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ABSTRACT

This dissertation gathers five interrelated articles on random conformal geometry.

Part I concerns results on Liouville quantum gravity (LQG), which is a conformally
covariant model of random two-dimensional geometry. Chapter 2, which is joint work with
Ewain Gwynne, demonstrates that the LQG area measure is the Minkowski content measure
with respect to the LQG metric in the subcritical phase. Chapter 3, which is joint work
with Manan Bhatia and Ewain Gwynne, studies rigorously the heuristic that LQG in the
supercritical phase has infinite spikes at a dense set of locations. Concretely, we exhibit
that a discrete model of supercritical LQG, when conditioned to be finite, converges to a
continuum random tree in the scaling limit.

Part II concerns results on Loewner energy, which is a conformally invariant functional
on crosscuts of a disk that appears naturally in the semiclassical limit of Schramm—Loewner
evolution (SLE). Chapter 4 investigates the reversibility of Loewner energy and gives a de-
terministic proof of this basic property through commutation relations. Chapter 5, which
is joint work with Yilin Wang, studies the first variation of Loewner energy under quasi-
conformal deformations. Chapter 6, which is joint work with Shuo Fan, shows that the
Weil-Petersson Teichmiiller space, which consists of loops on the Riemann sphere with finite
Loewner energy modulo Mébius transformations, has a quasi-invariant action on the SLE
loop measure defined naturally via conformal welding. This gives strong evidence in support
of the idea that the Weil-Petersson Teichmiiller space is the Cameron—Martin space for SLE

loops.
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CHAPTER 1
INTRODUCTION

1.1 Liouville quantum gravity

Liouville quantum gravity (LQG) is a canonical one-parameter family of random geometries
on orientable surfaces with given topology. Heuristically speaking, an LQG surface with
matter central charge ¢ € (—00,25) is a random two-dimensional Riemannian manifold
sampled from “the uniform measure on the space of surfaces with given topology weighted
by (det A)~¢/2” where A is the Laplace-Beltrami operator of the surface [206]. One way
of making this heuristic rigorous is via discrete approximations, such as with the Gromov—
Hausdorff scaling limit of a uniform triangulation with the given topology, weighted by the
corresponding power of the graph Laplacian, as the number of triangles tends to infinity
[174, 192, 2, 137].

In the subcritical phase where ¢ € (—o0, 1], the corresponding scaling limit in the simply
connected case has been constructed directly in the continuum. An LQG surface with
central charge ¢ can be constructed as a metric measure space starting from the formal
Riemannian metric tensor ¢?*(dz? + dy?), where h is a GFF, v € (0,2) is the coupling
constant satisfying ¢ = 25 — 6(% + %)2, and dz? + dy? is the Euclidean metric tensor on
the given domain. In practice, the LQG measure and the LQG metric are constructed
under separate renormalization procedures called Gaussian multiplicative chaos |99, 213, 37]
and Liouville first passage percolation [85, 93, 129|, respectively. Similar constructions are
available in the critical phase of ¢ = 1 [96, 97, 87, 88, 205|. In these phases, an LQG
surface almost surely has the topology of a 2d manifold but its Hausdorff dimension is the
y-dependent quantity d~ > 2 (93, 132].

In contrast, mathematics and physics literature present seemingly contradictory descrip-

tions of the underlying geometry of LQG in the supercritical phase ¢ € (1,25). On one hand,
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while the definition of the LQG metric extends to the supercritical phase [87, 88, 205|, the
resulting surface almost surely has a dense set of points which are each at infinite distances
from all other points, consistent with the physics viewpoint [223| that the surface is torn
apart by densely located “infinite spikes.” On the other hand, an approach using random
planar maps predicts a tree-like structure with no interior (called the branched polymer
in physics) [64, 59, 30, 65, 14, 81]. A possible resolution suggested by [121, 21| is that a
supercritical LQG surface, which a priori has singularities at a dense set of points, should
look like a continuum random tree when conditioned to have finite volume. Indeed, previous
planar map approaches to supercritical LQG considered maps with large but finite numbers
of faces, edges, or vertices. It is also not obvious what the area of supercritical LQG surface
should be: the Gaussian multiplicative chaos corresponding to a complex value of 7 yields a
white noise containing further randomness than the GFF h [164, 162, 163], but there is also
a claim in the physics literature [110, 111, 107| that special integrable algebraic structures
exist at certain values of ¢ which allows these authors to define finite local operators which

give rise to a so-called “area element.”

1.1.1 LQG area measure

In Chapter 2, based on the joint work [133] with Ewain Gwynne, we study how the area
of an LQG surface should be understood as the fractal measure corresponding to its metric
structure. In the subcritical phase, we show that the LQG measure corresponds to the
Minkowski content measure of the LQG metric. It is not obvious that the two objects
are connected directly without a prior knowledge of the Euclidean parameterization of the

domain, since their definitions rely on a regularization of the GFF at a Euclidean scale.

Theorem 2.1.1. For each v € (0,2), there exists a deterministic sequence (bg)e~q with
be =< e~ such that the following is true. Let h be a GFF on some domain U and let pp, and

Dy, be the corresponding v-LQG measure and metric. For any deterministic bounded Borel

2



set A C U such that OA has zero Lebesgue measure, if Ne(A; Dy,) denotes the minimum
number of Dy,-balls of radius € > 0 required to cover A, then

lim b2 'Ne(A; D) = pp(A) in probability.

e—0

Combined with the results of [130, 19], this theorem implies that the LQG metric Dy,
almost surely determines the domain U and the GFF h up to affine transformations (Corol-
lary 2.1.2). The proof of Theorem 2.1.1 utilizes the mating-of-trees theory of Duplantier,
Miller, and Sheffield [95]. In particular, we used the infinitely divisible metric measure space
structure offered by a space-filling SLE, curve exploring a certain v-LQG surface called the
quantum cone when x = 16/72.

In Chapter 3, which is based on the joint work [44] with Manan Bhatia and Ewain
Gwynne, we consider the supercritical phase of LQG. In this case, we show that there does
not exist a locally finite area measure. This result is consistent with the fact that the
Hausdorff dimension of a supercritical LQG metric space is almost surely infinite [88, 205].
Here, the key insight is to consider, instead of the coupling parameter v, the background
charge () as the fundamental parameter that corresponds to the central charge through the
identity ¢ = 25 — 6Q2. This parameter appears in the coordinate change rule for subcritical
and critical LQG surfaces: the pullback of i, and Dj, under a conformal transformation f
is given by fiperiQlog | a0d DyoriQlog| | Tespectively [99, 230, 128]. The background

charge () takes a real value in (0,2) within the supercritical phase ¢ € (1,25) of LQG.

Theorem 3.1.5. Fix the background charge Q € (0,2). Let my, be a random Borel measure
determined locally by the GFF h which, for any fized conformal map f : U — U, almost

surely has

Mo r4+Qlog |17 (A) = mp(f(A))

for every Borel subset A C U. Then, almost surely, my, is the zero measure or it assigns

3



infinite measure to every Euclidean open set.

This theorem extends to the case where my, is a complex-valued measure. The proof
of Theorem 3.1.5 is based on the coupling of supercritical LQG disk with conformal loop
ensemble of k =4 (CLEy) [18].

1.1.2  Tree-like structure of supercritical LQG

By considering a natural random planar map model of the aforementioned coupling between
a supercritical LQG disk and CLEy4, we give the first reconciliation between the “infinite
spikes” picture (as in the case of supercritical LQG metric) and the “branched polymer”
picture (as in the planar map calculations). Our planar map model of supercritical LQG

disk can be considered as the supercritical analog of the loop O(n) model [57].

Theorem 3.1.4. For each positive integer p, let M®) be a random planar map of boundary
length p modeling a supercritical LQG disk. There exists a constant 8 > 0 such that if we
condition M) to have finitely many vertices and rescale its graph distance by a factor of
0/\/p, then the corresponding metric space converges in law as p — oo to the continuum

random tree with respect to the Gromov—Hausdorff distance.

The proof of Theorem 3.1.4 is based on the heuristic that a supercritical branching process
becomes subcritical when conditioned to terminate at finite time. In our model, conditioning
the supercritical map to be finite reduces the lengths of discrete loops corresponding to CLE4
loops to be exponentially smaller, and the gaskets between these discrete loops become
subcritical Boltzmann maps. It is known that subcritical Boltzmann maps with boundary

have the continuum random tree as the scaling limit [42, 160, 189].



1.2 Loewner energy and Schramm-Loewner evolution

Given a chord 7 in the upper half-plane H from 0 to oo, we can parameterize it by R
such that there exists a unique conformal map ¢ : H \ 1(0,¢) — H with the expansion
gi1(2) = 2+ 2t/z + O(1/22) at oo for each t € (0,00). The Loewner transform encodes the
chord 7 by its driving function defined as W; := ¢¢(n(t)). SLE is a random non-crossing
curve [218] with the driving function W = /kB where B is the standard Brownian motion.
In the semiclassical limit of SLE, as  — 07, a large deviation principle has been established
[244, 204] with a good rate function given by Loewner energy, defined as the Dirichlet energy
of the driving function: I(n) = % Jo® |W3|? dt. In line with the conformal invariance of the
law of SLE, Loewner energy is defined to be a conformally invariant quantity.

The Loewner transform extends to a mapping from certain continuous driving functions
R — R to rooted oriented loops on the Riemann sphere considered up to Mobius transfor-
mations. The loop Loewner energy [ Lis again defined as the Dirichlet energy of the driving
function; it is root-invariant and orientation-invariant [244, 219]. The (equivalence classes
of) loops with finite Loewner energy comprise the Weil-Petersson Teichmiiller space Tp(1)
[245], which carries a rich geometric structure of a connected topological group with right-
invariant Kéahler metric [239] that can be parameterized in terms of Beltrami coefficients on
the unit disk or quasisymmetric homeomorphisms of the unit circle. The work [245| of Yilin
Wang further showed that the loop Loewner energy corresponds to a constant multiple of
the universal Liouville action, which was previously identified as a Kéhler potential on Tj(1)
[239]. There are various further geometric and probabilistic characterizations of Loewner
energy and the Weil-Petersson class of loops [52, 243, 246, 191, 60]. A new active area of
research is to investigate the algebraic and geometric structures on SLE in relation to those

on Ty(1) [63, 113, 32, 33, 101].



1.2.1 Reversibility of chordal Loewner energy

A fundamental property of Loewner energy is its invariance under reversing the orientation

of the chord despite the directionality of the Loewner transform.

Theorem 4.1.1. Let n and 7 be chords in the upper half-plane H from 0 to oo such that n
is the image of n under the inversion map z — —1/z. Then, their Loewner energies 1(n)

and I(n) are equal.

It does not follow directly from the definition of Loewner energy as the relationship
between a chord and the corresponding driving function is difficult to obtain explicitly. This
reversibility of Loewner energy was previously established in [244] based on the reversibility
of SLE,; for k € (0,4] [254, 195, 173|. A deterministic proof was given in [245| based on the
identification of Loewner energy with universal Liouville action.

In Chapter 4, which is based on the work [237|, we give an elementary proof of this
fact using the commutation relation for Loewner energy [244, Corollary 4.4] to establish
that piecewise hyperbolic geodesic chords satisfy Theorem 4.1.1, which are dense in the
space of all chords. This deterministic proof can be considered as the x — 071 limit of the
SLE, reversibility proof in [254] and explains the geometric meaning of Zhan’s martingale
calculations.

In fact, our proof of Theorem 4.1.1 can be extended to show, in terms of Loewner energy
minimizers, the existence of C'! piecewise hyperbolic geodesics in each isotopy class of chords
relative to a finite set of fixed points that they traverse through (Theorem 4.1.2). Combined
with the proof of uniqueness in [55], the space of C! piecewise hyperbolic geodesics can be
identified with the Teichmiiller space of a disk with marked interior points, analogously to

the loop case considered in that article.



1.2.2  First variation of Loewner energy under quasiconformal deformations

The Kéhler structure of the Weil-Petersson Teichmiiller space T((1) is described naturally in
terms of the Beltrami differentials, which are complex-valued, bounded functions on the Rie-
mann sphere C describing infinitesimal quasiconformal deformations of C via the measurable
Riemann mapping theorem. In Chapter 5, which is based on the joint work [238] with Yilin
Wang, we give a formula describing the first variation of the loop driving function in terms
of the Beltrami differential (Theorem 5.1.1). This is achieved through concrete calculations
starting from an identification of the driving function of a two-sided Loewner chain (g)er in
terms of the “Schwarzian derivative of g; at co.” It further leads to the following formula for

the first variation of loop Loewner energy under infinitesimal quasiconformal deformations.

Theorem 5.1.4. Let n be a Jordan curve in C and p € L°°(C) be a Beltrami differential
with compact support in C \n. Fort € R with |[tul|e < 1, let w'* be any quasiconformal
self-map of@ with Beltrami coefficient tu. Let f be a conformal map taking the bounded and
unbounded components of@ \ n to those of@ \ S1. respectively, where S is the unit circle.

Then,
d 4
Gl ) = =2 Re [ n() S£() i
t=0 T c
where Sf = "/ f —(3/2)(f" /) is the Schwarzian derivative and d*z is the Buclidean area

measure.

In other words, the holomorphic stress-energy tensor of the Loewner energy is given by a
constant multiple of the Schwarzian derivative of the uniformizing maps of the complemen-
tary components of the curve. This formula for first variation of Loewner energy coincides
with that of the universal Liouville action — a key step in [239] from which a straightforward
computation identifies the universal Liouville action as a Kéhler potential on Tj(1) — giving

another explanation of the equivalence between these quantities.



1.2.8  Quasi-invariance of SLE welding measures

A series of recent works [245, 63, 113, 32| identified a close relationship between the Schramm-—
Loewner evolution (SLE) loop measure and the Weil-Petersson Teichmiiller space Tp(1),
suggesting that the former measure is described in terms of a path integral formulation via
Loewner energy. In Chapter 6, which is based on the joint work [133] with Shuo Fan, we
further investigate this connection, focusing on the role of the group structure on the Weil—-
Petersson Teichmiiller space. The group structure on Tjy(1) is given naturally by composition
when it is modeled on circle homeomorphisms via conformal welding. The Weil-Petersson
homeomorphisms of S! are characterized by the condition log f/ € H/2(S1) [232], and
Loewner energy is the unique right-invariant Kéhler potential on this space [239].

In particular, we give the following Cameron—Martin type result for the SLE loop mea-
sure. For k € (0,4), we define SLE,VQ"Qkjl to be a probability measure on the space of circle
homeomorphisms obtained from the SLE, loop measure via conformal welding. We consider

its quasi-invariance when composed with a fixed Weil-Petersson circle homeomorphism.

Theorem 6.1.2. For x € (0,4), sample ¢y, from SLEfiVeld. We have the following for any
fired p € WP(SY) with ¢(1) = 1.

o The law of Yy o p is mutually absolutely continuous with respect to SLE‘,’geld.

o The law of gpfl o Yy 1s mutually absolutely continuous with respect to SLEE’eld if the
log-ratio log |(¢(+) — ¢(1))/(- — 1)| belongs to HY/2(SY).

Our proof is based on the characterization of the composition action in terms of Hilbert—
Schmidt operators on the Cameron—Martin space of the log-correlated Gaussian field. We
also rely on the description of the SLE loop measure as the welding of two independent

Liouville quantum gravity disks [19].
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Liouville quantum gravity



CHAPTER 2
THE MINKOWSKI CONTENT MEASURE FOR THE
LIOUVILLE QUANTUM GRAVITY METRIC

This chapter presents material first published in [133].

2.1 Introduction

2.1.1 QOwverview

Fix v € (0,2) and let U C C be an open domain. Let h be the Gaussian free field (GFF) on
U or a minor variant thereof. The ~-Liouville quantum gravity (LQG) surface described by

(U, h) is formally the two-dimensional Riemannian manifold with metric tensor
e (da? + dy?) (2.1.1)

where dz? + dy? is the Euclidean metric tensor. LQG was introduced by Polyakov [206]
in the physics literature as a canonical model of two-dimensional random geometry. Since
then, LQG has been identified as the scaling limit of various types of random planar maps,
as described in surveys [117, 123, 193, 229|.

The expression (2.1.1) does not make literal sense because the GFF h does not admit
pointwise values; it is defined only as a random distribution. Nevertheless, it is possible to
rigorously construct the area measure and distance function corresponding to (2.1.1) through
regularization and renormalization techniques.

The v-LQG volume measure py, is the Gaussian multiplicative chaos measure associated
with the GFF h, which can be constructed via various regularization methods [23, 37, 99,

146, 213]. In the context of LQG, it was first defined by Duplantier and Sheffield [99] to be
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the almost sure weak limit

pp, = lim 7 /2e7he(2) d*z, (2.1.2)

e—0

where he(z) is the average of h on the circle dB:(z) and d?z is the Lebesgue measure on U.
Note that for a smooth function f : U — R, the volume form associated with the Riemannian
metric tensor ef (dw2 + dy2) is e/ d%z. With probability one, pj, is mutually singular with
respect to the Lebesgue measure but has no point masses and assigns a positive mass to
any open set. The circle average approximation can be replaced by other mollification
methods for the GFF; see [23, 37, 146, 213] for further details. Notably, let pez/Q(z) =

— exp( |2?/€?) be the heat kernel at time £2/2 and let

hi(z) = (h *D29)(2) = /(Jh(w)p52/2(2 —w) d?w. (2.1.3)

2 *
Then lim, &7 [2e7he(2) g2, = wp, in probability with respect to the topology of weak
convergence of measures. !
More recently, the v-LQG metric Dy, was constructed as the scaling limit of Liouville

first passage percolation (LFPP) in the case that U = C and h is a whole-plane GFF. For

z,w € C and € > 0, the e-LFPP metric is defined by

D5 (z,w) : L inf / e (PO P! (4| at, (2.1.4)

P:z—w

where the infimum is taken over all piecewise continuously differentiable paths P from z to

w. Note that for a smooth function f : C — R, the distance between z and w corresponding

1. Most works on Gaussian multiplicative chaos require GFF to be regularized using compactly supported
mollifiers. The heat kernel mollification of GFF is considered in [213] (which calls it “white noise decompo-
sition”), where it is shown that £V’ /2e7hi(2) g2, converges to pp, in law. One can extend this to convergence
in probability by applying existing methods, for instance by checking [37, Lemma 3.5] using the covariance

* * oo
formula Cov(hi(z), h*(w)) = 7Tf(62+r2)/2 pi(z — w)dt.

11



to the Riemannian metric tensor ef (dz? + dy?) is inf p.,_,, fol ef(PW)/2) P! (t)| dt. Here,
¢= L (2.1.5)

where dy > 2 is the dimension of 7-LQG. The constant d is obtained a priori as a scaling
exponent corresponding to various approximations of the v-LQG metric space [86, 90]. Ding,
Dubédat, Dunlap, and Falconet [85] showed that for a suitable choice of deterministic scaling
constants {a:}.~(, the family of rescaled LFPP metrics {ae_lDz}se(O,l) is tight. Building
furthermore on [93, 125, 126|, Gwynne and Miller [129] showed that the subsequential limit

is unique and defined v-LQG metric as the limit
Dy, = lim a; 1 D5 (2.1.6)
e—0

in probability with respect to the local uniform topology on C x C. In particular, Dy, almost
surely induces the Euclidean topology. A posteriori, d, was identified as both the Hausdorff
dimension [132| and the Minkowski dimension [16] of the 7-LQG metric space (C, Dp,).

It is natural to ask how the measure i, and the metric Dy, are related. In this paper, we
show that py, is almost surely equal to the Minkowski content measure with respect to Dy,
(Theorem 2.1.1). This answers [129, Problem 7.10]. Our result can be viewed as an LQG
analog of [169], which constructed the Minkowski content for Schramm-Loewner evolution
(SLE) curves and showed that it is equivalent to the so-called natural parameterization of
SLE [171].

A particular consequence of our result is that Dj almost surely determines py,. It was
shown in [16, Theorem 1.3] that the pointed metric measure space (C, 0, Dy, ,) almost surely
determines h up to rotation and scaling. Therefore, our result shows that the pointed metric
space (C, 0, Dy,) almost surely determines h modulo rotation and scaling (Corollary 2.1.2).

The primary tool in our proofs is the mating-of-trees theorem of Duplantier, Miller, and

12



Sheffield [95]. This theorem says that the left /right boundary length process for a space-filling
SLE curve 7 on an LQG surface is a correlated two-dimensional Brownian motion. Roughly
speaking, this result is useful for two reasons. First, it gives a source of exact independence
since the LQG surfaces traced by the curve n during disjoint time intervals are independent.
In particular, this leads to a short proof of a lower bound for the number of LQG metric
balls needed to cover a given set (Proposition 2.4.1) without needing a separate two-point
estimate. Second, the mating-of-trees theory provides a convenient way of decomposing
space into regions of equal LQG mass, namely the segments n([z — ¢, z]) for « € €Z, where
7 is parameterized by pp-mass. See Section 2.2.6 for more details on the proof method.

The mating-of-trees theory has many applications in the study of random conformal
geometry, including LQG and SLE; see [122] for a survey of these applications. This is the
first paper to use this theory to prove properties of the LQG metric for general v € (0,2).
We expect that there will be more applications of the mating-of-trees theory to the LQG
metric in the future. In the course of our proof, we obtain some estimates for space-filling
SLE on an LQG surface, which are of independent interest. We especially highlight the
Holder continuity result (Theorem 2.1.4), which is already used in the paper [56] to prove a
result about random permutations.

Previously, Le Gall [175] showed that the volume measure of the Brownian sphere is
equal to a constant multiple of the Hausdorff measure associated with the gauge function
r*loglog(1/r). This implies that Dy almost surely determines sy, for v = 1/8/3, due to
the equivalence between the Brownian sphere and the \/8/_3—LQG sphere established by
Miller and Sheffield [197, 198, 199]. See also [129, Corollary 1.4] for the fact that the Miller—
Sheffield metric agrees with the limit of LFPP. In a sense, our result is a generalization
of Le Gall’s result to general v € (0,2), but with Minkowski content instead of Hausdorff
measure. Our proof and Le Gall’s have some superficial similarities, but the main techniques

are fundamentally different.
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2.1.2 Main results

We say that a random distribution h on C is a whole-plane GFF plus a continuous function
if there is a coupling of h with a random continuous function f : C — R such that h — f
has the law of a whole-plane GFF (see Section 2.2.2 for the definition of the whole-plane
GFF). Our main theorem states that for each v € (0,2), the Minkowski content measure (see
Definition 2.2.4) exists on the v-LQG metric space (C, Dj,) and is equal to the corresponding

~v-LQG measure jiy,.

Theorem 2.1.1. Fiz v € (0,2). There exists a deterministic sequence {be}e~q such that
the following s true.
Let h be a whole-plane GFF plus a continuous function and Dy, be the corresponding

v-LQG metric. Suppose A C C is either:

(i) a deterministic bounded Borel set; or

(ii) a random compact set, measurable with respect to the Borel o-algebra induced by the

Hausdorff distance on C, that is coupled with the random distribution h

such that pp(0A) = 0 almost surely. Let N:(A; Dy) be the minimum number of Dy,-balls of

radius € > 0 required to cover A. Then,

lirr%) b= N-(A; Dy,) = pp,(A) in probability. (2.1.7)
e~

We do not exclude the possibility that the limit (2.1.7) may hold almost surely. However,
our methods are insufficient to prove how fast the sequence b_ IN.(A; D) converges. We
expect that stronger LQG metric estimates than those currently available are necessary to
prove quantitative bounds required for almost sure convergence.

A corollary of Theorem 2.1.1 is that the metric space structure of a v-LQG surface is
sufficient information to determine not only its metric measure space structure but also its

conformal structure, in the sense that it almost surely determines the field h.
14



Corollary 2.1.2. Let~ € (0,2). Suppose h is a whole-plane GFF normalized to have a mean
zero on the unit circle. Let Dy, and py, be the corresponding v-LQG metric and measure,
respectively. Then the random pointed metric space (C,0, Dy,) almost surely determines the
random pointed metric measure space (C,0, Dy, up,), and moreover the field h up to rotation

and scaling of the complex plane.

By considering (C, 0, D;,) as a random pointed metric space, we forget the parameteriza-
tion of Dy, in the complex plane. More precisely, we consider it as a random element in the
space of isometry classes of complete and locally compact length spaces endowed with the
local Gromov—Hausdorff topology (as defined by Gromov in [114]). Similarly, the random
pointed metric measure space (C,0, Dy, u1p,) in Corollary 2.1.2 is measurable with respect
to the local Gromov-Hausdorff-Prokhorov topology [1]. It was known previously that the
random pointed metric measure space (C,0, Dy, up,) almost surely determines the field h
up to rotation and scaling. For v = \/8_/3, this fact was first established in [199] as a key
component of the equivalence between the Brownian sphere and the \/%-LQG sphere. An
explicit way of reconstructing h from the pointed metric measure space (C,0, Dy, iuj,) was
given in [130], which was extended to all v € (0,2) in [16].

Our choice of scaling constants {b:}-~( has the following description which depends only
on v € (0,2). Let (C,h7,0,00) be a y-quantum cone under the circle average embedding
(see Section 2.2.5 for definitions). Let n be a whole-plane space-filling SLE,/ curve from oo
to oo with ' = 16/ 42 that is sampled independently of hY. Then parameterize 1 by the
7-LQG measure: that is, 7(0) = 0 and up(n[s,t]) =t — s for all real s < . (We review this
setup further in Section 2.2.5.) Let Dy~ be the v-LQG metric associated with A7. For e > 0,
define

be := E[N:(n[0,1]; Dyy)]- (2.1.8)

While we do not have an exact formula for be, the following properties justify calling the

limit in (2.1.7) the d,-Minkowski content of A with respect to the metric Dj (also see
15



Section 2.2.1).

Proposition 2.1.3. Let b. be as in (2.1.8). There exist constants 0 < ¢1 < cg < 00 such
that for all € € (0,1),

cre”h < b < cgemh (2.1.9)

Moreover, the function € — be is reqularly varying with index —d~; i.e., for every r > 0 we

have

lim 7€ — p—by, (2.1.10)
e—0 bg

As a byproduct of our proof of Theorem 2.1.1, we obtain a Hélder continuity result for

the space-filling SLE curve on an LQG metric space.

Theorem 2.1.4. Lety € (0,2) and k' € (4,00) be constants, which do not necessarily satisfy
K = 16/72. Let b7 be the field of a v-quantum cone under the circle average embedding, and
let n be a whole-plane space-filling SLE,, from oo to oo which is sampled independently of
h7 and then parameterized by ppy. Almost surely, n on the metric space (C, Dyy) is locally
Holder continuous with any exponent less than 1/d~ and is not locally Hélder continuous

with any exponent greater than 1/d- .

Theorem 2.1.4 is used in |56, Section 4] to show that the dimensions of the supports of
certain random permutons defined in terms of SLE-decorated LQG are almost surely equal
to one. Since LQG decorated by space-filling SLE is related to many other mathematical

objects [123], we expect that the theorem will have more applications in the future.

2.1.3 Notations

We use the following notations throughout the paper.

e The constant v € (0, 2) is fixed, and we do not consider multiple values of v simultane-
ously. When we do not specify the value of v (e.g., in expressions such as “LQG metric

ball” or “quantum dimension”), we refer to the corresponding v-LQG quantities.
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We write d- for the dimension of v-LQG. We also use the y-dependent constants

and €= L. (2.1.11)

Q= a

pO =2

_I_

2

Given a random distribution h on C, we denote the associated 7-LQG metric as py,

and the v-LQG measure as Dy,.

We denote by B;(z) the Euclidean ball of radius r centered at z. By(z; Dy) = {w € C:
Dy (z,w) < r} is the Dyp-metric ball of radius r centered at z. For a set A C C, we de-
note by By(A) := U,c4 Br(2) and Br(A; Dy) := U,c4 Br(2; Dy) its r-neighborhoods

in the Euclidean and LQG metrics, respectively.

We say that an event E: indexed by € > 0 occurs with superpolynomially high proba-

bility if, for each p > 0, we have P(FE;) > 1 — P for sufficiently small ¢ > 0.

Let X and Y be random variables coupled on a probability space, taking values in
measurable spaces X and ), respectively. We say that Y is almost surely determined

by X if there is a measurable function F': X — ) such that Y = F(X) almost surely.

2.1.4 Quthne

We review the necessary preliminaries in Section 2.2. With these preliminaries in hand, we

present a detailed overview of our proof of the main results in Section 2.2.6. Section 2.3 is

dedicated to showing the tightness of the Minkowski content approximations. In Section 2.4,

we prove a key stepping stone towards the main results: the convergence in (2.1.7) of the

normalized covering number bZ ' N-(A; Dy,) to the 7-LQG area ,(A) when A is a space-

filling SLE segment of fixed LQG area. We extend this convergence to general sets A and

fields A and complete the proofs of the main results in Section 2.5.
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2.2 Preliminaries

We review a few preliminaries, including the Minkowski content measure on a metric space
(Section 2.2.1), the axiomatic characterization of the LQG metric (Section 2.2.3), and the
continuum mating-of-trees theory (Section 2.2.5).

We also prove some extensions of known LQG results. In Section 2.2.4, we show that
the conformal coordinate change rule for the LQG metric [128] extends to certain random
scalings and translations. In Section 2.2.5, we use these results to prove that the mating-of-
trees theorem is, in a certain precise sense, compatible with the LQG metric.

In Section 2.2.6, we give an overview of the proof of Theorem 2.1.1 and a comparison

with Le Gall’s proofs in [175].

2.2.1 Minkowsk: content measure

Let (X,d) be a metric space. Given a set A C X, let Nz(A;d) be the minimum number of
metric balls with radius € > 0 required to cover A. The Minkowski dimension of a set A is
defined as

dimyg(A4;d) = lim log Ne(A;d)

2.2.1
e—0 loge! ( )

if the limit exists. There are several equivalent descriptions of the Minkowski dimension. For
instance, we can replace the covering number N (A; d) with the packing number NY aLCk(A; d),
which is the maximum possible number of disjoint metric balls with radius € whose centers all
lie in A. These two definitions are equivalent because NP aCk(A; d) < N:(A;d) < Nf/a; k(A; d)
for every € > 0.

The Minkowski dimension of the y-LQG metric is the Minkowski dimension of any open
set with respect to the 4-LQG metric. In [16], this quantity was shown to be equal to ds.
The proof was based on the estimate (2.2.2) on the volume of LQG metric balls, which we

utilize prominently throughout our paper.
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Theorem 2.2.1 ([16, Theorem 1.1]). Let h be a whole-plane GFF normalized so that hi(0) =

0. For any compact set K C C and ( > 0, almost surely,

sup sup M <oo and inf inf —'uh(BZ(Z’ ) > 0. (2.2.2)
e€(0,1) zeK eh=¢ e€(0,1) zeK gdy+¢

Moreover, for any bounded Borel measurable set A C C containing an open set, almost surely,

lim log Ne(A; Dp)

=50 loge 1 dy. (22.3)

The Minkowski content is a method of assigning sizes to subsets of a metric space by using
the quantities used to find their Minkowski dimensions. It has several different definitions
in the literature which are not equivalent. One such definition is the following: if the limit

computed in (2.2.1) equals §, then the Minkowski content of A is
Contg(A; d) = lim e’ N-(A: d) (2.2.4)
e—0

if the limit exists. Replacing N:(A;d) with other quantities that give rise to equivalent
definitions of the Minkowski dimension, such as N? aCk(A; d), do not necessarily give identical
values for the Minkowski content. As such, it makes sense to introduce the following general

notion of Minkowski content.

Definition 2.2.2. For a constant § > 0 and a family of constants b = {b:}.~0, we say
that b is a sequence of d-dimensional rescaling coefficients if the following two conditions are

satisfied.

(i) There exist constants 0 < ¢] < ¢o < 00 and gy > 0 such that 015_5 <b: < 025_5 for

every ¢ € (0,¢q).

(ii) The function € — b, is regularly varying at 0 with index —d. That is, lim._q by /be =

79 for every r > (.
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For instance, {5_5} >0 1s a trivial sequence of J-dimensional rescaling coefficients. Propo-
sition 2.1.3 says that {bc}.~0 as defined in (2.1.8) is a sequence of d-dimensional rescaling
coefficients. In Definition 2.2.2, we require condition (ii) so that £b. does not fluctuate

arbitrarily as ¢ — 0.

Definition 2.2.3. Let (X,d) be a metric space and b = {bz}.~¢ be a sequence of 4-
dimensional rescaling coefficients. For A C X with dimy;(A;d) = §, the Minkowski content

of A with respect to coefficients b is the limit

Conty(A; d) = lim b= 'N.(A; d). (2.2.5)

e—0

if it exists. In that case, we say that A is Minkowski measurable with respect to coefficients

b.

Theorem 2.1.1 states that with b = {b:-}.~0 as in (2.1.8), for every bounded Borel set
A C C with pp(0A) =0, the Minkowski content of A with respect to b exists and is almost
surely equal to puj(A). The condition pp(0A) = 0 is natural; if an open set A C X is
Minkowski measurable with respect to coefficients b, then Conty(A;d) = Conty(A;d). This
is since Nz(A4;d) < Nz(A; D) < N(1—¢)e(A;d) for every € > 0 and ¢ € (0,1), and we require
bs to vary regularly.

In general, it is difficult to a priori find the correct coefficients {b. }-~ such that the limit
(2.2.5) exists. Indeed, we will use (2.2.4) as an ansatz for the Minkowski content in 7-LQG,
and we show only in a later stage of the proof that (2.1.8) is the correct rescaling coefficient
to use.

One reason for considering the Minkowski content for the LQG metric space is that
the Minkowski content is extremely useful in the context of random fractal subsets. For in-
stance, the Minkowski content has been used to construct natural measures on the Schramm-—

Loewner evolution (SLE) curve and its subsets (e.g., |9, 136, 168, 169, 256]). However, the
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Minkowski content has been considered traditionally in the context of fractal subsets of Eu-
clidean spaces. When A is a fractal subset of a Euclidean space R", the Minkowski dimension
of A can be defined equivalently as

1 1B:(A
dimyg(A) =n — lim og(vol Be ))
e—0 loge

(2.2.6)
This is why the d-dimensional Minkowski content of A C R" for § < n is defined usually as

Contg(A) = lim M.

e—0 gn—9o

(2.2.7)

We eventually wish to construct a Borel measure from the Minkowski content on an LQG
metric space and compare it with the LQG measure in Corollary 2.1.2. However, Minkowski
content is not countably additive in general. Thus, we define a Minkowski content measure
to be any Borel measure that is compatible with some version of the Minkowski content.

The following definition aligns with various definitions of similar concepts in the literature

(e.g., [140, 256]).

Definition 2.2.4. Let (X, d) be a locally compact metric space whose Minkowski dimension
is § > 0: ie., dimy;(U;d) = ¢ for every totally bounded open set U C X. A Minkowski

content measure on X is a Borel measure ;1 on X that satisfies the following conditions.
(i) The measure p is finite on all compact subsets of X.

(ii) There is a sequence b = {bz}.~( of d-dimensional rescaling coeflicients such that

Conty(K; d) exists and equals u(K) for every compact set K C X with u(90K) = 0.

In other words, Theorem 2.1.1 states that the LQG measure pj, is a Minkowski content
measure on the LQG metric space (C, Dy,). In the proof of Corollary 2.1.2; we give an explicit
method to recover pj, as a Minkowski content measure on the LQG metric space (C, Dp,).

In particular, we give a random 7-system of compact sets coupled with the GFF h which
21



a.s. generates the Borel o-algebra, so that the values of Minkowski content Conty(K; Dy,)

for the sets K in this m-system a.s. uniquely determine the Minkowski content measure py,.

2.2.2 Whole-plane GFF

We give a brief introduction to the whole-plane GFF insofar as it is relevant to the rest of
the paper. We refer the reader to the introductory sections of [95, 196] and the expository
articles [38, 225, 251] for further details.

The whole-plane Gaussian free field (GFF) h is a centered Gaussian process on C with

covariances

max{|z|, 1})(max{|w], 1})

Cov(h(z),h(w)) = G(z,w) :=log ( E—

, Vz,weC. (2.2.8)

This definition does not make literal sense since lim,_,, G(z,w) = oo, but we can make
sense of the whole-plane GFF as a random distribution (i.e., generalized function). Let M
be the collection of signed Borel measures p satisfying [, c G(z,w) |p|(dz)|p|(dw) < oo with
compact support on C. We define [251, Section 3.1| the whole-plane GFF as the centered

Gaussian process indexed by M with

Cov((h, p1), (h, p2)) = o G(z,w) p1(dz)p2(dw). (2.2.9)

A random distribution A on C is called a whole-plane GFF plus a continuous function if
there exists a coupling of A with a random continuous function f : C — R such that h — f
has the law of a whole-plane GFF.

Given a whole-plane GFF h, we define the circle average on the circle 0B;(z) as the
pairing hy(z) := (h, A;,) where A, ;- is the uniform probability measure on the circle 9B (z).
The following properties of the circle average process were given in [99, Section 3.1].

Lemma 2.2.5. There exists a version of whole-plane GFF h such that the map (z,r)
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hr(z) is a.s. continuous on C x (0,00). Moreover, for each z € C, the process {Bt}icRr,

By := h—t(2), is a two-sided standard Brownian motion with the initial value By = h1(z).

Let h be a whole-plane GFF plus a continuous function. By the circle average part of h,
we refer to the function f(z) = h),|(0). By the lateral part of h, we refer to the distribution

g = h — f. The following is a key property of the whole-plane GFF used in this paper.

Lemma 2.2.6 (|95, Lemma 4.9]). The circle average and lateral parts of the whole-plane

GFF are independent.

We note that the term whole-plane GFF also refers to the random distribution considered
modulo additive constant. Our choice of covariance kernel in (2.2.8) corresponds to fixing
the additive constant so that the average h1(0) of h over the unit circle is zero [241, Section
2.1.1]. The law of the whole-plane GFF is invariant under deterministic complex affine

transformations of C, modulo additive constant. That is, if a € C\ {0} and b € C, then

d

h(a . —|—b) — h|a|(b) h. (2.2.10)

In the few instances where we refer to the whole-plane GFF in this sense, we always write

explicitly that we are considering it modulo additive constant.

Remark 2.2.7. We close our discussion of the planar GFF with a brief discussion of the
free-boundary GFF on the upper half-plane H = {z : Im z > 0}, which will be relevant in
Section 2.2.5. This is a random distribution & on H which has the law of (h(z) + h(Z))/2
where h is a whole-plane GFF'; it can be rigorously defined as a centered Gaussian process
indexed by signed Borel measures in M which are supported on H, with Cov(h(p1), h(p2)) =
JaxmlG(z,w) + G(2z,@)]p1(dz) pa(dw) where G is the whole-plane Green’s function given in
(2.2.8). For 2 € R and r > 0, we define h.(z) to be the paring h(\y) where )y, is the
uniform probability measure on the semicircle 9By (x) N H. Define izH(z) = h(z) — }Nl| 2(0)

be the projection of i onto the space of functions that have average zero on all semi-circles
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centered at the origin (“lateral part”). Then, similarly to Lemma 2.2.6, the semicircle averages

{h(0)};>0 and the lateral part i~z|| are independent |95, Lemma 4.2].

2.2.3 LQG metric axioms

Due to its variational formulation, it is difficult to work with the definition (2.1.6) of the
LQG metric. The axiomatic characterization of the LQG metric given in [129] is often a
more tractable means of studying the LQG metric.

Before we state the LQG metric axioms, we recall the following definitions regarding

metric spaces. Let (X, D) be a metric space. A curve in X is a continuous function P :

[a,b] — X. The D-length of P is

7|
len(P; D) =sup »  D(P(t;—1), P(t;)) (2.2.11)

T =
where the supremum is over all partitions T : a =tg <t] < --- < t|T| =b. For Y C X, the

internal metric of D on Y is defined as
DY ,y) = inf len(P; D 2.2.12
(z,y) inf len( ) ( )

where the infimum is over all paths P in Y from x to y.

We say that (X, D) is a length space if for each z,y € X and ¢ > 0, there exists a curve P
in X from x to y with len(P; D) < D(z,y)+e. We say that a metric D is continuous metric
on an open domain U C C if it induces the Euclidean topology on U. In the following, we
equip the space of continuous metrics on U with the local uniform topology for functions

UxU —[0,00).

Definition 2.2.8. For v € (0,2), a v-LQG metric is a Borel measurable function h +— Dy,

from the space of distributions on C to the space of the continuous metrics on C such that
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the following are true whenever h is a whole-plane GFF plus a continuous function. Here,

@) and & are constants defined in (2.1.11).

L

I1.

I1I.

IV.

Length space. (C, Dy,) is almost surely a length space. That is, the Dj,-distance between
any two points in C is the infimum over the Dj-lengths of curves between these two

points.

Locality. Let U C C be a deterministic set. Then the internal metric Df[{ is almost

surely determined by (cf. Section 2.1.3) the restriction hgr.2

Weyl scaling. For a continuous function f : C — R, define

len(P;Dy,) I
(e8] D) (2, w) = Linf / PO gt vz weC (2.2.13)
Zl‘—>y 0

where the infimum is over all curves from z to w parameterized by Dj-length. The
following holds almost surely: we have D, r = st . Dy, for every continuous function

f:C—R

Coordinate change for translation and scaling. For each fixed deterministic r > 0 and

z € C, almost surely

Dp(ru+ 2,70+ 2) = Dy(pq2)+Qlogr(Wsv)  Vu,v € C. (2.2.14)

In [129], it was shown that the random metric defined in (2.1.6) using LFPP is a 4-LQG

metric as in the sense of the above definition, and each y-LQG metric is a deterministic

constant multiple of it. Hence, it makes sense to refer to (2.1.6) as the v-LQG metric.

The paper [93] contains an extensive list of estimates for the LQG metric deduced from the

axiomatic definition, which we introduce as necessary.

2. The restriction h|y of the whole-plane GFF h to U can be defined precisely as the process {(h, p)} pem

U

where the index set My comprises signed Borel measures p € M (recall Section 2.2.2) with supp(p) C U.
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Finally, we refer the reader to [125, Remark 1.2] for the definition of the v-LQG metric

on a proper subdomain of C.

2.2.4  Quantum surfaces

Recall from (2.1.11) that @ = 2/y + /2. Consider the pair (U, h) where U C C is an open
set and h is a distribution on U. A y-quantum surface (or a y-LQG surface) is an equivalence
class of such pairs where (U, h) ~ (U, h) if there exists a conformal transformation ¢ : U — U
such that

h=ho¢+Qlog|d|. (2.2.15)

An embedding of a quantum surface is a choice of representative (U, h) from the equivalence
class.

We often consider quantum surfaces with additional structures. As before, let U C C
be an open set and h be a distribution on U. Let 21,..., 2 be points in U. A y-quantum
surface with & marked points is an equivalence class of the tuples (U, h, z1,. .., z;) where
(U, h,z1,...,25) ~ (U, h, 2, .. ., %) if there exists a conformal transformation ¢ : U —
U such that z; = ¢(z;) for j = 1,...,k in addition to (2.2.15). If 5 is a curve in U,
then a curve-decorated y-quantum surface is an equivalence class of triples (U, h,n) where
(U, h,n) ~ (U, h, 77) if there exists a conformal transformation ¢ : U — U such that n = ¢ o7
in addition to (2.2.15). We define a curve-decorated y-quantum surface with & marked points
by combining these definitions.

The equivalence relation (2.2.15) of a v-LQG surface is chosen so that the v-LQG measure

and metric transform naturally between different embeddings of the same quantum surface.

Suppose h is a GFF plus a continuous function on an open set U € C.3 Let ¢ : U — U be

3. We say that a random distribution h on an open subset U C C is a GFF plus a continuous function if it
can be coupled with a random continuous function f : U — C such that h— f has the law of a zero-boundary
GFF on U (or a whole-plane GFF if U = C). Note the definition of the whole-plane GFF plus a continuous
function above Theorem 2.1.1.
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a fixed conformal transformation. It was established in [99] that, almost surely,

pp(A) = Mho¢+Qlog|¢’|(¢_1(A)) for every Borel A C U (2.2.16)

and in [128| that, almost surely,

Dp(z,w) = Dho¢+Qlog|¢/|(¢_1(z)’ o1 (w)) for every z,w e U. (2.2.17)

While not sufficiently emphasized in the early literature on LQG, it is necessary to in-
clude random conformal transformations in the definition of quantum surfaces to be able to
compare their laws under a canonical embedding rule. For instance, there are uncountably
many ways to embed a quantum surface with the disk topology into the unit disk D if it is
unmarked or has only one or two marked boundary points. To specify a canonical embed-
ding, we need to use information about the GFF. This requires a random conformal change
of coordinates since the field is random.

Nevertheless, this random change in coordinates does not present an issue for the LQG
measure. The following theorem implies that if ¢ is the random conformal transformation
that maps a given embedding (U, h) of a quantum surface to its canonical embedding (U, 71),
then it is a.s. the case that the LQG measure [y, is well-defined and equal to the pushforward

measure Qs [ij,.

Theorem 2.2.9 (|230, Theorem 1.4]). Let U C C be a simply connected domain and h
be a GFF plus a continuous function on U. Let A be the collection of all conformal maps
o: U — U where U C C is any simply connected domain. It is almost surely the case that for
all p € A, the measures Hhop+Qlog || 0T€ well-defined and the transformation rule (2.2.16)

holds simultaneously for all ¢ € A.
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Coordinate change for random translation and scaling

An analog of Theorem 2.2.9 for the LQG metric is expected to be true but has not yet been
established. (After the acceptance of this article, it was proven in [84] that, almost surely,
(2.2.17) holds for all complex affine transformations simultaneously.) In the following two
lemmas, we show that the transformation rule (2.2.17) holds almost surely for a certain subset
of random conformal maps from C to itself. These are random translations (Lemma 2.2.10)
and random scalings where the scaling factor is almost surely determined by the circle average
part of the field (Lemma 2.2.11). These correspond exactly to the random transformations
that determine a canonical embedding, which appears in the continuum mating-of-trees

theory, which we present in the next section.

Lemma 2.2.10. Suppose h is a whole-plane GFF plus a continuous function and z € C
is any random point (not necessarily independent from h). If h(- + z) has the law of a

whole-plane GFF plus a continuous function, then, almost surely,
Dh(,JrZ)(u, v) = Dp(u+z,v+z) forallu,v e C. (2.2.18)

Proof. Denote h := h(-+z). Let € > 0 and suppose P : [0,1] — R is a piecewise continuously

differentiable path. Letting P(t) := P(t) + z, almost surely,
., 1 . R
/ e (PWO) P (1)) di = / PO P (1)) dt (2.2.19)
0 0

for all such paths P. From the definition (2.1.4) of the e-LFPP metric, almost surely,
DZ(U,’U) = Dj(u+ z,v+ 2) for all u,v € C. Since the rescaled e-LFPP metric a;lDfL
converges in probability with respect to the local uniform topology on C x C to Dy, [129,
Theorem 1.1], so does as_lD;:;. If his a whole-plane GFF plus a continuous function, then

the LQG metric DiL is the limit. O
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We remark that we can use (2.2.18) to define Djy(.4) even when h(- + z) does not have
the law of a whole-plane GFF plus a continuous function.

As for random scaling, we only consider the case for which the scaling factor r is mea-
surable with respect to the circle average part of the field (recall the discussion just above

Lemma 2.2.6).

Lemma 2.2.11. Let h be a whole-plane GFF plus a continuous function whose circle average
and lateral parts are independent (by Lemma 2.2.6; this is the case for the whole-plane GFF).
If r > 0 is a random scaling factor which is almost surely determined by the circle average

part of h, then almost surely

Dp(ru,mv) = Dy 4Qlogr(u,v) Vu,veC. (2.2.20)

hcirc and hlat :

Proof. Let us denote the circle average part and the lateral part of h as
respectively. Let A9 be an independent and identically distributed copy of A%, which is
also independent of A1t. Let h := ¢ 4 plat which is a whole-plane GFF plus a continuous
function independent of A, Let f = h—h = A% — B¢ From Lemma 2.2.5, ¢ — h,—¢(0)
and t — Be—t(O) are independent random continuous functions on R. Hence, f is almost
surely a continuous function on C\ {0}.

We claim that the Weyl scaling axiom holds for f even though it may be discontinuous

at 0. That is, almost surely,

Dy, =8 - Dy (2.2.21)

as random continuous metrics on C. To make sense of the right-hand side, we first define
st D; between points in C\ {0} as in (2.2.13) except that we take the infimum over all
curves that stay in C\ {0}. We then extend €57 - D; to a continuous metric on all of C
if possible; this is how the LQG metric is defined for a field with logarithmic singularities

in the discussion preceding [93, Theorem 1.10|. Since Dy, is a.s. a continuous length metric
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on C, it suffices to check that, almost surely, the Dj-lengths and the et Dﬁ—lengths agree
for all curves in C\ {0}. For § > 0, let f5 be a random function which is almost surely
continuous on C and agrees with f on C\ Bg(0). By the locality axiom, almost surely, the
Dj-lengths and the Dj fé—lengths agree for all curves in C\ Bg(0). By the Weyl scaling
axiom, Dj LT et s . Dj almost surely. Letting 0 — 0 proves the claim.

By the same reasoning, Dh(r~)+Q logr = EIACON Dﬁ( )

)+ log almost surely. Since r > 0

is independent of A, by the coordinate change axiom (2.2.14) for deterministic scaling, we
almost surely have

D; (ru, rv) = Dﬁ(r-)—i—Qlogr(u’ v) Vu,veC. (2.2.22)
The lemma now follows by combining (2.2.21) and (2.2.22). O

It is straightforward to check that Lemmas 2.2.10 and 2.2.11 are also valid when h is
equal to a whole-plane GFF plus a continuous function plus a finite number of logarithmic
singularities of the form —alog|- —z| for z € C and a < Q. In particular, they can be

applied to a y-quantum cone.

2.2.5 Mating-of-trees theory

The continuum mating-of-trees theorem is the central tool we utilize in this paper. We
first review the setup for the theorem, in particular the definitions and properties of the
7-quantum cone and the whole-plane space-filling SLE,/ curve. We state the mating-of-trees

theorem afterward.

Quantum cone

In the previous section, we discussed that for some quantum surfaces, we must use infor-
mation about the field to define a canonical embedding of the surface. In this paper, we

consider doubly-marked quantum surfaces parameterized by the Riemann sphere: i.e., those
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with embeddings of the form (C, h, 0, c0). Fixing the two marked points at 0 and co gives an
embedding of the quantum surface that is unique only up to scaling. One choice of canonical

embedding for such a quantum surface is called the circle average embedding.

Definition 2.2.12. We say that an embedding (C,h,0,00) of a doubly-marked +-LQG

surface is a circle average embedding if
sup{r > 0: h:(0) + Qlogr =0} =1 (2.2.23)

where hy-(0) is the circle average of h on 0B (0).

That is, given an embedding (C, h, z,00) of a v-LQG surface where one marked point is
at z € C and the other marked point is at oo, the circle average embedding of this LQG
surface is (C, h(R - —2) + Qlog R, 0, c0) where

R :=sup{r > 0: hq(z) + Qlogr = 0}. (2.2.24)

From the perspective of circle average embedding, the quantum surface induced by a
whole-plane GFF is unnatural in that it does not satisfy scale invariance. That is, if h is a
whole-plane GFF and C'is a nonzero constant, the circle average embeddings of (C, h, 0, c0)
and (C, h+C,0,00) do not agree in law. The natural scale-invariant analog of such a surface

is called the quantum cone.

Definition 2.2.13. Let {A;};cr be a real-valued stochastic process with the following dis-

tribution.

e Fort <0, Ay = B_4 + ~t where {Es}szo is a standard Brownian motion with By = 0

conditioned so that By 4 (Q —7)s > 0 for every s > 0.

e Fort >0, Ay = By + t where {Bs}s>0 is a standard Brownian motion with By = 0

that is sampled independently of {és} $>0-
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A ~-quantum cone is a doubly-marked quantum surface whose circle average embedding

(C,h7,0,00) has the following law.
e The circle average process ¢ — hz,t(O) has the same law as the process A.

e The lateral part h7 — hr_' (0) of b7 agrees in law with the lateral part of a whole-plane
GFF.

e The circle average and the lateral parts of h”7 are independent.
A ~y-quantum cone has the following scale invariance property.

Proposition 2.2.14 (|95, Proposition 4.13(i)]). Let (C, h7,0,00) be the circle average embed-
ding of a y-quantum cone. Let C' be a real constant. Then the quantum surfaces represented

by (C,h7,0,00) and (C,h7 4+ C,0,00) agree in law. That is, let
Re = sup {r: hl(0) + Qlogr + C =0} (2.2.25)

so that (C,h7(Rg+) + Qlog R + C,0,00) is the circle average embedding of the v-LQG
surface represented by (C,hY + C,0,00). Then h”Y 4 R7(Rc+) + Qlog Ro + C.

Since ppy o = eVCuhy, this property means that the law of a y-quantum cone is invariant
under scaling its LQG measure by a positive constant. Similarly, the fact that Dy, o Iy =
echm implies that the law of a quantum cone is invariant under scaling its LQG metric by
a constant. Note that the spatial scaling factor (2.2.25) is a random variable that depends
on the circle averages of h”. Hence, it is only due to Lemma 2.2.11 that the scale invariance
of the quantum cone extends to the LQG metric.

Another reason to consider the ~-quantum cone is that it is the v-LQG surface one
obtains by starting with a generic v-LQG surface, choosing a marked point on it from the

v-LQG measure, and then “zooming in” near the marked point. More precisely, we have
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the following lemma, which is helpful for transferring results about a whole-plane GFF to a

~v-quantum cone and is used in Section 2.4.1.

Lemma 2.2.15. Let dh denote the law of a whole-plane GFF with h1(0) = 0. Let let (z,h) be
a pair sampled from the probability measure Z~ 1 (2)py,(dz)dh where Z = K[y, (D)] is the
normalization constant. Then, the field under the circle average embedding of the quantum
surface (C,h + C, z,00) — i.e., h(Rg+) + Qlog Ro + C where R is defined as in (2.2.25)
— converges locally in total variation distance as C' — oo to h”, the field of the vy-quantum

cone under circle average embedding.

Proof. By [95, Lemma A.10|, we can sample (z, h) from Z =11 (2)py,(dz)dh by first sampling
(z,h) from Z~ 1 (2)dzdh, then letting h = h —~vlog |- —z| +vlogmax(|- |, 1). Conditioned
on z € D, the field under the circle average embedding of (C, h+C,z, o0) converges locally
in total variation distance to b7 as C' — oo as in [95, Proposition 4.13(ii)|. It follows that

the desired convergence also holds without conditioning on z. O]

Space-filling SLE

The whole-plane space-filling SLE,/ curve from oo to oo, defined for ¥’ > 4, is a random
space-filling continuous curve which intersects itself but does not cross itself. Such a curve
was initially constructed for the chordal version (0 to oo in H) in [196, Theorem 1.16], and
extended to the whole-plane version from oo to oo in [95, Footnote 4]. We refer to these
sources and [123, Section 3.6| for more detailed descriptions of the curve. Here, we summarize
the construction and structure of the space-filling SLE curve as given in these references.
The space-filling SLE,, curve is defined in terms of flow lines, which are SLE4 /k-type
curves coupled with a GFF introduced in the context of imaginary geometry [194, 196|. In
particular, the whole-plane space-filling SLE,, curve is the Peano curve tracing between dual

space-filling trees formed by flow lines.
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Here is the detailed construction. Let x = 16/x’. Starting from a whole-plane GFF h,
for each z € C and 6 € R, we can define the flow line starting from z with angle 6 as a
random curve a.s. determined by h with the law of a whole-plane SLE (2 — k) curve from
z to 0o [196, Theorems 1.4]. We consider the angles +7; denote the flow line starting from
z with angle £5 as n;t, and orient the flow line from z to co. For every z,w € C, almost
surely, n7~ and 7;} merge and so do 7, and n,,. Moreover, for each z € C, ni” and 1, almost
surely do not cross each other [196, Theorem 1.7]. Thus, given a dense countable subset
{#j}jen of C, the unions of flow lines {77;'; }jen and {772_] }jen form dual trees rooted at oo
with leaves {2;};en [196, Theorem 1.10]. To define concretely the Peano curve between
these dual trees, define a total order on {2;};en by saying that z; comes before 2, if 2, lies
in the connected component of C \ (n;; U 77;]) whose boundary consists of the left side of
2 and the right side of 77;; (when orienting these flow lines from z; to oo). There almost
surely exists a unique space-filling curve n which traces the points {zj }jeN in this order,
which is visualized in Figure 2.1. The curve 7 is continuous when parameterized by the
Lebesgue measure on C. Moreover, n almost surely does not depend on the choice of the
dense countable set {z;};en; it is a measurable function of the GFF which generates the
flow lines [196, Theorem 1.16]. This 7 is the whole-plane space-filling SLE,, curve from oo

to co. Here are a few basic properties of this curve following from the definition, which were

collected in [123, Section 3.6.4].

e For each fixed z € C, almost surely, 7 visits z only once. If z = n(t), then dn(—o0,t] =

Onlt, c0) = nF Un; .

e Let 1) be parameterized by Lebesgue measure with 7(0) = 0. Then nft : ¢ — n(—t) has

the same law as 7. This property is referred to as reversibility.

e Let ¢ be a deterministic conformal transformation of the Riemann sphere C U {oco}

which fixes co: i.e., a composition of scaling, rotation, and translation. Then, ¢ on has
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Figure 2.1: Definition of whole-plane space-filling SLE. Almost surely, the flow lines {n;; } jeN

and {nz_j } jen each merge to form two trees. The flow lines in this illustration determine the
ordering 21 < 29 < z3, the order in which the space-filling SLE curve n visits these three
points. In particular, 7 fills the four colored regions in the order (a)—(b)—(c)—(d).

the same law as n up to reparameterization.

e For ' > 8, n(—o00,0] and 1[0, 00) are both homeomorphic to the closed half-plane H.
Note that 7, U 776r = 1(—00,0]N7[0,00). Conditioned on 7, Unar, the conditional law
of 77][0’00) is that of a chordal SLE,; curve from 0 to oo in 1[0, c0), and the conditional

law of the time reversal of 77|( is that of a chordal SLE, curve from 0 to oo in

—00,0]
n(—o00,0]. Moreover, the two curves are conditionally independent given Ny Y naL . See

also |95, Footnote 4].

e For k' € (4,8), the interiors of n(—oc, 0] and 1[0, co) are both infinite chains of Jordan
domains. Again 7, U na' = 1)(—00,0] N n[0,00). Conditioned on 7, U naL, the curve

77][0700) and the time reversal of 7}|( are conditionally independent concatenations

—00,0]
of chordal SLE, curves in the connected components of 1[0, c0) and 1(—o0, 0], respec-
tively. The two curves are conditionally independent given 7, U nar . See also [95,

Footnote 4].

The following proposition states that every segment of a whole-plane space-filling SLE
curve contains a Euclidean ball of comparable size with high probability. In [119], this
estimate was used to show that n parameterized according to the Lebesgue measure is locally
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Holder continuous with any exponent less than 1/2 and is not locally Holder continuous with
any exponent greater than 1/2 with respect to the Euclidean metric (cf. Theorem 2.1.4). This

is a key estimate in the proof of Theorem 2.1.1.

Proposition 2.2.16 (|119, Proposition 3.4 and Remark 3.9]). Fiz ' > 4 and let n be a
whole-plane space-filling SLE,; curve from oo to oco. For each r € (0,1) and R > 0, the
following happens with superpolynomially high probability as ¢ — 0: for each § € (0,¢] and
every a < b such that na,b] C Bp(0) and diamnla,b] > 6'7", the set nla,b] contains a

FEuclidean ball of radius at least 9.

Translation and scale invariance of quantum cone decorated with space-filling

SLE

Let v € (0,2) and ' € (4,00). Let (C,h7,0,00,n) be the circle average embedding of a -
quantum cone decorated by an independent whole-plane space-filling SLE,/ curve 7 from oo
to co. Reparameterize 1 by the v-LQG measure ppy. That is, n(0) = 0 and up~([s, t]) =t—s
for all s < t.* This is the default parameterization of 7 that we consider in the rest of this
paper.

We already saw in Proposition 2.2.14 that the circle average embedding of a y-quantum
cone is invariant under adding a deterministic constant to the field. This operation also
preserves the law of the independent space-filling SLE,, curve 1 decorating the quantum

cone.

Lemma 2.2.17. For each fized constant C € R, the circle average embedding of (C,h7 4+

C'/~,0, oo,n(ec-)) agrees in law with (C, h7,0,00,7n).

Proof. Let Re be as in (2.2.25), so that for h := hY(R¢-)+Q log Ro+C /v, the circle average

embedding of (C, h7+C/v,0, 00,7) is (C, h,0, oo, Raln). Recall from proposition 2.2.14 that

4. The a.s. continuity of the reparameterized curve follows from Proposition 2.2.16 combined with the
fact that every bounded open subset of C a.s. has positive up~-mass.
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Bl Since 1 modulo reparameterization is independent from A7, it is also independent
from Rp. By the scale invariance of whole-plane space-filling SLE, (see previous section),
Raln modulo reparameterization agrees in law with 1 modulo reparameterization and is
independent of h. Therefore, the joint law of (A, Réln) agrees with that of (h7,n) with the
curves viewed modulo reparameterization. Since p P = ecum(RC-), the p; -parameterization

of Raln is given by Raln(ea). O

Another important property of (C, h7,0, 00, 7) is that for each fixed ¢ € R, the law of the
circle average embedding is invariant under re-centering this quantum surface at n(t) (i.e.,

translating by —n(t)).

Lemma 2.2.18 (|95, Lemma 8.3]). The law of (C,h7,0,00,n) as a path-decorated quantum
surface is invariant under shifting a fired amount of v-LQG area. That is, for each t € R,

the circle average embedding of (C,h7,n(t), 00, n(- +1t)) agrees in law with (C,h7,0,00,n).

We emphasize that Lemmas 2.2.17 and 2.2.18 hold for any v € (0,2) and " > 4, including
when x/ # 16/72. The key fact behind both the proof of Lemma 2.2.17 presented above and
the proof of Lemma 2.2.18 in [95] is Lemma 2.2.15, which implies that we get a y-quantum
cone if we zoom in at a point sampled according to the v-LQG measure on a space-filling
SLE]. curve n. The only property of n used here is that it is almost surely a continuous
space-filling curve. With the additional property that the law of 7 is scale-invariant, we have
that the law of 7 is preserved when zooming in according to an independent field. Both
properties are true regardless of the value of v > 4. (The condition ' = 16/ ~?2 is necessary
to identify the law of n(—o0,t] and n[t, 00) as independent quantum surfaces for each ¢t € R;
see Proposition 2.2.22.)

Notice that both lemmas state the invariance in law of the circle average embedding of a
path-decorated quantum surface (either after adding a constant to the field or re-centering

the quantum cone). In our applications of these results, we consider the laws of random

37



variables defined almost surely in terms of the pointed curve-decorated metric measure space
structure of these quantum surfaces: e.g., Nz(n[s,t]; Dpy) where s < ¢ are fixed numbers.
The scaling and stationarity properties of such random variables do not follow trivially from
Lemmas 2.2.17 and 2.2.18 because mapping one embedding of a quantum surface to its
circle average embedding involves a random scaling factor that is determined by the circle
average part of the field. Nevertheless, we can use Lemmas 2.2.10 and 2.2.11 to translate
Lemmas 2.2.17 and 2.2.18 in terms of the laws of pointed curve-decorated metric measure

spaces.

Remark 2.2.19. Consider the equivalence relation on pointed curve-decorated metric mea-
sure spaces where (X, z,d, u,n) ~ (X', o', d', i/, ') if there exists an isometry f : X — X’
such that f(z) =2/, fap = i/, and fon =1n'. We identify a pointed curve-decorated metric
measure space with the equivalence class that it belongs to. The pointed Gromov—Hausdorff—
Prokhorov—uniform (GHPU) metric introduced in [124] is a natural choice of metric on the
space of above equivalence classes of noncompact pointed curve-decorated metric measure
spaces. The precise definition of this metric is not essential for our purposes; instead, we
will only need the corresponding Borel o-algebra.

Let h and h be two instances of whole-plane GFF plus a continuous function, and let
n and 7 be random continuous space-filling curves. Suppose (h,n) d (fL, ) with respect to
the product of the following two topologies: the weak-* topology for distributions on C with
respect to smooth and compactly supported test functions®, and the local uniform topology
on functions C — C. Note that py, is almost surely determined by A [99, 213] and Dy, is a.s.
determined by h [129]; analogous statements hold for h, 1, and Dj. Hence, if  (resp. 1)
is parameterized by py, (vesp. ) and 7(0) = 77(0) a.s., then (Dy, pup, ) 4 (D5 p5, 1) with

respect to the product of the local uniform topology on functions C x C — R, the weak-*

5. This is equivalent to the topology corresponding to considering the whole-plane GFF as a stochastic
process indexed by signed Borel measures M (recall Section 2.2.2) by It6’s isometry for the GFF [38,
Section 1.7].
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topology on signed Borel measures on C, and the local uniform topology on functions R — C.
It is straightforward to check from the definition of the local GHPU metric that the following
map is continuous: the map from the tuple (d, u,n) of a continuous metric, a signed Borel
measure, and a continuous curve whose space is assigned the above product topology, to
the pointed curve-decorated metric measure space (C, 0, d, 1, 77) whose space is assigned the

local GHPU topology. Therefore, (C, 0, Dy, i1, 1) d (C,0, Dy, Mﬁ’ﬁ) w.r.t. the local GHPU

topology. This conclusion continues to hold when h has finitely many singularities of the
form —alog |- —z| with o < @ since Dy, is almost surely a continuous metric determined by

h 193, Theorem 1.10]. (For o > @, almost surely, Dy, (z, w) = oo for every w € C\ {z}.)

Proposition 2.2.20. Let (C,h7,0,00,n) be a y-quantum cone in the circle average embed-
ding that is decorated with an independent whole-plane space-filling SLE,, curve, which is
then parameterized so that n(0) = 0 and ppy(n[a, b)) = b — a for every a < b. The following
statements hold w.r.t the local GHPU topology on pointed curve-decorated metric measure

spaces.

(i) For each fixed s > 0,
d
((Cv 0, Sl/dth'ya SR, 77(8)) = (Cv 0, Dhﬂ? KR s 7]) (2226>
(ii) For each fized t € R,

d
((Cv n(t)v Dh77 KR s 77( + t)) = (Cv 07 Dh77 KR s 7]) (2227>

Proof. Given a conformal map ¢ : C — C and an embedding (C,h,x,00,n) of a path-

decorated quantum surface, denote

dxh:=ho¢ 1 +Qlog|(¢p )| (2.2.28)
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and

¢*(C7hax7ooun) = (C7¢*h7¢(x)7oo7¢077) (2229)

That is, ¢«(C,0,00,h,n) is the pushforward of the embedding (C,0, 00, h,n) under ¢ us-

ing (2.2.15). For a continuous metric d on C and a Borel measure p on C, denote their

pushforwards under ¢ as ¢«d and ¢su, respectively.

(i)

Let s > 0 be fixed and denote h := hY + (logs)/v. Let r = Ryog s be defined as in
(2.2.25) and define ¢ : C — C by ¢(z) = 7~z so that ¢«(C, h, 0, 00,7(s-)) is the circle
average embedding. Setting C' = log s in Lemma 2.2.17 gives (C, b+h, 0, 00, pon(s-)) 4

(C,h7,0,00,m). As discussed in Remark 2.2.19, this implies

d
((C’ 0, D@JL’ 'uqﬁ*fb? ¢o 77(5')) = ((C7 0, Dpy, pps 77) (2'2'30)

w.r.t. the local GHPU topology.

Since r is a.s. determined by the circle average part of h, Lemma 2.2.11 implies D b

¢*Dﬁ almost surely. By Theorem 2.2.9, u buh = Ox (p%) almost surely. Hence,

(C,0,Dy 11y s b0 01(5)) = (C,0, 64Dy, gty b 0 1(s-))
= (C,0, Dy, pz»m(s+)) (2.2.31)

- (Ca 07 Sl/d’th'Yv SR, 77(8))

almost surely as pointed curve-decorated metric measure spaces. We obtain (2.2.26)

by combining (2.2.30) and (2.2.31).

The proof is similar to part (i). Let t € R be fixed. Let r > 0 be the random
constant such that the circle average embedding of (C, h7,n(t), 0o, n(-+1t)) is its push-

forward under ¢(z) := r(z —n(t)). Lemma 2.2.18 gives (C, ¢p+h7,0,00,¢ on(- + 1)) 4
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(C,h7,0,00,n), which implies

d
(C7 0, D(;S*h’yv Ky po 77( + t)) = ((C7 0, Dh’Y, K s 77) (2232)

w.r.t. the local GHPU topology.

Since r is a.s. determined by the circle average part of h7(- 4 7(t)), Lemmas 2.2.10 and
2.2.11 imply Dy pv = ¢« Dpy almost surely. (It follows from the proof of Lemma 2.2.18
in [95] that A7 (-+n(t)) is a whole-plane GFF plus a continuous function plus —ylog|-|.)

By Theorem 2.2.9, p14, pv = ¢« pipy almost surely. Hence,

(Ca 0, Dfﬁ*h%ufb*h% ¢o 77(' + t)) = <C> 0, O« Dy s Gspipr, ¢ © 77(' + t))

= ((C> n(t)v Dh')’a KR 77(' + t))

(2.2.33)

almost surely as pointed curve-decorated metric measure spaces. We obtain (2.2.27)

by combining (2.2.32) and (2.2.33). O

From Proposition 2.2.20, we immediately obtain the following stationarity and scaling

result for the number of LQG metric balls needed to cover a space-filling SLE,, segment.

Corollary 2.2.21. Let (C,h7,0,00,n) be as in Proposition 2.2.20. For any s > 0, t € R,

and e > 0,

Ne(lt,t + 5J; Dyr) & Ne(n[0, ) D) £ N1/, (0[O, 1; D). (2.2.34)

ES

Mating-of-trees theorem

The above results are valid for any choices of v € (0,2) and x” > 4. In contrast, the following

independence property requires an exact relation between v and &’. As in Proposition 2.2.20,

let (C,h7,0,00,n) be the circle average embedding of a 7-quantum cone decorated with
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an independent whole-plane space-filling SLE,/ curve, which is then parameterized so that

n(0) = 0 and ppy(na, b)) = b — a for every a < b.

Proposition 2.2.22 (|95, Theorem 1.9]). Suppose s = 16/~42. Denote the interiors of
n(—o00,0] and n[0,00) as U— and Uy, respectively. Then the v-LQG surfaces represented by
(U=, h7|y_,0,00) and (Uy, k7|, ,0,00) are independent and identically distributed quantum

2
surfaces called %Z—quantum wedges (also known as quantum wedges with weight 2 — 72— ).

As in Lemmas 2.2.17 and 2.2.18, what Proposition 2.2.22 means is that the fields under
the canonical embeddings of (U-,h7|y_,0,00) and (U, h7|y, ,0,00) as described in [95,
Sections 4.2 and 4.4] are independent and identically distributed. Likewise, we can rephrase
this statement in terms of curve-decorated metric measure spaces, stated precisely in Propo-
sition 2.2.23. The key idea is that canonical embedding of a 3T’Y-quan’cum wedge is defined
in terms of the field average, similarly to the circle average embedding of a quantum cone.
The subtlety lies in choosing the correct topology for the 377—quantum wedge considered as a
metric measure space. Once this is done, we can extend Lemma 2.2.11 to show that the LQG
metric is preserved when we reparameterize the quantum wedge to its canonical embedding.

Below, we introduce the precise definition of the 3%—quantum wedge and its canonical
embedding as well as the topology on the metric measure space necessary to establish Propo-
sition 2.2.23, but we only need the proposition itself for the proofs of our main results. Upon
first reading, we suggest that the reader skip to the statement of Proposition 2.2.23.

Recall from Section 2.2.5 the two regimes for the topology of U+ depending on the value
of v. For v € (0, \/5], the two domains U+ are each almost surely homeomorphic to the
upper half plane H. The canonical embedding of the §%—quantum wedge in this case is
(H, h, 0,00) where sup{r > 0 : h-(0) + Qlogr = 0} = 1, similar to Definition 2.2.12 of the
circle average embedding of a quantum cone. Under this embedding, the Gaussian field h
for the i}—quantum cone has the following law defined in terms of the semicircle averages

and the lateral part (recall Remark 2.2.7).
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e The semicircle average process ¢ — h,—+(0) has the same law as the following process

A.

— Fort <0, Ay = B_oy + i}t where {ES}SZO is a standard Brownian motion with

B\O = 0 conditioned so that Egs +(Q — 3—27)5 > 0 for every s > 0.

— Fort > 0, Ay = By + 377t where {Bs}s>0 is a standard Brownian motion with

By = 0 that is sampled independently of {ES} $>0-

e The lateral part h — hH(O) of h agrees in law with the lateral part of a free-boundary
GFF on HL

e The semicircle average and the lateral parts of h are independent.

When v € (v/2,2), a %Z—quantum wedge is a concatenation of countably many connected
components, each of which is a quantum disk (i.e., a simply connected quantum surface) with
two marked points on its boundary. They are attached to other components via their marked
points. We call each component of this quantum wedge a bead, and a quantum surface
with the same topology as the quantum wedge a beaded quantum surface. In the setup of
Proposition 2.2.22, the space-filling SLE, s curve 7 fills up one component of the domain U+
at a time, inducing a chronological order on them. We define the canonical embedding of
the %—quantum cone in this regime by specifying the embedding of each component. We
embed each bead to (H, h,0,00) so that h,(0) + Qlogr achieves its maximum at r = 1.6

Under this embedding, the 3%—quantum wedge has the following law.

1. Sample a Poisson point process A with intensity measure du ® dh, where du is the
Lebesgue measure on (0,00) and dh is an infinite measure on distributions on H with

the following description.

6. We cannot use the circle average embedding because h,.(0) + @ log r — —oo almost surely as r — 0 and
as r — oo. The canonical embedding in [95, Section 4.4] is given on the strip R+ [0, i7]; to avoid introducing
additional notations, we give an equivalent description under the LQG coordinate change rule corresponding
to the conformal map z +— e*.
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e Let dh be the probability measure on the space of distributions on H corresponding

to the Gaussian field & sampled in the following way.

— The semicircle average process t — Be—t(O) has the same law as the following

process A.
x Fort <0, Ay = §_2t+377t where {ES}SZO is a standard Brownian motion
with §0 = 0 conditioned so that §2s +(Q — 377)3 > 0 for every s > 0.
x Fort >0, Ay = By + 37% where {Bs}¢>0 is a standard Brownian motion
with By = 0 that is sampled independently of {ES} $>0-
— The lateral part h — iLH(O) of h agrees in law with the lateral part of a free-
boundary GFF on H.

— The semicircle average and the lateral parts of h are independent.

e Sample (m, h) from the infinite law m1=47 dm @ dh, where dm is the Lebesgue
measure on (0,00). Then, dh agrees with the infinite law of the distribution
h = h+(2/7)logm. Here, the sum h+ (2/7) logm refers to the distribution on H
obtained by adding the constant function (2/v)logm to the distribution i. The
number (2/7) log m corresponds to the value of the semicircle average h1(0) under

the canonical embedding described above.

2. To each point (u, h) in the p.p.p. A, correspond to it the quantum surface (H, h, 0, 00).
We concatenate these components according to the first coordinate w in increasing
order to sample the 3%—quauntum wedge. They are concatenated at the marked points
0 and oo so that removing the point corresponding to 0 (resp. 0o) of the component

(u, h) € A disconnects it from all components (u’, ') € A with v’ < u (resp. u < u').

We deduce from these definitions that reparameterizing the %Z—quantum wedge appearing
in Proposition 2.2.22 by its canonical embedding preserves the LQG metric. First, we map

the quantum wedge (or its bead) conformally to H, sending the two marked points to 0 and
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0o. We can choose this conformal map only using the flow lines that cut out the quantum
wedge, which then preserves the LQG metric a.s. because these flow lines are independent
of the quantum wedge (recall (2.2.17)). Now, we merely need to scale each component by
a random factor that is almost surely determined by the semicircle averages of the field.
Since the semicircle average part of the quantum wedge is a continuous function that is
independent of the lateral part, we can apply the Weyl scaling axiom as in the proof of
Lemma 2.2.11 to conclude that the LQG metric is preserved under this scaling.

Therefore, we can restate Proposition 2.2.22 in the language of random curve-decorated
measure metric spaces as below. We omit a detailed proof, which is analogous to that of
Proposition 2.2.20 except for the additional consideration that conditioned on n(—o0,0] N
n[0,00) = 17(")F Umn, , the curve 77|[0’OO) and the time reversal of 77|(7OO’0] are conditionally
independent and identically distributed (as discussed in Section 2.2.5). Recall that Dg

denotes the internal metric on U, which was defined in (2.2.12).

Proposition 2.2.23. Let &' = 16/72 and U+ be as in Proposition 2.2.22. Then the ran-
dom curve-decorated metric measure spaces represented by (U—, D}[{’Y_7#h’y|U_777|(—oo,0]) and

(Ug, ng,uhy\UJr, M[0,00)) are independent and identically distributed.

Remark 2.2.24. When v € (0, \/5], the 3%—quan‘cum wedge decorated with an independent
space-filling SLE curve is simply connected. Hence, it is measurable with respect to the
Borel o-algebra generated by the pointed Gromov-Hausdorff-Prokhorov—uniform topology
pointed at 0. (The LQG metric extends continuously to the boundary of the quantum wedge
[142, Proposition 1.6].) We use this o-algebra in the above proposition as we did for the
quantum cone in Proposition 2.2.20.

We require an alternative o-algebra for v € (v/2,2), since the %Z—quantum wedge is a
beaded surface in this regime. The different beads lie at an infinite distance from each
other by the definition of the internal metric. We use the Borel o-algebra with respect to

the following metric topology on the space of equivalence classes of curve-decorated beaded
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metric measure spaces (with the property that the curve enters the beads in chronological
order and does not re-enter any bead after entering a subsequent bead) modulo measure-
and-curve-preserving isometries. It is given by an extension of the Prokhorov—uniform metric
on curve-decorated beaded domains defined in [127, Section 2.2.5|, where we use the GHPU

metric instead.

1. Let MGHPU he the space of equivalence classes of compact metric measure spaces deco-

rated with a continuous curve modulo measure-preserving, curve-preserving isometries.

Let dGHPU he the GHPU metric on MGHPU defined in [124, Section 1.3].

2. Given a curve-decorated beaded metric measure space S, for t > 0, let Ky € MGHPU

be the bead of § with the property that the sum of the measures of the previous beads
(not including the bead itself) is at least ¢, equipped with the curve restricted to this
bead. We view K as a function [0, 00) — MGHPU defined for almost every ¢. to it a

function K : [0, 00) — MGHPU defined as

3. Let MSGEEU be the set of all Borel measurable functions K : [0, 00) — Mge};gU which

are defined almost everywhere. Define a metric on Mg'egdPU by

- 00 -
dimag U (K, K) = /0 e’ (1 A dSHPY (1 ict)> dt. (2.2.35)

Observe that the total contribution to dgelgdPU of beads of LQG measure less than ¢ is

bounded and tends to zero as € — 0.

When 72 = k = 16/+’, define the process {L;};cr (resp. {Ri}ier) to be the change in
the left (resp. right) quantum boundary length of n(—oo,t| with respect to 0. Here is the
precise construction of this process. Recall the countable dense set of points {z}}ren that
we used to define the whole-plane space-filling SLE,, curve n. If z;, = n(t), then the left
(resp. right) boundary of n(—o0, ] is 77;; (resp. 1z, ), which is an SLE.-type curve. Given a
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Ly = vp~(brown) —

R = vpy (purple) — vy~ (green)

Figure 2.2: Tllustration of the quantum boundary length process (L, R) when ' > 8 (left)
and x' € (4,8) (right). Suppose z;, = n(t), where t > 0. The left (resp. right) boundary of
n(—o0, 0], i.e., the flow line 778' (resp. 7 ), is the union of red and orange (resp. green and
blue) curves. The left (resp. right) boundary of n(—o0, ], i.e., the flow line 77;2 (resp. 7z,),
is the union of red and brown (resp. purple and blue) curves.

GFF-type field h and an independent SLE,-type curve 7, we can define the v-LQG length
measure v, on 7 |99, 228, 35]. The quantum length of the entire flow line 772f is infinite, but
it a.s. merges with nar , so it makes sense to define the difference L; between the quantum
boundary lengths of 772; and nar as illustrated in Figure 2.2. R, is defined analogously using
N, and 7y . A priori, this defines the processes L and R on a countable dense subset of
(random) times ¢.

The following main theorem of mating-of-trees theory states that, almost surely, the
processes L and R can be continuously extended to all real times and that they together
give a complete description of the quantum surface (C,h7,0,00,7n). The term mating-of-
trees comes from the observation that the collections of flow lines {1} },cc and {n; }.cc

are trees that we can “mate” to obtain the curve-decorated quantum surface (h7,7).

Theorem 2.2.25 (|95, Theorems 1.9 and 1.11|, [120]). Let (C,h7,0,00,n) be the circle
average embedding of a ~y-quantum cone decorated by an independent space-filling SLE,,
curve, which is then reparemeterized according to the v-LQG measure pypy. Let Ly (resp.

Rt) denote the v-LQG length vyy of the left (resp. right) boundary of n(—oo,t] minus that
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of n(—00,0]. Then (L, R) evolves as a correlated two-dimensional Brownian motion. In

particular, there is a non-random constant a > 0 such that

4
Var(Ly) = alt|, Var(Ry) =alt|, and Cov(L¢, Rt) = —acos <—7/T) [t| for teR.
K
(2.2.36)
Moreover, the pair (L, R) almost surely determines both hY and n up to a rigid rotation of

C about the origin.

2.2.6  Proof strateqy

For the proof of Theorem 2.1.1, we consider the configuration (C, k7,0, 0o, n) of a y-quantum
cone decorated with an independent whole-plane space-filling SLE,/, where ' = 16/ ~2. The

proof follows the following outline.

1. In Section 2.3, we prove that {b= 1N (n[s, t]; Dp)}ee(o,1) Is tight for each s < ¢ using
estimates for the space-filling SLE and the LQG metric. Hence, the infinite-dimensional
random vector (b IN-(n[s,t]; Dyy) @ s,t € Q,5 < t) has a weak subsequential limit.

Denote it as (X[g 0 s <1).

2. In Section 2.4.1, we show that X[s,t] is additive: i.e., X[r,t] = X[T’S] +X[57t] a.s. for every
rational r < s < t. Hence, we can define a “Minkowski content process” {Y};cq where
X (s8] = Y: — Ys. Roughly speaking, this step holds because the Minkowski dimension

of On[s, t] is less than d.

3. In Section 2.4.2, we prove that {Y;};c@ can be extended a continuous process on R
with independent and stationary increments. We also show that X [5,8] = Y =Y, >0
a.s. for every s < t. By Blumenthal’s zero-one law, a strictly increasing Brownian

motion cannot be random. Thus, t — Y; must be a deterministic linear function.

4. Our choice (2.1.8) of b. ensures that the slope of Y; is exactly 1. Any subsequence
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of bglNE(n[s, t]; Dyy) has a further subsequence which converges weakly to t — s, so

lim,_,0 b N (n[s, t]; Dyy) =t — s in probability (Proposition 2.4.3).
5. In Section 2.5, we extend to general sets and other GFF-type fields.

We remark that our proof is similar in a superficial sense to Le Gall’s proof in [175] that
the volume measure on the Brownian sphere my is a Hausdorff measure. In his proof, Le
Gall considers the natural projection map p : [0,1] — my and computes the Hausdorff
measures of segments p[s, t] of this space-filling curve. However, the curve p is distinct from
the space-filing SLE,; curve n appearing in our proof, and correspondingly, the two proofs
use a different set of tools (Brownian snake vs. mating-of-trees).

As for the possibility of constructing the v-LQG measure as a Hausdorff measure for
general v € (0,2), a key step in such a construction would be to identify the suitable gauge
function. This comes down to finding an up-to-constant estimate for the volume of LQG
metric balls for general v € (0,2). In [175], Le Gall proves the estimate Vol(B,(x)) = ©(h(r))
as r — 0 for the Brownian sphere, where h(r) = r*loglog(1/r); from this estimate, h(r) is
identified as the correct gauge function. On the other hand, for general v € (0,2), the best
available estimate for the 7-LQG volume of v-LQG metric balls is from [16], which states
1y, (Br(z; D)) = rvto(l) as - — 0, (We have used this fact extensively in our paper.) Le
Gall’s proof of the up-to-constant metric ball volume estimate strongly relies on the Brownian
snake encoding of the Brownian sphere; currently, we do not have an alternative method to

improve the estimate for general ~.

2.3 Tightness of Minkowski content approximations

Let (C,h7,0,00) be the circle average embedding of a ~-quantum cone and let 1 be an

independent whole-plane space-filling SLE,/ curve from oo to co. Let 1 be parameterized by
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tpy- As discussed in Section 2.2.1, we use

lim e N (n[s, t]; Dy (2.3.1)

e—0

as an ansatz for the Minkowski content of (s, t] with respect to the v-LQG metric Dyy. The
first step is to show that this limit exists along subsequences.

The goal of this section is to show that for each fixed s < ¢, the family of random variables

{Ed”Ns(U[S»t];Dm)}ee(o,n (2.3.2)

is tight, so that a subsequential limit in distribution exists for e Nz (n[s, t]; Djy) as € — 0.
Moreover, the tightness of (2.3.2) is also used to show b < % (Corollary 2.4.2); this is why

we first use ¢ in (2.3.1) rather than b. as in the statement of Theorem 2.1.1.

Remark. All results in this section hold for any fixed v € (0,2) and x’ € (4, 0), even when

v2 #16/x/.

2.3.1 Exit time of space-filling SLE from an LQG metric ball

The key estimate in showing the tightness of (2.3.2) is an upper bound for the probability
that the Dpy-diameter of a space-filling SLE,, segment 7]s, t] is large (Proposition 2.3.12).
More precisely, we prove an equivalent estimate, which is an upper bound for the probability
that the exit time

11 :=1inf{t > 0:n(t) ¢ B1(0; Dyy)} (2.3.3)
is small.

Proposition 2.3.1. The lower tail of the exit time 11 s superpolynomially small. That is,
for each p > 0,

P{r <e} =o0(eP) ase—0T. (2.34)
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The key input for the proof of Proposition 2.3.1 is the following relation between the
LQG distance and the circle averages of GFF. Recall that £ = 7/dy is the y-dependent

factor which appears in the definition (2.1.4) of the LQG metric.

Lemma 2.3.2 (|93, Proposition 3.15|). Let h be a whole-plane GFF normalized so that
h1(0) = 0. Then, with superpoynomially high probability as C — oo, at a rate which is
uniform in the choice of z € C\ {0},

(Ehe—t(0)=EQ=Nt | Eho—t <Z>—€Qt) dt.  (2.3.5)

12l
2

00
D 1og (0.5 By ) < € [ .
Let us first give a heuristic argument for Proposition 2.3.1. To begin, 0B1(0; Dyy) is

macroscopic with high probability (i.e., it has constant-order Euclidean diameter). Since

Dy~ (0,m(11)) = 1, there has to be some not too small » > 0 such that either h(0) or

hr(n(7y)) is large, along the lines of Lemma 2.3.2. By Proposition 2.2.16, 1[0, 7] N B(0)

and 1[0, 7] N By(n(11)) each contain a macroscopic Euclidean ball. By comparing the LQG

volumes of these Euclidean balls with ¢7r(0) and evhr(”(ﬁ)), we conclude that with high
probability, 7 = up~y(n[0, 71]) cannot be too small.

There are three main points in making this heuristic rigorous. First, the laws of h7 and

h —~log| - | agree only when restricted to the unit disk D. To this end, we analyze
7o = 1inf{t > 0:n(t) & B:(0; Dp~)} (2.3.6)

instead of 71, because B¢ (0; Djy) C D with increasingly high probability as e — 0. Observe

from Proposition 2.2.20 that for each € > 0,
7o Ledvr, (2.3.7)

Second, the point z in Lemma 2.3.2 has to be deterministic, whereas the point n(7() is

o1



random. The idea to get around this issue is to take a union bound over z € D NeSZ2 for a
large constant s and show that there is some point in DNe5Z? which is close to 7(7) in both
Euclidean and LQG distances. Third, we can compare pyy(By(w)) and h,(w) only for fixed
w and r. We again need to take a union bound over Euclidean balls B, (w), polynomially

many in ¢, that are possibly contained in 70, 71].

dytl with superpolynomi-

Proof of Proposition 2.3.1. If we show that 7 = pupy(n[0, 7)) > €
ally high probability as € — 0, then the proposition follows by (2.3.7).

Below, we describe an event consisting of six steps on which up~ (9]0, 7¢]) > et t1 These
events are stated using constants 0 < a < b < s, 0 < N <s—b, ¢ € (0,1), and ¢ > 2.
Eventually, these constants will be chosen in terms of a single constant p > 0, which we will
eventually allow to be arbitrarily large. We shall then verify that the stated event holds with
probability 1 — O(ep/ 3) as ¢ — 0 using the lemmas stated and proven just after the main
body of the proof.

Throughout, h refers to the field A7 + v log| - |, whose restriction to the unit disk agrees

in law with the corresponding restriction of a whole-plane GFF.

1. The points which lie at Dyy-distance € from the origin — i.e., 0B¢(0; Dj,y) — are within

the Euclidean annulus Bea(0)\ B_(0). In particular, el < |n(r2)| < €. (Figure 2.3(a))

2. For e < In(1e)] < &%, there exists a point z € 572 satisfying eb < |z| < &%
which is close to n(7:) in both Euclidean and LQG distances: |n(7:) — z| < €* and
Dpv(n(1e),2) < €/2 precisely. The latter condition implies Dy (0,z) > £/2 since
Dp~(0,m(72)) = €. (Figure 2.3(b))

3. Given the point z found in the previous step, let kg = | —log(|z|/2)]. There exists an
integer k € [kg, kg + N log 5_1] such that at least one of the circle averages h_—x(0) or
h.-k(z) is bounded below in terms of the logarithm of the LQG distance Dj~ (0, 2).

Specifically, at least one of the following two cases is true.
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Figure 2.3: Proof of Proposition 2.3.1. Let h = h7 + vlog| - | and p > 0. The constants
a,b,s, N, q,( are defined in (2.3.14) and (2.3.15) in terms of p. (a) Step 1: With probability
1 — O(eP/3), the boundary of Bz(0: D) is contained within the Euclidean annulus Bga(0) \
B_4(0). In particular, el < |n(r:)] < €% (b) Step 2: With probability 1— O(cP~%/¢), there
exists z € £5Z2 for which |n(72) — 2| < €% and Dy (n(7:), 2) < /2. Let ko = | —log(|z]/2)]
and k1 = ko + Nloge~!. Conditioned on the previous events, with superpolynomially high
probability, at least one of the following two cases holds. (c) Steps 3 and 4, Case 1:
There exists an integer k € [ko, k1] such that vh, 4 (0) > v(Q — v)k + (dy + %) loge. For
this &, there exists a Euclidean ball B__j(14¢)(w) contained in the intersection of 1[0, 7¢] and
B, £(0)\ B,—k-1(0) with w € e~ k(1+¢)72 . (d) Steps 3 and 4, Case 2: There exists an
integer k € [kg, k1] such that vh,_ —x(2) > vQk + (dy + %)log e. For this k, there exists a
Euclidean ball B, _j(14¢)(w) contained in the intersection of n[0, 7] and B,—x(2) \ B,—k-1(2)
with w € e #1072 Steps 5 and 6 (not visualized): We obtain a lower bound of
oy (Br(w)) in terms of hy(w), which we compare with either h_—1(0) (Case 1) or h_—x(z)
(Case 2). For sufficiently large p, on the event that all of the previous conditions hold,
e > ppn(Br(w)) > et By (2.3.7), this implies P{r; > &} = 1 — O(&P) for any given
p > 0.
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e Case 1: There exists k € [kg, ko + N loge™1] such that
ek (0) > 9dy 3@k (D, (0, 2)) b | (2.3.8)
e Case 2: There exists k € [kq, kg + N log 5_1] such that
eThe=r(2) > oty 3 1Rk (D (0, 2)) % . (2.3.9)
Since Dp~(0,2) > €/2 by our choice of z, we have

1 1
67he—k(0) > GV(Q_'V)kgd’Y+§ in Case 1, e’yhe_k(z) > erkgd'ﬁ—g in Case 2.

4. Given the integer k found in the previous step, let r = e~k(1+C)  There exists a point

w € rZ2 such that:

e In Case 1, By(w) C 1[0, 7] N (B,-x(0) \ B,—x-1(0)). (Figure 2.3(c))

e In Case 2, By(w) C n[0,7z] N (B,-k(2) \ B,—k-1(2)). (Figure 2.3(d))

5. For z, k, and w as in the previous three steps, we have the following comparison of

circle averages.

e Case 1: |hy(w) — h—k(0)] < kqC. Therefore, e hr(w) > e’Y(Q*’Y*QC)ked7+%.

e Case 2: |hp(w) — h—k(2)| < kqC. Therefore, ehr(w) > eV(Q_qC)kgd’Y*%.

6. The LQG measure of the Euclidean ball By.(w) is bounded below by

i (Br(w)) > e371Qevhr(w), (2.3.10)

These are the six steps comprising the event on which 7= > e@y 1 with the choice of

constants stated below ((2.3.14) and (2.3.15)). Let us first verify that on the stated event,
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we have the correct lower bound on 7: as claimed. We begin by substituting the lower bound

for hy(w) claimed in Step 5 into (2.3.10). Recall 7 = e *(17¢) and h7 = h — ylog| - |.

e Case 1: Since Br(w) C B,—(0), we have py(By(w)) > eVQk,uh(Br(w)). Hence,

sy (Br(w)) > €7y (B (w)) > €77Fes (e FITOY1Q1(Q a5 (2.3.11)

e Case 2: Since Br(w) C D, we have pyy (Br(w)) > pp(Br(w)). Hence,

e (Br(w)) > p(By(w)) > £8 (e F1+0 101 (Q=al) oy, (2.3.12)

Collecting exponents, we conclude in both cases that

7e > ppy (Br(w)) > ey t3 =1 (Q+a)Ck, (2.3.13)
We now set
1 1 p ( 7Q )
a=—-=<p , b=—"5=<p, s=(24—F—"—]bxp 2.3.14
& @ P Q%2 —2 (2314

where < means equality up to y-dependent multiplicative constants when p is large. We also

choose
6
N =14+ 5\/@ =2 g=NT=pT/2 = N"10 =75 (2.3.15)
Note that s — b > b = —2— > N for sufficiently large p. Since we only consider k <

Q=)
(b+ N)loge™! = O(N?loge™1) in Step 3,

e (@Qta)ck » LONTY) > (1/3 (2.3.16)
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for all 0 < e < 1/2 given that p is sufficiently large. Hence, the lower bound for 72
from (2.3.13) satisfies

7o > et 3emQFACk 5 cdyt (2.3.17)

for all large p.
It remains to estimate the probability of the above event. We compute this probability

step-by-step given the constants in (2.3.14) and (2.3.15).

1. In Lemma 2.3.4, we show that for sufficiently large p, Step 1 occurs with probability

1— O(eP/3) as £ — 0.

2. In Lemma 2.3.5, we show that given our choices of a, b, and s, truncated on the event
el < |n(7:)| < €%, the probability that Step 2 fails is bounded above by O(eP~@/¢) as

e — 0.

3. In Lemma 2.3.6, we show that for each fixed z € By 4(0) \ {0}, Step 3 occurs with
superpolynomially high probability as ¢ — 0 at a rate uniform in the choice of z.
A union bound over O(s~2%)-many points of z € €372 with e® < |z| < &% gives a

superpolynomially high probability for this step.

4. Consider € > 0 sufficiently small so that £% < %656+N (

this holds for all small enough ¢
since we chose our parameters so that s > b+ N). If ¥ < |2| < e and 7(7:) € Bes(2),
then [0, 7] N (B,—x(0) \ B,—x-1(0)) and 7[0,7z] N (B,-x(2) \ B,—k-1(2)) are both

nonempty and the Euclidean diameters of the two intersections are at least e k=1 For

the latter set, this is true because 1[0, 7:] is a connected set and

1(0) =0 & By,—rg-1(2) and  n(7e) € Bes(2) C B —kg+Nloge—1(2),

N

where we used €° < %&‘b_'_N < I%a < e ko=1cN A gimilar argument works for the

former set.
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Hence, Proposition 2.2.16 implies that for each lattice point z € »SSZQH(Bga(O)\m)
and integer k € [k, kg + Nloge 1], the following holds with superpolynomially high
probability: on the event that 7(7z) € Bes(z), the sets [0, 7] N (B, (0) \m)
and 1[0, 72]N (B, -« (z)\m) each contain a Euclidean ball of radius e~ (1 (1+3).
For sufficiently small e (hence sufficiently large kg), we can always find within each of
these Euclidean balls a smaller Euclidean ball By (w) where r = e k(A+¢) and w € rZ2.
Now take a union bound over all such pairs (z, k). The number of these pairs is at most
some negative power of €, so Step 4 holds with superpolynomially high probability in

E.

. In Lemma 2.3.7, we show that given an integer kg > 2, for each
zee’72N{zeC: |z € (e F0=1 2e7Fo0]}, (2.3.18)

the following event holds with probability 1 — O(e*(qz/ 2*2)0“0): the comparisons

—2s 62/€0 )

in Step 5 hold for all possible choices of k& and w. There are O(e -many

points z satisfying (2.3.18) for each positive integer kg. Since |z| € [ea,eb] and
ko = |—1log(|z|/2)], we only need to consider kg satisfying aloge™! + log(2/e) <
ko < bloge™! + log2. Taking a union bound over these ky and z, Step 5 holds with

probability
[bloge™1]

1-0 S e B (@290 ) 10 (e<<q22—2)<—2>“—28> (2.3.19)
ko=|aloge—1]

2
provided that (% —2)¢ —2 > 0. The constants g and ¢ chosen in (2.3.15) satisfy this

condition for all sufficiently large p. Moreover, with the further choice of constants a

57



and s in (2.3.14), the error term in (2.3.19) satisfies

1-0 (s((q;—2)<—2>“—28) >1-0 (slﬁa—%) >1—0(/?). (2.3.20)

6. In Lemma 2.3.8, we show that for each possible choice of z, k, and w, Step 6 holds with
superpolynomially high probability as ¢ — 0 with rate uniform over all such choices.
Now take a union bound over these z, k, and w, of which there are only polynomially

many in €.

To summarize, the probabilities of the events we truncate on each step are:
e Steps 1 and 5: 1 — O(eP/3);
e Step 2: 1 — O(eP~ /%)
e Steps 3, 4, and 6: superpolynomially high in ¢.
Since the choice of p > 0 was arbitrary, we conclude that 7. > ey +1 holds with superpoly-

nomially high probability in € as ¢ — 0. [l

We now state and prove the lemmas used in the proof of Proposition 2.3.1, which are all
based on standard LQG estimates. First, we record a property of whole-plane GFF that we

will use repeatedly. It is a straightforward consequence of Lemmas 2.2.5 and 2.2.6.

Lemma 2.3.3 (|89, Lemma 3.4]). Let h be a whole-plane GFF normalized so that hi(0) = 0.
For each deterministic r > 0, the field (h—hr(0))|p, (o) s independent from the circle average

I (0).

The following lemma calculates the probability of the event {e® < |n(7.)| < £®} appearing

in Step 1.

Lemma 2.3.4. Let B:(0; Dyy) be the LQG metric ball of radius € and B, (0) be the Euclidean

ball of radius r, both centered at the origin.
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(i) For each p > 0, there exists a constant Cp > 0 depending only on p such that for every

e,r € (0,1),
P {B:(0; Dy) C By(0)} > 1 — Cpebr— (@367, (2.3.21)
In particular, for each sufficiently large p, as e — 0,

P {Bg(o; Dy) € B e (0)} > 1= Cpel/27 @/ 1 0P, (2.3.22)

(i1) There exists a constant C' > 0 such that for every e € (0,1) and r € (0, %),

Q= (Q—)?
g(v)

P{B,(0) C B:(0;Dpy)} >1—-Ce € r— 2 . (2.3.23)

In particular, for each sufficiently large p, as e — 0,

P {ng/(Q_W)Q (0) C B:(0; Dm)} >1 - Cel/27@N/E —1 - 0@P3).  (2.3.24)

Proof. Let h refer to the field h7 + vlog| - |, whose restriction to D agrees in law with the

corresponding restriction of a whole-plane GFF.

(i) If Bz(0; Dyy) ¢ Br(0), then Dy~ (0,0B,(0)) < €. By the Markov inequality,

P{B:(0; Dyy) ¢ Br(0)} < P{Dpv(0,0B:(0)) < e} <P E [(Dyy(0,0B,(0))) 7] .
(2.3.25)
By the Weyl scaling and locality properties of the LQG metric, e=$"(0) D, (0, 0B, (0))
is a.s. determined by (h — hr(0))|p, (0), which is independent of ;(0) by Lemma 2.3.3.
By this independence, |93, Proposition 3.12|, and the fact that h;.(0) ~ N(0,log(1/r)),
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there exists a constant C} > 0 such that

E [(Dy(0,05:(0)) 7]
_ (-Qérg [eféphr(o)] E [(rﬁ(vQ)eﬁhr(o)Dm(Q aBT(O))> _p] (2.3.26)

S Cpf,“_(Q )gp_7§2 2

(i) Let 0 <u < (7 — 1)dy. If Br(0) & B (0; Dpyy), then sup,,cp, (0) D (0, w) > €, which
implies sup,ep, (0 )Df7 (0 )(0 w) > . (Recall the definition (2.2.12) of the internal
metric.) From [93, Proposition 3.17], there exists a constant éu > 0 depending only

on u such that

E

<(27‘)(V—Q)€€_£h2r(0) sup Df%(o) (0’w)> ] < éu (2327)
weBy(0)

From the independence of hg,(0) and (h — h2r(0))[p,, (0) (Lemma 2.3.3) and the fact
that hoy(0) ~ N(0,log(1/(2r))), we have

IP’{ sup D } < "E ( sup D]?Q”(O)(O,w))]
weB;-(0) weB(0)
zg—uEK(gT) € Ehar(0 )“] ( 1=Q)€—Eh2r(0) gy, D52r<0>(07w>>]

weBy(0)
< (2UC, )t (Q—Eu—3E%u?

(2.3.28)

We obtain the lemma by choosing u = %(Q —) = %(? — 1)dy. ]

The following lemma computes the probability of the event in Step 2, in which we find
a point z on the lattice €72 which is close to 1(7=) in both Euclidean and LQG distances.

Again, recall the definition of the internal metric in (2.2.12).

Lemma 2.3.5. Suppose 0 < a < b are given. For s > b, let E¢ s be the event that for all
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z € 572 with €¥ < |z| < &%, we have

sup foss(z)(z,w)ﬁf. (2.3.29)
wEB,s(z) 2
Then, as e — 0,
Qo ~v0b_Q
P(Ees) =1 — O(el T ~2577@0~¢y (2.3.30)

Proof. Recall the notation h = hY 4 ylog| - |. Consider a fixed z € 572 with &? < |z| < %
for now. For e > 0 is small enough that |z| — 2e% > ¥ — 225 > £0/2, by the Weyl scaling

axiom, we have

sup D2z w) < (12— 22578 sup DY)z )

wEBs(2) wEBgs(2)
N2 (2.3.31)
< (—) sup D;LBQES(Z)(Z, w).
2 wEB.s(2)

Let p € (0,4dy/7?). By Lemma 2.3.3 and the translation invariance of the law of the whole-

Bys (Z)<

plane GFF modulo the additive constant as in (2.2.10), e~ Eh2es(2) SUDyeB_s (2) D)y zZ,w)

is independent of ho.s(z). By this independence and the fact that hoes(z) ~ N(0,log(2¢%)),

we have
b\ &Y
B 55(2) € B255(2) eEfé€
P sup D72 (z,w)>—}§IP>{ sup D Zw >_(_) }
{weBgs(z) " 2 Py (z.w) > 2 5
9l4+Ey \ P Byoa(2) p
: (m> EKweSBiE@) & <Z’w)) 1
ol +Ey \ P ) P e . » )
_ (—51+ §7b> B [((2e%)5ether ) }E[((zg) £Q—haus >w£€(z) ppe >(Z’w>) ]

21+¢7 )p 1¢2,2 Bous(2) P
- (26%)8QP—38°P E{((zgs)—we—&hzgs(d sup D% (Z’w)> }

(514—57[) wEB,s(z) g
(2.3.32)
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By (93, Proposition 3.9], there exists a constant Cj > 0 depending only on p and +y such that

p
E <(255)—§Q6—€h255(z) Sup Df255(3)(2’w)> < Cp. (2.3.33)

weBE(z)

By plugging this into the previous inequality, we get that there exists another constant

ép > () depending only on p and ~ such that

P sup D%ES(z)(z,w) > Sl< 5psp(_1_§7b+56’25_%525p). (2.3.34)
weBE(z) 2

The constant ép does not depend on the choice of z € B.a(0) \ B_(0). Choose p = Q/¢ =
2
(24 %)% < 47127 The lemma follows by taking a union bound over 0(5_25)—many points

z € e5Z2 such that e < |z] < &%, O

The following lemma is used in Step 3. This is the key step in the proof of Proposi-
tion 2.3.1, in which we combine Lemma 2.3.2 with Dj~(0,7:) = ¢ to find an integer k such

that either h_ 1 (0) or h_—k(2) is large.

Lemma 2.3.6. Let N > 0 be given. Let z € By4(0) \ {0} be a fired point and let ko be
the positive integer such that 2e%0~1 < |z| < 2e7% . Denote k1 = |kg + NlogC| and
h = RV + ~log| - |. Then, with superpolynomially high probability as C — oo, at a rate

uniform over the choice of z, there exists an integer k € [k, k1| such that either
ek 0) > c=1@=DE(DD (0, 2))br op ek ) > ¢ 17k (DP (0, 2))h. (2.3.35)

Proof. From Lemma 2.3.2, it holds with superpolynomially high probability as C' — oo, at

a rate which is uniform in the choice of z € By /4(0) \ {0}, that

|z]

DP.(0,2) < pP g 4y < ¢ / - (eﬁhe*t@)*f@ﬂ)t + eﬁhe*t@*f@) dt. (2.3.36)
—log 5
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The main idea of the proof is to bound the above integral by a Riemann sum approximation.
By Lemma 2.2.5, t — h_—t(2) is a standard Brownian motion for ¢ > kg given the initial

value h -k, (z). For each integer k € [ko, k1 — 1], by the reflection principle,

_ (logC)?
P h,1(2) —h _(2)] > ogC b =0 | & < (2.3.37)
sup —t(z) —h _(2)] > og = _— 3.
te[k,k+1] ‘ ¢ log €

as C' — oo. The constant here is uniform over z and k. On the complementary event,
e&he-t(2)=€Q < Cefhe—t(2)=EQk  for a1l t € [k, k + 1). (2.3.38)
Since Q@ — v = (2/7) — (7/2) > 0, the same lower bound applies to the probability that
eShe—t () =EQ@=t < Che—t()=EQ=DE g all t € [k, k + 1]. (2.3.39)

On the intersection of the events (2.3.38) and (2.3.39),

/ e (€t O-6Q 1 4. (Shmt(21=6Q0) gt < (SheblO)-EQE . (8 1()-6QK).
k
(2.3.40)

We now deal with the integral from k; to infinity. Since s +— h__s_g, (2) — h_—, (2) for

s > 0 is a standard Brownian motion,

o
/ L~y (2)=h ) (2)=€Qs 4 d %ZQQ, (2.3.41)
0 &g

where Z,, is a Gamma random variable of index v |94, 252]. That is, for ¢ > 0,

00 Su—le—s

P{Z, > c} = /c st. (2.3.42)
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In particular, there exists a number u > 0 depending only on v such that

1 52

00 2
P {/ eShe=t()=€Qt gt < 0t <Z)‘5Q’“} —1-P {ZQQ > %C} ~1-0 (e—“C)
A 29
(2.3.43)

as C' — oo with the rate uniform on z. Similarly,

1

P {/OO efheft(o)_g(Q_’Y)t dt < Cefhefkl (Z)_g(Q_'Y)kl} —1—-P {ZQ(Q—’Y) > gc}
3 A=)

(2.3.44)

as C' — oo with the rate uniform on z.
Let w > 0 be a constant to be determined later. Now take a union bound over the
events (2.3.38) and (2.3.39) for all integers k € [kg, kg + ulN logC') as well as the events
in (2.3.43) and (2.3.44). Recalling (2.3.36) and (2.3.40), we find that with superpolynomially

high probability as C' — oo, at a rate uniform in z,

DR (0,2) < C / T (e 0@ -t gy

—log%

ko+uN log C (2.3.45)
<C? Y (Ser QD ()68

k=ko

Given (2.3.45), there must exist an integer k € [kq, kg + ulN log C] satisfying either

NlogC NlogC
(2.3.46)

D dy D dy
ek (0) > 0=2d; V(Q—)k (Dm(o’ Z)) or ek > =2y QK (Dm(oaz)> _

We now let u = 3dy and replace C in (2.3.46) by cl/u. For sufficiently large C,
since N > 0 is a fixed constant, the right hand sides of (2.3.46) are bounded below by
C_leV(Q_V)k(D%(O, 2))% and C_leVQk(D%(O, 2))%, respectively. Hence, the probability

that there exists an integer k € [kq, kg + N log C] satisfying (2.3.35) is bounded below by
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1— CP/% as C' — o for every p > 0 as claimed. O

The final two lemmas are standard estimates on the circle averages of GFF and the LQG
measure. In Step 5, we obtain a lower bound on the circle average h,(w) on the boundary
of the Euclidean ball B, (w) found in Step 4. This is done by comparing h,(w) with either

h.-(0) (Case 1) or h,—1(z) (Case 2) using the following lemma.

Lemma 2.3.7. Let h be a whole-plane GFF normalized so that h1(0) = 0. Let ¢ € (0,1)
and g > 2 be given constants. Let z € By, —2(0) and denote ky = [—1log(|z|/2)]. For all
C > Cy(q, ), the following event is true with probability 1 —O(e*(q2/2*2)<k0), where the rate

is otherwise uniform over all choices of z. For every integer k > kg, writing r = e~ k(1+C) .

(i) For every w € rZ* such that By(w) C B, x(0)\ B,-x-1(0), we have

|hr(w) = h,—x(0)] < kqC. (2.3.47)

(ii) For every w € rZ? such that By(w) C B, k(2)\ B,-k-1(2), we have

|hr(w) — h—k(2)] < kqC. (2.3.48)

Proof. [16, Lemma 4.5 proves that the event (i) holds for every k > kg with probability

-0 30 e | Z 1 - otk (2.3.49)
k=kg

The random variable |hr(w) —h e,k(z)} depends on h viewed modulo additive constant. By
the translation invariance (2.2.10) of the law of the GFF modulo additive constant, it follows
that (ii) also holds with the same probability computed in (2.3.49) regardless of the choice
of z. O
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In Step 6, we give a lower bound on the LQG measure py, (B (w)) in terms of the circle

average hy(w).

Lemma 2.3.8. Let h be a whole-plane GFF normalized so that h1(0) = 0. For each fized
w € C and r > 0, it holds with superpolynomially high probability as C' — oo, with the rate

uniform over w and r, that
1, (By(w)) > €1 1Qeyhr(w), (2.3.50)

Proof. The case when w = 0 and » = 1 is a standard estimate for the LQG measure. See,
e.g., [99, Lemma 4.6] or [213, Theorem 2.12|. The case of a general w € C and r > 0 follows
from the case when w = 0 and r = 1 since r Qe (W), (B, (w)) 4 pp,(B1(0)) due to the
scale and translation invariance of the law of A, (2.2.10), and the LQG coordinate change

formula (2.2.16). O

2.3.2  Proof of tightness

From Proposition 2.3.1, we can not only deduce that (2.3.2) is tight, but also that it is
uniformly bounded in LP for every p > 1. This stronger result is necessary later, specifically
for Proposition 2.4.9. Recall the notation N:(A) = N:(A; Dyy) for the number of Djy-balls

of radius € needed to cover the set A.

Proposition 2.3.9. For every p > 1, there ewists a constant C) < oo such that for every
s <t,

sup  E[(eTN(n]s, 1]))P] < Cplt — s[P.
0<e<|t—s|1/dv

In particular, for each fired s < t, the random variables €™ N (s, t]) for e € (0,1) are tight.

Proposition 2.3.9 is a consequence of the following lemma together with a scaling argu-

ment.
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Lemma 2.3.10. For each p > 1, the number of LQG balls of radius 1 needed to cover n[0,1]
satisfies

E[(Ny (5[0, 1]))?] < oo (2.3.51)

Proof. Let K be a positive integer. For each integer 0 < k < K, define the event

Epx = {n[% %} C By (n(k/K): Dm)} . (2.3.52)
Clearly,
K-1
() Erx C{N1(0[0,1]) < K}, (2.3.53)
k=0

By Proposition 2.2.20,

P(E) k) = P(Ey k) =P{r > 1/K} for every k. (2.3.54)
Then
K-1
P{N1([0,1)) > K} < Y P(E} ;) = K -P{n < 1/K}. (2.3.55)
k=0

By Proposition 2.3.1, it follows that P{N1(n[0,1]) > K} decays faster than any negative

power of K as K — oo. Therefore,
E[(N1(n[0, 1)) < Y (K +1)P = KP) - P{N1(n[0,1]) > K} < 0. (2.3.56)
K=1

]

Proof of Proposition 2.5.9. It suffices to find a constant C}, < oo so that we have the estimate

supg<e<1 E[(D N2(]0,1])P] < Cp. Indeed, by Corollary 2.2.21,

sup E[(edwg(n[s,t]»p]i!t—s|p(sup E[(udwu(n[o,lbf’]). (2.3.57)
0<e<|t—s|'/d O<u<l
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We thus restrict our attention to uniform LP-bounds for {e%N.(5[0,1])Yo<ect.

For each € € (0,1),

=)
Ne@fo,1]) < 37 Ne(nlke®, (k + 1)eb]). (2.3.58)
k=0

By Corollary 2.2.21, for every integer k,
d d d
Ni1(n[0,1]) = Ne(n[ke™, (k + 1)®7]). (2.3.59)

Hence, by Jensen’s inequality,

le=™)

E [(N-(n[0,1]))?] < (E—dw =+ 1)]9—1 l;) E [(Ng(n[k€d7> (k + 1)€d7]))p] (2.3.60)

< (= + 1PE[(N1 ()0, 1]))7].

By Lemma 2.3.10, E[(N1(n[0,1]))?] is a finite constant depending only on p and ~y. Multi-
plying both sides of (2.3.60) by e%P, we obtain E[(% N (1[0, 1]))P] < 2E[(N1(n[0, 1]))P] =:
Cp. O

2.8.83  Further LQG metric estimates for space-filling SLE

We record two consequences of Proposition 2.3.1, which we do not use elsewhere in this
paper but are of independent interest. We first show that for each s < ¢, the Dj-diameter
of n[s, t], which we denote by diam(n]s,t]; Dy~), has finite positive moments of all orders.
The other result is the first half of Theorem 2.1.4, that for every exponent less than 1/d-, the
space-filling SLE,/ curve n parameterized by p~ is almost surely locally Hélder continuous
with respect to Dpy.

For completeness, we also prove that all negative moments of diam(n/[s, t]; Dy~ ) are finite
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and that 7 is almost surely not locally Holder continuous for exponents greater than 1/d..
These complementary results follow from the following extension of Theorem 2.2.1 to the

y-quantum cone.

Lemma 2.3.11. Let h7 be the field of a v-quantum cone under the circle average embedding.

For ¢ € (0,1) and k > 1, there exists a constant Cy, ¢ such that for all r € (0, 1),
E[( D . k kdy—C
Mh’y( N BT(O, Dh"/))) ] < Ok,CT . (2.3.61)

Moreover, for any compact set K CID and ( > 0, we almost surely have that

DN B, (z; D
sup sup i ( dr_(? n)) < 00
re(0,1) zeK e

(2.3.62)

Proof. Recall that if h is a whole-plane GFF with h1(0) = 0, then (h —vlog| - |)|p agrees in
law with A7|p. Hence, (2.3.61) follows from the proofs of [16, Lemmas 3.16 and 3.18|. The
proof of (2.3.62) from (2.3.61) is analogous to that of (2.2.2) in [16]. O

We now show that the Djy-diameter of 7[s, t] has finite moments of all orders.

Proposition 2.3.12. Let s < t. For each p € R, there exists a constant Cp > 0 only

depending on p such that
E[(diam(n[s, t]; Dj))P] < Cplt — s[P/%. (2.3.63)
Proof. By Proposition 2.2.20, for each s < t,
diam(y[s, 1]; Djyy) < diam ([0, ¢ — s]; D) < (t — )Y/ Ddiam(n0, 1]; Dyr).  (2.3.64)
Hence, it suffices to show that E[(diam(n[0, 1]; Dp~))P] < oo for all p.
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Suppose p > 0. For r > 0, let 7 be as in (2.3.6). Note that for » > 0, if 7, > 1 then
n[0, 1] C B,(0; Dj~) and hence diam(n[0, 1]; Dy,y) < 2r. By (2.3.7),

E[((diam(n[0, 1]; Dp))P] = /OO P{diam(n[0, 1]; Dy > «/P} dz
OOO o0 (2.3.65)
< /O P{T(xl/p)/Q <lydr = /O P{r < 27d7xdv/p} dx

This integral is finite since by Proposition 2.3.1, P{r; < 2-% z/P } decays superpolynomi-
ally as x — 0.
Now suppose p < 0. If diam(n[0,1]; Dyy) < r, then upy(Br(0; Dpy)) > 1. Then, by

Proposition 2.2.20,

E{((diam (50, 1]; Dy ))?] = /0 " B{((diam(n[0, 1]; Dy ) > 2} dr

= /OO P{diam(n[0, 1]; D}~) < Q;I/P} dr < /OO P{ppy(B1/p(0; Dpy)) > 1} dz - (2.3.66)
0 0

(0.

From (2.3.61) and Lemma 2.3.4 (with r = 1/2, say, ¢ = xl/p, and k in place of p), for each

k > 1 and each ¢ > 0, there are constants Cy ¢, C > 0 such that for all z > 1,

P{ptpy (D NV B,1/p(0; Dpy)) > 1} < Cp ™ =/Pand - P{B 1,(0; Djy) ¢ D} < Cpa®/P.

(2.3.67)
We conclude that the right-hand side of (2.3.66) is finite by choosing a sufficiently large
k. O

Proposition 2.3.12 gives a quick proof of Theorem 2.1.4, on the Holder continuity of the

whole-plane space-filling SLE,; curve 1 with respect to the LQG metric Dj,.

Proof of Theorem 2.1.4. Let us first show that almost surely, 7 is locally Holder continuous

for any exponent less than 1/d~. We proved in Proposition 2.3.12 that for each p > 0, there
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exists a constant C) > 0 such that for all s <,

E[(Dpr (n(s),1(1)))?] < El(diam(n[s, ; D)) < Cplt — s[P/ . (2.3.68)

The claim now follows from the Kolmogorov continuity theorem as we let p — 00.”

On the other hand, for every ¢ € (0,dy), Lemma 2.3.11 (with the fact that 7 is parame-
terized by ju5~) implies that there a.s. exists a random ¢, > 0 such that diam(n[s, t]; Dyy) >
cc(t — 3)1/(d7_o for all s < ¢ such that n[s,t] C D. In particular, n is almost surely not
Hélder continuous with exponent greater than 1/dy in any neighborhood of 0. By Proposi-
tion 2.2.20, 1 is almost surely not Holder continuous with any exponent greater than 1/d,

in any neighborhood of ¢t € @, and therefore not in any bounded open interval. m

2.4 Minkowski content of space-filling SLE segments

Remark. We assume &' = 16/72 throughout this section, as the results in this section rely

on Proposition 2.2.23. Recall the shorthand N:(n[s, t]) = Ne(n[s, t]; Dyy).

We showed in Proposition 2.3.9 that for each s < ¢, the random variables % N (n][s, t])
admit subsequential limits in law as € — 0. We need to rule out further the possibility that
the subsequential limit is zero, which is the purpose of Proposition 2.4.1. Unlike in many
results regarding fractal dimensions, where the lower bound is more difficult to prove than
the upper bound, this proposition has a much shorter proof than Proposition 2.3.9. This is
thanks to the independence of the metric measure space structure on disjoint space-filling

SLE segments, which comes from Proposition 2.2.23.

7. The Kolmogorov continuity theorem is usually stated for a stochastic process X; taking values on
a fixed metric space (59,d). However, the Holder continuity part of the theorem merely requires that the
real-valued random variables d(X,, X;) are measurable and have appropriate uniform moments.
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Proposition 2.4.1. There ezists a deterministic constant ¢ = c(y) > 0 such that
lim P{eh N, (n[0,1]) > ¢} = 1. (2.4.1)
e—0

Proof. For r > 0, let p, be the probability that 1[0, 1] contains a Djy-ball of radius r. By
Proposition 2.2.16, 1[0, 1] almost surely contains a Euclidean ball, which in turn contains a
Dy-ball since Dy, is a continuous metric. Hence, p, — 1 as r — 0.

Fix r > 0 such that p, > 0. For this r, define for each positive integer n and integer

k € [1,n] the event

’ n n

k-1 k
B, = {7] [ ,—] contains a Dp~-ball of radius rnl/dw} : (2.4.2)

By Proposition 2.2.20, P(E), ;) = py for every n and k. Furthermore, Ey 1, ..., Epy are
independent by Proposition 2.2.23. To see this, for fixed ¢ € R, define U;— and Uzt to be
the interiors of 7(—o0,t] and n[t, 00), respectively. Then, £, ;. is almost surely determined
by (Ut—7D}[ﬁi’/thlUt_v??’(—OO,t]) if t > £ and by (Ut—HD}%Jr?/imlUtJrﬂ?’[t,oo)) if ¢ < E=L
These two curve-decorated metric measure spaces are independent by Proposition 2.2.23
combined with the translation invariance of Proposition 2.2.20. Choosing t = k/n, we see
that the random vectors (lEml, e 1En,k) and (1En,k+1’ ce 1En,n) are independent. Since
this is true for every k, we conclude that 1 Ep1r-s 1 Ep., aTe i.i.d. Bernoulli random variables
with success probability p;-.

We now argue that for every n,
n
N, 14, (n[0,1]) > Z 15, - (2.4.3)
k=1

Indeed, if > 7 1g,, = m, then there are distinct points 21,...,2m € [0, 1] such that

Dy (24, 21) 2 2rn~ Y for every j # k. Such z;j and zj, cannot be within a single Djy-ball
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of radius rn~1/% so N ~1/a,(n[0,1]) > m. Hence, (2.4.3) holds. By the law of large

™™m

numbers,

lim P {n_le,l/dv(n[O, 1]) > pr} ~ 1. (2.4.4)

n—oo

Let ¢ € (0,1) and set ne := [e~%]. Since Ny<(5[0,1]) increases as ¢ decreases to 0,

N ne—l/d’y (n[()? 1])

(re)D Npe (n]0,1]) > r® (nee®)—- (2.4.5)

Ne

Since d~ is positive, we have nee® — 1 ase — 0. By combining this with (2.4.4) and (2.4.5),

we get

lim P{(re)® Nyo (9]0, 1]) > rHp,} = 1.
e—0
Since r is a constant which depends only on 7, this implies (2.4.1) with ¢ = 7y Dr- ]

Another possibility that we have yet to rule out is that different subsequential limits of
gy Ne:(n]s, t]) may take different values. To this end, we replace the rescaling coefficients

from ¢~ % to

be := E[N:(n[0, 1])] (2.4.6)

as introduced in (2.1.8), so that any subsequential limit of bz ! N-(5[0, 1]) has mean 1. Indeed,

b:}o~0 is a sequence of d~-dimensional rescaling coefficients (recall Definition 2.2.2).
> Y

Corollary 2.4.2. There exists a deterministic constant C > 0 such that for every e € (0, 1),
o 1lemdy < b < Ce .

The upper bound follows immediately from Proposition 2.3.9 and the lower bound from
Proposition 2.4.1. Note that this corollary is the first part of Proposition 2.1.3.

The following proposition is the main result of this section.
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Proposition 2.4.3. Let ' = 16/72. Then, for each fixed s < t,
lim bZ ' N-(n[s,t]) =t —s in probability. (2.4.7)
e—0
Here is an overview of the proof of Proposition 2.4.3. Let
Io={[st] : s,t € Q,5 <t} (2.4.8)

be the collection of all closed intervals with rational endpoints. Suppose we are given an

arbitrary sequence of e-values decreasing to 0.

1. By Proposition 2.3.9, we can find a subsequence ¢, for which the sequence of Rlo.
valued random variables (b;nlNgn(n([ )) : I € Ig) converges in distribution with
respect to the product topology on RZQ. Denote this subsequential weak limit by
(X1 : 1 €TIp).

2. We show in Proposition 2.4.6 that X7 is finitely additive: i.e., for each rational r < s <
t, X [r,s] T X [5,8] = X 1] almost surely. We are thus able to construct the “Minkowski
content process” {Yi}teq where Y; = Xg yy (resp. —X|; ) for £ > 0 (resp. t < 0), so
that X[, g =Y — Y, for every [s, 1] € Ig.

3. We show in Proposition 2.4.9 that {Y;};cq can be extended to a continuous process

on R with independent and stationary increments: i.e., a Brownian motion with drift.

4. From Proposition 2.4.1, almost surely, Ys < Y; for all rational s < ¢t. Hence, Y} = at
for some deterministic constant a > 0. In fact, a = 1 because we chose b: so that

E[bZ 1 N:(1[0,1])] = 1 for every > 0.

5. In conclusion, we have the following convergence in distribution:

lim b_ 1N, (n[s,t]) =t —s forall [s,{] € Ig

n—0o0
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Since t — s is a deterministic constant, the convergence holds in probability. We started
with an arbitrary sequence of € decreasing to 0, so (2.4.7) holds for every rational s < t.
This extends to all real s < ¢ by the following simple observation: if [s1,t1] C [s9, 2],

then N:(n[s1,t1]) < Ne(n[se, to]) for all € > 0.

2.4.1 Finite additivity

Given a closed and bounded set A C C, for € > 0, define

0:A:={z€ A: Dyy(z,0A) <¢e} (2.4.9)

to be the the intersection of A with the e-neighborhood of 0A in the LQG metric. Denote

N2(A) := No(A\ 8- A). (2.4.10)

Note that every ball counted in NZ(A) is centered at a point in the interior of A. Also,

N2(A) < No(A) < N°(A) + N(9-A). (2.4.11)

The following lemma is the main technical input in the proof of finite additivity.

Lemma 2.4.4. For each fized s < t,

lim e No(91[s,1]) =0 almost surely. (2.4.12)
e—0
Consequently,
lim |e® N-(y]s, 1]) — 6d‘YN€O(n[s,t])| =0 almost surely. (2.4.13)

e—0

We first explain how Lemma 2.4.4 implies that the Minkowski content is additive over
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finitely many disjoint space-filling SLE segments, and then prove the lemma in the rest of

the subsection. We need the following classic result on weak convergence in the proof of

finite additivity.

Lemma 2.4.5 (|48, Theorems 2.7 and 3.1|). Suppose (S, d) is a metric space and (Y, Zy) is a
p

sequence of S x S-valued Borel-measurable random variables. If Y, i) Y and d(Yy, Zp) —

0 as n — oo, then (Yn, Zy) 4, (Y,Y).

Proposition 2.4.6 (Finite additivity). Suppose that for some sequence {ey }pen of positive
numbers decreasing to zero, (b;nlNgn (n(I)) : I € Ig) converges weakly to (X7 : I € Ig) as

n — oo. Then, for every rational r < s < t, we have X[T’S] + X[sj] = X[nt] almost surely.

Proof. Assume that Lemma 2.4.4 holds. Then, by Corollary 2.4.2, we have

lim b2 TN, (n(1)) — b2 NS (n(I))| =0 almost surely for all I € Zgy. (2.4.14)

n—00 n

Combining this with Lemma 2.4.5, we obtain
_ —1a70 d
((bgnlNgn(n(])), bsnlNgn(n(I))) 1 elp) — (X7, Xp): [ €lg) asn— oo (24.15)

Let r < s <t be any triple of rationals. Fix ¢ > 0 for now. Note that every metric ball
counted in NZ2(n[r,t]) has its center in n[r,t]. The idea is to classify these balls based on
whether their centers are in n[r, s] or n[s,t]. Let m = NZ2(n[r,t]) and let z1,..., 2z € n[r, s],
Zk11s---,2m € 1[s,t] be any collection of points such that U;nzl Be(zj; Dyy) covers nlr,t] \
Oenlr,t]. If j <k, then Be(zj; Dpy) N (n]s,t] \ Oenls,t]) = @. Hence, U?l:k+1 Be(zj; Dpy)

covers n[s, t] \ 9enls,t] and N2 (n[s,t]) < m — k. Similarly, N2(n[r, s]) < k. Therefore,
NZ (nlr, s]) + NE (ns, t]) < Ng(nlr,t]) < Ne(nlr,t]) < Ne(nlr, s]) + Ne(nls,1]).  (2.4.16)

Since this inequality holds for every € > 0, we have from (2.4.15) that X rt] = X irs] T X [5,¢]
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almost surely. O]

We now begin the proof of Lemma 2.4.4. The first step in the proof of (2.4.12) is to show
that the Minkowski dimension of dnls, ] is strictly less than d,. In fact, we prove that it is

at most dy/2.

Lemma 2.4.7. For each fized s <t and 0 > d~/2,

hH(l) 55]\/5(877[3, t]) =0 almost surely. (2.4.17)
e—

Proof. By Proposition 2.2.20, for each s <t and € > 0,
d
Ne(0nls, t]) = Ng(t—s)—l/dW (0n]0,1]). (2.4.18)

Hence, it suffices to prove the lemma for [s,¢] = [0, 1] only. To prove the lemma in this case,
we will first use Theorem 2.2.25 and an elementary Brownian motion estimate to bound the
number of ¢~ %-length space-filling SLE segments needed to cover dn[0,1]. We will then
conclude by combining this bound with Proposition 2.3.9.

Without loss of generality, we may re-scale the LQG boundary length measure by a
v-dependent constant factor so that for the boundary length process (L, R) appearing in
Theorem 2.2.25, the variance parameter a equals 1. Let 9% and 8% denote the left and right

boundaries of 1[0, 1], respectively. Further decompose oL and 0F into
O ==09Nn(—00,0] and 0] :=089Nnl,00) where g€ {L,R}. (2.4.19)

That is, in Figure 2.2 with ¢ = 1, the orange boundary corresponds to 86—“ , the green boundary
to 8(1)%, the brown boundary to alL , and the purple boundary to 8{2.

Let us first show that lim._,q 55N5(80L ) = 0 almost surely. Let K be a positive integer,
which shall be determined later. Denote I}, = [%, k—;gl]
7

. We start with the following trivial



inequality:

K-1 K-1
N=(0F) < 37 N () < Y 1{0f nnny) # @) - Ne(n(Iy). (2.4.20)
k=0 k=0

We now consider the following geometric encoding of n by (L, R) described in [123, Section
4.2.3]: the times ¢ € [0,1] such that n(t) € 3& (resp. 8§) are precisely those at which L
(resp. R;) attains a running minimum. Recall that L; is a standard Brownian motion. A
well-known result of P. Lévy states that the process Ly —ming<g<¢ Ls is a reflected Brownian
motion, whereas the set {¢t € [0,1] : n(t) € 80L } has the law of the zero set of Brownian motion
on [0,1] (e.g., see [201, Theorem 2.34]). Then, by the arcsine law for the last time that a
Brownian motion B; changes sign, for any nonnegative integer k regardless of K,

k
P{@& Nn(l) # 2} =P{B; =0 for some t € [}.} = P{Bt = 0 for some t € {k—ﬂ’ 1] }

2 k 2
—1— Zarcsiny/ —— =1 — Z arctan Vk.
T k+1 T
(2.4.21)

For p > 1, by Holder’s inequality followed by Corollary 2.2.21 and (2.4.21),

K-1
1-1 1
E[N=(00)] < > POy N(ly) # @) 7 - E[(Ne(n(I})))"]
k=0
K-1 —= 1
B 2 r K ~1/d\d P
= 2 (1 - arctan \/E) . EE [((&‘K MN_je—1/a, (0[O, 1])) } :
(2.4.22)
We now take
K =[] (2.4.23)
From Proposition 2.3.9, there exists a constant Cp > 0 such that
» 1
sup E [<6K1/d7)d7N€K,1/d,y(n[0,1])) }” <, (2.4.24)

O<e<1
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Since 1 — %arctan\/— = O(1/Vk) as k — oo,

K 1-1
2
]E[e(SNE((?OL)] < 20p55 E (1 — —arctan \/E) "
7r
k=0

=0 (e(sKl%(lfl’)) =0 (5 ?(Hll’))) as e — 0.

(2.4.25)

Since § > d /2, the right-hand side tends to 0 as e — 0 for sufficiently large p. This proves
the claim that lim._,q 55N€(a§ ) = 0 almost surely.
Replacing Ly with Ry gives lim._,( 55]\&;(86%) = 0 almost surely. By the reversibility of

the whole-plane space-filling SLE 1 and Proposition 2.2.20,

d
((ca 77(1)7 Dh'ya KR s 77(1 - )) = (Ca Oa Dh7> KR s 77) (2426)

Consequently, Ng(({?é/) 4 Ng(af) and Ng(@oR) d Ng(af%). Since 0n[0, 1] = 8§U8§U81LU8R,

we therefore obtain the lemma statement. O

Let us first sketch how to deduce (2.4.12) from Lemma 2.4.7. First, note that it suffices
to show that for some fixed ¢ € (0, d~/2), with probability tending to 1 as e — 0, we have
N(d-n[s,t]) < e SN-(dn]s,t]). The idea is to sample a collection X: of |e~ ¢ Nx(An[s, ])]
i.i.d. points in O3, on[s,t] from the LQG measure fiy, and show that (J,ecx. Be(x; Dpy)
covers Og1|s, t].

To this end, we sample another set of i.i.d. points Wg from gy, conditionally independent
of X: given h7 and 7, such that d:-n[s,t] C UweVN\@ B jo(w; Dpy) C Ogenls,t]. (Because
the Minkowski dimension of v-LQG is finite, we only need polynomially many points in ¢
in W- [118, Theorem A.3|.) For each w € Wg, the conditional probability given A7, n,
and x € X: that B, jo(w; Dpy) C Be(w; Dpy) is given by pupy (Be jo(2; D))/ b (92ens, ).
Using Theorem 2.2.1 (the volume estimate for LQG metric balls), we show that this number

is no more than e~¢/|X.|. Since the points in X are sampled conditionally ii.d., the
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conditional probability that B jo(w; Dpy) C Uzen. Be(2; Dpy) is no less than 1 — (1 —
e /|x:)| ¥ which tends to 1 superpolynomially fast as e — 0. Since the cardinality of
]7\75 is polynomial in e, by taking a union bound over points in this set, we conclude that
denls, t] C UwEWE B, jo(w; Dpy) C Ugpen. Be(w; Dpy) with probability increasing to 1 as
e —0.

What we have above are essentially the statement and the proof of Lemma 2.4.8, except
that they are for the whole-plane GFF h instead of the 7-quantum cone field A7. The
reason that we prove (2.4.27) for h first is that most results about the Minkowski dimension
of v-LQG, such as Theorem 2.2.1, are stated in terms of h instead of h7. After proving
Lemma 2.4.8, we transfer this result to the setting of a y-quantum cone using Lemma 2.2.15

to complete the proof of Lemma 2.4.4. Recall the notation B:(A4; Dy) == J,c 4 B:(2; Dp).

Lemma 2.4.8. Let h be a whole-plane field whose law is absolutely continuous with that of
the whole-plane GFF normalized to have mean zero on 0. Let K C C be a fized compact

set. Let A C K be a random set, not necessarily independent from h. Then, for each { > 0,
N=(B=(A; Dy); Dy) < e CN=(A; Dy) (2.4.27)

holds with probability tending to 1 as e — 0.

Proof. Let X- be a collection of e~ N-(A; Dy,)| points in Bo.(A; Dy,) sampled, given h and
A, conditionally i.i.d. from gy Bo-(A:Dy,) normalized to be a probability measure. We claim
that U ex, Be(; Dy) covers Be(A; Dy) with probability increasing to 1 as e — 0.

To show that (J,ex. Be(x; Dp,) covers Be(A; D), we consider an 5-cover of Be(A; Dy)
and then check that (J, ¢y, Be(w; Dp) contains this 5-cover. Let us first compute the con-
ditional probability that an LQG metric ball B, /2(w; Dy,) appearing in the §-cover is con-
tained in e, Be(w; D). 1f B, jp(w; D) N Be(A; D) # @, then w € By, j5(A; Dp,) and
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B, jo(w; Dp) C Ba(A; Dp,). Conditioned on h, A, and w € By, j9(A; Dy), each x € X: has

1ip(Be j2(w; Dp,))

i, (Boe(A; D)) -
(2.4.28)

P (B.jy(w; Dy) € Be(w; Dy)

h,A,w) > P (x € 35/2(w;Dh)’h,A,w> =
Since the points in X: are conditionally i.i.d. given h and A,

P | B.jo(w; Dp) C U B:(z; Dp)|h, A,w | > 1 —
TEX:

(Bl D)) A
i, (Bos(A; Dy,)) '
(2.4.29)

We now specify the §-cover of B:(A; Dp,). Let U := By(K) and W := By(K). Let W:
be a collection of |(g/2)~%~¢| points sampled conditionally i.i.d. from s,y normalized to
be a probability measure, where W, and X are conditionally independent given h. By [118,
Lemma A.3|, the event

Ey:=SUcC J B.jp(w;Dy) (2.4.30)
weW:
occurs with probability tending to 1 as ¢ — 0. Also, since Dy, is almost surely a continuous

metric, the event

By = {D},(K,0U) > £} N {D},(dU,0W) > ¢} (2.4.31)

occurs with probability tending to 1 as ¢ — 0. Truncating on the event Fi N Ey, we have

B-(A; Dy,) C U and hence

BE(A; Dh) C U Bg/Q(w; Dh) where Wg = Wg N 836/2(14; Dh)' (2.4.32)

wGWE
This is the §-cover we choose for B.(A; Dy), which holds on the event £y N E3. By [16,

Theorem 1.1], there exists a random ¢ > 0 which depends only on W and ¢ such that a.s.

for every ¢ € (0, 1),
inf, ey Mh(85/2(z; Dy))
sup ey #a(B3e(2; Dp))
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Note that

1, (Bas(A; Dy)) < Ne(A; D) ( sup uh(33s(Z;Dh))> (2.4.34)
ZGBE(A§Dh)

since we can cover Bao.(A; Dy,) by first choosing an e-cover of A and then blowing up the
radius of every metric ball in this cover to 3e. Combining (2.4.33) and (2.4.34), we almost

surely have

-, Hn(Bejo(w; Dp)) 1 feew pn(Beya(= Dp)) c¢/2
weBs. jo(AiDy) i (Bae(A; D)) — Ne(A; Dp)  sup.ew pp(Bse(z; D)) — Ne(A; Dy)
(2.4.35)

truncated on the event Ea so that Bo-(A; Dp) C W. Combining (2.4.29) with (2.4.35), for

each w € W we have

P | B.jo(w; Dy) C | Be(w; Dy) or w & By jo(A; D) |h, A, B
rEX:

- .

C€7</2 € Ns(Ath)

>1—-11- .
g—CNe(A; Dy,)

(2.4.36)

Since e S N.(A; Dy,) > ¢, the conditional probability in (2.4.36) becomes superpolynomi-
ally high as ¢ — 0 at a rate uniform on h and A. Since there are e=dy—=¢ points in Wk,
an intersection of (2.4.36) over the points w € W; implies that truncated on the event Es,
we have UweWE B jo(w; Dp) C Upex, Be(x; Dpy) with superpolynomially high probability
as € = 0. Recalling our choice of the §-cover of B-(A; D) in (2.4.32), we conclude the proof

of the lemma by observing that P {BE(A; Dy) C Ugex, Be(; Dh)} is bounded below by

PlEINENS | Bepglw;Dy) € | Be(a; Dy) g | (2.4.37)
weVNVE reX,

which tends to 1 as € — 0. O
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We are now ready to complete the proof of Lemma 2.4.4.

Proof of Lemma 2.4.4. 1t suffices to show lim._ 5d’YN5(3577[0, 1]) = 0 almost surely, due to
Proposition 2.2.20. Let (z,h) be sampled from 1p(2)uy(dz)dh normalized to be a proba-
bility measure as described in Lemma 2.2.15. For each constant C, let ¢~ be the random
translation and scaling such that k¢ := (h+C) o ¢ +Q log 9| is the field under the circle
average embedding of (C,h + C, z,00). Given > 0, choose a large constant R > 0 such

that the event
Es :={n[0,1] € Bgr(0) and Dy~(0BRr(0),0Byr(0)) > 1} (2.4.38)
has probability at least 1 — /3. Then, choose a large constant C' > 0 such that the following

two conditions are satisfied.

(i) The total variation distance between the laws of the fields A7 and hC restricted to

Bsyp(0) is at most 3/3.
(ii) The event Ey := {¢pc(BRr(0)) C B3(0)} has probability at least 1 — /3.

For sufficiently large C| the first item holds by Lemma 2.2.15 and the second item holds by
the conditional law of h(- — z) as described in [95, Lemma A.10].
Fix ¢ € (0,d,/2). Couple hC and hY so that their restrictions to Byp(0) agree on an

event of probability 1 — /3, which we call E5. Substitute A = ¢(9n[0,1]) and K = Bo(0)

in Lemma 2.4.8. Then, truncated on F3 N E4 N E5, the event

N e (B.oe(60(0n[0,1]); Dp); D) < (eC8) S N_ e (60(n[0,1]); Dy,) (2.4.39)

occurs with probability increasing to the full probability of F3 N E4y N E5 as ¢ — 0. By
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Lemmas 2.2.10 and 2.2.11, we almost surely have

N_ce(B_ce(¢c(0n[0,1]); Dy,); D) = Ne(Be(éc(n[0,1]); Dptc); Dhtc)

= N:(B:(0n[0,1]; Dy,c); Do)

(2.4.40)

on the left-hand side of (2.4.39) and

(£C%) SN e (6c(0n[0,1)); D) = (£C) " Ne(o¢(9n[0,1)); Dy )

= (C%) " N=(9n[0,1]); D,c)

(2.4.41)

on the right-hand side. On the event E3 N Ej, since D,c(9n[0,1],0B2r(0)) > 1, both
Ne(0n[0,1]; D) and Ne(Be(9n[0,1]; Dyc); Dyc) for e € (0,1/2) are almost surely deter-

mined by hC|B2R(0)‘ Hence, (2.4.39) implies
eD N(0-9[0,1): Dpy) < CCeB=CN (9]0, 1); D). (2.4.42)

Since d — ¢ > d- /2, we deduce from Lemma 2.4.7 that, truncated on E3 N Ey4 N Es, the
right-hand side of (2.4.42) tends to 0 almost surely as ¢ — 0. This proves the lemma since

E3 N Ey N E5 occurs with probability at least 1 — 3, and our choice of § was arbitrary. [J

2.4.2  Identifying the Minkowsk: content process

For the remainder of this section, let (X : I € Zg) be a weak limit of (bgnlNgn(n(l)) :

I e I@) for some sequence &, that tends to 0. As described in the proof overview for
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Proposition 2.4.3, we define the “Minkowski content process” {Yt}teQ by

(
X[O,t] t >0,
Yii=40 t =0, (2.4.43)
_X[t,O] t <O.
\

By Proposition 2.4.6, X[ | = Y — Y5 as. for all [s,1] € Zg. The next step is to show that

s,t

{Yi}ie@ extends to a two-sided Brownian motion with drift.

Proposition 2.4.9. The process {Yi}1cq defined in (2.4.43) extends to a Lévy process with

almost surely continuous paths: i.e., a two-sided Brownian motion with drift.

Proof. We first show that {Y;},cq extends to a continuous process defined on R. Let p > 1.

For every rational s < ¢, by Fatou’s lemma, Corollary 2.4.2, and Proposition 2.3.9,

E[|Y; - Ysl”] = E[| X[, 4] < liminf E[|6; N, (n]s. ]) "]
. (2.4.44)
< . . "y p < _ p
< Cyliminf Eflen" Ne,, (nls, t])["] < Caft — 5|

for constants C1,C > 0 depending only on v. We deduce from the Kolmogorov continuity
criterion that {Y;}4c@ can be extended to a process {Y;};cgr whose paths are almost surely
continuous.

It now suffices to check that {Y;},cq has stationary and independent increments since

these properties extend to {Y;};cr by continuity.

e Stationary increments. We found in Corollary 2.2.21 that N¢(n[s,t]) 4 N:(n[0,t — s])
for every fixed s < t and € > 0. Hence, Y} — Y5 = X[s,t] and Y;_¢ = X[O,t—s] agree in

law for every rational s < t.

o Independent increments. For each s € R, denote by Us— and Ug4 the interiors of

n(—oo, s] and ns, 00), respectively. We claim that for any € > 0 and any fixed interval
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I €I, if I C(—o0,s] (resp. I C [s,00)), then the quantity NZ(n([)) is almost surely
determined by the curve-decorated metric measure space (Us—, Dl[ljs’, pnlu, 1l = S])
(vesp. (Ust, Dy, > ity s oc)))-

Let us prove the claim. Without loss of generality, assume I C (—o0,s|. Recall the

definition

Ng(ﬁ(”) = Ne(n(]) \ 887](]); Dlﬂ) (2.4.45)

where n(I) \ 0:n(I) := {z € n(I) : Dypy(2,0n(I)) > €}. Suppose Be(w; Djy) is a ball
counted in NZ(n(I)). Then B:(w; Djy) has a nonempty intersection with n(1)\ d:n(I),
so w must be in the interior of (7). Now suppose z is any point within the intersection
of Be(w; Dp~) and n(1)\0zn(I). Then, the Dj~-geodesic from z to w must be contained

in the interior of n(I), or otherwise its Dp~-length would be at least

Dy~ (z,0n(1)) + Dpy(w,0n(I)) > e. (2.4.46)

Since int(n(/)) C Us—, we have Dpy(z,w) = Di[{i’ (z,w). Since this holds for any z in

the intersection of B:(w; Dyy) and n(I) \ 0:n(I), we have

B-(w; DY) 1 (n(1) \ 8=n(1)) = Be(w; Dyy) N (n(I) \ 0n(1). (2.4.47)

Since (2.4.47) holds for any w in the interior of n(/), we obtain

N2(n(1)) = Ne(n(I)\ en(I); DY5 7). (2.4.48)

Observe that

Us—
n()\ 0en(l) ={z e n) : B=(z; D;5~) C n(I)}. (2.4.49)
Hence, the right-hand side of (2.4.48) is determined by (Us—, D,[ljs_, uh]Usf,n](_oqs])
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almost surely.

Let us now deduce from the claim that {Y}};c@ has independent increments. Let t( <
11 < -+ <ty be a fixed collection of finitely many rational times. Setting s = t;,, we
see from the claim that for each &y, the random vector (b~ I Ne ' (ltj—1,t]) 1 <5< k)
is a.s. determined by (US_,D,?S 1l U,— M (—00,6])s and (b, 1o (ltj—1,t]) k+1 <
Jj < m) is a.s. determined by (Us, Dh o+ ,uh\Uer, M[s,00))- These two random vectors
are thus independent by Proposition 2.2.23 combined with the translation invariance
of Proposition 2.2.20. Recalling (2.4.15), we conclude that (X[tj_l,tj] :1<j<k)and
(X[tj_l,tj] :k+1 < j <m) are independent. This works for any 1 < k < m, so the

random variables X[to ] ’X[tm—1 tm

| are independent. O

We conclude the proof of Proposition 2.4.3 by checking that the Minkowski content

process has almost surely positive increments.

Proposition 2.4.10 (Positive increments). Almost surely, X[s,t] > 0 for every rational

s <t.

Proof. By Proposition 2.4.1, we can find a deterministic constant ¢ > 0 such that with
probability tending to 1 as ¢ — 0, we have N:(n[0,1]) > ce~%. By Corollary 2.2.21, for
any fixed rational times s < ¢, it also holds with probability tending to 1 as ¢ — 0 that
Ne(nls, 1)) > ce=%/(t — 5). Combining this with Corollary 2.4.2, we deduce that X[s y > 0

almost surely for every rational s < t. O

Proof of Proposition 2.4.3. We proved that {e% N.(n[s,t ])}O<€<( 5y is tight for any
s < t in Proposition 2.3.9. By Corollary 2.4.2, {b- ! 5(77[8,t])}0<5<(t_s)1/d,y is also tight.
Therefore, given any sequence of € decreasing to 0, we can find a subsequence &, for which the
corresponding sequence of RZ@-valued random variables (b;n1 Ne,(n(I)) : I € Ig) converges

in distribution w.r.t. the product topology on RrZe,
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Now suppose ey, is any sequence decreasing to 0 such that (bgnlNgn(n(] )) : I € Ig) has
a weak limit (X : I € Zg). Define the process {Y};cq as in (2.4.43). By Proposition 2.4.9,
{Yi}ie@ extends to a Brownian motion with drift. Since {Y;};cq has positive increments
(Proposition 2.4.10), the variance of the Brownian motion must be zero. That is, there exists
a deterministic constant a > 0 such that almost surely, Y3 = at for all t. In other words, for
every rational s < t, the subsequence bgnl Ne, (n[s, t]) converges in distribution to a(t — s) as
n — 00. Since a(t — s) is a deterministic constant, the convergence is in probability. In fact,
for every p > 1, the convergence is also in LP since SUP( o <[ 1/ E[[b= 1 N-(n]s, t])|P] < oo
(Proposition 2.3.9). By the definition (2.1.8) of bs, we have E[bZ'N-(n[0,1])] = 1 for all
€ > 0. Hence, a = 1 regardless of the choice of the subsequence &,.

In summary, we have that given any sequence of € decreasing to 0, there exists a sub-
sequence €y, such that limg, oo bg_nlNEn (n[s,t]) =t — s in probability for all rational s < ¢.
This proves (2.4.7) for rational s < t. Now suppose s < t are any fixed real numbers. If

s1 < sg < tg < t1 are rational numbers such that [sq, tg] C [s,t] C [s1,#1], then

Ne(nlso, to]) < Ne(nls, t]) < Ne(nls1,t1])- (2.4.50)

By taking s1, sg close to s and (), t1 close to t, we conclude that lim;,—s~o bglNE(n[s, t]) =t—s

in probability. O]

2.5 Generalization to other sets and fields

In this section, we show that the LQG measure pj, can be recovered from Dj in terms of
Minkowski content with respect to bs, not only for the y-quantum cone but also for other
variants of the whole-plane GFF.

In general, Minkowski content is not a measure. Accordingly, we do not expect that the

Minkowski content of an arbitrary bounded Borel set A C C is equal to its LQG measure
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ip(A). The sufficient condition we impose is that A is a random bounded Borel set such
that

up(0A) =0 as. (2.5.1)

Since 0A is closed, this condition is equivalent to

lim pp(Bs(0A)) =0 a.s. (2.5.2)
0—0

Since the LQG metric induces the Euclidean topology, another equivalent condition is
lim pp(Bs(0A; D)) =0 a.s. (2.5.3)
0—0

Remark 2.5.1. One sufficient condition for (2.5.1) is that the LQG Minkowski dimen-
sion of A is bounded above by d, — ¢ for some deterministic constant ¢ > 0. That is,
limg_,q gy _CNE(E)A; Dy,) = 0 almost surely. Note that this condition does not reference the
LQG measure . Indeed, suppose that h is a whole-plane GFF with h1(0) = 0. Theo-
rem 2.2.1 states that

sup  sup Mh(BE(Z;Dh))<oo a.s. (2.5.4)

cc(01) 2€B,(0) g%

Then, on the event A C B;.(0),

up(0A) <limsup [ N:(0A; Dy) - sup pp(Be(z;Dp)) | =0  as. (2.5.5)
e—0 2€B,(0)

Letting 7 — oo, we obtain (2.5.1) since A is almost surely bounded. This implication holds
even when we replace h with a whole-plane GFF plus continuous function because p, £ s

almost surely absolutely continuous with respect to puy, for any random continuous function

f:C—=R.

Remark 2.5.2. Let A C C be a deterministic bounded Borel set whose boundary has zero
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Lebesgue measure, and let h be a whole-plane GFF plus continuous function. We claim
that A satisfies (2.5.1). Indeed, let r > 0 such that A C B,(0). Let h” be a zero-boundary
GFF on B;-(0). From [99, Proposition 1.2|, we have E[j,0(0A)] = [5 4 crad(z; BT(O))“VQ/2 d?z
where crad(z; By(0)) is the conformal radius of By(0) viewed from z. Since the Lebesgue
measure of A is zero, we get E[u;0(0A)] = 0 and j1;,0(0A) = 0 almost surely. By the
Markov property of the whole-plane GFF [196, Proposition 2.8], we can couple hY and h so
that (h — h0)| B,(0) is a continuous function. Since adding a continuous function to the field
results in weighting the Liouville measure by a continuous function, we also get the desired

statement for h.

2.5.1 General sets on the quantum cone

In Proposition 2.4.3, we found that if s < ¢ are any fixed real numbers, bglNg(n[s, t]; Dyy)
converges in probability to t —s = pp~y(n[s, t]). The goal of this subsection is to replace nls, t]
with more general subsets of C; in particular, we consider bounded Borel sets satisfying
(2.5.1). We can also consider random subsets of C coupled with the field 27. The idea is
to bound such a set from inside and outside by unions of finitely many SLE cells — i.e.,
Urez n(l) where T C I = {[s,t] : s,t € Q,s < t} is a random collection of finitely many

closed intervals with dyadic rational endpoints.

Proposition 2.5.3. Let b7 be the field of a ~v-quantum cone in the circle average embedding.
Let A C C be either a deterministic bounded Borel set or a random compact set coupled with

hY andn (as in Theorem 2.1.1) such that up~(0A) = 0 almost surely. Then,
lim b N-(A; Djy) = e (A) (2.5.6)
e—0

i probability.

Proof. As introduced in the above proof idea, we first consider the case A = (Jyezn(1)
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where Z is a random collection of finitely many closed bounded intervals with dyadic ra-
tional endpoints. Concretely, fix a positive integer k£ and consider a random collection
T c {[j/2%,(j +1)/2%] : j € Z} coupled with A7 and n which a.s. has finitely many el-
ements. We work in the same way we proved the finite additivity of Minkowski content of
SLE cells (Proposition 2.4.6). Recall that 0:n(I) = {z € n(I) : Dy~ (z,0n(I)) < }. For such

Z, for each £ > 0, we almost surely have

Z 1{I€I}b€_1[N€(77(]); Dy~) — Ne(0:n(I); Dpy)]
I (2.5.7)

<IN ()i Dy | <D 1geqy bz Ne(n(D): Dyo)
IeT 1

where the two sums are over all intervals I of the form [j/2F, (j+1)/2F]. Both sums converge
in probability as ¢ — 0 to > ez pupy(n(1)) = ppy(Urezn(f)) since each term in these
sums converges in probability to 1y 161}77(] ) as seen in Proposition 2.4.3 and Lemma 2.4.4.

Therefore,

lim b= "Nz [ () n(1): Dyr | = o | | m(I) | in probability. (2.5.8)
e—0
1T IeT

Let A C C now be a deterministic bounded Borel set or a random compact set coupled

with A7 and 7 such that py(0A) = 0 almost surely. For each integer k, let

Ty = {[j/Qk, (j+ 1)/2’?} L j €Ly ([j/Zk, (j + 1)/2’“]) c A} (2.5.9)

and

T = {[j/Qk, (j + 1)/2’“} L jEeZn <[j/2k, (j + 1)/2’“}) NA#£ @} . (2.5.10)
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That is, Urez, n(1) and Ure 7, n(1) are approximations of A from inside and outside, respec-
tively. For each j and k, note that n([j /2%, (j+1)/2F]) is a random compact subset of C that
is measurable w.r.t. the Borel o-algebra generated by the Hausdorff distance on compact sub-
sets of C; hence, 7. and J}, are measurable. Almost surely, Z;. and J;. contain finitely many
intervals since A is bounded and lim¢—+o0 7(t) = 00. Since Urez, n(1) € A C Ureg, (1),

we have

b N [ | nd); Dy | < 62INS(A) < b 'N | n(I); Dpo (2.5.11)
1€, IeJy

almost surely for each £ > 0. As in (2.5.8), we have

lim b2 "N [ n(); Dy | = e [ | mD) (2.5.12)
e—0
1€7;, 1€7;,
and
lim b "N | | n(); Dy | = | | 0(D) (2.5.13)
e—0
IeJ; IeJy

in probability for each k.

We claim

lim gy |\ 0D | = s (A) = lim ey | [ 0(D) (2.5.14)
k—o0 k—o0
1€y, IeJy

almost surely, which, in combination with (2.5.12) and (2.5.13), completes the proof of the

proposition. Note that for each integer k,

po | U () | < (A < | U ) | - (2.5.15)
I€T, IeJy
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Because | J re1,, 1 increases and Ure g, 1 decreases as k increases, it suffices to prove

im (e | U 0D | = | U 0 || = Jim o | | 0] =0 (25.16)
k—00 k—00

almost surely. Note that

T\ T, = {[j/2’“, G+ 1)/2’“} jeZn ([j/Qk, (j + 1)/2’“]) NOA # @} . (25.7)

Since A is bounded and ¢ +— 7(t) is continuous,

lim max diam(n(I); Dyy) =0 (2.5.18)
k—oolIeJ,
with probability one. Hence,
lim | n@) | < lim gy (Bs(0A; Dy)). (2.5.19)
k—o00 6—0
IEJk\Ik

almost surely. As discussed in the beginning of this section, because Djy induces the Eu-
clidean topology, P{upy(0A) = 0} = 1 implies limg_, ppy (Bs(OA; Dpy)) = 0 almost surely

and thus our claim. O

2.5.2 Generalization to other GFF variants

The final technical detail that allows us to replace h7 in Proposition 2.5.3 with any whole-

plane GFF plus a continuous function is that be is regularly varying with index —d..

Proof of Proposition 2.1.3. We proved (2.1.9) in Corollary 2.4.2. It remains to show (2.1.10).

Recall from Corollary 2.2.21 that Nz(5[0,r~%]; Dj) 4 Nye(n[0,1]; Dyy) for every € > 0.
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Hence, by Proposition 2.4.3,

r—y — limg_ bgle(n[Uﬂ’_d”]; Dyr) _ lim. bg_lNra(n[Oa 1]; Dpy) — lim %
lime_y0 by’ Nee ([0, 1]; Dpy)  lime_y0 by Nie ([0, 1]; Dyy) €0 be

(2.5.20)

]

Proof of Theorem 2.1.1. The proof proceeds by standard arguments based on the fact that
the Minkowski content depends locally on h and behaves nicely under adding a constant to
h. Specifically, if f is a deterministic smooth function with compact support on C and h
is a whole-plane GFF with circle average normalization hy(2) = 0 on a fixed circle 0By (z)
disjoint from the support of f, then the laws of A+ f and h are mutually absolutely continuous
[196, Proposition 2.9]. Using this fact, we transfer our results from a y-quantum cone to a
whole-plane GFF in steps, introducing more generality in our choice of the field & and the
deterministic bounded Borel or random compact set A. In each stage, we assume pj,(0A) =0

almost surely.

1. The field h is a whole-plane GFF with h1(0) =0, and A C By 4(1/2) almost surely.

Note that pp(A), up(0A), and lim._,g Nz(A; Dy,) are a.s. determined by h|B1/3(1/2)'
Since h—~log |- | and k7 agree in law when restricted to D (Definition 2.2.13), the laws
of h7 and h restricted to By /3(1/2) are mutually absolutely continuous. We deduce

from Proposition 2.5.3 that lim._,q b= ' N:(A; D},) = pj,(A) in probability.

2. The field h is a whole-plane GFF with normalization hy,(—2r) = 0, and A C B, (0)

a.s. for some fized r > 0.

Denote h := h(4r - —2r). By (2.2.10), h is a whole-plane GFF with h1(0) = 0.
Since A C B,(0), we have (4r)71A 4+ 1/2 C By/4(1/2). We saw in Step 1 that if
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,uﬁ((élr)_lA +1/2) = 0 almost surely, then
lim b2 ' N ((4r) A+ 1/2; Dy ) = pz ((4r) 1A+ 1/2) (2.5.21)
e—0

in probability. From the coordinate change axiom (2.2.14) for deterministic translation

and scaling, we almost surely have

Dy,(4ru — 2r, 4rv — 2r) = D = (4r)*9D; (u,v) Vu,v € C. (25.22)

h+Q log(4r) (u,v)

Then, almost surely,
N_(arye@(A; Dy) = N:((4r)"'A+1/2;D;) Ve >0. (2.5.23)

On the other hand, from the coordinate change rule (2.2.16) for the LQG measure,

almost surely,

[ (A) = qulOg(M)((z;r)*l(A +2r)) = (4r)9p; (4r)TA+1/2). (2.5.24)

One consequence of (2.5.24) is that pj,(0A) = 0 implies ,uil((élr)_l(aA) +1/2) = 0.

Hence, we deduce from (2.5.21) combined with (2.5.23) and (2.5.24) that

lim b2V, 4, c0(A: Dy) = (4r) 77y (4) (2.5.25)

in probability. Since we have

b5(4r)§Q
m —
e—0 bg

= (4r)7€ (2.5.26)
from Proposition 2.1.3, we conclude that lim,._, bglNg(A; Dy,) = pp(A) in probability.
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3. The field h is any whole-plane GFF plus a continuous function, but A C B;(0) for

some fized r > 0.

We can write h = h+ f where h is a whole-plane GFF with normalization iz4r(—2r) =0
and f is a random continuous function (which is not necessarily independent from iz)
Again, the goal is to show that for any Borel A C B,(0) with “E+f(aA) = 0 almost
surely,

lim b2 'N.(A; D; (2.5.27)

B hap) = Higp(A)

in probability. Since f is a.s. bounded on By(0), we have 117 (0A) = 0 almost surely.
The idea is to use that f is a.s. locally uniformly continuous. To this end, consider

the collection of dyadic squares ), = {[Z¢, m;,;l] + 5% ”24,;1]2 C Br(0) : m,n € Z} and

define
A, ={5€8,:SCc A} and A" ={5€S,:5NA+z)} (2.5.28)

to be the subcollections whose unions approximate A from inside and outside, respec-

[m m+1]+[n n+1

tively. For each dyadic square S = |i € Sy, denote its union with

ok» ok 1T Lok ok
all adjacent dyadic squares by S = [m2;1, m;,;Q] + ["le, an] Denote
mg =min f and Mg = max f. (2.5.29)
S S

In Step 2, we established (2.5.27) when f = 0. By Remark 2.5.2, y1; (9S) = 0 a.s. for
all S € Jp>1 Sk Also note lim. bsexp(—gMS)/bE = ™5 from (2.1.10). Given any

sequence of € decreasing to 0, we can choose a subsequence &, such that almost surely,

Msp (S) = lim 6N, p(_earg)(S;D;) forall S € | S (2.5.30)

n—00
k>1
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For § = [ mdl) 4 [0 ”2—"',;1}2 € i and j € N, denote

_ m 1 m+1 1
P ok ToRe ok gk

(2.5.31)

n 1 n+1 1
ok T okvj ok T okt

We again have Mh(asj) = 0 by Remark 2.5.2. Take a further subsequence of ¢, such

that, almost surely,

M5 (5)) = lim_ b NG, exp(—enrg) (S5 D;) forall Se ) Sy, jeN. (25.32)
k>1

By the Weyl scaling axiom (2.2.13), for each S € §;, and j € N, we almost surely have

Nz exp(—emg)(Sji D;) < Ne(Sj5 Dp) < Ne(S5 Dpy) < Negp(—enig) (Si D;) - (2.5.33)

€exp € exp

for all sufficiently small ¢ > 0. (The threshold is random; it depends on hand f .) On

one hand, from (2.5.30) and (2.5.33), we almost surely have

> e™spi(S)= " lim bSIN. o enrg)(SiD;) = > lim b2 N (S5 D)

n—oo n—oo

Se Ak Se Ak Se Ak

1

= lim b, > N, (S;Dp) > limsup b, UN. (A;Dy).
SeAk
(2.5.34)

On the other hand, for each k and j, we almost surely have

> N(Sj; Dp) < Ne(A; D) (2.5.35)

SeAy

for all sufficiently small e > 0, since meSeSk,S;AS Dy,(8;,5;) > 0. Combining this
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with (2.5.32) and (2.5.33), we almost surely have

Z evmsuB(Sj): Z lim b_ Ngnexp( §ms)<5j;Dﬁ>

n—oo

Se A SeA;

< Z Jim b Ngn(Sj;Dh) (2.5.36)
SeA,

= lim b, "N, (S5:Dp) ) < lim inf bz IN.,(4; Dy).
SeA,
For each S € S, since p; (9S5) = 0, we have lim;_, 17 (55) = p;(S) almost surely.

Combining (2.5.34) and (2.5.36) and letting j — oo, we almost surely have that

> €™Sp;(S) < liminfbZ 'Ne, (4; D)

SeA
s (2.5.37)

< limsup b_ Ngn (A; D) < Z evMsu
n—oo
SeAk

Since A¥ \ A = {S € S : SNIA # @}, it follows from the equivalence between

(2.5.1) and (2.5.2) that limy_,,, ZSeAk\Ak 11, (S) = 0. In addition,

M :=sup max Mg < sup f<oo and lim max(exp(yMg) — exp(ymg)) =0
keN SES} Br41(0) k—o00 SES),

(2.5.38)
almost surely because f is and uniformly continuous on Bg(0). Hence, the right-hand

side of the inequality

> M (S) = D7 €™y (S)

SeAk SeAy

<M ST S)+ 3 (M = s (s),

Sc AR\ Ay, SeA

(2.5.39)

converges almost surely to 0 as k — co. By this together with (2.5.37), since ¢, is a
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subsequence of an arbitrary sequence of € decreasing to 0,

klggo Z ™S (S) = Elg% b- ' N-(A4; D) = klggo Z e'yMS,ule(S) in probability.
SeA, Se Ak

(2.5.40)
On the other hand, since up(9S) = 0 and thus pj = it r is finitely additive for
S e Sk,

S s (s) < S mlS) < mA) < Y m(S) < Y eMs(s) (2541)

SeAy SeA Se Ak Se Ak

almost surely. We found in (2.5.40) the leftmost and the rightmost terms of this
inequality converge to the same limit in probability as £ — oo, which must be equal

to pup,(A) almost surely. Therefore, we conclude that

pp(A) = lim b2 1N-(A4; Dy) (2.5.42)

e—0
in probability.

4. The field h is any whole-plane GFF plus a continuous function and A C C is any

random bounded Borel set.

Let Ej. be the event {A C B(0)}. Given any sequence of € decreasing to 0, using a
diagonal argument we can find a subsequence ¢, such that lim,,_y~ bgnl Ne, (A; Dy) =
pp(A) as. on By for all integer k. Since P(|Upen £) = 1, we conclude that the limit
limy, 00 b2 1Nz (A; D) = pp,(A) holds in probability.

This completes the proof of (2.1.7) for general Gaussian field i and set A. m

We finally show that the pointed metric space (C,0, D;,) almost surely determines the

marked quantum surface (C, h,0).
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Proof of Corollary 2.1.2. Let I (resp. M) be the space of isometry classes of complete, lo-
cally compact length spaces with a marked point (resp. a marked point and a locally finite
Borel measure), endowed with the local Gromov-Hausdorff (resp. local Gromov-Hausdorff-
Prokhorov) topology. We consider IL (resp. M) as a complete probability space endowed with
the probability measure IP’]}; (resp. IP’I}\L/H) corresponding to (C, 0, Dy,) (resp. (C,0, Dy, p1p,)). Let
f : M — L be the natural projection. We claim that f is injective on a set £ C M with
IP%/H(E) = 1. If so, since M is a Polish space [1], by the measurable selection theorem (see,
e.g., |54, Theorem 6.9.1]), there is a measurable function g : L. — M such that g o f is the
identity map on E. This means that (C,0, Dj,) almost surely determines (C, 0, Dy, pp,)-

To this end, consider a sequence Aj, Ag,... of measurable functions from continuous
metrics on C to compact subsets of C. Let II(D) := {A{(D), A2(D), ...} be the collection
of these sets without ordering: i.e., I is a function from the set of continuous metrics on C to
the power set of compact subsets of C. For now, we prescribe the following set of properties
that these functions should satisfy; we shall construct an explicit sequence of such maps at

the end of the proof.

e Almost surely, up,(9A;(Dy)) = 0 for every j.
e Almost surely, II(Djy,) is a m-system which generates the Borel o-algebra on C.

e If D and D' are continuous metrics on C such that ¢ : (C, D) — (C, D’) is an isometry

preserving 0, then ¢(I1(D)) = II(D’).

By Theorem 2.1.1 and a standard diagonalization argument, the first property implies
that there is a sequence €, decreasing to 0 such that, almost surely,

lim bo N, (A;(Dy); Dp) = up,(Aj(Dy,))  for every j. (2.5.43)

n—oo

Hence, there exists a Borel subset E of the product space of continuous metrics on C and

Borel measures on C with P{(Dj,, u13,) € E} = 1 on which the first two bulleted properties as
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well as (2.5.43) hold. By the m-A theorem, if two Borel measures agree on a w-system, then
they must be identical. Hence, the projection (D, u) — D, where D is a continuous metric
on C and p is a Borel measure on C, is injective on E.

Let E be the image of E under the “forget the embedding” map: i.e., (D, u) — (C,0, D, u)
where the latter is a pointed metric measure space.® Let (D, ), (D', 1) € E be any two
elements which are mapped into the same pointed metric space (C,0, D) = (C, 0, D’) under
the natural embedding (D, ) — (C,0, D). That is, there is an isometry ¢ : (C, D) — (C, D)
fixing 0. By the last bulleted property, II(D’) = ¢(II(D)) and

W (@(A)) = Tim b !Ne, (6(A); D) = lim by ' N, (A; D) = u(A) (2.5.44)

n—oo n—oo

for every A € TI(D). Since II(D') is a m-system, we conclude that u' = ¢«pu. That is, the
pointed metric measure spaces (C,0, D, ) and (C,0,D’, ;) are identical. Therefore, the
natural projection f: M — L, (C,0, D, u) — (C,0, D) is injective on E.

It remains to show the existence of measurable maps Ay, Ao, ... with the bulleted prop-

erties. For each continuous metric D on C, define
Z(D) = {z € C : there are exactly three distinct D-geodesics from 0 to z}. (2.5.45)

Let (D) be the collection of all compact K C C that are of the following form:

1. Let 21, 29,..., 2, be any finite subset of Z(D);
2. For k=1,...,n, let g, be any D-geodesic between zj._1 and zj, (where zg = zp,);
3. Let n=n1 UngU---Uny be the closed curve formed by concatenating the geodesics;

4. Let K be the union of 1 and all bounded components of C \ 7.

8. It is straightforward to check that the natural embedding (D, u) — (C,0, D, u) is a continuous map
whose domain is a Polish space, so E is an analytic set. Since P! is a complete probability measure, E is
PY-measurable (see, e.g., [153, Theorem 21.10]).
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Finally, let II(D) consist of any finite intersections of sets in (D). These sets are defined
only using the pointed metric structure (C,0, D) so that if ¢ : (C,D) — (C,D’) is an
isometry fixing 0, then ¢(Z(D)) = Z(D'), ¢(K(D)) = K(D'), and ¢(I1(D)) = II(D’).

For the v-LQG metric Dy, almost surely, the set Z(Dy,) is countable and dense [118,
Theorem 1.2, and any two points in Z(Dj,) are joined by finitely many Dj,-geodesics [118,
Theorem 1.7]. Moreover, since Dy, is a.s. a continuous metric, we can a.s. find for every
z€Q?and r € Qug aset K € K(Dy,) such that K contains the Euclidean ball By-(z) and is
contained in the Euclidean ball By,.(z). Hence, I1(Dy,) is a.s. a countable m-system generating
the Borel o-algebra on C. Using the measurable selecction theorem inductively, we can find a
sequence of measurable functions Ay, Ag, ... such that II(D) = {A1(D), A2(D), ...} almost
surely.

Finally, we claim that the quantum Minkowski dimension of 9A;(Dj,) is a.s. no more
than 1 for every j. Since Dj, is a continuous metric on C, the lengths of Dj-geodesics
between all points in Z(Dj,) (which are equal to the Dj-distances between these points)
are finite. Because (C, Dj,) is a length space, a curve n with Dj-length L < oo satisfies
Ne(n; Dy,) < L/e. This is since if n is parameterized by Dj-length, then {B:(P(ck); Dy,) :
k=1,2,...,|L/e]} covers n. For every j, since 0A.(Dy,) is a finite union of Dj,-geodesics
between points in Z(Dy,), its LQG Minkowski dimension is at most 1 as claimed. Therefore,
by Remark 2.5.1, we have that pj,(9A;(Dy)) = 0 a.s. for every j.

As these functions Aq, As, ... satisfy all three bulleted properties stated above, we con-
clude that (C,0, Dy,) a.s. determines (C,0, Dy, it7,). The rest of the corollary follows since
the pointed metric measure space (C,0, Dy, i) a.s. determines the field h up to rotation

and scaling of the complex plane centered at the origin [16, Theorem 1.3]. O]
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CHAPTER 3
AREA MEASURES AND BRANCHED POLYMERS IN
SUPERCRITICAL LIOUVILLE QUANTUM GRAVITY

This chapter presents material first announced in [44].

3.1 Introduction

Liouville quantum gravity (LQG) is a canonical one-parameter family of random geometries
on an orientable surface with given topology. Conceived by Polyakov [206], LQG was studied
initially in the physics literature in the context of string theory and two-dimensional quantum
gravity and since has become an active area of mathematical research.

LQG is indexed by the parameter cy, > 1 called the (Liouville) central charge. (Some
works on LQG alternatively consider the matter central charge cy; = 26 — cy,.) Heuris-
tically speaking, an LQG surface of given topology is described by a random metric g
sampled from the “uniform measure on the space of Riemannian metric tensors weighted
by (det Ag)—(%_CL)/ 27 where Ay is the Laplace-Beltrami operator of the surface with
the metric g. While this definition does not make literal sense, there are various ways to
define LQG rigorously that we discuss below. These definitions utilize alternative parame-
ters, with common choices being the background charge ) > 0 and the coupling constant

v € (0,2)U{z € C: |z| = 2} related by the formulae

c, =1+6Q% and Q==+ (3.1.1)

=2 |
o2

The geometric properties of an LQG surface depend heavily on the value of its central charge,
which can be classified into subcritical, critical, and supercritical phases as summarized in

Table 3.1. In the physics literature, LQG is said to be weakly coupled in the subcritical and
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Central charge cy, | Background charge () | Coupling constant
Subcritical (25, 00) (2,00) (0,2)
Critical 25 2 2
Supercritical (1,25) (0,2) v € C\ R with |y| =2

Table 3.1: The phases of LQG and their parameter ranges

critical phases (cp, > 25) and strongly coupled in the supercritical phase (cy, € (1,25)). In
this paper, we are primarily interested in the latter case.

Over the past two decades, the subcritical and critical phases of LQG have been studied
at length in the mathematical community. In these cases, the so-called DDK ansatz [80, 91]
states that, when defined on a domain U C C, the metric tensor associated with LQG should
take the form

g = M (da® + dy?) (3.1.2)

where da? + dy? is the Euclidean metric tensor and h is a variant of the Gaussian free field
(GFF) on U. (We assume that the reader is familiar with the GFF and we refer to the
surveys [225, 251, 38| for detailed introductions to it.) A GFF is rigorously defined only as a
random generalized function and thus the metric tensor (3.1.2) does not make a priori sense.
Nevertheless, the geometry associated with (3.1.2) can be made rigorous through a renor-
malization procedure approximating h by a sequence of continuous functions. Indeed, as the
limit of such approximations, the LQG area measure was constructed in [99] as a Gaussian
multiplicative chaos measure (see also [146, 212]). Furthermore, the distance function associ-
ated with LQG (or simply, the LQG metric) was constructed in a series of works culminating
in [85, 129] again by a renormalization procedure involving smooth approximations to the
GFF h. We also note the vast literature on the deep connections between LQG in the sub-
critical and critical phases and various mathematical objects including Schramm-Loewner
evolution (SLE), random planar maps, conformal field theory, and random permutations; we

direct the reader to the surveys [117, 123, 229, 38, 115] as starting points.
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3.1.1 Physics predictions on the behavior of supercritical LQG and the main

contributions of this paper

In the context of string theory, it is the supercritical phase of LQG which is expected to be
physically relevant: indeed, the regime cy, € {1,...,25} is the one that was originally consid-
ered by Polyakov [206] to model the worldsheets swept out by strings moving in R26—¢L. The
reader may refer to [18, Remark 1.4] for further explanation on the above-mentioned string
theory connection. Moreover, given the recent works [68, 143, 66, 67, 182, 183, 62| which
have shown that Wilson loop observables in lattice gauge theory can be represented as sums
over surfaces in R?, it is plausible that supercritical LQG may be relevant to Yang—Mills
theory. To be specific, the surfaces appearing in the surface-sum representation for U(N)
lattice gauge theory in the N — oo limit might be related to supercritical LQG; we note
such connections are still speculative and refer the reader to [62, Section 7| for more on this.

However, when compared to the subcritical and critical phases, the supercritical phase
of LQG has stayed much more mysterious. There are a number of works in the physics

literature painting the underlying geometry of supercritical LQG in different lights.

(a) One line of thought (e.g., [223], see also [112, Figure 10]) suggests that when extending
the conformal field theory to the regime ¢, € (1,25), the geometry of the surface is torn
apart by “infinite spikes” at a dense set of points. In fact, this picture of supercritical
LQG is consistent with the mathematical literature [121, 87, 88, 205, 18], where it is
represented as a random geometry constructed from a variant of the GFF with a dense

set of singular points which are at infinite distance from all other points.

(b) A drastically different viewpoint is taken in the works [100, 13, 64, 59, 30, 65, 14, 81],
where, by often using numerical and heuristic analyses of random planar maps weighted
by (det Agraph)(CL_%)/ 2 as an approximation of LQG, they suggest that LQG in the

supercritical regime should look like a continuum random tree, or as it is often called
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in the physics literature, a branched polymer.

(c) Yet another picture arises in the works of Gervais et al. [108, 109, 110, 111, 74, 105,
106, 107], where, based on an algebraic study of the path integral formulation of LQG,
it is claimed that there are some special integrable algebraic structures associated with
supercritical LQG at the specific values cj, = 7,13, 19. Moreover, for these values of cy,,
these authors define finite local operators which gives rise to a so-called “area element”

(e.g., (4.3) in [110]), which could conceivably be interpreted as a measure associated

with LQG.

(d) There are also purely algebraic approaches to supercritical LQG based on conformal

field theory. See, e.g., [214] for an introduction to this approach.

While the branched polymer picture seems to have the most support in the physics
literature, there have been no mathematically rigorous results in support of this view prior
to this work. In the works [121, 21], a possible reconciliation of the branched polymer
and the infinite spikes pictures was suggested. Namely, it was suggested that, while a
supercritical LQG surface a priori has infinite spikes at a dense set of points, it degenerates
to a branched polymer when “conditioned” on the zero-probability event of having no infinite
spikes. However, previous to our work, it was unclear whether this heuristic explanation is
correct. Furthermore, it was not clear how to make this idea rigorous, especially given that
we need to condition on the zero-probability event of a supercritical LQG surface having no
infinite spikes at all.

Our goal in this work is to present a rigorous formulation of a supercritical LQG surface
reconciling the two viewpoints ((a)) and ((b)). Moreover, in disagreement with the claim in
((c)), we establish that it is not possible to construct a measure associated with supercritical
LQG for any value of ¢f, € (1,25): this was unclear from the previous mathematical literature

(see [121, Questions 6.1-2]). We now give a quick overview of the main results of this paper.
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1. We establish a link between the branched polymer and infinite spikes pictures via a
discrete model of supercritical LQG. We consider a model of random planar maps
with boundary (see Section 3.1.2) which can be expected to converge to supercritical
LQG in the scaling limit (see Theorem 3.1.2). While a map in this model has a finite
perimeter p € N, it has infinitely many vertices (and thereby “infinite spikes”) with
positive probability. In fact, the probability of the map with perimeter p being infinite
increases to 1 as p — oo (Proposition 3.1.3). We establish that upon conditioning
this planar map on the rare event that it contains finitely many vertices, we obtain a
continuum random tree in the scaling limit as p — oo (Theorem 3.1.4). The physics
papers referenced in ((b)) considered finite planar maps (e.g., with a fixed number of

edges), so they were implicitly conditioning the surface to be finite.

2. One interpretation of the “area element” described in ((c)) above is that for the values
c, = 7,13,19, a supercritical LQG surface has a locally finite volume form associated
to it. In other words, given a GFF h, one would expect to find a locally finite Borel
measure my;, which is locally determined by and compatible with the geometry of a
supercritical LQG surface associated with h. Nonetheless, in Theorem 3.1.5, we show
that there does not exist any natural notion of a locally finite and locally determined

volume measure for the entire range cy, € (1,25) of supercritical LQG.

The central idea of our proofs is to exploit the multiplicative cascade structure of super-
critical LQG, which comes from its coupling with nested CLE4 [18|. This is closely related
to the scaling limit of the analogous structure for the loop O(n) model identified in [70]
based on the gasket decomposition of [57]. The crucial difference is that in our model, even
in the discrete version introduced in the next subsection, there are infinitely many loops of
macroscopic length. This is the first paper to use multiplicative cascades to prove properties
of objects related to supercritical LQG. We expect that this idea will have many additional

applications in the future.
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We now introduce our results in further detail, first giving a precise description of our
random planar map model of supercritical LQG. This is followed by statements of the main

results of this paper and the ideas of their proofs.

3.1.2 A discrete model of supercritical LQG

As mentioned above, we give a rigorous meaning to “conditioning a supercritical LQG sur-
face to have no infinite spikes” by considering a discrete model in the universality class of
supercritical LQG, for which there is a natural notion of conditioning it to have finite size.
In particular, we consider a random loop-decorated planar map which is a discrete analog
of the supercritical LQG disk decorated with a conformal loop ensemble of parameter k = 4
(CLEy4) as constructed recently in [18]; see Section 3.2 for an introduction to this continuum
model. This discrete model is a variant of planar maps decorated by the loop O(2) model
where we force the loops to have discrepancies between their outer and inner lengths. This
is a slight modification of the model suggested in [18|, which is constructed iteratively from
the gasket decomposition of the loop O(n) model [57]. We refer the reader to Remark 3.4.5
for a further discussion on the relations between these discrete models.

We begin with a few basic definitions. A planar map is a planar graph embedded into
the Riemann sphere considered up to orientation-preserving homeomorphisms. Our planar
map M will have a designated root face, which we view as the “outside” of a planar map
which has the “topology” of a disk. The boundary OM of the map M is the subgraph of M
consisting of vertices and edges incident to the root face. The non-root faces of M are its
interior faces, denoted as §(M). Given a face f, we use per(f) to denote the half-perimeter
of f. That is, 2 per(f) is equal to the number of edges incident to f, where an edge is counted
twice if it is incident to f on both of its sides (see, e.g., the root face f in Figure 3.2(a) with
per(f) = 13).

We shall construct the model inductively, with two types of random planar maps inserted
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into the existing planar map one after another.

e The first kind is a rooted bipartite! Boltzmann map conditioned on a fixed boundary
length, which should be understood as the discrete counterpart of the CLE, gasket.
We fix a critical non-generic weight sequence q = (¢;);en of type a = 2, and choose our
maps from the probability measure ]Pg) ) on rooted bipartite planar maps with boundary
perimeter 2p. For example, we can take q to be a weight sequence corresponding to
the gasket of a version of the critical O(2) loop model-decorated quadrangulation (see
the case ¢ = h/2 in |6, Appendix B|).

We define these precisely in Section 3.4.1, and at this point we simply note that a

Boltzmann map sampled from the law IF’((f ) is expected to converge in the p — oo

scaling limit to the gasket of a CLE4 on an independent critical LQG disk. (See

Lemma 3.4.14 for a rigorous result on the convergence of perimeters of faces to length

of CLE4 loops in support of this). We also emphasize that these Boltzmann maps are
(P)

not required to have simple boundaries; for example, we may sample from Pg "’ a tree

with p edges, which, we note, has no interior faces (§(M) = &).

e The second kind of random planar map that we need is a “ring” with two distinguished
faces — an outer face foyt and an inner face fj, — such that both fyy¢ and f;;, have
even degrees. See Figure 3.1 for an example of a ring. These rings are inserted into
each interior face of a Boltzmann map. They are analogous to the loops in the loop
O(n) model (see [57]) on the dual map, where the two faces of a ring correspond to

the inside and outside of a loop.

Let @ € (0,2) be the background charge associated with the given universality class of

1. A graph is called bipartite if all of its faces have even degrees. We choose to work with bipartite
Boltzmann maps so as to utilize the random walk bijections of [58] and [144] (see Proposition 3.4.7). We
expect our results to hold in a greater generality without assuming the planar maps to be bipartite.
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.f .out

(4)
ring

green and the inner boundary in purple. For this ring, per(fout) = 4 and per(fi,) = 10.

Figure 3.1: An example of a ring sampled from P with the outer boundary colored in

supercritical LQG and define

T4 — Q2
—0
(p)

ring)pe

B = (3.1.3)

(»)

We fix a sequence of probability measures (IP’ ring?

y Of rings such that under P
we have per(fout) = p a.s. and the ratio per(fi,)/per(fout) is approximately equal in
distribution to exp(f8gY’) where Y is a Rademacher random variable. This is the law

of the ratio of inner and outer LQG lengths of CLE,4 loops on supercritical LQG in the
setting of [18] (see (3.2.11)).

p
For concreteness, we can choose the law of per( f,) under IP’EiIz .

to be equal to the law
of [pexp(BgY)], and let IP’EQ g o be supported on rings where all vertices are on the
boundary of either the inner or outer face and all faces other than fu,t and f;, are

quadrilaterals. However, we can allow a more general class of distributions of rings,

and this is specified later in Definition 3.4.4.

With these building blocks at hand, we now iteratively construct a discrete model of

supercritical LQG. See Figure 3.2 for an illustration of the following construction.

Definition 3.1.1. Fixp € N. Let IP’(()];) denote the law of the Markov chain {(M;, §i) }ienu{oy
defined below, where M; is a rooted bipartite planar map whose root face has degree 2p and

§i C §(M;). As can be seen below, §; denotes the set of interior faces of M; where Boltzmann
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Figure 3.2: An illustration of the iterative construction in Definition 3.1.1 with p = 13. (a)

()

The outermost gasket M is sampled from Py . The collection §( comprises the inner faces of
My. (b) Given My, a ring R(f) is sampled conditionally independently for each face f € F.
The outer/inner boundaries of the rings are colored in green/purple, respectively. The ring
in the top-right of the figure has inner perimeter zero. (c) The rings are attached to the
corresponding faces, with the possible rotations chosen uniformly. The rings are identified
with red loops that separate inner and outer boundaries. These loops are the discrete analogs
of CLE4 loops in the coupling of supercritical LQG disk with CLE4. (d) Given the previous

figure, for each ring R(f), sample conditionally independent Boltzmann maps from Pgerin(f )
where per;, (f) is the inner half-perimeter of the ring R(f). (e) The Boltzmann maps are
glued to the inner boundaries of the rings, with the possible rotations chosen uniformly.
These comprise the map M colored purple and their inner faces §1 colored yellow. (f) The
map after another iteration, with M colored in green, M; in purple, and My in blue. In
this case, §o = & as the Boltzmann maps comprising Ms do not have non-root (inner) faces.
The construction terminates at this stage, giving us a finite map.
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maps are to be inserted in the subsequent step.

e We start with My sampled from the law Pg)) and set o = F(Mp).

e The induction step consists of two phases.

(i)

Given (M;,;), sample rings {R(f)} s, conditionally independently from the
measure Pﬁﬁlegr(f)). For each f € §;, glue the outer boundary of the ring R(f) to
the edges encircling f with a uniform choice among the possible rotations of R(f)

relative to f. Define the inner perimeter per;,(f) of f to be that of R(f) (i.e.,

per(fin) with f;;, being the inner face of R(f)).

Conditioned on the rings { R(f)} ez, glued to the marked faces §; C §(M;) in the
previous phase, for each f € §;, sample an independent Boltzmann map M(f)
from P&perin(f)). (If per;,(f) = 0, then we declare M(f) to be a single point.)
Glue its outer boundary to the inner boundary of the ring R(f), again choosing

uniformly among the possible rotations of M(f) relative to the inner boundary

of R(f).

The new map M; 1 is the one resulting from gluing in all of the rings {R(f)} re3;

and the Boltzmann maps {M(f)} cg, into each f € §; as described above. The new

marked faces are §;+1 := Useg, S(M(f)).

e There is a positive probability that the above iterative construction terminates after

a finite number of steps. For example, it could be that M is a tree, in which case

S0 = 9. Also, given §; # <, we may have §;;1 = @ if for every f € §j;, either

the inner boundary of the ring R(f) is a single vertex (that is, per(fi,) = 0) or

S(M(f)) = @ (ie., the Boltzmann map M(f) is a tree). These events can happen

with positive probabilities since for every p € N, the Boltzmann map with perimeter

2p has a positive chance of having no interior faces.
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If §; = @ for some i € NU {0}, we define (M}, ;) := (M;, @) for all j > i and set
M = M;. In this case, we say that the resulting map M is finite, as it has finitely

many vertices.

e Otherwise, we define M = U;ﬁo My, where we note that we have the natural inclusions
My C My C ---. More formally, we define M to be the projective limit of M; as 7 — oo.
That is, M is the unique (infinite) planar map with an embedding of the whole chain
(Mivgi)ieNU{O} into M such that every vertex and edge of M appears in some M;
under this embedding. We say that the resulting map M is infinite, as it has infinitely

many vertices.

We shall refer to the map My in the above process as the outermost gasket of the discrete
supercritical map M. Also, for any f € (J;eny {0} 5, we will use M| f to denote the submap
of M inside the inner boundary of the ring R(f). Finally, let ]P’I(:p ) be the probability measure

obtained by conditioning IP(()%) to output a finite map M.

3.1.8  Supercritical LQG disk conditioned to be finite is a branched polymer

Our first main result (Theorem 3.1.4) is that our discrete model of supercritical LQG disk
given in Definition 3.1.1, conditioned on the event that it is finite, degenerates into a con-
tinuum tree as the perimeter of its boundary tends to infinity. We expect that a planar
map sampled from IP’(()%), when scaled appropriately, would converge to a supercritical LQG
surface with central charge c;, = 1+ 6Q2. We establish this scaling limit for the loops ap-
pearing in our discrete and continuum models, observing that the joint law of the lengths of
the discrete loops scaled by 1/p converges to the joint law of the supercritical LQG lengths
of the CLE4 loops. We refer the reader to [18, Section 3.2] for a further discussion on the

relation between our discrete and continuum models of supercritical LQG.
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Theorem 3.1.2 (See Proposition 3.4.13 for a precise statement). Consider the loop-decorated
planar map sampled from the unconditioned law IP’&I;) defined in Definition 3.1.1. For each
n € N, let (X]')ien be the inner half-perimeters of the nth generation rings {perj,(f) :
[ € Sn—1} arranged in a decreasing order and padded by zeros. Let (Z');eN be the inner
supercritical LQG lengths of the nth generation CLEy loops in the coupling of [18], arranged

i a decreasing order. Then, as p — oo, we have

—1 d
(p X;‘l)i,neN - (Zzn)i,neN (3~1’4)

jointly with respect to the product topology on RNXN,

()

When we condition on the event that the map sampled from Py is finite, we are looking
at an event that becomes increasingly rarer as the outermost half-perimeter p tends to oo.

Using Theorem 3.1.2 as a key input, we show that this probability decays exponentially in

p.

Proposition 3.1.3. For p € N, define
F(p) = PY (M is finite). (3.1.5)

Then, there ezists a constant o € (0,00) depending only on Q € (0,2) such that as p — o,

lim 18 FP) (3.1.6)

p—00 P

(p)

Note that Proposition 3.1.3 implies that a map sampled from Py is actually infinite
with positive probability (i.e., F'(p) < 1) for large p, which is not a priori obvious. In fact,
we show that F'(p) < 1 for all p € N (Lemma 3.5.2). The value of the constant « is unknown
as it is shown to exist via subadditivity, nor do we know whether this a depends on the

particular random planar map model or just on cy,.
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We now give the first main result of this paper after stating a few preliminaries. We use
the abbreviation CRT to refer to the law of Aldous’s continuum random tree [10], which is a
canonical random tree constructed out of a Brownian excursion. We describe the scaling limit
using the Gromov—Hausdorff distance, which is a canonical metric on the space of compact
metric spaces defined up to isometry. (These concepts are reviewed in Section 3.4.4.) Also,
given a planar map M with vertex set V; and graph distance d,;, for r € R, let rM denote

the metric space (Vs, rdyy).

Theorem 3.1.4. For each p € N, let M®) pe the planar map sampled from ]P’I(:p) — 1.e., by

conditioning a map drawn from Pég) to be finite. Then, there is a constant O depending on
q such that
Or

YF pr0) & opT 3.1.7
7 — (3.1.7)

with respect to the Gromov—Hausdorff distance.

As discussed earlier in Section 3.1.1, this result provides a rigorous reconciliation of the
“Infinite spikes” picture ((a)) and the “branched polymer” description ((b)) of supercritical
LQG. There are various settings in which one could attempt to prove versions of the state-
ment that “supercritical LQG surfaces conditioned to be finite converge to the CRT.” For
instance, one could look at the approximation scheme used to construct the supercritical LQG
metric in [87, 88| and condition on the event that the approximating metrics have bounded
diameter. Or, one could consider the dyadic tiling model studied in [121, 21| and condition
on the (rare event) that there are only finitely many dyadic squares in some bounded region.
These approaches have been tried unsuccessfully in the past. A key difficulty is that it is
hard to describe what effect the conditioning has on the underlying GFF. The advantage of
the random planar map approximations considered in Theorem 3.1.4 is that the operation
of conditioning to be finite is in some sense compatible with the solvability of the random
planar map model.

The heuristic reasoning behind Theorem 3.1.4 is that the iterative construction of the map
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in Definition 3.1.1 can be thought of, in some sense, as a supercritical branching process. As
is the case for the Bienaymé-Galton—Watson (BGW) processes, it turns out that our planar
map becomes “subcritical” when conditioned to be finite, and we use this subcriticality to
show that the planar map sampled from ]P’l(:p ) degenerates to a branched polymer in the
scaling limit. Implementing this heuristic requires a combination of several ideas, including
results from [42, 144, 160, 189] on the convergence of rescaled subcritical Boltzmann maps to
the CRT, combinatorial encodings of Boltzmann maps in terms of heavy-tailed random walks
[58, 144, 70|, and tricky estimates to show that the submaps surrounded by the outermost
loops on M(®) are all microscopic (Section 3.6.3). We refer the reader to Section 3.1.5 for a
more detailed overview of the proof.

Finally, we note that it was shown in [103] that random planar maps decorated by the
Fortuin—Kasteleyn (FK) cluster model with parameter ¢ > 4 converge to the CRT in the
Gromov—-Hausdorff sense (using completely different techniques from the ones in this paper).
FK-decorated random planar maps for ¢ € [0,4] are expected to converge to v-LQG where
v € [V/2,2] satisfies ¢ = 2 4 2cos(m72/2) [227], but we currently have no reason to believe

that such maps for ¢ > 4 are related to supercritical LQG.

3.1.4 Non-existence of supercritical LQG volume measure

In the subcritical and critical phases, an LQG surface with the disk topology is associated
with two natural measures: a length measure on the boundary and an area measure in
the bulk. In saying that these measures are “natural,” we mean that they are intrinsic to
the LQG surface in the following sense: (i) they are locally determined by the background
GFF h and (ii) they transform appropriately under a conformal change of coordinates (see
(3.1.8) and (3.2.2) for the precise condition). In the recent work [18], it was shown that for
a supercritical LQG disk, there exists a natural notion of a boundary length measure.

Given this result, one may wonder if it is also possible to construct a natural volume
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measure in the bulk of a supercritical LQG surface. In this work, we establish that there
does not exist any such locally finite, nontrivial measure. It is not at all obvious how to
prove this directly from the above two axioms. One reason for this is that there are a huge
number of possible ways to construct random measures (see the discussion just after Theorem
3.1.5). The key insight in our proof is that the exact self-similarity provided by the coupling
of supercritical LQG with CLE4 from [18] prevents a measure satisfying the conditions of
Theorem 3.1.5 from being locally finite.

To state the result, we require the following notion of local absolute continuity with
respect to the GFF. Let h be a Dirichlet GFF on an open set U C C. A random generalized
function h on U is said to be locally absolutely continuous to a GFF if for every z € U, there
exists a open neighborhood V' C U containing z with a compact closure in U such that the
law of h|y is absolutely continuous to that of B\V We are now ready to state the second

main result of this article.

Theorem 3.1.5. Fiz the background charge Q € (0,2). Suppose that for each domain
U C C, we have a measurable mapping h — wmy, from generalized functions on U to Borel
measures on U. Assume further that the following conditions hold whenever h is a random

generalized function on a domain U C C which s locally absolutely continuous to a GFF.
e Locality: Almost surely, for any fized V C U, we have (my,)|y = My

e Coordinate change: For any fixed conformal map f : U — U, we almost surely have

Mo r+Qlog |17 (A) = mp(f(A)) (3.1.8)

for every Borel subset A C U.

Then, any such mapping m must be trivial in the following sense: for any random generalized

function h on a domain U C C which is locally absolutely continuous to a GFF, the measure
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my, 1s either a.s. equal to the zero measure or a.s. assigning infinite mass to every Euclidean

open subset of U.

In the above statement, we do not care how the mapping h — my, is defined when h is
not absolutely continuous with respect to a GFF. For instance, we could require it to be
identically zero for concreteness. (A similar setup appears in the definition of LQG metric
in [93, 129, 205, 88].)

While the above theorem is stated with m;, being a positive measure, we note that by the
usual decomposition of signed measures into positive and negative parts, it follows immedi-
ately that there does not exist any natural signed (or even complex) bulk measure in the
supercritical phase of LQG. This rules out some possible constructions for the volume mea-
sure of supercritical LQG, including some versions of Gaussian multiplicative chaos (GMC):
e.g., supercritical GMC in either the dual phase [31] or the glassy phase [181], as well as
some version of complex GMC [164]. It also rules out a construction based on finding a
natural operator other than the exponential of the field h such as in the works of Gervais et
al. reviewed in Section 3.1.1.

Finally, we note that all of the three conditions for m;, — a random measure, locally
determined by h, and satisfying the coordinate change rule — are necessary in Theorem 3.1.5.

Here are examples of functionals of the field A which satisfy a strict subset of these conditions.

(a) A clear candidate for a random measure locally determined by a GFF h is the 5-LQG
measure p, where € (0,2]. However, this does not satisfy the coordinate-change rule

(3.1.8) for any @ € (0,2).

(b) Since a GFF h in U is an element of the Sobolev space H™¢(U) for € > 0 (see, e.g.,
[251]), Ah can be defined as a generalized function in H~(2T€)(U) for ¢ > 0. While

Ah is not a random measure, it is a local functional of h and satisfies

A(ho f4+ Qlog|f'|) = (Ah)o f (3.1.9)
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trivially for any conformal f and @ € R since Alog |f/| = 0.

Let h be a Gaussian field on U C C. Fix g € (0,2] and let o = Q — <%+§) Recall that
the conformal radius of a domain U viewed from z € U is defined as CR(z;U) := |¢'(0)]

where g : D — U is a conformal map sending 0 to z. Consider

my,(dz) = CR(z; U)*ul”) (d2) (3.1.10)

where u}f ) is the 5-LQG measure on U. Then, for a conformal map f: U — U and a

GFF hon U , the pullback of mj under f is given by

frm(dz) = CR(F(2); ) (df (=)

P OAOCR (o 10 ) .
= R U (248 10g 1 %) = ™hos+Quog 1 (42)

(3.1.11)

Hence, this my, is a random Borel measure satisfying the coordinate change rule (3.1.8)
with @ € (0,2). Nevertheless, mj, does not satisfy the locality condition of Theo-
rem 3.1.5 since the measure M|, Ona domain V' C U also depends on the background

domain U via the conformal radius factor appearing in (3.1.10).

In Section 3.3.3, we give a natural family of random measures on supercritical LQG
disks constructed via the multiplicative cascade associated to the coupling of super-
critical LQG with nested CLE4. These measures satisfy the coordinate change rule

(3.1.8), but they are not local.

Remark 3.1.6. For cf, € (1,25), the LQG metric does not induce the Euclidean topology.

In particular, the a-thick points for a > @ lie at infinite distance from every other point (see

[205, Proposition 1.11]), and consequently LQG metric balls have empty Euclidean interior.

Could there be a measure satisfying the hypotheses of Theorem 3.1.5 which assigns finite

mass to LQG metric balls, but infinite mass to Euclidean open sets?
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We expect that no such measure exists. It is shown in [205, Proposition 1.14| that almost
surely for every s < r, a supercritical LQG metric ball of radius r» cannot be covered by
finitely many supercritical metric balls of radius s. This means that if we have a measure my,
associated with a supercritical LQG surface with field h, then either my, assigns very small
mass to most supercritical LQG metric balls, or my, assigns infinite mass to every supercritical
LQG metric ball. In particular, there cannot be any measure m;, which is “compatible with
the supercritical LQG metric Dy” in the same sense that the LQG measure is compatible

with the metric in the subcritical case.

3.1.5 Proof outline

This article is divided into two main parts: continuous (Sections 3.2-3.3) and discrete (Sec-
tions 3.4-3.7). Throughout both parts, the central idea is to consider the multiplicative
cascade of lengths of loops on a supercritical LQG disk or its discrete analog. The linchpin
between the two parts is Theorem 3.1.2, in which we establish the convergence of the discrete
cascade of loop lengths in Definition 3.1.1 to the continuum cascade of loop lengths in the
CLE4-coupled supercritical LQG disk of [18]. This is the supercritical analog of [70], which
considered the convergence of the discrete cascade originating from the gasket decomposition
[57] of loop O(n) model decorated planar maps with n € (0,2) to the continuum cascade of
subcritical v-LQG disks coupled with independent CLE, with x =2 € (8/3,4) in [200].
The first part of this work concentrates on the proof of Theorem 3.1.5. In Section 3.2,
we recall from [18] the definition of a supercritical LQG disk and its coupling with (nested)
CLE4. We identify the exact law of the multiplicative cascade on the boundary lengths of
CLE4 loops in this coupling (Corollary 3.2.8). In Section 3.3.1, we draw classical facts from
the branching random walk literature to analyze the law of the multiplicative cascade and
show, in particular, that the number of CLE,4 loops of any given size tends to infinity as we

look at further generations of loops (Proposition 3.3.1). Given these results on the lengths
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of CLE, loops, the proof of Theorem 3.1.5 in Section 3.3.2 follows straightforwardly from
the fact the supercritical LQG disks enclosed by CLEy4 loops of the same generation are
conditionally independent given their boundary lengths (Proposition 3.2.7). Section 3.3.3
gives the construction of a natural family of (non-local) measures on supercritical LQG disks
using its coupling with nested CLE4.

In the second part, we analyze the behavior of our random planar map model of super-
critical LQG and prove Theorem 3.1.4. Section 3.4 recalls from the random planar maps
literature the two key tools for our analysis: the connection between Boltzmann maps and
random walks (Proposition 3.4.7) and the convergence of the boundaries of large subcritical
Boltzmann maps to the CRT (Proposition 3.4.17).

In Section 3.5, we consider the probability F'(p) that a map sampled from our discrete
model ng) of supercritical LQG with boundary length 2p is finite. Recalling the convergence
(Theorem 3.1.2) of the discrete perimeter cascade of our model to the continuum perimeter
cascade of the CLE4-coupled supercritical LQG disk, we use the existence of large loops in
the latter (Proposition 3.3.1 again) to conclude that F'(p) — 0 as p — oo (Lemma 3.5.1). We
then prove Proposition 3.1.3 based on a slightly modified form of the standard subadditivity
argument which allows for logarithmic errors, which we establish using the random walk
description of Boltzmann maps.

In Section 3.6, we analyze the behavior of our discrete model IPpr ) of a supercritical LQG
disk conditioned to be finite. This is the most difficult part of the paper. We first identify
that the marginal law on the outermost gasket M(gp ) under this conditioning is that of a
subcritical Boltzmann map (Proposition 3.6.2). From here, we extrapolate the subcriticality
of the entire map M (p) sampled from ]P’l(,p ) in the sense that the expected size of maps added
in subsequent generations decays exponentially (Corollary 3.6.7). In particular, the size

of the submaps of M (P) inside each face of the outermost gasket Mép ) is of smaller order

than the diameter of the boundary OM®) (Proposition 3.6.13). Establishing this requires

121



intricate estimates for the branching process which describes the lengths of the loops in each
generation. Throughout this analysis, we find another use for Proposition 3.1.3 in that it
allows us to use p and —aLlog F (p) interchangeably for large values of p in many of our

estimates. This is useful due to the relation

F(p)=E

I1 F(perin(f))] , (3.1.12)
J€50

where §( is the collection of interior faces of the outermost gasket Mép ).

We finally prove Theorem 3.1.4 in Section 3.7. Applying the results of Section 3.6 and
the convergence of the entire subcritical Boltzmann map to the CRT (Proposition 3.4.17),
we see that a map M (p) sampled from ng ) is “thin” in the sense that the maximum graph
distance from an interior vertex of M) to the boundary oM (P) is of smaller order than the
diameter of M (P), Thus, the problem at hand reduces to showing the convergence to the
CRT when we equip OM (P) with the restriction of the graph distance d, ;) on the entire
map (Proposition 3.7.1). We adapt the proof of the convergence of OM (P) with the graph
distance d, () In [160] by showing that the two distances d(,) and d o)r(p) are equivalent

on OM (?) (Proposition 3.7.10). This follows from a law of large numbers argument based on

the spine decomposition of the critical looptree structure of 9M ) identified in [77, 215].

3.1.6 Notational comments

Throughout the paper, we shall have multiple occasions to use the Bienaymé-Galton-Watson
(or Galton—Watson) tree, which which refer to as a BGW tree. For any planar map M, we
denote its vertex set as Vs and use dps(x,y) to denote the graph distance between vertices
x and y in M. Also, we will use Vol(M) to denote the total number of vertices present in a
planar map M. Let N denote the set {1,2...} of positive integers and N# = NU{0} denote

the nonnegative integers. For a < b € R, the double interval [a, b] refers to [a, b] N Z.
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3.2 Background on the supercritical LQG disk

3.2.1 Supercritical LQG disk

We begin with a general definition of an LQG surface, which is a two-dimensional domain
equipped with a generalized function considered up to a conformal change of parameter-
ization. The following is a generalization of the definitions in [99, 228, 95|, etc., to the

supercritical case @ € (0,2).

Definition 3.2.1. Let ¢, > 1 and let Q) = m > 0 be the corresponding back-
ground charge. Consider the set of tuples (U, h, A) where U C C is open, h is a generalized
function on U, and A a sequence of compact subsets of U (this is some sort of “decoration”
which could be a collection of curves, points, etc.). Let ~@ be an equivalence relation on

such tuples where we define

(U h, A) ~q (U, h, A) (3.2.1)

if there is a conformal map f : U — U such that
h=hof+Qlog|f| and f(A)=A. (3.2.2)

A Liouville quantum gravity (LQG) surface of central charge cy,, which we often call a ©-
LQG surface, is an equivalence class under ~(). A representative of an LQG surface is called

an embedding.

In the theory of LQG, the generalized function h is always a Gaussian free field (GFF) or
some variant of it, and we now give a quick introduction to the GFF. A GFF on a domain
U C C is a centered Gaussian generalized function h with the covariance kernel G given by

a Green’s function? corresponding to the Laplacian on U. That is, if we denote the paring

2. We assume that the Green’s function G is normalized so that G(z,w) ~ —log|z — w| as w — z.
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of h with a smooth function f € C*°(U) as (h, f), then this is a Gaussian random variable
with

E[(h, f1)(h f2)] = / F1(z1)G (21, 22) fo(22) dz1dzs. (3.2.3)

UxU
for any smooth functions fq, fo € C°°(U). We note that the GFF is said to have Dirich-
let /zero boundary conditions if the Green’s function G is defined with zero boundary condi-
tions. The same is true with Neumann /free boundary conditions.

We note that the definition of the equivalence relation ~¢ in (3.2.2) is given to reflect
the conformal covariance of the LQG measure |99, 230] and the LQG metric [128] in the
subcritical regime (¢, > 25, @ > 2). Thus, if h is a GFF on U and p;, and Dj, are the
LQG measure and the metric corresponding to the field h with central charge cg,, then for
a conformal map f : U — U with & given by (3.2.2), we have fep; = pj, and fiuD; = Dy,
almost surely, where, as usual, fi is used to denote the push-forward with respect to f. This
result extends to the critical case (cf, = 25, @ = 2) for the LQG measure [97, Theorem 13]
and is expected to hold for the LQG metric in the critical /supercritical regime (cp, € (1, 25],
Q@ € (0,2]) but is so far known only for complex affine f [88, Proposition 1.9] (see also [84,
Theorem 1.4]). This is the context in which the analogous conformal covariance condition
(3.1.8) is required in our definition of a supercritical LQG measure in Theorem 3.1.5.

We now present the definition of the supercritical LQG disk in [18], which is based
on the critical LQG disk defined in [24]. Let v, be the critical LQG boundary measure

corresponding to the field h; this was constructed in [97] as

vy, = lirr%) Vlog(1/e)eeh=?)|dz|, (3.2.4)
e—

where h¢ is a mollification of h of size € and |dz| denotes the Lebesgue measure on the bound-
ary of the domain. Also see [26, Section 4.1.2] for its construction as a limit of subcritical

LQG boundary measures. As observed in [17, Lemma 2.1], the conformal covariance relation
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I Vi = vp, given (3.2.2) follows from this limiting construction thanks to the analogous result

for subcritical boundary measures [99, Section 6.

Definition 3.2.2 (Critical LQG disk). Let S = R x (0,27). Let B : R — (—o00,0] be a
random function such that (Bs/v/2)s>0 and (B—s/v/2)s>0 are independent 3-dimensional
Bessel processes started at 0, and let hl: 8§ — R be the random function which is identically
equal to By on each vertical segment {s} x (0,2r). Let k! be the lateral part of a free-
boundary GFF on S (i.e., the orthogonal projection to the subspace of generalized functions
on § which has zero mean on every vertical segment) sampled independently from hl. Define
h:=hl+ht and h:=h— log v4,(0S). For L > 0, the critical LQG disk with boundary length
L is the 2-LQG surface (S, h +log L)/ ~o.

Definition 3.2.3 (Supercritical LQG disk). Fix Q € (0,2) and L > 0. Let (U, h¢) be an
embedding of the critical LQG disk with boundary length L given in Definition 3.2.2. Let h”
be an independent zero-boundary GFF on U. Then, the supercritical LQG disk with central
charge ¢, = 1 + 6Q? and boundary length L (also called the @Q-LQG disk with boundary
length L) is the Q-LQG surface (U, h)/~¢q with

V4-Q% p

——F—h". 3.2.5

5 5 (3.2.5)
We note that for any L > 0, if (U, h) is an embedding of a Q-LQG disk with boundary

length L, then (U, h + %log(E/L))/ ~@ is a Q-LQG disk with boundary length L. The

supercritical LQG length measure on the boundary of a Q-LQG disk is defined as

C 2
nyi=ve = el |dz| = th\dz|" (3.2.6)

where v} ¢ is the critical LQG boundary length measure associated with the field he given in
Definition 3.2.3. The second half of (3.2.6) is an informal expression based on the following

heuristic reasoning: since h” is a zero-boundary GFF, we have h”| 5= 0 and hence h®| 5=
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%th. Thus, if (U, h) is an embedding of a Q-LQG disk, f : U — U is a conformal map,

and h = ho f + Qlog|f’|, then we have fing = ny almost surely [18, Lemma 2.8].

3.2.2  Coupling with CLE,

For r € (8/3,4], the conformal loop ensemble (CLE) on a simple connected domain U C C
is a random countable collection of disjoint non-nested Jordan curves in U which look locally
like SLE,. It can be defined via branching SLE curves [226]| or as the outer boundaries of
the outermost clusters of a Brownian loop soup on U [231]. We are interested in the critical
case k = 4, which corresponds to the Brownian loop soup of intensity 1/2.

The coupling of CLE, with a supercritical LQG disk in [18] is given by combining two
different couplings. First, we record the following integrable description of CLE4 on an

independent critical LQG disk proved in [17] (see [41, 70, 200] for the subcritical analog).

Proposition 3.2.4. Let (U, ho) be an embedding of the critical LQG disk with boundary
length L > 0. Let T be a (non-nested) CLEy in U sampled independently from hC. For each
loop £ € T, let Uy C U be the open region enclosed by { and Z({) := v,c () denote the critical
LQG length of the loop (.

(a) The 2-LQG surfaces {(Uy, hO|U£)/~2}g€F are conditionally independent critical LQG

disks given their boundary lengths {Z ()} per-

(b) Let (C(t))i=0 be a 3/2-stable Lévy process with no downward jumps> and 1, := inf{t >
0:((t) = —L}. Denote by (AC)% the sizes of upward jumps of ¢ in [0, 7] enumerated

in a decreasing order. Define the probability distribution p(L) on (R+)N so that for

3. We note that this is defined up to the choice of the scale parameter C' > 0, where the Lévy measure of
the process is equal to Cz=5/2 1{,>0y dx. The precise choice of C' is irrelevant for us, since, as discussed in
the introduction of [70], any choice of C' yields the same distribution p(%).
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each measurable function F : (RN = R, we have

[ Fat - E{(r) "' F(AOD)]

E[(rp) ] (3.2.7)

The sequence of boundary lengths {Z({)}jcr arranged in a decreasing order has the law

p(L). Note that by the scaling relation for stable processes,

(AOY L 1AL (3.2.8)

The second coupling that we recall is the level-line coupling of CLE,4 with zero-boundary

GFF due to Miller and Sheffield (see |27] for a proof).

Proposition 3.2.5. Giwen a domain U C C, there is a coupling of the zero-boundary GFF
WP and the (non-nested) CLEy in U such that T is almost surely determined by WP and the
following holds: There ezists a sequence of random variables {Yy}yer such that, conditioned
on ', {Yy}per are i.i.d. Rademacher random variables and {hD|Ue—7TYg}g€F are independent

zero-boundary GFF's on the respective domains {Up}per.

The coupling of a supercritical LQG disk with CLE4 in [18] is obtained by sampling
independent fields A¢ and 2P on a domain U C C such that (U, h%)/ ~@ is a critical LQG
disk with boundary length L > 0 and h? is a zero-boundary GFF, and then defining the
field h as in (3.2.5) and the CLE4 I as a function of h” as in Proposition 3.2.5.

It is straightforward to adapt Proposition 3.2.4 to this supercritical coupling except that,
since hP has a “height gap” of size Y}, across the loop ¢ € I' as in Proposition 3.2.5, the
supercritical field & has a corresponding gap of size SgYy across the loop ¢ where S =
/4 — Q2/Q as defined in (3.1.3). This means that the length of loop ¢ measured using the

Q-LQG length measure (3.2.6) is different based on whether we use the field to the inside or
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outside of £. More precisely, define the outer boundary length of ¢ as
n(})lut(é) = vc(l)

and the inner boundary length of ¢ as

() = g, (0) = Ve oy, (O)-

In particular, the two lengths are related by ratio

' (0)

out - eﬁQYZ'
n, (0)

(3.2.9)

(3.2.10)

(3.2.11)

The notation nher (¢) makes sense since if we let fy : D — Uy be a conformal map, then

combining the coordinate change rule (3.2.2) of a Q-LQG surface and the definition (3.2.6)

of the Q-LQG boundary length of a domain, we have nihn(é) = Nhjy,)ofy+Qlog |fé|(8lD)).

Proposition 3.2.6 (|18, Theorem 2.9]). Let Q € (0,2] and (U,h) be an embedding of a

Q-LQG disk with boundary length L > 0. There exists a coupling (h,T") of h with a (non-

nested) CLEy T' on U such that the following is true. For each loop £ € T, let Uy C U be the

open region enclosed by £ and Zg(l) = niﬁl(f) be the supercritical LQG length of the loop ¢

measured using the field h|y, within the loop.

(a) The Q-LQG surfaces {(Uy, h|y,)/ ~q}eer are conditionally independent Q-LQG disks

given their boundary lengths {Zq(€)}per -

(b) Let {Z(£)}per be the sequence with the law p L) given in (3.2.7), and let {Yp}per be

independent Rademacher random variables which are also independent from {Z(€)} -

Recall the constant Sg = m\/4—Q?/Q. Then, {Zg(0)}ier has the same law as

{Z(0) exp(BYe) beer if both are arranged in decreasing orders. Let us denote this law

as pg) .
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In this coupling, I' is neither independent from nor a.s. determined by h.

3.2.3  Coupling with nested CLEy and the perimeter cascade

For a simply connected domain U C C, the nested CLE4 T on U is obtained from the
non-nested CLEy by the following inductive procedure. Let I' := {dU}. Given collections
of loops {Fi}z‘e[[o,n}b sample a conditionally independent CLE4 I'y for each open region U,
enclosed in a loop £ € I'™ and let I+ = Urern e The nested CLEy4 is defined as
[ = U,en# [, where we recall that N# = NU {0}. We call the elements of I as nth
generation loops.

Given a zero-boundary GFF hP in a simply connected domain U C C, we can produce the
CLE4 'y in this iterative construction as a function of the zero-boundary GFF hP” lu, — ™Yy
as in Proposition 3.2.5. Sampling an embedding (U, hc) of a critical LQG disk independently
from hP and again defining % as a linear combination of h¢ and AP as in (3.2.5), we have

the following coupling of a supercritical LQG disk and a nested CLEy.

Proposition 3.2.7 (|18, Theorem 2.13]). Let Q € (0,2] and let (U, h) be an embedding of a
Q-LQG disk with boundary length L > 0. There exists a coupling of (h,T) of h with a nested
CLE, T on U such that the following is true. For each loop { € T, define Uy C U to be the
subdomain enclosed by { and Zg(l) = I/}Ln(f) to be the inner boundary length of the loop {
measured using hy, as defined in (3.2.10). Let T(£) := {0 €T :0C Uy} be the subcollection
of CLE, loops T which are inside the loop L.

(a) For each n € N, if we condition on the inner boundary lengths {Zq(€)}ocrn of the
nth level loops, then the Q-LQG surfaces {(Up, h|U£,F(€))/NQ}g€Fn are conditionally

independent nested-CLE4-decorated Q-LQG disks with given boundary lengths.

(b) In particular, conditioned on the inner boundary lengths {Zg({)}gern of the nth level

loops, those of (n + 1)th level loops in each ¢ € T — i.e., {ZQ(K)}gere — are condi-
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Z
tionally independent with distribution pég () defined in Proposition 3.2.6.

In this coupling, T is neither independent from nor a.s. determined by h.

Consequently, the inner boundary lengths {Z(¢)} 5 form a multiplicative cascade. To

specify its law, let us index the loops of nested CLE4 by the Ulam tree

U= ) N"  where N:={0}. (3.2.12)
neN#

That is, each element of U other than () is a word consisting of finitely many positive integers.
For u € U, let |u| denote the length of the word (“generation”): e.g., if u = ujus ... uy, then
|u| = n. Define || = 0. We assign a partial order < on U where u < v if |u| < |v| and the
first |u| letters of v is equal to u. If u < v, then we call u an ancestor of v and v a descendant
of u. If u < v and |u| + 1 = |v|, then u is the parent of v and v is a child of u. We define ()
to be the parent of every element of 2/ with length 1. Now, given the coupling (,T) as in
Proposition 3.2.7, let us inductively build a bijection between I' and U so that ' is mapped
toU"™ :={u €U : |u| = n}. In particular, if £ € T is indexed by u = ujus ... u, € U, then
the loops in 'y (i.e., the non-nested CLEy in U, consisting of the outermost loops of I'(¢)) are
indexed by the children of u. Moreover, for k € N, let uk = ujus ... upk € U be the index
of the loop ¢}, € I'y with the kth largest value of the critical LQG length v, c(f}) among
such loops. The following statement is a rephrasing of the law of {Z(¢)}, . described in

Proposition 3.2.7 given this setup.

Corollary 3.2.8. Fiz Q € (0,2] and recall B = w\/4 — Q%/Q. Let {X}'} ey ken be a col-

lection of random variables such that for each fized u € U, the sequence { X}'}r.cN has the law
p(l) defined in Proposition 3.2.4. Furthermore, as u is varied in U, the sequences {X}'}LeN

are mutually independent. Let {Yy,}ycy be i.i.d. Rademacher random variables sampled in-
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dependently of { X'}y cy ven- Define Z(0) = Zg(0) = 1 and, for u = ujus...un €U,

n n n
Z(u) = [[ Xul ™" and  Zo(u) = Z(u) [] eP@Vur-mi = T (Xu} " PV,
=1 =1 =1
(3.2.13)
Then, under the coupling of a unit boundary length Q-LQG disk with nested CLEy in Propo-
sition 3.2.7, {Zq(0) }jcr has the same law as {Zg(u)}yeyy with the above bijection between

T and U.

3.3 Non-existence of the supercritical volume measure

In this section, we analyze the multiplicative cascade Zg = (Zg(u))yey of inner boundary
lengths in the coupling of supercritical LQG with CLE,4 presented in Section 3.2. The key
observation is Proposition 3.3.1, which states that there almost surely exist infinitely many
quantum-macroscopic CLE loops in this coupling. This shall eventually lead to a proof of
Theorem 3.1.5, and this is the main content of this section.

Another consequence of Proposition 3.3.1 is that the probability F(p) = IED(()%) (M is finite)
tends to 0 as the outermost boundary length p increases to oo (Lemma 3.5.1), which is
proved in Section 3.5. This lemma is the first step in the proof of Proposition 3.1.3, where

we strengthen this first estimate for F'(p) to an exponential decay in p.

3.3.1 The perimeter process contains infinitely many macroscopic loops

Recall the multiplicative cascade Zg = (Zg(u))yey given in (3.2.13). In Corollary 3.2.8, we
saw that its law agrees with that of the inner boundary lengths of the CLE, loops coupled
with a unit boundary length Q)-LQG disk. The main property of the multiplicative cascade

Z¢ used in this paper is the following.
Proposition 3.3.1. For a Borel subset A C (0,00), denote by Nn(A; Zg) the cardinality
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of the set {u € U : |u| = n,Zg(u) € A}. If the Lebesgue measure of A is positive, then

Nn(A; Zg) — oo almost surely as n — oo.

Our analysis of the multiplicative cascade Z) relies on rephrasing it in terms of a branch-
ing random walk. Recall its law given in Corollary 3.2.8 and observe that the process
S = (Sg(u))uey given by Sg(u) = —log Zg(u) is a branching random walk, which almost
surely does not go extinct since each element in the multiplicative cascade Z¢ has infinitely
many descendants. We rephrase here the results from the branching random walk literature
in terms of the multiplicative cascade Z).

The main property of the branching random walk Sg that we use is the location of its
extreme positions. This is a well-studied topic with precise asymptotic estimates [3, 138, 7, 5].
For our purposes, however, the following cruder result on the velocity of the extreme position

suffices.

Lemma 3.3.2. For Q € (0,2), define the Biggins transform of the multiplicative cascade

Zq as the function

0
d0(0) =E| Y (Zo(u) ] (3.3.1)
lul=1
Then,
lim 1 Zo(u) ) = — inf L1 b0(0) >0 almost surel (3.3.2)
ngrréon og |ISL}1:pn Q u —MQ = 5209 og Q atmost surety. ..

Proof. This lemma is an immediate consequence of [45] (see also [233, Theorem 1.3]). All
we need to show is g € (0,00).

We can compute ng(@) explicitly using the Biggins transform of the multiplicative cascade
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Z from Corollary 3.2.8, which was calculated® in equation (17) of [70] to be

B sec(md) if 0 € (3,3), (333)

400 otherwise.

|u[=1

Recall from (3.2.13) that if {Y;};cn are i.i.d. Rademacher random variables which are inde-

pendent of Z, then for each i € N, we have Z(i) = Z(i) exp(8gY;). Hence,

cosh(Bpf) . 3 5

Bl —Bqt —— =2 ifbe(5,5),

(bQ(e) =K E (Z(i))eeﬁQYﬂ] — ¢(6)(e”? 2+6 @%) _ cos(mh) ('2 2)
e +00 otherwise.

(3.3.4)
Hence, pg < oo. Note that ¢g(f) — oo as 6 | 3/2 and 6 15/2, so 0~ 'log P (0) attains its
minimum pg in (3/2,5/2). Moreover, ¢ () > 1 for all § € (3/2,5/2), so ug > 0. O

Lemma 3.3.2 tells us that, almost surely, SUD|y| =, Zgé(u) grows exponentially fast. We
extrapolate Proposition 3.3.1 from this fact by showing that these large loops have many
macroscopic children. This requires the following estimate on the offspring distribution of

the cascade ZQ.

Lemma 3.3.3. Let A C (0,00) be a Borel subset with positive Lebesque measure. Recall that

we denote by

Ni(A;Zg) = > 1{Zg(u) € A} (3.3.5)

ju=1
the number of first-generation elements of Z¢g whose sizes are in A. Then, for any fizved

k € N, there exists a constant ¢ > 0 such that

P(Ny(L14; Zg) < k) = O(e L") (3.3.6)

4. The analysis in [70] for the multiplicative cascade generated by the jumps of a spectrally positive
a-stable process applies to any a = a —1/2 € (1,2).
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as L — oo.

Proof. From the law of Zg in (3.2.13), if (Z(i));en are sampled from the law pg) given

in Proposition 3.2.6 and {Y;};cy are i.i.d. Rademacher random variables independent from

{Z(i)}ien. then (Zo(i))ien < (Z() exp(BgY7))ien. Hence, with
e =log(2/(1+¢ 7)),

we have

E e—Nl(L—lA;ZQ)] _g| I E[e—l{Z(i)eﬁQYieL—lA} ‘ZH
-1€N
- el{Z(z‘)eLleﬁQA}+e1{Z(i)€LleﬁQA}]

-ieN (3.3.7)
<E[T] eEl{Z(z‘)eLl(eﬁQAUe_ﬁQA)}]
-1eN

) _e—éNl(Ll(eBQAUeﬁQA);Z)}

Y

where N1 (+; Z) used in the last term above is defined by simply replacing Zg by Z in (3.3.5).

For convenience, let us define

A=cfaauePany

for the remainder of this proof.

Let us now recall the law of (Z(i));eny from Proposition 3.2.4. Let ¢ be a 3/2-stable Lévy
process with no negative jumps started at 0, and let 7 denote the hitting time of —1 of this
process. That is, for some scale parameter C' > 0, with I'(-) denoting the Gamma function,
the Lévy measure of ( is (C/F(—3/2))1{I>O}a:*5/2dx and E[e= ] = exp(—()\/C)%/3) for
A > 0. As mentioned in Footnote 3, the scale parameter C' does not change the law of

the multiplicative cascade Z; hence, we choose C' = 1 for simplicity. Let (A( )$ denote the
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sequence consisting of the sizes of the jumps of ¢ up to the stopping time 7. Then,

E[T_l exp (— 5er(A§)¢ 1{z € L_lg})]
E[7—1] '

E[eféNl(L”Z;@] - (3.3.8)

For fixed ¢ty > 0, the number of jumps of ¢ in the time interval [0, ty] whose sizes are in L1A

is a Poisson random variable with rate given by ¢y times the Lévy measure

~ 3/2 ~
(L LA) = m/_lgsf’/? ds = ﬁ/gs5/2 ds = L311(A).  (3.3.9)

On the event {7 > ¢y}, this gives a lower bound for Zme(ACH 1{z € L~1A}. Hence,

- -14 _¢ T
E[rle “2eeaqr el A 10 >t0}} < (tg)~te~(1me OMUA)L 2o, (3.3.10)

It is well known that 7 is a positive 2/3-stable random variable. We also have the tail

estimate

P(r € dt) = exp(—(1+o(1))t /3 dt as t10 (3.3.11)

from, e.g., [257, Chapter 2.5]. Letting ¢4 = (1 — e ©)II(A), for cach fixed « € (0,3/2), we

thus have

E [r—le_ézwemw 1{9”6”1‘1}}

SE[1fr < L7 + [yl Zeool HEE s =]
L—Oé
< = exp(=(1 + o()E/3) dt + L exp(—c L2~ (3.3.12)
_2 / ~(4o()s gg 4 LY exp(—c L%_O‘)
3 Jr5a/3 s A
L5oz/3/\L3/2 o
=0(e™* )
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as L — oo. Optimizing over «, we have a constant ¢ > 0 depending on A such that

E[eMETAD] Z o= a5 L5 oo (3.3.13)

The lemma now follows by applying the Markov inequality to (3.3.7) and (3.3.13). O

Proof of Proposition 3.3.1. Fix € € (0, ), where pg is the constant defined in (3.3.2). By
Lemma 3.3.3,

B(Noy1(4; Zg) < kINa([e"H072) 00); Zg) > 1) < O~ "),

Moreover, we saw in Lemma 3.3.2 that with probability one, Nn([en(“Q_E), 0); Zg) > 1
for all sufficiently large n. Since the above upper bound is summable, we conclude that for
every positive integer k, we have P(Ny(A; Zg) < k for infinitely many n) = 0. The positive
integer k£ here can be chosen arbitrarily large, so we conclude lim, s Np(A4; ZQ) = 00

almost surely. O

3.83.2  Proof of non-existence

The proof of Theorem 3.1.5 is straightforward given our analysis of the multiplicative cascade

Zg in the previous section.

Proof of Theorem 3.1.5. Suppose m is a functional satisfying the conditions given in the
theorem. For each L > 0, let P(X) denote the law of the total volume my, (D) where (D, h) is
an embedding of the Q-LQG disk with boundary length L.

Let (D, h,T') be an embedding of a unit boundary length Q-LQG disk coupled with nested
CLEy as in Proposition 3.2.7. Let (£y),cy be the indexing of the nested CLE4 I as described

immediately above Corollary 3.2.8. For u € U, let D,, denote the open set enclosed by /¢,
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so that D, contains ¢, for every v > u. Then,

my, (D) = my, (]D)\ U Du) + Y my(Dy) (3.3.14)
lu|=1 lu|=1

almost surely. Recall that conditioned on the inner boundary length nihn(ﬁu) as defined in
(3.2.10), the equivalence class (Dy, h|p, )/ ~¢ has the law of a Q-LQG disk with boundary
length ni,?(fu). By the assumption on the coordinate change rule (3.1.8), conditioned on
¢ € T as well as a conformal map f which takes the open disk D, enclosed by /¢ to the
unit disk D, we a.s. have my(Dy) = Wyor 010 (7|(D) since ho f + Qlog |f| is locally
absolutely continuous to a GFF. Therefore, the conditional law of my(D,,) given ¢, and
niﬁl(éu) is given by PR () Moreover, given the inner boundary lengths {ni,?(éu)}w:l,
the supercritical LQG surfaces {(Du, h|p,)/ ~@Q}uj=1 are conditionally independent and
hence so are the volumes {my,(Dy)},j—1- This implies that the family of conditional laws

{P(L)} LeR, satisfies exactly one of the following scenarios.

(1) There exists a set A C Ry of zero Lebesgue measure such that for every L € Ry \ A,
we have PUE) (m, (D) = 0) = 1. Since the Lévy measure of a spectrally positive stable
process is absolutely continuous with respect to the Lebesgue measure on R, in this
case, by Proposition 3.2.6, the inner boundary lengths {n}f(@u)}|u|zl of the outermost
CLE4 loops are all contained in A with probability one. Hence, this condition is
equivalent to the case that, almost surely, the CLE4 gasket D'\ U\u|:1 D,, accounts for

all of the my-volume of the supercritical LQG disk: i.e., my(D,,) = 0 for every |u| = 1.

(2) On the complement of the first case, there exists a set A C Ry with a positive Lebesgue

measure and a constant ¢ > 0 such that if L € A, then P (my, (D) > ) > e.

We claim that in the first case, PL)(my, (D) = 0) = 1 for every L € (0,00) and not just

on a subset of full Lebesgue measure. For this, let us choose a specific embedding (I, h(L))

137



of a Q-LQG disk with boundary length L. As in Definition 3.2.3, we let

o _9,c VA-Q> p Q¢ VA-Q*( . p Q
W) = Z(hC tlog L)+ V=P = EhC e X t

log L) (3.3.15)

where AP is a zero boundary GFF on D independent from k¢ = ho f + log|f’| where
h is the field on the strip S = R x (0,27) in Definition 3.2.2 and f is a conformal map
from D to . Now choose any L € (0,00) such that p(@) (mp,(D) = 0) = 1. Since AP +
(Q//4—Q2)log(L/L) is absolutely continuous with respect to h away from the boundary
JOD [194, Proposition 3.4, the two Gaussian fields are absolutely continuous when restricted

to the open ball B;(0) for any r € (0,1). Then, since m 7 (B;(0)) = 0 a.s., we must have

h
m, 1) (Br(0)) = 0 almost surely. Letting 7 1 1, we have PL) (my, (D) = 0) = 1 for every
L € (0,00) as claimed.

In the second case, considering the disks D, cut out by the nth generation CLE,4 loops

by, € T, we have

my,(D) > Y my(Dy) (3.3.16)

|ul=n
for every positive integer n. Proposition 3.3.1 implies that almost surely, by choosing a
sufficiently large n, we can find an arbitrarily large number of disks D, with |u| = n such
that ni}?(fu) € A. By Proposition 3.2.7, conditioned on the boundary lengths {niﬁl(éu)}w:n,
each of these disks with nihn(fu) € A has an independent chance of size ¢ > 0 such that
my(Dy) > e. Thus, my(D) = oo almost surely. Moreover, since (Dy,hp,)/ ~q is a Q-
LQG disk conditioned on its boundary length, we almost surely have my(D,) = oo for
every u € U. Now, this implies mj,(U) = oo a.s. for any open subset U of D, since there
almost surely exists u € U such that D,, C U (this follows from the local finiteness of nested
CLE4 [25, Lemma 2.1]). Now, note that the field h in Definition 3.2.2, when restricted
to compact subsets of S = R x (0,27) away from {0} x (0,27), is mutually absolutely

continuous with respect to a free-boundary GFF. Recalling the conformal map f: D — S,
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we conclude the proof by noting that for any domain U C D at a positive distance away
from oD U f~1({0} x (0,27)), the field k| is mutually absolutely continuous with respect
to a free boundary GFF on U since both hC| o and hP|;r are. For general domains U C C,

we apply an affine transformation paired with the coordinate change rule (3.1.8). ]

3.3.8 Measure constructed from the multiplicative cascade

An important condition in Theorem 3.1.5 was that the supercritical LQG measure my,
is locally determined by the field h. We conclude this section by describing in Proposi-
tion 3.3.5 a natural family of random measures on the CLE4-coupled supercritical LQG disk
(D, h,T')/ ~ arising from its multiplicative cascade structure. While they do not satisfy the
locality condition as the CLEy4 in this coupling is not determined by the field h, they satisfy
the Q-LQG coordinate change formula (3.1.8) and almost surely assign finite and strictly
positive values to each Euclidean open set.

Recall from (3.3.4) the notation ¢¢(6) = E[> ), =1 (Zo(u))?], which, for 6 € (3/2,5/2),

is finite and takes the value cosh(8g#)/ cos(mf)). For ¢ in this range, observe that

@) ._
My = ——— (Z 3.3.17
(¢Q o) g: o(u ( )

is a martingale with respect to the natural filtration of the multiplicative cascade Zg. In

(6)

the branching random walk literature, M,, ’ is called the additive martingale of the branch-
ing random walk Sp(u) = —log Zg(u), which was introduced in [158, 46]. Since Mé&) is
nonnegative for all n, it converges almost surely to a nonnegative random variable Még). A
fundamental result regarding the additive martingale is the Biggins martingale convergence

Q

theorem, which describes the conditions under which the limit Myo’ almost surely does not
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vanish. We describe this condition for the multiplicative cascade Zg. Recall the notation
inf 11 b0 (0)
:= inf —lo
He = glog 809

from Lemma 3.3.2.

Lemma 3.3.4. For each Q € (0,2), there exists a unique positive number 0* such that

(1/6%)1log o (0*) = ng. Moreover, the following are equivalent.
(i) o€ 3,07

(i1) {Mﬁf)}neN# is uniformly integrable.

(i) M >0 as.

Proof. We first show that pg = (1/6%)log ¢ (6*) is achieved at a unique value of 6* € (%, %)

At 6%, we have

@ (% o ¢@<9>) ‘9_9* - 7 (9* jg§2§ ~ log ¢Q<e*>) -0 (3:3.18)

Using the explicit formula ¢g(0) = cosh(Bg0)/ cos(md) from (3.3.4), we furthermore have

d [ $0) B 2 (Bg)?
pT <9W —log ¢Q(9)) = 9<C082<7T9> + cosh2(5Q9)) >0 (3.3.19)

for all 6 € (%, %) Hence, there can be at most one solution to the equation (3.3.18).
Moreover, we have ng’Q(é’)/ng(Q) <loggg(0) if 0 € (%, 6%).
The Biggins martingale convergence theorem [46, Theorem 1] states that the following

three conditions are equivalent:
@) MY >0 as.

Gi) EMY) =1
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1.99-
1.98 -

1.97 -

1.96 Q
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Figure 3.3: The unique value of §* satisfying pug = (1/0%)log ¢g(0*), obtained by solving
(3.3.21) numerically. We observe 0* ~ 1.9647 as ) — 0.

(i) 0(60)'(0)/0q(60) < log 6o (0) and E[M ) log, M?] < o,

We verify the third condition for each 6 € (3/2,0*) using the moment estimates for the
critical multiplicative cascade Z in |70, Lemma 13| (see Footnote 4). This result states
that E[(szl Z(u)e)p} < oo for every p < % Recall from (3.2.13) that Zg(i) =
Z(i) exp(BqY;) for i € N where {Yy};cy are i.i.d. Rademacher random variables that are

also independent from the cascade Z. Therefore,

p
B 1oz, 1) < B[]~ E| (X (z(u))ete )

choosing any p € (1, %) H

Using the explicit formula (3.3.4) for ¢, the equation (3.3.18) satisfied by 6 is equivalent

to

1 cosh(Bg0*)

mtan(m0*) + B tanh(Bgl*) = - log cos(n0) (3.3.21)

6*

The numerical solution of this equation for the range @ € (0,2) is displayed in Figure 3.3.
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For 0 € (%,0*) and u € U, define

M,(f)(u) = W Z (ZQ(U))G and WQSQ) = nlgréo Mée)(u), (3.3.22)

|v|=n,v-u

where Wy) is the a.s. limit of the uniformly integrable martingale {My) (u)}p>|u|- Note

that, for every uw € Y and n > k > |u|, we have

_ Z|v’|:n,v’>u (ZQ (U/))e
(6Q()"

_ Z Z|v’\:nm/>v (ZQ(UI))G _ Z MT(ZG)(U)

0,
My (u) (60(0)"

[v|=k,v-u |v|=k,v=u

(3.3.23)
Thus, we have
) _ s (6) ~ (©) () — (#)
Wy = lim > M w = > Jim M7 (v) = >oowy (3.3.24)
lv|=k,v-u |v|=k,v-u [v|=k,v-u
almost surely by Fatou’s lemma. On the other hand, since {MT(LQ) (v)}p>[y| 1 uniformly

integrable for each v € N,

e —eMPw] = Y EMIw)= 3 E[Wée)}:E{ S WQSH)}
|v|=k,v-u [v|=k,v-u |v|=kv-u

(3.3.25)

W= 3w s (3.3.26)
|v|=k,v-u

and thus qua) defines a random measure on U with respect to the product o-algebra.

The analog of Lemma 3.3.4 holds for the derivative martingale

VP 0)
M=% (ZQ(u)) ( 9Q(7") —logZQ(u)) ) (3.3.27)

(@0 (6))" \ 60 (0% d ‘9:9*

|u|=n
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defined in [47|. This fact can be verified by checking the conditions in [8] again using the

formulas in |70]. Hence,

W= i > Zo(v)’ (¢/ ) 1 Z()) (3.3.28)
o = lim o gy —log Zg(u 3.
N PQ(O*)" \ o (0*)
also defines a random measure for the product o-algebra on U.
The following proposition gives a construction for a random finite measure £ which is
almost surely determined by the CLE4-coupled supercritical LQG disk (D, h,T)/ ~ through

the multiplicative cascade Zg.

Proposition 3.3.5. Let ({y)y,cyy be the loops of a nested CLEy in D indexed so that u < v
if and only if £, encloses £y,. Denote the open set enclosed by y, as Dy,. Suppose {Wy}ycu
is a collection of nonnegative random variables which satisfy Wy = > ey Wy for every
u € U. Then, there exists an almost surely unique random Borel measure & on D such that
£(Dy) = Wy. Moreover, if 5(”) is any sequence of random Borel measures on D such that

n)

f(”) (Dy) = Wy, almost surely for every |u| < n, then, almost surely, f( converges weakly

to & asn — oo.

Proof. Let C be a countable collection of nonnegative continuous functions on D such that
two (deterministic) Borel measures y and fi on D are the same if fﬁ fdu= fﬁ f dp for every
fec.

Uniqueness. Suppose £ is a random Borel measure on D that almost surely satisfies

£(Dy) = Wy, for every u € U. For each f € C and n € N, define

Z Wy - inf f(z) and W : Z Wy, - sup f(2). (3.3.29)

= #€Du ju=n  #€Du

Note that since £(Dy) = Y ey E(Duk), we have £(Dy\ (Uren Dur)) = 0 a.s for every u € U.
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Hence,

=Y &Dy)- inf f(z /fd§< Z £(Dy) - Stgf(z):W;Z) a.s. (3.3.30)
[ul=n b

Also, since D, C Dy, for every k € N,

= > @u)- it f2)< S S €D it f(z) =W as (33.31)

lu|=n 2€Dy lu|=n keN eDy
and similarly W}Jr) > VVJ(CJr 2 a.s. for every n. By [25, Lemma 2.1],

lim sup diam(Dy) — 0 a.s. (3.3.32)

Hence, for each € > 0, there exists a positive integer N such that

]P’( sup  sup |f(z) — f(y)| < 5) >1—e. (3.3.33)
|u|>N zyeD,

On this event, 0 < W](cn) — (n) < €Z|u| Wy = eWj for every n > N. Taking ¢ | 0, we
have that lim;,,—so W f]D) f d¢ almost surely. Since W }Z:) does not depend on the choice
of &, we conclude that this random measure is almost surely unique.

Ezistence. Suppose & (7) is a sequence of random Borel measures on D such that, for each

lu| < n, we have £(™)(D,) = W, almost surely. For instance, we may choose ¢ where, if

Leb is the Lebesgue measure on D, then

de™) W
= —1 Dy 3.3.34
uj=
We have W < i fdf ]([ n) a.s. for continuous f : D — [0,00), in an analogous way
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0 (3.3.30). Hence,
lim /fd§ = lim_ Wi =Wy as (3.3.35)

n—oo

The convergence fﬁ fdg () i> W for all nonnegative continuous f on D implies the existence
of a random measure & such that ([ f d€) fec d (W¢) rec jointly [147, Lemma 5.1]. Recall
that Wy is a measurable function of (Wi, €y )yey- Since ([ f d€) ec determines € uniquely
at each point in the probability space, there exists a coupling of & with (W, y,)yecy such
that fﬁ Jd§ =Wy as. for every f € C, and hence for every continuous f on D.

Let us now check that £(D,,) = Wy, a.s. for every u € U. Fixing u € U and choosing a

sequence of random continuous functions fj approximating 1p, from below, we have
£(Dy) > sup Wy, = supsup W](fnz a.s. (3.3.36)
k kono Ok

Since & (n) is supported on U|U| D_U, which almost surely does not intersect 1, = 0D, when
n > |u|, we have supy, W = ¢M)(D,) = W, almost surely. Hence, £(Dy) > W, a.s. for

every u € U. Since the loops of nested CLEy are a.s. disjoint, we have

Y Wu< ) D) <ED)= > Wy as. (3.3.37)

|ul=n lul=n lul=n
Therefore, £(Dy,) = Wy, almost surely for every u € U. O

A natural choice for the process W = (Wi, )y,ez/ is to set either W = W) for 6 € (%, 6%)
or W = W*. For any of these choices, since the Q-LQG lengths (ny,(¢y))yey are invariant
under different choices of embedding the nested-CLE4-decorated supercritical LQG disk, the
measure ¢ that we constructed also satisfies the Q-LQG coordinate change rule (3.1.8). We
do not have a suggestion for a value of # that has a special meaning within the context of
Liouville theory with central charge cr, € (1,25).

Remark 3.3.6. The measure ¢ violates the locality condition of Theorem 3.1.5; that is,
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€(U) is not determined by the domain U C D and the local field h|;;. Indeed, given the
CLEy4 loop ¢, € T and the field | D, inside the loop £y, the value of {(D,,) still depends on
lu| — i.e., the generation of the loop £, within the nested CLE4 T' — since ¢ () > 1 for
any @ € (0,2) and 6 € (3/2,6%).

Note that & is almost surely supported on the set of points which are surrounded by
infinitely many CLE4 loops. Using the many-to-one formula for the branching random
walk (see, e.g., [233, Theorem 1.1]), one can check that if W = W) (resp. W*), then
the corresponding random measure £ is a.s. supported on the points z € D such that if
ly,, is the nth generation CLE,4 loop enclosing z, then %bg Zo(un) — gb’Q(Q)/ngQ(Q) (resp.
qﬁ’Q(G*)/QﬁQ(G*)) as n — oo. It would be interesting to investigate how these points are

related with the thick points of the field.

3.4 Background on random planar maps

We now move on to the second part of this article, which studies the random planar map
model of a supercritical LQG disk introduced in Section 3.1.2. We begin this section by
giving the precise definitions for the laws of planar maps involved in the construction of this
discrete model. Its connection to the continuum model described in Section 3.2 is given in
Proposition 3.4.13, which states that the perimeters of marked faces in our discrete model
converge in the scaling limit to the lengths of CLE,4 loops on the supercritical LQG disk.
We also introduce the random walk representation of the perimeters of faces in a Boltz-
mann map (Proposition 3.4.7), which is a key tool in the proof of Proposition 3.1.3 in Sec-
tion 3.5. We finally survey the convergence results for subcritical Boltzmann maps (Proposi-

tions 3.4.17 and 3.4.18) that form the key input for the proof of Theorem 3.1.4 in Section 3.7.
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3.4.1 Definitions of Boltzmann maps and ring distributions

There were two kinds of planar maps needed in the construction of Definition 3.1.1: Boltz-
mann maps and rings. We first give the definition of a Boltzmann map with a fixed perimeter

for the root face. Recall that per(f) refers to the half-perimeter of the face f.

Definition 3.4.1. For p € N, let M) denote the set of all finite bipartite rooted planar
maps with the degree of the root face equal to 2p. Given a weight sequence q = (¢;);en of

nonnegative real numbers, define the Boltzmann weight of a map M & UpeN M®) as

wCI(M) = H Qper(f)a (341)

fe3(M)
where §F(M) refers to the collection of inner (non-root) faces of M. We say that the weight
sequence q is admissible if W((lp ) — pRY: M) wq(M) < oo for all p € N. In this case, we

define for each p € N the corresponding probability measure

PP (M) = 1(p)wq(M), M e M®) (3.4.2)
Wq

of Boltzmann maps with boundary length 2p.

Given a weight sequence q, define
o0
2k —1 _
fq(z) = Z <k . )quk L 2>o. (3.4.3)

By [184, Proposition 1|, q is admissible if and only if the equation fq(z) = 1 — 1/z has
a positive solution. Let Zq denote the smallest such solution, so that the measure pq
in Definition 3.4.2 below is a probability measure. It arises as the offspring distribution
of a Galton—Watson tree associated to a Boltzmann map with weight sequence q via the
Bouttier-Di Francesco—Guitter bijection [58] with the Janson—Stefansson trick [144[; see |70,
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Proposition 4| for further details.

Definition 3.4.2. If q is an admissible weight sequence, we associate to it a probability

measure jiq on nonnegative integers given by

Hg(k) = (Zg)* ! <2:_‘11) G k> 1 (3.4.4)

and 11q(0) = 1/Zq, where Zq is the smallest positive solution to the equation fq(z) = 1—1/x.

The measure 11q allows us to classify the weight sequence q depending on the large-scale
(p)

behavior of Boltzmann maps sampled from P¢g’. The following classification is drawn from

[70, Definition 1| and |76, Section 5.3].

Definition 3.4.3. An admissible weight sequence q = (¢;);en is said to be critical if the
associated probability measure fiq in (3.4.4) has mean 1 and subcritical if its mean is strictly
less than 1.

A critical weight sequence q is said to be generic critical if g has a finite variance.
A critical weight sequence q is non-generic critical of type a € (3/2,5/2) if k¢*+1/ 211 (k)

converges to a positive constant as k — oo.

In the critical generic case, there are no macroscopic faces and the scaling limit of the
Boltzmann maps as the number of total vertices tends to infinity is the celebrated Brownian
map [184, 174, 188|. The analogous scaling limit in the critical non-generic case depends on
the value of a and is called a stable map [176]. The scaling limit in the subcritical case is
the continuum random tree; see Section 3.4.4 for further details.

For the remainder of this work, we fix q = (¢;) ;en# to be a non-generic critical weight
sequence of type a = 2. An important example of such a weight sequence is one correspond-

ing to the gasket of a rigid O(2) loop model-decorated quadrangulation.® More generally, a

5. The works [6, 149] show that the gasket of a rigid O(2) loop-decorated bipartite map is a non-generic
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()

Boltzmann map M sampled from the law Py~ associated with such a weight sequence can
be thought of as a discrete version of the CLE, gasket, in the sense that the set of perimeters
{per( fi)}ieS( M) of the non-boundary faces converges in the scaling limit to the correspond-
ing set of lengths of loops in a critical LQG disk decorated with independent CLE, (see
Lemma 3.4.14).

We now define the distribution of rings which puts our discrete model in the universality
class of supercritical LQG with given central charge. As promised earlier in the introduction,

we allow the following more general distribution of rings in the rest of this article.

Definition 3.4.4. Let (IP’(p)

ring)peN be a sequence of probability measures on planar maps
R with two distinguished faces — an outer face f,yt and an inner face f;;, — such that
per(fout) = p and per(fiy) € N#. Let Rat(R) denote the ratio per(fiy)/per(fout) of the ring

R. We assume that this sequence of distributions satisfy the following conditions.

(1) Background charge: Recall the background charge @ € (0,2) associated with super-
critical LQG. The law of Rat(R) under IP’EQ g converges in distribution to exp(fgY’) as
p — o0, where Y is a Rademacher random variable and

Y
Bo = W—V‘LQQ (3.4.5)

(2) Non-thickness: Let Vol(R) denote the total number of vertices in R. There is a constant

C > 0 such that, for any p € N, a ring R sampled from ]P’(p ) satisfies Vol(R) <

ring

critical Boltzmann map of type a = 2 in a more general sense than Definition 3.4.3, where a slowly varying
correction is allowed for the tail of jiq as in [215, Definition 2.2| and [78, Definition 1|. For the gaskets of rigid
O(2) loop-decorated quadrangulations, Aidékon, Da Silva, and Hu verify that &%/ 2pg(k) either asymptotic
to a constant or grows logarithmically as k — oo [6, Equation B.8], and gives an explicit condition for the
former case.

We believe that Theorem 3.1.4 would continue to hold for random planar map models of supercritical LQG
constructed using this more general class of non-generic critical Boltzmann maps of type a = 2. In this case,
with slowly varying corrections to the estimates for T ép ) and Lgp ) in Lemma 3.4.8, our results continue to
hold prior to Lemma 3.6.9. However, we then no longer have the exponential decay in (3.6.24), so our proof
of Lemma 3.6.9 is not valid with this generalization.
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C(per(fout) + per(fin)) almost surely.

(3) Non-triviality: pP) (Rat(R) > 0) > 0 for all p € N.

ring

(4) Lower tail: For each A\ > 0, there exists a constant ¢ > 0 such that E?) [e~ P Rat(R)] <

ring

e P for all p € N.

(5) Upper tail: There exists a constant J > 0 such that sup,cny g [(Rat(R))29)] < .

ring

(6) Gluing of boundaries: There exists a constant K < oo such that, for any p € N, a ring
(p)

R sampled from P/ o satisfies the following property almost surely: each vertex on the

outer boundary of R is at most distance K from its inner boundary, and vice versa.b

The main condition that we require is (1). We emphasize that the dependence of our
planar map model on the central charge cf, is precisely through the constant 8¢ appearing
in the law of Rat(R). In terms of the continuum picture in [18], the limiting law in the
first condition corresponds to the ratio between the inner and outer perimeters of a CLE4
loop in a CLEy-decorated supercritical LQG disk (see (3.2.11)). The remaining conditions
are technical hypotheses needed in our proofs which we do not claim to be optimal. For
instance, with a more restrictive law for the rings (e.g., per(fin) d [pexp(BgY)] for all
p € N as in [18]), many of the estimates in our work can be improved. We refer the reader

to Remark 3.6.5 for a further discussion of this point.

Remark 3.4.5. Our construction of the planar map in Definition 3.1.1 has two main dif-
ferences from that in [18|. First, in place of gaskets of the fully-packed O(2) loop-decorated
triangulations, we use critical non-generic Boltzmann maps of type a = 2. This change

allows us to extend and apply the results of [70], which provided an exact solvability of the

6. This condition is not needed in our proofs. However, it is imposed so that planar maps sampled from the
unconditioned law Pg’o’) can be reasonably expected to converge in the scaling limit to the supercritical LQG
disk decorated by CLE4. For instance, this condition excludes a ring where the inner and outer boundaries
are connected through a single edge, since this would yield an outsize impact to the distances between the
vertices to the inside and the outside of the ring.
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perimeter process of the loop O(n) model for n € (0,2) via an analysis of the gaskets in
terms of the corresponding Boltzmann maps. We note that, for n € (0,2), the distribution
of the gasket of a loop O(n) model-decorated planar map has been identified in [57| with a
critical non-generic Boltzmann map with a = 2+ (1/7) arccos(n/2). Furthermore, the above
was extended to the case n = 2 independently in the works [6] and [149].

The other difference in our model from that of [18] is the general class of rings that
we allow in Definition 3.4.4. Since Definition 3.1.1 outputs an infinite map with positive
probability (see Lemma 3.5.2), it is a priori conceivable that minor changes in the sequence

(p)

(]P’(p ) y may drastically affect the law Pp™. Our main result Theorem 3.1.4 implies that

ring)pe

for any reasonable choice of ring distribution, its effect on the global geometry of the planar

map, when conditioned to be finite, becomes negligible as p — oo.

3.4.2 The connection between Boltzmann maps and random walks

An important ingredient in this work is the understanding of the distribution of the perime-

(P)

ters of the faces of a Boltzmann map sampled from IP’ap — i.e., the probability measure on
rooted bipartite maps with boundary perimeter 2p which is proportional to the Boltzmann
weight (3.4.1). Given a Boltzmann map M sampled from ]P’g)), let xar = (Xas(7))jen en-
code the half-perimeters per(f) for f € F(M) listed in a non-increasing order with duplicity,
padded by xps(7) = 0 for i > |F(M)|. A key tool in our proof is the encoding of the law of

X s is the following random walk.

Definition 3.4.6. Let q be an admissible weight sequence. Consider the random walk

Sp = Y11 X; starting at 0 and with steps X; sampled independently from the distribution
P{X; =k} = ug(k+1), ke{-1,0,1,...}, (3.4.6)

where jiq is the probability measure associated with the weight sequence q defined in (3.4.4).
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Let Tép) = inf{n > 0 : S, = —p} be the first time that this walk hits —p. Let Lg)) =
()
T
szl Lix,——1) be the total number of negative steps (always —1) taken by the walk up to

time T ép ). Let xgp) = (Xg))(i))ieN be the non-increasing sequence of integers satisfying
A0

= {Xn + 1} L (3.4.7)

ic[1,TP)] TP

as multi-sets and qu)( ) =0 for ¢ > Té ),

The following identity is given in [70, Section 2.3.1] based on the bijections of [58, 144].

Proposition 3.4.7. Let q be an admissible weight sequence and let M be a Boltzmann map
sampled from IP’ for any p € N. Then, the law of xps s equal to that of XS weighted by
(Lg) + 1)_1. That is, for any positive measurable function F: RN — R, we have

E[(LY + 1) P o)

EP) _ . 4.
q [ (XM)] E[(Lg?) N 1)71] (3 4 8)

Our proofs of Theorems 3.1.3 and 3.1.4 in Sections 3.5 and 3.6 make heavy uses of this
random walk encoding of Boltzmann maps and its basic properties that we now collect. We
first consider properties of the random walk associated with our critical non-generic weight
sequence q of type a = 2. These results can be stated with slight modification for other
values of a € (3/2,5/2) as well, but we do not stray away from the a = 2 case that we

consider exclusively in our work.

Lemma 3.4.8. Let q be a critical non-generic weight sequence of type a = 2. Let Sy
be the associated random walk and Tép) and Lgp) be the random wvariables defined as in
Definition 3.4.6. Then, p_3/2T§p) converges in distribution to a positive 2/3-stable random

variable. Moreover, there is a constant ¢ > 0 depending only on q such that for all € > 0
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and p € N, we have

—2

BT <ep’?) <P(LY <opP?) <eme . (3.4.9)

Consequently, there exists a constant C' > 0 such that E[(LES?) + 17 > cp3/2 for ail

peN.

Proof. The convergence of p 32T ép ) is established within the proof of [70, Proposition 3| and
(3.4.9) is proved in Lemma 5 of the same article. To prove the last estimate, it suffices to show
E[(Tép))*l] > Cp~3/2 since Lg?) < Tép). We know from (3.4.9) that {p3/2(T§p))*1}p€N is
uniformly integrable. Denoting by 7 the positive 2/3-stable random variable that p_3/ 2Tép )
converges in law to, we conclude p?/2E[1 /Tép )] — E[1/7]. This limit is finite, as can be

checked from well-known estimates on the density of 7 (see, e.g., [257, Chapter 2.5]). O

We now move on to estimates for T ép ) and Lg)) corresponding to a subcritical weight

sequence. Let

mg = Y kug(k+1) € (=1,0) (3.4.10)
k=-—1

be the mean of the step distribution (3.4.6) of the associated random walk S.

Lemma 3.4.9. Let q be a subcritical admaissible weight sequence. Then,

lim P(TY) > —2p/mq) = 0. (3.4.11)

pP—00
Furthermore, for all p € N, we have p_lETép) = ETS) < o0 and

1

E[(LY + 1) > B[(1P +1)71] > GE[IT&M] +1) 7 (3.4.12)

Proof. Note that {Tép) > —2p/mg} C {SL—QP/maJ > —p}. Since E[SL—2p/maJ] ~ —2p, by

the law of large numbers, the probability of the latter event decreases to 0 as p — oc.
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To obtain (3.4.12), note that ET ép ) _ p- IETS(;I) since the only possible negative jumps of
S are —1. We have ]ETS) < oo from, e.g., [116, Theorem 2.1]. The claim then follows by

Jensen’s inequality since the function z — (z + 1)1 is convex. O

As a simple instance of extracting information about Boltzmann maps from the corre-
sponding random walk, we show that (3.4.11) gives an upper bound on the number of faces
in a subcritical Boltzmann map. Recall that for a rooted planar map M, we use (M) to

denote the set of interior (or non-root) faces of M.

Lemma 3.4.10. Ifq is a subcritical weight sequence, then P(qp)(|S(M)| < —2p/mg) — 1 as

p — 00.

Proof. By Proposition 3.4.7, it suffices to show that

(p) —1qg7WP) o _ _
i s P D7 W > 2p/mg)] (3.4.13)

pee E[(LY + 1))

In Lemma 3.4.11 below, we show that (Lg)) + 1)1 is a bounded and decreasing function of
the sequence (X1, Xo,...), whence 1{Tb(~p ) > —2p/mg} is an increasing function of the same
sequence. Thus, the FKG inequality implies that the ratio in (3.4.13) is bounded above by

P(Tép) > —2p/mig), which tends to 0 as p — oo by Lemma 3.4.9. O

Lemma 3.4.11. Let (X1, Xo,...) be a sequence of integers taking values in {—1} UN# and

consider the walk Sy, = X1+ -+ Xy, forn € N. Let Tép) be the first time that the walk hits

—p and Lg?) be the total number of negative steps until this hitting time. Then, Tép) and

LL(S?) are increasing functions of the sequence (X1, Xo,...) for every p € N,

Proof. Fix p € N. Suppose ()NQ, )N(Q, ...) is another sequence of integers such that X; < )?Z

for every ¢ € N. Let S, = )?1 44 X, and define Tép ) and L%p) analogously. Since 5; < §Z
for all 7, we have Tép ) < Tép ) almost surely.
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Let us show Lg?) < Lg). It suffices to show this for the case that X; < X j at a unique
index j € [1, Tép )] and X; = X; for all other i < Tép ) , since we can make comparisons while

(p) index-by-index. In fact, since Tép) = Tép) it X; = Xz for

iSTép) to (XZ')Z_ST
every i € [1, Tgp)]], so we only need to consider the case that X; < )N(j for some j € [1, Tép)ﬂ

changing (X;)

and X; = )?Z for all 2 # j in this interval. If X; # —1, then X; is not counted in L(bio), SO

(p) () . 17 (P) (p) _ v 3 _
TS < T§ implies LS < L§ CIf X;=-1 and X; >0, then STép) > STép) = —p, so there

exists at least one negative X; among Tép ) <1 < Tép ) . Hence,
Tép) TS(VP)
-y axi= -1y -1+ Y UK=-1>a?-nr1=Lf. 3414)
=1 i=TP +1
Hence, L(Sp) < L%) whenever X; < )N(Z for all 7; this completes the proof. n

3.4.3 Perimeter cascade of supercritical planar maps

In this subsection, we investigate the law of the perimeters of faces that appear in the
iterative construction of supercritical maps in Definition 3.1.1. Let us first define a process
indexed by the Ulam tree U = UneN# N which describes these perimeters along with their

genealogy. For u € N C U, denote |u| = n.

Definition 3.4.12. Given p € N, let {(M;, §;)},;cn# be the Markov chain in Definition 3.1.1
with the law IP’&%). Let M be the random planar map resulting from this chain. We define
the processes Xij& = (Xij\r}[(u))ueu and the indexing f : U — {OM, @} U (U,;cn# i) through
the following inductive procedure.

o Let fy = OM and yi\(0) = p.

in

e Suppose we have {(fu, X}y (u))}y|—;- Here is how we define {(fu7Xi]\n4(U))}\u|:i+1-
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— For each v € U with |u| = i and f, # @, recall that F(M(f,)) are the faces
of the Boltzmann map glued into the face f, € §;. With m = |F(M(fu))|, let
fuls fu2, - - -5 fum be an enumeration of the faces §(M (fy)) such that, respectively,
per(fu1),---,per(fum) is in a non-increasing order. Let le\r}[(uk) be the inner half-

perimeter per;, (f,%) of the ring attached to the face f,..

—If fu=@ or k> [F(M(fu))], let fu =@ and xII (uk) = 0.

The main result of this subsection is that the above perimeter process Xij& converges in
distribution as p — oo to the multiplicative cascade Zg of the inner boundary lengths of

CLE4 loops in a unit boundary length supercritical LQG disk.

Proposition 3.4.13. For each p € N, let XiJ\I}[(p) denote the perimeter process of Defini-
tion 3.4.12 sampled from IP’&ZZJ) corresponding to the background charge @ € (0,2). Also, let
(Zg(u))yey be the multiplicative cascade given in Corollary 3.2.8. Then, as p — oo,

("X () (W) e 4 (Zo() ey (3.4.15)

with respect to the product topology on RY.

This result is the supercritical analog of [70, Theorem 1|, which gave the convergence of
the perimeter process in the loop O(n) model for n € (0,2) to a multiplicative cascade. Its
proof is based on the following description of the law of perimeters of faces in the Boltzmann
maps that constitute our planar map. Note the similarity between its law (3.4.8) and the law
(3.2.7) of the lengths of (non-nested) CLE4 loops on an independent unit boundary length
critical LQG disk, which we denoted p(l). It was proved in [70] that, in fact, the former

converges to the latter in the scaling limit.”

7. Though [70] assumes a € (%, %) \ {2} throughout, their proof of this proposition only requires that

the step distribution of the random walk is centered and is in the domain of attraction of the totally
asymmetric stable law of parameter &« = a — 1/2 € (1,2). The proof for this general case can by found in |6,
Proposition C.2].
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Lemma 3.4.14 (|70, Proposition 3|, [6, Proposition C.2]). Let q be a critical non-generic
weight sequence of type a = 2. For each p € N, let Mép) be a Boltzmann map sampled from
the law IP’((lp) given in Definition 3.4.1 and recall that X, ) refers to the decreasing sequence
of half-perimeters of internal faces of M(gp). Then, asop — 00, the law of the sequence

(p_lxM(p)(i))ieN converges to p™) with with respect to the product topology on RY.
0

Proof of Proposition 3.4.13. Comparing Definition 3.4.12 of the perimeter process Xij\r}(p)
with the iterative construction of the map M (P) in Definition 3.1.1, it suffices to show the

convergence of the first generation: i.e.,

—1.1i . d, .
(0™ Xy (D) jen = (Z@()en (3.4.16)
as p — 00.
Let Mép) be a Boltzmann map sampled from the law Pg)) and let f1, fo,..., f|S(M(p))|
0
be an enumeration of its interior faces so that X ) (i) = per(f;) for each i. That is,

0
per(f1),per(f2),... is in a non-increasing order. For each face f; € S(Mép)), sample a ring

R; conditionally independently from the law ]P’g)ne gr (f i)). By our choice of the ring distribution
(Definition 3.4.4), the ratio Rat(R;) of the inner and outer parameters of the ring R; converge
jointly in distribution to exp(8gY;) where Y1,Y5, ... arei.i.d. Rademacher random variables.
Hence, if we put per(f;)Rat(R;) := 0 for ¢ > |8Mép)| and let (Z(i));en be a sequence with

the law p(1) sampled independently from {Y; }ien, then by Lemma 3.4.14 we have

(7" ) (D) eny = (P per(fi)Rat(Ry)) ;o 4 (2(0)e"@") e = (Z0(D) ey (3:4.17)

as p — oo with respect to the product topology on RN, O
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3.4.4 Convergence of subcritical Boltzmann maps to the continuum random

tree

We now recall the definitions of the continuum random tree (CRT) and the Gromov—
Hausdorff distance that appear in our main result. Then, we survey the literature on con-
vergence of subcritical Boltzmann maps to the CRT, which shall provide key inputs to our

proof of Theorem 3.1.4.

Continuum random tree

The Brownian CRT is a random real tree defined from a Brownian excursion that arises as
the scaling limit of a large class, as defined and investigated by Aldous in the pioneering
works [10, 11, 12]. More recent results on the convergence of random discrete structures to

the CRT are surveyed in [236].

Definition 3.4.15. Let e: [0,1] — R4 be the normalized Brownian excursion. Consider

the pseudo-distance defined on the interval [0, 1] by

de(s,t) = es + e — 2 i 3.4.18
elsit)=este =2 min ey (3.4.18)

for s,t € [0,1]. Let ~¢ be an equivalence relation on [0, 1] given by s ~¢ t if and only
if de(s,t) = 0. The continuum random tree is the random metric space (7e,d7,) :=
([0,1]),de)/ ~e. The equivalence class containing 0 and 1 is the root () of the CRT (7, d).
With an abuse of notation, we also use the acronym CRT to denote the law of the above

object.

Gromov—Hausdorft convergence

The Gromov—Hausdorff distance measures how close two metric spaces are being isometric to

each other and has been used widely to describe convergence of random discrete structures
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to continuum metric spaces.

Definition 3.4.16. Let X = (X,dx) and Y = (Y,dy) be compact metric spaces. The
following are equivalent definitions for the Gromov-Hausdorff distance dgp(X,)) between

X and Y.

(i) Given two compact sets K1, Ko in a metric space Z = (Z, d), recall that their Hausdorff

distance is given by

dH(Kl,KQ) = ( sup d(zl,K2)> \% ( sup d(ZQ,K1)>. (3.4.19)
z1€Kq 29€Ko
Then,
deu(X,Y) = _ inf dy(ex(X),ey(Y)) (3.4.20)
Z,0X,9Y

where the infimum is over all metric spaces Z = (Z,d) and isometric embeddings

@XZX%Z,QOYZJ)—)Z.

(ii) A correspondence between X and ) is a subset R C X XY such that RN({z} xY) # &
for every x € X and RN (X x {y}) # & for every y € Y. The distortion of the

correspondence R is defined as

dis(R) = sup{|dx (z1,72) — dy (y1,92)| : (v1,91), (x2,92) € R}. (3.4.21)

Then,
1
daa(X,Y) = 5 i%f dis(R) (3.4.22)

where the infimum is taken over all correspondences R of X and ).

See, e.g., |61, Section 7.3] for the equivalence of the two definitions. We shall often switch
between the above two equivalent formulations depending on which one is more convenient

for the particular application at hand.
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Previous convergence results for subcritical maps

()

As mentioned earlier, the behavior of Boltzmann maps sampled from IP’ap depends strongly
on the choice of the weight sequence q. If the weight sequence is critical non-generic, the
corresponding Boltzmann maps have macroscopic faces, and upon renormalizing distances
appropriately, these Boltzmann maps are expected to converge to a “stable map with a
boundary” as in [176]. On the other hand, in the critical generic case, there are no macro-
scopic faces and the scaling limit is known to be the Brownian map [184, 174, 188|.

If the weight sequence is subcritical, there are again no macroscopic faces in the Boltz-
mann map, but in this case, the scaling limit turns out to be a CRT. This was proved in
[144, 189] for the case of Boltzmann maps without boundary. We will need the analogous
convergence for subcritical Boltzmann maps with boundary (i.e., sampled from Pg )) in two
different flavors. First, we state a result from [160, Corollary 5| about the convergence of the
outer boundary of the Boltzmann map to the CRT. Recall that for a planar map M with
vertex set Vj; and graph distance djy, we let 7 M refer to the metric space (Vyy,rdys) for

reRy.

Proposition 3.4.17. Let q be a subcritical weight sequence. For each p € N, let Mép) be a
(p)

Boltzmann map sampled from IP’a . Then, there erists a constant Kg such that

Ki
SdopP 4 crr (3.4.23)
VP

as p — oo with respect to the Gromov—Hausdorff distance.

The proof of this result in [160] is based on a bijection between the outer boundary 8Mép )
to a looptree associated with a critical Bienaymé-Galton—Watson process, which we follow
closely for our proof of Theorem 3.1.4. See Section 3.7.1 for further details.

With additional assumptions on the decay rate of yg, the entire map M (p) converges to

a CRT.
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Proposition 3.4.18. Let q be a subcritical weight sequence such that pg([k,00)) = o(k™1)

as k — oco. If M®) has the law Pg?) for each p € N, then

1 d
I V402
\/2_pM % CRT (3.4.24)

as p — oo with respect to the Gromov—Hausdorff distance. Moreover,

1
— max dy (v, 0MP) S0, (3.4.25)

VP eV, )

Proof. For the proof of (3.4.24), in view of [189, Theorem 1.3|, it suffices to show that

12 > [per(f)F =0 (3.4.26)

P resuw)

in distribution as p — oo. We use the connection between random walks and Boltzmann
maps as explained in Section 3.4.2. Let S, = X1 + --- + X, be a random walk with step

distribution (3.4.6). By Proposition 3.4.7, the convergence (3.4.26) is equivalent to

(p)
1 T 9 5
E[L(p)+11{ >0 (Xi4+1)7 > ep }}
fira ) =0 for all € > 0. (3.4.27)
Lg’)ﬂ

(»)
T
By Lemma 3.4.11, the indicator 1{}. 5, (X; + 1)2 > £p?} is an increasing function of the

sequence (X1, Xs,...) while (Lgp) + 1)_1 is a decreasing function of the same sequence.

Using the FKG inequality, the problem at hand reduces to checking
Té,'p)

IP( > (X +1)? > €p2) — 0. (3.4.28)

1=1
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Since q is subcritical, in view of Lemma 3.4.9, it suffices to show that

| —2p/mq]

IP’( do(Xi+1)?> €p2> — 0. (3.4.29)
i=1

This follows by the law of large numbers for i.i.d. heavy tailed random variables (e.g., [148,
Theorem 6.17] with p = 1/2 therein).

In fact, the convergence (3.4.24) holds because the boundary of (2p)~1/2M ) converges
to the CRT, whereas its interior faces disappear under the scaling limit as expressed in
(3.4.25). This reasoning, first given heuristically in [42], was stated within the proof of [189]
in terms of the “key bijection” between (a uniformly chosen negative pointed map version
of) M) and a labelled forest combining those of [58] and [144]. In this bijection, the
leaves of the forest are in bijection with the non-distinguished vertices of M (p), Moreover,
we can check directly from its construction (see [187, Section 2.3]) that each tree in the
forest contains a leaf that is mapped to a vertex on OM (P), Since the labels on the leaves
correspond to the graph distance to the distinguished vertex in M (p), the maximum distance
from any vertex in M (P) t0 9MP) is bounded above by the maximum difference of the labels
in each tree. The latter quantity is equal to max L®) —min L) in the notation of [189]. By
Theorem 2.6(1) in that paper, it follows from (3.4.26) that p~*/2(max L) — min L®)) — 0

in distribution as p — oo. This proves (3.4.25). O

3.5 The probability that a supercritical map is finite

The goal of this section is to prove Proposition 3.1.3, which will be done via a subadditivity
argument. A priori, it is not even clear if F'(p) = Pg{g)(l\/[ is finite) < 1 for any value of p, so
we turn to this first. We saw in Proposition 3.3.1 that in the continuum limit, macroscopic
loops are abundant at all stages in the supercritical multiplicative cascade Zg. We now

employ a comparison to a supercritical Bienaymé-Galton-Watson (BGW) tree to deduce
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the non-triviality of F'.
Lemma 3.5.1. We have the convergence F(p) — 0 as p — oo.

Proof. For each positive integer p, let ng = ng(p) be a constant to be determined later. Let M

(p)

be a map sampled from P; "~ and recall the associated perimeter cascade xi]\r} = (Xi]\r}(u))ueu

from Definition 3.4.12. Consider the random variable

Nin = #{u € U : [u] = mng, '}y (u) > p}. (3.5.1)
Then,
F(p) < IP’gé)(Nm = 0 for some m € N). (3.5.2)

The goal now is to show that the right-hand side of this inequality tends to 0 as p — oc.
We do so by constructing a supercritical BGW process whose size at each generation m is
stochastically dominated by Ny, and has a sufficiently small extinction probability.

As a consequence of Proposition 3.3.1, for each ¢ € (0,1), we can find ny € N such that
P(#{u € U : Ju| = ng, Zg(u) > 2} > 100) > q. (3.5.3)

Combining this with the distributional convergence of Proposition 3.4.13, we see that for
each sufficiently large p € N, we can choose ¢ = ¢(p) € (0,1) with ¢ increasing to 1 as

p — oo such that for every integer p > p, we have
PO (#{u € U - u] = ng, x1(u) > p} > 100) > q. (3.5.4)

Now, consider a BGW process with offspring distribution g such that p(100) = ¢ and

1(0) =1 —gq. Let Zy, denote the number of offspring of this BGW process in generation m
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and define

Ny =#{u el : |ul :mnq,xi]\r}(uk) >pfor 1 <k<m
where uy, is the ancestor of u with |ug| = kng}.

(3.5.5)

Then, (Nl, No, .. .) sampled from ng) is a BGW process whose offspring distribution /i
satisfies fi(k) > u(k) for all k& > 0, whence (Z1,Z,...) is stochastically dominated by

(Kfl, No, ... ). Since Ny < Ny, for every m,
(N1, No, ...) 26p (%1, Za, ). (3.5.6)

On the other hand, for the corresponding supercritical BGW process, we know that the

extinction probability P(Z,, = 0 for some m € N) tends to 0 as ¢ — 1. By stochastic
(p)

domination, we conclude Pgg’ (N, = 0 for some m) — 0 as p — oo as claimed. ]
Lemma 3.5.2. For every p € N, we have 0 < F(p) < 1.

Proof. Fix p € N and let M be a map sampled from ]P’gé). Let us first show F(p) > 0. The

construction of the map M in Definition 3.1.1 terminates right away if the gasket Mg has
(p)

no interior faces. Since M has the marginal law of a Boltzmann map sampled from Pg”, in
terms of the random walk representation of the perimeter process x (Proposition 3.4.7),

this corresponds to the event that X; = —1 for all ¢ € [1,p]. Using the trivial bound

L(bin) > p, we thus have

Fp) > E[(LY +1)711{X; = —1 Vi e [1,p]}] _ (D) pg(-1)P

E[(LY +1)-1] E[(LY +1)-1] (3.5.7)

> (ng(=1)) = (Zq)™" > 0.

We now prove F'(p) < 1. Choose a face f| € §o = F(My) with the longest perimeter: that
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is, per(f1) = max ez, per(f) = xas,(1). Note that for each k € N, we have ]P’Ef) (per(f1) >
k) = pq([k,00)) > 0 by the definition of the non-generic critical weight sequence q. We now

fix k to be large enough that sup,,~; F'(m) < 1/2. Then,

m>k (3.5.8)

Recall from Definition 3.4.4 that Rat(R) for a ring R sampled from ]P’( m) converges in

ring

distribution to exp(ﬁQY) where Y is a Rademacher random variable. Hence, we may assume

(by choosing a larger k if necessary) that inf,,~ p™) (Rat(R) > 1) > 0. Since per;j,(f1) is

ring

the inner half-perimeter of the ring sampled from meg(f 1)), we have
P (peryy (f1) > k) > PP (x (1) > k) - inf, P (Rat(R) > 1) > 0. (3.5.9)
This combined with (3.5.8) completes the proof. O

Proof of Proposition 3.1.3. We first show the existence of a constant o € [0, 00) such that
—p~Llog F(p) — o as p — 0o. By a standard subadditivity argument (see [83, Theorem 23]),

it suffices to find a rational function g(p,q) and py > 0 such that if p,q > pg, then

F(p+q) > 9(p, ) F(p)F(q). (3.5.10)

Note that a = infp(—p_1 log F((p)) < oo from Lemma 3.5.2.
By the construction of supercritical planar maps from Definition 3.1.1, we have the re-

cursive relation

TTER20™ [F(xag ()Rat (R))] .

+ +
F(p+q) = pq{HFperm ] EYH
1€N

VES

(3.5.11)
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Now, we transfer the above expression to one involving the corresponding random walk
in Definition 3.4.6. Let {X; + 1};cn be i.i.d. random variables with the law pq and let

Sn = X1+ -+ X, be the corresponding random walk. Given the walk S, sample R;
]ID(XH‘D

ring

conditionally independently for each ¢ € N from the marginal law of Rat(R) under

By an application of Proposition 3.4.7 along with (3.4.7), we can rewrite (3.5.11) as

B+ )L, RO + )
F(p+q) = S i=1 ! =N (3.5.12)
E[(LPT 4 1)-1]

We now consider the modified walk S’j =39 ) + p, which is the part of the walk S from
JTis
the first hitting time of —p up to the hitting time of —(p + ¢), translated upwards by p.

Also denote X; = XH—T(p) and R; = Ri—I—Tép) for simplicity. Then, since the only possible

s
negative steps of S are of unit size, Tép +a) _ Tép ) —i—Téq) and ng+q) = Lg)) —i—Lg]). Moreover,
rearranging <XT(p)+1 +1,... ,XT(p+q) + 1) in a decreasing order and then padding zeroes
S S

(p)

(q), which is independent from x ¢~ by the strong Markov property of the

s
walk S. As a consequence, from (3.5.12), we obtain that for some constant C1,

to its end yields x

® 1177 , N @ Lyt Téq) L NA
E[(Lg” + D)7 LS F>Xi+ DR - (L7 + 1) 12 FIXG + 1D R;)]

F >
(p + Q) = E[(Lgﬂ_q) N 1)_1}

q)

7! . ,
WL )TIILS, (X + DRy

E[(LP 4 1)-1]
) E[(LY + 1)—1]E[(Lf§‘1> +1)71] . Cilp+q+1)
E[(LYT 4 1)-1]

(p) -1 _Tép) . NP
E[(LS +1) lel F((Xz—l—l)Rl)] E[(L

(3.5.13)

where, in the last line, we used Lgﬁq) > p+q along with Lemma 3.4.8. We have thus shown

(3.5.10) with g(p,q) = (p+ ¢ + 1)/ (pq)?.
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We now show that, in fact, @ > 0. Starting again from from (3.5.12), since Tép) > Lg;) >

p, we have

(p)
E[(L + )7 LS PO+ DR _ E[TE, F(CXi + DR))]

F(p) =
(p) SN T (3.5.14)

< Cp32(B[F (X1 + 1) Ry)])P

for some constant C'; for the second inequality, we used Lemma 3.4.8 and that {(X; +
DR;}iep,p) are 1id. Since pg([k,00)) > 0 for all k and ]P’E;Z;(Rat(R) > 1) = 1/2 as

m — oo, we have P((Xy1 4+ 1)Ry > 0) > 0. Thus, E[F((X1 + 1)R1)] < 1 by Lemma 3.5.2.

This completes the proof. O

3.6 Estimates on the size of a supercritical map conditioned to be

finite

The broad intuition of this section is that supercritical LQG conditioned to be finite should
in some sense look “subcritical,” similar to what happens for BGW trees.

Recall from Definition 3.1.1 the Markov chain (M;, §;) with the law IP’((%), where M, are
the partial maps which increase to the whole map M and §; are the set of “active” faces
inside with the next layer of rings and critical Boltzmann maps are inserted. The law IP’ETP )
on finite planar maps appearing in Theorem 3.1.4 can then be naturally considered as the
marginal law on M when we condition the chain (M;,§;);cn# to terminate at a finite time.
That is, there exists n € N such that M; = M and §; = @ for all ¢ > n. We thus use Pl(Tp)
to also denote this conditional law of the chain terminated at a finite time.

The plan is to first prove that the marginal law of the outermost gasket M for a map

(p)

M sampled from Pg” is that of a subcritical Boltzmann map (Proposition 3.6.2). From

here, we extrapolate that the expected total sum of the inner perimeter lengths decreases
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exponentially (Corollary 3.6.7). Using this estimate, we conclude that the map M sampled
(p)

from P57 looks essentially like its outermost gasket Mj in the sense that the volumes of

submaps M|, within the faces f € Fo = F(My) grow slower than p'/2 (Proposition 3.6.13).

3.6.1 Law of the gasket sampled from PEJ’)

We first establish that the outermost gasket M for a map M sampled from ]P’I(:p ) is a sub-

critical Boltzmann map. Recall the notation per;, (f) for the inner half-perimeter of the ring
attached to each face f € §y = F(My). Here is an explicit description of the corresponding

weight sequence, which is subcritical.

Lemma 3.6.1. Let q be the critical non-generic weight sequence with a = 2 as in Defini-

tion 3.4.3. Consider the weight sequence q given by

¢ =B [F(peryy ()] (3.6.1)

where peryy, (f) is the half-perimeter of the inner face of the ring sampled from the distribution

pl)

ring

in Definition 3.4.4. (In particular, the outer half-perimeter of the ring is k.) Then,

the weight sequence q' is admissible and subcritical.

Proof. Let

gq(z) =1—z+afqlx)=1—-2+ Z (2:__11> ga” (3.6.2)
k=1

and define 9q analogously. Recall from Definition 3.4.2 that q is admissible if and only if

fq(z) = 1—1/x has a positive solution and the smallest such solution is denoted Zg. Then,

(k)

ring

9q(Zq) = 0. For every k € N, since P,/ (perj,(f) > 0) > 0 by the non-triviality condition
in Definition 3.4.4, we have ¢, < g by Lemma 3.5.2 and thus gy (Zq) < gq(Zq) = 0.
Since gq/(O) = 1, we conclude that q is admissible and Z/, the smallest positive solution of

fq(®) =1—1/x, is less than Zg.
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Note from (3.4.4) that the mean of the measure yiq is given by 1 + (gq/)’(Zq/). Since
0 < qp < g for all k, we have (g9¢/)"(Zy) < (9¢) (Zq) < (9q)'(Zq). Since q is critical,

L+ (g) (Zgr) < 1+ (9q)'(Zq) = 1 and thus q' is subcritical. O

Proposition 3.6.2. For every p € N, the marginal law of the outermost gasket My under

]P)(p)

g 1s equal to IP’gf).

Proof. Consider the chain (M;, §;) sampled from Pég). By construction, the random variables
{perin(f)} ez, are conditionally independent given the outermost gasket M. Now, we know
that ng)(M is finite | Mo, {perin(f)} reg,) = [1teg, F'(Perin(f)). Hence, for any measurable

set A on the space of finite planar maps with outer boundary length p,

PP (M € A, M is finite)
PP (M is finite)
EY[1{My € A} [1jeg, Flper(f))]
- EY)[T] frego Fperiy(f))] (3.6.3)
EY [1{Mo € A} - T jeg, EEo TV [F (peryy ()]
EY ([T fe5 EIF (periu (f)]
- Pg?)(Mo e A)

PP (M € A) =

as claimed. n

We now show that conditioning M to be finite leads to the removal of all macroscopic

loops.

Lemma 3.6.3. There exists a constant A > 2 such that for any fixed € > 0, we have

plggopl(’p) (fsué) peri, (f) < spl/A> = 1. (3.6.4)
€50

The following lemma is needed for the proof of Lemma 3.6.3.
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Lemma 3.6.4. Let ' be the weight sequence defined by (3.6.1). Then, there exists constants

¢ >0 such that pg([k,00)) = O(e™) as k — .
Proof. As we saw in the proof of Lemma 3.6.1, Zqg < Zq. Hence,

g (h) = 2 (T )ik < (20 (LD ) Bl e ()]0

_g®

ring

(3.6.5)
[F(k Rat(R))] nq(k)

(k)

where perjy (f) is the inner half-perimeter of the ring R sampled from P’ o

The lower tail condition in Definition 3.4.4 implies that there exist constants €,¢ > 0

satisfying
(k)

ring

(Rat(R) < ) = O(e~) (3.6.6)
as k — oco. Hence, by the exponential decay of F(p) proved in Proposition 3.1.3, choosing a
smaller constant c if necessary, we have that for all £ large enough,

g(®)

ring

[F(kRat(R))] < sup F(p) +P\4) (Rat(R) < £) = O(e~F). (3.6.7)
p>ke

Here, we used the trivial bound F' < 1. We conclude that as k£ — oo,

pa ([ 00)]) < pq([k, ) - sup BE [F(p Rat(B))] = O(e ™) (3.6.8)
D=

ring

since fiq(k) decays polynomially in k by Definition 3.4.3 of a non-generic critical weight

sequence. O
We now use above results to bound sup ez, perj, (f) as claimed.

Proof of Lemma 3.6.3. Let {X; + 1};en be i.i.d. random variables with the law pg and,

given these, sample R; conditionally independently for each ¢ € N from the marginal law of

(Xi+1)
ring

. By Propositions 3.4.7 and 3.6.2, if Lg?) is the number of negative
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steps in the random walk S, = X1 +--- 4+ X}, up to the first time Tép) that this walk visits

—p, then

E [(Lgp) + 1)_11{ Supie[[l,Tép)]]<

E[(LY +1)-1]

X;+1)R; > spl/AH

vap)( sup perj, (f) > epl/A) =
fedo
(3.6.9)

Using the trivial bound (Lgp) +1)7! < (p+1)7! and the estimate 1/]E[(Lg)) +1)7 <

p]E[Tél) | + 1 from Lemma 3.4.9, we can find a constant C' > 0 such that for all p,

E[(L + 1)~ 1 {sup, (X; + DR; > epl/A)]

e[[l,ngp)]]
E[(LY +1)-1) (3.6.10)

< CIP( sup  (X;+DR; > spl/A).
ie[1,TP)]

By Lemma 3.4.10, it suffices find A > 2 such that

lim IP’( sup (X; +1R; > Epl/A) =0 (3.6.11)
p=0 i€[l,—2p/my/]

to complete the proof. We can pick A = 2+ §/3 where § > 0 is the constant appearing in

the upper bound condition of Definition 3.4.4, since then, for sufficiently large p,

P((X1 +1)R1 > ept/2) < P(X) +1 > e(logp)?) + P(Ry > pt/ 2+0/2))

< ng((elloxp)” 1,00 + sup B, (Rat() > p/2+012)
S

=o(p™")

(3.6.12)

by applying Lemma 3.6.4 to the first term and the upper tail condition of Definition 3.4.4 to

the second term. Since (X; 4+ 1)R; are identically distributed, taking the union bound over
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i € [1,=2p/mg] gives (3.6.11). O

Remark 3.6.5. Lemma 3.6.3 can be improved if we impose further restrictions on the
distribution of rings than in Definition 3.4.4. For instance, the random planar model for
supercritical LQG disk suggested in [18, Section 3.2] has the property that the inner half-

parameter of a ring sampled from IP’EQ o is exactly equal to |k exp(+fg)] with probability 1/2.

/A with e(logp)? in (3.6.4) since supy, p*) (Rat(R) >¢) =0

In this case, we can replace ep ring

for sufficiently large c.

3.6.2  Maps sampled from ng) are subcritical

Now that we have identified that the marginal law of the outermost gasket Mg sampled from
IPI(:p ) is that of a subcritical Boltzmann map, we extrapolate from here an exponential decay
in 7 for the total perimeter of the maps added at step i of the iterative construction.

We find it useful to consider

h(p) := —log F(p) (3.6.13)

with ~(0) = 0 as a proxy for p, since h(p) =< p by Proposition 3.1.3. The goal of this subsection
is to obtain the following estimate. The fact that sy < 1 in the following proposition is the
(»)

sense in which the iterative construction of a map sampled from Py’ behaves as a subcritical

branching process.

Proposition 3.6.6. There exists a constant sg € (0,1) such that for all p € N, we have
50| S tvenn(9)] < sohio) (3.6.14)

By a simple iteration argument, we obtain from Proposition 3.6.6 the following expo-
nential decay for the expected total perimeter of each generation for a supercritical map

conditioned to be finite.
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Corollary 3.6.7. There ezist constants ¢ > 0 and so € (0,1) such that for all p € N and all

1 € N, we have

DS hipersn(9)] < et (36.15)
fES:

(p)

Proof. By the iterative construction of P5.” in Definition 3.1.1, conditioning the whole planar
map M to be finite given {per;,(f)} reg, is equivalent to conditioning each submap M(f)
glued into the inner face of the ring R(f) attached in f € §; to be finite. In particular, this

implies

p)[ > hlpery(f ‘{perm }fe&] > gty [ > h(perin(m}

feSin fESi Fes(M(f))
<0 ) hiperin(f)).
JE€Si
(3.6.16)
The claim follows immediately from Proposition 3.6.6 by an induction on 4. m

The rest of this subsection deals with the proof of Proposition 3.6.6. The argument is
somewhat convoluted due to the lack of a precise estimate for F'(p). The following simple
lemma illustrates that the main challenge in the proof of Proposition 3.6.6 is the requirement

that s < 1.

Lemma 3.6.8. There exist constants C,c > 0 such that for all p and all s > 1, we have

) (fzs h(periy(f)) > Sh(p)) < Cecs—1p, (3.6.17)

Proof. Let Eg denote the event {)_ ez, h(perin(f)) > sh(p)}. By Bayes’ rule, we have
PP)(E,) = F(p) ' PE) (E)PE) (M is finite| E). (3.6.18)

173



By Definition 3.1.1 of ng) along with the relation F'(p) = e~ 1) we have
PP (M is finite| ) < e=*hP), (3.6.19)

Using the trivial bound IP’&?(ES) < 1, we obtain ]Pl(rp)(Es) < e~ (5=DhP) from (3.6.18). Note
that by Proposition 3.1.3 and Lemma 3.5.2, there is a constant ¢ > 0 such that h(p) > ¢p

for all p. ]

Note that (3.6.19) holds for any s > 0. For the proof of Proposition 3.6.6, we im-
prove upon the trivial bound IP’(()I;)(ES) < 1 so that we can take s € (0,1). More pre-
cisely, we show the following estimate, which allows us to later replace F¢ with the event

{>_ reg, Mperin(f)) € [sh(p), rh(p)]} for an appropriate choice of parameters 0 < s <1 <.

Lemma 3.6.9. For each r > 0, there is a constant ¢, > 0 depending on r such that for all

p, we have
pg:)( S hperiy(f)) < m(p>> < eerP, (3.6.20)
€30

Proof. As in the proof of Lemma 3.6.3, we use the random walk encoding (Proposition 3.4.7)
(p)

of My sampled from Pyg, which by construction is a critical non-generic Boltzmann map
sampled from IP’((f ) . Let S, = X1 + -+ + X, be a random walk with i.i.d. step distribution

P(X; = k —1) = pg(k) and, given S, let R; be sampled conditionally independently for
(Xi+1)

ring

each i € N from the marginal law of Rat(R) under P . Since h(p) = —log F'(p) < p

(Proposition 3.1.3), there exists a constant a > 0 such that

PS@( > hlperiy(f)) < rh(p)) < IP’S@( > pery(f) < arp>. (3.6.21)
fego f€§0

By Proposition 3.4.7 with the bound I/E[(Lg)) +1)71] = O(p*/?) from Lemma 3.4.8, we
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have

) _ ]E[(Lg?) +1)711{ ij(‘? (Xi +1)R; < arp}]
E[(LY +1)7]
Tép)

< Cop3/2]P’( Z(XZ +1HR; < arp)
1=1

2 5 i <o

feso (3.6.22)

for some constant Cy > 0.
To complete the proof, it suffices to show that for some constant ¢, depending on r, we

have
T(p )

S
IP’( Z(Xz +1)R; < arp) <e “P, (3.6.23)
1=1

The key ingredient is Lemma 3.4.8, which states that that Tép ) is very unlikely to be much

3/2, Consequently, for any constant ¢ > 0, there exist positive constants C

smaller than p
and C3 such that

P(TP) < ep) < CheCop (3.6.24)

for all p. Each of the i.i.d. nonnegative random variables {(X; + 1)R;};cn have a positive
probability of being nonzero. By the standard Chernoff bound, we know that there exist

positive constants Cy and Cy such that for all £ € N, we have

P(Z(XZ + I)RZ < C’4n> < €—C5n. (3625)
=1
Thus,
IP’( Z(XZ +1HR; < arp) < ]P’(Tép) < arp/Cy) + Z P(Z(Xi +1HR; < C’4n>.
i=1 n=[arp/Cy4] " i=1
(3.6.26)
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We complete the proof by substituting (3.6.24) and (3.6.25) to the right-hand side. [
We now improve upon the result of Lemma 3.6.8.

Lemma 3.6.10. For each r > 1, there is a constant ¢, > 0 such that for any s € (0,1) and

for all p large enough, we have

Pff)( >~ hiperin(f)) € [sh<p>,rh<p>]) < ==, (3.6.27)
IS
Proof. Let E denote the event {}_ cg, h(perin(f)) € [sh(p), rh(p)]}. By using Bayes’s rule

as in (3.6.18), we have

PP (E) = F(p)~'PL (B)PY) (M is finite| E). (3.6.28)

From the iterative construction of M under ]P’(O%), we have the inequality P(og) (M is finite|E) <

e~ sh(p) just as in (3.6.19). Recalling F(p) = e~h(P) and applying Lemma 3.6.9, we complete

the proof by choosing a slighter smaller ¢, if necessary. O
We are now ready to complete the proof of Proposition 3.6.6 for large p.

Lemma 3.6.11. There exists constants sg € (0,1) and pg € N such that for all p > pgy, we

have

Eép){ S h(perin(f))} < soh(p). (3.6.29)
VIS

Proof. Fix ¢ > 0. By combining Proposition 3.1.3 with Lemma 3.6.10 for s € (0,1) suffi-
ciently close to 1, we find that there exist constants pg € N, ¢,C' > 0, and sy € (0, 1) such

that for all p > po,

P (X hlpersa(9) € ol 1+ )] ) < e (3.6.30)
€30
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By Lemma 3.6.8, the constants pg, C', and ¢ can be chosen such that for all p > py and
az(1+e),

p)< S hperyy(f)) > ozh(p)) < Cecle—1p, (3.6.31)
€0

Combining the two estimates, we that for all p > po,

D1 S hiperin(1) — soh(o)]

€50 +
< (1+e— so)h (fz blperin(1)) € [sohp). (1 -+ 0] )
€50
. Kfz (perin f>>) 1 3ttt > 0+ hin)
€5 S
< (14¢e—sg)h(p)- Ce P + /+5 ( > h(pery(f)) > Oéh(p)) h(p) do

f€do

(3.6.32)

for some constant C' > 0. Since this bound tends to 0 as p — 00, we obtain (3.6.29) by

slightly increasing pg and sq if necessary. O]
The proof of Proposition 3.6.6 for smaller values of p is achieved via the following lemma.

Lemma 3.6.12. For each pg € N, there is a constant sy € (0, 1) such that for all p € [1, po],

we have
p){ > h(perm(f))} < soh(p). (3.6.33)
f€So
Proof. Let us denote
7Z = IP)((%) (M is finite|{pery, (f }fESO H F(per;, (f (3.6.34)
J€380
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Note that E(()%)[Z] = F(p). Moreover,

} B[S ez, hlperin(1) BL (M s finite| 3= g, hlperin(/)))]

(»)
E® [ S h(persy(f) )

fedo
= F(p)'ED[Z10g(1/2)).

(3.6.35)

Since the function x — zlog(1/z) is strictly concave for x > 0, by Jensen’s inequality,
El(:p) [ Z h(Perin(f))} < F(p)_l(Egé) [Z])log(l/(Egg) Z])) = log F(p)~' = h(p). (3.6.36)
€30

In particular, the inequality is strict, so we can find sy € (0,1) as in (3.6.33) for any finite

set of p. n

Proof of Proposition 3.6.6. Combine Lemmas 3.6.11 and 3.6.12. n

3.6.3 Estimates on the largest volume of submaps of finite supercritical maps

The goal of this subsection is to obtain the following estimate on the maximum volume of
submaps inserted into each face f € §q of the gasket M, where the volume of a map refers
to the total number of its vertices. This result will be used in Lemma 3.7.1 to show that the
submaps { M|} rez,, which are parts of M inside f, become negligible as p — oo when we

rescale so that the gasket My converges to the continuum random tree.

Proposition 3.6.13. For M sampled from ng),

|
— sup Vol(M]y) S0 (3.6.37)
P fego

as p — 0o.
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The main idea for the proof of Proposition 3.6.13 is that instead of the volume of the
whole map, it suffices to keep track of the sum of the perimeters of the rings. More precisely,

(p)

let us denote the total perimeter of a map M sampled from P~ over all generations as

TPerm(M) :=p+ > (pergu(f) + periy(f)) (3.6.38)
FeUenst Si

where pery;(f) and per;,(f) are, respectively, the outer and inner half-perimeters of the

ring R(f) inserted into the face f € U;cn# Si-

Lemma 3.6.14. There is a constant C' > 1 such that for any p € N, if M is a map sampled
from ]P’l(:p), then Vol(M) < C' - TPerm(M) almost surely.

Proof. Recalling the construction of supercritical maps from Definition 3.1.1, we have

Vol(M) < Vol(My) + Z (Vol(R(f)) + Vol(M(f))) (3.6.39)

JeU, eyt i
where R(f) is the ring inserted into the face f and M(f) is the Boltzmann map inserted
into the inner face of the ring R(f). By the non-thickness condition in Definition 3.4.4, there
is a constant C' such that for any ring R(f), we have Vol(R(f)) < C(pergyu(f) + perin(f))-
Observe also that the outermost gasket M satisfies Vol(Mp) < 2(p+3_ peg, Pelout(f)), and

similarly

Vol(M(f) < 2(perm(f) . perout<f>) (3.6.40)
feF(M(F))

for every Boltzmann map M (f) added during the construction. Hence, we obtain

Vol(M) <2p+(C+2) ) (peroui(f) + periy(f)) < (C +2)TPerm(M)  (3.6.41)
FeUien Si

by combining all of the above bounds. m
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The first step in the proof of Proposition 3.6.13 is to show that the gasket decomposition
(p)

of a map sampled from Pz does not go on for many steps.

Lemma 3.6.15. Let M be a map sampled from Pép). Let Toxt (M) := min{i : §; = @} be
the total number of iterations in the construction of M. Then, there exist constants c,C' > 0

such that for every p and n, we have IP’I(,p) (Text (M) > n) < Cpe=“".

Proof. If Text(M) > n, then 3 ez h(pery(f)) > 0. Since infjey h(p') > 0 by Proposi-

tion 3.1.3 and Lemma 3.5.2, Markov’s inequality implies

P (5 hlpersa() > 0) =B (3 hlpersa() > int 1) )

'eN
fESn feSn p'e (3 6 42)
- B[S reg, hpera ()]
- infyyen h(p/)
The claim now follows from Corollary 3.6.7. O]

Now, we show that with high probability, the total perimeter at is kept small at every

level.

Lemma 3.6.16. Consider the events

Gt = { Z perin(f) >t for some z} and Gy := { Z perout(f) >t for some z}
fESi fESi
(3.6.43)

Then, there is a constant ¢ > 0 such that ]Pl(,p)(Gt UGH) < e /F(p) for all t.

Proof. By Proposition 3.1.3 and Lemma 3.5.2, there exists ¢ > 0 such that h(p) > cp for all

p € N. The proof again uses the Bayes’s rule argument from (3.6.18). Note that we have
PP (Gy) < F(p) 'PY) (M is finite|Gy). (3.6.44)

On Gy, define Iy := inf{i € N# : > feg,; Perin(f) = t} so that Zf@&zt h(peryy(f)) > ct.
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Further conditioning on I, §r,, and {perin(f)}f€§1t7 we have

P (M is finite|Gy) = EX [PL)(M is finite| Iy, §,, {per (1)} ez, ) G1]

Eg@ { H F(perin(f)) Gt} — ]E(()ﬁg) {6 Zfeglt h(periy, (f)) .
fGSQ

Substituting the above into (3.6.44) gives Pép)(Gt) < e /F(p).
Define ft analogously on the event ét. Then, similarly to (3.6.45), there is a constant

¢ > 0 such that

P (M is finite|Gy) = EL [PL) (M is finitel I, 3, {perous()} peg, )| Gl

~ 58| T e[ o) G

e (3.6.46)
< Eg‘g) H Egirgut(f) [e—c-perin(f)} ét} o
WS

VAN

E(o;é) _efézfeglt perout(f)'ét] < 6_515
where we used the lower tail condition in Definition 3.4.4 for the penultimate inequality.
Using Bayes’s rule as in (3.6.44), we obtain ]P)l(,p)(ét) < e %/F(p). O

Combining the above two lemmas, we obtain a bound on TPerm (M) for a finite super-

critical map M.

Lemma 3.6.17. Given § > 0, there exist positive constants C' and ¢ such that for all t > k0
and all k € N, we have

P (TPerm(M) > th) < Ce~V. (3.6.47)
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Proof. Using Lemma 3.6.14 along with the notation of Lemmas 3.6.15 and 3.6.16, we have
P (TPerm (M) > th) < P (Tuxe (M) > V) + PP (G G 3.6.48
F( erm( )_t)_F(ext( ) > t)+F<k\/Z/2U k'\/f/Z) (3.6.48)

By Lemma 3.6.15, the first term on the right-hand side is bounded above by C’lk'efcl‘/i <
C{e_cll‘/i for some constants C’l,C{,cl,c’l > (0, where we have used that t > k9. By
Lemma 3.6.16, the second term in (3.6.48) is bounded above by 02662]‘;(1_‘/%) < Cée’cé\/i

for some positive constants Co, C’é, c2, 0’2. This completes the proof. O
We are now ready to complete the proof of Proposition 3.6.13.

Proof of Proposition 3.6.13. By Lemma 3.6.14, it suffices to show that
1 d
— sup TPerm(M|y) — 0. (3.6.49)

\/ﬁfGSO

By Lemmas 3.4.10 and 3.6.3, we know that for some constant A > 2, we have

2
lim ]P’I(:p) sup perj, (f) < p'/2 and 150 < ——p) = 1. (3.6.50)

p=oo (fGSO My

Denote the above event as Ay,. Now, for any fixed ¢ > 0,
(p) () ( 4e 2p (k)
Py sup TPerm(M|¢) > ey/p | < Py (Ap) + | ———) sup Py’ (TPerm(M) > e\/p)
€30 mq/ !{:Spl/A

= ]P’I(:m (A7) + <— Q_p) sup IP’I(:k) (TPerm(M) > k(e\/p/k)).
p mq/ kSpl/A

(3.6.51)

The second term tends to 0 as p — oo by Lemma 3.6.17 and the fact that 1/A < 1/2, thus

proving (3.6.49). O
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3.7 Convergence to the CRT

We finally prove Theorem 3.1.4 in this section, showing that the map M (p) sampled from

]P’I(,p ) converges to the continuum random tree after appropriate scaling. While we have so

far used M to denote a sample from IP’I(:p ), we will always use M (P) to denote such a sample
from now so as to avoid confusion in the many convergence statements in this section. We
denote its outermost gasket (Mj in the iterative construction of Definition 3.1.1) as Mép ),
We recall the notation that if f is an internal face of M(()p) (or M), then M ®) | denotes
the edges and vertices that bound this face in M(gp ) as well as those of M(P) that are glued
into this face.

In Proposition 3.6.2, we saw that the marginal law on the outermost gasket Mo(p ) sampled
from ]P’l(:p ) is that of a subcritical Boltzmann map ]P’g?). Then, by Proposition 3.4.18, there is
a a constant 6 > 0 such that (6//p) Mép ) converges to the CRT. Our goal in this section
is to upgrade this result to one for the entire map M (p) by showing that the submaps added
into the faces of M(gp ) change distances by a constant factor.

To do so, instead of the outermost gasket Mo(p ), we will work with its outer boundary
oM (p), which consists of the vertices and edges that border the root face of M (P), The reason
is that the scaling limit of OM () is also the CRT by Proposition 3.4.17, and it has additional
integrability through its connection with BGW trees studied in the works [77, 215|. For the
first step, we reduce Theorem 3.1.4 to a convergence statement for a “projection” of the
whole map M () to its boundary oM (p),

For the rest of the section, given a graph M, we denote its set of vertices and the graph

distance on it by Vj; and d,s, respectively. We remind the reader that rM denotes the

metric space (Vyr,rdys) for r € Ry,

. P (P) 0 .
Proposition 3.7.1. Let M) be sampled Jrom Pp. Denote dM(P) = dyp) |V8M(P)XV8M(P)'
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Then, there exists a constant O such that

Or O d

as p — oo in the Gromov-Hausdorff distance.

Proof of Theorem 8.1.4 assuming Proposition 3.7.1. Let

LP = max min d (v, w) (3.7.2)
M(@P)\Y>
UEVM(()p) wGVaM(p)

be the maximum distance from a vertex in Mép ) to the boundary oM (p). Recalling that
M(()p ) sampled from IP’I(:p ) is a subcritical Boltzmann map, we see from Proposition 3.4.18 that

L(p)/\/g_o — 0 in distribution as p — oco. Combining this with Proposition 3.6.13,

1 1
— max diam(M(p)\ ) < —<L(p) + max diam(M(p)\ ~)) (3.7.3)
converges to 0 in distribution as p — co.

Now consider X(P) as naturally embedded within (6g/ V)M (P). Under this isometric
embedding, the Hausdorff distance between the Vi and Va /() 18 bounded above by the
left-hand side of (3.7.3). Hence, dap(X®), (Hp/\/]_?)M(p)) — 0 in distribution as p — co. O

The rest of this section is thus dedicated to the proof of Proposition 3.7.1. The main idea
is to study the looptree structure of OM (P) in association with Bienaymé-Galton-Watson
trees. The argument proceeds along the same lines as the proof of Proposition 3.4.17 in
[160], which uses the spinal decomposition to prove the convergence of critical looptrees to
the CRT. The additional work we do is to show that the addition of vertices and edges
going from OM (P) to M®) affect the scaling limit merely by multiplying distances by a

deterministic constant.
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b0 }

Figure 3.4: From left to right: a tree 7, the corresponding looptree Loop(7), and the
contracted looptree Loop(T). The root vertex () € V- and the corresponding vertices on
Loop(7T) and 7 () € Loop(T) are marked with arrows.

3.7.1 Boundaries of Boltzmann maps and looptrees

We begin by introducing the connection between looptrees and boundaries of Boltzmann
maps. First, a few notations: 7 refers to a rooted plane tree, by which we mean a tree with
a distinguished vertex (called the root and denoted by }) and an ordering specified among
the children of any vertex. Thus, intuitively, we can think of the root of a rooted plane tree
being at the bottom and the children of any vertex being located above the corresponding
vertex.

Here are the definitions of the looptree and the contracted looptree associated with a

rooted planar tree as given in [77].

Definition 3.7.2. Let 7 be a rooted plane tree. We define Loop(7) to be a planar map
which has the same set of vertices as T, with an edge between vy, v9 € VLoop(T) if and only

if either of the following are true.
(1) v1 and v are the consecutive children of a common parent in 7.
(2) vy is the leftmost/rightmost child of vy in 7, or vice versa.

The contracted looptree Loop(T) is obtained from Loop(7") by contracting every edge (u,v)

for which v is the rightmost child of u in 7.

See Figure 3.4 for an illustration of this definition. Let 7 denote the natural projection

from V to VW(T)' We note that 7 is one-to-one on the leaves of T (i.e., vertices with no
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Scoop

Figure 3.5: A planar map (left) and the corresponding scooped-out map (right).

children).

For v € Vi, let f, € F(Loop(T)) be the face enclosed by the vertices 7(children of v in
T) C VTO})(T)' This forms a one-to-one correspondence between the faces of W and
the non-leaf vertices of 7. Let f, = @ if v is a leaf in T .

As observed in [77, Lemma 4.3] (see also [215, Lemma 4.1] for the statement for non-
triangulations), if M is a rooted planar map (i.e., with a fixed outermost face on the right
of the root edge, and the root vertex () given by the incident vertex of the root edge), then

OM is almost a looptree: we just need to duplicate each single edge connecting loops into a

double edge. This procedure was described in detail in [77, Section 2.3].

Definition 3.7.3. Given a rooted planar map M, define the scooped-out map Scoop(M)
as the outer boundary dM modified so that every edge e in M which is adjacent to the

outermost face on both sides is duplicated.

Given a rooted planar map M, it is straightforward to see that there is a unique rooted
plane tree Ty, such that Scoop(M) = Loop(Tjs) and m(root vertex of T;;) = root vertex
of Scoop(M). We use () to refer to both root vertices. Note that Scoop(M) and OM can
be different planar maps but define the same metric space. Hence, (3.7.1) can be stated
equivalently with Scoop(M (p)) = Fop(TM(p)) in place of AM ).

For M) sampled from Pép ), note that 7,,p) = TMép). The key fact is that since
Mép ) is a subcritical Boltzmann map, TM(”) has the distribution of a BGW tree. The
following proposition is an immediate applicoation of the relationship between the boundary

of a subcritical Boltzmann map and a BGW tree described in |77, Lemma 4.3| and [215,
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Proposition 3.6, Lemma 4.1| given Proposition 3.6.2.

Proposition 3.7.4. There is a finite variance measure Vg on the nonnegative even integers
such that for every p € N, the rooted tree TP) := Tarw) s a critical BGW tree with offspring

distribution Vg conditioned to have 2p + 1 total vertices.

We now describe how to sample M (p) given 7). First, let ]IADE? denote the law of a
Boltzmann map with weight sequence q’ conditioned to have a simple boundary of perimeter
2p. For p = 1, this includes the map consisting of one edge and no interior faces. As usual,

let F(OM) be the collection of inner faces of OM (i.e., excluding the root face of M).

Lemma 3.7.5 (|215, Corollary 3.7|). Suppose M is a Boltzmann map with distribution IP’(Z,)).
q
Given OM, the submaps {M‘f}fes(aM) are conditionally independent, with the conditional

law of M|y given by I/P\’((;?er(f)) for each f € F(OM).

Let @1(:;7 ) be the probability measure on the chain (M i(p ),Sgp )) ;en# obtained from ng ) by
conditioning on M(()p ) (and thus M (p)) having a simple boundary. Since the marginal law
of ng ) on the outermost gasket Mép ) is that of a Boltzmann map (Proposition 3.6.2), we

obtain the following variation from Lemma 3.7.5.

Lemma 3.7.6. Let M®) be sampled from IP)I(:p). The maps {M(p)|f}f65(8M(P)) are condi-
(per(f))

tionally independent given 8M(p), and the conditional distributions are equal to @F

We thus have a complete description of the conditional law of M () given T,

3.7.2  The spine decomposition of the boundary map

In this subsection, we introduce the spine decomposition of 7P) that we use to prove Propo-

sition 3.7.1.

Definition 3.7.7. Given a rooted plane tree 7 with root () and vertex u € Vg, we de-

fine the trunk Trunk(7,u) as the induced subgraph obtained by considering the unique
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path 0, vi,v9,...,v._1,u from @) to u in the tree T along with all the vertices that are the

immediate children of 0, vy, ..., vp_1.

The goal is to construct Trunk (7, Vyir) when Vi pir is a uniformly chosen random vertex
of a BGW tree 7. This is done in two steps: first sample the random distance between ()
and Vjpif, and then construct the entire trunk given this distance. The latter law is given

in terms of VZ;,, the sized biased version of vy, defined as

_ i V(1)
> ken# k- vy (k)

(3.7.4)

v (i)

for i € N as first given in [156]. Since Vg has a finite variance, y;"l, has a finite mean.

Definition 3.7.8. Given h € N, let Trunk}kl be a random plane tree of height h distributed
as follows. Denoting its “spine” as vy, ...,v,_1 where vy is the root, each vertex v; has
an independent number of children with distribution 1/:;,. Given the topology of the tree
(that is, the tree without the orderings between its vertices), the location of v; 4 is chosen
uniformly among the children of v;, with this choice being conditionally independent for all

the values of 7.

Again, we sample M () from ng ) and define its root vertex to be the head of the root

edge of the Boltzmann map M(gp ) (cf. Section 3.4). We denote by 7(®) the unique plane
tree such that Scoop(M(P)) = Loop(7P)) where its root vertex inherited from M®) is equal
to 7()). We now record the spine decomposition of the BGW tree 7®) as described in

Proposition 3.7.4.

Lemma 3.7.9 ([160, Theorem 3|). Let v pe g uniform vertex chosen from TW). There

unif

2
exists a constant ¢ > 0 such that if X is a positive random variable with density cxe™™ dx,
then

dTV(Trunk(T(p),V(pi)f),Trunk"[X\/m) —0 (3.7.5)

un
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as p — oo. Here, dpy denotes the total variation distance.

The following key technical lemma links the metric structure of M (P) to that of ’T(p),
allowing us to rephrase the main task in the proof of Proposition 3.7.1 in terms of the
spine decomposition of the BGW tree 7®). 1t is similar in its statement and proof to {160,

Lemma 15(ii)], with compares distances in a subcritical Boltzmann map M to that in the

associated tree Tjs. Recall that m denotes the natural projection from V7(-p ) to VLoop(T(P))

v

Scoop(M(p)) - VaM(p) C VM(p)‘

Proposition 3.7.10. Let Vu(gi)f be a uniformly chosen vertex on 7). Then, there exists a

constant ép such that

(dM(P) (m(0), W(Vu(gl)f)) - éF dT(p) (, Vu(ﬁl)f)) £> 0 (3.7.6)

Sl-

as p — oo.

Proof. Observe that given the unique path (vg, vy, ve,...,vp) from vy = 0 to vy, = Vu(rZZi)f in

T®) (hence h = dop) (0, Vu(ﬁi)f)), if we define

Yi o= dye) (m(vi), m(vit1)) (3.7.7)

for each i = 0,1,...,h — 1, then we have
dy i (7(0), 7 (V1)) = 3"y (3.7.8)

This is because any path from 7(2) to m(vy,) in M) must pass through the faces of dM (P)
which are conjoined by 7(v1), w(v2), ..., m(vj,_1) in this exact order.

Let p; denote half the number of children of k;. The following description is an immediate
consequence of Proposition 3.7.4 and Lemma 3.7.6.

189



Given (po,p1,--.,Pp—1), the Y; are conditionally independent. The conditional
distribution of Y; agrees with that of dj, (v, w) where M; is sampled from ]/I\DI(,p i)
and v,w are vertices sampled conditionally independently given M; from the

uniform distribution on dM;.
Let p be sampled from V:;, and M from @1(:]3). Let Y = dz/w\(v, w), where v and w are vertices
sampled conditionally independently given M from the uniform distribution on 9M. Then,
since Y < p and u:;, has a finite mean, E[}A/] < o0o. Let }A/O, ?1, ... be ii.d. random variables
with the law of Y.
We claim that (3.7.6) holds with 6z := E[Y]. By Lemma 3.7.9, there exists a random vari-
able X independent from {}//\;} ;en# with density cxe~" dz such that the total variation dis-

tance between the two random-length sequences (Y, Y1,...,Yy_1) and (}Afo, Yi,... ,}/}LX\/M)

tends to 0 as p — oo. Hence, it suffices to check that

[ Xv/p]

%( Y v [X\/f)JE[?]) 4 (3.7.9)
=1

as p — oo. This is an immediate consequence of the law of large numbers: note that for any

0<z; <29 <0 and € > 0, we have

| vl R A
sup IP’(— Y; —ElY]) > —) —0 3.7.10
o (o X GBS (3.7.10)
as p — 00. ]

3.7.3  Proof of Proposition 3.7.1

We now move on to defining the various height functions on T®) Let () = v, V1, - - -, V2p be

the enumeration of vertices of 7(?) in lexicographic order (i.e., depth-first search). Given a
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metric d?) on 7(P), we define the corresponding height function H : [0,1] — [0, 00) as

i .
HT(p);d(p) (Q_p) = d(p)(ﬂ, v;) fori=0,1,...,2p (3.7.11)
and linearly interpolated in between. Recall that 7 denotes the natural projection from Vi

to Vm(’f)' There are three height functions that we will be particularly interested in.

. Hglf) defined from the graph metric dT(p) on 7).

o H%z))op defined from the pull-back of the graph metric on Loop(T(p)) by 7 (that is,

AP) (0, ) = disa ) (7(0), T(w))).

° H%]/D[) defined from the pull-back of the graph metric on M (p) by 7 (that is, d(p) (v, w) =
Ay (w(v), m(w)).
We also need the contour function of 7(P). This time, let § = wp, wy, ... ,way = 0 be

the enumeration of the vertices with 7 (%) (with duplicity) as we follow along the contour of

T®) . Define C%Zf) :[0,1] — [0, 00) as

0(7?) (Z—p) = dr)(B,w;) fori=0,1,.... 4p (3.7.12)

and linearly interpolated in between.

Lemma 3.7.11. Let aé, be the variance of the offspring distribution vy for the BGW tree
7 P) found in Proposition 3.7.4 and let ép refer to the constant found in Proposition 3.7.10.
Denote 0 = épaq//(Q\/ﬁ). Let (e¢ : 0 <t < 1) be the normalized Brownian excursion.

Then, as p — oo, the joint convergence

O A0y %d 0) OF () d
(2\/(12_1?0713 (t)a Q\fQ_pHI;—) (t)a %H]\Z (t>>0§t§1 — ((Bt’@t’(Bt)OStSl (3.7.13)

holds in the space C([0,1])3 endowed with the supremum norm in each coordinate.
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Proof. The proof is nearly identical to that of [160, Proposition 13]. Comparing Lemma 15(ii)
in [160] with Proposition 3.7.10, all that needs to be shown is the tightness of the processes
((1/\/]_9)H§\Z))peN. This follows from [160, Lemma 15(i)]: it states that ((U\/ﬁ)Hg))OP)peN is

tight® since we have dy s (m(v), m(w)) < dLOOp(T(p))(W(v), m(w)) for every v,w € V). O

We are finally ready to complete the proof of Proposition 3.7.1 and thereby that of

Theorem 3.1.4. The proof proceeds in a similar manner as [160, Section 5.4].

Proof of Proposition 3.7.1. We begin by choosing a Skorokhod embedding of (T(p))pEN and
e in the same probability space such that the convergence in (3.7.13) holds almost surely.
Again let () = v(()p ) , ng ), o ,vg;) be the enumeration of vertices of 7() in lexicographic order
and let 7 be the projection from 7) onto Fop(T(p)). Let Te be the CRT defined from the

Brownian excursion e and let pe denote the canonical projection map from [0, 1] to Te. We

now define a correspondence RP) between X®) and T by
RP) = {(ﬂ(v§p)),p@(s)) e XP) X Ty i = |2ps],s € [0,1],i € [0, zp]].} L (3.7.14)
Recall that the distortion of this correspondence is defined as
dis(RWP)) = Sup{ ‘%dM(p)(v, w) — de(s, )| 1 (v, pe(s)), (w, pe(t)) € R<p>}. (3.7.15)

We now show that dis(R(p)) — 0 almost surely as p — oo, arguing by contradiction. If this
convergence were not true, then there would be an € > 0 such that with positive probability,

there exists a sequence of integers p, with corresponding indices iy, , jp, and sp, ,tp, for

8. To be precise, the statement in [160, Lemma 15] is for the height function associated with the non-
contracted looptree. The proof for the contracted looptree also holds as well, as discussed in Section 6.1 of
the same paper.
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which (017"), pe(sp,)), (), pa(ty,)) € R®) and

ipn

43 ) (Pn
ﬁdM(,,n)(yl(fn), vgn)) —de(spy.tp,)| > €. (3.7.16)

Passing to a subsequence if necessary, we may assume that

; .
lim 2% = lim s, =s and lim /LR T tp, =t (3.7.17)
n—0o0 2Py M—00 n—00 2pp, n—00

for some constants 0 < s <t < 1.
For 0 < < j < 2p, let m(p)(i,j) € [0,2p] be the smallest index so that Ur(f()l’)(i i is
the most recent common ancestor of v®) and v§-p Vin 7). Let fl-(p ) e F(0M®)) be the face

1

bounded by (children of UZ(p )). We claim that

' | )
dy o (7P, 7P - (H%? (i) +HY) (i) —on®) (m : )>
M ’ 2p 2p 2p (3.7.18)

()

This is because if w; and w; are the children of m(P) (4,7) which are the ancestors of v;"” and

vép ), respectively, then a geodesic from W(UZ-(p )) to W(U](-p )) in M®) must pass through 7(w;)

and 7(w;). Hence, the difference in the left-hand side is equal to

g0 (7 i), 7)) = o (i), w020, ) = g (), w0 DI (3.7.19)

Since geodesics for the all three pairs must stay in M (p)\ ) , each of them are bounded
m(P) (i)
above by the maximal distance between two boundary points of this face, which is at most

(»)
P i)
Recalling Proposition 3.4.17, since pil/ 2oM () converges in distribution to a multiple

of the continuum random tree with respect to the Gromov—Hausdorft distance, we have
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~1/2

D max;c[o,2p] per(fi(p)) — 0 almost surely as p — oo (see [160, Equation (15)]). More-

over, if we let b(P) (i) := 2i — Hg]f) (i/(2p)) € [0, 4p] denote the first time that we encounter
()

v;”” in the enumeration of vertices of 7®) in contour order, then

H%Z.)) (m(P)(zjj)) _ 0(713) (b(P)(m(P)<Z,]))> _ inf 0(71_7)(”) (3.7.20)

2 4 . .
P 74 b(i)p(z) <u< b(i)p(])

(p)
Lemma 3.7.11 implies (b—plgﬂ)oggl — (t)o<t<1 almost surely in C([0,1]) and

b (2pt) OF +1(p) R0
sup |——= —t|+ sup |—H5}/(t) — —=H%'({)| =0 3.7.21
o<t<i| 4p 0<t<1|v/P i () 2v2p T ) ( )
almost surely as p — co. Hence,
lim Q—Fd (W(U(pn)) 7r(v(-p"))) =es+er—2 inf ey =de(s,t) = lim de(sp,,tp,)
n—oo /Pp M(Pn) tpn 77N Jpn s<u<t ’ n—00 P> "Pn
(3.7.22)
almost surely. This is a contradiction, thus proving dis(R(p)) — 0 as p — oo. O
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Part 11

Loewner energy and Schramm-—Loewner

evolution



CHAPTER 4
A DETERMINISTIC PROOF OF LOEWNER ENERGY
REVERSIBILITY VIA LOCAL REVERSALS

This chapter presents material first announced in [237].

4.1 Introduction

The Loewner energy of a chord is defined as the Dirichlet energy of the driving function
of the corresponding Loewner chain. It was introduced in independent works by Friz and
Shekhar [104] and Yilin Wang [244], the latter of whom considered it in the context of large
deviations for a family of random curves called the chordal Schramm-Loewner evolution?
(SLEx) as k — 0. Loewner energy has since been identified in terms of various geometric
and probabilistic quantities, hinting at a deeper connection between these fields. We refer
the reader to the survey articles [247, 248| for various perspectives on Loewner energy.

Let v be a simple curve from 0 to oo in the upper half-plane H = {z € C : Im z > 0}. We
parameterize v by Ry = (0,00) so that, if g; : H\ v((0,¢]) — H is the unique conformal map
with the normalization g¢(z) — z — 0 as z — oo, then the expansion g;(z) = z + 2a32~ 1 +
O(272) as z — oo satisfies a; = t for every t > 0. This is called the (half-plane) capacity

parameterization of v. By Carathéodory’s theorem, we can extend g; to the prime ends of

RU~((0,t]). Let At := g¢((¢)), which we call the driving function of . The Loewner energy

1 [ |d)\
IH.0,00(7) = 5/0 T

if + — M is absolutely continuous and A € L2([0,00)); the energy is set to be infinite

of v is defined as
2

dt (4.1.1)

otherwise.

1. The x — 0 limit of chordal SLE, was also considered in [92, Section 9.3].
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Loewner energy is a conformally invariant quantity, which is natural given the conformal
invariance of chordal SLE,. A priori, the energy Iy.(  is invariant under scaling the curve
by a map z — cz where ¢ > 0. This is since the corresponding driving function under
capacity parameterization enjoys the Brownian scaling property: if the driving function of ~
is ¢ — A¢, then that of ¢y is ¢ — ¢\ —2,. Note that the right-hand side of (4.1.1) is invariant
under this scaling. We extend the definition of Loewner energy to a general simply connected
domain D C C and a crosscut (henceforth called a chord) 7 from a prime end a to another

prime end b so that

Ip.ap(Y) = Ir 0 00 (0(7)) (4.1.2)

where Iy.( o is defined as in (4.1.1) and ¢ : D — H is a conformal transformation with
¢(a) = 0 and ¢(b) = oo. This definition does not depend on the choice of such map ¢ due
to scale invariance of Iy( -

An fundamental property of Loewner energy, called reversibility, is that the Loewner
energy of a chord does not depend on the choice of its orientation. It is not obvious a priori
that the two quantities are related due to the directionality in the definition of Loewner
energy. If v is a chord in H going from 0 to oo, let yR denote the same chord in the reverse
orientation, going from oo to 0 in H. If we denote ¢ : z — —1/z, we see from (4.1.2) that
IH,oo,O(VR) = ]H707OO(L(7R)) = % I |/\£{|2 dt where /\E{ is the driving function corresponding
to the curve (7). The map (At)tef0,00) ()‘?)te[o,oo) induced by reversing of the chord
is rather intricate and there does not exist an explicit formula except for extremely simple
examples. Nevertheless, Wang showed in [244| that the Loewner energy of 7R is equal to

that of «v. The purpose of this article is to give another proof of this fact.

Theorem 4.1.1 (Reversibility). Let D be a simply connected domain and let a and b be any

two distinct prime ends of D. For a chord v in D from a to b, let VR be the same chord with
its orientation reversed to trace from b to a. Then, Ip., p(7) = ID;b’a(fyR).

Let us briefly describe previous proofs of Loewner energy reversibility and explain how
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ours differs from them. The original proof in [244]| relied upon the reversibility of chordal
SLE,, for k € (0,4], which was first established in [254] and proved subsequently with different
methods in [195, 173]. By interpreting Loewner energy Ij.p ~, as the large deviation rate
function as k — 0 for chordal SLE, in H from 0 to co, Wang showed that a finite-energy
chord must have the same Loewner energy in the reverse orientation.

Wang gave a deterministic proof of Theorem 4.1.1 in [245] through an identification
between I o o (7) and the Dirichlet energy of log | f'|, where f is the uniformizing map on
each component of H \ 7. The reversibility of Loewner energy follows immediately since
f does not depend on the orientation of the chord v. Based on this result, she revealed
in the same work an unexpected link between Loewner chains, conformal welding, and the
Kéhler geometry of the Weil-Petersson Teichmiiller space. We direct the reader to [52]
for various other geometric characterizations of curves with finite Loewner energy (Weil-
Petersson quasicircles).

The key difference in our proof of Loewner energy reversibility from the previous deter-
ministic one is that, rather than “lifting” + to the space of chords without orientation, we
consider a “continuous” reversal of its orientation. In particular, our proof is based on the
commutation relation for Loewner energy (Theorem A), which says that the order in which
we calculate the total energy of two non-intersecting Jordan arcs does not change this quan-
tity. Despite being closely related with the commutation relation for chordal SLE [92], this
identity was obtained deterministically in [244] from the definition (4.1.1) of Loewner energy
through a careful calculation identifying how the driving function of one curve changes when

the other curve is grown first.

4.1.1  Proof overview

Here is an overview of our proof of Theorem 4.1.1. Given a chord 7 in a simply connected

domain D from a to b, we approximate it with chords which pass through finite subsets of
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its trace and satisfy energy reversibility. In particular, given a finite subset z C v, we choose
a chord 7y, with minimal energy among those which pass through z between a and b. Using
an inequality version of the commutation relation for simple curves terminating at the same
point (Lemma 4.3.1), we identify that v, is piecewise geodesic relative to z. This means that
Z partitions v into simple curves 71, ..., v, such that each ;. is a hyperbolic geodesic in the
domain D\ (U;. ;). The commutation relation further implies that the Loewner energy of
any piecewise geodesic chord is invariant under reversing its orientation (Proposition 4.3.4).
As z becomes dense in v, the Loewner energy of 7, increases to that of v; this holds in both
directions, thus proving that the Loewner energies of v and its orientation reversal are the
same.

Our proof technique can be applied to show that when z contains n > 2 points, there
exists a Loewner energy minimizer within each isotopy class of chords relative to z and is a
piecewise geodesic. Let us say that two chords v, y1 in D from a to b passing through z are
isotopic relative to z if there exists an isotopy between them that fixes z pointwise: i.e., a
continuous map F': [0, 1] x 9 — D U {a, b} with F(0,~g) = 9 and F(1,79) = 71 such that,
for every s € [0,1], the set F(s,7p) is a chord in D from a to b and F(s,z) = z for each
z € z. Note that this is a equivalence relation that is preserved naturally under conformal

transformations.

Theorem 4.1.2. Given a chord v in D between prime ends a,b passing through a finite set
of points z C D, let X(D;a,b,z,7v) be the set of chords in D between a and b that can be
obtained through an isotopy of v leaving z U {a, b} pointwise fixed. Then, given any chord
and a finite subset z C vy, there exists a chord ’ymin € X(D;a,b;z,7) such that

min

In. = inf In. < 0. 4.1.3
D,a,b(7 ) neX (Diabiz,n) D,a,b(ﬁ) ( )

Moreover, if Y™™ is any chord in X(D;a,b;z,v) satisfying (4.1.3), then it is piecewise
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geodesic relative to z.

In the case that z contains a single point 21, the piecewise geodesic property as well as
the uniqueness of the energy minimizing chord passing thorough this point was verified by an
explicit identification of this chord in [244, Proposition 3.1| (see also [190, Theorem 3.3(i)|).
In fact, it was shown in [185, Theorem 3.9] that this is the unique C 1 chord which is piecewise
geodesic relative to z1. By adopting the the proof of [55, Theorem 3.1] to the chordal case, it
can also be shown when z contains more than one point that a C'! piecewise geodesic chord
relative to z is unique in each isotopy class X'(D;a,b; z,7). This implies that there exists a

unique Loewner energy minimizer in this isotopy class.

Remark 4.1.3. Our proof of Loewner energy reversibility is closely related to the proof of
chordal SLE,; reversibility for x € (0, 4] in [254]. Zhan establishes this fact by constructing a
coupling of an SLE,; chord 1 going from x1 to x9 in the domain H for fixed x1, x9 € R with
another SLE, chord 9 in H between the same endpoints in reverse direction so that both
traverse the same random set of points z C H visited by 1 at stopping times t; < --- < ty.
In fact, the reverse chord 79 is constructed by replacing each curve vy ([tp_1,tx]), as k
decreases from n 4+ 1 to 1, with a reweighted version of chordal SLE, going from ~;(¢})
to 1 (tr—1) in the complement of v1([0,¢;_1]) and the already constructed part of o (cf.
proof of Proposition 4.3.4). The random set z is taken to become denser and denser on 71,
ultimately converging to a coupling where the two SLE, chords are almost surely orientation
reversals of each other.

The relation to our proof of Loewner energy reversibility is that, conditioned on the
points z, the law of the chord ;1 (resp. 72) in the above coupling is that of a chordal SLE
curve in H from z1 to xo (resp. x3 to x1) conditioned to pass through z. Since TH. 29 (resp.
IH.z5 2, ) is the large deviation rate function for the chordal SLE, curve in H from x1 to x9
(resp. x9 to 1), when we take the k — 0 limit for this coupling conditioned on the points z,

min

the SLE chord 77 (resp. 72) should converge to the energy minimizing chord " among
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those going from x1 to xo (resp. 7§nin from z9 to z1) in H while passing through z. Given
the uniqueness of ’y{nin and ’yénin (which we do not claim but expect to be true for a general
sequence z), we know from their piecewise geodesic property (Proposition 4.3.4) that these
are orientation reversals of each other. That is, 7; and 9 are random perturbations of the
same piecewise geodesic chord passing through z. The proof of Loewner energy reversibility
in [244] essentially proceeds by taking z to become dense on 7 and 79, in which case the

limits of yinin and yénin have the same trace due to the Jordan curve theorem.

Here is an overview of the rest of this article. In Section 4.2, we define and discuss
the properties of the partial Loewner energy of a simple curve, which can be considered as
that of the chord obtained by completing it with a hyperbolic geodesic. We also collect
some results about topologies on the space of chords. In Section 4.3, we first establish an
inequality version of the commutation relation for Loewner energy and then use it to prove

Theorem 4.1.1. We prove Theorem 4.1.2 in Section 4.4.

4.2 Preliminaries

Given a simply connected domain D C C=Ccu {o0} with distinct prime ends a and b,
we denote by X(D;a,b) the space of chords in D (i.e., Jordan arcs v in D with 9y C 9D)
from a to b. We consider these chords modulo orientation-preserving reparameterizations. In
particular, X(D;a,b) and X(D;b,a) differ in the orientations of chords. Since our notation
for Loewner energy already contains information about the orientation of the chord, we
denote orientation reversals implicitly in the rest of this paper. That is, if v € X(D;a,b),
then Ip., ,(7) should be understood as the energy of the reversed chord R e X(D;b,a).
If D is a bounded Jordan domain, we endow X (D;a,b) with the topology induced by
the Hausdorff distance on the (closure of) chords. For a general simply connected domain
D conformally equivalent to the unit disk D := {|z| < 1}, we choose any conformal map

¢ taking D onto D and endow X (D;a,b) with the pullback of the Hausdorff topology on
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X (D;p(a), (b)). We will make heavy use of the following fact that Loewner energy is lower

semicontinuous with respect to the Hausdorff topology on chords.

Lemma 4.2.1 {204, Lemma 2.7]). The map Ip.qp : X(D;a,b) — [0,00] is lower semicon-
tinuous, and its sublevel set {y € X(D;a,b) : Ip.,p(v) < c} is compact for any c € [0, 00).
In fact, if (Y")pen 4s a sequence of chords in X (ID; —1,1) with suppen Ip,—1,1(7") < ¢ <
00, then there exists a corresponding sequence of homeomorphisms oy : D — D, with op|ap
equal to the identity and v = on([—1,1]) for each n € N, such that ¢y, converges uniformly
along a subsequence to some self-homeomorphism o of D. Moreover, v = p([-1,1]) €

X(D; —1,1) satisfies Ip,—1 1(7) < c.

The convergence in the latter half of the above lemma was established within its proof

in [204].

4.2.1 Energy of a simple curve and hyperbolic geodesics

In this subsection, we expand the definition of Loewner energy to curves that end in the
interior of the domain and obtain its additivity property (4.2.6). We then recall basic prop-
erties of hyperbolic geodesics that we use in our proof. The facts surveyed here can be found
in [244].

Let v:[0,7] - HU{0} be a Jordan arc (henceforth called a simple curve) with y(0) =0
and T € (0,00). For each ¢ € [0, T], we consider the unique conformal map g; : H\~([0,¢]) —

H with hydrodynamic normalization: i.e., satisfying
gt(z) —z2—0 as z— 0. (4.2.1)

The half-plane capacity of the curve ([0, ¢]), which we denote hcap(y([0,t])), is defined via

the expansion
h t 1
t(2) :z—l—M—FO(—Q) as 2 — 0o, (4.2.2)
z z
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We can reparametrize v on the interval [0, %hcap(v)] so that hcap(y([0,¢])) = 2t for every t,
which we call the (half-plane) capacity parameterization of . For the rest of this subsection,
we assume that ~y is in capacity parameterization with T = lhcap('y).

We call the family of maps <9t)te[O,T] the Loewner chain corresponding to the curve ~,
and define the driving function of the curve v as the continuous function ¢t — A\ := g¢(y(t)).
For every point z € H \ {0}, the map ¢ + g4(z) is continuously differentiable and satisfies
the Loewner equation

Oegt(z) = (4.2.3)

gt(2) — Mt

on the entire interval [0, T| if z ¢ ~, or on the interval [0, T%) if z = v(77) for some T, € (0, T].

Definition 4.2.2. Given a simple curve ~ in H starting at 0, we define its Loewner energy

targeted at oo as
2

I g (4.2.4)

dt

o Lt
0,00 (7) = 5/0

if the driving function (A¢)sc[p 7] of the curve 7 (in capacity parametrization) is absolutely

continuous and A € L2([0, T]). Otherwise, we define I5.0.00(7) = 00.

We use the notation I]?]I;O, ~(7) to clarify that v does not reach co. This extends the
definition (4.1.1) for the Loewner energy of a chord in X'(H;0, 00), which amounts to the
case T' = oo. For a simple curve v in an arbitrary simply connected domain D starting
from a prime end a, we define its Loewner energy targeted at a prime end b so that it is

conformally invariant:

[E);a,b(fy) = [ﬁ;07m(¢(7)) (4.2.5)

for any conformal map ¢ : D — H with ¢(a) = 0 and ¢(b) = oo, analogously to (4.1.2).

If v:[0,7] — HU{0} is a simple curve with 7(0) = 0 in half-plane capacity parameteri-
zation, then, for each s € (0,7, the image v* := gs(v([s, T])) — As is also a simple curve in
H starting at 0. Its half-plane capacity parameterization is given by 7%(¢) = gs(v(s+1)) — As

on the interval [0, 7 — s], and the corresponding driving function is ¢t — A\ — As. We thus
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have

o o 2 r V12 o o
S

- ]H?H;O,oo(/y([a s])) + ]]1?]1\7@078]);7(8)700(7([8, T)))
(4.2.6)

for each s € (0,7, as was observed in [244]. This additivity property (4.2.6) can be stated
for more general domains via conformal invariance (4.2.5), which naturally leads to the idea
that the partial Loewner energy I%; a,b<71) of a simple curve 1 in a simply connected domain
D starting at a prime end a and ending at ( € D represents the Loewner energy of the chord
v1 U~y € X(D;a,b) obtained by completing 1 all the way to the prime end b by a chord
v € X(D \ 71;(,b) with zero energy. Such zero energy chords are hyperbolic geodesics
and they are central to the theory of Loewner energy. Indeed, the imaginary axis iRy is
the hyperbolic geodesic in the upper half-plane from 0 to oo, and the corresponding driving

function is the constant zero function.

Definition 4.2.3. The hyperbolic geodesic in a simply connected domain D C C from a
prime end a to another prime end b is the image ¢(iRy) of the imaginary axis under a
conformal map ¢ : HH — D with ¢(0) = a and ¢(c0) = b. Note that this specifies a unique
chord in X(D;a,b).

For instance, the hyperbolic geodesic in H between z,y € R is the semicircle with the
interval between z and y as its diameter. The hyperbolic geodesic v in D from a to b has

the following useful properties that follow immediately from its definition.

e The hyperbolic geodesic 7 is the unique chord in X(D;a,b) with Ip., ,(v) = 0. Any

other chord in X'(D;a, b) has positive (or infinite) Loewner energy Ip., p-

e The reversed chord 'yR is the hyperbolic geodesic in D from b to a. Hence, it makes

sense to omit the orientation and call v the hyperbolic geodesic in D between a and b.
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e Given any parameterization v : (0,7) — D with v(0) = a and (7)) = b, for each
t € (0,7T), the curve y(t,T) is the hyperbolic geodesic in D\ ([0, ¢]) between ~(t) and
b.

Let us say that a chord v € X(D;a,b) has a geodesic tip if we can decompose it into
simple curves 71 and 79 joined at ¢ € D such that 79 is the hyperbolic geodesic in D \ v;
between ¢ and b. (Note that by the third bulleted observation above, a chord v € X (D;a, b)
has a geodesic tip if and only if, given any parameterization v : (0,7) — D with 7(0) = a and
v(T) = b, there exists a time s € (0,7") such that the following is true: for every t € [s,T),

the curve ([t,T]) is the hyperbolic geodesic in D \ ([0, t]) between (¢) and b.) Then,

]D§a7b(7) - If);a,b(’h) + ]D\’yl;C,b(’y?) = I?);a,b('yl) = ]f);a,b(’yl) + ]D\’yl;b,C(’VQ) (4.2.7)

by (4.2.6) and the first two bulleted observations above. Here, we already see that when
computing the Loewner energy of a chord with a geodesic tip, we can reverse the orientation
of this tip. The the key idea in our proof is to generalize this to the case that the hyperbolic

geodesic is in a middle part of the chord (see Lemma 4.3.1).

4.2.2  Identifying chords via hulls

In our proof of the “commutation inequality” (Lemma 4.3.1), we will need to identify the
Hausdorff limit of chords using the convergence of the hulls that they generate. For con-
creteness, let us consider chords in the upper half-plane H between two points on R. Given
v € X(H;z,y), by the Jordan curve theorem, H \ 7 consists of exactly two connected com-
ponents: a bounded component D, and an unbounded component Uy, both of which are
simply connected domains. Moreover, 0D~y = v U [z,y] where [z,y] C R denotes the closed
interval between x and y even when x > y. We define the hull generated by the chord v as

the closure K~ := Dy in H=HUR. Since 0K, NH = dD,NH = v, a bounded chord in H
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can be uniquely identified by the hull it generates.

Lemma 4.2.4. Suppose (Y"),en is a sequence of chords in H between two fixed points
z,y € R such that suppeN I,z 4(7") < oo. Then, there exists a subsequence v which
converges to some chord v € X(H;x,y) in the Hausdorff distance and, furthermore, the

corresponding hulls Ky"k converge to K~ in the Hausdorff distance.

Proof. Without loss of generality, assume x < y. Fix a Mobius map f : D — H with
f(=1) = z and f(1) = y. By Lemma 4.2.1, for each n, there exists a homeomorphism
¢n : D — D such that ¢y |gp is the identity map and ¢, ([—1,1]) = f~1(v,). Furthermore,
we can find a subsequence ¢, which converges uniformly to a homeomorphism ¢ : D — D.
Then, 7y, converges to v := (f o¢)([-1,1]) € X(H;z,y) in the Hausdorff distance.

Denote by D the lower half-disk {z € D : Im(z) < 0} and note that the bounded
connected component of H \ v, is (f o ¢p)(D). Since the homeomorphisms f o ¢p, : D —
H U {oo} converge uniformly, the hulls Ky, = (fotpn—k)(l)n) = (f o ¢n,,)(D) also converge
in the Hausdorff distance to K = (D). O

Our definition of the hull K, generated by a bounded chord + in H is in agreement with
the following more general definition of a hull in H. Let C be the space of non-empty closed

subsets of H. The set of compact H-hulls is defined as
K:={K € (C: K is bounded, H\ K is simply connected, and K N H = K}.

Indeed, since D~ is bounded, K is bounded. Moreover, Ky NH = D, U(0D,NH) = D, U7,
so H\ Ky = (H\ 7) \ Dy = Uy, which is simply connected. Also, Ky NH = D, Uy =
KyU(yU{x,y}) = K. Thus, the hull K defined as the closure of the bounded component
of H\ v in H is an element of K.

For each hull K € K, there exists a unique conformal transformation gg : H\ K — H

such that gx(2) — 2z — 0 as z — oo, which we refer to as the mapping-out function of K.
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This induces the following alternative topology on K which is natural from the perspective

of Loewner chains.

Definition 4.2.5. Let (K"),,cn be a sequence compact H-hulls. We say that K" converges
to K € K in the Carathéodory topology if g[_(}L converges to gi_(l uniformly away from R.

This means that for every € > 0, gl_(}l converges uniformly to g[_(1 on {z€C:Imz > e}

An equivalent geometric definition is available via Carathéodory kernel theorem (see,
e,g., |34, Section 3.3]), from which the following topological lemma follows. This allows us

to identify the limiting chord in Lemma 4.2.1 through the Carathéodory limit of the hulls.

Lemma 4.2.6 (204, Lemma 2.3|). Let (K"),eN be a sequence in IC. If K™ converges
to K € IKC with respect to the Carathéodory topology and to a compact set K* C H in the
Hausdorff distance, then H\ K coincides with the unbounded connected component of H\ K*.

In particular, if K* € IC, then K = K*.

4.3 Proof of reversibility of chordal Loewner energy

In this section, we first establish the inequality version of the commutation relation for
Loewner energy when two curves are joined at the same endpoint (Lemma 4.3.1). Based
on this result, we show that a minimal energy chord passing through a fixed finite set of
points is piecewise geodesic, and the Loewner energy of any piecewise geodesic chord is
invariant under reversing its orientation (Proposition 4.3.4). We use this to give a proof of

Theorem 4.1.1 at the end of this section.

4.3.1 A commutation inequality

The starting point of our proof of Theorem 4.1.1 is the following commutation relation for

Loewner energy given in [244, Corollary 4.4].
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Theorem A. Let D be a simply connected domain and a,b be distinct prime ends. Suppose
v is a simple curve D from a to y(S) € D, and n is a simple curve in D from b to n(T) € D

with yNn=&. Then,

In other words, we can compute the joint Loewner energy of v and n by computing the
energy of either v or n first, then adding the energy of the other curve in the complement
of the first. The main restriction in Theorem A is that the curves 7 and n cannot intersect,
even at their endpoints. Nevertheless, we can deduce from it a “commutation inequality”

satisfied by two curves terminating at the same interior point.

Lemma 4.3.1. Let D be a simply connected domain with distinct prime ends a and b.
Suppose v and n are disjoint simple curves in D starting from a and b, respectively, except

that they both terminate at ¢ € D. Then,
Do) < Ipa (V) + Ip\ i (0). (4.3.2)
Furthermore, if n has a geodesic tip when considered as a chord in D\ 7 from b to ¢,2 then
1301 + Tpac () < Tiay) + Iy (1): (433)

Proof. Take any continuous parameterization 7 : (0,7] — D with n(0) = b and n(T) = (.
For t € (0,T), since v and n((0,t]) do not intersect, the commutation relation (Theorem A)

states

I, a 0 1) + I 1040 ®) (V) = 1Diap (V) + 1Dy c(0([0, 21)). (4.3.4)

2. That is, 17 can be partitioned into simple curves 7, from b to an intermediate point £ € 1, and 72, from
¢ to ¢, such that n, is the hyperbolic geodesic in D\ (7 U7;) between £ and (.
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Note from the definition of the Loewner energy of a curve (4.2.4)—(4.2.5) that

i T (0(0.8)) = Tpg () and N Ty 00.)) = Iy (). (435)

We thus obtain

tlifjr"l— I%\n([07t]);a7n(t) (fy) = ]B;a)b(’y) + ]D\7,67C(n) - I?);bﬂ,(’r/)‘ (436)

The first inequality (4.3.2) follows from the simple observation that the left-hand side of
(4.3.6) must be nonnegative by the definition of Loewner energy.

If we furthermore had

Tvac(r) < 0 TDy o, (V) (4.3.7)

then we would obtain the second inequality (4.3.3) from (4.3.6). For the rest of this proof,
we prove the inequality (4.3.7) in the case that n € X (D \ 7;b,() has a geodesic tip. That
is, suppose there exists Ty € [0,7") such that ([T, T]) is the hyperbolic geodesic in D \
(vUn([0,Ty])) between n(1y) and ¢ = n(7T). By the conformal invariance (4.2.5) of Loewner
energy, we may assume that D = H, a = 1, and b = 0. Let us further assume that 7 is in
half-plane capacity parameterization and let (gt)te[O,T] be the Loewner chain corresponding

to the curve 7. As illustrated in Figure 4.1, let us denote

7= gy Un((T, 1)) € X (H; 2, Ar)

where A\ := g¢(n(t)) is the driving function of the Loewner chain and zy := g¢(1). Note that
x¢ and )¢ are continuous real-valued functions satisfying A\ # x4 for ¢t € [0,T]. For each

t, let pi(z) = (2 — A\¢)/(x¢ — A\¢) be the conformal automorphism of H sending the triple
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U]
() 9t A grog; '
v = T N
[
0 1 )\t Tt /\T T

0 1 0 1 0 1

Figure 4.1: A pictorial description of the proof of Lemma 4.3.1. Let (gt)te[O,T] be the Loewner

chain mapping out 7, and denote by ~ the chord remaining after mapping out v U7 by g;.
Let 4% be the image of 4! under an affine transformation that maps the endpoints of the
chord to 0 and 1. The hulls enclosed by 4? converges in the Carathéodory topology to that
enclosed by 77, and the chords 4 converge along a subsequence to some 7* € X (H;1,0) in
Hausdorff distance. We have 7* = pp(y7) from Lemma 4.2.6.

(At, z¢,00) to (0,1,00) and denote
7= (7' € X(H;0,1).

For t € [T, T, since n([T, t]) is the hyperbolic geodesic in D\ (yUn([0,t])) between ¢ = n(T)

and n(t), we have

Iig1,0(7") = Tezae 0 (V) = Tm(o.4)s1,00 (0 U n(T5 )
= Ign (0.0 (V) + T\ (yun(0.)):can(ey (T 1) (4:3.8)

= I,y (V)

From (4.3.4), we have

IH;O,l(;Vt) = ]El\n([(),t});l,n(t) (v) < Iﬁ;l,o(’V) + I\ 0, () = ¢ (4.3.9)
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for all ¢t € [Ty, T]. The lemma holds trivially if ¢ = oo, so let us assume ¢ < co. By
Lemma 4.2.1, there exists a sequence (t)ren increasing to 7" and a chord 4* € X (H; 1,0)
such that 4% — 3* and Kﬁtk — K5+ in the Hausdorff distance.

We claim that 5* = 57, for which it suffices to show ~* := go}l(i*) — 47" Recalling
that xy, — xp and N\, — Ap, the affine maps ¢y, converge uniformly on bounded subsets
of H to ¢p. Thus, the rescaled hulls K,ytk = cp;: (Kfytk) converge to K.« = (p%l(K&*) in the
Hausdorff distance. On the other hand, observe that if fp : H\ K ST = H is the mapping-
out function of the hull K T (i.e., the unique hydrodynamically normalized conformal map),
then fy .= frogrog, 1is the mapping-out function of the hull K,Yt. We see from the
Loewner equation (4.2.3) that g — gp uniformly away from R as ¢ — T~ . Since fr o gp
is hydrodynamically normalized, we conclude that ft_1 = fr 1 uniformly away from R and
thus K,Yt — K“YT in the Carathéodory topology as t — T~. By Lemma 4.2.6, K\x = KVT

and hence v* = 0K« NH = 0K 470 H = 47 as claimed. In particular,

Iy1.0(3%) = Igao(37) = Iy 1, (7)-

Finally, by Lemma 4.2.1,

o ~ %k . . ~tk . . ~t\ . e}
Tryy,¢(0) = T,0(37) < liminf Ty o(7%) = lim T o(30) = 1m0, 9y, ()
(4.3.10)

This conclusion is equivalent to (4.3.7) by the conformal invariance of Loewner energy. [

4.8.2  Piecewise geodesic energy minimizers

Let D be a simply connected domain with two distinct prime ends a and b. Recall that

X(D;a,b) is the set of all chords in D from a to b. Given a finite set z C D, let

X(D;a,b;z) ={y € X(D;a,b):zC~} (4.3.11)
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be the set of chords in D from a to b passing through all points in z. We first observe that

there exists a Loewner energy minimizer on this set.

Lemma 4.3.2. Given any finite z C D, there exists a chord y™™ € X(D;a,b; z) such that

I o (AMin) .= inf  In. < 0. 4.3.12
D,a,b(7 ) ~ex(Diabiz) D,a,b(V) ( )

Proof. Without loss of generality, let D be a bounded Jordan domain. The existence of a
finite-energy chord in X'(D;a,b; z) is given in [244, Lemma 3.3|. Let us thus take a sequence
of finite-energy chords (v"),en in X (D;a,b;z) whose corresponding energies decrease to
infoyex(Dsa,biz) Ip.qp(7) < 0o. By Lemma 4.2.1, there exists a subsequence 4"* which con-
verges in the Hausdorff distance to some chord A™1 ¢ X (D;a,b). We furthermore have
min)

IDsap(y <liminf,_, o Ip.,p(7"*). Observe that max,e, min,, . min |z — w| is bounded

above by the Hausdorff distance between 4% and v™ for every ng. Since the latter con-

verges to 0 as k — 0o, we have z C ™, O

The key observation in our proof of Theorem 4.1.1 is that the energy minimizer in
Lemma 4.3.2 has the following property, which was introduced in [185] for the case of Jordan

curves.

Definition 4.3.3. Let z C D be a finite set. We say that a chord v € X(D;a,b;z) is
piecewise geodesic relative to z if z partitions v into simple curves 71,792, ...,y such that

each ;. is a hyperbolic geodesic of the domain D\ (v \ 7).

In other words, a chord v : [0,1] — D U {a, b} visiting z U {a, b} at times 0 =ty < t; <
coe < tp_1 < tp =1 is piecewise geodesic relative to z if, for every k = 1,...,n, the chord

Y([tg—1,tx]) is the hyperbolic geodesic in D\ ([0, t_1] U [ts, 1]) between ~y(t,_1) and y(t).

Proposition 4.3.4. Let D be a simply connected domain with distinct prime ends a,b and

let z be a finite subset of D.
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1. If v is a chord in X(D;a,b; z) satisfying Ip.qp(7) = nfpcx(Diap.2) IDsap(n), then y

15 piecewise geodesic relative to z.

2. Ify € X(D;a,b; z) is piecewise geodesic relative to z, then its energy is invariant under

the reversal of orientation. That is, Ip., y(7) = Ip.p o (7)-

Proof. Take an arbitrary chord v € X(D;a,b; z) and let 21, 29, . .., 2, be the enumeration of
z in the order visited by . For each £ =1,2,...,n+1, let us denote the part of the chord
between zj,_1 and zj, as ;. (where zg = a and z,, 1 = b). We shall reverse the orientation of
inductively, finishing with a chord n € X(D; b, a; z) with Ip.y, ,(7) < Ip.q (7). Furthermore,
we will show that the inequality is strict if v is not piecewise geodesic relative to z. Let us

denote Dy, := D\ (U;<j 7i) for the rest of this proof.

o In the first step, replace 7,41 with the hyperbolic geodesic in Dy, from b to z,, which

we denote 7,41. Since Ip, . - (Mp+1) = 0, we have

ID;a,b(’Y) = IB;a,b( U 'Vz') + IDn;zn,b<’7n+1)
<n

(4.3.13)

2 [f);a,b< U '72'> + ]Dn;b,zn (nn-l-l)-

<n

Here, the inequality is strict if 7,41 is not a hyperbolic geodesic (i.e., y,+1 is not the

orientation reversal of 7,,41). Note that (U;<,,vi) Unn+1 € X(D;a,b; 2).

e Let £ € {I,...,n}. Suppose we have replaced each v; with j > k with a curve
n; between z;_1 and z; so that (U< 7)Y (Uj>p417m5) is a chord in X(D;a,b; z).
Suppose, furthermore, that 7 1 is the hyperbolic geodesic in Dk\(Uj2k+2 1) between

2j4+1 and 249, and

IDap(v) = ID;a,b< U w) +IDk;b7zk< U nj>. (4.3.14)

i<k j>k+1
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47”—‘

2k z
Zh_1 ko oz Zh—1 E oz

Tk+1

Yk

Figure 4.2: An orientation reversal step in the proof of Proposition 4.3.4. Left: The curves
Yk+1s-- -+ Yn+1 to the right of z; have been replaced with 7, q,..., 7,41 in the previous
steps. The orange curve 71 is a hyperbolic geodesic in the complement of black and
purple parts of the chord. Right: We replace the purple curve 7, with a hyperbolic geodesic
7. in the complement of black and orange parts of the chord. The total energy of the curves
in the right figure is no more than that in the left figure. Moreover, if v, # 7, then the
inequality is strict.

Now, replace 7, with the hyperbolic geodesic in Dy_1 \ (U;j>p41 ;) from 2z to 21,
which we denote 7y,; see Figure 4.2 for an illustration. Since | i>k+17 has a geodesic

tip as a chord in D}, Lemma 4.3.1 implies

I%k—1;2k—17b(7’€) - IDk—l\'YMbaZk( U 77j>

j>k+1

O .
Z 1Dy 1ib ( U 773) T ]Dk—l\(UjZk-H 15)32k—1:2k (%)

j>k+1
o — .
21D, 1ib ( U 77j> + IDk*l\(UjZkJ,—l 1532k 2k —1 () = IDy 43024+ < U 77])'
j>k+1 =k
(4.3.15)

Note that the second inequality in (4.3.15) is strict if 74 is not a hyperbolic geodesic
(i.e., 7% is not the orientation reversal of 7). The new chord (U;<j—1 7)Y (U;>1 1))

satisfies the induction hypothesis since it passes through all points in z and, combining
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(4.3.14) and (4.3.15), we have

ID;a,b(’Y) > I?);a,b U 7’) + [Dk;b,2k< U nj)

i<k j>k+1

- I%;a,b U ’Yi) + I%k_l;zk_17b(7k) + IDk;b,zk< U nj) (4.3.16)

1<k—1 j>k+1
0]
> ID;a,b U ’71.) + IDk—1§b7zk—1 ( U nj)'
i<k—1 >k

After completing this above reversal procedure all the way from k = n+1 to k = 1, we are left
with a chord 7 := U?i% n; € X(D;a,b; z) satistying Ip., ,(n) < Ip.,p(7). By construction,
if v is not piecewise geodesic relative to z, then we cannot have 7, = ;. modulo orientation
for all k. In this case, we have a strict inequality Ip. (7)) < Ip.qp(7). Applying the
above inductive reversal procedure again to 7, we obtain a chord 4 € X(D;a, b; z) such that
Ip.ap(¥) < Ippa(n) < Ip.qp(7y). Hence, if v minimizes the energy Ip.,; among chords
passing through z, then it must be piecewise geodesic relative to z.

If ~ is piecewise geodesic relative to z, then 1, = <3 modulo orientation in each step
of the above reversal procedure. Then, the chord n that we obtain through the reversal
procedure is simply 7 in reverse orientation and we have Ip.j o(7) < Ip.q (7). Note that
the piecewise geodesic property of v is invariant under reversing its orientation, whence
Ippa(v) = Ip.ap(y) as well. We conclude that Ip.,,(v) = Ipy.(y) if v is piecewise

geodesic. O]

We note that the loop version of Proposition 4.3.4 was given in [219, Proposition 2.13]
using the root-invariance of loop Loewner energy. The latter fact was proved in the same
work using the the chordal reversibility as a preliminary.

The final input needed for our proof of Theorem 4.1.1 is the following consequence of the

Jordan curve theorem.
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Lemma 4.3.5. Let D C C be a bounded Jordan domain and suppose v and 7y are chords in

D between distinct boundary points a and b. If v C 7, then v = 7.

Proof. Suppose, for contradiction, that there is a point z € 4\ . It must be in D since
Y\ D =~\ D = {a, b}. By the Jordan curve theorem, D \ v has two connected components,
say U and V', such that DNoU = DN oV =~ \ {a,b} (see, e.g., [207, Proposition 2.12] for
a proof). Let U be the component containing z.

Now, D\ # also has exactly two connected components, say U and V. Since D\¥ C D\,
the two components U and V are each a subset of either U or V but not both. However,
zey=DnN oU = DN 8‘7, which means that both U and V are subsets of U. This implies
V C 7 and hence V C DNAU, which is a contradiction since VN (DNAU) C VN (DNU) =

VNn{Uuy) =o. O
We are now ready to prove the orientation reversibility of chordal Loewner energy.

Proof of Theorem 4.1.1. Without loss of generality, assume that D is a bounded Jordan
domain. Suppose 7 is a chord in D from a to b with Ip., () < co. Choose an increasing
sequence gl C 52 C --- of finite subsets of v N D such that Un21 2" is dense in . For
instance, we can take any continuous parameterization v : [0,1] — D U {a,b} and set
2" ={y(/2") :j=1,...,2" —1}. By Lemma 4.3.2, for each positive integer n, we can find
chord 7" € X(D;a,b; 2"") which minimizes the energy Ip.,; among those passing through

2. By Proposition 4.3.4, each 7" is piecewise geodesic relative to z" and hence

DoY) = ID:ap(y") < Ipegp(y) < o0 (4.3.17)

By Lemma 4.2.1, there exists a subsequence 7 which converges to a chord n € X(D; b, a)

in the Hausdorff distance, which furthermore satisfies

Ipypa(n) < liminfIpy o (v"*) = lminf Ip., 5 (7") < Ip.e p(7)- (4.3.18)
" k%cx) b k%m bt bt
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We claim that 7 = v modulo orientation. Note that for every z € 2" and nj > m, since
2™ C 2™k the distance between z and the chord 7 is bounded above by the Hausdorff distance
between 7% and 7). Taking ny, — oo, we see that every 2 € (J,,>1 2™ isin 7. Since (J,;,>1 2™
is dense in v and 7 is closed, we have v C n and thus v = n by Lemma 4.3.5. Therefore,
Ip.p.a(7) < Ip.p(y) and, changing the roles of @ and b, we conclude Ip.q (7) < Ip.p o(7)
as well.

This proves the theorem if either Ip.,;(v) or Ipy ,(y) is finite. It is trivially sat-
isfied when the energy is infinite in both orientations, so Ip.,;(v) = Ipy4(y) for any

v € X(D;a,b). O

4.4 Energy minimizers for isotopy classes of chords

In this section, we prove Theorem 4.1.2 on the existence of a Loewner energy minimizer for
each isotopy class of chords passing through a finite set of points and its characterization as
a piecewise geodesic chord.

We first note that an isotopy between two chords vy and ~; relative to z extends to an
ambient isotopy of D relative to z, which refers to a continuous deformation of the domain D
fixing zUOD which restricts to an isotopy between the two chords. Here, D means the union
of D with the set 0D of its prime ends. Here is a more precise statement. Let us denote by
Homeo(D, K) the space of self-homeomorphisms of D which restrict to the identity map on

K C D, equipped with the compact-open topology.

Lemma 4.4.1. If two chords vg,v1 € X(D;a,b;z) are isotopic relative to z, then there
exists a continuous map F : [0,1] x D — D such that F(s,-) € Homeo(D,z U 8D) for each

s €[0,1], F(0,-) is the identity map, and y1 = F(1,7p).

The converse relationship is clear: if there exists an ambient isotopy between two chords

relative to z, then they are isotopic relative to z.
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Proof of Lemma 4.4.1. Without loss of generality, assume D is the unit disk D and denote
z = {z1,...,2n}. Choose ¢ > 0 such that the closed disks Bo.(z;) are contained in DD
and disjoint from each other. It is straightforward to find a family of maps (¢ ), indexed
by w = {wq,...,wy} satisfying maxy, |w — 2| < €, with the following conditions: ¢, is
the identity map, ¢, € Homeo(ID, D) for each w, and ¢y (wy) = 2, for each wy; € w.
Furthermore, we can choose these maps so that w > ¢y, is continuous with respect to the
Hausdorff distance on the domain and the uniform norm on the codomain.

Let vy : [0,1] = DU {a,b} be a continuous parameterization of a chord in X (D;a,b, z)
with t;, := (y0) 1 (z) for each z;, € z. We claim that there exists a & > 0 (depending
on 7p) so that the following is true: if v1 : [0,1] — D U {a,b} is a parameterized chord
with supyepo,17[70(t) —71()] < & and 71 (¢x) = 2, for every k, then there exists an ambient
isotopy F as in the statement of the lemma. By the Schoenflies theorem, we can choose
§ > 0 such that for any such 71, there is f € Homeo(D, dD) with SUp,, [ |f(z) — x| < ¢
and v, = f o7 (see [207, Corollary 2.9 and Theorem 2.11]). Since Homeo(ID, dD) is locally
contractible [135], f extends to an isotopy F : [0,1] x D — D from the identity map to
f such that F(s,-) € Homeo(D,0D) and sup,, .5 [F'(s, ) — x| < € for every s € [0,1].
Then, ﬁ(s, )= PF(s,2) © F(s,-) is the desired ambient isotopy between ~q and v; leaving z
pointwise fixed.

Now, given any 71 € X (ID;a,b; z,79), choose an isotopy H : [0,1] x 79 — DU {a, b} from
70 to 1 leaving z pointwise fixed and denote ~y(t) := H(s,t). By the previous paragraph,
there exists a 6 > 0 for every s € [0, 1] such that 7z is ambient isotopic to s through
Homeo(DD, z U D) whenever |§ — s| < ds. This gives an open cover of [0, 1], so we conclude

that ~7 is ambient isotopic to 7y through Homeo(DD, z U dD). O

Remark 4.4.2. All chords in X (D;a,b) are isotopic to each other by the Jordan curve
theorem. When z contains 1 < n < oo number of points, by Lemma 4.4.1, the collection of

isotopy classes of chords in X(D;a, b; z) relative to z correspond to the mapping class group
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of a disk with n punctures. This can be further identified with the braid group on n strands
(see, e.g., [102, Section 9.1]). As such, there is a unique isotopy class relative to z when z
consists of a single point, but the number of isotopy classes relative to z is countably infinite

when 2z contains more than one point.

Proof of Theorem 4.1.2. If z = @&, then ™™ is the hyperbolic geodesic in X'(D; a, b) and the
claim is trivially satisfied. Let us thus consider the case that z contains n > 1 points and
show that there exists a chord in X(D; a, b; z,v) with finite energy. The proof is by induction

on n.

e If z contains a single point z7, then there is a unique isotopy class of chords in X' (D; a, b)

passing through 21 relative to this point. In this case, fymin with finite energy was
uniquely identified in [244, Proposition 3.1] using the interpretation of chordal Loewner
energy as the large deviation rate function of chordal SLE. The same result was proved
deterministically in [190, Theorem 3.3(i)] by an identification of the system of differ-

ential equations satisfied by the driving function of ™.

e Let n > 2 and suppose there exists a finite energy chord passing through any set of
n — 1 points in D with any given isotopy class. Let z1 and z9 be the first and second
points of z visited by ~, respectively. Let 7y be the part of v until it visits 21, let 11

be the part between 2z and z9, and finally let 9 be the rest of v after it visits 29.

Using the result for n = 1 case referenced above, let us replace vy U y1 with a finite
energy chord n in X (D \ 79;a,29) passing through z;. Let 19 be the part of this
curve up to its visit to z; and 7y be the remaining part from 21 to z9. Note that we
can find an isotopy between vg Uy and 1 in D \ 79 fixing z; and extend it to one
between v and n U9 in D fixing z. That is, nU -~ € X(D;a,b; z,7). Moreover, since

ID\ngia,29 (10) < 0o, we have Ip., ;(10) < oo by [244, Lemma 4.3].

We now recall the induction hypothesis to choose a chord 1 € X(D \ ng; 21,b; 2 \
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{z1},m1 U~9) with finite energy. Then, by the additivity (4.2.6) of Loewner energy, we

have

ID;a,b(UO U ﬁ) = I;);mb(n()) + [D\ng;zhb(ﬁ) < 0. (4-4-1)

Furthermore, ng U 7 is isotopic to nU v relative to z, so we have found a finite-energy

chord in X(D;a,b; z,7) as claimed.

Let us assume D =D, a = —1, and b = 1 and choose a sequence of finite-energy chords
(Y™ men in X(D; —1, 1; z,v) whose energies decrease to the infimum energy in this isotopy
class. By Lemma 4.2.1, for each m, there exists ., € Homeo(D, D) with ¢, ([—1, 1]) = 4™.
Moreover, along a subsequence, ¢, converges uniformly to some ¢ € Homeo(DD, OD). Since

I uniformly as well, which implies that gpgl}f (z) converges in the

D is compact, gogkl — o~
Hausdorff distance. Then, we can pick a sequence of homeomorphisms ¢y, € Homeo(ID, OD)
converging uniformly to the identity map such that ), ([—1,1]) = [=1,1] and (@m, o
Um,) " 1(z) = ¢71(2) for every my,. Letting /™1 := o([—1, 1]), we see that ¢y, 0thm, 01 €
Homeo (D, zU0D) maps AN t6 Ak and these homeomorphisms converge uniformly to the
identity map as mj, — oco. Since the identity component of Homeo(ID, zUOD) is homotopically
trivial [134], we conclude Amin ey (D; —1,1;2,7). Since 4"k — AL p the Hausdorff
distance, we obtain (4.1.3) by the lower semicontinuity of Loewner energy (Lemma 4.2.1).
The claim that an energy minimizer of X(D;a, b; z, ) is piecewise geodesic relative to z

follows from the fact that the manipulations in the proof of Proposition 4.3.4 do not change

the isotopy class. O]
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CHAPTER 5
QUASICONFORMAL DEFORMATION OF THE CHORDAL
LOEWNER DRIVING FUNCTION AND FIRST VARIATION OF
THE LOEWNER ENERGY

This chapter presents material first published in [238].

5.1 Introduction

One hundred and one years ago, Loewner introduced [180] a method to encode a simple
planar curve by a family of uniformize maps (called the Loewner chain) which satisfies a
differential equation driven by a real-valued function. This method has become a powerful
tool in geometric function theory. It was instrumental in the proof of Bieberbach conjecture
by De Branges [82| (which was also the original motivation of Loewner) and was revived
around 2000 as a fundamental building block in the definition of the Schramm-Loewner
Evolution [221]. On the other hand, quasiconformal mapping is one of the fundamental
concepts in geometric function theory and Teichmiiller theory. Thus, we find it natural
to investigate the interplay between quasiconformal maps and the Loewner transform. We
will further comment on the motivation of this work and discuss follow-up questions in
Section 5.1.1. We mention that analytic properties of the Loewner driving function have
been investigated in, e.g., [218, 186, 179, 178, 104, 219].

Our first result shows how quasiconformal deformations of the ambient domain H = {z €

C: Im(z) > 0} affect the driving function of a simple chord in H connecting 0 to co.

Theorem 5.1.1. Let n be a simple chord in (H;0,00) under capacity parametrization and
v € L®(H) be an infinitesimal Beltrami differential whose support is compact and disjoint
fromn. Fore € R such that ||ev||e < 1, let Y=Y be the unique quasiconformal self-map of H

with Beltrami coefficient ev such that ¥ (0) = 0 and ¥ (z) — 2z = O(1) as z — oo. Denote
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the capacity and driving functions of the parametrized chord 1¥=¥ on in (H, 0, 00) by a*¥ and

AV respectively. Then,

OXS 2 / ( gi(2)? 1> 2
= ——Re v(z)| ——r— — — |d*2 5.1.1
Oe e=0 ™ H ( ) gt(Z) - )‘t z ( )
and
aa%y . 1 / 2 2
9= | = ;Re/Hu(z)(gt(z) — 1)d z (5.1.2)

where A%z is the Euclidean area measure, \. is the driving function of ), g. is the Loewner

chain of n.

Our proof relies on the simple but crucial observation that the Loewner driving function
and the capacity parametrization of the curve can be expressed by the pre-Schwarzian and

Schwarzian derivatives, respectively, of well-chosen maps (Lemma 5.2.1).

We extend our considerations to the Loewner driving function associated with a Jordan
curve v C C = C U {00}, now defined on R instead of Ry. The loop driving function was
defined in [245] and can be thought of as a consistent family of chordal Loewner driving
functions. See Section 5.3.1 for the precise definition. We point out that for a given Jordan

curve, there are a few choices we make to define its driving function ¢ — A\

e the orientation of ~;

e a point on v called the root, which we denote by v(—o00) = v(+00) (we also use y(+00)
when we do not emphasize the difference between the start point and the end point of

the parametrization);
e another point on 7, which we call ~(0);

e a conformal map Hy : C v[—00,0] — C ~ Ry, such that Hy(y(0)) = 0 and
Ho(v(+00)) = oo, where y[—o0, 0] denotes the closed subinterval of v (as a set) going

from the root to v(0) following the orientation of the curve.
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Then, we can complete the continuous parametrization of v on (—o0,0) U (0,4+00) in a
unique way such that for each s € R, the chord ~(- + s) traverses the simply connected
domain C v[—00, s] in capacity parametrization.! Moreover, the chordal driving function
of y(- +s) in C \ y[—o00, 5] is given by A1s — As (see Lemma 5.3.2).

If the orientation and the root of v are fixed, different choices of v(0) and Hy result in

changes to the driving function of the form

M =c </\c—2(t—|—s) — >‘c_23> (5.1.3)

for some ¢ > 0 and s € R. Such transformations do not change the Dirichlet energy of .
Rather surprisingly, the Dirichlet energy of the loop driving function does not depend on the
choice of the root or the orientation either, as shown in [244, 219|. These symmetries are

further explained by the following theorem.

Theorem 5.1.2 (See [245]). The Loewner energy of vy, defined as

Z(y) = 1/+Oo |2 dt (5.1.4)

2 —0Q0

defined as

2

equals 1/ times the universal Liouville action S introduced by Takhtajan and Teo in [239)],
f// 2 f/(o)
Z(2) . (5.1.5)

0= |G e 7o)

g
Here, f : D — Q and g : D* — QF are conformal maps such that g(oo) = oo, 2

A%z + 4n log

(2)

and Q* are respectively the bounded and unbounded connected components of C \ =, and
g (00) = lim,—00 ¢'(2). If v passes through oo, we replace v by A(vy) where A is any Mébius

transformation of@ sending 7y to a bounded curve.

Remark 5.1.3. Although it may not be so apparent from (5.1.5), it will follow immediately

1. For the simplicity of notation, we assumed here that the capacity parametrization of 7 is bi-infinite.
See Footnote 3 for further details regarding this assumption.
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from the definition of the loop driving function and (5.1.4) that I L is invariant under Mobius
transformations of C. See Remark 5.3.4. A Jordan curve for which S is finite is called a

Weil-Petersson quasicircle.

Using Theorem 5.1.1, we obtain in Section 5.3 the following first variation formula of
the Loewner energy. This formula coincides with that of the universal Liouville action S in
[239, Chapter 2, Theorem 3.8| divided by 7, thus giving another explanation of the identity
It =s /7. This variational formula was crucial in [239] to show that S is a K&hler potential

of the Weil-Petersson Teichmiiller space.

Theorem 5.1.4. Let pp € L°(C) be an infinitesimal Beltrami differential with compact
support in C . Fore € R with |leplloc < 1, let w : C — C be any quasiconformal

mapping with Beltrami coefficient ep. Let v = w®H (7). Then,

Sl e =-2re| [wosir @ e [ s o] e

def.— *

where f and g are the conformal maps in Theorem 5.1.2 and S[e] = "' /¢’ — (3/2)(¢"/¢')?

s the Schwarzian derwative of ¢.

In the language of conformal field theory, this theorem states that the holomorphic stress-
energy tensor of the Loewner energy is given by a multiple of the Schwarzian derivative of

the uniformizing map on each complementary component of the curve.

Remark 5.1.5. The Loewner energy of v*# does not depend on the choice of the solution
wEH to the Beltrami equation, as all such solutions are equivalent up to post-compositions by
Mébius transformations of C. In [239], 11 is an L2-harmonic Beltrami differential supported
on only one side of the curve . Here, we allow the support of u to be on both sides of ~

but require it to be disjoint from ~.

Since the support of p is away from ~, there exists a (not necessarily simply connected)

domain D containing v such that D N supp(p) = &. In particular, w®* is conformal in D.
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In [246, Theorem 4.1|, the second author showed that the change of the Loewner energy
under a conformal map in the neighborhood of the curve could be expressed in terms of the
SLEg /3 loop measure introduced in [250], which is the induced measure obtained by taking
the outer boundary of a loop under Brownian loop measure [166, 172|. Combining this with
Theorem 5.1.4, we immediately obtain the following variational formula for the SLEg /3 loop

measure.

Corollary 5.1.6. For every domain D containing v such that D Nsupp(u) = &, we have

% EZOW('YEM,WEN(D)C; C) = %Re |:/Q ;}J(Z)S[f_l](z) d2Z + /* M(Z)S[g_l](z) dQZ
(5.1.7)

N

where W(~F wH (D)% C) denotes the total mass of loops intersecting both ~*F and the

complement of w*H (D) under the SLE8/3 loop measure on C.

5.1.1 Remarks and open questions

While Loewner chains have been studied extensively due to their applications in the study
of Schlicht functions and, more recently, in that of Schramm-Loewner evolution (SLE), their
infinitesimal variations seem to have been overlooked. Our investigation of this topic is
motivated by an effort to understand the large deviations of SLE at a deeper level. Roughly
speaking, an SLE curve is a non-self-intersecting curve whose Loewner chain is driven by a
constant multiple of Brownian motion. We refer the reader to the textbooks [249, 167, 154,
34] for detailed introductions to SLE and its applications.

Theorem 5.1.2 implies that the Loewner energy is at the same time the action functional
of an SLE loop (244, 63| and the Ké&hler potential on the Weil-Petersson Teichmiiller space
To(1) [245, 239], thus building a bridge between two fundamentally different perspectives
on the geometry of the space of Jordan curves in C. On the SLE side, Jordan curves are

viewed as dynamically growing slits, which are naturally described through the language of
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Loewner chains. The link from SLE to Loewner energy comes from stochastic analysis and
the fact that the action functional of a Brownian motion is its Dirichlet energy. On the
Kahler geometry side, there are no dynamics. Instead, all geometric structures are expressed
infinitesimally on the tangent spaces of Tjy(1). The reason behind the fact that the action
functional of SLE coincides with the Kéhler potential of the unique homogeneous Kéahler
metric on Tp(1) remains a mystery. See [248] for an expository article on this link.

Our motivation lies in building tools that can be used to reconcile these two distinct
viewpoints. The current work serves as the first step in one of the possible directions to this
end by elucidating which infinitesimal variations of the Loewner driving function correspond
to those on Ty(1). Natural questions going forward are how the complex structure, the
symplectic form, the Weil-Petersson metric, and the group structure on 7j(1) are encoded
in the Loewner driving function. Through these identifications, there is hope to build a
more robust connection between random conformal geometry and Teichmiiller theory and
shed new light on their relationship.

There are yet other possible avenues in the study of quasiconformal deformations of SLE.
For example, there is an interesting open question [49, Conj. 7.1] to identify the conformal
dimension of SLE, which is the minimal Hausdorff dimension of the image of an SLE curve
under quasiconformal mappings. The relevance of our work in this direction is that some of
our results are sufficiently general to be applied in this context. For instance, the variational
formula for the Loewner driving function (Theorem 5.1.1) does not assume any regularity
on the driving function, so it can be applied even when the driving function is a Brownian
motion. On the other hand, there is room for improvement in our results. The most obvious
limitation is that we require the support of the Beltrami differential to be away from the
curve so as not to deal with improper integrals. The deformations we considered in this work
are thus conformal in a neighborhood of the curve, and in this regard, we are still in the

same setup as in the conformal restriction of SLE considered in [166]. To understand general
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quasiconformal deformations of SLE, we need to allow the supports of Beltrami differentials
to touch the curve. We think this is an interesting question that may require taking into

account the stochastic nature of SLE.

5.2 Deformation of chords in the half-plane

5.2.1 Variation of the chordal Loewner driving function

Let 1 : (0,+00) — H be a continuously parametrized simple chord from 0 to oo. For general

7, there exists a unique conformal map H ~\ 7(0,¢] — H with the expansion

2 1
z+ﬂ+0(—2) as z — 00
z z

where a; > 0 is a constant known as (one-half of) the half-plane capacity of the curve 5[0, ¢].
We call ¢t — as the capacity function of 1. Let us denote T4 := limy_, 1 ar € (0, 4+00]. 2
After an appropriate time change, we may assume that n is parametrized by its (one-half)
half-plane capacity: i.e., ag = t. The family of uniformizing maps ¢; : H ~ n(0,t] — H
satisfying

2t 1
gt(z):z—i-——l—O(—?) as z — 0o
z z

under this capacity parametrization is called the Loewner chain corresponding to 7. The
function [0, 74) — R, t — A\ := g¢(n(t)) is called the driving function of the curve 7.

We consider deformations of 7 under quasiconformal self-maps of H. Let v € L°°(H) be a
complex-valued function with compact support in H~ 7. The measurable Riemann mapping

theorem states that for ¢ € R with |¢| < 1/||v||e, there exists a unique quasiconformal

2. See [165, Theorem 1] for an example where T} < oo.
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self-map Y : H — H which solves the Beltrami equation

0% = (ev)d " (5.2.1)
and has ¥ (0) = 0 and ¢¥*¥(2) — z = O(1) as z — oco. We adopt the following notations,
illustrated in Figure 5.1.

e Denote the deformed chord by n®¥ := =" o .

o Let g;” : H~\ n*"(0,t] — H be the Loewner chain associated with the deformed curve

N[0, t].
e Denote the driving function of ¥ by A;¥ := g;¥ (n°¥()).

e Note that 1" is not necessarily parametrized by its half-plane capacity. Denote the

capacity function of 7°7[0,t] by af", so that g7"(z) = z—|—2a§”2_1 +0(272) as z — 0.

This section aims to prove Theorem 5.1.1. For this, we first express A;” and af" in terms of
the pre-Schwarzian and Schwarzian derivatives of an appropriately conjugated Loewner chain
(Lemma 5.2.1). We then find the first variations of these derivatives using the measurable
Riemann mapping theorem (Proposition 5.2.2).

The centered Loewner chain

ft(2) = gi(2) = A, (5.2.2)
satisfies fy(n(t)) = 0 and

2 1
fi(z) =2z =X+ ;t + O<—2) as z — 00. (5.2.3)
z
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Figure 5.1: A commutative diagram illustrating the quasiconformal maps and related
Loewner chains in Section 5.2.1. The gray shaded areas denote the support of the Beltrami
differentials. The arrows in red are quasiconformal maps, and those in black are conformal
maps.

Let ¢(z) := —1/z be the inversion map. Define the inverted Loewner chain by

= 1

ft(2) :=10 frouz) = —m. (5.2.4)

Then, f; : H~ (¢ 0n(0,t]) — H is the uniformizing map with normalization f;(0) = 0,
f1(0) = 1, and fi(¢ o n(t)) = co. Combining the expansion (5.2.3) of f; at co with (5.2.4),

we see that as z — 0,

. 1
fls) = ——=— pvpm e T ik 22+ (A —20)23 + 0. (5.2.5)

Similarly, define

ffV(2) = gi(2) = XY and  fiV(2) =10 ff¥ o u(2). (5.2.6)
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A calculation analogous to (5.2.5) using the series expansion of g7 at oo leads to
V() = 2= N2+ (02 —2a5")23 + O(z%) as z — 0. (5.2.7)

By the Schwarz reflection principle, f; and ff” extend respectively to conformal maps on

C ~ t(n(0,t]Un(0,t]) and C~ ¢(n=¥(0,t] Unc¥(0,¢t]), where - denotes the complex conjugate.
In particular, they are conformal in some neighborhood of 0.
Recall that the pre-Schwarzian (also known as non-linearity) and Schwarzian derivatives

of a conformal map ¢ are, respectively,

7 " 17\ 2
%) %) 3 (¢
= — d Sop=———-—=] . 5.2.8
N 7 an © 73 < > ) ( )

The chain rules for the pre-Schwarzian and Schwarzian derivatives are

Nifogl=(Nf)oglg +Ng and S[fog]=((Sf)og)(d)*+Sy (5.2.9)

for any conformal maps f and g such that f o g is well-defined.

Lemma 5.2.1. Consider f; and ff” as conformal maps extended by reflection to a neigh-

borhood of 0. Then,
1. .= 1. .= 1 =
A= = NA0), XY = o NFF0), and i =~ Sf(0). (5:2.10)

Proof. The lemma follows from inspecting the coefficients of (5.2.5) and (5.2.7). O

Let e be the Beltrami coefficient of the quasiconformal map
V= f o0y o0 ft_l =0 ff¥ op* o ft_1 oL (5.2.11)

In particular, %0 =, o0 ¥ o, is the quasiconformal map which deforms ¢ o n to ton.
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Note that ¢¥” is conformal in a neighborhood of 0 and satisfies ¥<”¢(0)

and 17t (00) = 0.

=0, (¢=7)'(0) = 1,

Proposition 5.2.2. Let vy be the Beltrami differential defined above. Then,

and

[o)Vid
Oe

dag”
ot

(5 2)
5:¢:%REA;&E;iﬁiﬁd%

e (B-3)e

:%Rgéf@xﬁpﬁ—1yﬁz

(5.2.12)

(5.2.13)

Proof of Theorem 5.1.1. 1t suffices to substitute f¢(z) = g¢(2) — A¢ in Proposition 5.2.2. [

Proof of Proposition 5.2.2. We can extend 9 to a quasiconformal self-map of the Riemann

sphere C = C U {co} by reflecting it with respect to the real axis. The Beltrami coefficient

for this extension of 1)*¥t is iy where

(
Dt(z) if z € H,
0t(2) == 40 if z € R,

7(Z) if z € H”.

\

Then, by the measurable Riemann mapping theorem,

O =¢-= [

Cﬁt(z) (zig - % - z%) A2z + o(e)
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locally uniformly in ¢ € C as ¢ — 0. Moreover, since J: commutes with J when applied to

7 and 7y has a compact support in C ~ {0}, we have

9 et 0y 2/ (z) o 4 (2) 9
% g:ONw (0) = M d°z = 7TRe 3 d°z, (5.2.16)
0 ey 0 [ (z) o 12 /5t(2) 2

o 6ZOS¢ (0) = W/C 4%z =——"Re B d°z. (5.2.17)

Since ff¥ = ¢ o fy o (v0)~1 and % (2), fi(z), and 70(2) all behave as z + o(z) as

z — 0, we have from Lemma 5.2.1 and the chain rules (5.2.9) that

—2XH = N FH(0) = NYE7(0) + N f1(0) — N0 (0)
= NG (0) — 20 — N§70(0),

(5.2.18)

—12a" = Sf;1(0) = S (0) + SJ¢(0) — S¥=0(0)
(5.2.19)

= Sy (0) — 12t — Sy=0(0).

Combining these with (5.2.16) and (5.2.17), we obtain the first equalities in (5.2.12) and
(5.2.13).
Observe that ¢ = ff” 0 )70 o f;l, where ff” and f?l are conformal maps. Hence,

by the composition rule for Beltrami coefficients,

B ()2
) = (o) 2 (5:220)
t z

Substituting (5.2.20) into (5.2.16) and (5.2.17), we have that

0 ) — 4 TR

5% 5:0Nw (0) = - Re/]}]IVO(Z)fi(z)?’ d?z, (5.2.21)
O siong 2 [ oo P

% €:OSw (0) = —? RG/H{VO(Z)W d2Z. (5222)

We thus have the second equalities in (5.2.12) and (5.2.13).
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Finally, recall that )"0 =, 0 ¢ 0. Since the inversion map ¢(¢) = —1/¢ is conformal,

I

0(=1/¢) = (0 g (5.2.23)

Recall that f;(z) = —1/f1(—1/z), and hence ft’(z) = ft’(—l/z)/(zf,g(—l/z))2 Substi-
tuting z = —1/¢ in (5.2.21) and (5.2.22), we obtain the final equalities in (5.2.12) and
(5.2.13). O

5.2.2  Variation of chordal Loewner energy

Let n : (0,74) — H be a simple chord from 0 to co parametrized by half-plane capacity
(i.e., az = t) and t — M¢ be its Loewner driving function. The Loewner energy of n (resp.

the partial Loewner energy of n up to time 7' € (0,74 )) is

1

Ty 1 [T,
1) =5 /O $Far resp 100(0,7]) = /0 A2t

if \ is absolutely continuous and A\ is its almost everywhere defined derivative with respect
to t. We set I€(n) = oo if X is not absolutely continuous. If I¢ () < 400, then Ty = +o0;
see [247, Theorem 2.4].

We also define the Loewner energy of a simple chord » in a simply connected domain D

connecting two distinct prime ends a, b as

I5.05(m) =I%(p(n))

where ¢ is any conformal map D — H with ¢(a) = 0 and ¢(b) = co. The partial Loewner
energy in (D;a,b) is defined similarly.

When )\; is absolutely continuous, we can compute the first variations of )\g” and a3”.

Proposition 5.2.3. For all ¢ € (—1/||v| 00, 1/||V||c0), the functions t — X¥ — A\ and
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t — ai” are continuously differentiable. Furthermore, if t — ¢ is absolutely continuous,

then t — ;¥ is also absolutely continuous and, for almost every t,

ONY 1 JHOL j¥(z)2> )
e |y ?Re/uﬂy(z)<12ft(z)3 2/\tft(2)2 d°z (5.2.24)
and
ourl _ 4 HOR
e |y —;Re/Hu(Z)Wd z. (5.2.25)

Proof. From the Loewner equation 0;g¢(z) = 2/(g¢(z) — A¢), we have

_2fi(2)
fr(z)?

O (fe(2) + M) = % and  O:f{(z) =

Recalling fi(z) = —1/f¢(—1/2), it follows that f/(z) is continuously differentiable in ¢. From
(5.2.14) and (5.2.20), we see that (¢,t) — iy is continuously differentiable. Then, A;¥ —
A\t = —%(/\/'@/N)Eﬁt(O) — NYF0(0)) and af¥ — ¢ = —1—12(81;5’%(0) — SYF%0(0)) are continuously
differentiable in the same variables [4].

We can check directly from the integral representations of d-N¢”(0) and 9-S)<"t(0)
that they are continuously differentiable in ¢. If As is absolutely continuous, then we have
from (5.2.12) that for almost every ¢,

ONGY
Oe

_ _L1PNVOT0)| __10NTH0)
o 2 0eot e 2 Otoe

- e /H v(2)4 (t’;f;é);) a2z,

Similarly, (5.2.13) implies

e=0
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Using the formulas for 0 f; and 0 f{ above, we have

I

)2 f(2)?

fi(2) ;
5 Jr)\tflt(Z)Q'

fi(2)?

AP i

VAN
O (f{(2)7) = —4 fi(2) fi(2)

and O (

This completes the proof. O

Proposition 5.2.3 allows us to compute the first variation of the chordal Loewner energy

for a finite portion of the chord n=¥.

Corollary 5.2.4. Let T € (0,Ty). Suppose \¢ is absolutely continuous on [0,T] and A\ €
L2([0,T)). Then,

9
Oe

Cy ev _1_2 o e o ft/('z)Q 2,
o) = R /H ()/0 i g e (5.2.26)

Proof. From Proposition 5.2.3, we see that (A\;¥)? /a5 is integrable on [0, 7] whenever || <

1/]|¥]|so. Moreover, we obtain that for almost every t € [0, 77,

_ 2 THONE
. = Re/Hl/(z) 5L d®z.

0

Oe

yEV)2 . \EV
B2 _ 5 24

HEV
_ 32 Oay
e=0 d?/ e

t
e=0 de

Since v is compactly supported in H ~\ 7, the integral on the right-hand side is continuous

in ¢ and hence bounded on [0, 7]. Using the Leibniz integral rule, we conclude that

2 T (\ev)2
1 A
da§”—_—/ WO 4
0

S EV
2 ag

(s f(2)? 2,
/IHI ( )ft(z)?’d

dxs”

EV
dat

C ev _1 s
o) = [

T oa
12X
:]C(n[O,T])+€/ —" Re

0 s

dt + o(e)

as € — 0. O
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5.3 Deformation of Weil-Petersson quasicircles

In this section, we consider the Loewner chain for a Jordan curve by conjugating the chordal

2. This simple operation relates the integrand in (5.2.26) to a

Loewner chain by z — z
Schwarzian derivative (Proposition 5.3.8) which leads to the proof of Theorem 5.1.4.
Convention. We take the branch of the complex square root function v/z (or z2/2) on C

to be the one with the image in HHU R.

5.3.1 Loop driving function

We first recall the definition of the Loewner driving function for a Jordan curve. See Fig-

ure 5.2 for an illustration of the maps used in Section 5.3.

ool
0
A
v 772
—

fe

ol
—
——

Figure 5.2: A commutative diagram illustrating the quasiconformal maps and related con-
formal mapping-out functions in Section 5.3. The gray shaded areas denote the support of
the Beltrami differentials. The arrows in red are quasiconformal maps, and those in black
are conformal maps.
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Let v : [—00,4+00] — C be a Jordan curve where 7(—00) = 7(+00). We choose a
family of uniformizing maps Hy : C N\ y[—o0,t] — C ~ Ry such that Hy((t)) = 0 and
Hi(y(4+00)) = oo for each t € R. Note that each H; is unique up to a real multiplicative
factor. We fix a consistent normalization such that for every s < t, Hy o Hy 1(2) = z + o(2)
as z — o0o. Note that it suffices to fix the map H( and then normalize H; for ¢ # 0 so that

Hyo Hy 1 has the correct asymptotic behavior. This is possible since if we write
he=HyoHy' and  fi(z) = \/hu(22), (5.3.1)

then f; is a conformal map taking a some neighborhood of co in H to another neighborhood of
oo in Hl. Schwarz reflection applied to f; in a neighborhood of co shows that f; is holomorphic
at co. Normalizing h; as above is equivalent to normalizing f; such that fi(z) = 2+ O(1) as

Z —r OQ.

Definition 5.3.1. Define the (loop) driving function ¢ — A\ and the (loop) capacity function
t — at from the expansion

2 1
ft(z)=2z—= X\ + =y O<—2> as z — 00. (5.3.2)
z E

We always have A\ = ag = 0 and ¢ — a; is continuous and strictly increasing. If a; — 400
when ¢ — +oo, then we can reparameterize v such that a; = t for every t € R. In
this case, we say that 7 is capacity-parametrized by R.3 We remind the reader that the
capacity parametrization and the corresponding driving function depend on the choices of

the orientation of v, y(£o00),v(0), and Hy.

The reader may wonder about the different behaviors of the map f; depending on the

3. Similar to the chordal case, a general Jordan curve 7 may not have infinite capacity at either end of
the root. A priori, a; — T4 as t — +o0o0 where Ty € (0,+00] and T € [—00,0). In other words, v may be
capacity-parametrized by a strict sub-interval of R. However, we show in Lemma 5.4.1 that if I*(y) < +o0
(see Definition 5.3.5), then the capacity parametrization of v must be defined on all of R. Throughout
Section 5.3, we assume that « is capacity-parametrized by R.
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sign of ¢, which seem to give a different meaning to the term “capacity.” This difference is
not fundamental as the designation of the point of zero capacity on + is artificial. We shall
view the capacity given by f; as the “relative capacity” with respect to our choice of the part

v[—00, 0]. Precisely, it means the following,.

Lemma 5.3.2. Suppose v is a Jordan curve, capacity-parametrized by R, with driving func-

tion t +— A¢. Then, for every s € R, \/Hso~v(-+s) defined on Ry is a simple chord

in (H;0,00) parametrized by capacity. Moreover, its chordal driving function is given by

Ats — As.

Proof. When s = 0, n(-) = /Hyo~(-) is a simple chord in H from 0 to co. For t > 0,
the conformal map hy takes Hy(C ~\ v[—o0,t]) onto C ~ Ry. Hence, f; is a conformal map
from H \ n(0,¢] onto H. Therefore, when ¢ > 0, (5.3.2) simply means that 2a; = 2t is the
half-plane capacity of [0, ¢] and (A\¢);>¢ is the chordal driving function of n by (5.2.3).

For general s € R, we note that (fiyso fy 1)t20 is a centered Loewner chain associated

with the curve /Hg o y(- + s). Moreover, (5.3.2) implies

z z

_ 2(a —a 1

for all t > 0. Thus, t — A5 — As and ¢ — a5 — ag are respectively the driving function
and the capacity function corresponding to the chain (fi+s o fy 1),520. In particular, the
assumption a; = t for all ¢ € R means that the chain (fiys o fy 1)1&20 is also in capacity

parametrization. ]

Remark 5.3.3. The loop driving function generalizes the chordal Loewner driving function.
If n is a simple chord in (H; 0, c0) with driving function A : Ry — R, then the Jordan curve
v = n(-)2 UR, with the same orientation as 7 (from 0 to o), root co, v(0) = 0, and

Ho(z) = 2, has the driving function (\¢);egp where Ay = Ay if t > 0 and Ny = 0 if ¢ < 0.
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Remark 5.3.4. Let v be a Jordan curve capacity-parametrized by R using the conformal
map Hy. If A: C — C is a Mébius transformation, then the loop ¢ — F(t) = A(y(t))
has the same driving function as 7 when we choose its capacity parametrization using the
conformal map ]:IO = Hpo A=Y, Moreover, the conformal maps corresponding to H; and hy
for 7 are Hy =HioA Y and hy = Hy o f[o_l =H;o H()_l = ht. Hence, the map f; remains

unchanged, and so are the capacity and driving functions.

Definition 5.3.5. The Loewner energy of a Jordan curve ~ is

1 [Too.
' (y) = —/ A7 dt,

—00

where (A¢)seRr is the driving function of v described above. See also Lemma 5.4.1. Theo-
rem 5.1.2 shows that this energy does not depend on the parametrization of the curve (but

we will not use this fact in our proof).
The next corollary is immediate after Lemma 5.3.2.

Corollary 5.3.6. For all s < t, the partial chordal Loewner energy of v(s,t] in the simply

connected domain C ~ v[—00, 8| is given by

I
1€ el =5 [
S

Cy[—00,s]

where the slit domain C ~ v[—00, s] is always understood with the two marked prime ends

being the two ends of y[—o0, s].

Proof. 1t suffices to notice that /Hg(-) maps C~ v[—00, s] conformally onto H. Hence, the
partial chordal Loewner energy of (s, t] in C ~\ y[—o00, s] equals that of \/H(y(s,?]) in H,

which has the driving function 7 +— Ag4r — Ag defined for r € [0,¢ — s] by Lemma 5.3.2. O
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5.3.2  Variation of Loewner energy for a part of the quasicircle

N

We now consider deformations of a Jordan curve . Let u € L°°(C) be a complex-valued
function with compact support in C ~ 7. For & € R with ||ep]oo < 1, let w® : C — C be a

quasiconformal homeomorphism which satisfies the Beltrami equation
Dzw ™ = (ep) 0w,
Denote the deformation of v under the quasiconformal map w* as
YH = w o,

Again we choose a family of uniformizing maps Hf Fo C N\ 4fH[—00,1] = C ~ Ry with
H M (v¥H(t)) = 0 and H; " (v*H(+00)) = oo, normalized so that Hf“owgﬂonl(z) = z+0(z)
as z — oo for each t € R.

We define analogously the chains (h;");cr and (f;");cg, the driving function (A;")icR,

and the capacity function (a;");cg. That is,
ht = H' o (H")™ and  fi(2) = \/hi"(22).

Then, by our choice of normalization, h{"(2) = z + o(z) and f;"(z) = 2+ O(1) as z — oo.

We define )\iu and ai” from the expansion

2a5H 1
U +O(—2> as z — oo.
z z

il z) =2 = M+

Remark 5.3.7. The map w®#, and hence the Jordan curve v*#, is unique only up to a post-
composition by some Mobius transformation. The choice of w* does not affect our analysis,

because the first step in it is always to apply the appropriately normalized uniformizing map
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H" from C N 4eH[—o0,t] onto C ~ Ry

In this subsection, we translate Corollary 5.2.4 into an analogous formula for the Weil-

Peterson curve « and its deformation v*#. The following is the main result.

Proposition 5.3.8. Suppose s <t and Ig (7(s,t]) < 00. Then,

~Y[—00,8]

0 C

5 (s, t]) = —éRe/ w(2)(SH¢(2) — SHy(2)) d2z. (5.3.3)
€ C~vy

c—0 C et [—00,9] T

The following lemma is a straightforward calculation used in the proof of Proposi-

tion 5.3.8.

Lemma 5.3.9. Suppose A\t is absolutely continuous. Then, for each z € HO(C N ), the

Schwarzian Shy(z) is absolutely continuous in t. Moreover, for almost every t,

0 3h’(z)2 .
—Sh(z) = —— L2\, 5.3.4
Proof. From the relation
Shitu(2) = Slhery o hy '(he(2)) - hi(2)? + She(2),
we deduce
O Sha(z) = 2| (Shevulz) = Shi(2) = W) - | Slhayu o by (ha(2))
It tz_auu:() t+ul? t\%2)) = (2 ou,_g t+u © 1y t(Z)).
Hence, it suffices to show that
%) ) 3\
—_— Slh oh hi(z)) = —————. 5.3.5
au u—0 [ t+u t ]( t( )) 4ht(2)5/2 ( )
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To see this, note that fu ‘= ft4u O ft_l solves the Loewner equation (see Lemma 5.3.2)

aufu(z) = JE Q(Z) - ).\t—i—u-

Since hy(2) == hygqy 0 ht_l(z) = fu(v/Z)?, we have

Buhu(2) = 2fu(V/2)0u fu(VZ) = 4 — 20suhu(2)1/2,

Then, because hg(z) = z,

O(Shu(2))

u = (Quhu(2)] )" = (4= 2221/ = _3M

u=0 425/2°

(5.3.6)

Replacing z in (5.3.6) with ht(z), we obtain (5.3.5). This completes the proof. O

Proof of Proposition 5.3.8. Let us first consider the case s = 0. Letting n(t) = \/Hg o ¥(t)

and n°(t) = H(E)Moygl‘(t) = \/H(E)Mowgﬂoy(t), we have n° = )¢ o n where ¥°(2) =

\/(ng owt o Hal)(zQ). Let ev be the Beltrami coefficient corresponding to the quasicon-
formal map ¢ : H — H. Let eug denote the Beltrami coefficient of HS“ ow o Hy L Then,
v(¢) = mo(¢H(I¢[2/¢?).

Substituting this v into (5.2.26) and letting ¢ = v/z, since f¢(¢) = \/he(z) and f{(¢)/¢ =

h(2)/\/hi(z), we get

T / 2
g ICW(O’T]):BRe/Hv(o/O RUACITRCY

(98 e=0 ™ ft(C)g
3 T . h/(2)2
=R Ny —2t dtd?z.
p e/(C\R+ ,UO(Z)/O tht<z)5/2 ®
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Applying Lemma 5.3.9, we have

o e 4 / /T AShi(2)) 4, 42
—|  IY(%(0,T]) = ——=Re 2 —— T dtdez
o] [ O = —2Re | )

S Re/ 1io(2)Shyp(z) d2z.
C\R+

™

Recalling our definition of epg, we have pg(Hp(z)) = u(z)(H6(2)2/|H6(z)]2). Moreover,

from Hp = hp o Hy, we have
Shr(Ho(2)) - Hy(2)* = SHy(z) — SHy(2).

Hence,

/ po(2)Shy(z) d2z = / (=) (SHy(2) — SHy(2)) d2=.
C\R4 C~\~y

Therefore, the case s = 0 holds. In fact, this implies (5.3.3) for any s € R because the

parametrization of v is arbitrary up to translations as discussed in Lemma 5.3.2. O]

5.3.83  Variation of the loop Loewner energy

The goal of this subsection is to prove Theorem 5.1.4. Let Hi : C~ v — C R be any
conformal map which maps Q — H and Q* — H*. Note that the map Hi restricted
to Q coincides with f~1 (as in Theorem 5.1.4) post-composed by a M&bius transformation,
s0 SHioolo = S[f~1]. Similarly, SHioo|qx = S[g™]. In view of Corollary 5.3.6 and

Proposition 5.3.8, it suffices to show that as s - —oo and t — +o00, we have

/ 1(2)(SHy(2) — SHy(2)) d%z — (1(2)SH y o0 (2) d22, (5.3.7)
C~\~y C\y
and ) )
3 el +o0 EQ
A I (5.3.8)
de|.—gJs |day de|.—g /-0 |day
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For this, we need a few lemmas.
Lemma 5.3.10. Suppose y(+oo) = co. Then, SHs — 0 locally uniformly as s — —o0.

Proof. Given any R > 0, there exists a large negative si such that for s < sp, we have

v[=o0,s]N{z: |z| < R} = @. Then, H; is conformal on RD. By the Nehari bound,

6
(R(1 — |22/ R2))?

|SHs(2)| <

for every z € RD. The right-hand side of the inequality tends uniformly to 0 as R — +o0

on any compact subset of C. O

Lemma 5.3.11. Suppose y(+o00) = oo. Then, SHy — SHioo locally uniformly on C \ v

ast — +00.

Proof. Choose either component of C\ ~ and call it Uy~. Let us denote by ’yU(s) the prime
end of y(s) as viewed from U .

Let ¢ = y[—o00, t] and denote by %U = Use(—oo,t) AU (s) the prime ends of 4 accessible
from Utno. Let I'y be the hyperbolic geodesic in C \ = connecting v(¢) and y(+o00). Let Uy
be the component of C~ (7 UT;) such that the prime ends of 44 as viewed from U; comprise
fth . Observe that if hm(z, D;-) is the harmonic measure on the domain D as viewed from
z € D, then z € Uy if and only if hm(z,C \ ’y,g;’yg]) > 1/2.

We claim that if z € Uy, then z € UTzO ﬂtzT Us. Suppose z € Ujgoo. Choose a
sufficiently small constant a € (0, 1) such that hm(0,D \ [a, 1], [a, 1]) > 1/2. Since y(+o0) =
oo, for all sufficiently large ¢ > 0, we can find R > 0 such that 7+ N B,g(z) # @ but

v(t, +00) N Br(z) = @. Then,

hm(z,C ~\ %;%U) > hm(z, Bp(z) ~ fyt;’th) = hm(z, Br(2) ~ v;7¢)-
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By the Beurling projection theorem,
hm(z, Br(z) ~ v¢,7¢) > hm(0, RD \ [aR, R]; [aR, R]) = hm(0,D \ [a, 1]; [a,1]) > 1/2.

This completes the proof of the claim.

Note that Hy is a conformal map which sends C \ (¢ UT) onto C \ R. Then, by the
Carathéodory kernel theorem, H; post-composed with an appropriate Mobius transformation
converges locally uniformly on Uyso to Hyso as t — oo. Consequently, SHy — SHyxo
locally uniformly on U4 ast — co. An analogous argument applies to the other component

A

of C\ 7. [l

Proof of Theorem 5.1.4. Given y(+oo) = oo, the limit (5.3.7) follows by applying Lem-
mas 5.3.10 and 5.3.11. Otherwise, choose a Mébius map A : C — C so that A(oc) = y(%00).
If Hio: C~ v — C\ R is a conformal map as in the theorem statement, then H; 0 A is
a conformal map from C \ v onto C ~ R with S[H o A] = SH - (A')2. The pullback A*1 of
i under o satisfies p(A(z)) = (A*p)(2)(A'(2))?/|A'(2)|?. Letting ¢ = A(z), we have

L wOSHO = [ AuE)SHo A&
C~y C~A—1oy

so we can consider the curve A1 o5 instead.
To show (5.3.8), it suffices to prove that we can switch between the integral over ¢ €
(—00,+00) and the derivative in . To this end, we prove that the following integral is

absolutely convergent:

+00 | 9 A\H2
/ — % dt < +oo. (5.3.9)
—00 85 e=0 at

Recall from the proof of Corollary 5.2.4 that for t > 0,

o (A 24k £2)?
Oc |y s - Re/HV(Z)—ft(z)?’d z (5.3.10)
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where v is the push-forward of the Beltrami differential ;2 under the map /Hj) as displayed in
Figure 5.2. Using Lemma 5.3.2 and the composition rule (5.2.20) for Beltrami differentials,
it is straightforward to check that (5.3.10) is true for all £ € R. From Lemma 5.4.2; the
assumption that fjoos |/.\t|2dt < o0, and the Cauchy-Schwarz inequality, it follows that
| joos \)\tjgg—;);\ dt is finite and locally uniform in z. This implies (5.3.9) since v is compactly

supported and ||[v|co < 0o. Therefore, for any —oo < s <t < +o0,

2 ' )
9 ARRSL it 9 t (AE"M)er ot 0 ()jﬂpdr (53.11)
8 d el T 8 - EL - a - e . LI,

g e=0 s ar € e=0Js a“r S € e=0 a/r

Letting s — —oo and ¢ — +o00, by the dominated convergence theorem and (5.3.9), we
conclude (5.3.8). This proves Theorem 5.1.4 as explained at the beginning of the subsection.
O

5.4 Large time behavior of finite-energy Loewner chains

A priori, a Jordan curve may have finite total capacity. However, we now show that if a
Jordan curve has finite Loewner energy, then its capacity must be infinite at both its initial

and terminal parts.

Lemma 5.4.1. Let v : [T—,T4] — C be a Jordan curve parametrized by capacity, where
T_ € [-00,0), T4+ € (0,400] and y(T-) = ~(T4) is the root. More precisely, this means
that there is a conformal map Hy : C - Y[T—-,0] — C ~ Ry such that for a; defined as in
Definition 5.3.1, we have a; =t for all t € [T_,Ty]. If I*(y) := %fgj M| dt < oo, then

T_ = —o0 and T'y = 4o00.

Consequently, the capacity parametrization of a finite-energy Jordan curve must take all

of R as its domain, which justifies the formula in Definition 5.3.5.

Proof. If the Loewner energy of the chord ~(0,7%) traversing the domain C - ~y[T-,0] is
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finite, then its total capacity T4 must be infinite by [247, Theorem 2.4|. By definition, this
chordal Loewner energy is bounded above by the loop Loewner energy [ L ().

Let us now consider 7. By Carathéodory’s theorem, the conformal map /Hy from
C~7[T_, 0] onto H extends continuously to a bijection between the prime ends of C~~[T"_, 0]
and RU {oco}. Note that \/Hy(y(0)) = 0 and /Hy(v(T-)) = oo, and for each t € (T_,0),
one of the prime ends at y(t) is mapped to a point z; € R4. Let f; and Ay be defined as in
(5.3.1) and (5.3.2). By Lemma 5.3.2, the Loewner equation & f;(z) = 2/ f1(z) — A holds for
t € (T—,0) as well. This implies

9 2 _ 4(Re fi(2))?

—(Reft(Z)) |ft(z)|2

ot — 2)'\t(Re ft(z))

(See (5.4.3) below.) For T € (T, 0), we deduce from above using Schwarz reflection that

d(fe(xr))?

=4 2\ fi(zp), te(T,0]. (5.4.1)

Assume, for the sake of contradiction, that I”(v) < 400 and T_ > —co. Since fr(z7) =

0, we deduce from (5.4.1) using the Cauchy—Schwarz inequality that

2 0. 2 % 0 2 %
sup |filer)| s4|T|+2( [ ixd dt) ( [ 15 dt)
te(T,0] T T

< 47| +2\/1L(7)IT—|( sup |ft<xT>|2)2

te[T,0]

Completing the square in the above inequality, we obtain

erl2 < sup |filar)P < [0 (24 /1) (5.42)

te[T,0]

By assumption, the right-hand side of (5.4.2) is a finite quantity independent of 7' € (7, 0).
This is a contradiction since ¢ — z maps [T—, 0] onto [0, +00]. O
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The following lemma is used in the proof of Theorem 5.1.4 to switch the order between
the derivative and the integral in (5.3.8). Note that if \¢ = 0 for all ¢, then fy(z) = V2% + 4t.

In particular, fy(2)2/(4t) — 1 and 2[t|*/2|f](2)| = 1 as t — +oo.

Lemma 5.4.2. Let vy be a Jordan curve with [L('y) < 00. Let Hy and f; be the uniformizing
maps defined in Section 5.3.1. Then, ast — £00, fi(2)?/(4t) — 1 and | f](2)| = |t|~1/2+0(1)

locally uniformly for z € H()(@ N Y)-

Proof. The starting point of this proof is similar to that of Lemma 5.4.1. Let us denote
ft(2) = ug + ivg, where uy € R and vy > 0. The real and imaginary parts of the Loewner

equation 0y f(z) = 2/ ft(z) — M\ correspond to

2 . 2
ot — X and v =— th

ut:ﬁ 2, 2
uy + vy uy + vy

(5.4.3)

Let us consider the t — 400 limit first. Given £ > 0, since 7 has finite Loewner energy,

we can choose a large Ty so that ffgoo A% dt < e. Since

2 2
dug _ dug 9
dt D) D) tut,
Uy +Ut

for Tp <t < T, we have

T2 T
ufgu%+4/ ﬁdt+2/ [ Avug| dt
° Ty up + v To

v\, 1 12 (5.4.4)
gu%0+4(T—T0)+2</ A%dt) (/ u%dt) .
To T

Hence,

1/2
sup  ul < u%o +4(T —Ty) + 2 (5(T —Ty) sup u?) .
te[To,T] te(To,T]
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Completing the square, we obtain

( 2\ C (2 s T - T) 4 (- T
tesup Ut) _(UTO+( +&)( 0)) 7+ (e 0))

[To,T]

Then, there exists a 17 > Tp such that for all T > T,

sup  ul < “2T0 +4(1 +e)(T — Tp).
te[To, T

Now, from

d oy d(uf —v}) :
aRe(ft(Z) ) = —a 4 — 2y,

we have
T

Re(f7(2)?) — AT| < [Re(fg, (2)2)] + 4Ty + 2 / ]
T

0

< IRe( ()] + 4Ty + 2(=(7 = 70
Substituting (5.4.5), we can find a To > T7 such that for all ' > T5,

Re(fr(2)%) — 4AT| < 5v/ET.

Since the choice of & was arbitrary, we conclude Re(f;(2)?)/(4t) — 1 as t — +oo0.

1/2

1/2
sup u?) :
tG[TUaT]

(5.4.5)

As for Im( f;(2)?) = 2uyvy, note that (5.4.3) implies v; is monotonically decreasing. Hence,

(5.4.5) implies Tm( f¢(2)?)/t — 0 as t — +oo. Combining the limits of the real and imaginary

parts, we obtain f;(z)%/(4t) — 1 as t — +o0. Moreover, since fry(2) = ur, + ivy, depends

continuously on z whereas Ty was chosen independently of z, the limit we proved converges

uniformly on each compact subset of Hy(C ~ 7).

Let us now consider the ¢t — —oo limit. This time, since the Loewner energy of v is

finite, we can find a large negative Ty such that ffgo )\% dt < . Hence, (5.4.4) implies that
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there exists a T} < TO such that for all T < TY,

sup  u? Su% +4(1 +¢)|T — Tp|-
tE[T,Tl] 0

Again, we have

~ ~ 1/2
[Re(r(:)?) = 47 < IR, %)+ 40Tol + 24T~ Tal sup )
tE[T,TQ]
and choosing ¢ to be arbitrarily small, we obtain Re(f;(2)?)/(4t) — 1 as t — —oo.

For the imaginary part of f;(z)2, we consider

8 N d(2utvt) . :
3t1m(ft(z) ) = @ - M

Since Re(ft(z)Q) = u? — vtz, we have that as T' — —o0,

sup vt2 < sup |Re(ft(z)2)| + sup u? < (84 0(1))|T].
tE[T,To] tE[T,To] tE[T,To]

Hence, using the Cauchy—Schwarz inequality as above, we have

To

()] < [, (D) +2 [ el = o()

as T — —oco. Therefore, f;(2)?/(4t) — 1 as t — —oo. Again, this limit converges uniformly
on compact subsets of H since fTO(Z) depends continuously on z and Ty can be chosen
independently of z on a compact set.

Finally, to estimate | f/(z)], consider the equation

0

g ox (2] = e

IHONNN
mw) NABE
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As t — =00, the right-hand side behaves as (—1/2 + o(1))t~'. We thus obtain 1fi(z)] =

t|~1/2+0(1) a5 claimed. O
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CHAPTER 6
QUASI-INVARIANCE OF SLE WELDING MEASURES

This chapter presents material first announced in [101].

6.1 Introduction

6.1.1 Background and motivation

The Schramm-Loewner evolution (SLE) loop measure is a one-parameter family of o-finite
measures indexed by k € (0, 8) on the space of non-self-crossing loops on the Riemann sphere.
For k € (0,4], the SLE, loop measure is supported on Jordan curves. SLE curves first arose
as interfaces in the scaling limits of critical lattice models [221, 235, 170, 234, 222, 69, 15]
and the loop version of SLE was constructed and studied in [159, 250, 155, 36, 255].

The group of Weil-Petersson homeomorphisms, denoted WP(Sl), is a subgroup of qua-
sisymmetric circle homeomorphisms introduced in |75, 239]. The most straightforward char-
acterization of WP(S!) is that ¢ € WP(S!) if and only if ¢ is absolutely continuous and
log |¢'| belongs to the fractional Sobolev space HY/2(S1) [232]. Takhtajan and Teo [239]
showed that the Weil-Petersson Teichmiiller space T(1), which is the quotient space of
WP(SI) up to post-composition by Mobius transformations, carries an essentially unique
Kahler structure that is right-invariant (namely, invariant under post-composition by ele-
ments in WP(S1)).

A close relationship between these two objects was first observed by Yilin Wang [245],
who showed the equivalence between the Loewner energy — the large deviation rate function
for SLE, as k — 0 [244, 219, 204] — and the universal Liouville action — the unique right-
invariant Kéhler potential on the Weil-Petersson Teichmiiller space Tj)(1) found by Takhtajan
and Teo [239]. Recently, the Loewner energy was further proven to be the Onsager—-Machlup

functional of the SLE, loop measure for £ € (0,4] in the work of Carfagnini and Wang
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[63], thus extending the connection beyond the semiclassical regime. Hence, it is natural
to wonder how the Kéhler and group structures on the Weil-Petersson Teichmiiller space
manifest on the SLE, loop measure. In this work, we concentrate on the latter part of the
question: i.e., quasi-invariance under the composition of circle homeomorphisms given by
conformal welding.

The Loewner energy of a Jordan curve is defined as the Dirichlet energy of its driving
function [244, 219, 238]. The driving function of an SLE, loop is y/k times the two-sided
Brownian motion, whose Cameron—Martin space consists of functions with finite Dirichlet
energy. Thus, the loops with finite Loewner energy, which are Weil-Petersson quasicircles
as identified in [245], can be viewed as the Cameron-Martin space of SLE, loop measures
for the “addition” of driving functions. Our result shows that despite the nonlinearity of the
composition of welding homeomorphisms as opposed to the addition of driving functions,
WP(S!) behaves as the Cameron-Martin space of the random welding homeomorphism

corresponding to SLE, loops under the natural group action given by composition.

6.1.2 Main result

To describe our main result, we give a brief overview of conformal welding. Given an oriented
Jordan curve 7 on the Riemann sphere C, let f : D — Q and g : D* — Q* denote any
conformal maps from the unit disk D = {z € C : |2| < 1} and the outer unit disk D* := C\D
onto the bounded and unbounded components € and Q* of @\77, respectively. A classic result
of Carathéodory states that f and g extend to homeomorphisms on the closed disks D and D*,
respectively. The map ) := (g*1 o f)|st is then an orientation-preserving homeomorphism
on the unit circle S! to itself. We call any homeomorphism that arises in this way a welding.

Note that for any Jordan curve 1 and a Mdbius map w € Mob(C) of the Riemann sphere

C, the image w(n) has the same welding as 7. On the other hand, we may pre-compose

them by M6bius maps fixing S!, the space of which we denote Méb(Sl). Hence, conformal
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welding is better described in terms of the correspondence
M&h(C)\{Oriented Jordan curves} — Mob(S')\ Homeo  (S')/Mab(S!). (6.1.1)

This correspondence is neither injective nor onto; see [53] and the references therein. (We
note a recent article [217] that describes every circle homeomorphism as a composition of two
welding homeomorphisms.) The map (6.1.1) is injective when restricting to conformally re-
movable curves (see Section 6.4.1). For example, quasicircles (images of the unit circle under
quasiconformal homeomorphisms of the Riemann sphere @) are conformally removable [43],
and SLE, curves are almost surely conformally removable for k € (0, ko) where kg € (4,8)
[145, 218, 151, 152|. However, there are no known geometric or analytic characterizations
that are equivalent to conformal removability [51].

In this work, we will only consider conformally removable curves, whose weldings comprise
the space RM(S!). We endow RM(S!) with the topology of joint compact convergence for
the Riemann maps f and g (i.e., Carathéodory topology for both components of @\77) Let us
first make the following observation, which allows us to consider the group of quasisymmetric

homeomorphisms acting measurably on the random weldings corresponding to SLE, loops.

Proposition 6.1.1 (See Propositions 6.4.3 and 6.4.5). The pre- and post-compositions of

conformally removable weldings by quasisymmetric homeomorphisms are continuous.

Our main result concerns random weldings corresponding SLE,; loops when x € (0,4).
We focus on a specific realization of the one-to-one correspondence between weldings and
loops, described in Definition 6.4.6. At this time, we note that the SLE, loop measure
restricted to loops that separate 0 from oo induces a probability measure on the stabilizers

of 1 in RM(S'), which we denote as SLEYed.

Theorem 6.1.2. For x € (0,4), sample ¢y, from SLE"R"eld. We have the following for any

fired p € WP(SY) with ¢(1) = 1.
254



o The law of Yy o p is mutually absolutely continuous with respect to SLE‘,’geld.

1

o The law of ¢~ o ¢y is mutually absolutely continuous with respect to SLE)’geld if the

log-ratio log |(¢(+) — ¢(1))/(- — 1)| belongs to HY/2(S1).

We expect that if ¢ is a quasisymmetric circle homeomorphism which is not in WP(S1),

then neither ¢, o ¢ nor ¢! 0 ¢, has a law equivalent to SLE‘geld.

Remark 6.1.3. For each ¢ € WP(S!), the circle homeomorphism ¢(-) = ¢(zg-)/¢(20)
obtained by conjugating ¢ with the rotation z — 2z satisfies log [(p(-) — ¢(1))/(- — 1)] €
Hl/Q(Sl) for a.e. zp € S, as shown in Lemma 6.2.10. Instead of normalizing weldings
corresponding to SLE, loops by considering those that stabilize 1 € S!, if we consider the
post-composition of 1, by a uniform rotation of S!, then we obtain a version of Theorem
6.1.2 that is symmetric for pre- and post-compositions by elements of WP(Sl). See Corol-
lary 6.4.12.

As far as the authors are aware, before this work, only analytic deformations of SLE
loops (hence, equivalently, of their welding homeomorphisms) have been studied, within
the framework of conformal restriction in particular. This is the first time a non-smooth
deformation of SLE is considered. We will comment on related literature in Section 6.1.4.

Baverez and Jego [33| have independently studied the SLE welding measure under compo-
sitions by analytic circle diffeomorphisms, and they compute the Radon—Nikodym derivatives
under such deformations using an infinitesimal approach which is complementary to ours.
As a consequence, they give an alternative proof of the conformal welding of quantum disks

[19] which extends to the critical case (k = 4).

6.1.3 Key ingredients of the proof

Our strategy for the proof of Theorem 6.1.2 is as follows. We first show that the log-correlated

Gaussian field (LGF) on the unit circle is quasi-invariant under pullbacks by Weil-Petersson
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homeomorphisms. Then, we “lift” this characterization to that of the Gaussian multiplicative
chaos (GMC). Finally, we obtain our main theorem by identifying the law of SLE welding
in terms of compositions of two homomorphisms defined using GMC measures. Here, we
explain this proof outline in further detail.

Given an integrable function h on S!, we define mph to be the projection to its “mean-zero
part.” That is, mph = h — ¢y where ¢ is the average of h on S!. The LGF on the unit circle

is defined as the formal sum

h() = \/52 5nhn(')7 (6-1-2)

n>1
where &, is a sequence of i.i.d. standard Gaussian random variables and h,, is an orthonormal
basis of Hg := 7TOH1/2(81). Here, we write v/2 to demonstrate that the covariance of h(x)
and h(y) is —2log |z — y|.
Let p € Homeo+(Sl) be an orientation preserving homeomorphism. Then, ¢ induces a

pullback operator II(y) given by

() (f) =mo(f o) for f € H,. (6.1.3)

The operator was introduced in [202] and [203]; the former showed that ¢ € QS(S!) if and
only if TI(¢) is a bounded operator from Hgy onto Hg. We extend II(¢) to act on the LGF

h using the expansion (6.1.2) and by linearity.

Theorem 6.1.4. Let h be an LGF on the unit circle and suppose that ¢ € QS(Sl). Then,
the law of I1(¢)(h) is mutually absolutely continuous with LGF if and only if o € WP(S!).

Otherwise, they are mutually singular.

The proof of Theorem 6.1.4 is based on the Feldman—Hajek theorem, which gives a
necessary and sufficient condition for classifying two infinite dimensional Gaussian measures
on a locally convex space as either mutually absolutely continuous or mutually singular. In

our context, this depends on whether II(¢)II(¢)* — I is Hilbert-Schmidt. We show that
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this condition holds if and only if ¢ € WP(S!) (see Lemma 6.2.7) based on previous results
[220, 239, 139] which identified certain operators associated with I1(¢) to be Hilbert—Schmidt.

Our next step is to “lift” Theorem 6.1.4 to that for the Gaussian multiplicative chaos
(GMC) measure ./\/IZ defined from LGF & heuristically as exp(§h)df for v € (0,2]. See
Section 6.3 for the precise definition and its basic properties. We define the normalized
GMC measure as /T/l\h = M,/ M, (S!) such that the total measure on the circle is equal to

1.

Proposition 6.1.5. Let M;, = MZ be the GMC measure corresponding to an LGF h for
v € (0,2]. If p € WP(Sl), then the following coordinate change rule holds for its pull-back:

almost surely,

My, = Mhocp—i—Q log|¢’| (6.1.4)

where () = % + % Furthermore, for ¢ € Homeo+(Sl), the law of the mormalized pull-
back measure @*M\h is absolutely continuous with respect to the law of M\h if and only if

© € WP(Sh).

The coordinate change formula (6.1.4) was proven to hold for 2D log-correlated field in
[99]. This proof can be applied straightforwardly for the 1D LGF when ¢ is a diffeomorphism
of S (Lemma 6.3.8). We prove the first part of Proposition 6.1.5 by approximating an
arbitrary ¢ € WP(SI) with diffeomorphisms and showing that the corresponding GMC
measures converge (Lemma 6.3.9). To show the second part of Proposition 6.1.5, we use
that the GMC measure almost surely determines the LGF as proved in [39] (for the v = 2
case, in [242]).

The final step of our proof of Theorem 6.1.2 is based on the theory of conformal welding of
Liouville quantum gravity (LQG) surfaces. In particular, Ang, Holden, and Sun [19] proved
that the conformal welding of two independent LQG disks gives the SLE loop measure. We

use the following translation of this result in terms of the law of the welding homeomorphism.
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If h is an LGF or a variant thereof, let
op(2) = exp(2mi - M) ([1, 2])),

where [1,2] € S! denotes the arc running counterclockwise from 1 to z.

Lemma 6.1.6. Let v € (0,2) and k = 4% € (0,4). If hy and hy are independent LGFs

on the unit circle, then SLEY!d

(¢Z2 |)_1 O¢Z1~

1s mutually absolutely continuous with respect to the law of

—vlog|-—1

Lemma 6.1.6 is a short version of Lemma 6.4.8. We will obtain Lemma 6.4.8 using confor-
mal welding of quantum disks when each disk has one interior marked point, as established
in [15] based on the works [228, 19]. Theorem 6.1.2 follows from combining Proposition 6.1.5
with Lemma 6.1.6. The conformal welding result for quantum disks in [19] is expected to

hold for v = 2, in which case Theorem 6.1.2 would extend to k = 4.

6.1.4, Comments and related literature

The SLE, loop measure can be defined for x € (0,8) [255]. When k € (4,8), SLE, is
not simple [218]. However, it was recently proved in [15] that the conformal welding of
generalized quantum disks (which have the topology of infinitely many disks concatenated
into a tree-like shape) gives the SLE,; loop for k € (4, 8). It would be interesting to consider
if there is a family of homeomorphisms on the boundary of a generalized quantum disk that
gives an analogous statement to Theorem 6.1.2.

Several recent works have considered conformal deformations of SLE loops. The confor-
mal restriction covariance of chordal SLE was outlined by Lawler, Schramm, and Werner in
[166]. Tts loop version was postulated by Kontsevich and Suhov [159] and proved by Zhan in
[255]. The work [238] computed the first variation of the driving function of a Loewner chain

under quasiconformal deformations away from the curve, leading to the alternative proof

258



of Loewner energy as a Kéhler potential on the Weil-Petersson Teichmiiller space. Based
on this result, Gordina, Qian, and Wang [113] used the SLE, loop measure for x € (0, 4]
to construct a natural representation of the Virasoro algebra of central charge ¢ < 1. An
independent work of Baverez and Jego [32] developed the conformal field theory for the SLE,
loop measure and proved its characterization as a Malliavin—-Kontsevich—Suhov measure for
k € (0,4]. On the one hand, these results provide evidence for the idea that the Weil-
Petersson Teichmiiller space should be the Cameron—Martin space of SLE loop measures.
On the other hand, deformations considered in these works are limited to those which are
analytic in a neighborhood of the Jordan curve. In this work, we consider the full class of
Weil-Petersson quasisymmetric homeomorphisms acting on SLE loops for the first time.

Our proof of Theorem 6.1.2 can be adapted to show quasi-invariance for other weldings
derived from GMC measures that have appeared in the literature. The work [29] showed,
using geometric function theory methods without reference to LQG theory, that ¢Z is a
welding for v € (0,2). The same work also showed that (bzz o (gbzll)_l, where hq, ho are
independent LGFs and 1,72 € (0,2), is a welding. Using a similar approach, the articles
[50, 161] showed that (gbZZ)fl o gb%l, which is more alike the random homeomorphism in
Lemma 6.1.6, is a welding for small 41,79 > 0. In fact, 6.1.6 shows that the Jordan curve
solving the welding problem for (¢Z2)_1 o qﬁzl is locally mutually absolutely continuous with
the chordal SLE72 curve if we remove a neighborhood of the root (the image of 1 € S!)
of the loop. We give the analogous quasi-invariance results for these random weldings in
Corollary 6.4.13.

This paper is organized as follows. In Section 6.2, we introduce the groups of circle
homeomorphisms that are of interest in this work and describe properties of the associated
pull-back operator II() on the function space Hy. In Section 6.3, we introduce the LGF and
GMC and prove their quasi-invariance under pullbacks by Weil-Petersson homeomorphisms.

Section 6.4 completes the proof of the quasi-invariance of SLE welding, with the necessary
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development of the following concepts: conformally removable weldings and the continuity
of the composition action on it by the quasisymmetric group, the SLE loop measure and the

corresponding SLE welding measure, and the conformal welding of quantum disks.

6.2 Pullback operator associated with the Weil-Petersson class

In this section, we introduce the group of quasisymmetric circle homeomorphisms and the
associated pullback operators on a function space of the unit circle and the log-ratio. The
first result of this section is Lemma 6.2.7, where we find various correspondences between
subgroups of circle homeomorphisms and the properties of pullback operators. The second
result is Lemma 6.2.10, where we prove that the log-ratio is in the same space as the log-

derivative.

6.2.1 Quasisymmetric homeomorphisms and the Weil-Petersson class

Let St denote the unit circle, which we identify with the boundary of the unit disk D in the
complex plane. The set of orientation-preserving homeomorphisms of S!, which we denote
Home0+(Sl), has a natural group structure with the composition of functions as the group
action. In this subsection, we introduce various subgroups of it. Some trivial examples
are Diff ; (S1), Mob(S!), and Rot(S'), which consist of smooth diffeomorphisms, Mobius
transformations, and rotations, respectively.

We shall pay special attention to the subgroup of quasisymmetric homeomorphisms. We
briefly recall its definition and basic properties for the reader who is unfamiliar with the

concept and direct to, e.g., [177| for further details.

Definition 6.2.1. We say that ¢ € Homeo4 (Sl) is quasisymmetric if there exists some

Cp > 0 such that
(e 00 — ()
p(eil) — p(e0=1)
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for all @ € R and ¢t € (0,27). Let QS(S!) denote the group of orientation preserving

quasisymmetric homeomorphisms of the unit circle st.

Beurling and Ahlfors [43] proved that ¢ € Homeo, (S!) is quasisymmetric if and only if
there exists some quasiconformal homeomorphism w of D onto itself that extends continu-

ously to ¢ on S! = 9. That is, the Beltrami coefficient
fo = Ozw /0w

of w is defined almost everywhere on D and satisfies |[juo|Loo(p) = sup.ep [uw(z)] < 1.
Heuristically speaking, w maps small circles centered at z € D to ellipses with eccentricity

K (z), where the function
K, — 1+ ‘MW|7
1 — |pe]
is called the dilatation of w. The Teichmiiller distance between two quasisymmetric homeo-
morphisms is defined as
1. 1+ {2 o)

71(¢1, p2) = inf {—bg -
21— 22 ()

P1 = wylgt, P2 = wuzlgl} :
The Teichmiiller distance induces the natural topology on QS(S!). Let us further introduce
two special subgroups of QS(S1).

Definition 6.2.2. We say that ¢ € QS(S!) is symmetric if ¢ can be extended to a quasi-
conformal map w on D whose Beltrami coefficient p,, satisfies p,,(2) — 0 as |2| — 1. Let

S(S1) denote the sets of all symmetric orientation preserving homeomorphisms of S'.
The following subgroup, first introduced in |75], is our protagonist.

Definition 6.2.3. We say that ¢ € QS(Sl) belongs to the Weil-Petersson class if ¢ has a
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quasiconformal extension w to the unit disk whose Beltrami coefficient p,, satisfies

/ o (2) 2 (1 = |22) 72 dA(2) < oo, (6.2.2)

where A denotes the area measure. Equivalently, ¢ is absolutely continuous (with respect to
the arc-length measure) and log |¢/| € H/2(S!). Here, H/2(S') is the fractional Sobolev

space consisting of functions f : S! — R satisfying

Let WP(S!) denote the set of all quasisymmetric homeomorphisms of the unit circle that

2

—f(m) —fy) dz dy < oo. (6.2.3)

r—y

belong to the Weil-Petersson class.

The equivalence between the two definitions above is due to Yuliang Shen [232]. Moreover,
it is proved there that the above two metric induces the same topology. The following is an

equivalent definition of H/2(S1).

H2SY = feS' R fe)y =g+ Y en——= Z]cn| < o0
neZ\{0} \/W
We discuss this space in further detail in the next subsection. There is a further multitude of
equivalent definitions for the Weil-Petersson class related to various parts of mathematics:
see |52] for a compilation.
Here is the relationship between the groups of circle homeomorphisms we have considered

in this section so far.
Diff  (S1) C WP(sh) G S(st) G Qs(s') € RM(S!) G Homeoy (Sh).

Remark 6.2.4. The universal Teichmiiller space T'(1) and the Weil-Petersson Teichmiiller
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space Tp(1) can be represented by Mob(Sh)\ QS(S') and Mah(Sh)\ WP(S!), respectively.
Identifying these coset spaces with the subgroup of homeomorphisms that fix —1, —¢, and 1,
the group structure on these spaces is given by composition. As hinted in the introduction,
taking the quotient under left actions by Méb(Sl) corresponds to considering the equivalence
class of quasicircles on C modulo Mabius transformations that fix 0. The norm (6.2.2) is
inherited from the Weil-Petersson metric, which gives the universal Teichmiiller space a
Hilbert structure [239].

In our work, we shall be mostly interested in the Weil-Petersson Teichmiiller curve
To(1) ~ Rot(S')\ WP(S1), which we identify with the cosets of homeomorphisms that fix 1.
By conformal welding, these homeomorphisms can be identified with quasicircles in C that
disconnect 0 from oo modulo M6bius transformations that fix 0 and co. See [239, Section I.1]

for further details.

6.2.2 Sobolev spaces on the unit disk and its boundary

In this subsection, we firstly introduce the symplectic Hilbert space H consisting of elements
of the fractional Sobolev space H/ 2(S1) with zero mean. Looking ahead, the significance of
the space H is that it is the Cameron-Martin space of the log-correlated Gaussian field on
St (see Section 6.3). Then we consider its compexification and the Poisson integral. Finally,
we mention other Sobolev spaces.

Let H denote the real Hilbert space
Ho:=< f:S' =R ‘ Fe?)=>"cn

with the inner product

ein@ ein@ .
Cn 5 dn = Cndn' 2.
<Z N > | > > (6.2.5)



We consider the canonical symplectic form © on Hg introduced in [202] as

0]

o(f.9) / fdg=—iY (cndn — c—pd—n). (6.2.6)
n=1
0\ etnt 0\ etnt
for f(e") =3 40 CnW and g(e"”) = 3,40 dnm. Let us denote the group of bounded
symplectomorphisms of Hq as Sp(H).
By complex linearity, the symplectic form © defined in (6.2.6) extends to the complexi-

fication

HS = f:Sl—>(C’ chﬁ > el <o (6.2.7)

n#0 n#0
With respect to ©, the Hilbert space 'Hg: has a canonical decomposition into two closed

isotropic subspaces

HS =W W, (6.2.8)
where
Wy {f st - ¢ ’ Z an Z lan|? < oo} (6.2.9)
e—int - X
={f:s'>cC ’ Z I Z bn|? < o0 (6.2.10)
\/_
Let

ein@ 1 e—in@
= W= 6.2.11
{e \/ﬁ }n21 . {f \/ﬁ }nzl ( )

denote the standard bases of the subspaces W, and W_| respectively. Under these bases,
W, and W_ are naturally isomorphic to £2(C).
Each element of Sp(Hj), the group of bounded symplectomorphism of Hg, extends to

HE)C again by complex linearity. In the basis {ep},>1 and {fn},>1, they can be represented
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by the matrices
where MM* — NN* = I, MN' = NM?, (6.2.12)

Above, M* denotes the adjoint matrix of M and M? denotes the transpose matrix of M.
Let us now consider the relationship between H( and the Dirichlet class of functions on

the unit disk D.

e The space H is naturally isomorphic to the real Hilbert space Dy of harmonic functions

F on the unit disk D with F(0) = 0 and finite Dirichlet energy. That is,

SN N &
DOZ {FD—)R ‘ F(Z) = ZCn%—FC_n%,C_n:@,Z ’Cn|2 < OO}
n=1

n>0
(6.2.13)

If F' € Dy, then it is straightforward to check that the trace f := F|q1 on St is an

element of Hg with

1
113y = 57 | IVF < . (6.214)

On the other hand, let P(f) denote the Poisson integral of an integrable function f on

the unit circle S1: i.e.,

P(f)(2) = — /S1 SR C) I (6.2.15)
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Then, for each f € Hg, we have P(f) € Dy with f = P(f)|g1. Clearly, this isomorphism
between Hgy and Dy given by the trace operator and the Poisson integral extends

naturally to that between their complexifications.

o Let HY(D) (resp. H& (D)) be the real Hilbert space given by the completion of the space
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of smooth functions on D (resp. with compact support) with respect to the Dirichlet

inner product. Then, we have the decomposition
HY(D) = H}(D) ® Dy ® R (6.2.16)

as a direct sum with respect to the Dirichlet inner product. We will see later that,
from the decomposition above, there exists a decomposition of the Neumann Gaussian
free field into the sum of independent Dirichlet Gaussian free field and the “harmonic”

Gaussian field on D (see Remark 6.3.1).

We conclude this subsection by giving a quick overview of fractional Sobolev spaces of
general index s € R on the unit disk D and its boundary S.

First, let us consider the space H{(ID) with zero boundary conditions. Let {gn},>1 be
a sequence of eigenfunctions of the Laplacian —A on D with Dirichlet boundary conditions
which are mutually orthogonal with respect to the Dirichlet inner product. Let {A,},>1 be

the corresponding eigenvalues. That is, g, and ), satisfy

(6.2.17)

gn =20 on JD

for each n. The eigenvalues {\, },,>1 are positive and satisfy A\, — 0o as n — oo.
For each s € R, we define Hj(D) as the real Hilbert space obtained by taking the
completion of the set of smooth, compactly supported real-valued functions on the unit disk

with respect to the inner product

(f.9)s = > Ao (f9n) 129, gn) 2 (6.2.18)

n>1

When s = 1, this inner product is the standard Dirichlet inner product on D.
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We define the Sobolev space H®(D) with free boundary conditions analogously using
the eigenfunctions of —A on D with Neumann boundary conditions. For the eigenvalue 0
corresponding to the constant function, we let 0% := 1 for all s € R in (6.2.18).

Similarly, we can define the Sobolev space H S(Sl) of functions on S1 replacing the opera-
tor —A by —dpg. Then, H agrees with the closed subspace H1/2(S1) /R of functions f € H

with fSl f =0 (“mean zero”). In other words, H consists of functions in H( plus a constant.

Let us denote the natural projection H1/2(Sl) — Hp as

m(f)=f—— 1 [ (6.2.19)

The equivalence between this definition of H/2(S!) and the condition (6.2.3) can be found

in introductory texts on fractional Sobolev spaces.

6.2.3 The pullback operator

In this subsection, we introduce the pullback operator as a right group action of Homeo (Sl)

on Hg. Then we prove a key relationship (Lemma 6.2.7) with the Weil-Petersson class.

Definition 6.2.5. Given a orientation preserving homeomorphism ¢ € Homeo4 (Sl), we

define the pullback operator II(¢) on Hg as

) = mo(fop) = fop =50 [ fopao, (6:220)

Let us denote the space of bounded linear operators from HE)C to itself as A (HE)C) Nag and
Sullivan [202] proved that I1(p) € %(HE)C) if and only if ¢ € QS(S'), and that the assignment
IT: QS(Sl) — B (Hg) defines a right group action on HE)C by symplectomorphisms. In the

basis {en}n>1 and {fn}n>1 given in (6.2.11), the symplectomorphism TI(¢) for ¢ € QS(S!)
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can be represented by the matrix of the form (6.2.12), whose entries are given by

My () = %\/g /S 1 <¢(6i9)>"e—im9d9, (6.2.21)
Nmn(p) = %\/%/81 ((p(ew)>_n e~ Mg, (6.2.22)

We note that the operator II(¢) preserves the subspaces W, and W_ (i.e., II(y) belongs
to the unitary subgroup U(H) of Sp(H() consisting of bounded symplectomorphisms with
N = 0) if and only if ¢ € M&h(S1).

We now give the key result of this section, which will be used in Section 6.3 to identify the
quasi-invariance of the log-correlated Gaussian field on S' under pullbacks by Homeo (Sl).

First, let us recall the definition of a Hilbert—Schmidt operator.

Definition 6.2.6. For any bounded linear operator T from a Hilbert space H to itself, we

define the Hilbert—Schmidt norm ||T||gg by

1Tl = DI Tealldy = Tx(T7T), (6.2.23)

acA
where {eg,a € A} is any orthonormal basis of H and 7™ is the adjoint operator of T'. For a
self-adjoint bounded linear operator A, the trace Tr(A) of A is defined by the sum of all its
eigenvalues if the series is absolutely summable and set to be +o00 otherwise. We say T is
Hilbert-Schmidt if ||7'||irg < oo. The collection of all Hilbert-Schmidt operators on H forms

a Hilbert space HS(H) with respect to the norm (6.2.23).

Note that if HC is the complexification of H, then the complex extension of T" belongs
to HS(HC) if and only if T € HS(H). If T € HS(H) and S € #(H), then Tt, T*, ST, and
TS belong to HS(H).

Lemma 6.2.7. Assume ¢ € QS(S') and let TI(p) € B(Ho) be the pullback operator defined

by (6.2.20). Then, I(p)II(p)* — I is Hilbert-Schmidt if and only if ¢ € WP(S1).
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Proof. Recall the matrices M and N associated with II(p) as given by (6.2.21)—(6.2.22).

Since II(¢) € Sp(Hg), we have

=1.
N M —N* Mt
as in (6.2.12). Thus,
M N M* Nt Nt
M) —IT=| — I =2I(p) . (6.2.24)
N M N* Mt N*

In [139, Theorem 2.2], it was shown (up to the isomorphism described in the previous sub-
section) that N is Hilbert-Schmidt if and only if ¢ € WP(S!). Combined with the fact that
I(¢) and T(p)~! = TI(¢™1) are bounded for ¢ € QS(S!), we obtain the desired result. [

Remark 6.2.8. For the same reason, the operator I1(¢)II(¢)* — I is compact if and only if
@ € S(Sh).

In fact, we will need that all characterizations of WP(S!) that we have discussed so far
induce the same topology, which we check by retracing the proofs of equivalences among the

various definitions.

Lemma 6.2.9. If ¢ € WP(S!), then there exists a sequence @, € Diff 4 (S') such that
SUp,egt [¢n (%) = ()], [Men 0@~ Yl (pn 0 o™~ Illus, log|(n oo™ [ll 1721y and

1T (p)u — H(‘P)““Hlﬂ(gl) for any uw € HY2(SY) all converge to 0 as n — co.

Proof. Tt is shown in [232, Theorem 1.4] that the H/2(S!) norm for log |¢'| induces the same
topology as the Weil-Petersson metric. It is shown in [232, Proposition 4.1] that the topology
for ¢ induced by the Teichmiiller distance is finer than the strong operator topology for I1(y).

From the proof of [139, Theorem 4.2|, when the dilatation is bounded, this is equivalent to
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the Hilbert—Schmidt norm for the matrix N with entries (6.2.22) and therefore the Hilbert—
Schmidt norm for the matrix II(p)II(¢)* — I by (6.2.24). The uniform convergence follows
from the argument using the normal family. More precisely, up to subsequence, we can choose
©n to be the boundary of the quasiconformal self-homeomorphism wy, of D that agrees with

p at 1,7, —1 with Beltrami coefficient

pn(2) = p(2) 1)z 1<1-1/n)

where p is the Beltrami coefficient of the Douady—Earle extension w of ¢ to D. m

0.2.4 FEstimates on the log-ratio

Now, we aim to informally replace the derivative with the difference quotient, but we actually
use conformal welding. Looking ahead, it corresponds to adding one boundary marked point
on the quantum disk, see Corollary 6.3.10. Let H 1/ 2(81, C) denote the complexification of

HY/2(S.

Lemma 6.2.10. If ¢ € WP(S'), then for a.e. zg € S,

up(+, 20) = 1ogM e HY/%(s!,©). (6.2.25)

. —_ ZO
Moreover, the function zy — |luy(, ZO)HHl/Q(Sl Q) is L?-integrable.

Proof. Recall from the introduction the conformal welding decomposition for ¢ € WP(S1):
there exist quasiconformal maps f and g on @, conformal on D and D*, respectively, such
that o = (gfl o f)|g1, which is also a direct corollary of Lemma 6.4.1 when ¢ is the identity

map. Since

fC) = flz0) log 9° ©(-) — g p(20)
=20 o(-) = »(z0)
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and HY/ 2(81, C) is invariant under pullback by a Weil-Petersson quasisymmetric map, we
only need to show that uy = uy(-, 29) and ug = ug(-, ¥(20)) belong to HY/2(SY,C) for almost
every zy € SL.

It is shown in [239, Chapter 2, Lemma 2.5] that uy(z, w) = Y27, o cnmz"w™ with

0 00 00
> Inmllenml > Inllenol®, D Imllcoml® < oo,
n,m=1 n=1 m=1

which is equivalent to the associated Grunsky operator being Hilbert—Schmidt. Define

F(e) := 3220 cpme™™ such that ||F,||? =" |m||en.m|?, then

H/2(S1,C)
o
2 2 2
ey (200l /2 1 @) = 1F0(z0) 7 + > [l [Fu(20)]* = F(20)-
n=1
It follows that

o0
2 2
1l sty = 1FolZan + 3 Il 1 EnlZ2gen,

n=1

2 2
2y Z ml o,/ + Z 1 (1Bl /21 ) + lenol?) < oo

The case for g is similar, but we need to control the constant term that comes from the

difference between composition and pullback II by

A : 2 2 ; AWK} 2
zn: /S1 hnw(ew))d@‘ =§n: /81 hn(e) 1071 1) 6| < [log(e™ 1) 71561 ¢y < 20

where izn is an orthonormal basis of ’HE)C O

Remark 6.2.11. When ¢ € C3(S) 2 WP(S!) is three times continuously differentiable,

the proof is straightforward at every point.

Remark 6.2.12. For the same reason, plus controlling the term ¢y, when nm = 0, we can
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show that if ¢ € WP(S!), then

oo

u¢(ei9, ') = Z cn’mei<”9+mw), (6.2.26)
n,m=—00
where Z |nm| |cn,m|2, Z nl |eno|”, Z Im| |com|” < . (6.2.27)
n,m=—00 n=—00 m=—00

It is nothing but the condition for the covariance functions of two equivalent LGFs. So

we conjecture that (6.2.26) and (6.2.27) hold if and only if ¢ € WP(S!) without assuming
p € QS(sh).

6.3 Quasi-invariance of Gaussian fields and boundary measures

In this section, we show that the law of the log-correlated Gaussian field on S! is quasi-
invariant under the pullback by ¢ € QS(Sl) if and only if ¢ is of the Weil-Petersson class.

We then “lift” this characterization to that for the Gaussian multiplicative chaos on St

6.3.1 Preliminaries of Log-correlated Gaussian field on the unit circle

In this subsection, we survey the definition and the basic properties of the log-correlated
Gaussian field on the unit circle. This is a well-researched object, and we do not aim to be
comprehensive in our introduction; we direct the reader to surveys such as [98| for further
information.

The (mean-zero) log-correlated Gaussian field on S (abbreviated as LGF) is a random
generalized function on S! which has a centered Gaussian law with Cameron—Martin space

Ho and the Cameron—Martin norm || - [|3;, That is,

h=> &nhn, (6.3.1)

n>1

272



where {hp }y,>1 is an orthonormal basis of Hg comprised of continuous functions and {&; },,>1
is an 1.1.d. sequence of standard normal random variables, is an instance of LGF on S!. For

concreteness, we can take

iy ._ ent fn o0y — zcosn i0 .:en_f" ety — Esinn
han-1(e"”) := 7 ( )—\/; (nf),  hon(e”) : \/52.( ) \/; (nf),

(6.3.2)

where {ey, fn}n>1 is the standard basis for ’Hg introduced in (6.2.11). However, the defini-
tion (6.3.1) is independent of the choice of the orthonormal basis {hp},>1 for Hy.

The sum (6.3.1) can be seen to converge almost surely in H S(Sl) for any s < 0. Equiva-
lently, we may consider h in terms of the centered Gaussian process {(h, f)} rez, where (, )

is the inner product (6.2.5) on Hg. That is,

<h, > cnhn> Z Encn (6.3.3)

n>1

for 3,1 cnhn € Ho. Note that for f € Hg, we have Var((h, f)) = Hf||%_[0. More generally,

we consider

= 3 [ hale) ap(e’) (6.3.4)

n>1
with signed Borel measures p on St for which the above sum is almost surely absolutely
convergent. Then, such pairings (h, p) form a continuous version of the centered Gaussian

process satisfying

Cov((h, ), (h. 7)) // (e, ) dp(e™®) dp(ei?), (6.3.5)
Slel
where
= 3" ha(@®)hn () = —210g | — i (6.3.6)
n>1
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is the covariance kernel of the LGF h. Note that for f € Hg, we have

<h, f> _ (h, (_899)1/2f(€i9) d@) , (637)

21

1/2 is the linear operator from Hg to L2(S') which maps cos(nf) to n cos(nf)

where (—0pg)
and sin(nf) to nsin(n#) for each positive integer n.

This definition of the LGF on S is similar to that of the Gaussian free field (GFF) on the
unit disk D, which is given by the sum (6.3.1) where {hy,},>1 is chosen to be a sequence of

functions on D. The pairing of GFF with signed Borel measures p on D is defined analogously

as in (6.3.4).

e The zero boundary (Dirichlet) GFF on D is given by choosing {hy},>1 to be any
orthonormal basis of H& (D). The corresponding covariance kernel is given by the

Dirichlet Green’s function
G*(z,w) = —log |(z — w) /(1 — zw)]. (6.3.8)

We use I' to denote a zero boundary GFF.
e We obtain the harmonic Gaussian field on D by choosing {hs, },,>1 to be any orthonor-
mal basis of Dy. The covariance kernel is given by

G(z,w) = —2log |l — zw|, (6.3.9)

which agrees with (6.3.6) for z,w € S!. By the isomorphism between Dy and H given
in Section 6.2, we can identify it as the “harmonic extension” of an LGF to D. We will
use h to denote both an LGF on S! and its harmonic extension on D.

e The free boundary (Neumann) GFF on ID (with mean zero on S') is obtained by choos-
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ing {hp}p>1 to be any orthonormal basis of H L(D)/R. The corresponding covariance

kernel is given by the Neumann Green’s function
G (2, w) = —log |(z — w)(1 — zw)]. (6.3.10)

We use I to denote a free boundary GFF.

Remark 6.3.1. By the decomposition (6.2.16), if I" and h are independent zero boundary
GFF and harmonic Gaussian field on D, respectively, then I' + h has the law of a free
boundary GFF on . This can also be seen from the identify GZ*° + G = G'ree satisfied by
the covariance kernels (6.3.8), (6.3.9), and (6.3.10). We emphasize that the multiplicative

factor of 2 in (6.3.9) (hence also in (6.3.6)) is necessary for this relationship to hold.

6.3.2  Quasi-invariance of Log-correlated Gaussian field

In this subsection, our goal is to culminate in the quasi-invariance result for pullbacks with
respect to Weil-Petersson homeomorphisms (Theorem 6.3.3).

Given ¢ € Homeo (S1), we define the pullback of an LGF h = > n>1§nhn formally as

hog:=> &ulhn o). (6.3.11)

n>1

This can be rigorously considered as the centered Gaussian process

(how,p) = (h,pxp) (6.3.12)

indexed by signed Borel measures p on S! for which the right-hand side of (6.3.12) is well-

defined. Here, p4p is the pushforward of p under the homeomorphism ¢. Note that the
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covariance kernel of h o ¢ is

G, ¢) = Glp(e?), p(c”)) = —21og | o(c) — (c™)] (6.3.13)

since

Cov ((ho.p). (hop,p)) = Cov ((h pep), (h. 0<7))
- //Slxgl Ge 20 )d(SO p)(e 9) d(go*ﬁ)(eié)

- //s PG %) dp(c®) djp(c").

If p € QS(SI)7 then we define the mean-zero part of the pullback h o ¢ of the LGF

h =3 n>1&nhn formally as

T(p)(h) = mo(ho @) ==Y &ll( (6.3.14)

n>1

For quasisymmetric ¢, since II() is a bounded linear operator on Hg, the (6.3.14) defines

I(¢)(h) as a centered Caussian field on S with the Cameron-Martin space Ho and the

covariance operator I1(¢)Il(¢)*. That is, {{IL(¢)(h), f) = D> ,>1 Enl{ll(w)(hn), )} ren, s a

centered Gaussian process with

Cov((TI(w)(h), f), (TI(w)(h), 9)) = (TL(@)* [, TI(¢)"g) = (f, TL()TI()"g). (6.3.15)

Remark 6.3.2. The relationship between h o ¢ and II(¢)(h) is the following: if

//1 Gl ¢i?) 40 4d < oo (6.3.16)
StxS
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so that fg1 hop = (ho, (2)~1dh) is an a.s. finite random variable, then
M) E).p) = (hog.p) - p(Y) f hoy (6.3.17)

a.s. for signed Borel measures p on S! for which Jfst st |G¢(ei9, eié)\ dp(e™?) dp(eié) < 00.
This can be seen directly from the decompositions (6.3.11) and (6.3.14) for how and II(¢)(h),
respectively.

One sufficient condition for (6.3.16) is for ¢ to be a diffeomorphism, since then

o(e?) — p(el?)

=lo .
&1 i b

(6.3.18)

is a continuous function on S! x S! with ﬂ@(ew, ey = log |¢(e')|. Hence, Gy =G — 20y
is integrable with respect to the arc-length measure on S! x St

More generally, it suffices for ¢! to be absolutely continuous with respect to the arc-

length measure and satisfy |(o~ )| € H~Y/2(S!). Then,

//Slxsl Gole!” %) d0df = //Slxgl S (0 @)(e) (hn 0 9)(¢) | o dd

n>1
2
= “))d| = hn () (07 1)'|(e") A0
- 3| [ttty = 3| [t
= 1™ Y I -12(1y g < 20
(6.3.19)

In particular, if ¢ € WP(S'), then |(p~1)| € L2(S!); this follows from the standard argu-
ment using the VMO space that log |¢/| € HY/2(S') implies |¢'|" = exp(plog |¢|) € LY(sh

for any p > 1. Hence, we have (6.3.16) in this case.
We now give our first main result, which identifies WP(S') as the class of quasisymmetric
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circle homeomorphisms ¢ for which I1(¢)(h) and h have equivalent laws.

Theorem 6.3.3. Suppose ¢ € QS(Sl) and f is a fived real-valued function on S'. Let
T1(¢)(h) be the Gaussian field given in (6.3.14), where h is an LGF on S'. Then, the law of
the random field T1(p)(h)+ f is equivalent to that of an LGF on St if and only if ¢ € WP(Sl)

and f € Ho. Otherwise, the two laws are mutually singular.

Proof. The Feldman-Hajek theorem states that the laws of h and II(¢)(h) + f are either

equivalent or mutually singular, and the former holds if and only if
e The Cameron-Martin space for the law of II(¢)(h) + f is Ho;
e The difference in the means, f, lies in the common Cameron—Martin space H;

e The difference in the covariance operators, II(p)II(p)* — I, is a Hilbert-Schmidt oper-

ator on the common Cameron-Martin space H,.

See, e.g., [79, Theorem 2.25]. By Lemma 6.2.7, these conditions are satisfied if and only if
© € WP(S!) and f € H,.

Recalling from Definition 6.2.3 that ¢ € Homeo, (S!) is in the Weil Petersson class if
and only if log|¢'| € H 1/ 2(S1), we immediately obtain the following corollary from Theo-
rem 6.3.3. [

Corollary 6.3.4. Let ¢ € QS(Sl) and Q) be a real constant. Furthermore, let iy, be the
function on S x St given in (6.3.18) and let zg € S', a € R be fivred. If h is an LGF on St,

then the law of the random field

[()(h) + mo (Qlog |¢'| + atiy (-, 20))

1s equivalent to that of h if and only if ¢ € WP(Sl) and either of the following holds: o =0
or ly(-, 2p) € Hl/Q(Sl). Otherwise, the two laws are mutually singular.
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6.3.3 Preliminaries of Gaussian multiplicative chaos

Now we shift our attention to the Gaussian multiplicative chaos (GMC) measure on the unit
circle. Given v € (0,2), the v~-GMC measure with respect to an LGF h on St is defined
formally as

10 2]

2
Mi/(d6) = e3he) =S ERE] gp (6.3.20)

We omit the superscript v and write My, = MZ if there is no confusion. A rigorous study
of GMC was initiated by Kahane [146] with seminal contributions by Robert and Vargas
[216], Duplantier and Sheffield [99], and Shamov [224]. The GMC measure M, is defined
rigorously via renormalization. The following two equivalent approaches almost surely give

the same measure as shown in [37].

e Let {hy}>1 be a sequence of continuous functions on S! forming an orthonormal basis
for Ho. Given an LGF h = ;~q &y, we define MZ as the almost sure weak limit

of the measures

2 n
exp< nghk if) —%Z hy (1)) ) df (6.3.21)

k=1
as n — 0.
e Let o be a fixed nonnegative Radon measure on the interval (—, 7) with unit mass and
SUPye(—r,7) ST log(1/]z—y|) o(dy) < oo. For el e Sl and e € (0,1), define Ot . tO
be the pushforward of o under the map z — ¢(%+%%) and denote he(ei?) := (h, Ogif - ).

Then, we define MZ as the weak limit as ¢ — 0 of

. 2
exp <%h5(ez9) + % //Sl . log |z — ¥ O'ei975(d13) Ueig,g(dy)> do (6.3.22)
X

in probability.

For instance, we can choose o to be the uniform probability measure on [—1,1], in
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Z'9) will be average value of the LGF h on the closed interval from

which case hg(e
etl0=¢) to ¢i(0+€) on ST, However, the limit (6.3.22) does not depend on the choice of

the measure o.

Since the GMC measure Mj, is almost surely determined by the LGF h, we can define
the measure M), using the limits (6.3.21) or (6.3.22) when h is a random field on S! whose
law is absolutely continuous with respect to LGF. When % is a random field on S! with
a decomposition h = ¢ + h where ¢ is a real-valued random variable and the law of £ is

absolutely continuous with respect to LGF, then we define
2
MZ =7/ )CM%. (6.3.23)

Conversely, the GMC measure /\/IZ almost surely determines the LGF h [39, Theo-

rem 1.4].

Remark 6.3.5. When v = 2, the limits (6.3.21) and (6.3.22) give the zero measure almost
surely. However, a slightly modified limit gives a nontrivial measure M%ﬂt called the critical
Gaussian multiplicative chaos [96, 97]. As described in [26, Section 4.1.2] (also see [208] and

[209]), we can also obtain the critical GMC measure through the weak limit 2;./\/1% —

(2—7)
./\/l%rit in probability as v — 27. We also have that the critical GMC measure M%ﬁt almost

surely determines the LGF h [242].

Remark 6.3.6. Our multiplicative factor of v/2 in (6.3.21)—(6.3.22) as well as the factor of
2 in (6.3.6) differs from some of the recent works on the GMC on the circle, such as [71, 72].
In particular, they are chosen to agree with the literature on Liouville quantum gravity [99].
In the LQG theory, the quantum boundary length of a two-dimensional domain D is defined
as the GMC measure on 0D with respect to the free boundary GFF on D. More precisely,
assume D C H and 9D NR is a nonempty interval. Given free boundary GFF T =T + h

where I' is a zero boundary GFF and h is an independent harmonic Gaussian field h on D
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(recall Remark 6.3.1), we define the v-LQG boundary length vg on 0D NR as the almost
sure weak limit

lim eV /4e3Te(@) gz (6.3.24)
E—

where T'z(7) is the average value of I' on the semicircle dBz(x) N H. Note that for every

x € R and € > 0, we have

1 : G ) 5 ~
E[l:(z)?] = — //[O ; (—loglee® — ce®| 4 log |ee®® — ce=¥|)dg dd
,TT
1 . 5 . 5 -
~ L // (—log|e?? — ] — log | — ¢=%))dp ad
LA

, ) (6.3.25)
+—2// Qlog]ew—e_w]dedé
™= JJ10,7]

7
=0+ —5((3) = C ~ 0.85,

where ((3) is Apéry’s constant. By the equivalence between the GMC defined using semicircle
averages and the Karhunen-Loéve expansion of GFF as explained in [37], we have that

_ 2
lim e3T=(@ =% Ee@)’] 4z = lim e3he@—FElhe(@)?] 4, (6.3.26)
e—0 e—0

Since E[['c(x)?] = E[Ts(z)?] — E[he(2)?], we have

e = lim 7/ TE) g — (02810, (6.3.27)

e—0
By the isomorphism between H( and the harmonic extension Dy, the relation (6.3.27) holds
with v, the boundary LQG measure on 0D defined using the harmonic field A in the unit
disk, replaced by My, the GMC measure on St defined using the LGF h on the unit circle.
In particular, if T is a free boundary GFF on D and h is its trace on St (equivalently, the
harmonic part of I on D), then the normalized measures (%(Sl))*luf and (M, (S1) =t M,,

agree almost surely.
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6.3.4 Quasi-invariance of Gaussian multiplicative chaos

Given an LGF h on S, define the corresponding normalized GMC measure as

Our goal for this subsection is to show the following quasi-invariance result for normalized

GMC measures.

Proposition 6.3.7. Suppose ¢ € Homeo (S1). Let h be the LGF on St and .//\/\lh = ./T/I\Z
be the corresponding normalized GMC measure (6.3.28) for v € (0,2]. Then, the law of
the pullback go*ﬂ/l\h 1s absolutely continuous with respect to the law of M\h if and only if
© € WP(SY). Moreover, if o € WP(S1), then we almost surely have

go*./\/lz =M

~

where Q = £ + %

2

It is well-known that given a 2D log-correlated Gaussian field I', the corresponding LQG

area measure pp almost surely satisfies the conformal coordinate change rule

VTHD = Blop+Qlog [0 (6.3.30)

if ¢ is a conformal map and @ = 2/v + /2 [99, Proposition 2.1|. In showing (6.3.29), we
extend this result to non-smooth and even non-C' homeomorphisms ¢ on S!. To begin our
proof of Proposition 6.3.7, we verify that the coordinate change formula holds when ¢ is a

diffeomorphism.

Lemma 6.3.8. Let h be an LGF on the unit circle S and suppose @ s an orientation-
preserving C diffeomorphism of St. Then, for every v € (0,2] with Q = % + %, we almost

surely have the coordinate change rule (6.3.29).
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We note that there exist C1 diffeomorphisms ¢ of S! that does not belong to the Weil-
Petersson class, in which case the law of the mean-zero part of ho o+ Qlog || is singular to
that of LGF on S!. Nevertheless, this is a Gaussian field whose covariance kernel Gol(z,y)
is of the form — log |z — y| + @iy (,y) where i, is a continuous function on S x St (recall

Remark 6.3.2). Hence, as proved in [37], the GMC measure M ™ is well-defined

hop+Q log
via the limit (6.3.22) where the mollified field h(e’?) = (h,o ¢i0 o) 1s replaced with (h o

2 U€i075) + fSl Q log |90/| do’e'm’g

Proof of Lemma 6.3.8. Let us first assume that v € (0,2). Consider the GMC measure given

by the following weak limit in probability:

2
Y 0 Y 0
./\/lhw —elg%exp (E(hogo)g(eZ ) — g\/ar((how) (e" ))) dé,

where

(ho9)(e®) = 5 [ (o o))t

Let us define he(e'?) similarly, so that Var(hg(ew)) = (2¢)72 S5 [, —2log et — eié| de dé.

Then,
0+t)) i(0+s)
p(e")
Var((h o ¢)e(€’ )) Var(ha =12 /—5 /—5 2log O i(0+9) dsdt
converges uniformly to —2log |¢/(¢??)| as e — 0. Hence, we have
aM; 2
o (i) = |/ ()7, (6.3.31)
thO(p

Let us choose {hy},>1 to be the orthonormal basis (6.3.2) for Hg. Suppose we have the
decomposition h =~ ~ Enhn, where {§p}n>1 are i.i.d. standard normal random variables.

Then, since ho ¢ = 27,21 &n(hp o p) is a Karhunen—Loéve expansion where each hy, o ¢ are
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continuous on S!, we have from [37, Section 5| that for any interval A C S,

2

M (p(A)) = lim eZN (Fahn (€)= [hn(e®)]2) 49
h N—o00
~ lim / Z (Benlrnoo) )~ [mop) ) e o
0 (6.3.32)
/’90 20 ‘thocp 10 /|<,0 29 ’1+'y /4tho¢( )

.
Mh0<p+Qlog\<P I( )

almost surely. For the last equality, we used the identity dj\/l het f JAM] n = = e0/2f for any
continuous f on S', which can be checked from the definition (6.3.22) of the GMC measure.

The equality for critical GMC holds by taking the limit as v — 27 as in Remark 6.3.5. [

To extend Lemma 6.3.8 to the Weil-Petersson class, we approximate ¢ by a sequence of
diffeomorphisms which are continuous in the topology induced by the Weil-Petersson metric
as in Lemma 6.2.9. We now show that the GMC measure on S! is almost surely continuous
under these approximations. To our knowledge, this is the first time that the GMC measure
is shown to be continuous with respect to the random field. The continuity with respect to

the base measure and the parameter v has been shown in 2D in [209, Proposition 4.1].

Lemma 6.3.9. Let A € B(Hy) be invertible in B(Hgy) and suppose AA* — I is Hilbert—
Schmidt. Suppose {An}n>1 is a sequence in B(Hy) such that Ay converges to A in the weak
operator topology and ||(ApA~N)(ApA™1)* — I|lgg — 0. Let {Bnln>1 be a sequence in Hy
which converges to B € Hy. Let h be an LGF on S*. Then, for v € (0,2), the Gaussian

multiplicative chaos measures Mg, py g, converges weakly to M gp 5 in probability.

Proof. Assume first that A = [ and § = 0. In this case, as outlined in [37, Section 6], it
suffices to show that M 4 1 3(S) — M},(S) in probability for each fixed interval S C St

The proof proceeds by considering the approximations (6.3.21) of X := Mj,(S) using the
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orthonormal basis {hj,}.en for Hg given in (6.3.2). That is, let

Xm ::/exp
S

We know from [37, Equation (5.1)] that Xy, = E[X|F;,] where F, is the o-algebra generated

I

m m
Z h, hy )by () — % Z ) (6.3.33)

by {{h, h;) }1<k<m, Whence X, — X in LY(PP). We consider the analogous approximations

xm = /Sexp (g > (Anh + B by () — %z:: (ei)) >d9 (6.3.34)

k=1

which converges in probability to X (") := M Aph+8,(S) as m — oo since the law of Aph +
B is absolutely continuous with respect to that of h by the Feldman—Héajek theorem (cf.

Theorem 6.3.3). We now claim the following.

e For each m € N, as n — oo,

X X, in probability. (6.3.35)

e There exists a positive integer ng such that for any 6 > 0, we have

lim sup P(IXY — x®)| > 6) =o0. (6.3.36)

m—00 nzno
Then, for any given 6 > 0, we can choose sufficiently large m and then ng such that
(n) _ y(n) (n) _ _
P(|X X'l >0) +P(| Xp' — Xm| > 0) +P(|1 Xy, — X| > 9) <.

That is, XM 5 X in probability as n — oo.

Let us now show (6.3.35). Note from (6.3.2) that |hy(e?)| < /2 for every k and 6.
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Hence,

E seulél > ((An = Dh+ B, h) (e i) ] < \/_Z Dh, ki) + 1Bns b))
ereST k=1
< WZH I)*hillagy +2vml| Bulla-
Note that

1(An = D) *hyellg, = [k (A Ay = Dhg) + (b, (21 = Ap — A3y

< 1 An A5, = Illus + 2/(hy, (An = Dhy)],

which tends to 0 as n — oo by assumption. Combining the above two inequalities, we see
that given any sequence of positive integers, we can find a further sequence {n;};>1 such
that sup iocgt | 2 ope1((An; — DA+ Bnj, hy) — (b, hi)hi(€9)] = 0 almost surely as j — oo.

As we have

. 3 30 (A =) ht-Br hyg ) g (6%9) X(nj) 3 SR (A, =D h4Bn ) b (e70)
inf e2 k=1 nj njo k/ Nk S m < sup 62 k=1 njs k/NEl€
efes m eifes

from the definitions of Xé;z ) and X, we conclude that Xﬁ,zz 2

— X, almost surely as j — oo
and thus X7(TTLL) — Xy, in probability as n — oc.

Let us now show (6.3.36). For this, we will first check that if p, is the Radon-Nikodym
derivative of the law of A,h + B, with respect to that of A, then sup,>,, E[(pn)?] < oo for
sufficiently large ng.! Let us fix A € B(H) with ||AA* — I”%IS < 1/2 and B € Hg. Choose
{hn}n>1 be an orthonormal eigenbasis for Hq with respect to AA* — I, with (AA* — I)hy, =
aghy for each k. Observe that {(h, ﬁk>}k21 are i.i.d. standard normal random variables,

whereas {(Ah + 3, hy)} i:>1 are independent Gaussian with mean (83, hj) =: by, and variance

1. The same calculations can be used to show that sup,,»; E[(pn)?] < oo for sufficiently small p > 1, or,
for any given p > 1, we have sup,,,,, E[(p,)?] < oo for sufficiently large ng.
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(hy,, AA*hy) = (1 +ay,). Hence, the Radon-Nikodym derivative p of the law of Ah+ § with

respect to that of A is given by

~ ™ a _1/26X —(Zp — 2 a
o (S i | = T E e Pesp( oy = b)?/20 +00) 11 )

k>1 >1 (2m) "2 exp(—a7/2) i>1

A straightforward calculation gives us that if Z is a standard normal random variable, then

2
Bl?) = [T BIF2)72 = I g o (1 % 2> -

2 _
>1 w1 (1= ap) A

Now, since > 5~ a]% = ||AA* — IH%{S < 1/2, we have a% < 1/2 for all k. Hence,

log E[?] < 3 af +23 b} = | AA™ — Ilfzs + 2],
k>1 k>1
Since ||AnA}, — Illgs — 0 and [|8pll3y, — 0 as n — oo, we conclude that E[p2] — 1 as
n — oo. Fix ng to be a positive integer such that sup,>,, E[(pn)?] < oo. Now, given any

0 > 0, we have

P(X0) = X| > 0) = Elpul(x, xpsa)) € KP(Xm = X| > 8) +Elpnl(y, - )

K
Since X;, — X in Ll(P), by first choosing sufficiently large K and then choosing large m,
we can make SUp;, >y, P(\Xﬁg ) x (")| > §) arbitrarily small. This completes the proof of
(6.3.36) and therefore the lemma in the case A =1 and § = 0.

For general A € #(H) such that ||AA* — I||gg < oo and B € Hy, recall that the law of
h:= Ah+ [ is absolutely continuous with respect to that of A by the Feldman—Hajek theorem.
Let A, := A,A™1 € B(Ho) and By, := Bn — AnA~™18 € Hy, so that Aph + By = Aph + By

Then, A, — I in the weak operator topology, ||AnA% — I|jgg — 0, and ||ﬁ~n|\7_[0 — 0 by the
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assumptions of the lemma, so we conclude that M AnhtB, = M g, h+ 3, converges weakly to

M; = M gpy g in probability. O

We are now ready for a proof of Proposition 6.3.7. We divide this into two parts, first
showing that if ¢ € WP(S!), then the laws of /\//Th and ./T/l\hw +Qlog|y/| are absolutely

continuous by checking that the coordinate change formula (6.3.29) holds.

Proof of Sufficiency. Let us first consider v € (0,2). Suppose ¢ € WP(S!) and let ¢, €
Diff  (S!) be a sequence of approximations to ¢ given in Lemma 6.2.9. Let A, = II(¢y,) and
Bn = mp(Qlog |p),]) for each n, and similarly let A = TI(p) and 8 = m(Qlog|¢|). Then, we
have A, — A in the strong operator topology and ||(A,A™1) (A, A~1)* — I||gg — 0 by our

1

choice of approximations. Also, since log|(¢pn 0 o™ 1)| = (log || — log|¢']) 0 ™1, we have

1Bn = Bllrg < QUL 3¢) I log | (9 0 0™ 1)['[l34, tending to 0 as n — oo,

We have from Lemma 6.3.8 that the coordinate change formula

= o1z Js1 (hown+Qlog ¢l ))

*
onMp = Mho<pn—|—Qlog |}, MAnh‘Fﬁn

holds almost surely for every n. By Lemma 6.3.9, M 4, 1,45, converges weakly in probability

. 2
to Mypyp. Since 3op | for (g 0 on — hy 0 9)|” < Cllgy, — @’Hfg,m(sl) — 0 as n — 00, we

have fg1 h o pp — fSl h o ¢ almost surely. We also have fSl log ]| — Js1 log 1|, so

2 o /
QO;’;JMh — e4r fSl(h pH+Qloglp DMA}H—B = MhOg@—i—Qlog l¢!| (6.3.37)

weakly in probability as n — oo.

On the other hand, since ||¢ — ¢n|ls — 0, for every F € C(S1), we have

lim Fd(p;,Mp) = lim (F owp)dMy, = /1(FO<P) dMy, = /1 Fd(¢*Mp)
S S

n—oo Sl n—oo Sl

almost surely. That is, ¢y, M), converges almost surely in the weak topology to ¢* M. We
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thus conclude that p*M;, = M hop-+Qlog || almost surely. As described in Remark 6.3.5,

we have ;Mz — ./\/l%]Cit weakly in probability as v — 27. Hence, the coordinate change

2(2—7)
rule (6.3.29) holds for the critical case v = 2 as well.
To conclude the proof, observe that
—~ 1 1 1

h=-———Mapip = M\Ah (6.3.38)
My (ST A7 v

almost surely and the law of Ah +  is equivalent to that of A by Theorem 6.3.3. Therefore,

the law of @*M\ n 1s equivalent to that of M h- O

Proof of necessity. Let ¢ € Homeoy (S') and assume that the law of the pull-back gp*ﬁ/l\h
is absolutely continuous with respect to that of M n- Then, since the GMC almost surely
determines the LGF [39, 242|, there exists a random mean-zero distribution h on S' with a
law absolutely continuous respect to LGF on S! such that M = QO*M\ p, almost surely.
Choose a sequence of smooth ¢, € Diff+(Sl) which converges uniformly to ¢ (e.g., by
convolution). Since M hown+Qlog [ | = wﬁ/(/l\ h = o* M 5, almost surely, we have II(¢p)h +
7o(Qlog |o,]) — h in law. In particular, i is a Gaussian field whose law is absolutely
continuous with respect to that of LGF on S'. Then, by the Feldman—Hajek theorem, there

exists some @ € B(Hg) with Q — I Hilbert—Schmidt such that for any f,g € Hy,

lim (I(n)"f,(n)"g) = lim Cov((Il(gn)h, f), (Il(en)h, g))

n—00 (6.3.39)
= COV(<}~% f): <B> g>) = <f> Q9>

where (-, -) is the inner product on Hg. That is, I1(¢y)II(¢p)* converges in the weak operator

topology to ). In particular, for any f € Hg, we have

A I0(en)" Flsg = (£ Q1) < 1@l 1/
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Then, by the uniform boundedness principle,
sup [|L{en) | sy = sup 1T (on)" [l () < o0
For any f € Ho with || f[|3;, < 1, by Fatou’s lemma,

i0)Y|2
iy, = 622 f§f|§ IE 49 ay

o [/ (en(€) = flen(e)? T 2
< hmmf//slxgl o o2 dody = I%Ln—lfoléfHH((p”)fHHo

n—oo

< liminf [ (pn) %5, < oo

Therefore, I1(p) € B(Hg) and ¢ € QS(S') follows by Lemma 6.2.7.

We see from the formulas (6.2.21) and (6.2.22) that I1(¢,) — I1(p) entrywise with respect
to the basis (6.2.11) for HE)C Hence, Q = II(p)II(¢)* and TI()II(p)* — I is Hilbert—Schmidt.
We conclude ¢ € WP(S!) using Lemma 6.2.7. O

In the Liouville theory, we often consider Gaussian multiplicative chaos measures with
respect to a log-correlated Gaussian field plus a logarithmic singularity (cf. Lemma 6.1.6).
Below, we give an analog of Proposition 6.3.7 for such fields. Recall from (6.2.25) the log-ratio

o(2) = plw)

=1
U@(Z,U}) 0g Y —w

Corollary 6.3.10. Fiz vy € (0,2]. Let h be the LGF on S* and h(z) := —alog |z — 1| where
« 1s a positive constant. Suppose ¢ € Homeo+(81) fizes 1. Then, the law of the normalized

pullback measure go*ﬁ/l\thb 15 absolutely continuous with respect to the law of 'A/Zthh iof and

only if p € WP(S!) and uy(-,1) € H1/2(sh).

Proof. Suppose ¢ € WP(S!) and uy(-,1) € HY/2_ in which case Up(, 1) = Reuy(-,1) =
log [(p(:) = 1)/(- = 1)| € HY/2. For each fixed C, since the law of h + (h A C) is absolutely
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continuous to that of h, we almost surely have (,D*Mh+(b/\c) = Mhocp+(ho<p/\C)+Q log || by
Proposition 6.3.7. Letting C' — oo, since GMC is a local functional of the field, we obtain
O Mpip = Mh0@+boso+@10g|<p’\ almost surely. Since ho o — b+ Qlog|y’| € H/2 by our
assumption that ,(-,1) € HY/2 the law of TI(¢)h + mo(h o ¢ + Qlog|¢|) is absolutely
continuous with respect to that of A + mg(h) by Theorem 6.3.3. This implies that the law of
QD*M\ h+p 1s absolutely continuous with respect to that of M hth-

On the other hand, suppose that the law of SO*M\thb is absolutely continuous with
respect to that of /\//\lhﬂ) for some ¢ € Homeo+(Sl). Pick ¢, € Diff (Sl) which converges
uniformly to ¢. As in the proof of Proposition 6.3.7, there exists a random distribution
h on S! whose law is mutually absolutely continuous with respect to that of the LGF on
St such that hy, = H(pn)h + mo(h 0 wn — b + Qlog|¢l,|) converges in law to h as n —
co. Noting that Cov((hn, f), (hn,g)) = T(pn)* f,I1(px)*g) for any f,g € Ho, a proof
analogous to that of Proposition 6.3.7 gives ¢ € WP(Sl). Then, h, converges in law to
II()h + mo(—aty(-, 1) + Qlog |¢|), and the absolute continuity of its law with respect to
LGF implies uy(-, 1) € H'/2(S). O

6.4 Quasi-invariance of SLE welding

In this section, we introduce the space RM(Sl) of conformally removable weldings. We endow
it with a topology so that composition gives a continuous group action of quasisymmetric
circle homeomorphisms QS(S!) on RM(S') (Lemma 6.4.1). This is due to the definition of
quasi-invariance. For a measure &2 on a measurable space (S, F), let G be a group that
acts (left or right) measurably on S. We say that & is quasi-invariant under the action of
G if for each g € G and A € F, we have #(A) = 0 if and only if &(gA) = 0. That is,
the pull-back of & by ¢ is mutually absolutely continuous with respect to &?. We refer the
reader to [157| for more background. In particular, we show the measurability of the group

action of Weil-Petersson homeomorphisms on SLE weldings.
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After that, we introduce the SLE loop shape measure and find the law of the correspond-

ing welding homeomorphism (see Lemma 6.4.8), which leads to the proof of Theorem 6.1.2.

6.4.1 Conformal welding of Jordan curves

We say that a compact set K is (quasi)conformally removable if any homeomorphism of
C that is (quasi)conformal off K is (quasi)conformal on C. An easy application of the
measurable Riemann mapping theorem shows that K is conformally removable if and only
if it is quasiconformally removable. We refer the reader to the survey [253] for an in-depth
look at conformal removability.

It is well known that if a Jordan curve 7 is conformally removable, then the corresponding
welding homeomorphism is unique up to pre- and post-compositions by Méb(Sl). Given an
oriented Jordan curve n, let f: 1D — Q and g : D* — Q* be any conformal maps onto the
components of C \ 7 on the left and the right of the curve, respectively. Suppose f:D=Q
and § : D — Q* is another pair of conformal maps such that 7 := C\ (Q U Q*) is a Jordan
curve and (G~ 1o f)|81 = (g lo f)lgt- Then, we can define a homeomorphism of C given
by fof™!onQ and jog~! on OF. Since this homeomorphism is conformal on C \ 7, it
must be conformal on all of C. Hence, 7 is an image of n under a Mobius transformation
as desired. However, there is no analytic characterization of weldings corresponding to
conformally removable curves [51].

Recall that For a compact set K in C, Hausdorff dimension d g (K) is defined to be

inf{e > 0| inf ¢ =01},
utfe > 0wt 3" 15 = 0)
acA

where & is the family of finite coverings D = {Da},c 4 indexed by a set A of K by discs Dy
with radius 5. The following lemma is well-known; see, for example, [240, Theorem 1.4] for

the first part. Here, we provide a proof based on the measurable Riemann mapping theorem.
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Lemma 6.4.1. Let RM(SY) denote the space of orientation-preserving circle homeomor-
phisms that are weldings of conformally removable Jordan curves. If ¢ € QS(Sl) and
¥ € RM(SY), then o=t o) are i o are in RM(SY). If we further assume that o € S(S1),
then the three curves that solve the welding problem for ¥, ¥ o and ¢~ o) share the same

Hausdorff dimension.

Proof. Given ¢ € QS(Sl), choose a quasiconformal extension w of o1 to C whose Beltrami
coefficient y1 = dsw/d,w satisfies the symmetry condition p(z) = (2/2)2(1/Z). For a con-
formally removable Jordan curve n solving the welding problem for v, let f : D — Q and
g : D* — Q* denote the conformal maps onto the bounded and unbounded complementary
components of 1, respectively. Let © be a quasiconformal homeomorphism of C that fixes 0,

1 and oo, whose Beltrami coefficient is given by

"1 o 71 inQ,
L Lwripyes .

0 otherwise.

We define as above so that f = @ o fow ™ : D — &(Q) and § = @ o g : D* — O(Q*)
are exactly the conformal maps corresponding to the Jordan curve 7 = @(n), whose welding
homeomorphism is 1) := (g*l of )Ist = ¥ o p. To see that 7 is quasiconformally removable,
note that given a homeomorphism F' of C which is quasiconformal off 7}, we have that ' =
F o& is a homeomorphism of C which is quasiconformal off 7. Since 7 is (quasi)conformally
removable, F' is quasiconformal on C and it follows that F is quasiconformal on C. This
shows that if ¢ € RM(S!) and ¢ € QS(S!), then ¥ o ¢ € RM(S!).

Let us further assume that ¢ € S(S'). Let d and d denote the Hausdorff dimensions of
n and 7 = &(n), respectively. From classical distortion estimates for quasiconformal maps
[28], we have

(1/d—1/2)/K <1/d—1/2 < K(1/d—1/2)
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where K is the supremum of dilatation of @ near n. This is asymptotically equal to 1, as w
is asymptotically conformal near n. More precisely, we have K, — 1 as r T 1, where K, is
the supremum of dilatation of & restricted on C\ f(rD). Therefore, we have d = d.

The analogous results for o1

o1 follow in a similar manner, taking @ to be a quasicon-
formal homeomorphism of C where its Beltrami coefficient agrees with the pullback of i by

g in Q" and 0 otherwise. O

Remark 6.4.2. We may replace the Hausdorff dimension in Lemma 6.4.1 by the upper
Minkowski dimension, the packing dimension, Assouad dimension, etc., as they share the

similar dilatation-dependent distortion bounds. See [73| and the discussion therein.

Now we define the pre-composition R : RM(S!) x QS(S) — RM(S!) by R(¢, p) = o
and the post-composition L : RM(S!) x QS(S') — RM(S1) by R(1), ¢) = ¢ Lot). Recall that
the topology on QS(SI) is induced from the Teichmiiller distance. We define the topology on
RM(S!) by the Carathéodory topology on the two conformal maps via conformal welding.
More precisely, we say 1, — 1 if there exist welding solutions v, = g,, lofpandy =g tof
such that f,, — f and g, — ¢ uniformly on compact subsets. Notably, the induced o-
algebra coincides precisely with that described in [32, Appendix B]. Moreover, the following

continuity still holds.

Proposition 6.4.3. The post-composition map R and the pre-composition map L defined

above are continuous.

Proof. Suppose ¢, — ¢ and @, — ¢ in RM(S') and QS(S'), respectively. Let f, — f and
gn — ¢ uniformly on compact subsets be the conformal maps corresponding to v, and .

Let pp and p be the Beltrami coefficient of the quasiconformal extension wy and w of ¢, 1

1

and ¢, respectively. We may choose these extensions, e.g., by using the Douady-Earle

extension, so that u, — u locally uniformly on D.

Define iy, as in (6.4.1) using uy, and f, instead. Then, fi,, — fi almost everywhere on C.

1 1

Hence, if we choose wy, and wy, to fix 0,1, co, then w, " — w™
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1

respect to the spherical metric [177, Chapter 1, Theorem 4.6]. Thus, fn =Wpo fpow, —
wofow L= f and gy, = Wy 0 gp — w o g = g uniformly on compact subsets.
The analogous results for apfl o1 follow in a similar manner as in Lemma 6.4.1. O]

As we will see in the next subsection, from the perspective of the SLE, loop measure, it

is more appropriate to consider a correspondence between the following spaces.

e The space of orientation-preserving circle homeomorphisms which arise as weldings of

conformally removable Jordan curves that fix 1, denoted ST\ RM(S!).

e The space of conformally removable Jordan curves 1 on C separating 0 from oo with

a unit conformal radius of C \ 7 viewed from 0, denoted T

Definition 6.4.4. Given n € J4, let ) and Q* be the bounded and unbounded components
of (@\n, respectively. Consider the unique pair of Riemann maps f : D — Q and g : D* — Q*
satisfying f(0) = 0, f/(0) = 1, g(c0) = oo, and f(1) = g(1). The corresponding element of
S\ RM(S?) is given by (g7 o f)|t-

A~

Note that this correspondence is one-to-one since the only map w € M&b(C) satisfying
w(0) =0, &'(0) = 1, and w(oco) = oo is the identity. We endow Jy with the Carathéodory
topology for © and O, which is equivalent to the topology of local uniform convergence for
f and g. We endow the topology on ST\ RM(S!) that makes the above correspondence a
homeomorphism.

The correspondence in Definition 6.4.4, when restricted to quasisymmetric circle home-
omorphisms in SM\ RM(S!) and quasicircles in J4, agrees with the models of the universal
Teichmiiller curve 7(1) as discussed in [239, Section 1.1.2]. Let us consider S\ QS(S') as
a right topological group [40] equipped with the topology inherited from 7 (1): i.e., the one

induced from the Teichmiiller distance.

Proposition 6.4.5. The post-composition and pre-composition are continuous restricted on

ST RM(S!) x ST\ QS(sh).
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Proof. We only need to take care of the normalization. Note that if f, and §, are the
conformal maps corresponding to ¥, o ¢, as in Definition 6.4.4, then they differ from @, o
f ocug1 and @y, 0 g by a post-composition by z +— ¢,z where 1/¢, = (&p 0 f owgl)'(O). Since
(@n o fow, N (0) = (@o fow 1) (0), we conclude that f, — f and §, — § uniformly on

compact subsets. The analogous results for (,p_l o1 follow in a similar manner as before. [J

6.4.2 SLFE loop welding measure

For k € (0,4], the SLE, loop measure u” is a o-finite measure on the space of Jordan curves

on C satisfying the following properties as defined by Kontsevich and Suhov [159].

e Generalized restriction property: For any simply connected domain D ;Cé C, we define

W by
du'p,
dp’

() = 1p.cpyexp (c(r)A™(-, D) /2)

where ¢(k) = (6 — k)(3x — 8)/2k is the central charge of SLE, and A*(n, D€) is the

size of the normalized Brownian loop measure for loops hitting both n and D€.

e Conformal invariance: If f: D — D’ is a conformal map between two subdomains of

@, then the pushforward measure fijuf, is agrees with u%,.

For each € (0, 4], the SLE, loop measure ;1 exists and is unique up to a multiplicative
constant. This was proved by Werner [250] for k = 8/3; the measure p” for the entire range
of K € (0,4] was constructed by Zhan [255] and was proved to be unique by Baverez and
Jego [32].

From the perspective of conformal welding, it is natural to consider the shape measure
of the SLE, loops. First, consider the restriction u(’%\ {0} of the SLE, loop measure u" to
the loops that separate 0 and co. Given a Jordan curve 7 separating 0 and oo, let CR(7,0)
denote the conformal radius |f/(0)| of the bounded component D, of C \ n viewed from

0 where f : D — Dy is a conformal map with f(0) = 0. Then, we define ply to be the
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conditional law? of “6\{0} on the set of loops 7 for which CR(n,0) = 1. We may choose the
multiplicative constant for the SLE, loop measure p” such that the shape measure u’;é is a

probability measure; we assume this henceforth.

Definition 6.4.6. For x € (0,4], we define SLE)’geld to be the probability measure on
ST RM(S!) given by the pushforward of the SLE, loop shape measure M;g under the mea-

surable one-to-one correspondence Ji’oo — SI\ RM(S!) induced by conformal welding.

Remark 6.4.7. A property of the SLE, loop measure that is fundamental to our work is
that it is supported on the set of conformally removable Jordan curves. For x € (0,4), this
is since an SLE loop 7 is, except on a set of measure zero, the boundary of a Holder domain
(i.e., there exists a conformal map f on D such that f extends to a Holder continuous map
on D and 5 = f(0D)), which is a sufficient condition for conformal removability given in the
acclaimed work of Jones and Smirnov [145].

It is a classical fact that Loewner maps uniformizing chordal SLE, is almost surely
uniformly Hélder continuous on bounded sets [218, Theorem 5.2 (see [131, Corollary 1.8] for
the optimal Holder exponent). This implies that SLE, loops are Holder domains thanks to
Zhan’s construction of the SLE, loop measure [255, Theorem 4.2]: consider a triple (1, z, w)
where the marginal law of 7 is the SLE, loop measure and, conditioned on 7, the points z
and w are sampled independently from the Minkowski content measure of n. Let ng and 7
be two components of n divided by z and w. Then, conditioned on z,w, and 7, the law of
1 in the domain C \ 7 is that of chordal SLE,. By first mapping C \ 9 conformally to
H, say by fo, and then considering the conformal map f; taking either the left or the right
component of H \ fo(n1) to D, we see that f := (f; o fo)~! is a Riemann map taking D

to a bounded component of C \ 7 which is uniformly Hélder continuous on subsets A C D

2. One way to give this law is to consider the restriction of Ky foy to loops 7 with 1/2 < CR(n,0) < 1,

which is a finite measure since it must wind around the disk é]D) and intersect the unit circle 9D [255]. Scaling
each loop 1 sampled under this measure using the map z — z/CR(n,0) gives a loop sampled from Wl by
the conformal invariance of the SLE, loop measure.
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such that f(A) is a subset of n; with strictly positive distance from z and w. Resampling
(z,w) countably many times, we see that the Riemann map f uniformizing the bounded
component of C \ 7 is uniformly Hélder continuous for all SLE, loops 1 except on a set of
measure zero.

This argument shows that the uniformizing maps for SLE, loops satisfy the (non-Holder)
modulus of continuity given in [150] except on a set of zero measure. The conformal remov-
ability of an SLE4 loop follows from observing that the sufficient condition for conformal

removability in [151], which was verified there for chordal SLE, is local.

6.4.3 Conformal welding of quantum disks

Fix v € (0,2) and let £ = 72, Building upon Sheffield’s quantum zipper [228], Ang, Holden,
and Sun proved in [19] that conformally welding two independent 7-LQG disks gives a
quantum sphere decorated with an independent SLE, loop. We give a translation of this
result in terms of the welding homeomorphism of two independent LGFs on S!.

Recall that given an LGF h on S!, we let M\h to be the 7-GMC measure M;, = MZ

corresponding to h normalized to have unit mass. Define ¢j, = (bz € Homeo+(81) by
61(2) = exp(2mi - M)([L, 2])),

for each z € S! where [1, 2] € S! denotes the arc running counterclockwise from 1 to z. That
is, the pushforward of the normalized GMC measure M 5, under the homeomorphism ¢j, is

the uniform (arc-length) measure on S'. The following is the main result of this subsection.

Lemma 6.4.8. Let v € (0,2) and & = 72 € (0,4). Suppose hy,hy are independent LGFs
on St and « is a uniform rotation of St independent from hy and hy. Let W* denote the
law of (¢Z2)’1 oao ¢Zl € Homeoy (S'). Then, the pushforward of W under the natural

projection, Homeo (SY) — S!\ Homeo, (S!) is equivalent to SLEY®'d.  Furthermore, if we
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identify SY\ Homeo  (S') with the stabilizers of 1 in Homeo (S'), then SLEY®M is equivalent

g -1 Y
to the law of (¢h2—710g|-—1|> Py, -

Note that (qﬁ?m)_l owo ¢Z1 is the circle homeomorphism corresponding to the conformal
welding of two disks with boundary length measures M h, and M h, Where we make a random
shift for the point on the second disk glued to 1 on the first disk according to the boundary

length measure M ho- This result immediately implies Theorem 6.1.2.
Proof of Theorem 6.1.2. Combine Lemma 6.4.8 with Proposition 6.3.7. O

We will obtain Lemma 6.4.8 using the conformal welding of independent quantum disks
each with one interior marked point as established in [15]. To state this result, let us recall
some basic definitions from the LQG literature. A 7-LQG disk with one marked point
is defined as the equivalence class (D,I',z)/ ~~ of the tuple of a domain D conformally
equivalent to the unit disk, a random distribution %, and a point z € D, where (D, T, z) ~,

(D, T, %) if there exists a conformal map f : D — D such that
I'=Tof+Qlog|f| (6.4.2)

for QQ = %—i—% and Z = f(z). We define a v-LQG sphere with two marked points and a Jordan
curve similarly as an equivalence class (D, I',, 21, 22)/ ~~ up to conformal transformations
where the field I" satisfies the coordinate change rule (6.4.2).

We now define Liouville field on ID. While the Liouville theory on simply connected
domains with boundary was stated originally on the unit disk D [141], subsequent works
such as [210, 211, 22| used the upper half-plane H as the standard domain. Nevertheless,
Proposition 3.4 and Proposition 3.7 of [141] imply that the (infinite) law we give here agrees
with the definitions of Liouville fields on H up to a v-dependent multiplicative factor. See

[211, Section 5| for further details.
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Definition 6.4.9 ([22, Lemma 4.4-4.5]). Let Pp be the law of the free-boundary GFF on D
normalized to have zero mean on the boundary 0. Let Pr denote the law of the whole-plane

GFF with zero mean on the unit circle.3

1. For £ > 0, define LFS’O) (0) to be the law of the field I'* := " + %log m, where

I:=T—~ylog|-| (6.4.3)
for the field T' sampled under the reweighted measure ¢~4/ VQ(Vf(aD))‘l/ 72_1PD. Let
M(lifsk(v; () be the measure on quantum surfaces (D, T, 0)/ ~~, where ' is sampled

from LFI(D)7 0) (¢). This is a finite measure on quantum disks with boundary length ¢

and one interior marked point. Define

0 . oo .
LFI(D)%O): /0 LFI(D%O)(@)CM and  M{EEK(y) = /0 My, 0) de. (6.4.4)

2. For ¢ > 0, define LFS’O)’(%U(@ to be the law of the field I'¥ := I'+ 2 log —4— where
Y Vf(@D)
[:=T—~ylog|-|—~log|-—1] (6.4.5)

for the field I' sampled under the reweighted measure £~4/ 72+1(1/f (6D))4/ 7 Pp.

3. Let LF((C’V’O)’(’Y’OO) denote the law of the field I' —ylog |- | — 2(Q — ) log | - |+ + ¢ where

(T, ¢) is sampled from the law Pg x [e2(0=@)d(] and |z|4+ = max{1,|z|}.

We note that LF]%?’O) (¢) and LFI(D)%O)’(%D(E) are finite measures for each ¢ > 0 [141,
Corollary 3.10]. See also [211] for explicit formulas for their total masses. The following
lemma clarifies the relation between these two measures, which follows from combining Def-

inition 2.10, Proposition 3.4, and Proposition 3.9 of [22] and Proposition 2.21 of [15].

3. This is a centered Gaussian field with covariance kernel Ge(z, w) = —log |z — w| + log ||+ + log |w]|+.
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Lemma 6.4.10. Given a finite measure \, let M denote the this law normalized to be a

probability measure. Fix ¢ > 0.

1. Sample a field T' on D from LFI(D)%O) (6)#, then sample ¢ € OD from the normalized

boundary length measure Upe = vpe/vpe(OD). Then, the field Tl(e™.) has the law
70 ) 71

2. Sample a field T' on D from LFS’O)’(%D(E)# and independently sample a uniform
boundary point e ¢ oD (from the normalized arc-length measure on OD). Then,

Tl(e™.) has the law LFI(D?’O) (0)#.

Given quantum disks Dy and Do, let Weld(Dq, D) denote the uniform conformal welding
of D1 and Ds as described in [15, Section 2.5|. That is, Weld(D7, D2) is a probability measure
on the quantum sphere obtained by conformally welding the boundaries of D1 and D» starting
from matching the points sampled independently on each boundary from the normalized
boundary length measures. Put otherwise, Weld(D1, D9) is the law of the quantum sphere
(@,F,U,O, 00)/ ~~ where, if D1 and Dy are the bounded and unbounded components of
C \ 1, then (D1,D9) = ((D1,T|p,,0)/ ~~,(D2,T'|p,,00)/ ~v) and the quantum boundary
length measures of Dy and D9 agree on 7, which we call the quantum length measure of 7.
Moreover, if we sample p € n uniformly from the quantum length measure normalized to be
a probability measure, then the joint law of (D1,'|p,,0,p)/ ~ and (D2,I'|p,,0,p)/ ~~ is
that of D; and Dy each with a boundary point sampled independently of each other from

the normalized quantum boundary length measure. Let us define the law

Weld (M5 (3 0), M{B (3 0)) = / Weld(Dy, D) dIMEG (7: €) x M{FE (7 0)](Dy, Da).
(6.4.6)
We now state the conformal welding theorem of [19] for the loops that separate 0 and

0o, and translate it to Lemma 6.4.8.
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Lemma 6.4.11 ([15, Lemma 7.7|%). Let k = 7> € (0,4). If (I',n) is sampled from
LF(%O)’(%OO) X /L’;é, then the law of the loop-decorated quantum surface (@, [',n,0,00)/ ~vy is

equal to [~ (- Weld(MdlSk( 0), /\/ldmk( 0)) dl up to a y-dependent multiplicative constant.

Proof of Lemma 6.4.8. Consider the disintegration
(7:0),(7:00) i R0, (7,00)
LR 00 xM;:/O LEQ ) o (o) e

where [LFg’O)’(%OO) X u%](ﬁ) is a measure on the pair (I', ) such that the quantum length
of n with respect to I', which we denote vp(n), equals ¢. From Definition 6.4.9, we see that a
version of [LFg’O)’(V’OO) X u’;é](ﬁ) is given by (' + %log(ﬁ/yp(n)), n) where (I', ) is sampled

from the restriction of
¢4/

[ 4t

70’ b
LFg )('7 OO) % M%

70 ) 7m

to the event {vp(n) > 1}. In particular, note that the marginal law of  under X

,u%](f) is equivalent to u%.

Fix £ = 1. Recall that the quantum disk (D,I',0)/ ~ with I" sampled from LFS’O)(l)#
has the law /\/ldlsk('y7 1)#. Define ¢p(z) = exp(2mivp([1,2])), where [1,z] denotes the
arc from 1 to z counterclockwise. Suppose I'1,I'9 are independent fields sampled from
LF]%)7 ’O)(l)#. Observe that if ag, a9 are independent samples from the uniform measure on

-1

the rotation group of S' which are further independent from I'y, T'y, then (agody N 811])) o(ajo

¢F1| B]D)) is the homeomorphism corresponding to the uniform conformal welding of quantum
disks D1 = (D,I'1,0)/ ~y and Dy = (D,T'9,0)/ ~. That is, if  is the Jordan curve which
corresponds to the welding homeomorphism (a9 o ¢F2|8D)71 o (aq o ¢p N OD) then there is a

random field I such that (C,T,7,0,00)/ ~~ has the law Weld(MdlSk(% )7, MdlSk( 1)#).

4. In place of C and T [15] uses the infinite cylinder C = RxS! and the law of SLE,; loops on C separating
+00 that touch {0} x S! from the left but do not cross it, respectively. By the conformal invariance of SLE,

loops and the translation invariance of LFéy’ioo) [20, Theorem 2.13], our statement is equivalent to [15,
Lemma 7.7].
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Hence, by Lemma 6.4.11, n has the law ,u;éé when considered up to rotations of C around
0. By the invariance of the law u; under such rotations, if we choose o € 9D uniformly
yet again independently from 'y, 9, a1, a9, then ag -  has the law ,u%. Observe that if we
denote the rotation z +— « - z also as ag, then the welding homeomorphism corresponding
to ag - is given by (ag o ¢F2\81D>>_1 o(ayo ¢F1|8ID)) o aal when both are considered as ran-
dom elements of S\ Homeo (S'). From Definition 6.4.9, we see that if I' is a sample from
LFS’O)(l)#, then the law of T'|gp is equivalent to that of h — %I/h(Sl) where h an LGF on
S!. That is, the law of ¢F|8]D) is equivalent to that of ¢h—%uh(81) = ¢y,

Thus, to paraphrase our conclusion so far, if hy, ho are LGFs on S! and ap, ], g are
uniform random variables on S!, all mutually independent, the pushforward of the law of
gbg;o(a;loozl)othloagl under the projection Homeo ¢ (S') — S\ Homeo  (S!) is equivalent
to SLEY®M. Since the law of LGF on S! is invariant under fixed rotations of S' and ag is
independent of hy, we have that ¢y, (0461(1))_1 “bp, oaal agrees in law with ¢, . Moreover,
Qo Ly 1 is a uniform rotation of S! independent from hy, ho, and ap, so we obtain the first
part of the lemma.

For the second part of the lemma, we observe that e!© := (g o ¢F2|8]DJ)71 o(ay o
Ory|op) (1) = (Ory) am))_l o(ay toay)(1) is, conditioned on I'y, a point sampled uniformly from
the boundary length measure vp, normalized to be a probability measure. By Lemma 6.4.10,

we see that e 1@ . (

¢F2|OID))71 o (a2_1 o av) agrees in law with qb%l where T'y is sampled from
2
LFS’O)’(%l)(l)#. Since the law of T'a|gp is equivalent to that of hg — ylog| - —1| from

Definition 6.4.9, the second part of the lemma follows as in the previous paragraph. n
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6.4.4 FEquiwvalence for other weldings

We end with a few remarks on generalizations of Theorem 6.1.2. From Lemma 6.2.10, for

each ¢ € WP(S!) and almost every zg € S!, we have that

)w(zoem) (6.4.7)

satisfies

Reuy(-, 1) = log e H/2(sh. (6.4.8)

o) — (1)
1

Hence, the asymmetry in Theorem 6.1.2 can be seen to be associated with our choice of
stabilizers of 1 as the representatives of S\ RM(S!). We record a symmetric version of

Theorem 6.1.2 without the “special” point 1.

Corollary 6.4.12. For k € (0,4), sample 1y, from SLEvﬁveld and zgy from a probability mea-
sure that 1s mutually absolutely continuous with respect to the arc-length measure on the unit
circle. Define () = 200w (-). Then, for any ¢ € WP(SY), the laws of 1y 0@ and ¢~ Lo,

are mutually absolutely continuous with respect to that of 1@,{.

The homeomorphism (bZ giving the normalized GMC measures M\Z of intervals was first
introduced in [29], which showed using analytic methods that if h; and ho are independent
LGFs on S' and 71,79 > 0 are sufficiently small, then (gbzll) o (¢7L22)_1 is almost surely
a welding. (Let ¢ be the identity map if v = 0.) The works [50] or [161] showed that
(gbzll)*l o (gb%i) is almost surely a welding as well for sufficiently small v1,79. A notable
feature of these works is that the constants 71 and 9 can be distinct; however, the law
of the Jordan curves that solve the welding problem for these homeomorphisms were not
identified. Our analysis leads to the following quasi-invariance results for these random

homeomorphisms.

Corollary 6.4.13. Let o, € Homeoy (SY) fix 1. For independent LGFs h,h on S' and
304



7,7 € (0,2], we have:

o The law of ¢Z o @ 1s mutually absolutely continuous with respect to the law of gbz if and

only if ¢ € WP(S!).

e The law of ¢ o (qﬁZ)_l 15 mutually absolutely continuous with respect to the law of

(cﬁZ)_l if and only if ¢ € WP(S1).

e The law of po (qbz)_l o gbz o ¢ is mutually absolutely continuous with respect to the law

of () Vo] if o, o € WP(S!).
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