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ABSTRACT

In this thesis, we investigate methodologies for discovery, assimilation, and control of (stochas-
tic) dynamical systems, and introduce algorithms that exploit structural properties for
efficiency. Data-driven modeling problems in physics and engineering are governed by
high-dimensional dynamical systems, where direct simulation and control can become pro-
hibitively expensive.

Chapter 2 begins with the discovery of mathematical descriptors directly from data, fo-
cusing on nonautonomous and translation-invariant systems. By combining the Lagrangian
frame of reference with locally time-invariant Koopman approximations, we obtain low-rank
linear time-varying surrogate models with a priori predictive error estimators. We validate
the approach on canonical flow and 2D advective transport problems. In Chapter 3, we
shift focus to stochastic systems, and address uncertainty quantification in multiscale mod-
els where stiffness impedes statistical convergence. We propose reduced-order probability
density equations, which employ closure terms defined as state-space conditional expecta-
tions and learned directly through data assimilation strategies, such as nudging. Chapter 4
generalizes this methodology to high-dimensional observables. The methodology is then ap-
plied to stochastic power system models to design estimators for extreme-event probabilities,
such as cascading line failures. Numerical results demonstrate both stability and efficiency,
outperforming naive Monte Carlo simulation and kernel density estimations.

In Chapter 5, we address the problem of control, which is a central problem in the
characterization of extreme events. We present an optimize-then-discretize framework for
linear-quadratic control governed by time-inhomogeneous dynamics. Our method employs
a modified overlapping Schwarz decomposition in continuous-time, which ensures conver-
gence through the exponential decay of sensitivity property in Hamiltonian systems. Un-
like discretize-then-optimize approaches, the framework allows flexible numerical integration
schemes while preserving stability. This contribution paves way for distributed nonlinear

Xvi



control as well as deep learning applications, whose analysis is left for future work.
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CHAPTER 1
INTRODUCTION

Many phenomena in physics and engineering are governed by dynamical systems, which are
described by ordinary (ODE) or partial differential equations (PDE) that evolve in time
according to underlying physical or statistical laws. These systems often exhibit nonlinear
interactions, are subject to uncertain boundary conditions and forcing, and evolve over long
time horizons, making them both expressive yet computationally demanding.

Modern engineering and scientific applications call for advanced computational frame-
works capable of addressing two fundamental challenges. The first concerns model reduction:
how to approximate complex dynamics in low-dimensional, interpretable representations that
accelerate model-based simulations while maintaining a controlled (and efficient) trade-off
between physical fidelity and computational cost [10, 80]. The second pertains to the task of
control: how to optimally synthesize, predict, and plan system behavior under physical con-
straints so as to achieve desired outcomes in interactive, feedback-driven settings [18, 36, 98|.
These two aspects form the conceptual backbone of modern computational science, and recur
across virtually every field in which high-dimensional dynamical systems must be simulated
and optimized: from fluid dynamics [101, 159]|, materials science [198, 1, 146|, power net-
work analysis [56, 221], energy |7], to biological networks [44], financial modeling [177, 29|,
and, more recently, deep learning [59, 90, 106]. Despite their disciplinary diversity, these
applications share a common goal: to model, approximate, and control dynamical behavior
in ways that preserve underlying structure while enabling scalable computation

The aim of the present work is to address the challenges of efficient computations in this
joint perspective of model reduction and control, through the lens of four chapters. Chapter 2
and Chapter 3 address deterministic and stochastic aspects of model reduction. Extending
the framework developed in the stochastic case, Chapter 4 shifts from model reduction to

the task of estimation; and we discuss an important case of control in Chapter 5. Although
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historically developed as distinct disciplines—one arising from numerical analysis and the
other from nonlinear optimization theory—reduction and control are intrinsically coupled.
Effective control depends on reduced representations that capture essential system behavior,
while models must maintain the stability, sensitivity, and controllability properties necessary
for feedback synthesis. This interplay has become especially prominent in modern data-
driven settings, where models are inferred directly from observations and deployed for both

prediction and decision making under uncertainty [34, 212, 166].

1.1 Literature Review

In Chapter 2, we begin with the problem of model discovery and reduction for deterministic
dynamical systems, focusing on the identification of linear representations of complex pro-
cesses directly from data. This question is motivated by systems dominated by transport, dif-
fusion, and external forcing, including advection-diffusion equations in fluid mechanics [169|,
reactive flows [208], and probability diffusion in stochastic dynamical systems [178|. In such
settings, spatial and temporal nonautonomous problems—arising from variable advection
fields, time-dependent source terms, or externally driven boundary conditions—renders di-
rect numerical simulation or analytical closure intractable [167]. Therefore, the objective is
to construct reduced-order models that remain both stable and time-adaptive across evolving
regimes, capturing essential dynamics while mitigating the computational cost inherent in
such systems. Classical approaches such as proper orthogonal decomposition [101, 17, 194]
and Galerkin projection [119] project high-dimensional systems onto low-dimensional sub-
spaces defined by dominant modes. While these techniques yield optimal low-rank approxi-
mations in their parametric forms, they depend on linearization around an equilibria and full
knowledge of governing equations. These assumptions are difficult to satisfy in the numerical
studies of complex and multiscale systems. As a result, their stability and accuracy often

degrade when applied to time-dependent source terms.
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Over the past decade, a more flexible alternative is offered by Koopman operator the-
ory [35], which represents nonlinear dynamics as linear evolution in an infinite-dimensional
space of observables. The dynamic mode decomposition (DMD) [184] provides a finite-
dimensional, numerical realization of this construction, which enables modal analysis di-
rectly from data without explicit equations. DMD has achieved broad success in uncovering
coherent structures in turbulence [76] and plasma physics [108]|. At the same time, its global
linear assumption makes it sensitive to nonstationarity. When advection, nonlinear forc-
ing, or parameter variation dominate stationary diffusive behavior, standard DMD produces
modes that fail to separate temporal scales and cause errors to accumulate rapidly. Variants
such as extended DMD [133, 64|, kernel DMD |14, 160], and time-delay embeddings [123]
greatly improve expressiveness but fails under time-varying forcing. On the other hand, tem-
poral variations of forcing or variable advection further complicate the task of identifying
a low-rank operator due to the inherent constant (in time) assumption of the conventional
Koopman operator [79]. While online and streaming DMD formulations [226, 92| mitigate
the unstable behavior, they do not account well for advection-dominant regimes.

The limitations of existing reduced-order modeling approaches in handling nonautonomous
and advection-dominated systems motivate the approach developed in Chapter 2. To ad-
dress these issues, we propose to enhance the standard approaches by incorporating temporal
locality and draw on the insight that advective transport can be captured more faithfully
when observables are represented in a Lagrangian frame that moves with the flow. This
perspective enables the Koopman operator to be approximated in a form that remains linear
in the feature space but adaptive to evolving dynamics.

Chapter 2 discusses the reduced-order modeling of a deterministic dynamical system, the
next major question underlying practical decision-making is the propagation of uncertainty.
Uncertainty may arise from noisy observations, model discrepancy, or structured randomness

in boundary or forcing terms. In realistic multiscale systems—such as climate modeling or



biological networks—the number of uncertain degrees of freedom can be enormous, and their
interactions are frequently nonlinear [140, 163, 73]. Traditional uncertainty quantification
(UQ) techniques, while well established, often struggle in this regime.

While deterministic model reduction focuses on the simulation of state trajectories, many
systems of practical interest are driven by stochastic excitations that necessitate a proba-
bilistic description of dynamics, or at least the ensemble moments thereof. In such settings,
the goal is to approximate the evolution—or suitable low-order statistics—of the proba-
bility density function (PDF) governed by the Fokker-Planck or Liouville equation, rather
than tracking individual sample paths. Classical approaches to UQ, including Monte Carlo
simulations and stochastic collocation [215, 70|, are known to converge slowly and become
prohibitively expensive when the underlying dynamics are high-dimensional. To mitigate
this cost, PDF-based methods have been developed to propagate the full distribution of
system states. Early work on moment-closure approximations [43, 48] introduced tractable
surrogate models by truncating infinite-order statistical moments, while spectral represen-
tations such as polynomial chaos (PCE) [214] and Karhunen-Loéve (KL) expansions [194]
provided orthogonal bases in measure-induced Hilbert spaces. Despite their elegance, these
global expansions become inappropriate for correlated noise processes and suffer from poor
stability when applied to strongly nonlinear or non-Gaussian systems, where the support
of the underlying distribution evolves in a highly nontrivial manner. For low-dimensional
systems exhibiting these traits, the method of distributions (MoD), comprised of PDF and
cumulative distribution function (CDF) methods, has been highly successful via the deriva-
tion and learning of closed-form deterministic partial differential equations (PDEs) for joint
PDFs/CDFs of system states [142, 143|. The approach has also been adapted to quantify
parametric uncertainty in hyperbolic {199, and the references therein| and parabolic [25]
PDEs. Its major strength relies on random input fields being treated exactly, which is in

contrast to implementations based on KL expansions [31], meaning that, unlike PCEs, the



MoD is well-suited for systems with short-range colored noise but fail to efficiently charac-
terize high-dimensional systems.

In Chapter 3, we develop a principled model-reduction framework for stochastic dynam-
ics that operates directly on the underlying system properties. We study a low-dimensional
quantity of interest (Qol) that depends on a high-dimensional, multiscale stochastic system,
and aim to describe its probabilistic evolution within the MoD framework. When projected
onto the Qol, the governing PDF equation induces conditional expectation—based closure
terms that represent the influence of unresolved variables on the reduced dynamics. These
conditional closures are analytically intractable in complex nonlinear systems and must there-
fore be inferred from data. To this end, we incorporate a data assimilation step that learns
these closure terms directly from trajectory observations that are consistent between the
reduced PDF dynamics and the original high-dimensional system. The resulting hybrid
approach provides a semi-analytic and physically interpretable framework for propagating
uncertainty in multiscale stochastic systems.

While high-dimensional stochastic systems are inherently difficult to fully characterize,
in Chapter 4 we present a practical application that extends the framework of Chapter 3 to
vector-valued Qols arising in large-scale power system models. This chapter marks a con-
ceptual transition from model reduction to statistical estimation of probabilities associated
with rare but high-impact events. Large power networks provide a natural and societally
critical testbed for stochastic modeling and uncertainty propagation. Their dynamics are in-
trinsically multiscale, combining fast electromagnetic transients with slower mechanical and
economic control loops, and are continuously perturbed by stochastic renewable generation
and fluctuating demand. From a reliability perspective, the central challenge lies in quan-
tifying the probability of cascading failures, and Chapter 4 aims to provide a perspective
towards this direction.

Traditional reliability assessment techniques in power networks rely on chained condi-



tional simulations, such as N — k contingency [220] and kinetic Monte Carlo (kMC) simula-
tion [182], are conceptually straightforward but have constraints on the noise processes (i.e.
convergence is only to hold in the large-deviation limit) and becomes computationally in-
tractable for high-dimensional systems. They fail to capture the nonlinear coupling between
uncertain injections and network constraints and scale poorly with system size.

To address the above challegnes, the extension in Chapter 4 highlights the observation
from Chapter 3 that the probability of each transmission-line failure depends on a scalar func-
tion that can be efficiently evaluated (albeit highly nonlinear). We then propagate its PDF
directly by expressing it as the solution of a low-dimensional partial differential equation,
which we solve numerically. This reduced-order formulation allows us to consider the joint
density of multiple transmission lines simultaneously, and capture their conditional depen-
dence structures that are otherwise difficult to simulate using kMC methods. Furthermore,
the approach is inherently data-driven: measurements of system states can be assimilated
to estimate unknown closure terms in the PDE. Finally, unlike the large-deviation or low-
temperature approximations of kMC, the proposed method provides a minimal-assumption
and distributionally consistent methodology for tail probability estimation.

While the previous chapters focus on constructing and simulating data-driven reduced-
order models, the techniques were ultimately motivated by a broader goal: to predict and
plan for rare but critical events in complex dynamical systems under uncertainty. Beyond
describing statistical properties, an effective model should also reveal the most likely path-
ways by which extreme events occur. Recent advances in computational methods have
strengthened the link between large deviations theory and optimal control, showing that
the so-called instanton path—the least unlikely trajectory leading to a rare excursion in
a stochastic system—can be characterized as the solution of an optimal control problem
constrained by differential equations [67]. This viewpoint reformulates reliability analysis

as a control problem: rather than sampling stochastic dynamics directly or characterizing



their entire probability distribution, one identifies specific noise realizations that drive the
system toward failure and employs asymptotic approximations to estimate the correspond-
ing rare-event probability |75]. In recent applications, this approach has proven effective in
dramatically reducing the number of required simulations for probability estimation, as well
as in related tasks such as importance sampling [201, 202].

Motivated by this perspective, we close in Chapter 5 by considering the solution of
long-horizon optimal control problems (OCPs) constrained by linear, time-varying differen-
tial equations, and by developing the theoretical foundation for this task. General-purpose
computational methods for control remain formulated in discrete time, where long horizons
lead to rapidly growing system dimensions and severe scalability bottlenecks (see [95], and
references therein). These challenges have motivated the search for structure-preserving op-
timization methods that reduce the dimensionality of the Karush-Kuhn-Tucker (KKT) sys-
tems, including reduced-space Newton-Krylov approaches [171] and matrix-free interior-point
methods |74, 47|. Despite these advances, optimization with discretized control variables be-
comes increasingly expensive as the temporal resolution grows, motivating a formulation of
the problem in continuous-time.

In contrast, another promising class of methods is the indirect approach, which derives
first-order optimality conditions directly in the continuous setting before introducing any
discretization. This formulation expresses the problem through the Hamiltonian system
associated with Pontryagin’s Minimum Principle (PMP), and establishes a coupled relation-
ship between control, state, and adjoint variables [45]. By exploiting the adjoint equation
to compute gradients efficiently, indirect methods avoid the large matrix numerical differen-
tiation required in discretized formulations and retain the structure of the continuous prob-
lem [61]. Over the years, numerical techniques such as multiple-shooting and adjoint-based
schemes [19, 85| have been developed to solve these systems alternatively. Because they

adhere to an optimize-then-discretize philosophy, indirect methods offer greater flexibility



across temporal and spatial resolutions, making them well-suited for high-fidelity dynamical
optimization.

Nonetheless, the foundational challenge in differential equation-constrained control still
lies in scalability. Chapter 5 aims to address this issue by developing a framework that
exploits structural properties of the underlying dynamical system to enable distributed com-
putation. While the large number of coupled variables and constraints in long-horizon or
high-dimensional systems renders centralized solvers computationally prohibitive [51], we de-
velop a continuous-time framework that leverages domain decomposition to achieve scalable
and distributed computation. In particular, Schwarz-type methods—originally introduced
for elliptic and parabolic partial differential equations [137, 57, 170]—serve as the concep-
tual foundation of our approach. These methods achieve convergence by iteratively solving
local subproblems and exchanging information across overlapping subdomains, a principle
we adapt here to the setting of continuous-time optimal control.

In recent years, this idea has been extended to OCPs, where overlapping subdomains
correspond to locally coupled control intervals. Allowing overlap between design variables
has been shown to enhance convergence and robustness [192, 152]. A key theoretical insight
underlying these methods is the exponential decay of sensitivity: perturbations introduced
at subdomain interfaces diminish rapidly as they propagate inward, ensuring that local
corrections synchronize toward the global optimum. This principle forms the foundation
of iterative Schwarz-based optimization schemes. Recent developments, such as the fast
overlapping temporal decomposition (FOTD) algorithm [153|, have demonstrated notable
acceleration for discretized OCPs.

While these advances have established the effectiveness of Schwarz-based decomposition
in discrete settings, they remain limited by the lack of a continuous-time theoretical founda-
tion. In this chapter, we extend this line of research to continuous-time control, developing

an overlapping Schwarz framework that provides the first explicit convergence constants in



this setting.

This thesis contains material from two published papers [228, 145| by the author, along
with two submitted manuscripts (229, 230]. In particular, Chapter 2 is based on [228], co-
authored with Prof. Daniel Tartakovsky. Chapter 3 is based on [145]|, co-authored with
Dr. Tyler Maltba and Dr. Daniel Adrian Maldonado; and Chapter 4 is based on [229], co-
authored with Dr. Tyler Maltba, Dr. Daniel Adrian Maldonado, Dr. Emil Constantinescu,
and Prof. Mihai Anitescu. Both Chapter 3 and Chapter 4 were completed during the
author’s appointment at Argonne National Laboratory (MCS Division). Chapter 5 is based
on [230], co-authored with Prof. Sen Na and Prof. Mihai Anitescu.

For the remainder of this introduction, we provide detailed overview of each chapter. We

discuss future directions and extensions in Chapter 6.

1.2 Overview of Chapter 2

In Chapter 2, we begin with the discovery of (linear) mathematical descriptors for physical
phenomena directly from observational and simulated data. This question is central to
many areas of applied mathematics and physics, yet it is made difficult by two recurring
obstacles: the inherent time-inhomogeneity of inputs and translation-invariance of underlying
dynamical systems. Motivated by these challenges, we propose to develop a framework that
connects Lagrangian dynamic mode decomposition (DMD), proposed in [130], with a locally
time-invariant approximation of the Koopman operator. The Lagrangian formulation allows
us to construct low-rank linear surrogate models that optimally capture system dynamics
in the least-squares sense, while the Koopman approximation provides a principled way to
address nonlinearity and non-autonomous behavior. The downstream tasks of constructing
a time-varying model relies heavily on linear algebra operations, including the Woodbury
matrix identity [84] to update the low-rank least squares-fit linear operator.

In addition to the algorithmic formulation, we establish theoretical bounds on both inter-
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polation accuracy and perturbation error, which quantify their dependence on the numerical
rank and sampling frequency of the observation data. Furthermore, an improved upper
bound is provided for the case of linear time-varying systems. We provide a verification
of the derived error bounds using a 2D time-varying linear system (see [226]) and high-
light its practical improvement in tightening the a priori interpolation error estimates. To
demonstrate the practicality of our approach in identifying low-rank surrogate models, we
provide detailed numerical experiments on two complex systems: fluid flow past a solid
cylinder, governed by the incompressible Navier—Stokes equations; and the transport of a
scalar field in 2D, described by the advection-diffusion equation. In both cases, our approach
significantly outperforms standard [33] and Lagrangian DMD methods [130], demonstrating

superior numerical accuracy and stability under time evolutions.

1.3 Overview of Chapter 3

In this chapter, we consider reduced-order models in stochastically-forced systems and extend
a first principles approach towards addressing the challenge of sampling observables that are
derived from such systems. Instead of a deterministic governing system with fully predictable
behavior, we discuss the approximation of time-varying probability diffusion of the system,
from which the observables also exhibit structured, albeit random, behavior.

We introduce a data-driven and physics-informed framework for propagating uncertainty
in stiff, multiscale random ordinary differential equations (RODEs) driven by correlated
noise. Unlike systems subjected to Gaussian white noise, such problems do not admit a
closed-form deterministic equation for the joint probability density function (PDF) of state
variables, and any formal PDF representation would be prohibitively high-dimensional. We
derive exact but unclosed reduced-order PDF (RoPDF) equations for low-dimensional ob-
servables or quantities of interest, where the missing closure terms appear as state-dependent

conditional expectations estimated directly from data at sparse observation times.
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Furthermore, in stiff, multiscale regimes, sparse grid leads to regression discrepancies
that accumulate during RoPDF evolution. To mitigate this issue, we propose to enrich
the RoPDF equations with a kinetic-like defect term that is adaptively learned by assim-
ilating sparse, low-fidelity PDF estimates through plug-in density estimators (e.g. kernel
density estimation). Within this framework, we investigate two assimilation strategies—
nudging and deep neural networks—and demonstrate that both can effectively stabilize and
correct the RoPDF evolution. Through numerical experiments, we show that the proposed
approach achieves accurate long-range uncertainty propagation, benchmarked against high-
fidelity Monte Carlo simulations, while requiring significantly fewer computational resources.
We note, however, that while the methodology demonstrates empirical success, the precise

characterization of sample complexity remains a challenging, albeit promising, direction.

1.4 Overview of Chapter 4

Chapter 4 extends our focus from low-dimensional observables to vector-valued observables,
where correlations among variables play a central role. Such extensions are essential for
applications in large-scale engineering systems, where uncertainties propagate across coupled
components.

We propose a data-driven approach for propagating uncertainty in stochastic power grid
simulations and apply it to the estimation of transmission line failure probabilities. Start-
ing from the Fokker-Planck equation of the full-order continuous Markov model, we derive
a reduced-order equation governing the evolution of joint line energy probability density
function. Our approach relies on numerically integrating this reduced-order model, which
yields sample-efficient estimates of line failure probabilities without resorting to costly full-
scale Monte Carlo simulations. We conduct numerical experiments for both scalar- and
vector-valued energy functions using the classical multimachine model under spatiotempo-

rally correlated noise perturbations. The results show that our method not only achieves
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greater efficiency in computing tail-event probabilities compared with kernel density esti-
mation, but also produces meaningfully richer estimates of joint event capture (measured

through Kullback-Lieber divergence) than independent models.

1.5 Overview of Chapter 5

In the final chapter of this thesis, we present an optimize-then-discretize framework for
solving linear-quadratic optimal control problems governed by time-inhomogeneous differen-
tial equations. Our method employs a novel variant of overlapping Schwarz decomposition,
formulated in continuous-time through the Pontryagin Minimum Principle (PMP), which
partitions the temporal domain into overlapping intervals and solves associated Hamiltonian
systems in parallel. Convergence is ensured by systematically updating boundary conditions
across subproblems, a mechanism whose theoretical foundation rests on the exponential
decay of sensitivity (EDS), previously established in discrete-time OCPs, extends to the
continuous-time setting. Unlike discretize-then-optimize approaches, our framework accom-
modates flexible numerical integration schemes, including adaptive-time integrators, while
preserving stability and convergence guarantees. We illustrate the practicality of our method
with a linear-quadratic control example, which paves way for its use in long-range and non-

linear control applications.
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CHAPTER 2
DISCOVERY OF LINEAR REPRESENTATIONS FOR
NONAUTONOMOUS TRANSLATION INVARIANT PROBLEMS

2.1 Introduction

Most, if not all, efforts in mathematical modeling involve the task of identifying constitutive
relations or closures from experimental and/or simulated data. Traditionally, this task has
been the province of human intelligence, as exemplified in experimental determination of
density-pressure and permeability-saturation relations or theoretical derivation of coefficients
in the Fokker-Planck and Boltzmann equations. It has now become a domain of machine
learning and artificial intelligence [116].

While some of the machine-learning techniques are tailored to specifically “discover” a
closure term in, e.g., a partial-differential equation (PDE) [38, 164, etc.|, others aim to
approximate the whole differential operator or flow map. Among the latter are deep neu-
ral networks (DNN) and dynamic mode decomposition (DMD). DNN architectures, e.g.,
DeepONet, possess high expressiveness and can serve as nonlinear surrogates of PDE-based
models, provided sufficient amount of training samples are available [41, 172]. DMD pro-
vides an optimal linear approximation of the model and relies on the Koopman operator
to account for nonlinearity [33, and references therein|. Lacking precise error estimators,
DNN’s performance on any given problem cannot be guaranteed a priori. In contrast, DMD
is equipped with theoretical estimates of prediction accuracy, e.g., [131]. Its various gener-
alizations are designed to handle advection-dominated phenomena [130], shock waves and
discontinuous solutions [132], inhomogeneity of differential operators [134] and a problem’s
parametric dependence [135].

Physical features of a PDE model, such as translation invariance and time-dependent co-

efficients, pose challenges for both DNNs and DMD. For instance, direct-solution DNNs using
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soft regularization to enforce advection and mass conservation may lead to ill-conditioning
during training [117]. Operator DNNs have also been observed to yield poor performance
when the finite data samples are not representative of global transport phenomena (233, 216].
Likewise, standard DMD is also not devoid of shortcomings and fails to cope with sharp gra-
dients [16]. Furthermore, its construction is based on the assumption of time homogeneity
(e.g., parameters and/or source terms do not vary in time), which is not suitable for nonau-
tonomous problems.

A prime example of the twin challenges to model discovery is advection-diffusion problems
which encapsulate conservation of momentum [191, 195], thermal energy [20], and probability
mass [179]. In the diffusion-dominated and intermediary regimes, these problems have been
successfully treated via standard reduced-order basis methods including DMD [131, 155]
and POD [82]. The advection-dominated regime, characterized by, e.g., high Péclet and
Reynolds numbers, complicates not only numerical solution of advection-diffusion equations
but also discovery of these equations (or corresponding equation-free models) from observa-
tions. Although its convergence properties has been well-studied [114], standard DMD yields
quantitatively and qualitatively incorrect solutions, spurring the development of Lagrangian
DMD [130].

Nonautonomous dynamical systems pose an additional challenge for surrogate model-
ing. Typically, they necessitate the deployment of either a global spatiotemporal basis or
a time-dependent parameterization, e.g., via Fourier spectral expansions [149, 147|. Exam-
ples of such extensions of standard DMD include streaming DMD [92], online time-varying
DMD [226], and nonautonomous Koopman operators designed for periodic or quasi-periodic
forcings [148|.

We reformulate the dynamics in the Lagrangian frame of reference without requiring
any knowledge of the underlying PDE or its parameters. The transformed observations are

then used to construct a reduced-order model via a piecewise-constant approximation of
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the nonautonomous Koopman operator. Our proposed method, local Lagrangian DMD, ex-
tends the original Lagrangian DMD by introducing temporal localization, enabling accurate
modeling of translation-invariant, time-dependent systems directly from data.

In Section 2.2, we formulate a class of parabolic translation-invariant PDEs with time-
dependent inputs and, upon spatial discretization, express them as a nonautonomous dy-
namical system. Section 2.3 contains a brief description of the Koopman operator theory
and the DMD framework for construction of reduced-order representations of PDE-based
models. In Section 2.4, we present a local Lagrangian DMD, whose implementation shares
relevant features of the time-varying DMD [226] and the Lagrangian DMD [130] to effectively
represent translation-invariant PDEs with time-dependent inputs. Upper bounds of both the
prediction error of our method and the operator norm error are derived in Section 2.5, as
functions of reduction of rank and number of collected snapshots. This theoretical analy-
sis demonstrates that the local Lagrangian DMD is more accurate than either time-varying
DMD or Lagrangian DMD alone. A series of numerical experiments, reported in Section 2.6,
serve to demonstrate our approach and to compare these error bounds. Main conclusions
drawn from our study are summarized in Section 2.7, accompanied by a discussion of the

method’s limitations and future research directions.

2.2 Problem formulation

The spatiotemporal evolution of N, state variables u(x,t) = {u1,...,un,} € RNu in the d-
dimensional domain Q C R? over the time horizon [0, T] is described by (nonlinear, parabolic)

PDEs

% =—-Vx-J, J=-D(xtu)Vxu+G(x,tu), (x,t)eQx(07T]. (2.1a)
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These equations are subject to appropriate boundary conditions on the bounding surface of

) and to the initial condition
u(x,0) = ug(x), x €

The functions D(x,t,u) : Q x (0,T] x RNu s RT and G(x, t,u) : Qx (0, 7] x RNu — R? are
sufficiently smooth with respect to all variables to ensure the existence of a smooth solution
u(x,t). For (2.1) to be well-posed in the classical sense, the scalar diffusion coefficient D
is assumed to satisfy a uniform coercivity condition: there exists a constant A > 0 such
that D(x,t,u) > Au|? for all (x,t) € Q x [0,7]. This ensures that the system remains
strictly parabolic and prevents degenerate or hyperbolic behavior (e.g., shock formation in
inviscid Burgers’ equation). Moreover, the nonlinear advection term G is assumed to satisfy
a polynomial growth condition in u, such as |G(x,t,u)] < C(1 + [uF), k& > 1. Under
these assumptions, the system (2.1) admits a unique smooth solution for smooth initial and
boundary data [62, Chapter 7|.

To simplify the presentation, and without loss of generality, we discretize the computa-
tional domain 2 with Ny, grid points in each of the d dimensions, yielding a mesh with a
total of ng grid points. Let u(t) € M be a solution vector comprising values of the Ny,
state variables u(x,t) at the ng discretization points at time ¢; and let M denote a bounded

subset of RY | with N = Nung. A suitable discretization of the differential operator in (2.1)

leads to a nonautonomous dynamical system of the following general form:

du

T N(t,u), u(0)=uy. (2.2)

Here, ug € M is the solution vector at time ¢ = 0; and the discretized differential operator
in (2.1) is arranged in a vector of length N, i.e., N(¢,u) : RT x M — RY.

For any two times ¢ <, a continuous flow map ®,(-;1) : RY — RY is defined via the
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integration of (2.2), such that

t/
ut) =u(t)+ [ N(r,u(r))dr = S, (u(t);t). (2.3)

Let us discretize the time horizon [0,7] with (Ngy + 1) points 0 = t] < tp < -+ <
tN,,+1 = T values of the state vector u(t) at these points (i.e., snapshots) are denoted by
u; = u(t;). To simplify the presentation, we use a uniform time step At, so that ¢; = iAt

fori=1,..., Ny + 1. Then, a discrete flow map ®a;(+;¢;) is defined as

tit1
w1 =u; + t N(r,u(r))dr = ®as(u;;t;). (2.4)

A goal of DMD is to construct ® oz (u;; ¢;) from the temporal snapshots w; (i = 1,..., Ngp+
1) and to obtain its low-rank approximation, yielding a reduced-order surrogate of (2.1). Al-
ternatively, one can think of u(t) as a quantity of interest computed via post-processing the
numerical solution to (2.1). Since a direct model for the temporal evolution of this quantity
of interest is seldom available, DMD can be used to learn this model from the snapshots u;

(izl,...,Nsn).

2.3 Brief introduction to DMD algorithms

Consider an observable function g(u(t)) : M — RY. Families of the continuous, k! and

discrete, ICZ.N, Koopman operators for the dynamical system (2.4) are defined by the relations

Kf {g(u(®)} = g(u(t)) and K {g(u)} = g(uit), (2:5)

respectively. Both IC%I and ICZ.At are infinite-dimensional operators on the Hilbert space of
all observable functions g. They evolve a set of observables along their flow and amount to

linear maps even though the dynamical system (2.4) is nonlinear.
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DMD approximates the eigenmodes of the Koopman operator in order to identify dom-
inant frequencies and reconstruct the underlying dynamics from temporal snapshots. Let
S denote a training dataset containing Ng, snapshots of the observables, g; = g(u;) with
i=1,..., Ngn. Informed by (2.5), DMD aims to construct a best-fit linear operator K such
that

gi+1~Kg;, Vi=1,...,Nen.

2.3.1 Standard DMD

The standard DMD algorithm constructs K directly in the solution space, i.e., from g(u;) =

u;, by minimizing the mean squared error (MSE),

N,
1 sn
Ls(K) = 57— > lwiy — Kuy3. (2.6)
1=1

If the snapshots u; are arranged in the form of two data matrices of size N x Ngp,

X = u; uy - uy. and Y = uy ug --- uNsn+1 s

sn

then an exact solution of this minimization problem is
K =YX, (2.7)

where 1 denotes the Moore-Penrose pseudoinverse. To compute the pseudoinverse stably

and tractably, a truncated SVD is often applied to the data matrix X, namely,
~ T
X~UyX,V,.
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The subscript p denotes a prescribed rank, typically determined on a Frobenius-norm
error threshold; V, € RNsnXP: and & p € RP*P is a diagonal matrix containing the singular
values 01 > 09 > --- >0, 0of X € RNV *Nsn - The columns of matrix U, e RNV X/ span a p-
dimensional subspace, making it computationally efficient first to project the observations on
that lower-dimensional subspace, then to compute predictions on this subspace, and finally
to transform back to the original state-space [33, Ch. 1]. This procedure is summarized

in Algorithm 1.

2.3.2  Lagrangian DMD

Standard DMD algorithms, or other SVD-based methods for order reduction such as princi-
pal orthogonal decomposition (POD), fail to honor fundamental physical constraints for
translation invariant problems, e.g., solution’s non-negativity and mass conservation for
advection-dominated transport phenomena [130]. Recasting such (autonomous) problems
in a Lagrangian frame of reference and treating the moving Lagrangian grid as an additional
observable resolves this challenge, giving rise to Lagrangian DMD.

Characteristics X (¢;§) for (2.1) are defined elementwise by

% = |VxD(x,t,u(x,t)) +

0G(x, t, u(x, t))} (2.9a)

ou

x=X(t;€)

where &€ € () is a characteristic’s label, which identifies its starting point at ¢ = 0. For the

domain {2 discretized with Ngdp grid points x; (i =1,.. ., ng), there are Ngdp characteristics,

X, (i=1,... ,ng), with the ith characteristic originating from (being labeled by) & = x;.

Along these characteristics, u(X,t) satisfies

S - [Vx (Dt u(x, 1)) Vxu(x, ’5))}

- u((0).0) = uo(6).

x=X

Under the regularity assumptions stated for equation (2.1), the trajectories of (2.9) are
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Algorithm 1 Standard DMD algorithm [33, Ch. 3|

Inputs: SVD truncation-error threshold ¢ > 0; and data matrices X and Y, containing
Ngn snapshots of the vector of state variables (or observables) of length N:

|
X=|u u - upy, and Y = [ug uz --- un, 41

1. Compute SVD of X with truncation rank p, X = UprV;, such that

9 N N
T _ 2 2
HX—UpEprHF— E O’k,/ o, <€
k=p+1 k=1

2. Compute a low-rank approximation of the Koopman operator:
> T -1
K= Up YVpEp (2.8)
3. Compute eigendecomposition of K:
K=QAQ !,

where A is an p x p diagonal matrix containing the eigenvalues of K
4. Obtain the projected DMD modes:

associated with eigenvalues A\, = App.
5. Compute DMD predictions:

upyp (t) = @@l

where €2 is a diagonal matrix of DMD frequencies with entries wj, = In A\;,/At. In partic-
ular, upym (tx) = PAF®Tug at time point ¢,
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well-defined and the solution wu(x,t) remains smooth for ¢ € [0,7]. While the advective
component aligns naturally with Lagrangian trajectories, the diffusive term generally cannot
be decoupled and must still be evaluated in the Eulerian frame and interpolated. However,
through constructing a data-driven linear best-fit model for the full dynamics, this does not
hinder our formulation in advection-dominated regimes.

Except at the initial time t; = 0, at any time ¢;, (k > 1), the Lagrangian mesh comprising
nodes {X f = X;(tp)} i =1,... ,ng) differs from its Eulerian counterpart consisting of
nodes {x;} (i =1,... ,ng). Hence, the mapping between the discretized Eulerian solution
u;. = u(t;) and the Lagrangian solution u; = u(ty), i.e., the respective solutions to (2.1)
and (2.9) requires interpolation between these two meshes at each time step .

In this work, we use the terms Lagrangian frame and characteristic curves interchange-
ably. Specifically, the Lagrangian coordinates are defined via the characteristic flow and are
evaluated at each t; by integrating the ODE system (2.9). In this sense, the Lagrangian
frame corresponds to the initial reference frame, defined at x; (i = 1,..., ng), that moves
with the flow.

An observable in Lagrangian DMD is the vector wj, := g(u;) constructed by concate-
nating the Lagrangian mesh X (¢;.) and the Eulerian solution uj (interpolated from the

Lagrangian solution ), namely

Ne _ nd d

The length N, is the effective state dimension of the resulting dynamical system. Temporal
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snapshots w;. (k= 1,..., Ngn) are arranged into data matrices

X = W]. W2 PPN WNsn y Y = W2 W3 e WNsn+1 . (211)

Finally, Algorithm 1 is used to build the best linear model for w(t).

The formulation of state vector w(t) in (2.10) suffers from the “curse of dimensionality,” as
the PDE solution is defined on a d-dimensional spatial grid. Consequently, Lagrangian DMD
for advection-dominated phenomena works best for low-dimensional problems. The state
dimension is of O(ng), i.e., grows exponentially with d. The use of the one-dimensional
grid points in each dimension, instead of their tensor product, would reduce the storage
complexity to ngp—l—NuNgdp. Alternatively, one can adopt model order-reduction techniques,
e.g., tensor-based methods [21]. Further discussion of high-dimensional PDE solutions lies

outside the scope of this investigation.

2.8.8 Local DMD

Local DMD is designed to deal with time-dependent inputs (of diffusion-dominated problems)
by partitioning the simulation horizon [0,7] into N7 non-overlapping intervals [7,_1, 7],
with p=1,..., Np and 79 = 0, 7, = T'. For simplicity, each interval contains r snapshots
and Ngp = rNp. Local DMD approximates the nonautonomous Koopman operator (2.5) by

introducing time-dependence in the linear operator,

gi+1 ~ K(t;)g; (2.12)
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It is common to treat K(t) as piecewise constant on each interval [7,_1, 7p],

N
K(t) =Y KpTj. | o (2.13a)
p=1
where I[Tp_ 1,7 18 the indicator function for time interval [Tp—1,7p]. The constants K,
(p=1,...,Np) are determined by solving Np minimization problems,

Np
min Lg(K(t))= min Ls (K)).
T L) KKN; 5,(Kp)

Here, S; is a collection of snapshots available during [r,_1,7], and & = U;V:T1 Sp. The
resulting operator K(t) is a local best-fit given by standard DMD on interval [7,_1, 7p].
Instead of the piece-wise constant approximation of K(t), one can deploy other parame-

terizations of K(t), e.g., basis polynomials or a universal function approximator [173].

2.4 Proposed methodology

Both standard DMD and Lagrangian DMD are designed for either autonomous or periodic
dynamical systems (2.2), for which the Koopman operator in (2.5) is constructed on a time-
invariant set of solution trajectories. At the same time, local DMD is built to deal with
nonautonomous systems, but fails to preserve the translation invariance that characterizes
advection-dominated problems. Our transient Lagrangian DMD combines the strengths,
and ameliorates the weaknesses, of these two DMD variants. Algorithm 2 implements our
method.

Algorithm 2 relies on the piecewise-constant Koopman operator K(t) in (2.13). Modifi-
cations of K(t), which allow superpositions of DMD frequencies in each time interval, would
give rise to other forms of DMD, such as the multi-resolution DMD [120] and the windowed
DMD [5].
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Algorithm 2 Local Lagrangian DMD

Inputs: Data matrices X, Y, containing Ng, snapshots of enlarged states of dimension Ne.
SVD truncation error threshold € > 0:

|
X=|g1 8

| I I
ENan | > g2 83 " BNg+1

where g; = g(u;) = w; are the concatenation of PDE solution and Lagrangian grid, as

defined in (2.10).
1.

For £k = 1,..., Np, compute a low-rank (rank rj) approximation of the Koopman

operator on interval [1._1, 7] by applying Algorithm 1 to the data matrices

Xy, =

Y, =

‘ gk—1)r+2 " 8kr|

8(k—1)r+2 8(k—1)r+3 8kr+1

2. Obtain DMD modes, compute

k) — ng)Q(k),

where U(®) contains the left singular vectors of data matrix X;, and Q(k) contains the
eigenvectors of operator K(’)7 analogous to (2.8) of Algorithm 1, along with eigenvalues:

AW AWNT),

3. Obtain a DMD prediction for t € [r, 75,1 1]. First, evaluate

k-1 o
wpMD(T4) = ( 11 Pl o(rimri-1) [q’(z)]T) w0.
i1

Then, continue to evolve for time (¢ — 73,) and obtain the final prediction:

WDMD

(t) = (k) o(t—mp-1) Q%) (&)

WDMD (7%)-

4. Transform back to Eulerian solution:

upmp (t) = g~ (Wpnp (1))
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One could use the incremental SVD updates with adaptive rank truncation to directly
update each local operator K to K, in low-rank format [30]. However, the inclusion
of the Lagrangian grid in the observable (2.10) translates into the data matrices of dimen-
sions Ne > Ngy and with full column rank. The size constraint manifests itself for high-
dimensional PDEs. Our numerical experiments did not reveal a significant computational
advantage of applying incremental SVD update to computed operators K(l), e ,K(i). In
particular, a direct pseudo-inverse computation in standard DMD involves O(N2,Ne) run-
time complexity, which is asymptotically more expensive than Np separate SVD computa-
tions, yielding O(N7p?Ne) = O(NsupNe). Incremental SVD updates might yield a minor
computational saving if the highest rank of the data matrices in each time interval is bounded

by some p’ < p, in which case the runtime complexity is O(Nppp' Ne) = O(Ngnp' Ne).

2.5 Error analysis

The prediction accuracy of local DMD depends crucially on a judicious choice of the partition
of the simulation time horizon [0,7] (see Section 2.3.3). At present, this choice is often
informed by numerical experimentation.

We put the partition selection on a more solid foundation by deriving upper bounds for
the pointwise and domain-averaged errors of local DMD (see Section 2.5.1). We also establish
upper bounds for perturbations to the learned operator due to truncation of frequencies and
deletion of training data (see Section 2.5.2). Finally, for a class of linear dynamical systems,

we improve these general bounds by analyzing the norms of time-shifted training data Y

and X ( Section 2.5.3).

2.5.1 Prediction errors of standard and local DMDs

The following theorems establish the relative accuracy of the standard and local DMDs.
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Theorem 1 (Pointwise error of local DMD). Let the operator N(t,-) : M — RN in the
system of ODEs (2.2) be uniformly Lipschitz (in time) with constant L > 0. For the piecewise
constant Koopman operator K(t) in (2.13) and the flow map ®a4(-;t) in (2.4), let local DMD

in (2.12) satisfy the following conditions:

1. Reconstructed solutions upyp(t) belong to the set of trajectories that are generated by

the flow map in time At, i.e., Ma; = {u € M : ®ps(u;t;) € M}.

2. SUPse(0,T7] [@AL(5s) — K(S)HLO"(MM) < +00, where

[PAr(58) = K(s)lpoo(apy) = sup [[@ar(u;s) — K(s)uf[oo.
ueMay

Let vy, = u(my,) be an exact solution at time T, and u, = upyp(T,) be its local-DMD

approximation. Then the pointwise (Euclidean norm) error of local DMD,

En=llup —wnl3,  n>1, (2.15)
1s bounded from above by
L (n—jr)—i
n—jr)—
En < (14 AENongy £ 3OS (14 AT AL I (216)
j=11=0

Here, Ay = A(ty,) with A(t) = K(t) — Iy and Iy denoting the identity matriz of size
N. Finally, & denotes the initial error at time 1g, such that &y = 0 iof an analytic form of

the initial condition for (2.2) is known.

Proof. The matrix A(t) in (2.16) arises from rewriting the DMD model (2.12) in residual

form, ie., Gpy 1 = K(t;)ay, as Uy = U, + Apuyg.
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Accounting for (2.4), the error &, in (2.15) is rewritten as
En = ||un—1 + q)At(un—U Tn—l) - (ﬁn—l + An—lﬁn—l)H% . (2-17)

In what follows, we simplify the presentation by writing ® A, (u(t)) instead of ® A4 (u(t); 1),
and ||| instead of ||| oo(rq,,) to denote operator norms when the context is clear. Then,

by the triangle inequality,

En < up—1 — Gn_1]3 + [ @ar(up—1) — Ap_18,1]3
=Cp—1+ H(I)At(un—l) - (I)At(ﬁn—l) + (I)At(ﬁn—l) - Anflﬁ—n—lug (2'18)

<Ep 1+ [|Barun 1) — ®aL(d, )|+ [1Bar (G 1) — Ap 10, 1]

Applying Gronwall’s inequality to (2.4), and accounting for L-Lipschitz assumption of the

operator N, solutions u(t), u(t) € Ma; at any time ¢ satisfy
. L .
[Pat(a) = Par(W)]ly <e™[lu—1lly,  7€]0,AL].

Let ®(-; 7) denote the (possibly nonlinear) map x — ®(x; 7). By the uniform bounded-

ness assumption,
En < (L4 )81 + 2R, — AnillZ

where (I)Zt ;= ®py(+;7), for £ =0,..., Np, denotes the discrete operators at temporal
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grid points. Repeated application of these inequalities yields:

En < (1428, o+ (1+ B @0, — Ay ol% + | @], — Apo1ll%

r—1

<< (tethyre, 3 A R - AL gk
=0
Np r—1 V1

AtL\Nay AtIND a6 (R—37 2

<- (1+e t ) &o +ZZ 1+e t )H(I) 7 _A(nfjr)f(lJrl)HOO'

j=11=0
This completes the proof. ]

If the Koopman operator were time-invariant, K(¢) = K, then the upper bound (2.16)
reduces to that in [172, Theorem 4.3] and [133, Eq. 3.11].

Since the local DMD incorporates more variations in each prediction interval [r,_1, 7]
than the standard DMD does, it exhibits better average performance in the least squares

sense.

Theorem 2. For any prescribed sub-interval size r, local DMD in (2.13) is at least as

accurate in the least squares sense as standard DMD in (2.7).

Proof. Let K* and K*(¢) denote the constant-in-time (standard DMD) and stepwise constant
(local DMD) solutions of the minimization problem (2.6), respectively. It follows from (2.6)

that

Nsn
Ls(K*) =

KU—ZHQ

(2.19)
2

3 zu R

By construction of the minimizer K*,

AL 2
* : _ *
Ls(K") = N 2 III%?;; Hun—(ir—j)—i-l - Kz'un—(z‘r—j)HQ = Ls(K*(t)).
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This completes the proof. O

2.5.2  Impact of truncation on DMD error

Dimensionality reduction in DMD (or POD) typically projects observations onto a low-
dimensional space, wherein predictions are computationally cheaper. The projection is done
by truncating the singular values of the data matrices X and Y, thus discarding the contri-
bution from their eigenmodes/directions. The following proposition quantifies the effect of

such a projection on the learned DMD operator.

Proposition 1 (Operator 2-norm error of standard DMD). Consider the data matrices X
and Y in (2.11) and SVD of the former, X = USV . The matriz  contains the singular
values of X arranged in non-increasing order, 01 = Omaz > 02 > -+ > Trank(X) = Omin-
Let X, = UpEpV; denote a truncated SVD with rank p < rank(X), i.e., only the first
p columns are retained in Uy, V,, and the first p singular values are retained in X,. The
operator norm error is bounded from above by

maz(Y)

K —K,||, < me<X>' (2.20)

Proof. Tt follows from (2.7) that ||[K — K,||, = [YX! = YXJ|lg < [[Y]l2 - |XT = X}|la =

UmaX<Y)/Umin (X) L

The operator norm bound in Proposition 1 is independent of the rank p due to pseudoin-

verse operation. For a given an arbitrary input q € RN the pointwise prediction error offers
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a more granular bound, e.g.,

2
rank(X) , T
2 ) (uk q)vy
HKq - quH2 < Omax(Y) ||— Z L (X)
k=p+l 2 (2.21)
rank (X
( )(ul;l'q)2

where uy, v;. denote the kth left and right singular vectors of the data matrix X.

To investigate mathematical properties of our local DMD strategy, we view the individual
solutions K; on time interval [7;_1,7;] as a standard DMD solution with fewer observations.
This necessitates an analysis of the effect of adding/deleting observations in the training
data. We do so by focusing on the operator norm perturbation due to the deletion of the
most recent observation; the general case of deleting several most recent observations can
be treated via the Sherman-Morrison-Woodbury update formula [88]. Our first intermediate

result involves the perturbation of pseudoinverse of a matrix.

Lemma 1 (Update of pseudoinverse). Consider a data matriz with Ng, < N columns,
Xy, € RN*Non aith, full column rank. Let X = Xn,,.X] € RN*WNsnt1) denote a data
matriz with an additional column representing the next snapshot, x € RN . Pseudoinverse of
X s related to pseudoinverse of X by

X | X |
XT — Nsp —c Nsnx ((I . XNSRX}er)X)T,

01><N 11><N

where 0 and 1, respectively, denote vectors in RY of all 0’s and all 1’s, and 01y =

0",1,, 5 =1". And the constant is defined:

1 1
c= > .
2 _ = 2
IxI3 = x Xy, (X§, X)Xy x  [x3

(2.22a)
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The lower bound 1is attained if X is orthogonal to the range of Xy .

Proof. For X = [Xy,_ ,x],

—1
X X X x
(XTX)_I— Ngn Nsn Ngn
x Xn, X3

and the block matrix inverse formula [54] yields

(XA, X)) h+ cxjvsnxxT (X_J,f\,sn)T —cX}f\,snx

(X'x)"! = : (2.23)

—ex | (XJ][VSD )T c

where c is defined in (2.22a). By the lemma’s assumption, all Ngn columns of Xy are
linearly independent. Hence, X}L\,SH = (X}\}SHXNSH)_lX%Sn. Post-multiplying (2.23) with
XT, we obtain

xT

s X e o (X, X )T ey

NSII
—ex (X NsnX}ern)T +ex !

which leads directly to (2.22). The inequality in (2.22a) stems from the property
x X, (XA X)Xy x> 0,

which is equal to zero if and only if X%Snx = 0. O]

Proposition 2 (DMD operator error due to column deletion). Let Ky and K denote
DMD operators trained on Ngy and (Nsp + 1) data snapshots, respectively. Under the same
conditions as those of Lemma 1, and for the shifted data matrices Yy € RN *Nsn gnd

Y =[Yy,,y] € RN *(Nent1) from (2.11), the DMD operator norm error is bounded from
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above,

2
2 _ 2y 2 x5, o p
I~ Ko < i 1+ 52 2 i)+ 20

min
Here, ¢ is defined in Lemma 1;y is an additional column representing the next snapshot
of Yy, ; and 0pin(Xp,,) and omae(Yn,,) are, respectively, the minimum and mazimum
singular values of the corresponding matriz. If x is orthogonal to the range of Xy , then

the bound is refined to

2 2
U%nax(YNsn) + HyHZ U?%M:E(Y]\fsn) +2 ||y||2

2
K-K <
=Kol 113 T min(XNn)

(2.25)

Proof. The 2-norm difference between the DMD operators Ky, =Y NsnX]szsn and K = YXT

satisfies the triangle inequality

HK o KNsn”g = ||YXJ[ - YXR[sn T YXTNsn N YNSHX}[VSHH%

(2.26)
2 Y 2 Y 2 ¥ 2
<3 Ixt = XY 13+ 1K I31Y — Y, l3,
where
XN =N | e RVt N ang vy = {YNSH 0] e RV*(Nent1),
01xN
According to Lemma 1,
Pt XN, i T
X! — XNsn = —¢ 1sn ((I — XNsnXNsn)X) . (2,27)

Since ||X}[Vsn |2 = 1/omin(Xy,,) by singular value decomposition from (2.20), we obtain the
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2-norm upper bound,

9
Nep X x5

1

<1+ —

X] (2.28)
Jmin<XNsn) ' ‘

2

Furthermore, being a projection matrix, its eigenvalues are upper-bounded by 1 [21§],
implying
IT- Xy, XN 2 < 1.

It follows from (2.27) and (2.28) that

A [
I - Xy B < I3 (14 A2,
o Umin(XNsn)

Combined with the fact that ||'Y||2 = omax(Y) in the proof of Proposition 1, these results
transform (2.26) into (2.24). Finally, if x is orthogonal to range(X ), such that Xﬁsnx =0,

then, according to Lemma 1, ||x||% — ¢! and (2.24) reduces to (2.25). O

The bound (2.24) is derived for deletion of a single column/snapshot from the data
matrices. An analogous bound can be obtained for addition or deletion of multiple snapshots
by using the Woodbury matrix identity [83]. In particular, the bound can be evaluated
without explicitly forming the updated operator K, and can be sequentially updated as new
data pairs (x,y) become available.

The results in Proposition 1 and (2) rely only on general linear algebra operations, re-
gardless of the underlying system dynamics.

While the use of short time windows enables the local Lagrangian DMD to capture
nonautonomous and transient behaviors that global DMD does not, it also reduces the com-
pressive and interpretive power traditionally associated with global Koopman eigenmodes. In
the limit of vanishing window size, the extracted modes may resemble the data itself, thereby
limiting generalization. This trade-off is a feature of nonautonomous systems, whose dynam-
ics cannot be captured with a single global linear model. Proposition 2 guides the selection of
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window length to balance fidelity with robustness. Thus, the loss in global spectral structure

is compensated for by the gain in adaptability to time-varying inputs.

2.5.83  System-specific upper bounds

To illustrate the general formulation in Section 2.2 on a tractable yet representative dynam-
ical system, we consider a linear time-dependent ODE arising from the spatial discretization
of the advection-diffusion equation (2.1). This setting captures the essential structure of
translation-invariant, nonautonomous dynamics while admitting an explicit solution repre-
sentation through a flow map. This system allows us to derive sharp, system-specific bounds
on the DMD reconstruction error and to precisely characterize the impact of time-dependent
forcing and linear operator variation.

Consider a system of time-varying, nonautonomous ODEs

du_

= =Cu(t) +£(),  u(0) = u, (2.29)

whose direct integration yields an explicit flow map (2.2) for any time ¢ > 0,

u(t) = ®;(ug;0) = exp (/Ot C(s)ds) ug + /Ot exp (/: C(s’)ds’) f(s)ds. (2.30)

This example also provides an explicit dependence of the time-shifted data matrix Y on X

via the discretized flow map ®a;, which gives rise to the following proposition.

Proposition 3 (Upper bound for 2-norm of time-shifted data matrix). Let m > 1 be the
number of intervals, i.e., [0, T1], ..., [Tm—1, Tm], with uniform spacing At. Furthermore, let
the matriz-valued function C : [0, 00) — RNexNe gnd £ [0,00) — RNe be at least piecewise
continuous on the time intervals. Finally, let Y denote a time-shifted (by At) version of X,

containing snapshots according to the flow map defined in (2.30). Then, the 2-norms of the

34



data matrices Y and X are related by

1 mf?
¥, < exp (5280 | 25 + 3o 200)

with the constants

y= max 7;, v = max [[C(t)|y

1<i<m tE[Ti_l,Ti}

and

f= max f;, fi= max [f(t)]s.

I<i<m te[r;—1,7]

(2.31a)

(2.31b)

(2.31c)

Proof. Let us define the time-dependent matrix, in accordance with the flow map (2.30)

under consideration,

(4) T+ AL
M\, = May(7) = exp (/T C(s)ds,)

[

and the time-dependent vector,

. Ti+At Ti+At
gx)t =ga(m) = / exp </ C(s’)ds’) f(7')ds.

i

Then, (2.30) takes the form of an explicit linear transformation

U1 = M(Al)tuz + gg)t, 1< <m.
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Let

X: ul U2 SRR b 773 ,Y— uQ u3 um+1

[terative application of the recurrence relation (2.33) to X yields an explicit dependence for

each data column,

so that the time-shifted data matrix Y is rewritten as

1 1 2 2
= a6 o M7
Its 2-norm is
_ =212
(1)
M p¢
My m
2 2 1) 12
1Yz < X113+ llgnls. (2.34)
=1
(m)
L MAt d1l9

Recalling the definitions in (2.32), the terms in the above expression satisfy the following

inequalities
. i+ AL
MG <o ([T IC@IBas) <o, 235
i
. T;,+AL 20 B f2 9
ngth% §f22 /T (Tt AL=s) g — 7_z2 (e% At 1) ’ (2.35D)
¢ 7

where ¢ = 1,...,m; and the constants 7; and f; are defined in (2.31b) and (2.31c), respec-

tively. Since C(t) and f(¢) are assumed to be piecewise continuous on each [t;,¢;11], the
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attainability of ; and f; is guaranteed. (The former is because the spectra of C(t) is a
continuous map of time [13, 55].)

Combination of (2.34) and (2.35) yields the error bound (2.31). O

Standard DMD is designed for linear, autonomous, and homogeneous systems, i.e., for
ODEs (2.29) with C(t) = C for a constant matrix, and f = 0. Suppose C admits an
eigendecomposition C = QAQ™!, whose largest eigenvalue is denoted by A;. Then, the

solution to these ODEs is

u(t) = Qe*Q 1y,

and the upper bound in Proposition 3 becomes
[Y]ly < r2(Q)eM X omax(X),

where k9(-) denotes the 2-norm condition number.
We illustrate our general (2) and bespoke (2.31) operator norm error bounds on a nonau-

tonomous system modified from [226, Example 5.2,

®O _ couw 10, w©) =107, (236a)
where
() - 0 1+ et - — sin(et) | (2:36b)
—1—e 0 cos(et)

Temporal snapshots of u(t) are generated by solving (2.36) with e = 0.1 on the temporal
domain ¢ € (0,1] with time step At = 1073, yielding Ng, = 1000 snapshots. We apply the
derived bounds (2) and Proposition 3 on the constructed system (2.36), in order to provide
an a priori estimate of sensitivity to data deletion of the local DMD operator (2.12).

Figure 2.1 exhibits the impact of dataset size used to train DMD operators on the op-
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Figure 2.1: Left: Operator 2-norm upper bound (3) for time-shifted data matrix Y, com-
pared with the actual operator 2-norms, for the forced linear system (2.36). Right: Pertur-
bation upper bounds (2.24) as function of the training-dataset size. From largest to smallest:
the generic upper bound of Proposition 2, the physics-based upper bound (3), and the actual
DMD perturbation.

erator 2-norm of the time-shifted data matrix Y and, subsequently, on the upper bound of
perturbation error, Eq. (2.24), due to column removal. Incorporation of additional training
data stabilizes DMD operators against perturbations. While each local DMD uses fewer data
snapshots than standard DMD, a larger training sample size Ngy mitigates the perturbation
error [136].

When one does not have access to the underlying equations (i.e., when data is available
only as images and the underlying system is unknown), perturbations in the DMD operator
must be estimated from linear algebra operations. Ignoring the underlying system dynamics
results in an overestimate of the range of DMD perturbations (see Figure 2.1), thus yield-
ing an overestimation of snapshots needed to accurately recover a ROM. With additional
information about the underlying system, e.g., if a model such as (2.29) is available, one can
obtain refined bounds by treating columns of X and Y as ordered time-shifts of the initial
condition along the flow map (2.3). Both strategies provide a priori estimates of operator

2-norm perturbation, which guide the selection of training dataset size in DMD algorithms.
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2.6 Numerical experiments

We use numerical experiments to test the ability of DMD Algorithm 2 to handle transla-
tion invariant and nonautonomous problems, incompressible flow past a cylinder (see Sec-
tion 2.6.1) and advection-dominated transport of a passive scalar (see Section 2.6.2). The
unknown temporally varying flow velocity in the latter experiment is estimated from tracking
the trajectory of the mode, rendering the procedure fully data-driven and representative of
the equation-discovery task.

The accuracy of a DMD prediction, upyp(t), of the “exact” (high-resolution numerical)

solution, u(t), is reported in terms of the relative L2-error

_ Nlapup () —u(®)|l2
O=""oL (2:57)

2.6.1 Incompressible Navier-Stokes equations

Consider fluid flow past an impermeable cylinder. The fluid has density p = 1.0 (kg/m?)
and dynamic viscosity v = 1/600 kg/(m-s); the choice of parameters yields a dimensionless
Reynolds number Re = 1200. Furthermore, the two-dimensional flow domain D is a rectangle
[0,2] x [0, 1] with a circular exclusion of radius R = 0.1 centered at point Xgjye = [0.3,0.5] .
]T

Fluid pressure, p(x,t), and velocity, v(x,t) = [v1,v2] ', satisfy the Navier-Stokes and conti-

nuity equations

0 1

a—;’ F(v-V)v=—-Vp+uVlv, V.v=0; xeD. (2.38a)
P

These equations are subject to the initial conditions v(x,0) = |0, O]T, p(x,0) = 0. On the

rectangle’s exterior, the boundary conditions for pressure p are

dp dp dp
2 t) = —_— t) = — t) = — 1.t) = 2.38b
p(2,z9,t) =0, Dy (0,29,t) (%2(901,07 ) 8@(1’1, 1) =0, (2.38b)
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and the boundary conditions for the longitudinal, vy (z1, z9,t), and transverse, vo(z1, x3,1),

components of the flow velocity v(z1, x9,t) are

)
v1(0,79,) = 1, 8—2(2,@,@ =0, wvi(z1,0,t) =vy(z1,1,¢) =0 (2.38¢)
and
’UQ(O,ZL'Q,t) =0, 2_2(27$25t> =0, U2($1>Oat) = U?(xla 17t) = 0. (238d)

Finally, the conditions on the surface of the circular inclusions are consistent with its treat-

ment as an impermeable boundary.

; Reference t = 0.15 ; Reference t = 0.25 ; Reference ¢t = 0.50
T
2 2 2
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Figure 2.2: Spatial distributions of the speed of fluid flow past a cylinder, predicted via the
numerical solution of Navier-Stokes equations (top row) and the standard (middle row) and
local (bottom row) DMD algorithms, at times ¢ = 0.15 (left column), 0.25 (middle column)
and 0.5 (right column). The standard DMD (middle row) yielded an unstable solution. All
DMD interpolations are obtained non-intrusively from an existing numerical solver.

The quantity of interest (Qol) in this example is the spatiotemporal evolution of the

magnitude of the flow velocity, v(x,t) = |v(x,t)|, i.e., flow speed. We apply the finite

40



difference method on a staggered grid [50] to solve the nonlinear initial boundary-value
problem in (2.38). The spatial domain D is discretized with a uniform mesh consisting of
Ngp = 5000 elements of size Az; = Azg = 0.02; the snapshots used for DMD training
are collected every At = 1 x 1073, Focusing on the period of vortex-street formation (i.e.,
transition from steady flow to periodic vortex shedding), we carry out the simulation over
time interval ¢ € (0,0.5], which results in M = 500 training snapshots of the vectorized
Qol u(t) = {v(x1,1),...,v(xp,, )} whose dimension N = Ngp = 5000. The standard
DMD strategy is implemented on the entire training set; whereas the local DMD strategy
is updated in every sub-interval of size » = 10. For each DMD strategy, we set the SVD
truncation level to € = 1.0 x 1072, The results are then generated and error measured in
interpolation mode, respectively, at times ¢ = 5 X 1074k, k = 1,..., Nqn, for Ngy = 1000
snapshots.

Figure 2.2 provides a visual comparison of the predictions of v(x,t), at selected times
t = 0.15, 0.25 and 0.50, alternatively computed with the numerical solution of (2.38), the
standard DMD, and the local DMD (see Algorithm 2). As expected, the standard DMD
yields an inaccurate reduced-order model under rapid time changes due to its inherent as-
sumption of time-invariance [131|. In particular, the Navier-Stokes solutions are chaotic
and turbulent during vortex-street formation, especially at high Reynolds numbers, posing
a significant modeling challenge for ROMs that do not consider temporal interpolations [96],
which is the central motivation for considering a time-inhomogeneous modeling approach.
The distinct and exponentially-growing patterns produced by the standard DMD (middle row
of Figure 2.2) demonstrate a distorted representation of the spectrum resulted from sparse
sampling, which leads to unstable frequencies and eigenmode pairs. Similar misrepresented
modes are observed and attributed to due to numerical noise in [39]. The numerical error
propagates through the solution as time marches. Nevertheless, if the training snapshots

include a full periodic solution (i.e., at least one period of vortex shedding), the standard
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DMD might capture thr dominant frequencies well. In contrast, by updating the operators,
even at relatively sparse time steps, the local DMD retains its representational accuracy
during the chaotic changes, providing more stability in solution propagation.

Nayier-Stqkes Nayier-Stpkes (chal DM D)

10'° 102
10%| : 100 e, ;
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Figure 2.3: Left: Relative interpolation errors of the standard and local DMD (N7 = 100)
with respect to the reference solution. The standard-DMD error grows exponentially due
to the inherent model inaccuracy. Right: Relative errors (zoomed on the interval 1078 <
€ < 10%) of the local DMD with different numbers of sub-intervals, Np. The error tends to
improve as Np increases.

A more quantitative assessment of the accuracy of these two DMD variants is shown
in Figure 2.3 in terms of the relative L?-error (). While the error of the local DMD
(N7 = 100) remains relatively stable, on the order of 1073, as time ¢ increases, the error
of the standard DMD increases nearly exponentially with ¢ (see Figure 2.3a). The latter
finding is consistent with the previous observation [130] of the standard DMD’s failure to
handle translation invariant (advection-dominated) problems even when the inputs do not
change with time. On the other hand, the local DMD copes with the translation-invariance
challenge without the adoption of the Lagrangian frame of reference. Figure 3b illustrates
a numerical study of local DMD with varying number of sub-intervals N = 2,50, 100, 200,
corresponding to number of snapshots » = 200, 20, 10, 5 used to construct each DMD operator
locally. A lower error is expected as the operator is updated more frequently, which is in

line with the time-varying nature of the fluid flow velocity. However, one needs to strike
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a balance between the overall interpolation accuracy and the added computational cost of

frequent operator updates.

2.6.2  Advection-dominated transport

Consider two-dimensional advection-diffusion transport of a passive scalar in a time-varying
velocity field v(t) = [vq, ’U2]T. The spatiotemporal evolution of the passive scalar’s concen-
tration, ¢(x,t), in simulation domain D = [—10, 10] x [—10, 10] is described by an advection-
diffusion equation,

dc

T +v-Ve= DV, x €D, (2.39a)

xX-

subject to initial condition ¢(x,0) = e”**, and boundary conditions

c(£10, z9,t) = ¢(x1,£10,t) = 0.

In the simulations reported below, we set D = 0.001 and

v1(t) = 0.5 cost, vy = —0.4sint. (2.39b)

This choice of parameters ensures that the transport phenomenon described by equa-
tion (2.39) is advection-dominated. Furthermore, the spatial domain D is discretized with
a uniform mesh consisting of N;; = Nz, = 50 nodes in each direction. Hence, the to-
tal number of nodes x; (i = 1,..., N is N = 2500, which is also the dimension of the
state vector u(t) = {c1,...,cn}, where ¢;(t) = ¢(x;,t). The initial boundary-value prob-
lem (2.39) is solved numerically using a modified centered-time, centered-space (Du-Fort
Frankel) method [103]. To generate the data, numerical simulation is carried out over the
time horizon ¢ € [0, 8] that is discretized with time step 0.01. If the snapshots u,, = u(ty,)

(m =1,..., M) are collected at each time step, At = 0.01, this yields a total of M = 800
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training snapshots. The performance is then evaluated in the interpolation mode by esti-

mating uj at times ¢ =5 X 1073k, k =1,..., Ngn, for a total of Ngy = 1600 snapshots.

2D Advection: DMD vs Numerical Solution (¢t = 4)
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Figure 2.4: Spatial distribution of solute concentration ¢(x,t) predicted with the numerical
(reference) solution of (2.39) and the three DMD variants (standard, Lagrangian, and local
Lagrangian), at time ¢ = 4.

In this numerical experiment, we utilize the M snapshots u,, (m =1,..., M) to pursue
two complementary goals. The first is to evaluate the relative performance of four DMD
variants: standard DMD, Langrangian DMD, local DMD, and local Lagrangian DMD. The
second goal is to estimate the advection velocity v(t) by tracking the trajectory of the plume’s

center of mass X(t) = [T1,Ta] ', i.e., the mode of the solution ¢(x, t):

(t) = % "l

X

c(x,t)dzdes, M(t)z/ c(x,t)dr1dzs, (2.40)
D |y D

and using a centered-difference scheme to approximate the first-order time-derivative (i.e.

the velocity at the center-of-mass) v(t) = [v1(t),v2(t)]T = dX(t)/dt from the M snapshots
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Xm = X(t;m). The estimated velocity along the characteristic curve x(t) is visualized from

t =0 to t = 8 in Figure 2.5.

Velocity at center-of-mass 2D Advection
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Figure 2.5: Left: Estimated advection-velocity along the trajectory of center-of-mass (2.40).
Right: Temporal evolution of the relative prediction errors €(t), of the four DMD variants
(standard DMD, local DMD, Lagrangian DMD, and local Lagrangian DMD). The interpo-
lation errors are small at early times due to small advection velocity, and remain bounded
except for the standard and local DMD variants due to violation of their assumptions (i.e.,
time-inhomogeneity and Lagrangian dynamics).

Figure 2.4 provides a visual comparison between the reference solution and predictions
from three DMD variants at time t = 4. Respectively, the standard DMD and Lagrangian
DMD were constructed with the entire training set of M = 800 snapshots (the Lagrangian
DMD also including the two-dimensional moving grid); the local Lagrangian DMD variant,
on the other hand, was constructed and updated in sub-intervals of size r = 30. As displayed
in the figure, the poor performance of the standard DMD is due to its inability to cope
with both translation invariance (i.e., dominant advective behavior) and the input’s time-
dependence. The latter is also the reason for the comparatively large prediction error of the
Lagrangian DMD. The local Lagrangian DMD handles well both of the challenges to the
ROM construction.

As a quantitative measure, the temporal evolution of the relative prediction error, €(t),

of all four tested DMD strategies is presented in Figure 2.5. The error of the standard

45



DMD increases exponentially with time ¢, while the errors of the other three DMD variants
remain relatively stable. Thanks to the presence of small diffusion (D # 0), the local
DMD achieves the accuracy comparable to that of its Lagrangian counterparts, even though
its error increases sub-exponentially with ¢. Although not shown here, we found the local
DMD to fail in the pure advection regime, D = 0. The two Lagrangian DMD variants
exhibit stable errors over the entire simulation time frame, with the local Lagrangian DMD

(see Algorithm 2) being up to two orders of magnitude more accurate than the Lagrangian

DMD.

2.7 Summary and conclusions

We developed a local Lagrangian DMD algorithm for the discovery, from temporal snapshots
of either state variables or quantities of interest, of reduced-order models of nonautonomous
translation-invariant (advection-dominated) phenomena. The theoretical component of our
investigation comprises i) prediction-error guarantee for a time-dependent approximation of
the Koopman operator, and ii) analysis of the effects of SVD truncation and number of data
snapshots on DMD operator error. The experimental component verifies the performance of
our local Lagrangian DMD on two problems, fluid flow past a solid cylinder (incompressible
Navier-Stokes equations) and transport of a passive scalar (advection-diffusion equation).

Our investigation leads to the following major conclusions:

e Standard DMD fails for advection-dominated problems (see, also, [130]) and/or for

nonautonomous problems (problems with time-dependent inputs).

e Lagrangian DMD performs well for translation-invariant problems, but struggles in the

presence of time-dependent inputs.

e Local DMD is capable of dealing with temporal variability of model inputs, but strug-

gles in advection-dominated regimes.
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e Local Lagrangian DMD is bespoke for nonautonomous translation-invariant prob-
lems, and provides a mechanism for real-time control and reduced-order predictions

in advection-dominated systems.

In contrast to related techniques for the construction of reduced-order models, our frame-
work is entirely data-driven. For example, like ours, transported snapshot model order re-
duction (TSMOR) employs Lagrangian coordinates to align the reduced basis with advective
features. However, TSMOR requires access to an explicit parametric form of the governing
PDE, including its transport coefficients [154].

One of the possible future directions is the identification of closures for characterizing
the time-evolution of a quantity of interest that depends on the states of another dynamical
system [46]. Instead of relying on an equation-free model, deriving and learning explicit forms
of the reduced-order dynamics provides a principled analysis tool for uncertainty propagation
and control system design, as well as extrapolation capabilities.

We briefly investigated the possibility of a full data-driven model by assuming the advec-
tion coefficients are unknown and estimated by mode-tracking. Although such a method is
effective in capturing the macroscopic behavior, it is far from being sufficient for velocities
that have nonlinear dependence in both spatial variables and the solution itself.

Future explorations will focus on parameterizations for the advection and diffusion co-
efficients, which are identified simultaneously as the optimal linear operator is constructed.
Such a scenario can be potentially considered in a constrained optimization [161] or Bayesian
inversion setting [109].

Further reduction of computational complexity is another possible path of future explo-
ration due to the curse of dimensionality for advection-dominated problems associated with
moderate- to high-dimensional datasets. An added layer of dimensionality reduction must be
adopted in such cases where storing and operating with data snapshots and the Lagrangian

moving grid are intractable. A potential solution in the DMD setting is by using low-rank
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tensor-networks to approximate multidimensional linear operators [113, 53|.
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CHAPTER 3
DATA-DRIVEN CLOSURES AND ASSIMILATION FOR STIFF
MULTISCALE RANDOM DYNAMICS

3.1 Introduction

Randomness is inherent to most, if not all, complex phenomena described by ordinary dif-
ferential equations (ODEs)—it enters such models in two ways (a) stochastic forcing terms
accounting for internally generated or externally imposed “sub-grid” fluctuations (i.e., noise),
and (b) probabilistic representations of uncertain coefficients and initial/boundary data.
Owing to simplicity of implementation and parallelizablility, multilevel Monte Carlo (MC)
simulations [71] and its variants (e.g., see [200] and the references therein) remain as common
approaches for solving stochastic systems. uncertainty quantification (UQ) of random ODEs
(RODEs) and stochastic differential equations (SDEs). However, MC simulations shed little
light on a system’s probabilistic dynamics and are often burdened by slow convergence rates,
requiring significant computational resources.

The search for efficient alternatives has led to the development of moment ODEs (MODEs)
[28], polynomial chaos expansions (PCEs) [206], Mori-Zwanzig formalism (MZF) [42], and
the method of distributions (MoD) [219], each having its strengths and weaknesses. For ex-
ample, MODEs limit random inputs to be Gaussian or of small variation and are capable of
providing only a few statistical moments 28], which are usually not sufficient to characterize
a system’s probabilistic nature. PCEs do give rise to probability density functions (PDFs) by
using a finite number of uncorrelated random variables to approximate temporally varying
random inputs, e.g., Karhunen-Loéve (KL) expansions. However, they are inappropriate for
models whose random sources have short-range correlations [210]. MZF, on the other hand, is
a step in the right direction for high-dimensional RODEs by seeking non-Markovian reduced-

order Langevin equations for low-dimensional observables/quantities of interest (Qols). Such
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equations contain nonlocal /memory and noise terms, where the former requires a closure ap-
proximation and the latter must satisfy the second fluctuation-dissipation theorem (FDT)
[42, 68, 138|. This is problematic for many stiff, multiscale systems lacking scale separation,
which is typically necessary for efficient memory kernel approximation (see, e.g., [129]).

The aforementioned approaches fall short because they cannot simultaneously tackle high-
dimensionality, stiffness, multiple scales, and colored noise. For low-dimensional systems
exhibiting these traits, the MoD, comprised of PDF and cumulative distribution function
(CDF) methods, has been highly successful via the derivation and learning of closed-form
deterministic partial differential equations (PDEs) for joint PDFs/CDFs of system states
[142, 143, 211|. The approach has also been adapted to quantify parametric uncertainty in
hyperbolic [181, and the references therein| and parabolic [24] PDEs. Its major strength
relies on random input fields being treated exactly, which is in contrast to implementations
based on KL expansions [206], meaning that, unlike PCEs, the MoD is well-suited for systems
with short-range colored noise. In what follows, we limit our study to PDF methods.

The standard MoD approach is infeasible for high-dimensional RODEs since it results in
a PDE with as many spatial dimensions as there are states/equations in the system. While
there have been advancements in numerical integration of high-dimensional PDEs, includ-
ing ideas from multilevel MC [60], deep learning [86, 58], and tensor-networks [180], most
techniques are tailored to specific applications and do not generalize well for considerably
high-dimensional systems unless the dynamics are relatively straightforward or inherently
lie on a low-dimensional manifold. While there have been advancements in numerical in-
tegration of high-dimensional PDEs [180], they typically are not well-suited for complex
multiscale dynamics of exceptionally large dimension. Similar to MZF, we instead consider
low-dimensional Qols, albeit directly for their PDF dynamics instead of their Langevin ones,
leading to the reduced-order MoD. More precisely, we derive exact, albeit unclosed, reduced-

order PDF (RoPDF) equations for low-dimensional Qols. Unlike MZF, the RODE noise
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need not satisfy the second FDT, nor does a memory kernel need approximating. Moreover,
we allow stiffness and multiscale properties to hold for the entire system, not just the sub-
space orthogonal to the Qol, and we do not require scale separation, i.e., a fast/slow variable
decomposition as in [139).

Unclosed terms in our RoPDF equations take the form of state-dependent conditional
expectations, henceforth referred to as regression functions, and are estimated from state data
(via parametric or non-parametric methods) at discrete times. Such estimation may require
a fully observable system, i.e., all system states, but is generally application dependent as
seen in our experiments. When a Qol has slow dynamics with respect to the observation time
intervals, the learned regression functions produce negligible discrepancies, and solutions to
the resulting RoPDF equations are accurate, assuming enough data has been injected. When
the RODE is at least partially separable with respect to the Qol (in the sense of [31]), parts
of the regression functions are known analytically. Thus, part of the RoPDF equation is
known a priori and is physics-informed, which is a means for variance reduction. Knowing a
portion of the RoPDF dynamics exactly reduces the need for large amounts of data during
learning. This was studied in [31] for ODEs with random initial conditions.

For systems of stiff, multiscale RODESs, especially highly oscillatory systems lacking scale
separation, Qols may vary rapidly over observation windows, making the available state data
temporally sparse with respect to the Qol’s timescale. In this setting, regression discrepancies
amount to model/PDE misspecification and compound during RoPDF evolution, producing
inaccurate RoPDFs. When state data is synthetically generated via MC simulations, data
availability for regression may be limited due to large computational costs associated with
the numerical integration of (possibly high-dimensional) stiff RODEs and necessarily coarse
time steps. To overcome these challenges, we introduce an a prior: unknown source term
to the RoPDF equation for capturing model defects. It is inferred by post-processing the

limited Qol data via fast, robust kernel density estimation (KDE) to form low-fidelity, tem-
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porally sparse RoPDF estimates, which are then assimilated into the RoPDF equation. We
give a head-to-head comparison of two assimilation procedures: nudging (a.k.a., Newtonian
relaxation (NR)) and deep neural networks (DNNs). The former dynamically steers the
RoPDF equation solution (a.k.a, the observer) towards the RoPDF estimates via a tuned
(finite) relaxation rate. The latter, however, can be interpreted as instantaneous, albeit not
dynamic, relaxation.

Chapter 3 is organized as follows. We introduce RODEs and derive deterministic PDEs
for their RoPDFs in Section 3.2, and Section 3.3 discusses the data-assimilation procedures
nudging and DNNs used for RoPDF' inference. Details on numerics, training, and com-
putational complexity are given in Section 3.4. Numerical experiments are presented in
Section 3.5 for a stiff linear system and a power grid model of transmission failures, both
driven by Ornstein-Uhlenbeck (OU) noise. Concluding remarks and future directions are

summarized in Section 3.6.

3.2 Reduced-order Method of Distributions
Consider the RODE system

d’;—i’f) = v(x(t,w), t;£(t,w)),  x(0,w) =x"(w), (3.1)

to be solved on a time interval (0,7] and holds for almost every w € €, where (2, 7,P)
is an appropriate probability space. The solution x(t,w) : [0,Tf] x Q — RY is an RV-
valued stochastic process with the initial state XO, defined as an N-dimensional random
vector with joint PDF f o(X) : RY — R*. The phase space for Equation (3.1) is taken
as RY for notational convenience; however, this can be altered, with little effect on the
arguments below, to account for almost surely bounded processes. The given deterministic

function v = [vg,...,vn] " : RN x [0,T] — RY | parameterized with a set of Np random
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coefficients &(t,w) = [§1(t,w), .. ., &N, (2, w)] ", satisfies conditions guaranteeing the existence
of a unique pathwise solution x(t,w) (see [87]). We assume without loss of generality that
the random processes &(t,w) are zero-mean and characterized by a prescribed single-time
joint PDF f¢(E;t). We frequently use the shorthand v(x(t),t;w) for the right-hand side
of Equation (3.1), use E[-] and (-) interchangeably to denote the ensemble mean, and omit
w in our notation when possible.

Let X = [X1,...,Xy]" denote a phase-space variable in RY. For any fixed ¢ > 0, the
system is (partially) characterized by the single-time joint CDF Fyx(X;t) £ P[x(t) < X].
If Fx(X;t) is differentiable with respect to all components X;, the system is equivalently
characterized by the single-time joint PDF fx(X;¢). When the state dimension N is large,
deriving or learning a PDF equation for fx(X;t) is intractable since the result would be an
N-dimensional PDE. We instead consider a low-dimensional Qol z(t) = z(x(t)) € RVrO,
Nro < N, where z : RY — RNRO s a continuously differentiable phase-space function
guaranteeing the existence of single-time PDF f5(Z;t) of z(t). Here, Z € RIVRO is a phase-
space variable for z(t). We seek a deterministic PDE governing the evolution of fz(Z;t),
referred to as the RoPDF equation. In practice, Ngg < 3 to avoid the challenges of high-
dimensional PDEs and KDE. We restrict our formulation to the setting of marginal PDF
equations, meaning that Qols take the form z(t) = x4 (¢) for k € {1,..., N}. The RoPDF
equation then reduces to a one-dimensional PDE for the marginal PDF f;, (Xj;t).

We begin by defining an auxiliary functional or “raw PDF” [199]
Ly (X 1) 2 3lalt) - Xp) (32)

where 0(-) is the Dirac delta function. We show in Theorem 3 that II;, weakly satisfies

the random advection equation (see Equation (3.4)). Moreover, by the Dirac delta’s sifting

23



property, for any given time ¢ > 0, the ensemble mean of 11 is fz,:

(o) (X0 8) 2 [ 50 = X fy (V30) Y = fr (Xiit). (3.3)

Given this relationship, an exact, albeit unclosed, RoPDF equation for fz, is found by
stochastically homogenizing the equation for II;, . In the setting of joint PDF equations, an
analogous procedure for fx has been the subject of several investigations [115, 143].

To proceed, we require a slight change in notation by denoting v(zp(t),x_p(t),t;w) =
v(x(t), t;w), where x_1,(t) £ [x1(t), ..., 2p_1(t), 211 (1), ..., zn(t)] T, to emphasize the Qol
in the velocity field. A heuristic derivation of the raw PDF equation for II, can be done by
weakly differentiating II,, with respect to ¢t and employing the sifting property. However,

by means of a mollifier argument, we give the formal derivation in the following theorem.

Theorem 3. Il;, (X, t;w) almost surely obeys, in the sense of distributions, the linear

conservation law

Oll, 0 0
Tk + ax, [Uk(Xk»X—k(t)J%w) Hmk] =0, gy (X, 0) =0 <Xk(w) - Xk) - (34)

Proof. Define II¢(X},t), a regularized version of II;, (X, t) in Equation (3.2), as

e(Xp, 1) = (e * My ) (X, t) £ /Rne(Xk = V)l (Y, 1) dY = 0e(Xp, — 2x(1),  (3.9)

where the last equality holds by the definition of II;, (Y,#) and the sifting property of the

Dirac distribution. The standard positive mollifier 7 € €>° (R)! satisfies the conditions of

1. €% (X), 0 < k < oo, denotes the space of compactly supported, k-times continuously differentiable
real-valued functions on domain X
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symmetry, 7 (X, — o1(t)) = ne((t) — Xj), and scaling

-1 ! if Y] <1
Y Xp\ype=1) !
ne(v) & - n(—), where () £ (=) (3.6)
0 if Y] > 1.

Following standard arguments from [62], one can show that Il is a smooth approximation

of Ty, Let ¢(Xy,t) € €} (R x [0,00)). It follows from Equation (3.5) that

s a / / M, (X, 1) Xk, ) dXpdt / / ne(X )?;b(Xk,)kadt. (3.7)

Integrating by parts in ¢t and applying the sifting property gives

I = /OO/ Ne(Xp — 21 (0)vg(24.(8), x_g(8), t; W) P( X}, t) dX . dt
0 R
_ /Rne <Xk—:17k,> H(Xp, 0) dXp,
_ /oo / / 0e(Xg — V)0 (Yo X (), )Ly (Y, £) (X, £) AY d Xt
0 R JR

- /R (X, 0)6( X, 0)dX},

where 7¢(-) is the derivative of 7¢(+). According to the Gauss-Ostrogradsky theorem in Xp,

& 0
[ e ) (005 (X)Xt = [ DX 000X, 0)aX,. - (35)

It follows from Equation (3.8) and Equation (3.7) that for any ¢ € €} (R x [0, 00)),

/ /Hea¢ kadt+/ / UG*UkHl'k ¢ kadt+/H€<Xk,0)¢(Xk,0)ka:0.
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By standard arguments, taking the limit ¢ — 0 gives

/ /Hmka kadt—i—/ / UkHl‘k kadt+/Hg;k(Xk,O)¢(Xk,0)kadt:0;

hence, Il is the distributional solution to Equation (3.4), which completes the proof. [

Taking the ensemble mean of Equation (3.4) and applying the sifting property gives

af(tk
Gt an /RN 1/RNP Xk,X kat ‘—‘)fX.E( 7h'a )d‘—‘dX k_o (39)

where fy ¢(X,E;t) denotes the joint PDF of system states x(¢) and random coefficients
&(t). RoPDF equation (see Equation (3.9)) is exact, but unclosed, since it depends on the
generally unknown fy ¢ and not on fz, alone. However, factoring fy ¢ into the product of
the marginal PDF f;, and conditional PDF fx—k,€|=’vk’ Equation (3.9) can be expressed in

terms of the regression function R:

Ofz, 0

5 T @(R(Xkat)ka) =0, [y (Xp;0) = /sz-l Fro(X) dX (3.10)

together with vanishing boundary conditions, where
R(Xp, 1) £ (0p (X, x_p (1), 1;0) | 24 (t) = Xp.). (3.11)

is to be estimated from data.

In its current form, Equation (3.10) is fully data-driven, completely relying on accurate
estimation of Equation (3.11). However, many applications produce a regression function
that is partially, if not fully, separable in the Qol x(¢). By this, we mean the k-th velocity
component has the form vg(x,t;w) = > ;o7 gi(wg, t)h;i(x,t;w), where I is finite and the

real-valued functions {g;, h; };cs are given and smooth. Then, each ¢;(X},t) may be pulled
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outside the conditional expectation Equation (3.11) and need not be estimated, giving the
following physics-informed representation of Equation (3.10):

Ofz, 0

5 +3_Xk iezjgi<Xkat)Ri(Xk7t) for | =0, (3.12)

with new regression functions R;(Xp,t) = (h;j(Xp, x_ (1), t;w) | 21(t) = Xp).

Note, if h; has no dependence on z}, i.e., h; = hj(X_p,t;w), for all i € I, then the
regression function Equation (3.11) is considered fully separable with respect to the QoI (e.g.,
see [31, Eq. 23| for a more restricted definition). Well-known examples of fully separable
systems include the Kraichnan-Orszag, the Lorenz-63, and the Lorenz-96 systems. For both
fully and partially separable systems, part of the advection coefficient is known in closed-
form, reducing the amount of data needed for accurate RoPDF solutions, as was investigated
for non-stiff, noiseless RODEs in [31].

As is typical in UQ, uncertainty in Equation (3.1) has been fully prescribed. Hence,
corresponding state data to be used for regression is synthetically (and independently) gen-
erated by numerically integrating Equation (3.1). However, since we are concerned with
stiff, multiscale RODESs, costly implicit schemes are required for this data generation, lead-
ing to limited data availability. In other words, regression is performed in the small-sample
regime, which calls for more expensive, robust algorithms. This issue is exacerbated for
systems exhibiting strong nonlinearities, where nonparametric methods must be employed
as in Section 3.5.2. Moreover, regression functions associated with multiscale RODEs may
vary considerably on short timescales and induce a large RoPDF equation Courant number,
requiring regression estimates at an unusually large number of discrete times. However, we
drastically reduce our computational overhead by considering only simple, non-robust regres-
sion at sparse observation times. Naturally, this simplification amounts to misspecifying the

governing RoPDF equation and introduces nonnegligible errors, which we control by sparsely
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assimilating in low-fidelity RoPDF estimates. The result is a method whose computational
demand is almost entirely associated with the overhead of synthetic state-data generation via
(relatively few) MC realizations of Equation (3.1), while preserving the qualitative behavior

of the original equation.

3.3 Data Assimilation

Data assimilation procedures for hyperbolic PDEs are categorized into variational and se-
quential approaches. The former, popularized by 4D-Var [124], is carried out via a global
optimization problem that balances observation discrepancy and an a priori confidence in
the governing model. The optimization is performed through gradient descent and adjoint
model integration, which is computationally demanding. On the other hand, sequential ap-
proaches directly introduce a correction term to the PDE based on observation discrepancy.
Its solution is referred to as an observer, which is designed to converge in time to the true
solution as observations are dynamically incorporated. The most notable of these approaches
is the ensemble Kalman filter (EnKF), which happens to be equivalent to the variational ap-
proach for linear systems. However, when PDE observations are noisy and the discrepancies
large in magnitude or highly non-Gaussian, the EnKF performs poorly [105, 125]. More-
over, it suffers from the curse of dimensionality, usually making it infeasible for PDEs upon
spatial discretization. However, one workaround, and the first assimilation procedure under
consideration is nudging (NR), where the correction term is designed to converge quickly
to zero in one forward simulation. Moreover, the nudging appellation motivates our second
approach, where we make use of DNNs. Although it is not dynamic assimilation, DNNs can
be viewed as instantaneous relaxation, which can address some of NR’s shortcomings.

To reduce error introduced by sparse observation times associated with stiff, multiscale
systems, we frame the RoPDF method as a data assimilation problem. Arguably, the two

most commonly employed assimilation procedures for hyperbolic PDEs are 4D-Var [124]
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and the ensemble Kalman filter (EnKF). However, neither are particularly well-suited for
the RoPDF method. The former relies on a computationally demanding global optimization
procedure and the latter suffers from the curse of dimensionality, making it ill-suited for
discretized PDEs. Moreover, the EnKF performs poorly when PDE observations are noisy
with large and/or highly non-Gaussian errors [105, 125]. However, one workaround, and the
first assimilation procedure under consideration is nudging (NR), where the PDE correction
term is designed to converge quickly to zero in one forward simulation. Moreover, the nudging
appellation motivates our second, global approach, where we make use of DNNs. Although
it is not dynamic assimilation, DNNs can be viewed as instantaneous relaxation, which can
address some of NR’s shortcomings, such as (temporal) sparsity of available data.

To formulate the assimilation problems, suppose we have generated Nﬁc MC realizations
of Equation (3.1) (i.e., training data) so that R may be approximated by a smooth estimator
R. Letting £(Xj, t) £ R(X},t) — R(X}, t) denote the corresponding residual arising from

the regression, the RoPDF equation Equation (3.10) can be identically written

Ofu 0
(,%’“ + a—Xk(Rfmk) = (M), (3.13)

where (M) = —0x, (€ fz, ), referred to as the model defect/discrepancy, is unknown a priori.
Note that we have used the fully data-driven RoPDF representation Equation (3.10) simply
for notational brevity. In practice, the advection coefficient takes the form of the physics-
informed version Equation (3.12), albeit with 7@2 in place of R;. By means of NR and
DNNs, we learn the model defect by assimilating in RoPDF observations H(fz; ), where

H(-) represents a given RoPDF observation map.
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3.3.1 Nudging

To reduce RoPDF discrepancy, NR assumes the model defect can be described by a simple

correction. The resulting PDE for the observer/estimator fxl\LR takes the form

T T I o
5t o (RINY = AHUn) = 1), X0 = [ (X0, (314

with boundary conditions identical to those in Equation (3.10). Here, the observation map
H(-) accounts for data availability and sparsity, i.e., when observations of f;, are possibly
noisy and known only on a subset of spatiotemporal locations of the domain. Taking H ()
to be the identity map implies that complete, exact observations are available. The NR
coefficient A > 0 acts as a finite learning rate that dynamically relaxes the observer towards
the observations, controlling the convergence of f}C\LR to fz,.- The choice of X is largely
empirical and typically requires some level of manual tuning. This is in contrast to the
EnKF, which takes A to be the Kalman gain matrix, requiring Gaussian error distributions.
In practice, the observations of f;, are typically noisy to some degree. If they are indeed
assumed to be perfectly random, it can be shown that the correction in Equation (3.14) is
equivalent to scaled white noise in a stochastic PDE, as discussed in [27] and the references
therein. This equivalence was originally given by Jarwisnky [105] between nudged ODEs and
SDEs.

At a high level, this explains why the Kalman gain matrix is optimal when error dis-
tributions are Gaussian, assuming the underlying dynamics are linear. However, practical
NR ignores this introduced uncertainty to a certain level, allowing A to be manually tuned
to fit the data or used for forecasting when the criteria for EnKF are not met. Moreover,
when observations are sparse, A can be constructed to vary in space and/or time, classi-
cally comprised of weight functions. Another option is to interpolate observations to the full

computational domain. General strategies for constructing A are reviewed in [187].
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3.3.2  Deep Neural Networks

A potential drawback of NR is that qualitative properties of the true RoPDF cannot be
guaranteed for the observer, particularly when the observations are noisy and/or sparse.
Although these issues are not present for the applications in Section 3.5, this generally may
not be the case. For Equation (3.14), its solution fgﬂR is not guaranteed to have the PDF
properties of nonnegativity and unit mass.

One alternative is the use of DNNs for direct RoPDF inference from observations. To
reformulate the NR problem Equation (3.14) as an instantaneous one via a DNN; we in-
troduce an optimization problem over the (sparse) spatiotemporal observation points of
the domain (X}, t). We denote the vector of N,,-many discrete observation locations by
XZ = [X;, Tﬂ T, where X, and T, represent the spatial and temporal components, re-
spectively. The subscript v € N denotes the level of temporal sparsity of the data, which is
formally defined in Section 3.4. The optimization problem is then defined by minimizing the

DNN

discrepancy between the observer ka and observations via the following loss function:

L2 FNN(X i Ty) — H(fe, (Xp: To))| | (3.15)
where || - || is an appropriate norm over RNobs. Directly approximating fPNN in Equa-

T
tion (3.15) as a DNN is a possibility, but given that the result would be solely data-driven,
utilizing the partially known dynamics (i.e., the separable advection term) of Equation (3.12)
and Equation (3.13) gives better results due to increased statistical power. To incorporate
such dynamics and render the loss Equation (3.15) physics-informed, we utilize the RoPDF
equation’s linearity.

The solution fy, to Equation (3.13) can be decomposed into the sum of its homogeneous
and particular (defect) solutions ff};k and fgk, respectively, such that f; = f;?k + ffvlk

Naturally, f;}k is the solution to the homogeneous equation Equation (3.13) (i.e., when
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(M) =0), while fgk accounts for the defect’s contribution. This fact can be established by

applying the method of characteristics to Equation (3.13) via the terminal value problem

=R(x(s),s),  x(t) = X, (3.16)

and its associated flow x(s) = ®(s; Xj,t) for 0 < s < t. By restricting f;, along the

characteristic curves, the RoPDF equation can be solved via integrating factor, resulting in

R (Xpst) = 7 (05 Xp, ) fu (9(0; X, £); 0),

t
74 (Xpit) = /0 (MY (x(r), 7). 7 ~L (53 X, 1) dr, (3.17)

where 7 (s; Xy, t) £ exp (— fst 8X7i’,(x(r),7“)> dr.

The homogeneous solution f:?k in Equation (3.17) is directly computed via numerical
integration. This is done by separating the advection coefficient into its known and unknown
terms as in Equation (3.12), approximating R; with smooth estimators R; on the spatial
mesh X, for each (sparse) observation time in T,. When v > 1, the learned R; may be
interpolated to the dense temporal grid required by the homogeneous PDE discretization to
improve performance. Having f}gk at our disposal, we construct an instantaneous observer
Ag]U)kNN = f}clk + fgk for fg, by estimating fgk with a fully connected feedforward DNN fgk

containing Ny, layers:
fd (Xt 2 AN, ©P0AN, 10 0po AX7, (3.18)

where ¢ is a nonlinear activation function applied recursively to each of the N, —1 hidden
layers. Note that since ¢ is typically bounded from above and/or below, it is not applied
to the output layer A Niay since our intended purpose is regression. Since fgk accounts for

the defect’s contributions to the RoPDF fy,, its qualitative behavior can be complex, i.e.,
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nonperiodic with steep gradients.

DNNSs are an expressive hypothesis class, and are known to learn complex function behav-
ior, which is the reasoning behind this choice of observer. Moreover, partial separability of
the advection coefficient ensures that f}clk and therefore A:BCNN is physics-informed, resulting
in increased predictive power.

Since there are no existing theoretical results for the convergence of the DNN observer,
the choice of norm is not as restrictive as in NR. We take the standard mean squared
error (MSE) since it gives a smooth, convex loss, significantly reducing computational costs
compared to the nondifferentiable L1 loss, but it is not without caveats. Employing the
MSE loss for DNN regression may result in poor training convergence if the underlying error
distributions in the observations H(fz, ) are not close to being independent, identical, and
Gaussian. The MSE can be replaced with a more general loss function to address errors that
strongly violate these properties. For example, to account for non-constant variance, one
can use the generalized least squares (GLS) loss as in [121, Eq. 6], where DNNs (specifically
physics-informed neural networks (PINNs) [176]) were trained with the GLS loss to improve
training convergence. Moreover, if the resulting observer does not have the desired properties
of a PDF| regularity terms may be added to the loss to enforce nonnegativity, unit mass, and
boundary conditions. Since the learning targets are PDFs, another option is to formulate
the loss in Equation (3.15) with a distribution metric. Natural choices include the total
variation distance, Wasserstein distances, and f-divergences such as the commonly used
Kullback—Leibler (KL) divergence.

For the applications in Section 3.5, implementing regularity terms, a GLS loss, and a
KL divergence loss did not provide major improvements compared to the MSE, but all
significantly increased training costs. Therefore, the experiments presented use the standard
MSE loss but with problem-specific transformations applied (before training) to both the

predictor (observation location) and response (H(fz,)) data to account for vastly differing
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scales and a variety of complex error distributions, making the MSE loss just as effective.
Although the MSE is used for DNN training/validation, (testing) error comparisons are
always given over L1, which is pessimistic in testing PDF accuracy compared to Lo and

distribution metrics, since the existing NR theory is established in this space.

3.4 Implementation and Analysis

Via the order 1.5 implicit strong Taylor scheme from [87, Ch. 10.2|, state data is synthetically
generated by MC simulations of Equation (3.1) and collected on a set of uniform times
T = {tm}%zo = {mAt}%zo, where t); = Ty. For each ¢, € Ty, a large number of Ny
MC samples of the Qol z(t,,) are post-processed with robust, adaptive-like KDE [26] to
form a MC marginal PDF solution fyjc(Xg;tm), which is treated as a yardstick for testing
the RoPDF method. Naturally, Nyjc is problem dependent and is determined by means of
a convergence study for each experiment.

We introduce the notion of sparse data via a sparsity factor v € {1,..., M} and its
associated observation times T, = {tml}f\il(’) = {l/lAt};\;[lé, where M, < M. Hence, v =1
implies complete observations, ¥ = 2 implies every other observation is available, and so
on. Independent of the trials for fyjc, we perform NIE/EC < Ny MC simulations of Equa-
tion (3.1) to collect state (i.e. x) and, if required, noise (§) data for training. For a given
v, at each time ¢,,, € Ty, these samples are used to learn Ri( X, tm,) via linear (ordinary
least squares (OLS)) regression and Gaussian local linear regression (GLLR) [91] for the
linear and power systems applications in Section 3.5, respectively. Additionally, the zy(tm;)
samples are post-processed with KDE [26] to compute a low-fidelity RoPDF observation
H(fz, (Xk;tm,)) for each observation time. Since Nﬁc < Nyic, these RoPDF observations
are inherently noisy, which is exacerbated in the temporal domain for v > 1. We henceforth
denote these observations by fﬁéj, to identify their dependence on the training sample size,

KDE, and the sparsity level. Much of our analysis will focus on how training size and sparsity
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level affect observer accuracy.

In all experiments that follow, the homogeneous RoPDF equations are solved on the
set of dense times T; via a Lax-Wendroff finite volume discretization with a monotonized
central limiter. When observation times are sparse, this is done by interpolating the learned
regression functions 7%2 to the dense spatiotemporal grid (X;, T1) via 2D modified Akima
interpolation [3]. Although the phase space is unbounded in our formulation, the computa-
tional spatial domain is taken to be a sufficiently large (bounded) interval so that vanishing

boundary conditions at +o00 may be approximated with homogeneous Dirichlet conditions.

3.4.1 Assimilation Training

The nudged equation in Equation (3.14) is solved by successively considering the homo-
geneous advection and source equations via Strang operator splitting, where the source
equation is integrated with a Crank-Nicolson discretization. Similar to R;, for v > 1, obser-
vations fﬁg are also interpolated to the dense mesh before numerically integrating, which
avoids the laborious tuning of NR weight functions.

We take the relaxation rate A = A, () to be piecewise constant over observation intervals
[tmys tm; 1), which is tuned in an online fashion to reduce predictive error at the subsequent
observation times. In particular, for a given interval with t € [ty,,tm, ) and v > 1, we
consider two possible values: A\, (t) = 0 and A\, (t) = v. Supposing A, and fECR have been
computed for ¢ < t;,,, we solve Equation (3.14) up to the following observation time t;,, 44 for
both possible values of \,,. Whichever produces the lowest (L) prediction error between the
observer fng and the observation fﬁ’g at time ¢y, is taken as Au(t) on t € [ty tm,,)
This approach to tuning ensures that observations are assimilated into RoPDF dynamics
only when necessary.

For both applications that follow, in the DNN formulation, we represent the defect solu-

tion fgk as a fully connected DNN with a ReLU activation function. For each combination
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of v and Nﬁc, we train a DNN via the standard MSE loss in Equation (3.15) using a 30%
holdout set for model validation. The MSE is minimized via the L-BFGS optimizer in Py-
Torch v1.13.0 with a maximum of 5 x 103 iterations. To prevent overfitting, we implement an
early-stopping criterion by imposing a 10~8 gradient tolerance, which allowed training to ter-
minate in at most 102 iterations. We consider 3 to 10 equally sized hidden layers, ultimately
choosing the network depth that minimizes validation MSE. For Section 3.5.1, the network
width is fixed at 20 neurons, which is subsequently increased to 32 neurons for Section 3.5.2.
In both applications, Nﬁc has little effect on optimal network depth so long as it is not
overwhelmingly small relative to dynamic complexity, e.g., greater than 250 and 102 for the
linear and powers systems, respectively. v > 1, on the other hand, is much more influential
on optimal depth. This is not surprising considering that sparse 7% may introduce large
RoPDF errors for systems that are multiscale and/or rapidly oscillating, resulting in defects
of greater complexity. After the training period, for each v, an fgk prediction is computed
on the set of complete times T required by the homogeneous equation’s discretization. It

is added to the homogeneous solution f};k to obtain the instantaneous observer fS?kNN.

3.4.2  Computational Complexity

Unlike DNNs, it is straightforward to compute the homogeneous and NR equations O(-)
complexities. For simplicity, suppose the 1D spatial domain is discretized with a fixed
uniform mesh Xj containing Ny, cells. Likewise, the dense temporal grid Tq contains
M + 1 nodes. Assume Nﬁc MC realizations of Equation (3.1) have been computed and
stored at the M, ~ [M/v]-many times T, (v > 1).

The homogeneous equation coincides with NR in Equation (3.14) when A =0 for all ¢ €
[0, Tf]. Given an advection coefficient, a Lax-Wendroff time step requires O(Ny,,) operations,
and therefore a total of O(M Ny, ) operations over [0, T]. Given the Courant-Friedrichs-Lewy

(CFL) condition to ensure numerical stability, this can be expressed as (’)(N:%k). However, we
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must account for the cost of learning R. Consider the more expensive nonparametric GLLR
regression. For a given ¢, € T, and bandwidth parameter, GLLR fitting and evaluation
has O(NﬁCka) complexity |91, Ch. 6.9]. A typical cross-validation (CV) procedure for
bandwidth selection increases this cost from linear to quadratic in Nf{}ic. However, we avoid
CV by transforming the data so that the simple plug-in estimator (see Equation (3.28)) is
sufficiently accurate, keeping GLLR O(NﬁCka), and therefore O(MVNﬁCka) over all
observation times.

The cost of employing any piecewise cubic Hermite interpolating polynomial is at most

O(M Ny, ), giving a total complexity of
O (M, NNy + M Ny, + MNy, ) = O ((Nifo/v+2) NZ,) (3.19)

for the homogeneous RoPDF equation.

In addition to Equation (3.19), to solve the nudged equation in Equation (3.14), we
must account for Strang splitting and the KDE /interpolation procedure for fﬁg However,
the cost of computing fﬁ’g at times T, via KDE and interpolating to the dense mesh is
identical to the advection coefficient procedure. Moreover, a single time step of the source
equation takes O(Ny, ) operations, and taking M to be even only requires an additional M
time steps for Strang splitting (compared to the standard 2M additional steps). Thus, the
computational complexity of solving the nudged equation in Equation (3.14) is twice that of
the homogeneous equation.

Circling back to the overhead of generating Nﬁc realizations of the N-dimensional
RODE Equation (3.1), for a given path realization, the majority of costs corresponds to
the nonlinear /implicit solve required at each time step. If we assume that the mean veloc-
ity field’s Jacobian is known exactly, then each iteration of a Newton-type method can be
done in O(N?) to O(N3) operations, depending on the system and matrix factorization.
Recalling O(M) = O(Ng,,), this amounts to an overhead of (’)(NﬁCka N3) operations for
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an arbitrary stiff, nonlinear system. However, we have not accounted for multiple iterations
during nonlinear solves nor Jacobian approximations. Hence, true overhead costs may be
considerably larger, especially for very stiff and/or high-dimensional RODEs. Regardless,
even for moderate N, sampling ( Equation (3.1)) dominates Equation (3.19), and therefore

the cost of the nudged RoPDF method.

3.5 Numerical Experiments

We test the proposed RoPDF approaches on two applications, both with random initial
data and driven by OU noise. The first in Section 3.5.1 is a stiff, 2D (i.e., N = 2) linear
system, included as a proof-of-concept. It highlights the need for data assimilation in RoPDF
equations associated with sparsely observed stiff RODEs, even when the underlying dynamics
are relatively simple. Our second application in Section 3.5.2 is to power systems, where the
RoPDF method is used for UQ of transmission/line failures in an electrical power grid. The
governing model is a 47D nonlinear system. It is highly stiff across the entire system and
lacks scale separation, similar to the (simpler) model in [129]. We remark that, in addition

to the Qol, only 4 of the 47 states need to be observed for our approaches.

3.5.1 Stiff Linear System

We first consider the following linear RODE system:

i = —2x1 + x9 + 2sin(t), 21(0) ~ N (2,0.152)
1 1+ 29 (t) 1(0) ,

B9 = (o — )&y — g + a(cos(t) — sin(t)) + o€(t),  w9(0) ~ N (3, 0.152) o (3.20)

to be solved up to Ty = 10, where the Gaussian initial conditions and noise (i.e., 21(0),

x9(0), £(t)) are all taken independent of one another. The driving colored noise is taken as
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Figure 3.1: (Left) Learned R from NIE/EC = 5 x 10% MC realizations of Equation (3.20) at
sparse times T, with v = 2 x 102, (Middle) The learned advection coefficient of Equa-
tion (3.23). (Right) Evolution of the homogeneous solution f}gl to Equation (3.23).

an OU process defined as the solution to the It6 SDE

£(t)

de(t) = =t + \@dwu), £(0) ~ N(0, 1), (3.21)

where W (t) is a standard Wiener process independent of £(0). Given this initial condition,
&(t) is an exponentially correlated stationary Gaussian process with correlation length 7 > 0.

Its solution is conditionally given by the scaled, time-transformed Wiener process
£(t) = €0)e T+ W (1 - e_2t/7) . (3.22)

Hence, paths of £ can be directly sampled from the laws of £(0) and W, which is more
accurate and efficient than numerically integrating Equation (3.21). The intensity of ¢ is
denoted by o > 0. Lastly, a > 0 serves as a stiffness parameter, making Equation (3.20) stiff
when o > 1. In the experiments that follow, we set a = 999, 0 = 100, 7 = 0.1, and k£ =1

such that the Qol is x1 ().
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RoPDF Equation & Numerics

The RoPDF equation in Equation (3.12) takes the form

Ofz 0 :
gtl _|_8_)(1[(—2X1+R(X1,t)+281n(t)) fxl] =0, (3.23)

where the initial condition fz, (X1;0) is the univariate Gaussian PDF of z1(0) and R(X1,t) £
(29(t) | z1(t) = X1). The spatial mesh X7 is taken uniformly on [—1.85,3.15] with 5 x 102
cells such that AX; = 1072, This is a fairly dense mesh for the given dynamics; however,
it demonstrates one manner in which sparse observations arise even when the dynamics are
straightforward. For the given AX; and estimated coefficient, the CFL condition requires
At < 1.4 % 10~3. Since this estimated bound is dependent upon the specific regression and
interpolation methods, we take a slightly smaller time step At = 1073 for the dense grid
T;. Given the simple structure of Equation (3.20), R is linear in X;. Hence, the estimator
7@, which is displayed in Figure 3.1 along with its associated RoPDF evolution, is computed
via OLS regression from NMC MC realizations of x at each t,,, € Ty.

To be consistent with the notation in our DNN formulation, we denote the solution
to Equation (3.23) (with R) by f};l, which signifies that no RoPDF observations were assim-
ilated. We incorporate varying degrees of data sparsity by considering v € {1,2,5} x 102,
which corresponds to data availability at time increments of 0.1, 0.2, and 0.5. Several training
sample sizes were also considered in our experiments, but apart from our scalability results
(Figure 3.4), we limit our head-to-head comparisons to the Nﬁc = 5 x 102 case, which
is considerably fewer than the Nyjc = 1.5 X 10% realizations needed to compute yardstick
solution fyjc.

As mentioned in Section 3.3.2, the loss in Equation (3.15) in the DNN formulation is not
actually minimized over the observation locations X{ . Since the PDFs are near-Gaussian,

for a given v, we compute the mean and standard deviation of f£1 (X{;tm,) for each ty,, €
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Figure 3.2: (Left) Temporal evolution of f% Ly error against the yardstick fyic for v €
{1,2,5} x 102 and Nﬁc =5 x 102 (Middle) Snapshot of fyic, fg}}l, FANR - and fglc)lNN for

xr1
v =2 x 102 at time ¢ = 7.2. (Right) Defects fgl corresponding to the middle plot for DNN
and NR observers. The latter is computed ex post facto as nglc\IlR — f};l

T,. The spatial observation locations are then shifted and scaled by the corresponding
mean and standard deviation for each time. Both f}cll and fﬁ’g are also scaled by these
standard deviations. The resulting transformations result in PDFs that are nearly standard
Gaussian for all observation times, albeit defined on varying/moving spatial grids. This
method of standardization allows us to omit, for all ¢, € Ty, any transformed spatial
location with magnitude greater than four, i.e., where (transformed) f;}l and fﬁg are within
machine epsilon. This improves DNN costs by reducing training input size and allows training
to converge with shallower networks. After training, the f;}l prediction on dense Ty is
transformed back to original scale on Xj.

Recall from Section 3.4.1 that all DNNs have 20 neurons per hidden layer for this appli-
cation, but the number of layers is chosen to minimize validation MSE. Across all choices of
Nf{/r[C, the optimal network depth ranges from 3 to 4 layers for smaller values of v and 5 to
6 layers for larger v. Specifically, for Nﬁc = 5 x 102, the networks corresponding to each

ve{l,2,5} x 102 have 3, 3, and 5 hidden layers, respectively.

Error Analysis

Figure 3.2 (middle) reveals the RoPDF solutions to be overwhelmingly Gaussian. This is no

surprise since Equation (3.20) is linear with Gaussian noise and initial conditions. Moreover,

71



the snapshot of f;}l for v = 2 x 10% at time ¢ = 7.2 is a close match to the yardstick
fyc even though the Lq error is approximately 11%), as seen in left subfigure. Upon closer
inspection, there are deviations in the mean, variance, and left tail from fyjc, though they
appear minimal. This behavior with respect to fyjc is similar at other times and for other
combinations of v and Nﬁ}}c but is more pronounced as v increases.

Although it is pessimistic for PDFs, we limit our error to L since theoretical NR con-
vergence is established in this metric (see Section 3.7 and [27]). However, regardless of the
metric, there is always a sharp increase in f, ’s error at early times, where the error magni-
tude is largely determined by v. This is expected given the dynamics’ initial transience, where
the RoPDF quickly transitions away from the initial condition to the dominant periodic evo-
lution seen in Figure 3.1 (right). Naturally, if v is too large, even with R’s interpolation, the
advection coefficient cannot properly account for this transience, and fi}k is perturbed away
from the true dynamics without any means for correction, even if the coefficient is correctly
estimated at later times. This is where our proposed assimilation methods pick up the slack.

Figure 3.3 (left) is the temporal L error evolution of the NR observer against the obser-
vations used during assimilation, which helps visualize the NR procedure. The tick marks
along the horizontal axis denote the relatively few time periods when A > 0 and RoPDF ob-
servations are assimilated into the dynamics via Equation (3.14). They typically correspond
to small magnitudes and sharp decreases in error, showing that observations are assimilated
in quickly when it serves to increase predictive power. This figure also shows the error as-
sociated with the NR (middle) and DNN (right) observers against fyjc, revealing that both
approaches perform well compared to the homogeneous solution (Figure 3.2, left). The most
striking result is that both observers, save for the initial transience, are relatively unaffected
by temporal sparsity as long as v is not unreasonably large. This fact can also be seen
in our convergence rates in Figure 3.4. Overall, the DNN slightly outperforms NR, which

we attribute to relatively simple error distributions and defects. The latter can be seen in
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Figure 3.3: Evolution of Ly error for v € {1,2,5} x 102 and Nyt =5 x 102, (Left) }?IlR
against the assimilated fﬁ’g Green ticks on the t-axis represent short assimilation periods,
i.e., when A\, (¢) > 0. (Middle) }IIR against the yardstick fyrc. (Right) BNN against fyrc.

Figure 3.2 (right).

Figure 3.4 provides convergence (in the normalized L1 norm over space and time) of the
assimilated observations (left), the NR observer (middle), and the DNN observer (right) as
NMC increases. For complete data (v = 1), we recover the standard MC convergence rate
of O(1/ Nﬁc) for the observations. However, as data becomes sparse, this convergence
considerably degrades due to the observations’ construction via interpolation. For v =
1 x 102, the error of fﬁg increases in magnitude and the convergence slows to O(1/ ¢ Nﬁc).
For v > 2 x 102, the error magnitude continues to increase and the rate is nearly constant.
The NR observer, on the other hand, surpasses standard and quasi-MC rates with O(1/ Nﬁc)
convergence. The remarkable feat is that this rate is nearly independent of . This also holds
for the DNN observer, but with slightly smaller magnitudes and sharper rates.

Overall, both approaches to assimilation are effective and cut costs of the MC approach
by a factor of 4. This speedup is significant but not drastic given that the MC approach is on
the scale of minutes in CPU time, which is due to linear dynamics and low dimensionalilty.
We note that the experiments were performed with an Apple M2 Max chip in parallel on 12

CPU cores.

73



JNR

—fMC‘

-0.5
--v =500
;5 ss ‘6 -y =200
2 2 = —v =100
£a} = =
ST _ ~_
(=1 (= (=
S =500 & &
2 -~y =200 2 2
—uv =100
-2.5 . -2.
2.5 3 3.5 2.5 3 3.5 2.5 3 3.5
logy NV %VIC logyy NV lfL’IC logyy NV 1;'/(*

Figure 3.4: Convergence rates, on a log-log scale, for the spatiotemporal L error of the
observations fﬁg (left), Jlj\IlR (middle), and ngN (right) for v = {1,2,5} x 10% as Nﬁc
increases.

3.5.2  Power System Cascade Outages

We study how our method applies to electrical power systems, particularly in characterizing
cascading failure modes dependent on stochastic sources. As the grid sees an increase in
renewable generation sources and electric vehicles, the risk of stochastic fluctuations trigger-
ing a cascade of failures rises, potentially leading to significant economic impacts and safety
risks.

The power system consists of Ny,,3 = Ng + N] buses, comprised of Ng-many generators
and Nj-many loads, and a network of Nj;,.-many transmission lines. Sudden perturbations
of the steady state can lead to the overloading of transmission lines, resulting in their sudden
trip or disconnection. This disconnection may trigger further line disconnections in a cascade
fashion. Therefore, to characterize the risk of cascades, the RoPDF method is employed,
which can be used to compute the probability of line outages in response to stochastic
perturbations.

To address this issue in a computationally tractable fashion, Zheng and DeMarco pro-
posed a port-Hamiltonian model to represent the potential of such cascading outages that

incorporates line tripping by means of “smooth bistable" variables [52]. We show the com-
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plete model:

wg = —Mg_ng(.«.Jg — Mg_lUirf<a>Vla7)7
o= Ulwg - [U2DZ_1U2T:| f(aa Vl77)a

Vl - —qulg(a, Vl7 7)7

;Y = _nylh(a’ Vl7 7)a (324>

where
U2 [—e|ly, ]=[U|Ug, Uy € RNousXPetD) gy e RMousxM e 21 1]T € RNbus,
T

and Iy, i the Npyus X Npyye identity matrix. The system states x(t) = ng, al, VlT, ~ T

are comprised of (Ng + 1) generator speeds wy (including a non-physical reference/slack
bus), Np,s non-slack angles a, N load voltage magnitudes V;, and Ny, indicator-like
bistable variables « representing the operating status of each line. Hence, Equation (3.24)
is an (Ng + 1 + Npys + V] + Nipe)-dimensional system. Here, My € RWNg+1)x(Ng+1) is the
generator mass/inertia matrix and Dy € R(Ng+1)x(Ng+1) D; e RM*NM D, € RM*M and
D, € RNiine X Niine are the states’ various damping matrices. f (a, Vi,7v) € RVbus represents

the net power at each of the non-slack buses, where the sign convention takes absorbed power

as positive. In other words,

fi(O(,Vl,’)’)éfz'(a,Vl,’Y)—PlO, ie{la"'vaus}u

where PY = [P{), cee P]%b ]T e RVbus represents the prescribed active mechanical power
U

S

from the generators and the negative active load power demands. Q¥ € RM is the reactive
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power analog of PY. but defined only at the loads, and g(a, V;,7) € RM is defined as

gi(a7vl,’)’) £ ‘/l;l (gz(a,Vl,’)’) - Q?) ) (RS {Ng + 17Ng + 27 .- -aNbus}'

The system (see Equation (3.24)) approximates tripping dynamics via the bistable states

~ and their corresponding velocity field
h(a, Vi, ) £ h(e, V) —~Ho 8(%), (3.25)

where h(a, V;) € RMine denotes the lines’ energies and () € RMine comprises the corre-
sponding thresholding functions with magnitudes H € RMine. Here, © is the element-wise

vector product. The smooth thresholding functions

Op(v) = 2[— exp(—207%) + exp(—2007) + exp(20(7; — 1)) — exp(200(7; — 1))}, (3.26)

for k € {1,..., Njjne}, are constructed so that upon integrating Equation (3.24), two poten-
tial wells are created very close to zero and one, where the latter has height ~ H;. When
the line energy Bk exceeds the threshold Hy, hj(a, Vy,7) becomes very large, driving v
in Equation (3.24) quickly to zero, effectively removing the line from the system. Moreover,
due to Equation (3.26), once ;. transitions to zero, it stays there, save for small fluctuations
around zero.

To account for stochastic fluctuations at the loads, we add N, = 2/N] OU noise processes

£(t) to PY and QU such that

fi(auvl7’77€) = f,(a,Vl,'y) - P'LO - O-P7Z'€P,i7

gi(aavb')/ag) = Vvl;l <§’L(avvl7’7) - Q'(L) - UQ,i&Q,i) ’ (S {Ng + 17Ng +2,... >Nbus}7
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where the components of £(t) = [Eg(t), £g(t)} ! are defined by Equation (3.22) and taken to
be uncorrelated. We take all noise processes to have identical correlation length of 7 = 1072
and set all op; ~ 2.19 and oq; ~ 1.55. For our experiments below, this puts the RODE
in the high-noise regime. Many methodologies that use large deviation arguments to obtain
asymptotic transmission failure rates, which typically require the existence of a nice closed-
form stationary measure such as a Gibbs measure, usually do not perform well in this setting
[182].

All experiments that follow are over the time interval [0,Tf] with Ty = 0.5 for the
IEEE 14-Bus System, giving a 47-dimensional RODE system. An equilibrium point of the
deterministic power system is found by solving the optimal power flow via MATPOWER [234].
The equilibrium point is treated as a deterministic initial condition for the RODE, which is
burned in via NMC MC simulations over the entire time horizon. During this burn-in, all
tripping thresholds are set to H = 1 (equivalent to a line rating of 200 megavolt amperes)
so that no lines are tripped. The resulting samples of X(Tf) are then treated as independent
samples of the random initial condition x¥ at time ¢ = 0, which are used in generating MC
realizations of the RODE system over the time interval (0, Tf] as well as post-processed with
KDE [26] to compute the RoPDF for the Qol at ¢ = 0. After the noise burn-in period, we
perturb the system out of its quasi-equilibrium by manually removing line 15 at time ¢ = 0.
Additionally, at time t = 0, we reduce the thresholds for lines 12 and 17 to Hyio = 0.0135 and
Hy7 = 0.0125, respectively, to mimic so-called “weak lines," which cannot afford normal load
flow, that occur in physical power systems under various circumstances, e.g., bad weather.

We set diag(My) = 5.3 x 1072, diag(D,) = 5 x 1072, diag(D;) = 5 x 1073, and
diag(D,) = 1072, which are the same parameter choices for the experiments in [182]. We
determined (via convergence studies) that diag(D-) = 1073 is the largest possible value that

achieves realistic tripping dynamics.
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RoPDF Equation & Numerics

Since we are interested in quantifying the uncertainty concerning line failures in the power
grid, we consider the real-valued Qol to be z(x(t)) = 7 (t), which represents the operational
status of the k-th power line. Since the phase space of 7 is technically unbounded, we let
Z}. € R represent a variable in its phase space. Following the derivation in Section 3.2, the

exact RoPDF equation for the marginal PDF f,, (Zy;t) of v (t) is given by

0 0
(J;Zk + 3_Zk< = D74y (R(Zg 1) — Hk:9k(Zk))> =0,
Fiu(Z1:0) = 19 (Z), (3.27)

with vanishing boundary conditions, where the regression function is the conditional expec-
tation R(Zy,t) = <Bk(a, V) | (t) = Zk>. Since the thresholding function 6, depends only
on the Qol 7, the advection coefficient in Equation (3.27) is partially separable, and thus
01.(Z;,) has been pulled out of the conditional expectation. In the experiments that follow,
R is always estimated by R via GLLR for each tm; € Ty. In all MC simulations, three lines
underwent tripping dynamics, including both weak lines. Out of these three, the RoPDF
for line 12 had the most complex dynamics. Hence, we limit our presentation to the k = 12
case.

As seen in Figure 3.6 and Figure 3.7, the dynamics of Equation (3.27) transition the
RoPDF from unimodal to bimodal, where the essential support of the modes is quite small.
To accurately capture these dynamics, we take the spatial mesh Zi9 to be fixed but nonuni-
form with AZj9 ranging from 10~% near the mode locations Z19 ~ 0 and 1 to 5 x 1072
in between the modes, resulting in approximately 850 grid cells. If uniform time stepping
is used for the Lax-Wendroff discretization, the CFL condition requires At = 1075, Even
though variable time stepping and/or different PDE discretizations may be used to reduced

the number of time steps, leaving At uniform in our discretization serves to demonstrate
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one way in which temporal sparsity can arise. Another comes from the MC simulations and
the RODE discretization. For the given stiff power system, an explicit RODE discretization
would require time steps as small as 1079 to ensure stability. Our strong-order implicit
time stepping can be taken much larger, but a small At = 1075 to 10~% is still required to
accurately capture quick transitions during tripping dynamics. However, to reduce memory
requirements, we only store the MC training samples at time increments of 1073, Hence,
the sparsity factor with respect to the RODE discretization is 10 to 102 but is 103 compared
to the PDE discretization. Given our choice of notation, our sparsity factor v refers to the
latter, i.e., v = 103. For this application, we do not consider additional sparsity factors
since v = 103 is considerably large for the given dynamics, and it has arisen naturally due
to memory limitations. Similar to our presentation in Section 3.5.1, we limit our head-to-
head comparisons to a single sample size of Nﬁc = 2 x 103, but vary this samples size to
determine overall convergence rates. The total number of MC trials required to compute the
yardstick solution fyrc for v19(t) is Nyje = 10°. Recall that in the DNN formulation, all
hidden layers have 32 neurons, but, as in Section 3.5.1, network depth is chosen optimally.

For v = 103 and all Nﬁc considered, 7 hidden layers is the optimal depth.

GLLR on (712, ﬁlg) Transformed (712, leg) & Fit Final R Estimate
150+ 150
100 100
sof{ 50 |
0 0.5 1 -2 0 2 0 0.5 1
Z19 Gaussian Space Z19

Figure 3.5: Nﬁc = 2 x 103 MC realizations (blue dots) of (712, h12) at time ¢ = 0.1. (Left)

GLLR estimate of R using 10-fold CV for bandwidth selection. (Middle) Data transformed
to standard Gaussian variates and corresponding GLLR fit with simple plug-in bandwidth.
(Right) Fit from the middle plot transformed back to the original scale to obtain a more
accurate estimate of R.
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Regression

Regarding the regression estimates R, when the k-th line in the system is tripped and ;. is
the Qol, the underlying dynamics make regression on the MC sample data difficult. How-
ever, at any given time, the response (line energy) data fzk(a, V) is always nonnegative and
nicely right-skewed, allowing these variates to be efficiently transformed into standard nor-
mal variates via the one-parameter Box-Cox transformation. The transformation parameter
is selected via maximum likelihood estimation with the Shapiro-Wilk goodness-of-fit test as
was done in [11]. The qualitative behavior of the underlying predictor data -y, associated
with R drastically changes during the transition period after the line is tripped, and there-
fore no single parametric transformation can be expected to perform well. Since we must
already compute the observations fﬁg for the assimilation procedures, we can easily convert
these PDFs into CDFs via inexpensive quadrature. Evaluating these CDFs at the Nﬁc—many
variates of ;. via 1D interpolation gives approximately uniform variates on [0, 1]. Applying
the inverse standard normal CDF to these variates gives approximately standard Gaussian
variates. Given that the predictor and response data have each been transformed to (uni-
variate) standard Gaussian variates, an optimal plug-in bandwidth estimator for Gaussian
data can be employed for GLLR [107, Ch. 3|, avoiding costly CV procedures. Letting med(-)

denote the median operator, the optimal, robust estimator is given by §. 2 \/§{vx}5{hs},

where ${-} is defined as

0.2

R 4

s{yy = (W) med(|y — med(y)|) / 0.6745. (3.28)
MC

Figure 3.5 (left) displays Nﬁc = 2 x 103 MC realizations (blue dots) of (y12,h12) at

time ¢ = 0.1. On this original scale, the data near Z19 ~ 0 (the RoPDF’s left mode) nearly

forms a vertical line. In order to remotely capture this behavior with GLLR, R becomes

negative and too rough between the modes, even with 10-fold CV for bandwidth selection
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(black curve). However, after applying the transformations and performing GLLR with the
much cheaper plug-in bandwidth (middle), the fit becomes excellent. The inverse transforms
are applied to obtain a much cheaper and more accurate R (right). Its temporal evolution,

in addition to the full advection coefficient, is given in Figure 3.6.
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Figure 3.6: (Left) Learned regression function R(Z19,t) estimated from NIE/EC = 2x 103 MC

realizations of equation (3.25) at sparse observation times T, with v = 102, The behavior
of R is difficult to distinguish using a single scale (bottom). Hence, we partition the domain
about the (red dashed) line Z19 ~ 0 and plot the left and right sides on difference scales (top).
(Middle) The partially separable advection coefficient based on the learned R. Likewise, the
domain is split about the (gray dotted) line Z19 &~ 0.95. The left side is omitted on top as

it closely resembles the bottom plot. (Right) Evolution of the homogeneous RoPDF f%z for

v12(t). The evolution is displayed only near the phase space boundaries since the middle
portion of the domain always corresponds to relatively low probability states.

Error Analysis

The temporal evolution of the solution f2

15 to the homogeneous equation in Equation (3.27)

with estimated R is given in Figure 3.6 (right) as well as snapshots at times ¢ = 5 x 1073,
0.1, and 0.4 in Figure 3.7. At t = 0, f,}yl12 is unimodal and nearly symmetric around its
original deterministic equilibrium point, indicating that the line is fully operational. Due
to the line’s low power rating together with stochastic fluctuations at the loads, as time
evolves, the probability of transmission failure increases and quickly skews the density left.
The small value of D~ causes the RoPDF to transition extraordinarily fast to form a new

mode near Z19 ~ (0—its mass is approximately the line’s failure probability at any given
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time. The scale at which this transience occurs in addition to the complexity of R from
multiphysics is precisely why the accuracy of f%z degrades when data is temporally sparse.
This was also true for the linear system in Section 3.5.1; however, it is much more apparent
in this application. Due to the nature of R near zero (see Figure 3.5 (right) and Figure 3.6
(left)), small shifts away from the true R can result in large changes in magnitude, which is
exacerbated by interpolation. Moreover, R also rapidly oscillates in time (on small scales),
which is not captured well by the estimate R due to data sparsity. The combined difficulties
introduce error to the homogeneous solution that compounds over time, as seen in the RoPDF
snapshot Figure 3.7 (right) and the Ly error evolution in Figure 3.8 (middle).

Also seen in Figure 3.7, the nudged and DNN observers perform well over the timecourse
compared to the homogeneous solution. Both observers capture all qualitative aspects of the
yardstick solution exceptionally well during early and middle times. At late times (right),
both struggle to fully capture the right mode; however, this can be attributed to the vastly
differing scales of the two modes. Note, these modes at ¢ = 0.4 (right) are displayed on
different scales to emphasize this discrepancy at the right mode. Given that the mass of
the right mode is only a fraction of the RoPDF’s total mass, such discrepancies do not
significantly influence either observer’s error against the yardstick MC solution, as seen in
Figure 3.8 (middle).

While small at late times, the right mode of fy,, does not vanish, even if the final time
T’y is increased significantly. Hence, there is a nonzero, albeit small, probability that the
line does not trip. If one desires a highly refined estimate of this probability, observer
discrepancy at the RoPDF’s right mode must be reduced. When the sparsity level v is fixed,
the only surefire way to improve the nudged observer is to increase Nﬁc, i.e., the amount
of training data. This is also true for the DNN observer, but to a lesser extent by means
of normalization. Unlike the linear RODE in Section 3.5.1, there is no clear-cut approach

to normalizing the RoPDFs and observations locations for improved training. However,
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Figure 3.7: Comparison of the yardstick fyjc (solid black), the homogeneous solution f,}yl12

(dot-dashed red), the nudged observer f,ly\g (dotted blue), and the DNN observer f%IQ\IN

(dashed purple) for v = 103 and Nife =2 X 103 at times ¢ = 0.005 (left), 0.1 (middle),
and 0.4, (right). Similar to the PDFs in Figure 3.6, the phase space is restricted near the
boundaries to emphasize the bimodal behavior at the latter two times. Moreover, at ¢t = 0.4
(right), the modes are given on two scales, revealing that the right mode shrinks, but does
not vanish.

since the CDFs corresponding to the observations fﬁ’g were computed for R estimation, for
each observation time, we multiply the spatial grid by these CDFs. We then shift, scale,
and apply the square root transform to obtain new observation locations for training. This
serves to disperse the essential supports of the RoOPDF modes, making them easier to learn.
In addition to applying square root transforms to the RoPDFs, we also shift and scale them,
along with the observation times, so that the RoPDFs and spatiotemporal locations are all
on the same scale. This approach to normalization considerably improves DNN estimates
of the right mode at late times. Alternative approaches to normalization may yield better
results, but none are perfect—the observer still depends on the quality of fﬁ’éj and therefore
Niia.

Figure 3.8 (left) demonstrates the qualitative behavior to be expected of the learned defect
solution ffylu associated with the DNN observer (dashed purple). The defect corresponding
to the nudged observer (dotted blue), computed as f%\g{ — f%Q, is also plotted for reference.

They are nonperiodic and exhibit steep gradients. As seen in the middle plot, the errors

of f,ly\g and j‘?llz\TN against the yardstick solution are quite similar, with fyg‘ performing

slightly better at early times, i.e., during the initial transience. As previously discussed,
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Figure 3.8: (Left) The defect solutions f,‘;lm for the DNN and nudged observers at time

t = 0.1 with sparsity factor v = 103 and Nﬁc — 2 x 10 MC samples. The former is the
(prediction of the) DNN in Equation (3.18) while the latter is computed ez post facto as
f%\g{ — f%Q. (Middle) Temporal evolution of L errors for the homogeneous solution, flylu,

the nudged observer fvl\g{, and the DNN observer f?gN (Right) Convergence rates, on a

log-log scale, for the normalized spatiotemporal L errors of the nudged and DNN observers
as Nﬁc increases.

DNN obsever error could possibly be improved to match that of nudging via alternative
normalization. However, we attribute the nudged observer’s better success to it’s ability to
dynamically overcome the highly nontrivial error distributions associated with these RoPDFs.
We remark that, in this setting, the EnKF would likely perform poorly against the nudged
observer due the errors being large and non-Gaussian.

Figure 3.8 (right) displays that even though the power systems dynamics are significantly
more complex, stiff, and higher dimensional than the linear system from Section 3.5.1, the
RoPDF method obtains the same O(1 /Nf{}ic) convergence as the number of MC realizations
increases, demonstrating the method’s robustness. Moreover, given that the yardstick MC
solution requires Nyjc = 10° realizations of the stiff, 47-dimensional RODE system (even
with fast, adaptive KDE) and the RoPDF method needs fewer than Nﬁc — 103 realizations
to achieve (less than) 1% L error, regardless of the assimilation approach, the method
requires relatively few computational resources. For this application, the computational
costs of numerically integrating the RoPDF' equation, including the additional cost of DNN
training, is but a small fraction of total costs. Therefore, comparing Nf{}fc to Nyjc represents

the computational speedup of the method sufficiently well. In particular, we see a speedup
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of at least two orders of magnitude (depending on desired error tolerance) of the RoPDF

method compared to the MC approach.

3.6 Summary and Conclusions

In this work, we have developed a physics-informed framework for studying uncertainty
propagation of physical quantities of interest in high-dimensional and multiscale stochastic
dynamical systems. In particular, we presented a derivation of an exact RoPDF equation
and a regression-based approach to closures, enabling the characterization of full probabilis-
tic profiles at all times with low computational complexity. Furthermore, we introduced
two physics-informed data assimilation procedures to address issues arising in stiff systems,
namely nudging/Newtonian relaxation and deep neural networks, which assimilates in low-
fidelity observations at sparse observation times with negligible cost, improving density esti-
mates. Finally, we showed the accuracy of our method on characterizing uncertainty in both
a synthetic stiff linear system and an at-scale power system cascading failure model using
IEEE case data. The results of our method demonstrate promising and practical uses in the
prediction of complex stochastic phenomena.

Several challenges and opportunities arise following this work. Firstly, convergence rates
of the RoPDF method are dependent on three factors: (1) RoPDF observation error via
KDE, (2) error from numerical PDE integration, and (3) estimation error from regression
functions. A precise characterization of solution accuracy can be analyzed from a learning
theory perspective. Some regularity of the RODE is required to guarantee the existence
of a solution to the RoPDF equation (see Theorem 3); however, more importantly, specific
regression methods typically require additional assumptions on the conditional expectations,
e.g., smoothness. How these assumptions contribute to the convergence of the discrepancy
(M) under different choices of models, loss functions, and optimization algorithms remains

to be theoretically studied. Furthermore, the notion of data stability (see, for instance, [89])
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is required to formally define the error terms that depend on statistical models. The authors
believe that it suffices to analyze data stability with respect to RODE regularity, whose noise
process directly impacts the consistency of nonparametric estimators [204].

Secondly, we performed preliminary experimentation of using DNNs for the discovery of
model defects. We believe that DNNs could have strong extrapolation power once trained
with more sophisticated architectures. To name a few, Fourier-based DNNs are known to
capture stiff dynamics well. Additionally, long short-term memory networks can be used
to impose temporal ordering, which is more suitable for learning from (sparse) time-series
observations. Particularly, when observations cease to exist, the design of reliable DNN
extrapolation is necessary, which was beyond the scope of this study. Finally, the natural
extension to uncertainty quantification for vector-valued Qols is of great practical interest,
such as rare-event probability estimations for multiple line failures in the power system model
(Equation (3.24)). However, the issue of dimensionality returns when the reduced state space
itself is high-dimensional, which may potentially be resolved via structured low-complexity
methods, such as tensor-networks, flow-based generative models, and/or a combination of
such strategies where an initial product measure can be formed from marginal densities
solved using the 1D RoPDF method, and then optimized to approach the correct reduced-

order joint density.

3.7 Appendix

3.7.1 Nudging Convergence

For general random hyperbolic conservation laws, the method of distributions is formu-
lated similarly to that of Theorem 3 and [143, Eq. 3] for RoPDF and joint PDF equations
(respectively) corresponding to the RODE of Equation (3.1). The kinetic description of

the hyperbolic system is precisely the deterministic equation for the “raw PDF” II. How-
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ever, when the governing random PDE exhibits shocks, the method of distributions for II
breaks down at singularities. This can be overcome by partitioning the domain and tracking
shocks analytically, which was done in [4, 209| for the water-hammer and Buckley-Leverett
equations, respectively. However, analytically tracking shocks is rarely possible for general
nonlinear hyperbolic PDEs. Instead, the kinetic defect term/collision operator M may be
introduced as a source function in the raw PDF equation, incorporating all information re-
garding discontinuities. When the hyperbolic system exhibits smooth solutions, M is unique
and identically zero. Otherwise, it can be written as the partial derivative of what is known
as the kinetic entropy defect measure—it is exact, albeit generally unknown a priori. Learn-
ing this defect in the CDF equations of nonlinear scalar conservation laws with random
initial data was the focus of [25], which largely motivated our extension to the setting of
reduced-order equations.

It was shown in [27] that nudging hyperbolic conservation laws at the kinetic level does
not perturb the stability of the macroscopic system, which is beneficial for establishing strong
convergence. In our setting of RoOPDF equations, the conservation law in Equation (3.4) for
Iy, is a kinetic description and is exact. Therefore, the defect M vanishes and (scalar)
nudging ensures that the corresponding observer ﬂxk converges globally and exponentially
in Ly to II;, with rate A > 0 when H(Il;, ) = Il, , i.e., when observations are complete and

exact. By virtue of the triangle inequality,

| fa, = Farllt < (I, = T [11), (3.29)

the nudged observer f:vk corresponding to the exact RoPDF equation enjoys the same global
convergence to fz,, i.e., the solution to Equation (3.12). In the case of temporally discrete
observations, i.e., when the observations are sparse in time and complete in space, global

convergence cannot be obtained. However, if the observations are interpolated over finite
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time intervals of length T3, > 0 via the correction term

A 6m, (¢ = tny) (T (X ) = My (X tmy) )
lel

then, for any given time 7" > 0, the nudged kinetic observer has bounded L; convergence:
1Ty (X, T) = Ty (X, Ty < Coe + T Z(T), (3.30)

where L is the number of time steps in [0, 7' — Ty, Cp is a constant depending on the initial
condition, and Z is a convergence-rate dependent quantity. Taking the ensemble mean
provides a A-dependent convergence bound for nudging the exact RoPDF Equation (3.12).
When the observations of IIz, are noisy, under sufficient regularity conditions, one obtains a
strong upper bound on the observation error in a homogeneous Sobolev norm and an optimal
(scalar) nudging coeflicient A > 0 (see [27]).

In our nudging formulation, we have replaced the conditional expectations R; with
smooth estimators 7A22~, meaning that the kinetic defect term does not vanish. For exact but
temporally sparse observations, this amounts to adding the term supg—;<7||M(Xg,t)[|1/A
to the bound in Equation (3.30). However, the more concerning issue is that we have in-
troduced observation noise at the macroscopic level (via the low-fidelity estimates fﬁg)
rather than the kinetic level. Moreover, we are not aware of any existing literature that has
addressed theoretical convergence in this setting. Since measurement noise often occurs on
the macroscopic level in many applications, such results would be of great interest, and are
indeed the focus of an ongoing body of work. In the meantime, we rely on the mounting

empirical evidence for the practical nudging of ODEs/PDEs, including the new results for

RoPDF equations in Section 3.5.
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CHAPTER 4
DATA-DRIVEN ESTIMATION OF FAILURE PROBABILITIES
IN CORRELATED STRUCTURE-PRESERVING STOCHASTIC
POWER SYSTEM MODELS

4.1 Introduction

Recent blackout events and fires caused by power lines have continued to raise awareness
of the need for designing robust circuit systems and devising mitigation strategies when
catastrophic events occur [126]. Uncertainties in peak power demands, operative states of
components, load, and seasonal factors contribute to considerable difficulties in modeling
line failures |56, 156].

Failure events are typically studied through traversal/clustering of time-dependent graphs
[222] or by solving differential systems that incorporate transient (e.g. line-removal) dynam-
ics |65]. Particularly for large cases, the first class of approaches is restricted to predicting
local behavior that may not yield accurate results corresponding to real-world observations
[97]. On the other hand, extensive simulations are needed in order to obtain statistical
information of failure distributions as tail events, making the dynamical systems approach
computationally intensive. In this work, we build upon the systematic approach of [150] to
incorporate uncertainty in a structure-preserving dynamics model by including the Ornstein—
Uhlenbeck (OU) process as load stochastic fluctuations. In the absence of approximations,
resolving the full probability profile of all random states suffers from the curse of dimen-
sionality. Although reduction methods such as the method of moments (MoM) [141] and
Karhunen-Loéve (KL) expansions [174] exist, they are known to underperform standard
Monte Carlo simulations and kernel density estimation (KDE) for realistic power system
models. In particular, the MoM requires state data to be nearly Gaussian, while KL. expan-

sions degrade when the noise input exhibits a short correlation time scale [142)].
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To address this need, instead of approximating the full joint probability density, we exploit
the fact that in the model of [150] the probability of failure of a transmission line depends
on a scalar function that can be efficiently evaluated. Subsequently, we directly propagate
its probability density function (PDF) by expressing it as a solution of a low-dimensional
partial differential equation (PDE) that we solve numerically. This reduced-order formu-
lation allows us to simultaneously consider the joint density of multiple transmission lines,
whose conditional probabilistic structure is typically difficult to simulate using kinetic Monte
Carlo methods [182]. Furthermore, the method is data-driven, where measurements from
system states can be incorporated into estimating unknown terms in the PDE using regres-
sion methods. The resulting PDE is a linear equation that is readily solved with standard
finite volume schemes, with comparable accuracy to plug-in Gaussian KDE, while using sig-
nificantly fewer samples from the law of the underlying stochastic process. We also note
that the previous approach in [182|, while being more sample-efficient, computed only the
large deviation (low-temperature limit) approximation of the failure probability whereas this
approach with enough samples will converge to the true probability of failure.

The paper is organized as follows. Section 4.2 introduces the general power system model
along with the correlated noise process, which is jointly considered as a diffusion process
admitting a Fokker—Planck equation (FPE). In Section 4.3 we discuss the derivation of the
reduced-order equation by integrating over extraneous variables in the FPE, allowing one to
formulate the density of arbitrary quantities of interest. In addition, we discuss estimation
of unknown terms in the PDE as a regression problem. FEffectiveness of the method is
tested in Section 4.4 on the classical multimachine model with an emphasis on use cases of
computing tail event probabilities and correlation. In Section 4.6 we summarize our work

and discuss possible directions for extension.

90



4.2 Stochastic Power System Model

A stochastic power system model is generally described by a set of index-1 governing differ-

ential algebraic equations:

(4.1)
0 = g(z(t), y(t);n(t)),

where x(t) are the system states at time ¢ and y(¢) accounts for any auxiliary or algebraic
variables. Furthermore, to account for random fluctuations in the states, a noise process

n(t) is introduced with the following general form [150]:

(4.2)

where w(t) denotes the multidimensional standard Wiener process in R", such that dw/dt
is formally interpreted as white noise. In essence, the second equation of (4.2) defines a set
of correlated Wiener processes with correlation matrix R := CCT. We assume Lipschitz

continuity of a,b in (4.2), such that (4.1) admits the following form of diffusion processes,

where we define z(t) := [T (t),yT (t),nT ()]F € RY, with N > n:

dz(t) = p(z(t), )dt + o (2(t), t)dW (1)
(4.3)

Z(O) ~ f207

where W (t) is the R -valued standard Wiener process. The initial condition zy may be
either random with probability density f,, or deterministic, in which case f,, = § 4+ is
the (multidimensional) Dirac delta distribution at a fixed point Z* € RY. Furthermore,
let py = p(z(t),t) : RV x RY — RN define the vector of drifts, and let oy = o(2(t),1) :

RN x Rt — RVXN define the diffusion matrix. The velocity and noise terms of (4.3) are
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assumed to satisfy sufficient regularity, which guarantee the existence of solutions whose
paths are almost surely continuous.
The It6 process (4.3) admits a full-order Fokker-Planck equation [179] taking the follow-

ing form:

82
(Z,t)f2) = ——=5(Dii(Z,t)f2)
,le 0Zi0Zj (4.4)

fZ(Z’O) - fZO(Z)7

afz XNJ

The advection and diffusion coefficients of Equation (4.4) are assumed to decay sufficiently
fast at +00 so that vanishing boundary conditions can be employed. Furthermore, we denote
D .= %Jtd’t RVXN  When drift and diffusion are time-dependent, it is generally not
the case that (4.4) possesses a stationary solution. We refer the reader to [162] for specific

investigated cases where an analytic derivation is possible.

4.3 Proposed Method

To estimate probabilities of certain events defined using a forward model, one may either
simulate Monte Carlo trajectories of (4.3) and post-process with KDE, or solve (4.4) and
perform numerical integration on a computational mesh. Both approaches suffer from the
curse of dimensionality when the effective system size N becomes large [186, 66]. Instead of
seeking to resolve the full-state dynamics, it often suffices for practical purposes to observe
the evolution of a low-dimensional quantity of interest (Qol) over the (finite) domain of nu-
merical simulations. Therefore, we consider deriving the PDF dynamics for the Qol directly,
and solve only a low-dimensional FPE-like equation (referred to as the “reduced-order PDF
equation” of the Qol). In this section, we present a general extension for formally deriving
the PDF equation for Qols of arbitrary dimensions. We begin by reviewing the derivation
for scalar Qols in the next section.
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4.3.1 Reduced-Order PDF Equations

We let u : RY — R be a deterministic, second-order continuously differentiable function of
the system states, representing a Qol evaluated from the states of system (4.3). Further-
more, let u(t) = u(z(t)) denote the state of the Qol at time ¢, and let U € R denote the
corresponding phase space variable. Applying It6’s lemma, we see that the Qol follows an

associated process:

1
du(t) = (Vzu)" g + §tr(0tT(HzU)at))dt + (Vou)l odwy, (4.5)
where we let V, = [8%1, e %]T H(-) denotes the Hessian operator with respect to

states z(t). For simplicity of notations, we let p" denote the drift term of the process (4.5).
To derive a deterministic governing equation for the probability density f,, we augment
the states by considering the joint vector z(t) = [zT(t),u(t)]T € RVN*L. Similarly, let
W (t) == [WT(t), w(t)]T denote an (N + 1)-dimensional standard Wiener process, with w(t)

independent of W (t). We arrive at the following system:

N - o I ot 0 —
d3(t) = figdt + & dW(t) = |7 dt + AW (b). (4.6)

pu (Veu)loy 0
Since the function w is deterministic, it does not introduce additional diffusion. Similar
to (4.4), the density of the augmented process (4.6) follows the (N + 1)-dimensional FPE
for the joint states with the same form as (4.4). After factoring the joint density in terms of
marginal and conditional densities, that is, the decomposition f3 = fz‘u - fu, we marginalize

over the state space of z and arrive at the following reduced-order PDF equation in u only:
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Ou 0 0 0
O | 0 (g, [ult) = Ul fu) = 573

ot " oU (E[D" |u(t) = U] fu) (4.7)
Full,0) = fup(0), 48)

where fy, denotes the initial density of the Qol, which may be either analytically known or

estimated from a KDE using evaluated samples, and

p = (Vo) i+ Gir(of (Hau)on) (4.9)

1.
DY = (VZU)TD(VzU) = 5[0150?](N+1)(N+1)- (4.10)

As an illustration, we consider the special case where the Qol denotes a projection onto

a specific coordinate of z. Let u(z(t)) = 2z (t) for some fixed 1 < k < N. We have
Viu=e,, Hyu=0, (4.11)

where e, == [0,...,0,1,0,...,0]7 is the kth standard basis vector in RY . Substituting (4.11)

in the derivations of (4.9) and (4.10), we obtain
p' =y, D" =Dy, (4.12)

where (. is the kth coordinate of the drift vector p;, such that the PDF equation becomes

okt o Elnx(0,0) |0 = Z4) 1)
32

— a_Z%(E[Dkk(z(t)’t) | 26(t) = Z3] f2.)

which is consistent with the results presented in [31] for single components of the state vector.
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4.3.2  Joint Reduced-Order PDF Equations

In applications where conditional events are involved, it is helpful to consider the joint
probabilistic structure of vector-valued Qols. The derivations presented in Section 4.3.1 can
be readily extended to multiple dimensions. To do so, we define a multivariate mapping with
second-order continuously differentiable components, u(z(t)) = [u1(2(t)),...,u NR(z(t))]T,
with 1 < Ng <« N. Each component u;,1 < j < Ny of the vector-valued mapping w is
understood as a mapping from RY to R. We apply the multivariate extension of Itd’s lemma
and observe that the vector of Qols, u(t) = u(z(t)), follows a diffusion process using the

same derivation in (4.5) for each component:

where Jq, € RVEXN 5 the Jacobian matrix of the vector-valued function w(-) with respect

to the states z(t), and
tr(of (Hzu1)ot)
1
hu = 5
tr(a'tT(quNR)at)

With a similar argument to (4.7), we arrive at the reduced-order PDF equation joint in

multiple Qols, which is a deterministic PDE of Nr-dimensions:

Ofu (%D ooy B
o T 21 8_UZ-(E [t |u(t) = Ul fu) = '21 W(E (D} Ju(t) = U fu) (4.13)
i= irj=

where we defined the vector of drifts for the chosen subset of Qols as the following:

u

pt =t ) = T+ ha
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and the augmented matrix similar to that of (4.10) such that
DY := J,DJL € RNRXMR,

where D is defined in (4.4). In particular, the state-dependent conditional expectations in

the reduced-order PDF equation (4.13) are Nyr-variate functions of the Qols w(t).

4.8.8  Approzimation of Closure Terms

The analytic expressions of the advection and diffusion terms in equation (4.13) involve
high-dimensional integrals and generally do not admit elementary expressions. Numerical
integration or expansion-based approximations (e.g., generalized cumulant expansions [118])
are strongly dependent on the original system dimension N and become intractable when
dimensions become large.

However, a direct data-driven approximation of the unknown terms is possible by recog-
nizing the estimation of such conditional expectations as a minimization problem under the

L?-norm induced by the probability distribution of w(t) (see [91]),

R(U;t) = E[h(t) |u(t) = U] € argmin E[[|h(t) — g(u(t))?], (4.15)

geL?(ust)
where h(t) = h(z(t);w) is a random field depending on the states z(¢) and is ensembled under
the conditional law of u(t) as a result of solving (4.15). The minimization problem (4.15)
can be approximately solved by using regression-based methods from simulated trajectories
of h(t) and u(t). The estimated coefficients are henceforth referred to as the “regression
functions” of the reduced-order equations. With the main steps outlined, we summarize the

procedure for the reduced-order PDF equation in the following section.
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4.3.4  Implementation of the Reduced-Order PDF Method

The implementation of (4.13) requires a choice of numerical PDE scheme (e.g., finite dif-
ference, finite volume, finite element) coupled with a routine for identifying the coefficient
terms (4.15) (e.g., parametric or nonparametric regression methods). For completeness,
we present a practical implementation in Algorithm 3 based on the finite volume method,
which involves an explicit scheme resolving (4.13) and estimation of advection and diffusion

coefficients through the general minimization problem (4.15).

Algorithm 3 Data-driven finite volume scheme with adaptive time-stepping

Inputs: Monte Carlo trajectories of z(t) € RY from (4.1) at times tq,...,ty,; derived
data w(z(t)), response variables p"(t) and D"(t); initial density fuy.

1. If fu, is not known analytically, estimate it via kernel density estimation.

2. Fori=1,2,..., Nt, estimate regression functions at time ¢;_1 by approximately solving
(4.15), yielding

Ryp(Uiti1) ~Eluf* |u(ti 1) = U], Rpu(Uit; 1) ~E|D}

ulti_1) = U] .

3. Choose the time step At to satisfy the Courant—Friedrichs—Lewy (CFL) condition for
explicit schemes.

4. Interpolate the coefficients ﬁu}‘ and 7/?\,]):; in time as needed on [t;_1,t;].

5. Advance fy, from t; 1 to t; = t;_1 + At with an explicit finite-volume method (e.g.,
upwind) for the approximate PDE

0fu SR 5 o S
ot g Rur ) = X (R )

6. Repeat steps 2-5 for i =1,2,..., N¢.

The main source of error in this procedure lies in the estimation and interpolation of
advection and diffusion coefficients to the refined temporal grids (as constrained by the CFL
condition), where Monte Carlo data is not necessarily available. Apart from interpolating
at discrete times, it is also possible to fit a time-varying regression function beforehand and
query the advection and diffusion coefficients at arbitrary time points as needed [227], though

at a significantly higher computational overhead. For simplicity, we estimate the regression
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functions at discrete times and linearly interpolate them to required refinement levels in the

experiments of Section 4.4, which we present below.

4.4 TEEE Cases

We consider the classical multimachine model [8] with stochastic fluctuations in the power
injections. In particular, we select the noise model to be driven by an OU process, which has
been reviewed in [2] to capture short-term power system dynamics. Furthermore, we impose
a constant correlation structure among the connected machines.

Let (V, £) denote the set of nodes and edges describing the topology of the power network
comprising n buses. Furthermore, we denote the voltage magnitude, voltage phase angle,
and angular velocity of the generators, respectively, as v;(t), §;(t), w;(t) for 1 <i < n. The

dynamics is governed by the second-order swing equations with noise fluctuations:

0i(t) = wi(t) —wg
2h;

o (t) + diw;(t) = pi"* — p§(t) + ni(t),

where p’" represents the (constant) mechanical power input into each generator and 7;(t)
represents the noise injected at machine ¢. Furthermore, we define the following net active

power injection:

pE(t) =) bijui(t)v;(t) sin(0(t) — 6;(£)) + > gijui(t)v;(t) cos(5;(t) — 8;(¢)).  (4.16)
i1 i=1
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In vector notation, the complete stochastic model is specified as the following:

o(t) = (4.17)
W(t) = %Rh—l@ {— (w(t) —wg) ©d+p™ (4.18)

- {[G ®cos(A) + B © sin(A)]v(t)} oult) + n(t)} (4.19)
5(t) = (w(t) —wg) (4.20)
A(t) = —0n(t) + av/26C - d“d;(t). (4.21)

In the system (4.17), drift and diffusion parameters are taken as § = 1 and a = 0.05,
respectively. © denotes Hadamard (elementwise) product. Let v(t) = [v1(¢), ..., vn(t)]T
denote the voltage magnitude of the machines, which are taken as randomly perturbed
around a mean operating state that does not have additional temporal dynamics, derived
from the constant impedance loads assumption in [8]. w(t) = [wq(t),...,wn(t)] and 8(t) =
[01(), ... ,(5n(t)]T respectively denote the vector of speeds and angles of the machines. wp
denotes the reference bus speed. 1(t) denotes the OU noise processes that are correlated

across the machines according to the correlation matrix R := CCT. Furthermore,

1/hy dq P
hl=| 1|, d=|:|, p"=

1/ b, dp p;?

denote, respectively, the vector of inverse inertia coefficients, constant damping factors, and

constant equilibrium total power injections. Finally

G = [gij], B = [bz’j]’
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are the constant real and imaginary parts of the admittance matrix, respectively. We define

-COS<A11) cos(Aq2) -+ cos(Arp) ]

cos(A cos(A -+ cos(Agp,
cos(A) = (A21)  cos(Agy) (Agp)

_cos(Anl) cos(Apa) - cos(Ann),_

to be the result of the cosine function applied elementwise on A, and sin(A) is similarly

defined, where

Ajj(t) = 6;(t) — 0;(¢)

denotes the pairwise angle difference. Letting 2z(t) := [v(t)T,w(®)T,8()T, nt)T], the

effective dimension of the system (4.17) is N = 4n.

4.4.1 Density of Line Energy

In the study of reliable power systems, stability of a transmission network can be quantified
and studied through a closed-form energy function that is dependent on the system states of
the dynamic model [231]. Subsequently, line failure events are typically modeled as random
and rare events that occur in a network during operation. Upon stochastic perturbation,
the energy function associated with a particular line may exceed a certain user-specified
safety threshold, upon which a relay action is triggered, causing the line to be removed from
graph (V,€). A modification of the admittance matrices reflects such removals, and in turn
effectively changes the system (4.17). The post-relay dynamics continues to be monitored
until the system states transition and settle in another equilibrium [231].

As a step toward efficient prediction of failure rates using a stochastic power system
model, it is of interest to characterize the probability density of line energy functions.

Specifically, assuming the baseline model (4.17), let | € £ denote an edge corresponding
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to generator bus indices (7, j). We define the quantity of interest as the magnitude of current
flowing through line [ as follows:
Lo 2 2
u(z(t)) :== 5()2—]— [(vi (1)) = 2v(t)v;(t) cos (8;(t) — 6;(t)) + (v;(£))]. (4.22)
Following the framework derived in Section 4.3.1, we can compute the following response

variables explicitly, that is,

pt = b?jvi(t)vj (t) sin (0;(t) — 6;(1)) (wi(t) — w; (1)), (4.23)

with D" = 0 due to cancellation of the second-order terms in (4.7). The precise derivations
of the response variables in (4.23) are provided in Section 4.7.1 of the Appendix. Upon
substituting (4.23) into the reduced-order PDF equation (4.7), we obtain a 1D advection

equation

- T bij%(R(U, t)fu) =0, (4.24)

where the advection coefficient has the following formally exact expression, according to

equation (4.7), we have
R(U,t) = Elvv;sin (6; — §;) (w; — w;)|u(t) = U], (4.25)

which is to be estimated from trajectory data depending on realizations of (4.22) via solving

the minimization problem (4.15), as outlined in Algorithm 3.

4.4.2  Joint Dynamics of Line Pairs

When a line fails, its voltage load is redistributed to adjacent generators, causing an un-
expected spiking of voltages in the local topology that may potentially cause expansive

disruptions. For this reason, conditional failure events of adjacent machines are of great
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practical interest [182]. We further consider the joint probability of two lines simultaneously
exceeding their respective safety thresholds, which incorporates the conditional probabilistic
structure.

Let two non-islanding lines [1,ls € £ correspond to machines (i, j) and (7, k) with node
7 being an intermediate node from node ¢ to node k. We follow the generalized formulation
introduced in (4.13) and define the vector-valued quantity of interest, which is composed of
the energy functions of both lines Iy, [, yielding

= 1)2 Ui sin(6; — ;) (w; — wj) |
bjkvjvk sin(6; — 0p) (wj — wi)

with no additional diffusion terms, similar to that of the 1D case; that is, D* = 0. In

conjunction with the results of (4.13), the above derivation yields an advection equation in

2D as follows:

0
ERRCE (R2(U, 1) fu) =0, (4.26)

——(R1(U ) fu) + V37— P

where the phase vector U = [Uy, Us], and the advection coefficients are now bivariate func-

tions, defined as the following;:

R1(U,t) = E[vjv; sin(d; — 6;)(w; — wj)|u1(t) = Ur, uz(t) = Us], (4.27)

Ro(U,t) = Elvjug sin(d; — 0 ) (wj — wg)|ur (t) = Uy, ua(t) = Us). (4.28)

The conditional expectations (4.25), (4.27), and (4.28) will be estimated jointly by re-
gression, and the resulting advection-diffusion equations (4.24) in 1D and (4.26) in 2D will

be computed numerically, thus enabling propagation of uncertainty.

102



4.5 Numerical Experiments

4.5.1 Ezxperimental Setup

The experiments were conducted using three test cases: the WSCC 9-bus system, IEEE
30-bus system, and IEEE 57-bus system. To mimic the instability caused by sudden failing
of a transmission line during normal operation, we first initialize the power system states
with the connections intact. Namely, we disregard the noise model in (4.17) and solve
the deterministic optimal power flow (OPF) problem for an equilibrium voltage magnitude
v* = o], ... ,v%]T and machine angles § = | R ,6517 using Matpower 7.1 [234]. After
obtaining equilibrium voltages and angles, we add a small random perturbation in the voltage
magnitudes and treat the angles along with prespecified initial speeds at the reference level

wpr = 1, as initial conditions for the random dynamical system (4.16). Specifically, the initial

conditions for (4.17) are taken to be

v(0) = [N(v*,0.01-02.1,,)]
w(0)=wp-1
5(0) = &*

1(0) ~ N'(0,a’R),

where the initial random voltage magnitudes are generated from a folded Gaussian distribu-

* and perturbed around the optimal power flow

tion with mean at the equilibrium levels v
equilibrium with standard deviation 0.1 - g,+. In particular, o,+ is the standard deviation of
equilibrium voltages across machines. Following [144], we take av = 0.05, and the correlation
matrix R is chosen for simplicity to be constant with moderate correlation levels, varying

by application. We use R;; = Rj; = 0.44 for the WSCC 9-bus case, for all ¢,j € V,i # j,
and R;; = Rj; = 0.36 in the IEEE 30-bus and 57-bus test cases.
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With the noise model set, we first perform a burn-in period lasting time 7" = 50 and
observe that the system (4.17) settles in an approximate (stochastic) equilibrium. We then
simulate a single line failure by manually setting entries of the admittance matrices B, G
to zero. The samples at final time of the burn-in period are considered to be at equilibrium
and again taken as initial conditions to be re-solved after line removal, for an additional
time period 7" = 10. To investigate the energy changes caused to adjacent lines in the local
topology, we compute and record the trajectories of energy function u, defined in (4.22).

In our experiments we specifically choose non-islanding edges in the network and observe
the adjacent lines connected to a shared generator. Concretely, lines 8-9 were removed for
the WSCC 9-bus case, and energy of lines 4-9, 7-8 were subsequently recorded. Lines 6-8
were removed from IEEE case 30, and energy data was collected for lines 6-7, 6-9. For
IEEE case 57, lines 36-37 were removed, and data was collected at lines 35-36 and 36—40.
The system (4.17) was integrated by using a Milstein scheme [112| with a uniform time step
size of At = 1072, In particular, we investigate the method’s ability to predict probabilities
of random events defined with respect to the PDF. The reported 1D and 2D experiments
were compared with a benchmark computed from a Gaussian kernel density estimator from
MKDE = 10* Monte Carlo trials, using Silverman’s rule for bandwidth selection. When
reporting probabilities, we use instead the empirical cumulative distribution function, which
represents a probability estimate from Monte Carlo sampling, a common approach in con-
ventional studies. Across all test cases, the Monte Carlo sample size used for computing the
initial condition, as well as the coefficient estimation (4.15), is taken to be mp = 5 x 103,
for reported experiments of Section 4.5.2 and Section 4.5.3. As a quantitative measure, we

define and henceforth refer to error as the space-time L1-norm distance from the benchmark

o~ T o~
e(f,f)z/o /Q|f(U,t)—f(U,t)|dUdt, (4.29)

~

where, for notation consistency, f is understood to be the result of the reduced-order PDF
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method (4.13) and f is the KDE benchmark. The computational domain ©Q C RVR s
determined from ranges of simulated values of u(t), with a padding on the boundaries of
+0.5-1 standard deviations. With the numerical domain set, we approximate the vanishing
boundary conditions at infinities, as required by (4.4), with a Dirichlet boundary condition.
Furthermore, to compare and evaluate the accuracy of probability estimations of a predefined
event I/ C €2, we also report the probabilities @(E), P(E), where by construction @(E) = Iz f
is a prediction output from the reduced-order PDF and PP is the benchmark result computed
from empirical CDF. In Section 4.5.4 and Section 4.5.5 we examine empirically the sample

scaling and correlation structure, respectively.

4.5.2  Marginal Probability Densities

To validate our proposed method, we first solve the 1D reduced-order PDF equations (4.26).
The reduced-order equations marginal in selected line energies, as outlined in Algorithm 3,
were solved by using a standard finite volume Lax—Wendroff method with a Monte Carlo flux
limiter [127|. To resolve the unknown terms in (4.25), we used Gaussian local linear regression
(GLLR) with 10-fold cross validations. The choice of regression method is dependent on the
underlying system dynamics at hand and, naturally, requires a degree of manual tuning.
The analysis of effects of regression methods is an open problem and can be studied via
systematic model validation [227].

We show in Figure 4.1 the predicted PDF computed from the reduced-order equation
by numerical integration, plotted at “peak time” where the energy level (averaged over all
mR =9 X 103 realizations) for each line reaches its maximum during simulation time. The
predicted PDF is compared in the same plot with KDE using migpg = 10* samples. As
a potential use case, we focus on the tail region defined by the exceedance of long-term

line rating (specified in Matpower as field rateA). Specifically, we consider the following
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Figure 4.1: (Top to bottom) Predicted PDF of line energies for WSCC case 9, IEEE case 30,
and IEEE case 57, plotted at respective peak times, with exceedance thresholds zoomed in
and marked in red. The 1D reduced-order marginal PDF equations (4.11) were solved with
mpR =5 X 103 samples, compared with a mxpg = 10* KDE benchmark.
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Figure 4.2: Predicted reduced-order joint PDFs (4.26) with mg = 5 x 103 samples, at
selected PDE solution times. Particularly, IEEE Case 30 and 57 show non-trivial evolution
and correlation structure over time.
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time-parameterized event:

Ey(t) = {w(t) > max (4.30)

where u) 1,5 1s understood as the individual line rating for line I. The probability of event
E; can be readily computed through numerical integration of the predicted PDF ]/”\, which
we report in Table 4.1. The predicted tail event probabilities were compared with those
provided by an empirical CDF evaluation, which corresponds to the conventional Monte
Carlo integral computed directly using samples of u;(t). In the investigated lines, lines 4-9,
7-8 of WSCC case 9 have a prespecified rating of 1 p.u. Lines 6-7, 6-9 in the IEEE case
30 have, respectively, ratings of 1.3 and 0.65 p.u.. For the IEEE case 57, the line ratings
were not provided by Matpower but instead were estimated from solving the OPF with the
Julia PowerModels. j1l library using the _calc_thermal_limits function. The obtained
ratings for lines 35-36, 36-40 were 16.33 and 20.27 p.u., respectively. From both Figure 4.1
and Table 4.1 we observe good agreement between our method and KDE estimation (the

latter using double the number of samples as the former).

4.5.8  Jownt Failure Probabilities

Following the discussions in Section 4.4.2, we solved the 2D reduced-order PDF equations
joint in lines [y, l9 using a corner transport upwind method with second-order corrections
and a van Leer flux limiter [127]. With the same computational domain setup as the 1D
cases in Section 4.5.2 to approximate vanishing boundary, we applied both ordinary linear
regression and locally weighted linear regression (Lowess) at each step of PDE integration
to obtain the regression functions (4.27) from observations of w(t), with the latter being
much more computationally demanding. The reduced-order equations were solved by using
mpR = o X 103 Monte Carlo samples and were compared with a benchmark computed from
bivariate Gaussian KDE with mgpg = 10* Monte Carlo samples. Figure 4.2 visualizes

selected temporal snapshots of the predicted PDFs. In particular, we observe that the joint
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PDF of WSCC case 9 is relatively stationary over time, whereas that of IEEE case 30 and
case H7 show a high degree of variation.

To evaluate the joint probabilistic profile through a tail event, we let Uy, max, Uly max
denote the respective constant line ratings, and we consider the region where either of the

two lines fail, i.e., a pure series failure criterion:

Ell,lg (t> = {ull (t) > Ull,max U ulg(t) > Ulg,max7} (431>

which can be evaluated from the predicted joint PDF J?hlz from Equation (4.26), by inte-

grating the following numerically:

P(Ell,h) =1- ]P)({Ull < Ull max N ulg < Ulg,max})

Ull max U12 max .~
=1 _/ / flllg Uy, Ua, )dUldUQ

The predicted tail probabilities of events (4.31) for all test cases were reported in Table 4.1,
in comparison with values computed from numerically integrating the benchmark KDE.
Similarly to the marginal probabilities, we record the probabilities at the peak time at the
larger of the two line energies.

We make a case for the consideration of joint events, rather than assuming the inde-
pendence of failures. We highlight the deviating results (compared with the benchmark)
in Table 4.1 computed from a product of independent marginal probabilities. Namely, the

assumption

P({ull < Ull,max Nuy, < Ulg max}) = ({ull < Ull,max}) ) ]P)({ulg < Ulg,max})a (4.32)

does not hold in general and yields inaccurate representations of failure probabilities, par-

ticularly for the cases 30 and 57. This is relevant since the approach used in [182] would
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be unable to treat the occurrence of two failure events as dependent, and thus the approach

here, while more expensive, presents a significant modeling advantage.

Case 9 (t = 2.45) Case 30 (t = 0.56) Case 57 (t = 2.30)
1x 1073 1x 1072 1x 1072
Lines Pred. Emp. Lines Pred. Emp. Lines Pred. Emp.
(4,9) 1.671 1.400 (6,7) 3.625  3.270 (35,36) 2.968 2.760
(7,8) 1.496 1.400 (6,9) 0.058 0.060 (36,40) 2.424 1.970
Joint  0.658/0.659  0.458 Joint  5.580/2.110 2.112 Joint  2.056/0.918  1.029

Table 4.1: Tail probabilities at energy-peak times for individual exceedances (4.30) and joint
exceedances (4.31). Values from reduced-order PDF equations use mp = 5 X 103 and are
compared against a KDE benchmark with migpg = 10%. Grey numbers correspond to the
independence assumption (4.32).

Case 9: P/P 3 Case 30: P/P )5 Case 57: P/P
L5r 2.5¢ 1 2t
o 2r 1 15}
1t 0 1 15t 1 1t O o A
] | ] 1t 0 0 A 1 05k } ! ]
Line 1 Line 2 Joint Line 1 Line 2 Joint Line 1 Line 2 Joint

Figure 4.3: Ratio I/P\’/ P between predicted and benchmark probabilities for the three cases
(left to right). Grey markers correspond to the independence assumption; see Section 4.5.1.

4.5.4  Empirical Sample Complexity

For each test case, we investigate the reduced-order PDF method’s practical scalability
through parallelizing the computation over all line energies and counting the total number
of samples needed for sufficient accuracy. In precise terms, we define the sample complexity

measure for each line [, that is,

mj(y) == min{m : e(fy(m), flpench) < 7}

where we let fl(, m) denote the reduced-order PDF solution computed with m Monte Carlo

samples, to emphasize consideration of sample size. [} pench 1S a benchmark solution com-
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puted from a high-resolution KDE using 215 — 327,68 samples. m;‘ thus quantifies the
minimum number of samples required for the predicted PDF of line [ to converge within
0<~<1in Ll-norm (4.29) of the benchmark KDE. Proceeding, we consider the aggregate
sample complexity over all possible lines,

€]

m*(y) == mi(y), (4.33)
=1

which is a case-dependent quantity due to the increasing number of connections in the power
system. Without introducing line tripping, we simulate the system (4.17) in stochastic equi-
librium for T = 2 with a refined time step size of At = 5 x 1073 and with the same noise
parameters as in Section 4.5.1. Then, sample sizes are increased from 2!2 to 214 in the
computations of reduced-order PDF equations (i.e., using linear regression for closure esti-
mation (4.25)), described in equation (4.24). As a comparison to the reduced-order PDF
approach, a low-fidelity (in contrast to the benchmark) Gaussian KDE computed using the
same number of samples was recorded for each example. The sequence of increasing sample
sizes yield reduced-order PDF solutions and low-fidelity KDE of improved cumulative L1-
accuracy in the sense of (4.29), when compared to the benchmark KDE. Finally, specifying
the error threshold v, we count and aggregate the number of samples required for each line,
in order to obtain a final estimate of total sample complexity (4.33). This procedure for
investigating sample scalability is summarized in Figure 4.4, where we observe a reduction
of sample counts for an accuracy requirement of 1%. The dependence of sample complex-
ity (4.33) on the number of lines |€| for the reduced-order PDF method has an estimated
scaling of O(|€]°8?), compared with O(|E]1V7) for Gaussian KDE. While further sample
complexity reduction has been noted in, for instance [144], where regression functions (4.15)
admit partial separation (i.e., explicit dependence on Qol u(t) can be factored out due to

conditioning and need not be estimated by regression) and thus variance reduction, the re-
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Figure 4.4: (Top) Convergence of L'-norm error from benchmark (4.29), averaged by the
number of lines for each case. (Bottom) Aggregate number of samples required for KDE or
reduced-order PDF method to reach within v = 1% L!-norm error from the benchmark.

duction in our case is particularly noteworthy because the response variable (4.24) is not an
elementary expression of the line energy (4.22). In any case, the performance improvement

of our method relative to direct simulation is significant, as we see from Figure 4.4 that the

210 214

accuracy of our method with about samples can be achieved only at about samples
with direct Monte Carlo. Since KDE does not naturally impose any time-dependent struc-
ture, the empirical result suggests the importance and plausibility of investigating scalable

reduced-order models of time-dependent systems.

4.5.5  Mutual Information

Information transmission is studied in Bayesian reliability analysis to identify fragile compo-
nents of a power network under system perturbations [232, 110|. As an alternative quantifi-
cation of the correlation structure for the measured lines under load uncertainty, we consider
a discrepancy measure between the predicted 2D joint PDF, and the product of marginal
PDFs, which represents the density obtained from the independence assumption in Equa-

tion (4.32). The Kullback-Leibler (KL) divergence, denoted as Dgr,, is used to assess the
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strength of interdependency between pairs of random variables, also known as their mutual
information. Total correlation among a larger subset of random states can also be conve-
niently generalized in graphical models that incorporate the network topology directly; see,
for instance [197]. For our application, we define in 2D the approximate KL divergence for

the energy distributions of lines Iy, [y € £,

ﬁllg(Ula U27 t)
f1, (U1, ) f1,(Ua, t

Dt (Fiyi, |l fiy © fiyit) = //J?zlzg(Ul,UM) 108;( ))dUldUQ, (4.34)

where the density ﬁl ® ﬁQ denotes the product probability measure from 1D reduced-order
PDFs (4.23). Figure 4.5 shows the plotted curves for all cases predicted using mgi = 5,000
observations. In particular, Figure 4.5 suggests that the assessed lines in WSCC case 9 and
IEEE case 30 are on average only weakly correlated; thus, estimating marginal densities
separately may provide a relatively faithful approximation (though at the peak time such
discrepancy did manifest more prominently for IEEE case 30, as shown in Table 4.1). The
correlation is non-negligible for IEEE case 57, and a product measure approximation does

not yield accurate results, as also seen in Table 4.1.

4.6 Conclusions and Future Work

In this work, we investigated the reduced-order PDF method to reformulate the propaga-
tion of uncertainty in a power system model as a low-dimensional numerical PDE problem
with closure terms that can be modeled empirically by regression. We proposed a general
framework that can flexibly incorporate correlated noise models. Furthermore, we provided
an implementation and demonstrated the method’s ability for describing density of arbi-
trary Qols with a considerable reduction of high-dimensional MC simulations. The method
is shown to accurately propagate failure probabilities. Most importantly, we demonstrate

nontrivial correlation structure particularly for IEEE test cases of increasing sizes, measured
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—Case 9: Line 4-9,7-8 I
0.9 H~Case 30: Line 6-7,6-9 p
Case 57: Line 35-36,36-40

Time

Figure 4.5: Estimated mutual information (4.34) of WSCC case 9 and IEEE cases 30 and
57 over PDE simulation time up to 7' = 10.

through the mutual information (4.34), validating the need for and advantage in consider-
ing joint densities. Although we have discussed the probabilistic profile of only two lines,
the equation for several lines (Ng > 3) can be analogously derived. For future work, such
a framework holds promise in the prediction of cascading failure events in more complex

energy-based power system models involving line tripping dynamics, such as [231].

4.7 Appendix

4.7.1 Derivations of Reduced-Order PDF Coefficients

To make the form of the reduced-order PDF equations considered in Section 4.4.1 and Sec-
tion 4.4.2 more explicit, we provide a concise computation of the advection and diffusion
coefficients that appear in (4.23), following the formulae introduced in (4.9) and (4.10). Be-
cause of the elementary extension to two transmission lines, derivations of the associated
coefficients in the joint equation (4.26) follow exactly.

We consider line [ € &€ and generator indices (4, ) fixed. Furthermore, we recall the
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energy function defined in (4.22),

u(z(t)) := %b?j [(03(1))7 = 2v3(t)v; (¢) cos (8(t) = 3;(2)) + (v;(2))°].

which is a function of the states evolving according to the noise-perturbed system defined
in (4.17). Effectively, only a small subset of variables in z contributes to line I’s energy; that
is, u(z) = u(v;,vj,06;,65). As aresult, the entries in the gradient, Vu, and Hessian matrix,

H,u, of the line energy vanish except the following contributions of voltage:

ou ou
90; = _0_Uj = b?j(vi — vj cos (6; — d5))
Pu_u_ o
82}1-2 81}? Y
d%u

And similarly for generator angles,

au 8% 2 .
a0, = _(975]' = bj;vivjsin(6; — d)
Pu  0%u d%u

= = — = bZ2.v05 cos(0; — 65).
002 8532. 96;00; v

In vector form, we obtain more concisely the following expression:

Vou Hyu 0 Hpsu O
0 0 0 0 0
Vzu = ,qu = s
Vsu Hsyu 0 Hgsu O
0 0O 0 o0 o0

where 0 denotes the vector/matrix of all 0’s with appropriate dimensions. The notation

H,~, is understood as the matrix of mixed (second-order) derivatives involving compo-
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nents of arbitrary vectors z1, z9. From the vector form of the stochastic differential equa-

tions (4.17), we have

] . _ ’ _
() 0
Kt = . ) ot =
5(t) 0
(1) - av2ec - P _ av2-C

in correspondence with the notations introduced in (4.7). Consequently, we can readily

compute the quantities defined formally in (4.9) and (4.10) as the following:

(Vzu)" g = (Vsu)' dé(t)
= bzzjvivj SiIl((;Z' — 5J)(wz — wR) — bgjvivj Sin((si — 6])(wj — wR)

= b%jvivj sin(d; — 5j)(wl~ - wj),
and since o} (Hyu)oy = 0, (Vyu)! oy = 0, we obtain

1 .
1= (Vau) g + EtT(UtT(HzU)Ut) = b?jvivj sin(6; — 0;)(w; — wj)

D' = (Vou)l oy (Vau) o)t = 0.

Here, the (stochastic) differentials dw(t),dd(t),dn(t) are defined through rewriting the
system (4.17) in the It6 interpretation, consistent with the general definition in (4.3). The

above derivations extend trivially to the multiple-lines case (4.13).
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CHAPTER 5
OVERLAPPING SCHWARZ SCHEME FOR
LINEAR-QUADRATIC PROGRAMS IN CONTINUOUS-TIME

5.1 Introduction

Optimal control problems (OCPs) constrained by differential equations are fundamental in
a wide range of scientific and engineering applications, including fluid dynamics, biomedical
engineering, and aerospace design [205, 81, 203]. These problems require determining an
optimal control function that minimizes a given cost functional while satisfying the governing
differential constraints. The numerical formulation of OCPs traditionally follows one of
the two major paradigms: the direct “discretize-then-optimize” approach, and the indirect
“optimize-then-discretize” approach [95, 9.

The direct approach first applies numerical discretization techniques, such as finite ele-
ment [32|, finite difference [128], or spectral methods [190], to approximate the governing
equations. This transforms the original infinite-dimensional problem in the space of solu-
tion functions into a finite-dimensional constrained optimization problem, where the control
and state variables are indexed by a discrete set of design variables. Then, to solve the
resulting nonlinear program, one can employ constrained optimization techniques, includ-
ing interior-point methods [213| and sequential quadratic programming (SQP) methods [72],
which enforce constraints on the state and control variables jointly. Recent advancements in
direct methods have focused on improving numerical efficiency and stability. For example,
reduced-space Newton-Krylov solvers [93, 94| offer iterative techniques to compute the re-
duced Karush-Kuhn-Tucker (KKT) matrix-vector products efficiently, while penalty-barrier
methods [158| introduce regularization terms on the primal-dual problem to improve sta-
bility. Despite these improvements, direct methods remain inherently dependent on a fully

discretized formulation of the OCP, making them increasingly computationally intensive as
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the discretization level grows.

In contrast, the indirect approach derives first-order optimality conditions in the con-
tinuous setting before applying numerical discretization. This formulation yields necessary
optimality conditions in the form of a Hamiltonian system [45]. A key component of the
indirect method is the adjoint equation, which enables efficient gradient computation with
respect to the control variables by solving an auxiliary system of equations [61], thereby
eliminating the need for explicit numerical differentiation with respect to the discretized de-
sign variables. To solve the resulting Hamiltonian system, state-of-the-art methods employ
numerical techniques that preserve the structure of the continuous problem. For example,
shooting methods [19] solve boundary-value problems by iteratively adjusting the control
variables to satisfy the necessary conditions for optimality; and matrix-free adjoint tech-
niques [85] alleviate memory cost by avoiding the explicit storage of large Jacobian matri-
ces, making them effective for numerically solving large-scale partial differential equations
(PDEs). By preserving the problem’s continuous formulation, optimize-then-discretize ap-
proaches offer greater flexibility in handling varying spatial and temporal resolutions, making
them particularly advantageous in high-fidelity simulations.

A fundamental challenge in differential equation-constrained OCPs is scalability, as the
significant number of design variables and constraints make classic centralized approaches
computationally prohibitive for high-dimensional problems [51]. The optimization often
struggles with memory limitations and long solver runtime when they are applied to large-
scale problems. Since centralized methods rely on a single processor, their performance
degrades rapidly in resource-constrained computing environments. To alleviate these com-
putational bottlenecks, domain decomposition methods have been developed to divide the
computational domain into smaller (and potentially overlapping) subdomains, enabling par-
allel workload distribution across multiple processors [57, 170].

Schwarz alternating methods have long been regarded as effective preconditioners for
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solving elliptic and parabolic PDEs, leveraging iterative subdomain solutions to accelerate
convergence [137]. More recently, these methods have been adapted to PDE-constrained con-
trol problems, where allowing design variables to overlap across subdomains has been shown
to improve convergence rates [192, 152|. A key theoretical insight is that perturbations at the
primal-dual subdomain boundaries exhibit an exponential decay phenomenon as they propa-
gate into the subdomain. This property serves as the foundation for iterative Schwarz-based
optimization schemes, ensuring that the concatenation of overlapping subdomain solutions
ultimately converge to the full, global optimum under appropriate boundary coordinations
[152]. Building on this insight, recent work has refined the local design of the Schwarz
method to a globally convergent fast overlapping temporal decomposition (FOTD) method
[153]. While these developments have demonstrated the effectiveness of Schwarz-based de-
composition in structured settings, existing approaches have purely focused on discrete OCP
formulations and relied on explicit domain partitioning.

In this work, we take the first step toward developing an overlapping Schwarz decom-
position framework for general nonlinear PDE-constrained OCPs by studying the linear-
quadratic setting. While our method can readily accommodate arbitrary spatial and tempo-
ral variables that arise in a PDE, we focus solely on temporal variables and concentrate our ef-
forts on decomposing the temporal domain for clarity. This simplification allows us to clearly
distinguish the continuous-time Schwarz method from aforementioned discrete-time coun-
terparts. In particular, our method follows the indirect “optimize-then-discretize” paradigm
and leverages the Pontryagin Minimum Principle (PMP) to partition the time domain into
overlapping subdomains, each associated with a local OCP formulated as a Hamiltonian
two-point boundary value problem in continuous-time. At each Schwarz iteration, we spec-
ify the boundary values based on the previous iteration; solve local OCPs in parallel; then
concatenate the resulting local solutions to form a global trajectory. The method iterates

until a stopping criterion is satisfied, ensuring convergence to the global optimum.
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Performing decomposition directly on continuous-time problems offers several advantages:
(i) it preserves the clean analytical structure of the optimality conditions in function space,
ensuring consistency with the underlying control problem; (ii) it enables efficient computa-
tion of gradient information without requiring full discretization; and (iii) it facilitates the
use of solvers with adaptive time-stepping, making it well-suited for stiff or multi-scale sys-
tems. In this work, we establish a convergence analysis for the continuous-time overlapping
Schwarz method. We show that under standard controllability and coercivity conditions, the
method converges linearly with a rate that improves exponentially with the overlap size. A key
component of our analysis is to show that the exponential decay of sensitivity (EDS), previ-
ously observed in discrete-time OCPs, carries over to continuous-time settings. Our analysis
draws close conceptual connections to the turnpike property in optimal control, which states
that in long-horizon OCPs (without terminal cost), for any initial state, the optimal tra-
jectories remain close to a steady-state trajectory for most of the horizon, deviating only
near the boundaries. The fraction of time spent close to the steady-state is independent of
horizon length [63, Theorem 2|. And, under suitable assumptions, the optimal trajectories
approach exponentially fast. The pith of the exponential convergence behavior relies on the
so-called strict dissipativity / coercivity of the cost functional [49, Definition 4.1, Theorem
5.6] as well as system controllability [77, Theorem 5.3|, at least for the discrete setting. In our
case, the construction of Schwarz subproblems requires an added terminal cost that embeds
perturbations to the (unperturbed) global optimal control that contracts through updated
solution parameters. In this setting, we derive explicit bounds that establish the exponential
property—not with respect to steady-states, but rather global optimal trajectories without
perturbation—under system controllability and coercivity of the cost functional. Numerical
experiments validate our theory and demonstrate promising performance of our infinite-
dimensional Schwarz framework, offering flexibility across numerical solvers and highlighting

its efficiency and structure-preserving properties for general OCPs.
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5.1.1 Organization

In Section 5.2, we introduce the linear-quadratic OCPs in infinite dimensions, along with
the assumptions and preliminary results. In Section 5.3, we present the continuous-time
overlapping Schwarz algorithm, which is derived in Section 5.8.1. Section 5.4 analyzes a
generic parameterized linear-quadratic OCP and establishes the exponential decay of sen-
sitivity result that serves as the basis of the convergence analysis of the Schwarz scheme.
In Section 5.5, we prove the pointwise linear convergence of the Schwarz scheme and show
that the linear rate improves exponentially with the overlap size. Numerical experiments are
presented in Section 5.6, followed by conclusions and future directions in Section 5.7. We

present the proofs of our key results in Section 5.8.2 and Section 5.8.3.

5.1.2 Notation

Throughout this chapter, we consider state and control trajectories x : [0, 7] — R"™ and w :
[0, 7] — R™ defined over the finite time interval [0, T']. We use || - || to denote the ¢o norm for
vectors and operator norm for matrices. For a symmetric matrix A € R"*" A > (=)0 means
that A is positive (semi-)definite. We use (-, -) to denote the norm-induced inner product in
appropriate Banach spaces (including the Euclidean space R™). Let X be a Banach space
and J : f € X — R be a functional. We denote the total (Gateaux) derivative of J with
respect to f by 67 /6 f. When J depends on multiple functions, we use 0.7 /0 f to denote the
partial derivative with respect to f. For further details on functional derivatives in infinite-
dimensional spaces, we refer the reader to [224]. The notation for functional derivatives is
used throughout to describe Algorithm 4, drawing an analogy with its finite-dimensional

discrete counterpart.
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5.2 Problem formulation

Consider the following linear-quadratic OCP of the Bolza-type objective [189]:

-

1 T la@| e HY(@®)| =) 1, T
min — dt + —z(T) " Qrx(T), b.1a
KT | |me e | |un|© B
s.t. &(t) = A(t)x(t) + B(t)u(t), te (0,77, (5.1b)
z(0) = xq, (5.1c)

where A : [0,7] — R">"= B : [0,T] — R"™*™ are the time-varying system matrices;
Q :[0,T] - R%*"= H :[0,T] - RWwX" R :[0,T] — R"™*™ are the running cost
matrices; xg € R" is the initial state; and Qp € R"*"= defines the terminal cost.

For Problem (5.1), we impose the following regularity conditions. For any mapping f :
[0, 7] — RP*, we let | flloo = supyepo, ) [ f(t)]l. When RP*? reduces to R? (e.g., for

u(-),x(+)), || - || is understood as the f5 norm.

Assumption 1. We assume the time-varying matrices in the OCP (5.1) satisfy the following

conditions:

1. The mappings A : [0,T] — R">*" gnd B : [0,T] — R™*™ qgre continuous and uni-
formly bounded: ||Allco < A4, [|Blloo < A for some constants Ay, A\g > 0 independent
of T.

2. The mappings @ : [0,T] — R™*" H . [0,T] — R"™*" and R : [0,T] — R"u*"u
are continuous and uniformly bounded: ||Qllocc < Ag, [[H|loo < Ag, [[Rlloc < Ag for

some constants A\g, A, Ag > 0 independent of T'.

We should mention that the uniformity of the boundedness, i.e., the independence of
the constants from the terminal time 7', is not required if we consider 1" to be fixed. Our

analysis of the sensitivity of OCPs and the Schwarz method still holds without the uniformity:;
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however, this stronger boundedness condition will indicate that the convergence rate of the
method, determined by the boundedness constants, is independent of 7. This uniform result
is particularly desirable for solving long-horizon OCPs (i.e. as T becomes large) [151, 152].

The regularity conditions in Assumption 1 ensure the existence and uniqueness of the
mild state solution for any bounded control input [165, Chapter 5.1]. In particular, under As-
sumption 1, for any bounded control mapping u* : [0, 7] — R™« we define the corresponding

state trajectory =* : [0,7] — R"™ as the continuous function
t
r*(t) = D 4(,0)xg + / D 4(t, s)B(s)u*(s) ds, t €10,7], (5.2)
0

where ® 4(t, s) is called the linear evolution operator associated with the homogeneous sys-
tem @(t) = A(t)z(t), satisfying x(t) = ® 4(t, s)z(s). The representation of (5.2) is commonly
referred to as the mild solution of the state equation. The existence, uniqueness, and con-
tinuity of ®4(-,-) follow from classical results in semigroup theory under the continuity of
A(t); see [165, Theorems 5.1 and 5.2].

The mild solution (5.2) will serve as the foundation for analyzing how control inputs

influence the state trajectory over time, which leads to the following notion of controllability.

Definition 1 (Complete Controllability).A state 2, € R™* is said to be controllable at time
tg > 0 if there exist t1 > to and a control function @ : [tg,t1] — R™, depending on to and
xy,, such that the mild solution of the state equation (5.1b) with the initialization x(ty) = 4,

and the control input @ satisfies x(t1) = 0. That is,

3]

D4 (t1,t0) w1ty + /t D 4(t1,s)B(s)u(s)ds = 0.

The state system (5.1b) is said to be completely controllable if every state xy, is controllable

at all tg > 0.

We recall a fundamental result on controllability, which will be used frequently in our
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later analysis.

Lemma 2 (Controllability Gramian). The state system defined by the pair (A, B) in (5.1b)

1s completely controllable on an interval |tg,t1| C |0, T| if and only if the symmetric matrix
p Y 0,11 ) Y Y

t1
Wasltot)i= [ @alto, BB (0] (10, ds € R (53)

to

is positive definite. The matriz W4 g 1s referred to as the controllability Gramian for the
pair (A, B). Furthermore, when Wy g(to,t1) is nonsingular, an explicit control that steers

any state xy, at time ty to the origin at time t1 is given by

—BT(t)® ) (to, 1) WZ}B@Outl) Tty L€ [to, t1],
u(t; to, xy,) =
0, t>t.

Proof. The results directly follow from [23, Proposition 5.2, (5.9), and (5.10)]. O

While complete controllability ensures that the system state can be driven to the origin
over some finite time horizon, our analysis requires a quantitative refinement on the time
required to achieve controllability. Specifically, we impose explicit lower and upper bounds
on both the controllability Gramian and the evolution operator associated with the linear

dynamics.

Assumption 2 (Uniform Complete Controllability (UCC)).We assume there exist a fized
constant o € (0,T) and some positive constants ag(o),a1(o), Bo(o),B1(c) > 0, possibly
depending on o, such that for every tg € [0,T — o], there exists a time t1 = t1(tg) €

[to, to + o] C [0,T] for which the following bounds hold:

ap(o)l 2 Wy g(to, t1) 2 a1(o)] (5.4)

Bo(o)1 = @ 4(t1,t0)Wa p(to, 1)@ 4 (t1,t0) = Br(o)1. (5.5)
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Assumption 2 is introduced in |23, Definition 5.13| and is standard in the numerical
control literature; see, for example, [152, Assumption 2| and [102, Definition 2|. It essentially
states that the system, at any time ¢( and state x¢,, can be controlled within an interval of
length 0. Notably, we do not require controllability on the terminal segment [T'— o, T'] since
we consider a finite-horizon problem.

To ensure the well-posedness of Problem (5.1), we impose the following coercivity con-
ditions on the cost functional. We abuse the constant Ag from Assumption 1 for notational

consistency.

Assumption 3. There exist uniform constants yg,v¢q > 0 independent of T such that
R(t) =yrl, Q@)= H' (R OH() = vol,  Vte[0,T).

In addition, the terminal cost matrix satisfies ny[ <=Qr = )\QI for some constants )\Q >

7Q > 0.

Assumption 3 guarantees the strong convexity of the cost functional, thereby ensuring
the existence and uniqueness of solutions for OCP (5.1).

Similar to Assumption 1, the uniformity of the constants is not required when we treat T’
as a fixed constant, while the uniformity indicates that our results, including the convergence
rate, are independent of 7. We highlight that, under Assumption 1(b), Assumption 3 is
equivalent to what is commonly assumed in the literature (e.g., [151, Assumption 3.1], [217,
Assumption 2.1]), where a constant v/ > 0 independent of T is assumed such that

.
Q) H () =+'I, Vtel0,T]. (5.6)
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In particular, the condition (5.6) implies that

Y T
R(t) = +I, QW =71 HI(1) =0, vt €10, T,

suggesting that Assumption 3 holds with ygp = v = 7" [225, Theorem 1.12|. On the other
hand, Assumption 3 implies for any 7/ < eyp with € € (0,1) that R(t) —~'T = (1 — €)R(¢).

Thus, we have

Q) — H' (1)(R(t) =~ D) H(t) = Q(t) — H ()R(t) " H(t)/(1—¢)
2

= Q) — HT(OR() ™ H(E) - —Hfz<m— : &> I

2
€

Thus, let € be small enough such that vg — E% > €y(, then (5.6) holds with 7" =
emin{yg, vr}. Without Assumption 1, Assumption 3 is strictly weaker than (5.6) since one
can see that Q(t) = t> + 1, H(t) = t, R(t) = 1 satisfies Assumption 3 but not (5.6) (the
smallest eigenvalue of the quadratic matrix goes to zero as t — 00).

Given the above assumptions, we state the first-order optimality conditions for the linear-

quadratic time-varying OCP (5.1). These conditions will be later used to truncate time

intervals and formulate subproblems by specifying appropriate boundary conditions.

Theorem 4 (Pontryagin’s Minimum Principle (PMP)).Suppose Assumption 1 and Assump-
tion 3 hold for the OCP in (5.1). Then, there is a unique, continuous optimal control
solution u* : [0,T] — R™ along with a unique, continuously differentiable optimal state

solution z* : [0, T] — R" that solves (5.1). Furthermore, we define the Hamiltonian as

T

T T X
% O QW HIE 1O T A + B,
u(t)| |HE)  R@) | |u()

(5.7)
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Then, there exists a unique, continuously differentiable adjoint solution \* : [0,T] — R"=

such that
G*(t) = VH(t, 2% (t), u* (t), \ (1)), 2*(0) = g, (5.8a)
M () = =V H(t, 2 (), u* (£), M (1)), M(T) = Qpa™(T), (5.8D)
Ht, " (), u* (), \*(¢)) < H(t, " (t), u, \* (1)), Vu € R™ vt € [0,T]. (5.8c¢)

Conversely, if the triple (z*, u*, \*) with ™, \* being continuously differentiable and u* being

continuous satisfies the conditions (5.8), then (z*,u*) is the unique solution to OCP (5.1).

Proof. We refer the reader to the discussions of |6, Sections 2.3 and 3.4] for the existence
and uniqueness of the optimal solution to the linear-quadratic OCP (5.1); also refer to [37,
Theorems 3.9 and 3.11, and Remark 3.12| for the necessary and (Mangasarian) sufficient

conditions of OCPs. O

Theorem 4 generalizes the Karush-Kuhn-Tucker (KKT) conditions of nonlinear opti-
mization problems to the setting of infinite-dimensional problems. In particular, Theorem 4
provides an open-loop characterization of optimality: for every ¢, the optimal control u*(¢) is
not expressed as a function of the state 2*(¢), but rather satisfies the minimization conditions
derived from the Hamiltonian. This form is particularly useful in the design and analysis of
approximation algorithms. In contrast, the closed-loop characterization, where the control is
expressed explicitly as a function of the current state, is useful for studying stability. Such
a formulation typically arises from the dynamic programming principle, which we now briefly

review.

Theorem 5 (Hamilton-Jacobi-Bellman (HJB) Equation). For each t € [0,T], we define the
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optimal cost-to-go function as

R A I ORI QI R O] PR e
JH(t,2) = o 2/t ol e me | s ds + 52(T) Qra(T), (5.9)

where the state trajectory x(-) satisfies the linear dynamics (s) = A(s)x(s) + B(s)u(s),
s € (t,T] and z(t) = z. Let the Hamiltonian be defined as in (5.7). Under Assumptions
1 and 3, J*(t,z) is the solution of the Hamilton-Jacobi-Bellman (HJB) partial differential

equation:

oJ*

5 (t,z) + urerlléi%u H(t,z,u, VT (t,2)) =0, (5.10a)
* L
JNT, z) = o Qrz. (5.10Db)

Proof. See [6, Sections 2.2 and 2.3| for the argument. We also refer the readers to the

literature in optimal control theory, including [12, 18, 100, 203, 22]. ]

The upcoming section introduces the subproblem formulation used in our Schwarz decom-
position, along with its theoretical justification, leveraging the optimality theorems presented

above.

5.3 Continuous-Time Overlapping Schwarz Decomposition

In this section, we introduce a continuous-time overlapping Schwarz decomposition scheme
for solving linear-quadratic OCPs. We decompose the time domain into overlapping sub-
domains and formulate a subproblem for each subdomain. The subproblem formulation
depends on properly chosen boundary conditions. The Schwarz method enables parallel
computation and achieves convergence to the global solution by iteratively updating these

boundary conditions. Our subproblem formulation leverages the PMP in Theorem 4, and we
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offer the flexibility to incorporate different numerical solvers for solving the continuous-time
subproblems.
We begin by partitioning the time domain [0, 7] into m subdomains using a sequence of
time points:
m
O=ty<ty <. <tm=T, sothat [0,T]=|][tj—1,t;].

Jj=1

We then define the overlap parameters (TO

j ,le) for each subdomain j, where TJQ > 0 denotes

the backward overlap size and le > () the forward overlap size. Using these parameters, we

define the overlapping subdomains [t?, tjl] as
9 =max{t;_1 — 72,0} and ¢} =min{t; +7}, T} for j=1 m
J =15 j R J=1....m.

Each subproblem will be formulated and solved over its corresponding overlapping subdo-
main, allowing the scheme to iteratively propagate information across the entire time domain
while exploiting parallelism at each iteration. To formalize the proposed scheme, we de-
fine the following parameterized subproblems. From this point onward, we denote the full

OCP (5.1) as P([0,T]; zg), with its optimal solution denoted by (z*, u*, A*).

Definition 2. For each 1 < j < m, we define the j-th subproblem on the interval [t?,t}]

with boundary parameters (pj,q;) € R"» x R"> denoted by Pj([t(},t}];pj, qj), as

.
sty =[] [ ][] s

(5.11a)

s.t. (1) = A()zj(t) + B(tyu;(t), t € (£),t]], (5.11D)

©j(t]) = pj, (5.11c)
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where the terminal cost Lj(x; (t}); qj) is given by

%Z‘]T(t})@(t})xj(t}) — 2] (tHQth gy, f1<j<m,

Yo (1) T Qpa(T), if j = m.

Lj(x(t)); qj) = (5.12)

In Definition 2, the parameter p; € R"* defines the initial state, and q; € R"* defines the
target state, which is also used to define the terminal cost. In (5.12), the first case promotes
continuity across overlapping intervals through a quadratic penalty, and the second case
recovers the original terminal cost from the full problem (5.1). The inclusion of an appro-
priate penalty on the boundary centered at a reference point is essential to ensure boundary
consistency. The following proposition establishes that, with properly chosen boundary pa-
rameters, the subproblems defined in (5.11) recover the truncated optimal solution of the
full problem.

We note that it is beneficial to formulate the subproblems so that their optimality con-
ditions take the same form as the PMP equations (5.8) for the full problem. This structural
alignment ensures that a single numerical solver can be reused across parallel subproblems

with minimal modification.

Proposition 4. Suppose Assumptions 1 and 3 hold for P([0,T];xg). For each 1 < j < m,
we consider the subproblem Pj([tg,t}];p}k-,q;‘) with the boundary parameters (p?,q}-‘) defined

as

v,  ifj=1, 2 (t5) — Q7NN (t)), if i <m,
p; = q; = ! S (5.13)
W), i i> 1, 0, if j =m.

Then, Pj([tg,t}];p;‘f,q;f) admits a unique solution (x;f,u;‘f, )\;k) : [t?,t}] — R x RM*u x RN
given by
1
) = a0, W) =), N = A0, e (]
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That is, the restriction of the full problem’s solution to the interval [t(},t}] solves the sub-

problem exactly.

Proof. By the necessary and sufficient conditions stated in Theorem 4, it suffices to verify

that {x*(t), u*(¢),

(1)}, .10 ;17 satisfies the PMP system for the subproblem P;([t9, t1]: p*, ¢*) under the pa-
teftd ] g\ Pl Py

rameter choices given in (5.13). For any 1 < j < m, let us define the Hamiltonian of the

j-th subproblem as

Mt (8),u(t), (1)) =

N | —
N
[
—~
~
SN—
—
~
N—
—~
~
SN—
N
[
—~
~
SN—

Then, the PMP system for the subproblem Pj([t(}, t}]; pj, ;) is

FA(1) = Vo 1 (1,250, w30, X5(0) = AW (0) + BOuie), «5(t) = p,

NE(1) = =V Mt 5 (8), w0 (1), N5 (1))

x5 (t
— - [Q(t) a| | Et; — AT (ON(), No(th) = Vo, Ly (t); 4j),
Yj
(L, 25 (0), uf(8), N5(t)) < Hj(t a5(8), u, X5(2)), Vu € R™, Vit € [t,1]].

Comparing the above system with the full PMP system in (5.8), we see that it suffices to
verify x*(t?) = p;'f and )\*(t}) = Vg;L; (x*(t}), q;f), since all other conditions are subcondi-
tions and are directly implied by (5.8). Note that x*(t?) = p;f is implied by (5.13). When

J=m,

N (th) = (1) P2 Qrat (T) = Vo L (5 (81,): 5).
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When 1 < 5 < m, we have

(5.12)

ijLj(x*(t]l);q;f) Q(t})(m*(t})—qj) = )‘*(t})‘

This completes the proof. O

Algorithm 4 Continuous-Time Overlapping Schwarz Decomposition

Input: Initial state, control, and adjoint trajectory (x(o),u(o), )\(O)) [0, 7] — R™ x R x
R™ with {E(O)(O) = wp; domain decomposition and its overlapping subdomains [t;_1,;] C
[t?,t;], 1<j<m.

1. For k=0,1,2,...:
(a) For j =1 to m in parallel:

i. Specify boundary parameters: p(.k+1) = x(k)(tg) and q(.k+1) = x(k)(tl) —
QLB (L))

ii. Solve the subproblem Pj([tQ tl]-p(lHl) (k+1))

J gty Y]
(k+1)  (k+1)

tain (:cj U ,A§k+1)) (e.g., with warm initialization (xék),ug.k),)\gk))
and Algorithm 5).
(b) Aggregate (z(FTD) y(k+1) \(E+1)yqy = (x§k+1) u§k+1),)\§k+l))(t) for t €

[tj—1,t;) when 1 < j <m — 1 and for t € [t;;, 1,tm] when j =m.

Since each subproblem admits a unique optimal solution, Proposition 4 guarantees that,
with correctly specified boundary parameters, solving Pj([t(},t}]; p;f, q}k) yields the restric-
tion of the global solution (z*,u*, A*) to the sub-interval [t?, t;] This observation motivates
our decomposition scheme. Since in practice the optimal boundary parameters are un-
known without solving full problem P ([0, T|; z(), we present the continuous-time overlapping
Schwarz algorithm in Algorithm 4 to address this, which iteratively refines the parameters
(pj;qj). Starting with an imperfect set of parameters, the algorithm improves them over
iterations, and ultimately drives them to converge to the full problem solution. We also

present a gradient descent procedure for solving the subproblems in Appendix 5.8.1, where
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the required gradient is derived via functional calculus.
In the following sections, we turn to the analysis of the properties of the linear-quadratic

OCPs to investigate the theoretical foundations of the convergence of the Schwarz method.

5.4 Exponential Decay of Sensitivity in Linear-Quadratic Control

While Proposition 4 provides a theoretical foundation for recovering the full problem solution
using the overlapping Schwarz scheme under ideal boundary conditions, it relies on knowledge
of the exact optimal trajectory that is not available in practice. To rigorously justify the
convergence behavior of Algorithm 4, we conduct a stability analysis of the OCP (5.1). In
particular, we examine how errors in the boundary data influence the resulting solution, and
how such perturbations propagate through the system dynamics over time.

Our sensitivity study can be made on a more general problem. We begin by intro-
ducing a parameterized linear-quadratic OCP that generalizes (5.1) by including additional
dependence on an auxiliary input mapping d : [0,7] — R"™ and two boundary vectors

dy € R" dp € R"d:

.
z(t Qt) H'(t) GT@)| |zt T

min = / ' u<t) H<(t§ R(t()) WT((t)) uiti ar L") @ O] =D

u(-nz() 2Jo 2 dar Gr 0 || dp

dt)| |Ge) W@ o d(t)

(5.15a)

st. @(t) = A(t)z(t) + B(t)u(t) + C(t)d(t), te (0,77, (5.15Db)

z(0) = dp. (5.15¢)

Here, G : [0,T] — R™*"e 1/ . [0,T] — R"*™_ and Gp € R"™*"d represent additional
linear contributions of the parameter trajectory to the cost; and C' : [0,7] — R"z*"d

introduces a linear dependence of the dynamics on d. To ensure well-posedness, we extend
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Assumption 1 to hold for parameter-dependent matrices.

Assumption 4. We assume the mappings G, W,C" are continuous and uniformly bounded:

1Glloo < Ags IWlloo < Awr, [ICloo < Ao for some constants Aq, Ay, Ao > 0 independent

of T. In addition, |G| < Ag.

In essence, Problem (5.15) allows bounded linear dependence on the mapping d and
vectors dg,dr, which include the boundary parameterization as given by Proposition 4,
where only dg, dp are possibly nonzero at domain boundaries of subproblems. We now state

the equations that are central to our analysis.

Theorem 6. Under Assumptions 1-4, the optimal state trajectory x*(t) of the parameterized

OCP (5.15) satisfies the closed-loop system

2" (0) = do, (5.16b)
where the mapping S : [0, T] — R"™*" solves the matriz Riccati equation

S(t) = SOBHR )BT (1)S(t) — S(t) {A(t) - B(t)R*(t)H(t)}

- {aw - Lff(t)l%—loofar(t)}T s —{ew-u" ORWHEO}, te,T),
(5.17a)

S(T) = Qr, (5.17b)
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and the mapping v : [0, T] — R"™ solves the following backward linear dynamics

o(t) = — {A(t) ~ BORYOH(t) — B(t)R_l(t)BT(t)S(t)}T u(t)

+ {W(t)R—l(t) BT (#)S(t) + H(t)| — (G(t) + C’T(t)S(t))}T d(t), telo,T),

(5.18a)
o(T) = Gadr. (5.18b)
Furthermore, the optimal control trajectory is given by
w(t) = —R7L() {H(t)x*(t) + BTN () + WT(t)d(t)} , (5.19)
where the adjoint is given by
N () = S(t)x*(t) + v(t).
Proof. The proof is provided in Appendix 5.8.2. m

The stability of the closed-loop system (5.16a) is governed by the matrix-valued function
S, which evolves according to (5.17) and characterizes the sensitivity of the cost-to-go func-
tion (5.9). We will demonstrate that, if S remains positive definite and uniformly bounded
(especially from below), the resulting states (5.16a) exhibit exponential stability. Thus,
quantifying the spectral properties of S is essential for analyzing how perturbations in the
parameters propagate through the system.

To facilitate the analysis, we introduce an auxiliary linear-quadratic control problem
that possesses the same Riccati equation (5.16a) but without the linear dependence on the

parameter d, which simplifies the derivation of spectral bounds.

Lemma 3 (Shifted OCP). Suppose Q, R, H, A, B be time-varying matrices satisfying As-

sumptions 1 and 3. For any initial state xo € R consider the following OCP on the
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interval [0, T):

N
. 1T |z(t)| |QW) —H (ORI OHE) 0 | |x(t) T
min - dt + o (T)Qrxz(T),
u().z() /0 u(t) 0 R(t)| |u(t) " (1ereD
(5.20a)
st @(t) = (A(t) — BOR L) H(t))z(t) + B(t)u(t), (5.20b)

Then, the associated Riccati matriz S of (5.20) is given by the same Riccati equation (5.17)

as in Theorem 6.

Proof. See [111, Section 3.12| for the matrix Riccati equation corresponding to a linear-
quadratic OCP without cross-product terms in the cost functional. By directly applying
[111, (3.12-14)] to (5.20), we obtain the desired result. ]

We now study the properties of the Riccati matrix through the lens of the shifted problem
(5.20). Note that the auxiliary problem shares the same Riccati equation as the original
parameterized control problem (5.15); thus, any boundedness or decay properties of S can

be analyzed through problem (5.20). We begin the discussion with an intermediate result.

Lemma 4. Under Assumptions 1 and 3, a unique solution S : [0,T] — R"=*"= of the matriz

Riccati equation (5.17) exists and satisfies S(t) > 0 for any t € [0,T].

Proof. For Problem (5.20), the existence and uniqueness of a positive semidefinite solution
S to the Riccati equation (5.17) under Assumptions 1 and 3 is classical; see [23, Equations
6.1-6.4]. We provide an explicit verification of strict positive definiteness. For any t; €
[0, 7], we let (z*,u*) denote the truncated optimal solution of (5.20) on [tg,T]. By the

PMP necessary conditions in Theorem 4, there exists a continuously differentiable adjoint
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trajectory A* : [tg, T| — R" satisfying \*(T) = Qpa™(T') and

N (1) = —(A) = BOR™ (W) H®) "N (1) — (Q)—H (ORI H())2* (1),  t € [to, T).

(5.21)
In fact, applying Theorem 6 with d =0 (so v = 0) and H = 0, we know the optimal adjoint
is explicitly given by A*(¢) = S(¢)x*(t) and the optimal control is explicitly given by u*(t) =
—R7Y )BT (t)A*(t). With these formulations and for any initial state 0 # Ty € R, we

have

T S(to)zt, = «*(T) T Qra™(T) — / DT sy )t
xS (to) ey = @ T @ x x
* T * T d 7\ Ty *
— ()T Qra™(T) — /t ST @) (5.22)

On the other hand, we apply the chain rule and substitute the dynamics of z*, u*, and \*,

and obtain for any ¢ € (tg,T),

(@ (0T A 1) = ()TN + a0 A ()
PERLE2 L (4w - B@RTWH@) 0 + Bl )} A0

—a* " {(A) - BORTOHE®) N0 + QW) — H (R OH D))" (1)}
= ") (QW) — H ()R~ W H®)a" (1) = () BOR 0BT (A1)

< —2* ()7 (Q(t) — H (VR () H(1))2"(t) < 0,

where the third equality is because u*(t) = —R™'(t)B T (t)\*(t) and the last two inequalities
are due to Assumption 3. Since x4, # 0, by the continuity of z*, we know there exists

ty > to such that z*(t) # 0 for any ¢t € [to, (). Within the interval [tg,t], the above
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derivation implies (d/dt) (x*(t)T)\* (t)) <0 strictly (by Assumption 3). Thus, we have

T to
/t%(x*(tm*(t))dtg/ %(az*(t)TA*(t))dt<0.

0 to

Combining the above display with (5.22) and noting that a:*(T)TQTw*(T) > 0, we have
x;I(—)S(to)xtO > 0. Since w4, is any nonzero vector, we have S(ty) > 0. This completes the

proof since it holds for all ¢y € [0, T7. O

While Lemma 4 ensures that the solution to the matrix Riccati equation exists and is
positive definite on [0, 7], this property alone is not sufficient to determine how perturbations
propagate. In our context, it is important that S is not only positive definite but also
uniformly bounded from both above and below. To proceed, we require an intermediate
result confirming that if the uniform controllability condition (Assumption 2) holds for the
system matrix pair (A, B), then it also holds for the pair (A — BR™'H, B). The latter

corresponds to the shifted system in (5.20).

Lemma 5. Consider the linear system &(t) = A(t)x(t) + B(t)u(t). Suppose A : [0,T] —
R"™ >z gnd B : [0, T] — R"*™ define a matriz pair (A, B) satisfying Assumptions 1 and
2. Then, for any continuous mapping F : [0,T] — R™*" satisfying | F||cc < Ap for some

constant A\ > 0 independent of T', the system
i(t) = (A(t) + B(t)F(t))x(t) + B(t)u(t)

also satisfies UCC in the sense of (5.4).
In particular, there exist constants ozE)(U),a’l(a),ﬁé(a),ﬁi(a) > 0, depending on o from

Assumption 2 but independent of T, such that for every tg € [0,T — o], there ezists a time
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t1 = t1(tg) € [to, to + o] C[0,T] for which the following bounds hold:

ay(0)] 2 Warprp(to, t1) = of(0)]

Bo(o)] = @Ay pr(t1, to)Was pr(to. t1)® 4. gp(ti,to) = B1(o)1.

(The expressions of ofy (o), &} (o), By(0), B1 () > 0 are provided in (5.30), (5.25), and (5.31).)

Proof. By Assumption 1, we note that for any 0 < s <t < T (see [165, Theorem 5.2(i)]),

t
1® 4 Br(t,5)| < exp ( / HA(T>+B(T)F(T)HdT) < ePatApAp)(i=s), (5.23)

Furthermore, we note that

-1
L=l =1[®a4+Br(t: s) 4y gt s)| = [Pa+Br(t s)Patpr(s, ]|

T
=®arBrt: )0 4y gyt ) < 1Parprt s) - [P (44 pr)T(E5)ll

< @4 ppt, s)l|lePatAsAr)i=s),

where the last inequality is due to (5.23). The above inequality implies
1@ 44 pr(t,s)|| > e~ PatAsrp)(i=s), (5.24)

Now, let us consider bounding the controllability Gramian for the pair (A + BF, B). For

any tg € (0,7 — o] and 0 # v € R™ we let t; = t1(tg) from Assumption 2. Then, by the
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definition (5.3) we have

ty

UTWA+BF,B(tO7t1)U:/t v ® 4y pr(to,s)B(s)B " (s)® 4, pr(to, s)vds
0

t1 t1
T T 2 2 2 2
= [ IBT @0 gt s)olds < NI [ 10y ey st Pds
0 0

t1 to+o
< >‘2B||U||2/ e2AatABAR)(s—t0) g5 < /\23||U||2/ o2(Aa+ABAR)(s—to) 44
to to

_ AL |v]|?
2(A4 + ABAF)

(exp{20(Ag + ABAp)} — 1),

which implies

AL (exp {20(Ag + ApAp)} — 1)

2004 + ApAr) = ai(0). (5.25)

IWasBFB(to, t1)]| <

For the lower bound, given any 0 # v € R we consider the zero-steering control defined
on [tg,t1] to be u(t;v) := —BT(t)CDX(tO,t)WEjB(to,tl)v (see Lemma 2). With this choice
of control, the solution of the system #(t) = A(t)z(t) + B(t)u(t;v), t € (tg,t1], x(tg) = v,
denoted by x(t; v), satisfies z(t1,v) = 0. Then, let us consider the system (A+ BF, B). Define

the control trajectory
w(t;v) == u(t;v) — F(t)z(t;v), for t € [to,t1], (5.26)

and the corresponding state trajectory of the system with the above control: &(t) = (A(t) +
B(t)F(t))x(t) + B(t)u(t;v), t € (to,t1], x(tg) = v, denoted by Z(t;v), satisfies Z(t;v) =

x(t;v), Vt € [tg,t1]. To see this, we note that

F(t:v) — @t 0) = (A(t) + B)F)i(tv) + Bt)a(t;v) — Ab)x(t,v) — B(t)ult, v)

= (A1) + BO)F @) (2(t;0) — 2(t;0)).
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Combining the above display with the fact that Z(tg;v) — x(tp;v) = 0, we know Z(t;v) =
x(t;v), Yt € [tg,t1]. In particular, Z(t1;v) = x(t1;v) = 0. On the other hand, by [223] and

Lemma 2, we know W4, g g(to,t1) is positive definite, and the control trajectory
(t;v) = =BT ()DL prlto, )WL nm st t)v,  t€ [t t (5.27)
u(t; v) : () 41 Br(to, OW i, pr p(tos t1)v, [to, t1] :

steers the state trajectory z(t) of (A + BF, B) from v at tg to 0 at ¢;. In fact, by [196,

Section 3.5, Theorem 5|, a(t;v) is the unique control trajectory that attains the minimum

t1 tq
/ la(t o) |2dt < / lii(t: v) 2.

to to

square norm. That is,

For the left-hand side, we have

t1 t1
/ it v)||2dt = / al (k) a(t v)dt

to to

(620" T T -1 2

:/t 1BT ()@, pp(to, OW L gy plto, t1)o]2dt
0

(5.3) . _

= UTWA_}_BRB(tQ,tl)U.

Combining the above two displays, we apply Assumption 2 and the boundedness of F(t),

and obtain

t

Trr—1 o P
v WA+BF’B(tO7t1)U§/ [a(t; v)||“dt

to

t
(5.26) / ult o) - F(t)a(t o)l Pt
i

0

t1 t1
<2 / lu(t; o) 2dt + 2 / | F(0)a(t;0)|2de
t

0 to

=20 Wik (tg, t " F 0)||%d
= apltotv+2 [ [|[F()x(t; )| dt

to
t1
gz%—l(@uunhmfp/t (ks 0)||2dt. (5.28)
0
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To upper bound the second term on the right-hand side, we use the following explicit ex-

pression of z(t;v) (by applying (5.2)):

t

x(t;v) = gt tg)v +/t D A(t, s)B(s)u(s;v)ds

=D (¢, o) (f - WA,B(to,t)Wjjg(to,hD v, tE€lt,t1].

From the definition (5.3), we have for any ¢ € [tg, t1] that

Wa g(to, t1) = Wa p(to, t) + Wa p(t, t1) = Wa p(to, t). (5.29)

Therefore, we have

[ ety = /tt [ @att.t0) (1= Wastoo. W5 ytho, 10)) o

to
2
(5§9)/t1 62)\14(1571&0) ) <1 4 041_20)) HUHQdS
t 0

0 ap(o)

to+ 2
< / 0 062)\A(t—t0) . (1 + al(a)) HUH2dt
N to 050(0')

Plugging the above display into (5.28), we obtain

2 2
VWL pr it o < <a02(0> # 55 (14257 fempienso) - 1}) ol

Since v # 0 € R" is arbitrary and W4 pr g(to, 1) is positive definite, this proves that

Wayprp(to,t1) = ag(o)1, (5.30)
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with

2 2 -1
oly(0) = ( 24 i—i <1+ 0‘1(")) {exp(2\40) — 1}) .

ap(o)

Furthermore, we define

ﬁ(’)(a) = ozf)(a) e 2(AatApAR)o and Bi(o) = al(o)- 62(>\A+>\B/\F)07

and obtain for any 0 # v € R"* that

T T
v @4 gr(ts, to)WarBrB(t0, 1) 44 gr(t1, o)V

5.23
B2 o) XA 2 1 (o) o2,

.
v @Ay pr(t, t0)Waypra(to.t1)® 4, gp(t, to)v

5.24
o2 (o) - e 2RFABAR )2 = gl () 0] |?.

Thus, we conclude the proof.

]

The above lemma is helpful because we effectively require UCC of the matrix pair

(A— BR™'H, B) to establish the upper and lower bounds of Riccati equation solution S (cf.

Lemma 3) and to further analyze perturbations in d for the parameterized problem (5.15),

while Assumption 2 imposes UCC only on (A, B). The above lemma thus provides the nec-

essary connection. We emphasize that the UCC property is not required on the interval

[T — 0, T] since this segment has length at most o. The upper and lower bounds on relevant

quantities are effectively guaranteed by the explicit relationship between the Riccati matrix

S and the optimal cost functional (details in Appendix 5.8.3). We now state the boundedness

result.

Lemma 6. Under Assumptions 1-4, there exist constants co(o),c1(0) > 0 independent of
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T such that the unique solution of the matriz Riccati equation (5.17) satisfies
co(o)l = S(tg) 2 ci(o)I,  for all tg € [0,T].

(The expressions of co(o),c1(c) > 0 are provided in (5.81).)
Proof. The proof is provided in Appendix 5.8.3. ]

We have established that the Riccati matrix is uniformly bounded from above and below
on the entire solution interval [0, 7] with constants independent of T". This result provides
the foundation for analyzing sensitivity properties of the optimal state system (5.16a). The

result is summarized in the next lemma.

Lemma 7 (Exponential stability of optimal state system). Define the following time-dependent

matriz:
Z(t) == A(t) - BO)R'(®)H(t) — B&)R“Y )BT (1)S(t),  te0,T]. (5.32)

Consider the homogeneous system (t) = Z(t)z(t). Under Assumptions 1-4, the correspond-

ing solution evolution operator satisfies the exponential decay bound: for any 0 < to <t] <

T,
1@ 2(t1, 1) < cz(o)ePz(o)1=l0), (5.33)
where
(o) 9
cy(o) = 20(0) and pz(o) = 2e1(0)" (5.34)

Proof. Let us define the candidate Lyapunov function V (¢, z(t)) == x(t) T S(t)x(t), t € [tg, t1].
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In particular, when xz(t) follows the dynamics @(t) = Z(t)x(t), we have

%V(t, z(t)) =& (O)SH)x(t) + " ()SH)x(t) + 2 (£)S(t)i(t)

=2 ()ZT(H)SH)zt) + 2" (H)SH)x(t) + " (£)S(H)Z(t)x(t)

=~ ()SE)BHR (0B (1)S(H)a(t) — ' (1)(Qt) — H (WR™($)H(t))= (1)

<l < ~ LV (La(0),

where the third equality is due to (5.32) and (5.17), and the last inequality is due to Lemma 6.

By Gronwall’s inequality, this implies that for any ¢ € [tg, t1],

co(0)|[@z(t,to)a(to)lI” = co(o)|x(@)|* < @' ())S(t)a(t) = V(t, (1))

< V(t(), x(to)) exp (_c:/(QU) (t — tO))

— oS oot e (-2t - 1)) < @) exp (~ L0 - 1) otao) |

This leads to

c1(o) Q
o2t < | 2D exp (~ 522 (0 1) ot

Since x(tg) can be any vector in R™  we apply the fact that

P,(t,t = max ||Py(L,t9)x|/|x
(0 0)] = | maxe 1071 to)al /=]
and complete the proof. O

Lemma 7 provides a direct consequence which we call exponential decay of sensitivity
(EDS). That is, the effect of a single-point perturbation on the optimal solutions of our

parameterized problem (5.15) is damped exponentially fast as one moves away from the
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perturbation point. We present this main result below. We need some additional notation.

Let us denote z*(d, dy,dr) : [0,T] — R"™ w*(d,dy,dr) : [0,T] — R™ X*(d,dy,dr) :
[0,7] — R" to be the unique optimal state, control, and adjoint solutions to Problem
(5.15) with the parameters d : [0, 7] — R™ and dy € R dp € R™. For any ¢’ € [0,T], we

consider a single-point perturbation of d at ¢, given by
dp(t) = d(t) + 15t —t),  te€[0,T), (5.35)

where 0 # [y € R™ is the perturbation direction and 4(-) is the Dirac delta functional.
With the perturbed parameters (dp,do,dr), we denote the perturbed solutions of (5.15)
as (1w, up, Ap)(dp, do,dr) @ [0,T] — R" x R™ x R". The next result investigates the

perturbation of the solutions, characterized by dz = z, — 2™, du = uy —u*, and oA = Ay — A",

Theorem 7. Consider the perturbation of d at t' in (5.35) and suppose Assumptions 1-/

hold. Then, there exists a constant A = A(o) > 0, independent of T, such that
Izl + I1u®)] + [SAD < [l - Ao)e 2wt 2t e 0,77,

where py (o) is defined in (5.34). (The expression of A(o) is provided in (5.45).)

Proof. We model the perturbation as a Dirac delta functional d,(t) == §(t —t'), which, once
taken an inner product with a function, results in a point evaluation at ¢’ € [0,7] in the

following sense: for any [tq,tp] C [0,7],

/ Y ()6, (1)t = of), e ) (5.36)
ta 0, if ' ¢ [ta, ).

We refer the reader to classic texts in Sobolev spaces and distribution theory for a detailed

discussion of the function-space implications of modeling with the Dirac delta [104]. In

146



particular, introducing a point perturbation at ¢ = ¢’ induces a jump discontinuity in the
optimal trajectories. By the arguments made in [15, Section 2|, Theorems 4 and 5 still hold
uniquely but are to be interpreted in the almost everywhere sense.

Let us define vy, : [0, 7] — R™ to be the vector equation (5.18) associated with perturbed

parameters dp. In particular, we have

ip(t) =~ {A) ~ BOR™ ()H() - BOR 0BT SO} (1)
.
+{wr ) |BT0)S® + HB)| - (GO +CT WS} dy(t)
P2 T (1up(t) + Y T(Wdp(r), 1 € [0.7),

vp(T) = Grdr,
where in the second equality we also define
Y(t) = W(HR (1) [BT(t)S(t) v H(t)] (G +CTBS@E),  teloT).

Let v denote the original solution that satisfies the unperturbed equation (5.18), and define
0v = vp — v. Then, the equation of dv is obtained by taking the difference between the

above display and (5.18), and is given by
§o(t) = —Z T (1)0u(t) + Y T (O)lydp(t), te0,T), 5v(T) = 0.

For consistency of using the solution evolution operator as in (5.2), we transfer the above
backward equation to forward equation by performing the change of variable r :==T —t, t €

0,7, and defining 09(r) := —6v(T — 7). Thus, we have §0(r) = d0(T — r). Within the
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r-coordinate system and defining Z(r) :== Z(T — r), we obtain

50(r) = 60(T — 1) = —Z (T = 1)6u(T —r) + Y (T = r)lydu (T — 1)
= ZV(r)oo(r) + Y (T =)o (T —r —t)
= ZT(r)60(r) + Y (T — r)lpd(r — (T —t'))
= ZV(r)60(r) + Y (T = r)lydp_p(r),  re(0,T],

65(0) = 0.

Applying the mild solution in (5.2), we have

r 5.36) | 0: r<T-t,
ov(r) = <I)~T7“,SYT(T—5)Z/(5_/SCZS<:)
A t'9T—t
0 O (T =t )Y (), r>T—t.

The above implies that

— O (T —t, T =Y T (), t<t

Su(t) = —00(T — t) = (5.38)
0, t>t.

We now relate ® 51 to ®z. For fixed r € [0,7] and any s € [r,T], we know from [165,
Theorem 5.2(iv)] that ® >+ (s,r) as a function of s satisfies

0P 51 (s,7)

s :ZT(S)q)ZT(S,T):ZT(T—S)CI)ZT(S,T), s e (r,T], or(r,r) =1

On the other hand, the operator Q)}(T —r,T — s) as a function of s satisfies
8@}(T —r,T—s)

Os
ST —r,T—r)=1.

= (BT —r,T—8)Z(T =) =Z (T —s)®L(T —r,T —s), s (r,T),
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By the uniqueness of the solution [165, Theorem 5.1, we finally obtain
Oor(s,r) =0 (T—r,T—s), 0<r<s<T. (5.39)

Plugging the above display into (5.38), and defining 1,y = 1if t < ' and 0 otherwise,

we have

lov@)] < @5 (T =, T =) - Y ) - Nl Lecrr = (@2 I YA - 1] L<p

< lliyllez(0)eP#@E=D {A—W (Aper(0) + Agr) + Aoer(0) + AG} e

TR
A7\ A _ I
=Hzt/||cz<a>{( ZRB+AC> e1(o) + ZRHHG}e P70y, _,
— iy ||eo(o)e P20, ), (5.40)

where the third inequality is due to Lemmas 6 and 7 and Assumptions 1 and 4.
With the above result (5.40), we now establish the decay of dz. By Theorem 6, we have

for any t' # ¢ € [0, T,

t

z¥(t) = D4 (¢,0)dy —i—/o Dy(t,s)g(s;d,v)ds,

where we define

g(t;d,v) .= =B(HR™' ()BT (t)u(t) + {C(t) - B(t)R‘l(t)WT(t)} d(t).
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Applying Theorem 6 to the perturbed problem and taking the difference, we have

t
dx(t) = /0 d(t,s) (g(s; dp,vp) — g(s;d,v)) ds
t
= / Dy(t,s) (—B(S)R_l(s)BT(s)év(s) + {C(s) - B(S)R_l(S)WT(S)} lt/5t’(3)> ds
0
(5.36)

t
) /0 By (t, 5)B(s)R ()BT (s)50(s)ds

Dyt 1) {C(t’) - B(t’)R_l(t’)WT(t’)} Lo iy,

Thus, we apply Lemma 7 and obtain

2\t A\
Jostey) < 22 /O ||<I>Z(t>S)H||5U(S)||dS+<>\0+ ZRB)|\<I>Z<t,t’>|u|ztf||1t>t/
2
(5.40 22,

min{t,t' /
= hlt’Hcv(U)_/ 1D 4 (t, s)[|e P2 E=3) g
TR JO

AMWAB
iy (/\0+ = )||<I>z<t,t’>|rlt>t/

2 rmin{tt'} ,
< Hlt/”Cv(U)Cz(U)i—B/ e~ Pz(0)(t=5) ,—pz(0)(t'=5) 44
R

AwAg\ _— _y
T liyllez (o) (Ac+ o ) p2(@)=1,

erZ(U)min{t,t’} 1
2p7(0)
AWAB '\ —pz(o)(t~t)
+ [lyllez(o) | Ac + e Lisy

2
— Hlt/HCv(U)Cz(U))\_B . 6_pZ(J)(t+t/)
TR

co(0)eg (oINS _ w A\ 4
gnzt/nwe Pz 1yl ez (o) /\c+% e P71,

&) (U)AQB AW AR
2p7(0)VR YR

< |lipllez(o) { + Ao} e PZOIE] — 1| Ay (0)e P2 N (5.41)

where ¢, (o) is defined in (5.40). Next, we study the adjoint trajectory. By Theorem 6, we
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have for any t' # t € [0,T],

LA = [IN5(6) = N ()] = 1S (@h(t) — (1)) + (up(t) — v (D))
< e (@) (t)]| + 150 ()| < |y ller(@)Ag(o)e 2O |1y ley(o)e P2 @ E D1,

< |yl {e1(0) Au(0) + co(0)} e P2 — |11, | Ay (0)eP2@NE] (5.42)

where the fourth inequality is due to (5.40) and (5.41). Finally, we consider the control

trajectory. By (5.19) in Theorem 6, we know for ¢ # t € [0,T] that

[ou(t)|| = [Juy(t) — u™(t)]]
— | = RYO{H@)o6x(t) + BT ()6N() + W T ()16, (1)} ] (5.43)

| = RV {H©() + BT (D)
5.41),(5.42 ,
<28 syl + 22 g T L ) Al AN o (ofe—r]
TR TR TR

il A ()e P2 @] (5.44)

Combining (5.41), (5.42), (5.43), we complete the proof by defining

A=A(o) =Ag(0) + Au(o) + Ay (o)

_ (1 + %’) Az(0) + (1 + ;—i) Ay (o) (5.45)

_ (1 . %) An(o) + (1 ; %) (1(0)As(0) + cul0))

= {1+%+01(0) (1+§—§ }Ax(0)+cv(g) (H%), (5.46)
where ¢1 (o) is in Lemma 6 (cf. (5.81)), Az(0) is in (5.41), and ¢,(0) is in (5.40). 0

Theorem 7 provides the EDS result with respect to the general parameters d that Prob-

lem (5.15) has linear dependence on in the integral term in the cost functional. To complete
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the section, we analyze the effects of perturbing the boundary parameterizations dy and dp.
Following the setup as in Theorem 7, we consider the boundary perturbations of Problem
(5.15):

dp o = do + lo, dp,T =dr+lp, (5.47)

where [y € R"z [p € R"d are perturbation directions. We also use (z},, up, Ay)(d, dp o, dp 1)
to denote the perturbed solution and investigate the solution perturbations measured by

or =, — a*, du = uy —u*, and OX = Aj — A"

p p

Theorem 8. Consider the perturbation of dy,dp in (5.47) and suppose Assumptions 14

hold. Then, there exists a constant Ay = Ap(0) > 0, independent of T, such that
(o) + 6u(e)]| + 1MW) < Ap(o) (Iiolle 7 + e ##@TD) e o7,

where py (o) is defined in (5.34). (The expression of Ay(o) is provided in (5.53).)

Proof. The proof follows from carrying out a similar analysis to that of Theorem 7, where
we consider the mild solution of the optimal state (see (5.2)) before and after introducing
the perturbations Iy, lp. Define v, = v+ v as the perturbed solution of (5.18) with terminal

condition vy(T) = G}—(dT + 7). Then, dv = vy — v satisfies
so(t) = —2Z()Tou(t), te[0,T),  u(T)=Gplp,

where Z is defined in (5.32). By using the reparameterization r := T — t and defining

60(r) :== —0u(T —r) and Z(r) = Z(T — r), we obtain the forward in time dynamics

§6(r) = Z ' (r)do(r), re(0,T],  §5(0) = —Gplp.
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Applying (5.2), we have for ¢ € [0, T)] that

vl = 155(T = )| = [|® 5+ (T = t,0)Gplr| (5.48)

5.39)
< Agllizlll®z (T, )] < lir|Agez(o)eP#@T=), (5.49)

where the last inequality is due to Lemma 7. Furthermore, by (5.16a), we know

an(t) = Z(t)ay(t) — BOR ) B (t)up(t) + {C(t) — B(t)R_l(t)WT(t)} d(t), te (0,7,

2,(0) = do + o,
which leads to

5i(t) = Z(t)ox(t) — BO)R )BT (t)du(t), te (0,T], 0z(0) = lp.
Thus, we obtain from (5.2) that for any t € [0, 77,

oo =

t
(I)Z(t,O)ZO—/O d,(t, S)B(s)R_l(s)BT(s)év(s)dSH

B /\2 t
< ol - ez(o)e Pz<f’>t+£ /0 1@ 7(t,)||[|6v(s)]|ds

(5.48

B A\
< frzou cez(0)e P2 4 lip || - (o) "B

/ L —2(0)(t=8) y=pr(0)(T—s)
0

2 2
— ol - e (0)e=PZ@t 4 |lig|| - cz(0) AAa (e—pz(a)(T—t) _e_pZ(a)(T+t)>

2p7(0) R
2 2
. (o)t L 2(9) ABAG (o)1)
< Mol - ez (@)™ 2 4 gl - 5 25 =B =m0
< Arp(0) (liolle™2(" + figlle=rz( 1)) (5.50)

where we define

Ay p(0) = max {CZ(J), M} .

2p7(0)VR
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For the adjoint trajectory, we apply Theorem 6, Lemma 6, and have for any ¢ € [0, T,

IGA] = 1A (&) = A" = [15@) (2 (8) — 27 (8)) + (vp(t) = w(EO)I] < SO0z @) + [[6v()]

(5.48),(5.50)
< c1(0)Ar (o) (olle™P2 4+ Jip 02T 4 Jig|Ageg(o)e 2@ T

< Ay p(0) (e1(0) + ) (lolle™PZ() 4 il #2()(T=0)

= Ay (@) (lolle™P2 ) + i |le=r2@T=D) (5.51)
Finally, we consider the control trajectory in (5.19) and have for ¢ € [0, T,

du(t)| = llup() = w* ()]
(5.19) -1 T
= = R O @) + BT (0D
Al AB
< —||ox(t)|| + —=||oA(t
< Z sz (o)l + Z2 10
(5:50).5:510 (@) A + Ay p(9)AB
B TR
= Ay p(@) (lolle P2 4 ipfle=P2(@)T=0) (5.52)

(HlO“e—pz(U)t I ||lT||€—pz(U)(T—t)>

Finally, we combine (5.50), (5.51), (5.52), and complete the proof by defining Ay (o) as

Ap = Np(0) = Ay p(0) + Ay p(0) + Ay p(0)
= (1 + )‘—H> Ay p(o) + (1 + A—B> Ay plo) = {1 + A + (1 + A—B> (c1(0) + AG)} App

TR TR TR TR

Ay < /\B> } 2 (o)A 5
=ql+—+(1+—= | (c1(o)+ A max« cy(0), S—FF— 7, 5.53
{ TR TR eale) +26) z() 2p7(0) VR (559
where ¢1(0) is in Lemma 6 (cf. (5.81)) and cz(0) and pz(o) are in (5.34). O

Up to this point, we have established the sensitivity of the solution of the parameterized
linear-quadratic problem (5.15) to the perturbations in the input mapping d and two bound-

ary vectors dg, dp. We recall Proposition 4 that the overlapping Schwarz scheme introduces
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boundary vector perturbations due to imperfect boundary conditions. In the next section,
we leverage Theorem 8 to show that, by recursively updating the boundary conditions, the
overlapping Schwarz scheme achieves linear convergence with the linear rate decaying expo-

nentially fast in terms of the size of the overlap.

5.5 Convergence of Continuous-Time OSD

In this section, we present the convergence analysis as a consequence of EDS established
in Section 5.4, which provides a rigorous justification for the use of overlapping subdo-
mains in the proposed Algorithm 4. Specifically, we set d = 0 in (5.15) and analyze the
subproblems in (5.11), parameterized by Pj,qj- Since perturbations arising from inaccu-
racies in the initial and terminal parameters of subproblems are damped exponentially as
they propagate into the interior of each subinterval, we demonstrate that even when the
boundary parameters dy := p; and dp := ¢; are not initialized exactly at p;, q;-‘ — the
optimal boundary values of the global problem (5.1) (in particular, those satisfying the con-
dition in Proposition 4) — the resulting subproblem solutions remain close to the global
optimal trajectory on each non-overlapping interval [t;_1,t;], provided that the overlaps
between subdomains are sufficiently large.

We now present a key result that quantifies perturbations within the domain to errors
introduced at the subdomain boundaries. We recall that (z*,u*, \*) denotes the (unique)

optimal state, control, and adjoint trajectories of the full problem P([0,T]; zq) in (5.1).

Lemma 8 (Stagewise improvement). Suppose Assumption 1-3 hold for Problem (5.1),
£, (k) \(6)

Y

and consider applying Algorithm 4 to solve Problem (5.1). In particular, (x(

() () yym

1s the k-th solution iterate aggregating m pieces {(ZL’Ek) U =17 which are solutions

7
of Pj([tg,t}];pgk),q](-k)) in (5.11) with boundary parameters p§k) = a:(k_l)(t(}) and q§k) =

:c(k_l)(t}) —Q_l(t})k(k_l)(t}). Let 7 := minj<j<p, min{T]Q, le} denote the smallest overlap

size between subdomains. Then, we have for any k > 1, any 1 < 5 < m, and any t €
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[tj—1,t;],

128 (1) — 2 @) + B () — u* (@) + [AB @) — A @)
< e(o)e 2O (|l ) - 2% (1))

+ (e ® D) = 2 @)+ INEDE)) = X)) L ).

where pz (o) is defined in (5.34) and c(o) == Ay(o)(1 + 1/7g) with Ay(o) in (5.53). Here,

for both pz (o) and Ay(o), we use Ag in place of \g and set A\ = Ay = 0.

Proof. By Proposition 4, the solution (2™, u*, \*) of P([0,T7];xg) restricted to [t;_1,;] is
equivalent to the solution of Pj([tg, t}]; p}k-, q;‘) (see (5.13) for definitions of p}k-, q;‘) with the
overlaps discarded. We quantify how boundary errors propagate into the interior of each
subdomain. For any £ > 1 and 1 < j < m, we define two perturbation vectors on the two

ends (only initial perturbation vector when j = m):

. Alg. _ «
(5= g — g ME T D) — () - @ el D) - w ).

Note that P;([t9,t}];pj, q;) is in the form of (5.15) with d(t) = 0, C(t) = 0, G(t) = 0,

W(t)=0,Gp = —Q(t}), dy = pj, dp = q;. Therefore, by Theorem 8 and Proposition 4, for
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any t € [t;_q,t;], we have

|28 () — 2* @) + [u® () — u* (O] + AP (1) — X* (1))

= (2% (1) — 1 + 17 @) — @) + 1A 6 - )]
< Mgl (18] e 2O )o@ G0 )
< Mp(@)e= P27 (I + 1151 )

< Ab(0>(1 + 1/,YQ)€*/7Z(U)T(Hx(kfl)(t(}) — x*(tg)H

k—1)/,1 1 k—1)/,1 1
+ {Ile® D)) = 2 @I+ INED ) = X DI L)
where the third inequality is due to the fact that ¢t — t? > 7 and t} —t > Tsincet € [tj_l, tj].
We complete the proof. O

We are now ready to present our main convergence result of the overlapping Schwarz

scheme.

Theorem 9 (Linear convergence of overlapping Schwarz). Suppose Assumptions 1-3 hold
for Problem (5.1), and consider applying Algorithm 4 to solve Problem (5.1). For any k > 0,
we define

w® = max{[® — 2% 0o, [ — u*[loo, [IAF) = X*|l0}.

Then, Algorithm 4 exhibits the linear convergence

Wkt < 3C(g)€—PZ(U)T W)

Y

where c(c), pz(0), and T are defined in Lemma 8.
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Proof. The result directly follows by applying Lemma 8:

W) < sup [2E D) — 2 (0) + [T @) = wr @) + IAED @) = 3 (@)
t€[0,T)

< (@)e=P27 (2020 (1) = " (1) oo + IAF(E) = N (1)1 )

< 3c(o)e P27 . (k)

Y

which concludes that the convergence is linear. O]

We see from Theorem 9 that the linear rate 3c(o)e™PZ (@)7 < 1 holds as long as

7 > log(3¢(0))/pz(0),

and the above threshold depends only on the controllability parameter ¢ < T" in Assumption
2, but is independent of the full horizon length 7. This makes our algorithm particularly

T improves

promising for long-horizon problems. Furthermore, the linear rate 3c¢(o)e™PZ ()
exponentially with respect to the overlap size 7. Overall, the results in Theorem 9 demon-
strate the advantage of incorporating domain overlaps during optimization in Algorithm 4, as
it accelerates convergence in the interior regions. The solutions in the overlapped regions can

then be discarded while concatenating the remainder. In the numerical experiment section,

we provide an example to support this insight.

5.6 Numerical Experiment

To illustrate the effectiveness of the proposed overlapping Schwarz scheme, we draw in-
spiration from a nonlinear optimal control problem with a final-time constraint studied in
[185], and consider a linearized version of it around the origin. We aim to demonstrate three

promising properties of our Schwarz scheme (Algorithm 4) via the experiment:
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1. The overlapping Schwarz scheme converges linearly, with the linear convergence rate

improving exponentially fast in terms of the overlap size.

2. Higher-order time integrators can be easily incorporated when solving the forward and

backward equations (5.8a) and (5.8b) for the truncated subproblems.

3. In contrast to “discretize-then-optimize" approaches that fix the time step in advance,
our continuous-time Schwarz scheme supports adaptive time-stepping, allowing efficient

resolution of stiff dynamics.

To this end, we consider the original nonlinear OCP in [185] formulated in R? as:

1 T
wmin -/ le ()12 + lu(o)]]? dt, (5.54a)
u()z() 2 Jo
st @(t) = be(x(t)) + Nu(t), te(0,T], (5.54b)
T
2= o, o]+ otatr = (5.540)
where 6 € R is an adjustable parameter, N € R2*2 is the control coefficient matrix, and the

state dynamics map bg : R2 — R? and the terminal constraint map ¢ : RZ2 — R are defined
by
—T1 — T1X2

bf(aj) = , () = x1 + 2x9.
—&wg + o}

Here, ¢ > 0 is a stiffness parameter that characterizes the relative decay rate of the two state
components, and the terminal constraint imposes a scalar condition on the final state. We
linearize the nonlinear dynamics (5.54b) at the equilibrium point z = 0 and incorporate the

terminal constraint (5.54c) into the objective via a soft penalty, resulting in the following
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linear-quadratic OCP:

: e 2 2 o 2
v 5/0 lz@I + u@)* dt + 5 (¢(=(T)) - 6)", (5.55a)
st @(t) = Mea(t) + Nu(t), te(0,T], (5.55b)
z(0) =0, (5.55¢)

where o > 0 is the penalty parameter (chosen sufficiently large), and M, € R2%2 i5 the
Jacobian of b at origin given by M := Vb(0;§) = diag(—1, —¢).

In our experiment, we first follow [185] and set N = diag(1,0.25), T" = 5, § = 3,
¢ =4, and a = 102. We will also vary the parameters by increasing & when testing the
Schwarz method on stiff dynamics. Throughout the experiment, the true reference solution
(x*,u*, A*) is computed by applying the forward Euler discretization to the full problem
(5.55) on a fine uniform grid with the time step At = 103, and solving the resulting discrete
problem using MATLAB’s built-in function fmincon. For the overlapping Schwarz method,
we partition the time interval [0,7] into m = 3 uniform subdomains, each corresponding

to a subproblem as defined in (5.11). We express the overlap parameters T]Q =7l =7

J
as a fraction of the subdomain length, and will vary different 7 when we illustrate the
improvement of the linear rate in 7 (i.e., the goal (a)). Each subproblem is solved in
parallel using Algorithm 5, with the step size n = 1072 and the initial control sampled as
u(t) ~ N(0,I). Note that Algorithm 5 (Lines 3 and 4) requires integrating the state and
adjoint equations forward and backward, respectively (cf. (5.8a), (5.8b)). We will test the
robustness of the Schwarz method to different time integrators (i.e., the goal (b)), as well as
the benefits of enabling adaptive time-stepping when the dynamics is stiff (i.e., the goal (c)).

We terminate Algorithm 5 when the norm of the local objective gradient falls below 1075.

Lastly, let (x(k), u(k), )\(k)) denote the k-th Schwarz iterate; the convergence is measured by
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Figure 5.1: (Left) Convergence of the overlapping Schwarz method under varying overlap
sizes ({1%, 5%, 10%, 20%, 30%, 60%} of the subdomain length). Larger overlaps yield faster
convergence. (Right) Observed convergence rate and its exponential fit. For each overlap
size, we estimate the convergence rate by averaging the ratios of two consecutive errors, and
fit an exponential curve of the theoretical form c-exp(—pz7). The fitted values are ¢ = 0.98
and py = 0.05; and we have py < 0.02 at the significance level of 5%. We observe that
the convergence rate improves exponentially in the overlap size, which is consistent with
Theorem 9.

the maximum pointwise deviation from the reference solution, where ¢; = j - At,

e® = max (2Bt — 2t + [uB(t)) - w ¢ + NP ey) = 2@l
0<j<4#z
e Goal (a). We verify Theorem 9 by illustrating the convergence behavior of the overlapping
Schwarz method. We vary the overlap proportion 7 € {1%, 5%, 10%, 20%, 30%, 60%} relative
to the subdomain length, and the forward and backward equations of the subproblems (cf.
Algorithm 5, Lines 3 and 4) are simply integrated using the forward Euler method.

The convergence behavior is illustrated in Figure 5.1 (left). From the figure, we observe
that the errors decay linearly over the Schwarz iterations, with larger overlaps yielding faster
convergence, which indicates that the linear rate improves as the overlap size increases. To
examine the linear rate more closely, we estimate it by averaging the ratios of two consecutive

errors for each 7 and plot the resulting rates versus the overlap proportion in Figure 5.1
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(right). We find that the observed convergence rate aligns with a fitted model of the form
¢z exp(—pyT), suggesting that the rate improves precisely exponentially with the overlap
size. This further supports the theoretical insight of the exponential improvement of the
rate with the overlap size in Theorem 9. Overall, the empirical results validate our analytic

rate bound and highlight the reasoning of using large overlaps to accelerate convergence.

e Goal (b). We now investigate the effect of applying different time integration schemes to
the subproblems on the convergence behavior of the overlapping Schwarz method. In this
experiment, we fix the overlap size at 5% of the subdomain length. To clearly isolate the
effect of the solver choice on convergence, we employ a coarser temporal discretization when
applying the integration methods, with a step size of At = 0.05 (recall that the reference
solution is computed on a much finer grid with At = 1073).

Figure 5.2 (left) compares the explicit forward Euler (FE), implicit backward Euler (BE),
and explicit Runge-Kutta (RK45) methods for solving the subproblem dynamics (5.8a) and
(5.8b). We observe that higher-order solvers attain improved solution accuracy, roughly
half an additional order of accuracy per upgrade in method fidelity. While higher-order
solvers are indeed more computationally expensive, they are applied only to the subproblems
within the Schwarz scheme. Furthermore, despite the differences in numerical integration
error, the overall convergence with respect to Schwarz iterations remains linear, consistent

with Theorem 9.

e Goal (c). A key advantage of our continuous-time formulation is its compatibility with
a wide range of time-stepping schemes. In contrast, high-order solvers such as RK45 are
not easily integrated into discretize-then-optimize methods [193, 152|. Our approach enables
adaptive and high-fidelity solvers to be used without compromising the structure of the
optimality system.

To demonstrate the benefits of adaptive time-stepping, we compare the behavior of solvers

in a stiff setting with £ = 15 and 7" = 6 = 10, where the forward Euler method becomes
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Figure 5.2: (Left) Comparison of numerical solvers in resolving the subproblem Hamiltonian
dynamics. The Runge-Kutta method (RK45) yields the highest accuracy per iteration.
(Right) Comparison of first 30 Schwarz iterations for different solvers and time step sizes
At. Adaptive solvers maintain low errors even on coarse grids, while FE accuracy degrades
significantly in the stiff regime.

unstable. In this experiment, we compare the fixed-step FE method with the adaptive solver
ode23 [188], applied to the Hamiltonian systems of the local subproblems. As expected, we
see from Figure 5.2 (right) that forward Euler fails to converge unless the time step is reduced
significantly. In contrast, ode23 maintains stability and consistently achieves lower error
across Schwarz iterations, demonstrating the robustness of our method when paired with

adaptive integration.

5.7 Conclusion and Future Work

In this work, we introduced a continuous-time overlapping Schwarz decomposition method
for linear-quadratic optimal control problems and established its convergence properties.
The method decomposes the global control problem into smaller subproblems defined on
overlapping temporal subdomains, with appropriate boundary conditions specified at the in-
terfaces to enforce consistency between adjacent subdomains. Our analysis reveals that the
method leverages the intrinsic exponential decay of sensitivity in continuous-time optimal

control problems, such that the impact of imperfect boundary conditions on the solution
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trajectory decays exponentially as one moves away from the subdomain boundaries. As a
result, the Schwarz method achieves linear convergence by recursively updating the bound-
ary conditions. Notably, the convergence rate improves exponentially with the size of the
overlap. The continuous-time formulation offers several advantages, including compatibility
with higher-order and adaptive time-stepping schemes, as well as improved handling of stiff
system dynamics. Numerical experiments corroborate our theoretical findings and demon-
strate the practical effectiveness of the method on a stiff linear-quadratic optimal control
problem.

Several promising extensions can be pursued. First, we believe it is possible to extend
the overlapping Schwarz decomposition from linear-quadratic program to the nonlinear case,
as a continuous-time generalization of [152, 193]. However, doing so would require a func-
tional analog of the convexification procedure [207]|, which we leave for future exploration.
Second, in this work we have adopted a gradient-based optimization approach in solving
continuous-time subproblems (Algorithm 5). The local convergence of the subproblems can
be further enhanced using second-order optimization solvers [99], which can be implemented
by solving second-order adjoint equations. Other practical directions include developing
robust solvers compatible with the Schwarz scheme. Possible extensions include directly
solving matrix Riccati equations [185] or applying symplectic Runge-Kutta methods [183].
Finally, there are opportunities to apply the Schwarz method in deep learning, particularly
in settings where models can be framed as locally linear-quadratic optimal control problems
of the form (5.1). The established convergence properties of the Schwarz method serve as a
foundation for practical applications of broad control methods inspired by turnpike analy-
sis [78], which aligns well with deep learning architectures that can be interpreted as discrete
dynamical systems, such as neural ODEs [69]. Future work can explore these intersections,

leading to model- and data-parallel distributed learning algorithms.
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5.8 Appendix

5.8.1 Gradient Method for Subproblems

To solve the subproblems Pj([tg, tjl] ;Dj,q;), we can apply gradient-based optimization method

in infinite-dimensional space summarized in Algorithm 5.

Algorithm 5 Gradient Descent for Subproblem Pj([t(}, t}]; Pj, ;)
(0)

Input: Subproblem control u i initial and terminal state parameters (pj,qj); step size
n > 0.

1. For / =0,1,...

(a) Integrate state equation forward from t? to t} to obtain a:y) (see (5.2));
(0)

(b) Integrate adjoint equation backward from t} to t? to obtain A i

(c) Compute the (total) gradient of the local objective:

57\ 200+ mdO )+ BT O 01
Su; (t) «— H(t)x;"(t) + R()u; " (1) + B (A1), ety G];

=\ (0)
(d) Update control: u§€+1) — uy) —n- (%) :

We provide a few clarifications regarding the derivation of the gradient (i.e., descent
direction). In particular, the total gradient of the subproblem cost functional with respect
to the control u; is derived using first-order perturbation analysis [168]. The first-order
optimality condition given by the PMP is numerically solved in an open-loop fashion: a
control u; is input, the states z; and adjoint states A; are first subsequently solved, and
the control is then updated using information of the states and adjoint states in a direction
that minimizes the cost functional. In this formulation, we account for the fact that the
states ; = x[u;; p;] are fully determined by both the control u; and the initial boundary

parameter p; through the solution (5.2).
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We begin by reviewing the subproblem (5.11) as a cost functional in uj only:

min  Jjlujipj, 4] = Tjlug, w5(ug; pyls g5, (5.56a)

w;(+),w;5(-)
st aj(t) = A(t)z;(t) + B(thu,(t), te (t),1]], (5.56b)
(1)) = p;. (5.56¢)

Let u; denote any control function for (5.56). Consider a perturbation at u; in the direction
of a function duj. The total variation (i.e. upon accounting for the variations of x; as a

result of variations in u;) of the cost functional can be decomposed as the following:

07;[uj:pj, 4j] s ) — L Jjlu; + € - 6ujip;, ;] — Tilugi pj. 5]
ou Y e—0 €

Tjluj + € ouy, xjluj + € - 0uys psls 5] — Tjluys jlug; pil; g

= lim
e—0 ¢
_ (9l o N 0T ] (5.57)
auj ’ i axj ) J Y .

where we define

xilu; + € ougspi]l — wifug; psl
St = lim JL) J ] JL) ] )
J el—>0 €

To obtain the formula of 5@ /ouj, we would like to convert the term involving dz; into
an expression involving du; by exploiting the structure of the PMP (5.8). We first derive a
differential equation that dz; satisfies. Let x; = zj[uj +e-duj;p;]. Then, $§ is the solution
to the following system on [t?, t}]:

#5(t) = A(R)a§(t) + B(t)(uj(t) + e 6u;(t), te (@)t 25 =pj,

which is compared to the original system on [t?-, t}]:

ij(t) = Alt)z;() + By (1), te ()], () =p;.
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Subtracting the above equations, dividing by €, and taking the limit as ¢ — 0, we have

0irj(t) = A(t)ox;(t) + B(t)ou;(t), t € (£),t]], (5.584)

da;(t)) = 0. (5.58h)

On the other hand, let \;(¢) denote the adjoint states satisfying the differential equation
(cf. Theorem 4):

xz T X
(1) = —AT(ON ()~ Ve | 5 R
wit)| [H(@#) R | |ui)
= —AT(®)Nj(t) — Q)x;(t) — H (u;(t),  tet) ), (5.59a)
Nj(t5) = Ve Lj(x;(t)): q5), (5.59b)

where L; is as defined in (5.12). Then we take the inner product between the functions \;

and 7, and apply integration by parts to obtain
t1
; N\ T4l 1 T (40 0 '
) N ”
’ — 0, (5.58b)

Furthermore, we have

t1
(. 5¢j><5'5£a%] AT () (A(£)62(8) + B(t)du;(t) )t

t;

t /1
= /tQ](AT(t)/\j(t))Téxj(t)dt—|—/toj(BT(t)/\j(t))Téuj(t)dt. (5.61)
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Combining (5.60) and (5.61), we obtain

g (Aj(t) + AT(t))\j(t)>T oz j(t)dt = /t}

(BT(t))\j (t)) ! Su i (t)dt.
0

Aj ()0 (t5) — /t
(5.62)

Now, we revisit our main objective to evaluate (5.57). We have

ou;

J

<a‘7j[uj,$jSQj]’5uj> — Iim Tjluj + € - duj, xj[ujl; pj] — Tjluj; xlujl; pj)
€E— €

t1
- /tQJ (H () (1) + R(t)uj(t)) " ouy(t)dt

<8~7j[“j7$j3qj]’5xj> iy il wglug] + € 0xipg] — Fjlugi 2jlusli py]

0T ;

J e—0 €

t1
_ /t L(Q)x(t) + HT (t)u;(t) T ox(t)dt + VL (j(t]); q5)6m;(t])

0
J

th
2L TG0+ ATON ) by )t + AT (1) 1)

@QZ:} (BT (t))T Ouy(£)dt.

J
Plugging the above display back to (5.57), we know the total variation with respect to control

uj can be evaluated in closed-form as:

<M 5uj> = [ (0 + R0 + BT 0) ooy

ou; 0
J j

Therefore, the gradient is given by:

(5@_[“5;?, Qj]) (t) = Ht)r;(t) + RWui(t) + BTN (1), te e (5.6

We note that (5.63) can be computed efficiently using a forward-backward-in-time pro-

cedure (cf. Algorithm 5) for numerical integration, which supports adaptive time-stepping
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and is compatible with numerous standard solvers. Other gradient-based algorithms, such as
steepest descent, conjugate gradient, or BFGS in infinite-dimensional space can be similarly

defined through variational analysis [122, 157].

5.8.2  Appendiz: Proof of Theorem 6

The proof proceeds by directly applying Hamilton-Jacobi-Bellman (HJB) equations (cf.
Theorem 5) to the parameterized optimal control problem (5.15). We define the Hamiltonian

function

.
x Qi) H'(t) GT(@#)| |z

H(t, 2,0, \: d) ::% ol lH® Re) W) |u] + 2T Az + B+ C(1)d).
il ey we o ||d

Since the terminal cost in (5.15) is quadratic in z(7'), we propose a quadratic ansatz for the

value function

Tt x) = %xTS(t)m +a o) + %z(t), (5.64)

where the symmetric matrix S : [0,7] — R"™*" and the vectors v : [0,7] — R™ and
2 :]0,T] — R are to be determined. We know that the gradient of the value function with

respect to the state yields the optimal adjoint trajectory [22, equation (4)]
N(t) =V J (t,x) = S(t)x + v(t). (5.65)
Substituting the above expression into the Hamiltonian, we obtain

H(t,x,u, Ve (L, x);d) = %wTQ(t)CU +a' H (tut 2" G (1)d + %UTR(t)u +u'W(t)d

+ (S®)z+v®) T (A®)z + Bt)u + C(t)d).
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We now proceed to compute the minimization in (5.10a) with respect to u for each ¢ € [0, T,
derive the associated equations, and validate the resulting closed-loop dynamics as stated in
Theorem 6. From Assumption 3, the Hamiltonian is strongly convex in u, so the minimizer
exists and is unique for every t € [0, T]. Taking the gradient of the Hamiltonian with respect

to u and setting it to 0 gives the following condition that the optimal control «* must satisfy:

VuH(t, * u* Vo (2% d) = H(t)z* (8) + R()u*(t) + W T (£)d(t)

+ BT (1)S(t)z*(t) + BT (t)v(t) = 0.
Upon solving this equation, we obtain
w(t) = —R7L(t) {H(t)x*(t) +BT)S()z*(t) + BT (tw(t) + W T (t)d(t)} . (5.66)

Substituting (5.66) into the Hamiltonian, we obtain the minimal value. In particular, we let

v(t) == H(t)x* + BT (1)S(t)x* + BT (t)u(t) + W (t)d(t) and have for every t € [0,T] that

To clearly isolate the above terms and match them with those defined in (5.64), we let

Ht, 2™, u*, Ve (t,2%);d) = Q(t,x*;d) + L(t,x™;d) + C(t,2™; d),
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where Q, L, C respectively denote terms that are quadratic, linear, and constant in optimal

states z*, given by

O(t,a1d) = (") [5@(0) — HT(0R™ (1) {H(1) + BT(1)s(1)}
+ % {H@®)+ BT(t)S(t)}T R {H@) + BT } + S®AW)

— SHBH)R() {H(t) + BT(t)S(t)} ]m
Lt a*:d) = (a%)7 [ ~H )R (1) {BT(t)v(t) + WT(t)d(t)} +GT (1))

T

~{uw+BTWsw} R oW 1)

bR
+{H(®) + BT(t)S(t)}T B0 {BT (o) + WT (1))}
~ St)BE)RL(1) {BT(t)v(t) +w! (t)d(t)} +S(£)C(t)d(t)
+ AT () - {HE) + BT(t)S(t)}T RN BT (1o(0)],
C(t,z*;d) = % {WT(t)d(t) + BT(t)v(t)}T Rt) {WT (1)d(t) + BT(t)v(t)}
+a0CT o) — {wT @) + BT(t)v(t)}T R W (0)d(1)

- {WT(t)d(t) + BT(t)v(t)}T R™Y )BT (t)u(t).

By (5.64), we compute the time derivative of the value function as

oI (t,x) 1 1. T. L,
5 = 3% St)r+x v(t)+§z(t).

Now, we substitute the above expression into the HJB equation and obtain

DJ*(t, %)

5 + Q(t,z%;d) + L(t,z%;d) + C(t,z*;d) = 0.

By matching terms according to their degree in z*, a sufficient condition for this identity

to hold for all z* is that each group of terms is 0 independently. This yields a system of
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differential equations for S, v, and z. We now present the equations for S and v, which are
responsible for determining the optimal control and closed-loop dynamics. The equation for
z is omitted (i.e. 0.52(¢) + C(t,x2™;d) = 0), as it does not influence the state z*, the adjoint
A*, or the optimal control «*. In particular, by requiring 0.5(z*) " S(t)z* + Q(t, z*:d) = 0,

we obtain

1. 1 1 1
(z*)7 (55 +5Q - H' R'H-H'RIBTS+ 5HTR—1H + 5HTR—lBTs

1 1 1
+ ESBR_lH + 5SBR—HBTS + 5ATS + %SA — SBR'H - SBR—lBTs)x* =0,

where we have used the symmetry of S. Simplifying this expression and canceling the terms,

applying (5.10b), we have S(T") = Q7 and

S+Q-H'R'H-H"R 'B"S—SBR'H—-SBR'B'S+A"S+SA=0, tel0,T).
(5.67)

Similarly, for the linear terms in 2*, by requiring (z*) " 0(t) + L(t,2*;d) = 0, we obtain

(a*)" (b(t) + {A(t) ~B(O)RY(WH(t) - B(t)R_l(t)BT(t)S(t)}T o(t)

T

+ {G(t) LTS - WHR (BT (1)S() + H(t))} d(t)> —0.

Therefore, we apply (5.10b), let v(T") = G;dT, and have

o) + {A@) — BORT @0 H(?) - B(t)Rl(t)BT(t)S(t)}T o(t)

+ {G(t) +CT@WSE) —WEHR (BT (#)S(t) + H(t))}T dt)=0, te€[0,T). (5.698)

Combining (5.65), (5.66), (5.67), and (5.68) together, we complete the proof.
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5.8.8  Proof of Lemma 6

The existence and uniqueness of the solution S is known from Lemma 4. As preparation,
we review a controllability result for a closely related system, whose properties will become

relevant in establishing the lower bound of the matrix Riccati solution.

Lemma 9. Let A, B, H, R be the matrices satisfying Assumption 1-3, then the pair (—(A —
BR™YH)T 1) satisfies UCC on [0, T — o] in the sense of Assumption 2. In particular, there
exist constants ag(o), ai(o), Bg(o), Bl(a) > 0, depending on o from Assumption 2 but
independent of T, such that for every tg € [0,T — o], the choice t; = tg+ o € [0,T] ensures
that the following bounds hold:

ao(o)l 2W_ i pr-1my7 1o, t1) = ar(o)l,

Bo(o)I = (I)_(AJFBR—lH)T(tLtO)W_(A+BR—1H)T7[(t07tl)q)j(A+BR—1H)T(t17f0) < B1(o)1.

(The expressions of ag(o),a1(0), Bo(o), B1(c) > 0 are provided in (5.69) and (5.70).)
Proof. By the definition of controllability Gramian in (5.3), we have

3]

.
W_(arBr1m7 1(to, t1) = /to (a1 BrR-1a)T(0:8)P_ 4y pr-1py7 (o, 5)ds

t1
T
:/to ®A+BR_1H(8’t0)®A+BR_1H(S7tO)d8
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Let 0 £ v € R™ be any vector, we first consider the upper bound and have

t
T Ta T
v W—(A+BR1H)T,I(t0’t1)U:/t v @y pr-1g(8,t0)P Ay pr-1 (s, to)vds
0

t
2
0

to+o 9
0
to+o
< / ’ 2AatABAn/1r)(s—10) ||| 245
t

0
ol

= Oa T Ag o <62()‘A+)\B)\H/’YR)U _ 1>’
A BAH/TR

where the inequality is due to (5.23). For the lower bound, for any 0 # v € R we have by

the bound derived in (5.24) that

t1
2
|P 44 gr-11 (8, t0)v||"ds

T
v W—(A—i—BRlH)T,I(tO’tl)v:/t
0

t
. / L2t AB /7R (5 10) [y 2 s
to

to+o
:/0 e~ 2 atABAn/vR)(5t0) 14|12
t

0
[ES

" 2004 + ABAE /R

; (1 _ 6_2()‘A+)\B/\H/’YR)U> _

Combining the above two displays and defining

= N 1 20\t AgAm/YR)0

Golo) = 2(Aa + ABAE/R) (1 oo >’ (5:69%)
~ ._ 1 2Aa+ABAg/YR)O _

flo) = 2(A4 + ABAH/VR) (6 o 1> ’ (5:65b)

we prove the first part of the statement. Furthermore, we note from (5.23) and (5.24) that
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for any 0 #£ v € R,

To ty, t)W to,t1)® " ty,t

v Oy pr1m)yT L)W pr-1 T (0, 1) P 4 pr1pnyT (1 T0)Y
( ) ( ) (A+BR™'H)

<a(o)|e] 1t to)ull? < dy ()2t AB AT 2

A+BR1H

and

vy prmy T (L)W s g (o t) @ ey (1)
( ) ( ) (A+BR-1H)

~ T 2 ~ —2(Aa+ABA 2
> G0(@)1®] 4, pro1gyT(tto)ol® = do(o)e AatABA IR )2

Thus, we define
Bolo) = ag(o)e2AatABAa/ TR and  B(0) = dy(0)e2PatABAH/ R (5 70)

and conclude the proof. n

We note that the statement of Lemma 9 is slightly weaker than those of Assumption 2
and Lemma 5 in that at any time ¢y € [0, 7 — o], any state v € R™ is steerable to 0 precisely
at time t( + o for the system (—(A + BF)",I) rather than some other time t; < ty + o.
However, since we only require the existence of a time in [tg, tg + o] for any tg € [0,T — o],
the choice t1 =ty 4+ o remains valid and does not impact the proof of Lemma 6.

We now present the main proof of Lemma 6. In what follows, we first establish the

desired bounds on the controllable segment [0, 7 — o].

e Case 1: tg € [0,7 — o]. By Lemmas 2 and 5, we know for any initial time ¢ € [0,7 — o]
and any initial state 0 # x4, € R"*, there exists a control input that steers the system

(A — BR™'H, B) to the origin by some final time t; € [tg,tg + o] C [0,7]. An explicit
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control that accomplishes this is given by the following

-1
—BY (1)) ppapto. )Wl gy plto.t)ze, € [to.ta],

u(ts wyg) = (5.71)

07 tE (tl,T]

Let us denote z(t; 24,), t € [tg, T], to be state trajectory of the system (A— BR™1H, B) with
the above control input (5.71); and denote z* : [tg, 7] — R™ and u* : [tg,T] — R™ to be
the optimal state and control for the truncated, shifted linear-quadratic problem (5.20) on
to, T'] with initial state 24,. Then, by definition of optimal cost-to-go (an analogy of (5.9)
with different system; and an analogy of (5.64) with v(t) =0, 2(¢) = 0), we have

T
sty = 5 [ (#T0@0 - BT R OO 0+ 0T RO (0) @

+ 22" (T)Qpa*(T).

1
2
Thus, by the optimality of (z*,u*) on [tg, T], we have

.
1 /T z(tizg) | |QE)—HTRTIOHE) 0 | |x(t;ay)
t

1
5@1)5(?50)%0 < 5
0 | u(t;zy) 0 R(t)| |ult;zty)

1
+ 5 (Tsaty)Qra (T at,)

51
- %/ o (G 21) (Q() — H' ()R (0 H (1)) (t; w4y)
to

+ul (8w ) R ult; 21, )dt,

where we use the fact that u(t, z4,) = 0 and x(¢; x¢,) = 0 for all ¢ > ¢1. For the second term
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on the right hand side, we have for t € [tg, t1],

w' (t; 24y R(L)u(t; 24,

2 (5'71) 2 2 -1 2 2
< Agllultzig)I? < ARIBEOIRI® 4 gt (to, )IPIWL oy gt t)IP |

ARAZ (5:23) ARAL  9(n,4ap -
< (af)(—o,)%g||xt0‘|2||q)(A—BR—1H)T(t7tO)”2 < W—U)B)QQQ( ATABAE/YR)( 7«‘0)”xt0||27
(5.72)

where the third inequality is due to Lemma 5. For the first term on the right hand side, we

substitute the control (5.71) into (5.2), and have for ¢ € [tg, t1],

latag)| = [ @4 prorm(®to) (1= Wa_prorgr plto, WL ppoiy plto. 1)
(5.29) o (o)
< (14 255 ) Il 1241t t0)
0
(5.23) !
2 (1 . a}<0>) At ABA/VR)(10) | |1 (5.73)
040(‘7)

where the second inequality is also due to Lemma 5. Combining the above three displays

together, and noting that ||Q(t) — H ' (t)R™L(t)H(t)|| < AQ + )\%I/’yR, we obtain

A2 o (0)\2  ApA2
x4 S(to)zty < {()\Q + %) (1 + O%((j)) + (046(0)3)2 || x - - (5.74)
/tl 2(Aa+ABAE /7R)(t—t0) 34
to
My @)\’ ArAE 2
- {(AQ " %> (1+50) gzl 67

2(Aa+tApAg/YR)0 _ q
2(Aa +ABAm/VR)

To establish the lower bound, we know from Lemma 4 that the Riccati matrix S remains

positive definite for all ¢ € [0,7]. Thus, let us define U(t) = S™(t) and have U(t) =
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—S7H(t)S(t)S~1(t). Substituting this relation into the Riccati equation (5.17), we have

U(t) = (A(t) — BO)R"Y W H@)U(t) + Ut) (A(t) — B(t)R_l(t)H(t))T

+UB(QW) —H ORI H)U®) — BE)RI)B'(t), t€[0,T), (5.76a)

U(T) = Q. (5.76h)

Note that (5.76) itself is a matrix Riccati equation. The existence and uniqueness follow
from that of S. This Riccati equation corresponds to a dual linear-quadratic optimal control

problem on the interval [0, 7], formulated as [111, (3.12-14)]

o /T W] [BorwsTe 0 yo)|
yO:e0) 2oy t) 0 (Q(t) — HT (ORI W H() | |o()
+ 5y (TQFY(T),
s.t. g)(t):—(A(t)—B(t)R_l(t)H(t))Ty(t)—i—v(t), t e (0,7], (5.77a)
y(tg) = yo € R (5.77b)

The state dynamics are now given by the pair (—(A—BR™1H) ", I), and the analysis of this
system mirrors that of the shifted OCP in Lemma 3. In particular, for any to € (0,7 — o,
we apply Lemma 9 to construct an explicit zero-steering control over the horizon [tg, to + o]

that drives any initial state 0 # y;, € R™* to the origin within time o from ¢y, given by

-1
) o _CDI—(AiBRle)T(tht) W,(A,BRle)T,[(t07t0+o-) Ytg» le [t07t0+0]7
U<t7yt()) T
Oa tE(tQ+U,T]

The corresponding state with the above control trajectory is given by (5.2): for t € [tg, to+0],

y(tutg) = ®_(a_pr-1m)T (¢ t0) (1 ~W_a-pr-1my7 1t0, 1) W__(IA_BR—IH)T’I(tOv to + U)) Ytos
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and for t € (to+ 0,7, y(t;y,) = 0. With the above specific state-control trajectories, we

have

N
Lo 1 toto |y| |BO)RI ()BT (t) 0 vl
S0V <5 |, v 0 (@)~ HT R H®) | |0

where for notational simplicity above, we have v = v(t;y4,), y = y(t; ty,). Following the same

derivation as in (5.72), we have from Assumption 3 and Lemma 9 that

UT<t§yto)(Q(t) - HT(t)R_l(t)H(t))_lv(t§yto) < W 200+ A5Am 7R (t=to) Hyt ”2

Following the same derivation as in (5.73), we have

ly(t; yeo) Il < (1 + dl@) s, lePatrBAm/ TR (E=t0),

ap(o)

Combining the above three displays, we obtain

Tao—1 T
Y1, S~ (t0)yty = i, U (to)utg

/\2 ~ 2 toto
< (1 4 Cfl(a)> 4 % Hyton/ O 200t A /R) (t—to) gy
TR ag(o vo(ap(o)) to

)\% ( @1 o )2 1 e [ 2(AA+ABAH/YR)T _q
— — - + Y ° .
r \ " aol0)) T rgao()? [N T20u + Agha /)

(5.78)

e Case 2: tg € (T'— 0,T]. We now discuss the case without uniform controllability. The
bounds will similarly be derived from the relationship between the Riccati matrix and optimal
cost, and without the ability to steer an arbitrary initial state at ¢y to 0 due to the lack of
complete controllability, we simply apply the zero control trajectory u(t) = 0, t € [tg, T].

With the zero control, the state trajectory evolves according to the homogeneous dynamics,

179



ie., 2(t) = ®4_pp-1p(t to)rey, t € [to, T]. With the above state-control trajectories (, ),

we have

Tstowg < [[|10] |20 HTOR 0RO 0 |20

T
Ag + _> / 2@ dt + Agll#(T) | *

A T
Ao + _H> ||:%||2/ 2(Aa+ABAE /vR)(t—t0) 44
TR to

H2 204+ ABAH/VR)(T—t0)

\ | H2e 2\ a+ApA/YR)O _
+ ZH |y
@ O0 2(A g+ ABAE/YR)

H 1 2(Aa+ABAu/vR)0 2
(AQ i 7R> (1 a0t >\B)\H/’YR)> sl (5-79)

To obtain the lower bound, we consider again the inverse Riccati equation (5.76) and cor-

+ )\QHQ;tO||262(/\A+/\B)\H/WR)U

responding optimal control problem (5.77). In particular, for any tg € (T' — o0,7T] and any
yt, € R™ we apply the zero control o(t) = 0, t € [tg,T], and the state trajectory be-

comes g(t) = q)—(A—BR—lH)T(t’ t0)yt,- Therefore, the bound of U(t) = S™1(t) on (T — 0, T|
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becomes

To—1 T
Y1, S~ (t0)yty = i, U (to) vty

]
T |g(t BOR1)BT (¢ 0 y(t
S/ y(t) ()R (t)B ' (t) y()dt
o |o(t) 0 Q) —HT ()R H@) | |o(t)
+§1(D)QF H(T)
2 T T
<28 [T oiear s LRy 2 [ o
TR Jtg 7Q 0
||yto|| 2+ ApAgr/vR)(T—to)
7Q
< )‘QB + 1 2(Aa+ABAR/TR)0 | o |I2. (5.80)
“ | 2yrAa+ABAE/YR)  Q 0

Finally, we combine (5.74), (5.78), (5.79), and (5.80), and define

cn(o) = min ABAH % &1((7) i ! N
o(0) = {2 <)‘A+ R )(yR <1+do(0)> +7Q(070(0>>2> |

-1
AL 1
+ — cexp(—=2 (Mg + A 0);
(2’7R()\A+)\B)\H/'YR) 7@) } p(—=2(Ag +ABAH/VR) 0)

(5.81a)

_ M\ (L 0@\ ArAg !
o) = ax{«AQUR)(”%(o)) o002 ) 200 S e i)

A2, 1
</\Q + g) (1 HERYE )\B)\H/VR)> } P2t At ) )

(5.81b)

where af)(c), (o) are from Lemma 5, and &g(0), & (o) are from Lemma 9. This completes

the proof.
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CHAPTER 6
FUTURE WORK

This dissertation opens up several avenues for further explorations. In Chapter 2, a natu-
ral future direction lies in the development of principled closures for quantities of interest
that evolve under the dynamics of other systems. While the present framework captures
macroscopic behavior, nonlinear dependence on states and spatial variables requires more
sophisticated parameterizations. Future work will consider simultaneous identification of
advection and diffusion coefficients within constrained optimization or Bayesian inversion
formulations. To address the curse of dimensionality inherent in high-dimensional advection
problems, tensor-network representations offer a promising path to reduce computational
cost while preserving essential dynamics.

Chapter 3 and Chapter 4 together suggest a broader research direction for uncertainty
quantification in multiscale and stochastic networked systems. The RoPDF approach raises
theoretical questions regarding convergence rates and train-test error decomposition, which
invites a joint analysis from both the perspective of statistical learning theory and stabil-
ity of dynamical systems. A principled study of how assumptions on conditional expec-
tations, noise processes, and regression methods affect approximation quality would clar-
ify the method’s expected convergence guarantees. On the algorithmic side, deep neural
architectures with Fourier features or long-short temporal memory could provide robust
extrapolation in regimes with sparse observations, while structured low-complexity repre-
sentations such as tensor-networks or generative flows may counteract dimensionality in
high-dimensional observables. These directions are particularly relevant for probabilistic
characterization of extreme events in power systems, where extending RoPDF to vector-
valued quantities of interest could enable realistic prediction of cascading failures in larger
grids.

Finally, Chapter 5 highlights opportunities in distributed optimal control. Extending the
182



overlapping Schwarz framework from linear-quadratic settings to nonlinear optimal control
would be the natural next step, though it requires new convexification strategies in infinite-
dimensions, which is left for future work. Beyond gradient-based local solvers, incorporating
second-order methods or direct Riccati-based techniques could improve robustness and ef-
ficiency of the subproblem solutions. Symplectic time-stepping methods are also attractive
and could offer further parallelization due to preserved subproblem structures. More broadly,
the overlapping Schwarz method could inspire distributed learning algorithms by leveraging
its convergence guarantees in locally linear-quadratic control formulations, including neural
ODE [40] and continuous-in-depth neural networks [175]. These connections point toward
interactions between domain decomposition and control theory interpretations of deep learn-

ing.
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