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to my life and work, and no words can describe how happy I am to have her in my life. All
I wish for is that she feels the love and gratitude I have for her.

For all the support given and sacrifices made for my sake, I hope that this work honors

that, at least in part.
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ABSTRACT

For most of us, life is out of equilibrium. This fact is also true in most scientific endeavors,
despite our best efforts. The canonical theories of statistical physics contain a very well-
developed set of tools for understanding properties of equilibrium systems. These include
the partition function, notions of various thermodynamic potentials — free energy in partic-
ular — and culminate in the ideas of universality and the techniques of the renormalization
group (RG). Despite the immense richness and insight the equilibrium theories provide, the
possibilities of different states or phases of matter outside of equilibrium are vast. On top of
that, there is no guarantee that the same insights and methods, especially those of scaling,
universality and RG will apply. Therefore, it is of great interest to explore these methods in
the context of non-equilibrium systems. As paradigmatic manifestations of non-equilibrium,
we consider three classes of systems in this dissertation. The first is non-reciprocal systems,
where an action does not cause an equal and opposite reaction. The second is systems
with self-sustained oscillations which are made possible by either an internal source or con-
stant influx of energy. Finally, we consider some models of neural dynamics pertaining to
epileptic seizures. Drawing from the equilibrium theories, we consider these problems in a
coarse-grained framework, which allows for the use of field-theoretic methods. Some com-
mon themes arise throughout these models, despite them describing seemingly unrelated
phenomena. These include dynamical phases, where the steady state of the order parame-
ter is not time-translationally invariant, and critical exceptional points (CEPs), where the
statistical fluctuations of the order parameter are greatly enhanced compared to equilibrium
critical points. This work contributes to the long-standing goal of establishing a theory of

universality in non-equilibrium systems.

Xvi



CHAPTER 1
INTRODUCTION

In physics, we are often taught to consider problems about systems in equilibrium — the
energy and momentum are conserved, the laws governing the phenomenon are constant
in time, and a steady state is reached if we wait long enough. These assumptions allow
us to capture many laws and properties of a given system. Even if it is slightly away
from equilibrium, we assume that it is close enough that the predictions of the theories we
build should still apply. However, being in equilibrium is a tight constraint, and it is more
natural that most phenomena of interest and most experiments are better modeled with
non-equilibrium theories. A consequence of this is the much wider span of possible phases
of matter, a field which is yet to be fully categorized and fully explored. A grand goal
of non-equilibrium statistical physics is exactly this classification, which inevitably raises a
set of important questions. Is there a notion of universality for non-equilibrium systems?
The answer as of now seems to be yes, at least in part. In that case, does it apply to all
many-body non-equilibrium matter? What are the mathematical tools needed to describe it?
Does the renormalization group (RG) as we know it from equilibrium theories work outside
of equilibrium? If not, what do we need to change?

One of the most basic notions one has to concede is that describing non-equilibrium mat-
ter with a static statistical theory is insufficient. This approach works in canonical statistical
physics because equilibrium demands a close tie between dynamics and statics. Therefore,
given the notion of coarse-grained free energy JF, the necessary dynamical theory can be
produced by assuming relaxational dynamics and taking into account the appropriate con-
servation laws. At the very least, this method is valid near a continuous phase transition,
where the correlation length and time scales diverge. The end result of such an approach has
been revealed in a vast and powerful classification by Hohenberg and Halperin (HH) [1—1],

which yields Models A-D for purely dissipative dynamics and Models E-J with reversible
1



dynamics included. However, in general, there is no free energy functional outside of equilib-
rium that one can use to infer the static and dynamic properties of the system. One example
could be a system undergoing a constant exchange of energy (or momentum) between the
system and the environment. In fact, it is often more natural to first consider the dynamics
of non-equilibrium many-body systems and build a statistical theory from there. This im-
mediately allows for the possibility of features that are impossible in equilibrium to arise,
often resulting in dynamical phases with the order parameter sustaining perpetual motion
on average.

Some of the most powerful insights of equilibrium statistical mechanics have been the
ideas of scaling and universality. The ultimate result is that the vicinity of a phase transition
can be categorized using a finite set of numbers and functions — critical exponents and scaling
functions, respectively. Two different systems that exhibit a phase transition where these
numbers and functions are the same can therefore be described by the same theory close
enough to the transition. This has immense consequences. For example, we can study
the phase transition of a system by using a much simpler model that describes a different
system within the same universality class. We can also predict the global behavior given
the microscopic laws by using the RG machinery. We can infer the underlying statistics of
a system if we understand its scaling near a phase transition.

Given the powerful insights that scaling theory and RG have brought to the study of
equilibrium systems, there is a natural question of whether similar ideas can be applied out-
side of equilibrium. However, this is where we run into trouble. As mentioned, equilibrium
is a special state of matter, and it simplifies the corresponding theories immensely. When
we remove that constraint, the field of possible phases of matter, symmetries, dynamics,
and other properties of our system becomes exceptionally large. But given the benefits of
building a classification of non-equilibrium systems, large efforts are devoted to it. The

three natural examples of non-equilibrium behavior that we explore in this dissertation are



oscillating states of matter, non-reciprocal interactions between different species of agents,
and neural dynamics. Oscillations are a classical example of sustained dynamical behav-
ior that is ubiquitous in biological rhythms, chemical reactions, population cycles, social
interactions, coupled oscillator systems, non-equilibrium condensates, and many more. Non-
reciprocity is most easily understood as breaking Newton’s Third Law — an action does not
cause an equal and opposite reaction. As an example, the interaction between predator and
prey, be they animals or cells, is certainly non-reciprocal. These phenomena inherently do
not have an equivalent description in equilibrium and exhibit many novel features, phases,
and transitions. Given their prevalence, there is endless use for theories that capture their
statistical behavior. The final example of a system outside of equilibrium is the brain. It
consumes a lot of energy to constantly sustain activity, growth, and change. Given the large
number of neurons that make up our brain, it is natural to approach modeling it from a
statistical perspective. But this is exactly the sort of question a non-equilibrium statistical
physicist is interested in — the collective behavior and function of an active system formed
by a large number of microscopic units. Therefore, non-equilibrium theories also find use in
neuroscience.

To motivate the study of such systems a bit more, let us mention a few more exam-
ples. The simplest example of a system outside of equilibrium is any form of living matter.
It is virtually always the case that a living “thing” consumes energy from one source and
transforms it into something else. That can be growth, movement, reproduction, memory,
recovery, or any other process necessary to sustain itself. Even if the total energy is con-
served throughout all these processes, it usually has to change form and distribute in a
manner that makes tracking it virtually impossible. It is thus useful to consider instead a
model where there is an in- and outflow of energy. A more traditional physics example is
the study of driven dissipative condensates, where the usual setup involves the pumping and

leakage of particles within the system. In later chapters, we outline the typical setup for



producing an exciton-polariton condensate. Such condensates provide a platform for test-
ing non-equilibrium theories but can also serve as tools for sensing, quantum computation,
producing lasers, etc.

In Chapter 2 we provide a brief overview of the mathematical tools used throughout this
work. We start with a lightning introduction to field theory, how it arises from microscopic
models, and what we can do with it, culminating in RG. We then move on to dynamical field
theory, which is the main framework utilized in the later calculations. In particular, wherever
appropriate, we do not constrain the discussion to equilibrium (excluding the discussion of
the Hohenberg-Halperin classification).

Following that, Chapter 3 begins with an outline of the properties that constitute an
equilibrium theory. These are helpful because they can be used to directly detect a non-
equilibrium system. A key insight is that the famed fluctuation-dissipation theorems [2—]
that hold in equilibrium are the Ward identities associated with a particular symmetry [9—

|. We then move on to provide a number of examples of general non-equilibrium systems
and generic novel features that arise solely outside of equilibrium. One of the most important
examples of the latter is Critical Exceptional Points (CEPs). CEPs parallel equilibrium crit-
ical points in the sense that they separate distinct phases of the system, but the fluctuation
spectrum around them is quite different, leading to a plethora of new effects [13-22].

The following three chapters explore the novel results in non-equilibrium problems. Chap-
ter 4 discusses results arising in theories of non-reciprocal phenomena. There are generally
three pathways to build non-reciprocity. One is to have two distinct species of agents that
have different interactions between them. If they are active, the interaction can be direct.
If they are passive, non-reciprocity generally requires some sort of mediating field that car-
ries the interaction, which is the second generic pathway. Finally, it is possible to have a
single species with interactions modulated depending on the relative configuration of the

two agents. All of these are intermingled and one can often translate one viewpoint into an-



other. Since several forms of many-body non-equilibrium systems can be described using the
language of non-reciprocity, generic theories of such interactions have generated increased
interest in recent times [13-15, 23-38]. We begin with a description of the general principles
and many examples of non-reciprocity. Then we work out the fluctuation spectrum of a
general linear non-reciprocal system, which lays the groundwork for any perturbative or RG
calculation of general non-linear non-reciprocal systems. We show how non-reciprocity leads
to the appearance of CEPs and dynamic phases, which are ubiquitous in non-equilibrium
matter. After that, we provide some novel results pertaining to CEPs, namely what we call
tangential CEPs, a few results on the real-space structure of the correlation function at a
CEP, and the demonstration of why a CEP-based sensor does not offer improvement over
conventional critical point sensors. The final part of the chapter focuses on non-reciprocally
coupled XY models in two dimensions and on the fate of the Berezinskii-Kosterlitz-Thouless
(BKT) transition in the vicinity of a CEP. We demonstrate how to formulate a dual electro-
dynamic theory for such a model, how an RG flow is usually extracted from a vortex pair
distribution, and what novel dynamics the vortices experience near a CEP.

Chapter 5 focuses on oscillating states of matter. Even more than non-reciprocity, oscilla-
tions are ubiquitous in non-equilibrium matter. Given the breadth of this phenomenon, there
is great interest in building our understanding of oscillations in biological matter [39—12],
chemical reactions [11, 413—15], open physical systems [10, 11, 19, 46-19], neural dynamics
[50-57], and others |14, 58-65] (see also references therein). From a dynamical systems per-
spective, an oscillating steady state is generically described by a limit cycle attractor in the
phase space of the relevant dynamics. Therefore, idealized limit cycles are a natural platform
to explore such dynamical phases. We first introduce a zero-dimensional system of coalescing
limit cycles that exhibits a CEP, outline its relevance and analyze its spectrum and observ-
ables. Next, we explore a theory of birhythmicity in spatially extended systems, which is

relevant for many chemical reactions, for example. We again demonstrate the appearance



of a CEP at the Gaussian level, describe the observables needed to detect it, and then show
how spatial coupling changes the nature of the transition from mono- to birhythmicity.
Following the more abstract expositions in the previous chapters, we move on in Chapter
6 to models of neural dynamics. The theory of dynamical systems has been an immensely
fruitful approach to the study of neural behavior [50, 51, 66, 67]. The key insight is that many
properties of a neuron or a collection of neurons are best understood not as a consequence
of biology and chemistry, but rather the type of dynamics underlying that property. For
example, you can classify neurons into "integrators" and "resonators" depending on whether
their dynamical response is maximal to inputs at broadly high or specific frequencies, re-
spectively [50]. As a consequence, when building models of neural dynamics, one can choose
varying levels of abstraction without being restricted to having to capture precise biology.
This leads to many approximations and abstracted models that capture only key properties.
In particular, this leads to the development of neural field theories |51, 65|, which we briefly
outline in Section 3.2.7. Given this approach, we investigate a model of epilepsy and pro-
mote it to a field theory. In fact, epilepsy is one of the central issues where the dynamical
systems perspective is widely used [56, 57, 69-80]. We propose the idea that a transition
to a seizure in focal epilepsy corresponds to the nucleation of a "seizing" state throughout
the system. We then show how disorder in the natural frequency of neurons across space
discourages seizures, among other results. We end with a proposed stimulation protocol for
focal epilepsy, with possible experiments in neural cultures left to be pursued in future work.
We conclude Chapters 4, 5, and 6 with discussions and an outlook towards future direc-
tions of interest. As mentioned before, the grand goal is the classification of non-equilibrium
phases of matter. If such a thing is possible at all, this dissertation provides a step towards
it by considering paradigmatic manifestations of non-equilibrium conditions: the breaking of
reciprocity of interactions and dynamical steady states. By no means does that capture the

totality of possible ways a system can escape equilibrium. In fact, as a prototypical example,



our brains never reach a steady state in the canonical sense. There are many directions to
pursue that build on the ideas and results outlined in the bulk of the text. In mentioning

those in the final chapters, we pose them as a challenge to both ourselves and the reader.



CHAPTER 2
OVERVIEW OF CRITICAL PHENOMENA

2.1 Field Theory

2.1.1 Microscopic to Continuum

One of the most profound realizations of theoretical physics has been the idea that natural
laws are organized by scale. Formal and high energy theory is concerned with fundamental
interactions that govern particles and fields. Condensed matter and statistical physics are
more often concerned with the collective behavior of a large number of units. At least in
principle, the latter can be derived from the former, but such a derivation is impossible in
practice. However, the saving grace comes from the fact that a few features and governing
principles are often enough to understand a system at different scales. To illustrate, one does
not have to keep track of quarks to understand an ice to water phase transition, or one does
not have to understand the behavior of each individual cell to think the flocking of birds.
However, the scales that are in some sense "close" to each other are connected. For example,
an interaction between neighboring atoms in a lattice can govern the band structure of a
collection of such atoms in a given material.

How do we know which theory is appropriate and how do we, in practice, go from one
theory to the next? The answer lies again in the scale of the phenomenon of interest. In
this dissertation, we are concerned with the collective phenomena of a large collection of
units, often near a phase transition. Field theory turns out to be a natural language to
work with collections of particles, and it also provides a natural procedure to extract the
global behavior and phenomena emergent at large scales of such a collection in the form
of the renormalization group (RG). Let us briefly review how one would go from a model
describing microscopic interactions to a continuum description.

When we consider a statistical theory, we often find that if we look at the sets of units
8
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Figure 2.1: Schematic representation of coarse-graining procedures in a lattice spin model
(left) and an active particle collection model (right). The coarse-graining scale a necessarily
captures many objects of interest at once, but is smaller than the correlation length.

of interest that are close enough to each other, we observe that they have almost identical
statistical properties. In other words, they are correlated. This usually manifests in similar
density, pressure, temperature, spin alignment, velocity distribution, or any other statistical
property. The length scale on which these correlations are strong is defined as the correla-
tion length. This allows us to break up our system into spatial boxes of size smaller than
the correlation length, and only consider the quantities averaged over these boxes. Such
a procedure is usually called coarse-graining. Now, instead of isolated units, we can work
with an averaged quantity ¢(z) which is defined continuously in space. Since we averaged
over a certain box size, any theory we build with the field ¢(z) is not valid if we look at
scales smaller than the box size. This is illustrated schematically in Fig. 2.1. Therefore, any
statistical field theory is going to be equipped with some sort of cutoff, which in momentum

boxsze oxlsize‘ The theory is not valid at higher momenta.

space is usually denoted as A ~
The coarse-graining procedures are standard methods in equilibrium statistical mechanics
and condensed matter physics [2—8|. They are applied to a plethora of phenomena, including

elasticity, sound waves, heat diffusion, particle diffusion, phase transitions, quantum many-

body phenomena, and critical dynamics. The translation from a microscopic theory to a
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continuum theory culminates in an action, which usually corresponds to a free energy of the

system:

Fio)= [ dtaflo.0:0... 2.1)

Here and onward d is the dimensionality of space. f is a free energy density. Most of the
relevant information is either encoded in this action, or can be calculated from it such as the
symmetries, the correlation and response functions, other moments, critical points, etc. We
briefly discuss these calculations in the next section.

In principle, this procedure is not restricted just to equilibrium. The canonical example
is the theory of hydrodynamics, where the motion of a fluid is described in a continuum
manner through the evolution of its mass, energy, and momentum densities. More generally,
a system of equations describing motion of particles with any pair-wise interactions and noise
can be written in a continuum form using the Dean equation [3]. More explicitly, we can

start with a Langevin equation for a system of N particles labeled by a superscript:
N
8tfa:ZF<fo‘—F78>—l—G(fa)+§a (2.2)
b=1

where 7 is the position of a’th particle, F denotes pairwise forces, G is an external force
and ¢ is modeling noise. Defining the suitable particle density and noise strength (which is
often related to temperature), one can show that this set of equations can be related to the

Dean equation of the form [3]:

Oip =TV?p—V - (ép + / A F(F =7 p(t, P)p(t, ) + \/ﬁﬁ) (2.3)

Where 77 also denotes noise. Notice that this construction does not rely on the assumption
of equilibrium. For example, the forces F do not have to be reciprocal. This demonstrates

the wide applicability of the continuum, or hydrodynamic, approach in the study of a large
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collection of units, in or outside of equilibrium. This construction is also hinting that a
Langevin equation is a natural starting point to investigate non-equilibrium matter. We
discuss it in more detail throughout the text. Many of the systems considered in this dis-
sertation can be thought of as particular cases of the Dean equation, with the density p
representing varying quantities.

There are many other areas of study enjoying a continuum description. It turns out
that many systems that have an absorbing to active phase transition belong to the directed
percolation universality class |2, &, 81-83]. Generic reaction-diffusion systems can also be
analyzed with a continuum description [2]. In the realm of open quantum systems one
can get continuum descriptions of an arbitrary Lindblad dynamics by using Keldysh field
theory [3, 10, 11]. This is particularly useful for driven-dissipative condensates, which we
discuss in Section 3.2.5. In the realm of active matter, continuum descriptions can be used
to describe nematic phase transitions, polymer phases, flocking transitions, and others [3].
Finally, pattern formation has also been extensively modeled using continuous theories in
many fields [20, 81-87]. We discuss these examples in their respective sections in Chapter 3.

Despite the large variety of models where a continuum description is appropriate, the
basic principles of its construction are very similar. We assume that for the sake of the global
behavior we do not need to keep track of all the microscopic details. We therefore construct
a field-theoretic representation that should capture the long-range universal features of the
model. We address why this is appropriate and how we can extract the long-range behavior

in Sections 2.1.4 and 2.2.4.

2.1.2  Path Integrals and Generating Functional

In this section we lay out the general procedure and methodology of field-theoretic calcu-
lations. Most importantly, we do not restrict ourselves to an equilibrium theory. Given an

action S[{¢;}] which depends on all fields of interest {¢;}, we are usually interested in the
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generating functional:

Z[J] = /D[¢]65[{¢i}]+<}i¢i (2.4)

The measure D[¢] assumes a proper normalization due to the construction of the path
integral. In equilibrium, the generating functional usually corresponds to the partition func-
tion [4, 6, 7, 88]. J are external source functions that are included for generality, but also

allow us to calculate the correlation functions by taking derivatives:

J o d

(di(x1)dj(22)...0p(an)) = 0J;(w1) 6.J5(x2) " 0Ty (n)

Z[J] (2.5)

Similarly, one can instead consider connected correlation functions, in which case one

computes:

) ) )
0Ji(x1) 6J;(x2) " 0Tk (2n)

(#i(x1)¢j(w2).-dp(wn)),. = In Z[J] (2.6)

The advantage lies in the various theorems, like the linked cluster theorem, that allow the
calculation of the connected correlation functions only in terms of the connected Feynman
diagrams [2-5, 89] (and also in the insensitivity to normalization). There are other results and
techniques that assist with these calculations, especially if they are to be done perturbatively.
The perturbation theory is based on separating the action into a component S, the partition
function of which can be calculated exactly, and everything else: S7. Usually (but not always

[39]), Sp is taken to be quadratic in the fields, such that:
— d,. jd../ —1 ! /
So = /d xdx gbi(m)GO’ij (z,2") pj(a") (2.7)

The function G ;; can be proved to be a Green’s function of the operator Gagj(a:,x')
appearing in the action, and also corresponds to the connected two-point correlation function
<¢i¢j>c' After that, one can do diagrammatic expansions, define vertex-generating functions,

and much more. Although these formal techniques underlie the results in Chapters 4, 5 and
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6, we do not spend time describing them in detail. There are many great resources that have
done so [2—7|. The more relevant construction of the dynamical field theory is outlined in
more detail in Section 2.2.

It is important to mention that many experimental measurements are related in some
way to the correlation functions. These allow one to detect phase transitions, to understand
the response of a system to external inputs, to measure scattering amplitudes, to understand
the dispersion relation of the model, and so on. In many ways a model can be defined using
the correlation functions instead of an underlying action or free energy. For example, the
problem of reconstructing the kernel G(I z‘lj (z,2') from correlations is a huge topic of research
in computational neuroscience [90].

Although we have skipped over many details, there is one more notion that is useful
to mention briefly. Whenever an action exhibits a symmetry, there is an associated Ward
identity that fixes some relation between several correlation functions. Instead of a general
Ward identity, the derivation of which can be found in many resources [12] (and references
therein), we introduce the form that deals directly with correlation functions. Notice that
the fields in the path integral are dummy variables, which means we can freely perform a
change of variables. Suppose that we do so infinitesimally (for one field): ¢g(z) — ¢(z) =
¢o(x)+€T(x, ¢p), where ¢ is the original field. If this transformation constitutes a symmetry

of the action and has unit Jacobian, we get:
(¢(x)p(2)) = ((do(x) + €T (z, do)) (¢0(2) + €T'(z", 6))) (2.8)
Since ¢ and ¢q are just dummy variables in the path integral, this equation leads to:
(T(w,6)9(a)) = 0 (29)

This result constitutes a single Ward identity corresponding to a symmetry transforma-
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tion generated by T. For any symmetry, we can generate a whole tower of identities for
all possible correlation functions. We show later that the fluctuation-dissipation relations
often encountered in critical dynamics are nothing but a Ward identity corresponding to the

symmetry defining equilibrium.

2.1.83 Phase Transitions and Criticality

One of the most striking results of statistical physics is the notion that a continuous change
of some parameter describing the system can completely change its properties in a discon-
tinuous manner. For a system of finite number of degrees of freedom such discontinuity
is impossible, since the partition function is just a finite sum. However, in the limit of in-
finitely many degrees of freedom, or the thermodynamic limit, one can observe discontinuities
[5, 6]. In equilibrium, they are generally classified on the basis of which derivative of the
free energy is discontinuous. That leads to the most common distinction between first-order
(discontinuous) or second-order (continuous) phase transitions.

To illustrate this, we take a brief look at the Landau-Ginzburg theory of an Ising model
phase transition [2-7]|. The ferromagnetic Ising model describes a lattice of spins where the
interactions between neighboring spins make the configurations where all spins point in the
same direction energetically favorable. It is important to note that in this model the spins
are generally able to take only two values — pointing "up" or "down". In this way, the model
has a discrete Z9 symmetry, which flips all the spins. The free energy associated with the
Ising model is generally written in a continuous description as:

Fianglol = [ dle | Bo0)? + ZFowP + Loo)t = ho(a)|  (210)

We can derive this form of the free energy from the discrete Ising model Hamiltonian |1, 5],

but many terms are omitted for renormalization group reasons outlined below. However, in
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the spirit of Section 2.1.1, we view ¢(x) as the averaged magnetization of the system over a
box of some size a centered at x. A 2d Ising model with coarse-graining was illustrated in Fig.
2.1. The parameters of the model, such as m, D, g and h can be related to the microscopic
parameters, temperature in particular. However, as explained in the next section, in some
sense the precise relation between microscopics and the continuum parameters is washed
away. The most relevant information is how things scale at the phase transitions. Here we
also assume that this free energy is dimensionless, such that it can be directly related to the
action in Eq. 2.4.

Before we go to fluctuation effects, we should understand what this free energy tells us.
We know from statistical physics that the probability of being in a certain configuration is
proportional to exp(—JF), which means the configurations minimizing the free energy are
preferred. Clearly, spatially homogeneous states are favored, and minimizing the energy (for

a spatially constant external field h) gives:
h=mé+ g¢° (2.11)

Solving this equation illustrates what the first- or second-order phase transitions look like
for the averaged magnetization ¢. The solutions to the above equation of state correspond
to the minima of free energy, as illustrated in Fig. 2.2. When h = 0, we get ¢ = 0 for
m > 0, often called the disordered phase. In contrast, ¢ = + —% for m < 0, which is often
called the ordered phase. ¢ grows continuously from 0 to one of the two solutions around
m = 0. This demonstrates the schematic mechanism of continuous transitions. Similarly,
for a fixed m < 0, one can change h and see a discontinuous jump in the magnetization ¢,
which corresponds to a first-order transition.

One also has to include thermal fluctuations in the description of the system. Following

the procedure outlined in Section 2.1.2, we see that the correlation function at the linear
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Figure 2.2: Top: the solutions ¢ to Eq. 2.11 as a function of m. Bottom: the free energy
associated with a homogeneous solution ¢. Blue curves represent h # 0, red curves represent
h = 0.

level, in the disordered phase, in momentum space, is given by:

(2m) %69 (ky + ko)

2.12
m + Dk2 ( )

(o(k1)o(k2)). =

Here we see a correlation length emerge & = \/D/m, which is exactly the same corre-
lation length we mentioned in Sec. 2.1.1. At the phase transition m = 0, the correlation
function has a pole at zero momentum and the correlation length diverges, which are funda-

mental properties of the long-range behavior of a system at criticality. This is an important
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signature of critical points, which we use throughout the following chapters. Additionally,
since in equilibrium the correlation function is related to the response function [2—7], a phase
transition is also characterized by a diverging sensitivity of a system towards external pertur-
bations. This is especially important outside of equilibrium, where the connection between
response and correlation is broken, such that either can be used to detect phase transitions.
This fact also allows us to connect statistical systems with dynamics in Section 2.2. Finally,
we see that the field-theoretic or other continuum approaches discussed in Section 2.1.1 are
more and more justified the closer the system is to criticality (at least for a continuous
transition), since the correlation length diverges.

As mentioned before, after understanding the quadratic theory one can include the effects
of the higher-order term %gb(m)4 This is usually done perturbatively, by looking either at the
correlation functions, or at the vertex generating functions. This term also allows looking
into the ordered phase. We do not go into detail on how such Landau-Ginzburg models are
treated, since there are many resources for that [2—7].

We would like to mention two more important points. The first has to do with the
notion of an order parameter. An order parameter is typically chosen as some measure of
the phase transition, where it changes from, say, zero to a finite value on the different sides
of the transition. In the paramagnet to ferromagnet transition, a natural choice is average
magnetization. However, it is more broad than that. Most generally, in equilibrium, the
Landau-Ginzburg theory allows one to write the free energy of a system around a phase
transition in terms of the corresponding order parameter, whatever it may be. However,
as mentioned before, the notion of free energy often does not extend to non-equilibrium
problems. In that case, the choice of order parameters becomes a non-trivial problem, and
often sits at the center of a study.

Another important notion is the symmetry of the action. We see above that in the absence

of a magnetic field, the free energy does not change under transformation ¢(x) — —¢(x).
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This constitutes a Z9 symmetry. The phase transition then occurs when that symmetry
is spontaneously broken. In the disordered phase the field ¢ = 0 is symmetric under Zo,
but the ordered states ¢ = + —% flip. The notion of Spontaneous Symmetry Breaking
(SSB) is fundamental to Landau-Ginzburg theory. In fact, we present in more detail in the
next section why symmetry plays such an important role in understanding global behavior
of systems and their phase transitions.

Associated with a continuous symmetry is the notion of a Goldstone mode [2—7|. Imagine
an order parameter with an O(2) symmetry, such that it is a two-dimensional vector and
the free energy is the same for all its orientations. In the ordered phase, it has to spon-
taneously pick an orientation. However, all directions are equivalent, and the statistics of
the component that corresponds to rotations around the circle have to be massless, m = 0.
This component is the Goldstone mode, which does not change the free energy of the field
configuration in the broken phase. Its spatial fluctuations govern the long-range behavior of
the ordered phase. They lead to results such as the Mermin-Wagner theorem [2—7, 91], which

forbids long-range order for an order parameter with a continuous symmetry in d < 2.

2.1.4 Scaling, Uniwersality and Renormalization Group

With the previous three sections introducing the necessary ideas of field theory and criticality,
we can finally introduce the notions of scaling at the critical points. We saw in Section 2.1.3
that a critical point is characterized by a diverging correlation length. We notice that aside
from the microscopic coarse-graining length scale, the system actually does not have any
other length scales left. This raises a natural hypothesis that at the critical point, the system

must be scale invariant. In fact, it is possible to show that in real space, the correlation
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function in Eq. 2.12 behaves as (notice the translation invariance) [7]:

L , T €
COLOIEE S (2.13)
x(ed_w , T > 5

We see that a critical point is characterized by a power law in the correlation function.
With the use of some conformal field theory techniques, it can be demonstrated that a
scale-invariant theory must have such correlations. However, without resorting to advanced
tools, it was realized that one can put forward a scaling hypothesis valid at or near a phase
transition. There are many ways to define it [2—7], but here we introduce it without resorting

to a free energy. Around the critical point, we hypothesize the following scalings:

(p(m,h =0)) ~|m|®, m <0

(¢(m = 0,R)) ~ n/0 S Imi X (2.14)
06 L @00 = Lo
m ™ (%) m,h=0 - |m|

The critical exponents (3,9, vy, v,n are not all independent (at least in equilibrium), but
characterize the phase transition. Here, we again see that around the critical point the
correlation length diverges, as encompassed by the scaling relation & ~ |m|™". In principle,
this means that the microscopic details about the system should not affect these exponents
(or the form of the scaling functions such as C(z/€)). This motivates one of the most
important notions of statistical physics — universality. Universality is the idea that near a
continuous phase transition, if two distinct systems exhibit the same critical exponents and
scaling functions, they can be described by the same long-range theory. This then allows for
the classification of phase transitions into universality classes based on the exponents and
scaling functions. A famous example is that the water-vapor phase transition and critical

point are in the same universality class as the Ising paramagnet-ferromagnet phase transition
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we have been drawing upon above. This is an incredible result, because it means that instead
of studying each possible system, we can understand a much smaller number of theories very
well and hopefully know which system belongs to which class. This again illustrates how
nature is organized in scale — the principles governing long-range behavior of systems at
criticality are described by a certain set of theories that are independent of the details at
smaller scales.

However, if the critical exponents and functions are independent of the microscopic de-
tails, what determines them? In a sense, they are determined by features that persist across

many spatial scales. These are:

e The spatial dimensionality of the theory — d.

e The symmetry structure of the order parameter — Z9, O(N), U(1), SU(2), etc. Also

the symmetry structure of the statistical theory itself.
e The conservation laws present in the model.

e The range and character of interactions in the model (although there might be less

sensitivity to that since it inherently assumes a scale).

Notice that it seems as though there is nothing explicitly separating equilibrium from
non-equilibrium theories in this list. However, this is not the case since both the symmetry
structure and the conservation laws are integral to defining equilibrium. As a simple example
we mentioned before, a system that constantly gains and loses energy to the environment
certainly does not have energy conservation in its effective theory.

We can find the critical exponents and functions defined above at the level of mean-field
or Gaussian theory. But how do we find them in the full theory? Here we introduce the
final ingredient relevant for this dissertation: renormalization group (RG). We work through
the more precise techniques in Section 2.2, and simply introduce the overarching ideas here.

The following outline is based on Wilson’s momentum-shell RG.
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How do we consider a theory at longer and longer length scales? We have an action
that depends on the fields ¢(z). However, we decided above that we would not consider
fluctuations in momentum space of modes with momentum higher than the cutoff A. In
other words, we set ¢(k) = 0 for |k| > A. We then want to zoom out from the system —
i.e. coarse-grain it on bigger and bigger boxes until we only have large scale behavior. Since

A_N

boxsze: We want to lower the cutoff of our theory. However, we also know that in
an interacting theory (with terms in the action higher than quadratic), modes of different
momenta are coupled, meaning that different scales affect each other. Therefore, we need
to integrate out the high momentum modes to understand the effective behavior of low
momentum modes.

We follow resources |3, 7| to introduce the basic notions of Wilson’s shell RG. In this

approach, we separate ¢(k) = ¢~ (k) + ¢ (k), where:

o(k) , k<A/b ok) ,Ab<k<A
¢~ (k) = ;o (k) = (2.15)
0 , k>A/b 0 , otherwise

where b is infinitesimally bigger than 1. The schematic
representation of this separation is depicted in Fig. 2.3. The

shaded area corresponds to the ¢ (k) modes, hence the name

of the RG procedure.
Since the quadratic action Sy[¢| is separable in momentum

space, we get that the full action is:

Figure 2.3: Representation

Slo™, ¢+] = Solo™ ] + SO[¢+] + Srlo™, ¢+] (2.16) of the momentum shell of

the RG procedure. Figure

o ' adapted from [2].
The idea is then to perform the path integral only over the
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"fast" fields ¢ (k) to get an effective action for the "slow" fields ¢~ (k):
/D[¢+]e—5[¢_7¢+] — e—S0lo7] /D[¢+]e_50[¢+]e_51[¢_’¢ﬂ — o S7] (2.17)

The resulting effective action S’ has a new cutoff. The integral over the fast fields hints
at computing <6_S1 [¢_’¢+]> perturbatively with respect to the action Sy[¢™]. By Taylor

expanding, this yields:
+ - ot =1
/D[¢+]e—50[¢ le=811070"1 = 7, . 3™ —enInfo7] (2.18)
n=0

Here Zj  is the partition function of the fast fields. The effective action is then:

1 1
Sl[¢_] =S50l¢ | —In |1+ c1ly + zcolp + =c3l3 + ...
2 6 (2.19)

_ 1 1
~ Solo~ | —alh — 3 <02]2 — c%]%) — 6(63]3 — 3c1e9l1 1o + 265151%) + ...

The combinations in the second line only retain the connected contributions of the ¢
diagrams [3, 7]. This procedure changes the parameters of the original action. We want
to compare the new parameters with the original ones in order to understand whether they
become more or less important as we consider longer and longer length scales. However, we
now have two theories with different cutoffs — A and A/b. From a mathematical perspective,
we should not compare two field theories where the fields have different support (so the
spaces are different). That is why the last step of an RG procedure is always to rescale space
such that the two theories exist with the same cutoff. Since the fields ¢ are dummy variables
in the path integrals, we are free to rescale them as we choose, along with space. This choice
is non-trivial, and often requires a lot of consideration, especially outside of equilibrium. For
the Ising Landau-Ginzburg theory in Eq. 2.10, the choice is usually made to keep the spatial

coupling D constant as we rescale. Intuitively, we don’t want to change the spatial coupling
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as we look at larger scales, since otherwise the model either has infinitely strong interactions
or no interactions at all, both of which are trivial limits.
To make it a little more precise, suppose there is a term of the following form in the

action:

/ 2900 (6(x)) (2.20)

Under rescaling, we change momenta such that ¥’ = bk (so that 0 < |k/| < A when
0 < |k| < A/b), which amounts to 2/ = 2/b. Suppose after the choice of rescaling of ¢ that

we made based on some considerations, the operator O changes as:
9, — b=Ro0(¢/ (« 2.21
(6(x)) = b=200(¢/(2')) (2.21)

That means in the new theory, the same operator has the form:

/ d2'H1=50 g0, 0(¢/ (+')) (2.22)

Therefore, we can assign a new coupling constant gb = pd—Bo go. Since b > 1, we see
that the coupling constant has the following possibilities as we rescale, which then correspond

to how we denote it:

e Relevant if Ay < d — value of the parameter grows as we zoom out. It is important

for long-range behavior of the system.

e Marginal if Ay = d — value of the parameter stays the same as we zoom out. We then

need to consider contributions coming from interactions to understand its relevance.

e Irrelevant if Ay > d — value of the parameter shrinks as we zoom out. We can usually

describe the long-range behavior of the model without it.

Therefore, between the scaling (0-loop) contributions and the contributions coming from

the interactions as we integrate out the fast fields, we get a set of coupled flow equations for
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all of the constants of our theory. There are many intricacies and complications associated
with such calculations, and we again refer to standard resources for more details [2-7].
Once we have the flows for all the coupling constants, we can use them by convenient
choices of b and by looking at various correlation functions to extract the critical exponents.
This is generally done with the use of the renormalization group equation, which we introduce
in the following sections. The RG procedure is an incredibly powerful technique which has
allowed us to find many critical exponents and scaling functions with perturbative precision.
The scaling hypothesis introduced above can also be derived from the renormalization group
equation. In other words, even though we postulated it before doing RG, the scaling forms
of any correlation function around a critical point can be explicitly found by using RG.
With this we end the lightning introduction to field-theoretic methods as they are canon-
ically presented in static equilibrium theories. We notice that one essential notion has been
omitted — the dynamics! Obviously, any statistical system has dynamics associated with
it. We can ask about correlations in time, about how fast the system relaxes towards equi-
librium, etc. Additionally, as mentioned in the Introduction, capturing dynamics is vital
for describing non-equilibrium theories. With this in mind, the next section is dedicated to

introducing field-theoretic methods that also keep information on the dynamics of a system.

2.2 Dynamical Field Theory

2.2.1 Dynamical and Stochastic Systems

Dynamics is at the center of many phenomena of interest, and not just in physics. In the
last century, the theory of dynamical systems has exploded from a complicated application
of calculus to an essential mathematical tool in physics, biology, neuroscience, chemistry,
network science, atmospheric science, engineering, and others [39]. A key insight lies in

bifurcation theory, which we introduce briefly below. Importantly, bifurcations and phase

24



transitions are intimately related, and as we introduce critical dynamics, that connection is
made explicit.

A general dynamical system has the form:

oo = fi{oi}: {pi}) (2.23)

Here ¢; are the variables (not spatial fields yet) of interest, f; govern their evolution in
time, and {p;} is a set of parameters, or external functions, that modulate f;. This system
is exactly solvable in the case that f; is linear in variables ¢;. However, most interesting
phenomena occur when f; is non-linear — this allows for complicated phase space structure
with many attractors, bifurcations and chaos.

Dynamical systems exhibiting bifurcations where there is a sudden change of state are
of importance in many fields of study, ranging from biological sciences to quantum systems
[39-11, 92]. We show below that critical dynamical phenomena have close connections to
bifurcation theory. However, there are many other examples. The onset of polariton con-
densation and lasing corresponds to collective synchronization of oscillators [93-06], and
the development of superconductivity and superfluidity can be mathematically described
in the same way, perhaps most easily understood in the context of exactly solvable mean
field Richardson-Gaudin models [97]. In biology the proximity to an instability can be used
to tune the sensitivity of a sensor to an external stimulus [98], seen in the tuning of hair

bundles in the cochlea [99]. Many physiological functions depend on the maintenance of

synchronized patterns in time (limit cycles), including breathing [100], cardiac function, and
circadian rhythms [101]. Photonic oscillators such as optically injected lasers also exhibit
limit cycles, allowing for unique tunability and response properties [102, 103].

In the vicinity of the bifurcation, particular dynamical systems can be expressed in their
normal forms that are generic to a class of models. These normal forms can therefore be

studied to infer general information on how coupled dynamical systems with bifurcations
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Figure 2.4: Example phase space plot for a dynamical system. Points A, B, and C are
unstable fixed points, while D is a stable limit cycle. Figure adopted from [39].

behave. Another reason to study critical points is that they may have universal dynamical
signatures. The existence of a scaling theory for a model system should, near the bifurcation
(or critical point), provide a universality class for dynamical correlations of systems with the
same underlying symmetries. Consequently, experimental systems that are microscopically
much more complicated than our models may nonetheless have universal features in their
correlation functions which reveal underlying dynamical transitions.

Throughout this dissertation, we are mainly concerned with two types of solutions. A
fixed point is defined by a constant value ¢;(t) = ¢; ¢ such that f;({¢; o}, {pi}) = 0. These
points can have different stability structures, both in the linear and non-linear senses. The
second type of solution are limit cycles — periodic orbits of ¢;(t). We explicitly exclude chaotic
systems. Phase space is also an important notion for dynamical systems. We simply resort
to plotting the flow (vector field) defined by f;({¢;},{pi}), as is customary in dynamical
systems literature |39, 11, 50, 92]. In that case, the attractors can be visualized as sinks,
saddles, or sources, and the limit cycles are also well defined orbits. See Fig. 2.4 for examples.
Bifurcations, such as the change of stability of an attractor or a merger of several attractors,
can then be viewed as qualitative changes in the geometry of the phase space for a given
dynamical system [39, 92].

It is not a coincidence that we use the same language for bifurcations in dynamical systems
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and phase transitions in statistical systems, an abrupt, qualitative change in behavior as some
parameter is varied. To illustrate the direct relationship existing between the two, consider
the following dynamical system:

O = —mo + h (2.24)

The steady state solution is given by drpg = 0, which gives ¢g = h/m. Notice, however,
that in the absence of spatial coupling and at the Gaussian level, the states that extremized

the Ising free energy in Eq. 2.10 were given by:

0— 5-FIsing[¢]

h
s =me—h o b= (2.25)

Therefore, we see that the minima of energy can be seen as the steady states of dynamical
systems. We saw that for h = 0, the critical point happened at m = 0. For the dynamical
system, this corresponds to the steady state solution ¢ losing stability — a bifurcation.
To get the steady states in the other phase, we simply need to add the non-linear term
corresponding to the quartic coupling in the action.

In equilibrium problems, we can consider this in general terms. Given an action F[{¢;}]
(which in equilibrium is associated with free energy, or Hamiltonian of the system, hence the

denomination F), we can consider the dynamics given by:

Oty = _O7ltoil] (2.26)

09;

Here, we absorb the relaxation rate associated with the dynamics either into the defini-
tion of time or into the parameters of the action. The steady states of the dynamics then
correspond to the extrema of the action, while bifurcations correspond to phase transitions.
Notice that this dynamics is dissipative, meaning that the field ¢ evolves towards the min-
ima of the action and stays there. This is not the most general construction, since one can

also have reversible terms and conservation laws, for example the precession of spins in a
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magnetic field. This also hints at what breaks down outside of equilibrium. There, it is not
guaranteed that one can write the dynamics in the form —%ﬁz}] Additionally, especially
in (open) quantum systems, one also has to consider coherent dynamics, which are sustained
even if the system reaches a minimum of the Hamiltonian.

As was the case for Landau-Ginzburg theory, we also need to introduce fluctuations to
make a parallel with statistical theories complete. This is done by explicitly adding a noise

term &;(t) to the dynamics, such that the models of interest take the form of a Langevin

equation:

i = fi{ei} Api}) + & (2.27)

where the statistical properties of &; are usually defined by:

(&) =0
(&0)E ) = Bij({#}.t.1)

(2.28)

where the averages are taken with respect to noise realizations. The second expression
defines the noise kernel B;;, which can depend on the variables ¢; and the times. Usually,
the correlations are assumed to be time-translation invariant, such that Bj;({¢;},t,t') —
Bjj({¢i},t —t'). The noise is also often assumed to be white, which means that it is
completely decorrelated in time, such that Bj;({¢;},t —t') — Bj;({¢;})0(t —t'). This is
a strong assumption, and it is certainly not true for many real systems. However, both
its simplicity and the time-scales that we consider systems of interest on, often make it a
reasonable assumption that allows us to extract qualitatively correct information from the
model.

There are many subtleties on how to handle stochastic equations of the form Eq. 2.27
[2, 104=106]. Primarily, these are associated with the discretization of time and the associated
choice of definition for the noise. This is typically presented in the form of a-discretization,

with the Ito and Stratonovich discretizations being two natural choices for a (see refs. above).
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In this dissertation, we work with the Ito choice, since it simplifies the path integral formula-
tion. However, somewhat surprisingly, one can formulate a path integral representation of a
stochastic system without choosing a specific discretization with the use of Grassmann fields
[12, 105]. Beyond a mathematical curiosity, this formulation is very convenient for deriving
fluctuation-dissipation theorems and for showing how equilibrium is related to symmetry.
We outline this connection in Sec. 3.1.3.

The form in Eq. 2.27 is usually first encountered in canonical physics studies in the
context of Brownian motion. There, it is convenient to model the evolution of particle
velocities in this manner, where the noise represents collisions. This is also a form typically
encountered in equilibrium critical dynamics, as we discuss in Sec. 2.2.5, where the function
f takes the form as in Eq. 2.26. However, it is not restricted to equilibrium. As we discuss
throughout this dissertation, with examples, equations of such form are used to model many
non-equilibrium systems. With this in mind, we take Eq. 2.27 as a starting point of the
models of interest, now promoting the variables ¢;(t) to fields ¢;(¢,7) and including some

sort of spatial coupling in their evolution.

2.2.2 MSRJD and Keldysh Formalisms

In this section, we present how path integral formulations can be constructed starting with
either a stochastic equation or Lindblad equation in open quantum systems. Although the
construction is more involved than in Section 2.1, we still omit many details as there are
several resources introducing the formalisms outlined below. These are referenced when
appropriate.

We proceed with the construction of a field-theoretic description of stochastic dynam-
ics according to the Martin-Siggia-Rose-Janssen-De Dominicis (MSRJD) procedure. Great
references for the MSRJD construction that are used throughout the dissertation are [2—

, 12, 89, , , —109]. We start with a general stochastic equation for fields ¢ (¢, %)
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(from now on we explicitly write the vector & to distinguish space from time):

O1a(t, T) = fal)(t, T) + Salt, T) (2.29)

with the noise &, (t, ) distributed according to some probability density P[£]. Since the
dynamics is stochastic, we are interested in statistical properties of the fields ¢ (¢, ¥), which
are obtained by taking averages with respect to noise. For some operator (function) of the

fields O[¢], we write this as:

<mmk=/9mowawm (2.30)

Here we explicitly denote ¢(£) to emphasize that the fields have to be evaluated given
a particular realization of noise in the path integral. This condition can be imposed by

integrating over all field configurations with a delta-function:

016(€)) = [ D10 TT [T01010a(t. ) — falo](8.2) — €alt. )

a x.t

= /D[¢> &]O[@ eXp {/dt/ddl’2i¢(t,f)a [at¢a(t> 'f) - fa[¢](t>f) - ga(twf)]}

(2.31)

In the second line, we used a representation of a delta function through an integral
(schematically §(x) ~ [ dket*®), which introduces a new field ¢. Additionally, the Jacobian
associated with the delta function (due to d¢¢ inside) is trivial in the Ito discretization (see

refs. above). The last step of the construction has to do with explicitly computing:

/ DI¢] exp {— / dt / ddeid)a(t,:i‘)éa(t,f)} P[¢] (2.32)

which is equivalent to knowing the moment-generating functional for the noise explicitly.
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There are not many such distributions, and one may choose to consider some that are quite
exotic depending on the system of interest. In this dissertation, however, we focus on the

case of Gaussian white noise, with the probability distribution given by:

P[] ~ exp ——/dt/ddnga (t,7) aﬂﬁﬂ(t Z) (2.33)

Here, the operator L can depend on the fields ¢ for the multiplicative noise case, or can
be a spatial operator. It is important to notice that it is diagonal in space and time, meaning
the noise is not correlated at different points. Since the Gaussian probability distribution is

determined by its variance, such noise is usually defined by stating:

(Ealt, D)Ep(t 7)) = Lagd® (e — 2")o(t — 1) (2.34)

The generating functional for the Gaussian distribution is known. After performing the

integral over &, we get for the above average of interest:

— /D (6, ] O[¢] exp [~ SnisR]
(2.35)

SMSR:/dt/ddx _Ziﬁga [019a(t, ) — falol( +Z¢a aﬂﬁbﬁ
@ B

This concludes the formal construction of the MSRJD functional and defines the MSRJD
action. Even though we arrived at the average in Eq. 2.35 rather informally, one can do it
precisely by discretizing time, see refs. above. A few things are prudent to notice. First, we
can choose O[¢] = 1, which demonstrates that what we would normally call the partition

function in field theory is nothing but identity written in a very complicated way:

1= Z[0] = / DI, &) exp [~ Suisy) (2.36)

31



This identity for the partition function shows that we do not have to worry about nor-
malization. Additionally, since the number of fields doubled due to the introduction of the
response fields ¢q, there is nothing stopping us from computing averages of operators of both
ba and dq. Just like for the field theory construction outlined in Sec. 2.1, we can introduce

a moment-generating functional:

21,7 = [ Dio.dlexs {—SMSR s e [ ate 3 [ate. 200t 2) +¢Ja<t,f><ﬁa<uf>}}

2.37)

We outline the meaning of averages of operators involving the response fields in the next
section (and also the factor of i in the iJy¢pq term). With this, the construction of the
MSRJD functional is complete, and we are now able to use all of the tools of field theory on
any stochastic system of interest. In fact, one does not need to do all of the above steps for
each model but can simply read off the action in Eq. 2.35 given the stochastic equation and
the noise correlations.

For completeness, let us also introduce the Keldysh formalism used in constructing field-
theoretic descriptions of open quantum systems. This demonstrates the connection between
Keldysh and MSRJD formalisms, showing that in some sense the latter is the semi-classical
limit of the former. This is not done in much detail, but useful references for this construction
are [3, 4, 10, 11] (and refs. therein).

We proceed according to [10]. A typical starting point for describing open quantum

systems is a quantum master equation for the reduced system density matrix:

. 1
Oip=Lp=—i[H,p]+ Y 7a <LapL£ b {LQLO‘,/}}) (2.38)
«

Here L is often called the Liouville superoperator, since it "acts" on the density matrix
p from both sides. This equation contains the familiar evolution due to a Hamiltonian and

dynamics that result from integrating out the coupling between the system and the bath.
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These are encoded in the Lindblad operators L. The formal solution to this equation is:
p(t) = el =100 (1) (2.39)

If we are interested in the stationary state and want to compute correlations with arbi-
trary time separations, we need to consider the evolution for all times —oo < t < co. We
then proceed similar to standard coherent state integrals in many-body quantum systems
[1]. We break time up into infinitesimal steps such that p,1 = e2£p, ~ (I + AtL)p, and
insert the resolutions of identity in the form [ = [ ng*e_w*mw (¢]. Since we are working
with a density matrix operator, we need to insert two identities on each side of p;,, which
generically yields two "time-contours" denoted by ¢4 and ¥_ (depending on which side of

p the identity was inserted):

5 %
Pn = / d¢+,nj¢+,n / d¢—,n:1/},n e*¢i,n¢+,n*¢i,n¢—,n <¢+,n‘ﬂnw—,n>|¢+,n><7/}—,n’

(2.40)

Plugging this into the evolution equation for pj, one can solve for p, 1 matrix elements

in terms of the above expression. Doing this iteratively yields the partition function that is

governed by an action:

SKeldysh = /dt [(WLidpy — T i0pp— — il (V5 , g, ™ 0 )] (2.41)

with suitably defined £ (1/}1,1/}+,1pi,w_). The final step of the construction is the

Keldysh rotation:
1 1
be = E(%L +v-) , ¢q= E(Wr — ) (2.42)

which usually brings the Keldysh action Skelqysn to a form very similar to Syigg, with
the identifications ¢ — ¢ and ¢ — ¢. There are, of course, many subtleties, both in
the construction and the use of the Keldysh formalism (see refs. above). However, we see
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that the structure of the theories is similar. One can often take a semi-classical limit by
considering the most relevant terms in the Keldysh action to arrive at an action that can
be directly thought of as the MSRJD action corresponding to a stochastic equation |10, 11].
This is relevant in our discussion of driven-dissipative condensates. This fact, however, is
quite important in general, because it signifies that non-equilibrium quantum dynamics can
be thought of in the same framework as classical stochastic dynamics in the regime where
quantum fluctuations are irrelevant. Therefore, although we generally start the discussions
in Chapters 4 and 5 from a classical standpoint, the results derived there are valid for open

quantum systems in the appropriate limits.

2.2.8  Dynamic Response and Correlation Functions

With the MSRJD action constructed, we should consider the meaning of various correlation
functions. First, we notice that the addition of the source term iJ,¢o in Eq. 2.37 is

equivalent to considering a stochastic system of the form:

at¢a = fa - ja + fa (2-43)

From the generating functional, we can calculate the average of the field:

5Z[J, J]

A (2.44)

(Pal(t, T))

J,J=0

However, what if we want to understand the average response of the field to the external

source JJ? We then get:

0oa(t, @) 6%Z[J,J]
5Js(t, @) 6Ja(t,B)5Jg(t, 1)

J,J=0

= i{ga(t, IFa(t', 7)) (2.45)

This example demonstrates that the correlation functions involving the auxiliary fields
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$q are nothing but the response functions of the stochastic process (which is why ¢ are
often called response fields). Causality is automatically enforced from the MSRJD action,
as we discuss later.

Just as we saw in Sec. 2.1.2, the generating functional for a stochastic process generally
cannot be computed exactly, which means we often resort to perturbative methods. For that,
we need a theory that we can solve exactly, around which we perturb. Just as a Gaussian
theory is the basis for calculations in canonical statistical physics, it also serves as a starting
point in critical dynamics. Since the MSRJD action necessarily depends on the response
fields up to second order, a Gaussian theory corresponds to a linear function f. We therefore

consider the equation:
0r(t, &) = —mo(t, ¥) + DV(t, &) + (1, &) (2.46)

This is not the most general linear theory, as we could have included spatially inhomo-
geneous m(t, ¥) as well as higher order spatial couplings. However, the former is excluded
if we consider a translationally invariant system, while the latter is excluded based on its
relevance (in the RG sense to be explored later). We also assume noise correlations of the
form (£(t, D), 7)) = Bé%(x — 2/)6(t — /). An extension to a many-component field is
trivial.

Just like in static theories, this equation is best analyzed in Fourier space, which we
define as:

v(t, T) :/Mv(w,lg)ewt_%f
(2m)d+1 (2.47)
o(w, F) = / dtd vt 7)e—WHRE

with the important identity fdtddxe_i‘”t‘w;'f = (27)@*159(k)§(w). From here one can

proceed directly from Eq. 2.46, but for illustration, we compute the correlation functions
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from the MSRJD action:

S

/dw1ddk1 ’deddk;Z gl ed . 1 (2.48)
_ 4 « - - S
- / (2r)d+1 / (2m) T (2m) 0% (R — K)o (w1 — w2)@™ (w1, k1)Gy Plwa, ko)
- T
where ¢(w, k) = (gb(w, k) o(w, k;)) and:
0 —wy — im — iDk3
Go' = i ? (2.49)
w9 — 1m — ka’% B

Since the fields ¢(t,7) and @(t, ) are real, we have ¢*(w, k) = ¢(—w, —k). The primes
on the integrals signify that we only take half the w,E space to avoid double-counting.
Here we again encounter the inverse Green’s function, and when we compute the correlation

functions, we get:

(0" (w1, k1)d(wa, k2))e = — b (2m) 5wy — w2)d%(ky — ko)

w3 + (m + Dk3)?
1
—wy — im — iDk?

(2.50)

(6" (w1, k1)B(wa, k2))e = (2m) 15 (wy — wa)6d(ky — ky)

We most commonly write it without the complex conjugation in the following form:

(@i(wi, k1) (wa, k2))e = (2m) T 5(wy + wo)d (ky + ko) Gij(wa, k) (2.51)

which gives the correlation structure of any stochastic theory:

- GE w,l; GhR w,E : B 1
G(w, k) = A( a) ()| tnear ‘*’QHmf DI womimiDie (2.52)
GHw,k) 0 [r—y, T 0
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Here we defined the Keldysh and Retarded/Advanced components of the correlator. The
former gives the correlations for the fluctuations of the field ¢, while the latter clearly
correspond to the response functions. The correlation structure G(w, E) is general, and
(¢¢) = 0 can be shown to be an exact statement beyond the linear theory [2, 105].

The fact that {¢¢) is related to the response function (or Green’s functions) of the theory
can be seen at the linear level by directly taking the Fourier transform of the stochastic
equation:

iwp(w, k) = —me(w, k) — Dk*¢(w, k) + {(w, k) (2.53)
which gives:

R 1 - R -
Ow, k) = — — Szt k) = —iGE (w, F)é(w, k) (2.54)

This relationship can easily be shown for a general non-linear theory, as we saw in Eq.

2.45 (we can think of ¢ as J), such that:
GR (1, &t &) = i (o(t, D)o, &) (2.55)

Let us mention a few things about the linear theory that illustrate some useful principles.
First, we see that the poles of the retarded Green’s function give us the dispersion relation
of the theory. This is useful in non-equilibrium models, and as we start doing perturbation
theory. Additionally, the causality structure of the response functions can be shown explicitly
by using the form in Eq. 2.52, see Appendix A.

We also notice that if we look at the equal-time correlation function:

o, dw B B/2
GEt=0k = [ = = 2.56
0 ( k) 2 w? + (m + Dk2)2  m + Dk? (2:56)

we recover the correlator we saw for static Gaussian Landau-Ginzburg theory in Sec.
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2.1.3. We see therefore that the static properties of a theory can be completely encoded
in the dynamic functional. This is the case for any full nonlinear theory, as long as we are
considering an equilibrium model. However, we now also have additional information about
the dynamics. For example, at the critical point m = 0, the time-momentum space Keldysh
Green’s function is proportional to e D k2t, which demonstrates the phenomenon of critical
slowing-down. The correlation time also diverges at a continuous critical point! We explore
this in more detail in the next section.

With the linear theory fully understood, we are in the same position as we were in Sec.
2.1.3. We can apply perturbation theory, define vertex functions, find effective coupling

constants, and so on. We do not go into detail, since there are many wonderful resources

exploring dynamical field theory specifically at great length [1-3, 10, 12, 68, 89, —109].

2.2.4  Dynamic Scaling and Renormalization Group

In Sec. 2.1.4 we introduced the idea of a scaling hypothesis in the context of static theories.
We saw that for relaxational dynamic models that are based on a free energy (or Hamiltonian)

description, the dynamics of interest is given by:

O; = 07 [oil] +&i (2.57)

09;

with the appropriate (white and Gaussian in equilibrium) noise properties. We also saw
in the previous section that we recover the static properties of the system from the above
dynamic theory. We can therefore make a reasonable presupposition that a dynamic scaling
hypothesis is in order. We postulate that there might be a time-scale — correlation time %,
— that diverges at a continuous critical point. Since both the space and time correlations

diverge, we can define the dynamic critical exponent by setting, in the vicinity of the critical
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point:

te ~ €~ |m| V2 (2.58)

Here, again, m is the parameter measuring the proximity to the critical point at m = 0.

The hypothesis then postulates that the correlation functions take the form:

(90t 260.00 = —5¢ (52 (250

£ ¢
The other critical exponents are defined similarly to Eq. 2.14. From here we can extract
the time correlations for the same point in space, r = 0. By demanding the correlation func-
d—2+€ .
tion remains finite and non-zero, we impose the condition C (%, 5%) = (%) C (%)
By using the fact that C' depends only on the combination ¢ /&%, we can replace the resulting

pre-factor 57(d72+") with ¢~ (d=2+m)/2 ¢4 get the form:
1 <[t
(6(6,000(0,0)c = 7= C | & (2.60)
t 2
However, this construction is not restricted just to equilibrium theories, which we classify

in the next section. One of the most famous non-equilibrium universality classes is the

Kardar-Parisi-Zhang (KPZ) dynamics [2, 3, 88]:
A /o N2
@h:Dv%+§(v@ v (2.61)

The scaling hypothesis is defined in exactly the same way for this model, although usually

discussed in terms of the roughening exponent xy = 2_3_77. Many other non-equilibrium

universality classes still adhere to this form of the scaling hypothesis [2]. However, there are
situations where this form is inappropriate, for example when a unique dynamic exponent z
cannot be identified. We mention such cases throughout this dissertation.

The important takeaway of the dynamic scaling hypothesis is that at the critical point
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we expect to be able to scale both space and time in a way that preserves the statistics of the
system. For example, one can see from the Gaussian description of the previous section that
we can expect z = 2 for such a linear theory. How do we find the exponents and scaling forms
beyond the linear theory? The answer is the same as for static theories, except now using
the MSRJD action. This also applies to the momentum-shell RG calculations, where we now
also have to integrate over the frequencies of the Fourier modes. There are many resources
describing momentum-shell RG in dynamical contexts [3, 4]. Here, for completeness, we
introduce the slightly more systematic approach of minimal subtraction RG.

We follow 2] for this brief overview. Given an action, we can define the vertex functions
through its Legendre transform. For example, one can show that for the linear theory action

n 2.48:

- B (2.62)

The left-most equalities on each line hold for non-linear theories as well, since they come
from the definitions of the vertex functions. One can similarly find vertex functions of higher
order. Just like one can do perturbation theory to calculate the non-linear contributions to
the correlation functions directly, one can calculate the contributions to the vertex func-
tions. In fact, working with I' is often more convenient, since one can isolate the N-particle
irreducible contributions (see refs. above).

We see that the vertex functions, in some sense, correspond to the terms we find in the
action itself. For example, in this model m = —ZT(M)(O, 0). However, as discussed before,
the purpose of RG is to track the change of the couplings in the theory as one changes the
scale. Therefore, one can undergo a systematic RG procedure by tracking the evolution of

the vertex functions.
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Given the bare fields ¢; (which can be separate or simply components of a single field)
and coupling constants ¢, appearing in the path integral of the theory, we can define the

renormalized fields and constants:
3 Iy 3% 7 et
Gir =251 %0, ip= Z5n %ip; , cpR = Zeahmen (2.63)

where g is an arbitrary momentum scale that makes the renormalized constants dimen-
sionless. The Z factors are there to absorb all of the UV and IR divergencies that come from
the integrals one has to compute to perform perturbative calculations. This is done with
the idea that, of course, when real measurements are performed on the correlation functions,
no divergencies should be observed. The factors « are often called engineering dimensions
of the fields and constants, which correspond to the rescaling constants A we saw in Sec.

2.1.4. From above, it can also be observed that we can define:
p(V.N) (2.64)

which comes from the fact that the vertex functions are inversely related to correlation
functions. As mentioned, by demanding that the renormalized coupling constants remain
finite, and with self-consistent perturbation theory, we absorb all divergences into the Z
factors. It is important to understand that real measurements always happen on renormalized
quantities, where the scale i is determined externally by a measurement device. The crucial
observation is that since p is arbitrary, the unrenormalized vertex functions should not
depend on it! They only depend on the momentum cutoff A that is the result of coarse-
graining. This means that holding all the other unrenormalized parameters fixed, we must

have:

d
0=p—/| TWN) 2.65
anl, (2.65)

By plugging in all of the above definitions, one can then derive the renormalization group
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equation for the vertex functions — the Callan-Symanzik equation (see [2]). Its precise form

is not too important for our purposes. The relevant quantities are Wilson’s flow functions

defined by:
0 R 1
=p—In—— =qay + = InZ,
’Y(bl ’ua'u ¢Z ¢z + 2’ua 1 ¢z
o bin 1 0
= u—In-22 = +—pu—1InZ- 2.66
Vi ,ua'u 1 b; ag + Q'Ualu 24 (2.66)
f}/c — :ug 111 Cn,R — an + H’g h’l ZC
" o ¢p o "

These describe how the renormalized parameters change as we change the arbitrary scale
at which we consider the theory. To see their importance, we need to solve the RG equation.
One can do so with a method of characteristics by defining a running scale fi(l) = ,ue*l,

where [ € [0,00). This allows the definition of running constants:

dc [
Lorl _ e, p0enll) (267

with ¢, r(0) = ¢, g restoring the renormalized coupling constant at the original scale.
With judicious choices of | and pu, we can now extract the critical exponents of interest.

Many details have been omitted in this exposition, and we refer to the resources men-
tioned above. The minimal subtraction scheme demonstrates how perturbative renormal-
ization group is related to standard perturbation theory, and is completely equivalent to
Wilson’s momentum-shell RG described in the static context in Sec. 2.1.4. Nothing in the
above overview relied on the assumption of equilibrium. This renders the renormalization
group technique exceptionally powerful in the non-equilibrium setting as well, as long as the
system has some sort of scale-invariance. However, in the next section, we briefly present
the powerful classification of equilibrium critical dynamics, since we often build on it and

draw parallels with it.
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2.2.5 Qverview of Hohenberg-Halperin Classification

The seminal paper [1]| introduced the classification of systems undergoing dynamics near a
critical point with the names Model A through J. They are loosely split into two categories —
purely relaxational Models A through D, and Models E through J with reversible dynamics.
We provide a brief overview in this section, which follows the resources [1—1].

Models A and B are concerned with relaxational dynamics in the Landau-Ginzburg-

Wilson Hamiltonian for an O(NN) order parameter:

Howny =
D 2
/m z; =it @) + B [qui(tv f)} + &3 6ilt, )20, 7)F — hy(t,7) - 64(1,7)
(2.68)

Here, ¢(t, %) is an N-component field. The Hamiltonian, which resembles the Ising free
energy in Eq. 2.10, describes a symmetry-breaking transition from a disordered phase with
(¢(t, 7)) = 0 to a symmetry broken phase with (¢(¢, %)) # 0, where the direction is chosen
randomly in the O(N) space. Model A describes purely relaxational dynamics of an order

parameter in this energy landscape:

OH
00i(1, ) = g+ (1, 7) (2.69)

with the noise correlator given by (& (¢, %)&;(t',&)) = Bé;;6(t — t")6%(x — «). This
Langevin equation is often referred to as the Landau-Ginzburg equation [2, 86]. This form
of dynamics is valid near a continuous phase transition where all other dynamics of the
system occur on much slower time scales (that presumably stay finite). Model A is a natural
starting point in describing any dissipative order-to-disorder phase transition dynamics.

However, it is often the case that each component of the order parameter is conserved
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in space, such that a continuity equation drp;(t,r) = v J;i(t, @) holds. It is reasonable to
assume that the probability current is proportional to the gradient of the variation of the
energy, such that:

- Mo

Ji(t, %) = —VW +&i(t, 7) (2.70)

with similar noise correlations. Thus, we arrive at Model B dynamics:

OH
1 o o2 TFO(N) 4 =

with (n;(t, D)n; (', @) = —B(Sijv2(5(t —")6%(x — 2/). The deterministic version of the
above equation is the Cahn-Hilliard equation, often used to model binary fluid mixtures
[ ) - ]

For completeness, we mention that both Models A and B can be combined into one

system by writing the dynamics as:

Y
00i(1, ) = ~(19)" g7+ 6i(1,7) (2.72)

with (&(¢,)¢;(t', 7)) = Bé;; (iV)5(t — t')6% 2z — 2'), with a = 0 or 2 for Models A and
B, respectively. Thus, all the results, such as perturbation theory, RG and expressions for
the critical exponents can be found for the two models simultaneously.

It is also often the case that there are other conserved quantities, aside from the order
parameter, which have to be taken into account. The simplest example is the energy density.
To include some coupling between an O(N) order parameter and an energy density, one has

to add the following contribution for the Hamiltonian in Eq. 2.68:

A = % / dtd’s {p(t. 9 + gpp(t, D)1, )° ) (2.73)

Such coupling does not affect the static exponents, but it does affect the dynamics.
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Dynamics of a non-conserved or conserved order parameter coupled to such an energy density
defines Models C and D, respectively:

.3 (How +AH)
Ori(t, @) = —(iV)"

o OAH
op(t, T)

3¢;i(t, T) talha) (2.74)

with (n(¢, Z)n(t’,2")) = —ABpV25(t —")6%(x — 2') and the order parameter noise corre-
lations as before. Model C is often used to model structural phase transitions (for example
in crystals), while Model D is used for compressible binary mixtures [1].
The generic evolution of order parameters that are also governed by reversible terms is
given by:
OH

Ori(t, ¥) = Fi™V[o(t, 7)) — (ﬁ)am +&i(t,T) (2.75)

Where F;*V[¢(t,Z)] has to be suitably constructed from the Poisson brackets (commuta-

tors in the quantum setting) to satisfy the condition of equilibrium [2|. A generic construction

1s:

oH _B5{¢i(tvf)>¢j<t7f/)}

Firev[gbi(t, j’)] — / dtddxl Z [{(bz(ta f)a ¢j (tv f/)} 5¢j (t, f’) 5¢j (t, f/)

J

(2.76)

Without quoting each Hamiltonian and reversible term directly, we briefly list the models

in the Hohenberg-Halperin (HH) classification. Model E describes planar ferromagnets, with
a two-component non-conserved order parameter coupled to a conserved scalar field (the
component of the spin perpendicular to the plane). Model F describes a non-conserved two-
component order parameter (often complex) coupled to two conserved scalar fields. It can
describe the superfluid phase transition in Helium-4. Model G describes anti-ferromagnets,

with non-conserved three-component order parameter (staggered magnetization) coupled to a

three-component conserved field (total magnetization). Model H describes a conserved scalar
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order parameter coupled to a conserved vector field, such as the liquid-gas critical point and
phase separation in binary fluids. Finally, Model J describes isotropic ferromagnets with
spin precession. See |1, 2] for overviews.

The HH universality classification covers a large variety of equilibrium systems and their
dynamics. However, what makes them equilibrium? And what do we encounter when we
consider non-equilibrium systems? With the overview of field theoretic ideas and methods

presented in this chapter, we now proceed to discussing these questions.
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CHAPTER 3
BASICS OF NON-EQUILIBRIUM

3.1 What Constitutes Equilibrium?

3.1.1 Detailed Balance and Time-Reversibility

In the previous chapter, we introduced the ideas of coarse-graining and how a plethora of
systems in and out of equilibrium can be modeled as dynamical field theories. However, we
did not give a consistent definition of equilibrium. The following sections are concerned with
providing it, at least as far as it is relevant for this dissertation. There are many equivalent
definitions, some more practically useful than others, and therefore the ones we discuss are
not exhaustive. Most of them are, however, natural for dynamical systems and field-theoretic
treatments.

Stepping back for a moment from dynamical systems into the realm of more general
stochastic processes, we first need to introduce the notion of a Markov process. Given a
stochastic process, we can define a many-point probability density Py, (xy, ty;...; 21, t1) where
the variable x (whatever it might be, and not just necessarily space) takes the values =1, ..., xp,
at times tq,..., 1y, respectively. From standard probability theory [104], one can define a
conditional probability Pm|k;(33k+1» thea1s 5 Thams thom|T1, t15 . @, t) that describes the
probability of = taking the values wp1,..., Xy, at times t51,..., 5, given it took the
values 1, ..., at times tq, ..., . P1|n is of particular interest, because it is concerned with
the state of the process given the n states it took before. A Markov process, or chain, is
defined by the conditional probability only depending on the state of the process a time step

before:

Py (@41, tngr |z, G5 2n, tn) = Prg(@ns1, tg1on, ta) (3.1)

Therefore, Markov processes contain no memory, because the state of the process at the
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next time point is fully determined by its current state. They represent a combination of
sufficient analytical tractability and a not-too-egregious approximation for many stochastic
processes. The latter is true because even if the process is not Markovian, one can often
either expand the state-space as to make it so, or "coarse-grain" time such that long-time
correlations disappear. For example, if one were to consider Brownian motion of particles
and look at their positions, there is certainly memory. However, you can use a Langevin
equation to describe a velocity with white noise (with no correlation in time), such that the
process becomes Markovian at the expense of doubling the state space. With this in mind,
the problems considered in this dissertation are mostly written in a Markovian manner, and
we consider the definitions of equilibrium with this in mind as well.

Now let us consider a one-point distribution Pj(z,t) for a process with a continuous state

space x. Given the property in Eq. 3.1, one can derive the master equation [2, 4
OpPy(z,t) = /dx’ [P/ )W (2" — z,t) — Pi(2, )W (z — 2/, 1)] (3.2)

Here W(x — 2/ t) = 87P1|1(x/, t+7|z,t) is the transition rate from state z to state 2’ at
the time ¢. The master equation simply counts the "incoming" and "outgoing" contributions
to the probability Py (x,t) with respect to all other states 2/. There are a few details related
to this equation. For instance, one can define the time-dependent entropy [2] from P (z,t),
which also helps with the forthcoming definition of equilibrium. We refer to the resources
cited throughout this section for more details.

In equilibrium, we are often concerned with time-translation invariant problems. In fact,
having a few macroscopic quantities, like temperature, energy, pressure, volume, particle
number, etc. (depending on the choice of ensemble) that do not change in time can be taken
as part of the definition of equilibrium. We therefore look for a time-independent probability

density Ps(x) with the assumption that the transition rates are also time-independent. A
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sufficient condition for the existence of such solution is the detailed balance relation:

Ps(z" YW (2 — x) = Ps(2)W (x — 2) (3.3)

We take this as our first definition of equilibrium. In particular, the entropy production
rate is zero if detailed balance relation holds [2].

However, there is a more illuminating, but completely equivalent form of the detailed
balance condition. It is given by the Kolmogorov criterion, which states that for a stationary
equilibrium solution, all possible cycles of arbitrary length with intermediate states x; have

to be equally likely in the forward and backward direction:

Wi(zg — x1)W(x1 — x9).. W(xy — x9) = W(xg — an).. W(xe = 21)W (21 — 20) (3.4)

Therefore, both expressions show that equilibrium is closely related to the process being
time-reversible. More broadly, the entropy production rate is given by the ratio of the two
sides in Eq. 3.3 [2, 114] and is therefore zero when the forward and backward processes are

balanced.

3.1.2  Fokker-Planck and Steady State Solutions

Although the definitions provided above are applicable to general stochastic processes, they
are not the most practical. In some sense, we need to solve the stochastic system for the
stationary distribution and the transition rates to see whether it is in equilibrium, at which
point it is mostly redundant. Therefore, we want to develop an understanding of how we
can tell whether the system is in equilibrium based solely on its evolution rules. The two
common ways of defining such evolution is either through the Fokker-Planck (FP) equation,
or through the Langevin equation. Let us introduce the former and understand how we can
understand equilibrium in the FP perspective.
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A generic derivation of the Fokker-Planck equation relies on the Chapman-Kolmogorov
equation:

P1‘1(£B’,Zf’|l’,t) = /de1|1(95/7t/|93,7E>P1|1(5U>75|5U775) (35)

where t < t < t/ is arbitrary. Again assuming the transition probabilities are invariant
with respect to time translations, one can show [2| that the evolution of the one-point

probability function is described by the Kramers-Moyal expansion:

OF [ag () Py (2, 1)] (3.6)

© [ \k
AT E kl,)
k=1 ’

where the coefficient ay.(x) = lim;_q % ff ek P(z, |z — €,0) is the k-th moment of the
transition probability. This hardly seems like an improvement, except for the fact that one

can show that either the first two coefficients are non-zero while the rest vanish, or they are

all non-zero. In the former case, we get the famed Fokker-Planck equation:

OrPy(x,t) = =0 J1(x,t) = =0y [aq (z) Py (2, t)] + %8% [ag(x) Py (z, )] (3.7)

We therefore recover a local equation of the one-point probability density alone. It has a
familiar form of a continuity equation, with the probability current that can be read off above.
Therefore, a stationary solution is governed by 0.Ji(z,t) = 0, but that does not necessarily
guarantee equilibrium! Intuitively, an equilibrium distribution should be the one where all
probability currents vanish. In order to understand the relationship with thermodynamics,
we should understand how the FP equation relates to Langevin equations.

Given a stochastic equation:

Opr = f(x) +&(x,1) (3:8)

With correlations (§(x,)&(z,t')) = B(x)d(t —t'), one can show [2—1] that the one-point
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probability distribution for x satisfies:
OPy(w,t) = ~0p [f(x) Pr(,0)] + 7 [B(2) Py (2, 1)] (3.9)

thus showing that Langevin dynamics and the FP equation are intimately related. How-
ever, we know that in the canonical ensemble, a statistical system follows the Boltzmann
distribution P(z) ~ e H (@)/T " In order for the stationary solution to the FP equation to

have this form, we must have:

(x) = 0,8(x) — 2 oy (3.10)

However, f(z) corresponds to deterministic dynamics, which should not vanish even in
the absence of noise. The only way that can be achieved is if B(z) = T, which gives
f(z) = —0yH(x). We therefore see that an equilibrium stochastic system corresponds to
overdamped descent in an energy landscape with additive noise. Later we show that one can
obtain this condition from symmetry as well.

However, we saw from the HH classification in Sec. 2.2.5 that we should be able to
describe equilibrium systems having reversible terms in addition to dissipative dynamics.
Let us then write f(x) = —0;H(x) + frev(z). The only way this is compatible with the

Boltzmann distribution is if:

Oy |:frev($)€HT(}n):| =0 (3.11)

The probability current associated with the reversible terms has to be divergence-free.
In a sense, reversible terms explore the landscape of equal-energy solutions, think spin pre-
cession, for example. All of the results and considerations in this section also apply to

spatially-extended stochastic systems where we apply the field-theoretic treatment.
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3.1.3  Equilibrium as a Symmetry and Fluctuation-Dissipation Theorems

We saw in the previous section that the noise structure most compatible with equilibrium
is additive Gaussian white noise. Throughout most of this dissertation, as well as in the
following sections, we assume that the noise takes that form. In Section 3.2 we provide
examples of non-equilibrium systems where this is not the case.

We saw in Section 3.1.1 that equilibrium is related to time-reversibility of the stochastic
process. Let us consider how this might be applied to Langevin dynamics and the MSRJD

field theory. We see that for a generic stochastic equation for a single field in the form:

Opo(t, T) = flol(t, &) +&(t, T) (3.12)

we can replace t — —t and ¢(t, ) — ¢(—t,Z) and recover the same equation, since white
Gaussian noise is uncorrelated in time. However, this transformation is not a symmetry of

the MSRJD action in Eq. 2.35. It turns out the right transformation to look at is [9, 12, 19]:

(3.13)

In that case, the action changes as:

Strsn= [ dt [t {—( 2+ 200(-4.0)) Quo(—4.) — f16)(-0.7)

2
+5 (310 + Zoo-0a) | =susn+ 5 [ [ale a2 0.2

(3.14)

—

For this transformation to be a symmetry of the action, it is sufficient to set f[¢](t,Z) =
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;ﬁ[(ﬂ) in which case:

dt [ d% 0,0(t, ) f] dt [ d% o,¢(t,
ff -/

and we can ignore the surface terms at ¢ — 4o0o. A symmetry transformation and

/ dt / d%z 0 H[¢

(3. 15)

proof for multiple-component field is easily obtained as well. Thus, we see that relaxational
dynamics in an energy landscape again emerge as a signature of equilibrium. The equilib-
rium symmetry transformation in Eq. 3.13 can also be generalized to conserved dynamics.
However, demonstrating this is a symmetry for dynamics with reversible terms is much
more difficult. One has to then use a different form of the symmetry transformation where
Ord(—t, T) is replaced by % In this dissertation, we consider dissipative dynamics in
contexts where we draw parallels with equilibrium systems. We therefore say that dissipa-

tive Langevin dynamics with white and spatially uncorrelated noise describe an equilibrium

process if and only if they are in the form:

atﬁbi(t:f) = 5(;‘&;[ +£z( )

(&(t,2)¢;(t, 7)) = Bo;j0(t — t')0%(x — o)

& Equilibrium (3.16)

To reiterate, this is not the most general equilibrium critical dynamics form, as was seen,
for example, in the HH classification in Section 2.2.5.

A few ways to go outside of equilibrium are immediately noticeable in Eq. 3.16. First, for
a single component field, evolution in a general potential that depends only on powers of ¢,
and not on its gradients, can always be written in equilibrium form. Therefore, many non-
equilibrium problems are written in terms of many-component fields, which often represent
different species of agents. However, a famous non-equilibrium model that only has one
field component but has a non-variational gradient term is the KPZ model we mentioned

before. One can also imagine convective derivatives, which often occur in hydrodynamic
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theories. Finally, multiplicative noise also generically (but not always) brings the system
out of equilibrium and can lead to absorbing states. We discuss these possibilities, with
examples, in Section 3.2.

For completeness, we mention a few details. First, we note that all of the above discussion
is in the context of Ito discretization. However, there is a way to introduce this symmetry
into the general a-discretization formalism by using Grassmann (or ghost) fields [12, .
With that construction, the theory becomes supersymmetric, which is a whole separate field
of study |12, , —120]. Additionally, we mainly consider additive white noise in this
dissertation, along with an overdamped limit for the Langevin dynamics. However, equi-
librium constraints and the above symmetry can be formulated for more general problems,
including multiplicative noise and inertial problems, see [120]| and references therein.

Now, a famous property of equilibrium dynamics is the tower of fluctuation dissipation
theorems (FDTs), sometimes also called Onsager relations [2—7]. They are often presented
in the form of relations between the correlation and response functions. They can be derived
from many perspectives, but given our discussion of symmetry, we show an elegant derivation
of one of the FDTs. Recalling the discussion on symmetries at the end of Sec. 2.1.2, we
consider the response function in the MSRJD formalism and apply the equilibrium symmetry
transformation:

YA NG —t.8) lo(=t. 7 %’_lf/
(o(t, D)ot 7)) = { $(—t, >[¢( £7) + o=t )]> (3.17)

— (¢(—t, D)(—t', 7)) + =0y (o(t, D), 7))

Here we used the symmetry transformation on the second term to get to the last line.
Given the definition of response and correlation functions in Eq. 2.52, and the time and
space translation invariance of the correlation and response functions, we immediately get:

1B

. [GR(t,:E)—GA(t,f) — 9,65 (1, 7) (3.18)
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Or, equivalently, in Fourier space:

B . , ;
o GB(w, k) — G w, k)| = G (w, k) (3.19)

This is an exact result that holds for any non-linear problems obeying the symmetry in
Eq. 3.13. Similar results can also be derived in the quantum setting [3, 9, 10]. One can
derive an infinite tower of relations similar to the above one. However, we see now that
the FDTs are all related to a single symmetry (in general, they are the Ward identities),

demonstrating the result that has been hinted at throughout the above chapters.

3.2 Phenomena in Non-Equilibrium

With the broad definitions and properties of equilibrium outlined in the previous section,
we move on to the discussion of non-equilibrium systems. This overview is by no means
exhaustive or detailed, since the theory of non-equilibrium phenomena covers an amazing
span of problems, in many fields. We first provide a few examples of non-equilibrium systems,
their respective models and novel phenomena, and then focus onto the specific topics explored
in this dissertation. We attempt to provide both the microscopic and the hydrodynamic, or

field-theoretic, descriptions for the examples we provide.

3.2.1 Active Systems

One of the conceptually simplest forms of non-equilibrium matter is a collection of micro-
scopic units that have internal sources of energy. This is obviously the case for living things,
such as bacteria or animals, where internal energy is converted into motion, growth, and
reproduction. However, one can also engineer systems of self-propelling units, or microswim-
mers, such as active colloids (Janus particles, for example). Active matter is an area spanning

a wide variety of systems, and for reviews beyond the basic illustrations presented in this sec-
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Figure 3.1: Schematic representations of a) RTPs and b) ABPs. Figure adopted from [110].

tion, we refer to the vast literature on the topic, see |3, 29, —113, —124] and references
therein.

How do we model such forms of matter? In equilibrium, the simplest statistical process
of particle dynamics we consider is Brownian motion. In contrast, for active matter, one
can imagine a system of non-interacting particles that propel at constant speed, but where
the orientation of motion changes randomly in time. This produces two models — Run-and-
Tumble Particles (RTPs) and Active Brownian Particles (ABPs). For illustration of their
typical motion, see Fig. 3.1. The former corresponds to motion where the particle propels in
a fixed direction for some time, then stops and reorients before propelling again. The latter

is a more continuous version where the particle constantly reorients, and is described by the

following equations in two dimensions [3]:

. cos 0(t)
Or(t) = vo , - 0i0(t) = /2Dp&(t) (3.20)
sin 0(t)
Here 7 is the position of a particle or unit and # describes its orientation. A non-

equilibrium phase transition in a collection of such particles naturally requires some sort of

interaction between them. In a coarse-grained description, this leads to the so-called Active
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Model B [8, , |, where the density of such particles evolves according to:
Ouplt,7) = =V - | Tlpl(t, #) + V2BE(, ) (3.21)

where J is not necessarily related to a variation of some functional, unlike the equilibrium
Model B, see Sec. 2.2.5. For example, it could be J = v(p)V [v(p)p] |2], where the speed
of propulsion is now density dependent. If the speed decreases with particle density, this
system can exhibit Motility-Induced Phase Separation (MIPS), where the particles cluster,
leading to high and low density patterns forming throughout the system [, , , |.
It is debated whether MIPS might belong to the Ising universality class [127, |.

Another class of active particle models are Active Ornstein-Uhlenbeck Particles (AOUPs),
which undergo Brownian motion but with noise that has correlations in time. Such models

are useful when, for example, the self-propulsion velocity has its own fluctuations and time

evolution. These are described by the set of equations of the form [129, 130]:
Opr(t) = ]FF )+ v 2Dr5
1 (3.22)
Opi(t) = ——u(t) + v/2Dui(t)
Ty

such that (v;(t)v;(0)) ~ 6;; exp (—%) The continuum models corresponding to a col-
lection of such particles (obtained, for example, through the Dean equation, see Sec. 2.1.1)
also have memory.

Another paradigmatic example of collective motion of active units is flocking. One can
literally imagine a flock of birds or a school of fish where patterns of collective behavior form

and are clearly observable. A conceptually simple model of flocking is the Vicsek model
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Figure 3.2: Illustration of flocking agents. a) and c) correspond to high noise and high and
low densities of agents, respectively. b) is a low noise, low density phase with many smaller
flocks. d) is a low noise, high density phase with a single flock. Figure adopted from [131].

. cos O(t)
O (t) = vo . 0(t); = — <9i(t> - <0(t)>R,i> +v/2Dy&;(t) (3.23)
sin 0(t)
Here (0(t)) p; is the average orientation angle of particles in some neighborhood around

particle i defined by the radius of interaction R. 6;(¢) — (0(t))r ; is understood to take into

account the compactness of . Therefore, a particle tends to orient itself to the average
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orientation of its neighbors. The only conserved quantity is the number of particles, and
the model exhibits three distinct phases. At high noise levels, the system is disordered, and
no flocking emerges. At high density and low noise, a long-range order of the orientation
parameter emerges, and the system is one big flock, which is referred to as the ordered
homogeneous phase. At low density and low noise, many distinct flocks appear and the
particle density is spatially modulated. These are genuinely non-equilibrium phases, and
the ordered homogeneous phase violates the Mermin-Wagner theorem (see refs. above). For
illustration, see Fig. 3.2.

The continuum description of flocking models usually takes the form of Toner-Tu theory

[, —134]. Tt describes the evolution of the coarse-grained density p(t,Z) and velocity

v(t, Z) fields:

0ip = =V - (pD)
(3.24)
045+ A (77 6) i = aif — Bli25 — VP + DV25 + I(#) + VBE

Here, P is the pressure and /(%) includes other terms dependent on velocity. Notice here
the emergence of a convective derivative, which was hinted before as one of the ways to go
outside of equilibrium. The terms «, 8 and D remind of the already familiar Model A (or
Pt theory) description; see Sect. 2.2.5, and are responsible for the ordering of the velocity.
Thus, we see that the flocking transition, for example in the above Toner-Tu form, belongs
to a novel, genuinely non-equilibrium universality class.

If we want to describe dynamics of living things, which are most often active, we can
resort to more general population dynamics models. We know that certain stochastic rules
govern the changes in population, such as birth, death, predation, and others, and we have
many models for these processes. However, with the addition of spatial behavior, these fall

into the broader class of reaction-diffusion systems, which we discuss next.
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3.2.2  Reaction-Diffusion Systems

Imagine a system of units of different species propagating on a lattice and also interacting
with each other. Such interactions are generically local and can include species transfor-
mation, annihilation, production of offspring, etc. The units can be chemicals undergoing
reactions, or living creatures undergoing population dynamics. How do we describe the prob-
abilistic evolution of such systems and construct a corresponding field-theoretic description?
For a great overview, which we follow here, see [2].

Generally, the starting point in modeling reaction-diffusion systems is the master equation
for the distribution P(n4,ng,nc,...;t) that captures the probability of having n, particles
of species a at time t. Given the master equation, one can consider the evolution of the
average densities (nq) or correlations (nqng). Such evolution equations are by construction
only mean-field, and one needs to consider the full master equation to include fluctuations
in the description.

The procedure for doing so is quite lengthy, so we only outline it here. However, just
like the construction of the MSRJD action, in some sense one can read off the resulting
field-theoretic action from the microscopic evolution rules without having to repeat all of the

steps we now outline. Generally, the master equation has the form:

OrP(nanp, it) = > Y | hyhp,..(nanp, s ka kg, . )P(ng +ka,ng + kg, ...;t)
kA kg

(3.25)

which connects the probabilities of having different numbers of particles of each species

according to the interaction rules. Then, we need to go into a Fock space representation

by introducing a bosonic ladder operator algebra, which is slightly different from the one

usually used in condensed matter physics. Afterwards, we can discuss an instantaneous
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configuration having n, particles of each species as a Fock state:

Ing,ng,...) = (al)nA <a%)n3 ...|0) (3.26)

We can use this to define the state vector:
Na

And the master equation translates to the corresponding imaginary-time Schrédinger
equation for this vector 0| ®(t)) = —H|®P(t)). Several subtleties then allow us to work in this
adjusted quantum-mechanical setting. In particular, one can construct the coherent-state
path integral representation for thermal averages, which generically yields actions similar in
form to the MSRJD action. Given its similarity, we can consider them as exactly MSRJD
actions corresponding to some stochastic equations.

Let us provide a few examples. Consider a single species reaction rule kA — [ A, where
particles A either proliferate [ > k or die out [ < k. The action of this process corresponds

to the stochastic equation:

Where D is the diffusion constant for the particles and A is their reaction rate and
loosely corresponds to the particle density. The noise correlations here are not always white,
and depend on k and [. For example, there is no noise for the linear processes A — 0,
(k=1,l=0)and 0 — A, (k=0,l = 1), so the deterministic equation accurately describes
the long-range long-time behavior. Spontaneous pair production 0 — 2A, (k = 0,1 = 2)
evolves under additive noise (£€) ~ 2X. A branching process A — 2A, (k = 1,1 = 2) is

governed by multiplicative noise (£€) ~ 2A1. Here, the process has an absorbing state with
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1 = 0, which we discuss in the next section. The variants of multiplicative noise continue as
k increases.

We can also obtain a field-theoretic description of processes with several species. For
example, the action for a pair annihilation process A + B — 0 corresponds to the Langevin

dynamics:

Op(t, T) = DV*Y(L, T) — M(t, B)p(t, T) + £(L, T)

Ord(t, ) = DV29(t, T) — M(t, ©)o(t, ) + n(t, T)

(3.29)

where the noise correlations take an interesting form (£€) = (nm) = 0 and ({n) ~ —Apo.
We can also consider a reversible recombination reaction 24 < B with forward rate \

and backward rate . This is described by dynamics of the form:

O(t, ) = DV2Y(t, &) — 2Mp(t, B)? + 200(t, ©) + £(L, T)
(3.30)

O d(t, T) = DV2¢(t, T) + M(t, T)? — oo(t, T)

with (£€) ~ 2(0¢ — M)?).

As a final example, we consider systems with predation such as the Lotka-Volterra type
reaction with rules A — 0 (rate k), B — 0 (rate 0) and A+ B — 2A (rate \), which
translates to:

A (t, &) = DV2Y(L, &) — kp(t, &) + (L, D)L, &) + (¢, T)
(3.31)

Ord(t, ) = DV29(t, %) + 0o(t, T) — M(L, B)p(t, T) + 1(t, ©)

with noise correlations (£€) ~ 2M\o, (€n) ~ —M\p¢ and (nn) ~ 20¢. The two above
models are the first time that we properly encounter non-reciprocity, reflected in the A

terms, for example. Non-reciprocity is a central theme of this dissertation, and is the topic

of Chapter 4.
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The above discussion demonstrates the virtually endless variety of models one can con-
sider in the context of reaction-diffusion systems, spanning a plethora of phenomena and
systems. This, in part, is a big motivation for the more abstract considerations in Chapters
4 and 5. We see again why the Langevin dynamics and field-theoretic descriptions are such

powerful and general tools.

3.2.8  Active to Absorbing Transitions

An interesting class of non-equilibrium models are those with an absorbing state, which the
system cannot escape once it reaches it. This clearly violates detailed balance condition in
Eq. 3.3, since the rate out of the absorbing state is zero. It turns out that many phenomena
with absorbing states can be described by percolation theory [2, 8, 11, 81-83, |. These
include the motion of liquid through porous media, reaction-diffusion systems, epidemic
processes, suspensions that thicken into gels, and even transitions to dark states in open
quantum systems |2, 3, 8, 11].

A paradigmatic example belonging to the non-equilibrium directed percolation (DP)

universality class is described by the dynamics:

at¢(t7 f) = _m¢(t7 f) - U(b(ta f)Q + DVQ(b(t? f) + f(ta *f)

((t, e, 7)) = uo(t, D)5(t — t')6%z — a’)

(3.32)

The MSRJD action corresponding to this equation is known as the Reggeon field theory
[2, 81]. One can arrive at these equations from many perspectives. For example, a reaction-
diffusion system with decay A — 0, branching A — 2A and pair coagulation 24 — A
results in the above dynamics. In porous media, the flow of liquid is generally unidirectional
(produced by gravity, for example). That flow direction is what yields the axis of "time",
resulting in a stochastic equation. Alternatively, epidemic processes can be modeled with
recovery and diffusive spreading of the disease according to this equation.
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It is clear from Eq. 3.32 that the state ¢(¢, Z) = 0 is absorbing — it is a steady state of the
deterministic dynamics, and the multiplicative noise vanishes. Consequently, this equation
is usually considered in the context of ¢(t, ) > 0, with the phase transition from an inactive
to active phase occurring as m is tuned through zero. It is clear even at the mean field level
that the critical exponents associated with this equation are different from those of the Ising
class. For example (see Eq. 2.14), 5 = 1 as opposed to Ising %

There are many ways to expand upon the basic DP dynamics |2, 8, 81-83], including
multi-species DP, such as the extension of the Lotka-Volterra model, unidirectional DP, DP
with long-range spatial coupling, more general epidemic models, and others.

Another example of a process with an absorbing state is the branching and annihilation
random walk (BAW) [2]. Tt is governed by the rules kA — 0 and A — (m+1)A. Interestingly,
the coherent state action corresponding to this reaction-diffusion system does not reduce

simply to the MSRJD form. At the mean field level, the dynamics for BAW are:
dra(t) = —kXa(t)* + moa(t) (3.33)

The problem is complicated by the fact that the parity of m and k& play an important
role in these dynamics. For example, if both k£ and m are even, the process cannot die
out for an initial condition with an odd number of A’s! For £ = m = 2, we can build an
equivalent description in terms of continuous Langevin dynamics, which results in a voter

model universality class [2]:

0uo(t,7) = DV?6(t,) — [00(t,7) = po(t, )% |1 = 0(t,2)?] +€(1,7)

(3.34)
(e, 7)) = B 1= o(t.9?| 8t — 1)5%w — o)

We do not delve into more detail on systems with absorbing states beyond these examples.

However, we again see that Langevin dynamics and the corresponding MSRJD (or similar)
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field theories can capture yet another very broad class of non-equilibrium problems.

3.2.4  Surface Growth and Sandpiles

Growth is perhaps one of the most obvious manifestations of non-equilibrium dynamics
in many contexts. Consider the critical dynamics governed by the O(1) ~ Z5 (or Ising)
Hamiltonian in Eq. 2.68. In the ordered phase and without an external field, there are
domains of positive and negative ¢, separated by domain walls. Now, suppose that a positive
external field h is suddenly turned on. We know that when an equilibrium configuration is
reached, mainly a single positive ¢ domain should remain, since we are in the ordered phase.
However, what happens before that configuration is reached? The positive domains grow
through the motion of the domain walls, which is a non-equilibrium process, see Fig. 3.3.
Performing the analysis of the growth of the do-
main wall height profile (¢, Z) [2, 3, 130] (in the frame

co-moving with the wall), one arrives at the Kardar- —

Parisi-Zhang (KPZ) [38] equation: hix, 1) A
2 L ) ,J\M/
Ouh(t,7) = DV2h(t, @) + 5 [Vh(t, )] +&(t, ) + |
(3.35)

It can also be derived from a purely geometric per-

Figure 3.3: Ilustration of the sur-
face growth of a domain in an Ising
a profile is a function only of its gradients. The sim- model. Figure adapted from [2].

spective by the requirement that the rate of growth of

plicity of the arguments leading to the KPZ equation

also explains why it is found in so many fields: domain wall motion, flame front propagation,
crystal surface growth, time-crystalline matter, driven-dissipative systems, non-reciprocal
systems, and even neural dynamics; see [2—1, 11, 36, 38, 47, 83, 88, 136-140] and references

therein.
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Unlike the universality classes we encountered previously, the transition here is not obvi-
ous at the mean field level. It is characterized by the correlation profile, expressed in terms

of the roughness exponent y:

Gt 7) = 2XC (ﬁ) (3.36)

.TZ

where y = 2;‘21—7[’ see Eq. 2.14. If x > 0, the spatial fluctuations grow with distance, and
the surface becomes rough. Perturbative RG analysis shows that this model does not exhibit
a transition in d = 1, with only the rough phase existing for any non-zero A. For d > 1
there is a critical value of A that separates the rough from the smooth phase. The theory at
A = 0 reduces to the linearized Model A dynamics with no mass term and corresponds to
the Edwards-Wilkinson (EW) universality class [111].

As mentioned, KPZ dynamics are found in a lot of unexpected places, and here we want
to mention one particularly relevant to this dissertation. We know that Goldstone modes
corresponding to a broken continuous symmetry are necessarily massless [2-7]. Imagine,
for instance, an O(2) order parameter, where the Goldstone mode in the broken phase
corresponds to rotations around the circle. This means that a field-theoretic description
of its dynamics, at the lowest order, takes the form of the EW equation. The higher order
gradient terms are less relevant in the RG sense. However, there is generally still a symmetry
associated with Goldstone modes. For example, the EW equation (KPZ with A = 0), has a
29 symmetry h — —h. In the O(2) context this means that rotations of the order parameter
clockwise and counter clockwise are equivalent.

A non-equilibrium process that breaks this paradigm is time-crystalline matter [16, 10,

|. There, it can be shown that due to the periodicity of solutions in time, the Goldstone
mode associated with time-translations (going along the periodic orbit) generically does not
have a Z9 symmetry, and therefore the KPZ term ~ X is not disallowed. That means that
under RG flow, unless an unnatural tuning of parameters occurred, the dynamics of the

Goldstone mode obeys the KPZ equation 3.35, now with a compact field. Therefore, KPZ
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scaling and periodic orbits are generically tightly related, and we demonstrate it again in
Sec. 5.3.

Moving on, one can imagine a growth process where growth is balanced by some dynamics
that reset the state of the system, allowing for more growth. A paradigmatic example is the
sandpile model, which leads to the idea of self-organized criticality [112|. In its original
form, the model was constructed as a cellular automaton on a lattice. A real field z(x,y, t)
describes the height of the sand at the point x, y. Each time step, a grain of sand is deposited
at a random lattice site, such that z(z,y,t+ 1) = z(z,y,t) + 1 for some z,y. The model has
a critical value K, such that if z(x,y) exceeds K, the sand slides to its neighbors according

to the rule:

2(z,y, t + 1) = z(z,y,t) — 4
2exlyt+1)=z2@x1,yt)+1, if 2(z,y,t) > K (3.37)

2,y Lt+1)=2(x,y+£1,t) +1

This sliding can lead to an avalanche, where some of the neighbors of the original seed
with z > K exceed K themselves, leading to further redistribution. These avalanches are
described by probability distributions of their sizes and durations. Many other models
of deposition have been considered with various applications and effects, such as fractal
structures. For an overview, see [130].

An important observation is that the system brings itself to a state that is "critical" in
some sense by allowing growth right until the threshold. Once it crosses the threshold, the
sand pile reduces its height through avalanches, allowing itself to reach it again. This is the

idea behind self-organized criticality. It can also be described in a dynamical setting already
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familiar to us [113]. We can write a self-organized DP dynamics in the form:

dip = (a+wE)p — bp? 539

OFE =h—e¢p

In the limit h/e — 0, the system reaches the critical state with p — 0 regardless of the
values of other parameters. This again illustrates the feedback mechanism from the sandpile
model — E brings p towards the critical state in a manner that depends on p. Self-organized
criticality is a major topic of research and is suspected to be central to many phenomena,

see [143] and references therein.

3.2.5 Driwven-Dissipative Systems

In the quantum realm, a class of systems that turned out to be fruitful platforms for the ex-
perimental realization of non-equilibrium matter are driven-dissipative systems, sometimes
called open quantum systems [10, 11]. We demonstrate how descriptions of open quantum
matter fit into the themes of this dissertation by the example of exciton-polariton conden-
sates. For the overviews we follow in this discussion, see [10, 11, —146] and references
therein.

First, we need a material that can support excitons, which is typically a semiconductor
such as GaAs or CdTe. An exciton is a primary excitation of such systems under external
stimulation and is defined as an electron-hole pair bound due to their mutual Coulomb
interaction. Since excitons are bound quasi-particles consisting of two fermions, they obey
bosonic statistics as long as they are well-separated, i.e. the typical distance between them is
much larger than the separation between the electron and the hole (~ O(10nm)). Excitons
have a finite lifetime, so to support a constant density of these quasi-particles, one needs to
maintain external stimulation. A material that confines the excitons in one dimension but

allows them freedom in the other two is usually called a quantum well [146].
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Next, the quantum well is placed in a cavity, where an external source supplies photons
which bounce between (distributed) Bragg reflectors (DBRs), for example. The confinement
of the photons creates an interaction between the photons and the excitons, resulting in new
quasi-particles — exciton-polaritons. These particles also have bosonic statistics, and well
defined dispersion relation (see above references for more details). Presumably, this means
they should be able to form a condensate, such that a macroscopic number of them occupy the
ground state of the collective excitation spectrum. In fact, the effective mass of the exciton-
polariton is much lower than that of an electron, which allows the formation of a condensate
at temperatures as high as room temperature. However, in part due to the lifetime of
excitons, but also due to the leakage of photons from the cavity, exciton-polaritons have a
finite lifetime. Therefore, an exciton-polariton condensate is fundamentally non-equilibrium,
since it has leakage of particles and requires constant pumping to sustain itself. For a typical
setup, see Fig. 3.4.

With this typical experimental realization in mind, we now proceed to discuss how driven
dissipative condensates are modeled. In the language of Lindblad master equations (see Sec.

2.2.2), the dynamics of a lower polariton field is described by the Hamiltonian [10]:

2

Hup = [ ate |01@) (= 5o ) 0ld) + udv(@)! (339

Here the term of the bracket corresponds to the energy operator of the respective mode,
while u. corresponds to the two-body coherent interaction. The dissipative part of the
dynamics is described by Lindblad operators L, = [, ¥1(Z), L; = [, (%) and Ly = [, ¢(7),
with corresponding rates vp, 7; and 2ug. These correspond to the single-particle pumping,

single-particle loss and two-body loss, respectively. The Keldysh action corresponding to
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Figure 3.4: Illustration of the typical exciton-polariton condensate setup described in the
text. Figure adopted from [110].

these Lindblad dynamics is [10]:

S = / dtd?z {gb:;(i@t + KoV = 1o +irg) e + c.c.
(3.40)

— [(ue — iug) (856502 + 656567) +c.c.] +2i( + 2uab50e) 8504 }

where K. = 1/(2mpp), re = wrp, v = (v +7p)/2 and rg = (7 — 7p)/2. We see here
that the total rates of loss and pumping add up to an effective noise, while the difference
between one-particle loss and pumping governs the "mass" of the system. It is the tuning
of r4 that leads to the condensation transition. Having this action, one can directly proceed
to utilizing field-theoretic tools outlined in Chapter 2.

However, it is also possible to take the semiclassical limit of this equation, where the

terms most relevant in three dimensions, in the RG sense, are retained. The resulting action
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corresponds to the Langevin equation [10]:

iOipe = | —(Ke — iKg)V? 4 re — irg + (ue — iug)|del?| ¢e + € (3.41)

Here, an effective diffusive term ~ K; is included as it is generated under the RG flow.
Therefore, we see that Langevin dynamics and the corresponding MSRJD action can also
be used to describe semi-classical limits of quantum driven-dissipative many-body systems.
The equation of the above form is a version of the Gross-Pitaevskii equation, which finds
numerous applications [10, 11, 18, 86, , |. Note that the purely dissipative version of

this equation reduces to Model A dynamics.

3.2.6 Pattern Formation

Pattern formation is yet another manifestation of non-equilibrium dynamics, occurring in
many fields. A seminal review paper [31] is a great resource to start exploring this topic. In
this article, Cross and Hohenberg classify patterns based on the type of linear instability a
system experiences as some parameter is tuned. Here we provide a generic exposition.
Suppose a dynamical spatially-extended system supports a steady uniform solution. Lin-

earizing the dynamics around this solution, a generic perturbation evolves as:

-

at(b(t?*f) = A(pa V)(ﬁ(tal—:) (3'42>

Here ¢(t, %) is a multicomponent perturbation to the uniform state, and A is the matrix
governing the dynamics of the perturbation, which depends on some parameters p and spatial
couplings (in the form of V). We can write this equation in time-momentum space, where

it takes the form:

-,

i p(t, k) = Alp, —ik)p(t, k) (3.43)
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Figure 3.5: Representation of the largest eigenvalue o as a function of momentum (here q)
as some parameter € is changed. The three instability types are described in the text. Figure
adopted from [34].

The modes of the dynamics of ¢(t, k) are determined by the eigenvalues of A(p, —ik).
Let us call the eigenvalue with the largest real part o(p, l;) An instability occurs when the
real part of that eigenvalue becomes positive for some Ec. When that happens, the modes
around ke grow in time and form a spatially oscillatory pattern of length scale ~ ke L.

Cross and Hohenberg made a distinction between three types of linear instabilities, as
illustrated in 3.5. Type I5 has o(p, E) = 0 at a finite non-zero k.. This is often called a finite-
momentum instability. For an example of the patterns resulting from such an instability, see
Fig. 3.6. Type Ilg, often as a consequence of some conservation law, has o(p, k= 0) =0,
and the instability occurs when a finite band of momenta between 0 and some non-zero value
are unstable. Type IIlg has k. = 0, in which case the pattern does not have a characteristic
scale, and rather corresponds to the instability of a uniform solution. The subscripts s denote
that for these instabilities Im(o(p, EC)) = (. Correspondingly, one can have spatio-temporal
patterns of types Iy, II, and III, when Im(o(p, lgc)) # 0. We reproduce a figure from [37]
to illustrate these patterns in Fig. 3.5. We discuss a type Is pattern forming system in the

section on linear non-reciprocal systems, Sec. 4.2.

However, deterministic spatio-temporal patterns are not the only avenues of pattern
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to the critical slowing down in phase transitions, where the critical mode decays infinitely
slowly. Therefore, we have a situation where modes of all k are constantly sustained by the
noise, but all non-critical modes decay quicker than the critical. This allows a pattern to be
sustained just below a finite-momentum instability as a result of noise. This scenario was
explored in [20].

Let us provide some concrete examples, most of which are discussed in [34]. A famous
pattern forming system, first introduced to describe Rayleigh-Benard convection is the Swift-

Hohenberg equation |81, 85|, which we write in a generalized form:
0o = ed — (k§ + V)20 + 1(9) +¢ (3.45)

Here I(¢) contains the non-linear terms. It is clear here that the critical wavenumber kg
is explicitly present in the system, such that it allows for a finite-momentum instability.

Another interesting example is the Kuramoto-Sivashinsky equation [11, 81]:
2 1, A e
06 = DV — KV + 5 (w) n: (3.46)

Its relevance is exemplified by the surprising fact that for any spatially continuous system
with limit cycle attractors, the effective phase dynamics takes the form of the Kuramoto-
Sivashinsky equation [11]|. Note its similarity to the KPZ equation 3.35. Here, however, it is
assumed that D < 0, such that the system is linearly unstable. At the linear level, it is clear
that the modes in the band 0 < |k| < % are unstable. An attempt on the momentum-shell
RG investigation of the noisy Kuramoto-Sivashinsky equation has been conducted in [115].

Finally, reaction diffusion systems, and general Ginzburg-Landau equations can also ex-
hibit patterns |84, 86]. This is especially the case for many-component systems with non-

reciprocal interactions and very different diffusion constants. We explore this in more detail

in Sec. 4.2, where a linearized non-reciprocal model can be viewed as a reaction-diffusion
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system with an activator and inhibitor.

Pattern formation is a key phenomenon in non-equilibrium systems. A fundamental ques-
tion is how to perform a sensible RG analysis of pattern-forming systems. In momentum-shell
RG, as we integrate out large momenta, we inevitably reach the point where our momen-
tum shells reach the linearly unstable band responsible for the pattern. We then encounter
infrared divergencies which render the perturbative analysis impossible. As a consequence,
it is possible that instead of a continuous transition to a patterned phase, a system instead

experiences a fluctuation-induced first order transition [37].

3.2.7 Neural Dynamics as a Field Theory

Computational neuroscience is an amazing field that has developed in response to new tech-
nological advancements and experimental results. A single section cannot do it justice, so
we attempt only to outline it in a way that connects with the themes of this dissertation.
For an introduction to the many aspects of computational neuroscience, see |67, | and
references therein.

Let us briefly discuss the structure of a neuron as found in a human brain [50, 67|, see Fig.
3.7. A neuron is a specialized cell that maintains an electric potential difference between
its inside and outside. It does so through maintaining currents in and out of its body,
primarily consisting of Nat, K*, Ca2t and Cl~ ions. Channels, or gates, control the flow
of these currents, and respond to voltage changes and other signals received by the neuron.
Simplified, a neuron receives electrical signals through its dendrites that connect to its soma
(cell body), and sends out electrical signals primarily through its axon to other neurons. A
non-stimulated neuron sits below approximately —70mV relative to its environment, which
is usually called its resting potential. Such a neuron is called hyperpolarized. If the flow
of ionic currents into the body, due to some signal to the neuron, increases its potential,

it is called depolarization. If the potential increases beyond a certain threshold value, a
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Figure 3.7: Hlustration of a neuron with its major components. See description in the text.
Figure adapted from [51].

positive feedback loop begins and a neuron produces a temporary large positive change of its
membrane potential to around 100mV. Such an event is called action potential (or spike).
The action potential is what actually propagates for long distances through the axon to
other neurons. Other potential fluctuations die out as they travel through the axon. After
an action potential occurs, a neuron is unable to spike again for a period of time called the
refractory period. The network of neurons with these basic underlying mechanisms produces
our nervous systems with all of their properties — memory, responsiveness to the environment,
thinking, computation, etc.

However, a fundamental insight into neural behavior is the tight connection between the
mechanics of neural spiking and dynamical systems [50]. One of the first models describing
the action potential of a neuron alongside the dynamics of the gated ionic currents is the
Hodgkin-Huxley model [50, 67, 150]. It has many variants that essentially consider the
dynamics on different time scales and, as a result, include different ionic currents in the
description. For example, a famous dimensionally-reduced variant of the Hodgkin-Huxley

equations is the FitzHugh-Nagumo model [50]:

WV =Ve-V)(V-1)—-w+1
(3.47)
Oorw = bV — cw
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Figure 3.8: Phase space of a Hodgkin-Huxley model for a resonator neuron. The vertical
axis represents the ionic currents and the horizontal the potential of the cell body. A small
post-synaptic potential (PSP) coming from an external input cannot excite the neuron to
spike. However, stimulation at certain frequencies can push the system into the spiking part
of the phase space. Figure adapted from [50)].

Here V' approximates the membrane voltage and w approximates the ionic currents that
help the neuron recover after a spike.

It turns out that qualitatively important features of this model come from the geometric
structure of the phase space corresponding to the dynamical system. With this in mind, many
computational properties could be explained by looking at the phase portraits. For example,
whether the neuron is an integrator that can respond to arbitrary frequency stimulation, or
a resonator that responds to stimulation of a narrow band of frequencies, is seen from the
flow portraits. See Fig. 3.8 for an example resonator phase space.

However, in the spirit of this dissertation, we are less interested in the dynamics of a single
neuron, and more in the coarse-grained picture, whatever form it takes. The most famous
population-level description of neural dynamics is the Wilson-Cowan model [51, , |. In
this model, the neurons are split into two populations — excitatory and inhibitory — depending
on their action on the postsynaptic neurons. For example, a spike of an excitatory neuron
makes a postsynaptic neuron connected to it more likely to spike, and the reverse effect
occurs for inhibitory neurons. The averaged activity A(t, Z), which is usually represented as
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the fraction of neurons that spike in a given time frame 7 and in a given region denoted by

T, evolves as:

At + 7, %) = Ra(t, 7)Sa [Na(t, 7)] (3.48)

Here a@ € E,I corresponds to the two populations of neurons, R, is the fraction of
the population « ready to spike, S is a sigmoid function that relates the population input
N to the threshold of firing for a given population. A few assumptions are necessary to
produce dynamics that can be translated to a field theory [51]. The resulting dynamics is

the Wilson-Cowan equation for the activity of excitatory Ag(t, ¥) and inhibitory populations

AI<t, f)

TEOtAR = —Ap + (1 —rpAER)SE [WEE ®2 AR — wpr ®2 A7 + Pg(t, 7)) (3.49)

T1OtAr = —Ar+ (1 —rfAp)Sy [wip Q@ Ap — wir Q4 A + Pr(t, 2)]

There are a few parameters that arise here. First, there are time scales 7, associated
with the dynamics of each population. These are often omitted, but in general it is believed
that inhibition happens on longer time scales than excitation [50, 51, 66]. 74 correspond
to refractory periods of each population. P, are external inputs, which can be modeled as
noise, or arise due to stimulation. The convolutions w,3 ®, Ag correspond to the spatial

connectivity structure:

[wa5 ®q A@} (t,7) = /x/ Weg(T — f’)AB(t, i) (3.50)

The issue of the spatial connectivity structure is one of the most interesting problems in
neuroscience. An exact mapping of neural connections is a herculean task, but has already
been achieved for the Drosophila fly [153]. The remarkable Drosophila connectome con-
tains around 140, 000 neurons, around six orders of magnitude away from the human brain.

Keeping that and the coarse-grained theme of the Wilson-Cowan equations in mind, the
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connectivity kernel w,g is usually taken as a statistical measure. Experimental observations
show a decrease in average connectivity with distance [151-150], and therefore these kernels
are often assumed to have a Gaussian or decaying exponential structure [51]. Alternatively,
another popular choice is random connectivity, particularly interesting for artificial neural
networks.

Innumerably many other models can be built in the spirit of the Wilson-Cowan model.
For example, the Amari equation [51] swaps the order of the spatial kernel convolution and
the sigmoid. Another extension to such models is the finite synaptic velocity that attempts
to include the finite speed of propagation of neurotransmitters and electric signals between

connected neurons. If such speed is v, the convolution instead takes the form:

[t @ Ag] (t,:?)://waﬁ(:?—f’)Aﬁ (t— - ,f’) (3.51)

X

In some sense, most modern field-theoretic descriptions of neural dynamics have the
basic form of the Wilson-Cowan (or Amari) equations, with endless layers of additions and
complications reflecting biological realities [51].

However, remembering the key insight of only the geometric structure of the phase space
mattering, let us present models that are often used in neural dynamics, but are not built
directly from the biological principles. First is the Kuramoto model [39, 11, 51, , |,
which models a transition to synchronization. Imagine a set of oscillators with phases 6;
that are attractively coupled so that they tend to align their phases. However, if their
internal frequencies are too different, such an alignment is impossible. For a collection of N
oscillators, Kuramoto models it in the dynamical form:

N

K .
O = wi + 5 > sin(6; - 6;) (3.52)
j=1

Here w; are internal frequencies, which are usually taken to be distributed in some manner,
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and K is the coupling between different oscillators. Alternatively, the disordered nature of
w; can be substituted with noise in the above equation. An analysis of this equation (see
refs. above) finds that for narrow distributions of w;, the oscillators are synchronized, while
otherwise they are not. We can define a Kuramoto order parameter re¥ = % > i For
N — o0, r reaches an equilibrated value regardless of the initial condition. That value, which
is sometimes denoted oo [39], undergoes a continuous transition at some critical value K.

Synchronization is an important effect in neural dynamics [51, 54, 55, , 160]. In fact,
there are some claims |51] that the critical brain (which we discuss below) is on the edge of
a synchronization transition. Neural dynamics is by far not the only non-equilibrium setting
where synchronization plays a role. It appears in physical models [23, 24, , , ],
chemical systems [14, 45, 98], biological systems, social networks, and others [55].

A useful model of neural behavior that leaves behind much of the biophysical reality while
still retaining basic principles of neural dynamics is the leaky-integrate-and-fire model (LIF)
[67]. In fact, the LIF model was first proposed long before the biophysics of neural spiking
was understood experimentally. For the LIF model, the membrane potential dynamics is
governed by an equation:

0,V =E; —V +RI (3.53)

Here, Ej is the resting potential of the cell, R is the resistance of the membrane, and
I is the input to the neuron from other neurons or an electrode. The dynamics is supple-
mented by the rule that if V' reaches a threshold value, the neuron is said to fire an action
potential, and the membrane potential is reset to a base value V.. This produces dynamics
qualitatively similar to what is experimentally observed, see Fig. 3.9. LIF models also allow
for many extensions, but have the advantage of drastic numerical simplicity as compared to
the Hodgkin-Huxley model, for instance.

A model of spiking that models the refractory period by adding the dynamics of available
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Figure 3.9: LIF model in Eq. 3.53 driven by a time varying electrode current I = I, (bottom).
The membrane potential (top) is similar to experimentally observed spikes. Figure adopted
from [67].

synaptic resources is the Tsodyks and Markram (TM) model |54, 163-165]:

Op=(—a+R) p+bp®—p>+h
(3.54)
TOtR=0—R— Rp

Here p is the averaged activity of the neural patch, R is the available resources for neural
activation, while the rest are positive parameters modulating the dynamics. This model
allows for various phases of neural dynamics, including bursting. With the addition of
spatial coupling, it also exhibits synchronization [51| and scale-free avalanche distributions

[165].
Abstracted dynamical systems also find application in the realm of modeling neurological
disorders. In Sec. 6.2 we discuss modeling epileptic seizures at length. To provide a basic

description now, we can examine the following stochastic system:
Oz = </\+iw+b|z|2 —c|z|4> z4+¢& (3.55)
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Figure 3.10: Typical EEG signals during a seizure. The top 3 plots correspond to the
simulations of Eq. 3.55, where Re(z) is plotted versus time. The first plot corresponds to
continuously tuning A through a bifurcation. The second corresponds to the inclusion of a
symmetry breaking term, such as |z|2, or external stimulation to the r.h.s. of Eq. 3.55. The
third corresponds to the noise activated transition where both z = 0 and a limit cycle with
finite |z| are steady attractors. The bottom plot corresponds to real EEG data on a mouse
brain slice. Figures adopted from [75].

Here z is a complex variable, the real part of which loosely models an electrical signal one
would measure clinically. It can be an EEG or ECoG signal, a micro-electrode (or unit) array
recording, or some other technique. All of the parameters have some biological motivations
and connections. As A changes, the system undergoes a bifurcation between having z = 0
as the only steady state, and having |z| # 0 as the only steady state. Alternatively, noise
can activate a transition to a limit cycle with |z| # 0 in the regime where both the limit

cycle and z = 0 are steady attractors. Finally, stimulation or other additional terms can
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trigger the system to transition between attractors. Any of these can be taken as models
of a transition to a seizure, which is usually observed with EEG signals as large amplitude
oscillations [166-165], see Fig 3.10.

The last aspect of neural dynamics relevant to this dissertation, and also a topic of
relentless debate, is the brain criticality hypothesis [51, 51, 55, 66, , , , ]. We
refer to the literature for more details, and present the basic idea here. It is hypothesized
that a healthy brain exists at a critical point of its dynamics. This is also often mixed with
the ideas of self-organized criticality (see Sec. 3.2.4), in order to avoid the need to explain
the fine-tuning required for a system to sit at a critical point otherwise. This is an open
question, and is by no means settled, but there are two ideas that motivate this hypothesis.

First, with the ideas of dynamical systems and statistical systems in the back of our
minds, we should ask what functions a healthy brain needs to fulfill. At least two opposing
functions come to mind — memory and responsiveness to external stimuli. They are opposing
in the dynamical systems sense. A memory requires a deep attractor, such that noise or
external perturbations cannot push the system out of it easily. Sensitivity to external stimuli
requires the opposite, since shallower attractors are more sensitive to perturbations. We saw
in Chapter 2 that the sensitivity of the system to external perturbations is maximized at the
critical point. Thus, a critical point is hypothesized to be the necessary balance of the two
functions. Our brains can store a large number of memories that we do not lose, but can
also explore that variety quite freely and are able to quickly respond to stimuli.

The second motivation comes from the experimental recordings of neural avalanches (see
refs. above). An avalanche is produced when a spike causes more spikes, which in turn causes
more spikes, etc. Just like for sandpile models (Sec. 3.2.4), such avalanches can be studied in
terms of the probability distributions of their sizes and durations. Much evidence shows that
for neural dynamics, both in cultures and in brains, these distributions are scale-free and

follow certain scaling laws 169, —176]. However, it has also been noted that subsampling
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universality classes such as DP can also lead to scale-free avalanches [135]. Since brains
are always subsampled in vivo, this is an important observation against the hypothesis.
Additionally, scale-free avalanches are always observed at non-equilibrium critical points
where one can define an avalanche in the first place. However, the opposite is not true —
scale-free avalanches do not necessarily indicate a traditional critical point, see [165]. Thus,
the hypothesis is still under debate.

Aside from the question of the validity of the brain criticality hypothesis, there is also a
question of what phase transition the brain actually sits at. Clearly, it has to be some non-
equilibrium universality class, and there are plenty of candidates, including DP, self-organized
critical points, branching processes and synchronization transitions [54, 60, , , .

We close the discussion on neural dynamics with a note that dynamical systems (and
field theory) find applications not just in the realm of biological neurons. Artificial neural
networks also enjoy dynamical systems descriptions, including plain and gated recurrent

neural networks [177, |, Hopfield networks [149, , 180], and others.

3.2.8 Dynamical Steady States and Non-Reciprocity

We provide larger overviews of limit cycle phases and non-reciprocal phenomena in Chapters
4 and 5. Here we present how these phenomena generically arise in dynamical systems where
the requirement of equilibrium has been removed.

Consider a many-species field that is described by a generic Hamiltonian (omitting space

for now):

H = gaba + 9abPaPp + GabePaPpPe + .. (3.56)
The equilibrium dynamics is:

OH
at¢a — _W = —Ja — gozb(bb - gaa¢a - gabc¢b¢c - gaac(ba(bc - gaba¢a¢b R
o (3.57)
= ~Ya — (gab + gba>¢b - (gabc + Gbac T+ gbca)¢b¢0 e
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We see immediately that the dynamics at every total order of the fields is governed by
interactions that are symmetrized. Therefore, we can immediately imagine that a way to
go outside of equilibrium can be to break that symmetry, which is generically called non-
reciprocal interactions |13, 23, 27, 29, 38]. In the quantum realm, such systems undergo
non-Hermitian evolution [181]. Non-reciprocity is a central theme of this dissertation and is
the focus of Chapter 4. There, we discuss how non-reciprocity arises in many examples and
discuss novel results.

Let us illustrate the non-equilibrium nature of such systems with a zero-dimensional

linear system:

Orp1 = —m1d1 + j1202 + &1
(3.58)

Orpg = —moda + jo101 + &2

We discuss, at length, this system with spatial coupling and in the field-theoretic language
in Section 4.2. Here, let us consider the equilibrium symmetry transformation in Eq. 3.13
applied to this system. The transformed MSRJD action is equivalent to the original up to a

term of the form:

2 . .
AS\SR = —E(Jm — J21) /dt 10102 (3.59)

We see that the symmetry can only be satisfied if the interactions are reciprocal j19 = ja1,
as expected. This also shows that the difference j— = j19 — j91, which can act as a measure
of non-reciprocity [13, 32|, in some sense measures the distance from equilibrium. In Section
4.2 a more convenient measure emerges.

Let us next examine the linear system in the case that mqy = —msg and j19 = —Jjo1.
The eigenvalues of the normal modes associated with these dynamics are purely imaginary
(see Sec. 4.2), and so the stationary states are limit cycles. Thus, non-reciprocity can also

generically lead to an emergence of the so-called chiral phases [13, 27, 32].
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Let us consider a basic model exhibiting chiral behavior:
Oz = —mz +iwz + & (3.60)

Here, z is complex. For illustration, let us explore this model in a different approach —
the FP equation. By writing the FP equation, it can be shown that the stationary state
is P ~ exp [—m\z!Q/(QB)}. This distribution does not depend on w, and is the same as
the equilibrium case w = 0. However, the probability current in the (z,y) = (Re(z), Im(z))
space is:

wB

J=—-""2xVP (3.61)
m

Therefore, this system has a constant flux of probability current (due to rotation at
w), and is intuitively non-equilibrium. Using the equilibrium symmetry transformation, it
can also be shown that the term left after transforming the action is proportional to w, as
expected. It is also clear that this system is not time-reversible — we can definitely tell the
forward from the backward time evolution from the direction of rotation of z. We can say
that the w term corresponds to reversible dynamics (see Sec. 2.2.5). For example, going

t

into a rotating frame 2z’ = ze'' recovers equilibrium dynamics. However, any non-trivial

dependence of w on z produces a genuinely non-equilibrium system. See, for example, Sec.
5.3.

These basic illustrations show how non-reciprocal systems and limit cycles are very
generic and broad manifestations of non-equilibrium behavior. This, in addition to the
wide presence of these features in many systems, motivates the attempts to use them as

building blocks towards the grand goal of classifying non-equilibrium phases of matter.
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3.2.9 (Critical) Exceptional Points

As a final feature of non-equilibrium dynamics we explicitly discuss, we introduce the notions
of Exceptional Points (EPs) and Critical Exceptional Points (CEPs). Let us again consider
the zero-dimensional non-reciprocal system in Eq. 3.58. By an appropriate redefinition of

variables, these dynamics in the non-reciprocal case can be brought to the form:

5 o) _ m 1 b1 Y b1 (3.62)

®9 0 mo ®2 b2

The eigenvalues and eigenvectors of matrix M are:

1
v] = ;AL =my
0
(3.63)
1
vg = [T A = my
1
If mg = my; = m, the two eigenvalues become equal, and the eigenvectors coalesce

(at that point the normalized vg is (1,0)7). This marks an EP, and the matrix becomes
non-diagonalizable. EPs possess many interesting dynamical features |1, |. Let us
actually solve for the evolution of this system at the EP. We have ¢o(t) = ¢9(0)e™™, and
P1(t) = ¢1(0)e™™ — p9(0)te ™. So, for example, if ¢(0) < 0, the evolution of ¢1(t) can
first be away from zero, and only later relax back to the stationary solution ¢1 = ¢9 = 0.
This is only the case at the EP.

If we also approach criticality at m = 0, such that the EP becomes a CEP, we can also
consider fluctuations. We know that at an equilibrium critical point the fluctuation spectrum
diverges as k2 in momentum space, see Chapter 2. Here, however, a fluctuation away from

¢1 = ¢o = 0 can be deterministically propagated away from the stationary point. Thus,
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we can imagine that the fluctuations at a CEP are more divergent than at a conventional

critical point. Indeed, it turns out to be the case, with fluctuations diverging as k=4 or

even k6 [15, 18, 19]. This enhanced fluctuation spectrum has been proposed as a sensing
mechanism [21, 22, , |. However, there is debate whether CEP-based sensors actually
offer any improvement over conventional sensors [1841]. Once we discuss the linear system at

length in Section 4.2, we delve into some of the novel properties of CEPs, including sensing,
in Section 4.3.

Although the above picture shows that a fine-tuning of two parameters (m; and mo) is
necessary to produce a CEP, this is not always the case. For example, if one of the fields
is a Goldstone mode, it has m; = 0. If it is coupled to the other field, a CEP is produced
by fine-tuning only one parameter [18, 36]. Alternatively, a non-equilibrium O(N) system
in an ordered phase can be taken through a CEP by tuning the damping term through zero,
which takes it to a rotating phase [19].

We see that CEPs are a purely non-equilibrium feature. Therefore, fully classifying
non-equilibrium universality necessitates a deep understanding of CEPs. We attempt to

contribute to this understanding throughout this dissertation.

3.2.10 Discussion and Outlook on Non-Equilibrium Phenomena

We conclude this chapter with a few remarks. First, as mentioned at the beginning, the
above examples by far do not cover the entire span of non-equilibrium problems. The choice
of examples provided throughout this chapter was made to demonstrate the amazing ap-
plicability of continuum, coarse-grained models that lend themselves to the field-theoretic
treatment in the MSRJD or Keldysh forms. There are, however, other interesting collective
phenomena broadly related to the topics we discussed before. These include proliferating
matter [123], quantum noise and measurement problems [185], learning and adaptive matter

%, , 1806], metamaterials |3, nematic and liquid crystal phases [3], and much more.
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The field-theoretic treatment and the examples presented above rely heavily on the as-
sumption of locality of interactions. This is not always a valid view. For example, even
though the brain has many more small-distance connections, there are many that span the
entire size of the brain and some that extend into the rest of the body. They clearly also play
a central role, and a faithful theory should not simply discard them as a statistical rarity.
Situations like these hint at the use of statistical mechanics methods [119], where discrete
units are considered instead of a continuum. A mix of the two, where local field theory
description on small scales and a network description on large scales are both present, can
be of great interest and importance in developing our understanding of neural phenomena.
This is left as a call for future work.

Additionally, new tools are needed to describe some collective phenomena outside of equi-
librium. For example, in our discussion on pattern formation in Section 3.2.6, we mentioned
that canonical perturbative renormalization group approaches run into trouble. As the scale
of the problem approaches the scale of the pattern, divergencies arise and the RG procedure
fails. It would be of great use to have an RG-like tool that can detect phase transitions while
also detecting patterns that cannot be scaled out.

We also note that although we work here with problems with continuous time evolution,
there are many interesting phenomena and uses for discrete-map systems. For example,
cellular automata [187] are now finding applications in genomics [188, 189] and medicine
[190, |. Interestingly, many-body effects in cellular automata can lead to perturbation-
resistant memories [192], which can be of use in error-correcting codes. Another example
is the logistic equation, which can famously describe period doubling bifurcations and a
transition to chaos [39].

To end on a cheery note, a huge problem with the models discussed here, especially as
applied to living matter, is that they might not be able to describe evolution [193]. The

essential problem comes in the fact that the phase space is fixed — for example in the number
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of fields a theory considers. But evolution always finds new ways of creating behaviors and
mechanisms that are unexpected and were not present in the original living system. So, in
a sense, the phase space of evolving species always expands, and it is not clear how that can
be modeled with the type of theories discussed in this dissertation. Additionally, evolution
has a habit of coupling the behavior of things on largely separated scales, both in time and
in space. For example, the celestial cycles, including the changes in Earth’s orbit, rotation
around the Sun, day-night cycles, etc., have all affected both living creatures themselves
and the larger environment they live in. Thus, there is coupling between many scales that
guides the evolution of a living thing, which also goes against many of the principles of
coarse-grained field theories and RG. Therefore, effectively describing evolution itself calls
for notions of phase space and interactions on many scales that might be drastically different
from field theory.

This concludes the main overview part of this dissertation, and we now move on to novel
results in non-reciprocal phenomena, limit cycle phases of matter, and a model of seizures.

We provide a more detailed introduction to each in the beginning of the respective chapters.
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CHAPTER 4
NON-RECIPROCAL PHENOMENA

4.1 Overview of Non-Reciprocal Phenomena

As the first class of non-equilibrium problems that we delve into in detail, we consider
non-reciprocal systems. As discussed in Sec. 3.2.8, they constitute only a subset of non-
equilibrium, but have a clear interpretation of having multiple subsystems, the interaction
between which does not obey Newton’s third law. In the context of many-body and field

theories, this allows for new states or phases of matter. Examples of such systems can be

found in active matter |28, 29, 35, 38, , , , |, many-body classical and quantum

systems [18, 25-27, 30, 31, 34, 38], dynamical phase transitions |13, 14, 18 23, 24 27 30—
, |, models of neural dynamics |14, 51, 66-68, , , |, chemical reactions |11,
, 45, 84], and population dynamics |14, 27, 29, , 199].

On the microscopic level, if all the components of the system are considered, Newton’s
third law of action and equal reaction is, of course, satisfied. Thus, non-reciprocity arises
as an effective phenomenon when the components of the system are coupled to something
"external" we would usually call the environment or the bath. The generic routes to produce
non-reciprocal interactions are then either for the environment to be outside of equilibrium,
such as when it moves with respect to the system particles, or when there are different species
of elements within the system that interact differently with the environment. In many-body
contexts, the system can be subject to both driving and dissipation through interaction
with the environment, which induces non-reciprocity. And, as mentioned before, there are a
plethora of other contexts where the symmetry of interaction between different elements of
the system is broken. To illustrate the general idea and motivate the study of such systems,
we now discuss some examples.

Before moving to more general non-equilibrium examples, it serves to demonstrate that
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one can find non-reciprocity even in canonical physical theories. In order to do that, one
has to again adhere to the principle outlined above — take a subpart of a given system
and consider the effective interactions within that subpart while viewing the rest of the
system as a mediating environment. For example, one can take two charged particles moving
with perpendicular velocities and observe that the forces they exhibit on each other are
non-reciprocal [38]. This is due to the magnetic interaction between them, and one can
restore Newton’s third law by including electromagnetic fields that carry momentum in the
description. Although in this example the origin of "non-reciprocity" is clear and can be
incorporated into the description, it is not always the case. More often, analytically taking
the elements external to the system of interest into account is unfeasible (those elements
might not even be known a priori), and one has to resort to an effective description that has
non-reciprocity.

In the realm of active matter, an example of non-reciprocal interactions is catalytic col-
loids that chemically interact with the surrounding solution [121, , |. Such a transport
phenomenon is called diffusiophoresis. The two relevant parameters for our illustration are
the surface activity function « of the colloid and the surface mobility p. The first describes
the interaction of the colloid surface with the surrounding substrate. This interaction can
happen, for instance, by an expulsion from or absorption into the colloid of the substrate
particles, or by a chemical reaction of the colloid surface with the substrate. This surface
activity results in a concentration profile C' of the substrate that is proportional to a. The
second corresponds to the response of the colloid to the gradients of concentration, produced
externally, by other colloids, or by the colloid of interest itself. It produces the form of slip
velocity that reads v ~ —,uﬁC’ :

In principle, the two parameters o and p can be engineered to take on different, even
negative, values. Now, if the system has two species of colloids, with different activity

functions and mobilities, it is quite straightforward to get non-reciprocal interactions. The
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colloid of species 1 with mobility p; responds to the concentration profile produced by colloid
from species 2 with activity ag with a slip velocity o] ~ —puq 602 ~ p1ag, while the colloid in
species 2 responds as Uy ~ pugaq. By tuning these two relative combinations of parameters,
effective non-reciprocal interactions, including those with chase and run motion, can be
constructed. Of course, active colloids are not the only active matter area that observes
such asymmetry [112, 113].

Moving on from active matter, non-reciprocity also arises in the context of many-body
and quantum systems. As an example, we can consider a binary condensate. We already
saw a discussion on the driven dissipative Gross-Pitaevskii equation describing an out-of-
equilibrium BEC in Sec. 3.2.5. Now, a two species BEC would be described by a pair of GP

equations [200]:

. h?
ihdp1 = (—%VQ N 912|¢2l2) é1
(4.1)

. h2
ihOppa = (—%VQ + Vo + goaloal® + 921|¢1|2) b2

In equilibrium, the interactions between the species are of course reciprocal g9 = g91.
However, in the presence of driving and dissipation, this does not have to be true. For
example, the effective dynamics for the phase fluctuations of the two fields is generically
non-reciprocal, which also leads to a CEP [15]. Also note that the above equations have a
U(1) x U(1) symmetry, meaning that the symmetry for each field is preserved. In the realm
of phase transitions, where the fields correspond to the order parameters of the respective
transition, similar effective dynamics can be produced outside of equilibrium. For example,

effective Z9 x Z9 dynamics, which can, for instance, correspond to density bistability and to
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antiferromagnetic transition, are explored in [30] and take the form:

Orp1 = (D1V2 —r — g163 — 912¢%> o1 +&1

(4.2)
Oty = (D2V2 — 19 — god3 — g21¢%) ®2 + &2

where &; are noises. This has also been extended to a larger O(N7) x O(Na) symmetry
in [31].

Next, we can find examples of "non-reciprocal" interactions in neuroscience as well, al-
though generally people do not refer to them as such. As discussed in Sec. 3.2.7, one of
the most famous mean-field dynamical equations for the activities of the excitatory and

inhibitory populations of neurons is the Wilson-Cowan equation [151]:

TEOIARp = —Ap + (1 —rgAgp)SE [Wgg ®r Ap —wpr ®z A1+ Pg(t, 7)] (43)

IO Ar = —Ar 4+ (1 —r1A)Sr [wip ®z Ap — wi @z Ar + Pr(t, 7)]

Clearly, the interaction between the populations is non-reciprocal. As written here, this
is a population level model, but it can be extended to a network or a continuum by replacing
the couplings w;; with some spatial kernel. As a simplifying approximation, the sigmoid
functions S; can also be expanded to the necessary order which allows for simpler computa-
tional and analytic approaches [54]. Quite similarly, the Amari field equations can be written

in the form [66]:

0

poptalt, ) = —ua(t, ) + D fy [up(t, 7)) @ wp(T) + galt, 7) (4.4)

b

where again we have two populations that interact non-reciprocally. As mentioned above
(Sec. 3.2.7), the major difference between the two is the order of applying the sigmoid and
spatial kernel convolution. Nevertheless, the logic and apparent non-reciprocity are similar.

Quite similarly, in the realm of chemical reactions, non-reciprocity is quite easy to en-
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counter in the context of reaction-diffusion systems. For example, a system consisting of two
chemicals with concentrations (¢, z) and us(t, z) can be governed by a set of equations in

the form [31]:

Oruy = D1V2U1 + ajuy — byug
(4.5)

Orug = D2v2U2 — agu9 + bouq

When the temporal rates and diffusion coefficients are very different between the two
substances, such reactions can also lead to pattern formation. As a concrete example,
the Belousov-Zhabotinsky reaction rate equations have a similar form, albeit with some
non-linearities and an additional variable. The resulting pattern occurs through a finite-
momentum instability — Turing instability [31].

It is also possible that non-reciprocity is not realized through different couplings, but
rather through the couplings turning on and off depending on some condition. An example of
such a system is a vision-cone XY model [201, |. Imagine a 2d lattice of spins, where each
spin interacts only with the neighbors within a certain angle of the direction it is pointing at.
Naturally, if a spin points to its neighbor, but a neighbor does not point back, the interaction
is one-way. This model can exhibit long-range order in two dimensions [201, |, therefore
circumventing the Mermin-Wagner theorem due to its non-equilibrium nature. A natural
application for such models could be the study of flocking, where agents use their vision to
orient themselves.

This naturally brings us to the last type of system we discuss as an example — social
systems. It is not difficult to imagine non-reciprocal interactions in population dynamics,

where it often takes a form of chase and run motion. Predator-prey systems are perhaps the
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most obvious example. A paradigmatic model is the set of Lotka-Volterra equations:

% =aA — fAB

dt (4 6)
b B+ 0AB |
a e

Here A and B are the prey and predator populations, respectively. The prey is consumed
by the predator, thereby inducing non-reciprocal interactions. This can also be promoted to

a proper field theory if spatial dynamics and fluctuations are included [2]:

W — o+ DV o+ € "
9¢ 2 '
5r = 10t DVIo—oyo

With numerous examples, it is clear that non-reciprocal interactions constitute an im-
portant class of non-equilibrium problems. They also lead to a whole plethora of novel
phenomena, many of which we do not mention here. However, attempting the problem of
classifying possible non-equilibrium phases of matter necessitates studying and classifying
the phases exhibited by non-reciprocal systems.

In the work laid out in the next three sections, we first describe the phenomenology of
disordered phases exhibited by non-reciprocal systems at the linear level. As described in
the section, a natural initial step in field-theoretic descriptions is linearization. Hence, it is
relevant practically to explore linear non-reciprocal systems. We lay out more motivation
for studying such systems, demonstrate how CEPs and dynamical steady states appear as a
result of non-reciprocity, and discuss future directions. In the next section, we discuss more
general results, such as how the geometry of the phase diagram can lead to CEPs, the generic
structure of real-space correlation functions around CEPs, and whether CEPs can be used

for sensing. In the final section we explore the phenomenology of non-reciprocally coupled

XY models in two dimensions and fate of the Kosterlitz-Thouless transition near the CEP.
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4.2 Fluctuations of Linear Non-Reciprocal Systems

This section is based on the work presented in [15]. We also provide some additional details

either not included in the published version or presented in the supplemental material.

4.2.1  Why Study Linear Systems?

As mentioned in Section 4.1, non-reciprocal interactions have received increased interest
in recent years due to their wide applicability and theoretical insights for open systems
and active matter. Non-reciprocity pushes systems out of equilibrium, therefore producing
novel phases of matter, critical exceptional points, and novel dynamics (see references at
the beginning of Section 4.1). It is therefore useful to develop an understanding of as many
exactly solvable non-reciprocal models as possible, given especially the severe additional
complexity that non-reciprocity can bring to an already complicated field of noisy nonlinear
models.

In equilibrium statistical field theory, one of the few solvable systems is a Gaussian
ensemble, which we looked at in Chapter 2. From the perspective of dynamics, such an
ensemble corresponds to a linear set of equations that define the relaxation of the order
parameter to a stable steady state [1, 2, 1], as discussed in Sec. 2.1.1. Following that logic,
we assume that a simple non-reciprocal model one ought to study is a set of linear stochastic
equations. Statistical understanding of such a system can then be inferred either from
promoting these equations to a path integral description through the MSRJD procedure
(see Sec. 2.2.2) or through the direct calculation of correlation functions. The linearized
theory is often the starting point for stability analysis of a full nonlinear theory, for example
to determine the upper critical dimension where the system can be described as mean-field
with small fluctuation corrections.

We show below that increasing non-reciprocity expands the region of stability of the

system with respect to the tuning of each field’s relaxation constant. This is perhaps un-
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surprising: if the fields are coupled non-reciprocally, then an increase in one produces a
decrease in the other, while the decrease in the other also produces the decrease in the first.
That expansion of the stability region leads to the occurrence of exceptional lines (ELs) and
critical exceptional points (CEPs). CEPs have been introduced in Sec. 3.2.9. In our case,
exceptional lines mark the onset of oscillations between the fields. CEPs occur when the
exceptional lines coincide with the critical lines, or when the point of two modes merging
also happens to be critical. At these isolated points, the system experiences enhanced fluc-
tuations. For the equilibrium Ising universality class, the critical point is marked by a k=2
divergence in the fluctuation spectrum [2—1]. We observe a k~% divergence often associated
with CEPs [18, 19], and also get a k=6 divergence happening at isolated points where several
parameters need to be tuned.

Pattern formation or finite momentum instabilities are also prevalent in non-equilibrium
systems [31]. In reaction-diffusion systems, for instance, different temporal and diffusive
constants are responsible for pattern-forming behavior. The overdamped models that we
consider are a generalization of such linear models. Here we demonstrate the simple mecha-
nism of forming finite momentum instabilities in the regime of strong non-reciprocity.

Finally, we show how non-reciprocal interactions lead to the appearance of 1/f noise.
Noise and fluctuations with 1/f spectra are observed in a variety of systems with various
explanations as to their origin [142, —205]. Here we show that such spectrum of noise can
be achieved for the effective dynamics of one of the fields as the other is integrated out. The
1/f noise is generally observed for high enough frequencies, but can be extended to appear

for all the frequencies as the CEP is approached.
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4.2.2  Quverdamped Systems

We start with a simple linear, spatially extended and noisy dynamical system:

Bip1 = —midy + jiade + D1V2h1 + &

Brpg = —mgda + jo161 + DaV2eha + &

(4.8)

Here (for i € 1,2) ¢; are scalar fields, m; are the relaxation constants of each field,
J12 # j21 are non-reciprocal couplings between the fields, D; are diffusion constants, and
& are Gaussian white noise variables with correlations <§i(t,f)§j(t; ,f’)> = Bi/jéijé(t —
t )5d(:v — a). We assumed that the noises are uncorrelated and that there is no cross-
diffusion for simplicity. We pick the Ito discretization |2, 3]. Although we consider it on
general grounds, this dynamics can underlie more complicated non-linear dynamics in a
variety of phenomena, as discussed in Sec. 4.1.

This system is Z9 symmetric under the transformation (¢1,¢2) — (—¢1, —¢2). We
therefore expect that an appropriate system for comparison is the Zo transition in the Ising
model from the disordered phase. Clearly, if we remove the cross-couplings j19 and jo1, we get
two copies of the equilibrium Z9 transition in the Gaussian approximation. In other words,
this is two non-reciprocally coupled Model A systems [I, 2| in the linear approximation,
which was discussed in Sec. 2.2. The k2 IR divergence of the correlation function in Model
A is put in contrast to the divergences that one gets as a consequence of non-reciprocity.
This can similarly be extended to the conserved order parameter Model B variant, which
only changes the correlations by an additional factor of k2 [1, 2]. The extension to other
models in the Hohenberg-Halperin classification we leave for future work. We now proceed
to explore the stability and dynamics of this system.

At the mean field level where we ignore spatial extent and noise in this system, and after

defining ¢; (¢, %) ~ [ dwei“%i(w, 7), we see that the dispersion relations for the frequencies
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are:

mp+mg 1

iwt = . 2\/(m1 ma)® + 4j12J21 (4.9)

The system is thus stable when:
mimg > ji2jo1 = A (4.10)

where we defined the A as a measure of non-reciprocity. That can be seen by introducing

J+ = (j12 £ 721)/2, see [13], which allows us to rewrite:
Ap (411)

We thus use A as the main control parameter to describe how much non-reciprocity there
is in the system. Parameters like these, instead of the individual j;;, have been observed to
control the behavior of non-reciprocal systems at long ranges [28, 30, 31|. The regions of
stability for A > 0, A =0 and A < 0 are depicted in Fig. 4.1. Clearly, as non-reciprocity is
increased, the region of stability is expanded. We also observe that as we decrease A past
zero, instead of a single continuous line marking the edge of stability, we pick up points that
separate lines that behave differently. For example, for A = 0, where we assume that jo1 # 0

without loss of generality, the matrix generating the dynamics at the mean field level is:

% o1 Y P1 _ | m 0 o1 (4.12)

$2 $2 —Jj21 ma | \ $2
As both mq,mo — 0, this matrix becomes non-diagonalizable, which marks an Excep-
tional Point (EP). In general, EPs occur when two modes (eigenvalues and eigenvectors) of
the system coalesce. Looking at Eq. 4.9, this can only occur when the modes start to pick up

an imaginary part. For A = 0, this happens at an isolated point, since the modes don’t have
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an imaginary part anywhere within the stable region. For A < 0 there are exceptional lines
(Fig. 4.1) that intersect with the critical lines at the corner points. In both cases, points
lying on the critical lines that also happen to be exceptional are, in fact, Critical Exceptional
Points (CEPs). As discussed in Sec. 3.2.9, CEPs occur only outside of equilibrium [19], and
exhibit a range of unusual dynamical and statistical properties |11, 18, 19], some of which
we describe next.

The addition of spatial extent in the absence of cross-diffusion simply amounts to modi-
fying m; — m; + D;k2, where k is the momentum of the field in Fourier space. Therefore,
the stability of each momentum mode can be understood by taking the (mq, mo) point, and
then moving in a straight line of positive slope from that point, defined by the ratio of Dq
and Dy as well as the momentum value k2, see Fig. 4.1. In the absence of cross-correlations
in the noise, the region of stability is not altered.

In order to calculate the correlation functions and explore the type of transition to in-
stability that each of the critical lines produces, we resort to the MSRJD procedure in Sec.
2.2.2. As we show in Fig. 4.1, for most of the lines, the frequency of oscillation of the
fields as one approaches critical lines is zero, and it is therefore appropriate to look at the
static, or equal time, correlation functions <¢i(t, lgl)gbj(t, 122)> = 5d(121 + EQ)G{?(t =0, El)
in order to understand the transition. However, as shown in Fig. 4.1, the region between
the exceptional lines for the A < 0 case picks up a non-zero frequency for the oscillation of
the field modes. Thus, looking at the static correlation function might be inappropriate for
the critical line inside that region. We discuss that issue in more detail below. We provide
the action and the full form of the correlation functions in Appendix B.

The equal-time correlation functions can be calculated exactly for all A:
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a) b)

my
my

— CL --- EL * CEP

Figure 4.1: Stability regions (light grey), oscillating regions (dark grey) and CEPs (stars)
of the overdamped system for various A. The critical lines are solid, while the dashed lines
correspond to the onset of oscillations. The example points (m,m9) with the shift for each
mode due to momentum k are plotted as blue arrows. a) A > 0. The critical line has
the equilibrium k2 divergence in the correlators for small momenta k. b) For A = 0 the
critical lines at m1 = 0 and mo = 0 exhibit usual equilibrium behavior, but meet at the
CEP when mq1 = mg = 0. There the correlators pick up stronger k=% and k6 divergences.
c) For strongly non-reciprocal regime A < 0, the region of stability is expanded, and a
region with oscillations appears. The critical lines all have k2 divergence in the correlators.
However, the line m; = —ms9 is marked by closed rotating orbits in ¢, ¢9 space. The
CEPs where the hyperbola meets the m; = —mgy lines also exhibit k=% or k6 divergence
for equal diffusion constants. The dotted line is chosen with (mj,m9) on the critical line
with increasing momenta k£ eventually venturing into the unstable region, thus causing a
finite momentum instability. This can be achieved only for high enough Ds/D;. Fig. 4.2 is
plotted along this line.

2 2

GE (= 0.F) ~ j39Ba + By {=A+ (ma + D2k?) [m1 + mg + (D1 + Do) k] } (4.132)
[m1 +mg + (D1 + Da) k2] [-A + (m2 + D2k?) (mq + D1k?)]
. 128y (m1 + D1k?) + jo1 By (mag + Dak?)

GE(t=0,F) ~ 1272 4.13b
12( ’ ) [ml +my + (D1 + DQ) kZ} [—A —+ (MQ + D2k2) (m1 + D1k2)] ( )

-2 _ 2 2
Gt = 0.F) ~ j31B1 + Ba {=A+ (mq + D1k?) [m1 + mg + (D1 + Do) k] } (4.130)

[m1 +mg + (D1 + Do) k2] [=A + (mg + Dak?) (mq + D1k?)]
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Along the critical lines mymo = A, the denominator in all three becomes:
k2 [my +mg + (D1 + Do) k;2] [D2m1 + Dyms + Dy Dok? (4.14)

Clearly, for A > 0, where both my, mg > 0, neither of the brackets can be zero in the
limit k& — 0, so the correlation functions exhibit the usual divergence of k2 associated with
Model A (or O(2) for two fields) dynamics. Interestingly, some non-reciprocity is still allowed
to have the equilibrium behavior, as long as the reciprocal coupling is larger.

When A = 0, the critical lines are m; = 0 and mg = 0. We see that if only one of
these is zero, the correlation functions again have the usual k=2 divergence. However, if
both m; = 0 = mao, the correlation functions pick up a k4 and even k6 divergencies
(the numerator in G{(Q reduces the divergence from k=6 to k_4). For example, if ji19 = 0
with jo; # 0 (such that A = 0 but there is still non-trivial coupling), it can be seen that
G{(l ~ k72, G{(Q ~ k=% and Gg(z ~ k7% as k — 0. Such enhanced divergences are a
signature of CEPs [18, 19]. Clearly they affect the critical dimensions of the theory from
a renormalization group perspective. We see, however, that although such points can be
reached without any nonlinearity in the model, it requires tuning of more than one parameter.
The phases beyond the critical lines depend on the nonlinearities added to the model, and
we leave them for future work.

Finally, for A < 0 case, the two critical lines on the hyperbolas exhibit the usual &2
divergence. Here, however, the relative signs of mq and mo are different, making it possible
that the second bracket in the denominator also contributes to the divergence. This happens
when Domq+D1mso = 0. That means that depending on the values of the diffusion constants,
there is a CEP along one of the branches of the hyperbola, see Fig. 4.1. In fact, this point
occurs where the line with slope Dy/Dy (which is the line along which we draw modes at
different k) is tangent to the hyperbola. We describe this in more general terms in Sec. 4.3.1.

Additionally, along the mj +mg = 0 line, we get a different type of divergence. Plugging
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this into the denominators of the correlation function gives:
k2 (Dy + Do) [—A + (—m1 + D2k2> <m1 + leﬂﬂ (4.15)

Therefore this line also exhibits the same divergence as the other critical lines, although
it is less intuitive how to interpret it. Usually, the divergence occurs due to the "flat-
tening" of the potential landscape, and some direction becomes undamped. In this case,
however, the orbits along this line are closed, see Appendix B. This is a manifestation of
the non-equilibrium nature of the system. The "potential" landscape is flattened in the
radial direction, but slanted in the angular direction, hence the closed, rotating orbits. So,
although it also exhibits a k=2 divergence, this critical line is clearly different from the usual
equilibrium critical line, since it exhibits rotational dynamics.

At the intersections of the hyperbola and this line, i.e. where m; = —mo and mymg = A,

we get the denominators:
k* (Dy + Do) [(Dg — Dy)my + DlDQkZ] (4.16)

Thus, these points are CEPs and exhibit the enhanced k4 divergence. We note that the
only way to approach this point from the stable region is to have Dy < Dy for m; < 0 and
Do > D for my > 0, which makes this expression non-negative. Additionally, if D{ = Do,
these points also coincide with the additional CEPs along the hyperbola described above,
and the divergence is k=6 instead. We can therefore see that one can achieve CEPs by
introducing non-reciprocity. Even higher order divergences can be achieved by having more
than two fields. The consequences of transitions through these points vary from system to
system [18, 19], but one needs to keep them in mind when nonlinear theories are developed.

For A < 0, we also see that for a certain choice of (mj,mg) and D; /25 the system

can develop a finite momentum instability, see Fig. 4.1. A typical dependence of the least
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Figure 4.2: Re/Im(iwy) vs. k% for (mq,mg) point chosen in Fig. 4.1, ¢). k? = 0 marks
the critical point, where the Re(iw4) = 0, thus marking an instability. In this case the
exceptional point occurs where Im(iw4) = 0, since this is also where iw; = dw_. As
momentum is increased, the modes go into the unstable region, where they would grow
indefinitely (unless stabilized by a nonlinearity). This is the finite-momentum instability
and is responsible for pattern formation. Notice the similarity to the Type I instability by
the classification in Fig. 3.5.

stable mode on momentum k£ is plotted in Fig. 4.2 for such a choice. Such instabilities
are generally stabilized by nonlinear terms, which also determine what kind of patterns the
system exhibits. Detailed analyses of pattern formation have been explored in a variety of
contexts [31], including a nonlinear extension of this model to a non-reciprocal Allen-Cahn
model [37]. Here we pick out several properties.

If the ratio of diffusion constants is such that the line of modes in Fig. 4.1,c) crosses
the critical line at two points, we have two critical momenta k‘ci The correlation functions
at either of those points diverge as ‘k‘ — k:ci‘_l. The patterns exhibited by such systems
consist of stripes of similar length scales defined by the values of k£ where instability happens.
However, if the ratio of diffusion constants is such that the line of modes is tangential to the
critical line for the particular values of (mq,mo), the finite momentum instability happens
at a CEP (see above). In that case, the divergence of the correlation functions is [k — k¢| 2.

We leave the detailed exploration of that transition to future work.

105



Finally, one can integrate out one of the fields in order to get the effective dynamics
for the other. This can be done by using the dynamical action defined above. We perform
this calculation in Appendix B by integrating out ¢o. Aside from the terms influencing
the deterministic behavior of ¢, we also pick up a term that alters the power spectrum
of the noise. In Fourier space the noise correlations are (£1(k1,w1)&1(ko,ws)) ~ Bid(wy +

w2)5d</€1 + ko). The effect of integrating out ¢ amounts to the replacement:

-2
]1232
By — By + 4.17
w3 + (mg + Dak?)? (4.17)
This is similar to the amplification of noise observed in [20], where it relied on the non-

orthogonality of eigenvectors of the matrix generating the dynamics. The emergence of
colored noise has been observed for non-reciprocal systems, see [28] and references therein.
Here we see a similar effect in a spatially extended system. If we consider the spatially local
contribution (which might be the only relevant contribution as the system undergoes some

RG flow), we get that in dimensions d < 3 and for w >> mso, this additional term becomes:

9 9
JioB2 Ji9B2

/ddk 5 12 o~ 122 (4.18)
w3 + (ma + Dok#) DQQCU%

We therefore see that 1/ f noise can be produced simply by coupling the field of interest to
another field. The level of non-reciprocity does not play a role when the noise is concerned,
as long as there is any coupling to the other field. Non-reciprocity plays a role for the
deterministic additions to the dynamics of ¢, see Appendix B. However, when A = 0, the
only contribution is the one in Eq. 4.17. Thus, one can get 1/f noise by a one-way coupling

to another Gaussian field with spatial correlations.
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4.2.8  Inertial Systems

In the previous section, we explored an example overdamped system. That choice was
made since often in the study of critical dynamics one approximates the decay of the order
parameter towards its stationary value as relaxational [2|. However, for the sake of generality
it is prudent to also include the possibility of higher order time derivatives. First of all, real
systems often exhibit such dynamics, for example in neural field models [51]. Additionally,
non-equilibrium conditions open up the possibility of the existence of fixed points where the
0? terms are relevant and cannot be discarded [19].

We thus start with a natural extension of the overdamped model:

0261 + 110p1 = —m1d1 + jiade + D1V3h1 + &

0269 + 120kpa = —mada + jo161 + DaV3eha + &

(4.19)

Here the terms are defined as in Sec. 4.2.2, with the addition of two real parameters v, /25
which we take to be positive. They can also be taken as negative, and additional terms with
cross dependence on 0rp; can also be introduced. All of these possibilities can change the
behavior of the system and should be addressed as needed. However, the number of possible
terms that can be included even at the linear level becomes quite large very quickly. Here we
restrict ourselves to the above model just to demonstrate that we observe the same effects
as in the overdamped system, at least at the static level.

We proceed with the mean field description as before. In Fourier space, the frequencies

obey the equation:

3 2

(i) + (71 +72) (iw)> + (y192 + my + ma) (iw)

(4.20)
+(y1ma + yom1)(iw) + mymg — ji2j21 = 0

Here we again see that the behavior of the system is controlled by the same non-reciprocity
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parameter A = ji9jo1. Additionally, we see that the relative values of vy /2 should change
the dynamics as well, so one can introduce the ratio -1 /72 as another control parameter.
The effect of diffusion, as before, can be thought of as moving from the point (my,m9) on
the stability diagram along a line with positive slope for each mode under consideration.
The exact solutions to Eq. 4.20 are bulky, so we proceed with the 71 = 79 case analytically.
The other cases can be addressed as needed with the general principles outlined below.

When v1 = 9 = ~, the least stable solutions are governed by the dispersion:

1
Wt = —% + 5\/72 —2(m1 +meg) £ 2\/4A + (mq1 — mg)? (4.21)

In Fig. 4.3 we plot the regions of stability as well as the regions for the presence of
oscillations for a few example values of 71 /79 and A. For A > 0 the region of stability is
the same as for the overdamped case, independent of v. For A < 0, the region of stability is
distorted depending on the values of 1 /v2. However, the key features of having three critical
lines that create two isolated points still remains. We show below that these points are CEPs.
The CEP in the strongly non-reciprocal regime A < 0 along the hyperbola remains, and the
system also picks up an additional CEP on the internal line. We show all of this below.

We can proceed to developing the statistical understanding of this system similarly to
the overdamped case. Here we only quote the results for brevity. For v = v9 = 7, we again

see that the equal time correlation functions are dependent on some denominator. It is given

by:

v [A = (m1+ Dik?) (ma+ Dok?) | +
[4A " <m1 ~ma + DIk - D2k2>2 + 29 (ml + D1k% +mg + D2k2>} 422

From the first bracket it is clear that the critical lines are again at A = mjmso, which

generally diverge as k2. When A = 0, we again get k2 divergences on the m; = 0 and
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a) b)

mp

— CL --- EL * CEP

Figure 4.3: Stability regions (light grey), regions with oscillations (dark grey) and CEPs
(stars) for the inertial system, Eq. 4.19 for 73 = 9. The critical lines are solid, the dashed
lines correspond to the onset of oscillations. a) A > 0. The critical line does not depend on
v1/72, and the correlation functions diverge with decreasing momentum in the usual equi-
librium manner as k2. b) A = 0. The region of stability is the same as in the overdamped
case, with the CEP appearing at m; = mg = 0. There the correlators pick up additional
k=4, k=6 divergences. ¢) A < 0. Although the region of stability is distorted compared to
the overdamped case and now also depends on 1 /72, the qualitative picture is the same.
There are now three critical lines, which intersect at two CEPs. The additional CEP along
the hyperbola is preserved, and another CEP that appears for sufficiently different D and
D> is the hollow star. There the correlators pick up additional k=4 or k6 divergences.

mso = 0 lines, and a CEP with k=% and k6 divergences at m; = 0 = mo. And also,
similarly, when A < 0 so mj and mo are allowed to take negative values, at the point where
Domj+ Dimo = 0, we get an enhanced divergence. The second bracket defines an additional
line for A < 0. The equation for the line is 4A + (my — ma)? + 2v2(my + mg) = 0. Along

that line, that bracket is:
k2 (D1 — D2)? k? + 2(mq — ma) (D1 — Do) + 29*(D1 + D2)] : (4.23)

For large enough Dy /D1, the terms not involving k2 inside the brackets can be zero along
this critical line, leading to another CEP. This happens when for some point on the internal

critical line the line with slope defined by Do/D; is exactly tangent. This is similar to the
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CEP on the hyperbola. In the same manner, for a choice of (my,mo) close enough to the
cusps, and with a high enough ratio of the diffusion constants, another finite momentum
instability can occur, now also at a finite frequency and therefore of type I,, see Sec. 3.2.6.

At the intersections of the two critical lines, we have A = mym9 and m; +m9 = 0. In

that case the denominators of the correlation functions are:

vk [(Dz — Dy)my + D1D27€2] [(Dl — D9)?k? +4my (D1 — Da) + 27*(D1 + Do)
(4.24)
Thus, we see CEPs with k=% divergences. If the diffusion constants are equal, we see
k=6 divergences that come from the coalescence of the CEP along the critical line with these
points, as in the overdamped case. The case with 1 # 9 is not analytically tractable, but
the calculations proceed in the same manner, and similar CEPs are present.
Finally, it can be shown similarly to the overdamped case that if one of the fields is
eliminated, the other picks up additional noise term. This time, however, the power spectrum

of that term goes as w3 for dimensions d < 3. We see again the appearance of 1 / f noise.

4.2.4  Conclusion

Non-reciprocity is a particular type of deviation from equilibrium behavior. A variety of
systems can be thought of as obeying non-reciprocal laws, like spin models, population
dynamics, neural behavior, and others. Many of these systems can be studied using field-
theoretical tools. However, most of these models as well as real phenomena are nonlinear
and not solvable exactly. In such cases a field theoretical approach would be to start with a
linear description and continue through perturbation series or renormalization group by using
that description. It is therefore of practical importance to build sufficient understanding of
the linear non-reciprocal models so that they can be used as building blocks for the above-

mentioned methods. It turns out that with just two coupled fields, even the linearized
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dynamics is rich.

We started with a simple reaction-diffusion system with non-reciprocal interactions. How-
ever, our results extend to more complex systems, and we included a system with inertial
dynamics to show that. We demonstrated that non-reciprocity as we defined it separates
different qualitative sets of behaviors. For small non-reciprocity the behavior of the system
is essentially equilibrium. It is interesting that some non-reciprocity, and therefore some
deviation from equilibrium conditions, is allowed while still retaining equilibrium behavior,
at least as far as the statistics of the fields are concerned. It is not clear at this level whether
that fact persists when nonlinearities are added. That would mean that for some small de-
viations from equilibrium, the long-range behavior still obeys some equilibrium dynamics.
In other words, the deviation from equilibrium is irrelevant in the RG sense. That has been
demonstrated for some non-reciprocal systems [30, 31]. We hypothesize that even if possible,
such behavior depends strongly on the other elements of the theory. There are also instances
where an infinitesimal deviation from equilibrium brings the system to novel fixed points
[16].

As the non-reciprocity gets larger, the system acquires isolated points in parameter space
where the correlation functions diverge stronger than the usual equilibrium manner. Those
are Critical Exceptional Points (CEPs), which are points where two or more modes of the
system become equal, while also being critical. The existence of those points is a consequence
of the non-equilibrium nature of the model. CEPs are a subject of many ongoing studies,
and they display various consequences, from altering the critical dimensions of the model
[18] to changing the type of transition entirely |19, 46]. It should be noted that in non-linear
theories the parameters corresponding to linear couplings that we study also depend on the
non-linearities through renormalization. The counting of how many parameters need to be
tuned to reach the CEPs might therefore not be what would be inferred from this work.

We also demonstrate how strong non-reciprocity leads to finite momentum instabilities. In
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fact, we demonstrate that non-reciprocity needs to be sufficiently strong to achieve that, and
that the parameters responsible for the spatial coupling need to be sufficiently different to
observe pattern formation. This is in accordance with [31], but it means that in most cases
CEPs are at least linearly stable to pattern formation.

Finally, we also demonstrated that coupling to a second field produces 1/f noise for
the dynamics of the first. Various mechanisms for producing such noise are well-studied
[142, |, including the mechanism explored in this work [28]. It is possible to produce it
even in equilibrium by coupling two fields to each other.

We believe that in studies of non-reciprocal systems this work should provide the lin-
ear, exactly solvable, ground that perturbative calculations can be based on. We leave the

exploration of relevant models with the use of results derived here for other works.

4.3 Novel Properties of CEPs

The results in this section are not yet published.

4.3.1 Tangential CEPs

We briefly mentioned in Section 4.2.2 that a CEP can occur on a line where the slope defined
by Dy/Dq is tangential to the critical line. This turns out to be a general result, and we
provide a proof here. Let us consider a general linear system with diffusion and noise as an

extension of the two-species models we discussed in Section 4.2:
O = —Myjéj + DiV2¢; + & (4.25)

where we now include possible cross-diffusion terms, which we take to all be positive for

stability. For simplicity, let us assume there are no cross-correlations in the additive noise.
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In general, the equal-time Keldysh correlation function in momentum space takes the form:

1
f(M;; + D;jk?)

G ~ (4.26)
At a conventional critical point, the correlation function diverges at zero momentum,

which sets f(M fj) = 0. Expanding around small momenta near the critical point, we get:

1 1

G ~ ~
F(ME + Dijk?) Oy, f(MF;)Dijk? + O(k*)

(4.27)

We therefore get a k2 divergence if the first term in the denominator is not zero. However,

if it is, we get a CEP with at least a k* divergence. The requirement:
aMijf<M@'Cj)Dij =0 (4.28)

is nothing but an equation for a tangent line! Therefore, any time the diffusion constants
are picked such that there is a point on the critical surface where the increasing momentum
mode stability line (blue lines in Fig. 4.1) is tangent to the surface, that point becomes a CEP.
Interpreting this result is still a work in progress. However, finite-momentum instabilities
generically occur through a point where the mode stability line is tangent to a critical surface
at some finite k.. We thus believe that there is some connection to pattern formation at
these tangential CEPs.

It is also possible to show that such CEPs can only occur outside of equilibrium. As
we discussed in Sec. 3.2.8, equilibrium dynamics for many-species problems is characterized
by symmetric matrices M;; and D;;. Since both M;; and D;; are semipositive-definite
symmetric matrices, the eigenvalues of the sum M;; + D;; k2 are always greater than or equal
to the eigenvalues of M;;. So, higher momentum modes are always more stable. Therefore,

there can be no situation in which there is a tangent line, since for such a case the mode at
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a finite k. is least stable. The only other possibility is if there is a corner or a kink in the
critical surface, like that in part c of Fig. 4.1. But intuitively this does not happen for a real

symmetric matrix M;;. We leave the precise proof for future work.

4.3.2  Real-Space Correlations

Whenever we discuss critical phenomena, we often consider models in momentum space,
since the field theory is usually greatly simplified in that view. However, it is prudent to
discuss some of the novel results we find in real space representation. Both are equivalent,
and often measurements can be made in either space, but some features are more apparent
in real space representation.

Let us consider the generic forms of CEPs we encounter. The correlation functions around

a CEP typically take one of the following forms, all other factors aside:

1 1 1
B R N ) N R D ey )

G (k) (4.29)
First, let us illustrate a method that can be used on the second and third forms to
understand their behavior in real space [7]. We are interested in [ dlpe— R TG (k). This

integral can be transformed as follows:

-

—1k-x .
GK(x)N/ddk — : x2 :/ddke‘i’f'f/oo du/oo gt o~ WET R~ (€5 2 Hk?)
(&7 +F)(E " +#) o Jo

(4.30)
The integral over k is just a Gaussian integral in d dimensions, and after some manipu-

lation of the other integrals, this can be brought to the form:

oo _ — x
GH (x) ~ /0 dyidﬁ (€_§2 el Zy) e W (4.31)
Y251 T S2

This integral can be computed exactly. In the case {1 # &9, aside from constant contri-
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butions, we get:

K F[%_l} 4—d
li ~N— a7 4.32
Jiy 6 )~ —g—g s 432

This can be contrasted with the usual critical point behavior 2.13. At exactly d = 2, this
behavior is supplemented by logarithmic correction terms. On the other hand, the behavior
1_d
as r — 00 is the same as in 2.13, just with the sum of two terms of the form 12 2¢7%/&,

For the case &1 = &9, we get the leading contribution:

| 1N .
M)GK(@ ~ > - A (4.33)

And we are again seeing the same behavior, again with logarithmic corrections at d = 2.
The © — oo behavior is unchanged from before. In the second case, where, for instance,
&y L 0, the integral only converges above 2 dimensions, as expected. However, it still yields
the same short and long-range behavior.

The 4% behavior at small z raises important questions about the lower critical dimen-
sions of non-reciprocally coupled systems. For example, if two Goldstone modes are non-
reciprocally coupled, they exhibit such correlations, therefore rendering the lower critical
dimension of the ordered phase to be four, instead of the Mermin-Wagner two. This is par-
ticularly important for experimental realizations, since this shows that some non-reciprocal
ordered phases might not be realizable for us at all.

The first form of the CEP correlation function = 1+ 3 is not so convenient to work with.

However, it exhibits another interesting phenomenon. Let us illustrate in d < 3, where the
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real-space correlation function may be computed exactly:

e ﬁﬁcos(%—%) ,d=1
GK(x)w/ddk N B #644 ,d=2 (4.34)
4 4+t ¢ 0110
\ 272’
eiﬁfsin<%£)
\ e ,d=3

Here G is a Meijer function that exhibits both a decay and oscillations. We therefore
see that this form of the CEP correlation function exhibits oscillations in real space! This is
surprising, as it implies two points in space can be rendered completely independent in their
fluctuations even though the system has spatial coupling. Similarly, there are regions that

are anti-correlated. We leave the investigation of these results for future work.

4.3.8  Classical CEP Sensor

As discussed in Sec. 3.2.9, one of the potential applications of CEPs discussed in the literature
is sensing. Let us investigate it here in the classical linear case of Sec. 4.2. Consider the case

A = 0, where there is a one-way coupling between the fields. We now add external fields:

Brpy = —mig1 + D1V2P1 + hy + &
(4.35)

Brpg = —maga + jo161 + DaV2éha + ho + &9

Here, h; would be what we want to measure, and we use (¢;) as our sensors. The average

response to external fields is (¢1) = 7% and (¢9) = % +

J21h1
mima’

As the critical point
is approached, the responses diverge, as expected. However, sensing requires the readable
signal to be larger than a typical fluctuation of the field due to noise, which is generically

present. Therefore, we concentrate on the "signal-noise-ratio" (SNR) SNR; = (¢;)/ <¢12>C'
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For the usual critical point, which the dynamics of ¢ exhibit, we get:

_24d
SNR; = <¢1> _ hl/ml _ hq N hlml 4

2. Bij2 \? m
Ve (falkBEm)" [(Tl) D2 [l

[\VlISH
D=

(4.36)
As expected, the SNR diverges at a critical point. We therefore need to compare this
divergence with the one the fields experience at a CEP.
Here ¢ is decoupled from ¢9, so let us focus solely on the latter. We retain the most
diverging contributions. Defining mg = amq = am, Dy = D1 = D and after some
manipulations, we get:

ho | Joih
SNR2 _ <¢2> _ mo + mimo

1
<¢%>C fdd/{ J3 Bi + By/2 :
(m1+mz+(D1+D2)k2)(m1+D1k2)(m2+D2k2) mao+Dok?

ho | joihg
am + am?

(=N
—

m j3,B1 By /2 2
{f 4% (5) (m3<1+a+<1+ﬁ>2$2><a+/3x2><1+x2> * m(aiﬁm%ﬂ

ho | jaihm
— am + am2

mfi=3 (f1 +m2f2)

Nl

(4.37)

Where fi and fo are the x integrals of the respective terms. As m — 0, we see that
2-d
the SNR to hg behaves as ~ m™ 4 | which is weaker than that of a regular critical point as
2+4d
m — 0. The response to h1 behaves as m™ 4 | which is exactly the same as the divergence

at a conventional critical point. Thus, we see that in this setup, the CEP does not offer any

improvement over a critical point sensor, in agreement with evidence in quantum systems

[154].
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4.4 Vortex Dynamics in Non-reciprocal XY Models

The results in this section are not yet published, and have been produced in collaboration

with Ryo Hanai.

4.4.1 Berezinskii-Kosterlitz- Thouless Transition

The Landau-Ginzburg theory of phase transition is based on the notion of spontaneous
symmetry breaking. However, the Berezinskii-Kosterlitz-Thouless (BKT) transition does
not fall into that paradigm, but occurs due to the topological nature of the order parameter.
We do not delve into all intricacies of the BKT transition, for which we refer to the literature
[4, 206, 207]. Here we give a brief introduction.

Suppose that we have an O(2) Hamiltonian in Eq. 2.68 in d = 2. We know from Mermin-
Wagner theorem that it does not exhibit long-range order due to phase fluctuations present
in the otherwise ordered phase. We can expand the order-parameter as ¢; = |¢|cosf and
¢9 = |¢|sinf. At the lowest order, the dynamics of the phase is governed by the XY model
Hamiltonian:

Hyy = J / dtd2|VO(t, 7)) 2 (4.38)

This model is also often considered in the discrete spin form on a lattice, where it reads:

HXY discrete = —J Z §Z . §j = —J cos(0; — 0;) (4.39)
(i,5) (i,5)

Here J is the strength of the ferromagnetic coupling, i, j are lattice indices and 2@7 7) is
the sum only over nearest neighbors. Again, it is important that the spins are restricted to
rotate in the plane and the space is two-dimensional.

It can be shown [4, 207] that the static statistical theory with this Hamiltonian exhibits

two different behaviors at low temperatures and at high temperatures, manifesting in the
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different form of the correlation function:

<ﬁo-§~>~ exp[—%} ,J =0

(8)77 o0

(4.40)

The low temperature phase is usually called the quasi-long-range or algebraic order phase,
since the correlations are not constant, but do fall off only algebraically as opposed to
exponentially. So, if no symmetry is spontaneously broken, how does this system transition
between these two regimes?

The answer turns out to be hidden in the topological nature of . As a phase, 0 is
compact, here defined on [0,27), with the endpoints identified. Therefore, # can wind so
that it undergoes a full rotation as some closed loop in space is traversed. We can therefore

define the winding number as:
r,[0) = 7{ VO(Z) - dl = 2mn (4.41)
Y

Here ~ is some closed loop on the two-dimensional plane.
The relationship with the XY model is revealed in the fact that vortex solutions are
stationary solutions of Hxy. Such solutions have to satisfy VZQ(:E’) = 0. For example, two

such solutions are:

6 = +tan~! (y - b) (4.42)
r—a

Where (z,y) are coordinates on the plane, and (a, b) is the vortex center. These solutions,
along with their gradients, are plotted in Fig. 4.4. We also find that I'y[f+] = £27 with
v enclosing the vortex. So the winding numbers for 64+ are n+ = =£1, respectively. Since

the solutions 6+ exhibit rotational symmetry, we can take v to be a circle centered on the

vortex, and we find that [V6(7)| = ‘n—f‘ We then find that the energy of one vortex is:
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Figure 4.4: Vortex solutions 6+ in Eq. 4.42. a) and b) show the streamlines for 4 and 6_,
respectively. ¢) and d) show the gradients VO and V6_, respectively.

L ni L
Evor = J27T/ drr— =2nJ1In (—) (4.43)
a

T a

Here, L is the system size and a is the radius of the vortex core. The vortex core size turns
out to be a central quantity in the study of the BKT transition, since it defines the smallest
scale below which the continuous theory fails, just like the cutoff A we encountered before
in the discussions on RG. We therefore find that although a vortex solution is a stationary
solution of Hxy, it has higher energy than the ground state 8 = const.

These simple considerations are already enough to demonstrate the presence of a tran-
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sition. In a canonical ensemble, the phase of the system depends on the free energy, the
change in which is given by AF = AE — T AS. Let us consider the change in free energy
with the addition of one vortex. We already saw that the internal energy changes by FEyqr.
The entropy is associated with the number of microstates a system can occupy, which for
one vortex translates to the number of distinct positions it can occupy. This turns out to
be given by the ratio of the area of the system to the area of the vortex core L2/a2. The
change in entropy due to one vortex is therefore AS = kg In (L2 / a2). This gives the change

in free energy due to one vortex:
L
AF = (2nJ —2kgT)In (—) (4.44)
a

Therefore, for high enough temperatures, the free energy is lowered by the appearance of
vortices, and they proliferate, therefore giving a qualitatively different phase of matter. The
transition happens at a critical temperature T, = Z—;.

However, the problem is complicated by vortex interactions. It can be calculated that
the interaction energy between a vortex (n = 1) and antivortex (n = —1) separated by a

distance r is:

V(r) =4nJIn <£> (4.45)

Thus, the interactions between vortices are given by the Coulomb interaction of a two-
dimensional gas of charges! In fact, there is an exact mapping between the statistical theories
of XY vortices, Coulomb gas, and the so-called Sine-Gordon theory [20%]. In this view, the
BKT transition is the transition between a gas with bound charge pairs (since a vortex
and antivortex together annihilate into absence of vortices) and a plasma with unbound
charges. Omne can use either mapping to perform an RG analysis of the theory to more
systematically describe the transition [139, 207, 208]. The authors in [139] demonstrate how

the pair interaction energy can be used to derive the BKT RG flow even in the presence of
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non-equilibrium dynamics.

The dynamical description of the BKT transition turns out to be highly non-trivial. The
mapping to Coulomb dynamics is possible, but requires the use of an electrodynamic duality
transformation as well as other methods to prescribe the motion of the vortices explicitly.
We discuss these at length below. The mapping to a dynamical Sine-Gordon theory is still

an open question.

4.4.2  Non-Reciprocal XY Model

Keeping with the themes of this chapter, an extension of the XY model to the non-equilibrium

realm is a two species non-reciprocal XY model with dynamics:

A JAA A Ay - aB  pA A
0L = ﬁZsm(@er&—QI)—i—jABsm(@x —0)+n;
a

. (4.46)
JBB . . .
0,08 = od Zsm(@id —65) +jBAS1n(9§1 — 65y + 77;4
a

Here j;; are the inter and intra species couplings, with j44, jgp > 0, such that the spins
tend to align with the neighbors in the same species. The non-reciprocity manifests in the
couplings jap # jpa. The dimensionality is d = 2, and >, denotes the sum over basis
vectors 2, =g such that each spin interacts with its four neighbors.

This model exhibits a transition from an aligned to a chiral phase as the difference
J— = JjAB — JBA increases relative to the average coupling j+ = jag +jga |13, 32|. In the
aligned phase, where j_ < j4, spins in species A and B tend to align with small fluctuations.
In the chiral phase, one species constantly chases the other. So the question is, what happens
to the topological defects (vortices, as defined above), in these phases?

In some sense, we expect that the behavior most different from the equilibrium XY picture
occurs near the transition from an aligned to a chiral phase. After all, we know that such

transitions are characterized by large fluctuations in some order parameter. In this case, it
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turns out this transition occurs through a CEP [14, 32]. Therefore, what we are going to
focus on is the behavior of topological transition as we approach the CEP from the aligned
phase.

To understand the nature of this transition better, let us define 64 = ﬁ#. If we were
not in the aligned phase, there would be many subtleties arising from the topological nature
of both 64 and 68 , such that these definitions have to be made more carefully. Additionally,
we can, for now, make the substitution ), sin(@ird — 04) ~ V20, which can be derived by

expanding the sines and keeping only the linear terms. Finally, we assume jq4 = jpgp = J

for simplicity. With these considerations, the dynamics can instead be written as:

1
o0 = iV29+ — —j 7 sin(207) + "
QJd % (4.47)
- o2 L _ _
O~ = ZdV 0 5 sin(207) +n

This demonstrates that for large enough j, #~ essentially sits at zero, which leads to
the aligned phase.

Since 6~ is strongly damped in the aligned phase, a natural next step in analyzing this
set of equations might be integrating 6~ out to get effective dynamics of . However,
the expansion of both ) sin(@f+& — 04) and sin(#4 — 6B) contains many non-linearities,
which leads to many non-linear couplings between ™ and #~. It is not obvious that these
couplings can be omitted, especially as the CEP is approached. Therefore, in accordance
with the field-theoretic and RG ideas underlying this dissertation, we should consider the
most general dynamics for 1 allowed by symmetries. Analyzing such a non-linear equation
for the vortex dynamics is extremely difficult, and so we restrict ourselves to the most general
linear form. Unlike equilibrium, where such a form would simply be the diffusion equation
90T = DV207T (no terms without derivatives are allowed since 67 is compact), we have to

keep the non-equilibrium nature of the dynamics and especially the presence of the CEP.
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Such a form turns out to be:
0204 (6 — ZV2 00 — v*V20 + 17 =0 (4.48)

We omit the superscript in # from now on. This equation exhibits a CEP when 6 = 0,
which can be checked by looking at the fluctuation spectrum of . Such an equation was
first presented in [19] where generic non-equilibrium O(N) models were considered, and the
f dynamics describe the Goldstone mode in the ordered and rotating phases. The rest of
the parameters are related in some way to the original j;;, but undergoes RG flow, and we
therefore give them different, generic, names. The question of the BKT dynamics in the
non-reciprocal XY model translates to the investigation of vortex dynamics in Eq. 4.48.

Let us briefly mention an important point. From the RG perspective, ¢ is a relevant pa-
rameter, and therefore for any non-zero § we expect the first derivative term to dominate the
dynamics [19]. Therefore, we expect to recover the usual vortex dynamics of an equilibrium

XY model in the limit 6 — oco. Thus, the § — 0T region is of greatest interest.

4.4.3  EBElectrodynamic Duality

Now that we really have our starting continuous Langevin equation, Eq. 4.48, how do we
extract the vortex dynamics from it? In static theories, there are exact mappings that are
very well developed [208]. For a dynamical theory, we have to go through the procedure of
electrodynamic duality transformation. Here, we follow the mathematical approach in [139],
see also references therein. We provide the outline here and the mathematical details in
Appendix C.

First, we define an "electric" field E = —2x V0. Intuitively, if a vortex is present at
some point, E points radially away or toward it, no matter the actual orientation of #, which

is what we expect from a charge. For example, one can see that —2 x §9+ in Eq. 4.42 and
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in Fig. 4.4 points away from the vortex center (with Z out of the page). We therefore also
expect that Gauss’ law holds for the vortices: V-E = Q%n, where € is the dielectric constant
associated with the field. The vortex density can be defined as n(t,7) = >, n;0(7" — r;(t)),
where 7; and n; are the position and charge of vortex i, respectively. We also expect the
vortex charge conservation to hold: dyn + v .7 = 0. With these considerations, and carefully
introducing the vortex density and current into the equations of motion (see Appendix C),

the resulting "Maxwell’s" equation for the electric field is:

25 oa # ao2m, 2M0s  2m N
OE+ (0 — ZV*)OiE —v°V°E + ——Vn + O+ (0—2ZV)|j—2xVn=0 (4.49)

€ e
Next, we introduce the gauge potentials ¢ and A, but in a form different from usual

electrodynamics, since our "Maxwell’s" equation is also different:
E=-V¢—(6—2VHA—-8A (4.50)
The field is invariant under a gauge transformation:
A A4Vy , o= o—(6—2ZV?)x —dx (4.51)
Finally, we impose the Lorentz gauge:
B+ 0>V - A =0 (4.52)

With that, we see that the Gauss’s law V.-E= Q%n instead becomes:

202

2¢+ (6 — ZV2) 0 — v>V2¢p =

n (4.53)

Which defines the equation of motion for the scalar potential. If we plug in the gauge
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potentials into the equation of motion for E , we find that the above expression guarantees

¢ drops out, and we are left with the equation of motion for the vector potential:

[a? 4 (6 — 2V — qﬂvﬂ [—(5 VYA - at,af] + 2{ [at F (-2 sx V=0
(4.54)
Equations 4.53 and 4.54 define the evolution of the gauge potential mediating the inter-
action between the vortices. However, to have a complete theory, we need to supplement
the equation of motion for the vortices themselves in terms of the gauge fields. It turns out
that, at least on a lattice, the force between two vortices even in the presence of second
derivative and § and Z terms is still Coulomb [209]. Therefore, we assume the overdamped
vortex motion has the form:

—

Oy = pmi E(t, 73) + 77 (4.55)

Here p is the vortex mobility, which we take to be sufficiently small such that the vortices
are essentially stationary compared to the propagation of the electric field. np is white noise
that incorporates thermal fluctuations in their motion.

With the vortex equation of motion supplied, we are in a position to promote these
equations with the MSRJD procedure and integrate out the gauge fields to get the effective
interactions between vortices. This calculation is long and requires some approximations.
We provide it in Appendix C. The result for the dynamics of vortices is:

O (t) = pm E(7i(1)) + E(t,75(8) + 171

) . ) (4.56)
OPE+ (6 — ZVHE —v®V2E+2x V=0

Here E is the electric field produced by usual Coulomb interactions between vortices,
while 5 is a new spatio-temporally correlated noise that carries the signature of the CEP.
We expect this additional noise to be the biggest driver for changing the equilibrium BKT

transition. The next step is to understand how such complicated dynamics can be analyzed
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to produce an RG flow.

4.4.4  Vortex Pair Distribution and RG Flow

It turns out that in order to understand the BKT transition, or vortex unbinding transi-
tion, it is enough to look at a vortex-anti-vortex pair. An RG flow can be produced if the
probability distribution for the distance between the vortex and anti-vortex is known [139].
Here, however, we demonstrate how this can be done without explicitly solving for that

distribution. We do so for the equilibrium case of Coulomb force and white noise:

—

O = =NV (r) + il (4.57)

Here 7 is the separation between the two vortices and V(r) = %ln (%) (we absorbed p
into €). Since this case is in equilibrium, we can assume that there is a stationary distribution

with no probability currents (see Sec. 3.1.2), which then satisfies:

Now we have to think about the scales present in our problem. The probability distribu-
tion is dimensionless, while the only other length scale present in the system is the vortex
core radius a. Therefore, in addition to rotational invariance, we require P() = P (£). This
means that if we are to change the scale in order to perform an RG step, the probability does
not generically stay invariant! So what does? We know that any physical quantity that we
can actually measure in an experiment should not depend on the scale at which we observe
the system. One such quantity is the susceptibility to an applied external field. For a given

averaged polarization density (ﬁ), the susceptibility y is defined as (ﬁ} = yE for a small
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applied field E. To obtain it, we compute:

=1 [d*Rd* o d2r
(1) = Lz/ ! — TP E) = /a—47’<P(T0)+3EPT0\EO ) (4.59)

Here L? is the system size and / d?R integrates over the center of mass of the vortex
pairs, which simply gives back a factor of L2. The a* factor comes from breaking up space
into regions separated by more than the vortex core size, since below these length scales
the theory is not valid. Using rotational invariance the first term above drops out, and we

therefore get:
. d?r
) = [ —70g. P(r,0) 4.60
() = [ 708, P(r,0)| 5 (4.60)
It is not difficult to find that in this case O, P(r,0) ‘ B0 ™ m This, in turn, allows

us to write the expression for the linear susceptibility in terms of the stationary probability

T [dr g
x=r /a P (4.61)

Finally, we write P(r) = y2f (2), where y? is the fugacity, which denotes the probability

distribution:

of having a vortex pair with separation a, and f is a dimensionless function. Since the
renormalized dielectric constant is generally defined as ep = e+27y, the flow of x determines
the flow of the dielectric constant.

Now we are finally in a position to perform an RG calculation. We increase the scale to

= a(1 + dl), where dl < 1. We thus also separate the integral as:

/ / o / O;cu) (4.62)

Therefore, to keep the renormalized dielectric constant in the same form when we change
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the scale, we absorb:

92 a(1+dl) dr 4 2 972
T

2
€ =c+— 3P(r) = e + 2 P(a)dl + O(di®) = e + “2_42dl + O(dI%) (4.63)
T J, at T T

For the other part, we get:

s /f ot ()

_ ”; (1+ 4dl) // d,z () + 048 () St] +0a?) (4.64)
:%3/2(1+4dl)/;o s {f (%) - ¢ (5 )dl} +O(d?)

where in getting to the last line we used the FP equation. Therefore, we can assign:

yTg _ % {1 + (4 _ %) dl} + O(dI?) (4.65)

€

By fixing our convention such that the temperature does not flow, we get the famous

BKT RG flow in two parameter space:

d,_2

AT (4.66)
do_, 1
a? T

The example of this equilibrium derivation shows how the RG flow can be derived without
solving for the probability distribution explicitly. This is useful because such a solution is
not possible for our case, where the dynamics of the vortex separation in the limit of slow

vortices is:
N 17 - T - T T
8t’f’:———2+€ t,§ +§ t,—§ +77
er (4.67)
RE+ (65— 2V E — PV + 2 x V=0
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We approach this problem by establishing an effective FP equation. We write:
7= [+ AL+ iy (4.68)

And we need to treat the two noise sources separately. Here:

Bij = (A&i(r1,t1)Ag;(ra, t2)) <[/ §i(k, t1) sin (H 5 )} { k,fj(k,,tg)sin <]§'%2>}>

= GZK(k: t1; K t9) sin (E r_) sin <k’ —)
kK 2 2

(4.69)

where GX is the Keldysh correlation function one can read off from the dynamics of é’

On the other hand:

<777"z 777']( )> = T(Sijé(t - tl) (4.70)

In Appendix C we demonstrate how the following equation can be derived:

OpP(7,t) = =0r; [fi(r) P(F, )] + TOr; Or; P

t . . (4.71)
+8Ti / / dt/Bij(th;rlvtl)‘]lj(tat/arl)aTlPQ(Fat;T/at/)
' J—oo
Here Py (7, t; v ,t") is the two-point probability distribution and
/
1ot LIPS r(t)
Jlj(t,t ) = %Tﬂ‘j + — 7 (6l_] — rlr]) (4.72)

is the Jacobian associated with the deterministic evolution of a perturbation at time ¢/

at r’ to time t. Here r(t) = 77:—;\/7"’2 - 2%(75 —t’). Since the Jacobian diverges when the

perturbation reaches r = 0, the integral is only defined up to times ' in the past such

that it is not divergent. It turns out to be possible to write an infinite tower of evolution

equations for n-point probability functions, and each depends on the n + 1-point function.
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Therefore, an exact solution to the above FP equation is impossible, and we have to resort

to approximations. We know at least two limits for the two-point function:

—

. S(F—=rP(Ft) ,t—t' —0
Py(7 t;r' V) = (4.73)

P(F P ), t =t — oo
Extracting conclusive results out of these expressions is work in progress. For example,
it can be shown that in the second limit above, the integral term in the FP equation goes
to zero. Also, if we ignore the contribution coming from the times between the above two

limits and only consider the first limit, the stationary probability distribution can be shown

to obey (in polar coordinates):

Ar (A k

Here J; are Bessel functions and ¢ is the time scale where making the small time ap-
proximation to the two-point probability function is appropriate. One way to estimate  is
the time difference when both the deterministic evolution and the variance due to noise are
smaller than the core radius, for example. Close to § = 0, the noise terms dominate, and

the time-scale where this approximation is appropriate can be shown to be:

) N
a? > TF - P In(68) = (4.75)
Zv

Even with all these approximations, extracting the RG flow is non-trivial. For example,
when § = 0, the integral of the Bessel functions above can be shown to be ~ In(r/a), such
that the FP equation has a multiplicative noise term. In that case, it is not trivial to derive
the susceptibility as a function of the stationary probability distribution Ps. However, we

know that 0 is a highly relevant parameter, just like m in the usual Ising model. Therefore,
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at large scales, as § — oo, we see that the additional multiplicative noise term shrinks, and
we recover the equilibrium BKT physics, as expected. All of these details are described in
Appendix C.

Although we have not yet extracted the RG flow associated with this problem, a few
things are already hinted at. For example, if we view the distribution as effectively Boltzmann
of the form exp (—V/T,g), we see that the effective temperature increases for larger r, since
the multiplicative noise term is ~ In(r/a). Therefore, the probability distribution becomes
flatter, and vortices are relatively more likely to be unbound. As 6 — 0 and the noise
dominates the dynamics, it is also intuitively expected that more unbound pairs would form.

As mentioned before, understanding the topological transition in such a non-equilibrium
system would yield insights into the expansive field of non-equilibrium phases of matter. As

such, this problem remains a work in progress.

4.5 Outlook on Non-reciprocal Phenomena

In this chapter, we provided a brief introduction into non-reciprocal phenomena, with exam-
ples, as well as some novel results. The breadth of phenomena covered with the umbrella of
non-reciprocity is vast, and we conclude with some remarks on the future of non-reciprocal
theories.

If we focus on collective phenomena, we can start in parallel to how phase transitions were
historically analyzed in equilibrium, which is through the ideas of spontaneous symmetry
breaking. In that case, at least in principle, the novel non-equilibrium phases are only
restricted by our knowledge of symmetry groups, which is not much of a restriction at all.
However, the presence of non-reciprocity and therefore of dynamical steady states allows for
a "larger" symmetry breaking than would otherwise be possible in equilibrium. For example,
this is the case for non-equilibrium O(N) models [19], where the order parameter picks a

plane in the O(N) space, rather than a point. Thus, with the addition of non-reciprocity,
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we have to reinvestigate the symmetry groups that are commonly used to describe phase
transitions to search for new phases. As mentioned in Sec. 4.1, this is a direction that is
widely pursued.

In some sense, this approach can be taken beyond spontaneous symmetry breaking. We
can take a collective phenomenon or feature of interest such as SSB, disorder, boundary
condition problems, first-order transitions, long-range coupling problems, etc., add non-
reciprocity as another ingredient, and investigate the resulting behaviors. This has already
yielded many insights and is sure to yield more. Additionally, one of the central phenomena
arising due to non-reciprocity is CEPs. It might be warranted to investigate them separately,
especially from the RG perspective, and not just as byproducts of transitions investigated
in a given problem. There could also be new symmetries that we have not yet considered
available outside of equilibrium that can yield novel behavior in non-reciprocal systems.

On the other hand, it is obviously of use to construct long-range theories from the un-
derlying microscopic behaviors that can be confirmed experimentally. The resulting theory
might not possess any of the restrictions or simplicity discussed above, but might yield novel
phases that are nonetheless actually observed. Since non-reciprocity is a non-equilibrium
feature, such models are likely not of a simple form of "equilibrium theory /principles + non-
reciprocity", but are rather highly non-equilibrium from the start. For example, models of
self-propelling agents with non-reciprocity fall into this category, and one can imagine many
natural circumstances where these behaviors arise.

We should also admit that some behaviors that technically fall into the category of
non-reciprocity are not best described in that language. For example, chiral behavior is a
common occurrence in such systems, and yet there is a vast arsenal of other mathematical
tools describing oscillations that are much more developed and insightful. Thus, we can
say the transition from non-chiral to chiral behavior is best understood as a consequence of

non-reciprocity, but the chiral phase itself is better described from other perspectives.
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Finally, the models considered in this dissertation are always restricted to non-reciprocal
interactions between two species. However, there are obvious reasons to lift that restriction,
in which case many new phenomena arise [27]. In some sense, we arrive at the idea that
we need an additional "dimension" describing the species space. In that case, we need to
investigate how large matrix spaces (describing the inter-species couplings) interact with real

spatial extent to produce new collective phenomena.
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CHAPTER 5
LIMIT CYCLE PHASES

5.1 Oscillations in Matter

The next class of non-equilibrium problems we consider are systems with oscillations. In
contrast to non-reciprocal matter, which seemingly breaks a fundamental law of physics,
oscillations are much more intuitive. Although oscillations are easy to imagine in idealized
equilibrium systems, the presence of dissipation necessarily requires an injection of energy
to sustain the periodic motion. To make a simple parallel, a harmonic oscillator, which pro-
duces ongoing oscillations in an idealized setting, can only maintain an indefinite periodic
motion with external forcing, if damped. We encounter periodic motion constantly, in elec-
tronic systems, lasers, waves, brain dynamics, biological rhythms, oscillations of populations,
periodicity in climate, and so on. We also encountered periodic motion in non-reciprocal sys-
tems in the previous chapter. It is not obvious how to describe all of these with some general
thermodynamic principle, as is the case in equilibrium statistical mechanics. This question
is exactly the direction we explore in the following sections as an attempt to build a classifi-
cation of oscillating phases of matter. Before going into novel results, let us motivate them
with some examples.

A prototypical example of oscillators in physical systems comes in the form of the so

called Lienard equation [210]:
OPx + f(x)dx + g(z) =0 (5.1)

It is possible to show that under certain conditions this equation has a limit cycle attrac-
tor. This equation has a wide array of applications, from electrical circuits and mechanical

oscillators to biological systems. A famous example of a Lienard system is the Van der Pol
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oscillator [211]:

R — (1 —22)ow+2 =0 (5.2)

In addition to the applications in physics mentioned above, the Van der Pol oscillator
is also used to model heartbeat and neuronal spiking [211, |. In fact, the Van der Pol
oscillator is a special case of the FitzHugh-Nagumo model mentioned in Sec. 3.2.7.

Of course, canonical physical systems contain a wide range of oscillating phenomena.
For example, the harmonic oscillator is one of the most important foundational models
in physics, with innumerable applications. More advanced examples can include lasing,
mechanical oscillators, classical and quantum circuits, acoustic phonons, non-equilibrium
magnetic models, Quantum Hall states, superconducting Josephson junctions, planetary
motion, and many more [2, 4, 19, 39, 40, 213].

As mentioned in Section 4.1, in the realm of chemical reactions and population dynamics,
a class of systems with oscillations is an activator-inhibitor reaction [34, | governed by

the following equation:

aty = g(l’, y)
such that 0z f,0z9 > 0 and 9y f, dyg < 0 at some fixed point. Linearizing around that
fixed point shows that this system is in the strongly non-reciprocal regime, as described in
Section 4.2 (except it might be unstable). The Lotka-Volterra model discussed in Section

4.1 is of this class and obviously has oscillations. Another example is the Brusselator as a

model for the Beluozov-Zhabotinsky reaction [211]:

8tx:a+x2y—bx—m
(5.4)
Oy = bx — 22y
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One does not have to think long to find examples of oscillations in the biological context.
Breathing, heartbeat, circadian rhythms, hormonal cycles, and brain waves are all oscillatory
in nature [10]. If we move beyond a single organism to a collection of agents, it is also not
difficult to find oscillations. For example, fireflies can synchronize their luminous phase and
exhibit collective oscillations [39]. Synchronization is a huge topic of research of its own,
with applications in physics, chemistry, biology, population dynamics, and neuroscience [39—

, B8, , |. A famous example is the Kuramoto model described briefly in Sec. 3.2.7.

Oscillations are also a fundamental part of brain dynamics, both healthy and afflicted by
disease |51, 52, 54, 66, 151, 214, 215]. As an example, dynamic modeling of a transition to an
epileptic seizure often utilizes a transition to a stable limit cycle [57, 76, 79], as we discuss in
Sec. 6.1. As mentioned in Sec. 3.2.7, a synchronization transition between oscillating units
has been proposed as an explanation of brain criticality [54].

Finally, there are also systems that exhibit oscillatory behavior as a result of noise. A
classical example is the theory of stochastic resonance [216]. The dynamics is described by

an evolution in a double well potential in an oscillating external field:

O¢d = me — 9> + hsin(wt) + € (5.5)

Noise allows the system to periodically jump from the less stable to the more stable state
(depending on the cycle of the external forcing), even when it would not be able to do so
deterministically. The resulting oscillations can be used as a sensing mechanism [210, |,
but have also been proposed as an explanation for the transition between different climate
ages [213].

We see that, unlike non-reciprocal phenomena of Chapter 4, it is much easier to find and
intuitively understand oscillating systems. However, classifying them precisely is a difficult
challenge, and here we introduce a few ideas relevant for that task. As discussed in Sec. 2.2.1,

the classification of many-body systems with oscillating phases can have tight connections
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with the corresponding dynamical bifurcation. Therefore, we should understand the common
bifurcations that lead to periodic behavior.

Two such bifurcations, which are in some sense complementary, are the Hopf bifurcation
and the Saddle Node on an Invariant Circle (SNIC) bifurcation [39]. The normal forms of

these bifurcations can be written as:

or = —mr — grd or = |mlr — gr’

Hopf : , SNIC: (5.6)
ol =w TO) = p—sinf

These are depicted in Fig. 5.1. In the Hopf bifurcation, the radius r of the limit cycle

N \@

m<0

®

u>1 u<l1

Figure 5.1: Phase space flows of the limit cycle bifurcations in Eq. 5.6. Top — Hopf bifurca-
tion, bottom — SNIC bifurcation. Figures adapted from [39].
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undergoes a pitchfork bifurcation at m = 0, while the phase oscillates at a constant frequency
w. In the SNIC bifurcation, the invariant circle has a finite radius \/W , but the system
starts undergoing oscillations when g = 1, with the frequency of oscillations increasing
monotonically as i increases. Thus, these two bifurcations describe two general pathways to
oscillations — either the cycle amplitude or frequency start increasing at the bifurcation. One
can, of course, imagine more non-trivial variations, such as when the frequency w = w(r)
in the Hopf case also depends on the radius. The Hopf bifurcation guides the work in the
following sections.

Additionally, one can view periodic solutions as breaking continuous time-translation
invariance down to a discrete time translation invariance by a period of oscillations. This
has been denoted as time crystals, in parallel with space translation invariance breaking in
physical crystals. This symmetry breaking underlies many non-equilibrium phenomena, and
is a topic of intense research [16-19]. Floquet theory and Floquet systems are also exciting
topics of inquiry having to do with oscillatory problems [48].

All of these examples and considerations motivate the study of limit cycle phases of
matter in many-body systems. Even aside from specific systems and just like with non-
reciprocal theories, limit cycles can serve as an elementary platform to explore genuinely
non-equilibrium phases. We take this view in the next two sections, where we explore
transitions where two limit cycles merge in the zero-dimensional and proper many-body

contexts.
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5.2 Coalescence of Limit Cycles in the Presence of Noise

This section is based on the work presented in [219)].

5.2.1 When Limit Cycles Merge

Complex dynamical systems may exhibit multiple steady states, including time-periodic limit
cycles, where the final trajectory depends on initial conditions. With tuning of parameters,
limit cycles can proliferate or merge at an exceptional point. Here we ask how dynamics in
the vicinity of such a bifurcation are influenced by noise. A pitchfork bifurcation can be used
to induce bifurcation behavior. We model a limit cycle with the normal form of the Hopf
oscillator, couple it to the pitchfork, and investigate the resulting dynamical system in the
presence of noise. We show that the generating functional for the averages of the dynamical
variables factorizes between the pitchfork and the oscillator. The statistical properties of
the pitchfork in the presence of noise in its various regimes are investigated and a scaling
theory is developed for the correlation and response functions, including a possible symmetry-
breaking field. The analysis is done by perturbative calculations as well as numerical means.
Finally, observables illustrating the coupling of a system with a limit cycle to a pitchfork are
discussed and the phase-phase correlations are shown to exhibit non-diffusive behavior with
universal scaling.

As has been the theme in this dissertation, we are interested in the behavior of such
models in the presence of environmental fluctuations and noise. This can mean that dy-
namical transitions in finite systems (or infinite systems below the lower critical dimension)
are blurred. However, dynamical responses can still be tuned — the classic case is stochastic
resonance [216, | mentioned before, where a bistable system in the presence of noise is
found to be maximally sensitive to A.C. fields whose frequency matches the typical rate of
hopping between minima. As an example of a bistable system (at least in one regime), we

take a pitchfork bifurcation (or Model A dynamics in zero dimensions 2.2), which can be
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coupled to more general dynamical systems in order to imbue those with bifurcation behav-
ior. Unlike the pitchfork itself, these coupled systems can exhibit much broader classes of
dynamics, where the coalescing states can be fixed points, various stable orbits such as limit
cycles, and other attractors [11]. What are the response and correlation functions of such
systems in the presence of noise?

As discussed in Sec. 5.1, noisy limit cycles and oscillators are of considerable interest
in many fields of study. In this section, we investigate a Hopf oscillator coupled to the
pitchfork, which can describe a class of systems with coalescing limit cycles. We show that
there are characteristic features in the dynamics that mix the established scaling of stochastic
resonance with additional time scales associated with the recurrent limit cycle oscillations.

As discussed in Sec. 2.2.1, normal forms of bifurcations can be used to describe generic
classes of models, and subsequently used to extract general results. Here, we derive a scaling
theory in the vicinity of such a bifurcation and suggest methods to analyze data to explore
whether the bifurcation model is appropriate for the system at hand.

The nature of the noise depends on the details of the system, and we investigate the
simplest case: Gaussian white noise. One of the main results of this section, which de-
scribes how expectation values of operators factorize between the pitchfork and the rest of
the dynamical system, is valid for any type of noise, as long as it is uncorrelated between
the pitchfork and the rest of the system. The behavior of the pitchfork with noise has
been investigated in various contexts and in various regimes, such as perturbative methods
[105] and stochastic resonance [216, 217|. However, to the authors’ knowledge, there is no
treatment that combines the noisy pitchfork in its various regimes into one theory. Here
we investigate and collect results for it in all regimes, and sew them together with scaling
theory. That theory relies on the observation that the pitchfork has a very limited number
of dimensionless parameters that the perturbative expansions can run over.

Hence, once the factorization result and the scaling theory of the pitchfork are explored,
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our goal is to identify observables that can be measured to see whether an experimental sys-
tem at hand does indeed exhibit factorization and whether it exhibits a bifurcation governed
by the pitchfork. Other possible venues of exploration for future study include investigating
other types of orbits that can bifurcate coupled to a pitchfork, other types of noise, and also
noise that is correlated between the pitchfork and the rest of the dynamical system.

The reason to investigate an abstract model is that it may offer universal pointers for
physical behavior. Slow fluctuations between different conceptual states are common in
complex systems and are often loosely assumed in biology. It is almost never the case that
one has a complete enough understanding of the system to produce a detailed model. We
rely instead on general principles, which are necessarily mostly static. However, the statistics
of fluctuations near the critical point can be indicative of the underlying dynamics. We show
that fluctuations between limit cycles have a greater richness than fluctuations between fixed
points (traditional stochastic resonance). Such correlations could be determined from data,

agnostic of a model.

5.2.2 Theoretical Model

We take a Hopf oscillator as a model for a limit cycle and couple it to a pitchfork bifurcation:

) = (a+iQ+b|¢|2)w+icww” (5.7)

W= Rw — guw3 (5.8)

Here a, €2, b are real parameters chosen to produce a limit cycle, ¢ is the coupling strength
between the pitchfork and the oscillator and R and g > 0 are parameters of the pitchfork.
All parameters are of appropriate units and are taken to be constant in time. We assume
that the Hopf oscillator is in a regime with a stable limit cycle (a > 0,b < 0), although the

particular values of the parameters are not relevant for most of the analysis. This system
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has been shown to exhibit bifurcation behavior and for n = 1 and n = 2 there is also an
exceptional point at R = 0 [I4]. Notice that in this case the Hopf oscillator is coupled to
the pitchfork in a multiplicative way. Since v is complex, we can break it up into its real
and imaginary components. We then add noise with the assumption that it is not correlated

between the pitchfork and the oscillator:

by = aty — Qby + bY 29y — coyw™ + /By, (V)& ()
by = atby + by + b Py + g™ + | /By, (¥)E(1)
w= Rw — gw3 + /By (w)&s(t)

where the stochastic differential equations (SDEs) are taken under Ito discretization and
the noise increments are defined to be independent Gaussian white noises <§i(t1)§j (t2)> =
0;0(t1 —t2). We assume that the noises along the orthogonal directions of the Hopf oscillator
are equal: By, = By, = By, Calling ¢, = rcos(f) and ¢, = rsin(f) we can convert the

Hopf oscillator into polar coordinates, keeping the terms produced due to Ito discretization:

= ar b3+ 22 4 B (1) (5.9)
0=+ cw"+ @fe(t) (5.10)

where &-(t) and &y(t) are defined through an orthogonal transformation from the original
€1(t) and &(t), and are also Gaussian white uncorrelated noises [101]. We can see here that
the coupling to the pitchfork only affects the dynamics of €, as in the corresponding classical
case, and in fact the dynamics of r are completely independent of both 6 and w. This is not
generic, since spatial couplings lead to cross-coupling between the amplitude and phase, see
Sec. 5.3.

We can now introduce the MSRJD response fields w?, r? and 67 to express the problem

in terms of path integrals (see Sec. 2.2.1):
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B
Z = /'D[w,wq76’7¢9q7r7 r‘]] exp {/ dtiw(J(w — Rw+ gw3) _ TU)UJQQ}
B B (5.11)
* eXp [/ dt i@q(é’ —Q —cw") — 2_159(12] exp [/ dtird (v — f(r)) — %qu}
r

Here, f(r) = ar + br’ + By, /r contains the deterministic part of the evolution of r. We
assume unspecified initial conditions; in other words, the systems were settled into their
equilibrium distributions at ¢t = —oo. Here we also note that we have not taken into account
the compactness of #, which in principle should be handled. However, the following result
still holds and is confirmed numerically. We can now demonstrate that expectation values
of these operators factorize into expectation values of the constituents corresponding to field
theories of the Hopf oscillator and pitchfork on their own. That fact relies on the linearity of
the equation for 0. It can be clearly seen that when calculating an expectation value of any
operator w"(w?)™, we can integrate out the fields corresponding to the Hopf oscillator and
we’ll just be left with the dynamics of the pitchfork. Therefore, the complexity comes from
any parts of the operators of the form 6™(09)™r*(r4)!. These operators can be obtained

from a generating functional:
Z[xg, M, Ar, M = <eXp U dtrgl + NGO + A1 + A%Q} > (5.12)

where all \’s are functions of time. Employing the linearity of the equation for 6 it can
be shown by integrating out # and 69 that this generating functional factorizes into the
generating functional for the Hopf oscillator in the absence of the coupling and an expectation

value of an appropriate operator of the pitchfork only:
(0.9]
Z[Xg, M, A M) = Zioptl g, Aps Ars AT <exp U dt cw”/ ds )\9(8)} > (5.13)
t w
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where (...),, is the expectation value with respect to the pitchfork action:
s 3y, Bu g2
Swlw,wl] = [ dt | —iw!(w — Rw + gw’) + qu (5.14)

For the derivation, see Appendix D. Hopf oscillators in their normal form have been
studied in many contexts, with varying mathematical depths and in application to a variety

of subjects, both with and without noise | |. Thus, we won’t address part of the
generating functional Zy,,s that comes from the dynamics of the Hopf oscillator alone.
However, we can look at some quantities of interest of the model and see how the coupling
to the pitchfork affects them. For example, for n = 1 the connected angle correlation function
for the full system can be shown to be:

J

J
(0(t1)0(t2)), = Shg(t1) o g (t2)

In Z[Ag, A, Ar, AF]

g A=0 (5.15)
— OBy + ¢ [t [ (wltul®)),,,

On the other hand, the phase response function of the coupled system is unchanged by

the presence of the pitchfork:

(0(t1)0(t2)).. In Z[Ag, Ag, Ar, A

= <9(t1)9q(t2)>c,Hopf (5-16)

0
~ ONg(t1) oD (t2) A=0

More importantly, since the object of interest is a limit cycle, the observable of interest
is the phase-phase correlations, which, due to the factorization discussed above, takes the

form:

to
fexp [6(12) ~ 0(42)]) = (exp i101) = 002)) oy (50 | —ic [ )] ) 517

1

Another object of interest might be the phase diffusion constant [65], which we consider
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in the absence of external fields, leaving it time-translation invariant:

D= /:; ar ((0) = (0) ) (6t +7) = (6) (t+7)))

= /_OO dr By, <7’(15)L> + A (W)Wt + 7)) — (1)) (W (t + 7))

r(t+7)

(5.18)

where we used the independence of statistics of £y, w and r to arrive at the second
equality. For n = 1, the diffusion constant is directly dependent on the connected two-point
function of the pitchfork. For n = 2 it depends on the variance of the pitchfork distribution
(which is just the two-point function at zero time separation) as well as a particular form
of the four-point function. We can therefore see that to answer general questions about the
coupled system, it is useful to understand the dynamics of the stochastic pitchfork bifurcation

on its own, and its correlation functions.

5.2.8  Pitchfork Scaling Theory

The noisy, forced pitchfork obeys the stochastic differential equation (SDE):

W= Rw — gw’ + h(t) + v/ Buw3(t) (5.19)

and the bifurcation occurs at R = 0 in the deterministic system. It is not possible to obtain
the correlation and response functions for the pitchfork in all regimes exactly, so we instead
employ a scaling theory and patch together different regimes. In the SDE, we assume that

g > 0 and By > 0. The parameters and the functions of interest all have dimensions
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restricted by the dimensions of w. We can therefore define:

(w) = M(R, g, By, h) = <—)}1F1 —

(w(At)w(0)), = C(R, g, Bw, h,At) = (—) : | —— —

(w(At)w!(0)),. = x(R, g, Bw, h, At) = iO(At)F3 —

where F7, Fy, F53 are dimensionless functions of dimensionless variables. Similar scaling
theories have been defined for the pitchfork, especially in the context of stochastic resonance
[217], but here we proceed to define it for completeness. By (...). we mean the connected
correlation function, or cumulant. Several assumptions were made. First, we assume uncon-
strained initial conditions, so the system is time-translation invariant (at least in the absence
of forcing). Second, all other dimensionless parameters that might arise from parameters im-
plicit in the definition of A(t) are present in these functions, but are not explicitly written for
brevity. Third, causality is assumed for the response function x [105, |, and the Heaviside
function O(t) is defined in the usual manner with the prescription that ©(0) = 0 is consistent
with Ito discretization [109].

These functions are universal for any collection of parameters. Suppose some crossover
is found that is intrinsic to these functions, for example in Fy(z,0,z) for some x. The
universality of these functions then guarantees that in physical parameters this crossover
or transition has to behave as R ~ \/¢gB,,, with the exact proportionality constant to be
determined. The only way for this relationship to be broken is through the prefactors that
give these functions proper dimensions to match the physical quantities of interest. How-
ever, these prefactors are also defined universally, and thus their presence can be integrated

generically into understanding of such crossovers.

147



We can now extract general information about the functions Fi, Fo, F3. No attempt
was made to study these functions for all values of the parameters of the system. However,
various regimes allow for use of different techniques to compute these functions. We define the
effective bifurcation parameter R = R/\/gBy. For very large and negative R, it is possible to
apply the usual field-theoretical perturbative techniques [2-5, 7, , , |. For large and
positive R, the system is going to hop between the two wells so that we cannot just expand
the field theory around one of the wells, but rarely enough so that the system has enough time
to settle into either well before hopping again. In other words, the relaxation around either
stable state is negligible for long-term dynamics. Here, it is possible to approach the study of
the functions of interest from the perspective of Kramers’ problem and stochastic resonance
[3, |. There are two relevant time scales. The first one is responsible for the decay
within either well, and can be obtained by expanding the action around either well. The
lowest order approximation of this time scale is (2R)71. The other one is responsible for the
rate of hopping between the wells and can be obtained through standard Kramers’ problem
calculation to be 7 ~ v2r R~ exp [RQ / (2ng)} . The crossover between the two is therefore
governed by the competition of the two time scales. Unsurprisingly, perhaps, the ratio of
these time scales is also a function of the effective bifurcation parameter: m/v/2 exp <R2 / 2) .
The final regime centered around R = 0 is mainly studied numerically. We also define the

- ~ 3
effective time ¢ = \/g Byt and the effective external field h = h/(Bf{}g%).

5.2.4  Numerical Results

To demonstrate and support the results of the scaling theory, we turn to numerical simula-
tions of our random process. First, we consider the pitchfork itself. In Fig. 5.2, we simulate
the process and plot the non-dimensionalized correlation function FQ(R,O,f) for different
values of R. Each line on the plot is an overlap of five results of simulations at different

values of R, B, and g that leave R invariant. Their complete overlap demonstrates the
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validity of the developed scaling theory.

4 R=4

Figure 5.2: Numerical simulation of F5(R,0,%) as a function of { at various R. Each line is
an overlap of 5 simulations with different values of the individual parameters that leave R

the same.

We expect that the decay of the correlation function is governed by time scales that
are described above. In Fig. 5.3 we plot the time slices of Fy(R,0,7) as a function of R
for different values of £. As can be seen, there is a smaller time scale associated with the
immediate decay of the correlation function, which perturbatively we expect to be R~! in
the R << 0 regime and (2R)™! in the R >> 0 regime. In the R < 0 regime that is the
only time scale. In R > 0 regime there is also Kramers’ time scale which is exponential and
controls the decay starting with values of smaller and smaller ¢ as R increases.

Now we can return back to the original system. Since the information about the period
and the diffusion due to noise of the limit cycle is contained in the phase-phase correlations,
the operator of interest is the one in Eq. (5.17). This operator can also be subjected to scaling
theory, and with an additional parameter — the coupling constant ¢ — there is an additional
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Figure 5.3: Numerical simulation of FQ(R, 0,%) as a function of R at various .

N[

]

dimensionless parameter: ¢ = cBy; g_%_%. The phase correlations factor coming from
the pitchfork is dimensionless, therefore we call this factor Fp(R, h, toerf —tieff:€). The
scaling is demonstrated in Fig. 5.4 for n = 1 and in Fig. 5.5 for n = 2, where we plot [}, for
various values of R and ¢ as a function of 7 (and there is no external field). With this, the
two cases of n =1 and n = 2 can be studied separately.

First, by formal expansion it can be seen that for n = 1, all the imaginary terms have
an odd power of w. In the absence of external fields the pitchfork SDE has a Z9 symmetry,
and thus they are all zero identically, and only the real part of the phase-phase correlations
survives. To formally see that the dimensionless parameter above (which is cBy i g_% for

n = 1) is indeed what controls the expansion, we can employ the scaling theory to describe

the lowest order terms:

to 2 to—t ty—t1—2' ..
Fy, = <exp {—ic/ dtw(t)]> ~1-— - / dz// dzF5(R,h,z) (5.21)
31 w QQ%B@% 0 -z
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Figure 5.4: Numerical simulation of Re [Fp(R, 0,%,¢)] for n = 1 as a function of £ at various R
and ¢. Each line is an overlap of 5 simulations with different values of individual parameters
that leave the dimensionless variables the same.

As an example, the following limit of this function can be calculated:

(5.22)

. ~ ~ )] 'E BRt 1
lim Fp(R,0,t,¢) =exp |—¢ — — ——= + —=
R——o0 2R? 2R3 2R3

The leading corrections to R can be calculated perturbatively [105].
For n = 1 the contribution of the pitchfork to the diffusion constant is also conceptually

quite simple:

o0 02 o .
Dy = ¢ / dr ((w(w(t + 7)) — (W) (w(t + 7)) = & / s Fy(RoT ) (5.23)

—00 g J-—x

Where we used the definition of the dimensionless correlation function F5 and non-
dimensionalized the integral measure z = /gB,,7. Although we assumed time translation

invariance, this expression demonstrates the scaling of the diffusion constant in the presence
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Figure 5.5: Numerical simulation of Re[Fp(R,0,1,¢)] and Im[Fp(R,0,,¢)] for n = 2 as a
function of ¢ at various R and ¢. Each line is an overlap of 5 simulations with different values
of individual parameters that leave the dimensionless variables the same.

of forcing as well. The numerical results for the integral are demonstrated in Fig. 5.6 for
various values of R.
The n = 2 case is simpler conceptually. The coupling to the pitchfork changes the period

of the limit cycle governed, to lowest order, by the variance of the pitchfork distribution.
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Figure 5.6: Numerical simulation of ffooo dzFy as a function of R on a log-linear scale at

h = 0.

Since it is always positive, there are always oscillations in the phase-phase correlations, as
well as modulation of the period. The oscillations can be understood intuitively: whatever
the state of the pitchfork, it always drives the limit cycle along the positive phase direction,
so at some points it is likely that on average the phase is opposite to the starting phase,
hence the correlations get a negative real part.

1 which is independent of

The effective coupling constant for the n = 2 case is ¢ = cg™
pitchfork noise. Therefore, changing the noise strength of the pitchfork amounts to changing
R and thus, with corresponding tuning of R, can be scaled away (with the time axis being
stretched as well).

A useful representation of the phase-phase correlations that is experimentally viable given
the access to the oscillator and demonstrates the crossover is the Fourier representation. In

the absence of time-dependent external fields acting on the pitchfork (so that the time

translation invariance is preserved), the Fourier transform of phase-phase correlations takes
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the form:

/ dt<exp [—ic /0 t dtw”(t)DweXp(—iwt) = / dt <eXP {—ic /Ot i (w"(0) + %)Dw

(5.24)

An example of Fourier transforms for n = 1 is given in Fig. 5.9. The bifurcation in the
pitchfork is clearly exhibited by the phase-phase correlations in frequency space. It is clear
that the dominant contributions to the transform come from the most likely states that the
pitchfork can be found in. To demonstrate it further, we plot in Fig. 5.7 the frequencies of
the peaks of the Fourier distribution as a function of R, and see that they have the same
bifurcation diagram as the pitchfork.

For n = 1, the mean field stable states (in the absence of an external field) of the pitchfork
for R > 0 are w = :l:\/R_/g. Non-dimensionalizing the frequency of the Fourier transform
as @ = w/v/gBw, we get the scaling for the peak locations for R > 0: Gpeqrs = +:V/R.
Similarly, if we consider an imperfect pitchfork, the peaks approximately follow the stable
branches of the bifurcation diagram, as can be seen in Fig. 5.7.

For the case n = 2, the expression for the mean field positions of the peaks (in the
absence of an external field) takes the form @yeqrs = —¢R, with the replacement of & by the
corresponding definition at n = 2 (see above).

Notice that the peaks only appear in the negative frequencies. However, the dominant
contribution to the Fourier transform comes from the factor <w(t)2>, which means the peak
locations approximately obey wy,eqks = —¢Fy(R, h, 0). These relationships are demonstrated
in Fig. 5.8.

The crossover in this case is not as clear as in the n = 1 case. However, in both cases the
widths of the peaks undergo a broadening around R = 0 and are controlled by ¢. This can
be used as an indication of a crossover.

As a final remark, the phase-phase correlations also have a term coming from the Hopf
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Figure 5.7: Peak frequencies (blue dots) of the absolute value of the Fourier transform of
the phase-phase correlations as a function of R for n = 1, ¢ = 1 and a) h =0, b) h = 0.5.
The bars represent the widths of half maxima of the peaks. In b), the half-widths of the
upper stable branch aren’t shown to avoid cluttering the plot. The red solid line denotes the
mean field stable states of the pitchfork — their bifurcation diagrams. The frequencies take
discrete values due to the finite number of time steps in the simulations of the Ito processes.
The frequency is offset by the natural frequency €2 of the oscillator.
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R
Figure 5.8: Peak frequencies (blue dots) of the absolute value of the Fourier transform of
the phase-phase correlations as a function of R forn =2, ¢ =1 and a) h =0, b) h = 0.5.
The bars represent the widths of half maxima of the peaks. The dashed red line denotes the
mean field stable states of the pitchfork. The black solid line is —¢F5(R, h,0). As before,

the frequencies take discrete values due to the finite number of time steps in the simulations
of the Ito processes. The frequency is offset by the natural frequency €2 of the oscillator.

oscillator itself that would go into the Fourier transform. However, in the limit cycle regime,
the dynamics of the oscillator are simple, in that the Fourier transform of the phase-phase

oscillations has a peak at —(2, the width of which depends on the noise strength. For the
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arb. units

0
w
Figure 5.9: Example of absolute values of Fourier transforms of the phase-phase correlations
forn =1, h =0 and ¢ = 1 versus dimensionless frequency @ = w/v/gBy. The vertical axis
is rescaled for each plot, and is thus measured in arbitrary units (arb. units). a) R = -3,
b) R=0,¢c) R=4

coupled system, it means that in the above discussion the zero frequency is shifted to —¢2,

and the peak widths are broader in reality. However, their locations and widths undergo the

same behavior described above, with the same scaling laws.

5.2.5 Conclusion

We have taken a model of bifurcating limit cycles that we believe to be generally applicable
to a wide variety of systems near a bifurcation and explored it in the presence of noise.
A pitchfork bifurcation is used to imbue a limit cycle with a bifurcating behavior and the
main result of the study is that this model system can be factorized into corresponding noisy
dynamics of the pitchfork and the oscillator.

The factorization of the generating functional depends only on the statistical indepen-
dence between the noise acting on the pitchfork and the noise acting on the limit cycle.
Therefore, specifics of the noise spectrum of either part of the system only determine the
details of their individual effects. For example, a temporally correlated noise added to the
pitchfork adds an additional dimensionless time scale to the scaling theory, therefore chang-
ing the above analysis. However, as the noise strength decreases, the scaling functions are
driven further into their asymptotic regimes, where their behavior is easier to obtain ana-

lytically, and is also believed to be less sensitive to changes in the nature of noise and to
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presence of external fields.

The effect of the pitchfork with Gaussian white noise on the oscillator was then explored,
and a scaling theory was applied to demonstrate how the parameters of the pitchfork must
come into the functions of interest of the limit cycle. The scaling theory is supported numeri-
cally, and measurable effects of the pitchfork on the limit cycle, such as on the phase diffusion
constant and on the spectral resolution of the phase-phase correlations, are demonstrated.

Our model is explicitly low-dimensional but we believe it may be a starting point for a
more general approach to extended systems. The transition between silent (but excitable)
and spontaneous activity has long been studied in neural cultures (e.g. [171, 172, 225]), and
the transition may be accompanied by large scale activity that has been characterized as
“avalanches” with a 1/f-like power spectrum. This is well-known as an outcome for dynamical
systems that are driven very slowly close to a threshold, named self-organized criticality [1412],
and also for extended disordered nonlinear systems under periodic driving [220, |. Such
states are highly correlated in space and time, but not fully periodic. Such systems are based
directly on generalizations of the low dimensional model we discuss here, though extensions
are not simple.

Close to the bifurcation, our model could potentially be applicable to a wide variety of
other systems, such as visual perception bistability [2258| and auditory perception bistability
[229, |, with suitable choices of bifurcation parameters. Scaling ideas similar to our
discussion have also been explored in the context of multistable perception [231]. Although
direct access to the limit cycle dynamics of such systems might not be readily available, the
processing of stimuli is often inherently oscillatory (i.e. neural activity [232]), thus driving
the choice to explore limit cycles. Alternatively, in perception research, the stimulus itself can
be oscillatory [233]. Bifurcations of limit cycles and bistable regimes also occur in queuing
theory [01], among others.

The choice of the type of bifurcation other than the pitchfork that can be coupled to
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an oscillator would be based on the phenomenological knowledge of each particular system.
The same also applies to the type of noise that should be used in the model, as well as its
spectrum. The exploration of these ideas, in addition to increasing the dimensionality of

these models is reserved for future work.

5.3 Field Theory of Birhythmicity

This section is based on the work presented in [16].

5.3.1 Motiwation for Modeling Limit Cycles in Space

There are tremendous efforts to build tools, field theories in particular, similar to those
in equilibrium, to understand non-equilibrium dynamical phases as well as the respective
transitions and universality classes [2—1, 19, 16, 81]. As in equilibrium studies, it should
prove valuable to develop the simplest models possible that can describe those. As mentioned
in Chapter 3 a prototypical example of a non-equilibrium steady state is a dynamical phase
characterized by a limit cycle — the order parameter of finite magnitude rotating or oscillating
at a fixed frequency. Consequently, birhythmicity, where two stable limit cycles coexist, is
a natural extension of the simpler single limit cycle phase. Both the abundance of real
systems exhibiting such states (as described in Sec. 5.1) and their relevance for building
our understanding of non-equilibrium phases and phase transitions are strong motivations
to build and study models of such behavior. They can therefore be taken as paradigmatic
states that one can use to build an understanding of non-equilibrium phases of matter.
For example, a transition from both equilibrium disordered and equilibrium ordered states
of O(N) models to limit cycle phases is already being extensively studied [19, 16]. Field
theoretic tools can be used to provide insights into either phase and the transition between
them. In this Section, we explore a simple linear model of a single limit cycle phase with

phase-amplitude coupling. We demonstrate how such non-equilibrium coupling affects the
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fluctuation spectrum of the theory. We then extend this model to include a continuous
transition to a two-cycle phase. We give various results, such as the appearance of a CEP,
the destruction of the transition, enhancement of noise for the phase, and the presence of
KPZ dynamics. Finally, we qualitatively demonstrate these results with numerics and discuss
future directions.

Birhythmicity is a phenomenon where the system supports two stable frequencies, or limit
cycles. Although the parameter space where it occurs can be small, birhythmicity is present
in various fields, including physics [231-230], biology and biochemistry [12, 41, 45 ],
control theory and mathematical modeling [230, , 239], among many others. In many of
these examples, in fact, there is a transition from a single limit cycle to a birhythmic phase.

In keeping with the themes of this dissertation, we need to include dimensionality (spatial
extent) and fluctuations in order to fully characterize such a transition. Both of these
ingredients can have profound effects on the behavior of limit cycles in particular. For
example, spatially extended or lattice models of oscillators exhibit synchronization |64, |,
and noise plays an important role in control theory [62-01], with many other effects and
applications not mentioned here. Dimensionality, of course, also plays a central role in
understanding the universality class of a phase transition and changes the associated critical
exponents. In order to include these ingredients, as well as for preserving the most generality,
we resort to using a generalized complex Landau-Ginzburg equation. Equations of this sort
have a wide variety of applications and motivations: see, e.g., [1, &1, 806] and references
therein. We add Gaussian white noise for simplicity.

We recall that the symmetry group of the associated order parameter is also relevant for
the study of a phase transition. A generic group that can be picked is O(N), or SO(N).
Possible non-equilibrium phases of O(N) models, as well as transitions between them, are
being extensively studied in contexts similar to this work [19, 40], as mentioned above. We

restrict our model to a two-component, or complex, field, which means that we stick to O(2)
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symmetry.

The initial "toy" model describes a system that has a stable limit cycle in one phase
which splits continuously into two stable limit cycles of different radii. The non-equilibrium
feature is the coupling between the frequency of the cycles and their radii, which should be
included for generality, but is a feature that often occurs in real systems [210-212]. We show
that this coupling leads directly to the transition happening through a CEP, at least at the
mean field level. We explore how the proximity to the CEP can be observed from real space
and time correlations.

However, the coupling between the amplitude and the phase of oscillations that breaks
the equilibrium conditions is highly relevant below six dimensions. That means that any
such coupling at the microscopic level likely drives the system away from the second-order
fixed point discussed in Sec. 5.3.3 and 5.3.4 through an RG flow. In addition, the inherent
asymmetry coming from the transition occurring around a finite amplitude means that the Z9
symmetry present in continuous transitions is not guaranteed. Thus, even in the absence of
non-equilibrium couplings, the system flows to a different fixed point, presumably first order,
unless all the relevant couplings are finely tuned. In the language of dynamical systems, the
transition instead occurs through a saddle-node bifurcation of limit cycles, which is a route
that systems often take to reach birhythmicity [11, , , |. Despite the seeming
instability of the continuous transition fixed point, the scale at which the deviations from it
can be observed can be enormous by virtue of the large amplitude around which birhythmicity
is born. Similar arguments apply to the non-equilibrium coupling as well, if it is suitably
small at the microscopic level.

Although we approached this study from an abstract perspective, we believe it should
provide a suitable framework for exploring a wide range of problems. More broadly, assuming
the ideas of universality are applicable to such non-equilibrium systems, our work should

provide a basis for studying any system within the appropriate universality class. Our model
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is also an example of the type of field-theoretic descriptions that one can construct when
considering non-equilibrium systems. Such a description allows for the use of field-theoretic
tools to answer the prototypical questions of statistical physics. With these motivations, the
objective of this work is thus to provide a generic model of a transition to birhythmicity and
explore its non-equilibrium features, such as the correlation structure around the CEP and
the appearance of 1/f noise. These results should be experimentally and computationally

observable for systems in the appropriate class.

5.3.2  General Model of O(2) Dynamics

We begin with a general Landau-Ginzburg equation for a complex field ¢ that includes all

the ingredients discussed in the previous section. Such a model could be written as:

O = fL|w)w +ifa(|e])e + DV + ¢ (5.25)

This equation has an O(2) symmetry with respect to the field 1 = v, +i1)y. Here we only
focus on rotations, which is the same as restricting ourselves to the U(1) symmetry. The real
function fi(|¢)]) is responsible for producing multistability in the radial direction, and only
depends on the amplitude of the field in order to preserve the symmetry. The real function
fa(]1]) is the coupling between the frequency of the rotation of the field and its amplitude. In
the language of Langevin dynamics, fo is responsible for breaking the symmetry conditions
that define equilibrium. This can be shown by breaking up this equation into components
and directly checking for the symmetry defining thermodynamic equilibrium (see Sec. 3.1.3),
or by using supersymmetry [12, 105]. Two component order parameters with O(2) symmetry
offer a unique simplicity in studying non-equilibrium systems. For a general O(N), to go out
of equilibrium, one needs to supply many additional terms that render the dynamics more

complex than overdamped relaxation [19]. However, for O(2), any rotation commutes with
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any other rotation. Thus, complex terms (such as ifo1)) that break equilibrium conditions
are easy to generate while preserving the overall symmetry. It is important to note that if
fo is constant, we can get rid of it by going into a rotating frame and effectively recovering
equilibrium dynamics.

We implement spatial extent in the form of a diffusion term with strength D. This is
conceptually the simplest way to do so, but diffusion is of course present in all sorts of
continuous descriptions of real systems [I, 2, 81, 86]. Although generically D can be taken
to have both real and imaginary parts (e.g. for models of condensate dynamics these would
correspond to coherent and dissipative couplings), we take it to be real for simplicity. Finally,
we add white Gaussian noise £ with correlations (£(t, D)E(t', 7)) = 0 = (£*(¢, D) (¢, &)
and (£(t, Z)&* (', 7)) = 2Bé(t — t")6%(Z— &), where B is the noise strength. Such a model is
an example of a A-w system in the language of [34, 86] and has a wide range of applications

(see references therein).

Defining the amplitude-phase representation through (¢, z) = r(t, f)ew(t’f), after care-
fully keeping track of the subtleties due to Ito discretization |3, , |, the original equation
can be written as:

9 S B
oyr = fi(r)r+ DVer — Drve -V + — + &,
2r (5.26)

2D = = 1
00 = fo(r) + DV26 + VOV 4 g

Here, the noise terms are decorrelated and each have strength B: (&(t, 2)&;(t',2")) =
Bé;;6(t—t' )0%(Z—Z'). We also pick up a centrifugal term, as well as two terms generated by
diffusion. The former can be absorbed into f1(r) and is less relevant for our considerations
below, while the latter is addressed in the following sections.

To address some of the issues arising in this model, it is useful to consider an example,
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Figure 5.10: Schematic of the continuous transition model at mean field level. The curves
indicate the "potential" V' along which the radial degree of freedom evolves towards the
minima, such that fi(r)r = —0,V. a) Regime with two stable radii at which the limit cycles
exist (m < 0 here at the mean field level). b) Regime with one stable radius for the limit
cycle at r = a. For large enough m, this can be approximated by the linear theory.

such as:

O = [~m (] - a) — g (1] — )| ¥ +iF (|| —a)y + DVZp+€  (527)

A schematic illustration of this model is provided in Fig. 5.10. This model has the
necessary ingredients outlined above. One can show that the transition to a phase with two
stable limit cycles occurs continuously. When F' # 0, it occurs through a CEP, which can
be checked by looking at the Jacobian of the linearized dynamics around the limit cycles in
the rotating frame [11]. However, we can see the breaking of a symmetry for a continuous
transition even at the mean field level. Writing ¢ = (a + (57‘)6"9, we get that the dynamics

of the amplitude are (ignoring diffusion and noise):

2

O¢6r = —madr — gadr® — mér® — gort (5.28)

This equation does not have the Z9 symmetry one expects out of a Model A-like tran-

sition. However, the symmetric terms are proportional to the amplitude a of the cycle that
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splits. Since we are considering the system near the transition, where dr << a, these terms
dominate the dynamics. And although the terms breaking the symmetry can be relevant in
the RG sense, their contributions alter the dynamics significantly only on scales that grow
larger with increasing a. Similar logic applies to the B/2r term and all the interactions it
generates. Alternatively, these terms can be tuned to maintain their relative values so that
the transition remains continuous.

On the other hand, once the non-equilibrium coupling F' is included, it drives the system
away from the continuous transition, likely to some non-equilibrium fixed point. As we
show below, it can generate KPZ terms, as well as break the ratio of the terms generated
by diffusion that we saw in Eq. 5.26, which is required by equilibrium. Again, however,
we assume that we should be observing the signatures of the continuous transition CEP
except at some large scale. We therefore have the phase diagram in Fig. 5.11 with the flow
trajectories indicating that the deviations from the continuous transition are slow in RG

"time".

5.3.8  Linear Theory

Suppose at this point that we are in a regime with a single limit cycle state. In that case
the function f1(r) produces a single stable point for the dynamics of r. As the first intuitive
step in the study of dynamical systems and field theories, we linearize around that point.
Again, we call the stable radius rg = a and define r = a + dr. Assuming the stability is
controlled by parameter m (referencing mass or reduced temperature terms in field theories,

and assuming all of the constants are absorbed in m, see Eq. 5.28), we get:

8or = —mdr + DV26r + &, (5.29)

We then keep linear terms for the evolution of the phase, assuming fo(r) &~ fo(rgt) + For,
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Figure 5.11: Schematic phase diagram for the model. In d < 6 dimensions, the non-
equilibrium coupling F' is highly relevant, and therefore drives the system away from the
CEP towards some other fixed point labeled here as "NE". Other parameters breaking the
Zo symmetry might also be relevant, but with a much slower dynamics along the RG flow.

where we defined F = C(l‘jf—f(rst), and we also ignore fa(rg¢) by going into a rotating frame:

1
80 = For + DV20 + ~& (5.30)

To obtain the fluctuation spectrum of such a system, we employ the MSRJD procedure
(see Sec. 2.2.1) with response fields 7, . The dynamical action produced by these equations

1s:

_ B By _
~ Sy = / dtde {if (atar + mér — DTV25r> +if (ate — Fér — DHVQQ) -t e
(5.31)

where we defined B, = B, By = B/ a? and D, = Dy = D in anticipation that the renor-
malization group flow changes these couplings from these initial conditions. The correlators
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dwdlk 5, F)eiwt=ikT) are

(or propagators) in Fourier space (which we define as v(¢, ) = [ (am)d 1Y

given by Go(w, k', k') = (2m)T G (w, k)d(w + w)6%(k + k'), with the Green’s functions
Go(w, /;) similar to those quoted in Appendix B.

As expected, the coupling F' introduces cross-correlations between the radial and the
phase degree of freedom. One way to detect a continuous phase transition is to look at
the equal time correlation function. In this case, the Keldysh components of the correlator,

which do not involve the response fields, are given by:

- dw /., = . - By /2
r
- dw A B, F)/2
GK t= O,k :/_ 3 7k 0(— ’ k = -
0,7"0( ) o <T<w J0(—w )>0 (m + Der) [m + (Dy + D9>k2]
- dw /, = 4 7 Bp/2 BTF2/2
Gilaolt = 0.F) = [ 52 (b0, (-0, ~F)) = -
0,90( ) T < (w, k)o(—w )>O Dgk? * Dgk?(m + Dyk?) [m + (Dr + DG)kQ]

(5.32)

The radial degree of freedom has a correlation function that is associated with the Ising
or Model A transition (see Sec. 2.2.5 and references therein). The phase correlation function
has a k~2 divergence at low momenta, also typical for Goldstone modes in equilibrium [1-7].
Even though we have a non-equilibrium coupling F' that changes the precise form of the
correlation function, we only see deviations from the usual Goldstone mode behavior when
the radial degree of freedom becomes critical at m = 0, or for high momenta k2 > m/Dy.
The off-diagonal term is also damped unless we are at the critical point. We discuss this
point below.

We now look at the term proportional to £2 in the phase correlations. At high momenta,
when k2 > m/D,, that term behaves as k~6. Thus, there is a length scale [, ~ m
below which, for d < 3 and for a system of size L > [., the phase correlation function
behaves as:

CypBrFHE

S L2
— 1 — 5.33
D, D2 |71 — 29| (5.33)

<€w(0’fl)_i0(0’f2)> ~ exp
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where C; ;. are some numerical constants. For the correlations in time, there is no univer-
sal time scale, and the correlation functions behave differently depending on the dimension.
This absence of a clear dynamical scaling exponent is reminiscent of other works on CEPs

[19]. For d < 3 and equal diffusion constants, they behave in the limit ¢ — to — 0 as:

( —
B, F?
exp | —Cg~—4—7lt1 —t2l2} ,d=1
L D2m?2
B, F?
D2

< ei&(tl,O)fiH(t2,0)> ~

exp | —Cy BEE [C = 2In(mlty — ta))] |11 — t2|2] d=2 (5.34)

2 3
exp |—Cy 2ob ’tl—t2|2] ,d =3
\ L " D2

where Cy 4 and C' are both some numerical constants. Both these scales can be under-
stood by considering the F'dr term as an additional Ornstein-Uhlenbeck, spatially correlated
noise [1]. In that case we see that it is simply another source of fluctuations that destroys
phase order on the scales defined by its spatial correlation length. We demonstrate some of
these effects in Sec. 5.3.6.

Another way to see this enhancement of fluctuations is to integrate out the radial degree
of freedom. In that case, the phase noise is enhanced by the correlation function of the radial

degree of freedom:
B, F?
w? + (m + Dyk?)?

By — By + (5.35)

This is reminiscent of the amplification of noise observed in [20] and is the same mecha-
nism discussed in Sec. 4.2. Thus, amplitude-phase coupling is a source of colored, e.g. 1/f,
phase noise.

The most important implication of this section is the observable correlation structures,
Eqgs. 5.33 and 5.34. If the behavior predicted in these results is seen in an oscillating system,
it signifies the presence of a CEP, which should illuminate the underlying physics. The length
scale that separates the CEP behavior from the usual Goldstone mode behavior also shows

the proximity to such a transition. Additionally, the findings above show a new pathway
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for a system to exhibit 1/f noise that seemingly does not require self-organized criticality

[142].

5.3.4  Continuous Transition

With the linear theory understood, we can now explore transitions to birhythmicity. Al-
though we saw above that there are non-linear terms in the phase-amplitude representation
that produce more complex dynamics, we still believe it useful to understand a simpler toy
model. We assume that the two stable limit cycles appear continuously out of the original
cycle through a pitchfork bifurcation, see Fig. 5.10. This is equivalent to the dynamical
Ising or Model A theory (Sec. 2.2.5) for the deviations of the radius 67, and the same phase

dynamics as in the previous section:

Obr = —mér — gors + DpN26r + &,
1 (5.36)
80 = For + DgV20 + ~&

where m is the control parameter taking the system through a transition, and g is some
positive constant. Here, it is useful to consider this from the mean-field perspective, and
again look back at the linear theory. The eigenvalues and eigenvectors of the matrix defining

the linear evolution of this system when F' # 0 are given by:

o
|
=3

V] = , AMM=0 vy = , Ay =m (5.37)

We see that as we approach m = 0, the eigenvalues become equal and the eigenvectors
coalesce. It can be checked that the same is true approaching the critical point from the other
side with respect to each stable cycle. At the critical point the matrix is non-diagonalizable,
making it a CEP.

As discussed in Sec. 3.2.9 one of the signatures of a CEP is a stronger divergence of
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fluctuations with respect to momenta. We saw that a common enhancement usually reveals
itself in a k* divergence of correlators. We do see such fluctuations for the off-diagonal term
Géfr@ ~ k~*, where they are often present. However, the phase fluctuation term diverges
as k9, which has not been observed before, to the authors’ knowledge. The mechanism of
this divergence lies in the phase being a Goldstone mode, which makes it "critical" a priori.
Thus, such a divergence is a result of tuning two fields to be critical and coupling them
non-reciprocally. In this case, we see that the phase correlations decay as in Eqgs. 5.33 and
5.34 at all distances, which destroys the usual behavior of a Goldstone mode. Similar to the
Mermin-Wagner theorem [91], this enhanced divergence implies that the ordering of the field
is destroyed in dimensions below d = 6 at the CEP.

It can be shown that a phase with dynamics defined by Eq. 5.30 cannot exhibit a syn-
chronization transition in low dimensions. This can be seen by defining a suitable Kuramoto
order parameter [11]|, or by observing the angle and phase correlation functions. However,
at this level of description, the frequencies of oscillations are ordered. This can be seen, for
example, by observing that (0;0) = F (dr), so when the radial degree of freedom orders, so
does the frequency. This is also shown in Sec. 5.3.6.

However, as mentioned before, the route to birhythmicity is often not continuous, but
rather a saddle-node bifurcation [12, 11, 15, 231-236, 238]. If the mean field radial equation of
motion is written as 9rdr = —0V (0r)/d(dr) for some potential V', the saddle node bifurcation
corresponds to the appearance of a meta-stable well and a "hill" as the control parameter
is tuned, see Fig. 5.12. In our case, it can be modeled by adding an external field h, to the
r.h.s. of Eq. 5.36. Just like in usual statistical field theory, we then do not have a continuous
transition between two phases, but rather a cross-over. In other words, there is no symmetry-
broken phase. The problem can then be analyzed by usual means, i.e., by linearizing around
the minima, using Kramers’ estimation of the escape time [3], etc. However, as mentioned

above, the expansion of the full equation of motion inevitably leads to terms that break the
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Figure 5.12: Saddle-node bifurcation scenario for the transition to birhythmicity. Solid blue
lines correspond to stable radii, dashed red line corresponds to unstable radii. Either from
the addition of an external field, or through the other nonlinearities described in the text,
the transition happens through a saddle-node bifurcation of limit cycles (SNLC). The second
stable radius (and therefore frequency) appears together with an unstable one as the control
parameter m is varied. The inset shows the continuous transition scenario described in sec.
5.3.4, for comparison.

Zo symmetry for or needed for a continuous transition.

We also argue that even if those terms are ignored, the symmetry is always broken. The
radial degree of freedom is defined in the domain [0, c0), or [—a, 00) for 7. That means that
it is impossible to construct a function fi(r) = fi(a + dr) that would not change under Z9
symmetry about a finite radius a, simply because it is not defined for » < 0. The only option
is to bound it from above as well, such that fi(r) is infinite at r = 2a.

Although this toy model of coupling a Z9 order parameter to a phase does reveal the CEP
and the structure of the transition, when non-linearities start to be considered, it becomes

necessary to include those that also arise due to the diffusion, as we discuss in the next
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section.

5.3.5  Full Theory

Now let us consider all the other spatial terms in Eq. 5.26 in addition to the toy model we
had with Eq. 5.30 and 5.36. Expanding around the stable radius a, we see that the minimal
action that faithfully captures the couplings between radius and phase coming from diffusion

1s:
S = 50+ Sins

-5y = /dtddx {ir (81557" + mor — DTV25T> +i6 (8759 — For — DQV29> — %rQ — %9_2
— Sjpt = / dtd’z [z’f <g5r3 +uve- ﬁe) + vV - ﬁ(sr]

(5.38)

Here we defined u = Da and v = 2D/a, again in anticipation of the RG flow taking
those couplings away from their initial values. The usual Z9 symmetry of the radial degree
of freedom (&r,7) — —(&r,7) is broken by the iV - VO term in addition to all the other
terms discussed in Sec. 5.3.2. For the sake of the radial transition, it acts as an external

field, which can be seen by the lowest order replacement:
/ dtd%a iurve - VO — / dtda iur <60 : 69> (5.39)

However, this is a crude approximation, and a better way to assess the contribution of
this term is through an RG procedure. Although we do not attempt to perform a complete
analysis here, we can gain insight from the "zero-loop" or scaling arguments that are part
of RG. Following standard dynamic RG procedures (Sec. 2.1.4 and 2.2.4), we want to keep

only the slow momenta |k| < A/b, where b > 1 and A is some cutoff, and then scale the
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coordinates and fields as:

T—brf, t—bt,
r(t, @) — DXrr(b¥t,bF) Pt &) — VrE(bPt, b)) (5.40)

O(t,7) — O(b*t,bT) , O(t,T) — bX0H(b*t, b))

Notice that the phase field is not scaled in order to preserve its compactness and the
orientation of the order parameter. We then pick the field scalings so as to preserve the
free part of the Gaussian action for ér and the diffusion term for €, which yields z = 2,

xr=1— %, Xr=—1— %, Xg = —d. The scaling of the radial fields matches the usual second

order critical point scaling [3]. With this, the couplings that are changed due to scaling are:
m — b*m g — b4_dg
d d
F=2F  , u—sbz ly (5.41)
d
By =By v b2

Although we have a symmetry-breaking term, at least at the level of scaling, it is irrelevant
in d = 1. Similarly, the other term WAV - Vér is relevant in low dimensions, although it
is symmetric under Z9. Moreover, if they are considered without any approximations, as
in Eq. 5.26, both of these terms are marginal. All this brings a possibility of a symmetry
restoration for the radial field at long distances. And, of course, the term F that pushes
the system out of equilibrium is highly relevant for d < 6. We also see that phase noise can
be irrelevant in d > 2, which means that the phase only fluctuates through its coupling to
the radius and thus might experience more ordering. Seeing also that the bare value of the
phase noise is given by B,/ a2, it might be appropriate to set the phase noise to zero in high
dimensions. However, all of the above discussion revolves around the Gaussian fixed point.
Given the arguments on the breaking of the Z9 symmetry, there is no guarantee that this is

indeed the fixed point to consider at long range.
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Additionally, new terms are generated by the RG flow. For example, since we can have
propagators between 6 and 07: (6dr),, we can generate a KPZ contribution to the dynamics
of the angle. That can be seen by combining the u and F' interactions in a suitable Feynman
diagram [2—1]. Even outside of RG, if we take the part of the radial action that is linear
in ér and integrate it out, we get a contribution to the phase degree of freedom that is

proportional to:
~_ Fu / AT [Gllt— - )+ G 1 D) (5a2)
z,x' ¢

Here GOA’LJ,% are the advanced and retarded propagators of the radial degree of freedom,
equal to (r7). Although in equilibrium the local part of that expression is zero [3], it might not
be so outside of equilibrium, where the usual identities between correlators might not hold.
Either way, we see that the existence of this term is based on non-zero F', which is expected
since KPZ dynamics is non-equilibrium. In fact, since we do not have the additional § — —60
(with the associated § — —f) symmetry due to the presence of the non-equilibrium term,
KPZ scaling is expected for limit cycle phases [17]. In the presence of F', other generated
terms include a 0r2 non-linearity, cross-diffusions between the radial and angular degree of
freedom, cross-correlated noise, etc. All of these can be observed even at a one-loop level.

To summarize, we see that the true long-range behavior of this system is highly non-
trivial due to the presence of several nonlinearities as well as the generation of new ones.
However, as argued in the Introduction, the scale at which a behavior different from the CEP
emerges can be extremely large, especially as the radius of the cycles increases. It might
therefore be of use to perform the RG analysis of a model of the type described in Sec. 5.3.4,
or include only a few most relevant nonlinearities. We leave the detailed analysis of this sort

and of the full problem for future work and now discuss some numerical results.
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5.53.6  Simulations

To investigate the theoretical predictions outlined above, we performed lattice simulations
of the respective stochastic processes. We use the TensorFlow Quant Finance package [2413]
and use the Euler sampling method to simulate the dynamics described in the text in the
Ito discretization. Due to the stochasticity of the processes and the presence of lattice
derivatives, Euler sampling should have sufficient precision [241]. In order to take into

account the compactness of the phase field, we replace the spatial derivatives as follows:

“ (5.43)

where @ are the locations of the lattice points and the sum ), goes over the nearest
neighbors of Z, where a are lattice vectors. This is in accordance with the studies of compact
KPZ equation [10], here extended to arbitrary dimensions.

In Fig. 5.13 we plot the phase autocorrelation function defined in Eq. 5.34 for one
dimension. On a logarithmic scale, it exhibits a quadratic fall-off as predicted analytically.
The correlations do not decay all the way to zero due to the compactness of the phase degree
of freedom. In the inset, we plot the correlation function versus ¢2 for small times, and it
exhibits linear behavior, again confirming the prediction. In order to observe the transition
from a stretched exponential decay to the usual decay of phase correlations in one dimension
~ e_\/g, one has to be able to discern the competition between these two regimes before the
correlation function reaches the eventual constant.

To illustrate other effects described in the text, we simulate two-dimensional dynamics
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Figure 5.13: Phase autocorrelation function Cp(t] — t2) = <ei9(t1’0)_w(t2’0)

> in 1 dimen-
sion. The logarithm exhibits a quadratic falloff in time, as predicted by Eq. 5.34. The
correlation function is approximately linear w.r.t. 2 for small times as shown on the inset.

The simulation parameters: number of runs N = 1000, length of system L = 500, lattice
constant AL=1,a=10, F=02,D =1, B, =1, By =0.

according to the following set of equations:

Obr = —mér — gors — u(V0)? + DV2or + hy + &
(5.44)

1
0,0 = For + DV?0 + &

These produce the action in Eq. 5.38 through the MSRJD procedure with v = 0 (which
we set that way since u # 0 is enough to demonstrate the features of interest). We also

added a conjugate field h, to detect the continuous transition. To see whether the transition
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Figure 5.14: Response functions for the system in d = 2 dimensions evolving according to
Eq. 5.44. All simulations are on a 40 x 40 lattice, time step is 0.01, number of runs N=1000.
The system runs until it has thermalized. For all simulations B =1, a =10, 9g=0.5, D =1
and lattice constant is set to 1. For the frequency response function at u = 0, we set F' = 0.2.
In the presence of u # 0, the response is minimal and the continuous transition is erased.

is preserved, we can look for a peak in the response function to an external field:

_0(n) _0(00)
Xr = ahr ) Xw = ahr

(5.45)

In the thermodynamic limit, the response function diverges at the phase transition |2, 4|
and has a peak for a finite system. In Fig. 5.14 we plot the response functions for both radial
d.o.f. and frequency in two dimensions. When u = 0 we have the Model A dynamics for the
radius, which exhibits a phase transition in two dimensions. The frequency is proportional
to the radial d.o.f., and so the frequency also orders. The peak does not necessarily align
with the phase transition point exactly and depends on the size of the system. When u # 0,

the fields exhibit a very weak response to external perturbations, signaling that they are in
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Figure 5.15: Example evolutions of ér and 6 degrees of freedom according to Eq. 5.44 in
d = 2 dimensions. The 40 x 40 lattice is flattened to a one-dimensional line for the plot
corresponding to the vertical axis. The simulation time step is 0.01, and the time range is
[0, 500], corresponding to the horizontal axis. The initial condition for the radius is random
and the angles are aligned. For all simulations B = 1, a = 10, ¢ = 0.5, D = 1 and lattice
constant is set to 1. a), b) m = —0.7, v = 0, F = 0.3. Domains of positive and negative dr
are formed as in the usual Model A dynamics, with the angle oscillating with corresponding
frequencies. ¢), d) m = 0.5, u = Da, F = 0. e), f) m = 0.5, u = Da, F = 0.3. Even with
m > 0, where (6r) = 0 according to mean-field theory, (67) < 0 due to the u(V6)? term. g),
h) m = —0.7, u = Da, F = 0. i), j) m = —0.7, u = Da, F = 0.3. When m < 0, even with
some initial domains with dr > 0, the eventual configuration selects the steady state with
or < 0 according to the mechanism described in the text.
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a deep potential well. There is certainly no continuous transition in that case.

In Fig. 5.15 we plot example evolutions of both degrees of freedom in a d = 2 simulation.
When m < 0 and v = 0 (Fig. 5.15a and 5.15b) the radial degree of freedom undergoes the
usual Z9 dynamics, forming domains of positive and negative dr. The angle 6 then rotates
according to which configuration the domain is in. When u # 0, even in the m > 0 regime,
the noise in the angular degree of freedom produces fluctuations which result in a non-zero
V6. That produces a downward shift in the radial degree of freedom, Fig. 5.15¢, d, e and
f. When m < 0, even though there are initial domains of positive dr, they are eventually
destroyed by the presence of the u(§0)2 term, Fig. 5.15g, h. When F' # 0, that destruction
is even more apparent and can be understood intuitively.

At the edge of two domains, the Fér term accumulates a phase difference between the
two domains. That means that V6 is increasing along the domain wall, making the u(69)2
term larger. That in turn shifts the radial degree of freedom along the wall, and the negative
domains eventually consume the positive through that mechanism. This growth of the
domain wall is demonstrated in Fig. 5.16. It can also be seen there that as the negative
domain overtakes the system, dr becomes less negative, since 6 orders more on the inside,
which decreases the size of u(60)2 term.

Similarly, one can simulate the full field equations that would satisfy all the needed

properties. An example is the following equation:

Or = [—m (I =a?) =g (jof - aﬂ +iF (J0P — )6+ DV + ¢ (5.46)

This form is chosen over the one used in Sec. 5.3.2 because it is computationally cheaper
to compute ]¢|2 than |¢|. One can check that if the first line of this equation is seen as
a gradient descent in some potential, then that potential is indeed equally deep for both
minima around r = a when m < 0 (ignoring the B/2r term, which would only make the

lower radius limit cycle less stable). It can also be checked by using the calculation outlined
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Figure 5.16: Example evolutions of §r and w = 00 according to Eq. 5.44 in d = 2 dimensions
for an initial condition with a small negative domain. The simulation is on a 40 x 40 lattice,
time step is 0.01, and the time range is (0,5, 7,10, 15) top to bottom. Other parameters are
set tom = —0.5, F =03, B=0.3,a=10,9g=0.5, D =1, u = Da and lattice constant
is set to 1. After a period of accumulating a zero domain wall between the negative and
the positive domains, the negative eventually overtakes the positive through a mechanism
described in the text.
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Figure 5.17: Example evolutions of the magnitude || of the full field Eq. 5.38 in d = 2
dimensions for an initial condition with a small negative domain. The simulation is on a
40 x 40 lattice, time step is 0.01, and the time range is (0,5, 15,25, 40) left to right. Other
parameters are set tom = =2, F =0.3, B=10.3,a =3, g = 0.5, D = 1 and lattice constant
is set to 1. The smaller magnitude domain eventually overtakes the positive through a
mechanism described in the text.

in [14], that the transition at m = 0 is going to be an exceptional point at the mean-field
level given F' # 0. When these equations are simulated in the two-cycle regime, we again
see the same mechanism where a domain in a smaller radius state grows and consumes the
entire system, see Fig. 5.17.

All of the simulations presented above are qualitative demonstrations of the analytical
claims made in the previous sections. Just as a detailed perturbative or renormalization
group analysis is likely necessary to make more precise analytic claims, more detailed nu-
merical approaches can also be taken to study this system. Those could include finite-size
scaling techniques, larger lattice sizes, Binder coefficient as a measure of the transition, etc.

We leave both sides of the problem for future work.

5.3.7 Conclusion

Limit cycles are a phenomenon that is present in a variety of systems and models, ranging
from physics to the social sciences. They are one of the most elementary steady states that a

system driven out of equilibrium can settle into. Their ubiquity and relative simplicity make
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them a prime candidate for exploring non-equilibrium phases of matter from a field theoreti-
cal perspective. The phenomenology of limit cycles includes the possibility of birhythmicity,
a regime of a system where it supports two stable limit cycles. Birhythmicity can be found
in a variety of disciplines and applications as well, such as biochemistry, biology, modeling
of social behavior, and others. Through a generalized complex Ginzburg-Landau equation,
we introduced a class of models with rotational symmetry that can be used to describe
transitions to birhythmicity.

As a generic feature, we also included a coupling between the magnitude of the order
parameter and the frequency of its oscillations. Such terms often arise in real systems and
have major effects, for example, for the functioning of the brain. This feature drives the
system out of equilibrium and has profound consequences for its behavior.

In order to explore a continuous onset of birhythmicity, where a single stable limit cycle
splits into two stable ones, we used a pitchfork bifurcation around a finite magnitude of
the complex field variable. This choice was made in order to draw a comparison with the
equilibrium second-order transition of a scalar field. Despite this parallel, the symmetry-
breaking terms as well as the non-equilibrium coupling are relevant interactions that should
drive the system away from a continuous transition. However, we provide some arguments
that the behavior of the CEP can still be observed below some very large scale where the RG
flow truly escapes the CEP. With that, we described the lowest-order field-theoretic action
resulting from such a model.

First, we show that, at a Gaussian level, the coupling between phase and radius leads
to a stretched exponential decay of phase correlations below certain length scales and for
short times separations. Such a correlation structure should provide a testable measure of
the proximity to the transition point and the presence of phase-amplitude coupling. We also
show that this coupling can be a source of 1/f noise for the phase.

Then, if the transition is indeed continuous, it occurs through a critical exceptional point.
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Exceptional Points and CEPs are special points in parameter space that are responsible for
a variety of unusual behavior and statistical properties of the system. They are a focus of
many studies in their own right and seem to be an essential feature to be contended with
when non-equilibrium models are considered. For our model, the statistical properties of
the phase correlations are altered drastically at the CEP, and the fluctuations are enhanced.
That is a known feature of exceptional points and hints at the appearance of new universality
classes as far as the transition is concerned. We demonstrated how a coupling between the
phase and the radius in such a transition would lead to a CEP.

We show that although we start with a model of a continuous transition, the fact that it
occurs around a finite magnitude and the presence of the non-equilibrium coupling inevitably
lead to symmetry-breaking terms that should erase it. In that case, birhythmicity onsets
through a second stable limit cycle occurring through a saddle-node bifurcation, which is a
pathway to birhythmicity often observed in real systems and simulations. However, we argue
that for short scales, one can still observe the signatures of the CEP, since the symmetry-
breaking terms might be tiny at the microscopic level. We also argue that a range of other
terms are inevitably going to be produced by a renormalization group flow. As an example,
we show that the non-equilibrium coupling induces KPZ dynamics for the phase degree of
freedom. That is also a generic feature of the phase that is coupled to amplitude fluctuations.
Here, we demonstrate it using a field-theoretic language. Although this effect breaks the Zo
symmetry and therefore breaks the continuous phase transition, it is possible that parameter-
tuning can restore a continuous critical point by a judicious cancellation of terms; that
certainly can happen at the mean-field level |19, 46, 47, |. We leave a more detailed
exploration of this problem for future work.

Finally, we demonstrate the analytic predictions using lattice simulations in low dimen-
sions. Most importantly, we confirm that such a transition is inevitably destroyed by the

presence of the non-equilibrium coupling, which interplays with the non-linearities of the
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model. We do so both by simulating the approximated dynamics developed in the text and
for full field dynamics of an example Ginzburg-Landau equation. We also describe the intu-
itive mechanism of how droplets of negative domains eventually grow to dominate the entire
system.

As discussed in Sec. 5.3.1, there is a variety of real systems exhibiting birhythmicity (and
transitions to birhythmicity). In addition to providing a coarse-grained model for particular
systems, this work should also give a suitable initial framework to describe any transition
belonging to the appropriate universality class. To that end, we demonstrated a number of
properties of the model of birhythmicity that are generic and should be observable. We leave

a more detailed analysis for the broader universality class of this transition for future work.
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5.4 Outlook on Oscillating Phases of Matter

In this chapter, we introduced some basic examples of models exhibiting limit cycle behavior
and then explored some models of merging limit cycles in detail. Let us conclude with a few
remarks and an outlook on future problems.

In Sec. 5.1 we already mentioned a few features that generically arise as a consequence
of periodic behavior. Those include, for example, KPZ scaling associated with directionality
of a limit cycle state [17]. However, this is a novel field, and new insights will surely emerge
as we explore limit cycle behavior. For instance, the two models discussed in the previous
sections have the directionality of the limit cycle put in by hand — the field goes around

the cycle in one direction but not the other. This is not always the case, and many models
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exhibit phases where this directionality is picked spontaneously [19, 36, 46]. In that case,
just like domain walls in the Ising model, there are regions where cycles rotating in opposite
directions meet at a boundary. The phenomenology of such boundaries is likely different
from equilibrium cases due to the dynamical nature of the order parameter, and many new
related phenomena are being discovered [30].

There are also many situations where a system can exhibit multiple periodic behaviors
simultaneously. An obvious example is living organisms, where cycles of hugely varying
periods can be found coexisting. In the spirit of universality, this calls for the investigation
of minimal models that can exhibit such multi-periodicity. We note that the model of
birhythmicity in Sec. 5.3 can be thought of as a very basic example of such behavior, but
the order parameter can pick only one cycle at a time in the birhythmic phase.

Additionally, there are periodic behaviors enabled by noise, rather than being a feature
of the deterministic dynamics. Stochastic resonance discussed in Sec. 5.1 is one such system,
but one can also imagine models where there is external time scale imposed on the system.
This is the case in models of neural dynamics that include synaptic resource variables |54,

]. These models exhibit periodic bursting, and one can also imagine more abstracted
models with similar features. For example, something that might be called self-organized

first order transition or self-organized bistability [216] can take the form:

Orp = |m|p — g¢> +h+¢
(5.47)

Oth = hg — ¢
In that case, the field h modulates the potential for ¢ in a way that whichever well ¢
is not in always grows deeper until ¢ jumps into it due to noise. Such "bursting matter"
models are of high relevance for neural dynamics.
Additionally, deterministic dynamical systems can exhibit quasi-periodic and chaotic

behavior [39]. In the presence of spatial coupling and noise, it is not obvious how such
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systems can be systematically distinguished from truly periodic ones. Such a distinction
would be useful since it would allow us to understand the underlying dynamics (and hence
mechanisms) governing a system. This is especially tricky with data-driven problems, where
the underlying dynamics is not known a priori. An example of such a system that is chaotic,
seems periodic, but also has spatial coupling and fluctuations, is weather or climate more
broadly.

The problem of synchronization is also of interest in the many-body contexts. Although
elegant models such as the Kuramoto model (see Sec. 3.2.7) provide deep insight, syn-
chronization is hugely complicated by only having local couplings. Additionally, if an order
parameter is able to change in magnitude, phase slips and domain walls become possible by
setting that magnitude to zero. That discourages synchronization, and we explore that to
some extent in the next chapter.

We see that dynamical steady states such as limit cycles are a huge and exciting area
of inquiry. Many directions remain to be explored, with potential applications in physics,
chemistry, biology, population dynamics, climate science, neuroscience, artificial neural net-
works, and others. Although the models discussed in this chapter are abstract, they aim at
illuminating generic behaviors that limit cycle systems can exhibit. Other ideas outlined in

the chapter and many more are left for future work.
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CHAPTER 6
APPLICATIONS IN NEURAL DYNAMICS

6.1 Dynamical Systems View of Neural Behavior

In Sec. 3.2.7 we introduced the dynamical systems models of neural dynamics, ranging from
single neural level all the way up to large neural populations. As we mentioned, dynamical
systems have been a fruitful and powerful tool in understanding neural behavior. This view
can be applied to both healthy neural dynamics and neurological disorders. Typically, one
models the local field potential or spiking rate of neurons in some network structure, in the

form:

ovit) = F (ii(t), 5(0), (1)) (6.1)

where the vector (t) contains the activity of all units of the model and f encodes their
time evolution. The activity can be the potentials and currents, such as in the Hodgkin-
Huxley model, or spiking rates, such as in the Wilson-Cowan equation, see Sec. 3.2.7. The
evolution is governed by the connection structure of the neural network that depends on
some relevant set of parameters F(t), as well as noise £(¢) that often encodes inputs into the
network not captured by the model. An unhealthy behavior is then characterized by the
presence of an abnormal attractor in the dynamical system or by having an attractor that
is too stable or not stable enough. Transitions to abnormal dynamics can occur through a
bifurcation or through activation by noise, depending on the respective clinically observed
phenomena.
The next steps often include considering a network where the nodes evolve according
to Eq. 6.1, but the connectivity has some structure [51, 56, 57, 66, 70, 71, 73-76, 78~
, 89, , , , —251]. That structure can be some graph, can be random, or can

be based on some spatial connectivity kernel. In the latter case, the assumption is often that

on the lowest spatial scales the connectivity between neurons falls off exponentially |51, ,
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, |. We believe such an exponential decay in connectivity points to the possibility
of a coarse-graining scheme, where the activity of neurons is averaged over scales similar
to or larger than the connectivity fall-off distance. In that case, possibly very complicated
networks or neural field theories can be turned into lattice theories with nearest neighbor
couplings. In the spirit of coarse-graining, this amounts to replacing the vector (t) with
a spatially extended field wuq/(t,Z), where the new index a only encodes different types of
neurons (for example, excitatory and inhibitory).

Given this approach, the final observation can be thought of from the perspective of
the renormalization group (RG). RG postulates that the global dynamics of a model are
governed by the most relevant terms in its dynamics. For spatial connectivity, the term
that gives the simplest and most relevant coupling is diffusion. The final model of interest,

therefore, takes the form:

Oua(t, @) = falualt, @), 7(7), €a(t)) + DasViug (6.2)

Investigations of this form of neural dynamics have been conducted in many contexts,
including general neural behavior [51, 66, , |, synchronization transitions and epilepsy
[54, 250, 252], and models of avalanching [165]. However, we put this approach forward as a
way to model neurological disorders specifically. As mentioned above, the power of the dy-
namical systems perspective in the study of neural dynamics is the possibility of reducing the
model to capture only the essential features of interest while abandoning irrelevant details.
That means one can build abstracted models that are still of great use, which has been done
for epilepsy, Parkinson’s disease, depression, bipolar disorder, dementia, sleep disorders, and
others. For an overview, see 51| and references therein. Inclusion of connectivity in the form
of Eq. 6.2 opens the possibility of capturing more features of these disorders. In particular,
any equation of the form of Eq. 6.2 can be analyzed using the tools of field theory, which

are particularly useful for systems near phase transitions.
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In the next section, we demonstrate the application of the above ideas to modeling
epilepsy. We show how a field-theoretic approach to a model of epileptic seizures with diffu-
sive coupling demonstrates several clinically-observed features. These include the emergence
of synchronization and the ictal wave. We then demonstrate that incorporating quenched
disorder into such a theory illuminates which generic biological parameters promote or dis-
courage seizures. Finally, we propose a stimulation protocol for focal epilepsy specifically,

based on intentionally disordering the system.

6.2 Seizure as a Dynamical Phase

6.2.1 Modeling Epilepsy

Around 1% of the global population has epilepsy — a disorder characterized by recurring
seizures [166-168]. Given the dangers and prevalence of seizures, many resources have been
devoted to studying this disorder, with approaches ranging from clinical studies to phe-
nomenological modeling [253-255]. When it comes to the latter, there is a body of literature
which considers epilepsy as a dynamical phenomenon [56, 57, 69, 70, 256], a natural approach
given the typical signals observed during a seizure. These signals range from the electroen-
cephalogram (EEG) on the largest spatial scale, to the micro-electrode array (MEA) record-
ings and other microscopic techniques on the smallest scales. Such techniques show various
signatures of seizures, providing insight into its type and origin within a given patient. These
behaviors, such as abnormal spikes, epileptoform discharges, spike-and-wave discharges, the
ictal wave, etc., provide motivation to adopt models with varying levels of abstraction to
capture their essential characteristics [50, 57, 69-79, , , 258].

Taking the ideas from Section 3.2.7 into account, phenomenological models are often
utilized to describe seizures [56, 57, 70, 71, 7376, 78-80, |. The level of connection

between these models and real biological functions can vary, but as mentioned before, their
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purpose is to capture the essential features, rather than the details. The hope is then to
build some understanding that depends on these features, and not the details of the model,
which can therefore be translated to understand the dynamics within real brains.

In this paper, we take one such phenomenological model, characterized by a coexistence
of a fixed point corresponding to normal brain functioning and a large-amplitude limit cycle
characterizing a seizure. We extend it to a spatiotemporal stochastic field theory, motivated
by the fact that seizures are a global phenomenon that is highly dependent on the connectivity
of neurons [51, 55, 56, 66, 6971, 76, 77, 79, 80, 257-263]. With this, the usual field-theoretic
tools, such as the MSRJD formalism, perturbative calculations and RG, become available, see
Chapter 2. We see that the presence of noise and the form of the model makes it reminiscent
of an equilibrium model describing a first-order transition in physics. As such, some of
the effects observed, such as the nucleation of critical bubbles, which might correspond
to the ictal wave [257, , , , |, are very well understood within the context
of phase transitions [2—1, |. However, the complex field of the model also undergoes
oscillations, which makes it a non-equilibrium model, the consequences of which we attempt
to understand.

The focus of this work is on the effects of disorder on the transition in question. Un-
derstanding disorder plays an important role in bridging the gap between idealized models
and real systems. Within the study of phase transitions, disorder has undergone immense
study, both in the context of continuous and first-order transitions, in and out of equilibrium
[122, , |. It has been attacked both using precise techniques, like the replica trick and
RG (see refs. above), as well as elegant scaling arguments [268-271]. Clearly, disorder drasti-
cally affects whatever transition the system undergoes, especially in low dimensions. We see
this numerically, both with the disorder in excitability, which has an equivalent equilibrium
theory, and the disorder in frequency, which does not. We characterize both using simulated

annealing, and explore the latter through other numerical considerations, like the escape
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time statistics and synchronization measures.

The model we are considering should be thought of as a model of transitions from normal
brain functioning to a seizure. We show that the disorder in the frequency reduces the
propensity of the system to seize, while the disorder in the excitability does the opposite.
This can guide possible seizure prevention measures, whereby, for example, the focal region
can be disordered to discourage seizures. In fact, stimulation has been considered within the
models of the type we consider here as a pathway to stopping seizures [75].

There are, of course, many directions in which this model can be expanded. First, there
should be a natural mechanism for terminating a seizure, which is often modeled by having
the excitability be a dynamical variable itself [76, 78, 79]. In that case, the system is truly
non-equilibrium, even when all of the frequencies are the same throughout space, and could
constitute a very interesting problem from a phase transitions perspective. Such systems with
the coupling to a slow variable have been and are being considered in the context of modeling
neural dynamics |50, 54, |. Others can include homeostatic effects, other types of spatial
coupling, having different spatial coupling for excitatory and inhibitory interactions, other
types of noise, modeling focal regions, and considering various stimulation protocols. We
leave these interesting extensions for future work.

To model the dynamics associated with normal brain rhythms as well as seizures, we

employ the following stochastic system:

Az(t) = (A + iw + bl 2(8)|* = ¢ 2(8)|Y2(t) + VBE(®) (6.3)

As mentioned in the Introduction, such models are often used to study the phenomenology
of the transitions to seizures |71, 74, 76, 78, 79|, since they capture some key aspects of
interest. Namely, there is a bistability between a fixed point (z = 0) representing normal
brain functioning and a limit cycle (]z| # 0) representing seizures. The transition between

these behaviors can be driven by some change in the parameters leading to a bifurcation,
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or by noise, in which case the seizures start randomly. We plot the bifurcation diagram of
this model as A is varied in Fig. 6.1. Here z is a complex variable, the real part of which
can loosely represent the local field potentials measured in the brain region or culture. The
other parameters can be roughly associated with biological parameters as follows: A is the
overall excitability or excitation/inhibition balance, b is the nonlinear excitability, and ¢ is
the refractory property that bounds the system [74]. In order to include other phenomena,
such as recovery from a seizure, other dynamical equations can be included, such as the
dynamics of A, which often occur on different time scales |76, 79].

Starting with this model, the next steps often include considering a network in which
every node evolves according to Eq. 6.3, but the connectivity has some interesting (often
random) structure |76, 79]. However, here we consider a different construction, which can
be thought of as a nearest-neighbor network, where the variable z(¢) is promoted to a field
z(t, &) in time and two spatial dimensions. The connectivity is then represented by diffusion
of the form DVZ2z, which represents local connections. Such a choice can be based on
the assumption that on the lowest spatial scales the connectivity between neurons falls off
exponentially [51, 140, 248]. From the perspective of the renormalization group (RG), this
choice is motivated by assuming diffusion as the most relevant spatial coupling, although
there may be regimes where higher-order spatial couplings should not be omitted [110, ,

, |. With this, the model we consider takes the form:
Oz(t, @) = (A +iw + blz(t, B)|> — ¢|z(t, D)|M2(t, B) + DV22(t,T) + VBE(,T)  (6.4)

From now on, we mostly stop explicitly writing out the dependence on (¢, Z). In this form,
the dynamics can be thought of as an O(2) (or complex) order parameter z undergoing noisy

relaxation in a potential landscape as well as rotation:

2
Oz = —% +iwz + DV%z + VB¢ (6.5)
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Figure 6.1: a) The bifurcation diagram at the mean field level corresponding to Eq. 6.3.
The steady solutions are plotted for Re(z), but exist for any rotation z — ze'® . The limit
cycle is born through a saddle-node bifurcation of limit cycles (SNLC), while the stable fixed
point is destroyed through a subcritical Hopf bifurcation at A = 0. The region of interest is
around the first order transition at A\ = A.. b) Schematic diagram of the potential in Eq.
6.5.

with the potential V'(|z]?) = —\|z|? — g|z|4 + §|z|6 The rotation can be eliminated by
going into the rotating frame z — 2!, where the dynamics becomes fully equilibrium in
the usual physics sense.

Before introducing the final ingredient of disorder, we briefly review the phenomenology
of the disorder-free model. Given the form of the potential V'(|z|?) and in the presence of

2

noise, this model undergoes a first order transition at A\, = —i’%c (at least at the mean field
level). This is illustrated in Fig. 6.1, where the local potential minima representing each of
the behaviors become global depending on which side of the transition the system is in. If
the system starts out in a minimum that is not global, it eventually ends up in the global
minimum by the process of bubble nucleation: a critical fluctuation due to noise pushes z in
some spatial region to the other well, after which that region expands deterministically. Both
first order transitions and nucleation are very well understood within the physics community

and are standard topics within the theory of phase transitions [3, |. However, we believe

that the wave associated with nucleation could correspond to the ictal wave which has been
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observed both in patients using MEAs and in numerical simulations [257, , , , |.
Now, let us consider the seizing state, which corresponds to a stable limit cycle within

the model. The amplitude of the limit cycle (which we denote by subscripts s) is given by

252 = %C (b —d++/(b—d)?+ 40/\>. Since the fluctuations in the amplitude are damped,

we can write out the dynamics in the amplitude-phase decomposition z = (|zs| + 8|z|)et

where the dynamics of the phase 6(t, ¥) takes the form:

VB

2D — —
00 =DV + —""_ VO.VS|z| + ——
’f SN PR

AR (6.6)

We see that 6 is the usual undamped Goldstone mode associated with a continuous

symmetry [2—1, |. Although there is not going to be a global long-range order, as is
usually the case in two dimensions [2—1, , |, the system is still going to be in the
seizing state. However, synchronization plays an important role in epilepsy [159]. The order

parameter that can be chosen to define the synchronization is usually called the Kuramoto

index |11, 54, . In the case of a discrete collection of N oscillators, it is defined as

<= 3|z

over noise realizations. In our case, we can translate it to a continuum model of volume Vj

>, where the sum goes over all oscillators and the average is taken

in d dimensions defining the index K7 below, which may be calculated numerically. We also

define the index K9 that is simpler for analytic calculations:

e o)

Ky— L < / ey 0T / s e—i@(t,f2>>
2
Vi

Notice that K9 # K %, but that both are 1 for complete synchronization 6(t, #) = 6 and 0

(6.7)

when the angles are totally random (equally distributed between 0 and 27): f ddy 0(7) = 0.
Assuming large enough times ¢ such that the system is seizing and has settled into the

equilibrium distribution of #, we can use the properties of Gaussian variables to get for our
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Figure 6.2: Numerical evaluation of the Kuramoto parameter K9 defined in Eq. 6.7 assuming
the correlations defined by Eq. 6.9. At the onset of the BKT transition, the correlations
have a different structure, and the Kuramoto parameter is reduced. The location (loosely)
of that region is shaded.

model:

V2/ddl’1/ddl’2 0(t,21)6(t,%2))— <9(t$1)>

(6.8)
/ 153 oG85 (t=0.57) ~ GES (t=0,7=0)

Vd

Here Gég is the correlation function for #, which can be computed using, for example,
the MSRJD formalism (see Sec. 2.2.2). In d = 2, the expression in the exponential for a

lattice of size L and step size a is given by:

. o COS k:éx
Gt =0,0%) - Gl =07 = —MD/ 02) = (6.9)

where By = B/|zs|>. Note that this is only valid below the BKT transition noise level
% ~ O(1) [206, 272]. Above the transition, the correlations decay exponentially [1], de-
stroying the synchronization even further. Calculating this and the K9 integrals numerically

produces the dependence depicted in Fig. 6.2 for different system sizes L/a. As can be
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seen, there is no first-order or continuous transition, only a drop-off in synchronization as
the noise is increased. Although for the infinite system L — oo we get Ko — 0 for any
nonzero amount of noise, we see that a finite system can remain well synchronized. This fact
is important not only for any real measurements, since they would always be carried out on
a finite system, but also for the simulations we perform below, as well as the transitions to
seizures.

Finally, there is a wide variability in neuronal behavior even within the same brain region
or sample [50]. This can be represented by spatial variations of any of the parameters in
the above model. For the sake of simplicity and again motivated by RG (assuming we
coarse-grain on scales larger than the correlations of the parameters), we assume quenched

(independent of time) spatial disorder in A and w of the form:

>

8y

@) =X, MDNT) = A\ (7 -7

(6.10)

0, w@w(@) = Ayo* (T — )

£
2
I

where the over-bar represents the average over the corresponding Gaussian distributions

for A and w:

(6.11)

Here N, and N, are normalization constants. The disorder in A(Z) can be thought
of as a "random-bond" problem in equilibrium statistical mechanics. As mentioned in the
Introduction, disorder in equilibrium systems is a huge topic of research within the physics
community, and has been widely explored in the context of both continuous and first order
transitions [260, |. In particular, for low dimensions, a first-order transition can be

smoothed out by disorder [269], which we also find numerically below. This is an important
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effect, especially since the approximate value of A where the (smoothed-out) transition occurs
shifts, indicating that the disorder in A promotes seizures. On the other hand, since the
disorder in A can be understood within equilibrium theories, we focus mainly on the disorder

in frequency w, where it is not obvious that the usual arguments (see refs. above) apply.

6.2.2 Results in Epileptic Dynamics

We simulate the dynamics of Eq. 6.4 with disorder in A or w on a lattice with lattice size 1.
The time step is chosen to be At = 0.01. The values of parameters that are fixed are chosen
tobeb=2 c=1, D =1. We use the lowest order lattice derivative to simulate diffusive
coupling, while time evolution is performed in the Ito discretization, using a first order Euler
scheme. Due to the presence of spatial derivatives and noise, low order methods should
have enough precision [244]. We use periodic boundary conditions, and the simulations are
performed using the TensorFlow QuantFinance package in Python.

First, we plot some visual examples of the nucleating bubbles in the dynamics of Eq. 6.4 in
Fig. 6.3. As shown there, in the absence of disorder, bubbles appear and spread throughout
the system, while the phase within the bubbles is aligned. Once the entire system is in the
seizing state, the phases reconfigure and reach an equilibrium distribution with correlations
as in Eq. 6.9. In the presence of disorder in the excitability A\, many more bubbles appear in
the regions of high excitability. Their evolution is then similar to the disorder-less system,
where after the entire system is consumed, the phases reconfigure. However, in the presence
of the frequency disorder, even after the system is entirely in the seizing phase, the phases
don’t synchronize as much, and different regions form. We explore these behaviors in more
detail below.

Next, we perform simulated annealing where the noise evolves as follows:

B(t)=B (1 + fe—i) (6.12)
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Figure 6.3: Time snaps of the evolution according to Eq. 6.4. Left column has no disorder,
the nucleating bubbles appear in random regions of the system and spread virtually deter-
ministically across the system. The phases within each one are very aligned. The middle
column has disorder in A\ plotted on the bottom. The bubbles appear in the regions of high
excitability. The right column corresponds to disorder in w plotted on the bottom. Even
after the system is fully in the seizing state, the phases don’t align and form different regions.

The noise strength is chosen to be B = 0.02, while f = 20 and 7 = 40. Other annealing
protocols can be chosen. The purpose of such noise dynamics is similar to equilibrium

annealing simulations [241]. We assume that regardless of initial conditions, large noise at
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Figure 6.4: The results for simulated annealing according to protocol in Eq. 6.12, plotting
the average magnitude of z versus the excitability A\. The simulation values are T'" = 300
for the total time of the simulation and performed over 100 samples for each point on the
plot. The averages are taken after t = 250. The other parameters b = 2, ¢ =1, D =1
(including the lattice spacing), while the lattice size is 40 x 40. a) Results for the disorder
in \: first-order transition is smoothed out, and the system is more prone to seizures. b)
Results for the disorder in w: first-order transition is smoothed out, and the system is less
prone to seizures.

the beginning of the simulation allow the system to explore its state space and that for
longer times the system ends in one of its most likely states. The results of this simulation
are plotted in Fig. 6.4. Two important features are observed. First, the sharp first-order
transition that occurs in the absence of disorders Ay = 0 = A, is smoothed out. This
is a known effect for the case of equilibrium systems [269] (or for the disorder in A in our
case), but it is also observed for the disorder in w, which is a non-equilibrium feature. And
second, perhaps more important, is the direction of the shift of the first-order transition as
the respective disorder is increased, which we discuss next.

For the case of increasing Ay, we see that the system is more prone to seize, or to
transition to the limit cycle. Intuitively, this is expected. Some regions on the lattice have
much higher values of A\, thus being more prone to nucleation. And once the nucleation starts
at those points, the bubble then spreads deterministically throughout the system. This is
the case because even if a lattice point only has 1 neighbor that nucleated, this neighbor

effectively adds an external field of a%zs, which can be checked to be enough to push that
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point to a seizing state even if it is itself not very excitable (has lower than average \). Of
course, this effect depends on the size of the coupling. For weak enough coupling D we
expect that there might be a pinning transition, where even if there is nucleation, the bubble
gets stopped by regions of low excitability.

On the other hand, the disorder in the frequency of oscillation A, tends to make the
system less prone to seize. There is no equivalent energy function that one can invoke to
understand what happens with the transition here, so one has to understand the dynamics.
Qualitatively, it can be understood as follows. With the same decomposition we used before
2 = |z]e®?, we can look at the dynamics of |z| (which is what determines which state the

system is in). We get:
Orlz = Alz| + f(|2]) — DI2|V6 - V6 + 2], (6.13)

where f(|z]) is some function that depends only on the magnitude |z| and contains all

the non-linear terms. From the linearized dynamics of 6:
90 = w+ DV?0 + \/By&y (6.14)

where w is the disordered frequency, it can be shown that averaging over the disorder

gives:

0-V0=V0-Vb

2A
2 w

Thus, we see that the effect of disorder on the dynamics of |z| is to shift A — A\ — cA,,
for some positive coefficient ¢. Therefore, \ has to be higher to reach the critical point, in
agreement with the results in Fig. 6.4.

The effect of the rounding of the transition due to disorder is a more subtle problem.
In equilibrium problems, there are well established results demonstrating this effect in low

dimensions, which should explain the result observed in Fig. 6.4 a) [273-275]. However, a
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similar effect is observed for the disorder in the non-equilibrium parameter w. Explaining
this in a way similar to [273, | would require the notion of a free energy, which is absent
in the presence of w. One can attempt to make similar arguments with the MSRJD action,
which is an exciting direction we leave for future work.

To further demonstrate the effect of disorder, we also consider the level of synchronization
of the seizing state, since it is clearly a major feature. We saw above that for a finite system
and at low noise, the synchronization of this system should remain high in the seizing phase.
In fact, one can observe that the system is virtually not synchronized around the normal
functioning fixed point, but the region inside the nucleating bubble is. In Fig. 6.6, we
simulate the system at a constant noise level B = 0.2 and a constant A = —0.4 (past the
first-order transition) for various A, and detect nucleations. In Fig. 6.6 a), we plot the
Kuramoto index K7 defined in Eq. 6.7, but calculated only over the nucleated region, which
we assign to be the region with |z| > 1. It can be seen that this nucleated region has to be
quite synchronized Kq =~ 0.6. Once the bubble has consumed the entire system, the fields
reconfigure to reach a steady level of synchronization possible within the system. There
we see that it decreases with increasing disorder in the frequency. However, this shows an
increase in A, should lead to a reduction in the rate of nucleation, as observed in Fig. 6.4:
the bubble has to be somewhat synchronized for nucleation to occur, which is discouraged
as the disorder increases.

One can check this also by computing the average bubble nucleation time 7, which we
do for the same set of simulations in Fig. 6.5, along with the time it takes for 95% of the
lattice to be seizing. We see that not only does it take slightly longer for the nucleation to
occur, but the wave also takes longer to consume the entire system. In fact, for large enough
disorder A, it does not even consume the entire lattice, always leaving points that are not
seizing. All of these results are consistent with each other and align with the intuition that

a seizing state requires high synchronization. It is prudent to note that the low-amplitude
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Figure 6.5: The average time to nucleation 7, and the average time to the seizure consuming
more than 95% of the lattice 7p versus disorder in the frequency A,. Clearly, both time
scales increase, showing the discouragement for the transition. 7p increases drastically, to
the point where for large enough disorder the samples of our simulation were never 95% or
more in the seizing phase.

(normal brain functioning) phase does not require any synchronization to be stable, even
with disorder.

Finally, we simulate a case that approximately models focal epilepsy. We start in the low
amplitude phase across the entire 60 x 60 lattice. We assume that the entire lattice has a
value of A which puts the system in the normal-functioning state, but close enough to the first
order transition. For illustration, we choose A = —0.7. Finally, we make a small region much
more excitable, setting Afy.q; = 0.3 inside. On the deterministic level, the focal region excites
the system into the seizing state, with a wave starting at the focus and propagating through

the lattice. We emphasize the parallel this phenomenon has with observed ictal waves in

patients [257, , , , |. Realistically, some other mechanism then terminates the
seizure at a later time |70, 79]. We then disorder the frequency only inside the focal region,
and observe the resulting Brain Network Ictogenicity (BNI) index |76, 79]. We define BNI
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Figure 6.6: The numerical evaluation of the Kuramoto indices K7 for a) only the region that
nucleated and b) the entire lattice. The simulation values are 7" = 600 for the total time
of the simulation and it is performed over 500 samples for each value of the disorder. The
disorder values are between A,, = 0 and A, = 0.7 in steps of 0.05. Higher values don’t have
enough nucleations to collect reliable data. The other parameters are A = —0.4, b =2, c =1,
D =1 (including the lattice spacing) and B = 0.2, while the lattice size is 40 x 40. The
times are shifted so that ¢ = 0 corresponds to the beginning of nucleation, which is detected
as the first time where some point has |z| > 1.

to simply be the total fraction of lattice points in time and space that are in the seizing
state |z| > 0.8 after an initial transient, which we set to be 400 simulation steps. The initial
transient is ignored since our model does not include a mechanism to terminate seizures, and
we are interested in the final state the system reaches under moderate noise B = 0.2. The
setup and results are illustrated in Fig. 6.7. The total number of noise realizations is 200
for each point.

Clearly, in the absence of disorder, the system eventually transitions to the seizing state.
However, as the disorder is increased, the BNI decreases monotonically, with a sharper
inflection past a certain magnitude of disorder. This is reproduced for several focal region
sizes. This brings forward the question of using stimulation-based protocols to disorder
the natural frequency of the focus specifically. Electrical and magnetic stimulation is a
huge topic of research, where different protocols can induce homeostatic changes in neuronal

properties even after the stimulus has ceased [276-275|. Stimulation is also being intensively
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Figure 6.7: The numerical evaluation of the BNI of the system past an initial transient at
different sizes of the focal region versus the frequency disorder of the focal region. Increasing
the disorder tends to reduce the total amount of time a system spends in the seizing state.

investigated as a treatment option for epilepsy [279-281]. Of course, these results are partly
a product of the simplicity of the model. One should consider whether random disordering of
the focal region is the optimal strategy, or if it is possible to design a deterministic modulation
that produces a stronger reduction in BNI. However, in realistic settings, neither the shape
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principle of random disorder of the natural frequency instead of designing a deterministic

stimulation protocol should be more appropriate.

6.2.3 QOutlook on Epilepsy Models

We have extended a phenomenological model of seizures introduced in the epilepsy modeling
literature to a field-theoretical description by introducing an underlying spatial continuum.
The simplest spatial coupling in the form of diffusion is used to model neuronal connectiv-
ity, motivated by the known distributions of the density of connections versus the distance
between neurons. Although the model is highly abstract, its parameters do connect with
biological functions, and the dynamics reflect the features of seizures. More concretely, a
seizure is modeled as a large-amplitude attracting limit cycle, the transition to which is ac-
tivated through noise. The final ingredient of variability of individual neural features, such
as excitability and natural frequency, is modeled as the presence of quenched disorder. The
effects of this spatial randomness on the tendency of this model to seize is the central topic
of investigation.

We showed that, as is the case in epileptic seizures, synchronization of neural activity
plays a central role. In fact, the propensity of the system to be in the seizing state depends
on its ability to synchronize. We show numerically and provide qualitative analytical justifi-
cation that the disorder in the natural frequency of oscillation across the spatial continuum
makes the system less prone to seize. This is exhibited by the upward shift of the excitability
necessary to invoke seizures. On the other hand, the disorder in excitability makes the sys-
tem less stable and promotes seizures. This is also quite intuitive, since this disorder allows
highly excitable regions to transition, and then entrain the surrounding areas. We also pro-
vide some Kuramoto index results, showing that the synchronization is drastically reduced
by the presence of disorder. This is, again, in accordance to both the abstract Kuramoto

models and the clinical evidence of the importance of synchronization in sustaining seizure
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activity.

From a physics perspective, the system resembles a dynamical model of a first order tran-
sition. However, the sustained oscillations, especially in the presence of frequency disorder,
make this a non-equilibrium system. This means that although the result of excitability
disorder — namely the rounding of the transition and the shift of the critical point — can be
explained by equilibrium Harris, Imry, Ma arguments, the same cannot be said for the dis-
order in frequency. This points to an exciting problem of non-equilibrium statistical physics,
i.e. how to address the presence of disorder in a non-equilibrium parameter when there is
no free energy functional? We leave this direction for future work.

Finally, we explore a case where a finite spatial region has a much higher excitability
compared to the rest of the lattice. This draws a parallel to focal epilepsy. We demonstrate
numerically that disordering the frequencies just in the focal region can lead to a drastic
reduction in the propensity of the system to seize. Although this model is an idealized
construction, we believe the general principle of intentionally disordering the frequencies of
neural activity of the focal region should prove useful in clinical settings. In fact, stimulation
based protocols are heavily investigated in the context of epilepsy. We therefore propose to
explore this idea in the context of biologically realistic models.

As mentioned in the Introduction, there are a number of possible extensions to this model
which should add other components known to be present in neural dynamics. These can
include some mechanism for terminating the seizures, like the dynamics of excitability A,
some other non-triviality in the frequency aside from disorder, homeostatic effects, different
spatial connectivity structures for excitation and inhibition, etc. Another interesting question
is varying the correlation length of the disorder, especially relative to the correlation length
of the system. This should be motivated by biological evidence on how correlated neural
spiking is versus how correlated the biological parameters themselves are. Moreover, it is

also natural to investigate the disorder in the structure of the spatial coupling itself. This,
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of course, parallels the studies from which the model was borrowed, where the system is put
on the network. However, there should be a natural gradient between a continuous theory
and a random network, and it is not, a priori, evident that one should abandon the former
in favor of the latter. We leave these exciting directions for future work.

We thank Stephan Thle and Wim Van Drongelen for many insightful conversations that

helped us maintain connection with experimental and clinical data.

6.3 Outlook on Neural Dynamics

The discussions in Sec. 3.2.7 and this chapter barely scratched the vast field of computational
neuroscience and the applications of dynamical systems to model neural behavior. We do
not attempt to address this in this section, but rather focus on ideas and problems we find
of interest.

As mentioned in Sec. 6.2, modeling neural connectivity as a continuum is certainly not
enough to capture the variety of neural behaviors. Even in abstracted continuum mod-
els, there is analytic evidence that long-range connectivity is relevant [110]. However, the
evidence of dense local connections as described in the previous sections is also present.
Thus, we need to ask a question: what models strike the perfect balance between analyt-
ical tractability and biological realism? Unfortunately, one can easily see that the change
in connectivity structure is likely going to harshly change the qualitative behavior a model
exhibits. For example, if one uses an Ising model to describe neural behavior, as is often
done [119], the difference between a two-dimensional and an all-to-all connected (mean field)
theory is drastic. The effect of randomness is also relevant, as we saw in Sec. 6.2. A rea-
sonable proposal to investigate this problem might be to take a two-dimensional Ising model
but also add connections with probability that decays with distance. As that probability
distribution is changed, a new kind of phase transition might occur, which might be relevant

for actual neural behavior.
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A key feature of neural behavior is the ability of neurons to adapt and for the network
to change its connectivity structure. Such neural plasticity usually occurs on much longer
time scales than neural spiking. Therefore, a faithful theory of neural behavior that includes
plasticity or learning, however abstract, runs into the realm of time-scale separated problems.
However, clearly, single spikes do not affect long-term behavior of the brain. So, we now
require something akin to renormalization group for neurons.

To address this point in more detail, RG for neurons is now one of the key questions
of theoretical neuroscience. However, aside from the mathematical challenge of extracting
the RG flow from neural models, there are conceptual questions about what such a flow
yields. By construction, any perturbative RG step loses information (the high momentum
modes are integrated out), and even if we are able to extract the long-range behavior of the
brain, what does it actually mean? We clearly will not be able to see the infinite complexity
of behaviors, memory, and computation if we look at the brain at large scales. However,
some features should be observable — a seizing brain and a normal brain are different even
at large scales. This is an open problem, and we suspect the way forward is to simply take a
leap and start performing coarse-graining and real space RG calculations, closely guided by
experiments. Neural cultures can now be grown with incredible control, forming virtually
any lattice structure or connectivity one desires. We, as theorists, should utilize these tools.

Perhaps not surprisingly, artificial neural networks are now also a fruitful avenue for
researchers interested in dynamical systems. Although modern artificial intelligence is based
on other principles, dynamical systems can elucidate memory formation and extraction |19,

|. Often some principles of actual neurons are applied to artificial networks, such as
gating, which mimics ionic currents [178]. Even non-reciprocity has found its way into

artificial neural networks [180].
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CHAPTER 7
CONCLUSION

Collective phenomena truly are a wonder of nature. The fact that units obeying even simple
rules can exhibit complex many-body behaviors allows for phenomena underlying many
aspects of our lives, from magnetism, to liquid crystals, to flocking, to the brain. Establishing
the theory of universality and classification of non-equilibrium phases of matter is therefore
a worthy goal. It would not only provide explanations for an amazing array of phenomena,
fulfilling the deepest scientific desire, but would also prove exceptionally useful for physics,
engineering, chemistry, climate science, neuroscience, and many others. We hope that the
work presented in this dissertation offers a small step towards that goal.

The outlook on specific topics presented at the ends of Chapters 4, 5, and 6 by no
means exhausts the virtually unending span of problems one can pursue in relation to non-
equilibrium phenomena. They merely reflect the interests and questions on the authors’
minds at the time of writing, bound by our own experience and expertise. As mentioned
before, we partly pose them as challenges to both ourselves and the reader.

It is an exciting time to be a statistical physicist. Experimental advances have opened
the door to problems and phenomena which only a few decades ago might have been viewed
as no more than abstract curiosities. The topics explored here — non-reciprocal phenomena,
oscillating phases of matter, and dynamical systems applied to neuroscience, are enabled
by such advances. As described in the text, they may be chemically engineered particles,
driven-dissipative condensates, newly emerging large data sets of the brain, and many others.
As such, we hope that the field-theoretic approach underpinning this dissertation can be of

use to the scientific community.
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CHAPTER 8

APPENDIX

8.1 Appendix A: Dynamical Field Theory Details

8.1.1 Causality Structure of Response Functions

We demonstrate here the causality structure of the MSRJD response function at the linear
level. This is useful in particular because perturbation series depend on the Gaussian action.
The full causality structure can also be demonstrated, see |2, 89].

We saw in Eq. 2.52 that:
- 1

R —
GHlw k) = w — im — iDk? (8.1)

Taking the Fourier transform, we get:

- dw p, = dw et
Gt.k)= | =GP (w, ket = | = 8.2
(t. k) /271' (0, k) 27w — im — iDk?2 (8.2)
We can extend this integral to the complex plane and use the residue theorem. For ¢t > 0,
we close the contour in the upper complex plane. The pole at wy = im + iDk? is also in the
upper half plane, and we therefore get:
eiwpt

GR(t, ) = 2mi"— = i (PRI ¢ 0 (8.3)

We see the response decays with time, as expected. However, if ¢ < 0, we have to close
the contour in the lower half plane which does not contain any poles. It can also be shown
that in the Ito discretization the response function is zero when ¢ = 0, see [39, ]. We
therefore get that GR(t) # 0 only when ¢ > 0, demonstrating causality. A similar result for

t < 0 can be shown for the advanced Green’s function GA(t).
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8.2 Appendix B: Linear Non-Reciprocal Systems

8.2.1 MSRJD Computations

The most general linear non-reciprocal system for two scalar field species is given by:

Brp1 = —midy + jiade + D1V2h1 + D1aV269 + £

(8.4)
Orpo = —mad + jo1d1 + DaV2¢s + Do V231 + &
The MSRJD action associated to these equations is given by:
5= [ dtats [~idy (9461 + mi61 — 1oy ~ DiVZér — DisV0) +
—igo (315@52 +magy — jo161 — DoV — D21V2¢1> (8.5)
B - By - _
+7¢% + 7¢% + 312¢1¢2}
As usual, we define the Fourier transforms:
u(t, T) = / d—“ﬁ@(w })eiwt—ik-7 (8.6)
’ 2m (2m)d

Where v is any of our variables ¢;, ¢;. After symmetrizing S through integration by

parts, we get:

2m) L6 (w1 + w) 0 (k1 + k2)@T (wr, k1)Gg Ldp(wa, ko) (8.7)

o / dwidwyd?k1dhy 1
- (27T)2d+2 2

Where:

-

A . o . . T
¢(w’k):(6¢l(w7k) Q_Sl((*‘%k:) ¢2(ka) &2("‘}’]6)) (88)

Ignoring normalizing constants up front, and calling wy = w with the understanding that
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all the correlation functions have the form <¢i (w, /Z)gﬁj (W', /;’)> ~ [Go(w, l;)]ij5(w+w’)5d(/;+

K ), we see that the inverse correlation function is given by:

0 —w —imy — iDk? 0 ijo1 — iDog1 k2
o1 w — imq — iDk? B ij19 — iD1ok? Bio
o 0 ij19 — iD19k? 0 —w — imy — iDk?
ijo1 — iD19k? Bio w — img — iDk? Bs

(8.9)
In the case D19 = D91 = 0 and Bja = 0 considered in the main text, the correlation

functions are:

-

(91w, R)1(~w, ~F)) =
739 By + B1(w? + (mg + Dok?)?)
(J12J21 + (w — imq — iD1k2)(w —img — iD2k2))(j12j21 + (w+imq + iD1k2)(w +imog + iD2k2))
(91w, F)a(~w, ) ) =
jlzBQ(—iw +mq + D1k2) + leBl(iw + mo + ngz)
(j12j21 + (w — iml — iD1k2)(w — img — iD2k2))(j12j21 + (w + iml + iD1k2)(w + img + ingQ))

(¢2(w, Foa(—w,—F)) =

731 B1 + Ba(w? + (mq + D1k?)?)
(j1221 + (w — imy — iD1k?)(w — img — iD9k?))(j12721 + (w + imy + iD1k?)(w + img + iDgk?))
(8.10)

Of interest are the equal time correlation functions, which comes from integrating these

over w:

- dw -
GE(t = 0,F) :/%ij(-(w,kz), (8.11)

8.2.2  Phase Space Trajectories

Here we present the phase plots of the deterministic part of the overdamped system in Eq.
3.58, without noise. For A > 0, the typical non-critical and critical phase plots are displayed
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in Fig. 8.1. When the system is not critical, the fields decay towards the fixed point at
¢1 = ¢o = 0. At criticality, some direction becomes "flat", see 8.1b. Fig. 8.2 shows the
phase plots for A = 0. The non-critical and general critical behaviors are similar to the
A > 0 case. However, at the CEP both fields experience a force in some direction, and that
direction flips across the fixed point, hence how ¢9 = 0 line is also "flat". Finally, Fig. 8.3
shows the typical phase plots for A < 0. In 8.3d, the "flat" direction becomes the radial

direction, and the trajectories are closed orbits.
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(a) Non-critical. (b) Critical.

Figure 8.1: Typical phase plots for the overdamped system with A > 0. The dot corresponds
to the fixed point.
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Figure 8.2: Typical phase plots for the overdamped system with A = 0. The dot corresponds
to the fixed point.
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Figure 8.3: Typical phase plots for the overdamped system with A < 0. The dot corresponds
to the fixed point.
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8.2.3  FEffective Action of a Single Field

Without loss of generality, let us integrate out ¢9. The part of the action that depends on

¢9 can be written as:

1 [ dwidwod®kid®ks - S -
S = —5/ (27‘(‘)2d+2 (27r)d+15(w1 + w2)(5d(/€1 + k‘2)¢g(”17 kl)GO,%¢2(W2> k?)
dwd?k - - 7
+f it o sl
(8.12)
) A T
where ¢ (w, k) = (¢2(w,k‘) ¢2(W,k)> and
0 —Ww9 — 1My — iDka
Gyl = 2] . (8.13)
’ Wy — img — ing:% By
Finally:
. —ij1201 (—w, —k
(i = | 2 ﬁ) . (8.14)
—ijo1¢1(—w, —k)
Integrating it out then yields:
l/dwldeddkzlddkg (27T)d+15(w +w )6d(’1;; +E )J(w E )G J(w ]; )
5 (2202 1+ w2 1+ k2 1,K1)Go,2J (w2, k2
1 [ dwidwad@hydihs . gi1 Az 7
N 2
2/ (202 2m) T (w1 4+ w2)d (k1 + k2)
N . B ~ -
.2 2
wi, k wo, k
1261 (w1 1)w%+(m2+D2k§)2¢1( 2, k2)
¥ oot (B ) B1(wn o) + 1 (w0, o) 1 br(e1,F)
w1, - ; w2, w2, . . W1
J12721 | ¢1(w1, k1 o3 — iy — iDk3 1(w2, k2 1(w2, k2 e —imy — Dok 1(w1, k1
(8.15)
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The deterministic terms are determined by A = jj9j91 and depend on the response
functions. The noise term is equivalent to adding to the noise kernel of ¢; an additional
term:

itaBe

8.16
w? + (mg + Dok?)? (8.16)

8.3 Appendix C: Non-Reciprocal XY Models

8.3.1 Electrodynamic Duality

Here we present the details on the electrodynamic duality transformation leading to the

vortex dynamics equations in Sec. 4.4.3. We start with Eq. 4.48:
0204 (6 — 2V 00 — v*V20 + 1 =0 (8.17)

We then introduce the electric field E = —2 x V6 and demand the Gauss’ law holds for
this field and the vortex density: V-E = 2?”71 The vortex density also obeys the continuity
equation Jin + V- j = 0. In principle, we could just apply —Z x V to the above equation
and expect to get the equation of motion for the electric field. However, such an approach
only works in the absence of vortices. Incorporating them requires some more care, and we
notice to that end that the continuity equation can be rewritten as V- (atE + 2%]) = 0.
This equation is solved by:

— 2 — —
QE=—-"71+Vxa (8.18)
€

@ is not arbitrary, and should be picked such that the equation for E reproduces the
equation of motion in the absence of vortices. Taking another time derivative and adding it

to the above equation, we get:

R+ (5 — 2V)hE = -2 [0, + (6 — 2v)| 7+ ¥ x [+ - 29w (819)

€
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We also notice that since we are working in a 2d plane, we can rewrite —2 X §(V29) =

V x (V x E). Therefore, @ should satisfy:
V x @+®—Zvﬂu:—&ﬁx0?x@+zxﬁn (8.20)
Using V x (V x E) = V(V - E) — V2E, we get the equation of motion for the electric
field with the inclusion of the vortex charge density and current:

27 9a # ao2am, 2T0s 2 N7 s
6%E+@—ZV)@E—UV1?PTTVH+:—8H%5—ZV)]—ZXVHZO(8%)

As discussed in Sec. 4.4.3, introducing the appropriate gauge potentials as:
E=-V¢—(6—2VHA-3A (8.22)

and supplying the equation of motion for the vortices leads to the following set of equa-

tions:

—

atf% = ,unZE(ta FZ) + ﬁT

2
26+ (5 — 2920 — 02026 = 70y,

[¥+%5—ZV%@fﬂﬂVﬂ[—@—ZV%E—&A]+%Ipr%w—ZV%]?—éxﬁnzO

(8.23)

If we define the modified vector potential [J; + (6 — ZVQ)] A — A, we can use the

MSRJD procedure to get the action [139] S = Sy + Sy + S, with the gauge part of the

%:5/‘6@ &J . ) (8.24)

action:
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Where (AM AM) = <¢7/T, j;)/f), LT =— (8152 + (0 — ZVQ)at — UQVQ) and:
Ay = A1 = 6,,0)(1 = 8,,0) (V20 — 0u0y) (8.25)
The vortex and interaction parts of the action are:

. . T
Su=>Y_ /t—lpi - Oy + %p?
i

2 _
t,x

€

(8.26)

Here we introduced the variables conjugate to 7; as p; for each vortex i, and the rest of

the notation is:

n(t,7) = nid [F = Fi(t)] (8.27)

Now we can integrate out the gauge fields exactly, since the action is quadratic in them.

The result isthe effective action for the vortices:

— 2T
1 0 duvg 1<% ],
STeff = 5/ . (i%ﬂju _WPM) P _ ) (8.28)
trtr tr \ Syt g Ay — —iuPy o

where ¢F = (Li)_l. In principle, from here we can get all the interactions, including
retarded terms, that govern the dynamics of the vortices. Let us demonstrate how the

241



Coulomb interaction arises in this expression. For that, we need to look at the JyFy term,

and the calculation is most easily done in Fourier space. To that end, we find:

J()(w? k) = UQ / 6—iwt+ik~f’z ni5<F— Fz) = UQ an /eiwt+ik'ﬁ(t)
t,r p - "

Po(w, k) = ~ / ¢ WIHIRTS Tnip(t) - V(T — ) = Y ni / ik - iy (t)e1wHHR (D)
t,r - - ;
) 7 i

(8.29)
The relevant term, aside from a pre-factor %ﬂ, is:
/ Jo(w, k) ! Py( k)
w . —
ok D G 6+ 2R iw + 02k 0
1
Polw, k Jo(—w, —k
T Rolw k) =5 (6 + Zk2)iw + v2k2 0(=w, k)
fzthrzk Ti(t) ik . p ()e iwt' —ik- (1), e*i“t+ig'ﬁ(t)iﬁ-@(t)eiwt’—“;‘"@(t’).
- an / /ttf —2 4 (0+ ZkY)iw+ k2 =2 — (0 + Zk2)iw + v2k2
(8.30)

Now define the central and relative times ¢ = ¢4 + 7/2, t' = t4 — 7/2, and expand

T3/ (t/t) = ri/j(tg) £ %F’i/j(tg), which gives (renaming t; — ¢):

=Y niny / / TR 7 ()~ ()] Hig [73(0)+75(0)]
- wk Jt,T
1J ’ )

ik (ﬁj(t) _ 5@@) i (ﬁi(t) 35 (t)> (8.31)

w2+ (0 + ZK2)iw + v2k2  —w? — (6 + Zk2)iw + v2k2
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Now we integrate out 7 and break up the terms. We get:
1o 7- . TR () 7
[ Jo (w55 [0+ ] ) eFro-no
w,k Jt
ik - 7 (t) - ik - pi(t)
—w2 + (6 + Zk2)iw +v2k%2  —w? — (6 + Zk2)iw + v2k2

://MMW%M ik - (1)
b — (3F - [0+ 750]) + 6+ 2823 (3R - [0 + 750] ) + 0242

ik - py(t)
- (3F [ +750]) - 0+ 282)i (3F- [5300) + 750]) + 0202
k

- . N - 9 1 - 9
_ // ik [F (875 (1)) ik - P (t) - ik - (75 () + Tj(t)) (0 + Zk*) . <§k [Tz(t) + Tj(t)])
~ ) v2 k2 2022 02 k2
L. . o _ )
dopm | E (RO 0) 6z (8- [ +50)
C02k2 L+ 202 k2 + D212
(8.32)

We see the following. The terms of order k2 are nothing but the static interaction which

produce the Coulomb force, since:

el a Jo(kr) r
21, ik-T _ 0 _ ~ _
/d ke — = 9or /% dk k el V(r) ~ log (a> (8.33)

Where, in this context, .Jy is a Bessel function and we can omit other contributions since

in our calculation we are taking a derivative of this term. The total resulting contribution
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from this term is therefore:
2miv?p Z” / RV / i [0~ (1] L 5V, / ik [ (6) 75 (1] L
202e 4= i T ) k2 LR k2

2mn.;
:—z/ZpZ iV, V (7 — 7j) 63

Which exactly recovers the 2d Coulomb interaction. For the rest of the terms, we see that
they are proportional to either time derivatives of 7 or to something proportional to 4. In
the static limit and as we approach the CEP ¢ = 0, these terms can therefore be omitted. In
fact, the expansion we performed relied on that fact, so in the case of highly mobile vortices,
the results we derive here are not necessarily valid.

The signature of the CEP hides in the effective noise the vortices experience. To extract

it, we look at the P;P; terms, which are ( again aside from pre-factors):
(7 () —7 (¢
_ Z” - / M TOT N0 (1) A 502 ()G (1 — ¢ ) (8.35)

Where the Keldysh correlation function is given by:

GE(w, k) ~ (8.36)

(—w? + v2k2)2 + (0 + Zk?)%w?

The leading contribution to the noise experienced by each vortex in the above sum is the
1 = j term. But that term is equivalent to supplying the vortex dynamics with noise which

itself obeys the equation:
RE+ (86— ZVA)E — V2 + 2 x V=0 (8.37)

Therefore, with all these calculations and approximations, the dynamics obeyed by the

244



vortices are:

0y (t) = pm B(7(t)) + E(t, 75(t)) + 7]

RE+ (06— ZVA)hE — >V + 2 x V=0

(8.38)

Where E is the electric field produced by static Coulomb interactions.

8.3.2 Fokker-Planck Equation for Vortex Separation

In this section we provide the derivation of the Fokker-Planck equation for the vortex motion
and other results.

First, we had the equation of motion for 7" as:

—

P = f(7) + AE + 7, (8.39)

Here we need to treat the two noise sources separately! Here:

Z]—<A§Z Tl,tl)A§] rg,tg <{/§Z k,t1) sm( %1)] [/ &( (K t9) sm( 2>}>
= / GZK(IC t1; K t9) sin (E ) sin (k:’ —)
ke k! 2

t\:>|,_.l

(8.40)

and:

(it (1)) = T350(t — t') (8.41)
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Now we can formally derive the FP equation. We start with:

O P(,t) = (=00 (1)) (fi + A&+ nm)>

= FON0) = =0, (07~ ) g2y

= =0, [fi(r)P(F,t)] — O, (6(F — 7(t)) (A& + 1))

(8.42)

Since we have a sum of two Gaussian noises, we can use the Furutsu-Novikov identity to

rewrite:

t
(0= 7(0) (A& +1ri)) = / , /_ A {AG(rnAg (. 1)) <m5<r B f<t>>>

t
w [ o) <ﬁ5<f— f<t>>>

(8.43)

and we can simplify the last terms in the brackets using the original Langevin equation.

They become:

<mw— F(t)>> = —0On <5(F_ F(t))%>

. (8.44)
s L B L 0mi(t)
(st =) = =on (o=
We can get the derivatives from the formal solution:
t
) = [ ds[£r(s) + Ag(r(9):5) + )] (8.45)
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So:

O Ty () SAG(r(s).)
53607 = oo D gy 2y

o7y (t) o t 5 (s drm(s) 5777“71(3)
Sy () /_ood [a’“mf“ S 5m,j<t'>]

(8.46)

Since <'r]r7i(t)'r]r7 (@ )) is non-zero only for t = ¢/, we get that (using Ito calculus) that the
term coming from the noise 7 is simply going to yield T@%P, as usual. The other term is

simply the response function of 7 to the £ noise. Formally, we therefore get the FP equation:

O P(7,t) = =0, [fi( ) (7, 0)] + TOr,0p, P

We need to work out how to handle the response function. From above, we had:

oty Srm(t)  OAE(r(1).1)
tm = O i) sk Gy 5Aglj(fr',t')

= Grmfl(r(t))% + 513'52(7“@) — ot —t)

(8.48)

T (

Here we use the fact that ¢/ < ¢ and that the response (SA(Z—(;)t,) is causal. We need to
J 9
understand what this response function is. Denoting #((rt’)t’) = G}"j (r, ;7" "), we get the
VAU

equation of motion:
OGi(rt57" 1) = Opy [1(r (D) Gl (s 1577 8) + 07562 (r(8) — ¥)3(t — 1) (8.49)
The solution is of the form:

[t ) = O =)y (A, 7)6% [r(t)) — 1] (8.50)

247



Where J satisfies:

t

&ngj(t,t/,r/) = Or, 11 {/t’ dsf(r(s))} ij(t,t/,r/) (8.51)

We can confirm this by direct substitution and remembering that this Green’s function

appears in an integral. We get:

0,G; = 0(t — ) ;0% [r(t)) — '] + Ot — )0 Jy0% [r(t) — '] (8.52)

In the first term, we can equate t = t' everywhere, which means Jij = 01 and the
delta function becomes §2 [7(t) —r']. The second term, by the definition of J, gives back

8rmfl(r(t))Gglj (r,t;7",t'). Therefore, we just need to find J. We have the equation:
Oyri = fi(r) (8.53)

with r(¢') = 7/, Since we have a radial force, we should look at the radial equation of

motion, which is:
1

- .54
O . (8.54)
which gives:
1 1 % 1
“(r)? =) ==t —t) = Ft) = 1\/r/2 —2=(t—t") (8.55)
2 € r! €
The matrix J then satisfies:
1[6 2r1(t)rm(t)
Oyt r') = —= | —mb ST gt 8.56
t l]( U,1) c T(t)2 T(t)4 mj(> ;) ( )
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The solution can be checked to be:

/
;o o r(t) L
Jlj(t,t T ) = _T’(t) nry+ _7“/ (5lj - TZT]') (8.57)
Just to check:
/ /
P r L Opr(t) 1 1
8tJlj<t,t T ) = ——r(t)ZatT(t)TlTj + —(6lj — 7’[7"]) E—T(t)?’rlrj — GT/T(t) (6lj — T'ZTJ)
(8.58)

On the other hand:

ij (ta t/a ’rl)

{%l 2ry(t)rm (t)}

r(t)?2 r(t)4
L[ 9, 27“1 Tm (1) () o
T e lr(t 2 7( )4 r(t)rmrj * 7(6mj i)
1[ r r’ 1 2 2 (8:59)
_ _ -y S1i — i) — — A
€ L"(t) (t)3rlr*7 + r(t)r’< i = 175) r(t)r’rlr] + r(t)r’rlrj]
!
== — e : — (5 e .
er(t)?’ T e 7“( )( i~ Tiry)
The full FP equation becomes:
atP(T t) a'rl f'L ) (T t)] —|—Ta7«187~1
(8.60)
+ arl/ / dt' B (7 t— ")yt b ) 0r Po(r ;0! )
where we use a 2-point probability function:
(07 = 7(£)8(7 = (1)) = Po(7 t:77, 1) (8.61)

This hints that we need to consider the full BBGKY hierarchy. Let us derive the equation
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for the two point function:

OuPa(r, i1 #') = = (D(p_ o)) OF = F0)SG7 = #(¢)0rr (1))
= 00, (807 = FO — 7)) 5 s i+ 865+ 1))
= 00, [(r)Palr, 7', )] = 0y, (87 = F0)IGT — 7N (fi + A& + 1))
(8.62)

We again use the Novikov identity:

(8= F0)007 = 7)) (A& + )

! 5
= /T// /_OO dt" (A& (r, ) A& (" 1)) <W [5(77— 7(t))o(r" — F(t’))}> (8.63)
+ /_t A (O (1) <ﬁ 37— #1067 = i1e))] >

Similarly to before, we have:

O SF— ) — F(E)) ) = — 7 — {807 — () =)
<5A§j(7’”, ) o ())o( (t ))> Or, <5( ()d( (t ))5Afj(r", ) >
0y (807 = )BT 7)) e )

(8.64)

and similarly for the other term. Since we already calculated the response function, the

FP equation is going to be:

O Py(r,ti7 1) = —0y, [ o] + T, (an +0, )

+ O, / / dt" B (7 — ot — ") [Jlj(t,t”,r”)arl + Jlj(t',t”,r”)ﬁrg Py(r,t;r " 47

(8.65)
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We clearly see a pattern:

n

8,51Pn(r1,t1;r2,t2; ---anatn> = _87”17,‘ [fi(rl)Pn] + Tarl,i Z (ara,i) b
a=1
3 n ~
+0ry // diB;; (7 — Tt Z [ — £)Jy(tas t, r)@ral] Pt (r1, 1 s tns 7, 1)

(8.66)

In the stationary state, we have the equation:
t
0= —fiPs+ Ty, Ps + / / dt'Bij (7 — 7t — ) Jy;(t, ¢, r") 0 Pog(r ;7' ') (8.67)
rJ—oo
In the short time approximation discussed in the text, we get:

Where t is the time scale where such an approximation is appropriate, which is different
for the cases 6 = 0 and § # 0. In our case, the correlation function is not translation

invariant, but is going to be given by:

Bij(?", t) = <A€Z(r> t)Afj(Ta t)> = /k y Gg(k’,t, k’/,t) sin (E . g) sin (k_; . _’)

)

8.69
B / A(k25ij — kzk‘j) sin? (7 f ( )
 Je (8 + ZKk%)w2k2 2
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If the angle between r and the x axis is a, we get

- A Ak 2 oy (kr - sin(6) — sin(6) cos(0)
B;; = /0 dk’—(5 2 /O df sin ( 5 cos(f a)) _ ein(8) cos(8) cos2(0)
_ Ar /A k 1 — Jo(kr) + cos(2a) Jo(kr) sin(2a) Jo (kr)
202 Jo (04 Zk?) sin(2a) Ja (kr) 1= Jo(kr) — cos(2a)Ja(kr)
(8.70)

Let us write the equation in polar coordinates (and hopefully still see rotational invari-

ance):
or 0 or 0 Oa 0 or 0 Oa 0
Ps+T | o=+~ Ps+ B oo 99 p
0= a2 0r —V P + [3%‘ o T o or; 9o ] s + Bjj(r, ) [87"]' 5 T o 8@] : (8.71)
We need to make sure that we get:
O Or
o~ ony
J i
o da (8.72)
K aTj (97“i

The only non-trivial part is the part of the matrix proportional to Jy(kr), where it can

be checked that this is still satisfied. The resulting equation in the radius becomes:

1 COoS & 1 COoS & 1 COoS v
" sin «v " sin «v r sin «
Which gives the resulting equation:
Ax (A k
202 0+ 5+ Zk2
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One way to estimate 7 is the time difference when both the deterministic evolution and
the variance due to noise are smaller than the core radius, for example. Close to d = 0, the
noise terms dominate, and the time-scale where this approximation is appropriate should be

when:

a2><

t t =\ 2 t
sz—l—f/ dsB(s)%TtN—l—tN/ ds GK(k,s)sin<k-£> >Tf—i—t~/ ds/GK(k,s)
0 0 k 0 k

- AT t A k 1 2
STi+i— [ d dk —3(0+Zk)s
* v2/0 8/0 5+ 2k2°

_ 2Ax (A k 1 2\7
= Ti+1 dk——— |1 — ¢ 20+ 2kt
T2 /0 (6 + Zk2)2 [ ‘ }

- . 2AT7 1 T 1/5,..2 27
S N e R R — [1 _ o 3(6+a?)ZA t}
g ) T 1

t t
/ s (77(8)+A€(7’(8),S))] [ / du (W(U)+A§(T(U),U))]>
0 0

(8.75)

Where r is the point of the probability distribution we are interested in and 5 = %g

For o — 0, the largest contribution gives:

) A
a? > TF - P In(68) = (8.76)
Zv

8.4 Appendix D: Coalescence of Limit Cycles

Here we provide the derivation of the factorization result in Eq. 5.13 for the generating

functional of the coupled system. The partition function with respect to which all the
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averages are to be taken takes the form:

Z = /D[w,wq,e,ﬁq,r, r9] exp /dtz’wq(w — Rw + gu?) — %w‘ﬂ}
: . B
exp /dt 010 — Q — cw™) — 2—112)0(]21 (8.77)
I r
I B
exp /dtirq(f — f(r)) — %rqﬂ :

As mentioned in the text, the dynamics of r and w are independent of the other parts
of the system, so we consider the generating functional for the observables in 6: Z[\, )\g] =
<eXp [ [ dt g0 + )\39‘1} > Assuming random initial conditions, we can employ that the action
is linear in 6, so we can use [ D[A]e'? ~ §(q). Therefore the angular part of the generating

functional undergoes the following transformations:

. B
/D[@, 09 exp [/ dt (qu(H —Q—cw") — 2—1/59'12 + Agf + )\gﬁq)}
r

5 (8.78)
- / DI99] exp [ / dt (—wm — 0w — %aﬁ + Ageqﬂ 5 (—wq + Ag) .

Assuming the boundary condition that 9 — 0 as t — oo, the delta-function ensures that
07 =i [°°ds A(s). We call this solution 68 . With this we get that the angular part of the

generating functional is:

B
exp {/ dt <—z’989 - %982 + AgQg)} % exp [/ dt (—i@gcw”)} : (8.79)

Notice that the first factor is completely independent of ¢ and of the dynamics of the
pitchfork, and is indeed the expression one would get for the Hopf oscillator alone. The
second factor, on the other hand, is independent of the dynamics of the oscillator (since we
choose the source term A(t)), and depends only on the dynamics of the pitchfork. In this

manner the entire generating functional factorizes.
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