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Supplementary Figure S1: Limited GWAS overlap at top LoF burden hits.
Bar charts of genome-wide significant LoF burden test genes. Dark blue bars correspond to genome-wide significant
LoF burden test genes that also overlap a top GWAS locus (Methods). In particular, if there are K genome-wide
significant burden genes for a trait, a gene is colored dark blue if it overlaps one of the top K most significant GWAS
loci. Light blue bars are genome-wide significant LoF burden test genes that do not overlap a top GWAS locus.
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Supplementary Figure S2: Strongest GWAS hits are not always strong LoF burden hits.
Extended version of Figure 1D, including 9 additional traits. Each point is a significant GWAS locus (Methods).
Dashed red lines are thresholds for genome-wide significance.
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Supplementary Figure S3: Modest correlation between GWAS and LoF burden test p-value
ranks.
Histogram of Spearman’s ρ between the minimum GWAS − log10 p-value of any variant within a given GWAS lo-
cus and the minimum LoF burden − log10 p-value of any gene overlapping that locus. By definition all GWAS loci
contain at least one genome-wide significant variant (Methods).
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Supplementary Figure S4: Limited GWAS overlap at top LoF burden LD blocks.
Alternate version of Supplementary Figure S1 but using LD blocks instead of GWAS loci. Dark blue bars correspond
to LD blocks that contain a genome-wide significant LoF burden test gene that are also top LD blocks for GWAS. Light
blue bars are LD blocks containing genome-wide significant LoF burden test genes that are not also top GWAS LD
blocks.
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Supplementary Figure S5: GWAS and LoF burden tests prioritize different LD blocks for height.
Alternate version of Figure 1D but using LD blocks instead of GWAS loci. Each point is an LD block. Dashed red
lines are thresholds for genome-wide significance.
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Supplementary Figure S6: GWAS and LoF burden tests prioritize different LD blocks across
traits.
Alternate version of Supplementary Figure S2 but using LD blocks instead of GWAS loci. Each point is an LD block.
Dashed red lines are thresholds for genome-wide significance.
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Alternate version of Supplementary Figure S3 but using LD blocks instead of GWAS loci. Histogram of Spearman’s
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Supplementary Figure S8: Top burden genes are ranked very differently by GWAS when using
COJO SNPs.
Alternate version of Figure 1C but ranking genes in GWAS by using the p-values of conditionally independent GWAS
hits as obtained using COJO. Vertical order indicates rank in burden tests, color indicates rank in GWAS.
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Supplementary Figure S9: GWAS and LoF burden tests prioritize different GWAS loci for height
when using COJO SNPs.
Alternate version of Figure 1D but ranking loci in GWAS by using the p-values of conditionally independent GWAS
hits as obtained using COJO.
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Supplementary Figure S10: GWAS and LoF burden tests prioritize different GWAS loci across
traits when using COJO SNPs.
Alternate version of Supplementary Figure S2 but ranking loci in GWAS by using the p-values of conditionally
independent GWAS hits as obtained using COJO.
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Supplementary Figure S11: Top burden genes are ranked very differently by GWAS when using
more aggressively LD-clumped SNPs.
Alternate version of Figure 1C but ranking genes in GWAS by using the p-values of more aggressively LD-clumped
GWAS hits. Vertical order indicates rank in burden tests, color indicates rank in GWAS.
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Supplementary Figure S12: GWAS and LoF burden tests prioritize different GWAS loci for
height when using more aggressively LD-clumped SNPs.
Alternate version of Figure 1D but ranking loci in GWAS by using the p-values of more aggressively LD-clumped
GWAS hits.
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Supplementary Figure S13: GWAS and LoF burden tests prioritize different GWAS loci across
traits when using more aggressively LD-clumped SNPs.
Alternate version of Supplementary Figure S2 but ranking loci in GWAS by using the p-values of more aggressively
LD-clumped SNPs.
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Supplementary Figure S14: Top burden genes are ranked very differently by GWAS when rank-
ing using MAGMA.
Alternate version of Figure 1C but ranking genes in GWAS with MAGMA. Vertical order indicates rank in burden
tests, color indicates rank in GWAS.
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Supplementary Figure S15: GWAS and LoF burden tests prioritize different genes for height
when ranking genes in GWAS using MAGMA.
Alternate version of Figure 1D but ranking genes in GWAS with MAGMA.
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Supplementary Figure S16: GWAS and LoF burden tests prioritize different genes when ranking
genes in GWAS using MAGMA.
Alternate version of Supplementary Figure S2 but ranking genes in GWAS with MAGMA.
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Supplementary Figure S17: Top burden genes are ranked very differently by GWAS when rank-
ing using PoPS.
Alternate version of Figure 1C but ranking genes in GWAS with PoPS. Vertical order indicates rank in burden tests,
color indicates rank in GWAS. Every gene gets scored by PoPS so the color scale covers more genes than in other
analyses.
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Supplementary Figure S18: GWAS and LoF burden tests prioritize different genes for height
when ranking genes in GWAS using PoPS.
Alternate version of Figure 1D but ranking genes in GWAS with PoPS.
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Supplementary Figure S19: GWAS and LoF burden tests prioritize different genes when ranking
genes in GWAS using PoPS.
Alternate version of Supplementary Figure S2 but ranking genes in GWAS with PoPS.
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Supplementary Figure S20: Top burden genes are ranked very differently by GWAS regardless
of GWAS sample size.
Alternate version of Figure 1C but simulating GWAS with either half or one quarter as many individuals (see Meth-
ods). Vertical order indicates rank in burden tests, color indicates rank in GWAS.
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Supplementary Figure S21: GWAS and LoF burden tests prioritize different genes for height
regardless of GWAS sample size.
Alternate version of Figure 1D but simulating GWAS with either half or one quarter as many individuals (see Meth-
ods). Note that NPR2 is not included in the plot for the quarter-sized GWAS as it was not contained in any genome-
wide significant GWAS locus.
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Supplementary Figure S22: GWAS and LoF burden tests prioritize different genes regardless of
GWAS sample size.
Alternate version of Supplementary Figure S2 but simulating GWAS with either half or one quarter as many indi-
viduals (see Methods).
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Supplementary Figure S23: Top LoF plus damaging missense burden genes are ranked very
differently by GWAS.
Alternate version of Figure 1C but using burden tests that use both LoFs and damaging missense variants. Vertical
order indicates rank in burden tests, color indicates rank in GWAS.
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Supplementary Figure S24: GWAS and LoF plus damaging missense burden tests prioritize
different genes for height.
Alternate version of Figure 1D but using burden tests that use both LoFs and damaging missense variants.
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Supplementary Figure S25: GWAS and LoF plus damaging missense burden tests prioritize
different genes.
Alternate version of Supplementary Figure S2 but using burden tests that use both LoFs and damaging missense
variants.
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Supplementary Figure S26: Top LoF burden genes are ranked very differently by GWAS even
when upper bounding GWAS MAF.
Alternate version of Figure 1C but using only GWAS variants below a given MAF threshold. Vertical order indicates
rank in burden tests, color indicates rank in GWAS.
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Supplementary Figure S27: GWAS and LoF burden tests prioritize different genes for height
even when upper bounding GWAS MAF.
Alternate version of Figure 1D but using only GWAS variants below a given MAF threshold.
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Supplementary Figure S28: GWAS and LoF burden tests prioritize different genes even when
upper bounding GWAS MAF.
Alternate version of Supplementary Figure S2 but using only GWAS variants below a given MAF threshold.
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Supplementary Figure S29: Top LoF burden genes are ranked very differently by GWAS when
ranking by largest significant absolute effect size.
Alternate version of Figure 1C but ranking by largest significant absolute effect size in both GWAS and the burden
test. Vertical order indicates rank in burden tests, color indicates rank in GWAS.
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Supplementary Figure S30: GWAS and LoF burden tests prioritize different genes for height
when ranking by largest significant absolute effect size.
Alternate version of Figure 1D but ranking by largest significant absolute effect size in both GWAS and the burden
test.
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Supplementary Figure S31: GWAS and LoF burden tests prioritize different genes when ranking
by largest significant absolute effect size.
Alternate version of Supplementary Figure S2 but ranking by largest significant absolute effect size in both GWAS
and the burden test.
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Supplementary Figure S32: pLoF and shet are negatively correlated.
Alternate version of Figure 3B but binning genes by the prior mean shet as reported by [84]. Spearman’s ρ between
prior mean shet and pLoF = −0.502; p-value < 10−15; N = 18,154 genes. These estimates of shet are learned using
GeneBayes [84], which uses frequency data across genes to learn a function mapping gene features (e.g., expression
patterns across tissues) to a prior on shet. In the main text, we used GeneBayes posterior mean estimates, which use
this learned prior for each gene along with that gene’s pLoF to estimate shet. Here we use the prior mean, which uses
the pLoF data across genes to learn per-gene priors, but does not use a gene’s pLoF when estimating its shet.
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Supplementary Figure S33: LoF and likely deleterious missense burden tests do not prioritize
the most important genes.
A) Genes were binned by an estimate of shet [84] with approximately 184 genes per bin. Squared standard errors for γ̂

were then averaged across across 27 genetically uncorrelated traits (Methods) and across genes within each bin. The
trend line was fit using LOESS. B) Similar to A, but averaging over an unbiased estimate of the mean of γ2

t across
traits. C) Similar to A but with a normalized inverse variance-weighted average of heritability enrichments across
traits. D) Genes were binned as in A, and the mean of squared z-scores, z2, across traits was plotted against the
average of an unbiased estimate of the mean of γ2

t across traits. Points are colored by the mean shet within the bin and
the trend line was fit using LOESS.
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Supplementary Figure S34: Burden tests prioritize specifically-expressed genes regardless of
shet.
Quantile-quantile plots of LoF burden test p-values across 9 trait-tissue pairs, faceted by shet value of the gene. Genes
were stratified for each trait-tissue pair based on the specificity of their expression to the trait-relevant tissue. The
y-axes have all been non-linearly transformed in the same way.
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Supplementary Figure S35: LoF plus damaging missense burden tests prioritize specifically-
expressed genes.
Quantile-quantile plot of LoF plus likely damaging missense burden test p-values across 9 trait-tissue pairs. Genes
were stratified for each trait-tissue pair based on the specificity of their expression to the trait-relevant tissue. The
y-axis has been non-linearly transformed.
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Supplementary Figure S36: Expression specificity increases LoF burden test z-scores.
For 9 trait-tissue pairs we regressed LoF burden test z2 for each gene on either A) expression specificity bin or B)
expression specificity bin and an unbiased estimate of γ2, γ̂2. Since the 5 bins are co-linear, we report all regression
coefficients relative to the effect in expression specificity bin 1. Colored lines are regression coefficients for individual
trait-tissue pairs. The black line is the inverse variance-weighted average across trait-tissue pairs. The y-axes have
been non-linearly transformed.
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Higher expression levels
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Supplementary Figure S37: Expression levels do not play a large role in GWAS coding heritabil-
ity.
S-LDSC analysis results for 9 trait-tissue pairs. Results are reported in terms of τ/h2, a measure of an annotation’s
effect on proportion of heritability explained. Variants are binned by the expression level (as measured by TPM) of
the corresponding gene. Since the 5 bins are co-linear, we drop the bin 1 annotation and only report results for the
remaining bins. These results are from a joint analysis including both expression specificity and expression level bins
as covariates. Colored lines are τ estimates for individual trait-tissue pairs. The black line is the inverse variance-
weighted average across trait-tissue pairs. The y-axis has been non-linearly transformed.

40



−4
−3
−2
−1

0

1
2

19 16−18 9−15 3−8 1−2
Number of shared tissues

LD
SC

 τ
 , 

no
n−

co
di

ng
 v

ar
ia

nt
s Trait−Tissue pair

ALT−Liver
Creatinine−Liver
Eosinophil count−Tcell
Glucose−Pancreas
Heel BMD−Bone
Height−Bone
Lymphocyte count−Tcell
MCV−Erythroid
Reticulocyte %−Erythroid
Average

0

100

200

300

400

500

Bin 1 Bin 2 Bin 3 Bin 4 Bin 5
Expression specificity bin

LD
SC

 h
2   e

nr
ic

hm
en

t, 
co

di
ng

0

50

100

150

200

Bin 2 Bin 3 Bin 4 Bin 5
Expression level bin

LD
SC

 h
2   e

nr
ic

hm
en

t, 
co

di
ng

 enrichment is highest in 
specifically-expressed genes
h2A  enrichment weakly increases 

with overall expression
h2B

Supplementary Figure S38: Heritability enrichment increases with expression specificity; heri-
tability enrichment weakly increases with overall expression levels.
S-LDSC analysis results for 9 trait-tissue pairs. Results are reported in terms of h2 enrichment. Variants are binned
by the expression level (as measured by TPM) of the corresponding gene as well as its tissue specificity (Methods).
Since the 5 TPM bins are co-linear, we drop the bin 1 annotation and only report results for the remaining bins. These
results are from a joint analysis including both expression specificity and expression level bins as covariates. Colored
lines are h2 enrichment estimates for individual trait-tissue pairs. The black line is the inverse variance-weighted
average across trait-tissue pairs. Note the different y-axes on the two figures.
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More intense ATAC peaks
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Supplementary Figure S39: ATAC peak intensity increases heritability explained.
S-LDSC analysis results for 9 trait-tissue pairs. Results are reported in terms of τ/h2, a measure of an annotation’s
effect on proportion of heritability explained. Variants are binned by the intensity of their ATAC-seq peaks (Methods).
Since the 5 bins are co-linear, we drop the bin 1 annotation and only report results for the remaining bins. These
results are from a joint analysis including both ATAC specificity and ATAC intensity bins as covariates. Colored lines
are the τ estimates for individual trait-tissue pairs. The black line is the inverse variance-weighted average across
trait-tissue pairs. Note that the y-axis has been non-linearly transformed.
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Supplementary Figure S40: Heritability enrichment increases with ATAC peak tissue specificity
and intensity.
S-LDSC analysis results for 9 trait-tissue pairs. Results are reported in terms of h2 enrichment. Variants are binned
by the intensity of their ATAC-seq peaks and in how many tissues the ATAC-seq peak is present (Methods). Since
the 5 intensity bins are co-linear, we drop the bin 1 annotation and only report results for the remaining bins. These
results are from a joint analysis including both ATAC specificity and ATAC intensity bins as covariates. Colored
lines are the h2 enrichment estimates for individual trait-tissue pairs. The black line is the inverse variance-weighted
average across trait-tissue pairs.
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Supplementary Figure S41: Specificity of ATAC peaks increases heritability explained across
constraint bins.
S-LDSC analysis results for 9 trait-tissue pairs. Result are reported in terms of τ/h2, a measure of an annotation’s
effect on proportion of heritability explained. Variants in ATAC-seq peaks are annotated by the combination of the
shet value of their closest gene and in how many tissues the ATAC-seq peak is present. In particular, we have 5 shet

ranges and 5 ATAC-seq-peak-specificity categories, resulting in 25 distinct annotations, and we estimate a τ for each
annotation. The intensity of the ATAC-seq peaks is also included as a covariate (Methods). Colored lines are the τ

enrichment estimates for individual trait-tissue pairs. The black line is the inverse variance-weighted average across
trait-tissue pairs. Here we facet the plots by shet category. One-sided Z−test p-value < 7 × 10−5 for all comparisons
between τ in the most specifically-expressed bin and the last specifically-expressed bin, within each of 5 shet bins.
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Supplementary Figure S42: Relationship between constraint and heritability explained across
specificity bins.
S-LDSC analysis results for 9 trait-tissue pairs. Result are reported in terms of τ/h2, a measure of an annotation’s
effect on proportion of heritability explained. Variants in ATAC-seq peaks are annotated by the combination of the
shet value of their closest gene and in how many tissues the ATAC-seq peak is present. In particular, we have 5 shet

ranges and 5 ATAC-seq-peak-specificity categories, resulting in 25 distinct annotations, and we estimate a τ for each
annotation. The intensity of the ATAC-seq peaks is also included as a covariate (Methods). Colored lines are the τ

enrichment estimates for individual trait-tissue pairs. The black line is the inverse variance-weighted average across
trait-tissue pairs. Here we facet the plots by ATAC-seq-peak-specificity category.
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Supplementary Figure S43: Total proportion of heritability contributed by ATAC peaks of dif-
fering tissue specificities.
S-LDSC analysis results for 9 trait-tissue pairs. Results are reported in terms of the proportion of h2 contributed
by each bin. Note that this measure depends on both the number of variants within each bin and their per-variant
contributions to heritability. As a result, even though variants in the most tissue-specific ATAC peaks contribute more
heritability per SNP, and hence are prioritized higher on average, there are fewer such SNPs (0.5% of all SNPs on
average across these 9 traits). These SNPs collectively contribute 10.5% of heritability on average across these 9 traits,
somewhat less than that contributed by SNPs in ATAC peaks that are shared across all tissues (12.5% averaged across
9 traits), but this is driven by the much larger number of SNPs in such peaks (1.3% of all SNPs on average across
these 9 traits. These results are from a joint analysis including both ATAC specificity and ATAC intensity bins as
covariates. Colored lines are the h2 enrichment estimates for individual trait-tissue pairs. The black line is the inverse
variance-weighted average across trait-tissue pairs.
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Supplementary Figure S44: CDS length and expected number of unique LoFs are highly corre-
lated.
Scatter plot of the expected length in base pairs for the canonical CDS for each gene (Methods) and the expected
number of unique LoFs as computed by gnomAD [85]. The overall correlation is high (Pearson’s r = 0.916, p-value
< 10−15, N = 18,067 genes).
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Supplementary Figure S45: Robustness of apparent pleiotropy to simulation parameter Neff.
Analogous to Extended Data Figure 3B-D, but with varying Neff (see Methods for definition), while holding all
other simulation parameters fixed to the values used in the main text. Results from individual population genetic
simulations are in orange, and the mean across simulations is in black. The histograms show the distribution of trait
specificity, ΨV , across segregating sites for a single simulation. Neff does not affect the distribution of effect sizes, and
so these are the same across values of Neff. The value of Neff used in the main text is in red.
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Supplementary Figure S46: Robustness of apparent pleiotropy to simulation parameter t.
Analogous to Extended Data Figure 3B-D, but with varying t (see Methods for definition), while holding all other
simulation parameters fixed to the values used in the main text. Results from individual population genetic sim-
ulations are in orange, and the mean across simulations is in black. The histograms show the distribution of trait
specificity, ΨV , across segregating sites for a single simulation. t does not affect the distribution of effect sizes, and so
these are the same across values of t. The value of t used in the main text is in red.
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Supplementary Figure S47: Robustness of apparent pleiotropy to simulation parameter p.
Analogous to Extended Data Figure 3B-D, but with varying p (see Methods for definition), while holding all other
simulation parameters fixed to the values used in the main text. Results from individual population genetic sim-
ulations are in orange, and the mean across simulations is in black. The histograms show the distribution of trait
specificity, ΨV , across segregating sites for a single simulation. The value of p used in the main text is in red.
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Supplementary Figure S48: Robustness of apparent pleiotropy to simulation parameter f .
Analogous to Extended Data Figure 3B-D, but with varying f (see Methods for definition), while holding all other
simulation parameters fixed to the values used in the main text. Results from individual population genetic sim-
ulations are in orange, and the mean across simulations is in black. The histograms show the distribution of trait
specificity, ΨV , across segregating sites for a single simulation. The value of f used in the main text is in red.
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Supplementary Figure S49: Probability of a variant being a GWAS hit is correlated with shet.
Logistic regression coefficients for shet percentile categories in a model that predicts whether a variant is a GWAS
hit or not including various covariates such as distance to transcription start site (Methods). Each bin contains
approximately 184 genes. The trend line is fit using LOESS.
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Supplementary Figure S50: Number of GWAS hits is predictive of γ2.
Scatter plots of the correlation across genes between the number of independent GWAS hits and an unbiased estimate
of γ2, γ̂2, against the total number of independent GWAS hits. A) Correlation across all genes. Traits with more
independent hits tend to have a higher correlation between number of hits and γ̂2. B) To make sure that the correlations
in panel A were not driven just by presence or absence of any GWAS hits, we computed correlations between number
of GWAS hits and γ̂2 for only those genes with at least one GWAS hit. In both panels, it should be noted that γ̂2 is
generally a very noisy estimate of γ2. This will drive the plotted correlations to be much lower than the true correlation
between the number of GWAS hits and the unobserved true values of γ2.
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Description of Supplementary Tables

Supplementary Table 1: List of traits and abbreviations used in the study. Table of the 209 traits
used in this study with the UKB trait IDs, trait names, abbreviations used, tissue to which each trait was linked (if
applicable), and an indication of whether or not the trait was included in our subset of 27 genetically uncorrelated
traits (Methods).

Supplementary Table 2: Genetic and phenotypic correlations between 27 “genetically uncor-
related traits”. Table of the genetic correlation rg and phenotypic correlation between each pair of traits among
the 27 genetically uncorrelated traits used throughout the paper. Phenotype IDs match those listed in Supplementary
Table 1. Estimates were obtained from the Neale Lab (Methods), and phenotypic correlations are missing for 8 of 351
trait pairs.
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A Sensitivity analyses for comparing the genes prioritized by GWAS and burden
tests

To ensure that the results presented in Figure 1 did not depend on the particular details of our
analysis pipeline, we performed a number of additional analyses. All of the results are qualita-
tively consistent with those presented in the main text.

To make sure that our results were not driven by the way that we matched GWAS p-values
to burden p-values, we tried comparing the minimum GWAS p-value within each approximately
independent LD block [86] to the minimum LoF burden test p-value for any gene overlapping
that block (Supplementary Figures S4–S7). Similarly, we repeated the analysis in the main text but
instead of using LD clumped variants, we used conditionally independent GWAS hits as deter-
mined by COJO when defining GWAS loci [87] (Supplementary Figures S8–S10). We also repeated
our analysis using a more aggressive threshold when LD clumping prior to constructing GWAS
loc (Supplementary Figures S11–S13).

Instead of directly comparing the results of GWAS to LoF burden tests, we also considered first
aggregating the GWAS results into gene-level summaries, and used these summaries to prioritize
genes. We tried prioritizing genes using MAGMA [88] (Supplementary Figures S14–S16) as well
as PoPS [89] (Supplementary Figures S17–S19).

To show that the discrepancy is not due to differences in power between GWAS and LoF bur-
den tests, we repeated our analyses using simulated GWAS of smaller sample sizes (Supplemen-
tary Figures S20–S22; see Methods).

To show that the discrepancy is not particular to burden tests based on LoFs, we also consid-
ered burden tests based on LoFs and likely damaging missense variants (Supplementary Figures
S23–S25).

To show that the discrepancy is not due to burden tests relying on rare variants and GWAS on
common variants, we considered only GWAS hits with minor allele frequencies below different
thresholds (Supplementary Figures S26–S28).

Finally, perhaps ranking genes based on p-values or statistics derived from p-values, burden
tests and GWAS might be more concordant if we ranked genes based on estimated effect size.
To test this hypothesis, we ranked loci by the largest magnitude significant effect size instead of
the smallest p-value (Supplementary Figures S29–S31) again finding that GWAS and burden tests
result in highly discordant rankings.
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B A mathematical model of association studies

In this appendix we describe our mathematical model of association studies and clarify the re-
lationship between population, quantitative, and statistical genetics concepts. Our results rely
primarily on the work of [90] and [91].

Main theoretical results

We begin with an additive model of phenotypes:

y⃗ = G⃗α + ε (1)

where y ∈ Rn is the vector of phenotypes of the n individuals included in the study, G ∈ Rn×p

is a matrix containing the centered, but not scaled genotypes of the n individuals at the p causal
loci (i.e., G = G̃ − 1

n 1n1⊤n G̃, where G̃ is the matrix of raw genotypes coded as 0, 1, 2, and 1n

is an n-dimensional vector of 1s), α⃗ ∈ Rp is the vector of the effects of the “1” alleles at each
causal locus on the phenotype (usually denoted by β in the literature, but we reserve β for the
effect of variants on genes), and ε ∈ Rn is a random vector representing unobserved noise. This
additive model is rather simple, but is generally well-supported as a good approximation for
many complex traits [92] and is a common assumption across statistical genetics [93–98]. We
assume that the causal variants are unlinked in the population, and that p is large enough such
that the amount of heritability contributed by any single site is ≪ 1. We also assume that the
phenotype is measured in units so that its variance across individuals is 1.

Before proceeding further, we note that there are several distinct sources of randomness in
Equation 1. First, the environmental noise affecting each individual is random, which is made
explicit by ε being a random variable. Second, the choice of which individuals are included in
the GWAS is random: one could imagine sampling a separate cohort from the same population
and obtaining individuals with different genotypes and phenotypes. Third, the genotypes and
phenotypes in the population itself are the result of the fundamentally random process of evolu-
tion. Note that this is distinct from just obtaining another GWAS cohort. Taking two large random
samples from the same population will result in the two cohorts having almost perfectly correlated
allele frequencies, but replaying the tape of evolution would result in alleles having completely
different frequencies. Throughout, we will try to be clear about which sources of randomness we
are averaging over or point out when a particular source of randomness is negligible.

Given our assumptions, it has been shown [90] that conditioned on the GWAS sample, α̂j, the
estimate of the jth marginal effect, αj, is asymptotically Normally distributed:

α̂j ∼ N
(
αj, ∥Gj∥−2

2
)

, (2)

where Gj is the jth column of G (i.e., the vector of genotypes at the jth causal variant). We em-
phasize that this approximation relies upon an asymptotic argument, but is highly accurate for
traits that are approximately Normally distributed, even for extremely rare variants [99]. While it
should be possible to derive a similar approximation to the results of logistic regression applied
to case-control data (i.e., based on the asymptotic Normality of maximum likelihood estimators),
the point at which those asymptotics provide an accurate approximation is unclear. For binary
phenotypes, rare variants can result in the problem of quasi-separability, which is well-known
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and causes strong deviations from Normality (see [100] for a thorough discussion). In any case,
we only consider inverse rank normal transformed phenotypes, and for these Equation 2 is a good
approximation.

Next, note that the standard error of α̂j estimated by GWAS is ∥Gj∥−1
2 . Therefore, the z-score,

for variant j, zj := α̂j/SE(α̂j), reported by GWAS is also asymptotically Normally distributed:

zj ∼ N
(
αj∥Gj∥2, 1

)
.

Equivalently, we can write zj as the sum of a constant and a standard Normal random variable,
say uj:

zj
d
= αj∥Gj∥2 + uj.

We therefore have that the GWAS test statistic, z2
j (sometimes referred to as the chi-squared statistic

as it is asymptotically chi-squared distributed under a null hypothesis of no effect of the variant
on the trait), is

z2
j

d
= α2

j ∥Gj∥2
2 + 2αj∥Gj∥2uj + u2

j . (3)

Note that uj is determined by the environment randomness in ε. Averaging over the randomness
in ε, which we denote by Eε we obtain that the expected z2

j statistic is

Eεz2
j = α2

j ∥Gj∥2
2 + 1. (4)

Note that the right-hand side of equation 4 depends on the genotypes of the individuals in-
cluded in the GWAS. To relate this to population quantities, we assume that the individuals in-
cluded were sampled randomly from the population (and hence independently from the pheno-
type), and that the population is at Hardy-Weinberg equilibrium. In such a case, the variance
of a randomly sampled genotype with population frequency f j is 2 f j(1 − f j), which can be seen
by considering the genotype as the sum of two randomly chosen haploids, which are each inde-
pendent Bernoulli( f j) random variables. Then, we see that averaging over this sampling process,
which we denote by EG, results in

EGα2
j ∥Gj∥2

2 = α2
j EG∥Gj∥2

2

= α2
j

n

∑
i=1

EGG2
ij

= 2nα2
j f j(1 − f j), (5)

where the first line follows from our assumption that individuals were chosen independently of
the phenotype, and the final follows from the fact that we are considering centered genotypes, so
EGG2

ij = Var(Gij).

Plugging equation 5 into equation 4 we obtain that averaging over environmental randomness
and the individuals included in the GWAS, we obtain

EG,εz2
j = 2nα2

j f j(1 − f j) + 1. (6)

As a result, under our assumptions the average strength of association for the jth variant in GWAS
is determined by 2nα2

j f j(1 − f j).

57



By a similar argument, as n → ∞,

plim
n→∞

z2
j

n
= 2α2

j f j(1 − f j), (7)

where plim denotes convergence in probability, and so an infinitely powered GWAS would prior-
itize variants exactly by 2α2

j f j(1− f j). To make this argument rigorous, note that in equation 3, Gij

is bounded so ∥Gj∥2 is O(
√

n) and uj is Op(1), so only the α2
j ∥Gj∥2

2 is O(n). Then, again because
G2

ij is bounded, ∥Gj∥2
2/n converges in probability to its expected value, 2 f j(1 − f j), by the weak

law of large numbers.

From the perspective of population genetics, the frequencies appearing in equations 6 and 7
are the result of evolution, which is itself a random process. As such, we might consider how
such sites typically behave under an evolutionary model. In this section, we assume that selection
against new mutations is strong enough that we are in the mutation-selection balance regime. See
Appendix F for the general case. For the subsequent discussion, we will assume without loss of
generality that the “1” allele at each locus is the minor allele.

In this regime, selection is strong enough that the minor allele will be at a low enough fre-
quency such that f 2

j is essentially negligible, so f j(1 − f j) ≈ f j. Then, E f j = µ/shet, where µ is
the mutation rate, and shet is the strength of selection against heterozygotes [101, equation (3.9)].
Intuitively, alleles enter the population at a rate of 2Nµ, where N is the population size, and are
removed from the population at a rate of shet in the roughly 2N f j copies of the 1 allele that reside
in heterozygous individuals. At equilibrium, these forces must cancel, resulting in f j ≈ µ/shet.
Plugging this result into equation 6, we obtain

Ez2
j =

2nα2
j µ

shet
+ 1, (8)

where now the expectation is taken over the environmental randomness, the randomness in the
composition of the GWAS cohort, and the evolutionary process.

Finally, selection must be acting upon a variant due to its effects on some phenotypes. In
Appendix G we show that under a model of stabilizing selection on T traits measured in appro-
priate units, shet ≈ ∑T

t=1 α2
t,j, where αt,j is the effect of the jth variant on the tth fitness-relevant trait.

Substituting this result in equation 8, we obtain our main result

Ez2
j = 2nµ

α2
j

∑T
t=1 α2

t,j

+ 1

= 2nµΨV + 1, (9)

where ΨV is the trait specificity of the variant as defined in the main text.

LoF burden tests

To extend these results to LoF burden tests, we note that it has previously been shown that Equa-
tion 2 is a good approximation to burden tests for continuous phenotypes that have been inverse
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rank normal transformed (like all traits considered here) [99]. The only part that needs modifica-
tion is our analysis of ∥Gj∥2

2, which in burden tests is a “burden genotype” instead of a standard
genotype. Suppose there are L potential LoF positions in a gene. An individual’s (uncentered)
burden genotype for that gene is then 2 if they are homozygous for the LoF allele at any of those
L positions, 0 if they are homozygous for the non-LoF allel at all L positions, and 1 otherwise.
Let fℓ be the population frequency of the LoF allele at position ℓ within the gene. Considering a
haplotype chosen randomly from the population, the probability that it does not contain an LoF
allele is

P {no LoF at pos. 1, no LoF at pos. 2, . . . , no LoF at pos. L} ≈
L

∏
ℓ=1

(1 − fℓ),

where the approximation is reasonable because LoFs tend to be extremely rare [85] and rare vari-
ants tend to be essentially independent [102]. We then continue this line of approximation, by
noting that if LoFs are rare then any quadratic or higher order terms in the LoF frequencies at one
or more positions are negligible. As a result,

L

∏
ℓ=1

(1 − fℓ) ≈ 1 −
L

∑
ℓ=1

fℓ,

and ∑L
ℓ=1 fℓ can be interpreted as the aggregate frequency of LoF variants. Assuming that this

aggregate frequency is also small, we can then assume that it is unlikely to observe an individual
with an LoF allele on both of their haplotypes. We can therefore approximate individual i’s burden
genotype for gene j, Gij, as the sum of two Bernoulli(∑L

ℓ=1 fℓ) random variables. The variance of
this sum is then

EGG2
ij ≈ 2

L

∑
ℓ=1

fℓ

(
1 −

L

∑
ℓ=1

fℓ

)
≈ 2

L

∑
ℓ=1

fℓ.

Using this result in place of equation 5, and noting that we write γj for αj in the case of LoF burden
tests, results in

EG,εz2
j ≈ 1 + 2nγ2

j

L

∑
ℓ=1

fℓ

and

plim
n→∞

z2
j

n
≈ 2γ2

j

L

∑
ℓ=1

f j.

Finally, if we assume each of these L positions are under mutation selection balance with mu-
tation rates µ, then

Ez2
j ≈

2nγ2
j µL

shet
+ 1

giving our main result for burden tests,

Ez2
j ≈ 2nµL

γ2
j

∑T
t=1 γ2

t,j

+ 1

= 2nµLΨG + 1,

where ΨG is the trait specificity of the gene as defined in the main text.
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Relationship between z2, h2, and − log p-value

We end this section by noting that z2
j is closely related to both the heritability explained by that

variant, h2
j , as well as the the − log p-value returned by an association test. We will focus on GWAS

in this subsection for clarity, but the results also apply to LoF burden tests.

First, note that h2
j is defined (under our assumption of independent causal variants) as 2α2

j f j(1−
f j) [101, equation (6.20)]. This is exactly the expected value (averaging over the environmental
noise and GWAS cohort composition) of z2

j − 1 as seen in equation 6. That is,

EG,εz2
j − 1 = h2

j ,

and so ranking variants based on z2
j is, in expectation, equivalent to ranking based on contribution

to heritability.

Next, note that under a null hypothesis where z has a standard Normal distribution (i.e., the
null used in GWAS),

P {z > t} = 1 − Φ(t) = Φ(−t),

where Φ(t) is the standard Normal cumulative distribution function. This implies that for t ≥ 0,

P
{

z2 > t2} = 2Φ(−t).

This means that the reported p-value is related to z2 by

p = 2Φ
(
−
√

z2
)

,

which implies that

z2 =
(

Φ−1
( p

2

))2
. (10)

For small p, Φ−1 is asymptotically [103]

Φ−1
( p

2

)
≈ −

√
log
(

4
2πp2

)
. (11)

Using the approximation in equation 11 in equation 10 we obtain that for small p-values, p is
related to z2 by

z2 ≈ log
(

4
2π

)
− 2 log p ≈ −2 log p. (12)

Therefore for large values of z2, it is essentially the same as twice the natural log p-value. In GWAS
it is standard to visualize and discuss − log10 p-values, but these are just a constant scaling times
the natural log p-values:

− log10 p = − log p
log (10)

≈ −0.43 log p ≈ 0.22z2. (13)

Because of these results, we freely switch between discussing average z2 statistics, contribu-
tions to heritability, and − log p-values in the main text.
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C A model of context specificity to explain variant specificity

The main goal of this appendix is to build a model of how variants affect phenotypes that incor-
porates both the context dependence of variants and gene-level pleiotropy. Specifically, we want
to provide an analytical expression for variant specificity, ΨV , in terms of gene specificity, ΨG, and a
term that can be interpreted as “context specificity” under such a model.

Throughout, we will consider a biologically-inspired model of how a variant affects a trait. We
assume that a variant affects traits by changing the “activity” of a gene in one or more “contexts”,
and this gene affects traits by its activity in these “contexts”. We consider the “activity” of a gene
as the ability of the gene to perform its physiological task in a given context. Similarly, the notion
of “context” is completely abstract, but one could think of a context as being a specific cell type
or tissue or perhaps an even more specific condition, such as a certain cell type at certain point
of development when exposed to a certain stimulus. As such, we would say that a missense
variant that totally disrupts protein folding would have a large negative effect on activity across
all contexts, while a regulatory variant in a tissue-specific regulatory region may have a positive
or negative effect on activity by respectively increasing or decreasing the expression of the gene
in that context. Finally, we consider that traits have some impact on fitness, and thus affect the
frequency of the variant dependent on that variant’s effects on the gene in different contexts and
the effects of the gene on different traits in each context.

Our full model is summarized in Figure S51. We assume some number of contexts, C, and
a number of traits T. We denote the effect of a variant on the activity of the gene in context
c as βc, and the effect of the gene in context c on trait t as γct. That is, β is a property of the
variant and γ is a property of the gene. We then define the effect of the variant on trait t as
αt = ∑C

c=1 βcγct. In Appendix G, we show that under some sensible assumptions the strength of
selection in heterozygotes is equal to the sum of squared effects across all traits,

shet =
T

∑
t=1

(
C

∑
c=1

βcγct

)2

,

and hence under mutation selection balance, the relevant quantity for the average strength of
association under this model is the trait specificity of the variant,

ΨV =

(
∑C

c=1 βcγc1

)2

∑T
t=1

(
∑C

c=1 βcγct

)2 , (14)

as we argued in Appendix B.

Analogously, we can consider the trait specificity of the gene, ΨG, which under our model is

ΨG =

(
∑C

c=1 γc1

)2

∑T
t=1

(
∑C

c=1 γct

)2 . (15)

The crux of this appendix is defining a context specificity factor, FC, that captures how much
more specific a variant is than the gene through which it acts. We can implicitly define FC by

ΨV = ΨGFC.
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Variant

Context 1

Context 2

Context 3

Context 4

Trait 1

Trait 2

Trait 3

Trait 4

Fitness

β1

β2

β3

β4

γ11

γ12

γ13

γ14

Supplementary Figure S51: The most general model we will consider. A variant has effects in
different contexts, and a gene determines how each context affects each trait.

That is,

FC =
ΨV

ΨG
=

(
∑C

c=1 βcγc1

)2
∑T

t=1

(
∑C

c=1 γct

)2

(
∑C

c=1 γc1

)2
∑T

t=1

(
∑C

c=1 βcγct

)2 . (16)

In this fully general model, the expression for FC is difficult to interpret. As such, we seek
a simpler model to gain some intuition. In contrast to the full model, we will now assume a
simpler model where contexts and traits have a one-to-one mapping. That is, each trait is affected
exclusively by a single context. We further assume that the gene either has no effect on a given
trait, or has an effect of γ, independent of the trait. Similarly, we assume that a variant either has
no effect on the activity of a gene in a context, or has an effect of size β, with β being independent
of the context. This model is summarized in Figure S52.

Under our toy model the equations for ΨV , ΨG, and FC simplify considerably. Let CV be the set
of contexts for which the variant has non-zero effects on the gene, and let CG be the set of contexts
in which the gene has non-zero effects on the corresponding traits. Assuming that the variant
affects the focal context and the gene has an effect in the focal context on the focal trait, we have

ΨV =
1

|CV
⋂ CG|

.

In words, ΨV is 1 over the number of contexts where both the variant and gene have an effect.
Similarly,

ΨG =
1

|CG|
.
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Variant

Context 1

Context 2

Context 3

Context 4

Trait 1

Trait 2

Trait 3

Trait 4

Fitness

β or 0

β or 0

β or 0

β or 0

γ or 0

γ or 0

γ or 0

γ or 0

Supplementary Figure S52: The simplest model we will consider. There is a one-to-one correspon-
dence between contexts and traits. Variants either do or do not affect each context, and for a given
gene each context may or may not affect its corresponding trait.

Again, ΨG is 1 over the number of contexts where the gene has an effect. Equivalently, ΨG is 1
over the number of traits that the gene affects.

Finally, we can compute the context specificity factor in this simple model:

FC =
|CG|

|CV
⋂ CG|

,

which has a particularly nice interpretation. The inverse, 1/FC, is the proportion of trait-relevant
contexts that are affected by the variant. That is, we do not care how many contexts the variant
affects, we only care how many contexts are affected where the gene is relevant to traits. In this
sense FC captures an intuitive measure of context-specificity where we measure context-specificity
weighted by how important each context is to any trait.

This simple model makes a number of strong assumptions. We can relax the assumption that
all of the effects of the variant on the contexts are either β or 0 and the assumption that the effects
of the gene in each context on the corresponding trait is either γ or 0. In particular, we will now
consider a model where there is still a one-to-one context-to-trait mapping, but the effect of the
variant on context c is βc and the effect of the gene in context c on trait c is γc (note that we only
need a single index on γ now because determining the context determines the trait and vice versa).
We show this model in Figure S53.
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Variant

Context 1

Context 2

Context 3

Context 4

Trait 1

Trait 2

Trait 3

Trait 4

Fitness

β1

β2

β3

β4

γ1

γ2

γ3

γ4

Supplementary Figure S53: A slight relaxation of the simplest model. There is still a one-to-one
correspondence between contexts and traits, but now variants can have arbitrary effects on con-
texts, and genes can have arbitrary effects on the corresponding trait in each context.

Under this model, we then have

ΨV =
β2

1γ2
1

∑C
c=1 β2

cγ2
c

, (17)

and

ΨG =
γ2

1

∑C
c=1 γ2

c
. (18)

Substituting these into equation 16, we obtain

FC =
β2

1

∑C
c=1

(
γ2

c

∑C
c′=1 γ2

c′

)
β2

c

.

This equation is interpretable — it is the effect of the variant on the focal context relative to a
weighted average affect across all contexts where the weights for each context are proportional to
how much the gene affects a trait in each context.

In both simplified models, the context specificity factor tracks how much a variant affects the
context relevant for the focal trait relative to how much it affects all contexts (weighted by their
trait relevance). In either case, these models formalize the intuition that by only affecting a subset
of contexts, a variant can be substantially more trait specific than the gene through which it acts.
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Variants can be less trait specific than the genes through which they act

Our full model (Figure S51) can result in counterintuitive cases where a variant is less trait specific
than the gene through which it acts. Indeed, even the simplified model shown in Figure S53 can
result in cases where ΨV < ΨG. Since this simplified model is a sub-model of the full model,
it implies that such examples are feasible in the full model as well. As a numerical example,
assume there are two contexts and take β = (1/2, 2) and γ = (2, 1/2). Plugging these values into
Equations 17 and 18 we obtain

ΨV =
1
2

ΨG =
4

4 + 1
4

=
16
17

.

Here we see that the variant evenly affects both traits (and hence is quite non-specific) while the
gene very heavily favors the focal trait (and hence is quite specific).

An intuitive explanation for what has happened is that the variant has strong effects on rel-
atively unimportant contexts and weak effects on important contexts. These balance out, and so
suddenly contexts that were at very different scales of impact at the gene level become more sim-
ilar in impact at the variant level. For example, core genes for one trait may have weak effects on
other traits when expressed in the wrong context [104]. A variant that hardly affects the important
context, but massively perturbs an unimportant context might bring these effects more in line with
each other and hence be less specific than the gene.
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D LoF burden tests prioritize long genes

For Extended Data Figure 1, we binned genes based on their expected number of unique LoFs,
a measure related to µL [85] (but see [105] for theoretical caveats). Empirically, this measure is
strongly correlated with coding sequence (CDS) length (Supplementary Figure S44), so we refer
to this as “gene length” in the main text.

An interesting consequence of the results presented in Extended Data Figure 1, is that longer
genes appear more pleiotropic. Longer genes tend to be hits for more traits (Spearman’s ρ between
mean number of hits across 27 genetically uncorrelated traits and expected number of LoFs =

0.083, p-value < 10−15, N = 18,344 genes). This effect is likely caused by their length increasing
their power and not because they actually have larger effects across more traits (Extended Data
Figure 1A).

We also note that the effect of gene length on burden z2 is straightforward to correct for in
principle. In particular, one could rank genes based on z2 divided by some measure of µL, such as
CDS length or the expected number of unique LoFs. Some caution is warranted, however, as the
resulting measure would be noisier for short genes than long genes, and hence ranking by genes
by this measure would enrich for the shortest, noisiest genes.
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E Genetic drift makes the strongest GWAS hits appear more pleiotropic

Genetic drift drives randomness in minor allele frequencies (MAF), and this randomness in MAF
explains an apparent contradiction between our finding that GWAS prioritize trait-specific vari-
ants and previous studies that report GWAS hits appearing to be surprisingly pleiotropic [106–
108]. Consider performing GWAS on two traits (Extended Data Figure 3A). If a variant is trait
specific for one trait, then by definition it cannot be trait specific for the other trait. In the absence
of other forces, this results in a negative relationship between the strength of association for the
two traits. In contrast, if a variant has high MAF, then the GWAS for both traits will be well-
powered. All else being equal, randomness in MAF results in a positive relationship between the
strength of association for the two traits. Therefore, variants that are highly ranked in one GWAS
will be enriched for variants that are trait specific (and hence less likely to be hits for the other
trait) but also enriched for variants that have high MAF (and hence are more likely to be hits for
the other trait). This explains the supposed contradiction: the top hits for one trait are not actually
more pleiotropic on average than other variants, they are simply at higher MAFs and hence better
powered across all traits. This is a similar effect to what we saw with gene length for burden tests,
where length increases power and causes longer genes to appear to be more pleiotropic.

To see if this prediction of our model is corroborated by the UKB GWAS, we compared prop-
erties of GWAS hits taken from 27 genetically uncorrelated traits to properties of GWAS hits sim-
ulated under our model (Methods). In both cases, we considered all variants that passed the
genome-wide significant threshold as hits, and then partitioned hits into four bins based on their
p-values, with the strongest hits being in bin 1 and the weakest (but still genome-wide significant)
hits being in bin 4.

Our model recapitulates the behavior of the UKB GWAS hits. As predicted by Extended Data
Figure 3A, the strongest GWAS hits are at higher than average frequencies in both our model and
the UKB GWAS hits (Extended Data Figure 3B, one-sided Z-test p-value < 5.62 × 10−9 between
the mean MAF in the most significant bin and each other bin). As mentioned above, trait speci-
ficity is difficult to measure directly, so we cannot assess the trait specificity of the real GWAS hits,
but in our simulations, GWAS prioritize trait-specific variants (Extended Data Figure 3C). Finally,
consistent with previous studies [106–108], we find that the top GWAS hits for one trait are hits
for other traits more often than weaker GWAS hits (Extended Data Figure 3D, one-sided Z-test
p-value < 1.27 × 10−30 between the mean number of significant traits per hit in the most signifi-
cant bin and each other bin). We reiterate that on average these hits are in fact more trait-specific
despite being GWAS hits for more traits, and this discrepancy is caused by their higher than ex-
pected MAF. The precise details of our simulation model have a quantitative, but not qualitative
effect on these results (Methods; Supplementary Figures S45–S48).
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F The impact of stabilizing selection on allele frequency in the context of trait speci-
ficity and genetic drift

In Appendix B, we derived our results under an assumption of mutation-selection balance, assum-
ing that the strength of selection acting on a variant was proportional to the sum of its squared
effects across all traits, ∑t α2

t . In this Appendix, we extend these results to the case of mutation-
selection-drift balance, obtaining the results of Appendix B as a limiting case.

Before beginning, we note that under our model, the effective strength of selection against
heterozygotes is shet = ∑t α2

t , with the fitness in homozygotes being 1. Meanwhile, we defined the
trait specificity of the variant to be ΨV := α2

1/ ∑t α2
t = α2

1/shet, where we assume α1 is the effect
on the focal trait. As such, specifying two of shet, ΨV , or α2

1 determines the third. In particular,
shet = α2

1/ΨV .

As discussed in Appendix B, the expected strength of association in GWAS is closely related
to the heritability contributed by the variant,

h2 = 2α2
1 f (1 − f ).

To understand the typical contribution of a variant, we need to compute the expected value of
2 f (1 − f ), which depends on shet.

It has long been well-understood [91, 109, 110] that under our stabilizing selection setup, the
evolutionary dynamics of an allele are approximately equivalent to those of an underdominant
model, where individuals homozygous for either allele have fitness 1, but heterozygous individ-
uals have fitness 1 − shet. We note that under a model of stabilizing selection, heterozygous indi-
viduals are not actually less fit than homozygotes on average — it is something of a mathematical
coincidence that the evolutionary dynamics under stabilizing selection are equivalent to such a
model.

In an underdominant model, the allelic dynamics are described by the stochastic differential
equation (SDE):

d ft = [2Nshet ft(1 − ft)(2 ft − 1) + 2Nµ(1 − 2 ft)] dt +
√

ft(1 − ft)dWt,

where N is the effective population size, ft is the frequency at time t, Wt is a Wiener process (Brow-
nian motion), and time is measured in units of 2N generations. The properties of the stationary
distribution of this SDE are well-understood [91, 109, 110]. In particular, it has been shown that
under the stationary distribution of this model,

E[2 f (1 − f )] =
4NµM

( 1
2 , 4Nµ + 3

2 , Nshet
)

2
(
4Nµ + 1

2

)
M
( 1

2 , 4Nµ + 1
2 , Nshet

) , (19)

where M(·, ·, ·) is the confluent hypergeometric function. In practice, this can be accurately com-
puted numerically for small to moderate values of Nshet using scipy.special.hyp1f1 [111] in
Python or BAS::hypergeometric1F1 [112] in R. For large values of Nshet we found these functions
to be numerically unstable. For large values of Nshet, we rely on the asymptotic approximation of
the confluent hypergeometric function [113, (13.7.1)],

M(a, b, z) ∼ Γ(b)
Γ(a)

(
ezza−b

)
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where Γ is the Gamma function. After some algebra and noting that Γ(x + 1)/Γ(x) = x, this
results in

4NµM
( 1

2 , 4Nµ + 3
2 , Nshet

)
2
(
4Nµ + 1

2

)
M
( 1

2 , 4Nµ + 1
2 , Nshet

) ∼ 4Nµ

2
(
4Nµ + 1

2

) Γ(4Nµ + 3
2 )

Γ(4Nµ + 1
2 )
(Nshet)

−1 =
2µ

shet
,

exactly recovering the expectation of 2 f (1 − f ) under mutation-selection balance.

We can also consider the behavior for small values of shet, where [113, (13.2.2)]

M(a, b, z) = 1 + O(z).

In this case we obtain
E[2 f (1 − f )] =

4Nµ

2
(
4Nµ + 1

2

) (1 + O(Nshet)) ,

which indicates that the expected value of 2 f (1 − f ) is approximately independent of Nshet for
values of Nshet ≪ 1, and is (up to terms of order O(Nshet)) equal to the equilibrium expected
heterozygosity under mutation-drift balance in the biallelic case with symmetric mutation (e.g.,
as can be derived from [114, Equation 6.6]). This is consistent with population genetics intuition
of these sites being effectively neutral, and hence behaving approximately the same as neutral
variants regardless of the precise values of their selection coefficients.

We end with a discussion of the behavior of the expected value of h2 as a function of α2
1 and

ΨV . To emphasize this reliance of Eh2 on these quantities, we will write Eh2(α2
1, ΨV). Writing

Eπ(shet) for E[2 f (1 − f )] to emphasize that the expected value of the heterozygosity (π) depends
on shet, and recalling that shet = α2

1/ΨV , we have

Eh2(α2
1, ΨV) = α2

1Eπ

(
α2

1
ΨV

)
. (20)

Our above results show that for small α2
1/ΨV , regardless of ΨV ,

Eh2(α2
1, ΨV) ≈

4nµα2
1

2(4Nµ + 1
2 )

(for α2
1/ΨV ≪ 1),

and so expected heritability in this regime is driven essentially solely by the effect size. In contrast,
when α2

1/ΨV is large, our results imply

Eh2(α2
1, ΨV) ≈ 2µΨV , (for α2

1/ΨV ≫ 1),

implying that the expected strength of association is determined only by ΨV in this regime. This
regime corresponds to strong selection, and a variant can be in this regime in multiple ways. For
example, it could have small effects but affect many traits, in which case (ΨV ≪ α2

1), or it could
have an extremely large effect on the focal trait (α2

1 ≫ 1).

Finally, using a technical lemma, Lemma .1, that we prove below, we can show that for any µ >

0, π(shet) is a strictly decreasing function of shet. This result is extremely intuitive as it says that
as the effective strength of selection against heterozygotes increases, the expected heterozygosity
decreases. This in turn implies that for fixed α2

1, π(α2
1/ΨV) is a strictly increasing function of ΨV .
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Finally, if we hold α2
1 fixed, we see that the only dependence on ΨV in equation 20 is via π(α2

1/ΨV).
This implies that for fixed α2

1, Eh2(α2
1, ΨV) is a strictly increasing function of ΨV .

While this result may seem technical, it has a simple interpretation: among all variants with
the same trait importance, GWAS will, on average, rank the most trait-specific variants the most
highly. Thus, while we focused on the role of trait specificity in the mutation-selection balance
regime in the main text, trait specificity plays a key role in association study power across the
entire range of effect sizes.

Technical lemma

Lemma .1. Suppose b ≥ a > 0. Then,
M(a, b + 1, z)

M(a, b, z)

is a strictly decreasing function of z on z > 0.

Proof. Our proof relies on a technical lemma [115, Lemma 2.1], that states that if all of the following
hold:

• f (x) and g(x) can be represented as the series ∑∞
k=0 fkxk and ∑∞

k=0 gkxk respectively

• Both series converge on −R < x < R

• gk > 0 for all k

•
{

fk
gk

}∞

k=0
is a decreasing sequence

then f (x)/g(x) is a strictly decreasing function of x on the interval (0, R).

To use this lemma, we use the series representation [113, (13.2.2)],

M(a, b, z) =
∞

∑
k=0

(a)k

(b)kk!
zk,

where (c)k := c(c+ 1) · · · (c+ k− 1) is the Pochammer symbol, with the convention that (c)0 := 1.
It can be easily shown that this series is convergent for all z by noting that (a)k/(b)k ≤ 1 by
assumption that a ≤ b and comparing terms to the everywhere convergent series for exp z. Similar
considerations show that M(a, b + 1, z) is everywhere convergent.

We now write

fk =
(a)k

(b + 1)kk!
,

and

gk =
(a)k

(b)kk!

for the coefficients of zk in the series representations of M(a, b + 1, z) and M(a, b, z) respectively.
To use the lemma, we need to prove that gk > 0 for all k and that the ratios fk/gk are decreasing

70

https://dlmf.nist.gov/13.2.2


in k. That gk > 0 for all k is trivial, as each gk is a ratio of positive integers. Now, note that

fk

gk
=

(b)k

(b + 1)k
=

b
b + k

,

which is strictly decreasing in k. Applying [115, Lemma 2.1] completes the proof.
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G Connection between effect sizes and fitness under stabilizing selection

In this Appendix, we discuss the assumptions under which we may assume that the effective
strength of selection acting against a variant, shet, is the sum of that variant’s trait importances,
∑t α2

t .

Our starting point is an arbitrary fitness function, w, which maps a vector of trait values, t, to
a fitness. That is, w(t) specifies the average fitness of an individual with trait values t. We need
some mild, technical assumptions on w — for our purposes it is sufficient that w have an isolated
local maximum, and that w be twice differentiable at that maximum. Without loss of generality,
we may assume that w(t) has a local maximum at t = 0 by redefining t as t − t∗ where t∗ is a local
optimum of w. We then assume that natural selection is strong enough so that most individuals
have traits that are close to the optimum. More precisely, we will assume that the trait values we
are interested in are close enough to zero so that terms smaller than ∥t∥2

2 are negligible. As such,
we may perform a multivariate Taylor expansion of our fitness function around 0:

w(t) = w(0) + ⟨∇w(s)|s=0, t⟩+ t⊤
(
∇2w(s)|s=0

)
t + o

(
∥t∥2

2
)

= w(0) + t⊤
(
∇2w(s)|s=0

)
t + o

(
∥t∥2

2
)

≈ w(0) + t⊤
(
∇2w(s)|s=0

)
t,

where the second line follows from the fact that 0 is an optimum so the gradient of w evaluated at
0 is 0.

Defining H := ∇2w(s)|s=0 as the Hessian (i.e., matrix of second derivatives) of w at 0, we
obtain that the fitness consequence of having a set of traits t is −t⊤Ht. Note that since we are at
an isolated local maximum, H must be negative definite, which just means that v⊤Hv < 0 for any
nonzero v.

This is exactly the setting of [91] (under certain assumptions discussed below), so we obtain
that if a variant causes a change in phenotypes of α = (α1, . . . , αT) then that results in evolutionary
dynamics equivalent to underdominance with a selection coefficient proportional to

shet(α) ∝ −α⊤Hα. (21)

Recently [116], it has been shown that the assumption of independent sites used in [91] to derive
equation 21 is incompatible with the Bulmer Effect [117, 118] where variants tend to be in slightly
negative LD with other variants that affect the trait in the same direction even if the variants are
physically unlinked. Accounting for these subtleties can be well-approximated by changing the
constant of proportionality in equation 21, and does not affect our results here [116, equation (43)].

Here we make our first transformation — we absorb the constant of proportionality into α.
That is, we may scale all of the traits by some constant to make the above proportionality an
equality:

shet(α) = −α⊤Hα.

So far we have subtracted a constant from all of our traits and then scaled them by a constant. This
does not fundamentally change any of the traits we have measured.

Now, expanding the right-hand side of equation 21 we obtain

α⊤Hα =
T

∑
i=1

T

∑
j=1

αiαjHij.
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The cross terms make downstream analysis difficult. Furthermore, the constraint that H be nega-
tive definite implies nontrivial constraints on the values that the entries of H may take. To simplify
further analysis, we would like to get rid of these cross terms without changing our interpretation
of the focal trait (say the first dimension of t). The rest of this Appendix will be devoted to accom-
plishing that task.

Since H is negative definite, we may define an inner product by

⟨u, v⟩H := −u⊤Hv.

Note that this is different from the usual Euclidean inner product, but we may prove that it is
inner product by noting that

⟨u, v⟩H = −u⊤Hv = −
(

u⊤Hv
)⊤

= −v⊤H⊤u = −v⊤Hu = ⟨v, u⟩H

by the symmetry of the Hessian. This shows that our putative inner product is symmetric. Next,
note that for scalars a and b,

⟨au + bw, v⟩H = − (au + bw)T Hv = a
(
−u⊤Hv

)
+ b

(
−w⊤Hv

)
= a⟨u, v⟩H + b⟨w, v⟩H

which shows that our putative inner product is linear. Finally for v ̸= 0

⟨v, v⟩H = −v⊤Hv > 0

by the negative definiteness of H showing that our inner product is positive definite. These three
properties define an inner product, so ⟨·, ·⟩H is a bonafide inner product.

Now, since this is an inner product, we may perform the Gram-Schmidt process with respect
to this inner product starting with the vector (1, 0, 0, . . .) which corresponds exactly to the focal
trait in the original coordinate system. The output of the Gram-Schmidt process is a new basis,
w1, . . . , wT such that

⟨wi, wj⟩H =

{
1 if i = j

0 if i ̸= j

and w1 ∝ (1, 0, 0, . . .). These new vectors describe how to change the coordinates of a vector
from the original coordinate system to a new coordinate system that is orthonormal with respect
to our inner product. In our case, we can think of coordinates as traits. The first coordinate re-
mains unchanged (up to a rescaling that is independent of the other coordinates) from the original
coordinate system to the new coordinate system, but the remaining coordinates will be linear
combinations of more than one coordinate. This means that in our new coordinate system, we still
have the focal trait, but then define new traits in terms of linear combinations of the original traits.
By orthonormality, we see that if we write α in this new coordinate system,

α⊤Hα = −
T

∑
t=1

α2
t ,

and thus,

shet(α) =
T

∑
t=1

α2
t .
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Ultimately, this means that we may define our traits such that the first dimension is a centered
and scaled version of the original first trait dimension (centered so its optimum is zero, scaled
so that a unit change of the trait — holding all other transformed traits constant — has a unit selec-
tion coefficient). The remaining dimensions get scrambled (including with the first original trait
dimension), meaning that they are each some linear combination of the original traits.

A subtle point here is that in this coordinate system, the non-focal traits may be in part deter-
mined by the focal trait, so we need to be careful in interpreting pleiotropy. For example if we had
traits that were weight and 1/height2, we could change the coordinate system to instead be weight
and BMI. When we talk about a variant that is specific to weight in this new coordinate system,
that variant must not affect BMI. But in the original coordinate system, the variant is necessarily
not specific to weight because to keep BMI fixed, it must affect both height and weight.

To derive our results, we relied on the argument presented in [91]. That argument requires
the trait to be sufficiently polygenic that the genetic component of an individual’s phenotype is
approximately Gaussian distributed. It also requires that a new mutation has a random effect, and
that that effect is isotropic in our final scaled and rotated trait space. That is, conditioned on its
total squared effect, the effect of a new mutation is equally likely to point in any direction of trait
space. There are also a number of additional assumptions that are generally met in practice or do
not substantially affect the interpretation of the results. See [91, Supplementary Note Sections 4
and 5].

To summarize, if we choose our coordinate system carefully (i.e., choose the correct set of
traits and how to measure them), then under fairly general models of stabilizing selection we
may obtain shet ≈ ∑t α2

t . In practice we do not know the fitness function, and so we cannot
determine the proper rotation and scaling of trait space to obtain this result. As a result, in the
main text, we assume that the traits we consider are such that this result holds. This is obviously a
gross approximation, but seems to work surprisingly well in practice, for example in Figure 3C. It
would be an interesting line of future work to try to estimate H (or equivalently learn the proper
rotation and scaling of trait space).
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H LoF burden tests prioritize long genes

In the main text we considered prioritizing genes by on p-value. This leaves open the possibility
that other summaries of association studies (e.g., the unbiased estimates of trait importance α̂2 for
GWAS or γ̂2 for LoF burden tests) would be better at ranking genes by importance. Recalling our
notation of variants effect on gene being β, we immediately see that ranking genes by importance
using GWAS data is not possible without additional information: the relationship between any
estimate of α and trait importance will depend on the unknown value of β. This may explain
some of the discrepancy we observed between how loci are prioritized by GWAS and burden tests
when using the largest significant absolute effect size from each association method. It may also
explain why this discrepancy holds even when focusing on loci with both significant burden hits
and GWAS hits (Supplementary Figures S29–S31).

In principle, if an LoF burden test is infinitely well powered, then ordering genes by γ̂2 would
prioritize genes based on trait importance. At current sample sizes, however, the estimated γ̂2

are noisy enough that the top genes contain many false positives. For example, among the 10
genes with the largest γ̂2 for standing height, 4 are consistent with having no effect on height (all
Bonferroni adjusted p-values > 0.62). Restricting to only genome-wide significant genes would
eliminate these false positives, but our arguments in the main text show that this would result in
the exclusion of genes that are not sufficiently trait-specific, introducing false negatives.

Additional false negatives could come from genes where LoFs are extremely deleterious, where
LoF burden tests may never be well powered no matter the sample size. Missense variants could
be better tolerated in these genes, and hence association statistics from individual missense vari-
ants may provide an avenue for estimating γ, but this would require accurate estimates of β to
disentangle the effect of the variant on the gene from the effect of the gene on the trait. In the
future, improved estimates of the effects of missense variants on protein function (e.g., [119–121])
may make this an attractive approach for estimating γ.
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I Violations of model assumptions when estimating trait importance from associa-
tion studies

In this Appendix we discuss various caveats and extensions of the model and results presented in
the main text around Figure 5.

In particular, in the main text we assumed that genes differ only in their importance. Trait
specificity also plays a role, with more trait-specific variants flattening at a larger contribution to
heritability. Furthermore, like in LoF burden tests, we expect the total contribution to heritability
for a gene to also depend on its mutational target size, with longer genes and genes with more
regulatory elements generally contributing more to heritability all else being equal. The precise
relationship between γ2 and various gene-wide measures of aggregate association signal will de-
pend on the unknown relationship between the mutational target sizes for variants of different β

and ΨV and a gene’s γ and ΨG.

We also clarify the role of the assumption that the effect of a variant on a trait, α, is βγ where β is
the effect of the variant on the gene and γ is the effect of the gene on the trait. To be more concrete,
we can imagine that for expression-altering variants, β is the expected reduction in expression in
the relevant contexts measured in units so that β = 1 is equivalent to the effect of an LoF (note
that this sign convention is the opposite of that in [99] because we define γ in terms of the effect of
an LoF). For other types of variants (e.g., splice-altering or coding variants), we can measure their
effect in terms of how expression of the gene would need to be changed to have a comparable
effect. For example, a coding variant that abolishes the function of a protein but does not affect
expression would also have a β = 1 as it is effectively equivalent to an LoF.

In the main text, we assumed that α = βγ, but we have found that for many genes, α appears
to depend non-linearly on β [99, 122]. As such, in this appendix we will instead consider γ to
be an arbitrary function of β (called the Gene Dosage Response Curve — GDRC — in [99]), with
α = γ(β).

In this context it becomes less obvious how to define gene importance. For example, small
perturbations of a gene’s expression may have essentially no effect on the trait (i.e., γ(β) ≈ 0 for
small β) while larger perturbations may have an extreme effect on the trait. Is such a gene more
important than a gene where a perturbation of any size results in a moderate impact on the trait?

Yet, there is a case where it is easy to compare the importance of two genes. Consider two
genes with GDRCs γ1(·) and γ2(·). If for all β,

γ1(β)2 ≥ γ2(β)2

then it is clear that gene 1 is at least as important as gene 2: when both genes are perturbed
by the same amount, the perturbation of gene 1 has at least as large a phenotypic effect as the
perturbation of gene 2, regardless of the size of the perturbation.

In this case, the results presented in the “Approaches for estimating trait importance” section
in the main text hold under our approximation that variants either affect the trait enough to con-
tribute to heritability or have a negligible contribution to heritability. In particular, any variant
with a β such that γ2(β)2 is large enough to contribute to heritability through its action on gene 2,
would have γ1(β)2 large enough to contribute to heritability through gene 1, and hence the total
heritability contributed by variants through gene 1 should be at least as large as that contributed
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by variants through gene 2, all else being equal. As such, we see again that total heritability should
roughly correlate with this notion of importance for genes.
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