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ABSTRACT

Machine learning techniques have been increasingly adopted in economics and finance for
forecasting, policy evaluation, and structural modeling. Despite their empirical success,
a key question remains: can machine learning methods—originally developed for tasks in
computer science—effectively address the unique challenges posed by economic data, such
as weak signals, cross-sectional dependence, and temporal dependence?

This dissertation explores the theoretical foundations and empirical relevance of modern
machine learning methods in econometric applications. Chapter I examines the performance
of several popular machine learning estimators in high-dimensional regressions with low
signal-to-noise ratios. We show that Ridge regression and fo-regularized neural networks can
effectively exploit weak and possibly nonlinear signals, while Lasso may fail to outperform
a zero benchmark due to its reliance on sparsity. Both theoretical analysis and empirical
studies across multiple economic datasets highlight that signal weakness, rather than lack of
sparsity, may be the main bottleneck in prediction.

Chapter II develops non-asymptotic guarantees for deep autoencoders within a high-
dimensional nonlinear factor model. We show that autoencoders can consistently recover
latent structures, with approximation errors diminishing as dimensionality and sample size
increase. These results justify the use of autoencoders in tasks such as asset return prediction
and structured matrix completion for causal analysis.

Chapter IIT studies the application of Recurrent Neural Networks (RNNs) in modeling
nonlinear time series. Under a nonlinear autoregressive and moving-average model with ex-
ogenous variables, we establish finite-sample error bounds for RNN-based predictions. These
bounds reveal the role of function smoothness, input dimensionality, and process dependence
in shaping prediction accuracy. Our analysis shows that RNNs are particularly effective in
capturing nonlinear dynamics in noise, offering advantages over traditional nonparametric

methods.



Together, these essays contribute to a deeper understanding of the conditions under which
machine learning methods are both theoretically sound and practically useful for econometric

modeling and economic prediction.

x1



CHAPTER 1
CAN MACHINES LEARN WEAK SIGNALS?

1.1 Introduction

In regression analysis, covariates with non-zero coefficients are identified as true signals,
while those with zero coefficients are considered false signals. In a population model, this
distinction is clear-cut, resembling a “black and white” scenario. However, in finite samples,
the presence of minuscule non-zero coefficients introduces a “gray” area, blurring the bound-
ary between true and false signals.! This gray area represents weak signals—covariates that,
individually, exert negligible influence on the outcome variable.

The investigation of weak signals holds tangible implications for economic and financial
decision-making. Often, it is the collective impact of these weak signals that drives the out-
comes in these fields. Supporting this, Figure 1.1 provides empirical evidence by presenting
R? values gathered from a compendium of Economics and Finance journal articles published
in 2022. The 25% quantiles of these R? values stand at 9.7% for economics and 5.8% for
finance, suggesting that models in these disciplines frequently rely on covariates with modest
explanatory power. Furthermore, Figure 1.1 is based exclusively on published studies, which
are likely biased toward higher R? values due to selection effects. This suggests that the
presence of weak signals may be even more widespread than the data here indicates.

The decision to incorporate weak signals into a regression model carries the risk of over-
fitting, potentially undermining predictive accuracy. Overfitting arises when the increased
variance from estimating the coefficients of these weak signals outweighs the bias reduc-
tion gained from their inclusion. This trade-off becomes even more pronounced in high-
dimensional settings, where the limited sample size relative to the number of covariates

amplifies prediction errors.

1. The comparison of regression coefficients’ magnitudes is meaningful only when predictor variables are
normalized, an assumption implicitly adopted in the subsequent discussion.

1



Figure 1.1: Histograms of R%s in Selected Economics and Finance Journals

R?s in Five Econ Journals R?s in Three Finance Journals
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Note: The histograms depict R%s manually collected from published papers in a selection of Economics and
Finance journals in 2022. This collection comprises data from five Economics journals (left) and three Finance
journals (right). Specifically, there are a total of 411 papers published in the American Economic Review,
Econometrica, Journal of Political Economy, Quarterly Journal of Economics, and Review of Economic
Studies, resulting in 8,129 R2 observations. In addition, there are 380 papers from the Journal of Finance,
Journal of Financial Economics, and Review of Financial Studies, contributing 12, 198 R? observations.

Machine learning methods, renowned for their focus on variable selection and dimension
reduction, have proven effective in mitigating overfitting and detecting true signals from false
ones, particularly when the true signals are strong. These methods employ regularization
techniques, such as penalizing the ¢1 or /9 norms of model parameters, to achieve this
objective. However, a pivotal question emerges: Can machines learn weak signals, or in
other words, can they surpass the naive zero predictor? The zero predictor, which disregards
all covariates and always predicts zero, serves as a passive baseline in the context of weak
signals. Surpassing this baseline indicates that a method has successfully extracted valuable
signals. Conversely, failing to exceed it highlights a limitation in its learning capacity. In
view of these considerations, we focus on evaluating the relative performance of regularized
predictors, Ridge and Lasso, against the zero predictor in high-dimensional regressions, where
the prediction target is driven by predictors that exhibit weak correlations with it.

In scenarios with sufficiently strong signals, both Lasso and Ridge are expected to out-

perform zero by effectively capturing and utilizing at least some of these signals. Hence,



accurately defining the notion of “weak” signals is crucial at the outset of our investigation.
This definition serves a dual purpose: it prevents the scenario from defaulting to trivial com-
parisons akin to strong signal cases and ensures practical relevance to finite sample scenarios
in economics and finance. We characterize a weak signal scenario as one in which the zero
predictor achieves the minimal Bayes prediction risk asymptotically. This setting turns out
to encompass a wide class of data generating processes (DGPs), and it approximates a finite
sample reality in which zero serves as a competitive benchmark.

In the defined weak signal scenarios, conventional error-bound analyses are insufficient
in distinguishing the performance of different predictors. Considering the optimal Lasso
and Ridge—each tuned to minimize prediction error—both can perform no worse than the
zero predictor. Intuitively, as the tuning parameters for Ridge and Lasso approach infinity,
Ridge converges to zero, while Lasso effectively becomes equivalent to zero. Consequently,
all three predictors—optimal Lasso, optimal Ridge, and zero—can achieve the optimal Bayes
prediction error, making them indistinguishable.

However, a more refined analysis reveals that, across a broad range of tuning parameter
choices, Ridge outperforms zero. In contrast, the optimal Lasso effectively reduces to zero,
meaning Lasso does not exceed zero’s performance regardless of its tuning parameter choice.
This conclusion is based on a precise error approach, which enables us to zoom in and
explicitly characterize the relative prediction errors of Ridge and Lasso compared to the
zero predictor. These results highlight an important distinction between shrinkage and
selection methods. Shrinkage methods like Ridge are more effective in environments with
more homogenous signal strength. On the other hand, selection methods like Lasso are
preferable in scenarios where there is a clear distinction between true and false signals. In
weak signal contexts where this distinction is blurred, the advantage of Lasso tends to wane.

Our study further demonstrates the effectiveness of the cross-validation (CV) algorithm in

selecting the optimal tuning parameter for Ridge, even in weak signal contexts. This under-



scores CV’s robustness as a model-tuning tool in these settings. Moreover, the out-of-sample
R? from the optimal Ridge—a metric frequently used for assessing predictor performance on
unseen data—proves a relevant indicator of the signal-to-noise ratio in the DGP, despite a
notable gap between its asymptotic limit and the population R2.

In the final aspect of our theoretical analysis, we expand our framework to include models
featuring a mix of signal strengths. This section specifically addresses scenarios in which a
benchmark model contains potentially strong signals. Our focus then shifts to evaluating the
benefits of leveraging the predictive power of the remaining weak signals. To this end, we
derive ordinary least squares (OLS) residuals, from which the impact of potentially strong
covariates in the benchmark model has been removed. Consistent with our earlier findings,
applying Ridge regression to these residuals, using the remaining covariates, enhances predic-
tive performance compared to a baseline predictor that ignores these additional covariates.

Our simulation analysis corroborates our theoretical findings: Ridge surpasses zero, which
in turn edges out Lasso, especially in DGPs characterized by low R? values. When exploring
more sophisticated machine learning techniques, we observe that Random Forest (RF), which
produces dense models by including nearly all variables, outperforms the zero predictor. The
latter, in turn, surpasses Gradient Boosted Regression Trees (GBRT), as GBRT, similar to
Lasso, tends to generate sparse models. Furthermore, Neural Networks (NNs), when paired
with the {o-norm regularization, can deliver superior predictions. In contrast, applying an
(1-penalty in these networks fails to achieve comparable results.

Our empirical analysis spans six datasets across macroeconomics, microeconomics, and
finance. Five align with Giannone et al. [2022], and one is sourced from Gu et al. [2020].
Our finance examples delve into predicting market returns using financial and economic in-
dicators, as well as firm-level return prediction based on their specific characteristics. In
the macroeconomic context, we examine time-series predictions of industrial production us-

ing macroeconomic indicators, and a cross-country GDP growth prediction, utilizing socio-



economic, institutional, and geographical factors. Our microeconomic studies focus on crime
rate predictions and pro-plaintiff appellate decisions in takings law rulings.

The relevance of weak signals in datasets is contingent on the choice of benchmark models.
For instance, when compared to a benchmark with an intercept alone, weak signals are
revealed in four out of six datasets. Further benchmarking against covariates informed by
economic theory reveals weak signals across all datasets, making them particularly well-suited
for the application of our asymptotic theory. Drawing from their empirical analysis of these
datasets, Giannone et al. [2022] argue that sparsity may be an illusion, as optimal predictive
models often rely on a large number of covariates. Our collective theoretical and empirical
evidence points to signal weakness as a key factor in the underperformance of Lasso. As
our results suggest, even in cases where the majority of signals have zero coefficients in the
true DGP, Ridge may still outperform Lasso if the true signals are weak. Their comparative
performance thus does not necessarily offer insights into the sparsity of the DGP itself.

In light of these findings, we recommend a cautious approach to employing Lasso in
economic and financial settings. Despite its popularity as a modern counterpart to OLS,
Lasso’s effectiveness may be compromised in scenarios characterized by weak signals. Our
study complements the findings of Kolesar et al. [2024], who highlight issues with sparsity-
based estimators, such as their lack of invariance to reparametrization and sensitivity to
normalizations that are otherwise innocuous to OLS.

Our paper is closely related to the literature on the theoretical performance of Ridge and
Lasso, with two main threads being particularly relevant. The first focuses on error-bound
analysis. For Ridge, Hoerl and Kennard [1970] show that the prediction error decreases at a
rate of p/n, where p is the number of covariates and n the sample size, with its magnitude
tied to the eigen-structure of the design matrix. For Lasso, the prediction error vanishes if
slogp/n — 0, where s is the number of non-zero parameters (see, e.g., Wainwright [2019]).

However, we consider an asymptotic setting where these error bounds fail to distinguish Ridge



and Lasso from the zero predictor, as their leading-order prediction errors are identical. This
motivates a more granular, higher-order analysis of prediction errors.

The second, more recent strand of research focuses on determining the precise prob-
ability limit of the prediction error for Ridge and Lasso.? Bayati and Montanari [2012]
employ approximate message passing algorithms to link them with Lasso and derive its error
limit. Alternatively, Thrampoulidis et al. [2015] use the Convex Gaussian Minimax Theory
(CGMT) to simplify Lasso’s optimization problem, enabling precise error derivation. For
Ridge, Dicker [2016] provides analogous insights into its prediction error. However, these
precise error analyses often rely on stringent parametric assumptions, such as independently
Gaussian-distributed design matrix elements. Dobriban and Wager [2018] extend Dicker
[2016]’s work by accommodating dependent covariates and non-Gaussian predictors, lever-
aging universality results from random matrix theory.

This chapter is organized as follows. Section 1.2 presents the main theoretical results
regarding Ridge and Lasso. Section 1.3 conducts simulations to illuminate our theoretical
predictions while also expanding the analysis to assess the performance of advanced machine
learning methods under weak signals. Lastly, Section 1.4 provides empirical results. The ap-
pendix contains mathematical proofs of main results, while the appendix provides additional
theoretical results, technical lemmas, and their proofs.

Notation: For any x € R, we refer to max(x,0) as x4. For any vector z, ||z||o, ||z]1,
||| and ||x||cc represent its £y, ¢1, {3 and f+ norms, respectively. For a real matrix A,
we use ||Al| and ||A||p to denote its spectral norm (or 9 norm), and the Frobenius norm,
that is, \/Amax(ATA), and y/Tr(AT A), respectively. In the case where A is a p x p matrix,

Ai(A) denotes its i-th largest eigenvalue, for 1 < ¢ < p. We use the notation z,, < y, when

2. The precise error analysis has provided valuable insights into various machine learning methods. For
example, Liang and Sur [2022| examine the properties of minimum ¢;-norm interpolation and boosting in
linear models. Miolane and Montanari [2021] explore cross-validation for Lasso, while Hastie et al. [2022]
investigate minimum {s-norm interpolation, shedding light on the double-descent phenomenon in neural
networks. Regarding variable selection, Su et al. [2017] study the false discovery rate of the Lasso path, and
Wang et al. [2020] compare the variable selection properties of bridge estimators.

6



there exists a constant C' such that x, < Cy, holds for sufficiently large n. Similarly, we
use Tpn, Sp yn to denote zy, = Op(yp). If 2y S yp and yp, S o, we write zy, < yy, for short.

Similarly, we use z,, <p yp, if x5, Sp yn and y, Sp Tn.

1.2 Theoretical Results

1.2.1 Model Setup

We start with the following linear regression model:

y=XpB+e, (1.1)

where y € R, X € R"*P, 3, € RP and £ € R". Throughout our discussion, X, 3y, and ¢ are
treated as random variables, mutually independent of one another. Central to our analysis
is the calculation of the probability limit of the prediction errors, which necessities assuming
a (prior) probability distribution on the coefficients. This setting aligns with the literature
on precise errors, which also connects our analysis of prediction error with Bayes risk.

Our objective is to investigate the predictive performance of machine learning techniques
in the presence of weak signals.? To accomplish this, we focus on a high-dimensional regres-
sion setting characterized by an increasing number of predictors, that is, p — oco. In such a
context, regularization techniques become not just relevant but often necessary. Moreover,
our specific focus is on situations where the signals are weak, characterized by the condition:
16o||> <p 7 — 0. The choice to use ||fg|| as the metric for characterizing weak signals is
due to its close relationship with the widely-adopted R? metric in regression analysis, which
provides a familiar and intuitive understanding of signal strength. Our investigation then

progresses to an asymptotic analysis under these two conditions. We will detail the specific

3. While Donoho and Jin [2004] and Hall and Jin [2010] study variable selection in rare and weak signals,
we focus on prediction in asymptotic settings where identifying nonzero coefficients is infeasible.



requirements for p, 7, and sample size n after introducing the baseline predictor.

Now, we proceed to present the assumptions governing the DGP of X:

Assumption 1. The covariates X € R"*P are generated as X = 21/ZZE§/2

forann x p
matrix Z with i.1.d. standard Gaussian entries, deterministic n X n and p X p positive
definite matrices X1 and Yo. In addition, there exist positive constants c1,Cq,ca, Co such

that cp < Xj(21) < Cp,i=1,2,...,n and cg < \j(X3) < Co,i=1,2,...,p.

This assumption accommodates time series dependencies via >; and cross-sectional corre-
lations via 9. The eigenvalue constraints serve two purposes: upper bounds limit excessive
dependencies, while lower bounds prevent multicollinearity and ensure observations are not
linearly dependent across time. Moreover, since we focus on prediction rather than variable
selection, the dependence structure among X does not adversely impact Lasso’s predictive
performance (see Section 7.4 of Wainwright [2019]), even though its variable selection prop-
erties are sensitive to strong dependence among covariates.

While the Gaussian assumption for X is integral to our use of Gordon’s inequality (Gor-
don [1988]) for Gaussian processes in the proof, it does raise concerns regarding the robust-
ness of our findings when this assumption is not met in real-world scenarios. Our simulation
results (not included for reasons of space) indicate that the Gaussian assumption appears
non-essential and our asymptotic theory approximates finite sample behavior even with rela-
tively small sizes, typically a few hundred observations. This observation aligns with similar
findings in random matrix theory, where asymptotic properties initially derived for Gaussian
ensembles were subsequently shown to extend to a wider spectrum of random matrices—a
phenomenon referred to as the universality. Notably, when »{ = I, Dobriban and Wager
[2018] use random matrix theory to bypass the Gaussian assumption. However, their tech-
nique appears only applicable to Ridge. Our objective is to compare Ridge and Lasso under
a unified framework, which necessitates the Gaussian assumption.

Next, we specify the assumption regarding e:
8



Assumption 2. Let e = Z;/Q

z, where z comprises i.1.d. variables with mean zero, variance
one and finite fourth moment and ¢ is a positive definite matriz satisfying ce < \j(Xg) <

Cs,1=1,2,...,n, for some fized positive constants cc and Cx.

This assumption allows for autocorrelations and heteroscedasticity. If . is a diagonal
matrix, its spectral norm is evidently bounded under the condition that each entry of ¢ has
finite variance. Moreover, if € follows a stationary process characterized by exponentially
decaying autocorrelations, it can be shown that the spectral norm of . remains bounded.

Under Assumptions 1 and 2, it follows that || X5p|| <p +/n |Gl and ||| <p v/n. This
indicates that the magnitude of each entry in X and ¢ neither explode nor vanish asymptot-
ically. Consequently, the magnitude of the signal-to-noise ratio (or R2) is entirely dictated

by ||Bol|- Next, we impose an assumption that governs the properties of fy:

Assumption 3. The vector by = \/Fﬁo comprises i.i.d. random variables, each following
a prior probability distribution F' belonging to the class F. The class F is defined such
that any wncluded random wvariable can be represented as q_l/zblbg, where by and by are
independent, by follows a binomial distribution B(1,q), and by is a sub-exponential random

variable with a mean of zero and a variance denoted as O'%.

Without loss of generality, we use the term \/F as the normalization factor, ensuring
that || Bol> =<p 7. This normalization facilitates a clearer interpretation of our results.
While the i.i.d. assumption may seem strong, it offers greater transparency by simplifying
more complex technical assumptions necessary to derive essential probability bounds. In
particular, this assumption allows for important classes of models, such as a spike-and-slab
prior for by, extensively studied by Giannone et al. [2022] to examine the empirical relevance
of sparsity in economic datasets. Each element of by follows a mixed distribution, such
as when ¢ = 1, with by modeled by (1 — v)Yy + vy, where v, a fixed constant within
[0, 1], modulates the mix between the spike (¢9) and slab (¢1) components of the prior.

More generally, the formulation qil/ 2p1by accommodates a spike-and-slab model with more
9



1/ 2 ensures the

extreme sparsity (¢ — 0) through the component q_l/ 2p;. This scaling, ¢~
variance of q_l/ 2p1by remains finite and non-vanishing. Essentially, ¢ dictates the sparsity
of Bp: when P(bg = 0) =0, ||follo <p pg. In scenarios with strong signals (7 = 1), a DGP
with ¢ nearing zero typically favors Lasso, whereas a ¢ closer to one suggests a preference
for Ridge. Therefore, this framework does not inherently privilege either.

The underlying assumptions that justify Ridge and Lasso are notably distinct, particu-
larly in the context of error-bound analysis. For instance, the analysis of Lasso often requires
the approximate sparsity condition and the restricted eigenvalue condition (see, e.g., Belloni
et al. [2013b] and Bickel et al. [2009]). On the other hand, the convergence rate of Ridge’s
prediction error requires intricate conditions on the eigenvalue structure of the design ma-

trix, as discussed in Tsigler and Bartlett [2023]. In contrast, our analysis here compares the

asymptotic properties of different estimators within a common framework.

1.2.2 Predictors

We now turn our attention to the discussion of the predictors. In scenarios involving weak
signals, characterized by ||5g|| — 0, a straightforward and natural baseline predictor emerges,
that is, the naive zero predictor. As an estimator, zero is clearly consistent in terms of the
lo-loss of the estimation error, because it reduces to ||Fyl||, which vanishes in this context.

The zero predictor serves as a passive benchmark for a scenario where no learning occurs.
To surpass its performance, any alternative predictor must harness some signals. This indi-
cates the alternative predictor’s capability to successfully identify and leverage weak signals.
Therefore, to address the earlier question of whether machines can learn weak signals, we
need to compare the machine learning method’s performance with that of the zero predictor.
Only if they can do so can they outperform the naive zero predictor.

In our study, we consider Ridge and Lasso as contenders that leverage machine learning

techniques. These methods are widely used benchmarks in practice, owing to their simplicity
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and universality. An in-depth analysis of these predictors provides valuable insights into their
specific regularization techniques, which can be extended to more advanced models.

The Ridge estimator, denoted as 3, is the solution to the following optimization problem:

~

1 )\
Br(An) = argﬂrmnﬁlly—Xﬁll2+p n

2o )2, (12)

where ), is its tuning parameter governing the strength of the regularization. In contrast,

the Lasso estimator, denoted as Bl, is defined as:

~

1 A
i) s= arg min |y = X5 + 2

\/ﬁ||5||1- (1.3)

By convention, and without loss of generality, the terms involving penalties are typically
scaled by p/n in the case of Ridge and by 1/y/n in the case of Lasso.

In addition, our theoretical results also encompass the OLS estimator and the Ridgeless
estimator, both of which correspond to special cases of Ridge when the tuning parameter
Ap is set to zero. When p > n, the least squares problem has an infinite number of solu-
tions. Among these solutions, the Ridgeless estimator can be regarded as a minimum-norm

interpolating linear predictor, as noted by Bartlett et al. [2020]:
Br(0) = argﬁmin 18]I, st. XB=uy. (1.4)

With Sy estimated by some B, it is straightforward to construct corresponding predictor,

new ) new .

(x T3, for a new data point z

1.2.3 Bayes Risk

Now, we proceed to define the metric by which we assess various predictors. For any pre-

dictor, our primary interest is its Bayes prediction risk. This risk is related to the expected

11



(J/,I’IGW

squared prediction error evaluated at a new, independent data point , YY), In the

new )

case of a linear predictor, gV = (x T3, we can write the prediction error explicitly as:

2
N 2 2 T/ 2 1/2 5 2
Ep(y™™ — ") = 02 + Bp [(") (3 - fo)| =02 +Eply 2B AP, (15)
where the subscript in the expectation operator Ep(-) emphasizes the fact that the expec-
tation is taken with respect to the prior distribution of by = \/p7—15y. Obviously, it is the
second term in (1.5) that governs the relative predictive performance. Barring ||Xs]|, the
prediction risk is closely tied to the estimation error of f, i.e., HB — Boll-

Formally, we define the Bayes prediction risk associated with an estimator B as

R(B, F) == Ep|[S5/ (8 - o)l

The predictor that minimizes this Bayes risk is termed the Bayes predictor. In our framework,
it is straightforward to show (see Chapter 4 of Berger [1985]) that the Bayes predictor
corresponds with the predictor that is derived from the posterior mean of (3, which is
represented as Ep (89| X, y). We denote its Bayes risk as R(F).4

Under strong signals, i.e., 7 = 1, and suppose that ¥1, 3o and ¥ are identity matrices,
p/n — cg € RT significant progress has been made in understanding the asymptotic be-
havior of Bayes risk. For Ridge regression, notable studies by Dicker [2016] and Dobriban
and Wager [2018] have derived the asymptotic limit of the Bayes risk.® Similarly, in the

case of Lasso, several studies, such as those conducted by Bayati and Montanari [2012] and

4. There exists an extensive body of literature focused on empirical Bayes methods, which explores feasible
approaches for implementing Er (8| X, y), when F is unknown, see, e.g., Robbins [1964] and Efron [2012].

5. The exact form of the limit is given by

lim R(Br(A\n), F) = com(—X, co) + AMAoh — co)m/ (=, o), (1.6)

n— oo

where A = lim,,_,o0 co A, and m(—X, ¢g) = (—(1 —co+A)+ /(1 —co+ A2+ 400)\)/200/\.
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Thrampoulidis et al. [2018], have established its asymptotic Bayes risk limit.6

Figure 1.2: Comparison of Prediction Errors: Optimal Ridge and Lasso vs. the Zero Esti-
mator

Optimal Ridge versus Zero Optimal Lasso versus Zero

-0.8 -0.8

p/n
p/n

0.4

0.0

[l Boll? [l Gol*

Note: The left panel illustrates the ratio of prediction error between the optimal Ridge and the baseline zero
estimator. Conversely, the right panel presents a similar comparison for the optimal Lasso estimator against
the zero estimator. Both axes, y and x, depict a range of p/n ratios and ||3o||* values, corresponding to data
generated in accordance with the model described in (1.1), with X1, X, and 3. in Assumptions 1 and 2 set
as identity matrices. We set by as a Dirac-spike and a Gaussian slab with ¢ = 1/5. In this context of strong
signals, the prediction errors for both optimal Ridge and Lasso are calculated using tuning parameters that

are optimally selected to minimize the expected prediction errors’ probability limits, as given by (1.6) and
(1.7).

In Figure 1.2, we present two heatmaps, with the y and = axes representing various values
of p/n and ||Bp|? = 7'0%. The left heatmap illustrates the ratio of Bayes risk between optimal
Ridge and the zero estimator, while the right heatmap represents the ratio of optimal Lasso
against the zero estimator. For both Ridge and Lasso, their optimal tuning parameters are
selected by minimizing the probability limits of their Bayes risk given by (1.6) and (1.7),

respectively. A prediction error ratio below 1 suggests that zero is outperformed.

The heatmaps, as anticipated, clearly demonstrate that both optimal Ridge and Lasso

6. The limit in the case of Lasso can be explicitly written as follows: limy, o R(8;(An), F) = ()2, where

1 2 A
o = argmin { inf sup b7y + —L |« o\ _ om0 + AG a—ﬁ, @t . (1.7)
a>0 | 7e>0 550 2 ¢ B 2 27y, Th  Th
- Th >0

Here A\ = limp—oc An/y/Co, L(c,7) := Eleg2(cZ + &,7) — €], and G(c,7) = Elepy)(cZ + Xy, 7) — | X5l
with ef(y,7) := min,(y — v)?/27 + f(v), where random variables Z, ¢, and X} follow a standard normal
distribution (Z ~ N(0,1)), the distribution of the noise, and the distribution F', respectively.
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surpass the performance of the zero estimator. This superiority is particularly pronounced
in scenarios involving strong signals and relatively lower dimensions. Notably, the disparity
between these estimators becomes less pronounced as the norm of ||3y|| approaches zero and
the ratio p/n increases, indicating a shift towards scenarios characterized by weaker signals.
The existing result on precise error analysis is primarily built upon the assumption of strong
signals, where 7 = 1. To discern the performance of various estimators under weak signal

conditions, a more intricate analysis in the limiting case (7 — 0 and p/n /4 0) is necessary.

1.2.4  Zero’s Optimality and Relative Prediction Error

Figure 1.2 also indicates that our attention should be directed towards a regime where
the zero estimator exhibits meaningful competitiveness. Otherwise, we may question the
appropriateness of our definition of “weak” signals if some machine learning approaches can
obviously outperform it by a wide margin.

One might be tempted to define weak signals as instances where the signal strength falls
below a certain “detection boundary,” thereby becoming indiscernible through hypothesis
testing. Our focus is on prediction, rather than signal detection. This distinction is key be-
cause, even when signals are undetectable by hypothesis testing, their collective contribution
to prediction can still outperform the zero predictor. The zero predictor serves as a natural
benchmark for demonstrating the capacity of machine learning to utilize weak signals.

To motivate our concept of weak signals, we analyze a regime where the zero predictor
achieves certain notion of optimality, indicated by its Bayes risk being identical to that of
the Bayes predictor. This scenario is delineated more precisely by the assumption below:

Assumption 4. n"lp — ¢y € (0,00], n " rp(logp)* — 0, m’p*2/3(logp)*4 — 00, and

4

n"Ipgr~(logp)~ — 0.

Assumption 4 covers a wide spectrum of signal strengths and counts, while simultaneously

imposing constraints to prevent an excessively large p/n ratio and overly rapid vanishing of
14



7. The first two constraints imply 7 — 0, while the third imposes a lower bound on 7.
Together, these constraints require that 7 is bounded below by n1/3.

The final constraint addresses cases of extreme sparsity in Jy. It becomes redundant when
q does not vanish, as it is already implied by the first two constraints. Collectively, these
conditions imply that (pq)log p/n is bounded below by 7, and consequently by n1/3 (up to
a logarithmic factor). Importantly, these constraints do not exclude the sparsity assumptions
commonly adopted in the literature for Lasso: ||8g||logp/n — 0, where ||5p|lg <p pq.

These constraints serve to exclude edge cases where the relative performance of different
estimators cannot be conclusively determined using our proof technique. In Section 1.2.9,
we investigate scenarios outside the scope of these constraints (e.g., lower bound of n—t/ 3),
such as cases of extreme sparsity with only one true signal in the DGP. By employing an
alternative proof method that leverages the closed-form solution of Lasso in a special case,
we demonstrate that these constraints are not necessary for arriving at our conclusions.

To facilitate the discussion of the optimal estimator in our context, we refer to the

definition provided by Robbins [1964].

Definition 1. We sayB 1s asymptotically optimal relative to F, if it satisfies

i RGE)

=T
n—00 ’R(F)

Theorem 1. Suppose that Assumptions 1—4 hold. Furthermore, assume that the error
term € in Assumption 2 follows a Gaussian distribution.® Under these conditions, the zero

estimator is asymptotically optimal relative to any distribution F € F.

This theorem demonstrates that, unlike the Bayes predictor, which relies on prior knowl-

7. The definition of asymptotic optimality is provided in terms of a ratio to accommodate more general
scenarios where R(F) varies with the sample size n.

8. The Gaussian assumption on ¢ is only used to facilitate considerations of optimality, which is a standard
assumption in the empirical Bayes literature, e.g., Jiang and Zhang [2009]. While this assumption motivates
our characterization of weak signal regimes, it is not utilized in follow-up analysis of the estimators.
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edge F' and is thus impractical, the zero predictor achieves the same asymptotic optimal
prediction risk without requiring such information, making it both feasible and optimal.
The zero estimator can be considered as a special case of both Ridge and Lasso when a
sufficiently large tuning parameter is chosen. Given this perspective, and as implied from
Theorem 1, the relative Bayes risk of the optimal Ridge and Lasso compared to the zero
estimator asymptotically approaches one. This suggests that under weak signal conditions,
merely comparing their Bayes risk ratios is insufficient to distinguish among these estimators.
As such, we shift our attention to the relative prediction error between any estimator
/3’ and the zero estimator, defined as follows, in absolute difference rather than their ratio,
in the spirit of Bayesian regret. To ensure a meaningful scale in the limit, we multiply the

relative error by pn~ 1772, and adopt the following metric for comparison:

AB) = pr 2= 23 = Bo) |12 — 125 2 B0l1?). (1.8)

~

Based on this definition, if A(8) > 0 holds with probability approaching one, it indicates
that the estimator B exhibits inferior prediction performance compared to zero. Conversely,
if A(B) < 0 holds with probability approaching one, B outperforms zero.

Before we proceed to present our main results in the following section, we need to provide

technical conditions governing the limiting behavior of ¥, 39, and X.:

Assumption 5. For matrices ¥1, X9 and Yc:

LTHED = 140, %Tr(zz) =2 +0 ), L Tr(S) = o+ O 1),
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Additionally, there exist constants 01 to 04 such that

1

- Tr(XeXq) = 0?91 + o(nt/p),
1 1 1

; Tr(23) = 026y + o(1), - Tr(2:X3) = 0203 + o(n/p), - Tr(22) = 04 + o(n/p).

As X1, Yo, and Y. are positive definite, all of these constants 6;, © = 1,2, 3, and 4, are
positive. The condition concerning o can be verified through a more primitive condition:
the existence of the limit of Yo’s empirical spectral distribution (see Dobriban and Wager
[2018]). In situations where all three matrices reduce to identity matrices, a common setting

in the literature on precise error analysis, Assumption 5 holds trivially.

1.2.5 Analysis of the Ridge Predictor

In this section, we present the results of Ridge in the context of weak signals. We begin by

presenting the relative error of Ridge for any tuning parameter value:

Theorem 2. Assuming that Assumptions 1—5 hold, and setting Ay, = 77\, we establish:

* &)
A(ﬁr()\n)) —r 0 = 2920':1j 2/\2 — T .

This theorem yields several important findings. First, by minimizing o* with respect
to A, we can determine the optimal tuning parameter value: \j¥ b= 7710g01 / a%. Further-
more, with the optimal tuning parameter in place, o is negative, indicating that Ridge can
effectively learn weak signals when the tuning parameter is chosen appropriately.

Second, when we set A — oo (equivalently, 7\, — o0), the value of a* converges to
zero. This outcome is expected, as the use of a large tuning parameter makes the predictor’s
performance increasingly resemble that of the zero predictor. Nevertheless, it is noteworthy

that @ — 07; in other words, as A\ increases, Ridge consistently outperforms the zero
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predictor until it gradually becomes indistinguishable from it in the limit.

Third, as A — 0, in which case A\, = o(7~1), a* approaches positive infinity. This
indicates that Ridge’s performance deteriorates to the point where the Ridgeless predictor
(corresponding to A = 0) is surpassed by the zero predictor. This is a significant departure
from the strong signal setup in which Ridgeless can still outperform the zero predictor, as
shown by Hastie et al. [2022]. Notably, Ridgeless, defined by A\ = 0, is not devoid of regu-
larization; it applies implicit regularization by minimizing the fo-norm of the interpolator.
This form of regularization allows Ridgeless to effectively control variance when the number
of predictors p exceeds the sample size n, ensuring desirable performance in strong signal
scenarios. However, under weak signals this implicit regularization fails to adequately control
variance, causing ||| to be much larger than ||5yl|, leading to poor performance of j3.

Furthermore, given that Ridgeless is the interpolator that minimizes |||, all linear inter-
polators, including, for instance, the one that minimizes the ¢{-norm, result in even larger
||B ||. Therefore, these interpolators also fail to outperform zero in contexts with weak signals.

Figure 1.3 provides an illustrative example of the relationship between the relative error
of Ridge and the tuning parameter A\, showcasing the theoretical insights we have discussed.

Corollary 1 below summarizes the result on the Ridgeless estimator:

Corollary 1. Under the same assumptions as in Theorem 2, the Ridgeless estimator, defined
by (1.4), satisfies:
P
A(Br(0)) — oo.

Given Ridge’s ability to effectively learn weak signals with an appropriately tuned pa-
rameter, the data-dependent selection of this parameter becomes crucial. A paradigmatic
approach for this purpose is K-fold CV.

In cases where the signals are strong, Hastie et al. [2022] demonstrate the effectiveness
of CV for Ridge. Specifically, the cross-validated tuning parameter converges in probability

to the optimal value within a pre-specified interval. The fact that this optimal value lies in
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Figure 1.3: Ridge vs. Zero Predictor’s Relative Precise Error

Note: In this plot, the black curve represents the probability limit of A(@O\n)% denoted as o*, as a function
of the tuning parameter \, defined in Theorem 2, in the context of weak signals. To create this plot, we set
all parameters (co, 61,02, 04,03, 0.) to one for simplicity.

some known interval simplifies the derivation of the theoretical properties of CV. In scenarios
with weak signals, however, the optimal tuning parameter tends to diverge as the sample
size increases. The rate of divergence depends on the unknown strength of the weak signal,
7. As we show next, CV remains a valid and useful tool in this case. To narrow our focus
to the matter of weak signals without delving into a complicated CV procedure, we consider
the case where both Y. and ¥; are identity matrices. This assumption of no temporal
dependence in the data facilitates a more straightforward CV procedure for i.i.d. data.

To determine the optimal tuning parameter using K-fold CV, denoted as M _CV, the
rows of the design matrix X are partitioned into K distinct subsets, labeled as X (1) X (K)-
For each i € {1,---, K}, the submatrix X (=i) I8 formed by excluding the rows correspond-
ing to X(i). Similarly, the associated subvectors are Y(i) E(i)r Y(—i)» and E(—i)- The Ridge
estimator for each fold, Bﬁ()\n), is defined as the solution to the optimization problem for
i=1,---,K:

i 1 2 | Py oo
Fiw) = min s - Xpl - 1 |

n
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Consequently, the tuning parameter selected by K-fold CV is given by

K

pa— 1 N
MmOV = argmin = " lyy — X BrO) 17,
)\nE[e,OO) n i=1

where € > ( is an arbitrary small constant. The following theorem provides its justification:

Theorem 3. Under the same assumptions as in Theorem 2, if we also assume that 31 =1,

1 —1,-1/2

Yie = agﬂ, e follows a sub-exponential distribution, and that ¢~ T log(p) — 0 and

¢ 127732712 10g(p) — 0, then we can establish that:

. P 5 (VK- 3
ARV S =020 and ARG OKTY)) = ABOT) = 0,

This theorem justifies the use of /A\ﬁ( —CV as an approximation for the optimal tuning
parameter ApX t = APL/r (7 = 1 in this case) for Ridge. Importantly, this result does
not require prior knowledge of 7, making the CV approach directly applicable in practical
scenarios. The additional constraints on ¢ become relevant only when ¢ vanishes; otherwise,
they naturally follow from Assumption 4. These conditions ensure uniform convergence

across the spectrum of tuning parameter values, a prerequisite for the results of Theorem 3.

With our analysis of Ridge concluded, we will now turn our attention to Lasso.

1.2.6  Analysis of the Lasso Predictor

Unlike Ridge, the analysis of Lasso is more intricate, primarily because it lacks a closed-form
formula. In the special case where X1, Y9, and ¥. are identity matrices, several studies,
including Bayati and Montanari [2012] and Thrampoulidis et al. [2018], have established
Lasso’s precise error given by (1.7). Additionally, based on (1.7), Wang et al. [2020] con-
ducted a small-signal Taylor expansion of o™ with respect to a%, which affects o* through the

prior distribution F. They concluded that the optimal Lasso estimator fails to outperform
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optimal Ridge.9 In the general case we consider, pinpointing the exact precise error appears
a daunting task. Instead, we seek probability bounds of the limit. This turns out sufficient
for us to conclude that Lasso cannot outperform zero for all values of its tuning parameter

in the context of weak signals. The next theorem summarizes our main findings:

Theorem 4. Assume that Assumptions 1—5 are satisfied and the tuning parameter \p is

chosen such that the following equation holds for some C'y > 0:

2
2 2By wvosy) ||CoeVBIUL = M)+ || = €310 (1.9)

Then, with probability approaching one, we have cq < A(Bl()\n)) < Cq, where cq and Cy,
are the solutions to the following equation in terms of x:
20 Cy

Tr — i

¢~ 100Cy’

(1.10)

where co and Co are constants defined in Assumption 1.

Equation (1.9) implicitly determines the rate at which A, diverges to infinity. For any
fixed C'y > 0, we can solve for the tuning parameter A\, from (1.9), and derive the upper
and lower bounds, Cy, and ¢q, from equation (1.10). Furthermore, equation (1.10) directly
implies that C, and ¢, are non-negative, indicating that Lasso does not outperform the zero
predictor for any given tuning parameter value in the context of weak signals.

Moreover, as Ap, approaches zero, C'y diverges to infinity, leading to a simultaneous di-
vergence of both ¢, and C,. This suggests that Lasso behaves increasingly worse compared
to the zero predictor. Conversely, a larger tuning parameter A, causes C'y to converge to

zero from the positive side. As a result, both ¢, and Cy, converge to zero while remaining

9. Their analysis does not address the scenario of Lasso with an arbitrary tuning parameter, nor does it
elucidate its relative performance compared to zero.

10. When applied to a vector, | - | and (-)4 represent element-wise operations.
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non-negative. This implies that Lasso’s performance improves but remains inferior to the
zero predictor, until they become equivalent in the limit. Figure 1.4 illustrates upper and
lower bounds for the relative error of Lasso versus the zero predictor across different Ay,
values.

Figure 1.4: Lasso vs. Zero Predictor: Relative Precise Error Bounds

10

IS = 3

A(Bl(/\n))

X}

Note: In this plot, the black curves represent the lower and upper probability bounds on A(BAI()\n))7 ie.,
co. and Cy, as a function of the tuning parameter A, in the context of weak signals. In this setup, we fix
n =p = 2,000. We assign the elements of by to follow a standard Gaussian distribution and set ¥ = 1. As
in Figure 1.3, we set all parameters (cg, 01, 02,04,03,0¢) to one. Finally, we select 7 = 0.001, which results

in a population R? around 0.1%.

Lasso struggles with weak signals because it has difficulty distinguishing true signals
from spurious ones. Its inability to select true weak signals does not significantly impact
its performance compared to the zero predictor, which ignores these signals entirely. The
main issue with Lasso is its ineffectiveness in penalizing irrelevant signals. While increasing
the tuning parameter might help, our theory indicates that Lasso only reaches the zero
predictor’s effectiveness when the penalty is large enough to essentially disregard all signals.

Given Lasso’s limitations with weak signals, the elastic net—merging the /1 and ¢ norms
in its penalty—also underperforms compared to Ridge, in settings involving weak signals.!!

In predictive regressions with many covariates, Lasso is often viewed as the successor to

11. Although a formal justification for this observation can be provided in the setting of X5 = I, we omit
it here due to space constraints.
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OLS. However, our analysis reveals a critical caveat: Lasso, regardless of tuning parameter
choice, underperforms a zero predictor in weak-signal settings. This has important implica-
tions for economics and finance, where large-scale regressions with low signal-to-noise ratios
are increasingly common. Instead, our results favor Ridge in such scenarios, emphasizing

the need to assess signal strength when selecting regularization techniques.

1.2.7 Assessing Signal-to-Noise Ratio

In line with this perspective, we delve into the assessment of the signal-to-noise ratio, a
measure that can offer insights into the viability of different machine learning techniques.
Our preceding analyses provide indirect guidance in this regard. Specifically, if Lasso under-
performs the zero predictor, it implies a potential issue with the data’s signal strength.

A more conventional and direct approach to evaluating the signal-to-noise ratio is through
R?. However, in-sample R? is prone to overfitting, and as such, out-of-sample R? is com-
monly used in machine learning. This metric essentially involves the comparison of mean-
squared errors between two predictors. For our specific application, we have chosen to use

zero as the reference predictor and define this metric for a given estimator B as follows:

 Yicoos(vi — Xib)?
3
>_ic008 Y;

Rgos(B) =1 (1'11>

Y

where “O0S” represents the out-of-sample data.

Since a model’s predictive performance hinges on the signal-to-noise ratio, this metric is
a natural choice for evaluating the signal strength inherent in the DGP. In strong-signals
scenarios, the out-of-sample R? consistently estimates the population R2, irrespective of the
specific estimator 3, provided it is consistent with respect to Sy, i.e., ||B — Boll = op(1).
However, in weak-signal settings, the outcome critically depends on the estimator chosen,

beyond the signal-to-noise ratio itself. As an illustration, while both Lasso and Ridge are

23



consistent as their prediction errors asymptotically diminish, the out-of-sample R? for Lasso
can become non-positive, indicating either no improvement or underperformance relative to
the zero predictor, as demonstrated in Theorem 4.

In the context of weak signals, the following proposition provides theoretical support for

the relevance of optimal Ridge’s R2.4 in assessing the signal-to-noise ratio in the data.

Proposition 1. Under the same assumptions as Theorem 3, and assuming that the out-of-
sample data follows the same DGP as the in-sample data, if neosp™ 2272 — 00, where noos

is the size of the out-of-sample data, then for the optimal Ridge predictor, it holds that
. " _
Raos(Br(X")) = p~'nba(R?)? (14 0p(1)) ,

where R? denotes the population R-squared, given by TO'xO'B/(TO' o2+ 05) i this context.

Interestingly, when nyos is sufficiently large, to the extent that the estimation error in
R2. does not mask the performance differential between the optimal Ridge and the zero
predictor, R(Q)OS is approximately proportional to (R2)2. While it does not exactly mirror R2,
R2. still serves as an indicator of signal strength. The reason for their discrepancy is that in
the weak signal case, the numerator of the R2,,—which reflects the relative prediction error
between the two predictors—decreases more rapidly than the numerator of R2. Therefore,

the numerator of Rgos only provides a higher-order characterization of signal strength.

1.2.8 Mixed Signal Strengths and Alternative Benchmarks

In the preceding sections, our analysis primarily focuses on scenarios where all signals are
weak, leading us to consider the zero predictor as our natural benchmark. This section,

however, expands our analysis to include models where potentially strong signals serve as
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benchmarks. Consider another DGP:

y=Wnro+XpBy+e, (1.12)

where W € R"*d represents a predefined set of covariates. These covariates include poten-
tially strong signals and form the basis of the benchmark model. We allow the dimension d
to increase to 0o, however, it does so at a slower rate compared to n, ensuring that OLS of
y against W remains a viable method for estimation.

In many cases, W could simply be a vector of ones, allowing us to remain agnostic
about the magnitude of the regression’s intercept. In our empirical analysis, W can be
motivated from economic theory, whose impact on the response variable is of central interest.
Alternatively, W can encompass lagged values of y, thereby facilitating the inclusion of
temporal dependence in the benchmark model. This setup is particular relevant when using
an autoregressive model as a benchmark for forecasting economic variables. Exploring the
possibility of a data-driven selection of W is an intriguing direction for future research.

Building on these considerations, our focus now shifts to evaluating and comparing the

performance against the OLS benchmark with covariates in W. In this context, the OLS

benchmark predictor, ', for a new observation (w"", z"¢") is defined as follows:
gy Y = (W) T4, where 4= (W W) lwTy. (1.13)

The inclusion of W leads us to explore the following Ridge estimator with regularization

only imposed on coefficients of X:
. o ) ) 1 ) PAn 2
B(An) ==argmin ¢ min | — ||y — Wy — X5[|* + —[|5]
B Yy n n
) 1 PA
=argmin {3 Moy — M X5+ 220 52 (114

n
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where My =1— W(WTW)_lWT. Consequently, the estimator for v is thus given by
F(n) = (W)W (y = XB0w)). (1.15)

The construction for Lasso is similar. Utilizing the estimated parameters (3(Ay),5(An)) we

are able to formulate a predictor for y as
gnew _ (wnew)—l—ﬁ/()\n> + (xnew)TB()\n) _ g;}lew + (jnew)—l—é()\n% (1.16)

where 76V = gnew — X T/ (W W)~ lynew,

Notably, equation (1.16) illuminates the role of the second term, (Z"€%)T3(\p), in cap-
turing the contribution of weak signals relative to the OLS benchmark, §;'*“. Moreover,
a comparison with the previously analyzed zero-benchmark scenario reveals a key distinc-
tion: the modification of the response and covariates in equation (1.14). Here, the approach
involves regressing Myyy on My X, effectively predicting the residuals of the benchmark
model using covariates adjusted to eliminate dependence on W. While our earlier conclu-
sions are likely still valid, the inclusion of generated covariates introduces an additional layer
of statistical error that warrants careful examination. The forthcoming theorem will demon-
strate that this extra error does not compromise our prior conclusions. Given this context
and our prior comparative analysis, we focus on the optimal Ridge in this scenario for reason

of space.

Theorem 5. Suppose that X = Wng + U. Assume that the triplet (U, By, <) follows the
same distribution as (X, By, e) in Theorem 2. Additionally, the matriz W is independent

from U, By, and . FEach covariate within W is assumed to have a finite second moment.

17'), and the eigenvalues of n YW TW are lower

Furthermore, we assume that d = o(nzp_
bounded by some positive constant. Given these assumptions, the predictor, """, as defined

in (1.16) and based on the Ridge estimator from (1.14) with \, = 71X, and the benchmark
26



predictor gy from (1.13), satisfy the following:
—-1_2 E mew __, new\2 Il - Anew _, new\2 T p * 1.17
pn T (Ep | (9 Y ) FlOy =y )7 — (1.17)

where T denotes the information set generated by (W, X, y,v0, fo), o is defined in Theorem

2, and the tuple (y"™*", w"" ") satisfies (1.12).

This result shows that a Ridge-augmented model outperforms the benchmark model

alone, aligning with our earlier conclusion that Ridge can effectively leverage weak signals.

1.2.9 Ridge vs. Lasso in Extremely Sparse Settings

This section clarifies that our asymptotic restrictions are mainly technical. Even in extreme
sparsity beyond our main analysis, Lasso fails to outperform zero when signals are sufficiently
weak, while Ridge retains a non-negligible probability of learning them. However, the setting
is stylized, as the proof relies on a distinct approach using Lasso’s closed-form solution.
Consider the Gaussian sequence model where y = 5y + ¢ with ¢ ~ N(0,T). For this
model, X = T and n = p. We let By = (/n7,0,...,0)", so that s = ||Bllop = 1 and
R? = X Boll* 5 < 7 — 0. This represents the most extreme form of sparsity, with only one

[ XBo+ell

true signal. Moreover, we relax the n~1/3 lower bound restriction on 7.

Proposition 2. Assume 7 < n~1log(n)/100. There exists ng > 0 such that n > ng, Lasso

satisfies
P (1) = Boll* = 0ll* = 0.¥A 2 0) = 1—n"1/2, (1.18)
while for Ridge,

p (3)\ >1 st |80 = Boll® = IGoll? < o) > 0.5. (1.19)
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This result highlights that in extreme sparsity, Ridge can still learn weak signals, whereas

Lasso remains ineffective regardless of tuning.

1.3 Monte Carlo Simulations

In this section, we conduct simulation experiments to assess the finite sample relevance of

our asymptotic theory. We begin by examining Ridge and Lasso in a linear model setup.

1.3.1 Ridge and Lasso for Linear Models

We now detail the DGP specified by (1.1) for the first simulation exercise. We set (¥1);; =
211l for 1 < 1,7 < n. We construct X: as a diagonal matrix with i.i.d. entries sampled
from the uniform distribution U(0.5,1.5). The eigenvalues of 39 are also simulated from
U(0.5,1.5), with corresponding eigenvectors from a randomly generated orthogonal matrix.
These components form Y9, which, along with other matrices, remains fixed throughout the
simulations. By direct calculations, we have 61 = 1, 6o = 13/12, and 03 = 04 = 5/3.

We experiment with n = 500 and p = 300, dimensions that align closely with the
first microeconomic example studied below. For each simulated sample, we construct [y
as \/p_—lTbo, with by drawn from a spike-and-slab distribution: (1 — ¢)dg + ¢N(0,q ™! %)
Here, &g represents the Dirac delta function, and we set O'/% = 1. The error term € is sampled
from AN (0,1), while the design matrix X is drawn from N (0, 1), then transformed via pre-

/2 /2

multiplication by Zi and post-multiplication by E; We consider two cases for the
sparsity parameter, ¢ = 0.2 and ¢ = 0.8. To represent weak and strong signal scenarios, we
calibrate two values of 7 to achieve R2 = 5% and 50%, respectively. The parameters ¢ and
7 (through RQ) are varied as they are critical to the asymptotic performance, as highlighted
in Assumption 4. A total of 1,000 Monte Carlo repetitions are conducted.

For each simulated sample, we compute the relative prediction error, A(B (;\5 _CV)), as

defined in equation (1.8), with the tuning parameter for each method selected via 10-fold
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CV. The histograms of these errors are presented in Figure 1.5. Additionally, Table 1.1
provides summary statistics, including quantiles and the proportion of values classified as
“zeros” (where “zero” is defined as being within machine precision).

The histograms reveal notable differences in the performance of Ridge and Lasso when
R? is low, while showing that both methods outperform the zero predictor when R2 is high.
Ridge displays a clear probability mass on the negative side of the error distribution, even in
weak signal settings, and its performance is largely unaffected by changes in sparsity levels.

In contrast, Lasso struggles to capture weak signals, as evidenced by a substantial proba-
bility mass on the positive side of the y-axis. While increasing sparsity (lowering ¢) leads to
modest improvement in Lasso’s performance, it still lags behind Ridge overall. This pattern
is supported by Table 1.1, which presents quantiles of these distributions. In finite samples
with high sparsity, some probability mass for Lasso can fall on the negative side. Neverthe-
less, Lasso also shows a heavier probability mass at zero compared to Ridge, consistent with

the theoretical prediction that optimal Lasso collapses to zero in weak-signal settings.12

Table 1.1: Summary Statistics for Ridge and Lasso in Linear DGPs

Lasso Ridge
q R? (%) Q1 Q2 Q3 H#Zero Q1 Q2 Q3 #Zero
0.2 5% -0.127 0.000 0.521 360 -0.992 -0.501 -0.129 97
0.8 5% 0.000 0.000 0.975 400 -0.918 -0.541 -0.169 88
0.2 50% -0.508 -0.414 -0.331 0 -0.375 -0.300 -0.233 0

Note: The table illustrate the summary statistics (quantiles and the percentage of zeros) of relative prediction
error A(B(AK=CVY), for Ridge and Lasso, based on 1,000 Monte Carlo samples.

12. For reason of space, we omit further experiments with extreme sparsity (¢ = 0.1,0.05,0.02), where
Lasso’s performance further improves, yet reducing the signal strength to R?> = 2% negates this advantage,
rendering it ineffective against zero. Ridge continues to outperform both the zero predictor and Lasso. We
also omit simulation results with fixed tuning parameters that validate our theoretical findings independently
of tuning parameter selection.
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Figure 1.5: Simulation Results for Ridge and Lasso in Linear DGPs

R%2=5%,q=0.2 R%?=5%,q=0.8 R?2=50%,q=0.2
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R?=5%,q=0.2 R?=5%,q=0.8 R2 =50%,q=0.2
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1.01 1.0 1.01
0.54 0.5 0.54
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Note: The histograms depict the relative prediction error A(S,(AX=CV)) (top) and A(B;(AX=CV)) (bottom)
following equation (1.8) across 1,000 Monte Carlo samples. We analyze three setups of (R?,q).

1.8.2  Advanced Machine Learning Methods for Nonlinear Models

In this section, we extend our investigation to nonlinear machine learning methodologies,
including RF, GBRT, and NNs, through simulation experiments. While providing a precise
theoretical analysis of errors for these algorithms remains challenging—and this part there-
fore involves some degree of speculation—we draw on insights from linear models to interpret
and contextualize our simulation findings.

We simulate the following DGP, expressed explicitly in element-wise form:
p
vi= Y Bojf(Zij)+ei, i=1,....n, (1.20)
7=1

where y; denotes the ith observation of the response variable, ) ; represents the coefficient
associated with a function f(-) of the predictor variable Z;;. We adopt the following proce-
dure for simulating this model: Z;; is generated by applying an inverse transform to Xj;,

previously simulated in Section 1.3.1. Specifically, Z;; = f *1(Xi /), where X is constructed
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using the same DGP as before.!3 Additionally, both the coefficients Sy and the error term
g; are drawn from the same baseline DGP. This approach guarantees the replication of the
exact simulation results observed when regressing y on X. However, the focus now shifts
to predicting y using nonlinear models of Z without prior knowledge of f(-). The effective

signal-to-noise ratio decreases due to the added complexity of learning an unknown function.

1.3.2.1 Simulations with Tree Algorithms

Tree algorithms are essential in machine learning for handling complex DGPs with discrete
variables, nonlinearities, and intricate interactions. However, single tree models often under-
perform, prompting the use of ensemble methods to enhance predictions.

Two popular ensemble techniques are RF and GBRT. RF uses bagging, where multiple
trees are trained independently on bootstrap samples, and their predictions are averaged to
improve performance. In contrast, GBRT employs boosting, iteratively fitting residuals from
prior trees to build a strong ensemble from weak learners.

Since trees are invariant to monotonic transformations, it suffices to report their predic-
tion results for the linear DGP, as these are identical to those for the nonlinear DGP under
consideration. However, tree methods may underperform Ridge and Lasso, partly due to an
additional approximation error from using piecewise constant functions to approximate the
linear DGP. Therefore, the primary focus here should not be on comparing tree methods
with linear models but rather on assessing the effectiveness of different ensemble techniques
in capturing weak signals and comparing their performance to the zero predictor.

We repeat the experiments from Section 1.3.1, this time generating an additional set
of nges out-of-sample observations to evaluate predictive performance.’* As illustrated in

Figure 1.6, RF demonstrates its ability to learn weak signals when R? = 5%, with more than

13. We present results for f(x) = tan(z). The results are nearly identical to those obtained with cubic or
hyperbolic sine functions, and are therefore omitted for brevity.

14. We set 1405 ~ [773] to meet the assumption in Proposition 1.
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half of the probability mass located to the left of the y-axis. In contrast, GBRT struggles
at this signal strength level. Sparsity does not appear to significantly impact either method.

Nonetheless, both methods markedly outperform the zero predictor as R? increases to 50%.

Figure 1.6: Simulation Results for RF and GBRT in Linear DGPs

R?=5%,q=02 R?=5%,q=08 R? = 50%,q = 0.2

'
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Note: The histograms depict the relative prediction error, pn~172n L > icoos (Wi — 9i)? —y2), from 1,000
Monte Carlo samples. We consider RF and GBRT in settings of n = 500, ¢ = 300, n,,s = 10,000, across

three (R?, q) configurations. The red dashed line marks the y axis for reference.

A possible explanation for GBRT’s performance pattern could be an inherent /1-like reg-
ularization in its boosting approach. This conjecture draws support from Efron et al. [2004],
which demonstrates a parallel between boosting and the Lasso path in linear regressions.
To substantiate this conjecture, we examine the number of active variables (those with a
non-zero importance score) from both tree methods under the benchmark case (¢ = 0.2,
R? = 5%). For RF, the average count of active variables is 300. This mirrors that of
Ridge. Conversely, GBRT demonstrates a significantly lower count of active variables, with
an average of 27.9, aligning more with the variable selection feature of Lasso. Based on our
theoretical findings that Ridge outperforms Lasso in weak signal scenarios, we can infer that

RF is more adept than GBRT in settings characterized by low signal strengths.
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1.3.2.2 Simulations with Neural Networks

Next, we study fully-connected feed-forward NNs. Still, we fix n = 500 and p = 300. Such
parameters lead to an input layer in the NN configured with 300 neurons. Our chosen
architecture features a single hidden layer, which includes 16 neurons.

The training process of these NNs often incorporates a sophisticated mix of optimization
and regularization techniques, such as dropout and batch normalization, crucial for enhanc-
ing performance. To isolate and assess the impact of ¢ and /9 regularization, we use plain
stochastic gradient descent (SGD), deliberately avoiding other optimization techniques to

minimize interference, albeit at the expense of not fully exploiting the NN’s potential.1?

Figure 1.7: Simulation Results for NNs in Nonlinear DGPs

R? =5%,q =02 i R?=5%,q=0.8 R? =50%,q=0.2
1.5 1.5 1.5 T
1.0 1.01 1.0
0.5 0.5 0.5
0.0 0.0+ 0.0
-2 0 2 -2 0 2 -1.0 1.0
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Lr=2n, L > icoos((wi— 9i)% — yf), across 1,000

Mounte Carlo samples, using ¢2 (top) and ¢; (bottom) penalties. The settings include n = 500, ¢ = 300,

Note: The histograms show the relative prediction error, pn~

Noos = 10,000 for three (R?, q) configurations. The red dashed line marks the y axis for reference.

The histograms in Figure 1.7 display the relative prediction errors of NNs. We observe
that fo regularization effectively leverages weak signals, as indicated by most of the proba-
bility mass in their histograms being on the negative side of the y-axis when R? = 5%. In

contrast, /1 regularization shows a notable decline in performance, which is consistent with

15. We avoid early stopping, as our simulations (not reported due to space constraints) reveal it functions
similarly to fs-regularization by shrinking parameter values towards their initial, smaller magnitudes.
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our theoretical insights from linear models.

1.4 Empirical Analysis of Six Economic Datasets

In this section, we demonstrate the practical relevance of our theoretical insights by applying
seven machine learning methods—Ridge, Lasso, OLS/Ridgeless, RF, GBRT, NNs with both
/1 and /9 penalties—across six datasets from finance, macroeconomics, and microeconomics,
with two datasets per field. We use five datasets similar to those in Giannone et al. [2022],
updated with the latest data when feasible, and introduce an updated dataset from Gu
et al. [2020] for our second finance example. Our empirical strategy differs notably from
Giannone et al. [2022], who estimate a parametric model using a Spike-and-Slab prior within
a Bayesian framework. In contrast, our study, more aligned with Gu et al. [2020], focuses
on a comparative analysis of these methods.

At the outset of each empirical exercise, we face a variety of decisions regarding our imple-
mentation strategy. These include setting the in-sample and out-of-sample periods, choosing
between a rolling window or an expanding window approach, selecting a CV procedure, and
deciding on covariate normalization.!6 We follow the frameworks established by Giannone
et al. [2022] and Gu et al. [2020] to limit degrees of freedom, thereby improving the robust-
ness, comparability, and reproducibility of our findings. In applying each machine learning
method, choosing the right grid for tuning parameters is crucial, balancing performance
optimization with computational efficiency. Finer and wider grids can potentially improve
performance but also increase computational demands. Details on our model configuration
and tuning parameter selection are provided in Appendix 1.8.

Below we summarize the empirical findings from six distinct datasets, each analyzed and

reported separately. The primary summary statistics, Rgoss, are collected in Table 1.2.

16. Normalizing covariates is essential before using machine learning methods, as it standardizes their
scales, aids in regularization, and improves the convergence of optimization algorithms. To prevent forward-
looking bias, normalization is performed using each covariate’s in-sample mean and standard deviation.
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1.4.1 Finance 1: Market Equity Premium

In the first analysis, we focus on predicting market equity returns using a dataset of financial
and macroeconomic indicators compiled by Welch and Goyal [2007].17 This dataset com-
prises 16 predictors and includes 74 annual observations, covering a period from 1948 to 2021.
Despite Welch and Goyal [2007] reporting a consistently negative Rgos for this dataset, many
other studies, such as Campbell and Thompson [2007], have developed forecasting strategies
resulting in economically meaningful Rgos values, which translate into significant economic
gains through simple market timing strategies.

Table 1.2: Out-of-sample R-squared Values in Empirical Studies

Ridge Lasso OLS/Ridgeless RF GBRT NN(¢2) NN(41)
Finance 1 0.80 —12.19 —81.08 1.30 —14.21 1.41 —10.31
Finance 2 0.19 0.10 —1.25 0.10 —0.30 0.26 0.14
Macro la 15.29 15.40 —1375 25.04 16.44 16.94 19.09
Macro 1b 3.49 3.69 —2939 9.08 1.11 7.09 5.39
Macro 2 6.58 —14.58 —837 9.03 1.28 4.00 1.92
(4.83) (43.74) (854) (9.92) (14.04) (18.42) (13.36)
Micro 1 0.48 —1.01 —13198 —1.75 —5.07 0.49 —6.77
(0.84) (2.01) (12479) (2.70) (6.60) (0.27) (17.87)
Micro 2a 26.27 20.37 —12729 27.69 16.44 23.87 23.37
(7.50) (6.41) (9213) (6.15) (3.40) (10.07) (10.09)
Micro 2b 1.89 -3.43 -14724 2.86 -6.45 1.11 -1.73
(3.09) (5.25) (10506) (3.67) (6.83) (2.20) (5.09)

Note: This table reports R?

00s

values, presented in percentages, for Ridge, Lasso, OLS/Ridgeless, RF, GBRT,
and NNs with respective ¢ and £5 penalties, across six empirical studies spanning Finance, Macroeconomics,
Microeconomics. For the first example in Macroeconomics and the second example in Microeconomics, two

benchmark models are considered. Standard deviations are provided in parentheses when applicable.

We revisit this exercise, by following the empirical framework of Giannone et al. [2022],
and evaluate Rgos based on 57 different predictions using annually expanding windows.!®
The R2,, results are summarized in Table 1.2 and align with our theoretical predictions.
Specifically, Ridge records an R(Q)OS of 0.80%, significantly outperforming Lasso’s -12.19%.
With the smallest sample size being 17—just sufficient to run OLS with 16 predictors—OLS

produces a highly negative R2.g of -81.08%. Our RF attains an R2., of 1.30% while GBRT

17. The data, sourced from Amit Goyal’s website, was processed using Giannone et al. [2022]’s methodology.

18. In this example, R2,; =1 — 37020y — 5002/ ittt (e — G¢)%, where G, = S 1g4q e/ (t — 1948).
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show performance similar to Lasso, with an Rgos of -14.21%. The NN with an /9 penalty,

NN(¢5), achieves the highest R2. of 1.41%, whereas NN(¢1) has -10.31%.

1.4.2  Finance 2: Cross-Section of Expected Returns

In our second analysis, we build upon the predictors utilized by Gu et al. [2020] for predicting
monthly individual equity returns. Our dataset spans from March 1957 to December 2021,
incorporating a total of 920 covariates and averaging over 6,200 stocks per month. Following

Gu et al. [2020], we employ an expanding-window procedure annually.

2

Table 1.2 compares the model performance in terms of R,

where the zero predictor
serves as the benchmark.!® In this case, NN(¢5) emerges as the leading model, closely
followed by Ridge, achieving Rgos of 0.26% and 0.19%, respectively. These models dominate
NN(#1) and Lasso, which records an R2 of 0.14% and 0.10%. The performance of the OLS
continues to be underwhelming in this exercise. For the tree-based models, RF outperforms
GBRT, achieving an Rgos of 0.10%, while GBRT yields a negative R(Q)OS of -0.30%.

To illustrate the economic significance of these relatively low RZgs, we adopt a stock
selection portfolio strategy. This strategy involves going long on the top 10% and shorting
the bottom 10% of stocks, sorted based on their predicted returns for the upcoming month,
with equal weighting applied to each stock every month. Over 35 out-of-sample years, NN(¢5)
achieves the highest Sharpe ratio at 2.13, followed closely by Ridge at 1.64. NN(¢;) also
performs well, with a Sharpe ratio of 1.55. By contrast, GBRT exhibits the least impressive

performance, with the lowest Sharpe ratio of 0.80.

1.4.3 Macro 1: Macroeconomic Forecasting

The prediction of US macroeconomic activity using a wide range of predictors has been a

topic of significant interest since its exploration by Stock and Watson [2002]. In our current

19. In this pooled regression setting, we define R2, =1 =", ,coosWit — §i.t)*/ > scoos Vit
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study, we utilize the FRED-MD dataset, compiled by McCracken and Ng [2016], to forecast
the monthly growth rate of US industrial production (IP). This dataset includes 119 potential
predictors and extends from February 1960 to December 2019. Our evaluation methodology
aligns with the prediction procedure outlined by Giannone et al. [2022].

We begin by training all models using data from February 1960 to December 1974 and
then evaluate their performance on data from the subsequent year. This process is repeated
45 times, using a similar expanding-window approach on an annual basis. We follow the
guidelines outlined by McCracken and Ng [2016] for covariate transformation and data qual-
ity management, including outlier removal and imputation of missing data.

We start with a benchmark predictor that only uses an intercept term. In this scenario,
all machine learning methods significantly outperform this benchmark, achieving Rgos values
ranging from 15.29% to 25.04%.20 In contrast, OLS overfits the data, resulting in a negative
Rgos of -14. This result indicates the existence of strong signals within the covariates. The
benchmark model’s lack of competitiveness aligns with our expectations, given the temporal
dependence prevalent in macroeconomic time series.

We thereby propose an alternative benchmark that incorporates lagged values of IP
growth. Within each training sample, we fit an AR model to the IP growth, selecting the
order based on the AIC. The residuals from this model then serve as our prediction target.
As discussed in Section 1.2.8, this approach combines the predictions from the AR model
with those from our machine learning methods, yielding a hybrid out-of-sample forecast.?!
Consequently, the new benchmark becomes the direct use of AR model predictions. In this

alternative setup, the comparison of R?)OS values reveals a pattern somewhat associated with

20. In this case, the definition of RZ  is similar to how it is defined in the Finance 1 case.

21. In implementing advanced machine learning methods alongside a linear component W+, we adopt a
methodology that parallels the one used in Eq. (1.14). This approach is based on a DGP assumption that
My is a general function of My, X. This assumption plays a critical role in streamlining the implementa-
tion of these machine learning methods, ensuring that the results are directly comparable to those obtained
in linear settings. However, it is generally not equivalent to the assumption that y — W+ is a function of X.
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scenarios of weak signal strength: NN({9) and RF emerge as the top performers, achiev-
ing R2., values of 7.09% and 9.08%, respectively. Following closely are NN(¢1) at 5.39%,
while GBRT lags with a considerably lower R2 . of 1.11%. In this example, linear models,
specifically Ridge and Lasso, demonstrate comparable performance, achieving Rgos values
of 3.49% and 3.69%, respectively. This suggests that, for this particular case, the challenges

associated with signal weakness are primarily evident in nonlinear features.

1.4.4 Macro 2: Economic Growth Across Countries

Next, we explore a dataset originally compiled by Barro and Lee [1994], which includes 60
socio-economic, institutional, and geographical covariates across 90 countries. This dataset
is utilized for predicting long-term economic growth, specifically measured by the growth
rate of GDP per capita from 1960 to 1985. A pivotal aspect of this analysis involves testing
a key prediction of the classical Solow-Swan-Ramsey growth model, which concerns the effect
of an initial (lagged) GDP per capita level on subsequent growth rates. By incorporating the
logarithm of each country’s GDP per capita in 1960 alongside a constant term, our prediction
model includes a total of 62 potential covariates.

Belloni et al. [2013b| implement the Square-root-Lasso technique in their regression,
anticipating sparsity among the control variables. This methodology results in a remarkable
sparse model, characterized by the inclusion of a singular control variable: the log of the
black market premium, a measure of trade openness. In contrast, Giannone et al. [2022]
employ a Bayesian approach with a spike-and-slab prior, concluding that a dense model,
which includes all covariates, yields the best log-predictive score.

In our predictive analysis, we adopt the same empirical strategy outlined by Giannone
et al. [2022]. We begin by randomly selecting half of the data samples for model estimation
and then proceed to assess the performance of these models using the remaining samples.

This process is repeated 100 times. The average out-of-sample Rgos from these 100 repeti-
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tions, in comparison to a benchmark model that includes only the intercept, is presented in
Table 1.2, accompanied by their standard deviations, provided in parentheses.2223

Our empirical findings align with Giannone et al. [2022], indicating that dense models,
specifically Ridge, RF, and NN(/5), exhibit superior performance compared to their sparse
counterparts, such as Lasso, GBRT, and NN(¢1). The limited sample size appears to disad-
vantage complex NN models, rendering them less effective than the simpler Ridge regression.
RF demonstrates strong performance, achieving an Rgos of 9.03%, although it concurrently
introduces a twofold increase in the variability of R2 4 values compared to those based on

Ridge. The variance of Lasso is pronounced, driven by a handful of extreme values; excluding

these, its R2.s improves but remains notably low at -0.56%.

1.4.5 Micro 1: Crime Rates across US States

Our first microeconomic case revisits the study by Donohue and Levitt [2001]|, which in-
vestigates the impact of abortion legalization post-Roe vs. Wade on the decline in crime
rates. They analyze the change in log per-capita murder rates from 1986 to 1997 across 48
states, totaling 576 observations. Belloni et al. [2013a] expand this analysis by including a
broader set of 284 control variables, such as interactions and higher-order terms, to mitigate
potential confounders. They apply Lasso to select control variables, finding none selected.?4
Similarly, Giannone et al. [2022] observe from their Bayesian analysis of this regression that
the posterior density is concentrated on very low probability values of the slab component,
which suggests that the regression model is sparse with high likelihood.

We employ the same benchmark model and sample splitting strategy outlined by Gi-

22. Here R2,;=1—3",60s (Wi — 9:)*/ > icoos (Ui — ¥)?, where § is in-sample average of y;.

23. We may also consider a benchmark model with GDP per capita in 1960 included, as predicted by theory.
Interestingly, mandating this variable’s inclusion reduces predictive performance in all models, resulting in

a negative R2 . compared to a model with just an intercept.

24. Belloni et al. [2013a] proposes a double-Lasso estimator to make inference on the effect of abortion on
murder rate. Part of their procedure involves a Lasso regression of murder rate on control variables. Notably,
they use differences as the dependent variable, but observe no substantial changes when using levels instead.
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annone et al. [2022], yielding 104 distinct training and evaluation samples. We report the
mean and standard deviation of R2 s in Table 1.2. Our findings reveal that NN(¢3) exhibits
a slight edge over Ridge, attaining a Rgos of 0.49%, compared to Ridge’s 0.48%. Apart
from these two models, all other models tested demonstrate negative R2., values. Together,
these results indicate an absence of strong signals in the data. We interpret the scarcity of
significant signals reported in the literature as a result of their inherent weakness. Empirical
evidence does not definitively categorize the underlying DGP as either dense or sparse—
rather, it may simply be that no individual signals are particularly strong. Although a null
model might initially seem appropriate, our findings indicate that while individual signals

may be weak, their combined predictive power should not be overlooked.

1.4.6  Micro 2: Eminent Domain and Economic QOutcomes

In our final study, we consider a causal analysis pertinent to eminent domain. Previous
research by Chen and Yeh [2012], and subsequently Belloni et al. [2012], employ instrumental
variable regressions to understand the impact of eminent domain decisions on economic
outcomes. Differing from their broader focus, we closely follow Giannone et al. [2022],
focusing on the first stage of predicting pro-plaintiff decisions in takings law cases based on
judicial panel characteristics, using a dataset of 312 observations with 138 covariates across
100 unique training and evaluation sets.

We initially consider a benchmark model with only an intercept. In this setting, all ma-
chine learning methods successfully identify predictive signals and outperform this bench-
mark, as evidenced by large R2.¢s. RF performs best with an R2.s of 27.69%, while other
models also perform well, except for GBRT. However, the scenario shifts markedly when
the benchmark is expanded to include a dummy variable for the absence of cases in a given
circuit-year and the number of takings appellate decisions, for a total of three covariates.

Against this expanded benchmark, the incremental predictive power of the remaining covari-
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ates drops sharply. Ridge’s Rgos falls to 1.89%, RF to 2.86%, and NN(/9) to 1.11%, while

all other methods yield negative R2, values.

1.5 Conclusion

In this chapter, we scrutinize the performance of machine learning techniques in contexts
characterized by low signal-to-noise ratios, a situation frequently observed in economics and
finance. Our theoretical analysis indicates that while Lasso is often considered a modern
alternative to traditional ordinary least squares, its application in these areas should be
approached cautiously, primarily due to its lessened effectiveness with weak signals.

Our research complements and expands upon the arguments made by Giannone et al.
[2022], who cast doubt on the prevalence of sparsity in economic datasets. We take this
debate further by showing that it is signal weakness, not necessarily the absence of sparsity,
that more significantly contributes to the observed limitations of Lasso in economic applica-
tions. Furthermore, the lack of significant variables in empirical studies may be attributed
more to signal weakness than to the sparse nature of the underlying DGP.

Our analysis also reveals a marked difference in the performance of Ridge regression. No-
tably, Ridge demonstrates superior resilience and effectiveness in these environments. Our
theoretical findings are further substantiated by simulation studies encompassing a range of
advanced machine learning techniques, including trees and neural networks. These experi-
ments consistently reveal that algorithms designed to exploit sparsity tend to underperform
in environments where signals are inherently weak. Broadly, our findings emphasize the im-
portance of a nuanced, context-sensitive application of machine learning techniques, adapting

to the distinctive data characteristics encountered across various domains.
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1.6 Mathematical Proofs

1.6.1 Proof of Theorem 1

Proof. Throughout the proof, we employ the shorthand notation “w.a.p.1” to denote “with
probability approaching one.” For two random variables X and Y, we write X | Y when
they are independent and X 4 Y when they have the same distribution. For convenience,
we omit the subscript F' from the expectation operator Ep(-).

Our objective is to demonstrate that IE||E;/2(IE(60|X7 y) — 60)||2/IE||ZJ;/2BO||2 — 1, as

n — oo. This can be shown by proving E||E§/2E(BO|X, Y)|? = 0(E||E§/2ﬂo||2). Given
that the eigenvalues of Y9 are bounded away from zero and positive infinity, it suffices to
establish that E|E(8y|X,y)||> = o(r). Therefore, we need to prove for all 1 < i < p,
E(E(Bo,i| X, ))? = o(p~17), or, equivalently, E(E(by;|X,y))* = o(1).

By the inequality E(E(A|F)?) < E(E(A|G)?) for F C G, and that Sy is i.i.d., we have

1/2

E(E(bo 1| X, y))? < E(E(bo Xy, Bo,—i)* = E(E(boi|X. i, B0i5z "X+ 2))%,

where z is defined in Assumption 2, X.; represents the i-th column of X, and Sy _; de-
notes the subvector of # without the ¢th entry. Denote the information set generated by
{X.’i,ﬁo,izglm){?i + 2} as G;. By Assumption 3, by ; can be written as g~ 1/2by;bo; where
b1; ~ B(1,q) and by; is a sub-exponential random variable with mean zero and variance 0%,
whose distribution function is denoted by Fj,. For any My < 0, find M3 (a function of M)
such that Ebo7i1q1/2b07i€[M1,M2] = ql/QEb%lb%e[Ml,Mg] = 0. This is always feasible because

Eby; = 0. By Cauchy-Schwarz inequality, we have

2 2
E(E(b0,i1G:))* <3E(E(b0,iL1/29, a1 90) " + SE(E(bo,iL 172 - 11,19))

2
+ 3]E(E(bg7i1q1/2b07i<Ml 1Gi))” =: 351y, + 352, + 3S3,,. (1.21)
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Lemma 13 proves that for any given M7, limy,,—so0 S15, = 0. Observe that
Sop = E(E(by i1 6:)% <Eb2.1
2n — 0,7 q1/2b07i>M2 ) = 0,i q1/2b07i>M2'
As a result, (1.21) implies
: 2 2 2
dim E(E(bo,i|Gi))" < 3EbY; Ly, asy + 3ED2; Ly, <ty -

Since by; has finite variance, the right-hand-side of the above inequality can be arbitrarily

small by letting M| — —o0o, which completes the proof. O

1.6.2  Proof of Theorem 2

Proof. For ease of notation, we let 3 1= Br()\n) and ¢, := p/n. Additionally, define 6] :=
2¢/0201, 85 .= (2\o20 §94—4a€ax93)/5*A (203,65, 02) = (6709 — 2020 294)/40 03, and
CO = cpr 103200% et Lo2(67)2(4N) "L + epolatosn? —cnaxaﬂ(%;)\ L

We first show that it is sufficient to establish that

2
—3/2/|1x21/2 sl - ozth  0p
ent P 2(|125/ (B = Bo)ll — 155 Boll) s af = 6p07 (2)\2% ) ) : (1.22)

1/2 1/2

This is because Eq. (1.22) implies that ||X, /2(5 Bo)ll? = |15y “Boll?+2¢;, L 3/24 51125 Boll+

—1.2

op(c,, *77). Additionally, using Lemma 2 and ¢ —1/2

p~1/2 = o(1) by Assumption 4, we have

1/2

1=/ % Boll = 720305 + Op (g~ 2p~ 1127172, (1.23)

The above two equations together yield the desired result of the theorem. To prove Eq.
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(1.22), by incorporating (1.23) and cp,q~Y/2p~1/2771 = o(1) by Assumption 4, it reduces to

enm Y2528 = Bo)l| — ox0) > o, (1.24)

Set w = 773/225/2(5 — Bp) and w = 773/22%/2(3 — Bo)- By Eq. (1.2), we have

2 _ 2 -2
w:argminc—n )’7‘1/22}/2Zw—7_15H +c,21)\H22 1/2w+r_3/250H _ C”L|
w n n

el|? - ¢3,

(1.25)

where subtracting ¢, 7 2||e||?/n and C’Z) from the objective function does not alter the solu-
tion. Using the definition of @, proving (1.24) is equivalent to proving ¢y, ||| —ch_laa;a/B r,

;. Equivalently, we need to prove for all € > 0, w.p.a.1,
ay — e < cpl|w]| — ch_laxaB < as+e (1.26)

Note that Eq. (1.25) is a high-dimensional optimization problem. By employing CGMT,

Lemma 14 connects it to a scalar optimization problem below:

min max —
cnla—1"1logop|<Kq 'Y_>10 4
0<5<4r C1Cs

pn(@,8) + (71 %ag - iz 2T

X (21_1 — pn(a, 5)]1)_1(7'1/2(19 — 7'_121_1/25) _ o

2
T —
212 25 1/2 2,2 1
e\ —3/2¢1/2 a“oT A cpa© A
- x ———h =3 I
T 4 (T 2 Pot vy 172 N 2
25 1/2 252 -2
~3/23:1/2 a“oT | _ T B2 _ T 2 b 19
x ( 0+ oIl = S - O (1.27

where K, is a sufficiently large fixed constant, py, is defined in Eq. (1.53), and g € R" and

h € RP are standard Gaussian vectors independent of the other random variables. Denote the

objective function as Qp (v, d,7). Let us define y = 771y, § = T_lé’f +05 ~|—c7;1/2(53 and o =
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T_lamoﬂ +c, L. Subsequently, we present the modified objective function Qn(ag, 93,71):

On(an, 83,71) = Qn(r Y0205 + ¢ tag, 7167 + 8% + cn /285, 7 1y1). (1.28)
B

By Lemma 14, Qn(«, d,) is convex with respect to a and jointly concave with respect to
(0,7). Therefore, it is evident that Qn, remains convex with respect to ay and jointly concave

with respect to (d3,71). Lemma 14 implies that if the following claims hold

(i) V compact A C [-Kq, Kq], min max Qnlaa,03,71) P, min max Q(a2,03,71),

ag€A Mm> ag€A 711>0
53€K53 d03€R
(i)  min max Q(ag2,d3,71) < min max Q(ag, 63,71)  (1.29)
ag€[—Kq,Kq] 11>0 a2€[—Kqo,a5—€]U[ad+e, K] 11>0
636K53 d03€R
h Q( 5 ) — _5?%91 + 2 _ V% Qo — N2 4 (0 )71(9 d Ks =
where Q(ag,03,71) = —p 020502 — ot — G50 + gyr,z,z02 an 5y =
[—071/2( “15r 4+ 63), 401/ C1C: — 071/2(7_151‘ + 63)], then Eq. (1.26) holds. The above

two conditions are verified in Lemma 18, thereby completing the proof.

O
1.6.3 Proof of Theorem 3
Proof. For convenience, we define the shorthand notation B)\ = ﬁr(/\n) Also, we define
RE=CV(x,) =1 Z 21 v (i)ﬁr(An)HQ. By Lemmas 2, 3 and 6, w.p.a.1, we have
XXl <o)zl 2l < Call 2 i=1,... K 1.30
X Xl S n T G2l 2 gl < Col+ Va i=1. K, (130)
nel? <202 and n7Yy|? < 202 (1.31)
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Based on these inequalities, Lemma 19 proves

i 1 £ 1 1/2
inf  pn~lr Q{RK V() = = e)? = |25/ 5o||2} >0, (1.32)
Aele,er1] n

w.p.a.l for some constant ¢ > 0. Additionally, for any fixed A > 0, Lemma 19 also proves

2
1 2| AK— _ 1 1/2 P 2(K -1 o2 0
2 {RCV () - Sl = o Py 2 oo (—6——5)-

Using (1.33) and A°P"’s definition, pn =172 {RK_CV(T_l)\Opt) — %||5||2 — ||2;/2B0H2} <

0. Together with Eq. (1.32), the minimizer of RE=CV(\) must satisfy AE—CV > ér—1,
AE—CV

w.a.p.1, so that, = arg min/\ne[&.—l o0) RK_CV(/\H). Moreover, it also implies that

77INPE ¢ [ &r1], that is, AP > ¢.

Next, we re-parametrize the above optimization problem: g = arg minue[o,é—l} }~€(,u),
where R(p) := RE=CV(7=1,71) and we extend the domain of R(-) to include 0: R(0) :=
lim,, 0 R(p) = |ly||?/n. Lemma 20 implies that pn—17—2R(u) satisfies stochastic equiconti-

nuity. Using this fact and Theorem 1 of Newey [1991], the convergence of

I ~ 1 1/92 P 2(K -1 o22
pu e 2 (R - Slel = 1201 2y 2500t (T - o)

i a unique minimizer of the right-

holds uniformly over the interval [0, 1]. Since (A%P%)~
hand-side and is nonzero, it follows that L, AP~ and i = L AE=CV) =1 wap,
which implies that A& =CV /A%P B

Now we prove A(f(AE=CVY) — A(BT(A?Lpt)) £, 0. For notational simplicity, we write

~ ~ _ N N ~ _ 1 2 N
Br()\nK CV) as ey and ﬁr()\%pt) as Bopt- We need to prove c,7 2(HEQ/ (Bev — ﬁo)H2 —
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HZI/Q(Bopt _ 50)” ) = op(1). By direct calculation, we have

72 (1125 (Bew — Bo) 1 — 115 (Bopt — Bo) %)
=CnT_2(BcTUZ2Bcv - B;;thQBopt +2(Bopt — Bev) " 2ab0) (1.34)

:CnT_Z((Bcv - Bopt)TEQBcv + BOTptZ2(Bcv - Bopt) + 2(Bopt - BC’U)TEQBO) =: Al + A2 + AS-

Lemma 21 proves that these terms converge to zero w.p.a.1l, which completes the proof. [J

1.6.4 Proof of Theorem /

Proof. For case of notation, we let § := Bj(\y). We adopt the same notation 6] and
p(oz0g,07,02) as used in the proof of Theorem 2. Moreover, we define 65 = 2azaﬁ04/(5*
and Cﬁ = cnT 10%0%, respectively. Similar to Theorem 2, it is essential to establish that

the following inequality holds w.a.p.1 for any sufficiently small € > 0:

: c
o ye<ar VA8 - Bl - ouop) < 2 - (1.35)
og 204

Define w = 7_3/221/2(5 —fp). Using this, we can rewrite (1.3) as the following problem:

—-1/2 -2
_ cnT A _ _ CnT
argmm \]71/221/2210 T 18H2+ L nHEQ 1/2w+7 3/2BOH1— i H€H2—Cﬁ.

Jn

By CGMT, Lemma 22 establishes its connection with the following optimization problem:

2
. cnd Cn, 1/2 “1v—1/2 \T -1 -1
Jmn o omax = pn(e,8) + (' Pag — 7 S5 TS — im0, )D)
0<6<4r—1,/C{Ce
-3 ~1
C1w—1/2 c YT 0 1/2
x (r1/2ag -+ 1o Vi) - 2 4 gy + f Ny e -l (136)
2
_ min @ Hn71/2771/2An2271/2U ~1/2.1/25p, _ —3/221/25 H ||5||2
v]lo<1 277
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where Ko = {a|cpa — ch_laxcrﬁ € [ca/403,Ca/0g]}, pn is defined in Eq. (1.53), and
g € R" and h € RP are standard Gaussian vectors independent of the other random variables.
Denote the objective function as Qn(«,d,). Similar to Theorem 2, we define v = 7*171,

J = T_léf + 65 + 051/253, and a = 7'_10'3;0'5 + ¢ Loy, obtaining the modified objective

function:
~ —1 ¢ * —1/2 -1
Qn(a2753771> Qn( O-.To-ﬂ + Cn 0527 51 + 52 + Cn 5377- ’Yl) (137>
Note that 03 € Kg, = [—cx/ (7167 + 65), dep *rLy/C1Cz — e/ 2(r=16F + 63)]. Lemma 22

implies that if the following inequalities

min ma a9, 03, < - +n,
el o max Qn(azg,03,71) 80 U
2=logrog! s3eKs,
Cx
min max 9, 03, > — -, 1.38
NP T Qn(0,63,71) 000, " (1.38)
2 405720,3 20’/3 Tog 536K§3

hold for sufficiently small € > 0 and > 0, then Eq. (1.35) holds. Finally, Lemma 24 verifies

Eq. (1.38), thereby completing the proof. ]

1.6.5 Proof of Proposition 1

Proof. Since the out-of-sample data are mutually independent, Lemmas 2 and 3 lead to
2 2
Z yZ = Noos(02 + 70 203) + op(noosT)
1€008S

and

N t — -
Z yiz — (yi = XiBr (N ))2 = NoosP 1n7'2920:%0é08 2(1 +op(1)),
€008
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-2,.2._2

where we use A(Br(/\%pt)) —boo ‘75‘75 2 + op(1) by Theorem 2 and neesp™>n72 — o0.

The estimates above offer the key components for deriving the limit of R2:

1
A t —
Ris=| > wi—wi— XD D wi| =p 'nha(R??*1+0p(1). O
1€00S 1€00S

1.6.6  Proof of Theorem 5

Proof. For convenience, let B = Br()\n). We write the prediction error of the benchmark as:

ynew _ ggew :( new) o +( new)Tﬁo 4 ghew _ (wnew)T(WTW)—le(W,m + X By _|_5)

:<(unew)T . (wnew)T(WTW)_leU)ﬁo + (Enew N (wnew)T(WTW)_leé“).
Similarly, for the Ridge estimator, we have y"¢" — "% equals
((unew)T . (wnew)T(WTW)_leU>(ﬁo _ B) + (gnew . (wnew)T(WTW>_1WT€).

As a result, with simple algebra we can rewrite I [(y"¢" — grew)? 1Z] —E [(y"e — Anew) 7]

as

B | ()T = )T o Ty o) - 5)° 2]
-k {((unew)"l' _ (wnew)T(WTW)_leU)ﬂ())Q ’I}
=2 [((u")T = (") T W W)W TO)BE — (@) T (W T W) w e

=51 — 59 — S55.

Below we analyze S1 to S3 one by one. With respect to S7, we note that

A

B = n_l(n_lXTMWX + n_lpT_lx\]I)_lXTMW(UBO +€).
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Define Ry = (n !X T My X +n~lpr~IAI)~1. By direct calculations, we have

E[ ()T Tw) " wTugPiz) =< | Tw) w2
<2 WTW) W TURy X T My UB|1> + 2n2|(W W) ITW TURx X T Mypel?.
(1.39)

For the second term in (1.39), we first note that for any constant A > 0,

n\(n~ U T My U)

Ry X " MwXRyl| = ||[RU T My URyr| =
H X w XH || U w U” (Al(n_lUTMWU)+n_1pT_1)\)2

- —-1,_2_2
Y n-T-,

since [[n U T My Ul <p n L |U||? <p 1+ ¢n = o(nLpr—1) by Lemma 6. Therefore, by

Lemma 2 and using inequality Tr(AB) < ||A|| Tr(B), for any A= A" and B > 0, we have

n2|(W W) ITWTURy X T Mypel?
=pn 2 Te(W W) "TWTURx X T My XRxUTW(W Tw)~ 1
—n 2 Tr(Rx X ' My XRxU WWTwW)=2w T U)
<n 2|Rx X "My XRx| Te(U"WW W) 2w )

Sep P TUTWWTW) W) <p 2 UTU TH (W TW) T = op(p e,

1

Similarly, we can prove that the first term in (1.39) is of order op(p~'n73). Therefore, we

have
E | (™) T (W TwW)TWTUB?Z| = op(p~tnr?). (1.40)

In addition, using the independence of w"*" with W, U, Z, and [, the facts that w"“"

has bounded variance, ||(W W)~ 1w Tl 222 <p [|[(WTW)"1w TSY2)2, by Lemma 2,

20



Te(WTW)~! = op(p~lnr), and that |25/ 25| <p 7.

E [ (") "W Tw) = W Tu g2 z] < lov Tw) = w U2
— T W TS 2Z5Y 28012 <p (125 280l 21 (W T W)t T sl 22

=p op(p~tn7?). (1.41)

With (1.40) and (1.41), E |((w™) (W W)= tW U8y - B))Qyz] = op(p~'n7?). In addi-

tion, since u""% is independent of Z and w"¢", we have
E[(u™") " (B0 = B) (") " (W W)~ w T U (8 — B)|Z] = 0.

Therefore, we conclude

5 - 1/2 A _
S1=E[ (™) (5 — B)IT] + op(pnr?) = 552 (80 — DI + op(p 7).
By applying a similar argument, with the use of the independence of w"" with W, U, Z,

and [, as well as the fact that w"" has bounded variance, it can be shown that

So = E [((w")T Bo)?(Z] + op(p~"n7?) = 5526012 + op(p~" 7).

w new

Finally we bound S3. Since u"®" and e are mean zero, mutually independent, and

independent of Z, along with Eq. (1.40), Lemma 2 and Cauchy-Schwartz inequality, we have

15| = ‘2]E [(wnew)'l'(WTW)—1WTUB<wnew)T(WTW)—1WT5|I] ‘

/2 /2

<9 (E [((wnew)T(WTW)—IWTUB)2‘I}>1 (E [((wnew>T<WTW)—1WT€)2‘I}>1

=p op(p~ /P! AT (T W (W TW) TEW T2 = op(pin?),

o1



In sum, we have S] — Sy — S3 = ||E;/2(60 —B)|12 - ||E;/2B0||2 +op(p~tnr?). Next we prove,

1/2 1/2

pn 212523 = Bo)|12 — 1=V 2 B0l12) = o, (1.42)

By Theorem 2, B = n_lfN%UUT(UﬁO + ¢) satisfies (1.42) with B being replaced by E, where

= _ _ _ _ . 1/2 A 1/2 = 1/2, 5
Ry = (0 WU TU+n"lpr~IAD)~L. Given that |5/ 2(8— 3)|I2 = 55/ % (B0 — B) + =52 (6 —
3)||? and that ||E;/2(Bo — B)|| <p ||E%/260|| =p 71/2 it is easy to verify that (1.42) follows
from

18 = BlI* = o(n?p~277), (1.43)
which is given by Lemma 26. [

1.6.7 Proof of Proposition 2

Proof. Let 79 = /nT < /logn/10 and Ay = v/n\/2. Note that when X = I, Lasso has a

closed form solution B;(X) = (1 + 70| — Ao)+sgn(e1 + 1), (|2 — Ao)tsen(ea), .., (|en| —
~ n

Ao)+sgn(en)) T Therefore, [|6;(A) = Boll* = [1Boll* = ((le1+70l = Ao)+ —70)* =75 + 3 ((leil -

1=2
Ao)+)?. Assume for now that max. leil > |e1| + 279. Let ig = arg max |¢;|, then we have

181N = Boll* = [180l” =((e1 + 70l = Ao)+ = 70)* = 75 + ((Ieig| — A0)+)? == @

Consider the following three cases for e1: (i) e1 € [~Ag—70, Ao—70]: @ = 0+((|gjy|—A0)+)? >
0; (ii) e1 € (=00, =Ag — 70): @ > =73 + ((le1] + 2m0 — Ao)4)? > —7¢ + 973 > 0s(iii)
e1 € (Ao — 10,00): Q > —78 + ((|e1] + 270 — Ao)4)? > —7¢ + 7¢ = 0. Therefore, under the

event that max le;] > |e1| + 270, it holds that [|3;(\) — Bol|2 — [|Bo|? > 0. Now we evaluate
<i<n
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the probability of this event. Note that

(s o] < o) = (Bl < )" = (o (%)) <o {-Zew{-2}}

where erf(:) represents the Gauss error function. The last inequality uses the fact that
(erf(2))? < 1 — exp(—42?/7) and 1 + x < e®. Reparametrizing u in terms of § by solving

0 = exp {—% exp {—%uQ}}, we obtain that, with probability at least 1 — 4:

T n 1
| >3/ =log = — =loglog —. 1.44
lglggnléz\ > \/2 0g 5 — 5 loglog 5 (1.44)

Choosing § = n~ !, the event C = {max)<j<p |ei| > /Flog§ — Floglogn} happens with

probability at least 1 —n 1. Setting u = V5 log§ — §loglogn — 27. There exists ng € N,

when n > ng, u > /1.7logn — 0.2/logn > y/logn. By Mills’ inequalities, when n > ny),

P (fél%xnw — 279 > !51|’C> > P <|€1| < \/g 10%% - gloglogn— 270)

2 exp (—u?/2 2
=P (|eq]| <u)>1- _le_ [
T U mlogn

There exists ny > 1, when n > ny, (1 — /@n‘l/z)(l — %) >1-—n1/2 Therefore,

P | — 279 > > P(C) - P 9 > ‘C >1-n"12
(i il =200 2 [e1]) 2 P(O) - P ([ = 200 [=ac) = 1

for n > max(ng, n1), which implies Eq. (1.18). For Ridge, since 3-(\) = (1 +nX) "1y, we

have

—2nie1mg — (14 271)\)78 +> 522
(14 n))2 '

18 () = Boll* = Nl Goll* =
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Observe that with probability equal to 0.5, ey7g > 0. Under this event, H@(A) — Boll? -

—(14+2n )73+ &2 2
150ll? < ( 7214):2)\)221_182- Therefore, [|5-(\) = Boll* = [[Boll* < 0 as long as A >
_ )
(2n) (147520 €2). O

1.7 Supplemental Simulation Results

1.7.1 Additional Simulations with Fized Tunings

In the simulation for the main paper, cross-validation is applied for Ridge and Lasso. In
this section, we verify our theories with manually selected A;,. We also experiment with two
sample sizes, n = 500 and n = 2,500, while maintaining p/n = 3/5. We fix ¢ = 0.2 and
R? = 5%. In the case of Ridge regression, we set A as 0.5, 1 and 2, where A = 1 corresponding
to the optimal tuning. The histograms of relative prediction error are presented in Figure
1.8.

Several noteworthy observations can be made from these histograms. First, across all
plots, the probability mass is concentrated around the red vertical line. As the sample size
increases from 500 to 2,500 (and dimension increases from 300 to 1,500), the histograms
become increasingly concentrated. This aligns with our theory, which predicts that the
relative prediction error converges in probability to the limit o* as the sample size grows.
Second, the value of o™ corresponding to the optimal tuning parameter A = 1 is the smallest.
This is because the optimal Ridge estimator achieves the smallest prediction error. Moreover,
almost all the probability mass corresponding to the optimal Ridge estimator is situated on
the negative side of the x-axis, indicating that this estimator outperforms the zero estimator
with high probability. Third, when A = 0.5, it results in the worst performance, with a large
portion of the probability mass on the positive side of zero. In contrast, for A = 2, o* gets
closer to zero, and the variance of the relative prediction error decreases. This behavior is

due to the increasing amount of penalization, which ultimately drives the estimator towards
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Figure 1.8: Simulation Results for Ridge with Fixed Tuning Parameters
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Note: The histograms depict the relative prediction error A(f,.(\,)) following equation (1.8) across 1,000
Monte Carlo samples. We consider two different sample sizes (n = 500 and n = 2,500) and examine three
different values of A, where A = 0.5,1, and 2. Notably, A = 1 represents the optimal tuning parameter. The

red dashed line indicates the values of o*.

zero, and in turn, o™ towards zero as well.

In contrast to the results obtained for Ridge regression, our theoretical framework does
not provide a precise error limit for Lasso. Instead, Theorem 4 offers high probability bounds
on relative prediction errors. Figure 1.9 displays histograms of these errors for various tuning
parameters and sample sizes, accompanied by two red vertical lines in each plot representing
the lower and upper bounds, ¢, and Cj,.

These plots yield several interesting findings. First, as the sample size increases, we
observe that the probability mass becomes more concentrated and largely falls within the
intervals defined by the bounds. Second, regardless of the tuning parameter values, Lasso
consistently underperforms the zero estimator in almost all samples when the sample size
is large. Third, as the tuning parameter increases (indicated by a decrease in C'), both
the lower and upper bounds approach zero. This behavior is a consequence of the increased
regularization, which, in turn, steers the estimator closer to zero. In the end, Lasso becomes

identical to the zero estimator.
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Figure 1.9: Simulation Results for Lasso with Fixed Tuning Parameters
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Note: The histograms depict the relative prediction error A(3;()\,)) following equation (1.8) across 1,000
Monte Carlo samples. We consider two different sample sizes (n = 500 and n = 2,500) and examine three
different values of C). The two dashed lines in each figure indicate the values of ¢, and C,, that are solutions
to (1.10).

1.7.2  Out-of-sample R*

Continuing our investigation in the main text, we conduct an experiment to analyze R(Q)OS
based on the optimal Ridge. Proposition 1 describes the expected asymptotic behavior of
Rgos. To empirically test this, we implement the optimal Ridge, setting A = 1, on a training
dataset comprising n = 500 observations. We then calculate R2, based on predictions for a

separate test dataset of size nyos = 10, 000. The comparative analysis between the population

2

Sos, and the theoretically derived limit of Rgos is illustrated

RQ, the empirically estimated R,
in Figure 1.10. For a clearer visual presentation, we apply a logarithmic transformation
to the y-axis. We vary 7 to compare against a range of population R? values from 0.5%
to 10% on the x-axis. The red line represents the average R2,s over 1,000 Monte Carlo
simulations. Additionally, we draw boxplots to describe the distributions of R2.¢ across
these simulations. The theoretical limit, expressed as p_lneg(RQ)Q, is traced by the blue

line, and the green line illustrates the population R2, which would align with a 45-degree

line on a standard scale. Notably, in this weak signal setting, the population R? significantly
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surpasses the empirically achievable R2.. Furthermore, the close alignment between the red
and blue lines, particularly for scenarios with small R? values, substantiates our theoretical

predictions.

Figure 1.10: Out-of-Sample R? for Optimal Ridge in Linear DGPs
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Note: The figure presents boxplots showing the distributions of R2_, for optimal Ridge regression (A = 1)
over 1,000 Monte Carlo repetitions, with n = 500, p = 300, ¢ = 0.2, and n,,s = 10,000. We explore a

range of population R? values, from 0.5% to 10% in increments of 0.5% by adjusting 7. The plot features

2

red, blue, and green lines to represent the average RZ

over Monte Carlo samples, the theoretical limit as
given by Proposition 1, and the population R2. In this plot, we employ a logarithmic scale for the y-axis.

Without the logarithmic transformation, the green line would align with a 45-degree line. Additionally, the

2

lower boundaries of the boxplots surpass the axis limits in instances where the R: .

values are negative.

1.7.8  Why Lasso Fails?

A plausible explanation for the Lasso’s suboptimal performance with weak signals is its diffi-
culty in distinguishing between genuine and spurious signals. The failure to identify genuine
weak signals has a minor impact on Lasso’s performance relative to the zero estimator, which
does not utilize any true signals. Hence, the primary challenge for the Lasso lies in its failure
to adequately filter out irrelevant signals. This issue could be addressed with a sufficiently
large tuning parameter. However, our theory indicates that only when the penalty is so
substantial that the Lasso effectively becomes equivalent to the zero estimator does it apply

an adequate penalty.
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To empirically explore this issue, we quantify Type I and Type II errors in simulations
of Lasso’s selection relative to its tuning parameter );,. The findings are presented in Figure
1.11. Considering our previous discussion, Type I errors represent a significant cost for
Lasso. Indeed, a considerable portion of the variables selected by Lasso are incorrectly
deemed genuine when Ay, is small. As ), increases, Type I errors decrease, enhancing Lasso’s
performance. Meanwhile, Type II errors persist and eventually converge to the number of
non-zero betas in the DGP.

Figure 1.11: Lasso’s Type I and Type II Errors

R?=5% R? = 50%
150 150

— Typel — Type |
Type Il Type Il

1004 1001

50 504
0 ‘ ‘ \x 01 ' \

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Note: The plots compare average Type I and Type II errors of Lasso using the linear DGP following
equation (1.1) over 1,000 Monte Carlo samples. Two population R? are considered: R? = 5% (left panel)
and R? = 50% (right panel). The horizontal axis of each plot represents the logarithm of \,, spanning a
range from 0 to 1. The vertical axis measures the count of errors incurred while testing the null hypothesis
Ho,; : 8; = 0.

1.7.4 Robustness Check

In our subsequent series of experiments, we intentionally deviate from the assumptions orig-
inally established during the development of our theoretical framework. This deviation is
aimed at evaluating the robustness and generalizability of our theoretical predictions beyond
their premises and initial parameters. To facilitate this evaluation, we introduce specific mod-
ifications to the baseline configuration along three key dimensions: First, we adjust (R2, q),
exploring more extreme sparsity levels and reducing signal strength accordingly compared

to the settings in the main text. Second, we increase the ratio p/n to 2 by increasing p
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while maintaining n, making it more challenging for both Ridge and Lasso to capture the
underlying signals. Third, we modify the distribution of Z from standard Gaussian to a t-
distribution characterized by four degrees of freedom, and with a mean of zero and a variance
of one. In addition, we introduce heteroscedasticity into the error distribution, following the

configuration outlined by Giannone et al. [2022]. The error term’s variance is defined by the

function o2 exp(aXZ-TcS/\/Z?:l(XiTéﬁ/n) with o« = 0.5. Here, X; represents the i-th row
of X. o serves as a scaling parameter to standardize the variance and match ¢ = 1. The
vector 0 is a p x 1 vector with zero elements in the same positions as the zero elements of
By, while non-zero elements are drawn from a standard Gaussian distribution.

Table 1.3 compare the summary statistics for various cases under consideration. In Case
I, when ¢ is small, the performance of the Lasso estimator improves relative to the baseline
scenario (reproduced from Table 1.1 for ease of comparison). This improvement is evident at
R? = 5% for all levels of q, as the Q1 values become negative, indicating that Lasso surpasses
zero in predictive accuracy for a larger proportion of Monte Carlo repetitions. However, as
R? is further reduced to 2%, Lasso once again becomes falls below the performance of zero.
In contrast, Ridge’s performance remains largely unaffected by changes in sparsity levels. As
expected, its performance deteriorates in finite samples as the signal strength weakens (i.e.,
as R? decreases). Nonetheless, Ridge continues to outperform Lasso, although its relative
advantage over the zero estimator diminishes. The theoretical support for these observations
is discussed in Appendix 1.2.9. In Case II, we observe the increased ratio of p/n does not
affect our conclusion. Case III demonstrate the robustness of our theoretical findings, as it

aligns closely with the baseline scenario despite variations in distributional assumptions.

1.8 Choice of Tuning Parameters

In this section, we discuss the selection of tuning parameters for implementing machine

learning methods. The selection process aims to balance performance and cost while ensuring
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Table 1.3: Robustness Analysis of Ridge and Lasso in Alternative DGPs

Lasso Ridge
q R? (%) Q1 Q2 Q3 #Zero Q1 Q2 Q3 #Zero
0.20 5% -0.127 0.000 0.521 360 -0.992 -0.501 -0.129 97
0.10 5% -0.871 0.000 0.187 327 -0.981 -0.475 -0.077 113
0.10 2% 0.000 0.000 3.435 493 -0.622 0.000 0.440 237
Case I 0.05 5% -2.688 -0.305 0.000 255 -1.037 -0.387 0.000 130
0.05 2% 0.000 0.000 2.948 473 -0.642 0.000 0.426 238
0.02 5% -6.542 -2.050 0.000 215 -1.304 -0.230 0.000 149
0.02 2% 0.000 0.000 1.695 432 -0.605 0.000 0.625 254
Case 1T 0.20 5% 0.000 0.000 3.228 470 -0.768 -0.416 0.000 183
Case III 0.20 5% 0.000 0.000 0.591 392 -0.848 -0.384 0.000 129

Note: The table illustrate the summary statistics of relative prediction error A(B(AX=CV)) for Ridge and
Lasso based on 1,000 Monte Carlo samples. We explore several distinct DGPs, each involving the alteration
of a specific condition. In Case I, we try a series of different values of R? and ¢. In Case II, we adjust n/p
to 0.5. In Case III, we introduce t-distributed covariates with heterogeneous variance of €. The benchmark
DGP adheres to the following specifications: n = 500, p = 300, p/n = 3/5, and complies with Assumptions
1 and 2. 10-fold cross-validation is used throughout these experiments.

fair method comparisons.

For Ridge and Lasso, each with one tuning parameter, we use the glmnet package, which
optimizes it via ten-fold CV. The grid is adaptively selected for efficiency. Our implementa-
tion of RF involves three tuning parameters: the depth of each individual tree, the number
of randomly selected features used in each tree split, and the proportion of sample data used
for bootstrap.2® 26 For GBRT, we tune tree depth, number of trees, and learning rate.2” In
the case of NNs, we adhere to a uniform architectural choice across our analyses, featuring
a single hidden layer. The number of neurons in this hidden layer is approximately equal to
the square root of the total number of neurons in the input layer, aligning the architecture

with the complexity and dimensions of the dataset. By not tuning the NN architecture ex-

tensively, we streamline the model selection process while retaining adequate complexity for

25. This procedure is known as subbagging, which helps address weak signals. In linear regressions, LeJeune
et al. [2020] show that the asymptotic risk of subbagging least squares matches that of Ridge regression.

26. In our simulations, tree depth varies from 5 to 20, selected features from 10 to 300, and bootstrap
sample proportion from 0.1 to 0.2. The RF ensemble size is fixed at 5,000 trees, as 10,000 offers no significant
improvement.

27. The learning rate varies from 0.001 to 0.5, tree depth from 1 to 6, and the maximum number of trees
is 100, though training usually stops earlier, reflecting GBRT’s preference for shallower and fewer trees.
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effective learning. For the remaining tuning parameters in trees and NNs, we select suitable
ranges based on model performance from the cross-validation step. A critical element in
selecting our grid is to ensure that the optimal tuning parameters are situated within the
median range of the grid. The details regarding model configuration and tuning parameters

for empirical studies are provided in Table 1.4.28

1.9 Technical Lemmas and Their Proofs

For completeness, the following section introduces a collection of lemmas, including proofs
for some. We start with the Convex Gaussian Min-max Theorem (CGMT), a pivotal the-
orem to our proof. For a detailed exposition of its proof, we direct readers to the work of

Thrampoulidis et al. [2015]. The CGMT pertains to the following optimization problems:

®(G) := min maxu' Guw + ¢(w,u), and ¢(g,h) := min max ||w|g u — [Jul|h"w + (w,u),
WESy UES, WESy UESy

where G € R™*" g e R™ h e R", S, C R", S, CR™, and ¢ : R" x R"™ — R.

Lemma 1 (CGMT). Suppose that Sy, and Sy are compact sets, 1 is continuous on Sy X
Su, and the entries of G, g, and h are i.i.d. Gaussian. Then we have P(®(G) < ¢) <
2P(¢(g,h) < ¢), Ve € R. Moreover, if Sy, and Sy, are convex sets, and 1) is convez-concave

on Sy X Sy, then P(®(G) > ¢) < 2P(¢(g,h) > ¢), Ve € R.

Lemma 2 (Lemma B.26 from Bai and Silverstein [2009]). Let x = (z1,---,2,)! be a
random vector of i.i.d. entries. Assume that Ex; = 0, Exf =1, and Ex;l < vy. Then, for

any A € R™™ it holds that 27 Az — Tr(A) = Op (y/vg Tr(AAT)).

28. We follow the same approach for the empirical analysis, except for Finance 2. Due to its scale and
computational constraints, we use two-fold CV and a narrower grid: log(\) ranges from 6 to 7 for Ridge and
from -3.5 to -2.5 for Lasso. We ensure that the optimal tuning parameters fall within the central range of
these specified grids.

61



Table 1.4: Model Configuration for Machine Learning Methods

RF GBRT NN(£2) NN(#1)
depth=1~20 depth=1~5 architecture~{16,4,1} architecture~{16,4,1}
#trees=500 #trees=1~10 batch size=16 batch size=16
Finance 1  #features=1~15 Ir € {0.01,0.02, (Ir,epochs)={(0.1,5), (Ir,epochs)={(0.4,1),
%samples=0.05~1 0.05,0.1,0.2,0.5,1}  (0.01,50), (0.0025,200)} (0.08,5), (0.02,20)}
log(\) € [—2,1] log(\) € [—2,1]
depth=2~12 depth=1~6 architecture~{920,32,1} architecture~{920,32,1}
#trees=500 #trees=10~400 batch size=10000 batch size=10000
Finance 2  #features € {1, Ir € {0.0001,0.001, (Ir,epochs)={(0.5,2), (Ir,epochs)={(0.5,2),
2,3,5} 0.01,0.02,0.05} (0.1,10), (0.067,15)} (0.2,5), (0.067,15),
Yosamples=0.5~1 log(X) € [—4,0] (0.05,20),(0.04,25) }
log()) € [5, 3]
depth=5~50 depth=1~5 architecture~{119,8,1} architecture~{119,8,1}
#trees=500 #trees=1~600 batch size=16 batch size=16
Macro 1 #leatures=1~60 Ir € {0.005,0.01, (Ir,epochs)={(0.008,10), (Ir,epochs)={(0.05,2),
%samples=0.5~1 0.02,0.05,0.1, (0.004,20), (0.002,40), (0.02,5),(0.01,10),
0.2,0.5} (0.0008,100), (0.0005,160)} (0.005,20), (0.002,50)}
log(\) € [-2,2] log(\) € [—10.5,1.5]
depth=5~50 depth=1~5 architecture~{119,8,1} architecture~{119,8,1}
#trees=500 #trees=1~200 batch size=16 batch size=16
Macro 1b  #features=5~100 Ir € {0.01,0.02, (Ir,epochs)={(0.024,75), (Ir,epochs)={(0.004,25),
%samples=0.5~1 0.05,0.1,0.2,0.5} (0.012,150), (0.006,300) (0.002,50),(0.001,100),
(0.003,600)} (0.0005,200)}
log(\) € [-1,—0.5] log(\) € [2,3]
depth=1~30 depth=1~10 architecture~{61,8,1} architecture~{61,8,1}
#trees=500 #trees=1~500 batch size=16 batch size=16
Macro 2 #features=1~60 Ir € {0.01,0.02, (Ir,epochs)={(0.02,50), (Ir,epochs)={(0.05,20),
%samples=0.5~1 0.05,0.1,0.2,0.5} (0.005,200), (0.00125,800)} (0.02,50), (0.002,500)}
log(\) € [-3, 3] log(\) € [-7,4]
depth=1~20 depth=1~5 architecture~{297,16,1} architecture~{297,16,1}
#trees=500 #trees=1~20 batch size=16 batch size=16
Micro 1 #features=1~20 Ir € {107%%,10~%,  (Ir,epochs)={(0.1,1), (Ir,epochs)={(0.4,1),
%samples=0.005~0.5  ...,0.05,0.1,0.2,0.5}  (0.01,10), (0.001,100), (0.2,2), (0.08,5),
(0.0001,1000), (0.00005,2000)}  (0.04,10), (0.02,20)}
log(A\) € [—11, 7] log(\) € [—8,0]
depth=5~30 depth=1~6 architecture~{217,16,1} architecture~{217,16,1}
#trees=500 #trees=1~30 batch size=16 batch size=16
Micro 2 #features=1~30 Ir € {0.05,0.1, (Ir,epochs)={(0.1,1),(0.02,5), (Ir,epochs)={(0.1,1),(0.01,10),
%samples—0.5~1.0 0.15,...,1} (0.01,10),(0.005,20) } (0.001,100), (0.0001,1000)}
log(\) € [—10, —6] log(\) € [—12, —9]
depth=1~50 depth=1~10 architecture~{215,16,1} architecture~{215,16,1}
#trees=500 F#trees=1~50 batch size=16 batch size=16
Micro 2b #features=1~3 Ir € {10710,109, (Ir,epochs)={(0.04,5), (Ir,epochs)={(0.01,50),

%samples=0.5~1

...,0.1,0.2,0.5,1}

(0.02,10), (0.01,20)}
log(X) € [0, 2]

(0.005,100), (0.0025,200)}
log(X) € [0, 2]

Note: The table reports the range of tuning parameters for RF, GBRT, and NNs, as well as the architecture

of NNs applied across six datasets. For RF, we fix the number of trees at #trees= 500, and tune three other

parameters: the depth of the tree (depth), the number of features (#features), and the ratio of bootstrapped

samples (%samples) within a predefined grid. In the case of GBRT, we tune depth and #trees, and the

learning rate (Ir). For NNs, we adopt a fixed model architecture, denoted by the number of neurons in each

layer indicated in brackets. Additionally, we fix the batch size for SGD and focus on jointly tuning the

learning rate (Ir) and the number of epochs (epochs), as well as the ¢1- or ¢y-penalty parameter (log()\)).
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Lemma 3. Let x = (xq1,--- ,mn)T and y = (yp,--- ,ym)T be two independent random

vectors with i.i.d. entries. Assume that each element has a mean of zero and a variance of

one. Then, for any A € R"™ ™ it holds that x| Ay = Op(\/Tr(AAT)).
Proof. The conclusion follows from the fact that E(z ' Ay)? = Tr(AAT). O

The lemma below pertains to the Neumann series. See Meyer [2000] for a detailed proof.

Lemma 4. If A is a square matriz with ||A|| < 1, then 1— A is nonsingular and (I— A)~! =

S 220 Ak, As a consequence, ||(I—A) 7 = Y25 AR < 3% AR = AT/ (1— ] Al

Lemma 5. Assume © = (z1,-- ,xp)| andy = (y1,--- ,yp)T are two independent random
vectors with 1.1.d. sub-exponential random variables with their sub-exponential norm bounded

by K. Then for any A € R"*"™ and B € R"*P, there exists a constant ¢ > 0 such that

p (\:cTAx Ea' Az| > t) < 2exp [ —cmin t2 /2 (1.45)
— >t) <2exp|— : : :
KA Al K] A2

. /2 £1/2
P ( 2 By| > t> < 2exp [ —cmin , . 1.46
Bl =) = 2o KB KB 149

Proof. Inequality (1.45) is given by Proposition 1.1 presented in Gotze et al. [2021] for

the case of symmetric A. To extend it for the asymmetric case, we use the identity that
2" Az = 2T (A + AT)z/2, which allows us to apply (1.45) to (A + AT)/2. Using triangle

2 1/2
inequalities, we have “(A+AT)/2HF < ||Aj} and H(A—l-AT)/QH / < 1|A)Y2. Thus,

0 B
(1.45) holds for asymmetric A. For (1.46), let z = (z',y")" and C = e
Opxn - Opxp

By (1.45), we obtain

2 1/2
TR >1) — Toz>1t) < —cmi ! :
P (I Byl 2 t) =P (]s"C2l 2 t) < 2exp | —cmin KY|CIR K[lCl 7>

, ' 2 /1/2
= 4Z€Xp | —cmin s .
K4 Bl K| B||*/?
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The next lemma is established in Bai and Silverstein [2009] and Chen and Pan [2012].

Lemma 6. Suppose Z is an n X p matrix with i.i.d. Gaussian entries. Then for any positive

constant € > 0, it holds that n~'ZTZ < (1+€)(1 + \/en)?, w.p.a.1, for cn = p/n € [0, ).

Lemma 7 (Convexity). Let O C R% be open and convex and D be a dense subset of O. For
0 € O, both Mp(0) and M(0) are convex in 6. If My(6) LN M(0), for any 0 € D, then

supge i | Mn(0) — M(6)] r, 0, for any compact subset K C O.

This lemma has been shown by Lemma 7.75 of Liese and Miescke [2008]. Next, we present
a min-convergence theorem for functions defined on an open set (0, 00), as shown by Lemma

10 of Thrampoulidis et al. [2018].

Lemma 8. Consider a sequence of proper, convex stochastic functions My, : RT — R, and
a deterministic function M : R™ — R, satisfying (a) Mp(x) LN M(x), Yx > 0; (b) there
exists z > 0 such that M(x) > infy~o M(y), Yo > z. Then we have inf;~o Mp(z) r,

inf,~o M(z).
Relatedly, we introduce a lemma for functions on a diverging sequence of closed sets.

Lemma 9. Consider a sequence of closed intervals {[xn,yn]}req such that limy oo 2 =
—o0 and limy o0 yp = +00. Additionally, let there be a sequence of proper random and
convez functions My, : [xn,yn] — R, and a convex, continuous, and deterministic function
M : R — R that satisfy: (a) My(x) r, M (x) for every x € R; (b) there exists z > 0 such
that M(x) > infyer M(y) holds for all |x| > z. Then it holds that inf ¢, 1 Mn(x) LN

inf,cp M(z).

Proof. For n sufficiently large, z € [z, yp]. Assume z* € [—z, z] minimizes M (z). Condition
(b) in fact implies that z* € (—z,2) and that M(2*) = inf,cg M(z). Consider the event
inf|; s veln,yn] Mn(2) < Mp(z*). Under this event, there exists |zn| > z and 2, € [zn, yn]

such that M, (zp) < Mp(z*). The geometry implies that there exists 6, € (0,1), such
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that either z,0, + 2*(1 — 0,) = z or 2,0, + 2*(1 — 6,) = —z holds. Using convexity, we
have min(Mp(z), Mp(—2)) < 0, My (2n) + (1 — 0p)Mp(2*) < My (z*). By taking limits on
both sides, we have min(M (z), M(—z)) < M(x*), which contradicts condition (b). There-

fore, w.p.a.1, we have inf|x|>z7x€[ ]Mn(x) > My (x*). Furthermore, by Lemma 7, for

Ln,Yn
all arbitrarily small € > 0, w.p.a.1, SUP)| )< |My(x) — M(x)| < e. In addition, by defini-
tion, there exists a sequence of zp, such that |z,| < z and inf|, <, Mn(z) = Mn(zn) — €.
Combining these two inequalities with the fact that M(2*) minimizes M on R leads to
inf) <. My (x) > My(zn) — € > M(zp) — 2e > M(z*) — 2¢, w.p.a.l. On the other hand,
inf| ;<. Mp(z) < Mp(z¥) 2, M(z*). Since € is arbitrary, we have inf|, <. My(z) -,

M(z*). Along with inf |~ . yc(s, ] Mn(2) > Mp(a*) and My(a*) = M(2*) by (a), we

Tn,Yn

have

inf  My,(x) = min( inf M, (x), inf Mn(a:)> — M(z¥). O
TE[Tn,Yn] |lz|<z |2[>2,2€[Tn,yn]

Lemma 10. Suppose X is a standard Gaussian random variable, then for x > 0,

2

% exp (—%2) <2x_3 — 12270 — 15x_7) <E(]X]| - l‘)?’_ < % exp (—%) (23:_3 + 3;15_5) .

Proof. With integration by parts, we find

E(|X|-2)% = \/g/:)(t —z)%exp (—?) dt = \/% (—wexp (—%2) + (@ + 1)fc(w)> :

where fg(z) = [° exp(—t?/2)dt. Lemma 10 then follows from the tail inequality:

x211315<<x2113
(-5 ) a @t 7)) slewsen{—5 )03t E) -

Lemma 11. Given that X is a standard Gaussian random variable, the following inequalities

65



hold when x > 0 and z s sufficiently large:
EIX|(|X] —2)% < 22E(|X]| —2)% and EX?(|X|—2)% < 22%E(|X| - 2)%.

Proof. The proof is analogous to that of Lemma 10 and is therefore omitted. O

Definition 2. A centered random variable X belongs to the sub-exponential class SE (1/2, a)

2,2
with v > 0 and a > 0, if Be?X < e)\T, for all X such that |\| < a~ L,

Lemma 12. Let {xk}zozl be a sequence of diverging positive numbers. Then as p — 0o, we
have w.p.a.1, ||X2bg|lec < qu_l/Qlog(p) and ||E%/2h]|oo < xpy/log(p), where o and by are

defined in Assumptions 1 and 3, respectively, and h € RP is a standard Gaussian vector.

Proof. We only present the proof for the first inequality, noting that the proof for the second
inequality follows similarly. By definition, there exist by; ~ B(1,q) and a sub-exponential
random variable bg; such that by ; = q_l/ 2p1;b9;. Note that by;bo; is still sub-exponential.
Without loss of generality, assume ql/QbO’i = by;jbo; € SE(1,1).

Write the (i, j)-th element of ¥ as X9 ;;. By the properties of sub-exponential variables,

we have <22q1/2b0>, € SE( P2
1

=1 27ij,man |227”’> . Given that Z?}:l E%JJ = (E%>Z,Z <

/\1(E%) = C’% and max; |39 ;;| < Co, we conclude that <E2q1/2b0>i € SE(C’%, (). The tail

bound of sub-exponential variables yields P <|(22q1/260)i| > :cplog(p)> < 2exp (—%) :

The conclusion follows by union bound inequality and 2p exp (—%) — 0. O
Lemma 13. For any given My, it holds that limy,—o0 S15, = 0 for Sy, defined in Eq. (1.21).

Proof. Write 1), = (E;l/QX.’i)k and g = BT + 2z for kK = 1,...,n. By definition, we
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have

/blql/Qbe[MhMﬂ exp <_Z (k. _p_l/QTl/kab)Q/Q) dF(b)
k=1
/eXp (—Z o —p_1/271/2fi’kb)2/2> dF(b)
k=1

n n
/blql/QbE[Ml,MQ] exp <_p17'b2 Z i’%/2 + bp*1/27'1/2 Z gkjjk‘> dF(b) Q
. k=1 k=1 _ Yin

E(bo’ilql/Qbo,iE[MLMﬂ|gi) B

n n = Qo
/ exp (—p_17'172 > /2 4+ bp~1/271/2 > ykxk> dF (b) "
k=1 k=1
where [’ is the distribution function of by ;. By the facts that fblql/Qbe[Ml,Mg]dF(b) =0
and dF(b) = (1 — q)dg + qub2(q1/2b), we have |Q1y,| equals
n n
_ ~ — < 1/2
'/qblql/Qbe[Ml,Mg] exp (—p Lrp? Zl’%/Q—H}p 1/2,1/2 Zykxk) — 1| dFy,(q / b)
k=1 k=1

dFy, (D),

Sql/QM/

where M := max(|M],|Ms|). Define the event

n n
exp (—p_qu_1b2 Z f%/? + bg Y/ 2pm1/21/2 Z gjk:%k) -1
k=1 k=1

n n
Ay = {’p_l/QTl/Z Zgjk@k’ < Cp~Y271/21/2 log?(p) and p~ 17 Z ji < C’p_lm'} ,
k=1 k=1

(1.47)

where C = 5C} Cgcgl. Under this event, we observe that

n n
exp (—p17q1b2 Z 57%/2 4 bg12p1/271/2 Z gk;zk) -1
k=1 k=1

<exp (é\l;!p_l/QTl/inmq_lm 10g2(p))

— exp (—GBQp_lan_l — C~'|B|p_1/27'1/2n1/2q_1/2 logQ(p)> :
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Since p_1/271/2n1/2q_1/2 logQ(p) — 0 and p~nrg~! — 0 by Assumption 4, and given that
Fy, follows a sub-exponential distribution, the integral of both terms on the right-hand-side
converges to zero as n — 0o. Therefore, for any € > 0, there exists ng such that for all
n > ng, we have |Q1,| < € under the event A,. Similarly, it can be proven that there exists
nq such that for all n > ny, we obtain @2, > 1/2 under the event A,.

Next we analyze the event A,. We start with the second inequality in A;,. Note that

n
Z SN < IXTX = ol Y2 2T 28y P
_ 1/2 d _ 1/2 _
<c101)|25y el £ 105 el n) < i CoxP (),

where e; is the i-th standard basis vector. By Lemma 5, with probability at least 1 —
2 exp(—cp) for some fixed constant ¢ > 0, x2(n) < 5n, which implies the second inequality.

For the first inequality in A,,, using the second inequality, we observe that,

/2 1/2‘2%%‘ _1/2 1/2‘50 Zkaerkzk‘
k=1

< Cp~'q™ P rnlby] + 712712 Z e
k=1

Using the property of a sub-exponential random variable, for some constant ¢ > 0, with

probability at least 1 — 2exp(—clog?(p)), we have |by| < log?(p)/2, which implies
Cp~ g™ Prnfby] < Cp~lq~ Prnlog?(p)/2 = o(Cp~' /27! 20! 2 1og? (p) /2)

by Assumption 4. In addition, by Lemma 5, with probability at least 1 — 2 exp(—clog2 (p)),

1/2

we have ‘ Py ikzk‘ < Cn'/?10g?(p)/2, which implies

n
p V2R S G| < Cp 2 2 2 10g2 ) 2
k=1
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In sum, using the facts that max(exp(—cp), exp(—clog?(p))) = o(p~ 1), we conclude that
with probability at least 1 — p~1as p — 00, Ay, holds. Hence we have

2 . 2
lim S1n = B E(E(bovilql/Qbo,iG[Ml,Mﬂ|gi)) 1A"+nlggo]E(]E(b()’ilql/%o,ié[Ml,Mﬂ|gi>) Lag

n—oo

2 : —1 772 c 2 : -1 1372 _ 4.2
< 4de +nli>rgoq M=P(A},) < 4e +nlglgop q T M* = 4e.

The conclusion then follows from the arbitrariness of e. O

Lemma 14. The objective function in Eq. (1.27) is convex with respect to o and jointly

concave with respect to (9,7). Additionally, as long as Eq. (1.29) holds, we have Eq. (1.26).

Proof. By Lemma 15, it suffices to prove Eq. (1.26) holds for w8, which equals

2 _
arg min — H 1/221/ Zw — 1€H —|—c%/\H221/2 *3/260” —||£H2 cg,

wesy N

(1.48)

and SI}, = {w‘ch_laxaﬂ — Ko < epllw]] < ch_laxaﬂ + Ky} for some sufficiently large
K. With slight abuse of notation, we refer to the optimal solution w instead of using B,

Note that for any vector z, ||z||> = maxy v/nu' 2 —nl|u||?/4, where its argmax is 2z //n,
and similarly ||z]|? = max, v " z—]||v||?/4. Applying these equalities to ||7'1/22%/22w—7'_1€“2

and ||22_1/2w +773/2y||2, setting @ = Zi/Qu, and 0 = 22_1/21), we can rewrite (1.48) as

cn!/? et ! To1/2 el g2 1/2
min max— a' Zw— n—~T2 1 —i—c%)\f)Tw +C%/\773/21~)T22 Bo
west w0 /N N4 4

2y (19L/2~12 -2
co A2 0
_ @Al 2 I° e 2o (1.49)

To simplify notation and without ambiguity, we continue using u and v in place of u and .

For a given w, the argmax of Eq. (1.49), denoted by 4, is equal to \%(Tl/zZlZ’w —
*121/2 ). Given the definition of S;}, and Assumptions 1 and 2, we have ||w]|| < 77103305 +
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VK, |21]| < C1, |Ze]| € Ce. Furthermore, w.p.a. 1, ||z|| < v/2n by the law of large
numbers, which implies ||| < /2C:n. Together with Lemma 6 and that 7¢, — 0 by

Assumption 4, we have the following upper bound for ||a|| as n is large enough: |u| <

o 2|7 1ny%e)) < 477 VOICE. Let S} = {ul|jul] < 477}/CICE}. Based

on the above result, w.a.p.1, the following optimization problem is equivalent to (1.49):

151 Zw]] +

1/2 -1 B el L/2,2
min max T u! Zw — T __ uTZl 1/25 — —n” 1 | + C%)\’UTw + c,%)\T_?’/%TZ%/Qﬁo
wesn uest  \/n NLD 4
24 154/2, 112 -2
o A2 v
Il S T ) (1.50)

4

Next, we need introduce an auxiliary problem for the purpose of applying CGMT:

(g, h) = max min max Rp(w,v,u), where
’ 0<§<4r—1,/C1Cz weESY ||ul|=0 T
v

1/2 1/2 w12, 12
CnT CnT cnT —1/2 c U
Ro,0.0) =27l T = 2T 5h o0 = T /2, cnllZy Tl L I” sy
2\ nl/2,2 —2
+ 0 w+ 0721/\7_3/21)TZ%/250 _ e 42 o _ ent lell? - co,
n

and g € R"™ and h € RP are standard Gaussian vectors, independent of the other random
variables. Similarly, let S, := {w]lenflwl — ch_laxoﬂ — aj| < €}, define qﬁgﬁ(g, h) as the
optimal value of an analogous optimization problem to (1.51), with w restricted to SJ, N S;i

Lemma 16 characterizes the limiting behavior of the optimal solution to (1.50), w, and
in turn, proves the desired (1.26), under conditions pertaining to the optimization problem
(1.51). Therefore, we only need show that conditions outlined in Lemma 16 hold as long as
(1.29) holds. That is, under (1.29), we need to prove the existence of the constants ¢ < ¢ e

such that for all n > 0, w.p.a.1 in the limit of n — 0o, ¢(g, h) < ¢+n and $sc(g,h) > gz_SSC —n.
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Let @ = u/d, maximizing part of R (w,v,u) over u simplifies to the following problem:

_ —-1/2
cnr/2 T ent b “1/2 ol / u|?
——||w|lg " u— u ¥ e —

lu=0 v/n Vn
= max @(Tl/QHng - 7'71271/25)32 — ﬂﬂj—ﬁflﬂ.
=1 v/ ! 4 -

The latter is a quadratic programming problem, which has been studied in Gander et al.

[1989]. The optimal value associated with this problem is given by:

52 - -
E (e Pag - e T < (o, )TN (7 Pag - e

(1.52)

where « := ||w]|| and pn (e, d) is the solution to

1 —1w—1/2 _ — —1w—1/2 52
E(Tl/2ag -7 121 / s)T(El 1_ pin (v, 0)I) 2(71/2049 -7 121 / €) — Ve 0, (1.53)

under the condition El_l — pin (v, 0)I is positive semidefinite. With this, Eq. (1.51) equals:

52 _
max min — C—n(71/2ag - 7'_121 1/25)T(El_1 — pin(a, §)I) 7
n

0<§<4r—1,/C1Cz weSy
v

1/2
1/2 —1y—1/2 CnT T 2y, T
X — by £) — —=0h w+cpA
(7 %ag — 177X ) NG w+cp v w
1/2 _
AP er?

+ A2 Tl 28, le|2 = ¢

4
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Solving the inside minimization problem with respect to w/a while fixing « leads to

. cn(52
max min —
0§6§47_11/C'105 \cna—ch_lameSKa 4
v

pn (0, 0) + %(Tmag — g T

(57 = o, D) 2ag — 77157 2e) — callento — 07271260 (1.54)

EASY 202 cpr?

; lell® - 3.

+EAr32 5l 2,

By Lemma 17, the objective function of the above optimization is convex in « and jointly
concave in (6,v). As a result, we can switch the order of min and max by Corollary 3.3 in
Sion [1958]. Also, note that for any vector z, ||z]| = min,~g %,YHxH2 + 3. Applying this

equation to |lcp v — n~Y271/28h) |, Eq. (1.54) becomes

62 _
min max max " fin(c, 6) + C—n(Tl/Qag - 7_121 1/2€)T
Cn\a—7*10m05|§Ka >0 v n
0<s<ar—l,/C1Cz
2

X (21—1 — pin(a, 6)11)—1(71/2@9 — 7—121—1/26) B % _ cgi len Ao — n_1/271/25h||2

2 1/2 112 )

co A ||25" v

4

Note that the objective function above is jointly concave in (d,7,v). To see why this is
true, it is sufficient to prove that —O‘Tjﬂcn)\v — n~Y271/25p|2 is jointly concave in (8,7, v),
which follows by Lemma 13 in Thrampoulidis et al. [2018]. Consequently, after solving the
first maximization problem over v, the resulting function remains jointly concave in (d, ).
Maximizing over v is again a standard quadratic programming problem, which leads to Eq.
(1.27). Thus, we conclude that (1.27) is convex with respect to a and jointly concave with
respect to (9,7).

For any compact set A, define ¢ 4(g, h) := ming,c 4 max ;>0 Qn(a2,03,71). Based on
53€K63
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the above argument and condition (i) in (1.29), we can deduce

P . ~
Jh) = o Jh) — min max Q) (a9, 03,71),
0(9,h) = Ok, k4] (9 1) D }1;2@( 2,03,71)
3

QSSTCZ (ga h) = min{gb[—Ka’a;—d (gv h)v ¢[a§+e’Ka} (ga h)}
N min max Q(az, 03,71 ).
az€[—Ko,as—€e]U[ag+e,Ko] 71>0
(53€R
Together with condition (ii), the conditions in Lemma 16 are satisfied by letting ¢ =

min max Q(ag,03,71) and ¢g. = min max Q(azg, 03,71)- [
ag€[—Ka,Kqa) 11>0 n ag€[-Kq,ab—€U[as+€,Kq] 7120
53€R 2 2 I3€R

We now introduce two lemmas whose proofs follow the same reasoning as those of Lemma

5 and Lemma 7 in Thrampoulidis et al. [2018], and are therefore omitted here.

Lemma 15. Under the conditions of Theorem 2, define S}, = {w}ch_lamaﬁ — Ko <

1

enllwl| < ent™rogog + Ko} for some Ko such that |a5] < Ko. If the solution WP to

c 2 _ 2 ey
arg min — “7’1/221/2Zw—7'715H +C%)\H22 1/2w+7'73/250H - n—H5H2 —Cﬁ
wesn N n

satisfies cp | wP| — chflaxaﬁ — aj, then the same holds true for w of Eq. (1.25).

Lemma 16. Let w denote an optimal solution of Eq. (1.50). Regarding ¢(g,h) and
qbs.c (g, h), as introduced and discussed in relation to Eq. (1.51), suppose there are constants
¢ and &56 with ¢ < égc, such that for all p > 0, the following hold w.a.p.1 as n — oco: (a)

#(g,h) < d+n, (b) ¢sc(g.h) > Q_SSC — 1. Under these conditions, we have 0 € Sy, w.p.a.1.

Lemma 17. The objective function of Eq. (1.54) is convex in o and jointly concave in (6, v).

Proof. First, we prove the objective function is convex in a = ||w|. Revisiting the term
- =1/2, 12
1/2 1 f > ,
fla,u) = C”&ﬁ/ ag ' u — %uTZl 12, _ M in Eq. (1.51), we observe that

it is convex in «. After maximizing over the direction of w, the term remains convex

73



in a since max|,—s f(0a1 + (1 — O)ag,u) < max),|—s{0f(a1,u) + (1 = 0)f(ag,u)} <
0 max s f(o1,u) + (1 — 0) max,—5 f (a2, u), for 6 € (0,1). Note that from Eq. (1.52),
x| =5 (1) = — D i (0, 6)+ (7 2ag— 15T 2e) T (ST - (0, 6)1) L (7 20g -
7'_121_1/25), which yield the first two terms in Eq. (1.54). Meanwhile, the term —||cy v —
n—1/271/ 2(5h|]0¢ is also convex in a. Consequently, we deduce that the objective function of
Eq. (1.54) is convex in a.

Next, we demonstrate that this function is jointly concave in (§,v). It is easy to ver-
ify that —|lcphv — n=Y/27Y/25h||a is jointly concave in (6,v), since a > 0. Moreover,
/\7_3/2UTZ%/260 - )\||Z§/21;||2/4 is concave in v. Therefore, it suffices to prove
—%,un(a, J) + %(7‘1/2049 - 7'_121_1/26)T(21_1 — pn(a, 5)]1)_1(71/2@9 - 7'_121_1/25)

(1.55)

is concave in 0. Let the eigenvalues and normalized eigenvectors of 31 be {(A;,v;)}I" ;, and

let w; = (71209 — T_lZfl/Qg)Tvi, for i = 1,2,...,n. Then (1.55) equals —%Q—Mn((x,5) +

1 n

el mwg. The first order derivative of this equation with respect to ¢ is

5 52 Aspin (v, 0) 1 )
= (0, 0) = Ospn (e 0) + = ; T e dE Y = — (e, 9), (1.56)

where the last equation follows from the definition of the function py(a, d):

n

1 1 g 02
" 2 i el P T o0

Further, the second-order derivative with respect to d can be calculated as: —%un(a, 9) —

%85un(a, 9). By the chain rule of differentiation, Jgpun (v, d) is the reciprocal of duyd. The

74



latter can be calculated directly using the definition of p, via Eq. (1.57):

n n

~1/2
(i b A U S
a,un N (nzzzl (1//\1'—/171)21%) nz (I/Ai_ﬂn)?’w '

SN

1=1

With this, we can write the second-order derivative as follows:

1 b 11 Zz 171 )\ @/ Ni—pm)2 Vi
~#n(,8) = S05pn(at,8) = — (st

Since 21_1 — upl is positive semidefinite, the right-hand-side is no larger than zero, which

concludes the proof. O
Lemma 18. For Qp = Qn(ag,03,71) in Eq. (1.28), Eq. (1.29) holds.

Proof. The notation below is defined in the proof of Theorem 2. Let dg = 05 +c, 1/ 253. First,
we demonstrate that c, 7 pp(a, §) — cnji(0z0p, 67, 02) Py 0. Let flz) = %( ag —
7_12;1/25)T(21_1 — 2l)2(7}20ag — 7_12;1/28>. Recall that gy, (o, 0) is the solution to
f(x) = 0%/4. Note that f(x) exhibits a monotonic increase in z when z < 1/C4. Therefore,
it suffices to show that, given any arbitrarily small ¢ > 0, w.p.a.1, the following inequalities

hold: cp7f(T1(0208,07,02) + Tcgle) — cn(527/4 > c4 > 0 and cp7f(Tp(0g04,07,02) —

Tcgle) — p0%7/4 < ¢ < 0, for some constants ¢4 and c_.
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By Lemmas 2 and 3, we can deduce the following equations:

-1 _9
LsTEl_lﬂ (Zl_l — Ti(oz0p, 07, 09)1 — TCEle]I> 21_1/25
n

_OT oy [22/221‘1/2 (21—1 — rp(op0g, 0F, 0)T — TCT_LIE]I> 21‘1/222/2}
n

= Op(ch_ln_1/2),

Cn7_2 2 T 1 . . _9
—n a g (El - TM(UxCTﬁ, 51,52)]1 —TCp, 6]1) g
2.2 ,
_ CnO;LT Tr {(21_1 — TM(Ux0575T,52)]1 _ TCT—le[) } _ OP(Cnn_l/Q)7

1/2 2
enTH o q
n ey /2

1 9= OP(CnT_1/2”_1/2)-

- (El_l — 7p(00g, 07, 02)1 — Tc,glel[)

Therefore, using the definition of f(-) we can deduce that:

enTf(Ti(oz03,07,02) + Tcgle)

1 - 2
Tr {22/221 1/2 (zl—l — (0303, 57, 62) — Tcgle]l) N 1/222/2]

CnT

n

2.2 -2
— CHO; T [(211 — (020,07, 02)1 — Tcgld[) } = Op(ch_ln_l/z) = op(1).

(1.58)

Note that for sufficiently small x such that z||¥X] < 1,

1 9
T Ty [2§/22;1/2 (21—1 - a;]l) w2 2l (14 90yy) zi/zzi/ﬂ
n

-1
S [22/221/2 (1—2ny) 28202 _ 12912 (14 90my) 21/222/2]
n

<O (L= 2%1) 7 = (T4 228 || S 771,
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where we apply Lemma 4 in the last inequality. As a consequence, we have:

-1 _9
. {22/221_1/2 (El_l — 7p(00g, 07, 02)1 — Tc,;le]l> 21_1/22;/2}
n

1 _ _
- Tr [E;/Qﬁl 1/2 <7712% +2 (,u(axaﬁ, 81,02) + cgle) Ei’) ¥ 1/222/2} + O(7)

=17 10201 + 2(u(os05, 07, 02) + ¢, "e)o203 + O(T) + o(c, 1), (1.59)

where the last equation follows by Assumption 5. By the same argument, it follows that:

a27_2

)
. Tr [(El_l — 1p(0203, 07, 02)1 — TC,;:[EH) } = 05%0%94 +O(1) + ol V).

Applying the above estimates to the left-hand-side of (1.58), we can deduce that:

_ cnd%T
Can(TM(UxUﬂa(ST?(b) +Tcn1 ) — n4
_ - —1,,.2 2 2 cn 002
=2cn((020g,01,02) + ;" €)oz03 + cnoyo30s — + op(1).

By the definition of j(oz0g,07,02), the right-hand side of the above equation is positive

w.p.a.1l. The proof of the other inequality is similar. Hence, we have proved
_ P
ent Tpin(a, ) — cni(0203,07,02) — 0. (1.60)

Next, to analyze @, we first investigate the limiting behavior of:

—%Mn(%a) + % (Tl/Qag _ 7_1211/26)—'— (Zl_l B Mn<@,5)ﬂ>_1 (7’1/2049 _ 7_—12171/2(%_) .
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By (1.60), we have ||y (o, 6)31|| = Op(7). Applying Lemma 4 again, we deduce:

-2
1 (S0t = e, 6)1) = 52— 200, 6)55 - 33 (0,021 <p 7

| <2f1 — pn(a, (5)]1) — Y1 — pp(a, 5)2% - /%21(047 5)2% Sp 73

Furthermore, by the fact that ||71/2ag — 7'_121_1/25H — Op(nt—1) and Eq. (1.53), we have

52 1/2 ~1/2
(@, 8) = ~ (7 2ag — 52 T (0, 0)53 + 203, )5 (g — 71y %)
+Op(7’).
With a similar approach, we have
1 1/2 —12*1/2 T 2—1 (S]I -1 1/2 1271/2
E(T ag—T 1 5) < 1 tn(a, )) (7‘ ag 1 5)
1w—1/2
> /5>

1 _ T
= = (FPag =712 ) (S04 (e, 0)5F + e, 0)5]) (7H2ag

+ Op(7).

As a consequence, based on Lemmas 2 and 3, as well as the definition of ag and the fact

that c,7 L pn(a, 8) — cnfi(020p, 07, 02) N 0, we have:
112 \ T (=1 L1 1y—1/2
X 5) (El — pin(a, 5)]I> (7’ ag N 5)

- 7_121_1/25> + Op(cepnT)

2
Cnf ,un(Oé 5)+_< 1/2

w172\ T
= % (1 2ag — 7 1uy Y e) (51 - (e, 0)%3) (Tl/Qag

-2
ell? + op(1). (1.61)

=cnT 10%0% — cnagﬁg,u (0203, 67, 02) + 20,0500 —|—
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Finally, we examine the remainder term that contributes to Qn:

T _
242 2¢.1/2 212 1 2¢.1/2
A <T—3/22§/ 25+ SO0 h) (522 o2 H) (T‘g/ 2,/ o + &h>

4 vy 4 2y vy

cn7a252 ||h||2
2yn '

Using Lemmas 2-3, 101/27'_171_1(1_1/2 = o(1) by Assumption 4, and the assumptions on s,

this term converges in probability to:

242 _—2 2 1
AT "0 1/2 (A cna® A2 1/2
— = Tr |2 - I by
4p N (4 2T 2y ) 2
A20462 /) 2y2 \ 1 252
FerTe |20 (—22+C”O‘ H) 0y
dnyy 4 2y 2yn
_aam 1 i ey 1 (6))%0fen  cnofdide (67) 7107
=——T ——502— -7 — + 55 09 + o (1),
2 405/\ 0z0g 4\ 2A 8\ g

where we apply Lemma 4 and the same argument in proving Eq. (1.59). Combining this

estimate with (1.61) we conclude that

_ 529 2 (5*)2 02
3U1 N Y162 1) 7102
=——=— 42 — B — 0 1).
n 105 + 2050802 4U%>\ 2 0205 + 8)20% 2 +op(1)

We now proceed to establish Claims (i) to (ii) in Eq. (1.29). Fix ap € A and v > 0,

and observe that limg, 4. Q(a9,03,71) — —oo. By the concave version of Lemma 9,
~ P ~ . S

we conclude that MaXg, e Ky, Qn(az,03,71) — maxg,ecr Q(a2,0d3,71). Since Qp is jointly

concave in (d3, 71 ), after maximizing with respect to d3, the function should remain concave in

- 2
71. Moreover, consider the following equation: maxs,cg Q(a2,d3,71) = 2070500 — ZJTIAQQ —
B
2

)20 . ~
g;g?} + ( 5151\22—1[% £05. As a result, limy, o0 maxs,er Q(a2,03,71) — —oo. By Lemma 8, we

~ P ~ . ~ .
conclude that max ;>0 @Qn(a2,03,71) — max.;>0 Q(ag,d3,71). Since Qn(ag,ds,v1) is
53€K6 03€R

convex in asg, it should retain its convexity in ao after being maximized with respect to d9
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and ~y;. Since the above equation holds for any ag € A, by Lemma 7, we conclude that
Claim (i) holds.

The first-order condition implies a unique solution: a3 := arg min,, max-;>o Q(ag, 03,71),
(53€R

2
which is given by foc3 (% — %) . Thus, Claim (ii) holds true, concluding the proof. [

Lemma 19. Under the conditions of Theorem 3, there exists a constant ¢ > 0 that depends
solely on fized constants, such that w.p.a.1, inequality (1.32) holds. In addition, as n — oo,
for any given fived A > 0, Eq. (1.33) holds.

Proof. Under the condition that A\, > €, using (1.30) and (1.31), we have, w.p.a.l,

2

N 1/1 B
183,117 = ﬁ(ﬁXJ—mX(i)“"A”H) AU

IX—ayy—all® 205021 + /)2
< < ;
202 7.2

cae
185, = B3, 1P

1 /1 Al -1

n

(A —A)? o _ 20902(1 + /en)* (A1 — A9)?
< 2 2)\2)\2 [P 71)” < 0%64 . (1.62)

With the inequalities above and triangle inequalities, we obtain, w.a.p.1,

K
g g 1 o Ai
RV () = RV ) = 13 (Il — X84, 17 = vy = X5, %)

=1

2 K .. ..
—Z @By, = B30 | vl

n

N 205 20-(1 + /)

Cne€

Xl | <ClAL = Ao, (1.63)

where C' is some fixed constant.

2 (14+/n)? :
Let us fix a constant ¢ such that the mequahty 2 402 o > 100 remains true as

n,p — co. This is possible because (1 + /¢n)?/cp is bounded as n, p — co. In addition, let
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Si={\ = e+p2(j—1):1<j<14+[p’(ér— ! —e)]}. Given 77! = o(p), the cardinality of
the set satisfies |S| < p'0. By definition, for any A € [e, &7 1], there exists a Ajx € S such that
IA=Xj+| <p~% By Eq. (1.63), we have |[RE=CV(\) = RE-CV(\)] < CIA = Aj+| < Cp~?
Therefore, if we show that

: AK— 1 1/2 5 12 1.2
£ LREZEVO) — =~ el — 112, 1.64
it {RICCV ) = S1ell = 1) 1R > o (164

holds w.p.a.1, we have

R —1.2
inf {RK Vx) - || I? - HEl/ZBoHZ} Sap i —Cp > T (165)
A€le,eT71] 2

which implies Eq. (1.32). By the definition of RE=CV it is casy to verify that we need
prove:

: -1 1/2 2 1 1/2 1/2 5 12 1.2
it {n K120 253, = )P 2 e 2y 2y B, o) = 123} > e

holds w.p.a.1 for allz =1, ..., K. By the independence of Z(i) and BA&, the first term on the
j

left-hand-side is distributed as: n LK Z; 21/2(5A B2 L n—Liy2 (K—1n) 542 (81 —

Bo) H2, where x (K - n) denotes a Chi-squared random variable with K ~1n degrees of free—

dom. Consequently, we can deduce that:

P (|0 26533, - 1?13, - s0lP| = By 3, - oi?)
_P (‘n‘lKXQ (K—1n> - 1] > 103%0)) < 2exp(—¢; log?(p)),

where the last step uses Lemma 5, and ¢ is a fixed positive constant. Analogously, we have:

log(p)
NG

81

p(} TKe 2055 (B, — )| 2 ||El/2(5A—50)”)§2eXp(—5210g2(p)),



with ¢9 being another fixed positive constant. For simplicity, we consolidate the constants
¢1 and ¢ into a unified constant denoted as ¢1. By the union bound inequality, we have that

with probability exceeding 1 — 4p'0 exp(—é; log?(p)), the following relation holds:

Anrgs{n—lffnz 552 (3], — Bo)ll? — 207 Ke )2y 3y (B}, —Bo)—||21/2ﬁo\|2}

. log(p) 1/2 o log(p) 1/2,5 sl/25 12
>Af{( f)uzw - so)l? - “EL 6, - ol - 1z 5H}-

Assume for now that HZI/Q(B)\ Bo)ll? — ||§]1/2ﬁ0||2 > 50np~ 172 holds. In this sce-

nario, <1 lo\gf ) \121/2( )\ Bo)l|2 - log HEl/Q( — Bo)|| is monotonically increasing in
||El/2( — Bo)|| since log(p)/+/n = o(T ) hence it achleves its minimum when HEl/Q(ﬁ)\
Bo)lI> — HEI/ZBOHQ = 50np~ 172, As a result, it can be shown that (1 log(p) ) ||21/2(
Bo)ll? — log HEl/Q( )\ — Bo)|l — ||El/250|]2 > np~ 172, Therefore, we only need to prove

1/2

inijes{HEQ “( B3, = Bo)lI” = 1155 Boll*} = 50np~'72 holds w.p.a.1.

We now establish a uniform lower bound for HE%/ 2(33\ —Bo)|I? = |IZ
j
1/2 %

1/2ﬁ0|]2, which can

be written as: ||%, fBA 12 — 28, Egﬁg\, By direct calculation, we have for each i,
J

Hzl/Qﬂ)\ HQ > 62“5>\ H2 _ CQH_ (_X(TZ)X(_Z) + Cn)\j]l> X(—Z)y(—l)
(69) 1 T B 2
> ) EX(—z')X(—i) + enAjl HX(—Z')y(—i)
-2
> % ( 5(1 + v/en)? + e ) 1 gy I

Further, by Lemmas 2 and 3, we have
IXEapall® = o2 T X X i) 7 o TNy X X iy X))+ op (™ 72),

By the fact that Ayin(A) Tr(B) < Tr(AB) < Amax(A) Tr(B) when A, B are positive semidef-

inite, we have co Tr(Z(_i)Z(T_Z.)) < Tr(X(_i)X(T_Z.)) < (9 Tr(Z(_i)Z(T_i)), which, along with
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()" T (22 ) Py (K —1)/K and Eq. (1.30), imply that

p T X o XLy X ) < 0T TIX L X ol (XL X)) Sp Tn = op (np).
Therefore, w.p.a.1, we obtain

1)) O'g n

2K

< 1x oy ll? < 2Ca0%pm. (1.66)

Consequently, uniformly over A; € S, we deduce:

||21/QBZ = (02(1+\/_) +an) : (1.67)

On the other hand, we have

n s 1
T )

< =
1By ZzﬁAj| <=

] 1
/B(—)I—ZQ (EX(T_”X(_%) + Cn/\j]l) X(T_Z)X(_Z)ﬂo

=: L1+ Lo. (1.68)

n’(

1 -1
62—_Z~)X(_i) (—X—r_l)X(_Z) + Cn/\j]l) DIV

To bound Ly, note that Tr(AB) < ||AB|| rank(AB) < ||A|| || B|| rank(B), which implies

1 1 -1
T <E2 <5X<T—i>X<—z'> + CWH) X<T—z'>X(—i>>
1 -1 1 7’L02 1 + Cn 2
< |15 H(—X(T_ Z.)X(_Z-)+cmj11) EX(T_ X (i) rank(X(T_ nX(—i)) < G j(@)\z/: )anj’

where the last inequality uses A ((A+I)71A) = (A1 (4)+1)" A1 (A) and n*1||X(—|;Z.)X(7Z-) | <

Co(1+ @)2 In addition, by Lemma 5 and the fact that the sub-exponential norm of b ;
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is of order O(q_l/Q), we have, with probability exceeding 1 — 2p9 exp(—é; log?(p)),

sup
/\jGS

< g 'p L2 10g(p).

-1 -1
pT Lo , T
Combining the above two inequalities, we have

(1+ /cn)?

-1 —-1_ 1/2
(1+ﬁ)2+anj+q D Tn/log(p), VA €S,

Ly <np 703
To bound L9 in (1.68), by definition, we have

o _ 1 _
Ly = [n~1p 127172 1/2Z(T_Z.)X(_Z-)(EX(T_Z.>X(_Z-) +en D) T 2o (y/abo) .
Using the facts that )\min(n_lX(T_Z.)X(_i) +enAjl) > en)j 2> ene, [[Allp < y/rank(A) [|A],
and Eq. (1.30), we have

1 .
X0 XX iy + engD) T Sa| < Gyt M Xyl S mp 2,

171 -1 2 2 —1 3, -1
HX(—Z')(EX(%)X(—@') + cn)\j]l) ZQHF < rank(X(_Z-))n p - Sn’p .
Therefore, by Lemma 5 and the fact that ,/gbp; has bounded sub-exponential norm, it
holds that, for some constant ¢q, P <L2 > q*1/2n1/27'1/2p*1 log(p)> < 2exp(—¢ log?(p)).
As a consequence, with probability at least 1 —2p'0 exp(—¢é; log2 (p)), we have sup A€ Ly <

q_l/znl/QTl/Qp_l log(p). Therefore, taking bounds for L; and Lo together, we have, w.p.a.1,

Al -1 2 (1 vcn)Q
B 296y .| < 2np~ "1C. ) 1.69

for each A; € S. In the last inequality, we use piqulrnl/Q log(p), q*1/2nl/27'1/2p*1 log(p) =
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o(np~172) by the assumptions of Theorem 3. With (1.67) and (1.69), we have

1/2 1/2 1/2 5 i
1252 (55, — Bl = 125 01 = 1235 112 — 26 £2,
c302p (14 /en)?
>_2°¢ 1+ /e N;) = dnp O3 " .
— 2nkK ( 2(1+ ) en ) e 202(1-0—\/671)2-1-0”)\3'

This inequality holds w.p.a. 1 as n,p — oo uniformly for all A; € S. Given our initial choice
for ¢, it is easy to check that the right-hand side exceeds 50np~ 172, which implies Eq. (1.32).

To prove Eq. (1.33), note that
1 i 21 2 _ 1 »1/2 2, 2 512
vy = X Fn\ 7 = ~lle@ P =~ 1122 (BL_1\ — Bo)lI” + 55 (Bl_1y, — Bo)-
By the facts Z; L 6 — Bp and n_1X2(K_1n) K14 Op(n_l/Q), we have

1 1 ;
11225 (BL1y = BOIP £ (K )25 (B, = Bo)IP

=—HEU2(ﬁi_1A — Bo)|I> + Op ( fnz”?(ﬁi_u - 50)”2) .

Additionally, by Theorem 2, we deduce:

2
1/2, 5 1/2 2(K-1) _ o2 O _
123231y~ A~ 1552601 = 2E 17205 (ﬁ—yﬁ> +op(rnp ).

Hence, using the fact that ||E%/ 2,80H2 =p 7, we derive the following equation:

’AK —1) 2 g2 -
—ZHZ Y28, o) - £V 282 = 2B 112,58 (0_5__6)“%% 1y,
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Given that £(4) 1 Z( ) 1/2(5 o1y — fp) and n_3/27'_3/2p — 0 by Assumption 4, we have
2 .
2 0 Z0my 2By~ 60) £ 21552 (By — By = Op(n™272) = op(r2np ),

where x is a standard Gaussian vector independent of £(7)- This concludes the proof. O

Lemma 20. There exists a constant Cy such that, w.p.a.1, uniformly for pi, o € [0, 6*1]

)

pn_ T EK_CV(

p) — p2)| < Cylpuy — pg| + op (pn_17_2> :

Proof. By the Woodbury identity, we deduce that

-1
1 1 - _
(EX(T_Z.)X(_Z-)—I—CnT 1[L 1]1) —can,u]I

T o Cn TH 7
=TT D (H * TX(—i)X(i)) Xy

Hence, we arrive at:

37.,—1 LT L) 1 TR
- — -1, — - n
121ng cnT log (p)H (EX(i)X(—i)"i_C”T i ]I) -, TMH"‘TX(,Z-)X(_Z')
nel0.z 1)
= swp ol gl )HEXT.[ 1y Tl X _1—]1})( ‘
1§i§pK n # & WA= n (=i)**(—1) (—i)
nel0,6—1]
2 T 2 P
< sup 3¢ 2log L p) XXy —0 (1.70)
1<i<K n
nef0,6—1]

The last inequality is a consequence of Eq. (1.30) and the fact that

l

-1 -1
<]I+ ‘n TMX(_Z-)X(T_i)> _1

<]I_|_C7;1JX_
n

n

e
|
N

N

1
—1 T
= n T“Hzx<i>x<—i>

86



On the other hand, by direct calculation we have that RE=CV (1) — RE-CV (

(o) equals:
S 2

2 2 T At At
3= (a0, = 0 F ) = 2 sy = B

=y Wi, p) — Waipa, pa).-
i=1

We next investigate Wy, (1, po) and Wo; (1, uo) separately. For Wy; (i1, pa), we have

ot ot
Whi(p1, p2) < HX ‘1u1 1= B X @ Bl
ot ot
_||X _1,!61” H (i)(ﬁT_lufl - 5T_1M§1) ‘ .

.. 2.2 2
Define 5;_1 = % [Cngul]I — WXT_Z X4

1
- X YA B YA _
u1es[g})6*1] Vi[O gt (wal“l '
= Op(r3log(p)) = op(cn /?7), (1.71)

where we use Eq. (1.70), Eq. (1.30), and Eq. (1.66). Additionally, it is easy to verify that

1 |1 i
ules[l(;,péfl} Vn||n (4) it
1 1 1 c,;QTQ,u% T ] T
= sup — ||=X(p | o Tl - ———X X2y | XLinYi—i
eloa-1 Vi | n <>[ ! n )TN A=Y
CanC Cn27'26 T
<2 XX Cown % oy XX Lo

For the first term, by Eq. (1.66), it equals

d ¢y TC cn Lre muglm i
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w.p.a.1 for some constant C; that only depends on fixed constants. The second term can be

bounded in the same way. Therefore, we have

2 —-1/2
sup || X Byl < Cren V20 4 op(en?7). (1.72)
p1€l0,6-1] \/_
Analogously, we can prove that ||X ( 1T Bi_l DI < Crlp — /L2|C;1/2T +
f Hq T THo

op(cn 1/2 7) holds uniformly for py, uo € [0,¢~ ], where (] is a fixed constant that may vary

from line to line. In light of this, we deduce that: supj<;<x Wi;(p1, pu2) < C’1 1 2|/UL1
pa| + op(c;t7?) holds w.p.a.1 uniformly for pq, us € [0, 1.

To bound Wy;(pur, p12), we first define Wo;(pu, p2) = 2yl Xy (B, =, ;). By

() Ty T g
Eq. (1.71), it holds that
sup Wi, p2) — W2Z(M17u2)|<—||y WXy By 2 =By )l
Ml,u2€[05_1] ! M1
—IIy MIXy By > =By 1)l = Op(7log(p)) = op(c, '72).
iy T g

Moreover, employing a similar argument to that used in proving Eq. (1.72), we have

sup  [Wo;(p, po)|

p1,12€[0,671]
27y 1|1 e T (11 — 13) ] o
= sup =YX~ |en T — p2)l— szX—z' N
p1,p0€l0,671] | T (®) ()”[ n (—1) )| (=i)Y (=)

T

1 272
‘ — pao| =g \me(i)X(—i)X(—i)X(—oy(—i) '

S lpt = ,UQ‘CZ—QT v XX iy

For the first term, by Lemmas 2 and 3, it is easy to verify that

0517’ T <0517

T eyt
T Y0 X ()X (—iY(—i)

n T | T T
to ‘€<i>X<i>X<fi>X(—z'>ﬁ0\

n2

n2
cn 1

+CT717‘,6TXTX-XT .
2 |P0 AR (=i (=) T

‘50TX X )X(T_Z-)X(_i)ﬁo) < Cie ',
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for some constant C] w.p.a.l. The second term can be shown analogously. As a result, we
have supy <;< i Woi (i1, p12) < Crep ' 72|p1 — pa| + op (¢, '7%) w.p.a.1, uniformly for yiq, g €

0, 6*1]. Combining the bounds for Wy; (1, o) and Wo; (i1, pa) concludes the proof. [

Lemma 21. A; to Ag defined in (1.34) converge to zero w.p.a. 1.

Proof. For Ay, by using the same argument as Eq. (1.62) and noting that )\%pt = 71

AE=CV —p 71 and 7'()\%7375 — ME=CVYy — 5p(1), we have

_ ~ ~ ~ _ —1/2 t CK— —1/2
A1] < ent 2 Bew — Boptllll Bewll <p en2 - en V2P = AE=CV (72 o120 — o (1),

L _ _ By — L[~y =11 @A 5T T

Similarly, Ao = op(1). To prove A3 = op(1), define B(\n) = 7 |c, " Ay XX Xy
and write /3 (;\nK _CV) as By and S (AP t) as Bopt for simplicity. By using a similar result as
Eq. (1.70) as well as the fact n = Y| X Ty| < n= 11X |ly|| <p 071/2 according to Lemma 6, we

have

Cn7_2|(60pt - 5opt)TE260| 5 CnT_QHBOpt - Bopt” HBOH

ol 1T opt\ ! Lopt—1r . 2O ¢ I
N (EX X + e P ]I) -, (/\np)_]l—i-”TX X HEX y‘HﬁOH

:0p(cn7_2 . 05173 log(p) - c}/g . 71/2) = OP(C}/273/2 log(p)) = op(1),

where the last equation holds by Assumption 4. Similarly, cnr_zl(Bcv — BCU)TZQ Bol = op(1).

Therefore, A3 = op(1) follows by ch*Q(Bopt — Bev) T8989 = op(1). Note that

CnT_Q(Bopt - BCU)TE250 = n_lT_Q((j‘nK_CV)_l - ()‘gbpt)_l)BOTE}XTy

_9 _1 _ 7 _ ty
—n 2 b 2 (B2 (P T a o X TX X Ty =: By + By,
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By Lemma 2 and Lemma 3, we have
1K _ t
By =op(r (M) = () Th) = op(1).

The same argument proves By = op(1), leading to A3 = op(1), which concludes the proof.

]

Lemma 22. The objecive function in (1.56) is convex with respect to o and jointly concave

with respect to (0,7). Additionally, as long as Eq. (1.38) holds, we have Eq. (1.35).

Proof. Define S]}, = {w‘ch_laxaﬁ + cafdog < cpflw|| < ch_lazaﬁ + Co/og}. Analogous

to the result proved by Lemma 15, if the solution &P to the following problem

7_1/2)\n ~1/2 cnT

. C - _ C _
min —n|]71/221/22w—7 16H2+ n 12y w7 3/260”1—

2 ¢
el = C
wesy n vn el "

(1.73)

satisfies ¢p |0 B — ch_laxcrﬁ € [ca/203+¢€,Ca /203 — €] w.a.p.1, then the same holds true
for w, which leads to the desired result, (1.35). In light of this, without ambiguity we now

B a5 1 for ease of notation.

directly focus on (1.73), and refer to w
Note that for any vector z, it holds that ||z||? = maxy vnu' = — nul/?/4, and ||z|; =
MaX||y <1 v 2. By applying these equations to \\71/221/22711 — 77 1¢||? and HZQ_l/Qw +

7'*3/2/80”1, and letting 4 := Ei/Qu, the problem (1.73) can be reformulated as:

1/2 -1 enll 27 02 ~2)
min max T ' Zw— ﬂﬂTEl 1/26— nllZy | T anﬂo
wespy vn vn 4 Vn
[v]lco<1
—1/2)\ _ —2
ent PAn T2, T e oo (17
Vvn n

For convenience, we shall continue to employ u in place of u throughout the remainder of
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the proof. Let Sj = {ul[|u < 47~1/C1CZ}. Similar to the proof of Lemma 14, w.a.p.1,

1/2 -1 enl|=7 Y 22 ~2)
min  max L uTZw—ﬂ > 1/2 — nll%y | —i—CnT ”vTﬁo
west uesy  \/n Vn 4 NG
Jelloo<1
~1/2 B -2
T ny T V2 — g2 — ¢ (1.75)
NLD n

is equivalent to Eq. (1.74). Next, we construct an auxiliary optimization problem:

Jh) = max min max Ry (w,v,u where
o, h) = 0<s<ar—1,/C1Cc weSY, ||ul|=4d n{ )
lvlloo<1
—1/2
CnTl/2 T CnTl/2 CnT _1/2 CTLHE]_ / UH2
Ra(w,v,0) = 27w TS
NZD Vn

\/ﬁ a 4
ch_l/Q)\anZ_l/Qw cn7_2 ”2_02

—2
CnT )\n T
e —— J— E
+ v PBo+ Jn 9 n I

NLD

(1.76)

and both g € R™ and h € RP are standard Gaussian vectors, independent of all other random

variables. Moreover, let S, := {w|ca/205 +e < cpllw| — cm"lamaﬁ < Cq/203 — €}, define
qbgﬁ (g, h) as the optimal value of the optimization problem (1.76), with w € S? N S¢.

Lemma 23 characterizes the limiting behavior of the optimal solution to (1.75), w, and

in turn, proves the desired (1.35), under conditions pertaining to the optimization problem

(1.76). Therefore, we only need show that conditions outlined in Lemma 23 hold as long as

(1.38) holds. That is, under (1.38), we need to prove the existence of the constants ¢ < ¢ e

such that for all n > 0, w.a.p.1, ¢(g,h) < ¢ + 1 and ¢<§5(97 h) > 92—555 o/

Following the same argument as in the proof of Lemma 14, after maximizing over the
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direction of u and minimizing over the direction of w, Eq. (1.76) becomes equivalent to:

62 _
max _ min — 0 (a,0) + (e 2ag — 712 ) TS - mla, 6D
0<6<4r—1,/C1C: a€Kqy n
[vlloo<1

x (11/20g — 7_121_1/25) —cp Hn_1/271/2(5h — n_1/27_1/2)\n22_1/2vH a

-2 -2
CnT ™ “A cnT
+ = By — Tl - O

vn

where K, = {oz|cnoz—cn7'_lax05 € [ca/403,Ca/opg]}. By Lemma 17, the objective function
of the above optimization problem is convex in v and jointly concave in (4, v). Consequently,
we can interchange the order of min and max by applying Corollary 3.3 in Sion [1958].
Applying ||z| = min,~ %y||x\|2 + 3 to Hn_1/27-1/25hT — n_1/2r_1/2/\an22_1/2H a, and
By completing the square for terms associated with v, we can rewrite this problem as (1.36).
As a consequence, we conclude that (1.36) is convex with respect to a and jointly concave
with respect to (6,7).

Finally, based on the above argument, we conclude that under (1.38), for all n > 0,
w.a.p.1, ¢(g,h) < ¢ +n and qﬁgﬁ(g, h) > gz_SSTCL — 1 by choosing ¢ = —%\5 and gggﬁ = —&E,

thereby verifying conditions outlined in Lemma 23. O
Next, we introduce a lemma that resembles Lemma 16.

Lemma 23. Let w denote an optimal solution of Eq. (1.75). Regarding ¢(g,h) and
Pge (g,h), as introduced and discussed in relation to Eq. (1.76), suppose there are constants
¢ and gz_ﬁgc with ¢ < gggc, such that for all m > 0, the following hold w.a.p.1 as n — oo: (a)

é(g,h) < o+, (b) ¢ e (g,h) > @56 — 1. Under these conditions, we have W € S, w.p.a.1.

Lemma 24. There exists some sufficiently small € > 0, such that for any n > 0, w.p.a.1,

the inequalities in (1.38) hold.
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Proof. By Eq. (1.61) in Lemma 18, we have the following result:

121_1/25>T (Zfl 3 un(&,5)]1>_1 <T1/2&g 121_1/25>

-2

cn(52
4

pnla,0) + =2 (71 2ag

=CnT 1‘79250% - Cn05‘93ﬂ (Jxag, 61752) + 20,0500 + H5”2 +op(1).

Additionally, by Lemmas 2-3 and pl/27—1n=1¢=1/2 = o(1) by Assumption 4, we deduce
1/25 P 71&2 In the sequel, we examine the
z0g"

-3
that —%gY + 21T~ 3303 + anf YTy, -

asymptotic behavior of the remaining term in Qn(ag, 93,71):

min
[v]eo<1

2
Cn& —1/2_—1/2 —1/2 1/2 1/2 73/2 1/2
{ = [ 2120 5h — =36 } (1.77)

By using HZQ_lH < 02_1, we see (1.77) is upper bounded by

cna’ min {H _1/2)\nv n~1/2 1/221/25h 3/22250” }
2702 |v]eo<1 a?
2
_tn® (‘ —-1/2 1/221/25h+ _3/2226 /27—1/2)%)
2y¢9 +

Similarly, with Api X, ' > 5, 1 (1.77) is lower bounded by 2”a H(\n_l/z 1/221/25h +

%773/22250| — nY271/2) ) H . Together with Lemma 25, we deduce that, w.p.a.l,
@ 2 2 20
(1.77) lies in l—GCA, jcch]

Recall that Qp, (o, d3,71) is defined in (1.37). We introduce Qn*** (a9, d3,71), defined

as:
nd? & 1w—1/2 _ _ _ 1/2
= O @, 0) + L Pag - 7' 2 TR il DT Pag - 771w e
2 2 -3
cny %293 YT 15 Ta1/2 2 _ ¢
- — = C by h' %, - - Cy,.
0'20'2 . Aupper . 2 C)\

Similarly, we define Q}g‘”ef with the term —%C \ in QpPP®" being replaced by — 71 &
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Consequently, Qlower < Qn < QpPPT Note also that Qlower(ag, d9,71) and Q%pper(ag, 03,71)
maintain their convexity in ag and joint concavity in (d3,71). By employing a similar line
of reasoning as presented in Lemma 18, alongside the definitions of ¢, and Cy, it becomes

evident that there exists a sufficiently small ¢ > 0 such that

min max —
ase[ Lo Ca] M>0 @n 8Co
4037037 63€K s,
. ~ C
and min max }fwer P, .
ase[ L, Lot eu[La ¢ Ca] M>0 100C9
40’6 20’5 20‘6 UB 536](53
These results immediately yield the desired inequalities. O

Lemma 25. For any ag,63 € R and v > 0, w.p.a.1, we have

2
%<CHT (‘ ~1/2 1/221/26h+ 3/22250‘ /27—1/2/\n> H <20y (178)
_l’_

Proof. We first establish the following;:

cnn_lr_2 {H (‘25/2@

RON B 1t

—/\n>+H2} Lo (1.79)

Let h := 21/2 ~ N(0,%9). Let us denote the (i,7)-th element of Y9 as ¥ ;;, thus we

have hj|hz- = Egﬂ-sz_}jLi + \/22,33 Yo 1122 4791 where g; is a standard Gaussian random

variable independent of h;. Consequently, Cov <(|5T hil — An)? “, (167 hj| — An) +) equals

E{ (7Rl = M)3E (107351 = A)E = E(0Th| = M)} IR |

=B {(167Ril = M) E (i) = n(g2)?| i }
where n(z) ()(51 <22 ZJEQ it T \/22 i~ Sq. “22 91 ) )\n> and go ~ N (0,39 ;) is
independent of both ¢; and ;. In addition, note that ‘n(ﬁl n(g2) ’ < 67%9,45%5 “(B
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IR ‘77 + n(gg)‘ . Applying the Cauchy-Schwarz inequality to the above inequality yields

i) )1/2

E|n(h)? = n(g2)?

] < (B (Iemg ks - ) PJhs) ) (E (n(92)? + n(in)?

S 13 itj 2_21’ V 22 i ; \/22 2322 mhz2 + EYNN(O,l)(‘(STZQaij‘ B )‘")3-

< 89,451 (1 + [hql) (\22,z’thz‘\ + \/EYNN(0,1)(|5T22JJ'Y\ - )\n)i) >

where the last step is due to co < ¥g j; < C9. Therefore, by Lemma 11, we have

Cov (1973l = M), (187hs1 = )3 )

<2267 + DBy oaro,1) (1752557 | = )3 E(67Ri| — An)2

+ 33 5,08 + A)E(67 Ry | — )t

Further, by Lemma 10 and Eq. (1.9), we have A, = o(log(p)). The above inequality leads

to:
). 2)

2 log()? S BB — M2 zzm

l_

Var (c n~lr—2

(w50

1/2
p p
< C%n_27_4{ log(p)C2 Y E(5thil = M)% | Y Eyon0.1) (167 S2,5Y 1 = M)
i=1

j=1
+ (log(p) C2ZE|51h|—)\n) }
=1

=0 (cqln/2n_1/2r_1 log(p) + can 1772 log2(p)> = op(1),

where we use Z?:l 2.ij < 02 and Cauchy—-Schwartz inequality in the second step. This
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leads to Eq. (1.79). Using the same approach, we can prove

(st |

7

— Ao + log_l(p))+

2
o+ og710) | = oplesur?)

—IEH(’EUQ “,

! —EH(‘ZUQ “h

—An—log™' () |

~ A — log_l(p))

+

Now we are ready to establish Eq. (1.78). Note that w.p.a.1, we have

ch_l

(‘ ~1/2 1/221/26h+ 3/222/30‘ /27_1/2>‘”>

SERT

+
2
SQCnn

—An+ log_l(p)>+

Y

where the inequality is given by Lemma 12 and the facts that 7'10g4(p) = o(1) and that

nt/271/2p=1/24-1/2 log2( ) = o(1) by Assumption 4. Similarly, the left-hand-side is lower

1/2

bounded by 3 5Cnn~ QEH ‘E 5*h| — A — log71(p) (p)) +H2 w.p.a.l. Finally, by Lemma

10 and the fact that A\, = o(log(p)), it is not hard to verify that EH(|21/2

Sth| = Ap —
log™!(p) )+H = EH(|21/251M - )‘n)+H (1+0< )) and EH(‘21/251h\—)\n+10g_1(p))+H2 =

E|| (|Zl/25*h| — )\n)+H (1+ o(1)). Together with the definition that

Cy\ = hm n_pn —2 _2E||(|El/251h| —>m)+H2

given by Eq. (1.9), we conclude the proof. O

Lemma 26. Eq. (1.43) defined in the proof of Theorem 5 holds as n — oo.
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Proof. Note that || — 3||? is upper bounded by

2 2 ~
SIRyU My (UBy + €) = RyU ' (U + €)[I* + —5lI(Ry — Bp)U ' (UG + o)

4
< SllRyU Myye = ByU el* + —5||RyU " My Uy — RyU " US|

Gl
nZ

4 ~ 4 ~
+ 3Ry = B)U Tl + SRy - Ro)U U2

1

For the first term, using || Ry|| <p np~ 7, |UTU|| <p p, and Lemma 2, we have

4 1
pHRUUTMws — RyU Te|]? <p 5 Tr(My U — U)RH(U "My —UT))

1 _ _
=— Te(U'WW W) IWTURE) <p p~ 1% rank(W).

Similarly, it can be shown that the second term is of order Op (p~ 172 rank(W)). In addition,

by Lemma 2, and using the fact that Tr(AB) < ||A|| Tr(B) and ||Ry|| <p np~'r, we have

4 ~ 1 ~ 1 ~

IRy = Ry)U "el* <p — Te(U(Ry — By)*U ") < 5 |[UT U Te(Ry — Ry)?)
p =S “1IND p _ ~

Spog Tr((Ry(Ry' = By ) Ry)?) = 5 Te((RyU T W(W W)~ W U Ry)?)

p > — —
<Ry P By |20 U Te (W W T W) W) Sp p~ r rank ().

Similarly, the final term is of order Op(p~ 174 rank()). To sum up, we have |3 — 32 =

O(p~ 72 rank(W)) = o(n?p~27?), since rank(W) = o(n?p~17). -
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CHAPTER 2
DEEP AUTOENCODERS FOR NONLINEAR FACTOR
MODELS: THEORY AND APPLICATIONS

2.1 Introduction

Autoencoders (AEs) are specialized neural network (NN) models designed to replicate their
inputs at their outputs, playing a fundamental role in unsupervised machine learning. These
networks, which gained traction since the 1980s (e.g., LeCun [1987]), have a canonical ar-
chitecture with two main components: an encoder, which compresses the inputs into a
lower-dimensional representation known as features, codes, embeddings, or factors, and a
decoder, which reconstructs the inputs from this compressed form.

We are particularly drawn to AEs due to their close connection with linear factor models
and their capability in conducting nonlinear dimensionality reduction. It is well-documented
(e.g., Baldi and Hornik [1989]) that a single-layer AE with linear activations is equivalent to
Principal Component Analysis (PCA), with the number of neurons in that layer correspond-
ing to the number of components. PCA has been extensively studied, both theoretically and
empirically, demonstrating its effectiveness in estimating linear factor models widely used in
macroeconomics [Stock and Watson, 1999, Bai and Ng, 2002| and finance [Chamberlain and
Rothschild, 1983, Connor and Korajczyk, 1986]. Beyond factor analysis, PCA has also been
applied in matrix completion (Bai and Ng [2021]) and causal inference (Agarwal and Singh
[2024]). The success of PCA motivates extending theoretical guarantees to AEs, particularly
for data-generating processes (DGPs) with nonlinear low-dimensional structures.

Despite the broad application of AEs in machine learning, there has been scant research
providing theoretical justifications. To address this gap, our paper positions AEs as es-
timators for nonlinear factor models, setting the stage for a systematic investigation into

their statistical properties. Within this framework, we explore several pivotal questions to
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advance our understanding of deep and nonlinear AEs. These include whether AEs can ef-
fectively identify and extract common structures in the input data, and if so, what statistical
error bounds characterize this recovery. We also examine how architectural parameters of
AEs, such as depth, width, and the number of neurons, affect AEs’ statistical performance.
Furthermore, we investigate whether AEs can recover hidden low-dimensional embeddings
inherent in nonlinear factor models. Addressing these questions theoretically lays the ground-
work for broader methodological and applied uses of AEs across disciplines.

Our contributions are threefold. First, on model, we introduce a variant of the canonical
AE architecture, termed Disjoint Output AEs. This architecture retains the fully connected
encoder, with its output—the bottleneck layer—serving as the intermediary between the
encoder and decoder. The bottleneck layer consists of multiple neurons, whose number cor-
responds to the dimensionality of the embeddings, akin to the number of factors in a linear
factor model. The decoder departs from the standard fully connected design by using sepa-
rate subnetworks to map the entire embedding to each individual output, thereby inducing a
sparse-link structure. While this architecture is a special case of the fully connected decoder
and does not expand the general approximation capacity of AEs, its structured sparsity
enables us to address theoretical challenges more tractably. In particular, this architecture
preserves the AE’s capacity to approximate a broad class of nonlinear factor model DGPs,
yielding desirable approximation errors—defined as the difference between the true nonlin-
ear function and its optimal approximation within the AE class. Moreover, the reduced
number of weight parameters accelerates training and lowers estimation error, defined as the
difference between this optimal approximation and the estimated AE.

Second, on theory, we establish non-asymptotic guarantees for AE’s convergence rates
in approximating the common components of input data. Our analysis accommodates both
increasing depth of AE architecture and width of any layer—including the embedding di-

mension. We demonstrate that AE’s convergence rate is driven by two key components: the
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approximation and estimation errors in recovering latent factors via the encoder, and the
corresponding errors in reconstructing the input through the decoder.

The encoder’s estimation error in recovering latent factors decreases with increasing input
dimensionality, reflecting a form of the “blessings of dimensionality” observed in linear factor
models. Importantly, the AE maintains an optimal convergence rate as long as the bottleneck
layer’s width is bounded—even if it exceeds the true dimensionality of the factors in the DGP.
For the encoder’s approximation error, we analyze two scenarios: in the first, the encoder
is over-parameterized, achieving zero training error but risking divergence out of sample; in
the second, the encoder is appropriately parameterized, achieving diminishing approximation
errors in both in sample and out of sample, under a pervasiveness condition analogous to
that in linear factor models.

The other source of error arises from the decoder and concerns the approximation and
estimation of the mapping from latent factors to observables. As sample size grows, this
component vanishes at the optimal nonparametric regression rate—as if the latent embed-
dings were directly observed. This is conceptually similar to error bound in nonparametric
regression, as in our case the “loadings” are high-dimensional nonlinear functions.

Finally, our theoretical results further extend to the convergence rate of the factors them-
selves, which are identifiable up to invertible functional transformations. We show that AEs
recover these latent factors at the same convergence rate, modulo such transformations,
completing the theoretical foundation for nonlinear factor recovery using AEs.

Third, on empirical methodology, we extend our results to supervised AEs (SAEs),
demonstrating their applicability in factor-augmented regressions and structured matrix
completion, thereby broadening the AE framework’s relevance in economics. We further
illustrate the empirical potential of AEs and SAEs through three distinct applications: fore-
casting a panel of macroeconomic indicators; predicting the cross-section of factor returns;

and conducting causal analysis with corrupted covariates. In all three cases, AEs significantly
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outperform PCA due to their superior ability to extract nonlinear factors.

Our work contributes to the growing literature on nonlinear factor models, which—despite
early appearances in psychology, notably by McDonald [1962]—have long posed significant
challenges due to their inherent complexity. Traditional approaches often rely on parametric
methods and operate under restrictive assumptions. More recently, building on the insight
that certain nonlinear factor models can be effectively approximated by low-rank matrices,
Agarwal et al. [2021]| show that PCA remains robust in recovering common components even
in nonlinear settings, while Freeman and Weidner [2023] apply this idea to estimate panel
regressions with two-way unobserved heterogeneity featuring a nonlinear factor structure.
Extending this line of inquiry, Feng [2023] considers a broader class of models originally
proposed by Amemiya and Yalcin [2001], and introduces a local PCA method inspired by
local regression techniques. This approach achieves a convergence rate consistent with our
theoretical results. However, while this approach is effective at noise reduction, it falls short
of constructing the underlying factors as the locally estimated components lack integration
into a cohesive time series of factors. By contrast, the encoder of AEs provides a global
solution for factor construction, integrating information across the entire dataset to form
cohesive factors. Additionally, AEs are versatile, extending to various NN architectures that
can capture complex data types, including text and images, making them broadly applicable
across diverse domains.

Our paper adds to the growing body of literature on the theoretical properties of deep neu-
ral networks (DNNs). This literature builds on the early work of Barron [1993| and Chen and
White [1999], which establish and refine nonparametric approximation rates for single-layer
sigmoid neural networks. Chen and Shen [1998a| provide a general theory on the convergence
rate of sieve extremum estimates for time series data, incorporating single-layer sigmoid neu-
ral networks as a special case. Yarotsky [2017] explores the optimal approximation errors

in deep ReLLU networks for a class of smooth functions. Building on this, Schmidt-Hieber
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[2020] and Farrell et al. [2021] derive the optimal error rate for sparse DNNs, while Kohler
and Langer [2021| demonstrate that fully connected DNNs can also achieve this optimal
rate. Additionally, works by Bauer and Kohler [2019], Nakada and Imaizumi [2020], and
Jiao et al. [2023]| highlight the potential of DNNs to overcome the curse of dimensionality,
particularly when the data exhibits intrinsic low-dimensionality or when the target func-
tion has a compositional structure. Unlike these studies, which focus on supervised learning
problems for feedforward DNNs, our work investigates the theoretical properties of a specific
class of DNNs—AEs—in unsupervised learning settings.

This chapter is organized as follows: Section 2.2 presents the nonlinear factor model and
introduces Disjoint Output AEs. Section 2.3 presents the main theoretical results on the
statistical properties of these AEs and extends the analysis to SAEs. Section 2.4 conducts
simulations to validate our theoretical predictions and provide additional comparisons with
Kernel PCA. The appendix and online appendix present empirical results that illustrate the
practical applications of AEs, and include detailed mathematical proofs.

Notation: We denote the set of positive integers by Ni. Furthermore, we represent
the set that includes both zero and all positive integers, {0} U Ny, by Ng. For n € Ny,
)T

we use [n] to denote the set {1,...,n}. For a vector z = (z1,...,24) ', as usual, we define

oy = (S0 2?7, flallo = S50y Ia; # 0), and [Jo]oo = max; [2;]. Additionally, let P4
be the linear span of all monomials of the form ngl x;;k for some r1,...,7y € N4, where
ri+ - +rg =n. For amatrix A € R" " we use ||A], ||4]lg, and ||Al|sc to represent
its spectral norm, the number of non-zero entries, and the maximum absolute value of its
entries, respectively. Given a function f : R” — R™, we define || f]loco = supzep ||.f(2)|loo,
where D represents the domain of f. We say f € CP if it has B continuous derivatives
on its domain. Furthermore, we define the norm || - ||5 of the smooth function space cP

by [[flles = max{HDO‘fHOO el < B,a € Ng} For a set F, we use |F| to indicate the

number of elements within the set. We use the notation x,, < y, when there exists a constant
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C such that z, < Cyy, holds for sufficiently large n. If z, < y, and y, < xp, we write
xp < yp for short. For two random variables X and Y, we write X <;Y if Y stochastically
dominates X and X d Y if X has the same distribution as Y. For a sub-Gaussian variable

X, its sub-Gaussian norm is defined as || X/, = inf {¢>0:E[exp (X2/c2)} < 2},

2.2 Model Setup

We begin by introducing the underlying DGP that will be used to characterize the statistical

properties of AEs.

2.2.1 Nonlinear Factor Model

We model the observed data, X, fort=1,2,... N and t =1,2,...,T, based on a frame-

work initially proposed by Amemiya and Yalcin [2001]:
Xit = Xj3 + Uy = 0] (FY") + Uy, (2.1)

where the common component, denoted by X7, is governed by a potentially nonlinear factor
loading function ¢7(-) of a K-dimensional vector of unknown factors, Fy*. The term Uy
represents the noise component. We use X, XZ( ) gp*(Ft*), and Up to denote N x 1 vectors
containing the values for each entry of these variables at time . Similarly, X, X* and U
represent their N x T matrix versions, and F* denotes the K x T matrix of factors.

This model nests the linear factor model as a special case, where ¢} (z) = A;-I—x, and A; is
the K x 1 column vector corresponding to the ith row of some K x N factor exposure matrix,
A. Other examples include the polynomial factor model, where ¢7(z) is a multivariate
polynomial function of z, and the additive nonlinear factor model, where ¢} (z) = A,L-Tgo(x)
for some nonlinear function ¢(-). This framework also encompasses generalized linear latent

variable models, where 7 (x) = (,D(AZT{L‘), and the generalized factor model, in which ¢} (z) =
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w(A;, z) allows for flexible interactions between factor loadings and latent factors.
Next, we make assumptions regarding the bounds on various norms of U and F}', as well
as smoothness conditions on ¢7(-). A fixed constant B > 0 is introduced to jointly bound

relevant quantities in the assumptions below.

Assumption 6 (Boundedness). F} is supported on a compact set B C [—B,B]K almost
surely for all t. Conditional on F*, vec(U) 4 51/2 vec(Z), where Z € RNXT contains inde-
pendent, zero-mean sub-Gaussian entries with sub-Gaussian norm bounded by az. Moreover,

the matriz 3 is positive semi-definite with bounded spectral norm.

The bound on the support of 7 may seem stronger than what is typically assumed in the
literature on linear factor models. However, this assumption is common in nonparametric
literature (see, e.g., Chen and White [1999|) and is particularly important for developing
theoretical results on NNs (e.g., Farrell et al. [2021]). In practice, this assumption is nearly
harmless, though it excludes distributions supported on the entire real line.

This assumption permits heteroscedastic noise, allowing X to depend on F*. Additionally,
F} and Uy may follow specific time series models, such as autoregressive processes. Never-
theless, the imposed zero-mean condition on Z also implies strict exogeneity: the factors F*
are uncorrelated with the past, present, and future values of the idiosyncratic components U;
for all 7 and j. While this condition may seem restrictive, it serves primarily as a technical
device for proofs and is unlikely to pose issues in empirical applications.

The bound on Y’s spectral norm rules out strong time-series and cross-sectional depen-
dence among the entries of U. Nevertheless, it accommodates the model U = E%/ 2y E%/ 2,
where X1 and X9 are positive semi-definite matrices with bounded spectral norms. This
“sandwich” structure has been employed by Onatski [2005] and Ahn and Horenstein [2013a)
in their analysis of linear factor models.

Next, we impose a smoothness assumption on ¢7(-). As is standard in the nonparametric

literature (see, e.g., Stone [1982]), the degree of smoothness of the true underlying function
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plays a crucial role in determining how accurately it can be approximated by NNs.

Definition 3 (Holder Ball). Let 5 > 0 and €2 be a subset of some FEuclidean space. The
Holder ball HB(Q, (') is the set of scalar functions f: Q2 — R such that

a |D“f(z) — D f(")]
max sup |Df(x)| + max sup <,
iy T A i T Ay P R

where |B] represents the largest integer strictly smaller than 3. For a vector-valued function

f= ()T 2 QR we say f e (HI(Q.0)T if f; € HP(Q,C).
Assumption 7 (Smoothness). There ezist 3 € Ny such that ¢*(-) € (H?(B, B))N.

If the factors F}* were observable, estimating ¢7(-) would reduce to a standard (su-
pervised) nonparametric regression, approachable with methods such as sieve estimators.
However, with unobserved factors, the problem is both unsupervised and nonparametric,
requiring a different approach. We now proceed to construct AEs to jointly estimate the

latent factors and the nonlinear functions.

2.2.2  Autoencoders and Their Architecture

To lay the foundation for constructing AEs, we first introduce the key building blocks of
NNs. We begin with the rectified linear unit (ReLU) activation function, defined as o(z) =
max(z,0). Given v = (vq,...,v,) € R", we define the shifted activation function oy, : R" —

R” as follows:

An NN’s architecture, denoted by (d,w,n), consists of the depth d € N, representing the

number of hidden layers, and the width w € N, which bounds the number of neurons per
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Input Hidden Ouput

Hy

Figure 2.1: Hlustration of Neural Network

Note: A fully connected neural network with architecture d = 1, w = 2, and n = (4, 2,2). Input and output
neurons are in red; hidden-layer neurons are in blue.

hidden layer. The width vector n = (ng,...,n4y1) € N2 gatisfies n; < w for i = 1,...,d,
where ng and ng,q denote the input and output dimensions, respectively. An NN with

architecture (d,w,n) defines a function
fiR" — R+ g — f(x) = Waou,Wy_100, - Wiow Woz, (2.2)

where each W; is an n;1 X n; weight matrix, and oy, is the shifted activation function with
shift vector v; € R™.1 This notation refers to a fully connected NN; if some connections are
dropped, the corresponding weights in W, are set to zero. We refer to NNs with possibly
diverging depth as DNNs. Figure 2.1 illustrates an NN with architecture (1,2, (4,2,2)).
We follow a setup similar to Schmidt-Hieber [2020], bounding the parameters of the DNN

to ensure well-behaved networks. Specifically, we define the class of DNNs as:

FndH(d,w,C, B) = {f of the form (2.2) :jiI(l)aXdHWj”oo V [viloe £ C, [[flloe < B},

9 3

where B is specified in Assumption 6.2

1. We omit parentheses in o, () when clear from context.

2. For simplicity, we omit the dependence of F,¢™" (d,w, C, B) on the width vector n.
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The first condition bounds the weight matrices and shift vectors by C'. While Schmidt-
Hieber [2020] fix C' = 1, we let C' = T°5%5 allowing it to scale with the sample size. This
improves DNNs’ approximation accuracy without inflating the estimation error.

The second condition imposes a uniform bound on the network outputs, independent
of the sample size or architecture. That is, we restrict attention to DNNs with bounded
outputs when used as estimators. This aligns with the boundedness of the true function
gof() in the DGP, as implied by Assumption 7. In practice, this constraint acts not as a
strong restriction but as a mild form of regularization.

Having introduced the basic architecture of a DNN, we are now ready to define a special
class of DNNs known as AEs. The primary objective of an AE is to reconstruct the input

from their compressed form, thereby facilitating dimensionality reduction.

Encoder Decoder

Figure 2.2: Illustration of Canonical Autoencoder Architecture

Note: This graph illustrates a canonical autoencoder architecture. The input is passed through a series
of hidden layers that compress the data into a central bottleneck layer—the narrowest part of the net-
work—shown here with three neurons in blue. The network then reconstructs the input through additional

layers, producing an output of the same dimension as the input.

Specifically, given an input x, an AE first applies an encoder, a DNN denoted by p(-),
which maps the input into a low-dimensional bottleneck, represented by a small number of
neurons in a hidden layer—this being the narrowest layer of the AE. The encoded data at

the bottleneck layer is then passed through a second DNN, called the decoder, denoted by
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Encoder Decoder

Figure 2.3: Illustration of Disjoint Output Autoencoder

Note: This graph illustrates a disjoint output autoencoder architecture. The encoder retains the same
structure as the canonical autoencoder’s encoder shown in Figure 2.2. The decoder, however, consists of
multiple separate DNNs, each mapping the bottleneck layer to a single output.

©(+), which reconstructs an approximation of the original input = at the output. Figure 2.2
illustrates the canonical architecture of a vanilla AE.

Unlike standard DNNs used in supervised learning to predict an external target, AEs are
trained to reproduce the input itself. The input and output dimensions are the same, and
no additional variables are required, making AEs a natural tool for unsupervised learning.

In this paper, we shift our focus from the canonical form of AE to what we refer to as
a disjoint output AFE, with its architecture depicted in Figure 2.3. This variant retains the
conventional encoder but replaces the decoder with a collection of independent DNNs, each
mapping from the bottleneck to a single output neuron.

More specifically, the encoder, a single DNN denoted as p(:) € ]-"]I\gl (dl,wl,T55+5, B),
produces a K{-dimensional bottleneck layer. For each of the N outputs, a separate DNN is
employed, where each ¢;(-) € .7-"}<1 (do, wa, T58+5 B) is specific to the ith output neuron for

i € [N]. As a result, for an input z, the ith—output of the disjoint output AE is given by
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@; o p(x). Formally, we define the disjoint output AE function class as follows:

K K
Fup = {(9017-"74:0N) op:p€ Fyl(d,w, TP, B),

O1re ON € f}(l(dz,wg,T5ﬂ+5,B)}. (2.3)

Consider the canonical form of an AE with a decoder of the same width as that of the dis-
joint output AE, denoted as pop(x), where the encoder is p(-) € }"][\?1 (dy,wy, T56+5 B), and
the decoder ¢(-) € f%l(dg, Nwg, THA+5, B) is fully connected. The total number of weight
parameters in this decoder is of order O((Nwsg)?ds). In contrast, the decoder (¢1,...,¢oN)
of the disjoint output AE in .7-"51% contains at most N x O((ws)2do) parameters. This design
introduces sparsity in the decoder’s weights, reducing the parameter count by a factor of N
compared to a canonical AE with the same width. While sparsity can also be induced in
a fully connected decoder through ¢-regularization during training, the disjoint output AE
achieves this reduction structurally, without the need for regularization.

However, this parameter reduction introduces a structural constraint: the disjoint output
decoder requires a wider architecture with a potentially excessive number of neurons. For
example, if each subnetwork ;(+) shares the same architecture and includes at least one hid-
den layer with at least one neuron, then the combined hidden layer across all N subnetworks
must contain at least N neurons—making it wider than the output layer. This rigidity stems
from the absence of parameter sharing in the disjoint design. In contrast, a fully connected
decoder may, in principle, choose a width arbitrarily smaller than N, thanks to parameter
sharing across output dimensions.

As we will explain later, despite its architectural rigidity, the disjoint output AE de-
livers strong approximation performance. It is flexible enough to capture complex, low-
dimensional nonlinear structures in the input while substantially reducing the number of
weight parameters. This reduction also helps control model complexity, leading to favor-

able statistical estimation properties. While fully connected decoders may achieve similar
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approximation and estimation with fewer parameters—potentially mitigating error through
parameter sharing—we focus on the disjoint architecture for its analytical tractability.
The final step in constructing an AE is to specify a loss function that quantifies the
reconstruction error. This is typically done by minimizing the following objective:
T N
(Br.- . @N)op= argmin Y Y (pi(p(Xp)) — Xip). (2.4)
(@1, PN )opeF Ak t=1i=1
This optimization problem is highly non-convex, necessitating the use of more sophisti-
cated algorithms for solving it. We will explore the optimization perspective in greater detail
in the simulation and empirical analysis sections.
Before training an AE, it is necessary to select a key hyperparameter: the number of
neurons in the bottleneck layer, K1. The overall network architecture must also be designed,
including decisions about its depth and width. These crucial considerations will be discussed

after we present the theoretical analysis, which we turn to now.

2.3 Main Theoretical Results

In this section, we present a non-asymptotic analysis of the statistical properties of the
disjoint output AEs. Throughout, we assume that all constants are independent of N and
T, but may depend on the latent dimension K and the smoothness parameter 3, which we
do not explicitly track. Our analysis begins with the reconstructed data, X;; := 0i(p(Xy)).

where p(-) and @;(+) for 1 <i < N are defined in equation (2.4).

3. This tractability arises from two considerations: first, the reduction in approximation error due to
parameter sharing in a fully connected decoder remains analytically intractable; second, the impact of
parameter sharing on out-of-sample estimation error is not well understood. Leveraging a disjoint output
structure eliminates the need to analyze the complexities associated with parameter sharing.
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2.3.1 Recovery of the Common Components

Naturally, the population counterpart of )A(it is X2 = o7 (Fy) in the DGP, as specified in
equation (2.1). Accordingly, we focus on the mean squared error aggregated across the entire

1T N (% 2
panel: (NT) 1 Y oie1 Diel (Xz't - X;*,) A

Theorem 6. Consider the AE class ]—"j% with K < K1 < min(wy,ws), do < log(T),
K

and wy =< T?2@F+K) — Suppose Assumptions 6-7 hold. Then, with probability at least 1 —
Cexp(—cT), for min(N,T) large enough, we have:
T

T N

1 > 2 — i _ -1

w22 (K= X5)7 < (T e NG + 77 ik Y p(Xe) — FYJP ) log! (1),
t=1i=1 PEFN 1=1

where ¢ and C are constants independent of N, T, and FE .— fjf\g(dl,wl, T55+5, B).

We first discuss the assumptions. The conditions require K7 > K, meaning the bot-
tleneck layer must have at least as many neurons as the number of factors specified in the
DGP. However, the notion of “number of factors” in a nonlinear factor model is somewhat
ambiguous—a point we revisit in detail in Section 2.3.2. The condition K| < min(wy, w9)
ensures the bottleneck is among the narrowest layers in the network, allowing for ties. On the
decoder side, both do and w9 must increase with 7" to guarantee sufficient flexibility. Finally,
the results only require that N and T exceed a fixed constant, so the non-asymptotic bound
directly implies consistency under the Frobenius norm as N and T increase.

As is standard in nonparametrics, this result hinges on appropriately selecting the dimen-
sion of the bottleneck layer, K7, and the width of the decoder, w9, based on the smoothness
parameter § and the number of factors K in the true DGP. In practice, these values are
typically unknown, so conservative choices are often made. This entails assuming the true

functions are smoother than specified and deliberately using a relatively large number of

4. While deriving a uniform error bound across ¢ and ¢t would also be meaningful, such results are, to the
best of our knowledge, not yet established for NN settings.
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factors—exceeding what theory or economists would typically propose or expect.

Next, we make a few observations regarding the result on the error bound. There are
three terms on the right-hand side of the inequality. The first term in the error, T’ _252%,
matches the minimax rate in nonparametric regression of X; on F}, as if these factors were
known. For a nonparametric supervised learning task, this rate can be achieved by estimators
other than NNs; examples include spline methods by Speckman [1985] or sieve estimators
by Newey [1997] and Chen and Shen [1998a], among others.

The second term, N~1K7, arises from estimation error associated with unknown factors.
Intuitively, since there are T'K; unknown values to estimate and N7 observed values in total,
the ratio of unknowns per observation yields this rate. Our assumptions permit the number
of neurons, K7, in the bottleneck layer to grow, and the results show that while selecting
more factors than necessary slows convergence, the effect is only linear in K7, indicating that
the model remains reasonably robust to overestimating the number of factors.

The third term reflects the error from approximating the unknown factors using the
encoder. An important observation is that the estimation error for the encoder does not
impact the overall convergence rate—only its approximation error is relevant. In light of this,
an over-parameterized encoder can be employed such that infp eFK Zle lp(X1)— FF||? =0,
eliminating the approximation error and thereby improving the overall convergence rate.

However, while an over-parameterized encoder can achieve strong in-sample performance,
it may result in poor expected out-of-sample performance, as both estimation and approxi-
mation errors can arise and become substantial.® A more meaningful strategy is to balance
these two error sources out-of-sample when designing the encoder, even if this leads to a

larger approximation error in-sample. To achieve this, we need a more explicit characteriza-

5. Recent literature indicates that under certain conditions on the data, overfitting can be benign; see, for
example, Bartlett et al. [2019Db], Tsigler and Bartlett [2024], and Hastie et al. [2022]. However, these analyses
are mainly focused on linear settings for supervised learning problems, and a comprehensive theoretical
framework for NNs remains unavailable. We leave the investigation of benign overfitting in unsupervised
learning problems for future research.
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tion of approximation error. To this end, we introduce the following notation to characterize

the trade-off between estimation and approximation error out-of-sample.

Definition 4. For any positive sequence Ly diverging with N, define

ey = inf {sug Ip(Wi*(z)) — ]l + ||W||2} |

[Wllo<LE,[We*lloo<B | 2
p()EHB(We*(B),B)

where W is any K x N matriz, and p(-) is a mapping from W*(B) to RE.

By construction, the term ey is decreasing in L and explicitly depends on the high-
dimensional function ¢*.

To illustrate the behavior of €7, we provide two concrete examples, both leading to
an error e; = L. First we consider a setting as in Bonhomme et al. [2022|, where
©*(z) = a(\;,x) with scalar arguments \;,z € R. This covers widely used fixed-effect
model where a(\;,x) = A; + x. Suppose « is strictly increasing in its second argument,
analogous to the injectivity condition in Bonhomme et al. [2022, footnote 6]. By setting
W* = (L 117, OJT\L L)T, the function W*p*(x) remains strictly monotone in z, ensuring the
existence of an inverse function p* mapping W*¢*(z) back to x. Hence, in this scenario, we
obtain e; < L~1

The second example is a nonlinear generalization of linear factor models, let p*(z) =

exp(A T Fy), where A consists of bounded i.i.d. random variables. Constructing
N T T 0l T
A:(A 7,A ’OK7’OK)

ensures invertibility of ATA. Setting W* := L™YAT | the function W* exp(Az) has a positive
definite Jacobian, guaranteeing invertibility via the inverse function theorem. Thus, there
exists a smooth inverse function p*(-) satisfying p*(W* exp(Kw)) = 1z, again yielding ej, =<
Lt
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K

Theorem 7. Under the conditions of Theorem 6, , if di < log(T), wy =< T?2@+K) " and

K
s < L+ T?28+K logT, and that the data is i.i.d., then for a new data point X1, 1, we have
1L N T | -1 4
~ > E(Fiop(Xpy1) = X)) < <T WK A N 'K 4+ ¢ +T L) log(NT).
=1

Theorem 7 reveals that, under the assumption of i.i.d. data, the expected out-of-sample
loss includes not only the in-sample approximation error but also an additional term, T 1s,
which reflects the estimation error in the encoder and worsens as its complexity, measured
by its number of parameters, s, increases.

That said, implementing /y-regularization to induce sparsity in NNs is known to be
challenging, as noted in Schmidt-Hieber [2020] and Farrell et al. [2021]. Consequently, while
the optimal rate is theoretically attainable, it may be difficult to achieve in practice. A

common empirical workaround is to incorporate a pruning step during training, which we

adopt and further elaborate on in our implementation.

2.3.2  Recovery of the Factors

In this section, we provide the theoretical justification for the potential of AEs to recover
underlying factors in a nonlinear DGP. An important motivation for using AEs stems from
dimensionality reduction, which aims to extract a lower-dimensional set of features that
effectively capture the underlying structure of the data. By reducing the dimensionality, we
can highlight the most informative aspects of the data, making patterns more interpretable
and facilitating downstream tasks such as clustering, visualization, and forecasting.

We begin by noting that for any injective mapping u : RE — RE | the DGP in equation

6. The i.i.d. assumption is imposed for technical simplicity; the trade-off itself remains valid beyond this
setting.
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(2.1) can be equivalently expressed as
1
Xip =i op opu(Fy) + Ui

This formulation implies that ;(F}°) can also serve as valid factors, meaning that the original
factors F}* are only identified up to a nonlinear invertible transformation. This ambiguity
is similar to the linear case, where factors can only be identified up to an invertible matrix
transformation.

The next theorem presents the convergence rate on factor recovery:

Theorem 8. Under the same conditions as in Theorem 7, there exists a function p : RE1
RE such that, with probability at least 1—C exp(—cT)—Cexp(—cL), for N and T sufficiently

large,
I~ o a P 1 L= g P 1 4
TZHu(Ft) — FF)* S(LT'Ky + NLTYTT 264K - NL™% + NL™Ye) log*(T).
t=1

The result indicates that when the factors are strong, meaning L = N, the convergence
rate aligns with that in Theorem 7, and the estimator achieves consistency. However, if the
factors are extremely weak—affecting only a small number of variables in X, such as when
L = 1—the right-hand side fails to converge to zero, and consistent estimation of the factors
may not even be possible.

It is insightful to compare our result with that of Bai and Ng [2023b|, which examines
the convergence of factor estimates using PCA when the true factors are weak. Using our
notation, their result suggests an error rate of L™1 4+ (NL™'T~1)2 in the linear case. In
contrast, our rate, when e =< L~1, L1 4 (NL_lT_l) + NL~2, is not sharp due to the
challenges associated with analyzing the outputs of a specific hidden layer in a DNN.

Our result does not require the number of neurons in the bottleneck layer to match the

number of factors in the DGP. Instead, it only assumes the existence of a DGP specified in
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(2.1), where the number of factors K is less than or equal to our chosen K. Identifying the
number of factors is a critical problem in (linear) factor analysis. However, determining the
true number of factors in nonlinear models is significantly more challenging because of the
inherent ambiguity, even at the population level.

For context, consider a linear factor model given by X; = AF} + Uy, where Ff € RE,
Under the conditions that the minimal eigenvalues of N"TATA and Cov(F}) are asymptot-
ically bounded from below, and that the eigenvalues of Cov(U;) are bounded from above,
the number of factors K can be readily identified, as demonstrated by Chamberlain and
Rothschild [1983]. Bai and Ng [2002] also provide a consistent procedure for recovering K.

In nonlinear factor models, however, the notion of the number of factors becomes am-
biguous. According to Theorem 2 from Schmidt-Hieber [2021], which extends the Kol-
mogorov—Arnold representation theorem, any nonlinear multivariate function can be reduced
to a single-variable form. Specifically, there exists a function v : [—B, B]K — R, such that

for any function ¢} : [~ B, B]¥ — R, a corresponding function o7 : R — R exists, satisfying

K
or (1, TK) = @F 323_31/}(xj)
j=1

This implies that the original multi-factor model can be reconstructed using a single factor,
denoted as Fy € R, where F} is defined by 325-(:1 377 1/J(Fj*t) Consequently, the function
@r (FY) can be rewritten as &:(ﬁt) Although this representation reduces the number of
factors, there are, to the best of our knowledge, no existing results concerning the smoothness
properties of @7 (-) following this transformation. It is likely that the function becomes less
smooth in general. Otherwise, this would provide a means to surpass the minimax rate,
which depends on K/f. Consequently, we cannot use this result to justify always adopting
a single neuron in the bottleneck layer, since our approach relies on the smoothness of the

nonlinear functions.
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In some cases, however, it may be possible to reformulate the original K-factor model in a
way that introduces additional factors while yielding smoother ¢ (-). To illustrate, consider
a single factor model defined as ¢} (F}) = A F7 +(F}), where ¢(-) is a 8-smooth function.
By treating ¢(F}) as an additional factor, the model becomes a two-factor linear model with
an effectively infinite degree of smoothness. This modification enables a convergence rate of
N1 4+7-1 which is faster than the rate N~1 + Tﬁﬂg% achievable by fitting a single-factor
nonlinear model.

Given these considerations, the conventional notion of the number of factors in a nonlin-
ear factor model becomes ambiguous and may need to be defined alongside the smoothness of
the factor loading functions. In practice, we treat it as one of the hyperparameters in the ar-
chitecture of AEs, determining it through a model selection procedure. This approach makes
intuitive sense and aligns with common practice, though providing a formal justification is

left for future work.

2.3.3 Extensions and Applications

In this section, we delve into an extension of AEs that pave the way for a wider range of

applications, enhancing their flexibility and utility.

2.3.3.1 Factor-Augmented Prediction

When dealing with large datasets, we often encounter scenarios where we not only wish
to reconstruct or compress the original data but also make accurate predictions for related
outcomes. Standard AEs excel at capturing latent structures in data through unsupervised
learning, but they do not directly incorporate information that could enhance predictive
performance for external targets. This is where supervised extensions of AEs come into
play. By integrating predictive tasks into the AE framework, we can leverage shared low-

dimensional structure to improve both reconstruction and prediction, making the model
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more versatile and powerful for applications where joint modeling of input and output data
is beneficial.

Consider the scenario where we also observe a large panel V; € RM that we wish to
predict, in addition to reconstructing X;. We assume that Y;; 1 depends on the same latent

factors, F}, modeled as:

Y%J-i—l = (ﬁ;(Ft*) + ‘/7;7t+17 fOI' t = 1, 2, . ,T. (25)

To train this model, one approach is to perform a nonparametric regression of Y; ;41 on
the factors extracted from AEs pre-trained solely with X;. Alternatively, a more cohesive
method involves jointly fitting X; and Y;;1 while training the AE. This strategy originates
from Le et al. [2018], who introduce a supervised autoencoder (SAE) architecture. In this
setting, X remains the input, and the model is trained to simultaneously construct X; and
predict Y;, 1, leveraging the shared latent structure. Figure 2.4 presents the architecture of
the SAE.

This SAE approach differs from factor-augmented regressions (as in Bernanke and Boivin
[2003]) in two key aspects. First, the SAE framework is nonparametric, enabling flexible and
complex nonlinear relationships between the target and the factors. Second, the high dimen-
sionality of the target in SAEs imposes meaningful supervision on the factor construction
process, enhancing the model’s predictive power. In contrast, traditional factor-augmented
regressions typically use low-dimensional targets, rely on linear DGPs, and construct factors
without incorporating information from the target.

Suppose we observe the sequences X; and Y;41, for ¢ =1,2,...,7 — 1, and our goal is
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Figure 2.4: Mlustration of Disjoint Output Supervised Autoencoder

Note: This graph illustrates a disjoint output supervised autoencoder architecture. The encoder retains the
same structure as the canonical autoencoder’s encoder shown in Figure 2.2. The decoder, however, consists
of multiple separate DNNs, each responsible for mapping the bottleneck layer to a single output. The portion
of the output highlighted in red is aimed at reconstructing the input, using the same architecture as shown
in Figure 2.3. The other portion, marked in green, is designed to predict additional target variables, while

supervising the factor construction process.

to predict Y7, 1. To achieve this, we first train an SAE using the following loss function:

~

((’/O\l"”’(‘/p\N’(bl""?(bM)O,/O\
T—

1/ N M
= arg min . > (pilp(Xe) — Xi): + > (8(p(X¢) — Yj,t+1)2
(@177¢N7¢177¢M)0p6F5141E t:]‘ Z:1 .7:1

The supervised AE function class ‘7:5/11 p is defined as:

K K
FS/%E = {(@1a"'7¢N7¢17"'7¢M)Op:pG‘FNl(d17w17T5B+57B)a

v € f}(l(d27w2aT55+57B>77; € [N]’¢j S F}{l(dzaw27T5ﬂ+57B)7j € [M]}

The predictor for Y; 71, denoted by i}j,T+17 is thus given by éﬁ\j (p(X7)). To understand its
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statistical performance, we establish the following corollary:

Corollary 2. Assume ¢} € Hﬁ(Q, B) fori=1,...,M. In addition, we assume that condi-
tional on F*, (Ut—l—, Vt—_rH)T e RNtM s ii.d. and takes the form 51/2773, where Zy € RN+M
consists of independent sub-Gaussian random variables with sub-Gaussian norm bounded by

ag and & € RVNTM s positive semi-definite with bounded spectral norm. Under the same

conditions as in Theorem 7, as min(N, M, T) becomes sufficiently large, we have:

N M
N+ M ZEO{ZET B X;:T) T Z E(YJ}T+1 - ¢§(Fi:))
__28_
S(N+MT K +T 25K 4 L7 4 e+ T ) log* (N + M)T). (2.7)

Consequently, when N < M, we obtain:
1 < % * [ XY 2 -1 — i -1 -1 4
MZE(Y}-’TH—%(FT))) S(MT K+ T 2+E 4+ L7 + e+ T L) log* (MT). (2.8)
j=1

The intuition behind equation (2.7) is that the SAE model can be regarded as a special
case of the AE, where the input is (X¢, Y;41) and the weights for Yz in the encoder are fixed
to zero. Compared to the AE discussed in Theorem 7, the SAE’s encoder approximation and
estimation errors remain L~! + T1L, as the true factors can be effectively approximated
using X¢ alone, without requiring additional parameters to be estimated required for the
encoder. The decoder’s error maintains the same structure as in Theorem 7, except that N
is replaced by N + M, leading to the final convergence rate.

Equation (2.8) in this corollary follows directly from equation (2.7). It implies that when
the dimension of X is of a smaller or comparable order to the dimension of Y, the prediction
error for EA/T+1 vanishes as the sample size increases, allowing the model to effectively leverage
information from Y for accurate predictions. Conversely, if M is significantly smaller than N,

the contribution of Y; during training diminishes, potentially compromising the prediction
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accuracy for Yy 1.

2.3.3.2 Matrix Completion

AEs provide a powerful framework for tackling problems involving nonlinear matrix comple-
tion and missing data. In many real-world applications, such as recommendation systems,
financial time series, or large-scale survey data, we encounter datasets that are both high-
dimensional and partially observed, sometimes with missing values scattered throughout.
Traditional matrix completion methods, such as those proposed by Candes and Recht [2009],
Cai et al. [2010], Keshavan et al. [2010], Recht [2011], and Mazumder et al. [2010], typically
rely on low-rank (or equivalently, linearity) assumptions, which may struggle to capture the
complex, nonlinear relationships inherent in such data.

AEs offer a natural solution to this challenge by learning a compact, latent representation
of the observed data that can encode nonlinear structures effectively. By training the AE to
reconstruct the original matrix from its latent representation, the model can infer and fill in
missing entries in a way that captures intricate patterns. This capability is crucial not only
for matrix completion but also for broader applications, such as causal inference.

In the estimation of causal effects within a panel setting, counterfactual outcomes—
representing what would have occurred under alternative treatment conditions—can be re-
garded as missing data. AEs can assist in this context by imputing these unobserved coun-
terfactuals, offering a novel and effective approach to estimating causal relationships (see,
e.g., Athey et al. [2017], Bai and Ng [2021]). Importantly, missing data in these scenarios are
often not random. In many instances, the data can be structured so that all missing entries
are concentrated within a sub-block of a matrix. Therefore, we also explore approaches for
addressing and imputing this type of structured missing data.

Specifically, we first consider a scenario with random missing data, where we observe an
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incomplete version of the matrix X, denoted by X, which we assume follows the DGP:

- 0, with probability 1 — 7;,
Xt = (2.9)
X, with probability 7;,

where X follows the nonlinear factor model described in (2.1), and 7; € (0, 1) represents the
probability of observing an entry for the ith variable. This probabilistic framework captures
scenarios where the data is missing at random and the degree of missingness is heterogeneous.

Using X; to train an AE, we derive the following result regarding the output )A(t:

Corollary 3. Assume miny<;<y m; is lower bounded by some positive constant €, Uy are in-
dependent of each other, and X is missing at random, satisfying (2.9). Under the conditions
specified in Theorem 6, with probability at least 1—C' exp(—cTK/(25+K)), for sufficiently large

min(N,T), we have:

T
__28_ %
<77 + N+ T int E Ip(Xe) — FF11* | logh(T),
PEFN 121

where ¢ and C' are constants independent of N and T and 7; = max(e, T~ Zthl 1{5(4 Hé0}).

The theorem indicates that consistent recovery of the expected values of the missing
entries is achievable under the Frobenius norm. Given that matrix completion is primarily
an in-sample exercise, utilizing an over-parameterized encoder can be beneficial for attaining
a desirable error rate, as discussed previously.

Next, we consider the scenario of structured missing data, for which we employ SAEs.
Suppose we observe X € RVXT For each entry, we use (X;+(0), Xj+(1)) to denote its un-

treated and treated values. We assume that X;(0) = (Xt(l) (0), Xt(Q) (0)) follows the nonlinear

122



factor model described in (2.1), where Xt(l)(O) e RM, Xt(Q)(O) e R™V2 and Ny + Ny = N.
Here Xt(l) represents the control group and Xt(Q) represents the treatment group. We assume
there exists a non-random 7{; > 0 where X (2) received the treatment after Ty. The objec-
tive is to assess how the treatment impacts the treated units and periods by imputing the
potential outcomes for X (2) from Th+1 to T, and comparing them with the actual observed
outcomes. This analysis assumes that potential outcomes at each point depend only on the
contemporaneous treatment status of each unit and do not rely on past treatments or the
treatments of other units. Therefore, the problem can be seen as a block matrix completion

problem.

The matrix below illustrates the separation between observed and missing data segments:

(1) (1) (1) (1)
Xl,l XLT[) Xl,T()—l—l Xl,T
O xW (1) oo xW
X — XNl,l XNl,To XNl,T(H-l XNl,T (2 10)
(2) (2) ‘ '
X1 X\ " "
(2) (2)
Xpoy oo Xnln " . "

As discussed by Athey et al. [2017], this missing data pattern encompasses two significant
special cases in the causal inference literature. The first is the unconfoundedness literature,
such as Imbens and Rubin [2015], which typically focuses on scenarios involving a single
treated period. The second is the synthetic control literature, including Abadie et al. [2010]
and Abadie [2021], which centers on settings with a single treated unit.

To impute these missing values, we train an SAE using Xt<1) as the input and X; as the
output, with the portion corresponding to Xt(Q) serving as the supervised target. This ap-

proach leverages the “in-sample” data available up to 7Tjy to learn a low-dimensional structure

that helps predict Xt(Q) for t > Tj.
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The following corollary becomes a straightforward application of Corollary 2.

Corollary 4. Under the same conditions as in Theorem 7 for X(0), as min(Ny, No, Tj)

becomes sufficiently large, and N1 < Na, we have:

1 LB o® (2
_— E(X\ — X\~
NQ(T — To) t%];rl zz; ( it 05t )

__28
SING YRy + T, PP L7 b e+ Ty ML) logt(NT).

To ensure valid causal inference regarding the average treatment effect

we propose the a debiased estimator. We partition the sample before T{y into two subsets:
D1 and Do, which serve as the training and calibration sets, respectively. The training set
D is used to fit the SAE model, and we generate predictions for the calibration set, denoted
as )A(t@) for t € Do.

The debiased point estimator for average treat effect is given by

T
) 1 T v2) (2 1 T v(2 (2
—=—— X, —X — X7 -X
O TP LA P
T
_ 1 Z LT(X(2)(1) . A(Q)) . 1 Z LT(X(2) . A(2)>
No(T = To) 1 t t Na|Da| & t t
=40 2
T
1 T/v(2) >(2) 1 T/v(2) >(2)
=T+ — X 0)—-X — X 0)—X .
T NQ(T—TO)t%:JrlL ( t () t ) N2|D2|t€zl;2b ( t () t )

Under the i.i.d. assumption for Xy(0), we observe that 7 is unbiased for 7 and it is a sum of
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two independent terms. Thus, we can construct 95% confidence intervals for T as

#4196\ (T — o)=L + | Df~1)62,

where 2 is the sample variance of N2_1LT(Xt(2)(O) - )A(t@)) for t € Dy. This confidence

interval is asymptotically valid when min(|D1|, |D2|, T — Tp) — oc.

2.3.3.3 Panel Regression With Unobserved Heterogeneity

Modeling panel data with unobserved heterogeneity is a central yet challenging problem in

econometrics. A general specification takes the form
Yit = Xt + g + Vig,

where «;; captures unobserved heterogeneity, and Vj; is an idiosyncratic error term. For
notational simplicity, we assume X;; € R is scalar, although our discussion readily extends
to vector-valued regressors.

A common approach assumes additive fixed effects, where aj; = o+ ;. Bai [2009] extend
this to a factor structure by modeling oy = A;I—Ft, where both A; and F} are unobserved.
However, such specifications may fail to capture richer forms of individual heterogeneity,
especially in the presence of nonlinear dynamics. To address this, more recent literature
considers discrete heterogeneity. For example, Keane and Wolpin [1997] introduce discrete-
type random effects, while Bonhomme and Manresa [2015] propose a grouped fixed effects
framework with a;; = ag,t, where g; denotes the (latent) group membership. Bonhomme
et al. [2022] and Freeman and Weidner [2023] further generalize this structure by allowing
for continuous heterogeneity of the form «;; = a*(A;, F}), effectively providing a nonlinear
extension of Bai [2009].

Building on these developments, we consider an even more flexible model that allows for

125



heterogeneous effects through individual-specific functions of a common latent factor process:

Vie = X0 + o (FY°) + Vi,

Xit = @5 (FY) + Uy,

where F € [~B, B]X is an unobserved common factor, and both ¢y and o belong to HP.
For simplicity, we assume U;; and Vj; are i.i.d. sub-Gaussian random variables conditional
on F*.

In this general nonlinear panel model, classical estimators—such as fixed effects, factor
models, or grouped estimators—are generally inconsistent. To address this, we propose a
novel double Autoencoders (DAE) approach that yields consistent estimation of the struc-
tural parameter 6.

Our estimation strategy proceeds as follows. We apply autoencoders (AEs) separately to
X and Y to estimate the nonlinear components Xz‘t and }A/Z-t, which serve as approximations
to o (Fy) and @ (F7)0 + o (F}), respectively. We then regress the residualized dependent
variable Y;; — ?%t on the residualized regressor X;; — )A(,-t to obtain the estimator 6. These
residuals correspond to noisy realizations of U0 + Vj; and Uy, respectively. The following

proposition characterizes the asymptotic expansions of 0:

Proposition 3. Let 0 be the estimator obtained via the DAE. Suppose that AFEs architecture

follows the form of Theorem 6 with over-parametrized encoders. Then,
) ~IFK Jog? —1/27-1/24 2
0—0=0p(T log“T) + Op(N Kl log” T')

This result establishes the consistency of the double AE estimator. While deriving the
asymptotic distribution of 6 — 6 would be of significant interest, to the best of our knowledge,
such results are not available in the existing literature, even under the simplified model

aj = a*(A;, Ft). We therefore leave the derivation of the asymptotic distribution of 6 for
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future research.

2.4 Monte Carlo Simulations

In this section, we conduct simulation experiments to validate our theoretical predictions
and examine practical considerations in the design and training of AEs and SAEs. This
analysis bridges theoretical insights with empirical applications, exploring the strengths and

limitations of these methods in finite sample settings.

2.4.1 Sitmulation Setup

We begin by introducing the DGPs used in our simulations. Specifically, we consider four
distinct DGPs by (2.1), comprising one linear factor model and three nonlinear factor models.

The baseline linear model is defined as 7 (z) = CAZ-Tx, serving as a starting point for
comparison with more complex models. The first nonlinear model is a generalized linear
latent factor model, specified as ¢} (z) = C exp(AZTx). By introducing exponential transfor-
mations to the baseline, this model incorporates nonlinearity while retaining an inherently
low-dimensional linear structure. The next model, a generalized nonlinear factor model, ,
fully abandons the linear framework. It is expressed as ¢} (z) = Cexp(—||A; — z||?), pos-
ing significant challenges for methods that may benefit from linearity. The final model is
a polynomial factor model, expressed as ¢} (r) = C’lAE-x + CQxTAQZ-x. This model blends
linear patterns with higher-order nonlinearities and can produce negative values, making it
particularly relevant for calibrating empirical datasets.

Across all Monte Carlo repetitions, we employ five factors by setting K = 5, and each
element of F} € R follows a uniform distribution U(—2,2). The elements of A;, Aq;, Ao
are i.i.d. from U(—1,1), and the noise U; is normally distributed as N (0,15). We calibrate
C, C, and Oy to ensure that the unconditional variance of 7 (F}) is normalized to 1 for

each model and that the linear and nonlinear components of the polynomial factor model
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contribute equally to the total variance.

We benchmark AEs’ performance against PCA. While PCA is traditionally associated
with linear factor analysis, recent research has demonstrated its effectiveness in approximat-
ing certain nonlinear models.” We report results using the number of factors ranging from
1 to 19 in increments of two to illustrate its impact on PCA performance.

Turning to the design of AEs, we adhere to the principle of parsimony, experimenting
with simple yet non-trivial structures to validate our theoretical results. We first address
the bottleneck layer. We vary the number of neurons in this layer, K1, in the same way
as with PCA, ranging from 1 to 19, and compare the results of different architectures. For
the encoder, we fix a single hidden layer with 20 neurons to ensure it is wider than the
bottleneck. We experiment with five decoder architectures of varying complexity. The first
architecture (AE1) serves as the benchmark, consisting of a single hidden layer in the decoder
with four neurons. We compare it with two more complex AEs. AE2 includes two hidden
layers, with two neurons in the first layer and four neurons in the second. AE3, in contrast,
has a single hidden layer with eight neurons. These three AEs feature disjoint outputs, and
we illustrate AE3’s architecture in Figure 2.5. In addition, we include two AEs with fully
connected decoders. AE4 builds on AE3 by employing a fully connected decoder, making
it the most complex among all models. The final model, AE5, also uses a fully connected
decoder but matches the number of neurons in the decoder to those in the encoder, resulting

in a symmetric AE. The total number of parameters in AE5’s decoder is comparable to that

7. According to Udell and Townsend [2019], a matrix with a small spectral norm can be effectively
approximated by a low-rank matrix. For a matrix X € R™*" where m > n and 0 < € < 1, the approximation
error is bounded as:

inf X — Y|l < €|l X|lo, with r = [721log(2n + 1)/€2].
ot X =Yoo < €l X2, with r = [72log(2n +1)/¢%]

Additionally, Agarwal et al. [2021] demonstrate that the matrix X;; := ¢(A;, F}*) admits a low-rank approx-
imation, where for any § > 0,

< 68, with r < 6 XK,
rank(Y)<r

~

where K is the dimension of F}, and f is given by Assumption 7.
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__«—38 neurons

Encoder Decoder

Figure 2.5: Hlustration of AE3’s Architecture

Note: This graph illustrates the architecture of AE3 used in our numerical analysis. The encoder has one
hidden layer with 20 neurons, while the decoder consists of multiple separate neural nets, each containing a
hidden layer with 8 neurons. We vary the number of neurons, K7, in the bottleneck layer.
of AE1, with their relative complexity depending on the specific choices of K7 and N.

We address the training details separately based on different AE applications, starting

with using AEs for extracting common components.

2.4.2  Finite-Sample Recovery of Common Components with Autoencoders

To train the aforementioned AEs in this scenario, we use stochastic gradient descent with the
Adam optimizer [Kingma and Ba, 2014] to minimize the loss defined in (2.4). The batch size
is fixed at T'/10, ensuring each epoch consists of ten gradient descent updates. In simulations
for AEs, the only parameter we tune is the learning rate in the optimization algorithm,
selected from {0.005,0.01,0.05,0.1} using a training-validation scheme. To mitigate the
effects of random initialization and stochastic batch selection during training, we adopt an
ensemble approach, averaging the outputs of 10 independently trained models, consistent
with standard practices in the literature.

For each tuning parameter (e.g., learning rate), we train the AEs using the first 4/5 of

129



the sample (training sample) and apply the inferred encoders and decoders to construct an
estimate of X™* in the remaining sample (validation sample). This approach allows us to
calculate the validation loss and determine the optimal tuning. When training, we apply
early stopping if the validation loss does not decrease for 50 consecutive epochs. Finally, we
refit the model using the entire sample with the selected tuning parameter.

We report the mean squared error (MSE) given by:

T N
NN N (K = ef (7))
t=11i=1
with a variety of choices (N,T) = (50,500), (200,500), and (200,50). The comparative
performance, as illustrated in Figure 2.6, highlights notable differences in how PCA and
AEs respond to variations in sample size and the number of factors.

In the baseline linear case, PCA achieves optimal MSE when the number of factors is set
to five (the true value) and is clearly the best performer when the sample size N is larger
than T'. In this linear setting, AE1 through AE3 exhibit similar performance. These AEs
tend to achieve lower MSEs than PCA when the number of factors is below five; however,
their performance, like that of PCA, begins to deteriorate as the number of factors increases
beyond five. This decline is due to the addition of extra factors, which introduces noise
into the estimation rather than improving accuracy. AE4 follows a U-shaped pattern similar
to the other AEs but demonstrates significantly worse performance. Its greater complexity
makes it more prone to overfitting, resulting in higher MSEs compared to its disjoint output
benchmark model, AE3. In contrast, AE5 limits complexity by reducing the number of
neurons in the decoder layer, which restricts the number of weight parameters despite being
fully connected. This design enables AE5 to achieve performance comparable to the other
AEs while notably outperforming PCA when an excessive number of factors is allowed,

effectively mitigating the impact of overfitting.
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Figure 2.6: Mean Squared Error Comparison in Extracting Common Components
Note: This figure shows boxplots of the mean squared errors in extracting common components, X *, for each

specified number of factors shown on the x-axis. It compares the performance of five different AEs and PCA

applied to four DGPs, evaluated across various choices of N and T, based on 100 Monte Carlo repetitions.
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The results for all nonlinear DGPs reveal a similar pattern. As the number of factors
increases, PCA’s performance continues to improve, suggesting that nonlinearity compels
PCA to extract more linear factors to better approximate the model. In all cases, PCA
struggles to match the performance of the nonlinear methods, even with up to 20 factors
in the case where N = 200 and 7' = 500, while these nonlinear methods deliver superior
results with just five factors. When N is small relative to T, AE1, AE2, AE3, and AE5
deliver comparable performance and significantly outperform AE4, which begins to overfit
as its complexity increases. Conversely, when NN is large relative to T', AE1 and AE5 tend
to dominate, maintaining superior performance. Meanwhile, AE2 and AE3 become more
comparable to AE4, indicating that their relative advantage diminishes as the ratio between

sample size and dimensionality shifts.

2.4.8  Simulation Comparison with Kernel PCA and Local PCA

We conduct simulations to compare AEs with Kernel PCA (KPCA) and Local PCA (LPCA)
for Model3. For KPCA, we apply three different kernels: polynomial, radial basis function
(RBF), and sigmoid. We utilize the same procedure to select their hyper-parameters. For
LPCA, we follow the same setup as Feng [2023], taking the pseudo-max distance for de-
termining nearest neighbors and set the number of nearest neighbors en?/3 for ¢ — 0.5, 1
and 1.5. Due to the similarity in results across AE1 to AE3, only the performance of AE1
is shown. The findings indicate that KPCA’s performance is highly sensitive to the choice
of kernel. Among the tested kernels, the polynomial kernel outperforms PCA but remains
inferior to AE1. In contrast, the RBF kernel show poor performance, with MSE values even
higher than those of PCA.

These results highlight that while KPCA introduces nonlinearity through kernel func-
tions, it lacks the adaptive ability of AEs to learn optimal representations directly from the

data. This dependency on choosing the right kernel can significantly impact performance.
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In contrast, AEs, with their deep, flexible architectures, adapt effectively to complex data
structures and consistently outperform KPCA. This highlights the robustness and versatility
of AEs in capturing nonlinear relationships. Regarding LPCAs, they are capable of adapting
to nonlinearities, resulting in a lower MSE with fewer factors compared to PCA. However,
their minimum MSE remains higher than that of AEs, and they are more prone to overfitting

when an over-specified number of factors is used, especially in comparison to AEs.

1s Model3, (N,T)=(50,500) s Model3, (N,T)=(200,500) s Model3, (N,T)=(200,50)
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Figure 2.7: Mean Squared Error Comparison in Simulations with Kernel PCA and Local
PCA

Note: This figure shows boxplots of the mean squared errors for each specified number of factors, comparing
three different KPCA and LPCA methods applied to Model3 across various choices of N and T, based on
100 Monte Carlo repetitions. Here KPCAT1 represents polynomial kernel, KPCA2 represents RDF kernel,
and KPCAS3 represents sigmoid kernel. LPCA1 to LPCA3 correspond to LPCA with the number of nearest
neighbors en?/3 for ¢ = 0.5, 1 and 1.5.

2.4.4  Finite-Sample Predictive Performance with Supervised Autoencoders

Next, we evaluate the performance of SAEs, focusing on a prediction setting. We adopt a
polynomial factor model as the DGP for X;;. Additionally, we simulate target variables Y;;
based on (2.5), where ¢(z) also follows a polynomial factor model but with a distinct set

of randomly generated parameters (e.g., A1; and Ag;). We adjust C7 and C9 in the DGP to
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calibrate the signal-to-noise ratio (SNR) for X and Y based on our empirical application on
return predictions. Specifically, the SNR of X is set to 1, whereas for Y, the SNR is set to
1%, aligning with the low-SNR in practice. We fix N = 50, while varying the dimension of
Yit, M. The in-sample size is set at 7" = 200, matching that of our empirical study.

The decoders of our SAEs connecting to Y retain the same structure as the AEs connect-
ing to X, with SAE1 through SAE3 employing disjoint output decoders and SAE4 and SAES
using fully connected decoders. As discussed earlier, a sparse encoder can enhance model’s
out-of-sample performance. Sparsity is introduced here via a pruning procedure. After train-
ing SAEs with a fully connected encoder, weights below a specified pruning threshold are
set to zero. The threshold is determined by sorting all weights and truncating those below
a specified percentile, i.e., the pruning ratio. We vary the pruning ratio from 0% to 95%
in increments of 5%. Since pruning is applied after training, adjusting the pruning ratio is
computationally efficient.® The pruning ratio and learning rate are selected jointly during
the validation step.

After training and validation, we evaluate the selected model’s out-of-sample performance
using a separate testing sample of 100 observations. For each target variable, we calculate its
out-of-sample R? against its in-sample mean, and then report the average over all such R2%s
in Table 2.1. For comparison, we include principal component regression (PCR) as a linear
benchmark. In PCR, each variable Y is regressed on the principal components of Xj;; using
the entire in-sample dataset. Predictions are then made out-of-sample using the in-sample
estimates of principal component weights and regression coefficients.

The results highlight the advantages of our SAE approach compared to PCR, which con-
sistently yields negative out-of-sample R2 values regardless of the number of factors. This
underperformance can be attributed to PCR’s lack of supervision when recovering factors

and its reliance on linear approximations, which is inadequate for capturing the nonlinear

8. For alternative approaches to pruning a NN, see LeCun et al. [1989], Hassibi and Stork [1992], and
Frankle and Carbin [2018].
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M =25 M =50
K 1 3 ) 7 9 K 1 3 5 7 9

PCR -0.323 -0.922 -1.731 -245 -3.38 PCR -0.297 -1.049 -1.869 -2.692 -3.585
SAE1 0.245 0.258 0.257  0.261 0.271 SAE1 0.302 0.328 0.341 0.342 0.354
SAE2 0.252 0.246  0.258 0.247 0.267 SAE2 0299 0.318 0.314 0317 0.317
SAE3 0.176  0.232 0.26 0.246 0.249 SAE3 0.264 0.316 0.337 0.347  0.345
SAE4 -0.146 -0.039 -0.038 0.021 0.025 SAE4 -0.087 -0.048 -0.032 0.009 0.025
SAE5 -0.023  0.061 0.082 0.093 0.135 SAE5 -0.038 0.204 0.207 0.191  0.204

M =100 M =200
PCR -0.327 -1.087 -1.924 -2.762 -3.674 PCR -0.31 -1.098 -1.885 -2.739 -3.561
SAE1 0343 0375 0382 0.386 0.382 SAEl 0.374 0.39 0.389 0392  0.393
SAE2 0364 0368 0371 0373 0371 SAE2 0.38  0.389 0.39 0.388 0.39
SAE3 0315 0368 0.378 0379 0381 SAE3 0339 0.384 0.388 0.392  0.392
SAE4 -0.08 -0.052 -0.021 -0.031 0.006 SAE4 -0.091 -0.051 -0.042 -0.038 -0.012
SAE5 0.008 0.237 0.272 0.266 0.258 SAE5 0.058 0.242 0.261 0.283  0.279

Table 2.1: Simulation Results for Supervised Autoencoders

Note: This table reports the out-of-sample R? (in percentages) of predicted values across various predictive
methods, including the benchmark Principal Component Regression (PCR) method and multiple SAE ar-
chitectures of increasing complexity. K7 corresponds to the number of factors in PCA and the number of
neurons in the bottleneck layers of the SAEs. The dimension of Y, M, is varied while the dimension of X
is fixed at NV = 50. The sample size is fixed at T' = 200.

relationships needed to predict the target variables. SAE4 also struggles to achieve positive
R? values due to its propensity for overfitting in out-of-sample scenarios. In contrast, SAES
mitigates the curse of complexity, yielding positive R? values. Notably, SAE1 through SAE3
outperform SAES5 by delivering higher R? values, demonstrating their ability to extract non-
linear factors effectively while maintaining sufficient complexity control to avoid overfitting.
As M (the dimension of Yj;) increases, prediction target becomes increasingly important in
training, leading to improved predictive performance. While the number of neurons in the
decoder layer grows as M increases, the total number of weights per target remains fixed for
SAE1, SAE2, SAE3, and SAE5. However, for SAE4, the total number of weights per target
scales linearly with M, contributing to its progressively worse performance.

Our stylized simulation experiments on AEs and SAEs have thus far validated our theo-

retical predictions. While advancing architectures, optimization algorithms, and parameter-
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tuning schemes are important and active areas in machine learning research, our primary
objective is not to identify the optimal model. Instead, we aim to validate our theoretical

insights and identify a useful model for empirical analysis.

2.5 Conclusion

This paper develops theoretical insights into a nonparametric unsupervised learning problem—
the application of deep AEs within nonlinear factor models—demonstrating their effective-
ness in extracting latent common components from high-dimensional inputs. By extending
this framework to include SAEs, we pave the way for broader and more versatile applications
in economics. These methods offer a systematic approach to nonlinear dimensionality reduc-
tion and enhance predictive accuracy by leveraging underlying low-dimensional structures.
While this work primarily focuses on estimation and prediction using a specific class of
AEs and SAEs, it opens several promising directions for future research. A natural extension
involves formal inference, particularly in the context of causal analysis, to better quantify un-
certainty in causal effects. Expanding the framework to include more general AE structures
beyond the disjoint output class could enhance their flexibility and applicability across diverse
settings. Furthermore, developing principled methodologies for model selection, architecture
optimization, and regularization strategies would improve both interpretability and com-
putational efficiency. Finally, pursuing theoretical analyses to understand the integration
of AEs with other machine learning frameworks, such as generative models or variational

inference, could unlock opportunities for novel and distinct economic applications.
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2.6 Mathematical Proofs

2.6.1 Proof of Theorem 6

Proof. For simplicity, denote fﬁl(dl,wl,T5B+5, B) and F}(1<d2,w2,T56+5, B) by F1 and
Fa, respectively. We further define a function space of DNNs which are potentially un-
bounded: fggﬂ(d,w,C) := {f of the form (2.2) : max;—. .. d HW H V ’v | <C}.

Throughout the proof, ¢ and C' denote fixed constants, which may vary from line to line.

2.6.1.1 Main Inequality

By the definition of ($1,...,»N) o p, for any (p1,...,oN)0p € ‘7:51%7 it holds that

T N )
ZZ(XZIS_SOZ ZZ Xit — @ilp ))) .
t=1i=1 t=1i=1
As a consequence, we obtain

N T N

~ 2 ~
> (X5 = EPXe)? = 30D [ (Xi - Bip(x0))? — UF + 283U — 2X5,Uig
t=11=1

1M
l

7

2 A~
| (Xit = 2ilp(X0)))? = UF + 2X3y Uiy — 2X5Us | (2.11)

M=

H
|
—_
-
I
—

(X35 = 0i(p(x0)))” + 203 ( (X5 — 2ilp(X0) + (R = X5)) |

=
WE

“
Il
_
~.
|
—

Below we establish three inequalities which are denoted by (I) to (III).

(I) Assume (p1,...,0oN)0p € *7:1{1(11? As long as ¢1,...,¢N are deterministic, with
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probability at least 1 — C exp(—cT),

T N r N o\ 1/2
> U (X - ile(xe) 5 TV P 10g(1) (30D (X5 wilo(X0)) )
t=1i=1 t=1i=1

+ KY2TV2 N2 10g(T) + N.

(IT): With probability at least 1 — C' exp(—cT’), we have

T N K
I E — X5)Uy| S(NTTE + TK )2 1og?(T)
t=1i1=1
T N 1/2
~ o~ 2
< [N @ex)) -x5?]  + N2 N
t=11=1

(ITI): There exists (goJ{, . ,go}r\,) opl e ff&, such that @J{, ceey go}fv are deterministic and

T N

1

WZZ (X4 — ol (pf (X)) ST~ TR 7L inf ZHp X;) — F|%
t=1i=1 PEFR 1=1

2.6.1.2  Proof of (I)

Write e = KflT_l_(5B+5)(d2+l>w;d2 and define the set
S={reRF: V1 <i<Kj, 31 <j(€N) <2Berl, st.ay = —B+jer).  (2.12)

By definition, we see that for any F' € [—B, B]1 there exists a F' € S such that || F—F||s <

ep. Write the set as {F},,1 < k < |S]|}. It is not hard to verify that

log S| < K1 log(2BK T80 (da 1) d2y < gy 1602 (T0). (2.13)
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For 1 <t < T, assume ||p(X¢) — Fk;Hoo < ep. As a consequence, by Lemma 31,

ilp(Xe) — il Fig)| < T, (2.14)

Together with Lemma 28, with probability at least 1 — C' exp(—cT'),

T N
SN U (X3 - ) < Z Z Uit (XF; = ¢i(Fje)) + N

t=1:=1 t=11i=1

S SN U (X - il F,)

‘ T N T
Sknelﬁ;(\ ; /Q(ZZ(X;:& pi(Frr)) ) +N - (215)
EE (S o (e
AP DARE i(Fr,) r
<kH€lﬁ§‘ ‘ t=1 1 t( ¥ 1;)1‘/2 (ZZ(Xz'*t—%(P(Xt)))2>l/2+Nl/2
ﬁ“<T (E:t 1§:z 1( %%(Fkﬂ) > t=11i=1
TN,

where we use Eq. (2.14) and Lemma 28 in the first inequality and Eq. (2.14) in the last
inequality. For any u > 0, by Lemma 27 and the property of subGaussian distribution, as

well as the fact that ¢1,..., o, F’kl, . ,FkT, and { X7 }; ; are deterministic given {Ft*}tT:b

’Zt L i U (X5 %(Fkt))‘

9\ 1/2

(2 X (0 = wilFi)?)

T u?
ul{F{ =1 | £2exp <_ﬁ> .

u

Therefore, by union bound inequality and the arbitrary of {F} }thl in the above inequality,

T N »
’Zt:1 Zizl Uit (X;g - %(Fkt>)‘
P | max
ktE |S|

S (SR (- eum))

T u?
>u | <2|S]" exp (——2> :
203,
By Eq. (2.13), Eq. (2.15), and setting u = 20, (T log |S|)}/2, we complete the proof for (I).
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2.6.1.3 Proof of (II)

To prove this assertion, we rely on Lemma 32. The lemma states that for § = T, there

exists a function class Fo 5 C F2 with

K
log | Fy | < (wddy + Kywy) log (85—1BT<5ﬁ+5><d2+1>(1 n wg)d2K1dQ> < TR Jogh(T)

(2.16)

such that for any ¢ € Fy, there exists € Fy 5 meeting the requirement [p(x)—¢(x)| < 71,
V||z||oo < B. Since ||¢||oc < B, we have [@(z)] < T~! + B. Hence we can assume all the
functions in Fy 5 are bounded by 2B for simplicity, i.e., Fo5 € .F[l(l(dg,IUQ,T5B+5,QB).
Write Fo 5 = {$j,1 < j < |Fosl}. By definition, there exists £f € [|Fys|] such that
|0i(z) — @g:(l‘” < T7! V||z]ls < B. Additionally, recall the definition of S in Eq. (2.12),
there exists kf € [|S|] such that ”sz — p(Xt)|loo < ep. Since g; € ]-"Il(1 (dy, wo, TPB15 B),

by Lemma 31, we have

~ _ = ~ ~ = ~ = _ = _1
i (P(X+t)) = Por (Fip)| < 18i(p(Xe)) = @i Fyp)| + 18i(Fyp) — P (Fp)| < 277
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Together with Lemma 27, with probability at least 1 — C' exp(—cT") we have

T N T N
> @ = X3)Uit| S D (@er(Fie) = X5)Uie| + N (2.17)
1

t=11:=1 t=11i=
T <N (— &
>t 2ie1 (Be,(Fry) — X5) Uil (N
T <N (~ & 2\ 1/2
SN () - x3)%) T = =
T <N (— &
>oi—1 2ie1 (@0, (Fr,) — XZ) Uit
S k [\‘IS'Ill]al}it<T 1/2
ells)),1<t< T <N (—~ &
(€1 5l 1<i<N <Zt:1 i1 (@, (Fr,) — X%) )

X ZZ x5 N2 N

t=1i=1

< max
kie[|SI),1<t<T
e[| Fy sl 1<i<N

By Lemma 27, the property of subGaussian distribution, as well as the union bound inequal-

ity and the arbitrary of {F} }?:1, we obtain

2
u
>u | <287 | Foul N exp (__2) ‘
’ 207,

T <N (= /&
. ’thl >ic1 (P, (Fr,) — X3) Uit
kte[|fs‘rha1)it<T

— 12
I<t< T N (-
(el Py 5l 1<i<N <Zt=1 >oim (P (Fr) — X3) )

The conclusion follows by Egs. (2.13), (2.16) and (2.17) with u = 20, (7T log |S|+N log |]—"2,5|)1/2.

2.6.1.4  Proof of (III)

It is sufficient to construct (go];, cee gp}LV) o p]L e F E satisfying the inequality. If K1 > K,

we can introduce useless neurons into the bottleneck with zero weights and biases, ensuring
that the output of the network remains unchanged.

Assume pf(-) := arg minpe}-ﬁ Z?Zl |p(Xt) — Ff||2. According to Proposition 4, there
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exist deterministic 30;-[ € .7-"1K(d2, we, TOPHD, B) such that:

__B_
ol () — pF(2)| ST P, Voe[-B,BX andi=1,...,N. (2.18)

By the triangle inequality, the following inequality holds:

1 LN 2 y T N 2
7 2 2 (@) = el (T (X)) < 575 D0 D7 (eH () = ¢ (o1 (X))
t=11i=1 i1
9 T N ! ,
722 (% ) ol (o)) = Ap + As.

t=1i=1

By Assumptions 7, we confirm:
07 (2) =i S lle—yllz Vi=1,...,N. (2.19)

Therefore, Ay < =37 | FF — pf(X0)||? = inf _ rx S L Ip(Xy) — FF|2. For Ag, by Eq.
_ 28
.18), we have A9 +X£  which completes the proof.
(2.18) h A9 < T 2B+K  which 1 h f
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2.6.1.5 Final Step

Note that by (I) and (III), it can be proven that, with probability at least 1 — C' exp(—cT),

T N
S5 (elef () - X5) U

t=1i=1
1/2
T N
<7125 2 00 T _X* NY2| 4N
= 1 log ZZ Zt) T T
t=1i=1
’ 1/2
<TV2NV2EM P 10g [ TV (177 L) g O (X = FEP | 1] 4N
PEFNt 1
T
28
SNT [ N7Uy + 755K 4771 inf 3™ o) — FY|2 | log®(T).
PE]:Nt 1

Together with (IT), (III) and Eq. (2.11) with (¢1,...,¢on) o p on the right hand side re-

placed by (ng{, . go}rv) o pl', we conclude that with probability at least 1 — C'exp(—cT),

ﬁ Zthl sz\il (r(Ff) — )A(,-t)Q is approximately less than

1/2
(T~ 24K + N1V 2 10g?(T 7 Z — GH(F)?
t=1i=1
28 T
+ | NTIK 4+ T K 4+ 771 inf an Xp) — FF|)? | log®(T).
PEFN 1=1

Note that for a,b > 0, the following derivation holds: z < ay/x +b = z <

Therefore, the proof is completed by taking x = NT Zt 122 1 (goZ (FF) — )?t)2, a =
28

(T~ 2K + N~1K)1210g2(T), and

b= [N UK+ T LT ng ZHp (Xe) = F||? | log*(T).
PEFR =1
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2.6.2 Proof of Theorem 7

Proof. Regarding the in-sample performance, it is sufficient to prove that with probability at
least 1 — C exp(—cL) — Cexp(—cT'), there exists a p! € ﬂ{? such that 71 Zthl 1T (X3) —
Fr? <t +6—|—T_262%. Notably, since [|[¢*|loo < B and |[W*|loo < L7L, |[W*|lg < L by
Assumption ??, we observe that the domain, W*p*([—B, B]K ), a compact set, is contained
within a bounded set [—C’, C’]K . Therefore, by the Whitney extension theorem, p* can be
extended to HA([—-C —1,C + 1)K, 0) for some fixed constant C.

According to Proposition 4, there exist ﬁT € }“Ifg(dl — 1, wy, T5ﬂ+5, B) such that:

- __B
157 (@ +14C) = p*@)||loo ST PFE, Vo e[-C—1,C+1)K. (2.20)
Let vf € RE be a vector with all elements equal to —1—C and define pf(z) := pf (o, W ) €
f{(((dl, wy, TOPHD, B). By Lemma 29, with probability at least 1 — exp(—cL), ||W*X¢||oo <

1+ C. As a consequence, by Lemma 30, Eq. (2.20) and the fact that p* is Lipschitz

continuous, with probability at least 1 — C exp(—cT) — C exp(—cL),

T T
Z‘Ft el Z B = VX + 1l (W XF) — " (W X) 2
+lp*(W*Xy) = o1 (0,1 W X))
1 S 2 N 28
< +TZ<”W*Uf“ + W Xe) = T (WX + 14 0 ) SLT 4 et T7E,
t=1

which completes the proof for the in-sample performance.

Regarding the out-of-sample performance, by the in-sample bound and the facts that

N1 S S (e (FF) = Bi(p(X1))? < 4B2, exp(—cT) = o(T 1), exp(—cL) = o(N™1)
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as is assumed in Theorem 7, we have

T N
1 PP 2
NT Z ZE(wf(F?) - %’(P(Xt»)

t=11i=1

_ 2B

S(NTYK 4+ 77K 4 L7 4 ) log(T) + 4B? - (exp(—cT) + exp(—cL))

1 — 2 4 2 ST |
SINTKy+T 2K + L7 4 €)log*(T)+ 4B~ -0o(T" "+ N )

__2B_
SINTUE + T4 4 L7 4 e) logh(T). (2.21)

~Y

Assuming that {(F}, Uy, X¢)}1_; is an independent copy of {(Fy, Uy, X¢)}]_, we have

1 N 1 T N
=BG X)) — E(FE ) — o D BB (X)) — ¢f (7))
N NT
1 T N . ) 1 T N )
- wilp — ¥ Uy - N wilplAt)) — @ (L'
S S B0 - 6 () — o 3 Y B(E D) — )
t=11:1=1 t=1 i=1
JRREARY AN PRI R IR
<o 2|7 D E@GED) - () - £ D E@ERX) - el ()7 (2:22)
=1 t=1 t=1

Lemma 33 provides an upper bound for the right-hand-side of the above inequality, which

implies that

N T N

1 -~ 2 1 o~ 2
5 2 E(Xrin =l (Ff)” = 57 20 DO E(@AXD) — of (57))

i=1 t=11=1

1/2
gk 1/271/2y 12 1N o ok )2
<C(T" 2FK + T /2L/%)log™*(NT) N;E(XTJA,Z'_SOZ'(FT-H))
1=
__28_

+C(T7 257K + T 1LY logh(NT) (2.23)

for some fixed constant C'. Let a, b, ¢,d > 0 satisfy |a — b| < 2y/ac+ d. Simple algebra gives

145



a<20b+d)+ 4¢2. The proof completes by applying this fact to Eq. (2.23) with

1

N
Z E(Rra — @)% b= om0 S E(E (X)) — oH(F)*,

M=
M-

| =

t=11=1
— 1 4
C(T™2+K + T L) log*(NT),

wIQ 2

_B_
(T~ K 4+ T-V2LY2) 1062 (NT), d =

28
and the fact that b < (N"1Ky + T 25+K + L= 4 €)log?(T) by Eq. (2.21).

2.6.3 Proof of Theorem 8

Proof. By Assumption ??, Eq. (2.19), [|[W*|? < Te((W*)TW*) < L1, and Theorem 7, we
have with probability at least 1 — Cexp(—cT') — C'exp(—cL), %Zle |p*(W*X,) — F|1? is

approximately less than

0" (W*Xe) = p" (W () + ZHP (W*e* (7)) — FY|1?

M| =
M=

1

~
I

T
1
STZHW*Xt W (FOIP + € S ZIIW*II Xy — *(FF)|* + e
t=1
T
1 __28_
ﬁZHXt “EOIP+e< (LYK + NL7IT7287K - NL72 + NL71e) log*(T).
t=1

Together with the fact that )?t is a function of ]315, ie., )?t = 35(]315), we identify a function

of ﬁt, given by p* o W o ¢, that satisfies the specified condition. O

2.6.4 Proof of Corollary 3

Define

) —mi05 (FY), with probability 1 — 7
¢ (@) = mpi(z), Up=
(1 =)o (FY) + Uy,  with probability ;.

146



By doing so, we observe that Xit = @i (Fy) + Ui;. For this DGP, we note that Assumption
7 follows from the fact that m;pF € HB(Q, B). Since Uy is sub-Gaussian with uniformly
bounded sub-Gaussian norm and ¢7(-) is bounded, it holds that Uy is a mean zero sub-
Gaussian variables with uniformly bounded sub-Gaussian norm. In addition, since we assume
Uj isii.d., it holds that given FY, Uy is independent to each other, which verifies Assumption
6. Therefore, by Theorem 6, with probability at least 1 — C exp(—cT'),
1 T N 2
v (&
t=1i=1
— i 1 1 LN 2| .4
ST F A NTIE T inf Y lp(Xe) — FEYP | log*(T). (2.24)
PETR =1
In addition, since Xj; is missing independently across ¢, it is not hard to check by Bernstein in-
B __K
equality that P(|7;—m;| > T~ 254K log(T)) < Cexp(—c¢T~ 2+K log?(T)). With union bound
__K
inequality, we conclude that with probability at least 1 — CT exp(—cT~ Z5+K log?(T)) >
__K __B_
1 — Cexp(—cT" 25+K) maxj<;<n |[7; — m| < T 25+K log(T). Together with the facts that

iy T = T and |)A(2t| < B, with probability at least 1 — CT exp(—clog? T),

T N . T N , ~ ,
S Xau/m-X5)7 <Y > Xit/mi — X5)° + (Xir/mi — Xit)71) "]
=1 i=1 =1i=1
a PN p P
DD [(Kig = miX5)™ + (1/m — 1/7:)7]
=1i=1
T N
<SSOS T [(Ki —mixg)? + T TR Jog 2(1)].
=1 i=1

Combining the above inequality and Eq. (2.24), the corollary holds.

147



2.7 Empirical Applications in Economics

In this section, we discuss three separate applications that illustrate the use of AEs and

SAEs with economic datasets.

2.7.1 Macroeconomic Forecasting

Forecasting economic developments is essential for effective decision-making in policy formu-
lation, consumption and investment planning, and financial forecasting. Accurate predictions
help stakeholders anticipate future trends and adapt their strategies accordingly.

A variety of methods has been proposed to aggregate macroeconomic indicators for
predicting individual macroeconomic variables, such as unemployment rates, inflation, and
short-term interest rates. Prominent approaches include factor-based models developed by
Stock and Watson [1999] and Stock and Watson [2002|, Bayesian model averaging (Koop
and Potter [2004] and Wright [2009]), and ensemble learning methods such as bagging and
boosting (Inoue and Kilian [2008] and Bai and Ng [2009]).

Recently, there has been growing interest in methods designed to forecast multiple vari-
ables simultaneously. Examples include Bayesian reduced-rank multivariate models (Car-
riero et al. [2011]) and Bayesian vector autoregressions (Baribura et al. [2010]). At the same
time, forecasting techniques originally developed for single variables can often be adapted to
panels by applying algorithms separately to each target variable. Stock and Watson [2012]
provide a comprehensive comparison of panel forecasting methods and emphasize the strong
performance of factor-based approaches in such settings.

This study focuses on forecasting an entire panel of economic indicators, employing the
FRED-MD dataset compiled by McCracken and Ng [2016]. This dataset features a com-
prehensive range of economic indicators across categories such as output and income, labor
markets, consumption, orders and inventories, money and credit, interest rates and exchange

rates, prices, and the stock market. It includes 119 predictors spanning January 1960 to De-
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cember 2019 at a monthly frequency.?

Formally, let X; € R represent the predictor variables, and let Y;11 denote the target
variables for the subsequent month. SAEs are employed to predict Y;i1. Since the focus
is on forecasting the entire panel, we set Y; 11 = X;11. On the basis of Stock and Watson
[2012], we center our analysis on the residuals of a prior AR(6) fit for Y}5+1.10 This approach
enables us to evaluate the models’ ability to predict beyond the autoregressive component.
To benchmark the performance of SAEs, we compare their predictions against those of the
PCR approach, which is widely regarded as a robust baseline, as highlighted by Stock and
Watson [2012].

Training the SAE involves an expanding window approach. The initial 20 years of data
(1960-1979) serve as the training set, while the subsequent 10 years (1980-1989) form a
validation set used for tuning parameters such as the learning rate and pruning ratio. Rather
than optimizing the number of factors, results are reported for each specified factor count.
Performance is evaluated on the following year (1990). This process is repeated 30 times,
with the training set expanding by one year and the validation set shifting accordingly at
each iteration. For PCR, performance is also reported for each specified number of factors.
Since it does not involve tuning parameters any more, the training and validation sets are
combined to produce direct estimates.

The results in Figure 2.8 highlight a significant advantage of SAEs over PCR. Among the
PCR models, the single-factor specification consistently outperforms other configurations, re-
inforcing the effectiveness of simplicity in this context. In contrast, SAEs, particularly SAE1

through SAE3, exhibit superior performance. The box plots for these models demonstrate

9. We adhere to the preprocessing steps outlined by McCracken and Ng [2016], including necessary trans-
formations and the exclusion of variables with missing values in earlier years or those with long lags. These
measures ensure the robustness of our analysis and facilitate comparability with other studies in the litera-
ture.

10. To avoid forward-looking bias, the AR(6) model is refitted using an expanding window of the training
sample at each step.
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narrower spreads and consistently positive median R? values across all factor counts, un-
derscoring their robust predictive capabilities. Notably, SAE2 with two factors appears to
dominate other scenarios. SAE4, however, performs poorly, showing clear signs of overfit-
ting due to its more complex structure. In comparison, SAE5—while fully connected—has
a much smaller number of parameters than SAE4. As a result, its performance is closely
aligned with that of SAE1 through SAES3, albeit slightly lower. To further test the statistical
significance of the improvements over PCR, we apply the Wilcoxon signed-rank test to the
R? values. This test evaluates the null hypothesis that the median RZ is zero against the al-
ternative that the median is positive. The corresponding p-values are presented in Table 2.2.
SAE2 dominates PCR with at least two factors, while SAE1 achieves dominance with three
or more factors. Although SAE3 performs weaker, it still surpasses PCR with four factors
and with three or five factors at the 10% significance level. Overall, our results underscore
the advantage of the disjoint output decoder structure in SAEs. By effectively extracting
nonlinear components, this architecture contributes to stable and improved macroeconomic
forecasting.

11
bl

—7.57

—10.0
—-12.51

-150+—————" oo
PCR SAE1l SAE2 SAE3 SAE4  SAE5S

Figure 2.8: Out-of-sample R%s in Macro Panel Forecasting
Note: This figure compares the distributions of out-of-sample R? values (in percentages) for SAEs and PCR

across different numbers of factors (ranging from 1 to 5), benchmarked against PCR with one factor, in

forecasting the cross-section of macroeconomic indicators one month ahead at a monthly frequency.
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K 1 2 3 4 )

PCR - 1.0 1.0 1.0 1.0
SAE1 0.549 0.441 0.04 0.003 0.002
SAE2 0.537 0.014 0.035 0.073 0.033
SAE3 0.836 0.647 0.073 0.047 0.085
SAE4 1.0 1.0 1.0 0.996 1.0
SAES 1.0 0.682 1.0 0.952 0.968

Table 2.2: P-values of Wilcoxon Signed-rank Test

Note: This table reports the p-values from the Wilcoxon signed-rank test applied to out-of-sample R? values,
benchmarked against PCR with one factor. K; denotes the number of factors in PCA and the number of

neurons in the bottleneck layers of the SAEs.

2.7.2  Predicting the Cross-Section of Factor Returns

Our second exercise examines an asset pricing application centered on factor investing. Over
decades, research has identified systematic factors that explain cross-sectional variations in
expected returns, driving the popularity of factor-based investing. Like aggregate market
returns, individual factor returns may exhibit predictability, presenting investment oppor-
tunities for dynamically adjusting positions on different factors based on their expected
performance.

Extensive research has explored the predictability of individual factors, such as value
(Cohen et al. [2003]) and momentum (Cooper et al. [2004]; Daniel and Moskowitz [2016]),
as well as the joint predictability of multiple factors (Stambaugh et al. [2012]; Akbas et al.
[2015]). For instance, Arnott et al. [2023] investigate factor momentum and demonstrate that
past factor returns can predict future returns in the cross-section. Expanding on this, Haddad
et al. [2020] use factors’ book-to-market (BM) ratios—calculated by weighting individual
equities’” BM ratios—to predict the five principal components of factor returns, which are
subsequently translated into predictions of the returns of individual factors.

Our approach differs by directly predicting the cross-section of factor returns using each
factor’s characteristics, such as BM ratios and momentum measures derived from factor

returns over various horizons. Utilizing the SAE architecture examined in simulations, we
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extract nonlinear, low-dimensional components from these factor characteristics (X; ;), while
simultaneously predicting the cross-section of factor returns (Y;;41) for the next period.
Unlike our focus on factor-level predictions, an important application of AEs in asset pricing
is demonstrated in the work of Gu et al. [2021b], which proposes Conditional AEs to model
individual stock returns by incorporating firm characteristics as covariates alongside the
input returns.

Our analysis uses the extended monthly dataset from Haddad et al. [2020], accessed via
Serhiy Kozak’s website, spanning January 1974 to December 2019. This dataset includes 50
long-short, characteristic-sorted decile portfolios, along with their BM ratios. In addition
to BM ratios, we calculate trailing 1-month (MOMI), 6-month (MOMS6), and 12-month
(MOM12) returns as alternative predictors. The inclusion of MOM12 requires the sample
period to begin in 1975.

To train the SAE, we adopt an expanding window approach. Specifically, the first 15
years of data serve as the training set, while the following 5 years form the validation set.
Performance is then evaluated in the subsequent year. This procedure is repeated 25 times,
with the training set expanding by one year and the validation set shifting accordingly at each
iteration. For comparison, we implement PCA as in Haddad et al. [2020], using combined
training and validation sets for estimation without tuning the number of factors.

Table 2.3 reports the Sharpe ratio of a long-short portfolio constructed based on predicted
factor returns. The portfolio takes long positions in the top 10 (20%) factors and short
positions in the bottom 10, ranked by their predicted values. The Sharpe ratio provides an
economic assessment of the prediction power.

For BM, the PCA-based approach achieves a maximum Sharpe ratio of 0.452 with 4
principal components (PCs). Using MOMI1 as input yields a slightly higher Sharpe ratio of
0.654. However, PCA’s performance declines with MOM6 and MOM12 inputs, with Sharpe

ratios below 0.226 and 0.357, respectively, regardless of the number of factors.
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BM MOM1
K, 1 2 3 4 5 K 1 2 3 4 5

PCA 0.158 0.351 0.33 0.452  0.425 PCA 0.133 0.529 0475 0.654  0.597
SAE1 0.633 0.393  0.507 0.52 0.484 SAE1 0.512 0.652 0.704 0.748  0.802
SAE2 0.742 0.82 0.728 0.514 0.714 SAE2 0.904 0.867 0.802 0.727  0.738
SAE3 0.558 0.586 0.46 0.675 0.564 SAE3 0.744 0.662 0.809 1.007 0.779
SAE4 0.304 0.316  0.603 0.361 0.388 SAE4 0.638 0.831 0946 0.962  0.999
SAE5 0.645 0.322 0.288 0.293 0.526 SAE5 0998 0.897 0.818 0.889  0.865

MOMG6 MOM12
PCA -0.062  0.078 0.094 0.226 0.211 PCA 0.155 0.12 0.065  0.357  0.298
SAE1 0.612 0.515 0.525 0.507 0.706 SAEl1 0.645 0.76 0.831 0.396  0.534
SAE2 0.723 0.736  0.701  0.737 0.718 SAE2 0.661 0.613  0.487 0.67 0.59
SAE3 0.41 0.529 0.611 0.673 0.519 SAE3 0.834 0.802 0.751 0.658 0.373
SAE4 0.45 0.38 0.522 0.403 0.573 SAE4 0446 0.606 0.531 0.478  0.638
SAES 0.568 0.701  0.743 0.592 0.532 SAE5 0.763 0.768 0.859 0.835 0.704

Table 2.3: Out-of-sample Sharpe Ratios

Note: The table summarizes the empirical performance of predicting the cross-section of expected factor
returns, measured by the Sharpe ratios of long-short portfolios. These portfolios are constructed from next-
month predictions by SAEs and PCA across various numbers of factors, using BM, MOM1, MOMS6, and
MOM12 as predictors. Portfolios are rebalanced monthly.

SAEs consistently outperform PCA in nearly all cases, often by a substantial margin. For
example, with MOM1 as input, the SAE3 model achieves an impressive Sharpe ratio of 1.0
with 4 factors. Similarly, for BM, the SAE2 model with two factors achieves a Sharpe ratio
of 0.82. Using MOM6 and MOM12 as inputs, the same SAE1 model achieves Sharpe ratios
of 0.736 and 0.652, respectively. The strong positive predictability associated with MOM1
supports evidence of factor momentum, particularly evident in returns sorted by short-term
factor performance, aligning with the findings of Arnott et al. [2023|. Notably, SAE4 and
SAES also deliver competitive results, particularly for MOM across various horizons.

Overall, SAEs demonstrate significantly stronger performance than PCA, underscoring

their superior ability to capture nonlinear predictive signals effectively.
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2.7.8  Causal Analysis with Corrupted Data

In the final exercise, we revisit the study by Agarwal and Singh [2024] on causal analysis with
corrupted data, focusing on the well-known Gaussian mechanism introduced for differential
privacy (Dwork et al. [2006]; Dwork and Roth [2014]). This mechanism deliberately adds
Gaussian noise to protect respondent privacy while preserving data utility.11

The economic context involves recovering the effect of import competition from China
on U.S. labor markets, as studied in the influential work by Autor et al. [2013]. Their panel
dataset is organized at the commuting zone (CZ) level, encompassing 722 CZs across two
time periods: the 1990s and 2000s. Each CZ is represented by a vector of 30 covariates,
including variables from the authors’ preferred specification as well as auxiliary variables
detailed in their appendix.12

The dataset captures multiple dimensions of the same underlying economic indicators,
thereby exhibiting a pronounced factor structure. Table 2.4 highlights this low-dimensional
structure by comparing the variance explained by AEs and PCA. AEs consistently recover
more variance than PCA for a given number of factors. Notably, while PCA requires over 9
factors to achieve 80% explanatory power, AEs need only 3-5 components.

Next, we introduce synthetic Gaussian noise into the original 1990s dataset (X* €
R?’OX?Q?), referred to as the clean data, to obtain the corrupted data X with SNRs of
4,2, and 1. PCA and AEs are applied to X to denoise the inputs , and the MSEs between

the original data X and the reconstructed output )?Z are computed for each dimension 1.

11. Another common approach is to add Laplace-distributed noise. The empirical results using the Laplace
mechanism are nearly identical and are therefore omitted.

12. These variables are drawn from Column 6 in Table 3 and Appendix Table 2 of Autor et al. [2013].
They include percentages of employment in manufacturing, college-educated population, and foreign-born
population; percentages of employment among women and in routine occupations; average offshorability
index of occupations; Census division dummies; and percentages of the working-age population: employed in
manufacturing, employed in non-manufacturing, unemployed, not in the labor force, and receiving disability
benefits. Additional variables include average log weekly wages (manufacturing and non-manufacturing),
average benefits per capita (individual transfers, retirement, disability, medical, federal income assistance,
unemployment, and TAA), and average household income per working-age adult (total and wage/salary).
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K; 1 3 b} 7 9

PCA 24.1 50.9 64.9 74.1 81.7
AE1 44.5 82.0 91.1 93.8 95.8
AE2 40.8 76.9 86.2 91.6 95.1
AE3 51.2 86.2 92.4 95.3 96.7
AE4 49.8 91.2 95.1 98.0 98.8
AES5 43.5 80.0 89.2 93.3 94.6

Table 2.4: Cumulative Percentage of Variance Explained by Extracted Factors

Note: This table reports the cumulative percentage of variance explained by an incremental number of factors
for PCA and AEs, respectively.

The denoised outputs are subsequently used in a causal analysis framework to assess the
effectiveness of these data-cleaning methods.

Figure 2.9 presents the average MSEs across all variables. Consistent with our simulation
studies, AEs demonstrate superior performance in recovering the underlying data, achieving
significantly smaller MSEs compared to PCA. As the SNR decreases, performance deteri-
orates, resulting in larger MSEs. Among the AEs, AE4 performs the worst, as expected,
due to overfitting caused by its excessive number of parameters. We next explore how these

reconstruction errors affect the final causal analysis.

SNR=4 SNR=2 SNR=1
15 15 15
—— PCA ---- AE3 —— PCA ---- AE3 —— PCA ---- AE3
AEl ---- AE4 AEl ---- AE4 AEl ---- AE4
1.0 --- AE2 ---- AE5 1.04 --- AE2 ---- AE5 1.0 --- AE2 ---- AE5
0.5 t 0.51 * 0.5
0.0 ; ; 0.0 " " 0.0 . . .
5 10 15 5 10 15 5 10 15

Figure 2.9: Effectiveness in Reducing Synthetic Measurement Error

Note: This figure compares the MSEs for AEs and PCA across different numbers of factors in eliminating

synthetic errors from the covariates.

For consistency with Autor et al. [2013], we use their specified variables for the two-stage

least squares (T'SLS) estimation, while the data-cleaning step benefits from the inclusion of
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auxiliary variables to enhance the recovery of the factor structure. We repeat the denoising
process 100 times and present the distribution of TSLS estimates based on AEs and PCA,
with the number of factors fixed at K7 = 5 in Figure 2.10. For comparison, we also compute
the causal effects directly using the noisy data without any cleaning. Notably, while larger
noise (SNR = 1) reduces variance of TSLS estimates, it results in a greater bias. When
applying TSLS to the outputs of AEs, the median of estimated causal effects from 100
experiments are close to the value reported in the original paper (—0.596 £+ 1.96 - 0.099).
Specifically, for SNR=2, the median estimates are -0.639 for AE1, -0.659 for AE2, and -
0.652 for AE3. PCA, by comparison, yields a corresponding estimate of -0.674, with smaller

variance than AEs but a larger bias, even exceeding that of using the noisy data directly.

Noisy PCA  AE1 AE2 AE3 AE4 AES
Figure 2.10: Effect of Noise Reduction on Causal Analysis Outcomes

Note: This figure presents boxplots of the TSLS estimates based on 100 repeated experiments with synthetic
noise added to the covariates. The “Noisy” case represents the estimates obtained directly from the corrupted
data, while the remaining boxplots correspond to estimates after applying respective data-cleaning methods
using PCA and AEs. Each of the three boxes from left to right correspond to three SNRs from 4 to 1.
The red dashed line denotes the causal effect derived from clean data, and the blue dashed lines mark its

confidence interval.
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2.8 Supplemental Mathematical Proofs

2.8.1 Approximation Error of Neural Networks

Proposition 4. Assume f € HP([—a,a]",C) for some p = q+ s, ¢ € Ny and s € (0,1],
and C > 0. Then for a > 1 and ¢ sufficiently large (only depends on fixed constants
including p, a, C' and || f||ca), when d < [logy (CQPH ([logg(max{q,r} +1})]+1) and w =<
2r - ("H) r2 . (q+1)- (", there exists a neural network Fuide € FXd, w,(PP*5, B) such that

Hf - fwz’de

< CC2P, for some constant C' only depends on fized parameters.
o0

Proof. The proof primarily follows the same argument as in Kohler and Langer [2021], with
the main difference being the necessity to construct the neural networks used in their paper
with bounded weights. First, we introduce the notations required for the proof.
Notations: Given an r—dimensional cube C', we denote the "bottom left" corner of C' as
Cleft- Thus, each half-open cube C' with side length s can be expressed as a polytope defined
by —z) + Cl&;?t < 0 and zU) — Cl(gf)t —s<0 (5e€{l,...,r}). Moreover, we denote by
C’g C C the cube containing all z € C that have a distance of at least ¢ from the boundaries of
C, i.e., a polytope defined by —x(j)—i-C'l(gf)t < —¢ and a:(j)—C’l(gf)t —s< =6 (je{l,...,r}).
If P is a partition of cubes of [—a,a)” and x € [—a,a)”, then we denote the cube C € P,
which satisfies x € C', by Cp(z). We partition [—a,a)" into (" and ¢2" half-open equivolume
cubes of the form [o, ) = [a(l),ﬁ(1)> X oee X [a(r),ﬁ(r)) , for a, 5 € R", respectively. Let

{Ok 1}k€{1 Nes! and PQ { Q}je{L___’Czr} (2.25)

be the corresponding partitions. We denote for each i € {1,...,{"} those cubes of Py

that are contained in Cj 1 by 6171-, ceey é\cr’i. Here we order the cubes in such a way that

<6;”>1 o= (Ci 1)left + vy, holds for all k € {1,...,¢"},ie€ {1,...,¢"} and for some vector
) e )

vg with entries in {0, 2a/C2,...,(C—1)- 2a/<’2}. The vector vy, describes the position of
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<6k’i>left relative to (Ci71)1eft , and we order the above cubes such that this position is

independent of i. Finally, define the identity function achieved by ReLLU neural network,

J/C;d(z) =0(z)—o(—2)=2 z€R, and

ﬁd(x) = (ﬁd <$(1)> . ,ﬁd <$<T)>> = <x(1), . 73:(7")) , zeR".

We further let ﬁjl(x) = f;d <ﬁd(a:)> =ux,t € Ny, x € R". Note that the weights of these
neural network are all bounded by ¢5PF5.

With these notations established, the proof proceeds by constructing neural networks
with bounded weights in a manner similar to the approach outlined in Kohler and Langer
[2021]. We demonstrate that for all the neural networks utilized in their proof, there exists
an alternative with a number of layers twenty times theirs and with weights bounded by
C5p+5. We partition the proof into three steps, which correspond to key steps 2 — 4 in the

proof of Theorem 2(a) of Kohler and Langer [2021].

2.8.1.1 Step I: An Initial Approximation

We construct a neural network J/‘"\p2 (z) that approximates the target function for all x €
Uje{l,...ﬂ"} (Cj’Q)(l)/Cng,_z. To prove this, we prove in Lemmas 34 and 35 that there exist
fmult,r and fp, which are weight-bounded versions of fmultm and pr defined in Lemmas 8
and 5 of Kohler and Langer [2021] and are used to approximate monomials, that achieve the

same approximation error as theirs but with the number of layers twenty times theirs. Also,
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we adopt the definition of find,[a,b) and ﬁest (z,a,b,s) in Lemma 6 of their paper:

ﬁnd,[a,b) (x) =0 (1 S GARE zr: <0 (am + (T2 x(i)) +o (x(i) _ (@) 4 C—Qp—2>)>

i=1

Jrest (z,a,D, ) (2.26)

=0 (ﬁ-d(s) — ¢ttt i: (a <a<") N x@) to (I@) ) 4 §—2p—2>>)

1=1

-0 (_J/C;d(S) - C4p+4 : XT: (cr <a(i) + C_Qp_Q — x(i)> +o <x(i) —p® + Q_Qp_2>>) )

1=1

Note that find,[a,b) (z) € F(2,2d, (OPH) satisfies

J/Ci\nd,[a,b) (z) = 1[a,b) (x)

forx € K¢ :={r eR": 2 ¢ o) o) 4 C_2p_2> U (b(i) - C_2p_2,b(i)> NVie{l, ... r}}
and |ﬁnd,[a,b) (#) = 1 p)(2)] < 1for z € R". The function Frest (z,a,b,8) € F}(2,2d,PTP)

satisfies frest (#,a,b,5) = 51y, p)(x) for v € Ky and |ﬁest (,a,b,5) — 51, ()| < |s] for
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x € R". Additionally, we adopt the definitions of functions in their proof of Lemma 3:

11 = @ﬁ, ,aﬁ) = fi(@),
¢2,1 = < 57%7 s 7¢g7{) - Z (Ci,l)left ’ fi’nd,ci’l (ZL’),
ie{l,...C"}
0= > (oY) ((Om) e ft> ind,c; (@), (2.27)
ie{l,...C"}
P12 = <¢1,%, e 5%) = J?Z-zd (@51,1) :
CT
i ~ o~ ~ 2 i i
5(2)2 Frest (¢1,1;¢2,1+Uj7¢2,1 +Uj+—a‘1,<$§)1+v§-)),

C2

C’/‘

l n 2a 1,
5;(;,)22 Jtes (¢11,¢21+U17¢21+1{7 ?'1,%1‘7)),
for j € {1,...,("}, | € Ng with ||l|[; < ¢ and i € {1,...,r}. These functions are fun-
damental to the desired neural network that approximate the target function. It can be
readily observed that all parameters of the aforementioned neural networks are bounded
by ¢5P+D for sufficiently large values of ¢ given that | f||cq is finite. Select I, ... 7l(r+q) to

r

satisfy {ll,... T+q}_{51,..., ) €N '31+---+3d§q} anddeﬁneri:ll Addi-

("

tionally, we define monomial m;(x) = 2l and function p (m Yl - ,y(r—i-q)) =>.,0 i
yi - mi(z). Define B; ), = [log, (CQpﬂ. By Lemma 35, max; |r;| = 1, and the fact that

(4max {2a, || f||ca})??H2 < ¢PPTP as long as ( is big enough, a function
F! 20B¢,, - [l 1,21)],18 - (g + 1) (779, oS
fp € (r+q)+ ¢,p [logg(max{q + 1,2})], (q+1) ’ ;¢
exists such that for all |z(D|,... |20 |y], ..., |y<r+q)| < max {2a, || f|lce}, it holds that
‘fp (z, Y1, . .- ,y(r—:q>) —p (z, Y1, .- ,y(rtq>) ‘ < C' - (max {2a, Hf]lcq})4(q+1) .4 Bep
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for some fixed constant C'. Finally, we define
Tpy(@) = Jp (51,2(93) — G22(), 1, - - ,y(r¢q>) (2.28)

,
pr(x) — f(z)| < C-(max{2a, ||f||Cq})4 q+1). ¢ 2P holds for all z € Uje{l,...,@’”} (C’jvg)(l)/@pﬁ,

ie., pr2 approximates the target function well for certain area.

where 2z := 5172@)—5272@) and 1y, 1= qAﬁg (z) forv € {1 cee (r+q) } Lemma 36 states that

2.8.1.2 Step II: Approximating wp,(x) - f(x)

Define

wpy ( H (1 T, ‘ P2 (x))l(éf)t ? — )

>+. (2.29)

This function is a linear tensorproduct B-spline which takes its maximum value at the center

of Cp,(z). In this section, we construct a neural network that effectively approximates
wp,(z) - f(x). To achieve this, we establish prz and J?check,Pg in Lemmas 37 and 38, which
are the weight-bounded versions of functions ]?wp2 and fchec;ﬁpz defined in Lemmas 9 and
10 of Kohler and Langer [2021]. By Lemmas 36 and 37, the functions pr and fwPQ can
effectively approximate f and wp, except for a certain region, while ]?Check’pQ is used to

check if the input z lies in that region. Based on this, define

fPQ,true(x) =0 (fpz (33) — Birye - J/C\CheckaQ (x)> -0 <_f732 (:13) — Birye - J/C\check,”PQ ($)> )

where Bgue = 2 - €2 - max {||f||cq,1}. By Lemma 36, ]fpz(:v)] < Birye for all z €
[—a,a)”. Intuitively, J?Pg,true becomes zero when x lies in the region that fp2 fails to ap-
proximate the target function, while it equals ]?p2 when x is outside that region. Since

Birue and the weights of pr and J?check,Pg (z) are all bounded by ¢°P*5 when ¢ becomes
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sufficiently large, we see that the weights of ng,true are also bounded by (%P5, Let
fmult € .7:21(20 [log, (CQpﬂ .18, ¢°P19) be the function defined in Eq. (2.39) with a there
being replaced by 2 - max { | f ||OO’[_a7a}r, 1} . This function is used to approximate the prod-

uct of the inputs. Finally, we let

o~

f(x) = J/C\mult (prz (CL’), pr, true (m)> . (2'3())

Lemma 39 demonstrates that ‘f(m) —wp,(T) - f(x)‘ < C - (max{2aq, ||f||Cq})4(Q+1) (2P

holds for = € [—a,a)".

2.8.1.3 Step III: Applying fto slightly shifted partitions

Based on the previous section, we are able to approximate wp,(z) - f(x) well by neural
networks. The function wp,(r) plays a role of weight function that achieves its maximum
at the center of C'p,(x). Intuitively, by further defining a series of weight functions such
that their sum equals one, the sum of corresponding neural network as ]/”\ can effectively
approximate the target function f. The proof for this section uses this idea.

Recall the definition of Py and Py in Eq. (2.25). Let P11 = P and Py 1 = P2 and define
for each v € {2,3,...,2"} partitions Py , and Po ,, which are modifications of Py 1 and Py 1
where at least one of the components it shifted by ¢ ~2a. That is, P1p is of the form Py +
Y kes ("2aey, for S being a subset of {1,2,...,7}, where e}, represents the k-th basis vector
of R". Accordingly, we define the function wp, and the neural network ﬁ, in the same way as
Eq. (2.29) and Eq. (2.30) corresponding to the partitions Py , and Py, for v € {1,...,2"},
respectively.  Note that wp, | + -+ wp, . = 1 for € [—a/2,a/2]%, which is proven
Page 32 of the Supplementary A of Kohler and Langer [2021]. Finally we let ]/C\Wide (x) =
S 2 Fo(x) € FHd, w, ¢PPH5) with d = 100 + 20 [logy (¢%)] - ([loga (max{q, 7} + 1)] + 1)
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and w = 2"-64 - (T—:q) .72 (g+1)-¢". By Lemma 39,

|fw1de ( | = va ZwPQ

—wp,, - f@)| S¢P, (2.31)

for z € [—a/2,a/2]". Although the result holds for = € [—a/2,a/2]", we can always increase a
if necessary. Note that fyige € FMd,w,¢%P+5) and it may not be bounded by B. However,
we can add two more layers at the end in the form of ¢(2B — o(B — Fuide )) — B to make it
belong to F, (d, w, (°P15 2B). This will not change the value of the output if |]/C\Wide (x)] < B,

so that Eq. (2.31) still holds given that |f(z)| < B. O

2.8.2  Proofs of Technical Lemmas

Lemma 27. Under Assumption 6, given {Ft*}g;l, for any constants {Cit}i—1 . Ni=1,..N>
(Z?:l Zi\il CitUit)/(thzl Zf\il Cizt)l/2 is subGaussian with its subGaussian norm bounded

by some fixed constant 05.

Proof. Recall that the subGaussian norm of Z;; is bounded by ag. Let C = {Cjt}i=1.. Nt=1,..T

we have

Zt 12 ~1CitUy _ vee(C) T vee(U) B vec(C’)TXll/zvec(
(L2 e3)” (5L e2)” (sL,xY )

Z)

1/2°

Since vec(Z) composed of independent subGaussian random variables with bounded sub-
Gaussian norm, the subGaussian norm of the right hand side is bounded by

o2 vee(C) 'S vec(C) _ oZ||S || vee(C )||2
T <N = T
> i1 2ie1 G DD IRYe

oZIZll. O

Lemma 28. Under Assumption 6, with probability at least 1 — C exp(—cT), Z%il |Uel]1 <
NT.
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Proof. Recall that the subGaussian norm of Z;; is bounded by 02. Observe that

T T N T 1/2
STlulh <" N2 < NY2TV2 SN 02
t=1 t=1

i=1t=1

=N1/271/2 (Vec(Z)TE Vec(Z)> V2 < N271/2 (vec(Z)T VGC(Z))1/2 .

Therefore, we only need to prove N~ 1T~ vec(Z) T vec(Z) is bounded by some constant. By

Hansen-Wright inequality,
1 N T
P =) (2} —EZ}) > 07 | <2exp(—cNT).

By the property of sub-Gaussian variable, we have EZZ-Qt < 202. As a consequence, it holds

that ﬁ EZZ\Ll Zthl ZZZt < 302 with probablity at least 1 — C exp(—cT). O

Lemma 29. Under Assumptions 6 and 77, if logT = o(N), with probability at least 1 —
Cexp(—cL), |[W*Ut|loo <1 forall1 <t <T.

Proof. Write 3 € RT*NT a5 the submatrix of /2 formed by its (t — 1)N + 1 to tN rows.
As a consequence, Uy = ¥;vec(Z). For i = 1,..., K, write W as the i-th row of W*.
Then we have [|[W*Ut|looc = max;—; g |[|[W7 ¢ vec(Z)||. Observe that Wi ¥;vec(Z) is a
subGaussian random variable with its subGaussian norm bounded by U%Wi* M (W )<
||WZ*||2||EtE;|—|| S L*1||Zt22—||. Since ZtE; is a submatrix of ¥ and ||X|] < 1, we have
12:3/ || < 1. Therefore, the subGaussian norm of W%t vec(Z) is approximately less than
L~1. By the property of subGaussian variable, P(|W7 % vec(Z)| > 1) < Cexp(—cL). To-

gether with union bound inequality and the fact that log(7T") = o(L),

P(lrgntanglrgniz%)%|W;Zt vec(Z)| > 1) < CTK exp(—cL) S Cexp(—cL/2). O

Lemma 30. With probability at least 1 — C'exp(—cT), T~ ! Zthl W Uy < L1
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Proof. Let Q := Iy @ (W*) TW*. Observe that
T
TN WA = T vee(U) TQvee(U) = T vee(2) TSV2Q0 2 vee(2).
t=1

Note that [|Q|| < [|(W*)TW*|| < Te(W*)TW*) < L=L. Therefore, we have | £1/2QEY/2|| <
L~1. Additionally, observe that rank(X1/2Q¥Y/2) < rank(Q) < Trank(W*) = TK. As a

consequence, we have

T—l Tr(Zl/QQZl/Q) < ||T_121/2Q21/2||rank(El/QQEl/Q) 5 L_l,

||T_121/2Q21/2||%v < ||T_121/2Q21/2H2rank(Zl/2QEl/2) < T_lL_2.
By applying Hanson-Wright inequality, we conclude that
P (1(1 — BT vee(2) TEV2Q8 2 vee(2)| > L‘l) < Cexp(—cT).

Together with the fact that BT~ vec(Z) T £1/2Q21/ 2 vee(Z) < T Te(21/2Q05Y/2) < L1,

we completes the proof. O

Lemma 31. For any ¢ € }"ggﬂ(d, w, TOP+D) it holds that
lo(2) — p(y)| < npTEAFIEED |4 — ||

Proof. Write ¢(x) = Wyou,Wgq_100, , - .. Wi0oy, Wox where W; € R™+1%" It is not hard
to verify that |[Wiz — Wiylloo < n; 7?45z — y||so and v,z — ov,ylloo < ||z — ylloo. Note

that for two Lipschitz functions f1 and fo satisfying || f1(z) — f1(¥)|lc < L1]|z — yl/co and

[f2(z) = f2(y)lloc < Lallz = ylloo, it holds that [|fa o f1(2) = fa© f1(y)llec < L1Lallz = ylleo-

165



By repeatedly applying this fact to Wyoy,Wy_10v, ... W10y, Woz, we have

d
lo(e) = p)| < TEHDED (TTn )l = ylloo < neTEHIE Dz gyl O
1=0

Lemma 32. For the function class fgg“ (d, w, T°P+5 B with width vectorn = (ng, . . . JNda1),

assume the total number of non-zero weights are bounded by S. There exists a function class

fgggl C Fgg+l(d,w,T5ﬁ+5) such that
’ 25

(a) |Fpist) < (86710 4 w)dngng 1)

(b) For any ¢ € J—“ffgﬂ(d, w, TOP+5 B, there exists ¢ € fgg}l satisfying ||p(z) —@(2)|loo <

d whenever ||z||o < C.

Proof. The proof follows the same idea as Lemma 5 of Schmidt-Hieber [2020]. For any
Y € fgg+1(d,w,T56+5,B), write p(z) = Wyou,Wg_10v, - W10y, Wpz. Dfine A;go ;

[—C,C]" = R™ and A ¢ : R"-1 - R as

Azgo(x) = oy Wi_100,_, - WiopyWoz, fork=1,....d,

App(z) = Wyop Wa_1 -+ Wioy Wiz, fork=1,....,d+1.

By convention, we set AaL o(x) = A;’+2cp(x) = z. Given that all the parameters of ¢ are

bounded by 7°/15 and that |z]loo < C, it can by proven by mathematical induction that

k—1
147 (@)oo < TEFFDEDETT (ng +1). (2.32)
(=0
Additionally, by using Lemma 31, we have
d
Ay ela) = A oly)| < TOPNEED T g |l = yloc. (2:33)
l=k—1
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Let us fix some € > 0. Suppose that ¢, p € Fﬁg“ (d,w, T55+5) be two neural networks such
that all parameters are at most ¢ away from each other. Denote the parameters of ¢ by

(v, W) and the parameters of % by (73, W});. Note that

d+1
lo@) = 2@)lloe < Y- | Appreou Wi 1 Af_ 17 (@) = Af, w00, Wi AL 47(@)||
k=1
d+1 d o
<> rOED D | Ty | [ou Wi 1Af 1 2(0) = 00, Wy 1Af 2|
k=1 =k
- (58+5)( ) -
58+5)(d—k+1 i + =
< — _
<>r ITne) (Wi = W) A 2@+ ok =l
k=1 =k
d+1 ( )( ) d
56845)(d—k+1 H + — H
<
< 5;T }:[kng <nk—1 A o() o + 1)

< 45T(5B+5)(d+1)(](1 +w)ngd,

where we apply triangle inequality in the first inequality, use Eq. (2.33) in the second
inequality, the facts that |[oy(z) — 0v(¥)[lec < |2 — Ylloo and [Joy(2) — 05(7)[[ec < [lv —

U]loo in the third inequality, and Eq. (2.32) in the last inequality. Upon selecting ¢ as

)
4T GAH3) (A1) O (1+w)dngd’

discretizing the parameters with grid size € for neural networks ¢, we form a function class

it becomes evident that ||p(z) — P(z)]|ec < . Consequently, by

f:ggl satisfying (b). To verify (a), note that the total number of parameters is bounded by

Zgzo (ng+ 1) ngpq < (d+1)279 Hgié(ng +1) < 4ngngeq (1 4+ w)? and there are at most
d

(4n0nd+§(1+w) ) < (4nong, 1 (1 + w)%)® combinations to pick S non-zero parameters. Since

all the parameters are bounded in absolute value by T55+5, we can discretize the non-zero
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parameters with grid size € and obtain for the covering number

Frst < S (851 OTEIEHD (1 4 w)dnga)S*
<5

Lemma 33. The right-hand-side of (2.22) is approzimately less than

1/2
N
S 1 % 2
(T~ 2+K + 7 12L12)1062(NT) N ZE(XT-‘rl,i —¢; (F141))
=1

— 2B 1 4
+ (T K 4 T 1ogd(NT).

Proof. Observe that ¢; o p € fjl\,(dl + dg,max(wl,wg),T5ﬁ+5,B) and its total number
of non-zero weights are approximately less than L + T%’% logT. Therefore, by Lemma
32, there exists ./_"]1\775(d1 + dy, max(wy, wy), T°P15, B) with § = T~ satifying log |.7-"_]1\,75| S
(L+T25%) log* NT. In addition, for any ¢; o p satisfying the conditions in Theorem 7, there
exists a function f(-) € .7:]1\]’5 such that ||p; o p(z) — f(z)|| < T~ whenever ||z] s < 2NT.
Without loss of generality, we can assume all the functions in ‘FJIV, 5 are bounded by B. Write

]:]1\775 ={fj.J€ H]:]lv’(su} and assume fjx € .7:]1\,’5 such that
1Bi 0 pl@) = fjx(@)]loo <5 =T (2.34)

for ||z]lsc < 2NT. Note that by Lemma 28 and the fact that || X} oo, | X7 [lcc S 1, it is not

~Y

hard to check that with probability at least 1 — C exp(—cT'), maxj<y<741 || Xt |0, 1 X¢ |00 <
2NT. Therefore, under this event, Eq. (2.34) holds for X1, Xq,... ,XT+1,)N(T+1. Let us
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define

(TR P82 (505700) (1)) e
T

! % *(FxY) 2 * [ x\ | 2
Vi = max |——= (Xy) — oF (F, — (f1(Xy) — @5 (F, ‘
FElFL 5] wB; [(f"( ) = eI FD)" = (f5(X0) = 2 (7)) ]

Additionally, we define 7 as r;; for j = j*, which is the same as

¥ = max <\/T*1 log \]:]1\;,5\,1@1/2 [(fj*(XT—i-l) — 7 (Fr41) )QHXt}tT:l])

< \JT Vlog | Y o + BV [(Zi (03X 40) — oF () 2 HXHL ] + 771 (239)

where the last part follows from triangle inequality and Eq. (2.34). Moreover, by Eq. (2.34),

with probability at least 1 — C' exp(—cT),

1 L * Tk 2 1 L * [ Tk 2 -1
< TZ(fJ*(Xt)—%( 7)) _fZ(fj*(Xt) wr(F)" | +9T'B

T T
% STEG(R(X) - ol (F) - % STEG (X)) — o (F)?
t=1 t=1
1 < s 21 L *( x| 2 -1
<|7 Z;E(fg*(Xt) — i (Ff))" — T Z;E(fj*(Xt) — @i (FY))"| + 1077 B
t= t=
g?E(Vir;) +107 !B (2.36)
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By using Cauchy-Schwarz inequality and Eq. (2.35), we have

E(Viry) < (E (E [(@' o p(X741) — @f(Fz*“H))QHXt}tT:J ))1/2 (EV?)L/2

+ \/T—l log | FL, ,[EV; + T~'EV; (2.37)

1/2

—~ ~ 2 _
= (B0 p(Xr11) = ¢f(Fiy))?) T BVAY2 4+ | [T 10g |FL BV + T'RY

Next we analyze the term V. For any fixed j € [|.7-'11V sll, define Yy = (f (Xy) — gol*(ﬁ’g*))Q -
(fj (X¢) —gp;‘(Ft*))2. Then it is straightforward to see that {Ytj}thl is a series of i.i.d. random

variables satisfying EY;; = 0, Y| < 4B?, and
Var(Vy;) = 2 Var ( (f;(X;) — of(F1)?) < 2B | (f(X0) — ¢ (FF))*| < 8B%%;
ar( tj)_ ar (f]( t) sz( t)) = (.f]( ﬁ) sz( t)) - T’Lj‘

With the above results, we apply Bernstein’s inequality and union bound inequality to obtain

T

2
T
P(V;>x)=P [ max Vil >a | <2|Fx 5| max exp(— >
’ jellFk 5 | 7ii B ,; ’ MO el 7L 8z/(3rij) + 16T

Since 7;; > \/T—110g|]:]1\,5], it holds that P(V; > x) < 2exp(—3w log\f}\,5|/16ﬁ)

whenever x > 6, /71 log |‘7:]1V 5| with simple algebra. Therefore, when 7' is large enough,

oo
EV; :/ P(V; > z)dx < 6,/T log |'7:11\76|
0 b
—3z log\f}v(;|

2|'7:11V75| exp dx

o0
“
6,/T log |} 4] 16VT
32 [ T
< 6,/Tlog|}"]1\,75| 3 m <17, /Tlog|f}v76|. (2.38)

In a similar way, it can be proven IEVZ.2 < 40T log “7:]1\[ 5|- Combining Eq. (2.37) and bounds
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for the moment of V;, %E(Vzrw*) is asymptotically bounded by

el

K
Recall we have log |FL (| < (TP+E + L log4 NT'), which implies that BR Vir;i+) can be
N, ~ T J

asymptotically bounded by
__28 __B ~
(T 2K T L) logh(NT)+(T~ K 47712 L1/2) log? (NT)E/? [(XT 14— (P +1))2] .

Together with Eq. (2.36), we complete the proof. ]

Lemma 34. There exists J?mult,r € F(20R [logs(r)] , 187, 4%"a?") such that
~ T‘ .
|fmult,r(x) - H x(z)| < gl gy 4_R, Vo € [—a,al”,
1=1

for any a > 1 and any R > log,(2 - 42r. aQT).

Proof. We initially demonstrate the existence of a neural network J/t\mult € ]-"21(10]%, 18, 4@2)

such that

| ot (@,y) — 2yl < 20247 %, for all 2,y € [~a, d]. (2.39)

According to Lemma A.2 of Schmidt-Hieber [2020], a neural network ¢ € }"21(2]% +5,6,1)
exists, satisfying ‘gz?(x,y) — xy‘ < 272B=1 for all 2,y € [0,1]. By defining [y (z,y) =

4a2¢ (%—T, %) — a(z +y) — a?, we have fAmult € ]-"21(10]%, 18,4a?). Observe that for all
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T,y € [—a,al, we have (z + a)/2a, (y + a)/2a € [0,1]. Therefore,

i ~fr+a y+a
| ot (7, y) — 2y| = |4a*¢ (7, 50 )—a(ery)—aQ—xy
42 qq(ﬂ“ra 3/+a) _@talyta)l o, 2r

2a ' 2a 4q?

which implies Eq. (2.39). To construct the desired neural network, we use fmult defined in

Eq. (2.39) with a = 4"a". Therefore, f,,,;; belongs to F3(20R, 18,4%"a") and satisfies
| e (2, y) — 2y <2470 47, (2.40)

for x1,29 € [—4"a",4"a"] For r > 2, let q := [logy(r)] and set

We are now prepared to construct fmultm- In the first 20R layers we compute

—~ —~ —~ 9q-1
(frnuit (215 22)s Frouie (23, 24), - -+ fruie(22a—1, 204)) € R .

Now we pair neighboring entries and apply fmult' The procedure continues until only one
entry remains. The resulting network fmult,r belongs to F(20¢R, 18r,4%"a®"). By Eq.
(2.40) and R > logy(2 - 42" - a27), for any 1 <1 < r and 21, 29 € [—(4! — 1)d!, (4 — 1)a!], we

have

N . 2
‘fmult (21722)‘ <21 - 2o] + ‘fmult (21,22) — 21 - 22‘ < <4l — 1) a?+1< (4% — 1) a2l

From this we get successively that all outputs of the procedure [ € {1,...,¢ — 1} lie in
the interval [— (42l — 1) -a2l, (42l — 1) -a2l}, hence they are contained in the interval
[~47a”,47a"], where Eq. (2.40) holds. Write 5122 = fruui(21,22), 2321 = Frnure(23: 24),
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and 21292324 = fiuit(7122, 2324). Observe that |2{292324 — 21292324| is upper bounded by

21202324 — 217202324 + | 21227324 — z12073724| + | 21222324 — 21227324

S2.42T_a27“_4—R+2‘42.a2.(2‘427“‘0/27“_4—R):2.42T‘a27”‘4—R‘(1+2.42.a2)

where in the second inequality we use the fact that all outputs of the first procedure lie in

the interval [—42 - a2, 42 - a2]. By recursively apply this inequality, we obtain

-1 -1
ot (@ H$2| <2042 g2 TR gL 2 22 (g o)
=1

§427“a2r_4—R_427"+1_a2r_d:4.447".a4r_74_4—R_ ]
Lemma 35. Let m]_,...,m(r—‘,-n) denote all monomials in P;, for some n € Ni. Let
1, .. ,T(r+n) e R, define

("3")
p(fl?,y1,.-- r+n ) Z Ty Y- ml S [—G,G]T,yl,...7y(r+n) € [—CL,&]

and setT(p) = max,e{l (T+n)} |r;l. Then for anya > 1 and R > logy <2 - 42:(n+1) a2'("+1)> ’
1 (T
a neural network f;, € ]:(1T+n)+r(d,w,42n+2a2n+2 V Tp) with d = 20R - [logo(n +1)] and

w=18- (n+1)- ("I") exists, such that

r

’]?p (x,yl, - ,y(r—’tn)> —p <x,y1, . ,y(rtn)ﬂ < C.F(p) -a

for z € [—a,a]",y1, ... Y(rimy € [—a,al, where C is a constant only depends on d and n.

Proof. By Lemma 34, we know there exists a neural network fmi : R"t1 — R which belongs

173



to F'yy (20R - [loga(n +1)7,18 - (n + 1),42"+262"+2) such that
| Fma (2, 93) — yimy(x)| < 4 430D AHD gy 1) 4R,

~ r4n —~
Define fy := Zz(zﬁ )Ti - fm; (@, y;), it is not hard to verify that it belongs to

and satisfies
A () .
‘fp (Sv,yb---,y(rtn)) -p (x,yb---,y(rtn))‘ < il i mile) = fng (2, 5)
=1
< (7“ + ”) () A AROFD) At 4y R -
-

Lemma 36. The neural network pr defined in Eq. (2.28) belongs to F(d,w,(PPO) with
d =80+ 208, - [loga(max{q + 1,2})]

and

w:max((rj:q) T2 (24 28) + 2,18 (g + 1) - (Hq)).

r

Additionally, as long as ¢ is large enough (only depends on fized constants), it holds that

Fpy(@) = f(2)| < € (max {2a, || fllca) @D - 72

for all x € Uje{l,...,@r} (Cj,Q)(l)/C2p+2. The neural network value is bounded by ‘f%(x)‘ <

2. 204 . ax {|| fllca, 1} for all x € [—a,a)".

Proof. The proof for this lemma follows the same argument as Lemma 3 in Kohler and

Langer [2021] and is thus omitted. The neural networks we use to construct pr2 have the
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same approximation error as theirs. The only distinction between our neural network and
theirs is twofold: our neural network has a layer count at most twenty times theirs, and the

weights are bounded by ¢%P15. ]

Lemma 37. Let 1 < a < oo and ¢ > 44y, For wp, defined in Eq. (2.29), there exists
a neural network fwPQ c Fl (d,w,C5p+5) , with d = 100 + 20 [logy ((’237)-‘ - [loga(r)| and
w = max {187, 2r + 7" -2+ (24 2r)}, such that ‘J?UJPQ (z) —wp, (x)) <At 72 for

T € Uie{l,...,CQT} (Oi72)(1)/§2p+2 and |pr2 ()] <2 forx € [—a,a)".

Proof. We apply 5172 and 5272 defined in Eq. (2.27). Let

Given that the weights of QAﬁLQ and 5272 are bounded by (P12 it is straightforward to see
that the weights of prw. () are also bounded by ¢OP+5 We then construct the required
function prz by pr2 (x) = fmult,d (przyl(x), . ,fw%’d(x)) where we set @ = 1 and
R = 20[log,(¢?)] in Lemma 34. Given that fw%J used here is totally the same as the
one in Lemma 9 of Kohler and Langer [2021], and that fmult,d we use achieve the same
approximation error as theirs. The remaining proof follows by totally the same argument as

Lemma 9 of Kohler and Langer [2021] and is thus omitted. O

Lemma 38. Let 1 < a < oco. There exists a neural network

fcheck,??g € ]:,} (100, 2r + (47n2 + 4T> (T <5p—|—5>

satisfying

Feheck:py (%) =1, ()

.....
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Jor x g—f Uze{l LC2r} ( 1 2)1/<2p+2 \ ( 1 2)2/<2p+2 and fcheckpg( ) [07 1] forx € [_a’a)r'

Proof. We adopt the definition of f/;heck"])Q in Lemma 10 of Kohler and Langer [2021]:

Feeaepy (@) = 1= (1= Fal@) = 73 (Fi(@)) ) where
C?"
file)=1=>"F 0o 1) appa () A0 (2.41)

1/<2p+2

1 1
=1 _thes'ﬁ ( il ¢2,1 + v+ <2p+2 -1 ¢21 +vj CZ 1= C2p+2 -1 1)

Here fAind, la,b) and ﬁest are defined in Eq. (2.26) and the function 52’1 is defined in Eq. (2.27).
Since these functions are also totally the same as theirs, to prove this lemma, we only need
to verify that the weights of .]/C;heck are contained in the interval [—¢°P+5 ¢%P19]. Given that
the weights of fmd la,b) Frest » and ¢21 are all contained in the interval [—(°P+o, (OP+5],

based on the definition, it is evident that the weights of f1 and fg are also contained in the

interval [_<5p+57 <5p+5]’ 80 1S fcheck, Py- -

Lemma 39. The function f defined in Eq. (2.30) belongs to f}(d,w,{5p+5) with d =
100 + 20 [logy (¢%)] - ([logg (max{q,r} +1)]+1), and w = 64 - ("19) - +2 . (¢ + 1) - ¢".

Additionally, as long as ¢ is large enough (only depends on fized constants), it holds that

(@) = wp, (@) f(2)| < € (max {2a, | fllca) @D - 72
for some fized constant C' and x € [—a,a)".

Proof. The proof for this lemma follows the same argument as Lemma 7 in Kohler and
Langer [2021] and is thus omitted. The neural networks we use to construct fhave the same

approximation error as theirs but with slightly more layers and bounded weights. O]
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CHAPTER 3
RECURRENT NEURAL NETWORKS MEET TIME SERIES: A
THEORETICAL PERSPECTIVE

3.1 Introduction

Recurrent Neural Networks (RNNs), whose fundamental idea can be traced back to Hop-
field [1982], with the theoretical foundation established in Rumelhart et al. [1986] and the
popularized simple RNNs developed in Elman [1990], represent a class of artificial neural
networks specifically designed for processing sequential data. The core concept underlying
RNNs is the ability to retain and utilize information from previous inputs. This is realized
through the use of a recurrent unit, which updates a hidden layer at each time step based
on the current input and the preceding hidden state.

This architecture allows RNNs to capture dependencies across different points in a se-
quence, making them highly effective in modeling time series data. Time series models are
widely employed in disciplines such as statistics, economics, finance, and meteorology, as
discussed by Shumway et al. [2000], Tsay [2005], Fan and Yao [2008|, and Box et al. [2015].
Although RNNs have gained considerable popularity in various machine learning domains,
the statistical theoretical foundations supporting their application to time series data remain
largely unexplored.

In this paper, we investigate the statistical properties of RNNs within the framework of
time series models. Specifically, we address several critical questions aimed at enhancing the
theoretical understanding of RNNs. These questions include whether RNNs can accurately
forecast future values of a time series and, if so, the corresponding statistical error bounds.
Furthermore, we examine the influence of model parameters, such as the number of neurons
in the recurrent layer and the width of other layers, on the determination of the error

bounds. We also discuss how to select these parameters to achieve an optimal convergence
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rate under various model configurations. Addressing these questions from a theoretical
perspective provides new insights and opens avenues for novel applications of RNNs across
diverse domains, as previously mentioned.

Our contributions are as follows. First, to the best of our knowledge, this paper is
the first to establish statistical error bounds for RNNs applied to nonlinear time series
models. In particular, we are the first to thoroughly investigate the theoretical properties of
deep and nonlinear RNNs, as well as the first to nonparametrically estimate the nonlinear
autoregressive and moving-average model with exogenous variables (NARMAX) model. In
deriving the statistical bound, we provide upper bounds for both the approximation error
and the estimation error of RNNs. The approximation error is determined by the smoothness
of the target function and the dimensionality of the input. Compared with existing results
on the approximation error of Deep Neural Networks (DNNs), our contribution is novel
in analyzing the approximation error of the nonlinear moving average components, which
is captured through the recurrent layer. The estimation error, or generalization error, is
governed by the architecture of RNNs, including the width and depth of the hidden layers.
Most existing research is limited to single-layer RNNs, whereas we extend our analysis to
RNNs with an arbitrary number of hidden layers. Second, based on the error bounds we
derive, we examine several model configurations and discuss how the width of the recurrent
layer and other hidden layers should be chosen to achieve the optimal convergence rate.
Specifically, in cases where the moving average component is linear, the error bound can
approach the minimax optimal rate for independent data, depending on the mixing properties
of the model.

Towards the theoretical understanding of RNNs, various studies have explored different
aspects. For example, Barabanov and Prokhorov [2002] examined the global Lyapunov
stability of RNNs, Chen et al. [2018] investigated the generalization bounds for single-layer

RNNs, Allen-Zhu et al. [2019] analyzed the convergence speed of RNN training, and Erichson
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et al. [2020] modeled RNNs as continuous-time dynamical systems to study the evolution
of hidden states. Li et al. [2022] focused on the approximation properties of linear RNNs.
Schifer and Zimmermann [2006], hoon Song et al. [2023] studied the universal approximation
for discrete-time setting and Funahashi and Nakamura [1993], Maass et al. [2007], Li et al.
[2022] for continuous-time setting. Additionally, Jiao et al. [2024] established a relationship
between the approximation errors of RNNs and DNNs and applied it to analyze a nonlinear
AR model.

Our paper also contributes to the growing body of literature on the theoretical properties
of neural networks. Barron [1993] and Chen and White [1999] studied single-layer neural
networks with smooth activation functions. Yarotsky [2017]| explored the approximation er-
rors of DNNs with the ReL.U activation function. Schmidt-Hieber [2020] and Farrell et al.
[2021] derived optimal error rates for sparse DNNs, and Kohler and Langer [2021] demon-
strated that fully-connected DNNs can achieve these optimal rates. Furthermore, Nakada
and Imaizumi [2020] and Jiao et al. [2023| showed the potential of DNNs to overcome the
curse of dimensionality when the input data lie on a manifold.

Despite the limited theoretical understanding of RNN’s properties, RNNs have become
increasingly popular in a variety of fields. In computer science, they are frequently used
in tasks such as natural language processing [Mikolov et al., 2010, Sarzynska-Wawer et al.,
2021], speech recognition [Graves et al., 2013, Hannun et al., 2014, Bahdanau et al., 2016,
machine translation [Sutskever et al., 2014, Bahdanau et al., 2014, Cho et al., 2014] and image
captioning [Vinyals et al., 2015, Xu et al., 2015, Karpathy and Fei-Fei, 2014]. In economics
and finance, RNNs have been adopted for foreign exchange rate forecasting [Kuan and Liu,
1995], inflation prediction [Almosova and Andresen, 2023|, asset pricing [Fischer and Krauss,
2018, Chen et al., 2024|, and realized volatility forecasting [Bucci, 2020|. Moreover, climate
science |Lipton, 2015], biology [Tang et al., 2019], healthcare [Miotto et al., 2018], robotics

[Soori et al., 2023] and generative Al [Briot et al., 2017] also benefit from RNNs. The flexibil-
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ity and powerful sequence learning capabilities of RNNs make them highly applicable across
these diverse domains, providing state-of-the-art solutions for complex temporal prediction
problems.

In recent years, several variants of RNNs have emerged due to their wide applicability.
The most notable examples are long short-term memory (LSTM) networks [Hochreiter and
Schmidhuber, 1997| and gated recurrent units (GRUs) [Cho et al., 2014]. Other important
variants include convolutional recurrent neural networks (CRNNs) [Choi et al., 2017, Tan
and Wang, 2018|, bidirectional recurrent neural networks (BRNNs) [Schuster and Paliwal,
1997|, NARX neural networks [Siegelmann et al., 1997], neural Turing machines (NTMs)
[Graves et al., 2014|, structured state space sequence models (S4) [Gu et al., 2021a|, Mamba
|[Gu and Dao, 2023], minimal gated units (MGUs) [Zhou et al., 2016], and GraphRNN [You
et al., 2018, among others.

This chapter is organized as follows: Section 3.2 introduces the architecture of RNNs
and presents the data generating process models. The main theoretical results are also given
in this section. Section 3.3 conducts simulations to validate our theoretical predictions and
compare RNNs with some classical models. Section 3.5 gives the proof of our main theoretical
results and supporting lemmas are provided in the supplementary materials.

Notation: We denote the set of positive integers by Ny. Furthermore, we represent the
set that includes both zero and all positive integers, 0UN_, by N. For n € N4, we use [n] to
denote the set {1,...,n}. for any x € R, |z] is the largest integer smaller than or equal to
and [z] is the smallest integer greater than or equal to z. For any x,y € R, 2 V y represents
the maximum value between x and y. For a vector z = (z1, ..., xd)T, we define the p-norm as
z|lp := (Z?:l |z ]p)% and the infinity norm as ||z]|sc = max; |z;|. For a matrix A € R™"*"™,
we use ||A|| and || Al|so to represent its spectral norm and the maximum absolute value of its
entries respectively. Given a function f : R” — R™, we use ||f||cc to denote its maximum

absolute value on its domain and || f|| [—q,q» When the domain is [—a,a]". We say f € ch

—a,a
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if it has 8 continuous derivatives on its domain. Furthermore, we define the norm || - [| -5 of
the smooth function space C? by 1 fllos = max{”Do‘fHoo el £ 8,a € Ng} . For a set
F, we use |F| to indicate the number of elements within the set. For two vectors =,y € R,
we write x <y when x; <y; for 1 <i <n. We use the notation x, < y, when there exists
a constant C' such that z,, < Cy, holds for sufficiently large n. If x,, < yp, and yn, < xp, We

write z,, < yp, for short.

3.2 Model and Main Results

3.2.1 Model

Let {Yt}¥;1 represent an observed sequence from a stationary time series. To account for po-

tential nonlinearity in such processes, a common approach is to use a nonlinear autoregressive

(NAR) model, expressed as:
}/t :w*(yﬁ—17)/t—27'”7}/t—p) + &t, (31)

where £; denotes the noise term, and p is a known parameter. When p is unknown, various
statistical techniques can be applied to estimate it (see the review by Hérdle et al. 1997).
In this study, we employ a nonparametric framework, assuming that the function ¢* is
unknown.

The model in Eq. (3.1) can be viewed as a nonparametric regression problem. Numerous
nonparametric techniques are available for such regression problems when the observations
are independent. Hart [1996] shows that these methods can also be extended to time series
with “short memory”, where the dependence between future and past values weakens over
time. Various mixing conditions are used to quantify this dependence. In this paper, we

focus on the a-mixing condition.
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Definition 5. Let {Y;}7°_  be a stationary random process on a probability space (2, F,P).
For any i,j € ZU{—o00,00} with i < j, let Sg denote the o-algebra generated by {Y},,i <
k <j}. The process {Y;}72 _

oo 8 said to be a-mizing if

a(j) == sup IP(ANB) —P(A)P(B)| — 0 as j — oc.
A§?. ., BEFy

Here, a(j) is called the a-mizing coefficient.

Under the a-mixing condition, nonparametric regression techniques can use (Y;—1,...,Y;—p)
as inputs and Y; as the target to estimate the model. Common approaches include kernel re-
gression [Andrews, 1991], local polynomial regression [Fan, 2018], sieve estimation [Chen and
Shen, 1998b|, random forests |Biau, 2012|. In particular, [Men et al., 2024| applies DNNs to
estimate NAR models and provide statistical error bound. While these methods effectively
capture the dependence between (Y;_1,...,Y;—p) and Y3, they fail to account for potential
dependence within the noise term. To address this, we propose the following NARMAX(p, q)

model,
Y;f = qb*(YVt—L th—27 s 7}/%—])7 Et—1,Et—2 - Et—q> Xt—l) + €t (32)

where ¢* is an unknown function, X;_1 is a k-dimensional exogenous input vector, £¢ denotes
the noise term, and {X;} is independent with {g;}.
To estimate ¢*, we decompose it into two parts, one only consists of the observable terms

and the other also includes the unobservable noise term. Specifically, we define

@D*(n—lv Y%—Qa e 7}/%—]?7 Xt—l)

= E(QS*(Y%—L Y%—Qv - 7}/%—}97 €t—1,Et—-2 - Et—q; Xt—l)D/t—lv Y%—?a s >th—pv Xt—l)a

182



and define

*
77 (}/%—1’ e 7}/t—p7 5t—1; 5t—2 cee 7€t—Q7 Xt—l)

= ¢*(Y;f—17 th—27 cee a}/t—p7 Et—1,€t—2 -+ Et—q> Xt—l) - @/}*(th—lv Y%—Qa s 7th—pv Xt—l)'
As a consequence, we can write the model into the form of:
th = w*(Yt—lv le-f—Za S 7th—pa Xt—l) + /’7*(}/;5—17 s 7}/1-5—]77 Et—1,Et—2 - Et—q> Xt—l) + &t

We note that 1* can be approximated via any nonparametric regression techniques like
DNNs while n* cannot. To the best of our knowledge, no statistical methods have yet been
developed to consistently estimate n*.

For this process, we define
}/t* = w*(Yt—la Y;f—27 s 7Y;f—pa Xt—l) + 77*(}/%—17 s a}/%—]% Et—1,&t—2 .. 75t—Q7 Xt—].)'

When ¢; is independent to each other, Y;* represents the best predictor given historical

information, i.e.,
Yy = B350, (3.3)

where we define Sg as the o-algebra generated by { (Y}, ep, X}1.),7 < k < j} here and through-
out the rest of paper.
Next, we make assumptions regarding the bounds on various norms of Uy, Yz, and X3, as

well as their mixing conditions and smoothness conditions on the functions.

Assumption 8. The noise & is i.i.d. and ]E(sﬂf’ié) = 0. Furthermore, there exists a

constant B such that P(max(|e¢|, [Yi], Y], | Xtlloo) < B) =1 for all t.
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The above assumption ensures that the support of the functions ¢* and n* are compact,
which is standard in nonparametrics. We note that when n* is linear, the Gaussian ARMA
processes clearly do not satisfy Assumption 8. However, certain non-Gaussian ARMA, bilin-
ear, nonlinear ARX, and ARCH processes could have compact support and thus may satisfy
Assumption 8.

Next we introduce the notion of smoothness.

Definition 6 (Hoélder Ball). Let § > 0 and Q be a subset of some Fuclidean space, the
Hélder ball of functions HP(Q, B) is defined as

DOl . Da /
f:Q—=R, max sup|Df(z)|+ max | f() f(ﬂf)‘
alal<[B] zeQ a:llall1=]8] valc0 |l — x/H,@’—LﬁJ

TFT

<B,,

where | 3] represents the largest integer strictly smaller than 5.

Assumption 9. There exist 3 € N, such that v* € HP (=B, BPtE, B). Similarly, we sup-
posen* € HP([—B, BIPT4TF B). In addition, we assume that 0; := 102, 117 () 5 (- B, BJp+ath

V1 <i < gq, satisfying 01 + 09 + -+ + 05 =: 0 < 1.

The condition on 7* in Assumption 9 provides a sufficient criterion for ensuring the
model’s invertibility, meaning that ¢; can be consistently recovered from Y; as t — oo. In
the linear case, the invertibility assumption is less restrictive than the one we impose here.

We leave the exploration of more general conditions for nonlinear invertibility to future work.

Assumption 10. The stationary process {(Y,et, X¢)}72_ o is exponentially strongly mia-

ing, with its a-mizing coefficient {owy(j)} satisfying

O‘y(f) < Qy eXP(_CyJ'H) (3.4)

for some positive constants &y, ¢y, and k.
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The above assumption requires that the dependencies in (Y%, e¢, X¢) decay at an expo-
nential rate, a condition commonly used in the literature [Mikosch et al., 2000, Horowitz,
2003]. It is worth noting that a-mixing is weaker than -, p-, and 1-mixing. Therefore, our

theoretical results remain valid as long as these mixing coefficients decay at the same rate.

3.2.2  Recurrent Neural Networks

Having introduced the DGP, we introduce the architecture of RNNs in this section. We

begin by introducing the rectified linear unit (ReLU) activation function defined as o(z) =

max(x,0). Given v = (vy,...,v,) € R", we define the shifted activation function o, : R" —
R" as:
Y1 o(y1 —v1)
Ty —
Yr 9 (yr - Ur)

The neural network architecture (d,w,n) consists of a positive integer d, representing the
number of hidden layers or depth, and a width vector n = (ng,...,ng.1) € N2 guch that
n; <w fori=1,...,d. Note that ng and ngz, | represent the input and output dimensions,
respectively. A neural network with the architecture (d,w,n) can be expressed as a function

of the form
fiR" — R+ g — f(x) = Weou,Wy_100, - Wiow Woz, (3.5)

where W; is an n;11 X n; weight matrix, and v; € R™ is a shift vector.

In this paper, we adopt a setup similar to Schmidt-Hieber [2020], where the parameters
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of the neural network are bounded. The function space of the neural network is defined as:

]—“ggﬂ(d,w,a B) = {f of the form (3.5) :jir(l)?.?id HWJHOO v ‘Uj‘oo <O | fllo < B} :

For simplicity, we omit the width vector n here. In this study, we set C' =T 5645 which
ensures that this constraint is naturally satisfied in most scenarios.

Unlike classical neural networks, RNNs process data across multiple time steps by adopt-
ing the fundamental building block called the recurrent unit. This unit maintains a hidden
state, essentially a form of memory, which is updated at each time step based on the current
input and the previous hidden state. This feedback process allows the network to learn from
past inputs and incorporate this into its current processing. Denote the embedding layer

(i.e., hidden state) as Hy, RNNs can be expressed as:

Hy = o(p(lt) + Wy Hy 1 + vp,),

Ot = p(Hy),

where I; and Oy represent the input and the output sequence, respectively. Here, Hy € R%h
is the embedding layer, typically the narrowest layer of the RNN. The terms W}, and vy,
denote the weight matrix and bias vector for this embedding layer, while p and ¢ are DNNs.
The architecture of a standard RNN is illustrated in Figure 3.1. To appropriately bound the

estimation error, we restrict W), € RWh*%h to satisfy the following conditions:
Wp,: upper triangular matrix with [|[Wp||ec < T99+5 and || diag(Wp)||oo <1 —¢, (3.6)

for some fixed positive constant ¢ < 1 — 6. Formally, we define the RNN function class Frok,
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as

Frot = {(p, Wi, vp, @) p € f;}fk(d,w,T55+5, B), W, of the form (3.6),

loplloo < TPPFP 0 € FL (d,w, TS5, B)}. (3.7)

@ Ot—l @ Ot+1
o
W,I@Dl:> ;}.( H );.( H, );.< H, — e
P
@ L, @ Ly

Figure 3.1: The architecture of RNNs.

3.2.3 Main Results

3.2.3.1 ARMA model as a special case

As defined by Eq. (3.11), RNNs differ from DNNs due to their capacity to retain and utilize
information from previous inputs. This feature is closely connected with ARMA models. In

particular, we demonstrate that linear RNNs are equivalent to ARMA model.

To fix ideas, we consider ARMA(1, 1) model:

Vi = 01Yi_1 + et + 02541, (3.8)

where 67,69 are the parameters for AR term and MA term respectively, and &; is the noise
term. To estimate the parameters in Eq. (3.8), a classical method is the least squares

estimator. The details can be found in Chapter 3 of Shumway et al. [2000]. The solution is
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given by
i . 5 S o.o\2 o~ 5 5.
f=arg min > (Yi—01Y_y —0s51)%, &_1:=Yi_1 —01Y;o— a5y,  (3.9)

where Yy = g = 0. Considering a two-layer RNN which has only one neuron in the hidden

layer with a linear activation function. The model solves the following optimization problem:

N

N . - - 2 - -
w=arg  min _ Z (Vi —q (wY—1 + @pH1))", Hp1 = wgY;—o + wpH; o,
W= (1o, W1,Wp) ;5

(3.10)

where Yy = Hy = 0. Proposition 5 establishes a connection between these two solutions.

Proposition 5. For any solution (él, ég) to Eq. (3.9), (wg, w1, wy,) satisfying wow, = 01+0

and Wy, = —ég is a solution to Eq. (3.10). In addition, their outputs }Aft are equivalent.

3.2.3.2 General case

Recall that the best predictor is defined as Y} := ]E(Yﬂst_*og) In this paper, we study the
mean squared error between the output of the RNN and the best predictor.

Consider the RNN that minimizes the following objective:

T
min w Z (Y — QO(Hp,t»Qa
(gpaWh7vh7p)6an]%’L t:p+1
subject to  Hpt = ou, (WpHpp—1+p(Yi—1,...,Ys—p, X4—1)), fort >p+1, (3.11)

and Hyy = Oy, for t < p.

Here, we use H,; to emphasize its dependency on p.
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Before introducing our main result, we define

Ly = inf ln* = n| k-
U] 00,[—3B,3B]ptat
T_'l ’ ’

NE€Fp s g (1LTO2,T?042,B)

Then we have the following theorem:

Theorem 9. Under Assumptions 8 to 10, assume that w < T wy, < T*?logT, d < logT,

for some 0 < ay,a9 <1, and v,y — 0. For any fived h € NT, it holds that
-8 __K_(1—
E(YF y — @(Hyron)? ST “VPF 402 4+ max{T200+02 7302 10g Ty~ w01 (1702) 1069 7

where Hp oy, is iterated as in Eq. (3.11) and Y41, ..., Y1 are assumed to be observed.

The proof of this theorem is given in Section 3.5. Here n € f; 1,T0‘2,T25+2, B)

+q+k(
means that the function 7 is a single-layer neural network with 7“2 neurons.

The error bound in Theorem 9 consists of three components. The first term, Tﬁal'l’%f,
represents the approximation error generated by fitting the function ¢*. The second term,
L%, is the approximation error from fitting the function n* using the recurrent layer. The
third term, max{7T2®1+02 7302 |og T}T_ﬂiﬂ(l_oe) log? T, represents the estimation error.

We analyze two special cases. First, when the function n* is linear. Under this case, by

choosing as = 0, the approximation error for fitting the function n* is zero, allowing us to

achieve the following bound:

Corollary 5. When n* is linear or continuous piecewise linear with finite knots, with w =<
ptk | K
T2@B+p+k) 145 gnd wy, < d < log T, under Assumptions 8 to 10, it holds that

__ 28 Kk
E(YF,p — ¢(Hyrpn)? ST 2HF8 TF logh T,

where Hp pyp, is iterated as in Eq. (3.11), and Yy q,..., Y p 1 are treated as known.
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This rate coincides with the rate given by Men et al. [2024] for nonlinear autoregressive
models with no moving average component by using DNNs.

Second, for general cases, Mao and Zhou [2023] provides a detailed upper bound for ¢y,
which is related to the smoothness of n* (i.e., ) and the input dimension of n* (i.e., p+q+£k)

as follows!:

B (ptgt+k)+2
(log T)%+(P+Q+k‘) (T02)” PraFFprath) ¥ if B < prg+k | 2,

S
1 i _ 1
(log T)2(T2)" 2™ pFatk, if 8 > p—|—+—&-k +2,

where ¢y, := inf 1
! nEfp+q+k

Then we have the following conclusion:

(1,72, T26+2 B) In* — 77”00’[733’3B}p+q4rk-

Corollary 6. With w < T wy, < T*?logT and d < logT, for some 0 < aj,as < 1,

under Assumptions 8 to 10, for any fized h € NT, we have

. 2
E(Y7 ., — @(Hprin))

— B .
T B+alptotktd) w+l ((log T)%+(p+q+k) V log!? T) . when 8 < ptgtk | 2,

<
T 9+ 1oglV T, when g > p+++k + 2,
where Hy 18 iterated as in Eq. (3.11) and Y q,..., Y1 are treated as known.

3.3 Numerical Studies

In this section, we evaluate the numerical performance of the RNNs. We consider the predic-
tion performance of the RNNs by considering various DGPs and comparing the results with
those obtained from ARMA and DNNs, two representative linear and nonlinear techniques.

We demonstrate the superior generalizability and effectiveness of the RNNs.

1. The parameter condition in Mao and Zhou [2023] satisfies our restriction on the model parameters.
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We consider the following six different data-generation processes. For Model 1 to Model
3, we assume &¢ follows a uniform distribution so that Assumption 8 is satisfied. In Model 4

to Model 6, Gaussian noise is applied.

e MODEL 1: We assume that Y; follows an ARMA(1, 1) process:
Y =01Yi1 + e+ boep 1.

Here we assume ¢ follows a uniform distribution, ¢ i1d- U[—1,1], and we set 07 =

fo = 0.5. In Table 3.1, we also vary their values to check the robustness of our results.

e MODEL 2: We assume that Y; follows the following functional coefficient autoregressive
(FAR) model [Chen and Tsay, 1993, Hastie and Tibshirani, 1993, Cai et al., 2000| with

a linear MA noise:

Yy = 01 exp(—YA | + 1)Yi_1 +ef + Ooey1,
ii.d.

where g '~ U[—1, 1] and we set ] = 05 = 0.5 here.

e MODEL 3: We assume that Y; follows the bilinear model [Rao, 1981, Rao and Gabr,

2012] as follows:
Vi=01Y;1 +er +0a(ep—1 + Yi160-1),

where &4 i1 U[—1,1] and we set §; = o = 0.5 here.

e MODEL 4: We assume that Y; follows a model combining a linear regression term and

a polynomial moving average term, as introduced by [Robinson, 1977, Hsieh, 1991,

191



Campbell et al., 1998]:
Y, =01, 1 + e + 097,

where ¢ i N(0,1) and we set 61 = 6o = 0.5 here.

e MODEL 5: We assume that Y; follows the logistic smooth transition autoregressive
(LSTAR) model[Chan and Tong, 1986, Terasvirta, 1994, Eitrheim and Terésvirta, 1996]

as follows:
Yy =01Yi1 + 02 (1+exp (= (Yie1 — €)1 Yiq + ¢ + 0351,

where ¢ i1 N(0,1) and we set 1 = 0.2, f = 03 = 0.5, v = 20 and ¢ = 1 here.

e MODEL 6: We assume that Y; follows the threshold autoregressive moving average

(TARMA) model [Hansen, 2000, Tong, 2012] as follows:

7
Yi = 01Yio1| + e + Oe 11 (-1 < 0) + 35,11 (541 > 0) + > B X1,
=1
where ¢ i N(0,1), I is the indicator function, and we set 67 = 0.2, fy = —0.2,

03 =0.8, 51 = P2 = P33 = —0.2 and B4 = By = g = P7 = 0.2 here.

Unlike a standard RNN, our theory imposes constraints on the weight matrix W}, requir-
ing it to be an upper triangular matrix with diagonal elements less than 1 —¢e (as specified in
Eq. (3.6)). To assess whether this condition impacts the performance, we compare our model
(RNN1, with the restricted 1},) to the canonical RNN (RNN2, without such a restriction
on Wp).

For these six DGPs, Model 1 is a linear process and Model 2 — 6 are nonlinear process.

In addition, the setup of Model 6 is similar to that in the empirical study, both having 7
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exogenous variables, and the out-of-sample R2 is also similar (around 5% when T' = 200 ~
400). We perform 100 independent replications and report the prediction mean squared
error on the test set. We use the first 80% of the data as the training set and the remaining
20% is used as the validation set to select the tuning parameters. For ARMA, its tuning
parameters are the lagged order (p,q). For RNNs and DNNs, we tune the network structure
{(4), (4,4,4), (8,4,8)}, and the learning rate {0.001,0.01,0.1}. After training the models, we
generate 100 additional observations as our test data to evaluate these models’ performance.

The results are shown in Figure 3.2. From Figure 3.2, we observe that the prediction mean
squared error of RNNs decreases as T increases, consistent with the conclusion in Theorem
9. Moreover, RNNs outperform the other three models for nonlinear processes (Model 2 — 6)
and perform only slightly worse than ARMA for linear processes (Model 1), with this gap
tending to zero as T increases. This highlights the advantage of RNNs, which exhibit strong
fitting capabilities for both linear and nonlinear processes. The results also demonstrate
the effectiveness and applicability of RNNs, underscoring their clear advantage in handling
complex time series compared to linear models (ARMA) or nonlinear models that ignore the
lagged noise terms (DNNs). Moreover, in Model 4—6, we considered the Gaussian-distributed
noise instead of the uniformly distributed noise, which is unbounded and falls outside the
scope of our theoretical assumptions. Nonetheless, the RNN’s performance remains strong,
demonstrating the robustness of the model. Moreover, comparing the results of restricted
W}, and unrestricted W}, we observe that the constraints on W}, do not adversely affect the
convergence of RNNs. In fact, in most scenarios, the model with the restricted W}, performs
better than the model without the restriction. This suggests that the constraint does not
degrade the model’s performance.

To study the performance of RNNs under different parameter settings, we vary pa-
rameters (01,02) in Models 1-3 for further study. We consider nine scenarios where ; €

{0.2,0.5,0.8} and 69 € {0,0.2,0.5,0.8}. The results are shown in Table 3.1. We can observe
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that as the parameter scale, especially the parameters related to the lagged noise terms,
increases, the performance of RNNs gradually surpasses that of DNNs. When 65 = 0, all
these three models no longer include the lagged noise terms. In this situation, DNNs per-
forms slightly better than RNNs, however, the advantage is not substantial. This aligns with
expectations, as in the absence of lagged noise terms, the hidden layer of RNNs may lead
to overfitting, which results in a degradation of out-of-sample performance. Furthermore,
RNNs usually outperforms ARMA in the nonparametric cases (Models 2 and 3). And the
abnormal results of Model 3 when (61,62) = (0.8,0.8) is because the model is no longer

stationary under this case.

0.12 0.20 0.4
—e— RNN1 —e— RNN1 —e— RNN1
0.10 DNN DNN DNN
—— ARMA 0.151 —— ARMA 0.3 —— ARMA
0.08 --+- RNN2 -+- RNN2 --+- RNN2
0.061 %, 0.101 ‘\‘\“‘_‘ 0.2
0.041
0.051 g
0.021 S
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Figure 3.2: RNNs’ Predictive Performance for Different Models
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Table 3.1: RNNs’ Predictive Performance under Different Parameters

Model 1 Model 2 Model 3
(01,05) RNN DNN ARMA RNN DNN ARMA RNN DNN ARMA
(0.2,0) 0.006  0.005 0.003 0.008  0.007 0.007 0.006  0.005 0.003
(0.2,0.2) 0.007  0.006 0.003 0.010  0.009 0.009 0.006  0.005 0.007
(0.2,0.5) 0.008 0.032 0.004 0.012  0.017 0.014 0.009 0.010 0.031
(0.2,0.8) 0.009 0.114 0.003 0.016  0.061 0.028 0.021  0.053 0.102
(0.5,0) 0.008  0.006 0.003 0.013  0.011 0.051 0.008  0.007 0.003
(0.5,0.2) 0.008 0.012 0.004 0.013 0.012 0.061 0.008  0.007 0.008
(0.5,0.5) 0.011  0.052 0.003 0.015  0.024 0.083 0.013  0.029 0.049
(0.5,0.8) 0.011  0.155 0.004 0.020  0.072 0.126 0.134  0.238 0.233
(0.8,0) 0.009  0.007 0.003 0.018 0.013 0.187 0.010  0.007 0.003
(0.8,0.2) 0.012  0.019 0.003 0.018 0.018 0.190 0.015  0.023 0.016
(0.8,0.5) 0.017  0.080 0.003 0.018 0.032 0.200 0.166  0.229 0.207
(0.8,0.8) 0.014  0.198 0.003 0.023  0.080 0.259 3.447  3.274 1.834

3.4 Empirical Studies

In this section, we apply RNNs to monthly exchange rate data, which are notoriously difficult
to predict [Engel and West, 2005, Rossi, 2013|. Specially, we define the return as Y; 11 =
Inpsy1 — Inpg, where p; is the monthly bilateral exchange rate of the British pound (UK),
Swiss Franc (SZ) or Japanese yen (JP) relative to the US dollar. In exchange rate forecasting
studies, the driftless random walk model is commonly used as a benchmark [Wright, 2008,
Rossi, 2013], which predicts In psy1 as Inp; at time ¢. This is because many researchers have
found that the simple random walk model often outperforms more complex economic models
in predicting exchange rates [Meese and Rogoff, 1983, Mark, 1995|. Here, we compare the
predictive performance of RNNs with ARMA, DNNs, the Kernel regression, and the Kernel
Ridge regression?.

For predicting exchange rate returns, we use the following seven exogenous variables (i.e.,

X¢): (i) the relative stock price (foreign vs. US), (ii) the relative annual stock price growth

2. Here, the candidates network structure of the RNN and DNN are the same as the setup in Numerical
Studies. The parameters of the Kernel (bandwidth) and KernelRidge (bandwidth and regularization param-
eter) are also determined through tuning, ensuring that the selected optimal tunings do not spike at the
boundary.
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rate, (iii) the relative short-term interest rate, (iv) the relative term spread (long minus short
term rates, motivated by the findings of [Bekaert and Hodrick, 1992, Clarida et al., 2003]),
(v) the exchange rate return from the previous month, (vi) the sign of the exchange rate
return from the previous month, and (vii) the relative inflation rate; see Wright [2008| and
Chen and Liu [2023]. The sampling period spans from January 1990 to December 2023,
including 34 years of data. All the variables have been transformed to stationary according
to Wright [2008] and Chen and Liu [2023].

To fit these models, we use an expanding windows approach. Specifically, we select the
first 180 months (15 years) as the initial training set and the next 60 months (5 years)
as the validation set to tune the hyper-parameters. In each window, the model predicts
exchange rate returns for the following 12 months. This procedure is repeated 14 times,
with the training set expanding by one year and the validation set shifting accordingly at
each iteration. Thus, we have a total of 168 monthly forecasts. For comparison, we use
random walk prediction as the benchmark to calculate the out-of-sample R2.

The results are presented in Table 3.2, where we report the R2,, values for different mod-
els across various lag orders p = 1, 2, 3 respectively. Across all settings, RNNs consistently
outperform the random walk, demonstrating its robustness and stability in exchange rate
return prediction. Notably, RNNs perform well when the lag order p = 1 or p = 2. DNNs,
on the other hand, perform well with p = 3, likely compensating for the residual terms by

incorporating a higher lag order.

3.5 Mathematical Proofs

Throughout the proof, the constants ¢ and C' are fixed and only depend on other fixed

constants, which may vary from line to line.
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Table 3.2: Percentage R, benchmark to random walk for various methods.

RNN ARMA DNN ARX  Kernel KernelRidge

UK 5.368 —1.854 2.895 —2.050 4.144 2.953
p=1 S7Z 3453 -—7.988 0.589 —7.095 —4.607 —7.384
JP 9833 9.431 7443 7.881 1.180 2.163
UK 25564 —4.541 2624 —-6.674  2.375 2.227
p=2 S7Z 3545 —=7.517 2711 —-13.518 —1.077 —10.196
JP 9.888 6.097 4574  7.043 2477 4.419
UK 2804 —4.156 4.568 —8.091  3.215 1.287
p=3 SZ 1680 —4.060 2.684 —14.658 —1.607 —9.486
JP 6.212 —-3.771 4847 7.172 3.095 2.405

3.5.1 Proof of Proposition 5

For any 0 = (9~1, 9~2), the following equation holds for the residuals from ARMA estimation
~ ~ ~ ~ til ~ .
Vi — 011 — 0281 =Yy — (01 + 02) Y _(=02)" 1V,

j=1

Similarly, for any (wg, w1, wy,), the following equation holds for the residuals from RNNs,
t—1 ‘
Yi — 1y (00Y;—1 + B Hy_1) = Y; — by »_ () V5.
j=1
Based on the above equations, we conclude that if (él,ég) is a solution to the ARMA

optimization problem, (i, @1, Wy, satisfying ot = 01 + 09 and Wy, = —0s is a solution to

the RNN optimization problem. Additionally, we have

—1 —1
0111+ Ogr_1 = (01 + 02) > (—02) 'Yy j = dbyaig Y _ (i) ™'Yy
Jj=1 Jj=1

= (l@oYt—l + lDth—1> ,

which completes the proof.
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3.5.2  Proof of Theorem 9

For notational simplicity, we write

inf ||77*—77||oo +q+k = ln-
1 ,[—3B,3BJpta U
NEF), 4 i(LT2,T25%2.5)

Note that for all (p, W}, vy, @) € Frle  the following inequality holds:

T T
Y. i—¢(Hs))P < > (Yi—p(Hpi)™.
t=p+1 t=p+1

Based on this inequality and recognizing that Y; = Y} 4 ¢; and YA% = @(Hﬁ,t)7 we obtain:

T T
SO0 - eH) = 3 |- @(H ) - &+ 20(Hp e - 2Ye|
t=p+1 t=p+1
r
< 3 [ - o(Hy)? - 7 + 2Vies — 21@*5,5} (3.12)
t=p+1
T r ~
= 3 07 = elHp)? + 2 (7 = e(Hp) + (V= 7))
t=p+1

Below we first establish three inequalities, denoted as (I) through (III), with their respective
proofs provided subsequently.
(I) For any fixed (p, Wy, vy, ) € Frry and fixed positive constant ¢, with probability

at least 1 — C exp(—cmax{T211%2 7302160 T} 1og® T) for some constant C, the following
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holds:

T
T Z et(Y7 — ¢(Hpy))
t=p+1
- 1/2
|77 Y B - e(H,n)? | (max{T?rtez 7302105 T2 R 1m0 2 ogt 1
t=p+1

+ max{T201+02 7302100 T~ 71 (1702) 609 T,

(II): With probability at least 1 —C exp(— max{T20‘1+O‘2, T3%2 Jog T} log® T), the follow-

ing inequality holds:

T
TN (Y - e(Hpy)
t=p+1
1/2
S| Z (V= ¢(H;))" | (masc{T20102, 7302 100 TH 201 (17020 2 pogt 7
t=p+1

+ max{T?1+02 730209 T}T_f’%r1 (1=a2) log” T.

(IIT): There exists a fixed (pT, I/VT7 v;rl, cpT) € Frh such that

48
71 Z Pl (H 3 )| ST VP +.2 4+ T Vog T,
t=p+1
3.5.2.1 Proof of (I)

Recall that

Hp,t =0up, (p(Y%—lv - 7}/%—}97 Xt—l) + WhH ,t—l) .
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For any p+1 <t < T, we define

Hg’t = ou, (P(Yie1,-- Yiep, Xi-1))

", = oy, (p(Yt_l, Y X))+ WhHﬁgll) . forl>landt>(  (3.13)

By convention, we set H,g,t = Oy, for 1 <t < p. Recalling the definition of Sf in Eq. (3.3),
it is straightforward to verify that Hﬁt € Si:}l)_g for t > p+ ¢+ 1. On the other hand, by
Lemma 44, when ¢t > p + ¢ + 1, it holds that HHﬁ,t — Hptlloo < C(1 — e){—Wh (20TPB+5ywn

for some constant C'. Note that ¢ € f&h(d, w, T55+5, B), together with Lemma 41, we have
(@(Hp ) — (H )| < Cup TEIFET (1 — ) mwon(gpSFT5ywn vt > p 4041,

Recalling that w =< T, wy, < T*?logT for some 0 < aj,a9 < 1 and d < logT, it is

straightforward to verify that, by letting ¢ = C'wy, log? T for some fixed C, we have
[o(Hpt) = o(Hp )| ST (3.14)
Given this, we first establish an upper bound for 71 Zg:p+€+1 ¢ (Yt* — gp(Hg,t)). Define
Dy = er(Y7 — p(Hpy)) €31,y (3.15)
Based on this, we establish in Lemma 45 that for the stationary process {Dt};/r:p NIRE
aq(j) < agexp(—cqj"”),

where &y = max(ay, 1) exp(cy) and ¢y = cy(£+p+1)~". Additionally, since E(sﬂf’i&{) =0,
el < B, Y| < B, and |p(HS )| < B, we have ED; = 0, |Dy| < 4B?, and E|Dy[* <

2 . . _
B2E(Y%*—(,O(H£’t)) . Applying Lemma 40 to {Dt}f:pMJrl and noting that ¢ =< (wy, log? T) ™"
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it follows that for all 7 € Rt and 0 < ¢ < (4B?)71,

T

1 T 3CE|Dy|? _
Pll= > D> + 5 < 2(1 + dexp(—2)ay) exp(—7),
T t=p+(+1 3¢T() 2(1 - 4B%)

where T(®) < (ngl log—?2 T)niﬂ = (T1=2]0g™3 T)f’%r1 By letting

¢ = min((E|Dy|?)~ Y2 (max {12102 7302 160 W27~ 7E1(1702)/2 1004 7 1og—1 T)
and 7 = cmax{T2*1792 73265 T} log® T,
it follows that, with probability at least 1 — C exp(—c max{T2a1+O‘2,T30‘2 log T'} log® T),
1 T

T Z Di| S (E’Dt‘2>1/2<maX{T2al+a2, 7302 log T})1/2T_HL+1(1_042)/2 10g4 T
t=p+l+1

+max{T201F02 7302 o0 Ty~ R (1702) 169 7

Combining this with the fact that ¢ =< wy,log? T,

TSP D) < Tl 4B <

T wplog? T, wy, =< T logT and E|Dy|? < E(Yy — ¢(H£,t))2 and using Eq. (3.14), we
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obtain that, with probability at least 1 — C exp(—cmax{T2*1+%2 732100 T} log® T),

1 & 1 &
T Y eV —oHp)| S T > D+t
t=p+1 t=p+1

1/2
1 K
Z E(}/%* _ SO(HE t>)2 (maX{T2a1+a2’T3a2 logT})l/QT*m(lfoé2)/2 10g4T

N

+ max{T?M1+02 7392 ]4g T}Tﬁﬁrl(l*@) log? T
- 1/2
1 k(1
( S OE(YF - e(H )| (max{T?0t02 7802100 T2 R (1m02) 200t 7

AN

+ max{T20102 730210 TAT 71 (1702) 1609 T
T 1/2
T Z E(Yy — go(Hp’t))2 (max{T?M1 T2 7392 |4g T})l/QT_HLH(l_OQ)/Q log T

N

+ max {72012 7302 6o TP w T (1702) 1000
where —1 + a9 < 201 + ag — =7 (1 — ag) is used in the above inequalities.

3.5.2.2  Proof of (II)

By Lemma 46, there exists a function class fg{‘n 5 C Froh which is a d—covering of Frl,

with 6 = T, Denote this class as {(ﬁj:Wh,jaﬁh,y@j) 11 <5 < |F |)}. Therefore,

rnn,o

for any (p, Wi, vy, @) € Fro, there exists a corresponding (pj7Wh7ja5h,ja¢j) c Fun

rnn,

5 such

that

[o(Hpt) — 2 (Hp, 1)] < 771, for t 2 wylog? T
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In particular, there exists a (ﬁj*aWh,j*ﬁh,j*,Ej*) such that |@(Hp ;) — gpj*(Hpj*’tﬂ

Additionally, by Lemma 46, we have
log | Fyh 5| S T2142 107 T 4+ T3 1og® T
Note that we can choose the constant ¢ in (I) sufficiently large so that
—cmax {72192 739165 T} 1og® T + log |]-" i, 51 < A

Therefore, by applying the union bound inequality to (I), we obtain,

1/2

T T
P( rt Z et (Y7 _‘PJ(Hﬁj,t)) (! Z E(%*—SD(Hﬁ,t)f

t=p+1 t=p+1

x (max{T21F02 739260 T})l/ZT_“iH(l_OQ)m log T
+ maX{T2a1+a2,T3a2 log T}T_?il(l_aﬁ 10g T vl < ] < |‘7: rnn 5’)

< O|Fh sl exp(—cmax{T?*1792, 7392 1og T} log” T)

< Cexp(— max{T?M1T2 739260 T} 1og® T).

<711

(3.16)

As a consequence, with probability at least 1 — C exp(— max{T21 T2 T3 |60 T} log® T),

T T
T8> sV —eH )| ST D (V= @(Hpy)) | + T 2 10g? T
t=p+1 t=wp, log? T
1/2

s{r! Z (7 — ¢(Hy))? | (max{T2ertez p3a2)og T2~ (1m02)/2 1ot 7

t=p+1

+ max{T?01 T2 730250 T}Tﬁﬁl(l*a?) log” T.
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Here in the first inequality, we use the fact that ¢ < Tlog®T. In the second and the
fourth inequality, we use the bound |p(Hp ;) — @+ ( Hﬁj*,t)| < T~!. In the third inequality,
we use Eq. (3.16) and in the last inequality, we use the fact that 77112 1og3 T 4+ 771 =

o(max{T?M1+a2 7302 o9 T}T_%H(l_cm log? T').

3.5.2.3  Proof of (III)

Note that w;, = CT*?logT, we define m = T2 and m = m + g — 1. Without loss of
generality, we assume C' is large enough such that w;, = ¢mlog, /6 T+1 < wp. We verify the
existence of (p!, WT, v};, of) e fﬂlhn that satisfies (III). Based on this, we can add wj, — wy,
“useless” neurons into the recurrent layer with zero weights and biases. This approach ensures
that the network’s output remains unchanged, thereby satisfying (III). For ease of notation,
we still use wy, to denote wy,.

By Assumption 9, ¢* € HP([-B, BJPt*, B). According to Lemma 43, there exists ¢f €

}—J}Jrk(da w, T55+5, B) such that
t * —a1- 25 +k
|1 (x) — ™ (x)| < T “'ptk Vx € [-B,BJP™. (3.17)
Assume that [aq], ..., |aml|, [v1l, - [om]s 161 lloos - - - [[bmlloe < 72842 and
m
i) =" ajon, (biT:U) € Flyin(1,702, 72942 B)
=1

satisfying

*

=

N —n inf Ik

~ Moo, [~ +a+k = Uy
(1,72,726+2 B) ”00,[ 3B,3B]pta )

—3B.3Blptatk - 1
o0, -3B,3] NEF ptqtk

(3.18)

Denote 15, € R™ to be a vector where all elements are equal to 1, 05, € R™ to be a vector
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where all elements are equal to 0, and O, € R™X™ to be a matrix where all elements are

zero. Let b; = (b; 1, -, bip, bipi1s - biptgs -+ -5 Oi prgrk) € RPHIHE e define

—b1pr101 —b1priam  —b1pi2 —b1p+q

—b2pr101 —bap+1am  —bapi2 —b2p+g

—bmp+101 —bmp+1am  —bmpy2 —bm.p+q

W = —aq —am 0 0 € Rmxm.

0 0 1 0 0
0 0 0 1 0 0
0 0 0 0 1 0

05 W 04 O

Om Om W Og O
W =

O Op W

O Om O

K 0

where Vi = (—=b1p11, .-

P . pqtk
Zz’:l bm,zxz + Zi:p+q+1

1=p+q+1
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o =bmpr1,—1, O(—]r_Q)T € Rm, Vo = (vq,...
k
R™, and V3 = (b17p+1$1 + Z];:l bl,ixi + ZP—HH_

D+q
bmﬂ'xi + Zi:p_H

_ . 3
V3
Vo
i (2)]
,Um,—B,...,—B) €

+
bl,ixi + ZIZ?:;)JJFI bl’iB, s bmpriT +

b iB, 11 + B,—Bl;;Q)T € R™. Finally, for



T = (21,...,Ty,) € RYr we define

It is not hard to verify that

(

it airi + Ty, — B, i [ D0 a4 2wy, — Bl < B,

SOT(I) =19 B, if Y aix; + 2, — B> B, (3.20)

—B, if Yty air; + 2y, — B < —B.

Though go]L € ]—"Iluh (2,1, T 554'5,8), we can add several useless neurons with zero weights
and bias and several hidden layers which achieve identity map by using the fact that z =
o(x) — o(—z) into ¢ to make it belong to ]—'&)h(d,w,TwJ“r’, B).

Below, we demonstrate that (pT, WT, U}LL, ng) satisfies the required condition. Define [}, ; =
I(k — H%Hq — i > 0), where I(-) is the indicator function, Y(;_1,_,) = (Yi—1,...,Yi—p),
and ;_1y_g) = (€t—1,---,€t—q). By Lemma 47 with r = ﬂogl/e T1q and the fact that

S2000" <1, when t > max{p, ¢} + flogl/g Tlq, it holds that

a2
S+ T ok 477 (3.21)

m
Z ain‘,pT,t - 77*(3/(15—1:zt—py €(t—1:t—q)> X¢-1)
i=1

By Eq. (3.20) and the fact that |Y}*| < B, we have

2
2 m
<Yt* B SOT(H/)‘L,16)> = (Yt* - (Z il yiy+ Hyy pte — B)) '
i=1

Moreover, by Eq. (3.32), we have H ot = ¢T(Y(t—1;t—p)>Xt—1) + B. Therefore, using

w

the facts that wy, < T%2logT and letting t; = C'logT > max{p,q} + Hogl/g T q for some
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sufficiently large constant C', we have

T
1
=2 (W=l )
t=p+1
1 T ) t1+p+1 )
t=t1+p+1 t=p+1
T

1
<7 Z <<Zal iptt — (Y(t—lzt—p)aE(t—lzt—q)aXt—1)>
=t1+p+

t1+p+1

2
+ <wT(Y(t—l:t—p)>Xt71) - w*(y(t—lzt—p)th*l)) ) + T Z (Yt* - SOT(HpT7t))2

t=p+1

oy 28 N\ a8 . 5 ooy AE )
,S(Ln—i—T 1P+k+T_) + T Vptk 4T logT" S+ T Uptk + T log T
Therefore, the inequality (IIT) follows.

3.5.2.4 Combining (I)-(III)

Building on (I)-(III), and substituting (5, Wy, 0y, goA) in Eq. (3.12) with (o, WT,v;rl,goT), we

have with probability at least 1 — C exp(— max{TQO‘lJFO‘?, 732 Jog T} log® T),

T
TN (W -W)°
t=p+1
T 1/2

S TN BV - eHy)? | (max{TP0t0z 7302105 THY 2R (02) 200t 1

t=p+1
A48

+ max{T201702 7302 og Ty~ w1 (1702 1009 7 4 2 4 77V, (3.22)
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Given that 71 Zfzp_i_l(Yt* —Y;)? < 16B2, it follows that T—! Zf:p+1 E(Y* — Y;)2 is

asymptotically bounded by

1/2

T

T1 N B - @(Hp)? | (max{T201%02 7302105 T}/ 2771 (1702)/ 2 gt T
t=p+1

K 48
+ max{T201702 7302 og Ty~ @i (1702 1009 7 4 2 4 71D

+ C exp(— max{T?*1192 7392166 T} 10g° T) - 16 B%.
Since
exp(— max {72192 739160 T} 1og® T) = o(max{T?*112 732 ]og T}T_HLH(I_OQ) log” T),

we thus obtain

T
Ty R -Y
t=p+1
1/2
S|t Z (V= ¢(H;))" | (masc{720102, 7302 109 TH 201 (170202 ogt 7
t=p+1

A48
+ max{7201702 7302 og Ty~ w1 (1702 1009 7 4 2 4 77V,

Using the fact that = < ay/z + b implies z < a2 4 b, we obtain the following bound:

71 Z YRS AT PFE 4 max{ 720102 7802 g T T (1-02) 1000 7
t=p+1

(3.23)
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Applying to Eq. (3.22), with probability at least 1—C' exp(— max{721+22 7302 ]og T} log® T'),

T 48 .
T8N (V- V)2 S+ TP max{ 7201702 7302 100 T) T w41 (1702) 1009 7
t=p+1

(3.24)

3.5.2.5 Generalization Performance

Based on Eq. (3.14), it holds that |(Hj 71p) — ¢(H£,T+h)‘ < 771 for some sufficiently
; ~ (17l 2 2
large T'. Therefore, to prove Theorem 9, it suffices to show that E( 17:+h_90(Hﬁ,T+h)) St
POV T201t0a2 7302 |00 7Y RT(1702) 1669 T R fixed (77, Wi 0p i, @
+max{ ) 0g } 0g - I'or any lixe (pja h,j,’UhJ,ng) <
f%hn76 with 1 < j < "7:;17}{;1,5|’ the process (}Q*—ﬁj(H%j’t)ﬁ is stationary when ¢t > p+ ¢+ 1.

Therefore, we have:
_ 2 — 2
B(YY —9;(Hy, ))* = E(Vfy, —9j(Hy, r4p))° Vp+l+1<t<T.

Let Dy ; := (Y} —@(ngi))? ~E(Y},, —@(H%TM))?. It holds that ED; j = 0, |Dy ;| <

4B2, and

ED}; < B(Y} - 7;(Hy )" < 4BE(Y] —;(Hy, 1))

Using the same methods as in Lemma 45, it can be shown that {Dt,j}g;p ¢4 Is astrongly

mixing sequence with

ag j(k) < ag jexp(—cq k™),
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where &4 ; = max(ay, 1) exp(cy) and ¢g ; = ¢y (¢+p+1)". Following a similar line of reason-

ing as in the proof of (I), with probability at least 1—C' exp(—c max{T?®1+%2 T3 Jog T'} log® T),

1/2
1 & T

— 2 2 1/2
72 DS |7 Do EOT-g(Hp )P | (max{TPr02, 7302 log T
t=p+1 t=p+e+1

(3.25)

x Tt (1702)/ 21664 7 4 ppax(201+02 7302 100 Y731 (1702) 1069 1

By applying the union bound inequality to the result above, we can choose the constant c
sufficiently large so that,

Fn

rnn,

slexp(—c maX{T2O‘1+O‘2 ,T3%2 10g T} log? T) < exp(— maX{T%‘l"m?, T3%2 |og T} log® T),

we conclude that Eq. (3.25) holds uniformly for all 1 < j < |F;1;1’;1 sl Moreover, there
exists j* such that when ¢t > p+/(+1, |p(Hp ;) — @j*(Hﬁj*,t” < 77! and thus |¢(ngt) —
By (HE ) ST

Therefore, with probability at least 1 — C exp(—cmax{T21+22 T302]og T} log® T),

T
TN |0 B(H )~ B, — (Hy )]

A
7
(]

O = @(H ) = BV, = @(Hp )] [+ T logh T

AN

T Z [(Yt* - @(Hpg7t))2 - E(th-y-h - @(HgT_HL))Q} + 71 + T~ Ha log3 T

1/2
Vi - @(Hp))? | (max{T201702 7302109 7)) 27~ mi1(1702)/2 1004 1

A
K
(]
=

+ max{T201+02 7302 10g T}~ "I 1702) 1669 T
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In both the first and last inequalities, we use the fact that |(H ;) — @(Hé7t)| < 771 when

t > p+ ¢+ 1. Combining this with Eq. (3.23) and Eq. (3.24), we confirm that

* ~ 2 < _041~4T6k 2 2a1+a2 3@2 _L(l—OéQ) 9
EY7, = @(Hyrep)” ST L max{7T 1292 log TYT ™ w1 log” T,

thereby completing the proof.

3.5.8  Proof of Corollary 5

Note that linear (piecewise linear) function n* is always Lipschitz continuous, then by Lemma
48, we have
by ST Y0,

prk |k
By the results in Theorem 9 and note that w =< T228+p+k) 175 and wj, < d < log T, we have

p+k K

* 5 2 < _2(2ﬁ+p+k)'1Tn';T€c —10gT . adet T e 75 10010
EYryp —e(Hyrin) ST +T + T2+ T~ "+ log!d T

28 K
~ T~ ZBHpFk 5 1ogl0 T
which completes the proof.

3.6 Some useful Lemmas

Lemma 40. Let {Y;}7°_  be a stationary a-mizing process on the probability space (Q, F, P)
with the mixing coefficient satisfying a(j) < aexp(—cj®). Let an integer T > 1 be given. As-

sume f is some real-valued Borel measurable function and |f(Y)| < C and that E [f(Y:)] = 0.

1/(k+1)] 1
o) _ T{(g) /(+)w
&

Set
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Then for all 7(@) >2, 7eRT, and 0 < (< C'_l,

T KE(f(D)
3¢T(@)  2(1-¢C)

T
P %;ﬂm > < (1 + dexp(—2)a) exp(—T).

Proof. Please refer to Theorem 4.3 in Modha and Masry [1996]. O

Definition 7. Denote the function space fgg*l(d,w, C) as follows:

fg’ngl(d,w,C) = {f of the form (3.5) .PaX’dHWjHoo Y ‘Uj|oo < C’}.

. 7=0,...

Lemma 41. For any DNN ¢ € fgjﬂ (d,w, TOPt5) it holds that
lo(z) — o(®)llos < npTCAFIEF | — y)| .

Proof. Write ¢ = Wyou,Wg_100v, ;- .. W10y, Wox where W; € R™+1%" Tt is straightfor-
ward to verify that |W;z —W;yl|eo < niT5ﬁ+5Hx—yHOO and | oy, () — o, (Y)]|oo < |2 —=Y|oo-

Note that for two Lipschitz functions fi and fo satisfying || f1(x) — f1(¥)]lcc < L1||z — y|lco

and || f2(#) = f2(y)lloo < Lal[z—=ylloo, it holds that || fa0 f1(x) = fao [1(y)lleo < L1Lallz—=y]loo-

By repeatedly applying this property to Wyoy,Wy_10v,_; ... W10y, Woz, we conclude that
d
(@) = eW)lloo < TEHDED (T 0y flz = ylloo < neTEH Dz -y,
1=0
where the last inequality holds due to nq,...,ng < w. O

Definition 8 (Covering number and Metric Entropy). For any function class F with equipped
norm || - ||, we say that F' is a §-cover for F if, for all ¢ € F, there exists ¢’ € F' such that
o — || < 6. The &-covering number of F, denoted N'(6,] - ||, F) is the size of the smallest

d-covering. The metric entropy is the log covering number log N (0, || - ||, F).
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Lemma 42. For the function class ]—“ggﬂ (d,w, T58+5, B) with width vectorn = (ng, ..., ngs1),
assume the total number of non-zero weights are bounded by S. There exists a function class

f:ggl C FndtH(d,w, T?PHP) such that

4(w?d
(a) Ifgglgq < (85—1CT(56+5)(d+1) (1+ w)dng d) (w?d+ngw)

(b) For any ¢ € Fpd*(d,w, T%P+5 3B), there exists 7 € Fgg;gl satisfying ||p(x)—p(2)||co <

d whenever ||z|| < C.

Proof. The proof follows the same idea as Lemma 5 of Schmidt-Hieber [2020]. For any

pE fﬁg“(d, w, TOP+5 3B), write
QO(I) - Wdo-?]de—lo-Udfl toe Wlavl WOZL’.
Define A_k{—QO : [—07 C]no — Rnk‘ and AI;SD : Rnk—l N Rnd—‘rl as

AZ@(m) = oy Wi_100,_, - WioyWoz, fork=1,....d,

Apo(x) = Wyou W1 -+ WyoyWi_qz, fork=1,...,d+ 1.

By convention, we set A(")F o(x) = A$+2gp(a:) = x. Considering that all the parameters of ¢

are bounded by T°%*5 and that ||z]sc < C, it can by proven by mathematical induction

that
k—1
147 (@)oo < TEFDEDETT (ng +1). (3.26)
/=0
Additionally, by using Lemma 41, we have
d
A (@) — Ape(y)] < TEIDEED L TT |l = yloo (3.27)
{=k—1

Let us fix some € > 0. Suppose that ¢, p € Fgg“ (d,w, T5ﬂ+5) be two neural networks such
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that all parameters are at most ¢ away from each other. Denote the parameters of ¢ by

(v, W), and the parameters of @ by (v, W},);.. Note that

d
o) - Flle < 3 |45 (e Wieaat 1 2@)) = 4710 (o0, Wi A7 @) |
k=1

oo

< 4eTOADIAHD 0(1 4 w)nyd,

where we apply triangle inequality in the first inequality, use Eq. (3.27) in the second

inequality, use the facts that |0y (2) =0y (y)||co < [[2—Y]|co and ||oy () —o5(2) || < ||[v—7]|0c0

in the third inequality, and Eq. (3.26) in the last inequality.

)
5B+5)([@+1) (1 w)dngd’

Consequently, by discretizing the parameters with grid size ¢ for neural networks ¢, we form

Upon selecting ¢ as yua it becomes evident that ||p(z) =@ (2)||cc < 0.

a function class fgg;l satisfying (b). To verify (a), note that the total number of parameters
is bounded by E‘g:o (ng + 1) npyq < 4(w?d + now). Since all the parameters are bounded
in absolute value by T5ﬁ+5, we can discretize the non-zero parameters with grid size ¢ and

obtain for the covering number
|Fritt] < (85~ toTGATIE (1 4 w)ngd)4w’dtnow) 0

Lemma 43. Assume f € HP([—a,a]", B) for some 8 = q+ s, ¢ € Ny and s € (0,1], and
B > 0. Then, for a > 1 and C sufficiently large (depending only on fixed constants including
B, a, B and||f|cq), when

d = [1og4 (Cw)-‘ - ([logo(max{q,r} +1})] + 1), and

r—+
w=2 ( Tq)-r2-<q+1>-<r,
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there exists a neural network fo;ge € FH(d,w, OB+ B) such that

Hf - fwide

< ¢, (3.28)
o0

for some constant C' depends only on fized parameters.

Proof. The proof primarily follows the same argument as in Kohler and Langer [2021|, with
the key difference being the necessity to construct the neural networks used in their paper

with bounded weights. For a detailed proof, please refer to Shen and Xiu [2024]. O

Lemma 44. When ¢ < B and £ > max(¢~1,2), for Hﬁ,t defined in Fq. (3.13), there exists

a constant C such that
w
(i) [ Hptlloos IS oo < € (e73T5949) ™ vt > p,
(ii) [|HS; — Hptlloo < C(1 =) =0n(20T05) 0 Vi > p4 £+ 1.

Proof. First, we prove (i). Observe that

|H ,t‘ :|O-Uh<10(}/;f—17 LR 7}/%7}77 Xt—l) + Wth,t—l)‘

<fopl + 1p(Vi1s- o Yeep, Xy 1)| + Wy Hp 1] S TP 4 B+ [WyHpy ).

Here | - | represents the elementwise absolute value, < denotes elementwise smaller, and the
last inequality is due to Eq. (3.7). Let Hy, ,; represent the k-th element of H) ;. Using Eq.

(3.6), as long as 515 > B, we have

|Hyy, pt] < 2T°P75 4 (1 — )| Hyy pr1,

|Hyy—1pt] <2005 1 (1 — &)|Hyy 1 21| + T 5| Hyy pial,

Wh
|H17p7t| < 2T55+5 + (1 - 8>|]—Il,,o,t—1| + T56+5 Z |Hi,p,t—1|-
=2
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From the first inequality, given that Hy, , = Oy, it is straightforward to verify that |Hy, ,¢| <
27585~ for all ¢ > p. Consequently, from the second inequality, we obtain |Hy,, 1 | <

o788 +5—1 4 op5h+5 . T56+5.-2 Using the same argument, it can be shown

‘H’L'7p7t‘ S 2T56+5 <€_1 + T56+5€_2 44 (T56+5)wh_i€_(wh—i+l)> ‘

Note that
oT5B+5 (8—1 LBBE 2 (T5ﬁ+5)wh—i€—(wh—i+1)>
<T55+55—1)“’h_”1 3 T
_ohB+5.~1 4 <T56+56—1> h
T58+5.—1 _ 1 :
wp—i+1
Therefore, we conclude that |H; ,| < 4 <T55+55_1> " forallt > pand 1 < i < wy,.

wp—i+1
Similarly, it can be shown that |H ¢ | <4 <T5B+5 *1> " . Then (i) is verified.
Now, we study (ii). Note that |th(I) — 0w, (y)] < |z —y| for any v, z,y € R, where

all the operators are applied elementwise. Therefore, for £ > 1,
/ {—
[Hpyy = Hpt| < WypHpy1 = WyH,,~ L

By Eq. (3.6) and the inequality above, we have

(-1
| wh7p7 Hwh7p7t| S <1 - g)‘Hwhvpvtfl o H’wh,p,tfl ?
wp,
14 (-1 55+5 —
i g — Hiptl < (0= &) Hypp1— H{ b [+ TP\ H; o = HIL ] (3:29)
1=2
We then prove |H z ot~ H; ] < 8(1—e)t—wnti(2¢dA+5)wn—i+l by mathematical induction.

First, for the base case i = wy,, from the first inequality in Eq. (3.29) and the fact that
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wp,—1+1
|H,p,t| |H pt| <4<T5ﬂ+5 ) " , when t > p + ¢, we have

/— 4
|H wmp, — Hyy, pt] < (1 =e)|Hyy pt—1—Hy 4l <o < (1 =€) |Hy,

0
wh,p, hopt—4 Hwh,p,t—€’

< 8(1— )T 51 < 8(1 — £)f (24P H9) 1,

where we use the fact that ¢ > e~ 1. This means the statement holds for i = Wy,
Second, in the inductive step, we assume that the statement is true for i = k+1,... wy,

and we need to prove the statement holds for i = k. Observe that for ¢t > p + ¢,

4 56845
|Hk,p,t_Hk,p,t| < (1_5)|Hk,p,t—1_Hk;pt 1|+ Z T al |Hzpt 1—H zpt 1|
i=k+1

Wh
S (1 - 6)|Hk,p,t—1 . H]f;;’t_ﬂ + T5ﬁ+5 Z 8(1 _ 6)£—UJ}L+’L—1<2€T5ﬁ+5)7ﬂh—7,+1

i=k+1
< (L= )| Hy 0 — Hy ol + (1= )T Z e) Twnti=2 (oo ywn =it
1=k+1
wp,
+T5ﬁ+5 Z 8(1_g)E—UJh-i-?;—l(2€T5B+5)wh—i+1
i=k+1
— (1_5)2|Hk,p,t—2 Hf 2 2|+2T55+5 Z 6)€_wh+i_1(2€T55+5)wh_i+1,
1=k+1

Iteratively, we obtain

|H£,p,t - Hk,p,t|

Wh,
—wp i1 —it1
<(1- 5)€|Hk‘,p,t—€ - ng,p,tfd + OB +5 Z 8(1— 6)5 wp,+1 (2[T55+5)wh i+
’i_ki-i-l

wp—k+1

§8(1—€)£ <T5B+5€—1> €T5ﬁ+5 Z f wp,+1i— 1(2fT5ﬁ+5)wh i+1

i=k+1

=: Q1 + Q2.
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Note that for )1, since £ > =1 and wy, — k > 1, it holds that

Ql = 8(1 — €)£_wh+k(2£T5ﬂ+5)wh—k+1 1—¢ wp—k . L
20e 2e

< 8(1 — &)Wtk (QurdFtdywn—k+1l 5. 0.5

_ 2(1 _ €>€—wh+k(2£T5B+5)wh—k—|—l.

For ()9, we have

wp,
Qo =4(1 — 5)5—wh+k<2gT5ﬂ+5)wh—k+1 Z (1- g)i—k—l(%T5B+5)k—i+1

i=k+1
wp—k—1 . .
= (1 — ) Tn R (ST RTL N () ) (20 5PE)
i=0
-1
(—wp+k (o pBB+5\wp—k+1 l—¢
< _ h h _
<4(1—¢) (2075545 (1 ST 5%)

4
< 4(1 _ E)f—wh+k(2£T5ﬁ+5)wh—k+l . 5’

where in the last inequality we use < 21{ since ¢ > 2. In total, for ¢t > p + ¢, we have

1—¢
20T5B+5
[H}. i = Hygpal < Q1+ Qo < 8(1 — &) ~onth(erditsywn—ktd,

which implies (ii). O

Lemma 45. For the the stationary process {Dt}tT:pMJrl defined in Eq. (3.15), its a-mixing

coefficient satisfies

aq(j) < max(ay, 1) exp(cy) exp(—cy({ +p+1)7"j") := agexp(—cqi"),

where oy = max(dy, 1) exp(cy) and cg = cy({+p+1)7".

Proof. Since Dy € SL p—0 the stationary process {Dt}f: PO+ forms an a-mixing sequence
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satisfying

aq(j) < ay(j —p = 10).

By convention, we set ay(j) =1 for j < 0. We then consider two scenarios:
(i) j —p — ¢ > 1: Noting that for 1 < b < a, we have % + b < a+ 1. Therefore, by setting

a=jand b=p+ ¢+ 1, we have < j —p — ¥, which implies

J
pHIF1

ag(j) < oy(j —p—1) < ayexp(—cy(j —p—0)F) < ayexp(—cy(f +p+1)7"5").

(ii) 7 — p — € < 0: In this case, we have

ay(j —p—1) <1< exp(ey) exp(—cy(£+p+1)7"5").

Combining the results from (i) and (ii), the lemma follows. O

Lemma 46. For Fpilt, defined in Eq. (3.7) satisfying the conditions in Theorem 9, there

exists a function class .7-" rnn.s C Fih for & = T—1 with
log |.7-" i, 5l <w2wh 10g4(T) + w,?; log?’(T),

such that for any (p, Wy, vy, @) € Fromn, there exists a (p, Wy, 0y, P) € Fol - satisfying for

rnn,0’

all t 2 wylog® T, |o(Hpyt) — B(Hpy)| <6 =T

Proof. Recall H,ﬁ,t as defined in Eq. (3.13). By Lemma 44 (ii), for t > p+ ¢ + 1, we have
|Hpt = Hylloo < C(1 &) 7n (20752t
Now, assuming for temporarily that

Wh = Whllso: [[vn — Talloos |0 = Bllec <&, (3.30)
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we obtain

Hpt = Hpaloe <[y = ||+ o = #5015 = 115
| Hp.t pitlloo < || Hp s Bt Oo+ pit pit Oo+ it Pt || oo

< HHﬁ,t - Hg’tHoo 4 20(1 — &)W (2TOBFIYOR >y 0y 1.

By the inequality |oy(x) — oy (y)| < |u —v| + |z — y| for u,v,z,y € R and applying Lemma
44 (i), we have

¢ (
|45 = 5]
o

/-1 7. rrl—1 /-1 /-1
<2§ + HWthvt_l - Wthvt_ﬂ’oo + HWth,t_1 - Wth,t_1Hoo

5 5 —1 Wh, 5 5 /-1 /-1
<2C¢&wy, <T B+5e ) +wp T o HHmfl - Hﬁ,t—l”oo’

w
where the last inequality holds by using the fact that 26 < C&wy, <T5B +5€_1> h, | WhHg’;El —

WhHgytq”oo < wp|[Wh, — Wh||oo||H£,t_1||oo < C&wy, (e THT5)Wh and |[W|oe < TSP

By repeatedly applying the above inequality, we have

(-1
1\ %n
<2C¢wy, T58+5 ) Z(th5B+5)k+(th5ﬁ+5)EHH0¢_£— %t_glloo
k=0

y4 74
HH ¢~ Hpy <
1\ %hn
<aCguw, (T0e) ™ (w, TPH9) 4 (wp TV Dy = HY, o

oo

=2C¢wy, T5B+5€71>wh (wp TPP5)E 4 (w), TP F5)

Now, (P(Vi—p—15 - Yier—ps Xt—p)) — 05, (P(Vi—p—1, -+ - Yieo—ps Xt —0)) || o

§2C€wh <T5ﬁ+5€—1>wh (th5ﬂ+5)£ 4 2§<th55+5>€

<4Ctwy, <T55+5g—1)wh (w, TP+,
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Therefore, for t > p+ ¢+ 1 and ¢ > max(s_l, 2), we have

w
| Hpt = Hpglloo Sgwn (T2PH5e71) 7 (wy THH9)! 4 (1 = ) =m0 5y n

§(2£T56+5)wh (£wh<th5ﬁ—|—5>f +(1- 8)€—wh> .
Choosing ¢ = Chwy, log? T and & = exp(—Cawy, log? T). By the fact that wy, < T, we have

cwy, (wp TP = exp(—Cowy, log? T + Cywy, log? T log(w), TP +3) + log wy,)
< exp(—Cowy, log® T + Crwy, log? Tlog(T55+6) +logT)

= exp(—Chwy, log® T + C1 (56 + 6)wy, log® T + log T),
and
(1 =)' = exp(Chwp, log? Tlog(1 — &) — wy, log(1 — €)).

From the above two inequalities, it is not hard to check that for any constant C', there exist

fixed C1,Cy > 0 such that
Ewy (wy TPPT5)E (1= 2)f 7 < exp(—Cuy, log? T).
As a consequence,

1Hpt = Hptlloo < (20TPH5)h exp(—Cuy, log? T).
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Together with Lemma 41, for ¢, € flluh(d, w, T5f3+5), we have

(o(Hpt) — P(Hy )| < |0(Hpt) — (Hp )| + lo(Hpg) — B(Hp )|
Swp TOFO Dl — Hi flloo + |0 — Plloo

Sy T+ (275845 0h exp(—Cuy 10g? T) + || — B
Observe that

wy, TOFTANAHL) (9 BB+5Y0h oy (— Cawy, log? T)

=exp <log(wh) + (58 4 5)(d + 1) log(T) + dlog w + wy, log(20T°P+3) — Cuy, log? T) :

Since d < log(T), w < T, wy, < T, and logl < logT, it is easy to verify that by properly

choosing the constant C' > 0, it holds that.
th(5ﬁ+5)(d+1)wd(2€T5ﬁ+5)wh exp(—Cwyp, log? T) < (27) 1.

Therefore, as long as || —P|co < (27) 7! and Eq. (3.30), we have lo(Hpt) —P(Hpt)| < T-1
for t > p + Chrwy, log2 T+1xwy log2 T, which meets the requirement. Hence we need at

most a total of NJNo N3N} functions to achieve a §-covering of Fpyt,, where

N1 = N(QT) U lloo o (emr55)9h o(e—1756+5)ehgun  Fay, (d w0, T2, B)),
Ny = N+ oo gk Fo i (dsw, TP, 3)),
Ny = NE ||+ loos {vn € R+ [Juglloo < T},

Ny =N oo {W), : W), of Form Eq. (3.6)}).
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By Lemma 42(a) and the fact that & = exp(—Cowy, log3 T)), we have
log V7 < w?wp, log3(T) and log Ny < w?wy, log*(T).
Moreover, it is straightforward to verify that
log N3 < w,% log3(T) and log Ny < wz log3(T).

Therefore, we conclude that log |]-" v, sl < ZZ L log NG < w?wp, log*(T) + wh log3(T). O

Lemma 47. For (p, W;{,vg,gﬂ) defined in Eq. (3.19) and I, ; = I(r — L%Jq —i>0), it
holds that for 1 <r < [log /9 T'lq and t > max{p, ¢} +r,

m

Z ainhfrerJrifl,pT,t - 77*(Y(t—1:tfp)> E(t—1:t—q) Xi-1)
i=1

r—2 . r—1 . 28 =21,
S0+ [ S0 ) T pagla g,

: : 28 r—2
— o—_ r—4 +IT‘
‘Hwh—rm—i—m,pT,t - U*B(gt—l)’ < Zg] ly + ZQJ T “Vptk 4 29L q J ’2B,
(3.31)

"X s 28 -2
' ' -0 =< |+,
‘Hwh—(r—l)m—LpT,t - UfB<5t—q+1)’ < Z 0 |y + Zeﬂ Tk 4ol ] 9B,
= =

where Yv(tfl:tfp) = (Yi—1,...,Yi—p) and E(t—1it—q) = (€t—1,-..,€t—q). By convention, we

set Z?:O 07 as zero when n < 0,.

Proof. Recall that

_ T
Hpig = %l (WthT,t—1 + pT(Y(t—lzt—p)a Xt—l)) :
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By the definition of v};, W,;r and p' in Eq. (3.19) and note that WT(Y(t_l;t_p),Xt—lﬂ <B
which is defined in Eq. (3.17), as well as the definition of H,; in Eq. (3.11), we have

H’wh,pT,t =0-B <¢T(Yit l:it—p)> Xt 1 > t 1:t—p)’Xt—1) + B, for t > D,
Hwh—ﬁz,ptt - Hwh m—i—l,pT t— Hwh 1,pT t = 0. (332)

Moreover, define b; = (i ptgris s Oiprgrk) € RF, for any 2 < r < [logy /9 Tq and

t>p+1, by Eq. (3.32), we have

Hwh—rﬁz+i—1,pT,t

m
=0 (bi,p—H (Yt—l + B — (@Z)T(Y(m:tquy Xi—2)+ B) — Z aijh—(r—l)m+j—1,pT,t—1>
j=1

+ bi7p+2(_Hwh—(r—l)m—l—m,pT,t—l +B)+-+ bi7p+q(_Hwh—(r—Q)ﬁL—l,pT,t—l + B)

b Yo1 b yYip b Xt—l) : (3.33)
for 1 <i<m,
m
Hwh—rm—I—m,pT,t =0-B |~ Z aijh—(r—l)ﬁz—i—j—l,pT,t—l o Hwh,pT,t—l +Yi 1+ B
j=1
(3.34)
m
=o_p|Yi-1+B- (wT(Y(t—Q:t—p—l)’ Xi—2)+ B) - Zaijh—(r—l)ﬁz—Fj—l,pT,t—l )
j=1

and

Hyy,—riimtiyptt =B (Hwh—(r—l)m+m+z'—1,pT,t—1 - B) : (3.35)

forl1 <i<gq-—2.
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In the following, we prove Eq. (3.31). First, we prove the case r = 1. By Eq. (3.32), for

t>q+1,
m
Z ainh—m+i—1,pT,t - 77*<Y(t—1:t—p)a E(t—1:t—q) Xi1)
i=1
*
= |7 (Y(tflztfp)vs(tflzt—q)aXt—l)) <2B,
and

Ho i gt e = 0-Blee1)| = lo_pler1)| < 2B,

w

‘Hwh—l,ptt - UfB(5t—q+1)‘ = ‘UfB(gt—q—&-l” < 2B.
Therefore, when r = 1, Eq. (3.31) holds.
Next, we use mathematical induction to prove the conclusion. Assume Eq. (3.31) holds

for some r < ﬂogl/g m]q. We prove the case for r + 1.

Define (¢ — ¢*)(z) := T (x) — ¢*(2) and E(t—1:t—q) = (Et—1,"++ ,Et—q) Where

Et-1= (¢* - Q/JJ[)(Y(t—Zt—p—l)? Xt—Q) té-1+ 77*<Y(t—2:t—p—1)’ E(t—2:t—q—1)> Xt—Q)

B Z aijh—rm+j—1,pT,t—1
J=1

ft-2 = _Hwh—rm+m,pT,t—1 + B, Etq = _Hwh—(r—l)Th—l,pT,t—l +B.
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By Eq. (3.33), we have

m

*
Z ainh—(r+1)ﬁ1+ifl,pT,t -1 (Y(t—lzt—p)vg(t—lst—q)v Xi-1)
1=1

! ((w* — D) (Yoot p1)s Xe-2) + &1 + 1 (Viema0—p—1)r E(t—2:4—g—1)» Xt—2)

m
- Z aijh—rﬁL—f—j—l,pT,t—l’ _Hwh—rm—i—m,pT,t—l + B, _Hwh—(r—l)fn—l,pT,t—l + B,
=1

Yi1,- th—vat—1> = (Ve 1:t-p) (-1 —q)> Xt-1)

! (Y(tflif*p)’g(tflrt*q)’Xt%) =0 (Y—1s—p)s E(t—1:t—q)» Xt—1)| (3.36)

where 7f(z) = Sy aioy, (b;rx) is defined in Eq. (3.18). Define (nf — n*)(z) := ni(z) —
n*(z). By Assumption 8, we have [e¢], [[Y{;_1.4—p)lloc, [[X¢[loo < B. In addition, by Eq.

2B
(3.31) for 7 and Eq. (3.17), note that ¢ — 0 and 7~ “*'»+% — 0 when T — oo, we have

oy 28 =2 =\ 28 r—2
G| ST Mo F 4 B | D 07 [+ | D67 | TV yogla g < 3,
J=0 J=1

and

lEt—2| = ‘Hwh—rm+m,pf,t—1 —o_p(et—2) +&t-2

IN

r—3 . r—2 . 28 =2, g
S0+ [ S0 ) T 20l ey B < 3B,
=0 =0

‘gt—q’ < ’Hwh—(r—l)m—l,pT,t—l —0_p(et—q) + et

r—q1 . =1 2 r—2
S0 o [ S0 | T eE 20l By B < 3B,
j=0 j=0

IN
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Then we have g(t—l:t—q)»Y(t—l:t—p)vXt—l € [—BB,3B]p+Q+k. Applying Eq. (3.18), Eq.

(3.31) for 7, and triangular inequality to the right hand side of Eq. (3.36) leads to

Z aiH,, _ityiriotpte — 1 (Yt 1i—p) E(t—1:t—q) Xt—1)

<|(n" =) <}/(t71:t7p)>g(t—l;t—q)vXt—1> (3.37)

+

s <Y(t71:tfp)>g(tflztfq)vXt—1> - n*(}/(t—lzt—p)g(t—lzt—q)vXt—l)

<ty +01 ‘ (W = D) Vg2 p1)s Xe—2) + 0" (Vim0 p1) (12— g—1) Xt-2)
g

_Za] wp—rm+j—1,pf t— 1‘+
j=1 1=2

28 r—2 . r—1 . 28
S A S SIS Sk e
§=0 j=1

wh ri+mA+i—2,pf t—1 — &t—i — B’

r—i—1 r—1i

4 2
+ZQZ' D P+ T it 1 ogl T i
) 7=0 7=0
r—1

1
<> 0+ Z PT VTR 4 gl T g (3.38)
J=0 J=1
where we use Assumption 9 in the second inequality and in the last inequality, we use
01 +---+ 04 =0 <1 and the inequality

r—2 r—2 r—2 r—1
2016\_TJ+IT,1B 4+ -4 26q6\_TJ+IT,qB S 2(91 44 @q)QLTJ"FIr,qB S QGLTJ-‘FIT_A,_L:[B’

which the first inequality is due to the fact that I, g < I, 1 < -+ < I;.7 and the last
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inequality is due to the fact that

r—1 r—2

]

-1
J+IT+171§LTTJ+1:L |+ 1+ I(r =nqg+1 for some n € Ny)

r—2 r—2 r—2
§LTJ+1+I(T—LTJq—Q>O):1+LTJ+Inq-

Moreover, by Eq. (3.34) and the inequality |o_pg(z) —o_pg(y)| < |z — y|, we have

Hwh—(r—i—l)rh—km,pjf,t —o_p(et-1)

L. 2B Lo 2B r—2
<T qu"‘k+(1+9+--'+9T_2)L77+(9+02+'-'+0T_1)T S +20L q J+Ir,lB

r—

2B r=1
:(1_|_0_|_+0T—2)Ln+(1+0+02++9r—1>T S +29L q J+Ir+1’2B,

where in the last inequality we use the first inequality of Eq. (3.31) for r and in the last

equation we use the fact that V1 < j <gq

r—2 r—1
J+]r,j:L

=

I

-2
J—I(r:nq—i—lforsomeneNo)—l-f(?”—LTTJCI—]'>O)

-1

r—1 r—1 . T
lg—j>0)= L—q |+ Irt1j41

J+1I0r =1 .

Finally, by Eq. (3.35), for 1 < j < g — 2, we have,
Hy\ iyitmtjpty — O-BEt—j-1)

S|Hwh—7"771—&-771—1-]'—1,pJf,t—l —B-g_jl= |Hwh—rm+m+j—17pT,t—l —o_p(e—j-1)l

. , —a- 2B r=2 .
§(1+6+"+0T_j_2)b77+(1+0+02+'+0T_']_1)T (€3] p+k +29|_ q J+Ir,j+1B

(3.39)
. . .28 r—1 )
SO 0T (L0402 40PV 4ol T I e g
n

where in the last inequality, we use Eq. (3.31) for r.
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Combining Eq. (3.38), Eq. (?7) and Eq. (3.39), we complete the proof for the r+ 1 case,

which completes the proof of Lemma 47. n

Lemma 48. For any Lipschitz continuous function n(-) with Lipschitz constant bounded by 0,
there exists wy 1, ... wym and a constant B such that such that | Zgzl wy ;| <0, Jwy ;| <20,

fori=1,...,m, and for any x € [—B, B],

m—+1
n(x) = Y wyou(z) — by| < 4BOm ™!, (3.40)
=1

where v; := —B + %(z —1).
Proof. First, we construct a neural network that is a piecewise linear approximation of
n(z) — by with

m
anaiavi(vj) = 77(1{7') - bn, Vi<j<m+1.
i=1

Since v1 < wg < -+ < Uy, oy (v;) = 0 for j <, and oy, (vj) = vj — v; for j > i, the above

equation is equivalent to

0=mn(v1) — bn

wy 1(v2 —v1) = n(v2) — by,

wy 1(vg — v1) + wy2(v3 — v2) = n(v3) — by,
m

> wyi(vmg1 = vi) = n(mg1) = by

1=1

Solving the above equations, we get b, = n(—B) and

m
nz) —nv1 nug) — nv2 NUm+1) — NV
wy M=) ) =) SN o) = o),

v — U1 U3 — U2 = Um+1 — Um
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In addition, note that v;;1 —v; = %, for any 1 < j < m, we have

2B 2B
Ty WLy

2B
= [n(vj1) = n(v;)] < Olvjur = vjl = w

and

2B

m

4B
= n(wjs1) —nvj—1)| < Ovjp1 —vjq| = g

Wn,i

which implies that ]Zgzl wy ;| < 0 and |wy ;| < 20. Therefore, the choice of w; ; satisfies
the constraints in Lemma 48.
To verify Eq. (3.40), we use the fact that |o(z)—o(y)| < [r—y| and assume v; < 2 < wvjiq

for some 1 < j < m to obtain

m
(@) =D wyiow (@) — by
=1

m m m
< 77(1}]) - an,iavi (U]) - b77 + |77($) - U(Uy)| + an,igvi($) - Zwmigvi (vj)
1=1 1=1 1=1
J 2B .
§|77(93)—77(vj)}+ Zwm |z —vj| < —0+ 0|z —vj| <4BOm™". O
1=1 m
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