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ABSTRACT

The main purpose of this dissertation is to introduce a new method for obtaining norm
bounds for random matrices, where each entry is a low-degree polynomial in an underlying
set of independent real-valued random variables. Such matrices arise in a variety of settings
in the analysis of spectral and optimization algorithms. Using ideas of decoupling and
linearization, we show a simple way of expressing norm bounds for such matrices, in
terms of their higher-order derivatives. Some of the highlighted applications include
graph matrices, tensor networks and smoothed analysis. In addition, we present a concise
analysis of the ellipsoid fitting problem using the concentration bound of random matrices

with covariance structure.

Vil



CHAPTER 1

INTRODUCTION

Matrix concentration inequalities try to answer the following question: Given a vector
of random variables x = (xq,...,x;) taking values in some measure space (3", and a

measurable map F : 0" — R%1%%2, what is an explicit bound on
P(|E(x) = EF()[| = ) < ? (1.1)

where || - || denotes the spectral norm of a matrix.

Matrix concentration inequalities are used extensively in theoretical computer science,
applied mathematics, and a wide range of other fields. In contrast to the classical random
matrix theory, the random matrix F(x) may not have i.i.d entries and many applications
seek the tail probability bound (1.1) in the non-asymptotic regime. Usually a sub-Gaussian

bound on the tail probability is desirable.

This chapter will review some of the major scalar and matrix concentration inequalities
and discuss tools for proving these inequalities. We delay the discussion of applications to

Chapter 2 and Chapter 3.

1.1 Scalar concentration inequalities

Before delving into matrix concentration inequalities, we briefly mention some important
scalar concentration inequalities. Some of the material in this section is taken from the
wonderful book by Boucheron, Lugosi and Massart [BLM13]. We kept the notations and

language intact at some places.

For sums of independent real-valued random variables, one of the classical inequalities

for tail probabilities is Hoeffding’s inequality.
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Theorem 1.1.1 (Hoeffding’s Ineqality [Hoe63]). Let x1, . . ., x, be independent random variables

such that x; takes its value in [a;, b;] almost surely for all i < n. Let
n
S = Z(xi — ]Exl-).

i=1

Then for every t > 0,

PS>t <exp|-— 2
S W S AN (R el

Hoeftding’s inequality implies a sub-Gaussian tail inequality. However, the variance
of S may be much smaller than }_}' ; (b; — a;)?. In such cases, we ask if a sharper bound is
obtainable? Bennett’s inequality provides such an improvement. Instead of boundness,

Bennett’s inequality only requires an appropriate control of moments.

Theorem 1.1.2 (Bennett’s Inequality [Ben62]). Let x1, ..., x, be independent random variables

with finite variance such that x; < C for some C > 0 almost surely for all i < n. Let

n n
S=Y (x;—Ex;) and o> =Y Ex?.
i=1 i=1

Then for every t > 0,

where h(u) = (1+u)log(1+ u) — u foru > 0.

Bernstein’s inequality is very similar to Bennett’s inequality. Both inequalities provide
a sub-Gaussian type inequality. Now instead of simply the sums of independent real-
valued random variables, what about more general functions of independent real-valued

random variables?

Formally, given a vector of random variables x = (x1, ..., x;) taking values in some



measure space (2", and a measurable map f : Q" — R, we seek an explicit bound on

P(|f(x) —Ef(x)] > t) < ?

We emphasize that the x;’s may have different distributions, the only essential assump-
tion is independence. Based on martingale methods, the following inequality was first
discovered by Efron and Stein. We present Steele’s version of the celebrated Efron-Stein

inequality.

Theorem 1.1.3 (Efron-Stein Inequality [ES81, Ste86]). Let x = (xq,...,x,) be a vector of

independent random variables and let f(x) be a square-integrable function of x. Then

n

Var(f(x)) < )_E {(f(x)—]E(i)f(x)f} =,

i=1

where

]E(l)f(x) = f(xll e X, Xi, Xit1re-- /xi’l) d]’ll(Xl)
QO

v is often called the variance proxy which captures the idea of summing up "local"
variations of the function f. Efron-Stein inequality provides a bound in terms of the
variance proxy. Once the variance of f is controlled, Chebyshev’s inequality can be used
to derive upper bounds for the tail probability. However, Efron-Stein inequality does not
capture the phenomenon that the tail probability decreases at an exponential rate. The
exponential Efron-Stein was proved by Boucheron, Lugosi and Massart [BLMO03] using the

entropy method.

Efron-Stein inequality is one of many results in which concentration properties may be
controlled by studying the local behavior of the function at hand. For smooth functions of
independent normal random variables, the Gaussian Poincaré inequality shares the same

spirit.



Theorem 1.1.4 (Gaussian Poincaré Inequality). Let x = (xy,...,xy) be a vector of i.i.d
standard Gaussian random variables. Let f : R" — R be any continuously differentiable function.

Then
Var(f(x)) < E |[Vf()I?].

Similar to Efron-Stein inequality, the Gaussian Poincaré inequality does not capture the
right tail behavior either. If we restrict our attention to Lipschitz functions, the Gaussian

concentration inequality provides a subguassian tail bound.

Theorem 1.1.5 (Gaussian Concentration Inequality [Bor75]). Let x = (x1, ..., x) be a vector
of i.i.d standard Gaussian random variables. Let f : R" — R be a L-Lipschitz function. Then, for

all t > 0,

2
PW@—HUHZﬂ§%W<"—>

However, Lipschitz functions are too limited when it comes to applications. Many
combinatorial problems, for example, the subgraph counting, need to consider polyno-
mials in independent random variables. Methods for obtaining concentration of (scalar)
polynomial functions have been the subject of a large body of work, including results by
Kim and Vu [KV00], Latata [Lat06], Schudy and Sviridenko [SS11, SS12], Adamczak and
Wolff [AW15], and Bobkov, Gotze and Sambale [BGS19]. Concentration inequalities for
non-Lipschitz functions are fairly intricate. The work by Adamczak and Wolff [AW15]
provides tail bounds for non-Lipschitz functions with bounded derivatives of higher order.

Before we present a simplified version of their result, we introduce some notations.

Consider a homogeneous polynomial f of degree d. Let A = (a;); 1,14 be a d-indexed

ie[n]
matrix that stores all the coefficents of f. Let P be the set of all possible partitions of
{1,...,d} into nonempty, pairwise disjoint sets. Let 7 = {]j, ..., Ji} be a partition in P.

Let |7 | denote the cardinality of 7. Define the injective tensor product norm of A with



respect to J as

||A||j:sup{ Zalnxl] : ||2<11<l<k}

it I=1

Theorem 1.1.6 (Polynomial Concentration Inequality [AW15]). Assume that a random vector
x in R" satisfies the logarithmic Sobolev inequality with constant L. Let f : R" — R be a

homogeneous polynomial of degree d, then

P(F(x) ~ Ef(| > 1) < 2exp (—”C—iit))

where ,

| ; [T
ne(t) = }né%((L/z)(d/z)HDdf(XMU) |

If the underlying measure satisfies the logarithmic Sobolev inequality (or the Poincaré

inequality), the polynomial concentration inequality of [AW15] can be expressed in terms

of the tensor product norms of the derivatives of f.

We omit other interesting concentration inequalities as the aforementioned inequalities

are most relevant to this thesis.

1.2 Linear matrix concentration inequalities

As we move on to matrix concentration inequalities, one natural question to ask is if scalar
concentration inequalities can be lifted directly to matrices. For sums of independent

random matrices, the answer is yes!

The matrix analogues of the classical inequalities due to Hoeffding, Berstein, Khint-
chine and Rosenthal were proved by Mackey et al. [MJC " 12] using the generalized Stein’s
method of exchangeable pairs. See the monograph [Tro15] for a complete bibliography.

5



Theorem 1.2.1 (Matrix Berstein [Tro15]). Let Xq,..., Xy, be independent, centered random

matrices with common dimension dq X dy, and assume that each one is uniformly bounded
EX; =0 and |Xi|| < L foreachk=1,..., n.

introduce the sum
n
Z=)Y X
k=1

and let v(Z) denote the matrix variance statistics of the sum:

v(Z) = max{[|E(ZZ7)||, [[E(Z*Z)[}

i E(XiXg) ké]E(XZXk)H}-

k=1

= max{‘

7

T'hen,
P(||Z]] = t) < (d1+da)- —t2/2 orallt >0
1T 02) P v(Z)+Lt/3 f '

Notice that the Matrix Berstein inequality is expressed in terms of the ambient dimen-
sion di and d; of the random matrix Z. The dependence on the ambient dimension is also

present in the noncommutative Khintchine inequality.

Theorem 1.2.2 (Noncommutative Khintchine Inequality [Pis03]). Let Ay, ... Ay be self-

adjoint d X d matrices and g1, . .., gn be standard Gaussian random variables,. Then

(£.5)

where Cq and Cy are some universal constants.

Cy

7

1
n 2

< Cpy/logd H (2 A12>
i=1

n
< E H ) SiA,
iz

The noncommutative Khintchine inequality yields two-sided estimates on the spectral

norm of sums of Gaussian random matrices. The dependence on the ambient dimension

6



is only sharp when A;’s are commutative, which is not optimal in many cases. Recently,
[BBvH23] provides a stronger noncommutative Khintchine inequality which takes into

account the noncommutativity of A;’s.

1.3 Nonlinear matrix concentration inequalities

While there are abundant concentration inequalities for general scalar functions of random
variables and sophisticated techniques for proving them, the matrix analogues are still

Very scarce.

Using the generalized Stein’s method of exchangeable pairs again, Paulin, Mackey and
Tropp [PMT16] proved the matrix analogues of exponential (and polynomial) Efron-Stein
inequality.

Letx = (xq1,...,x5) € X be a vector of mutually independent random variables in a
Polish space. Let H : X — HY be a measurable function that takes values in the space of

Hermitian matrices, and construct the centered random matrix
Z := H(x) — EH(x).

Similar to the scalar Efron-Stein inequality, we quantify the "local" variation of H by

replacing each coordinate with an independent copy. Construct the random vector
xU) = (xp,..., Xj_1, x;-, Xjp1,--, Xn) € X,

where x;- is an independent copy of x;. Clearly x and x/) have the same distribution, hence

they are "exchangeable" in some sense. Form the centered random matrix

zU) = H(xV) - EH (V).

7



The total "local" variation is captured by the variance proxy

Vo= %]_21115 RZ—ZU))z ‘ x] .

Theorem 1.3.1 (Matrix Efron-Stein [PMT16]). Instate the aforementioned notation and assume

that E||Z||> < oo. For each natural number p > 1,

1 1
2p\ 2p 2p
(ElZI)™ < \2p—1) (IVIE,)™,

where || - ||2p denotes the Schatten-2p norm.

Recently, [HT20, ABY20] proved matrix generalizations of the Poincaré inequality
using the Markov semi-group method. Although the inequality holds for any measure u
that satisfies the Poincaré inequality, we shall present the Gaussian version of it for ease of

presentation.

Theorem 1.3.2 (Matrix Poincaré Inequality [HT20]). Let x be a vector of standard Gaussain

variables, and let F : " — H,; be a matrix-valued function. Then for all t > 0,
P(|[E(x)) —EF(x)|| > Vv t) < 6d-e7",

where the variance proxy
n

Y (9,F(x))?

i=1

V 1= esssup
xeOn

In the language of the Markov semi-group, the variance proxy v is associated with
the carré du champ operator of the process whose stationary measure is p. Notice that
the matrix Poincaré inequality only implies subexponential concentration. In a later

paper [HT21], Huang and Tropp improved the bound to subguassian with local Poincaré
8



inequality.

So far, the matrix Poincaré inequality is the only functional inequality that led to desir-
able matrix concentration results. Chen and Tropp [TC13] developed matrix generalization
of (modified) log-Sobolev inequality. Unfortunately, the concentration bounds they derive
require artificial assumptions. It remains open whether functional inequalities could be

used to the same extent as they were in the scalar setting.

1.4 Organization of the thesis

In Chapter 2, we prove Theorem 2.4.5 for obtaining norm bounds for random matrices,
where each entry is a low-degree polynomial in an underlying set of independent real-
valued random variables. Using ideas of decoupling and linearization from analysis, we
show a simple way of expressing norm bounds for such matrices, in terms of matrices
of their higher-order derivatives. In Section 2.6, we use Theorem 2.4.5 to obtain norm
bounds for sparse graph matrices which have applications in complexity theory. In Section
2.7, we use Theorem 2.5.3 to obtain norm bound for a simple tensor network which has
applications in the analysis of spectral algorithms. In Section 2.8, we study the smoothed
analysis and obtain the least singular value bound for smoothed Khatri-Rao products
using Theorem 2.4.5. Most of the content in this chapter is a joint work [TW25b] with
Madhur Tulsiani that has appeared at 16th Innovations in Theoretical Computer Science

Conference (ITCS 2025). Section 2.8 is a joint work with Madhur Tulsiani and Jeff Xu.

In Chapter 3, we discuss the ellipsoid fitting conjecture of Saunderson, Chandrasekaran,
Parrilo and Willsky. The ellipsoid fitting conjecture considers the maximum number n
random Gaussian points in R?, such that with high probability, there exists an origin-
symmetric ellipsoid passing through all the points. We give a simple proof (Theorem 3.3.1)

based on concentration of sample covariance matrices, that with probability 1 — o04(1), it



is possible to fit an ellipsoid through d2/C random Gaussian points. In Section 3.4, we
mention some directions for future work. Most of the content in this chapter is a joint
work [TW25a] with Madhur Tulsiani that has appeared at 2025 Symposium on Simplicity
in Algorithms (SOSA).

10



CHAPTER 2

POLYNOMIAL RANDOM MATRICES

In this chapter, we present a new method for obtaining norm bounds for random matrices,
where each entry is a low-degree polynomial in an underlying set of independent real-
valued random variables. Such matrices arise in a variety of settings in the analysis of
spectral and optimization algorithms, which require understanding the spectrum of a

random matrix depending on data obtained as independent samples.

Using ideas of decoupling and linearization from analysis, we show a simple way of
expressing norm bounds for such matrices, in terms of matrices of lower-degree polyno-
mials corresponding to derivatives. Iterating this method gives a simple bound with an
elementary proof, which can recover many bounds previously required more involved

techniques.

2.1 Introduction

For fixed matrices Cyq, . .., Cn and independent scalar random variables x1, . . ., x;, consider

the problem of analyzing the random matrix

M=Ci-xq+--+Cn-xp.

Note that the entries of the random matrix M are not necessarily independent, but are
(possibly correlated) linear functions of the independent random variables x1, ..., x;. Such
matrices, which arise in a variety of applications in algorithms, statistics, and numerical
linear algebra, can often be shown to be concentrated around the mean, using a rich
selection of matrix deviation inequalities [Tro15]. Moreover, when the random variables

x1,..., Xy are Gaussian, recent breakthrough results have obtained even sharper concentra-
11



tion guarantees depending on the structure of the matrices Cy, ..., Cn [BBVH23, BvH22]
already leading to applications in discrepancy theory [BJM23] and quantum information

theory [LY23].

In contrast to the above random matrices which are linear functions of independent
random variables, several recent applications in spectral algorithms and lower bounds for
statistical problems require understanding the (expected) norms of random matrices of the

form

F = Z CS . Hxi.
SC[n] ieS
|S|<d

The above random matrix, which denotes as a matrix-valued function F(x), is a (multi-
linear, in the example above) low-degree polynomial in the vector of random variables x =
(x1,...,xn). Such matrix-valued polynomial functions arise naturally in a variety of appli-
cations, including algorithms for tensor decomposition and completion [HSSS16, HSS19,
KP20, DAL"22], orbit recovery [MW19], power-sum decompositions and learning of
Gaussian mixtures [BHKX22], and lower bounds for Sum-of-Squares hierarchies [AMP21,
BHK ™19, JPR*21, Raj22]. In general, such matrices are often an important technical com-
ponent in the analysis of spectral algorithms, which require understanding the spectrum
of some random matrix depending on data obtained as independent samples. Given the
expressive power of polynomials, one can often write the matrix entries as low-degree

polynomials in the data.

In several applications above, one is interested in obtaining bounds on the spectral
norm of the deviation matrix F(x) — E F(x), which hold with high probability over the
choice of x. Although matrix-deviation inequalities for nonlinear random matrices have
been a subject of active research in recent work [PMT16, MJCT12, ABY20, HT20, HT21],
the analyses in the applications above have often needed to rely on estimating matrix

norms via direct computations of trace moments. While these do yield sharp bounds

12



required for applications, they require somewhat intricate computations and ingenious

combinatorial arguments tailored to the applications at hand.

Analyzing concentration via moment estimates. We consider concentration bounds on
a scalar polynomial f(x) with mean zero. Using Markov’s inequality, this can be reduced

to computing moment estimates, since

Pf) =] = P (f()* =A% < A2 E [(f(x)”]

Note that while in some cases E|[(f (x))Zt] can be computed by direct expansion, it often
involves an intricate analysis of the structure of terms with degrees growing with ¢, and
therefore indirect methods may be more convenient. Methods for obtaining concentration
of (scalar) polynomial functions have been the subject of a large body of work, including
results by Kim and Vu [KV00], Latata [Lat06], Schudy and Sviridenko [SS11, S512], Adam-
czak and Wolff [AW15], and Bobkov, Gotze and Sambale [BGS19]. A useful comparison to
direct computation, is the method of Adamczak and Wolff, which is applicable to functions
f(x) of a broad range of random vectors x (with not necessarily independent coordinates)
from a distribution obeying the Poincaré inequality. They obtain such moment bounds by
recursive applications of the Poincaré inequality, reducing the computation of the moments
of f to that of its derivatives. For a degree-d polynomial function f, one can consider its
coefficients as forming a (symmetric) order-d tensor, and their results obtain bounds on
the moments of f in terms of the norms of various lower-order tensors “flattening” of
this coefficient tensor. Thus, the problem of estimating moments of the random variable
f(x), can be reduced in a black-box way, to understanding the norms of a small number
(depending on d) of deterministic tensors. Any dependence on the problem structure can
then be limited to understanding these norms, where often crude estimates can suffice.

The matrix analog of the Markov argument involves the Schatten-2¢ norm ||.||,;, which

13



is defined for a matrix M with non-zero singular values o, . .., 0y as |[M ||%f = Liel] U].zt.

For a function F with E[F(Z)] = 0, we have the following bound using Schatten norms.
Ploy(F) > A] < A2 EF} = A2 Etr [ (FO)F()T)'|

Several applications requiring norm bounds for matrix-valued polynomial functions,
start with the above inequality, and often rely on direct expansion of the trace for the
matrix power (F(x)F(x)T)". Recall that when A is the adjacency matrix of a graph, tr(A2)
can be interpreted as the number of cycles of length 2t. Similarly, when working with
matrices F(x) where each entry can be interpreted as arising from a combinatorial pattern,
(F(x)F(x)T)! can be viewed as the number of copies of such patterns “chained" together in

a certain way. Estimating the trace then amounts to estimating the (expected) number of

such chainings [AMP21].

Obtaining bounds on the E ||F||%§ via this method requires first using problem structure
to decompose F into matrices with such combinatorial patterns, and then using (ingenious)
combinatorial arguments to understand the expected number of occurrences of such
chains of patterns. The focus of this work is understanding alternative general methods
for estimating such norm bounds, when the underlying problem may not necessarily have

a combinatorial flavor, or when such decompositions may be hard to analyze.

Efron-Stein inequalities. Efron-Stein inequalities bound the global variance of a function
of independent random variables, in terms of local variance estimates obtained by changing
one variable at a time. For i € [n] and tuple x = (xq,...,xy), let x(1) denote the tuple

(X1,...,%_1,X},Xj11,- .., Xn), where X; is an independent copy of x;. For a scalar function

14



f(x), the Efron-Stein inequality states that

P (7007 (<2))] = Elve0),

I\JI»—\

Var[f(x)] = E[(f(x) ~Ef)?] <

where V(x) = Ycy E [(f(x) — F(x(0)))2 ‘ X } Moment versions of the Efron-Stein

inequality were developed by Boucheron et al. [BBLMO5], who proved!

E|(f() ~Ef)*] < (Co-n'E[(v()'] .

A beautiful matrix generalization of the above inequality was obtained by Paulin, Mackey
and Tropp [PMT16], via the method of exchangeable pairs. This was also extended in later
works [ABY20, HT20] to settings where the random input vector x does not necessarily

come from a product distribution, but from a distribution satisfying a Poincaré inequality.

Rajendran and Tulsiani [RT23] used the matrix Efron-Stein inequality of Paulin, Mackey
and Tropp [PMT16] to obtain norm bounds for matrix-valued polynomial functions F(x)
of independent variables x1,...,x,. For (say) a degree-d homogeneous function F(x)
their method relied on iteratively applying the matrix Efron-Stein inequality, and at each
step interpreting the variance proxy V(x) as the square of a degree-(d — 1) polynomial
matrix. While this method indeed yields simple bounds when x1, ..., x;; are independent
Rademacher random variables, this simple recursion based on the black-box use of the
inequality from [PMT16] unfortunately stalls for other product distributions. As a result,
the proof and also the form of the result in [RT23] was significantly more involved for
other product distributions (including Gaussians). For the general case, the proof required
modifying the exchangeable pairs argument of [PMT16], and the bounds reduced the

question of estimating moments of matrix-valued functions to those of scalar polynomials

1. In fact, the estimates of [BBLMO5] are in terms of more refined quantities V, (x) and V_(x), which are
both upper bounded by V(x) but can be much smaller.

15



(which were then analyzed using known methods).

Recent and independent work. Shortly after our work, an independent work by Ban-
deira, Lucca, Nizi¢-Nikolac and van Handel [ASBvH25] provided general matrix concen-

tration inequalities for matrix chaoses in a similar vein.

Decoupling. Decoupling inequalities were developed in the study of U-statistics [PG99],
multiple stochastic integration [MT84], and polynomial chaos [Kwa87], and have found
important applications in applied mathematics, theoretical computer science, applied
probability theory and statistics. Some examples include the study of compressed sensing
[Raul0], query complexity [OZ16], the proof of Hanson-Wright inequality [Ver18], learning
mixture of Gaussians [GHK15] and so on. Moreover, the inequalities are applicable in both

scalar and matrix settings, and even more broadly in Banach spaces.

For a degree-d homogeneous multilinear polynomial f(x) in n independent random

variables, standard decoupling inequalities (see Section 2.3) can be used to obtain

B[] < 3 B (X )]

x(D),... x(d)

where f (x(l), ceey x(d)) denotes the polynomial in d - n random variables obtained by re-

placing the d variables in each (ordered) monomial by the corresponding d coordinates

coming from the d independent random vectors x(l), e, x(@)

1)

, and Cj is a constant de-

d—1)

pending on the degree d. One can now fix the vectors x(1), ..., x=1) ‘and consider the

expectation

E
x(d)

2
{(f(x(l),...,x(d))yt} = l}E) (Zfi(x(l),...,x(dD)-xl(d)) | ,

16



where we write f(x(l), ..., x(D) as alinear form in x(?) with coefficients fi(x(l), o x(d=1)y,

The moments of such a linear form can be understood (for example) using the Khintchine

1) i—1)

inequality, which bounds it in terms of a polynomial depending only on xM, . x .

Similarly, in the matrix case, we use decoupling inequalities to reduce the problem of
estimating moments for degree-d homogeneous (and multilinear) matrix-valued polynomi-
als, to that of estimating moments for linear matrix-valued functions. At this point, one can
apply standard and well-known linear matrix concentration inequalities (we use the matrix
Rosenthal inequality) which yield a bound in terms of a degree-(d — 1) matrix-valued

polynomial function of the vectors x(D, .., x(@-1)

. Iterating this process gives a simple
method for obtaining norm bounds, applicable for multilinear polynomial functions on n

independent random variables (with any reasonable distribution).

While this method does not immediately apply for non-multilinear polynomials, it
suffices for many of the applications mentioned above. Moreover, for arbitrary polynomials
in Gaussian random variables, we can also obtain a simple recursion as an immediate
consequence of the more recent Poincaré inequalities of Huang and Tropp [HT21]. Together,

these suffice for most applications of interest.

2.1.1 Methods and results: a technical overview

Let x1, ..., xn be i.i.d real-valued random variables with E[x;] = O,lE[xZZ] =1land |x;| <L

for each i € [n]. Let T, C [n]? denote the set of ordered d-tuples i = (i, ...,i;) with

i1,...,i4 all distinct. For a fixed sequence of (deterministic) matrices {Ai}i e C R% Xdz,
n

we consider a matrix-valued multilinear polynomial function defined as

F(X) = Z Ai' Hxi],.

ieT? j€ld]
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We write the polynomial in terms of ordered tuples for decoupling, but since the variables
X1, ..., Xy commute, we can assume that for any permutation ¢ : [d] — [d] permuting the
d coordinates of each tuple, Aj = A ;) (this is referred to as permutation symmetry of F).

We can use the decoupling inequalities from Section 2.3 to show that

F) e < o BV, x|, = ool A T+

We remark that while the constant C,; is of the form d% in general, this can be improved
when the underlying set of indices [n] has more structure. For example, when [n] cor-
responds to the set of pairs in a base set [r] and each of the monomials involves at most
k elements of [r] (has index degree k), it is possible to improve the constant to kK. This is
essentially the “vertex partitioning” argument used in works on graph matrices, and is

discussed in Section 2.3.1 in the language of decoupling.

As mentioned earlier, we can now “linearize” the function F(x<1), ceey x(d)) by fixing

x(d), e, x(@=1) and treating it only as a function of x(@) i.e., we consider

4t
4t ;
1 d _ (7)
IEHF(X( ), >)H4t =E| Y A5
16771d ]E[d] 4t
4t
] d
= By BEIY fTac I 57| wf
XU, @E0 D ety | serd jela=1)
fa=k 4t
4t
d)
- E E 9 @F) -l
X1, x@1) X kez[n] ( 5 ) .

To bound the inner expectation, we can now use the matrix Rosenthal inequality (Lemma 2.4.1)
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which says that for a collection of centered, independent random matrices {Y } with finite

moments, we have

4t
E ()Y

k

4t

Taking Yy = 0 4
Xk

as

Y EY Y] = {a @F ... 9 oF
k

T T
Y EY, Y, = [a @F
k

at
Y E|Yillz = E
k

<(16t)3 .

+ (8t)* .

()

IN

14t

1/2 4t
(Z EYkY{> + (Z EY,IYk>
k k

at
) E ”Yk||4t> :
k

1/2 4t

4t

)F-x;”" we can now compute the expectations (over x(1) in the RHS

Iterating the above argument, we can prove a bound in terms of a collection of matrices
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F, j  constructed inductively as

T
Fa+1,b,C — axlFa,b,C e axn Fﬂ,b,C:|
Fobi1c = ax1Fa,b,c aana,b,c}
axlFa,b,c
Fa,b,c+1 =
i aana,b,c

Note that in the above definition, we do not specify the order of differentiation, which can
be ignored due to the permutation symmetry of F and the fact that changing the order does
not change the Schatten norms (see Section 2.2 and Section 2.4 for details). This argument

yields the following bound for all homogeneous multilinear polynomial functions.

Theorem 2.1.1 (Restatement of Theorem 2.4.5). Let x = {x;}} | be a sequence of i.i.d random
variables with Ex; = 0, ]Exlz = land |x;| < Lforall1l <i < n. Let {Ai}ieTnd be a multi-
indexed sequence of deterministic matrices of the same dimension. Define a permutation symmetric,

homogeneous multilinear polynomial random matrix of degree d as

F(x)zz A;- H X

i€771d jE{il,...,id}

Let a,b,c € Z>gand d = a+ b+ c. Then for 2 < t < oo,

4t 4dt 4 4t
E[F(lly < 3 (48d)* - L¥ Byl -
a,b,c:
a+b+c=d

We remark that the condition that |x;| < L can be replaced by a condition on the
growth of moments of x;, which is true for subgaussian variables. The above bound is in

terms of the norms of a constant number of deterministic matrices F, ;, ., as is also the case
20



for general moment bounds on scalar polynomials [AW15]. We will see later that these
deterministic matrices can easily be interpreted in several cases of interest, to recover the

bounds obtained via combinatorial methods.

Gaussian polynomial matrices. While the above bounds are only for multilinear polyno-
mials, they can also be extended to arbitrary polynomials of independent Gaussian random
variables, using standard techniques to approximate them by multilinear polynomials.
However, for the case of Gaussian polynomials, the recent Poincaré inequalities of Huang
and Tropp [HT20] directly yield a simple bound, which is easier to apply. They show that

for a Hermitian matrix-valued function H of Gaussian valued random variables

n t
E |H(x) - BH(x)|3; < (\th)Zt-Etr<Z(aiH(X))2> :

i=1

Given a (not necessarily Hermitian) matrix-valued degree-d polynomial function F(x) €

0 F
R91%%2, we can apply the above bound to the “Hermitian dilation” H = , to get

FT 0

1/2 2t 1/2 2t
2|F—EF|3 < (vV2t)* (Zamﬂ) + (V2r)H (28FT8F>
2t 2t

As before, one can apply this argument inductively to obtain a bound in terms of the
matrices F, , which are defined similarly as the matrices F, ; . before, with ¢ = 0. Since
we no longer have EF, , = 0 for a + b < d, the bound is in terms of the expected matrices

EF, , foralla,b witha + b < d.

Theorem 2.1.2 (Restatement of Theorem 2.5.3). Let x ~ N(0,1,) and {A;};. n]d be a

sequence of deterministic matrices of the same dimension. Define a degree-d homogeneous Gaussian
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polynomial random matrix as

F(x) = Zd(Ai- I xj).

ic[n] je{itig}

Leta,b € Z>. Then for 2 <t < oo,

2t 2t
E |[F(x) - EE(x)[3; < (27v20)* ( )3 HlEFa,bH2t> '
1<a+b<d
While the above theorem is stated for homogeneous polynomials, the proof is identical
also for the non-homogeneous ones, with the sum in the definition being over all tuple

sizes.

2.1.2  Applying the framework

We now discuss how to interpret the matrices F, j, . arising in the bound in Theorem 2.1.1
to recover the norm bounds for graph matrices derived via combinatorial methods. This is
discussed with more formal details in Section 2.6, but we present an intuitive (at least for

the authors) version of the argument here.

Graph matrices are defined using constant-sized template “shapes” and provide a con-
venient basis for expressing (large) random matrices where the the entries are low-degree
polynomials in the (normalized) indicators of edges in a Gy, random graph. Such matrices

and their norm bounds have been used for a large number of applications [AMP21].

Let N = () and fix a canonical bijection between the space [N] and ([g}), and let
[N] index the space of all possible edges in a random graph on n vertices. For each
e={ij} € ([721}), for Ay = /(1 —p)/p let x¢ be independently 1/A, with probability
(1— p) and —A,, with probability p, so that Ex, = 0, Ex2 = 1, and |xe| < Ap.
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Let (V(7), E(7)) be a graph on k vertices with d edges, and let U, V; be ordered subsets
of V(7) of size k1 and kj respectively. The tuple T = (V(7), E(7), Uz, V7) is referred to as
a “shape” and is used to define the following graph matrix M with rows and columns

indexed by T and T;y2 respectively

Mclij] = 1 Tgpwo=i Tpom=in- 11 %)
PpeTk ep€E(T)
where we interpret a tuple ¢ € 7,¥ as an injective function ¢ : V(7) — [n] in the canonical
way. If the function ¢ maps Uy to i (the row-index) and V7 to j (the column index), we add
the monomial to M<[i, j| corresponding to the product of the images of all edges in the
“pattern” E(7) under . Note that each nonzero entry of the matrix-valued function M is a
multilinear homogeneous polynomial in the variables {xe}eE (i with degree d = |E(7)|.

We denote M by F for ease of notation in the discussion below.

Figure 2.1: A shape T

As will be apparent from the analysis below, the norm bounds for such matrices behave
different characterizations in the “dense” regime where p = (1) and the “sparse” one
where p = o(1). This is because the subgaussian norm L = Ay ~ p~1/2 is bounded in
the first case, and growing in the second case. The bounds for the first case are stated

in terms of the size the minimum vertex separator separating U from V7 in the shape 7.
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For the second case, one needs to augment the defintion of minimum vertex separator, to
use a cost based on the subgaussian norm Aj,. We will show how to recover both these

characterizations, using the matrices F, ;, . given by Theorem 2.1.1.

Dense graph matrices. We start by considering p = 1/2 so that the random variables
xe are just independent Rademacher variables. Taking d to be constant, the bound in
Theorem 2.1.1 involves only a constant number of matrices, and will depend on the
dominant term. To understand each of the terms, we first consider the matrices derived

after one step of the recursion.

-
Fi00 = [axlF axNF} , Fo10 = [axlF axNF}

and

dx F

2t 2t 2t
Since tr (Zi Al-A;r) + tr (21’ A;rAi) > Y tr (AiA;r> and L = 1, we will have that

4+ [ Fo0

any constant L, since we interested in the 4¢-th root of the above trace. Using a similar

i: > L[4 | Fo.01 }jﬁ This will also be true (up to constant factors) for

|F1,0,0

argument, we can ignore terms with ¢ > 0 for now (we will come back to these in the

sparse case) and focus on matrices F, 1, .

We now interpret the matrices Fy g and Fg 1 9. The row-space of Fy  ( is now indexed
by (i,e) fore € ([g]) (respectively (j, e) for the column space of Fy 1 ¢). We now include
terms corresponding to maps ¢ for which ¢(U:) =i, (V) = j and ¢(eg) = e for some
eg € E(7) so that 9x.F[i,j] # 0.

Decomposing Fy (o into |E(7)| matrices (one for each choice of ¢j), we can consider
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the Fy ¢, as simply a new graph matrix we have deleted the edge ¢y and included both
its end points in Uz (respectively in Vz for F 1 () to obtain a new shape 7. Similarly, each

a+b graph matrices, where we delete a 4- b edges in

F, ;0 can be decomposed into |E(7)|
total, and include the endpoints in U; for a of them and Vr for b of them. This is illustrated

in Fig. 2.2 where we color the edges red or green depending on their inclusion in U¢ or V.

Fo0:

F100:

Fr30 :

Figure 2.2 Fl,O,O/ FO,LO and F2/3,0

The bound in Theorem 2.1.1 is then in terms of these new graph matrices where we
delete all d edges, and split their endpoints between U or V¢ to obtain U’, V! C V() = [k].
For an entry M[i/,j'] of any such matrix, there is at most one ¢ : V(1) — [n] such
that y(U’') =i’ and ¢(V’) = j’ (assuming 7 has no isolated vertices), and M[i/,j’] =
Lepun =iy - Ligp(vr)=jry- Taking S = U’ NV, this matrix can be simply written as a block-

diagonal matrix with nlS! of size nlU\SI 5 nlV'\SI. Ttis easy to check that the spectral norm
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of such a matrix is n(U\SIHIVASD/2 — 1 (k=1S[)/2 gince !U’ U V" =kand S=U"NV.

Thus, each of the terms in the bound will correspond to graph matrices with different
U’ and V' (obtained by coloring edges red or green according to the above process) and
the dominant term will be the one with the smallest value of U’ N V’|. We now claim
that U’ N V/ must be a vertex separator separating Ur and V¢ in the shape 7 i.e., any path
between them must pass through U’ N V. If the path contains both red and green edges,
then it contains one vertex with both red and green edges incident on it, which is then
in U’ NV’ (since U’ is obtain by adding endpoint of red edges to Ur and V' similarly for
green edges). If path is entirely red, then we have an endpoint of a red edge in V¢ which is

a vertex in U’ N'V/, and similarly for green paths.

Thus, we have n(k=1S])/2 < n(k=r)/ 2, where r is the size of the minimum vertex
separator between U and V7, which recovers the known bound for dense graph matri-

ces [AMP21].

Sparse graph matrices. The argument for sparse graph matrices is almost the same as
above except now we also need to consider terms of the form F, ;, . for ¢ > 0. Just as we
interpreted F, j o as coloring a edges from E(7) as red and including in U’ 2 Uz and b
green edges in V' D Vr, we can now interpret F, j, . as having ¢ edges whose endpoints
are included in both U’ and V' (say these edges are colored yellow). This simply reflects

the fact that the derivatives in the definition of F, |, ., 1 are placed as diagonal blocks.

As we saw above, increasing the intersection of U’ and V' decreases the norm, and
so the matrices with ¢ > 0 should have a smaller Schatten norm. However, they are now
included in the bound with a multiplicative factor of L. Thus, we simply look for a vertex

separator S maximizing L¢(S) . n(k=[51)/2

where e(S) counts the (yellow) edges contained
in S = U’ N V’. This is precisely the “sparse vertex separator” which determines the norm

bound for such sparse graph matrices [JPR21, RT23].
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Fooq :

Figure 2.3: FO,O,l

2.2 Preliminaries and Notation

Vectors are denoted by bold face lower case letters x, y and z. Deterministic matrices are
denoted by bold face upper case letters A and B. Matrix-valued functions are denoted by

bold face upper case letters X, Y, F, M, H and P.

Sets and indices. For a set S, let |S| denote the number of distinct elements in S. We

denote [n] = {1,...,n} for any positive integer n. For i := (i1, ..., i) € [n]™, define

7;{” = {(11,,Zm) V],k € [m], ] #k:> l] 7é Zk}

Matrix norms. Let R%1%%2 be the space of all d; x dy real matrices. Let H? be the subspace
of R¥*? containing all Hermitian matrices. We write ||-||, for the ¢, operator norm, ||-||

for the Frobenius norm, and tr(-) for the trace.

Definition 2.2.1 (Schatten norm). For A € R4 %42 gnd ¢t > 1, the Schatten 2t-norm is defined
as

Al = (er(ATA))V,
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Polynomial random matrices. Let (Q), F, ) be a probability space. Introduce the random
vector x := (x1,...,xn) € Q where xq,...,x, are independent random variables. A

polynomial random matrix F(x) is a matrix-valued polynomial
F:Q — RO*%,

We can construct a polynomial random matrix F(x) by drawing a copy of x ~ u. Note that
despite x having independent entries, the entries of F(x) can be dependent (or correlated)

with each other.

Example 2.2.2 (Rademacher chaos of order 2). We give an example of a degree-2 polynomial
random matrices in 3 variables. Let xq, xo, x5 be i.i.d. Rademacher random variables and {Bj},
3

be a double sequence of deterministic matrices (explicitly chosen here) of the same dimension.

10 00 01 X1X2 XpX3
Z B; - XjXj = X1X2 + x1x3 + Xox3 = . (2.1)

i€'7'32 00 01 10 X2X3 X1X3
Remark 2.2.3. Unlike Wigner matrices whose entries are i.i.d., the polynomial random matrices

can have dependencies among its entries.

Definition 2.2.4 (Permutation Symmetric Property). Suppose F(x) is a degree-d homogeneous

multilinear polynomial random matrix, i.e.,

F(x)= ) Ai" H x|
ic7d i€ it g}
where {Ai}i crd isa multi-indexed sequence of deterministic matrices of the same dimension.
n
F(x) is permutation symmetric if A

(il,...,id) € 7;1‘1.

iy = Aio-(l)/---ria(d) for any permutation o € &4 and any
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Remark 2.2.5. The polynomial random matrix (2.1) in Example 2.2.2 is permutation symmetric if

we formally rewrite it as

3o 3o 0 0 0 0
Z Bi-xix]- = X1Xp + xpx1 + x1x3 . + x3%1 .
ieT? 0 0 00 0 5 0 5
0 3 0 1
TN *| + 31, . ’
2 0 3 0

The purpose of this technical detail will become clear in Theorem 2.4.2 and Theorem 2.4.5.

Partial derivatives. Let F(x) be an n-variate polynomial random matrix of degree D. For
a,b,c € Z>pand d = a+ b+ c, we consider the block matrices F, j, . containing all d-th

order partial derivatives of F(x). We define F, }, . recursively as Fy oo = F(x) and

T
Fa+1,b,C — Bx]Fa,b,C e aanalb,C s
Fa,b-l-l,C = axlFa/b,C aana/b,C ’
and ~ .
ax1 Fa,b,c
Fa,b,c+1 =
i axn Fa,b,c_

It is evident from the definition that the block matrices ¥, 1} ., ¥;p110 Fypeq1 are
assembled from sub-blocks {dx,F, j .} | arranged vertically, horizontally and diagonally

respectively. The order of increment between a and b doesn’t affect the resulting matrix,
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ie.,

axl Fa,b—l—l,c
Fa+1,b+1,c = : = axlFa+1,b,c aana+1,b,c
_axn Fa,b+1,c
ax1 axl Fa,b,c ce axl axn Fa,b,c
_axnaxl Fﬂ,b,C s axnaxn Fa,b,c

However, the order of increment involving c affects the resulting matrix, i.e.,

9x,Fapi1,c
axlFa,b,c—i-l aana,b,H—l 7

axn Fa,b—i—l,c

Nevertheless, the order of increment doesn’t affect the Schatten norm. Since we will
only be interested in the Schatten norms of these matrices, we will simply label them as
F, p+1 041 without specifying the order. It is easy to see that F,, ;, . is a deterministic matrix

ifa+b+c=DandF,;, =0ifa+b+c>D.

Non-Hermitian matrices. Many results for Hermitian matrices can be easily extended to

non-Hermitian matrices by the following argument.
Definition 2.2.6 (Hermitian Dilation, see [Tro15] Sec. 2.1.16). For each A € R41*%  tpe

Hermitian dilation 7 : R %2 — H(d1+d2)x(d1+d2) s defined as

0 A
H(A) =
AT o
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AAT
Since the square of the Hermitian dilation satisfies 7 (A)? = | it follows
0 A'A

that |H(A)]| = [[A]-

Constants. We denote C for some universal constants and C, for constants depending
only on some parameter a. The values of the constants may differ from one instance to

another.

2.3 Decoupling Inequalities

In this work, we focus on decoupling inequalities for moments. The following decoupling

inequality holds in surprising generality.

Lemma 2.3.1 (Decoupling Inequality, see [PG99] Theorem 3.1.1). For natural numbers n > m,
let x = {x;}I'_; be a sequence of n independent random variables in a measurable space (S,S), and
let {ngk) T k=1,...,m,bemindependent copies of this sequence. Let B be a separable Banach

space, and let hy : S™ — B be a measurable function such that IE(’

hi(xl-l,...,xim)H) S o0
for each i € T, Let ® : [0,00) — [0,00) be a convex nondecreasing function such that

]ECD(‘

hi(xiy, - .,xim)H) < oo foralli € T, Then,

E® Zhi(xil""'xim)l‘ <E® | Cy Zhi(xfl),--.,x(m)) ’
ieT " .

where Cyy = 2™ - (m™ — 1) - ((m —1)(m=1) —1). .3,

In general, the decoupling constant Cy, is super-exponential in m, which might seem
quite large. But nevertheless Cy; is independent of the dimension n. Furthermore, Cy; can
be improved significantly for some special classes of functions & and certain underlying

distributions of x. For instance, [Kwa87] showed that if / is a homogeneous multilinear
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form of degree m, then C;; = m™. Moreover, if we assume x is a Gaussian random vector,

Cy further improves to m™/2.

While the proof of decoupling inequality for tail probability is slightly involved
[PMS95], the proof of decoupling inequalities for moments are fairly elementary and
can be interpreted combinatorially as partitioning the random vector x. We present the

following lemma that generalizes Lemma 6.21 [Raul0] to arbitrary degree d.

Lemma 2.3.2. Let x = {x]- 7:1 be a sequence of independent random variables with Ex; = 0 for
allj=1,...,n. Let {B;}, c7d be a multi-indexed sequence of deterministic matrices of the same
n

dimension. Then for1 <t < oo

1 d
E ZBi'xil---xid <d®.E ZBi-xfl)...xEd) ,
i€ 2t i€ 2t

1)

where xV, ..., x(4) denote d independent copies of x.

Proof. Consider a random partition of x into d parts and let r be the partitioner. Formally,
r=(ry,...,my)isa sequence of independent random variables with each r; uniformly

distributed on {1, ...,d},ie., for1 <k <mn,
IP(T’k:1) :]P(T’kZZ) :---:]P(T’k:d) :1/d.
Define anevent E := {r;, =1,---,r; =d} foreachi € 7,2, Conditioned on x,

]Er [ﬂE(i’il,...,Tid)] = 1/dd.
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It follows that

F:.= ]Ex ZBi-xil...xid
i67;ld 2t

d
=d -]Ex lEr Z lE(ril,...,rid)-Bi-xil...xid
i€771d 2t

d
< d -]Er]Ex Z ﬂE(ril,...,rid)-Bi-xil...xid ,
ieﬁd 2t
where the last step is due to Jensen’s inequality and Fubini’s theorem. Since the expectation

over r satisfies the inequality, this implies the existence of an r* satisfying the inequality.
q y p ymng q y

Fix r* and define the partitioning with respect to r* as
Pp={ken:ri=1}, ... Py={ken:rg=d}.

Since these partitions have no intersections and x]-’s are independent random variables,

OB ()

replacing x; - - - x;, with Xp X forany i € Py x --- x P; will not change the distribu-

tion. Hence

F<alE| Y B-xV.
i€Pyx - X Py

(2.2)
Denote all variables in Py x --- X P; by
X = {xgl), ceey x<d) : Vil € Pl/ /id € Pd}/

i ig

and denote the rest of the variables by X“. It remains to show that the sum on the

33



right-hand side of (2.2) isover all i € 7;1‘1. Observe that

IEXc[ y Bi-x(”...xfd)‘x — 0. 2.3)

i¢P1X“~XPd

Since the sum in (3.1) has conditional expectation zero, we can add it to (2.2) to get

1 d 1 d
ngd~]EX Z Bi'xlgl)...xl(d)—l—]E‘)(c Z Bi-xl(l)...xgd) ‘X
i€Pyx - xPy ig¢Pyx---x Py 2t
Since the two sums on the right-hand side are independent conditioned on X,
d 1 d 1 d
F<d By|Bye | ¥ Bix)ox®+ ¥ Bl ‘X
i€ePy x---xPy igPyx---x Py o
A conditional application of Jensen’s inequality yields the desired inequality,
d 1 )
F<d™ B | L Bi-x % m

i€7;1d 2t

2.3.1 Animproved decoupling inequality

For a generic degree d multilinear polynomial random matrices, an application of Lemma 2.3.2
yields a decoupling constant of d4, which might not be optimal for polynomial random
matrices with additional structures. We will show that the additional structures enable us

to give a tighter decoupling inequality through a careful partitioning.

Building on Lemma 2.3.2, we prove a decoupling inequality for polynomial random
matrices, in which the indices of random variables have a graph structure. Let G = (V, E)
be a fixed simple graph with |V| = k, and |E| = d. We denote the vertices by V(G) =
{v1,...,v;} and the ordered edge set by E(G) = {(i1,j1),.-.,(iz,j;)}. For any ¢ € Tk,
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we write ¢(i) for the i-th component of ¢ and ¢(E) for {(¢(i1), ¢(j1)),---, (¢(iz), #(a))}-

Lemma 2.3.3. Let z = {Z¢<i)’¢(j) }(peTnk,(i,j)eE be a double sequence of independent random
variables with BZ ;) o7y = 0 for all (i,j) € Eand ¢ € TK. Let {B(P(E)}q)eTnk be a multi-

indexed sequence of deterministic matrices of the same dimension. Then for d < k(k — 1) and

1<t < oo,
k (1) (d)

Ell Y. Boe): IT Zototy| <K B X Boir) Zoloin " ZoGetnl

peTk (i,j)€E ot peTr 2t

where z(1, ..., z(D) denote d independent copies of z.

Remark 2.3.4. It is crucial for the indices of all monomials to share the same structure so that d

independent copies of z suffices. Otherwise, k(k — 1) independent copies are needed in general.

Proof. Consider a random partition of the ground set [1] into k parts and let r be the vertex
partitioner. Formally, let r = (rq,...,7,) be a sequence of independent random variables

with each 7, uniformly distributed on {1,...,k},ie., for1 <p <m,

P(rp=1)=P(rp=2)=---=P(rp =k) =1/k

Define an event A := {rq,(v1

) = 1,---,r ) = k} for each ¢ € 7;1". Conditioned on z,

@(vk

lEr ﬂA(r(P(Uﬂ""’rqD(Uk))] = 1/kk
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It follows that

F:=IE,; Z B(p(E) ' H Z(P(i)/(P(j)
pETk (ij)€E 2t

_ 1k
=K Bz |Br | ) 1a(g(oy) - Tow) Boe) T1 Zoive(
§0€7;1k (i,j)€E ¢

k
S KB | Y AaCg) o) Boe) 11 Zowa| -
(PEE]{ (l/]) €E 2t
where the last step is due to Jensen’s inequality and Fubini’s theorem. Since the expectation

over r satisfies the inequality, this implies the existence of an r* satisfying the inequality.

Fix r* and define the vertex partitioning with respect to r* as

Pp={penl:r,=1}, ... ,Be={pen:r, =k},

which in turn induces an edge partitioning,

Pe := (P P} i jer2:

Notice that there are k(k — 1) elements in P, but we only have d edges to partition. So we
select d elements out of P, in the following way. Fix an arbitrary ¢* € T,X, choose

o (i) Po(1)r -+ 1 Pq = (P (i), Py

#°(ia) Lo ja) )
Let's call { P}, ... P} } ad-edge partitioning. In other words, we may select any d elements out
of P, to form a d-edge partitioning so long as the pattern of the indices of (P;, P]-)’s matches

that of E(G). Since the elements in P, have no intersections, the partitions in { P}, ..., P} }

4

also have no intersections. Since Z o(i),9(j)

s are independent random variables, replacing
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. (1) (d) . §
(i) o(h) " Lolia)p(iy) With pr(il)/qo('l) o Z§0<id)/4’(jd) for any ¢(E) € P x -+ x P}

will not change the distribution. Hence

Z -Z

F<K.E y Byr) ZL) | (2.4)
p(E)ePr o x P! (i) ¢ (j1) ¢(ia) ¢ (ja) )
Denote all variables in P{" x - - x Py by
— [ (d) , : , x , . .
Z:={Z00 ) iy Lo o Y (@), 9(h) € P, (9(ia) lia)) € Py},

and denote the rest of the variables by Z¢. It remains to show that the sum on the right-

hand side of (2.4) is over all ¢ € 7},". Observe that

1) (@)
E zc Y By -zWo o z@ ‘z —0. (2.5)
L(E)¢P1*><---><P§ ?(E) Zo(i).e)  “olia)gla)
Denote P|" x --- x P} by P. Since the sum in (2.5) has conditional expectation zero, we

can add it to (2.4) to get

F <k Ez

(1) (@)
+Ez | ) Byr 2ol Zolia)ota) | Z]

Since the two sums on the right-hand side are independent conditioned on Z,

v .7z AL
F<K-Ez|Bze| Y Bowr) Zoiotn " Lot el
p(E)eP
(1) (d)
+ZBE'Zi""Zi“Z]'
o(up ?(E) " “o(ir) 9 (1) ¢(ia),9(ja) o
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A conditional application of Jensen’s inequality yields the desired inequality,

CR—)
| B By 2oy e Lot "
9Ty 2t

2.4 Multilinear Polynomial Random Matrices

In this section, we prove a moment bound for multilinear polynomial random matrices
with bounded, normalized random variables. We follow our recursion framework by
decoupling the polynomial random matrices first and then apply the matrix Rosenthal

inequality recursively to sums of (conditionally) independent random matrices.

To this end, we derive the non-Hermitian matrix Rosenthal inequality from the Hermi-

tian matrix Rosenthal inequality by Hermitian dilation.

Lemma 2.4.1 (Non-Hermitian Matrix Rosenthal Inequality). Suppose thatt =1ort > 1.5.
Consider a finite sequence { Yy }x>1 of centered, independent, random matrices, and assume that

E || Y3 < co. Then

4t 1/2|4 1/2||4
< (16t)3 . <ZJEYkY,I> + <Z]EY;(FYk>

4t k 4t k 4t

at
+(@)*- [ LE ||YkH4t> :
K

E

Yk

k

Proof. For a sequence of Hermitian matrices {X };>1 satisfying all the assumptions above,

we have (Hermitian) matrix Rosenthal inequality [MJCT12] Corollary 7.4,

1/2 4t

(16t)3 (ZIEX2> +(8H)% Y E | X |13
k

4t

4t
E|)_ X

k

4t

We use Hermitian dilation to extend the inequality to non-Hermitian matrices by setting
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X = H(Y}) and notice that

4t
0 Y|l _gq ((Zk Yi) (T YO 0
Y] o u 0 (e Y (S Yi))*
At
=2E| Y. Y|
k 4t
1/2||4 2t
Y.Y o0 EY. Y, 0
E kY — Zk kg
k 0 Y[Y, ) 0 Y EY] Y
t
1/2 4t 1/2 4t
= l (Z]EYkY,I) + (Z]EY,IYk> ,
k 4t k 4t
4t
0 Y A
=2) E| Yy
X Y] 0 K
4t
Hence, the result follows. [

For the ease of notation, we demonstrate our recursion framework in a special case of

quadratic form first. The multilinear form follows exactly the same reasoning.

Theorem 2.4.2 (Quadratic Recursion). Let {x;}1 ; be a sequence of i.i.d random variables with
Ex; = 0, lEle = land |x;| < Lforall1 <i < mn. Let {Ai/]'}(i,j)e’fnz be a double sequence of

deterministic matrices of the same dimension. Define

F(X) = Z Ail]-xl-xj.
(ij)€Ti

Suppose that F(x) is also permutation symmetric, i.e., Ajj = A V(i,j) € T,2. Then for

ji
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a,b,c€ Z>pgand2 <t < oo,

E ||[F(x) — EF(x)[ly < 2(32t)*- Y L |[Fape
ab,c:
a+b+c=2

4t

Remark 2.4.3. For a,b,c € Z > such that a + b + ¢ = 2, the partial derivative matrices {F, }, .}

are block matrices whose blocks consist of { A; j}( i) eT? and zero matrices. For instance,
7 ’ n

0 Ajp Ap

Aryy 0 ... Ay,

Fl’l’o - . . . . ’
An 1 An,2 0 ]
FO,Z,O =10 Al,Z e Al,n ‘An,l e An,n—l 0|,
and
0 A1,2 PR Al/n
A2’1 0 PR AZ’n

Fo11=

Apt App ... 0
Proof. Let X' = {x; }1:1 be an independent copy of x = {x;}!’ ;. We decouple F(x) by
Lemma 2.3.2,

4t 4t
4t
E=E | Z Ai,]'xix]- S 4* . E | Z Ai,jxix;-
(i) €T 4 (i))eTi 4t

Since the decoupled F(x) on the right hand side is a function of x and x/, the decoupled
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F(x) can be viewed as taking two arguments instead. Thus we will refer to the decoupled
F(x) as F(x,x').

By the law of total expectation,

4t
n n
E S 44t - E IEX Z xi Z Al,]x; X/
-1 \j=1 u

Since x and x’ are independent, if we fix x’, the summation becomes a sum of centered,
(conditionally) independent random matrices in x. So we can apply matrix Rosenthal

inequality (Lemma 2.4.1) and use the fact that IElxi2 =1, and x;’s are independent to get

T 1/2 4t
n n n
E<4a¥et) E||| Y| LAy | X Ay (2.6)
i=1 \j=1 j=1
- 1724
n n n
+44 (160> -E | [ 3 [ 2 Ay Y A ] (2.7)
i=1 \j=1 j=1
4t
4t
n n
+at ULt Y E (Y Al (2.8)
i=1 ||j=1 a

Recall that F(x, x’) refers to the decoupled F(x). The expression in (2.6) satisfies

T axlFT(x, x")
n

n n
_Z% Z)lAi,jX} ZlAi,jx]’- = |0, F(x,x') ... 95, F(x,x) : . (29)
1= ]: ]:
Oy, FT (x,x')

Notice that the two sides are merely equal to each other in a formal way. We didn’t actually
take the partial derivatives since x;’s could be discrete random variables. But conceptually,
it is very convenient to think of this step as taking partial derivatives in x.

41



Following (2.9) and using our notation for partial derivative block matrices introduced

in Section 2.2, we can write (2.6) compactly as

=E [axlF(x, x')

=E ||Fo1,0x')]|3; -

n n p n p
E Z Al-l]-x]- Z Ai,]-x]-
i=1 \j=1 j=1

T 1/72|#

4t
1/2
dx,F' (x,X)

dx,F(x, x’)]
aanT (x,x)

Similarly, (2.7) and (2.8) can be written compactly as

=E [axl FT(x,x')

=E |[F1,00(<) 13

n n T n
E Z Z Ai,]'x} Z Ai/]'x;-
i=1 \j=1 j=1

1724

1/2
9y, F(x,X)

Ox, FT(x, x’)}
dx,F(x,x")
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4t
(2.11)
4t
(2.12)
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and

4t
n n p
Z E Z Ai,]-x]-
i=1 ||j=1 i
2t
dx, F(x,X') - 95, FT (x,x)
—Etr (2.14)
9x,F(x,x) - aanT(x, x')
4t
=E ||Fg01(x")||,; - (2.15)

Hence the inequality (2.6-2.8) can be written succinctly as

4
1+ E|Fo10 e

E < 4*(16t) - (E [[Fy 1) + 44 (M LY E oo,

Since F(x,x’) is multilinear and we have already taken the partial derivatives in x,

F1 0,0, Fo10, and Fy 1 are sums of centered, independent random matrices in x'; i.e.,

n T
/
1,00(x) :]‘; X] {AL AZ,J :
1 /
Fo1,0(x') = ]'Z‘i X {Al,] An,j] ,
and
Ay

Therefore, we can apply matrix Rosenthal inequality (Lemma 2.4.1) again to bound
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;. Observe that

0 Ay ... Ay
9,1 Fo,1,0
A1/2 0 B An,2
=1 . o | = FLi0
9y Fo,1,0
Ay Ay oo 0|
and ) )
T 0 Ajp ... Ay
Oy Fl 0,0
Ay 0 A2,
= =F110
Oy! Fl
1,0,0
Apg Aup oo 0]
where the equality is due to the permutation symmetric property of F(x), i.e., Ajj=A

o7
V(i,j) € T,?. After applying two rounds of matrix Rosenthal inequality (Lemma 2.4.1), we

have

E <2-44(16t)% (

+ L% |[Fo11 |5 +

4t>
We complete the proof by observing that IEF(x) = 0 due to multilinearity of F(x). n

In general, differentiating the decoupled F(x, x") with respect to x and x’ can be quite

different from taking second order derivatives of F(x) with respect to x. For example, it is
clear that,
0 X1X92 01 0 X1X2

Ox,9x, = = Ox,0x,
0 O 00 0 O
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since dx1 and dxp; commute. But taking partial derivatives after decoupling gives,

0 xq1x4 01 00 0 x1x/
1% _ ” P 1%

9x19%) a
0 O 00 00 0 O

7

where xq, x, x’l, x’2 are actually four distinct variables. So one can’t expect the result of
taking partial derivatives under two scenarios are the same. We could directly work with
this by recording axlax,z F(x) and 8x28x/1 F(x) separately, but the notation gets cumbersome
very quickly. We would prefer to state our results in regular partial derivatives, which is
more intuitive. So instead, we write F(x) in the permutation symmetric way. Continuing

with our example, we write

0 x1xp 110 x1xp +1 0 xox1
0 0 210 0 210 0

This doesn’t affect the second order derivatives, but notice now what we get taking partial

derivatives after decoupling,

5 10 x9x) 10 xpx] 110 1
1%L | 5 5 -5
21219 o 210 o0 00
and
/ /
axz ) 1 0 X1Xy 1 0 XpX7 :1 0 1
11200 o 210 o0 210 0

Therefore, the permutation symmetric property of F(x) makes the resulting partial deriva-
tive matrices {F, |, .} under two scenarios differ only by a constant factor. This also applies

to F(x) of higher degree.

Claim 2.4.4. Let F(x) be a homogeneous multilinear polynomial random matrix of degree D. Let
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F(x(D), ..., x(P)) be the decoupled F(x), i.e.,

where { Ay }y c 7 is a multi-indexed sequence of deterministic matrices of the same dimension. For
some fixed a,b,c € Z>gandk =a+b+c <D, let F, }, . be the block matrix of k-th order partial
derivatives of F(x(1>, . xD >). Then ¥, j, . is a homogeneous multilinear polynomial random

matrix of degree d = D — k. Furthermore,

E |[Fop,c i: +E [[Fapiac i:) +(86)% [Fape+1 Hii

4t
4t < (16t)3t' (IE HFa—i-l,b,c

Proof. Without loss of generality, we differentiate F(x(1>, . xD )) with respect to x(D)

first, then x(D=1)

, and so on. It is straightforward to see that after k = a 4 b + c rounds
of differentiation, Fibe (x(l), e, x(d)) is a homogeneous polynomial random matrix of

degreed = D — k. And

Fa,blc(x(l),...,x(d)) = Z B; - xfll) e xl(j),
ieT?

where {B;}, c7d is a multi-indexed sequence of deterministic matrices of the same dimen-
n

sion. More specifically, each B; is a block matrix whose blocks consist of {Aj } jeTD such

thatj1 = il/ .. "jd = id'

1),...,X(d_1), Fabc

Conditioned on x( (x(l), e, x(d)) is a sum of centered, (condition-
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ally) independent random matrices in x(4). Tt follows that

4t B
E (\ RNl LT 1>>
4t
_ (1) (d) 1 d—1
= ]Ex(d) Z lell ...xid x( ), __x( )
i€ 4t
T 1/2|#
n
3t (1) (d-1) (1) (d-1)
< (16)”-E|| 3 | X Bi-x X Y. Bi-x xp
ldzl leﬁld 1677/?
4t
T 1/2|4
3t 1) (d-1) (1) (d-1)
+ (16t -E|| Y. [ Y Bj-x X Y. B;i-x, X,
ig=1 \ieT4 ieTd
4t
4t

n
1 d—1
+ (8t)*LH . Y E| ), B;- ngl) e xl(dil )
=1 |lieTd 4

~

where the inequality is due to matrix Rosenthal inequality (Lemma 2.4.1). Similar to

observations (2.11), (2.13), and (2.15) in the proof of Theorem 2.4.2, we have

T 1/2 4t
n
(1) (d—1) (1) (d—1)
]E Z Z Bi . xil e xid*l Z Bi . xil e xid*l
=1 \ieT ieT?
4t
_ . _ 1/2 4t
axgd) Fa,b,c Y
=E {axgd) Fob,c axqu) Fa,bm} : = ||Fa,b+1,c 4t7
T
ax(d) Fa,b,c
- - 4¢
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-
n
1) (d—1) (1)
Ell Y| X Bi-x X Y By x;
ig=1 \ieT? ieTd
r A 1/2
axgd)Fa,b,c
_ T T
=B ax(d) Fa,b,c ax(d) Fa,b,c
1 n
% Fae
and
4t
. (1) (d-1)
Z E Z Bi.xil Yig
ig=1 |lieTd "
0 Fapcd @F) .
=Etr

Hence, the result follows.

We present a moment bound for permutation symmetric, homogeneous multilinear

o @Fapec 0 @F

Xn Xn

polynomial random matrices of degree d.

Theorem 2.4.5 (Homogeneous Multilinear Recursion). Let x = {x;}I' | be a sequences of
i.i.d random variables with IEx; = 0, lExl.2 = land |x;| < Lforall1 <i<n. Let {Ai}ieﬁd be

a multi-indexed sequence of deterministic matrices of the same dimension. Define a permutation

T

a,b,c

4t

(d—1)
i1
4t
4t
=E ||Fa+l,b,c 4t

4t

q 2t

= E [Fapeinlly-

symmetric, homogeneous multilinear polynomial random matrix of degree d as

F(x) =

(A T

i€7;1d je{il,-..,id}
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Leta,b,cEZzoandd:a—l—b+c. Then for2 <t < oo,

4t 4 4
E|F(x) —EF(x)|3 < Y, (@8dt)* . L% |[F,, .
ab,c:
a+b+c=d

Proof. Let x,. .., x(@) pe d independent copies of x. We decouple F(x) by Lemma 2.3.2,

4t
4
E:=E|F((x)| < 44 E HF(X<1>, o x(@) H4t .
We take the partial derivative with respect to x(@) by applying Lemma 2.4.1 to get,

E < d%t(16t)3. ( 4

) d4dt(8t)4tL4t

Note that Fy (o, Fo 1,0, and F ( 1 are functions in variables x(D, .., x@=1) We take the
partial derivative with respect to the rest of the variables until F, ;, .'s become deterministic
matrices. Apply Claim 2.4.4 recursively and use the permutation symmetric property of

F(x), we have
d!

E < 16dt)4dt . pet = e
- ubzc: ( ) |b|c|

a+bl+/c:d
: d! d! d! L 3V3 ad
Since zpicr = @7aa/aas) A @aasas ~ a3
E< Y (48dr)*. 1% E,, ||}t

a,b,c:

a-+b+c=d

As a corollary, we derive a moment bound for general multilinear polynomial random
matrices of degree D. The polynomials are split into homogeneous parts and each parts

are bounded separately. Let F=(x) denote the degree-d homogeneous part of F(x).
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We will need the following inequality.

Lemma 2.4.6 (Trace Inequality, see [SA13] Theorem 3.1). Let A; € R"*" fori =1,2,...,m

andr > 1. Then

r
m

Y A

i=1

tr

m

< m <Z |Ai|r>,
i=1

where |A;| = (A;TA)V/2.

Corollary 2.4.7 (Multilinear Recursion). Let x = {x;} ; be a sequences of i.i.d random

variables with Ex; = 0, ]Ex% = land |x;| < Lforalll <i < n. Let {Aj};_ra be multi-
n

indexed sequences of deterministic matrices of the same dimension. Define a degree-D multilinear

polynomial random matrix as

D
F(x):dz YolA- T X

=1 jeTd je{it, g}

Suppose F=%(x) is permutation symmetric for 1 < d < D. Let a,b,c € Zsogandd =a+Db+c.

Then for 2 <t < oo,

4t
4t

D
4t p—
E|F(x) -~ EF(x)|3 < Y D¥(asary™t| Y Lot |Fd
d=1 ab,c:
a-+b+c=d

Proof. We rewrite F(x) into a formal sum of its homogeneous parts F(x) = Zz?:l F=4(x).

By the trace inequality (Lemma 2.4.6), we have

4t

EF() — B[4 < D¥ Y B [P0 —EF (0

d=1
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By Theorem 2.4.5,

D 4t
4t 4 =d
E|[F(x) ~ EF(x)[3 < D¥ ) (48ar)*® | 3= L FH )
d=1 a,b,c:
a-+b+c=d

2.5 Gaussian Polynomial Random Matrices

In this section, we prove a moment bound for polynomial random matrices with Gaussian
random variables. While the decoupling technique could work for Gaussian polynomial
random matrices as well, we base our recursion framework on the following bound for its

simplicity.

Lemma 2.5.1 (Polynomial Moments, see [HT20] Theorem 7.1). Let H(x) : Q — H% be a
function with x ~ N(0,1,). Fort =1and t > 1.5,

n t
E |H(x) — EH(x)||3 < (ﬁt)”-lEu(Z(aiH(x)F) . (2.16)

i=1
We derive the non-Hermitian version of Lemma 2.5.1.

Lemma 2.5.2 (Non-Hermitian Polynomial Moments). Let F(x) : Q — R%1%%2 pe g function

with x ~ N'(0,1;). Fort =1andt > 1.5,

2t

1/2
E |F(x) — EF(x)|l3; < (vV2t)*'- (E 9;F(x) aiFT(X)>

(
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2t
2t

1/2
9,FT (x) aiF(x)> ) .
2t

1=

N
I
p—




Proof. Apply Hermitian dilation. The left hand side of (2.16) becomes

2t t
0 F — EF (F— EF)(F — EF)" 0
E = Etr
(F—EF)T 0 ” 0 (F — EF)' (F — EF)

2t
= 2E ||[F — EF||3;,

and the right hand side of (2.16) becomes

2\ f t

n | 0 oF n _9.FoFT 0
E tr Z ! = Etr =171
i=1 aiFT 0 0 ?:1 aiFT aiF
" 1/2 2t " 1/2 2t
—E (Z o,F aiFT> +E (Z o;F" am)
=1 2t =1 2t
Combine both sides and the result follows. ]

Theorem 2.5.3 (Gaussian Recursion). Let x ~ N (0,1,) and {Ai}ie[n]d be multi-indexed
sequences of deterministic matrices of the same dimension. Define a degree-d homogeneous Gaussian

polynomial random matrix as

P(x) = . Zd (Ai' IT x]-) :

16[7’1} je{il/'"rid}

Let a,b € Z>q. Then for 2 < t < oo,

E||P(x) — EP(x)|3; < (Zd\@)%< 2 |[EPgy

2t
2t |-
1<a+b<d

Proof. Start by applying Claim 2.5.4 with k = 0. Apply Claim 2.5.4 recursively until
k = d — 1 to get the desired bound. n
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Claim 2.5.4. Let x ~ N(0,1I) and {A;};. ) be multi-indexed sequences of deterministic
matrices of the same dimension. Define a degree—d homogeneous Gaussian polynomial random

matrix as

P(x) = Z A;- H X

iE[i’l}d je{il,...,id}
Let a,b € Z>gand a+b = k < d. Let P, (x) be the k-th partial derivative block matrix

associated to P(x). Then for 2 < t < oo,

E [Py — P[5 < (2V20)% - (B |[Pyyrp— By + IEP

)

+(2v21)2t (E [P b1 — ]EPa,b—HHzttf + ||]EPﬂrb+1H2:> '

Proof. By the non-hermitian polynomial moment (Lemma 2.5.2), we have

E:=E|P,, - lEPa,bHZ

i 1722t ; 1722t
< (V2v* - | E (Z 3Py a,-PaT,b> +E (Z P, aiPalb)
i=1 2t i=1 21
r 2t
o aIPa,b
= (V2t)?* . | E HalPa,b anPa/b} 2t+IE
[9nPap ] ||,

= (V2 - (E[[Pysnp; + E |[Papall3r)

where the last equality uses our notation for partial derivative block matrices introduced in

Section 2.2. Notice that P, 1 j and P, j, 1 are homogeneous Gaussian polynomial random
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matrix of degree k — 1. Since P, 1 , and P, ;1 are not necessarily centered,

E < (\/Et)zt ’ (]E HPaJrl,b - 1EPa+1,b + ]EPa+1,b||§:
+E HPa,b—i-l - IEPa,b—i-l + IEPa,b—H H;i)

2 2
2: + | EPs 41 2:

< (zﬁt)zt ' (lE HPaJrl,b - ]EPa+1,b
CE|Paps — B2+ HEPWH%),

where the last inequality is due to the trace inequality (Lemma 2.4.6). n

2.6 Application I: Graph Matrices

2.6.1 Background

Denote the Erd6s-Rényi random graph on 1 vertices as Gy, where each edge is present
with probability p independent of all other edges. When Gy, , is viewed as a probability
space, it is equal to (Q, F, i) where () is the sample space of all possible graphs on n
vertices. Any G € () is a random vector representing all edges. Each coordinate in G,
denoted by G;j, is an independent random variable representing a single edge. We can
construct a random graph by drawing a copy of G ~ u. To adopt the convention in

p-biased Fourier analysis, we normalize G;; such that EG;; = 0 and ]EGI.Zj = 1, which leads

(2)
to the sample space () = {—\/FTP, A /%} .

Definition 2.6.1 (Shape, see e.g. [RT23] Definition 4.2). A shape is a tuplet = (V(7), E(T), U, V)

where (V (), E(7)) is a graph and Ur, Vr are ordered subsets of the vertices.

Definition 2.6.2 (Graph matrix, see e.g. [RT23] Definition 4.4). Given a shape T, the associated
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graph matrix M : Q — R4*% s g matrix-valued function such that

ML, ]] = Y. [T SCowew)
peTk: (u0)€E(T)
e(Uc)=Lp(Ve)=]

In other words, M maps an input graph G € Q toa (n_”f”), X (n_”|!]|), matrix whose rows and

columns are indexed by I and | respectively.

Definition 2.6.3 (Vertex Separator, see e.g. [RT23] Definition 4.8). For any shape T, a vertex
separator is a subset of vertices S C V() such that there is no path from Uz to V¢ in T\ S, which
is the shape obtained by deleting S and all edges adjacent to S. We write St for a vertex separator of

the minimum size.

2.6.2  Sparse graph matrices

Claim 2.6.4. For any shape T, let {Eq, Ep } be an arbitrary cover of E(T). Let S = Eq N E; be the
vertex set of the overlapping edges between E1 and Ej. If S contains E{ N V¢ and E, N Uz, then S

is a vertex separator.

Proof. Since S = Eq N Ey, there is no path from E1\S to E»\S. Additionally, if S contains
E1 N Vz, then Eq\S is not adjacent to Vr and E1\S contains U\ S. If S also contains Ep N Uy,
then E»\S is not adjacent to Ur and E;\S contains V\S. Since there is no path from U \S

to Vz\S, S is a vertex separator. ]

Theorem 2.6.5. For any shape T and 2 < t < oo,

E(S:)
1 —
E MY < ((48t|V(T)|)4t|V(T)|(C|E(T)|)E(T)|n|V(T)|>( Tp> V()-8

where C is an absolute constant and E(S<) are all edges adjacent to St.
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Proof. First, let |V ()| = k and we write M as a polynomial whose coefficients are matrices,

M=) Byr) Il Gy
otk | (ij€E(T)

where the [I, ]]-entry of B o(E) 1S

1 ife(Ur)=1and ¢(Vr)=]
B@(E)[I/]] =
0 otherwise.

Note that B o( E)’S have the same dimension as M and the rows and columns of B ¢o(E) ‘s are
indexed in the same way as M. Since Ut and V7 are ordered and each ¢ assigns one set of
value to vertices in U and V7, there is only one nonzero entry in each B o(E)" But there

might be multiple ¢’s for which B, r’s are identical due to free vertices.

Next, let |[E(T)| = d and we rewrite M in a permutation symmetric way,

1
M= (pg{( (a UGZ@ Bo(o(£)Coliva) plinn) Gq)(iU(d)),(p(fa(d)))

1
= ZTkAfp(Equo(il),go(h) Gyl glia)
<y

where A o(E) = Loe6, Bo o(E))- Notice that the indices of the random variables of M

have the same structure as in Lemma 2.3.3, so we can decouple M using Lemma 2.3.3,

4t

Fo EIMIA < (v (o &Vl (1 “ E A cM) (@)
=E My < V(1) a) ¢§,k o(E) Colinglin) " Colnetol| -
n 4t

where {G(l), ey G(d)} denote d independent copies of G. Since M is a multilinear polyno-
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mial random matrix, EM = 0. An application of Theorem 2.4.5 yields,

4ct
wvl (1 N\ 1-p
F < abzc (48t|V (7)) <|E(T)|!) (,/ p) Mo p,c

a-+b-+c=|E(7)|

4t
4t7

where {M, }, .} are partial derivative block matrices associated to M.

Fix aset of a,b,c, M, }, . is a block matrix whose blocks are comprised of {A o(E) }(P Tk

More specifically, the [I, J]-th block of M, j, . is

Myl ]l =96, -+ 96, 9¢; 96, M= Ay = ), By (2.17)
TEG,

Algebraically, the last equality is due to the commutativity of partial derivative op-
erators. Combinatorially, if we fix an arbitrary ordering on the edge set E(7), the last
expression is summing up all permutations on d edges in E(7). Now let’s delve into the
combinatorics. Let E(T) = Eq U Ep, where E; contains a + ¢ edges and E; contains b + ¢
edges with c number of overlapping edges. Let S = E{ N E; be the set of vertices shared
by E; and Ej. By permuting the edges in E(7), {¢(E1),oc(Ey)} are all possible covers of
E(7) by two overlapping sets of ordered edges. The row and column blocks of M, j, . are

indexed by ¢(E7) and ¢(E,) respectively.

Let’s write

Ma,b,c = Z Ma,b,c,a/
ceSy

where M j, ¢ (I, ]| = By(j)- By the trace inequality (Lemma 2.4.6),

4t
4t

i: < (d!)4t Z HMa,b,c,a
eSSy

” Ma,b,c
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It follows that

4t

4ct
Fe oy 2<48t|v<r>|>4fw<f>'( 1‘—’”) My

; i (2.18)
ab,c: ce6,
a-+b-+c=|E(7)|
o 4t at
For any two distinct o7 and 0p € S, (Mg} 0 H4t = HMﬂ/brcﬁzH4t since My j ¢ o, and

M, p ¢, are identical after permuting rows and columns. So we will focus on bounding
4t
HMa,b’C,C,O H4t where 0y is the identity permutation. For identity permutation, we have

Mﬂ,b,C,O'O [I, ]] = BIU] by (217) Denote Mﬂ/b,C/UO by F,

4t 2t
E:= HM”’b’C’UOHALt = ||F||i€ =tr (FTF>

=t ), Y. F'[I, 1) FlIy, Jo) F (I, o] FlIo, J3] -+ - F " [Log, Jos] FlIoy, J1]
I, Iy [n]20F0) [y, Jope [n]2(0F0)
=t ), S Bl Brup Bl Bru, Bl B
LU, PLUJ PLUJ, PLUJ IyUJpy PlpyUJy

Lo It €[n)20+) ]y, Ty €[]0+

(2.19)

We take a look at for which I4,...Ir; and [y, ..., Jo; that the summands in (2.19) are
nonzero and the structure of these nonzero summands. First of all, B LUJ; # 0 implies
that [; U J; = @(Eq U Ep), for some ¢ € T,X and I;(S) = J;(S) for 1 < i < 2t. Similarly,
Bruj,., # 0implies that [; U ;1 = ¢'(E; UEy), for some ¢’ € Tk and I;(S) = Ji11(S)
for 1 <i < 2t (the additions in the subscripts are in mod 2t,i.e., J; 1 = J1). Secondly, for
each By j, # 0, there is only one nonzero entry, namely By ;.[I; U J;(Ur), [; U J;(V7)] = 1.

So B};UL'BI:'UIHJ #0if ;U J;(Ur) = I; U J;11(Uzr) and the only nonzero entry is

BIZ'UL'TBIZ'UL‘_H [Il U ]l(VT)’ Il U ]i-l—l(VT)] =1

It follows that 13{,U]i131iu]i+1 £ 0forl < i < 2tif j(EpNU;) = o(EpNU;) =
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- ]2t(E2 N UT) Lastly, B};U]iBIiU]z'+lB};+1U]i+1B1i+1U]i+2 # 0if ; U ]i+1(VT) =

I; 11 U Ji11(Vz) and the only nonzero entry is

T T
BruBLusia B, gy Bl Ui [l U Ti(Ve), Lipa U Jia (Vo)) = 1.

T T T : _
It follows that BhUh BIlUfz B12U]2 BIzU]g v BIZtUIZt BIZtUh 7é 0 if Il(El N VT) = Iz(El N

Vi) = - -+ = I;(E; N V¢) and the only nonzero entry is

T T T _
B1up, Brup BLuj, Boujs - Br,up, Boun iU J1(Ve), I U J1(Ve)] = 1.

Since I1(E; NVz) = Ip;(E; NVz), we have I; U J1(V¢) = Iy U J1(V¢). So if the summand

is nonzero, it has a 1 on its diagonal.

To summarize, each summand in (2.19) is nonzero if and only if [; U J; = ¢;(E1 U
Ep),I;UJit1 = ¢}(E1 U Ey) for some ¢;, ¢} € Tk, I’s and J;’s agree on S, I;’s agree on
EiNVrand J;'s agree on E, N Uz for 1 < i < 2t. Since each nonzero summand contributes
a 1 on the diagonal, we can simply count the number of nonzero summands to compute
the trace in (2.19). Notice that the number of nonzero summands is equal to the number of

P1, - P21, PY, - - -, Ph, that satisfy all the constraints. Hence

E < ulS| plExWVe| [ EaUc| 2t Ef\VE\S| 2t E)\U:\S|. (2.20)

For a fixed set of 4, b, ¢, (2.20) provides an upper bound for |[M, ; . , |i: for any per-

mutation o € &;. But what is an upper bound for HMa,b,c,aHii among all possible sets
of a,b,c? By varying a,b,c, we can always make S = E{ N E, large enough to contain

vertices in E1 N Vr and E; N Uz. Thus S is a vertex separator by Claim 2.6.4. It follows that
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E1\Vz\S = E1\S and E»\U¢\S = E»\S. Hence

E < alVOI 2ENS] 2HENS| < V()] 26V ()= [Se]) (2.21)

where St is a vertex separator of minimum size. Substituting (2.21) into (2.18) yields the

desired bound. n

Corollary 2.6.6. For any given shape T, any € > 0, with probability 1 — ¢,

|E(S7)|
IM|| < |v(z)V)] (c1og(|E<T>||E<T>lnlvw>l/s))V“)'( L;P) Jalv@l-Isd

where C > 0 is an absolute constant.

Proof. By Markov’s inequality and Theorem 2.6.5, we have

4t - at
P(IM[| > 6) < P(M]l5; > 6*) < 6~ E M|

4t|E(S)|
— o4 <(48t|v(r)|)4f\V(T)|(C|E(T)‘)IE(T)\,1\V(T)I> < 1- P) 22tV (1) =|S<l)

p
(2.22)
Set the right hand side of (2.22) to ¢ by taking
1 (D) V()] 1=\
0= (mt<48t\v<r>|>'V<T>'<C\E<r>r> T )( 7”) VOIS,
Take
S [E(D)],[V(7)]
t 4log(|E(T)| n /e)
to complete the proof. n



2.7 Application II: Tensor Networks

2.7.1 Background

A tensor network is a diagram of a collection of tensors connected together by contractions,
which results in another tensor, matrix, vector or scalar. For example, Figure 2.4 represents

a tensor T of order three.

Figure 2.4: Tensor of order three

Now we have two copies of T and we would like to contract them together according

to Figure 2.5.

Figure 2.5: Contraction of two copies of T

We simply follow the Einstein summation convention by summing up repeated indices,
in this case, k and [. The nonrepeated indices are called free indices, in this case, i and j. So

the resulting matrix (two free indices) is

A =) Ty Ty;
ol

and the tensor network representation of A is called the melon graph (Figure 2.6).
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——r<_ T

[

Figure 2.6: The Melon Graph

Aside from being an interesting notation, tensor networks are important for the desgin
and analysis of spectral algorithms. Many existing algorithms for tensor decomposition
and tensor PCA analyze spectral properties of matrices arising from tensor networks
[RM14, HSS15, HSSS16, MW19, DAL22, OTR22]. The spectral properties are directly

related to the signal-to-noise ratio of the algorithms.

2.7.2 A simple tensor network: the melon graph

The melon graph (Figure 2.6) is similar to the tensor unfolding method used in [RM14].
The spectral norm of the matrices associated to the melon graph is studied in [OTR22]
using combinatorial tools developed in Random Tensor Theory [Gur16]. In this section,
we will demonstrate our recursion framework for Gaussian polynomial random matrices
(Theorem 2.5.3) in analyzing the spectral norm of the pure noise matrix associated to the

melon graph.

Theorem 2.7.1. (See also [Oue22] Theorem 7) Let T € (R™)®3 be a random noise tensor with
i.i.d. standard Gaussian entries. For i,j € [n], let T; and T; be the first-mode slices of T. The pure

noise matrix M € R"*"" associated to the melon graph has entries Mli, j] = (T;, Tj). Then

2t 3t
E[M-EM|3 < O(n).
Proof. Since M is a degree 2 homogeneous Gaussian random matrix, EM; o = EMg 1 = 0.
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By Theorem 2.5.3,

E[M-EM|} < (8% (|

2t
2t )"
Let {B; 1} be the second order partial derivatives of M, i.e.,

Bijki= aTz‘,k,l aTj,k,lM'

Note that Mj g, My » and M ; are made up with {Bi,j,k,l} stacked in different ways. Let

E; j be the matrix basis with 1 in its [7, j]-th entry and 0 otherwise. Fori = j,
Biix) = 05, M = 2-E;
l/l/k/l Tl,k,l 1,1

Fori # j,
Bijki = 91, aTj,k,lM = EijtEj

Hence,

2t T t
=tr (Mo,z M0,2>

.
=tr| ), BiiBijkl
i,jkle(n]

_ T T
=tr| )} BiioBijit ) BiigBijk

i=jk,le[n] i#jkl€n]
t
= tr Z 2. El i —+ Z (Ei,i + E],])
ikl€n] i#jk1€n]

< tr <2n2-lln —|—n3-lIn>

= 0n).
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2t

2t = HMZ,O 3; We proceed to bound

. . oy T _
Since M is hermitian, B ikl = Bj k1 50 HMO,Z
HMLl H%i Since permutation of rows and columns doesn’t affect Schatten norm, we
permute the rows and columns of My ; into a block diagonal matrix with its diagonal

block Dy ; indexed by k and I.
2\t
)

where we used the Frobenius norm to upper bound the Schatten norm in the last inequality.

2 <2 (||

t t
E:= Myl = tr (M ;M11) = ¥ tr(D{;Dy;) <n-|Dy,
k,1€n]

Dk,l is a block matrix with Dk,l [i, Z] =2- Ei,i and Dk,l [1,]] = Ei,j + Ej,i‘ So HDkrlHé <
4n + 2n?. Thus
E < n?(4n+2n2)t < On*).

Hence ||Mj Hgi < O(n%) dominates and the result follows. n

2.8 Application III: Smoothed Analysis

2.8.1 Background

It is not uncommon to observe gaps between theory and practice. The simplex algorithm
invented by Dantzig [Dan51] is a great example. It is very efficient in practice, while it has
exponential worst-case complexity [KM70]. In [ST04], Spielman and Teng introduced the
smoothed analysis as a new measure of complexity to capture the practical usefulness of

algorithms.

Formally, let A be an algorithm with input space X. For x € X, let C(A, x) denote the

run time of A on x. The worst-case complexity of A is

max C(A,x).
xeX
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The worst-case complexity is somewhat pessimistic. The issue is that the worst case is

often quite contrived and does not arise naturally in practice.

Now let us take a look at the average-case complexity of A on a given distribution u
over X,

Ex~yu C(A,x).

Notice that the algorithm minimizing Ex~,C(A, x) will typically be different for different
distributions u. The issue with average-case complexity is that we usually do not know

what the appropriate distributions are.

The smoothed complexity is a hybrid model. Let D be the set of all possible distribu-

tions over X. Conceptually, the smoothed complexity can be thought of as

Eyxe, C(A,x). 2.23
max Exer (A,x) (2.23)

If D contains only a single distribution y, (2.23) reduces to Exc;,C(A, x), which is just the
average-case complexity. If D contains all possible distributions over y, (2.23) reduces to
maxyc x C(A, x), which is just the worst-case complexity. Hence, the smoothed complexity

"interpolates” between the worst-case and the average-case complexity.

More specifically, the input to the smoothed analysis is a randomly perturbed x. The
idea is that if the worst cases are sufficiently "isolated", then most randomly perturbed

inputs are "well-behaved". The smoothed complexity of A is defined as

max Eg C(A,x+g), (2.24)
xeX

where each coordinate of g is an independent Gaussian random variable with mean 0 and
variance 02. Let 1 be the input size. We say A has polynomial smoothed complexity, if (2.24)

is polynomial in 7 and 1/¢. See Part Four of the book [Rou21] edited by Roughgarden for
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turther discussion on smoothed analysis and applications.

2.8.2  Smoothed Khatri—Rao product

The Khatri-Rao product is defined as the column-wise Kronecker product.

Definition 2.8.1 (Khatri-Rao product). Given A € RP*" and B € R1*". Let {aq,...,an} be
the columns of A and {bq,...,by} be the columns of B. The Khatri-Rao product is defined as

A@B = |:El1®b1

an®bn] € RPIXM,

Given a set of arbitrary vectors vy, ..., v € R". We "smooth" each v; by perturbing

it with a small Gaussian noise, i.e., v; + g;. The set of corresponding smoothed vectors is

{vi+%1,--- om+8gm}

Definition 2.8.2 (Smoothed Khatri-Rao product). Given a set of arbitrary vectors vq,...vy €

R", the kth order smoothed Khatri-Rao product is defined as

A%k = [(01 +81)®k‘

k
(vm+gm)®k} c R" ><m,

where g1, . .., gm are independent centered normal random vectors.

The goal is to study how large m can be so that the least singular value of A®¥ remains
bounded away from 0 with high probability. In other words, we want to know for what m

a set of smoothed vectors {(v; + gi)®k};-“:1 is robustly linearly independent.

The Weyl’s perturbation theorem shall help us in bounding c,,,;,, (A®¥). When B is the
perturbation matrix with small spectral norm, we expect the least eigenvalue of A + B is

close to that of A.
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Theorem 2.8.3 (Weyl's Inequality). For n x n Hermitian matrices A and B with spectrum

ordered in descending order Ay > - -+ > Ay, we have

[Ai(A+B) —Ai(A)] < |[B] Vi € [n].

The smoothed Khatri-Rao product of order one. This is a simple case in which we study

Tpin (A) where

A = |:7]1 +g1 Om +gm:| eRnxm,

and g;’s are independent standard normal random vectors.

Let S = span{vy,...,vm} and I1 be a projection matrix mapping R” to S*. Notice
that we have no control over v;’s (they are simply given). Hence, we study the projection
of {v; + gi}ie[m] onto S+ instead. Now we want to show that the projected vectors are
linearly independent. Formally, we want to show that 0,;,,(G) is bounded away from 0,

where

G = {H(vl—i—gﬁ‘ ‘H(vm—i—gm)}

— g | ).

We decompose GTG into the diagonal and off-diagonal part and by Weyl’s inequality,

Ain(GTG) = A, (diag(GTG) +offdiag(GTG)> (2.25)

> Ain (diag(GTG)) — Mnax (offdiag(GTG)> (2.26)

Notice that the diagonal entries GTG[i, i] = (Ilg;,I1g;) = n + O(y/n). Thus,

Ain <diag(GTG)) = n+ O(Vn).
67



If we want A,,;,,(GTG) to be bounded below by a polynomial in #, it is clear from (2.26)
that we need

of fdiag(GTG)|| < O(n).

2t

of fing(GTG) | <

Now we use Theorem 2.4.5 to bound |of fdiag(GTG)||. Let F = of fdiag(GTG) € R™*"™.

After decouping, we get

Flijl = (Ilg; Tlgl) Vi # j € [m]

20 2 o
Fj 1 € R X s a block matrix with

C N g oF
P11, )] - = TmeRrR™

~ 9gi(9g))
After an appropriate change of basis,

oF

= —— = I.
dgi(ag)T "

F110(5,4), (j,7)]

It follows that

FL FalGo), o)) = YT = m- Iy
1

Hence, for an appropriate f,

|F1 1]l < O(m).

2,3
Now let us look at Fp g € R™ ™ >/,

oF

ol = o

= IIj - Eij c RM™*m
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FoFo0 =Y, Ejoli j, L KFapli,j 1, k]

i/j/l/k
2
ij Lk
2
=) ITIIE - Ej
]
_= n B m . Im

Thus ||[Fp |2 < O(y/nm). It follows that

of fdiag(GTG)|| < O(m+/nm).

2t

If we choose m = O(n), we shall get the desired result.
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CHAPTER 3

ELLIPSOID FITTING

The ellipsoid fitting conjecture of Saunderson, Chandrasekaran, Parrilo and Willsky consid-
ers the maximum number n random Gaussian points in R4 , such that with high probability,
there exists an origin-symmetric ellipsoid passing through all the points. They conjectured
a threshold of n = (1 — 04(1)) - d%/4, while until recently, known lower bounds on the

maximum possible 1 were of the form d2/ (log d)°(1).

In this chapter, we give a simple proof based on concentration of sample covariance
matrices, that with probability 1 — 04(1), it is possible to fit an ellipsoid through d?/C
random Gaussian points. Similar results were also obtained in two recent independent
works by Hsieh, Kothari, Potechin and Xu [HKPX] and by Bandeira, Maillard, Mendelson,
and Paquette [BMMP24].

3.1 Introduction

In this work, we consider the problem of fitting an ellipsoid to random Gaussian points in d
dimensions. An origin-symmetric ellipsoid in RY is specified by the equation (x, Qx) = 1,
for a positive semidefinite matrix Q = 0. The following problem was considered by
Saunderson, Chandrasekaran, Parrilo, and Willsky [SCPW12, SPW13] in the context of
recovering a subspace from noisy measurements, using semidefinite programs: Given

Z1,-+.,2n € R?, does there exist Q = Osuch that (z;, Qz;) =1 Vi € [n]?

They proved that for a d-dimensional subspace, fitting the projections of n canonical
basis vectors V to an ellipsoid, is equivalent to recovering V- using a canonical semidefi-
nite program. Thus, one is interested in determining how large can n be taken relative to d,

to ensure small co-dimension for the subspace v+ (see [Saull] for a detailed discussion).
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Saunderson et al. considered both average-case and worst-case versions of the above
problem, and here we discuss average-case version where the points z1, ..., z; can be taken
to be independent samples from a Gaussian distribution. Since the problem is invariant
under linear transformations (as Q can be modified to LQLT for any linear transformation
L), it is convenient to consider zy, ...,z ~ N (0, % - 1), so that in expectation, the points
lie on the unit sphere $9~1. One then considers the problem of determining the largest
n as a function of d, such that with probability close to 1 (say 1 — 04(1)), there exists an
ellipsoid passing through the random points z4,...,z,. It is easy to see that we must

d+1

have n < (“3") via dimension arguments. Saunderson et al. [SCPW12, Saull] made the

following conjecture based on experimental results.

Conjecture 3.1.1 ([SCPW12, Saull]). For arbitrarily small e > 0, if n < (1/4 — €) - d?, then
with high probability over z1, .. .,zy ~ N (0,3 - 1), there exists an ellipsoid passing through all

the points.

In addition to being an intriguing conjecture in its own right, this problem has also
attracted recent attention because of its connections to techniques used in the study of
lower bounds for semidefinite programs. In such lower bounds, the key technical challenge
is often to come up with a candidate matrix, which may depend on random data, and then
to prove the positivity of such a matrix (with high probability). The task of finding the
matrix Q = 0 also requires exhibiting a solution to a semidefinite program, and in fact
some of the known results for the ellipsoid fitting problem have a significant overlap with

semidefinite programming lower bounds, in terms of the techniques.

Known results. Saunderson et al. [SPW13] proved the ellipsoid fitting property (with
high probability) for n random points when n < d6/5=1 for arbitrarily small 7 > 0. This
bound was improved to n < d3/2=1 by a result of Ghosh et al. [G]]J720] in the context

of lower bounds for the Sum-of-Squares semidefinite programming hierarchy, for the
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closely related “Planted Affine Planes" problem. These bounds were further improved to
n < d?/(logd )o() by two independent works of Potechin et al. [PTVW22], and of Kane
and Diakonikolas [KD23]. The work of Potechin et al. relied on techniques used in proofs
of Sum-of-Squares lower bounds, such as decompositions of random matrices into so
called “graph matrices" (and a careful analysis of the coefficients in such decompositions,
as well as trade-off between various terms [AMP21, PR23]). On the other hand, Kane and
Diakonikolas gave a more direct proof based on the spectral analysis of a single random

matrix arising from the random data.

Recent and independent work. Very recently, two independent works by Hsieh, Kothari,
Potechin and Xu [HKPX], and by Bandeira, Maillard, Mendelson, and Paquette et al. [ BMMP24]
improved the bound on the number of points to n < d?/C for some (possibly large) con-
stant C > 0, in both cases by obtaining a sharper analysis of the construction in [KD23].
The result of Hsieh et al. relies on a more careful application of the graph matrix decompo-
sitions arising in [PTVW22], while the work of Bandeira et al. uses a different approach
based on concentration bounds for Gram matrices of independently sampled vectors from

distributions with good tail behavior.

In this work, we present independent results, also proving that with high probability,
there exists an ellipsoid passing through # random points, for n < d?/C (see Theorem
3.3.1 for a formal statement of our result). The approach in this work also gives a sharper
analysis of the construction of Kane and Diakonikolas, obtaining spectral norm bounds
for random matrices arising in their construction, by using results on the concentration of
empirical covariance matrices. In addition to sharper bounds, this approach also yields
a significantly simpler analysis, avoiding the need for norm bounds via the trace power
method, as well as the careful accounting for trade-offs between terms in graph matrix

decompositions. Similar ideas were also used independently in the work of Bandeira et
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al. [BMMP24], although the approaches differ in the specifics of the concentration results

used to obtain the relevant norm bounds.

3.2 Preliminaries and notation

The Euclidean norm || - || and scalar product (-, -) in R are defined here using the counting
measure on the coordinates. For a matrix A € R™*", || A|| denotes its spectral norm, and
||A||r denotes the Frobenius norm. For a real symmetric matrix B, diag(B) denotes the
diagonal matrix obtained from B replacing all non-diagonal entries by 0. We denote
various positive absolute constants by C, c/, Co, Cq, ... when the constants are greater than
1,and ¢,c/,cg, cq,... when they are smaller than 1. The values of the constants may change

from one instance to another.

Orlicz norms, sub-gaussian and sub-exponential random variables. Let X be a real-
valued random variable with mean zero. We define the Orlicz a-norm ¢, for a > 1
as

| X|ly, = inf{t >0:Eexp(|X|*/t") <2}.

Let Z be a random vector in R". ¢, norm of a random vector is characterized by its

one-dimensional projections,

1Z]lp, = sup [{Z,x)|ly,-
xesn—1

A random variable X with bounded | X|[, is known as a sub-exponential random variable,
while one with bounded [| X[}, is known as a sub-gaussian random variable. The above
definitions are also known to be equivalent to decay of the the tail probabilities P[| X| > ]

as exp (—t/aq) for sub-exponential random variables, and exp (—tz / a%) for sub-gaussian
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random variables, where 41 and a, are within constant factors of the ¢; and ¢, norms

respectively (see e.g., [Ver18]).

3.3 Fitting an ellipsoid to d>/C random points

We will prove that with high probability over the choice of n independent Gaussian vectors
in RY, there exists an origin-symmetric ellipsoid passing through all the points, when

n < d2 /C for some fixed constant C.

Theorem 3.3.1 (Main result). There exists a universal constant C > 4 such that for n < d%/C,
and with probability 1 — 04(1) over the choice of i.i.d. samples Gy, ..., Gy from N (0, % - 14), there

exists a positive semidefinite matrix Q = 0 satisfying (G;, QG;) = 1 Vi € [n].

We use the identity-perturbation construction of Kane and Diakonikolas [KD23], which
can be derived by considering the dual of the semidefinite program for finding the matrix
Q as described above. Since the program has a constraint (G;, QG;) = 1 foreachi € [n],
the construction is defined by dual variables §; € R for each i € [n]. In particular, let
G; = ||Gill, - X;, where X; € $?~1 are random unit vectors, independent of the norms

|Gill,- Kane and Diakonikolas consider the matrix

n
Q= I+ Y6 XX,
i=1
and show that with high probability the (unique) choice of the variables J; satisfying
(G, QG;) = 1 also satisfies Q > 0. Considering the linear constraints (G;, QG;) = 1 on the
matrix Q above yields the linear system Mé = ¢, for the matrix M and the vector ¢ defined

as

(o) = () o=

M;; = = -1
2
G2

]

The proof then has two key components. The first is to show that the matrix M is invertible,
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and in fact the random matrix M~! has bounded spectral norm with high probability. The
second is to obtain bounds on the random vector ¢ (independent of M) of deviations in

norms of G;, to bound the norm of the perturbation Y7 6; - X; X;".

It is in the first part of the proof that our approach differs significantly from that of Di-
akonikolas and Kane [KD23]. Their proof relied on using the trace power method (which is
the most technically involved part of the proof) and yielded bounds for n < d2/ (logd)°).
On the other hand, we rely on the fact that the vectors X?Z have a sub-exponential distri-
bution, and use existing results on the concentration of empirical covariance matrices for
random sub-exponential vectors. The second part of our proof is similar to that of Kane
and Diakonikolas, but needs to develop improved tail estimates for the vector ¢, to avoid

the loss of (logd)©() factors.

3.3.1 Spectral norm bound for the Gram matrix

We will bound the norm of M~ for the Gram matrix M defined as M;; = <X?2, X]®2>
by using the results of Adamczak et al. [ALPT]10a, ALPTJ10b] on the concentration of
empirical covariance matrices, for independent sub-exponential random vectors. For
independent (mean-zero) random vectors Y7, ..., Yy, forming columns of a matrix Y, the
empirical covariance matrix is given (up to scaling) by YYT. Since YYT has the same non-
zero eigenvalues as the the Gram matrix Y Y, their proofs in fact proceed by understanding
the spectrum of the Gram matrix, which implies the results needed for the matrix M above.

We will need the following inequality.

Theorem 3.3.2 (Hanson-Wright Inequality, see e.g. [Verl8] Theorem 6.2.1). Let Z =

(z1,...,24) € RY be a random vector with independent mean-zero sub-gaussian coordinates.
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Let A bead x d matrix. Then, for every t > 0, we have

t2 t
P ’ZTAZ—IE 7TAZ ’>t < 2exp | —cmin , )
| 7Taz| 2] < 209 Ki[A2 K2 A]

where K = max; ||z;| ,-

We now consider the centered versions of the vectors X®2, defined as Y = X®2 —
. 2 .
E X®2, and show for any unit vector u € R4 , the random variable (u,Y) has sub-
. . . 2 .
exponential tail. Since a vector u € R% can be thought of as a matrix A € R¥*4, we

can obtain the required tail behavior using Theorem 3.3.2.

Lemma 3.3.3 (Sub-exponential behavior). Let X = (x1, ..., xz) be a random vector uniformly
distributed on the unit sphere: X ~ Unif(Sd_l). Then Y = X®? — EX®? is a sub-exponential

random vector satisfying HX®2 — EX®? H1p < C/d.
1

Proof. Consider a standard normal random vector G ~ N(0,1;). The direction X =
G/ ||G||, is uniformly distribution on $?~1. We need to show that (X®2 — EX®2,u) is
sub-exponential for all unit vectors u € R%, Reshape u into a d x d matrix A in which
lli]' = (u, ;® €]> Hence
2 2 a
(X®2 —EX®%,u) = Z (xixj — Exjx;) (u, e; ® ¢)
1,j=1
= XTAX - EX'AX.

We want to bound the tail probability,

P |<X®2—IEX®2,u>|2ﬂ = {|XTAX EXTAX| > }
GTAG _GTAG t]
IGII3 HGHZ —d
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Notice that |G|, is well concentrated around v/d. Thus the event E := {||G||, >

Vd/2} is very likely and its complement IP(E€) < 2exp(—c; - d). Then

t t
> - < > —
_d]_m{ _d}AE

<P UGTAG—EGTAG) > ﬂ +2-exp(—cq - d)

GTAG GTAG

GTAG _G'AG L
IGIZ G2

—E
IGII3 G2

+IP(E)

< 2exp <—c0 : min(tz,t)> +2exp(—cy-d),

where the last inequality is due to Theorem 3.3.2 with [|A|| < ||A||p = 1 and K =
max; HGZ-Hl),,2 =1

For the first term in the last inequality, take ¢, such that 2exp(—cp) > 1 and let
¢’ = min(cy, ¢5). The first term is bounded by 2 exp(—c’ - t). For the second term in the last
inequality, notice that [(X®2,u)| < || X®2||,||u|l = 1. This implies that t < 2d, otherwise
the tail probability P <|<X®2 — EX®2,u)| > 2) = 0. If t < 2d, then 2exp(—cy -d) <

2exp(—(c1/2) - t). Now let ¢ = min(cq/2,c’) and substitute § = t/d > 0. It follows that
P (y<x®2 —EX%2,)| > 9) < dexp(—c-0d).

It is a standard argument (see e.g. [Ver18] Proposition 2.7.1) that if the tail probability is
bounded by 2 exp(—cfd) for all § > 0, then || X®? — ]EX®2||¢,1 < C/d. n

With the above lemma, we can now apply a result of Adamczak et al. [ALPT]10a]
which yields bounds on the singular values of a random matrix Y with columns of Y
being independent sub-exponential random variables. We present a simplified version of

Theorem 3.13 in [ALPTJ10a] below.

Theorem 3.3.4 ([ALPT]J10a], Simplified version of Theorem 3.13). Let Y1, ..., Yy be indepen-

dent random vectors in RP such that max;<j<n 1Yilly, < and maxj<j<n [|Yill2 < 1. Let Y
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be a random D x N matrix whose columns are Y;’s. Then
P loy(Y) <Cp-VN+6| > 1-exp(—cVN).

For our application, we will actually need a bound on the singular values which
decreases with ¢, and it is in fact easy to check that the additive term of 6 in their bound
arises from diagonal entries of the matrix YTY, which can be Q(1) if the columns are unit
vectors. We will need the following version of their result, bounding the contribution of

the off-diagonal terms.

Lemma 3.3.5 (Off-diagonal estimate). Let Y1, ..., Yy be independent random vectors in RP
such that maxj<;j<n ||Yilly, < ¢ and maxq<;j<n || Yill2 < 1. Let Y be a random n x N matrix

whose columns are Y;’s. Then
P [HYTY - diag(YTY)H < Cmax{¢? N,y \/ﬁ}] > 1 —exp(—c-VN).

Proof. We will use the tail bound for o7 (Y) from Theorem 3.3.4 to obtain a tail bound for

|YTY — diag(YTY)||. In the proof of Theorem 3.13 [ALPTJ10a], ||YTY — diag(YTY) H and

Hdiag(YTY) H are estimated separately in terms of o1 (Y). They are combined at the last
step to give the bound on 7 (Y) by the triangle inequality || YTY|| < ||[YTY — diag(YTY)| +
|diag(YTY)| together with an approximation argument. To simplify the bound presented
in the proof of Theorem 3.13 [ALPTJ10a], we set the parameters exactly the same as in
Theorem 3.3.4:

P [HYTY - diag(YTY)H < Cooy(Y) - lp\/ﬁ} > 1—exp(—cy- VN). (3.1)
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Let By := {||YTY — diag(YTY)|| < Cyoq(A) - v/N} and Ep := {o7(Y) < Cy - VN +6}.
P(Ey ANEp) = P(Ey) —IP(Ey AEj) > P(Ey) — P(E3)
Substituting the probability bounds from Theorem 3.3.4 and Equation 3.1, we have
HYTY - diag(YTY)H < Co- VN - (CyVN +6) < C; - max{yN, pVN}

with high probability. ]

We can now apply the bound from the above lemma to control the spectral norm of

M1 for the Gram matrix M. We denote the event that HM -1 H < 3by E;.

Lemma 3.3.6 (Operator norm bound: Event Ey). Let M be the matrix defined as M;; =
<X;®2, X}X’z>,for Xy, ..., Xp ~ Unif(S?=1). Then, for n = d2/C for a sufficient large constant
C, the matrix M satisfies Ml = % Iy + % - In, and thus ||M_l | < 3, with probability at least

1 —exp(—c-d).

Proof. LetY; = X2 — E X2, where EX{*? = 1 ¥4 | ¢/, Note that

1 1 1
YTY:M—l—EJn and EM:(1—E)-IH+E-],1,

where J;; denotes the all-ones matrix in R”*". Since the diagonal entries of M are 1, we
also get that diag(YTY) = (1 - %) - Iy, and thus YTY — diag(YTY) = M — E M.
By Lemma 3.3.3, {Yi}ie[n] are independent sub-exponential random vectors with

[|Yilly, < C/d. Thus Lemma 3.3.5 implies that

P {HYTY— diag(YTY)| < Cmax{d%,%ﬁ}} > 1—exp(—cv/n).

Choose n = d?/Cy for large enough C; such that Cy/n/d < 1/2. We have that with
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probability at least 1 — exp(—c - d),

IYTY —diag(YTY)|| = |[M—EM| < 1/2.
This implies
1 1 1 1
- [Z_Z]. Z. — .
M = <2 d) In+d ]n_3 In
which gives HM_lH < 3. [

3.3.2  Estimates for deviations in norms

We next develop some bounds for the random variables ¢; = — 1, where G; ~

_1
IGillz
N(0,1/d - I;). Together with the bounds for HM -1 H developed above, these will help us
analyze the perturbation depending on the vector 6 = M~ 1e. We also note that the M and

¢ are independent random variables.

Lemma 3.3.7 (Sub-gaussian behavior of €). The independent random variables €4, . .., &y all

satisfy

1. Elg;] = ﬁ and Varle;] = O(

).

QU

2. Plle; —Eej| > 1] < 2-exp (—tz-d/32>forallt <1/2.

Proof. We fix an i € [n] and write ¢; = ﬁ —1for G ~ N(0,1;). The random variable
2

1/ |G ||% has the inverse-x? distribution with d degrees of freedom, for which the moments

are known to be E[(1/ ||G\|%)k] =27k, % when k < d/2 [Wika, Wikb]. A direct

computation yields

Ele;] = —= and Varlg] = = O(1/4d).

(d—2)2-(d—4)
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Leteg = E¢; and Z; = ¢; — [Ee; = ¢; — 9. We want to bound the tail probability of Z;. We

have
d(f+€o)}
P[Z; >t =P|——- —1>t+e| = P||G|2-d < — )
Zi=1 L [” 13-4 <~ e

and
T IGlI3 ~ ~ 2702 T e

The tail bound for x2 distribution (see [Ver18] Theorem 3.1.1) implies that

_ 2
P[|Z;] > t] §2-exp<—gmin{ £~ ¢o t+ 2o })

1—t+e) 1+t+¢g

Using the fact that

2 2
. t—e¢p t+¢p t

7 > =y 7 t 2 /1 2/
mm{l—t—i—so 1+t+€0} = (2) vt € [2¢0,1/2]

we can simplify the tail bound to

P(|Z;] >t) < 2ex —dtz Vi < L
=8 =P "5 ) Ty
since the probability is trivial for t < 2e. u

The above lemma also shows that with high probability |¢||,, = O(y/(logd)/d),
which we denote as the event E;. Actually, we will use E; as a shorthand for A E; ;, where
E, ; is defined by a bound on [¢;| (so that the collection of random variables {¢;| EZ,i}i €[]

remain independent).

Corollary 3.3.8 (/o bound on &: Event Ep). With probability 1 — d~1) we have ||¢e||, <
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C+/log(d)/d. Also, conditioned on Ep, we have ||¢; — E &illy, < C/ V.

Proof. Using the tail bound from Lemma 3.3.7, and n < d? we have that

Vl9ogd
P |3Jie[n]. |&g >Cp- \;)Hg < dz-exp(—Cl-logd) < dC.

Also, the tail bound for Z; = ¢; — E ¢;, conditioned on Ej is:

P[|Z;] > tNEp] _ 2 exp(—dt?/32)
IP[E;] T 1—04(1)

P[|Z)| >t]|E)] = < 2exp(—di®/64), Vi

The 1 norm follows directly from the tail bound. m

Lemma 3.3.9 (/*° bound on &: Event Eg). With probability 1 — 04(1), the vector § = M~ le
satisfies ||0]|o, < C - (logd)/V/d.

Proof. We condition on events E1 and Ej both of which happen with probability 1 — 0;(1).
We fix the matrix A = M~ satisfying ||A|| < 3, and consider & (which is independent
of M) with independent entries €1, ..., &, satisfying ||e; — Ee¢; ||1,L72 < C/+/d by Corollary
3.3.8. Then §; = (A;, ¢), where A; denotes the i-th row of A with ||A;[|, < ||A]| < 3. By

Hoeftding’s inequality for independent sub-gaussian variables

Pllo; —Eo| > t] = P[|(Aje—Ee)| > 1]

c-t?
< 2exp | —
= 2OP | T e —Eel2
[ A2 - max; [|e; €z||1p2

< 2exp <—c/~t2~d> .

To bound || E ||, = HM_l E EH , we note that by Lemma 3.3.7, E¢ = (2/d-2) - 1, and that
oo
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conditioned on Eq we actually have M > (1/3) - I, + (1/d) - Ju. Thus,

G

IES|,, = HM*llEe 2 .% 1.

S

=ty <

HOO

Choosing t = C'(logd)/+/d in the Hoeffding estimate then proves the claim, since n =
d2/cC. m

3.3.3  Spectral bounds on the perturbation

To prove Theorem 3.3.1, we need to show that Q = I; + Y1 ; J; - X;X;Tis positive semidef-
inite. It suffices to show that the perturbation matrix P = Y7 , ; - X;X;T satisfies | P|| < 1.
To obtain a bound on the spectral norm of the above matrix P, we will use the standard
argument that it suffices to bound || Pu/| for all u in a x-net of the sphere $9~1 i.e., a set of
points N such that for all x € $%~1, there exists y € N with ||x — y||, < x. In particular, we

will use the following result.

Lemma 3.3.10 ([Ver18]). Let A € RA*4 pe g symmetric matrix and let N be a x-net of gi-1,

Then,
Al = sup |G An)] < 1o sup (u, Aw)
xesi-1 ueN
Proof. Let x € S%~1 be the maximizer of the first quadratic form with |(x, Ax)| = ||A]|,

and let u € N be the closest point. Then

JAL = [, A < [{(x — ), Ax)| + | (x, A(x — )
< 2. [ Ax] - x —u|
< 2 |A] -
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Combined with known estimates on sizes of x-nets, stating for example that there
exists a 1/4-net size at most 99 (see e.g., [Ver18], Corollary 4.2.13), it suffices to prove
that for a fixed u in a 1/4-net N, we have |(u, Pu)| < 1/2 with probability at least (say)

1 — exp(—44d) (to allow for a union bound).

We start by considering (u, Pu) = }_I' ; ;- (u, X;)2. We will consider the vector B with

B;i = (u, Xi)z, and split it in two parts according to a threshold f( to be chosen later.

Bheavy = 2 Bi-ei- Lepi>to) and Blight = B — Bheavy -

ZE 71
We first prove that Supp(Beavy) = {i[B; > to} is bounded in size.

Claim 3.3.11. There exist C1,Cy > 0 such that over the choice of X1,..., Xy, we have for
to > C1/4d,

% X%, HSUPP ;Bheavy)‘ > Cz/to} < exp(—100-d).

Proof. Since X; ~ Unif(s%-1), 1Xilly, < C/+/d, which implies P[(u, X;)? > ] < exp(—

t -d). By independence, the probability of having k heavy coordinates is at most n* -

exp(—c-t-d-k), which can be made smaller than exp(—100 - d) for k = O(1/t). n

We next prove that || B2 is bounded, which allows for concentration bounds on
<5/ .Blight>'

Lemma 3.3.12 (¢, bound on fy;ep4). There exist constants co, Co > 0 such that for ty < co, we

have

X an MﬁlzgktH = Co- dz} < exp(—100-4d).

Proof. We will use again that sub-gaussian behavior of X; implies P[8; > t] < exp(—c - td).
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For A € (0,cd/(2tg)), we have

E [exp </\ - min{f?, t%})} = /()exp(At%) P (exp()\ﬁ%) > s) ds

exp(At2
< 1+/ 8 °)1P<exp(A/s%) Zs) ds
= 1+/ ﬁz > t 2/\texp()\t2)dt

<1 —l—/ exp(At? — cdt)Atdt

8A
2d2

< 1—|—/ exp(—cdt/2)Atdt = 1+ ——

where the last inequality used A < cd/(2ty). We thus have

Elexp(1- [Bignl3)] < TTE [exp (A-min{g, 2} )]

=1
< (1+8A/c2d?)"

~

< exp(8An/c%d?).

Taking ¢y < ¢/2 and choosing A = d gives by Markov’s inequality,

2 n 8d-n d-Cy-n
P [l o] < o (B - 3) < owm-a,
since the probability can be made small by an appropriate choice of C.

We now have all the ingredients to prove Theorem 3.3.1.

Proof of Theorem 3.3.1: Let E = E; A Ep A E3 and note that P(E) = 1 —0,4(1). Condi-

tioned on E, we will show that forany u € N, | (1, Pu) | = | (6, ) | < 1/2 with exponen-

tially high probability, and then take a union bound over N. From Lemma 3.3.9 we know

that ||4]|, = O(log(d)/+/d) and Claim 3.3.11 implies that Supp(Breavy) is bounded by
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O(1/tg) with probability 1 — exp(—100 - d). Thus,

for tg = O(d~1/4)

N =

|<5113heavy>| < ||5H00 H;BheavyHl <O <log(d)/(\/a-t0)> <

Now we turn to the contribution from f;,,;, which can be written as

16, Blignt)| = (M, Brignt)l = (M, Bigns)| = [{& M~ Brigns)|

By Lemma 3.3.6 and Lemma 3.3.12, we have ||M_1,Blight||% < ||M_1H%H||13tht||% =
O(n/d?). Since e and M~! Blignt are independent, and & conditioned on Ej has sub-

gaussian norm O(1/+/d) by Corollary 3.3.8, Hoeffding’s inequality implies that,

_ 1 c/36
]PU(&—]E&,M 1ﬁl'ht>‘>_] < 2-exp (— )
w7 M Brigrel3 -l — Eell3,

= 2. exp(—c' . ds/n) ,

which is at most exp(—100 - d) when 1 < d2/C for an appropriate C. Finally, note that

using Lemma 3.3.7 and Lemma 3.3.12, with probability 1 — exp(—100 - d),

‘<]E€/M_1ﬁlight>‘ = d ‘<1 M :Blzght>‘

i M |
(7))

Thus, we have that conditioned on E, P[|(, B)| > 1/2] < exp(—10-d) when n <

IA
‘N

I
O =
b=



d2 /C for a large enough C. We can now take the union bound on the net to show

1
> -] < IP|sup
2 ueN

11>(|<5,5>| 21/2‘15) “P(E)

1
>
-2

i 5; (u, X;)*

i=1

i 5; (u, X;)?

i=1

P (sup E) -IP(E) +P(E°)
ueN

< od. +P(E°)

< 9% exp(—10-d) +04(1) = 04(1).

Combined with Lemma 3.3.10, this implies ||P|| < 1 and hence Q > 0 with probability
1-— Od(l). |

3.4 Other explicit constructions

The ellipsoid fitting problem can be viewed as a semidefinite program with random linear

constraints and a postivitiy constraint, i.e., find Q such that

(

Q=QT

(G;,QG,)) =1 Vi€ n] (3.2)

Q= 0.

\

See [BMMP24] Corollary 1.3 for the dual program of (3.2).

The common approach in [KD23, PTVW22, BMMP24, TW25a] is to construct Q explic-
itly and prove that Q is positive semidefinite with high probability. This approach relaxes
the positivty constraint in (3.2) and seeks to minimize some "potential” functions of Q

instead. There are two types of "potential” functions discussed in [MK24].

1. V1(Q) = ||Q — I4]| for some t > 1.

2. »(Q) = ||Q||; for some t > 1.
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|| - ||s denotes Schatten-t norm.

We briefly show the derivation of the identity perturbation construction from V;(Q).
Now we set to solve
. 1 2
min - 5[|Q — I
2 2 (3.3)
S.t. (G;,QG;) =1 Vi € [n].

The Lagrangian of (3.3) is

n n

LQA) = 2u((Q~I)T(Q~ ) — Y. Ai{GiQG) + - Ar

i=1 i=1

By taking the derivative of £(Q, A) with respect to Q and setting the derivatives to 0, We
get
IL(Q,A)

n
ILQA) _ 5 1 vy rccT—o.

It follows that

n
Qip = Ij+ ZAiGiGiT.
i=1

Since these explicit constructions are obtained by relaxing (3.2), each construction has
different phase transition threshold. See [MK24, BM23] for more detailed discussion on
various thresholds. From the numerical experiments in [MK24, PTVW22], the identity
perturbation construction of (3.3) undergo phase transition around d2/10. Beyond d2/10,
Q1p ceases to be positive semidefinite with high probability. A surprising result from
[MK24, BM23] is that the phase transition threshold for the minimal nuclear norm con-
struction seems to be d2 /4 from numerical experiments, which coincides with the original

ellipsoid fitting problem.
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The minimal nuclear norn construction from V,(Q) is

min  [|Qlq a4

S.t. <Gi/ QGZ> =1 Vi e [1’1]

The Lagrangian of (3.4) is

LQA) = &(QTQ) — Y G, QG + Y Ar

i=1 i=1

By taking the derivative of £(Q, A) with respect to Q and setting the derivatives to 0, We

get
9L(Q, )

She - =QQQ)" ZAGG

It follows that

I\)\’—‘

Q(QTQ)" 2 = iA'GiGiT,

and

Q = Y AGGT(QTQ)R.

i=1

Substitute Q back into the random linear constraint, we get that

(

<G1, Y /\iGiGIT(QTQ)%G1> =1

(3.5)

<Gnr Yit1 /\iGiGlT(QTQ)%Gn> =1

1
If there is an intermediate solution for (QTQ)2, we can solve the system of equations
above to get A;. Then we can compute Q by substituting in A; and the intermediate

1
solution for(QTQ)2. This motivates an iterative algorithm for solving Q. Of course, it
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remains to show that Q is positive semi-definite with high probability. Although it looks

mathematically daunting, we think it is an interesting direction for future work.
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