by sacrificing convergence speed, one can increase the system’s tolerance

to corruption, revealing a fundamental trade-off between efficiency and robustness.

Our contributions can be summarized as follows: (1) We propose a utility poisoning

strategy that can mislead any MAL dynamics in strongly monotone games to converge to a

new NE with a sublinear corruption budget, even when only targeting a single agent. (2) We

analyze the robustness of MAL algorithms against general utility poisoning attacks, showing

that adjusting the learning rate introduces inherent robustness. (3) Our findings uncover

an efficiency-robustness trade-off in MAL dynamics, where faster-converging dynamics are

more vulnerable to utility poisoning. To the best of our knowledge, this is the first work to
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reveal this trade-off in multi-agent learning systems.

Related Work. Adversarial attacks on multi-agent learning—often termed “steering"

or “policy teaching"—have been extensively studied under various assumptions about the

attacker’s knowledge, objectives, and strategies. For instance, Liu and Lai [2023] show

that in certain Markov games, neither action poisoning nor reward poisoning alone can be

both efficient and successful, even with complete knowledge of the environment (“white-

box" setting), highlighting challenges in designing effective attacks. Similarly, Wu et al.

[2023] investigate reward poisoning attacks on offline multi-agent reinforcement learners,

demonstrating how adversaries can manipulate outcomes in offline settings.

Another line of research focuses on designing incentives to guide multi-agent dynamics

toward a desirable equilibrium, known as “equilibrium steering" [Zhang et al., 2023, Canyak-

maz et al., 2024, Huang et al., 2024]. Ma et al. [2021] consider game redesign where a

designer, operating in a white-box setting, aims to induce players to choose targeted actions

in a normal-form game using a sublinear cost, assuming the players employ no-regret learn-

ing. The most relevant work to ours is Zhang et al. [2023], which shows that a sublinear

total incentive can induce a predetermined equilibrium against no-regret agents. However,

their approach can only steer the game to an existing equilibrium and cannot achieve a

non-equilibrium outcome without incurring a cost of Ω(T ).

4.2 Preliminaries

Our study focuses on strategic games with a finite number of agents [n] = {1, · · · , n} and

continuous action sets {Xi}ni=1 associated with agents i ∈ [n]. During play, each agent i

chooses an action (i.e., a pure strategy) xi ∈ Xi ⊂ Rdi , where di is the dimension of action

space of agent i, and forms the joint action profile x = (xi;x−i) ≡ (x1, · · · ,xn). We

denote d := maxi∈[n] di. Let X =
∏n
i=1Xi be the game’s strategy space, and each agent’s

reward is determined by a utility function ui : X → R. Without loss of generality we
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assume the range of each ui is a bounded region [0, 1]. We do not require agents know their

utility functions and only assumes that they can observe the point-wise feedback ui(x), also

known as bandit feedback in online learning literature. Such a game is denoted by a tuple

G ≡ G(n,X , {ui}ni=1). The commonly adopted solution concept for such strategic games is

Nash equilibrium (NE), an action profile where no agent can deviate unilaterally to improve

her utility. The formal definition of NE is given by the following:

Definition 4.2.1. A joint strategy profile x∗ = (x∗1, · · · ,x
∗
n) forms a Nash equilibrium

(NE) of a game G, if for every agent i, x∗i is a best response to the opponents’ strategies

x∗−i; formally,

ui(x
∗
i ,x
∗
−i) ≥ ui(xi,x

∗
−i) for every xi ∈ Xi. (4.1)

4.2.1 Monotone Games

Much of this paper’s theoretical development focuses on an important class of games called

strictly monotone games (strictly MG). This focus is due to at least two reasons. First, from

computational perspective, strictly monotone games are one of the most general classes of

continuous games that admit efficient algorithms for NE; it includes most popular continuous

games such as Cournot competition [Cournot, 1838], Tullock contest [Tullock, 2008, He

et al., 2024] and its variants that model content creation competitions [Yao et al., 2024a,b,c].

Additionally, our framework encompasses all strictly convex-concave zero-sum games and

any game with a strictly concave potential. Second, strictly monotone games turn out to

admit fast converging (to NE) multi-agent learning algorithms [Bravo et al., 2018]. Both

conditions are important for our theoretical analysis.

The concept of “monotonicity”, first introduced by Rosen [1965], refers to games where

each agent has a concave utility function, along with a global condition known as diagonal

strict concavity (DSC). A stronger version of the DSC condition defines a sub-class known

as strongly monotone games. Formal definitions of these are provided below.
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Definition 4.2.2 (Strictly/strongly monotone games). A continuous multi-agent game

G(n, {Xi}ni=1, {ui}
n
i=1) is strictly monotone if for any x = (x1, · · · ,xn),x′ = (x′1, · · · ,x

′
n) ∈

X , it satisfies the diagonal strict concavity (DSC) property:

n∑
i=1

(x′i − xi)
⊤(vi(x

′
i,x
′
−i)− vi(xi,x−i)) < 0, (4.2)

where vi(x) = ∇xiui(x) is the first-order derivative of ui with respect to xi. In addition, the

game G is β-strongly monotone if
∑n
i=1(x

′
i−xi)

⊤(vi(x′i,x
′
−i)−vi(xi,x−i)) ≤ −β∥x

′−x∥22.

When discussing strongly monotone game in this paper, we treat β as a small constant

and sometimes omit it in bounds unless there is a need to emphasize the dependence on β.

Notably, the DSC property readily implies the strict concavity of uk with respect to xk for

any fixed x−k. This can be observed by taking x′ = (x1, · · · ,xk−1,x′k,xk+1, · · · ,xn) in

(4.2). As a result, the following best response mapping for each agent-k is well-defined1:

Best response mapping: BRk(x−k) ≜ arg max
xk∈Xk

uk(xk,x−k). (4.3)

Moreover, the following notion of game Hessian matrix will be useful throughout the paper:

Game Hessian: HG = [∇j∇iui(x)]i,j . (4.4)

The following smoothness property of agents’ utility functions will be useful for our analysis.

Definition 4.2.3 (Second-order L-smooth utilities). Given any game G, we say an agent

k’s utility function uk is second-order L-smooth if there exists a feasible set F ⊆ Rd such

that for any δ ∈ F , the following function hk(·, δ) : Rnd → Rd defined as

hk(x; δ) ≜
vk(xk + δ,x−k)− vk(xk,x−k)

∥δ∥
, (4.5)

1. Because the maximizer of a strictly concave function always exists and is unique.
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is L-Lipschitz continuous; that is, for any x,x′ ∈ X , it holds that

∥hk(x; δ)− hk(x′; δ)∥ ≤ L∥x− x′∥. (4.6)

Second-order smoothness requires that, for a given agent k, while holding other agents’

strategies fixed, the marginal change in k’s utility with respect to her own strategy xk is

Lipschitz continuous with respect to the joint strategies x of all agents. This is a relatively

mild assumption, as it essentially demands the smoothness of the second-order derivatives of

the agent’s utility. To see this connection, by letting δ → 0, we have hk(x; δ)→
∂2uk
∂x2

k

· δ
∥δ∥ .

Hence, in this case Condition (4.6) becomes the Lipschitz continuity on the Hessian matrix
∂2uk
∂x2

k

of hk, which is why it is called second-order smoothness.

A few remarks are worth mentioning. First, our attack poison’s only a single agent

and its success is guaranteed so long as this single agent’s utility is second-order smooth.

Second, the smooth parameter L in Definition 4.2.3 turns out to affect how “controllable”

the attack outcome is. Our results will show that clever adversaries would tend to poison an

agent with small L parameter. Third, many well-known strongly monotone games exhibit

this smoothness property. For example, the n-agent Cournot competition is second-order

0-smooth, where n-agent Tullock contest is second-order O(
√
n)-smooth (see Appendix C.1

for full descriptions of these games and proofs of these claims in Proposition 5 and 6).

4.2.2 The (α, p)-Multi-Agent Learning Dynamics under Bandit Feedback

Monotone games are known to have a unique Nash equilibrium, hence a substantial body

of recent work develops equilibrium-converging dynamics, including [Bravo et al., 2018,

Tatarenko and Kamgarpour, 2020, Cai and Zheng, 2023, Ba et al., 2024b]. These stud-

ies demonstrate that in a strictly monotone game if each agent independently follows such

an algorithm, the joint strategies of all agents converge in last iterate to the NE at a polyno-
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mial rate. Among these, we are particularly interested in algorithms that operate in a bandit

feedback environment, where agents do not have access to their utility functions neither util-

ity gradients, and can only observe the utilities (possibly noisy) resultant from the actions

they take at that round. This feedback setting is challenging yet realistic, as it reflects

un-coupled learning situations where agents are unaware of their opponents’ existence and

simply optimize their own utilities selfishly. The following notion is crucial to our analysis.

Definition 4.2.4 ((α, p)-MAL Dynamics). We say a (possibly randomized) multi-agent

learning (MAL) dynamics A = (A1, · · · ,An) for an n-agent game G with bandit feedback is

an (α, p)-MAL dynamics if when each agent i uses algorithm Ai to determine her strategy

x
(t)
i at time t, then their joint strategy sequence {x(t)}∞t=1 converges to a Nash Equilibrium

x∗ in the following sense: there exists positive constants C, T0 such that for any t > T0 we

have

E[∥x(t) − x∗∥p2] ≤ Cp · t−pα. (4.7)

In other words, an (α, p)-MAL dynamics leads to last iterate convergence to some NE of

the game G in the sense that the p-th power of the strategy profile difference, evaluated under

the L2 norm, has a polynomial convergence rate α > 0. In the following section, we shall

see that the α, p parameter in (α, p)-MAL algorithms fundamentally affects the algorithm’s

robustness to adversarial corruptions. In the literature of multi-agent learning for monotone

games, various (α, p)-MAL dynamics have been developed. For instance, the Multi-Agent

Mirror Descent with Bandit Feedback (MAMD) proposed by Bravo et al. [2018] leads to a

(16 , 2)-MAL algorithm, while the Multi-Agent Mirror Descent with Self-Concordant Barrier

Bandit Learning (MD-SCB) introduced in Ba et al. [2024b] leads to a (14 , 2)-MAL dynamics.

Notably, while these designs often let every agent use the same learning algorithm, neither our

definition of the (α, p)-MAL dynamics nor our designed attack later require this restriction

— all we assume is that the learning dynamics converge.
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4.3 Vulnerability of MAL to Utility Poisoning in MG

In this section, we examine the vulnerability of multi-agent learning (MAL) dynamics. Our

main result is the design of a single-agent utility poisoning attack, which is provably successful

to any (α, p)-MAL algorithm for β-strongly monotone games. Our results also quantitatively

characterize how the attack costs and outcome depend on parameters β, α, p. The risk of

having a poisoned agent within a community is very realistic, hence our attack raises serious

concerns regarding naively applying MAL dynamics to setting with potential adversaries.

We conclude this section by showing how the attack can lead to worse outcomes when the

adversary can poison even more agents.

4.3.1 Poisoning a Single agent Suffices to Steer the Equilibrium Away

We design an explicit implementation of such a utility poisoning attack, referred to as the

Single-agent Utility Shifting Attack (SUSA). SUSA first selects a victim agent k to poison,

and computes a corrupted utility function ũk for this agent. Then during MAL process,

at each round SUSA simply shift the realized utility of agent k from uk to the ũk with

attacking cost c = |ũk − uk| (hence the name “utility shifting”). The formal definition of

SUSA is provided below.

Definition 4.3.1 (Single-agent Utility Shifting Attack). A Single-agent Utility Shifting At-

tack (SUSA) against a strategic game instance G is specified by a tuple (k, δ,∆), which is

implemented by the following two stages:

1. [Preparation Stage] Pre-compute a corrupted utility function for “victim agent” k:

ũk(xk,x−k) = uk(xk + δ,x−k) + ∆(x−k, δ), (4.8)

where ∆ : X → R is a function depending on the joint strategy x−k and δ ∈ Xk2.

2. Rigorously, we need to extend the domain Xk to ensure uk(xk + δ,x−k) is well-defined. In fact, any
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2. [Attacking Stage] During the execution of an MAL algorithm at round t, add a

corruption

ct = ũk(x
(t)
k ,x

(t)
−k)− uk(x

(t)
k ,x

(t)
−k)

to agent-k’s utility observation.

In addition, we denote the corrupted game instance as G̃(k, δ,∆), in which the k-th

agent’s utility function is replaced with ũk.

A few remarks are worth clarifying. First, ct is introduced after observing the current

round action. This type of corruption is often referred as “strong” corruption in the literature

[Liu and Shroff, 2019, Jun et al., 2018, Bogunovic et al., 2021b]. Second, SUSA is applicable

to any MAL learning dynamics in any games with continuous utility functions, though below

we only show that the success of such attacks can be guaranteed for strongly monotone games

under certain conditions. Third, SUSA only poisons agent k’s utility observations and does

not interfere with her actions, though the poisoning amount depends on an action shifting

term δ. Essentially, it makes k believe her utilities are drawn from a modified function ũk.

Notably, SUSA does not attack any other agents, but will nevertheless steer their equi-

librium behaviors through influencing the victim k’s behaviors. Since agents do not know

their true utility functions but only observe the bandit feedback about utilities, this form of

corruption not only disrupts the sequential strategy updates of the victim agent k, but also

influences the dynamical behaviors of all other agents involved.

The following Lemma 4.3.1 reveals a nice property of SUSA. That is, if the target game G

is strongly monotone, SUSA preserves the strongly monotone property as long as the l2-norm

of the deviation ∥δ∥2 is upper bounded by a constant depending on the game parameters.

Lemma 4.3.1. Consider any β-strongly monotone game G(n, {Xi}ni=1, {ui}
n
i=1). If uk is

second-order L-smooth, then under SUSA the corrupted game G̃(k, δ,∆) with ∥δ∥2 < β/L

concave extension would suffice, and it does not affect the validity of our theoretical results.
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remains strongly monotone.

Lemma 4.3.1 indicates that the corrupted game preserves strong monotonicity as long as

the norm of the shifting offset δ is reasonably bounded. This is useful because MAL dynamics

retains convergence in the corrupted game (still strongly monotone). As mentioned in Section

4.2.1, Cournot competition is O(1)-strongly monotone and 0-smooth, so a SUSA using any

δ preserves its monotonicity. In contrast, the Tullock contest is O(1)-strongly monotone but

O(
√
n)-smooth, hence the adversary is limited to using ∥δ∥ < O(1/

√
n). This means that as

the number of agents increases, it becomes more difficult for SUSA to preserve the monotone

property. The proof of Lemma 4.3.1 can be found in Appendix C.2.1.

Our following main theorem of this section, which formally characterizes SUSA’s capa-

bility.

Theorem 4.3.1. Let G(n, {Xi}ni=1, {ui}
n
i=1) be any β-strongly monotone game (with unique

NE x∗) and A be any (α, p)-MAL dynamics. Suppose a victim agent-k’s utility function uk

is second-order L-smooth. Consider SUSA(k, δ,∆) constructed as

∆(x−k, δ) = −uk(BRk(x−k),x−k) + uk(BRk(x−k)− δ,x−k) (4.9)

where δ is any vector satisfying ∥δ∥2 < β/L and BRk(x−k) ≜ argmaxxk∈Xk uk(xk,x−k)

is the best response mapping of agent-k. Then the resulting dynamics induced by A and

SUSA(k, δ,∆) converges to some x̃∗, such that

1. [Attack Success] The deviation to the original NE satisfies

∥x̃∗ − x∗∥2 ≥ β∥δ∥2/ sup{ρ(HG(x)) : x ∈ [x∗, x̃∗]}, (4.10)

where ρ(HG(x)) represents the spectral norm of the game’s Hessian HG at x, and

[x∗, x̃∗] denotes the segment (with a slight abuse of notation) λx̃∗+(1−λ)x∗, λ ∈ [0, 1].
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2. [Sublinear Attack Costs] The expected total budget satisfies

E

 T∑
t=1

|ct|

 ≤ C0 · T
1− pα

p+1 , (4.11)

where the constant C0 = CL1(4L2+5)+2, L1 is the Lipschitz constant of all ui w.r.t.

xi and L2 is the Lipschitz constant of victim agent k’s best response BRk w.r.t. x−k.

As described in (4.10) and (4.11), the success of a SUSA relies on achieving two goals

simultaneously: (1) steering the convergence to a joint strategy profile that is at least a

constant distance away from the original NE, and (2) ensuring that the total budget required

is o(T ). Theorem 4.3.1 guarantees both even when the adversary only targets a single agent.

One might wonder, beyond the NE shifting distance guarantee (4.10), whether an ad-

versary can have any control over the shifting direction, especially if it aims to influence

specific agents’ strategies. Our answer is affirmative: although rigorously characterizing the

direction x̃∗−x∗ is challenging, we can approximate it as H−1G [:, k][∇kkuk]δ (see Appendix

C.2.3), where H−1G [:, k] is the k-th block column of the inverse of HG , and ∇kkuk is the

Hessian of uk w.r.t. xk. This suggests that if an adversary possesses some additional global

knowledge about the game’s Hessian HG , it can further steer the NE deviation in a desired

direction.

To get a better sense of the attack success guarantee, we derive constants in Theorem

4.3.1 for two examples as follows. The proof can be found in Proposition 5 and 6 in Appendix

C.1.

Remark 4.3.1. For n-person Cournot competition, the corresponding parameters L0, L1, L2, β

and HG specified in Theorem 4.3.1 satisfy

L0 = 0, L1 = O(1), L2 = O(
√
n), β = O(1), sup

x∈X
{ρ(HG(x))} = O(n),
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therefore, for an arbitrary δ, SUSA can induce an NE shift ∥x̃∗ − x∗∥2 ≥ O(n−1). For

n-person Tullock contest, we have

L0 = O(
√
n), L1 = O(1), L2 = O(

√
n), β = O(1/

√
n), sup

x∈X
{ρ(HG(x))} = O(n),

and thus for ∥δ∥ < O(n−1), SUSA can induce ∥x̃∗ − x∗∥2 ≥ O(n−
5
2 ). Both results are

obtained within a total budget E
[∑T

t=1 |ct|
]
≤ O(

√
nT

1− pα
p+α ).

We observe that while some of the constants in the bounds are O(1), some of them

inevitably depend on n and the specific guarantees vary across different game structures.

In our two examples, Cournot games are clearly more vulnerable to attacks compared to

Tullock games.

One might also wonder the induced deviation from the original NE may be too small when

n gets large. As we will discuss in Section 4.3.2, the adversary can improve the deviation

in (4.10) by removing the factor sup{ρ(HG)} and may even force the NE deviation to an

arbitrary direction if allowed to poison multiple agents.

Next, we discuss the implications of the necessary requirements in Theorem 4.3.1, which

provide insight into why SUSA can be successful. The first condition demands that the

l2-norm of the deviation ∥δ∥, must be bounded by a constant. This is to ensure that

the corrupted game remains strongly monotone and thus allows A to converge to x̃∗, the

unique NE of the corrupted game, as indicated by Lemma 4.3.1. The second condition

provides an explicit construction of the offset function, which is essential for maintaining

a sub-linear total budget. In fact, the rationale behind the design of ∆ is to satisfy that

for the target agent-k and any x−k ∈ X−k, maxxk∈Xk ũk(xk,x−k) = uk(B̃Rk(x−k),x−k),

where B̃Rk(x−k) = argmaxx∈Xk ũk(x,x−k) = BRk(x−k)− δ is the best response function

for agent-k under the corrupted utility uk. In other words, regardless of the opponents’

strategies, the best response of any agent under their corrupted utility ũk aligns with the
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intersection of ũk and the original utility uk. This means that as an agent gradually learns

the best response to their opponents’ strategies–particularly when converging to x̃∗–the

adversary’s budget decreases to zero, ultimately resulting in a total budget that is sub-linear

in T . The proof for (4.10) requires establishing a connection between the Jacobian of best

response mapping and the game’s Hessian and applying Lagrange mean-value theorem for

vector-valued functions [Hall and Newell, 1979]. The proof for (4.11) follows from a careful

analysis of the expected budget E[|ct|] at each round. In fact, we can show that the same

convergence rate applies to the corrupted game G̃ and as the joint strategy approaches x̃ at

rate t−α, E[|ct|] decreases at rate t−
pα
p+1 . For detailed proof, please refer to Appendix C.2.2.

4.3.2 Potential Power of Poisoning Many Agents

Theorem 4.3.1 demonstrates the significant impact of attacking even a single agent. A natural

follow-up question is whether an adversary can gain additional power by poisoning multiple

agents. While this is not the primary focus of our work—since it is unclear how realistic or

feasible it would be for an adversary to poison many agents—we provide preliminary evidence

that such an adversary would indeed have significantly more influence. We illustrate this

through an example in the Cournot competition, as detailed below.

Proposition 4. Under the same assumptions stated in Theorem 4.3.1, consider an adversary

performing SUSA(k, δk,∆k) against all agents k ∈ [n] in an n-person Cournot competition.

Then, the required attacking budget for each agent is still bounded as (4.11), and the shifted

NE under attack satisfies x̃∗−x∗ = H−1G Dδ, where HG is the game Hessian defined in (4.4),

and D is a diagonal block matrix with the i-th diagonal block being the Hessian of ui w.r.t.

xi. As a result,

1. picking δ = D−1HGv can induce an arbitrary NE deviation direction v,

2. picking δ aligning with the direction associated with the largest eigenvalue of H−1G D
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induces the largest possible NE deviation distance ∥x̃∗ − x∗∥, which is at least ∥δ∥.

Although limited to Cournot games, Proposition 4 offers a preview of the additional ad-

vantages of attacking multiple agents, namely more refined control over both the magnitude

and direction of NE deviation. Compared to Remark 4.3.1, attacking multiple agents in-

creases the magnitude of the NE deviation from O(1/n) to O(1), and allows for arbitrary

directional deviation. We are able to derive a closed-form solution of x̃∗ − x∗ thanks to the

quadratic utility function in Cournot games which yields a constant game Hessian and a

linear best response mapping. For more general game structures, we can show that similar

results hold, albeit in an approximate sense, as a strongly convex function can always be

approximated by a quadratic form, and the best response mapping can be linearized near

x∗. However, a rigorous exploration of this is beyond the scope of our current work.

While it may be unrealistic to assume that all agents are vulnerable to attack, the propo-

sition suggests that we can still expect a guarantee between these extremes, when only a

subset of agents is subject to poisoning.

As we show in the detailed proof in Appendix C.2.2, if there is a flexibility to design

δi for all agents, the adversary can pick any δ that aligns with the eigenvector associated

with the smallest eigenvalue of HG(x∗) so that we can improve the term supx{ρ(HG)} in

(4.10) to infx{ρ(HG)}. Since for both Cournot and Tullock games, inf{ρ(HG)} is O(1) and

sup{ρ(HG)} = O(n), such flexibility enables the adversary to amplify the induced deviation

by a factor of n in both cases. Additionally, attacking multiple agents can also induce devia-

tion in arbitrary directions, regardless of the game structure. These additional guarantees are

achieved within the same order of sublinear budget. While it may be unrealistic to assume

that all agents are vulnerable to attack, the proposition suggests that we can still expect a

guarantee between these extremes, when only a subset of agents is subject to poisoning.

Returning from the detour on the discussion of multi-agent attacks, we now focus back

on our main setting of single-agent attacks.
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Interestingly, we will demonstrate that simply tuning the learning rate can effectively

balance these two objectives.

4.3.3 Additional Guarantees on Attack Success

In many scenarios, an adversary’s primary objective is not merely to steer agents toward a

new equilibrium x̃∗. Instead, a more robust and practical goal is to reduce a specific target

metric, W (x) (e.g., social welfare), which depends on the PNE action profile x∗ of all agents.

In this section, we provide an additional guarantee of attack success for adversaries aiming

to manipulate the target metric W (x). Our Theorem 4.3.2 demonstrates that, irrespective

of the game structure, for almost any function W (x), the adversary can successfully deploy

a SUSA to decrease the value of W at the newly induced PNE under attack.

Theorem 4.3.2 (Attackable Target Welfare Metrics). Consider any β-strongly monotone

game

G(n, {Xi}ni=1, {ui}
n
i=1) with a (unique) PNE x∗. Assume that for each i, ui is second-order

L-smooth and x∗ /∈ ∂X . Then for any first-order differentiable function W (x) satisfying

that
dW

dx∗
·H−1G (x∗) · [∇iiui(x∗)]ni=1 ̸= 0, (4.12)

there exists SUSA(k, δk,∆) such that it strictly decreases W at its induced corrupted PNE,

i.e.,

W (x̃∗) < W (x∗). (4.13)

Here dW
dx∗ = dW

dx

∣∣∣
x=x∗ ∈ R1×nd denotes the derivative of W w.r.t. x at x∗, HG(x∗) ∈

Rnd×nd is G’s Hessian at x∗, and [∇iiui(x∗)]ni=1 =

[
∂2ui(x)

∂x2
i

∣∣∣
x=x∗

]⊤
i∈[n]

∈ Rnd×d denotes

the concatenation the Hessians of ui w.r.t. xi at x = x∗.

The proof of Theorem 4.3.2 is straightforward, as we can show when x∗ is an interior

point of X , W is differentiable w.r.t. δk, so that one can always manipulate W as long
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as its derivative w.r.t. δk is non-zero at 0. The detailed proof can be found in Appendix

??. Theorem 4.3.2 characterizes all manipulable metrics W—those for which the gradient

at the original PNE x∗ does not lie within the null space of H−1G (x∗) · [∇iiui(x∗)]ni=1. This

condition imposes at most d degrees of freedom on dW
dx∗ , leading to the conclusion that almost

all target metrics W are manipulable.

The following corollary illustrates the extent to which the adversary can expect to de-

crease the target metric W by selecting an arbitrary (k, δk).

Corollary 1. Under the same assumptions stated in Theorem 4.3.2, for any sufficiently

small ϵ > 0 and δ̂ such that dW
dx∗ ·H−1G (x∗)[:, k] · ∇kkuk(x∗) · δ̂ > 0, SUSA(k, ϵδ̂,∆) induces

W (x̃∗) ≤ W (x∗)− ϵ

2

(
dW

dx∗

)
·H−1G (x∗)[:, k] · ∇kkuk(x∗) · δ̂. (4.14)

Although Corollary 1 only provides a way to secure a small amount of decrease in W ,

an adversary can implement a sequence of SUSA actions to accumulate a more substantial

reduction in W . Such a process still remains nearly imperceptible, as Theorem 4.3.1 ensures

that the cost of each attack is negligible. However, a key challenge lies in accurately measur-

ing the reduction in W , as this requires the knowledge of the inverse of the game’s Hessian.

Nevertheless, identifying an effective attack direction is relatively simple: (4.14) implies that

if δ cannot guarantee a decrease in W , then −δ certainly can.

4.4 Intrinsic Trade-Off Between Efficiency and Robustness

Our main result in previous sections (i.e. Theorem 4.3.1) reveals an intriguing trade-off

between the efficiency and robustness of MAL dynamics: the faster an algorithm converges

(i.e., a larger α), the smaller corruption needed for inducing an NE shift. For simplicity, we

name such outcome as NE Shifting Attack (NSA). While such a trade-off is well-documented

in single-agent online learning [Cheng et al., 2024], we are the first to identify it in the

63



multi-agent context. In this section, we explore whether sacrificing the convergence rate of

specific MAL dynamics can improve robustness against utility poisoning attacks. We focus

on two dynamics: MD-SCB [Ba et al., 2024b], the fastest-converging state-of-the-art MAL

algorithm, and MAMD [Bravo et al., 2018], the foundational MAL algorithm for strongly

concave games with bandit feedback.

Essentially, our key insight is that the robustness of these dynamics can be improved (i.e.,

become more resilient to NSA) by simply adjusting the learning rate. Theorem 4.4.1 shows

how the learning rate of MD-SCB (see Appendix C.3.1 for details) influences its robustness

against general utility poisoning attacks. Originally proposed by Ba et al. [2024b], MD-SCB

achieves an optimal convergence rate of O(d/
√
T ) without adversarial attacks, if choosing

the learning rate ηt ∝ t−
1
2 At each round t, we consider a general adversary who selects

a set of agents Ĩt to attack: any agent ĩ ∈ Ĩt will receive an altered utility observation

µ̃
(t)

ĩ
← µĩ(xt) + ct,̃i(xt). Theorem 4.4.1 highlights how the algorithm’s convergence under

such a generic utility poisoning attack depends on both the learning rate ηt and the total

attack budget ρ.

Theorem 4.4.1. Consider an adversary that attacks a set of agents Ĩt at round t with a

total budget satisfying
∑t
j=1

∑
ĩ∈Ĩj
|cj,̃i| ≤ O(t

ρ) for all t and some ρ ∈ [0, 1]. By choosing

a learning rate sequence ηt = 1
2dt
−ϕ, for sufficiently large T the last-iterate convergence

rate of MD-SCB satisfies E
[
∥x̂T − x∗∥22

]
≤ max

{
O(dTϕ−1),O(dT−ϕ),O(dT ρ−

1
2 (ϕ+1))

}
.

Specifically, E
[
∥x̂T − x∗∥22

]
≤ O

(
dT

2(ρ−1)
3

)
can be achieved by choosing ϕ = 2

3(ρ+
1
2).

Theorem 4.4.1 delivers a strong message: for a given sublinear total budget O(T ρ), even

as ρ → 1, we can always adjust the learning rate decay to recover last-iterate convergence,

making MD-SCB absolutely resilient to NSA3, although at the cost of potentially slower

convergence speed. The proof of Theorem 4.4.1 quantifies the bias introduced by attacks

in the utility observations of the gradient estimator ṽ
(t)
i , and tracks the propagation of this

3. As NSA necessarily leads to divergence, last-iterate convergence must imply resilience to NSA.
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bias throughout the convergence analysis (see Appendix C.3). We will later use a similar

approach to establish an analogous result for Algorithm 9 as well.

Theorem 4.4.1 provides a potential defense strategy for an algorithm designer, assuming

they can estimate the upper bound of the total corruption. To clarify the inherent trade-

off between efficiency and robustness in MAL dynamics, we compare this result with our

findings in Section 4.3 from a unified perspective. For this comparison, let ADV represent

all possible utility poisoning strategies, and define the following quantity:

ρ(C,A) = inf{ρ ∈ [0, 1]|C with budget O(T ρ) always achieve NSA against A.},

= sup{ρ ∈ [0, 1]|C with budget O(T ρ) cannot achieve NSA against A.},

where C ∈ ADV represents a generic utility poisoning adversary. Now, a fundamental

question from both the attacker and defender’s perspectives is to quantify the following two

functions (with p = 2 fixed):

ρ−(α) = inf
C∈ADV

sup
A∈MAL(α,2)

ρ(C,A), ρ+(α) = sup
A∈MAL(α,2)

inf
C∈ADV

ρ(C,A). (4.15)

Function ρ−(α) represents the optimal strategy of a utility poisoning adversary: for any MAL

dynamics known to enjoy convergence rate α, ρ−(α) denotes the minimum budget level ρ

required for NSA. In contrast, ρ+(α) describes the optimal defense from the perspective

of the algorithm designer: given a required convergence rate α, ρ+(α) identifies the most

robust algorithm that can withstand NSA of level ρ from any utility poisoning adversary.

The well-known max-min inequality also implies the following basic fact.

Fact 4.4.2. ρ−(α) ≥ ρ+(α) for any α ∈ [0, 1/4].

Note that we restrict α ∈ [0, 14 ] because α = 1
4 is proven to be the optimal convergence

rate under p = 2 in the non-corrupted setting [Ba et al., 2024b]. In general, one should

expect strict inequality in this context (i.e., ρ−(α) > ρ+(α)), unless ρ(C,A) has particular
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special properties. For instance, if ρ(C,A) is convex in C and concave in A, the equality

must hold, as seen in the well-known minimax theorem from v. Neumann [1928], Sion [1958].

In our problem, however, both C,A represent algorithms and it is unclear how ρ changes

w.r.t. C and A. Thus, an intriguing open question remains: does the equality hold in Fact

4.4.2? In other words, does the adversary gain a strict advantage (i.e., ρ−(α) > ρ+(α)) by

first observing the dynamics A and then designing the attack C?

To better understand the strength of the adversary, our main results in Theorems 4.3.1

and 4.4.1 provide insights by establishing upper and lower bounds of ρ−(α), ρ+(α), respec-

tively, as summarized in Corollary 2.

Corollary 2. Given the definitions of ρ−(α) and ρ+(α) in (4.15), for some particular MAL

algorithm A0 and adversary C0 ∈ ADV , we further define

ρ(A0(α)) = inf
C∈ADV

ρ(C,A = A0(α)), ρ(α, C0) = sup
A∈MAL(α,2)

ρ(C = C0,A),

where A0(α) denotes algorithm A0 with a set of hyper-parameters that guarantees MAL(α, 2)

convergence. Then for any α ∈ [0, 14 ], it holds that

1− α ≤ ρ(MD-SCB(α)) ≤ ρ+(α) ≤ ρ−(α) ≤ ρ(α; SUSA) ≤ 1− 2α

3
. (4.16)

We defer the proof of Corollary 2 to Appendix C.4.1 as it is straightforward: the three

middle inequalities follow directly from the definitions of ρ−, ρ+ and Fact 4.4.2. The two

outer inequalities are derived from a restatement of Theorem 4.3.1 and 4.4.1. In fact, Theo-

rem 4.3.1 quantifies the capability of a particular adversary (i.e., SUSA) and thus establish

the upper bounds of ρ(α; SUSA). Theorem 4.4.1, on the other hand, characterizes the robust-

ness of a particular algorithm (i.e. MD-SCB), thus gives the lower bounds of ρ(MD-SCB(α)).
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Figure 4.1: Illustration of the
four quantities in Corollary 2,
revealing the intrinsic efficiency-
robustness trade-off under NSA.

Although the bounds in Corollary 2 are not tight, they

highlight an intrinsic trade-off between efficiency and ro-

bustness: MAL dynamics with higher convergence rates

become more vulnerable—they can withstand less cor-

ruption, and adversaries need a smaller budget to attack

them. Figure 4.1 illustrates this trade-off. The yellow

dashed line represents ρ−(α); above it, a budget of O(T ρ)

suffices for a powerful adversary to induce NSA in any

MAL(α, 2) dynamics. The red region, a subset of this

area, corresponds to the actual budget required for NSA

using our specific attack strategy, SUSA. Conversely, the blue dashed line represents ρ+(α);

below it, the most robust MAL(α, 2) dynamics can withstand corruption of O(T ρ) against

any adversary. For a specific MAL dynamics like MD-SCB, the green region shows the bud-

get within which it remains resilient to NSA. We only present ρ ∈ [0.75, 1] because the MAL

dynamics with the best convergence rate in such a setting (α = 0.25)[Ba et al., 2024b] can

withstand a corruption level of ρ = 0.75 (see Theorem 4.4.1). The three gaps in Figure

4.1 correspond to three open problems: OP1. what is the most budget-efficient adversary

for any MAL dynamics; OP2. does an adversary have a strict advantage by observing the

dynamics A first and then design the attack C; and OP3. what is the most robust MAL

dynamics resilient to any adversary? We left these for future research.

Such an efficiency-robustness trade-off extends to more general contexts. For example,

the MAL algorithm MAMD (detailed in Algorithm 9 in Appendix C.3.4) exhibits a similar

phenomenon. We establish a corresponding result in analogous to Theorem 4.4.1 in Propo-

sition 7 in Appendix C.3.4, showing how to adjust MAMD’s learning rate to enhance its

robustness. Moreover, this trade-off applies to a broader notion of robustness beyond just

resilience to NSA attacks. In Appendix C.4, we present similar results for a stronger form
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of robustness that not only ensures resilience to NE shifting but also prevents any possible

dampening of the convergence speed.

4.5 Experiments

In this section, we validate our theoretical results from Theorem 4.3.1, Theorem 4.3.2, and

Theorem 4.4.1 by implementing SUSA against MD-SCB on n-person Cournot games, in

which each player-i has a utility function ui(xi, x−i) = xi

(
a− b

∑n
j=1 xj

)
− cixi. The

formal definition is given in Appendix C.1. We also direct readers to Appendix C.5 for

additional results for attacks against another algorithm MAMD (see Algorithm 9). We run

simulations on two types of Cournot game instances. In the first type (homogeneous), all

players share the same marginal cost ci, resulting in a symmetric game. In the second

type (heterogeneous), players have varying costs. The results for the homogeneous case are

presented in the main paper, while those for the heterogeneous case are included in Appendix

C.5.2, as they basically convey the same message.

Homogeneous n-person Cournot Game Experimental Setup: We set a = 10, b =

0.05, and we consider the cost ci = 1 for all agents i ∈ [n]. The action space is set to

Xi = [0, 50] and the unique NE of such games can be verified as x∗i = 180
n+1 , i ∈ [n]. We let

each agent run MD-SCB with the game size n ∈ {10, 50, 100}. The learning rate schedule

of MD-SCB is set to (ηt ∝ t−ϕ, ϕ = 0.5, 0.7, 0.9), corresponding to convergence rates α =

0.25, 0.15, 0.05, p = 2 when no attack is present. We implement SUSA against agent 1, with a

fixed δ = −10.0. For each game instance specified by n and the attacked algorithm specified

by the convergence rate α, we compare the dynamics’ behavior both without attack and

under SUSA, and report the actual total budget used.
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Figure 4.2: This figure displays results for Homogeneous n-person Cournot Game. Top left:
square error of MD-SCB with varying convergence rates. Top right: square error of MD-SCB
on different sizes of game instances against SUSA. Bottom left: cumulative attack budget
used by SUSA against MD-SCB with varying convergence rates. Bottom right: social welfare
W (xt) under SUSA and without attack for n = 10. The red dashed line denote the social
welfare under NE without attack, W (x∗), while the red solid line denote the social welfare
under manipulated NE under SUSA, W (x̃∗). We plot 0.1-σ region from 20 independent
simulations for social welfare (the bottom right figure) and 0.5-σ region for the rest figures.

Result: The top left panel of Figure 4.2 plots the convergence curve of the L2 square error

for n = 10, serving as a sanity check to confirm that different learning rate schedules induce

different convergence rates for MD-SCB in absence of an adversary. The top right panel

shows the outcome of SUSA against MD-SCB with α = 0.25, with the y-axis representing

L2 distance between xt and NE. The dashed lines display the convergence curve without

the adversary, while the solid lines represent the dynamics under SUSA, with different colors

indicating results for various game sizes n. As shown, for different values of n, the attacked
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dynamics exhibit divergence, as the solid lines saturate and stop decreasing, indicating that

the dynamics are being steered to converge to a new point. Additionally, we observe that

the induced NE deviation decreases with respect to n, which aligns with our theoretical

predictions in Theorem 4.3.1 and Remark 4.3.1. The bottom left panel shows the cumulative

attack budget Ct =
∑t
τ=1 |cτ | at each time step t against MD-SCB with different values of α.

As the results indicate, although all exhibit a sublinear trend, a faster-converging dynamics

(α = 0.25) requires a smaller attack budget, corroborating our findings in Theorem 4.3.1 and

4.4.1. The bottom right panel plots the social welfare W (xt) without attack (indicted by the

dashed line) and under SUSA(indicted by the solid line). The panel shows that SUSA with

δ = −10 can lead the learning dynamic to a new NE with a lower social welfare, aligning

with the result in Theorem 4.3.2. These observations also hold for Cournot games with

heterogeneous costs, and the corresponding results are presented in Appendix C.5.2.

4.6 Discussion

In addition to the three open problems regarding the fundamental limits of attack efficiency

and defense robustness raised in Section 4.4, we discuss more potential limitations and future

directions here. One limitation of our setting is that SUSA assumes the adversary has full

knowledge of the victim agent’s utility function—a potentially strong assumption in some

cases. An important future direction is to broaden the applicability and practicality of

SUSA from the current white-box setting to a black-box or grey-box setting, where the

adversary has no or limited knowledge of the victim agent’s utility. Another key question we

did not address is the societal impact of utility poisoning attacks, particularly its potential

for “steering for social good”: as although SUSA could be used by adversaries to induce a

harmful NE, it also opens up opportunities for a benevolent social planner to guide the system

toward a better social outcome, simply by incentivizing a single agent. These intriguing open

problems offer valuable avenues for future exploration.
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CHAPTER 5

INFORMATION CONVEYANCE IN FINE-TUNED MODELS

5.1 Introduction

Large language models (LLMs) have achieved strong performance across tasks such as natural

language understanding [Brown et al., 2020, Hendrycks et al., 2020], code generation [Chen

et al., 2021b, Roziere et al., 2023], and mathematical reasoning [Ouyang et al., 2022, Lu

et al., 2025]. A key driver of this success is fine-tuning, including instruction tuning [Wei

et al., 2021, Chung et al., 2024] and alignment with human preferences [Ouyang et al.,

2022, Rafailov et al., 2023]. While fine-tuning substantially improves helpfulness and task

performance, a growing body of work suggests that it may also reduce output diversity and

compresses the effective generation space of language models [Wang et al., 2025, Yang et al.,

2025b, Lake et al., 2025, West and Potts, 2025]. Prior studies report that base models exhibit

greater randomness and creativity, whereas aligned models produce more concentrated and

similar responses across samples [West and Potts, 2025]. Similar conclusions have been

drawn using branching factor [Yang et al., 2025b], lexical diversity [Lake et al., 2025], and

token-level uncertainty measures [Agarwal et al., 2025, Wang et al., 2026], reinforcing the

view that fine-tuning makes language models more deterministic and less diverse.

However, existing analyses suffer from an important limitation–they do not control for

output length, despite length being a major confounder in diversity measurement [Shaib

et al., 2024]. Classical metrics such as type-token ratio are biased by text length, often

making shorter responses appear more diverse [Shaib et al., 2024]. Such metrics that ig-

nore generation length cannot distinguish genuinely diverse outputs from statistical artifacts

induced by shorter outputs. This limitation is especially problematic in aligned language

models because fine-tuning changes not only what models generate, but also how long they

generate. Base models often produce shorter responses, while instruction-tuned models gen-

erate longer and more structured outputs [Singhal et al., 2023]. As illustrated in Figure 5.2,
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base models typically exhibit decreasing entropy rates over generation, implying that longer

continuations become increasingly predictable and redundant. In contrast, fine-tuned models

tend to maintain more stable entropy rates across longer trajectories, suggesting that addi-

tional tokens remain informative rather than collapsing into low-information continuation.

More importantly, prior work largely treats diversity as a static property of outputs,

without studying how uncertainty evolves along generation trajectories. To the best of our

knowledge, no existing work analyzes the relationship between generation length and entropy

rate (see Definition 5.3.3)—that is, whether longer generations become more informative or

increasingly redundant. Yet this interaction is crucial, since fine-tuning learns not only what

to say, but also when to elaborate and when to stop. As a result, output length itself becomes

part of the learned generation strategy, making diversity comparisons incomplete without

accounting for how uncertainty is allocated across trajectories.

Meanwhile, recent studies suggest a more nuanced picture than simple diversity reduc-

tion. Fine-tuning can increase certain forms of diversity, such as semantic diversity in code

generation, even while reducing lexical variation [Shypula et al.]. These findings suggest that

fine-tuning may reorganize uncertainty and generation structure, rather than uniformly sup-

press diversity, leaving the relationship between uncertainty allocation, semantic variation,

and generation trajectories still poorly understood.

Our contribution. In this work, we revisit diversity in language models through a

principled information-theoretic lens. We propose Canopy Entropy (CE⋆), an information-

theoretic measure that views language generation from a tree perspective. Just as a biological

canopy represents the total spread and reach of a tree’s branches, our metric views the

“canopy” as the set of all potential leaves—or finished rollouts—available to the model. This

allows CE⋆ to naturally quantify the effective volume of the generation space by accounting

for both how widely the model branches and how deeply it explores. CE⋆ is introduced to

jointly capture output length and content uncertainty, and we show that it admits an exact
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characterization as the total Shannon entropy H(N, Y1:N | X), where X denotes the prompt,

N is the generated length, and Y1:N is the generated sequence. Building on this formulation,

we derive interpretable metrics and introduce a length–uncertainty correlation term that

measures how uncertainty is allocated across generation trajectories (see section 5.3). Since

CE⋆ exhausts the entire space of rollouts, a key challenge is to estimate it efficiently. Towards

that end, we develop Monte Carlo estimators and establish their consistency (see section 5.4).

Empirically, we evaluate multiple model families across sentence completion, mathemat-

ical reasoning, coding, and story generation, while explicitly controlling for output length.

Our results reveal three consistent findings: (i) fine-tuning generally reduces token-level and

trajectory-level uncertainty, although the magnitude of reduction is highly task-dependent;

(ii) fine-tuning systematically shifts ρ(N, rN ) from negative toward positive, indicating that

longer generations become more informative rather than being redundant as often in base

models; and (iii) entropy rate becomes a substantially stronger predictor of semantic diver-

sity after fine-tuning, suggesting that aligned models utilize uncertainty more efficiently and

translate it more effectively into meaningful semantic variation (see section 5.5). Overall, our

results suggest that fine-tuning does not simply reduce uncertainty or shrink the generation

space. Rather, it restructures how uncertainty is allocated across generation trajectories, pro-

ducing outputs that are more organized, semantically meaningful, and information-efficient.

5.2 Related work

Length as a fundamental confounder in diversity measurement. Recent work [Sing-

hal et al., 2023] shows that RLHF and instruction tuning systematically increase LLM output

length, since longer responses are often positively correlated with human preference scores.

This makes output length a critical confounder in diversity evaluation. Metrics that fa-

vor shorter generations may therefore unfairly penalize instruct models simply because they

produce longer responses. For example, n-gram diversity metrics [Li et al., 2016] naturally

decrease with sequence length, as longer texts inevitably reuse a finite vocabulary, reducing
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the ratio of unique n-grams even when the underlying content remains semantically diverse.

Embedding-based semantic diversity measures [Tevet and Berant, 2021] suffer from a related

issue: longer generation trajectories must be compressed into fixed-dimensional representa-

tions, often through mean pooling, which can dilute semantic variation. Moreover, many

existing diversity metrics rely on heuristic sampling procedures and lack a unified probabilis-

tic foundation [West and Potts, 2025]. Consequently, current approaches cannot rigorously

distinguish whether the increased verbosity of instruct models reflects genuine information

gain or merely redundant continuation, motivating the need for a principled length-aware

and model-intrinsic measure of generation diversity.

From local branching to global canopy. Conceptualizing autoregressive generation

as a stochastic, path-dependent branching tree, Branching Factor (BF) [Yang et al., 2025b]

was introduced to quantify the probability concentration induced by model alignment. How-

ever, their framework lacks a formal heuristic and focuses primarily on the width of the

generation tree (branching) while ignoring its depth (length) and the coupling between the

two. CE⋆ addresses this gap by providing a model-intrinsic characterization of the generation

space by jointly modeling content uncertainty and stochastic stopping behavior. By deriving

the BF as a normalized version of CE⋆, we provide a principled theoretical foundation for

its use. Crucially, our length-uncertainty correlation demonstrates that while fine-tuning

reduces the absolute BF, it restructures the generation tree to sustain information density

across longer paths while translating uncertainty into semantic variation more efficiently.

To the best of our knowledge, this is the first work to provide a unified measure of the

global LLM generation space that accounts for both the local branching uncertainty and

the stochasticity of trajectory length, while also studying the redistribution of uncertainty

across generation trajectories.
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Figure 5.1: Path-dependent generation tree induced by autoregressive LLMs.

5.3 Methodology

5.3.1 Measuring the size of LLM generation space from a tree perspective

Autoregressive generation as a stochastic tree. Autoregressive language models induce

a stochastic generation process that can naturally be represented as a rooted, path-dependent

tree. Let X ∼ pX denote a prompt sampled from a prompt distribution over a space X , and

let V denote the vocabulary. Conditioned onX = x and a decoding policy (e.g., temperature,

top-k, or nucleus sampling), generation proceeds sequentially by sampling tokens from a

conditional distribution. Formally, let Y1, Y2, . . . , denote the autoregressive token process

generated by the model. For each step t ≥ 1, define the generation history as Gt :=

(Y1, . . . , Yt−1), with G1 := ∅. The next-step random variable is denoted by Zt ∈ Z :=

V∪{EOS}, where EOS denotes termination. The conditional distribution q(Zt | Gt, X) governs

the next-step generation process.1 Under this construction, each node of the generation

tree (see Figure 5.1) corresponds to a history Gt. Each outgoing edge corresponds to a

1. This formulation is equivalent to a two-stage stochastic decision process Specifically, the model first
makes a binary decision between STOP (terminate) and CONT (continue). Conditional on CONT, it then
samples the next token from the vocabulary V. We provide a formal proof of this equivalence in subsec-
tion D.1.1.
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possible realization of Zt. A complete generated sequence therefore corresponds to a root-

to-leaf trajectory. A key feature of this construction is its path dependence. The next-step

distribution q depends on the entire generation history Gt, not merely the most recent token.

Thus, two trajectories ending with the same token may evolve very differently if they arise

from different histories.

Width and depth of the generation tree. The size of the generation tree is deter-

mined by two complementary factors. First, at each history Gt, the spread of q(· | Gt, X)

determines the number of plausible continuations, capturing the local branching behav-

ior (width) of the tree. Second, generation proceeds for a random number of steps be-

fore termination, inducing variability in trajectory depth. We define the stopping time

N := inf{t ≥ 1 : Zt = EOS}, which represents the generation length (depth). Under this for-

mulation, the stochastic process jointly models both continuation uncertainty and stopping

behavior, together determining the overall size of the generation space.

A unified measure of generation space. To quantify local uncertainty, we use Shan-

non entropy [Shannon, 1948b]. For each generation history Gt, define H̃(Gt | X) := H(Zt |

Gt, X) = −
∑
z∈Z q(z | Gt, X) log q(z | Gt, X). This quantity measures uncertainty in the

next generation step, including both continuation-token selection and termination. To jointly

account for local branching diversity and random trajectory length, we define the following

quantity.

Definition 5.3.1 (Canopy Entropy). We define Canopy Entropy as CE⋆ := E
[∑N

t=1 H̃(Gt | X)
]
.

Equivalently, CE⋆ = EX
[
E
[∑N(X)

t=1 H(Zt | Gt, X = x)
∣∣∣X]]. Conditioned on the prompt

X, length N(X) and histories {Gt}
N(X)
t=1 are random variables induced during the generation

process.

The quantity CE⋆ aggregates uncertainty along generation trajectories and across prompts.

A single generated sequence corresponds to a specific traversal from the tree root (prompt

X) to a leaf (EOS termination). The summation
∑N(X)
t=1 thus represents the total uncertainty
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accumulated along that entire path. By taking the expectation over all trajectories, CE⋆

captures the aggregate “canopy” of the model’s output distribution across all possible roll-

outs. As such, it provides a unified measure of generation space by accounting for both local

branching width (the diversity of choices at each node) and trajectory depth (the variability

in generation length).

CE⋆ as the joint entropy of length and content. The above construction is not

only intuitive from a tree perspective, but also admits an exact information-theoretic charac-

terization. In particular, the cumulative uncertainty along a trajectory can be interpreted as

the total entropy of the generation process. For ease of reference, we define total uncertainty :

H(N, Y1:N |X), length uncertainty : H(N |X), and content uncertainty : H(Y1:N | N,X). We

now formalize the connection.

Theorem 5.3.1 (Equivalence to total uncertainty). CE⋆ = H(N, Y1:N | X).

Theorem 5.3.1 (see subsection D.1.2 for a detailed proof) shows that the Canopy Entropy

coincides with the total uncertainty of the generation process. By the chain rule of entropy,

H(N, Y1:N | X) = H(N | X)+H(Y1:N | N,X), which decomposes the total uncertainty into

two components. The length uncertainty H(N | X) captures how unpredictable the stopping

time is, while the content uncertainty H(Y1:N | N,X) captures how diverse the generated

sequences are once the length is fixed. This decomposition aligns naturally with the tree

perspective: length uncertainty corresponds to variability in the depth of trajectories, while

content uncertainty corresponds to the diversity of paths of a given length. We can interpret

exp(CE⋆) as the effective number of plausible full sequences, analogous to how perplexity

represents the effective branching at the token level.

5.3.2 Token-level and trajectory-level normalization of Canopy Entropy

While CE⋆ = H(N, Y1:N | X) provides a complete characterization of generation space, it

aggregates uncertainty across both sequence length and content variability, making direct
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interpretation difficult. To obtain more interpretable quantities, we introduce two normal-

ized measures derived naturally from CE⋆, which are Generation Perplexity (GenPPL) and

Branching Factor (BF) [Yang et al., 2025b].

GenPPL and BF capture uncertainty from complementary perspectives. GenPPL (see

Definition 5.3.2) is token-centric, measuring average uncertainty per generation step, while

BF (see Definition 5.3.3) is trajectory-centric, capturing diversity at the sequence level. To-

gether, they provide a more complete view of generation behavior across tasks. In particu-

lar, structured tasks such as mathematical reasoning or coding are better characterized by

token-level uncertainty (GenPPL), whereas open-ended tasks like story generation are better

captured by trajectory-level diversity (BF). Our framework provides a principled formulation

of GenPPL as a generative analogue of perplexity [Jelinek et al., 1977] for variable-length

processes, and offers a unified information-theoretic interpretation of BF, initially proposed

by Yang et.al [Yang et al., 2025b], showing that both arise naturally as normalized forms of

Canopy Entropy.2

Definition 5.3.2 (GenPPL). Define GenPPL := exp

(∑
X∼pX

H(N,Y1:N |X=x)∑
X∼pX

E[N |X=x]

)
. GenPPL

captures uncertainty from a token-centric perspective. It measures the effective number of

plausible continuations maintained at a typical generation step, weighting each token equally

across all trajectories.

Definition 5.3.3 (BF). Define BF := exp (EXEN [rN | X = x]) , where rN :=
H(Y1:N |N=n,X=x)

n

is the entropy rate (i.e., per-token content uncertainty).3 BF captures uncertainty from a

trajectory-centric perspective. It measures the effective branching behavior of a typical gen-

erated trajectory by assigning equal weight to each sequence regardless of length.

2. See Appendix D.2.1 for guidance on when to use BF or GenPPL, and Appendix D.2.2 for a comparison
with perplexity. For further intuition, we refer readers to subsection D.2.3 for a concrete example illustrating
the distinction between GenPPL and BF.

3. In information theory, the entropy rate quantifies the average amount of information produced per
generated token by a stochastic process, and can be interpreted as a measure of information density or
non-redundancy.
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5.3.3 How entropy evolves with generation length

Length–uncertainty correlation. While aggregate measures such as Canopy Entropy,

GenPPL, and BF quantify the overall magnitude of uncertainty, they do not capture how

uncertainty evolves across generation rollouts or how efficiently uncertainty is translated into

meaningful variation as generation length increases. In particular, existing diversity met-

rics [Tevet and Berant, 2021, Li et al., 2016, Friedman and Dieng, 2022] cannot distinguish

whether longer generations remain information-rich or become progressively redundant [Sing-

hal et al., 2023, Shaib et al., 2024]. Understanding this interaction is crucial for characterizing

the information-conveying efficiency of language models—namely, how much uncertainty is

maintained per token as generation progresses.

To study this phenomenon, we introduce the prompt-controlled length–uncertainty cor-

relation ρpc(N, rN ) (see Definition 5.3.4), which measures how entropy rate varies with

generation length. A positive correlation indicates that longer sequences remain informative

per token, while a negative correlation indicates that longer outputs become increasingly

predictable. This quantity serves as a trajectory-level characterization of uncertainty allo-

cation and is later used in section 5.5 to compare base and fine-tuned models across tasks

and model families.

Definition 5.3.4 (Prompt-controlled length–uncertainty correlation). For a fixed prompt X,

define the prompt-conditional correlation ρX := ρ(N, rN | X = x) =
Cov(N,rN |X=x)√

Var(N |X=x)Var(rN |X=x)
.

Since correlation is bounded and nonlinear, we aggregate correlations on the Fisher-z scale.4

Then the prompt-controlled correlation is ρpc := tanh

(
EX∼pX [wX atanh(ρX)]

EX∼pX [wX ]

)
, where wX ≥

0 is a prompt-specific reliability weight.

4. This transformation maps correlation coefficients from [−1, 1] to R and stabilizes their variance, making
them approximately normally distributed with variance 1/(np − 3). np is the number of rollouts associated
with each prompt p. Directly averaging correlations would lead to biased estimates due to the nonlinear and
bounded nature of correlation coefficients. In addition, we report Spearman’s rank correlation and Kendall’s
τ to capture monotonic dependence beyond linear effects. We refer the reader to subsection D.1.6 for the
corresponding prompt-controlled estimation and aggregation procedures.
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5.4 Consistent estimation under finite sampling with length

constraint

In the previous section, we establish that CE⋆ = H(N, Y1:N | X) along with its normalized

variants. However, it is not directly computable in practice. Generation is constrained

by a finite token budget (requiring a maximum length), and the expectation is taken over

exponentially many trajectories [Hu et al., 2023, Yang et al., 2025b]. These challenges

motivate a tractable estimation approach. We therefore introduce a Monte Carlo estimator

under a maximum length constraint Tmax, and analyze its consistency.

For each prompt X, let N(X) be the generation stopping time. Given a maximum length

Tmax, define the truncated stopping time Nmax(X) := min{N(X), Tmax}. The correspond-

ing truncated functional is CE⋆max =: E
[∑Nmax(X)

t=1 H̃(Gt | X)
]
. Now suppose X1, . . . , XP

are sampled i.i.d. from pX , the prompt distribution. For each prompt Xp, we generate

M independent rollouts. For the i-th rollout, define the truncated cumulative local en-

tropy by S
(p,i)
max :=

∑N
(p,i)
max

t=1 H̃(G
(p,i)
t | Xp), which measures the total branching uncertainty

along the generated trajectory up to truncation. We then define the Monte Carlo estima-

tor ĈE
⋆
max,P,M := 1

PM

∑P
p=1

∑M
i=1 S

(p,i)
max (see algorithm 10) with convergence behavior in

Theorem 5.4.1.

Theorem 5.4.1 (Consistency and non-asymptotic error bounds under prompt distribution).

Assume there exists a deterministic function g : N → [0,∞), with g(T ) → 0 as T → ∞,

such that for every Tmax ∈ N, 0 ≤ CE⋆ − CE⋆max ≤ g(Tmax). Let ν2max := E
[
Nmax(X)2

]
.

If Tmax = Tmax(P,M)→∞ and νmax

√
1
P + 1

PM → 0, then ĈE
⋆
max,P,M converges to CE⋆ in

probability when P,M →∞. Moreover,
∣∣∣ĈE⋆max,P,M − CE⋆

∣∣∣ = OP

(
νmax

√
1
P + 1

PM + g(Tmax)

)
.

Remark 5.4.1 (Connecting g(Tmax) to the prompt-conditional tail of N). Define the trun-
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cation bias

BTmax
:= CE⋆ − CE⋆max = EX∼pX

E
 N(X)∑
t=Tmax+1

H̃(Gt | X)1{N(X) > Tmax}

∣∣∣∣∣∣X
 (5.1)

We have BTmax
≤ HmaxEX∼pX [E [(N(X)− Tmax)+|X]] , since H̃(Gt | X) ≤ Hmax (the en-

tropy upper bound). By the tail-sum formula, E [(N(X)− Tmax)+|X = x] =
∑∞
t=Tmax+1 P(N(x) ≥

t | X = x). Therefore, take g(Tmax) = HmaxEX∼pX
[∑∞

t=Tmax+1 P(N(X) ≥ t | X)
]
, Hmax :=

log |Z|, showing that the truncation bias is determined by the prompt-averaged tail behavior

of the stopping time. We refer readers to subsection D.1.4 for examples of prompt-averaged

bias decay rates.

In Theorem 5.4.1, we show that the estimator ĈE
⋆
max,P,M is consistent, with estimation

error naturally decomposing into a Monte Carlo error term and a truncation bias term. The

Monte Carlo error is of order OP
(

1√
P
+ 1√

PM

)
, arising from sampling P prompts and M

rollouts per prompt. The second component is a truncation bias g(Tmax), which captures the

bias introduced by truncating trajectories at length Tmax instead of allowing full generations.

Empirically, we observe that the generation length distribution of LLMs typically exhibits

exponential decay across tasks and model architectures (see Figure 5.3). This implies that

long trajectories are increasingly rare, so the truncation bias g(Tmax) decays rapidly with

Tmax.

We defer the proof of Theorem 5.4.1 to Appendix D.1.5. The same Monte Carlo frame-

work extends to GenPPL, BF, and prompt-controlled correlation. Their consistency follows

by the continuous mapping theorem [Mann and Wald, 1943] together with mild integrability

and truncation-bias conditions, which are empirically supported by the observed low trunca-

tion rates and rapidly decaying active-rollout distributions (see Appendix D.1.6 for detailed

proofs and discussions).
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5.5 Empirical studies

In this section, we present our experimental results, organized into two complementary parts.

First, we examine the global uncertainty structure of the LLM generation space using the

metrics introduced in section 5.3, including CE⋆, GenPPL, BF, and length–uncertainty cor-

relation. Second, building on this analysis, we investigate how uncertainty is translated

into semantic variation through a regression framework that links entropy rate to seman-

tic diversity. We evaluate three model families—LLaMA-3.1-8B [Grattafiori et al., 2024],

Qwen3-8B [Yang et al., 2025a], and Gemma-3-12B [Team et al., 2025]—testing both their

pre-trained (base) and instruction-tuned (instruct) versions. We evaluate these models on

four tasks spanning a spectrum from highly structured settings, including mathematical rea-

soning [Cobbe et al., 2021], coding [Zhuo et al., 2024], and sentence completion Zellers et al.

[2019], to more open-ended creative story generation [Ismayilzada et al., 2025]. For each

task, we sample P = 100 prompts, and for each sampled prompt Xp, we generate M = 100

independent rollouts using stochastic decoding with temperature equals 1 and top-k = 100

(renormalized next-token probabilities),5 where each rollout produces a sequence Y1:N with

stopping time N up to a maximum of 4000 new tokens, i.e. Tmax = 4000 (see subsec-

tion D.3.1 for detailed description). To ensure consistent evaluation across model families,

we disable the thinking mode in Qwen3-8B Instruct.

5.5.1 Global effects of fine-tuning on uncertainty

Across all model families and tasks, we observe three consistent patterns.

Reduction in token-level and trajectory-level normalized uncertainty. Instruc-

tion fine-tuning consistently reduces both token-level and trajectory-level normalized un-

certainty, as evidenced by systematic declines in GenPPL and BF across nearly all models

5. Specifically, the step entropy H̃(Gt|X) is computed as −
∑

z∈Z100
q(z|Gt, X) log q(z|Gt, X), where Z100

is the set of the top-100 tokens (including EOS if present) and q is the renormalized distribution over the
sampled subset.
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Table 5.1: Task-dependent changes in generation-space uncertainty after instruction tun-
ing across different model families. We report three complementary uncertainty measures:
GenPPL, BF, and CE⋆ (see subsection D.1.6). For each task and model family, we compare
the base and instruct variants and report the relative percentage change after instruction
tuning. Standard errors (SE) are estimated via prompt-cluster bootstrapping (2K iterations,
resampled with replacement) as in subsection D.3.4. Blue cells indicate reductions in un-
certainty after instruction tuning, while red cells indicate increases. Darker color intensity
corresponds to larger magnitude changes.

Task Type
GenPPL BF CE⋆

Qwen3-8B Llama-3.1-8B Gemma-3-12B Qwen3-8B Llama-3.1-8B Gemma-3-12B Qwen3-8B Llama-3.1-8B Gemma-3-12B

Math
Base 1.23 ± 0.0052 3.57 ± 0.041 4.56 ± 0.052 1.23 ± 0.0064 5.31 ± 0.12 4.98 ± 0.055 55.7 ± 2.0 458 ± 18 487 ± 11
Instruct 1.17 ± 0.0067 1.74 ± 0.063 1.17 ± 0.0098 1.16 ± 0.0057 1.57 ± 0.024 1.15 ± 0.0054 40.5 ± 2.5 98.7 ± 9.1 59.1 ± 5.1
% Change -4.44 ± 0.47% -51.2 ± 2.0% -74.4 ± 0.34% -5.76 ± 0.38% -70.5 ± 0.73% -76.9 ± 0.24% -27.3 ± 3.3% -78.4 ± 2.2% -87.9 ± 1.1%

Coding
Base 1.68 ± 0.017 3.16 ± 0.055 2.60 ± 0.041 2.08 ± 0.034 4.96 ± 0.057 3.24 ± 0.038 207 ± 4.8 326 ± 13 492 ± 25
Instruct 1.23 ± 0.0053 1.31 ± 0.0088 1.05 ± 0.0039 1.21 ± 0.0061 1.31 ± 0.0081 1.05 ± 0.0021 81.2 ± 4.0 135 ± 4.3 17.7 ± 1.6
% Change -27.1 ± 0.79% -58.4 ± 0.74% -59.7 ± 0.64% -41.9 ± 0.99% -73.7 ± 0.35% -67.8 ± 0.38% -60.7 ± 1.6% -58.6 ± 1.7% -96.4 ± 0.39%

Sentence Completion
Base 4.77 ± 0.16 6.73 ± 0.12 8.81 ± 0.11 4.20 ± 0.11 7.80 ± 0.15 9.49 ± 0.11 826 ± 55 969 ± 40 1084 ± 36
Instruct 1.68 ± 0.025 2.56 ± 0.069 1.80 ± 0.019 1.55 ± 0.018 2.75 ± 0.045 1.74 ± 0.024 112 ± 11 201 ± 11 515 ± 29
% Change -64.9 ± 1.1% -62.0 ± 1.3% -79.6 ± 0.30% -63.0 ± 0.88% -64.8 ± 0.83% -81.6 ± 0.30% -86.5 ± 1.0% -79.3 ± 1.3% -52.5 ± 2.8%

Story Generation
Base 3.57 ± 0.11 7.40 ± 0.071 7.98 ± 0.062 4.03 ± 0.092 8.24 ± 0.073 8.68 ± 0.070 445 ± 20 1320 ± 41 692 ± 23
Instruct 2.28 ± 0.037 3.24 ± 0.092 2.22 ± 0.023 2.11 ± 0.039 3.37 ± 0.083 2.17 ± 0.025 454 ± 28 543 ± 22 925 ± 40
% Change -36.0 ± 1.3% -56.2 ± 1.4% -72.2 ± 0.28% -47.6 ± 1.3% -59.1 ± 1.2% -75.0 ± 0.28% 1.92 ± 3.5% -58.9 ± 1.6% 33.7 ± 8.3%

and tasks (see Table 5.1). Nevertheless, the magnitude of this reduction varies substantially

across settings. For example, Qwen3-8B on mathematical reasoning exhibits only a mild

decrease of roughly 5%, whereas many other model–task combinations show much larger

reductions, often in the range of 60%–80%. These results suggest that fine-tuning contracts

the effective generation space at both the token and trajectory levels, producing outputs

that are more concentrated and deterministic. At the same time, the heterogeneous mag-

nitude of the reduction suggests that alignment does not impose a uniform compression of

uncertainty. Instead, the extent of contraction depends on the underlying task structure and

model behavior, a phenomenon we discuss in the following paragraph. Overall, our findings

are consistent with prior observations that alignment reduces diversity and increases prob-

ability concentration [Wang et al., 2025, Yang et al., 2025b, Lake et al., 2025, West and

Potts, 2025], although the shrinkage we observe is less extreme than the order-of-magnitude

reductions reported in the previous study Yang et al. [2025b].

Task-dependent behavior of total entropy. The effect of fine-tuning on total uncer-

tainty CE⋆ varies substantially across tasks. In structured domains such as math, coding,
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and sentence completion, CE⋆ decreases significantly after fine-tuning. In contrast, story

generation exhibits a different pattern: Qwen3-8B shows a slight increase of roughly 2%,

while Gemma-3-12B shows a much larger increase of about 34% (see Table 5.1). This sug-

gests that fine-tuning does not uniformly reduce uncertainty, but instead behaves differently

in constrained versus open-ended generation settings.

For deterministic tasks such as math and coding, the valid generation space is naturally

constrained, so fine-tuning acts as a pruning force that collapses the model’s generation

space into a small set of correct trajectories. Consequently, both stopping-time variance and

local token-level entropy are significantly reduced. By contrast, on creative tasks, fine-tuned

models exhibit a notable rightward shift in sequence length distributions (see Figure 5.3),

reflecting a tendency toward longer and more elaborative generations. In the same domain,

the corresponding base models frequently fall into “completion traps,” treating prompts as

short text continuation tasks rather than directly answering the underlying questions (see

subsection D.3.2).

Although instruction tuning reduces local branching diversity, it also increases stopping-

time uncertainty, and sustains generation over much deeper trajectories. As illustrated in

Figure 5.2, while the base model has higher local entropy rates (width), it lacks enough

trajectory length (depth) to accumulate a large Canopy Entropy (CE⋆). Since CE⋆ acts as

a measure of the total volume of the generation tree by accumulating uncertainty across the

entire rollout, including stopping behavior, the increase in trajectory depth can mathemati-

cally outweigh the reduction in local branching.

These findings suggest that fine-tuning changes not only the magnitude of uncertainty,

but also how uncertainty is distributed across the trajectory, particularly through its inter-

action with generation length and stopping behavior.

Systematic improvement in length–uncertainty correlation. To better under-

stand how uncertainty is distributed across trajectories, we analyze the relationship between
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R̄≤t =

1
t

∑t
s=1H(Zs | X,Gs) averaged across active rollouts at position t, with the corre-
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Figure 5.3: Kernel density estimates of generated sequence lengths across task domains with
sequence length shown on a logarithmic scale.

output length N and entropy rate rN through a decomposition of CE∗ (details in subsec-

tion D.3.3). Empirically, fine-tuning consistently shifts the correlation (see Definition 5.3.4)

between N and rN from negative toward positive values in structured tasks, while making

the correlation less negative in open-ended tasks such as story generation (see Table 5.2).

This reveals a fundamental change in generation behavior. In base models, longer outputs

are often associated with lower entropy rates, meaning later tokens become increasingly

redundant and contribute little new information. In contrast, fine-tuned models exhibit

much stronger positive length–uncertainty correlation: longer generations tend to sustain

higher entropy rates and remain informative throughout the trajectory (see Figure 5.2).

The distinction is especially important in the presence of length confounding. As shown

in Figure 5.3, fine-tuned models generally produce longer outputs than their base counter-

85



Table 5.2: Base–instruct comparison of the length–uncertainty Pearson correlation, measured
by ρpc(N, rN ) (see Definition 5.3.4), for the Qwen3-8B, LLaMA-3.1-8B, and Gemma-3-12B
model families. Results based on Spearman correlation and Kendall’s τ are provided in
Table D.1 and exhibit same trends. Each entry reports the estimate ± standard error, where
the absolute change is computed as the instruct value minus the corresponding base value.

Metric Model
MATH CODING SENTENCE COMPLETION STORY GENERATION

Base Instruct Abs. Change Base Instruct Abs. Change Base Instruct Abs. Change Base Instruct Abs. Change

ρ(N, rN )

Qwen -0.018 ± 0.016 0.087 ± 0.037 0.11 ± 0.042 -0.41 ± 0.014 0.61 ± 0.034 1.0 ± 0.037 0.062 ± 0.017 0.52 ± 0.024 0.46 ± 0.027 -0.27 ± 0.017 0.16 ± 0.021 0.43 ± 0.027
Llama -0.27 ± 0.016 0.38 ± 0.040 0.65 ± 0.044 -0.38 ± 0.011 0.29 ± 0.021 0.67 ± 0.021 -0.26 ± 0.015 -0.20 ± 0.024 0.053 ± 0.028 -0.24 ± 0.012 -0.10 ± 0.020 0.14 ± 0.022
Gemma -0.13 ± 0.014 0.19 ± 0.040 0.32 ± 0.043 -0.27 ± 0.012 0.39 ± 0.035 0.67 ± 0.037 -0.23 ± 0.015 0.12 ± 0.038 0.36 ± 0.041 -0.17 ± 0.012 -0.049 ± 0.027 0.12 ± 0.032

parts, consistent with observations in prior work [Singhal et al., 2023]. Under conventional

diversity metrics that do not explicitly account for length [Tevet and Berant, 2021, Li et al.,

2016], these longer generations can artificially appear less diverse due to normalization ef-

fects or repetition accumulation, potentially biasing diversity comparisons [Friedman and

Dieng, 2022, Shaib et al., 2024]. The positive length–uncertainty correlation observed here

demonstrates that increased length in fine-tuned models reflects sustained information con-

tent rather than simple redundancy.

Overall, these results suggest that fine-tuning improves not merely the quantity of uncer-

tainty, but also its organization and efficiency. Rather than uniformly suppressing diversity,

fine-tuning restructures uncertainty to better align with task requirements—reducing unnec-

essary randomness while preserving informative variation across longer trajectories.

5.5.2 Fine-tuning more effectively converts token uncertainty into semantic

diversity

After establishing how fine-tuning reshapes entropy allocation, we next investigate how these

changes in entropy rate translate into semantic diversity. Specifically, we study how genera-

tion uncertainty is converted into semantic variation across sampled trajectories.

For each task–prompt–model tuple (t, p,m), we measure semantic diversity by computing

the average pairwise cosine distance between generated outputs:

Dtpm = 2
M(M−1)

∑
i<j d(et,p,m,i, et,p,m,j), where et,p,m,i denotes the embedding of the i-th
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Monte Carlo rollout, prepended with the retrieval prefix ("search_document:") to ensure

alignment with the encoder’s training objective for modernbert-embed-large [Warner et al.,

2024]. Here d(·, ·) denotes cosine distance. Since cosine distance is bounded in [0, 1], we em-

ploy a Beta mixed-effects regression [Figueroa-Zúñiga et al., 2013], which naturally accom-

modates bounded responses while allowing flexible modeling of dispersion and hierarchical

variation.6

Formally, we model Dtpm ∼ Beta
(
µtpmϕtpm, (1− µtpm)ϕtpm

)
, where µtpm ∈ [0, 1] de-

notes the conditional mean and ϕtpm > 0 is the precision parameter. The conditional mean

model is specified as logit(µtpm) = α+β1Rtpm+β21{m = FT}+f
(
invNtpm

)
+
∑
k τk1{t =

k} + β3(Rtpm · 1{m = FT}) + g
(
invNtpm

)
1{m = FT} + up + vm, where Rtpm is the en-

tropy rate, invNtpm is the inverse sequence length, and f(·), g(·) are natural spline functions

corresponding to nonlinear length effects and their interaction with instruction tuning. The

coefficients τk represent fixed task effects. To account for hierarchical dependence, we include

random intercepts up ∼ N (0, σ2p), vm ∼ N (0, σ2m), for prompt identity and model family,

respectively. To capture heteroscedasticity, we also model the precision parameter ϕtpm as a

function of task, model variant, entropy rate, sequence length, and model family. Residual

diagnostics (see Figure D.4) indicate good calibration of the mean structure (Kolmogorov-

Smirnov Test [Massey Jr, 1951]: p = 0.55) and no significant dispersion issues (p = 0.068)

and no outliers (p = 0.16).

Main results. First, entropy rate exhibits a strong and highly significant positive as-

sociation with semantic diversity. The coefficient on entropy rate is large and significant

(β = 0.708, p < 2 × 10−16), indicating that higher per-token uncertainty leads to substan-

tially greater semantic variation across generated outputs. More importantly, the interaction

between entropy rate and fine-tuning is strongly positive (η = 1.183, p < 2 × 10−16). Un-

der the logit link, this implies a substantial amplification of the slope: ∂ logit(µ)/∂R =

6. In contrast, Gaussian linear models are inappropriate for bounded responses and exhibit clear het-
eroscedasticity and residual misspecification in diagnostic analyses.
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Table 5.3: Beta GLMM with dispersion modeling and interaction effects. For completeness,
we direct readers to subsection D.3.5 for the full conditional mean and dispersion regression
tables, along with additional model specifications and regression details.

Conditional model Estimate Std. Error p-value

Intercept -0.880 0.070 < 2× 10−16

R 0.708 0.033 < 2× 10−16

Instruct -0.377 0.086 1.23× 10−5

ns(invN, 4)1 0.152 0.041 1.99× 10−4

R× Instruct 1.183 0.046 < 2× 10−16

0.708 (base), 0.708 + 1.183 = 1.891 (fine-tuned). Thus, fine-tuning nearly triples the sen-

sitivity of semantic diversity to entropy rate. This indicates that uncertainty in fine-tuned

models is significantly more semantically productive: small increases in token-level uncer-

tainty translate into much larger increases in trajectory-level diversity.

At the same time, the main effect of fine-tuning is negative (τ = −0.377, p < 2× 10−5),

indicating that at fixed entropy rate and length, fine-tuned models produce less baseline

semantic diversity. This is consistent with alignment compressing the generation space and

enforcing more structured outputs. However, the strong positive interaction shows that the

remaining uncertainty is used more efficiently. We observe a nonlinear and generally negative

relationship between semantic diversity and sequence length, making length control essential

in diversity analysis (see Table 5.3).

5.6 Conclusion and limitations

In this work, we revisit diversity in large language models through a trajectory-level information-

theoretic perspective. By introducing Canopy Entropy and length–uncertainty coupling, we

show that fine-tuning does not simply reduce uncertainty or shrink the generation space. In-

stead, aligned models reorganize uncertainty more efficiently across generation trajectories,

producing longer generations that remain more semantically informative. Our results high-

light the importance of modeling how uncertainty evolves throughout the rollout process,

beyond aggregate diversity metrics alone.
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Our work also has several limitations. Entropy-based measures characterize uncertainty

allocation, but do not directly capture factuality or human preference quality. Our frame-

work is descriptive rather than causal: although we observe systematic changes in length–

uncertainty coupling after fine-tuning, the underlying training mechanisms remain an im-

portant direction for future work.
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CHAPTER 6

CONCLUSION AND FUTURE RESEARCH DIRECTIONS

This dissertation studies the problem of aligning artificial intelligence systems with human

preferences through three interconnected perspectives: personalization, robustification, and

evaluation. At their core, these directions are fundamentally statistical problems: how to

collect informative data from complex interactive environments, how to perform reliable in-

ference under uncertainty and imperfect observations, how to model heterogeneous effects

across users and contexts, and how to rigorously evaluate whether learned systems behave

in ways that are truly aligned with human objectives. These challenges have become in-

creasingly important in the era of large language models and foundation models, where AI

systems interact with humans at unprecedented scale, operate under highly heterogeneous

feedback distributions, and continuously adapt through large-scale data-driven learning.

A central theme throughout this dissertation is that modern AI systems can no longer

be understood through static prediction settings alone. Instead, they operate in sequential,

interactive, and strategic environments where data collection itself depends on the learn-

ing algorithm, where observations are delayed or corrupted, and where human preferences

vary substantially across individuals and contexts. Consequently, statistical inference, uncer-

tainty quantification, and evaluation become deeply intertwined with decision-making and

interaction dynamics.

From the perspective of personalization, this dissertation develops contextual reinforce-

ment learning frameworks for learning under delayed, cumulative, and heterogeneous treat-

ment effects. By modeling ad bidding as a contextual Markov decision process with delayed

Poisson rewards, we provide a unified framework for understanding how AI systems can

adapt to heterogeneous users over time. The proposed two-stage estimation procedure high-

lights the importance of statistically principled inference in sequential environments, partic-

ularly when delayed rewards induce complex dependencies between observations and latent
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states. More broadly, these results emphasize that personalization fundamentally requires

understanding heterogeneous effects and long-term interactions, which are central themes in

modern statistics and causal inference. Future work may further explore richer nonlinear

effect models, constrained decision-making under budgets, and scalable inference procedures

for large-scale interactive systems.

From the perspective of robustification, this dissertation studies how imperfect or adver-

sarial data fundamentally limits reliable inference and learning. In the setting of imperfect

human feedback, we establish regret lower bounds and develop near-optimal algorithms that

reveal intrinsic trade-offs between statistical efficiency and robustness. In multi-agent envi-

ronments, we further show that even localized perturbations can propagate globally through

strategic interactions, causing large-scale failures in collective learning dynamics. These find-

ings highlight a core statistical challenge in modern AI systems: learning algorithms must

not only extract signal efficiently from data, but also remain stable under corrupted, bi-

ased, or strategically manipulated observations. As large language models increasingly rely

on human-generated feedback and online interaction data, understanding robustness under

imperfect supervision becomes even more critical. Future directions include black-box adver-

sarial settings, adaptive defense mechanisms, and statistically principled methods for robust

inference under strategic data contamination.

Finally, from the perspective of evaluation, this dissertation develops information-theoretic

tools for understanding uncertainty and semantic diversity in large language model gen-

eration. By introducing Canopy Entropy and length–uncertainty coupling, we propose a

trajectory-level statistical framework for quantifying how uncertainty evolves throughout

the generation process. Our findings suggest that alignment and fine-tuning do not merely

reduce uncertainty, but instead reorganize uncertainty into more informative and semanti-

cally meaningful generations. More broadly, this work highlights the growing importance

of statistical evaluation methodologies in the era of generative AI. As language models be-
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come increasingly capable and widely deployed, evaluation itself becomes a central statistical

problem: how to measure uncertainty, diversity, calibration, informativeness, and alignment

in extremely high-dimensional generation spaces. While entropy-based measures provide

one useful perspective, many important questions remain open, including the relationship

between uncertainty and factuality, the causal mechanisms underlying alignment training,

and the development of evaluation frameworks that better reflect human preferences and

downstream societal impact.

Taken together, this dissertation argues that the future of AI alignment is fundamentally

tied to the future of statistics. As AI systems become increasingly interactive, personalized,

and generative, statistical challenges surrounding data collection, inference under uncer-

tainty, heterogeneous effects, robustness, and evaluation will only become more central. We

hope that the theoretical frameworks and methodologies developed in this dissertation con-

tribute toward a broader statistical foundation for building reliable, adaptive, and human-

centered artificial intelligence systems in the era of large language models.
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APPENDIX A

APPENDIX TO PERSONALIZED ADVERTISEMENT IMPACT

A.1 Additional Discussion

A.1.1 Related Work

Motivated by online advertising auctions, Weed et al. [2016] study repeated Vickrey auctions

where goods with unknown values (vt) are sold sequentially. Bidders receive (potentially

noisy) feedback about a good’s value only after purchasing it—analogous to observing prod-

uct conversions after displaying an ad. They formulate this problem as online learning with

bandit feedback and propose a minimax-optimal bidding strategy for bidding (bt). However,

a key limitation of their model is the neglect of long-term advertising effects: winning a bid

at time t may influence future observations and outcomes, such as conversions at time t+1.

Building on this line of work, Feng et al. [2018] examines learning to bid without knowing

one’s value in a similar bandit setting and develops the WIN-EXP algorithm, which achieves

sublinear regret (O(
√
T |O| log(B))). Yet, like the earlier study, it assumes that the effect of

winning a bid is instantaneous, ignoring possible intertemporal dependencies.

In a related direction, Han et al. [2024a] investigate online learning in repeated first-

price auctions, where a bidder observes only the winning bid after each auction and must

adaptively learn to maximize cumulative payoff. Facing censored feedback—since winning

bidders cannot observe their competitors’ bids—they design the first algorithm achieving

near-optimal (O(
√
T )) regret by exploiting structural properties of first-price auctions, in-

cluding their feedback and payoff functions. They formulate the problem as partially ordered

contextual bandits, incorporating graph feedback across actions, cross-learning across con-

texts, and a partial order over private values. Nonetheless, their framework similarly assumes

independence between the value process (vt) and past bidding outcomes, thereby excluding

long-term effects of winning bids.
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Extending to contextual settings, Zhang and Luo [2024b] study online learning in con-

textual pay-per-click auctions. At each of T rounds, the learner observes contextual infor-

mation and a set of candidate ads, estimates their click-through rates (CTRs), and conducts

a second-price pay-per-click auction. The objective is to minimize regret relative to an or-

acle that makes perfect CTR predictions. They show that a
√
T -regret rate is achievable

(albeit with computational inefficiency) and provably optimal, as the problem reduces to the

classical multi-armed bandit setting.

While these studies advance our understanding of strategic bidding under uncertainty,

they share a common limitation: none account for the reinforcement or long-term impact

of successful ad displays. This omission contrasts with empirical evidence such as De Haan

et al. [2016], who demonstrate that online advertisements exert persistent effects on purchase

conversion in a multi-channel attribution framework—though their dataset is not publicly

available.

More recently, Badanidiyuru et al. [2021] address this gap by modeling the long-term

causal impact of ad impressions using a Markov Decision Process (MDP) with mixed and

delayed Poisson rewards. However, their approach assumes homogeneous treatment effects

across users, overlooking the crucial role of personalization in determining advertising effec-

tiveness. To address these limitations, our work jointly models the long-term, reinforcing,

and personalized effects of advertisements, hoping to bridge the gap between sequential

decision-making and individualized ad impact estimation.

A.1.2 On the Potential to Extend the Linearity Assumption

Briefly recap of our model (Assumption 1), if we won the bid oth = 1, the average product

conversion rate µth = hSth,1
(xt), where xt is the received feature of customer, and Sth,1 is the

state which captures the time elapsed since most recent ads impression, hSth,1
is the state

dependent neural network which we want to estimate. If we lose the bid oth = 0, the average
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product conversion rate µth = dSth,1
hSth,2

(xt), where dSth,1
is the delayed impact, and Sth,2 is

the time interval between the two most recent impressions (Def 2.2.1).

To incorporate the estimation of the state-dependent neural network hl (analogous to θl)

into our algorithm, we could do follows. Everything in Algorithm 1 remains unchanged, i.e.

the exploration, exploitation, data-splitting strategy, and estimation, exception the following

modifications.

• First, we replace the estimation of θl (Eqn. (2.4)) by estimating the neural network hl

by the following procedure (similar to Algorithm 1 in Jia et al. [2022b]).

– We approximate h(x) by f(x, θ) =
√
mWLϕ(WL−1ϕ(. . . ϕ(W1x))), where m is

the network width, and ϕ(x) = ReLU(x), L is the neural network depth.

– We initialize θ0 = (vec(W1) . . . vec(WL)) by random sample entry fromN (0, 4/m)

and do online updating by gradient descent with perturbed reward using observed

product conversion yth by follows

∗ Generated observation perturbation γt
s∈[t] ∼ Poi(λ), then generate binomial

random variable Is∈[t] to add or subtract the noise from the observation

min
θ
L(θ) =

t∑
s=1

(f(xt, θ)− (ysh + Isγts))2/2 +mβ∥θ − θ0∥2/2

– Then based on this first stage estimates of h, plugging in to estimate delayed

impact factor d by
∑t
s=1

∑
h∈Ds,l

ysh∑t
s=1

∑
h∈Ds,l

fSs
h,2

(xs,θ̂)
(analogous to Eqn. (2.3))

• Since we do not have theoretical guarantees for h estimation (no confidence interval), we

cannot do upper confidence bound (Line 10 of our Algorithm 1). Instead, we might act

greedily based on our point estimate. Even though Algorithm in Jia et al. [2022b] has

theoretical guarantees, the key difference is that they assume noise of their observation

is sub-Gaussian, while in our case, it is not realistic to assume that the observation
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yth has sub-Gaussian noise, since product conversion has been known to have heavy

tail for a long period of time. It is still a challenging open problem of developing

theoretical-guaranteed neural contextual bandits with heavy tail observations.

However, our proposed framework leads to near-optimal results if we can parameterize

hl(xt) = θ⊤l ϕ(xt), where ϕ can be the neural net based embedding or other known feature

mapping, then our algorithm remains near optimal, satisfying
√
T regret bound in this

case. This construction is very common in academia and industry as we mentioned from

foundational studies such as Jin et al. [2020] to the recent ones [He et al., 2022]. In addition,

in real world, companies might construct these feature mapping using complicated methods

but retain the overall linear structure for the ease of scalability and interpretability. For

example, the expected conversion rate could be a linear function of the expected webpage

stay time and the predicted total spending but the expected webpage stay time and the

predicted total spending are deep neural networks of the observed customer feature xt.

To summarize, our proposed framework leads to near-optimal results if there exists an

online estimation oracle with theoretical guarantee for the estimation of h and the estimation

oracle employed in our paper based on our knowledge is state-of-the-art. Our algorithm is

possible to extend to a neural network if we drop the theoretical concerns. Developing

theoretical guarantee for neural bandits under heavy tail observation could be a promising

future direction.

A.1.3 Flexibility in State Space Modeling

If we believe that all past ad exposures contribute to customer behavior, we can enrich the

state variable to Sth = [Sth,1, S
t
h,2, n

t
h], where nth denotes the total number of ads the user has

seen prior to round h. Under this formulation, the expected conversion from showing an ad

at round h is given by ⟨θSth,1,nth ,xt⟩, with other modeling assumptions unchanged. In other

words, the effect of the current ad depends not only on the time since the last impression,
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h − Gth,1 (as shown in Figure 2.1), but also on the cumulative number of ad exposures the

user has experienced so far.

Accordingly, Assumption 1 as follows:

1. When oth = 0, no ad is shown at round h, and the effect of recent ads at Gth,1 carries

over, given by ⟨θSth,2,(nth−1)∨0,xt⟩ dSth,1 , where a ∨ b denotes max(a, b).

2. When oth = 1, an ad is shown at round h, and the impact of the current ad is modeled

as ⟨θSth,1,nth ,xt⟩, influenced by all the past ads exposure history.

We emphasize that, our core algorithmic design, including the data-splitting strategy, the

proposed two-stage estimator, and the exploration-exploitation algorithm, readily extends

to this new model with the enriched state representation. In addition, our theoretical results

continue to hold under this new model, with a new optimal regret bound of order Õ(dH3
√
T ),

in comparison to Õ(dH2
√
T ) under the previous model. We provide supporting evidence

below.

Now the enriched states is Sth = [Sth,1, S
t
h,2, n

t
h]. In terms of state transition, if oth = 1,

Sth+1 = [1, Sth,1, n
t
h + 1]; else, Sth+1 = [Sth,1 + 1, Sth,2, n

t
h]. Θ now becomes {θl,n}l,n∈H ∪

{dl}l∈H1
with H = {(l, n) : l ∈ H1 ∪ H2, n < l}, H1 = {∞, 1, 2, . . . , H − 1} and H2 =

{−∞, 1, 2, . . . , H − 2}.

For data spiting strategy in Def 2.3.1, Dt,l does not change and Wt,l will extend to

Wt,l,n = {h|Sth,1 = l, nth = n,oth = 1},∀l ∈ [∞, 1, 2, . . . , H],Wt,−∞,n = {h|Sth,1 =

−∞, nth = n,oth = 0}. Also, Wt
l will extend to Wt

l,n = {Ws,l,n}ts=1. The estimation

of θl,n using observation in Wt
l,n still follows online newton estimator with Eqn. (2.4). The

TS-MLE now becomes

d̂tl =

∑t
s=1

∑
h∈Ds,l

ysh∑t
s=1

∑
h∈Ds,l

⟨θ̂sSsh,2,nsh−1∨0
,xs⟩

.
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Plugging in these new estimators in to the regret decomposition (Eqn. ((2.9)), Term (i) and

Term (iv) does not change since new states did not affect transition error. For the estimation

error, Term (iii), we just need an additional for loop to account the effect of nth, which makes

the new regret upper bound now Õ(dH3
√
T ).

The above example suggests that our state formulation is very flexible and readily ac-

commodates an enlarged state space. It supports a broad class of CMDP formulations for

θS , where S encodes domain knowledge about ad effects, and remains compatible with our

proposed learning algorithm.

A.1.4 Illustrative Example

Figure A.1: Illustration of Learner-Customer Interaction in CMDP

Figure A.1 presents a simple example of a customer, with contextual xt and no prior ad

exposure, interacting with the learner L over H = 7 rounds. At the start of each round, L

observes the state Sth, determines the bid amount ath = πt(S
t
h,xt) based on policy πt, observes

HOB mt
h, and receives the bidding outcome oth along with the reward Rth(S

t
h, a

t
h,xt). At

the end of each round, L observes the total product conversion yth over the current round.

As shown in Figure A.1, the customer’s first ad impression occurs at h = 3, resulting in

St1 = St2 = St3 = [−∞,∞] and µt1 = µt2 = ⟨θ−∞,xt⟩ (µth defined in Def.1). The first

ads exposure updates the expected conversion to µt3 = ⟨θ∞,xt⟩, capturing the immediate

impact of ad exposure. The second ad impression occurs at h = 6. Between h = 4 and

h = 6, the state evolves as St4 = [1,∞], St5 = [2,∞], St6 = [3,∞], with expected conversions
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µt4 = d1⟨θ∞,xt⟩ and µt5 = d2⟨θ∞,xt⟩, reflecting the delayed and long-term impact of the

ad displayed at h = 3. µt6 = ⟨θ3,xt⟩, capturing the effect of repeated ad exposure. Finally,

at h = 7, St7 = [1, 3] and µt7 = d1⟨θ3,xt⟩, demonstrating the long-term effects of the second

ad impression.

A.1.5 Computational Complexity

For each episode of Algorithm 1, the computational complexities for updating θ̂tl , β̂
t
l , and

d̂tl are O(d2) [Xue et al., 2024], O(d2), and O(d), respectively, for each l ∈ H. Notably,

for a fixed policy π and transition Fxt , R(π,Θ,Fxt) is nondecreasing in dl and θl, sim-

plifying the computation of max
Θ̃∈Ct−1

R(π; Θ̃,Fxt
t−1). The corresponding maximizer are

d̃tl = d̂tl +
4HBd

√
d log

(
1+ T

2d

)
γ+
√
2eBdBxBθ log(2/δ)

b
√
Nt,l

and θ̃tl = θ̂tl +
√
γ(Vtl )

−1xt
∥xt∥(Vt

l
)−1

, obtained via

constrained linear optimization, where θ̂tl is from Eqn. (2.4) and γ is from Lemma 2.3.1.

The greedy policy π is then computed via dynamic programming with time complexity

Poly(H, |S|,BA/ϵ) when discretizing the bidding space for an ϵ-optimal solution [Agarwal

et al., 2019].

A.2 Details of Omitted Algorithm

In this section, we detail the algorithm used to estimate θl for l ∈ H. Originally introduced

by Xue et al. [2024], the Confidence Region with Truncated Mean (CRTM) algorithm (Al-

gorithm 4) serves as an efficient estimator for generalized bandits with heavy-tailed rewards.

In their framework, the stochastic observations yt follow a generalized linear model:

P(yt|xt) = exp

(
ytx
⊤
t θl −m(x⊤t θl)

g(τ)
+ h(yt, τ)

)
,

where θl represents the inherent parameters, τ > 0 is a known scale parameter, and g(·)

and h(·) are normalizers. The conditional expectation of yt is given by:
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E(yt|xt) = m′(x⊤t θl),

where m′(·) is the link function, denoted as µ(·) = m′(·). Thus, yt can be expressed as:

yt = µ(x⊤t θl) + ηt,

where ηt is a random noise term satisfying E(ηt|Gt−1) = 0.

Here, Gt−1 = {x1,y1, . . . ,xt−1,yt−1,xt} denotes the σ-filtration up to time t − 1. CRTM

assumes that the link function µ(·) is L-Lipschitz, continuously differentiable, and has a first

derivative µ′(·) bounded below by a positive constant κ, i.e., µ′(z) ≥ κ. Additionally, CRTM

assumes that the observations yt have bounded moments. Specifically, there exist positive

constants u and 0 < ϵ ≤ 1 such that:

E(|yt|1+ϵ | Gt−1) ≤ u.

In our setting, where yt follows a Poisson distribution, we have ϵ = 1, u = BxBθ(1 +

BxBθ), µ(·) as a linear function, and κ = 1. Based on the specific parameters in our setting,

the CRTM algorithm (Algorithm 4) is adapted as follows:
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Algorithm 4: Confidence Region with Truncated Mean [Xue et al., 2024]

Input: Wt,l,xt,Vt−1l , θ̂t−1l ,Γ, γ

1 for yth ∈Wt,l do

2 Truncate payoff: ỹth = ythI∥xt∥(Vt
l
)−1 |yth|≤Γ

;

3 Compute gradient: ∇l̃t(θ̂t−1l ) = (−ỹth + x⊤t θ̂
t−1
l )xt;

4 Update Vtl = V
t−1
l + 1

2xtx
⊤
t ;

5 Update estimator:

θ̂tl = arg min
θ∈Rd

∥θ − θ̂t−1l ∥2Vtl
2

+ ⟨θ − θ̂t−1l ,∇l̃t(θ̂t−1l )⟩

6 Construct confidence region:

Ctl =
{
θl ∈ Rd | ∥θl − θ̂tl∥

2
Vtl
≤ γ

}

Output: (θ̂tl , C
t
l )

In particular, the truncation threshold Γ is defined by Eqn. (A.1).

Γ = 2

√
BxBθ(1 +BxBθ) log

(
4T

δ

)
d log

(
1 +

T

2d

)
(A.1)

Moreover, the bound for the weighted estimation error, ∥θl − θ̂tl∥
2
Vtl

, denoted by γ, is

given by:

γ = 896dBxBθ(1 +BxBθ) log

(
4T

δ

)
log

(
1 +

T

2d

)
+ 2B2

xB
2
θ + 48dBxBθ log

(
1 +

T

2d

)
.

Running Algorithm 4 leads to the following lemma.

Lemma (Lemma 2.3.1 restated). Given l ∈ H, with probability at least 1− δ, θ̂tl defined in
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Eqn. (2.4) satisfies ∥θl − θ̂tl∥
2
Vtl
≤ γ, ∀t ≥ 0.

A.3 Proof of Theorem 2.4.2

Theorem (Theorem 2.4.2 restated). For any δ ≥ 6
T 3 , with probability at least 1− δ, RegT

incurred by Algorithm 3 is O(dH2
√
T log(THδ ) log(1 + T

2d)).

Proof. In this section, we present the detailed proof of Theorem 2.4.2. We begin by decom-

posing RegT (defined in Eqn. (2.1)) into four terms—Term (i), Term (ii), Term (iii), and

Term (iv)—as shown in Eqn. (2.9). Θ(log T ) comes from regret incurred in the exploration

phase with τ = Hnl + 1.

RegT =
T∑
t=1

OPT (Θ,xt,Fxt)− Eπ1,π2,...,πT∼G

 T∑
t=1

R (πt;xt,Θ,Fxt)


≤Θ(log T ) +

T∑
t=τ

OPT (Θ,xt,Fxt)−
T∑
t=τ

OPT
(
Θ,xt, F̂xt

t−1

)
︸ ︷︷ ︸

Term (i)

+

T∑
t=τ

OPT
(
Θ,xt, F̂xt

t−1

)
−

T∑
t=τ

OPT
(
Ct−1,xt, F̂xt

t−1

)
︸ ︷︷ ︸

Term (ii)

+

T∑
t=τ

OPT
(
Ct−1,xt, F̂xt

t−1

)
− Eπ1,π2,...,πT∼G

 T∑
t=τ

R
(
πt;xt,Θ, F̂xt

t−1

)
︸ ︷︷ ︸

Term (iii)

+

Eπ1,π2,...,πT∼G

 T∑
t=τ

R
(
πt;xt,Θ, F̂xt

t−1

)− Eπ1,π2,...,πT∼G

 T∑
t=τ

R (πt;xt,Θ,Fxt)


︸ ︷︷ ︸

Term (iv)

At a high level, Terms (i) and (iv) account for the cumulative regret from transition error, i.e.,

the discrepancy between Fxt and F̂xt . Term (iii) represents the decision error arising from

imprecise estimates of the model parameters Θ = {θl}l∈H ∪ {dl}l∈[H]. Thus, more accurate
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estimators of Fxt and Θ yield lower cumulative regret. Meanwhile, Term (ii) measures

the gap in regret between a chosen point and the optimal point within a feasible set. Our

goal is to show Θ ∈ Ct for all t ≥ τ (after the exploration phase) with high probability,

ensuring that Term (ii) can be negative with high probability. This is proved in Lemma

2.4.3. By Lemma 2.4.1, with probability at least 1− 1
T 4 , Term (i) in Eqn. (2.9) is bounded

by Õ
(
dH2
√
T
)
. A similar argument implies that Term (iv) is also bounded by Õ

(
dH2
√
T
)

with probability at least 1− 1
T 4 . Further, Lemma 2.4.2 shows that, with probability at least

1 − 2
T 3 , Term (iii) is bounded by Õ

(
H2
√
dT
)
. Combining these results, we conclude that,

with probability at least 1− 6
T 3 , the overall regret RegT is Õ

(
dH2
√
T
)
.

A.3.1 Proof for Theorem 2.4.1

Theorem (Theorem 2.4.1 restated). Let δ ≥ 1
T 4H

and Nt,l ≥ nl. With probability at least

1− δ, the estimation error
∣∣d̂tl − dl∣∣, with d̂tl defined in Eqn. (2.3), is bounded by:

∣∣d̂tl − dl∣∣ ≤ 4HBd

√
d log

(
1 + T

2d

)
γ +

√
2eBdBxBθ log

(2
δ

)
b
√
Nt,l

.

γ is as defined in Lemma 2.3.1 and nl defined in Remark 2.3.1.

Proof. The key idea in estimating dl is to isolate observations that are “purified” with respect

to dl. Define

Dt,l := {h | Sth,1 = l, oth = 0},

which collects the episodes for user t where: The second-to-last bid winning is l episodes

before the most recent bid winning (Sth,1 = l); The current bid is lost (oth = 0), meaning no

new advertisement is shown. Under these conditions, the product-conversion observations

{yth}h∈Dt,l
satisfy

yth ∼ Poi
(
dl ⟨θSth,2 , xt⟩

)
.
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Because these observations are purified within the same l that defines dl, they provide reliable

information for estimating the long-term advertising impact parameter dl. To estimate

the long-term advertising impact parameter dl, we adopt a two-stage procedure. First, we

construct the estimates θ̂sSsh,2
for all s ∈ [t]. Then, we substitute these estimates into the

negative log-likelihood for dl (see Eqn. (A.2)), yielding our two-stage estimator for dl.

L(y; θ̂) =
t∑

s=1

∑
h∈Ds,l

dl⟨θ̂sSsh,2 ,xs⟩ − ysh log

(
dl⟨θ̂sSsh,2 ,xs⟩

)
. (A.2)

Taking the derivative of the negative log-likelihood with respect to dl yields:

∇dlL(y; θ̂) =
t∑

s=1

∑
h∈Ds,l

⟨θ̂sSsh,2 ,xs⟩ −
ysh
dl

= 0 (A.3)

This expression guides the next step of solving for dl. By solving Eqn. (A.3), we obtain the

estimator d̂tl for dl as follows:

d̂tl =

∑t
s=1

∑
h∈Ds,l

ysh∑t
s=1

∑
h∈Ds,l

⟨θ̂sSsh,2
,xs⟩

.

Here, θ̂sSsh,2
denotes the updated estimate of the advertisement’s impact for user s. Next, we

bound the estimation error of d̂tl . We express ysh as

ysh = dl x
⊤
s θSsh,2

+ ηsh,

where ηsh is sub-exponential with parameters
(
ν2, α

)
=
(
edl x

⊤
s θSsh,2

, 1
)

(see Lemma A.4.1).

Based on this formulation, the estimation error
∣∣d̂tl − dl∣∣ can be decomposed as follows.
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|d̂tl − dl| =

∣∣∣∣∣∣
∑t
s=1

∑
h∈Ds,l

ysh∑t
s=1

∑
h∈Ds,l

⟨θ̂sSsh,2
,xs⟩

− dl

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑t
s=1

∑
h∈Ds,l

(
dlx
⊤
s θSsh,2

+ ηsh

)
∑t
s=1

∑
h∈Ds,l

⟨θ̂sSsh,2
,xs⟩

− dl

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
∑t
s=1

∑
h∈Ds,l

ηsh∑t
s=1

∑
h∈Ds,l

⟨θ̂sSsh,2
,xs⟩

+ dl +

dl
∑t
s=1

∑
h∈Ds,l

x⊤s

(
θSsh,2

− θ̂sSsh,2

)
∑t
s=1

∑
h∈Ds,l

⟨θ̂sSsh,2
,xs⟩

− dl

∣∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∑t
s=1

∑
h∈Ds,l

ηsh∑t
s=1

∑
h∈Ds,l

⟨θ̂sSsh,2
,xs⟩

∣∣∣∣∣∣+ dl

∣∣∣∣∣∣∣∣
∑t
s=1

∑
h∈Ds,l

x⊤s

(
θSsh,2

− θ̂sSsh,2

)
∑t
s=1

∑
h∈Ds,l

⟨θ̂sSsh,2
,xs⟩

∣∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∑t
s=1

∑
h∈Ds,l

ηsh∑t
s=1

∑
h∈Ds,l

⟨θ̂sSsh,2
,xs⟩

∣∣∣∣∣∣︸ ︷︷ ︸
Term (i)

+
Bd

Nt,lb

∣∣∣∣∣∣
t∑

s=1

∑
h∈Ds,l

x⊤s
(
θSsh,2

− θ̂Ssh,2

)∣∣∣∣∣∣︸ ︷︷ ︸
Term (ii)

(A.4)

To upper bound the estimation error (see Eqn. (A.4)), it suffices to bound Term (i) and

Term (ii) in Eqn. (A.4) respectively. We can use sub-exponential concentration bound for

Term (i), shown as follows.

P

∣∣∣∣∣∣
∑t
s=1

∑
h∈Ds,l

ηsh∑t
s=1

∑
h∈Ds,l

⟨θ̂Ssh,2 ,xs⟩

∣∣∣∣∣∣ > ϵ

 ≤ P

∣∣∣∣∣∣
∑t
s=1

∑
h∈Ds,l

ηsh

Nt,lb

∣∣∣∣∣∣ > ϵ

 ,ηsh ∼ SubE
(
edlx

⊤
s θSsh,2

, 1
)

≤ P

1

b

∣∣∣∣∣∣ 1

Nt,l

Nt,l∑
i=1

Xi

∣∣∣∣∣∣ > ϵ

 , Xi ∼ SubE(eBdBxBθ, 1)

≤ δ.

(A.5)
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We derive Eqn. (A.5) by applying the tail bounds for sub-exponential random variables

(Lemmas A.4.4, A.4.5, and A.4.6) and setting

ϵ =

√
2 eBdBxBθ

b2Nt,l
log
(2
δ

)
.

We also use the accelerated convergence rate for sub-exponential variables under the con-

ditions Nt,l >
32 log(HT )
eBdBxBθ b2

and δ ≥ 1
2HT 4 , which ensure 0 ≤ ϵ ≤ eBdBxBθ.

Therefore, with probability at least 1− δ, we have Term (i) ≤
√

2 eBdBxBθ
b2Nt,l

log
(2
δ

)
. Then it

remains to bound Term (ii) in Eqn. (A.4). Define the dataset F ls,l′ := {h | S
s
h,1 = l, Ssh,2 =

l′, osh = 0}. Observe that
H∑
l′=1

|F ls,l′| = |Ds,l|,

meaning F ls,l′ partitions Ds,l according to Ssh,2, the second-to-last winning state. Let ns,l′ :=

|F ls,l′|. Then
t∑

s=1

H∑
l′=1

ns,l′ = Nt,l.

Since ∥θl∥2 ≤ Bθ for all l, and ∥xs∥2 ≤ Bx for each s ∈ [T ], define

rsh =
∣∣∣(θ̂sSsh,2 − θSsh,2

)⊤
xs

∣∣∣ ≤ ∥θ̂sSsh,2 − θSsh,2
∥Vs

l′
∥xs∥(Vs

l′)
−1 ,

where l′ = Ssh,2. For convenience, let
√
γs
l′ = ∥θ̂sSsh,2 − θSsh,2

∥Vs
l′
. Then, with probability at

least 1− δ, we have
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t∑
s=1

∑
h∈Ds,l

∣∣∣∣∣
(
θ̂sSsh,2

− θSsh,2

)⊤
xs

∣∣∣∣∣ =
t∑

s=1

∑
h∈Ds,l

rsh

≤
√
Nt,l

√√√√√ t∑
s=1

∑
h∈Ds,l

(rsh)
2

=
√
Nt,l

√√√√√√ t∑
s=1

H∑
l′=1

∑
h∈F l

s,l′

(rsh)
2

=
√
Nt,l

√√√√ t∑
s=1

H∑
l′=1

ns,l′γmin
(
∥xs∥(Vs

l′)
−1 , 1

)

=
√
Nt,l

√√√√ H∑
l′=1

t∑
s=1

ns,l′γmin
(
∥xs∥(Vs

l′)
−1 , 1

)

≤
√
Nt,l

√√√√ H∑
l′=1

γ
t∑

s=1

ns,l′ min
(
∥xs∥(Vs

l′)
−1 , 1

)

≤
√
Nt,lH

√√√√ H∑
l′=1

γ
t∑

s=1

min
(
∥xs∥(Vs

l′)
−1 , 1

)

≤H
√
Nt,l

√√√√γ max
l′∈[H]

t∑
s=1

min
(
∥xs∥(Vs

l′)
−1 , 1

)

≤2H
√
d

√
Nt,l log

(
1 +

T

2d

)
γ.

(A.6)

Therefore, with probability at least 1− δ, δ ≥ 1
HT 4 , we have

|d̂tl − dl| ≤
4HBd

√
d log

(
1 + T

2d

)
γ +

√
2eBdBxBθ log(2/δ)

b

1√
Nt,l

.
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A.3.2 Proof of Lemma 2.4.1

Lemma (Lemma 2.4.1 restated). For δ ≥ 1/T 4, with probability at least 1− δ, Term (i) in

Eqn. (2.9) is bounded above by O(dH2
√
T
√

log((1 + T )/δ) log(1 + T/d)).

Proof. In essence, the proof of Lemma 2.4.1 relies on two main steps. First, we show that

Term (i) can be bounded by the cumulative estimation error in transition, expressed as

T∑
t=1

sup
b

sup
h

∣∣∣F̂ t−1h (b,xt)−Fh(b,xt)
∣∣∣.

Second, we demonstrate that, when F̂ t−1h (b,xt) is estimated using Algorithm 3, this cumu-

lative estimation error remains small. Combined, these two steps yield the desired upper

bound on Term (i).

Step 1: Upper bound Term (i) by the cumulative estimation error in transition.

Term (i) captures the regret induced by transition error, as shown in Eqn. (A.7). The

final inequality in Eqn. (A.7) holds because R(π∗t ; Θ, F̂
xt
t−1) − OPT

(
Θ,xt, F̂xt

t−1
)
≤ 0, due

to the definition of OPT
(
Θ,xt, F̂xt

t−1
)
. We then apply the Simulation Lemma (Lemma A.3.1)

to bound R(π∗t ; Θ,Fxt) − R(π∗t ; Θ, F̂
xt
t−1).

Term (i) =
T∑
t=τ

OPT (Θ,xt,Fxt)−
T∑
t=τ

OPT
(
Θ,xt, F̂xt

t−1

)

=
T∑
t=τ

R(π∗t ; Θ,Fxt)−R(π∗t ; Θ, F̂
xt
t−1) +R(π∗t ; Θ, F̂

xt
t−1)−OPT

(
Θ,xt, F̂xt

t−1

)

≤
T∑
t=τ

R(π∗t ; Θ,Fxt)−R(π∗t ; Θ, F̂
xt
t−1).

(A.7)

Lemma A.3.1 (Simulation Lemma [Kearns and Singh, 2002]). For all s ∈ S and a ∈ A, if
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∑
s′∈S

∣∣∣P(s′ | s, a) − P′(s′ | s, a)
∣∣∣ ≤ ϵ1 and ∀h ∈ [H],

∣∣rh(s, a) − r′h(s, a)
∣∣ ≤ ϵ2, then

∣∣∣E{sh,ah}Hh=1∼M,π

[ ∑
h∈[H]

rh(sh, ah)
]
−E{sh,ah}Hh=1∼M′,π

[ ∑
h∈[H]

r′h(sh, ah)
]∣∣∣ ≤ H(H − 1) ϵ1

2
+H ϵ2.

To find ϵ1 in Lemma A.3.1, we compare two MDPs:

Mt, induced by policy π∗t , θ, and HOB distribution Fxt ,

and

M̂t, induced by policy π∗t , θ, and HOB distribution F̂xt
t−1.

Given state s = (s1, s2), we have:

∑
s′∈S

∣∣∣Ph(s′|s, a)− P̂h(s′|s, a)
∣∣∣ = ∣∣∣Ph(s′ = (s1 + 1, s2)|s, a)− P̂h(s′ = (s1 + 1, s2)|s, a)

∣∣∣
+
∣∣∣Ph(s′ = (1, s1)|s, a)− P̂h(s′ = (1, s1)|s, a)

∣∣∣
= 2

∣∣∣F̂ t−1h (a,xt)−Fh(a,xt)
∣∣∣

≤ 2 sup
b

sup
h

∣∣∣F̂ t−1h (b,xt)−Fh(b,xt)
∣∣∣ .

(A.8)

Define

ϵt = sup
b

sup
h

∣∣∣F̂ t−1h (b,xt) − Fh(b,xt)
∣∣∣.

From Eqn. (A.8), it follows that the parameter ϵ1 in Lemma A.3.1 can be taken as 2ϵt. In the

following, we bound the difference between Rth and Rt
′
h to find ϵ2 in Lemma A.3.1. By defini-

tion, Rth(S
t
h, A

t
h,xt) = dSth,1

⟨θSth,2 ,xt⟩
(
1−Fh(Ath,xt)

)
+
(
⟨θSth,1 ,xt⟩−ph(A

t
h,xt)

)
Fh(Ath,xt).

Here, ph(Ath,xt) is the second highest price conditioned on winning. Since pxth (b) = b −
1

Fh(b,xt)
∫ b
0 Fh(v,xt) dv,
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we obtain p̂h(Ath,xt) F̂
t−1
h (Ath,xt)−ph(A

t
h,xt)Fh(A

t
h,xt) =

∫ Ath
0 Fh(v,xt) dv −

∫ Ath
0 F̂ t−1h (v,xt) dv.

In addition, we can show

∫ b

0
f(v)dv −

∫ b

0
f̂(v)dv ≤

∫ b

0
sup
x
|f(x)− f̂(x)|dv

= sup
x
|f(x)− f̂(x)|

∫ b

0
1dv

= b sup
x
|f(x)− f̂(x)|.

Therefore, we can bound the reward difference |Rth(s, a)−R
t′
h(s, a)| by Eqn. (A.9).

∣∣∣Rth −R′t
h

∣∣∣ ≤ (dSth,1⟨θSth,2,xt⟩+ ⟨θSth,1 ,xt⟩+BA

)
sup

b∈[0,BA]
sup
h

∣∣∣F̂ t−1h (b,xt)−Fh(b,xt)
∣∣∣

≤ ((Bd + 1)BxBθ +BA) sup
b∈[0,BA]

sup
h

∣∣∣F̂ t−1h (b,xt)−Fh(b,xt)
∣∣∣

= ((Bd + 1)BxBθ +BA)ϵt,

(A.9)

Combining Eqn. (A.8) and Eqn. (A.9), Lemma A.3.1 implies

R(π∗t ; Θ,Fxt)−R(π∗t ; Θ, F̂
xt
t−1) ≤ H(H − 1)ϵt +H((Bd + 1)BxBθ +BA)ϵt

= H2ϵt +H ((Bd + 1)BxBθ +BA − 1) ϵt. (A.10)

Therefore, by Eqn. (A.10), bounding Term (i) reduces to bounding

T∑
t=τ

(
H2 ϵt + H

(
(Bd + 1)BxBθ + BA − 1

)
ϵt

)
.

Step 2: Construct high probability bound for cumulative estimation error in

transition

The next step is to derive a high-probability bound for
∑T
t=τ ϵt. By Assumption 2, the
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Highest Other Bids (HOB) distribution satisfies log(mt
h) ∼ N

(
⟨xt,βh⟩, σ2h

)
, suggesting that

the transition estimation error takes the form

∣∣∣F̂ t−1h (b,xt)−Fh(b,xt)
∣∣∣ = ∣∣∣∣∣Φ

(
log(b)− ⟨xt, β̂t−1h ⟩

σ̂t−1h

)
− Φ

(
log(b)− ⟨xt,βh⟩

σh

)∣∣∣∣∣ . (A.11)

Using a first-order Taylor expansion of the standard normal CDF Φ(·), we obtain
∣∣Φ(a) −

Φ(a + ∆)
∣∣ ≤ |∆|ϕ(a), ϕ is the standard normal pdf. This inequality allows us to further

bound the estimation error by
∣∣∣F̂ t−1h (b,xt)−Fh(b,xt)

∣∣∣ ≤ |∆t
h|ϕ
(

log(b)−⟨xt,β̂t−1
h ⟩

σ̂t−1
h

)
, where

|∆t
h| is defined and bounded by follows.

|∆t
h| =

∣∣∣∣∣ log(b)− ⟨xt, β̂t−1h ⟩
σ̂t−1h

− log(b)− ⟨xt,βh⟩
σh

∣∣∣∣∣
=

∣∣∣∣∣ log(b)− ⟨xt, β̂t−1h ⟩
σ̂t−1h

−
log(b)− ⟨xt, β̂t−1h ⟩

σh
+

log(b)− ⟨xt, β̂t−1h ⟩
σh

− log(b)− ⟨xt,βh⟩
σh

∣∣∣∣∣
≤ 1

σh

∣∣∣x⊤t (β̂t−1h − βh

)∣∣∣+ ∣∣∣log(b)− ⟨xt, β̂t−1h ⟩
∣∣∣ ∣∣∣∣∣ 1

σ̂t−1h

− 1

σh

∣∣∣∣∣
≤ 1

σh

∣∣∣x⊤t (β̂t−1h − βh

)∣∣∣+
(
log(BA) +BxBβ

) (
σh + σ̂t−1h

)
(
σhσ̂

t−1
h

)3
∣∣∣∣σ2h − (σ̂t−1h

)2∣∣∣∣ .
(A.12)

Note that we estimate the variance σ2h using second-stage empirical estimates. Concretely,

(
σ̂t−1h

)2
=

1

t− 1

t−1∑
s=1

(
log(ms

h)− x⊤s β̂
s
h

)2
.

Meanwhile, by definition,

σ2h =
1

t− 1

t−1∑
s=1

E
[
log(ms

h)− x⊤s βh
]2
.
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To complete the argument, it suffices to show that these two quantities are close with high

probability.

∣∣∣∣σ2h − (σ̂t−1h

)2∣∣∣∣ =
∣∣∣∣∣ 1

t− 1

t−1∑
s=1

[(
log(ms

h)− x⊤s β̂
s
h

)2
− E

(
log(ms

h)− x⊤s βh
)2]∣∣∣∣∣

=

∣∣∣∣∣ 1

t− 1

t−1∑
s=1

[(
log(ms

h)− x⊤s βh + x⊤s βh − x⊤s β̂
s
h

)2
− E

(
log(ms

h)− x⊤s βh
)2]∣∣∣∣∣

=

∣∣∣∣∣ 1

t− 1

t−1∑
s=1

[(
log(ms

h)− x⊤s βh
)2
− E

(
log(ms

h)− x⊤s βh
)2]∣∣∣∣∣

+

∣∣∣∣∣ 1

t− 1

t−1∑
s=1

(
x⊤s βh − x⊤s β̂

s
h

)2∣∣∣∣∣
+ 2

∣∣∣∣∣ 1

t− 1

t−1∑
s=1

(
log(ms

h)− x⊤s βh
)
(x⊤s βh − x⊤s β̂

s
h)

∣∣∣∣∣ .
Using Eqns. (A.11), (A.12), and (2.6), we derive the following equations:

T∑
t=1

ϵt ≤
T∑
t=τ

sup
h∈H

1

σh

∣∣∣x⊤t (β̂t−1h − βh

)∣∣∣︸ ︷︷ ︸
Term A

+2 (log(BA) +BxBθ)
2
T∑
t=1

sup
h∈H

Ch

∣∣∣∣∣ 1

t− 1

t−1∑
s=1

x⊤s
(
β̂sh − βh

)∣∣∣∣∣︸ ︷︷ ︸
Term B

+(log(BA) +BxBθ)
T∑
t=1

sup
h∈H

∣∣∣∣∣ 1

t− 1

t−1∑
s=1

(
x⊤s βh − x⊤s β̂

s
h

)2∣∣∣∣∣︸ ︷︷ ︸
Term C

+(log(BA) +BxBθ)
T∑
t=1

∣∣∣∣∣ 1

t− 1

t−1∑
s=1

[(
log(ms

h)− x⊤s βh
)2
− E

(
log(ms

h)− x⊤s βh
)2]∣∣∣∣∣︸ ︷︷ ︸

Term D

,

(A.13)

where Ch =
σh+σ̂

t−1
h

(σhσ̂
t−1
h )3

≤ 2σ̄
σ6

, by Assumption 3. In what follows, we bound each term one by
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one. To bound Term A, we show that for all h, with probability at least 1− δ, the following

holds:

T∑
t=1

∣∣∣x⊤t (β̂t−1h − βh

)∣∣∣ ≤
√√√√T

T∑
t=1

∣∣∣x⊤t (β̂t−1h − βh

)∣∣∣2

≤

√√√√√T

T∑
t=1

min

2BβBx, ∥xt∥2(
Σt−1
h

)−1∥β̂t−1h − βh∥2Σt−1
h


≤

√√√√√√T
T∑
t=1

∥β̂t−1h − βh∥2Σt−1
h

min

 2BβBx

∥β̂t−1h − βh∥2Σt−1
h

, ∥xt∥2(
Σt−1
h

)−1


≤

(
σ2h

√
d log

(
1 + TB2

x/λ

δ

)
+
√
λBβ

)√√√√√T
T∑
t=1

min

1, ∥xt∥2(
Σt−1
h

)−1

,
by Lemma A.4.2

≤

(
σ2h

√
d log

(
1 + TB2

x/λ

δ

)
+
√
λBβ

)√
Td log

(
1 +

TBx

λd

)

≤ d
√
T sup
h∈H

(
σ2h

√
log

(
1 + TB2

x/λ

δ

)
+
√
λBβ

)√
log

(
1 +

TBx

λd

)
.

Therefore,
T∑

t=1

sup
h∈H

1

σh

∣∣x⊤
t

(
β̂
t−1
h − βh

)∣∣ ≤ d
√

T
( σ̄2

σ

√√√√
log

( 1 +
TB2

x
λ

δ

)
+

√
λBβ

)√
log

(
1 +

TBx

λ d

)
.

This shows that Term C is on the order of O(log T ). For Term B, a similar argument implies

that, with probability at least 1− δ,

∣∣∣ 1
t−1

t−1∑
s=1

x⊤s
(
β̂sh − βh

)∣∣∣ ≤ d√
t− 1

( σ̄2
σ

√
log
(1+TB2

x
λ
δ

)
+
√
λBβ

)√
log
(
1 + TBx

λ d

)
.
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Therefore, we conclude the following bound.

T∑
t=τ

sup
h∈H

Ch

∣∣∣∣∣ 1

t− 1

t−1∑
s=1

x⊤s
(
β̂sh − βh

)∣∣∣∣∣ ≤ 2σ̄

σ6
d
√
T

(
σ̄2

σ

√
log

(
1 + TB2

x/λ

δ

)
+
√
λBβ

)
×√

log

(
1 +

TBx

λd

)
.

It remains to bound Term D. First, observe that

[(
log(ms

h)−x
⊤
s βh

)2−E(log(ms
h)−x

⊤
s βh

)2]
= σ2h

((log(ms
h)− x⊤s βh

)2
σ2h

−1
)

= σ2h (χ
2
1−1).

Since χ21 ∼ SubE(4, 4), by Lemma A.3.2 and a union bound argument, we can show that,

with probability at least 1− δ, Term D is bounded above by

√
T

√
8 log

(2T
δ

)
+O

(
log(T )

)
.

The O
(
log(T )

)
term arises from “burning in” the first 64 log(T ) which guarantees δ ≥ 1/4T 4

and ensure quadratic decay of sub-exponential bound.

Lemma A.3.2 (Example 2.11 in Wainwright [2019b]). A chi-squared (χ2) random variable

with n degrees of freedom, denoted by Y ∼ χ2n, can be represented as Y =
∑n
k=1 Z

2
k , where

Zk ∼ N(0, 1) are i.i.d. variables. Since each Z2
k is sub-exponential with parameters (ν2, α) =

(2, 4), we have P
(∣∣∣ 1n∑n

k=1 Z
2
k − 1

∣∣∣ ≥ √
8
n log 2

δ

)
≤ δ, as long as δ ≥ 2 exp

(
−n8
)
.

Bringing all these results together and applying union bound, we conclude that there exists

a constant C, depending on Bx,Bθ,Bβ , σ̄, σ,Bd, and BA, such that with probability at

least 1− δ (where δ ≥ 1
T 4 ), we have

Term (i) ≤ C dH2
√
T

√
log
(1 + T

λ δ

)
log
(
1 +

T

λ d

)
.
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By choosing λ = 1, we proves Lemma 2.4.1, we states that for δ ≥ 1/T 4, with probability at

least 1−δ, Term (i) in Eqn. (2.9) is bounded above byO(dH2
√
T
√

log((1 + T )/δ) log(1 + T/d)).

A.3.3 Proof for Lemma 2.4.2

Lemma (Lemma 2.4.2 restated). With probability at least 1− 2δ, where δ ≥ 1
T 3 , Term (iii)

in Eqn. (2.9) is bounded by O
(
H2
√
d T log

(4T H
δ

)
log
(
1 + T

2d

))
.

Proof. Term (iii) reflects the portion of regret attributable to inaccuracies in estimating the

true parameter Θ. Let Θ̃t−1 := argmaxΘ∈Ct−1
R(πt;xt,Θ, F̂xt

t−1). By definition,

R(πt;xt, Θ̃t−1, F̂xt
t−1) = OPT

(
Ct−1,xt, F̂xt

t−1
)
.

By Eqn. (A.14), we demonstrate that Term (iii) in (2.9) can be split into two parts corre-

sponding to the cumulative estimation error of θ̂tl (see Terms 1 and 2 in (A.14)) and the

cumulative estimation error of d̂l (see Term 3 in (A.14)). Recall that θ̂tl is a variant of the

online Newton estimator (see Algorithm 4), defined by

θ̂tl = arg min
∥θ∥2∈Bθ

{
1
2∥θ − θ̂t−1l ∥2

Vt
l
+ ⟨θ − θ̂t−1l ,∇l̃t(θ̂t−1l )⟩

}
,

where ∇l̃t(θ̂t−1l ) = (−ỹth + x⊤t θ̂
t−1
l )xt and Vt

l = Vt−1
l + 1

2xtx
⊤
t . ỹth is the truncated

observation of yth. Because yth follows a Poisson distribution and is linear in θl, it is a

special case of a heavy-tailed distribution with bounded second moment. Consequently,

Lemma 2.3.1 can be used to construct a high-confidence bound on θ̂tl , which in turn controls

Terms 1 and 2 in Eqn. (A.14).
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Term (iii) =
T∑
t=τ

OPT
(
Ct−1,xt, F̂xt

t−1

)
− Eπ1,π2,...,πT∼G

 T∑
t=τ

R
(
πt;xt,Θ, F̂xt

t−1

)
= Eπ1,π2,...,πT∼G

 T∑
t=τ

R
(
πt;xt, Θ̃t−1, F̂xt

t−1

)
−R

(
πt;xt,Θ, F̂xt

t−1

)
= Eπ1,π2,...,πT∼G

 T∑
t=τ

E
Sth∼P̂

xt
t−1

 H∑
h=1

Rth(S
t
h, A

t
h,xt)

− T∑
t=τ

R
(
πt;xt,Θ, F̂xt

t−1

)
= E(

T∑
t=τ

E(
H∑
h=1

d̃t−1
Sth,1
⟨θ̃t−1
Sth,2

,xt⟩(1− F̂ t−1h (Ath,xt))

+ (⟨θ̃t−1
Sth,1

,xt⟩ − p̂h(Ath,xt−1))F̂
t−1
h (Ath,xt)))

− Eπ1,π2,...,πT∼G

 T∑
t=τ

R
(
πt;xt,Θ, F̂xt

t−1

) ,where Ath = πt(S
t
h,xt)

≤
T∑
t=τ

E
Sth∼P̂

xt
t−1

 H∑
h=1

∣∣∣∣⟨θ̃t−1Sth,1
− θSth,1

,xt⟩
∣∣∣∣+ ∣∣∣∣dSth,1⟨θSth,2 ,xt⟩ − d̃t−1Sth,1

⟨θ̃t−1
Sth,2

,xt⟩
∣∣∣∣


≤
T∑
t=τ

E
Sth∼P̂

xt
t−1

(
H∑
h=1

{
∣∣∣∣⟨θ̃t−1Sth,1

− θSth,1
,xt⟩

∣∣∣∣+BA

∣∣∣∣⟨θ̃t−1Sth,2
− θSth,2

,xt⟩
∣∣∣∣

+

∣∣∣∣d̃t−1Sth,1
− dSth,1

∣∣∣∣BθBx})

=
T∑
t=τ

E

 H∑
h=1

∣∣∣∣⟨θ̃t−1Sth,1
− θ̂t−1

Sth,1
+ θ̂t−1

Sth,1
− θSth,1

,xt⟩
∣∣∣∣


︸ ︷︷ ︸
Term 1

+BA

T∑
t=τ

E

 H∑
h=1

∣∣∣∣⟨θ̃t−1Sth,2
− θ̂t−1

Sth,2
+ θ̂t−1

Sth,2
− θSth,2

,xt⟩
∣∣∣∣


︸ ︷︷ ︸
Term 2

+

+BθBx

T∑
t=τ

E

 H∑
h=1

∣∣∣∣d̃t−1Sth,1
− d̂t−1

Sth,1
+ d̂t−1

Sth,1
− dSth,1

∣∣∣∣


︸ ︷︷ ︸
Term 3

.

(A.14)
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To bound Term 1 in Eqn. (A.14), we first introduce nlt, where

nlt :=
∣∣{h ∈ [H] : Sth,1 = l}

∣∣;nlt ≤ H.

Then we have the following inequality:

T∑
t=τ

E

 H∑
h=1

∣∣∣∣⟨θ̃t−1Sth,1
− θ̂t−1

Sth,1
+ θ̂t−1

Sth,1
− θSth,1

,xt⟩
∣∣∣∣
 (A.15)

= E

 T∑
t=τ

H∑
h=1

∣∣∣∣⟨θ̃t−1Sth,1
− θ̂t−1

Sth,1
+ θ̂t−1

Sth,1
− θSth,1

,xt⟩
∣∣∣∣


≤ 2E

 T∑
t=τ

∑
l∈H

nlt

√
γt−1l ∥xt∥(Vt−1

l )−1

 (A.16)

≤ 2H
T∑
t=τ

∑
l∈H

√
γt−1l ∥xt∥(Vt−1

l )−1 (A.17)

≤ 2H
∑
l∈H

√√√√ T∑
t=τ

γt−1l

√√√√ T∑
t=τ

∥xt∥2
(Vt−1
l )−1

(A.18)

≤
√
dH2O

(√
T log

(
4TH

δ

)
log

(
1 +

T

2d

))
(A.19)

Let us denote
√
γs
l′
:=
∥∥θ̂sSsh,2−θSsh,2

∥∥
Vs
l′
. We obtain Eqn. (A.16) by rearranging terms in the

expression involving θl with same l. We use the fact that nlt ≤ H to get Eqn. (A.17). Next,

we apply the Cauchy–Schwarz inequality to derive Eqn. (A.18). By Lemma 2.3.1, we know

that, with probability at least 1 − δ, γsl′ ≤ γ for all t ≥ 1, with γ defined in Lemma 2.3.1.

In addition, we use Lemma 11 of Abbasi-Yadkori et al. [2011] to bound
∑T
t=1

∥∥xt∥∥2(Vtl )−1 ,

yielding
T∑
t=1

∥xt∥2(Vtl )−1 ≤ 4 log
(
det(VT+1)
det(V1)

)
≤ 4 d log

(
1 + T

2 d

)
.

Combining these results and applying the union bound gives us Eqn. (A.19). Similarly, by an
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analogous argument, we can show that, with probability at least 1−δ, Term 2 in Eqn. (A.14)

satisfies a similar bound, as shown below.

T∑
t=τ

E

 H∑
h=1

∣∣∣∣⟨θ̃t−1Sth,2
− θ̂t−1

Sth,2
+ θ̂t−1

Sth,2
− θSth,2

,xt⟩
∣∣∣∣
 ≤ √dH2O

(√
T log

(
4TH

δ

)
log

(
1 +

T

2d

))
.

The principal difficulty in designing Algorithm 3 lies in estimating d̂tl , which captures the

long-term impact of advertising on product conversion. Since dl always appears alongside

θl′ in the model yth ∼ Poi(dl θ⊤l′ xt), the main technical challenge is establishing a high-

probability bound on |d̂tl − dl| that leverages the estimation error of θ̂tl′ . Theorem 2.4.1

summarizes our results in this direction. By Theorem 2.4.1, we know that given t ≥ Hnl,

and l ∈ H1, with probability 1− δ, δ ≥ 1
T 4H

, dl ∈ Dtl , where

Dtl =

d ∈ [0,Bd] | |d̂tl − d| ≤
4HBd

√
d log

(
1 + T

2d

)
γ +

√
2 eBdBxBθ log

(2
δ

)
b

1√
Nt,l

 .

Therefore, by applying the union bound to make results valid ∀t ∈ [T ] and t ≥ Hnl,

∀l ∈ H1, we have that for δ ≥ 1
T 3 , we conclude that with probability at least 1 − δ, Term

(3) in Eqn. (A.14) can be bounded above by

T∑
t=τ

E

 H∑
h=1

∣∣∣∣d̃t−1Sth,1
− d̂t−1

Sth,1
+ d̂t−1

Sth,1
− dSth,1

∣∣∣∣


≤
8HBd

√
d log

(
1 + T

2d

)
γ +

√
2 eBdBxBθ log

(2
δ

)
b

E

 H∑
l=1

NT,l∑
t=1

1√
t

+O(log(HT ))

(A.20)

≤ O

(
H2
√
dT log

(
1 +

T

2d

)√
log

(
4HT

δ

)
log

(
2H

δ

))
(A.21)
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Equation (A.20) follows by gathering all terms involving the same l of dl. Next, we obtain

Equation (A.21) by noting that
∑H
l=1NT,l = T H. Combining the above results, we conclude

that, with probability at least 1− 2δ (where δ ≥ 1
T 3 ), Term (iii) in Eqn. (2.9) is bounded by

O
(
H2
√
d T log

(4T H
δ

)
log
(
1 + T

2 d

))
.

A.3.4 Proof of Lemma 2.4.3

Lemma (Lemma 2.4.3 restated). With probability at least 1−δ with δ ≥ 2
T 3 , Θ ∈ Ct, ∀t ≥ τ .

Proof.

P(Θ ∈ Ct, ∀t ≥ τ) = P({∀t ≥ τ, ∀l ∈ H,θl ∈ Ctl } ∩ {∀t ≥ τ, ∀l ∈ H1, dl ∈ Dtl})

= 1− P
{(
{∀t ≥ τ,∀l ∈ H,θl ∈ Ctl } ∩ {∀t ≥ τ, ∀l ∈ H1, dl ∈ Dtl}

)c}
= 1− P

{(
{∀t ≥ τ,∀l ∈ H,θl ∈ Ctl }

)c
∪
(
{∀t ≥ τ,∀l ∈ H1, dl ∈ Dtl}

)c}
≥ 1− P

((
{∀t ≥ τ,∀l ∈ H,θl ∈ Ctl }

)c)
− P

((
{∀t ≥ τ,∀l ∈ H1, dl ∈ Dtl}

)c)
By Lemma 2.3.1, we have

P
((
{∀t ≥ τ,∀l ∈ H,θl ∈ Ctl }

)c)
≤
∑
l∈H

P(∃t ≥ τ s.t. θl /∈ Ctl ) ≤ δ.

Moreover, by Theorem 2.4.1, with δ ≥ 1
HT 4 we have

P
((
{∀t ≥ τ,∀l ∈ H, dl ∈ Dtl}

)c)
≤
∑
l∈H1

∑
t∈[T ]

P(dtl /∈ Dt
l) ≤ HTδ.

Combining these results together, we have with probability at least 1 − δ with δ ≥ 2
T 3 ,

Θ ∈ Ct, ∀t.
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A.4 Technical Lemmas

Lemma A.4.1 (Sub-Exponentiality of Poisson Random Variable). If X ∼ Poi(µ), then the

centered random variable X − µ is SubE(eµ, 1). Equivalently, there exist constants ν2 = eµ

and α = 1 such that, for all |t| < 1/α = 1, E
[
e t (X−µ)

]
≤ exp

(
ν2 t2

)
= exp

(
e µ t2

)
.

Proof. Below is the proof showing that a Poisson(µ) random variable is sub-exponential with

parameters
(
eµ, 1

)
. The proof hinges on bounding the moment-generating function (MGF)

of the centered random variable X − µ. Recall that if X ∼ Poi(µ), its moment-generating

function (MGF) is

E
[
etX
]
= exp

(
µ(et − 1)

)
.

For the centered random variable X − µ,

E
[
et(X−µ)

]
= e−tµ E

[
etX
]
= exp

(
µ
(
et − 1− t

))
.

We claim that, for all |t| ≤ 1,

et − 1− t ≤ e t2.

Indeed, expanding et in its Taylor series about t = 0,

et = 1 + t+
t2

2
+
t3

6
+ . . . =⇒ et − 1− t =

t2

2
+
t3

6
+ . . .

For |t| ≤ 1, this sum of higher-order terms is bounded above by a constant times t2. A

convenient choice is e, giving

et − 1− t ≤ e t2.

Combining the two steps, for |t| ≤ 1,

E
[
et(X−µ)

]
= exp

(
µ
(
et − 1− t

))
≤ exp

(
µ · e t2

)
.
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Therefore, X − µ satisfies

E
[
e t (X−µ)

]
≤ exp

(
e µ t2

)
for all |t| < 1.

By definition, this means X − µ is SubE
(
eµ, 1

)
.

Lemma A.4.2 (Theorem 2 in Abbasi-Yadkori et al. [2011]). Assume the same in Theorem

A.4.3, let Σ0 = λId, λ > 0. Define yt = x⊤t β + ηt, with ηt defined in Lemma A.4.3, and

assume that ∥β∥2 ≤ Bβ, ∥xt∥2 ≤ Bx. Then, for any δ > 0, with probability at least 1− δ,

for all t > 0, β lies in the set

Ct =

{
β ∈ Rd : ∥β̂t − β∥Σt ≤ σ2

√
d log

(
1 + tB2

x/λ

δ

)
+
√
λBβ

}
,

where β̂t :=
(∑t

s=1 xsx
⊤
s + λId

)−1 (∑t
s=1 xsys

)
.

Lemma A.4.3 (Theorem 1 in Abbasi-Yadkori et al. [2011]). Let {Ft}∞t=0 be a filtration. Let

{ηt}∞t=1 be a real-valued stochastic process such that ηt is Ft-measurable and ηt is condition-

ally σ2-sub-Gaussian for some σ2 ≥ 0. Let {xt}∞t=1 be an Rd-valued stochastic process such

that xt is Ft−1 measurable. Assume that Σ0 is a d × d positive definite matrix. For any

t ≥ 0, define Σt = Σt−1 + xtx
⊤
s and St =

∑t
s=1 ηsxs. Then for any δ > 0, with probability

at least 1− δ, for all t ≥ 0, we have ∥St∥2Σ−1
t

≤ 2σ4 log
(√

detΣt
detΣ0

/δ
)
.

Lemma A.4.4 (Sub-exponential tail bound). Suppose X is sub-exponential with parameters

(ν2, α). Then

P(|X − µ| > t) ≤


2 exp(− t2

2ν2
), if 0 ≤ t ≤ ν2

α

2 exp(− t
2α). for t > ν2

α

Lemma A.4.5 (Lemma 3 in Hao et al. [2021]). Consider a random variable Xi ∼ SE(ν2, α)

and β is a non-zero scalar, then βXi ∼ SE(β2ν2, |β|α)
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Lemma A.4.6 (Lemma 4 in Hao et al. [2021]). Consider independent random variables

Xi ∼ SE(ν2i , αi) for i = 1, . . . , n, then X =
∑n
i=1Xi follows SE

(∑n
i=1 ν

2
i ,maxi αi

)
.

A.4.1 Proof of Fact 2.2.1

Proof. In this section, we prove that the tuple (X ,S,A,Pxt , {Rth(S
t
h, a

t
h,xt)}

H
h=1, s1, H)

constitutes a Contextual Markov decision process (CMDP) by demonstrating that it satisfies

the Markov property.

If we lose the bid, then we have

P
(
Rth+1 = dSth+1,1

⟨θSth+1,2
,xt⟩(1−Fh+1(a

t
h+1,xt))

+

(
⟨θSth+1,1

xt⟩ − ph+1(a
t
h+1,xt)

)
Fh+1(a

t
h+1,xt),

Sth+1 = (Sth,1 + 1, Sth,2)|S
t
0, a

t
0, R

t
1, . . . , S

t
h, a

t
h

)
= 1−Fh(ath,xt).

If we win the bid, then we have

P
(
Rth+1 = dSth+1,1

⟨θSth+1,2
,xt⟩(1−Fh+1(a

t
h+1,xt))

+

(
⟨θSth+1,1

xt⟩ − ph+1(a
t
h+1,xt)

)
Fh+1(a

t
h+1,xt),

Sth+1 = (1, Sth,1)|S
t
0, a

t
0, R

t
1, . . . , S

t
h, a

t
h

)
= Fh(ath,xt).

From the above equation, we notice that

P
(
Rth+1, S

t
h+1|S

t
0, a

t
0, r

t
1, . . . , S

t
h, a

t
h

)
= P

(
Rth+1, S

t
h+1|S

t
h, a

t
h

)
.

Therefore, the Markov property holds and the model is a CMDP.
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APPENDIX B

APPENDIX TO LEARNING FROM IMPERFECT HUMAN

FEEDBACK

B.1 Challenges

In the following, we discuss challenges in developing robust algorithms for continuous dueling

bandits with generally concave utility under corruption induced by strong adversary. There

is a line of work that studies bandits under corruption by a weak adversary [Lykouris et al.,

2018, Gupta et al., 2019, Agarwal et al., 2021, Zimmert and Seldin, 2021, Saha and Gail-

lard, 2022, Wei et al., 2022], where the corruption is introduced before observing the agent’s

actions. This research develops efficient algorithms that achieve sublinear regret without

requiring prior knowledge of the total corruption. Specifically, for corruption induced by a

weak adversary, Wei et al. [2022] adopts the idea of model selection and introduces a robust

framework called Corruption-Robustness through Balancing and Elimination (COBE). This

framework allows an algorithm designed for a known corruption level to be adapted for sce-

narios with an unknown corruption level. Notably, in the case of weak adversaries, Zimmert

and Seldin [2021], Saha and Gaillard [2022] develop “best-of-both-world’ algorithms, which

achieve optimal performance under both begin and corrupted settings.

However, for corruption induced by a strong adversary—where the corruption occurs

after observing the agent’s actions (the scenario considered in our setting)—it may not be

possible to develop a best-of-both-world algorithm. This limitation arises because, for any

algorithm that does not know the total corruption, there exists a problem instance where

the algorithm suffers linear regret [Bogunovic et al., 2020, Kang et al., 2024]. To achieve

sublinear regret in such settings, it is crucial for the algorithm to have precise knowledge of

the total corruption or at least an accurate estimation of its upper bound.

For cases with known corruption, nearly optimal algorithms are proposed for various
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settings, including stochastic linear bandits in discrete action spaces [Bogunovic et al., 2020],

Gaussian process bandits [Bogunovic et al., 2022], linear contextual bandits [He et al., 2022],

Lipschitz bandits [Kang et al., 2024], and linear contextual dueling bandits [Di et al., 2024].

These approaches typically rely on phase elimination techniques to eliminate suboptimal

arms or Upper Confidence Bound (UCB)-based algorithms to pull optimal arms with high

probability. The success of these methods heavily depends on constructing precise utility

estimates to guide decision-making.

However, for learning from nonlinear utility, constructing utility estimates under duel-

ing feedback is a very challenging problem, as only preferential (directional) information is

available. This limited information motivates the exploration of a new approach: robust

gradient-based algorithms. Zimmert and Seldin [2021] and Saha and Gaillard [2022] uti-

lize robust stochastic mirror descent algorithms to update the probability distribution for

sampling K arms. However, it is difficult to efficiently generalize this design to continuous

action spaces, as it requires transforming the probability vector into a probability density

function and efficiently managing its updates and approximations. While Yue and Joachims

[2009b] and Kumagai [2017] exploits dueling bandit gradient descent and stochastic mirror

descent and achieves sublinear regret for continuous dueling bandits, their performance un-

der corruption remains unexplored. It is a nontrivial question and still remains an interesting

open problem of developing robust and computationally efficient algorithms for continuous

dueling bandits with generally concave utility functions under corruption induced by strong

adversaries.

B.2 Discussion on the Generality of Modeling Assumptions

The assumptions of a continuous action space are standard in the online convex optimization

literature [Flaxman et al., 2004, Yue and Joachims, 2009b, Shamir, 2013, Kumagai, 2017].

Moreover, they are particularly natural for today’s preference learning for recommendation
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systems since languages, texts, videos are mostly processed as embedding vectors which are

continuous by nature. We assumed strong concave utility functions. This is standard due to

at least two reasons. First, there is already a rich literature studying online optimization of

strongly convex or concave functions, and our work subscribes to that rich literature [Shamir,

2013, Kumagai, 2017, Wan et al., 2022, Saha et al., 2022]. Second, strongly concave utilities

functions capture essential properties like diminishing marginal returns and risk-averse be-

havior. These characteristics align closely with real-world scenarios in economics, behavioral

studies, and decision-making processes. Strongly concave functions are frequently utilized

in economic literature for modeling utility functions such as the “indirect utility function"

[Montrucchio, 1987, Sorger, 1995, Venditti, 1997a], which represents the maximum utility a

consumer can achieve based on a specific income level and set of prices. Our assumption

on the link function aligns with those in Kumagai [2017] but is slightly stronger than those

in Yue and Joachims [2009b]. Nevertheless, it encompasses many natural link functions, in-

cluding the sigmoid function, the cumulative Gaussian distribution function, and the linear

function, more general than merely sigmoid link functions [Maystre and Grossglauser, 2017,

Saha, 2021b, Xu et al., 2024] or linear link function [Ailon et al., 2014, Chen and Frazier,

2017, Zimmert and Seldin, 2018, Lin and Lu, 2018], as assumed in some earlier works.

B.3 Proofs for Theorem 3.3.1

Theorem (Theorem 3.3.1 restated). There exists a ρ-Imperfect Human Feedback (see Defi-

nition 3.2.1), strongly concave utility function µ, and link function σ such that any learner

has to suffer RegT ≥ Ω
(
dmax{

√
T , T ρ}

)
, even with the knowledge of ρ.

Proof. Before showing the regret lower bound proof for Theorem 3.3.1, let’s first establish the

following Lemma B.3.1, which builds the connection between regret incurred under bandit

reward feedback and dueling feedback. This proof is inspired by Theorem 6 in Yao et al.

[2022a]. To prove Lemma B.3.1, in addition to RegT , we introduce a new metric to measure
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the performance of algorithm under dueling feedback, which we coin functional regret RegFO
T ,

defined as follows.

RegFO
T := E


T∑
t=1

µ(a∗)− µ(at) + µ(a∗)− µ(a′t)

 . (B.1)

Lemma B.3.1. Given a utility function µ, if the regret lower bound for algorithm with

bandit reward feedback is Reg, then any learner with dueling feedback has to suffer regret

RegFO
T ≥ 2Reg.

Proof. We prove our claim by contradiction. Let (a0,t, a1,t) be the pair of recommendation

at round t. Suppose RegFO
T < 2Reg. As a result, at least one of the following inequality

must hold:

E


T∑
t=1

µ(a∗)− µ(a0,t)

 ≤ Reg;

E


T∑
t=1

µ(a∗)− µ(a1,t)

 ≤ Reg.

(B.2)

Consider a principal who can observe the interaction between a user and the learner L, then

we can construct two algorithms L0 and L1 as follows.
Algorithm 5: Algorithm Li
Input: the time horizon T

1 for t ≤ T do

2 Call the learner L to generate two candidates (a0,t, a1,t).

3 Present (a0,t, a1,t) to user and received the feedback.

4 Return user feedback to the learner L and update L.

Output: the sequential decision {ai,t}Tt=1

From (B.2), we know that at least one of {L0,L1} achieves an expected regret lower

than Reg. However, we know all algorithm with bandit feedback with utility function µ
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has to occur regret at least Reg, contradiction. Therefore, Lemma B.3.1 must hold, which

completes the proof.

Next, we prove Theorem 3.3.1. First, consider the case ρ ≤ 0.5. Given that the utility

function is strongly concave, by applying Lemma B.3.2, we have Reg = 0.02min{T, d
√
T}.

From Lemma B.3.1, we also obtain RegFO
T ≥ 0.04min{T, d

√
T}. Using the linear link

function σ(x) = 1
2 + 1

2x, it follows that RegT ≥ 0.02min{T, d
√
T} ≥ Ω(dmax{

√
T , T ρ}),

completing the proof.

Lemma B.3.2 (Theorem 6 in [Shamir, 2013]). Let the number of rounds T be fixed. Then

for any learner, there exists a quadratic function of the form µθ(a) := θ⊤a− 1
2∥a∥

2 which is

minimized at θ and ∥θ∥2 ≤ 0.5 such that

E

 T∑
t=1

µθ(a
∗)− µθ(at)

 ≥ 0.02min
{
T, d
√
T
}
.

Now, let’s focus on the scenario when ρ > 0.5. In essence, we want to extend Lemma

B.3.2 to the scenario in presence of adversarial corruption induced by ρ-Imperfect Human

Feedback. If we can show the regret lower bound can be generalized to Ω(dT ρ), then applying

the same technique which uses Lemma B.3.1 to connect regret suffered under bandit reward

feedback and regret suffered under dueling feedback and choose linear link function to connect

RegFO
T and RegT , we will get the desired regret lower bound. The extension of Lemma B.3.2

is proven at section B.3.1.

B.3.1 Proof for Lemma 3.3.1

Lemma (Lemma 3.3.1 restated). Consider bandit learning with direct reward feedback, where

reward r(a) := µ(a) + ϵ, ϵ follows standard normal distribution. The action space A is

contained in a d-dimensional unit ball, and µ is µθ(a) := θ⊤a− 1
2∥a∥

2
2, with θ ∈ Rd, ∥θ∥2 ≤ 1

. Under ρ-Imperfect Human Feedback (Definition 3.2.1), for any T , d ≤ 1
Cκ
T 1−ρ, and for
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any learner, there exists a θ such that under direct reward feedback, even with the knowledge

of ρ, has to suffer regret RegT := E{
∑T
t=1 µθ(a

∗)− µθ(at)} ≥ d
4CκT

ρ.

Proof. To prove Lemma 3.3.1, we aim to prove that there exists a corruption strategy such

that the regret incurred by any learner with imperfect dueling feedback is not less than

Ω(dT ρ). The formulation of such a corruption strategy hinges on the observation that

when the utility function µθ adopts the quadratic form parameterized by θ, specifically

µθ(a) = θ⊤a− 1
2∥a∥

2
2, which is both smooth and strongly concave, then the regret incurred

by the learner is bounded below by the sum of the Kullback-Leibler (KL) divergence between

the distribution of the corrupted reward feedback obtained at round t, denoted v̂t, t ∈ [T ],

conditioned on different possible values of θ. (see Lemma B.3.4). Assume that θ is uniformly

drawn from {−β, β}d, given an action at, conditioned on θi > 0, the corrupted reward

feedback v̂t is

v̂t = µθ(at) + ct(at|θi > 0) + ξ =

−1

2
∥at∥2 +

∑
j ̸=i

θjat,j

+ βat,i + ct(at|θi > 0)

︸ ︷︷ ︸
µ1

+ξ.

(B.3)

Conditioned on θi < 0, the corrupted reward feedback v̂t is

v̂t = µθ(at) + ct(at|θi < 0) + ξ =

−1

2
∥at∥2 +

∑
j ̸=i

θjat,j

− βat,i + ct(at|θi < 0)

︸ ︷︷ ︸
µ2

+ξ.

(B.4)

We use ct(at|θi > 0) and ct(at|θi < 0) to empathize the fact that the magnitude and sign of

corruption can be dependent on θ. ξ follows a standard Gaussian distribution. Therefore,

v̂t in Equation B.3 follows N(µ1, 1). v̂t in Equation B.4 follows N(µ2, 1). By using Lemma
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B.3.3, we have

DKL(N(µ1, 1)||N(µ2, 1)) = (µ1 − µ2)2.

Lemma B.3.3 (KL Divergence for Normal Distribution). Let N(µ, σ2) represent a Gaussian

distribution variable with mean µ and variance σ2. Then

DKL(N(µ1, σ
2)||N(µ2, σ

2)) =
(µ1 − µ2)2

2σ2
.

To optimize the lower bound in Lemma B.3.4, the adversary selects ct(at|θi > 0) and

ct(at|θi < 0) to minimize the difference between µ1 and µ2. Consider the following corruption

strategy: when θi > 0, set ct(at|θi > 0) = −βat,i; when θi < 0, set ct(at|θi < 0) = βat,i.

This strategy ensures that µ1 = µ2.

Next step is to determine the value of β. Notice that the corruption budget is CκT ρ. To

execute the corruption strategy described above, it requires

T∑
t=1

|ct(at)| ≤ β
T∑
t=1

∥at∥∞ ≤ CκT
ρ. (B.5)

Therefore, by exploiting the fact that µθ is 1-strongly concave, we establish another lower

bound for the regret by

E


T∑
t=1

µθ(a
∗)− µθ(at)

 ≥ 1

2
E


T∑
t=1

∥at − θ∥22


≥ 1

2
E


T∑
t=1

(∥at∥∞ − β)2


≥ 1

2

T∑
t=1

(CκT
ρ−1/β − β)2.
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Since |at,i − θi| ≥ ||at,i| − β| for all i, we obtain the second inequality. By utilizing the

corruption constraint (B.5), we derive the last inequality, which is minimized when ∥at∥∞ =

CκT
ρ−1

β for all t. Together with Lemma B.3.4, we have:

E


T∑
t=1

µθ(a
∗)− µθ(at)

 ≥ 1

2
max


T∑
t=1

(CκT
ρ−1/β − β)2, dTβ

2

2

 . (B.6)

We select β to optimize the lower bound in Equation (C.53). Since d ≤ 1
Cκ
T 1−ρ, we

can set β =
√
CκT

ρ
2−

1
2 to satisfy ∥θ∥2 ≤ 1. Then we obtain E

{∑T
t=1 µθ(a

∗)− µθ(at)
}
≥

dCκT
ρ/4. Notice that the corruption level each round is bounded by β∥at∥∞. Consider the

scenario when the radius of the action space A is upper bounded by β, then the corruption

budget each round is bounded by Cκt
−1+ρ, which satisfies the definition of ρ-Imperfect

Human Feedback, which completes the proof.

Lemma B.3.4. Let’s consider the utility function µθ(a) := θ⊤a− 1
2∥a∥

2
2. Let v̂1, v̂2, . . . , v̂T

be a sequence of corrupted reward feedback obtained by a learner. Then there exists a

θ ∈ Rd, ∥θ∥2 ≤ 1, uniformly drawn from {−β, β}d, such that the regret suffered by the

learner is

E


T∑
t=1

µθ(a
∗)− µθ(at)

 ≥ dTβ2

4

1−

√√√√1

d

d∑
i=1

T∑
t=1

Dt,i

 .

Dt,i := sup{θj}j ̸=i DKL

(
P(v̂t|θi > 0, {θj}j ̸=i, {v̂l}t−ll=1)||P(v̂t|θi < 0, {θj}j ̸=i, {v̂l}t−ll=1)

)
. DKL

is the KL divergence between two distributions.

Proof. Using the similar argument in Shamir [2013], assume that the learner is deterministic:

at is a deterministic function of the realized corrupted reward feedback v̂1, v̂2, . . . , v̂t−1 at

a1, a2, . . . , at−1. This assumption is without loss of generality, since any random learners can

be seen as a randomization over deterministic learning algorithms. Thus a lower bound which
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holds uniformly for any deterministic learner would also hold over a randomization. To lower

bound (B.7), we use Lemma B.3.5, which relates this to the question of how informative are

the query values (as measured by Kullback-Leibler divergence) for determining the sign of

θ’s coordinates. Intuitively, the more similar the query values are, the smaller is the KL

divergence and the harder it is to distinguish the true sign of θi, leading to a larger lower

bound. In addition, we are facing a powerful adversary who has the complete knowledge of

the problem and is able to add corruption on the query value to make they are even more

similar, which resulting a even smaller KL divergence, consequently, an even larger lower

bound. Let āT := 1
T

∑T
t=1 at represent the average action, we have

E


T∑
t=1

µθ(a
∗)− µθ(at)

 = TE

 1

T

T∑
t=1

µθ(a
∗)− µθ(at)


≥ TE (µθ(a

∗)− µθ(āT ))

≥ TE
(
1

2
∥āT − θ∥2

)

= TE

1

2

d∑
i=1

(āi − θi)2


≥ E

β2T
2

d∑
i=1

Iāiθi<0

 (B.7)

≥ dTβ2

4

1−

√√√√1

d

d∑
i=1

T∑
t=1

Dt,i

 .

We get the second inequality by using the fact that µθ is 1-strongly concave. We get the last

inequality by using Lemma B.3.5, which completes the proof.

Lemma B.3.5 (Lemma 4 in [Shamir, 2013]). Let θ be a random vector, none of those coordi-

nates is supported on 0. Let v̂1, v̂2, . . . , v̂T be a sequence of values obtained by a deterministic

learner returning a point āT (so that the action at is a deterministic function of v̂1, . . . , v̂t−1
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and āT is a deterministic function of v̂1, . . . , v̂T ). Then we have

E

 d∑
i=1

Iāiθi

 ≥ d

2

1−

√√√√1

d

d∑
i=1

T∑
t=1

Dt,i

 ,

where Dt,i = sup{θj}j ̸=i DKL

(
P(v̂t|θi > 0, {θj}j ̸=i, {v̂l}t−ll=1)||P(v̂t|θi < 0, {θj}j ̸=i, {v̂l}t−ll=1)

)
,

DKL represents the KL divergence between two distributions.

B.3.2 Proof for Proposition 1:

Proposition (Proposition 1 restated). There exists an LIHF instance with ρ-Imperfect Hu-

man Feedback (Definition 3.2.1), linear user utility µ, and link function σ, such that any

learner has to suffer RegT ≥ Ω(dmax{
√
T , T ρ}), even with the knowledge of ρ.

Proof. The proof structure is very similar to the lower bound proof in Theorem 3.3.1. We

start by discussing the value of ρ. Consider the scenario when ρ ≤ 0.5. Applying Lemma

B.3.6 and B.3.1 together with linear link function, we have RegT ≥ Ω(dmax{
√
T , T ρ}),

which completes the proof.

Lemma B.3.6 ([Dani et al., 2008]). Let A = [−1, 1]d and Θ = [−T−
1
2 , T−

1
2 ]d. Consider

the linear reward function rt = θ⊤At + ϵt, ϵt is independent standard Gaussian noise. Then

for any learner, there exists a vector θ ∈ Θ such that

RegT (A, θ) ≥
exp(−2)

8
d
√
T .

Now, let’s focus on the scenario when ρ > 0.5 and the essence is to extend Lemma B.3.6

to the scenario in presence of ρ-Imperfect Human Feedback, which is shown in Lemma B.3.7
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Lemma B.3.7. Assume that the action space A ⊂ [−1, 1]d. Given ρ-Imperfect Human Feed-

back (Definition 3.2.1), for stochastic linear bandit, there exists a θ ∈ [−CκT ρ−1, CκT ρ−1]d

such that any learner even with the knowledge of ρ has to suffer regret no less than d
8CκT

ρ.

Proof. The proof extends Lemma B.3.6 to a scenario in presence of corruption. We want to

construct a parameter family and a corruption strategy such that for all algorithm, it will

occur at least Ω(dT ρ) regret. Consider the action set A ∈ [−1, 1]d and Θ = {−β, β}d. For

any learner, we can lower bound its regret by

RegT (A, θ) = Eθ

 T∑
t=1

d∑
i=1

(sign(θi)− ati)θi


≥ β

d∑
i=1

Eθ

 T∑
t=1

I{sign(ati) ̸= sign(θi)}


≥ Tβ

2

d∑
i=1

Pθ

 T∑
t=1

I{sign(ati) ̸= sign(θi)} ≥
T

2


Let’s denote

pθi = Pθ

 T∑
t=1

I{sign(ati) ̸= sign(θi)} ≥
T

2


Let i ∈ [d] and θ ∈ Θ be fixed, and let θ′j = θj , for j ̸= i and θ′i = −θi. Then using Lemma

B.3.8, we have

pθi + pθ′i
≥ 1

2
exp

−E
 T∑
t=1

DKL(Pat , P
′
at)

 .

Pat is the distribution of corrupted reward observed by the learner after playing action at

when reward parameter is θ. Similarly, P ′at is the distribution of corrupted observed by the

learner after playing action at when the reward parameter is θ′.

Lemma B.3.8 (Bretagnolle-Huber inequality). Let P and Q be probability measures on the

same measurable space (Ω,F). Let A ∈ F be any arbitrary event and Ac is the complement
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of A. Then we have

P(A) +Q(Ac) ≥ 1

2
exp (−DKL(P,Q)) . (B.8)

In presence of adversarial corruption, for θ, the corrupted reward is

r̂t =
∑
j ̸=i

atjθj + atiθi + ct(at|θ) + ϵt. (B.9)

For θ′, we have

r̂t =
∑
j ̸=i

atjθj − atiθi + ct(at|θ′) + ϵt. (B.10)

Consider the corruption strategy such that ct(at|θ) = −at,iθi in (B.9) and ct(at|θ′) = at,iθi

in (B.10). This is achievable since we assume the adversary has complete knowledge of the

problem instance. By doing so, the corrupted reward r̂t are from the same distribution

regardless whether the preference parameter is θ or θ′. This is because θ and θ′ only differs

in the i-th coordinate with the magnitude β, and this difference could be masked by the

corruption, resulting in E
[∑T

t=1DKL(Pat , P
′
at)
]
= 0, which makes it indistinguishable by

the learner. Notice that executing such a corruption strategy requires total corruption budget

T∑
t=1

|ct(at)| ≤ β
T∑
t=1

∥at∥∞ ≤ CκT
ρ. (B.11)

Choose β = CκT
ρ−1, Equation (B.11) holds. Therefore, we have

pθi + pθ′i
≥ 1

2
.

Applying an "averaging hammer" over all θ ∈ Θ, which satisfies |Θ| = 2d, we get

∑
θ∈Θ

1

|Θ|

d∑
i=1

pθi =
1

|Θ|

d∑
i=1

∑
θ∈Θ

pθi ≥
d

4
.
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This implies that there exists a θ ∈ Θ such that
∑d
i=1 pθi ≥

d
4 . Therefore we have

RegT (A, θ) ≥
dCκ
8
T ρ,

which completes the proof. We want to highlight that the corruption level each round |ct(at)|

is bounded by β∥at∥∞ ≤ CκT
ρ−1 ≤ Cκt

ρ−1, ∀t, satisfying definition of ρ-Imperfect Human

Feedback.

B.4 Proof for Theorem 3.4.1

Theorem (Theorem 3.4.1 restated). RoSMID satisfies RegT ≤ Õ(dmax{
√
T , T ρ}) for any

ρ-LIHF problem.

Proof. At the beginning of the proof, we formally define self-concordance (see Definition

B.4.1). The input, ν-self-concordant function R, serves as a regularizor in RoSMID (see

Algorithm 3).

Definition B.4.1. (Self-concordance.) A function R : int(A) → R is self-concordant if

it satisfies

1. R is three times continuously differentiable, convex, and approaches infinity along any

sequence of points approaching the boundary of int(A).

2. For every h ∈ Rd and x ∈ int(A), |∇3R(x)[h, h, h]| ≤ 2
(
h⊤∇2R(x)h

)3
2 holds, where

|∇3R(x)[h, h, h] := ∂3R
∂t1∂t2∂t3

(x+ t1h+ t2h+ t3h)|t1=t2=t3=0.

In addition to these two conditions, if for every h ∈ Rd and x ∈ int(A), |∇R(x)⊤h ≤

ν
1
2 (h⊤∇2R(x)h)

1
2 | for a positive real number ν, R is ν-self-concordant.
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Additionally, we remind the reader of the standard assumptions [Yue and Joachims,

2009b, Kumagai, 2017] used in our analysis.

1. the action set A is a convex compact set that contains the origin, has non-empty

interior, and is contained in a d-dimensional ball of radius R;

2. the utility function µ : A → R is strongly concave and twice-differentiable. The

following constants are useful for our algorithm analysis: µ is Lµ-Lipschitz, α-strongly

concave, κ-smooth, bounded Rµ := supa,a′ µ(a)− µ(a′), and a∗ := argmaxa∈A µ(a) is

the unique optimal within A;

3. the link function σ : R→ [0, 1] is smooth, rotation-symmetric (i.e. σ(x) = 1−σ(−x)),

and concave for any x ≥ 0. For the ease of analysis: let lσ1 [resp. Lσ1 ] denote the

lower [resp. upper] bound of the first-order derivative of σ. σ is Lσ-Lipschitz and its

second-order derivative σ′′ is Lσ2 -Lipschitz and upper bounded by Rσ2 .

Under these assumption, Lemma B.4.1 implies RegT defined in (3.1) and RegFO
T defined in

(B.1) has the same order.

Lemma B.4.1 (Lemma 12 in Kumagai [2017]). With RegFO
T defined in (B.1), we have

RegT
Lσ1

≤ RegFO
T ≤ RegT

lσ1
. (B.12)

In the following, we show the proof. The main proof can be divided into four key steps.

Step 1 is natural, which quantifies the bias in gradient estimation by RoSMID due imperfect

feedback from corrupted utilities. Building on this, Step 2 develops a regret decomposition

lemma for dueling bandits under corruption, decomposing the regret into two components:

regret from sub-optimal decisions and regret from feedback error. Techniques from previous

analyses of continuous dueling bandits handle the sub-optimal decision regret, thus in Step

3, we focus on deriving new techniques to bound the regret from feedback error, a unique
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challenge in our setting. We identify a tight upper bound for this error. Finally, Step 4,

the only step relying on the decaying corruption level in ρ-imperfect human feedback, uses

this assumption, along with the carefully chosen learning rate ηρ and an iterative regret

refinement process, to ensure the tightness of the analysis in Step 3, thus completing the

proof.

Step 1: quantifying bias of gradient estimation in ρ-LIHF

Our proof starts from quantifying the bias of the gradient ĝt caused by ρ-imperfect human

feedback, as shown in the following Lemma 3.4.1.

Lemma (Lemma 3.4.1 restated). The gradient ĝt in Line 6 of Algorithm 3 satisfies

E (ĝt|at) = ∇|a=atP̄t(a)− E (bt|at) .

where P̄t(a) := Ex∈B
[
P(at ≻ a+∇2Rt(at)

−1
2x)
]

(with B as the unit ball) is the smoothed

probability that at is preferred over any action a, and bt = d
(
P(at ≻ a′t)− P̂(at ≻ a′t)

)
∇2Rt(at)

1
2ut.

Proof. If we do not have corruption (i.e. the probability for observing noisy comparative

feedback F(a, a′) = 1 is based on true cost difference µ(a) − µ(a′)), then the uncorrupted

gradient gt := F(a′t, at)d∇2Rt(at)1/2ut should be an unbiased estimate of ∇P̄t(at), i.e.

E(gt|at) = ∇P̄t(at).

We use ∇P̄t(at) as a shorthand of ∇|a=atP̄t(a). We use Pt(a) as a shorthand of Pt(a) :=

σ(µ(at)−µ(a)) equivalent to P(at ≻ a), and P̂t(a) := σ(µ(at)−µ(a)+ ct(at, a
′
t)), equivalent

to P̂(at ≻ a) under our modelling assumption. The proof is similar to Lemma 2.1 in Flaxman
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et al. [2005]. Using the Law of total expectation, we have

E(gt|at) = Eut [E(gt|at, ut)]

= Eut
(
dE(Pt(at +∇2Rt(at)−

1
2ut)∇2Rt(at)

1
2ut|at, ut)

)
= dE(Pt(at +∇2Rt(at)−

1
2ut)∇2Rt(at)

1
2ut|at)

= ∇Ex∈B
(
Pt(at +∇2Rt(at)−

1
2x|at)

)
= ∇P̄t(at).

We get the second inequality by using the definition of F(a′t, at). We use the Stroke’s

Theorem to get the second last equality. The gradient which we get to perform gradient

descent ĝt is corrupted. If we let a′t = at +∇2Rt(at)−
1
2ut, we have

E(ĝt|at) = Eut(E(ĝt|at, ut))

= Eut
(
dE(P̂t(a′t)∇2Rt(at)

1
2ut|at, ut)

)
= dE

(
P̂t(a

′
t)∇2Rt(at)

1
2ut|at

)
= dE

([
Pt(a

′
t) + P̂t(a

′
t)− Pt(a′t)

]
∇2Rt(at)

1
2ut|at

)
= ∇Ex∈B

(
Pt(at +∇2Rt(at)−

1
2x|at)

)
+ dE

[(
P̂t(a

′
t)− Pt(a′t)

)
∇2Rt(at)

1
2ut|at

]
= ∇P̄t(at) + dE

[(
P̂t(a

′
t)− Pt(a′t)

)
∇2Rt(at)

1
2ut|at

]
= E(gt|at) + dE

[(
P̂t(a

′
t)− Pt(a′t)

)
∇2Rt(at)

1
2ut|at

]
.

We get the second last equality by using the fact that gt is unbiased, which we proved earlier.

If we defined bt as

bt := d
(
Pt(at +∇2Rt(at)−

1
2ut)− P̂t(at +∇2Rt(at)−

1
2ut)

)
∇2Rt(at)

1
2ut,
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we get

E(gt|at) = E(ĝt|at) + E [bt|at] .

Step 2: decomposing regret for dueling bandits into regret of decision and

feedback error

Core to our proof is a “regret decomposion” lemma below that upper bounds the regret

by two parts: regret of sub-optimal decision making under uncertainty, referred as regret of

decision (first term in (3.2)), and feedback error (second term in (3.2)).

Lemma (Lemma 3.4.2 restated). The RegT of Algorithm 3 satisfies:

RegT ≤
C0

ηρ
log(T ) + 8d2ηρT + 2LµLσ1R︸ ︷︷ ︸

Regret of Decision

+2E


T∑
t=1

b⊤t (at − a∗T )

︸ ︷︷ ︸
Feedback Error

,

where C0 := (2ν + 4Lσ1κ+ 4Rσ2 (L
µ)2 + LµLσ1κ)/λ, and a∗T := 1

T a1 + (1− 1
T )a
∗.

Proof. The cornerstone of the analysis below is to separate the impact of bt from the total

regret.

RegT ≤ 2E

 T∑
t=1

(Pt(at)− Pt(a∗T )

+
LµLσ1κ

ληρ
+ 2LµLσ1R

≤ 2

E


T∑
t=1

(P̄t(at)− P̄t(a∗T ))

+ E


T∑
t=1

(Pt(at)− P̄t(at))

+ E


T∑
t=1

(P̄t(a
∗
T )− Pt(a

∗
T ))


+

LµLσ1κ

ληρ
+ 2LµLσ1R

≤ 2E


T∑
t=1

(P̄t(at)− P̄t(a∗T ))

+
4Lσ1κ+ 4Rσ2 (L

µ)2 + LµLσ1κ

ληρ
log T + 2LµLσ1R.
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We get the first inequality by using Lemma B.4.2. We get the last inequality by because

P̄t(a)− Pt(a) ≤
Lσ1κ+Rσ2 (L

µ)2

2
∥∇2Rt(at)−

1
2ut∥2 ≤

Lσ1κ+Rσ2 (L
µ)2

ληρt
,

and

E


T∑
t=1

(Pt(at)− Pt(a∗T ))

 ≤ E


T∑
t=1

(P̄t(at)− P̄t(a∗T ))

+ 2
Lσ1κ+Rσ2 (L

µ)2

ληρ
log T.

Lemma B.4.2 (Lemma 5 in Kumagai [2017]).

RegT ≤ 2E

 T∑
t=1

(Pt(at)− Pt(a∗T )

+
LµLσ1κ

ληρ
+ 2LµLσ1R.

Then it remains to bound E{
∑T
t=1 P̄t(at)− P̄t(a∗T )}. And we have the following.

E{P̄t(at)− P̄t(a∗T )} ≤ E
[
∇P̂⊤t (at)(at − a∗T )−

Lσ1α

4
∥at − a∗T ∥

2
]

= E
[
g⊤t (at − a∗T )−

Lσ1α

4
∥at − a∗T ∥

2
]

= E
[
(ĝt + bt)

⊤(at − a∗T )−
Lσ1α

4
∥at − a∗T ∥

2
]

= E
[
ĝ⊤t (at − a∗T )−

Lσ1α

4
∥at − a∗T ∥

2
]
+ E{b⊤t (at − a∗T )},

where the first and second equality is resulted from Lemma 3.4.1. Using the definition of

at+1 in Algorithm 3, we have

∇Rt(at+1)−∇Rt(at) = ηρĝt.
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Therefore we have

E
[
ĝ⊤t (at − a∗T )−

Lσ1α

4
∥at − a∗T ∥

2
]
=

1

ηρ
E
[
(∇Rt(at+1)−∇Rt(at))⊤(at − a∗T )−

Lσ1αηρ

4
∥at − a∗T ∥

2
]

=
1

ηρ
E
[
DRt(a

∗
T , at) +DR(at, at+1)−DRt(a

∗
T , at+1)

]
− E

[
Lσ1αηρ

4
∥at − a∗T ∥

2
]
.

DR(a, b) is the Bregman divergence associated with R, defined by

DR(a, b) = R(a)−R(b)−∇R(b)⊤(a− b).

Then we can get (B.13) by using Lemma B.4.3, B.4.4, B.4.5.

E


T∑
t=1

(P̄t(at)− P̄t(a∗T ))

 ≤ ν log(T )

ηρ
+ 4d2ηρT + E{

T∑
t=1

b⊤t (at − a∗T )}. (B.13)

Lemma B.4.3 (Lemma 10 in Kumagai [2017]). Let R∗t (a) = supx∈Rd x
⊤a −Rt(a) denote

the Frenchel dual of Rt. Then we have

T∑
t=1

E
[
ĝ⊤t (at − a∗T )−

Lσ1α

4
∥at − a∗T ∥

2
]
≤ 1

ηρ

(
R(a∗T )−R(a1)

)
+

1

ηρ

E

 T∑
t=1

DR∗
t
(∇Rt(at)− ηρĝt,∇Rt(at))

 .

Lemma B.4.4 (Lemma 11 in Kumagai [2017]). When ηρ ≤ 1
2d , we have

DR∗
t
(∇Rt(at)− ηρĝt,∇Rt(at)) ≤ 4d2η2ρ.

Lemma B.4.5 (Lemma 4 in Hazan and Levy [2014]). R(a∗T )−R(a1) ≤ ν log(T ).
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If we let C0 := (2ν + 4Lσ1κ+ 4Rσ2 (L
µ)2 + LµLσ1κ)/λ, we have

RegT ≤
2ν log(T )

ηρ
+ 8d2ηρT

+ 2E


T∑
t=1

b⊤t (at − a∗T )

+
4Lσ1κ+ 4Rσ2 (L

µ)2 + LµLσ1κ

ληρ
log T + 2LµLσ1R

=
C0

ηρ
log(T ) + 8d2ηρT + 2LµLσ1R︸ ︷︷ ︸

Regret of Decision

+2E


T∑
t=1

b⊤t (at − a∗T )

︸ ︷︷ ︸
Feedback Error

,

which completes the proof.

Step 3: upper bounding the regret from feedback error

Bounding the regret of decision term in (3.2) is standard. Thus, this step develops a

novel upper bound for bounding the regret from feedback error, as shown below.

Lemma (Lemma 3.4.3 restated). The feedback error term in (3.2) can be bounded as follows:

E


T∑
t=1

b⊤t (at − a∗T )

 ≤ C1d
√
ηρE


T∑
t=1

√
t|ct(at, a′t)|

√
µ(a∗)− µ(at)

+ C2dT
ρ + 2d

√
λ
√
ηρT ,

where C1 :=

√
2λ(Lσ)2

α , and C2 := 2LσR
√

supa∈A λmax
(
∇2R(a)

)
+ 2ϕ.

Proof. In the following, we will analyze the expected cumulative sum of the bias bt on the

total regret, which is E
{∑T

t=1 b
⊤
t (at − a∗T )

}
. By Cauchy-Schwartz inequality, b⊤t (at−a∗T ) ≤

∥bt∥2∥(at − a∗T )∥2. We can bound the ∥bt∥2 by the following.

b⊤t bt = d2
(
Pt(at +∇2Rt(at)−

1
2ut)− P̂t(at +∇2Rt(at)−

1
2ut)

)2
u⊤t ∇2Rt(at)ut

≤
(
Pt(at +∇2Rt(at)−

1
2ut)− P̂t(at +∇2Rt(at)−

1
2ut)

)2
d2λmax(∇2Rt(at)).

We get the first equality by Lemma 3.4.1. We get the inequality by using the fact ∥ut∥2 = 1.
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If we let a′t = at +∇2Rt(at)−
1
2ut, then we have

|Pt(a′t)− P̂t(a′t)| = |σ(f(at)− f(a′t))− σ(f(at)− f(a′t) + ct(at, a
′
t))|

≤ min
(
2, Lσ|ct(at, a′t)|

)
.

We get the first equality by using the definition of Pt(at) and P̂t(at). We get the first

inequality by using the Lipschitz property of σ. Therefore, we have

∥bt∥2 ≤ d
√
λmax(∇2Rt(at))min

{
2, Lσ|ct(at, a′t)|

}
.

If we use λ∗R := supa∈A λmax
(
∇2R(a)

)
, then we have

λmax(∇2Rt(at)) = λmax(∇2R(at)) + ληρt+ 2ϕ ≤ λ∗R + 2ϕ+ ληρt.
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Therefore we have

E


T∑
t=1

b⊤t (at − a∗T )

 ≤ E


T∑
t=1

∥bt∥2∥at − a∗T ∥2


≤ E


T∑
t=1

(d
√
λmax(∇2Rt(at))min

(
2, Lσ|ct(at, a′t)|

)
)∥at − a∗T ∥2


≤ E


T∑
t=1

(d
√
λ∗R + 2ϕ+ ληρtmin

(
2, Lσ|ct(at, a′t)|

)
)∥at − a∗T ∥2


≤ E


T∑
t=1

(d
√
λ∗R + 2ϕmin

(
2, Lσ|ct(at, a′t)|

)
∥at − a∗T ∥2

 (B.14)

+ E


T∑
t=1

(d
√
ληρtmin

(
2, Lσ|ct(at, a′t)|

)
∥at − a∗T ∥2


≤ 2RdLσ

√
λ∗R + 2ϕT ρ + d

√
ληρE


T∑
t=1

√
tmin

(
2, Lσ|ct(at, a′t)|

)
∥at − a∗T ∥2

 (B.15)

≤ 2RdLσ
√
λ∗R + 2ϕT ρ + 2d

√
ληρT + d

√
ληρE


T∑
t=1

√
tmin

(
2, Lσ|ct(at, a′t)|

)
∥at − a∗∥2


(B.16)

≤ 2RdLσ
√
λ∗R + 2ϕT ρ + 2d

√
ληρT (B.17)

+ d
√
ληρE


T∑
t=1

√
tmin

(
2, Lσ|ct(at, a′t)|

)
min

(
2R,

√
2

α
(µ(a∗)− µ(at))

) . (B.18)

We get (B.15) by using the fact that ∥at − a∗T ∥2 ≤ 2R,
∑T
t=1 |ct(at, a′t)| ≤ T ρ. We get

(B.16) the definition of a∗T , and the fact
√
a+ b ≤

√
a +
√
b. Using the α-strong convexity

of µ, we have ∥at− a∗∥2 ≤ min

(
2R,

√
2
α (µ(a∗)− µ(at))

)
we get the last inequality, which

completes the proof.

Step 4: The iterative regret refinement analysis and resultant optimal learning

rate
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Lemma (Lemma 3.4.4 restated). If A = E
(∑T

t=1[µ(a
∗)− µ(at)]

)
≤ O(T

1
2+ψ) for some

ψ ∈ [0, 12), then we must have B = E
(∑T

t=1 t
ρ−1

2
√
µ(a∗)− µ(at)

)
≤ O(T−

1
4+

ψ
2+ρ).

Proof. To prove Lemma 3.4.4, it is equivalent to prove the following Lemma B.4.6. If Lemma

B.4.6 holds, let nt =
√

E(µ(a∗)− µ(at)), mt = min
(
2, Lσ|ct(at, a′t)|

)
, proves Lemma 3.4.4.

Lemma B.4.6. Consider
∑T
t=1 n

2
t ≤ C ′T

1
2+α, with constants α ≥ 0, C ′ > 0. In addition,

nt is uniformly upper bounded by a constant K. Specifically, we have 0 ≤ nt ≤ K, ∀t.

mt ≤ ckt
ρ−1 with constant ck ≥ 0. Then we have

∑T
t=1

√
tmtnt ≤ 5

√
C ′ckT

−1
4+

α
2+ρ.

Proof. Using Abel’s equality (Lemma B.4.7), we have

T∑
t=1

√
tmtnt ≤

√
T

 T∑
t=1

mtnt


Since we have

∑T
t=1 n

2
t ≤ C ′T

1
2+α and 0 ≤ nt ≤ K, ∀t, we have

∑T
t=1 nt ≤

√
C ′T

3
4+

α
2 , ∀t.

Moreover, for t ≥ 1, t−1+ρ − (t+ 1)−1+ρ ≤ tρ−2 holds for all t ≥ 1. This is because

f(t) = t−1+ρ
(
(1 +

1

t
)−1+ρ +

1

t
− 1

)
.

is decreasing over t ≥ 1 and limt→∞ f(t) = 0. Consequently, applying Abel’s Summation
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Equation again, we have

T∑
t=1

mtnt =

 T∑
t=1

nt

mT +
T−1∑
t=1

(
t∑
i=1

ni

)
(mt −mt+1)

≤
√
C ′ckT

3
4+

α
2 T−1+ρ +

√
C ′ck

T−1∑
t=1

(
t∑
i=1

ni

)(
t−1+ρ − (t+ 1)−1+ρ

)

≤
√
C ′ckT

3
4+

α
2 T−1+ρ +

√
C ′ck

T−1∑
t=1

(
t∑
i=1

ni

)
t−2+ρ

≤
√
C ′ckT

3
4+

α
2 T−1+ρ +

√
C ′ck

T−1∑
t=1

t
3
4+

α
2 t−2+ρ

≤ 5
√
C ′ckT

−1
4+

α
2+ρ.

Since 0 ≤ nt ≤ K,
∑t
i=1 ni is increasing and the increasing rate is upper bound by t.

Together with the constraint
∑T
t=1 nt ≤

√
C ′T

3
4+

α
2 ,
∑T−1
t=1

(∑t
i=1 ni

)
t−

1
2+ρ is optimized

when
∑t
i=1 ni increasing in the speed of

√
C ′t

3
4+

α
2 . Because of this, the second last inequality

holds.

Lemma B.4.7. (Abel’s Summation Equation [Williams, 1963]). For any numbers

ak, bk, we have

n∑
k=1

akbk =

(
n∑
k=1

bk

)
an +

n−1∑
k=1

 k∑
i=1

bi

 (ak − ak+1).

After establishing Lemma 3.4.4, we can use it to prove the induction claim (Lemma

3.4.5). The challenge in this proof lies in identifying the constant K, which must hold across

all iterations of the analysis to ensure the bound remains stable and does not diverge. This

requires careful refinement of the analysis and calculations.
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Lemma (Lemma 3.4.5 restated). Consider T >
√
2LµLσ1R and ηρ =

√
log T

dTmax{1/2,ρ} . If

RegT ≤ 144dK
√
log TT

ρ+
3
2−ρ
2k for some integer k, then we must also have

RegT ≤ 144dK
√
log TT

ρ+
3
2−ρ
2k+1 . K is a instance-dependent constant,

where K := max
{
C0,

C2Cκ√
log T

, (LσT
ρ
κ )

2, 2
√
λRCκL

σ
}
, C0 and C2 defined in Lemma 3.4.2

and 3.4.3 respectively,

Proof. In the following, we denote

mt := min
(
2, Lσ|ct(at, a′t)|

)
, nt := min

(
2R,

√
2

α
(µ(a∗)− µ(at))

)

Continue from (B.18), we have the following.

The Base Case: When k = 1, let C3 = C2dT
ρ + 2d

√
ληρT , we have

RegT ≤
C0

ηρ
log(T ) + 8d2ηρT + 2LµLσ1R + 2C3 + 2d

√
ληρE

 T∑
t=1

√
tmtnt

 . (B.19)

≤ C0

ηρ
log(T ) + 8d2ηρT + 2LµLσ1R + 2C3 + 4dR

√
ληρE


T∑
t=1

√
tmt

 (B.20)

≤ C0

ηρ
log(T ) + 8d2ηρT + 2LµLσ1R + 2C3 + 4dR

√
ληρT

 T∑
t=1

mt

 (B.21)

≤ C0

ηρ
log(T ) + 8d2ηρT + 2LµLσ1R + 2C3 + 4dLσR

√
ληρCκT

ρ. (B.22)

We get (B.19) according to Lemma 3.4.2 and 3.4.3. We get (B.20) because of E (nt) ≤ 2R.

We get (B.21) by Abel’s Summation Equation (see Lemma B.4.7). We get (B.22) because

of corruption budget. Choosing the learning rate ηρ according to Theorem 3.4.1, we obtain

RegT ≤ 144
√
log TKdT

ρ+1
2 . This confirms the validity of the claim when k = 1.

The Induction Argument: Let’s assume that the claim holds true for a general step k.
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In the following, we will demonstrate that the claim also holds true for step k+1. Because of

Equation (B.12) and the induction claim, we obtain RegFO
T ≤ 144

lσ1
dK
√
log TT

ρ+
3/2−ρ
2k . This

suggests that
T∑
t=1

E (µ(a∗)− µ(at)) ≤
144

lσ1
dK
√

log TT
ρ+

3/2−ρ
2k .

By Jensen’s inequality, we have

E(nt) = min

{
2,

√
2

α
E
(√

µ(a∗)− µ(at)
)}
≤
√

2

α

√
E (µ(a∗)− µ(at)).

Therefore we have

E

 T∑
t=1

√
tmtnt

 ≤√ 2

α

T∑
t=1

√
tmt

√
E (µ(a∗)− µ(at)).

By the definition of ρ-Imperfect Human Feedback, we have |ct(at, a′t)| is upper bounded by

Ckt
−1+ρ.

Therefore, using Lemma 3.4.4 we can upper bound
√
λ
∑T
t=1

√
tmtnt by

√
λ

T∑
t=1

√
tmtnt ≤ 60Lσ

√
2λ

αlσ1
(log T )0.25Cκ

√
dKT

3
2ρ+

3/2−ρ
2k+1

Since λ ≤ αlσ1 /2, choosing ηρ = 1
d

√
log T
T ρ , we have

RegT ≤ 2d

(
C0 +

C2√
log T

+ 60Cκ
√
KT

3/2−ρ
2k+1

)√
log TT ρ + 12Kd

√
log TT ρ

≤ 144dK
√

log TT
ρ+

3/2−ρ
2k+1 .

The claim holds true for step k+ 1. Therefore, it implies that the claim holds true for all k.
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Repeating this process infinitely many times, we obtain

RegT ≤ O
(
d
√

log TT ρ
)
,

which completes the proof when ρ ∈ [0.5, 1].

B.5 Proof for Proposition 2

Proposition (Proposition 2 restated). If the total corruption level satisfies
∑T
t=1 |ct(at, a′t)| ≤

O(T ρ), then for any α ∈ [12 , 1), if the utility function is strongly concave, for sufficiently large

round T , by choosing learning rate ηρ :=
√
log T
2d T−α

1. (Robustness) RoSMID incurs RegT ≤ Õ(dTα +
√
dT

1
2 (1−α)+ρ + dT ρ).

2. (Efficiency) There exists a strongly concave utility function µ and a link function σ

such that RegT suffered by RoSMID is at least Ω (Tα) in scenario without corruption.

B.5.1 Proof for Robustness Statement in Proposition 2

Proof. From Lemma 3.4.3, we know

E


T∑
t=1

b⊤t (at − a∗T )

 ≤ 2RdLσ
√
λ∗R + 2ϕT ρ + d

√
ληρE


T∑
t=1

√
tmin

(
2, Lσ|ct(at, a′t)|

)
∥at − a∗T ∥2


≤ 2RdLσ

√
λ∗R + 2ϕT ρ + 2Rd

√
ληρL

σ
T∑
t=1

√
t|ct(at, a′t)|

≤ 2RdLσ
√
λ∗R + 2ϕT ρ + 2Rd

√
ληρTL

σT ρ.

We get the second inequality by using the fact that the diameter of the action space of R. We

get the last inequality by using Abel Summation Equation (see Lemma B.4.7). Therefore,
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by Lemma 3.4.2, we have

RegT ≤
C0

ηρ
log(T ) + 8d2ηρT + 2LµLσ1R + 4RdLσ

√
λ∗R + 2ϕT ρ + 4Rd

√
ληρTL

σT ρ.

Choosing ηρ =
√
log T
2d T−α, α ∈ [0.5, 1), we have

RegT ≤ 2dC0

√
log TTα + 4d

√
log TT 1−α + 4RdLσ

√
λ∗R + 2ϕT ρ

+ 4R
√
dLσ(log T )0.25T

1
2 (1−α)T ρ + 2LµLσ1R

≤ O
(
d
√

log TTα +
√
d(log T )

1
4T

1
2 (1−α)T ρ + dT ρ

)
,

which completes the proof of robustness statement.

B.5.2 Proof for Efficiency Statement in Proposition 2

Proof. The robustness statement in Proposition 2 implies that RoSMID could afford agnostic

corruption level O(T
1+α
2 ). If Lemma B.5.1 holds, this implies that there exists a hard

instance which makes RoSMID incur regret in order of Ω(Tα) in non-corrupt setting. We

can prove this by contradiction. Assume the efficiency statement in Proposition 2 is not true,

which implies that for all µ, and σ, there exists an ϵ > 0 such that RegT = c0T
α−ϵ, for some

constant c0 > 0, we assume ϵ to be the least possible. In this scenario, when we consider a

linear link function σ(x) = 1+x
2 , Lemma B.5.1 implies that an agnostic corruption budget

2
√
c0T

1+α−ϵ
2 suffices to induce linear regret, which contradicts the robustness statement in

Proposition 2.

Lemma B.5.1. For any algorithm G incurs regret RegT ≤ c0T
α, for some constant c0 > 0,

on learning from bandit with reward feedback for strongly concave utilities µ in non-corrupted

setting, then there exists an instance µ such that G will suffer linear regret under agnostic

corruption with budget √c0T
1+α
2 .
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Proof. Consider the scenario when d = 2, the action space A := {(a1, a2) : a1 ≥ 0, a2 ≥

0, a1 + a2 ≤ 1}, the utility function µθ(a) = ⟨θ, a⟩ − 1
2∥a∥

2
2 with θ := [1, 0]. In this scenario,

the optimal action is a∗ := [1, 0]. Assume that the adversary want to “fool” the algorithm G

to make it believe the θ := [1, 1], with optimal arm a∗ = [12 ,
1
2 ], each round, the corruption

it should introduce is ct(at) = at2, where ati is the i-th coordinate value of action at. To

make reward indistinguishable from these two environments, the total corruption budget

which the adversary has to pay is
∑T
t=1 |at2|. We know that G incurs regret RegT :=∑T

t=1⟨θ, a∗− at⟩ −
1
2∥a
∗∥22+

1
2∥at∥

2
2 = 1

2 − at1+
1
2a

2
t1+

1
2a

2
t2 ≤ c0T

α. Given this constraint,

the maximum possible corruption paid by the adversary to make θ = [1, 1] and θ = [1, 0]

indistinguishable is max
∑T
t=1 |at2| =

√
c0T

α+1
2 . Therefore, for any agnostic corruption no

less than √c0T
α+1
2 , G can not distinguish θ = [1, 0] and θ = [1, 1] and has to incur linear

regret in either of these environments.

B.6 Proof for Proposition 3:

In this section, we present the regret upper for dueling bandit gradient descent Yue and

Joachims [2009b] in presence of arbitrary and agnostic corruption. Before presenting the

proof, we make several remarks. First, in Yue and Joachims [2009b], the utility function µ

is assumed to be strictly concave to ensure the uniqueness of the maximizer. However, in

scenarios where the maximizer is unique within the action set for a concave utility function µ,

the requirement for “strictness" can be relaxed. Second, we highlight the notation differences.

We use a to denote actions while Yue and Joachims [2009b] uses w. In our proof, we

define Pt(a) := σ (µ(at)− µ(a)) to represent the probability of the event at ≻ a. While in

Yue and Joachims [2009b], it is denoted as ct(w). Just to highlight, its corrupted version

P̂t(a) := σ (µ(at)− µ(a) + ct(at, a)) is newly introduced in our paper. Moreover, P̄t(a) :=

Ex∈B [Pt(PA(a+ δx))] is denoted as ϵ̂t(w) + 1
2 in Yue and Joachims [2009b]. The definition
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of F (PA (at + δut) , at) is same as Xt (PW (wt + δut)) defined in Yue and Joachims [2009b],

except different notation. We remark PA(a) represent the projection of action a on A.
Algorithm 6: Dueling Bandit Gradient Descent (DBGD) [Yue and Joachims,

2009b]
Input: Exploration rate δ, exploitation rate γ, initial action a1 = 0 ∈ A.

1 for t ∈ [T ] do

2 Sample unit vector ut uniformly and set a′t = PA (at + δut).

3 Present action pair (at, a
′
t) to user and receive corrupted dueling feedback

F̂(a′t, at).

4 Compute gradient ĝt = −dδ F̂(a
′
t, at)ut.

5 Set learning rate η = γδ
d and update at+1 = PA(at − ηĝt).

Proposition (Proposition 3 restated). If the total corruption level satisfies
∑T
t=1 |ct(at, a′t)| ≤

O(T ρ), then for any α ∈ (0, 14 ], if utility function µ is generally concave, for a sufficiently

large round T , choosing γ := R√
T

and δ :=
√
2Rd√

13LσLµTα
for Algorithm 6

1. (Robustness) RegT incurred by Algorithm 6 satisfies RegT ≤ O(
√
dT 1−α +

√
dTα+ρ).

2. (Efficiency) There exists a linear utility function µ and a link function σ such that

RegT suffered by Algorithm 6 is at least Ω
(
T 1−α) in scenario without corruption.

B.6.1 Proof for Robustness Statement in Proposition 3

Proof. The proof of Theorem 3 builds on the proof of Yue and Joachims [2009b], where

we extend it to a setting in presence of agnostic corruption. The proof follows Step 1-3

introduced in Theorem 3.4.1. Similarly, in Step 1, we decompose bias in the gradient caused

by corruption. Notice that without corruption, DBGD performs expected gradient ascent,

where the gradient gt is defined as follows

gt = −
d

δ
F (PA (at + δut) , at)ut.
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In the presence of adversarial corruption, the corrupted gradient is

ĝt = −
d

δ
F̂ (PA (at + δut) , at)ut.

Therefore, we quantify the bias E(bt|at) in the following lemma.

Lemma B.6.1. Let Pt(a) represent the likelihood of action at being preferred over a, where

Pt(a) := σ(µ(at) − µ(a)). Likewise, the corrupted version is defined as P̂t(a) = σ(µ(at) −

µ(a)+ ct(at, a)). The smoothed version of Pt over A is P̄t(a) := Ex∈B [Pt(PA(a+ δx))]. Let

a′t = PA(at + δut), where ut is uniformly sampled from S and ĝt = −dδ F̂
(
a′t, at

)
ut. Let

bt :=
d
δ

(
P̂t(a

′
t)− Pt(a′t)

)
ut. We have E(ĝt|at) = E(∇P̄t(at)|at)− E(bt|at).

Proof. (Proof for Lemma B.6.1). Since a′t := PA(at + δut), we have

E(ĝt|at) = Eut(E(ĝt|at, ut))

= −d
δ
Eut

(
E(F̂(a′t, at)ut|at, ut)

)
= −d

δ
E
(
P̂t(a

′
t)ut|at

)
= −d

δ
E
([
Pt(a

′
t) + P̂t(a

′
t)− Pt(a′t)

]
ut|at

)
= ∇Ex∈B (Pt(PA(at + δx))|at)−

d

δ
E
[(
P̂t(a

′
t)− Pt(a′t)

)
ut|at

]
(B.23)

= ∇P̄t(at)−
d

δ
E
[(
P̂t(a

′
t)− Pt(a′t)

)
ut|at

]
= E(gt|at)−

d

δ
E
[(
P̂t(a

′
t)− Pt(a′t)

)
ut|at

]
. (B.24)

We get the equation (B.23) by using Lemma B.6.2. We get equation (B.24) by using

Lemma B.6.3.

Lemma B.6.2 (Lemma 2 in Yue and Joachims [2009b]). Fix δ > 0, over random unit vector

u, we have

E[Pt(PA(a+ δu))u] =
δ

d
∇P̄t(a).

153



Lemma B.6.3 (Lemma 1 in Yue and Joachims [2009b]). EF ,u[F(a′t, at)u] = −Eu[Pt(a′t)u].

In Step 2, we decompose regret under dueling bandits into two parts, regret of decision

and feedback error.

Lemma B.6.4 (Regret Decomposition for DBGD). Define λ := Lσ

Lσ−δLµL2
, L2 is the Lips-

chitz constant for σ′, γ = R/
√
T , for bt defined in Lemma B.6.1, we have

RegT ≤ λ

(
2Rd
√
T

δ
+ 13δLσLµT

)
︸ ︷︷ ︸

Regret of Decision

+2λ
T∑
t=1

E
(
b⊤t (at − a∗)

)
︸ ︷︷ ︸

Feedback Error

.

Proof. Because of Lemma B.6.5, we have

E

 T∑
t=1

P̄t(at)− P̄t(a∗)

 ≤ T∑
t=1

E
(
λ∇P̄t(at)(at − a∗) + (3 + λ)δLσLµ

)
= λ

T∑
t=1

E(E(gt|at)⊤(at − a∗)) + (3 + λ)δLσLµT

= λ
T∑
t=1

E(E(ĝt + bt|at)⊤(at − a∗)) + (3 + λ)δLσLµT

= λ
T∑
t=1

E(ĝ⊤t (at − a∗)) + λ
T∑
t=1

E(b⊤t (at − a∗)) + (3 + λ)δLσLµT

Lemma B.6.5 (Lemma 4 in Yue and Joachims [2009b]). Fix δ ∈ (0, Lσ

LµL2
), for λ defined

in Lemma B.6.4, we have

E

 T∑
t=1

P̄t(at)− P̄t(a∗)

 ≤ T∑
t=1

E
(
λ∇P̄t(at)⊤(at − a∗) + (3 + λ)δLσLµ

)
.

Since at+1 = PA(at − ηĝt), and η = γδ
d , by applying the telescoping sum and because
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a1 = 0, ∥gt∥2 ≤ G,∀t, we have

λ

T∑
t=1

E
(
ĝ⊤t (at − a∗)

)
≤ λ

(
R2

2η
+
TηG2

2

)
.

Noticing that ∥bt∥2 ≤ d
δ min

(
2, Lσ|ct(at, a′t)|

)
. Moreover, ∥at − a∗∥2 ≤ 2R. Therefore,

in Step 3, we can control the feedback error by the following.

Lemma B.6.6.
∑T
t=1 E

(
b⊤t (at − a∗)

)
≤ 2RdLσT ρ/δ.

Proof. (Proof for Lemma B.6.6).

T∑
t=1

E(bt(at − a∗)) ≤ 2R
d

δ

T∑
t=1

min
(
2, Lσ|ct(at, a′t)|

)
≤ 2R

dLσ

δ

T∑
t=1

|ct(at, a′t)|

= 2R
dLσT ρ

δ
.

Lemma B.6.7 (Lemma 3 in Yue and Joachims [2009b]). RegT ≤ 2E
[∑T

t=1 P̄t(at)− P̄t(a∗)
]
+

5δLσLµT

Set G = d
δ , and by Lemma B.6.7, we have

RegT ≤ λ

(
2Rd
√
T

δ
+ 13δLσLµT

)
+ 4R

λdLσT ρ

δ
.

Therefore, by choosing δ :=
√
2Rd√

13LσLµTα
, γ := R√

T
, and T >

( √
2RdLµL2√
13LσLµLσ

)4

, we have

RegT ≤ 2λT
√
26RdLσLµT 1−α + 2Lσ

√
26RdLσLµTα+ρ.
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λT = Lσ
√
13LσLµTα

Lσ
√
13LσLµTα−LµL2

√
2Rd

, completes the proof.

B.6.2 Proof for Efficiency Statement in Proposition 3

Proof. The robustness statement in Proposition 3 implies that DBGD could afford agnostic

corruption level O(T 1−α). This implies that there exists a hard instance which makes DBGD

attain regret in order of Ω(T 1−α) in non-corrupt setting, formally described as follows. To

start a proof by contradiction, we assume that the efficiency statement in Proposition 3 is

false. Specifically, for all problem instance µ, σ, there exist a ϵ > 0, such that RegT ≤

O(T 1−α−ϵ). We assume ϵ to be the least possible. In particular, there exists a pair of

instance µ, σ such that RegT = c0T
1−α−ϵ, c0 is a positive constant. In other words, it says

that there exists a pair of instance µ, σ such that DBGD suffers regret in Θ(T 1−α−ϵ).

Consider the following problem instance. µ(a) = θ⊤a, specifically µ is linear function.

Let d = 2 with action set A1 := {(a1, a2) : a1 ≥ 0, a2 ≥ 0, 12a1+a2−
1
4 ≤ 0} with θ = [12 ,

1
2 ].

The optimal arm is a1 = [12 , 0], which is unique. Let the link function σ(x) = 1
2 + 1

2x. It

is easy to verify that it is rotational symmetric and Lipschitz. Denote RegT as the regret

occurred by DBGD on this problem instance. We know RegT ≤ O(T 1−α−ϵ). Consequently,

it implies that a2 is at most proposed 8c0T
1−α−ϵ times. This is because RegT ≤ c0T

1−α−ϵ

and if the proposed action pair (at, a
′
t) including a2 at round t, it occurs regret at least 1

8 .

Now consider a different problem instance with the same µ, σ but different action set,

which is A2 := {(a1, a2) : a1 ≥ 0, a2 ≥ 0, 32a1+ a2− 3
4 ≤ 0}. The optimal arm in this action

set a2 = [0, 34 ], which is also unique. Proposing arm a1 = [12 , 0] occurs at least 1
8 regret.

Consider an adversary that pulls the utility of a2 from 3
8 down to 1

8 whenever it is pulled at

a cost of ct(At) = 1
4 . It is equivalent to say that every time when the proposed arm w falls

in the region W = {a1 ≥ 0, a2 ≥ 0, 12a1+ a2− 1
4 ≥ 0, 32a1+ a2− 3

4 ≤ 0}, we assume that the

utility is sampled from θ⊤PA1
(w) and |ct(w)| = |θ⊤PA1

(w)− θ⊤w| ≤ 1
4 . Choosing the total

corruption budget as 2c0T
1−α−ϵ, the adversary can afford to corrupt 8c0T

1−α−ϵ times.
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This means that as long as the adversary is corrupting, the utility observed in the first

problem instance is exactly the same as the utility observed in the second problem instance,

in which we pull a2 as most 8c0T
1−α−ϵ. However, a2 is the optimal arm in the second

problem instance, which implies that the regret occurred on the second problem instance

is at least T − 8c0T
1−α−ϵ, which is linear in T . This contradicts the robustness statement

in Proposition 3, which says that when agnostic corruption is 2c0T
1−α−ϵ, the regret upper

bound is O(T 1−ϵ), which is sublinear. To reconcile the conflicts, we must have the efficiency

statement in Proposition 3 true to make the agnostic corruption budget at least Ω(T 1−α) to

make the parallel world argument valid.

B.7 Additional Experiments

In this section, we list all the experiment details. At the beginning, we introduce the regret

order fitting method, and baseline algorithms for comparison.

Fitted Order of Regret. We introduce the methodology that we use to compute the

order of RegT in terms of the number of iteration, T . To fit the order of the regret, we first

convert it into log scale. Then we input the last 1% of data, run linear regression, and use

ordinary least squares to estimate the slope of the line, which is the fitted order of RegT .

Baseline Algorithms. We consider three baseline algorithms for comparison, Doubler

[Ailon et al., 2014] and Sparring [Ailon et al., 2014]

Doubler is the first approach that transforms a dueling bandit problem into a standard

multi-armed bandit (MAB) problem. It operates in epochs of exponentially increasing length:

in each epoch, the left arm is sampled from a fixed distribution, and the right arm is selected

using a MAB algorithm to minimize regret against the left arm. The feedback received by

the MAB algorithm is the number of wins the right arm achieves compared to the left arm.

Under linear link assumption, Doubler has been proven to experience regret as the same order

as underlying MAB algorithm. For continuous action space and general concave utility, we
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choose Bandit Gradient Descent (BGD, [Flaxman et al., 2004]), with regret O(T 3/4), as the

underlying MAB algorithm.

Sparring initializes two MAB instances and lets them compete against each other. It

is a heuristic improvement over Doubler. Although it does not come with a regret upper

bound guarantee, it is reported to enjoy better performance compared to Doubler [Ailon

et al., 2014]. We also choose BGD as the underlying MAB algorithm.

To validate efficiency-robustness trade-off in Proposition 2 and Proposition 3, we try

different α values. In the first row of Figure B.1, we consider α = 0.05 for DBGD and

α = 0.9 for RoSMID. We consider ρ ∈ [0.5, 0.95]. According to the theoretical prediction,

both DBGD and RoSMID can tolerate at most O(T 0.95) agnostic corruption, which aligns

with experiment results. This is because the estimated order of regret is less than 1. In

the second row of Figure B.1, we consider α = 0.1 for DBGD and α = 0.8 for RoSMID.

According to the theoretical prediction, both DBGD and RoSMID can tolerate at most

O(T 0.9) agnostic corruption. From the figure, we can see they have smaller fitted order of

regret when ρ = 0.5 while at a cost of tolerating smaller magnitude of agnostic corruption

(it has linear regret when ρ = 0.95), which reveals intrinsic tradeoff between efficiency and

robustness.
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Figure B.1: In the first row, we consider α = 0.05 for DBGD and α = 0.9 for RoSMID.
In the second row, we consider α = 0.1 for DBGD and α = 0.8 for RoSMID. Given the α,
for each algorithm, we tested its performance under ρ-Imperfect Human feedback with ρ =
0.5, 0.8, 0.95. For each ρ, we presented a line plot of the average regret over five simulations,
accompanied by ± one standard deviation shown by the shaded region. In the legend, o
denotes the estimated line slope, calculated using least squares on the last 1% of the data.

B.7.1 Computational Complexity

Firstly, we emphasize that our robustified algorithm retains the same computational com-

plexity as the originals. This indicates that incorporating robustness does not compromise

computational efficiency, ensuring the practicality and scalability of the enhanced algorithm

for real-world applications. Specifically, RoSMID has a running time of O(d3T ), where the

d3 term arises from the singular value decomposition. Similarly, the robustified DBGD al-

gorithm runs in O(dT ), assuming that PA(at + δut) can be efficiently computed through

matrix transformations.

As our work is the first to address corruption-robust learning from a continuous-action

strictly concave utility, there is no directly comparable literature for this exact setting.

However, we provide relevant comparisons for reference. RCDB [Di et al., 2024], designed
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for corruption-robust learning in a linear contextual dueling bandit framework, has a running

time of O(K2d2T ), where K is the number of actions. Similarly, Versatile-DB [Saha and

Gaillard, 2022], which addresses dueling bandit problems in a multi-armed bandit setting

under adversarial attacks, has a running time of O(K2T ), where K represents the number

of arms. K2 comes from solving argmaxx∈S(⟨x,y⟩ − f(x)) using second order Newton

methods and f is a convex function.
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APPENDIX C

APPENDIX TO SINGLE-AGENT POISONING ATTACKS

C.1 Examples of Second-Order Smooth Monotone Games

In this section, we provide two explicit examples of second-order L-smooth and β-strongly

monotone games introduced in Definition 4.2.3. These examples offer a concrete sense of

what we can expect regarding the outcome of a utility poisoning attack in such games. The

two cases we will discuss are the n-person Cournot Competition Cournot [1838] and the

Tullock contest Tullock [2008] (a.k.a. resource allocation auctions with costs).

Cournot competition is an economic model describing a number of firms independently

competing on the amount of output they will produce. Each agent-i’s pure strategy xi is

the quantity of product, and the payoff is determined by the marginal return of a unit of

product which decreases w.r.t. the opponents’ total production (a−b
∑n
i=1), and a marginal

cost ci. The utility of agent-i is given by

ui(xi, x−i) = xi

a− b n∑
j=1

xj

− cixi. (C.1)

Tullock contest involves n agents competing for a unit amount of prize in a “winner-

takes-all” framework. Each agent i’s pure strategy is to choose an effort level xi ∈ [0, 1], and

the winning probability is proportional to each agent’s effort level. The prize is awarded to

the contestant with the highest relative effort, and the payoff of each agent is the expected

reward minus a cost given by some function of the invested effort. Specifically, the payoff

functions of agent-i is given by

ui(xi, x−i) =
xi

a+
∑n
j=1 xj

− ci(xi), (C.2)

where a > 0 models the exogenous factor that affects the outcome of the contest, and
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ci : R≥0 → R≥0 is an increasing cost function.

According to Rosen [1965], a sufficient condition to verify whether a game is β-strongly

monotone (a.k.a. β-diagonal strict concavity, i.e., β-DSC) can be summarized in the following

Lemma C.1.1.

Lemma C.1.1. A sufficient condition for a game G(n, {Xi}, {ui}) to be β-DSC is that

1. Each Xi is compact and convex, and ui(xi,x−i) is concave in xi and convex in x−i.

2. G’s negative symmetric game Hessian defined as −H(x) = −1
2

(
HG(x) +H⊤G (x)

)
is

negative definite and its smallest eigenvalue is at least β.

And to verify the second-order L-smooth condition, we only need to directly apply Defi-

nition 4.2.3. The following two propositions formalize our claims.

Proposition 5. An n-person Cournot competition G with payoff functions defined by (C.1)

satisfies:

1. each agent’s utility function ui is (a+ b+ ci)-Lipschitz in xi;

2. uk is
√
n−1
2 -Lipschitz in x−k;

3. G is 2b-strongly monotone;

4. the spectral norm of the G’s Hessian (defined in (4.4)) satisfies ρ(HG) ≤ (n+ 1)b;

5. all agents’ utility functions are second-order 0-smooth;

Proof. Because ui is continuous in xi, an Lipschitz constant can be maxx∈X |∇xiui(xi,x−i)| ≤

|a − b
∑n
j=1 xj − bxi − ci|. Since a − b

∑n
j=1 xj ≥ 0 and bxi ≥ 0, ci ≥ 0, we have

|a− b
∑n
j=1 xj − bxi − ci| ≤ a+ b+ ci.
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The best response mapping has a closed form BRk(x−k) =
a−b

∑
j ̸=k xj−ck
2b and we can

verify

|BRk(x−k)−BRk(x′−k)| =
1

2b

∣∣∣∣∣∣b
∑
j ̸=k

(x′j − xj)

∣∣∣∣∣∣ ≤
√
n− 1

2
∥x−k − x′−k∥.

Therefore, uk is
√
n−1
2 -Lipschitz in x−k.

For strongly monotonicity, simple calculation shows the Hessian of n-person Cournot

game has the following form

−Hij(x) = b(1 + δij), (C.3)

where δij = I[i = j]. We can easily verify that H = b(I + 11⊤) and the smallest and largest

eigenvalues of H are 2b and (n + 1)b. Therefore, the game is 2b-strongly monotone, and

ρ(HG) = ρ(H) = (n+ 1)b.

To verify second-order smoothness, we directly compute function hi(x; δ) for agent-i from

(4.5), which gives

vi(xi,x−i)− vi(xi + δi,x−i)
δ

=
(a− b

∑n
j=1 xj − ci − bxi)− (a− b

∑n
j=1 xj − bδ − ci − bxi − bδ)

δ
= 2b,

which means for any x ∈ X and δ ̸= 0, hi(x; δ) is a constant function. Therefore, the game

is second-order smooth for any L ≥ 0.

Proposition 6. Consider an n-person Tullock contest G with payoff functions defined by

(C.2) in which each agent’s cost function ci is βi-strongly convex with its r-th order derivative

bounded in [−Mr,Mr], 1 ≤ r ≤ 3. Then G satisfies:

1. each agent’s utility function ui is
(
1
a +M1

)
-Lipschitz in xi;
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2. uk is
√
n− 1

(
2

a3βk
+ 1
a2βk

)
-Lipschitz in x−k;

3. G is
(
mini∈[n]{βi}+ a

(a+n)3

)
-strongly monotone;

4. the spectral norm of the G’s Hessian (defined in (4.4)) satisfies ρ(HG) ≤ n+1
a2

+

maxi∈[n]{βi};

5. all agents’ utility functions are second-order
(
4
√
n

a3
+

6
√
n

a4
+ 2
a3

+M3

)
-smooth;

Proof. We prove these claims one by one.

1. Because ui is continuous in xi, an Lipschitz constant can be

max
x∈X
|∇xiui(xi,x−i)| = max

x∈X

∣∣∣∣∣ a+
∑
j ̸=i xj

(a+
∑n
j=1 xj)

2
−∇ci

∣∣∣∣∣
≤ 1

|a+
∑n
j=1 xj |

+ |∇ci| ≤
1

a
+M1.

2. From the implicit function theorem,

∇x−kBRk(x−k) =
∂ argmaxt uk(t,x−k)

∂x−k
= −

(
∂2uk(xk,x−k)

∂x2k

)−1
·
∂2uk(xk,x−k)
∂xk∂x−k

.

(C.4)

From Lagrange mean value theorem for multi-variable functions, there exists some

y−k ∈ X−k such that

BRk(x−k)−BRk(x′−k) = ∇
⊤
x−kBRk(y−k)(x−k − x′−k).

As a result, a Lipschitz constant for functionBRk(x−k) can be maxy−k∈X−k |∇x−kBRk(y−k)|.
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Direct calculation shows that for any i, j,

∇iiui(x) = −2

a+∑
j ̸=i

xj

(a+ n∑
i=1

xi

)−3
−∇2ci(xi), (C.5)

∇j∇iui(x) =

 n∑
i=1

xi − 2
n∑
j ̸=i

xj − a

(a+ n∑
i=1

xi

)−3
. (C.6)

Since uk is βk-strongly concave, we have |∇iiui(xi,x−i)| ≥ βi, and |∇j∇iui(x)| ≤
2
a3

+ 1
a2

. Substitute them into (C.4) we obtain

|∇x−kBRk(x−k)| ≤
√
n− 1

(
2

a3βk
+

1

a2βk

)
.

3. To see why G is
(
mini∈[n]{βi}+ a

(a+n)3

)
-strongly monotone, we need to show −HG is

positive definite and then pin down its smallest eigenvalue. From (C.5) and (C.6) we

can derive

−HG =

(
a+

n∑
i=1

xi

)−3
·


2(a+

∑
i̸=1 xi) a+

∑
i/∈{1,2} xi . . .

a+
∑
i/∈{1,2} xi 2(a+

∑
i̸=2 xi) . . .

...
... . . .

+


∇2c1(x1) 0 . . .

0 ∇2c2(x2) . . .

...
... . . .


≜

(
a+

n∑
i=1

xi

)−3
·M(a,x) + diag(∇2c1(x1), · · · ,∇2cn(xn)). (C.7)

For any y = (y1, · · · , yn) ∈ Rn, we have
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−y⊤M(a,x)y = 2
n∑
i=1

y2i

a+∑
j ̸=i

xj

+ 2
∑
i<j

yiyj

a+ ∑
k/∈{i,j}

xk


=

n∑
i=1

y2i
∑
j ̸=i

xj +
n∑
i=1

xi

∑
j ̸=i

yj

2

+ a

 n∑
i=1

y2i +

(
n∑
i=1

yi

)2
 (C.8)

≥ a∥y∥22.

Therefore, λmin(−M(a,x)) ≥ a and

λmin(−HG) ≥
a

(a+
∑n
i=1 xi)

3
+ β0 ≥

a

(a+ n)3
+ β0, (C.9)

where β0 = mini∈[n]{βi}.

4. G is second-order
(
4
√
n

a3
+

3
√
n

a4

)
-smooth:

Direct calculation shows that

hi(x; δ) =
vi(xi,x−i)− vi(xi + δ,x−i)

δ

=
1

(A+ δ)2
+

1

A(A+ δ)
− xi
A(A+ δ)2

− xi
A2(A+ δ)

+
∇ci(xi + δ)−∇ci(xi)

δ
,

where A = a +
∑n
i=1 xi. From the mean value theorem for vector-valued functions

Hall and Newell [1979], there exists y = x′ + λ(x− x′) such that

∥hi(x; δ)− hi(x′; δ)∥2 ≤ ∥J(y)∥ · ∥x− x′∥2,

where J(y) is the Jacobian matrix of hi at y, and ∥ · ∥ denotes the spectral norm of a
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matrix, defined as

∥M∥ = sup
∥x∥2=1

∥Mx∥2 =

√
σmax(MTM). (C.10)

Therefore, the smallest constant L such that G is second-order smooth is

∥J(y)∥ ≤ ∥J0∥+ ∥J1∥+ ∥J2∥+ ∥J3∥+ ∥J4∥, (C.11)

where J0, J1, J2, J3, J4 are the Jacobian matrices of functions f(x) = 1
(A+δ)2

, f(x) =

1
A(A+δ)

, f(x) = xi
A(A+δ)2

, f(x) = xi
A2(A+δ)

, f(x) =
∇ci(xi+δ)−∇ci(xi)

δ . For a single-

valued functions f , J(f) = ∇f and thus ∥J(f)∥ = ∥∇f⊤∇f∥. From straightforward

calculation we obtain

∥J0∥ =
2

(A+ δ)3
∥x∥ ≤ 2

√
n

a3
,

∥J1∥ =
2A+ δ

A2(A+ δ)2
∥x∥ ≤ 2

√
n

a3
,

∥J2∥ =
∥∥∥∥−xi3A2 + 4Aδ + 2δ2

A2(A+ δ)4
x+

1

A(A+ δ)2
ei

∥∥∥∥ ≤ 3
√
n

a4
+

1

a3
,

∥J3∥ =
∥∥∥∥−xi 3A2 + 2Aδ

A4(A+ δ)2
x+

1

A2(A+ δ)
ei

∥∥∥∥ ≤ 3
√
n

a4
+

1

a3
,

∥J4∥ ≤ ∥∇3ci∥ ≤M3.

Hence, the game is second order
(
4
√
n

a3
+

6
√
n

a4
+ 2
a3

+M3

)
-smooth.

5. Upperbound of ρ(HG).
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From (C.8) it holds that

−y⊤M(a,x)y =
n∑
i=1

y2i
∑
j ̸=i

xj +
n∑
i=1

xi

∑
j ̸=i

yj

2

+ a

 n∑
i=1

y2i +

(
n∑
i=1

yi

)2


≤

[
(n+ 1)

n∑
i=1

xi

]
∥y∥22 + a(n+ 1)∥y∥22

=

[
(n+ 1)

(
a+

n∑
i=1

xi

)]
∥y∥22,

therefore, by (C.7) we have

∥y⊤HGy∥ ≤
n+ 1

(a+
∑n
i=1 xi)

2
∥y∥22 +max

i∈[n]
{βi}∥y∥22

≤

(
n+ 1

a2
+max
i∈[n]
{βi}

)
∥y∥22.

Hence, an upperbound of ρ(HG) is n+1
a2

+maxi∈[n]{βi}.

C.2 Proofs in Section 4.3

In this section, we present the missing proofs from Section 4.3, including the proofs of Lemma

4.3.1 and Theorem 4.3.1 which fully characterize the theoretical guarantees of SUSA, and

the proof of Proposition 4 along with an extended argument regarding an additional attack

success guarantee of SUSA.

Notably, we establish these results under a broader setting where the adversary can at-

tack multiple agents, rather than being restricted to a single agent. Specifically, we consider

an adversary targeting a subset of agents V ⊆ [n], and for each victim agent-k ∈ V , the

adversary performs SUSA(k, δk,∆k) on agent-k. We specify such an utility poisoning at-

tack as the tuple (V , {δk}k∈V , {∆k}k∈V), and we denote the corresponding adversary as
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SUSA(V , {δk}k∈V , {∆k}k∈V).

The proofs provided in this section apply to any SUSA(V , {δk}k∈V , {∆k}k∈V), and thus

also apply to the special case when V = {k}, which is the setting considered in the main

paper. For simplicity of notations, we denote the vector δ = (δ1, · · · , δn) ∈ Rnd, where

δi = δi if i ∈ V , and δi = 0 if i /∈ V . In the following, we restate the generalized versions of

our results in Section 4.3 under SUSA(V , {δk}k∈V , {∆k}k∈V) and then present their proofs.

C.2.1 Proof of Lemma 4.3.1

We prove the following generalized version of Lemma 4.3.1 as follows:

Lemma C.2.1. For any β-strongly monotone and second-order L-smooth game G(n, {Xi}ni=1, {ui}
n
i=1)

under SUSA(V , {δk}k∈V , {∆k}k∈V), the corrupted game G̃(V , {δk}k∈V , {∆k}k∈V) with ∥δ∥2 <

β/L remains strongly monotone.

Proof. By the definition of strongly monotonicity, for any x = (x1, · · · ,xn),x′ = (x′1, · · · ,x
′
n) ∈

X , it holds that

n∑
i=1

(x′i − xi)
⊤(vi(x

′
i,x
′
−i)− vi(xi,x−i)) ≤ −β∥x

′ − x∥22, (C.12)

where vi(x) = ∇xiui(x). Without loss of generality let’s assume the SUSA targets at all

agents (for a agent i /∈ V , simply let δi = 0 and ∆i ≡ 0). Then for agent-1’s corrupted

utility function ũ1, it holds that ṽ1(x) = ∇x1ũ1(x) = v1(x1 + δ1,x−1). By the definition

of strictly monotonicity, what we need to show is that there exists a β0 > 0 such that

n∑
i=1

(x′i − xi)
⊤(vi(x

′
i + δi,x

′
−i)− vi(xi + δi,x−i)) < −β0∥x′ − x∥22. (C.13)

According to the second-order L-smooth condition, for any i ∈ [n] and δi ∈ Rd, the
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function hi(x) : Rnd → Rd defined as

hi(x) =
vi(xi,x−i)− vi(xi + δi,x−i)

∥δi∥
(C.14)

is L-Lipschitz in x. As a result, we have

|LHS of (C.12)− LHS of (C.13)|

≤
n∑
i=1

∣∣∣(x′i − xi)
⊤(vi(x

′
i,x
′
−i)− vi(x

′
i + δi,x

′
−i) + vi(xi + δi,x−i)− vi(xi,x−i))

∣∣∣
=

n∑
i=1

∥δi∥ ·
∣∣∣(x′i − xi)

⊤(hi(x
′)− hi(x))

∣∣∣
≤

n∑
i=1

∥δi∥ · ∥x′i − xi∥ · ∥hi(x′)− hi(x)∥

≤
n∑
i=1

∥δi∥ · ∥x′i − xi∥ · L∥x′ − x∥

=L∥x′ − x∥ ·
n∑
i=1

∥δi∥ · ∥x′i − xi∥

≤L∥x′ − x∥ ·

(
n∑
i=1

∥δi∥2
)1

2
(

n∑
i=1

∥x′i − xi∥2
)1

2

≤L∥x′ − x∥2 ·

(
n∑
i=1

∥δi∥2
)1

2

.

Since
(∑n

i=1 ∥δi∥2
)1
2 < β

L , there must exist a β0 ∈ (0, β] such that
(∑n

i=1 ∥δi∥2
)1
2 ≤

β−β0
L . As a result, the difference between the LHS of (C.12) and the LHS of (C.13) does not

exceed (β−β0)∥x′−x∥2. Hence, (C.13) holds and the corrupted game G̃ remains β0-strongly

monotone.
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C.2.2 Proof of Theorem 4.3.1

We prove the following generalized version of Theorem 4.3.1:

Theorem C.2.1 (Vulnerability of MAL algorithms for strongly monotone games under

SUSA(V , {δk}k∈V , {∆k}k∈V)). Consider a SUSA(V , {δk}k∈V , {∆k}k∈V) to a β-strongly mono-

tone game G(n, {Xi}ni=1, {ui}
n
i=1) (with unique NE x∗). Suppose the victim agent-k’s utility

function uk is second-order L0-smooth for all k ∈ V. All agents run an (α, p)-MAL algorithm

A for T rounds. If the following conditions are satisfied:

1. ∥δ∥2 < β/L0,

2. ∆(x−k, δ) = −uk(BRk(x−k),x−k)+uk(BRk(x−k)−δ,x−k), ∀k ∈ V, where BRk(x−k) ≜

argmaxxk∈Xk uk(xk,x−k) is the best response mapping of agent-k,

3. ui is L1-Lipschitz in xi, ∀i ∈ [n] and BRk is L2-Lipschitz in x−k, ∀k ∈ V.

Then, the resulting dynamics induced by A converges to some x̃∗, such that

1. The deviation to the original NE satisfies

∥x̃∗ − x∗∥2 ≥ β∥δ∥2/ sup
x∈[x∗,x̃∗]

{ρ(HG(x))}, (C.15)

where ρ(HG(x)) represents the spectral norm of the game’s Hessian HG at x.

2. The expected total budget satisfies

E

 T∑
t=1

|ct|

 ≤ C0 · T
1− pα

p+1 , (C.16)

where the constant C0 = [CL1(4L2 + 5) + 2] · |V|.
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Proof. From Lemma C.2.1 we know that the corrupted game G̃ is strongly monotone and

thus also has a unique NE x̃∗. We first give an estimation of the distance between x∗ and

x̃∗.

Define the best response mapping fi(x−i) = argmaxt ui(t,x−i) for any i ∈ [n]. Then by

the definition of NE, x∗ = (x∗1, · · · ,x
∗
n) is the unique stationary point of the system



x1 = f1(x2,x3, · · · ,xn),

x2 = f2(x1,x3, · · · ,xn),

...

xn = fn(x1,x2, · · · ,xn−1),

(C.17)

while x̃∗ = (x̃∗1, · · · , x̃
∗
n) is the unique stationary point of the system



x1 = f1(x2,x3, · · · ,xn)− δ1,

x2 = f2(x1,x3, · · · ,xn)− δ2,

...

xn = fn(x1,x2, · · · ,xn−1)− δn,

(C.18)

where δi = 0 if i /∈ V . If we let F (x) = (f1(x2,x3, · · · ,xn), f2(x1,x3, · · · ,xn),

· · · , fn(x1,x2, · · · ,xn−1)) as an n-valued function and G(x) = F (x)−x, (C.17) and (C.18)

can be further expressed as

G(x∗) = 0,

G(x̃∗) = (δ1, δ2, · · · , δn).

When G is twice differentiable, from the mean value theorem for vector valued functions
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[Hall and Newell, 1979], there exists λ ∈ [0, 1] such that

∥G(x∗)−G(x̃∗)∥ ≤ max
λ∈[0,1]

ρ(J(λx̃∗ + (1− λ)x∗)) · ∥x∗ − x̃∗∥, (C.19)

where J(x) is the Jacobian of G at x, and ρ(J) ≜ sup∥u∥2=1 ∥Ju∥2 is the spectral norm of

J . Let ρmax(J) ≜ maxλ∈[0,1](ρ(J(λx̃
∗ + (1− λ)x∗))), we immediately obtain

∥x∗ − x̃∗∥ ≥ ∥δ∥/ρmax(J). (C.20)

Next we estimate the upper bound of ρ(J). In fact, from implicit function theorem, we

can derive the (i, j)-th element of J as

Ji,i = −1, 1 ≤ i ≤ n,

Ji,j =
∂fi(x−i)
∂xj

=
∂ argmaxt ui(t,x−i)

∂xj
= −

(
∂2ui(xi,x−i)

∂x2
i

)−1
· ∂

2ui(xi,x−i)
∂xi∂xj

.

Note that the n-by-n matrix H =

[
∂2ui(xi,x−i)
∂xi∂xj

]
is exactly the Hessian of G (i.e., HG), and

the diagonal matrix D = diag(HG). Thus, the Jacobian J can be represented as

J = D−1HG . (C.21)

Since G is β-strongly monotone, each diagonal element of D is lower bounded by β > 0.

Hence, the spectral norm of J can be upper bounded by

ρmax(J) ≤
ρmax(HG)

β
, (C.22)

and

∥x∗ − x̃∗∥ ≥ β∥δ∥/ρmax(HG),
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where ρmax(HG) ≜ maxλ∈[0,1](ρ(HG(λx̃
∗ + (1− λ)x∗))).

Next, we derive a upper bound of the total corruption budget needed by an SUSA

adversary. Since A is an (α, p)-MAL algorithm and G̃ is strictly monotone, the resulting

playing sequence {xt} converges to the unique NE of G̃ with a polynomial rate specified by

E[∥xt − x̃∗∥p2] ≤ Cp · t−pα.

Let γ be any number such that 0 < γ < pα. From Chebyshev’s inequality, with probability

at least 1− t−pα+γ , ∥xt − x̃∗∥p2 ≤ Cp · t−γ , and the following bounds also hold:

∥∥xt,i − x̃∗i
∥∥p
2 ≤ Cp · t−γ , ∀i ∈ [n], t ∈ [T ]. (C.23)

Denote the attacking cost at round t for a agent i ∈ V as ct,i, which is given by ct,i =

|ũi(xt,i,xt,−i)− ui(xt,i,xt,−i)|. By the choice of ∆i, it holds that

max
xi∈Xi

ũi(xi,x−i) = ui(B̃Ri(x−i),x−i), ∀x−i ∈ X−i. (C.24)

Hence, we can estimate an upper bounded of ct,i as the following:

ct,i = |ũi(xt,i,xt,−i)− ui(xt,i,xt,−i)|

≤ |ui(xt,i,xt,−i)− ui(B̃Ri(xt,−i),xt,−i)|+ |ũi(xt,i,xt,−i)− ui(B̃Ri(xt,−i),xt,−i)|

= |ui(xt,i,xt,−i)− ui(B̃Ri(xt,−i),xt,−i)|+ |ũi(xt,i,xt,−i)− max
xi∈Xi

ũi(xi,xt,−i)|.

(C.25)

Since ui is L1-Lipschitz in xi, and B̃Ri(·) = BR(·)− δi is L2-Lipschitz, the first part of
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of RHS of (C.25) can be upper bounded by

|ui(xt,i,xt,−i)− ui(B̃Ri(xt,−i),xt,−i)| ≤ L1∥xt,i − B̃Ri(xt,−i)∥

= L1∥xt,i − x̃∗i + B̃Ri(x̃
∗
−i) + B̃Ri(xt,−i)∥

≤ L1∥xt,i − x̃∗i ∥+ L1∥B̃Ri(x̃∗−i)− B̃Ri(xt,−i)∥

≤ L1∥xt,i − x̃∗i ∥+ L1L2∥x̃∗−i − xt,−i∥

≤ CL1(1 + L2)t
−γ/p. (C.26)

For the second part, we have

|ũi(xt,i,xt,−i)− max
xi∈Xi

ũi(xi,xt,−i)|

≤|ũi(xt,i,xt,−i)− ũi(x̃∗i , x̃
∗
−i)|+ |ũi(x̃

∗
i , x̃
∗
−i)− max

xi∈Xi
ũi(xi,xt,−i)|. (C.27)

Because ũi(xi,x−i) = ui(xi+δi,x−i)−ui(BRi(x−i),x−i)+ui(BRi(x−i)−δi,x−i) and

ui, BRi are L1, L2-Lipschitz continuous, ũi is (L1 + 2L1(1 + L2)) = L1(2L2 + 3)-Lipschitz

continuous. Therefore, the first part of the RHS of (C.27) can be upper bounded by

|ũi(xt,i,xt,−i)− ũi(x̃∗i , x̃
∗
−i)| ≤ CL1(2L2 + 3)t−γ/p. (C.28)

To upper bound the second term of the RHS of (C.27), observe that

max
xi∈Xi

ũi(xi,x−i) = max
xi∈Xi

ui(xi + δi,x−i)− ui(BRi(x−i),x−i) + ui(BRi(x−i)− δi,x−i)

= ui(BRi(x−i),x−i)− ui(BRi(x−i),x−i) + ui(BRi(x−i)− δi,x−i)

= ui(BRi(x−i)− δi,x−i). (C.29)
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Using (C.29), we conclude that,

∣∣∣∣ũi(x̃∗i , x̃∗−i)− max
xi∈Xi

ũi(xi,xt,−i)

∣∣∣∣
=

∣∣∣∣max
xi∈Xi

ũi(xi, x̃
∗
−i)− max

xi∈Xi
ũi(xi,xt,−i)

∣∣∣∣
=
∣∣ui(BRi(x̃∗−i)− δi, x̃

∗
−i)− ui(BRi(xt,−i)− δi,xt,−i)

∣∣
≤L1(∥BRi(x̃∗−i)−BRi(xt,−i)∥+ ∥x̃

∗
−i − xt,−i∥)

≤CL1(L2 + 1)t−γ/p. (C.30)

Assembling (C.26), (C.28), (C.27) and (C.30) together, from (C.25) we conclude that

with probability at least 1− t−pα+γ , it holds that

ct,i ≤ CL1(1 + L2)t
−γ/p + CL1(2L2 + 3)t−γ/p + CL1(L2 + 1)t−γ/p

= CL1(4L2 + 5)t−γ/p. (C.31)

On the other hand, in the event (with a probability at most t−pα+γ) that Eq. (C.23) do

not hold, we can use the fact that ui ∈ [0,M ] to give a trivial upper bound of ct,i as follows:

ct,i = |ũ1(xt,i,xt,−i)− u1(xt,i,xt,−i)|

= |ui(xt,i + δi,xt,−i)− ui(BRi(xt,−i),xt,−i) + ui(BRi(xt,−i)− δi,xt,−i)− ui(xt,i,xt,−i)|

≤ |ui(xt,i + δi,xt,−i)− ui(BRi(xt,−i),xt,−i)|+ |ui(BRi(xt,−i)− δi,xt,−i)− ui(xt,i,xt,−i)|

≤ 2M. (C.32)

Putting (C.31) and (C.32) together, the expected corruption on agent-i the adversary
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needs at round t can be thus upper bounded by

E[ct,i] ≤ (1− t−pα+γ) · CL1(4L2 + 5)t−γ/p + t−pα+γ · 2M

≤ [CL1(4L2 + 5) + 2M ]t
− pα
p+1 ,

and the optimal order is achieved when γ = p2

p+1 ·α. As a result, the total expected corruption

is upper bounded by

E

 n∑
i=1

T∑
t=1

ct,i

 ≤ [CL1(4L2 + 5) + 2M ]|V| · T 1− pα
p+1 . (C.33)

C.2.3 A General Argument of Attacking Ability and Proof of Proposition 4

We first provide an argument regarding the relationship between δ and x̃∗ − x∗ in gen-

eral games, and then present the proof of Proposition 4, which rigorously establishes the

corresponding results for the case of Cournot competition.

As pointed out in the proof of Theorem 4.3.1, the converged point x̃∗ = (x̃∗1, · · · , x̃
∗
n)

under SUSA(V , {δk}k∈[n], {∆k}k∈[n]) can be described by the solution to the following sys-

tem: 

x1 = f1(x2,x3, · · · ,xn)− δ1,

x2 = f2(x1,x3, · · · ,xn)− δ2,

...

xn = fn(x1,x2, · · · ,xn−1)− δn,

(C.34)

where the function fi(x−i) = argmaxt ui(t,x−i) is the best response mapping for agent i.
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And x∗ = (x∗1, · · · ,x
∗
n) is the solution to



x1 = f1(x2,x3, · · · ,xn),

x2 = f2(x1,x3, · · · ,xn),

...

xn = fn(x1,x2, · · · ,xn−1).

(C.35)

Let F (x) = (f1(x2,x3, · · · ,xn), f2(x1,x3, · · · ,xn), · · · , fn(x1,x2, · · · ,xn−1)) as an n-

valued function and G(x) = F (x)− x, we have

G(x∗) = 0,

G(x̃∗) = (δ1, δ2, · · · , δn).

For a small perturbation ∆x, we can approximate the system G around x∗ with a lin-

earized version:

G(x∗ +∆x) = G(x∗) + J(G(x∗))∆x +O(∥∆x∥2). (C.36)

If we view the target point to steer x̃∗ as x∗ +∆x, it holds that

δ = G(x̃∗) = G(x∗)+J(G(x∗))(x̃∗−x∗)+O(∥∆x∥2) = J(G(x∗))(x̃∗−x∗)+O(∥(x̃∗−x∗)∥2).

(C.37)

From (C.21) we know that J(G(x∗)) = D−1(x∗)HG(x
∗), where HG(x∗) is the game

Hessian at x = x∗, and D−1(x∗) is the block diagonal matrix with each block element

being the inverse Hessian of ui w.r.t. x∗i . Therefore, we argue the following in the sense of

approximation:

1. if the adversary wants to induce a particular deviation direction v, it can simply pick
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δ to be D−1(x∗)HG(x∗)v;

2. if the goal is to induce largest deviation as possible, it can pick δ to align with the

direction corresponding to the smallest eigenvalues of D−1(x∗)HG(x∗).

And for the special case when SUSA only has one victim agent k, it need to pick

δk = diag([∇−1ii ui]
n
i=1)HG [:, k]v (C.38)

in order to induce an NE shift v = x̃∗ − x∗, and for any δ, it will cause an NE shifting

characterized by

v = H−1G [:, k][∇kkuk]δ, (C.39)

which echoes our argument after Theorem 4.3.1. In addition, since β-strongly monotonicity

implies that each diagonal element of D is lower bounded by β > 0, we know the smallest

eigenvalue of J can be upper bounded by

ρmin(J) ≤
ρmin(HG)
mink∈[n] βk

=
β

mink∈[n] βk
≤ 1, (C.40)

where ρmin(HG) = β because G is β-strongly monotone, and βk is a constant such that uk

is βk-strongly concave, meaning βk ≥ β. As a result, we have

∥x̃∗ − x∗∥ = ρmin(J(G(x
∗)))−1∥δ∥ ≥ ∥δ∥. (C.41)

We note that such an argument is not rigorous and only holds in the sense of approxima-

tion, as we omit the high-order term O(∥∆x∥2) in (C.36). However, this argument becomes

a rigorous proof for Cournot competition, as the Jacobian of system G becomes a constant

matrix and the high-order term O(∥∆x∥2) in (C.36) disappears.

Proof. For Cournot competition, since the Jacobian of G is a constant matrix and we do not
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have the high-order term O(∥∆x∥2) in (C.36). Hence, from (C.36) we have

G(x∗ +∆x) = G(x∗) +D−1HG∆x, (C.42)

which means that for any particular δ, it will induce

x̃∗ − x∗ = H−1G Dδ. (C.43)

As a result, to induce a particular NE deviation direction v, we only need to pick δ =

D−1HGv. To induce the largest possible deviation distance ∥x̃∗ − x∗∥, it need to pick δ

such that δ aligns with the direction corresponding to the largest eigenvalues of H−1G D,

which is also the direction corresponding to the smallest eigenvalues of D−1HG .

C.3 Technical Details for Section 4.4

In this section, we provide the technical details related to Section 4.4 that we do not have

space to include in the main paper. These include essential details for Algorithm 7 and 9,

as well as the proofs of Theorem 4.4.1, Proposition 7, and Corollary 2.

C.3.1 Essential Details for Algorithm 7

In this subsection, we outline all the necessary details for Algorithm 7. The algorithm

requires selecting a self-concordant barrier Ri (see Definition C.3.1) and using a specific

prox-mapping, PRi(x
(t)
i , ṽ

(t)
i , ηt, λi, β) (see Definition C.3.2), to update the action for the

subsequent round.
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Algorithm 7: MD-SCB under Utility Poisoning Attack [Ba et al., 2024b]

Input: step-size ηt = t−ϕ
2d , weight λi > 0, game’s strongly concave parameter β > 0,

and self-concordant barrier Ri : int(Xi)→ R

1 Initialize: Let x
(t)
i = argminxi∈XiRi(xi) for all i ∈ [n]

2 for t ∈ [T ] do

3 for i ∈ [n] do

4 Set A(t)
i ← (∇2Ri(x

(t)
i ) +

ηtβ(t+1)
λi

Idi)
−1

2

5 Draw direction z
(t)
i uniformly from unit sphere Sdi

6 Play action x̂
(t)
i ← x

(t)
i + A

(t)
i z

(t)
i

7 Receive µ̃(t)
ĩ
← µĩ(x̂t) + ct,̃i(x̂t) for ĩ ∈ Ĩt, µ̃

(t)
i ← µi(x̂t) for i ∈ [n] \ Ĩt

8 for i ∈ [n] do

9 Compute gradient ṽ
(t)
i ← diµ̃

(t)
i (A

(t)
i )−1z(t)i

10 Update action x
(t+1)
i ← PRi(x

(t)
i , ṽ

(t)
i , ηt, λi, β)

Definition C.3.1 (Self-concordance). A function R : int(A) → R is self-concordant if it

satisfies

1. R is three times continuously differentiable, convex, and approaches infinity along any

sequence of points approaching the boundary of int(A).

2. For every h ∈ Rd and x ∈ int(A), |∇3R(x)[h, h, h]| ≤ 2
(
h⊤∇2R(x)h

)3
2 holds, where

|∇3R(x)[h, h, h] := ∂3R
∂t1∂t2∂t3

(x+ t1h+ t2h+ t3h)|t1=t2=t3=0.

In addition to these two conditions, if for every h ∈ Rd and x ∈ int(A), |∇R(x)⊤h ≤

ν
1
2 (h⊤∇2R(x)h)

1
2 | for a positive real number ν, R is ν-self-concordant.

Definition C.3.2 (Specific Prox-mapping). The prox-mapping exploited in Algorithm 7 is

defined as

PR(x, v̂, λ, η) = arg min
x′∈x
⟨v̂, x− x′⟩+ ηβ(t+ 1)

2λ
∥x− x′∥22 +DR(x

′, x),
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where DR(x′, x) is the Bregman divergence that measures the difference between the values

of a convex R at two points, x and x′, combined with the local linear approximation of R

around x, described by the following equation

DR(x
′, x) = R(x′)−R(x)− ⟨∇R(x), x′ − x⟩.

C.3.2 Proof of Theorem 4.4.1

Theorem (Theorem 4.4.1 restated). Consider an adversary that attacks a set of agents Ĩt at

round t with a total budget satisfying
∑t
j=1

∑
ĩ∈Ĩj
|cj,̃i| ≤ O(t

ρ) for all t and some ρ ∈ [0, 1].

By choosing a learning rate sequence ηt = 1
2dt
−ϕ, for sufficiently large T the last-iterate con-

vergence rate of Algorithm 7 satisfies E
[
∥x̂T − x∗∥22

]
≤ max

{
O(dTϕ−1),O(dT−ϕ),O(dT ρ−

1
2 (ϕ+1))

}
.

Specifically, E
[
∥x̂T − x∗∥22

]
≤ O

(
dT

2(ρ−1)
3

)
can be achieved by choosing ϕ = 2

3(ρ+
1
2).

Proof. The proof outlined below is motivated by the observation that we can quantify the

bias caused by adversarial attack in utility observation in the a Simultaneous Perturbation

Stochastic Approximation (SPSA) estimator, which shares a similar spirit to the gradient

estimation under corruption lemma in Cheng et al. [2024]. In particular, we can extend

Lemma 3.5 in Ba et al. [2024b] to incorporate adversarial attacks as follows.

Lemma C.3.1 (Extended Lemma 3.5 in [Ba et al., 2024b]). Suppose that µi is a concave

function and Ai ∈ Rdi×di is an convertible matrix for each i ∈ [n], we define the smoothed

version of µi with respect to Ai by µ̂i(x) = E
wi∼Bdi

E
z−i∼

∏
j ̸=i S

dj [µi(xi+Aiwi; x̂−i)] where

Sdi is a di dimensional unit sphere, Bdi is a di-dimensional unit ball and x̂i = xi+Aizi for

all i ∈ [n]. Then, the following statement hold true

∇iµ̂i(x) + bi = E[diµi(x̂i; x̂−i)(Ai)−1zi|x],

where bi = diE[ci(x̂i; x̂−i)(Ai)−1zi|x].
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Remark C.3.1. The key difference between utility shifting attack and random noise is bi ̸=

0. This is because the corruption ci(x̂i; x̂−i) depends on the randomly sampled vector zi

through x̂i, which makes

E[ci(x̂i; x̂−i)(Ai)−1zi|x] ̸= E[ci(x̂i; x̂−i)(Ai)−1|x]E[zi|x].

Thus, we need to control the cumulative impact of the bias in gradient caused by adversarial

attack.

We then carry this bias bi throughout the analysis, closely following the original proof

developed by Ba et al. [2024b]. Finally, we derive a result demonstrating how the decreasing

speed of the learning rate affects convergence and its associated robustness to adversarial

attacks.

To prepare for the proof, we first extend the Lemma 2.12 and Lemma 3.10 in Ba et al.

[2024b] to incorporate adversarial attacks.

Lemma C.3.2 (Extended Lemma 2.12 in [Ba et al., 2024b]). Suppose that the iterate

{x(t)}t≥1 is generated by Algorithm 8 and let each corrupted utility value µ̃t satisfy that

|µ̃t(x)| ≤ 1 for all x ∈ X and 0 < ηt ≤ 1
2d , we have

DR(p,xt+1)+
ηtβ(t+ 1)

2
∥x(t+1)−p∥2 ≤ DR(p,xt)+

ηtβ(t+ 1)

2
∥xt−p∥2+2η2t ∥A(t)ṽt∥2+ηt⟨ṽt, x(t)−p⟩,

where p ∈ X and the sequence {ηt}t≥1 is assumed to be non-increasing.
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Algorithm 8: Single Agent Mirror Descent Self-Concordant Barrier with Bandit

Feedback under Utility Shifting Attack
Input: step size ηt > 0, module β > 0, and barrier R : int(X )→ R

1 Initialize x(1) = argmina∈X R(x)

2 for t ∈ [T ] do

3 set A(t) ← (∇2R(x(t)) + ηtβ(t+ 1)Id)
−1/2

4 draw z(t) ∼ Sd

5 play x̂(t) ← A(t)z(t)

6 receive µ̃(t) ← µ(t)(x̂(t)) + ct(x̂
(t))

7 set ṽ(t) ← v̂(t) + dct(x̂
(t))(A(t))−1z(t), v̂t = nµ(t)(x̂(t))(A(t))−1z(t)

8 update x(t+1) ← PR(x(t), ṽ(t), ηt)

Remark C.3.2. Algorithm 8 is the single agent version of Algorithm 7. The proof Lemma

C.3.2 is similar to the proof in Appendix A of the paperBa et al. [2024b], with a simple

modification for λ(x(t), g) = ηt∥ṽ(t)∥x(t),∗ = dηt|µ̃(t)(x̂(t))|∥z(t)∥2 ≤ dηt ≤ 1
2 , which still

holds.

Lemma C.3.3 (Extended Lemma 3.10 in Ba et al. [2024b]). Suppose that the iterate

{x(t)}t≥1 is generated by Algorithm 7 and let each corrupted utility value µ̃ti satisfy that

|µ̃(t)i (x)| ≤ 1 for all x ∈ X and 0 < ηt ≤ 1
2d , we have

∑
i∈[n]

λiDR(p,x
(t+1)
i ) +

ηtβ(t+ 1)

2

∑
i∈N
∥x(t+1)

i − pi∥2
 ≤ ∑

i∈[n]
λiDR(pi,x

(t)
i )

+
ηtβ(t+ 1)

2

∑
i∈[n]
∥x(t)

i − pi∥
2

+ 2η2t

∑
i∈[n]

λi∥A
(t)
i ṽ

(t)
i ∥

2

+ ηt

∑
i∈[n]

λi⟨ṽ
(t)
i ,x

(t)
i − pi⟩

 ,

where pi ∈ Xi and the sequence {ηt}t≥1 is assumed to be non-increasing.

Now, we will prove Theorem 4.4.1. Taking the expectation of both sides for equation
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proved in Lemma C.3.3 conditioned on x(t), we have

E

∑
i∈[n]

λiDR(p,x
(t+1)
i )|xt

+
ηtβ(t+ 1)

2
E

∑
i∈[n]
∥x(t+1)

i − pi∥2|xt

 ≤
∑
i∈[n]

λiDR(pi,x
(t)
i ) +

ηtβ(t+ 1)

2

∑
i∈[n]
∥x(t)

i − pi∥
2


+ 2η2tE

∑
i∈[n]

λi∥A
(t)
i ṽ

(t)
i ∥

2|xt

+ ηtE

∑
i∈[n]

λi⟨ṽ
(t)
i ,x

(t)
i − pi⟩|xt

 .

By the definition of ṽ(t)i and using Lemma 3.5 in Ba et al. [2024b], we have

E(∥A(t)
i v̂

(t)
i ∥

2|xt) ≤ d2i .

In addition, using Lemma 3.5 in Ba et al. [2024b] again and the Young’s inequality, we have

E
(
⟨v̂(t)i ,x

(t)
i − pi⟩|xt

)
≤⟨∇iµi(xt),x

(t)
i − pi⟩+

λil
2
i

2β

∑
i∈[n]

(σmax(A
(t)
i ))2


+

β

2λi
∥x(t)

i − pi∥
2 + b

(t)⊤
i (x

(t)
i − pi),

where we have b
(t)
i equals the following b

(t)
i = niE

[
ct,i(x̂

(t))(A
(t)
i )−1z(t)i |xt

]
. b

(t)
i ̸= 0, this
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is because ct,i(x̂) is a function of z(t)i . Since ∇2Ri(x) is positive definite for all x ∈ X and

E

∑
i∈[n]

λi⟨ṽ
(t)
i ,x

(t)
i − pi⟩|xt

 ≤ ∑
i∈[n]

λi⟨∇iµi(x(t)),x
(t)
i − pi⟩+

1

2ηtβ2(t+ 1)

∑
i∈[n]

λi

∑
i∈[n]

λ2i l
2
i


+
β

2

(
∥x(t)

i − pi∥
2
)
+
∑
i∈[n]

λib
(t)⊤
i (x

(t)
i − pi)

≤ 1

2ηtβ2(t+ 1)

∑
i∈[n]

λi

∑
i∈[n]

λ2i l
2
i

− β

2

(
∥x(t)

i − pi∥
2
)
+
∑
i∈[n]

λib
(t)⊤
i (x

(t)
i − pi)

+
∑
i∈[n]

λi⟨∇iµi(pi),x
(t)
i − pi⟩.

In this way, we have

E

∑
i∈[n]

λiDRi(pi,x
(t+1)
i )

+
ηt+1β(t+ 1)

2
E

∑
i∈[n]
∥x(t+1)

i − pi∥2
 ≤ ηtE

∑
i∈[n]

λi⟨∇iui(p),x
(t)
i − pi⟩


+ E

∑
i∈[n]

λiDRi(pi,x
(t)
i )

+
ηtβt

2
E

∑
i∈[n]
∥x(t)

i − pi∥
2

+ 2η2t

∑
i∈[n]

d2iλi


+

1

2β2(t+ 1)

∑
i∈[n]

λi

∑
i∈[n]

λ2i ℓ
2
i

+ ηtE

∑
i∈[n]

λib
(t)⊤
i (x

(t)
i − pi)

 .
Summing up the above inequality over t = 1, 2, . . . , T − 1, we have

E

∑
i∈[n]

λiDRi(pi,x
(t)
i )

+
ηTβT

2
E

∑
i∈[n]
∥x(t)

i − pi∥
2

 ≤ T−1∑
t=1

ηtE

∑
i∈[n]

λi⟨∇iui(p),x
(t)
i − pi⟩


+
∑
i∈[n]

λiDRi(pi,x
(1)
i ) +

η1β

2

∑
i∈N
∥x(1)

i − pi∥
2

+ 2

∑
i∈[n]

d2iλi

T−1∑
t=1

η2t


+

1

2β2

∑
i∈[n]

λi

∑
i∈[n]

λ2i ℓ
2
i

T−1∑
t=1

1

t+ 1

+
T−1∑
t=1

ηtE

∑
i∈[n]

λib
(t)⊤
i (x

(t)
i − pi)


We should notice that for each round, there is freedom for the adversary to choose who
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to attack. To be consistent with the lower bound, in this upper bound, we assume that

the adversary consistently choose i := ĩ to attack. Before proceeding afterwards, now let’s

analyze the cumulative impact of bias on the convergence of action profile. Notice that for

i ̸= ĩ, b
(t)
i = 0. Therefore we can use Cauchy Schwartz to bound the following inequality

T−1∑
t=1

ηtE

∑
i∈[n]

λib
(t)⊤
i (x

(t)
i − pi)

 ≤ C̃ ′
√
β
T−1∑
t=1

η
3/2
t

√
t+ 1|ct,̃i(x̂t)|, C̃

′ = C̃dBmax
i∈[n]

√
λi,

where B = maxi∈[n]Bi, Bi is the radius of Xi. In particular, C̃ is the constant such that for

all t, σmax

(
∇2Rĩ(x

(t)

ĩ
) +

ηtβ(t+1)
λĩ

Idĩ

)
≤ C̃

ηtβ(t+1)
λĩ

. Therefore, we have

E

∑
i∈[n]

λiDRi(pi,x
(t)
i )

+
ηTβT

2
E

∑
i∈[n]
∥x(t)

i − pi∥
2

 ≤ T−1∑
t=1

ηtE

∑
i∈[n]

λi⟨∇iui(p),x
(t)
i − pi⟩


+
∑
i∈[n]

λiDRi(pi,x
(1)
i ) +

η1β

2

∑
i∈[n]
∥x(1)

i − pi∥
2

+ 2

∑
i∈[n]

d2iλi

T−1∑
t=1

η2t


+

1

2β2

∑
i∈[n]

λi

∑
i∈[n]

λ2i ℓ
2
i

T−1∑
t=1

1

t+ 1

+ C̃ ′
√
β
T−1∑
t=1

η
3/2
t

√
t+ 1|ct,̃i(x̂t)|.

Since E
[∑

i∈[n] λiDRi(pi,x
(t)
i )
]
> 0, we have the following equation

E

∑
i∈[n]
∥x(t)

i − pi∥
2

 ≤ 2

ηTβT

T−1∑
t=1

ηtE

∑
i∈[n]

λi⟨∇iui(p),x
(t)
i − pi⟩


+

2

ηTβT

∑
i∈[n]

λiDRi(pi,x
(1)
i ) +

η1
ηTT

∑
i∈[n]
∥x(1)

i − pi∥
2

+
4

ηTβT

∑
i∈[n]

d2iλi

T−1∑
t=1

η2t


+

2

ηTβ
3T

∑
i∈[n]

λi

∑
i∈[n]

λ2i ℓ
2
i

T−1∑
t=1

1

t+ 1

+
2

ηT
√
βT

C̃ ′
T−1∑
t=1

η
3/2
t

√
t+ 1|ct,̃i(x̂t)|.

(C.44)
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By the initialization x
(1)
i = argminx∈X Ri(x), we have ∇Ri(x

(1)
i ) = 0 which implies that

DRi(pi,x
(1)
i ) = Ri(pi) − R(x

(1)
i ). Then, let us inspect each coordinate of a unique Nash

equilibrium x∗ and set p coordinate by coordinate in C.44; indeed, we consider the following

two cases:

• A point x∗i ∈ Xi satisfies that πx1(x
∗
i ) ≤ 1 − 1√

T
. By Lemma 2.4 [Ba et al., 2024b],

we have DRi(x
∗
i ,x

(1)
i ) = Ri(x∗i )−Ri(x

(1)
i ) ≤ νi log(T ). In this case, we set pi = x∗i .

• A point x∗i ∈ Xi satisfies that πx1(x
∗
i ) > 1− 1√

T
. Thus, we can find x̄i ∈ Xi such that

∥x̄i−x∗i ∥ = O( 1√
T
) and πx1(x̄i) ≤ 1− 1√

T
. By Lemma 2.4 [Ba et al., 2024b], we have

DRi(x̄i,x
(1)
i ) = Ri(x̄i)−Ri(x

(1)
i ) ≤ νi log(T ). In this case, we set pi = x̄i.
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Therefore, we have the following equation. By choosing ηt = 1
2dt
−ϕ, we have

E

∑
i∈[n]
∥x(t)

i − x∗i ∥
2

 ≤ E

 ∑
i∈[n]\I

∥x(t)
i − x∗i ∥∥x

∗
i − x̄i∥

 (C.45)

+
4d

βT 1−ϕ

T−1∑
t=1

ηt(E[

∑
i∈[n]

λiℓi∥x
(t)
i − x∗i ∥

 ∑
i∈[n]\I

∥x∗i − x̄i∥

 (C.46)

+
∑
i∈[n]

λi∥∇iui(x
(t)
I , x̄N\I)∥∥x

∗
i − x̄i∥]) (C.47)

+
1

T 1−ϕ

∑
i∈[n]

B2
i

 (C.48)

+
2

dβT 1−ϕ

∑
i∈[n]

d2iλi

 T−1∑
t=1

t−2ϕ (C.49)

+
4d log T

βT 1−ϕ

∑
i∈[n]

λi

∑
i∈[n]

λ2i ℓ
2
i

 (C.50)

+
2C̃ ′

d
√
βT 1−ϕ

T−1∑
t=1

t
1
2−

3
2ϕ|ct,̃i(x̂t)| (C.51)

+
2C̃ ′

d
√
βT 1−ϕ

T−1∑
t=1

t−
3
2ϕ|ct,̃i(x̂t)| (C.52)

+
4d

βT 1−ϕ
∑
i∈[n]

νiλi log T (C.53)

We will analyze the convergence of E
[∑

i∈[n] ∥x
(t)
i − x∗i ∥

2
]

by bounding the convergence of

the right-hand size one by one. By Lemma 2.4 [Ba et al., 2024b], we have (C.45) and (C.47)

are upper bounded by O
(

d√
T

)
. (C.48) is upper bounded by O( d

T 1−ϕ ). (C.49) is upper

bounded by O( d
Tϕ

). (C.50) and (C.53) are upper bounded by Õ( d
T 1−ϕ ). Now it remains to

analyze the convergence rate for (C.51), which we regard as the impact of observation error.

Note that (C.53) can never be the dominant term, therefore, we drop it from the analysis.

Since t−ϕ − (t + 1)−ϕ ≤ t−(ϕ+1) for integer t and ϕ > 0 and if
∑t
j=1 |cj,̃i(x̂j)| ≤ tρ holds
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for all t, then we can bound

2C̃ ′

d
√
βT 1−ϕ

T−1∑
t=1

t
1
2−

3
2ϕ|ct

ĩ
(x̂(t))| ≤ O(T ρ−

1
2 (ϕ+1)).

Noticing that

E

∑
i∈[n]
∥x̂(t)

i − x
(t)
i ∥

2

 ≤ E

∑
i∈[n]

(σmax(A
(t)
i ))2

 ≤ 2d
∑
i∈[n] λi

βT 1−ϕ

We have the following

E

∑
i∈[n]
∥x̂(t)

i − x∗i ∥
2

 ≤ max
{
O(dTϕ−1), O(dT−ϕ), O

(
T ρ−

1
2 (ϕ+1)

)}
,

which completes the proof.

C.3.3 Essential Details for MAMD [Bravo et al., 2018]

At the beginning of this section, we provide necessary details for Muti-Agent Mirror Descent

(MAMD), initially developed by Bravo et al. [2018] for multi-agent learning (see Algorithm

9). We attempt to evaluate the robustness of Algorithm 9 under utility shifting attack,

highlighted by the red line (Line 7 of Algorithm 9).
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Algorithm 9: MAMD [Bravo et al., 2018] under Utility Shifting Attack

Input: step-size ηt,1 = γt−3ϕ, query radius ηt,2 = δt−ϕ, safety ball Bri(pi) ⊂ Xi for

all agents

1 Initialize action x
(0)
i ∈ Xi for each agent i ∈ [n]

2 for t ∈ [T ] do

3 for i ∈ [n] do

4 Draw direction z
(t)
i uniformly from Sdi

5 Set w
(t)
i ← z

(t)
i − r

−1
i (x

(t)
i − pi)

6 play x̂
(t)
i ← x

(t)
i + ηt,2w

(t)
i

7 Receive µ̃(t)
ĩ
← µĩ(x̂t) + ct,̃i(x̂t) for i ∈ Ĩt, µ̃

(t)
i ← µi(x̂t) for i ∈ [n] \ Ĩt

8 for i ∈ [n] do

9 Set v̂
(t)
i ← (di/ηt,2)µ̃

(t)
i z

(t)
i

10 Update x
(t+1)
i ← P

x
(t)
i

(
ηt,1v̂

(t)
i

)
a

a. The proximal mapping PX(y) := argx′∈X min{y⊤(x−x′)+D(x′, x)}, where DR(x′, x) is the Bregman
divergence, where DR(x′, x) = R(x′) − R(x) − ∇R(x)⊤(x′ − x), for some strongly convex function R.
Additionally, Algorithm 9 creates a safety ball Bri(pi), with δ/ri < 1, and generate x̂

(t)
i bases on the

adjusted randomly sampled direction z
(t)
i to ensure the feasibility.

C.3.4 Proof of Proposition 7

Proposition 7. Consider an adversary that attacks a set of agents Ĩt at round t with a

total budget satisfying
∑t
j=1

∑
ĩ∈Ĩj
|cj,̃i| ≤ O(t

ρ) for all t and some ρ ∈ [0, 1]. By choosing

parameters ηt,1 := γt−3ϕ and ηt,2 := δt−ϕ, for constants γ > 1
3β and δ > 0, 1

4 < ϕ ≤
1
3 , running Algorithm 9 a sufficiently large T , the last-iterate convergence rate satisfies:

E
(
∥x̂T − x∗∥2

)
≤ O(d2max{T−ϕ, T ρ−2ϕ}).

Proof. Similar to the proof structure in Appendix C.3.2, at core of the proof of Proposition

7 is to quantify the bias, bi, caused by utility shifting attack in gradient estimation for a

SPSA estimator developed by Bravo et al. [2018], resulting the following lemma.
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Lemma C.3.4 (Extended Lemma C.1 in [Bravo et al., 2018]). Consider v̂
(t)
i (defined in

Line 9 of Algorithm 9) and Let µ̂i(x) := E
wi∼Bdi

E
z−i∼

∏
j ̸=i S

dj [µi(xi + ηt,2wi; x̂−i)], then

we have

E(v̂i|x) := ∇iµ̂i(x) + bi,

where bi :=
di
ηt,2

E (ci(x̂)zi|x).

Using Lemma C.3.4, by choosing ηt,1 = γt−p, ηt,2 = δt−q, we can extend Equation D.13

(see (C.54)) in Bravo et al. [2018] to incorporate bias (see term C in (C.55)), where we use

D̄t to denote the average Bergman divergence E(Dt) between x∗ and xt induced by some

K-strongly convex function R, and V 2 =
∑
i d

2
i , we have

D̄t+1 ≤ (1− βγ

tp
)D̄t +

γ

tp

(
δ

tq

)
+
V 2

2K

γ2δ2

t2(p−q)
, (C.54)

D̄t+1 ≤ (1− βγ

tp
)D̄t︸ ︷︷ ︸

A

+
γ

tp

(
δ

tq

)
︸ ︷︷ ︸

B

+ ηt,1

∑
i∈[n]

b
(t)
i


︸ ︷︷ ︸

C

+
V 2

2K

γ2δ2

t2(p−q)︸ ︷︷ ︸
D

. (C.55)

To analyze the convergence rate of D̄t+1, we need further extend the convergence lemma

(Lemma D.2 in Bravo et al. [2018]) from smooth decaying bt ∼ O( 1tq ) to only a sublinear

summation bound (see (C.56)) to incorporate utility shifting attack.

Lemma C.3.5 (Extended Lemma D.2 in [Bravo et al., 2018]). Let an be a non-negative

sequence satisfying that

at+1 ≤ at

(
1− P

tp

)
+
Q

tp
· bt,
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T∑
t=1

bt < Tα, ∀T > 0. (C.56)

where P,Q > 0, p ∈ (0, 1], α ∈ [12 , 1), bt ∈ [0, 1]. Then, there exists a constant C > 0 such

that for sufficiently large t, we have

1. there exists positive constants C, T0 such that for any t > T0,

at ≤
C

tp−α
,

2. if the sequence {bt}∞t=0 is non-increasing starting from t = t0, there exists positive

constants C, T0 such that for any t > T0,

at ≤
C

t1−α
.

Proof. For the first situation, it holds that

at+1 ≤ at

(
1− P

tp

)
+
Q

tp
· bt

≤
(
at−1

(
1− P

(t− 1)p

)
+

Q

(t− 1)p
· bt−1

)(
1− P

tp

)
+
Q

tp
· bt

≤ · · ·

= Q ·
t−1∑
k=0

 bt−k
(t− k)p

k∏
i=1

(
1− P

(t− i+ 1)p

) (C.57)

≤ Q ·
tα∑
k=0

 1

(t− k)p
k∏
i=1

(
1− P

(t− i+ 1)p

) (C.58)

≤ Q ·
tα∑
k=0

[
1

(t− k)p

]
≤ Qtα−p,
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where (C.58) holds because the sequence
{

1
(t−k)p

∏k
i=1

(
1− P

(t−i+1)p

)}∞
k=0

is non-increasing

when p ∈ (0, 1]. Therefore, the maximum possible value of the RHS of (C.57) is achieved

when bt = · · · = bt−tα+1 = 1. When {bt} is non-increasing, the RHS of (C.57) achieves its

maximum possible value when b1 = · · · = bt = tα−1. Therefore, it holds that

at+1 ≤ Q ·
t−1∑
k=0

 bt−k
(t− k)p

k∏
i=1

(
1− P

(t− i+ 1)p

)
≤ tα−1Q ·

t−1∑
k=0

 1

(t− k)p
k∏
i=1

(
1− P

(t− i+ 1)p

)
≤ O(tα−1).

Armed with Lemma C.3.5, we can analyze the convergence of (C.55). Firstly, we note

that ηt,1
(∑

i∈[n] b
(t)
i

)
≤ O(dT ρ−q). Second, we need to choose p, q > 0 such that the

cumulative sum with respect to the term A,B,C,D converge to a constant. To satisfy this

constraint, we need 1
4 < q ≤ 1

3 and we choose q to make the order of term B and D equal,

we get p = 3q. In this way, the convergence rate is determined by O(d2max{t−q, tρ−2q}),

completing the proof.

C.4 Additional Discussion about Absolute Robustness

In Section 4.4, we explored the efficiency-robustness trade-off based on a specific concept

of robustness—whether a utility poisoning adversary can induce NSA. However, this is not

the only measure of robustness. In this section, we introduce a new concept called absolute

robustness and establish a formal efficiency-robustness trade-off, analogous to our results in

Section 4.4, under this broader notion of robustness.
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To introduce the notion of absolute robustness, we need to first define a generalized

concept of utility poisoning attack outcome, named γ-Successful Attack (γ-SA), as shown in

Definition C.4.1. Intuitively, γ-SA depicts a broader and milder goal (i.e., slowing down the

convergence rate or causing non-convergence) compared to NSA.

Definition C.4.1 (γ-Successful Attack and Absolute Robustness). We say an adversary

successfully implements a γ-Successful Attack (γ-SA) for some γ ∈ [0, 1] to an (α, p)-MAL

dynamics running a game if it induces a joint strategy sequence {x(t)}Tt such that for any

sufficiently large T , the cumulative error

T∑
t=1

E[∥x(t) − x∗∥p2] = Ω
(
T 1−pα(1−γ)

)
. (C.59)

In addition, we say an MAL dynamics A is absolutely robust to a utility poisoning adversary

C with budget O(T ρ) if C with budget O(T ρ) cannot induce γ-SA for any γ > 0.

Naturally, NSA is a form of 1-SA, as shifting the NE inevitably results in a linearly

growing cumulative error. Therefore, γ-SA is a weaker concept in terms of the attack’s

impact, while absolute robustness represents a stronger defensive notion, since it implies

that not only can a new convergence point not be imposed, but the original convergence

rate remains unaffected. Our next result shown in Corollary 3 indicates that if an adversary

aims to achieve γ-SA for some γ ∈ (0, 1), it requires a smaller total budget, as expected. To

accomplish this, the adversary can divide the time horizon into different phases, alternating

between performing SUSA and doing nothing. By adjusting the lengths of these phases, the

adversary can balance the attack budget and the desired level of regret.

Corollary 3. Under the same conditions as stated in Theorem 4.3.1, an adversary can

implement a γ-SA within a total budget

E

 T∑
t=1

|ct|

 = O

(
T

(
1− pα

p+1

)
(1−pα(1−γ))

)
. (C.60)
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Proof. Define the p-th moment regret Regp(T ) =
∑T
t=1 E[∥xt−x∗∥p2]. Then from Theorem

4.3.1, we know that for any sufficiently large T0, the adversary can use an expected total

budget of O
(
T
1− pα

p+1
0

)
to incur a regret Ω(T0). Consequently, for any given T , setting T0 =

T 1−pα(1−γ), the adversary can use O
(
T
(1− pα

p+1 )(1−pα(1−γ))
)

total budget in expectation to

incur a regret of the order Ω(T 1−pα(1−γ)) by performing SUSA for the initial T0 rounds.

For the remaining rounds, the adversary can refrain from injecting corruptions and allow the

agents to run their MAL algorithm without interference. In this way, the adversary can incur

at least Ω(T 1−pα(1−γ)) regret while using at most O
(
T
(1− pα

p+1 )(1−pα(1−γ))
)

total expected

budget.

Theorem 4.3.1 and Corollary 3 together highlight an intriguing trade-off between the

efficiency and robustness of MAL learning dynamics. That is, the faster an MAL algorithm

converges (i.e., a larger α), the smaller the total corruption budget required to implement a

successful attack (either NSA or γ-SA). Next, we establish an analogous result to Corollary

2 under a new (and stronger) robustness concept, that is, whether an MAL dynamics is

absolutely robust to a utility poisoning adversary with certain budget, as defined below:

ρ̄(C,A) = inf{ρ ∈ [0, 1]|C with budget O(T ρ) can achieve γ-SA against A.},

= sup{ρ ∈ [0, 1]|A is absolutely robust to C with budget O(T ρ).},

where C ∈ ADV represents a generic utility poisoning adversary. Similarly, we fix p = 2 and

define the following quantities:

ρ̄−(α) = inf
C∈ADV

sup
A∈MAL(α,2)

ρ(C,A), ρ̄+(α) = sup
A∈MAL(α,2)

inf
C∈ADV

ρ(C,A). (C.61)

Here, the function ρ̄−(α) defined in (C.61) represents the optimal strategy of a utility poi-
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soning adversary. Specifically, for any MAL algorithm known to enjoy convergence rate α,

ρ̄−(α) denotes the minimum budget level ρ required for a successful γ-SA by the adversary.

In contrast, the function ρ̄+(α) characterizes the optimal defense from the perspective of the

algorithm designer. Given a required convergence rate α, ρ̄+(α) identifies the most robust

algorithm that can withstand γ-SA of level ρ from any utility poisoning adversary. From

minimax theorem [v. Neumann, 1928, Sion, 1958] we still have ρ̄−(α) ≥ ρ̄+(α), ∀α ∈ [0, 14 ].

Furthermore, Corollary 3 and Theorem 4.4.1 lead to the following result

Corollary 4. Given the definitions of ρ̄−(α) and ρ̄+(α) in (C.61), for some particular MAL

algorithm A0 and adversary C0 ∈ ADV , we further define

ρ̄(A0(α)) = inf
C∈ADV

ρ(C,A = A0(α)), ρ̄(α, C0) = sup
A∈MAL(α,2)

ρ(C = C0,A),

where A0(α) denotes algorithm A0 with a set of hyper-parameters that guarantees MAL(α, 2)

convergence. Then for any α ∈ [0, 14 ], it holds that

1− 3α ≤ ρ̄(MD-SCB(α)) ≤ ρ̄+(α) ≤ ρ̄−(α) ≤ ρ̄(α; SUSA) ≤
(
1− 2α

3

)
(1− 2α). (C.62)
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Figure C.1: Illustration of the four
quantities in Corollary 4, reveal-
ing the intrinsic efficiency-robustness
trade-off under γ-SA.

The proof of Corollary 4 follows exactly from the

idea of Corollary 2, and thus we put them together in

Appendix C.4.1.

Figure C.1 illustrates this trade-off. The yellow

dashed line represents ρ̄−(α); above it, a budget of

O(T ρ) suffices for a powerful adversary to induce γ-

SA in any MAL(α, 2) dynamics. The red region, a

subset of this area, corresponds to the actual budget

required for γ-SA for the specific attacking strategy

outlined in Corollary 3. Conversely, the blue dashed
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line represents ρ̄+(α); below it, the most robust MAL(α, 2) dynamics is absolutely robust

to any adversary with a total corruption of O(T ρ). For a specific MAL dynamics like MD-

SCB, the green region shows the budget within which it remains absolutely robust. We only

present ρ ∈ [0.25, 1] because the MAL dynamics with the best achievable convergence rate in

such a setting (alpha = 0.25)[Ba et al., 2024b] can withstand a corruption level of ρ = 0.25

(see Theorem 4.4.1). The three gaps in Figure C.1 correspond to three open problems similar

to those we proposed in Figure 4.1.

C.4.1 Proof of Corollary 2 and Corollary 4

Proof. By the definitions of ρ−(α), ρ+(α), ρ̄−(α), ρ̄+(α) and minimax theorem, it holds that

ρ(MD-SCB(α)) ≤ ρ+(α) ≤ ρ−(α) ≤ ρ(α; SUSA),

ρ̄(MD-SCB(α)) ≤ ρ̄+(α) ≤ ρ̄−(α) ≤ ρ̄(α; SUSA).

Taking p = 2 in Theorem 4.3.1, we have ρ(α; SUSA) ≤ 1− 2α
3 , and taking p = 2 in Corollary

3, we have ρ̄(α; SUSA) ≤
(
1− 2α

3

)
(1− 2α).

Next, we show that ρ(MD-SCB(α)) ≥ 1− α and ρ̄(MD-SCB(α)) ≥ 1− 3α. By Theorem

4.4.1, we know that for MD-SCB, in order to incorporate a corruption O(T ρ) with ρ > 0,

we have to slow down the learning rate by increase ϕ. Therefore, for any particular choice

of ϕ, the resultant convergence rate α = 1−ϕ
2 . Hence, only when −ρ + ϕ+1

2 ≥ 1 − ϕ, this

choice does not affect the convergence rate, and we obtain ρ ≤ 3
2ϕ −

1
2 = 1 − 3α, meaning

ρ̄(MD-SCB(α)) ≥ 1 − 3α. On the other hand, if ρ ≥ 1 − 3α, as long as ρ − ϕ+1
2 < 0 (i.e.,

ρ < 1− α), NSA is impossible to induce as MD-SCB will still converge although at a slower

speed. This implies that ρ(MD-SCB(α)) ≥ 1− α.

Notably, the efficiency-robustness trade off also exists in Algorithm 9 for γ-SA. (C.55)

suggest that as long as 1 − ρ − q > q, 1
tp+q

, will be the dominant order in deciding the
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convergence E(∥xT − x∗∥22). This implies that ρ̄(MAMD(α)) ≥ 1 − 4α, which also shows

as long as ρ < 1 − 4α, the convergence rate of Algorithm 9 will not be affected – robust

to γ-SA. However, since q is restricted to 1
4 < q ≤ 1

3 to ensure the convergence of D̄t,

when ρ > 1
2 , the dominant order will be tρ−2q and we can see optimal choice of q = 1

3 ,

implying ρ(MAMD(α)) ≥ 2
3 , which we do not observe such a efficiency-robustness trade-off

of Algorithm 9 for SUSA, theoretically.

C.5 Additional Experiments

C.5.1 Experiment Result for MAMD

In this section, consider the same experimental setup as of Section 3.5 and evaluate the

performance of Algorithm 9. We let each agent run MAMD with the game size n ∈

{10, 50, 100}. The learning rate schedule of MAMD is set to ηt,1 ∝ t−3ϕ, and ηt,2 ∝ t−ϕ, ϕ =

0.33, 0.30, 0.25, corresponding to convergence rates α = 0.165, 0.15, 0.125, p = 2 when no at-

tack is present. We implement SUSA against agent 1, with a fixed δ = 10.0. For each game

instance specified by n and the attacked algorithm specified by the convergence rate α, we

compare the dynamics’ behavior both without attack and under SUSA, and report the actual

total budget used.

Result: In the upper row of Figure C.2, the left panel plots the convergence curve of the

L2 square error for n = 10, serving as a sanity check to confirm that different learning rate

schedules induce different convergence rates for MAMD in absence of an adversary. The

middle panel shows the outcome of SUSA against MAMD with α = 0.165, with the y-

axis representing L2 distance between xt and NE. The dashed lines display the convergence

curve without the adversary, while the solid lines represent the dynamics under SUSA, with

different colors indicating results for various game sizes n. As shown, for different values of

n, the attacked dynamics exhibit divergence, as the solid lines saturate and stop decreasing,
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indicating that the dynamics are being steered to converge to a new point. However, the

trend between induced NE deviation magnitude with respect to n is unclear for MAMD,

possibly because the lower bound proved in (4.10) of Theorem 4.3.1 is not tight. The right

panel shows the cumulative attack budget Ct =
∑t
τ=1 |cτ | at each time step t against MAMD

with different values of α. As the results indicate, although all exhibit a sublinear trend, a

faster-converging dynamics (α = 0.165) requires a smaller attack budget, corroborating our

findings in Theorem 4.3.1 and 4.4.1. The bottom row of Figure C.2 evaluates the performance

of MAMD under a different sets of parameters nevertheless conveys a similar message.
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Figure C.2: Left: square error of MAMD with varying convergence rates. Middle: square
error of MAMD on different sizes of game instances against SUSA. Right: cumulative attack
budget used by SUSA against MAMD with varying convergence rates. Error bars represent
the 1-σ region from 20 independent simulations.

C.5.2 Additional Results for MD-SCB

Figure C.3 evaluates the performance of MD-SCB under a different sets of parameters nev-

ertheless conveys a similar message as of Figure 4.2.
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Figure C.3: Left: square error of MD-SCB with varying convergence rates when n = 100.
Middle: square error of MD-SCB on different sizes of game instances against SUSA with
α = 0.15. Right: cumulative attack budget used by SUSA against MD-SCB with varying
convergence rates when n = 100. Error bars represent the 1-σ region from 20 independent
simulations.

C.6 Experiments

In this section, we validate our theoretical results from Theorem 4.3.1 and Theorem 4.4.1 by

implementing SUSA against MD-SCB on n-person Cournot games, in which each player-i

has a utility function ui(xi, x−i) = xi

(
a− b

∑n
j=1 xj

)
− cixi. The formal definition is given

in Appendix C.1. We also direct readers to Appendix C.5 for additional results for attacks

against another algorithm MAMD (see Algorithm 9). We run simulations on two types of

Cournot game instances. In the first type (homogeneous), all players share the same marginal

cost ci, resulting in a symmetric game. In the second type (heterogeneous), players have

varying costs. The results for the homogeneous case are presented in the main paper, while

those for the heterogeneous case are included in Appendix C.5.2, as they basically convey

the same message.

Homogeneous n-person Cournot Game Experimental Setup: We set a = 10, b =

0.05, and we consider the cost ci = 1 for all agents i ∈ [n]. The action space is set to

Xi = [0, 50] and the unique NE of such games can be verified as x∗i = 180
n+1 , i ∈ [n]. We let

each agent run MD-SCB with the game size n ∈ {10, 50, 100}. The learning rate schedule

of MD-SCB is set to (ηt ∝ t−ϕ, ϕ = 0.5, 0.7, 0.9), corresponding to convergence rates α =

0.25, 0.15, 0.05, p = 2 when no attack is present. We implement SUSA against agent 1, with a
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fixed δ = −10.0. For each game instance specified by n and the attacked algorithm specified

by the convergence rate α, we compare the dynamics’ behavior both without attack and

under SUSA, and report the actual total budget used.
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Figure C.4: This figure displays results for Homogeneous n-person Cournot Game. Top left:
square error of MD-SCB with varying convergence rates. Top right: square error of MD-SCB
on different sizes of game instances against SUSA. Bottom left: cumulative attack budget
used by SUSA against MD-SCB with varying convergence rates. Bottom right: social welfare
W (xt) under SUSA and without attack for n = 10. The red dashed line denote the social
welfare under NE without attack, W (x∗), while the red solid line denote the social welfare
under manipulated NE under SUSA, W (x̃∗). We plot 0.1-σ region from 20 independent
simulations for social welfare (the bottom right figure) and 0.5-σ region for the rest figures.

Result: The top left panel of Figure C.4 plots the convergence curve of the L2 square error

for n = 10, serving as a sanity check to confirm that different learning rate schedules induce

different convergence rates for MD-SCB in absence of an adversary. The top right panel

shows the outcome of SUSA against MD-SCB with α = 0.25, with the y-axis representing
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L2 distance between xt and NE. The dashed lines display the convergence curve without

the adversary, while the solid lines represent the dynamics under SUSA, with different colors

indicating results for various game sizes n. As shown, for different values of n, the attacked

dynamics exhibit divergence, as the solid lines saturate and stop decreasing, indicating that

the dynamics are being steered to converge to a new point. Additionally, we observe that

the induced NE deviation decreases with respect to n, which aligns with our theoretical

predictions in Theorem 4.3.1 and Remark 4.3.1. The bottom left panel shows the cumulative

attack budget Ct =
∑t
τ=1 |cτ | at each time step t against MD-SCB with different values of α.

As the results indicate, although all exhibit a sublinear trend, a faster-converging dynamics

(α = 0.25) requires a smaller attack budget, corroborating our findings in Theorem 4.3.1

and 4.4.1. The bottom right panel plots the social welfare W (xt) without attack (indicated

by the dashed line) and under SUSA (indicated by the solid line). The panel shows that

SUSA with δ = −10 can lead the learning dynamic to a new NE with a lower social welfare,

aligning with our theoretical results. These observations also hold for Cournot games with

heterogeneous costs, and the corresponding results are presented in Appendix C.5.2.

Heterogeneous n-person Cournot Game Experimental Setup: Similar to the homoge-

neous n-person Cournot game, we set a = 10, b = 0.05, n ∈ [10, 50, 100], α = [0.25, 0.15, 0.05],

and Xi ∈ [0, 50],∀i ∈ [n]. However, in the heterogeneous setting, we consider different con-

figurations of ci based on the value of n. For n = 10, the costs are assigned as follows:

c1 = 0.5, ci = 0.6 for i ∈ [2, 7], and ci = 0.7 for i ∈ [8, 10]. For larger values of n, specifically

n = 50 and n = 100, we replicate the structure of the n = 10 case, dividing the sequence

into 5 groups when n = 50 and into 10 groups when n = 100. Each group follows the same

pattern of costs assignments as in the n = 10 case. We implement SUSA against agent 1

with δ = −15.

Result: Figure C.5 suggests that all results hold in the heterogeneous setting just as they

do in the homogeneous setting.
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Figure C.5: This figure displays results for Heterogeneous n-person Cournot Game.
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APPENDIX D

APPENDIX TO INFORMATION CONVEYANCE IN

LANGUAGE MODELS

D.1 Missing proofs and algorithms

D.1.1 Equivalence to a two-stage stochastic decision process

Theorem D.1.1 (Equivalence between autoregressive generation and a two-stage decision

process). Fix a prompt X = x and a generation history Gt = gt = (y1, . . . , yt−1). Suppose

the autoregressive model defines a probability distribution over the extended vocabulary Z :=

V ∪ {EOS}, denoted by q(z | gt, x), z ∈ Z. Then this one-step generation rule is equivalent

to the following two-stage stochastic decision process: At ∈ {STOP,CONT}, where P(At =

STOP | gt, x) = q(EOS | gt, x), and P(At = CONT | gt, x) = 1 − q(EOS | gt, x). Conditional

on At = CONT, the next token Yt ∈ V is sampled from P(Yt = v | gt, x, At = CONT) =

q(v|gt,x)
1−q(EOS|gt,x) , v ∈ V , whenever 1−q(EOS | gt, x) > 0. This two-stage process induces the same

distribution over generated sequences as the original autoregressive model.

Proof. Fix a prompt x and history gt. Under the original autoregressive model, the next

outcome is sampled directly from q(z | gt, x), z ∈ V ∪ {EOS}. In particular, generation

terminates at step t with probability q(EOS | gt, x). Now consider the two-stage process.

The probability of termination is P(At = STOP | gt, x) = q(EOS | gt, x), which matches the

probability assigned to EOS by the original model. Next, for any token v ∈ V , the probability

that the two-stage process generates v is

P(Yt = v | gt, x) = P(At = CONT | gt, x)P(Yt = v | gt, x, At = CONT)

= (1− q(EOS | gt, x))
q(v | gt, x)

1− q(EOS | gt, x)

= q(v | gt, x).
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Thus, the two-stage process assigns exactly the same probability to every possible next

outcome:

P(STOP | gt, x) = q(EOS | gt, x), P(Yt = v | gt, x) = q(v | gt, x), v ∈ V .

Therefore, the one-step transition distribution is identical under the two formulations. Since

this equality holds for every prompt x, every generation history gt, and every generation

step t, the induced probability of any finite sequence y1:N terminating at length N is the

same under both processes. Thus, the two-stage stochastic decision process is equivalent to

the original autoregressive generation model.

D.1.2 Proof of Theorem 5.3.1

Proof. Let X ∼ pX denote the prompt distribution. For each realization X = x, consider

the sequence of random variables (Zt)t≥1 with Zt ∈ Z := V ∪ {EOS}, where selecting EOS

indicates termination. Define the stopping time N := min{t : Zt = EOS}, and let Yt = Zt

for t < N . Adopt the convention that Zt = EOS for all t > N , which induces a one-to-one

correspondence between the infinite sequence (Z1, Z2, . . .) and the pair (N, Y1:N ), conditional

on X. Therefore,

H(N, Y1:N | X) = H(Z1, Z2, . . . | X).

By the chain rule of entropy, H(Z1, Z2, . . . | X) =
∑∞
t=1H(Zt | Z1:t−1, X). Since the

history Gt is completely determined by (Z1:t−1, X), we have

H(Zt | Z1:t−1, X) = H(Zt | Gt, X) = Egt,X
[
H̃(gt | X = x)

]
.

Therefore, H(Z1, Z2, . . . | X) =
∑∞
t=1 Egt,X

[
H̃(gt | X = x)

]
.

Since H̃(gt | X = x) ≥ 0, we can apply Tonelli’s theorem [Folland, 1999] to exchange the
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sum and expectation.

∞∑
t=1

Egt,X
[
H̃(gt | X = x)

]
= Egt,X

[ ∞∑
t=1

H̃(gt | X = x)

]
.

Moreover, for all t > N , Zt = EOS deterministically, so H̃(gt | X = x) = 0. There-

fore,
∑∞
t=1 H̃(gt | X = x) =

∑N(X)
t=1 H̃(gt | X = x), almost surely. Combining the above,

we have H(Z1, Z2, . . . | X) = Egt,X
[∑N(X)

t=1 H̃(gt | X = x)
]
. Finally, since (Z1, Z2, . . .)

is in one-to-one correspondence with (N, Y1:N ) given X, we obtain H(N, Y1:N | X) =

Egt,X
[∑N(X)

t=1 H̃(gt | X = x)
]
= E

[∑N
t=1 H̃(Gt | X)

]
= CE⋆.
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D.1.3 Algorithms

Algorithm 10: Estimating CE⋆max over a prompt distribution
Input: Prompt distribution pX ; number of prompts P ; rollout count per prompt M ;

maximum length Tmax; sampling policy π (e.g. temperature/top-p/top-k).

1 for p = 1 to P do

2 Sample prompt Xp ∼ pX ;

3 for i = 1 to M do

4 Initialize history G(p,i)
1 ← Xp; set S(p,i)max ← 0;

5 for t = 1 to Tmax do

6 Compute model distribution q(p,i)t (· | G(p,i)
t , Xp) under sampling policy π,

including EOS as an outcome;

7 Compute one-step local entropy

g̃
(p,i)
t ← −

∑
z∈Z q

(p,i)
t (z | G(p,i)

t , Xp) log q
(p,i)
t (z | G(p,i)

t , Xp);

8 Update S(p,i)max ← S
(p,i)
max + g̃

(p,i)
t ;

9 Sample next outcome z(p,i)t ∼ q
(p,i)
t (· | G(p,i)

t , Xp);

10 If z(p,i)t = EOS then set N (p,i)
max ← t and break;

11 Else update history G(p,i)
t+1 ← G

(p,i)
t ⊕ z(p,i)t .

12 If no EOS is sampled by Tmax: set N (p,i)
max ← Tmax.

13 return ĈE
⋆
max,P,M = 1

PM

∑P
p=1

∑M
i=1 S

(p,i)
max , Ê[Nmax] =

1
PM

∑P
p=1

∑M
i=1N

(p,i)
max .

D.1.4 Examples of prompt-averaged bias decay rates

Corollary 5. By Remark 5.4.1, g(Tmax) admits the following rates.

Uniform exponential tail. If there exist constants c, λ > 0 such that, for all prompts

x and all t ≥ 1, P(N(x) ≥ t | X = x) ≤ ce−λt, then g(Tmax) ≤ c log |Z|
∑∞
t=Tmax+1 e

−λt =

c log |Z|e
−λ(Tmax+1)

1−e−λ = O(e−λTmax).

Uniform polynomial tail. If there exist constants c > 0 and α > 1 such that, for all
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prompts x and all t ≥ 1, P(N(x) ≥ t | X = x) ≤ ct−α, then g(Tmax) ≤ c log |Z|
∑∞
t=Tmax+1 t

−α ≤
c log |Z|
α−1 T 1−α

max = O(T 1−α
max ).

D.1.5 Proof of Theorem 5.4.1 and MSE analysis

Proof. Denote µmax(x) := E[Smax | X = x] , and Smax =
∑Nmax(x)
t=1 H̃(gt | X = x). Then

CE⋆max = EX∼pX [µmax(X)]. Since |Z| < ∞, we have 0 ≤ H̃(gt | X = x) ≤ Hmax :=

log |Z|. Therefore 0 ≤ Smax ≤ HmaxNmax(x). Therefore, E[S2max] ≤ H2
maxE[Nmax(X)2] =

H2
maxν

2
max, where ν2max := E[Nmax(X)2].

Now decompose the variance of ĈE
⋆
max,P,M . Conditional on X1, . . . , XP , the M rollouts

for each prompt are independent, by law of total variance, we have

Var
(
ĈE

⋆
max,P,M

)
= Var

 1

P

P∑
p=1

µmax(Xp)

+ E
[
Var
(
ĈE

⋆
max,P,M | X1, . . . , XP

)]
.

By Jensen’s inequality, we have µ2max(X) = H2
maxE(Nmax(X))2 ≤ H2

maxν
2
max, therefore

Var

 1

P

P∑
p=1

µmax(Xp)

 =
1

P
Var(µmax(X)) ≤ 1

P
E[µmax(X)2] ≤ H2

maxν
2
max

P
.

Because, E
[
Var
(
ĈE

⋆
max,P,M | X1, . . . , XP

)]
≤ H2

maxν
2
max

PM . Thus we have,

Var
(
ĈE

⋆
max,P,M

)
≤ H2

maxν
2
max

(
1

P
+

1

PM

)
.

Since E
[
ĈE

⋆
max,P,M

]
= CE⋆max, Chebyshev’s inequality gives that, for any δ ∈ (0, 1),

with probability at least 1− δ,
∣∣∣ĈE⋆max,P,M − CE⋆max

∣∣∣ ≤ Hmaxνmax

√
1
δ

(
1
P + 1

PM

)
. By the

truncation bias assumption, 0 ≤ CE⋆ − CE⋆max ≤ g(Tmax). Thus,

∣∣∣ĈE⋆max,P,M − CE⋆
∣∣∣ ≤ Hmaxνmax

√
1

δ

(
1

P
+

1

PM

)
+ g(Tmax).
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Equivalently,
∣∣∣ĈE⋆max,P,M − CE⋆

∣∣∣ = OP

(
νmax

√
1
P + 1

PM + g(Tmax)

)
. Thus, if Tmax =

Tmax(P,M)→∞, g(Tmax)→ 0, and if νmax(P,M)
√

1
P + 1

PM → 0, then we have ĈE
⋆
max,P,M

P−→

CE⋆.

Theorem D.1.2 (MSE of the prompt-averaged truncated CE estimator).

E
[(

ĈE
⋆
max,P,M − CE⋆

)2]
≤ H2

max

P
VarX(E[Nmax | X]) +

H2
max

PM
E[N2

max] +B2
Tmax

.

In Theorem D.1.2, we further characterize the mean squared error (MSE) of ĈE
⋆
max,P,M

as the sum of the squared truncation bias and the variance of the estimator. The variance

decreases with both the number of prompts P and the total number of rollouts PM , high-

lighting two distinct sources of statistical efficiency: diversity across prompts and repeated

sampling within each prompt.

The variance admits a hierarchical decomposition with two distinct sources of random-

ness: a 1/
√
P term due to variability across prompts, and a 1/

√
PM term arising from

rollout-level stochasticity within each prompt. Importantly, the prompt-level variance can-

not be reduced by increasing the number of rollouts per prompt, reflecting the intrinsic

hierarchical structure of the estimator. Moreover, the Monte Carlo error is scaled by the

effective trajectory length (captured by Tmax or, more precisely, Nmax), since longer gener-

ations accumulate more uncertainty along the trajectory.

These results reveal a fundamental trade-off. Increasing Tmax reduces the truncation

bias by capturing more of the generation process, but also increases computational cost and

variance through longer trajectories.

Proof. Define the per-prompt rollout average S̄(p)max := 1
M

∑M
i=1 S

(p,i)
max . Then ĈE

⋆
max,P,M =

1
P

∑P
p=1 S̄

(p)
max. Conditional on Xp, E[S̄

(p)
max | Xp] = µmax(Xp), and, since the M rollouts are

conditionally independent, Var(S̄(p)max | Xp) = 1
M σ2max(Xp). By the law of total variance, we
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have

Var(S̄
(p)
max) = VarX

(
E[S̄(p)max | Xp]

)
+ EX

[
Var(S̄

(p)
max | Xp)

]
.

Substituting the conditional mean and variance gives Var(S̄(p)max) = VarX(µmax(X))+ 1
MEX [σ2max(X)].

Since the prompts X1, . . . , XP are i.i.d., the variables S̄(1)max, . . . , S̄
(P )
max are i.i.d. Therefore,

Var
(
ĈE

⋆
max,P,M

)
= 1

P Var(S̄
(p)
max) =

1
P VarX(µmax(X)) + 1

PMEX [σ2max(X)].

For the MSE, write ĈE
⋆
max,P,M−CE⋆ =

(
ĈE

⋆
max,P,M − CE⋆max

)
−BTmax

. Taking squares

and expectations yields E
[(

ĈE
⋆
max,P,M − CE⋆

)2]
= E

[(
ĈE

⋆
max,P,M − CE⋆max

)2]
+B2

Tmax
,

because E[ĈE
⋆
max,P,M − CE⋆max] = 0.

Since pathwise, 0 ≤ Smax(x) =
∑Nmax(x)
t=1 H̃(gt | x) ≤ HmaxNmax(x). Thus, conditional

on X = x, Var(Smax(x) | X = x) ≤ E[S2max(x) | X = x] ≤ H2
maxE[N2

max(x) | X = x].

Averaging over prompts gives EX [σ2max(X)] ≤ H2
maxEXE[N2

max(X) | X] = H2
maxE[N2

max].

Similarly, µmax(X) = E[Smax(X) | X] ≤ HmaxE[Nmax | X]. Since both quantities are

nonnegative, this gives the prompt-level bound 0 ≤ µmax(X) ≤ HmaxE[Nmax | X]. There-

fore, VarX(µmax(X)) ≤ H2
maxVarX(E[Nmax | X]) . Combining these two refined bounds

with the exact variance decomposition gives

Var
(
ĈE

⋆
max,P,M

)
≤ H2

max

P
VarX(E[Nmax | X]) +

H2
max

PM
E[N2

max].

Adding the squared truncation bias B2
Tmax

gives the stated refined MSE upper bound.

D.1.6 Estimation and consistency of GenPPL, BF, and length–uncertainty

correlation

Lemma D.1.1 (Consistency of the truncated length estimator). Let

N̂max,P,M := 1
PM

∑P
p=1

∑M
i=1N

(p,i)
max , where N (p,i)

max := min{N (p,i), Tmax}. Assume E[N ] <

∞. If Tmax = Tmax(P,M)→∞ and
√
E[N2

max]√
P

→ 0, then N̂max,P,M
P−→ E[N ].
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Proof. Let ηmax(x) := E[Nmax | X = x]. By the law of total variance, Var(N̂max,P,M ) =

1
P Var(ηmax(X)) + 1

PME [Var(Nmax | X)] . Using Var(ηmax(X)) ≤ E[ηmax(X)2] ≤ E[N2
max],

and E[Var(Nmax | X)] ≤ E[N2
max], we obtain Var(N̂max,P,M ) ≤ E[N2

max]
(
1
P + 1

PM

)
.

Therefore, under the stated condition, Var(N̂max,P,M )→ 0.

In addition, E[N̂max,P,M ] = E[Nmax]. Since Nmax = min{N, Tmax} ↑ N as Tmax → ∞,

the monotone convergence theorem [Rudin, 2021] gives E[Nmax]→ E[N ]. Hence,

N̂max,P,M − E[N ] =
(
N̂max,P,M − E[Nmax]

)
+ (E[Nmax]− E[N ]) .

The first term converges to 0 in probability by Chebyshev’s inequality, and the second term

converges to 0 deterministically. Therefore, N̂max,P,M
P−→ E[N ].

Corollary 6 (Consistency of GenPPL). Let ĈE
⋆
max,P,M = 1

PM

∑P
p=1

∑M
i=1 S

(p,i)
max be the

Monte Carlo estimator of CE⋆, and let N̂max,P,M := 1
PM

∑P
p=1

∑M
i=1N

(p,i)
max be the corre-

sponding estimator of E[N ]. Since ĈE
⋆
max,P,M

P−→ CE⋆, (by Theorem 5.4.1) N̂max,P,M
P−→

E[N ], (by Lemma D.1.1). Define ̂GenPPLmax,P,M := exp

(
ĈE

⋆
max,P,M

N̂max,P,M

)
, GenPPL :=

exp
(
CE⋆

E[N ]

)
. Then ̂GenPPLmax,P,M

P−→ GenPPL.

Proof. We first prove consistency of GenPPL. Since we have ĈE
⋆
max,P,M

P−→ CE⋆ and N̂max,P,M
P−→

E[N ]. and E[N ] > 0, the function f(a, b) = exp(a/b) is continuous at (CE⋆,E[N ]). There-

fore, by the continuous mapping theorem [Mann and Wald, 1943], exp

(
ĈE

⋆
max,P,M

N̂max,P,M

)
P−→

exp
(
CE⋆

E[N ]

)
. Hence, ̂GenPPLmax,P,M

P−→ GenPPL, which completes the proof.

Corollary 7 (Consistency of the BF estimator). Let L̂max,P,M := 1
PM

∑P
p=1

∑M
i=1

S
(p,i)
max

N
(p,i)
max

,

B̂Fmax,P,M := exp
(
L̂max,P,M

)
, where S(p,i)max =

∑N
(p,i)
max

t=1 H̃(g
(p,i)
t | Xp), N

(p,i)
max = min{N (p,i), Tmax}.

Assume that N ≥ 1 almost surely and that the normalized truncated entropy variables rmax :=

Smax
Nmax

are integrable. Then, for fixed Tmax, as P,M →∞, L̂max,P,M
P−→ Lmax := E

[
Smax
Nmax

]
,

and therefore, by the continuous mapping theorem, B̂Fmax,P,M
P−→ BFmax := exp(Lmax).
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Moreover, if Smax
Nmax

a.s.−−−−−−→
Tmax→∞

S
N and the sequence {Smax/Nmax}Tmax≥1 is uniformly in-

tegrable, then Lmax → L := E
[
1
N

∑N
t=1 H̃(gt | X)

]
, and consequently BFmax → BF :=

exp(L). Thus, under these conditions, B̂Fmax,P,M
P−→ BF as P,M →∞ and Tmax →∞.

Proof. For fixed Tmax, the variables r̂
(p,i)
max = S

(p,i)
max

N
(p,i)
max

are integrable rollout-level observa-

tions. Since N ≥ 1 almost surely, the denominator is bounded away from zero. Ap-

plying the law of large numbers to the empirical average over prompts and rollouts gives

L̂max,P,M = 1
PM

∑P
p=1

∑M
i=1 r̂

(p,i)
max

P−→ E[rmax] = Lmax. Since the exponential map is contin-

uous, B̂Fmax,P,M = exp(L̂max,P,M )
P−→ exp(Lmax) = BFmax. Finally, if Smax/Nmax → S/N

almost surely and the normalized entropy ratios are uniformly integrable, then convergence

of expectations follows, yielding Lmax → L. Another application of continuity of the expo-

nential function gives BFmax → BF.

Empirical support for the truncation condition. The consistency result above re-

quires the truncation bias induced by Tmax to vanish, or at least to be negligible in finite-

sample estimation. While this is a population-level condition and cannot be proven from

data alone, our diagnostics provide empirical support for it in our experimental setting.

With Tmax = 4000, the observed truncation rates are uniformly small across tasks, model

families, and variants: most are below 1%, and the largest observed rate is 4.32% (see sub-

section D.3.1). In addition, the empirical length distributions concentrate well below the

truncation threshold (see Figure 5.3), and the number of active rollouts decays rapidly with

token position (see Figure 5.2). Together with the bounded observed entropy-rate trajecto-

ries (see Figure 5.2), these results suggest that the normalized entropy ratios are well behaved

and that the finite-Tmax truncation bias is small in practice.

Estimating entropy rate. For each rollout (p, i), Algorithm 10 returns the truncated

stopping time N (p,i)
max = min{N (p,i), Tmax} and the accumulated truncated canopy entropy

S
(p,i)
max =

∑N
(p,i)
max

t=1 H̃(g
(p,i)
t | Xp). We estimate the rollout-level entropy rate by r̂(p,i)max := S

(p,i)
max

N
(p,i)
max

.
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Thus, for each prompt Xp, the prompt-specific length–uncertainty relationship is estimated

from the rollout-level pairs
{(
N

(p,i)
max , r̂

(p,i)
max

)}M
i=1

.

Rank-based length–uncertainty correlations. In addition to Pearson correlation, which

measures linear association, we also report two rank-based measures. Spearman correlation

[Spearman, 1961] is Pearson correlation applied to the ranked variables and therefore cap-

tures monotone dependence. Kendall’s τb [Kendall, 1938] measures ordinal association by

comparing concordant and discordant rollout pairs, with tie adjustment. Since Kendall’s

τb is defined through pairwise comparisons, we aggregate it using pair-count weights rather

than Fisher-z averaging.

Proposition 8 (Consistency of prompt-controlled length–uncertainty correlation estima-

tors). For each prompt X = x, define rmax := Smax
Nmax

, Smax =
∑Nmax
t=1 H̃(gt | X), Nmax =

min{N, Tmax}. Let ρPmax(x) := Corr(Nmax, rmax | X = x) denote the Pearson correlation, let

ρSmax(x) := Corr
(
FNmax|x(Nmax), Frmax|x(rmax) | X = x

)
denote the population Spearman

rank correlation, and let τKmax(x) denote Kendall’s τb between Nmax and rmax conditional

on X = x. For sampled prompts X1, . . . , XP , suppose that for each prompt Xp we observe

np conditionally i.i.d. rollouts and compute the prompt-specific estimates ρ̂Pp , ρ̂Sp , τ̂Kp , Ĉovp

as in Algorithm 11. Assume that Nmax ≥ 1 almost surely. For Pearson and covariance,

assume that the conditional fourth moments of Nmax and rmax are uniformly bounded and

that 0 < c ≤ Var(Nmax | X = x), 0 < c ≤ Var(rmax | X = x) uniformly over x. For Spear-

man and Kendall, assume the corresponding rank-correlation functionals are continuous at

the conditional law of (Nmax, rmax) | X = x, uniformly over x; in particular, ties are either

absent or handled by the mid-rank and τb conventions used in Algorithm 11. Finally, assume

|ρPmax(x)| ≤ 1− ϵ0, |ρSmax(x)| ≤ 1− ϵ0 for some ϵ0 > 0, and that minp np →∞ as P →∞.

Then, as P → ∞ and minp np → ∞, ρ̂Ppc,max
P−→ ρPpc,max, ρ̂Spc,max

P−→ ρSpc,max, where

ρPpc,max = tanh

(
EX [wF(X) atanh{ρPmax(X)}]

EX [wF(X)]

)
, ρSpc,max = tanh

(
EX [wF(X) atanh{ρSmax(X)}]

EX [wF(X)]

)
.
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Also, τ̂Kpc,max
P−→ τKpc,max :=

EX [wK(X)τKmax(X)]
EX [wK(X)]

, and

Ĉovpc,max
P−→ Covpc,max :=

EX [wCov(X) Cov(Nmax,rmax|X)]
EX [wCov(X)]

. If additionally Tmax → ∞ and

the corresponding truncated targets converge to their untruncated counterparts, then the

same estimators are consistent for the corresponding prompt-controlled untruncated Pear-

son, Spearman, Kendall, and covariance targets.

Proof. We prove the result in two steps: first within each prompt, and then across prompts.

For a fixed prompt Xp = x, the rollout-level pairs
(
N

(p,i)
max , r

(p,i)
max

)
, i = 1, . . . , np, are con-

ditionally i.i.d. By Algorithm 11, both coordinates are observed from the same rollout,

with r
(p,i)
max = S

(p,i)
max

N
(p,i)
max

. The moment and nondegeneracy assumptions imply consistency of the

sample covariance and variances. Hence, ρ̂Pp
P−→ ρPmax(Xp), Ĉovp

P−→ Cov(Nmax, rmax |

Xp). Similarly, by consistency of empirical ranks and the assumed continuity of the rank-

correlation functionals, ρ̂Sp
P−→ ρSmax(Xp), τ̂

K
p

P−→ τKmax(Xp). Since |ρPmax(x)| and |ρSmax(x)|

are bounded away from one, and the clipping constant is chosen smaller than this margin,

the Fisher transform is continuous in a neighborhood of the limiting values. Therefore,

atanh
(
clip(ρ̂Pp ,−1 + ϵ, 1− ϵ)

) P−→ atanh{ρPmax(Xp)}, and atanh
(
clip(ρ̂Sp ,−1 + ϵ, 1− ϵ)

) P−→

atanh{ρSmax(Xp)}. Now consider the aggregation across prompts. For Pearson, define ZP
p =

atanh{ρPmax(Xp)}. By the previous step and the uniform assumptions,∑P
p=1 w

F
p [atanh(clip(ρ̂

P
p ,−1+ϵ,1−ϵ))−ZP

p ]∑P
p=1 w

F
p

P−→ 0. Since prompts are sampled i.i.d., the weighted

law of large numbers gives
∑P
p=1 w

F
pZ

P
p∑P

p=1 w
F
p

P−→ EX [wF(X) atanh{ρPmax(X)}]
EX [wF(X)]

. Applying the continu-

ous mapping theorem with tanh(·) yields ρ̂Ppc,max
P−→ ρPpc,max. The Spearman result is identi-

cal after replacing ρPmax by ρSmax. For Kendall’s τb, Algorithm 11 aggregates directly on the

τ scale using pair-count weights wK
p =

np(np−1)
2 . Thus, by the prompt-level consistency of

τ̂Kp and the weighted law of large numbers, τ̂Kpc,max =

∑P
p=1 w

K
p τ̂

K
p∑P

p=1 w
K
p

P−→ EX [wK(X)τKmax(X)]
EX [wK(X)]

. The

covariance result follows in the same way, using weights wCov
p = (np − 1)+ and the prompt-

level consistency of Ĉovp. Finally, if Tmax → ∞ and the truncated conditional covariance,
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Figure D.1: Gaussian KDEs of log V̂ar(r | Xp) over P=100 prompts. The dotted vertical
marks minp V̂ar(r | Xp) ≈ 4×10−6. All densities sit well to the right of zero, providing
empirical support for the bounded-away-from-zero assumption.

variance, and rank-association functionals converge to their untruncated counterparts, then

the truncated prompt-controlled targets converge to the corresponding untruncated targets.

Combining this approximation step with the fixed-Tmax consistency above completes the

proof.

Empirical support for the consistency assumptions. The assumptions underlying

Proposition 8 are supported by several empirical diagnostics observed in our experiments.

First, the truncation rates under Tmax = 4000 are uniformly small across model families,

tasks, and variants, with most rates below 1% and the maximum observed rate equal to

4.32% (see Table D.3). This suggests that the truncated quantities (Nmax, rmax) closely

approximate their untruncated counterparts (N, rN ) in practice. Second, the empirical

sequence-length distributions exhibit rapidly decaying tails, and the number of active roll-

outs decreases quickly as generation proceeds, providing evidence that the stopping-time

distribution is sufficiently light-tailed and that truncation bias is negligible for the chosen
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Figure D.2: Gaussian KDEs of log V̂ar(N | Xp) over P=100 prompts. The dotted vertical
line marks minp V̂ar(N | Xp) ≈ 13, the smallest per-prompt variance observed across all
model-dataset combinations. All densities concentrate at V̂ar(N | Xp) ≫ 0, empirically
supporting the bounded-away-from-zero assumption. Instruct variants consistently shift to
smaller values, indicating that fine-tuning produces tighter length distributions.

Tmax (see Figure 5.3).

Third, the rollout-level entropy rates remain bounded and stable throughout generation

trajectories, supporting the bounded-moment and continuity assumptions required for con-

sistency of the covariance and correlation estimators (see Figure 5.2). Finally, substantial

variability is consistently observed in both generation length and entropy rate across prompts

and rollouts, indicating that the conditional variances of Nmax and rmax are bounded away

from zero with high probability (see Figure D.1 and Figure D.2). Together, these empir-

ical observations suggest that the regularity conditions required for the consistency of the

prompt-controlled Pearson, Spearman, Kendall, and covariance estimators are well approxi-

mated in our experimental regime.
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D.2 Discussions

D.2.1 When to use BF vs. GenPPL across different tasks.

We refer readers to Table D.2 for a concise practical comparison of when to use BF versus

GenPPL across different tasks.

D.2.2 Comparison with perplexity.

Perplexity [Jelinek et al., 1977] is a widely used evaluation metric in the LLM literature. To

avoid confusion, we briefly contrast it with GenPPL and BF. Perplexity is defined on a fixed

dataset (y1, . . . , yT ), where yt ∈ V is the observed token and y<t denotes its context. Given

the model distribution q(· | y<t), it is defined as PPL = exp
(
1
T

∑T
t=1− log q(yt | y<t)

)
,

where − log q(yt | y<t) measures how surprising the true token is under the model. Thus,

perplexity evaluates predictive accuracy, with lower values indicating better fit to the data.

In contrast, GenPPL and BF are defined with respect to the model’s generative distribution

and measure generation capacity. Namely, the size and diversity of the space of possible

outputs rather than accuracy on the observed data.

D.2.3 An essay analogy: how GenPPL and BF capture different notions of

diversity

We illustrate the difference between GenPPL and BF through an essay–word analogy, where

trajectories correspond to essays and tokens correspond to individual words. For a fixed

prompt x, suppose a model generates two types of essays. With probability 1/2, it produces

a short essay of length N = 2, where each word is selected uniformly from 100 plausible

words. With probability 1/2, it produces a long essay of length N = 10, where each word is

selected uniformly from only 2 plausible words. For the short essays, H(Y1:2 | N = 2, x) =

2 log 100, r2 = log 100.For the long essays, H(Y1:10 | N = 10, x) = 10 log 2, r10 = log 2.
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BF treats each trajectory equally: log BF = 1
2 log 100 + 1

2 log 2, which yields BF ≈ 14.

This means that a typical generated trajectory behaves as if each token has roughly 14

plausible continuations. Because BF weights trajectories equally, short but highly diverse

generations contribute substantially even if they contain relatively few tokens overall. In

contrast, GenPPL treats each token equally. Since most generated tokens come from the

long low-diversity essays, we obtain GenPPL ≈ 3.Thus, a typical token effectively has only

about 3 plausible continuations.

The distinction arises from the averaging mechanism. BF averages uncertainty at the

trajectory level, while GenPPL averages at the token level and therefore assigns greater

weight to longer generations. Consequently, BF reflects the diversity of a typical trajectory,

whereas GenPPL reflects the uncertainty of a typical token. These two measures therefore

provide complementary views of generation space that cannot be captured by a single metric

alone.

D.3 Experiment details

In this section, we provide additional experimental and implementation details underlying

our empirical analysis. In particular, we discuss the stopping behavior of autoregressive

generation and the resulting truncation bias, as well as the statistical modeling procedures

used throughout the paper. We further present detailed outputs from the Beta mixed-

effects regression analysis, including coefficient estimates, interaction effects, and dispersion

modeling results, together with additional discussions on uncertainty allocation, semantic

diversity, and length–entropy dynamics across model families and tasks.

D.3.1 Stopping criteria and empirical truncation bias

To ensure the generative process remains consistent with the theoretical framework, we in-

clude the EOS token in the sampling vocabulary V∪{EOS}. Crucially, during top-k sampling,
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a rollout only terminates if EOS is present within the top k most probable tokens and is sub-

sequently sampled.

While our theoretical framework allows for infinite generation length, practical estimation

requires a finite truncation point Tmax. To ensure that our estimator ĈE
∗
max,P,M remains a

consistent proxy for the true Canopy Entropy CE∗, we set a generous token budget of Tmax =

4000. As shown in Table D.3, the empirical truncation rate remains low across all model

families and tasks. Notably, fine-tuned models exhibit a 0.00% truncation rate in almost

all settings, confirming that aligned models naturally terminate well within the provided

budget. While truncation rates are higher for base models, they remain sufficiently low

(≤ 0.0432). Overall, these results demonstrate that the truncation bias term g(Tmax) defined

in Theorem 5.4.1 is sufficiently small, ensuring that the observed differences in generation

space are not artifacts of the maximum length constraint.

D.3.2 Completion traps

Instead of answering the instruction, base models sometimes treat the prompt as an unfin-

ished text prefix and continue it with a short completion fragment. Here we present some

empirical examples where base models fall into such “completion traps”. Some examples are

listed below.

Prompt:

Come up with an original and creative solution for the following real-world prob-

lem: Clara, a junior pre-med student, is working part-time and taking a 15 hour

credit load at school [...] Clara is not sure how to solve her problem..

Qwen3-8B Base:

"In order to entice donors, you would like to take the following approach:"

Llama-3.1-8B Base:
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"How can she decide what steps she should take to solve her problem?"

Gemma-3-12B Base:

"There will be partial credit for good ideas that might just work (even

if they’re not perfect). Your solution will be judged on its creativity

and how well it works."

Coding prompts were especially vulnerable to premature termination caused by structural

delimiters. Prompts ending with a closing code block delimiter (‘‘‘) frequently produced

empty responses from base models, as they likely interpret the closing backticks as an end-

of-document signal from the training distribution. To ensure valid evaluations, we manually

stripped these trailing delimiters to force the model to generate the intended logic rather

than treating the task as already finalized.

D.3.3 CE∗ decomposition analysis

By defining the rollout-level entropy rate rN = 1
N

∑N
t=1 H̃(Gt|X), we can express CE⋆ =

E
[∑N

t=1 H̃(Gt|X)
]

as CE⋆ = E[N · rN ]. We thus obtain the CE⋆ decomposition as

CE⋆ = E[N ]E[rN ]︸ ︷︷ ︸
Length-driven component

+ Cov(N, rN )︸ ︷︷ ︸
Structural coupling

This formulation reveals that total uncertainty is not just a product of average length and

average entropy rate, but also depends on how the information density (rN ) changes as

generations grow longer (N).

Empirically, we observe that fine-tuning consistently shifts this covariance term Cov(N, rN )

from negative toward positive values, indicating that the interaction between generation

length and entropy rate contributes positively to total uncertainty, rather than longer gen-

erations being dominated by low-information continuation (see Figure D.3).
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Figure D.3: Decomposition of total generation uncertainty across Qwen3-8B, LLaMA-3.1-
8B, and Gemma-3-12B families on different tasks. Pink bars represent the normalized
length-driven component E[N ]E[rN ]/CE⋆, while green bars represent the normalized length–
entropy-rate coupling term Cov(N, rN )/CE⋆.

D.3.4 Bootstrap procedure

All standard errors and confidence intervals reported in Table 5.1, Table 5.2, and Table D.1

are estimated using a prompt-level cluster bootstrap with B = 2000 replicates. In each

replicate, we sample P = 100 prompt indices uniformly with replacement from the original

set of prompts. All M = 100 rollouts associated with a sampled prompt are resampled

jointly as a single cluster, preserving the within-prompt rollout structure.

Point estimates are always computed on the original, non-resampled data; bootstrap

replicates are used only for uncertainty quantification. Reported standard errors correspond

to the sample standard deviation of the bootstrap replicates with degree of freedom = n−1.

D.3.5 Beta mixed-effects model for semantic diversity

The analysis is based on 2400 observations, corresponding to 4 tasks, 3 model families, and

2 model variants (base and instruct), with 100 prompts evaluated for each configuration.

Conditional mean modeling. Formally, we modelDtpm ∼ Beta
(
µtpmϕtpm, (1− µtpm)ϕtpm

)
,

where µtpm ∈ (0, 1) denotes the conditional mean and ϕtpm > 0 is the precision parameter.
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Figure D.4: DHARMa residual diagnostics for the fitted Beta mixed-effects regression model.
The QQ plot shows no significant deviation from the expected uniform residual distribution.

The conditional mean model is specified as logit(µtpm) = α + β1Rtpm + β21{m = FT} +

f
(
invNtpm

)
+
∑
k τk1{t = k}+β3(Rtpm ·1{m = FT})+ g

(
invNtpm

)
1{m = FT}+up+vm

where Rtpm is the entropy rate, invNtpm is the inverse sequence length, and f(·), g(·) are

natural spline functions corresponding to nonlinear length effects and their interaction with

instruction tuning. The coefficients τk represent fixed task effects. To account for hierarchi-

cal dependence, we include random intercepts up ∼ N (0, σ2p), vm ∼ N (0, σ2m), for prompt

identity and model family, respectively.

In addition to the finding presented in section 5.5, we also observe strong nonlinear

dependence on inverse sequence length. Several spline terms and their interactions with

fine-tuning are significant, confirming that the relationship between diversity and length is

highly nonlinear and differs between base and fine-tuned models. This reinforces that simple

linear controls for length are insufficient.

Task-level effects are also pronounced. Relative to completion, mathematical reasoning

exhibits significantly higher semantic diversity (+0.169, p < 10−6), while story generation

shows substantially lower embedding-based diversity (−0.276, p < 2 × 10−16), despite ap-
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pearing lexically diverse. This suggests that open-ended generation can remain semantically

concentrated even when surface variation is high (see Table D.4).

Finally, random effects indicate that prompt-level variability remains larger than model-

level variability, highlighting the strong influence of prompt semantics on generation diversity

(see Table D.5).

Dispersion modeling. The dispersion model specifies how the precision parameter

ϕtpm varies across model variants, tasks, sequence length, entropy rate, and model fam-

ily. Specifically, we use the log-link specification log(ϕtpm) = γ0 + γ11{m = FT} +∑
k δk1{t = k} + h

(
invNtpm

)
+ γ2Rtpm +

∑
j ηj1{model = j} +

∑
k ζk1{m = FT}1{t =

k} + γ3
(
Rtpm · 1{m = FT}

)
, where h(·) is a natural spline function capturing nonlinear

length-dependent dispersion effects. The task indicators δk allow the residual precision to

vary across tasks, while the model-family indicators ηj account for systematic differences

in dispersion across model families. The interaction terms between model variant and task

allow fine-tuning to affect dispersion differently across tasks, and the interaction between

entropy rate and model variant tests whether the relationship between entropy rate and

precision changes after instruction tuning.

Empirically, the dispersion model reveals substantial heterogeneity in residual preci-

sion. Instruction-tuned models have significantly higher baseline precision than base models

(γ̂1 = 1.415, p < 0.001), indicating lower conditional variability after accounting for the

mean structure. Precision also differs strongly by task, with coding, math, and story gen-

eration all showing significantly higher precision relative to the reference task. The spline

terms for inverse length indicate that dispersion varies nonlinearly with output length, while

the positive main effect of entropy rate (γ̂2 = 0.975, p < 0.001) suggests that higher en-

tropy rate is associated with greater precision among base models. However, the negative

interaction between instruction tuning and entropy rate (γ̂3 = −1.609, p < 0.001) shows

that this relationship is substantially weakened or reversed for fine-tuned models. The sig-
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nificant model-variant-by-task interactions further indicate that fine-tuning changes residual

variability in a task-dependent manner (see Table D.6).

Residual diagnosis. The figure (see Figure D.4) presents a DHARMa residual diag-

nostic QQ plot [Hartig, 2016] for the fitted Beta mixed-effects regression model, comparing

the empirical residual distribution against the expected uniform distribution. The residuals

closely follow the diagonal reference line, indicating good overall model calibration and no

substantial systematic deviation from the assumed distribution. The associated diagnostic

tests further support model adequacy: the Kolmogorov–Smirnov test (p = 0.551) suggests

no significant deviation from uniformity, the dispersion test (p = 0.068) indicates no sig-

nificant over- or under-dispersion, and the outlier test (p = 0.160) shows no evidence of

excessive outliers. Overall, these diagnostics suggest that the fitted model provides an ade-

quate characterization of the observed data and that the regression results are statistically

reliable.

D.3.6 Compute resources and runtime

All experiments were run on a single internal SLURM cluster. Each generation job uses one

NVIDIA GPU (A100, H100, or H200), 8 CPU cores, and 100 GB host RAM, with a 6-hour

wall-clock timeout per job. Overall, we estimate total project compute at approximately 30-

40 GPU-hours, overwhelmingly dominated by rollout generation; metric computation and

statistical analysis were negligible by comparison and can be completed on CPU.
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Algorithm 11: Estimating prompt-controlled length–uncertainty correlations
Input: Prompt distribution pX ; number of prompts P ; rollout counts {np}Pp=1;

maximum length Tmax; sampling policy π; clipping constant ϵ > 0.
1 for p = 1 to P do
2 Sample prompt Xp ∼ pX ;
3 for i = 1 to np do
4 Generate one rollout using Algorithm 10;

5 Record N (p,i)
max = min{N (p,i), Tmax}, S

(p,i)
max =

∑N
(p,i)
max

t=1 H̃(g
(p,i)
t | Xp). Compute

the rollout-level entropy rate r(p,i)max = S
(p,i)
max

N
(p,i)
max

.

6 Compute the prompt-specific Pearson correlation

ρ̂Pp = Corr
(
{N (p,i)

max }
np
i=1, {r

(p,i)
max}

np
i=1

)
.

7 Compute the prompt-specific Spearman correlation

ρ̂Sp = Corr
(
{rank(N (p,i)

max )}
np
i=1, {rank(r

(p,i)
max)}

np
i=1

)
, using mid-ranks for ties.

8 Compute the prompt-specific Kendall’s τb
τ̂Kp = KendallTauB

(
{N (p,i)

max }
np
i=1, {r

(p,i)
max}

np
i=1

)
.

9 Compute the prompt-specific covariance Ĉovp = Ĉov
(
{N (p,i)

max }
np
i=1, {r

(p,i)
max}

np
i=1

)
.

10 Aggregate Pearson and Spearman using Fisher-z weighted averages:

wF
p = max{np − 3, 0}, ρ̂Ppc = tanh

(∑P
p=1 w

F
p atanh(clip(ρ̂Pp ,−1+ϵ,1−ϵ))∑P

p=1 w
F
p

)
, and

ρ̂Spc = tanh

(∑P
p=1 w

F
p atanh(clip(ρ̂Sp ,−1+ϵ,1−ϵ))∑P

p=1 w
F
p

)
.

11 Aggregate Kendall’s τb using pair-count

weights:wK
p = max

{
np(np−1)

2 , 0
}
,τ̂Kpc =

∑P
p=1 w

K
p τ̂

K
p∑P

p=1 w
K
p
.

12 Aggregate covariance using degrees-of-freedom weights: wCov
p = max{np − 1, 0}, and

Ĉovpc =

∑P
p=1 w

Cov
p Ĉovp∑P

p=1 w
Cov
p

.

13 return ρ̂Ppc, ρ̂
S
pc, τ̂

K
pc, Ĉovpc.
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Table D.1: Base–instruct comparison of length–entropy-rate coupling measured by Spear-
man’s ρ and Kendall’s τ . Each entry reports estimate ± standard error, and absolute change
is computed as instruct minus base. All numbers are rounded to two significant digits. Warm
colors indicate increases, while cold colors indicate decreases; darker colors correspond to
larger magnitude changes.

Task Type
ER vs len (ρ) ER vs len (τ)

Qwen3-8B Llama-3.1-8B Gemma-3-12B Qwen3-8B Llama-3.1-8B Gemma-3-12B

MATH
Base -0.19 ± 0.023 -0.56 ± 0.031 -0.27 ± 0.023 -0.12 ± 0.015 -0.36 ± 0.024 -0.17 ± 0.015
Instruct 0.039 ± 0.032 0.13 ± 0.029 0.096 ± 0.034 0.026 ± 0.020 0.082 ± 0.019 0.056 ± 0.021
Abs. Change 0.23 ± 0.037 0.68 ± 0.046 0.36 ± 0.045 0.15 ± 0.024 0.44 ± 0.033 0.22 ± 0.028

CODING
Base -0.28 ± 0.018 -0.66 ± 0.014 -0.40 ± 0.011 -0.18 ± 0.013 -0.47 ± 0.012 -0.26 ± 0.0079
Instruct 0.49 ± 0.030 0.30 ± 0.023 0.38 ± 0.032 0.32 ± 0.021 0.20 ± 0.015 0.25 ± 0.022
Abs. Change 0.76 ± 0.035 0.97 ± 0.022 0.78 ± 0.033 0.50 ± 0.024 0.67 ± 0.016 0.51 ± 0.023

SENTENCE COMPLETION
Base -0.0049 ± 0.025 -0.39 ± 0.019 -0.32 ± 0.016 0.0026 ± 0.017 -0.26 ± 0.013 -0.22 ± 0.011
Instruct 0.52 ± 0.024 -0.22 ± 0.025 0.13 ± 0.035 0.36 ± 0.018 -0.14 ± 0.017 0.086 ± 0.021
Abs. Change 0.53 ± 0.033 0.17 ± 0.029 0.46 ± 0.037 0.35 ± 0.023 0.12 ± 0.019 0.30 ± 0.023

STORY
Base -0.36 ± 0.015 -0.32 ± 0.015 -0.30 ± 0.014 -0.25 ± 0.011 -0.21 ± 0.011 -0.20 ± 0.0099
Instruct 0.16 ± 0.021 -0.12 ± 0.019 -0.049 ± 0.027 0.10 ± 0.014 -0.081 ± 0.012 -0.032 ± 0.017
Abs. Change 0.52 ± 0.025 0.20 ± 0.024 0.25 ± 0.032 0.35 ± 0.017 0.13 ± 0.016 0.16 ± 0.021
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Table D.2: When to use BF vs. GenPPL across different tasks.

Task Preferred
Metric

Level Reason

MMLU
(QA)

GenPPL Token Requires selecting a single cor-
rect answer. Performance de-
pends on calibrated token prob-
abilities. Diversity across full
trajectories is unnecessary.

Story
Generation BF Trajectory Outputs are evaluated as com-

plete units. Diversity across
stories reflects creativity and
coverage of different narrative
possibilities.

Math GenPPL
BF

Token
Trajectory GenPPL is primary because

correctness depends on precise
step-by-step reasoning. BF is
secondary and useful for analyz-
ing diversity across alternative
solution strategies.

Coding GenPPL
BF

Token
Trajectory GenPPL is primary because

code correctness requires token-
level precision. BF is secondary
and useful for comparing multi-
ple valid implementations.

Sentence
Completion GenPPL Token This is a next-token prediction

task, so GenPPL aligns directly
with likelihood and perplexity-
based evaluation.

Table D.3: Empirical Truncation Rates. We report the proportion of Monte Carlo rollouts
that reached the maximum generation budget (Tmax = 4000 tokens) without sampling an
EOS token. Rates are calculated over P = 100 prompts with M = 100 rollouts per prompt.

Model MATH STORY CODING COMPLETION

Base Instruct Base Instruct Base Instruct Base Instruct

Qwen3-8B 0.0073 0.0000 0.0005 0.0000 0.0008 0.0004 0.0313 0.0000
Llama-3.1-8B 0.0105 0.0006 0.0325 0.0000 0.0095 0.0000 0.0174 0.0000
Gemma-3-12B 0.0036 0.0000 0.0066 0.0000 0.0432 0.0000 0.0119 0.0000
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Table D.4: Full table of conditional mean model estimates for the Beta mixed-effects regres-
sion.

Term Estimate Std. Error p-value

Intercept -0.87953 0.07007 < 2e−16
R 0.70803 0.03340 < 2e−16
Instruct -0.37650 0.08609 1.23e−05
ns(invN, 4)1 0.15197 0.04085 0.000199
ns(invN, 4)2 0.39690 0.23890 0.096641
ns(invN, 4)3 0.62065 1.47024 0.672924
ns(invN, 4)4 0.61022 3.10032 0.843966
Coding -0.03721 0.03640 0.306726
Math 0.16948 0.03448 8.83e−07
Stories -0.27563 0.02864 < 2e−16
R× Instruct 1.18254 0.04642 < 2e−16
Instruct ×ns(invN, 4)1 -0.13029 0.07868 0.097734
Instruct ×ns(invN, 4)2 1.35321 0.31701 1.97e−05
Instruct ×ns(invN, 4)3 1.00650 1.48303 0.497340
Instruct ×ns(invN, 4)4 0.81421 3.10203 0.792954

Table D.5: Estimated random intercept variances for prompt identity and model family in
the Beta mixed-effects regression model.

Random effect Group Variance Std. Dev.

Intercept prompt_uid 0.013937 0.11806
Intercept model_name 0.006817 0.08256
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Table D.6: Dispersion model estimates for the Beta mixed-effects regression. The dispersion
submodel uses a log link for the precision parameter ϕtpm.

Term Estimate Std. Error p-value

Intercept 2.7544 0.2328 < 2e−16
Instruct 1.4153 0.2452 7.83e−09
Coding 2.5511 0.2186 < 2e−16
Math 2.1418 0.2149 < 2e−16
Stories 1.6534 0.1479 < 2e−16
ns(invN, 3)1 -3.3780 0.5323 2.22e−10
ns(invN, 3)2 -2.0039 0.8870 0.0239
ns(invN, 3)3 2.6200 1.8507 0.1569
R 0.9751 0.1290 4.12e−14
LLaMA-3.1-8B 1.0091 0.1162 < 2e−16
Qwen3-8B 0.7270 0.1151 2.71e−10
Instruct × Coding -2.1969 0.2852 1.32e−14
Instruct × Math -1.5440 0.2861 6.76e−08
Instruct × Stories -2.9273 0.2085 < 2e−16
Instruct ×R -1.6085 0.2047 3.96e−15
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