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ABSTRACT

X-ray phase-contrast imaging (XPCI) is a promising modality sensitive to fine structures

that are often invisible with traditional absorption-only X-ray imaging. However, since

XPCI depends on two contrast mechanisms (absorption and phase), it in principle requires

multiple independent measurements for accurate reconstruction. With emerging photon-

counting detectors available to conveniently provide multiple energy measurements in a single

shot, spectral XPCI has emerged as a promising candidate for quantitative phase retrieval.

Taken separately, spectral imaging and XPCI each aim to improve soft-tissue image qual-

ity, but they face distinct challenges: limited native soft-tissue sensitivity and the need for

multiple measurements, respectively. The combined spectral XPCI approach could offer new

advantages while resolving these same limitations. While previous spectral XPCI material

decomposition approaches have demonstrated the technique’s potential to improve image

quality, they typically rely on inverting relatively idealized and simplified forward models.

This is likely due to the lack of an analytical solution for a full polychromatic system model

and the computational challenges of developing a numerical or machine-learning based solu-

tion in the context of XPCI.

The purpose of this dissertation is to unite traditional spectral X-ray imaging with the

emerging field of XPCI through the lens of material decomposition. In part one, we focus on

absorption-contrast imaging, using the Cramér–Rao lower bound (CRLB) to assess and op-

timize dual-energy CT systems with megavoltage and kilovoltage spectra for improved radio-

therapy imaging. Part two expands the scope to include propagation-based phase contrast,

developing a spectral XPCI CRLB model and other simulation-based metrics for assessing

basis material image quality. We utilize these to examine the common assumptions under-

lying existing spectral phase-retrieval and material-decomposition methods. Finally, in part

three, we propose an improved material decomposition framework for spectral XPCI based

on a more generalizable optimization-based approach. Using an iterative solution enables the

xix



inversion of a more wholistic forward model, bypassing common simplifying approximations

required by existing closed-form inversions over parameter ranges typical of both current and

novel sub-micron X-ray imaging systems. This work lays the foundation for future work aim-

ing to more fully realize the benefits of spectral imaging through quantitative phase retrieval

and material decomposition.
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CHAPTER 1

INTRODUCTION

The term X-ray was coined in 1895 in Wilhelm Röntgen’s laboratory, upon observing the

unexpected fluorescence of some crystals near a seemingly unrelated experiment with his

cathode ray tube [2]. The name was meant as a temporary placeholder, using “X” as the

mathematical designation for something unknown while he worked to understand the cause

of this phenomenon [3]. More than a century later, we know much more about X-rays. A

few languages have retitled the elusive rays to memorialize Röntgen’s discovery (in German,

röntgenstrahlen), but most still refer to them by the mysterious moniker X. Though possibly

an accident of time, the persistence of the name “X-ray” is perhaps appropriate, considering

there are still many open scientific questions regarding their implementation.

Among these is the challenging task of how to leverage X-rays for soft-tissue imaging.

Since their discovery, X-rays have been famous for picturing bones. In fact, the most prolific

X-ray image of all time was a 15-minute exposure of the hand of Röntgen’s wife, Bertha,

showing a detailed shadow of her finger bones and golden wedding ring (Figure 1.1). She is

reported to have exclaimed, “Now I have seen my death!” upon seeing her own skeleton, as

prior to the advent of X-ray imaging, it was only possible to see one’s bones post-mortem

[4].

Today, X-ray images are not nearly so shocking. Standard radiographs are routinely

used by radiologists for their excellent contrast between bones and surrounding tissues,

offering conclusive diagnosis of fractures and dislocations. Certain lung conditions are also

readily detected due to the high contrast between tissue and air-filled pulmonary structures.

Broadly, there are roughly five appreciable levels of contrast in radiography (air, adipose

tissue, soft tissue, bone, and metal) [5]. Other X-ray based modalities have been developed

to further improve diagnostic power; for example, computed tomography (CT) acquires X-

ray projections at different angles for three-dimensional (3D) image reconstruction to resolve
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Figure 1.1: (Left) Portrait of Wilhelm Röntgen with his imaging apparatus. (Right) Radio-
graph of his wife Anna Bertha Ludwig’s hand. Images from the Wellcome Collection, via
World History Encyclopedia, licensed under Creative Commons (CC-BY and CC BY-NC)
with grayscale conversion.

overlapping structures, and fluoroscopy acquires a time series of low-dose projections for real-

time interventions and diagnostic “videos” [6, 7]. The removal of overlapping structures in

CT leads to better contrast resolution relative to single-projection radiography, roughly on

the order of 5–10 Hounsfield units [6].

Yet, the native ability of X-rays to distinguish variations within soft tissues has not sub-

stantially improved in clinical applications. Many soft-tissue imaging tasks are more difficult

using X-rays because, generally, sub-types of tissues (whether healthy or cancerous) are close

to each other in density and atomic composition and consequently have only small differ-

ences in their X-ray absorption. Despite this, X-ray based modalities are frequently ordered

for such imaging tasks anyway, owing to their rapid acquisition and relatively inexpensive

implementation. The images can provide some initial evidence for various conditions but

typically require follow-up imaging with a different modality like magnetic resonance imag-
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ing (MRI) or ultrasound for physicians to make a definitive diagnosis, which can be time

and resource exhaustive.

For example, consider digital mammography, a two-dimensional (2D) X-ray modality. As

the primary breast cancer screening method, mammography is applied to an asymptomatic

population to search for potentially malignant masses and microcalcifications—both of which

have only small differences in X-ray absorption relative to surrounding breast tissue [8]. To

be feasibly implemented at the population level, screening modalities must be rapid, reli-

able, cost-effective, and low-risk. Yet, due to the key challenge of detecting weakly absorptive

lesions, to achieve sufficient sensitivity, mammography has notoriously low specificity. Ap-

proximately 1 in 10 patients will be called back for additional testing, and of those, only

about 7% will receive a cancer diagnosis [9]. Within a decade of annual screening, over half

of patients can expect at least one false-positive recall [9]. Despite this, even for women with

dense breasts—the highest risk population—a systematic review of proposed supplemental

screening modalities such as MRI and ultrasound found at best mixed benefits with eco-

nomic modeling [10]. There would be great benefit to a better screening method pairing the

economic benefits of X-rays with the sensitivity of supplemental modalities.

Several pre-clinical applications face similar challenges associated with high-resolution

soft-tissue imaging. Many biological fields are exploring increasingly complex and small-

scale phenomena, which contain untapped 3D information for treating and diagnosing dis-

ease [11–13]. One prominent example is in tumor research: work has shown that the 3D

cellular and extracellular architecture of a tumor has critical implications for its progres-

sion and response to therapy [11]. Another is tissue phenotyping, which is fundamental

to understanding the genetic and cellular origins of disease [12]. Data-driven analysis is a

promising potential path for uncovering fundamental principles dictating these complexities,

but this requires prohibitively massive amounts of high-quality images for model training,

hence introducing the need for an experimentally convenient modality with suitable sensitiv-
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ity to soft-tissue changes. The current conventional approaches of serial histology and serial

block-face scanning electron microscopy require labor-intensive sample preparation—manual

cutting into the serial slices, repeated metal staining, and fixation in resin [11]. An X-ray

imaging approach like micro-CT has potential to be more convenient, since it is natively 3D

and thus does not require serial slicing. However, the small size of the biological samples and

fine tissue structures of interest have relatively weak X-ray absorption, so micro-CT still re-

quires a labor-intensive step of applying metal stains [12, 14]. This is practically prohibitive

the necessary high-throughput data acquisition for advanced understanding of micron-scale

3D architecture, which could enable tailored disease treatments and lead to better patient

prognoses.

1.1 Phase contrast

For these imaging tasks and X-ray based modalities, differential X-ray absorption has been

the dominant contrast mechanism dictating how well structures and diseases can be identi-

fied. For certain tasks, this is clearly sufficient; but for others like soft-tissue imaging tasks,

X-ray modalities are more likely implemented for their practical advantages that make them

more cost-effective but less informative. However, X-rays possess a second contrast mecha-

nism that has been far underexplored relative to absorption until much more recent history:

phase.

As a form of electromagnetic radiation, X-rays are fundamentally both absorbed and

refracted, just like visible light. Their intensity and phase modulations are dictated by the

complex refractive index of the materials through which they pass, commonly written as

n = 1− δ + iβ. The imaginary component β relates to absorption while the real decrement

δ relates to phase shifts. As it turns out, in the X-ray energy range, δ tends to be roughly

two or three orders of magnitude larger than β, particularly for low-atomic number materials

most relevant to biomedical imaging. This suggests that phase could supply a better contrast
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mechanism than absorption for traditionally challenging X-ray imaging tasks [4].

But there are a few reasons why X-ray refraction is not immediately noticeable in conven-

tional medical images. Although an X-ray wave field accumulates phase shifts as it travels

through an object, standard detectors measure intensity alone. So, the phase of the X-ray

wave must somehow be translated into intensity variations in order to be measured. In the

X-ray energy range, the refractive index typically has only a tiny deviation from unity, re-

sulting in very small refraction angles and thus interference patterns that are too fine to be

resolved with the spatial resolution of diagnostic imaging technology. Nonetheless, with the

right equipment, methods have been developed to observe X-ray phase shifts, falling under

the broad category of X-ray phase-contrast imaging (XPCI).

In the history of XPCI, one of the earliest published notes observing the bending of X-

rays was from none other than Albert Einstein in 1918, over two decades after Röntgen’s

discovery [4, 15]. Commenting on a radiograph, he described bright outlines along the edges

of human limbs and noted that this suggests X-rays have a refractive index slightly smaller

than 1, expressing it as n = 1 − ϵ where ϵ is about 10−6 (which is indeed correct) [15].

Unfortunately, neither the image nor its specific acquisition method were published, though

a note in Einstein’s proof has been interpreted as suggesting it was a propagation-based

image, meaning the bright edges were interference patterns or “Fresnel fringes” [4]. The

same observation that n < 1 was again published by Compton a few years later in 1923 with

some additional experimental evidence [16].

Another several decades passed before the wave nature of X-rays was successfully har-

nessed for imaging. In 1942, Frits Zernike developed phase-contrast microscopy in the visible

light domain, showing how an otherwise transparent specimen can be rendered detectable

by converting object-induced phase variations into measurable intensity contrast through

interference with undiffracted light [17]. Similar ideas took root in the X-ray domain in 1965

with Bonse and Hart’s crystal interferometer, which established X-ray interferometry as the
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first XPCI acquisition method [18]. It was not until the 1990s that phase-contrast imaging

was demonstrated using no specialized optics equipment by Snigirev et al., relying only on

the highly coherent and monochromatic radiation produced by the European Synchrotron

Radiation Facility (ESRF) [19]. With a film detector and up to 200-cm object-to-detector

distance, they directly observed edge enhancement effects at the bounds of cellulose and

polypropylene fibers. This was soon extended to polychromatic radiation by Wilkins et

al., who showed that a polychromatic phase-contrast image is essentially a weighted sum of

monochromatic images, relaxing the X-ray source requirement to just high spatial coherence

[20]. This method has become known as propagation-based imaging (PBI) and is possibly

one of the most clinically feasible XPCI acquisition approaches, especially for XPCI-CT,

due to its polychromatic compatibility and lack of extra optical elements like mirrors and

gratings [21, 22].

1.1.1 Phase retrieval

By the 21st century, a number of XPCI acquisition methods were developed to encode object-

induced phase shifts in intensity measurements: interferometry, analyzer-based imaging,

grating-based methods, and PBI, among others [21]. These techniques induced qualitative

image changes like bright and dark fringes along material interfaces in PBI to improve

structural delineation. For quantitative imaging, however, an additional step was needed:

solution of the phase-contrast inverse problem, known as phase retrieval.

The goal of phase retrieval is to reconstruct quantitative maps of the index of refraction

n(r), where r indicates an object’s spatial dependency [23]. This is similar to how CT images

are quantitative reconstructions of an object’s X-ray attenuation coefficient, µ(r) [6, 7]. For

projection imaging, this takes the form of quantitative images of the line integrals through

the index of refraction,
∫
dℓ n(r), just as traditional radiographs represent

∫
dℓ µ(r). The

key challenge is that, unlike µ, the refractive index n is a complex value and thus has two
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independent components: real and imaginary. Thus, the full phase retrieval problem requires

the reconstruction of two separate images: the phase-shifting δ(r) and the absorptive β(r).

In principle, this requires either two independent measurements to solve or assumptions

about the object’s composition or acquisition physics to reduce the number of unknowns.

This led to a practical conundrum. To realize the theorized signal-to-noise benefits owing

to the several orders of magnitude advantage of the phase-shifting component, phase retrieval

is paramount. Ideally these reconstructions would be quantitatively accurate, but the need

for multiple images introduces experimental inconvenience as well as potential for human

error.

Due to its simple experimental setup and parallels with diagnostic imaging, this disserta-

tion focuses on the PBI or “PB-XPCI” acquisition technique. To date, the most prolific PBI

phase retrieval algorithms utilize various physics assumptions and a single measurement or

rely on measurements taken at multiple propagation distances [24–27]. A potential solution

that has gained feasibility with recent advances in X-ray technology is spectral XPCI.

1.2 Spectral imaging

Spectral X-ray imaging has a decades-long history in the context of traditional absorption-

contrast imaging [28]. The term “spectral” imaging broadly refers to any type of energy-

resolved imaging, in which multiple acquisitions are acquired with different energy spec-

tra, typically with the end goal of performing subsequent quantitative analysis. In clinical

imaging, early applications typically used just two energies, so the method was called “dual-

energy” (DE) imaging, which we now consider a sub-type of spectral imaging. More generally,

spectral imaging might analogously be called “multi-energy” imaging. The use of spectral as

an umbrella term is a relatively recent evolution, likely owing to new technology making the

acquisition of more than two energy-resolved scans much more convenient [28]. Thus, these

different terms are mixed throughout this dissertation but essentially the same.
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The idea of using multiple-energy measurements for quantitative medical imaging was

first proposed by Bertil Jacobson in 1953, who described a method for quantifying the con-

centration of iodine in water with two monochromatic radiographs [29]. However, Jacobson’s

paper did not find immediate further traction, perhaps due to practical limitations associ-

ated with clinical translation. Years later, the 1970s saw a sudden revival in interest with

the invention of CT imaging.

CT is a fundamentally quantitative imaging method in the sense that it is concerned with

numerical reconstruction of 3D absorption coefficients, with the mathematical theory first

formulated by Allan Cormack in 1963 [30, 31] and the concept independently re-derived and

popularized by Godfrey Hounsfield in 1973 with the first clinical prototype [32]. With 3D re-

construction, CT can resolve overlapping structures that are obscured with single-projection

radiography, improving the diagnostic capabilities of X-rays. Given these quantitative roots,

spectral CT may have seemed like a natural extension; even Hounsfield’s original 1973 paper

briefly noted the possibility of determining a material’s atomic number using two conven-

tional polychromatic CT scans with tube voltages of 100 kV and 140 kV [32].

Just a few years later, in 1976, a thorough mathematical description of the spectral CT

inverse problem was published by Alvarez and Macovski [33, 34]. In essence, they posited

that the energy dependence of the X-ray attenuation coefficient µ(E) could be represented

as a linear combination of a finite number of basis functions, and they claimed that the ulti-

mate choice of those functions is an empirical problem. Their initial paper reported success

using just two basis functions modeling the photoelectric and Compton scatter interaction

probabilities [33], and they soon extended this to basis functions of “assumed materials”

beginning with water and bone [34]. This introduced the idea of material decomposition,

approximating a patient as comprising a finite set of basis materials. Several practical appli-

cations were soon to follow: atomic number and electron density decomposition [35], iodine

quantification with K-edge analysis [36], bone mineral density analysis [37], among others
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[28]. Dual-energy radiography was revisited as well, now using polychromatic spectra and

the Alvarez-Macovski formalism [38].

1.2.1 The multiple measurement problem

Yet, spectral imaging encountered the same practical challenge as XPCI: how to acquire

the multiple measurements? As a clinical modality, CT faced even more nonidealities, and

patient movement between different energy acquisitions was a major issue, with even slight

shifts violating the assumption of perfect pixel-by-pixel alignment. Thus, the sequential

scanning approach faced significant barriers to be viable for clinical imaging [39].

The first prototype dual-energy CT system, the Siemens Somatom DR3, aimed to solve

this with “fast kVp switching,” an approach in which the X-ray tube generator rapidly changes

its voltage between pairs of pulses, so that two energy datasets may be acquired in a single

scan [40]. It was implemented with the clinical goal of bone mineral quantification [41].

While this solved the patient motion issue, it introduced other complications associated with

detector requirements and the generation of sufficient low-kVp flux [7]. In the late 1980s and

the decades following, the clinical imaging industry once again focused their attention on

other avenues of innovation.

In 2006, Siemens returned with a new prototype with the potential to solve the multiple

measurement problem—dual-source CT [42]. The approach was actually developed to solve a

non-spectral clinical problem: the need for sub-second time resolution with echocardiograph-

controlled cardiac CT. Using two source-detector arrays mounted on the CT gantry with an

angular offset of approximately 90◦, the system achieved a mean temporal resolution of 62

ms. For spectral CT, this also introduced a more viable technology for acquiring multiple

measurements without motion artifacts [43, 44]. Soon after, GE developed their own clinical

dual-energy CT system based on fast-kVp switching, with advances in source and detector

technology improving upon the aforementioned difficulties of this approach [45].
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To this point, the multiple-measurement problem in spectral CT had mainly been tackled

from a source-side perspective. Fuji and Philips were the first to introduce detector-side

approaches in radiography and CT, respectively [28, 46, 47]. Detector-side methods utilize

the intrinsic polychromaticity of a single X-ray beam and implement a specialized detector

that can acquire energy-resolved measurements. Their initially proposed detectors used a

“sandwich” idea of stacked scintillators, with the top layer designed to both (1) detect a

portion of the incident beam and (2) allow the remaining, filtered portion of the beam to

pass through to the bottom layer. This resulted in the top layer providing a relatively

lower-energy measurement and the bottom a higher-energy measurement [39].

1.2.2 Photon-counting detectors

Broadly speaking, the detector-side philosophy may have been prescient in anticipating a

larger spectral imaging paradigm shift that has emerged in the last decade with the advent

of clinically viable photon-counting detectors (PCDs) [48–50]. The dual-source, fast-kVp

switching, and dual-layer detector systems each faced their own practical challenges limiting

broad clinical adoption. New PCDs offered an energy-discriminating detection approach as

well as a number of other advantages over the standard energy-integrating detectors (EIDs)

used by clinical CT scanners, such as improved geometric efficiency, elimination of electronic

noise, better native contrast, and smaller pixel sizes.

The properties of both PCDs and EIDs will be described in detail in Section 2.3; but for

the purpose of this introduction, the main point is that recent PCDs have largely solved the

multi-measurement problem for spectral CT imaging and have thus resulted in a modern

resurgence of interest in this modality, with the first clinical PCD-CT system (Siemens

Naeotom Alpha) launched in 2022 [51]. Several other vendors are developing their own

PCD-CT systems, with GE receiving FDA clearance for their proposed system just a few

weeks prior to the time of writing (March 2026) [52]. A thorough review of the progress of
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other current commercial PCD-CT systems is given in [50].

1.3 Spectral XPCI and current challenges

Returning to phase retrieval, the revitalized spectral CT industry has coincided with re-

newed interest in spectral XPCI as a more convenient acquisition technique to solve the

multi-measurement problem for quantitative phase retrieval. In the early years after the

introduction of PBI, the idea of spectral PB-XPCI as a path to quantitative phase retrieval

had already been suggested in a simplified form [53, 54]. Now, with the recent development

of modern PCDs for clinical X-ray imaging, this line of research is experiencing a surge of

new attention [55–61].

It is worth noting that clinical CT scanners use PCDs with a significantly larger pixel

size (roughly as small as ∼0.2 mm) than PB-XPCI, which is pre-clinical and generally re-

quires micron-scale resolution in order to resolve the phase-induced edge-enhancement ef-

fects. Nonetheless, motivated by the advantages of PCDs, there have been efforts to develop

sufficiently high-resolution PCDs for XPCI [62–64], and they have been successfully demon-

strated in benchtop spectral PB-XPCI experiments along with polychromatic micro-focus

X-ray sources [55, 56, 61, 65]. This is a promising sign for the practical translatability of

spectral XPCI, paralleling the recent advances in spectral PCD-CT.

The currently published spectral PB-XPCI phase retrieval methods are summarized in

Table 1.1. These methods have shown promising results, with high-quality reconstructed im-

ages indicating proof of principle and the expected practical benefits of a spectral acquisition.

Nonetheless, while many solutions claim to be quantitative, a number of common approx-

imations are made that may limit their generalizable accuracy in ways that have not been

sufficiently tested; widespread examples include the thin-object assumption, weak intensity

and/or phase gradients, near-field propagation regime, and various material-composition as-

sumptions. Some methods have only been presented for monochromatic spectra [58–60],
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Reference Method Outputs

Gursoy & Das
2013 [55] /

Vazquez et al.
2021 [56]

Analytical inverse solution in the frequency do-
main based on a linearized transport-of-intensity
equation; proposed in 2013 and more robustly val-
idated in 2021.

Absorption and
phase images

Li et al. 2018
[57, 58]

“Linear iterative phase retrieval” (LIPR); iterative
method based on the Alvarez–Macovski model
with linearized attenuation update steps.

Atomic number
and density [57];
basis material
thicknesses [58]

Schaff et al.
2020 [59, 60]

Analytical inverse solution in the frequency do-
main similar to [55] with dual-energy imaging for
direct material decomposition.

Basis material
thickness images

Ghani et al.
2021 [61]

Iterative method using update steps based on the
phase-attenuation duality approximation with
Fresnel propagation.

Absorption and
phase images

Table 1.1: Summary of current spectral, single-distance PB-XPCI phase retrieval methods.

which has its uses for early testing and biomedical research at synchrotron facilities, but for

practical purposes is not clinically translatable and would still typically require sequential

acquisitions, which can introduce source misalignment errors [57]. To fully capitalize on the

purported practical translatability of spectral PCDs, a phase retrieval method should be

compatible with polychromatic spectra and energy-discriminating detector model. Further,

theoretical image quality metrics like the Cramér–Rao lower bound (CRLB) originally used

for spectral CT imaging are paramount for system optimization and thorough evaluation

of phase retrieval performance. Such metrics were developed early on for absorption-only

spectral imaging [66], even presented in Alvarez and Macovski’s original work [33]. Similar

theoretical metrics have emerged for some different XPCI techniques [67, 68], but still none

developed for PB-XPCI, with or without a spectral element.
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1.4 Dissertation overview

The objective of this dissertation is to unite traditional spectral imaging with the emerging

field of XPCI through the lens of material decomposition, ultimately developing spectral

XPCI as a better approach for quantitative phase retrieval. The primary aims are (1) to

evaluate the theoretical performance of spectral PB-XPCI systems and (2) to develop a more

general and accurate solution to the spectral PB-XPCI inverse problem by avoiding common

approximations.

The dissertation is organized into three main parts. In the first, we focus on traditional

absorption-contrast spectral imaging. Chapter 2 outlines the necessary background theory,

presenting X-ray imaging fundamentals from an absorption-only foundation, while the follow-

ing two chapters explore a potential application of dual-energy CT for improved soft-tissue

contrast in radiotherapy using combined megavoltage (MV) and kilovoltage (kV) spectra.

Chapter 4 introduces an estimation theory framework for assessing “MV-kV” dual-energy

CT relative to traditional kV single- and dual-energy CT. Chapter 5 quantifies the potential

improvements that could arise by using emerging PCDs with MV-kV imaging instead of

traditional EIDs.

The second part expands upon the absorption-only theory to include propagation-based

phase contrast from a forward modeling perspective. Chapter 6 parallels the first absorption-

only fundamentals of Chapter 2, introducing phase-contrast theory with an eye to first prin-

ciples and clear identification of simplifying assumptions. Chapter 6 extends the original

spectral imaging estimation theory framework to evaluate the theoretical performance of

spectral PB-XPCI systems prior to phase retrieval. Chapter 7 begins to explore specific ap-

proximations made in common phase retrieval methods using both analytical and simulation

approaches.

Finally, the third part presents our solution to the spectral phase retrieval problem.

Chapter 8 introduces our method, which uses an iterative solution and automatically dif-
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ferentiable forward model to relax reliance on conventional physics approximations in the

context of synchrotron micro-CT imaging. Chapter 9 extends this to the challenging task of

inverting a full polychromatic imaging system model. The utility of our method is explored

through comparison with other phase retrieval methods and an evaluation of which forward

model elements are most essential for optimization performance.

We conclude in Chapter 10 with a summary of key results and proposed future directions.
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CHAPTER 2

X-RAY IMAGING FUNDAMENTALS

We begin by orienting ourselves with an overview of X-ray imaging physics from the per-

spective of the diagnostic imaging physicist, in which absorption is the primary contrast

mechanism. This provides a foundation for the following two chapters exploring clinical-scale

dual-energy CT imaging. The more wholistic physics perspective including both absorptive

and phase-shifting behavior will be covered beginning in Chapter 5.

2.1 Conventional X-ray imaging model

In diagnostic imaging, the X-ray is generally regarded as a high-energy photon that behaves

as a discrete “packet” of energy [69]. In the diagnostic imaging realm, X-ray energies fall

roughly within the range of 1 to 150 keV, while for radiation therapy treatments, they can

span up to 25 MeV [6].

There are essentially two things that an X-ray can do when it passes through an object:

either it (1) interacts with the object, or (2) it does not. The interacting portion of an

X-ray beam determines the deposited radiation dose (and can thus be tailored for radiation

therapy treatments) while the non-interacting portion passes through the object and can be

measured using film or digital detectors, forming images. Consequently, the X-ray image

characteristics hinge on the object’s interaction probability. The interaction probability per

unit distance is called the linear attenuation coefficient µ,

µ = µPE + µCS + µPP, (2.1)

which is the sum of the contributions of three main photon interactions: the photoelectric

effect (PE), Compton scatter (CS), and pair production (PP) [70]. Since the minimum energy

for pair production to occur is 1.022 MeV (the resting mass of two electrons), µPP is dropped
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Figure 2.1: A simple model of X-ray attenuation along a single, monochromatic ray passing
through a uniform object (Eq. 2.2).

for most imaging applications. Then, if an ensemble of N0 incident photons passes through

an object with constant µ and thickness L (Figure 2.1), we expect the exiting number of

non-interacting photons N to follow the Beer–Lambert law,

N = N0e
−µL. (2.2)

In other words, the X-ray beam flux as a function of thickness follows an exponential decay

function with coefficient µ [7].

The linear attenuation coefficient µ depends on the chemical composition and density

of each material through which it passes as well as the energy the incident X-ray. Most

objects are composed of multiple materials, and most X-ray beams are at least somewhat

polyenergetic or “polychromatic,” i.e. comprise X-rays with a range of energies. A more

complete model of an X-ray beam’s attenuation along a single ray is

N(E) = N0(E) exp

[
−
∫
dℓ µ(r, E)

]
, (2.3)

where E denotes energy, N0(E) is the incident energy spectrum (number of photons per

energy), and r is the three-dimensional (3D) spatial coordinate (Figure 2.2). Now instead

of characterizing the total number of photons exiting the object, we characterize N(E), the

exiting energy spectrum.

To actually acquire an image, the exiting X-ray spectrum must be converted into a
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Figure 2.2: A model of X-ray attenuation that accounts for the 3D object’s spatial and
energy-dependent µ(r, E) and the polychromatic X-ray spectrum N0(E) (Eq. 2.3).

measurable electrical signal. This is often done either directly or via a scintillator that first

converts the X-rays into visible light [6]. The full image is acquired by measuring signals

along many rays through the object using a pixelated detector. This introduces additional

factors to the detection model associated with the shape of the incident X-ray spectrum and

specific detector properties. Here, we approximate a more wholistic measurement model as

m(r⊥) = ∆x2
∫
dE D(E) η(E) I(r⊥, E) ∗ psf(r⊥, E), (2.4)

where m(r⊥) is the detected image, ∆x is the width of each detector element (assumed

square), D(E) is a detector response function, η(E) is a detective efficiency function, I(r⊥, E)

is the X-ray flux (number of photons per unit area), ∗ indicates the 2D convolution with

respect to r⊥, and psf(r⊥, E) is the system point-spread function (PSF). The detector re-

sponse characterizes how the detector converts a photon to a real measurement, for example

D(E) ∼ E for a scintillator that emits visible light in proportion to the photon’s incident en-

ergy. The efficiency function characterizes the number of photons that are stopped by the de-

tector and might be estimated using the Beer–Lambert law as η(E) = 1−exp[−µdet(E)Tdet].

The system PSF can be characterized by its source and detector components,

psf(r⊥, E) = psfsrc(r⊥, E) ∗ psfdet(r⊥, E). (2.5)
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Note that while this model is more general, it still makes a number of approximations,

and a more thorough approach is provided by Barrett and Myers [71]. For example, the PSF

generally varies due to variations in source anode angle, obliquity factors, and magnification

as a function of detector pixel location [72]. Additionally, D(E) and η(E) can depend on r⊥,

and it is often necessary to implement detector-element-specific correction factors to avoid

artifacts in detected images. This is often done via an air scan, which is a blank measurement

acquired without an object. In the Eq. 2.4 model we implicitly assume that such correction

factors are already applied and thus drop the r⊥ dependence.

The model additionally assumes that the system is linear and shift-invariant (LSI), specif-

ically meaning that it has the following two properties [71]:

• Linearity: The image of two superimposed objects can be expressed as a linear combi-

nation of the images of each individual object, i.e. for linear system operator S, object

functions f1(r), f2(r), and scalars a, b:

S[af1(r) + bf2(r)] = aS[f1(r)] + bS[f2(r)]. (2.6)

• Shift-invariance: A transverse spatial shift of the object results only in a correspond-

ing shift of the output image, i.e. if g(r) = S[f(r)], then:

S[f(r− r0)] = g(r− r0). (2.7)

While this cannot hold exactly for arbitrary imaging systems or arbitrarily large transverse

shifts, the LSI framework is generally a reasonable approximation for radiological imaging

systems over a limited field of view and therefore commonly implemented. Since LSI opera-

tors preserve vector operations, this introduces several convenient properties useful for later

forward modeling.

18



2.2 X-ray sources

We now consider realistic energy spectra produced by common X-ray sources.

2.2.1 X-ray tubes

The most common X-ray source for medical imaging is an X-ray tube, composed of a cathode

and anode contained within a glass envelope [73]. The cathode is usually a heated filament,

which produces a cloud of electrons in proportion to the tube current or “mA” (within the

effective operating range). Cold electron sources, such as carbon nanotubes (CNTs), have

also been proposed [74]. The electrons are accelerated across the tube due to the potential

difference between the cathode and anode. Typical tube voltages are around 50–150 kV in

diagnostic imaging, with the specific value chosen depending on the task [6]. This potential

difference is also called the peak tube voltage “kVp.” The accelerated electrons arrive at the

anode with energy equal to e·kVp, where e ≈ 1.602 × 10−19 C is the elementary charge.

X-rays are produced at a range of energies through bremsstrahlung and hard collisions with

the anode [70]. X-rays exit the tube through a collimated window, which is directed to face

the object for imaging applications.

One practical consideration is the anode target. The bombarding electrons are focused

onto a small, finite-sized focal spot which affects the system’s spatial resolution via psfsrc(r⊥).

They deposit most of their energy as heat, and only a small portion (less than 1%) becomes

X-rays [4]. For a good-quality image, the tube current and exposure time (mAs) must

be high enough to generate sufficient X-ray flux but not so high as to damage the anode.

Tungsten is a common anode material due to its high atomic number and high melting

point, which makes it less prone to damage. Molybdenum and rhodium are also common

choices in mammography [6]. Increasing the focal spot size will improve heat loading but

degrade spatial resolution by broadening the PSF. This is somewhat alleviated by using an

angled anode; along the central ray to the detector, the effective focal spot size is reduced
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by a factor of sin(θ), where θ is the anode angle [72]. Further, most anodes are designed

as discs that rotate anywhere from 3,000 to 10,000 times per minute in order to spread the

deposited energy over a much larger area of the anode [6]. Nonetheless, this results in some

unavoidable trade-offs regarding high spatial resolution (small effective focal spot size) and

physical limitations of the system. Diagnostic imaging typically uses focal spot sizes on the

order of 1 mm, though smaller sizes are also used for high-resolution applications such as

imaging breast calcifications.

Microfocus X-ray sources have also been developed, mainly for benchtop imaging appli-

cations. Using the same anode-impact principle, these sources can achieve focal spot sizes

orders of magnitude smaller, around the range of 5–20 µm and down to single microns, with

either conventional solid anodes or liquid-metal targets [4, 73]. Such sources are attractive

for high-resolution imaging experiments, though their broad clinical implementation is lim-

ited by practical considerations including cost, flux, and heat loading. Novel alternatives

continue to be explored, such as a recently proposed target made of fast-moving tungsten

microparticles [75].

2.2.2 Synchrotron light sources

An alternative X-ray source is synchrotron radiation. In a synchrotron facility, electrons

are accelerated to relativistic speeds with GeV energies and stored in a high-vacuum ring

[4]. Magnetic fields deflect the electron beam to produce synchrotron radiation, which can

branch off to individual beamlines for experiments. Relative to conventional X-ray tubes,

synchrotron sources can provide much higher flux, smaller focal-spot size, low divergence,

and high coherence [76]. With additional beamline optics such as crystal monochromators,

the radiation can be filtered to produce nearly monochromatic beams with bandwidths as low

as ∆E/E ∼ 10−4. These properties make synchrotron light a good X-ray source choice for

micro-CT and high-resolution phase-contrast imaging. A key disadvantage is accessibility,
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since synchrotrons are large-scale user facilities with limited beamtime, making them better

suited to scientific research applications.

2.2.3 Beam geometry

Another consideration is the geometry of how the X-rays propagate from the source and

through the object [7]. Anode-based X-ray tubes are a type of point source, meaning X-rays

radiate outward isotropically in a “cone beam” geometry. When only a single axial slice

is considered, as in some early CT scanners, this is often called a “fan beam” geometry.

With a point source, the object must be placed sufficiently far from the source so that the

solid angle subtended by the X-ray beam entirely encompasses the object to be imaged.

This also introduces a magnification factor M that increases the source PSF and minimizes

the detector PSF/pixel size when projected onto the object plane. Clinical X-ray imaging

methods like radiography and mammography usually use a contact-imaging approach, where

the detector is placed immediately behind the patient, limiting undesirable magnification of

the focal spot. If the point source is assumed to be infinitely far from the object, as for

synchrotron sources, this becomes a roughly “parallel beam” geometry. This is only feasible

when the source PSF is essentially negligible, otherwise the X-ray beam would be entirely

defocused and the exit image uselessly blurry. A parallel beam geometry could also be

theoretically achieved by an array of collimated point sources.

2.3 X-ray detectors

As described in the general measurement model (Eq. 2.4), the X-ray detector introduces a

number of factors including a detector response function, efficiency function, and PSF. These

vary depending on the type of detector used. The most common detectors for diagnostic

imaging can be broadly categorized into energy-integrating detectors (EIDs) and photon-

counting detectors (PCDs).
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Figure 2.3: Schematic of two common X-ray detectors: (left) the indirect-conversion
scintillator-based EID used on most clinical CT scanners, and (right) direct-conversion semi-
conductor PCD that is being progressively implemented clinically.

2.3.1 Energy-integrating detectors

By definition, an EID weights each incident photon by its energy and sums over these

components to produce a measured signal with detective function D(E) ∼ E [48]. This

is generally not a desirable property for an X-ray detector, as higher energies reduce image

contrast, but rather a practical consequence of developing a detector that can be conveniently

manufactured and implemented in commercial devices. Most current X-ray detectors for

CT and radiography use an indirect-conversion EID scheme (Fig. 2.3), in which X-rays are

first converted to visible light and then collected using a photodiode to measure an electrical

signal [7]. The most common type is a solid-state indirect-conversion EID made of segmented

scintillator blocks. X-rays interact via the photoelectric effect, producing a photoelectron

that briefly excites other electrons in nearby atoms. When the excited electrons return

to their ground state, visible and ultraviolet light is emitted in the form of characteristic

radiation. The photodiodes capture a portion of this light, which becomes the detected

signal. To avoid this light contaminating adjacent detector channels, it is necessary to coat

the blocks with a reflective material. This can reduce the detector’s geometric efficiency.

Direct-conversion EIDs are also possible, bypassing the intermediate step of optical pho-

ton production. This approach was commonly used in the early days of CT, with detectors

filled of high-pressure xenon gas that would be ionized by passing X-rays, allowing direct
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Figure 2.4: Schematic of theoretical electrical readout for a spectral PCD channel (left)
and the resulting detected energy spectra (right). The bin spectra were generated using
an approximate non-ideal spectral threshold scheme where each interacting X-ray follows a
Gaussian probability distribution of being detected at its true energy. More precisely, the
bin spectra are distorted by other nonidealities such as charge sharing, K-escape, and pulse
pile-up.

collection of the resulting charges [7]. While this xenon-gas detector was relatively low-cost,

it struggled with low detective efficiency due to the inherently low density of gas and engi-

neering challenges in designing a multi-row detector for 3D CT imaging, thus resulting in

the shift to the conventional indirect-conversion EID used on most CT scanners today.

2.3.2 Photon-counting detectors

A PCD model equally weights photons, regardless of energy, with a simple counting scheme

represented by D(E) ∼ 1. This detector response function alone improves contrast relative

to EIDs by no longer overweighting high-energy photons. The main practical implementation

of this detector type, the direct-conversion semiconductor PCD (Fig. 2.3), also has a number

of advantages over typical EIDs. In these detectors, X-rays interact with a semiconductor

material, producing a charge cloud of electron–hole pairs that are attracted towards pixelated

anodes and a monolithic cathode, respectively [7]. The charge collected by each anode is

read out into separate detector channels. The combination of a monolithic semiconductor

and pixelated anodes removes the need for reflective layers between scintillator blocks as
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used for EIDs, improving geometric efficiency and allowing for much smaller pixel sizes.

Each channel registers an electrical signal over time. X-ray interactions appear as spikes in

this signal with pulse height proportional to their energy1 (Fig. 2.4) [77]. The full electrical

current–time readout is too large to be digitized and stored, so a processing circuit is designed

to apply a pulse-height threshold for counting the X-ray interaction spikes in each detector

channel (thus resulting in D(E) ∼ 1). This pulse-height threshold can be selected to safely

eliminate background electronic noise (typically around 10–20 keV for clinical CT), which is

not possible with conventional EIDs [48, 49]. Further pulse-height thresholds may be applied

to extract spectral information.

These PCDs have the advantages of smaller pixel sizes, no electronic noise, and native

spectral information, but they contend with other challenges. When X-ray interactions oc-

cur near the boundary between two anodes, the charge cloud can be split into two smaller

measurements in what is known as “charge sharing.” This causes two issues: multiple small

pulses are registered across different detector channels for what should truly be a single large

pulse, and spectral information is distorted when these pulses fall into an incorrect energy

bin. This phenomenon can also be caused by secondary interactions of the electrons and

escape of K-fluorescent photons. As pixel sizes get smaller, these distortions become more

severe. Additionally, after each X-ray interaction, there is a small period of dead time before

the detector is ready to count a new independent interaction. At high flux levels, multi-

ple independent X-ray interactions are more likely to occur near-simultaneously, resulting

in dead-time losses from “pulse pile-up.” However, since these effects cause somewhat pre-

dictable, there is extensive ongoing development of correction algorithms, such as coincidence

detection to correct for charge sharing and empirical models to correct for spectral distortion

[78–83]. In fact, the charge sharing phenomenon has even been leveraged advantageously

to achieve micron-scale spatial resolution by fitting a Gaussian distribution to the pulses

1. The proportionality approximation D(E) ∼ 1 is approximately true in the range 30–100 keV, which is
most of the relevant diagnostic X-ray imaging range [48]. At higher energies, D(E) slowly decreases.
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measured in adjacent detector channels [62–64].

The most common semiconductor materials implemented in clinical and preclinical PCD-

CT systems are cadmium telluride (CdTe), cadmium zinc telluride (CZT), and silicon (Si)

[49]. CdTe and CZT have a higher atomic number (ZCd=48, ZZi=30, and ZTe=52), which

results in a higher stopping power such that that they can be made just a few millimeters

thick without sacrificing detective efficiency. Si has a lower atomic number (ZSi = 14) and

thus must be made a few centimeters thick to have comparable efficiency. The difference in

atomic composition also affects the proportion of different photon interactions: the photo-

electric effect is dominant in high-Z materials like CdTe and CZT, while Compton scatter is

dominant in Si. This can cause greater count-multiplicity distortions in Si when Compton-

scattered photons are detected more than once. On the other hand, high-Z detectors are

more likely to experience K-fluorescence after photoelectric interactions, which causes spec-

tral distortion. Another note is that Si is a well-understood semiconductor with a strong

supply chain of silicon wafers due to their prevalence in the electronics industry, whereas

the manufacturing infrastructure for CZT and CdTe is still in development [49]. Thus, even

accounting for the advantages, one must content with these trade-offs and challenges in

implementing semiconductor PCDs.

Alternatively, PCDs can be manufactured using an indirect-conversion scheme. Gamma

cameras used in nuclear medicine imaging are one such example [69] These types of scintillator-

based detectors had been assumed to be too slow for counting readout modes with the higher

photon flux rates of X-ray imaging. However, recent work has indicated that certain mate-

rials such as lanthanum bromide doped with cerium (LaBr3:Ce) can be just as fast as CZT

and manufactured at 10–15% of the cost [84, 85]. This is an ongoing line of investigation,

and direct-conversion PCDs are still largely dominant in current clinical implementations.
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Figure 2.5: Two common CT acquisition geometries. (Left) Clinical fan-beam CT scanner
using a source-detector array that rotates in tandem about the patient. (Right) Parallel-
beam micro-CT with a stationary synchrotron X-ray source and rotating sample.

2.4 Computed tomography

Traditional X-ray radiography suffers from the problem of superposition, with 3D structural

information projected onto a single 2D plane, resulting in indistinguishable overlapping struc-

tures and greatly reduced contrast [7]. This is especially true of weakly attenuating struc-

tures, which cause only subtle changes within a relatively constant background material. A

famous example in neuroradiology is the task of visualizing the ventricles of the brain, which

prior to the 1970’s had been considered impossible without pneumoencephalography—an

uncomfortable procedure that required lumbar puncture to replace the cerebrospinal fluid

(CSF) with air [86].

The invention of computed tomography (CT) largely solved such problems. CT scan-

ners operate by acquiring several projection images at different angles θ around the object

(Fig. 2.5). Simply having more angular views available visually allows one to begin resolving

overlapping structures by their spatial shifts, and with sufficiently high sampling, one can

mathematically reconstruct full images of the internal anatomy [30–32]. With brain CT, CSF

26



could be natively distinguished from surrounding gray and white matter, sparing patients

further pneumoencephalography [86].

To formulate the CT reconstruction problem, we first note that radiography yields images

that reflect the line integrals through the object’s linear attenuation coefficient, the negative-

log intensity measurements p(r⊥) ∼
∫
dz µ(r⊥, z). CT scans acquire many of these line

integral measurements at different angles, creating a sinogram p(r⊥, θ). The reconstruction

operation produces spatially resolved maps of the linear attenuation coefficient, µ(r⊥). The

art of the problem lies in performing said reconstruction. Analytical inverse solutions can

offer near exact reconstructions under idealized conditions, such as the Fourier slice theorem,

filtered back-projection (FBP), and Feldkamp–Davis–Kress (FDK) methods for different

geometries [87, 88]. However, these can amplify noise from the raw images and ignore other

realistic image model elements such as detector and source nonidealities. There has been

extensive work developing better methods capable of accounting for these factors via iterative

reconstruction (IR) and artificial intelligence (AI) approaches [89]. Iterative methods frame

CT reconstruction as an optimization problem, which can be broadly posed as

x⋆ = argmin
x

L(x), (2.8)

where L is a loss function and x is the object to reconstruct [90]. The loss function is

typically composed of a fidelity term, which compares the projected solution to the truly

measured data, and a regularization term, which enforces other desirable properties such as

smoothness and sparsity.

Once the loss function has been defined, the minimization problem is solved by provid-

ing an initial guess of the object and applying iterative update steps until a convergence

criterion is met [90]. While iterative methods can reduce image noise and encourage more

realistic image reconstruction through regularization, they can be computationally intensive

[89]. This has motivated interest in machine learning methods, which are computationally
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intensive to train but much more efficient in their actual implementation. Nonetheless, AI

approaches must contend with the typical pitfalls of acquiring a sufficiently general training

dataset, avoiding overfitting of the training data, and eliminating hallucinations. There is

ongoing work exploring hybrid AI-IR methods as possible solutions to the drawbacks of each

method alone; for example, using AI to optimize an iterative reconstruction approach or to

design a regularization term [91–93].

2.5 Spectral imaging and basis decomposition

In Chapter 1, we outlined the history of spectral imaging and alluded to the many benefits

that may arise from multiple energy-resolved measurements. The primary way to realize

these benefits is to use the independent measurements to solve for a new set of images,

which can provide quantitative insights or improve the detectability of subtle abnormalities.

This process is called basis decomposition. Whereas raw intensity images simply represent

the proportion of incident X-rays stopped by the detector, basis decomposition problems

can be posed to yield other physically meaningful images such as interaction probabilities,

electron density and atomic number distributions, or individual material thickness maps

[33, 34].

2.5.1 Interaction-probability decomposition

The key idea enabling basis decomposition is the unique energy dependence of different

materials’ linear attenuation coefficients µ(E). As introduced in Eq. 2.1, in the diagnostic

imaging energy range, the attenuation coefficient can be represented as the sum of contribu-

tions from two types of photon interactions,2 µ(E) = µPE(E)+µCS(E), where PE indicates

the photoelectric effect and CS indicates Compton scatter. Each interaction has different

2. More precisely, note that this is valid for diagnostic X-ray imaging, with energies roughly in the range
of 1–150 keV. In different energy ranges, the exponential coefficients for Eq. 2.9–2.10 change slightly, and
pair-production is also possible at energies above 1.022 MeV [70].
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functional dependence on X-ray energy and material atomic composition, with

µPE(E) ∝
Z3

E3
, (2.9)

µCS(E) ∝ ρe fKN(E), (2.10)

where Z is atomic number, ρe is electron density, and fKN(E) is the Klein–Nishina function

[33, 70]. Then, it is valid to represent an inhomogeneous object in terms of two energy-

dependent basis functions,

µ(r, E) = a1(r)f1(E) + a2(r)f2(E), (2.11)

where a1(r), a2(r) account for the spatial distribution of the object and f1(E), f2(E) are

basis functions reflecting the energy dependence of the interaction probabilities,

f1(E) = 1/E3, (2.12)

f2(E) = fKN(E). (2.13)

The key insight of Alvarez and Macovski was to formulate the attenuation coefficient in

this manner and successfully fit experimental measurements to these functions [33]. In the

context of imaging, recall our ideal signal detection model (Eq. 2.3). Substituting our new

expression for µ(r, E) from Eq. 2.11 yields a two-component model

p(r⊥) = f1(E)

∫
dz a1(r⊥, z) + f2(E)

∫
dz a2(r⊥, z), (2.14)

where

p(r⊥) ≡ ln

[
I0

I(r⊥)

]
(2.15)
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indicates the negative log-intensity measurement, and we have defined the ray to be directed

along the z axis and thus separated the 3D spatial coordinate into its components r ≡ (r⊥, z).

Say we acquire two ideal monochromatic pi(r⊥), with incident X-ray spectra each com-

prising a single energy Ei (i = 1, 2). The two-measurement system can be represented in

terms of its basis components in matrix form,


p1(r⊥)

p2(r⊥)

 =


f1(E1) f2(E1)

f1(E2) f2(E2)



A1(r⊥)

A2(r⊥)

 , (2.16)

where

Aj(r⊥) =
∫
dz aj(r⊥, z). (2.17)

Then the basis images Aj(r⊥) can be immediately solved by taking the inverse of the 2×2

matrix of basis functions fj(Ei) on a pixel-wise basis for each r⊥. When these functions

take the form of Eq. 2.13, the basis images Aj(r⊥) represent the spatial distribution of the

probability of photoelectric and Compton scatter interactions.

Note, this matrix-inversion solution technique is an idealization valid for true monochro-

matic measurements. With polychromatic incident spectra, the left-hand side measurement

vector p⃗ could still in theory be taken as the raw intensity images, but construction of the

2×2 matrix on the right-hand side necessitates some single monoenergy-equivalent Ei for

each acquisition. In practice, this is sometimes defined as an “effective energy” equal to the

intensity-weighted sum energy of each acquisition’s detected spectrum. While this is a fast

and convenient decomposition method, we show in Chapter 9 that such approximations can

lead to undesirable inaccuracies in the retrieved basis images. More wholistically, iterative

basis decomposition methods can be used to account for the full spectrum of polychromatic
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acquisitions, with potential added benefits of regularized loss functions.

2.5.2 Material decomposition

The physical justification for two-image decomposition lies with the two primary X-ray inter-

actions in the diagnostic imaging energy range. This same principle can justify decomposition

into other forms of basis functions fj(E), thus giving rise to other physical meanings for the

corresponding Aj . The most commonly chosen basis is one of “assumed materials” [34].

Assuming the object comprises just two materials, the line integrals through the object

can be simply written as

∫
dz µ(r⊥, z, E) = µ1(E)T1(r⊥) + µ2(E)T2(r⊥), (2.18)

where

Tj(r⊥) =
∫
dz tj(r⊥, z) (2.19)

is an image of the projected thickness of each material along the z-axis. This again separates

the energy and spatial dependence of our object representation, such that the basis material

thickness maps can be solved with two ideal monochromatic measurements, with the linear

attenuation coefficients of each material as the basis functions, i.e. fj(Ei) ≡ µj(Ei) and

Aj(r⊥) ≡ Tj(r⊥) in Eq. 2.16.

For dual-energy CT imaging, one can perform material decomposition on each set of raw

dual-energy projection measurements to construct a material thickness sinogram Tj(r⊥, θ).

When input to a typical CT reconstruction algorithm, this yields an image of ρj(r⊥), a

material density map.

The success of the material decomposition approach depends on how well the object can

be approximated by the chosen materials. The original set of basis materials proposed by
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Figure 2.6: Linear attenuation coefficients in the X-ray energy range for some materials
relevant to diagnostic imaging. Water has no apparent K-edge; calcium has a K-edge too
low to be apparent in most images; iodine and gadolinium have sufficiently high K-edges
to be candidate contrast agents for K-edge imaging. Also note that L-edges are visible for
iodine and gadolinium around 4–8 keV. All materials were defined with density ρ = 1 g/cm3.

Alvarez and Macovski was bone and water, which provides a good first approximation for hu-

mans [34]. Aluminum/PMMA and bone/soft tissue are other common choices. Traditionally

chosen bases tend to comprise one highly attenuating material and one weakly attenuating

material, as this has shown the best success in medical imaging. The main violation of

the energy-dependence assumptions made so far involves the manual introduction of high-Z

materials with significant K-edges.

2.5.3 K-edge imaging

The K-absorption edge refers to a material-specific energy value above which the photoelec-

tric interaction probability increases suddenly. This is due to a threshold effect when the

incident X-ray is just energetic enough to excite K-shell electrons, which had zero probabil-

ity of interaction with lower-energy X-rays [70]. In fact, each electron shell has a threshold

energy for photoelectric interactions. The K-shell simply has the highest such threshold

since it is closest to the nucleus and therefore has the greatest binding energy. For natural
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biological materials, the K-edge tends to be far below the X-ray energy range and thus irrel-

evant for diagnostic imaging, making the basis material decomposition sufficient for typical

dual-energy imaging. However, the effect can also be leveraged advantageously in spectral

imaging by introducing high-Z materials with significant K-edges as contrast agents (Fig.

2.6). One can acquire an image with energy just above and just below the K-edge, then

subtract the two to produce an image isolating the contrast agent. This can be in theory

perfectly performed using monochromatic sources but is more challenging with conventional

polychromatic spectra. Spectral PCDs offer an appealing solution, since their energy bin

thresholds can be precisely set to match the known K-edge of the contrast agent [7].

2.5.4 Virtual monochromatic images

A downside of basis decomposition is that it can amplify noise. This can be ameliorated by

recombining the basis images into a single virtual monochromatic image (VMI) using the

original two-component model of Eq. 2.11. To solve the original decomposition problem, the

basis functions fj(Ei) were taken as known and pi as given measurements. To compute a

VMI at some energy of interest E0, we instead take the newly-solved basis images aj(r⊥) as

inputs and calculate fj(E0) using their defined functional form, such that

VMI(r⊥, E0) = a1(r⊥)f1(E0) + a2(r⊥)f2(E0). (2.20)

This is essentially just a restatement of Eq. 2.11. Since the noise of the two basis images

tends to be correlated, combining them in this manner can cancel out individually affected

pixels and to improve overall CNR. Since VMIs can be synthesized at arbitrary energies, it

is also possible to identify an optimal E0 for maximizing CNR. For polychromatic spectral

imaging, VMIs also have the benefit of acting as a beam-hardening correction.
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2.6 Summary

To conclude, this chapter has laid out the necessary absorption-contrast imaging theory for

the following sections. We have outlined two prominent approaches to improving contrast

in diagnostic imaging: spectral imaging for basis material decomposition, and CT imaging

for distinguishing overlapping structures. Furthermore, we have made explicit conventional

assumptions in the imaging model and the limitations of typical source and detector tech-

nology. With this foundation, Chapters 3 and 4 present a possible approach to improving

soft-tissue imaging for radiotherapy: spectral CT imaging with a megavoltage spectrum.
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CHAPTER 3

DUAL-ENERGY CT WITH MEGAVOLTAGE AND

KILOVOLTAGE SPECTRA

3.1 Introduction

When imaging for radiation therapy, high soft-tissue contrast is essential. Tumors must be

accurately imaged at all stages: before treatment for dose calculations, during treatment for

patient positioning, and after treatment for cancer monitoring [94]. The current imaging

standard in radiation therapy is single-energy (SE) CT. While SE-CT provides clear con-

trast between bone and soft tissue, it has difficulty distinguishing variations within tissue

structures. To achieve a sufficient contrast-to-noise ratio (CNR) to identify a tumor on a

soft-tissue background, a higher patient dose may be necessary. With the advent of modern

image-guided radiation therapy (IGRT) and its daily imaging requirements, individual image

doses are in danger of accumulating over the course of treatment up to the scale of a therapy

dose fraction [95]. Thus, there is interest in finding methods that achieve sufficient image

quality for radiation therapy with reduced dose.

One potential solution could be on-board dual-energy (DE) CT. As outlined in Chapters 1

and 2, DE-CT is routinely implemented in diagnostic imaging to enhance image quality. With

carefully chosen X-ray spectra and possible contrast agents, there are a number of spectral

techniques that can be implemented to improve image quality [96–99]. A typical downside

is the practical step of acquiring specialized DE-CT hardware for acquiring simultaneous

energy-resolved measurements, whether that be a dual-source system, fast-kVp switching

device, or spectral photon-counting detector. However, modern radiation therapy treatment

systems are often already equipped with this hardware: two X-ray sources that rotate in

tandem, a megavoltage (MV) source for treatment and a kilovoltage (kV) source for on-

board imaging. While the primary purpose of the MV beam is radiation therapy treatment,

35



it can also be detuned to operate with a softer energy spectrum (peak photon counts at ≈ 1

MeV) more appropriate for imaging. Given this readily available equipment, there exists an

unexplored potential for enhancing image quality in the context of radiation therapy using

MV-kV DE-CT [98–101].

The purpose of this chapter is to assess and optimize a proposed MV-kV DE-CT acqui-

sition scheme, laying the foundation for a more accessible pathway to enhanced soft-tissue

contrast for radiotherapy imaging.1

3.2 Background

A number of methods have been explored to improve image quality in radiation therapy

settings without delivering excess patient dose. CT is currently the only accepted imaging

modality for 3D treatment planning dose calculations, as it provides empirical information on

electron density and atomic composition. Unfortunately, X-ray imaging modalities like CT

require increased dose to yield sufficient soft-tissue contrast for this purpose and additionally

suffer from a lack of functional information and, in some cases, metal artifacts. To overcome

these drawbacks, there has been recent interest in magnetic resonance (MR) and positron

emission tomography (PET) imaging at different stages of the treatment planning process

[94, 101]. MR- and PET-linac systems are currently being developed and even introduced

in some clinics [103, 104]. Though these systems show promise, they are emerging and

expensive, and CT imaging still remains necessary for dose calculation. Combined MV-kV

imaging has the unique advantage of utilizing existing hardware, resulting in a much lower

barrier to implementation and the potential to be realized in a shorter time frame. Moreover,

MV images have the potential to be acquired during patient treatment, providing dual energy

information to augment kV images without necessitating additional dose [100, 105, 106].

1. This chapter is based on work published by SPIE in [102] under a Creative Commons Attribution 4.0
International License. [DOI: 10.1117/1.JMI.11.2.023501]
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While some prior work has explored ways to combine MV and kV information for various

applications, work specifically exploring MV-kV DE-CT is limited. This may be due to the

drawbacks of MV images, which can potentially contaminate kV images and reduce image

quality if the two are combined naïvely. Since MeV photons are generally more penetrating

than keV photons and have greater dose deposition per photon, MV images typically have

lower contrast and greater noise relative to kV images with the same dose [106, 107]. There

are limited situations in which MV imaging alone is sufficient. For example, MV localizers

or CT images have been shown to be sufficient for radiotherapy setup verification, which is

useful for linacs lacking a kV X-ray source [108]. The superior quality of kV imaging is still

necessary for initial treatment planning.

When strategically implemented, MV information can be combined with kV information

to achieve better soft-tissue contrast than could be achieved with either source alone and an

equivalent total dose. Various techniques have been described previously [99, 106, 107, 109–

115]. For example, the greater penetrability of MV photons becomes an advantage when

imaging highly attenuating objects; thus, MV data may be synthesized with kV images

for metal artifact correction [112, 115]. Similar methods have been implemented for target

tracking during radiotherapy [110, 111].

Previous work has shown promise for MV-kV DE-CT [99, 106, 107, 109, 113, 114]. With

only partial angular information, combined MV-kV CT images can achieve superior image

quality relative to kV or MV alone by inheriting the advantages of each single-energy image:

higher contrast from kV images and reduction in streak artifacts from MV images. These

techniques utilize 90–110◦ of data from each spectrum, possibly with a small amount (10–

15◦) of overlap, then implement either a linear gray scale conversion or histogram mapping

of pixels to reconstruct a single kV or MV image with complete angular information. Though

these methods improve efficiency by reducing rotation time, the imperfect spectral mapping

can cause artifacts and reduce image quality. To our knowledge, previous work focusing
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specifically on MV-kV DE-CT has not considered datasets with complete angular information

in both MV and kV domains.

The precise conditions for MV-kV DE-CT to yield improved image quality with equiva-

lent dose have not been fully characterized. The experimental nature of past work, utilizing

image quality phantoms, limits the number of data points feasible for robust analysis and op-

timization of MV-kV DE-CT. These methods typically acknowledge the drawback of greater

dose deposition by MeV photons but do not consider the effect of dose distribution between

MV and kV spectra. They observe that image quality is best when MV beams penetrate

more highly attenuating material inserts, but they image only a small number of material in-

serts within image quality phantoms. A more complete analysis should assess image quality

for a continuum of material attenuations and spectral dose distributions.

We implement the analytical method proposed by Roessl et al., which uses estimation

theory to characterize basis material signal-to-noise ratio (SNR) along a single-line integral

with dual-energy X-rays [66]. This method has not yet been applied to MV-kV imaging.

With this technique, we are able to survey a wide range of parameters without experimental

measurements, facilitating more robust characterization of situations in which MV-kV imag-

ing provides superior image quality and quantification of the degree of improvement. This

similarly allows us to assess whether it is possible to achieve equivalent image quality and

reduced dose with MV-kV imaging. We consider three variables: spectral combination, dose

allocation between the two spectra, and material composition. To gauge utility of MV-kV

DE-CT in a more clinically realistic setup, we also extend this model to a CT raytracing

simulation with parameters informed by the single-line optimization.

3.3 Methods

Two models were developed for quantifying basis material image quality: a toy model us-

ing a single-line integral with a two-material object and a fan-beam CT simulation with
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a computational anthropomorphic phantom. The single-line model was used to maximize

basis material SNR as a function of spectral dose allocation for an object with various bone

thicknesses. These results were used to inform the simulated CT imaging task.

3.3.1 Signal detection framework

The detected signal measurements mi (i = 1, 2) were calculated using a discretized form of

the signal detection model,

mi =
∑
E

D(E) Poi

{
Ii(E) exp

[
−
∫
dℓµ(r, E)

]
η(E)∆E

}
(3.1)

where Ii(E) is the incident X-ray spectrum (photons per energy), ∆E is the discrete energy

bin width, and the notation Poi{x̄} indicates generation of a realization of a Poisson random

variable with mean x̄. In Eq. 3.1, the argument of the Poisson noise is the mean number of

photons of energy E stopped by the detector. This indicates that the signal noise model is

compound Poissonian weighted by D(E).

An energy-integrating detector was modeled (D(E) = E) with detective efficiency η(E)

as shown in Fig. 3.1. The detective efficiency function was computed to yield performance

consistent with that of a previously described high-detective quantum efficiency (DQE) xenon

gas detector [116, 117]. Such detectors have been implemented on commercial tomotherapy

units (Accuray Inc., Sunnyvale, CA) for fan-beam MV CT imaging [118, 119].

Input spectra

Five polychromatic spectra Ii(E) were modeled (Fig. 3.2). Three kV spectra were chosen to

represent common diagnostic CT options (80kV, 120kV, and 140kV). The two MV spectra

were modeled after a typical treatment beam (6MV) and a treatment beam with energy

detuned to below 3 MV for imaging (detunedMV) [120, 121]. To ensure a valid basis for
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Figure 3.1: The modeled detective efficiency function η(E).

comparison, the flux of each spectrum was scaled to deliver the same dose to the center of a

40-cm diameter water cylinder (depth dw = 20 cm) under the condition of charged particle

equilibrium,

Dose(dw) =

∫ Emax

Emin

dE Ii(E) exp [−µw(E)dw]

(
µen(E)

ρ

)
w
E, (3.2)

where µw(E) is the linear attenuation coefficient of water and (µen(E)/ρ)w is the mass energy

absorption coefficient of water [70].

3.3.2 Single-line integral through a two-material object

Basis material SNR was computed using an estimation theory framework for a single ray

incident on a two-material object of ICRU tissue and bone with densities ρtissue = 1.00

g/cm3 and ρbone = 1.85 g/cm3 [1, 66]. The tissue thickness was fixed at ttissue = 40 cm and

the bone thickness was varied from tbone = 1 to 10 cm. All MV-kV and kV-kV spectral pairs

were considered, yielding nine DE combinations. The total single-line dose allocated to both

spectra was set to 1 µGy. For a typical CT acquisition with near 1000 projection views, this
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Figure 3.2: The five spectra with magnitude scaled to deliver 1 µGy dose.

would sum to a dose of 1 mGy. SNR was characterized as a function of dose allocation r

in 1% increments (from 1% to 99%), where the high-energy spectrum was rescaled by r and

the low-energy spectrum by 1− r.

The SNR for each basis material j was defined as the ratio of the true mass thickness

(Aj ≡ ρjtj) to the square root of the Cramér-Rao Lower Bound (CRLB) on variance,

SNRj =
Aj

σAj

. (3.3)

The CRLB was found from the Fisher information F using the known relation σ2Aj
≥ F−1

jj

[122]. The signal noise model, which was energy-weighted compound Poisson, was approx-

imated as a Gaussian with mean and variance matching the first two moments of the true

distribution [97]. The mean of each measurement is simply mi as in Eq. 3.1, and the corre-

sponding variance σ2i is

σ2i =
∑
E

D2(E) Ii(E) exp

[
−
∫
dℓ µ(r, E)

]
η(E)∆E. (3.4)

Thus, each DE acquisition (i = 1, 2) yields a Fisher information matrix with elements that
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W/L = 500/100

(a) pelvis

W/L = 500/100

(b) pelvis with metal

Figure 3.3: The two computational phantoms imaged (noiseless 80-keV monoenergetic im-
ages). The metal hip replacement is indicated by the arrow in panel (b). In the modeled
hip prosthesis, the femoral head and outer shell were either titanium or stainless steel, and
the inner lining was PMMA. CNR was computed using the delineated ROIs, and RMSE was
evaluated within the phantom.

can be written in terms of mi and σ2i and their partial derivatives with respect to the true

mass thicknesses Aj :

Fpq =
∑
i=1,2

1

σ2i

∂mi

∂Au

∂mi

∂Av
+

1

2

∑
i=1,2

1(
σ2i
)2 ∂σ2i∂Au

∂σ2i
∂Av

, (3.5)

where i is the spectral index and u, v are the basis material indices [66].

3.3.3 Fan-beam CT simulations of an anthropomorphic phantom

To assess whether MV-kV DE-CT may provide advantages in clinical imaging scenarios,

the signal detection framework was extended from the single-line model to a fan-beam CT

geometry with 1200 views, 800 detector channels, and a fan angle of 47◦. A single 360◦

rotation was simulated for each acquisition. Beam transmission through a computational

anthropomorphic phantom, the extended cardiac torso (XCAT), was calculated [123]. The

phantom had dimensions of 512×512 with 1 mm2 pixels. Path lengths through each pixel

were determined using Siddon’s algorithm for the exact radiological path through a CT array

[124].
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Figure 3.4: Linear attenuation coefficients of metals common in modern hip prostheses
(cobalt-chromium alloys, titanium alloys, and surgical-grade stainless steel) in (a) the keV
energy range and (b) the MeV energy range.

Since MeV photons are generally more penetrating than keV photons, the effect of high

attenuation was considered by imaging the pelvis region with and without a metal hip re-

placement (Fig. 3.3) [125]. A hip prosthesis comprises three primary components: a femoral

head, a cap or lining, and an outer shell. Each part must be wear-resistant, biocompati-

ble, and capable of bearing high static and dynamic loads; tradeoffs among these factors

inform the proper choice of materials for each patient’s unique presentation [126]. Metals

have traditionally been and continue to be the central component of implants for total hip

arthroplasty [125–127]. Contemporary metals of choice are stainless steel, titanium alloys,

or cobalt-chromium (Co-Cr) alloys [126]. Figure 3.4 shows the linear attenuation coefficients

of these materials, indicating that titanium alloys are generally less attenuating than Co-Cr

alloys and stainless steel. To represent these typical attenuation categories, we modeled two

types of metal implants: (i) commercially pure titanium and (ii) surgical grade stainless steel

for both the femoral head and shell with a PMMA lining.

The total dose of each DE-CT acquisition was set to 10 mGy. Sinograms were generated
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for two spectral pairs, “MV-kV” (9 mGy detunedMV and 1 mGy 80kV) and “kV-kV” (5

mGy 140kV and 5 mGy 80kV). Each sinogram pair was decomposed into ICRU tissue and

bone basis materials using an iterative Gauss–Newton algorithm [128]. While basis material

decomposition may occur in either the sinogram or image domain, the sinogram-domain

decomposition was chosen because of its advantage of ameliorating beam hardening artifacts.

The basis material sinograms were then reconstructed into basis material images (BMIs)

using fan-beam filtered back projection (FFBP) including a general sinc window with cutoff

frequency at 80% of the Nyquist frequency [7]. These BMIs correspond to the densities of

the materials ρi. The reconstructed images had a matrix size of 512×512 and field-of-view

of 50 cm. Virtual monoenergetic images (VMIs) were generated at various energies E0 as a

linear combination of the BMIs,

VMI(E0) = ρ1

(
µ(E0)

ρ

)
1
+ ρ2

(
µ(E0)

ρ

)
2
, (3.6)

where (µ(E0)/ρ)j is the known mass attenuation coefficient of basis material j at the energy

E0.

For comparison, three 10 mGy single-energy (SE) acquisitions were also generated (80kV,

120kV, and 140kV) and reconstructed using the same FFBP algorithm. As the dual-energy

VMIs have the advantage of ameliorating beam-hardening effects, a two-material beam-

hardening correction (BHC) was applied to the SE images. A water correction was first

applied in the sinogram domain using a fourth-degree polynomial remapping based on known

attenuation characteristics [7]. A bone correction was then applied in the image domain

by generating an artifact-only image from a thresholded “bone” image, which was linearly

combined with the original image to create the final corrected image [7]. This allowed us

to compare dose-matched and artifact-corrected SE- and DE-CT, which is more fair than

comparison of each 10 mGy DE-CT acquisition with its noisier constituent <10 mGy SE-

CT simulations. Better image quality with equivalent dose also indicates that dose can be
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reduced while maintaining equivalent image quality.

To evaluate image quality, CNR was computed in each 10 mGy SE-CT image and DE-CT

VMI using measurements from the ROIs delineated in Fig. 3.3. CNR was defined as

CNR =
|Avg[ROI1]− Avg[ROI2]|√

Var[ROI1] + Var[ROI2]
, (3.7)

where ROI1 is the signal and ROI2 is the background. We also examined contrast and noise

individually, defined as the numerator and denominator of Eq. 3.7, respectively.

To evaluate accuracy, the VMIs were registered to the input phantom, and root-mean-

square-error (RMSE) was computed relative to the monoenergetic ground truth,

RMSE =

√
Avg[(VMI− XCAT)2]. (3.8)

Note that SE-CT measurements are not energy-dependent, whereas CNR, RMSE, VMI, and

XCAT include implicit energy dependence from each monoenergetic evaluation.

3.4 Results

3.4.1 Single-line integral

To identify the most promising spectral pairs, Fig. 3.5 and 3.6 present heatmaps of peak tissue

and bone SNR, respectively, for each spectral combination and the ten bone thicknesses.

Peak SNR was found from the curve of SNR as a function of dose allocation r. For both

basis materials, the 140kV-80kV pair yields the highest SNRs overall. The detunedMV-80kV

pair yields the highest SNRs of the MV-kV pairs. These two spectral pairs will be the focus

of further analysis (“kV-kV” and “MV-kV,” respectively). Tissue SNR is maximized for both

pairs with 1 cm bone, and bone SNR is maximized for kV-kV at 4 cm bone and MV-kV at

6 cm bone.
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Figure 3.5: Heatmap of peak tissue SNR as a function of bone thickness for all dual-energy
spectral combinations.

Looking at optimal spectral dose distribution, Fig. 3.7 shows tissue basis material SNR

as a function of high-energy dose allocation r for three different bone thicknesses. Based

on the peaks in the two heatmaps, bone thicknesses of 1, 4, and 6 cm were chosen. Table

3.1 lists the coordinates of the peak basis material SNR for all spectral combinations with

1 cm bone. The MV-kV curve is skewed toward allocating a greater proportion of dose to

the MV spectrum, peaking at r = 0.92, 0.83, and 0.75 for 1, 4, and 6 cm, respectively. The

kV-kV curve favors a more equal dose distribution, peaking at r = 0.51, 0.44, 0.40. As bone

thickness increases, SNR is maximized by increasing the dose allocated to the low-energy

spectrum.

To assess the effect of increasing object attenuation, Fig. 3.8 shows peak SNR as a

function of bone thickness for the MV-kV and kV-kV pairs. At low bone thicknesses, kV-kV

SNR is higher than MV-kV SNR for both basis materials. The tissue SNR monotonically
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Figure 3.6: Heatmap of peak bone SNR as a function of bone thickness for all dual-energy
spectral combinations.
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Figure 3.7: With 1, 4, or 6 cm bone thickness, curve of bone SNR as a function of dose
allocated to the high-energy spectrum for the detunedMV-80kV (a) and 140kV-80kV (b)
spectral pairs.
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Figure 3.8: Maximum SNR for tissue (solid lines, left scale) and bone (dashed lines, right
scale) for the 140kV-80kV (kV-kV, square marker) and detunedMV-80kV (MV-kV, circle
marker) spectral combinations as a function of bone thickness.

decreases with bone thickness, while the bone SNR reaches a maximum at a thickness of 4

cm (kV-kV) or 6 cm (MV-kV). As bone thickness increases, the difference between the two

curves decreases, and at 8 cm bone, the MV-kV curves intersect the kV-kV curves and begin

to yield higher SNRs. This is due to the more rapid SNR drop-off of kV-kV imaging at high

bone thickness.

3.4.2 CT simulations

To quantify image quality in the simulated CT images, Fig. 3.9 shows CNR in the VMIs of the

pelvis phantom with and without the metal hip replacement (titanium or steel). CNR was

measured as a function of VMI energy, and horizontal lines were drawn at the fixed CNR for

each dose-matched, beam-hardening corrected kV SE-CT image. These represent thresholds

above which DE-CT may yield improved image quality for a given imaging task. The DE-CT

peak CNRs and SE-CT CNR thresholds with and without BHC are listed in Table 3.2. In
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Table 3.1: Peak coordinates (rmax, SNRmax) as a function of dose allocation for both basis
materials and all spectral pairs with a bone thickness of 1 cm.

Tissue Bone

Spectral pair rmax SNR(rmax) rmax SNR(rmax)

6MV-80kV 0.93 47.99 0.89 3.36

6MV-120kV 0.93 31.79 0.91 1.86

6MV-140kV 0.93 26.79 0.91 1.49

detunedMV-80kV 0.92 61.23 0.87 4.24

detunedMV-120kV 0.92 41.11 0.89 2.39

detunedMV-140kV 0.91 34.88 0.89 1.93

140kV-80kV 0.51 154.02 0.45 9.89

140kV-120kV 0.51 35.72 0.50 2.09

120kV-80kV 0.50 120.38 0.45 7.94
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Figure 3.9: CNR in the detunedMV-80kV (MV-kV) and 140kV-80kV (kV-kV) VMIs as a
function of energy, with horizontal lines at the CNR of each kV single-energy CT acquisition.
The total dose of the dual-energy scans was equivalent to the dose of the single-energy scans
(10 mGy).
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Table 3.2: For each phantom, maximum CNR measured in the MV-kV and kV-kV VMIs,
and single-energy CNRs with and without a beam-hardening correction (BHC). For each
dual-energy acquisition, the VMI energy corresponding to the maximum CNR is indicated
in parentheses. For each single-energy spectrum, the change in CNR with BHC is indicated
in parentheses.

CNR

Acquisition Pelvis Pelvis with titanium Pelvis with steel

MV-kV 5.30 (61 keV) 1.78 (239 keV) 1.35 (315 keV)

kV-kV 7.16 (93 keV) 2.82 (116 keV) 0.94 (122 keV)

80kV 4.16 0.97 0.02

80kV (BHC) 5.59 (+1.43) 1.33 (+0.36) 0.14 (+0.12)

120kV 4.79 1.47 0.46

120kV (BHC) 6.00 (+1.21) 2.42 (+0.95) 0.41 (–0.05)

140kV 4.94 1.63 0.73

140kV (BHC) 6.17 (+1.23) 2.63 (+1.00) 1.05 (+0.32)
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Figure 3.10: Measured contrast (numerator of the CNR) in the detunedMV-80kV (MV-kV)
and 140kV-80kV (kV-kV) VMIs as a function of energy, with horizontal lines at the value of
each dose-matched kV single-energy CT acquisition.
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Figure 3.11: Measured noise (denominator of the CNR) in the detunedMV-80kV (MV-kV)
and 140kV-80kV (kV-kV) VMIs as a function of energy, with horizontal lines at the value of
each dose-matched kV single-energy CT acquisition.
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Figure 3.12: RMSE in the detunedMV-80kV (MV-kV) and 140kV-80kV (kV-kV) VMIs as a
function of energy. RMSE was calculated relative to the monoenergetic ground truth XCAT.
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the pelvis and pelvis with titanium, single-energy CNR improves considerably with BHC.

With steel, the single-energy images are too noisy for the BHC algorithm implemented to

sufficiently reduce streaking artifacts. With BHC, single-energy CT is able to outperform

DE-CT in certain cases. For the pelvis and pelvis with titanium, kV-kV DE-CT yields the

best CNR, and the peak MV-kV CNR is lower than the SE-CT threshold. For the more

highly attenuating steel, MV-kV DE-CT yields the best CNR, and the peak kV-kV CNR is

below the SE-CT threshold. Without BHC, the SE-CT threshold is surpassed by the peak

CNR of both MV-kV and kV-kV acquisitions for all three phantoms.

To better understand the CNR results, Fig. 3.10 and Fig. 3.11 show the separate contrast

and noise values within the overall ratio. At low monoenergies, both MV-kV and kV-kV VMIs

yield the highest native contrast, as expected. This is accompanied by a high noise level,

especially in the MV-kV VMIs. This is likely due to the relative up-weighting of the 80kV

acquisition with only 10% dose allocation at low VMI monoenergies. At high monoenergies,

DE-CT VMIs generally have less noise and lower contrast than the dose-matched SE-CT

images. The relative rate of change of the two factors differs for each phantom, as indicated

in the conglomerate ratios shown in Fig. 3.9.

To quantify accuracy of the simulated CT images relative to the known ground truth,

Fig. 3.12 shows RMSE for each DE-CT VMI. Generally, RMSE appears to decrease with

greater VMI energy. Depending on the imaging setup, this lower error may come at the

cost of higher CNR (Fig. 3.9). For the pelvis without metal, the minimum RMSE is 44.9

HU for kV-kV and 51.1 HU for MV-kV DE-CT. The smallest error overall is achieved with

kV-kV DE-CT, though the difference relative to MV-kV is small (+6.2 HU). With metal,

the RMSE measurements are much larger, likely due to the overall higher noise and possible

streaking artifacts. For the titanium case, the scale of the error is similar, with a minimum

RMSE of 66.9 HU for kV-kV and 69.0 HU for MV-kV DE-CT (+2.1 HU). For the steel case,

MV-kV yields the lowest error; the minimum RMSE is 222.2 HU for kV-kV and 130.8 HU
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for MV-kV DE-CT (-91.4 HU). The discrepancy in accuracy is also reflected in the contrast

measurements shown in Fig. 3.10. Ideally, MV-kV and kV-kV acquisitions would yield VMIs

with identical contrast values that match the known ground truth for each monoenergy. The

contrast curves match well for the pelvis alone but diverge with a titanium or steel implant.

The simulated CT images are shown in an appendix (Section 3.7). Each DE-CT ac-

quisition includes the constituent single-energy images, basis material images, and example

VMIs. The dose-matched, beam-hardening corrected SE-CT images are also shown.

3.5 Discussion

This work presents an evaluation of MV-kV DE-CT imaging, which could be realized using

existing hardware in radiotherapy settings. We approached this task beginning with an es-

timation theory framework for calculating SNR along a single ray and then expanding to a

simulated fan-beam CT acquisition of an anthropomorphic phantom. By comparing MV-kV

DE-CT images with dose-matched single-energy kV CT images and diagnostic kV-kV DE-CT

images, we were able to assess whether MV-kV imaging could be used to achieve improved

image quality or reduced dose relative to current clinical standards. Even small dose reduc-

tions could potentially compound over many IGRT fractions to result in a significantly lower

total dose from imaging over a patient’s course of treatment.

Our single-line integral estimation theory method requires at least two input X-ray spec-

tra to compute a theoretical upper bound on the achievable basis material SNR [66]. We use

this method to compare MV-kV DE-CT to diagnostic kV-kV DE-CT. However, in a realistic

radiation therapy scenario, the available imaging option would likely be a single-energy scan

(either MV or kV) rather than kV-kV DE-CT, since existing treatment systems lack dual

kV X-ray sources. The availability of dual MV and kV X-ray sources is a unique practical

advantage of MV-kV DE-CT. While the kV-kV single-line integral SNR calculations provide

useful context for the MV-kV SNRs, our CT simulation allows us to make a more clini-
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cally relevant comparison of single-energy kV CT with dual-energy MV-kV DE-CT. We also

simulated kV-kV DE-CT images for context with the single-line integral SNRs.

Of the nine spectral pairs considered (six MV-kV and three kV-kV), the best basis mate-

rial SNRs were found using the 140kV-80kV spectral pair. This is expected, as this spectral

pair is commonly used for diagnostic DE-CT imaging, since it maximizes the energy separa-

tion between high- and low-energy spectra given the peak voltages conventionally available

with modern X-ray tubes [96]. Of the MV-kV DE pairs, the best SNRs were found using the

detunedMV-80kV pair and the second-best with the 6MV-80kV pair. As the detuned beam

has a lower effective energy than the treatment beam, it is expected to yield better image

quality due to its higher detective efficiency and native contrast. However, the 6MV treat-

ment beam has the potential to be used for acquiring images simultaneously with radiation

therapy treatment, while the detuned beam could only be used for imaging before or after

treatment [105]. In this work, we chose to focus on the detuned beam. This choice provides

a metric of the best achievable MV-kV CT image quality using beams currently available on

therapy treatment systems, which is useful for an assessment of clinical viability.

One unique consideration of this study was the effect of dose allocation between the

two spectra in a dual-energy acquisition. We found that spectral dose distribution has a

considerable effect on MV-kV image quality. As kV X-ray spectra have relatively similar

effective energy and detective efficiency, dose allocation may not be a typical consideration

for diagnostic DE-CT. Single-ray basis material SNR peaked with approximately 90% dose

allocated to the detunedMV spectrum or 50% dose to the 140kV spectrum when paired with

the 80kV low-energy spectrum. The exact optimal dose allocation varied depending on the

basis material and bone thickness. The asymmetric SNR-versus-dose allocation curve is a

unique aspect of MV-kV DE-CT, likely owing to the greater dose deposition per photon

with energy in the MeV range. In general, the optimal r was slightly higher for tissue SNR

than for bone SNR. For both spectral pairs, r also decreased with increasing bone thickness.
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This relation was steeper for the MV-kV DE-CT pair. These results suggest spectral dose

allocation is an important consideration for clinical implementation of MV-kV CT. Though

past work assessing combined MV-kV image quality often draws comparisons with single-

energy acquisitions, there is lack of a consideration of dose variations [106, 109, 113–115].

A fair comparison of MV-kV DE-CT with single-energy CT should utilize dose-matched

acquisitions with optimal spectral dose distributions depending on object composition. Our

method provides one such way of carrying out this optimization.

For the fan-beam CT simulations, we chose the dose distribution between spectra using

the single-ray approximations, with a 90:10 MV-kV distribution and 50:50 kV-kV distribution

in each ray. Optimal dose allocation is more complex for CT than it is for a single ray. A

CT acquisition comprises thousands of line integrals over many views and detector channels,

each passing through a distinct section of the anatomy with varying attenuation. For rays

including greater bone thickness, our results indicate that more dose should be allocated to

the low-energy spectrum. We expect that image quality in our DE-CT simulations could be

improved with more thorough dose allocation optimization. Traditional CT imaging uses

bowtie filtration to reduce the dose allocated to more peripheral detector angles, producing

more similar spectrum magnitudes after attenuation and, consequently, more uniform noise

in each channel [129]. Tube current modulation (TCM) may additionally be implemented to

modulate the dose delivered at each view angle, equalizing the noise in each projection [130].

The single-line model could be used to inform a DE-CT TCM algorithm that incorporates a

method for optimizing dose allocation to each spectrum at each view. Since the optimal dose

allocation as a function of bone thickness varied more quickly for the detunedMV-80kV pair

than it did for the diagnostic 140kV-80kV pair, MV-kV DE-CT image quality may especially

benefit from such an algorithm, and it is worth considering for future applications.

In the single-line integral model, tissue SNR monotonically decreased as a function of bone

thickness. Bone SNR peaked at 4 cm for the 140kV-80kV pair and 6 cm for the detunedMV-
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80kV pair. At low bone thicknesses, the SNR achieved with the kV-kV pair was higher than

that with the MV-kV pair. This is more relevant for most imaging scenarios, especially at

antero-posterior or posto-anterior CT view angles. However, at 8 cm bone thickness and

greater, the MV-kV pair yields the highest SNRs. With the greater attenuation due to high

bone thickness, the higher penetrability of the MeV photons becomes more beneficial as kV

images begin to suffer from photon starvation. This effect has been utilized in other work for

artifact correction around highly attenuating objects, namely metal implants [112, 115]. Our

findings corroborate this effect. For this reason, we explored DE-CT basis material image

quality with and without metal implants in the XCAT phantom [123].

The simulated CT images show an advantage of MV-kV DE-CT over dose-matched single-

energy kV CT and kV-kV DE-CT when imaging the pelvis. As expected, when with a steel

hip prosthesis. This suggests potential utility of the technique for metal artifact correction.

When imaging the pelvis alone or with the less attenuating titanium implant, kV-kV DE-

CT yielded the best image quality. Though both dual-energy acquisitions could be used

to generate low-energy VMIs with greater native contrast, the higher noise in the MV-kV

acquisitions translated into a lower CNR than the dose-matched, artifact-corrected single-

energy CT images of the pelvis without metal. With either titanium or steel hip prosthesis, as

expected, image quality suffered for all SE-CT acquisitions. The severity of metal artifacts

was especially apparent in the constituent kV images with the more highly attenuating

steel implant, and MV-kV VMIs yielded the best CNR and RMSE. For the relatively less

attenuating titanium implant, the kV-kV and MV-kV DE-CT produced a higher CNR than

CNRs converge above 200 keV. However, visual inspection of the 300 keV VMIs (Section

3.7) indicates that the images have very different textures; the kV-kV image (Fig. 3.15f) has

better contrast but a residual streak artifact, while the MV-kV image (Fig. 3.16f) is noisier

but with more uniform texture. Likewise, the dose-matched, artifact-corrected SE-CT images

produce a higher CNR than the MV-kV VMIs in the pelvis alone or with titanium, but there
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are some residual beam-hardening artifacts that affect the noise texture (Fig. 3.19). Our

metric of image quality, CNR, is unable to capture this difference in texture, and it is not

clear which image would be universally preferable. Further work might explore whether such

texture differences are clinically significant.

Dual-energy acquisitions can bypass the need for a separate beam-hardening correction

(BHC) by using a material decomposition algorithm in the sinogram domain. We found that

BHC is necessary for single-energy CNRs to exceed the peak MV-kV CNRs. We did not

apply any post-processing to the DE-CT VMIs. Looking at the MV-kV pelvis-only images

(Fig. 3.14), it appears that the main contributor to VMI noise is the MV acquisition. Even

with 90% of the total dose allocated to the MV spectrum, it has a lower incident flux than the

kV spectrum due to the higher dose deposition per photon in the MeV energy range. DE-CT

has the unique potential to mitigate the high noise in the MV acquisitions with a multi-

channel denoising technique that utilizes the shared edge structure of images acquired with

different spectra [131, 132]. Though not implemented in our work, such a method could be

particularly useful for MV-kV DE-CT, as kV images have much lower noise and sharper edges

to inform denoising in the MV images. Commercial imaging equipment may implement a

proprietary denoising algorithm, as well. Given the potential for MV-kV imaging to generate

low-energy VMIs with high native contrast, such methods might be explored to test whether

MV noise could be sufficiently reduced to produce a higher CNR than that of single-energy

CT for more general imaging scenarios. Nevertheless, these simulation results demonstrate

the value of MV information for metal artifact correction and VMI generation.

Other work has similarly drawn comparisons between combined MV-kV images and

single-energy kV images [106, 109]. Li et al. observed that MV-kV VMIs of an image quality

phantom can yield improved CNR relative to single-energy kV images with proper selection

of virtual monoenergy [109]. They found low monoenergy is preferable for low-density ma-

terial inserts, and conversely, high monoenergy is preferable for high-density inserts. This
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trend matches our findings of VMI CNR as a function of monoenergy in the pelvis with and

without metal. Similarly, Yin et al. measured comparable or better contrast in aggregate

MV-kV reconstructions compared to kV alone, depending on the material [106]. It is relevant

to note that these studies utilized a partial-angle acquisition technique and did not account

for dose distribution, which is distinct from our method.

We chose to model a fan-beam, high-DQE, energy-integrating detector (EID) with an

efficiency near 20% in the MeV energy range (Fig. 3.1). This emulates the xenon gas detectors

that have been used for MV CT on commercial tomotherapy units (Accuray Inc., Sunnyvale,

CA) [116–119]. Prior research indicates that a DQE(0) of at least 20% is needed for sufficient

image quality without delivering excessive dose to the patient, with non-negligible dose

concerns emerging due to daily imaging of patients for modern IGRT [95, 133]. However,

conventional linear accelerators typically acquire MV images using a cone-beam CT geometry

and flat-panel electronic portal imaging device (EPID) with a much lower detective efficiency

of 1 to 2% [134]. Thus, it is of interest to consider the applicability of our work in the

context of conventional cone-beam CT. MV imaging technology is rapidly evolving, and new

EPIDs are being introduced with higher detective efficiency, improved spatial resolution,

and reduced quantum noise. A variety of promising techniques are being explored, including

multi-layered scintillators, novel scintillating materials, and direct conversion detectors [133–

137]. New EPIDs have been developed with measured DQE(0) of 6.7% [134], 8.0% [135], 9.7%

[136], and 22% [133]. One application of that research demonstrated that single-energy MV

CT images acquired with a four-layer EPID have superior image quality relative to MV and

kV images acquired with a single-layer detector in the presence of titanium and aluminum

implants [138]. Our results support these findings in the context of dual-energy MV-kV CT

for steel artifact correction. Furthermore, as noted, MV-kV DE-CT has the unique potential

to compensate for low MV counting efficiency with a multi-channel denoising technique.

Thus, we expect our work is also relevant for cone-beam MV-kV DE-CT with either an
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emerging high-DQE EPID or multi-channel denoising.

Diagnostic kV imaging technology is also advancing. Photon-counting detectors (PCDs)

have recently debuted in clinical CT scanners, offering advantages such as higher spatial

resolution, lower quantum noise, and dose reduction with image quality comparable to con-

ventional EIDs [48, 51]. Spectral PCDs mounted on radiotherapy treatment systems could

offer a new avenue for single-shot MV-kV DE-CT by using signal pulse height thresholds

to “bin” detected photons into sinograms with different energy spectra using a single X-ray

beam. Another ongoing area of research is data-driven DE-CT imaging techniques. Deep

learning models have been introduced for the generation of dual-energy images from single-

energy data and material decomposition [139, 140]. This work could potentially be utilized

in MV-kV imaging, for example with improved material decomposition algorithms that are

trained to account for the large contrast and noise differences.

This work was a simplified theoretical analysis of MV-kV DE-CT, and many limitations

could be more realistically modeled in future work. Our compound Poisson noise model

neglected X-ray scatter, patient motion, and electronic noise. A real CT acquisition will

be affected by these complexities, and a DE-CT system using simultaneous acquisitions

will also experience cross-scatter from the two beams. Though the simultaneous acquisition

method introduces this additional scatter, it has the advantage of reducing motion artifacts

relative to a sequential acquisition method. A Monte Carlo simulation could be additionally

implemented to approximate both single-source scatter and dual-source cross-scatter, in

order to better weigh the costs and benefits of each technique [141, 142]. Other work has

presented new methods for scatter reduction between MV and kV sources, which could also

be considered [143]. Though we did not account for electronic noise in our detector model,

new photon-counting detectors are able to threshold out this noise. This could also be

an avenue for future work. For image reconstruction, we implemented a standard filtered

back-projection algorithm [7]. More modern iterative and deep learning methods could be
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implemented, which may include more advanced noise reduction. Such algorithms likely

especially benefit MV CT, since MV images tend to be noisier than kV images when dose-

matched.

One potential extension of this work would be a more realistic differentiation of the two

source-detector arrays. While traditional CT is acquired with a full field-of-view, some work

has considered MV images that are truncated by multi-leaf collimators (MLCs) [105]. Future

work could simulate or acquire MLC leakage images, especially with a simulated dose plan

that opens the MLCs around the tumor. These images would use a higher incident flux, and

attenuation through the MLCs would be calculated. Such images may suffer from a limited

field-of-view and ring artifacts, for which corrections should be explored. On a linac, imaging

systems likely utilize cone-beam CT geometry, which can further suffer from greater scatter

and smaller field-of-view relative to fan-beam CT [144]. However, it is important to assess

these practical constraints in relation to the standard single-energy CT images. Different

detector materials and geometries should be considered for the MV and kV systems. In this

work, we assumed the same detector was used for all acquisitions, with a fan shape and a fixed

number of channels. This matched detector acquisition allows for material decomposition

in the sinogram domain, which has the advantage of alleviating beam hardening artifacts.

In current clinical settings, the kV source would likely have a larger fan angle and more

detector channels. These different geometries will produce sinograms with different angular

extents and other properties, likely resulting in different reconstructed image qualities and

necessitating implementation of an image-domain material decomposition algorithm. This

may affect the resulting image quality. Even so, the results of this initial investigation provide

sufficient motivation for future studies with more faithful geometric modeling.
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3.6 Conclusion

This work presents an analysis of MV-kV DE-CT imaging. We estimate that basis material

SNR is maximized with 90% dose allocated to the MV spectrum. For bone thicknesses greater

than 8 cm, SNR is maximized using MV-kV DE-CT. In a simulated CT scan of the pelvis

with a stainless steel hip prosthesis, MV-kV VMIs can produce higher CNR and lower RMSE

than diagnostic kV-kV VMIs, indicating potential utility of this technique for metal artifact

correction. With pelvis alone or a less attenuating titanium prosthesis, MV-kV DE-CT can

generate low-energy VMIs with higher native contrast, but dose-matched single-energy CT

yields a better CNR due to lower noise. For MV-kV to outperform single-energy CT in

these cases, multi-channel denoising methods, multi-view dose allocation optimization, and

improved megavoltage detectors might be explored. These results demonstrate the potential

utility of MV-kV DE-CT, more robustly quantify the parameters for optimal implementation,

and motivate future experimental investigation into clinical applications.

3.7 Appendix: Simulated CT images

For qualitative analysis, Fig. 3.13–3.18 show a sampling of simulated SE-CT images, BMIs,

and VMIs used for our analysis, providing complementary visual information for the mea-

surements in Fig. 3.9 and 3.12. Figures 3.13 and 3.14 show the kV-kV and MV-kV DE-CT

acquisitions of the pelvis without metal; Fig. 3.15 and 3.16 show the images with titanium

hip replacement; and Fig. 3.17 and 3.18 show the images with stainless steel hip replace-

ment. Figure 3.19 shows the dose-matched, beam-hardening corrected SE-CT images used

for comparison.

Qualitatively, in each constituent kV SE-CT image, there is noticeable beam hardening

in the pelvis and severe streaking artifacts with either titanium or stainless steel metal hip

replacement. These effects are more severe for the more highly attenuating metal, stainless
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steel. The detunedMV SE-CT images display less beam hardening, and although the metal

hip replacements increase noise, they do not cause as severe streaking.

In the dose-matched, artifact-corrected SE-CT images used for comparison with DE-CT

VMIs (Fig. 3.19), there is a considerable reduction in noise and beam hardening. In images

of the pelvis alone, the artifact is almost entirely corrected. With a titanium implant, there

is noticeable improvement but some residual streaking that affects noise texture. With steel,

although the cupping artifact is mostly corrected, the streaking artifacts are too severe to

be eliminated.

Similarly, with either metal, after basis material decomposition, the kV-kV and MV-kV

BMIs both show considerable streaking. In the MV-kV case, this is likely due to artifact

contamination from the 80kV SE-CT image. This contamination improves after synthesis

into virtual monoenergetic images. Without metal, both the MV-kV and kV-kV VMIs have

visibly good contrast and no beam hardening. With titanium, the 300 keV VMIs for both

MV-kV and kV-kV acquisitions improve upon the SE-CT images; kV-kV has less noise but

a moderate streaking artifact, while MV-kV is slightly noisier but devoid of streaking. With

the more attenuating stainless steel, the 300 keV MV-kV VMI has greatly reduced metal

artifact contamination compared to the kV-kV VMIs.
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Figure 3.13: Single-energy CT images (a-b), basis material images (c-d), and VMIs (e-f) for
the 140kV-80kV DE-CT acquisition of the pelvis with no hip replacement. The VMIs correct
the beam hardening visible in the single-energy CT images.
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Figure 3.14: Single-energy images (a-b), basis material images (c-d), and VMIs (e-f) for the
detunedMV-80kV DE-CT acquisition of the pelvis with no hip replacement. VMI synthesis
corrects for the beam hardening in the 80kV single-energy image but results in increased
noise from the detunedMV single-energy image.
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Figure 3.15: Single-energy images (a-b), basis material images (c-d), and VMIs (e-f) for the
140kV-80kV DE-CT acquisition with titanium hip replacement. In the VMIs, the beam hard-
ening artifact of the single-energy images has been corrected, but there is residual streaking.
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Figure 3.16: Single-energy images (a-b), basis material images (c-d), and VMIs (e-f) for
the detunedMV-80kV DE-CT acquisition with titanium hip replacement. The 300 keV VMI
does not display streaking or beam hardening artifacts, but it shows a similar noise profile
as the detunedMV single-energy image.
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Figure 3.17: Single-energy images (a-b), basis material images (c-d), and VMIs (e-f) for
the 140kV-80kV DE-CT acquisition with stainless steel hip replacement. Both single-energy
images and VMIs suffer from severe streaking artifacts.
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Figure 3.18: Single-energy images (a-b), basis material images (c-d), and VMIs (e-f) for the
detunedMV-80kV DE-CT acquisition with stainless steel hip replacement. The 300 keV VMI
highly alleviates the streaking artifact.

68



Figure 3.19: The dose-matched, beam-hardening corrected SE-CT images for each phantom
(column) and kV spectrum (row). Images are shown with a window width of 500 HU and
level of 50 HU.
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CHAPTER 4

MV-KV DUAL-ENERGY CT WITH A PHOTON-COUNTING

DETECTOR

4.1 Introduction

In the previous chapter, we demonstrated the ability of MV-kV DE-CT to generate images

with higher native contrast than can be achieved with dose-matched single-kV images of

the pelvis [102]. The technique also shows promise for metal artifact correction due to the

high penetrability of megavoltage-energy photons. However, the limitations of MV imaging

can curb the benefits of MV-kV DE-CT in common imaging scenarios. Though fewer MV

X-rays are attenuated by the body relative to kV X-rays, they deposit much greater dose

per stopped photon. To deliver the same dose as a kV spectrum, a MV spectrum’s flux

must be considerably reduced, resulting in much noisier images. Furthermore, MV detective

efficiency is generally much lower than kV efficiency when using currently available X-ray

detectors [116, 117, 134]. When implementing MV-kV DE-CT imaging, the greater noise of

the MV data can contaminate the kV data and result in VMIs with an overall lower CNR.

Clinical translation of MV-kV DE-CT will likely require a technique that reduces the noise

of MV images.

In this chapter, we explore photon-counting detectors (PCDs) as a potential solution to

this challenge for MV-kV DE-CT. The advancing implementation of PCDs in diagnostic ra-

diology makes this topic of particular interest for MV imaging, which faces unique challenges

relative to conventional kV imaging. Yet, there has been limited investigation of PCDs be-

yond the diagnostic CT imaging energy range, with tube potentials generally less than 150

kV. Using CT simulations and the optimization framework described in the previous chapter,

we compare the performance of MV-kV DE-CT with non-spectral PCDs versus conventional
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energy-integrating detectors (EIDs) and assess the degree of potential improvement.1

4.2 Background

Though image noise might always be decreased by increasing incident flux, this results in a

higher imaging dose, which is especially undesirable in radiotherapy imaging settings. Unlike

in diagnostic imaging, radiation therapy patients must be imaged repeatedly in a relatively

short period of time to track their body morphology and tumor progression for precise and

accurate treatment planning. The total dose of this required imaging can sum to the scale of

a treatment fraction, motivating the search for accessible, high-contrast, low-dose imaging for

radiotherapy [133]. Ideally, dose in the context of radiotherapy imaging would be equivalent

to or lower than that in diagnostic settings to account for the patient’s repeat imaging. A

recent literature review reported a diagnostic reference dose level range of 10 to 15 mGy for

chest-abdominopelvic CT tumor imaging [146]. Historically, MV CT for radiotherapy has

been limited by the much higher dose it requires for sufficient image quality [147].

An appealing avenue for improved MV image quality might be found on the detector side

[148]. Conventional MV imaging utilizes EIDs, with recent advances predominantly focused

on improving detective efficiency. Most MV imaging uses flat-panel electronic portal imaging

devices (EPIDs) with efficiencies as low as 1–2% [134]. MV CT with these detectors requires

a dose on the order of 300 mGy for sufficient image quality [149]. Novel EPIDs are being

developed with improved efficiency in the range of 5–20% through a variety of strategies,

such as layering of multiple scintillators or development of new scintillating materials [133–

135, 138]. With these emerging detectors, doses of 40 mGy can yield acceptable soft-tissue

contrast [150]. Modern tomotherapy systems are also capable of relatively high-efficiency

MV CT imaging, with a fan-beam xenon gas detector that stops approximately 20% of MV

1. This chapter is based on work published by SPIE in [145] under a Creative Commons Attribution 4.0
International License. [DOI: 10.1117/1.JMI.11.S1.S12811]
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photons [116–119]. These systems can achieve acceptable soft-tissue contrast with doses as

low as 10 mGy [151].

However, EIDs have certain downsides aside from detective efficiency. The uniting char-

acteristic of EIDs is that they weight detected photons by their incident energy and sum

them into the final signal. This results in low-energy photons, which have greater soft-tissue

contrast than high-energy photons, contributing less information to the final image. Though

this reduces both kV and MV image contrast, it is especially unfortunate for MV imaging, in

which the highest energy photons are weighted a full two orders of magnitude more than the

most useful low-energy photons. A second downside of EIDs is that they suffer from elec-

tronic noise, which is independent of the unavoidable quantum noise associated with photon

counting statistics. Since the flux of an MV treatment beam must be greatly decreased to

deliver an acceptably low imaging dose to the patient, detected photon counts are generally

much lower, and electronic noise can become a more significant component of the final im-

age. These two effects result in both lower contrast and higher noise, doubly detrimental to

contrast-to-noise ratio.

As an emerging alternative, PCDs intrinsically avoid the energy weighting issue of EIDs

and can threshold out the electronic noise background [48]. While PCDs also face downsides

that can degrade spatial and energy resolution, including K-escape, charge sharing, and

pulse pile-up, correction techniques are being developed to account for these factors and

even apply them advantageously; for example, charge sharing measurements have been used

to achieve sub-micron resolution in a PCD for CT imaging [62, 79, 81]. Further, PCDs have

recently debuted in diagnostic CT scanners and show great potential for improving image

quality relative to conventional EIDs [51].

A key promise of PCDs is that, if desired, one can extract spectral information by defin-

ing multiple pulse-height thresholds. These “spectral PCDs" enable multi-energy imaging

without the historical need for repeat acquisitions, dual source-detector arrays, multi-layer
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detectors, fast-kVp switching sources, or other specialized equipment [152]. With a spectral

PCD, multi-energy imaging could be implemented on a radiation therapy treatment system

using a single MV spectrum. However, the imposition of spectral thresholds significantly re-

duces the photon counts per energy bin, exacerbating the key challenge of MV CT—the high

noise due to low flux at acceptable dose levels. We address the case of single-MV imaging

with a spectral PCD in an appendix (Section 4.7)

The benefits of PCDs might still be realized in the context of radiation therapy imaging by

MV-kV DE-CT with “non-spectral PCDs.” These detectors essentially operate as a spectral

PCD with one very low energy threshold to remove electronic noise. Even without any energy

resolution, non-spectral PCDs have great potential for improving MV imaging by alleviating

the high-energy photon up-weighting issue and reducing low-dose image noise—two key

issues of EIDs. To gain multi-energy information with non-spectral PCDs, one requires a

traditional dual-source setup, as in MV-kV DE-CT on a radiation therapy treatment system.

From a practical standpoint, the potential implementation of MV-kV DE-CT with non-

spectral PCDs depends on the availability of a PCD with sufficient MV counting efficiency.

The PCDs implemented in clinical and preclinical CT systems are typically made of cadmium

telluride (CdTe), cadmium zinc telluride (CZT), or silicon (Si) semiconductors [49]. CdTe

and CZT have a higher atomic number and therefore can be made relatively thin (mm-

scale) for diagnostic imaging. These detectors are likely too thin for MV imaging. Using

an estimate based on linear attenuation coefficient, a 3-mm CdTe slab will stop only 10%

of 3-MeV photons. This is better than most commercial EPIDs but only half the reported

20% efficiency needed for sufficiently low-dose MV imaging [133]. Si PCDs are a more

affordable option due to the broader availability of silicon wafers, but for sufficient detective

efficiency, they require centimeter-scale thickness due to their lower atomic number [153].

For this reason, Si detectors have been developed using an “edge-on” approach. Perhaps

surprisingly, this could be more advantageous for MV imaging: a 3-cm Si slab is expected
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to attenuate 20% of 3-MeV photons, which is comparable to the high-efficiency MV EID we

modeled. Unfortunately, MV photons will produce larger charge clouds and thus are likely to

suffer from more charge sharing. This would be especially prominent in Si detectors, where

there is a greater proportion of Compton events contributing to overall photon attenuation

[153]. Though these PCDs may offer sufficient MV efficiency, they may suffer losses in

spatial resolution. In an emerging application, some work has explored novel edge-on CZT

detectors for positron emission tomography (PET) imaging [154–156]. These detectors are

especially promising for MV imaging, as a 3-cm CdTe slab can stop 50% of 3-MeV photons.

The drawback of edge-on CZT detectors relative to Si is likely manufacturing cost. These

available and emerging diagnostic CT PCDs show promise for MV imaging and indicate the

feasibility of MV-kV DE-CT using PCDs in place of the traditional EIDs.

4.3 Methods

We implemented three approaches for comparing MV-kV image quality achieved with non-

spectral photon-counting and energy-integrating detector models for MV imaging on ad-

vanced radiotherapy treatment systems. Spectral PCDs are discussed separately in the

appendix (Section 4.7).

The single-line integral toy model was used to assess a theoretical limit on achievable

image quality and to optimize dose allocation between the MV and kV spectra (Section

4.3.2). Simulated MV-kV DE-CT images of an image quality phantom were used to assess

material decomposition accuracy with the two detector models (Section 4.3.3). MV-kV DE-

CT images of an anthropomorphic phantom were also simulated for qualitative noise analysis

(Section 4.3.3). The two phantoms used for the CT simulations are shown in Fig. 4.1. We

first describe the materials and parameters common to these approaches (Section 4.3.1).
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Figure 4.1: The two phantoms used for the CT simulations. (a) An image quality phantom
of tissue with seven bone inserts of varying densities. (b) A section of the XCAT phantom.
Pixel values are in HU evaluated at 80 keV and shown at a window level of 0 and width of
1000. Each image field-of-view is 50 cm.

4.3.1 Materials

The modeled MV-kV dual-energy system utilized a detuned MV X-ray spectrum and 80-

kVp spectrum typical for diagnostic imaging. This MV source is based on a typical 6 MV

radiotherapy treatment beam with its spectrum softened such that the average photon energy

is below 3 MeV and the maximum flux is at approximately 1 MeV [120, 121]. The detuned

beam is achievable on existing treatment systems and more favorable for MV imaging by

mitigating some drawbacks of high-energy X-rays, but it would not be used for radiotherapy

treatment.

Both EID and PCD models used the same energy-dependent detective efficiency function

η(E). This allowed us to isolate the effect of the different photon weighting schemes of the two

detector models, which is of particular interest in the high-energy case of MV imaging. The

detective efficiency function was modeled based on existing xenon gas EIDs with relatively

high detective quantum efficiency in the MV energy range. The function is near unity in the

keV energy range and decreases to 20% at energies up to 6 MeV [102]. Such detectors are
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implemented in existing tomotherapy systems (Accuray Inc., Sunnyvale, CA) for fan-beam

MV imaging [118, 119]. For our theoretical comparison, we applied this same efficiency

function to the PCD model, though such detectors do not exist in reality. Other high-

efficiency MV detector options are also emerging, for example utilizing stacks of electronic

portal imaging devices (EPIDs) as EIDs or edge-on PCDs [133, 153–156].

The raytracing CT simulation utilized a 55-cm source-to-isocenter distance and 100-cm

source-to-detector distance. The fan-beam detector had 800 channels and a total fan angle

of 50 deg. For all simulations, the two input spectra magnitudes were rescaled such that they

would deliver a total dose of 10 mGy to the center of a 40-cm water cylinder [102]. A total of

1200 projection views were acquired over a 360◦ rotation. For each dual-energy acquisition,

sinogram-domain material decomposition into tissue and bone basis materials was performed

using a Gauss–Newton algorithm [128]. Images were reconstructed using fan-beam filtered

back-projection with a matrix size of 512, field-of-view of 50 cm, and ramp filter with cutoff

frequency at 80% of the Nyquist limit. VMIs were generated at a continuum of energies

(E0 = 20–120 keV) as a linear combination of the basis material images using Eq. 3.6.

The MV-kV DE-CT simulation workflow is summarized as a flowchart in Fig. 4.2, which

includes example images demonstrating how VMIs can alleviate single-energy image artifacts.

4.3.2 Single-line integral

In the previous chapter, we described an estimation theory approach for computing the

Cramèr–Rao lower bound (CRLB) on variance in the context of basis material decomposition

along a single ray through two materials in the context of EIDs only and no electronic noise

[100, 102]. This allowed us to compare MV-kV DE imaging with traditional diagnostic (kV-

kV) DE imaging. In this chapter, we build upon this approach to compare two types of

detectors.

The detector response function is distinct for integrating measurements [D(E) = E] and
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Figure 4.2: Flowchart summarizing the MV-kV simulation procedure. Single-energy MV
and kV sinograms are simulated independently and then recombined for DE-CT (top row):
sinogram-domain material decomposition is performed, then material images are recon-
structed, and VMIs are generated using Eq. 3.6. Alternatively, the single-energy sinograms
can be directly reconstructed (bottom row): the single-kV image (left) suffers from severe
beam hardening, while the single-MV image (right) has poor contrast and high noise.

counting measurements [D(E) = 1], resulting in different noise distributions and thus differ-

ent functional forms of the CRLB for each detector. The PCD follows a standard Poisson

distribution, while the EID follows an energy-weighted compound Poisson distribution, ap-

proximated as a Gaussian yielding the Fisher matrix elements of Eq. 3.5. Using the same

notation, the Fisher matrix elements for the Poissonian PCD measurements are

Fpq =
∑
i=1,2

1

mi

∂mi

∂Ap

∂mi

∂Aq
, (4.1)

where to reiterate, mi are the intensity measurements and Aj are the mass thicknesses of

the basis materials Aj ≡ ρjtj .

Furthermore, one major advantage of PCDs is their potential to eliminate electronic noise

by applying some minimum pulse-height threshold greater than the noisy background. We

assess the utility of this strategy by extending the EID CRLB model to include electronic
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noise by adding a factor of σe × Ei to the EID noise model, where σe is the standard

deviation in counts due to the electronic noise and Ei is the intensity-weighted average

energy of spectrum Ii. We chose σe = 10 photons. In contrast, the PCD model used σe = 0,

simulating a low pulse-height threshold that eliminates background noise but does not yield

other multi-energy information.

Interpreting the true mass thickness as the ideal signal, we defined SNRj as the ratio of

Aj to the square root of its CRLB σAj
(Eq. 3.3) as a figure of merit. We computed SNRj

for a range of tissue thicknesses (t1 = 10–50 cm, ρ1 = 1.06 g/cm3) and bone thicknesses (t2

= 0.1–10 cm, ρ2 = 1.85 g/cm3). We also considered the effect of dose allocation between

the MV and kV spectra. The magnitude of each spectrum was initially scaled such that the

total dose delivered by a single polychromatic ray to the center of a 40-cm water cylinder

would be 1 µGy [102]. For a CT scan with 1000 views, this corresponds to a 1-mGy dose. To

ensure the total dose remained fixed for each acquisition, the magnitude of the MV spectrum

was rescaled by a factor r (ranging from 0.01 to 0.99), and the kV spectrum was rescaled by

the remaining 1− r. We compared the dose-optimized SNRs achieved with either an EID or

non-spectral PCD model, the dose allocation factor r needed to achieve this optimal SNR,

and the effect of basis material thickness.

The resulting SNRs are scalable to other dose levels. For the PCD case, which has a

pure Poisson counting noise model, noise is proportional to the inverse square root of flux,

so SNR increases with the square root of dose per ray [µGy] at any dose allocation factor.

Though this square root rule-of-thumb is not exact for the EID case due to photon energy

weighting and electronic noise, these nonidealities are mainly relevant at very low doses, so

the rule is still widely applied [157–161].
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4.3.3 CT simulations

As an extension of the single-line integral model, we simulated MV-kV DE-CT acquisitions

of two phantoms. To assess basis material decomposition with the two detector schemes,

we created a computational image quality (IQ) phantom comprising a 40-cm tissue cylinder

with seven 3-cm bone inserts with densities varying from 1.0 to 2.2 g/cm3. Twenty MV-kV

DE-CT acquisitions were simulated using both EIDs and non-spectral PCDs as described

above, providing several noisy realizations for statistical analysis. In the bone basis material

image, the mean pixel value in each insert was measured and compared to the known ground

truth. Contrast-to-noise ratio (CNR) was measured for each bone insert (Eq. 3.7), using

ground-truth masks to define ROIs in the region of the bone insert at the density of interest

and the uniform tissue background.

For qualitative analysis of image noise profiles using either detector scheme, we simu-

lated MV-kV DE-CT acquisitions of an extended cardiac torso (XCAT) phantom [123]. We

generated twenty noisy CT images using both detector models and synthesized the basis

material images into VMIs using Eq. 3.6. Noise profile images were generated by taking the

pixel-by-pixel standard deviation over the multiple noisy realizations.

For both phantoms, the total DE-CT dose was fixed at 10 mGy. The dose allocation

between the MV and kV spectra were approximately optimized using the results of the

single-line integral. An initial 180◦ noiseless simulation with just one central detector chan-

nel was conducted to yield basis material thickness line profiles through the phantom, and

a single dose allocation factor r was chosen depending on the varying the material thick-

ness pairs over the several projection view angles. The thickness line profiles for the two

phantoms are shown in Figs. 4.3 and 4.4. Though this method assumed a priori knowledge

of the phantom composition, it was highly approximate. Similar if not better methods can

likely be implemented in clinical scenarios using anterior-posterior and lateral scout scans,

as is commonly used for tube current modulation. Based on these thickness profiles, we
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Figure 4.3: Basis material thickness line profiles through the IQ phantom used for approxi-
mate dose allocation optimization. Tissue thickness ranged between 37 and 40 cm, and bone
thickness ranged from 1.5- to 3.5-cm equivalent for the seven different density inserts.

utilized 85% and 90% dose allocated to the MV spectrum for the IQ and XCAT simulations,

respectively.

4.4 Results

4.4.1 Single-line integral

Figure 4.5 shows the dose allocation factor ropt that optimizes basis material SNR using

40-cm tissue and a variety of bone thicknesses. Relative to the EID SNR, the PCD SNR is

optimized with a slightly lower dose allocated to the MV spectrum, though the difference

decreases as bone thickness increases. The optimal dose allocation is distinct for bone and

tissue, with bone generally having a slightly lower ropt than tissue. The largest changes

in ropt occur with respect to bone thickness: small bone thicknesses (<1 cm) are best with

near 90% dose allocated to the MV spectrum, whereas higher bone thicknesses are optimized

with a more equal 50% dose to the MV spectrum. Based on this, we infer the optimal

dose allocation for a given image acquisition depends primarily on object composition, with
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Figure 4.4: Basis material thickness line profiles through the XCAT phantom used for ap-
proximate dose allocation optimization. Tissue thickness ranged between 18 and 32 cm, and
bone thickness varied up to 5 cm.

additional but less pronounced dependence on the material of interest (tissue or bone) and

detector (EID or PCD).

Figures 4.6 and 4.7 show heatmaps of dose-optimized basis material SNR at all bone and

tissue thickness pairs assessed. Across all material compositions, PCDs produce between 15

and 45% improvement in SNR. The greatest percent improvements are seen for very thin

objects, which also have the lowest overall SNRs due to their lower attenuation. The optimal

dose factors that generated the maximum SNRs shown in these heatmaps were used to inform

the approximate dose allocation optimization of the CT scans. For example, Fig. 4.5 shows

ropt as a function of bone thickness for 40-cm tissue. For each phantom, characteristic

average tissue thickness and non-zero bone thickness were approximated from the the angle-

dependent thickness profiles (Figs. 4.3 and 4.4). Average non-zero bone thickness was

generally low (≈ 2 cm), where the ropt(tbone) curve is slowly varying (Fig. 4.5) and only

2–3% different for EIDs and PCDs. From this we selected the constant values of ropt = 0.85

and 0.90 for the IQ phantom and XCAT phantom, respectively.
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Figure 4.5: The dose allocation to the MV spectrum maximizing basis material SNR for (a)
tissue and (b) bone as a function of bone thickness with fixed tissue thickness of 40 cm.

Figure 4.6: Dose-optimized tissue SNR using (a) photon-counting and (b) energy-integrating
detector models for a variety of basis material thicknesses. Panel (c) shows the percent
difference.
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Figure 4.7: Dose-optimized bone SNR using (a) photon-counting and (b) energy-integrating
detector models for a variety of basis material thicknesses. Panel (c) shows the percent
difference.

4.4.2 CT simulations

To assess basis material decomposition accuracy for the two detector schemes, Fig. 4.8 shows

bone basis material measurements in the seven IQ phantom inserts. The measurements are

similar using either PCD or EID at all densities, and both detector schemes result in a slight

underestimation of true bone density. However, the basis material images of PCDs and EIDs

produce distinct noise levels in VMIs, as illustrated in Fig. 4.9, which shows CNR in three

bone density inserts at a continuum of monoenergies. PCDs consistently yield higher VMI

CNR than EIDs at all monoenergies, with peak CNR generally occurring at a slightly lower

monoenergy. The improvement in CNR with PCDs is especially pronounced at lower (<50

keV) VMI energies.

Figures 4.10–4.12 show VMIs and their corresponding noise profiles using either the PCD

or EID model. Broadly, EIDs result in noisier images. In the lower energy VMIs (50 keV),

the noise profile is concentrated around bony regions and in streaks between bones. While

this is apparent for both detector models, it is more pronounced with EIDs. This results

in a less isotropic noise texture in the EID images. As VMI energy increases to 60 and 70

keV (Figs. 4.11–4.12), the noise texture shifts to be more isotropic across the tissue regions

of the phantom. While the EID images still have greater noise magnitude than the PCD
83



Figure 4.8: Measured versus true bone density in the seven inserts of the image quality
phantom. Error bars represent k = 1 standard deviation over all noisy simulations.

images, the two noise textures appear to be more similar.

4.5 Discussion

MV-kV DE-CT imaging is a proposed modality that could be implemented on existing

radiotherapy treatment systems, possibly bringing the advantages of multi-energy imaging

to routine radiotherapy imaging over the course of a patient’s cancer treatment. In this

work, we explored the implications of exchanging the EIDs in a previously studied MV-kV

DE-CT system with non-spectral PCDs of identical counting efficiency [102]. This allowed

us to assess the effect of the energy-weighting detection scheme and electronic noise. We

expected the energy-weighting effect of EIDs is particularly detrimental for MV imaging

due to the multiple order-of-magnitude increase in weighting for photons carrying the least

contrast information. A 3 MeV photon would be weighted 100× greater than a 30 keV

photon. Furthermore, since the MV spectrum flux must be greatly reduced relative to the

kV spectrum to reach acceptable dose levels, we expected the effect of a constant electronic

noise background may be more pronounced. Our findings corroborate these expectations.
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Figure 4.9: CNR measured in three bone inserts with density (a) 1.4 g/cm3, (b) 1.8 g/cm3,
or (c) 2.2 g/cm3 as a function of VMI energy. The error bars represent k = 2 standard
deviations over all noisy simulations.

Figure 4.10: (a)–(b) 50-keV VMIs and (c)–(d) their noise profiles simulated with either PCD
(left) or EID (right) schemes. Pixel units are HU. The noise profile is concentrated around
the bone regions.
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Figure 4.11: (a)–(b) 60-keV VMIs and (c)–(d) their noise profiles simulated with either PCD
(left) or EID (right) schemes. Pixel units are HU. The noise profile is distributed around the
bones and lateral edges of the phantom.

Figure 4.12: (a)–(b) 70-keV VMIs and (c)–(d) their noise profiles simulated with either PCD
(left) or EID (right) schemes. Pixel units are HU. The noise profile has a more uniform
texture across tissue regions.
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In the single-line integral model, for each basis material, dose-optimized SNR initially

increases with thickness as the true mass thickness ρ× t (numerator) increases. Each SNR

eventually peaks due to increases in the CRLB (denominator), likely due to reduction in

detected photon counts as they are attenuated by the object. This general relationship

is true for the two detector models. Comparing PCD SNRs to EID SNRs, we observe a

saddle surface shape in the percent improvement heatmap for all material thickness pairs

(panel (c) of Fig. 4.6–4.7). The greatest improvement (approx. 45%) in SNR was seen

at low thicknesses, where the signal is the weakest but the electronic noise background is

less significant relative to the large number of detected photons. PCDs yield a smaller

but still observable (approx. 15%) improvement at more moderate thickness pairs. At very

high thicknesses, the percent improvement increases to near 30%, likely due to the high

attenuation of the incident beams resulting in a more dominant electronic noise component

in the EID signal.

The dose optimization factor ropt was slightly different depending on the detector model,

and 0–5% less of the total dose should be allocated to the MV spectrum when using a PCD.

Tables of ropt values for all material thickness pairs were used to choose the dose allocations

of 0.85 and 0.90 for the IQ phantom and XCAT phantom CT simulations, respectively.

More specifically, ropt varies depending on the specific thickness pair of each view angle as

in Figs. 4.3 and 4.4. In a separate experiment, we simulated CT scans with ropt modulated

as a function of view angle according to the thickness profiles for each phantom and detector

type. We found that CNR did not significantly improve relative to the CNRs for the constant

values of 0.85 and 0.90, indicating that these constant ropt choices are sufficient for this

study. The scope of this paper focuses on fairly comparing EID and PCD performance, not

necessarily optimizing performance as a function of dose allocation. This subject might be

further investigated in future work. Since such “ropt modulation” would require additional

software for MV-kV DE-CT on existing radiotherapy machines, and it did not largely affect
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the results,

In the MV-kV DE-CT simulations, the Gauss–Newton material decomposition method

implemented had similar accuracy for either EID or PCD detector model [128]. By combining

the two basis material images into a VMI, greater CNR can be achieved at a range of

monoenergies. As expected, CNR increases with bone density due to the greater attenuation

of the signal relative to the background, and the monoenergy maximizing CNR increases

with bone density due to beam hardening. For each individual bone density, PCD CNR was

greater than EID CNR at all VMI energies examined (20–120 keV). The peak PCD CNR

occured at a slightly lower monoenergy than the peak EID CNR. This might be attributed to

the improvement in PCD basis material image noise. In principle, the two material images’

noise is correlated such that when they are recombined using Eq. 3.6, the resulting VMI will

have less noise. This depends on the energy. Since the mass attenuation coefficients in the

VMI calculation decrease as energy increases, low-energy VMIs can amplify the noise in the

material images. This effect is not as severe for the less noisy PCD images, so the peak CNR

is at a lower monoenergy with higher native contrast. The greatest CNR improvements were

observed at low monoenergies (<50 keV), while only slight improvement was seen after peak

PCD CNR. For a more clinically relevant assessment, we also simulated MV-kV VMIs of an

anthropomorphic phantom. Qualitatively, for both detectors, lower monoenergies produced

higher soft-tissue contrast but greater noise, especially around regions with bone and along

the lateral patient axis (Fig. 4.10). The noise texture and magnitude is more prominent in

the EID images. For both detector models, soft-tissue contrast decreased and noise texture

became more uniform at higher monoenergies, but the noise magnitude was still higher using

the EID (Fig. 4.11–4.12). The greatest improvements in image quality with the PCD appear

to be due to improvements in noise magnitude and texture, while contrast is subjectively

more similar.

The results of this computational assessment of non-spectral PCDs for MV-kV DE-CT
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motivate future experimental work. The CT simulation study provides an initial estimate

of the noise reduction benefits achievable with PCDs. An experimental study would more

realistically include other factors such as photon scatter, spatial resolution, and available

PCDs. These results could be compared to simulated findings for a better understanding

of the clinical translatability of our results. Simulations and estimation theory calculations

allow us to conveniently explore a range of parameters relevant for radiotherapy imaging

scenarios, complementing these experimental investigations. These computational methods

could also be used to optimize image acquisition parameters to ensure fair comparison of

different detector models.

4.6 Conclusion

PCDs show promise for improving MV-kV dual-energy CT imaging by improving MV im-

age noise characteristics. In terms of single-line integral basis material SNR, we found that

non-spectral PCDs yielded 15–45% improvement over EIDs. In CT simulations, material

decomposition accuracy was similar for both detectors, while non-spectral PCDs resulted in

higher CNR and more uniform noise texture in VMIs. Relative to existing high-efficiency

MV EIDs, similar or better MV detective efficiency might be achieved by emerging diagnos-

tic PCDs if utilizing an edge-on setup. This computational study motivates experimental

assessment of PCDs for MV imaging and potential clinical translation of PCDs for MV-kV

DE-CT imaging on radiotherapy systems.

4.7 Appendix: Spectral detectors with a single-MV spectrum

An additional area of interest is spectral imaging with a single MV X-ray source. While the

main text focuses on non-spectral detectors, PCDs can also possess the spectral capability

to resolve the energy of incident photons by using a detection scheme with more than one
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pulse-height threshold, enabling the possibility of material decomposition without need for

multiple polychromatic spectra. This subject has traditionally been explored in the context of

diagnostic kV spectra. If feasible with MV spectra, the technique might be a great advantage

for radiotherapy imaging on systems lacking a kV source entirely. Radiotherapy systems

must have some on-board imaging device for patient positioning verification at the time of

treatment. Since MV localizers can be sufficient for this purpose and there are practical

costs associated with an additional kV X-ray source, not all systems are equipped with dual

MV-kV sources [108]. Generally, kV images are more desirable for their higher contrast and

lower noise relative to MV images acquired with the same dose. Energy-discriminating PCDs

could, in theory, be used with a MV beam for on-board, single-shot spectral imaging and

subsequent reconstruction of higher contrast images without need for a kV X-ray source.

This might offer advantages over single-MV imaging. Though the imposition of spec-

tral thresholds would reduce the photon counts of each detected energy bin, this might be

alleviated relative to a single-MV acquisition by recombining spectral data in VMIs. Like

single-MV imaging, the utility of spectral MV imaging will likely depend on having suffi-

ciently high detective efficiency. It might also benefit from more extensive treatment beam

detuning, so that flux could be increased without higher dose and that more low-energy

information would be available to complement high-energy information for material decom-

position. However, in comparison to MV-kV DE imaging, dose-matched spectral MV imaging

will always have a much lower total flux due to the greater dose deposition per attenuated

MV photon. As concluded in the main text, MV-kV DE imaging is optimized with most

incident flux allocated to the MV beam, depending on object composition. Energy bins

in spectral MV imaging could not be dose-optimized due to the fixed shape of the X-ray

spectrum. For these reasons, in most scenarios, we do not expect spectral MV imaging to

outperform MV-kV DE imaging. In this section, we quantitatively investigate MV imaging

with a spectral PCD.
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We modeled a spectral PCD with one, idealized energy threshold to sort detected pho-

tons into two energy bins. We applied the single-line integral model to probe achievable

basis-material SNR as a function of this threshold. The same detective efficiency model as

described in Section 4.3.1 was implemented. The object was modeled as 37-cm of tissue and

3-cm of bone, as in the IQ phantom used for the dual-energy simulations. We considered

either a megavoltage spectrum (detunedMV) or a standard diagnostic kilovoltage spectrum

(120kV) applied independently in combination with the spectral PCD. Figure 4.13 shows the

shape and magnitude of the spectra, which were scaled to deliver the same 1-µGy dose to

the center of a 40-cm water cylinder. As kV photons generally deposit less dose than a MV

photon, the magnitude of counts in the kV spectrum is much higher than it is in the MV

spectrum.

Figure 4.14 shows the estimated basis material SNR as a function of spectral threshold

for the kV and MV acquisitions. The location of the peak of each curve indicates the

optimal spectral threshold for imaging this material pair. The peak SNRs achieved with

the kV spectrum are far higher than those achieved with the MV spectrum, which reaches a

maximum SNR of approximately 1.2 for tissue. For both basis materials, the 120kV SNR is

maximized with an ideal spectral threshold of 70 keV. The maximum SNRs are 153 for bone

and 31 for tissue, which are greater than the non-spectral, dose-optimized MV-kV SNRs

shown in Fig. 4.6 and 4.7 (67 and 14, respectively). This likely owes to the large difference

in total counts between the kV and MV spectra, the order-of-magnitude difference in the

modeled detective efficiency function at kV and MV energy ranges, and lower native contrast

at higher X-ray energies. The difference may also be attributed to the material thicknesses

that were assessed (37 cm of tissue and 3 cm of bone). At greater object thicknesses,

spectral MV or non-spectral MV-kV systems have greater potential to outperform single-

kV systems [102]. Furthermore, this initial simple experiment utilized a highly idealized

spectral response, granting a large advantage to the kV spectral PCD relative to the MV-
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Figure 4.13: The (a) kilovoltage and (b) megavoltage X-ray spectra with photon counts per
1-keV energy bin scaled to deliver approximately 1-µGy dose to the center of a 40-cm water
cylinder.

kV non-spectral PCD single-line SNRs. In generating the spectral signals, we assumed the

electrical signal corresponding to each stopped photon is perfectly proportional to its energy.

In reality, the amplitude recorded by the detector is distorted by K-fluorescence, Compton

scatter, and charge sharing [49]. These non-idealities are material-specific, with CdTe- and

CZT-based PCDs more affected by K-fluorescence and Si-based PCDs measuring more low-

energy Compton interactions. A more realistic spectral response might be modeled by a

Gaussian photopeak centered at the incident photon energy with a low-energy tail [82, 162].

The primary outcome of this experiment is motivation for our focus on MV-kV dual-

energy imaging with a non-spectral PCD rather than MV-only imaging with a spectral

detector. In future work, it may be of interest to explore a dual-energy MV-kV system

that uses a spectral PCD, which could utilize a more advanced basis material decomposition

approach to benefit from more than two measurements. Work focusing on this subject should

take care to implement a realistic PCD spectral response. We expect that megavoltage-only

imaging with a spectral PCD will require much higher dose or greater detective efficiency to

be of clinical utility. With a non-spectral PCD, a combination of megavoltage and kilovoltage

92



20 40 60 80 100

spectral threshold [keV]

0

20

40

60

80

100

120

140

160

b
a
si

s
m

a
te

ri
a
l

S
N

R
(a) 120kV

tissue

bone

0 1000 2000 3000 4000 5000

spectral threshold [keV]

0.0

0.2

0.4

0.6

0.8

1.0

1.2

b
a
si

s
m

a
te

ri
a
l

S
N

R

(b) detunedMV

tissue

bone

Figure 4.14: Single-line integral basis material SNR measured as a function of spectral
threshold imposed on the (a) kilovoltage and (b) megavoltage spectra for an object composed
of 37-cm tissue and 3-cm bone.

spectra is likely a more feasible approach to material decomposition on a radiotherapy system.
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CHAPTER 5

PHASE-CONTRAST IMAGING FUNDAMENTALS

In the previous three chapters, we only considered the principle of X-ray absorption, adopt-

ing a ray-driven perspective and taking for granted that µ is the per-distance attenuation

probability of a photon. This is the conventional presentation of X-ray physics in medical

imaging contexts, and it is used for both forward model simulations and inverse problem

solutions. However, like any other photon, X-rays have both particle and wave behavior;

more wholistically, it is essential to consider both absorption and refraction [23]. As it turns

out, in the energy range and spatial resolution range typical of modern diagnostic imaging

technology, it is not unreasonable that the traditional view has neglected X-ray refraction.

The high energy of X-rays results in smaller refraction angles relative to the spatial resolu-

tion of most clinical imaging systems, rendering phase shifts immeasurable with conventional

equipment. With advancing source and detector technology, these potential benefits may be

within reach.

In this section, we lay out the necessary phase-contrast imaging theory, beginning with a

general X-ray wave model, then describing possible paths of approximations to simplify the

model for practical implementation.

5.1 Wave model

As X-rays are simply electromagnetic radiation, we can set up our framework starting with

the same Maxwell equations applied in the visible light regime or any other energy range.

Certain simplifications will be made that are appropriate for our specific imaging regime;

these will be clearly noted.

In the absorption-only framework, attenuation was modeled along a single-line integral

described by the Beer–Lambert law (Eq. 2.3). Now consider a full 3D, time-varying, complex
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X-ray wave field Ψ(r, t), where r = (x, y, z) is a point in space and t is a moment in time.

As a complex value, Ψ has both magnitude and phase, so it may be written as

Ψ(r, t) =
√
I(r, t) eiϕ(r,t), (5.1)

where I = |Ψ|2 is the intensity and ϕ is the phase. If the field is coherent and monochromatic

with energy E, then its time and spatial dependence are separable [23],

Ψ(r, E, t) = ψ(r, E) e−iω(E)t, (5.2)

where ω(E) = E/ℏ is the angular frequency.

We also assume the wave is paraxial, so it can be described as a series of x-y planes

advancing perpendicularly to the axis of propagation z. Without loss of generality, it is also

useful to write the spatial field as the product of an unscattered component and a perturbed

envelope,

ψ(r, E) = ψ̃(r, E) eik(E)z. (5.3)

The intensity of the unscattered component |eik(E)z|2 = 1, so the full complex wave ψ(r, E)

and the envelope ψ̃(r, E) always have the same intensity. This is useful for imaging appli-

cations, where X-ray detectors are only capable of measuring intensity rather than the full

complex wave field, so it can be convenient to focus just on the envelope.

We consider two cases of wave evolution along the z axis: propagation through free space,

and modulation through perturbing media.

95



5.2 Free-space propagation

The scalar vacuum wave equation dictates how the wave evolves through space and time,

(
1

c2
∂2

∂t2
−∇2

)
Ψ(r, t) = 0, (5.4)

where c is the speed of light in a vacuum and ∇2 is the Laplacian operator,

∇2 ≡ ∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
. (5.5)

Because the wave equation is linear, a general polychromatic X-ray wave field can be

decomposed into a sum over its monochromatic components [23],

Ψ(r, t) =

∫
dE ψ(r, E) e−iω(E)t, (5.6)

each of which evolves independently according to the corresponding monochromatic wave

equation.1 So, while the following derivations are written for a single monochromatic com-

ponent with energy E, the same principles are applicable to polychromatic radiation by

substitution into Eq. 5.6.

Since the monochromatic field has separable space and time components, substituting

Eq. 5.2 into Eq. 5.4 yields the Helmholtz equation,

(
∇2 + k2(E)

)
ψ(r, E) = 0, (5.7)

which is essentially a time-independent wave equation. The separation reflects the fact that

the wave’s time development at any point is dictated by oscillations with fixed frequency

ω(E) = ck(E), where k(E) = E/ℏc is the wave number. By direct substitution, it is apparent

1. This linearity does not model inelastic scatter, since it assumes that different energy components are
independent [23].
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that the elementary plane waves are solutions to the Helmholtz equation,

ψ(PW)(r, E) = exp
[
i(kxx+ kyy + kzz)

]
, (5.8)

since

∇2 ψ(PW)(r, E) = −k2(E)ψ(PW)(r, E), (5.9)

and we have expanded the components of the wavenumber,

k2 = k2x + k2y + k2z . (5.10)

For forward propagation in the z direction, we take the positive root2

kz =
√
k2 − k2x − k2y . (5.11)

Substituting this relation into Eq. 5.8, the plane wave can be written to isolate its z-

dependence as

ψ(PW)(r, E) = exp
[
i(kxx+ kyy)

]
exp

[
iz
√
k2(E)− k2x − k2y

]
. (5.12)

When z = 0, this gives the expression for the unpropagated plane wave,

ψ(PW)(r⊥, z = 0, E) = exp
[
i(kxx+ kyy)

]
, (5.13)

where r⊥ = (x, y) denotes the coordinates in the transverse plane. Then, Eq. 5.12 can be

2. Note that this assumes kz is real, or that k2x + k2y ≤ k2, which equivalently neglects evanescent waves
[23].
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written as the product of a propagation factor and the initial plane wave,

ψ(PW)(r⊥, z = R,E) = ψ(PW)(r⊥, z = 0, E) exp
[
iR
√
k2(E)− k2x − k2y

]
, (5.14)

where R is the propagation distance.

To calculate the full propagated wave, we sum the contributions of the kx-ky plane wave

components. In other words, we first decompose the field in the plane z = 0 into transverse

plane waves,

ψ(r⊥, z = 0, E) =

∫∫
dkx dky ψ̂(k⊥, z = 0, E) exp

[
i(kxx+ kyy)

]
, (5.15)

where k⊥ = (kx, ky) denotes the transverse plane frequency coordinates, ψ̂(k⊥, z = 0, E) is

the 2D Fourier transform (FT) of ψ(r⊥, z = 0, E) with respect to x and y, also called the

angular spectrum. Each component propagates independently according to Eq. 5.14, so the

full expression for the downstream wave is

ψ(r⊥,z = R,E) =∫∫
dkx dky ψ̂(k⊥, z = 0, E) exp

[
iR
√
k2(E)− k2x − k2y

]
exp

[
i(kxx+ kyy)

]
. (5.16)

More compactly, we can write this using an operator formalism,

ψ(r⊥, z = R,E) = DR ψ(r⊥, z = 0, E), (5.17)

where DR is the free-space propagation operator

DR = F−1 exp
[
iR
√
k2(E)− k2x − k2y

]
F , (5.18)

which uses cascaded operator notation acting from right to left. The FT is always taken
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with respect to x and y (or their corresponding frequency components kx, ky for the inverse

FT).

This point provides a general forward model for X-ray wave propagation in free space.

There are a few possible options for simplifying further. Models implementing more assump-

tions and approximations typically lend themselves to a more convenient inverse problem

solution at the cost of quantitative accuracy when their conditions are violated. Here, we

focus on two common implementations: the Fresnel diffraction operator and the transport-

of-intensity equation (TIE).

5.2.1 Fresnel diffraction

Assuming our wave is paraxial, the transverse spatial frequencies are small compared to the

wavenumber, i.e. k2x + k2y ≪ k2(E). Then,

√
k2(E)− k2x − k2y = k(E)

√
1−

k2x + k2y

k2(E)

≈ k(E)−
k2x + k2y
2k(E)

, (5.19)

after a binomial approximation. Substituting Eq. 5.19 into Eq. 5.16 gives the Fresnel ap-

proximation to the free-space propagator,

ψ(r⊥, z = R,E) ≈ eik(E)RF−1
{
exp

[
− iR

2k(E)

(
k2x + k2y

)]
F {ψ(r⊥, z = 0, E)}

}
. (5.20)

Recall Eq. 5.3, in which we separated the wave field into an envelope ψ̃(r⊥, z, E) and an

unscattered factor eik(E)z, as we see in the leading term of Eq. 5.20 here. This factor does

not affect the intensity of the wave field. Turning our attention to the perturbed envelope,
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we can again characterize its evolution through free space using operator notation,

ψ̃(r⊥, z = R,E) = D(F)
R ψ̃(r⊥, z = 0, E) (5.21)

where D(F)
R is the Fresnel free-space propagation operator,

D(F)
R = F−1HR(k⊥, E)F , (5.22)

HR(k⊥, E) = exp

[
− iR

2k(E)

(
k2x + k2y

)]
. (5.23)

Note that by the convolution-multiplication theorem, this Fourier-space multiplication is

also equivalent to spatial convolution of the field at z = 0 with the kernel hR(r⊥, E) ≡

F−1 {HR(k⊥, E)} [71].

5.2.2 Transport-of-intensity equation (TIE)

If we substitute our envelope expression for the wave (Eq. 5.3) into the Helmholtz equation

(Eq. 5.7), apply the paraxial approximation, and make some lengthy simplifications,3 we

arrive at the free-space paraxial equation,

(
2ik(E)

∂

∂z
+∇2

⊥

)
ψ̃(r, E) = 0, (5.24)

where ∇2
⊥ is the transverse Laplacian,

∇2
⊥ =

∂2

∂x2
+

∂2

∂y2
. (5.25)

3. A more detailed description can be found in [23].
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Further substituting in the original expression for Ψ (Eq. 5.1) and expanding yields the

general TIE,

−∇⊥ · [I(r⊥, z)∇⊥ϕ(r⊥, z)] = k(E)
∂I(r⊥, z)

∂z
, (5.26)

with the full derivation given in an appendix (section 5.7) [24]. The operators on the left-

hand side dictate how the wave components evolve in the transverse plane (∇⊥), while the

right-hand side dictates how the intensity changes along the optical axis (∂/∂z), providing

some useful intuition in separating out the dependencies.

To further simplify, one may apply a finite difference approximation to the intensity

planes along the propagation axis, i.e.,

∂I(r⊥, z)
∂z

≈ I(r⊥, z +∆z)− I(r⊥, z)
∆z

. (5.27)

Assuming small propagation distance R = ∆z, the intensity portion of the TIE under this

finite difference approximation becomes

I(r⊥, z = R) = I(r⊥, z = 0)− R

k(E)
∇⊥ · [I(r⊥, z = 0)∇⊥ϕ(r⊥, z = 0)] . (5.28)

Expanding the last term,

∇⊥· [I(r⊥, z = 0)∇⊥ϕ(r⊥, z = 0)]

= I(r⊥, z = 0)∇2
⊥ϕ(r⊥) +∇⊥I(r⊥, z = 0) · ∇⊥ϕ(r⊥, z = 0). (5.29)

Applying the assumption that I(r⊥, z = 0) has weak transverse intensity gradients, i.e.

∇⊥I(r⊥, z = 0) ≈ 0, then only the Laplacian of the phase term remains and the finite-
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difference-approximated TIE simplifies to:

I(r⊥, z = R) ≈ I(r⊥, z = 0)

(
1− R

k(E)
∇2

⊥ϕ(r⊥, z = 0)

)
. (5.30)

5.3 Modulation through an object

Now with the understanding of how X-ray wave fields evolve through free space, let us

consider the case of a perturbing object. Assume the object is exclusively composed of

materials that are static, non-magnetic, zero charge and current density, and elastically

scattering [23]. The object can be characterized by its spatial dependence of its energy-

dependent, complex refractive index,4

n(r, E) = 1− δ(r, E) + iβ(r, E). (5.31)

The wavenumber in media is simply the vacuum wavenumber scaled by the refractive index

[24], allowing us to revise the vacuum Helmholtz equation to account for the object,

(
∇2 + k2(E)n2(r, E)

)
ψ(r, E) = 0, (5.32)

giving the inhomogeneous Helmholtz equation.

We can then substitute in our expression for ψ in terms of its envelope ψ̃ (Eq. 5.3) and

make use of the identity for the Laplacian of a product,

∇2
[
ψ̃(r, E)eik(E)z

]
= ψ̃(r, E)∇2eik(E)z + eik(E)z∇2ψ̃(r, E) + 2∇ψ̃(r, E)∇eik(E)z. (5.33)

If we factor out the term eik(E)z, substitute the expression for the Laplacian in terms of the

4. Some texts adopt the sign convention n = 1 − δ − iβ [4] while others use n = 1 − δ + iβ [23] (as we
do here). The choice is arbitrary as long as the wave equation is still satisfied and subsequent equations are
internally consistent.
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transverse Laplacian,

∇2 = ∇2
⊥ +

∂2

∂z2
, (5.34)

and make the paraxial approximation, we arrive at the inhomogeneous paraxial equation

(
2ik(E)

∂

∂z
+∇2

⊥ + k2(E)
(
n2(r, E)− 1

))
ψ̃(r, E) = 0. (5.35)

This form of the paraxial approximation neglects the second derivative of the wave field in

the z direction, which holds when the wave field varies much more strongly in the transverse

plane than it does along the propagation axis.

Say we have a known wave incident on an object at z = 0. To model the wave’s modu-

lation through the object, the task is then to use Eq. 5.35 to solve for the wave exiting the

object at z = z0 in terms of the incident wave. This generally involves further approxima-

tions.

5.3.1 Projection approximation

If we assume that ∇2
⊥ψ(r) is negligible within the object and rearrange Eq. 5.35 to isolate

the z-derivative and substitute r = (r⊥, z), we arrive at a partial differential equation,

∂

∂z
ψ̃(r⊥, z, E) ≈

k

2i

(
1− n2(r, E)

)
ψ̃(r⊥, z, E), (5.36)

which has known solution [23],

ψ̃(r⊥, z = z0, E) ≈ exp

[
k

2i

∫ z0

0
dz
(
1− n2(r⊥, z, E)

)]
ψ̃(r⊥, z = 0, E). (5.37)

This is known as the projection approximation (PA), also called the thin-sample approxi-

mation or geometric optics approximation [163]. Practically, this amounts to assuming that
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internal propagation-based phase effects are negligible, which is generally true when the

object is thin. A rough metric of PA validity is the Fresnel number,

NF =
∆2

λ(E)z
, (5.38)

where ∆ is the smallest feature size of interest and z is the distance under consideration

[4]. The condition NF ≫ 1 indicates that refraction at the spatial resolution ∆ is roughly

negligible relative to the length scale z. For evaluating PA specifically, one could substitute

the detector pixel size and object thickness as proxies for these parameters, respectively

[164].

Furthermore, recall Eq. 5.31’s expression for n(r, E) in terms of refractive and absorp-

tive components δ(r, E), β(r, E). In the X-ray energy range, these are much smaller than

1, roughly on the order of 10−6 and 10−9, respectively. So, we can make the following

approximation,

1− n2(r, E) = 1−
(
1− δ(r, E) + iβ(r, E)

)2
≈ 2
(
δ(r, E)− iβ(r, E)

)
(5.39)

which drops higher order δ and β terms in the expansion of n2, roughly 10−12 to 10−18 for

X-ray energies. This provides the final expression for the object-modulated X-ray wave field

according to PA,

ψ̃(r⊥, z = z0, E) ≈ exp

[
−ik(E)

∫ z0

0
dz
(
δ(r, E)− iβ(r, E)

)]
ψ̃(r⊥, z = 0, E). (5.40)

Note that when we take the intensity of the exit wave, I(r⊥) = |ψ(r⊥)|2, this simplifies

to the Beer–Lambert law for attenuation-based imaging, where β is related to the linear
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z

ψ(0) ψT ψT+R...

n(r)

ψ(1) ψ(2) ψ(3)

ψ(j+1) = D∆z
∫ zj+1
zj

ψ(j) exp[...] dz ψT+R = DR ψT

Figure 5.1: Schematic of propagation-based imaging using multi-slice modulation through
N object slices, each with thickness ∆z = T/N , where exp[...] is shorthand for the projec-
tion approximation equation (Eq. 5.40) and Dz is the free-space propagation operator over
distance z.

attenuation coefficient,

µ(r, E) = 2 k(E) β(r, E). (5.41)

5.3.2 Multi-slice modulation

If refractive effects within the object are not negligible, the initial PA assumption neglecting

∇2
⊥ψ(r) is not valid. This generally occurs with thick objects containing small features, such

that the Fresnel number condition (Eq. 5.38) is not satisfied. In this case, a better model is

the multi-slice (MS) method [4]. In this model, the object is divided into N slices that are

each thin enough to safely satisfy PA. Then, the wave field’s modulation through the object

is modeled by sequentially applying PA (Eq. 5.40) and a free-space propagation operator

over each slice thickness, as illustrated in Fig. 5.1.

While this is still an approximation of the inhomogeneous paraxial equation (Eq. 5.35), it

is more general than PA and can be especially beneficial for forward models of high-resolution

imaging systems [165, 166].
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5.4 Imaging

We now have the formalism and a variety of forward models describing how complex X-ray

wave fields propagate through different media. For imaging, we require an additional method

for detecting the wave. We lack a method for directly measuring both real and imaginary

parts of the full complex wave field, as X-ray detectors are only capable of measuring inten-

sity. Thus, a variety of acquisition methods have been developed for converting the phase of

the X-ray wave field into detectable intensity variations.

5.4.1 Propagation-based imaging (PBI)

Propagation-based imaging (PBI) is possibly the most conceptually simple XPCI acquisi-

tion technique, as it involves no specialized optical equipment. If the source is sufficiently

coherent and the system has high enough spatial resolution, then phase-contrast effects can

be apparent in the raw intensity images as high- and low-intensity fringes at material edges

due to interference between the refracted and unrefracted portions of the wave field [23]. In

the X-ray energy range, this generally requires a system spatial resolution no larger than

tens of microns. This is much smaller than what is achieved with conventional clinical X-

ray sources and detectors used for absorption-based imaging, but there is work developing

sufficient equipment for medical translation [62, 64]. Currently, PBI is widely implemented

at synchrotron facilities for micro-CT and has also been demonstrated with benchtop x-ray

sources using sufficiently small focal-spot sizes [20, 53, 55, 167–169].

PBI forward modeling involves chaining together operations for complex object modu-

lation, free-space propagation to the detector, and intensity detection. For the latter, the

standard monochromatic component summation, PSF blurring, and detective efficiency mod-

els can be applied as used for absorption-only imaging (described in Chapter 2). However,

even when the detector has relatively low resolution, for discrete modeling of wave evolution,

it is important to upsample the wave field and free-space propagator to accurately account
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for sub-pixel-resolution interference patterns.

5.4.2 Other methods

Despite the conceptual simplicity of PBI, it can be challenging to satisfy its strict spatial-

coherence and detector-resolution requirements. Although this dissertation focuses on PBI,

other XPCI acquisition strategies can encode phase effects into raw intensity images using

additional optical elements and more complex experimental setups [22, 170]. For exam-

ple, in grating-based interferometry, sample-induced refraction is measured from shifts in

a periodic interference, which can enable simultaneous absorption, differential phase, and

dark-field imaging. Grating-based methods are also being developed for translational CT

applications, including recent demonstrations of human-scale dark-field CT prototypes [171].

Another choice is analyzer-based imaging, in which an analyzing crystal converts small an-

gular deviations of the transmitted beam into intensity variations, providing sensitivity to

refraction and ultra-small-angle scattering. Similarly, with edge-illumination and related

speckle-based methods, masks or random structured illumination patterns are used to infer

refraction and scattering from sample-induced distortions of the detected intensity pattern.

Together, these methods illustrate a range of experimental strategies available for XPCI,

while PBI remains especially attractive for this dissertation for its comparatively simple

optics and forward modeling.

5.5 Phase retrieval

The goal of quantitative XPCI is to leverage raw intensity images to solve the phase retrieval

inverse problem: recovery of both attenuation and phase-shifting maps of the object. Many

phase retrieval methods have been developed and refined for a variety of imaging applications.

In this section we give a brief overview of the three analytical methods most relevant to

this dissertation. For simplicity, we assume a parallel beam geometry. If desired, there
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are straightforward modifications to each method that account for a magnification factor,

detailed in the original manuscripts [24, 55].

5.5.1 Single-distance

Perhaps the most ubiquitous approach is Paganin’s method for phase retrieval from a sin-

gle propagation-based image [24]. It is very experimentally convenient to acquire just one

image, so a variety of methods using this acquisition approach have been developed. How-

ever, any single-measurement method must apply certain approximations to reduce the two

independent unknowns (phase and attenuation) to just one. The key additional assump-

tion of Paganin’s method is that the object is made of a single material. In a comparison

of seven single-distance PB-XPCI phase retrieval algorithms, this single-material method

showed strong performance and ease of calculation [22].

To derive Paganin’s algorithm, adopt a finite-difference approximated TIE and PA-based

forward model. By assuming the object is homogeneous, we can drop the r-dependence of

the refractive index n(r, E) → n(E) and take it as given. For biological samples, a common

choice of assumed material is water. Then, the PA expression simplifies to

ψ(r⊥, z = T,E) = exp
[
− ik(E)T (r⊥)

(
δ(E)− iβ(E)

)]
ψ(r⊥, z = 0, E), (5.42)

where T (r⊥) is the projected thickness map of the assumed homogeneous object. If the wave

is then propagated to a detector over distance R, T (r⊥) can be solved for in Fourier space

in terms of the measured intensity image Imeas(r⊥) and other known parameters,

T (r⊥) = − 1

µ(E)
ln

[
F−1

{
µ(E)

F {Imeas(r⊥)} /Iin
Rδ(E)|k⊥|2 + µ(E)

}]
, (5.43)

where Iin is the uniform incident intensity. It is then trivial to generate phase and attenuation

images from this thickness map as δ(E)T (r⊥) and µ(E)T (r⊥), respectively. Note that this
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is essentially a matched low-pass filter that suppresses the high-frequency phase-contrast

fringes as well as image noise, which can improve contrast-to-noise ratio when the algorithm’s

assumptions are satisfied.

5.5.2 Spectral

To avoid the homogeneous object approximation without necessitating multiple distance

measurements, a potential single-shot solution could utilize energy-resolved measurements

from a spectral photon-counting detector as proposed by Gürsoy and Das [55]. Like the

single-material method, it implements a finite difference-approximated TIE and PA-based

forward model, yielding monochromatic log-measurements

pR(r⊥, E) =
∫
dz µ(r, E) +

R

k(E)
∇2ϕ(r⊥, E). (5.44)

Recall µ(E) can be written as the sum of its Compton scatter and photoelectric effect

dependencies (Eq. 2.13),

µ(E) = NK
Z5

E3
+NZfKN(E), (5.45)

where N is concentration and K is a dimensionless constant. An analogous expression for

the phase ϕ(E) utilizes its proportionality to electron density ρe,

ϕ(r⊥, E) = − 2πre
k(E)

∫
dz ρe(r), (5.46)

where re is the classical electron radius. Then, a multi-energy phase retrieval solution can

be found using an Alvarez–Macovski style decomposition,

pR(r⊥, E) =
K

E3
a1(r⊥) +

(
fKN(E) +

2πreR

k2(E)
∇2
)
a2(r⊥), (5.47)
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where a1(r⊥), a2(r⊥) are the unknown basis projection images that can be solved using stan-

dard spectral imaging approaches [33]. It is then trivial to recombine the basis projections

into phase and absorption projections using Eqs. 5.45–5.46.

The manuscript also discusses a strategy for using polychromatic incident radiation and

multiple intensity images from different spectral PCD energy bins, using the median energy

of each bin and a weighted-least squares solution [55].

5.5.3 Material decomposition

A similar spectral phase retrieval method was proposed by Schaff et al. to directly perform

material decomposition from PB-XPCI measurements [59]. The method adopts the same

linearized TIE model starting point for Gürsoy and Das (Eq. 5.44), written with the phase

projection ϕ(r⊥) in terms of the object’s phase-shifting component δ(r),

pR(r⊥, E) =
∫
dz µ(r, E)−R∇2

∫
dz δ(r, E). (5.48)

Leveraging the Fourier differentiation theorem and taking the FT of this equation, the Lapla-

cian operator can be expressed as a multiplication with 2D frequency components,

p̂R(k⊥, E) = F
{∫

dz µ(r, E)

}
+Rk2⊥F

{∫
dz δ(r, E)

}
. (5.49)

Assuming a finite number of basis materials (j = 1, ..., B), the monochromatic intensity

projections can be expressed in terms of a linear sum of basis thickness projections,

p̂R(k⊥, E) =
B∑
j

Aj(E) T̂j(k⊥), (5.50)

Aj(E) ≡ µj(E) +Rk2⊥δj(E), (5.51)
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where T̂j(k⊥) is the FT of the thickness map Tj(r⊥). Just as was described in Chapter 2

for traditional dual-energy absorption-only material decomposition, a system of equations

can be set up using the FT-log projections with different acquisition energies, and the FT-

thickness map is solved for each k⊥ component using a matrix inversion. The real-space

thickness maps are recovered by taking the inverse FT.

5.6 Summary

This concludes the overview of essential phase-contrast imaging fundamental concepts for this

dissertation. By deriving the four forward models (two for free-space propagation and two

for object modulation), we now have a foundational understanding of each one’s underlying

approximations. This provides context for the potential drawbacks of the most common

phase retrieval algorithms.

The forward models presented here assume the incident wave is paraxial and in the

X-ray energy range, and that the object is static, non-magnetic, and elastically scattering

[23]. The most prolific XPCI inverse problem solutions tend to rely on the finite-difference

approximated TIE and projection approximation [22, 24, 55, 59]. These can break down

when propagation distances become too large, the object is thick, or the resolution is high [4].

Fresnel diffraction propagation and multi-slice modulation may yield a more accurate model

at the cost of a more challenging or computationally intensive inverse solution [165, 166]. In

the next chapters, we explore the regime of approximation validity and establish an inverse-

agnostic estimation theory metric for assessing and optimizing best-achievable PB-XPCI

performance.
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5.7 Appendix: Derivation of the TIE

First substitute the original definition of the wave Ψ in terms of intensity I and phase ϕ

(Eq. 5.1) into the free-space paraxial equation (Eq. 5.24):

(
2ik(E)

∂

∂z
+∇2

⊥

)√
I(r, t) exp [iϕ(r, t)] = 0. (5.52)

To expand, compute the partial derivative with respect to z and the transverse Laplacian

separately,

∂Ψ(r, t)

∂z
= exp[iϕ(r, t)]

(
∂
√
I(r, t)

∂z
+ i
√
I(r, t)

∂ϕ(r, t)

∂z

)
, (5.53)

∇2
⊥Ψ(r, t) = exp[iϕ(r, t)]

(
∇2
⊥
√
I(r, t)−

√
I(r, t) |∇⊥ϕ(r, t)|2

+ 2i∇⊥
√
I(r, t) · ∇⊥ϕ(r, t) + i

√
I(r, t)∇2

⊥ϕ(r, t)
)
. (5.54)

Substituting these into the paraxial wave equation and canceling the common factor exp[iϕ(r, t)]

gives:

0 = ∇2
⊥
√
I(r, t)−

√
I(r, t) |∇⊥ϕ(r, t)|2 − 2k

√
I(r, t)

∂ϕ(r, t)

∂z

+ i
(
2k
∂
√
I(r, t)

∂z
+ 2∇⊥

√
I(r, t) · ∇⊥ϕ(r, t) +

√
I(r, t)∇2

⊥ϕ(r, t)
)
. (5.55)

Taking the imaginary part yields

0 = 2k
∂
√
I(r, t)

∂z
+ 2∇⊥

√
I(r, t) · ∇⊥ϕ(r, t) +

√
I(r, t)∇2

⊥ϕ(r, t). (5.56)

Multiplying through by
√
I(r, t) and using

∂I(r, t)

∂z
= 2
√
I(r, t)

∂
√
I(r, t)

∂z
, ∇⊥I(r, t) = 2

√
I(r, t)∇⊥

√
I(r, t), (5.57)
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we obtain

0 = k
∂I(r, t)

∂z
+∇⊥I(r, t) · ∇⊥ϕ(r, t) + I(r, t)∇2

⊥ϕ(r, t). (5.58)

Finally, recognizing that

∇⊥ · (I(r, t)∇⊥ϕ(r, t)) = ∇⊥I(r, t) · ∇⊥ϕ(r, t) + I(r, t)∇2
⊥ϕ(r, t), (5.59)

we arrive at the general TIE:

−∇⊥ · [I(r⊥, z)∇⊥ϕ(r⊥, z)] = k(E)
∂I(r⊥, z)

∂z
. (5.60)
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CHAPTER 6

CRAMÉR–RAO LOWER BOUND FOR SPECTRAL PB-XPCI

6.1 Introduction

As we have introduced, propagation-based X-ray phase-contrast imaging (PB-XPCI) is a

valuable emerging technique that has enabled high-quality imaging of weakly attenuating

structures [4, 163]. Traditional X-ray imaging relies solely on absorption contrast, which

provides excellent discrimination between bones and soft tissue but often struggles to resolve

small features and subtle variations within tissue. XPCI builds upon absorption-contrast

imaging by aiming to measure phase shifts in the X-ray wave field, which can reveal changes

within the object even when intensity shifts are small. However, phase retrieval suffers from

a multi-measurement problem in order to recover the two independent components of the

object: phase and absorption. Spectral PB-XPCI is a compelling practical solution for its

potential to acquire multiple energy-resolved measurements in a single shot, and specific

spectral phase retrieval solutions are still emerging. In this chapter, we introduce estimation

theory toy models for PB-XPCI that can be used as inverse solution-agnostic benchmarks

for achievable image quality and tools for system optimization [172, 173].

6.2 Background

X-ray detectors are sensitive to intensity only, so measurement of phase shifts requires spe-

cialized acquisition methods to convert them into detectable intensity variations [22, 24, 26].

In PB-XPCI, free-space propagation between the object and detector causes phase shifts to

manifest visually as an edge-enhancement effect [23]. The method is predominantly used for

synchrotron micro-CT and benchtop XPCI with a micro-focus X-ray source [20, 53, 55, 167–

169]. While raw PB-XPCI images can qualitatively enhance the delineation of similarly

absorptive structures, quantitative imaging analogous to attenuation coefficient reconstruc-
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tion requires phase retrieval—the conversion of raw intensity measurements into maps of

phase-shifting coefficients. Practical implementations often make various simplifying as-

sumptions, such as treating the object as comprising a single material or being a pure phase

object [24]. Even when these methods produce qualitatively appealing images, they may

not yield accurate reconstructions. More generally, due to the two contrast mechanisms (at-

tenuation and phase), if these other approximations are not valid, at least two independent

acquisitions are needed for quantitative phase retrieval [174]. These are typically acquired at

different propagation distances, which can be experimentally inconvenient and error-prone

when one considers practicalities such as changes in magnification, alignment errors, and

motion artifacts.

A promising alternative is multi-energy or “spectral” XPCI, in which the multiple inde-

pendent measurements are obtained by using different X-ray spectra rather than by varying

propagation distance [55, 59]. Multi-energy imaging has long been of interest in absorption-

contrast X-ray imaging, where the multiple measurements are useful for performing material

decomposition and generating high-contrast virtual monochromatic images [33]. For diag-

nostic CT imaging, multi-energy measurements have typically been acquired using some

specialized acquisition setup, such as repeat scans with different peak tube voltages (kVp),

fast-kVp switching, or multiple detector-source arrays. With the recent introduction of

energy-discriminating spectral photon-counting detectors (PCDs) in clinical CT scanners,

these measurements can now be conveniently acquired in a single shot [48, 49, 175]. The

increasing accessibility of PCDs in diagnostic CT has generated further motivation for devel-

oping multi-energy imaging techniques. In the context of PB-XPCI, multi-energy imaging

enables quantitative phase retrieval while minimizing experimental complexity; and with a

spectral PCD, it may similarly be performed in a single shot, the gold standard for con-

venience [55, 57, 61, 176]. A recently proposed micron-resolution PCD design meeting the

spatial resolution requirements of PB-XPCI further extends the potential of this approach
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[62, 177].

Material decomposition from spectral PB-XPCI can be regarded as a phase retrieval prob-

lem, as it must convert raw edge-enhanced images into quantitative basis images. Schaff et

al. developed an analytical method by inverting the linearized transport-of-intensity equa-

tion (TIE) and directly solving for basis material thickness images in Fourier space [59].

This is effectively equivalent to applying a matching low-pass filter that suppresses both

edge enhancement and high-frequency noise [178]. It is conceptually similar to the Alvarez–

Macovski model for attenuation-based decomposition [33]. The work demonstrated that

with proper selection of the incident X-ray energies, both basis material images can ben-

efit from phase information in addition to absorption contrast [178]. Though developed

for monochromatic sources, this method could be extended to polychromatic spectra with

prior knowledge of the imaging system and its noise characteristics [55, 176]. Other recent

approaches to multi-energy PB-XPCI have explored novel acquisition techniques to ease

imaging workflow and optimization-based reconstruction methods that may directly account

for polychromatic source spectra [57, 61, 179–181]. This introduces many promising options

for spectral XPCI yet also trade-offs in convenience, computational complexity, and possible

accuracy.

For any imaging modality, theoretical image quality metrics such as the Cramér–Rao

lower bound (CRLB) are indispensable tools for assessing and optimizing system perfor-

mance. The CRLB is an estimate of the minimum achievable variance of an unbiased esti-

mator and has been widely applied in spectral X-ray imaging, most notably with the basis

material CRLB model detailed by Roessl and Herrmann, which has guided applications opti-

mizing image acquisition protocols and noise-weighted image reconstruction [66, 131]. Like-

wise for XPCI broadly, analytical CRLB models have been developed for grating-based and

analyzer-based acquisition techniques and can also indicate whether specific phase retrieval

methods approach their theoretical performance limit [67, 68]. These existing methods are
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each computed per a single detector pixel measurement.

A CRLB framework for spectral PB-XPCI would enable systematic evaluation of pro-

posed material decomposition and phase retrieval approaches. Unlike the attenuation-only

CRLB, a PB-XPCI CRLB must account for the spatial nature of the edge enhancement

effect, with crucial information distributed over multiple detector pixels and influenced by

the object geometry. This increases the model complexity with both a PB-physics forward

model and several spatially-dependent acquisition parameters. We previously developed a

numerical estimate of the spectral PB-XPCI CRLB using a finite-difference approximation,

showing improved signal-to-noise ratio (SNR) of the basis material thickness estimate with

increasing propagation distance [172]. In this work, we develop a CRLB framework for

spectral PB-XPCI that incorporates realistic detector models and object geometry, and we

demonstrate its utility for optimizing spectral imaging performance with additional phase-

contrast information [173].

6.3 Theory

This section outlines the logical development of a spectral PB-XPCI CRLB toy model,

building up from the absorption-only dual-energy CRLB to ultimately include spectral

propagation-based phase information. The first claim we make is, since propagation-based

phase contrast effects manifest in the raw intensity measurements as an edge-enhancement

effect, it is essential to include multiple spatially resolved measurements in building the

PB-XPCI Fisher information. To understand the implications of this, we first rehash the

conventional absorption-only single-pixel model and illustrate why two basis materials can-

not be estimated from a single scalar measurement; then, we introduce a two-pixel model

to see how the problem is affected by additional spatial information with and without mul-

tiple energies. From there, we expand the forward model to include PB phase contrast

and realistic imaging system effects, and we evaluate the Fisher information over one- and
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two-dimensional toy models accounting for different types of geometric edge information.

6.3.1 Two-pixel model

Recall the general form of the Fisher information I for counting measurements that follow

a Poisson distribution [122]:

Iuv =
∑
k

1

mk

∂mk

∂θu

∂mk

∂θv
, (6.1)

where k is the independent measurement index, θ⃗ is the vector of unknown parameters to

be estimated, and mk are the expected measurements. In the context of imaging, this is a

reasonable model for any monochromatic measurements or for polychromatic measurements

using a PCD.1

In a simple version of the absorption-only CRLB, mk are ideal measurements through a

two-material object,

mk ≡ m(Ek) = I(Ek) exp [−µ1(Ek)T1 − µ2(Ek)T2] , (6.2)

where I(Ek) is the incident intensity of the monochromatic beam with energy Ek, µj(E)

is the linear attenuation coefficient of the jth basis material, and Tj is the corresponding

thickness. With this formulation, θ⃗ = (T1, T2), and the partial derivatives for Eq. 6.1 are

∂m(Ek)

∂Tj
= −µj(Ek)I(Ek) exp [−µ1(Ek)T1 − µ2(Ek)T2, ]

= −µj(Ek)m(Ek). (6.3)

1. In this chapter, we only examine situations with Poisson statistics. A polychromatic acquisition with
an energy-integrating detector is better represented by an energy-weighted compound Poisson distribution,
which has a different form for the Fisher matrix [66].
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Figure 6.1: Two-pixel CRLB toy model.

If there is only a single energy measurement, substituting Eq. 6.3 into Eq. 6.1, we see the

single-measurement 2×2 Fisher matrix is

I(Ek) =


µ21(Ek)m(Ek) µ1(Ek)µ2(Ek)m(Ek)

µ1(Ek)µ2(Ek)m(Ek) µ22(Ek)m(Ek)

 , (6.4)

which has determinant

det I(Ek) = Iuu(Ek) Ivv(Ek)− Iuv(Ek) Ivu(Ek) = 0, (6.5)

and thus has no inverse.

This is the origin point for requiring multiple independent measurements to improve the

conditioning of the material decomposition problem, traditionally taking the form of multiple

energies Ek. With multiple energy measurements, so long as µj(Ek) are sufficiently different,

I is invertible.

Instead, consider a system with a single energy measurement and two unique spatially-

resolved measurements as in Fig. 6.1, which adopts the notation mi(Ek) with index i for

the spatial coordinate. The first measurement m1(Ek) matches the form of the traditional

intensity measurement, passing through both materials. The second measurement m2(Ek)
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passes through just the second “background” material and thus provides new information.

By Eq. 6.1, the total Fisher matrix can be written as the sum of Fisher matrices for each

independent measurement. The first independent measurement’s Fisher matrix I(1) takes

the form of Eq. 6.4, while the second pixel’s is

I(2) =


0 0

0 µ22(Ek)m2(Ek)

 . (6.6)

Then, the determinant of the full two-pixel system I(2px) ≡ I(1) + I(2) is

det I(2px) = µ21(Ek)µ
2
2(Ek)m1(Ek)m2(Ek). (6.7)

So long as each intensity measurement is greater than 0, this determinant is nonzero and the

Fisher matrix is invertible. Recall the CRLBs are the diagonal elements of the inverse Fisher

matrix, so the single-energy/two-pixel absorption-only CRLBs each have simple closed-form

expressions,

CRLB(2px)
1 (Ek) =

1

m1(Ek)µ
2
1(Ek)

+
1

m2(Ek)µ
2
1(Ek)

, (6.8)

CRLB(2px)
2 (Ek) =

1

m2(Ek)µ
2
2(Ek)

. (6.9)

Likewise, the two-energy/single-pixel Fisher matrix can be written as the sum I(2E) ≡

I(1)(E1)+ I(1)(E2), which has its own CRLB solution described in Chapters 3 and 4 and is
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commonly used as a toy model for absorption-contrast dual-energy imaging [66],

CRLB(2E)
1 (E1, E2) =

m1(E1)µ
2
21 +m1(E2)µ

2
22

m1(E1)m1(E2) (µ11µ22 − µ12µ21)2
(6.10)

CRLB(2E)
2 (E1, E2) =

m1(E1)µ
2
11 +m1(E2)µ

2
12

m1(E1)m1(E2) (µ11µ22 − µ12µ21)2
(6.11)

where for compactness we use notation µjk ≡ µj(Ek) in these expressions.

To evaluate combined spectral PB-XPCI, we must consider a system with both edge

information (multiple pixels) and spectral information (multiple energies). The simplest toy

model is a two-energy/two-pixel system, which has Fisher information summing over both

energy and spatial contributions,

I(2E/2px) =
∑
i

∑
k

I(i)(Ek), (6.12)

where i = 1, 2 is the pixel index and k = 1, 2 is the energy index. Then, the CRLBs are

calculated in the same way, as the diagonal elements of the inverse Fisher information matrix.

6.3.2 Line-profile model

The two-pixel toy model provides a simple form of spatial information, but it is not sufficient

for resolving multiple propagation-based fringes. Instead, it serves as the foundation for a

multi-pixel line-profile toy model that can be used to evaluate PB-XPCI as well as traditional

imaging (Fig. 6.2). Building upon the absorption-only case, consider a full PB-XPCI forward

model accounting for both real and imaginary parts of the object’s refractive index and

free-space propagation to a detector. For convenience, we define a single complex material

factor A(r, E) ≡ δ(r, E) − iβ(r, E), which will be useful for compactly writing the forward

model. Making the projection approximation (PA), the normalized intensity of an ideal

monochromatic beam after passing through the object and propagating to the detector can
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Figure 6.2: Multi-pixel line-profile toy model: a uniform plane wave is incident on a single-
edge object. The PB-XPCI acquisition process is modeled, and then the measurements for
the Fisher matrix are taken from a small region of pixels in a single row centered about the
material edge.

be written as

I(r⊥, E) =

∣∣∣∣DR(E) exp

[
−ik(E)

∫
dz A(r, E)

]∣∣∣∣2 , (6.13)

where r⊥ is the two-dimensional (2D) spatial coordinate (x, y), R is the distance between the

object and the detector, and DR(E) is an energy-dependent free-space propagation operator.

The propagation operator is the key element of this forward model translating the object’s

complex exit wave into measurable intensity fringes in the detector plane. We assume a linear

form of DR(E), the Fresnel diffraction integral (Eq. 5.18). This formulation is more general

than the finite-difference approximated TIE widely applied for analytical phase retrieval

algorithms [23, 24, 55, 59].

The normalized monochromatic components of Eq. 6.13 are used to define a more general

equation for a non-ideal, polychromatic imaging setup. According to spectral decomposition,

the polychromatic signal can be expressed as the sum of its individual energy components.

So for acquisition a, we model the nonideal measured image in terms of monochromatic
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components as

ma(r⊥) = ∆x2
∫
dE
(
psfa(r⊥, E) ∗ ηa(E)Da(E)Sa(E)I(r⊥, E)

)
, (6.14)

where ∆x is the width of each finite detector element (assumed square), Sa(E) is the incident

X-ray source spectrum (photon counts per energy per area), ηa(E) is the detector efficiency

function, Da(E) is the detector response function, psfa(r⊥, E) is the system point-spread

function (PSF), and ∗ indicates the 2D convolution operation with respect to the spatial

coordinate r⊥.

For the context of material decomposition, it is necessary to simplify Eq. 6.13 by defining

a finite number of basis materials j = 1, 2, ..., B with spatially independent material factors

A(r, E) → Aj(E) and spatially varying projected thickness profiles tj(r⊥). The aim of

material decomposition is to reconstruct images of each tj(r⊥) given known Aj(E). Having

discretized the object into a finite number of materials, the integral of Eq. 6.13 simplifies to

a sum,

∫
dz A(r, E) =

B∑
j

tj(r⊥)Aj(E). (6.15)

For a line-profile single-edge model as shown in Fig. 6.2, we can write the 2D thickness

profiles in terms of a single characteristic thickness Tj (j = 1, 2),

B∑
j

tj(r⊥)Aj(E) = T1A1(E)HS(x− x0) + T2A2(E), (6.16)
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where HS(x) is the Heaviside step function,

HS(x) =


1, x ≥ 0

0, x < 0,

(6.17)

and x0 is the center of the object edge.

To calculate the basis material CRLBs for this model, we can take a small region-of-

interest (ROI) of pixels in a single detector row centered about x0. Then the Fisher infor-

mation matrix elements are

Iuv =
∑
a

∑
r⊥∈ROI

1

ma(r⊥)
∂ma(r⊥)
∂Tu

∂ma(r⊥)
∂Tv

. (6.18)

This assumes the detector follows Poisson counting statistics and that the intensity mea-

surements in each acquisition a and pixel r⊥ are independent.

To calculate the partial derivatives of the PB-XPCI measurements with respect to each

thickness for substitution into Eq. 6.18, we can exploit the linearity of the convolution and

free-space propagation operators along with a string of chain rule substitutions (detailed

in the appendix, section 6.7) to see that for each toy model, we only need to compute the

partial derivatives of the basis functions,

f1(θ⃗; r⊥) = T1 HS(x− x0), f2(θ⃗; r⊥) = T2, (6.19)

where θ⃗ = (T1, T2). The partials are

∂f1(θ⃗; r⊥)
∂T1

= HS(x− x0),
∂f1(θ⃗; r⊥)

∂T2
= 0, (6.20)

∂f2(θ⃗; r⊥)
∂T1

= 0,
∂f2(θ⃗; r⊥)

∂T2
= 1. (6.21)
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Figure 6.3: 2D geometry toy model for a system of two basis material cylinders.

Note that for accurate discrete calculation of pixel values within the ROI, the wave field

should be upsampled and padded for free-space propagation [4].

6.3.3 2D geometry model

While the line-profile toy model is a logical starting point for incorporating XPCI information

in the CRLB, it encodes edge enhancement for only a single material along a single axis.

More generally, if more system geometry information is available, a 2D toy model can be built

by defining tj(r⊥) as a separable function comprising a constant, characteristic thickness Tj

and geometry factor gj(r⊥) describing the material’s shape in the transverse plane,

tj(r⊥) = Tj gj(r⊥). (6.22)

The constant thickness gives a single location-independent parameter for which we can esti-

mate the basis material CRLB, while the geometry factor encodes edge information necessary

to account for PB edge enhancement. Figure 6.3 shows a schematic of this acquisition setup

for B = 2 basis material cylinders.

To compute the partial derivatives for the Fisher information, we use the following 2D
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Table 6.1: Density and elemental composition (% mass) used for the basis materials [1].

Material ρ [g/cm3] H C N O Na Mg P S Cl K Ca

Soft Tissue 1.06 10.2 14.3 3.4 70.8 0.2 – 0.3 0.3 0.2 0.3 –

Bone 1.92 3.4 15.5 4.2 43.5 0.1 0.2 10.3 0.3 – – 22.5

Adipose 0.90 11.2 61.9 1.7 25.1 – – – – – – –

Gland 1.10 10.2 18.4 3.2 67.6 – – – – – – –

geometry basis functions

f1(θ⃗; r⊥) = T1 g1(r⊥), f2(θ⃗; r⊥) = T2 g2(r⊥), (6.23)

where θ⃗ = (T1, T2) and gj(r⊥) is assumed to be fixed by the known object geometry. Then

the partial derivatives are

∂f1(θ⃗; r⊥)
∂T1

= g1(r⊥),
∂f1(θ⃗; r⊥)

∂T2
= 0, (6.24)

∂f2(θ⃗; r⊥)
∂T1

= 0,
∂f2(θ⃗; r⊥)

∂T2
= g2(r⊥). (6.25)

6.4 Methods

The proposed toy model CRLBs were explored using two basis material pairs: 1-mm bone

with 4-mm soft tissue, which presents a typical high-absorption contrast decomposition task

often performed with conventional dual-energy imaging; and 1-mm fibroglandular (“gland”)

tissue with 4-mm adipose tissue, a weakly attenuating material pair providing a relatively

more challenging task. The elemental compositions used to compute the refractive indices

of the basis materials is reported in Table 6.1.

First, to contextualize the additional information provided purely from multiple spatial

measurements, both of the two-measurement toy models were compared (two-pixel/single-
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energy versus two-energy/single-pixel) in the absence of phase information for an ideal

monochromatic imaging system with 103 total incident photons. CRLB was computed

at a range of energies between 8 and 32 keV. The combined two-energy/two-pixel model

was also considered to assess the relative contributions of spectral and spatial information,

respectively.

Second, the potential advantage of PB-XPCI was evaluated by expanding to a multi-

pixel line-profile toy model, which is capable of resolving edge-enhancement effects for R > 0

with sufficiently high spatial resolution. For each material pair, a 20-pixel ROI was defined

in a single detector row centered about the 1-mm material’s edge (bone or gland). An

ideal PCD was modeled with pixel width ∆x = 1 µm. The incident number of photons

per pixel was scaled so that the total counts summed over the entire ROI matched the

earlier two-measurement systems. Basis material CRLBs were then computed for idealized

monochromatic acquisitions at a range of energy pairs for either R = 0 mm (traditional

absorption-only imaging) or R = 100 mm (PB-XPCI). The model was validated through

comparison with the two-energy/two-pixel model for the absorption-only case.

The same line-profile model was also used to assess a nonideal, polychromatic PB-XPCI

system using a spectral PCD for multiple energy-resolved intensity measurements. The

source spectrum was generated based on a tungsten anode with 30-kV peak tube voltage and

0.5-mm aluminum filtering, as might be used for mammographic imaging [182]. To accurately

simulate the continuous integral over all energy components of the full polychromatic wave

field, the spectrum was discretized into monochromatic component bins of width ∆E = 0.05

keV. The total flux of the spectrum was matched to the monochromatic system, such that∑
i S(Ei)∆E = 103 per µm2, with single-micron pixels.

A spectral detection scheme was defined in terms of thresholds energies Et, which cor-

responded to energy “bin” detector response functions Da(E) used to generate the multiple

energy-resolved acquisitions. Given a single threshold, an ideal PCD would simply sort each
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Figure 6.4: Illustration of the detector response functions Da(E) modeled for the spectral
PCD system given single energy thresholds of Et = 15, 20, or 25 keV for a normalized 30-kVp
spectrum S(E) with a 5-keV FWHM spectral threshold blur.

detected photon into either the low or high bin based on whether its true energy E0 is lower

or higher than Et, respectively. We introduced a more realistic detection model that assumes

each photon has finite energy resolution with a Gaussian probability distribution of being

detected at energy E, with mean = E0 and full-width at half-maximum (FWHM) = 0, 2,

or 5 keV. Figure 6.4 shows the full polychromatic spectrum filtered by example detector

response functions for different thresholds.

With this polychromatic imaging model, the line-profile CRLB was computed as a func-

tion of threshold energy for both a single-threshold (two-bin) system and a two-threshold

(three-bin) system, probing the utility of additional energy-resolved information and the

optimal thresholds for each basis material.

Finally, to assess generalizability, the line-profile model was extended to a 2D geometry

toy model for the single-threshold polychromatic imaging system. The basis object geom-

etry functions gj(r⊥) were defined as cylinders with diameter w = 30 µm. The centers

of the cylinders were offset by a small shift (20% of the radius along both x and y axes)

to disentangle a portion of the PB edge-enhancement effect for each basis material while

maintaining contrast overlap, which is fairly representative of a typical imaging task. The

detector was modeled as a 64×64 array of 1-µm pixels with a Gaussian spatial PSF (FWHM

= 2 µm). The spectral energy threshold model incorporated a nonideal Gaussian FWHM
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of 5 keV. CRLB was evaluated as a function of threshold energy for both bone/tissue and

gland/adipose material pairs.

To check how well the CRLB predictions would correspond with experimental imaging

scenarios, spectral XPCI simulations were performed for the same input parameters. Vari-

ance and bias of the subsequent thickness estimates was measured over N = 105 unique

noisy realizations for each. The material decomposition was performed using a maximum-

likelihood estimation (MLE) approach; for each set of simulated images y, the estimated T ∗
1

and T ∗
2 were found as the arguments minimizing the Poisson negative log-likelihood function,

L(T1, T2) =
∑
i

[λi − yi log(λi) + log(yi!)] , (6.26)

where λ = f(T1, T2) is the array of forward projected images for a given thickness pair

and i is the array index. The forward model f was written using the wave-optics library

chromatix and used for both simulation and optimization [183]. We used this to assess how

well MLE material decomposition could saturate the CRLB on variance and, secondarily, to

identify whether the optimal acquisition energy parameters were the same according to both

the CRLB and MLE simulations.

6.5 Results and Discussion

6.5.1 Two-measurement models (absorption only)

To understand the individual information contributions of spatial (multi-pixel) and spectral

(multi-energy) information, Fig. 6.5 directly compares the magnitude of the CRLB for each

two-measurement system. At all energies, the two-pixel system yields a CRLB much smaller

than the two-energy system. This is not particularly surprising, since the two-pixel system

includes additional assumptions about the object composition that significantly improve the

conditioning of the problem. Recall that the ideal dual-monoenergy material decomposition
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Figure 6.5: Comparison of basis material CRLBs with either a two-pixel or two-energy system
for 1-mm bone and 4-mm soft tissue background. The two-energy CRLB curve shows the
minimum achieved for a given low energy, i.e. CRLB(2E)

j (E1) = min CRLBj(E1, E2) for
E2 > E1. The full two-energy CRLBj(E1, E2) heatmaps are shown in Fig. 6.6.

Figure 6.6: Two-energy/single-pixel CRLB heatmap for all energy pairs for 1-mm bone and
4-mm soft tissue. The white “+” indicates the minimum CRLB coordinates, at (11.8 keV,
23.0 keV) for both materials. The E1 = E2 diagonal is not defined for this system.
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task can be solved by inverting a simple 2×2 matrix of linear attenuation coefficients as

described in Chapter 2,


p1(E1)

p1(E2)

 =


µ1(E1) µ2(E1)

µ1(E2) µ2(E2)



T1

T2

 , (6.27)

where pi is the log-measurement of the ith pixel, and the two-energy system only considers

the pixel including both materials (i = 1). Analogously, the two-pixel system with a single

energy Ek can be written as


p1(Ek)

p2(Ek)

 =


µ1(Ek) µ2(Ek)

0 µ2(Ek)



T1

T2

 , (6.28)

which is upper triangular and thus straightforward to solve by back substitution. Note that

for polychromatic acquisitions, these solution methods generally require effective monoener-

gies to generate the 2×2 matrices of linear attenuation coefficients.

For our context of spectral imaging, we are primarily interested in system performance

as a function of energy. For each basis material j, the energy E∗ that optimizes system

performance is the one minimizing the CRLB, i.e.

E∗
j ≡ argmin

E
σ2Tj (E). (6.29)

The optima of each CRLB are located at the zeros of the first derivative with respect to E.

These optima are minima if the second derivative is greater than 0. As a stronger condition,

if the CRLBs are strictly convex as a function of E, there is guaranteed to be a single min-

imizing optimum energy. Due to the elaborate energy-dependence of the linear attenuation
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coefficient in terms of contributions from Compton scatter (Klein–Nishina function), it is

quite tedious to write closed form first and second derivatives, so we instead note that this

is true by observation and with numerical verification for both systems (Fig. 6.5).

In fact, the two-pixel solution appears to be algebraically equivalent to an idealized

log-subtraction decomposition method used for digital subtraction angiography (DSA) [184–

186]. DSA is a fluoroscopic technique used to image vasculature by acquiring images both

with and without a contrast agent, then subtracting the paired log-projections to remove

obfuscating background structures [184, 185]. The non-contrast projections are analogous

to the background-only pixel in our two-pixel case. In the context of DSA, some exist-

ing work has compared conventional subtraction with proposed energy-resolved angiography

(ERA) methods, much like the comparison of two-pixel and two-energy toy models here

[184–188]. A key motivation for ERA is to reduce artifacts associated with multiple acqui-

sitions needed for DSA, for example motion and misregistration [186, 188, 189]. In terms of

SNR, traditional DSA still generally outperforms ERA due to noise amplification associated

with spectral material decomposition, although system optimization is improving its future

prospects [184–186, 188]. Therefore, it is not surprising to see in Fig. 6.5 that the two-

pixel method outperforms the two-energy method. While we continue to focus on spectral

XPCI here, these two toy-model CRLB frameworks may also be useful for future work in

angiography.

Fig. 6.7 shows the two-energy/two-pixel CRLB heatmap as a function of energy pair

for bone/tissue. Unlike the traditional two-energy single-line integral CRLB (Fig. 6.6), the

two-pixel CRLB is minimized at a point along the diagonal E1 = E2, 15 keV for bone and 10

keV for soft tissue. This indicates that, when adding a background-only measurement to a

dual-energy imaging problem, it is actually better to acquire a single energy measurement at

the optimal value rather than to divide the dose budget between distinct energies. Further,

returning to Fig. 6.5, the optimal energy “pair” for the two-energy/two-pixel CRLB appears
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Figure 6.7: Two-energy/two-pixel CRLB for 1-mm bone and 4-mm soft tissue background.
The white “+” indicates the minimum CRLB coordinates, at (15 keV, 15 keV) for bone and
(10 keV, 10 keV) for tissue.

Figure 6.8: Two-energy/two-pixel CRLB for 1-mm fibroglandular tissue and 4-mm adipose
tissue background. The white “+” indicates the minimum CRLB coordinates, at (8.8 keV,
8.8 keV) for gland and (8.0 keV, 8.0 keV) for adipose.
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to be the same as the one optimal energy for the single-energy/two-pixel CRLB. This matches

expectation. Along the diagonal E1 = E2, the two-energy/two-pixel Fisher information

(Eq. 6.12) simplifies to

I(2E/2px)(E1, E2 = E1) =
∑
i

I(i)(E1), (6.30)

which is identical to the single-energy/two-pixel Fisher information. Therefore, if the total

photons are matched, the diagonal of the two-energy/two-pixel CRLB matrix will match

the shape of the single-energy/two-pixel CRLB curve. If there exists a unique minimizer

E∗ for the single-energy/two-pixel CRLB, the value at (E∗, E∗) must be either a minimum

or a saddle point for the two-energy/two-pixel case. This does not necessarily exclude the

existence of other local minimizers; however, none are apparent for the bone/tissue system

examined in Fig. 6.7. Similarly, Fig. 6.8 shows the two-energy/two-pixel CRLB for a more

weakly attenuating material pair of fibroglandular tissue on an adipose tissue background,

which also has a single global minimizer along the E1 = E2 diagonal.

6.5.2 Line-profile model (XPCI)

As an initial check, we expect the multi-pixel line-profile CRLBs to match the two-pixel

CRLBs when R = 0, the edge is centered in the ROI at x0 = 0, and the total photon

counts are matched. Figs. 6.9 and 6.10 confirm this, showing the line-profile CRLBs as a

function of dual-energy pair for both bone/soft-tissue and gland/adipose-tissue objects, dose

matched to their corresponding two-pixel CRLB heatmaps of Figs. 6.7 and 6.8. Example

line profiles are also presented to contextualize the raw edge enhancement. The R = 0 case

perfectly matches the two-pixel CRLBs at all energies. With R = 100 mm, the optimal

signal-material CRLB improves by several orders of magnitude (bone or gland), while the

background CRLB changes only slightly (soft tissue or adipose tissue). This reflects the new
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Figure 6.9: Bone/soft-tissue basis: line-profile dual-energy CRLB heatmaps for R = 0 mm
(traditional) and 100 mm (XPCI), with line profiles for two example energies.
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Figure 6.10: Fibroglandular/adipose-tissue basis: line-profile dual-energy CRLB heatmaps
for R = 0 mm (traditional) and 100 mm (XPCI), with line profiles for two example energies.
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presence of edge-enhancement information for the first material alone. Furthermore, while

the 0-mm heatmaps are smooth and convex, the 100-mm signal-material CRLB heatmap

has several additional local minima. This is likely a result of the partial averaging effects

of sub-pixel interference patterns displayed at the finite detector resolution, which appears

to give rise to a periodicity in the optimal energies. The global minimum is still along the

E1 = E2 diagonal, although the optimizing value depends on the propagation distance,

increasing slightly from 15.0 to 17.6 keV for bone and from 8.8 to 10.2 keV for gland.

Figs. 6.11 and 6.12 extend the line-profile CRLB to the nonideal polychromatic system

with an energy-discriminating PCD using spectral uncertainty FWHM of 0, 2, or 5 keV.

The solid black line shows the CRLB as a function of threshold energy for the one-threshold

(two-bin) system, while the thin marked lines show the results for different two-threshold

(three-bin) systems. The first observation is that, unlike the ideal monochromatic system,

the minimizing thresholds are always at intermediate values, affirming the utility of spectral

information with a polychromatic source. If the minimizing threshold were instead at the

minimum or maximum possible energy, this would imply that spectral information does not

provide useful additional information. Second, the one-threshold curve serves as an upper

envelope for the two-threshold curves, indicating that further energy-resolved information

can only improve CRLB. Third, like the monochromatic system, the ideal threshold systems

(FWHM = 0 keV) show rapid oscillations in local minima, but these are gradually smoothed

out as FWHM increases to 5 keV. This may reflect the particularly informative nature of

specific intermediate energies, which gradually reduce their relative contribution to either bin

when the energy threshold is swept across. This effect is not as prominent in the background

material (soft tissue or adipose tissue), likely due to the lack of edge enhancement as a

uniform slab.
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Figure 6.11: Bone/soft tissue polychromatic line-profile CRLBs as a function of threshold
energy. The solid black line is for a one-threshold (two-bin) system. The thin marked lines
show different two-threshold (three-bin) systems, with color/marker indicating the lower
energy threshold and the horizontal axis the higher threshold.
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Figure 6.12: Gland/adipose tissue polychromatic line-profile CRLBs as a function of thresh-
old energy. The solid black line is for a one-threshold (two-bin) system. The thin marked
lines show different two-threshold (three-bin) systems, with color/marker indicating the lower
energy threshold and the horizontal axis the higher threshold.
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Figure 6.13: Example noisy simulated images used for the MLE validation study with a
20-keV energy threshold.

6.5.3 2D geometry model and MLE validation

Figure 6.13 shows example noisy polychromatic simulation images used for the MLE vali-

dation, and Figs. 6.14 and 6.15 show the CRLB and MLE variance curves for the bone/soft

tissue basis and gland/adipose basis, respectively. The trends in MLE as a function of

threshold energy closely matched the CRLB, with the same energies minimizing both MLE

variance and CRLB for each material. Further, in comparison with the line-profile case, the

shape of the first material (bone or gland) CRLB curve closely matched the corresponding

line-profile case (single-threshold and spectral FWHM = 5 keV), with minimizers at 21 keV

for bone and 16 keV for gland. This reflects the shared information content at the edge

of bone/gland in both models. The shape of the background material curve (soft tissue or

adipose tissue) differed, with the introduction of multiple local minima, a result of the newly

introduced edge information. The optimal energy threshold was unique for each material,

with a slightly higher value for the denser material of each basis relative to the less dense

material (16 keV for soft tissue and 15 keV for adipose). All optimal energy thresholds were

at intermediate energy values, again indicating the benefits of spectral separation in context

of material decomposition with a polychromatic source.

The MLE variance was slightly greater than the CRLB, with average MLE:CRLB ratios

of 1.11±0.04 for bone, 2.31±0.08 for soft tissue, 2.43±0.14 for gland, and 1.77±0.56 for
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Figure 6.14: For the bone and soft tissue basis, comparison of CRLB and MLE simulation
variance as a function of threshold energy for the polychromatic spectral PCD system. For
each panel, the CRLB (solid line) uses the left vertical axis and the MLE (dashed line) uses
the right vertical axis for scale. A ±1 keV window moving average is shown over the MLE
variances, which were computed for individual Et in 0.1 keV intervals.
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Figure 6.15: For the gland and adipose tissue basis, comparison of CRLB and MLE simula-
tion variance as a function of threshold energy for the polychromatic spectral PCD system.
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adipose. This may be related to a bias in the simulation thickness estimates. Figs. 6.16

and 6.17 show the bias as a function of threshold energy for bone/tissue and gland/adipose,

respectively. All materials had a slight negative bias, though it was on the order of a few

microns and less than 1% of the true thickness at all thresholds. Bias was generally the

smallest near the variance-minimizing threshold energies of each material. Since the CRLB

is a bound on the lowest achievable variance of unbiased estimator, it may not be fully

predictive in the presence of significant bias.

6.6 Conclusion

In this work, we propose a CRLB framework for PB-XPCI and use it to examine multi-

energy XPCI for material decomposition. Spectral XPCI is a promising emerging approach

to phase-contrast imaging, owing to its ability to acquire multiple independent measure-

ments for quantitative phase retrieval or material decomposition in a single-shot and thus

bypassing inconvenient multi-shot acquisitions or potentially inaccurate approximations. A

generalizable optimization framework is essential to realize its full potential.

The CRLB provides a valuable, phase retrieval-agnostic metric for assessing and opti-

mizing system performance. This has been demonstrated previously for other XPCI acqui-

sition systems and for material decomposition in traditional absorption-only X-ray imaging,
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yet a gap has existed for spectral PB-XPCI specifically [66–68]. This may be because the

PB-XPCI CRLB must accommodate multiple detector pixel measurements, since key infor-

mation resides in the high- and low-intensity fringes that develop at material edges in the

image, introducing a new layer of complexity to traditional theoretical toy models [172].

We accounted for this by treating spatially-resolved pixel measurements as independent and

summing over them in the Fisher information calculation, a reasonable first approximation

similar to the conventional assumption of independent measurements in different spectral

energy bins [66]. By progressively building up from just two pixels to a full 2D geometry

toy model, we are able to elucidate the information contributions of spectral, spatial, and

phase-contrast information.

Interestingly, the spatially resolved measurements in the CRLB model parallel the tem-

porally resolved measurements acquired for angiography [184–186]. Past work has indicated

promise for joint energy-resolved and conventional time-resolved DSA with a spectral PCD

[190]. This would indicate similar possible benefits in the proposed CRLB models even in

the absorption-only domain. Though the multi-energy benefit did not necessarily translate

for the ideal monochromatic imaging system, we saw improvements with a polychromatic

system and spectral PCD, as was used in the prior work on energy-resolved angiography.

The different apparent spectral benefit for monochromatic versus polychromatic systems

is possibly related to the fact that the simple 2×2 matrix inversion material decomposition

strategy (Eqs. 6.27 and 6.28) is only valid for monochromatic acquisitions. With poly-

chromatic measurements, this simple decomposition method necessitates collapsing the full

spectrum to a single monoenergy for each acquisition. In reality, a polychromatic acquisi-

tion contains more complicated information due to the many energy components summed

together, especially when including propagation-based edge enhancement. Further, the ef-

fective energies of the spectrum cannot be tuned at will as they can for a monoenergetic

acquisition, since they are constrained to the range of possible pairs as a function of thresh-

143



old energy. Thus, the monochromatic analysis suggesting that there is a single optimal

monoenergy is not applicable to the spectral polychromatic system. The polychromatic

CRLB reflects this, finding an optimal spectral threshold for splitting a single polychromatic

image into two energy “bin” images.

An additional note regarding the dual-monoenergy system concerns the effect of the

incident spectra Sa(E) as defined for the general measurement model (Eq. 6.14). While the

polychromatic analysis utilized a spectrum function generated based on a tungsten-anode

source, the monochromatic dual-energy system modeled here simply fixed S(E) = 1 for

each acquisition. With monochromatic synchrotron radiation, this is not an unreasonable

simplification in the context of sequential dual-energy scans. While a synchrotron’s flux

does change as a function of energy, with sequential scans, the acquisition time can be

modulated such that the total intensity per acquisition is equal. More generally, it could

be possible to modulate acquisition time and find some optimal intensity distribution across

monoenergies; i.e., while we show that when monoenergetic Si ≡ S(Ei) = 1 the optimal

energy pair converges to a single energy, we do not consider the case of S1 ̸= S2. In Chapter

3, we showed that MV-kV dual-energy imaging could outperform single-kV imaging, but only

with optimal intensity allocation where roughly 10% of the total dose was delivered from

the MV spectrum. It is possible that a dual-monoenergetic system could see similar benefits

if the spectral allocation is optimized rather than fixed equal to 1. The CRLB framework

developed here enables such analysis, which we leave to future work.

Despite the additional model complexity, the 2D component has the advantage of allowing

for assessment of several other system parameters simultaneously, including detector pixel

size and object width, providing a more holistic view of PB-XPCI performance. This also

opens up potential for exploring a variety of toy model geometries beyond the two-cylinder

model examined in this work. Uniquely, it can account for certain realistic 2D effects such

as source and detector PSF, which opens up the potential for propagation distance opti-
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mization in addition to multi-energy analysis when using a cone-beam source that includes

a magnification factor.

There is some prior work considering alternative methods for quantifying theoretical

material decomposition performance for DE PB-XPCI using phase retrieval methods that

analytically invert the linearized TIE [24, 59, 178]. This has used a simpler model, but the

overall findings are consistent with our CRLB trends. Notably, the CRLB offers a more gen-

eral performance assessment framework that is independent of any specific material decom-

position or phase retrieval algorithm. Because TIE-based approaches rely on approximations

that may not hold in regimes where our CRLB indicates improved best-achievable SNR (e.g.

small ∆x and sufficiently large R), material decomposition methods that relax TIE assump-

tions may yield performance gains [57, 61, 176, 179, 180]. Future work could compare these

approaches systematically across conditions where CRLB and TIE validity diverge, high-

lighting the most promising avenues for improving material decomposition performance. A

new element of our estimation theory framework is the inclusion of a polychromatic spectrum

and energy-dependent detector response.

As with any theoretical image quality metric, certain limiting simplifications are un-

avoidable. Here, we focused on Poisson counting statistics and did not model effects such as

scatter or more complex PCD effects such as pulse pile-up and dead time. Nonetheless, we

were able to include other realistic elements such as the system PSF, which cannot be mod-

eled in a typical single-line integral CRLB [66]. Extending the forward model and derivative

expressions to include more effects could be an interesting direction for future work building

upon this XPCI-CRLB.

In conclusion, our proposed XPCI-CRLB framework establishes a useful foundation

for optimizing spectral PB-XPCI systems and advancing their translation toward practi-

cal biomedical applications. Our results affirm the utility of multi-energy information with a

polychromatic spectral PCD setup, an XPCI system of particular interest for its convenient
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single-shot acquisition implementable in benchtop systems. We present a logical progression

of models, beginning with the traditional single-pixel CRLB and gradually including more

spatial and phase-contrast information. We validated the 2D toy model against a simula-

tion study to confirm that CRLB optimization predictions translate to practical imaging

scenarios. Future experiments might implement the CRLB with specific toy model material

configurations emulating the imaging task at hand, allowing early optimization of acquisition

parameters to achieve the best material decomposition and phase retrieval performance.

6.7 Appendix: Partial derivatives of PB-XPCI measurements

For a generic material decomposition toy model, the projected thickness term can be param-

eterized in terms of basis functions fj ,

B∑
j

tj(r⊥)Aj(E) =
B∑
j

fj(θ⃗; r⊥)Aj(E), (6.31)

where θ⃗ is the vector of parameters to be estimated. For example, for a standard two-material

decomposition problem, θ⃗ = (T1, T2).

Calculation of the Fisher matrix requires the partial derivatives of the intensity measure-

ments with respect to each parameter, which is

∂

∂θu
ma(r⊥; θ⃗) = ∆x2

∫
dE

(
psfa(r⊥, E) ∗ ηa(E)Da(E)Sa(E)

∂I(r⊥, E; θ⃗)
∂θu

)
, (6.32)

since the monochromatic components I(r⊥, E) are the only constituent terms that depend

on θ⃗, and the integral and convolution are linear operators. To simplify, each monochromatic
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intensity can be written in terms of the complex wave field incident on the detector,

I(r⊥, E; θ⃗) =
∣∣∣ψR(r⊥, E; θ⃗)∣∣∣2 , (6.33)

ψR(r⊥, E; θ⃗) ≡ DR(E) exp

−ik(E) B∑
j

fj(θ⃗; r⊥)Aj(E)

 . (6.34)

The identity for the derivative of the squared modulus of a complex function |a(x)|2 ≡

a(x)a(x) is

∂

∂x
|a(x)|2 = 2Re

[
a(x) a′(x)

]
, (6.35)

where the overbar indicates the complex conjugate. Since the propagation operator is linear

and independent of θ⃗,

∂

∂θu
ψR(r⊥, E; θ⃗) = DR(E)

∂

∂θu
exp

−ik(E) B∑
j

fj(θ⃗; r⊥)Aj(E)

 . (6.36)

This simply requires evaluation of the partial derivative of the argument of the exponent,

since the derivative of an exponentiated function is

∂

∂x
ea(x) = a′(x)ea(x). (6.37)

Applying this to Eq. 6.36,

∂

∂θu

−ik(E)
B∑
j

fj(θ⃗; r⊥)Aj(E)

 = −ik(E)
B∑
j

Aj(E)
∂fj(θ⃗; r⊥)

∂θu
. (6.38)

This demonstrates that the only model-specific derivative needed is the partial derivative

of each basis function fj with respect to the estimated parameters. Once these derivatives

are specified, the remaining operations follow from the common PB-XPCI forward model,
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as these derivatives are substituted back into the chain of equations above.

∂

∂θu
ψR(r⊥, E; θ⃗) = DR(E)


−ik(E) B∑

j

Aj(E)
∂fj(θ⃗; r⊥)

∂θu

 exp

−ik(E) B∑
j

fj(θ⃗; r⊥)Aj(E)

 .

(6.39)
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CHAPTER 7

ACCURACY OF THE PROJECTION APPROXIMATION

7.1 Introduction

PB-XPCI faces several hurdles before clinical realization and optimal implementation. A

key challenge is the need for both accurate and computationally efficient discrete forward

modeling. Free-space propagation simulation generally requires sub-micron sampling, even

for detectors with relatively low resolution, in order to account for partial averaging effects

over the high-frequency interference patterns. With increasingly large fields-of-view (FOVs),

3D volumes, and tomography rotation angles, the memory requirements of a PB-XPCI

simulation can compound rapidly. Further, to solve the phase retrieval problem, one must

invert the chosen forward model, which may not have an analytical solution and thus can

magnify the computational challenge. For this reason, several approximations are commonly

implemented in XPCI forward models.

One of the most ubiquitous simplifications is the projection approximation (PA), which

neglects diffraction and refraction within the object by treating the object as a single pro-

jected complex transmission function [23]. This is typically valid for thin objects, high X-ray

energies, and large transverse feature sizes/lower spatial resolution [4, 163]. Under PA, the

X-ray wave field exiting an object is modeled according to the line integrals through the

object’s complex index of refraction. If one can recover the full complex exit wave from

the raw data, under PA, it is straightforward to use the real and imaginary line integral

component sinograms as input to a conventional CT reconstruction method such as filtered

back-projection (FBP). But if the conditions of PA are not satisfied, conventional phase

retrieval methods will not necessarily recover exact line integrals, jeopardizing the accuracy

of both recovered projections and tomographic reconstructions.

It is essential to understand the validity of approximations under various conditions to
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make informed decisions in imaging simulations and inverse solutions. Given the apparent

direction of advances in micro-CT technology, large FOVs and high spatial resolution, PA

is an approximation of particular interest [62, 169]. Note that in CT imaging, FOV is the

limiting factor for both the maximum width and maximum thickness of the object, as it is

rotated and imaged over many view angles. Thus, the purpose of this chapter is to assess the

accuracy of PA and to compare it to a more general model in the context of PB-XPCI forward

modeling and existing inverse problem solutions, including conventional phase retrieval and

CT reconstruction.1

7.2 Background

A detailed derivation of the PA model and its founding assumptions can be found in Chapter

5. In short, given a wave field ψ(r) and object with refractive index n(r, E), the PA forward

model follows from the inhomogeneous paraxial equation (Eq. 5.35) when one assumes that

∇2
⊥ψ(r) ≈ 0 within the object. This is valid in practice when refractive effects within the

object are negligible, which is generally true of thin objects with relatively large features [4].

A simple unitless metric for PA validity uses the Fresnel number NF ,

NF =
∆x2

λ(E)T
, (7.1)

where ∆x is the smallest feature size of interest (assigned here as detector pixel size), λ(E) is

the X-ray wavelength, and T is the object thickness [4]. PA is typically valid when NF ≫ 1,

with a hard cut-off of NF > 10 proposed [163]. Considering the context of advancing imag-

ing technology, Fig. 7.1 shows heatmaps of the Fresnel number for ranges of parameters

corresponding to conventional and emerging micro-CT, mammography, and clinical CT (pa-

rameters listed in Table 7.1). The condition NF ≫ 1 is well satisfied for clinical CT even

1. Parts of this chapter are based on conference proceedings papers available on ArXiV [191] and [164]
under the CC BY-NC-SA 4.0 licence.
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Table 7.1: Parameter ranges used to represent the three imaging modalities for Fresnel
number heatmaps (Fig. 7.1).

Imaging modality Energy E [keV] Resolution ∆x [µm] Thickness z [cm]

Micro CT 14 0.1 – 5.0 0.1 – 2.0

Mammography 18 5 – 50 2 – 10

Clinical CT 50 50 – 400 10 – 50

with potential ∼100-µm high-resolution PCD pixel sizes at a maximum 50-cm FOV. Simi-

larly, the condition is well satisfied for mammography at realistic clinical detector pixel sizes,

∼10 µm, though it may drop below the NF = 10 threshold for single-micron scales and thick

samples. The condition is not clearly satisfied for micro-CT, especially with sub-micron

pixels or centimeter-thick samples.

Though a useful first estimate, the Fresnel number does not capture the full picture.

Eq. 7.1 provides a simple criterion based on a single characteristic feature size and length

scale, but real objects contain a range of material interfaces and structure sizes that may

be larger than the pixel size. Beyond the object, the exit wave evolves further as it

propagates through free space, and detector nonidealities such as blur and noise influence

whether internal-object refractive effects actually convert to measured intensity changes.

Post-processing algorithms such as phase retrieval and tomographic reconstruction can also

affect the image properties. While the Fresnel number offers useful orientation, direct com-

parisons between PA and more general wave optics models are still necessary for robust

assessment of different samples.

Previous work from Morgan et al. investigated PA versus an exact solution for PB-XPCI

of a cylinder edge as a proxy for biological specimens [192], additionally developing another

analytical metric for PA validity that accounts for additional acquisition parameters such

as the cylinder’s phase-shifting component δ and propagation distance [193]. A key finding

was the significance of propagation distance: experimentally measured 25-keV synchrotron
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Figure 7.1: Fresnel number heatmaps in parameter ranges representing three X-ray imaging
modalities: micro-CT, mammography, and clinical CT.

images with half-micron pixel-size detector were found to more closely match PA simulations

as distance increased up to 100 cm. More precisely, they found PA underestimated fringe

magnitude over distances up to the scale of the sample thickness. Nonetheless, especially at

more typical PB-XPCI scales using larger propagation distances, PA very closely matched

experimental observation and improved simulation computation time relative to the exact

solution from hours to under a second.

Other models may offer an improved balance of generality and computational efficiency.

One potential alternative is the multi-slice (MS) method, in which the object is first divided

into a series of sufficiently thin axial slices, then the incident wave field’s evolution is modeled

using sequential thin-object transmission functions and free-space propagation operators over

each slice width [4]. The MS model is also an approximation, neglecting backscattered waves

and making the paraxial assumption, but it is more general than PA because it does not

collapse the entire object into a single projected transmission function. Still, it requires

additional propagation operations scaling with the number of slices, increasing computation

time and inverse problem complexity.

Yet, MS-based inverse solutions are already established for X-ray ptychography, a com-

putational microscopy technique that utilizes overlapping coherent diffraction pattern mea-
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surements to perform phase retrieval [194–197]. Like PB-XPCI, conventional ptychographic

reconstruction often models the object using a single projected transmission function. Since

ptychography is often performed at nanometer-scale resolution, the depth-of-field can quickly

become short relative to the sample thickness, motivating earlier development of more accu-

rate forward models and corresponding inverse solutions [4]. The MS approximation offered

a practical solution accounting for depth-dependent refractive effects [165]. Recently, an MS-

based phase retrieval method has been proposed compatible with both ptychography and

propagation-based nanotomography, using automatic differentiation to perform iterative op-

timization while accounting for internal refractive effects without requiring an analytical

inverse [198].

Though this past work focuses on smaller scales than micro-CT or high-resolution clinical

imaging, it motivates benchmarking PA performance against MS forward models when the

assumptions of PA may be violated. Thus, the specific goals of this chapter are to explore the

regime of PA accuracy, to identify when depth-dependent refractive effects become apparent

in the MS model, and to assess whether these differences meaningfully affect conventional

phase retrieval and CT reconstruction. This lays the foundation for a parallel comparison

of PA- and MS-based iterative phase retrieval methods in the following chapter. We build

upon prior work by directly comparing the two models and assessing them at different size

scales.

7.3 Methods

Noiseless monochromatic PB-XPCI simulations were performed using both PA and MS for-

ward models. The simulations imaged a variety of simple and detailed phantoms generated

at sub-micron spatial resolution with either high- or low-attenuation contrast materials. All

simulations were defined using the wave-optics library chromatix and assumed a monochro-

matic source with an ideal photon-counting detector [183]. Three primary simulation studies
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Figure 7.2: Schematic of the rod phantom.

were performed: (1) line profiles through a simple rod phantom, (2) full-FOV projection im-

ages of an image-quality phantom, and (3) micro-CT scans of stained and unstained zebrafish

phantoms.

7.3.1 Rod phantom line profiles

The first phantom was a simple image quality phantom comprising a 1-cm thick water slab

with ten embedded rods (Fig. 7.2). Each rod had a 10-µm radius, and they were equally

distributed throughout the slab’s depth in the direction of wave propagation. This geometry

was chosen as a simple form of depth information that might induce detectable internal

phase shifts neglected by the PA model.

To consider the effect of material composition, rods were defined as either aluminum

or PMMA. Fig. 7.3 shows the refractive index components of the phantom materials as a

function of energy. Aluminum has the highest absorptive and phase-shifting components of

all materials, likely owing to its relatively high density. Compared to water, PMMA is more

weakly absorptive (smaller β) but more strongly phase-shifting (larger δ).

Single-projection PB-XPCI simulations were performed using a 14-keV incident beam

and a range of spatial resolutions (∆x = 0.05–5.0 µm), propagation distances (R = 0 or 20

mm), and number of MS slices (Nz = 2–100). Central line profiles were compared in the

raw images produced by the two forward models.
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Figure 7.3: Refractive index components for materials used in the rod phantom simulations.

7.3.2 QA phantom projections

To provide more transverse spatial detail, mammography quality assurance (QA)-inspired

“clutter phantoms” of PMMA spheres were generated at two image scales (Fig. 7.4) [199] The

first scale, “mammo-clutter,” was a 5-cm3 cube randomly populated with non-overlapping

spheres of radii between 0.3 and 1.5 cm, targeting a fill ratio of 60% of the total volume.

A 1-cm ROI was chosen for efficient imaging simulations. The second scale, “micro-clutter,”

was a 1-mm2 transverse area with half-cm depth, generated using the same random fill

algorithm with sphere radii 10 µm–1 mm and a target fill ratio of 50%. The anisotropic

volume shape and slightly lower fill target were chosen for the micro-clutter phantom due to

the large number of non-overlapping micron-sized spheres needed to achieve the target, which

induced significant computation time. For phantom generation, the spheres were allowed to

spill outside of the imaged volumes.

Three detectors were modeled representing real detectors used at different imaging scales.

First, a 55-µm pixel detector was based on the Medipix family of energy-discriminating PCDs,

a promising detector for spectral XPCI, with a 21-µm FWHM Gaussian PSF [56, 61, 200,

201]. The second detector had 8-µm pixel width, inspired by the inCiTe 3D X-ray microscope
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Figure 7.4: Projected thickness of the two randomly generated PMMA-sphere clutter phan-
toms. On the left, the larger “mammo-clutter” phantom was generated over a full 5-cm2

FOV, and a 1-cm2 ROI (red box) was chosen for the simulation. On the right, the full
1-mm2 FOV was used for simulations of the smaller “micro-clutter” phantom.

(trademark KA Imaging), with a 6-µm FWHM Gaussian PSF. Last, a 0.5-µm pixel detec-

tor was modeled after a micron-resolution detector used for half-centimeter FOV micro-CT

imaging [169]. This detector model used a Lorentzian PSF with 1.1-µm FWHM, reflecting

the lens optics system used to achieve its sub-micron effective pixel pitch [202].

The 55-µm and 8-µm detectors were used to simulate images of the larger mammo-clutter

phantom at R = 0 or 100 cm, while the 8-µm and 0.5-µm detectors were used to simulate

images of the smaller micro-clutter phantom at R = 0 or 10 cm. The nonzero propagation

distance was chosen in proportion to the object size (20× max phantom thickness). All

simulations were noiseless with monochromatic 10-keV beam. The MS model used Nz = 50

slices, with slice width ∆z = 1 mm for the larger phantom and ∆z = 0.1 mm for the smaller

phantom.

Single-distance phase retrieval (PR) was performed on the R > 0 images to see whether

the intensity differences in the raw MS- and PA-simulated data actually translated to appre-

ciable differences. The PR algorithm used was the widely-implemented homogeneous object

method, with an assumed material of PMMA [24].
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Figure 7.5: Zebrafish phantom at the original 1.6-µm resolution (left) and after the smooth
upsampling operation to achieve 0.2-µm resolution for accurate PB-XPCI micro-CT simula-
tions.

7.3.3 Zebrafish micro-CT

As an experimental analogue, micro-CT scans were simulated using a structurally rich ze-

brafish phantom. The original phantom was created by segmenting a reconstructed syn-

chrotron micro-CT scan of a metal-stained zebrafish with 1.6-µm voxel size. The two metals,

osmium tetroxide and uranyl acetate, approximately targeted cell lipids and nuclei, respec-

tively, allowing segmentation into four materials (air, water, tissue, adipose).

Since the native 1.6-µm voxel size was too coarse to simulate sub-micron wave interference

effects, a custom smooth upsampling algorithm was developed. Each material mask was first

upsampled individually to 0.2-µm pixels (8×) using nearest-neighbor interpolation. A small
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Figure 7.6: Refractive index components for the zebrafish phantom simulations. The metal
stains osmium tetroxide and uranyl acetate reflect a mixture of 1% stain in water.

Gaussian blur was applied (σ = 8 pixels), and the result was re-binarized into 1s (material

present) and 0s (material absent) using a normalized threshold of 0.35, which was manually

selected to preserve fine structures without excess blooming. Overlapping material masks

were assigned to a single material by choosing the material with the highest blurred intensity,

with any remaining empty space assigned to vacuum, and the individual material masks were

recombined into a single upsampled phantom with smooth material interfaces (Fig. 7.5).

Simulations were performed for both metal-stained (24 keV) and unstained (14 keV) ma-

terial compositions, with refractive index components in Fig. 7.6. For the stained simulations,

osmium tetroxide and uranyl acetate mixtures replaced adipose and tissue, respectively. The

stained simulations also used a more energetic source (24 keV instead of 14 keV) to mitigate

photon starvation from the higher attenuation.

To eliminate edge artifacts, the phantom was padded with 1000 empty vacuum pixels on

all sides, yielding a final 13130×13130 zebrafish array of 0.2-µm pixels. Projection images

were taken at 6874 rotation angles equally spaced over 180 degrees to satisfy Nyquist sam-

pling criterion for parallel-beam CT [71]. The free-space propagation distance was either 0

or 20 mm, and the detector was defined with pixel size ∆x = 0.6 µm and ideal focal spot.
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Lower-resolution images were also simulated by block-averaging the ideal sinograms to a

pixel size ∆x = 2.4 µm.

Single-distance, homogeneous material PR was performed in the sinogram domain with

an assumed material of water, yielding effective thickness sinograms [24]. For the R = 20

mm sinograms, this is a true form of phase retrieval, while for the R = 0 contact sinograms,

this is equivalent to taking the log-intensity measurements and normalizing by the linear

attenuation coefficient of water. The final images were reconstructed from the PR sinograms

using FBP with a matrix size of 4096 and FOV of 2.5 mm [7].

7.4 Results and Discussion

7.4.1 Rod phantom line profiles

Figs. 7.7 and 7.8 show a region of the PA- and MS-simulated rod phantom line profiles for

aluminum and PMMA rod materials, respectively. The line profile region shown is centered

on the rod-to-water background material interface. In the contact image (R = 0 mm), PA

shows no fringes due to the lack of any propagation, resulting in a large difference relative

to MS. After a short propagation downstream (R = 20 mm, twice the phantom thickness),

there is still a subtle difference in the line profiles. This convergence matches expectation

from previous work examining PA in modeling PB-XPCI of cylinders, with PA converging

to exact solutions and experimental measurements as R increases beyond the scale of the

object thickness [192, 193]. Interestingly, finite detector sampling effects may overemphasize

differences between PA and MS at certain distances due to apparent transverse shifts in the

fringe peak and trough locations. This effect is apparent in the 20-mm aluminum rod line

profiles around detector coordinate 11 µm and 12.5 µm.

Fig. 7.9 explores this finite detector effect by looking at pixel-wise root-mean-square-error

(RMSE) between MS- and PA-simulated line profiles as a function of detector pixel size. As
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Figure 7.7: Simulated aluminum rod phantom line profiles before (dashed line) and after
(marked solid line) resampling at the detector pixel size ∆x = 0.5 µm.

Figure 7.8: Simulated PMMA rod phantom line profiles before (dashed line) and after
(marked solid line) resampling at the detector pixel size ∆x = 0.5 µm.
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Figure 7.9: RMSE between MS and PA rod phantom simulations as a function of detector
pixel size ∆x.

Figure 7.10: RMSE between 100-slice MS line profiles and MS simulations with just Nz,
illustrating convergence of MS simulations as Nz → ∞.

expected according to the Fresnel number criterion (Eq. 7.1), PA shows better agreement

with MS at larger pixel sizes. The difference approaches a plateau above ∆x ≈ 2 µm for

both PMMA and aluminum. The downward trend was not monotonic, with small bumps

possibly reflecting the finite sampling effect when MS and PA fringes fall near the edge of

differently spatially distributed pixels, an inevitability when sweeping over a range of pixel

sizes. Additionally, RMSE was roughly an order of magnitude larger for aluminum relative

to PMMA, likely due to its larger δ increasing its induced phase shifts.

Fig. 7.10 assesses the number of slices needed for MS simulations of the rod phantom to
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Table 7.2: Average and maximum difference (|PA – MS|) in normalized raw intensity images
(R = 0 or 10/100 cm) and phase retrieval “PR” images (R = 10/100 cm) for the different
detector and phantom sizes. The mammo-clutter phantom was 5-cm thick while the micro-
clutter phantom was only 0.5 cm thick.

Phantom Detector ∆x Images Avg. diff. Max. diff.

R = 0 cm 0.00021 0.0056

55 µm R = 100 cm 0.00017 0.0047

mammo- PR 3.7 µm 36.8 µm

clutter R = 0 cm 0.00051 0.093

8 µm R = 100 cm 0.00044 0.075

PR 3.9 µm 43.2 µm

R = 0 cm 0.0022 0.015

8 µm R = 10 cm 0.0017 0.016

micro- PR 4.2 µm 15.8 µm

clutter R = 0 cm 0.010 0.16

0.5 µm R = 10 cm 0.011 0.27

PR 4.5 µm 19.2 µm

converge with 0.1-µm pixel sampling, comparing MS as a function of number of object slices

Nz to MS100 (the 100-slice MS simulation taken as an estimate of the true line profile). For

both materials, RMSE drops below 10% of the maximum around Nz = 20 (21 for PMMA

and 18 for aluminum), after which slowly plateaus. This corresponds to a slice width of

0.5 mm, suggesting this is a sufficient thickness for satisfying PA at 1-cm thickness with

10-µm cylinders. Notably, the Fresnel number is very different depending on whether the

cylinder size or detector resolution is taken as the feature size of interest (NF = 2260 for

cylinder size versus NF = 0.226 for detector pixel over 0.5-mm thickness). A more adequate

prediction of PA sufficiency might use a few detector pixels as the feature size.
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7.4.2 QA phantom projections

Table 7.2 summarizes the average and maximum differences in the PA and MS images of the

clutter phantoms imaged with the different detector scales. For both phantoms, the difference

between forward models was much larger for the smaller detector pixel size. In the larger

mammo-clutter phantom, the PA – MS difference was also slightly larger in the R = 0 mm

exit waves relative to the R = 100 cm propagated waves. This difference with propagation

distances was not obvious in the micro-clutter phantom images. Overall, differences in the

PR thickness estimates were very small, on the order of ∼10 µm, which is less than 1% of

the both phantom thicknesses (5 or 0.5 cm). However, the difference was relatively larger

for the micro-clutter phantom, since it had a smaller total thickness.

The full raw intensity, retrieved thickness, and PA minus MS difference images for both

phantoms and detectors can be seen in Figs. 7.11–7.14. In the intensity images, differences

between the MS and PA simulations are concentrated at the object edges, as expected due

to PA underestimating fringe amplitude. In the mammo-clutter PR images, this translated

to slightly lower thickness estimates from PA on the “thick” side of material interfaces and

higher estimates on the other side. This also seems true in the micro-clutter PR images,

though the greater detail of edge structures makes it more challenging to identify individual

sphere edges.

7.4.3 Zebrafish micro-CT

Fig. 7.15 shows the ideal stained and unstained absorption-only reconstructions. A small

ROI (25% of the full FOV) is also shown to illustrate finer details, which will be the focus

of the remaining images examined. The metal stains considerably improve the contrast of

cell lipids and nuclei on the water background, reflecting their higher attenuation.

Figs. 7.16 and 7.17 show the reconstructed contact image ROIs (R = 0) for the stained

and unstained zebrafish, respectively, comparing MS and PA at the sub-micron and larger
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Figure 7.11: 1-cm2 FOV mammo-clutter phantom simulations with the 55-µm pixel detector.

164



Figure 7.12: 1-cm2 FOV mammo-clutter phantom simulations with the 8-µm pixel detector.
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Figure 7.13: 1-mm2 FOV micro-clutter phantom simulations with the 8-µm pixel detector.
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Figure 7.14: 1-mm2 FOV micro-clutter phantom simulations with the 0.5-µm pixel detector.
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Figure 7.15: Ideal reconstructions of the stained and unstained zebrafish phantom to provide
baseline reference for their native attenuation contrast. The ground truth phantom is shown
on the left for reference with the same four-material colormap of Fig. 7.5. The full FOV is
2.5 mm with matrix size 4096×4096. The bottom row shows the detailed structures within
the boxed 0.5-mm ROI.
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Figure 7.16: Stained zebrafish contact image (R = 0), simulated with either PA or MS,
with sub-micron detector pixel size (top row) or larger binned detector pixels (bottom row).
0.5-mm ROI of the full reconstructed matrix.
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Figure 7.17: Unstained zebrafish contact image (R = 0), simulated with either PA or MS,
with sub-micron detector pixel size (top row) or larger binned detector pixels (bottom row).
0.5-mm ROI of the full reconstructed matrix.
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Figure 7.18: Stained zebrafish images with R = 20 mm, raw intensity measurements (top
row) and post-phase retrieval (bottom row), simulated with either PA or MS. 0.5-mm ROI
of the full reconstructions with sub-micron detector pixels.

binned detector pixel sizes. In the stained images, the MS simulation reveals subtle edge

enhancement of the water/air interfaces, which is invisible to PA and lost with the large

detector pixel size. The overall PA–MS difference is much larger with the sub-micron de-

tector pixels. Stain-to-stain material interfaces did not induce detectable edge enhancement

differences between PA and MS forward models at either detector resolution. In the un-

stained images, the maximum magnitude of the PA–MS difference images is roughly three

times as large as it was for the stained difference images. Further, a close look at the sub-

micron detector images reveals observable differences between PA and MS simulations at

the tissue-to-adipose material interfaces (in place of the stain-to-stain interfaces). This is a

consequence of the metal stains’ smaller δ relative to water, tissue, and adipose (Fig. 7.6).

Figs. 7.18 and 7.19 show the subsequent propagated R = 20 mm images for the stained
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Figure 7.19: Stained zebrafish images with R = 20 mm, raw intensity measurements (top
row) and post-phase retrieval (bottom row), simulated with either PA or MS. 0.5-mm ROI
of the full reconstructions with sub-micron detector pixels.
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and unstained zebrafish, respectively, reconstructed using the sub-micron detector pixel data.

Like in the contact images, the magnitude of the PA–MS difference is much larger for the

unstained image. This is especially pronounced in the PR images considering the relative

difference; the PR-estimated thickness of the metal stains is over 10× larger than the esti-

mated thickness of the soft tissues, but the PA–MS difference is smaller for the metal stains.

Also in the PR images, PA simulations yield a lower recovered thickness on the “thick” side

of material edges, matching the observation in the projected image domain with the QA

phantom simulations.

Comparing stained and unstained PR images, the unstained images offer improved dif-

ferentiation of cell nuclei. The addition of metal stains causes large blurring artifacts in

the PR images, resulting in nuclei and lipids appearing as large indistinguishable clusters.

This may be due to the homogeneous material assumption made in the phase retrieval algo-

rithm. An assumed single material of water is generally not an accurate characterization of

the heterogeneous zebrafish, but it is more reasonable for an object comprising adipose and

tissue than it is for highly-attenuating metals. Thus, while the raw metal-stained R=20 mm

images show prominent material-interface delineation, even between metal stains, this is not

necessarily translated to a better PR image.

7.5 Conclusion

In sum, this PB-XPCI simulation comparison provides a more nuanced analysis of the ac-

curacy of the projection approximation (PA). The results indicate that object thickness

and feature size alone are not sufficient to determine whether PA is an adequate forward

model. Although the Fresnel number provides a useful first indicator, PA–MS differences

also depend on material properties, propagation distance, detector resolution, and any spe-

cific post-processing methods applied to the raw data. This is consistent with previous

work, which we extend to include varied phantoms, phase retrieval, and CT reconstruction
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[192, 193].

In the rod phantom simulations, PA–MS differences were most apparent for sub-micron

pixel sizes and higher-contrast materials, where depth-dependent refraction within the object

produced measurable changes in the intensity profiles. The QA phantom simulations showed

that these raw-data differences can be substantially reduced by large detector pixels and blur,

as well as approximate single-distance phase retrieval. Finally, the zebrafish CT simulations

reflected similar findings in context of a structurally complex biological phantom, especially

through comparison of the stained and unstained material compositions.

Together, these results affirm that PA is typically a reasonable forward model at current

X-ray imaging scales. However, for emerging high-resolution/wide-FOV micro-CT, PA errors

can become apparent in the raw data domain even when they are less apparent after phase

retrieval, suggesting it may be important for quantitative PR methods to account for internal

refractive effects. This motivates continued development and benchmarking of more general

forward models and inverse solutions in regimes where internal phase shifts might be non-

negligible. We explore this in the next chapter with an iterative phase retrieval framework.
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CHAPTER 8

ITERATIVE MATERIAL DECOMPOSITION FOR

DUAL-ENERGY PB-XPCI

8.1 Introduction

Most PB-XPCI phase retrieval methods rely on the projection approximation (PA): the

assumption that refractive effects within the object are negligible [22, 24, 26, 60, 203, 204].

As concluded in the previous chapter, PA offers an appealing forward model due to its

conceptual simplicity, computational convenience, and accuracy at most conventional X-

ray imaging scales. However, for thicker objects, higher-resolution imaging, and strongly

phase-shifting materials, wave interference within the object can become a significant factor

contributing to image quality, violating the key assumption of PA. This is not necessarily

bad for imaging—the high resolution and increased edge enhancement in such scenarios can

provide useful information about the sample. In these regimes, a multi-slice (MS) model can

provide a more complete description of the relevant imaging physics while remaining more

computationally tractable than a full wave equation solution [165].

For quantitative phase retrieval, accurate forward modeling is essential. If the chosen

model does not capture the relevant imaging physics, the inverse problem being solved may

differ from the true physics underlying the measured data, and resulting images may suffer

from artifacts or reduced accuracy. This issue is increasingly important for wide-field micro-

CT and nanotomography, where advances in high-resolution detectors and coherent X-ray

sources render internal refractive effects more relevant considerations [166, 169].

Here, we present an MS-based phase retrieval approach for dual-energy CT material

decomposition with PB-XPCI. Using automatic differentiation (AD), the solution can be

efficiently implemented without need to derive closed-form gradients of the forward model.

This also allows the PA and MS models to be interchanged within the same optimization
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framework, isolating the effect of the forward model on convergence and reconstruction qual-

ity. We use this framework to assess when MS-based phase retrieval can improve material

decomposition performance relative to PA-based phase retrieval, and whether any improve-

ment justifies the additional computational complexity.1

8.2 Background

Iterative reconstruction (IR) methods have long been established in the clinical CT recon-

struction literature [7, 90, 205]. In fact, the first CT prototypes from Cormack and Hounsfield

utilized a type of iterative reconstruction, algebraic reconstruction technique (ART), years

before Shepp and Logan’s introduction of the efficient filtered back-projection (FBP) method

[30, 32, 87, 90]. Yet, iterative methods suffer from a high computational cost and longer run

time to produce the final images.

It was not until the 2010s that IR became practically implemented, largely spurred by

interest in achieving low-dose CT and thus needing clinically acceptable reconstruction meth-

ods capable of handling noisier raw data [7, 206]. By incorporating known statistical models,

hybrid IR/analytical update schemes, and improved computational power, IR became com-

patible with routine clinical workflow [207]. While FBP remains an important analytical

standard, modern clinical CT reconstruction commonly incorporates some form of IR, espe-

cially through vendor-specific algorithms [208].

A similar interest in iterative methods has arisen in the context of PB-XPCI to achieve

quantitative phase retrieval. Analytical phase retrieval methods, such as the widely used Pa-

ganin method [24], provide rapid solutions under simplifying approximations, most notably

that the object is homogeneous or has a known relationship between its phase-shifting and

absorptive components [22]. When the approximations are valid, these methods can be both

accurate and convenient; but if the assumptions are violated, the images can suffer from

1. This chapter is related to work also shared as conference proceedings [179, 180].
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artifacts and inaccuracies. An example of this was seen in the previous chapter, applying

Paganin’s method to metal-stained and unstained zebrafish micro-CT scans, when the pres-

ence of highly attenuating stains on the soft tissue background violated the single-material

assumption and resulted in severe blurring of fine structures. The necessary assumptions for

phase retrieval can be relaxed somewhat with multiple independent measurements, which

in principle provide the necessary information to solve for the two independent contrast

mechanisms (phase and absorption). Even so, a general forward model for PB-XPCI does

not necessarily have an analytical inverse solution, especially accounting for more realistic

physics elements such as repeat diffraction events within the object.

Iterative phase retrieval is thus an interesting direction for quantitative PB-XPCI, open-

ing the possibility to include more model-based elements when closed-form inversion is in-

sufficient. Model-based IR methods have been proposed for PB-XPCI CT, incorporating a

simplified TIE-based forward model into the CT reconstruction problem [209, 210]. Other op-

timization approaches have been developed implementing more accurate Fresnel propagation

forward models and multiple distance measurements to further relax the model assumptions

[204]. For spectral PB-XPCI specifically, linear iterative phase retrieval (LIPR) has been

proposed for single-distance, near-field, dual-energy imaging, based on a simplified Alvarez–

Macovski decomposition model [57]. Other methods have explored techniques appropriate

for energy-resolved PCD measurements [61]. These approaches broadly indicate promise

for iterative phase retrieval but also highlight the continued implementation of simplifying

approximations in forward projections and update steps, improving algorithm stability and

speed at the cost of generalizability and possible accuracy.

Today, computational advances such as GPU acceleration and AD make it more feasible

to efficiently implement iterative phase retrieval with more general forward models [183]. In

particular, AD makes it possible to calculate gradients for numerical models by applying the

chain rule through the elementary operations making up each computer function, bypassing
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the need for a closed-form inverse or update rule. This is especially useful for PB-XPCI,

with forward model operations that are challenging to invert analytically, including Fresnel

propagation, nonideal detector response, and repeated diffraction events within the sample.

Recently, an AD-based phase retrieval method was successfully developed for nanotomogra-

phy using an MS model for wave evolution through the object, demonstrating the feasibility

of iterative phase retrieval with a more general model [166]. However, as we saw in the previ-

ous chapter, the relative benefit of MS forward modeling over the simpler PA model is largely

application-dependent, and it remains open to explore whether the additional computational

expense and potential instability is necessary at larger imaging scales.

To this end, this chapter compares AD-enabled PA- and MS-based iterative phase re-

trieval for dual-energy PB-XPCI material decomposition. By posing phase retrieval as an

optimization problem, our framework bypasses the need for a closed-form inverse solution

and minimizes reliance on model approximations like the linearized TIE. With AD, the up-

date steps also do not need to be manually derived for each forward model. This allows the

effect of MS modeling to be isolated within the same reconstruction framework, with the

goal of identifying when MS improves performance enough to justify its computational costs.

8.3 Methods

8.3.1 Forward models

With the context of dual-energy imaging and two-material decomposition, let x = (x1,x2)

denote the object, where xj is the voxel-wise volume fraction of the jth basis material. Then
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for energy E, the spatially-varying refractive index components can be parameterized as

A(r, E) = δ(r, E)− iβ(r, E)

=⇒ A(x, E) =
2∑

j=1

xj
[
δj(E)− iβj(E)

]
, (8.1)

where δj(E) and βj(E) are the phase-shifting and absorptive components of the complex

refractive index of basis material j, respectively.

The CT acquisition geometry is shown in Fig. 8.1. For each CT view angle θ, the

coordinates of the rotated transverse plane are

ξ = x cos θ + y sin θ, (8.2)

ℓ = −x sin θ + y cos θ, (8.3)

where ℓ is the direction of wave propagation through the object and ξ is the detector coor-

dinate. The detector was defined as a plane perpendicular to the axis of propagation with

finite element size ∆ξ.

Using the PA model, the wave’s modulation through the object is defined according to

the line integrals through its refractive index components, yielding monochromatic sinogram

measurements

f (PA)(x)(E, ξ, θ) = S(E)

∣∣∣∣∣DR(E) exp

[
−ik(E)

∫ T

0
dℓA(x, E)

]∣∣∣∣∣
2

, (8.4)

where S(E) is the incident spectrum in units of number of photons per detector element,

DR(E) is the energy-dependent free-space propagator, R is the propagation distance, k(E)

is the wavenumber, and T is the object thickness in the direction of propagation. The

free-space propagator was defined as the Fresnel operator convolution (Eq. 5.21). For the

dual-monoenergetic simulations in this chapter, S(E) was set equal to a constant, such that
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the total incident intensity of each scan was equal.

For the multi-slice (MS) model, the object was divided into Ns slices of thickness ∆ℓ =

T/Ns. The transmission function for each slice i was defined as

Ti(x, E, ξ, θ) = exp

[
−ik(E)

∫ i∆ℓ

(i−1)∆ℓ
A(x, E) dℓ

]
. (8.5)

Starting with a unit incident plane wave ψ0(ξ, θ, E) = 1, for each CT angle, the wave field

was propagated through the object slices according to

ψi(x, E, ξ, θ) = D∆ℓ(E) Ti(x, E, ξ, θ)ψi−1(x, E, ξ, θ), i = 1, . . . , Ns. (8.6)

The final sinogram intensity measurements are then

f (MS)(x)(E, ξ, θ) = S(E)
∣∣DR(E)ψNs

(x, E, ξ, θ)
∣∣2 . (8.7)

8.3.2 Material decomposition phase retrieval (MDPR)

For spectral XPCI, material decomposition might be considered a type of phase retrieval

problem, since it requires converting raw intensity images into a new quantitative basis.

Once the new basis is acquired, it is trivial to convert between assumed material images and

phase/absorption images using known basis function relations [55], much like synthesis of

virtual monochromatic images. Thus, we term the problem material decomposition phase

retrieval (MDPR).

MDPR was posed as an optimization problem,

x∗ = argmin
x

L(x), (8.8)
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with loss function

L(x) =
∣∣f(x)− y

∣∣2
2 + γ r(x) (8.9)

comprising an L2 norm fidelity term and an additional regularization weighted by γ, where

y is the measured data.

Common regularization terms in CT imaging include smoothness and sparsity con-

straints, such as total variation (TV) and the L1 norm, respectively [90]. While these

can improve image quality, they generally require time-consuming manual tuning of regu-

larization weights. Here, with the primary goal of comparing PA and MS performance, we

chose a minimalist regularization strategy to reduce need for hand-tuning, defining r(x) as

a material exclusion penalty equal to the L1 norm of the material-product image,

r(x) =
∣∣x1x2∣∣1. (8.10)

This is simply the pixel-wise product of the two basis material images, which applies a

penalty only when both materials are nonzero and therefore encourages a single material

per pixel. The term was found to be necessary to encourage material differentiation in the

absence of an informed initial guess of the object. The penalty is a fair prior for CT imaging

in the context of basis material decomposition, which spatially separates individual materials

through tomographic reconstruction, so long as partial volume averaging effects are minimal.

The regularization weight γ was set to either 0 for idealized simulations or tuned to the task

using a coarse parameter sweep.

The loss function was minimized using the Adaptive Moment Estimation (ADAM) opti-

mizer, implemented with optax [211]. ADAM is a first-order optimizer that scales voxel-wise

updates using running estimates of the gradient and squared gradient magnitude. This can

improve stability when different basis material images have different gradient scales due
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to their varying attenuation and phase sensitivities. Here, ADAM was implemented with

fixed learning rate α = 10−2, first- and second-moment scaling parameters β1 = 0.9 and

β2 = 0.999, and small constant to avoid dividing by zero ϵ = 10−8. The convergence crite-

rion was defined as when the change in loss over 50 iterations was less than some threshold

∆Lt, which was set depending on the task.

The solution space was constrained to x ≥ 0. A finite support constraint was also

applied given an assumed known external object structure, in this case a cylinder. This

constraint was reported as a key element of successful MS-based phase retrieval method for

PB-XPCI nanotomography [166]. It is also straightforward to compute the finite support

constraint function empirically using an approximate analytical reconstruction and small

intensity threshold.

All reconstructions were performed using a single NVIDIA Tesla V100 32-GB GPU, mak-

ing memory the primary constraint on phantom size, angular sampling, detector resolution,

and MS slice count in this initial study. Extension to thicker samples, larger FOVs, or more

densely sampled CT acquisitions at sub-micron resolution will require either larger-memory

GPUs or multi-GPU computation strategies. Prior work has explored distributed-memory

MS propagation using array tiling [212], and conventional tomographic strategies such as

batching or subdividing projection angles may also help reduce memory demand [7]. Here,

we instead focused on smaller-scale simulations that could be reconstructed on a single GPU,

enabling a broad parameter sweep over acquisition and reconstruction conditions. Future

work can use these findings to guide larger-scale MS reconstruction studies, including high-

resolution wide-field micro-CT [169].

8.3.3 Simulations

A simple image quality phantom was generated (Fig. 8.1) comprising a PMMA cylinder

spanning 90% of the FOV with spherical aluminum inserts. The phantom was discretized
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Figure 8.1: Schematic of the CT acquisition geometry and simulation phantom. The static
coordinates (x, y) define the stationary plane of the phantom, while the rotating coordinates
(ξ, ℓ) change with the view angle according to Eqs. 8.2–8.3.

into a 4096×4096 array of pixels with width ∆xsim. Measured sinogram data was generated

using a “full” MS forward model, which applied intermediate transmission steps to all 4096

slices at each CT view angle. To sufficiently model sub-pixel wave interference, the detector

pixel size was downsampled by s pixels relative to the desired simulation resolution using

block averaging, i.e. ∆ξ = s∆xsim. The specific scale and pixel size varied depending on

the specific experiment. Noise was optionally added to each monochromatic sinogram using

a Poisson counting distribution based on the incident intensity S(E).

The dual-energy pair (6 keV, 10 keV) was selected using the line-profile CRLB detailed in

Ch. 6 for a 1-mm PMMA/0.1-mm Aluminum basis with 0.2-µm pixels and 1-mm propagation

distance to the detector. The energies separately minimized the CRLB of the basis materials.

For consistency, the same energies were fixed across all simulations, regardless of phantom

scaling and system resolution. A separate experiment might explore individually-optimized

energy pairs.

MDPR and CT reconstruction were performed simultaneously with the optimization
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framework detailed above. The reconstruction matrix was defined as a square array of pixels

with width matching the size of the detector elements, ∆x = ∆ξ. MDPR was independently

repeated with either the PA or MS forward model used to compute the fidelity term of the

loss function. For efficient optimization, the MS model used Ns = 8, and neither model

upsampled the phantom during the forward projection step.

Simulation parameters were chosen to represent the orders of magnitude most relevant

to high-resolution micro-CT and nanotomography. All CT simulations acquired 180 view

angles equally spaced 1◦ apart. While this is relatively coarsely sampled angularly for the

high-resolution detectors, it was mainly chosen to reduce the total memory required while

maintaining larger reconstruction matrix sizes.

The first set of experiments considered MDPR performance under ideal conditions: noise-

less data, unregularized optimization (γ = 0), and highly informed initialization, with x equal

to the ground truth (GT) phantom perturbed by a small 2D Gaussian blur (FWHM = 2%

of the FOV), called the “blurred ground truth” (BGT). MS- and PA-based MDPR perfor-

mance was measured as a function of detector resolution and object-to-detector propagation

distance using a small convergence threshold ∆Lt = 10−6. For the resolution study, detector

pixel size ranged from ∆x = 20 nm to 2 µm, with the phantom scaled to a 205-µm FOV and

a fixed propagation distance of half the FOV. For the object-to-detector distance study, the

pixel size was fixed at 0.2-µm, and the propagation distance was scaled from 0 to 4× the

FOV.

Idealized MDPR performance was then assessed as a function of noise level. Noise was

added to the ideal 0.2-µm detector pixel, half-FOV propagation distance sinograms by vary-

ing incident number of photons S(E) from 102 to 107, with fewer photons corresponding

to noisier images. Higher noise may obfuscate appreciable differences in the MS and PA

forward projections. MDPR was performed using either model on each set of noisy data.

Finally, MDPR performance and convergence were examined for a more challenging opti-
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Figure 8.2: SSIM and 1−RMSE in each basis image as a function of detector pixel size ∆x
using either PA- or MS-based MDPR.

mization task. The previously generated noisy sinogram with S(E) = 103 was reconstructed

using an uninformed initial guess of the object, x equal to a uniform array of 1s for both ob-

jects. A regularization weight γ = 0.02 was chosen to minimize the fidelity term after a coarse

parameter search. The loss value was logged for each iteration, and MDPR performance was

compared between forward models and initializations.

For quantitative comparison, MDPR accuracy was benchmarked against the GT phantom

downsampled to match the reconstruction matrix resolution (pixel size ∆x). Two main

figures of merit were used for each basis material image: the structural-similarity index

measure (SSIM) to capture perceived resemblance of the GT, and the root-mean-square

error (RMSE) to quantify numerical accuracy relative to the GT [213].
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Figure 8.3: PA, MS, and ground truth (GT) PMMA reconstructions at different spatial
resolutions (phantom thickness = 205 µm).

Figure 8.4: An example line profile through the 10-keV sinogram generated at different detec-
tor pixel sizes with simulation upsampling (top row; full MS model) and without upsampling
(bottom row; optimization MS model).
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8.4 Results and Discussion

8.4.1 Spatial resolution

Fig. 8.2 shows MDPR performance as a function of pixel size. RMSE is plotted as 1−RMSE

so that trends match SSIM (higher indicates better performance). For both PA and MS

models, performance generally improves with smaller pixel sizes, reflecting the greater phase-

contrast information content at material edges in the raw sinogram data. MS performed

better than PA at the two smallest pixel sizes (∆x ≤ 0.4 µm), with performance converging

above 1 µm. This matches the expectation that high resolution is necessary for internal

refractive effects to significantly contribute to detected intensity measurements, making an

MS model beneficial. As pixel size increased, the unregularized reconstructions suffered from

an increase in streaking artifacts, despite a lack of Poisson noise in the raw sinogram data

(Fig. 8.3). The effect was more severe for PA, which is especially noticeable at the highest

resolution (∆x = 0.2 µm), where the MS image shows very little noise or streaking in the

PMMA reconstruction.

There are a few possible reasons. The sinogram data was relatively coarsely sampled

angularly, and Fig. 8.4 shows a close look at sinogram line profiles generated with the full MS

model versus the more efficient optimization MS model used only for forward projections in

the loss function. The key difference between models is that full MS is given a high resolution

phantom (∆xsim = 0.05 µm) and thus simulates the sub-detector pixel interference effects

before block averaging to the lower resolution of the sinogram. This creates a smoothing

effect and is more realistic. In contrast, the optimization MS model did not upsample due

to the lack of a high-resolution ground truth, setting the reconstructed image pixel size,

detector sampling, and simulation sampling all equal. The line profiles of Fig. 8.4 show the

consequences of this. At high resolutions, the fringes are still approximately in the correct

spatial location, though failing to upsample leads to an underestimate in their magnitude,
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and small additional fringes are visible in regions that should be smooth. At micron pixel

sizes and greater, the fringe location shifts slightly, and the smooth curves take on a more

step-like shape.

These model inaccuracies suggest that an upsampling routine within the optimization for-

ward model might be necessary for accurate MDPR. This introduces an interesting question

of how to best implement the upsampling, since it inherently requires sub-pixel information

about the object not available in the context of an inverse problem. Natural first directions

could be nearest-neighbor upsampling and linear interpolation, though these may have the

drawbacks of creating false structural edges and over-smoothing true edges, respectively.

One could also attempt MDPR at resolutions higher than the detector pixel size, though

this could become poorly conditioned due to the lack of measured sub-pixel information.

Either method will require additional computer memory to perform the reconstruction. A

regularization strategy might also help reduce XPCI-specific artifacts [210, 214]. Optimiza-

tion upsampling remains an important future direction, and the highest resolution (∆x =

0.2 µm) was chosen as the focus of the remaining experiments due to its reduced artifacts.

8.4.2 Propagation distance

Fixing pixel size, Fig. 8.5 instead shows the effect of increasing the propagation distance

between the object and the detector. Each FOM is shown as a function of “R scale”, defined

as the ratio of the propagation distance to the FOV. Previous work has indicated that MS

more accurately characterizes the detected image at short propagation distances on the order

of the object thickness, when the relative contribution of internal refractive effects is high

[193]. We observe this effect here, with MS mostly outperforming PA at R scales up to 2,

depending on the basis material and FOM referenced.

PA performance generally improved as a function of R, reflecting the greater phase infor-

mation available due to larger Fresnel fringe magnitude at structural edges. However, there
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Figure 8.5: SSIM and 1−RMSE in each basis image as a function of propagation distance
scale relative to the FOV (R scale = R / FOV).

are two interesting exceptions. First, in the PMMA image, PA yielded an initial high SSIM

value at R = 0 before dropping and then smoothly increasing as a function of R. This may

reflect the numerical sensitivity of phase-contrast forward models in the context of optimiza-

tion; at R = 0, the PA model lacks any phase model in its update step, which could produce

qualitatively smoother images. However, MS still outperforms slightly at R = 0, indicating it

is still better to account for phase shifts accumulating within the object up to the exit plane.

Second, at R scales around 2, PA image quality improvements plateaued or even slightly

deteriorated in the case of aluminum RMSE. A possibility is that the material basis already

has appreciable attenuation contrast, reducing the relative importance of phase information

for differentiating aluminum and PMMA, and the nonlinearity of the XPCI models may

require additional upsampling or regularization to realize its benefits without introducing

artifacts [210, 214]. This could also explain why the MS model performance tended to de-

cline or plateau at earlier R scales than the PA model. Weakly attenuating basis pairs and

improved regularization strategies are a continued direction of investigation [179, 215]. A

more uniform trend may therefore arise under more stable conditions or over a larger range
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Figure 8.6: SSIM and 1−RMSE in each basis image as a function of incident flux.

of R.

8.4.3 Noise

Fig. 8.6 begins to relax the ideal reconstruction scenario by adding Poisson noise to the

sinograms prior to performing MDPR. As expected, for both PA and MS models, the FOMs

strictly improve as I0 increases (and noise correspondingly decreases). SSIM appears to

plateau around 105 photons per pixel while RMSE plateaus earlier near 104. This offers useful

experimental guidance on the minimum radiation dose or exposure time to achieve optimal

image quality. Further, the image quality advantage of MS over PA is most significant at

low noise levels, with MS converging or even falling below PA at the highest noise level

examined (I0 = 102). The one exception is that MS plateaus at a slightly worse RMSE than

PA in the aluminum basis image, though we note that both values are very high (1−RMSE

≥ 0.95) and the difference is small. These exceptions may reflect the numerical sensitivity

of phase-contrast forward models discussed above.
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8.4.4 Initialization

Wave-based optimization problems are known to be challenging due to their frequency os-

cillations and sensitivity to initialization [166, 216]. To isolate the effect of PA and MS on

their optimal solution and to accelerate convergence, the previous three experiments used

a blurred-GT (BGT) initialization. More realistically, the GT is unknown, and the initial

estimate must be chosen without additional information. A common method is to use an

approximate analytical solution. In our case, with dual-energy PB-XPCI CT and sub-micron

spatial resolution, suitable options are still emerging. Attempting FBP reconstruction with

standard absorption-contrast material decomposition (inverting the 2×2 matrix of linear

attenuation coefficients as described in Ch. 2) led to severe noise and streaking artifacts re-

lated to the significant phase-contrast fringes. Initial blurring compromised structural details

and absorption-contrast decomposition by modulating the true detected intensity. Thus, we

explored a simple uninformed initialization strategy using a constant full field of 1s.

The MS- and PA-based reconstruction images using both initialization strategies are

shown in Figs. 8.7 and 8.8, with and without noise, respectively. The ideal BGT images

show the same streaking artifacts noted in the detector resolution sweep. These are also

partially visible in the constant initialization images, though there are additional artifacts.

The MS model is able to more accurately recover the uniform circular shape of the aluminum

inserts, whereas PA introduces some irregular straight blurred edges. The same effect can

be seen in the PMMA images to a weaker extent. Both PA and MS return a false fringe

around the PMMA cylinder, likely related to the optimization model underestimating fringe

magnitude due to lack of wave upsampling during forward projection. The artifact is more

irregular with PA. In terms of contrast, both constant and BGT initializations accurately

recovered the aluminum volume fractions (truth = 1), whereas the constant initialization led

to a negatively biased PMMA volume fraction. This was similar but slightly more severe

for PA, with average pixel value in the GT PMMA mask of 0.38 for PA and 0.40 for MS.
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Figure 8.7: Noisy data PA and MS reconstructions using either a constant initialization of
1s (left; “const init”) or a downsampled, blurred ground truth (right; “BGT”).

This may be related to the regularization parameter, which was found to be necessary to

break the symmetry of PMMA and aluminum image reconstructions, but as a type of L1

norm may also encourage sparsity. Future work will explore alternative regularization and

improved uninformed initialization strategies, ideally finding a suitable analytical estimate

that introduces spatial separation of materials without need for a priori information or

aggressive material overlap penalties.

In terms of optimization performance, MS tended to converge in slightly fewer iterations

than PA, for both initializations and noise levels (Fig. 8.9). This was especially true with

BGT initialization, with MS requiring roughly 50 fewer iterations. On average, each PA

iteration required 0.24 s to run, while each MS iteration required 0.44 s. This resulted in

an increased run time of 12% to 83% for MS-based MDPR relative to PA. MS speed will

be highly dependent on the number of slices used in the optimization. Here, Ns = 8 was

selected using test simulations as the minimum slices required to achieve forward-projection

convergence. The minimum number of slices will likely be larger for thicker samples and/or

more detailed internal structures, requiring new evaluation to balance algorithm run time
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Figure 8.8: Ideal data PA and MS reconstructions using either a constant initialization of 1s
(left; “const init”) or a downsampled, blurred ground truth (right; “BGT init”).

Figure 8.9: Loss history curves for the MDPR runs shown in Figs. 8.7 and 8.8, with end
threshold ∆Lt = 10−5.
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with model accuracy.

8.5 Conclusion

This chapter demonstrated an iterative MDPR framework for directly comparing PA- and

MS-based forward models in dual-energy PB-XPCI material decomposition. Using an auto-

matically differentiable forward model and loss function, the framework bypasses the need

for simplified model-specific inverses or manually derived update steps. Across the condi-

tions explored here, MS-based MDPR provided the clearest benefit at sub-micron resolution,

short propagation distances, and low noise levels—realizing the benefits of MS in the relevant

situations highlighted in the previous chapter. Nonetheless, its advantages were limited by

sensitivity to initialization, regularization, and run time. Practical implementation will re-

quire an approach to improve optimization stability and handle large memory requirements.

Since the MS forward model uniquely captures sample depth-dependent diffraction ef-

fects, it is most relevant for 3D imaging modalities such as CT, where the goal is to spatially

separate internal structures through tomographic reconstruction. For 2D projection-based

modalities, phase retrieval usually aims to recover projected phase and absorption images,

or projected thickness maps in the context of material decomposition. Even when samples

are thick or detailed enough to produce significant depth-dependent interference effects, it

is not obvious how to implement an MS model for projection-based phase retrieval, which

implicitly assumes that the parameter of interest can be represented as a projected quan-

tity. Even without MS modeling, single-projection XPCI could still benefit from PA-based

iterative phase retrieval methods that include acquisition-model features that are difficult

to capture analytically. In the next chapter, we explore iterative MDPR for quantitative

spectral XPCI with a polychromatic spectrum and energy-discriminating detector.
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CHAPTER 9

FULL SPECTRAL MATERIAL DECOMPOSITION PHASE

RETRIEVAL

9.1 Introduction

Thus far, we have presented evidence for the promise of propagation-based X-ray phase-

contrast imaging (PB-XPCI) as an emerging modality with greater sensitivity to fine struc-

tures that are often invisible with traditional absorption-only X-ray imaging. However, since

XPCI depends on two contrast mechanisms (absorption and phase), it in principle requires

multiple independent measurements for generalized accurate reconstruction and therefore

suffers from a multiple measurement problem. The traditional solution relies on multiple

propagation distance measurements, which is experimentally inconvenient and risks mis-

alignment artifacts [217].

With emerging photon-counting detectors (PCDs) available to conveniently provide mul-

tiple energy measurements in a single shot, spectral XPCI has become a compelling direction

for development. In this spirit, in Chapter 8, we proposed an iterative material decompo-

sition phase retrieval (MDPR) method leveraging multiple monochromatic measurements

from high-resolution, synchrotron micro-CT to reconstruct basis material volumes. How-

ever, this does not fully solve the multi-measurement problem, as multiple monochromatic

energy measurements often still require sequential synchrotron micro-CT scans. In theory,

these multiple monoenergetic scans are an improvement upon the typical multiple distance

acquisitions, since they do not require movement of the sample. However, changing syn-

chrotron energy is inconvenient, requiring a significant wait time for beam retuning, during

which the detector may drift or other unforeseen complications may arise. The gold standard

solution to the multi-measurement problem is not necessarily multi-energy: broadly, it must

be single-exposure.
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Single-shot multi-energy imaging can be conveniently achieved via a polychromatic source

coupled with a detector capable of filtering measurements into energy-resolved data bins,

such as a spectral PCD [48, 49]. If monochromatic measurements are necessary, single-

exposure multi-energy imaging has been achieved at synchrotron facilities by leveraging

higher-harmonic radiation of the crystal monochromator [218]. A more accessible solution

for benchtop PB-XPCI systems is to use a micro-focus X-ray source, avoiding the need for

beamtime at a synchrotron facility but necessitating algorithms capable of handling the poly-

chromatic measurements. Yet most analytical spectral phase retrieval solutions are generally

derived for more idealized monochromatic measurements [57–59]. If polychromaticity is con-

sidered, it is typically with weighted-average effective monoenergies or least-squares solutions

[55, 56, 61, 176]. A truly quantitative solution to the spectral phase retrieval problem should

be compatible with both polychromatic source spectra and other non-ideal system effects.

While iterative phase retrieval methods have been developed with this in mind, they have

not yet been adapted to general forward models or multiple polychromatic measurements

[209, 210].

The purpose of this chapter is to expand our proposed iterative MDPR framework to

full spectral imaging, natively accounting for multiple polychromatic measurements and

other energy-dependent system elements.1 Our approach also benefits from the additional

modeling features described in the previous chapter, namely more accurate propagation

modeling that relaxes typical assumptions such as a linearized transport-of-intensity equation

[57, 59]. We operate at a spatial resolution sufficiently large for accurate forward modeling

without the computationally expensive multi-slice model, focusing on a single 2D projection

and the task of reconstructing basis material thickness maps.

1. Parts of this chapter are adapted from previously published conference proceedings [215].
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9.2 Theory

9.2.1 Polychromatic forward model

When the projection approximation is valid, the normalized, monochromatic wave field in-

tensity at the detector plane is

IR(r⊥, E) =

∣∣∣∣∣DR(E) exp

[
−ik(E)

∫ T

0
dz A(r, E)

]∣∣∣∣∣
2

, (9.1)

where DR(E) is the free-space propagation operator, T is the maximum object thickness,

and A characterizes the 3D distribution of the object’s refractive index in terms of its real

and imaginary components,

A(r, E) = δ(r, E)− iβ(r, E). (9.2)

For single-projection imaging, it is convenient to rewrite the integral of Eq. 9.1 as a discrete

sum over individual material thickness maps, such that

∫ T

0
dz A(r, E) =

B∑
j=1

tj(r⊥)Aj(E), (9.3)

for a B-material object.

For material decomposition, this often serves as a starting point with B = 2 assumed

basis materials [34, 59]. In our optimization framework notation, we define the object x =

(x1, ...,xB) as the array of material thickness maps x ≡ tj(r⊥). Then, the full polychromatic

forward model can be written as the integral over monochromatic components, including the

energy-dependent nonideal system elements,

f(x) =

∫
dE [D(E) η(E)S(E) IR(x, E) ∗ psf(r⊥, E)] (9.4)
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where D(E) is a detector response function, η(E) is a detective efficiency function, S(E) is

the polychromatic source spectrum in photon counts per detector pixel, ∗ indicates the 2D

convolution operator with respect to r⊥, psf is the total system point-spread function (PSF),

and IR(x, E) is simply Eq. 9.1 notated as a function of the object.

For single-shot imaging with an energy-discriminating detector, such as a spectral PCD,

multiple energy-resolved measurements can be modeled by defining per-bin detector response

functions Di(E), where i is the energy bin index and the spectral forward model becomes

f(x) =
(
f1(x), ..., fN (x)

)
, where N is the number of bins. Using a full energy-dependent

function rather than a simple binary energy threshold allows the possibility of incorporating

binning nonidealities, such as the finite energy photopeak width or spectral distortions from

K-escape and charge sharing.

9.2.2 Analytical inverse

An analytical inverse solution to the spectral MDPR problem has been developed using

a simplified forward model based on the linearized transport-of-intensity equation (TIE),

termed here “TIE-MD” [55, 59]. The algorithm and its derivation are detailed in Section 5.5.3.

It has shown promising results in the context of monochromatic synchrotron radiation [60].

For use with polychromatic measurements, however, one must estimate spectral contributions

in terms of refractive indices evaluated at monochromatic effective energies [56]. These are

generally defined as

E
(eff)
i =

∫
dE E wi(E)∫
dE wi(E)

, (9.5)
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where the energy weight wi is the expected number of photons at each energy E measured

by the detector,

wi(E) = Di(E) η(E)S(E). (9.6)

9.2.3 Optimization-based solution

We apply the automatic differentiation (AD)-enabled iterative MDPR method introduced

in Chapter 8 to solve the optimization problem,

x∗ = argmin
x

L(x), (9.7)

with loss function based on the Poisson negative log-likelihood function,

L(x) = 1

Nd

∑
i,d

[
yi,d − yi,d ln

(
yi,d
)]

+ γ r(x), (9.8)

where i is the energy bin index, d is the detector pixel index, Nd is the total number of

bin–pixel measurements, y is the measured data, y = f(x) is the predicted data, and r(x)

is a regularization function.

For 2D projection imaging, it is not appropriate to choose r(x) as a material overlap

penalty as was used with the 3D CT optimization problem solved in Chapter 8, since the

significance of the task lies in separating overlapping thickness projections. Here, the regu-

larization penalty was chosen as a scaled, weighted TV penalty over the 8-pixel neighborhood

N around each pixel,

r(x) =
∑
j,k

∑
n∈N

dn
sj

[
xj,k − xj,n

]
, (9.9)

where j is the basis material index, k is the image pixel index, n is the neighbor pixel index,
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sj are material-dependent scale factors, and dn are neighbor pixel-distance scale factors dn ∈

{1, 1/2}. The material scales were chosen based on the relative thickness magnitude of each

basis material, which was key to avoid oversmoothing when one material was significantly

more sparse than the other. Similar neighborhood-based, edge-preserving regularization

terms have been successfully implemented in previous iterative PB-XPCI reconstruction

algorithms [209, 210].

9.3 Methods

9.3.1 Materials

Simulation studies were performed using a 50-kVp spectrum generated based on a tungsten

anode with 2-mm aluminum filtration [182]. The detector was modeled as a PCD with

efficiency η(E) based on the absorption of a 1-mm thick silicon sensor, similar to a detector

previously used for spectral PB-XPCI with a 55-µm pixel pitch Medipix detector [56, 200,

219]. For direct-conversion PCDs, the two most common materials are silicon or cadmium

telluride (CdTe)/cadmium-zinc-telluride (CZT) [48]. Silicon offers improved robustness to

low-energy distortions and energy resolution, with FWHM in the range of 3.5–5.4 keV versus

5–10 keV for CdTe/CZT [49]. Therefore, energy-resolved bin response functions Di(E) were

generated for given threshold energies Et using the Gaussian probability method described in

Section 6.4 with FWHM = 5 keV, which is the higher end for silicon (see Fig. 6.4 for example

Di(E) at different thresholds). This is a more realistic model than an ideal step-function

threshold model, incorporating reduced energy separation of the bin images.

The 50-kVp spectrum S(E) and detective efficiency function η(E) are shown in Fig. 9.1.

More generally, we note that these functions may vary across detector pixels as a function of

r⊥. Since it is straightforward to correct these variations with an initial air scan, we did not

model any r⊥-dependent changes in these two functions. Additionally, the total system PSF
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Figure 9.1: Polychromatic spectrum and energy-dependent detector efficiency function based
on the absorption of a 1-mm thick silicon PCD.

was modeled as a 2D Gaussian kernel with constant FWHM independent of detector pixel

location and photon energy. The PSF function includes contributions from both detector

and source blur, and more generally it will broaden at wider cone beam angles and higher

energies [71]. The constant PSF here serves as a first approximation appropriate for this

initial study.

9.3.2 TIE-MD simulations

To assess the analytical TIE-MD sensitivity to polychromatic/monochromatic system mis-

matches, initial exploratory simulations were performed using energy, spatial resolution, and

propagation distance parameters similar to those previously demonstrated [59, 60]. The

detector comprised a 256×256 array of 6.5-µm pixels, positioned a distance R = 20 cm

downstream from the object. The phantom comprised overlapping ICRU bone and soft-

tissue ellipsoids with true maximum thicknesses of 0.5 mm and 1 mm, respectively. It was

generated at 8× higher resolution than the detector (∆xsim = 0.8125 µm). The Gaussian

system PSF was modeled with FWHM equal to the detector pixel size.

Simulations were performed over a range of energy thresholds, 16 to 26 keV. Effective en-

ergy pairs (E1, E2) were calculated for each threshold using Eq. 9.5. Two forms of synthetic
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data were generated: true polychromatic and effective monochromatic. The former repre-

sents realistic data acquired with the full polychromatic energy-dependent imaging system,

while the latter matches the idealized effective monoenergy model assumed by the TIE-MD

algorithm. TIE-MD was performed on both datasets with and without Poisson noise added,

and root-mean-square error (RMSE) was computed in the resulting thickness images relative

to the ground truth (GT).

9.3.3 Iterative MDPR simulations

A slightly larger bone/soft-tissue phantom was designed to assess and tune the optimization-

based MDPR algorithm (Fig. 9.2), with detector pixel size ∆x = 20 µm, system PSF of

FWHM = 2∆x, and propagation distance R = 300 cm. The phantom spanned a 5-mm field-

of-view (FOV), with a 3-mm thick ellipsoid-cylinder with four superimposed bone ellipsoids

of maximum thickness ranging from 0.2 to 0.5 mm. It was generated at 8× higher spatial

resolution (∆xsim = 2.5 µm), which was found to be sufficiently small to capture sub-

detector pixel size wave interference effects. This relatively larger scale was chosen to emulate

parameters more common for benchtop PB-XPCI, rather than synchrotron micro-CT used

for previous TIE-MD experiments [59]. This scale is equivalent to the effective pixel size of the

55-µm pixel pitch Medipix detector with a cone-beam micro-focus source and magnification

factor of 2.75, which is within the typical range of applications using magnification around

2–3 [55, 56, 61, 176].

To identify the optimal energy threshold for the imaging system, polychromatic simula-

tions were performed as a function of threshold with subsequent TIE-MD to generate initial

basis material images. Noise was added to the raw intensity data based on a Poisson distri-

bution with incident spectrum scaled to have total photons per pixel I =
∫
dE S(E) = 105.

The simulation error was defined as the RMSE of TIE-MD thickness estimates relative to

the GT thickness maps. This was compared to the line-profile CRLB (Section 6.3.2) with a
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Figure 9.2: Two-material phantom used for optimization tuning and sensitivity analysis.

Figure 9.3: Multi-material phantom used for robustness analysis.

3-mm soft-tissue background and a range of 0.3, 0.4, or 0.5-mm bone thickness signal. The

thresholds minimizing simulation error and CRLB were used for the remaining simulations.

The initialization and regularization parameters for the optimization-based MDPR were

then tuned. Two initialization strategies were considered: (1) a structure-naïve constant

initialization with the bone-basis image set to 0 mm and the tissue-basis image set to either

0, 1, or 3 mm; or (2) an initial analytical estimate of the raw TIE-MD estimates or Gaussian-

blurred TIE-MD with a 25- or 50-pixel FWHM. A finite support constraint mask was applied

to the initialized thickness maps, estimated using blurred and thresholded intensity data.

The loss function was minimized with the ADAM optimizer and a learning rate of 10−4

[211]. The regularization weight was chosen as γ = 0.02 based on a parameter sweep over

γ = 0.001 to 0.3. The MDPR convergence criterion was defined as ∆L ≤ 10−5 over 50

iterations, which was found to reliably stop iterations only after true plateaus.

After tuning the best energy threshold, initialization, and regularization, a model sensitiv-

ity analysis was performed. Realistic, noisy simulations were performed using the identified
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Optimization f(x) Model description

Full polychromatic Eq. 9.4 with all nonideal elements.

Full + 2× upsample Full poly + intermediate ∆xsim = ∆x/2 upsampling
during wave propagation.

Full + 4× upsample Full poly + intermediate ∆xsim = ∆x/4 upsampling
during wave propagation.

Effective monochromatic
S(E) and η(E) replaced by equivalent monochro-
matic values corresponding to the effective energies
(Eq. 9.5).

Ideal threshold
No energy threshold blur; step function detector re-
sponses D1(E) = 1 − HS(E − Et) and D2(E) =
HS(E − Et).

Ideal PSF No source or detector blur; ideal system PSF func-
tion psf(r⊥) = δDirac(r⊥).

Table 9.1: Different forward projections used for the optimization model sensitivity analysis.

parameters. Optimization-based MDPR was performed using different forward projectors

f(x) within the loss function to assess which model elements are most important for accurate

material decomposition. Each model is summarized in Table 9.1.

Finally, model robustness to multiple materials and low doses was assessed using a multi-

material phantom (Fig. 9.3). The same simulation scale was used, with 20-µm pixels and 5-

mm FOV. The phantom materials were chosen to emulate mammography, with a background

ellipsoid-cylinder of fibroglandular tissue, three superimposed adipose ellipsoids, and two

rows of microcalcifications with maximum thickness between 80 and 200 µm. The first row

of calcifications was defined as type I (calcium oxalate dihydrate), usually associated with

benign lesions, while the second row was defined with the more likely malignant type II

composition (calcium hydroxyapatite) [220, 221]. Simulations were performed with R = 300
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Figure 9.4: Example monochromatic simulations and analytical TIE-MD output for three
different energy pairs. The example intensity data in the left column is shown for the middle
energy pair, (20 keV, 30 keV).

cm (XPCI) or 0 cm (absorption-only imaging) at three different noise levels corresponding to

total incident photons per pixel I = 200, 103, and 105. Iterative MDPR was performed using

a basis of soft tissue and bone. This is more similar to a realistic material decomposition task

in biomedical imaging, where the assumed basis materials will be similar but not identical to

the true broader set of biological materials. The adipose and gland materials are expected

to primarily contribute to the tissue-basis image while the calcifications contribute to the

bone-basis image [215].

9.4 Results and Discussion

9.4.1 TIE-MD energy sensitivity

Fig. 9.4 shows the exploratory monochromatic dual-energy simulations performed to assess

TIE-MD in ideal conditions. In all cases, residual edge-enhancement rings are left in the

bone-basis image. The tissue-basis images more successfully correct the edge fringes but

instead suffer from periodic artifacts due to the Fourier-space inversion approach of the TIE-

MD method. The intermediate energy pair (20 keV, 30 keV) visually appears to offer the best
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Figure 9.5: RMSE of TIE-MD output thickness maps from monochromatic simulated data
or from polychromatic simulated data (requiring substitution of effective energies in the TIE-
MD algorithm), with and without noise, at a range of energy thresholds. The right column
shows the effective monoenergies calculated for each threshold.

balance of artifact minimization and MD performance, although noise is still considerably

amplified relative to the raw data. Shifting the monoenergy pairs just 5 keV lower or higher

results in significant artifact increase in the tissue-basis image, while the bone-basis image

appears to be more robust to energy changes despite residual edges. This indicates a high

sensitivity of the method to acquisition energy selection even in the idealized monochromatic

case.

The implications of this for full polychromatic imaging are probed by Fig. 9.5, which

shows the RMSE of TIE-MD estimated thickness images produced from true polychromatic

data or equivalent effective-energy monochromatic simulations. The difference between the

polychromatic and monochromatic curves reflects the practical consequence of the MDPR

model mismatch. For both materials, the monochromatic curve is more flat as a function of

threshold, with lower thresholds generally producing better RMSE. Instead using the true

polychromatic data, the curve shows a much more pronounced minimum in the neighborhood

of Et = 20 keV. The polychromatic case also appears to be more noise-sensitive, especially

in the bone RMSE, where the difference between ideal and noisy curves is noticeably larger

with the polychromatic data.

These initial TIE-MD results serve as motivation for the proposed iterative MDPR algo-
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Figure 9.6: Basis material CRLB (3-mm soft tissue background with variable 0.3 to 0.5-mm
bone thickness) and TIE-MD RMSE as a function of energy threshold.

rithm. By accounting for the realistic energy-dependent detector elements, we aim to close

the gap between the monochromatic and polychromatic mismatch, offering a solution more

appropriate for polychromatic spectral PB-XPCI likely to be implemented with benchtop

imaging systems.

9.4.2 Iterative MDPR tuning

To choose the best energy threshold to use for the spectral polychromatic simulations, Fig. 9.6

shows the basis material CRLB and TIE-MD simulation error as a function of threshold en-

ergy. The thresholds minimizing either parameter were similar but not identical, with 23 keV

minimizing the CRLBs and 20 keV minimizing the simulation error. To choose one, iterative

MDPR was performed using data from both energy thresholds using the different proposed

initialization strategies. Table 9.2 lists the RMSEs produced for each threshold/initialization

pair, while Fig. 9.7 shows the 20-keV reconstructions for qualitative reference. The constant

initialization strategy reliably reconstructed the bone ellipsoids but struggled to recover the

soft-tissue background, with retrieved thickness converging within roughly 0.5-mm of the

initialized thickness. This resulted in especially large soft-tissue RMSE for the 0-mm and 1-

mm tissue initializations. The 3-mm constant tissue initialization “Const (3,0)” produced the

best tissue images among the const-init methods, but it failed to recover the cylindrical curve
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Init method
Soft tissue Bone

20 keV 23 keV 20 keV 23 keV

Const (0, 0) 2.098 2.088 0.179 0.178

Const (1, 0) 1.362 1.363 0.118 0.118

Const (3, 0) 0.668 0.656 0.018 0.018*

TIE 0.343 1.172 0.037 0.095

TIE-blur25 0.324 1.059 0.036 0.088

TIE-blur50 0.307* 0.853 0.036 0.074

Table 9.2: RMSE [mm] of retrieved basis material thickness images from different initial-
ization methods, with acquisition energy threshold optimized either for the TIE (20 keV) or
CRLB (23 keV). The asterisk * indicates the minimum unrounded RMSE achieved for each
material.

of the thickness map, instead producing a more flat thickness distribution. This is especially

apparent in the central line profiles shown in Fig. 9.8. In contrast, the TIE-initialization

methods yielded tissue maps with more accurate, curved thickness profiles. The TIE instead

suffered from the low-frequency artifacts identified in the initial TIE-MD sensitivity analysis.

These were somewhat ameliorated by applying a Gaussian blur to the TIE-MD estimates

prior to optimization. While the TIE artifacts were not entirely removed by the iterative

MDPR process, for example in the increased background thickness around the smallest bone

ellipsoid, the overall RMSE was minimized using the 20-keV simulations with TIE-blur50

initialization. Therefore, these parameters were adopted for the model sensitivity analysis.

An additional observation is that the TIE-initialized RMSEs were much more sensitive

to the 3-keV change in energy threshold, while the constant-initialized RMSEs changed by

<0.01 mm. Looking at the 23-keV threshold only, the Const (3,0) initialization produced the

best RMSEs in both material images. Further, both constant and TIE-based initialization
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Figure 9.7: 20-keV threshold reconstructions produced from different optimization initializa-
tion methods.

Figure 9.8: Central line profiles, averaged over the middle ten rows, in the reconstructed 20-
keV images from the best initialization methods with either a constant or TIE-MD variant.
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Figure 9.9: RMSE as a function of regularization weight γ for the constant (3,0) and TIE-
blur50 initializations with 20-keV threshold data. Example thickness maps are shown for
the initialization and γ at the starred point on the curve.

left residual bone ellipsoid artifacts in the tissue image, likely due to its high attenuation.

This suggests constant initialization can still be a valid strategy when the conditions of the

TIE are not optimal, especially in terms of qualitative performance.

A noteworthy success of all initialization methods is the elimination of residual Fresnel

fringes in the material images. While there was some material bleed into incorrect images

(i.e. residual tissue background in the bone image and residual bone ellipsoids in the tissue

image), this largely indicates that the iterative MDPR process successfully converts PB

edge-enhancement information into the retrieved thicknesses.

As the final step of the optimization tuning, the regularization weight was chosen as γ

= 0.02. Fig. 9.9 shows the basis-image RMSEs as a function of γ for the 20-keV threshold

simulation with the two best initializations, const (3,0) and TIE-blur50. The value of γ =

0.02 was chosen to balance RMSE and visual appearance of each material image produced

by the different methods, aiming to recover the smoothest tissue-thickness profile without

blurring the bone ellipsoid edges.

210



Optimizer f(x)
Soft tissue Bone

const init TIE init const init TIE init

Full polychromatic 0.676 0.303 0.018* 0.036

Full + 2× upsample 0.586 0.299* 0.027 0.035

Full + 4× upsample 0.586 0.307 0.041 0.043

Effective monochromatic 0.826 0.354 0.039 0.071

Ideal threshold 0.447 0.363 0.029 0.018

Ideal PSF 0.652 0.303 0.018 0.035

TIE-MD (no optimization) – 0.464 – 0.089

Table 9.3: Model sensitivity analysis: RMSE [mm] for different optimization forward models,
systematically excluding nonideal system elements such as energy dependencies and blur.
Optimization was initialized with either TIE-blur50 or Const (3,0). The asterisk * indicates
the minimum unrounded RMSE for each material.

9.4.3 Model sensitivity

Using the tuned simulation and optimization parameters, the model sensitivity analysis

was performed by solving for the thickness maps with the iterative MDPR algorithm using

forward projectors with varying levels of realism. Table 9.3 lists the basis-material RMSEs

of the final estimated thickness maps for the different models.

Overall, the full polychromatic model produced among the most accurate reconstructions,

but the results also show that increased forward model realism does not guarantee improved

performance without adequate initialization. TIE initialization substantially reduced tissue

RMSE relative to constant initialization, with the best result obtained using the full model

with 2× upsampling. For bone, the lowest RMSE was obtained using the full polychromatic

model with constant initialization, although the bone images were generally robust to model
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variations. Several models gave similar bone-basis performance, with only sub-µm differences

in RMSE. The effective-monochromatic approximation produced the largest performance

degradation, especially for constant initialization. The ideal threshold bin-response functions

were also important with TIE initialization. In contrast, removing the PSF or increasing the

intermediate wave-propagation upsampling in the full model produced only modest RMSE

changes, indicating that these factors were not as dominant in the optimization performance.

The images shown in Fig. 9.10 complement the RMSE values listed in the table, show-

ing the final basis-material estimates produced by each model and their difference images

relative to the GT. All models successfully smooth out most of the low-frequency artifacts

and residual fringes present in the raw TIE-MD initialization image (bottom row). Among

the iterative MDPR images, the effective-monochromatic results are the most noticeably

different, with higher noise, stronger remnant fringes, and the largest overestimate in bone

thickness. This reflects the importance of fully modeling the polychromatic spectrum, since

each monoenergetic component contributes to the wave-interference patterns that determine

the final detected edge enhancement.

Likewise, Fig. 9.11 shows the basis images and GT differences for the full polychromatic

model with different intermediate wave upsampling factors. Although the RMSE values

differ by only a few µm, the images are noticeably smoother and less noisy with higher up-

sampling. However, the upsampled images also suffer from artifacts, such as interspersed

jagged edges with 2× upsampling and isolated bright and dark speckles with 4× upsampling.

This may be associated with the nearest-neighbor upsampling method used to match the

estimated thickness maps to the wave-propagation sampling during the forward projection

step. Additionally, while upsampling helped smooth the soft tissue image, it worsened the

underestimation of bone thickness. Given these trade-offs, matched wave sampling is likely

sufficient for most implementations. To realize the benefits of upsampling without the insta-

bility, a smoother phantom upsampling method such as 2D linear or quadratic interpolation
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could be attempted, although this would introduce considerably greater computational ex-

pense at each iteration.

9.4.4 Calcification decomposition

Fig. 9.12 shows the raw intensity images of the multi-material phantom simulated at the

three noise levels, with and without phase contrast (R = 0 or 300 cm). At the highest noise

level, the largest type II calcifications are visible both with and without phase contrast, while

the type I calcifications are challenging to detect at all sizes. The larger adipose ellipsoids

are also barely visible without the additional edge enhancement provided by PB-XPCI.

In the basis-material domain, Fig. 9.13 shows the estimated thickness maps retrieved

using iterative MDPR with constant (3, 0) initialization, which was found to be more stable

for the multi-material phantom. As a closer look at calcification recovery, Fig. 9.14 shows

the central line profiles through the type I and type II calcifications in the bone-basis image.

At the highest noise level, the 300-cm images successfully recover the four largest type I and

type II calcifications, with only the smallest 80-µm calcifications, spanning just four detector

pixels, possibly lost to noise. At lower noise levels, the size and material differences among

all calcification types become apparent in the bone-basis image. The R = 300-cm images

also capture the adipose ellipsoids, although their thickness contribution is split between the

tissue and bone basis images.

In the 0-cm images, the lack of edge enhancement leads to smoother thickness maps

with considerably less noise than the 300-cm thickness estimates. However, this relative

improvement comes at the cost of calcification detectability. While the >100-µm type II

calcifications are detectable in all images, the type I calcifications are blurred and nearly

entirely lost except in the highest-dose images. Although this might be possibly mitigated by

acquisition-specific tuning of the regularization weight γ, there may be insufficient contrast

information in the raw intensity images to reliably recover these smaller and inherently
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Figure 9.10: Thickness maps and differences relative to ground truth (GT), reconstructed
using different optimizer forward-projection models. As reference, the bottom row shows the
unoptimized TIE.
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Figure 9.11: Thickness maps and differences relative to ground truth (GT), reconstructed
using the full polychromatic forward projector in each iteration with different degrees of
wave upsampling (1, 2, or 4× the reconstructed resolution).
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Figure 9.12: Raw data simulated at three noise levels with the multi-material phantom
(threshold energy Et = 20 keV).

lower-contrast calcifications. Overall, these simulations indicate that iterative MDPR for

full polychromatic spectral XPCI remains robust with low doses and, more realistically,

imperfectly matched basis materials.

9.5 Conclusion

To close, this chapter presents a full spectral MDPR solution, in the sense that the itera-

tive optimization-based approach accounts for the complete polychromatic source spectrum

and energy-dependent system response at each update step. After tuning the optimization

parameters, the approach successfully recovered basis material thickness maps under chal-

lenging conditions, including high noise, small calcifications, and imperfectly matched basis

materials. The method is still imperfect, leaving some residual material cross talk between

basis material images, but it offers large improvement over the analytical reference algorithm,

TIE-MD. Further, by systematically varying the elements included in the optimizer forward

model, we demonstrated the value of the full spectral approach, with the polychromatic

model outperforming both analytical TIE-MD and optimization-based MDPR using effec-

tive monoenergies. These results support full spectral MDPR as a promising reconstruction
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Figure 9.13: MDPR-retrieved basis material thickness maps of the multi-material phantom
data.

Figure 9.14: Line profiles through the bone-basis image in the central rows corresponding to
the type I (top) and type II calcifications (bottom).
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approach for future benchtop micro-focus PB-XPCI systems, with polychromatic sources

and energy-discriminating detector schemes the most promising candidates for single-shot

quantitative phase retrieval.
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CHAPTER 10

CONCLUSIONS

Altogether, this dissertation has united traditional spectral X-ray imaging with the emerging

field of X-ray phase-contrast imaging (XPCI) through the lens of material decomposition.

Taken separately, spectral imaging and XPCI each aim to improve soft-tissue image quality,

but they face distinct challenges: limited native soft-tissue sensitivity and the need for multi-

ple measurements, respectively. Thus, spectral XPCI has emerged as a promising candidate

for quantitative phase retrieval, enabled by multi-measurement, single-shot acquisition with

energy-resolving photon-counting detectors (PCDs). We have thoroughly examined the as-

sumptions underlying existing spectral phase-retrieval and material-decomposition methods,

developed original theoretical and simulation-based metrics for assessing retrieved image

quality, and presented a more general optimization-based solution. This iterative solution

enables the inversion of a more general forward model, bypassing common simplifying ap-

proximations required by existing closed-form inversions over parameter ranges typical of

both current and novel sub-micron X-ray imaging systems. This lays the foundation for fu-

ture work aiming to more fully realize the benefits of spectral imaging through quantitative

phase retrieval and material decomposition.

10.1 Summary

The first part of the dissertation focused on absorption-contrast spectral X-ray imaging.

Chapter 2 presented an overview of the relevant X-ray imaging fundamentals. This included

a review of common X-ray sources and detectors used throughout this work, from micron-

scale synchrotron imaging to new clinical PCD-CT systems [48, 49, 51, 62], and the basic

theory underlying two-energy basis decomposition methods [33, 34].

In Chapters 3 and 4, we extended this absorption-contrast theory to examine and opti-
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mize dual-energy CT systems with the Cramér–Rao lower bound (CRLB) in the context of

combined megavoltage (MV) and kilovoltage (kV) spectra [102, 145]. The MV-kV spectral

combination is conveniently attainable using the two X-ray sources already available on most

radiotherapy machines: MV for treatment, and kV for on-board imaging. In Chapter 3, our

results demonstrated the benefits of MV-kV dual-energy CT over dose-matched single-kV

CT, especially for metal artifact correction. However, the results also highlighted potential

pitfalls when MV image noise becomes dominant. Chapter 4 explored how this limitation

might be mitigated by using a PCD to improve native MV image contrast and eliminate

electronic noise, which can dominate at the low photon-count levels needed to reduce MV

imaging dose to diagnostic imaging levels. Based on the single-line integral CRLB, we pre-

dicted 15–45% improvement in MV-kV basis-material image quality using PCDs instead of

traditional detectors. In CT simulations, we found PCDs yielded more uniform noise texture

and improved contrast-to-noise ratio (CNR) in virtual monoenergetic images (VMIs). These

simulation studies motivate future experimental work to validate our findings and provide a

tool for spectral dose allocation optimization prior to patient scanning.

In the subsequent chapters, the dissertation scope expanded to include phase contrast,

with the goal of developing a more generalizable spectral phase retrieval approach. Chapter

5 began this transition by reviewing propagation-based (PB) XPCI theory, detailing each

assumption made to arrive at conventional imaging forward models. The chapter also pro-

vided derivations of the analytical phase retrieval methods implemented in later sections: the

widely used single-distance method for a homogeneous object and the multi-energy methods

for phase retrieval and material decomposition [24, 55, 59]. This overview highlighted both

advantages and potential quantitative weaknesses when approximations were not valid.

In Chapter 6, we developed new CRLB toy models suitable for assessing material de-

composition performance with PB-XPCI [172, 173]. The unique challenge was in design-

ing a model to account for the spatially distributed edge-enhancement information without
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trivializing the material decomposition problem by introducing excess absorption-contrast

information. Building upon the traditional single-line integral CRLB, we systematically de-

veloped three models of increasing detail: a spatially resolved two-pixel system, a line-profile

single-edge CRLB, and a 2D toy geometry model. We used these models to assess opti-

mal monochromatic energy pairs and polychromatic energy thresholds for spectral XPCI,

finding similar trends between the 1D line-profile and 2D geometry CRLBs and validat-

ing the optimal thresholds with a maximum-likelihood estimation (MLE) simulation study.

These models establish a useful foundation for optimizing spectral PB-XPCI acquisition and

advancing its translation toward practical applications.

Chapter 7 began the task of assessing PB-XPCI forward models with the context of quan-

titative phase retrieval, specifically focusing on the widely applied projection approximation

(PA). While PA is fairly accurate at conventional imaging scales, it may not fully capture

phase-contrast effects emerging from refraction within the object itself when the detector

resolution is high, feature sizes are small, and propagation distances short [165, 192, 193].

We verified these predictions of previous work by comparing the PA model to a more gen-

eral multi-slice (MS) model [164, 191, 222]. We found that meaningfully large differences

between MS and PA simulations do not necessarily translate to significant differences after

applying common phase retrieval methods, such as the single-distance, homogeneous-object

method [24]. Micro-CT simulations of metal-stained and unstained zebrafish also highlighted

artifacts arising when the homogeneous-material assumption was violated. These findings

motivated the development of a more general phase retrieval solution, aiming to capture

the additional information of object depth-dependent phase shifts and larger attenuation for

improved quantitative performance.

To this end, Chapters 8 and 9 presented an optimization-based material decomposition

phase retrieval (MDPR) solution and demonstrated its advantages over methods that invert

approximated forward models [179, 180, 215]. Using automatically differentiable (AD) for-
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ward models, our iterative MDPR solution reduced its reliance on simplifying assumptions

and more fully saturated achievable basis material image quality. Chapter 8 focused on dual-

energy synchrotron micro-CT with the MS-based forward model, while Chapter 9 focused

on polychromatic benchtop XPCI with a nonideal energy-discriminating PCD. In both chap-

ters, the AD-enabled optimization framework allowed different forward-model components

to be swapped directly within the reconstruction, lending itself to assessment of which model

elements are most essential for accurate MDPR. This provided evidence for when the addi-

tional computational expense of a more general forward model is warranted, beyond a simple

comparison of iterative and analytical solutions. We ultimately demonstrate a key improve-

ment to quantitative MDPR lies in accounting for the full polychromatic X-ray spectrum

and energy-dependent system response.

10.2 Future Directions

There are two natural future directions. The first is to expand the computational simula-

tions to larger scales using multiple GPUs coupled with distributed-memory strategies [212].

Since accurate PB-XPCI simulation typically requires substantial wave field upsampling,

large-scale high-resolution reconstruction remains computationally challenging, particularly

for 3D CT imaging [166]. Improved computational strategies will therefore be necessary

for practical implementation of the optimization-based theory presented here. The second

direction is validation with real spectral XPCI data. Although the simulation studies in this

dissertation were designed to minimize forward-model approximations, practical imaging

systems introduce additional nonidealities that are difficult to fully capture in simulation,

including photon scatter, source and detector calibration, PCD spectral distortions, and

other imperfect knowledge of the imaging system. Such effects are best addressed through

experimental studies, spanning simple image quality phantoms as well as biological samples.

These experiments would test both the accuracy of the proposed full spectral forward model
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and the robustness of the optimization-based MDPR framework for nonideal acquisitions.
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