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ABSTRACT

The main purpose of this dissertation is to introduce a new method for obtaining norm

bounds for random matrices, where each entry is a low-degree polynomial in an underlying

set of independent real-valued random variables. Such matrices arise in a variety of settings

in the analysis of spectral and optimization algorithms. Using ideas of decoupling and

linearization, we show a simple way of expressing norm bounds for such matrices, in

terms of their higher-order derivatives. Some of the highlighted applications include

graph matrices, tensor networks and smoothed analysis. In addition, we present a concise

analysis of the ellipsoid fitting problem using the concentration bound of random matrices

with covariance structure.
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CHAPTER 1

INTRODUCTION

Matrix concentration inequalities try to answer the following question: Given a vector

of random variables x = (x1, . . . , xn) taking values in some measure space Ωn, and a

measurable map F : Ωn → Rd1×d2 , what is an explicit bound on

P(∥F(x)− EF(x)∥ ≥ t) ≤ ? (1.1)

where ∥ · ∥ denotes the spectral norm of a matrix.

Matrix concentration inequalities are used extensively in theoretical computer science,

applied mathematics, and a wide range of other fields. In contrast to the classical random

matrix theory, the random matrix F(x) may not have i.i.d entries and many applications

seek the tail probability bound (1.1) in the non-asymptotic regime. Usually a sub-Gaussian

bound on the tail probability is desirable.

This chapter will review some of the major scalar and matrix concentration inequalities

and discuss tools for proving these inequalities. We delay the discussion of applications to

Chapter 2 and Chapter 3.

1.1 Scalar concentration inequalities

Before delving into matrix concentration inequalities, we briefly mention some important

scalar concentration inequalities. Some of the material in this section is taken from the

wonderful book by Boucheron, Lugosi and Massart [BLM13]. We kept the notations and

language intact at some places.

For sums of independent real-valued random variables, one of the classical inequalities

for tail probabilities is Hoeffding’s inequality.
1



Theorem 1.1.1 (Hoeffding’s Ineqality [Hoe63]). Let x1, . . . , xn be independent random variables

such that xi takes its value in [ai, bi] almost surely for all i ≤ n. Let

S =
n
∑
i=1

(xi − Exi).

Then for every t > 0,

P(S ≥ t) ≤ exp

(
− 2t2

∑n
i=1(bi − ai)

2

)
.

Hoeffding’s inequality implies a sub-Gaussian tail inequality. However, the variance

of S may be much smaller than ∑n
i=1(bi − ai)

2. In such cases, we ask if a sharper bound is

obtainable? Bennett’s inequality provides such an improvement. Instead of boundness,

Bennett’s inequality only requires an appropriate control of moments.

Theorem 1.1.2 (Bennett’s Inequality [Ben62]). Let x1, . . . , xn be independent random variables

with finite variance such that xi ≤ C for some C > 0 almost surely for all i < n. Let

S =
n
∑
i=1

(xi − Exi) and σ2 =
n
∑
i=1

Ex2
i .

Then for every t ≥ 0,

P(S ≥ t) ≤ exp

(
− σ2

C2 h
(

Ct
σ2

))
,

where h(u) = (1 + u) log(1 + u)− u for u > 0.

Bernstein’s inequality is very similar to Bennett’s inequality. Both inequalities provide

a sub-Gaussian type inequality. Now instead of simply the sums of independent real-

valued random variables, what about more general functions of independent real-valued

random variables?

Formally, given a vector of random variables x = (x1, . . . , xn) taking values in some

2



measure space Ωn, and a measurable map f : Ωn → R, we seek an explicit bound on

P(| f (x)− E f (x)| ≥ t) ≤ ?

We emphasize that the xi’s may have different distributions, the only essential assump-

tion is independence. Based on martingale methods, the following inequality was first

discovered by Efron and Stein. We present Steele’s version of the celebrated Efron-Stein

inequality.

Theorem 1.1.3 (Efron-Stein Inequality [ES81, Ste86]). Let x = (x1, . . . , xn) be a vector of

independent random variables and let f (x) be a square-integrable function of x. Then

Var( f (x)) ≤
n
∑
i=1

E

[(
f (x)− E(i) f (x)

)2
]

:= ν,

where

E(i) f (x) =
∫

Ω
f (x1, . . . , xi−1, Xi, xi+1, . . . , xn) dµi(Xi).

ν is often called the variance proxy which captures the idea of summing up "local"

variations of the function f . Efron-Stein inequality provides a bound in terms of the

variance proxy. Once the variance of f is controlled, Chebyshev’s inequality can be used

to derive upper bounds for the tail probability. However, Efron-Stein inequality does not

capture the phenomenon that the tail probability decreases at an exponential rate. The

exponential Efron-Stein was proved by Boucheron, Lugosi and Massart [BLM03] using the

entropy method.

Efron-Stein inequality is one of many results in which concentration properties may be

controlled by studying the local behavior of the function at hand. For smooth functions of

independent normal random variables, the Gaussian Poincaré inequality shares the same

spirit.

3



Theorem 1.1.4 (Gaussian Poincaré Inequality). Let x = (x1, . . . , xn) be a vector of i.i.d

standard Gaussian random variables. Let f : Rn → R be any continuously differentiable function.

Then

Var( f (x)) ≤ E
[
∥∇ f (x)∥2

]
.

Similar to Efron-Stein inequality, the Gaussian Poincaré inequality does not capture the

right tail behavior either. If we restrict our attention to Lipschitz functions, the Gaussian

concentration inequality provides a subguassian tail bound.

Theorem 1.1.5 (Gaussian Concentration Inequality [Bor75]). Let x = (x1, . . . , xn) be a vector

of i.i.d standard Gaussian random variables. Let f : Rn → R be a L-Lipschitz function. Then, for

all t > 0,

P(| f (x)− E f (x)| ≥ t) ≤ 2 exp

(
− t2

2L2

)
.

However, Lipschitz functions are too limited when it comes to applications. Many

combinatorial problems, for example, the subgraph counting, need to consider polyno-

mials in independent random variables. Methods for obtaining concentration of (scalar)

polynomial functions have been the subject of a large body of work, including results by

Kim and Vu [KV00], Latała [Lat06], Schudy and Sviridenko [SS11, SS12], Adamczak and

Wolff [AW15], and Bobkov, Götze and Sambale [BGS19]. Concentration inequalities for

non-Lipschitz functions are fairly intricate. The work by Adamczak and Wolff [AW15]

provides tail bounds for non-Lipschitz functions with bounded derivatives of higher order.

Before we present a simplified version of their result, we introduce some notations.

Consider a homogeneous polynomial f of degree d. Let A = (ai)i∈[n]d be a d-indexed

matrix that stores all the coefficents of f . Let P be the set of all possible partitions of

{1, . . . , d} into nonempty, pairwise disjoint sets. Let J = {J1, . . . , Jk} be a partition in P.

Let |J | denote the cardinality of J . Define the injective tensor product norm of A with

4



respect to J as

∥A∥J = sup
{

∑
i∈[n]d

ai

k
∏
l=1

x(l)iJl
: ∥(x(l)iJl

)∥2 ≤ 1, 1 ≤ l ≤ k
}

.

Theorem 1.1.6 (Polynomial Concentration Inequality [AW15]). Assume that a random vector

x in Rn satisfies the logarithmic Sobolev inequality with constant L. Let f : Rn → R be a

homogeneous polynomial of degree d, then

P(| f (x)− E f (x)| ≥ t) ≤ 2 exp

(
−

η f (t)

Cd

)
,

where

η f (t) = min
J ∈P

(
t

(L/2)(d/2)∥Dd f (x)∥J

) 2
|J |

.

If the underlying measure satisfies the logarithmic Sobolev inequality (or the Poincaré

inequality), the polynomial concentration inequality of [AW15] can be expressed in terms

of the tensor product norms of the derivatives of f .

We omit other interesting concentration inequalities as the aforementioned inequalities

are most relevant to this thesis.

1.2 Linear matrix concentration inequalities

As we move on to matrix concentration inequalities, one natural question to ask is if scalar

concentration inequalities can be lifted directly to matrices. For sums of independent

random matrices, the answer is yes!

The matrix analogues of the classical inequalities due to Hoeffding, Berstein, Khint-

chine and Rosenthal were proved by Mackey et al. [MJC+12] using the generalized Stein’s

method of exchangeable pairs. See the monograph [Tro15] for a complete bibliography.

5



Theorem 1.2.1 (Matrix Berstein [Tro15]). Let X1, . . . , Xn be independent, centered random

matrices with common dimension d1 × d2, and assume that each one is uniformly bounded

EXk = 0 and ∥Xk∥ ≤ L for each k = 1, . . . , n.

introduce the sum

Z =
n
∑
k=1

Xk,

and let ν(Z) denote the matrix variance statistics of the sum:

ν(Z) = max{∥E(ZZ∗)∥, ∥E(Z∗Z)∥}

= max
{∥∥∥ n

∑
k=1

E(XkX∗
k )
∥∥∥,
∥∥∥ n

∑
k=1

E(X∗
k Xk)

∥∥∥}.

Then,

P(∥Z∥ ≥ t) ≤ (d1 + d2) · exp

(
−t2/2

ν(Z) + Lt/3

)
for all t ≥ 0.

Notice that the Matrix Berstein inequality is expressed in terms of the ambient dimen-

sion d1 and d2 of the random matrix Z. The dependence on the ambient dimension is also

present in the noncommutative Khintchine inequality.

Theorem 1.2.2 (Noncommutative Khintchine Inequality [Pis03]). Let A1, . . . An be self-

adjoint d × d matrices and g1, . . . , gn be standard Gaussian random variables,. Then

C1

∥∥∥∥∥
(

n
∑
i=1

A2
i

) 1
2
∥∥∥∥∥ ≤ E

∥∥∥ n
∑
i=1

giAi

∥∥∥ ≤ C2
√

log d

∥∥∥∥∥
(

n
∑
i=1

A2
i

) 1
2
∥∥∥∥∥,

where C1 and C2 are some universal constants.

The noncommutative Khintchine inequality yields two-sided estimates on the spectral

norm of sums of Gaussian random matrices. The dependence on the ambient dimension

6



is only sharp when Ai’s are commutative, which is not optimal in many cases. Recently,

[BBvH23] provides a stronger noncommutative Khintchine inequality which takes into

account the noncommutativity of Ai’s.

1.3 Nonlinear matrix concentration inequalities

While there are abundant concentration inequalities for general scalar functions of random

variables and sophisticated techniques for proving them, the matrix analogues are still

very scarce.

Using the generalized Stein’s method of exchangeable pairs again, Paulin, Mackey and

Tropp [PMT16] proved the matrix analogues of exponential (and polynomial) Efron-Stein

inequality.

Let x = (x1, . . . , xn) ∈ X be a vector of mutually independent random variables in a

Polish space. Let H : X → Hd be a measurable function that takes values in the space of

Hermitian matrices, and construct the centered random matrix

Z := H(x)− EH(x).

Similar to the scalar Efron-Stein inequality, we quantify the "local" variation of H by

replacing each coordinate with an independent copy. Construct the random vector

x(j) := (x1, . . . , xj−1, x′j, xj+1, . . . , xn) ∈ X ,

where x′j is an independent copy of xj. Clearly x and x(j) have the same distribution, hence

they are "exchangeable" in some sense. Form the centered random matrix

Z(j) := H(x(j))− EH(x(j)).

7



The total "local" variation is captured by the variance proxy

V :=
1
2

n
∑
j=1

E

[(
Z − Z(j)

)2 ∣∣∣ x
]

.

Theorem 1.3.1 (Matrix Efron-Stein [PMT16]). Instate the aforementioned notation and assume

that E∥Z∥2 < ∞. For each natural number p ≥ 1,

(
E∥Z∥2p

2p

) 1
2p ≤

√
2(2p − 1)

(
∥V∥p

2p

) 1
2p ,

where ∥ · ∥2p denotes the Schatten-2p norm.

Recently, [HT20, ABY20] proved matrix generalizations of the Poincaré inequality

using the Markov semi-group method. Although the inequality holds for any measure µ

that satisfies the Poincaré inequality, we shall present the Gaussian version of it for ease of

presentation.

Theorem 1.3.2 (Matrix Poincaré Inequality [HT20]). Let x be a vector of standard Gaussain

variables, and let F : Ωn → Hd be a matrix-valued function. Then for all t > 0,

P(∥F(x))− EF(x)∥ ≥
√

ν · t) ≤ 6d · e−t,

where the variance proxy

ν := ess sup
x∈Ωn

∥∥∥∥∥ n
∑
i=1

(∂iF(x))
2

∥∥∥∥∥.

In the language of the Markov semi-group, the variance proxy ν is associated with

the carré du champ operator of the process whose stationary measure is µ. Notice that

the matrix Poincaré inequality only implies subexponential concentration. In a later

paper [HT21], Huang and Tropp improved the bound to subguassian with local Poincaré
8



inequality.

So far, the matrix Poincaré inequality is the only functional inequality that led to desir-

able matrix concentration results. Chen and Tropp [TC13] developed matrix generalization

of (modified) log-Sobolev inequality. Unfortunately, the concentration bounds they derive

require artificial assumptions. It remains open whether functional inequalities could be

used to the same extent as they were in the scalar setting.

1.4 Organization of the thesis

In Chapter 2, we prove Theorem 2.4.5 for obtaining norm bounds for random matrices,

where each entry is a low-degree polynomial in an underlying set of independent real-

valued random variables. Using ideas of decoupling and linearization from analysis, we

show a simple way of expressing norm bounds for such matrices, in terms of matrices

of their higher-order derivatives. In Section 2.6, we use Theorem 2.4.5 to obtain norm

bounds for sparse graph matrices which have applications in complexity theory. In Section

2.7, we use Theorem 2.5.3 to obtain norm bound for a simple tensor network which has

applications in the analysis of spectral algorithms. In Section 2.8, we study the smoothed

analysis and obtain the least singular value bound for smoothed Khatri-Rao products

using Theorem 2.4.5. Most of the content in this chapter is a joint work [TW25b] with

Madhur Tulsiani that has appeared at 16th Innovations in Theoretical Computer Science

Conference (ITCS 2025). Section 2.8 is a joint work with Madhur Tulsiani and Jeff Xu.

In Chapter 3, we discuss the ellipsoid fitting conjecture of Saunderson, Chandrasekaran,

Parrilo and Willsky. The ellipsoid fitting conjecture considers the maximum number n

random Gaussian points in Rd, such that with high probability, there exists an origin-

symmetric ellipsoid passing through all the points. We give a simple proof (Theorem 3.3.1)

based on concentration of sample covariance matrices, that with probability 1 − od(1), it

9



is possible to fit an ellipsoid through d2/C random Gaussian points. In Section 3.4, we

mention some directions for future work. Most of the content in this chapter is a joint

work [TW25a] with Madhur Tulsiani that has appeared at 2025 Symposium on Simplicity

in Algorithms (SOSA).

10



CHAPTER 2

POLYNOMIAL RANDOM MATRICES

In this chapter, we present a new method for obtaining norm bounds for random matrices,

where each entry is a low-degree polynomial in an underlying set of independent real-

valued random variables. Such matrices arise in a variety of settings in the analysis of

spectral and optimization algorithms, which require understanding the spectrum of a

random matrix depending on data obtained as independent samples.

Using ideas of decoupling and linearization from analysis, we show a simple way of

expressing norm bounds for such matrices, in terms of matrices of lower-degree polyno-

mials corresponding to derivatives. Iterating this method gives a simple bound with an

elementary proof, which can recover many bounds previously required more involved

techniques.

2.1 Introduction

For fixed matrices C1, . . . , Cn and independent scalar random variables x1, . . . , xn, consider

the problem of analyzing the random matrix

M = C1 · x1 + · · ·+ Cn · xn .

Note that the entries of the random matrix M are not necessarily independent, but are

(possibly correlated) linear functions of the independent random variables x1, . . . , xn. Such

matrices, which arise in a variety of applications in algorithms, statistics, and numerical

linear algebra, can often be shown to be concentrated around the mean, using a rich

selection of matrix deviation inequalities [Tro15]. Moreover, when the random variables

x1, . . . , xn are Gaussian, recent breakthrough results have obtained even sharper concentra-

11



tion guarantees depending on the structure of the matrices C1, . . . , Cn [BBvH23, BvH22]

already leading to applications in discrepancy theory [BJM23] and quantum information

theory [LY23].

In contrast to the above random matrices which are linear functions of independent

random variables, several recent applications in spectral algorithms and lower bounds for

statistical problems require understanding the (expected) norms of random matrices of the

form

F = ∑
S⊆[n]
|S|≤d

CS · ∏
i∈S

xi .

The above random matrix, which denotes as a matrix-valued function F(x), is a (multi-

linear, in the example above) low-degree polynomial in the vector of random variables x =

(x1, . . . , xn). Such matrix-valued polynomial functions arise naturally in a variety of appli-

cations, including algorithms for tensor decomposition and completion [HSSS16, HSS19,

KP20, DdL+22], orbit recovery [MW19], power-sum decompositions and learning of

Gaussian mixtures [BHKX22], and lower bounds for Sum-of-Squares hierarchies [AMP21,

BHK+19, JPR+21, Raj22]. In general, such matrices are often an important technical com-

ponent in the analysis of spectral algorithms, which require understanding the spectrum

of some random matrix depending on data obtained as independent samples. Given the

expressive power of polynomials, one can often write the matrix entries as low-degree

polynomials in the data.

In several applications above, one is interested in obtaining bounds on the spectral

norm of the deviation matrix F(x)− E F(x), which hold with high probability over the

choice of x. Although matrix-deviation inequalities for nonlinear random matrices have

been a subject of active research in recent work [PMT16, MJC+12, ABY20, HT20, HT21],

the analyses in the applications above have often needed to rely on estimating matrix

norms via direct computations of trace moments. While these do yield sharp bounds

12



required for applications, they require somewhat intricate computations and ingenious

combinatorial arguments tailored to the applications at hand.

Analyzing concentration via moment estimates. We consider concentration bounds on

a scalar polynomial f (x) with mean zero. Using Markov’s inequality, this can be reduced

to computing moment estimates, since

P [| f (x)| ≥ λ] = P
[
( f (x))2t ≥ λ2t

]
≤ λ−2t · E

[
( f (x))2t

]

Note that while in some cases E[( f (x))2t] can be computed by direct expansion, it often

involves an intricate analysis of the structure of terms with degrees growing with t, and

therefore indirect methods may be more convenient. Methods for obtaining concentration

of (scalar) polynomial functions have been the subject of a large body of work, including

results by Kim and Vu [KV00], Latała [Lat06], Schudy and Sviridenko [SS11, SS12], Adam-

czak and Wolff [AW15], and Bobkov, Götze and Sambale [BGS19]. A useful comparison to

direct computation, is the method of Adamczak and Wolff, which is applicable to functions

f (x) of a broad range of random vectors x (with not necessarily independent coordinates)

from a distribution obeying the Poincaré inequality. They obtain such moment bounds by

recursive applications of the Poincaré inequality, reducing the computation of the moments

of f to that of its derivatives. For a degree-d polynomial function f , one can consider its

coefficients as forming a (symmetric) order-d tensor, and their results obtain bounds on

the moments of f in terms of the norms of various lower-order tensors “flattening" of

this coefficient tensor. Thus, the problem of estimating moments of the random variable

f (x), can be reduced in a black-box way, to understanding the norms of a small number

(depending on d) of deterministic tensors. Any dependence on the problem structure can

then be limited to understanding these norms, where often crude estimates can suffice.

The matrix analog of the Markov argument involves the Schatten-2t norm ∥.∥2t, which

13



is defined for a matrix M with non-zero singular values σ1, . . . , σr as ∥M∥2t
2t := ∑j∈[r] σ2t

j .

For a function F with E[F(Z)] = 0, we have the following bound using Schatten norms.

P [σ1(F) ≥ λ] ≤ λ−2t · E ∥F∥2t
2t = λ−2t · E tr

[
(F(x)F(x)⊺)t

]

Several applications requiring norm bounds for matrix-valued polynomial functions,

start with the above inequality, and often rely on direct expansion of the trace for the

matrix power (F(x)F(x)⊺)t. Recall that when A is the adjacency matrix of a graph, tr(A2t)

can be interpreted as the number of cycles of length 2t. Similarly, when working with

matrices F(x) where each entry can be interpreted as arising from a combinatorial pattern,

(F(x)F(x)⊺)t can be viewed as the number of copies of such patterns “chained" together in

a certain way. Estimating the trace then amounts to estimating the (expected) number of

such chainings [AMP21].

Obtaining bounds on the E ∥F∥2t
2t via this method requires first using problem structure

to decompose F into matrices with such combinatorial patterns, and then using (ingenious)

combinatorial arguments to understand the expected number of occurrences of such

chains of patterns. The focus of this work is understanding alternative general methods

for estimating such norm bounds, when the underlying problem may not necessarily have

a combinatorial flavor, or when such decompositions may be hard to analyze.

Efron-Stein inequalities. Efron-Stein inequalities bound the global variance of a function

of independent random variables, in terms of local variance estimates obtained by changing

one variable at a time. For i ∈ [n] and tuple x = (x1, . . . , xn), let x(i) denote the tuple

(x1, . . . , xi−1, x̃i, xi+1, . . . , xn), where x̃i is an independent copy of xi. For a scalar function
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f (x), the Efron-Stein inequality states that

Var [ f (x)] = E
[
( f (x)− E f )2

]
≤ 1

2
· ∑

i∈[n]
E

[(
f (x)− f

(
x(i)
))2

]
= E [V(x)] ,

where V(x) := ∑i∈[n] E
[
( f (x)− f (x(i)))2

∣∣∣ x
]
. Moment versions of the Efron-Stein

inequality were developed by Boucheron et al. [BBLM05], who proved1

E
[
( f (x)− E f )2t

]
≤ (C0 · t)t · E

[
(V(x))t

]
.

A beautiful matrix generalization of the above inequality was obtained by Paulin, Mackey

and Tropp [PMT16], via the method of exchangeable pairs. This was also extended in later

works [ABY20, HT20] to settings where the random input vector x does not necessarily

come from a product distribution, but from a distribution satisfying a Poincaré inequality.

Rajendran and Tulsiani [RT23] used the matrix Efron-Stein inequality of Paulin, Mackey

and Tropp [PMT16] to obtain norm bounds for matrix-valued polynomial functions F(x)

of independent variables x1, . . . , xn. For (say) a degree-d homogeneous function F(x)

their method relied on iteratively applying the matrix Efron-Stein inequality, and at each

step interpreting the variance proxy V(x) as the square of a degree-(d − 1) polynomial

matrix. While this method indeed yields simple bounds when x1, . . . , xn are independent

Rademacher random variables, this simple recursion based on the black-box use of the

inequality from [PMT16] unfortunately stalls for other product distributions. As a result,

the proof and also the form of the result in [RT23] was significantly more involved for

other product distributions (including Gaussians). For the general case, the proof required

modifying the exchangeable pairs argument of [PMT16], and the bounds reduced the

question of estimating moments of matrix-valued functions to those of scalar polynomials

1. In fact, the estimates of [BBLM05] are in terms of more refined quantities V+(x) and V−(x), which are
both upper bounded by V(x) but can be much smaller.
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(which were then analyzed using known methods).

Recent and independent work. Shortly after our work, an independent work by Ban-

deira, Lucca, Nizić-Nikolac and van Handel [ASBvH25] provided general matrix concen-

tration inequalities for matrix chaoses in a similar vein.

Decoupling. Decoupling inequalities were developed in the study of U-statistics [PG99],

multiple stochastic integration [MT84], and polynomial chaos [Kwa87], and have found

important applications in applied mathematics, theoretical computer science, applied

probability theory and statistics. Some examples include the study of compressed sensing

[Rau10], query complexity [OZ16], the proof of Hanson-Wright inequality [Ver18], learning

mixture of Gaussians [GHK15] and so on. Moreover, the inequalities are applicable in both

scalar and matrix settings, and even more broadly in Banach spaces.

For a degree-d homogeneous multilinear polynomial f (x) in n independent random

variables, standard decoupling inequalities (see Section 2.3) can be used to obtain

E
x

[
( f (x))2t

]
≤ C2t

d · E
x(1),...,x(d)

[(
f (x(1), . . . , x(d))

)2t
]

,

where f (x(1), . . . , x(d)) denotes the polynomial in d · n random variables obtained by re-

placing the d variables in each (ordered) monomial by the corresponding d coordinates

coming from the d independent random vectors x(1), . . . , x(d), and Cd is a constant de-

pending on the degree d. One can now fix the vectors x(1), . . . , x(d−1), and consider the

expectation

E
x(d)

[(
f (x(1), . . . , x(d))

)2t
]

= E
x(d)


 ∑

i∈[n]
fi(x

(1), . . . , x(d−1)) · x(d)i

2t
 ,
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where we write f (x(1), . . . , x(d)) as a linear form in x(d) with coefficients fi(x(1), . . . , x(d−1)).

The moments of such a linear form can be understood (for example) using the Khintchine

inequality, which bounds it in terms of a polynomial depending only on x(1), . . . , x(d−1).

Similarly, in the matrix case, we use decoupling inequalities to reduce the problem of

estimating moments for degree-d homogeneous (and multilinear) matrix-valued polynomi-

als, to that of estimating moments for linear matrix-valued functions. At this point, one can

apply standard and well-known linear matrix concentration inequalities (we use the matrix

Rosenthal inequality) which yield a bound in terms of a degree-(d − 1) matrix-valued

polynomial function of the vectors x(1), . . . , x(d−1). Iterating this process gives a simple

method for obtaining norm bounds, applicable for multilinear polynomial functions on n

independent random variables (with any reasonable distribution).

While this method does not immediately apply for non-multilinear polynomials, it

suffices for many of the applications mentioned above. Moreover, for arbitrary polynomials

in Gaussian random variables, we can also obtain a simple recursion as an immediate

consequence of the more recent Poincaré inequalities of Huang and Tropp [HT21]. Together,

these suffice for most applications of interest.

2.1.1 Methods and results: a technical overview

Let x1, . . . , xn be i.i.d real-valued random variables with E[xi] = 0, E[x2
i ] = 1 and |xi| ≤ L

for each i ∈ [n]. Let T d
n ⊆ [n]d denote the set of ordered d-tuples i = (i1, . . . , id) with

i1, . . . , id all distinct. For a fixed sequence of (deterministic) matrices {Ai}i∈T d
n
⊆ Rd1×d2 ,

we consider a matrix-valued multilinear polynomial function defined as

F(x) = ∑
i∈T d

n

Ai · ∏
j∈[d]

xij
.
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We write the polynomial in terms of ordered tuples for decoupling, but since the variables

x1, . . . , xn commute, we can assume that for any permutation σ : [d] → [d] permuting the

d coordinates of each tuple, Ai = Aσ(i) (this is referred to as permutation symmetry of F).

We can use the decoupling inequalities from Section 2.3 to show that

∥F(x)∥4t ≤ Cd ·
∥∥∥F(x(1), . . . , x(d))

∥∥∥
4t

= Cd ·

∥∥∥∥∥∥ ∑
i∈T d

n

Ai · ∏
j∈[d]

x(j)
ij

∥∥∥∥∥∥
4t

,

where ∥·∥4t denotes the (expected) Schatten norm
(

E[tr(F(x)TF(x))2t]
)1/4t

.

We remark that while the constant Cd is of the form dd in general, this can be improved

when the underlying set of indices [n] has more structure. For example, when [n] cor-

responds to the set of pairs in a base set [r] and each of the monomials involves at most

k elements of [r] (has index degree k), it is possible to improve the constant to kk. This is

essentially the “vertex partitioning” argument used in works on graph matrices, and is

discussed in Section 2.3.1 in the language of decoupling.

As mentioned earlier, we can now “linearize” the function F(x(1), . . . , x(d)) by fixing

x(d), . . . , x(d−1) and treating it only as a function of x(d) i.e., we consider

E

∥∥∥F(x(1), . . . , x(d))
∥∥∥4t

4t
= E

∥∥∥∥∥∥ ∑
i∈T d

n

Ai · ∏
j∈[d]

x(j)
ij

∥∥∥∥∥∥
4t

4t

= E
x(1),...,x(d−1)

E
x(d)

∥∥∥∥∥∥∥∥∥ ∑
k∈[n]

 ∑
i∈T d

n
id=k

Ai · ∏
j∈[d−1]

x(j)
ij

 · x(d)k

∥∥∥∥∥∥∥∥∥
4t

4t

= E
x(1),...,x(d−1)

E
x(d)

∥∥∥∥∥∥ ∑
k∈[n]

(
∂

x(d)k
F
)
· x(d)k

∥∥∥∥∥∥
4t

4t

.

To bound the inner expectation, we can now use the matrix Rosenthal inequality (Lemma 2.4.1)
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which says that for a collection of centered, independent random matrices {Yk} with finite

moments, we have

E

∥∥∥∥∥∑k
Yk

∥∥∥∥∥
4t

4t

≤(16t)3t ·


∥∥∥∥∥∥
(

∑
k

EYkYT
k

)1/2
∥∥∥∥∥∥

4t

4t

+

∥∥∥∥∥∥
(

∑
k

EYT
k Yk

)1/2
∥∥∥∥∥∥

4t

4t


+ (8t)4t ·

(
∑
k

E ∥Yk∥4t
4t

)
.

Taking Yk = ∂
x(d)k

F · x(d)k we can now compute the expectations (over x(d)) in the RHS

as

∑
k

EYkYT
k =

[
∂

x(d)1
F . . . ∂

x(d)n
F
] [

∂
x(d)1

F . . . ∂
x(d)n

F
]T

∑
k

EYT
k Yk =

[
∂

x(d)1
FT . . . ∂

x(d)n
FT
] [

∂
x(d)1

FT . . . ∂
x(d)n

FT
]T

∑
k

E ∥Yk∥4t
4t = E

∥∥∥∥∥∥∥∥∥∥∥


x(d)1 · ∂

x(d)1
F

. . .

x(d)n · ∂
x(d)n

F



∥∥∥∥∥∥∥∥∥∥∥

4t

4t

≤ L4t ·

∥∥∥∥∥∥∥∥∥∥∥


∂

x(d)1
F

. . .

∂
x(d)n

F



∥∥∥∥∥∥∥∥∥∥∥

4t

4t

Iterating the above argument, we can prove a bound in terms of a collection of matrices
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Fa,b,c constructed inductively as

Fa+1,b,c =

[
∂x1Fa,b,c . . . ∂xn Fa,b,c

]T
Fa,b+1,c =

[
∂x1Fa,b,c . . . ∂xn Fa,b,c

]

Fa,b,c+1 =


∂x1Fa,b,c

. . .

∂xn Fa,b,c

 .

Note that in the above definition, we do not specify the order of differentiation, which can

be ignored due to the permutation symmetry of F and the fact that changing the order does

not change the Schatten norms (see Section 2.2 and Section 2.4 for details). This argument

yields the following bound for all homogeneous multilinear polynomial functions.

Theorem 2.1.1 (Restatement of Theorem 2.4.5). Let x = {xi}n
i=1 be a sequence of i.i.d random

variables with Exi = 0, Ex2
i = 1 and |xi| ≤ L for all 1 ≤ i ≤ n. Let {Ai}i∈T d

n
be a multi-

indexed sequence of deterministic matrices of the same dimension. Define a permutation symmetric,

homogeneous multilinear polynomial random matrix of degree d as

F(x) = ∑
i∈T d

n

Ai · ∏
j∈{i1,...,id}

xj

 .

Let a, b, c ∈ Z≥0 and d = a + b + c. Then for 2 ≤ t ≤ ∞,

E ∥F(x)∥4t
4t ≤ ∑

a,b,c:
a+b+c=d

(48dt)4dt · L4ct ∥∥Fa,b,c
∥∥4t

4t .

We remark that the condition that |xi| ≤ L can be replaced by a condition on the

growth of moments of xi, which is true for subgaussian variables. The above bound is in

terms of the norms of a constant number of deterministic matrices Fa,b,c, as is also the case
20



for general moment bounds on scalar polynomials [AW15]. We will see later that these

deterministic matrices can easily be interpreted in several cases of interest, to recover the

bounds obtained via combinatorial methods.

Gaussian polynomial matrices. While the above bounds are only for multilinear polyno-

mials, they can also be extended to arbitrary polynomials of independent Gaussian random

variables, using standard techniques to approximate them by multilinear polynomials.

However, for the case of Gaussian polynomials, the recent Poincaré inequalities of Huang

and Tropp [HT20] directly yield a simple bound, which is easier to apply. They show that

for a Hermitian matrix-valued function H of Gaussian valued random variables

E ∥H(x)− EH(x)∥2t
2t ≤ (

√
2t)2t · E tr

(
n
∑
i=1

(∂iH(x))2

)t

.

Given a (not necessarily Hermitian) matrix-valued degree-d polynomial function F(x) ∈

Rd1×d2 , we can apply the above bound to the “Hermitian dilation” H =

 0 F

FT 0

, to get

2 ∥F − EF∥2t
2t ≤ (

√
2t)2t ·

∥∥∥∥∥∥
(

n
∑
i=1

∂iF ∂iF
T

)1/2
∥∥∥∥∥∥

2t

2t

+ (
√

2t)2t ·

∥∥∥∥∥∥
(

n
∑
i=1

∂iF
T ∂iF

)1/2
∥∥∥∥∥∥

2t

2t

As before, one can apply this argument inductively to obtain a bound in terms of the

matrices Fa,b which are defined similarly as the matrices Fa,b,c before, with c = 0. Since

we no longer have EFa,b = 0 for a + b < d, the bound is in terms of the expected matrices

EFa,b for all a, b with a + b ≤ d.

Theorem 2.1.2 (Restatement of Theorem 2.5.3). Let x ∼ N (0, In) and {Ai}i∈[n]d be a

sequence of deterministic matrices of the same dimension. Define a degree-d homogeneous Gaussian
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polynomial random matrix as

F(x) = ∑
i∈[n]d

Ai · ∏
j∈{i1,...,id}

xj

 .

Let a, b ∈ Z≥0. Then for 2 ≤ t ≤ ∞,

E ∥F(x)− EF(x)∥2t
2t ≤ (2d√2t)2t

(
∑

1≤a+b≤d

∥∥EFa,b
∥∥2t

2t

)
.

While the above theorem is stated for homogeneous polynomials, the proof is identical

also for the non-homogeneous ones, with the sum in the definition being over all tuple

sizes.

2.1.2 Applying the framework

We now discuss how to interpret the matrices Fa,b,c arising in the bound in Theorem 2.1.1

to recover the norm bounds for graph matrices derived via combinatorial methods. This is

discussed with more formal details in Section 2.6, but we present an intuitive (at least for

the authors) version of the argument here.

Graph matrices are defined using constant-sized template “shapes” and provide a con-

venient basis for expressing (large) random matrices where the the entries are low-degree

polynomials in the (normalized) indicators of edges in a Gn,p random graph. Such matrices

and their norm bounds have been used for a large number of applications [AMP21].

Let N = (n
2) and fix a canonical bijection between the space [N] and ([n]2 ), and let

[N] index the space of all possible edges in a random graph on n vertices. For each

e = {i, j} ∈ ([n]2 ), for ∆p =
√
(1 − p)/p let xe be independently 1/∆p with probability

(1 − p) and −∆p with probability p, so that Exe = 0, Ex2
e = 1, and |xe| ≤ ∆p.
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Let (V(τ), E(τ)) be a graph on k vertices with d edges, and let Uτ, Vτ be ordered subsets

of V(τ) of size k1 and k2 respectively. The tuple τ = (V(τ), E(τ), Uτ, Vτ) is referred to as

a “shape” and is used to define the following graph matrix Mτ with rows and columns

indexed by T k1
n and T k2

n respectively

Mτ[i, j] := ∑
ψ∈T k

n

1{ψ(Uτ)=i} · 1{ψ(Vτ)=j} · ∏
e0∈E(τ)

xψ(e0)
,

where we interpret a tuple ψ ∈ T k
n as an injective function ψ : V(τ) → [n] in the canonical

way. If the function ψ maps Uτ to i (the row-index) and Vτ to j (the column index), we add

the monomial to Mτ[i, j] corresponding to the product of the images of all edges in the

“pattern” E(τ) under ψ. Note that each nonzero entry of the matrix-valued function M is a

multilinear homogeneous polynomial in the variables {xe}e∈([n]2 )
with degree d = |E(τ)|.

We denote Mτ by F for ease of notation in the discussion below. 

Ue

L

U

Foi i

Ue
y

 

Figure 2.1: A shape τ

As will be apparent from the analysis below, the norm bounds for such matrices behave

different characterizations in the “dense” regime where p = Ω(1) and the “sparse” one

where p = o(1). This is because the subgaussian norm L = ∆p ≈ p−1/2 is bounded in

the first case, and growing in the second case. The bounds for the first case are stated

in terms of the size the minimum vertex separator separating Uτ from Vτ in the shape τ.
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For the second case, one needs to augment the defintion of minimum vertex separator, to

use a cost based on the subgaussian norm ∆p. We will show how to recover both these

characterizations, using the matrices Fa,b,c given by Theorem 2.1.1.

Dense graph matrices. We start by considering p = 1/2 so that the random variables

xe are just independent Rademacher variables. Taking d to be constant, the bound in

Theorem 2.1.1 involves only a constant number of matrices, and will depend on the

dominant term. To understand each of the terms, we first consider the matrices derived

after one step of the recursion.

F1,0,0 =

[
∂x1F . . . ∂xN F

]T
, F0,1,0 =

[
∂x1F . . . ∂xN F

]

and

F0,0,1 =


∂x1F

. . .

∂xN F

 .

Since tr
(

∑i AiAT
i

)2t
+ tr

(
∑i AT

i Ai

)2t
≥ ∑i tr

(
AiAT

i

)2t
and L = 1, we will have that∥∥F1,0,0

∥∥4t
4t +

∥∥F0,1,0
∥∥4t

4t ≥ L4t ·
∥∥F0,0,1

∥∥4t
4t. This will also be true (up to constant factors) for

any constant L, since we interested in the 4t-th root of the above trace. Using a similar

argument, we can ignore terms with c > 0 for now (we will come back to these in the

sparse case) and focus on matrices Fa,b,0.

We now interpret the matrices F1,0,0 and F0,1,0. The row-space of F1,0,0 is now indexed

by (i, e) for e ∈ ([n]2 ) (respectively (j, e) for the column space of F0,1,0). We now include

terms corresponding to maps ψ for which ψ(Uτ) = i, ψ(Vτ) = j and ψ(e0) = e for some

e0 ∈ E(τ) so that ∂xeF[i, j] ̸= 0.

Decomposing F1,0,0 into |E(τ)| matrices (one for each choice of e0), we can consider
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the F1,0,0,e0 as simply a new graph matrix we have deleted the edge e0 and included both

its end points in Uτ (respectively in Vτ for F0,1,0) to obtain a new shape τ′. Similarly, each

Fa,b,0 can be decomposed into |E(τ)|a+b graph matrices, where we delete a + b edges in

total, and include the endpoints in Uτ for a of them and Vτ for b of them. This is illustrated

in Fig. 2.2 where we color the edges red or green depending on their inclusion in Uτ or Vτ.
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Figure 2.2: F1,0,0, F0,1,0 and F2,3,0

The bound in Theorem 2.1.1 is then in terms of these new graph matrices where we

delete all d edges, and split their endpoints between Uτ or Vτ to obtain U′, V′ ⊆ V(τ) = [k].

For an entry M[i′, j′] of any such matrix, there is at most one ψ : V(τ) → [n] such

that ψ(U′) = i′ and ψ(V′) = j′ (assuming τ has no isolated vertices), and M[i′, j′] =

1{ψ(U′)=i′} · 1{ψ(V′)=j′}. Taking S = U′ ∩ V′, this matrix can be simply written as a block-

diagonal matrix with n|S| of size n|U
′\S| × n|V

′\S|. It is easy to check that the spectral norm
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of such a matrix is n(|U
′\S|+|V′\S|)/2 = n(k−|S|)/2 since

∣∣U′ ∪ V′∣∣ = k and S = U′ ∩ V′.

Thus, each of the terms in the bound will correspond to graph matrices with different

U′ and V′ (obtained by coloring edges red or green according to the above process) and

the dominant term will be the one with the smallest value of
∣∣U′ ∩ V′∣∣. We now claim

that U′ ∩ V′ must be a vertex separator separating Uτ and Vτ in the shape τ i.e., any path

between them must pass through U′ ∩ V′. If the path contains both red and green edges,

then it contains one vertex with both red and green edges incident on it, which is then

in U′ ∩ V′ (since U′ is obtain by adding endpoint of red edges to Uτ and V′ similarly for

green edges). If path is entirely red, then we have an endpoint of a red edge in Vτ which is

a vertex in U′ ∩ V′, and similarly for green paths.

Thus, we have n(k−|S|)/2 ≤ n(k−r)/2, where r is the size of the minimum vertex

separator between Uτ and Vτ, which recovers the known bound for dense graph matri-

ces [AMP21].

Sparse graph matrices. The argument for sparse graph matrices is almost the same as

above except now we also need to consider terms of the form Fa,b,c for c > 0. Just as we

interpreted Fa,b,0 as coloring a edges from E(τ) as red and including in U′ ⊇ Uτ and b

green edges in V′ ⊇ Vτ, we can now interpret Fa,b,c as having c edges whose endpoints

are included in both U′ and V′ (say these edges are colored yellow). This simply reflects

the fact that the derivatives in the definition of Fa,b,c+1 are placed as diagonal blocks.

As we saw above, increasing the intersection of U′ and V′ decreases the norm, and

so the matrices with c > 0 should have a smaller Schatten norm. However, they are now

included in the bound with a multiplicative factor of Lc. Thus, we simply look for a vertex

separator S maximizing Le(S) · n(k−|S|)/2 where e(S) counts the (yellow) edges contained

in S = U′ ∩ V′. This is precisely the “sparse vertex separator” which determines the norm

bound for such sparse graph matrices [JPR+21, RT23].
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Figure 2.3: F0,0,1

2.2 Preliminaries and Notation

Vectors are denoted by bold face lower case letters x, y and z. Deterministic matrices are

denoted by bold face upper case letters A and B. Matrix-valued functions are denoted by

bold face upper case letters X, Y, F, M, H and P.

Sets and indices. For a set S, let |S| denote the number of distinct elements in S. We

denote [n] = {1, . . . , n} for any positive integer n. For i := (i1, . . . , im) ∈ [n]m, define

T m
n := {(i1, . . . , im) : ∀j, k ∈ [m], j ̸= k ⇒ ij ̸= ik}.

Matrix norms. Let Rd1×d2 be the space of all d1 × d2 real matrices. Let Hd be the subspace

of Rd×d containing all Hermitian matrices. We write ∥·∥2 for the ℓ2 operator norm, ∥·∥F

for the Frobenius norm, and tr(·) for the trace.

Definition 2.2.1 (Schatten norm). For A ∈ Rd1×d2 and t ≥ 1, the Schatten 2t-norm is defined

as

∥A∥2t := (tr(ATA)t)1/2t.
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Polynomial random matrices. Let (Ω,F , µ) be a probability space. Introduce the random

vector x := (x1, . . . , xn) ∈ Ω where x1, . . . , xn are independent random variables. A

polynomial random matrix F(x) is a matrix-valued polynomial

F : Ω → Rd1×d2 .

We can construct a polynomial random matrix F(x) by drawing a copy of x ∼ µ. Note that

despite x having independent entries, the entries of F(x) can be dependent (or correlated)

with each other.

Example 2.2.2 (Rademacher chaos of order 2). We give an example of a degree-2 polynomial

random matrices in 3 variables. Let x1, x2, x3 be i.i.d. Rademacher random variables and {Bi}i∈T 2
3

be a double sequence of deterministic matrices (explicitly chosen here) of the same dimension.

∑
i∈T 2

3

Bi · xixj = x1x2

1 0

0 0

+ x1x3

0 0

0 1

+ x2x3

0 1

1 0

 =

x1x2 x2x3

x2x3 x1x3

 . (2.1)

Remark 2.2.3. Unlike Wigner matrices whose entries are i.i.d., the polynomial random matrices

can have dependencies among its entries.

Definition 2.2.4 (Permutation Symmetric Property). Suppose F(x) is a degree-d homogeneous

multilinear polynomial random matrix, i.e.,

F(x) = ∑
i∈T d

n

Ai · ∏
j∈{i1,...,id}

xj

 ,

where {Ai}i∈T d
n

is a multi-indexed sequence of deterministic matrices of the same dimension.

F(x) is permutation symmetric if Ai1,...,id = Aiσ(1),...,iσ(d) for any permutation σ ∈ Sd and any

(i1, . . . , id) ∈ T d
n .
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Remark 2.2.5. The polynomial random matrix (2.1) in Example 2.2.2 is permutation symmetric if

we formally rewrite it as

∑
i∈T 2

3

Bi · xixj = x1x2

1
2 0

0 0

+ x2x1

1
2 0

0 0

+ x1x3

0 0

0 1
2

+ x3x1

0 0

0 1
2


+x2x3

0 1
2

1
2 0

+ x3x2

0 1
2

1
2 0

 .

The purpose of this technical detail will become clear in Theorem 2.4.2 and Theorem 2.4.5.

Partial derivatives. Let F(x) be an n-variate polynomial random matrix of degree D. For

a, b, c ∈ Z≥0 and d = a + b + c, we consider the block matrices Fa,b,c containing all d-th

order partial derivatives of F(x). We define Fa,b,c recursively as F0,0,0 = F(x) and

Fa+1,b,c =

[
∂x1Fa,b,c . . . ∂xn Fa,b,c

]T
,

Fa,b+1,c =

[
∂x1Fa,b,c . . . ∂xn Fa,b,c

]
,

and

Fa,b,c+1 =


∂x1Fa,b,c

. . .

∂xn Fa,b,c

 .

It is evident from the definition that the block matrices Fa+1,b,c, Fa,b+1,c, Fa,b,c+1 are

assembled from sub-blocks {∂xi Fa,b,c}n
i=1 arranged vertically, horizontally and diagonally

respectively. The order of increment between a and b doesn’t affect the resulting matrix,
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i.e.,

Fa+1,b+1,c =


∂x1Fa,b+1,c

...

∂xn Fa,b+1,c

 =

[
∂x1Fa+1,b,c . . . ∂xnFa+1,b,c

]

=


∂x1∂x1Fa,b,c . . . ∂x1∂xnFa,b,c

...

∂xn ∂x1Fa,b,c . . . ∂xn∂xn Fa,b,c

 .

However, the order of increment involving c affects the resulting matrix, i.e.,

[
∂x1Fa,b,c+1 . . . ∂xn Fa,b,c+1

]
̸=


∂x1Fa,b+1,c

. . .

∂xn Fa,b+1,c

 .

Nevertheless, the order of increment doesn’t affect the Schatten norm. Since we will

only be interested in the Schatten norms of these matrices, we will simply label them as

Fa,b+1,c+1 without specifying the order. It is easy to see that Fa,b,c is a deterministic matrix

if a + b + c = D and Fa,b,c = 0 if a + b + c > D.

Non-Hermitian matrices. Many results for Hermitian matrices can be easily extended to

non-Hermitian matrices by the following argument.

Definition 2.2.6 (Hermitian Dilation, see [Tro15] Sec. 2.1.16). For each A ∈ Rd1×d2 , the

Hermitian dilation H : Rd1×d2 → H(d1+d2)×(d1+d2) is defined as

H(A) =

 0 A

AT 0

 .
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Since the square of the Hermitian dilation satisfies H(A)2 =

AAT 0

0 ATA

, it follows

that ∥H(A)∥ = ∥A∥.

Constants. We denote C for some universal constants and Ca for constants depending

only on some parameter a. The values of the constants may differ from one instance to

another.

2.3 Decoupling Inequalities

In this work, we focus on decoupling inequalities for moments. The following decoupling

inequality holds in surprising generality.

Lemma 2.3.1 (Decoupling Inequality, see [PG99] Theorem 3.1.1). For natural numbers n ≥ m,

let x = {xi}n
i=1 be a sequence of n independent random variables in a measurable space (S,S), and

let {x(k)i }n
i=1, k = 1, . . . , m, be m independent copies of this sequence. Let B be a separable Banach

space, and let hi : Sm → B be a measurable function such that E(
∥∥∥hi(xi1 , . . . , xim)

∥∥∥) ≤ ∞

for each i ∈ T m
n . Let Φ : [0, ∞) → [0, ∞) be a convex nondecreasing function such that

EΦ(
∥∥∥hi(xi1 , . . . , xim)

∥∥∥) ≤ ∞ for all i ∈ T m
n . Then,

EΦ

∥∥∥∥∥∥ ∑
i∈T m

n

hi(xi1 , . . . , xim)

∥∥∥∥∥∥
 ≤ EΦ

Cm

∥∥∥∥∥∥ ∑
i∈T m

n

hi(x(1)i1
, . . . , x(m)

im
)

∥∥∥∥∥∥
 ,

where Cm = 2m · (mm − 1) · ((m − 1)(m−1) − 1) · . . . · 3.

In general, the decoupling constant Cm is super-exponential in m, which might seem

quite large. But nevertheless Cm is independent of the dimension n. Furthermore, Cm can

be improved significantly for some special classes of functions h and certain underlying

distributions of x. For instance, [Kwa87] showed that if h is a homogeneous multilinear
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form of degree m, then Cm = mm. Moreover, if we assume x is a Gaussian random vector,

Cm further improves to mm/2.

While the proof of decoupling inequality for tail probability is slightly involved

[PMS95], the proof of decoupling inequalities for moments are fairly elementary and

can be interpreted combinatorially as partitioning the random vector x. We present the

following lemma that generalizes Lemma 6.21 [Rau10] to arbitrary degree d.

Lemma 2.3.2. Let x = {xj}n
j=1 be a sequence of independent random variables with Exj = 0 for

all j = 1, . . . , n. Let {Bi}i∈T d
n

be a multi-indexed sequence of deterministic matrices of the same

dimension. Then for 1 ≤ t ≤ ∞

E

∥∥∥∥∥∥ ∑
i∈T d

n

Bi · xi1 . . . xid

∥∥∥∥∥∥
2t

≤ dd · E

∥∥∥∥∥∥ ∑
i∈T d

n

Bi · x(1)i1
. . . x(d)id

∥∥∥∥∥∥
2t

,

where x(1), . . . , x(d) denote d independent copies of x.

Proof. Consider a random partition of x into d parts and let r be the partitioner. Formally,

r = (r1, . . . , rn) is a sequence of independent random variables with each rk uniformly

distributed on {1, . . . , d}, i.e., for 1 ≤ k ≤ n,

P(rk = 1) = P(rk = 2) = · · · = P(rk = d) = 1/d.

Define an event E := {ri1 = 1, · · · , rid = d} for each i ∈ T d
n . Conditioned on x,

Er
[
1E(ri1 , . . . , rid)

]
= 1/dd.
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It follows that

F : = Ex

∥∥∥∥∥∥ ∑
i∈T d

n

Bi · xi1 . . . xid

∥∥∥∥∥∥
2t

= dd · Ex

∥∥∥∥∥∥Er

 ∑
i∈T d

n

1E(ri1 , . . . , rid) · Bi · xi1 . . . xid

∥∥∥∥∥∥
2t

≤ dd · ErEx

∥∥∥∥∥∥ ∑
i∈T d

n

1E(ri1 , . . . , rid) · Bi · xi1 . . . xid

∥∥∥∥∥∥
2t

,

where the last step is due to Jensen’s inequality and Fubini’s theorem. Since the expectation

over r satisfies the inequality, this implies the existence of an r∗ satisfying the inequality.

Fix r∗ and define the partitioning with respect to r∗ as

P1 = {k ∈ [n] : r∗k = 1}, . . . , Pd = {k ∈ [n] : r∗k = d}.

Since these partitions have no intersections and xj’s are independent random variables,

replacing xi1 · · · xid with x(1)i1
· · · x(d)id

for any i ∈ P1 × · · · × Pd will not change the distribu-

tion. Hence

F ≤ dd · E

∥∥∥∥∥∥ ∑
i∈P1×···×Pd

Bi · x(1)i1
. . . x(d)id

∥∥∥∥∥∥
2t

. (2.2)

Denote all variables in P1 × · · · × Pd by

X := {x(1)i1
, . . . , x(d)id

: ∀ i1 ∈ P1, . . . , id ∈ Pd},

and denote the rest of the variables by X c. It remains to show that the sum on the
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right-hand side of (2.2) is over all i ∈ T d
n . Observe that

EX c

 ∑
i ̸∈P1×···×Pd

Bi · x(1)i1
. . . x(d)id

∣∣∣∣∣ X

 = 0. (2.3)

Since the sum in (3.1) has conditional expectation zero, we can add it to (2.2) to get

F ≤ dd · EX

∥∥∥∥∥∥ ∑
i∈P1×···×Pd

Bi · x(1)i1
. . . x(d)id

+ EX c

 ∑
i ̸∈P1×···×Pd

Bi · x(1)i1
. . . x(d)id

∣∣∣∣∣ X

∥∥∥∥∥∥
2t

.

Since the two sums on the right-hand side are independent conditioned on X ,

F ≤ dd · EX

∥∥∥∥∥∥EX c

 ∑
i∈P1×···×Pd

Bi · x(1)i1
. . . x(d)id

+ ∑
i ̸∈P1×···×Pd

Bi · x(1)i1
. . . x(d)id

∣∣∣∣∣ X

∥∥∥∥∥∥
2t

.

A conditional application of Jensen’s inequality yields the desired inequality,

F ≤ dd · Ex(1)...x(d)

∥∥∥∥∥∥ ∑
i∈T d

n

Bi · x(1)i1
. . . x(d)id

∥∥∥∥∥∥
2t

.

2.3.1 An improved decoupling inequality

For a generic degree d multilinear polynomial random matrices, an application of Lemma 2.3.2

yields a decoupling constant of dd, which might not be optimal for polynomial random

matrices with additional structures. We will show that the additional structures enable us

to give a tighter decoupling inequality through a careful partitioning.

Building on Lemma 2.3.2, we prove a decoupling inequality for polynomial random

matrices, in which the indices of random variables have a graph structure. Let G = (V, E)

be a fixed simple graph with |V| = k, and |E| = d. We denote the vertices by V(G) =

{v1, . . . , vk} and the ordered edge set by E(G) = {(i1, j1), . . . , (id, jd)}. For any φ ∈ T k
n ,
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we write φ(i) for the i-th component of φ and φ(E) for {(φ(i1), φ(j1)), . . . , (φ(id), φ(jd))}.

Lemma 2.3.3. Let z = {Zφ(i),φ(j)}φ∈T k
n ,(i,j)∈E be a double sequence of independent random

variables with EZφ(i),φ(j) = 0 for all (i, j) ∈ E and φ ∈ T k
n . Let {Bφ(E)}φ∈T k

n
be a multi-

indexed sequence of deterministic matrices of the same dimension. Then for d ≤ k(k − 1) and

1 ≤ t ≤ ∞,

E

∥∥∥∥∥∥ ∑
φ∈T k

n

Bφ(E) · ∏
(i,j)∈E

Zφ(i),φ(j)

∥∥∥∥∥∥
2t

≤ kk · E

∥∥∥∥∥∥ ∑
φ∈T k

n

Bφ(E) · Z(1)
φ(i1),φ(j1)

· · · Z(d)
φ(id),φ(jd)

∥∥∥∥∥∥
2t

,

where z(1), . . . , z(d) denote d independent copies of z.

Remark 2.3.4. It is crucial for the indices of all monomials to share the same structure so that d

independent copies of z suffices. Otherwise, k(k − 1) independent copies are needed in general.

Proof. Consider a random partition of the ground set [n] into k parts and let r be the vertex

partitioner. Formally, let r = (r1, . . . , rn) be a sequence of independent random variables

with each rp uniformly distributed on {1, . . . , k}, i.e., for 1 ≤ p ≤ n,

P(rp = 1) = P(rp = 2) = · · · = P(rp = k) = 1/k.

Define an event A := {rφ(v1)
= 1, · · · , rφ(vk)

= k} for each φ ∈ T k
n . Conditioned on z,

Er
[
1A(rφ(v1)

, . . . , rφ(vk)
)
]
= 1/kk.
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It follows that

F : = Ez

∥∥∥∥∥∥ ∑
φ∈T k

n

Bφ(E) · ∏
(i,j)∈E

Zφ(i),φ(j)

∥∥∥∥∥∥
2t

= kk · Ez

∥∥∥∥∥∥Er

 ∑
φ∈T k

n

1A(rφ(v1)
, . . . , rφ(vk)

) · Bφ(E) · ∏
(i,j)∈E

Zφ(i),φ(j)

∥∥∥∥∥∥
2t

≤ kk · ErEz

∥∥∥∥∥∥ ∑
φ∈T k

n

1A(rφ(v1)
, . . . , rφ(vk)

) · Bφ(E) · ∏
(i,j)∈E

Zφ(i),φ(j)

∥∥∥∥∥∥
2t

,

where the last step is due to Jensen’s inequality and Fubini’s theorem. Since the expectation

over r satisfies the inequality, this implies the existence of an r∗ satisfying the inequality.

Fix r∗ and define the vertex partitioning with respect to r∗ as

P1 = {p ∈ [n] : r∗p = 1}, . . . , Pk = {p ∈ [n] : r∗p = k},

which in turn induces an edge partitioning,

Pe := {(Pi, Pj)}(i,j)∈T 2
k

.

Notice that there are k(k − 1) elements in Pe, but we only have d edges to partition. So we

select d elements out of Pe in the following way. Fix an arbitrary φ∗ ∈ T k
n , choose

P∗
1 = (Pφ∗(i1), Pφ∗(j1)), . . . , P∗

d = (Pφ∗(id), Pφ∗(jd)).

Let’s call {P∗
1 , . . . P∗

d } a d-edge partitioning. In other words, we may select any d elements out

of Pe to form a d-edge partitioning so long as the pattern of the indices of (Pi, Pj)’s matches

that of E(G). Since the elements in Pe have no intersections, the partitions in {P∗
1 , . . . , P∗

d }

also have no intersections. Since Zφ(i),φ(j)’s are independent random variables, replacing
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Zφ(i1),φ(j1) · · · Zφ(id),φ(jd) with Z(1)
φ(i1),φ(j1)

· · · Z(d)
φ(id),φ(jd)

for any φ(E) ∈ P∗
1 × · · · × P∗

d

will not change the distribution. Hence

F ≤ kk · E

∥∥∥∥∥∥ ∑
φ(E)∈P∗

1 ×···×P∗
d

Bφ(E) · Z(1)
φ(i1),φ(j1)

· · · Z(d)
φ(id),φ(jd)

∥∥∥∥∥∥
2t

. (2.4)

Denote all variables in P∗
1 × · · · × P∗

d by

Z :=
{

Z(1)
φ(i1),φ(j1)

, . . . , Z(d)
φ(id),φ(jd)

: ∀ (φ(i1), φ(j1)) ∈ P∗
1 , . . . , (φ(id), φ(jd)) ∈ P∗

d

}
,

and denote the rest of the variables by Z c. It remains to show that the sum on the right-

hand side of (2.4) is over all φ ∈ T k
n . Observe that

EZ c

 ∑
φ(E) ̸∈P∗

1 ×···×P∗
d

Bφ(E) · Z(1)
φ(i1),φ(j1)

· · · Z(d)
φ(id),φ(jd)

∣∣∣∣∣ Z

 = 0. (2.5)

Denote P∗
1 × · · · × P∗

d by P . Since the sum in (2.5) has conditional expectation zero, we

can add it to (2.4) to get

F ≤ kk · EZ

∣∣∣∣∣
∣∣∣∣∣ ∑
φ(E)∈P

Bφ(E) · Z(1)
φ(i1),φ(j1)

· · · Z(d)
φ(id),φ(jd)

+ EZ c

 ∑
φ(E) ̸∈P

Bφ(E) · Z(1)
φ(i1),φ(j1)

· · · Z(d)
φ(id),φ(jd)

∣∣∣∣∣ Z

 ∣∣∣∣∣
∣∣∣∣∣
2t

.

Since the two sums on the right-hand side are independent conditioned on Z ,

F ≤ kk · EZ

∣∣∣∣∣
∣∣∣∣∣ EZ c

[
∑

φ(E)∈P
Bφ(E) · Z(1)

φ(i1),φ(j1)
· · · Z(d)

φ(id),φ(jd)

+ ∑
φ(E) ̸∈P

Bφ(E) · Z(1)
φ(i1),φ(j1)

· · · Z(d)
φ(id),φ(jd)

∣∣∣∣∣ Z
]∣∣∣∣∣
∣∣∣∣∣
2t

.
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A conditional application of Jensen’s inequality yields the desired inequality,

F ≤ kk · Ez(1),...,z(d)

∥∥∥∥∥∥ ∑
φ∈T k

n

Bφ(E) · Z(1)
φ(i1),φ(j1)

· · · Z(d)
φ(id),φ(jd)

∥∥∥∥∥∥
2t

.

2.4 Multilinear Polynomial Random Matrices

In this section, we prove a moment bound for multilinear polynomial random matrices

with bounded, normalized random variables. We follow our recursion framework by

decoupling the polynomial random matrices first and then apply the matrix Rosenthal

inequality recursively to sums of (conditionally) independent random matrices.

To this end, we derive the non-Hermitian matrix Rosenthal inequality from the Hermi-

tian matrix Rosenthal inequality by Hermitian dilation.

Lemma 2.4.1 (Non-Hermitian Matrix Rosenthal Inequality). Suppose that t = 1 or t ≥ 1.5.

Consider a finite sequence {Yk}k≥1 of centered, independent, random matrices, and assume that

E ∥Yk∥4t
4t < ∞. Then

E

∥∥∥∥∥∑k
Yk

∥∥∥∥∥
4t

4t

≤ (16t)3t ·


∥∥∥∥∥∥
(

∑
k

EYkYT
k

)1/2
∥∥∥∥∥∥

4t

4t

+

∥∥∥∥∥∥
(

∑
k

EYT
k Yk

)1/2
∥∥∥∥∥∥

4t

4t


+ (8t)4t ·

(
∑
k

E ∥Yk∥4t
4t

)
.

Proof. For a sequence of Hermitian matrices {Xk}k≥1 satisfying all the assumptions above,

we have (Hermitian) matrix Rosenthal inequality [MJC+12] Corollary 7.4,

E

∥∥∥∥∥∑k
Xk

∥∥∥∥∥
4t

4t

≤ (16t)3t ·

∥∥∥∥∥∥
(

∑
k

EX2
k

)1/2
∥∥∥∥∥∥

4t

4t

+ (8t)4t · ∑
k

E ∥Xk∥4t
4t .

We use Hermitian dilation to extend the inequality to non-Hermitian matrices by setting
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Xk = H(Yk) and notice that

E

∥∥∥∥∥∥∥∑k

 0 Yk

YT
k 0


∥∥∥∥∥∥∥

4t

4t

= E tr


((∑k Yk)(∑k YT

k ))
2t 0

0 ((∑k YT
k )(∑k Yk))

2t




= 2E

∥∥∥∥∥∑k
Yk

∥∥∥∥∥
4t

4t

,

∥∥∥∥∥∥∥∥
∑

k
E

YkYT
k 0

0 YT
k Yk




1/2
∥∥∥∥∥∥∥∥

4t

4t

= tr


∑k EYkYT

k 0

0 ∑k EYT
k Yk




2t

=

∥∥∥∥∥∥
(

∑
k

EYkYT
k

)1/2
∥∥∥∥∥∥

4t

4t

+

∥∥∥∥∥∥
(

∑
k

EYT
k Yk

)1/2
∥∥∥∥∥∥

4t

4t

,

∑
k

E

∥∥∥∥∥∥∥
 0 Yk

YT
k 0


∥∥∥∥∥∥∥

4t

4t

= 2 ∑
k

E ∥Yk∥4t
4t .

Hence, the result follows.

For the ease of notation, we demonstrate our recursion framework in a special case of

quadratic form first. The multilinear form follows exactly the same reasoning.

Theorem 2.4.2 (Quadratic Recursion). Let {xi}n
i=1 be a sequence of i.i.d random variables with

Exi = 0, Ex2
i = 1 and |xi| ≤ L for all 1 ≤ i ≤ n. Let {Ai,j}(i,j)∈T 2

n
be a double sequence of

deterministic matrices of the same dimension. Define

F(x) = ∑
(i,j)∈T 2

n

Ai,jxixj.

Suppose that F(x) is also permutation symmetric, i.e., Ai,j = Aj,i, ∀(i, j) ∈ T 2
n . Then for
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a, b, c ∈ Z≥0 and 2 ≤ t < ∞,

E ∥F(x)− EF(x)∥4t ≤ 2(32t)2 ·

 ∑
a,b,c:

a+b+c=2

Lc ·
∥∥Fa,b,c

∥∥
4t

 .

Remark 2.4.3. For a, b, c ∈ Z≥0 such that a + b + c = 2, the partial derivative matrices {Fa,b,c}

are block matrices whose blocks consist of {Ai,j}(i,j)∈T 2
n

and zero matrices. For instance,

F1,1,0 =



0 A1,2 . . . A1,n

A2,1 0 . . . A2,n
...

... . . . ...

An,1 An,2 . . . 0


,

F0,2,0 =

[
0 A1,2 . . . A1,n| . . . |An,1 . . . An,n−1 0

]
,

and

F0,1,1 =



0 A1,2 . . . A1,n

A2,1 0 . . . A2,n
. . .

An,1 An,2 . . . 0


.

Proof. Let x′ = {x′j}
n
j=1 be an independent copy of x = {xi}n

i=1. We decouple F(x) by

Lemma 2.3.2,

E := E

∥∥∥∥∥∥ ∑
(i,j)∈T 2

n

Ai,jxixj

∥∥∥∥∥∥
4t

4t

≤ 44t · E

∥∥∥∥∥∥ ∑
(i,j)∈T 2

n

Ai,jxix
′
j

∥∥∥∥∥∥
4t

4t

.

Since the decoupled F(x) on the right hand side is a function of x and x′, the decoupled
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F(x) can be viewed as taking two arguments instead. Thus we will refer to the decoupled

F(x) as F(x, x′).

By the law of total expectation,

E ≤ 44t · E

Ex


∥∥∥∥∥∥

n
∑
i=1

xi

 n
∑
j=1

Ai,jx
′
j

∥∥∥∥∥∥
4t

4t

∣∣∣∣∣ x′


 .

Since x and x′ are independent, if we fix x′, the summation becomes a sum of centered,

(conditionally) independent random matrices in x. So we can apply matrix Rosenthal

inequality (Lemma 2.4.1) and use the fact that Ex2
i = 1, and xi’s are independent to get

E ≤ 44t(16t)3t · E

∥∥∥∥∥∥∥∥
 n

∑
i=1

 n
∑
j=1

Ai,jx
′
j

 n
∑
j=1

Ai,jx
′
j

T


1/2
∥∥∥∥∥∥∥∥

4t

4t

(2.6)

+ 44t(16t)3t · E

∥∥∥∥∥∥∥∥
 n

∑
i=1

 n
∑
j=1

Ai,jx
′
j

T n
∑
j=1

Ai,jx
′
j




1/2
∥∥∥∥∥∥∥∥

4t

4t

(2.7)

+ 44t(8t)4tL4t ·
n
∑
i=1

E

∥∥∥∥∥∥
n
∑
j=1

Ai,jx
′
j

∥∥∥∥∥∥
4t

4t

. (2.8)

Recall that F(x, x′) refers to the decoupled F(x). The expression in (2.6) satisfies

n
∑
i=1

 n
∑
j=1

Ai,jx
′
j

 n
∑
j=1

Ai,jx
′
j

T

=

[
∂x1F(x, x′) . . . ∂xn F(x, x′)

] 
∂x1FT(x, x′)

...

∂xn FT(x, x′)

 . (2.9)

Notice that the two sides are merely equal to each other in a formal way. We didn’t actually

take the partial derivatives since xi’s could be discrete random variables. But conceptually,

it is very convenient to think of this step as taking partial derivatives in x.
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Following (2.9) and using our notation for partial derivative block matrices introduced

in Section 2.2, we can write (2.6) compactly as

E

∥∥∥∥∥∥∥∥
 n

∑
i=1

 n
∑
j=1

Ai,jx
′
j

 n
∑
j=1

Ai,jx
′
j

T


1/2
∥∥∥∥∥∥∥∥

4t

4t

=E

∥∥∥∥∥∥∥∥∥∥∥


[

∂x1F(x, x′) . . . ∂xn F(x, x′)

] 
∂x1FT(x, x′)

...

∂xn FT(x, x′)




1/2
∥∥∥∥∥∥∥∥∥∥∥

4t

4t

(2.10)

=E
∥∥F0,1,0(x

′)
∥∥4t

4t . (2.11)

Similarly, (2.7) and (2.8) can be written compactly as

E

∥∥∥∥∥∥∥∥
 n

∑
i=1

 n
∑
j=1

Ai,jx
′
j

T n
∑
j=1

Ai,jx
′
j




1/2
∥∥∥∥∥∥∥∥

4t

4t

=E

∥∥∥∥∥∥∥∥∥∥∥


[

∂x1FT(x, x′) . . . ∂xn FT(x, x′)

] 
∂x1F(x, x′)

...

∂xn F(x, x′)




1/2
∥∥∥∥∥∥∥∥∥∥∥

4t

4t

(2.12)

=E
∥∥F1,0,0(x

′)
∥∥4t

4t , (2.13)
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and

n
∑
i=1

E

∥∥∥∥∥∥
n
∑
j=1

Ai,jx
′
j

∥∥∥∥∥∥
4t

4t

=E tr


∂x1F(x, x′) · ∂x1FT(x, x′)

. . .

∂xnF(x, x′) · ∂xn FT(x, x′)


2t

(2.14)

=E
∥∥F0,0,1(x

′)
∥∥4t

4t . (2.15)

Hence the inequality (2.6-2.8) can be written succinctly as

E ≤ 44t(16t)3t ·
(

E
∥∥F1,0,0

∥∥4t
4t + E

∥∥F0,1,0
∥∥4t

4t

)
+ 44t(8t)4tL4t · E

∥∥F0,0,1
∥∥4t

4t .

Since F(x, x′) is multilinear and we have already taken the partial derivatives in x,

F1,0,0, F0,1,0, and F0,0,1 are sums of centered, independent random matrices in x′; i.e.,

F1,0,0(x
′) =

n
∑
j=1

x′j

[
AT

1,j . . . AT
n,j

]T
,

F0,1,0(x
′) =

n
∑
j=1

x′j

[
A1,j . . . An,j

]
,

and

F0,0,1(x
′) =

n
∑
j=1

x′j


A1,j

. . .

An,j

 .

Therefore, we can apply matrix Rosenthal inequality (Lemma 2.4.1) again to bound
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E
∥∥F1,0,0

∥∥4t
4t, E

∥∥F0,1,0
∥∥4t

4t, and E
∥∥F0,0,1

∥∥4t
4t. Observe that


∂x′1

F0,1,0
...

∂x′n F0,1,0

 =



0 A2,1 . . . An,1

A1,2 0 . . . An,2
...

... . . . ...

A1,n A2,n . . . 0


= F1,1,0

and 
∂x′1

FT1,0,0
...

∂x′n FT1,0,0


T

=



0 A1,2 . . . A1,n

A2,1 0 . . . A2,n
...

... . . . ...

An,1 An,2 . . . 0


= F1,1,0,

where the equality is due to the permutation symmetric property of F(x), i.e., Ai,j = Aj,i,

∀(i, j) ∈ T 2
n . After applying two rounds of matrix Rosenthal inequality (Lemma 2.4.1), we

have

E < 2 · 44t(16t)8t ·
(∥∥F2,0,0

∥∥4t
4t +

∥∥F0,2,0
∥∥4t

4t +
∥∥F1,1,0

∥∥4t
4t + L4t ∥∥F1,0,1

∥∥4t
4t

+ L4t ∥∥F0,1,1
∥∥4t

4t + L8t ∥∥F0,0,2
∥∥4t

4t

)
.

We complete the proof by observing that EF(x) = 0 due to multilinearity of F(x).

In general, differentiating the decoupled F(x, x′) with respect to x and x′ can be quite

different from taking second order derivatives of F(x) with respect to x. For example, it is

clear that,

∂x1∂x2

0 x1x2

0 0

 =

0 1

0 0

 = ∂x2∂x1

0 x1x2

0 0

 ,
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since ∂x1 and ∂x2 commute. But taking partial derivatives after decoupling gives,

∂x1∂x′2

0 x1x′2

0 0

 =

0 1

0 0

 ̸=

0 0

0 0

 = ∂x2∂x′1

0 x1x′2

0 0

 ,

where x1, x2, x′1, x′2 are actually four distinct variables. So one can’t expect the result of

taking partial derivatives under two scenarios are the same. We could directly work with

this by recording ∂x1∂x′2
F(x) and ∂x2∂x′1

F(x) separately, but the notation gets cumbersome

very quickly. We would prefer to state our results in regular partial derivatives, which is

more intuitive. So instead, we write F(x) in the permutation symmetric way. Continuing

with our example, we write

0 x1x2

0 0

 =
1
2

0 x1x2

0 0

+
1
2

0 x2x1

0 0

 .

This doesn’t affect the second order derivatives, but notice now what we get taking partial

derivatives after decoupling,

∂x1∂x′2

1
2

0 x1x′2

0 0

+
1
2

0 x2x′1

0 0


 =

1
2

0 1

0 0

 .

and

∂x2∂x′1

1
2

0 x1x′2

0 0

+
1
2

0 x2x′1

0 0


 =

1
2

0 1

0 0


Therefore, the permutation symmetric property of F(x) makes the resulting partial deriva-

tive matrices {Fa,b,c} under two scenarios differ only by a constant factor. This also applies

to F(x) of higher degree.

Claim 2.4.4. Let F(x) be a homogeneous multilinear polynomial random matrix of degree D. Let
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F(x(1), . . . , x(D)) be the decoupled F(x), i.e.,

F(x(1), . . . , x(D)) = ∑
j∈T D

n

Aj · x(1)j1
· · · x(D)

jD
,

where {Ak}k∈T D
n

is a multi-indexed sequence of deterministic matrices of the same dimension. For

some fixed a, b, c ∈ Z≥0 and k = a + b + c < D, let Fa,b,c be the block matrix of k-th order partial

derivatives of F(x(1), . . . , x(D)). Then Fa,b,c is a homogeneous multilinear polynomial random

matrix of degree d = D − k. Furthermore,

E
∥∥Fa,b,c

∥∥4t
4t ≤ (16t)3t ·

(
E
∥∥Fa+1,b,c

∥∥4t
4t + E

∥∥Fa,b+1,c
∥∥4t

4t

)
+ (8t)4t · E

∥∥Fa,b,c+1
∥∥4t

4t .

Proof. Without loss of generality, we differentiate F(x(1), . . . , x(D)) with respect to x(D)

first, then x(D−1), and so on. It is straightforward to see that after k = a + b + c rounds

of differentiation, Fa,b,c(x
(1), . . . , x(d)) is a homogeneous polynomial random matrix of

degree d = D − k. And

Fa,b,c(x
(1), . . . , x(d)) = ∑

i∈T d
n

Bi · x(1)i1
· · · x(d)id

,

where {Bi}i∈T d
n

is a multi-indexed sequence of deterministic matrices of the same dimen-

sion. More specifically, each Bi is a block matrix whose blocks consist of {Aj}j∈T D
n

such

that j1 = i1, . . . , jd = id.

Conditioned on x(1), . . . , x(d−1), Fa,b,c(x
(1), . . . , x(d)) is a sum of centered, (condition-
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ally) independent random matrices in x(d). It follows that

E

(∥∥∥Fa,b,c(x
(1), . . . , x(d))

∥∥∥4t

4t

∣∣∣∣∣ x(1), . . . x(d−1)

)

= E

Ex(d)


∥∥∥∥∥∥ ∑

i∈T d
n

Bi · x(1)i1
· · · x(d)id

∥∥∥∥∥∥
4t

4t

∣∣∣∣∣ x(1), . . . x(d−1)




≤ (16t)3t · E

∥∥∥∥∥∥∥∥
 n

∑
id=1

 ∑
i∈T d

n

Bi · x(1)i1
· · · x(d−1)

id−1

 ∑
i∈T d

n

Bi · x(1)i1
· · · x(d−1)

id−1

T


1/2
∥∥∥∥∥∥∥∥

4t

4t

+ (16t)3t · E

∥∥∥∥∥∥∥∥
 n

∑
id=1

 ∑
i∈T d

n

Bi · x(1)i1
· · · x(d−1)

id−1

T ∑
i∈T d

n

Bi · x(1)i1
· · · x(d−1)

id−1




1/2
∥∥∥∥∥∥∥∥

4t

4t

+ (8t)4tL4t ·
n
∑

id=1
E

∥∥∥∥∥∥ ∑
i∈T d

n

Bi · x(1)i1
· · · x(d−1)

id−1

∥∥∥∥∥∥
4t

4t

,

where the inequality is due to matrix Rosenthal inequality (Lemma 2.4.1). Similar to

observations (2.11), (2.13), and (2.15) in the proof of Theorem 2.4.2, we have

E

∥∥∥∥∥∥∥∥
 n

∑
id=1

 ∑
i∈T d

n

Bi · x(1)i1
· · · x(d−1)

id−1

 ∑
i∈T d

n

Bi · x(1)i1
· · · x(d−1)

id−1

T


1/2
∥∥∥∥∥∥∥∥

4t

4t

= E

∥∥∥∥∥∥∥∥∥∥∥∥


[

∂
x(d)1

Fa,b,c . . . ∂
x(d)n

Fa,b,c

]


∂
x(d)1

FTa,b,c
...

∂
x(d)n

FTa,b,c




1/2
∥∥∥∥∥∥∥∥∥∥∥∥

4t

4t

= E
∥∥Fa,b+1,c

∥∥4t
4t ,

47



E

∥∥∥∥∥∥∥∥
 n

∑
id=1

 ∑
i∈T d

n

Bi · x(1)i1
· · · x(d−1)

id−1

T ∑
i∈T d

n

Bi · x(1)i1
· · · x(d−1)

id−1




1/2
∥∥∥∥∥∥∥∥

4t

4t

= E

∥∥∥∥∥∥∥∥∥∥∥∥


[

∂
x(d)1

FTa,b,c . . . ∂
x(d)n

FTa,b,c

]


∂
x(d)1

Fa,b,c

...

∂
x(d)n

Fa,b,c




1/2
∥∥∥∥∥∥∥∥∥∥∥∥

4t

4t

= E
∥∥Fa+1,b,c

∥∥4t
4t ,

and

n
∑

id=1
E

∥∥∥∥∥∥ ∑
i∈T d

n

Bi · x(1)i1
· · · x(d−1)

id−1

∥∥∥∥∥∥
4t

4t

= E tr


∂

x(d)1
Fa,b,c · ∂

x(d)1
FTa,b,c

. . .

∂
x(d)n

Fa,b,c · ∂
x(d)n

FTa,b,c


2t

= E
∥∥Fa,b,c+1

∥∥4t
4t .

Hence, the result follows.

We present a moment bound for permutation symmetric, homogeneous multilinear

polynomial random matrices of degree d.

Theorem 2.4.5 (Homogeneous Multilinear Recursion). Let x = {xi}n
i=1 be a sequences of

i.i.d random variables with Exi = 0, Ex2
i = 1 and |xi| ≤ L for all 1 ≤ i ≤ n. Let {Ai}i∈T d

n
be

a multi-indexed sequence of deterministic matrices of the same dimension. Define a permutation

symmetric, homogeneous multilinear polynomial random matrix of degree d as

F(x) = ∑
i∈T d

n

Ai · ∏
j∈{i1,...,id}

xj

 .
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Let a, b, c ∈ Z≥0 and d = a + b + c. Then for 2 ≤ t ≤ ∞,

E ∥F(x)− EF(x)∥4t
4t ≤ ∑

a,b,c:
a+b+c=d

(48dt)4dt · L4ct ∥∥Fa,b,c
∥∥4t

4t .

Proof. Let x(1), . . . , x(d) be d independent copies of x. We decouple F(x) by Lemma 2.3.2,

E := E ∥F((x)∥4t
4t ≤ d4dt · E

∥∥∥F(x(1), . . . , x(d))
∥∥∥4t

4t
.

We take the partial derivative with respect to x(d) by applying Lemma 2.4.1 to get,

E ≤ d4dt(16t)3t ·
(

E
∥∥F1,0,0

∥∥4t
4t + E

∥∥F0,1,0
∥∥4t

4t

)
+ d4dt(8t)4tL4t · E

∥∥F0,0,1
∥∥4t

4t .

Note that F1,0,0, F0,1,0, and F0,0,1 are functions in variables x(1), . . . , x(d−1). We take the

partial derivative with respect to the rest of the variables until Fa,b,c’s become deterministic

matrices. Apply Claim 2.4.4 recursively and use the permutation symmetric property of

F(x), we have

E ≤ ∑
a,b,c:

a+b+c=d

(16dt)4dt · L4ct d!
a!b!c!

∥∥Fa,b,c
∥∥4t

4t .

Since d!
a!b!c! ≤

d!
(d/3)!(d/3)!(d/3)! and d!

(d/3)!(d/3)!(d/3)! ∼
3
√

3
2πd · 3d,

E ≤ ∑
a,b,c:

a+b+c=d

(48dt)4dt · L4ct ∥∥Fa,b,c
∥∥4t

4t .

As a corollary, we derive a moment bound for general multilinear polynomial random

matrices of degree D. The polynomials are split into homogeneous parts and each parts

are bounded separately. Let F=d(x) denote the degree-d homogeneous part of F(x).
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We will need the following inequality.

Lemma 2.4.6 (Trace Inequality, see [SA13] Theorem 3.1). Let Ai ∈ Rn×n for i = 1, 2, . . . , m

and r ≥ 1. Then

tr

∣∣∣∣∣ m
∑
i=1

Ai

∣∣∣∣∣
r

≤ mr−1 tr

(
m
∑
i=1

|Ai|r
)

,

where |Ai| = (Ai
TAi)

1/2.

Corollary 2.4.7 (Multilinear Recursion). Let x = {xi}n
i=1 be a sequences of i.i.d random

variables with Exi = 0, Ex2
i = 1 and |xi| ≤ L for all 1 ≤ i ≤ n. Let {Ai}i∈T d

n
be multi-

indexed sequences of deterministic matrices of the same dimension. Define a degree-D multilinear

polynomial random matrix as

F(x) =
D
∑

d=1
∑

i∈T d
n

Ai · ∏
j∈{i1,...,id}

xj

 .

Suppose F=d(x) is permutation symmetric for 1 ≤ d ≤ D. Let a, b, c ∈ Z≥0 and d = a + b + c.

Then for 2 ≤ t ≤ ∞,

E ∥F(x)− EF(x)∥4t
4t ≤

D
∑

d=1
D4t(48dt)4dt

 ∑
a,b,c:

a+b+c=d

L4ct
∥∥∥F=d

a,b,c

∥∥∥4t

4t

 .

Proof. We rewrite F(x) into a formal sum of its homogeneous parts F(x) = ∑D
d=1 F=d(x).

By the trace inequality (Lemma 2.4.6), we have

E ∥F(x)− EF(x)∥4t
4t ≤ D4t

D
∑

d=1
E

∥∥∥F=d(x)− EF=d(x)
∥∥∥4t

4t
.
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By Theorem 2.4.5,

E ∥F(x)− EF(x)∥4t
4t ≤ D4t

D
∑

d=1
(48dt)4dt

 ∑
a,b,c:

a+b+c=d

L4ct
∥∥∥F=d

a,b,c

∥∥∥4t

4t

 .

2.5 Gaussian Polynomial Random Matrices

In this section, we prove a moment bound for polynomial random matrices with Gaussian

random variables. While the decoupling technique could work for Gaussian polynomial

random matrices as well, we base our recursion framework on the following bound for its

simplicity.

Lemma 2.5.1 (Polynomial Moments, see [HT20] Theorem 7.1). Let H(x) : Ω → Hd be a

function with x ∼ N (0, In). For t = 1 and t ≥ 1.5,

E ∥H(x)− EH(x)∥2t
2t ≤ (

√
2t)2t · E tr

(
n
∑
i=1

(∂iH(x))2

)t

. (2.16)

We derive the non-Hermitian version of Lemma 2.5.1.

Lemma 2.5.2 (Non-Hermitian Polynomial Moments). Let F(x) : Ω → Rd1×d2 be a function

with x ∼ N (0, In). For t = 1 and t ≥ 1.5,

E ∥F(x)− EF(x)∥2t
2t ≤ (

√
2t)2t ·

(
E

∥∥∥∥∥∥
(

n
∑
i=1

∂iF(x) ∂iF
T(x)

)1/2
∥∥∥∥∥∥

2t

2t

+E

∥∥∥∥∥∥
(

n
∑
i=1

∂iF
T(x) ∂iF(x)

)1/2
∥∥∥∥∥∥

2t

2t

)
.
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Proof. Apply Hermitian dilation. The left hand side of (2.16) becomes

E

∥∥∥∥∥∥∥
 0 F − EF

(F − EF)T 0


∥∥∥∥∥∥∥

2t

2t

= E tr

(F − EF)(F − EF)T 0

0 (F − EF)T(F − EF)


t

= 2E ∥F − EF∥2t
2t ,

and the right hand side of (2.16) becomes

E tr

 n
∑
i=1

 0 ∂iF

∂iFT 0


2


t

= E tr

∑n
i=1 ∂iF ∂iFT 0

0 ∑n
i=1 ∂iFT ∂iF


t

= E

∥∥∥∥∥∥
(

n
∑
i=1

∂iF ∂iF
T

)1/2
∥∥∥∥∥∥

2t

2t

+ E

∥∥∥∥∥∥
(

n
∑
i=1

∂iF
T ∂iF

)1/2
∥∥∥∥∥∥

2t

2t

.

Combine both sides and the result follows.

Theorem 2.5.3 (Gaussian Recursion). Let x ∼ N (0, In) and {Ai}i∈[n]d be multi-indexed

sequences of deterministic matrices of the same dimension. Define a degree-d homogeneous Gaussian

polynomial random matrix as

P(x) = ∑
i∈[n]d

Ai · ∏
j∈{i1,...,id}

xj

 .

Let a, b ∈ Z≥0. Then for 2 ≤ t ≤ ∞,

E ∥P(x)− EP(x)∥2t
2t ≤ (2d√2t)2t

(
∑

1≤a+b≤d

∥∥EPa,b
∥∥2t

2t

)
.

Proof. Start by applying Claim 2.5.4 with k = 0. Apply Claim 2.5.4 recursively until

k = d − 1 to get the desired bound.
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Claim 2.5.4. Let x ∼ N (0, In) and {Ai}i∈[n]d be multi-indexed sequences of deterministic

matrices of the same dimension. Define a degree-d homogeneous Gaussian polynomial random

matrix as

P(x) = ∑
i∈[n]d

Ai · ∏
j∈{i1,...,id}

xj

 .

Let a, b ∈ Z≥0 and a + b = k < d. Let Pa,b(x) be the k-th partial derivative block matrix

associated to P(x). Then for 2 ≤ t ≤ ∞,

E
∥∥Pa,b − EPa,b

∥∥2t
2t ≤ (2

√
2t)2t ·

(
E
∥∥Pa+1,b − EPa+1,b

∥∥2t
2t +

∥∥EPa+1,b
∥∥2t

2t

)
+ (2

√
2t)2t ·

(
E
∥∥Pa,b+1 − EPa,b+1

∥∥2t
2t +

∥∥EPa,b+1
∥∥2t

2t

)
.

Proof. By the non-hermitian polynomial moment (Lemma 2.5.2), we have

E : = E
∥∥Pa,b − EPa,b

∥∥2t
2t

≤ (
√

2t)2t ·

E

∥∥∥∥∥∥
(

n
∑
i=1

∂iPa,b ∂iP
T
a,b

)1/2
∥∥∥∥∥∥

2t

2t

+ E

∥∥∥∥∥∥
(

n
∑
i=1

∂iP
T
a,b ∂iPa,b

)1/2
∥∥∥∥∥∥

2t

2t



= (
√

2t)2t ·

E

∥∥∥∥[∂1Pa,b . . . ∂nPa,b

]∥∥∥∥2t

2t
+ E

∥∥∥∥∥∥∥∥∥∥


∂1Pa,b

...

∂nPa,b


∥∥∥∥∥∥∥∥∥∥

2t

2t


= (

√
2t)2t ·

(
E
∥∥Pa+1,b

∥∥2t
2t + E

∥∥Pa,b+1
∥∥2t

2t

)
,

where the last equality uses our notation for partial derivative block matrices introduced in

Section 2.2. Notice that Pa+1,b and Pa,b+1 are homogeneous Gaussian polynomial random
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matrix of degree k − 1. Since Pa+1,b and Pa,b+1 are not necessarily centered,

E ≤ (
√

2t)2t ·
(

E
∥∥Pa+1,b − EPa+1,b + EPa+1,b

∥∥2t
2t

+ E
∥∥Pa,b+1 − EPa,b+1 + EPa,b+1

∥∥2t
2t

)

≤ (2
√

2t)2t ·
(

E
∥∥Pa+1,b − EPa+1,b

∥∥2t
2t +

∥∥EPa+1,b
∥∥2t

2t

+ E
∥∥Pa,b+1 − EPa,b+1

∥∥2t
2t +

∥∥EPa,b+1
∥∥2t

2t

)
,

where the last inequality is due to the trace inequality (Lemma 2.4.6).

2.6 Application I: Graph Matrices

2.6.1 Background

Denote the Erdős-Rényi random graph on n vertices as Gn,p, where each edge is present

with probability p independent of all other edges. When Gn,p is viewed as a probability

space, it is equal to (Ω,F , µ) where Ω is the sample space of all possible graphs on n

vertices. Any G ∈ Ω is a random vector representing all edges. Each coordinate in G,

denoted by Gij, is an independent random variable representing a single edge. We can

construct a random graph by drawing a copy of G ∼ µ. To adopt the convention in

p-biased Fourier analysis, we normalize Gij such that EGij = 0 and EG2
ij = 1, which leads

to the sample space Ω =

{
−
√

1−p
p ,
√

p
1−p

}(n
2)

.

Definition 2.6.1 (Shape, see e.g. [RT23] Definition 4.2). A shape is a tuple τ = (V(τ), E(τ), Uτ, Vτ)

where (V(τ), E(τ)) is a graph and Uτ, Vτ are ordered subsets of the vertices.

Definition 2.6.2 (Graph matrix, see e.g. [RT23] Definition 4.4). Given a shape τ, the associated
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graph matrix M : Ω → Rd1×d2 is a matrix-valued function such that

M[I, J] = ∑
φ∈T k

n :
φ(Uτ)=I,φ(Vτ)=J

∏
(u,v)∈E(τ)

Gφ(u),φ(v).

In other words, M maps an input graph G ∈ Ω to a n!
(n−|I|)! ×

n!
(n−|J|)! matrix whose rows and

columns are indexed by I and J respectively.

Definition 2.6.3 (Vertex Separator, see e.g. [RT23] Definition 4.8). For any shape τ, a vertex

separator is a subset of vertices S ⊆ V(τ) such that there is no path from Uτ to Vτ in τ \ S, which

is the shape obtained by deleting S and all edges adjacent to S. We write Sτ for a vertex separator of

the minimum size.

2.6.2 Sparse graph matrices

Claim 2.6.4. For any shape τ, let {E1, E2} be an arbitrary cover of E(τ). Let S = E1 ∩ E2 be the

vertex set of the overlapping edges between E1 and E2. If S contains E1 ∩ Vτ and E2 ∩ Uτ, then S

is a vertex separator.

Proof. Since S = E1 ∩ E2, there is no path from E1\S to E2\S. Additionally, if S contains

E1 ∩Vτ, then E1\S is not adjacent to Vτ and E1\S contains Uτ\S. If S also contains E2 ∩Uτ,

then E2\S is not adjacent to Uτ and E2\S contains Vτ\S. Since there is no path from Uτ\S

to Vτ\S, S is a vertex separator.

Theorem 2.6.5. For any shape τ and 2 ≤ t ≤ ∞,

E ∥M∥4t
4t ≤

(
(48t|V(τ)|)4t|V(τ)|(C|E(τ)|)|E(τ)|n|V(τ)|

)(√1 − p
p

)4t|E(Sτ)|

n2t(|V(τ)|−|Sτ |)

where C is an absolute constant and E(Sτ) are all edges adjacent to Sτ.
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Proof. First, let |V(τ)| = k and we write M as a polynomial whose coefficients are matrices,

M = ∑
φ∈T k

n

Bφ(E) ∏
(i,j)∈E(τ)

Gφ(i),φ(j),

where the [I, J]-entry of Bφ(E) is

Bφ(E)[I, J] =


1 if φ(Uτ) = I and φ(Vτ) = J

0 otherwise.

Note that Bφ(E)’s have the same dimension as M and the rows and columns of Bφ(E)’s are

indexed in the same way as M. Since Uτ and Vτ are ordered and each φ assigns one set of

value to vertices in Uτ and Vτ, there is only one nonzero entry in each Bφ(E). But there

might be multiple φ’s for which Bφ(E)’s are identical due to free vertices.

Next, let |E(τ)| = d and we rewrite M in a permutation symmetric way,

M = ∑
φ∈T k

n

 1
d! ∑

σ∈Sd

Bσ(φ(E))Gφ(iσ(1)),φ(jσ(1))
· · · Gφ(iσ(d)),φ(jσ(d))


=

1
d! ∑

φ∈T k
n

Aφ(E) · Gφ(i1),φ(j1) · · · Gφ(id),φ(jd),

where Aφ(E) = ∑σ∈Sd
Bσ(φ(E)). Notice that the indices of the random variables of M

have the same structure as in Lemma 2.3.3, so we can decouple M using Lemma 2.3.3,

F := E ∥M∥4t
4t ≤ |V(τ)|4t|V(τ)|

(
1
d!

)4t
· E

∥∥∥∥∥∥ ∑
φ∈T k

n

Aφ(E) · G(1)
φ(i1),φ(j1)

· · · G(d)
φ(id),φ(jd)

∥∥∥∥∥∥
4t

4t

,

where {G(1), . . . , G(d)} denote d independent copies of G. Since M is a multilinear polyno-

56



mial random matrix, EM = 0. An application of Theorem 2.4.5 yields,

F ≤ ∑
a,b,c:

a+b+c=|E(τ)|

(48t|V(τ)|)4t|V(τ)|
(

1
|E(τ)|!

)4t
(√

1 − p
p

)4ct ∥∥Ma,b,c
∥∥4t

4t ,

where {Ma,b,c} are partial derivative block matrices associated to M.

Fix a set of a, b, c, Ma,b,c is a block matrix whose blocks are comprised of {Aφ(E)}φ∈T k
n

.

More specifically, the [I, J]-th block of Ma,b,c is

Ma,b,c[I, J] = ∂GI1
· · · ∂GIa+c

∂GJ1
· · · ∂GJb

M = AI∪J = ∑
σ∈Sd

Bσ(I∪J). (2.17)

Algebraically, the last equality is due to the commutativity of partial derivative op-

erators. Combinatorially, if we fix an arbitrary ordering on the edge set E(τ), the last

expression is summing up all permutations on d edges in E(τ). Now let’s delve into the

combinatorics. Let E(τ) = E1 ∪ E2, where E1 contains a + c edges and E2 contains b + c

edges with c number of overlapping edges. Let S = E1 ∩ E2 be the set of vertices shared

by E1 and E2. By permuting the edges in E(τ), {σ(E1), σ(E2)} are all possible covers of

E(τ) by two overlapping sets of ordered edges. The row and column blocks of Ma,b,c are

indexed by φ(E1) and φ(E2) respectively.

Let’s write

Ma,b,c = ∑
σ∈Sd

Ma,b,c,σ,

where Ma,b,c,σ[I, J] = Bσ(I∪J). By the trace inequality (Lemma 2.4.6),

∥∥Ma,b,c
∥∥4t

4t ≤ (d!)4t ∑
σ∈Sd

∥∥Ma,b,c,σ
∥∥4t

4t .
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It follows that

F ≤ ∑
a,b,c:

a+b+c=|E(τ)|

∑
σ∈Sd

(48t|V(τ)|)4t|V(τ)|
(√

1 − p
p

)4ct ∥∥Ma,b,c,σ
∥∥4t

4t . (2.18)

For any two distinct σ1 and σ2 ∈ Sd,
∥∥∥Ma,b,c,σ1

∥∥∥4t

4t
=
∥∥∥Ma,b,c,σ2

∥∥∥4t

4t
since Ma,b,c,σ1

and

Ma,b,c,σ2
are identical after permuting rows and columns. So we will focus on bounding∥∥∥Ma,b,c,σ0

∥∥∥4t

4t
where σ0 is the identity permutation. For identity permutation, we have

Ma,b,c,σ0
[I, J] = BI∪J by (2.17). Denote Ma,b,c,σ0

by F,

E :=
∥∥∥Ma,b,c,σ0

∥∥∥4t

4t
= ∥F∥4t

4t = tr
(

FTF
)2t

= tr ∑
I1,...,I2t∈[n]2(a+c)

∑
J1,...,J2t∈[n]2(b+c)

FT[I1, J1] F[I1, J2] FT[I2, J2] F[I2, J3] · · · FT[I2t, J2t] F[I2t, J1]

= tr ∑
I1,...,I2t∈[n]2(a+c)

∑
J1,...,J2t∈[n]2(b+c)

BT
I1∪J1

BI1∪J2 BT
I2∪J2

BI2∪J3 · · ·BT
I2t∪J2t

BI2t∪J1

(2.19)

We take a look at for which I1, . . . I2t and J1, . . . , J2t that the summands in (2.19) are

nonzero and the structure of these nonzero summands. First of all, BIi∪Ji
̸= 0 implies

that Ii ∪ Ji = φ(E1 ∪ E2), for some φ ∈ T k
n and Ii(S) = Ji(S) for 1 ≤ i ≤ 2t. Similarly,

BIi∪Ji+1
̸= 0 implies that Ii ∪ Ji+1 = φ′(E1 ∪ E2), for some φ′ ∈ T k

n and Ii(S) = Ji+1(S)

for 1 ≤ i ≤ 2t (the additions in the subscripts are in mod 2t, i.e., J2t+1 = J1). Secondly, for

each BIi∪Ji
̸= 0, there is only one nonzero entry, namely BIi∪Ji

[Ii ∪ Ji(Uτ), Ii ∪ Ji(Vτ)] = 1.

So BT
Ii∪Ji

BIi∪Ji+1
̸= 0 if Ii ∪ Ji(Uτ) = Ii ∪ Ji+1(Uτ) and the only nonzero entry is

BIi∪Ji
TBIi∪Ji+1

[Ii ∪ Ji(Vτ), Ii ∪ Ji+1(Vτ)] = 1.

It follows that BT
Ii∪Ji

BIi∪Ji+1
̸= 0 for 1 ≤ i ≤ 2t if J1(E2 ∩ Uτ) = J2(E2 ∩ Uτ) =
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· · · = J2t(E2 ∩ Uτ). Lastly, BT
Ii∪Ji

BIi∪Ji+1
BT

Ii+1∪Ji+1
BIi+1∪Ji+2

̸= 0 if Ii ∪ Ji+1(Vτ) =

Ii+1 ∪ Ji+1(Vτ) and the only nonzero entry is

BT
Ii∪Ji

BIi∪Ji+1
BT

Ii+1∪Ji+1
BIi+1∪Ji+2

[Ii ∪ Ji(Vτ), Ii+1 ∪ Ji+2(Vτ)] = 1.

It follows that BT
I1∪J1

BI1∪J2 BT
I2∪J2

BI2∪J3 · · ·BT
I2t∪J2t

BI2t∪J1
̸= 0 if I1(E1 ∩ Vτ) = I2(E1 ∩

Vτ) = · · · = I2t(E1 ∩ Vτ) and the only nonzero entry is

BT
I1∪J1

BI1∪J2 BT
I2∪J2

BI2∪J3 · · ·BT
I2t∪J2t

BI2t∪J1
[I1 ∪ J1(Vτ), I2t ∪ J1(Vτ)] = 1.

Since I1(E1 ∩ Vτ) = I2t(E1 ∩ Vτ), we have I1 ∪ J1(Vτ) = I2t ∪ J1(Vτ). So if the summand

is nonzero, it has a 1 on its diagonal.

To summarize, each summand in (2.19) is nonzero if and only if Ii ∪ Ji = φi(E1 ∪

E2), Ii ∪ Ji+1 = φ′
i(E1 ∪ E2) for some φi, φ′

i ∈ T k
n , Ii’s and Ji’s agree on S, Ii’s agree on

E1 ∩ Vτ and Ji’s agree on E2 ∩Uτ for 1 ≤ i ≤ 2t. Since each nonzero summand contributes

a 1 on the diagonal, we can simply count the number of nonzero summands to compute

the trace in (2.19). Notice that the number of nonzero summands is equal to the number of

φ1, . . . , φ2t, φ′
1, . . . , φ′

2t that satisfy all the constraints. Hence

E ≤ n|S| n|E1∩Vτ | n|E2∩Uτ | n2t|E1\Vτ\S| n2t|E2\Uτ\S|. (2.20)

For a fixed set of a, b, c, (2.20) provides an upper bound for
∥∥Ma,b,c,σ

∥∥4t
4t for any per-

mutation σ ∈ Sd. But what is an upper bound for
∥∥Ma,b,c,σ

∥∥4t
4t among all possible sets

of a, b, c? By varying a, b, c, we can always make S = E1 ∩ E2 large enough to contain

vertices in E1 ∩ Vτ and E2 ∩ Uτ. Thus S is a vertex separator by Claim 2.6.4. It follows that
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E1\Vτ\S = E1\S and E2\Uτ\S = E2\S. Hence

E ≤ n|V(τ)| n2t|E1\S| n2t|E2\S| ≤ n|V(τ)| n2t(|V(τ)|−|Sτ |), (2.21)

where Sτ is a vertex separator of minimum size. Substituting (2.21) into (2.18) yields the

desired bound.

Corollary 2.6.6. For any given shape τ, any ε > 0, with probability 1 − ε,

∥M∥ ≤ |V(τ)||V(τ)|
(

C log
(
|E(τ)||E(τ)|n|V(τ)|/ε

))|V(τ)|
(√

1 − p
p

)|E(Sτ)|√
n|V(τ)|−|Sτ |,

where C > 0 is an absolute constant.

Proof. By Markov’s inequality and Theorem 2.6.5, we have

P(∥M∥ ≥ θ) ≤ P(∥M∥4t
4t ≥ θ4t) ≤ θ−4tE ∥M∥4t

4t

= θ−4t
(
(48t|V(τ)|)4t|V(τ)|(C|E(τ)|)|E(τ)|n|V(τ)|

)(√1 − p
p

)4t|E(Sτ)|

n2t(|V(τ)|−|Sτ |).

(2.22)

Set the right hand side of (2.22) to ε by taking

θ =

(
ε−

1
4t (48t|V(τ)|)|V(τ)|(C|E(τ)|)

|E(τ)|
4t n

|V(τ)|
4t

)(√
1 − p

p

)|E(Sτ)|√
n|V(τ)|−|Sτ |.

Take

t =
1
4

log
(
|E(τ)||E(τ)|n|V(τ)|/ε

)
to complete the proof.
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2.7 Application II: Tensor Networks

2.7.1 Background

A tensor network is a diagram of a collection of tensors connected together by contractions,

which results in another tensor, matrix, vector or scalar. For example, Figure 2.4 represents

a tensor T of order three.

Figure 2.4: Tensor of order three

Now we have two copies of T and we would like to contract them together according

to Figure 2.5.

Figure 2.5: Contraction of two copies of T

We simply follow the Einstein summation convention by summing up repeated indices,

in this case, k and l. The nonrepeated indices are called free indices, in this case, i and j. So

the resulting matrix (two free indices) is

A = ∑
k,l

Tikl Tklj,

and the tensor network representation of A is called the melon graph (Figure 2.6).
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Figure 2.6: The Melon Graph

Aside from being an interesting notation, tensor networks are important for the desgin

and analysis of spectral algorithms. Many existing algorithms for tensor decomposition

and tensor PCA analyze spectral properties of matrices arising from tensor networks

[RM14, HSS15, HSSS16, MW19, DdL+22, OTR22]. The spectral properties are directly

related to the signal-to-noise ratio of the algorithms.

2.7.2 A simple tensor network: the melon graph

The melon graph (Figure 2.6) is similar to the tensor unfolding method used in [RM14].

The spectral norm of the matrices associated to the melon graph is studied in [OTR22]

using combinatorial tools developed in Random Tensor Theory [Gur16]. In this section,

we will demonstrate our recursion framework for Gaussian polynomial random matrices

(Theorem 2.5.3) in analyzing the spectral norm of the pure noise matrix associated to the

melon graph.

Theorem 2.7.1. (See also [Oue22] Theorem 7) Let T ∈ (Rn)⊗3 be a random noise tensor with

i.i.d. standard Gaussian entries. For i, j ∈ [n], let Ti and Tj be the first-mode slices of T. The pure

noise matrix M ∈ Rn×n associated to the melon graph has entries M[i, j] = ⟨Ti, Tj⟩. Then

E ∥M − EM∥2t
2t ≤ O(n3t).

Proof. Since M is a degree 2 homogeneous Gaussian random matrix, EM1,0 = EM0,1 = 0.
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By Theorem 2.5.3,

E ∥M − EM∥2t
2t ≤ (8t)2t

(∥∥M2,0
∥∥2t

2t +
∥∥M0,2

∥∥2t
2t +

∥∥M1,1
∥∥2t

2t

)
.

Let {Bi,j,k,l} be the second order partial derivatives of M, i.e.,

Bi,j,k,l = ∂Ti,k,l
∂Tj,k,l

M.

Note that M2,0, M0,2 and M1,1 are made up with {Bi,j,k,l} stacked in different ways. Let

Ei,j be the matrix basis with 1 in its [i, j]-th entry and 0 otherwise. For i = j,

Bi,i,k,l = ∂2
Ti,k,l

M = 2 · Ei,i,

For i ̸= j,

Bi,j,k,l = ∂Ti,k,l
∂Tj,k,l

M = Ei,j + Ej,i.

Hence,

∥∥M0,2
∥∥2t

2t = tr
(

MT
0,2 M0,2

)t

= tr

 ∑
i,j,k,l∈[n]

BT
i,j,k,lBi,j,k,l

t

= tr

 ∑
i=j,k,l∈[n]

BT
i,j,k,lBi,j,k,l + ∑

i ̸=j,k,l∈[n]
BT

i,j,k,lBi,j,k,l

t

= tr

 ∑
i,k,l∈[n]

2 · Ei,i + ∑
i ̸=j,k,l∈[n]

(
Ei,i + Ej,j

)t

≤ tr
(

2n2 · In + n3 · In
)t

= O(n3t).
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Since M is hermitian, BT
i,j,k,l = Bi,j,k,l , so

∥∥M0,2
∥∥2t

2t =
∥∥M2,0

∥∥2t
2t. We proceed to bound∥∥M1,1

∥∥2t
2t. Since permutation of rows and columns doesn’t affect Schatten norm, we

permute the rows and columns of M1,1 into a block diagonal matrix with its diagonal

block Dk,l indexed by k and l.

E :=
∥∥M1,1

∥∥2t
2t = tr

(
MT

1,1M1,1

)t
= ∑

k,l∈[n]
tr
(

DT
k,lDk,l

)t
≤ n2 ·

∥∥Dk,l
∥∥2t

2t ≤ n2 ·
(∥∥Dk,l

∥∥2
2

)t
,

where we used the Frobenius norm to upper bound the Schatten norm in the last inequality.

Dk,l is a block matrix with Dk,l [i, i] = 2 · Ei,i and Dk,l [i, j] = Ei,j + Ej,i. So
∥∥Dk,l

∥∥2
2 ≤

4n + 2n2. Thus

E ≤ n2(4n + 2n2)t ≤ O(n2t).

Hence
∥∥M0,2

∥∥2t
2t ≤ O(n3t) dominates and the result follows.

2.8 Application III: Smoothed Analysis

2.8.1 Background

It is not uncommon to observe gaps between theory and practice. The simplex algorithm

invented by Dantzig [Dan51] is a great example. It is very efficient in practice, while it has

exponential worst-case complexity [KM70]. In [ST04], Spielman and Teng introduced the

smoothed analysis as a new measure of complexity to capture the practical usefulness of

algorithms.

Formally, let A be an algorithm with input space X. For x ∈ X, let C(A, x) denote the

run time of A on x. The worst-case complexity of A is

max
x∈X

C(A, x).
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The worst-case complexity is somewhat pessimistic. The issue is that the worst case is

often quite contrived and does not arise naturally in practice.

Now let us take a look at the average-case complexity of A on a given distribution µ

over X,

Ex∼µ C(A, x).

Notice that the algorithm minimizing Ex∼µC(A, x) will typically be different for different

distributions µ. The issue with average-case complexity is that we usually do not know

what the appropriate distributions are.

The smoothed complexity is a hybrid model. Let D be the set of all possible distribu-

tions over X. Conceptually, the smoothed complexity can be thought of as

max
µ∈D

Ex∈µ C(A, x). (2.23)

If D contains only a single distribution µ, (2.23) reduces to Ex∈µC(A, x), which is just the

average-case complexity. If D contains all possible distributions over µ, (2.23) reduces to

maxx∈X C(A, x), which is just the worst-case complexity. Hence, the smoothed complexity

"interpolates" between the worst-case and the average-case complexity.

More specifically, the input to the smoothed analysis is a randomly perturbed x. The

idea is that if the worst cases are sufficiently "isolated", then most randomly perturbed

inputs are "well-behaved". The smoothed complexity of A is defined as

max
x∈X

Eg C(A, x + g), (2.24)

where each coordinate of g is an independent Gaussian random variable with mean 0 and

variance σ2. Let n be the input size. We say A has polynomial smoothed complexity, if (2.24)

is polynomial in n and 1/σ. See Part Four of the book [Rou21] edited by Roughgarden for

65



further discussion on smoothed analysis and applications.

2.8.2 Smoothed Khatri–Rao product

The Khatri-Rao product is defined as the column-wise Kronecker product.

Definition 2.8.1 (Khatri-Rao product). Given A ∈ Rp×n and B ∈ Rq×n. Let {a1, . . . , an} be

the columns of A and {b1, . . . , bn} be the columns of B. The Khatri-Rao product is defined as

A ⊙ B =

[
a1 ⊗ b1

∣∣∣∣ . . . . . .
∣∣∣∣ an ⊗ bn

]
∈ Rpq×n.

Given a set of arbitrary vectors v1, . . . , vm ∈ Rn. We "smooth" each vi by perturbing

it with a small Gaussian noise, i.e., vi + gi. The set of corresponding smoothed vectors is

{v1 + g1, . . . , vm + gm}.

Definition 2.8.2 (Smoothed Khatri-Rao product). Given a set of arbitrary vectors v1, . . . vm ∈

Rn, the kth order smoothed Khatri-Rao product is defined as

A⊙k =

[
(v1 + g1)

⊗k
∣∣∣∣ . . . . . .

∣∣∣∣ (vm + gm)⊗k
]
∈ Rnk×m,

where g1, . . . , gm are independent centered normal random vectors.

The goal is to study how large m can be so that the least singular value of A⊙k remains

bounded away from 0 with high probability. In other words, we want to know for what m

a set of smoothed vectors {(vi + gi)
⊗k}m

i=1 is robustly linearly independent.

The Weyl’s perturbation theorem shall help us in bounding σmin(A⊙k). When B is the

perturbation matrix with small spectral norm, we expect the least eigenvalue of A + B is

close to that of A.
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Theorem 2.8.3 (Weyl’s Inequality). For n × n Hermitian matrices A and B with spectrum

ordered in descending order λ1 ≥ · · · ≥ λn, we have

|λi(A + B)− λi(A)| ≤ ∥B∥ ∀i ∈ [n].

The smoothed Khatri-Rao product of order one. This is a simple case in which we study

σmin(A) where

A =

[
v1 + g1

∣∣∣∣ . . . . . .
∣∣∣∣ vm + gm

]
∈ Rn×m,

and gi’s are independent standard normal random vectors.

Let S = span{v1, . . . , vm} and Π be a projection matrix mapping Rn to S⊥. Notice

that we have no control over vi’s (they are simply given). Hence, we study the projection

of {vi + gi}i∈[m] onto S⊥ instead. Now we want to show that the projected vectors are

linearly independent. Formally, we want to show that σmin(G) is bounded away from 0,

where

G =

[
Π(v1 + g1)

∣∣∣∣ . . . . . .
∣∣∣∣ Π(vm + gm)

]
=

[
Πg1

∣∣∣∣ . . . . . .
∣∣∣∣ Πgm

]
.

We decompose G⊺G into the diagonal and off-diagonal part and by Weyl’s inequality,

λmin(G
⊺G) = λmin

(
diag(G⊺G) + o f f diag(G⊺G)

)
(2.25)

≥ λmin

(
diag(G⊺G)

)
− λmax

(
o f f diag(G⊺G)

)
(2.26)

Notice that the diagonal entries G⊺G[i, i] = ⟨Πgi, Πgi⟩ = n ±O(
√

n). Thus,

λmin

(
diag(G⊺G)

)
= n ±O(

√
n).
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If we want λmin(G⊺G) to be bounded below by a polynomial in n, it is clear from (2.26)

that we need ∥∥∥∥o f f diag(G⊺G)

∥∥∥∥ ≤
∥∥∥∥o f f diag(G⊺G)

∥∥∥∥
2t

≤ O(n).

Now we use Theorem 2.4.5 to bound ∥o f f diag(G⊺G)∥. Let F = o f f diag(G⊺G) ∈ Rm×m.

After decouping, we get

F[i, j] = ⟨Πgi, Πg′j⟩ ∀i ̸= j ∈ [m].

F1,1 ∈ Rnm2×nm2
is a block matrix with

F1,1[(i, i), (j, j)] =
∂F

∂gi(∂gj)
⊺ = Π ∈ Rn×n.

After an appropriate change of basis,

F1,1[(i, i), (j, j)] =
∂F

∂gi(∂gj)
⊺ = In.

It follows that

F⊺1,1F1,1[(j, j), (j, j)] = ∑
i

In = m · In

Hence, for an appropriate t,

∥F1,1∥2t ≤ O(m).

Now let us look at F2,0 ∈ Rn2m3×m.

F2,0[i, j, l, k] =
∂F

∂gi[l]∂gj[k]
= Πlk · Eij ∈ Rm×m
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F⊺2,0F2,0 = ∑
i,j,l,k

F⊺2,0[i, j, l, k]F2,0[i, j, l, k]

= ∑
i,j

∑
l,k

Π2
l,k · Ej,iEi,j

= ∑
j
∥Π∥2

F · Ej,j

= n · m · Im

Thus ∥F2,0∥2t ≤ O(
√

nm). It follows that

∥∥∥∥o f f diag(G⊺G)

∥∥∥∥
2t

≤ O(m +
√

nm).

If we choose m = O(n), we shall get the desired result.
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CHAPTER 3

ELLIPSOID FITTING

The ellipsoid fitting conjecture of Saunderson, Chandrasekaran, Parrilo and Willsky consid-

ers the maximum number n random Gaussian points in Rd, such that with high probability,

there exists an origin-symmetric ellipsoid passing through all the points. They conjectured

a threshold of n = (1 − od(1)) · d2/4, while until recently, known lower bounds on the

maximum possible n were of the form d2/(log d)O(1).

In this chapter, we give a simple proof based on concentration of sample covariance

matrices, that with probability 1 − od(1), it is possible to fit an ellipsoid through d2/C

random Gaussian points. Similar results were also obtained in two recent independent

works by Hsieh, Kothari, Potechin and Xu [HKPX] and by Bandeira, Maillard, Mendelson,

and Paquette [BMMP24].

3.1 Introduction

In this work, we consider the problem of fitting an ellipsoid to random Gaussian points in d

dimensions. An origin-symmetric ellipsoid in Rd is specified by the equation ⟨x, Qx⟩ = 1,

for a positive semidefinite matrix Q ⪰ 0. The following problem was considered by

Saunderson, Chandrasekaran, Parrilo, and Willsky [SCPW12, SPW13] in the context of

recovering a subspace from noisy measurements, using semidefinite programs: Given

z1, . . . , zn ∈ Rd, does there exist Q ⪰ 0 such that ⟨zi, Qzi⟩ = 1 ∀i ∈ [n]?

They proved that for a d-dimensional subspace, fitting the projections of n canonical

basis vectors V to an ellipsoid, is equivalent to recovering V⊥ using a canonical semidefi-

nite program. Thus, one is interested in determining how large can n be taken relative to d,

to ensure small co-dimension for the subspace V⊥ (see [Sau11] for a detailed discussion).
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Saunderson et al. considered both average-case and worst-case versions of the above

problem, and here we discuss average-case version where the points z1, . . . , zn can be taken

to be independent samples from a Gaussian distribution. Since the problem is invariant

under linear transformations (as Q can be modified to LQLT for any linear transformation

L), it is convenient to consider z1, . . . , zn ∼ N (0, 1
d · Id), so that in expectation, the points

lie on the unit sphere Sd−1. One then considers the problem of determining the largest

n as a function of d, such that with probability close to 1 (say 1 − od(1)), there exists an

ellipsoid passing through the random points z1, . . . , zn. It is easy to see that we must

have n < (d+1
2 ) via dimension arguments. Saunderson et al. [SCPW12, Sau11] made the

following conjecture based on experimental results.

Conjecture 3.1.1 ([SCPW12, Sau11]). For arbitrarily small ε > 0, if n < (1/4 − ε) · d2, then

with high probability over z1, . . . , zn ∼ N (0, 1
d · Id), there exists an ellipsoid passing through all

the points.

In addition to being an intriguing conjecture in its own right, this problem has also

attracted recent attention because of its connections to techniques used in the study of

lower bounds for semidefinite programs. In such lower bounds, the key technical challenge

is often to come up with a candidate matrix, which may depend on random data, and then

to prove the positivity of such a matrix (with high probability). The task of finding the

matrix Q ⪰ 0 also requires exhibiting a solution to a semidefinite program, and in fact

some of the known results for the ellipsoid fitting problem have a significant overlap with

semidefinite programming lower bounds, in terms of the techniques.

Known results. Saunderson et al. [SPW13] proved the ellipsoid fitting property (with

high probability) for n random points when n ≤ d6/5−η for arbitrarily small η > 0. This

bound was improved to n ≤ d3/2−η by a result of Ghosh et al. [GJJ+20] in the context

of lower bounds for the Sum-of-Squares semidefinite programming hierarchy, for the
71



closely related “Planted Affine Planes" problem. These bounds were further improved to

n ≤ d2/(log d)O(1) by two independent works of Potechin et al. [PTVW22], and of Kane

and Diakonikolas [KD23]. The work of Potechin et al. relied on techniques used in proofs

of Sum-of-Squares lower bounds, such as decompositions of random matrices into so

called “graph matrices" (and a careful analysis of the coefficients in such decompositions,

as well as trade-off between various terms [AMP21, PR23]). On the other hand, Kane and

Diakonikolas gave a more direct proof based on the spectral analysis of a single random

matrix arising from the random data.

Recent and independent work. Very recently, two independent works by Hsieh, Kothari,

Potechin and Xu [HKPX], and by Bandeira, Maillard, Mendelson, and Paquette et al. [BMMP24]

improved the bound on the number of points to n ≤ d2/C for some (possibly large) con-

stant C > 0, in both cases by obtaining a sharper analysis of the construction in [KD23].

The result of Hsieh et al. relies on a more careful application of the graph matrix decompo-

sitions arising in [PTVW22], while the work of Bandeira et al. uses a different approach

based on concentration bounds for Gram matrices of independently sampled vectors from

distributions with good tail behavior.

In this work, we present independent results, also proving that with high probability,

there exists an ellipsoid passing through n random points, for n ≤ d2/C (see Theorem

3.3.1 for a formal statement of our result). The approach in this work also gives a sharper

analysis of the construction of Kane and Diakonikolas, obtaining spectral norm bounds

for random matrices arising in their construction, by using results on the concentration of

empirical covariance matrices. In addition to sharper bounds, this approach also yields

a significantly simpler analysis, avoiding the need for norm bounds via the trace power

method, as well as the careful accounting for trade-offs between terms in graph matrix

decompositions. Similar ideas were also used independently in the work of Bandeira et
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al. [BMMP24], although the approaches differ in the specifics of the concentration results

used to obtain the relevant norm bounds.

3.2 Preliminaries and notation

The Euclidean norm ∥ · ∥2 and scalar product ⟨·, ·⟩ in Rd are defined here using the counting

measure on the coordinates. For a matrix A ∈ Rm×n, ∥A∥ denotes its spectral norm, and

∥A∥F denotes the Frobenius norm. For a real symmetric matrix B, diag(B) denotes the

diagonal matrix obtained from B replacing all non-diagonal entries by 0. We denote

various positive absolute constants by C, C′, C0, C1, . . . when the constants are greater than

1, and c, c′, c0, c1, . . . when they are smaller than 1. The values of the constants may change

from one instance to another.

Orlicz norms, sub-gaussian and sub-exponential random variables. Let X be a real-

valued random variable with mean zero. We define the Orlicz α-norm ψα for α ≥ 1

as

∥X∥ψα = inf{t > 0 : E exp(|X|α/tα) ≤ 2}.

Let Z be a random vector in Rn. ψα norm of a random vector is characterized by its

one-dimensional projections,

∥Z∥ψα = sup
x∈Sn−1

∥⟨Z, x⟩∥ψα .

A random variable X with bounded ∥X∥ψ1
is known as a sub-exponential random variable,

while one with bounded ∥X∥ψ2
is known as a sub-gaussian random variable. The above

definitions are also known to be equivalent to decay of the the tail probabilities P[|X| ≥ t]

as exp (−t/a1) for sub-exponential random variables, and exp
(
−t2/a2

2

)
for sub-gaussian
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random variables, where a1 and a2 are within constant factors of the ψ1 and ψ2 norms

respectively (see e.g., [Ver18]).

3.3 Fitting an ellipsoid to d2/C random points

We will prove that with high probability over the choice of n independent Gaussian vectors

in Rd, there exists an origin-symmetric ellipsoid passing through all the points, when

n ≤ d2/C for some fixed constant C.

Theorem 3.3.1 (Main result). There exists a universal constant C > 4 such that for n ≤ d2/C,

and with probability 1 − od(1) over the choice of i.i.d. samples G1, . . . , Gn from N (0, 1
d · Id), there

exists a positive semidefinite matrix Q ⪰ 0 satisfying ⟨Gi, QGi⟩ = 1 ∀i ∈ [n].

We use the identity-perturbation construction of Kane and Diakonikolas [KD23], which

can be derived by considering the dual of the semidefinite program for finding the matrix

Q as described above. Since the program has a constraint ⟨Gi, QGi⟩ = 1 for each i ∈ [n],

the construction is defined by dual variables δi ∈ R for each i ∈ [n]. In particular, let

Gi = ∥Gi∥2 · Xi, where Xi ∈ Sd−1 are random unit vectors, independent of the norms

∥Gi∥2. Kane and Diakonikolas consider the matrix

Q = Id +
n
∑
i=1

δi · XiXi
T ,

and show that with high probability the (unique) choice of the variables δi satisfying

⟨Gi, QGi⟩ = 1 also satisfies Q ⪰ 0. Considering the linear constraints ⟨Gi, QGi⟩ = 1 on the

matrix Q above yields the linear system Mδ = ε, for the matrix M and the vector ε defined

as

Mij =
〈

Xi, Xj

〉2
=
〈

X⊗2
i , X⊗2

j

〉
and εi =

1

∥Gi∥2
2
− 1 .

The proof then has two key components. The first is to show that the matrix M is invertible,
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and in fact the random matrix M−1 has bounded spectral norm with high probability. The

second is to obtain bounds on the random vector ε (independent of M) of deviations in

norms of Gi, to bound the norm of the perturbation ∑i δi · XiXi
T.

It is in the first part of the proof that our approach differs significantly from that of Di-

akonikolas and Kane [KD23]. Their proof relied on using the trace power method (which is

the most technically involved part of the proof) and yielded bounds for n ≤ d2/(log d)O(1).

On the other hand, we rely on the fact that the vectors X⊗2
i have a sub-exponential distri-

bution, and use existing results on the concentration of empirical covariance matrices for

random sub-exponential vectors. The second part of our proof is similar to that of Kane

and Diakonikolas, but needs to develop improved tail estimates for the vector ε, to avoid

the loss of (log d)O(1) factors.

3.3.1 Spectral norm bound for the Gram matrix

We will bound the norm of M−1 for the Gram matrix M defined as Mij =
〈

X⊗2
i , X⊗2

j

〉
by using the results of Adamczak et al. [ALPTJ10a, ALPTJ10b] on the concentration of

empirical covariance matrices, for independent sub-exponential random vectors. For

independent (mean-zero) random vectors Y1, . . . , Yn, forming columns of a matrix Y, the

empirical covariance matrix is given (up to scaling) by YYT. Since YYT has the same non-

zero eigenvalues as the the Gram matrix YTY, their proofs in fact proceed by understanding

the spectrum of the Gram matrix, which implies the results needed for the matrix M above.

We will need the following inequality.

Theorem 3.3.2 (Hanson-Wright Inequality, see e.g. [Ver18] Theorem 6.2.1). Let Z =

(z1, . . . , zd) ∈ Rd be a random vector with independent mean-zero sub-gaussian coordinates.
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Let A be a d × d matrix. Then, for every t ≥ 0, we have

P
[∣∣∣ZTAZ − E

[
ZTAZ

]∣∣∣ ≥ t
]
≤ 2 exp

(
−c min

(
t2

K4∥A∥2
F

,
t

K2∥A∥

))
,

where K = maxi ∥zi∥ψ2 .

We now consider the centered versions of the vectors X⊗2, defined as Y = X⊗2 −

E X⊗2, and show for any unit vector u ∈ Rd2
, the random variable ⟨u, Y⟩ has sub-

exponential tail. Since a vector u ∈ Rd2
can be thought of as a matrix A ∈ Rd×d, we

can obtain the required tail behavior using Theorem 3.3.2.

Lemma 3.3.3 (Sub-exponential behavior). Let X = (x1, . . . , xd) be a random vector uniformly

distributed on the unit sphere: X ∼ Uni f (Sd−1). Then Y = X⊗2 − EX⊗2 is a sub-exponential

random vector satisfying
∥∥∥X⊗2 − EX⊗2

∥∥∥
ψ1

≤ C/d.

Proof. Consider a standard normal random vector G ∼ N (0, Id). The direction X =

G/ ∥G∥2 is uniformly distribution on Sd−1. We need to show that ⟨X⊗2 − EX⊗2, u⟩ is

sub-exponential for all unit vectors u ∈ Rd2
. Reshape u into a d × d matrix A in which

aij = ⟨u, ei ⊗ ej⟩. Hence

⟨X⊗2 − EX⊗2, u⟩ =
d
∑

i,j=1
(xixj − Exixj)⟨u, ei ⊗ ej⟩

= XTAX − EXTAX.

We want to bound the tail probability,

P

[
|⟨X⊗2 − EX⊗2, u⟩| ≥ t

d

]
= P

[
|XTAX − EXTAX| ≥ t

d

]
= P

[∣∣∣∣∣GTAG
∥G∥2

2
− E

GTAG
∥G∥2

2

∣∣∣∣∣ ≥ t
d

]
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Notice that ∥G∥2 is well concentrated around
√

d. Thus the event E := {∥G∥2 ≥
√

d/2} is very likely and its complement P(Ec) ≤ 2 exp(−c1 · d). Then

P

[∣∣∣∣∣GTAG
∥G∥2

2
− E

GTAG
∥G∥2

2

∣∣∣∣∣ ≥ t
d

]
≤ P

[{∣∣∣∣∣GTAG
∥G∥2

2
− E

GTAG
∥G∥2

2

∣∣∣∣∣ ≥ t
d

}
∧ E

]
+ P(Ec)

≤ P

[∣∣∣GTAG − EGTAG
∣∣∣ ≥ t

4

]
+ 2 · exp(−c1 · d)

≤ 2 exp
(
−c0 · min(t2, t)

)
+ 2 exp(−c1 · d) ,

where the last inequality is due to Theorem 3.3.2 with ∥A∥ ≤ ∥A∥F = 1 and K =

maxi ∥Gi∥ψ2 = 1.

For the first term in the last inequality, take c2 such that 2 exp(−c2) ≥ 1 and let

c′ = min(c0, c2). The first term is bounded by 2 exp(−c′ · t). For the second term in the last

inequality, notice that |⟨X⊗2, u⟩| ≤ ∥X⊗2∥2∥u∥2 = 1. This implies that t ≤ 2d, otherwise

the tail probability P
(
|⟨X⊗2 − EX⊗2, u⟩| > 2

)
= 0. If t ≤ 2d, then 2 exp(−c1 · d) ≤

2 exp(−(c1/2) · t). Now let c = min(c1/2, c′) and substitute θ = t/d ≥ 0. It follows that

P
(
|⟨X⊗2 − EX⊗2, u⟩| ≥ θ

)
≤ 4 exp(−c · θd).

It is a standard argument (see e.g. [Ver18] Proposition 2.7.1) that if the tail probability is

bounded by 2 exp(−cθd) for all θ ≥ 0, then ∥X⊗2 − EX⊗2∥ψ1 ≤ C/d.

With the above lemma, we can now apply a result of Adamczak et al. [ALPTJ10a]

which yields bounds on the singular values of a random matrix Y with columns of Y

being independent sub-exponential random variables. We present a simplified version of

Theorem 3.13 in [ALPTJ10a] below.

Theorem 3.3.4 ([ALPTJ10a], Simplified version of Theorem 3.13). Let Y1, . . . , YN be indepen-

dent random vectors in RD such that max1≤i≤N ∥Yi∥ψ1 ≤ ψ and max1≤i≤N ∥Yi∥2 ≤ 1. Let Y

77



be a random D × N matrix whose columns are Yi’s. Then

P
[
σ1(Y) ≤ Cψ ·

√
N + 6

]
≥ 1 − exp(−c

√
N) .

For our application, we will actually need a bound on the singular values which

decreases with ψ, and it is in fact easy to check that the additive term of 6 in their bound

arises from diagonal entries of the matrix YTY, which can be Ω(1) if the columns are unit

vectors. We will need the following version of their result, bounding the contribution of

the off-diagonal terms.

Lemma 3.3.5 (Off-diagonal estimate). Let Y1, . . . , YN be independent random vectors in RD

such that max1≤i≤N ∥Yi∥ψ1 ≤ ψ and max1≤i≤N ∥Yi∥2 ≤ 1. Let Y be a random n × N matrix

whose columns are Yi’s. Then

P
[∥∥∥YTY − diag(YTY)

∥∥∥ ≤ C max{ψ2 · N, ψ ·
√

N}
]
≥ 1 − exp(−c ·

√
N) .

Proof. We will use the tail bound for σ1(Y) from Theorem 3.3.4 to obtain a tail bound for

∥YTY − diag(YTY)∥. In the proof of Theorem 3.13 [ALPTJ10a],
∥∥∥YTY − diag(YTY)

∥∥∥ and∥∥∥diag(YTY)
∥∥∥ are estimated separately in terms of σ1(Y). They are combined at the last

step to give the bound on σ1(Y) by the triangle inequality ∥YTY∥ ≤ ∥YTY − diag(YTY)∥+

∥diag(YTY)∥ together with an approximation argument. To simplify the bound presented

in the proof of Theorem 3.13 [ALPTJ10a], we set the parameters exactly the same as in

Theorem 3.3.4:

P
[∥∥∥YTY − diag(YTY)

∥∥∥ ≤ C0σ1(Y) · ψ
√

N
]
≥ 1 − exp(−c0 ·

√
N). (3.1)
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Let E1 := {∥YTY − diag(YTY)∥ ≤ C0σ1(A) · ψ
√

N} and E2 := {σ1(Y) ≤ Cψ ·
√

N + 6}.

P(E1 ∧ E2) = P(E1)− P(E1 ∧ Ec
2) ≥ P(E1)− P(Ec

2)

Substituting the probability bounds from Theorem 3.3.4 and Equation 3.1, we have

∥∥∥YTY − diag(YTY)
∥∥∥ ≤ C0 · ψ

√
N · (Cψ

√
N + 6) ≤ C1 · max{ψ2N, ψ

√
N}

with high probability.

We can now apply the bound from the above lemma to control the spectral norm of

M−1 for the Gram matrix M. We denote the event that
∥∥∥M−1

∥∥∥ ≤ 3 by E1.

Lemma 3.3.6 (Operator norm bound: Event E1). Let M be the matrix defined as Mij =〈
X⊗2

i , X⊗2
j

〉
, for X1, . . . , Xn ∼ Unif(Sd−1). Then, for n = d2/C for a sufficient large constant

C, the matrix M satisfies M ⪰ 1
3 · In + 1

d · Jn, and thus ∥M−1∥ ≤ 3, with probability at least

1 − exp(−c · d).

Proof. Let Yi = X⊗2
i − E X⊗2

i , where E X⊗2
i = 1

d ∑d
r=1 e⊗2

r . Note that

YTY = M +
1
d
· Jn and E M =

(
1 − 1

d

)
· In +

1
d
· Jn ,

where Jn denotes the all-ones matrix in Rn×n. Since the diagonal entries of M are 1, we

also get that diag(YTY) =
(

1 − 1
d

)
· In, and thus YTY − diag(YTY) = M − E M.

By Lemma 3.3.3, {Yi}i∈[n] are independent sub-exponential random vectors with

∥Yi∥ψ1 ≤ C/d. Thus Lemma 3.3.5 implies that

P

[
∥YTY − diag(YTY)∥ ≤ C max

{
n
d2 ,

√
n

d

}]
≥ 1 − exp(−c

√
n).

Choose n = d2/C1 for large enough C1 such that C
√

n/d ≤ 1/2. We have that with
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probability at least 1 − exp(−c · d),

∥YTY − diag(YTY)∥ = ∥M − EM∥ ≤ 1/2 .

This implies

M ⪰
(

1
2
− 1

d

)
· In +

1
d
· Jn ⪰ 1

3
· In

which gives
∥∥∥M−1

∥∥∥ ≤ 3.

3.3.2 Estimates for deviations in norms

We next develop some bounds for the random variables εi = 1
∥Gi∥2

2
− 1, where Gi ∼

N (0, 1/d · Id). Together with the bounds for
∥∥∥M−1

∥∥∥ developed above, these will help us

analyze the perturbation depending on the vector δ = M−1ε. We also note that the M and

ε are independent random variables.

Lemma 3.3.7 (Sub-gaussian behavior of ε). The independent random variables ε1, . . . , εn all

satisfy

1. E[εi] =
2

d−2 and Var[εi] = O(1
d ).

2. P[|εi − E εi| ≥ t] ≤ 2 · exp
(
−t2 · d/32

)
for all t ≤ 1/2.

Proof. We fix an i ∈ [n] and write εi =
d

∥G∥2
2
− 1 for G ∼ N (0, Id). The random variable

1/ ∥G∥2
2 has the inverse-χ2 distribution with d degrees of freedom, for which the moments

are known to be E[(1/ ∥G∥2
2)

k] = 2−k · Γ((d/2)−k)
Γ(d/2) when k ≤ d/2 [Wika, Wikb]. A direct

computation yields

E [εi] =
2

d − 2
and Var [εi] =

2 · d2

(d − 2)2 · (d − 4)
= O(1/d) .
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Let ε0 = Eεi and Zi = εi − Eεi = εi − ε0. We want to bound the tail probability of Zi. We

have

P [Zi ≥ t] = P

[
d

∥G∥2
2
− 1 ≥ t + ε0

]
= P

[
∥G∥2

2 − d ≤ − d(t + ε0)

1 + t + ε0

]
,

and

P [Zi ≤ −t] = P

[
d

∥G∥2
2
− 1 ≤ −t + ε0

]
= P

[
∥G∥2

2 − d ≥ d(t − ε0)

1 − t + ε0

]
.

The tail bound for χ2 distribution (see [Ver18] Theorem 3.1.1) implies that

P [|Zi| ≥ t] ≤ 2 · exp

(
−d

8
min

{
t − ε0

1 − t + ε0
,

t + ε0
1 + t + ε0

}2
)

.

Using the fact that

min
{

t − ε0
1 − t + ε0

,
t + ε0

1 + t + ε0

}2
≥
(

t
2

)2
, ∀t ∈ [2ε0, 1/2],

we can simplify the tail bound to

P (|Zi| ≥ t) ≤ 2 exp

(
−dt2

32

)
, ∀t ≤ 1

2
,

since the probability is trivial for t ≤ 2ε0.

The above lemma also shows that with high probability ∥ε∥∞ = O(
√
(log d)/d),

which we denote as the event E2. Actually, we will use E2 as a shorthand for
∧

E2,i, where

E2,i is defined by a bound on |εi| (so that the collection of random variables
{

εi|E2,i
}

i∈[n]

remain independent).

Corollary 3.3.8 (ℓ∞ bound on ε: Event E2). With probability 1 − d−Ω(1) we have ∥ε∥∞ ≤
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C
√

log(d)/d. Also, conditioned on E2, we have ∥εi − E εi∥ψ2
≤ C/

√
d.

Proof. Using the tail bound from Lemma 3.3.7, and n ≤ d2 we have that

P

[
∃i ∈ [n]. |εi| ≥ C0 ·

√
log d√

d

]
≤ d2 · exp (−C1 · log d) ≤ d−C .

Also, the tail bound for Zi = εi − E εi, conditioned on E2 is:

P [|Zi| ≥ t | E2] =
P[|Zi| ≥ t ∧ E2]

P[E2]
≤ 2 exp(−dt2/32)

1 − od(1)
≤ 2 exp(−dt2/64), ∀t.

The ψ2 norm follows directly from the tail bound.

Lemma 3.3.9 (ℓ∞ bound on δ: Event E3). With probability 1 − od(1), the vector δ = M−1ε

satisfies ∥δ∥∞ ≤ C · (log d)/
√

d.

Proof. We condition on events E1 and E2 both of which happen with probability 1 − od(1).

We fix the matrix A = M−1 satisfying ∥A∥ ≤ 3, and consider ε (which is independent

of M) with independent entries ε1, . . . , εn satisfying ∥εi − E εi∥ψ2
≤ C/

√
d by Corollary

3.3.8. Then δi = ⟨Ai, ε⟩, where Ai denotes the i-th row of A with ∥Ai∥2 ≤ ∥A∥ ≤ 3. By

Hoeffding’s inequality for independent sub-gaussian variables

P [|δi − E δi| ≥ t] = P [|⟨Ai, ε − E ε⟩| ≥ t]

≤ 2 exp

− c · t2

∥Ai∥2
2 · maxi ∥εi − E εi∥2

ψ2


≤ 2 exp

(
−c′ · t2 · d

)
.

To bound ∥E δ∥∞ =
∥∥∥M−1 E ε

∥∥∥
∞

, we note that by Lemma 3.3.7, E ε = (2/d−2) · 1, and that
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conditioned on E1 we actually have M ⪰ (1/3) · In + (1/d) · Jn. Thus,

∥E δ∥∞ =
∥∥∥M−1 E ε

∥∥∥
∞

≤ 2
d − 2

·
∥∥∥M−11

∥∥∥
2
≤ 2

d − 2
· d

n
· ∥1∥2 ≤ C1√

n
.

Choosing t = C′(log d)/
√

d in the Hoeffding estimate then proves the claim, since n =

d2/C.

3.3.3 Spectral bounds on the perturbation

To prove Theorem 3.3.1, we need to show that Q = Id + ∑n
i=1 δi · XiXi

T is positive semidef-

inite. It suffices to show that the perturbation matrix P = ∑n
i=1 δi · XiXi

T satisfies ∥P∥ ≤ 1.

To obtain a bound on the spectral norm of the above matrix P, we will use the standard

argument that it suffices to bound ∥Pu∥ for all u in a κ-net of the sphere Sd−1 i.e., a set of

points N such that for all x ∈ Sd−1, there exists y ∈ N with ∥x − y∥2 ≤ κ. In particular, we

will use the following result.

Lemma 3.3.10 ([Ver18]). Let A ∈ Rd×d be a symmetric matrix and let N be a κ-net of Sd−1.

Then,

∥A∥ = sup
x∈Sd−1

|⟨x, Ax⟩| ≤ 1
1 − 2κ

· sup
u∈N

|⟨u, Au⟩|

Proof. Let x ∈ Sd−1 be the maximizer of the first quadratic form with |⟨x, Ax⟩| = ∥A∥,

and let u ∈ N be the closest point. Then

∥A∥ − |⟨u, Au⟩| ≤ |⟨(x − u), Ax⟩|+ |⟨x, A(x − u)⟩|

≤ 2 · ∥Ax∥ · ∥x − u∥

≤ 2κ · ∥A∥ .
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Combined with known estimates on sizes of κ-nets, stating for example that there

exists a 1/4-net size at most 9d (see e.g., [Ver18], Corollary 4.2.13), it suffices to prove

that for a fixed u in a 1/4-net N, we have |⟨u, Pu⟩| ≤ 1/2 with probability at least (say)

1 − exp(−4d) (to allow for a union bound).

We start by considering ⟨u, Pu⟩ = ∑n
i=1 δi · ⟨u, Xi⟩2. We will consider the vector β with

βi = ⟨u, Xi⟩2, and split it in two parts according to a threshold t0 to be chosen later.

βheavy = ∑
i∈[n]

βi · ei · 1{βi>t0} and βlight = β − βheavy .

We first prove that Supp(βheavy) = {i|βi > t0} is bounded in size.

Claim 3.3.11. There exist C1, C2 > 0 such that over the choice of X1, . . . , Xn, we have for

t0 ≥ C1/d,

P
X1,...,Xn

[∣∣∣Supp(βheavy)
∣∣∣ ≥ C2/t0

]
≤ exp(−100 · d) .

Proof. Since Xi ∼ Uni f (Sd−1), ∥Xi∥ψ2
≤ C/

√
d, which implies P[⟨u, Xi⟩2 ≥ t] ≤ exp(−c ·

t · d). By independence, the probability of having k heavy coordinates is at most nk ·

exp(−c · t · d · k), which can be made smaller than exp(−100 · d) for k = O(1/t0).

We next prove that ∥βlight∥2 is bounded, which allows for concentration bounds on〈
δ, βlight

〉
.

Lemma 3.3.12 (ℓ2 bound on βlight). There exist constants c0, C0 > 0 such that for t0 < c0, we

have

P
X1,...,Xn

[∥∥∥βlight

∥∥∥2

2
≥ C0 ·

n
d2

]
≤ exp(−100 · d) .

Proof. We will use again that sub-gaussian behavior of Xi implies P[βi ≥ t] ≤ exp(−c · td).
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For λ ∈ (0, cd/(2t0)), we have

E
[
exp

(
λ · min{β2

i , t2
0}
)]

=
∫ exp(λt2

0)

0
P
(

exp(λβ2
i ) ≥ s

)
ds

≤ 1 +
∫ exp(λt2

0)

1
P
(

exp(λβ2
i ) ≥ s

)
ds

= 1 +
∫ t0

0
P
(

β2
i ≥ t

)
2λt exp(λt2)dt

≤ 1 +
∫ t0

0
exp(λt2 − cdt)λt dt

≤ 1 +
∫ t0

0
exp(−cdt/2)λt dt = 1 +

8λ

c2d2

where the last inequality used λ < cd/(2t0). We thus have

E[exp(λ · ∥βlight∥2
2)] ≤

n
∏
i=1

E
[
exp

(
λ · min{β2

i , t2
0}
)]

≤ (1 + 8λ/c2d2)n

≤ exp(8λn/c2d2) .

Taking c0 < c/2 and choosing λ = d gives by Markov’s inequality,

P

[∥∥∥βlight

∥∥∥2

2
≥ C0 ·

n
d2

]
≤ exp

(
8d · n
c2d2 − d · C0 · n

d2

)
≤ exp(−100 · d) ,

since the probability can be made small by an appropriate choice of C0.

We now have all the ingredients to prove Theorem 3.3.1.

Proof of Theorem 3.3.1: Let E = E1 ∧ E2 ∧ E3 and note that P(E) = 1 − od(1). Condi-

tioned on E, we will show that for any u ∈ N, | ⟨u, Pu⟩ | = | ⟨δ, β⟩ | ≤ 1/2 with exponen-

tially high probability, and then take a union bound over N. From Lemma 3.3.9 we know

that ∥δ∥∞ = O(log(d)/
√

d) and Claim 3.3.11 implies that Supp(βheavy) is bounded by
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O(1/t0) with probability 1 − exp(−100 · d). Thus,

|⟨δ, βheavy⟩| ≤ ∥δ∥∞ · ∥βheavy∥1 ≤ O
(

log(d)/(
√

d · t0)
)

≤ 1
6

for t0 = O(d−1/4)

Now we turn to the contribution from βlight, which can be written as

|⟨δ, βlight⟩| = |⟨M−1ε, βlight⟩| = |⟨M−1ε, βlight⟩| = |⟨ε, M−1βlight⟩|

By Lemma 3.3.6 and Lemma 3.3.12, we have ∥M−1βlight∥2
2 ≤ ∥M−1∥2

2∥∥βlight∥2
2 =

O(n/d2). Since ε and M−1βlight are independent, and ε conditioned on E2 has sub-

gaussian norm O(1/
√

d) by Corollary 3.3.8, Hoeffding’s inequality implies that,

P

[∣∣∣⟨ε − E ε, M−1βlight⟩
∣∣∣ > 1

6

]
≤ 2 · exp

(
− c/36
∥M−1βlight∥2

2 · ∥ε − E ε∥2
ψ2

)

= 2 · exp(−c′ · d3/n) ,

which is at most exp(−100 · d) when n < d2/C for an appropriate C. Finally, note that

using Lemma 3.3.7 and Lemma 3.3.12, with probability 1 − exp(−100 · d),

∣∣∣〈E ε, M−1βlight

〉∣∣∣ =
2

d − 2
·
∣∣∣〈1, M−1βlight

〉∣∣∣
≤ 2

d − 2
·
√

n ·
∥∥∥M−1βlight

∥∥∥
= O

(
1
d
·
√

n ·
√

n
d

)
.

Thus, we have that conditioned on E, P[|⟨δ, β⟩| ≥ 1/2] ≤ exp (−10 · d) when n <

86



d2/C for a large enough C. We can now take the union bound on the net to show

P

(
sup
u∈N

∣∣∣∣∣ n
∑
i=1

δi ⟨u, Xi⟩2

∣∣∣∣∣ ≥ 1
2

)
≤ P

(
sup
u∈N

∣∣∣∣∣ n
∑
i=1

δi ⟨u, Xi⟩2

∣∣∣∣∣ ≥ 1
2

∣∣∣∣∣E
)
· P(E) + P(Ec)

≤ 9d ·
[

P
(
|⟨δ, β⟩| ≥ 1/2

∣∣∣E) · P(E)

]
+ P(Ec)

≤ 9d · exp(−10 · d) + od(1) = od(1) .

Combined with Lemma 3.3.10, this implies ∥P∥ ≤ 1 and hence Q ⪰ 0 with probability

1 − od(1).

3.4 Other explicit constructions

The ellipsoid fitting problem can be viewed as a semidefinite program with random linear

constraints and a postivitiy constraint, i.e., find Q such that


Q = Q⊺

⟨Gi, QGi⟩ = 1 ∀i ∈ [n]

Q ⪰ 0.

(3.2)

See [BMMP24] Corollary 1.3 for the dual program of (3.2).

The common approach in [KD23, PTVW22, BMMP24, TW25a] is to construct Q explic-

itly and prove that Q is positive semidefinite with high probability. This approach relaxes

the positivty constraint in (3.2) and seeks to minimize some "potential" functions of Q

instead. There are two types of "potential" functions discussed in [MK24].

1. V1(Q) = ∥Q − Id∥t for some t ≥ 1.

2. V2(Q) = ∥Q∥t for some t ≥ 1.
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∥ · ∥t denotes Schatten-t norm.

We briefly show the derivation of the identity perturbation construction from V1(Q).

Now we set to solve 
min 1

2∥Q − Id∥2
2

s.t. ⟨Gi, QGi⟩ = 1 ∀i ∈ [n].
(3.3)

The Lagrangian of (3.3) is

L(Q, λ) =
1
2

tr((Q − Id)
⊺(Q − Id))−

n
∑
i=1

λi⟨Gi, QGi⟩+
n
∑
i=1

λi.

By taking the derivative of L(Q, λ) with respect to Q and setting the derivatives to 0, We

get
∂L(Q, λ)

∂Q
= Q − Id −

n
∑
i=1

λiGiG
⊺
i = 0.

It follows that

QIP = Id +
n
∑
i=1

λiGiG
⊺
i .

Since these explicit constructions are obtained by relaxing (3.2), each construction has

different phase transition threshold. See [MK24, BM23] for more detailed discussion on

various thresholds. From the numerical experiments in [MK24, PTVW22], the identity

perturbation construction of (3.3) undergo phase transition around d2/10. Beyond d2/10,

QIP ceases to be positive semidefinite with high probability. A surprising result from

[MK24, BM23] is that the phase transition threshold for the minimal nuclear norm con-

struction seems to be d2/4 from numerical experiments, which coincides with the original

ellipsoid fitting problem.
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The minimal nuclear norn construction from V2(Q) is


min ∥Q∥1

s.t. ⟨Gi, QGi⟩ = 1 ∀i ∈ [n].
(3.4)

The Lagrangian of (3.4) is

L(Q, λ) = tr(Q⊺Q)
1
2 −

n
∑
i=1

λi⟨Gi, QGi⟩+
n
∑
i=1

λi.

By taking the derivative of L(Q, λ) with respect to Q and setting the derivatives to 0, We

get
∂L(Q, λ)

∂Q
= Q(Q⊺Q)−

1
2 −

n
∑
i=1

λiGiG
⊺
i = 0.

It follows that

Q(Q⊺Q)−
1
2 =

n
∑
i=1

λiGiG
⊺
i ,

and

Q =
n
∑
i=1

λiGiG
⊺
i (Q

⊺Q)
1
2 .

Substitute Q back into the random linear constraint, we get that



〈
G1, ∑n

i=1 λiGiG
⊺
i (Q

⊺Q)
1
2 G1

〉
= 1

...〈
Gn, ∑n

i=1 λiGiG
⊺
i (Q

⊺Q)
1
2 Gn

〉
= 1

(3.5)

If there is an intermediate solution for (Q⊺Q)
1
2 , we can solve the system of equations

above to get λi. Then we can compute Q by substituting in λi and the intermediate

solution for(Q⊺Q)
1
2 . This motivates an iterative algorithm for solving Q. Of course, it
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remains to show that Q is positive semi-definite with high probability. Although it looks

mathematically daunting, we think it is an interesting direction for future work.
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