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ABSTRACT

Machine learning techniques have been increasingly adopted in economics and finance for

forecasting, policy evaluation, and structural modeling. Despite their empirical success,

a key question remains: can machine learning methods—originally developed for tasks in

computer science—effectively address the unique challenges posed by economic data, such

as weak signals, cross-sectional dependence, and temporal dependence?

This dissertation explores the theoretical foundations and empirical relevance of modern

machine learning methods in econometric applications. Chapter I examines the performance

of several popular machine learning estimators in high-dimensional regressions with low

signal-to-noise ratios. We show that Ridge regression and ℓ2-regularized neural networks can

effectively exploit weak and possibly nonlinear signals, while Lasso may fail to outperform

a zero benchmark due to its reliance on sparsity. Both theoretical analysis and empirical

studies across multiple economic datasets highlight that signal weakness, rather than lack of

sparsity, may be the main bottleneck in prediction.

Chapter II develops non-asymptotic guarantees for deep autoencoders within a high-

dimensional nonlinear factor model. We show that autoencoders can consistently recover

latent structures, with approximation errors diminishing as dimensionality and sample size

increase. These results justify the use of autoencoders in tasks such as asset return prediction

and structured matrix completion for causal analysis.

Chapter III studies the application of Recurrent Neural Networks (RNNs) in modeling

nonlinear time series. Under a nonlinear autoregressive and moving-average model with ex-

ogenous variables, we establish finite-sample error bounds for RNN-based predictions. These

bounds reveal the role of function smoothness, input dimensionality, and process dependence

in shaping prediction accuracy. Our analysis shows that RNNs are particularly effective in

capturing nonlinear dynamics in noise, offering advantages over traditional nonparametric

methods.

x



Together, these essays contribute to a deeper understanding of the conditions under which

machine learning methods are both theoretically sound and practically useful for econometric

modeling and economic prediction.
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CHAPTER 1

CAN MACHINES LEARN WEAK SIGNALS?

1.1 Introduction

In regression analysis, covariates with non-zero coefficients are identified as true signals,

while those with zero coefficients are considered false signals. In a population model, this

distinction is clear-cut, resembling a “black and white” scenario. However, in finite samples,

the presence of minuscule non-zero coefficients introduces a “gray” area, blurring the bound-

ary between true and false signals.1 This gray area represents weak signals—covariates that,

individually, exert negligible influence on the outcome variable.

The investigation of weak signals holds tangible implications for economic and financial

decision-making. Often, it is the collective impact of these weak signals that drives the out-

comes in these fields. Supporting this, Figure 1.1 provides empirical evidence by presenting

R2 values gathered from a compendium of Economics and Finance journal articles published

in 2022. The 25% quantiles of these R2 values stand at 9.7% for economics and 5.8% for

finance, suggesting that models in these disciplines frequently rely on covariates with modest

explanatory power. Furthermore, Figure 1.1 is based exclusively on published studies, which

are likely biased toward higher R2 values due to selection effects. This suggests that the

presence of weak signals may be even more widespread than the data here indicates.

The decision to incorporate weak signals into a regression model carries the risk of over-

fitting, potentially undermining predictive accuracy. Overfitting arises when the increased

variance from estimating the coefficients of these weak signals outweighs the bias reduc-

tion gained from their inclusion. This trade-off becomes even more pronounced in high-

dimensional settings, where the limited sample size relative to the number of covariates

amplifies prediction errors.

1. The comparison of regression coefficients’ magnitudes is meaningful only when predictor variables are
normalized, an assumption implicitly adopted in the subsequent discussion.
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Figure 1.1: Histograms of R2s in Selected Economics and Finance Journals
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Note: The histograms depict R2s manually collected from published papers in a selection of Economics and
Finance journals in 2022. This collection comprises data from five Economics journals (left) and three Finance
journals (right). Specifically, there are a total of 411 papers published in the American Economic Review,
Econometrica, Journal of Political Economy, Quarterly Journal of Economics, and Review of Economic
Studies, resulting in 8, 129 R2 observations. In addition, there are 380 papers from the Journal of Finance,
Journal of Financial Economics, and Review of Financial Studies, contributing 12, 198 R2 observations.

Machine learning methods, renowned for their focus on variable selection and dimension

reduction, have proven effective in mitigating overfitting and detecting true signals from false

ones, particularly when the true signals are strong. These methods employ regularization

techniques, such as penalizing the ℓ1 or ℓ2 norms of model parameters, to achieve this

objective. However, a pivotal question emerges: Can machines learn weak signals, or in

other words, can they surpass the naive zero predictor? The zero predictor, which disregards

all covariates and always predicts zero, serves as a passive baseline in the context of weak

signals. Surpassing this baseline indicates that a method has successfully extracted valuable

signals. Conversely, failing to exceed it highlights a limitation in its learning capacity. In

view of these considerations, we focus on evaluating the relative performance of regularized

predictors, Ridge and Lasso, against the zero predictor in high-dimensional regressions, where

the prediction target is driven by predictors that exhibit weak correlations with it.

In scenarios with sufficiently strong signals, both Lasso and Ridge are expected to out-

perform zero by effectively capturing and utilizing at least some of these signals. Hence,

2



accurately defining the notion of “weak” signals is crucial at the outset of our investigation.

This definition serves a dual purpose: it prevents the scenario from defaulting to trivial com-

parisons akin to strong signal cases and ensures practical relevance to finite sample scenarios

in economics and finance. We characterize a weak signal scenario as one in which the zero

predictor achieves the minimal Bayes prediction risk asymptotically. This setting turns out

to encompass a wide class of data generating processes (DGPs), and it approximates a finite

sample reality in which zero serves as a competitive benchmark.

In the defined weak signal scenarios, conventional error-bound analyses are insufficient

in distinguishing the performance of different predictors. Considering the optimal Lasso

and Ridge—each tuned to minimize prediction error—both can perform no worse than the

zero predictor. Intuitively, as the tuning parameters for Ridge and Lasso approach infinity,

Ridge converges to zero, while Lasso effectively becomes equivalent to zero. Consequently,

all three predictors—optimal Lasso, optimal Ridge, and zero—can achieve the optimal Bayes

prediction error, making them indistinguishable.

However, a more refined analysis reveals that, across a broad range of tuning parameter

choices, Ridge outperforms zero. In contrast, the optimal Lasso effectively reduces to zero,

meaning Lasso does not exceed zero’s performance regardless of its tuning parameter choice.

This conclusion is based on a precise error approach, which enables us to zoom in and

explicitly characterize the relative prediction errors of Ridge and Lasso compared to the

zero predictor. These results highlight an important distinction between shrinkage and

selection methods. Shrinkage methods like Ridge are more effective in environments with

more homogenous signal strength. On the other hand, selection methods like Lasso are

preferable in scenarios where there is a clear distinction between true and false signals. In

weak signal contexts where this distinction is blurred, the advantage of Lasso tends to wane.

Our study further demonstrates the effectiveness of the cross-validation (CV) algorithm in

selecting the optimal tuning parameter for Ridge, even in weak signal contexts. This under-

3



scores CV’s robustness as a model-tuning tool in these settings. Moreover, the out-of-sample

R2 from the optimal Ridge—a metric frequently used for assessing predictor performance on

unseen data—proves a relevant indicator of the signal-to-noise ratio in the DGP, despite a

notable gap between its asymptotic limit and the population R2.

In the final aspect of our theoretical analysis, we expand our framework to include models

featuring a mix of signal strengths. This section specifically addresses scenarios in which a

benchmark model contains potentially strong signals. Our focus then shifts to evaluating the

benefits of leveraging the predictive power of the remaining weak signals. To this end, we

derive ordinary least squares (OLS) residuals, from which the impact of potentially strong

covariates in the benchmark model has been removed. Consistent with our earlier findings,

applying Ridge regression to these residuals, using the remaining covariates, enhances predic-

tive performance compared to a baseline predictor that ignores these additional covariates.

Our simulation analysis corroborates our theoretical findings: Ridge surpasses zero, which

in turn edges out Lasso, especially in DGPs characterized by low R2 values. When exploring

more sophisticated machine learning techniques, we observe that Random Forest (RF), which

produces dense models by including nearly all variables, outperforms the zero predictor. The

latter, in turn, surpasses Gradient Boosted Regression Trees (GBRT), as GBRT, similar to

Lasso, tends to generate sparse models. Furthermore, Neural Networks (NNs), when paired

with the ℓ2-norm regularization, can deliver superior predictions. In contrast, applying an

ℓ1-penalty in these networks fails to achieve comparable results.

Our empirical analysis spans six datasets across macroeconomics, microeconomics, and

finance. Five align with Giannone et al. [2022], and one is sourced from Gu et al. [2020].

Our finance examples delve into predicting market returns using financial and economic in-

dicators, as well as firm-level return prediction based on their specific characteristics. In

the macroeconomic context, we examine time-series predictions of industrial production us-

ing macroeconomic indicators, and a cross-country GDP growth prediction, utilizing socio-

4



economic, institutional, and geographical factors. Our microeconomic studies focus on crime

rate predictions and pro-plaintiff appellate decisions in takings law rulings.

The relevance of weak signals in datasets is contingent on the choice of benchmark models.

For instance, when compared to a benchmark with an intercept alone, weak signals are

revealed in four out of six datasets. Further benchmarking against covariates informed by

economic theory reveals weak signals across all datasets, making them particularly well-suited

for the application of our asymptotic theory. Drawing from their empirical analysis of these

datasets, Giannone et al. [2022] argue that sparsity may be an illusion, as optimal predictive

models often rely on a large number of covariates. Our collective theoretical and empirical

evidence points to signal weakness as a key factor in the underperformance of Lasso. As

our results suggest, even in cases where the majority of signals have zero coefficients in the

true DGP, Ridge may still outperform Lasso if the true signals are weak. Their comparative

performance thus does not necessarily offer insights into the sparsity of the DGP itself.

In light of these findings, we recommend a cautious approach to employing Lasso in

economic and financial settings. Despite its popularity as a modern counterpart to OLS,

Lasso’s effectiveness may be compromised in scenarios characterized by weak signals. Our

study complements the findings of Kolesár et al. [2024], who highlight issues with sparsity-

based estimators, such as their lack of invariance to reparametrization and sensitivity to

normalizations that are otherwise innocuous to OLS.

Our paper is closely related to the literature on the theoretical performance of Ridge and

Lasso, with two main threads being particularly relevant. The first focuses on error-bound

analysis. For Ridge, Hoerl and Kennard [1970] show that the prediction error decreases at a

rate of p/n, where p is the number of covariates and n the sample size, with its magnitude

tied to the eigen-structure of the design matrix. For Lasso, the prediction error vanishes if

s log p/n → 0, where s is the number of non-zero parameters (see, e.g., Wainwright [2019]).

However, we consider an asymptotic setting where these error bounds fail to distinguish Ridge

5



and Lasso from the zero predictor, as their leading-order prediction errors are identical. This

motivates a more granular, higher-order analysis of prediction errors.

The second, more recent strand of research focuses on determining the precise prob-

ability limit of the prediction error for Ridge and Lasso.2 Bayati and Montanari [2012]

employ approximate message passing algorithms to link them with Lasso and derive its error

limit. Alternatively, Thrampoulidis et al. [2015] use the Convex Gaussian Minimax Theory

(CGMT) to simplify Lasso’s optimization problem, enabling precise error derivation. For

Ridge, Dicker [2016] provides analogous insights into its prediction error. However, these

precise error analyses often rely on stringent parametric assumptions, such as independently

Gaussian-distributed design matrix elements. Dobriban and Wager [2018] extend Dicker

[2016]’s work by accommodating dependent covariates and non-Gaussian predictors, lever-

aging universality results from random matrix theory.

This chapter is organized as follows. Section 1.2 presents the main theoretical results

regarding Ridge and Lasso. Section 1.3 conducts simulations to illuminate our theoretical

predictions while also expanding the analysis to assess the performance of advanced machine

learning methods under weak signals. Lastly, Section 1.4 provides empirical results. The ap-

pendix contains mathematical proofs of main results, while the appendix provides additional

theoretical results, technical lemmas, and their proofs.

Notation: For any x ∈ R, we refer to max(x, 0) as x+. For any vector x, ∥x∥0, ∥x∥1,

∥x∥ and ∥x∥∞ represent its ℓ0, ℓ1, ℓ2 and ℓ∞ norms, respectively. For a real matrix A,

we use ∥A∥ and ∥A∥F to denote its spectral norm (or ℓ2 norm), and the Frobenius norm,

that is,
√
λmax(A⊤A), and

√
Tr(A⊤A), respectively. In the case where A is a p× p matrix,

λi(A) denotes its i-th largest eigenvalue, for 1 ≤ i ≤ p. We use the notation xn ≲ yn when

2. The precise error analysis has provided valuable insights into various machine learning methods. For
example, Liang and Sur [2022] examine the properties of minimum ℓ1-norm interpolation and boosting in
linear models. Miolane and Montanari [2021] explore cross-validation for Lasso, while Hastie et al. [2022]
investigate minimum ℓ2-norm interpolation, shedding light on the double-descent phenomenon in neural
networks. Regarding variable selection, Su et al. [2017] study the false discovery rate of the Lasso path, and
Wang et al. [2020] compare the variable selection properties of bridge estimators.
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there exists a constant C such that xn ≤ Cyn holds for sufficiently large n. Similarly, we

use xn ≲P yn to denote xn = OP(yn). If xn ≲ yn and yn ≲ xn, we write xn ≍ yn for short.

Similarly, we use xn ≍P yn if xn ≲P yn and yn ≲P xn.

1.2 Theoretical Results

1.2.1 Model Setup

We start with the following linear regression model:

y = Xβ0 + ε, (1.1)

where y ∈ Rn, X ∈ Rn×p, β0 ∈ Rp and ε ∈ Rn. Throughout our discussion, X, β0, and ε are

treated as random variables, mutually independent of one another. Central to our analysis

is the calculation of the probability limit of the prediction errors, which necessities assuming

a (prior) probability distribution on the coefficients. This setting aligns with the literature

on precise errors, which also connects our analysis of prediction error with Bayes risk.

Our objective is to investigate the predictive performance of machine learning techniques

in the presence of weak signals.3 To accomplish this, we focus on a high-dimensional regres-

sion setting characterized by an increasing number of predictors, that is, p → ∞. In such a

context, regularization techniques become not just relevant but often necessary. Moreover,

our specific focus is on situations where the signals are weak, characterized by the condition:

∥β0∥2 ≍P τ → 0. The choice to use ∥β0∥ as the metric for characterizing weak signals is

due to its close relationship with the widely-adopted R2 metric in regression analysis, which

provides a familiar and intuitive understanding of signal strength. Our investigation then

progresses to an asymptotic analysis under these two conditions. We will detail the specific

3. While Donoho and Jin [2004] and Hall and Jin [2010] study variable selection in rare and weak signals,
we focus on prediction in asymptotic settings where identifying nonzero coefficients is infeasible.
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requirements for p, τ , and sample size n after introducing the baseline predictor.

Now, we proceed to present the assumptions governing the DGP of X:

Assumption 1. The covariates X ∈ Rn×p are generated as X = Σ
1/2
1 ZΣ

1/2
2 for an n × p

matrix Z with i.i.d. standard Gaussian entries, deterministic n × n and p × p positive

definite matrices Σ1 and Σ2. In addition, there exist positive constants c1, C1, c2, C2 such

that c1 ≤ λi(Σ1) ≤ C1, i = 1, 2, . . . , n and c2 ≤ λi(Σ2) ≤ C2, i = 1, 2, . . . , p.

This assumption accommodates time series dependencies via Σ1 and cross-sectional corre-

lations via Σ2. The eigenvalue constraints serve two purposes: upper bounds limit excessive

dependencies, while lower bounds prevent multicollinearity and ensure observations are not

linearly dependent across time. Moreover, since we focus on prediction rather than variable

selection, the dependence structure among X does not adversely impact Lasso’s predictive

performance (see Section 7.4 of Wainwright [2019]), even though its variable selection prop-

erties are sensitive to strong dependence among covariates.

While the Gaussian assumption for X is integral to our use of Gordon’s inequality (Gor-

don [1988]) for Gaussian processes in the proof, it does raise concerns regarding the robust-

ness of our findings when this assumption is not met in real-world scenarios. Our simulation

results (not included for reasons of space) indicate that the Gaussian assumption appears

non-essential and our asymptotic theory approximates finite sample behavior even with rela-

tively small sizes, typically a few hundred observations. This observation aligns with similar

findings in random matrix theory, where asymptotic properties initially derived for Gaussian

ensembles were subsequently shown to extend to a wider spectrum of random matrices—a

phenomenon referred to as the universality. Notably, when Σ1 = I, Dobriban and Wager

[2018] use random matrix theory to bypass the Gaussian assumption. However, their tech-

nique appears only applicable to Ridge. Our objective is to compare Ridge and Lasso under

a unified framework, which necessitates the Gaussian assumption.

Next, we specify the assumption regarding ε:
8



Assumption 2. Let ε = Σ
1/2
ε z, where z comprises i.i.d. variables with mean zero, variance

one and finite fourth moment and Σε is a positive definite matrix satisfying cε ≤ λi(Σε) ≤

Cε, i = 1, 2, . . . , n, for some fixed positive constants cε and Cε.

This assumption allows for autocorrelations and heteroscedasticity. If Σε is a diagonal

matrix, its spectral norm is evidently bounded under the condition that each entry of ε has

finite variance. Moreover, if ε follows a stationary process characterized by exponentially

decaying autocorrelations, it can be shown that the spectral norm of Σε remains bounded.

Under Assumptions 1 and 2, it follows that ∥Xβ0∥ ≍P
√
n ∥β0∥ and ∥ε∥ ≍P

√
n. This

indicates that the magnitude of each entry in X and ε neither explode nor vanish asymptot-

ically. Consequently, the magnitude of the signal-to-noise ratio (or R2) is entirely dictated

by ∥β0∥. Next, we impose an assumption that governs the properties of β0:

Assumption 3. The vector b0 =
√
pτ−1β0 comprises i.i.d. random variables, each following

a prior probability distribution F belonging to the class F . The class F is defined such

that any included random variable can be represented as q−1/2b1b2, where b1 and b2 are

independent, b1 follows a binomial distribution B(1, q), and b2 is a sub-exponential random

variable with a mean of zero and a variance denoted as σ2β.

Without loss of generality, we use the term
√
pτ−1 as the normalization factor, ensuring

that ∥β0∥2 ≍P τ . This normalization facilitates a clearer interpretation of our results.

While the i.i.d. assumption may seem strong, it offers greater transparency by simplifying

more complex technical assumptions necessary to derive essential probability bounds. In

particular, this assumption allows for important classes of models, such as a spike-and-slab

prior for b0, extensively studied by Giannone et al. [2022] to examine the empirical relevance

of sparsity in economic datasets. Each element of b0 follows a mixed distribution, such

as when q = 1, with b2 modeled by (1 − υ)ψ0 + υψ1, where υ, a fixed constant within

[0, 1], modulates the mix between the spike (ψ0) and slab (ψ1) components of the prior.

More generally, the formulation q−1/2b1b2 accommodates a spike-and-slab model with more
9



extreme sparsity (q → 0) through the component q−1/2b1. This scaling, q−1/2, ensures the

variance of q−1/2b1b2 remains finite and non-vanishing. Essentially, q dictates the sparsity

of β0: when P(b2 = 0) = 0, ∥β0∥0 ≍P pq. In scenarios with strong signals (τ = 1), a DGP

with q nearing zero typically favors Lasso, whereas a q closer to one suggests a preference

for Ridge. Therefore, this framework does not inherently privilege either.

The underlying assumptions that justify Ridge and Lasso are notably distinct, particu-

larly in the context of error-bound analysis. For instance, the analysis of Lasso often requires

the approximate sparsity condition and the restricted eigenvalue condition (see, e.g., Belloni

et al. [2013b] and Bickel et al. [2009]). On the other hand, the convergence rate of Ridge’s

prediction error requires intricate conditions on the eigenvalue structure of the design ma-

trix, as discussed in Tsigler and Bartlett [2023]. In contrast, our analysis here compares the

asymptotic properties of different estimators within a common framework.

1.2.2 Predictors

We now turn our attention to the discussion of the predictors. In scenarios involving weak

signals, characterized by ∥β0∥ → 0, a straightforward and natural baseline predictor emerges,

that is, the naive zero predictor. As an estimator, zero is clearly consistent in terms of the

ℓ2-loss of the estimation error, because it reduces to ∥β0∥, which vanishes in this context.

The zero predictor serves as a passive benchmark for a scenario where no learning occurs.

To surpass its performance, any alternative predictor must harness some signals. This indi-

cates the alternative predictor’s capability to successfully identify and leverage weak signals.

Therefore, to address the earlier question of whether machines can learn weak signals, we

need to compare the machine learning method’s performance with that of the zero predictor.

Only if they can do so can they outperform the naive zero predictor.

In our study, we consider Ridge and Lasso as contenders that leverage machine learning

techniques. These methods are widely used benchmarks in practice, owing to their simplicity
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and universality. An in-depth analysis of these predictors provides valuable insights into their

specific regularization techniques, which can be extended to more advanced models.

The Ridge estimator, denoted as β̂r, is the solution to the following optimization problem:

β̂r(λn) := argmin
β

1

n
∥y −Xβ∥2 + pλn

n
∥β∥2, (1.2)

where λn is its tuning parameter governing the strength of the regularization. In contrast,

the Lasso estimator, denoted as β̂l, is defined as:

β̂l(λn) := argmin
β

1

n
∥y −Xβ∥2 + λn√

n
∥β∥1. (1.3)

By convention, and without loss of generality, the terms involving penalties are typically

scaled by p/n in the case of Ridge and by 1/
√
n in the case of Lasso.

In addition, our theoretical results also encompass the OLS estimator and the Ridgeless

estimator, both of which correspond to special cases of Ridge when the tuning parameter

λn is set to zero. When p > n, the least squares problem has an infinite number of solu-

tions. Among these solutions, the Ridgeless estimator can be regarded as a minimum-norm

interpolating linear predictor, as noted by Bartlett et al. [2020]:

β̂r(0) = argmin
β

∥β∥, s.t. Xβ = y. (1.4)

With β0 estimated by some β̂, it is straightforward to construct corresponding predictor,

(xnew)⊤β̂, for a new data point xnew.

1.2.3 Bayes Risk

Now, we proceed to define the metric by which we assess various predictors. For any pre-

dictor, our primary interest is its Bayes prediction risk. This risk is related to the expected
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squared prediction error evaluated at a new, independent data point (xnew, ynew). In the

case of a linear predictor, ŷnew = (xnew)⊤β̂, we can write the prediction error explicitly as:

EF (ynew − ŷnew)2 = σ2ε + EF
[
(xnew)⊤(β̂ − β0)

]2
= σ2ε + EF ∥Σ

1/2
2 (β̂ − β0)∥2, (1.5)

where the subscript in the expectation operator EF (·) emphasizes the fact that the expec-

tation is taken with respect to the prior distribution of b0 =
√
pτ−1β0. Obviously, it is the

second term in (1.5) that governs the relative predictive performance. Barring ∥Σ2∥, the

prediction risk is closely tied to the estimation error of β̂, i.e., ∥β̂ − β0∥.

Formally, we define the Bayes prediction risk associated with an estimator β̂ as

R(β̂, F ) := EF ∥Σ
1/2
2 (β̂ − β0)∥2.

The predictor that minimizes this Bayes risk is termed the Bayes predictor. In our framework,

it is straightforward to show (see Chapter 4 of Berger [1985]) that the Bayes predictor

corresponds with the predictor that is derived from the posterior mean of β0, which is

represented as EF (β0|X, y). We denote its Bayes risk as R(F ).4

Under strong signals, i.e., τ = 1, and suppose that Σ1, Σ2 and Σε are identity matrices,

p/n → c0 ∈ R+, significant progress has been made in understanding the asymptotic be-

havior of Bayes risk. For Ridge regression, notable studies by Dicker [2016] and Dobriban

and Wager [2018] have derived the asymptotic limit of the Bayes risk.5 Similarly, in the

case of Lasso, several studies, such as those conducted by Bayati and Montanari [2012] and

4. There exists an extensive body of literature focused on empirical Bayes methods, which explores feasible
approaches for implementing EF (β0|X, y), when F is unknown, see, e.g., Robbins [1964] and Efron [2012].

5. The exact form of the limit is given by

lim
n→∞

R(β̂r(λn), F ) = c0m(−λ, c0) + λ(λσ2
β − c0)m

′(−λ, c0), (1.6)

where λ = limn→∞ c0λn and m(−λ, c0) =
(
−(1− c0 + λ) +

√
(1− c0 + λ)2 + 4c0λ

)
/2c0λ.
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Thrampoulidis et al. [2018], have established its asymptotic Bayes risk limit.6

Figure 1.2: Comparison of Prediction Errors: Optimal Ridge and Lasso vs. the Zero Esti-
mator
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Note: The left panel illustrates the ratio of prediction error between the optimal Ridge and the baseline zero
estimator. Conversely, the right panel presents a similar comparison for the optimal Lasso estimator against
the zero estimator. Both axes, y and x, depict a range of p/n ratios and ∥β0∥2 values, corresponding to data
generated in accordance with the model described in (1.1), with Σ1, Σ2, and Σε in Assumptions 1 and 2 set
as identity matrices. We set b0 as a Dirac-spike and a Gaussian slab with q = 1/5. In this context of strong
signals, the prediction errors for both optimal Ridge and Lasso are calculated using tuning parameters that
are optimally selected to minimize the expected prediction errors’ probability limits, as given by (1.6) and
(1.7).

In Figure 1.2, we present two heatmaps, with the y and x axes representing various values

of p/n and ∥β0∥2 = τσ2β . The left heatmap illustrates the ratio of Bayes risk between optimal

Ridge and the zero estimator, while the right heatmap represents the ratio of optimal Lasso

against the zero estimator. For both Ridge and Lasso, their optimal tuning parameters are

selected by minimizing the probability limits of their Bayes risk given by (1.6) and (1.7),

respectively. A prediction error ratio below 1 suggests that zero is outperformed.

The heatmaps, as anticipated, clearly demonstrate that both optimal Ridge and Lasso

6. The limit in the case of Lasso can be explicitly written as follows: limn→∞ R(β̂l(λn), F ) = (α∗)2, where

α∗ = argmin
α≥0

 inf
τg>0

sup
β≥0
τh>0

βτg
2

+
1

c0
L

(
α,
τg
β

)
− ατh

2
− αβ2

2τh
+ λG

(
αβ

τh
,
αλ

τh

) . (1.7)

Here λ = limn→∞ λn/
√
c0, L(c, τ) := E[ex2(cZ + ε, τ) − ε2], and G(c, τ) := E[e|x|(cZ + Xb, τ) − |Xb|],

with ef (y, τ) := minv(y − v)2/2τ + f(v), where random variables Z, ε, and Xb follow a standard normal
distribution (Z ∼ N (0, 1)), the distribution of the noise, and the distribution F , respectively.
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surpass the performance of the zero estimator. This superiority is particularly pronounced

in scenarios involving strong signals and relatively lower dimensions. Notably, the disparity

between these estimators becomes less pronounced as the norm of ∥β0∥ approaches zero and

the ratio p/n increases, indicating a shift towards scenarios characterized by weaker signals.

The existing result on precise error analysis is primarily built upon the assumption of strong

signals, where τ = 1. To discern the performance of various estimators under weak signal

conditions, a more intricate analysis in the limiting case (τ → 0 and p/n ̸→ 0) is necessary.

1.2.4 Zero’s Optimality and Relative Prediction Error

Figure 1.2 also indicates that our attention should be directed towards a regime where

the zero estimator exhibits meaningful competitiveness. Otherwise, we may question the

appropriateness of our definition of “weak” signals if some machine learning approaches can

obviously outperform it by a wide margin.

One might be tempted to define weak signals as instances where the signal strength falls

below a certain “detection boundary,” thereby becoming indiscernible through hypothesis

testing. Our focus is on prediction, rather than signal detection. This distinction is key be-

cause, even when signals are undetectable by hypothesis testing, their collective contribution

to prediction can still outperform the zero predictor. The zero predictor serves as a natural

benchmark for demonstrating the capacity of machine learning to utilize weak signals.

To motivate our concept of weak signals, we analyze a regime where the zero predictor

achieves certain notion of optimality, indicated by its Bayes risk being identical to that of

the Bayes predictor. This scenario is delineated more precisely by the assumption below:

Assumption 4. n−1p → c0 ∈ (0,∞], n−1τp(log p)4 → 0, nτp−2/3(log p)−4 → ∞, and

n−1pqτ−1(log p)−4 → ∞.

Assumption 4 covers a wide spectrum of signal strengths and counts, while simultaneously

imposing constraints to prevent an excessively large p/n ratio and overly rapid vanishing of
14



τ . The first two constraints imply τ → 0, while the third imposes a lower bound on τ .

Together, these constraints require that τ is bounded below by n−1/3.

The final constraint addresses cases of extreme sparsity in β0. It becomes redundant when

q does not vanish, as it is already implied by the first two constraints. Collectively, these

conditions imply that (pq) log p/n is bounded below by τ , and consequently by n−1/3 (up to

a logarithmic factor). Importantly, these constraints do not exclude the sparsity assumptions

commonly adopted in the literature for Lasso: ∥β0∥0 log p/n→ 0, where ∥β0∥0 ≍P pq.

These constraints serve to exclude edge cases where the relative performance of different

estimators cannot be conclusively determined using our proof technique. In Section 1.2.9,

we investigate scenarios outside the scope of these constraints (e.g., lower bound of n−1/3),

such as cases of extreme sparsity with only one true signal in the DGP. By employing an

alternative proof method that leverages the closed-form solution of Lasso in a special case,

we demonstrate that these constraints are not necessary for arriving at our conclusions.

To facilitate the discussion of the optimal estimator in our context, we refer to the

definition provided by Robbins [1964].

Definition 1. We say β̂ is asymptotically optimal relative to F , if it satisfies

lim
n→∞

R(β̂, F )

R(F )
= 1.7

Theorem 1. Suppose that Assumptions 1−4 hold. Furthermore, assume that the error

term ε in Assumption 2 follows a Gaussian distribution.8 Under these conditions, the zero

estimator is asymptotically optimal relative to any distribution F ∈ F .

This theorem demonstrates that, unlike the Bayes predictor, which relies on prior knowl-

7. The definition of asymptotic optimality is provided in terms of a ratio to accommodate more general
scenarios where R(F ) varies with the sample size n.

8. The Gaussian assumption on ε is only used to facilitate considerations of optimality, which is a standard
assumption in the empirical Bayes literature, e.g., Jiang and Zhang [2009]. While this assumption motivates
our characterization of weak signal regimes, it is not utilized in follow-up analysis of the estimators.
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edge F and is thus impractical, the zero predictor achieves the same asymptotic optimal

prediction risk without requiring such information, making it both feasible and optimal.

The zero estimator can be considered as a special case of both Ridge and Lasso when a

sufficiently large tuning parameter is chosen. Given this perspective, and as implied from

Theorem 1, the relative Bayes risk of the optimal Ridge and Lasso compared to the zero

estimator asymptotically approaches one. This suggests that under weak signal conditions,

merely comparing their Bayes risk ratios is insufficient to distinguish among these estimators.

As such, we shift our attention to the relative prediction error between any estimator

β̂ and the zero estimator, defined as follows, in absolute difference rather than their ratio,

in the spirit of Bayesian regret. To ensure a meaningful scale in the limit, we multiply the

relative error by pn−1τ−2, and adopt the following metric for comparison:

∆(β̂) = pn−1τ−2(∥Σ1/2
2 (β̂ − β0)∥2 − ∥Σ1/2

2 β0∥2). (1.8)

Based on this definition, if ∆(β̂) > 0 holds with probability approaching one, it indicates

that the estimator β̂ exhibits inferior prediction performance compared to zero. Conversely,

if ∆(β̂) < 0 holds with probability approaching one, β̂ outperforms zero.

Before we proceed to present our main results in the following section, we need to provide

technical conditions governing the limiting behavior of Σ1, Σ2, and Σε:

Assumption 5. For matrices Σ1, Σ2 and Σε:

1

n
Tr(Σ1) = 1 +O(n−1/2),

1

p
Tr(Σ2) = σ2x +O(p−1/2),

1

n
Tr(Σε) = σ2ε +O(n−1/2).
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Additionally, there exist constants θ1 to θ4 such that

1

n
Tr(ΣεΣ1) = σ2εθ1 + o(nτ/p),

1

p
Tr(Σ2

2) = σ4xθ2 + o(1),
1

n
Tr(ΣεΣ

2
1) = σ2εθ3 + o(n/p),

1

n
Tr(Σ2

1) = θ4 + o(n/p).

As Σ1, Σ2, and Σε are positive definite, all of these constants θi, i = 1, 2, 3, and 4, are

positive. The condition concerning Σ2 can be verified through a more primitive condition:

the existence of the limit of Σ2’s empirical spectral distribution (see Dobriban and Wager

[2018]). In situations where all three matrices reduce to identity matrices, a common setting

in the literature on precise error analysis, Assumption 5 holds trivially.

1.2.5 Analysis of the Ridge Predictor

In this section, we present the results of Ridge in the context of weak signals. We begin by

presenting the relative error of Ridge for any tuning parameter value:

Theorem 2. Assuming that Assumptions 1−5 hold, and setting λn = τ−1λ, we establish:

∆(β̂r(λn))
P−→ α∗ := 2θ2σ

4
x

(
σ2εθ1
2λ2

−
σ2β
λ

)
.

This theorem yields several important findings. First, by minimizing α∗ with respect

to λ, we can determine the optimal tuning parameter value: λoptn = τ−1σ2εθ1/σ
2
β . Further-

more, with the optimal tuning parameter in place, α∗ is negative, indicating that Ridge can

effectively learn weak signals when the tuning parameter is chosen appropriately.

Second, when we set λ → ∞ (equivalently, τλn → ∞), the value of α∗ converges to

zero. This outcome is expected, as the use of a large tuning parameter makes the predictor’s

performance increasingly resemble that of the zero predictor. Nevertheless, it is noteworthy

that α∗ → 0−; in other words, as λ increases, Ridge consistently outperforms the zero
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predictor until it gradually becomes indistinguishable from it in the limit.

Third, as λ → 0, in which case λn = o(τ−1), α∗ approaches positive infinity. This

indicates that Ridge’s performance deteriorates to the point where the Ridgeless predictor

(corresponding to λ = 0) is surpassed by the zero predictor. This is a significant departure

from the strong signal setup in which Ridgeless can still outperform the zero predictor, as

shown by Hastie et al. [2022]. Notably, Ridgeless, defined by λ = 0, is not devoid of regu-

larization; it applies implicit regularization by minimizing the ℓ2-norm of the interpolator.

This form of regularization allows Ridgeless to effectively control variance when the number

of predictors p exceeds the sample size n, ensuring desirable performance in strong signal

scenarios. However, under weak signals this implicit regularization fails to adequately control

variance, causing ∥β̂∥ to be much larger than ∥β0∥, leading to poor performance of β̂.

Furthermore, given that Ridgeless is the interpolator that minimizes ∥β̂∥, all linear inter-

polators, including, for instance, the one that minimizes the ℓ1-norm, result in even larger

∥β̂∥. Therefore, these interpolators also fail to outperform zero in contexts with weak signals.

Figure 1.3 provides an illustrative example of the relationship between the relative error

of Ridge and the tuning parameter λ, showcasing the theoretical insights we have discussed.

Corollary 1 below summarizes the result on the Ridgeless estimator:

Corollary 1. Under the same assumptions as in Theorem 2, the Ridgeless estimator, defined

by (1.4), satisfies:

∆(β̂r(0))
P−→ ∞.

Given Ridge’s ability to effectively learn weak signals with an appropriately tuned pa-

rameter, the data-dependent selection of this parameter becomes crucial. A paradigmatic

approach for this purpose is K-fold CV.

In cases where the signals are strong, Hastie et al. [2022] demonstrate the effectiveness

of CV for Ridge. Specifically, the cross-validated tuning parameter converges in probability

to the optimal value within a pre-specified interval. The fact that this optimal value lies in
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Figure 1.3: Ridge vs. Zero Predictor’s Relative Precise Error
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Note: In this plot, the black curve represents the probability limit of ∆(β̂r(λn)), denoted as α∗, as a function
of the tuning parameter λ, defined in Theorem 2, in the context of weak signals. To create this plot, we set
all parameters (c0, θ1, θ2, σx, σβ , σε) to one for simplicity.

some known interval simplifies the derivation of the theoretical properties of CV. In scenarios

with weak signals, however, the optimal tuning parameter tends to diverge as the sample

size increases. The rate of divergence depends on the unknown strength of the weak signal,

τ . As we show next, CV remains a valid and useful tool in this case. To narrow our focus

to the matter of weak signals without delving into a complicated CV procedure, we consider

the case where both Σε and Σ1 are identity matrices. This assumption of no temporal

dependence in the data facilitates a more straightforward CV procedure for i.i.d. data.

To determine the optimal tuning parameter using K-fold CV, denoted as λ̂K−CV , the

rows of the design matrixX are partitioned intoK distinct subsets, labeled asX(1), · · · , X(K).

For each i ∈ {1, · · · , K}, the submatrix X(−i) is formed by excluding the rows correspond-

ing to X(i). Similarly, the associated subvectors are y(i), ε(i), y(−i), and ε(−i). The Ridge

estimator for each fold, β̂ir(λn), is defined as the solution to the optimization problem for

i = 1, · · · , K:

β̂ir(λn) = argmin
β

{
1

n
∥y(−i) −X(−i)β∥2 +

pλn
n

∥β∥2
}
.
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Consequently, the tuning parameter selected by K-fold CV is given by

λ̂K−CV
n = argmin

λn∈[ϵ,∞)

1

n

K∑
i=1

∥y(i) −X(i)β̂
i
r(λn)∥2,

where ϵ > 0 is an arbitrary small constant. The following theorem provides its justification:

Theorem 3. Under the same assumptions as in Theorem 2, if we also assume that Σ1 = I,

Σε = σ2εI, ε follows a sub-exponential distribution, and that q−1τ−1n−1/2 log(p) → 0 and

q−1/2τ−3/2n−1/2 log(p) → 0, then we can establish that:

τ λ̂K−CV
n

P−→ λopt = σ2ε/σ
2
β and ∆(β̂r(λ̂

K−CV
n ))−∆(β̂r(λ

opt
n ))

P−→ 0.

This theorem justifies the use of λ̂K−CV
n as an approximation for the optimal tuning

parameter λoptn = λopt/τ (θ1 = 1 in this case) for Ridge. Importantly, this result does

not require prior knowledge of τ , making the CV approach directly applicable in practical

scenarios. The additional constraints on q become relevant only when q vanishes; otherwise,

they naturally follow from Assumption 4. These conditions ensure uniform convergence

across the spectrum of tuning parameter values, a prerequisite for the results of Theorem 3.

With our analysis of Ridge concluded, we will now turn our attention to Lasso.

1.2.6 Analysis of the Lasso Predictor

Unlike Ridge, the analysis of Lasso is more intricate, primarily because it lacks a closed-form

formula. In the special case where Σ1, Σ2, and Σε are identity matrices, several studies,

including Bayati and Montanari [2012] and Thrampoulidis et al. [2018], have established

Lasso’s precise error given by (1.7). Additionally, based on (1.7), Wang et al. [2020] con-

ducted a small-signal Taylor expansion of α∗ with respect to σ2β , which affects α∗ through the

prior distribution F . They concluded that the optimal Lasso estimator fails to outperform
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optimal Ridge.9 In the general case we consider, pinpointing the exact precise error appears

a daunting task. Instead, we seek probability bounds of the limit. This turns out sufficient

for us to conclude that Lasso cannot outperform zero for all values of its tuning parameter

in the context of weak signals. The next theorem summarizes our main findings:

Theorem 4. Assume that Assumptions 1−5 are satisfied and the tuning parameter λn is

chosen such that the following equation holds for some Cλ > 0:

pn−2τ−2EU∼N (0,Σ2)

∥∥∥(2σε√θ1|U | − λn)+

∥∥∥2 = Cλ.
10 (1.9)

Then, with probability approaching one, we have cα ≤ ∆(β̂l(λn)) ≤ Cα, where cα and Cα

are the solutions to the following equation in terms of x:

x−
√

2Cλ
c2

x = − Cλ
100C2

, (1.10)

where c2 and C2 are constants defined in Assumption 1.

Equation (1.9) implicitly determines the rate at which λn diverges to infinity. For any

fixed Cλ > 0, we can solve for the tuning parameter λn from (1.9), and derive the upper

and lower bounds, Cα and cα, from equation (1.10). Furthermore, equation (1.10) directly

implies that Cα and cα are non-negative, indicating that Lasso does not outperform the zero

predictor for any given tuning parameter value in the context of weak signals.

Moreover, as λn approaches zero, Cλ diverges to infinity, leading to a simultaneous di-

vergence of both cα and Cα. This suggests that Lasso behaves increasingly worse compared

to the zero predictor. Conversely, a larger tuning parameter λn causes Cλ to converge to

zero from the positive side. As a result, both cα and Cα converge to zero while remaining

9. Their analysis does not address the scenario of Lasso with an arbitrary tuning parameter, nor does it
elucidate its relative performance compared to zero.

10. When applied to a vector, | · | and (·)+ represent element-wise operations.
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non-negative. This implies that Lasso’s performance improves but remains inferior to the

zero predictor, until they become equivalent in the limit. Figure 1.4 illustrates upper and

lower bounds for the relative error of Lasso versus the zero predictor across different λn

values.

Figure 1.4: Lasso vs. Zero Predictor: Relative Precise Error Bounds
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Note: In this plot, the black curves represent the lower and upper probability bounds on ∆(β̂l(λn)), i.e.,
cα and Cα, as a function of the tuning parameter λn in the context of weak signals. In this setup, we fix
n = p = 2, 000. We assign the elements of b0 to follow a standard Gaussian distribution and set Σ2 = I. As
in Figure 1.3, we set all parameters (c0, θ1, θ2, σx, σβ , σε) to one. Finally, we select τ = 0.001, which results
in a population R2 around 0.1%.

Lasso struggles with weak signals because it has difficulty distinguishing true signals

from spurious ones. Its inability to select true weak signals does not significantly impact

its performance compared to the zero predictor, which ignores these signals entirely. The

main issue with Lasso is its ineffectiveness in penalizing irrelevant signals. While increasing

the tuning parameter might help, our theory indicates that Lasso only reaches the zero

predictor’s effectiveness when the penalty is large enough to essentially disregard all signals.

Given Lasso’s limitations with weak signals, the elastic net—merging the ℓ1 and ℓ2 norms

in its penalty—also underperforms compared to Ridge, in settings involving weak signals.11

In predictive regressions with many covariates, Lasso is often viewed as the successor to

11. Although a formal justification for this observation can be provided in the setting of Σ2 = I, we omit
it here due to space constraints.

22



OLS. However, our analysis reveals a critical caveat: Lasso, regardless of tuning parameter

choice, underperforms a zero predictor in weak-signal settings. This has important implica-

tions for economics and finance, where large-scale regressions with low signal-to-noise ratios

are increasingly common. Instead, our results favor Ridge in such scenarios, emphasizing

the need to assess signal strength when selecting regularization techniques.

1.2.7 Assessing Signal-to-Noise Ratio

In line with this perspective, we delve into the assessment of the signal-to-noise ratio, a

measure that can offer insights into the viability of different machine learning techniques.

Our preceding analyses provide indirect guidance in this regard. Specifically, if Lasso under-

performs the zero predictor, it implies a potential issue with the data’s signal strength.

A more conventional and direct approach to evaluating the signal-to-noise ratio is through

R2. However, in-sample R2 is prone to overfitting, and as such, out-of-sample R2 is com-

monly used in machine learning. This metric essentially involves the comparison of mean-

squared errors between two predictors. For our specific application, we have chosen to use

zero as the reference predictor and define this metric for a given estimator β̂ as follows:

R2
oos(β̂) = 1−

∑
i∈OOS(yi −Xiβ̂)

2∑
i∈OOS y

2
i

, (1.11)

where “OOS” represents the out-of-sample data.

Since a model’s predictive performance hinges on the signal-to-noise ratio, this metric is

a natural choice for evaluating the signal strength inherent in the DGP. In strong-signals

scenarios, the out-of-sample R2 consistently estimates the population R2, irrespective of the

specific estimator β̂, provided it is consistent with respect to β0, i.e., ∥β̂ − β0∥ = oP(1).

However, in weak-signal settings, the outcome critically depends on the estimator chosen,

beyond the signal-to-noise ratio itself. As an illustration, while both Lasso and Ridge are

23



consistent as their prediction errors asymptotically diminish, the out-of-sample R2 for Lasso

can become non-positive, indicating either no improvement or underperformance relative to

the zero predictor, as demonstrated in Theorem 4.

In the context of weak signals, the following proposition provides theoretical support for

the relevance of optimal Ridge’s R2
oos in assessing the signal-to-noise ratio in the data.

Proposition 1. Under the same assumptions as Theorem 3, and assuming that the out-of-

sample data follows the same DGP as the in-sample data, if noosp−2n2τ2 → ∞, where noos

is the size of the out-of-sample data, then for the optimal Ridge predictor, it holds that

R2
oos(β̂r(λ

opt
n )) = p−1nθ2(R

2)2 (1 + oP(1)) ,

where R2 denotes the population R-squared, given by τσ2xσ2β/(τσ
2
xσ

2
β + σ2ε) in this context.

Interestingly, when noos is sufficiently large, to the extent that the estimation error in

R2
oos does not mask the performance differential between the optimal Ridge and the zero

predictor, R2
oos is approximately proportional to (R2)2. While it does not exactly mirror R2,

R2
oos still serves as an indicator of signal strength. The reason for their discrepancy is that in

the weak signal case, the numerator of the R2
oos—which reflects the relative prediction error

between the two predictors—decreases more rapidly than the numerator of R2. Therefore,

the numerator of R2
oos only provides a higher-order characterization of signal strength.

1.2.8 Mixed Signal Strengths and Alternative Benchmarks

In the preceding sections, our analysis primarily focuses on scenarios where all signals are

weak, leading us to consider the zero predictor as our natural benchmark. This section,

however, expands our analysis to include models where potentially strong signals serve as
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benchmarks. Consider another DGP:

y = Wγ0 +Xβ0 + ε, (1.12)

where W ∈ Rn×d represents a predefined set of covariates. These covariates include poten-

tially strong signals and form the basis of the benchmark model. We allow the dimension d

to increase to ∞, however, it does so at a slower rate compared to n, ensuring that OLS of

y against W remains a viable method for estimation.

In many cases, W could simply be a vector of ones, allowing us to remain agnostic

about the magnitude of the regression’s intercept. In our empirical analysis, W can be

motivated from economic theory, whose impact on the response variable is of central interest.

Alternatively, W can encompass lagged values of y, thereby facilitating the inclusion of

temporal dependence in the benchmark model. This setup is particular relevant when using

an autoregressive model as a benchmark for forecasting economic variables. Exploring the

possibility of a data-driven selection of W is an intriguing direction for future research.

Building on these considerations, our focus now shifts to evaluating and comparing the

performance against the OLS benchmark with covariates in W . In this context, the OLS

benchmark predictor, ŷnewb , for a new observation (wnew, xnew) is defined as follows:

ŷnewb = (wnew)⊤γ̂, where γ̂ = (W⊤W )−1W⊤y. (1.13)

The inclusion of W leads us to explore the following Ridge estimator with regularization

only imposed on coefficients of X:

β̂(λn) := argmin
β

{
min
γ

(
1

n
∥y −Wγ −Xβ∥2 + pλn

n
∥β∥2

)}
=argmin

β

{
1

n
∥MW y −MWXβ∥2 + pλn

n
∥β∥2

}
, (1.14)
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where MW = I−W (W⊤W )−1W⊤. Consequently, the estimator for γ is thus given by

γ̂(λn) = (W⊤W )−1W⊤(y −Xβ̂(λn)). (1.15)

The construction for Lasso is similar. Utilizing the estimated parameters (β̂(λn), γ̂(λn)) we

are able to formulate a predictor for y as

ŷnew = (wnew)⊤γ̂(λn) + (xnew)⊤β̂(λn) = ŷnewb + (x̂new)⊤β̂(λn), (1.16)

where x̂new = xnew −X⊤W (W⊤W )−1wnew.

Notably, equation (1.16) illuminates the role of the second term, (x̂new)⊤β̂(λn), in cap-

turing the contribution of weak signals relative to the OLS benchmark, ŷnewb . Moreover,

a comparison with the previously analyzed zero-benchmark scenario reveals a key distinc-

tion: the modification of the response and covariates in equation (1.14). Here, the approach

involves regressing MW y on MWX, effectively predicting the residuals of the benchmark

model using covariates adjusted to eliminate dependence on W . While our earlier conclu-

sions are likely still valid, the inclusion of generated covariates introduces an additional layer

of statistical error that warrants careful examination. The forthcoming theorem will demon-

strate that this extra error does not compromise our prior conclusions. Given this context

and our prior comparative analysis, we focus on the optimal Ridge in this scenario for reason

of space.

Theorem 5. Suppose that X = Wη0 + U . Assume that the triplet (U, β0, ε) follows the

same distribution as (X, β0, ε) in Theorem 2. Additionally, the matrix W is independent

from U , β0, and ε. Each covariate within W is assumed to have a finite second moment.

Furthermore, we assume that d = o(n2p−1τ), and the eigenvalues of n−1W⊤W are lower

bounded by some positive constant. Given these assumptions, the predictor, ŷnew, as defined

in (1.16) and based on the Ridge estimator from (1.14) with λn = τ−1λ, and the benchmark
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predictor ŷnewb from (1.13), satisfy the following:

pn−1τ2
(
EF
[
(ŷnew − ynew)2 | I

]
− EF

[
(ŷnewb − ynew)2 | I

] )
P−→ α∗, (1.17)

where I denotes the information set generated by (W,X, y, γ0, β0), α∗ is defined in Theorem

2, and the tuple (ynew, wnew, xnew) satisfies (1.12).

This result shows that a Ridge-augmented model outperforms the benchmark model

alone, aligning with our earlier conclusion that Ridge can effectively leverage weak signals.

1.2.9 Ridge vs. Lasso in Extremely Sparse Settings

This section clarifies that our asymptotic restrictions are mainly technical. Even in extreme

sparsity beyond our main analysis, Lasso fails to outperform zero when signals are sufficiently

weak, while Ridge retains a non-negligible probability of learning them. However, the setting

is stylized, as the proof relies on a distinct approach using Lasso’s closed-form solution.

Consider the Gaussian sequence model where y = β0 + ε with ε ∼ N (0, I). For this

model, X = I and n = p. We let β0 = (
√
nτ, 0, . . . , 0)⊤, so that s = ∥β0∥0 = 1 and

R2 =
∥Xβ0∥2

∥Xβ0+ε∥2 ≍ τ → 0. This represents the most extreme form of sparsity, with only one

true signal. Moreover, we relax the n−1/3 lower bound restriction on τ .

Proposition 2. Assume τ ≤ n−1 log(n)/100. There exists n0 > 0 such that n > n0, Lasso

satisfies

P
(
∥β̂l(λ)− β0∥2 − ∥β0∥2 ≥ 0, ∀λ ≥ 0

)
≥ 1− n−1/2, (1.18)

while for Ridge,

P
(
∃λ > 1 s.t. ∥β̂r(λ)− β0∥2 − ∥β0∥2 < 0

)
≥ 0.5. (1.19)
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This result highlights that in extreme sparsity, Ridge can still learn weak signals, whereas

Lasso remains ineffective regardless of tuning.

1.3 Monte Carlo Simulations

In this section, we conduct simulation experiments to assess the finite sample relevance of

our asymptotic theory. We begin by examining Ridge and Lasso in a linear model setup.

1.3.1 Ridge and Lasso for Linear Models

We now detail the DGP specified by (1.1) for the first simulation exercise. We set (Σ1)ij =

2−|i−j| for 1 ≤ i, j ≤ n. We construct Σε as a diagonal matrix with i.i.d. entries sampled

from the uniform distribution U(0.5, 1.5). The eigenvalues of Σ2 are also simulated from

U(0.5, 1.5), with corresponding eigenvectors from a randomly generated orthogonal matrix.

These components form Σ2, which, along with other matrices, remains fixed throughout the

simulations. By direct calculations, we have θ1 = 1, θ2 = 13/12, and θ3 = θ4 = 5/3.

We experiment with n = 500 and p = 300, dimensions that align closely with the

first microeconomic example studied below. For each simulated sample, we construct β0

as
√
p−1τb0, with b0 drawn from a spike-and-slab distribution: (1 − q)δ0 + qN (0, q−1σ2β).

Here, δ0 represents the Dirac delta function, and we set σ2β = 1. The error term ε is sampled

from N (0, 1), while the design matrix X is drawn from N (0, 1), then transformed via pre-

multiplication by Σ
1/2
1 and post-multiplication by Σ

1/2
2 . We consider two cases for the

sparsity parameter, q = 0.2 and q = 0.8. To represent weak and strong signal scenarios, we

calibrate two values of τ to achieve R2 = 5% and 50%, respectively. The parameters q and

τ (through R2) are varied as they are critical to the asymptotic performance, as highlighted

in Assumption 4. A total of 1, 000 Monte Carlo repetitions are conducted.

For each simulated sample, we compute the relative prediction error, ∆(β̂(λ̂K−CV
n )), as

defined in equation (1.8), with the tuning parameter for each method selected via 10-fold
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CV. The histograms of these errors are presented in Figure 1.5. Additionally, Table 1.1

provides summary statistics, including quantiles and the proportion of values classified as

“zeros” (where “zero” is defined as being within machine precision).

The histograms reveal notable differences in the performance of Ridge and Lasso when

R2 is low, while showing that both methods outperform the zero predictor when R2 is high.

Ridge displays a clear probability mass on the negative side of the error distribution, even in

weak signal settings, and its performance is largely unaffected by changes in sparsity levels.

In contrast, Lasso struggles to capture weak signals, as evidenced by a substantial proba-

bility mass on the positive side of the y-axis. While increasing sparsity (lowering q) leads to

modest improvement in Lasso’s performance, it still lags behind Ridge overall. This pattern

is supported by Table 1.1, which presents quantiles of these distributions. In finite samples

with high sparsity, some probability mass for Lasso can fall on the negative side. Neverthe-

less, Lasso also shows a heavier probability mass at zero compared to Ridge, consistent with

the theoretical prediction that optimal Lasso collapses to zero in weak-signal settings.12

Table 1.1: Summary Statistics for Ridge and Lasso in Linear DGPs

Lasso Ridge
q R2 (%) Q1 Q2 Q3 #Zero Q1 Q2 Q3 #Zero

0.2 5% -0.127 0.000 0.521 360 -0.992 -0.501 -0.129 97
0.8 5% 0.000 0.000 0.975 400 -0.918 -0.541 -0.169 88
0.2 50% -0.508 -0.414 -0.331 0 -0.375 -0.300 -0.233 0

Note: The table illustrate the summary statistics (quantiles and the percentage of zeros) of relative prediction
error ∆(β̂(λ̂K−CV

n )), for Ridge and Lasso, based on 1,000 Monte Carlo samples.

12. For reason of space, we omit further experiments with extreme sparsity (q = 0.1, 0.05, 0.02), where
Lasso’s performance further improves, yet reducing the signal strength to R2 = 2% negates this advantage,
rendering it ineffective against zero. Ridge continues to outperform both the zero predictor and Lasso. We
also omit simulation results with fixed tuning parameters that validate our theoretical findings independently
of tuning parameter selection.
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Figure 1.5: Simulation Results for Ridge and Lasso in Linear DGPs
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Note: The histograms depict the relative prediction error ∆(β̂r(λ̂
K−CV
n )) (top) and ∆(β̂l(λ̂

K−CV
n )) (bottom)

following equation (1.8) across 1, 000 Monte Carlo samples. We analyze three setups of (R2, q).

1.3.2 Advanced Machine Learning Methods for Nonlinear Models

In this section, we extend our investigation to nonlinear machine learning methodologies,

including RF, GBRT, and NNs, through simulation experiments. While providing a precise

theoretical analysis of errors for these algorithms remains challenging—and this part there-

fore involves some degree of speculation—we draw on insights from linear models to interpret

and contextualize our simulation findings.

We simulate the following DGP, expressed explicitly in element-wise form:

yi =

p∑
j=1

β0,jf(Zij) + εi, i = 1, . . . , n, (1.20)

where yi denotes the ith observation of the response variable, β0,j represents the coefficient

associated with a function f(·) of the predictor variable Zij . We adopt the following proce-

dure for simulating this model: Zij is generated by applying an inverse transform to Xij ,

previously simulated in Section 1.3.1. Specifically, Zij = f−1(Xij), where X is constructed
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using the same DGP as before.13 Additionally, both the coefficients β0 and the error term

εi are drawn from the same baseline DGP. This approach guarantees the replication of the

exact simulation results observed when regressing y on X. However, the focus now shifts

to predicting y using nonlinear models of Z without prior knowledge of f(·). The effective

signal-to-noise ratio decreases due to the added complexity of learning an unknown function.

1.3.2.1 Simulations with Tree Algorithms

Tree algorithms are essential in machine learning for handling complex DGPs with discrete

variables, nonlinearities, and intricate interactions. However, single tree models often under-

perform, prompting the use of ensemble methods to enhance predictions.

Two popular ensemble techniques are RF and GBRT. RF uses bagging, where multiple

trees are trained independently on bootstrap samples, and their predictions are averaged to

improve performance. In contrast, GBRT employs boosting, iteratively fitting residuals from

prior trees to build a strong ensemble from weak learners.

Since trees are invariant to monotonic transformations, it suffices to report their predic-

tion results for the linear DGP, as these are identical to those for the nonlinear DGP under

consideration. However, tree methods may underperform Ridge and Lasso, partly due to an

additional approximation error from using piecewise constant functions to approximate the

linear DGP. Therefore, the primary focus here should not be on comparing tree methods

with linear models but rather on assessing the effectiveness of different ensemble techniques

in capturing weak signals and comparing their performance to the zero predictor.

We repeat the experiments from Section 1.3.1, this time generating an additional set

of noos out-of-sample observations to evaluate predictive performance.14 As illustrated in

Figure 1.6, RF demonstrates its ability to learn weak signals when R2 = 5%, with more than

13. We present results for f(x) = tan(x). The results are nearly identical to those obtained with cubic or
hyperbolic sine functions, and are therefore omitted for brevity.

14. We set noos ≈ [τ−3] to meet the assumption in Proposition 1.
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half of the probability mass located to the left of the y-axis. In contrast, GBRT struggles

at this signal strength level. Sparsity does not appear to significantly impact either method.

Nonetheless, both methods markedly outperform the zero predictor as R2 increases to 50%.

Figure 1.6: Simulation Results for RF and GBRT in Linear DGPs
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Note: The histograms depict the relative prediction error, pn−1τ−2n−1
oos

∑
i∈OOS((yi− ŷi)2− y2i ), from 1, 000

Monte Carlo samples. We consider RF and GBRT in settings of n = 500, q = 300, noos = 10, 000, across
three (R2, q) configurations. The red dashed line marks the y axis for reference.

A possible explanation for GBRT’s performance pattern could be an inherent ℓ1-like reg-

ularization in its boosting approach. This conjecture draws support from Efron et al. [2004],

which demonstrates a parallel between boosting and the Lasso path in linear regressions.

To substantiate this conjecture, we examine the number of active variables (those with a

non-zero importance score) from both tree methods under the benchmark case (q = 0.2,

R2 = 5%). For RF, the average count of active variables is 300. This mirrors that of

Ridge. Conversely, GBRT demonstrates a significantly lower count of active variables, with

an average of 27.9, aligning more with the variable selection feature of Lasso. Based on our

theoretical findings that Ridge outperforms Lasso in weak signal scenarios, we can infer that

RF is more adept than GBRT in settings characterized by low signal strengths.
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1.3.2.2 Simulations with Neural Networks

Next, we study fully-connected feed-forward NNs. Still, we fix n = 500 and p = 300. Such

parameters lead to an input layer in the NN configured with 300 neurons. Our chosen

architecture features a single hidden layer, which includes 16 neurons.

The training process of these NNs often incorporates a sophisticated mix of optimization

and regularization techniques, such as dropout and batch normalization, crucial for enhanc-

ing performance. To isolate and assess the impact of ℓ1 and ℓ2 regularization, we use plain

stochastic gradient descent (SGD), deliberately avoiding other optimization techniques to

minimize interference, albeit at the expense of not fully exploiting the NN’s potential.15

Figure 1.7: Simulation Results for NNs in Nonlinear DGPs
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Note: The histograms show the relative prediction error, pn−1τ−2n−1
oos

∑
i∈OOS((yi− ŷi)2− y2i ), across 1, 000

Monte Carlo samples, using ℓ2 (top) and ℓ1 (bottom) penalties. The settings include n = 500, q = 300,
noos = 10, 000 for three (R2, q) configurations. The red dashed line marks the y axis for reference.

The histograms in Figure 1.7 display the relative prediction errors of NNs. We observe

that ℓ2 regularization effectively leverages weak signals, as indicated by most of the proba-

bility mass in their histograms being on the negative side of the y-axis when R2 = 5%. In

contrast, ℓ1 regularization shows a notable decline in performance, which is consistent with

15. We avoid early stopping, as our simulations (not reported due to space constraints) reveal it functions
similarly to ℓ2-regularization by shrinking parameter values towards their initial, smaller magnitudes.
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our theoretical insights from linear models.

1.4 Empirical Analysis of Six Economic Datasets

In this section, we demonstrate the practical relevance of our theoretical insights by applying

seven machine learning methods—Ridge, Lasso, OLS/Ridgeless, RF, GBRT, NNs with both

ℓ1 and ℓ2 penalties—across six datasets from finance, macroeconomics, and microeconomics,

with two datasets per field. We use five datasets similar to those in Giannone et al. [2022],

updated with the latest data when feasible, and introduce an updated dataset from Gu

et al. [2020] for our second finance example. Our empirical strategy differs notably from

Giannone et al. [2022], who estimate a parametric model using a Spike-and-Slab prior within

a Bayesian framework. In contrast, our study, more aligned with Gu et al. [2020], focuses

on a comparative analysis of these methods.

At the outset of each empirical exercise, we face a variety of decisions regarding our imple-

mentation strategy. These include setting the in-sample and out-of-sample periods, choosing

between a rolling window or an expanding window approach, selecting a CV procedure, and

deciding on covariate normalization.16 We follow the frameworks established by Giannone

et al. [2022] and Gu et al. [2020] to limit degrees of freedom, thereby improving the robust-

ness, comparability, and reproducibility of our findings. In applying each machine learning

method, choosing the right grid for tuning parameters is crucial, balancing performance

optimization with computational efficiency. Finer and wider grids can potentially improve

performance but also increase computational demands. Details on our model configuration

and tuning parameter selection are provided in Appendix 1.8.

Below we summarize the empirical findings from six distinct datasets, each analyzed and

reported separately. The primary summary statistics, R2
ooss, are collected in Table 1.2.

16. Normalizing covariates is essential before using machine learning methods, as it standardizes their
scales, aids in regularization, and improves the convergence of optimization algorithms. To prevent forward-
looking bias, normalization is performed using each covariate’s in-sample mean and standard deviation.
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1.4.1 Finance 1: Market Equity Premium

In the first analysis, we focus on predicting market equity returns using a dataset of financial

and macroeconomic indicators compiled by Welch and Goyal [2007].17 This dataset com-

prises 16 predictors and includes 74 annual observations, covering a period from 1948 to 2021.

Despite Welch and Goyal [2007] reporting a consistently negative R2
oos for this dataset, many

other studies, such as Campbell and Thompson [2007], have developed forecasting strategies

resulting in economically meaningful R2
oos values, which translate into significant economic

gains through simple market timing strategies.

Table 1.2: Out-of-sample R-squared Values in Empirical Studies

Ridge Lasso OLS/Ridgeless RF GBRT NN(ℓ2) NN(ℓ1)

Finance 1 0.80 −12.19 −81.08 1.30 −14.21 1.41 −10.31
Finance 2 0.19 0.10 −1.25 0.10 −0.30 0.26 0.14
Macro 1a 15.29 15.40 −1375 25.04 16.44 16.94 19.09
Macro 1b 3.49 3.69 −2939 9.08 1.11 7.09 5.39

Macro 2 6.58 −14.58 −837 9.03 1.28 4.00 1.92
(4.83) (43.74) (854) (9.92) (14.04) (18.42) (13.36)

Micro 1 0.48 −1.01 −13198 −1.75 −5.07 0.49 −6.77
(0.84) (2.01) (12479) (2.70) (6.60) (0.27) (17.87)

Micro 2a 26.27 20.37 −12729 27.69 16.44 23.87 23.37
(7.50) (6.41) (9213) (6.15) (3.40) (10.07) (10.09)

Micro 2b 1.89 -3.43 -14724 2.86 -6.45 1.11 -1.73
(3.09) (5.25) (10506) (3.67) (6.83) (2.20) (5.09)

Note: This table reports R2
oos values, presented in percentages, for Ridge, Lasso, OLS/Ridgeless, RF, GBRT,

and NNs with respective ℓ1 and ℓ2 penalties, across six empirical studies spanning Finance, Macroeconomics,
Microeconomics. For the first example in Macroeconomics and the second example in Microeconomics, two
benchmark models are considered. Standard deviations are provided in parentheses when applicable.

We revisit this exercise, by following the empirical framework of Giannone et al. [2022],

and evaluate R2
oos based on 57 different predictions using annually expanding windows.18

The R2
oos results are summarized in Table 1.2 and align with our theoretical predictions.

Specifically, Ridge records an R2
oos of 0.80%, significantly outperforming Lasso’s -12.19%.

With the smallest sample size being 17—just sufficient to run OLS with 16 predictors—OLS

produces a highly negative R2
oos of -81.08%. Our RF attains an R2

oos of 1.30% while GBRT

17. The data, sourced from Amit Goyal’s website, was processed using Giannone et al. [2022]’s methodology.

18. In this example, R2
oos = 1−∑2021

t=1965(yt − ŷt)
2/
∑2021

t=1965(yt − ȳt)
2, where ȳt =

∑t−1
s=1948 yt/(t− 1948).
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show performance similar to Lasso, with an R2
oos of -14.21%. The NN with an ℓ2 penalty,

NN(ℓ2), achieves the highest R2
oos of 1.41%, whereas NN(ℓ1) has -10.31%.

1.4.2 Finance 2: Cross-Section of Expected Returns

In our second analysis, we build upon the predictors utilized by Gu et al. [2020] for predicting

monthly individual equity returns. Our dataset spans from March 1957 to December 2021,

incorporating a total of 920 covariates and averaging over 6,200 stocks per month. Following

Gu et al. [2020], we employ an expanding-window procedure annually.

Table 1.2 compares the model performance in terms of R2
oos, where the zero predictor

serves as the benchmark.19 In this case, NN(ℓ2) emerges as the leading model, closely

followed by Ridge, achieving R2
oos of 0.26% and 0.19%, respectively. These models dominate

NN(ℓ1) and Lasso, which records an R2
oos of 0.14% and 0.10%. The performance of the OLS

continues to be underwhelming in this exercise. For the tree-based models, RF outperforms

GBRT, achieving an R2
oos of 0.10%, while GBRT yields a negative R2

oos of -0.30%.

To illustrate the economic significance of these relatively low R2
ooss, we adopt a stock

selection portfolio strategy. This strategy involves going long on the top 10% and shorting

the bottom 10% of stocks, sorted based on their predicted returns for the upcoming month,

with equal weighting applied to each stock every month. Over 35 out-of-sample years, NN(ℓ2)

achieves the highest Sharpe ratio at 2.13, followed closely by Ridge at 1.64. NN(ℓ1) also

performs well, with a Sharpe ratio of 1.55. By contrast, GBRT exhibits the least impressive

performance, with the lowest Sharpe ratio of 0.80.

1.4.3 Macro 1: Macroeconomic Forecasting

The prediction of US macroeconomic activity using a wide range of predictors has been a

topic of significant interest since its exploration by Stock and Watson [2002]. In our current

19. In this pooled regression setting, we define R2
oos = 1−∑i,t∈OOS(yi,t − ŷi,t)

2/
∑

i,t∈OOS y
2
i,t.
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study, we utilize the FRED-MD dataset, compiled by McCracken and Ng [2016], to forecast

the monthly growth rate of US industrial production (IP). This dataset includes 119 potential

predictors and extends from February 1960 to December 2019. Our evaluation methodology

aligns with the prediction procedure outlined by Giannone et al. [2022].

We begin by training all models using data from February 1960 to December 1974 and

then evaluate their performance on data from the subsequent year. This process is repeated

45 times, using a similar expanding-window approach on an annual basis. We follow the

guidelines outlined by McCracken and Ng [2016] for covariate transformation and data qual-

ity management, including outlier removal and imputation of missing data.

We start with a benchmark predictor that only uses an intercept term. In this scenario,

all machine learning methods significantly outperform this benchmark, achieving R2
oos values

ranging from 15.29% to 25.04%.20 In contrast, OLS overfits the data, resulting in a negative

R2
oos of -14. This result indicates the existence of strong signals within the covariates. The

benchmark model’s lack of competitiveness aligns with our expectations, given the temporal

dependence prevalent in macroeconomic time series.

We thereby propose an alternative benchmark that incorporates lagged values of IP

growth. Within each training sample, we fit an AR model to the IP growth, selecting the

order based on the AIC. The residuals from this model then serve as our prediction target.

As discussed in Section 1.2.8, this approach combines the predictions from the AR model

with those from our machine learning methods, yielding a hybrid out-of-sample forecast.21

Consequently, the new benchmark becomes the direct use of AR model predictions. In this

alternative setup, the comparison of R2
oos values reveals a pattern somewhat associated with

20. In this case, the definition of R2
oos is similar to how it is defined in the Finance 1 case.

21. In implementing advanced machine learning methods alongside a linear component Wγ, we adopt a
methodology that parallels the one used in Eq. (1.14). This approach is based on a DGP assumption that
MW y is a general function of MWX. This assumption plays a critical role in streamlining the implementa-
tion of these machine learning methods, ensuring that the results are directly comparable to those obtained
in linear settings. However, it is generally not equivalent to the assumption that y−Wγ is a function of X.
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scenarios of weak signal strength: NN(ℓ2) and RF emerge as the top performers, achiev-

ing R2
oos values of 7.09% and 9.08%, respectively. Following closely are NN(ℓ1) at 5.39%,

while GBRT lags with a considerably lower R2
oos of 1.11%. In this example, linear models,

specifically Ridge and Lasso, demonstrate comparable performance, achieving R2
oos values

of 3.49% and 3.69%, respectively. This suggests that, for this particular case, the challenges

associated with signal weakness are primarily evident in nonlinear features.

1.4.4 Macro 2: Economic Growth Across Countries

Next, we explore a dataset originally compiled by Barro and Lee [1994], which includes 60

socio-economic, institutional, and geographical covariates across 90 countries. This dataset

is utilized for predicting long-term economic growth, specifically measured by the growth

rate of GDP per capita from 1960 to 1985. A pivotal aspect of this analysis involves testing

a key prediction of the classical Solow-Swan-Ramsey growth model, which concerns the effect

of an initial (lagged) GDP per capita level on subsequent growth rates. By incorporating the

logarithm of each country’s GDP per capita in 1960 alongside a constant term, our prediction

model includes a total of 62 potential covariates.

Belloni et al. [2013b] implement the Square-root-Lasso technique in their regression,

anticipating sparsity among the control variables. This methodology results in a remarkable

sparse model, characterized by the inclusion of a singular control variable: the log of the

black market premium, a measure of trade openness. In contrast, Giannone et al. [2022]

employ a Bayesian approach with a spike-and-slab prior, concluding that a dense model,

which includes all covariates, yields the best log-predictive score.

In our predictive analysis, we adopt the same empirical strategy outlined by Giannone

et al. [2022]. We begin by randomly selecting half of the data samples for model estimation

and then proceed to assess the performance of these models using the remaining samples.

This process is repeated 100 times. The average out-of-sample R2
oos from these 100 repeti-
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tions, in comparison to a benchmark model that includes only the intercept, is presented in

Table 1.2, accompanied by their standard deviations, provided in parentheses.2223

Our empirical findings align with Giannone et al. [2022], indicating that dense models,

specifically Ridge, RF, and NN(ℓ2), exhibit superior performance compared to their sparse

counterparts, such as Lasso, GBRT, and NN(ℓ1). The limited sample size appears to disad-

vantage complex NN models, rendering them less effective than the simpler Ridge regression.

RF demonstrates strong performance, achieving an R2
oos of 9.03%, although it concurrently

introduces a twofold increase in the variability of R2
oos values compared to those based on

Ridge. The variance of Lasso is pronounced, driven by a handful of extreme values; excluding

these, its R2
oos improves but remains notably low at -0.56%.

1.4.5 Micro 1: Crime Rates across US States

Our first microeconomic case revisits the study by Donohue and Levitt [2001], which in-

vestigates the impact of abortion legalization post-Roe vs. Wade on the decline in crime

rates. They analyze the change in log per-capita murder rates from 1986 to 1997 across 48

states, totaling 576 observations. Belloni et al. [2013a] expand this analysis by including a

broader set of 284 control variables, such as interactions and higher-order terms, to mitigate

potential confounders. They apply Lasso to select control variables, finding none selected.24

Similarly, Giannone et al. [2022] observe from their Bayesian analysis of this regression that

the posterior density is concentrated on very low probability values of the slab component,

which suggests that the regression model is sparse with high likelihood.

We employ the same benchmark model and sample splitting strategy outlined by Gi-

22. Here R2
oos = 1−∑i∈OOS (yi − ŷi)

2/
∑

i∈OOS (yi − ȳ)2, where ȳ is in-sample average of yi.

23. We may also consider a benchmark model with GDP per capita in 1960 included, as predicted by theory.
Interestingly, mandating this variable’s inclusion reduces predictive performance in all models, resulting in
a negative R2

oos compared to a model with just an intercept.

24. Belloni et al. [2013a] proposes a double-Lasso estimator to make inference on the effect of abortion on
murder rate. Part of their procedure involves a Lasso regression of murder rate on control variables. Notably,
they use differences as the dependent variable, but observe no substantial changes when using levels instead.
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annone et al. [2022], yielding 104 distinct training and evaluation samples. We report the

mean and standard deviation of R2
ooss in Table 1.2. Our findings reveal that NN(ℓ2) exhibits

a slight edge over Ridge, attaining a R2
oos of 0.49%, compared to Ridge’s 0.48%. Apart

from these two models, all other models tested demonstrate negative R2
oos values. Together,

these results indicate an absence of strong signals in the data. We interpret the scarcity of

significant signals reported in the literature as a result of their inherent weakness. Empirical

evidence does not definitively categorize the underlying DGP as either dense or sparse—

rather, it may simply be that no individual signals are particularly strong. Although a null

model might initially seem appropriate, our findings indicate that while individual signals

may be weak, their combined predictive power should not be overlooked.

1.4.6 Micro 2: Eminent Domain and Economic Outcomes

In our final study, we consider a causal analysis pertinent to eminent domain. Previous

research by Chen and Yeh [2012], and subsequently Belloni et al. [2012], employ instrumental

variable regressions to understand the impact of eminent domain decisions on economic

outcomes. Differing from their broader focus, we closely follow Giannone et al. [2022],

focusing on the first stage of predicting pro-plaintiff decisions in takings law cases based on

judicial panel characteristics, using a dataset of 312 observations with 138 covariates across

100 unique training and evaluation sets.

We initially consider a benchmark model with only an intercept. In this setting, all ma-

chine learning methods successfully identify predictive signals and outperform this bench-

mark, as evidenced by large R2
ooss. RF performs best with an R2

oos of 27.69%, while other

models also perform well, except for GBRT. However, the scenario shifts markedly when

the benchmark is expanded to include a dummy variable for the absence of cases in a given

circuit-year and the number of takings appellate decisions, for a total of three covariates.

Against this expanded benchmark, the incremental predictive power of the remaining covari-
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ates drops sharply. Ridge’s R2
oos falls to 1.89%, RF to 2.86%, and NN(ℓ2) to 1.11%, while

all other methods yield negative R2
oos values.

1.5 Conclusion

In this chapter, we scrutinize the performance of machine learning techniques in contexts

characterized by low signal-to-noise ratios, a situation frequently observed in economics and

finance. Our theoretical analysis indicates that while Lasso is often considered a modern

alternative to traditional ordinary least squares, its application in these areas should be

approached cautiously, primarily due to its lessened effectiveness with weak signals.

Our research complements and expands upon the arguments made by Giannone et al.

[2022], who cast doubt on the prevalence of sparsity in economic datasets. We take this

debate further by showing that it is signal weakness, not necessarily the absence of sparsity,

that more significantly contributes to the observed limitations of Lasso in economic applica-

tions. Furthermore, the lack of significant variables in empirical studies may be attributed

more to signal weakness than to the sparse nature of the underlying DGP.

Our analysis also reveals a marked difference in the performance of Ridge regression. No-

tably, Ridge demonstrates superior resilience and effectiveness in these environments. Our

theoretical findings are further substantiated by simulation studies encompassing a range of

advanced machine learning techniques, including trees and neural networks. These experi-

ments consistently reveal that algorithms designed to exploit sparsity tend to underperform

in environments where signals are inherently weak. Broadly, our findings emphasize the im-

portance of a nuanced, context-sensitive application of machine learning techniques, adapting

to the distinctive data characteristics encountered across various domains.
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1.6 Mathematical Proofs

1.6.1 Proof of Theorem 1

Proof. Throughout the proof, we employ the shorthand notation “w.a.p.1” to denote “with

probability approaching one.” For two random variables X and Y , we write X ⊥ Y when

they are independent and X
d
= Y when they have the same distribution. For convenience,

we omit the subscript F from the expectation operator EF (·).

Our objective is to demonstrate that E∥Σ1/2
2 (E(β0|X, y)− β0)∥2/E∥Σ1/2

2 β0∥2 → 1, as

n → ∞. This can be shown by proving E∥Σ1/2
2 E(β0|X, y)∥2 = o(E∥Σ1/2

2 β0∥2). Given

that the eigenvalues of Σ2 are bounded away from zero and positive infinity, it suffices to

establish that E∥E(β0|X, y)∥2 = o(τ). Therefore, we need to prove for all 1 ≤ i ≤ p,

E(E(β0,i|X, y))2 = o(p−1τ), or, equivalently, E(E(b0,i|X, y))2 = o(1).

By the inequality E(E(A|F)2) ≤ E(E(A|G)2) for F ⊂ G, and that β0 is i.i.d., we have

E(E(b0,i|X, y))2 ≤ E(E(b0,i|X, y, β0,−i))2 = E(E(b0,i|X·,i, β0,iΣ
−1/2
ε X·,i + z))2,

where z is defined in Assumption 2, X·,i represents the i-th column of X, and β0,−i de-

notes the subvector of β without the ith entry. Denote the information set generated by

{X·,i, β0,iΣ
−1/2
ε X·,i + z} as Gi. By Assumption 3, b0,i can be written as q−1/2b1ib2i where

b1i ∼ B(1, q) and b2i is a sub-exponential random variable with mean zero and variance σ2β ,

whose distribution function is denoted by Fb2 . For any M1 < 0, find M2 (a function of M1)

such that Eb0,i1q1/2b0,i∈[M1,M2]
= q1/2Eb2i1b2i∈[M1,M2]

= 0. This is always feasible because

Eb2i = 0. By Cauchy-Schwarz inequality, we have

E(E(b0,i|Gi))2 ≤3E
(
E(b0,i1q1/2b0,i∈[M1,M2]

|Gi)
)2

+ 3E
(
E(b0,i1q1/2b0,i>M2

|Gi)
)2

+ 3E
(
E(b0,i1q1/2b0,i<M1

|Gi)
)2

=: 3S1n + 3S2n + 3S3n. (1.21)
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Lemma 13 proves that for any given M1, limn→∞ S1n = 0. Observe that

S2n = E
(
E(b0,i1q1/2b0,i>M2

|Gi)
)2 ≤ Eb20,i1q1/2b0,i>M2

.

As a result, (1.21) implies

lim
n→∞E(E(b0,i|Gi))2 ≤ 3Eb22i1b2i>M2

+ 3Eb22i1b2i<M1
.

Since b2i has finite variance, the right-hand-side of the above inequality can be arbitrarily

small by letting M1 → −∞, which completes the proof.

1.6.2 Proof of Theorem 2

Proof. For ease of notation, we let β̂ := β̂r(λn) and cn := p/n. Additionally, define δ∗1 :=

2
√
σ2εθ1, δ∗2 := (2λσ2xσ

2
βθ4 − 4σ2εσ

2
xθ3)/δ

∗
1λ, µ(σxσβ , δ∗1, δ2) := (δ∗1δ2 − 2σ2xσ

2
βθ4)/4σ

2
εθ3, and

C
ϕ
n := cnτ

−1σ2xσ
2
β − cnτ

−1σ2x(δ
∗
1)

2(4λ)−1 + cnσ
2
εσ

4
xθ3λ

−2 − cnσ
4
xσ

2
βθ4λ

−1.

We first show that it is sufficient to establish that

cnτ
−3/2(∥Σ1/2

2 (β̂ − β0)∥ − ∥Σ1/2
2 β0∥) P−→ α∗2 := θ2σ

3
x

(
σ2εθ1
2λ2σβ

−
σβ
λ

)
. (1.22)

This is because Eq. (1.22) implies that ∥Σ1/2
2 (β̂−β0)∥2 = ∥Σ1/2

2 β0∥2+2c−1
n τ3/2α∗2∥Σ

1/2
2 β0∥+

oP(c
−1
n τ2). Additionally, using Lemma 2 and q−1/2p−1/2 = o(1) by Assumption 4, we have

∥Σ1/2
2 β0∥ = τ1/2σxσβ +OP(q

−1/2p−1/2τ1/2). (1.23)

The above two equations together yield the desired result of the theorem. To prove Eq.
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(1.22), by incorporating (1.23) and cnq−1/2p−1/2τ−1 = o(1) by Assumption 4, it reduces to

cnτ
−1(τ−1/2∥Σ1/2

2 (β̂ − β0)∥ − σxσβ)
P−→ α∗2. (1.24)

Set w = τ−3/2Σ
1/2
2 (β − β0) and ŵ = τ−3/2Σ

1/2
2 (β̂ − β0). By Eq. (1.2), we have

ŵ = argmin
w

cn
n

∥∥∥τ1/2Σ1/2
1 Zw − τ−1ε

∥∥∥2 + c2nλ
∥∥∥Σ−1/2

2 w + τ−3/2β0

∥∥∥2 − cnτ
−2

n
∥ε∥2 − C

ϕ
n ,

(1.25)

where subtracting cnτ−2∥ε∥2/n and Cϕn from the objective function does not alter the solu-

tion. Using the definition of ŵ, proving (1.24) is equivalent to proving cn∥ŵ∥−cnτ−1σxσβ
P−→

α∗2. Equivalently, we need to prove for all ϵ > 0, w.p.a.1,

α∗2 − ϵ ≤ cn∥ŵ∥ − cnτ
−1σxσβ ≤ α∗2 + ϵ. (1.26)

Note that Eq. (1.25) is a high-dimensional optimization problem. By employing CGMT,

Lemma 14 connects it to a scalar optimization problem below:

min
cn|α−τ−1σxσβ |≤Kα

max
γ>0

0≤δ≤4τ−1
√

C1Cε

−cnδ
2

4
µn(α, δ) +

cn
n
(τ1/2αg − τ−1Σ

−1/2
1 ε)⊤

× (Σ−1
1 − µn(α, δ)I)−1(τ1/2αg − τ−1Σ

−1/2
1 ε)− cnγ

2

+
c2nλ

2

4

(
τ−3/2Σ

1/2
2 β0 +

α2δτ1/2√
nγ

h

)⊤(
λ

4
Σ2 +

cnα
2λ2

2γ
I
)−1

×
(
τ−3/2Σ

1/2
2 β0 +

α2δτ1/2√
nγ

h

)
− cnτα

2δ2

2γn
∥h∥2 − cnτ

−2

n
∥ε∥2 − C

ϕ
n , (1.27)

where Kα is a sufficiently large fixed constant, µn is defined in Eq. (1.53), and g ∈ Rn and

h ∈ Rp are standard Gaussian vectors independent of the other random variables. Denote the

objective function as Qn(α, δ, γ). Let us define γ = τ−1γ1, δ = τ−1δ∗1+δ
∗
2+c

−1/2
n δ3 and α =
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τ−1σxσβ + c−1
n α2. Subsequently, we present the modified objective function Q̃n(α2, δ3, γ1):

Q̃n(α2, δ3, γ1) := Qn(τ
−1σxσβ + c−1

n α2, τ
−1δ∗1 + δ∗2 + c

−1/2
n δ3, τ

−1γ1). (1.28)

By Lemma 14, Qn(α, δ, γ) is convex with respect to α and jointly concave with respect to

(δ, γ). Therefore, it is evident that Q̃n remains convex with respect to α2 and jointly concave

with respect to (δ3, γ1). Lemma 14 implies that if the following claims hold

(i) ∀ compact A ⊂ [−Kα, Kα], min
α2∈A

max
γ1>0

δ3∈Kδ3

Q̃n(α2, δ3, γ1)
P−→ min

α2∈A
max
γ1>0
δ3∈R

Q̃(α2, δ3, γ1),

(ii) min
α2∈[−Kα,Kα]

max
γ1>0

δ3∈Kδ3

Q̃(α2, δ3, γ1) < min
α2∈[−Kα,α∗2−ϵ]∪[α∗2+ϵ,Kα]

max
γ1>0
δ3∈R

Q̃(α2, δ3, γ1) (1.29)

where Q̃(α2, δ3, γ1) := −δ23θ1
4θ3

+ 2σxσβα2 − γ21
4σ2xσ

2
βλ
θ2 − γ1α2

σxσβ
+

(δ∗1)
2γ1

8λ2σ2xσ
2
β

θ2 and Kδ3 :=

[−c1/2n (τ−1δ∗1 + δ∗2), 4c
1/2
n τ−1√C1Cε − c

1/2
n (τ−1δ∗1 + δ∗2)], then Eq. (1.26) holds. The above

two conditions are verified in Lemma 18, thereby completing the proof.

1.6.3 Proof of Theorem 3

Proof. For convenience, we define the shorthand notation β̂iλn
:= β̂ir(λn). Also, we define

R̂K−CV (λn) := 1
n

∑K
i=1 ∥y(i) −X(i)β̂

i
r(λn)∥2. By Lemmas 2, 3 and 6, w.p.a.1, we have

n−1∥X⊤
(−i)X(−i)∥ ≤ n−1C2∥Z⊤

(−i)Z(−i)∥ ≤ C2(1 +
√
cn)

2, i = 1, . . . , K, (1.30)

n−1∥ε∥2 ≤ 2σ2ε and n−1∥y∥2 ≤ 2σ2ε . (1.31)
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Based on these inequalities, Lemma 19 proves

inf
λ∈[ϵ,c̃τ−1]

pn−1τ−2
{
R̂K−CV (λ)− 1

n
∥ε∥2 − ∥Σ1/2

2 β0∥2
}
> 0, (1.32)

w.p.a.1 for some constant c̃ > 0. Additionally, for any fixed λ > 0, Lemma 19 also proves

pn−1τ−2
{
R̂K−CV (τ−1λ)− 1

n
∥ε∥2 − ∥Σ1/2

2 β0∥2
}

P−→ 2(K − 1)

K
θ2σ

4
x

(
σ2ε
2λ2

−
σ2β
λ

)
.

(1.33)

Using (1.33) and λopt’s definition, pn−1τ−2
{
R̂K−CV (τ−1λopt)− 1

n∥ε∥2 − ∥Σ1/2
2 β0∥2

}
<

0. Together with Eq. (1.32), the minimizer of R̂K−CV (λ) must satisfy λ̂K−CV
n ≥ c̃τ−1,

w.a.p.1, so that, λ̂K−CV
n = argminλn∈[c̃τ−1,∞) R̂

K−CV (λn). Moreover, it also implies that

τ−1λopt /∈ [ϵ, c̃τ−1], that is, λopt ≥ c̃.

Next, we re-parametrize the above optimization problem: µ̃ = argminµ∈[0,c̃−1] R̃(µ),

where R̃(µ) := R̂K−CV (τ−1µ−1), and we extend the domain of R̃(·) to include 0: R̃(0) :=

limµ→0 R̃(µ) = ∥y∥2/n. Lemma 20 implies that pn−1τ−2R̃(µ) satisfies stochastic equiconti-

nuity. Using this fact and Theorem 1 of Newey [1991], the convergence of

pn−1τ−2
{
R̃(µ)− 1

n
∥ε∥2 − ∥Σ1/2

2 β0∥2
}

P−→ 2(K − 1)

K
θ2σ

4
x

(
σ2εµ

2

2
− σ2βµ

)

holds uniformly over the interval [0, c̃−1]. Since (λopt)−1 is a unique minimizer of the right-

hand-side and is nonzero, it follows that µ̃ P−→ (λopt)−1 and µ̃ = τ−1(λ̂K−CV
n )−1, w.a.p.1,

which implies that λ̂K−CV
n /λ

opt
n

P−→ 1.

Now we prove ∆(β̂r(λ̂
K−CV
n )) −∆(β̂r(λ

opt
n ))

P−→ 0. For notational simplicity, we write

β̂r(λ̂
K−CV
n ) as β̂cv and β̂r(λ

opt
n ) as β̂opt. We need to prove cnτ

−2(∥Σ1/2
2 (β̂cv − β0)∥2 −
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∥Σ1/2
2 (β̂opt − β0)∥2) = oP(1). By direct calculation, we have

cnτ
−2(∥Σ1/2

2 (β̂cv − β0)∥2 − ∥Σ1/2
2 (β̂opt − β0)∥2

)
=cnτ

−2(β̂⊤cvΣ2β̂cv − β̂⊤optΣ2β̂opt + 2(β̂opt − β̂cv)
⊤Σ2β0

)
(1.34)

=cnτ
−2((β̂cv − β̂opt)

⊤Σ2β̂cv + β̂⊤optΣ2(β̂cv − β̂opt) + 2(β̂opt − β̂cv)
⊤Σ2β0

)
=: A1 + A2 + A3.

Lemma 21 proves that these terms converge to zero w.p.a.1, which completes the proof.

1.6.4 Proof of Theorem 4

Proof. For ease of notation, we let β̂ := β̂l(λn). We adopt the same notation δ∗1 and

µ(σxσβ , δ
∗
1, δ2) as used in the proof of Theorem 2. Moreover, we define δ∗2 = 2σ2xσ

2
βθ4/δ

∗
1

and C
ϕ
n = cnτ

−1σ2xσ
2
β , respectively. Similar to Theorem 2, it is essential to establish that

the following inequality holds w.a.p.1 for any sufficiently small ϵ > 0:

cα
2σβ

+ ϵ ≤ cnτ
−1(τ−1/2∥Σ1/2

2 (β̂ − β0)∥ − σxσβ) ≤
Cα
2σβ

− ϵ. (1.35)

Define w = τ−3/2Σ
1/2
2 (β−β0). Using this, we can rewrite (1.3) as the following problem:

argmin
w

cn
n
∥τ1/2Σ1/2

1 Zw − τ−1ε∥2 + cnτ
−1/2λn√
n

∥Σ−1/2
2 w + τ−3/2β0∥1 −

cnτ
−2

n
∥ε∥2 − C

ϕ
n .

By CGMT, Lemma 22 establishes its connection with the following optimization problem:

min
α∈Kα

max
γ>0

0≤δ≤4τ−1
√

C1Cε

−cnδ
2

4
µn(α, δ) +

cn
n
(τ1/2αg − τ−1Σ

−1/2
1 ε)⊤(Σ−1

1 − µn(α, δ)I)−1

× (τ1/2αg − τ−1Σ
−1/2
1 ε)− cnγ

2
+
cnγτ

−3

2α2
β0Σ2β0 +

cnτ
−1δ√
n

h⊤Σ1/2
2 β0 − C

ϕ
n (1.36)

− min
∥v∥∞≤1

cnα
2

2γ

∥∥∥n−1/2τ−1/2λnΣ
−1/2
2 v − n−1/2τ1/2δh− γ

α2
τ−3/2Σ

1/2
2 β0

∥∥∥2 − cnτ
−2

n
∥ε∥2,
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where Kα := {α|cnα − cnτ
−1σxσβ ∈ [cα/4σβ , Cα/σβ ]}, µn is defined in Eq. (1.53), and

g ∈ Rn and h ∈ Rp are standard Gaussian vectors independent of the other random variables.

Denote the objective function as Qn(α, δ, γ). Similar to Theorem 2, we define γ = τ−1γ1,

δ = τ−1δ∗1 + δ∗2 + c
−1/2
n δ3, and α = τ−1σxσβ + c−1

n α2, obtaining the modified objective

function:

Q̃n(α2, δ3, γ1) := Qn(τ
−1σxσβ + c−1

n α2, τ
−1δ∗1 + δ∗2 + c

−1/2
n δ3, τ

−1γ1). (1.37)

Note that δ3 ∈ Kδ3 := [−c1/2n (τ−1δ∗1 + δ∗2), 4c
1/2
n τ−1√C1Cε − c

1/2
n (τ−1δ∗1 + δ∗2)]. Lemma 22

implies that if the following inequalities

min
α2∈[ cα

4σβ
,Cα
σβ

]
max
γ1>0

δ3∈Kδ3

Q̃n(α2, δ3, γ1) < − Cλ
8C2

+ η,

min
α2∈[ cα

4σβ
, cα2σβ

+ϵ]∪[ Cα
2σβ

−ϵ,Cα
σβ

]
max
γ1>0

δ3∈Kδ3

Q̃n(α2, δ3, γ1) > − Cλ
100C2

− η, (1.38)

hold for sufficiently small ϵ > 0 and η > 0, then Eq. (1.35) holds. Finally, Lemma 24 verifies

Eq. (1.38), thereby completing the proof.

1.6.5 Proof of Proposition 1

Proof. Since the out-of-sample data are mutually independent, Lemmas 2 and 3 lead to

∑
i∈OOS

y2i = noos(σ
2
ε + τσ2xσ

2
β) + oP(noosτ)

and ∑
i∈OOS

y2i − (yi −Xiβ̂r(λ
opt
n ))2 = noosp

−1nτ2θ2σ
4
xσ

4
βσ

−2
ε (1 + oP(1)),
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where we use ∆(β̂r(λ
opt
n )) = −θ2σ4xσ4βσ−2

ε + oP(1) by Theorem 2 and noosp−2n2τ2 → ∞.

The estimates above offer the key components for deriving the limit of R2
oos:

R2
oos =

 ∑
i∈OOS

y2i − (yi −Xiβ̂r(λ
opt
n ))2

 ∑
i∈OOS

y2i

−1

= p−1nθ2(R
2)2(1 + oP(1)).

1.6.6 Proof of Theorem 5

Proof. For convenience, let β̂ := β̂r(λn). We write the prediction error of the benchmark as:

ynew − ŷnewb =(wnew)⊤γ0 + (xnew)⊤β0 + εnew − (wnew)⊤(W⊤W )−1W⊤(Wγ0 +Xβ0 + ε)

=((unew)⊤ − (wnew)⊤(W⊤W )−1W⊤U)β0 + (εnew − (wnew)⊤(W⊤W )−1W⊤ε).

Similarly, for the Ridge estimator, we have ynew − ŷnew equals

((unew)⊤ − (wnew)⊤(W⊤W )−1W⊤U)(β0 − β̂) + (εnew − (wnew)⊤(W⊤W )−1W⊤ε).

As a result, with simple algebra we can rewrite E
[
(ynew − ŷnew)2|I

]
−E

[
(ynew − ŷnewb )2|I

]
as

E
[(

(unew)⊤ − (wnew)⊤(W⊤W )−1W⊤U)(β0 − β̂)
)2

|I
]

− E
[(

(unew)⊤ − (wnew)⊤(W⊤W )−1W⊤U)β0
)2

|I
]

− 2E
[
((unew)⊤ − (wnew)⊤(W⊤W )−1W⊤U)β̂(εnew − (wnew)⊤(W⊤W )−1W⊤ε)|I

]
:=S1 − S2 − S3.

Below we analyze S1 to S3 one by one. With respect to S1, we note that

β̂ = n−1(n−1X⊤MWX + n−1pτ−1λI)−1X⊤MW (Uβ0 + ε).
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Define RX = (n−1X⊤MWX + n−1pτ−1λI)−1. By direct calculations, we have

E
[
((wnew)⊤(W⊤W )−1W⊤Uβ̂)2|I

]
≍ ∥(W⊤W )−1W⊤Uβ̂∥2

≤2n−2∥(W⊤W )−1W⊤URXX⊤MWUβ0∥2 + 2n−2∥(W⊤W )−1W⊤URXX⊤MW ε∥2.

(1.39)

For the second term in (1.39), we first note that for any constant λ > 0,

∥RXX⊤MWXRX∥ = ∥RUU⊤MWURU∥ =
nλ1(n

−1U⊤MWU)

(λ1(n−1U⊤MWU) + n−1pτ−1λ)2

≍P p
−1n2τ2,

since ∥n−1U⊤MWU∥ ≲P n−1 ∥U∥2 ≲P 1 + cn = o(n−1pτ−1) by Lemma 6. Therefore, by

Lemma 2 and using inequality Tr(AB) ≤ ∥A∥Tr(B), for any A = A⊤ and B ≥ 0, we have

n−2∥(W⊤W )−1W⊤URXX⊤MW ε∥2

≍Pn
−2Tr((W⊤W )−1W⊤URXX⊤MWXRXU

⊤W (W⊤W )−1)

=n−2Tr(RXX
⊤MWXRXU

⊤W (W⊤W )−2W⊤U)

≤n−2∥RXX⊤MWXRX∥Tr(U⊤W (W⊤W )−2W⊤U)

≲Pp
−1τ2Tr(U⊤W (W⊤W )−2W⊤U) ≤ p−1τ2∥U⊤U∥Tr((W⊤W )−1) = oP(p

−1nτ3).

Similarly, we can prove that the first term in (1.39) is of order oP(p−1nτ3). Therefore, we

have

E
[
((wnew)⊤(W⊤W )−1W⊤Uβ̂)2|I

]
= oP(p

−1nτ3). (1.40)

In addition, using the independence of wnew with W , U , I, and β0, the facts that wnew

has bounded variance, ∥(W⊤W )−1W⊤Σ1/2
1 x∥2 ≍P ∥(W⊤W )−1W⊤Σ1/2

1 ∥2F by Lemma 2,
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Tr(W⊤W )−1 = oP(p
−1nτ), and that ∥Σ1/2

2 β0∥2 ≍P τ ,

E
[
((wnew)⊤(W⊤W )−1W⊤Uβ0)2|I

]
≍ ∥(W⊤W )−1W⊤Uβ0∥2

= ∥(W⊤W )−1W⊤Σ1/2
1 ZΣ

1/2
2 β0∥2 ≍P ∥Σ1/2

2 β0∥2∥(W⊤W )−1W⊤Σ1/2
1 ∥2F

≍P oP(p
−1nτ2). (1.41)

With (1.40) and (1.41), E
[
((wnew)⊤(W⊤W )−1W⊤U(β0 − β̂))2|I

]
= oP(p

−1nτ2). In addi-

tion, since unew is independent of I and wnew, we have

E[(unew)⊤((β0 − β̂)((wnew)⊤(W⊤W )−1W⊤U(β0 − β̂)|I] = 0.

Therefore, we conclude

S1 = E
[
((unew)⊤(β0 − β̂))2|I

]
+ oP(p

−1nτ2) = ∥Σ1/2
2 (β0 − β̂)∥2 + oP(p

−1nτ2).

By applying a similar argument, with the use of the independence of wnew with W , U , I,

and β0, as well as the fact that wnew has bounded variance, it can be shown that

S2 = E
[
((unew)⊤β0)2|I

]
+ oP(p

−1nτ2) = ∥Σ1/2
2 β0∥2 + oP(p

−1nτ2).

Finally we bound S3. Since unew and εnew are mean zero, mutually independent, and

independent of I, along with Eq. (1.40), Lemma 2 and Cauchy-Schwartz inequality, we have

|S3| =
∣∣∣2E [(wnew)⊤(W⊤W )−1W⊤Uβ̂(wnew)⊤(W⊤W )−1W⊤ε|I

] ∣∣∣
≤ 2

(
E
[
((wnew)⊤(W⊤W )−1W⊤Uβ̂)2|I

])1/2 (
E
[
((wnew)⊤(W⊤W )−1W⊤ε)2|I

])1/2
≍P oP(p

−1/2n1/2τ3/2)(Tr(W (W⊤W )−2W⊤))1/2 = oP(p
−1nτ2).
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In sum, we have S1−S2−S3 = ∥Σ1/2
2 (β0− β̂)∥2−∥Σ1/2

2 β0∥2+ oP(p−1nτ2). Next we prove,

pn−1τ−2(∥Σ1/2
2 (β̂ − β0)∥2 − ∥Σ1/2

2 β0∥2) P−→ α∗. (1.42)

By Theorem 2, β̃ := n−1R̃UU
⊤(Uβ0 + ε) satisfies (1.42) with β̂ being replaced by β̃, where

R̃U := (n−1U⊤U+n−1pτ−1λI)−1. Given that ∥Σ1/2
2 (β0− β̂)∥2 = ∥Σ1/2

2 (β0− β̃)+Σ
1/2
2 (β̂−

β̃)∥2 and that ∥Σ1/2
2 (β0 − β̃)∥ ≍P ∥Σ1/2

2 β0∥ ≍P τ
1/2, it is easy to verify that (1.42) follows

from

∥β̂ − β̃∥2 = o(n2p−2τ3), (1.43)

which is given by Lemma 26.

1.6.7 Proof of Proposition 2

Proof. Let τ0 =
√
nτ ≤ √

log n/10 and λ0 =
√
nλ/2. Note that when X = I, Lasso has a

closed form solution β̂l(λ) = ((|ε1 + τ0| − λ0)+sgn(ε1 + τ0), (|ε2| − λ0)+sgn(ε2), . . . , (|εn| −

λ0)+sgn(εn))⊤. Therefore, ∥β̂l(λ)−β0∥2−∥β0∥2 = ((|ε1+τ0|−λ0)+−τ0)2−τ20 +
n∑
i=2

((|εi|−

λ0)+)
2. Assume for now that max

1≤i≤n
|εi| ≥ |ε1|+ 2τ0. Let i0 = argmax |εi|, then we have

∥β̂l(λ)− β0∥2 − ∥β0∥2 ≥((|ε1 + τ0| − λ0)+ − τ0)
2 − τ20 + ((|εi0| − λ0)+)

2 := Q

Consider the following three cases for ε1: (i) ε1 ∈ [−λ0−τ0, λ0−τ0]: Q = 0+((|εi0|−λ0)+)2 ≥

0; (ii) ε1 ∈ (−∞,−λ0 − τ0): Q ≥ −τ20 + ((|ε1| + 2τ0 − λ0)+)
2 ≥ −τ20 + 9τ20 ≥ 0;(iii)

ε1 ∈ (λ0 − τ0,∞): Q ≥ −τ20 + ((|ε1|+ 2τ0 − λ0)+)
2 ≥ −τ20 + τ20 = 0. Therefore, under the

event that max
1≤i≤n

|εi| ≥ |ε1|+2τ0, it holds that ∥β̂l(λ)− β0∥2−∥β0∥2 ≥ 0. Now we evaluate

52



the probability of this event. Note that

P( max
1≤i≤n

|εi| ≤ u) = (P(|εi| ≤ u))n =

(
erf
(
u√
2

))n
≤ exp

{
−n
2
exp

{
− 2

π
u2
}}

,

where erf(·) represents the Gauss error function. The last inequality uses the fact that

(erf(x))2 ≤ 1 − exp(−4x2/π) and 1 + x ≤ ex. Reparametrizing u in terms of δ by solving

δ = exp
{
−n

2 exp
{
− 2
πu

2
}}

, we obtain that, with probability at least 1− δ:

max
1≤i≤n

|εi| ≥
√
π

2
log

n

2
− π

2
log log

1

δ
. (1.44)

Choosing δ = n−1, the event C =
{
max1≤i≤n |εi| ≥

√π
2 log

n
2 − π

2 log log n
}

happens with

probability at least 1− n−1. Setting u =
√π

2 log
n
2 − π

2 log log n− 2τ0. There exists n0 ∈ N,

when n ≥ n0, u ≥ √
1.7 log n− 0.2

√
log n ≥ √

log n. By Mills’ inequalities, when n ≥ n0,

P
(

max
1≤i≤n

|εi| − 2τ0 ≥ |ε1|
∣∣∣C) ≥ P

(
|ε1| ≤

√
π

2
log

n

2
− π

2
log log n− 2τ0

)
=P (|ε1| ≤ u) ≥ 1−

√
2

π

exp
(
−u2/2

)
u

≥ 1−
√

2

π log n
n−1/2.

There exists n1 ≥ 1, when n ≥ n1, (1−
√

2
π log nn

−1/2)(1− 1
n) ≥ 1− n−1/2. Therefore,

P
(

max
1≤i≤n

|εi| − 2τ0 ≥ |ε1|
)

≥ P(C) · P
(

max
1≤i≤n

|εi| − 2τ0 ≥ |ε1|
∣∣∣C) ≥ 1− n−1/2,

for n ≥ max(n0, n1), which implies Eq. (1.18). For Ridge, since β̂r(λ) = (1 + nλ)−1y, we

have

∥β̂r(λ)− β0∥2 − ∥β0∥2 =
−2nλε1τ0 − (1 + 2nλ)τ20 +

∑n
i=1 ε

2
i

(1 + nλ)2
.
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Observe that with probability equal to 0.5, ε1τ0 ≥ 0. Under this event, ∥β̂r(λ) − β0∥2 −

∥β0∥2 ≤ −(1+2nλ)τ20+
∑n

i=1 ε
2
i

(1+nλ)2
. Therefore, ∥β̂r(λ) − β0∥2 − ∥β0∥2 < 0 as long as λ >

(2n)−1(−1 + τ−2
0

∑n
i=1 ε

2
i ).

1.7 Supplemental Simulation Results

1.7.1 Additional Simulations with Fixed Tunings

In the simulation for the main paper, cross-validation is applied for Ridge and Lasso. In

this section, we verify our theories with manually selected λn. We also experiment with two

sample sizes, n = 500 and n = 2, 500, while maintaining p/n = 3/5. We fix q = 0.2 and

R2 = 5%. In the case of Ridge regression, we set λ as 0.5, 1 and 2, where λ = 1 corresponding

to the optimal tuning. The histograms of relative prediction error are presented in Figure

1.8.

Several noteworthy observations can be made from these histograms. First, across all

plots, the probability mass is concentrated around the red vertical line. As the sample size

increases from 500 to 2,500 (and dimension increases from 300 to 1,500), the histograms

become increasingly concentrated. This aligns with our theory, which predicts that the

relative prediction error converges in probability to the limit α∗ as the sample size grows.

Second, the value of α∗ corresponding to the optimal tuning parameter λ = 1 is the smallest.

This is because the optimal Ridge estimator achieves the smallest prediction error. Moreover,

almost all the probability mass corresponding to the optimal Ridge estimator is situated on

the negative side of the x-axis, indicating that this estimator outperforms the zero estimator

with high probability. Third, when λ = 0.5, it results in the worst performance, with a large

portion of the probability mass on the positive side of zero. In contrast, for λ = 2, α∗ gets

closer to zero, and the variance of the relative prediction error decreases. This behavior is

due to the increasing amount of penalization, which ultimately drives the estimator towards
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Figure 1.8: Simulation Results for Ridge with Fixed Tuning Parameters
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Note: The histograms depict the relative prediction error ∆(β̂r(λn)) following equation (1.8) across 1, 000

Monte Carlo samples. We consider two different sample sizes (n = 500 and n = 2, 500) and examine three
different values of λ, where λ = 0.5, 1, and 2. Notably, λ = 1 represents the optimal tuning parameter. The
red dashed line indicates the values of α∗.

zero, and in turn, α∗ towards zero as well.

In contrast to the results obtained for Ridge regression, our theoretical framework does

not provide a precise error limit for Lasso. Instead, Theorem 4 offers high probability bounds

on relative prediction errors. Figure 1.9 displays histograms of these errors for various tuning

parameters and sample sizes, accompanied by two red vertical lines in each plot representing

the lower and upper bounds, cα and Cα.

These plots yield several interesting findings. First, as the sample size increases, we

observe that the probability mass becomes more concentrated and largely falls within the

intervals defined by the bounds. Second, regardless of the tuning parameter values, Lasso

consistently underperforms the zero estimator in almost all samples when the sample size

is large. Third, as the tuning parameter increases (indicated by a decrease in Cλ), both

the lower and upper bounds approach zero. This behavior is a consequence of the increased

regularization, which, in turn, steers the estimator closer to zero. In the end, Lasso becomes

identical to the zero estimator.
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Figure 1.9: Simulation Results for Lasso with Fixed Tuning Parameters
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Note: The histograms depict the relative prediction error ∆(β̂l(λn)) following equation (1.8) across 1, 000

Monte Carlo samples. We consider two different sample sizes (n = 500 and n = 2, 500) and examine three
different values of Cλ. The two dashed lines in each figure indicate the values of cα and Cα that are solutions
to (1.10).

1.7.2 Out-of-sample R2

Continuing our investigation in the main text, we conduct an experiment to analyze R2
oos

based on the optimal Ridge. Proposition 1 describes the expected asymptotic behavior of

R2
oos. To empirically test this, we implement the optimal Ridge, setting λ = 1, on a training

dataset comprising n = 500 observations. We then calculate R2
oos based on predictions for a

separate test dataset of size noos = 10, 000. The comparative analysis between the population

R2, the empirically estimated R2
oos, and the theoretically derived limit of R2

oos is illustrated

in Figure 1.10. For a clearer visual presentation, we apply a logarithmic transformation

to the y-axis. We vary τ to compare against a range of population R2 values from 0.5%

to 10% on the x-axis. The red line represents the average R2
oos over 1, 000 Monte Carlo

simulations. Additionally, we draw boxplots to describe the distributions of R2
oos across

these simulations. The theoretical limit, expressed as p−1nθ2(R
2)2, is traced by the blue

line, and the green line illustrates the population R2, which would align with a 45-degree

line on a standard scale. Notably, in this weak signal setting, the population R2 significantly
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surpasses the empirically achievable R2
oos. Furthermore, the close alignment between the red

and blue lines, particularly for scenarios with small R2 values, substantiates our theoretical

predictions.

Figure 1.10: Out-of-Sample R2 for Optimal Ridge in Linear DGPs

1% 2% 3% 4% 5% 6% 7% 8% 9% 10%
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θ2(R
2)2

R2

Note: The figure presents boxplots showing the distributions of R2
oos for optimal Ridge regression (λ = 1)

over 1, 000 Monte Carlo repetitions, with n = 500, p = 300, q = 0.2, and noos = 10, 000. We explore a
range of population R2 values, from 0.5% to 10% in increments of 0.5% by adjusting τ . The plot features
red, blue, and green lines to represent the average R2

oos over Monte Carlo samples, the theoretical limit as
given by Proposition 1, and the population R2. In this plot, we employ a logarithmic scale for the y-axis.
Without the logarithmic transformation, the green line would align with a 45-degree line. Additionally, the
lower boundaries of the boxplots surpass the axis limits in instances where the R2

oos values are negative.

1.7.3 Why Lasso Fails?

A plausible explanation for the Lasso’s suboptimal performance with weak signals is its diffi-

culty in distinguishing between genuine and spurious signals. The failure to identify genuine

weak signals has a minor impact on Lasso’s performance relative to the zero estimator, which

does not utilize any true signals. Hence, the primary challenge for the Lasso lies in its failure

to adequately filter out irrelevant signals. This issue could be addressed with a sufficiently

large tuning parameter. However, our theory indicates that only when the penalty is so

substantial that the Lasso effectively becomes equivalent to the zero estimator does it apply

an adequate penalty.
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To empirically explore this issue, we quantify Type I and Type II errors in simulations

of Lasso’s selection relative to its tuning parameter λn. The findings are presented in Figure

1.11. Considering our previous discussion, Type I errors represent a significant cost for

Lasso. Indeed, a considerable portion of the variables selected by Lasso are incorrectly

deemed genuine when λn is small. As λn increases, Type I errors decrease, enhancing Lasso’s

performance. Meanwhile, Type II errors persist and eventually converge to the number of

non-zero betas in the DGP.

Figure 1.11: Lasso’s Type I and Type II Errors
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Note: The plots compare average Type I and Type II errors of Lasso using the linear DGP following
equation (1.1) over 1, 000 Monte Carlo samples. Two population R2 are considered: R2 = 5% (left panel)
and R2 = 50% (right panel). The horizontal axis of each plot represents the logarithm of λn, spanning a
range from 0 to 1. The vertical axis measures the count of errors incurred while testing the null hypothesis
H0,i : βi = 0.

1.7.4 Robustness Check

In our subsequent series of experiments, we intentionally deviate from the assumptions orig-

inally established during the development of our theoretical framework. This deviation is

aimed at evaluating the robustness and generalizability of our theoretical predictions beyond

their premises and initial parameters. To facilitate this evaluation, we introduce specific mod-

ifications to the baseline configuration along three key dimensions: First, we adjust (R2, q),

exploring more extreme sparsity levels and reducing signal strength accordingly compared

to the settings in the main text. Second, we increase the ratio p/n to 2 by increasing p
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while maintaining n, making it more challenging for both Ridge and Lasso to capture the

underlying signals. Third, we modify the distribution of Z from standard Gaussian to a t-

distribution characterized by four degrees of freedom, and with a mean of zero and a variance

of one. In addition, we introduce heteroscedasticity into the error distribution, following the

configuration outlined by Giannone et al. [2022]. The error term’s variance is defined by the

function σ2 exp(αX⊤
i δ/

√∑n
i=1(X

⊤
i δ)

2/n) with α = 0.5. Here, Xi represents the i-th row

of X. σ serves as a scaling parameter to standardize the variance and match σ2ε = 1. The

vector δ is a p × 1 vector with zero elements in the same positions as the zero elements of

β0, while non-zero elements are drawn from a standard Gaussian distribution.

Table 1.3 compare the summary statistics for various cases under consideration. In Case

I, when q is small, the performance of the Lasso estimator improves relative to the baseline

scenario (reproduced from Table 1.1 for ease of comparison). This improvement is evident at

R2 = 5% for all levels of q, as the Q1 values become negative, indicating that Lasso surpasses

zero in predictive accuracy for a larger proportion of Monte Carlo repetitions. However, as

R2 is further reduced to 2%, Lasso once again becomes falls below the performance of zero.

In contrast, Ridge’s performance remains largely unaffected by changes in sparsity levels. As

expected, its performance deteriorates in finite samples as the signal strength weakens (i.e.,

as R2 decreases). Nonetheless, Ridge continues to outperform Lasso, although its relative

advantage over the zero estimator diminishes. The theoretical support for these observations

is discussed in Appendix 1.2.9. In Case II, we observe the increased ratio of p/n does not

affect our conclusion. Case III demonstrate the robustness of our theoretical findings, as it

aligns closely with the baseline scenario despite variations in distributional assumptions.

1.8 Choice of Tuning Parameters

In this section, we discuss the selection of tuning parameters for implementing machine

learning methods. The selection process aims to balance performance and cost while ensuring
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Table 1.3: Robustness Analysis of Ridge and Lasso in Alternative DGPs

Lasso Ridge
q R2 (%) Q1 Q2 Q3 #Zero Q1 Q2 Q3 #Zero

0.20 5% -0.127 0.000 0.521 360 -0.992 -0.501 -0.129 97
0.10 5% -0.871 0.000 0.187 327 -0.981 -0.475 -0.077 113
0.10 2% 0.000 0.000 3.435 493 -0.622 0.000 0.440 237

Case I 0.05 5% -2.688 -0.305 0.000 255 -1.037 -0.387 0.000 130
0.05 2% 0.000 0.000 2.948 473 -0.642 0.000 0.426 238
0.02 5% -6.542 -2.050 0.000 215 -1.304 -0.230 0.000 149
0.02 2% 0.000 0.000 1.695 432 -0.605 0.000 0.625 254

Case II 0.20 5% 0.000 0.000 3.228 470 -0.768 -0.416 0.000 183
Case III 0.20 5% 0.000 0.000 0.591 392 -0.848 -0.384 0.000 129

Note: The table illustrate the summary statistics of relative prediction error ∆(β̂(λ̂K−CV
n )) for Ridge and

Lasso based on 1,000 Monte Carlo samples. We explore several distinct DGPs, each involving the alteration
of a specific condition. In Case I, we try a series of different values of R2 and q. In Case II, we adjust n/p
to 0.5. In Case III, we introduce t-distributed covariates with heterogeneous variance of ε. The benchmark
DGP adheres to the following specifications: n = 500, p = 300, p/n = 3/5, and complies with Assumptions
1 and 2. 10-fold cross-validation is used throughout these experiments.

fair method comparisons.

For Ridge and Lasso, each with one tuning parameter, we use the glmnet package, which

optimizes it via ten-fold CV. The grid is adaptively selected for efficiency. Our implementa-

tion of RF involves three tuning parameters: the depth of each individual tree, the number

of randomly selected features used in each tree split, and the proportion of sample data used

for bootstrap.25 26 For GBRT, we tune tree depth, number of trees, and learning rate.27 In

the case of NNs, we adhere to a uniform architectural choice across our analyses, featuring

a single hidden layer. The number of neurons in this hidden layer is approximately equal to

the square root of the total number of neurons in the input layer, aligning the architecture

with the complexity and dimensions of the dataset. By not tuning the NN architecture ex-

tensively, we streamline the model selection process while retaining adequate complexity for

25. This procedure is known as subbagging, which helps address weak signals. In linear regressions, LeJeune
et al. [2020] show that the asymptotic risk of subbagging least squares matches that of Ridge regression.

26. In our simulations, tree depth varies from 5 to 20, selected features from 10 to 300, and bootstrap
sample proportion from 0.1 to 0.2. The RF ensemble size is fixed at 5,000 trees, as 10,000 offers no significant
improvement.

27. The learning rate varies from 0.001 to 0.5, tree depth from 1 to 6, and the maximum number of trees
is 100, though training usually stops earlier, reflecting GBRT’s preference for shallower and fewer trees.
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effective learning. For the remaining tuning parameters in trees and NNs, we select suitable

ranges based on model performance from the cross-validation step. A critical element in

selecting our grid is to ensure that the optimal tuning parameters are situated within the

median range of the grid. The details regarding model configuration and tuning parameters

for empirical studies are provided in Table 1.4.28

1.9 Technical Lemmas and Their Proofs

For completeness, the following section introduces a collection of lemmas, including proofs

for some. We start with the Convex Gaussian Min-max Theorem (CGMT), a pivotal the-

orem to our proof. For a detailed exposition of its proof, we direct readers to the work of

Thrampoulidis et al. [2015]. The CGMT pertains to the following optimization problems:

Φ(G) := min
w∈Sw

max
u∈Su

u⊤Gw + ψ(w, u), and ϕ(g, h) := min
w∈Sw

max
u∈Su

∥w∥g⊤u− ∥u∥h⊤w + ψ(w, u),

where G ∈ Rm×n, g ∈ Rm, h ∈ Rn,Sw ⊂ Rn,Su ⊂ Rm, and ψ : Rn × Rm → R.

Lemma 1 (CGMT). Suppose that Sw and Su are compact sets, ψ is continuous on Sw ×

Su, and the entries of G, g, and h are i.i.d. Gaussian. Then we have P(Φ(G) < c) ≤

2P(ϕ(g, h) ≤ c), ∀c ∈ R. Moreover, if Sw and Su are convex sets, and ψ is convex-concave

on Sw × Su, then P(Φ(G) > c) ≤ 2P(ϕ(g, h) ≥ c), ∀c ∈ R.

Lemma 2 (Lemma B.26 from Bai and Silverstein [2009]). Let x = (x1, · · · , xn)⊤ be a

random vector of i.i.d. entries. Assume that Exi = 0, Ex2i = 1, and Ex4i ≤ v4. Then, for

any A ∈ Rn×n, it holds that x⊤Ax− Tr(A) = OP
(√

v4Tr(AA⊤)
)
.

28. We follow the same approach for the empirical analysis, except for Finance 2. Due to its scale and
computational constraints, we use two-fold CV and a narrower grid: log(λ) ranges from 6 to 7 for Ridge and
from -3.5 to -2.5 for Lasso. We ensure that the optimal tuning parameters fall within the central range of
these specified grids.
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Table 1.4: Model Configuration for Machine Learning Methods

RF GBRT NN(ℓ2) NN(ℓ1)

depth=1∼20 depth=1∼5 architecture∼{16,4,1} architecture∼{16,4,1}
#trees=500 #trees=1∼10 batch size=16 batch size=16

Finance 1 #features=1∼15 lr ∈ {0.01,0.02, (lr,epochs)={(0.1,5), (lr,epochs)={(0.4,1),
%samples=0.05∼1 0.05,0.1,0.2,0.5,1} (0.01,50), (0.0025,200)} (0.08,5), (0.02,20)}

log(λ) ∈ [−2, 1] log(λ) ∈ [−2, 1]
depth=2∼12 depth=1∼6 architecture∼{920,32,1} architecture∼{920,32,1}
#trees=500 #trees=10∼400 batch size=10000 batch size=10000

Finance 2 #features ∈ {1, lr ∈ {0.0001,0.001, (lr,epochs)={(0.5,2), (lr,epochs)={(0.5,2),
2,3,5} 0.01,0.02,0.05} (0.1,10), (0.067,15)} (0.2,5), (0.067,15),
%samples=0.5∼1 log(λ) ∈ [−4, 0] (0.05,20),(0.04,25)}

log(λ) ∈ [−5,−3]
depth=5∼50 depth=1∼5 architecture∼{119,8,1} architecture∼{119,8,1}
#trees=500 #trees=1∼600 batch size=16 batch size=16

Macro 1 #features=1∼60 lr ∈ {0.005,0.01, (lr,epochs)={(0.008,10), (lr,epochs)={(0.05,2),
%samples=0.5∼1 0.02,0.05,0.1, (0.004,20), (0.002,40), (0.02,5),(0.01,10),

0.2,0.5} (0.0008,100), (0.0005,160)} (0.005,20), (0.002,50)}
log(λ) ∈ [−2, 2] log(λ) ∈ [−10.5, 1.5]

depth=5∼50 depth=1∼5 architecture∼{119,8,1} architecture∼{119,8,1}
#trees=500 #trees=1∼200 batch size=16 batch size=16

Macro 1b #features=5∼100 lr ∈ {0.01,0.02, (lr,epochs)={(0.024,75), (lr,epochs)={(0.004,25),
%samples=0.5∼1 0.05,0.1,0.2,0.5} (0.012,150), (0.006,300) (0.002,50),(0.001,100),

(0.003,600)} (0.0005,200)}
log(λ) ∈ [−1,−0.5] log(λ) ∈ [2, 3]

depth=1∼30 depth=1∼10 architecture∼{61,8,1} architecture∼{61,8,1}
#trees=500 #trees=1∼500 batch size=16 batch size=16

Macro 2 #features=1∼60 lr ∈ {0.01,0.02, (lr,epochs)={(0.02,50), (lr,epochs)={(0.05,20),
%samples=0.5∼1 0.05,0.1,0.2,0.5} (0.005,200), (0.00125,800)} (0.02,50), (0.002,500)}

log(λ) ∈ [−3,−3] log(λ) ∈ [−7, 4]
depth=1∼20 depth=1∼5 architecture∼{297,16,1} architecture∼{297,16,1}
#trees=500 #trees=1∼20 batch size=16 batch size=16

Micro 1 #features=1∼20 lr ∈ {10−15,10−14, (lr,epochs)={(0.1,1), (lr,epochs)={(0.4,1),
%samples=0.005∼0.5 ...,0.05,0.1,0.2,0.5} (0.01,10), (0.001,100), (0.2,2), (0.08,5),

(0.0001,1000), (0.00005,2000)} (0.04,10), (0.02,20)}
log(λ) ∈ [−11,−7] log(λ) ∈ [−8, 0]

depth=5∼30 depth=1∼6 architecture∼{217,16,1} architecture∼{217,16,1}
#trees=500 #trees=1∼30 batch size=16 batch size=16

Micro 2 #features=1∼30 lr ∈ {0.05,0.1, (lr,epochs)={(0.1,1),(0.02,5), (lr,epochs)={(0.1,1),(0.01,10),
%samples=0.5∼1.0 0.15,. . . ,1} (0.01,10),(0.005,20)} (0.001,100), (0.0001,1000)}

log(λ) ∈ [−10,−6] log(λ) ∈ [−12,−9]
depth=1∼50 depth=1∼10 architecture∼{215,16,1} architecture∼{215,16,1}
#trees=500 #trees=1∼50 batch size=16 batch size=16

Micro 2b #features=1∼3 lr ∈ {10−10,10−9, (lr,epochs)={(0.04,5), (lr,epochs)={(0.01,50),
%samples=0.5∼1 . . . ,0.1,0.2,0.5,1} (0.02,10), (0.01,20)} (0.005,100), (0.0025,200)}

log(λ) ∈ [0, 2] log(λ) ∈ [0, 2]

Note: The table reports the range of tuning parameters for RF, GBRT, and NNs, as well as the architecture
of NNs applied across six datasets. For RF, we fix the number of trees at #trees= 500, and tune three other
parameters: the depth of the tree (depth), the number of features (#features), and the ratio of bootstrapped
samples (%samples) within a predefined grid. In the case of GBRT, we tune depth and #trees, and the
learning rate (lr). For NNs, we adopt a fixed model architecture, denoted by the number of neurons in each
layer indicated in brackets. Additionally, we fix the batch size for SGD and focus on jointly tuning the
learning rate (lr) and the number of epochs (epochs), as well as the ℓ1- or ℓ2-penalty parameter (log(λ)).
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Lemma 3. Let x = (x1, · · · , xn)⊤ and y = (y1, · · · , ym)⊤ be two independent random

vectors with i.i.d. entries. Assume that each element has a mean of zero and a variance of

one. Then, for any A ∈ Rn×m, it holds that x⊤Ay = OP
(√

Tr(AA⊤)
)
.

Proof. The conclusion follows from the fact that E(x⊤Ay)2 = Tr(AA⊤).

The lemma below pertains to the Neumann series. See Meyer [2000] for a detailed proof.

Lemma 4. If A is a square matrix with ∥A∥ < 1, then I−A is nonsingular and (I−A)−1 =∑∞
k=0A

k. As a consequence, ∥(I−A)−1−∑ℓ
k=0A

k∥ ≤∑∞
k=ℓ+1 ∥A∥k = ∥A∥ℓ+1/(1−∥A∥).

Lemma 5. Assume x = (x1, · · · , xn)⊤ and y = (y1, · · · , yp)⊤ are two independent random

vectors with i.i.d. sub-exponential random variables with their sub-exponential norm bounded

by K. Then for any A ∈ Rn×n and B ∈ Rn×p, there exists a constant c > 0 such that

P
(
|x⊤Ax− Ex⊤Ax| ≥ t

)
≤ 2 exp

(
−cmin

{
t2

K4∥A∥2F
,

t1/2

K∥A∥1/2

})
, (1.45)

P
(
|x⊤By| ≥ t

)
≤ 2 exp

(
−cmin

{
t2

K4∥B∥2F
,

t1/2

K∥B∥1/2

})
. (1.46)

Proof. Inequality (1.45) is given by Proposition 1.1 presented in Götze et al. [2021] for

the case of symmetric A. To extend it for the asymmetric case, we use the identity that

x⊤Ax = x⊤(A + A⊤)x/2, which allows us to apply (1.45) to (A + A⊤)/2. Using triangle

inequalities, we have
∥∥∥(A+ A⊤)/2

∥∥∥2
F

≤ ∥A∥2F and
∥∥∥(A+ A⊤)/2

∥∥∥1/2 ≤ ∥A∥1/2. Thus,

(1.45) holds for asymmetric A. For (1.46), let z = (x⊤, y⊤)⊤ and C =

 0n×n B

0p×n 0p×p

 .

By (1.45), we obtain

P
(
|x⊤By| ≥ t

)
= P

(
|z⊤Cz| ≥ t

)
≤ 2 exp

(
−cmin

{
t2

K4∥C∥2F
,

t1/2

K∥C∥1/2

})

= 2 exp

(
−cmin

{
t2

K4∥B∥2F
,

t1/2

K∥B∥1/2

})
.
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The next lemma is established in Bai and Silverstein [2009] and Chen and Pan [2012].

Lemma 6. Suppose Z is an n×p matrix with i.i.d. Gaussian entries. Then for any positive

constant ϵ > 0, it holds that n−1Z⊤Z ≤ (1 + ϵ)(1 +
√
cn)

2, w.p.a.1, for cn = p/n ∈ [0,∞].

Lemma 7 (Convexity). Let O ⊆ Rd be open and convex and D be a dense subset of O. For

θ ∈ O, both Mn(θ) and M(θ) are convex in θ. If Mn(θ)
P−→ M(θ), for any θ ∈ D, then

supθ∈K |Mn(θ)−M(θ)| P−→ 0, for any compact subset K ⊂ O.

This lemma has been shown by Lemma 7.75 of Liese and Miescke [2008]. Next, we present

a min-convergence theorem for functions defined on an open set (0,∞), as shown by Lemma

10 of Thrampoulidis et al. [2018].

Lemma 8. Consider a sequence of proper, convex stochastic functions Mn : R+ → R, and

a deterministic function M : R+ → R, satisfying (a) Mn(x)
P−→ M(x), ∀x > 0; (b) there

exists z > 0 such that M(x) > infy>0M(y), ∀x ≥ z. Then we have infx>0Mn(x)
P−→

infx>0M(x).

Relatedly, we introduce a lemma for functions on a diverging sequence of closed sets.

Lemma 9. Consider a sequence of closed intervals {[xn, yn]}∞n=1 such that limn→∞ xn =

−∞ and limn→∞ yn = +∞. Additionally, let there be a sequence of proper random and

convex functions Mn : [xn, yn] → R, and a convex, continuous, and deterministic function

M : R → R that satisfy: (a) Mn(x)
P−→ M(x) for every x ∈ R; (b) there exists z > 0 such

that M(x) > infy∈RM(y) holds for all |x| ≥ z. Then it holds that infx∈[xn,yn]Mn(x)
P−→

infx∈RM(x).

Proof. For n sufficiently large, z ∈ [xn, yn]. Assume x∗ ∈ [−z, z] minimizes M(x). Condition

(b) in fact implies that x⋆ ∈ (−z, z) and that M(x⋆) = infx∈RM(x). Consider the event

inf |x|>z,x∈[xn,yn]Mn(x) < Mn(x
∗). Under this event, there exists |zn| > z and zn ∈ [xn, yn]

such that Mn(zn) < Mn(x
∗). The geometry implies that there exists θn ∈ (0, 1), such
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that either znθn + x⋆(1 − θn) = z or znθn + x⋆(1 − θn) = −z holds. Using convexity, we

have min(Mn(z),Mn(−z)) ≤ θnMn(zn) + (1 − θn)Mn(x
∗) < Mn(x

∗). By taking limits on

both sides, we have min(M(z),M(−z)) ≤ M(x∗), which contradicts condition (b). There-

fore, w.p.a.1, we have inf |x|>z,x∈[xn,yn]Mn(x) ≥ Mn(x
∗). Furthermore, by Lemma 7, for

all arbitrarily small ϵ > 0, w.p.a.1, sup|x|≤z |Mn(x) −M(x)| < ϵ. In addition, by defini-

tion, there exists a sequence of zn, such that |zn| ≤ z and inf |x|≤zMn(x) ≥ Mn(zn) − ϵ.

Combining these two inequalities with the fact that M(x⋆) minimizes M on R leads to

inf |x|≤zMn(x) ≥ Mn(zn) − ϵ ≥ M(zn) − 2ϵ ≥ M(x∗) − 2ϵ, w.p.a.1. On the other hand,

inf |x|≤zMn(x) ≤ Mn(x
∗) P−→ M(x∗). Since ϵ is arbitrary, we have inf |x|≤zMn(x)

P−→

M(x∗). Along with inf |x|>z,x∈[xn,yn]Mn(x) ≥ Mn(x
∗) and Mn(x

⋆)
P−→ M(x∗) by (a), we

have

inf
x∈[xn,yn]

Mn(x) = min
(

inf
|x|≤z

Mn(x), inf
|x|>z,x∈[xn,yn]

Mn(x)
)

P−→M(x∗).

Lemma 10. Suppose X is a standard Gaussian random variable, then for x > 0,

√
2√
π
exp

(
−x

2

2

)(
2x−3 − 12x−5 − 15x−7

)
≤ E(|X| − x)2+ ≤

√
2√
π
exp

(
−x

2

2

)(
2x−3 + 3x−5

)
.

Proof. With integration by parts, we find

E(|X| − x)2+ =

√
2

π

∫ ∞

x
(t− x)2 exp

(
−t

2

2

)
dt =

√
2

π

(
−x exp

(
−x

2

2

)
+ (x2 + 1)fG(x)

)
,

where fG(x) =
∫∞
x exp(−t2/2)dt. Lemma 10 then follows from the tail inequality:

exp

(
−x

2

2

)(
1

x
− 1

x3
+

3

x5
− 15

x7

)
≤ fG(x) ≤ exp

(
−x

2

2

)(
1

x
− 1

x3
+

3

x5

)
.

Lemma 11. Given that X is a standard Gaussian random variable, the following inequalities
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hold when x > 0 and x is sufficiently large:

E|X|(|X| − x)2+ ≤ 2xE(|X| − x)2+ and EX2(|X| − x)2+ ≤ 2x2E(|X| − x)2+.

Proof. The proof is analogous to that of Lemma 10 and is therefore omitted.

Definition 2. A centered random variable X belongs to the sub-exponential class SE
(
ν2, α

)
with ν > 0 and α > 0, if EeλX ≤ e

λ2ν2

2 , for all λ such that |λ| < α−1.

Lemma 12. Let {xk}∞k=1 be a sequence of diverging positive numbers. Then as p→ ∞, we

have w.p.a.1, ∥Σ2b0∥∞ < xpq
−1/2log(p) and ∥Σ1/2

2 h∥∞ < xp
√

log(p), where Σ2 and b0 are

defined in Assumptions 1 and 3, respectively, and h ∈ Rp is a standard Gaussian vector.

Proof. We only present the proof for the first inequality, noting that the proof for the second

inequality follows similarly. By definition, there exist b1i ∼ B(1, q) and a sub-exponential

random variable b2i such that b0,i = q−1/2b1ib2i. Note that b1ib2i is still sub-exponential.

Without loss of generality, assume q1/2b0,i = b1ib2i ∈ SE(1, 1).

Write the (i, j)-th element of Σ2 as Σ2,ij . By the properties of sub-exponential variables,

we have
(
Σ2q

1/2b0

)
i
∈ SE

(∑p
j=1Σ

2
2,ij ,maxj |Σ2,ij |

)
. Given that

∑p
j=1Σ

2
2,ij = (Σ2

2)i,i ≤

λ1(Σ
2
2) = C2

2 and maxj |Σ2,ij | ≤ C2, we conclude that
(
Σ2q

1/2b0

)
i
∈ SE(C2

2 , C2). The tail

bound of sub-exponential variables yields P
(
|(Σ2q

1/2b0)i| > xplog(p)
)
≤ 2 exp

(
−xp log(p)

2C2

)
.

The conclusion follows by union bound inequality and 2p exp
(
−xp log(p)

2C2

)
→ 0.

Lemma 13. For any given M1, it holds that limn→∞ S1n = 0 for S1n defined in Eq. (1.21).

Proof. Write x̃k = (Σ
−1/2
ε X·,i)k and ỹk = β0,ix̃k + zk for k = 1, . . . , n. By definition, we
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have

E(b0,i1q1/2b0,i∈[M1,M2]
|Gi) =

∫
b1q1/2b∈[M1,M2]

exp

(
−

n∑
k=1

(
ỹk − p−1/2τ1/2x̃kb

)2
/2

)
dF (b)

∫
exp

(
−

n∑
k=1

(
ỹk − p−1/2τ1/2x̃kb

)2
/2

)
dF (b)

=

∫
b1q1/2b∈[M1,M2]

exp

(
−p−1τb2

n∑
k=1

x̃2k/2 + bp−1/2τ1/2
n∑
k=1

ỹkx̃k

)
dF (b)

∫
exp

(
−p−1τb2

n∑
k=1

x̃2k/2 + bp−1/2τ1/2
n∑
k=1

ỹkx̃k

)
dF (b)

:=
Q1n

Q2n
,

where F is the distribution function of b0,i. By the facts that
∫
b1q1/2b∈[M1,M2]

dF (b) = 0

and dF (b) = (1− q)δ0 + qdFb2(q
1/2b), we have |Q1n| equals

∣∣∣∣∣
∫
qb1q1/2b∈[M1,M2]

[
exp

(
−p−1τb2

n∑
k=1

x̃2k/2 + bp−1/2τ1/2
n∑
k=1

ỹkx̃k

)
− 1

]
dFb2(q

1/2b)

∣∣∣∣∣
≤q1/2M̃

∫ ∣∣∣∣∣exp
(
−p−1τq−1b̃2

n∑
k=1

x̃2k/2 + b̃q−1/2p−1/2τ1/2
n∑
k=1

ỹkx̃k

)
− 1

∣∣∣∣∣ dFb2(b̃),
where M̃ := max(|M1|, |M2|). Define the event

An :=

{∣∣p−1/2τ1/2
n∑
k=1

ỹkx̃k
∣∣ ≤ C̃p−1/2τ1/2n1/2 log2(p) and p−1τ

n∑
k=1

x̃2k ≤ C̃p−1nτ

}
,

(1.47)

where C̃ := 5C1C2c
−1
ε . Under this event, we observe that

∣∣∣∣∣exp
(
−p−1τq−1b̃2

n∑
k=1

x̃2k/2 + b̃q−1/2p−1/2τ1/2
n∑
k=1

ỹkx̃k

)
− 1

∣∣∣∣∣
≤ exp

(
C̃|b̃|p−1/2τ1/2n1/2q−1/2 log2(p)

)
− exp

(
−C̃b̃2p−1nτq−1 − C̃|b̃|p−1/2τ1/2n1/2q−1/2 log2(p)

)
.
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Since p−1/2τ1/2n1/2q−1/2 log2(p) → 0 and p−1nτq−1 → 0 by Assumption 4, and given that

Fb2 follows a sub-exponential distribution, the integral of both terms on the right-hand-side

converges to zero as n → ∞. Therefore, for any ϵ > 0, there exists n0 such that for all

n > n0, we have |Q1n| ≤ ϵ under the event An. Similarly, it can be proven that there exists

n1 such that for all n > n1, we obtain Q2n ≥ 1/2 under the event An.

Next we analyze the event An. We start with the second inequality in An. Note that

n∑
k=1

x̃2k =X⊤
·,iΣ

−1
ε X·,i ≤ c−1

ε X⊤
·,iX·,i = c−1

ε e⊤i Σ
1/2
2 Z⊤Σ1ZΣ

1/2
2 ei

≤c−1
ε C1∥ZΣ1/2

2 ei∥2 d
= c−1

ε C1∥Σ1/2
2 ei∥2χ2(n) ≤ c−1

ε C1C2χ
2(n),

where ei is the i-th standard basis vector. By Lemma 5, with probability at least 1 −

2 exp(−cp) for some fixed constant c > 0, χ2(n) ≤ 5n, which implies the second inequality.

For the first inequality in An, using the second inequality, we observe that,

p−1/2τ1/2
∣∣∣ n∑
k=1

x̃kỹk

∣∣∣ = p−1/2τ1/2
∣∣∣β0,i n∑

k=1

x̃2k +
n∑
k=1

x̃kzk

∣∣∣
≤ C̃p−1q−1/2τn|b2i|+ p−1/2τ1/2

∣∣∣ n∑
k=1

x̃kzk

∣∣∣.
Using the property of a sub-exponential random variable, for some constant c > 0, with

probability at least 1− 2 exp(−c log2(p)), we have |b2| ≤ log2(p)/2, which implies

C̃p−1q−1/2τn|b2i| ≤ C̃p−1q−1/2τn log2(p)/2 = o(C̃p−1/2τ1/2n1/2 log2(p)/2)

by Assumption 4. In addition, by Lemma 5, with probability at least 1− 2 exp(−c log2(p)),

we have
∣∣∣∑n

k=1 x̃kzk

∣∣∣ ≤ C̃n1/2 log2(p)/2, which implies

p−1/2τ1/2
∣∣∣ n∑
k=1

x̃kzk

∣∣∣ ≤ C̃p−1/2τ1/2n1/2 log2(p)/2.
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In sum, using the facts that max(exp(−cp), exp(−c log2(p))) = o(p−1), we conclude that

with probability at least 1− p−1 as p→ ∞, An holds. Hence we have

lim
n→∞S1n = lim

n→∞E
(
E(b0,i1q1/2b0,i∈[M1,M2]

|Gi)
)2
1An

+ lim
n→∞E

(
E(b0,i1q1/2b0,i∈[M1,M2]

|Gi)
)2
1Ac

n

≤ 4ϵ2 + lim
n→∞ q−1M̃2P(Acn) ≤ 4ϵ2 + lim

n→∞ p−1q−1M̃2 = 4ϵ2.

The conclusion then follows from the arbitrariness of ϵ.

Lemma 14. The objective function in Eq. (1.27) is convex with respect to α and jointly

concave with respect to (δ, γ). Additionally, as long as Eq. (1.29) holds, we have Eq. (1.26).

Proof. By Lemma 15, it suffices to prove Eq. (1.26) holds for ŵB , which equals

argmin
w∈Sn

w

cn
n

∥∥∥τ1/2Σ1/2
1 Zw − τ−1ε

∥∥∥2 + c2nλ
∥∥∥Σ−1/2

2 w + τ−3/2β0

∥∥∥2 − cnτ
−2

n
∥ε∥2 − C

ϕ
n ,

(1.48)

and Snw = {w
∣∣cnτ−1σxσβ − Kα ≤ cn∥w∥ ≤ cnτ

−1σxσβ + Kα} for some sufficiently large

Kα. With slight abuse of notation, we refer to the optimal solution ŵ instead of using ŵB .

Note that for any vector x, ∥x∥2 = maxu
√
nu⊤x−n∥u∥2/4, where its argmax is 2x/

√
n,

and similarly ∥x∥2 = maxv v
⊤x−∥v∥2/4. Applying these equalities to ∥τ1/2Σ1/2

1 Zw−τ−1ε∥2

and ∥Σ−1/2
2 w + τ−3/2β0∥2, setting ũ = Σ

1/2
1 u, and ṽ = Σ

−1/2
2 v, we can rewrite (1.48) as

min
w∈Sn

w

max
ũ,ṽ

cnτ
1/2

√
n

ũ⊤Zw − cnτ
−1

√
n

ũ⊤Σ−1/2
1 ε− cn∥Σ−1/2

1 ũ∥2
4

+ c2nλṽ
⊤w + c2nλτ

−3/2ṽ⊤Σ1/2
2 β0

− c2nλ∥Σ
1/2
2 ṽ∥2
4

− cnτ
−2

n
∥ε∥2 − C

ϕ
n . (1.49)

To simplify notation and without ambiguity, we continue using u and v in place of ũ and ṽ.

For a given w, the argmax of Eq. (1.49), denoted by û, is equal to 2√
n
(τ1/2Σ1Zw −

τ−1Σ
1/2
1 ε). Given the definition of Snw and Assumptions 1 and 2, we have ∥w∥ ≤ τ−1σxσβ+
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c−1
n Kα, ∥Σ1∥ ≤ C1, ∥Σε∥ ≤ Cε. Furthermore, w.p.a. 1, ∥z∥ ≤

√
2n by the law of large

numbers, which implies ∥ε∥ ≤ √
2Cεn. Together with Lemma 6 and that τcn → 0 by

Assumption 4, we have the following upper bound for ∥û∥ as n is large enough: ∥û∥ ≤
2τ1/2√

n
∥Σ1Zw∥ + 2√

n
∥τ−1Σ

1/2
1 ε∥ ≤ 4τ−1√C1Cε. Let Snu = {u

∣∣∥u∥ ≤ 4τ−1√C1Cε}. Based

on the above result, w.a.p.1, the following optimization problem is equivalent to (1.49):

min
w∈Sn

w

max
u∈Snu

v

cnτ
1/2

√
n

u⊤Zw − cnτ
−1

√
n

u⊤Σ−1/2
1 ε− cn∥Σ−1/2

1 u∥2
4

+ c2nλv
⊤w + c2nλτ

−3/2v⊤Σ1/2
2 β0

− c2nλ∥Σ
1/2
2 v∥2
4

− cnτ
−2

n
∥ε∥2 − C

ϕ
n . (1.50)

Next, we need introduce an auxiliary problem for the purpose of applying CGMT:

ϕ(g, h) = max
0≤δ≤4τ−1

√
C1Cε

v

min
w∈Sn

w

max
∥u∥=δ

Rn(w, v, u), where

Rn(w, v, u) =
cnτ

1/2
√
n

∥w∥g⊤u− cnτ
1/2

√
n

δh⊤w − cnτ
−1

√
n

u⊤Σ−1/2
1 ε− cn∥Σ−1/2

1 u∥2
4

+ c2nλv
⊤w + c2nλτ

−3/2v⊤Σ1/2
2 β0 −

c2nλ∥Σ
1/2
2 v∥2
4

− cnτ
−2

n
∥ε∥2 − C

ϕ
n ,

(1.51)

and g ∈ Rn and h ∈ Rp are standard Gaussian vectors, independent of the other random

variables. Similarly, let S̃n := {w
∣∣|cn∥w∥ − cnτ

−1σxσβ − α∗2| < ϵ}, define ϕS̃c
n
(g, h) as the

optimal value of an analogous optimization problem to (1.51), with w restricted to Snw ∩ S̃cn.

Lemma 16 characterizes the limiting behavior of the optimal solution to (1.50), ŵ, and

in turn, proves the desired (1.26), under conditions pertaining to the optimization problem

(1.51). Therefore, we only need show that conditions outlined in Lemma 16 hold as long as

(1.29) holds. That is, under (1.29), we need to prove the existence of the constants ϕ̄ < ϕ̄S̃c
n

such that for all η > 0, w.p.a.1 in the limit of n→ ∞, ϕ(g, h) < ϕ̄+η and ϕS̃c
n
(g, h) > ϕ̄S̃c

n
−η.
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Let ū = u/δ, maximizing part of Rn(w, v, u) over u simplifies to the following problem:

max
∥u∥=δ

cnτ
1/2

√
n

∥w∥g⊤u− cnτ
−1

√
n

u⊤Σ−1/2
1 ε− cn∥Σ−1/2

1 u∥2
4

= max
∥ū∥=1

cnδ√
n
(τ1/2∥w∥g − τ−1Σ

−1/2
1 ε)⊤ū− cnδ

2

4
ū⊤Σ−1

1 ū.

The latter is a quadratic programming problem, which has been studied in Gander et al.

[1989]. The optimal value associated with this problem is given by:

−cnδ
2

4
µn(α, δ) +

cn
n
(τ1/2αg − τ−1Σ

−1/2
1 ε)⊤(Σ−1

1 − µn(α, δ)I)−1(τ1/2αg − τ−1Σ
−1/2
1 ε)

(1.52)

where α := ∥w∥ and µn(α, δ) is the solution to

1

n
(τ1/2αg − τ−1Σ

−1/2
1 ε)⊤(Σ−1

1 − µn(α, δ)I)−2(τ1/2αg − τ−1Σ
−1/2
1 ε)− δ2

4
= 0, (1.53)

under the condition Σ−1
1 − µn(α, δ)I is positive semidefinite. With this, Eq. (1.51) equals:

max
0≤δ≤4τ−1

√
C1Cε

v

min
w∈Sn

w

− cnδ
2

4
µn(α, δ) +

cn
n
(τ1/2αg − τ−1Σ

−1/2
1 ε)⊤(Σ−1

1 − µn(α, δ)I)−1

× (τ1/2αg − τ−1Σ
−1/2
1 ε)− cnτ

1/2
√
n

δh⊤w + c2nλv
⊤w

+ c2nλτ
−3/2v⊤Σ1/2

2 β0 −
c2nλ∥Σ

1/2
2 v∥2
4

− cnτ
−2

n
∥ε∥2 − C

ϕ
n .

71



Solving the inside minimization problem with respect to w/α while fixing α leads to

max
0≤δ≤4τ−1

√
C1Cε

v

min
|cnα−cnτ−1σxσβ |≤Kα

−cnδ
2

4
µn(α, δ) +

cn
n
(τ1/2αg − τ−1Σ

−1/2
1 ε)⊤

(Σ−1
1 − µn(α, δ)I)−1(τ1/2αg − τ−1Σ

−1/2
1 ε)− cn∥cnλv − n−1/2τ1/2δh∥α (1.54)

+ c2nλτ
−3/2v⊤Σ1/2

2 β0 −
c2nλ∥Σ

1/2
2 v∥2
4

− cnτ
−2

n
∥ε∥2 − C

ϕ
n .

By Lemma 17, the objective function of the above optimization is convex in α and jointly

concave in (δ, v). As a result, we can switch the order of min and max by Corollary 3.3 in

Sion [1958]. Also, note that for any vector x, ∥x∥ = minγ>0
1
2γ∥x∥2 + γ

2 . Applying this

equation to ∥cnλv − n−1/2τ1/2δh∥α, Eq. (1.54) becomes

min
cn|α−τ−1σxσβ |≤Kα

max
γ>0

0≤δ≤4τ−1
√

C1Cε

max
v

−cnδ
2

4
µn(α, δ) +

cn
n
(τ1/2αg − τ−1Σ

−1/2
1 ε)⊤

× (Σ−1
1 − µn(α, δ)I)−1(τ1/2αg − τ−1Σ

−1/2
1 ε)− cnγ

2
− cnα

2

2γ
∥cnλv − n−1/2τ1/2δh∥2

+ c2nλτ
−3/2v⊤Σ1/2

2 β0 −
c2nλ∥Σ

1/2
2 v∥2
4

− cnτ
−2

n
∥ε∥2 − C

ϕ
n .

Note that the objective function above is jointly concave in (δ, γ, v). To see why this is

true, it is sufficient to prove that −α2

2γ ∥cnλv − n−1/2τ1/2δh∥2 is jointly concave in (δ, γ, v),

which follows by Lemma 13 in Thrampoulidis et al. [2018]. Consequently, after solving the

first maximization problem over v, the resulting function remains jointly concave in (δ, γ).

Maximizing over v is again a standard quadratic programming problem, which leads to Eq.

(1.27). Thus, we conclude that (1.27) is convex with respect to α and jointly concave with

respect to (δ, γ).

For any compact set A, define ϕA(g, h) := minα2∈Amax γ1>0
δ3∈Kδ3

Q̃n(α2, δ3, γ1). Based on
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the above argument and condition (i) in (1.29), we can deduce

ϕ(g, h) = ϕ[−Kα,Kα](g, h)
P−→ min

α2∈[−Kα,Kα]
max
γ1>0
δ3∈R

Q̃(α2, δ3, γ1),

ϕS̃c
n
(g, h) = min{ϕ[−Kα,α∗2−ϵ](g, h), ϕ[α∗2+ϵ,Kα](g, h)}

P−→ min
α2∈[−Kα,α∗2−ϵ]∪[α∗2+ϵ,Kα]

max
γ1>0
δ3∈R

Q̃(α2, δ3, γ1).

Together with condition (ii), the conditions in Lemma 16 are satisfied by letting ϕ̄ =

min
α2∈[−Kα,Kα]

max
γ1>0
δ3∈R

Q̃(α2, δ3, γ1) and ϕ̄S̃c
n
= min
α2∈[−Kα,α∗2−ϵ]∪[α∗2+ϵ,Kα]

max
γ1>0
δ3∈R

Q̃(α2, δ3, γ1).

We now introduce two lemmas whose proofs follow the same reasoning as those of Lemma

5 and Lemma 7 in Thrampoulidis et al. [2018], and are therefore omitted here.

Lemma 15. Under the conditions of Theorem 2, define Snw := {w
∣∣cnτ−1σxσβ − Kα ≤

cn∥w∥ ≤ cnτ
−1σxσβ +Kα} for some Kα such that |α∗2| < Kα. If the solution ŵB to

argmin
w∈Sn

w

cn
n

∥∥∥τ1/2Σ1/2
1 Zw − τ−1ε

∥∥∥2 + c2nλ
∥∥∥Σ−1/2

2 w + τ−3/2β0

∥∥∥2 − cnτ
−2

n
∥ε∥2 − C

ϕ
n

satisfies cn∥ŵB∥ − cnτ
−1σxσβ → α∗2, then the same holds true for ŵ of Eq. (1.25).

Lemma 16. Let ŵ denote an optimal solution of Eq. (1.50). Regarding ϕ(g, h) and

ϕS̃c
n
(g, h), as introduced and discussed in relation to Eq. (1.51), suppose there are constants

ϕ̄ and ϕ̄S̃c
n

with ϕ̄ < ϕ̄S̃c
n
, such that for all η > 0, the following hold w.a.p.1 as n → ∞: (a)

ϕ(g, h) < ϕ̄+ η, (b) ϕS̃c
n
(g, h) > ϕ̄S̃c

n
− η. Under these conditions, we have ŵ ∈ S̃n w.p.a.1.

Lemma 17. The objective function of Eq. (1.54) is convex in α and jointly concave in (δ, v).

Proof. First, we prove the objective function is convex in α = ∥w∥. Revisiting the term

f(α, u) := cnτ
1/2√
n
αg⊤u − cnτ

−1√
n
u⊤Σ−1/2

1 ε − cn∥Σ−1/2
1 u∥2
4 in Eq. (1.51), we observe that

it is convex in α. After maximizing over the direction of u, the term remains convex
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in α since max∥u∥=δ f(θα1 + (1 − θ)α2, u) ≤ max∥u∥=δ{θf(α1, u) + (1 − θ)f(α2, u)} ≤

θmax∥u∥=δ f(α1, u) + (1 − θ)max∥u∥=δ f(α2, u), for θ ∈ (0, 1). Note that from Eq. (1.52),

max∥u∥=δ f(α, u) = −cnδ
2

4 µn(α, δ)+
cn
n (τ1/2αg−τ−1Σ

−1/2
1 ε)⊤(Σ−1

1 −µn(α, δ)I)−1(τ1/2αg−

τ−1Σ
−1/2
1 ε), which yield the first two terms in Eq. (1.54). Meanwhile, the term −∥cnλv −

n−1/2τ1/2δh∥α is also convex in α. Consequently, we deduce that the objective function of

Eq. (1.54) is convex in α.

Next, we demonstrate that this function is jointly concave in (δ, v). It is easy to ver-

ify that −∥cnλv − n−1/2τ1/2δh∥α is jointly concave in (δ, v), since α ≥ 0. Moreover,

λτ−3/2v⊤Σ1/2
2 β0 − λ∥Σ1/2

2 v∥2/4 is concave in v. Therefore, it suffices to prove

−δ
2

4
µn(α, δ) +

1

n
(τ1/2αg − τ−1Σ

−1/2
1 ε)⊤(Σ−1

1 − µn(α, δ)I)−1(τ1/2αg − τ−1Σ
−1/2
1 ε)

(1.55)

is concave in δ. Let the eigenvalues and normalized eigenvectors of Σ1 be {(λi, vi)}ni=1, and

let wi = (τ1/2αg − τ−1Σ
−1/2
1 ε)⊤vi, for i = 1, 2, . . . , n. Then (1.55) equals −δ2

4 µn(α, δ) +

1
n

∑n
i=1

1
1/λi−µn(α,δ)w

2
i . The first order derivative of this equation with respect to δ is

− δ

2
µn(α, δ)−

δ2

4
∂δµn(α, δ) +

∂δµn(α, δ)

n

n∑
i=1

1

(1/λi − µn(α, δ))2
w2
i = −δ

2
µn(α, δ), (1.56)

where the last equation follows from the definition of the function µn(α, δ):

1

n

n∑
i=1

1

(1/λi − µn(α, δ))2
w2
i =

δ2

4
. (1.57)

Further, the second-order derivative with respect to δ can be calculated as: −1
2µn(α, δ) −

δ
2∂δµn(α, δ). By the chain rule of differentiation, ∂δµn(α, δ) is the reciprocal of ∂µnδ. The
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latter can be calculated directly using the definition of µn via Eq. (1.57):

∂µnδ =

(
1

n

n∑
i=1

1

(1/λi − µn)2
w2
i

)−1/2

· 2
n

n∑
i=1

1

(1/λi − µn)3
w2
i .

With this, we can write the second-order derivative as follows:

−1

2
µn(α, δ)−

δ

2
∂δµn(α, δ) = −1

2
µn − 1

2
·
∑n
i=1

1
(1/λi−µn)2w

2
i∑n

i=1
1

(1/λi−µn)3w
2
i

= −1

2
·
∑n
i=1

1/λi
(1/λi−µn)3w

2
i∑n

i=1
1

(1/λi−µn)3w
2
i

.

Since Σ−1
1 − µnI is positive semidefinite, the right-hand-side is no larger than zero, which

concludes the proof.

Lemma 18. For Q̃n = Q̃n(α2, δ3, γ1) in Eq. (1.28), Eq. (1.29) holds.

Proof. The notation below is defined in the proof of Theorem 2. Let δ2 = δ∗2+c
−1/2
n δ3. First,

we demonstrate that cnτ−1µn(α, δ) − cnµ(σxσβ , δ
∗
1, δ2)

P−→ 0. Let f(x) := 1
n(τ

1/2αg −

τ−1Σ
−1/2
1 ε)⊤(Σ−1

1 − xI)−2(τ1/2αg − τ−1Σ
−1/2
1 ε). Recall that µn(α, δ) is the solution to

f(x) = δ2/4. Note that f(x) exhibits a monotonic increase in x when x ≤ 1/C1. Therefore,

it suffices to show that, given any arbitrarily small ϵ > 0, w.p.a.1, the following inequalities

hold: cnτf(τµ(σxσβ , δ
∗
1, δ2) + τc−1

n ϵ) − cnδ
2τ/4 > c+ > 0 and cnτf(τµ(σxσβ , δ

∗
1, δ2) −

τc−1
n ϵ)− cnδ

2τ/4 < c− < 0, for some constants c+ and c−.
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By Lemmas 2 and 3, we can deduce the following equations:

cnτ
−1

n
ε⊤Σ−1/2

1

(
Σ−1
1 − τµ(σxσβ , δ

∗
1, δ2)I− τc−1

n ϵI
)−2

Σ
−1/2
1 ε

− cnτ
−1

n
Tr

[
Σ
1/2
ε Σ

−1/2
1

(
Σ−1
1 − τµ(σxσβ , δ

∗
1, δ2)I− τc−1

n ϵI
)−2

Σ
−1/2
1 Σ

1/2
ε

]
= OP(cnτ

−1n−1/2),

cnτ
2

n
α2g⊤

(
Σ−1
1 − τµ(σxσβ , δ

∗
1, δ2)I− τc−1

n ϵI
)−2

g

− cnα
2τ2

n
Tr

[(
Σ−1
1 − τµ(σxσβ , δ

∗
1, δ2)I− τc−1

n ϵI
)−2

]
= OP(cnn

−1/2),

cnτ
1/2α

n
εΣ

−1/2
1

(
Σ−1
1 − τµ(σxσβ , δ

∗
1, δ2)I− τc−1

n ϵI
)−2

g = OP(cnτ
−1/2n−1/2).

Therefore, using the definition of f(·) we can deduce that:

cnτf(τµ(σxσβ , δ
∗
1, δ2) + τc−1

n ϵ)

− cnτ
−1

n
Tr

[
Σ
1/2
ε Σ

−1/2
1

(
Σ−1
1 − τµ(σxσβ , δ

∗
1, δ2)I− τc−1

n ϵI
)−2

Σ
−1/2
1 Σ

1/2
ε

]
− cnα

2τ2

n
Tr

[(
Σ−1
1 − τµ(σxσβ , δ

∗
1, δ2)I− τc−1

n ϵI
)−2

]
= OP(cnτ

−1n−1/2) = oP(1).

(1.58)

Note that for sufficiently small x such that x∥Σ1∥ < 1,

τ−1

n
Tr

[
Σ
1/2
ε Σ

−1/2
1

(
Σ−1
1 − xI

)−2
Σ
−1/2
1 Σ

1/2
ε − Σ

1/2
ε Σ

1/2
1 (I+ 2xΣ1) Σ

1/2
1 Σ

1/2
ε

]
=
τ−1

n
Tr
[
Σ
1/2
ε Σ

1/2
1 (I− xΣ1)

−2Σ
1/2
1 Σ

1/2
ε − Σ

1/2
ε Σ

1/2
1 (I+ 2xΣ1) Σ

1/2
1 Σ

1/2
ε

]
≤τ−1C1Cε∥ (I− xΣ1)

−2 − (I+ 2xΣ1) ∥ ≲ τ−1x2,
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where we apply Lemma 4 in the last inequality. As a consequence, we have:

τ−1

n
Tr

[
Σ
1/2
ε Σ

−1/2
1

(
Σ−1
1 − τµ(σxσβ , δ

∗
1, δ2)I− τc−1

n ϵI
)−2

Σ
−1/2
1 Σ

1/2
ε

]
=
1

n
Tr
[
Σ
1/2
ε Σ

−1/2
1

(
τ−1Σ2

1 + 2
(
µ(σxσβ , δ

∗
1, δ2) + c−1

n ϵ
)
Σ3
1

)
Σ
−1/2
1 Σ

1/2
ε

]
+O(τ)

=τ−1σ2εθ1 + 2(µ(σxσβ , δ
∗
1, δ2) + c−1

n ϵ)σ2εθ3 +O(τ) + o(c−1
n ), (1.59)

where the last equation follows by Assumption 5. By the same argument, it follows that:

α2τ2

n
Tr

[(
Σ−1
1 − τµ(σxσβ , δ

∗
1, δ2)I− τc−1

n ϵI
)−2

]
= σ2xσ

2
βθ4 +O(τ) + o(c−1

n ).

Applying the above estimates to the left-hand-side of (1.58), we can deduce that:

cnτf(τµ(σxσβ , δ
∗
1, δ2) + τc−1

n ϵ)− cnδ
2τ

4

=2cn(µ(σxσβ , δ
∗
1, δ2) + c−1

n ϵ)σ2εθ3 + cnσ
2
xσ

2
βθ4 −

cnδ
∗
1δ2
2

+ oP(1).

By the definition of µ(σxσβ , δ∗1, δ2), the right-hand side of the above equation is positive

w.p.a.1. The proof of the other inequality is similar. Hence, we have proved

cnτ
−1µn(α, δ)− cnµ(σxσβ , δ

∗
1, δ2)

P−→ 0. (1.60)

Next, to analyze Q̃n, we first investigate the limiting behavior of:

−δ
2

4
µn(α, δ) +

1

n

(
τ1/2αg − τ−1Σ

−1/2
1 ε

)⊤ (
Σ−1
1 − µn(α, δ)I

)−1 (
τ1/2αg − τ−1Σ

−1/2
1 ε

)
.
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By (1.60), we have ∥µn(α, δ)Σ1∥ = OP(τ). Applying Lemma 4 again, we deduce:

∥
(
Σ−1
1 − µn(α, δ)I

)−2
− Σ2

1 − 2µn(α, δ)Σ
3
1 − 3µ2n(α, δ)Σ

4
1∥ ≲P τ

3

∥
(
Σ−1
1 − µn(α, δ)I

)−1
− Σ1 − µn(α, δ)Σ

2
1 − µ2n(α, δ)Σ

3
1∥ ≲P τ

3.

Furthermore, by the fact that ∥τ1/2αg− τ−1Σ
−1/2
1 ε∥ = OP(nτ

−1) and Eq. (1.53), we have

δ2

4
µn(α, δ) =

1

n
(τ1/2αg − τ−1Σ

−1/2
1 ε)⊤(µn(α, δ)Σ2

1 + 2µ2n(α, δ)Σ
3
1)(τ

1/2αg − τ−1Σ
−1/2
1 ε)

+OP(τ).

With a similar approach, we have

1

n

(
τ1/2αg − τ−1Σ

−1/2
1 ε

)⊤ (
Σ−1
1 − µn(α, δ)I

)−1 (
τ1/2αg − τ−1Σ

−1/2
1 ε

)
=

1

n

(
τ1/2αg − τ−1Σ

−1/2
1 ε

)⊤ (
Σ1 + µn(α, δ)Σ

2
1 + µ2n(α, δ)Σ

3
1

)(
τ1/2αg − τ−1Σ

−1/2
1 ε

)
+OP(τ).

As a consequence, based on Lemmas 2 and 3, as well as the definition of α2 and the fact

that cnτ−1µn(α, δ)− cnµ(σxσβ , δ
∗
1, δ2)

P−→ 0, we have:

− cnδ
2

4
µn(α, δ) +

cn
n

(
τ1/2αg − τ−1Σ

−1/2
1 ε

)⊤ (
Σ−1
1 − µn(α, δ)I

)−1 (
τ1/2αg − τ−1Σ

−1/2
1 ε

)
=
cn
n

(
τ1/2αg − τ−1Σ

−1/2
1 ε

)⊤
(Σ1 − µ2n(α, δ)Σ

3
1)
(
τ1/2αg − τ−1Σ

−1/2
1 ε

)
+OP(cnτ)

= cnτ
−1σ2xσ

2
β − cnσ

2
εθ3µ

2(σxσβ , δ
∗
1, δ2) + 2σxσβα2 +

cnτ
−2

n
∥ε∥2 + oP(1). (1.61)
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Finally, we examine the remainder term that contributes to Q̃n:

c2nλ
2

4

(
τ−3/2Σ

1/2
2 β0 +

α2δτ1/2√
nγ

h

)⊤(
λ

4
Σ2 +

cnα
2λ2

2γ
I
)−1

(
τ−3/2Σ

1/2
2 β0 +

α2δτ1/2√
nγ

h

)

− cnτα
2δ2

2γn
∥h∥2.

Using Lemmas 2-3, p1/2τ−1n−1q−1/2 = o(1) by Assumption 4, and the assumptions on Σ2,

this term converges in probability to:

c2nλ
2τ−2σ2β
4p

Tr

[
Σ
1/2
2

(
λ

4
Σ2 +

cnα
2λ2

2γ
I
)−1

Σ
1/2
2

]

+ cnτ Tr

[
cnλ

2α4δ2

4nγ2h

(
λ

4
Σ2 +

cnα
2λ2

2γ
I
)−1

− α2δ2

2γn
I

]

=
cnγn1

2
τ−1 − γ21

4σ2βλ
θ2 −

γ1α2
σxσβ

− τ−1 (δ
∗
1)

2σ2xcn

4λ
− cnσ

2
xδ

∗
1δ2

2λ
+

(δ∗1)
2γ1σ

2
x

8λ2σ2β
θ2 + on(1),

where we apply Lemma 4 and the same argument in proving Eq. (1.59). Combining this

estimate with (1.61) we conclude that

Q̃n = −δ
2
3θ1
4θ3

+ 2σxσβα2 −
γ21

4σ2βλ
θ2 −

γ1α2
σxσβ

+
(δ∗1)

2γ1σ
2
x

8λ2σ2β
θ2 + oP(1).

We now proceed to establish Claims (i) to (ii) in Eq. (1.29). Fix α2 ∈ A and γ1 > 0,

and observe that limδ3→±∞ Q̃(α2, δ3, γ1) → −∞. By the concave version of Lemma 9,

we conclude that maxδ3∈Kδ3
Q̃n(α2, δ3, γ1)

P−→ maxδ3∈R Q̃(α2, δ3, γ1). Since Q̃n is jointly

concave in (δ3, γ1), after maximizing with respect to δ3, the function should remain concave in

γ1. Moreover, consider the following equation: maxδ3∈R Q̃(α2, δ3, γ1) = 2σxσβα2−
γ21

4σ2βλ
θ2−

γ1α2
σxσβ

+
(δ∗1)

2γ1σ
2
x

8λ2σ2β
θ2. As a result, limγ1→∞maxδ3∈R Q̃(α2, δ3, γ1) → −∞. By Lemma 8, we

conclude that max γ1>0
δ3∈Kδ3

Q̃n(α2, δ3, γ1)
P−→ maxγ1>0

δ3∈R
Q̃(α2, δ3, γ1). Since Q̃n(α2, δ3, γ1) is

convex in α2, it should retain its convexity in α2 after being maximized with respect to δ2
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and γ1. Since the above equation holds for any α2 ∈ A, by Lemma 7, we conclude that

Claim (i) holds.

The first-order condition implies a unique solution: α∗2 := argminα2 maxγ1>0
δ3∈R

Q̃(α2, δ3, γ1),

which is given by θ2σ3x

(
σ2εθ1
2λ2σβ

− σβ
λ

)
. Thus, Claim (ii) holds true, concluding the proof.

Lemma 19. Under the conditions of Theorem 3, there exists a constant c̃ > 0 that depends

solely on fixed constants, such that w.p.a.1, inequality (1.32) holds. In addition, as n→ ∞,

for any given fixed λ > 0, Eq. (1.33) holds.

Proof. Under the condition that λn ≥ ϵ, using (1.30) and (1.31), we have, w.p.a.1,

∥β̂iλn∥
2 =

∥∥∥∥∥ 1n
(
1

n
X⊤
(−i)X(−i) + cnλnI

)−1

X(−i)y(−i)

∥∥∥∥∥
2

≤
∥X(−i)y(−i)∥2

c2nϵ
2n2

≤ 2C2σ
2
ε(1 +

√
cn)

2

c2nϵ
2

,

∥β̂iλ1 − β̂iλ2∥
2

= c2n(λ1 − λ2)
2

∥∥∥∥∥ 1n
(
1

n
X⊤
(−i)X(−i) + cnλ2

)−1( 1

n
X⊤
(−i)X(−i) + cnλ1

)−1

X(−i)y(−i)

∥∥∥∥∥
2

≤ (λ1 − λ2)
2

n2c2nλ
2
1λ

2
2

∥X(−i)y(−i)∥2 ≤ 2C2σ
2
ε(1 +

√
cn)

2(λ1 − λ2)
2

c2nϵ
4

. (1.62)

With the inequalities above and triangle inequalities, we obtain, w.a.p.1,

|R̂K−CV (λ1)− R̂K−CV (λ2)| =
1

n

∣∣∣∣∣∣
K∑
i=1

(
∥y(i) −X(i)β̂

i
λ1
∥2 − ∥y(i) −X(i)β̂

i
λ2
∥2
)∣∣∣∣∣∣

≤ 2

n

K∑
i=1

∥X(i)∥∥β̂iλ1 − β̂iλ2∥

∥y(i)∥+
2C

1/2
2 σε(1 +

√
cn)

cnϵ
∥X(i)∥

 ≤ C̃|λ1 − λ2|, (1.63)

where C̃ is some fixed constant.

Let us fix a constant c̃ such that the inequality c22σ
2
ε

2Kc̃2
−4C2

2
(1+

√
cn)

2

cnc̃
> 100 remains true as

n, p→ ∞. This is possible because (1 +
√
cn)

2/cn is bounded as n, p→ ∞. In addition, let
80



S := {λj = ϵ+p−9(j−1) : 1 ≤ j ≤ 1+ [p9(c̃τ−1− ϵ)]}. Given τ−1 = o(p), the cardinality of

the set satisfies |S| ≤ p10. By definition, for any λ ∈ [ϵ, c̃τ−1], there exists a λj∗ ∈ S such that

|λ−λj∗ | ≤ p−9. By Eq. (1.63), we have |R̂K−CV (λ)− R̂K−CV (λj∗)| ≤ C̃|λ−λj∗| ≤ C̃p−9.

Therefore, if we show that

inf
λj∈S

{
R̂K−CV (λj)−

1

n
∥ε∥2 − ∥Σ1/2

2 β0∥2
}
> np−1τ2 (1.64)

holds w.p.a.1, we have

inf
λ∈[ϵ,c̃τ−1]

{
R̂K−CV (λj)−

1

n
∥ε∥2 − ∥Σ1/2

2 β0∥2
}
> np−1τ2 − C̃p−9 >

np−1τ2

2
, (1.65)

which implies Eq. (1.32). By the definition of R̂K−CV , it is easy to verify that we need

prove:

inf
λj∈S

{
n−1K∥Z(i)Σ

1/2
2 (β̂iλj − β0)∥2 − 2n−1Kε(i)Z(i)Σ

1/2
2 (β̂iλj − β0)− ∥Σ1/2

2 β0∥2
}
> np−1τ2

holds w.p.a.1 for all i = 1, . . . , K. By the independence of Z(i) and β̂iλj , the first term on the

left-hand-side is distributed as: n−1K∥Z(i)Σ
1/2
2 (β̂iλj

−β0)∥2 d
= n−1Kχ2

(
K−1n

)
∥Σ1/2

2 (β̂iλj
−

β0)∥2, where χ2
(
K−1n

)
denotes a Chi-squared random variable with K−1n degrees of free-

dom. Consequently, we can deduce that:

P

(∣∣∣n−1K∥Z(i)Σ
1/2
2 (β̂iλj − β0)∥2 − ∥Σ1/2

2 (β̂iλj − β0)∥2
∣∣∣ ≥ log(p)√

n
∥Σ1/2

2 (β̂iλj − β0)∥2
)

= P

(∣∣∣n−1Kχ2
(
K−1n

)
− 1
∣∣∣ ≥ log(p)√

n

)
≤ 2 exp(−c̃1 log2(p)),

where the last step uses Lemma 5, and c̃1 is a fixed positive constant. Analogously, we have:

P

(∣∣∣n−1Kε(i)Z(i)Σ
1/2
2 (β̂iλj − β0)

∣∣∣ ≥ log(p)√
n

∥Σ1/2
2 (β̂iλj − β0)∥

)
≤ 2 exp(−c̃2 log2(p)),
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with c̃2 being another fixed positive constant. For simplicity, we consolidate the constants

c̃1 and c̃2 into a unified constant denoted as c̃1. By the union bound inequality, we have that

with probability exceeding 1− 4p10 exp(−c̃1 log2(p)), the following relation holds:

inf
λj∈S

{
n−1K∥Z(i)Σ

1/2
2 (β̂iλj − β0)∥2 − 2n−1Kε(i)Z(i)Σ

1/2
2 (β̂iλj − β0)− ∥Σ1/2

2 β0∥2
}

≥ inf
λj∈S

{(
1− log(p)√

n

)
∥Σ1/2

2 (β̂iλj − β0)∥2 −
log(p)√

n
∥Σ1/2

2 (β̂iλj − β0)∥ − ∥Σ1/2
2 β0∥2

}
.

Assume for now that ∥Σ1/2
2 (β̂iλj

− β0)∥2 − ∥Σ1/2
2 β0∥2 ≥ 50np−1τ2 holds. In this sce-

nario,
(
1− log(p)√

n

)
∥Σ1/2

2 (β̂iλj
−β0)∥2− log(p)√

n
∥Σ1/2

2 (β̂iλj
−β0)∥ is monotonically increasing in

∥Σ1/2
2 (β̂iλj

− β0)∥ since log(p)/
√
n = o(τ), hence it achieves its minimum when ∥Σ1/2

2 (β̂iλj
−

β0)∥2−∥Σ1/2
2 β0∥2 = 50np−1τ2. As a result, it can be shown that

(
1− log(p)√

n

)
∥Σ1/2

2 (β̂iλj
−

β0)∥2 − log(p)√
n

∥Σ1/2
2 (β̂iλj

− β0)∥ − ∥Σ1/2
2 β0∥2 ≥ np−1τ2. Therefore, we only need to prove

infλj∈S{∥Σ
1/2
2 (β̂iλj

− β0)∥2 − ∥Σ1/2
2 β0∥2} ≥ 50np−1τ2 holds w.p.a.1.

We now establish a uniform lower bound for ∥Σ1/2
2 (β̂iλj

− β0)∥2 − ∥Σ1/2
2 β0∥2, which can

be written as: ∥Σ1/2
2 β̂iλj

∥2 − 2β⊤0 Σ2β̂
i
λj

. By direct calculation, we have for each i,

∥Σ1/2
2 β̂iλj∥

2 ≥ c2∥β̂iλj∥
2 = c2

∥∥∥ 1
n

(
1

n
X⊤
(−i)X(−i) + cnλjI

)−1

X(−i)y(−i)
∥∥∥2

≥ c2
n2

∥∥∥∥ 1nX⊤
(−i)X(−i) + cnλjI

∥∥∥∥−2 ∥∥∥X(−i)y(−i)
∥∥∥2

≥ c2
n2

(
C2(1 +

√
cn)

2 + cnλj

)−2
∥X⊤

(−i)y(−i)∥
2.

Further, by Lemmas 2 and 3, we have

∥X⊤
(−i)y(−i)∥

2 = σ2ε Tr(X(−i)X
⊤
(−i)) + p−1τσ2β Tr(X

⊤
(−i)X(−i)X

⊤
(−i)X(−i)) + oP(n

−1/2).

By the fact that λmin(A) Tr(B) ≤ Tr(AB) ≤ λmax(A) Tr(B) when A,B are positive semidef-

inite, we have c2Tr(Z(−i)Z⊤
(−i)) ≤ Tr(X(−i)X⊤

(−i)) ≤ C2Tr(Z(−i)Z⊤
(−i)), which, along with
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(np)−1Tr(Z(−i)Z⊤
(−i))

P−→ (K − 1)/K and Eq. (1.30), imply that

p−1τ Tr(X⊤
(−i)X(−i)X

⊤
(−i)X(−i)) ≤ p−1τ∥X⊤

(−i)X(−i)∥Tr(X⊤
(−i)X(−i)) ≲P τpn = oP(np).

Therefore, w.p.a.1, we obtain

c2σ
2
εpn

2K
≤ ∥X⊤

(−i)y(−i)∥
2 ≤ 2C2σ

2
εpn. (1.66)

Consequently, uniformly over λj ∈ S, we deduce:

∥Σ1/2
2 β̂iλj∥

2 ≥ c22σ
2
εp

2nK

(
C2(1 +

√
cn)

2 + cnλj

)−2
. (1.67)

On the other hand, we have

|β⊤0 Σ2β̂
i
λj
| ≤ 1

n

∣∣∣∣∣β⊤0 Σ2

(
1

n
X⊤
(−i)X(−i) + cnλjI

)−1

X⊤
(−i)X(−i)β0

∣∣∣∣∣
+

1

n

∣∣∣∣∣ε⊤(−i)X(−i)

(
1

n
X⊤
(−i)X(−i) + cnλjI

)−1

Σ2β0

∣∣∣∣∣ =: L1 + L2. (1.68)

To bound L1, note that Tr(AB) ≤ ∥AB∥ rank(AB) ≤ ∥A∥ ∥B∥ rank(B), which implies

1

n
Tr

(
Σ2

(
1

n
X⊤
(−i)X(−i) + cnλjI

)−1

X⊤
(−i)X(−i)

)

≤ ∥Σ2∥
∥∥∥∥∥
(
1

n
X⊤
(−i)X(−i) + cnλjI

)−1 1

n
X⊤
(−i)X(−i)

∥∥∥∥∥ rank(X⊤
(−i)X(−i)) ≤

nC2
2(1 +

√
cn)

2

C2(1 +
√
cn)2 + cnλj

,

where the last inequality uses λ1((A+I)−1A) = (λ1(A)+1)−1λ1(A) and n−1∥X⊤
(−i)X(−i)∥ ≤

C2(1 +
√
cn)

2. In addition, by Lemma 5 and the fact that the sub-exponential norm of b0,i
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is of order O(q−1/2), we have, with probability exceeding 1− 2p10 exp(−c̃1 log2(p)),

sup
λj∈S

∣∣∣∣∣L1 − p−1τ

n
Tr

(
Σ2

(
1

n
X⊤
(−i)X(−i) + cnλjI

)−1

X⊤
(−i)X(−i)

)∣∣∣∣∣ ≤ q−1p−1τn1/2 log(p).

Combining the above two inequalities, we have

L1 ≤ np−1τC2
2

(1 +
√
cn)

2

C2(1 +
√
cn)2 + cnλj

+ q−1p−1τn1/2 log(p), ∀λj ∈ S.

To bound L2 in (1.68), by definition, we have

L2 = |n−1p−1/2τ1/2q−1/2z⊤(−i)X(−i)(
1

n
X⊤
(−i)X(−i) + cnλjI)−1Σ2(

√
qb0)|.

Using the facts that λmin(n
−1X⊤

(−i)X(−i) + cnλjI) ≥ cnλj ≥ cnϵ, ∥A∥F ≤
√

rank(A) ∥A∥,

and Eq. (1.30), we have

∥∥X(−i)
( 1
n
X⊤
(−i)X(−i) + cnλjI

)−1
Σ2

∥∥ ≤ C2c
−1
n ϵ−1∥X(−i)∥ ≲ np−1/2,∥∥X(−i)

( 1
n
X⊤
(−i)X(−i) + cnλjI

)−1
Σ2

∥∥2
F ≲ rank(X(−i))n

2p−1 ≲ n3p−1.

Therefore, by Lemma 5 and the fact that √
qb0,i has bounded sub-exponential norm, it

holds that, for some constant c̃1, P
(
L2 > q−1/2n1/2τ1/2p−1 log(p)

)
≤ 2 exp(−c̃1 log2(p)).

As a consequence, with probability at least 1−2p10 exp(−c̃1 log2(p)), we have supλj∈S L2 ≤

q−1/2n1/2τ1/2p−1 log(p). Therefore, taking bounds for L1 and L2 together, we have, w.p.a.1,

|β⊤0 Σ2β̂
i
λj
| ≤ 2np−1τC2

2
(1 +

√
cn)

2

C2(1 +
√
cn)2 + cnλj

, (1.69)

for each λj ∈ S. In the last inequality, we use p−1q−1τn1/2 log(p), q−1/2n1/2τ1/2p−1 log(p) =
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o(np−1τ2) by the assumptions of Theorem 3. With (1.67) and (1.69), we have

∥Σ1/2
2 (β̂iλj − β0)∥2 − ∥Σ1/2

2 β0∥2 = ∥Σ1/2
2 β̂iλj∥

2 − 2β⊤0 Σ2β̂
i
λj

≥c
2
2σ

2
εp

2nK

(
C2(1 +

√
cn)

2 + cnλj

)−2
− 4np−1τC2

2
(1 +

√
cn)

2

C2(1 +
√
cn)2 + cnλj

.

This inequality holds w.p.a. 1 as n, p→ ∞ uniformly for all λj ∈ S. Given our initial choice

for c̃, it is easy to check that the right-hand side exceeds 50np−1τ2, which implies Eq. (1.32).

To prove Eq. (1.33), note that

1

n
∥y(i) −X(i)β̂

i
τ−1λ

∥2 − 1

n
∥ε(i)∥2 =

1

n
∥Z(i)Σ

1/2
2 (β̂i

τ−1λ
− β0)∥2 +

2

n
ε⊤(i)Z(i)Σ

1/2
2 (β̂i

τ−1λ
− β0).

By the facts Z(i) ⊥ β̂i
τ−1λ

− β0 and n−1χ2(K−1n) = K−1 +Op(n
−1/2), we have

1

n
∥Z(i)Σ

1/2
2 (β̂i

τ−1λ
− β0)∥2 d

=
1

n
χ2(K−1n)∥Σ1/2

2 (β̂i
τ−1λ

− β0)∥2

=
1

K
∥Σ1/2

2 (β̂i
τ−1λ

− β0)∥2 +OP

(
1√
n
∥Σ1/2

2 (β̂i
τ−1λ

− β0)∥2
)
.

Additionally, by Theorem 2, we deduce:

∥Σ1/2
2 (β̂i

τ−1λ
− β0)∥2 − ∥Σ1/2

2 β0∥2 =
2(K − 1)

K
np−1τ2θ2σ

4
x

(
σ2ε
2λ2

−
σ2β
λ

)
+ oP(τ

2np−1).

Hence, using the fact that ∥Σ1/2
2 β0∥2 ≍P τ , we derive the following equation:

1

n

K∑
i=1

∥Z(i)Σ
1/2
2 (β̂i

τ−1λ
−β0)∥2−∥Σ1/2

2 β0∥2 =
2(K − 1)

K
np−1τ2θ2σ

4
x

(
σ2ε
2λ2

−
σ2β
λ

)
+oP(τ

2np−1).

Thus, to prove Eq. (1.33), it remains to show that: 2
nε(i)Z(i)Σ

1/2
2 (β̂i

τ−1λ
−β0) = oP(τ

2np−1).
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Given that ε(i) ⊥ Z(i)Σ
1/2
2 (β̂i

τ−1λ
− β0) and n−3/2τ−3/2p→ 0 by Assumption 4, we have

2

n
ε(i)Z(i)Σ

1/2
2 (β̂i

τ−1λ
− β0)

d
=

2

n
∥Σ1/2

2 (β̂i
τ−1λ

− β0)∥ε⊤(i)x = OP(n
−1/2τ1/2) = oP(τ

2np−1),

where x is a standard Gaussian vector independent of ε(i). This concludes the proof.

Lemma 20. There exists a constant C̃1 such that, w.p.a.1, uniformly for µ1, µ2 ∈ [0, c̃−1],

pn−1τ−2|R̃K−CV (µ1)− R̃K−CV (µ2)| ≤ C̃1|µ1 − µ2|+ oP

(
pn−1τ−2

)
.

Proof. By the Woodbury identity, we deduce that

(
1

n
X⊤
(−i)X(−i) + cnτ

−1µ−1I
)−1

− c−1
n τµI

= −c
−2
n τ2µ2

n
X⊤
(−i)

(
I+

c−1
n τµ

n
X(−i)X

⊤
(−i)

)−1

X(−i).

Hence, we arrive at:

sup
1≤i≤K

µ∈[0,c̃−1]

cnτ
−3 log−1(p)

∥∥∥( 1

n
X⊤
(−i)X(−i) + cnτ

−1µ−1I
)−1

− c−1
n τµI+

c−2
n τ2µ2

n
X⊤
(−i)X(−i)

∥∥∥
= sup

1≤i≤K
µ∈[0,c̃−1]

c−1
n µ2τ−1 log−1(p)

∥∥∥ 1
n
X⊤
(−i)

[(
I+

c−1
n τµ

n
X(−i)X

⊤
(−i)

)−1

− I
]
X(−i)

∥∥∥
≤ sup

1≤i≤K
µ∈[0,c̃−1]

µ3c−2
n log−1(p)

∥∥∥∥ 1nX⊤
(−i)X(−i)

∥∥∥∥2 P−→ 0. (1.70)

The last inequality is a consequence of Eq. (1.30) and the fact that

∥∥∥∥∥
(
I+

c−1
n τµ

n
X(−i)X

⊤
(−i)

)−1

− I

∥∥∥∥∥ ≤
∥∥∥∥∥
(
I+

c−1
n τµ

n
X(−i)X

⊤
(−i)

)−1
∥∥∥∥∥ · c−1

n τµ

∥∥∥∥ 1nX⊤
(−i)X(−i)

∥∥∥∥
≤ c−1

n τµ

∥∥∥∥ 1nX⊤
(−i)X(−i)

∥∥∥∥ .
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On the other hand, by direct calculation we have that R̃K−CV (µ1)− R̃K−CV (µ2) equals:

K∑
i=1

(
1

n
∥X(i)β̂

i
τ−1µ−1

1
∥2 − 1

n
∥X(i)β̂

i
τ−1µ−1

2
∥2
)
− 2

n
y⊤(i)X(i)(β̂

i
τ−1µ−1

1
− β̂i

τ−1µ−1
2
)

=:
K∑
i=1

W1i(µ1, µ2)−W2i(µ1, µ2).

We next investigate W1i(µ1, µ2) and W2i(µ1, µ2) separately. For W1i(µ1, µ2), we have

W1i(µ1, µ2) ≤
1

n

∥∥∥∥X(i)(β̂
i
τ−1µ−1

1
− β̂i

τ−1µ−1
2
)

∥∥∥∥ · ∥X(i)β̂
i
τ−1µ−1

1
∥

+
1

n
∥X(i)β̂

i
τ−1µ−1

2
∥ ·
∥∥∥∥X(i)(β̂

i
τ−1µ−1

1
− β̂i

τ−1µ−1
2
)

∥∥∥∥ .
Define β̃i

τ−1µ−1
1

= 1
n

[
c−1
n τµ1I− c−2

n τ2µ21
n X⊤

(−i)X(−i)

]
X⊤
(−i)y(−i). Observe that

sup
µ1∈[0,c̃−1]

1√
n

∥∥∥∥X(i)β̂
i
τ−1µ−1

1
−X(i)β̃

i
τ−1µ−1

1

∥∥∥∥
= OP(τ

3 log(p)) = oP(c
−1/2
n τ), (1.71)

where we use Eq. (1.70), Eq. (1.30), and Eq. (1.66). Additionally, it is easy to verify that

sup
µ1∈[0,c̃−1]

1√
n

∥∥∥∥ 1nX(i)β̃
i
τ−1µ−1

1

∥∥∥∥
= sup
µ1∈[0,c̃−1]

1√
n

∥∥∥∥∥ 1nX(i)

[
c−1
n τµ1I−

c−2
n τ2µ21
n

X⊤
(−i)X(−i)

]
X⊤
(−i)y(−i)

∥∥∥∥∥
≤ c−1

n τ c̃−1

n
√
n

∥∥∥X(i)X
⊤
(−i)y(−i)

∥∥∥+ c−2
n τ2c̃−2

n2
√
n

∥∥∥X(i)X
⊤
(−i)X(−i)X

⊤
(−i)y(−i)

∥∥∥ .
For the first term, by Eq. (1.66), it equals

c−1
n τ c̃−1

n
√
n

∥∥∥Z(i)Σ1/2
2 X⊤

(−i)y(−i)
∥∥∥ d
=
c−1
n τ c̃−1

n
√
n

√
χ2(n/K)

∥∥∥Σ1/2
2 X⊤

(−i)y(−i)
∥∥∥ ≤ C̃1

2
c
−1/2
n τ,
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w.p.a.1 for some constant C̃1 that only depends on fixed constants. The second term can be

bounded in the same way. Therefore, we have

sup
µ1∈[0,c̃−1]

1√
n
∥X(i)β̂

i
τ−1µ−1

1
∥ ≤ C̃1c

−1/2
n τ + oP(c

−1/2
n τ). (1.72)

Analogously, we can prove that 1√
n
∥X(i)(β̂

i
τ−1µ−1

1

− β̂i
τ−1µ−1

2

)∥ ≤ C̃1|µ1 − µ2|c−1/2
n τ +

oP(c
−1/2
n τ) holds uniformly for µ1, µ2 ∈ [0, c̃−1], where C̃1 is a fixed constant that may vary

from line to line. In light of this, we deduce that: sup1≤i≤KW1i(µ1, µ2) ≤ C̃2
1c

−1
n τ2|µ1 −

µ2|+ oP(c
−1
n τ2) holds w.p.a.1 uniformly for µ1, µ2 ∈ [0, c̃−1].

To bound W2i(µ1, µ2), we first define W̃2i(µ1, µ2) =
2
ny

⊤
(i)
X(i)(β̃

i
τ−1µ−1

1

− β̃i
τ−1µ−1

2

). By

Eq. (1.71), it holds that

sup
µ1,µ2∈[0,c̃−1]

|W̃2i(µ1, µ2)−W2i(µ1, µ2)| ≤
2

n
∥y⊤(i)∥∥X(i)(β̃

i
τ−1µ−1

1
− β̂i

τ−1µ−1
1
)∥

+
2

n
∥y⊤(i)∥∥X(i)(β̃

i
τ−1µ−2

1
− β̂i

τ−1µ−1
2
)∥ = OP(τ

3 log(p)) = oP(c
−1
n τ2).

Moreover, employing a similar argument to that used in proving Eq. (1.72), we have

sup
µ1,µ2∈[0,c̃−1]

|W̃2i(µ1, µ2)|

= sup
µ1,µ2∈[0,c̃−1]

∣∣∣∣∣ 2ny⊤(i)X(i)
1

n

[
c−1
n τ(µ1 − µ2)I−

c−2
n τ2(µ21 − µ22)

n
X⊤
(−i)X(−i)

]
X⊤
(−i)y(−i)

∣∣∣∣∣
≲ |µ1 − µ2|

c−1
n τ

n2

∣∣∣y⊤(i)X(i)X
⊤
(−i)y(−i)

∣∣∣+ |µ1 − µ2|
c−2
n τ2

n3

∣∣∣y⊤(i)X(i)X
⊤
(−i)X(−i)X

⊤
(−i)y(−i)

∣∣∣ .
For the first term, by Lemmas 2 and 3, it is easy to verify that

c−1
n τ

n2

∣∣∣y⊤(i)X(i)X
⊤
(−i)y(−i)

∣∣∣ ≤ c−1
n τ

n2

∣∣∣ε⊤(i)X(i)X
⊤
(−i)ε(−i)

∣∣∣+ c−1
n τ

n2

∣∣∣ε⊤(i)X(i)X
⊤
(−i)X(−i)β0

∣∣∣
+
c−1
n τ

n2

∣∣∣β⊤0 X⊤
(i)X(i)X

⊤
(−i)ε(−i)

∣∣∣+ c−1
n τ

n2

∣∣∣β⊤0 X⊤
(i)X(i)X

⊤
(−i)X(−i)β0

∣∣∣ ≤ C̃1c
−1
n τ2,
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for some constant C̃1 w.p.a.1. The second term can be shown analogously. As a result, we

have sup1≤i≤KW2i(µ1, µ2) ≤ C̃1c
−1
n τ2|µ1−µ2|+ oP(c

−1
n τ2) w.p.a.1, uniformly for µ1, µ2 ∈

[0, c̃−1]. Combining the bounds for W1i(µ1, µ2) and W2i(µ1, µ2) concludes the proof.

Lemma 21. A1 to A3 defined in (1.34) converge to zero w.p.a. 1.

Proof. For A1, by using the same argument as Eq. (1.62) and noting that λoptn ≍ τ−1,

λ̂K−CV
n ≍P τ

−1 and τ(λoptn − λ̂K−CV
n ) = oP(1), we have

|A1| ≲ cnτ
−2∥β̂cv − β̂opt∥∥β̂cv∥ ≲P cnτ

−2 · c−1/2
n |λoptn − λ̂K−CV

n |τ2 · c−1/2
n τ = oP(1).

Similarly, A2 = oP(1). To proveA3 = oP(1), define β̃(λn) = 1
n

[
c−1
n λ−1

n I− c−2
n λ−2

n
n X⊤X

]
X⊤y

and write β̃(λ̂K−CV
n ) as β̃cv and β̃(λ

opt
n ) as β̃opt for simplicity. By using a similar result as

Eq. (1.70) as well as the fact n−1∥X⊤y∥ ≲ n−1∥X∥∥y∥ ≲P c
1/2
n according to Lemma 6, we

have

cnτ
−2|(β̂opt − β̃opt)

⊤Σ2β0| ≲ cnτ
−2∥β̂opt − β̃opt∥∥β0∥

≲cnτ
−2

∥∥∥∥∥
(
1

n
X⊤X + cnλ

opt
n I
)−1

− c−1
n (λ

opt
n )−1I+

c−2
n (λ

opt
n )−2

n
X⊤X

∥∥∥∥∥
∥∥∥∥ 1nX⊤y

∥∥∥∥ · ∥β0∥
=oP(cnτ

−2 · c−1
n τ3 log(p) · c1/2n · τ1/2) = oP(c

1/2
n τ3/2 log(p)) = oP(1),

where the last equation holds by Assumption 4. Similarly, cnτ−2|(β̂cv− β̃cv)⊤Σ2β0| = oP(1).

Therefore, A3 = oP(1) follows by cnτ−2(β̃opt − β̃cv)
⊤Σ2β0 = oP(1). Note that

cnτ
−2(β̃opt − β̃cv)

⊤Σ2β0 = n−1τ−2((λ̂K−CV
n )−1 − (λ

opt
n )−1)β⊤0 Σ2X

⊤y

− n−2c−1
n τ−2((λ̂K−CV

n )−2 − (λ
opt
n )−2)β⊤0 Σ2X

⊤XX⊤y =: B1 +B2.
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By Lemma 2 and Lemma 3, we have

B1 = oP(τ
−1((λ̂K−CV

n )−1 − (λ
opt
n )−1)

)
= oP(1).

The same argument proves B2 = oP(1), leading to A3 = oP(1), which concludes the proof.

Lemma 22. The objecive function in (1.36) is convex with respect to α and jointly concave

with respect to (δ, γ). Additionally, as long as Eq. (1.38) holds, we have Eq. (1.35).

Proof. Define Snw = {w
∣∣cnτ−1σxσβ + cα/4σβ ≤ cn∥w∥ ≤ cnτ

−1σxσβ +Cα/σβ}. Analogous

to the result proved by Lemma 15, if the solution ŵB to the following problem

min
w∈Sn

w

cn
n
∥τ1/2Σ1/2

1 Zw̃ − τ−1ε∥2 + cnτ
−1/2λn√
n

∥Σ−1/2
2 w + τ−3/2β0∥1 −

cnτ
−2

n
∥ε∥2 − C

ϕ
n

(1.73)

satisfies cn∥ŵB∥− cnτ
−1σxσβ ∈ [cα/2σβ + ϵ, Cα/2σβ − ϵ] w.a.p.1, then the same holds true

for ŵ, which leads to the desired result, (1.35). In light of this, without ambiguity we now

directly focus on (1.73), and refer to ŵB as ŵ for ease of notation.

Note that for any vector x, it holds that ∥x∥2 = maxu
√
nu⊤x − n∥u∥2/4, and ∥x∥1 =

max∥v∥∞≤1 v
⊤x. By applying these equations to ∥τ1/2Σ1/2

1 Zw̃ − τ−1ε∥2 and ∥Σ−1/2
2 w +

τ−3/2β0∥1, and letting ũ := Σ
1/2
1 u, the problem (1.73) can be reformulated as:

min
w∈Sn

w

max
ũ

∥v∥∞≤1

cnτ
1/2

√
n

ũ⊤Zw − cnτ
−1

√
n

ũ⊤Σ−1/2
1 ε− cn∥Σ−1/2

1 ũ∥2
4

+
cnτ

−2λn√
n

v⊤β0

+
cnτ

−1/2λn√
n

v⊤Σ−1/2
2 w − cnτ

−2

n
∥ε∥2 − C

ϕ
n . (1.74)

For convenience, we shall continue to employ u in place of ũ throughout the remainder of
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the proof. Let Snu = {u
∣∣∥u∥ ≤ 4τ−1√C1Cε}. Similar to the proof of Lemma 14, w.a.p.1,

min
w∈Sn

w

max
u∈Snu

∥v∥∞≤1

cnτ
1/2

√
n

u⊤Zw − cnτ
−1

√
n

u⊤Σ−1/2
1 ε− cn∥Σ−1/2

1 u∥2
4

+
cnτ

−2λn√
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+
cnτ

−1/2λn√
n

v⊤Σ−1/2
2 w − cnτ

−2

n
∥ε∥2 − C

ϕ
n (1.75)

is equivalent to Eq. (1.74). Next, we construct an auxiliary optimization problem:

ϕ(g, h) = max
0≤δ≤4τ−1

√
C1Cε

∥v∥∞≤1

min
w∈Sn

w

max
∥u∥=δ

Rn(w, v, u), where

Rn(w, v, u) =
cnτ

1/2
√
n

∥w∥g⊤u− cnτ
1/2

√
n

∥u∥h⊤w − cnτ
−1

√
n

u⊤Σ−1/2
1 ε− cn∥Σ−1/2

1 u∥2
4

+
cnτ

−2λn√
n

v⊤β0 +
cnτ

−1/2λn√
n

v⊤Σ−1/2
2 w − cnτ

−2

n
∥ε∥2 − C

ϕ
n ,

(1.76)

and both g ∈ Rn and h ∈ Rp are standard Gaussian vectors, independent of all other random

variables. Moreover, let S̃n := {w
∣∣cα/2σβ + ϵ < cn∥w∥ − cnτ

−1σxσβ < Cα/2σβ − ϵ}, define

ϕS̃c
n
(g, h) as the optimal value of the optimization problem (1.76), with w ∈ Snw ∩ S̃cn.

Lemma 23 characterizes the limiting behavior of the optimal solution to (1.75), ŵ, and

in turn, proves the desired (1.35), under conditions pertaining to the optimization problem

(1.76). Therefore, we only need show that conditions outlined in Lemma 23 hold as long as

(1.38) holds. That is, under (1.38), we need to prove the existence of the constants ϕ̄ < ϕ̄S̃c
n

such that for all η > 0, w.a.p.1, ϕ(g, h) < ϕ̄+ η and ϕS̃c
n
(g, h) > ϕ̄S̃c

n
− η.

Following the same argument as in the proof of Lemma 14, after maximizing over the
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direction of u and minimizing over the direction of w, Eq. (1.76) becomes equivalent to:

max
0≤δ≤4τ−1

√
C1Cε

∥v∥∞≤1

min
α∈Kα

− cnδ
2

4
µn(α, δ) +

cn
n
(τ1/2αg − τ−1Σ

−1/2
1 ε)⊤(Σ−1

1 − µn(α, δ)I)−1

× (τ1/2αg − τ−1Σ
−1/2
1 ε)− cn

∥∥∥n−1/2τ1/2δh− n−1/2τ−1/2λnΣ
−1/2
2 v

∥∥∥α
+
cnτ

−2λn√
n

v⊤β0 −
cnτ

−2

n
∥ε∥2 − C

ϕ
n ,

where Kα = {α|cnα−cnτ−1σxσβ ∈ [cα/4σβ , Cα/σβ ]}. By Lemma 17, the objective function

of the above optimization problem is convex in α and jointly concave in (δ, v). Consequently,

we can interchange the order of min and max by applying Corollary 3.3 in Sion [1958].

Applying ∥x∥ = minγ>0
1
2γ∥x∥2 + γ

2 to
∥∥∥n−1/2τ1/2δh⊤ − n−1/2τ−1/2λnv

⊤Σ−1/2
2

∥∥∥α, and

By completing the square for terms associated with v, we can rewrite this problem as (1.36).

As a consequence, we conclude that (1.36) is convex with respect to α and jointly concave

with respect to (δ, γ).

Finally, based on the above argument, we conclude that under (1.38), for all η > 0,

w.a.p.1, ϕ(g, h) < ϕ̄+ η and ϕS̃c
n
(g, h) > ϕ̄S̃c

n
− η by choosing ϕ̄ = − Cλ

8C2
and ϕ̄S̃c

n
= − Cλ

100C2
,

thereby verifying conditions outlined in Lemma 23.

Next, we introduce a lemma that resembles Lemma 16.

Lemma 23. Let ŵ denote an optimal solution of Eq. (1.75). Regarding ϕ(g, h) and

ϕS̃c
n
(g, h), as introduced and discussed in relation to Eq. (1.76), suppose there are constants

ϕ̄ and ϕ̄S̃c
n

with ϕ̄ < ϕ̄S̃c
n
, such that for all η > 0, the following hold w.a.p.1 as n → ∞: (a)

ϕ(g, h) < ϕ̄+ η, (b) ϕS̃c
n
(g, h) > ϕ̄S̃c

n
− η. Under these conditions, we have ŵ ∈ S̃n w.p.a.1.

Lemma 24. There exists some sufficiently small ϵ > 0, such that for any η > 0, w.p.a.1,

the inequalities in (1.38) hold.
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Proof. By Eq. (1.61) in Lemma 18, we have the following result:

− cnδ
2

4
µn(α, δ) +

cn
n

(
τ1/2αg − τ−1Σ

−1/2
1 ε

)⊤ (
Σ−1
1 − µn(α, δ)I

)−1 (
τ1/2αg − τ−1Σ

−1/2
1 ε

)
= cnτ

−1σ2xσ
2
β − cnσ

2
εθ3µ

2(σxσβ , δ
∗
1, δ2) + 2σxσβα2 +

cnτ
−2

n
∥ε∥2 + oP(1).

Additionally, by Lemmas 2-3 and p1/2τ−1n−1q−1/2 = o(1) by Assumption 4, we deduce

that −cnγ
2 + cnγτ

−3

2α2
β0Σ2β0 +

cnτ
−1δ√
n

h⊤Σ1/2
2 β0

P−→ − γ1α2
σxσβ

. In the sequel, we examine the

asymptotic behavior of the remaining term in Q̃n(α2, δ3, γ1):

min
∥v∥∞≤1

{
cnα

2

2γ

∥∥∥n−1/2τ−1/2λnΣ
−1/2
2 v − n−1/2τ1/2δh− γ

α2
τ−3/2Σ

1/2
2 β0

∥∥∥2} . (1.77)

By using ∥Σ−1
2 ∥ ≤ c−1

2 , we see (1.77) is upper bounded by

cnα
2

2γc2
min

∥v∥∞≤1

{∥∥∥n−1/2τ−1/2λnv − n−1/2τ1/2Σ
1/2
2 δh− γ

α2
τ−3/2Σ2β0

∥∥∥2 }
=
cnα

2

2γc2

∥∥∥∥(∣∣∣n−1/2τ1/2Σ
1/2
2 δh+

γ

α2
τ−3/2Σ2β0

∣∣∣− n−1/2τ−1/2λn

)
+

∥∥∥∥2 .
Similarly, with λminΣ

−1
2 ≥ C−1

2 , (1.77) is lower bounded by cnα
2

2γC2

∥∥(|n−1/2τ1/2Σ
1/2
2 δh +

γ
α2
τ−3/2Σ2β0| − n−1/2τ−1/2λn

)
+

∥∥2. Together with Lemma 25, we deduce that, w.p.a.1,

(1.77) lies in
[
σ2xσ

2
β

4γ1C2
Cλ,

σ2xσ
2
β

γ1c2
Cλ

]
.

Recall that Q̃n(α2, δ3, γ1) is defined in (1.37). We introduce Q̃upper
n (α2, δ3, γ1), defined

as:

− cnδ
2

4
µn(α, δ) +

cn
n
(τ1/2αg − τ−1Σ

−1/2
1 ε)⊤(Σ−1

1 − µn(α, δ)I)−1(τ1/2αg − τ−1Σ
−1/2
1 ε)

− cnγ

2
−

σ2xσ
2
β

4γ1C2
Cλ +

cnγτ
−3

2α2
β0Σ2β0 +

cnτ
−1δ√
n

h⊤Σ1/2
2 β0 −

cnτ
−2

n
∥ε∥2 − C

ϕ
n .

Similarly, we define Q̃lower
n with the term − σ2xσ

2
β

4γ1C2
Cλ in Q̃upper

n being replaced by −σ2xσ
2
β

γ1c2
Cλ.
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Consequently, Q̃lower
n ≤ Q̃n ≤ Q̃

upper
n . Note also that Q̃lower

n (α2, δ2, γ1) and Q̃upper
n (α2, δ3, γ1)

maintain their convexity in α2 and joint concavity in (δ3, γ1). By employing a similar line

of reasoning as presented in Lemma 18, alongside the definitions of cα and Cα, it becomes

evident that there exists a sufficiently small ϵ > 0 such that

min
α2∈[ cα

4σβ
,Cα
σβ

]
max
γ1>0

δ3∈Kδ3

Q̃
upper
n

P−→ − Cλ
8C2

,

and min
α2∈[ cα

4σβ
, cα2σβ

+ϵ]∪[ Cα
2σβ

−ϵ,Cα
σβ

]
max
γ1>0

δ3∈Kδ3

Q̃lower
n

P−→ − Cλ
100C2

.

These results immediately yield the desired inequalities.

Lemma 25. For any α2, δ3 ∈ R and γ1 > 0, w.p.a.1, we have

Cλ
2

≤ cnτ
−1
∥∥∥∥(∣∣∣n−1/2τ1/2Σ

1/2
2 δh+

γ

α2
τ−3/2Σ2β0

∣∣∣− n−1/2τ−1/2λn

)
+

∥∥∥∥2 ≤ 2Cλ. (1.78)

Proof. We first establish the following:

cnn
−1τ−2

{∥∥∥(∣∣∣Σ1/2
2 δ∗1h

∣∣∣− λn

)
+

∥∥∥2 − E
∥∥∥(∣∣∣Σ1/2

2 δ∗1h
∣∣∣− λn

)
+

∥∥∥2} P−→ 0. (1.79)

Let h̃ := Σ
1/2
2 h ∼ N (0,Σ2). Let us denote the (i, j)-th element of Σ2 as Σ2,ij , thus we

have h̃j |h̃i d= Σ2,ijΣ
−1
2,iih̃i +

√
Σ2,jj − Σ−1

2,iiΣ
2
2,ijg1, where g1 is a standard Gaussian random

variable independent of h̃i. Consequently, Cov
(
(|δ∗1h̃i| − λn)

2
+, (|δ∗1h̃j | − λn)

2
+

)
equals

E
{
(|δ∗1h̃i| − λn)

2
+E
[
(|δ∗1h̃j | − λn)

2
+ − E(|δ∗1h̃j | − λn)

2
+|h̃i

]}
=E

{
(|δ∗1h̃i| − λn)

2
+E
[
η(h̃i)

2 − η(g2)
2
∣∣∣h̃i]} ,

where η(x) :=
(∣∣∣δ∗1 (Σ2,ijΣ

−1
2,iix+

√
Σ2,jj − Σ−1

2,iiΣ
2
2,ijg1

)∣∣∣− λn

)
+

and g2 ∼ N (0,Σ2,ii) is

independent of both g1 and h̃i. In addition, note that
∣∣∣η(h̃i)2 − η(g2)

2
∣∣∣ ≤ |δ∗1Σ2,ijΣ

−1
2,ii(h̃i−
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g2)| ·
∣∣∣η(h̃i) + η(g2)

∣∣∣ . Applying the Cauchy-Schwarz inequality to the above inequality yields

E
[
η(h̃i)

2 − η(g2)
2
∣∣∣h̃i] ≲ (E(|Σ2,ijΣ

−1
2,ii(h̃i − g2)|2

∣∣h̃i))1/2
(
E
(
η(g2)

2 + η(h̃i)
2
∣∣∣h̃i)

)1/2

≲ |Σ2,ijΣ
−1
2,ii|
√

Σ2,ii + h̃2i

√
Σ2
2,ijΣ

−2
2,iih̃

2
i + EY∼N (0,1)(|δ∗1Σ2,jjY | − λn)2+

≲ |Σ2,ij |(1 + |h̃i|)
(
|Σ2,ij ||h̃i|+

√
EY∼N (0,1)(|δ∗1Σ2,jjY | − λn)2+

)
,

where the last step is due to c2 ≤ Σ2,ii ≤ C2. Therefore, by Lemma 11, we have

Cov
(
(|δ∗1h̃i| − λn)

2
+, (|δ∗1h̃j | − λn)

2
+

)
≲|Σ2,ij |(λn + 1)

√
EY∼N (0,1)(|δ∗1Σ2,jjY | − λn)2+E(|δ∗1h̃i| − λn)

2
+

+ Σ2
2,ij(λ

2
n + λn)E(|δ∗1h̃i| − λn)

2
+.

Further, by Lemma 10 and Eq. (1.9), we have λn = o(log(p)). The above inequality leads

to:

Var

(
cnn

−1τ−2
∥∥∥∥(∣∣∣Σ1/2

2 δ∗1h
∣∣∣− λn

)
+

∥∥∥∥2
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+ c2nn
−2τ−4(log(p))2
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= O
(
c
1/2
n n−1/2τ−1 log(p) + cnn

−1τ−2 log2(p)
)
= on(1),

where we use
∑p
j=1Σ

2
2,ij ≤ C2

2 and Cauchy–Schwartz inequality in the second step. This
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leads to Eq. (1.79). Using the same approach, we can prove

∥∥∥∥(∣∣∣Σ1/2
2 δ∗1h

∣∣∣− λn + log−1(p)
)
+

∥∥∥∥2 − E
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)
+

∥∥∥∥2 = oP(c
−1
n nτ2).

Now we are ready to establish Eq. (1.78). Note that w.p.a.1, we have

cnτ
−1
∥∥∥∥(∣∣∣n−1/2τ1/2Σ

1/2
2 δh+

γ

α2
τ−3/2Σ2β0
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)
+
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2 δ∗1h
∣∣∣− λn + log−1(p)

)
+

∥∥∥∥2 ,
where the inequality is given by Lemma 12 and the facts that τ log4(p) = o(1) and that

n1/2τ1/2p−1/2q−1/2 log2(p) = o(1) by Assumption 4. Similarly, the left-hand-side is lower

bounded by 1
2cnn

−1τ−2E
∥∥(∣∣Σ1/2

2 δ∗1h
∣∣ − λn − log−1(p)

)
+

∥∥2 w.p.a.1. Finally, by Lemma

10 and the fact that λn = o(log(p)), it is not hard to verify that E
∥∥(|Σ1/2

2 δ∗1h| − λn −

log−1(p)
)
+

∥∥2 = E
∥∥(|Σ1/2

2 δ∗1h| − λn
)
+

∥∥2(1+o(1)) and E
∥∥(|Σ1/2

2 δ∗1h|−λn+log−1(p)
)
+

∥∥2 =

E
∥∥(|Σ1/2

2 δ∗1h| − λn
)
+

∥∥2(1 + o(1)
)
. Together with the definition that

Cλ = lim
n→∞ pn−2τ−2E

∥∥(|Σ1/2
2 δ∗1h| − λn

)
+

∥∥2
given by Eq. (1.9), we conclude the proof.

Lemma 26. Eq. (1.43) defined in the proof of Theorem 5 holds as n→ ∞.
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Proof. Note that ∥β̂ − β̃∥2 is upper bounded by

2

n2
∥RUU⊤MW (Uβ0 + ϵ)−RUU

⊤(Uβ0 + ϵ)∥2 + 2

n2
∥(RU − R̃U )U
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≤ 4

n2
∥RUU⊤MW ε−RUU

⊤ε∥2 + 4

n2
∥RUU⊤MWUβ0 −RUU

⊤Uβ0∥2

+
4

n2
∥(RU − R̃U )U

⊤ε∥2 + 4

n2
∥(RU − R̃U )U

⊤Uβ0∥2.

For the first term, using ∥RU∥ ≲P np
−1τ , ∥U⊤U∥ ≲P p, and Lemma 2, we have

4

n2
∥RUU⊤MW ε−RUU

⊤ε∥2 ≍P
1

n2
Tr((MWU − U)R2

U (U
⊤MW − U⊤))

=
1

n2
Tr(U⊤W (W⊤W )−1W⊤UR2

U ) ≲P p
−1τ2 rank(W ).

Similarly, it can be shown that the second term is of order OP(p
−1τ2 rank(W )). In addition,

by Lemma 2, and using the fact that Tr(AB) ≤ ∥A∥Tr(B) and ∥R̃U∥ ≲P np
−1τ , we have

4

n2
∥(RU − R̃U )U

⊤ε∥2 ≍P
1

n2
Tr(U(RU − R̃U )

2U⊤) ≤ 1

n2
∥U⊤U∥Tr((RU − R̃U )

2)

≲P
p

n2
Tr((RU (R̃

−1
U −R−1

U )R̃U )
2) =

p

n4
Tr((RUU

⊤W (W⊤W )−1W⊤UR̃U )2)

≤ p

n4
∥RU∥2∥R̃U∥2∥U⊤U∥2Tr(W (W⊤W )−1W⊤) ≲P p

−1τ4 rank(W ).

Similarly, the final term is of order OP(p
−1τ4 rank(W )). To sum up, we have ∥β̂ − β̃∥2 =

O(p−1τ2 rank(W )) = o(n2p−2τ3), since rank(W ) = o(n2p−1τ).
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CHAPTER 2

DEEP AUTOENCODERS FOR NONLINEAR FACTOR

MODELS: THEORY AND APPLICATIONS

2.1 Introduction

Autoencoders (AEs) are specialized neural network (NN) models designed to replicate their

inputs at their outputs, playing a fundamental role in unsupervised machine learning. These

networks, which gained traction since the 1980s (e.g., LeCun [1987]), have a canonical ar-

chitecture with two main components: an encoder, which compresses the inputs into a

lower-dimensional representation known as features, codes, embeddings, or factors, and a

decoder, which reconstructs the inputs from this compressed form.

We are particularly drawn to AEs due to their close connection with linear factor models

and their capability in conducting nonlinear dimensionality reduction. It is well-documented

(e.g., Baldi and Hornik [1989]) that a single-layer AE with linear activations is equivalent to

Principal Component Analysis (PCA), with the number of neurons in that layer correspond-

ing to the number of components. PCA has been extensively studied, both theoretically and

empirically, demonstrating its effectiveness in estimating linear factor models widely used in

macroeconomics [Stock and Watson, 1999, Bai and Ng, 2002] and finance [Chamberlain and

Rothschild, 1983, Connor and Korajczyk, 1986]. Beyond factor analysis, PCA has also been

applied in matrix completion (Bai and Ng [2021]) and causal inference (Agarwal and Singh

[2024]). The success of PCA motivates extending theoretical guarantees to AEs, particularly

for data-generating processes (DGPs) with nonlinear low-dimensional structures.

Despite the broad application of AEs in machine learning, there has been scant research

providing theoretical justifications. To address this gap, our paper positions AEs as es-

timators for nonlinear factor models, setting the stage for a systematic investigation into

their statistical properties. Within this framework, we explore several pivotal questions to
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advance our understanding of deep and nonlinear AEs. These include whether AEs can ef-

fectively identify and extract common structures in the input data, and if so, what statistical

error bounds characterize this recovery. We also examine how architectural parameters of

AEs, such as depth, width, and the number of neurons, affect AEs’ statistical performance.

Furthermore, we investigate whether AEs can recover hidden low-dimensional embeddings

inherent in nonlinear factor models. Addressing these questions theoretically lays the ground-

work for broader methodological and applied uses of AEs across disciplines.

Our contributions are threefold. First, on model, we introduce a variant of the canonical

AE architecture, termed Disjoint Output AEs. This architecture retains the fully connected

encoder, with its output—the bottleneck layer—serving as the intermediary between the

encoder and decoder. The bottleneck layer consists of multiple neurons, whose number cor-

responds to the dimensionality of the embeddings, akin to the number of factors in a linear

factor model. The decoder departs from the standard fully connected design by using sepa-

rate subnetworks to map the entire embedding to each individual output, thereby inducing a

sparse-link structure. While this architecture is a special case of the fully connected decoder

and does not expand the general approximation capacity of AEs, its structured sparsity

enables us to address theoretical challenges more tractably. In particular, this architecture

preserves the AE’s capacity to approximate a broad class of nonlinear factor model DGPs,

yielding desirable approximation errors—defined as the difference between the true nonlin-

ear function and its optimal approximation within the AE class. Moreover, the reduced

number of weight parameters accelerates training and lowers estimation error, defined as the

difference between this optimal approximation and the estimated AE.

Second, on theory, we establish non-asymptotic guarantees for AE’s convergence rates

in approximating the common components of input data. Our analysis accommodates both

increasing depth of AE architecture and width of any layer—including the embedding di-

mension. We demonstrate that AE’s convergence rate is driven by two key components: the
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approximation and estimation errors in recovering latent factors via the encoder, and the

corresponding errors in reconstructing the input through the decoder.

The encoder’s estimation error in recovering latent factors decreases with increasing input

dimensionality, reflecting a form of the “blessings of dimensionality” observed in linear factor

models. Importantly, the AE maintains an optimal convergence rate as long as the bottleneck

layer’s width is bounded—even if it exceeds the true dimensionality of the factors in the DGP.

For the encoder’s approximation error, we analyze two scenarios: in the first, the encoder

is over-parameterized, achieving zero training error but risking divergence out of sample; in

the second, the encoder is appropriately parameterized, achieving diminishing approximation

errors in both in sample and out of sample, under a pervasiveness condition analogous to

that in linear factor models.

The other source of error arises from the decoder and concerns the approximation and

estimation of the mapping from latent factors to observables. As sample size grows, this

component vanishes at the optimal nonparametric regression rate—as if the latent embed-

dings were directly observed. This is conceptually similar to error bound in nonparametric

regression, as in our case the “loadings” are high-dimensional nonlinear functions.

Finally, our theoretical results further extend to the convergence rate of the factors them-

selves, which are identifiable up to invertible functional transformations. We show that AEs

recover these latent factors at the same convergence rate, modulo such transformations,

completing the theoretical foundation for nonlinear factor recovery using AEs.

Third, on empirical methodology, we extend our results to supervised AEs (SAEs),

demonstrating their applicability in factor-augmented regressions and structured matrix

completion, thereby broadening the AE framework’s relevance in economics. We further

illustrate the empirical potential of AEs and SAEs through three distinct applications: fore-

casting a panel of macroeconomic indicators; predicting the cross-section of factor returns;

and conducting causal analysis with corrupted covariates. In all three cases, AEs significantly
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outperform PCA due to their superior ability to extract nonlinear factors.

Our work contributes to the growing literature on nonlinear factor models, which—despite

early appearances in psychology, notably by McDonald [1962]—have long posed significant

challenges due to their inherent complexity. Traditional approaches often rely on parametric

methods and operate under restrictive assumptions. More recently, building on the insight

that certain nonlinear factor models can be effectively approximated by low-rank matrices,

Agarwal et al. [2021] show that PCA remains robust in recovering common components even

in nonlinear settings, while Freeman and Weidner [2023] apply this idea to estimate panel

regressions with two-way unobserved heterogeneity featuring a nonlinear factor structure.

Extending this line of inquiry, Feng [2023] considers a broader class of models originally

proposed by Amemiya and Yalcin [2001], and introduces a local PCA method inspired by

local regression techniques. This approach achieves a convergence rate consistent with our

theoretical results. However, while this approach is effective at noise reduction, it falls short

of constructing the underlying factors as the locally estimated components lack integration

into a cohesive time series of factors. By contrast, the encoder of AEs provides a global

solution for factor construction, integrating information across the entire dataset to form

cohesive factors. Additionally, AEs are versatile, extending to various NN architectures that

can capture complex data types, including text and images, making them broadly applicable

across diverse domains.

Our paper adds to the growing body of literature on the theoretical properties of deep neu-

ral networks (DNNs). This literature builds on the early work of Barron [1993] and Chen and

White [1999], which establish and refine nonparametric approximation rates for single-layer

sigmoid neural networks. Chen and Shen [1998a] provide a general theory on the convergence

rate of sieve extremum estimates for time series data, incorporating single-layer sigmoid neu-

ral networks as a special case. Yarotsky [2017] explores the optimal approximation errors

in deep ReLU networks for a class of smooth functions. Building on this, Schmidt-Hieber
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[2020] and Farrell et al. [2021] derive the optimal error rate for sparse DNNs, while Kohler

and Langer [2021] demonstrate that fully connected DNNs can also achieve this optimal

rate. Additionally, works by Bauer and Kohler [2019], Nakada and Imaizumi [2020], and

Jiao et al. [2023] highlight the potential of DNNs to overcome the curse of dimensionality,

particularly when the data exhibits intrinsic low-dimensionality or when the target func-

tion has a compositional structure. Unlike these studies, which focus on supervised learning

problems for feedforward DNNs, our work investigates the theoretical properties of a specific

class of DNNs—AEs—in unsupervised learning settings.

This chapter is organized as follows: Section 2.2 presents the nonlinear factor model and

introduces Disjoint Output AEs. Section 2.3 presents the main theoretical results on the

statistical properties of these AEs and extends the analysis to SAEs. Section 2.4 conducts

simulations to validate our theoretical predictions and provide additional comparisons with

Kernel PCA. The appendix and online appendix present empirical results that illustrate the

practical applications of AEs, and include detailed mathematical proofs.

Notation: We denote the set of positive integers by N+. Furthermore, we represent

the set that includes both zero and all positive integers, {0} ∪ N+, by N0. For n ∈ N+,

we use [n] to denote the set {1, . . . , n}. For a vector x = (x1, . . . , xd)
⊤, as usual, we define

∥x∥p = (
∑d
i=1 |xi|p)

1
p , ∥x∥0 =

∑d
i=1 I(xi ̸= 0), and ∥x∥∞ = maxi |xi|. Additionally, let Pdn

be the linear span of all monomials of the form
∏d
k=1 x

rk
k for some r1, . . . , rd ∈ N+, where

r1 + · · · + rd = n. For a matrix A ∈ Rn×m, we use ∥A∥, ∥A∥0, and ∥A∥∞ to represent

its spectral norm, the number of non-zero entries, and the maximum absolute value of its

entries, respectively. Given a function f : Rn → Rm, we define ∥f∥∞ = supx∈D ∥f(x)∥∞,

where D represents the domain of f . We say f ∈ Cβ if it has β continuous derivatives

on its domain. Furthermore, we define the norm ∥ · ∥Cβ of the smooth function space Cβ

by ∥f∥Cβ := max
{
∥Dαf∥∞ : ∥α∥1 ≤ β, α ∈ Nd0

}
. For a set F , we use |F| to indicate the

number of elements within the set. We use the notation xn ≲ yn when there exists a constant
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C such that xn ≤ Cyn holds for sufficiently large n. If xn ≲ yn and yn ≲ xn, we write

xn ≍ yn for short. For two random variables X and Y , we write X ≤d Y if Y stochastically

dominates X and X d
= Y if X has the same distribution as Y . For a sub-Gaussian variable

X, its sub-Gaussian norm is defined as ∥X∥ψ2 = inf
{
c > 0 : E

[
exp

(
X2/c2

)]
≤ 2
}
.

2.2 Model Setup

We begin by introducing the underlying DGP that will be used to characterize the statistical

properties of AEs.

2.2.1 Nonlinear Factor Model

We model the observed data, Xit, for i = 1, 2, . . . , N and t = 1, 2, . . . , T , based on a frame-

work initially proposed by Amemiya and Yalcin [2001]:

Xit = X⋆
it + Uit = φ⋆i (F

⋆
t ) + Uit, (2.1)

where the common component, denoted by X⋆
it, is governed by a potentially nonlinear factor

loading function φ⋆i (·) of a K-dimensional vector of unknown factors, F ⋆t . The term Uit

represents the noise component. We use Xt, X⋆
t , φ

⋆(F ⋆t ), and Ut to denote N × 1 vectors

containing the values for each entry of these variables at time t. Similarly, X, X⋆, and U

represent their N × T matrix versions, and F ⋆ denotes the K × T matrix of factors.

This model nests the linear factor model as a special case, where φ⋆i (x) = Λ⊤
i x, and Λi is

the K×1 column vector corresponding to the ith row of some K×N factor exposure matrix,

Λ. Other examples include the polynomial factor model, where φ⋆i (x) is a multivariate

polynomial function of x, and the additive nonlinear factor model, where φ⋆i (x) = Λ⊤
i φ(x)

for some nonlinear function φ(·). This framework also encompasses generalized linear latent

variable models, where φ⋆i (x) = φ(Λ⊤
i x), and the generalized factor model, in which φ⋆i (x) =
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φ(Λi, x) allows for flexible interactions between factor loadings and latent factors.

Next, we make assumptions regarding the bounds on various norms of Ut and F ⋆t , as well

as smoothness conditions on φ⋆i (·). A fixed constant B > 0 is introduced to jointly bound

relevant quantities in the assumptions below.

Assumption 6 (Boundedness). F ⋆t is supported on a compact set B ⊂ [−B,B]K almost

surely for all t. Conditional on F ⋆, vec(U) d
= Σ1/2 vec(Z), where Z ∈ RN×T contains inde-

pendent, zero-mean sub-Gaussian entries with sub-Gaussian norm bounded by σ2z . Moreover,

the matrix Σ is positive semi-definite with bounded spectral norm.

The bound on the support of F ⋆t may seem stronger than what is typically assumed in the

literature on linear factor models. However, this assumption is common in nonparametric

literature (see, e.g., Chen and White [1999]) and is particularly important for developing

theoretical results on NNs (e.g., Farrell et al. [2021]). In practice, this assumption is nearly

harmless, though it excludes distributions supported on the entire real line.

This assumption permits heteroscedastic noise, allowing Σ to depend on F ⋆. Additionally,

F ⋆t and Ut may follow specific time series models, such as autoregressive processes. Never-

theless, the imposed zero-mean condition on Z also implies strict exogeneity: the factors F ⋆i

are uncorrelated with the past, present, and future values of the idiosyncratic components Uj

for all i and j. While this condition may seem restrictive, it serves primarily as a technical

device for proofs and is unlikely to pose issues in empirical applications.

The bound on Σ’s spectral norm rules out strong time-series and cross-sectional depen-

dence among the entries of U . Nevertheless, it accommodates the model U = Σ
1/2
1 ZΣ

1/2
2 ,

where Σ1 and Σ2 are positive semi-definite matrices with bounded spectral norms. This

“sandwich” structure has been employed by Onatski [2005] and Ahn and Horenstein [2013a]

in their analysis of linear factor models.

Next, we impose a smoothness assumption on φ⋆i (·). As is standard in the nonparametric

literature (see, e.g., Stone [1982]), the degree of smoothness of the true underlying function
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plays a crucial role in determining how accurately it can be approximated by NNs.

Definition 3 (Hölder Ball). Let β > 0 and Ω be a subset of some Euclidean space. The

Hölder ball Hβ(Ω, C) is the set of scalar functions f : Ω → R such that

max
|α|≤⌊β⌋

sup
x∈Ω

|Dαf(x)|+ max
|α|=⌊β⌋

sup
x̸=x′

|Dαf(x)−Dαf(x′)|
∥x− x′∥β−⌊β⌋ ≤ C,

where ⌊β⌋ represents the largest integer strictly smaller than β. For a vector-valued function

f = (f1, . . . , fd)
⊤ : Ω → Rd, we say f ∈ (Hβ(Ω, C))d if fi ∈ Hβ(Ω, C).

Assumption 7 (Smoothness). There exist β ∈ N+ such that φ⋆(·) ∈ (Hβ(B, B))N .

If the factors F ⋆t were observable, estimating φ⋆i (·) would reduce to a standard (su-

pervised) nonparametric regression, approachable with methods such as sieve estimators.

However, with unobserved factors, the problem is both unsupervised and nonparametric,

requiring a different approach. We now proceed to construct AEs to jointly estimate the

latent factors and the nonlinear functions.

2.2.2 Autoencoders and Their Architecture

To lay the foundation for constructing AEs, we first introduce the key building blocks of

NNs. We begin with the rectified linear unit (ReLU) activation function, defined as σ(x) =

max(x, 0). Given v = (v1, . . . , vr) ∈ Rr, we define the shifted activation function σv : Rr →

Rr as follows:

σv


y1
...

yr

 =


σ (y1 − v1)

...

σ (yr − vr)

 .

An NN’s architecture, denoted by (d, w, n), consists of the depth d ∈ N, representing the

number of hidden layers, and the width w ∈ N, which bounds the number of neurons per
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H1

H2

Input Hidden Ouput

Figure 2.1: Illustration of Neural Network

Note: A fully connected neural network with architecture d = 1, w = 2, and n = (4, 2, 2). Input and output
neurons are in red; hidden-layer neurons are in blue.

hidden layer. The width vector n = (n0, . . . , nd+1) ∈ Nd+2 satisfies ni ≤ w for i = 1, . . . , d,

where n0 and nd+1 denote the input and output dimensions, respectively. An NN with

architecture (d, w, n) defines a function

f : Rn0 → Rnd+1 , x→ f(x) = WdσvdWd−1σvd−1 · · ·W1σv1W0x, (2.2)

where each Wi is an ni+1×ni weight matrix, and σvi is the shifted activation function with

shift vector vi ∈ Rni .1 This notation refers to a fully connected NN; if some connections are

dropped, the corresponding weights in Wi are set to zero. We refer to NNs with possibly

diverging depth as DNNs. Figure 2.1 illustrates an NN with architecture (1, 2, (4, 2, 2)).

We follow a setup similar to Schmidt-Hieber [2020], bounding the parameters of the DNN

to ensure well-behaved networks. Specifically, we define the class of DNNs as:

Fnd+1
n0 (d, w,C,B) :=

{
f of the form (2.2) : max

j=0,...,d
∥Wj∥∞ ∨ |vj |∞ ≤ C, ∥f∥∞ ≤ B

}
,

where B is specified in Assumption 6.2

1. We omit parentheses in σvi(·) when clear from context.

2. For simplicity, we omit the dependence of Fnd+1
n0 (d,w,C,B) on the width vector n.
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The first condition bounds the weight matrices and shift vectors by C. While Schmidt-

Hieber [2020] fix C = 1, we let C = T 5β+5, allowing it to scale with the sample size. This

improves DNNs’ approximation accuracy without inflating the estimation error.

The second condition imposes a uniform bound on the network outputs, independent

of the sample size or architecture. That is, we restrict attention to DNNs with bounded

outputs when used as estimators. This aligns with the boundedness of the true function

φ⋆i (·) in the DGP, as implied by Assumption 7. In practice, this constraint acts not as a

strong restriction but as a mild form of regularization.

Having introduced the basic architecture of a DNN, we are now ready to define a special

class of DNNs known as AEs. The primary objective of an AE is to reconstruct the input

from their compressed form, thereby facilitating dimensionality reduction.

...
...

DNN ρ(·) DNN φ(·)

Encoder Decoder

Figure 2.2: Illustration of Canonical Autoencoder Architecture

Note: This graph illustrates a canonical autoencoder architecture. The input is passed through a series
of hidden layers that compress the data into a central bottleneck layer—the narrowest part of the net-
work—shown here with three neurons in blue. The network then reconstructs the input through additional
layers, producing an output of the same dimension as the input.

Specifically, given an input x, an AE first applies an encoder, a DNN denoted by ρ(·),

which maps the input into a low-dimensional bottleneck, represented by a small number of

neurons in a hidden layer—this being the narrowest layer of the AE. The encoded data at

the bottleneck layer is then passed through a second DNN, called the decoder, denoted by
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...
...

...
DNN ρ(·)

DNN φ1(·)

DNN φ2(·)

DNN φ3(·)

DNN φN−1(·)

DNN φN (·)

Encoder Decoder

Figure 2.3: Illustration of Disjoint Output Autoencoder

Note: This graph illustrates a disjoint output autoencoder architecture. The encoder retains the same
structure as the canonical autoencoder’s encoder shown in Figure 2.2. The decoder, however, consists of
multiple separate DNNs, each mapping the bottleneck layer to a single output.

φ(·), which reconstructs an approximation of the original input x at the output. Figure 2.2

illustrates the canonical architecture of a vanilla AE.

Unlike standard DNNs used in supervised learning to predict an external target, AEs are

trained to reproduce the input itself. The input and output dimensions are the same, and

no additional variables are required, making AEs a natural tool for unsupervised learning.

In this paper, we shift our focus from the canonical form of AE to what we refer to as

a disjoint output AE, with its architecture depicted in Figure 2.3. This variant retains the

conventional encoder but replaces the decoder with a collection of independent DNNs, each

mapping from the bottleneck to a single output neuron.

More specifically, the encoder, a single DNN denoted as ρ(·) ∈ FK1
N (d1, w1, T

5β+5, B),

produces a K1-dimensional bottleneck layer. For each of the N outputs, a separate DNN is

employed, where each φi(·) ∈ F1
K1

(d2, w2, T
5β+5, B) is specific to the ith output neuron for

i ∈ [N ]. As a result, for an input x, the ith-output of the disjoint output AE is given by
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φi ◦ ρ(x). Formally, we define the disjoint output AE function class as follows:

FK1
AE :=

{
(φ1, . . . , φN ) ◦ ρ : ρ ∈ FK1

N (d1, w1, T
5β+5, B),

φ1, . . . , φN ∈ F1
K1

(d2, w2, T
5β+5, B)

}
. (2.3)

Consider the canonical form of an AE with a decoder of the same width as that of the dis-

joint output AE, denoted as φ◦ρ(x), where the encoder is ρ(·) ∈ FK1
N (d1, w1, T

5β+5, B), and

the decoder φ(·) ∈ FN
K1

(d2, Nw2, T
5β+5, B) is fully connected. The total number of weight

parameters in this decoder is of order O((Nw2)
2d2). In contrast, the decoder (φ1, . . . , φN )

of the disjoint output AE in FK1
AE contains at most N ×O((w2)

2d2) parameters. This design

introduces sparsity in the decoder’s weights, reducing the parameter count by a factor of N

compared to a canonical AE with the same width. While sparsity can also be induced in

a fully connected decoder through ℓ1-regularization during training, the disjoint output AE

achieves this reduction structurally, without the need for regularization.

However, this parameter reduction introduces a structural constraint: the disjoint output

decoder requires a wider architecture with a potentially excessive number of neurons. For

example, if each subnetwork φi(·) shares the same architecture and includes at least one hid-

den layer with at least one neuron, then the combined hidden layer across all N subnetworks

must contain at least N neurons—making it wider than the output layer. This rigidity stems

from the absence of parameter sharing in the disjoint design. In contrast, a fully connected

decoder may, in principle, choose a width arbitrarily smaller than N , thanks to parameter

sharing across output dimensions.

As we will explain later, despite its architectural rigidity, the disjoint output AE de-

livers strong approximation performance. It is flexible enough to capture complex, low-

dimensional nonlinear structures in the input while substantially reducing the number of

weight parameters. This reduction also helps control model complexity, leading to favor-

able statistical estimation properties. While fully connected decoders may achieve similar
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approximation and estimation with fewer parameters—potentially mitigating error through

parameter sharing—we focus on the disjoint architecture for its analytical tractability.3

The final step in constructing an AE is to specify a loss function that quantifies the

reconstruction error. This is typically done by minimizing the following objective:

(φ̂1, . . . , φ̂N ) ◦ ρ̂ = argmin

(φ1,...,φN )◦ρ∈FK1
AE

T∑
t=1

N∑
i=1

(φi(ρ(Xt))−Xit)
2 . (2.4)

This optimization problem is highly non-convex, necessitating the use of more sophisti-

cated algorithms for solving it. We will explore the optimization perspective in greater detail

in the simulation and empirical analysis sections.

Before training an AE, it is necessary to select a key hyperparameter: the number of

neurons in the bottleneck layer, K1. The overall network architecture must also be designed,

including decisions about its depth and width. These crucial considerations will be discussed

after we present the theoretical analysis, which we turn to now.

2.3 Main Theoretical Results

In this section, we present a non-asymptotic analysis of the statistical properties of the

disjoint output AEs. Throughout, we assume that all constants are independent of N and

T , but may depend on the latent dimension K and the smoothness parameter β, which we

do not explicitly track. Our analysis begins with the reconstructed data, X̂it := φ̂i(ρ̂(Xt)).

where ρ̂(·) and φ̂i(·) for 1 ≤ i ≤ N are defined in equation (2.4).

3. This tractability arises from two considerations: first, the reduction in approximation error due to
parameter sharing in a fully connected decoder remains analytically intractable; second, the impact of
parameter sharing on out-of-sample estimation error is not well understood. Leveraging a disjoint output
structure eliminates the need to analyze the complexities associated with parameter sharing.
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2.3.1 Recovery of the Common Components

Naturally, the population counterpart of X̂it is X⋆
it = φ⋆i (F

⋆
t ) in the DGP, as specified in

equation (2.1). Accordingly, we focus on the mean squared error aggregated across the entire

panel: (NT )−1∑T
t=1

∑N
i=1

(
X̂it −X⋆

it

)2.4
Theorem 6. Consider the AE class FK1

AE with K ≤ K1 ≤ min(w1, w2), d2 ≍ log(T ),

and w2 ≍ T
K

2(2β+K) . Suppose Assumptions 6-7 hold. Then, with probability at least 1 −

C exp(−cT ), for min(N, T ) large enough, we have:

1

NT

T∑
t=1

N∑
i=1

(
X̂it −X⋆

it

)2 ≲

T− 2β
2β+K +N−1K1 + T−1 inf

ρ∈FK
N

T∑
t=1

∥ρ(Xt)− F ⋆t ∥2
 log4(T ),

where c and C are constants independent of N, T , and FK
N := FK

N (d1, w1, T
5β+5, B).

We first discuss the assumptions. The conditions require K1 ≥ K, meaning the bot-

tleneck layer must have at least as many neurons as the number of factors specified in the

DGP. However, the notion of “number of factors” in a nonlinear factor model is somewhat

ambiguous—a point we revisit in detail in Section 2.3.2. The condition K1 ≤ min(w1, w2)

ensures the bottleneck is among the narrowest layers in the network, allowing for ties. On the

decoder side, both d2 and w2 must increase with T to guarantee sufficient flexibility. Finally,

the results only require that N and T exceed a fixed constant, so the non-asymptotic bound

directly implies consistency under the Frobenius norm as N and T increase.

As is standard in nonparametrics, this result hinges on appropriately selecting the dimen-

sion of the bottleneck layer, K1, and the width of the decoder, w2, based on the smoothness

parameter β and the number of factors K in the true DGP. In practice, these values are

typically unknown, so conservative choices are often made. This entails assuming the true

functions are smoother than specified and deliberately using a relatively large number of

4. While deriving a uniform error bound across i and t would also be meaningful, such results are, to the
best of our knowledge, not yet established for NN settings.
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factors—exceeding what theory or economists would typically propose or expect.

Next, we make a few observations regarding the result on the error bound. There are

three terms on the right-hand side of the inequality. The first term in the error, T− 2β
2β+K ,

matches the minimax rate in nonparametric regression of Xt on F ⋆t , as if these factors were

known. For a nonparametric supervised learning task, this rate can be achieved by estimators

other than NNs; examples include spline methods by Speckman [1985] or sieve estimators

by Newey [1997] and Chen and Shen [1998a], among others.

The second term, N−1K1, arises from estimation error associated with unknown factors.

Intuitively, since there are TK1 unknown values to estimate and NT observed values in total,

the ratio of unknowns per observation yields this rate. Our assumptions permit the number

of neurons, K1, in the bottleneck layer to grow, and the results show that while selecting

more factors than necessary slows convergence, the effect is only linear in K1, indicating that

the model remains reasonably robust to overestimating the number of factors.

The third term reflects the error from approximating the unknown factors using the

encoder. An important observation is that the estimation error for the encoder does not

impact the overall convergence rate—only its approximation error is relevant. In light of this,

an over-parameterized encoder can be employed such that infρ∈FK
N

∑T
t=1 ∥ρ(Xt)−F ⋆t ∥2 = 0,

eliminating the approximation error and thereby improving the overall convergence rate.

However, while an over-parameterized encoder can achieve strong in-sample performance,

it may result in poor expected out-of-sample performance, as both estimation and approxi-

mation errors can arise and become substantial.5 A more meaningful strategy is to balance

these two error sources out-of-sample when designing the encoder, even if this leads to a

larger approximation error in-sample. To achieve this, we need a more explicit characteriza-

5. Recent literature indicates that under certain conditions on the data, overfitting can be benign; see, for
example, Bartlett et al. [2019b], Tsigler and Bartlett [2024], and Hastie et al. [2022]. However, these analyses
are mainly focused on linear settings for supervised learning problems, and a comprehensive theoretical
framework for NNs remains unavailable. We leave the investigation of benign overfitting in unsupervised
learning problems for future research.
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tion of approximation error. To this end, we introduce the following notation to characterize

the trade-off between estimation and approximation error out-of-sample.

Definition 4. For any positive sequence LN diverging with N , define

ϵN := inf
∥W∥0≤LK,∥Wφ⋆∥∞≤B

ρ(·)∈Hβ(Wφ⋆(B),B)

{
sup
x∈B

∥ρ(Wφ⋆(x))− x∥2 + ∥W∥2
}
,

where W is any K ×N matrix, and ρ(·) is a mapping from Wφ⋆(B) to RK .

By construction, the term ϵL is decreasing in L and explicitly depends on the high-

dimensional function φ⋆.

To illustrate the behavior of ϵL, we provide two concrete examples, both leading to

an error ϵL ≍ L−1. First we consider a setting as in Bonhomme et al. [2022], where

φ⋆(x) = α(λi, x) with scalar arguments λi, x ∈ R. This covers widely used fixed-effect

model where α(λi, x) = λi + x. Suppose α is strictly increasing in its second argument,

analogous to the injectivity condition in Bonhomme et al. [2022, footnote 6]. By setting

W ⋆ = (L−11⊤L , 0
⊤
N−L)

⊤, the function W ⋆φ⋆(x) remains strictly monotone in x, ensuring the

existence of an inverse function ρ⋆ mapping W ⋆φ⋆(x) back to x. Hence, in this scenario, we

obtain ϵL ≍ L−1.

The second example is a nonlinear generalization of linear factor models, let φ⋆(x) =

exp(Λ⊤Ft), where Λ consists of bounded i.i.d. random variables. Constructing

Λ̃ = (Λ⊤
1 , . . . ,Λ

⊤
L , 0

⊤
K , . . . , 0

⊤
K)

ensures invertibility of Λ̃⊤Λ̃. Setting W ⋆ := L−1Λ̃⊤, the function W ⋆ exp(Λ̃x) has a positive

definite Jacobian, guaranteeing invertibility via the inverse function theorem. Thus, there

exists a smooth inverse function ρ⋆(·) satisfying ρ⋆(W ⋆ exp(Λ̃x)) = x, again yielding ϵL ≍

L−1.
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Theorem 7. Under the conditions of Theorem 6, , if d1 ≍ log(T ), w1 ≍ T
K

2(2β+K) , and

s ≍ L+ T
K

2β+K log T , and that the data is i.i.d., then for a new data point XT+1, we have

1

N

N∑
i=1

E
(
φ̂i ◦ ρ̂(XT+1)−X⋆

T+1

)2 ≤
(
T
− 2β

2β+K +N−1K1 + ϵL + T−1L

)
log4(NT ).

Theorem 7 reveals that, under the assumption of i.i.d. data, the expected out-of-sample

loss includes not only the in-sample approximation error but also an additional term, T−1s,

which reflects the estimation error in the encoder and worsens as its complexity, measured

by its number of parameters, s, increases.6

That said, implementing ℓ0-regularization to induce sparsity in NNs is known to be

challenging, as noted in Schmidt-Hieber [2020] and Farrell et al. [2021]. Consequently, while

the optimal rate is theoretically attainable, it may be difficult to achieve in practice. A

common empirical workaround is to incorporate a pruning step during training, which we

adopt and further elaborate on in our implementation.

2.3.2 Recovery of the Factors

In this section, we provide the theoretical justification for the potential of AEs to recover

underlying factors in a nonlinear DGP. An important motivation for using AEs stems from

dimensionality reduction, which aims to extract a lower-dimensional set of features that

effectively capture the underlying structure of the data. By reducing the dimensionality, we

can highlight the most informative aspects of the data, making patterns more interpretable

and facilitating downstream tasks such as clustering, visualization, and forecasting.

We begin by noting that for any injective mapping µ : RK → RK , the DGP in equation

6. The i.i.d. assumption is imposed for technical simplicity; the trade-off itself remains valid beyond this
setting.
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(2.1) can be equivalently expressed as

Xit = φ⋆i ◦ µ−1 ◦ µ(F ⋆t ) + Uit.

This formulation implies that µ(F ⋆t ) can also serve as valid factors, meaning that the original

factors F ⋆t are only identified up to a nonlinear invertible transformation. This ambiguity

is similar to the linear case, where factors can only be identified up to an invertible matrix

transformation.

The next theorem presents the convergence rate on factor recovery:

Theorem 8. Under the same conditions as in Theorem 7, there exists a function µ : RK1 →

RK such that, with probability at least 1−C exp(−cT )−C exp(−cL), for N and T sufficiently

large,

1

T

T∑
t=1

∥µ(F̂t)− F ⋆t ∥2 ≲ (L−1K1 +NL−1T
− 2β

2β+K +NL−2 +NL−1ϵ) log4(T ).

The result indicates that when the factors are strong, meaning L = N , the convergence

rate aligns with that in Theorem 7, and the estimator achieves consistency. However, if the

factors are extremely weak—affecting only a small number of variables in X, such as when

L ≍ 1—the right-hand side fails to converge to zero, and consistent estimation of the factors

may not even be possible.

It is insightful to compare our result with that of Bai and Ng [2023b], which examines

the convergence of factor estimates using PCA when the true factors are weak. Using our

notation, their result suggests an error rate of L−1 + (NL−1T−1)2 in the linear case. In

contrast, our rate, when ϵ ≍ L−1, L−1 + (NL−1T−1) + NL−2, is not sharp due to the

challenges associated with analyzing the outputs of a specific hidden layer in a DNN.

Our result does not require the number of neurons in the bottleneck layer to match the

number of factors in the DGP. Instead, it only assumes the existence of a DGP specified in
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(2.1), where the number of factors K is less than or equal to our chosen K1. Identifying the

number of factors is a critical problem in (linear) factor analysis. However, determining the

true number of factors in nonlinear models is significantly more challenging because of the

inherent ambiguity, even at the population level.

For context, consider a linear factor model given by Xt = ΛF ⋆t + Ut, where F ⋆t ∈ RK .

Under the conditions that the minimal eigenvalues of N−1Λ⊤Λ and Cov(F ⋆t ) are asymptot-

ically bounded from below, and that the eigenvalues of Cov(Ut) are bounded from above,

the number of factors K can be readily identified, as demonstrated by Chamberlain and

Rothschild [1983]. Bai and Ng [2002] also provide a consistent procedure for recovering K.

In nonlinear factor models, however, the notion of the number of factors becomes am-

biguous. According to Theorem 2 from Schmidt-Hieber [2021], which extends the Kol-

mogorov–Arnold representation theorem, any nonlinear multivariate function can be reduced

to a single-variable form. Specifically, there exists a function ψ : [−B,B]K → R, such that

for any function φ⋆i : [−B,B]K → R, a corresponding function φ̃⋆i : R → R exists, satisfying

φ⋆i (x1, . . . , xK) = φ̃⋆i

3
K∑
j=1

3−jψ(xj)

 .

This implies that the original multi-factor model can be reconstructed using a single factor,

denoted as F̃t ∈ R, where F̃t is defined by 3
∑K
j=1 3

−jψ(F ⋆jt). Consequently, the function

φ⋆i (F
⋆
t ) can be rewritten as φ̃⋆i (F̃t). Although this representation reduces the number of

factors, there are, to the best of our knowledge, no existing results concerning the smoothness

properties of φ̃⋆i (·) following this transformation. It is likely that the function becomes less

smooth in general. Otherwise, this would provide a means to surpass the minimax rate,

which depends on K/β. Consequently, we cannot use this result to justify always adopting

a single neuron in the bottleneck layer, since our approach relies on the smoothness of the

nonlinear functions.
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In some cases, however, it may be possible to reformulate the original K-factor model in a

way that introduces additional factors while yielding smoother φ⋆i (·). To illustrate, consider

a single factor model defined as φ⋆i (F
⋆
t ) = ΛiF

⋆
t +ψ(F

⋆
t ), where ψ(·) is a β-smooth function.

By treating ψ(F ⋆t ) as an additional factor, the model becomes a two-factor linear model with

an effectively infinite degree of smoothness. This modification enables a convergence rate of

N−1+T−1, which is faster than the rate N−1+T
− 2β

2β+1 achievable by fitting a single-factor

nonlinear model.

Given these considerations, the conventional notion of the number of factors in a nonlin-

ear factor model becomes ambiguous and may need to be defined alongside the smoothness of

the factor loading functions. In practice, we treat it as one of the hyperparameters in the ar-

chitecture of AEs, determining it through a model selection procedure. This approach makes

intuitive sense and aligns with common practice, though providing a formal justification is

left for future work.

2.3.3 Extensions and Applications

In this section, we delve into an extension of AEs that pave the way for a wider range of

applications, enhancing their flexibility and utility.

2.3.3.1 Factor-Augmented Prediction

When dealing with large datasets, we often encounter scenarios where we not only wish

to reconstruct or compress the original data but also make accurate predictions for related

outcomes. Standard AEs excel at capturing latent structures in data through unsupervised

learning, but they do not directly incorporate information that could enhance predictive

performance for external targets. This is where supervised extensions of AEs come into

play. By integrating predictive tasks into the AE framework, we can leverage shared low-

dimensional structure to improve both reconstruction and prediction, making the model
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more versatile and powerful for applications where joint modeling of input and output data

is beneficial.

Consider the scenario where we also observe a large panel Yt ∈ RM that we wish to

predict, in addition to reconstructing Xt. We assume that Yt+1 depends on the same latent

factors, F ⋆t , modeled as:

Yi,t+1 = ϕ⋆i (F
⋆
t ) + Vi,t+1, for t = 1, 2, . . . , T. (2.5)

To train this model, one approach is to perform a nonparametric regression of Yi,t+1 on

the factors extracted from AEs pre-trained solely with Xt. Alternatively, a more cohesive

method involves jointly fitting Xt and Yt+1 while training the AE. This strategy originates

from Le et al. [2018], who introduce a supervised autoencoder (SAE) architecture. In this

setting, Xt remains the input, and the model is trained to simultaneously construct Xt and

predict Yt+1, leveraging the shared latent structure. Figure 2.4 presents the architecture of

the SAE.

This SAE approach differs from factor-augmented regressions (as in Bernanke and Boivin

[2003]) in two key aspects. First, the SAE framework is nonparametric, enabling flexible and

complex nonlinear relationships between the target and the factors. Second, the high dimen-

sionality of the target in SAEs imposes meaningful supervision on the factor construction

process, enhancing the model’s predictive power. In contrast, traditional factor-augmented

regressions typically use low-dimensional targets, rely on linear DGPs, and construct factors

without incorporating information from the target.

Suppose we observe the sequences Xt and Yt+1, for t = 1, 2, . . . , T − 1, and our goal is
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DNN ρ(·)
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DNN φ3(·)
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Figure 2.4: Illustration of Disjoint Output Supervised Autoencoder

Note: This graph illustrates a disjoint output supervised autoencoder architecture. The encoder retains the
same structure as the canonical autoencoder’s encoder shown in Figure 2.2. The decoder, however, consists
of multiple separate DNNs, each responsible for mapping the bottleneck layer to a single output. The portion
of the output highlighted in red is aimed at reconstructing the input, using the same architecture as shown
in Figure 2.3. The other portion, marked in green, is designed to predict additional target variables, while
supervising the factor construction process.

to predict YT+1. To achieve this, we first train an SAE using the following loss function:

(φ̂1, . . . , φ̂N , ϕ̂1, . . . , ϕ̂M ) ◦ ρ̂

= argmin

(φ1,...,φN ,ϕ1,...,ϕM )◦ρ∈FK1
SAE

T−1∑
t=1

 N∑
i=1

(φi(ρ(Xt))−Xit)
2 +

M∑
j=1

(
ϕj(ρ(Xt))− Yj,t+1

)2 .

(2.6)

The supervised AE function class FK1
SAE is defined as:

FK1
SAE :=

{
(φ1, . . . , φN , ϕ1, . . . , ϕM ) ◦ ρ : ρ ∈ FK1

N (d1, w1, T
5β+5, B),

φi ∈ F1
K1

(d2, w2, T
5β+5, B), i ∈ [N ], ϕj ∈ F1

K1
(d2, w2, T

5β+5, B), j ∈ [M ]
}
.

The predictor for Yj,T+1, denoted by Ŷj,T+1, is thus given by ϕ̂j(ρ̂(XT )). To understand its
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statistical performance, we establish the following corollary:

Corollary 2. Assume ϕ⋆i ∈ Hβ(Ω, B) for i = 1, . . . ,M . In addition, we assume that condi-

tional on F ⋆, (U⊤
t , V

⊤
t+1)

⊤ ∈ RN+M is i.i.d. and takes the form Σ
1/2

Zt, where Zt ∈ RN+M

consists of independent sub-Gaussian random variables with sub-Gaussian norm bounded by

σ2z and Σ ∈ RN+M is positive semi-definite with bounded spectral norm. Under the same

conditions as in Theorem 7, as min(N,M, T ) becomes sufficiently large, we have:

1

N +M

 N∑
i=1

E
(
X̂i,T −X⋆

i,T

)2
+

M∑
j=1

E
(
Ŷj,T+1 − ϕ⋆j (F

⋆
T )
)2

≲ ((N +M)−1K1 + T
− 2β

2β+K + L−1 + ϵ+ T−1L) log4((N +M)T ). (2.7)

Consequently, when N ≲M , we obtain:

1

M

M∑
j=1

E
(
Ŷj,T+1 − ϕ⋆j (F

⋆
T ))
)2 ≲ (M−1K1 + T

− 2β
2β+K + L−1 + ϵ+ T−1L) log4(MT ). (2.8)

The intuition behind equation (2.7) is that the SAE model can be regarded as a special

case of the AE, where the input is (Xt, Yt+1) and the weights for Yt+1 in the encoder are fixed

to zero. Compared to the AE discussed in Theorem 7, the SAE’s encoder approximation and

estimation errors remain L−1 + T−1L, as the true factors can be effectively approximated

using Xt alone, without requiring additional parameters to be estimated required for the

encoder. The decoder’s error maintains the same structure as in Theorem 7, except that N

is replaced by N +M , leading to the final convergence rate.

Equation (2.8) in this corollary follows directly from equation (2.7). It implies that when

the dimension of X is of a smaller or comparable order to the dimension of Y , the prediction

error for ŶT+1 vanishes as the sample size increases, allowing the model to effectively leverage

information from Y for accurate predictions. Conversely, ifM is significantly smaller than N ,

the contribution of Yt during training diminishes, potentially compromising the prediction
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accuracy for ŶT+1.

2.3.3.2 Matrix Completion

AEs provide a powerful framework for tackling problems involving nonlinear matrix comple-

tion and missing data. In many real-world applications, such as recommendation systems,

financial time series, or large-scale survey data, we encounter datasets that are both high-

dimensional and partially observed, sometimes with missing values scattered throughout.

Traditional matrix completion methods, such as those proposed by Candes and Recht [2009],

Cai et al. [2010], Keshavan et al. [2010], Recht [2011], and Mazumder et al. [2010], typically

rely on low-rank (or equivalently, linearity) assumptions, which may struggle to capture the

complex, nonlinear relationships inherent in such data.

AEs offer a natural solution to this challenge by learning a compact, latent representation

of the observed data that can encode nonlinear structures effectively. By training the AE to

reconstruct the original matrix from its latent representation, the model can infer and fill in

missing entries in a way that captures intricate patterns. This capability is crucial not only

for matrix completion but also for broader applications, such as causal inference.

In the estimation of causal effects within a panel setting, counterfactual outcomes—

representing what would have occurred under alternative treatment conditions—can be re-

garded as missing data. AEs can assist in this context by imputing these unobserved coun-

terfactuals, offering a novel and effective approach to estimating causal relationships (see,

e.g., Athey et al. [2017], Bai and Ng [2021]). Importantly, missing data in these scenarios are

often not random. In many instances, the data can be structured so that all missing entries

are concentrated within a sub-block of a matrix. Therefore, we also explore approaches for

addressing and imputing this type of structured missing data.

Specifically, we first consider a scenario with random missing data, where we observe an
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incomplete version of the matrix X, denoted by X̃, which we assume follows the DGP:

X̃it =


0, with probability 1− πi,

Xit, with probability πi,
(2.9)

where X follows the nonlinear factor model described in (2.1), and πi ∈ (0, 1) represents the

probability of observing an entry for the ith variable. This probabilistic framework captures

scenarios where the data is missing at random and the degree of missingness is heterogeneous.

Using X̃t to train an AE, we derive the following result regarding the output X̂t:

Corollary 3. Assume min1≤i≤N πi is lower bounded by some positive constant ε, Uit are in-

dependent of each other, and X̃it is missing at random, satisfying (2.9). Under the conditions

specified in Theorem 6, with probability at least 1−C exp(−cTK/(2β+K)), for sufficiently large

min(N, T ), we have:

1

NT

T∑
t=1

N∑
i=1

(
X̂it/π̂i −X⋆

it

)2
≲

T− 2β
2β+K +N−1K1 + T−1 inf

ρ∈FK
N

T∑
t=1

∥ρ(X̃t)− F ⋆t ∥2
 log4(T ),

where c and C are constants independent of N and T and π̂i = max(ε, T−1∑T
t=1 1{X̃i,t ̸=0}).

The theorem indicates that consistent recovery of the expected values of the missing

entries is achievable under the Frobenius norm. Given that matrix completion is primarily

an in-sample exercise, utilizing an over-parameterized encoder can be beneficial for attaining

a desirable error rate, as discussed previously.

Next, we consider the scenario of structured missing data, for which we employ SAEs.

Suppose we observe X ∈ RN×T . For each entry, we use (Xit(0), Xit(1)) to denote its un-

treated and treated values. We assume that Xt(0) = (X
(1)
t (0), X

(2)
t (0)) follows the nonlinear
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factor model described in (2.1), where X(1)
t (0) ∈ RN1 , X(2)

t (0) ∈ RN2 , and N1 + N2 = N .

Here X(1)
t represents the control group and X(2)

t represents the treatment group. We assume

there exists a non-random T0 > 0 where X(2) received the treatment after T0. The objec-

tive is to assess how the treatment impacts the treated units and periods by imputing the

potential outcomes for X(2) from T0+1 to T , and comparing them with the actual observed

outcomes. This analysis assumes that potential outcomes at each point depend only on the

contemporaneous treatment status of each unit and do not rely on past treatments or the

treatments of other units. Therefore, the problem can be seen as a block matrix completion

problem.

The matrix below illustrates the separation between observed and missing data segments:

X =



X
(1)
1,1 · · · · · · X

(1)
1,T0

X
(1)
1,T0+1 · · · · · · X

(1)
1,T

...
...

...
...

...
...

...
...

X
(1)
N1,1

· · · · · · X
(1)
N1,T0

X
(1)
N1,T0+1 · · · · · · X

(1)
N1,T

X
(2)
1,1 · · · · · · X

(2)
1,T0

∗ · · · · · · ∗
...

...
...

...
...

...
...

...

X
(2)
N2,1

· · · · · · X
(2)
N2,T0

∗ · · · · · · ∗


. (2.10)

As discussed by Athey et al. [2017], this missing data pattern encompasses two significant

special cases in the causal inference literature. The first is the unconfoundedness literature,

such as Imbens and Rubin [2015], which typically focuses on scenarios involving a single

treated period. The second is the synthetic control literature, including Abadie et al. [2010]

and Abadie [2021], which centers on settings with a single treated unit.

To impute these missing values, we train an SAE using X(1)
t as the input and Xt as the

output, with the portion corresponding to X(2)
t serving as the supervised target. This ap-

proach leverages the “in-sample” data available up to T0 to learn a low-dimensional structure

that helps predict X(2)
t for t > T0.
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The following corollary becomes a straightforward application of Corollary 2.

Corollary 4. Under the same conditions as in Theorem 7 for X(0), as min(N1, N2, T0)

becomes sufficiently large, and N1 ≲ N2, we have:

1

N2(T − T0)

T∑
t=T0+1

N2∑
i=1

E
(
X̂

(2)
i,t −X

(2),⋆
i,t

)2
≲(N−1

2 K1 + T
− 2β

2β+K
0 + L−1 + ϵ+ T−1

0 L) log4(NT0).

To ensure valid causal inference regarding the average treatment effect

τ =
1

N2(T − T0)

T∑
t=T0+1

ι⊤(X(2)
t (1)−X

(2)
t (0)),

we propose the a debiased estimator. We partition the sample before T0 into two subsets:

D1 and D2, which serve as the training and calibration sets, respectively. The training set

D1 is used to fit the SAE model, and we generate predictions for the calibration set, denoted

as X̂(2)
t for t ∈ D2.

The debiased point estimator for average treat effect is given by

τ̂ :=
1

N2(T − T0)

T∑
t=T0

ι⊤(X(2)
t − X̂

(2)
t )− 1

N2|D2|
∑
t∈D2

ι⊤(X(2)
t − X̂

(2)
t )

=
1

N2(T − T0)

T∑
t=T0+1

ι⊤(X(2)
t (1)− X̂

(2)
t )− 1

N2|D2|
∑
t∈D2

ι⊤(X(2)
t − X̂

(2)
t )

= τ +
1

N2(T − T0)

T∑
t=T0+1

ι⊤(X(2)
t (0)− X̂

(2)
t )− 1

N2|D2|
∑
t∈D2

ι⊤(X(2)
t (0)− X̂

(2)
t ).

Under the i.i.d. assumption for Xt(0), we observe that τ̂ is unbiased for τ and it is a sum of
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two independent terms. Thus, we can construct 95% confidence intervals for τ as

τ̂ ± 1.96
√

((T − T0)−1 + |D2|−1)σ̂2,

where σ̂2 is the sample variance of N−1
2 ι⊤(X(2)

t (0) − X̂
(2)
t ) for t ∈ D2. This confidence

interval is asymptotically valid when min(|D1|, |D2|, T − T0) → ∞.

2.3.3.3 Panel Regression With Unobserved Heterogeneity

Modeling panel data with unobserved heterogeneity is a central yet challenging problem in

econometrics. A general specification takes the form

Yit = Xitθ + αit + Vit,

where αit captures unobserved heterogeneity, and Vit is an idiosyncratic error term. For

notational simplicity, we assume Xit ∈ R is scalar, although our discussion readily extends

to vector-valued regressors.

A common approach assumes additive fixed effects, where αit = αi+βt. Bai [2009] extend

this to a factor structure by modeling αit = Λ⊤
i Ft, where both Λi and Ft are unobserved.

However, such specifications may fail to capture richer forms of individual heterogeneity,

especially in the presence of nonlinear dynamics. To address this, more recent literature

considers discrete heterogeneity. For example, Keane and Wolpin [1997] introduce discrete-

type random effects, while Bonhomme and Manresa [2015] propose a grouped fixed effects

framework with αit = αgit, where gi denotes the (latent) group membership. Bonhomme

et al. [2022] and Freeman and Weidner [2023] further generalize this structure by allowing

for continuous heterogeneity of the form αit = α⋆(Λi, Ft), effectively providing a nonlinear

extension of Bai [2009].

Building on these developments, we consider an even more flexible model that allows for
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heterogeneous effects through individual-specific functions of a common latent factor process:

Yit = Xitθ + α⋆i (F
⋆
t ) + Vit,

Xit = φ⋆i (F
⋆
t ) + Uit,

where F ⋆t ∈ [−B,B]K is an unobserved common factor, and both φ⋆i and α⋆i belong to Hβ .

For simplicity, we assume Uit and Vit are i.i.d. sub-Gaussian random variables conditional

on F ⋆.

In this general nonlinear panel model, classical estimators—such as fixed effects, factor

models, or grouped estimators—are generally inconsistent. To address this, we propose a

novel double Autoencoders (DAE) approach that yields consistent estimation of the struc-

tural parameter θ.

Our estimation strategy proceeds as follows. We apply autoencoders (AEs) separately to

X and Y to estimate the nonlinear components X̂it and Ŷit, which serve as approximations

to φ⋆i (F
⋆
t ) and φ⋆i (F

⋆
t )θ + α⋆i (F

⋆
t ), respectively. We then regress the residualized dependent

variable Yit − Ŷit on the residualized regressor Xit − X̂it to obtain the estimator θ̂. These

residuals correspond to noisy realizations of Uitθ + Vit and Uit, respectively. The following

proposition characterizes the asymptotic expansions of θ̂:

Proposition 3. Let θ̂ be the estimator obtained via the DAE. Suppose that AEs architecture

follows the form of Theorem 6 with over-parametrized encoders. Then,

θ̂ − θ = OP(T
− β

2β+K log2 T ) +OP(N
−1/2K

1/2
1 log2 T )

This result establishes the consistency of the double AE estimator. While deriving the

asymptotic distribution of θ̂−θ would be of significant interest, to the best of our knowledge,

such results are not available in the existing literature, even under the simplified model

αit = α⋆(Λi, Ft). We therefore leave the derivation of the asymptotic distribution of θ̂ for
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future research.

2.4 Monte Carlo Simulations

In this section, we conduct simulation experiments to validate our theoretical predictions

and examine practical considerations in the design and training of AEs and SAEs. This

analysis bridges theoretical insights with empirical applications, exploring the strengths and

limitations of these methods in finite sample settings.

2.4.1 Simulation Setup

We begin by introducing the DGPs used in our simulations. Specifically, we consider four

distinct DGPs by (2.1), comprising one linear factor model and three nonlinear factor models.

The baseline linear model is defined as φ⋆i (x) = CΛ⊤
i x, serving as a starting point for

comparison with more complex models. The first nonlinear model is a generalized linear

latent factor model, specified as φ⋆i (x) = C exp(Λ⊤
i x). By introducing exponential transfor-

mations to the baseline, this model incorporates nonlinearity while retaining an inherently

low-dimensional linear structure. The next model, a generalized nonlinear factor model, ,

fully abandons the linear framework. It is expressed as φ⋆i (x) = C exp(−∥Λi − x∥2), pos-

ing significant challenges for methods that may benefit from linearity. The final model is

a polynomial factor model, expressed as φ⋆i (x) = C1Λ
⊤
1ix + C2x

⊤Λ2ix. This model blends

linear patterns with higher-order nonlinearities and can produce negative values, making it

particularly relevant for calibrating empirical datasets.

Across all Monte Carlo repetitions, we employ five factors by setting K = 5, and each

element of F ⋆t ∈ R5 follows a uniform distribution U(−2, 2). The elements of Λi,Λ1i,Λ2i

are i.i.d. from U(−1, 1), and the noise Ut is normally distributed as N (0, IN ). We calibrate

C, C1, and C2 to ensure that the unconditional variance of φ⋆i (F
⋆
t ) is normalized to 1 for

each model and that the linear and nonlinear components of the polynomial factor model
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contribute equally to the total variance.

We benchmark AEs’ performance against PCA. While PCA is traditionally associated

with linear factor analysis, recent research has demonstrated its effectiveness in approximat-

ing certain nonlinear models.7 We report results using the number of factors ranging from

1 to 19 in increments of two to illustrate its impact on PCA performance.

Turning to the design of AEs, we adhere to the principle of parsimony, experimenting

with simple yet non-trivial structures to validate our theoretical results. We first address

the bottleneck layer. We vary the number of neurons in this layer, K1, in the same way

as with PCA, ranging from 1 to 19, and compare the results of different architectures. For

the encoder, we fix a single hidden layer with 20 neurons to ensure it is wider than the

bottleneck. We experiment with five decoder architectures of varying complexity. The first

architecture (AE1) serves as the benchmark, consisting of a single hidden layer in the decoder

with four neurons. We compare it with two more complex AEs. AE2 includes two hidden

layers, with two neurons in the first layer and four neurons in the second. AE3, in contrast,

has a single hidden layer with eight neurons. These three AEs feature disjoint outputs, and

we illustrate AE3’s architecture in Figure 2.5. In addition, we include two AEs with fully

connected decoders. AE4 builds on AE3 by employing a fully connected decoder, making

it the most complex among all models. The final model, AE5, also uses a fully connected

decoder but matches the number of neurons in the decoder to those in the encoder, resulting

in a symmetric AE. The total number of parameters in AE5’s decoder is comparable to that

7. According to Udell and Townsend [2019], a matrix with a small spectral norm can be effectively
approximated by a low-rank matrix. For a matrix X ∈ Rm×n where m ≥ n and 0 < ϵ < 1, the approximation
error is bounded as:

inf
rank(Y )≤r

∥X − Y ∥∞ ≤ ϵ∥X∥2, with r = ⌈72 log(2n+ 1)/ϵ2⌉.

Additionally, Agarwal et al. [2021] demonstrate that the matrix Xit := φ(Λi, F
⋆
t ) admits a low-rank approx-

imation, where for any δ > 0,

inf
rank(Y )≤r

∥X − Y ∥∞ ≲ δβ , with r ≍ δ−K ,

where K is the dimension of F ⋆
t , and β is given by Assumption 7.
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Figure 2.5: Illustration of AE3’s Architecture

Note: This graph illustrates the architecture of AE3 used in our numerical analysis. The encoder has one
hidden layer with 20 neurons, while the decoder consists of multiple separate neural nets, each containing a
hidden layer with 8 neurons. We vary the number of neurons, K1, in the bottleneck layer.

of AE1, with their relative complexity depending on the specific choices of K1 and N .

We address the training details separately based on different AE applications, starting

with using AEs for extracting common components.

2.4.2 Finite-Sample Recovery of Common Components with Autoencoders

To train the aforementioned AEs in this scenario, we use stochastic gradient descent with the

Adam optimizer [Kingma and Ba, 2014] to minimize the loss defined in (2.4). The batch size

is fixed at T/10, ensuring each epoch consists of ten gradient descent updates. In simulations

for AEs, the only parameter we tune is the learning rate in the optimization algorithm,

selected from {0.005, 0.01, 0.05, 0.1} using a training-validation scheme. To mitigate the

effects of random initialization and stochastic batch selection during training, we adopt an

ensemble approach, averaging the outputs of 10 independently trained models, consistent

with standard practices in the literature.

For each tuning parameter (e.g., learning rate), we train the AEs using the first 4/5 of
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the sample (training sample) and apply the inferred encoders and decoders to construct an

estimate of X⋆ in the remaining sample (validation sample). This approach allows us to

calculate the validation loss and determine the optimal tuning. When training, we apply

early stopping if the validation loss does not decrease for 50 consecutive epochs. Finally, we

refit the model using the entire sample with the selected tuning parameter.

We report the mean squared error (MSE) given by:

N−1T−1
T∑
t=1

N∑
i=1

(X̂it − φ⋆i (F
⋆
t ))

2,

with a variety of choices (N, T ) = (50, 500), (200, 500), and (200, 50). The comparative

performance, as illustrated in Figure 2.6, highlights notable differences in how PCA and

AEs respond to variations in sample size and the number of factors.

In the baseline linear case, PCA achieves optimal MSE when the number of factors is set

to five (the true value) and is clearly the best performer when the sample size N is larger

than T . In this linear setting, AE1 through AE3 exhibit similar performance. These AEs

tend to achieve lower MSEs than PCA when the number of factors is below five; however,

their performance, like that of PCA, begins to deteriorate as the number of factors increases

beyond five. This decline is due to the addition of extra factors, which introduces noise

into the estimation rather than improving accuracy. AE4 follows a U-shaped pattern similar

to the other AEs but demonstrates significantly worse performance. Its greater complexity

makes it more prone to overfitting, resulting in higher MSEs compared to its disjoint output

benchmark model, AE3. In contrast, AE5 limits complexity by reducing the number of

neurons in the decoder layer, which restricts the number of weight parameters despite being

fully connected. This design enables AE5 to achieve performance comparable to the other

AEs while notably outperforming PCA when an excessive number of factors is allowed,

effectively mitigating the impact of overfitting.
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Figure 2.6: Mean Squared Error Comparison in Extracting Common Components

Note: This figure shows boxplots of the mean squared errors in extracting common components, X⋆, for each
specified number of factors shown on the x-axis. It compares the performance of five different AEs and PCA
applied to four DGPs, evaluated across various choices of N and T , based on 100 Monte Carlo repetitions.
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The results for all nonlinear DGPs reveal a similar pattern. As the number of factors

increases, PCA’s performance continues to improve, suggesting that nonlinearity compels

PCA to extract more linear factors to better approximate the model. In all cases, PCA

struggles to match the performance of the nonlinear methods, even with up to 20 factors

in the case where N = 200 and T = 500, while these nonlinear methods deliver superior

results with just five factors. When N is small relative to T , AE1, AE2, AE3, and AE5

deliver comparable performance and significantly outperform AE4, which begins to overfit

as its complexity increases. Conversely, when N is large relative to T , AE1 and AE5 tend

to dominate, maintaining superior performance. Meanwhile, AE2 and AE3 become more

comparable to AE4, indicating that their relative advantage diminishes as the ratio between

sample size and dimensionality shifts.

2.4.3 Simulation Comparison with Kernel PCA and Local PCA

We conduct simulations to compare AEs with Kernel PCA (KPCA) and Local PCA (LPCA)

for Model3. For KPCA, we apply three different kernels: polynomial, radial basis function

(RBF), and sigmoid. We utilize the same procedure to select their hyper-parameters. For

LPCA, we follow the same setup as Feng [2023], taking the pseudo-max distance for de-

termining nearest neighbors and set the number of nearest neighbors cn2/3 for c = 0.5, 1

and 1.5. Due to the similarity in results across AE1 to AE3, only the performance of AE1

is shown. The findings indicate that KPCA’s performance is highly sensitive to the choice

of kernel. Among the tested kernels, the polynomial kernel outperforms PCA but remains

inferior to AE1. In contrast, the RBF kernel show poor performance, with MSE values even

higher than those of PCA.

These results highlight that while KPCA introduces nonlinearity through kernel func-

tions, it lacks the adaptive ability of AEs to learn optimal representations directly from the

data. This dependency on choosing the right kernel can significantly impact performance.
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In contrast, AEs, with their deep, flexible architectures, adapt effectively to complex data

structures and consistently outperform KPCA. This highlights the robustness and versatility

of AEs in capturing nonlinear relationships. Regarding LPCAs, they are capable of adapting

to nonlinearities, resulting in a lower MSE with fewer factors compared to PCA. However,

their minimum MSE remains higher than that of AEs, and they are more prone to overfitting

when an over-specified number of factors is used, especially in comparison to AEs.
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Figure 2.7: Mean Squared Error Comparison in Simulations with Kernel PCA and Local
PCA

Note: This figure shows boxplots of the mean squared errors for each specified number of factors, comparing
three different KPCA and LPCA methods applied to Model3 across various choices of N and T , based on
100 Monte Carlo repetitions. Here KPCA1 represents polynomial kernel, KPCA2 represents RDF kernel,
and KPCA3 represents sigmoid kernel. LPCA1 to LPCA3 correspond to LPCA with the number of nearest
neighbors cn2/3 for c = 0.5, 1 and 1.5.

2.4.4 Finite-Sample Predictive Performance with Supervised Autoencoders

Next, we evaluate the performance of SAEs, focusing on a prediction setting. We adopt a

polynomial factor model as the DGP for Xit. Additionally, we simulate target variables Yit

based on (2.5), where ϕ⋆i (x) also follows a polynomial factor model but with a distinct set

of randomly generated parameters (e.g., Λ1i and Λ2i). We adjust C1 and C2 in the DGP to
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calibrate the signal-to-noise ratio (SNR) for X and Y based on our empirical application on

return predictions. Specifically, the SNR of X is set to 1, whereas for Y , the SNR is set to

1%, aligning with the low-SNR in practice. We fix N = 50, while varying the dimension of

Yit, M . The in-sample size is set at T = 200, matching that of our empirical study.

The decoders of our SAEs connecting to Y retain the same structure as the AEs connect-

ing to X, with SAE1 through SAE3 employing disjoint output decoders and SAE4 and SAE5

using fully connected decoders. As discussed earlier, a sparse encoder can enhance model’s

out-of-sample performance. Sparsity is introduced here via a pruning procedure. After train-

ing SAEs with a fully connected encoder, weights below a specified pruning threshold are

set to zero. The threshold is determined by sorting all weights and truncating those below

a specified percentile, i.e., the pruning ratio. We vary the pruning ratio from 0% to 95%

in increments of 5%. Since pruning is applied after training, adjusting the pruning ratio is

computationally efficient.8 The pruning ratio and learning rate are selected jointly during

the validation step.

After training and validation, we evaluate the selected model’s out-of-sample performance

using a separate testing sample of 100 observations. For each target variable, we calculate its

out-of-sample R2 against its in-sample mean, and then report the average over all such R2s

in Table 2.1. For comparison, we include principal component regression (PCR) as a linear

benchmark. In PCR, each variable Yi is regressed on the principal components of Xit using

the entire in-sample dataset. Predictions are then made out-of-sample using the in-sample

estimates of principal component weights and regression coefficients.

The results highlight the advantages of our SAE approach compared to PCR, which con-

sistently yields negative out-of-sample R2 values regardless of the number of factors. This

underperformance can be attributed to PCR’s lack of supervision when recovering factors

and its reliance on linear approximations, which is inadequate for capturing the nonlinear

8. For alternative approaches to pruning a NN, see LeCun et al. [1989], Hassibi and Stork [1992], and
Frankle and Carbin [2018].
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M = 25 M = 50

K1 1 3 5 7 9 K1 1 3 5 7 9

PCR -0.323 -0.922 -1.731 -2.45 -3.38 PCR -0.297 -1.049 -1.869 -2.692 -3.585
SAE1 0.245 0.258 0.257 0.261 0.271 SAE1 0.302 0.328 0.341 0.342 0.354
SAE2 0.252 0.246 0.258 0.247 0.267 SAE2 0.299 0.318 0.314 0.317 0.317
SAE3 0.176 0.232 0.26 0.246 0.249 SAE3 0.264 0.316 0.337 0.347 0.345
SAE4 -0.146 -0.039 -0.038 0.021 0.025 SAE4 -0.087 -0.048 -0.032 0.009 0.025
SAE5 -0.023 0.061 0.082 0.093 0.135 SAE5 -0.038 0.204 0.207 0.191 0.204

M = 100 M = 200
PCR -0.327 -1.087 -1.924 -2.762 -3.674 PCR -0.31 -1.098 -1.885 -2.739 -3.561
SAE1 0.343 0.375 0.382 0.386 0.382 SAE1 0.374 0.39 0.389 0.392 0.393
SAE2 0.364 0.368 0.371 0.373 0.371 SAE2 0.386 0.389 0.39 0.388 0.39
SAE3 0.315 0.368 0.378 0.379 0.381 SAE3 0.339 0.384 0.388 0.392 0.392
SAE4 -0.08 -0.052 -0.021 -0.031 0.005 SAE4 -0.091 -0.051 -0.042 -0.038 -0.012
SAE5 0.008 0.237 0.272 0.266 0.258 SAE5 0.058 0.242 0.261 0.283 0.279

Table 2.1: Simulation Results for Supervised Autoencoders

Note: This table reports the out-of-sample R2 (in percentages) of predicted values across various predictive
methods, including the benchmark Principal Component Regression (PCR) method and multiple SAE ar-
chitectures of increasing complexity. K1 corresponds to the number of factors in PCA and the number of
neurons in the bottleneck layers of the SAEs. The dimension of Y , M , is varied while the dimension of X
is fixed at N = 50. The sample size is fixed at T = 200.

relationships needed to predict the target variables. SAE4 also struggles to achieve positive

R2 values due to its propensity for overfitting in out-of-sample scenarios. In contrast, SAE5

mitigates the curse of complexity, yielding positive R2 values. Notably, SAE1 through SAE3

outperform SAE5 by delivering higher R2 values, demonstrating their ability to extract non-

linear factors effectively while maintaining sufficient complexity control to avoid overfitting.

As M (the dimension of Yit) increases, prediction target becomes increasingly important in

training, leading to improved predictive performance. While the number of neurons in the

decoder layer grows as M increases, the total number of weights per target remains fixed for

SAE1, SAE2, SAE3, and SAE5. However, for SAE4, the total number of weights per target

scales linearly with M , contributing to its progressively worse performance.

Our stylized simulation experiments on AEs and SAEs have thus far validated our theo-

retical predictions. While advancing architectures, optimization algorithms, and parameter-
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tuning schemes are important and active areas in machine learning research, our primary

objective is not to identify the optimal model. Instead, we aim to validate our theoretical

insights and identify a useful model for empirical analysis.

2.5 Conclusion

This paper develops theoretical insights into a nonparametric unsupervised learning problem—

the application of deep AEs within nonlinear factor models—demonstrating their effective-

ness in extracting latent common components from high-dimensional inputs. By extending

this framework to include SAEs, we pave the way for broader and more versatile applications

in economics. These methods offer a systematic approach to nonlinear dimensionality reduc-

tion and enhance predictive accuracy by leveraging underlying low-dimensional structures.

While this work primarily focuses on estimation and prediction using a specific class of

AEs and SAEs, it opens several promising directions for future research. A natural extension

involves formal inference, particularly in the context of causal analysis, to better quantify un-

certainty in causal effects. Expanding the framework to include more general AE structures

beyond the disjoint output class could enhance their flexibility and applicability across diverse

settings. Furthermore, developing principled methodologies for model selection, architecture

optimization, and regularization strategies would improve both interpretability and com-

putational efficiency. Finally, pursuing theoretical analyses to understand the integration

of AEs with other machine learning frameworks, such as generative models or variational

inference, could unlock opportunities for novel and distinct economic applications.
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2.6 Mathematical Proofs

2.6.1 Proof of Theorem 6

Proof. For simplicity, denote FK1
N (d1, w1, T

5β+5, B) and F1
K1

(d2, w2, T
5β+5, B) by F1 and

F2, respectively. We further define a function space of DNNs which are potentially un-

bounded: Fnd+1
n0 (d, w,C) :=

{
f of the form (2.2) : maxj=0,...,d

∥∥Wj

∥∥
∞ ∨

∣∣vj∣∣∞ ≤ C
}
.

Throughout the proof, c and C denote fixed constants, which may vary from line to line.

2.6.1.1 Main Inequality

By the definition of (φ̂1, . . . , φ̂N ) ◦ ρ̂, for any (φ1, . . . , φN ) ◦ ρ ∈ FK1
AE , it holds that

T∑
t=1

N∑
i=1

(
Xit − φ̂i(ρ̂(Xt))

)2 ≤
T∑
t=1

N∑
i=1

(
Xit − φi(ρ(Xt))

)2
.

As a consequence, we obtain

T∑
t=1

N∑
i=1

(
X⋆
it − φ̂i(ρ̂(Xt))

)2
=

T∑
t=1

N∑
i=1

[(
Xit − φ̂i(ρ̂(Xt))

)2 − U2
it + 2X̂itUit − 2X⋆

itUit

]

≤
T∑
t=1

N∑
i=1

[(
Xit − φi(ρ(Xt))

)2 − U2
it + 2X̂itUit − 2X⋆

itUit

]
(2.11)

=
T∑
t=1

N∑
i=1

[(
X⋆
it − φi(ρ(Xt))

)2
+ 2Uit

((
X⋆
it − φi(ρ(Xt))

)
+
(
X̂it −X⋆

it

))]
.

Below we establish three inequalities which are denoted by (I) to (III).

(I) Assume (φ1, . . . , φN ) ◦ ρ ∈ FK1
AE . As long as φ1, . . . , φN are deterministic, with
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probability at least 1− C exp(−cT ),

T∑
t=1

N∑
i=1

Uit
(
X⋆
it − φi(ρ(Xt))

)
≲ T 1/2K

1/2
1 log(T )

( T∑
t=1

N∑
i=1

(
X⋆
it − φi(ρ(Xt))

)2)1/2
+K

1/2
1 T 1/2N1/2 log(T ) +N.

(II): With probability at least 1− C exp(−cT ), we have

∣∣∣∣∣∣
T∑
t=1

N∑
i=1

(
φ̂i(ρ̂(Xt))−X⋆

it

)
Uit

∣∣∣∣∣∣ ≲(NT
K

2β+K + TK1)
1/2 log2(T )

×


 T∑
t=1

N∑
i=1

(
φ̂i(ρ̂(Xt))−X⋆

it

)21/2

+N1/2

+N.

(III): There exists (φ
†
1, . . . , φ

†
N ) ◦ ρ† ∈ FK1

AE such that φ†1, . . . , φ
†
N are deterministic and

1

NT

T∑
t=1

N∑
i=1

(
X⋆
it − φ

†
i (ρ

†(Xt)
)2 ≲ T

− 2β
2β+K + T−1 inf

ρ∈FK
N

T∑
t=1

∥ρ(Xt)− F ⋆t ∥2.

2.6.1.2 Proof of (I)

Write εT = K−1
1 T−1−(5β+5)(d2+1)w−d2

2 and define the set

S = {x ∈ RK1 : ∀1 ≤ i ≤ K1, ∃1 ≤ j(∈ N) ≤ 2Bε−1
T , s.t. xi = −B + jεT }. (2.12)

By definition, we see that for any F ∈ [−B,B]K1 , there exists a F̄ ∈ S such that ∥F−F̄∥∞ ≤

εT . Write the set as {F̄k, 1 ≤ k ≤ |S|}. It is not hard to verify that

log |S| ≤ K1 log(2BK1T
1+(5β+5)(d2+1)wd22 ) ≲ K1 log

2(T ). (2.13)
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For 1 ≤ t ≤ T , assume ∥ρ(Xt)− F̄k⋆t
∥∞ ≤ εT . As a consequence, by Lemma 31,

|φi(ρ(Xt))− φi(F̄k⋆t
)| ≤ T−1. (2.14)

Together with Lemma 28, with probability at least 1− C exp(−cT ),

T∑
t=1

N∑
i=1

Uit
(
X⋆
it − φi(ρ(Xt))

)
≲

T∑
t=1

N∑
i=1

Uit
(
X⋆
it − φi(F̄k⋆t

)
)
+N

≤ max
kt∈[|S|]
1≤t≤T

∣∣∣∑T
t=1

∑N
i=1 Uit

(
X⋆
it − φi(F̄kt)

)∣∣∣(∑T
t=1
∑N
i=1

(
X⋆
it − φi(F̄kt)

)2)1/2
( T∑
t=1

N∑
i=1

(
X⋆
it − φi(F̄k⋆t

)
)2)1/2

+N (2.15)

≲ max
kt∈[|S|]
1≤t≤T

∣∣∣∑T
t=1

∑N
i=1 Uit

(
X⋆
it − φi(F̄kt)

)∣∣∣(∑T
t=1

∑N
i=1

(
X⋆
it − φi(F̄kt)

)2)1/2
( T∑

t=1

N∑
i=1

(
X⋆
it − φi(ρ(Xt))

)2)1/2
+N1/2


+N,

where we use Eq. (2.14) and Lemma 28 in the first inequality and Eq. (2.14) in the last

inequality. For any u ≥ 0, by Lemma 27 and the property of subGaussian distribution, as

well as the fact that φ1, . . . , φN , F̄k1 , . . . , F̄kT , and {X⋆
it}i,t are deterministic given {F ⋆t }Tt=1,

P


∣∣∣∑T

t=1

∑N
i=1 Uit

(
X⋆
it − φi(F̄kt)

)∣∣∣(∑T
t=1

∑N
i=1

(
X⋆
it − φi(F̄kt)

)2)1/2 > u

∣∣∣∣∣{F ⋆t }Tt=1

 ≤ 2 exp

(
− u2

2σ2u

)
.

Therefore, by union bound inequality and the arbitrary of {F ⋆t }Tt=1 in the above inequality,

P

 max
kt∈[|S|]
1≤t≤T

∣∣∣∑T
t=1

∑N
i=1 Uit

(
X⋆
it − φi(F̄kt)

)∣∣∣(∑T
t=1

∑N
i=1

(
X⋆
it − φi(F̄kt)

)2)1/2 > u

 ≤ 2|S|T exp

(
− u2

2σ2u

)
.

By Eq. (2.13), Eq. (2.15), and setting u = 2σu(T log |S|)1/2, we complete the proof for (I).
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2.6.1.3 Proof of (II)

To prove this assertion, we rely on Lemma 32. The lemma states that for δ = T−1, there

exists a function class F2,δ ⊂ F2 with

log |F2,δ| ≲ (w2
2d2 +K1w2) log

(
8δ−1BT (5β+5)(d2+1)(1 + w2)

d2K1d2

)
≲ T

K
2β+K log4(T )

(2.16)

such that for any φ ∈ F2, there exists φ ∈ F2,δ meeting the requirement |φ(x)−φ(x)| ≤ T−1,

∀∥x∥∞ ≤ B. Since ∥φ∥∞ ≤ B, we have |φ(x)| ≤ T−1 + B. Hence we can assume all the

functions in F2,δ are bounded by 2B for simplicity, i.e., F2,δ ∈ F1
K1

(d2, w2, T
5β+5, 2B).

Write F2,δ = {φj , 1 ≤ j ≤ |F2,δ|}. By definition, there exists ℓ⋆i ∈ [|F2,δ|] such that

|φ̂i(x) − φℓ⋆i
(x)| ≤ T−1, ∀∥x∥∞ ≤ B. Additionally, recall the definition of S in Eq. (2.12),

there exists k⋆t ∈ [|S|] such that ∥F k⋆t − ρ̂(Xt)∥∞ ≤ εT . Since φ̂i ∈ F1
K1

(d2, w2, T
5β+5, B),

by Lemma 31, we have

|φ̂i(ρ̂(Xt))− φℓ⋆i
(F k⋆t

)| ≤ |φ̂i(ρ̂(Xt))− φ̂i(F k⋆t
)|+ |φ̂i(F k⋆t )− φℓ⋆i

(F k⋆t
)| ≤ 2T−1.
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Together with Lemma 27, with probability at least 1− C exp(−cT ) we have

∣∣∣∣∣∣
T∑
t=1

N∑
i=1

(
φ̂i(ρ̂(Xt))−X⋆

it

)
Uit

∣∣∣∣∣∣ ≲
∣∣∣∣∣∣
T∑
t=1

N∑
i=1

(
φℓ⋆i

(F k⋆t
)−X⋆

it

)
Uit

∣∣∣∣∣∣+N (2.17)

≤ max
kt∈[|S|],1≤t≤T

ℓi∈[|F2,δ |],1≤i≤N

∣∣∣∑T
t=1

∑N
i=1

(
φℓi(F kt)−X⋆

it

)
Uit

∣∣∣(∑T
t=1

∑N
i=1

(
φℓi(F kt)−X⋆

it

)2)1/2
 T∑
t=1

N∑
i=1

(
φℓ⋆i

(F k⋆t
)−X⋆

it

)21/2

+N

≲ max
kt∈[|S|],1≤t≤T

ℓi∈[|F2,δ |],1≤i≤N

∣∣∣∑T
t=1

∑N
i=1

(
φℓi(F kt)−X⋆

it

)
Uit

∣∣∣(∑T
t=1

∑N
i=1

(
φℓi(F kt)−X⋆

it

)2)1/2
×


 T∑
t=1

N∑
i=1

(
φ̂i(ρ̂(Xt))−X⋆

it

)21/2

+N1/2

+N.

By Lemma 27, the property of subGaussian distribution, as well as the union bound inequal-

ity and the arbitrary of {F ⋆t }Tt=1, we obtain

P

 max
kt∈[|S|],1≤t≤T

ℓi∈[|F2,δ |],1≤i≤N

∣∣∣∑T
t=1

∑N
i=1

(
φℓi(F kt)−X⋆

it

)
Uit

∣∣∣(∑T
t=1

∑N
i=1

(
φℓi(F kt)−X⋆

it

)2)1/2 > u

 ≤ 2|S|T · |F2,δ|N exp

(
− u2

2σ2u

)
.

The conclusion follows by Eqs. (2.13), (2.16) and (2.17) with u = 2σu(T log |S|+N log |F2,δ|)1/2.

2.6.1.4 Proof of (III)

It is sufficient to construct (φ
†
1, . . . , φ

†
N ) ◦ ρ† ∈ FK

AE satisfying the inequality. If K1 > K,

we can introduce useless neurons into the bottleneck with zero weights and biases, ensuring

that the output of the network remains unchanged.

Assume ρ†(·) := argminρ∈FK
N

∑T
t=1 ∥ρ(Xt) − F ⋆t ∥2. According to Proposition 4, there
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exist deterministic φ†i ∈ FK
1 (d2, w2, T

5β+5, B) such that:

|φ†i (x)− φ⋆i (x)| ≲ T
− β

2β+K , ∀x ∈ [−B,B]K and i = 1, . . . , N. (2.18)

By the triangle inequality, the following inequality holds:

1

NT

T∑
t=1

N∑
i=1

(
φ⋆i (F

⋆
t )− φ

†
i (ρ

†(Xt))
)2 ≤ 2

NT

T∑
t=1

N∑
i=1

(
φ⋆i (F

⋆
t )− φ⋆i (ρ

†(Xt))
)2

+
2

NT

T∑
t=1

N∑
i=1

(
φ⋆i (ρ

†(Xt)))− φ
†
i (ρ

†(Xt)))
)2

=: A1 + A2.

By Assumptions 7, we confirm:

|φ⋆i (x)− φ⋆i (y)| ≲ ∥x− y∥2 ∀i = 1, . . . , N. (2.19)

Therefore, A1 ≲ 1
T

∑T
t=1 ∥F ⋆t − ρ†(Xt)∥2 = infρ∈FK

N

∑T
t=1 ∥ρ(Xt) − F ⋆t ∥2. For A2, by Eq.

(2.18), we have A2 ≲ T
− 2β

2β+K , which completes the proof.
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2.6.1.5 Final Step

Note that by (I) and (III), it can be proven that, with probability at least 1− C exp(−cT ),

∣∣∣∣∣∣
T∑
t=1

N∑
i=1

(
φ
†
i (ρ

†(Xt))−X⋆
it

)
Uit

∣∣∣∣∣∣
≲T 1/2K

1/2
1 log T


 T∑
t=1

N∑
i=1

(
φ
†
i (ρ

†(Xt))−X⋆
it

)21/2

+N1/2

+N

≲T 1/2N1/2K
1/2
1 log T

T 1/2

T− 2β
2β+K + T−1 inf

ρ∈FK
N

T∑
t=1

∥ρ(Xt)− F ⋆t ∥2
1/2

+ 1

+N

≲NT

N−1K1 + T
− 2β

2β+K + T−1 inf
ρ∈FK

N

T∑
t=1

∥ρ(Xt)− F ⋆t ∥2
 log2(T ).

Together with (II), (III) and Eq. (2.11) with (φ1, . . . , φN ) ◦ ρ on the right hand side re-

placed by (φ
†
1, . . . , φ

†
N ) ◦ ρ†, we conclude that with probability at least 1 − C exp(−cT ),

1
NT

∑T
t=1

∑N
i=1

(
φ⋆i (F

⋆
t )− X̂it

)2 is approximately less than

(T
− 2β

2β+K +N−1K1)
1/2 log2(T )

 1

NT

T∑
t=1

N∑
i=1

(
X̂it − φ⋆i (F

⋆
t )
)21/2

+

N−1K1 + T
− 2β

2β+K + T−1 inf
ρ∈FK

N

T∑
t=1

∥ρ(Xt)− F ⋆t ∥2
 log2(T ).

Note that for a, b > 0, the following derivation holds: x ≤ a
√
x + b ⇒ x ≤ a2 + 4b.

Therefore, the proof is completed by taking x = 1
NT

∑T
t=1

∑N
i=1

(
φ⋆i (F

⋆
t ) − X̂it

)2, a =

(T
− 2β

2β+K +N−1K1)
1/2 log2(T ), and

b =

N−1K1 + T
− 2β

2β+K + T−1 inf
ρ∈FK

N

T∑
t=1

∥ρ(Xt)− F ⋆t ∥2
 log2(T ).
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2.6.2 Proof of Theorem 7

Proof. Regarding the in-sample performance, it is sufficient to prove that with probability at

least 1−C exp(−cL)−C exp(−cT ), there exists a ρ† ∈ FK
N such that T−1∑T

t=1 ∥ρ†(Xt)−

F ⋆t ∥2 ≲ L−1 + ϵ+ T
− 2β

2β+K . Notably, since ∥φ⋆∥∞ ≤ B and ∥W ⋆∥∞ ≲ L−1, ∥W ⋆∥0 ≍ L by

Assumption ??, we observe that the domain, W ⋆φ⋆([−B,B]K), a compact set, is contained

within a bounded set [−C̃, C̃]K . Therefore, by the Whitney extension theorem, ρ⋆ can be

extended to Hβ([−C̃ − 1, C̃ + 1]K , C) for some fixed constant C.

According to Proposition 4, there exist ρ̃† ∈ FK
K (d1 − 1, w1, T

5β+5, B) such that:

∥ρ̃†(x+ 1 + C̃)− ρ⋆(x)∥∞ ≲ T
− β

2β+K , ∀x ∈ [−C̃ − 1, C̃ + 1]K . (2.20)

Let v† ∈ RK be a vector with all elements equal to −1−C̃ and define ρ†(x) := ρ̃†(σv†W
⋆x) ∈

FK
K (d1, w1, T

5β+5, B). By Lemma 29, with probability at least 1− exp(−cL), ∥W ⋆Xt∥∞ ≤

1 + C̃. As a consequence, by Lemma 30, Eq. (2.20) and the fact that ρ⋆ is Lipschitz

continuous, with probability at least 1− C exp(−cT )− C exp(−cL),

1

T

T∑
t=1

∥F ⋆t − ρ†(Xt)∥2 ≲
1

T

T∑
t=1

(
∥F ⋆t − ρ⋆(W ⋆X⋆

t )∥2 + ∥ρ⋆(W ⋆X⋆
t )− ρ⋆(W ⋆Xt)∥2

+ ∥ρ⋆(W ⋆Xt)− ρ̃†(σv†W
⋆Xt)∥2

)
≲ϵ+

1

T

T∑
t=1

(
∥W ⋆Ut∥2 + ∥ρ⋆(W ⋆Xt)− ρ̃†(W ⋆Xt + 1 + C̃)∥2

)
≲ L−1 + ϵ+ T

− 2β
2β+K ,

which completes the proof for the in-sample performance.

Regarding the out-of-sample performance, by the in-sample bound and the facts that

1
NT

∑T
t=1

∑N
i=1

(
φ⋆i (F

⋆
t ) − φ̂i(ρ̂(Xt))

)2 ≤ 4B2, exp(−cT ) = o(T−1), exp(−cL) = o(N−1)
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as is assumed in Theorem 7, we have

1

NT

T∑
t=1

N∑
i=1

E
(
φ⋆i (F

⋆
t )− φ̂i(ρ̂(Xt))

)2
≲(N−1K1 + T

− 2β
2β+K + L−1 + ϵ) log4(T ) + 4B2 · (exp(−cT ) + exp(−cL))

≲(N−1K1 + T
− 2β

2β+K + L−1 + ϵ) log4(T ) + 4B2 · o(T−1 +N−1)

≲(N−1K1 + T
− 2β

2β+K + L−1 + ϵ) log4(T ). (2.21)

Assuming that {(F̃ ⋆t , Ũt, X̃t)}Tt=1 is an independent copy of {(F ⋆t , Ut, Xt)}Tt=1, we have

∣∣∣∣∣∣ 1N
N∑
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E
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⋆
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)2 − 1

NT
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⋆
t )
)2∣∣∣∣∣∣

=

∣∣∣∣∣∣ 1

NT

T∑
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N∑
i=1

E
(
φ̂i(ρ̂(X̃t))− φ⋆i (F̃

⋆
t )
)2 − 1

NT

T∑
t=1

N∑
i=1

E
(
φ̂i(ρ̂(Xt))− φ⋆i (F

⋆
t )
)2∣∣∣∣∣∣

≤ 1

N

N∑
i=1

∣∣∣∣∣∣ 1T
T∑
t=1

E
(
φ̂i(ρ̂(X̃t))− φ⋆i (F̃

⋆
t )
)2 − 1

T

T∑
t=1

E
(
φ̂i(ρ̂(Xt))− φ⋆i (F

⋆
t )
)2∣∣∣∣∣∣ . (2.22)

Lemma 33 provides an upper bound for the right-hand-side of the above inequality, which

implies that

∣∣∣∣∣∣ 1N
N∑
i=1

E
(
X̂T+1 − φ⋆i (F

⋆
T+1)

)2 − 1

NT

T∑
t=1

N∑
i=1

E
(
φ̂i(ρ̂(Xt))− φ⋆i (F

⋆
t )
)2∣∣∣∣∣∣

≤C(T− β
2β+K + T−1/2L1/2) log2(NT )

 1

N

N∑
i=1

E
(
X̂T+1,i − φ⋆i (F

⋆
T+1)

)21/2

+ C(T
− 2β

2β+K + T−1L) log4(NT ) (2.23)

for some fixed constant C. Let a, b, c, d > 0 satisfy |a− b| ≤ 2
√
ac+ d. Simple algebra gives
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a ≤ 2(b+ d) + 4c2. The proof completes by applying this fact to Eq. (2.23) with

a =
1

N

N∑
i=1

E
(
X̂T+1 − φ⋆i (F

⋆
T+1)

)2
, b =

1

NT

T∑
t=1

N∑
i=1

E
(
φ̂i(ρ̂(Xt))− φ⋆i (F

⋆
t )
)2
,

c =
C

2
(T

− β
2β+K + T−1/2L1/2) log2(NT ), d = C(T

− 2β
2β+K + T−1L) log4(NT ),

and the fact that b ≲ (N−1K1 + T
− 2β

2β+K + L−1 + ϵ) log4(T ) by Eq. (2.21).

2.6.3 Proof of Theorem 8

Proof. By Assumption ??, Eq. (2.19), ∥W ⋆∥2 ≤ Tr((W ⋆)⊤W ⋆) ≲ L−1, and Theorem 7, we

have with probability at least 1−C exp(−cT )−C exp(−cL), 1
T

∑T
t=1 ∥ρ⋆(W ⋆X̂t)−F ⋆t ∥2 is

approximately less than

1

T

T∑
t=1

∥ρ⋆(W ⋆X̂t)− ρ⋆(W ⋆φ⋆(F ⋆t ))∥2 +
1

T

T∑
t=1

∥ρ⋆(W ⋆φ⋆(F ⋆t ))− F ⋆t ∥2

≲
1

T

T∑
t=1

∥W ⋆X̂t −W ⋆φ⋆(F ⋆t )∥2 + ϵ ≲
1

T

T∑
t=1

∥W ⋆∥2∥X̂t − φ⋆(F ⋆t )∥2 + ϵ

≲
1

TL

T∑
t=1

∥X̂t − φ⋆(F ⋆t )∥2 + ϵ ≲ (L−1K1 +NL−1T
− 2β

2β+K +NL−2 +NL−1ϵ) log4(T ).

Together with the fact that X̂t is a function of F̂t, i.e., X̂t = φ̂(F̂t), we identify a function

of F̂t, given by ρ⋆ ◦W ◦ φ̂, that satisfies the specified condition.

2.6.4 Proof of Corollary 3

Define

φ̃⋆i (x) = πiφ
⋆
i (x), Ũit =


−πiφ⋆i (F ⋆t ), with probability 1− πi,

(1− πi)φ
⋆
i (F

⋆
t ) + Uit, with probability πi.
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By doing so, we observe that X̃it = φ̃⋆i (F
⋆
t ) + Ũit. For this DGP, we note that Assumption

7 follows from the fact that πiφ⋆i ∈ Hβ(Ω, B). Since Uit is sub-Gaussian with uniformly

bounded sub-Gaussian norm and φ⋆i (·) is bounded, it holds that Ũit is a mean zero sub-

Gaussian variables with uniformly bounded sub-Gaussian norm. In addition, since we assume

Uit is i.i.d., it holds that given F ⋆t , Ũit is independent to each other, which verifies Assumption

6. Therefore, by Theorem 6, with probability at least 1− C exp(−cT ),

1

NT

T∑
t=1

N∑
i=1

(
X̂it − πiX

⋆
it

)2
≲

T− 2β
2β+K +N−1K1 + T−1 inf

ρ∈FK
N

T∑
t=1

∥ρ(X̃t)− F ⋆t ∥2
 log4(T ). (2.24)

In addition, sinceXit is missing independently across t, it is not hard to check by Bernstein in-

equality that P(|π̂i−πi| > T
− β

2β+K log(T )) ≲ C exp(−cT− K
2β+K log2(T )). With union bound

inequality, we conclude that with probability at least 1 − CT exp(−cT− K
2β+K log2(T )) ≳

1− C exp(−cT− K
2β+K ), max1≤i≤N |π̂i − πi| ≤ T

− β
2β+K log(T ). Together with the facts that

π̂i, πi ≥ πmin and |X̂it| ≤ B, with probability at least 1− CT exp(−c log2 T ),

T∑
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N∑
i=1

(
X̂it/π̂i −X⋆

it

)2 ≲
T∑
t=1

N∑
i=1

[(
X̂it/πi −X⋆

it

)2
+
(
X̂it/πi − X̂it/π̂i

)2]
≲

T∑
t=1

N∑
i=1

[(
X̂it − πiX

⋆
it

)2
+
(
1/πi − 1/π̂i

)2]
≲

T∑
t=1

N∑
i=1

[(
X̂it − πiX

⋆
it

)2
+ T

− 2β
2β+K log2(T )

]
.

Combining the above inequality and Eq. (2.24), the corollary holds.
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2.7 Empirical Applications in Economics

In this section, we discuss three separate applications that illustrate the use of AEs and

SAEs with economic datasets.

2.7.1 Macroeconomic Forecasting

Forecasting economic developments is essential for effective decision-making in policy formu-

lation, consumption and investment planning, and financial forecasting. Accurate predictions

help stakeholders anticipate future trends and adapt their strategies accordingly.

A variety of methods has been proposed to aggregate macroeconomic indicators for

predicting individual macroeconomic variables, such as unemployment rates, inflation, and

short-term interest rates. Prominent approaches include factor-based models developed by

Stock and Watson [1999] and Stock and Watson [2002], Bayesian model averaging (Koop

and Potter [2004] and Wright [2009]), and ensemble learning methods such as bagging and

boosting (Inoue and Kilian [2008] and Bai and Ng [2009]).

Recently, there has been growing interest in methods designed to forecast multiple vari-

ables simultaneously. Examples include Bayesian reduced-rank multivariate models (Car-

riero et al. [2011]) and Bayesian vector autoregressions (Bańbura et al. [2010]). At the same

time, forecasting techniques originally developed for single variables can often be adapted to

panels by applying algorithms separately to each target variable. Stock and Watson [2012]

provide a comprehensive comparison of panel forecasting methods and emphasize the strong

performance of factor-based approaches in such settings.

This study focuses on forecasting an entire panel of economic indicators, employing the

FRED-MD dataset compiled by McCracken and Ng [2016]. This dataset features a com-

prehensive range of economic indicators across categories such as output and income, labor

markets, consumption, orders and inventories, money and credit, interest rates and exchange

rates, prices, and the stock market. It includes 119 predictors spanning January 1960 to De-
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cember 2019 at a monthly frequency.9

Formally, let Xt ∈ R119 represent the predictor variables, and let Yt+1 denote the target

variables for the subsequent month. SAEs are employed to predict Yt+1. Since the focus

is on forecasting the entire panel, we set Yt+1 = Xt+1. On the basis of Stock and Watson

[2012], we center our analysis on the residuals of a prior AR(6) fit for Yt+1.10 This approach

enables us to evaluate the models’ ability to predict beyond the autoregressive component.

To benchmark the performance of SAEs, we compare their predictions against those of the

PCR approach, which is widely regarded as a robust baseline, as highlighted by Stock and

Watson [2012].

Training the SAE involves an expanding window approach. The initial 20 years of data

(1960–1979) serve as the training set, while the subsequent 10 years (1980–1989) form a

validation set used for tuning parameters such as the learning rate and pruning ratio. Rather

than optimizing the number of factors, results are reported for each specified factor count.

Performance is evaluated on the following year (1990). This process is repeated 30 times,

with the training set expanding by one year and the validation set shifting accordingly at

each iteration. For PCR, performance is also reported for each specified number of factors.

Since it does not involve tuning parameters any more, the training and validation sets are

combined to produce direct estimates.

The results in Figure 2.8 highlight a significant advantage of SAEs over PCR. Among the

PCR models, the single-factor specification consistently outperforms other configurations, re-

inforcing the effectiveness of simplicity in this context. In contrast, SAEs, particularly SAE1

through SAE3, exhibit superior performance. The box plots for these models demonstrate

9. We adhere to the preprocessing steps outlined by McCracken and Ng [2016], including necessary trans-
formations and the exclusion of variables with missing values in earlier years or those with long lags. These
measures ensure the robustness of our analysis and facilitate comparability with other studies in the litera-
ture.

10. To avoid forward-looking bias, the AR(6) model is refitted using an expanding window of the training
sample at each step.
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narrower spreads and consistently positive median R2 values across all factor counts, un-

derscoring their robust predictive capabilities. Notably, SAE2 with two factors appears to

dominate other scenarios. SAE4, however, performs poorly, showing clear signs of overfit-

ting due to its more complex structure. In comparison, SAE5—while fully connected—has

a much smaller number of parameters than SAE4. As a result, its performance is closely

aligned with that of SAE1 through SAE3, albeit slightly lower. To further test the statistical

significance of the improvements over PCR, we apply the Wilcoxon signed-rank test to the

R2 values. This test evaluates the null hypothesis that the median R2 is zero against the al-

ternative that the median is positive. The corresponding p-values are presented in Table 2.2.

SAE2 dominates PCR with at least two factors, while SAE1 achieves dominance with three

or more factors. Although SAE3 performs weaker, it still surpasses PCR with four factors

and with three or five factors at the 10% significance level. Overall, our results underscore

the advantage of the disjoint output decoder structure in SAEs. By effectively extracting

nonlinear components, this architecture contributes to stable and improved macroeconomic

forecasting.

PCR SAE1 SAE2 SAE3 SAE4 SAE5
15.0
12.5
10.0

7.5
5.0
2.5
0.0
2.5
5.0

Figure 2.8: Out-of-sample R2s in Macro Panel Forecasting

Note: This figure compares the distributions of out-of-sample R2 values (in percentages) for SAEs and PCR
across different numbers of factors (ranging from 1 to 5), benchmarked against PCR with one factor, in
forecasting the cross-section of macroeconomic indicators one month ahead at a monthly frequency.
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K 1 2 3 4 5
PCR – 1.0 1.0 1.0 1.0
SAE1 0.549 0.441 0.04 0.003 0.002
SAE2 0.537 0.014 0.035 0.073 0.033
SAE3 0.836 0.647 0.073 0.047 0.085
SAE4 1.0 1.0 1.0 0.996 1.0
SAE5 1.0 0.682 1.0 0.952 0.968

Table 2.2: P-values of Wilcoxon Signed-rank Test

Note: This table reports the p-values from the Wilcoxon signed-rank test applied to out-of-sample R2 values,
benchmarked against PCR with one factor. K1 denotes the number of factors in PCA and the number of
neurons in the bottleneck layers of the SAEs.

2.7.2 Predicting the Cross-Section of Factor Returns

Our second exercise examines an asset pricing application centered on factor investing. Over

decades, research has identified systematic factors that explain cross-sectional variations in

expected returns, driving the popularity of factor-based investing. Like aggregate market

returns, individual factor returns may exhibit predictability, presenting investment oppor-

tunities for dynamically adjusting positions on different factors based on their expected

performance.

Extensive research has explored the predictability of individual factors, such as value

(Cohen et al. [2003]) and momentum (Cooper et al. [2004]; Daniel and Moskowitz [2016]),

as well as the joint predictability of multiple factors (Stambaugh et al. [2012]; Akbas et al.

[2015]). For instance, Arnott et al. [2023] investigate factor momentum and demonstrate that

past factor returns can predict future returns in the cross-section. Expanding on this, Haddad

et al. [2020] use factors’ book-to-market (BM) ratios—calculated by weighting individual

equities’ BM ratios—to predict the five principal components of factor returns, which are

subsequently translated into predictions of the returns of individual factors.

Our approach differs by directly predicting the cross-section of factor returns using each

factor’s characteristics, such as BM ratios and momentum measures derived from factor

returns over various horizons. Utilizing the SAE architecture examined in simulations, we
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extract nonlinear, low-dimensional components from these factor characteristics (Xi,t), while

simultaneously predicting the cross-section of factor returns (Yi,t+1) for the next period.

Unlike our focus on factor-level predictions, an important application of AEs in asset pricing

is demonstrated in the work of Gu et al. [2021b], which proposes Conditional AEs to model

individual stock returns by incorporating firm characteristics as covariates alongside the

input returns.

Our analysis uses the extended monthly dataset from Haddad et al. [2020], accessed via

Serhiy Kozak’s website, spanning January 1974 to December 2019. This dataset includes 50

long-short, characteristic-sorted decile portfolios, along with their BM ratios. In addition

to BM ratios, we calculate trailing 1-month (MOM1), 6-month (MOM6), and 12-month

(MOM12) returns as alternative predictors. The inclusion of MOM12 requires the sample

period to begin in 1975.

To train the SAE, we adopt an expanding window approach. Specifically, the first 15

years of data serve as the training set, while the following 5 years form the validation set.

Performance is then evaluated in the subsequent year. This procedure is repeated 25 times,

with the training set expanding by one year and the validation set shifting accordingly at each

iteration. For comparison, we implement PCA as in Haddad et al. [2020], using combined

training and validation sets for estimation without tuning the number of factors.

Table 2.3 reports the Sharpe ratio of a long-short portfolio constructed based on predicted

factor returns. The portfolio takes long positions in the top 10 (20%) factors and short

positions in the bottom 10, ranked by their predicted values. The Sharpe ratio provides an

economic assessment of the prediction power.

For BM, the PCA-based approach achieves a maximum Sharpe ratio of 0.452 with 4

principal components (PCs). Using MOM1 as input yields a slightly higher Sharpe ratio of

0.654. However, PCA’s performance declines with MOM6 and MOM12 inputs, with Sharpe

ratios below 0.226 and 0.357, respectively, regardless of the number of factors.
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BM MOM1

K1 1 2 3 4 5 K1 1 2 3 4 5

PCA 0.158 0.351 0.33 0.452 0.425 PCA 0.133 0.529 0.475 0.654 0.597
SAE1 0.633 0.393 0.507 0.52 0.484 SAE1 0.512 0.652 0.704 0.748 0.802
SAE2 0.742 0.82 0.728 0.514 0.714 SAE2 0.904 0.867 0.802 0.727 0.738
SAE3 0.558 0.586 0.46 0.675 0.564 SAE3 0.744 0.662 0.809 1.007 0.779
SAE4 0.304 0.316 0.603 0.361 0.388 SAE4 0.638 0.831 0.946 0.962 0.999
SAE5 0.645 0.322 0.288 0.293 0.526 SAE5 0.998 0.897 0.818 0.889 0.865

MOM6 MOM12
PCA -0.062 0.078 0.094 0.226 0.211 PCA 0.155 0.12 0.065 0.357 0.298
SAE1 0.612 0.515 0.525 0.507 0.706 SAE1 0.645 0.76 0.831 0.396 0.534
SAE2 0.723 0.736 0.701 0.737 0.718 SAE2 0.661 0.613 0.487 0.67 0.59
SAE3 0.41 0.529 0.611 0.673 0.519 SAE3 0.834 0.802 0.751 0.658 0.373
SAE4 0.45 0.38 0.522 0.403 0.573 SAE4 0.446 0.606 0.531 0.478 0.638
SAE5 0.568 0.701 0.743 0.592 0.532 SAE5 0.763 0.768 0.859 0.835 0.704

Table 2.3: Out-of-sample Sharpe Ratios

Note: The table summarizes the empirical performance of predicting the cross-section of expected factor
returns, measured by the Sharpe ratios of long-short portfolios. These portfolios are constructed from next-
month predictions by SAEs and PCA across various numbers of factors, using BM, MOM1, MOM6, and
MOM12 as predictors. Portfolios are rebalanced monthly.

SAEs consistently outperform PCA in nearly all cases, often by a substantial margin. For

example, with MOM1 as input, the SAE3 model achieves an impressive Sharpe ratio of 1.0

with 4 factors. Similarly, for BM, the SAE2 model with two factors achieves a Sharpe ratio

of 0.82. Using MOM6 and MOM12 as inputs, the same SAE1 model achieves Sharpe ratios

of 0.736 and 0.652, respectively. The strong positive predictability associated with MOM1

supports evidence of factor momentum, particularly evident in returns sorted by short-term

factor performance, aligning with the findings of Arnott et al. [2023]. Notably, SAE4 and

SAE5 also deliver competitive results, particularly for MOM across various horizons.

Overall, SAEs demonstrate significantly stronger performance than PCA, underscoring

their superior ability to capture nonlinear predictive signals effectively.
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2.7.3 Causal Analysis with Corrupted Data

In the final exercise, we revisit the study by Agarwal and Singh [2024] on causal analysis with

corrupted data, focusing on the well-known Gaussian mechanism introduced for differential

privacy (Dwork et al. [2006]; Dwork and Roth [2014]). This mechanism deliberately adds

Gaussian noise to protect respondent privacy while preserving data utility.11

The economic context involves recovering the effect of import competition from China

on U.S. labor markets, as studied in the influential work by Autor et al. [2013]. Their panel

dataset is organized at the commuting zone (CZ) level, encompassing 722 CZs across two

time periods: the 1990s and 2000s. Each CZ is represented by a vector of 30 covariates,

including variables from the authors’ preferred specification as well as auxiliary variables

detailed in their appendix.12

The dataset captures multiple dimensions of the same underlying economic indicators,

thereby exhibiting a pronounced factor structure. Table 2.4 highlights this low-dimensional

structure by comparing the variance explained by AEs and PCA. AEs consistently recover

more variance than PCA for a given number of factors. Notably, while PCA requires over 9

factors to achieve 80% explanatory power, AEs need only 3–5 components.

Next, we introduce synthetic Gaussian noise into the original 1990s dataset (X⋆ ∈

R30×722), referred to as the clean data, to obtain the corrupted data X with SNRs of

4, 2, and 1. PCA and AEs are applied to X to denoise the inputs , and the MSEs between

the original data X⋆
i and the reconstructed output X̂i are computed for each dimension i.

11. Another common approach is to add Laplace-distributed noise. The empirical results using the Laplace
mechanism are nearly identical and are therefore omitted.

12. These variables are drawn from Column 6 in Table 3 and Appendix Table 2 of Autor et al. [2013].
They include percentages of employment in manufacturing, college-educated population, and foreign-born
population; percentages of employment among women and in routine occupations; average offshorability
index of occupations; Census division dummies; and percentages of the working-age population: employed in
manufacturing, employed in non-manufacturing, unemployed, not in the labor force, and receiving disability
benefits. Additional variables include average log weekly wages (manufacturing and non-manufacturing),
average benefits per capita (individual transfers, retirement, disability, medical, federal income assistance,
unemployment, and TAA), and average household income per working-age adult (total and wage/salary).
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K1 1 3 5 7 9

PCA 24.1 50.9 64.9 74.1 81.7
AE1 44.5 82.0 91.1 93.8 95.8
AE2 40.8 76.9 86.2 91.6 95.1
AE3 51.2 86.2 92.4 95.3 96.7
AE4 49.8 91.2 95.1 98.0 98.8
AE5 43.5 80.0 89.2 93.3 94.6

Table 2.4: Cumulative Percentage of Variance Explained by Extracted Factors

Note: This table reports the cumulative percentage of variance explained by an incremental number of factors
for PCA and AEs, respectively.

The denoised outputs are subsequently used in a causal analysis framework to assess the

effectiveness of these data-cleaning methods.

Figure 2.9 presents the average MSEs across all variables. Consistent with our simulation

studies, AEs demonstrate superior performance in recovering the underlying data, achieving

significantly smaller MSEs compared to PCA. As the SNR decreases, performance deteri-

orates, resulting in larger MSEs. Among the AEs, AE4 performs the worst, as expected,

due to overfitting caused by its excessive number of parameters. We next explore how these

reconstruction errors affect the final causal analysis.
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Figure 2.9: Effectiveness in Reducing Synthetic Measurement Error

Note: This figure compares the MSEs for AEs and PCA across different numbers of factors in eliminating
synthetic errors from the covariates.

For consistency with Autor et al. [2013], we use their specified variables for the two-stage

least squares (TSLS) estimation, while the data-cleaning step benefits from the inclusion of
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auxiliary variables to enhance the recovery of the factor structure. We repeat the denoising

process 100 times and present the distribution of TSLS estimates based on AEs and PCA,

with the number of factors fixed at K1 = 5 in Figure 2.10. For comparison, we also compute

the causal effects directly using the noisy data without any cleaning. Notably, while larger

noise (SNR = 1) reduces variance of TSLS estimates, it results in a greater bias. When

applying TSLS to the outputs of AEs, the median of estimated causal effects from 100

experiments are close to the value reported in the original paper (−0.596 ± 1.96 · 0.099).

Specifically, for SNR=2, the median estimates are -0.639 for AE1, -0.659 for AE2, and -

0.652 for AE3. PCA, by comparison, yields a corresponding estimate of -0.674, with smaller

variance than AEs but a larger bias, even exceeding that of using the noisy data directly.

Noisy PCA AE1 AE2 AE3 AE4 AE5
0.9

0.8

0.7

0.6

0.5

0.4

0.3

Figure 2.10: Effect of Noise Reduction on Causal Analysis Outcomes

Note: This figure presents boxplots of the TSLS estimates based on 100 repeated experiments with synthetic
noise added to the covariates. The “Noisy” case represents the estimates obtained directly from the corrupted
data, while the remaining boxplots correspond to estimates after applying respective data-cleaning methods
using PCA and AEs. Each of the three boxes from left to right correspond to three SNRs from 4 to 1.
The red dashed line denotes the causal effect derived from clean data, and the blue dashed lines mark its
confidence interval.
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2.8 Supplemental Mathematical Proofs

2.8.1 Approximation Error of Neural Networks

Proposition 4. Assume f ∈ Hp([−a, a]r, C) for some p = q + s, q ∈ N0 and s ∈ (0, 1],

and C > 0. Then for a ≥ 1 and ζ sufficiently large (only depends on fixed constants

including p, a, C and ∥f∥Cq), when d ≍
⌈
log4

(
ζ2p
)⌉

· (⌈log2(max{q, r}+ 1})⌉+1) and w ≍

2r ·
(r+q
r

)
· r2 · (q+1) · ζr, there exists a neural network f̂wide ∈ F1

r (d, w, ζ
5p+5, B) such that∥∥∥f − f̂wide

∥∥∥∞ ≤ Cζ−2p, for some constant C only depends on fixed parameters.

Proof. The proof primarily follows the same argument as in Kohler and Langer [2021], with

the main difference being the necessity to construct the neural networks used in their paper

with bounded weights. First, we introduce the notations required for the proof.

Notations: Given an r−dimensional cube C, we denote the "bottom left" corner of C as

Cleft. Thus, each half-open cube C with side length s can be expressed as a polytope defined

by −x(j) + C
(j)
left ≤ 0 and x(j) − C

(j)
left − s < 0 (j ∈ {1, . . . , r}). Moreover, we denote by

C0
δ ⊂ C the cube containing all x ∈ C that have a distance of at least δ from the boundaries of

C, i.e., a polytope defined by −x(j)+C(j)
left ≤ −δ and x(j)−C(j)

left −s < −δ (j ∈ {1, . . . , r}).

If P is a partition of cubes of [−a, a)r and x ∈ [−a, a)r, then we denote the cube C ∈ P ,

which satisfies x ∈ C, by CP(x). We partition [−a, a)r into ζr and ζ2r half-open equivolume

cubes of the form [α, β) =
[
α(1), β(1)

)
× · · · ×

[
α(r), β(r)

)
, for α, β ∈ Rr, respectively. Let

P1 =
{
Ck,1

}
k∈{1,...,ζr} and P2 =

{
Cj,2

}
j∈{1,...,ζ2r} (2.25)

be the corresponding partitions. We denote for each i ∈ {1, . . . , ζr} those cubes of P2

that are contained in Ci,1 by Ĉ1,i, . . . , Ĉζr,i. Here we order the cubes in such a way that(
Ĉk,i

)
left

=
(
Ci,1

)
left + vk holds for all k ∈ {1, . . . , ζr} , i ∈ {1, . . . , ζr} and for some vector

vk with entries in
{
0, 2a/ζ2, . . . , (ζ − 1) · 2a/ζ2

}
. The vector vk describes the position of
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(
Ĉk,i

)
left

relative to
(
Ci,1

)
left , and we order the above cubes such that this position is

independent of i. Finally, define the identity function achieved by ReLU neural network,

f̂id(z) = σ(z)− σ(−z) = z, z ∈ R, and

f̂id(x) =
(
f̂id

(
x(1)

)
, . . . , f̂id

(
x(r)

))
=
(
x(1), . . . , x(r)

)
, x ∈ Rr.

We further let f̂ t+1
id (x) = f̂id

(
f̂ tid(x)

)
= x, t ∈ N+, x ∈ Rr. Note that the weights of these

neural network are all bounded by ζ5p+5.

With these notations established, the proof proceeds by constructing neural networks

with bounded weights in a manner similar to the approach outlined in Kohler and Langer

[2021]. We demonstrate that for all the neural networks utilized in their proof, there exists

an alternative with a number of layers twenty times theirs and with weights bounded by

ζ5p+5. We partition the proof into three steps, which correspond to key steps 2 − 4 in the

proof of Theorem 2(a) of Kohler and Langer [2021].

2.8.1.1 Step I: An Initial Approximation

We construct a neural network f̂P2
(x) that approximates the target function for all x ∈⋃

j∈{1,...,ζ2r}
(
Cj,2

)0
1/ζ2p+2 . To prove this, we prove in Lemmas 34 and 35 that there exist

f̂mult,r and f̂p, which are weight-bounded versions of f̂mult,r and f̂p defined in Lemmas 8

and 5 of Kohler and Langer [2021] and are used to approximate monomials, that achieve the

same approximation error as theirs but with the number of layers twenty times theirs. Also,
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we adopt the definition of f̂ind,[a,b) and f̂test (x, a, b, s) in Lemma 6 of their paper:

f̂ind,[a,b)(x) = σ

(
1− ζ2p+2 ·

r∑
i=1

(
σ
(
a(i) + ζ−2p−2 − x(i)

)
+ σ

(
x(i) − b(i) + ζ−2p−2

)))

f̂test (x, a, b, s) (2.26)

= σ

(
f̂id(s)− ζ4p+4 ·

r∑
i=1

(
σ
(
a(i) + ζ−2p−2 − x(i)

)
+ σ

(
x(i) − b(i) + ζ−2p−2

)))

− σ

(
−f̂id(s)− ζ4p+4 ·

r∑
i=1

(
σ
(
a(i) + ζ−2p−2 − x(i)

)
+ σ

(
x(i) − b(i) + ζ−2p−2

)))
.

Note that f̂ind,[a,b)(x) ∈ F1
r (2, 2d, ζ

5p+5) satisfies

f̂ind,[a,b)(x) = 1[a,b)(x)

for x ∈ Kζ := {x ∈ Rr : x(i) /∈
[
a(i), a(i) + ζ−2p−2

)
∪
(
b(i) − ζ−2p−2, b(i)

)
,∀i ∈ {1, . . . , r}}

and |f̂ind,[a,b)(x)− 1[a,b)(x)| ≤ 1 for x ∈ Rr. The function f̂test (x, a, b, s) ∈ F1
r (2, 2d, ζ

5p+5)

satisfies f̂test (x, a, b, s) = s1[a,b)(x) for x ∈ K1/R and |f̂test (x, a, b, s)− s1[a,b)(x)| ≤ |s| for
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x ∈ Rr. Additionally, we adopt the definitions of functions in their proof of Lemma 3:

ϕ̂1,1 =
(
ϕ̂
(1)
1,1, . . . , ϕ̂

(r)
1,1

)
= f̂2id(x),

ϕ̂2,1 =
(
ϕ̂
(1)
2,1, . . . , ϕ̂

(r)
2,1

)
=

∑
i∈{1,...,ζr}

(
Ci,1

)
left · f̂ind,Ci,1

(x),

ϕ̂
(l,j)
3,1 =

∑
i∈{1,...,ζr}

(
Dlf

)((
C̃j,i

)
left

)
· f̂ind,Ci,1

(x), (2.27)

ϕ̂1,2 =
(
ϕ̂
(1)
1,2, . . . , ϕ̂

(r)
1,2

)
= f̂2id

(
ϕ̂1,1

)
,

ϕ̂
(i)
2,2 =

ζr∑
j=1

f̂test

(
ϕ̂1,1, ϕ̂2,1 + vj , ϕ̂2,1 + vj +

2a

ζ2
· 1, ϕ̂(i)2,1 + v

(i)
j

)
,

ϕ̂
(l)
3,2 =

ζr∑
j=1

f̂test

(
ϕ̂1,1, ϕ̂2,1 + vj , ϕ̂2,1 + vj +

2a

ζ2
· 1, ϕ̂(1,j)3,1

)
,

for j ∈ {1, . . . , ζr}, l ∈ Nd0 with ∥l∥1 ≤ q and i ∈ {1, . . . , r}. These functions are fun-

damental to the desired neural network that approximate the target function. It can be

readily observed that all parameters of the aforementioned neural networks are bounded

by ζ5p+5 for sufficiently large values of ζ given that ∥f∥Cq is finite. Select l1, . . . , l(r+q
r ) to

satisfy
{
l1, . . . , l(r+q

r )

}
=
{
(s1, . . . , sd) ∈ Nr0 : s1 + · · ·+ sd ≤ q

}
and define ri = 1

li!
. Addi-

tionally, we define monomial mi(x) = xli and function p
(
x, y1, . . . , y(r+q

r )

)
=
∑(r+q

r )
i=1 ri ·

yi · mi(x). Define Bζ,p :=
⌈
log4

(
ζ2p
)⌉

. By Lemma 35, maxi |ri| = 1, and the fact that

(4max {2a, ∥f∥Cq})2q+2 < ζ5p+5 as long as ζ is big enough, a function

f̂p ∈ F1
(r+q

r )+r

(
20Bζ,p · ⌈log2(max{q + 1, 2})⌉ , 18 · (q + 1) ·

(
r + q

r

)
, ζ5p+5

)

exists such that for all |z(1)|, . . . , |z(r)|, |y1|, . . . , |y(r+q
r )| ≤ max {2a, ∥f∥Cq}, it holds that

∣∣∣f̂p (z, y1, . . . , y(r+q
r )

)
− p

(
z, y1, . . . , y(r+q

r )

)∣∣∣ ≤ C · (max {2a, ∥f∥Cq})4(q+1) · 4−Bζ,p
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for some fixed constant C. Finally, we define

f̂P2
(x) := f̂p

(
ϕ̂1,2(x)− ϕ̂2,2(x), y1, . . . , y(r+q

r )

)
(2.28)

where z := ϕ̂1,2(x)−ϕ̂2,2(x) and yv := ϕ̂
(lv)
3,2 (x) for v ∈

{
1, . . . ,

(r+q
r

)}
. Lemma 36 states that∣∣∣f̂P2

(x)− f(x)
∣∣∣ ≤ C·(max {2a, ∥f∥Cq})4(q+1)·ζ−2p holds for all x ∈ ⋃j∈{1,...,ζ2r} (Cj,2)01/ζ2p+2 ,

i.e., f̂P2
approximates the target function well for certain area.

2.8.1.2 Step II: Approximating wP2
(x) · f(x)

Define

wP2
(x) =

r∏
j=1

(
1− ζ2

a
·
∣∣∣∣(CP2

(x)
)(j)
left +

a

ζ2
− x(j)

∣∣∣∣)
+
. (2.29)

This function is a linear tensorproduct B-spline which takes its maximum value at the center

of CP2
(x). In this section, we construct a neural network that effectively approximates

wP2
(x) · f(x). To achieve this, we establish f̂wP2

and f̂check,P2
in Lemmas 37 and 38, which

are the weight-bounded versions of functions f̂wP2
and f̂check,P2

defined in Lemmas 9 and

10 of Kohler and Langer [2021]. By Lemmas 36 and 37, the functions f̂P2
and f̂wP2

can

effectively approximate f and wP2
except for a certain region, while f̂check,P2

is used to

check if the input x lies in that region. Based on this, define

f̂P2,true(x) =σ
(
f̂P2

(x)−Btrue · f̂check,P2
(x)
)
− σ

(
−f̂P2

(x)−Btrue · f̂check,P2
(x)
)
,

where Btrue = 2 · e2ar · max {∥f∥Cq , 1}. By Lemma 36, |f̂P2
(x)| ≤ Btrue for all x ∈

[−a, a)r. Intuitively, f̂P2,true becomes zero when x lies in the region that f̂P2
fails to ap-

proximate the target function, while it equals f̂P2
when x is outside that region. Since

Btrue and the weights of f̂P2
and f̂check,P2

(x) are all bounded by ζ5p+5 when ζ becomes

161



sufficiently large, we see that the weights of f̂P2,true are also bounded by ζ5p+5. Let

f̂mult ∈ F1
2 (20

⌈
log4

(
ζ2p
)⌉
, 18, ζ5p+5) be the function defined in Eq. (2.39) with a there

being replaced by 2 ·max
{
∥f∥∞,[−a,a]r , 1

}
. This function is used to approximate the prod-

uct of the inputs. Finally, we let

f̂(x) = f̂mult

(
f̂wP2

(x), f̂P2, true (x)
)
. (2.30)

Lemma 39 demonstrates that
∣∣∣f̂(x)− wP2

(x) · f(x)
∣∣∣ ≤ C · (max {2a, ∥f∥Cq})4(q+1) · ζ−2p

holds for x ∈ [−a, a)r.

2.8.1.3 Step III: Applying f̂ to slightly shifted partitions

Based on the previous section, we are able to approximate wP2
(x) · f(x) well by neural

networks. The function wP2
(x) plays a role of weight function that achieves its maximum

at the center of CP2
(x). Intuitively, by further defining a series of weight functions such

that their sum equals one, the sum of corresponding neural network as f̂ can effectively

approximate the target function f . The proof for this section uses this idea.

Recall the definition of P1 and P2 in Eq. (2.25). Let P1,1 = P1 and P2,1 = P2 and define

for each v ∈ {2, 3, . . . , 2r} partitions P1,v and P2,v, which are modifications of P1,1 and P2,1

where at least one of the components it shifted by ζ−2a. That is, P1,v is of the form P1 +∑
k∈S ζ

−2aek for S being a subset of {1, 2, . . . , r}, where ek represents the k-th basis vector

of Rr. Accordingly, we define the function wP2,v
and the neural network f̂v in the same way as

Eq. (2.29) and Eq. (2.30) corresponding to the partitions P1,v and P2,v for v ∈ {1, . . . , 2r},

respectively. Note that wP2,1
+ · · · + wP2,2r

= 1 for x ∈ [−a/2, a/2]d, which is proven

Page 32 of the Supplementary A of Kohler and Langer [2021]. Finally we let f̂wide (x) =∑2r
v=1 f̂v(x) ∈ F1

r (d, w, ζ
5p+5) with d = 100 + 20

⌈
log4

(
ζ2p
)⌉

· (⌈log2 (max{q, r}+ 1)⌉+ 1)
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and w = 2r · 64 ·
(r+q
r

)
· r2 · (q + 1) · ζr. By Lemma 39,

|f̂wide (x)− f(x)| =

∣∣∣∣∣∣
2r∑
v=1

f̂v −
2r∑
v=1

wP2,v
· f(x)

∣∣∣∣∣∣ ≤
2r∑
v=1

∣∣∣f̂v − wP2,v
· f(x)

∣∣∣ ≲ ζ−2p, (2.31)

for x ∈ [−a/2, a/2]r. Although the result holds for x ∈ [−a/2, a/2]r, we can always increase a

if necessary. Note that f̂wide ∈ F1
r (d, w, ζ

5p+5) and it may not be bounded by B. However,

we can add two more layers at the end in the form of σ(2B − σ(B − f̂wide ))−B to make it

belong to F1
r (d, w, ζ

5p+5, 2B). This will not change the value of the output if |f̂wide (x)| ≤ B,

so that Eq. (2.31) still holds given that |f(x)| ≤ B.

2.8.2 Proofs of Technical Lemmas

Lemma 27. Under Assumption 6, given {F ⋆t }Tt=1, for any constants {Cit}i=1,...,N,t=1,...,N ,

(
∑T
t=1

∑N
i=1CitUit)/(

∑T
t=1

∑N
i=1C

2
it)

1/2 is subGaussian with its subGaussian norm bounded

by some fixed constant σ2u.

Proof. Recall that the subGaussian norm of Zit is bounded by σ2z . Let C = {Cit}i=1...,N,t=1,...,T ,

we have

∑T
t=1

∑N
i=1CitUit(∑T

t=1

∑N
i=1C

2
it

)1/2 =
vec(C)⊤ vec(U)(∑T
t=1

∑N
i=1C

2
it

)1/2 =
vec(C)⊤Σ1/2 vec(Z)(∑T

t=1

∑N
i=1C

2
it

)1/2 .
Since vec(Z) composed of independent subGaussian random variables with bounded sub-

Gaussian norm, the subGaussian norm of the right hand side is bounded by

σ2z vec(C)
⊤Σvec(C)∑T

t=1

∑N
i=1C

2
it

≤ σ2z∥Σ∥∥ vec(C)∥2∑T
t=1

∑N
i=1C

2
it

= σ2z∥Σ∥.

Lemma 28. Under Assumption 6, with probability at least 1− C exp(−cT ), ∑T
t=1 ∥Ut∥1 ≲

NT .
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Proof. Recall that the subGaussian norm of Zit is bounded by σ2z . Observe that

T∑
t=1

∥Ut∥1 ≤
T∑
t=1

N1/2∥Ut∥ ≤ N1/2T 1/2

 N∑
i=1

T∑
t=1

U2
it

1/2

=N1/2T 1/2
(
vec(Z)⊤Σvec(Z)

)1/2
≲ N1/2T 1/2

(
vec(Z)⊤ vec(Z)

)1/2
.

Therefore, we only need to prove N−1T−1 vec(Z)⊤ vec(Z) is bounded by some constant. By

Hansen-Wright inequality,

P

 1

NT

N∑
i=1

T∑
t=1

(Z2
it − EZ2

it) ≥ σ2z

 ≤ 2 exp(−cNT ).

By the property of sub-Gaussian variable, we have EZ2
it ≤ 2σ2z . As a consequence, it holds

that 1
NT

∑N
i=1

∑T
t=1 Z

2
it ≤ 3σ2z with probablity at least 1− C exp(−cT ).

Lemma 29. Under Assumptions 6 and ??, if log T = o(N), with probability at least 1 −

C exp(−cL), ∥W ⋆Ut∥∞ ≤ 1 for all 1 ≤ t ≤ T .

Proof. Write Σt ∈ RT×NT as the submatrix of Σ1/2 formed by its (t− 1)N + 1 to tN rows.

As a consequence, Ut = Σt vec(Z). For i = 1, . . . , K, write W ⋆
i as the i-th row of W ⋆.

Then we have ∥W ⋆Ut∥∞ = maxi=1,...,K ∥W ⋆
i Σt vec(Z)∥. Observe that W ⋆

i Σt vec(Z) is a

subGaussian random variable with its subGaussian norm bounded by σ2zW ⋆
i ΣtΣ

⊤
t (W

⋆
i )

⊤ ≲

∥W ⋆
i ∥2∥ΣtΣ⊤

t ∥ ≲ L−1∥ΣtΣ⊤
t ∥. Since ΣtΣ

⊤
t is a submatrix of Σ and ∥Σ∥ ≲ 1, we have

∥ΣtΣ⊤
t ∥ ≲ 1. Therefore, the subGaussian norm of W ⋆

i Σt vec(Z) is approximately less than

L−1. By the property of subGaussian variable, P(|W ⋆
i Σt vec(Z)| ≥ 1) ≤ C exp(−cL). To-

gether with union bound inequality and the fact that log(T ) = o(L),

P( max
1≤t≤T

max
1≤i≤K

|W ⋆
i Σt vec(Z)| ≥ 1) ≤ CTK exp(−cL) ≲ C exp(−cL/2).

Lemma 30. With probability at least 1− C exp(−cT ), T−1∑T
t=1 ∥W ⋆Ut∥2 ≲ L−1.
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Proof. Let Q := IT ⊗ (W ⋆)⊤W ⋆. Observe that

T−1
T∑
t=1

∥W ⋆Ut∥2 = T−1 vec(U)⊤Q vec(U) = T−1 vec(Z)⊤Σ1/2QΣ1/2 vec(Z).

Note that ∥Q∥ ≤ ∥(W ⋆)⊤W ⋆∥ ≤ Tr((W ⋆)⊤W ⋆) ≲ L−1. Therefore, we have ∥Σ1/2QΣ1/2∥ ≲

L−1. Additionally, observe that rank(Σ1/2QΣ1/2) ≤ rank(Q) ≤ T rank(W ⋆) = TK. As a

consequence, we have

T−1Tr(Σ1/2QΣ1/2) ≤ ∥T−1Σ1/2QΣ1/2∥ rank(Σ1/2QΣ1/2) ≲ L−1,

∥T−1Σ1/2QΣ1/2∥2F ≲ ∥T−1Σ1/2QΣ1/2∥2 rank(Σ1/2QΣ1/2) ≲ T−1L−2.

By applying Hanson-Wright inequality, we conclude that

P
(
|(1− E)T−1 vec(Z)⊤Σ1/2QΣ1/2 vec(Z)| ≥ L−1

)
≤ C exp(−cT ).

Together with the fact that ET−1 vec(Z)⊤Σ1/2QΣ1/2 vec(Z) ≍ T−1Tr(Σ1/2QΣ1/2) ≲ L−1,

we completes the proof.

Lemma 31. For any φ ∈ Fnd+1
n0 (d, w, T 5β+5), it holds that

|φ(x)− φ(y)| ≤ n0T
(5β+5)(d+1)wd∥x− y∥∞.

Proof. Write φ(x) = WdσvdWd−1σvd−1 . . .W1σv1W0x where Wi ∈ Rni+1×ni . It is not hard

to verify that ∥Wix−Wiy∥∞ ≤ niT
5β+5∥x− y∥∞ and ∥σvix− σviy∥∞ ≤ ∥x− y∥∞. Note

that for two Lipschitz functions f1 and f2 satisfying ∥f1(x) − f1(y)∥∞ ≤ L1∥x − y∥∞ and

∥f2(x)− f2(y)∥∞ ≤ L2∥x− y∥∞, it holds that ∥f2 ◦ f1(x)− f2 ◦ f1(y)∥∞ ≤ L1L2∥x− y∥∞.
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By repeatedly applying this fact to WdσvdWd−1σvd−1 . . .W1σv1W0x, we have

∥φ(x)− φ(y)∥ ≤ T (5β+5)(d+1)
( d∏
i=0

ni

)
∥x− y∥∞ ≤ n0T

(5β+5)(d+1)wd∥x− y∥∞.

Lemma 32. For the function class Fnd+1
n0 (d, w, T 5β+5, B) with width vector n = (n0, . . . , nd+1),

assume the total number of non-zero weights are bounded by S. There exists a function class

Fnd+1
n0,δ

⊂ Fnd+1
n0 (d, w, T 5β+5) such that

(a) |Fnd+1
n0,δ

| ≤
(
8δ−1CT (5β+5)(d+1)(1 + w)dn0nd+1d

)2S
(b) For any φ ∈ Fnd+1

n0 (d, w, T 5β+5, B), there exists φ ∈ Fnd+1
n0,δ

satisfying ∥φ(x)−φ(x)∥∞ ≤

δ whenever ∥x∥∞ ≤ C.

Proof. The proof follows the same idea as Lemma 5 of Schmidt-Hieber [2020]. For any

φ ∈ Fnd+1
n0 (d, w, T 5β+5, B), write φ(x) = WdσvdWd−1σvd−1 · · ·W1σv1W0x. Dfine A+

k φ :

[−C,C]r → Rnk and A−
k φ : Rnk−1 → R as

A+
k φ(x) = σvkWk−1σvk−1 · · ·W1σv1W0x, for k = 1, . . . , d,

A−
k φ(x) = WdσvdWd−1 · · ·WkσvkWk−1x, for k = 1, . . . , d+ 1.

By convention, we set A+
0 φ(x) = A+

d+2φ(x) = x. Given that all the parameters of φ are

bounded by T 5β+5 and that ∥x∥∞ ≤ C, it can by proven by mathematical induction that

∥A+
k (x)∥∞ ≤ T (5β+5)(k+1)C

k−1∏
ℓ=0

(nℓ + 1). (2.32)

Additionally, by using Lemma 31, we have

|A−
k φ(x)− A−

k φ(y)| ≤ T (5β+5)(d−k+2)

 d∏
ℓ=k−1

nℓ

 ∥x− y∥∞. (2.33)
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Let us fix some ε > 0. Suppose that φ, φ ∈ Fnd+1
n0 (d, w, T 5β+5) be two neural networks such

that all parameters are at most ε away from each other. Denote the parameters of φ by

(vk,Wk)k and the parameters of φ by (vk,W k)k. Note that

∥φ(x)− φ(x)∥∞ ≤
d+1∑
k=1

∥∥∥A−
k+1φσvkWk−1A

+
k−1φ(x)− A−

k+1φσvkW k−1A
+
k−1φ(x)

∥∥∥∞
≤
d+1∑
k=1

T (5β+5)(d−k+1)

 d∏
ℓ=k

nℓ

∥∥∥σvkWk−1A
+
k−1φ(x)− σvkW k−1A

+
k−1φ(x)

∥∥∥∞
≤
d+1∑
k=1

T (5β+5)(d−k+1)

 d∏
ℓ=k

nℓ

(∥∥∥(Wk−1 −W k−1

)
A+
k−1φ(x)

∥∥∥∞ + ∥vk − vk∥∞
)

≤ ε
d+1∑
k=1

T (5β+5)(d−k+1)

 d∏
ℓ=k

nℓ

(nk−1

∥∥∥A+
k−1φ(x)

∥∥∥∞ + 1
)

≤ 4εT (5β+5)(d+1)C(1 + w)dn0d,

where we apply triangle inequality in the first inequality, use Eq. (2.33) in the second

inequality, the facts that ∥σv(x) − σv(y)∥∞ ≤ ∥x − y∥∞ and ∥σv(x) − σv(x)∥∞ ≤ ∥v −

v∥∞ in the third inequality, and Eq. (2.32) in the last inequality. Upon selecting ε as

δ
4T (5β+5)(d+1)C(1+w)dn0d

, it becomes evident that ∥φ(x) − φ(x)∥∞ ≤ δ. Consequently, by

discretizing the parameters with grid size ε for neural networks φ, we form a function class

Fnd+1
n0,δ

satisfying (b). To verify (a), note that the total number of parameters is bounded by∑d
ℓ=0 (nℓ + 1)nℓ+1 ≤ (d + 1)2−d

∏d+1
ℓ=0 (nℓ + 1) ≤ 4n0nd+1(1 + w)d and there are at most(4n0nd+1(1+w)

d

S

)
≤ (4n0nd+1(1 + w)d)S combinations to pick S non-zero parameters. Since

all the parameters are bounded in absolute value by T 5β+5, we can discretize the non-zero
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parameters with grid size ε and obtain for the covering number

|Fnd+1
n0,δ

| ≤
∑
S⋆≤S

(8δ−1CT (5β+5)(d+1)(1 + w)dn0d)
S⋆

≤ (8δ−1CT (5β+5)(d+1)(1 + w)dn0nd+1d)
2S .

Lemma 33. The right-hand-side of (2.22) is approximately less than

(T
− β

2β+K + T−1/2L1/2) log2(NT )

 1

N

N∑
i=1

E
(
X̂T+1,i − φ⋆i (F

⋆
T+1)

)21/2

+ (T
− 2β

2β+K + T−1L) log4(NT ).

Proof. Observe that φi ◦ ρ ∈ F1
N (d1 + d2,max(w1, w2), T

5β+5, B) and its total number

of non-zero weights are approximately less than L + T
K

2β+K log T . Therefore, by Lemma

32, there exists F1
N,δ(d1 + d2,max(w1, w2), T

5β+5, B) with δ = T−1 satifying log |F1
N,δ| ≲

(L+T
K

2β+K ) log4NT. In addition, for any φi◦ρ satisfying the conditions in Theorem 7, there

exists a function f(·) ∈ F1
N,δ such that ∥φi ◦ ρ(x) − f(x)∥ ≤ T−1 whenever ∥x∥∞ ≤ 2NT .

Without loss of generality, we can assume all the functions in F1
N,δ are bounded by B. Write

F1
N,δ = {fj , j ∈ [|F1

N,δ|]} and assume fj⋆ ∈ F1
N,δ such that

∥φ̂i ◦ ρ̂(x)− fj⋆(x)∥∞ ≤ δ = T−1 (2.34)

for ∥x∥∞ ≤ 2NT . Note that by Lemma 28 and the fact that ∥X⋆
t ∥∞, ∥X̃⋆

t ∥∞ ≲ 1, it is not

hard to check that with probability at least 1−C exp(−cT ), max1≤t≤T+1 ∥Xt∥∞, ∥X̃t∥∞ ≤

2NT . Therefore, under this event, Eq. (2.34) holds for X1, X̃1, . . . , XT+1, X̃T+1. Let us
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define

rij := max
(√

T−1 log |F1
N,δ|,E

1/2
[(
fj(XT+1)− φ⋆i

(
F ⋆T+1

) )2]) and

Vi := max
j∈[|F1

N,δ|]

∣∣∣∣∣∣ 1

rijB

T∑
t=1

[(
fj(X̃t)− φ⋆i (F̃

⋆
t )
)2 − (fj(Xt)− φ⋆i (F

⋆
t )
)2]∣∣∣∣∣∣ .

Additionally, we define r⋆i as rij for j = j⋆, which is the same as

r⋆i = max
(√

T−1 log |F1
N,δ|,E

1/2
[(
fj⋆(XT+1)− φ⋆i

(
F ⋆T+1

) )2∣∣{Xt}Tt=1

])
≤
√
T−1 log |F1

N,δ|+ E1/2
[(
φ̂i(ρ̂(XT+1)− φ⋆i

(
F ⋆T+1

) )2∣∣{Xt}Tt=1

]
+ T−1, (2.35)

where the last part follows from triangle inequality and Eq. (2.34). Moreover, by Eq. (2.34),

with probability at least 1− C exp(−cT ),

∣∣∣∣∣∣ 1T
T∑
t=1

(
φ̂i(ρ̂(X̃t))− φ⋆i (F̃

⋆
t )
)2 − 1

T

T∑
t=1

(
φ̂i(ρ̂(Xt))− φ⋆i (F

⋆
t )
)2∣∣∣∣∣∣

≤

∣∣∣∣∣∣ 1T
T∑
t=1

(
fj⋆(X̃t)− φ⋆i (F̃

⋆
t )
)2 − 1

T

T∑
t=1

(
fj⋆(Xt)− φ⋆i (F

⋆
t )
)2∣∣∣∣∣∣+ 9T−1B.

With the above inequality and the fact that exp(−cT ) = o(T−1), we conclude

∣∣∣∣∣∣ 1T
T∑
t=1

E
(
φ̂i(ρ̂(X̃t))− φ⋆i (F̃

⋆
t )
)2 − 1

T

T∑
t=1

E
(
φ̂i(ρ̂(Xt))− φ⋆i (F

⋆
t )
)2∣∣∣∣∣∣

≤

∣∣∣∣∣∣ 1T
T∑
t=1

E
(
fj⋆(X̃t)− φ⋆i (F̃

⋆
t )
)2 − 1

T

T∑
t=1

E
(
fj⋆(Xt)− φ⋆i (F

⋆
t )
)2∣∣∣∣∣∣+ 10T−1B

≤B
T
E(Vir⋆i ) + 10T−1B (2.36)
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By using Cauchy-Schwarz inequality and Eq. (2.35), we have

E(Vir⋆i ) ≤
(
E
(
E
[(
φ̂i ◦ ρ̂(XT+1)− φ⋆i (F

⋆
T+1)

)2∣∣{Xt}Tt=1

]))1/2
(EV 2

i )
1/2

+
√
T−1 log |F1

N,δ|EVi + T−1EVi (2.37)

=
(
E
(
φ̂i ◦ ρ̂(XT+1)− φ⋆i (F

⋆
T+1)

)2)1/2
(EV 2

i )
1/2 +

√
T−1 log |F1

N,δ|EVi + T−1EVi

Next we analyze the term Vi. For any fixed j ∈ [|F1
N,δ|], define Ytj :=

(
fj(X̃t)−φ⋆i (F̃

⋆
t )
)2−(

fj(Xt)−φ⋆i (F ⋆t )
)2
. Then it is straightforward to see that {Ytj}Tt=1 is a series of i.i.d. random

variables satisfying EYtj = 0, |Ytj | ≤ 4B2, and

Var(Ytj) = 2Var
((
fj(X̃t)− φ⋆i (F̃

⋆
t )
)2) ≤ 2E

[(
fj(X̃t)− φ⋆i (F̃

⋆
t )
)4] ≤ 8B2r2ij .

With the above results, we apply Bernstein’s inequality and union bound inequality to obtain

P(Vi ≥ x) = P

 max
j∈[|F1

N,δ|]

∣∣∣∣∣∣ 1

rijB

T∑
t=1

Ytj

∣∣∣∣∣∣ ≥ x

 ≤ 2|F1
N,δ| max

j∈[|F1
N,δ|]

exp

(
− x2

8x/(3rij) + 16T

)
.

Since rij ≥
√
T−1 log |F1

N,δ|, it holds that P(Vi ≥ x) ≤ 2 exp(−3x
√
log |F1

N,δ|/16
√
T )

whenever x ≥ 6
√
T log |F1

N,δ| with simple algebra. Therefore, when T is large enough,

EVi =
∫ ∞

0
P(Vi ≥ x)dx ≤ 6

√
T log |F1

N,δ|

+

∫ ∞

6
√
T log |F1

N,δ|
2|F1

N,δ| exp

−3x
√
log |F1

N,δ|
16
√
T

 dx

≤ 6
√
T log |F1

N,δ|+
32

3

√
T

log |F1
N,δ|

≤ 7
√
T log |F1

N,δ|. (2.38)

In a similar way, it can be proven EV 2
i ≤ 40T log |F1

N,δ|. Combining Eq. (2.37) and bounds
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for the moment of Vi, BT E(Virij∗) is asymptotically bounded by

B

T

(
E1/2

[(
X̂T+1,i − φ⋆i (F

⋆
T+1)

)2]√
T log |F1

N,δ|+
√
T−1 log |F1

N,δ|+ log |F1
N,δ|

)
.

Recall we have log |F1
N,δ| ≲ (T

K
2β+K + L) log4(NT ), which implies that B

T E(Virij∗) can be

asymptotically bounded by

(T
− 2β

2β+K+T−1L) log4(NT )+(T
− β

2β+K+T−1/2L1/2) log2(NT )E1/2
[(
X̂T+1,i − φ⋆i (F

⋆
T+1)

)2]
.

Together with Eq. (2.36), we complete the proof.

Lemma 34. There exists f̂mult,r ∈ F1
r (20R ⌈log2(r)⌉ , 18r, 42ra2r) such that

|f̂mult,r(x)−
r∏
i=1

x(i)| ≤ 44r+1 · a4r · r · 4−R, ∀x ∈ [−a, a]r,

for any a ≥ 1 and any R ≥ log4(2 · 42r · a2r).

Proof. We initially demonstrate the existence of a neural network f̂mult ∈ F1
2 (10R, 18, 4a

2)

such that

|f̂mult(x, y)− xy| ≤ 2a24−R, for all x, y ∈ [−a, a]. (2.39)

According to Lemma A.2 of Schmidt-Hieber [2020], a neural network ϕ̂ ∈ F1
2 (2R + 5, 6, 1)

exists, satisfying
∣∣∣ϕ̂(x, y)− xy

∣∣∣ ≤ 2−2R−1, for all x, y ∈ [0, 1]. By defining f̂mult(x, y) =

4a2ϕ̂
(
x+a
2a ,

y+a
2a

)
− a(x + y) − a2, we have f̂mult ∈ F1

2 (10R, 18, 4a
2). Observe that for all

171



x, y ∈ [−a, a], we have (x+ a)/2a, (y + a)/2a ∈ [0, 1]. Therefore,

|f̂mult(x, y)− xy| =
∣∣∣∣4a2ϕ̂(x+ a

2a
,
y + a

2a

)
− a(x+ y)− a2 − xy

∣∣∣∣
= 4a2

∣∣∣∣ϕ̂(x+ a

2a
,
y + a

2a

)
− (x+ a)(y + a)

4a2

∣∣∣∣ ≤ 4a22−2R−1,

which implies Eq. (2.39). To construct the desired neural network, we use f̂mult defined in

Eq. (2.39) with a = 4rar. Therefore, f̂mult belongs to F1
2 (20R, 18, 4

2ra2r) and satisfies

|f̂mult(x, y)− xy| ≤ 2 · 42r · a2r · 4−R, (2.40)

for x1, x2 ∈ [−4rar, 4rar] For r > 2, let q := ⌈log2(r)⌉ and set

(z1, . . . , z2q) = (x(1), x(2), . . . , x(r), 1, . . . , 1).

We are now prepared to construct f̂mult,r. In the first 20R layers we compute

(f̂mult(z1, z2), f̂mult(z3, z4), . . . , f̂mult(z2q−1, z2q)) ∈ R2q−1
.

Now we pair neighboring entries and apply f̂mult. The procedure continues until only one

entry remains. The resulting network f̂mult,r belongs to F1
r (20qR, 18r, 4

2ra2r). By Eq.

(2.40) and R ≥ log4(2 · 42r · a2r), for any 1 ≤ l ≤ r and z1, z2 ∈ [−(4l − 1)al, (4l − 1)al], we

have

∣∣∣f̂mult (z1, z2)
∣∣∣ ≤ |z1 · z2|+

∣∣∣f̂mult (z1, z2)− z1 · z2
∣∣∣ ≤ (4l − 1

)2
a2l + 1 ≤

(
42l − 1

)
· a2l.

From this we get successively that all outputs of the procedure l ∈ {1, . . . , q − 1} lie in

the interval
[
−
(
42

l − 1
)
· a2l ,

(
42

l − 1
)
· a2l

]
, hence they are contained in the interval

[−4rar, 4rar], where Eq. (2.40) holds. Write ẑ1z2 = f̂mult(z1, z2), ẑ3z4 = f̂mult(z3, z4),
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and ̂z1z2z3z4 = f̂mult(ẑ1z2, ẑ3z4). Observe that | ̂z1z2z3z4 − z1z2z3z4| is upper bounded by

|z1z2ẑ3z4 − z1z2z3z4|+ |ẑ1z2ẑ3z4 − z1z2ẑ3z4|+ | ̂z1z2z3z4 − ẑ1z2ẑ3z4|

≤ 2 · 42r · a2r · 4−R + 2 · 42 · a2 · (2 · 42r · a2r · 4−R) = 2 · 42r · a2r · 4−R · (1 + 2 · 42 · a2)

where in the second inequality we use the fact that all outputs of the first procedure lie in

the interval [−42 · a2, 42 · a2]. By recursively apply this inequality, we obtain

|f̂mult,r(x)−
d∏
i=1

xi| ≤ 2 · 42r · a2r · 4−R · 41+2+···+2q−1 · a1+2+···+2q−1 ·
(
1 + 2 + · · ·+ 2q−1

)
≤ 42r · a2r · 4−R · 42r+1 · a2r · d = 4 · 44r · a4r · r · 4−R.

Lemma 35. Let m1, . . . ,m(r+n
r ) denote all monomials in Prn for some n ∈ N+. Let

r1, . . . , r(r+n
r ) ∈ R, define

p
(
x, y1, . . . , y(r+n

r )

)
=

(r+n
r )∑
i=1

ri · yi ·mi(x), x ∈ [−a, a]r, y1, . . . , y(r+n
r ) ∈ [−a, a]

and set r(p) = max
i∈
{
1,...,(r+n

r )
} |ri|. Then for any a ≥ 1 and R ≥ log4

(
2 · 42·(n+1) · a2·(n+1)

)
,

a neural network f̂p ∈ F1
(r+n

r )+r
(d, w, 42n+2a2n+2 ∨ rp) with d = 20R · ⌈log2(n+ 1)⌉ and

w = 18 · (n+ 1) ·
(r+n
r

)
exists, such that

∣∣∣f̂p (x, y1, . . . , y(r+n
r )

)
− p

(
x, y1, . . . , y(r+n

r )

)∣∣∣ ≤ C · r(p) · a4(n+1) · 4−R

for x ∈ [−a, a]r, y1, . . . , y(r+n
r ) ∈ [−a, a], where C is a constant only depends on d and n.

Proof. By Lemma 34, we know there exists a neural network f̂mi : Rr+1 → R which belongs
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to F1
r+1

(
20R · ⌈log2(n+ 1)⌉ , 18 · (n+ 1), 42n+2a2n+2

)
such that

|f̂mi(x, yi)− yimi(x)| ≤ 4 · 44(n+1) · a4(n+1) · (n+ 1) · 4−R.

Define f̂p :=
∑(r+n

r )
i=1 ri · f̂mi (x, yi), it is not hard to verify that it belongs to

F1
(r+n

r )+r
(d, w, 42n+2a2n+2 ∨ rp)

and satisfies

∣∣∣f̂p (x, y1, . . . , y(r+n
r )

)
− p

(
x, y1, . . . , y(r+n

r )

)∣∣∣ ≤ (r+n
r )∑
i=1

|ri| ·
∣∣∣yi ·mi(x)− f̂mi (x, yi)

∣∣∣
≤
(
r + n

r

)
· r(p) · 4 · 44·(n+1) · a4·(n+1) · (n+ 1) · 4−R.

Lemma 36. The neural network f̂P2
defined in Eq. (2.28) belongs to F1

r (d, w, ζ
5p+5) with

d = 80 + 20Bζ,p · ⌈log2(max{q + 1, 2})⌉

and

w = max

((
r + q

r

)
· ζr · 2 · (2 + 2r) + 2r, 18 · (q + 1) ·

(
r + q

r

))
.

Additionally, as long as ζ is large enough (only depends on fixed constants), it holds that

∣∣∣f̂P2
(x)− f(x)

∣∣∣ ≤ C · (max {2a, ∥f∥Cq})4(q+1) · ζ−2p

for all x ∈ ⋃j∈{1,...,ζ2r} (Cj,2)01/ζ2p+2. The neural network value is bounded by
∣∣∣f̂P2

(x)
∣∣∣ ≤

2 · e2ad ·max {∥f∥Cq , 1} for all x ∈ [−a, a)r.

Proof. The proof for this lemma follows the same argument as Lemma 3 in Kohler and

Langer [2021] and is thus omitted. The neural networks we use to construct f̂P2
have the
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same approximation error as theirs. The only distinction between our neural network and

theirs is twofold: our neural network has a layer count at most twenty times theirs, and the

weights are bounded by ζ5p+5.

Lemma 37. Let 1 ≤ a < ∞ and ζ ≥ 44r+1r. For wP2
defined in Eq. (2.29), there exists

a neural network f̂wP2
∈ F1

r

(
d, w, ζ5p+5

)
, with d = 100 + 20

⌈
log4

(
ζ2p
)⌉

· ⌈log2(r)⌉ and

w = max {18r, 2r + r · ζr · 2 · (2 + 2r)}, such that
∣∣∣f̂wP2

(x)− wP2
(x)
∣∣∣ ≤ 44r+1 · r · ζ−2p for

x ∈ ⋃i∈{1,...,ζ2r} (Ci,2)01/ζ2p+2 and |f̂wP2
(x)| ≤ 2 for x ∈ [−a, a)r.

Proof. We apply ϕ̂1,2 and ϕ̂2,2 defined in Eq. (2.27). Let

f̂wP2,j
(x) =σ

(
ζ2

a
·
(
ϕ̂
(j)
1,2 − ϕ̂

(j)
2,2

))
− 2 · σ

(
ζ2

a
·
(
ϕ̂
(j)
1,2 − ϕ̂

(j)
2,2 −

a

ζ2

))
+ σ

(
ζ2

a
·
(
ϕ̂
(j)
1,2 − ϕ̂

(j)
2,2 −

2 · a
ζ2

))
.

Given that the weights of ϕ̂1,2 and ϕ̂2,2 are bounded by ζ5p+5, it is straightforward to see

that the weights of f̂wP2,j
(x) are also bounded by ζ5p+5. We then construct the required

function f̂wP2
by f̂wP2

(x) = f̂mult,d

(
f̂wP2,1

(x), . . . , f̂wP2,d
(x)
)

where we set a = 1 and

R = 20⌈log4(ζ2p)⌉ in Lemma 34. Given that f̂wP2,j
used here is totally the same as the

one in Lemma 9 of Kohler and Langer [2021], and that f̂mult,d we use achieve the same

approximation error as theirs. The remaining proof follows by totally the same argument as

Lemma 9 of Kohler and Langer [2021] and is thus omitted.

Lemma 38. Let 1 ≤ a <∞. There exists a neural network

f̂check,P2
∈ F1

r

(
100, 2r +

(
4r2 + 4r

)
· ζr, ζ5p+5

)

satisfying

f̂check,P2
(x) = 1⋃

i∈{1,...,ζ2r} Ci,2\(Ci,2)
0
1/ζ2p+2

(x)
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for x /∈ ⋃i∈{1,...,ζ2r} (Ci,2)01/ζ2p+2 \
(
Ci,2

)0
2/ζ2p+2 and f̂check,P2

(x) ∈ [0, 1] for x ∈ [−a, a)r.

Proof. We adopt the definition of f̂check,P2
in Lemma 10 of Kohler and Langer [2021]:

f̂check,P2
(x) = 1− σ

(
1− f̂2(x)− f̂2id

(
f̂1(x)

))
, where

f̂1(x) := 1−
ζr∑
k=1

f̂
ind,(Ck,1)

0
1/ζ2p+2

(x) and (2.41)

f̂2(x) := 1−
ζr∑
j=1

f̂test

(
f̂2id(x), ϕ̂2,1 + vj +

1

ζ2p+2
· 1, ϕ̂2,1 + vj +

2a

ζ2
· 1− 1

ζ2p+2
· 1, 1

)
.

Here f̂ind,[a,b) and f̂test are defined in Eq. (2.26) and the function ϕ̂2,1 is defined in Eq. (2.27).

Since these functions are also totally the same as theirs, to prove this lemma, we only need

to verify that the weights of f̂check are contained in the interval [−ζ5p+5, ζ5p+5]. Given that

the weights of f̂ind,[a,b), f̂test , and ϕ̂2,1 are all contained in the interval [−ζ5p+5, ζ5p+5],

based on the definition, it is evident that the weights of f̂1 and f̂2 are also contained in the

interval [−ζ5p+5, ζ5p+5], so is f̂check,P2
.

Lemma 39. The function f̂ defined in Eq. (2.30) belongs to F1
r (d, w, ζ

5p+5) with d =

100 + 20
⌈
log4

(
ζ2p
)⌉

· (⌈log2 (max{q, r}+ 1)⌉+ 1) , and w = 64 ·
(r+q
r

)
· r2 · (q + 1) · ζr.

Additionally, as long as ζ is large enough (only depends on fixed constants), it holds that

∣∣∣f̂(x)− wP2
(x) · f(x)

∣∣∣ ≤ C · (max {2a, ∥f∥Cq})4(q+1) · ζ−2p

for some fixed constant C and x ∈ [−a, a)r.

Proof. The proof for this lemma follows the same argument as Lemma 7 in Kohler and

Langer [2021] and is thus omitted. The neural networks we use to construct f̂ have the same

approximation error as theirs but with slightly more layers and bounded weights.
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CHAPTER 3

RECURRENT NEURAL NETWORKS MEET TIME SERIES: A

THEORETICAL PERSPECTIVE

3.1 Introduction

Recurrent Neural Networks (RNNs), whose fundamental idea can be traced back to Hop-

field [1982], with the theoretical foundation established in Rumelhart et al. [1986] and the

popularized simple RNNs developed in Elman [1990], represent a class of artificial neural

networks specifically designed for processing sequential data. The core concept underlying

RNNs is the ability to retain and utilize information from previous inputs. This is realized

through the use of a recurrent unit, which updates a hidden layer at each time step based

on the current input and the preceding hidden state.

This architecture allows RNNs to capture dependencies across different points in a se-

quence, making them highly effective in modeling time series data. Time series models are

widely employed in disciplines such as statistics, economics, finance, and meteorology, as

discussed by Shumway et al. [2000], Tsay [2005], Fan and Yao [2008], and Box et al. [2015].

Although RNNs have gained considerable popularity in various machine learning domains,

the statistical theoretical foundations supporting their application to time series data remain

largely unexplored.

In this paper, we investigate the statistical properties of RNNs within the framework of

time series models. Specifically, we address several critical questions aimed at enhancing the

theoretical understanding of RNNs. These questions include whether RNNs can accurately

forecast future values of a time series and, if so, the corresponding statistical error bounds.

Furthermore, we examine the influence of model parameters, such as the number of neurons

in the recurrent layer and the width of other layers, on the determination of the error

bounds. We also discuss how to select these parameters to achieve an optimal convergence
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rate under various model configurations. Addressing these questions from a theoretical

perspective provides new insights and opens avenues for novel applications of RNNs across

diverse domains, as previously mentioned.

Our contributions are as follows. First, to the best of our knowledge, this paper is

the first to establish statistical error bounds for RNNs applied to nonlinear time series

models. In particular, we are the first to thoroughly investigate the theoretical properties of

deep and nonlinear RNNs, as well as the first to nonparametrically estimate the nonlinear

autoregressive and moving-average model with exogenous variables (NARMAX) model. In

deriving the statistical bound, we provide upper bounds for both the approximation error

and the estimation error of RNNs. The approximation error is determined by the smoothness

of the target function and the dimensionality of the input. Compared with existing results

on the approximation error of Deep Neural Networks (DNNs), our contribution is novel

in analyzing the approximation error of the nonlinear moving average components, which

is captured through the recurrent layer. The estimation error, or generalization error, is

governed by the architecture of RNNs, including the width and depth of the hidden layers.

Most existing research is limited to single-layer RNNs, whereas we extend our analysis to

RNNs with an arbitrary number of hidden layers. Second, based on the error bounds we

derive, we examine several model configurations and discuss how the width of the recurrent

layer and other hidden layers should be chosen to achieve the optimal convergence rate.

Specifically, in cases where the moving average component is linear, the error bound can

approach the minimax optimal rate for independent data, depending on the mixing properties

of the model.

Towards the theoretical understanding of RNNs, various studies have explored different

aspects. For example, Barabanov and Prokhorov [2002] examined the global Lyapunov

stability of RNNs, Chen et al. [2018] investigated the generalization bounds for single-layer

RNNs, Allen-Zhu et al. [2019] analyzed the convergence speed of RNN training, and Erichson
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et al. [2020] modeled RNNs as continuous-time dynamical systems to study the evolution

of hidden states. Li et al. [2022] focused on the approximation properties of linear RNNs.

Schäfer and Zimmermann [2006], hoon Song et al. [2023] studied the universal approximation

for discrete-time setting and Funahashi and Nakamura [1993], Maass et al. [2007], Li et al.

[2022] for continuous-time setting. Additionally, Jiao et al. [2024] established a relationship

between the approximation errors of RNNs and DNNs and applied it to analyze a nonlinear

AR model.

Our paper also contributes to the growing body of literature on the theoretical properties

of neural networks. Barron [1993] and Chen and White [1999] studied single-layer neural

networks with smooth activation functions. Yarotsky [2017] explored the approximation er-

rors of DNNs with the ReLU activation function. Schmidt-Hieber [2020] and Farrell et al.

[2021] derived optimal error rates for sparse DNNs, and Kohler and Langer [2021] demon-

strated that fully-connected DNNs can achieve these optimal rates. Furthermore, Nakada

and Imaizumi [2020] and Jiao et al. [2023] showed the potential of DNNs to overcome the

curse of dimensionality when the input data lie on a manifold.

Despite the limited theoretical understanding of RNN’s properties, RNNs have become

increasingly popular in a variety of fields. In computer science, they are frequently used

in tasks such as natural language processing [Mikolov et al., 2010, Sarzynska-Wawer et al.,

2021], speech recognition [Graves et al., 2013, Hannun et al., 2014, Bahdanau et al., 2016],

machine translation [Sutskever et al., 2014, Bahdanau et al., 2014, Cho et al., 2014] and image

captioning [Vinyals et al., 2015, Xu et al., 2015, Karpathy and Fei-Fei, 2014]. In economics

and finance, RNNs have been adopted for foreign exchange rate forecasting [Kuan and Liu,

1995], inflation prediction [Almosova and Andresen, 2023], asset pricing [Fischer and Krauss,

2018, Chen et al., 2024], and realized volatility forecasting [Bucci, 2020]. Moreover, climate

science [Lipton, 2015], biology [Tang et al., 2019], healthcare [Miotto et al., 2018], robotics

[Soori et al., 2023] and generative AI [Briot et al., 2017] also benefit from RNNs. The flexibil-
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ity and powerful sequence learning capabilities of RNNs make them highly applicable across

these diverse domains, providing state-of-the-art solutions for complex temporal prediction

problems.

In recent years, several variants of RNNs have emerged due to their wide applicability.

The most notable examples are long short-term memory (LSTM) networks [Hochreiter and

Schmidhuber, 1997] and gated recurrent units (GRUs) [Cho et al., 2014]. Other important

variants include convolutional recurrent neural networks (CRNNs) [Choi et al., 2017, Tan

and Wang, 2018], bidirectional recurrent neural networks (BRNNs) [Schuster and Paliwal,

1997], NARX neural networks [Siegelmann et al., 1997], neural Turing machines (NTMs)

[Graves et al., 2014], structured state space sequence models (S4) [Gu et al., 2021a], Mamba

[Gu and Dao, 2023], minimal gated units (MGUs) [Zhou et al., 2016], and GraphRNN [You

et al., 2018], among others.

This chapter is organized as follows: Section 3.2 introduces the architecture of RNNs

and presents the data generating process models. The main theoretical results are also given

in this section. Section 3.3 conducts simulations to validate our theoretical predictions and

compare RNNs with some classical models. Section 3.5 gives the proof of our main theoretical

results and supporting lemmas are provided in the supplementary materials.

Notation: We denote the set of positive integers by N+. Furthermore, we represent the

set that includes both zero and all positive integers, 0∪N+, by N0. For n ∈ N+, we use [n] to

denote the set {1, . . . , n}. for any x ∈ R, ⌊x⌋ is the largest integer smaller than or equal to x

and ⌈x⌉ is the smallest integer greater than or equal to x. For any x, y ∈ R, x∨ y represents

the maximum value between x and y. For a vector x = (x1, . . . , xd)
⊤, we define the p-norm as

∥x∥p := (
∑d
i=1 |xi|p)

1
p and the infinity norm as ∥x∥∞ = maxi |xi|. For a matrix A ∈ Rn×m,

we use ∥A∥ and ∥A∥∞ to represent its spectral norm and the maximum absolute value of its

entries respectively. Given a function f : Rn → Rm, we use ∥f∥∞ to denote its maximum

absolute value on its domain and ∥f∥∞,[−a,a]n when the domain is [−a, a]n. We say f ∈ Cβ
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if it has β continuous derivatives on its domain. Furthermore, we define the norm ∥ · ∥Cβ of

the smooth function space Cβ by ∥f∥Cβ := max
{
∥Dαf∥∞ : ∥α∥1 ≤ β, α ∈ Nd0

}
. For a set

F , we use |F| to indicate the number of elements within the set. For two vectors x, y ∈ Rn,

we write x ≤ y when xi ≤ yi for 1 ≤ i ≤ n. We use the notation xn ≲ yn when there exists

a constant C such that xn ≤ Cyn holds for sufficiently large n. If xn ≲ yn and yn ≲ xn, we

write xn ≍ yn for short.

3.2 Model and Main Results

3.2.1 Model

Let {Yt}Tt=1 represent an observed sequence from a stationary time series. To account for po-

tential nonlinearity in such processes, a common approach is to use a nonlinear autoregressive

(NAR) model, expressed as:

Yt = ψ⋆(Yt−1, Yt−2, . . . , Yt−p) + εt, (3.1)

where εt denotes the noise term, and p is a known parameter. When p is unknown, various

statistical techniques can be applied to estimate it (see the review by Härdle et al. 1997).

In this study, we employ a nonparametric framework, assuming that the function ψ⋆ is

unknown.

The model in Eq. (3.1) can be viewed as a nonparametric regression problem. Numerous

nonparametric techniques are available for such regression problems when the observations

are independent. Hart [1996] shows that these methods can also be extended to time series

with “short memory”, where the dependence between future and past values weakens over

time. Various mixing conditions are used to quantify this dependence. In this paper, we

focus on the α-mixing condition.
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Definition 5. Let {Yt}∞t=−∞ be a stationary random process on a probability space (Ω,F ,P).

For any i, j ∈ Z ∪ {−∞,∞} with i ≤ j, let F
j
i denote the σ-algebra generated by {Yk, i ≤

k ≤ j}. The process {Yt}∞t=−∞ is said to be α-mixing if

α(j) := sup
A∈F0−∞, B∈F∞j

|P(A ∩B)− P(A)P (B)| → 0 as j → ∞.

Here, α(j) is called the α-mixing coefficient.

Under the α-mixing condition, nonparametric regression techniques can use (Yt−1, . . . , Yt−p)

as inputs and Yt as the target to estimate the model. Common approaches include kernel re-

gression [Andrews, 1991], local polynomial regression [Fan, 2018], sieve estimation [Chen and

Shen, 1998b], random forests [Biau, 2012]. In particular, [Men et al., 2024] applies DNNs to

estimate NAR models and provide statistical error bound. While these methods effectively

capture the dependence between (Yt−1, . . . , Yt−p) and Yt, they fail to account for potential

dependence within the noise term. To address this, we propose the following NARMAX(p, q)

model,

Yt = ϕ⋆(Yt−1, Yt−2, . . . , Yt−p, εt−1, εt−2 . . . , εt−q, Xt−1) + εt, (3.2)

where ϕ⋆ is an unknown function, Xt−1 is a k-dimensional exogenous input vector, εt denotes

the noise term, and {Xt} is independent with {εt}.

To estimate ϕ⋆, we decompose it into two parts, one only consists of the observable terms

and the other also includes the unobservable noise term. Specifically, we define

ψ⋆(Yt−1, Yt−2, . . . , Yt−p, Xt−1)

:= E(ϕ⋆(Yt−1, Yt−2, . . . , Yt−p, εt−1, εt−2 . . . , εt−q, Xt−1)|Yt−1, Yt−2, . . . , Yt−p, Xt−1),
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and define

η⋆(Yt−1, . . . , Yt−p, εt−1, εt−2 . . . , εt−q, Xt−1)

:= ϕ⋆(Yt−1, Yt−2, . . . , Yt−p, εt−1, εt−2 . . . , εt−q, Xt−1)− ψ⋆(Yt−1, Yt−2, . . . , Yt−p, Xt−1).

As a consequence, we can write the model into the form of:

Yt = ψ⋆(Yt−1, Yt−2, . . . , Yt−p, Xt−1) + η⋆(Yt−1, . . . , Yt−p, εt−1, εt−2 . . . , εt−q, Xt−1) + εt.

We note that ψ⋆ can be approximated via any nonparametric regression techniques like

DNNs while η⋆ cannot. To the best of our knowledge, no statistical methods have yet been

developed to consistently estimate η⋆.

For this process, we define

Y ⋆t := ψ⋆(Yt−1, Yt−2, . . . , Yt−p, Xt−1) + η⋆(Yt−1, . . . , Yt−p, εt−1, εt−2 . . . , εt−q, Xt−1).

When εt is independent to each other, Y ⋆t represents the best predictor given historical

information, i.e.,

Y ⋆t := E(Yt|Ft−1
−∞), (3.3)

where we define Fji as the σ-algebra generated by {(Yk, εk, Xk), i ≤ k ≤ j} here and through-

out the rest of paper.

Next, we make assumptions regarding the bounds on various norms of Ut, Yt, and Xt, as

well as their mixing conditions and smoothness conditions on the functions.

Assumption 8. The noise εt is i.i.d. and E(εt|F t−1
−∞) = 0. Furthermore, there exists a

constant B such that P(max(|εt|, |Yt|, |Y ⋆t |, ∥Xt∥∞) ≤ B) = 1 for all t.
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The above assumption ensures that the support of the functions ψ⋆ and η⋆ are compact,

which is standard in nonparametrics. We note that when η⋆ is linear, the Gaussian ARMA

processes clearly do not satisfy Assumption 8. However, certain non-Gaussian ARMA, bilin-

ear, nonlinear ARX, and ARCH processes could have compact support and thus may satisfy

Assumption 8.

Next we introduce the notion of smoothness.

Definition 6 (Hölder Ball). Let β > 0 and Ω be a subset of some Euclidean space, the

Hölder ball of functions Hβ(Ω, B) is defined as

f : Ω → R, max
α,|α|≤⌊β⌋

sup
x∈Ω

|Dαf(x)|+ max
α:∥α∥1=⌊β⌋

sup
x,x′∈Ω
x ̸=x′

∣∣Dαf(x)−Dαf
(
x′
)∣∣

∥x− x′∥β−⌊β⌋ ≤ B

 ,

where ⌊β⌋ represents the largest integer strictly smaller than β.

Assumption 9. There exist β ∈ N+, such that ψ⋆ ∈ Hβ([−B,B]p+k, B). Similarly, we sup-

pose η⋆ ∈ Hβ([−B,B]p+q+k, B). In addition, we assume that θi := ∥∂xp+iη
⋆(x)∥∞,[−B,B]p+q+k ,

∀1 ≤ i ≤ q, satisfying θ1 + θ2 + · · ·+ θq =: θ < 1.

The condition on η⋆ in Assumption 9 provides a sufficient criterion for ensuring the

model’s invertibility, meaning that εt can be consistently recovered from Yt as t → ∞. In

the linear case, the invertibility assumption is less restrictive than the one we impose here.

We leave the exploration of more general conditions for nonlinear invertibility to future work.

Assumption 10. The stationary process {(Yt, εt, Xt)}∞t=−∞ is exponentially strongly mix-

ing, with its α-mixing coefficient {αy(j)} satisfying

αy(j) ≤ ᾱy exp(−cyjκ) (3.4)

for some positive constants ᾱy, cy, and κ.
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The above assumption requires that the dependencies in (Yt, εt, Xt) decay at an expo-

nential rate, a condition commonly used in the literature [Mikosch et al., 2000, Horowitz,

2003]. It is worth noting that α-mixing is weaker than β-, ρ-, and ψ-mixing. Therefore, our

theoretical results remain valid as long as these mixing coefficients decay at the same rate.

3.2.2 Recurrent Neural Networks

Having introduced the DGP, we introduce the architecture of RNNs in this section. We

begin by introducing the rectified linear unit (ReLU) activation function defined as σ(x) =

max(x, 0). Given v = (v1, . . . , vr) ∈ Rr, we define the shifted activation function σv : Rr →

Rr as:

σv


y1
...

yr

 =


σ (y1 − v1)

...

σ (yr − vr)

 .

The neural network architecture (d, w, n) consists of a positive integer d, representing the

number of hidden layers or depth, and a width vector n = (n0, . . . , nd+1) ∈ Nd+2 such that

ni ≤ w for i = 1, . . . , d. Note that n0 and nd+1 represent the input and output dimensions,

respectively. A neural network with the architecture (d, w, n) can be expressed as a function

of the form

f : Rn0 → Rnd+1 , x→ f(x) = WdσvdWd−1σvd−1 · · ·W1σv1W0x, (3.5)

where Wi is an ni+1 × ni weight matrix, and vi ∈ Rni is a shift vector.

In this paper, we adopt a setup similar to Schmidt-Hieber [2020], where the parameters
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of the neural network are bounded. The function space of the neural network is defined as:

Fnd+1
n0 (d, w,C,B) :=

{
f of the form (3.5) : max

j=0,...,d

∥∥Wj

∥∥
∞ ∨

∣∣vj∣∣∞ ≤ C, ∥f∥∞ ≤ B

}
.

For simplicity, we omit the width vector n here. In this study, we set C = T 5β+5, which

ensures that this constraint is naturally satisfied in most scenarios.

Unlike classical neural networks, RNNs process data across multiple time steps by adopt-

ing the fundamental building block called the recurrent unit. This unit maintains a hidden

state, essentially a form of memory, which is updated at each time step based on the current

input and the previous hidden state. This feedback process allows the network to learn from

past inputs and incorporate this into its current processing. Denote the embedding layer

(i.e., hidden state) as Ht, RNNs can be expressed as:

Ht = σ(ρ(It) +WhHt−1 + vh),

Ot = φ(Ht),

where It and Ot represent the input and the output sequence, respectively. Here, Ht ∈ Rwh

is the embedding layer, typically the narrowest layer of the RNN. The terms Wh and vh

denote the weight matrix and bias vector for this embedding layer, while ρ and φ are DNNs.

The architecture of a standard RNN is illustrated in Figure 3.1. To appropriately bound the

estimation error, we restrict Wh ∈ Rwh×wh to satisfy the following conditions:

Wh: upper triangular matrix with ∥Wh∥∞ ≤ T 5β+5 and ∥ diag(Wh)∥∞ ≤ 1− ε, (3.6)

for some fixed positive constant ε < 1− θ. Formally, we define the RNN function class Fwh
rnn
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as

Fwh
rnn :=

{
(ρ,Wh, vh, φ) : ρ ∈ Fwh

p+k(d, w, T
5β+5, B), Wh of the form (3.6),

∥vh∥∞ ≤ T 5β+5,φ ∈ F1
wh

(d, w, T 5β+5, B)
}
. (3.7)

Figure 3.1: The architecture of RNNs.

3.2.3 Main Results

3.2.3.1 ARMA model as a special case

As defined by Eq. (3.11), RNNs differ from DNNs due to their capacity to retain and utilize

information from previous inputs. This feature is closely connected with ARMA models. In

particular, we demonstrate that linear RNNs are equivalent to ARMA model.

To fix ideas, we consider ARMA(1, 1) model:

Yt = θ1Yt−1 + εt + θ2εt−1, (3.8)

where θ1, θ2 are the parameters for AR term and MA term respectively, and εt is the noise

term. To estimate the parameters in Eq. (3.8), a classical method is the least squares

estimator. The details can be found in Chapter 3 of Shumway et al. [2000]. The solution is

187



given by

θ̂ = arg min
θ̃=(θ̃1,θ̃2)

T∑
t=2

(Yt − θ̃1Yt−1 − θ̃2ε̃t−1)
2, ε̃t−1 := Yt−1 − θ̃1Yt−2 − θ̃2ε̃t−2, (3.9)

where Y0 = ε̃0 = 0. Considering a two-layer RNN which has only one neuron in the hidden

layer with a linear activation function. The model solves the following optimization problem:

ŵ = arg min
w̃=(w̃0,w̃1,w̃h)

T∑
t=2

(Yt − w̃1(w̃0Yt−1 + w̃hHt−1))
2 , Ht−1 := w̃0Yt−2 + w̃hHt−2,

(3.10)

where Y0 = H0 = 0. Proposition 5 establishes a connection between these two solutions.

Proposition 5. For any solution (θ̂1, θ̂2) to Eq. (3.9), (ŵ0, ŵ1, ŵh) satisfying ŵ0ŵ1 = θ̂1+θ̂2

and ŵh = −θ̂2 is a solution to Eq. (3.10). In addition, their outputs Ŷt are equivalent.

3.2.3.2 General case

Recall that the best predictor is defined as Y ⋆t := E(Yt|Ft−1
−∞). In this paper, we study the

mean squared error between the output of the RNN and the best predictor.

Consider the RNN that minimizes the following objective:

min
(φ,Wh,vh,ρ)∈F

wh
rnn

T∑
t=p+1

(Yt − φ(Hρ,t))
2,

subject to Hρ,t = σvh(WhHρ,t−1 + ρ(Yt−1, . . . , Yt−p, Xt−1)), for t ≥ p+ 1, (3.11)

and Hρ,t = 0wh , for t ≤ p.

Here, we use Hρ,t to emphasize its dependency on ρ.

188



Before introducing our main result, we define

ιη := inf
η∈F1

p+q+k(1,T
α2 ,T 2β+2,B)

∥η⋆ − η∥∞,[−3B,3B]p+q+k .

Then we have the following theorem:

Theorem 9. Under Assumptions 8 to 10, assume that w ≍ Tα1, wh ≍ Tα2 log T , d ≍ log T ,

for some 0 ≤ α1, α2 ≤ 1, and ιη → 0. For any fixed h ∈ N+, it holds that

E(Y ⋆T+h − φ̂(Hρ̂,T+h))
2 ≲ T

−α1· 4β
p+k + ι2η +max{T 2α1+α2 , T 3α2 log T}T− κ

κ+1 (1−α2) log9 T,

where Hρ̂,T+h is iterated as in Eq. (3.11) and YT+1, . . . , YT+h−1 are assumed to be observed.

The proof of this theorem is given in Section 3.5. Here η ∈ F1
p+q+k(1, T

α2 , T 2β+2, B)

means that the function η is a single-layer neural network with Tα2 neurons.

The error bound in Theorem 9 consists of three components. The first term, T−α1· 4β
p+k ,

represents the approximation error generated by fitting the function φ⋆. The second term,

ι2η, is the approximation error from fitting the function η⋆ using the recurrent layer. The

third term, max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T , represents the estimation error.

We analyze two special cases. First, when the function η⋆ is linear. Under this case, by

choosing α2 = 0, the approximation error for fitting the function η⋆ is zero, allowing us to

achieve the following bound:

Corollary 5. When η⋆ is linear or continuous piecewise linear with finite knots, with w ≍

T
p+k

2(2β+p+k)
· κ
1+κ and wh ≍ d ≍ log T , under Assumptions 8 to 10, it holds that

E(Y ⋆T+h − φ̂(Hρ̂,T+h))
2 ≲ T

− 2β
2β+p+k · κ

1+κ log10 T,

where Hρ̂,T+h is iterated as in Eq. (3.11), and YT+1, . . . , YT+h−1 are treated as known.
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This rate coincides with the rate given by Men et al. [2024] for nonlinear autoregressive

models with no moving average component by using DNNs.

Second, for general cases, Mao and Zhou [2023] provides a detailed upper bound for ιη,

which is related to the smoothness of η⋆ (i.e., β) and the input dimension of η⋆ (i.e., p+q+k)

as follows1:

ιη ≲


(log T )

3
2+(p+q+k)(Tα2)

− β
p+q+k

(p+q+k)+2
(p+q+k)+4 , if β ≤ p+q+k

2 + 2,

(log T )
1
2 (Tα2)

−1
2− 1

p+q+k , if β > p+q+k
2 + 2,

where ιη := infη∈F1
p+q+k(1,T

α2 ,T 2β+2,B) ∥η⋆ − η∥∞,[−3B,3B]p+q+k .

Then we have the following conclusion:

Corollary 6. With w ≍ Tα1, wh ≍ Tα2 log T and d ≍ log T , for some 0 ≤ α1, α2 ≤ 1,

under Assumptions 8 to 10, for any fixed h ∈ N+, we have

E(Y ⋆T+h − φ̂(Hρ̂,T+h))
2

≲


T
− β

β+4(p+q+k+4)
· κ
κ+1

(
(log T )

3
2+(p+q+k) ∨ log10 T

)
, when β ≤ p+q+k

2 + 2,

T
− κ

9(κ+1) log10 T, when β > p+q+k
2 + 2,

where Hρ̂,T+h is iterated as in Eq. (3.11) and YT+1, . . . , YT+h−1 are treated as known.

3.3 Numerical Studies

In this section, we evaluate the numerical performance of the RNNs. We consider the predic-

tion performance of the RNNs by considering various DGPs and comparing the results with

those obtained from ARMA and DNNs, two representative linear and nonlinear techniques.

We demonstrate the superior generalizability and effectiveness of the RNNs.

1. The parameter condition in Mao and Zhou [2023] satisfies our restriction on the model parameters.
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We consider the following six different data-generation processes. For Model 1 to Model

3, we assume εt follows a uniform distribution so that Assumption 8 is satisfied. In Model 4

to Model 6, Gaussian noise is applied.

• Model 1: We assume that Yt follows an ARMA(1, 1) process:

Yt = θ1Yt−1 + εt + θ2εt−1.

Here we assume εt follows a uniform distribution, εt
i.i.d.∼ U [−1, 1], and we set θ1 =

θ2 = 0.5. In Table 3.1, we also vary their values to check the robustness of our results.

• Model 2: We assume that Yt follows the following functional coefficient autoregressive

(FAR) model [Chen and Tsay, 1993, Hastie and Tibshirani, 1993, Cai et al., 2000] with

a linear MA noise:

Yt = θ1 exp(−Y 2
t−1 + 1)Yt−1 + εt + θ2εt−1,

where εt
i.i.d.∼ U [−1, 1] and we set θ1 = θ2 = 0.5 here.

• Model 3: We assume that Yt follows the bilinear model [Rao, 1981, Rao and Gabr,

2012] as follows:

Yt = θ1Yt−1 + εt + θ2(εt−1 + Yt−1εt−1),

where εt
i.i.d.∼ U [−1, 1] and we set θ1 = θ2 = 0.5 here.

• Model 4: We assume that Yt follows a model combining a linear regression term and

a polynomial moving average term, as introduced by [Robinson, 1977, Hsieh, 1991,
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Campbell et al., 1998]:

Yt = θ1Yt−1 + εt + θ2ε
2
t−1,

where εt
i.i.d.∼ N (0, 1) and we set θ1 = θ2 = 0.5 here.

• Model 5: We assume that Yt follows the logistic smooth transition autoregressive

(LSTAR) model[Chan and Tong, 1986, Teräsvirta, 1994, Eitrheim and Teräsvirta, 1996]

as follows:

Yt = θ1Yt−1 + θ2 (1 + exp (−γ (Yt−1 − c)))−1 Yt−1 + εt + θ3εt−1,

where εt
i.i.d.∼ N (0, 1) and we set θ1 = 0.2, θ2 = θ3 = 0.5, γ = 20 and c = 1 here.

• Model 6: We assume that Yt follows the threshold autoregressive moving average

(TARMA) model [Hansen, 2000, Tong, 2012] as follows:

Yt = θ1|Yt−1|+ εt + θ2εt−1I(εt−1 ≤ 0) + θ3εt−1I(εt−1 > 0) +
7∑
i=1

βiXi,t−1,

where εt
i.i.d.∼ N (0, 1), I is the indicator function, and we set θ1 = 0.2, θ2 = −0.2,

θ3 = 0.8, β1 = β2 = β3 = −0.2 and β4 = β5 = β6 = β7 = 0.2 here.

Unlike a standard RNN, our theory imposes constraints on the weight matrix Wh, requir-

ing it to be an upper triangular matrix with diagonal elements less than 1−ε (as specified in

Eq. (3.6)). To assess whether this condition impacts the performance, we compare our model

(RNN1, with the restricted Wh) to the canonical RNN (RNN2, without such a restriction

on Wh).

For these six DGPs, Model 1 is a linear process and Model 2 − 6 are nonlinear process.

In addition, the setup of Model 6 is similar to that in the empirical study, both having 7
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exogenous variables, and the out-of-sample R2 is also similar (around 5% when T = 200 ∼

400). We perform 100 independent replications and report the prediction mean squared

error on the test set. We use the first 80% of the data as the training set and the remaining

20% is used as the validation set to select the tuning parameters. For ARMA, its tuning

parameters are the lagged order (p, q). For RNNs and DNNs, we tune the network structure

{(4), (4, 4, 4), (8, 4, 8)}, and the learning rate {0.001, 0.01, 0.1}. After training the models, we

generate 100 additional observations as our test data to evaluate these models’ performance.

The results are shown in Figure 3.2. From Figure 3.2, we observe that the prediction mean

squared error of RNNs decreases as T increases, consistent with the conclusion in Theorem

9. Moreover, RNNs outperform the other three models for nonlinear processes (Model 2−6)

and perform only slightly worse than ARMA for linear processes (Model 1), with this gap

tending to zero as T increases. This highlights the advantage of RNNs, which exhibit strong

fitting capabilities for both linear and nonlinear processes. The results also demonstrate

the effectiveness and applicability of RNNs, underscoring their clear advantage in handling

complex time series compared to linear models (ARMA) or nonlinear models that ignore the

lagged noise terms (DNNs). Moreover, in Model 4−6, we considered the Gaussian-distributed

noise instead of the uniformly distributed noise, which is unbounded and falls outside the

scope of our theoretical assumptions. Nonetheless, the RNN’s performance remains strong,

demonstrating the robustness of the model. Moreover, comparing the results of restricted

Wh and unrestricted Wh, we observe that the constraints on Wh do not adversely affect the

convergence of RNNs. In fact, in most scenarios, the model with the restricted Wh performs

better than the model without the restriction. This suggests that the constraint does not

degrade the model’s performance.

To study the performance of RNNs under different parameter settings, we vary pa-

rameters (θ1, θ2) in Models 1-3 for further study. We consider nine scenarios where θ1 ∈

{0.2, 0.5, 0.8} and θ2 ∈ {0, 0.2, 0.5, 0.8}. The results are shown in Table 3.1. We can observe
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that as the parameter scale, especially the parameters related to the lagged noise terms,

increases, the performance of RNNs gradually surpasses that of DNNs. When θ2 = 0, all

these three models no longer include the lagged noise terms. In this situation, DNNs per-

forms slightly better than RNNs, however, the advantage is not substantial. This aligns with

expectations, as in the absence of lagged noise terms, the hidden layer of RNNs may lead

to overfitting, which results in a degradation of out-of-sample performance. Furthermore,

RNNs usually outperforms ARMA in the nonparametric cases (Models 2 and 3). And the

abnormal results of Model 3 when (θ1, θ2) = (0.8, 0.8) is because the model is no longer

stationary under this case.
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Figure 3.2: RNNs’ Predictive Performance for Different Models
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Table 3.1: RNNs’ Predictive Performance under Different Parameters

Model 1 Model 2 Model 3
(θ1, θ2) RNN DNN ARMA RNN DNN ARMA RNN DNN ARMA
(0.2, 0) 0.006 0.005 0.003 0.008 0.007 0.007 0.006 0.005 0.003
(0.2, 0.2) 0.007 0.006 0.003 0.010 0.009 0.009 0.006 0.005 0.007
(0.2, 0.5) 0.008 0.032 0.004 0.012 0.017 0.014 0.009 0.010 0.031
(0.2, 0.8) 0.009 0.114 0.003 0.016 0.061 0.028 0.021 0.053 0.102
(0.5, 0) 0.008 0.006 0.003 0.013 0.011 0.051 0.008 0.007 0.003
(0.5, 0.2) 0.008 0.012 0.004 0.013 0.012 0.061 0.008 0.007 0.008
(0.5, 0.5) 0.011 0.052 0.003 0.015 0.024 0.083 0.013 0.029 0.049
(0.5, 0.8) 0.011 0.155 0.004 0.020 0.072 0.126 0.134 0.238 0.233
(0.8, 0) 0.009 0.007 0.003 0.018 0.013 0.187 0.010 0.007 0.003
(0.8, 0.2) 0.012 0.019 0.003 0.018 0.018 0.190 0.015 0.023 0.016
(0.8, 0.5) 0.017 0.080 0.003 0.018 0.032 0.200 0.166 0.229 0.207
(0.8, 0.8) 0.014 0.198 0.003 0.023 0.080 0.259 3.447 3.274 1.834

3.4 Empirical Studies

In this section, we apply RNNs to monthly exchange rate data, which are notoriously difficult

to predict [Engel and West, 2005, Rossi, 2013]. Specially, we define the return as Yt+1 =

ln pt+1 − ln pt, where pt is the monthly bilateral exchange rate of the British pound (UK),

Swiss Franc (SZ) or Japanese yen (JP) relative to the US dollar. In exchange rate forecasting

studies, the driftless random walk model is commonly used as a benchmark [Wright, 2008,

Rossi, 2013], which predicts ln pt+1 as ln pt at time t. This is because many researchers have

found that the simple random walk model often outperforms more complex economic models

in predicting exchange rates [Meese and Rogoff, 1983, Mark, 1995]. Here, we compare the

predictive performance of RNNs with ARMA, DNNs, the Kernel regression, and the Kernel

Ridge regression2.

For predicting exchange rate returns, we use the following seven exogenous variables (i.e.,

Xt): (i) the relative stock price (foreign vs. US), (ii) the relative annual stock price growth

2. Here, the candidates network structure of the RNN and DNN are the same as the setup in Numerical
Studies. The parameters of the Kernel (bandwidth) and KernelRidge (bandwidth and regularization param-
eter) are also determined through tuning, ensuring that the selected optimal tunings do not spike at the
boundary.
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rate, (iii) the relative short-term interest rate, (iv) the relative term spread (long minus short

term rates, motivated by the findings of [Bekaert and Hodrick, 1992, Clarida et al., 2003]),

(v) the exchange rate return from the previous month, (vi) the sign of the exchange rate

return from the previous month, and (vii) the relative inflation rate; see Wright [2008] and

Chen and Liu [2023]. The sampling period spans from January 1990 to December 2023,

including 34 years of data. All the variables have been transformed to stationary according

to Wright [2008] and Chen and Liu [2023].

To fit these models, we use an expanding windows approach. Specifically, we select the

first 180 months (15 years) as the initial training set and the next 60 months (5 years)

as the validation set to tune the hyper-parameters. In each window, the model predicts

exchange rate returns for the following 12 months. This procedure is repeated 14 times,

with the training set expanding by one year and the validation set shifting accordingly at

each iteration. Thus, we have a total of 168 monthly forecasts. For comparison, we use

random walk prediction as the benchmark to calculate the out-of-sample R2.

The results are presented in Table 3.2, where we report the R2
oos values for different mod-

els across various lag orders p = 1, 2, 3 respectively. Across all settings, RNNs consistently

outperform the random walk, demonstrating its robustness and stability in exchange rate

return prediction. Notably, RNNs perform well when the lag order p = 1 or p = 2. DNNs,

on the other hand, perform well with p = 3, likely compensating for the residual terms by

incorporating a higher lag order.

3.5 Mathematical Proofs

Throughout the proof, the constants c and C are fixed and only depend on other fixed

constants, which may vary from line to line.
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Table 3.2: Percentage R2
oos benchmark to random walk for various methods.

RNN ARMA DNN ARX Kernel KernelRidge

UK 5.368 −1.854 2.895 −2.050 4.144 2.953
p = 1 SZ 3.453 −7.988 0.589 −7.095 −4.607 −7.384

JP 9.833 9.431 7.443 7.881 1.180 2.163

UK 2.554 −4.541 2.624 −6.674 2.375 2.227
p = 2 SZ 3.545 −7.517 2.711 −13.518 −1.077 −10.196

JP 9.888 6.097 4.574 7.043 2.477 4.419

UK 2.804 −4.156 4.568 −8.091 3.215 1.287
p = 3 SZ 1.680 −4.060 2.684 −14.658 −1.607 −9.486

JP 6.212 −3.771 4.847 7.172 3.095 2.405

3.5.1 Proof of Proposition 5

For any θ̃ = (θ̃1, θ̃2), the following equation holds for the residuals from ARMA estimation

Yt − θ̃1Yt−1 − θ̃2ε̃t−1 = Yt − (θ̃1 + θ̃2)
t−1∑
j=1

(−θ̃2)j−1Yt−j .

Similarly, for any (w̃0, w̃1, w̃h), the following equation holds for the residuals from RNNs,

Yt − w̃1 (w̃0Yt−1 + w̃hHt−1) = Yt − w̃1w̃0

t−1∑
j=1

(w̃h)
j−1Yt−j .

Based on the above equations, we conclude that if (θ̂1, θ̂2) is a solution to the ARMA

optimization problem, (ŵ0, ŵ1, ŵh) satisfying ŵ0ŵ1 = θ̂1+ θ̂2 and ŵh = −θ̂2 is a solution to

the RNN optimization problem. Additionally, we have

θ̂1Yt−1 + θ̂2ε̂t−1 = (θ̂1 + θ̂2)
t−1∑
j=1

(−θ̂2)j−1Yt−j = ŵ1ŵ0

t−1∑
j=1

(ŵh)
j−1Yt−j

= ŵ1

(
ŵ0Yt−1 + ŵhĤt−1

)
,

which completes the proof.

197



3.5.2 Proof of Theorem 9

For notational simplicity, we write

inf
η∈F1

p+q+k(1,T
α2 ,T 2β+2,B)

∥η⋆ − η∥∞,[−3B,3B]p+q+k = ιη.

Note that for all (ρ,Wh, vh, φ) ∈ Fwh
rnn, the following inequality holds:

T∑
t=p+1

(Yt − φ̂(Hρ̂,t))
2 ≤

T∑
t=p+1

(Yt − φ(Hρ,t))
2.

Based on this inequality and recognizing that Yt = Y ⋆t + εt and Ŷt := φ̂(Hρ̂,t), we obtain:

T∑
t=p+1

(
Y ⋆t − φ̂(Hρ̂,t)

)2
=

T∑
t=p+1

[(
Yt − φ̂(Hρ̂,t)

)2 − ε2t + 2φ̂(Hρ̂,t)εt − 2Y ⋆t εt

]

≤
T∑

t=p+1

[(
Yt − φ(Hρ,t)

)2 − ε2t + 2Ŷtεt − 2Y ⋆t εt

]
(3.12)

=
T∑

t=p+1

[(
Y ⋆t − φ(Hρ,t)

)2
+ 2εt

((
Y ⋆t − φ(Hρ,t)

)
+
(
Ŷt − Y ⋆t

))]
.

Below we first establish three inequalities, denoted as (I) through (III), with their respective

proofs provided subsequently.

(I) For any fixed (ρ,Wh, vh, φ) ∈ Fwh
rnn and fixed positive constant c, with probability

at least 1 − C exp(−cmax{T 2α1+α2 , T 3α2 log T} log5 T ) for some constant C, the following
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holds:∣∣∣∣∣∣T−1
T∑

t=p+1

εt
(
Y ⋆t − φ(Hρ,t)

)∣∣∣∣∣∣
≲

T−1
T∑

t=p+1

E
(
Y ⋆t − φ(Hρ,t)

)21/2

(max{T 2α1+α2 , T 3α2 log T})1/2T− κ
κ+1 (1−α2)/2 log4 T

+max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T.

(II): With probability at least 1−C exp(−max{T 2α1+α2 , T 3α2 log T} log5 T ), the follow-

ing inequality holds:

∣∣∣∣∣∣T−1
T∑

t=p+1

εt
(
Y ⋆t − φ̂(Hρ̂,t)

)∣∣∣∣∣∣
≲

T−1
T∑

t=p+1

E
(
Y ⋆t − φ̂(Hρ̂,t)

)21/2

(max{T 2α1+α2 , T 3α2 log T})1/2T− κ
κ+1 (1−α2)/2 log4 T

+max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T.

(III): There exists a fixed (ρ†,W †
h, v

†
h, φ

†) ∈ Fwh
rnn such that

∣∣∣∣∣∣T−1
T∑

t=p+1

(
Y ⋆t − φ†(Hρ†,t)

)2∣∣∣∣∣∣ ≲ T
−α1· 4β

p+k + ι2η + T−1 log T.

3.5.2.1 Proof of (I)

Recall that

Hρ,t =σvh
(
ρ(Yt−1, . . . , Yt−p, Xt−1) +WhHρ,t−1

)
.
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For any p+ 1 ≤ t ≤ T , we define

H0
ρ,t = σvh

(
ρ(Yt−1, . . . , Yt−p, Xt−1)

)
,

Hℓ
ρ,t = σvh

(
ρ(Yt−1, . . . , Yt−p, Xt−1) +WhH

ℓ−1
ρ,t−1

)
, for ℓ ≥ 1 and t > ℓ. (3.13)

By convention, we set Hℓ
ρ,t = 0wh for 1 ≤ t ≤ p. Recalling the definition of Fji in Eq. (3.3),

it is straightforward to verify that Hℓ
ρ,t ∈ Ft−1

t−p−ℓ for t ≥ p + ℓ + 1. On the other hand, by

Lemma 44, when t ≥ p + ℓ + 1, it holds that ∥Hℓ
ρ,t −Hρ,t∥∞ ≤ C(1 − ε)ℓ−wh(2ℓT 5β+5)wh

for some constant C. Note that φ ∈ F1
wh

(d, w, T 5β+5, B), together with Lemma 41, we have

|φ(Hρ,t)− φ(Hℓ
ρ,t)| ≤ CwhT

(5β+5)(d+1)wd(1− ε)ℓ−wh(2ℓT 5β+5)wh , ∀t ≥ p+ ℓ+ 1.

Recalling that w ≍ Tα1 , wh ≍ Tα2 log T for some 0 ≤ α1, α2 ≤ 1 and d ≍ log T , it is

straightforward to verify that, by letting ℓ = Cwh log
2 T for some fixed C, we have

|φ(Hρ,t)− φ(Hℓ
ρ,t)| ≲ T−1. (3.14)

Given this, we first establish an upper bound for T−1∑T
t=p+ℓ+1 εt

(
Y ⋆t − φ(Hℓ

ρ,t)
)
. Define

Dt := εt
(
Y ⋆t − φ(Hℓ

ρ,t)
)
∈ Ftt−p−ℓ. (3.15)

Based on this, we establish in Lemma 45 that for the stationary process {Dt}Tt=p+ℓ+1,

αd(j) ≤ ᾱd exp(−cdjκ),

where ᾱd = max(ᾱy, 1) exp(cy) and cd = cy(ℓ+p+1)−κ. Additionally, since E(εt|F t−1
−∞) = 0,

|εt| ≤ B, |Y ⋆t | ≤ B, and |φ(Hℓ
ρ,t)| ≤ B, we have EDt = 0, |Dt| ≤ 4B2, and E|Dt|2 ≤

B2E
(
Y ⋆t −φ(Hℓ

ρ,t)
)2. Applying Lemma 40 to {Dt}Tt=p+ℓ+1 and noting that cd ≍ (wh log

2 T )−κ,
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it follows that for all τ ∈ R+ and 0 ≤ ζ ≤ (4B2)−1,

P

∣∣∣∣∣∣ 1T
T∑

t=p+ℓ+1

Dt

∣∣∣∣∣∣ ≥ τ

3ζT (α)
+

3ζE|Dt|2
2(1− 4B2ζ)

 ≤ 2(1 + 4 exp(−2)ᾱd) exp(−τ),

where T (α) ≍ (Tw−1
h log−2 T )

κ
κ+1 = (T 1−α2 log−3 T )

κ
κ+1 . By letting

ζ = min((E|Dt|2)−1/2(max{T 2α1+α2 , T 3α2 log T})1/2T− κ
κ+1 (1−α2)/2 log4 T, log−1 T )

and τ = cmax{T 2α1+α2 , T 3α2 log T} log5 T ,

it follows that, with probability at least 1− C exp(−cmax{T 2α1+α2 , T 3α2 log T} log5 T ),

∣∣∣∣∣∣ 1T
T∑

t=p+ℓ+1

Dt

∣∣∣∣∣∣ ≲ (E|Dt|2)1/2(max{T 2α1+α2 , T 3α2 log T})1/2T− κ
κ+1 (1−α2)/2 log4 T

+max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T .

Combining this with the fact that ℓ ≍ wh log
2 T ,

∣∣∣T−1∑p+ℓ
t=p+1Dt

∣∣∣ ≤ T−1ℓ · 4B2 ≍

T−1whlog
2 T , wh ≍ Tα2 log T and E|Dt|2 ≲ E

(
Y ⋆t − φ(Hℓ

ρ,t)
)2 and using Eq. (3.14), we
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obtain that, with probability at least 1− C exp(−cmax{T 2α1+α2 , T 3α2 log T} log5 T ),

∣∣∣∣∣∣ 1T
T∑

t=p+1

εt
(
Y ⋆t − φ(Hρ,t)

)∣∣∣∣∣∣ ≲
∣∣∣∣∣∣ 1T

T∑
t=p+1

Dt

∣∣∣∣∣∣+ T−1

≲

 1

T

T∑
t=p+ℓ+1

E
(
Y ⋆t − φ(Hℓ

ρ,t)
)21/2

(max{T 2α1+α2 , T 3α2 log T})1/2T− κ
κ+1 (1−α2)/2 log4 T

+max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T

≲

 1

T

T∑
t=p+1

E
(
Y ⋆t − φ(Hℓ

ρ,t)
)21/2

(max{T 2α1+α2 , T 3α2 log T})1/2T− κ
κ+1 (1−α2)/2 log4 T

+max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T

≲

 1

T

T∑
t=p+1

E
(
Y ⋆t − φ(Hρ,t)

)21/2

(max{T 2α1+α2 , T 3α2 log T})1/2T− κ
κ+1 (1−α2)/2 log4 T

+max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T,

where −1 + α2 < 2α1 + α2 − κ
κ+1(1− α2) is used in the above inequalities.

3.5.2.2 Proof of (II)

By Lemma 46, there exists a function class Fwh
rnn,δ ⊂ Fwh

rnn, which is a δ−covering of Fwh
rnn

with δ = T−1. Denote this class as
{
(ρj ,Wh,j , vh,j , φj) : 1 ≤ j ≤ |Fwh

rnn,δ|)}. Therefore,

for any (ρ,Wh, vh, φ) ∈ Fwh
rnn, there exists a corresponding (ρj ,Wh,j , vh,j , φj) ∈ Fwh

rnn,δ such

that

|φ(Hρ,t)− φj(Hρj ,t)| ≤ T−1, for t ≳ wh log
2 T .
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In particular, there exists a (ρj⋆ ,Wh,j⋆ , vh,j⋆ , φj⋆) such that |φ̂(Hρ̂,t)−φj∗(Hρj∗ ,t)| ≤ T−1.

Additionally, by Lemma 46, we have

log |Fwh
rnn,δ| ≲ T 2α1+α2 log5 T + T 3α2 log6 T.

Note that we can choose the constant c in (I) sufficiently large so that

−cmax{T 2α1+α2 , T 3α2 log T} log5 T + log |Fwh
rnn,δ| ≤ −T 2α1+α2 log5 T.

Therefore, by applying the union bound inequality to (I), we obtain,

P

(∣∣∣∣∣∣T−1
T∑

t=p+1

εt
(
Y ⋆t − φj(Hρj ,t)

)∣∣∣∣∣∣ ≳
T−1

T∑
t=p+1

E
(
Y ⋆t − φ(Hℓ

ρ,t)
)21/2

× (max{T 2α1+α2 , T 3α2 log T})1/2T− κ
κ+1 (1−α2)/2 log4 T

+max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T,∀1 ≤ j ≤ |Fwh

rnn,δ|
)

≤ C|Fwh
rnn,δ| exp(−cmax{T 2α1+α2 , T 3α2 log T} log5 T )

≤ C exp(−max{T 2α1+α2 , T 3α2 log T} log5 T ). (3.16)

As a consequence, with probability at least 1− C exp(−max{T 2α1+α2 , T 3α2 log T} log5 T ),

∣∣∣∣∣∣T−1
T∑

t=p+1

εt
(
Y ⋆t − φ̂(Hρ̂,t)

)∣∣∣∣∣∣ ≲
∣∣∣∣∣∣T−1

T∑
t≍wh log

2 T

εt
(
Y ⋆t − φ̂(Hρ̂,t)

)∣∣∣∣∣∣+ T−1+α2 log3 T

≲

T−1
T∑

t=p+1

E
(
Y ⋆t − φ̂(Hρ̂,t)

)21/2

(max{T 2α1+α2 , T 3α2 log T})1/2T− κ
κ+1 (1−α2)/2 log4 T

+max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T.
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Here in the first inequality, we use the fact that ℓ ≍ Tα2 log3 T . In the second and the

fourth inequality, we use the bound |φ̂(Hρ̂,t)− φj∗(Hρj∗ ,t)| ≤ T−1. In the third inequality,

we use Eq. (3.16) and in the last inequality, we use the fact that T−1+α2 log3 T + T−1 =

o(max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T ).

3.5.2.3 Proof of (III)

Note that wh = CTα2 log T , we define m = Tα2 and m̃ = m + q − 1. Without loss of

generality, we assume C is large enough such that w̃h = qm̃ log1/θ T +1 < wh. We verify the

existence of (ρ†,W †
h, v

†
h, φ

†) ∈ F w̃h
rnn that satisfies (III). Based on this, we can add wh − w̃h

“useless” neurons into the recurrent layer with zero weights and biases. This approach ensures

that the network’s output remains unchanged, thereby satisfying (III). For ease of notation,

we still use wh to denote w̃h.

By Assumption 9, ψ⋆ ∈ Hβ([−B,B]p+k, B). According to Lemma 43, there exists ψ† ∈

F1
p+k(d, w, T

5β+5, B) such that

|ψ†(x)− ψ⋆(x)| ≤ T
−α1· 2β

p+k , ∀x ∈ [−B,B]p+k. (3.17)

Assume that |a1|, . . . , |am|, |v1|, . . . , |vm|, ∥b1∥∞, . . . , ∥bm∥∞ ≤ T 2β+2 and

η†(x) =
m∑
i=1

aiσvi

(
b⊤i x

)
∈ F1

p+q+k(1, T
α2 , T 2β+2, B)

satisfying

∥∥∥η⋆ − η†
∥∥∥∞,[−3B,3B]p+q+k

= inf
η∈F1

p+q+k(1,T
α2 ,T 2β+2,B)

∥η⋆ − η∥∞,[−3B,3B]p+q+k = ιη.

(3.18)

Denote 1m̃ ∈ Rm̃ to be a vector where all elements are equal to 1, 0m̃ ∈ Rm̃ to be a vector
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where all elements are equal to 0, and Om̃ ∈ Rm̃×m̃ to be a matrix where all elements are

zero. Let bi = (bi,1, . . . , bi,p, bi,p+1, . . . , bi,p+q, . . . , bi,p+q+k) ∈ Rp+q+k, we define

W =



−b1,p+1a1 · · · −b1,p+1am −b1,p+2 · · · · · · · · · −b1,p+q
−b2,p+1a1 · · · −b2,p+1am −b2,p+2 · · · · · · · · · −b2,p+q

...
...

...
... · · · · · · · · · ...

−bm,p+1a1 · · · −bm,p+1am −bm,p+2 · · · · · · · · · −bm,p+q
−a1 · · · −am 0 · · · · · · · · · 0

0 · · · 0 1 0 · · · · · · 0

0 · · · 0 0 1 0 · · · 0

...
...

...
... . . . . . . . . . ...

0 · · · 0 0 · · · 0 1 0



∈ Rm̃×m̃.

We choose W †
h ∈ Rwh×wh , v†h ∈ Rwh and ρ†(x) ∈ Rwh as follows:

W
†
h =



Om̃ W Om̃ · · · · · · Om̃ V1

Om̃ Om̃ W Om̃ · · · Om̃ V1
... . . . ... . . . . . . ... V1
... . . . ... . . . . . . ...

...

Om̃ · · · · · · · · · Om̃ W V1

Om̃ · · · · · · · · · Om̃ Om̃ 0m̃

0 · · · · · · · · · · · · 0 0



, v
†
h =



V2
...
...
...
...

V2

−B



, ρ†(x) =



V3
...
...
...

V3

V2

ψ†(x)



, (3.19)

where V1 = (−b1,p+1, . . . ,−bm,p+1,−1, 0⊤q−2)
⊤ ∈ Rm̃, V2 = (v1, . . . , vm,−B, . . . ,−B) ∈

Rm̃, and V3 = (b1,p+1x1 +
∑p
i=1 b1,ixi +

∑p+q+k
i=p+q+1 b1,ixi +

∑p+q
i=p+1 b1,iB, . . . , bm,p+1x1 +∑p

i=1 bm,ixi +
∑p+q+k
i=p+q+1 bm,ixi +

∑p+q
i=p+1 bm,iB, x1 + B,−B1⊤q−2)

⊤ ∈ Rm̃. Finally, for
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x = (x1, . . . , xwh) ∈ Rwh we define

φ†(x) = σ

(
2B − σ

(
B −

(
m∑
i=1

aixi + xwh −B

)))
−B.

It is not hard to verify that

φ†(x) =



∑m
i=1 aixi + xwh −B, if |∑m

i=1 aixi + xwh −B| ≤ B,

B, if
∑m
i=1 aixi + xwh −B ≥ B,

−B, if
∑m
i=1 aixi + xwh −B ≤ −B.

(3.20)

Though φ† ∈ F1
wh

(2, 1, T 5β+5, B), we can add several useless neurons with zero weights

and bias and several hidden layers which achieve identity map by using the fact that x =

σ(x)− σ(−x) into φ† to make it belong to F1
wh

(d, w, T 5β+5, B).

Below, we demonstrate that (ρ†,W †
h, v

†
h, φ

†) satisfies the required condition. Define Ik,i =

I(k − ⌊|k−2
q |⌋q − i > 0), where I(·) is the indicator function, Y(t−1:t−p) = (Yt−1, . . . , Yt−p),

and ε(t−1:t−q) = (εt−1, . . . , εt−q). By Lemma 47 with r = ⌈log1/θ T ⌉q and the fact that∑∞
i=0 θ

i ≲ 1, when t ≥ max{p, q}+ ⌈log1/θ T ⌉q, it holds that

∣∣∣∣∣
m∑
i=1

aiHi,ρ†,t − η⋆(Y(t−1:t−p), ε(t−1:t−q), Xt−1)

∣∣∣∣∣ ≲ ιη + T
−α1· 2β

p+k + T−1. (3.21)

By Eq. (3.20) and the fact that |Y ⋆t | ≤ B, we have

(
Y ⋆t − φ†(Hρ†,t)

)2
≤
(
Y ⋆t −

(
m∑
i=1

aiHi,ρ†,t +Hwh,ρ†,t
−B

))2

.

Moreover, by Eq. (3.32), we have Hwh,ρ†,t
= ψ†(Y(t−1:t−p), Xt−1) + B. Therefore, using

the facts that wh ≍ Tα2 log T and letting t1 = C log T ≥ max{p, q} + ⌈log1/θ T ⌉q for some
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sufficiently large constant C, we have

1

T

T∑
t=p+1

(
Y ⋆t − φ†(Hρ†,t)

)2
=

1

T

T∑
t=t1+p+1

(
Y ⋆t − φ†(Hρ†,t)

)2
+

1

T

t1+p+1∑
t=p+1

(
Y ⋆t − φ†(Hρ†,t)

)2
≤ 1

T

T∑
t=t1+p+1

((
m∑
i=1

aiHi,ρ†,t − η⋆(Y(t−1:t−p), ε(t−1:t−q), Xt−1)

)

+
(
ψ†(Y(t−1:t−p), Xt−1)− ψ⋆(Y(t−1:t−p), Xt−1)

))2

+
1

T

t1+p+1∑
t=p+1

(
Y ⋆t − φ†(Hρ†,t)

)2
≲

(
ιη + T

−α1· 2β
p+k + T−1

)2

+ T
−α1· 4β

p+k + T−1 log T ≲ ι2η + T
−α1· 4β

p+k + T−1 log T.

Therefore, the inequality (III) follows.

3.5.2.4 Combining (I)-(III)

Building on (I)-(III), and substituting (ρ̂, Ŵh, v̂h, φ̂) in Eq. (3.12) with (ρ†,W †
h, v

†
h, φ

†), we

have with probability at least 1− C exp(−max{T 2α1+α2 , T 3α2 log T} log5 T ),

T−1
T∑

t=p+1

(Y ⋆t − Ŷt)
2

≲

T−1
T∑

t=p+1

E
(
Y ⋆t − φ̂(Hρ̂,t)

)21/2

(max{T 2α1+α2 , T 3α2 log T})1/2T− κ
κ+1 (1−α2)/2 log4 T

+max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T + ι2η + T

−α1· 4β
p+k . (3.22)
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Given that T−1∑T
t=p+1(Y

⋆
t − Ŷt)

2 ≤ 16B2, it follows that T−1∑T
t=p+1 E(Y ⋆t − Ŷt)

2 is

asymptotically bounded by

T−1
T∑

t=p+1

E
(
Y ⋆t − φ̂(Hρ̂,t)

)21/2

(max{T 2α1+α2 , T 3α2 log T})1/2T− κ
κ+1 (1−α2)/2 log4 T

+max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T + ι2η + T

−α1· 4β
p+k

+ C exp(−max{T 2α1+α2 , T 3α2 log T} log5 T ) · 16B2.

Since

exp(−max{T 2α1+α2 , T 3α2 log T} log5 T ) = o(max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T ),

we thus obtain

T−1
T∑

t=p+1

E(Y ⋆t − Ŷt)
2

≲

T−1
T∑

t=p+1

E
(
Y ⋆t − φ̂(Hρ̂,t)

)21/2

(max{T 2α1+α2 , T 3α2 log T})1/2T− κ
κ+1 (1−α2)/2 log4 T

+max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T + ι2η + T

−α1· 4β
p+k .

Using the fact that x ≤ a
√
x+ b implies x ≤ a2 + b, we obtain the following bound:

T−1
T∑

t=p+1

E(Ŷt − Y ⋆t )
2 ≲ ι2η + T

−α1· 4β
p+k +max{T 2α1+α2 , T 3α2 log T}T− κ

κ+1 (1−α2) log9 T.

(3.23)
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Applying to Eq. (3.22), with probability at least 1−C exp(−max{T 2α1+α2 , T 3α2 log T} log5 T ),

T−1
T∑

t=p+1

(Ŷt − Y ⋆t )
2 ≲ ι2η + T

−α1· 4β
p+k +max{T 2α1+α2 , T 3α2 log T}T− κ

κ+1 (1−α2) log9 T.

(3.24)

3.5.2.5 Generalization Performance

Based on Eq. (3.14), it holds that |φ̂(Hρ̂,T+h) − φ̂(Hℓ
ρ̂,T+h)| ≲ T−1 for some sufficiently

large T . Therefore, to prove Theorem 9, it suffices to show that E(Y ⋆T+h−φ̂(Hℓ
ρ̂,T+h))

2 ≲ ι2η+

T
−α1· 4β

p+k+max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T . For any fixed (ρj ,Wh,j , vh,j , φj) ∈

Fwh
rnn,δ with 1 ≤ j ≤ |Fwh

rnn,δ|, the process (Y ⋆t −φj(Hℓ
ρj ,t

))2 is stationary when t ≥ p+ ℓ+1.

Therefore, we have:

E(Y ⋆t − φj(H
ℓ
ρj ,t

))2 = E(Y ⋆T+h − φj(H
ℓ
ρj ,T+h

))2, ∀p+ ℓ+ 1 ≤ t ≤ T.

Let Dt,j := (Y ⋆t −φj(H
ℓ
ρj ,t

))2−E(Y ⋆T+h−φj(H
ℓ
ρj ,T+h

))2. It holds that EDt,j = 0, |Dt,j | ≤

4B2, and

ED2
t,j ≤ E(Y ⋆t − φj(H

ℓ
ρj ,t

))4 ≤ 4B2E(Y ⋆t − φj(H
ℓ
ρj ,t

))2.

Using the same methods as in Lemma 45, it can be shown that {Dt,j}Tt=p+ℓ+1 is a strongly

mixing sequence with

αd,j(k) ≤ ᾱd,j exp(−cd,jkκ),
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where ᾱd,j = max(ᾱy, 1) exp(cy) and cd,j = cy(ℓ+p+1)−κ. Following a similar line of reason-

ing as in the proof of (I), with probability at least 1−C exp(−cmax{T 2α1+α2 , T 3α2 log T} log5 T ),

∣∣∣∣∣∣ 1T
T∑

t=p+1

Dt,j

∣∣∣∣∣∣ ≲
 1

T

T∑
t=p+ℓ+1

E(Y ⋆t − φj(H
ℓ
ρj ,t

))2

1/2

(max{T 2α1+α2 , T 3α2 log T})1/2

(3.25)

× T− κ
κ+1 (1−α2)/2 log4 T +max{T 2α1+α2 , T 3α2 log T}T− κ

κ+1 (1−α2) log9 T.

By applying the union bound inequality to the result above, we can choose the constant c

sufficiently large so that,

|Fwh
rnn,δ| exp(−cmax{T 2α1+α2 , T 3α2 log T} log5 T ) ≤ exp(−max{T 2α1+α2 , T 3α2 log T} log5 T ),

we conclude that Eq. (3.25) holds uniformly for all 1 ≤ j ≤ |Fwh
rnn,δ|. Moreover, there

exists j⋆ such that when t ≥ p + ℓ + 1, |φ̂(Hρ̂,t) − φj∗(Hρj∗ ,t)| ≤ T−1 and thus |φ̂(Hℓ
ρ̂,t) −

φj∗(H
ℓ
ρj∗ ,t

)| ≲ T−1.

Therefore, with probability at least 1− C exp(−cmax{T 2α1+α2 , T 3α2 log T} log5 T ),

∣∣∣∣∣∣T−1
T∑

t=p+1

[
(Y ⋆t − φ̂(Hρ̂,t))

2 − E(Y ⋆T+h − φ̂(Hρ̂,T+h))
2
]∣∣∣∣∣∣

≲

∣∣∣∣∣∣T−1
T∑

t=p+ℓ+1

[
(Y ⋆t − φ̂(Hρ̂,t))

2 − E(Y ⋆T+h − φ̂(Hρ̂,T+h))
2
]∣∣∣∣∣∣+ T−1+α2 log3 T

≲

∣∣∣∣∣∣T−1
T∑

t=p+ℓ+1

[
(Y ⋆t − φ̂(Hℓ

ρ̂,t))
2 − E(Y ⋆T+h − φ̂(Hℓ

ρ̂,T+h))
2
]∣∣∣∣∣∣+ T−1 + T−1+α2 log3 T

≲

T−1
T∑

t=p+ℓ+1

E
(
Y ⋆t − φ̂(Hρ̂,t)

)21/2

(max{T 2α1+α2 , T 3α2 log T})1/2T− κ
κ+1 (1−α2)/2 log4 T

+max{T 2α1+α2 , T 3α2 log T}T− κ
κ+1 (1−α2) log9 T.
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In both the first and last inequalities, we use the fact that |φ̂(Hρ̂,t)− φ̂(Hℓ
ρ̂,t)| ≲ T−1 when

t ≥ p+ ℓ+ 1. Combining this with Eq. (3.23) and Eq. (3.24), we confirm that

E(Y ⋆T+h − φ̂(Hρ̂,T+h))
2 ≲ T

−α1· 4β
p+k + ι2η +max{T 2α1+α2 , T 3α2 log T}T− κ

κ+1 (1−α2) log9 T,

thereby completing the proof.

3.5.3 Proof of Corollary 5

Note that linear (piecewise linear) function η⋆ is always Lipschitz continuous, then by Lemma

48, we have

ιη ≲ T−wh .

By the results in Theorem 9 and note that w ≍ T
p+k

2(2β+p+k)
· κ
1+κ and wh ≍ d ≍ log T , we have

E(Y ⋆T+h − φ̂(Hρ̂,T+h))
2 ≲ T

− p+k
2(2β+p+k)

· κ
1+κ ·

4β
p+k + T− log T + T

p+k
2β+p+k · κ

1+κT− κ
κ+1 log10 T

∼ T
− 2β

2β+p+k · κ
1+κ log10 T,

which completes the proof.

3.6 Some useful Lemmas

Lemma 40. Let {Yt}∞t=−∞ be a stationary α-mixing process on the probability space (Ω,F , P )

with the mixing coefficient satisfying α(j) ≤ ᾱ exp(−cjκ). Let an integer T ≥ 1 be given. As-

sume f is some real-valued Borel measurable function and |f(Yt)| ≤ C and that E [f(Yt)] = 0.

Set

T (α) =

T ⌈(8T

c

)1/(κ+1)
⌉−1

 .
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Then for all T (α) ≥ 2, τ ∈ R+, and 0 ≤ ζ ≤ C−1,

P

 1

T

T∑
t=1

f(Yt) ≥
τ

3ζT (α)
+

3ζE(f(Yt))2

2(1− ζC)

 ≤ (1 + 4 exp(−2)ᾱ) exp(−τ).

Proof. Please refer to Theorem 4.3 in Modha and Masry [1996].

Definition 7. Denote the function space Fnd+1
n0 (d, w,C) as follows:

Fnd+1
n0 (d, w,C) :=

{
f of the form (3.5) : max

j=0,...,d

∥∥Wj

∥∥
∞ ∨

∣∣vj∣∣∞ ≤ C

}
.

Lemma 41. For any DNN φ ∈ Fnd+1
no (d, w, T 5β+5), it holds that

∥φ(x)− φ(y)∥∞ ≤ n0T
(5β+5)(d+1)wd∥x− y∥∞.

Proof. Write φ = WdσvdWd−1σvd−1 . . .W1σv1W0x where Wi ∈ Rni+1×ni . It is straightfor-

ward to verify that ∥Wix−Wiy∥∞ ≤ niT
5β+5∥x−y∥∞ and ∥σvi(x)−σvi(y)∥∞ ≤ ∥x−y∥∞.

Note that for two Lipschitz functions f1 and f2 satisfying ∥f1(x)− f1(y)∥∞ ≤ L1∥x− y∥∞
and ∥f2(x)−f2(y)∥∞ ≤ L2∥x−y∥∞, it holds that ∥f2◦f1(x)−f2◦f1(y)∥∞ ≤ L1L2∥x−y∥∞.

By repeatedly applying this property to WdσvdWd−1σvd−1 . . .W1σv1W0x, we conclude that

∥φ(x)− φ(y)∥∞ ≤ T (5β+5)(d+1)
( d∏
i=0

ni

)
∥x− y∥∞ ≤ n0T

(5β+5)(d+1)wd∥x− y∥∞,

where the last inequality holds due to n1, . . . , nd ≤ w.

Definition 8 (Covering number and Metric Entropy). For any function class F with equipped

norm ∥ · ∥, we say that F ′ is a δ-cover for F if, for all φ ∈ F , there exists φ′ ∈ F ′ such that

∥φ− φ′∥ ≤ δ. The δ-covering number of F , denoted N (δ, ∥ · ∥,F) is the size of the smallest

δ-covering. The metric entropy is the log covering number logN (δ, ∥ · ∥,F).
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Lemma 42. For the function class Fnd+1
n0 (d, w, T 5β+5, B) with width vector n = (n0, . . . , nd+1),

assume the total number of non-zero weights are bounded by S. There exists a function class

Fnd+1
n0,δ

⊂ Fnd+1
n0 (d, w, T 5β+5) such that

(a) |Fnd+1
n0,δ

| ≤
(
8δ−1CT (5β+5)(d+1)(1 + w)dn0d

)4(w2d+n0w)

(b) For any φ ∈ Fnd+1
n0 (d, w, T 5β+5, 3B), there exists φ ∈ Fnd+1

n0,δ
satisfying ∥φ(x)−φ(x)∥∞ ≤

δ whenever ∥x∥∞ ≤ C.

Proof. The proof follows the same idea as Lemma 5 of Schmidt-Hieber [2020]. For any

φ ∈ Fnd+1
n0 (d, w, T 5β+5, 3B), write

φ(x) = WdσvdWd−1σvd−1 · · ·W1σv1W0x.

Define A+
k φ : [−C,C]n0 → Rnk and A−

k φ : Rnk−1 → Rnd+1 as

A+
k φ(x) = σvkWk−1σvk−1 · · ·W1σv1W0x, for k = 1, . . . , d,

A−
k φ(x) = WdσvdWd−1 · · ·WkσvkWk−1x, for k = 1, . . . , d+ 1.

By convention, we set A+
0 φ(x) = A+

d+2φ(x) = x. Considering that all the parameters of φ

are bounded by T 5β+5 and that ∥x∥∞ ≤ C, it can by proven by mathematical induction

that

∥A+
k (x)∥∞ ≤ T (5β+5)(k+1)C

k−1∏
ℓ=0

(nℓ + 1). (3.26)

Additionally, by using Lemma 41, we have

|A−
k φ(x)− A−

k φ(y)| ≤ T (5β+5)(d−k+2)

 d∏
ℓ=k−1

nℓ

 ∥x− y∥∞. (3.27)

Let us fix some ε > 0. Suppose that φ, φ ∈ Fnd+1
n0 (d, w, T 5β+5) be two neural networks such
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that all parameters are at most ε away from each other. Denote the parameters of φ by

(vk,Wk)k and the parameters of φ by (vk,W k)k. Note that

∥φ(x)− φ(x)∥∞ ≤
d+1∑
k=1

∥∥∥A−
k+1φ

(
σvkWk−1A

+
k−1φ(x)

)
− A−

k+1φ
(
σvkW k−1A

+
k−1φ(x)

)∥∥∥∞
≤ 4εT (5β+5)(d+1)C(1 + w)dn0d,

where we apply triangle inequality in the first inequality, use Eq. (3.27) in the second

inequality, use the facts that ∥σv(x)−σv(y)∥∞ ≤ ∥x−y∥∞ and ∥σv(x)−σv(x)∥∞ ≤ ∥v−v∥∞
in the third inequality, and Eq. (3.26) in the last inequality.

Upon selecting ε as δ
4T (5β+5)(d+1)C(1+w)dn0d

, it becomes evident that ∥φ(x)−φ(x)∥∞ ≤ δ.

Consequently, by discretizing the parameters with grid size ε for neural networks φ, we form

a function class Fnd+1
n0,δ

satisfying (b). To verify (a), note that the total number of parameters

is bounded by
∑d
ℓ=0 (nℓ + 1)nℓ+1 ≤ 4(w2d + n0w). Since all the parameters are bounded

in absolute value by T 5β+5, we can discretize the non-zero parameters with grid size ε and

obtain for the covering number

|Fnd+1
n0,δ

| ≤ (8δ−1CT (5β+5)(d+1)(1 + w)dn0d)
4(w2d+n0w).

Lemma 43. Assume f ∈ Hβ([−a, a]r, B) for some β = q + s, q ∈ N0 and s ∈ (0, 1], and

B > 0. Then, for a ≥ 1 and ζ sufficiently large (depending only on fixed constants including

β, a, B and ∥f∥Cq), when

d ≍
⌈
log4

(
ζ2β
)⌉

· (⌈log2(max{q, r}+ 1})⌉+ 1), and

w ≍ 2r ·
(
r + q

r

)
· r2 · (q + 1) · ζr,
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there exists a neural network f̂wide ∈ F1
r (d, w, ζ

5β+5, B) such that

∥∥∥f − f̂wide

∥∥∥∞ ≤ Cζ−2β , (3.28)

for some constant C depends only on fixed parameters.

Proof. The proof primarily follows the same argument as in Kohler and Langer [2021], with

the key difference being the necessity to construct the neural networks used in their paper

with bounded weights. For a detailed proof, please refer to Shen and Xiu [2024].

Lemma 44. When ε < B and ℓ ≥ max(ε−1, 2), for Hℓ
ρ,t defined in Eq. (3.13), there exists

a constant C such that

(i) ∥Hρ,t∥∞, ∥Hℓ
ρ,t∥∞ ≤ C

(
ε−1T 5β+5

)wh
, ∀t ≥ p.

(ii) ∥Hℓ
ρ,t −Hρ,t∥∞ ≤ C(1− ε)ℓ−wh(2ℓT 5β+5)wh, ∀t ≥ p+ ℓ+ 1.

Proof. First, we prove (i). Observe that

|Hρ,t| =|σvh(ρ(Yt−1, . . . , Yt−p, Xt−1) +WhHρ,t−1)|

≤|vh|+ |ρ(Yt−1, . . . , Yt−p, Xt−1)|+ |WhHρ,t−1| ≤ T 5β+5 +B + |WhHρ,t−1|.

Here | · | represents the elementwise absolute value, ≤ denotes elementwise smaller, and the

last inequality is due to Eq. (3.7). Let Hk,ρ,t represent the k-th element of Hρ,t. Using Eq.

(3.6), as long as T 5β+5 ≥ B, we have

|Hwh,ρ,t| ≤ 2T 5β+5 + (1− ε)|Hwh,ρ,t−1|,

|Hwh−1,ρ,t| ≤ 2T 5β+5 + (1− ε)|Hwh−1,ρ,t−1|+ T 5β+5|Hwh,ρ,t−1|,
...

|H1,ρ,t| ≤ 2T 5β+5 + (1− ε)|H1,ρ,t−1|+ T 5β+5
wh∑
i=2

|Hi,ρ,t−1|.
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From the first inequality, given thatHρ,p = 0wh , it is straightforward to verify that |Hwh,ρ,t| ≤

2T 5β+5ε−1 for all t ≥ p. Consequently, from the second inequality, we obtain |Hwh−1,ρ,t| ≤

2T 5β+5ε−1 + 2T 5β+5 · T 5β+5ε−2. Using the same argument, it can be shown

|Hi,ρ,t| ≤ 2T 5β+5
(
ε−1 + T 5β+5ε−2 + · · ·+ (T 5β+5)wh−iε−(wh−i+1)

)
.

Note that

2T 5β+5
(
ε−1 + T 5β+5ε−2 + · · ·+ (T 5β+5)wh−iε−(wh−i+1)

)
=2T 5β+5ε−1

(
T 5β+5ε−1

)wh−i+1
− 1

T 5β+5ε−1 − 1
≤ 4

(
T 5β+5ε−1

)wh−i+1
.

Therefore, we conclude that |Hi,ρ,t| ≤ 4
(
T 5β+5ε−1

)wh−i+1
for all t ≥ p and 1 ≤ i ≤ wh.

Similarly, it can be shown that |Hℓ
i,ρ,t| ≤ 4

(
T 5β+5ε−1

)wh−i+1
. Then (i) is verified.

Now, we study (ii). Note that |σvh(x) − σvh(y)| ≤ |x − y| for any v, x, y ∈ Rwh , where

all the operators are applied elementwise. Therefore, for ℓ ≥ 1,

|Hℓ
ρ,t −Hρ,t| ≤ |WhHρ,t−1 −WhH

ℓ−1
ρ,t−1|.

By Eq. (3.6) and the inequality above, we have

|Hℓ
wh,ρ,t

−Hwh,ρ,t| ≤ (1− ε)|Hwh,ρ,t−1 −Hℓ−1
wh,ρ,t−1|,

...

|Hℓ
1,ρ,t −H1,ρ,t| ≤ (1− ε)|H1,ρ,t−1 −Hℓ−1

1,ρ,t−1|+
wh∑
i=2

T 5β+5|Hi,ρ,t−1 −Hℓ−1
i,ρ,t−1|. (3.29)

We then prove |Hℓ
i,ρ,t−Hi,ρ,t| ≤ 8(1−ε)ℓ−wh+i(2ℓT 5β+5)wh−i+1 by mathematical induction.

First, for the base case i = wh, from the first inequality in Eq. (3.29) and the fact that
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|Hi,ρ,t|, |Hℓ
i,ρ,t| ≤ 4

(
T 5β+5ε−1

)wh−i+1
, when t > p+ ℓ, we have

|Hℓ
wh,ρ,t

−Hwh,ρ,t| ≤ (1− ε)|Hwh,ρ,t−1 −Hℓ−1
wh,ρ,t−1| ≤ · · · ≤ (1− ε)ℓ|Hwh,ρ,t−ℓ −H0

wh,ρ,t−ℓ|

≤ 8(1− ε)ℓT 5β+5ε−1 ≤ 8(1− ε)ℓ(2ℓT 5β+5)1,

where we use the fact that ℓ ≥ ε−1. This means the statement holds for i = wh.

Second, in the inductive step, we assume that the statement is true for i = k+1, . . . , wh,

and we need to prove the statement holds for i = k. Observe that for t > p+ ℓ,

|Hℓ
k,ρ,t −Hk,ρ,t| ≤ (1− ε)|Hk,ρ,t−1 −Hℓ−1

k,ρ,t−1|+
wh∑

i=k+1

T 5β+5|Hi,ρ,t−1 −Hℓ−1
i,ρ,t−1|

≤ (1− ε)|Hk,ρ,t−1 −Hℓ−1
k,ρ,t−1|+ T 5β+5

wh∑
i=k+1

8(1− ε)ℓ−wh+i−1(2ℓT 5β+5)wh−i+1

≤ (1− ε)2|Hk,ρ,t−2 −Hℓ−2
k,ρ,t−2|+ (1− ε)T 5β+5

wh∑
i=k+1

8(1− ε)ℓ−wh+i−2(2ℓT 5β+5)wh−i+1

+ T 5β+5
wh∑

i=k+1

8(1− ε)ℓ−wh+i−1(2ℓT 5β+5)wh−i+1

= (1− ε)2|Hk,ρ,t−2 −Hℓ−2
k,ρ,t−2|+ 2T 5β+5

wh∑
i=k+1

8(1− ε)ℓ−wh+i−1(2ℓT 5β+5)wh−i+1.

Iteratively, we obtain

|Hℓ
k,ρ,t −Hk,ρ,t|

≤(1− ε)ℓ|Hk,ρ,t−ℓ −H0
k,ρ,t−ℓ|+ ℓT 5β+5

wh∑
i=k+1

8(1− ε)ℓ−wh+i−1(2ℓT 5β+5)wh−i+1

≤8(1− ε)ℓ
(
T 5β+5ε−1

)wh−k+1
+ ℓT 5β+5

wh∑
i=k+1

8(1− ε)ℓ−wh+i−1(2ℓT 5β+5)wh−i+1

=: Q1 +Q2.
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Note that for Q1, since ℓ ≥ ε−1 and wh − k ≥ 1, it holds that

Q1 = 8(1− ε)ℓ−wh+k(2ℓT 5β+5)wh−k+1
(
1− ε

2ℓε

)wh−k
· 1

2ℓε

≤ 8(1− ε)ℓ−wh+k(2ℓT 5β+5)wh−k+1 · 0.5 · 0.5

= 2(1− ε)ℓ−wh+k(2ℓT 5β+5)wh−k+1.

For Q2, we have

Q2 = 4(1− ε)ℓ−wh+k(2ℓT 5β+5)wh−k+1
wh∑

i=k+1

(1− ε)i−k−1(2ℓT 5β+5)k−i+1

= 4(1− ε)ℓ−wh+k(2ℓT 5β+5)wh−k+1
wh−k−1∑
i=0

(1− ε)i(2ℓT 5β+5)−i

≤ 4(1− ε)ℓ−wh+k(2ℓT 5β+5)wh−k+1
(
1− 1− ε

2ℓT 5β+5

)−1

≤ 4(1− ε)ℓ−wh+k(2ℓT 5β+5)wh−k+1 · 4
3
,

where in the last inequality we use 1−ε
2ℓT 5β+5 ≤ 1

4 since ℓ ≥ 2. In total, for t > p+ ℓ, we have

|Hℓ
k,ρ,t −Hk,ρ,t| ≤ Q1 +Q2 ≤ 8(1− ε)ℓ−wh+k(2ℓT 5β+5)wh−k+1,

which implies (ii).

Lemma 45. For the the stationary process {Dt}Tt=p+ℓ+1 defined in Eq. (3.15), its α-mixing

coefficient satisfies

αd(j) ≤ max(ᾱy, 1) exp(cy) exp(−cy(ℓ+ p+ 1)−κjκ) := ᾱd exp(−cdjκ),

where ᾱd = max(ᾱy, 1) exp(cy) and cd = cy(ℓ+ p+ 1)−κ.

Proof. Since Dt ∈ Ftt−p−ℓ, the stationary process {Dt}Tt=p+ℓ+1 forms an α-mixing sequence
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satisfying

αd(j) ≤ αy(j − p− ℓ).

By convention, we set αy(j) = 1 for j ≤ 0. We then consider two scenarios:

(i) j − p − ℓ ≥ 1: Noting that for 1 ≤ b ≤ a, we have a
b + b ≤ a + 1. Therefore, by setting

a = j and b = p+ ℓ+ 1, we have j
p+ℓ+1 ≤ j − p− ℓ, which implies

αd(j) ≤ αy(j − p− ℓ) ≤ ᾱy exp(−cy(j − p− ℓ)κ) ≤ ᾱy exp(−cy(ℓ+ p+ 1)−κjκ).

(ii) j − p− ℓ ≤ 0: In this case, we have

αy(j − p− ℓ) ≤ 1 ≤ exp(cy) exp(−cy(ℓ+ p+ 1)−κjκ).

Combining the results from (i) and (ii), the lemma follows.

Lemma 46. For Fwh
rnn defined in Eq. (3.7) satisfying the conditions in Theorem 9, there

exists a function class Fwh
rnn,δ ⊂ Fwh

rnn for δ = T−1 with

log |Fwh
rnn,δ| ≲w

2wh log
4(T ) + w3

h log
3(T ),

such that for any (ρ,Wh, vh, φ) ∈ Fwh
rnn, there exists a (ρ,Wh, vh, φ) ∈ Fwh

rnn,δ, satisfying for

all t ≳ wh log
2 T , |φ(Hρ,t)− φ(Hρ,t)| ≤ δ = T−1.

Proof. Recall Hℓ
ρ,t as defined in Eq. (3.13). By Lemma 44 (ii), for t ≥ p+ ℓ+ 1, we have

∥Hρ,t −Hℓ
ρ,t∥∞ ≤ C(1− ε)ℓ−wh(2ℓT 5β+5)wh .

Now, assuming for temporarily that

∥Wh −Wh∥∞, ∥vh − vh∥∞, ∥ρ− ρ∥∞ ≤ ξ, (3.30)
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we obtain

∥Hρ,t −Hρ,t∥∞ ≤
∥∥∥Hℓ

ρ,t −Hℓ
ρ,t

∥∥∥∞ +
∥∥∥Hρ,t −Hℓ

ρ,t

∥∥∥∞ +
∥∥∥Hρ,t −Hℓ

ρ,t

∥∥∥∞
≤
∥∥∥Hℓ

ρ,t −Hℓ
ρ,t

∥∥∥∞ + 2C(1− ε)ℓ−wh(2ℓT 5β+5)wh , ∀t ≥ p+ ℓ+ 1.

By the inequality |σv(x)− σu(y)| ≤ |u− v|+ |x− y| for u, v, x, y ∈ R and applying Lemma

44 (i), we have

∥∥∥Hℓ
ρ,t −Hℓ

ρ,t

∥∥∥∞
≤2ξ + ∥WhH

ℓ−1
ρ,t−1 −WhH

ℓ−1
ρ,t−1∥∞ + ∥WhH

ℓ−1
ρ,t−1 −WhH

ℓ−1
ρ,t−1∥∞

≤2Cξwh

(
T 5β+5ε−1

)wh
+ whT

5β+5∥Hℓ−1
ρ,t−1 −Hℓ−1

ρ,t−1∥∞,

where the last inequality holds by using the fact that 2ξ ≤ Cξwh

(
T 5β+5ε−1

)wh
, ∥WhH

ℓ−1
ρ,t−1−

WhH
ℓ−1
ρ,t−1∥∞ ≤ wh∥Wh −Wh∥∞∥Hℓ−1

ρ,t−1∥∞ ≤ Cξwh(ε
−1T 5β+5)wh and ∥Wh∥∞ ≤ T 5β+5.

By repeatedly applying the above inequality, we have

∥∥∥Hℓ
ρ,t −Hℓ

ρ,t

∥∥∥∞ ≤2Cξwh

(
T 5β+5ε−1

)wh
ℓ−1∑
k=0

(whT
5β+5)k + (whT

5β+5)ℓ∥H0
ρ,t−ℓ −H0

ρ,t−ℓ∥∞

≤2Cξwh

(
T 5β+5ε−1

)wh
(whT

5β+5)ℓ + (whT
5β+5)ℓ∥H0

ρ,t−ℓ −H0
ρ,t−ℓ∥∞

=2Cξwh

(
T 5β+5ε−1

)wh
(whT

5β+5)ℓ + (whT
5β+5)ℓ

· ∥σvh(ρ(Yt−ℓ−1, . . . , Yt−ℓ−p, Xt−ℓ))− σvh(ρ(Yt−ℓ−1, . . . , Yt−ℓ−p, Xt−ℓ))∥∞

≤2Cξwh

(
T 5β+5ε−1

)wh
(whT

5β+5)ℓ + 2ξ(whT
5β+5)ℓ

≤4Cξwh

(
T 5β+5ε−1

)wh
(whT

5β+5)ℓ.
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Therefore, for t ≥ p+ ℓ+ 1 and ℓ ≥ max(ε−1, 2), we have

∥Hρ,t −Hρ,t∥∞ ≲ξwh
(
T 5β+5ε−1

)wh
(whT

5β+5)ℓ + (1− ε)ℓ−wh(2ℓT 5β+5)wh

≤(2ℓT 5β+5)wh

(
ξwh(whT

5β+5)ℓ + (1− ε)ℓ−wh

)
.

Choosing ℓ = C1wh log
2 T and ξ = exp(−C2wh log

3 T ). By the fact that wh ≤ T , we have

ξwh(whT
5β+5)ℓ = exp(−C2wh log

3 T + C1wh log
2 T log(whT

5β+5) + logwh)

≤ exp(−C2wh log
3 T + C1wh log

2 T log(T 5β+6) + log T )

= exp(−C2wh log
3 T + C1(5β + 6)wh log

3 T + log T ),

and

(1− ε)ℓ−wh = exp(C1wh log
2 T log(1− ε)− wh log(1− ε)).

From the above two inequalities, it is not hard to check that for any constant C, there exist

fixed C1, C2 ≥ 0 such that

ξwh(whT
5β+5)ℓ, (1− ε)ℓ−wh ≤ exp(−Cwh log2 T ).

As a consequence,

∥Hρ,t −Hρ,t∥∞ ≲ (2ℓT 5β+5)wh exp(−Cwh log2 T ).
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Together with Lemma 41, for φ, φ ∈ F1
wh

(d, w, T 5β+5), we have

|φ(Hρ,t)− φ(Hρ,t)| ≤ |φ(Hρ,t)− φ(Hρ,t)|+ |φ(Hρ,t)− φ(Hρ,t)|

≲whT
(5β+5)(d+1)wd∥Hρ,t −Hρ,t∥∞ + ∥φ− φ∥∞

≲whT
(5β+5)(d+1)wd(2ℓT 5β+5)wh exp(−Cwh log2 T ) + ∥φ− φ∥∞.

Observe that

whT
(5β+5)(d+1)wd(2ℓT 5β+5)wh exp(−Cwh log2 T )

= exp
(
log(wh) + (5β + 5)(d+ 1) log(T ) + d logw + wh log(2ℓT

5β+5)− Cwh log
2 T
)
.

Since d ≍ log(T ), w ≤ T , wh ≤ T , and log ℓ ≲ log T , it is easy to verify that by properly

choosing the constant C > 0, it holds that.

whT
(5β+5)(d+1)wd(2ℓT 5β+5)wh exp(−Cwh log2 T ) ≲ (2T )−1.

Therefore, as long as ∥φ−φ∥∞ ≤ (2T )−1 and Eq. (3.30), we have |φ(Hρ,t)−φ(Hρ,t)| ≤ T−1

for t ≥ p + C1wh log
2 T + 1 ≍ wh log

2 T , which meets the requirement. Hence we need at

most a total of N1N2N3N4 functions to achieve a δ-covering of Fwh
rnn, where

N1 := N ((2T )−1, ∥ · ∥∞,[−C(ε−1T 5β+5)wh ,C(ε−1T 5β+5)wh ]wh ,F1
wh

(d, w, T 5β+5, B)),

N2 := N (ξ, ∥ · ∥∞,[−B,B]p+k ,Fwh
p+k(d, w, T

5β+5, 3B)),

N3 := N (ξ, ∥ · ∥∞, {vh ∈ Rwh : ∥vh∥∞ ≤ T 5β+5}),

N4 := N (ξ, ∥ · ∥∞, {Wh : Wh of Form Eq. (3.6)}).
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By Lemma 42(a) and the fact that ξ = exp(−C2wh log
3 T ), we have

logN1 ≲ w2wh log
3(T ) and logN2 ≲ w2wh log

4(T ).

Moreover, it is straightforward to verify that

logN3 ≲ w2
h log

3(T ) and logN4 ≲ w3
h log

3(T ).

Therefore, we conclude that log |Fwh
rnn,δ| ≤

∑4
i=1 logNi ≲ w2wh log

4(T ) + w3
h log

3(T ).

Lemma 47. For (ρ†,W †
h, v

†
h, φ

†) defined in Eq. (3.19) and Ir,i = I(r − ⌊r−2
q ⌋q − i > 0), it

holds that for 1 ≤ r ≤ ⌈log1/θ T ⌉q and t ≥ max{p, q}+ r,

∣∣∣∣∣
m∑
i=1

aiHwh−rm̃+i−1,ρ†,t − η⋆(Y(t−1:t−p), ε(t−1:t−q), Xt−1)

∣∣∣∣∣
≤

r−2∑
j=0

θj

 ιη +

r−1∑
j=1

θj

T
−α1· 2β

p+k + 2θ
⌊ r−2

q ⌋+Ir,1B,

∣∣∣Hwh−rm̃+m,ρ†,t − σ−B(εt−1)
∣∣∣ ≤

r−3∑
j=0

θj

 ιη +

r−2∑
j=0

θj

T
−α1· 2β

p+k + 2θ
⌊ r−2

q ⌋+Ir,2B,

... (3.31)∣∣∣Hwh−(r−1)m̃−1,ρ†,t − σ−B(εt−q+1)
∣∣∣ ≤

r−q−1∑
j=0

θj

 ιη +

r−q∑
j=0

θj

T
−α1· 2β

p+k + 2θ
⌊ r−2

q ⌋+Ir,qB,

where Y(t−1:t−p) = (Yt−1, . . . , Yt−p) and ε(t−1:t−q) = (εt−1, . . . , εt−q). By convention, we

set
∑n
j=0 θ

j as zero when n < 0,.

Proof. Recall that

Hρ†,t = σ
v†h

(
W

†
hHρ†,t−1 + ρ†(Y(t−1:t−p), Xt−1)

)
.
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By the definition of v†h, W
†
h and ρ† in Eq. (3.19) and note that |ψ†(Y(t−1:t−p), Xt−1)| ≤ B

which is defined in Eq. (3.17), as well as the definition of Hρ,t in Eq. (3.11), we have

Hwh,ρ†,t
= σ−B

(
ψ†(Y(t−1:t−p), Xt−1)

)
= ψ†(Y(t−1:t−p), Xt−1) +B, for t > p,

Hwh−m̃,ρ†,t = Hwh−m̃+1,ρ†,t = · · · = Hwh−1,ρ†,t = 0. (3.32)

Moreover, define b̃i = (bi,p+q+1, . . . , bi,p+q+k) ∈ Rk, for any 2 ≤ r ≤ ⌈log1/θ T ⌉q and

t > p+ 1, by Eq. (3.32), we have

Hwh−rm̃+i−1,ρ†,t

=σvi

(
bi,p+1

(
Yt−1 +B − (ψ†(Y(t−2:t−p−1), Xt−2) +B)−

m∑
j=1

ajHwh−(r−1)m̃+j−1,ρ†,t−1

)
+ bi,p+2(−Hwh−(r−1)m̃+m,ρ†,t−1 +B) + · · ·+ bi,p+q(−Hwh−(r−2)m̃−1,ρ†,t−1 +B)

+ bi,1Yt−1 + · · ·+ bi,pYt−p + b̃⊤i Xt−1

)
, (3.33)

for 1 ≤ i ≤ m,

Hwh−rm̃+m,ρ†,t = σ−B

−
m∑
j=1

ajHwh−(r−1)m̃+j−1,ρ†,t−1 −Hwh,ρ
†,t−1 + Yt−1 +B


(3.34)

=σ−B

Yt−1 +B − (ψ†(Y(t−2:t−p−1), Xt−2) +B)−
m∑
j=1

ajHwh−(r−1)m̃+j−1,ρ†,t−1

 ,

and

Hwh−rm̃+m+i,ρ†,t =σ−B
(
Hwh−(r−1)m̃+m+i−1,ρ†,t−1 −B

)
, (3.35)

for 1 ≤ i ≤ q − 2.
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In the following, we prove Eq. (3.31). First, we prove the case r = 1. By Eq. (3.32), for

t ≥ q + 1,

∣∣∣∣∣
m∑
i=1

aiHwh−m̃+i−1,ρ†,t − η⋆(Y(t−1:t−p), ε(t−1:t−q), Xt−1)

∣∣∣∣∣
=
∣∣∣η⋆(Y(t−1:t−p), ε(t−1:t−q), Xt−1)

∣∣∣ ≤ 2B,

and

∣∣∣Hwh−m̃+m,ρ†,t − σ−B(εt−1)
∣∣∣ = |σ−B(εt−1)| ≤ 2B,

...∣∣∣Hwh−1,ρ†,t − σ−B(εt−q+1)
∣∣∣ = ∣∣σ−B(εt−q+1)

∣∣ ≤ 2B.

Therefore, when r = 1, Eq. (3.31) holds.

Next, we use mathematical induction to prove the conclusion. Assume Eq. (3.31) holds

for some r < ⌈log1/θ m̃⌉q. We prove the case for r + 1.

Define (ψ† − ψ⋆)(x) := ψ†(x)− ψ⋆(x) and ε̃(t−1:t−q) := (ε̃t−1, · · · , ε̃t−q) where

ε̃t−1 = (ψ⋆ − ψ†)(Y(t−2:t−p−1), Xt−2) + εt−1 + η⋆(Y(t−2:t−p−1), ε(t−2:t−q−1), Xt−2)

−
m∑
j=1

ajHwh−rm̃+j−1,ρ†,t−1

ε̃t−2 = −Hwh−rm̃+m,ρ†,t−1 +B, . . . , ε̃t−q = −Hwh−(r−1)m̃−1,ρ†,t−1 +B.
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By Eq. (3.33), we have

∣∣∣∣∣
m∑
i=1

aiHwh−(r+1)m̃+i−1,ρ†,t − η⋆(Y(t−1:t−p), ε(t−1:t−q), Xt−1)

∣∣∣∣∣
=

∣∣∣∣∣η†
(
(ψ⋆ − ψ†)(Y(t−2:t−p−1), Xt−2) + εt−1 + η⋆(Y(t−2:t−p−1), ε(t−2:t−q−1), Xt−2)

−
m∑
j=1

ajHwh−rm̃+j−1,ρ†,t−1,−Hwh−rm̃+m,ρ†,t−1 +B, · · · ,−Hwh−(r−1)m̃−1,ρ†,t−1 +B,

Yt−1, · · · , Yt−p, Xt−1

)
− η⋆(Y(t−1:t−p), ε(t−1:t−q), Xt−1)

∣∣∣∣∣
=:

∣∣∣∣∣η† (Y(t−1:t−p), ε̃(t−1:t−q), Xt−1

)
− η⋆(Y(t−1:t−p), ε(t−1:t−q), Xt−1)

∣∣∣∣∣, (3.36)

where η†(x) =
∑m
i=1 aiσvi

(
b⊤i x

)
is defined in Eq. (3.18). Define (η† − η⋆)(x) := η†(x) −

η⋆(x). By Assumption 8, we have |εt|, ∥Y(t−1:t−p)∥∞, ∥Xt∥∞ ≤ B. In addition, by Eq.

(3.31) for r and Eq. (3.17), note that ιη → 0 and T−α1· 2β
p+k → 0 when T → ∞, we have

|ε̃t−1| ≤ T
−α1· 2β

p+k +B +

r−2∑
j=0

θj

 ιη +

r−1∑
j=1

θj

T
−α1· 2β

p+k + 2θ
⌊ r−2

q ⌋+Ir,1B ≤ 3B,

and

|ε̃t−2| =
∣∣∣Hwh−rm̃+m,ρ†,t−1 − σ−B(εt−2) + εt−2

∣∣∣
≤

r−3∑
j=0

θj

 ιη +

r−2∑
j=0

θj

T
−α1· 2β

p+k + 2θ
⌊ r−2

q ⌋+Ir,2B +B ≤ 3B,

...∣∣ε̃t−q∣∣ ≤ ∣∣∣Hwh−(r−1)m̃−1,ρ†,t−1 − σ−B(εt−q) + εt−q
∣∣∣

≤

r−q−1∑
j=0

θj

 ιη +

r−q∑
j=0

θj

T
−α1· 2β

p+k + 2θ
⌊ r−2

q ⌋+Ir,qB +B ≤ 3B.
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Then we have ε̃(t−1:t−q), Y(t−1:t−p), Xt−1 ∈ [−3B, 3B]p+q+k. Applying Eq. (3.18), Eq.

(3.31) for r, and triangular inequality to the right hand side of Eq. (3.36) leads to

∣∣∣∣∣
m∑
i=1

aiHwh−(r+1)m̃+i−1,ρ†,t − η⋆(Y(t−1:t−p), ε(t−1:t−q), Xt−1)

∣∣∣∣∣
≤
∣∣∣∣∣(η† − η⋆)

(
Y(t−1:t−p), ε̃(t−1:t−q), Xt−1

) ∣∣∣∣∣ (3.37)

+

∣∣∣∣∣η⋆ (Y(t−1:t−p), ε̃(t−1:t−q), Xt−1

)
− η⋆(Y(t−1:t−p), ε(t−1:t−q), Xt−1)

∣∣∣∣∣
≤ ιη + θ1

∣∣∣(ψ⋆ − ψ†)(Y(t−2:t−p−1), Xt−2) + η⋆(Y(t−2:t−p−1), ε(t−2:t−q−1), Xt−2)

−
m∑
j=1

ajHwh−rm̃+j−1,ρ†,t−1

∣∣∣+ q∑
i=2

θi

∣∣∣Hwh−rm̃+m+i−2,ρ†,t−1 − εt−i −B
∣∣∣

≤ ιη + θ1

T−α1· 2β
p+k +

r−2∑
j=0

θjιη +
r−1∑
j=1

θjT
−α1· 2β

p+k + 2θ
⌊ r−2

q ⌋+Ir,1B


+

q∑
i=2

θi

r−i−1∑
j=0

θjιη +
r−i∑
j=0

θjT
−α1· 2β

p+k + 2θ
⌊ r−2

q ⌋+Ir,iB


≤
r−1∑
j=0

θjιη +
r∑
j=1

θjT
−α1· 2β

p+k + 2θ
⌊ r−1

q ⌋+Ir+1,1B, (3.38)

where we use Assumption 9 in the second inequality and in the last inequality, we use

θ1 + · · ·+ θq = θ < 1 and the inequality

2θ1θ
⌊ r−2

q ⌋+Ir,1B + · · ·+ 2θqθ
⌊ r−2

q ⌋+Ir,qB ≤ 2(θ1 + · · ·+ θq)θ
⌊ r−2

q ⌋+Ir,qB ≤ 2θ
⌊ r−1

q ⌋+Ir+1,1B,

which the first inequality is due to the fact that Ir,q ≤ Ir,q−1 ≤ · · · ≤ Ir,1 and the last
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inequality is due to the fact that

⌊r − 1

q
⌋+ Ir+1,1 ≤⌊r − 1

q
⌋+ 1 = ⌊r − 2

q
⌋+ 1 + I(r = nq + 1 for some n ∈ N0)

≤⌊r − 2

q
⌋+ 1 + I(r − ⌊r − 2

q
⌋q − q > 0) = 1 + ⌊r − 2

q
⌋+ Ir,q.

Moreover, by Eq. (3.34) and the inequality |σ−B(x)− σ−B(y)| ≤ |x− y|, we have

∣∣∣Hwh−(r+1)m̃+m,ρ†,t − σ−B(εt−1)
∣∣∣

≤ T
−α1· 2β

p+k + (1 + θ + · · ·+ θr−2)ιη + (θ + θ2 + · · ·+ θr−1)T
−α1· 2β

p+k + 2θ
⌊ r−2

q ⌋+Ir,1B

= (1 + θ + · · ·+ θr−2)ιη + (1 + θ + θ2 + · · ·+ θr−1)T
−α1· 2β

p+k + 2θ
⌊ r−1

q ⌋+Ir+1,2B,

where in the last inequality we use the first inequality of Eq. (3.31) for r and in the last

equation we use the fact that ∀1 ≤ j ≤ q

⌊r − 2

q
⌋+ Ir,j = ⌊r − 1

q
⌋ − I(r = nq + 1 for some n ∈ N0) + I(r − ⌊r − 2

q
⌋q − j > 0)

= ⌊r − 1

q
⌋+ I(r − ⌊r − 1

q
⌋q − j > 0) = ⌊r − 1

q
⌋+ Ir+1,j+1.

Finally, by Eq. (3.35), for 1 ≤ j ≤ q − 2, we have,

∣∣∣Hwh−(r+1)m̃+m+j,ρ†,t − σ−B(εt−j−1)
∣∣∣

≤|Hwh−rm̃+m+j−1,ρ†,t−1 −B − εt−j−1| = |Hwh−rm̃+m+j−1,ρ†,t−1 − σ−B(εt−j−1)|

≤(1 + θ + · · ·+ θr−j−2)ιη + (1 + θ + θ2 + · · ·+ θr−j−1)T
−α1· 2β

p+k + 2θ
⌊ r−2

q ⌋+Ir,j+1B

(3.39)

=(1 + θ + · · ·+ θr−j−2)ιη + (1 + θ + θ2 + · · ·+ θr−j−1)T
−α1· 2β

p+k + 2θ
⌊ r−1

q ⌋+Ir+1,j+2B,

where in the last inequality, we use Eq. (3.31) for r.
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Combining Eq. (3.38), Eq. (??) and Eq. (3.39), we complete the proof for the r+1 case,

which completes the proof of Lemma 47.

Lemma 48. For any Lipschitz continuous function η(·) with Lipschitz constant bounded by θ,

there exists wη,1, . . . wη,m and a constant B such that such that |∑j
i=1wη,i| ≤ θ, |wη,i| ≤ 2θ,

for i = 1, . . . ,m, and for any x ∈ [−B,B],

∣∣∣∣∣η(x)−
m+1∑
i=1

wη,iσvi(x)− bη

∣∣∣∣∣ ≤ 4Bθm−1, (3.40)

where vi := −B + 2B
m (i− 1).

Proof. First, we construct a neural network that is a piecewise linear approximation of

η(x)− bη with
m∑
i=1

wη,iσvi(vj) = η(vj)− bη, ∀1 ≤ j ≤ m+ 1.

Since v1 < v2 < · · · < vm, σvi(vj) = 0 for j ≤ i, and σvi(vj) = vj − vi for j > i, the above

equation is equivalent to

0 = η(v1)− bη

wη,1(v2 − v1) = η(v2)− bη,

wη,1(v3 − v1) + wη,2(v3 − v2) = η(v3)− bη,

...
m∑
i=1

wη,i(vm+1 − vi) = η(vm+1)− bη.

Solving the above equations, we get bη = η(−B) and

wη,1 =
η(v2)− η(v1)

v2 − v1
, wη,1 + wη,2 =

η(v3)− η(v2)

v3 − v2
, . . . ,

m∑
i=1

wη,i =
η(vm+1)− η(vm)

vm+1 − vm
.
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In addition, note that vi+1 − vi =
2B
m , for any 1 ≤ j ≤ m, we have

∣∣∣∣2Bm wη,1 + · · ·+ 2B

m
wη,j

∣∣∣∣ = ∣∣η(vj+1)− η(vj)
∣∣ ≤ θ|vj+1 − vj | =

2B

m
θ,

and

∣∣∣∣2Bm wη,i

∣∣∣∣ = |η(vj+1)− η(vj−1)| ≤ θ|vj+1 − vj−1| =
4B

m
θ

which implies that |∑j
i=1wη,i| ≤ θ and |wη,i| ≤ 2θ. Therefore, the choice of wη,i satisfies

the constraints in Lemma 48.

To verify Eq. (3.40), we use the fact that |σ(x)−σ(y)| ≤ |x−y| and assume vj ≤ x ≤ vj+1

for some 1 ≤ j ≤ m to obtain

∣∣∣∣∣η(x)−
m∑
i=1

wη,iσvi(x)− bη

∣∣∣∣∣
≤
∣∣∣∣∣η(vj)−

m∑
i=1

wη,iσvi(vj)− bη

∣∣∣∣∣+ ∣∣η(x)− η(vj)
∣∣+ ∣∣∣∣∣

m∑
i=1

wη,iσvi(x)−
m∑
i=1

wη,iσvi(vj)

∣∣∣∣∣
≤
∣∣η(x)− η(vj)

∣∣+
∣∣∣∣∣∣
j∑
i=1

wη,i

∣∣∣∣∣∣ |x− vj | ≤
2B

m
θ + θ|x− vj | ≤ 4Bθm−1.
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