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ABSTRACT

This dissertation mainly studies the statistical inference on expectile, time-varying regression
coefficients and quantile regression coefficients for time series. For the first problem, We first
present a central limit theorem at a single level and then develop a simultaneous inference
theory over various levels under the short-range dependent condition. We also derives a
weak convergence theory for expectile estimators of long-memory processes, and reveals the
surprising fact that pointwise and simultaneous confidence bands are asymptotically the
same.

For the second problem, we introduce a new methodology to conduct simultaneous infer-
ence of the nonparametric coefficient functions in a linear time series regression model where
the nonparametric components are unknown multivariate functions of an observable random
vector. In particular, we construct simultaneous confidence regions (SCR) for the coefficient
functions by extending the high-dimensional Gaussian approximation to time-dependent
processes.

For the third problem, we establish the Gaussian approximation theory for quantile re-
gression coefficients on high confidence level inference. Based on the quantile regression
model, we investigates the dynamics of U.S. tax progressivity from 1978 to 2022 by conduct-
ing year-by-year quantile regression and simultaneous inference on progressivity estimates.
We can find the constancy of the progressivity is rejected in the 1980s with a gradual decline

and during recessions with jumps in the progressivity.



CHAPTER 1
INTRODUCTION

Time-dependent data arises naturally in a wide range of fields, including economics, finance,
management. The presence of temporal dependence often introduces substantial challenges
in both theory and practice. This dissertation investigates three distinct interesting problems

that emerge when conducting statistical analysis under time dependence.

1.1 Risk measures

Risk measurement plays a foundational role in decision sciences. A well-designed risk mea-
sure provides a formal and interpretable way to quantify potential losses, support portfolio
construction, and guide decision-making under uncertainty. Among the most prominent risk
measures are Value-at-Risk (VaR), Expected Shortfall (ES), and expectiles. Statistically,
they are either quantile-based or moment-based.

Let X be a random variable with E|X| < oo and F' be the cumulative distribution
function of X. Then for risk level a € (0, 1), Value-at-Risk, Expected Shortfall and expectile

can be respectively defined as

VaRy(X) = —inf{z e R: F(x) > a},

1 [0

Expectile, (X) = argmin E[a(X — 6)*1 ysg + (1 — a)(X — 9)2]1X<0]-
p >

As we can see from the definitions above, VaR, based on the quantile of distribution, can
indicate the loss boundary at certain risk level. It has been widely adopted in regulatory
and industry contexts due to its intuitive interpretation. However, VaR suffers from several

known limitations: it lacks subadditivity, fails to capture tail severity, and is not elicitable.
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ES addresses some of these concerns by considering the average loss beyond the VaR thresh-
old. It is coherent and captures tail risk more comprehensively. Yet, ES is not elicitable as
a standalone risk measure, which complicates its statistical implementation and inference.

Expectiles have recently gained significant attention as a compelling alternative. De-
fined through asymmetric least squares, expectiles incorporate both tail probability and tail
magnitude, offering a more sensitive assessment of risk. Importantly, they are elicitable and
law-invariant coherent. However, expectile is not comonotonic additive. In one sentence,
currently, there does not exist a perfect standard measure. Therefore, further investigation
into risk measures remains highly valuable.

Although VaR has been extensively studied in the statistical literature, the development
of rigorous theory for ES and expectiles remains relatively limited. Most existing results
for ES and expectiles are established under i.i.d. assumptions or within specific parametric
models. This gap motivates the investigation in Chapter 2 of this dissertation. We study the
asymptotic behavior of expectile estimators under various types of dependence structures. In
particular, we consider short-range dependent (SRD) processes, long-range dependent (LRD)
processes, and steady-state simulations, all of which frequently arise in applied settings. We
develop central limit theorems, uniform weak convergence results, and construct confidence
intervals and confidence bands suitable for such contexts. These contributions enhance the
theoretical foundation for using expectiles in applied risk analysis and broaden their practical

applicability.

1.2 Regression with multivariate time-varying random coefficients

Consider the very classical linear model:

Y;':/BTX’L'—ng) izla"'vna



where Y; are responses, 3 € RP is the p—dimensional coefficient vector, X; are p—dimensional
covariates and ¢; are noise. With linear assumption, we can conduct estimation, inference
and interpretation on various datasets. And many advanced and powerful results have been
derived during past decades. However, linear assumption does not always hold. Then a more

general framework has been studied:

Vi=a(X;)+e, 1=1,...,n,

where «f(-) is a well-defined coefficient function and the variance of noise can also depend on
X;.

The classical nonparametric regression framework offers a flexible approach to modeling
the relationship between a response and covariates, without assuming a specific functional
form. However, its applicability is fundamentally limited by the curse of dimensionality,
which renders it practically infeasible to model interactions between the response and more
than a small number of covariates. In fact, asymptotic theory for kernel-based methods
with more than two covariates is scarce and often relies on strong assumptions that limit its
generalizability.

On the other hand, many econometric models of substantive practical relevance—such as
asset pricing models, monetary policy rules—are based on linear structures whose coefficients
are directly linked to interpretable quantities. For instance, the slope coefficient in a pricing
model may represent the risk premium associated with a specific factor. In such settings,
it is of primary interest not only to model these coefficients as functions of latent state
variables but also to conduct formal inference on their functional form, as these functions
encode economic mechanisms or policy regimes. The semi-parametric varying coefficient
model, which allows the coefficients to vary nonparametrically with respect to some state
process, thus provides a natural and interpretable compromise between the flexibility of

nonparametric models and the interpretability of linear parametric structures.
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Motivated by these considerations, in Chapter 3, we study the semi-parametric time

series regression model:

Y; =B(Z) Xi+o(Z)e, i=1,...,n.

And we develop a comprehensive framework for conducting simultaneous inference on both
the coefficient functions B(-) and the conditional variance function o(-) in the presence of
time series dependence. Specifically, we construct uniform confidence bands for all 3(-) and
o(+), enabling joint hypothesis testing and specification analysis. To facilitate the practical
implementation of the proposed inference procedures, we further develop a bootstrap-based

method that ensures valid finite-sample performance.

1.3 High confidence level inference

In many empirical applications, statistical inference is typically conducted with confidence
levels such as 90% or 95%. However, there is a growing set of problems in which researchers
or policymakers require extremely high-confidence level inference — for example, confidence
levels of 99.9% or higher. This need arises in various contexts: when a rare event is of major
concern, such as in public safety or regulatory policy; or when Bonferroni-type adjustments
are applied due to multiple testing, requiring much stricter control of Type I error. In
such high-confidence regimes, standard inferential procedures—such as the Central Limit
Theorem (CLT)—may no longer yield reliable results in terms of relative error. In other
words, conventional approximations can become untrustworthy exactly in the tail regions
where high confidence is needed most.

A concrete example of such a high-confidence setting arises in the study of tax progres-
sivity and its long-run economic effects. To estimate tax progressivity, we typically rely

on income data spanning several decades, during which tax policies change discontinuously



across different presidential administrations. One might be tempted to smooth the trend
using standard techniques such as kernel regression or sliding window averages to extract
long-term trends. However, such smoothing procedures can severely distort the causal inter-
pretation of the data: they blur the boundaries between distinct policy regimes and dilute
the sharp effects associated with specific tax reforms. In this context, high-confidence in-
ference methods, which directly target the simultaneous tail behavior of estimators, offer a
compelling alternative. In Chapter 4, we will investigate the tax progressivity problem in

detail and develop high confidence inference framework for quantile regression.



CHAPTER 2
ASYMPTOTICS FOR EXPECTILE ESTIMATORS OF
STATIONARY PROCESSES

2.1 Introduction

Expectiles are widely used in a variety of applications in management science and operation
research, including risk management, portfolio evaluation and optimization, and decision
making under uncertainties. A proper risk measure is fundamental to risk management.
Value-at-Risk (VaR) is a popular risk indicator, which is the quantile with a given tail
probability. However, it depends only on the relative frequency of more extreme loss rather
than the magnitude of the loss. In contrast, Expectile based VaR (EVaR), i.e., the expectile
with a given distribution, is an attractive alternative [Kuan et al., 2009]. It is determined
by tail expectations rather than tail probabilities, and balances between expected margin
shortfall and opportunity cost. EVaR is proved to be an elicitable risk measure |Ziegel,
2016], and has a close relationship with VaR and expected shortfall (ES). The connection
between EVaR and VaR is discussed by Jones [1994], which shows that expectiles of a
distribution F' correspond to quantiles of a distribution GG transformed from the original
distribution F'. Yao and Tong [1996] study the one-to-one mapping between expectile and
quantile in a nonparametric setting. Inspired by the latter relation, Waltrup et al. [2015]
conduct numerical analysis of empirical quantiles and expectile-based quantile estimators.
Also, Taylor [2008] shows that ES can be calculated by EVaR. Ren et al. [2022] propose a
systemic risk indicator Financial Risk Meter (FRM) which is based on expectiles.

For portfolio evaluation and optimization, when using VaR as the evaluation criterion, it
is possible for two portfolios with entirely different tail structures to exhibit the same quan-
tile. In comparison, expectiles are more tail-sensitive and can avoid the issue accordingly.

While quantiles suffer from the incoherence problem and expected shortfall lacks robust-
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ness and elicitability, expectiles also have downsides — specifically, they are neither robust
nor comonotonically additive [Emmer et al., 2015]. Nevertheless, Ziegel [2016] shows that
expectiles are indeed the only law-invariant and coherent elicitable risk measures, which is
critical for portfolio evaluation as sub-additivity implies that diversification never increases
risk. Expectiles can also be used to optimize portfolios by balancing risk and return. This
approach is particularly useful in volatile scenarios where traditional risk indicators, e.g.,
variance and standard deviation, fail to capture the underlying risks. For example, Gia-
cometti et al. [2021] introduce the asymmetric expectile loss function to account for tail risk
in large portfolio allocation. Bellini et al. [2021] propose three methods for constructing
risk parity portfolios with respect to expectiles. Zaevski and Nedeltchev [2023] propose an
expectile-based risk measure and demonstrate its significant potential for inclusion in Basel
IV, which is a set of regulatory capital standards and latest iteration of a series of interna-
tional banking agreements aiming to enhance the stability and standardization of the global
banking system.

Expectiles serve as a valuable tool in decision making under uncertainty, as they al-
low decision makers to consider a range of potential outcomes, and provide a shortfall risk
measure |Delage et al., 2019|, especially in the presence of heavy-tailed distributions. For
example, in project management, expectiles are used to measure the risk of a project. By
considering different expectiles, such as the 0.05 expectile or the 0.95 expectile, decision
makers can determine the worst and best-case scenarios for a project, and make decisions
accordingly. Expectile models are also useful in categorical data analysis (e.g., analysis of
survey data with sub-populations labelled as areas) as they can handle a number of cate-
gories, whereas many traditional methods, such as multinomial logistic mixed models, are
limited to only a few categories. They also provide a useful alternative to mixed model
approaches since they do not require specific parametric assumptions about random effects

[Dawber et al., 2022]. Another example is geoadditive expectile regression [Sobotka and



Kneib, 2012, Sobotka et al., 2013|, where the specification allows for nonlinear effects and
the spatial distribution of survey data simultaneously.

Due to the above-mentioned theoretical and practical advantages, expectiles have drawn
plenty of attention in management science, statistics, econometrics and operations research.
However, the attributes of expectile estimates are not well-studied compared with quantiles
and ES. For instance, Embrechts et al. [2022| study the robustness of risk-measurement-
related optimization problems given special attention to VaR and ES but only with a very
limited discussion on expectiles. Wang and Zitikis [2021] omit the discussion on expectiles
for the necessary and sufficient condition of an inequality (inequality (1) in their paper) due
to the complicated structure of expectiles.

The main goal of this paper is to study the asymptotic properties of expectile estimators
for stationary processes, which are crucial for understanding the reliability and accuracy of
expectile estimators in large samples. There is an increasing amount of work concerning
this topic, e.g., Holzmann and Klar [2016] study the asymptotic properties of the sample
expectiles for independent and identically distributed (i.i.d.) random variables. Philipps
[2022a,b] develop the weak law of large numbers and uniform ergodic theorem for expectiles.
Philipps [2023] investigates into the quasi-maximum likelihood estimator for conditional
expectiles. Most of the previous work postulates that the errors are independent. However,
the assumption of independence can be a notable limitation when dealing with temporally
dependent data. We also avoid strong mixing conditions and their variants, because they
are difficult to check [Bradley, 2005a]. Geometric-moment contraction (GMC) condition
proposed by Wu [2005a] is broadly applicable and can be checked empirically as illustrated
by Alexopoulos et al. [2019]. Therefore, in this paper, we adopt the short-range dependence
(SRD) structure; see Equation (2.9), which is widely applicable including a vast class of
processes as shown in Section 2.2.1, and easy to work with since it is directly related to the

data-generating mechanism [Wu, 2005b].



We first present a central limit theorem (CLT) for expectile estimators at a single level
« under the above-mentioned SRD condition. Accordingly, one can calculate confidence
intervals (CIs) by using ¢-distribution. In practice, the constructed Cls have a quite accurate
coverage probability and the length of the ClIs is relatively stable. This paper then studies
simultaneous inference of expectile estimators over o € [aq, ag] with 0 < a; < ag < 1. For
i.i.d. random variables with finite second moment and continuous distribution functions,
Holzmann and Klar [2016] present a weak convergence theory for the expectile process. Their
theory has limited applicability in our setting, as it relies on the independence assumption.
In this paper, we shall develop a weak convergence theory using the framework of functional
dependence measure with some extra mild conditions. With our weak convergence theory, we
can construct simultaneous confidence bands (SCBs) and pointwise confidence bands (PCBs)
for various stationary processes, such as Autoregressive (AR) and Threshold Autoregressive
(TAR) models.

The paper also studies the asymptotic properties of long-memory or long-range dependent
(LRD) processes. In such processes, the auto-correlation function decays fairly slowly and
they have been widely used in economics [Selmi and Hachicha, 2015|, finance |Linn and Tay,
2007, Shi and Yu, 2023|, environment sciences |[Pan and Chen, 2008, Yuan et al., 2022|,
internet traffic analysis [Resnick and Samorodnitsky, 2000, Yao, 2003, Sohn and Lee, 2004,
Caglar, 2004, De Lima and de Almeida Amazonas, 2013, risk management [Ho and Liu,
2010, Pankratova et al., 2017] among others. We develop a corresponding weak convergence
theory and implement CB simulation for such processes. It reveals the very surprising and
interesting fact that for long-memory processes, PCBs and SCBs are asymptotically the
same.

We also establish the asymptotic validity of Cls and CBs for expectiles in the steady-state
setting. Steady-state simulations are crucial in evaluating the long-run performance or risk

of complex systems, and they are broadly applicable in analyzing job cycle times in manufac-



turing systems, message transmission times in communication networks and portfolios in the
financial industry [Alexopoulos et al., 2019]. This paper provides CI and CB estimation for
steady-state expectiles of simulation generated processes, such as the waiting-time process
arising from a steady-state G/G/1 queueing system. These findings are valuable since the
SRD condition enables specific output-analysis procedures to work reliably when applied to a
broad class of output processes that are generated by simulations in a steady-state operation.

The rest of the paper is organized as follows. In Section 2.2, we introduce functional de-
pendence measures and derive asymptotic properties for expectile estimators under different
scenarios. Section 2.4 presents simulation studies. Section 2.5 provides an application to an

internet traffic data. Section 2.6 concludes.

2.2 Asymptotic Theory for Expectile

Let (X¢);ez be a stationary process. For 0 < a < 1, define

az, x>0,

ga(z) = - (2.1)
(1—-a)z, z<0.

Then the expectile 0, is the solution to Eg (Xt — 04) = 0. Equivalently, 0, is the minimizer

of the asymmetric quadratic loss function [Newey and Powell, 1987]:

. ax? /2, x>0,
0o = argmin E[pa (X¢ — 0) — pa(X¢)], where po(z) =

bk (1-a)z?/2, z<0.

Given the observed data X7, ..., X, the sample expectile éa = éa(Xl, ..., Xp,) satisfies
. 1 &
Qa,n(ea) =0, where Qa,n(e) = Zga(Xt —0). (2.2)
" t=1
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Note that the solution 6y is unique since gq(+) is continuous and strictly increasing. In the
special case when o« = 1/2, then 6, = EX; and O = X,,, which is the mean and sample
mean, respectively.

The primary goal of this paper is to establish an asymptotic theory for the estimate ‘N
for stationary processes. For ii.d. random variables, Holzmann and Klar [2016| present a
systematic asymptotic theory; see also Tran et al. [2019]. It is substantially more challenging
to develop an asymptotic theory for stationary processes, partially because expectile estima-
tors are nonlinear functions of the data. Some recent developments are made in Zwingmann
and Holzmann [2020], Kratschmer and Zéhle [2017], Coeurjolly and Kortas [2012] among

others.

2.2.1 Functional dependence measures

In this paper we shall work with the stationary causal process of the form
Xt = 8(€t7€t—17€t—27'”)7 (23)

where €, t € Z, are i.i.d random variables and s is a measurable function such that X;
is well-defined. In (2.3), X¢ is causal in the sense that X; does not depend on the future
innovations €5, j > ¢. The causality is a reasonable assumption in the study of time series.

The class of processes denoted by (2.3) is vast, including the linear process
o0
Xi = ag, (2.4)
1=0

where a; are real coefficients such that X; exists, and the Volterra process |Giannakis and

Serpedin, 2001|

Xt = Z A, i Et—iq " St—ips (2.5)
0<iy <. .<ig

11



where a;, ... ;, are real coefficients. The framework (2.3) also includes many time series mod-

k
els [Priestley, 1988, Tong, 1990] such as autoregressive conditional heteroscedastic (ARCH)
processes [Engle, 1982| and generalized ARCH (GARCH) processes |Bollerslev, 1986|, ran-
dom coefficient autoregressive (RCA) processes |Nicholls and Quinn, 2012| and TAR pro-

cesses [Tong, 1990] among others. For example, consider the Markov process

Xt = G(thla Et), (26)

where G(+,) is a measurable function such that E(|G(zg, £g)|P) < 0o, p > 0, and

|G(ZE, 50) — G(Ilu 60)| )

E(Lgo) < 1, where L¢, = sup ]

! z—w

(2.7)

Under the above condition, iterations of (2.6) lead to a stationary solution (2.3); see Wu and
Shao [2004] where a GMC property is obtained. Dingeg et al. [2022] considered a steady-
state G/G/1 queueing system which is of form (2.6) with GMC condition; see Section 2.2.5
for details. In certain cases, form (2.3) is also called the nonlinear Wold representation.

To establish an asymptotic theory for estimates of stationary processes, we shall introduce

the functional dependence measure [Wu, 2005b]
Onp = |1 X0 — Xpllp = {E|X, — X, [PH/P, (2.8)

where X!, = s(ep, - ,51,56,5_1,5_2, -+-) is a coupled version of X,,. Here 6;,€j,i,j € 7,
are i.i.d. and X;L is obtained by replacing g in X;, by the i.i.d. copy 56. In comparison
with the strong mixing conditions that are widely used in the asymptotic theory of random
processes |Bradley, 2005b, Doukhan, 2012|, our functional dependence measure is usually
easy to work with since it is directly related to the data-generating mechanism. Additionally,

results developed based on functional dependence measures are optimal or nearly optimal

12



(see, for example, Wu [2007a|, Berkes et al. [2014]).

2.2.2 CLT for expectile estimators at a single level

Theorem 2.2.1 presents a multivariate central limit theorem under a mild SRD condition.
Let éa,d = éa(X1+<d_1>m,--- , Xgm) be the ath expectile estimate based on the block

{X1+(d—1)m7 s Xgm}. Denote by I; the d-dimensional indentity matrix.

Theorem 2.2.1. Let d € N be fired. Let 0 < o < 1 and assume that the distribution

function F(x) =P(X1 < x) is continuous at 0. Further assume that the SRD condition

o0
PBUERES (29)
t=0
holds. Then as m — oo, the joint distribution éa,d = éa(X1+(d_1)m, <o Xgm) satisfies
. . . o
Vin(0a1 = 0o, 002 = 0o+ 0o~ ) = —N(0,1y), (2.10)
o

where 7o = Egl,(X1 — 0q), and the long-run variance

o2 = Z Cov{ga(X1 —ba), ga(Xt —64)}. (2.11)

t=—0o0

Remark 2.2.1. A process satisfying SRD condition (2.9) is also called stable (see Definition
3 in Wu [2005b]). For linear process (2.4), we have d; 9 = |at|||eg —ep||. Then condition (2.9)
follows from ) ;2 |a¢| < oo, which is the stability condition for linear filter [Box et al., 2015|.
For additional examples, see Wu [2005b], who discussed the stable conditions for Volterra

processes, nonlinear transforms of linear processes, nonlinear time series and other models.

As an immediate consequence of Theorem 2.2.1, by the continuous mapping theorem, we

have the following corollary, which asserts that we can use ¢-distribution to perform statis-

2

tical inference for 6, without the need to estimate the variance 02 = 02, /72 consistently.

13



Specifically, given the level v € (0, 1), one can construct the (1 —~y)th confidence interval for
0o by

; ~1/2.
Opq+d Y Oa,dld—1,1—~/2> (2.12)

where ¢;_1 1_, /o is the (1 —~/2)th quantile of the ¢-distribution ;1 with d — 1 degrees of
freedom, and o, 4 and émd is defined in the following Corollary 2.2.1.1. Because d is directly
related to the block size m, and thus to the asymptotic normality in (A.4), as well as the
half length d-1/ 25'Oé’dtd_171_,y /25 selecting an appropriate d is crucial for deriving confidence
intervals with desired coverage probability and decent half length. We will discuss the choice

of d carefully in Section 2.4.1.

Corollary 2.2.1.1. Under conditions of Theorem 2.2.1, for 0, 4 = Z;-lzl éa’j/d, we have

\/E<§a,d - 00&)

Oa,d

d
1 . _
~2 Z 2
= td_l, where O-Oé,d = m (HOZ,j — 9a7d) . (213)
J=1

2.2.3 Weak convergence for expectile processes

Theorem 2.2.1 and Corollary 2.2.1.1 provide a CLT for a fixed @ € (0,1). To perform
simultaneous inference of f, over o € [aq, ag], where 0 < a1 < ag < 1, we need to
develop a weak convergence theory for the expectile process {\/ﬁ(éa —0a), 1 < a <
as}. To this end, we shall apply the weak convergence theory in Billingsley [2013] by
imposing extra mild conditions. For i.i.d. random variables with finite second moment and
continuous distribution functions, Holzmann and Klar [2016] derived a weak convergence
theory for the expectile process using the classical empirical processes of independent random
variables; see Van der Vaart [2000|. Their theory is not applicable in our setting since their
argument heavily depends on the independence assumption. For stationary processes, we
need to develop new tools to establish the weak convergence using the framework of functional

dependence measure.
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Theorem 2.2.2. Assume that the distribution function F(-) is continuous and (2.9) holds.

Assume either (i) the functional dependence measure
Onp = O™, where K > p/(p—1) and p > 2, (2.14)
or (i) the conditional distribution function E(1x,<,|F¢—1) is SRD:

(0. ¢]
Zsup HPOlXtSyH < 00, where Pp- = E(-|F) — E(:|Fr_1). (2.15)
t=0 Y

Let 0 < a1 < ag < 1. Then we have the weak convergence

W(a)

{\/ﬁ(éa—ﬁa), a <a<ag} = { , aq Sagag}, (2.16)

(07

where W () is a mean 0 Gaussian process with the long-run covariance function

E(W ()W () = Voo/oo WheTe Yaa/oo = Z Cov{ga(Xo —ba), 9o (Xt —0,)}. (2.17)

t=—00

Remark 2.2.2. With the weak convergence property (2.16), we can construct simultaneous
confidence bands for the expectile function {fn, @1 < o < as}. Let ¢, be the yth quantile of
SUD, <a<asy IW(@)/Tal, 0 < < 1; let ¢y be an estimate of gy. Then the yth simultaneous
confidence band can be constructed as +4~/v/n, a1 < a < ag. To estimate ¢y in practice,

we can use the block method; see Section 2.4.1.

Example 2.2.3. We apply Theorem 2.2.2 to the linear process (2.4). Assume that e; are i.i.d.
with E(|g;|?) < oo, and its distribution function F is Lipschitz continuous, namely there
exists a constant L. such that |Fr(w) — F-(w')| < Lejw — w'| holds for all w,w’. Let ag = 1.
Then the conditional distribution E(1y,<,|Ft-1) = Fe(y — Yz), where Y; = 3772 aje; ;.
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Let Y0 =Y — are0 + at56, where 56 and e¢,t € Z, are i.i.d. Note that
1Fe(y = Y2) = Fe(y = Yeo)|l < Lellatso — arepl| = Learv2|eo])-

Thus (2.15) holds under the classical SRD condition

(.¢]

> ag| < oo. (2.18)
t=0
If the above condition is violated, for example a; =< +=P with B € (1/2,1), then the process
is LRD. In this case the resulting weak convergence theory has a very different form; see

Theorem 2.2.4 for a detailed description.

2.2.]  Ezxpectile estimates for long-memory processes

The next theorem concerns LRD processes. A widely used long-memory model is the frac-

tionally integrated auto-regressive moving average (FARIMA) process
¢(B)(1 — B)'Xy = m(B)er, (2.19)

where d € (0,1/2) is the order of the fractional integration, ¢(B) and 7(B) are auto-regressive
and moving average operators, respectively, and &; are i.i.d. Note that (2.19) is a special

case of the linear process
oo

Xi=> ag, (2.20)

1=0
where ¢; are i.i.d. with mean 0, ag = 1, ap, = n_ﬁﬁ(n), n > 1, where 1/2 < 8 < 1,
and ¢ is a slowly varying function [Bingham et al., 1989, namely for any constant b > 0,
limy, 00 £(bn)/€(n) = 1. The linear process (2.20) is a special case of (2.4) with regularly

varying coefficients.
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It is well-known that (X;) has the following central limit theorem (see, for example,

Avram and Taqqu [1987)):

X 5 5 oo ot P
m = N(O,cﬂ), where 3 —/0 ( - max(u,0)” P du)°dt (2.21)

and o2 = E|e;|2. Note that, since 1/2 < 3 < 1, the normalizing sequence n1/2-8¢(n) is larger

than n~1/2, which is for short-memory processes. Coeurjolly and Kortas [2012] considered
expectiles for subordinated Gaussian processes. Here we are working on the more general
case of non-Gaussian linear processes. Sample expectiles 0 for long-memory processes have

the attractive property that éa — 0, can be uniformly approximated by X, in the sense that

sup 0o — On — Xn| = o(n'/2Pe(n)) (2.22)

a€lay,a9]
for all 0 < a1 < a9 < 1. See the proof of Theorem 2.2.4 for a derivation of (2.22).

Theorem 2.2.4. For the LRD process (2.20), assume that E|e;|P < co,p > 2, and f., the
probability density function of ¢, is differentiable and satisfies sup,(fz(x) + |fL(x)]) < oco.

Let 0 < a1 < ag < 1. Then

0 (O —00), 1 <a<an} = {CﬁZ, a1 < a<as}, (2.23)

where Z ~ N(0,1) and o = E|g;|2.

The limiting process in (2.23) is a multiple of a normal random variable and is therefore
degenerate. It reveals the very surprising and interesting fact that 0o — 04 has the same
asymptotic distribution for all @ € [a1, as]. In comparison, in the SRD case, the limiting

distribution (2.16) is a non-degenerate Gaussian process.
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2.2.5  Application to G/G/1 Queues

Dingeg et al. [2022] considered the waiting-time process arising from a steady-state G/G/1
queueing system with traffic intensity less than unity and a sub-exponential service-time
distribution. Let T}. be the inter-arrival time between the kth and (k + 1)th customer and
Sk be the service time of the kth customer. Then the waiting time W}, for the kth customer

satisfies the Lindley recursion
Wit1 = Ge, (W), where e = S, — T}, and G (w) = max(0, w + ¢). (2.24)

Here G¢, (-) is a random map. Further assume that {7} } and {Sj} are each i.i.d. sequences
and they are mutually independent. Then ¢; are also i.i.d. Assume that the moment
generating function ¢(c) = E(e“*) < oo for some ¢ > 0 and Eej, < 0. Then as k — oo, W},

converges to the steady state distribution Wyo, which is distributed as
Xy = s(epr€p—1,65-2,") =G, 0Gey_ 0Gey y0. .., (2.25)

where s is a measurable function and o stands for function composition. Dingeg et al. [2022]
proved the GMC property that, for any ¢ > 0, there exists constants p € (0,1) and C' > 0
such that for all £ > 0,

1Xk = Xl < CoP. (2.26)

The above property implies that the functional dependence measure decays to 0 geometrically
quickly, and hence (2.9) and (2.14) are satisfied. Thus our Theorems 2.2.1 and 2.2.2 are
applicable and we can have the asymptotic normality and weak convergence of expectile

estimates for steady state distributions.
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2.3 Asymptotic Theory for Expected Shortfall

Remind that (X¢);cy7 is a stationary casual process and the shift process Fr = {...,e4_1, ¢},
where ¢y, k € Z, are independent and identically distributed (i.i.d.) random variables. Now
we denote the marginal distribution and density function of Xy by F' and f respectively. For
i € N, let F(u|F;) = P(X;1; < ulFj) [resp., f;(u|F;)] be the conditional distribution [resp.,
density| function of X;;; at u given Fj. Remind that (¢});cz is an iid. copy of (¢;);ez,
Fr={..e_1,e0,€1,. .., e} and X[ = s(F}).

For 0 < a < 1, denote by qo = inf{x : F(z) > a} the a-th quantile of F', and ES, =
—E[X11x,<¢,]/ the a-th expected shortfall. Given a sample Xi,..., Xp, let §o be the

a—th sample quantile

n
do = argmin > _ pa(X; - 8),
i=1

where po(u) = au™ + (1 — a)(—u)T and v = max(0,u). We also refer to G, as the a-th
quantile of the empirical distribution function Fp(z) = Y i 1x,<,/n. Let ESa be the

a—the sample expected shortfall

_— 1 &
ESq = “on ;Xi]lX¢§4a'
1=

2.3.1 ES for short range dependent processes

Before we study ES, it’s meaningful to present some results on quantiles. Under SRD con-
ditions, Wu [2007b| developed powerful theories about quantiles, including strong Bahadur

representation.

Lemma 2.3.1. Assume that f(qa) > 0, f € C' and there is a constant C such that

sup,, f1(u|Fy) < C < o0, sup, ||F1(l)(u\]:z)|] < oo and either (i)

oo

> suwp IEFY () 7)) Fol — BIED (ul F)F| < 0o (2.27)
i=0 "
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or (ii)

S sup [F (| F) — PO (] F))| < o0 (2.28)
i—o u€eR

holds for | = 0,1. Then the strong Bahadur representation holds:

. o — Fn(CIa)

— — = n_3/4 ogn , .
o — 4o f((]a) Oa-S~( (1 g )q) (2 29)

for some ¢’ > 9/4.

Lemma 2.3.2. With the assumptions in Lemma 2.5.1, let by, = n~1/2(logn)3/2(loglog) /2t

t > 0. Then we have (i)

| SUI\D<;, [Fu(2) = F(2)] = [Fa(ga) — F(ga)]] = Oas.(n~**(logn)?) (2.30)
T—(qa|>0n
and (ii)

|Fn(qa) — o] = oa,s_(nfl/Q(log n)3/2(log log n)1/2ﬂ/4) (2.31)
Lemma 2.3.3. Let Hy(0) = >/ {Xilx,<p — E[X;jlx,<gl}. With the assumptions of

Lemma 2.3.1 and by, in Lemma 2.3.2, for any 0y € R, we have

/
sup  |Hp(0) = Ha(60)| = Ous.(100]n'/*(logn)?) (2.32)
|6_90‘§bn
Now we can present the central limit theorem and weak convergence of E/lga. These
theorems have typically the same logic as those for expectiles. The first one is the CLT for

E\Sa at single level and the second one is the weak convergence.

Theorem 2.3.4. Let g(0) = EX11x,<g € C? and ho(X;) = (X; — qa)lx;<q,- Under the
assumptions of Lemma 2.3.1, 2.3.2, 2.8.3 and supg||g'(0)| + 9" (0)|] < oo, then, for any fized
ae(0,1),

Jna {EASQ - Esa} 4 N(0,02) (2.33)
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where O'go = > 2o Cov(ha(Xp), ha(X;)).

Theorem 2.3.5. Suppose that inf, <q<ay [(qa) > 0 for 0 < a1 < ag < 1. Under the

assumptions of Theorem 2.3.J, we have the weak convergence

{\/ﬁa [ETS’O[ — ESO[} , o1 <a< ozg} 4 {W(a), a1 <a<as}

where W () is a mean 0 Gaussian process with covariance function

E(W ()W () = Y Cov(ha(Xo), har(Xy)).

1=—00
2.3.2 ES for long-memory processes

We also consider the linear process

e.¢]

Xi = ag, (2.34)

1=0
where ¢; are i.i.d. with mean 0, ag = 1, an = n_ﬁﬁ(n), n > 1, where 1/2 < f < 1, and / is
a slowly varying function. Let F: and f; be the distribution function and density of ;. Let

0? = E|g;|?. When oo =1, ie. ESq = X, we have already mentioned that

t

X d 00 2
- — N (0, C%), where c% = / ( max(u, O)ﬂdu> dt. (2.35)
0

nlﬂ_ﬁf(n)a 1

Let U), = Y 14 k226 12(k), and Ap(8) = ¥2(logn)(loglogn)? if 8 < 3/4 and
An(B) = \I/%(log n)3(10g log n)2 if 5 > 3/4. However, being different from expectile, ES
estimators are not always asymptotically normal. For some special o, which depends on the

distribution of ¢;, E/léa is asymptotically Rosenblatt distributed.

Theorem 2.3.6. Assume inf,, <qo<as f(qa) > 0 for some 0 < aq < ag < 1, E(51)4 < 00
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and

supd1 /()| + |£2Ge)1} + /R () 2 < oo,

Assume that f(z), g(0) € C?, 2o |z f!(2)]|de < oo, [25 | f" (z)|dz < oo and ffoo af (x)dx #
0 for any 6 € R. Then

(i) if k1,0 = [T af (x)dz # 0, then

E’L\ga - ESa d 2
e e S N(0, k2 ). 2.36
7’L1/2_'6€<7’L>0' ( 1,04) ( )

(it) if k1,0 = [T xf'(x)dz =0 and koo = [T xf"(x)dz # 0, then when B < 3/4,

ﬁ?a — ES, 4
—_— =
nt/2=B0(n)o

1 1 rl
o [ [ [l @) BB, @30

where x7 = max(x,0) and the asymptotic distribution is Rosenblatt distribution. When

B>3/4orB=3/4and ], > 12(n)|/n < oo, then
Vi(BSo — BSa) 5 N(0,0%), (2:38)
for some constant o < co.

2.4 Simulation

2.4.1 Expectile Estimation for SRD Processes

CI Simulation

This section implements CI simulation for AR processes, TAR processes and G/G/1 sys-
tems using Corollary 2.2.1.1. Following Schmeiser [1982], Steiger and Wilson [2002] and

Alexopoulos and Goldsman [2004], we adopt the batching method, also known as the d-fold
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method, for CI simulation. In their setting, batching is used for calculating Cls for the
mean based on the sample mean which is a linear form of the sequence arising from the
simulation experiment. In our problem, the expectile estimator is a nonlinear function and
the specification allows for both linear and nonlinear processes. Nonetheless, due to the Ba-
hadur representation which asserts that the difference between the estimated expectiles and
the true expectiles is approximately a linear form when ¢(u) has a derivative at 0; cf (A.3)
and (A.4), we can still apply the batching method to construct CI. This section also nu-
merically validates the application of the batching method to expectiles within this context
and provides recommendations for selecting the most appropriate d values corresponding
to different sample sizes. In the following simulation results, for all types of processes, the
empirical coverage probabilities and average CI half-lengths are computed based on 10,000

independent simulation replications.

AR Processes. We first consider the autoregressive AR(1) time series model

Xi=0X;_1+¢i,1 €7,

where the autoregressive parameter ¢ € (—1,1), and the error terms ¢; are i.i.d. In our
simulation study we let ¢; follow Student’s ¢ distribution, ¢ = 0.5, and, as stated before, the
empirical coverage probabilities are computed based on 10,000 replications. We estimate the
sample ath expectile based on the realization Xq,..., X,,.

Table 2.1 shows the empirical coverage probabilities of two-sided 95% expectile Cls for
the AR(1) process with #(3) innovations. As expected, the coverage probabilities are closer
to the nominal level 0.95 as the sample size increases within a fixed batch d. In line with
Schmeiser [1982|, d = 2 is the best choice in terms of coverage probabilities, especially when
the sample size is small. The d-fold method generally performs better when d is smaller, as

Goldsman and Schruben [1984] find that the interval estimators may not perform well when

23



Table 2.1: Empirical coverage probabilities of two-sided 95% ClIs of expectiles for the AR(1)
process with #(3) innovations using the d-fold method with sample size n and expectile level
o

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
100 0.944 0.947 0.949 0.956 0.956 0.952 0.951 0.951 0.951
200 0.949 0.952 0.954 0.953 0.951 0.952 0.950 0.951 0.949
500 0.953 0.950 0.950 0.951 0.949 0.951 0.950 0.954 0.950

1000 0.948 0.947 0.949 0.949 0.950 0.951 0.952 0.951 0.948

5000 0.953 0.952 0.946 0.948 0.950 0.949 0.951 0.951 0.954

3 100 0.933 0.941 0.945 0.949 0.951 0.954 0.950 0.948 0.932
200 0.941 0.949 0.950 0.949 0.950 0.952 0.951 0.948 0.941

500 0.945 0949 0.950 0.949 0.953 0.953 0.949 0.947 0.946

1000 0.948 0.950 0.949 0.950 0.949 0.948 0.949 0.947 0.945

5000 0.948 0.952 0.953 0.955 0.953 0.951 0.948 0.948 0.948

4 100 0915 0.936 0.944 0945 0946 0.945 0.942 0.935 0.915
200 0.933 0.945 0.948 0.950 0.951 0.950 0.948 0.943 0.928

500 0.937 0.946 0.948 0.950 0.949 0.947 0.948 0.946 0.939

1000 0.944 0.946 0.946 0.948 0.950 0.950 0.948 0.947 0.941

5000 0.949 0951 0.952 0.953 0.952 0.951 0.950 0.949 0.948

bt 100 0.901 0.930 0.942 0.948 0.949 0.948 0.943 0.932 0.903
200 0.923 0.944 0.949 0.952 0.951 0.952 0.951 0.945 0.925

500 0.932 0.944 0.949 0948 0.952 0.951 0.949 0944 0.934

1000 0.941 0.946 0.949 0.947 0949 0.949 0.948 0945 0.936

2000 0.949 0.950 0.949 0.949 0949 0.949 0.948 0.949 0.945

6 100 0.884 0.923 0.939 0.941 0.944 0.946 0.939 0.926 0.887
200 0.910 0.936 0.942 0.946 0.950 0.949 0.947 0.938 0.912

500 0.929 0.940 0.949 0.950 0.949 0.947 0.945 0.940 0.930

1000 0.936 0944 0.946 0.949 0.950 0.950 0.949 0.945 0.938

5000 0.947 0.950 0.951 0.951 0.949 0.950 0.949 0.947 0.943

10 200 0.876 0.919 0.936 0.946 0.949 0.948 0.940 0.925 0.879
500 0913 0.935 0.944 0.949 0.950 0.948 0.944 0937 0.914

1000 0.926 0.940 0.943 0.945 0949 0.949 0.945 0941 0.929
10000 0.947 0.948 0.948 0.948 0.949 0.948 0.949 0.948 0.947

20 1000 0.906 0.929 0.936 0.941 0.941 0.942 0.940 0.933 0.907
2000 0.938 0.943 0.944 0.948 0.949 0.948 0.948 0.943 0.937
10000 0.945 0.947 0.950 0.949 0.950 0.950 0.949 0.949 0.945
100000 0.949 0.950 0.949 0.947 0.947 0.947 0.948 0.946 0.9 48
100 5000 0.888 0919 0.934 0943 0945 0.945 0.936 0.918 0.886
10000 0.923 0.936 0.944 0.947 0949 0.947 0.945 0.939 0.928
100000 0.946 0.946 0.947 0.946 0.948 0.948 0.945 0.947 0.948

\)
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Table 2.2: Halfwidths (multiplied by /n) of two-sided 95% CIs of expectiles for the AR(1)

process with innovations ¢(3) using the d-fold method with sample size n and expectile level

a
d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 50.437 39.748 35.838 34.206 33.803 34.421 36.358 40.712 52.150
200 55.052 41.818 37.051 34.950 34.246 34.707 36.575 41.085 53.903
500 56.504 42.358 37.411 35.324 34.749 35.382 37.458 42.307 56.289
1000  57.164 42.591 37.674 35.620 35.040 35.632 37.750 42.723 57.129
5000  58.697 43.592 38.383 36.144 35.459 36.025 38.148 43.218 58.054
3 100 18.372 14.727 13.312 12.693 12.531 12.747 13.422 14.925 18.760
200 20.044 15.417 13.722 12990 12777 12987 13.712 15.409 20.076
500  20.987 15.703 13.870 13.099 12.879 13.097 13.854 15.644 20.815
1000 21.524 15.992 14.091 13.284 13.043 13.262 14.045 15.892 21.317
5000  21.737 16.153 14.246 13.434 13.193 13.413 14.210 16.113 21.704
4 100 13.666 11.109 10.094 9.648 9.529 9.685 10.178 11.259 13.940
200 15.140 11.739 10.476 9.928 9.769 9927 10.476 11.743 15.142
500  16.142 12.097 10.686 10.084 9.906 10.069 10.652 12.029 15.983
1000 16.428 12.225 10.800 10.206 10.039 10.214 10.814 12.235 16.412
5000  16.741 12423 10.958 10.333 10.145 10.310 10.916 12.367 16.662
) 100 11.818 9.737 8884 8502 8400 8533 8951 9.855 12.035
200 13.324 10.431 9.327 8840 8.697 8837 9.321 10.427 13.336
500  14.321 10.756  9.498 8961 8801 8945 9.462 10.687 14.177
1000  14.605 10.858 9.591 9.063 8917 9.078  9.621 10.899 14.640
5000  14.882 11.019 9.708 9.152 8988 9.139 9.683 10.983 14.826
6 100 10.683 8.889 8132 7792 7.702 7.823 8196 8997 10.878
200 12312  9.696 8.681 8232 8100 8.228 8.674 9.688 12.308
500  13.409 10.098 8.921 8417 8.268 8403 8.889 10.036 13.277
1000  13.714 10.174 8.966 8459 8313 8457 8961 10.162 13.675
5000  14.000 10.349 9.114 8591 8.437 8579 9.091 10.312 13.930
10 200 10.423 8.456  7.647 7280 7.173 7.283 7.654 8.469 10.446
500  11.794 8986  7.951 7.504 7373 7499 7938 8.958 11.732
1000 12.364 9.176 8.071 7.605 7470 7599 8059 9.152 12.311
10000  12.652 9.330 8212 7.741 7.605 7.738 8207 9.326 12.648
20 1000  11.373 8551 7.522 7.082 6.955 7.080 7.517 8539 11.341
5000  12.029 8765 7.683 7.232 7.103 7.229 7.676 8752 12.001
10000  12.005 8781 7.710 7.263 7135 7.262 7.709 8780 12.010
100000 11935 8792 7.728 7279 7150 7276 7.723 8785 11.933
100 5000 11.396 8384 7.299 6839 6.709 6.842 7.305 8395 11.418
10000 11.817 8482 7.363 6900 6.769 6.902 7.367 8492 11.842
100000  11.659 8.456 7.403 6.965 6.839 6963 7.401 8452 11.657
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the number of observations in each fold is small since the Gaussian approximation can be
bad due to a relatively small batch size.

Table 2.2 shows the halfwidths for the same process. The halfwidths are multiplied by
v/ to adjust for the impact of sample size. As Schmeiser [1982] illustrated, the more batches
used, the less information lost and the shorter expected halfwidth. On the other hand, the
Gaussian approximation can be worse due to small batch size. Table 2.2 numerically reveals
this trend where the halfwidths decrease as d increases. Notably, we can observe a substantial
reduction in halfwidth when d increases from 2 to 3. We will discuss the tradeoff between the
halfwidth and coverage in detail at the end of this subsection, which is crucial for selecting

the number of batches d.

TAR Processes. Consider the first-order TAR model
Xi=o|Xi—1| +ei, (2.39)

where ¢; are i.i.d. and —1 < ¢ < 1. In our specification ¢ = —0.5. Andél et al. [1984]
provide the marginal probability density h(z) for (2.39), where &; are independent N(0, o2)

and —1 < ¢ <0,

() = 201 — )/ expl— 5 (1 — 22?02 B(~6w/o),

with ®(-) the cumulative distribution function (c.d.f.) of the standard normal distribution.

We implement CI simulation for the TAR model with N(0, 1) and ¢(3) innovations, and
investigate the finite-sample performance by considering different choices of the level «, the
sample size n and the number of batches d. Tables 2.3 and 2.5 display empirical coverage
probabilities for the TAR(1) process with IN(0, 1) and ¢(3) innovations, respectively, while

Tables 2.4 and 2.6 present the corresponding scaled halfwidths. The coverage probabilities
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Table 2.3: Empirical coverage probabilities of two-sided 95% CIs of expectiles for the TAR(1)
process with innovations IN(0, 1) using the d-fold method with sample size n and expectile
level

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 0.950 0.950 0.951 0.950 0.954 0.953 0.950 0.950 0.953
200 0.949 0.950 0.951 0.949 0.950 0.952 0.953 0.949 0.949

500 0.948 0.952 0.950 0.951 0.950 0.948 0.947 0.951 0.945

1000 0.952 0.951 0.953 0.955 0.950 0.950 0.950 0.949 0.949

5000 0.949 0.950 0.948 0.951 0.950 0.949 0.950 0.950 0.954

3 100 0.946 0.947 0.948 0.951 0.950 0.950 0.951 0.951 0.951
200 0.955 0.953 0.952 0.950 0.951 0.952 0.955 0.952 0.950

500 0.950 0.948 0.946 0.946 0.946 0.947 0.946 0.947 0.947

1000 0.952 0.951 0.952 0.949 0.950 0.951 0.948 0.949 0.950

5000 0.949 0.948 0.948 0.946 0.949 0.948 0.947 0.948 0.950

4 100 0.940 0.945 0.948 0.949 0.948 0.948 0.948 0.950 0.952
200 0.945 0.950 0.950 0.949 0.950 0.951 0.950 0.952 0.952

500 0.944 0.942 0.943 0.944 0944 0945 0.948 0.948 0.948

1000 0.950 0.948 0.948 0.948 0.948 0.948 0.948 0.950 0.948

5000 0.952 0.954 0.954 0.954 0.955 0.954 0.955 0.953 0.952

) 100 0.935 0942 0.946 0.945 0.948 0.947 0.949 0.952 0.952
200 0.941 0943 0.944 0.944 0.945 0.948 0.950 0.954 0.953

500 0944 0.945 0.944 0.944 0945 0946 0.947 0.946 0.946

1000 0.950 0.947 0.948 0.949 0.949 0.949 0.951 0.951 0.947

5000 0.950 0.950 0.948 0.949 0.950 0.951 0.952 0.951 0.948

6 100 0.926 0.937 0.942 0.945 0.949 0.950 0.950 0.952 0.951
200 0.938 0.945 0.949 0.948 0.951 0.951 0.952 0.954 0.952

500 0.946 0.948 0.947 0.948 0.947 0.948 0.945 0.944 0.945

1000 0.948 0.947 0.948 0.948 0.949 0.949 0.950 0.950 0.949

5000 0.949 0.949 0.951 0.951 0.951 0.952 0.952 0.951 0.950

10 200 0.918 0.932 0.940 0.947 0.951 0.950 0.952 0.951 0.947
1000 0.943 0.946 0.947 0.947 0.947 0948 0.946 0.946 0.946

5000 0.949 0.950 0.951 0.951 0.952 0.951 0.952 0.950 0.949
10000 0.949 0.949 0.949 0.948 0.948 0.947 0.949 0.950 0.948

20 1000 0.924 0.936 0.941 0.944 0946 0.946 0.945 0.944 0.940
5000 0.949 0.950 0.949 0.950 0.949 0.950 0.947 0.945 0.946
10000 0.953 0.953 0.953 0.952 0.949 0.949 0.948 0.951 0.951
100000 0.953 0.952 0.951 0.953 0.954 0.951 0.952 0.950 0.950
100 5000 0.855 0.914 0.936 0.945 0.946 0.945 0.941 0.929 0.909
10000 0.900 0.929 0.940 0.945 0.948 0.947 0.945 0.941 0.929
100000 0.948 0.951 0.949 0.951 0.951 0.951 0.949 0.948 0.947
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Table 2.4: Halfwidths (multiplied by 1/n) of two-sided 95% CIs of expectiles for the TAR(1)

process with innovations IN(0, 1) using the d-fold method with sample size n and expectile

level a
d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 17.222 15.221 14.197 13.523 13.031 12.666 12.441 12.447 13.174
200  17.071 15.058 14.022 13.333 12.825 12452 12.205 12.170 12.903
500 17.304 15.172 14.082 13.358 12.818 12.407 12.128 12.077 12.788
1000 17.518 15408 14.320 13.598 13.054 12.634 12.328 12.252 12.937
5000 17.457 15.317 14.225 13.503 12.959 12.549 12.270 12.224 12.970
3 100 6.380 5.663 5.291 5.045 4.866 4.736 4.659  4.667  4.949
200 6.465 5.715 5319 5.054 4.858 4.709 4.608 4.588  4.840
500 6.451 5.682 5290 5.031 4.841 < 4.697 4.599 4582  4.843
1000 6.518 5.739 5339 5073 4876 4.726 4.622 4.605 4.870
5000 6.626  5.819 5407 5.132 4928 4.770 4.654 4.621 4.872
4 100 4.823  4.298 4.022 3.839 3.707 3.611 3.555  3.568  3.789
200 4916 4.355 4.064 3.871 3.731 3.626 3.558 3.552  3.759
500 4978 4.381 4.075 3.872 3.724 3.612 3.538 3.530  3.740
1000 5.022  4.420 4.110 3.902 3.747 3.627 3.543 3.524 3.719
5000 5.062 4.453 4.140 3.931 3.775 3.653 3.566 3.544  3.744
5 100 4.249 3.804 3.567 3.410 3.297 3.218 3.175 3.195  3.407
200 4.353 3.860 3.602 3.431 3.306 3.213 3.152 3.150 3.338
500 4431 3.898 3.624 3443 3.310 3.209 3.142 3.131 3.314
1000 4.464 3.926 3.650 3.465 3.328 3.222 3.148 3.132  3.307
5000 4.500 3.957 3.679 3.493 3.353 3.245 3.167 3.143 3.316
6 100 3.901 3502 3.292 3.154 3.057 2990 2956 2980 3.179
200 4.078 3.621 3.382 3.225 3.111 3.026 2973 2974 3.149
500 4142  3.652 3.399 3.231 3.107 3.014 2951 2941 3.110
1000 4.159 3.666 3.411 3.242 3.117 3.022 2956 2944 3.111
5000 4.209 3.701 3.442 3.269 3.140 3.040 2968 2947  3.108
10 200 3.574  3.196 2996 2.865 2.771 2.705 2.668 2.683  2.856
1000 3.741  3.297 3.067 2915 2.803 2.718 2.660 2.650  2.805
5000 3.782 3.327 3.092 2936 2.818 2.727 2.662 2.645 2.793
10000 3.771 3314 3.081 2926 2.810 2.720 2.655 2.638  2.788
20 1000 3.471 3.072 2867 2.731 2.631 2.557 2508 2503 @ 2.648
5000 3.538 3.113 2896 2.751 2.643 2.559 2500 2487  2.627
10000 3.539 3.113 2.895 2.750 2.641 2.557 2498 2484 2.626
100000 3.546  3.117 2.898 2.752 2.643 2.560 2.500 2485 2.625
100 5000 3.325 2941 2744 2.613 2517 2445 2398 2394 2.534
10000 3.362 2964 2760 2.624 2524 2448 2395 2.386  2.523
100000 3.394 2984 2774 2.634 2530 2450 2.392 2378 2.514
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for the process with N(0, 1) innovations are quite close to the nominal level 0.95. This
outcome is attributed to the favorable characteristics of light-tailed distributions. For the
t(3) innovations, the patterns observed are analogous to those in the AR(1) process.

Table 2.5 and Table 2.6 respectively demonstrate the empirical coverage probabilities and
halfwidths for the TAR(1) process with #(3) error terms. Similar results can be found here
as shown in Table 2.1 and Table 2.2. There exists a trade-off between coverage and width.
For example, d = 2 brings satisfactory performance in terms of coverage probabilities but is
also associated with large widths implying the loss of information. In general, more batches
lead to less information loss and less satisfactory coverage probabilities.

We also provide empirical coverage probabilities and scaled halfwidths of two-sided 99%
expectile CIs for AR(1) and TAR(1) processes in the additional simulation study detailed in

the appendix. Similar results can be found therein.

G/G/1 Queue-Waiting-Time Process This section conducts CI simulation of expec-
tiles on the G/G/1 queueing system following Alexopoulos et al. [2019] and Dingeg et al.
[2022]|. Theorems 2.2.1 and 2.2.2 provide the theoretical background for estimates of expec-
tiles of steady state distributions, as clarified in Section 2.2.5.

We first discuss the M/M /1 queueing system with the discipline first in first out (FIFO),
the arrival rate A = 0.9, the service rate w = 1, and X the time spent in the queue by the ith
arriving customer before entering service. In this system, the steady-state server utilization

is p = A/w = 0.9, and the steady-state c.d.f of X;

0 ifxz<0

F(z) = 1—p ifex=0

1— pe*w(lfp)x if x> 0.
\

Table A.1 displays that the coverage probabilities are close to the nominal level 95% for the
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Table 2.5: Empirical coverage probabilities of two-sided 95% CIs of expectiles for the TAR(1)
process with innovations ¢(3) using the d-fold method with sample size n and expectile level
o

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
100 0.943 0.944 0.943 0.947 0.948 0.952 0.954 0.952 0.953
200 0.943 0.951 0.951 0.951 0.953 0.953 0.954 0.953 0.950
500 0.945 0948 0.952 0.953 0.954 0.954 0.952 0.952 0.952

1000 0.951 0.950 0.948 0.951 0.951 0.953 0.950 0.949 0.951

5000 0.950 0.951 0.952 0.951 0.950 0.947 0.951 0.952 0.954

3 100 0.920 0.931 0.933 0.941 0.944 0.945 0.949 0.952 0.948
200 0.934 0941 0.948 0.950 0.948 0.951 0.950 0.953 0.952

500 0.940 0.943 0.945 0.949 0.952 0.952 0.951 0.952 0.946

1000 0.945 0.946 0.947 0.949 0.950 0.951 0.948 0.949 0.947

5000 0.947 0.948 0.949 0.951 0.949 0.950 0.953 0.949 0.950

4 100 0.896 0.918 0.929 0.936 0.940 0.946 0.949 0.950 0.940
200 0919 0.934 0.942 0.944 0.947 0.951 0.951 0.953 0.947

500 0.932 0.939 0.944 0.945 0.946 0.950 0.950 0.951 0.946

1000 0.936 0.942 0.941 0.944 0.947 0.947 0.950 0.951 0.946

5000 0.944 0.947 0.948 0.949 0.949 0.951 0.953 0.950 0.947

) 100 0.877 0.908 0.923 0.932 0.939 0.945 0.953 0.953 0.937
200 0.906 0.928 0.938 0.944 0.950 0.952 0.954 0.955 0.945

500 0.924 0.937 0.942 0.948 0.950 0.950 0.953 0.952 0.947

1000 0.934 0.942 0.944 0.947 0.947 0.948 0.948 0.953 0.946

5000 0.946 0.947 0.947 0.949 0.950 0.950 0.950 0.950 0.949

6 100 0.861 0.900 0.917 0.930 0.937 0.945 0.951 0.954 0.935
200 0.894 0.921 0.933 0.941 0.945 0.948 0.951 0.952 0.941

500 0.921 0931 0.937 0.944 0.948 0.950 0.951 0.951 0.945

1000 0.928 0.937 0.939 0.941 0.944 0.948 0.950 0.951 0.946

5000 0.946 0.946 0.949 0.950 0.950 0.951 0.951 0.951 0.948

10 200 0.856 0.899 0.919 0.931 0.942 0.948 0.953 0.955 0.934
1000 0.922 0.933 0.938 0.940 0.943 0.944 0.947 0.950 0.944

5000 0.942 0.945 0.947 0.948 0.950 0.952 0.952 0.953 0.946
10000 0.944 0.949 0.949 0.949 0.951 0.953 0.953 0.951 0.950

20 1000 0.901 0.925 0.932 0.937 0941 0.943 0.945 0.946 0.942
5000 0.935 0.943 0.947 0.946 0.945 0.949 0.949 0.949 0.947
10000 0.942 0.946 0.949 0.951 0.951 0.951 0.950 0.950 0.949
100000 0.949 0.949 0.950 0.949 0.950 0.949 0.948 0.947 0.948
100 5000 0.899 0.926 0.934 0.941 0.945 0.946 0.948 0.951 0.952
10000 0.928 0.938 0.941 0.946 0.948 0.949 0.950 0.950 0.953
100000 0.946 0.946 0.947 0.948 0.948 0.946 0.946 0.947 0.947

\)
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Table 2.6: Halfwidths (multiplied by 1/n) of two-sided 95% CIs of expectiles for the TAR(1)

process with innovations ¢(3) using the d-fold method with sample size n and expectile level

a
d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 45.697 32.459 26.675 23.443 21.508 20.555 20.729 22.967 32.252

200 50.377 34.676 28.116 24.425 22.180 20.969 20.849 22.805 32.063

500  52.229 35.301 28.495 24.711 22384 21.092 20.951 22.987 32.323

1000 53.013 35.601 28.703 24.903 22.571 21.260 21.087 23.124 32.671

5000  54.457 36.322 29.089 25.086 22.622 21.249 21.112 23.172 32.821

3 100  16.440 11.938 9918 8759 8059 7709 T.777  8.637 12.060
200 18.295 12.704 10.343 9.023 8223 7.799 7.800 8.606 12.168

500  19.426 13.124 10.578 9.169 8308 7.836 7.790 8.540 12.054

1000  20.061 13.449 10.811 9.348 8449 7.941 7.863 8.601 12.148

5000  20.439 13.655 10.957 9.461 8.539 8.024 7.942 8.668 12.241

4 100 12.242  9.021 7526 6.657 6.134 5.887 5961 6.630 9.193
200 13.847 9712 7922 6911 6.298 5975 5980 6.601 9.331

500 14926 10.101 8143 7.056 6.393 6.031 6.001 6.596 9.341

1000  15.296 10.254 8.246 7.139 6.466 6.094 6.055 6.637 9.373

5000  15.646 10.446 8387 7.245 6.545 6.153 6.097 6.664  9.420

) 100 10.542 7.896 6.636 5.895 5.450 5.241 5317 5.928  8.165
200 12.132 8.604 7.049 6.163 5624 5345 5360 5.939  8.399

500  13.254 8990 7.244 6.272 5681 5360 5.337 5.871  8.359

1000 13.593 9.090 7.304 6.324 5.731 5.407 5380 5913 8399

5000 14.011 9.333 7.484 6459 5.829 5474 5419 5927 8.399

6 100 9.521 7.220 6.095 5.430 5.028 4.845 4.927 5504  7.542
200 11.174 7983 6.555 < 5.737 5241 4987 5.012 5572  7.895

500  12.399 8.440 6.808 5.899 5347 5.046 5.027 5.536  7.892

1000 12.749 8530 6.850 5925 5363 5.054 5.023 5.519 7.874

5000  13.107 8720 6.993 6.039 5456 5.130 5.085 5.570  7.906

10 200 9.414 6.953 5.784 5.098 4.681 4476 4.527 5.063  7.089
1000  11.502  7.707  6.179  5.338 4.829  4.551 4.530 4.997  7.207

5000 11.856 7.846 6.280 5419 4.893 4.600 4.562 5.006 7.147
10000  11.918 7.904 6.327 5456 4923 4.622 4575 5.007 7.116

20 1000  10.559  7.197  5.779 4991 4.515 4.259 4.255 4.740 6.951
5000 11.301 7414 5909 5.088 4.591 4.315 4.280 4.707 6.783
10000  11.298  7.428 5928 5.107 4.607 4.328 4.291 4.711 6.746
100000  11.292 7475 5971 5.140 4.629 4340 4294 4.702 6.691
100 5000  10.710  7.148 5.668 4.856 4.369 4.108 4.103 4.612 6.996
10000  11.169  7.240 5.710 4.886 4.393 4.123 4.100 4.565  6.847
100000  11.069  7.206 5.728 4.921 4429 4.152 4110 4511  6.482
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M/M/1 sequence in almost all cases. The halfwidths decrease with a larger batch d as shown
in Table A.2 in line with the previous results.

The second test process is the sequence {X;} of queue-waiting times in an M/Hy/1
queueing system with the queue discipline FIFO, empty-and-idle initial system condition,
and the arrival rate A = 1.0. The service times have a hyperexponential distributions with
mixing probabilities ¢ = (5 4+ v/15)/10 ~ 0.8873 and 1 — ¢ and with the respective service
rates wy; = 2ga and wy = 2(1 — g)a, where a = 1.25. Accordingly, the steady-state server
utilization is p = 0.8, and the service times have a mean of 0.8 and a coefficient of variance of
2. Results for the M /Hy/1 process are presented in Table A.3 and Table A.4. The coverage
probabilities with different combinations of batches, expectile levels and sample sizes are
approximately 95%. The halfwidths are scaled by y/n to consider the influence of the sample
size, the tendency of which in Table A.4 is similar to that in Table A.2.

The third test process is the sequence { X} of queue-waiting times in an M/G/1 queueing
system with service time S following a lognormal distribution with parameters p and o |,
i.e., logS ~ N(u,02). The steady-state density of X; is f(z) = e_”_UZ/QCD[—(log:c —u)/ol.
Table A.5 reports the best coverage probabilities with d = 2, while the half-widths are much
larger with d = 2 as shown in Table A.6. There is a trade-off consistent with the previous
results.

With the support of our theorems, batching can be employed for computing CIs on the
expectiles by transforming correlated observations into less uncorrelated and approximately
normally distributed batch means. To provide more information for selecting a satisfactory
d, we also calculate grand expectiles in Table 2.7 alongside the true expectiles and rela-
tive precision (%) in Table 2.8 using different values of & compared to the previous tables.
Relative precision can be regarded as the margin of error as clarified in Alexopoulos et al.
[2019]. A larger d is usually associated with smaller relative precision with other conditions

being equal, and it can leads to a smaller standard deviation for the half-length, as we
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Table 2.7: Grand expectiles of two-sided 95% expectile Cls using the d-fold method with
sample size n and expectile level a

AR(1) process with innovations #(3)

d n o=0.05 0.25 0.45 0.65 0.85 0.95 0.99
-2.198 -0.751 -0.135 0420 1.211 2.197 4.017
6 10000 -2.199 -0.751 -0.135 0.420 1.211 2.200 4.047
100000 -2.197 -0.751 -0.135 0420 1.211 2.198 4.024
20 10000 -2.202 -0.750 -0.135 0.419 1.210 2.202 4.051
100000 -2.198 -0.751 -0.135 0.420 1.211 2.198 4.032
100 10000 -2.182 -0.745 -0.134 0.416 1.202 2.182  3.820
100000 -2.200 -0.751 -0.135 0.419 1.211 2.201 4.055

TAR(1) process with innovations IN(0, 1)
d n o=0.05 0.25 0.45 0.65 0.85 0.95 0.99
-1.676 -0.924 -0.545 -0.200 0.261 0.739 1.341
6 10000 -1.675 -0.923 -0.545 -0.200 0.261 0.738  1.340
100000 -1.676 -0.924 -0.545 -0.200 0.261 0.739 1.341
20 10000 -1.673 -0.923 -0.545 -0.200 0.260 0.737  1.337
100000 -1.676 -0.924 -0.545 -0.200 0.261 0.739  1.340
100 10000 -1.660 -0.919 -0.545 -0.202 0.257 0.731 1.321
100000 -1.674 -0.923 -0.545 -0.200 0.261 0.738  1.339

M/M/1 process

d n o=0.05 0.25 0.45 0.65 0.85 0.95 0.99
2.063 5.558 8.285 11.453 16.815 23.877 35.178
6 10000 2.065 5.559 8285 11.452 16.811 23.868 35.141
100000 2.063 5.558 8.285 11.454 16.815 23.877 35.173
20 10000 2.068 5.561 8285 11.450 16.803 23.846 35.069
100000 2.064 5.559 828> 11.453 16.814 23.875 35.165
100 10000 2.089 5.573 8283 11.439 16.757 23.719 34.595
100000 2.066 5.560 8.286 11.452 16.810 23.862 35.124
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Table 2.8: Relative precision (%) of two-sided 95% expectile Cls using the d-fold method
with sample size n and expectile level

AR(1) process with innovations ¢(3)
d n «a=0.05 0.25 0.45 0.65 0.85 0.95 0.99
6 10000 9.335 12.794 62.816 21.005 9.592 9.380 15.708
100000 2.987 4.067 19.894 6.640 3.037 2973 5.010
20 10000 8.163 10.822 52.986 17.731  8.163 &8.196 13.422
100000 2.540 3.429 16.789  5.613  2.575 2540 4.435
100 10000 7.985 10.469 50.714 17.024  8.021 8&8.007 10.328
100000 2554 3.292 16.072 5378 2490 2.554 4.672
TAR(1) process with innovations IN(0, 1)
d n o=0.05 0.25 0.45 0.65 0.85 0.95 0.99
6 10000 2.889 3.846 5.853 14.940 11.429 4.759  4.025
100000 0.909 1214 1.848 4.724 3.603 1.494 1.263
20 10000 2431  3.242 4935 12583 9.660 4.020  3.400
100000 0.768 1.025 1.562 3.995 3.061 1.268 1.071
100 10000 2318  3.099 4720 11.980 9.428 3.892 3.278
100000 0.736  0.982 1.496 3.820 2925 1.217 1.029
M/M/1 process
d n o=0.05 0.25 0.45 0.65 0.85 0.95 0.99
6 10000 3.988  2.897 2.697 2.659 2.806 3.239 4411
100000 1.276 0930 0.864 0.849 0.894 1.030 1.400
20 10000 3.393 2470 2.299 2.266 2.392 2.758  3.754
100000 1.075  0.782 0.727 0.716  0.755 0.870 1.182
100 10000 3.267 2371 2207 2175 2295 2.646  3.598
100000 1.030 0.749 0.697 0.687 0.724 0.834 1.135
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Table 2.9: Empirical coverage probabilities of two-sided 95% expectile CIs using the d-fold
method with sample size n and expectile level «

d n a=0.05 025 045 065 0.85 095 0.99
AR(1) process with innovations ¢(3)
6 10000 0.945 0.951 0.950 0.948 0.948 0.946 0.928
100000 0.946 0.948 0.948 0.948 0.947 0.949 0.944
20 10000 0.938 0.949 0.949 0.950 0.949 0.942 0.917
100000 0.944 0.950 0.947 0.947 0.946 0.950 0.947
100 10000 0.906 0.940 0.948 0.947 0.935 0.914 0.707
100000 0.946 0.946 0.948 0.946 0.947 0.950 0.953
TAR(1) process with innovations IN(0, 1)
d n a=0.05 025 045 065 085 095 0.99
6 10000 0.953 0.947 0.945 0.946 0.948 0.949 0.950
100000 0.953 0.952 0.950 0.950 0.949 0.949 0.951
20 10000 0.946 0.948 0.948 0.947 0.948 0.947 0.945
100000 0.952 0.952 0.953 0.952 0.950 0.951 0.948
100 10000 0.860 0.934 0.947 0.946 0.935 0.920 0.851
100000 0.947 0.950 0.951 0.950 0.947 0.948 0.940
M/M/1 process
d n a=0.05 025 045 065 085 095 0.99
6 10000 0.949 0.948 0.948 0.948 0.948 0.949 0.947
100000 0.949 0.952 0.951 0.948 0.947 0.947 0.950
20 10000 0.952 0.950 0.949 0.949 0.949 0.951 0.942
100000 0.948 0.948 0.948 0.948 0.947 0.949 0.949
100 10000 0.893 0.945 0.950 0.948 0.939 0.918 0.836
100000 0.943 0.945 0.947 0.945 0945 0.946 0.942
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can observe from the half length expression d_1/26a,dtd71,177/2- To this end, as m — oo

(&%
\/ﬁdflﬂ&a’dtd_l’l_,yﬂ converges in distribution to tg_q1_, /2 /X?i—l/(d —1)oa,00/Ta. The

latter distribution, which is a rescaled y distribution, concentrates around and converges to

we have m(d — 1)52 dTg/Ug,oo = X?i—l' Let m = n/d. Then the rescaled half length

21— /20a,00/Ta as d — oo, where z;_ 9 is the (1 — v/2)th quantile of the standard nor-
mal distribution. Nevertheless, a d that is too large can result in poor empirical coverage
probabilities as shown in Table 2.9. For example, if sample size is 10,000, d = 100 is not
a good choice. If d is too big, then the normal approximation for éaﬂ-, which is computed
based on n/d observations, can be bad, and the dependence between them can be strong.
In general, choosing a smaller batch with a smaller sample is wiser, and vice versa. Similar
claims are also made in the literature; see Schmeiser [1982|, Law [2013], Munoz et al. [2016]
among others. As a rule of thumb, we can choose d = 2 if n < 50, d = 3 if 50 < n < 100,

and d = Lnl/ 3] if n > 100. The latter choice of d has an overall satisfactory performance.

CB Simulation

We employ an overlapping block method, as detailed in Politis et al. [2012] and Lahiri [2003],
to construct SCBs and PCBs. Unlike the batching approach used for CI estimation in the
previous subsection, which is not feasible for computing SCBs, the overlapping block method

offers a viable alternative. To facilitate the computation, the algorithm is stated step by step

below. Given the data {X7,..., X} with sample size n, we proceed as follows:
(i.) Regroup theseries { X7, ..., X} } into n—m—1 consecutive sub-series {X;, X;1,..., Xj4m—1},
1=1,...,n—m+ 1, each containing m points.

(ii.) Discretize the given range [, ] into N points set {ay ;j = a1 +(ag—a1)(j—1)/(N—
1): 5j=1,...,N}.

(iii.) Based on each block {X;, Xji1,..., Xjym—1}, calculate the ajy jth expectiles éaNj7i,
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j=1,...,N.

(iv.) Calculate the grand average oy jth expectiles over all blocks: 504Nj => éaNj’Z-/N,

j=1,...,N.

(v.) Given the confidence level 7, calculate yth quantile Gy of the set {max; 10, N — 04 wyl

i=1,....,n—m—1}.

(vi.) The simultaneous confidence band with confidence level v is constructed as fa + G,

a € [ay, as], where 0 is the empirical ath expectile of {X1,...,Xn}.

For comparison purpose, the overlapping block approach is also used for constructing PCBs

that is equivalent to calculating CIs for multiple expectile levels.

o
—

0.5

-1.0

-1.5

I I I I
0.2 0.4 0.6 0.8

Figure 2.1: SCB in blue vs PCB in yellow with estimated expectiles in black for the AR(1)

process with ¢(5) innovations

Figure 2.1 displays the 95% SCB (blue) and PCB (yellow) for the AR(1) process with

¢ = 0.3 and t(5) innovations, where « varies from 0.1 to 0.9 in increments of 0.01. The
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sample size here is n = 500 and the block size is L5001/2j = 22. The black line stands for
the estimated expectile curve. The figure shows that the SCB covers the PCB, as expected.
And based on 10,000 replicates, when ¢ = 0.3 (resp. ¢ = —0.3), the empirical coverage
probability of the SCB is 92.96% (resp. 94.19%), which are reasonably close to the nominal

level of 95%. For other TAR and G/G/1 processes, we obtain similar results.

2.4.2  Ezxpectile Estimation for LRD Processes
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Figure 2.2: Plot of differences 0 — 04, 0.1 < o < 0.9 (black) vs X, (red)

This section shows simulations of expectile estimators for long-memory processes. Figure
2.2 visualizes the insights behind (2.22) with one realization of (2.20), where ¢; are i.i.d.
N(0,1), ag = 1, an = n P for n > 1 with £(n) = 1 and 8 = 0.7. The black line displays
the differences éa — 0q, 0.1 < a < 0.9, and the red line represents the sample mean.
We can see that the two lines are close, as expected from (2.22). If we apply the d-fold

method in Section 3.1.1 to construct pointwise Cls for LRD processes, it completely fails to
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achieve the desired coverage probability. We still choose N(0, 1) innovations and 5 = 0.7.
For n = 1000, 5000, 10000 and d = 2,10, 20, we calculate the probability rates for each
combination of (n,d) based on 10,000 replications. Table 2.10 shows that even when d = 2,
the coverage rates deviate significantly from the nominal level of 95%, regardless of the sample
size. Furthermore, as d increases, the coverage rates decline rapidly. These numerical results
suggest that the d-fold method designed for SRD processes is not applicable in the LRD

case.

Table 2.10: Empirical covergence probability of two-sided 95% Cls of expectiles for the LRD
linear process with § = 0.7 and innovations IN(0, 1)using the d-fold method with sample size
n and expectile level

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 1000 0.906 0.906 0.911 0.907 0.906 0.908 0.907 0.906 0.905
2000 0.912 0911 0.909 0911 0.911 0.911 0.909 0.909 0.908
10000 0.910 0.908 0.908 0.908 0.910 0.909 0.908 0.906 0.904
10 1000 0.542 0.545 0.547 0.549 0.551 0.552 0.550 0.550 0.554
2000 0.573 0.574 0.574 0.573 0.573 0.574 0.576 0.578 0.584
10000 0.577 0.573 0.572 0.571 0.570 0.571 0.572 0.576 0.578
20 1000 0.419 0431 0438 0.441 0.443 0.445 0.444 0.443 0.436
5000 0.457 0.461 0.465 0.468 0.472 0476 0479 0.480 0.485
10000 0.464 0.467 0.469 0.469 0.470 0472 0475 0.478 0.484

The asymptotic result (2.22) suggests the surprising property that SCBs and PCBs are

asymptotically identical for long-memory processes. In particular, one can use the CI for any

a to construct SCB by re-centering at expectile estimates at other a. The latter property

Table 2.11: Uniform coverage probabilities for AR(1) and LRD processes with N(0,1) and
t(3) innovations

AR(1) LRD

innovation n =0 0.3 0.5 0.9 B8 =0.7 0.55
N(0, 1) 1000 0.797 0.848 0.857 0.871 0.934 0.938
’ 5000 0.797 0.847 0.863 0.873 0.934 0.935
10000 0.795 0.847 0.865 0.874 0.936 0.937
H3) 1000 0.467 0.573 0.643 0.783 0.917 0.936
5000 0.465 0.565 0.619 0.774 0.919 0.936
10000 0.463 0.568 0.614 0.769 0.921 0.937
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is not shared by short-memory processes. For short-memory processes by (2.16), PCBs are
not asymptotically close to SCBs. For a comparison study, we examine coverage rates based

on the following two settings:
SRD AR(1) process: X = ¢ Xy 1 +er = > oo dler_i, for ¢ =0,0.3,0.5,0.9;
LRD process: Y; = Y 20 arep—g, a; = n_ﬁ, for g = 0.55,0.7.

For each case, we choose three levels of n: 1000, 5000, and 10000 for two types of innovations:
N(0,1) and ¢(3). In each run, we generate 10% sample paths {Xt(j)}?:p j=1,...,10%
For each sample path we compute the sample mean X (7)., Then we choose cut-off values
using sample quantiles based on the sample means {X (j )}}0:41 to build SCB of expectiles for
each sample path, and calculate the proportion with successful coverage. Table 2.11 shows
that the uniform coverage probabilities of long-memory processes are much closer to the
nominal level 0.95 than those of AR(1) processes with both N(0,1) and ¢(3) innovations.
Additionally, for different 3’s in LRD linear process, the coverage rate with smaller 5, which
indicates stronger dependence, is closer to 0.95 than that with larger 8. This rule also works
for AR(1) processes: coverage rates with stronger dependence with larger ¢ are closer to the
nominal level 0.95.

Figure 2.3 draws SCBs (blue) and PCBs (yellow) for long-memory linear processes with
B = 0.55 and 0.7, respectively. The SCBs and PCBs are quite close, numerically suggesting
that they are asymptotically the same for the LRD process, as (2.22) indicates. Moreover,
the width of SCB is about 4% wider than that of PCB for § = 0.55 while the respective
increasing rate is about 6% for 8 = 0.7, suggesting that two types of CBs tend to be closer

when the dependence is stronger.
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Figure 2.3: SCBs (blue) vs PCBs (yellow) for LRD linear processes with § = 0.55 and 0.7

2500
1

2000
1

1500
|

0 2000 4000 6000 8000 10000

Figure 2.4: Network traffic measured in microseconds, starting at 14:01:00 UTC lasting 11.46
seconds on January 17, 2019
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2.5 Application

Network traffic analysis has applications across a wide range of areas and has attracted sig-
nificant academic interest in monitoring network traffic [Xi et al., 2022|, detecting anomalies
[Tsimenidis et al., 2022|, and predicting volumes [Hu et al., 2024]. Expectiles play a vital
role in identifying outliers and abnormal behavior, as they are more sensitive to the tails
of the distribution compared to quantiles, making them suitable for network data analysis
where extreme events matter.

In this section, we shall analyze a standard and widely studied anonymized internet traces
dataset provided by the Center for Applied Internet Data Analysis (CAIDA), a research
unit at the University of California San Diego. This data allows us to explore network
traffic patterns and uncover overall trends. The file we use is "equinix-nyc.dirB.20190117-
140100.UTC.anon.pcap", which contains a total of 19,871,083 packets over the period of
11.46 seconds starting at 14:01:00 UTC on January 17, 2019.

We aggregate 19,871,083 packets with nanosecond unit to microsecond precision, leading
to 11,461 observations. Figure 2.4 plots the network traffic time series in microseconds.
The autocorrelation function (ACF) test suggests that the SRD condition holds. We can
adopt the methods in Section 2.4.1 to compute PCBs and SCBs with different coverage
probabilities. CBs are useful in detecting abnormal traffic patterns that deviate significantly
from the expected range, such as Distributed Denial of Service (DDoS) attacks or unexpected
traffic spikes. Figure 2.5 displays 95% SCB (blue) and PCB (yellow) for network traffic data
in the left panel and 99% in the right panel with estimated expectiles (black), which helps
to evaluate the potential risk of extreme network delays or packet loss events. By providing
a more accurate representation of the tail behavior of traffic distributions, expectile CBs
allow network operators optimize resource allocation, considering both typical and worst-

case scenarios.
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2.6 Conclusion

This paper presents a systematic asymptotic theory of expectile estimators for SRD and
LRD processes. For SRD processes, we develop a rigorous asymptotic theory for expectile
estimators, making them readily applicable in contexts such as financial time series analy-
sis. In these applications, the dependency structure of the data has often been overlooked,
primarily due to a lack of theoretical understanding regarding how such dependencies influ-
ence the behavior of expectiles. This gap in theory poses challenges for practitioners seeking
to effectively utilize expectiles in the presence of complex dependencies. We first prove a
CLT at a single level under the SRD condition using asymptotic linear approximation with
Bahadur representation. Our CLT leads to a batching method for constructing Cls for the
expectiles. We provide a rule of thumb for selecting batch sizes. It is advisable to select
a small batch size when the sample size is small and vice versa. We then develop a weak
convergence theory so that SCBs can be constructed for expectiles of SRD processes using
a subsampling approach. For LRD processes we also develop an asymptotic theory, which is
very different from the one under SRD, and prove the surprising result that SCBs and PCBs
are asymptotically identical.

Simulation results support the asymptotic theory. We can see decent performance of
empirical coverage probabilities and halfwidths of expectile Cls given the appropriate (n,d).
Based on the overlapping block method, we can construct SCBs for the expectile processes
with satisfactory coverage rates and reasonable bandwidths compared to PCBs. For LRD
case, we can see that PCBs and SCBs are asymptotically the same. We apply our methods
to a network traffic data. It helps to evaluate the potential risk exposure to extreme network
service load. We expect that our asymptotic theory for expectile estimators of stationary
processes can provide a rigorous foundation for risk management for temporal dependent

data.
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CHAPTER 3
SIMULTANEOUS INFERENCE OF REGRESSION WITH
MULTIVARIATE TIME-VARYING RANDOM COEFFICIENTS

3.1 Introduction

Consider the semi-parametric linear regression model in time series:
Yi= B(Z) X, + o(Z)es, i =1, om, (3.1)

where the coefficient function B(-) = (B1(-),...,8p(-))" in the conditional mean and the
conditional standard deviation function o(:) are unknown and need to be estimated. The
stationary processes (Y;, X;, Z;) in time series are observed, while the unobserved noise ¢; is
an i.i.d. process with Ee; = 0 and Egzz = 1. The covariate vector X; is p-dimensional, while
Z;, the argument of the coefficient functions 3(-) and o(+), is a (d x 1) random vector. If
p = 2 and the first coordinate of X; is one, namely X; = (1,2;) ", then the model (3.1) turns

into the widely used simple linear regression with varying coefficients:
Vi =a(Z;) + B(Zi)xi + 0(Z)ei, (3.2)

where the intercept «(-) and the slope () are scalar functions and the conditional het-
eroskedasticity is modeled through o(-). The properties of the random variables in (3.2)
remain the same as those in (3.1), except for that z; and §(-) are scalars in (3.2). The
main purpose of this paper is to illustrate how one can conduct simultaneous inference of
the coefficient functions in (3.1), namely B(-) and o(-).

The regression with varying coefficients in (3.2), more generally in (3.1), is an intuitive
approach to take in economics and finance because the relationship among economic (or

financial) variables of interest is often highly likely to be dynamic (or state-dependent) rather
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than static. By modeling the regression coefficients as nonparametric functions of related
random processes as in (3.1) or (3.2), one can investigate the dynamics of the underlying
model more effectively, compared to the one with static coefficients. To make this point
clear, we consider the celebrated Taylor rule (Taylor [1993]) frequently used for central

banks’ monetary policies:

ri = Byyi + Br T + €4, (3.3)

where r is the Federal funds rate, 7 is the inflation rate over the past four quarters and y is the
percent deviation of real GDP from a target at time 7. It is well-known that the coefficients
By and Sr are regime-specific and that the coefficients vary over time in accordance with
underlying state variables, such as the Federal Reserve leadership. That is, (3.3) can be
viewed as a specification of our general framework in (3.1). Hence the methodology developed
in this study readily applies to (3.3) for more precise and more realistic policy analysis. Other
useful applications of (3.1) include the forward premium anomaly or factor pricing models,
among others. We refer to Section 3.4 for details on this.

In recent years, much work has been done on estimation and inference of frameworks
similar to (3.2) (more generally, to (3.1)): Engle et al. [1986b], Rice [1986], Robinson [1988b],
Speckman [1988], Schick [1996], Fan and Huang [2005b] and Xie and Huang [2009] propose
the /n-consistent estimators of 3(-) when J3(-) is a vector of fixed parameters. The estimation
of a(-) under a fixed § has also been intensively studied based on a kernel or spline smoother;
see Hamilton and Truong [1997], Yu and Ruppert [2002|, Fan and Li [2003] and Aneiros-Pérez
and Vilar-Fernandez [2008].

Several other studies also perform either point-wise (Liang et al. [1997b]) or simultaneous
(Kim et al. [2021b]) inference of «(+) under an i.i.d. setting. Johnston [1982a|, Hérdle [1989b],
Zhao and Wu [2008¢|, Liu and Wu [2010a|, Hérdle and Song [2010] estimate and conduct
inference of a(-) and/or o(-) under either an i.i.d or a time-dependent setting when 5(-) = 0.

Wu and Zhao [2007b] conduct simultaneous inference of a(:) when g(-) = 0, o(-) = 1 and
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Z; is a time index. Kim [2016b| and Li et al. [2025a| extends Wu and Zhao [2007b] to the
case where () is a vector of fixed parameters. Zhou and Wu [2010a| perform simultaneous
inference of the coefficient functions in (3.1) when Z; is a deterministic time index. Kim and
Kim [2016b] apply the methodology in Zhou and Wu [2010a] to a factor pricing model to
conduct simultaneous inference of the conditional heteroskedasticity in the model.

Our contribution is to generalize all these aforementioned studies by modeling both ()
and ((-) as unknown functions of the vector process Z; and also by performing simultaneous
inference of all the coefficient functions in (3.1). Specifically, the simultaneous inference of
(3.1) is conducted through the construction of simultaneous confidence regions (SCR) for

the coefficient functions. Consider testing a hypotheses for (3.1):
Hy: B(-) = pBy()  versus  Hy: Hyis not true, (3.4)

where [y(-) is a multivariate parametric function suggested by related economic theory. To
test the hypothesis in (3.4), one can construct the SCR of 5(-) and observe whether the
constructed SCR entirely contains the parametric specification in (3.4). The construction
of the SC'R with confidence level 100(1 — a)%, a € (0, 1), requires us to find two functions

fn(+) and gy (-) based on data, such that:
nlg%o P{fn(z) < B(2) < gn(z) foral ze€ Z} =1—aq, (3.5)

where z is a (d x 1) vector in a compact set Z. Given the SCR of §(-), one can test (3.4)
by checking whether or not the condition fp,(2) < By(2) < gn(2) holds for all z € Z. If the
condition does not hold for some z € Z, then we reject the null hypothesis at level c¢. That
is, even if the condition holds for all z € Z except for only one, the null hypothesis still gets
rejected by the SC'R-based test.

The relative advantage of our SCR-based inference over other standard inferential pro-
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cedures utilizing some mean-integrated-squared-error (MISE) type statistic, such as that in
Hérdle and Mammen [1993], and its associated p-value is in the effectiveness of the SCR-
based inference in suggesting the right function form of 4(-) and o(-) in (3.1). In case the
null hypothesis in (3.4) is somehow rejected, it would be rather difficult to figure out the
reason for rejection if the inference is based on such a MISE-type test statistic and its associ-
ated p-value. Thus, it would not be straightforward in such a case to suggest an alternative
to the parametric function under the null hypothesis. However, if the inference is based
on the proposed SCR, one can easily figure out the reason for the rejection by “locating
graphically" where the SCR is violated by the parametric null Sy(-). Hence it would be rel-
atively straightforward to propose a suitable alternative parametric form for the regression
coefficient function.

Roadmap: Section 3.2 introduces our methodology to perform simultaneous inference
of B(-) in (3.1) with d > 1. The asymptotic properties of the proposed statistics and esti-
mators are investigated as well. Section 3.3 is devoted to a simulation study to evaluate the
performance of our methodology. Section 3.4 introduces an empirical application of testing
the currency market efficiency, to demonstrate the applicability /usefulness of the proposed
methodology. Section 3.5 concludes the paper and discusses potential extensions for future
research. The technical proofs are deferred to Appendix.

Notation: For a vector v = (v1,v2,...,vp) € RP, write [v] = ( le vi2)1/2. For a
random vector V, we write V. € L9 (¢ > 0) if |V|, = [E(|V]?)]/4 < co. In particular,

V|| = [|V]l2- We write ay, < by, if |ay/bp| is bounded away from 0 and oo for all large n.

3.2 Methodology

We work on the inference of any linear combination of the regression functions defined by

(3.1). That is, we construct a SCR for ¢'B(-) for any deterministic vector c.
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3.2.1 FEstimation

To estimate the regression coefficients function 3(-) in (3.1), we conduct the following opti-

mization, among other local-smoothing methodologies:

. 1 2 s 7
By(z) = argminy_ (V; - B'X;) K ( )
b(2) argémnizzl < ) 7

(Lo (52)0) (S (55)). e

where K (+) is a kernel function and b is a smoothing parameter called the bandwidth. Under

suitable conditions, the asymptotic bias of Bb(z) is of order b?. Following Wu and Zhao

[2007b], we employ the jackknife-type bias-corrected estimate in this study:

Bu(2) = 2By(2) — B s, (2); (3.7)

where B\/ib(z) is B(z) from (3.6) with \/2b, instead of the original bandwidth b. As Wu
and Zhao [2007b] point it out, implementing (3.7) is asymptotically equivalent to using a

higher-order kernel function K*(-):

K*(s) = K(s) — %2\@ (3.8)

Based on the aforementioned estimates, two sample-based fences for ¢ 8 are required to
build a 100(1 — a)% SCR, a € (0,1), such that the following condition holds:
lim P8 jower(2) < CTﬁ(2> < Beupper(2), V2 € D) =1 —a, (3.9)

n—oo

where z is a (d x 1) vector in a compact set D.
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3.2.2  Construction of SCR

To handle the temporal dependence which is inherent in time series, we first explain the de-
pendence measure employed in this study: Assume that (X;, Z;) € L4, ¢ > 0, is a stationary

casual process and 7;’s are i.i.d., then one can write

1

7 = G(§2)7 where gl = ( < Mi—1, 771‘)’ (31())

where G(+) = (91(+), - -+, 9p(+), gp+1(-); -+, gp+q(+)) is a measurable function such that (X;, Z;)

exists. Let {n,} be an i.i.d. copy of {n;} and

Xz{ . / ! / /

H| = GUE, where & = (only b, (311)
7/

1

Following Wu [2005b], we define the £°° functional dependence measure:

wig = [1G(&) — G(&)loollg. (3.12)

Some regularity conditions on the coefficients 3(z), o(z), (X;, Z;) and the bandwidth by, are

required to ensure that the theoretical results in this study hold:
Condition 3.2.1. The regression function 8(z) € C3(D) satisfies that

S:%[|VB<Z)|OO +|V2B(2)]o0 + [V?B(2) ] < o0,

and the noise variance function o(z) € C3(D) are bounded from above and below, i.e.
0<m<o(z) <M < o0, Vz € D for constants m and M.
Condition 3.2.2. Suppose (XIT, ZF)T € L% with some ¢ > 2 and w; 4 = O(p") with p € (0,1).

Condition 3.2.3. The bandwidth b, satisfies b, — 0 and nb,, — oo as n — 0.
50



Condition 3.2.4. The kernel K (s) € Lipy has support [~1,1]%, and [ 7K (7)dr and [ 72K (7)dr

are bounded.

Condition 3.2.5. Let f(z) be the marginal density of Z;. The smallest eigenvalue of V' (z) :=

E[XiXZ.T\ZZ' = z|f(2) is uniformly bounded away from 0 for z € D.

Some comments on Conditions 3.2.1-3.2.5 are noteworthy: The smoothness conditions
for the regression function 3(z) and the bounded variance function o(z) are fairly mild. In
Condition 3.2.2, the restriction on (X;, Z;) is typically called the Geometric Moment Con-
traction (GMC). It gives a sufficient dependence condition for the Gaussian approximation
in (3.15). Many linear and nonlinear time series models (e.g. ARMA models, ARCH models,
GARCH models, bilinear models) satisfy Condition 3.2.2; see Shao and Wu [2007] for the
details on this. Condition 3.2.3 on the bandwidth is common in the literature. Condition
3.2.4 on the kernel function is also mild, which is satisfied by many popular kernel functions,
such as the Epanechnikov kernel. Under Condition 3.2.5, the process Z; has a density and
the conditional covariance matrix of X; scaled by density f(z) is uniformly lower bounded
over D. This ensures that the estimator in (3.6) be asymptotically well-defined.

Semi-parametric inference of CTB(z) involves asymptotic analysis of the following quan-
tity:

=1

where w;(z) are weights depending on X; and Z;. The following proposition derived by

Bonnerjee et al. [2024] asserts the Gaussian approximation for the linear combination forms:

Proposition 3.2.1. Let €1,...,en be i.i.d. r.v.5s with Ee; =0, mqg = Elg;|? < 00, ¢ > 2; let

vi = (vi1,...,v;p) € RP, 1 <i <n, be deterministic vectors and

n
Se=> evi=(Sn1.-»Sm) .
i=1

Then on a richer probability space there are random variables ¢; ~ N(0,Cov(g;)) such that
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Sﬁ = Y"1 @i, which has the same covariance structure as S5, satisfies

5q—

sup |[P(S;, € B) — (S¢ € B)| < ¢ (log(np))%a—2 <mq2max

BeAp J<p

1
2q—1
)

where AP is the set of hyper-rectangles in RP and a = ES2 Here c is a constant that only

depends on q.

As discussed above, when we attempt to perform the simultaneous inference based on
max;|c' B(z) — ¢! B(2)], the weighted sum of the i.i.d. noise g; will be the main object to
investigate. Under Proposition 3.2.1, one can perform the Gaussian approximation for (3.13)

through replacing ¢; by ¢; ~; ;.4 N(0,1). The following theorem states the result in detail:

Theorem 3.2.1. Assume that Conditions 3.2.1, 3.2.2, 3.2.8, 3.2./, 3.2.5 hold, €; € LY for

some q > 2, the weight function v(2) > m’' >0 on D, and the bandwidth b = by, satisfies

1.1 d
(log(n))?1=5p2=4p9% 5 0, na 21 "2 log(n) — 0, as n — .

Let {[Jab(z) = Qwib(z) — wzﬂb(z) where

-1

wiy() = " (Z XX K (‘TZ)> Xk (S ezopta B

Then, on a richer probability space, there exist i.i.d. ¢1,...,¢n ~ N(0,1) such that

T2 T
sup |P* | sup ¢ B)—c BE) >u | —P* | sup Zw 2)b;| > u
w>0| \zeD (%) 2eD |
5q—6 2—q —qd
=Op ((log n) 4q—2n4q—zb4q—2) , (3.15)

where P* is the probability measure conditioning on X;, Z;. In particular, the bound in (3.15)

converges to 0 if (logn)P1=6 = o(n?=2p1d).
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Remark 3.2.1. The weight function v(z) plays a role of flexibly scaling the width of the
confidence band for each single z. For example, if we choose 7(z) = 1 for all z € D, then the
simultaneous confidence band that we derive based on the theorem does have the uniform
width for all z € D. If we choose v(z) = 1/f(z), which requires to further assume that
f(z) > m’ > 0 on D for some constant m’, then the band will have a smaller width at
certain z with a larger f(z). Intuitively, for those z’s with a higher density, we tend to
obtain more information around them, which would result in more accurate and narrower

intervals for these z’s.

In (3.15), the supreme is taken over a continuum z € D. In practical implementation of

Theorem 3.2.1, we can approximate the distribution of

¢'B(z) — ¢ B(z)
v(2)

max

3.16
z€D ( )

by |3 i1 Wil for any choice of 1/n%—net of D. That leads to a feasible approach to pick

a suitable cut-off value u* based on the significance level « so that the following holds:

¢'B(z) — c'B(»)
v(2)

lim P* (max
n—oo ZGD

> u*> = . (3.17)

Furthermore, one can estimate o(z), the conditional standard deviation function in (3.1),

through applying the local-smoothing methodology to the least squares residuals:

5%(2) = <§K (Z’“h; )) R (gK (Zih; ) Y; — B(Z;) X¢]2> 7 (3.18)

where the bandwidth h,, < by,. The following theorem provides the asymptotic basis for the

construction of a SCR for the conditional standard deviation function o(-):
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Theorem 3.2.2. Besides the conditions in Theorem 3.2.1, we further assume

nll_ozg/zh% HZZ?Ld — 0. (3.19)
Then,
Sgglﬁz(Z) —0%(2)] = Op (), (3.20)
where
=t 1 logn

+ .
w202 n1=2lapd
The simultaneous inference of the conditional standard deviation function o(-) in (3.1)

can be conducted as in Liu and Wu [2010a|. After replacing v(2) in (3.17) by 4(z), one can
construct a 100(1 — a)% SCR, a € (0,1), for ¢' B(z) such that:

¢ B(z) —u*5(z) <" B(2) < ¢ B(2) + u*4(z), for all z € D, (3.21)
where the statement holds with an asymptotic probability of 1 — a.

3.2.8  Multiplier bootstrap

In the previous section we presented a feasible approach to build the SCR for cTﬁ(z) as
shown in (3.21). In practice, however, the discretization of the compact domain D in (3.21)
could cause a high degree of computational complexity. This potential issue could make
the proposed methodology intractable. To this end, we consider the multiplier bootstrap
methodology to handle the potential computational issue. With the estimate &(z) in (3.18),
one can generate a new response set

Y7 = 6(Z;)bi, where ¢; ~ N(0,1) i.i.d. (3.22)

2
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Replacing Y; by Y* in (3.6) and (3.7), we can get B;(z) = 2,3;(2) - A:/ib(z)’ which is
an asymptotically unbiased estimate of zero. The following theorem states that one can

approximate the distribution of (3.16) and choose a proper cut-off value u* based on Y;*.

Theorem 3.2.3. Assume that the conditions for Theorem 3.2.1 and for Theorem 3.2.2 hold.

Then,
T3 _ T T 3%
sup |P* [ max ¢ Blz)—c B2) >u | —P* | max M > u
u>0 2€D v(2) 26D | (2)
5g—6 2—q —qd
=Op ((10g n)ta=2nta=2p1a=2 + Tn) : (3.23)

Theorem 3.2.3 has an important application that one can obtain cutoff values via exten-
sive simulations. Specifically, one can repeat (3.22) for a numerous times (say, s = 10%) to

obtain a set of values

T 3* T 3*
| TEG)| A
{ZED ’A}/(Z) T zeD ’A)/(Z) } ' (3'24>

We then can estimate the cut-off value u* in accordance with the quantiles of (3.24). That
is, the sampling distribution of max,eple' B*(2)/7(z)| based on the simulated Y* in (3.22)

can be utilized to obtain u* required for the SCR in (3.21).

3.3 Simulation

To illustrate the finite-sample performance of the proposed simultaneous confidence region
(SCR) based inference, we shall carry out a simulation study here. To that end, we con-
sider the following data-generating process (DGP), a specification of (3.1), to compute the

empirical coverage probability of the proposed SCR for the regression coefficient functions:

Y = a2y, Zoi) + B(Z1is Z9i)Xi + (214, Zoi)ei, i=1,n, (3.25)
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where g; are independent and identically distributed (i.i.d.) Student-tg. To model its tem-
poral dependence and potential autocorrelation among the variables, we assume a vector

autoregressive (VAR) process of order one for the bi-variate Z1; and Zy;:

VAR(l) process : Z1;,=0121;.1—0229;_1+ vy;,

Z9i =0.0521,1 —0.1Z9;_1 + v9;,

where vy; and v9; are i.i.d. standard normal processes, independent of ;. It is well-known
that a VAR specification is a flexible way to model a multivariate stationary process in
time series. In addition, the specification is covered by the recursive dependence structure
introduced in Condition 3.2.2.

For the covariate term X; in (3.25), we consider the following three distinct DGPs:

DGP 1 XZ'ZUZ'
DGP2 : X;=02+40.1%2y; —0.3Zy; +u;

DCP3 : X;=01-022%+0.0523 +u

where u; are i.i.d. standard normals, independent of ¢; and v;. Note that DGPs 1 and 2
are linear in (Zy;, Zo;) while DGP 3 is non-linear in (Zy;, Zs;), which helps generalize the
simulation outcomes here. Regarding the coefficient functions a(-,-), 5(-,-) and o(-,-) in
(3.25), we employ the following continuous null functions!:

alz1, z2) = 0.1-04 Z% — 0.05 29,
B(z1, z2) = 0.1+0.12z; —0.05 29,

1/2
o(21, 29) = (0.1+0.1z%+0.1z§> /2

1. The empirical results in Section 3.4 indicate that the chosen null functions are reasonable.
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For the simultaneous inference of the coefficient functions, we follow the procedures described
to construct the 95% SCR of a(-,-) and §(-,-) in (3.25) under the VAR process of (Z1;, Z9;)
and the three DGPs of X;. The entire process is repeated, say M times, for each one
of the chosen bandwidths in Table 3.1. Given M different SCRs, we count how many of
those SC'Rs entirely contain the true a(-,-) and (-, ) in them, which gives us the desired
coverage probabilities. Here we let M = 1,000 and n = 300 (i.e. the sample size).2 The
simulation results for DGP 1-DGP 3 under different bandwidths are summarized in Table
3.1. Throughout the simulation in this study, we let the nominal coverage rate be 95 percent.

From Table 3.1, we see that the coverage probabilities for «(-,-) and S(-,-) under the
various bandwidths are reasonably close to the nominal coverage rate 0.95 for each com-
bination of the DGPs for X; and (Z7;, Z9;). Despite the relatively small size of sample
(i.e. n=300) throughout this simulation, the coverage probabilities for both a(-,-) and g(:,-)
under the various DGPs are fairly close to 0.95. These findings indicate that the proposed
methodology does work well. However, as the bandwidth gets extreme for each DGP, the
empirical coverage probability deviates from the nominal coverage rate 0.95 for both the
intercept term and the slope coefficient, as we can observe from Table 3.1.

The last row of Table 3.1 also reports the 95% coverage probabilities for the coefficient
functions under the bandwidth chosen by the generalized cross-validation (GCV). That is,
instead of fixing the bandwidth arbitrarily, the GCV is applied to choose the optimal band-
width for each iteration. The construction of a simultaneous confidence region is conducted
in each iteration under the GCV-chosen bandwidth to decide whether or not the parametric
null function is entirely contained by the simultaneous confidence region. The bottom row in
Table 3.1 shows that the coverage probabilities under the GCV-chosen bandwidth are very

close to the nominal 95% coverage rate.

2. Due to the slow data-updating process and the occasional structural breaks, the typical sample size
in the empirical macro-finance literature is not large. For example, the sample size in Section 3.4, the
application section of the current paper, is only n = 336.
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Table 3.1: 95% coverage probability of SCR for «(-,-) and S(-,-), where Z1; and Zy; follow a VAR(1)

8¢

X; = u; X;=02+01%Z; —03%Z9 +v;  X;=0.1-0.22%+0.0522 +
bandwidth  a(,)  B(,:)  a(,-) B(-) a(-) B(-)
0.20 0.982  0.983  0.983 0.982 0.980 0.981
0.22 0.981  0.981  0.980 0.984 0.976 0.981
0.24 0.980 0976  0.975 0.976 0.970 0.975
0.26 0973  0.969  0.966 0.964 0.961 0.968
0.28 0.968  0.964  0.964 0.962 0.961 0.965
0.30 0.955  0.957  0.949 0.958 0.952 0.956
0.32 0.953  0.950  0.943 0.952 0.948 0.954
0.34 0.946  0.937  0.935 0.939 0.948 0.931
0.36 0.938 0937  0.936 0.939 0.936 0.934
0.38 0925  0.921  0.931 0.930 0.934 0.927
0.40 0925 0923  0.926 0.928 0.925 0.929

GCV 0.944 0.948 0.949 0.954 0.943 0.952




3.4 Application: Currency Market Efficiency

The methodology in this work is applied to test the rational expectations hypothesis in the
currency market. Fama [1984] and Bilson [1981] test the hypothesis based on the following

regression:

St41 — st = o+ B(f1e — st) + w41 (3.26)

where s is log of monthly spot exchange rate at time ¢ and fq; is log of monthly forward
exchange rate with one-month maturity at time ¢, respectively. The model error u; could be
serially correlated if the maturity of the involved forward contract is longer than the sampling
interval; see Baillie et al. [2023|. By Covered Interest Parity, (3.26) yields the Uncovered
Interest Parity (UIP) regression, where the spot return is predicted by the interest rate
differential between two countries.

A large body of the literature on the regression in (3.26) shows that the constant term
a, the foreign exchange risk premium, and the UIP coefficient [ are closely related to funda-
mentals (Hodrick [1989]; Mark [1995]; Alvarez et al. [2009]; Lustig et al. [2014]; Baillie and
Kim [2015a]; Kim et al. [2023]; Li et al. [2025a]), such as the differential volatility in the
bond market, conditional variance of money growth, output growth, etc. In view of these

works, one can possibly model o and 3 in (3.26) as unknown functions of the fundamentals:

sir1 — St = 214, 204) + B(21t, 22.4)(f10 — S¢) + 0 (214, 22.4) €441, (3.27)
where
21t =M — m? 2t =Yt — Z/f

Here m; and y; are log of domestic money stock and log of domestic industrial production,

respectively, while m; and y; are their foreign counterparts.3 Note here that o and 3 in

3. The Augmented Dickey-Fuller test and the Perron-Phillips test based on our data reject the unit-root
non-stationary hypothesis for the dependent and independent variables in (3.27).
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(3.26) are replaced by a(z1¢, 29¢) and (214, 22¢), respectively, and that the conditional
heteroscedasticity is introduced in (3.27).

The theory of Uncovered Interest Parity (UIP) in international finance implies a(-) = 0
and 4(-) = 1, while a number of previous empirical studies actually show that the equalities
do not hold in practice.4 Obviously, the methodology developed in this work can be readily
applied to test whether or not the UI P conditions hold here, because (3.27) is nothing but
a specification of the general framework in (3.1).

Our data include monthly spot rate and 30-day forward exchange rate data for a pair of
currencies: Swiss Franc (CH F)-U.S. Dollar (USD), where USD is the numeraire currency.
For the money and the output variables, we employ monthly M1, the standard measure of
a money supply and monthly industrial production index home (i.e. U.S.) and abroad (i.e.
Switzerland).5 The sample period is from December 1988 through December 2016, including
the 2008 financial crisis.

Fig.3.1 illustrates the nonparametric estimates of the coefficient functions af(-,-) and
B(+,+) in (3.27), the nonlinear surfaces, for the CH F-USD pair. The bandwidths are chosen
by the generalized cross-validation (GCV). As we can see from Fig.3.1, the estimates of
both coefficient functions are highly nonlinear in the relative money growth. The seeming
nonlinearity indicates that (3.26) with no dynamics in a and ( is possibly an unsuitable
framework for the true processes.

Fig.3.2 shows the two-dimensional relationship between the intercept a(-, ) and the rela-
tive money for C HF' /USD when the relative output is fixed at some percentile. In contrast,
Fig.3.3 shows the relationship between «af(-, ) and the relative output for CHF /USD when
the relative money is fixed at a certain percentile.

Similarly, Fig.3.4 shows the relationship between the UIP coefficient (-, -) and the rel-

4. Froot and Thaler [1990a] provide an excellent review of the literature on this.

5. Note that the usual GDP series cannot be used here because the sampling frequency is monthly in this
application and the highest sampling frequency for GDP data is quarterly.
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ative money for CHF /USD at a certain relative output percentile, while Fig.3.5 illustrates
the relationship between (-, -) and the relative output at a certain relative money percentile.
In addition, each panel in Figs 3.2-3.5 includes the 95% SCR of the corresponding coefficient
function. The horizontal line represents the UIP null hypothesis of a(-,-) = 0 in Figs 3.2
and 3.3 and of §(+,-) = 1 in Figs 3.4 and 3.5.

Interestingly, Fig.3.4 shows the increasing pattern in the UIP coefficient [5(-) estimates.

Fama [1984] shows that /5 can be decomposed into:

_ Cov (P, By(Aspy1)) + Var (Ey(Asgi1))

g Var (fy — st) ’

where As;11 = s441 — s¢ and P is the risk premium. Intuitively, with an relative increase
in the money home, the expected spot return and the risk premium of holding a foreign
currency would decrease simultaneously, because the foreign currency would appreciate.b
The simultaneous decrease in the expected spot return and the risk premium would increase
Cov (P, E¢(Asgy1)). Assuming that the variance of the expected spot return and that of
the forward premium are relatively stable, the increase in the covariance would increase f.
That is, a relative increase in the domestic money would lead to an increase in [ as shown
in Fig.3.4, which is confirmed by Fig.3.5 as well.

Furthermore, Fig.3.4 also shows an interesting change in the /3 coefficient estimate across
the displayed percentiles of the relative output. In Fig.3.4, the estimate of the [ coefficient
function shifts slightly downward as the percentile of the relative output growth increases.
It is frequently observed in various empirical studies that currencies with relatively higher
output growth tend to possess relatively lower 3’s than those with relatively lower output
growth; see Kim et al. [2023] for example. The seeming negative relationship between the

output growth and the  appears to be captured by Fig.3.4, so that the /5 estimate (i.e.

6. The intuitive negative relationship between the money and the risk premium (i.e. —a by definition) is
confirmed by the positive relationship between « and the money in Figs 3.2 and 3.3.
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the solid curve in the figure) shifts slightly down as the percentile of the output growth
increases. This negative relationship between the output growth and f is obviously confirmed
by Fig.3.5.

In order to accept the null hypothesis of UIP at a 5% level, the horizontal lines must be
entirely contained by all SCRs in Figs 3.2-3.5. Obviously, Panels (a)-(c) in Figs 3.2 and
Panel (a) of Fig.3.3 fail to contain the horizontal lines entirely. Interestingly, even the general
null of a constant risk premium, not that of a zero risk premium, is still rejected at a 5% level
because no horizontal line can be entirely covered by the 95% SCRs in Fig.3.2. Similarly,
the null of the unit UIP coefficient is rejected at 5% since the SCRs in the panels of Figs
3.4 and 3.5 fail to entirely contain the unit 5. In view of Figs 3.2-3.5, the null hypothesis of
UIP is thus rejected at a 5% level, which is one of the key implications in our study.

The key reason for the UIP rejection is because our estimates of (-, ) and of §(-, ) vary
“non-linearly" in the relative money growth. That is, a(-,-) and 5(-,-) are not invariant in
their arguments. This finding highlights the relative advantage of our SCR-based inference
because, with the usual p-value of a M IS E-type test statistic, it is hard to figure out why the
associated null hypothesis gets rejected. Under our approach, however, one can easily locate
exactly where the SC'R fails to contain the null hypothesis. Hence it would be relatively
straightforward under our methodology to propose an alternative function that fits entirely

into the corresponding SC'R.

3.5 Conclusion

In this study, we introduce a methodology to carry out simultaneous inference of a linear
regression in time series when the regression coefficients and the volatility are unknown
functions of a multivariate random process. To this end, the high-dimensional Gaussian
approximation theory (Chernozhuokov et al. [2022]) is generalized to construct the simulta-

neous confidence region for the multivariate unknown coefficient functions in a time series
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regression. In addition, this work is a generalization of the two-dimensional simultaneous
confidence band in time series (Zhou and Wu [2010al; Kim and Kim [2016b]) in that the
argument of the coefficient functions is extended to be a multivariate random process in
our framework. The generailization is not only technically challenging, but also practically
useful.

The asymptotic theories justifying the methodology are provided and the related finite-
sample properties are examined through a simulation study. The methodology developed
is applied to test the hypothesis of rational expectations for the currency market. For this
objective, a Swiss Franc-US Dollar currency pair is employed to find out that the rational
expectations hypothesis for the currency market is rejected at a 5% level, largely because of
the nonlinear nature of the underlying dynamics.

The current study can be extended in a couple of interesting directions: First, the co-
variate terms and the argument of the coefficient functions could be modeled as some form
of non-stationary processes. This would significantly generalize the findings in our current
work. Second, the innovation could be modeled as a long memory process. Persistence is
one of the salient features of financial variables, such as the return volatility. By allowing
the model innovation to be a process with long memory, we can make our methodology ap-
plicable to a wide range of interesting issues in economic/financial analysis. Further insight

can be gained by extending the current work in these and other directions.
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UIP coefficient

Risk premium

(a) Intercept (b) UIP coefficient

Figure 3.1: Intercept (i.e. a(-)) and UIP coefficient (i.e. 5(-)) in the relative money growth
and the relative output growth for Swiss Franc (CHF)-US Dollar (USD); The band-
width is obtained through the generalized cross-validation (GCV).

alpha
alpha
alpha

money growth money growth money growth

(a) 25th-percentile of output (b) 50th-percentile of output (c) 75th-percentile of output

Figure 3.2: The solid curve is the local-linear regression estimate of «(-) in relative money
growth for CHF /USD. The dashed band is the 95% SCR of «(-) and the dotted horizontal
line is Hy : «a(-) = 0. The bandwidth is chosen by GCV. Here (a)—(c) are 25th, 50th and
75th percentile of output growth, respectively.
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(a) 25th-percentile of money (b) 50th-percentile of money (c) 75th-percentile of money

Figure 3.3: The solid curve is the local-linear regression estimate of a(-) in relative output
growth for CHF /USD. The dashed band is the 95% SCR of a(-) and the dotted horizontal
line is Hy : «a(-) = 0. The bandwidth is chosen by GCV. Here (a)—(c) are 25th, 50th and
75th percentile of money growth, respectively.
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(a) 25th-percentile of output (b) 50th-percentile of output (c) 75th-percentile of output

Figure 3.4: The solid curve is the local-linear regression estimate of 5(-) in relative money
growth for CHF /USD. The dashed band is the 95% SCR of 3(-) and the dotted horizontal
line is Hy : f(-) = 1. The bandwidth is chosen by GCV. Here (a)—(c) are 25th, 50th and
75th percentile of output growth, respectively.
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(a) 25th-percentile of money (b) 50th-percentile of money (c) 75th-percentile of money

Figure 3.5: The solid curve is the local-linear regression estimate of 3(-) in relative outout
growth for CHF /USD. The dashed band is the 95% SCR of 5(-) and the dotted horizontal

line is Hy : 5(-) = 1. The bandwidth is chosen by GCV. Here (a)—(c) are 25th, 50th and
75th percentile of money growth, respectively.
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CHAPTER 4
HIGH CONFIDENCE LEVEL INFERENCE FOR QUANTILE
REGRESSION

4.1 Introduction

Consider the following regression model:
Yi=X,'B+ei=
i =X; B+e,i=1,...,n,

where X; and Y} are observed covariates and response respectively, 8 € RP is the fixed
p—dimensional coefficient vector and e; are independent and identically distributed (i.i.d.)
errors. Consider the quantile regression model at level a € (0,1) and we denote X and Y as
population version of covariates and response. Then the conditional quantile function of Y
is

Qy(alX) =X "B+ F. Y(a),

where F(-) is the common distribution function of errors. We can estimate 3 with the

following M-estimator

n
B = arggﬁnz pa(Y; — X B),
=1

where po(z) = ar™ + (1 — a)(—2)" and 2+ = max(z,0). Let By be the true value of 3.
Suppose we are able to construct asymptotic (1 — 7)—confidence regions R, for 3, which
means

PBeRy)~1—T.

The commonly used confidence level would be 95% or 90% in various disciplines, such as
zoology, climate science and medicine production. In this case, many literature have de-

veloped Bahadur representation and central limit theorem for B to conduct inference with
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large sample size (see Koenker [2005], Wu [2007b]). However, when 7 is typically small, like
7 = 1073, the inference becomes quite nontrivial, where high confidence level issue emerges.
Empirically, a tremendous sample size would be desired to construct a .999-confidence re-
gion. Another potential issue would be that, as the confidence level goes extremely close
to 1, the difference of region performance becomes hard to distinguish with respect to the
absolute error. For example, a .999-confidence region R and .99-confidence region R9 only
differ 0.009 in the confidence level, but the previous one is 10 times better than the latter
one, because

P(BER2) _ 4

P(B ¢ R1)

To this end, we desire to develop a moderate deviation principle for B so that the following

bound could be derived:

IP(v/n|B — Bo| > can) —P(|Z] > can)| — 0, (4.1)

where Z is normal, ¢ > 0 is a constant, and {a,} is a positive sequence such that a, — oo

n—1/2

ap — 0 as n — oo. With such kind of result, we can ensure the convergence on
the extreme tails. Moreover, if the bound in 4.1 is sharp enough, we can derive that the
relative error also converges to 0. While Moderate deviation principles have been extensively
studied in mathematical statistics (see Amosova [1974|, Rubin and Sethuraman [1965],Liming
[1995],Melbourne [2009],Wu [2001]), the moderate deviation of quantile regression coefficients
is still an open question. We will show the theoretical results in section 4.2.

One application is testing the trend of coefficients for longitudinal data in the following

model:

Yt,i:X;:i/Bt‘i‘et,ia 1=1,...,n¢, t=1,...,T.

There are some influential work on the trending test. Wu and Zhao [2007¢| conduct simulta-
neous inference of a trend when the argument of the trend function is simply a time index.
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Kim [2016a| extends Wu and Zhao [2007¢| to the case where the trend in a semi-parametric
partially linear model is a smooth function of a time index. Zhou and Wu [2010b| perform
simultaneous inference of the coefficient functions in a regression where the argument of a
non-parametric regression coefficient function is a deterministic time index. Baillie and Kim
[2015b] applies Zhou and Wu [2010b] to the forward premium regression to show that the
foreign exchange risk premia not only depend on macroeconomic fundamentals but also can
be predicted by them. Kim and Kim [2016a| conducts simultaneous inference of the volatil-
ity in the standard factor pricing model in finance. Li et al. [2025b] introduce simultaneous
inference of the trend in a time series regression, where the trend is a nonparametric and
nonlinear function of an observable random vector.

However, sometime conservative approach like Bonferroni correction would be the choise
for simultaneous inference. As an example, the novel dynamics of progressivity poses statis-
tical challenges because the year-by-year estimates of quantile progressivity exhibit several
gumps (see Figure 4.1), and because the size of our annual time series sample (1978-2022) is
limited. The traditional way to construct SCI for an unknown parameter is to rely on some
form of local-smoothing techniques; see, for example, Wu and Zhao [2007c|. Unfortunately,
the local-smoothing would not be a suitable choice here, due to the presence of jumps and
the small sample size. While applying Bonferroni adjustment, the problem emerges that
inference on the tax progressivity of each single year requires typically high confidence level.
To deal with these issues that cannot be revealed a priori, we here employ the high-confidence
inference of the tax progressivity. Through this approach, one can avoid the issue of a small
sample because the usual local-smoothing for simultaneous inference is no longer required.

The structure of the following content is as follows. Section 4.2 develops simultaneous
inference for the quantile regression with high confidence level. Section 4.3 shows an example
of U.S. tax progressivity and applying the quantile regression on the income dataset. Section

4.4 concludes. The mathematical proofs are relegated to Appendix.
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4.2 Main Results

Notation Denote 1o as the indicator function. For function f € C", we say f is r—th
order continuous derivative. We write P(N(0,I") € A) for the probability that a normally
distributed random vector Z ~ N(0,I') is in the region A. We denote the derivative of a
multivariate function as Vg(z).

Let

gn(8) =D _va(Y; = X' )X, g(B) = Egn(B),
=1

K(8) = ga(8) = 9(8), T =Cov (va(ti = X[ A)X1).

where 1o (x) = a — 1,<0. The key results to construct simultaneous confidence interval

(SCI) of an unknown parameter function are the following theorem and corollary:

Theorem 4.2.1. Assume (X;,Y;) are i.i.d. with E|X;|* < oo, E[Y;|* < oo, EXiXiT >0
and the density of e; given X; satisfies 0 < m < f€i|Xi () < M < oo for some constant m

and M. And g(8) € C? with supg |Vg(8)] + IV2g(B)| < oo. Then,

sup [P (ViVg(5) (B — o) € A) ~P(N(0,1) € 4)| < Cn" /S,
AeC

for any v > 0, where C is the class of convex sets in RP and C' is a constant not depending

onn.

Corollary 4.2.1.1. Let 0%1 be the first diagonal element of T, where

= (Vg(50)"'T((Ve(Bo)™HT.
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Under the same condition of Theorem 4.2.1, for any constant 0 < ¢ < 0%1 /6, we have

P(v/n|By — Bo1| > t)
sup

5 — 1| — 0.
o<t<r/clogn| PUN(0,071)| > 1)

Remark The construction of SCI for the progressivity is a direct application of Corollary
4.2.1.1. Our inference is simultaneous under the sup-norm-based statistic in Corollary 4.2.1.1,
and is conducted through the SCIs. In contrast to existing inferential methodologies, our
SCI-based inference in this study is effective in suggesting a right function form for the
progressivity. In case a null hypothesis on the tax progressivity, such as its constancy,
is somehow rejected, it would be difficult to figure out the reason for the rejection if the
inference is based on some standard non-simultaneous test statistic and its associated p-
value, such as in Hérdle and Mammen [1993]. Thus, it would be non-trivial, in such a case,

to suggest an alternative to the parametric function under the rejected null hypothesis.

4.3 Application: Tax Progressivity

4.3.1 Data

We use the Annual Social and Economic Supplement of the Current Population Survey (CPS-
ASEC) from 1978 to 2022 (Flood et al. [2023]) as a baseline. We use income and demographic
information from the CPS-ASEC (e.g., age, marital status, relationship to household head,
dependent information) and simulate tax liabilities using the National Bureau of Economic

Research (NBER) TAXSIM model, which is developed based on actual US fiscal rules.!

1. We use Version 35, which incorporates federal fiscal laws up to 2023. For details of the program, see
Feenberg and Coutts [1993] and https://taxsim.nber.org/taxsim35/.
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4.3.2  Empirical framework for tax progressivity

Firstly, we introduce the measurement framework for progressivity and our data used in the
empirical analysis. We study the dynamics of U.S. tax-and-transfer progressivity across the

household income distribution within the class of the parametric effective tax function:

T(y)=y—1-Ny" T, (4.2)

where T'(y) is a net tax schedule at income level y, 7 is an index of progressivity, and
A governs an average level of taxation in the economy. The large literature on dynamic
macroeconomics and public finance has increasingly utilized this effective tax function to
study the implications of progressive taxation because of its merits: the two-parameter
function offers a reasonable fit to the empirical relationship between market income and
disposable income, and tractability in modeling progressive taxation in quantitative models
(e.g., Feldstein [1969]; Benabou [2002]; Heathcote et al. [2017]).

In an empirical implementation, a popular way is to estimate 1 — 7, which is the residual
elasticity of post-government (disposable) income y — 7' (y) with respect to pre-government

(market) income 3.2 Estimation of 1 — 7 is conducted through the regression:

yzt:/BO_'_/lelt—i_elt’ izl?"'?”t? tzl""7T7 (4'?))

where 7 is a cross-sectional unit and ¢ is a time index. The constant regression coefficients
Bo and (1 correspond to log (1 — \) and 1 — 7, respectively. Assuming that the regression
coefficients are time-invariant, researchers have obtained least-squares estimates for a value
of 1 — 7. Because the least-squares method estimates the conditional mean, the resulting

estimate represents the mean residual elasticity, which provides a representative progressivity

2. Following the terminology in Heathcote et al. [2017], we use “disposable income” interchangeably with
“post-government income” and “market income” with “pre-government income,” respectively.
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in a limited case where the mean progressivity is required to be similar across the distribution.
We generalize this widely used approach in the current literature by allowing the regres-
sion coefficients to vary over time and across the income distribution. Formally, we measure

the progressivity through the generalized regression framework:

yit:/BO (Oé7t)+51 (Oé,t)l’it—i—eit, 1= ]-7“'7nt7 = 17"'7T7 (44>

where « is a quantile of the conditioned income distribution. In equation (4.4), regression
coefficients Sy (o, t) and (1 (o, t) vary by both time and income percentile. A key advantage
of our generalized framework is that it allows us to trace varying curvature across income
quantiles, thereby addressing the well-known limitations of the least-squares approach in
estimating the tax function.®> Moreover, this flexible time-varying quantile framework is
robust to changes in the structure of tax and transfer system, which enables us to capture

the potential non-linear dynamics across the income distribution.
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Figure 4.1: Yearly Progressivity Estimates by Income Quantiles

Figure 4.1 shows the U.S. yearly progressivity parameter estimates from 1978 to 2022

at three income percentiles—the 10th, 50th, and 90th. As evident in the figure, there is

3. The least-squares estimate of the tax function is known to misfit the bottom of the income distribution
and to underestimate progressivity at low-income levels (Heathcote et al. [2017]).
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a substantial amount of time variation in the progressivity estimates for all three income
quantiles. Interestingly, the extent of time variation in the estimated progressivity appears
to be income-dependent: the higher the income percentile, the greater the time variation
in the estimated quantile progressivity, especially largest at the 90th percentile household

income.

4.3.3 Inference for dynamic quantile progressivity

Building on the theoretical results, we construct simultaneous confidence intervals (SCIs)
for the U.S. tax progressivity parameter at quantiles of the conditional income distribution.
Specifically, we examine three different income quantiles—the 10th, 50th, and 90th. Figure
4.2 presents the results, overlaid with NBER recession periods to highlight the potential
influence of U.S. business cycles on tax progressivity.

As we can see from Figure 4.2, the progressivity generally rises during recessions (i.e.
the shaded vertical stripes in the figure). The main advantage of SCI is that the interval
can be used to test any hypothesis of a function form for the progressivity. For example,
the null hypothesis of a constant progressivity is rejected if the constructed 95% SCI fails to
contain any horizontal line entirely in it. For this reason, the hypothesis of a time-invariant
progressivity is rejected at 5% level for all three income quantiles. In Figure C.1 in Appendix
C.1, we also display the simultaneous confidence intervals at the first and third quartiles and
show that the cross-sectional pattern of volatility is consistent. More importantly, the tight
SCIs allow us to statistically validate that most of the time variation stems from progressivity
at the 90th conditional quantile, given its notable fluctuations over time.

Methodologically, since the inferential methodology developed in Section 4.2 is free of
local-smoothing, this new inference methodology is less affected by the small-sample issue.
Hence one can further identify the exact sub-periods where the assumption of constancy

is rejected, simply by locating where the constancy is violated (i.e. where the SCI fails to
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Figure 4.2: Progressivity Estimates and 95% Simultaneous Confidence Intervals
Notes: Panels (a), (b), and (c) show the U.S. tax progressivity estimates at each income percentile (black
solid curve) and 95% simultaneous confidence bands obtained using the simultaneous inference method (blue
area). Grey-shaded regions indicate NBER recessions.
contain the horizontal line). At all income percentiles, a declining trend in the 1980s and
all recessions stand out as the periods of a notably time-varying progressivity, so that the
null of a constant progressivity is rejected mainly due to these episodes. In the 1980s, under
the Reagan administration, the U.S. government implemented the across-the-board tax cuts,

potentially contributing to a decline in the progressivity.4 A key methodological advancement

4. Borella et al. [2023] relate various U.S. tax reforms and the time variation in the tax progressivity
based on year-by-year mean progressivity point estimates alone, without statistical validation.
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over the existing studies is our use of the newly developed inferential methodology in Section
7?7, which allows one to statistically determine the specific episodes and quantile of the
conditional distribution that drive notable changes in tax progressivity.

As for the late 2000s and the early 2020s, the period overlaps with the Great Recession
and the COVID-19 pandemic during which the U.S. government introduced substantial relief
packages. Determining whether or not the observed time variation in these deep recessions
induces structural changes akin to those of the 1980s or is merely a consequence of the strong
counter-cyclicality is an important question. For instance, if the changes around 2020 are
a temporary result of the strong counter-cyclicality, one would consider that a stationary
process would be suitable for modeling the time variation around the COVID-19 pandemic.
In contrast, if progressivity experienced any permanent changes around 2020, then there
would be fundamentally different welfare and aggregate implications. Our methodology
would be essential to answer the question by suggesting an appropriate function form with

statistical validation based on data.

4.4 Conclusion

In this chapter, we address the statistical challenge of constructing high-confidence-level in-
ference in quantile regression. Classical inference methods, often relying on central limit
theorems and local smoothing, become unreliable in such settings—especially when confi-
dence levels approach one. To this end, we develop a moderate deviation theory for quantile
regression estimators and establish a framework for simultaneous confidence intervals that
remain valid in the extreme tails of the distribution. Our method allows for robust infer-
ence without the need for local smoothing, and it provides a powerful tool to detect and
characterize time variation in dynamic systems.

We apply our methodology to study the dynamics of U.S. tax progressivity from 1978

to 2022. Using a quantile regression framework, we estimate year-by-year progressivity
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across income percentiles and construct simultaneous confidence intervals to assess the time
variation statistically. We reject the null hypothesis of constant progressivity, especially
during major recessions and policy reform periods such as the 1980s. These results highlight
that U.S. tax progressivity is not only time-varying but also responsive to macroeconomic
conditions and structural changes, and that our method can reliably identify such dynamics

with statistical rigor.
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APPENDIX A
APPENDIX: SUPPLEMENTARY MATERIALS FOR CHAPTER

2

A.1 Additional Simulation

A.1.1  Simulations on Queueing processes

In this appendix section, we will present some simulation results of 95%-CIs of M/M/1,

M/Hy/1 and M/G/1 processes.
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Table A.1: Empirical coverage probabilities of two-sided 95% Cls of expectiles for the M /M /1
process using the d-fold method with sample size n and expectile level a

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 0.950 0.953 0.952 0.952 0.951 0.951 0.946 0.948 0.950
200 0.950 0.950 0.950 0.953 0.955 0.953 0.953 0.952 0.947

500 0.951 0.949 0.952 0.954 0.953 0.946 0.950 0.950 0.949

1000 0.951 0.953 0.951 0.951 0.951 0.950 0.946 0.949 0.948

5000 0.952 0948 0.952 0.950 0.952 0.950 0.946 0.951 0.949

3 100 0.947 0948 0.948 0.949 0.948 0.947 0.945 0.944 0.942
200 0.951 0.950 0.948 0.950 0.949 0.949 0.948 0.948 0.945

500 0.950 0.953 0.955 0.953 0.954 0.954 0.953 0.952 0.950

1000 0.953 0.951 0.952 0.954 0.951 0.953 0.950 0.950 0.951

5000 0.951 0.951 0.951 0.953 0.952 0.951 0.952 0.951 0.952

4 100 0.950 0.950 0.949 0.950 0.949 0.948 0.946 0.942 0.938
200 0.951 0.951 0.952 0.952 0.952 0.950 0.948 0.948 0.945

500 0.951 0.951 0.950 0.951 0.949 0.948 0.946 0.948 0.947

1000 0.952 0.950 0.951 0.951 0.950 0.949 0.947 0.946 0.946

5000 0.950 0.950 0.952 0.950 0.949 0.950 0.949 0.951 0.951

5 100 0.951 0.953 0.952 0.949 0.947 0.946 0.945 0.940 0.932
200 0.947 0.948 0.948 0.948 0.947 0.946 0.945 0.943 0.939

500 0.949 0.949 0.948 0.949 0.949 0.949 0.948 0.947 0.944

1000 0.950 0.949 0.946 0.947 0.947 0.948 0.947 0.947 0.948

5000 0.951 0.953 0.951 0.952 0.953 0.951 0.950 0.950 0.950

6 100 0.948 0.950 0.949 0.949 0.947 0946 0.944 0.938 0.927
200 0.951 0.951 0.949 0.949 0.948 0.946 0.944 0.942 0.935

500 0.948 0.950 0.948 0.948 0.949 0.949 0.949 0.948 0.945

1000 0.950 0.949 0.951 0.949 0.948 0.947 0.947 0.946 0.947

5000 0.950 0.951 0.952 0.951 0.951 0.950 0.949 0.949 0.949

10 200 0.949 0.950 0.950 0.949 0.949 0.947 0.942 0.935 0.923
1000 0.949 0.950 0.946 0.945 0.945 0.944 0.943 0.942 0.940

5000 0.952 0.951 0.952 0.951 0.950 0.951 0.950 0.949 0.950
10000 0.949 0.950 0.949 0.947 0.946 0.947 0.948 0.948 0.949

20 1000 0.945 0.948 0.950 0.948 0.947 0.947 0.945 0.941 0.935
5000 0.950 0.950 0.951 0.953 0.954 0.954 0.952 0.952 0.950
10000 0.950 0.949 0.948 0.949 0.950 0.950 0.950 0.950 0.949
100000 0.946 0.948 0.948 0.947 0.948 0.946 0.948 0.948 0.947
100 5000 0.900 0.935 0.945 0.950 0.950 0.948 0.944 0.936 0.910
10000 0.925 0.943 0.947 0.949 0.950 0.948 0.946 0.942 0.933
100000 0.944 0.945 0.946 0.948 0.946 0.946 0.945 0.945 0.946
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Table A.2: Halfwidths (multiplied by y/n) of two-sided 95% ClIs of expectiles for the M /M /1
process using the d-fold method with sample size n and expectile level «

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100  46.337 61.643 74.600 87.509 101.63 118.26 139.81 172.12 237.20
200 45901 61.271 74.251 &7.181 101.19 117.63 138.93 170.97 235.55

500  45.520 60.870 73.866 86.683 100.63 117.11 138.77 171.59 237.99

1000  45.863 61.275 74.272 87.143 101.21 117.84 139.40 171.96 237.48

5000  45.756 61.092 74.254 87.326 101.55 118.25 139.97 172.67 238.08

3 100 17.537 23.274 28.133 32.944 38.164 44.324 52.343 64.371 88.303
200 17.194 22.864 27.665 32.434 37.624 43.764 51.759 63.753 87.871

500  17.196 22993 27.920 32.796 38.107 44.390 52.565 64.867 89.496

1000 17.247 23.031 27.933 32.799 38.085 44.328 52.449 64.616 §89.202

5000  17.244 23.086 28.070 33.011 38.387 44.734 52.982 65.367 90.191

4 100 13.496 17.833 21.526 25.196 29.192 33.901 40.002 49.124 67.284
200 13.328 17.733 21.458 25.152 29.162 33.886 40.020 49.225 67.721

500  13.193 17.605 21.344 25.055 29.096 33.877 40.108 49.491 68.404

1000 13.240 17.655 21.404 25.134 29.198 34.005 40.258 49.649 68.629

5000  13.104 17.540 21.313 25.069 29.163 34.006 40.309 49.775 68.797

) 100 12.082 15.896 19.148 22.383 25.907 30.067 35.470 43.534 59.513
200  11.822 15.691 18.988 22.259 25.811 30.000 35.440 43.594 59.967

500  11.852 15.804 19.142 22445 26.036 30.284 35.821 44.153 60.917

1000 11.759 15.706 19.056 22.391 26.023 30.317 35.911 44.315 61.285

5000  11.688 15.669 19.052 22.420 26.100 30.454 36.119 44.624 61.743

6 100  11.340 14.864 17.880 20.878 24.142 27.992 32982 40.415 55.017
200  11.267 14.900 17.987 21.050 24.385 28.325 33.451 41.140 56.523

500  11.125 14.839 17.991 21.114 24511 28.527 33.756 41.617 57.388

1000 10.995 14.673 17.798 20.906 24.290 28.294 33.507 41.349 57.173

5000 10.936 14.630 17.770 20.896 24.308 28.351 33.623 41.547 57.485

10 200 10.183 13.375 16.104 18.822 21.787 25.291 29.839 36.646 50.163
1000 9.952 13.263 16.075 18.868 21911 25.511 30.203 37.259 51.492

5000 9.834 13.174 16.012 18.828 21.894 25.519 30.241 37.341 51.638
10000 9.860 13.180 15.988 18.777 21.820 25.423 30.122 37.197 51.483

20 1000 9.444 12.525 15.147 17.751 20.590 23.950 28.325 34.901 48.108
2000 9.293 12.419 15.065 17.687 20.543 23.921 28.318 34.928 48.234
10000 9.288 12.418 15.066 17.692 20.552 23.937 28.348 34.979 48.357
100000 9.272 12402 15.048 17.672 20.529 23.908 28.313 34.951 48.366
100 5000 9.020 11.969 14.476 16.967 19.684 22.900 27.089 33.388 46.067
10000 8.959 11.932 14.457 16.965 19.700 22.936 27.154 33.500 46.286
100000 8.88¢ 11.882 14.418 16.935 19.675 22918 27.145 33.509 46.358
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Table A.3: Empirical coverage probabilities of two-sided 95% Cls of expectiles for the
M/Hy/1 process using the d-fold method with sample size n and expectile level «

d n o=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 0.951 0.950 0.951 0.948 0.951 0.953 0.954 0.952 0.952
200 0.948 0.949 0.951 0.950 0.954 0.950 0.950 0.953 0.952

500 0.952 0.948 0.951 0.950 0.949 0.951 0.953 0.950 0.951

1000 0.949 0.948 0.949 0.947 0.949 0.952 0.950 0.950 0.951

5000 0.952 0.952 0.951 0.954 0.953 0.952 0.954 0.951 0.951

3 100 0.949 0.948 0.949 0.949 0.947 0.948 0.949 0.948 0.945
200 0.948 0.950 0.948 0.946 0.947 0.949 0.951 0.951 0.947

500 0.947 0948 0.946 0.947 0.948 0.947 0.947 0.950 0.948

1000 0.946 0.947 0.950 0.952 0.952 0.951 0.950 0.949 0.949

5000 0.951 0.949 0.950 0.951 0.952 0.954 0.954 0.952 0.952

4 100 0.952 0.951 0.947 0.949 0.949 0.947 0.946 0.944 0.940
200 0.955 0.955 0.954 0.957 0.955 0.953 0.949 0.948 0.946

200 0.951 0.952 0.950 0.950 0.950 0.950 0.950 0.949 0.947

1000 0.947 0.947 0.947 0945 0944 0.946 0.946 0.948 0.944

5000 0.950 0.951 0.951 0.951 0.950 0.948 0.948 0.949 0.952

5 100 0.954 0.952 0.955 0.952 0.952 0.949 0.947 0.943 0.937
200 0.952 0.952 0.951 0.951 0.951 0.952 0.952 0.948 0.945

500 0.950 0.950 0.950 0.951 0.948 0.947 0.947 0.948 0.947

1000 0.948 0.948 0.948 0.947 0.947 0947 0.946 0.944 0.944

5000 0.951 0.949 0.948 0.949 0.949 0.949 0.950 0.950 0.949

6 100 0.948 0.948 0.949 0.946 0.946 0.944 0.941 0.937 0.929
200 0.947 0.950 0.951 0.951 0.950 0.949 0.948 0.943 0.937

500 0.949 0.948 0.948 0.947 0.947 0.949 0.947 0.946 0.944

1000 0.951 0.949 0.948 0.949 0.947 0945 0.945 0.945 0.946

5000 0.951 0.950 0.949 0.948 0.948 0.950 0.950 0.951 0.950

10 200 0.951 0.953 0.952 0.951 0.950 0.948 0.945 0.941 0.928
1000 0.948 0949 0.947 0946 0.944 0943 0.942 0.943 0.940

5000 0.949 0.949 0.951 0.950 0.949 0.950 0.951 0.949 0.949
10000 0.950 0.949 0.950 0.949 0.948 0.947 0.948 0.950 0.949

20 1000 0.942 0.947 0.948 0.947 0.947 0946 0.945 0.940 0.934
5000 0.947 0.949 0.950 0.949 0.949 0.948 0.949 0.950 0.948
10000 0.949 0.951 0.951 0.951 0.952 0.952 0.952 0.952 0.948
100000 0.950 0.951 0.950 0.952 0.950 0.951 0.950 0.952 0.949
100 5000 0.890 0.930 0.944 0.949 0.950 0.949 0.942 0.931 0.909
10000 0.919 0.941 0.947 0.948 0.950 0.950 0.948 0.943 0.930
100000 0.943 0.948 0.950 0.950 0.949 0.949 0.950 0.949 0.946
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Table A.4: Halfwidths (multiplied by y/n) of two-sided 95% ClIs of expectiles for the M /Hy /1
process using the d-fold method with sample size n and expectile level «

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 65.631 94.035 117.06 139.13 162.72 190.30 225.89 278.73 384.04
200 64.267 92.269 115.08 137.15 160.87 188.60 224.59 278.70 387.64

500 63.897 92.076 115.00 137.18 161.05 189.13 225.40 279.54 387.99

1000  63.404 91.147 113.83 135.78 159.40 187.17 223.01 276.31 383.20

5000  64.424 93.121 116.35 138.78 162.67 190.63 226.82 281.04 390.96

3 100 24.608 34.973 43.419 51.600 60.374 70.655 83.970 103.88 143.34
200 24192 34.666 43.195 51.452 60.331 70.725 84.175 104.25 144.17

500  24.068 34.673 43.328 51.714 60.698 71.183 84.673 104.78 144.98

1000 23.964 34.533 43.157 51.475 60.376 70.793 84.257 104.34 144.47

5000  23.869 34.482 43.140 51.506 60.468 70.954 84.512 104.81 145.43

4 100 19.122 27.092 33.595 39.883 46.603 54.434 64.533 79.565 109.26
200  18.847 26.954 33.559 39.955 46.792 54.768 65.058 80.441 111.20

500  18.588 26.750 33.360 39.735 46.556 ©54.536 64.845 80.244 111.12

1000  18.449 26.576 33.197 39.591 46.421 54.387 64.667 80.061 110.98

5000  18.514 26.766 33.465 39.933 46.841 54.913 65.338 &80.916 112.15

) 100 17.167 24.197 29.962 35.548 41.524 48.492 57.461 70.783 96.916
200  16.740 23.863 29.673 35.300 41.330 48.381 57.488 71.100 98.309

500  16.607 23.853 29.736 35.408 41.470 48.554 57.695 71.356 98.730

1000 16.477 23.725 29.613 35.287 41.352 48.436 57.593 71.315 98.942

5000  16.431 23.712 29.628 35.343 41.461 48.619 57.876 71.725 99.523

6 100 16.036 22.437 27.706 32.819 38.293 44.688 52.933 65.167 89.119
200 15.847 22538 27.996 33.283 38.949 45.571 54.111 66.838 92.142

500  15.607 22406 27.930 33.278 39.005 45.698 54.329 67.199 92.950

1000  15.401 22.142 27.629 32.933 38.617 45.268 53.875 66.757 92.541

5000  15.411 22.254 27.833 33.229 39.006 45.765 54.499 67.545 93.542

10 200 14.429 20.301 25.129 29.826 34.867 40.759 48.356 59.671 82.006
1000 13.955 20.030 24.977 29.748 34.849 40.807 48.506 60.020 83.152

5000  13.864 19.997 24.993 29.824 35.000 41.055 48.881 60.583 84.029
10000 13.867 19.999 24.977 29.788 34.942 40.972 48.759 60.392 83.719

20 1000 13.247 18.905 23.527 27.999 32.785 38.379 45.604 56.401 78.029
5000  13.056 18.806 23.489 28.018 32.867 38.535 45.858 56.812 78.784
10000 13.028 18.770 23.434 27.946 32.783 38.438 45.740 56.644 78.499
100000  13.039 18.822 23.526 28.065 32.920 38.590 45913 56.863 78.830
100 5000  12.732 18.156 22.594 26.892 31.500 36.889 43.852 54.252 75.058
10000 12.600 18.079 22.549 26.879 31.520 36.947 43.958 54.431 75.412
100000 12477 17.999 22493 26.835 31.485 36.919 43.938 54.434 75.514
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Table A.5: Empirical coverage probabilities of two-sided 95% ClIs of expectiles for the M/G/1
process with lognormal service time using the d-fold method with sample size n and expectile
level

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 0.948 0.944 0.941 0.942 0.941 0.939 0.936 0.931 0.926
200 0.948 0.947 0.944 0.942 0.940 0.941 0.940 0.938 0.930

500 0.947 0.945 0.944 0.942 0.944 0.947 0.946 0.941 0.940

1000 0.953 0.951 0.950 0.948 0.948 0.949 0.949 0.947 0.944

5000 0.950 0.949 0.948 0.951 0.950 0.949 0.949 0.949 0.951

3 100 0.926 0.923 0.919 0.919 0.916 0908 0.902 0.892 0.869
200 0.933 0.931 0.929 0.927 0.923 0.919 0.917 0.911 0.899

500 0.945 0.939 0.937 0.937 0.935 0932 0.928 0.926 0.916

1000 0.948 0.948 0.948 0.948 0.948 0.947 0.944 0.940 0.936

5000 0.948 0.948 0.948 0.947 0946 0.946 0.946 0.946 0.945

4 100 0.920 0.912 0.903 0.896 0.889 0.880 0.872 0.860 0.829
200 0.929 0.922 0918 0.914 0.909 0.905 0.898 0.889 0.868

500 0.938 0.935 0.932 0.929 0.926 0.924 0.920 0.914 0.906

1000 0.944 0.942 0.942 0.940 0.937 0.935 0.932 0.929 0.920

5000 0.946 0.943 0.942 0.941 0.940 0.940 0.941 0.941 0.939

) 100 0.915 0.904 0.897 0.888 0.880 0.870 0.857 0.839 0.798
200 0.921 0913 0.908 0.904 0.900 0.894 0.886 0.874 0.848

500 0.935 0.933 0.930 0.926 0.921 0.918 0.914 0.909 0.896

1000 0.938 0.936 0.934 0.933 0.930 0.926 0.924 0.920 0.913

5000 0.945 0.944 0946 0.945 0945 0.945 0.945 0.944 0.942

6 100 0912 0.899 0.890 0.882 0.874 0.863 0.852 0.829 0.775
200 0.921 0913 0.907 0.902 0.897 0.890 0.881 0.867 0.837

500 0.933 0.930 0.925 0.922 0.917 0.914 0.908 0.901 0.886

1000 0.938 0.936 0.934 0.932 0.930 0.927 0.923 0.917 0.906

5000 0.946 0945 0944 0.944 0.944 0945 0.943 0.943 0.939

10 200 0.917 0904 0.896 0.889 0.879 0.871 0.860 0.841 0.797
1000 0.933 0.928 0.926 0.923 0.921 0.919 0.914 0.908 0.897

5000 0.945 0.944 0.943 0.943 0.942 0943 0.942 0.938 0.934
10000 0.948 0.947 0.947 0946 0.946 0.945 0.944 0943 0.941

20 1000 0.933 0.927 0.924 0.921 0918 0.914 0.910 0.901 0.880
5000 0.943 0.940 0.938 0.937 0.936 0.937 0.936 0.935 0.930
10000 0.945 0.945 0.944 0.943 0943 0943 0.943 0.942 0.939
100000 0.952 0.953 0.954 0.953 0.953 0.953 0.953 0.953 0.952
100 5000 0.941 0.939 0.938 0.937 0.937 0.937 0.935 0.933 0.920
10000 0.943 0.941 0.942 0.940 0.941 0.942 0.943 0.943 0.942
100000 0.950 0.951 0.951 0.952 0.951 0.951 0.951 0.951 0.952
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Table A.6: Halfwidths (multiplied by v/n) of two-sided 95% CIs of expectiles for the M/G/1

process with lognormal service time using the d-fold method with sample size n and expectile

level
d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 25.188 43.276 63.007 86.456 116.20 156.78 217.78 324.96 585.62
200 26.182 45.215 66.026 90.782 122.24 165.39 230.78 347.36 640.66
500  27.390 47.452 69.476 95.712 129.18 175.13 245.05 370.75 694.87
1000  28.577 49.476 72.363 99.618 134.31 181.96 254.49 385.07 723.21
5000 29.534 51.309 75.190 103.64 139.88 189.71 265.71 403.10 761.79
3 100 9.205 15.821 23.063 31.635 42.502 57.264 79.317 117.65 208.02
200 9.555 16.482 24.063 33.095 44.602 60.373 84.236 126.64 232.26
500 10.191 17.631 25.794 35.519 47.906 64.930 90.839 137.40 257.00
1000  10.530 18.256 26.735 36.838 49.708 67.394 94.339 142.89 268.70
5000  10.997 19.080 27.950 38.535 52.050 70.660 99.064 150.45 284.43
4 100 6.989 11.994 17.460 23.947 32.151 43.270 59.798 88.220 153.08
200 7.343 12.662 18.482 25.407 34.219 46.278 64.476 96.651 175.50
500 7.760 13.453 19.700 27.153 36.657 49.724 69.619 105.38 196.94
1000 7.998 13.865 20.302 27.976 37.761 51.221 71.743 108.75 204.69
5000 8.393 14.578 21.367 29.471 39.819 54.068 75.823 115.16 217.82
5 100 6.177 10.603 15.442 21.182 28.428 38.211 52.661 77.192 131.34
200 6.455 11.150 16.299 22.433 30.238 40.912 56.992 85.296 153.67
500 6.850 11.870 17.386 23.970 32.378 43.950 61.578 93.257 174.08
1000 7.090 12.291 18.005 24.828 33.539 45.535 63.836 96.864 182.42
5000 7.458 12,947 18975 26.179 35.384 48.064 67.435 102.50 194.01
6 100 5.724  9.828 14.316 19.637 26.338 35.361 48.619 70.892 118.64
200 6.055 10.444 15.263 21.007 28.313 38.290 53.284 79.537 141.91
500 6.426 11.144 16.334 22.537 30.463 41.377 58.004 87.851 163.61
1000 6.595 11.441 16.765 23.123 31.245 42.435 59.517 90.378 170.42
5000 6.983 12.124 17.771 24.521 33.149 45.043 63.222 96.169 182.31
10 200 5.360 9.259 13.552 18.676 25.182 34.022 47.167 69.629 119.50
1000 5.876  10.207 14.981 20.700 28.027 38.146 53.623 81.608 153.72
5000 6.231 10.830 15.890 21.943 29.690 40.385 56.766 86.529 164.69
10000 6.324 10.994 16.129 22.271 30.128 40.969 57.561 87.686 166.77
20 1000 5.439 9476 13.949 19.328 26.242 35.809 50.448 76.783 142.83
5000 5.784 10.074 14.807 20.485 27.770 37.857 53.362 81.664 156.39
10000 5.897 10.264 15.076 20.844 28.237 38.463 54.165 82.794 158.47
100000 6.063 10.548 15.480 21.377 28.916 39.310 55.208 84.043 159.61
100 5000 5.359  9.407 13.935 19.429 26.549 36.488 51.845 79.795 150.96
10000 5.494  9.628 14.233 19.806 27.017 37.082 52.682 81.372 157.17
100000 5.763 10.044 14.764 20.423 27.681 37.725 53.159 81.346 156.19
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A.1.2  Simulation on High Confidence Level Inference

This appendix presents the simulation results of two-sided 99% expectile CIs for AR(1) and

TAR(1) processes. Our findings exhibit similarity to those previously attained.

A.2 Technical Proofs

A.2.1 Proof of Theorem 2.2.1

Proof of Theorem 2.2.1. Note that the expectile estimator 6, in (2.2) is a nonlinear function
of X1,...,Xy,. Thus it is not convenient to analyze it directly. Here we shall establish a
Bahadur representation which gives an asymptotic linear approximation. Based on the latter
result the central limit theorem follows. To this end, we shall apply Theorem 1 in Wu [2007b].
First consider the case with d = 1. For the sake of completeness, we will verify the conditions

(A1)-(A4) in Theorem 1 in Wu [2007b] individually.

(A1) The asymmetric quadratic loss function py is convex. By the definition of ath expectile,
E[ga (X1 — 04)] = 0. We also have ||ga (X1 — 6a)||? > 0 unless P(X7 = 6,) = 1, which

contradicts with the condition that F'is continuous at 6.

(A2) Let ¢(u) = Egn(X1 — 04 + u). Then by integration by parts,

00 Oo—u
o(u) = a/ 1 — F(x)de+ (1 — a)/ F(z)dx.
Oo—u —00
Since F' is continuous at 6, we have
¢ (0) = a(l — F(0a)) + (1 — a)F () = 7o > 0. (A1)

(A3) Clearly ga(-) is strictly increasing and the function p(u) = ||ga(X1 +u—04) — ga (X1 —

0a)|l < |ul is continuous at u = 0.
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Table A.7: Empirical coverage probabilities of two-sided 99% expectile Cls for the AR(1)
process with #(3) innovations using the d-fold method with sample size n and expectile level
a with 10,000 replications

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 0.989 0.991 0.989 0.990 0.992 0.990 0.991 0.989 0.990
200 0.989 0.989 0.991 0.991 0.991 0.991 0.989 0.990 0.989

500 0.990 0.991 0.992 0.990 0.990 0.990 0.990 0.990 0.990

1000 0.990 0.990 0.990 0.991 0.991 0.991 0.991 0.989 0.990

5000 0.991 0.990 0.991 0.989 0.990 0.990 0.990 0.991 0.991

3 100 0.985 0.990 0.989 0.989 0.989 0.990 0.990 0.989 0.987
200 0.990 0.990 0.990 0.991 0.990 0.991 0.990 0.990 0.989

500 0.990 0.991 0.991 0.991 0.992 0.992 0.990 0.988 0.988

1000 0.988 0.990 0.990 0.991 0.990 0.990 0.990 0.991 0.990

5000 0.989 0.991 0.990 0.991 0.991 0.991 0.990 0.989 0.990

4 100 0.979 0.985 0.987 0.989 0.990 0.989 0.989 0.988 0.983
200 0.985 0.990 0.990 0.991 0.991 0.991 0.988 0.989 0.984

500 0.988 0.990 0.990 0.989 0.989 0.988 0.987 0.988 0.986

1000 0.988 0.989 0.989 0.989 0.991 0.990 0.990 0.991 0.987

5000 0.989 0.988 0.990 0.991 0.993 0.993 0.991 0.990 0.988

5 100 0.974 0.983 0.988 0.989 0.989 0.989 0.988 0.985 0.974
200 0.980 0.988 0.990 0.992 0.991 0.990 0.990 0.988 0.981

500 0.986 0.992 0.991 0.990 0.990 0.989 0.989 0.988 0.984

1000 0.985 0.989 0.990 0.990 0.990 0.990 0.990 0.988 0.986

5000 0.990 0.990 0.990 0.991 0.990 0.990 0.990 0.990 0.989

6 100 0.965 0.982 0.987 0.989 0.988 0.988 0.987 0.981 0.965
200 0.976 0.986 0.988 0.988 0.990 0.989 0.989 0.986 0.975

500 0.982 0.990 0.991 0991 0.991 0.990 0.988 0.986 0.981

1000 0.985 0.989 0.990 0.990 0.990 0.989 0.988 0.987 0.984

5000 0.990 0.990 0.991 0.992 0.992 0.992 0.990 0.989 0.987

10 200 0.952 0.979 0.98 0.989 0.990 0.989 0.986 0.979 0.956
1000 0.980 0.988 0.989 0.989 0.989 0.988 0.987 0.983 0.978

5000 0.987 0.990 0.990 0.990 0.990 0.990 0.989 0.989 0.986
10000 0.988 0.989 0.990 0.991 0.991 0.990 0.990 0.990 0.988

20 1000 0.966 0.980 0.986 0.988 0.988 0.988 0.985 0.981 0.969
5000 0.98 0.989 0.991 0.991 0.991 0.990 0.990 0.988 0.984
10000 0.98 0.989 0.990 0.991 0.990 0.991 0.990 0.990 0.988
100000 0.989 0.990 0.990 0.990 0.990 0.991 0.990 0.991 0.990
100 5000 0.958 0.976 0.985 0.989 0.989 0.988 0.984 0.977 0.956
10000 0.977 0.984 0.986 0.989 0.990 0.989 0.989 0.985 0.979
100000 0.990 0.991 0.990 0.990 0.990 0.990 0.991 0.991 0.990
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Table A.8: Halfwidths (multiplied by /n) of two-sided 99% expectile CIs for the AR(1)
process with innovations ¢(3) using the d-fold method with sample size n and expectile level
a with 10,000 replications

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 252,68 199.13 179.55 171.37 169.35 172.45 182.15 203.96 261.26
200 275.80 209.50 185.62 175.10 171.57 173.88 183.24 205.83 270.05

500  283.08 212.21 18743 176.97 174.09 177.26 187.66 211.95 282.00

1000 286.38 213.38 188.74 178.45 175.556 178.52 189.13 214.04 286.21

5000 294.06 218.39 192.29 181.08 177.65 180.48 191.12 216.52 290.85

3 100 42378 33.971 30.707 29.280 28.906 29.403 30.960 34.427 43.272
200  46.234 35.561 31.652 29.965 29.472 29.956 31.628 35.544 46.309

500 48411 36.222 31993 30.215 29.708 30.212 31.957 36.085 48.014

1000 49.650 36.888 32.503 30.641 30.085 30.591 32.397 36.657 49.171

5000  50.139 37.259 32.862 30.988 30.431 30.939 32.777 37.168 50.065

4 100 25.083 20.389 18.526 17.707 17.490 17.776 18.680 20.664 25.584
200  27.788 21.544 19.227 18.221 17.929 18.220 19.228 21.553 27.791

500  29.625 22.203 19.613 18.508 18.182 18.480 19.550 22.077 29.335

1000 30.152 22.436 19.822 18.731 18.425 18.746 19.848 22.455 30.122

5000  30.725 22.801 20.112 18.965 18.620 18.922 20.034 22.699 30.580

) 100 19.597 16.146 14.732 14.099 13.929 14.150 14.844 16.342 19.958
200 22.095 17.298 15.466 14.659 14.422 14.654 15.457 17.291 22.114

500  23.749 17.836 15.751 14.859 14.595 14.833 15.691 17.722 23.510

1000 24.218 18.005 15.904 15.028 14.787 15.054 15.954 18.073 24.276

5000  24.678 18.272 16.099 15.177 14.905 15.155 16.057 18.213 24.586

6 100 16.757 13.942 12.756 12.222 12.081 12.270 12.857 14.113 17.062
200 19.313 15.209 13.617 12912 12,705 12.907 13.606 15.196 19.306

500  21.033 15.839 13.993 13.203 12969 13.181 13.943 15.742 20.827

1000 21.511 15959 14.064 13.268 13.039 13.265 14.056 15.940 21.451

5000  21.961 16.233 14.295 13.475 13.234 13.458 14.259 16.175 21.850

10 200 14974 12,148 10986 10.459 10.305 10.463 10.996 12.167 15.006
1000 17.763 13.182 11.595 10.925 10.731 10.917 11.577 13.148 17.686

5000  18.184 13.389 11.781 11.105 10.909 11.098 11.765 13.359 18.134
10000  18.175 13.404 11.798 11.121 10.925 11.116 11.791 13.398 18.170

20 1000  15.545 11.688 10.282  9.680  9.507  9.677 10.275 11.672 15.502
5000 16.443 11.981 10.502 9.885 9.709 9.882 10.492 11.963 16.403
10000  16.410 12.003 10.539 9.927 9.752  9.926 10.537 12.002 16.417
100000  16.358 12.054 10.596 9.981 9.802 9.973 10.580 12.024 16.300
100 5000  15.102 11.108 9.671 9.061 8885 9.057 9.662 11.089 15.056
10000  15.650 11.240 9.758 9.146 8972 9.146 9.759 11.242 15.658
100000  15.450 11.203 9.808 9.226 9.060 9.224 9.803 11.193 15.431
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Table A.9: Empirical coverage probabilities of two-sided 99% CIs of expectiles for the TAR(1)
process with innovations IN(0, 1) using the d-fold method with sample size n and expectile
level a with 10,000 replications

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 0.991 0.989 0.988 0.991 0.989 0.989 0.990 0.990 0.988
200 0.991 0.990 0.988 0.989 0.991 0.991 0.991 0.993 0.990

500 0.989 0.991 0.990 0.989 0.989 0.989 0.990 0.988 0.990

1000 0.990 0.991 0.991 0.991 0.989 0.990 0.989 0.990 0.991

5000 0.989 0.989 0.988 0.990 0.990 0.990 0.990 0.990 0.989

3 100 0.989 0.990 0.991 0.990 0.990 0.989 0.990 0.991 0.990
200 0.990 0991 0.991 0.990 0.990 0.991 0.991 0.992 0.991

500 0.991 0.990 0.990 0.991 0.990 0.990 0.988 0.990 0.990

1000 0.988 0.991 0.991 0.991 0.989 0.989 0.991 0.990 0.989

5000 0.990 0.988 0.989 0.990 0.991 0.990 0.990 0.990 0.990

4 100 0.988 0.988 0.990 0.989 0.989 0.989 0.990 0.990 0.990
200 0.990 0.991 0.991 0.990 0.990 0.991 0.992 0.991 0.991

500 0.990 0.989 0.989 0.990 0.989 0.989 0.989 0.989 0.991

1000 0.989 0.990 0.990 0.990 0.989 0.989 0.990 0.990 0.990

5000 0.991 0.992 0991 0.991 0.991 0.991 0.992 0.990 0.990

) 100 0.985 0.987 0.989 0.989 0.989 0.988 0.990 0.992 0.992
200 0.986 0.987 0.989 0.990 0.991 0.993 0.991 0.992 0.991

500 0.989 0.989 0.988 0.989 0.988 0.989 0.989 0.989 0.989

1000 0.989 0.991 0.991 0.990 0.991 0.991 0.990 0.989 0.989

5000 0.990 0.990 0.990 0.990 0.990 0.990 0.990 0.990 0.989

6 100 0.983 0.98 0.988 0.988 0.983 0.990 0.991 0.991 0.991
200 0.988 0.988 0.989 0.990 0.990 0.990 0.992 0.992 0.991

500 0.988 0.990 0.991 0.990 0.990 0.989 0.989 0.989 0.989

1000 0.989 0.991 0.990 0.990 0.990 0.990 0.990 0.990 0.990

5000 0.991 0.991 0.989 0.989 0.990 0.989 0.990 0.990 0.991

10 200 0.980 0.986 0.987 0.989 0.989 0.990 0.990 0.991 0.990
1000 0.989 0.990 0.989 0.989 0.991 0.991 0.990 0.990 0.988

5000 0.991 0.991 0.990 0.989 0.989 0.989 0.989 0.990 0.989
10000 0.991 0.992 0.992 0.991 0.991 0.990 0.990 0.991 0.990

20 1000 0.983 0.983 0.988 0.989 0.989 0.990 0.989 0.990 0.989
5000 0.989 0.990 0.990 0.990 0.990 0.990 0.989 0.988 0.988
10000 0.991 0.990 0.990 0.991 0.991 0.991 0.991 0.990 0.990
100000 0.990 0.990 0.990 0.991 0.990 0.990 0.991 0.990 0.991
100 5000 0.951 0.975 0.983 0.989 0.989 0.989 0.987 0.984 0.976
10000 0.973 0985 0.987 0.990 0.990 0.991 0.989 0.987 0.983
100000 0.988 0.990 0.990 0.990 0.990 0.989 0.989 0.990 0.990
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Table A.10: Halfwidths (multiplied by y/n) of two-sided 99% CIs of expectiles for the TAR(1)
process with innovations IN(0, 1) using the d-fold method with sample size n and expectile
level a with 10,000 replications

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 86.279 76.257 71.125 67.749 65.285 63.458 62.330 62.359 65.999
200 85.522 75438 70.250 66.798 64.253 62.384 61.146 60.972 64.644

500  86.689 76.010 70.549 66.920 64.218 62.155 60.760 60.504 64.066

1000  87.761 77.192 71.740 68.123 65.400 63.296 61.761 61.383 64.811

5000  86.831 76.222 70.864 67.321 64.658 62.643 61.239 60.948 64.365

3 100  14.717 13.062 12.206 11.638 11.224 10.925 10.746 10.766 11.415
200 14912 13.182 12.270 11.659 11.205 10.863 10.630 10.583 11.164

500  14.882 13.106 12.203 11.605 11.166 10.835 10.608 10.568 11.172

1000 15.034 13.239 12.315 11.701 11.248 10.901 10.663 10.622 11.234

5000  15.171 13.346 12415 11.796 11.333 10.972 10.714 10.641 11.201

4 100 8.852  7.888 7.382 7.045 6.803 6.628 6.525 6.549  6.955
200 9.023 7993 7459 7.105 6.847 6.655 6.530 6.520  6.899

500 9.137 8.041 7478 7107 6.834 6.630 6.494 6480 6.865

1000 9.217 8113 7543 7.162 6.877 6.658 6.503 6.467 6.826

5000 9.266 8.154 7.582 7.199 6912 6.689 6.533 6.497  6.864

) 100 7.047 6.308 5915 5.654 5468 5336 5.266 5299  5.650
200 7.219  6.401 5974 5.690 5482 5328 5.227 5224  5.536

500 7.348  6.464 6.009 5.709 5488 5322 5210 5.192 5.495

1000 7403 6.511 6.052 5.746  5.518 5.343 5.221 5.193  5.483

2000 7437  6.539 6.083 5.779 5551 5373  5.246 5212  5.502

6 100 6.119 5493 5.164 4.947 4795 4.690 4.637 4.675 4.986
200 6.397 5.680 5306 5.009 4.879 4.747 4.663 4.664 4.939

500 6.497 5.729 5331 5.068 4.874 4.727 4.628 4.613 4.879

1000 6.524 5.750 5.351 5.086 4.890 4.740 4.636 4.617 4.879

5000 6.598  5.803 5396 5.123 4920 4.762 4.649 4.618 4.866

10 200 5.135 4591 4304 4.116 3981 3.886 3.833 3.854 4.103
1000 5.375 4.736 4.407 4188 4.027 3.904 3.821 3.807 4.029

2000 5.433  4.781 4.446  4.222  4.055 3925 3.833 3.811 4.024
10000 5420 4.765 4.431 4.209 4.044 3916 3.825 3.804 4.022

20 1000 4.745 4199 3918 3.733 3.597 3.495 3.428 3.422 3.620
2000 4.836 4.256  3.958 3.760 3.612 3.498 3418 3.399 3.591
10000 4.837 4256 3.958 3.759 3.610 3.496 3.414 3.395  3.589
100000 4.845 4.259 3960 3.759 3.610 3.494 3.412 3.393  3.585
100 2000 4401 3.893 3.633 3460 3.333 3.238 3.176  3.171  3.357
10000 4.447 3921 3.652 3473 3341 3.239 3.170  3.158  3.339
100000 4488 3946 3.668 3.484 3.346 3.239 3.163 3.145 3.324
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Table A.11: Empirical coverage probabilities of two-sided 99% ClIs of expectiles for the
TAR(1) process with innovations ¢(3) using the d-fold method with sample size n and ex-
pectile level o with 10,000 replications

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 0.988 0.989 0.988 0.991 0.989 0.992 0.992 0.991 0.990
200 0.990 0.992 0.992 0.991 0.990 0.990 0.990 0.993 0.990

500 0.989 0.989 0.989 0.990 0.990 0.990 0.991 0.990 0.991

1000 0.991 0.990 0.989 0.991 0.992 0.991 0.991 0.991 0.990

5000 0.989 0.990 0.990 0.991 0.991 0.988 0.989 0.990 0.990

3 100 0.983 0.98 0.985 0.986 0.988 0.989 0.988 0.990 0.989
200 0.986 0.988 0.988 0.990 0.991 0.991 0.990 0.991 0.990

500 0.988 0.990 0.991 0.991 0.991 0.992 0.992 0.991 0.989

1000 0.988 0.989 0.988 0.989 0.989 0.990 0.990 0.990 0.990

5000 0.989 0.989 0.990 0.990 0.990 0.991 0.992 0.991 0.990

4 100 0.972 0.980 0.980 0.984 0.985 0.988 0.990 0.991 0.989
200 0978 0.984 0.985 0.987 0.989 0.989 0.990 0.991 0.988

500 0.985 0.989 0.988 0.988 0.989 0.989 0.989 0.989 0.987

1000 0.985 0.987 0.989 0.989 0.989 0.990 0.989 0.991 0.989

5000 0.988 0.990 0.990 0.989 0.989 0.990 0.991 0.993 0.990

) 100 0.960 0.974 0.979 0.983 0.987 0.989 0.991 0.991 0.985
200 0.974 0983 0.986 0.987 0.989 0.990 0.992 0.991 0.989

500 0.981 0.984 0.987 0.988 0.988 0.990 0.990 0.990 0.988

1000 0.985 0.986 0.987 0.988 0.989 0.989 0.990 0.990 0.988

5000 0.989 0.988 0.989 0.989 0.990 0.991 0.990 0.989 0.991

6 100 0.950 0.969 0.979 0.983 0.985 0.988 0.991 0.990 0.983
200 0.967 0.979 0.983 0.985 0.987 0.989 0.990 0.991 0.987

500 0.978 0.984 0.987 0.989 0.990 0.991 0.991 0.991 0.986

1000 0.982 0.985 0.987 0.987 0.988 0.989 0.989 0.989 0.988

5000 0.989 0.988 0.989 0.989 0.989 0.990 0.992 0.992 0.990

10 200 0.940 0964 0.976 0.980 0.984 0.988 0.992 0.991 0.982
1000 0.975 0.982 0.984 0.987 0.988 0.989 0.989 0.989 0.984

5000 0.986 0.983 0.988 0.989 0.989 0.990 0.990 0.990 0.990
10000 0.987 0.989 0.989 0.989 0.990 0.991 0.991 0.990 0.990

20 1000 0.962 0.976 0.981 0.985 0.987 0.987 0.987 0.988 0.985
5000 0.983 0.987 0.988 0.988 0.989 0.989 0.991 0.991 0.991
10000 0.985 0.988 0.989 0.989 0.989 0.990 0.990 0.991 0.989
100000 0.990 0.991 0.990 0.990 0.991 0.990 0.990 0.990 0.990
100 5000 0.963 0.979 0.983 0.987 0.988 0.988 0.989 0.990 0.989
10000 0.977 0983 0.986 0.988 0.988 0.989 0.990 0.991 0.990
100000 0.989 0.991 0.990 0.991 0.990 0.990 0.990 0.990 0.991
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Table A.12: Halfwidths (multiplied by y/n) of two-sided 99% CIs of expectiles for the TAR(1)

process with innovations ¢(3) using the d-fold method with sample size n and expectile level

a with 10,000 replications

d n a=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
2 100 22894 162.62 133.64 117.45 107.75 102.98 103.85 115.06 161.58
200 25238 173.72 140.86 122.37 111.12 105.05 104.45 114.25 160.63

500  261.66 176.86 142.76 123.80 112.14 105.67 104.96 115.16 161.93

1000 265.59 178.36 143.80 124.76 113.08 106.51 105.64 115.85 163.68

5000  272.83 181.97 145.73 125.68 113.33 106.45 105.77 116.09 164.43

3 100 37.922 27.538 22877 20.204 18.589 17.783 17.938 19.924 27.819
200 42.200 29.305 23.857 20.813 18.968 17.989 17.992 19.850 28.067

500  44.809 30.273 24.401 21.149 19.163 18.074 17.970 19.699 27.805

1000 46.274 31.023 24.938 21.562 19.489 18.317 18.137 19.839 28.021

5000  47.146 31.497 25.274 21.823 19.698 18.508 18.320 19.994 28.236

4 100 22469 16.557 13.813 12.219 11.259 10.806 10.941 12.169 16.872
200 25414 17.825 14.540 12.684 11.559 10.966 10.975 12.115 17.125

500  27.395 18.539 14.946 12950 11.733 11.069 11.014 12.105 17.143

1000  28.074 18.819 15.135 13.103 11.867 11.185 11.113 12.182 17.203

5000  28.715 19.172 15.394 13.298 12.012 11.292 11.189 12.231 17.288

) 100 17.482 13.093 11.003 9.776 9.037 8.691 8.818 9.830 13.539
200 20.118 14.268 11.689 10.219 9.327 8.863 8.889 9.848 13.927

500  21.978 14.908 12.012 10401 9421 8889 8850 9.736 13.861

1000 22.541 15.073 12.112 10.486 9.503 8.967 8922 9.805 13.929

5000  23.234 15477 12.410 10.711 9.667 9.078 8.986  9.828 13.928

6 100 14.935 11.325 9.560 8517 7.887 7.599 7.728 8.634 11.831
200 17.527 12521 10.282 8999 8221 7.823 7.862 8.740 12.384

500  19.448 13.239 10.679 9.2564 838 7.916 7.885 8.683 12.379

1000 19.997 13.380 10.745 9.294 8412 7927 T7.878 8.657 12.351

5000  20.559 13.679 10.970 9473 8.558 8.047 7976 8737 12.402

10 200 13.524 9.989 8310 7.324 6.725 6.430 6.504 7.274 10.185
1000  16.524 11.072 8877 7.669 6.937 6.538 6.507 7.179 10.354

5000  17.032 11.272 9.022 7.784 7.029 6.608 6.554 7.192 10.268
10000  17.121 11.355 9.089 7.839 7.072 6.640 6.573 7.193 10.222

20 1000  14.433 9.837 7.899 6.823 6.171 5.822 5817 6.479  9.501
5000  15.448 10.135 8.077 6.955 6.275 5.897 5.851 6.434 9.272
10000  15.443 10.153 8103 6981 6.297 5916 5.866 6.440 9.222
100000  15.469 10.242 8.181 7.042 6.343 5949 5887 6.445 9.153
100 5000  14.170 9.460 7.505 6.432 5.788 5442 5433 6.098 9.221
10000  14.774  9.584 7.561 6472 5819 5463 5434 6.048  9.059
100000  14.664  9.547 7.588 6.519 5.867 5.500 5.443 5974 8.581
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(A4) In our setting, x; = 1. Then X, = Y 1" X;X, =n, so max;<p, xiTZﬁlmxi =n"1/2 =

o(1).

Hence conditions (A1)-(A4) in Theorem 1 in Wu [2007b] are all satisfied. Let the shift
process Fj, = (...,ex_1,€;) and Fp = (...,e_1,€(,€1,.-.,€;). Then Fy is a coupled version

of Fj. with g replaced by 56 and F j’ = Fj for j < 0. It remains to verify the SRD condition

> sup IE[ga (X}, +w)IFo] — Elga(X}, + w)|Fol|| < 0. (A.2)
k=0

We now apply the coupling argument to prove the above relation. For any w, we have

IE[ga (X +w)[Fo] = Elga(X}, +w)|F-1]ll = [IElga(Xy +w)|Fo] — Elga(X}, +w)|Fo]

< [lga( Xy, + w) = ga (X, + w)|| < | Xp — X
and similarly
IE[ga (X, + w)[Fo] — Elga(XG, +w)[ FL]ll < [1X), — Xl.
Therefore,
IE[ga (X, + w)[Fo] — Elga(X}, +w)[Fol| < 2/ Xy — Xpl.
Thus condition (7) in Wu [2007b] is satisfied in view of (2.9), and

o0 o0
> sup [|Elga (X + w)l o] - Elga (X} + )| FI| €2 g2 < oo.
k=0 k=0
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By Theorem 1 in Wu [2007b], we obtain the Bahadur representation
A 1 < P
V(0,1 — 0a)¢'(0) — 7 > " ga(Xi —0a) = 0, (A.3)
t=1

which is consistent with the result under i.i.d. assumption in Theorem 3 in Holzmann and

Klar [2016]. For the general case with d > 1, due to stationarity, (A.3) implies that for all j,

R 1 Jm
\/E(ea,j - 9&)90/(0) - ﬁ Z 9o (Xt — 0a) g 0. (A.4)
t=1+(j—1)m

We can derive the marginal asymptotic distributions for \/m(éa,j —0a), 5 =1,...,d, in
the view of (A.4). However, we still need to investigate the joint distribution of \/m(éa,l —
Oq, éa72 —0q, - 7éa7d — 0q). To this end, define the partial sum process Sy,0 < u < n, as

Sp =0, S,Fzga i—0a), k=1,....n,

Su=5Sr+ (u—k)ga(Xpi1 —b6a), k<u<k+1, k=0,1,...,n—1.

Under condition (2.9), we have the invariance principle (Theorem 3 (i) in Wu [2005b], The-
orem 3 (ii) in Wu [2011])

{S_\}%‘ 0<u<1}:>aaoo{183(u),0§u§1}, (A.5)

where B(+) is the standard Brownian motion and the long-run variance

o
Oaoo = Z COV{ga<X1 - 90&)7 gOl(Xt - 90‘)} < 0.

t=—00

Let w = k/d,k = 1,...,d, by the definition of Brownian motion, we have that B(k/d) —
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B((k—1)/d), k=1,...,d, are i.i.d. N(0,1/d). By (A.5),

1 m 2m n o
% Zga(Xt_9a>a Z 9o(Xt —ba), - - -, Z 9o Xt — 0a) | = %N(Oyld)-
t=1 t=m+1 t=m(d—1)+1
(A.6)
With (A.4) and (A.6), we have (2.10) by Slutsky’s theorem. O

A.2.2  Proof of Corollary 2.2.1.1

~

Proof. For fixed d, let Y}, j = v/m(0n j(X1,...,Xp) —0a) and Yy, = (Y 1, . .. ,and)—r. Let
Z = (Z1,...,Zq) ~ N(0,02./721;). By Theorem 1, we have Y, = Z. Let continuous

function h : R? — R be

Vi
VEL i - 92/~ 1)

h(y) =h(y1,.--,vq) =

where § = (y1 + - -+ + yg4)/d. By the continuous mapping theorem, we have h(Y;,) = h(Z),

where
— d ~ —
h(Y ) _ \/3Yn . \/T.lm Zj:l(emj - ea) o \/E(ea,d - ea)
n) — — - N — - ~
\/ T o1 (Yo — Yn)? \/ 7 Y7100 j — 0,02 Ta.d
and it is well-known that h(Z) ~ t _1. O

A.2.3  Proof of Theorem 2.2.2

We first present a lemma, which will be frequently referenced in the proof of Theorem 2.2.2.
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Lemma A.2.1. (i) Under condition (i) of Theorem 2.2.2, for

M, (6) = n‘lﬂiuxi — 0| — E|X; —0]), (A7)
=1

there exists a constant C' > 0, such that for any ¢ € R and 0 < { < 1, the maximal inequality
holds:

_ 1-1/K
I, max (M (6) = Mn(@)]lp < €11 (A8

(it) Under condition (ii) of Theorem 2.2.2, we have

I, masx |Mn(6) = Ma(0)]] < OC (A.9)

Proof. Let 6,0’ € R. Recall F; = (g¢,64_1,&¢_92,---) and define the projection operator
P =E(-|F) — E(|F-1)- (A.10)

Note that [|Py|X; — 0]|[p < 0;p and ||z — 0] — |z — 0'|] < |0 — ¢'|. By (2.14), we have

0 0
> IPo(1X; = 0] — 1X; = 0')]lp < > min(|0 — 0'[,26; )
1=0 1=0

< Cymin(dy p, [0 — 0| < o0 (A.11)
in view of 329°; min(b,i %) = O ~YE). By Theorem 1(iii) in Wu [2007a],
o0
|1M3(8) = M0l < cp D [Po(1Xs =6 = |X; = 6')llp < Camin(1, |6 —6'|'"1/5), (A.12)
1=0

where the constant Cg is independent of n. Let d € N, ¢; = ¢ + (j/Qd, j = 0,...,2d,

and Z; = M(¢;) — M(6;_1). By the moment maximal inequality in Proposition 1(i) in Wu
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[2007a| and (A.12),

max |M
1<j <2d‘ (¢J>

2d r l/p
!ji: 1M (bgrm) — M(dor(m—1))lIp
p

i

< C3<—171/K Z Qh(l/erl/Kfl) _ C5<171/K
h=0
since 1/p+1/K — 1 < 0. Notice that Max < <od |M(¢;) — M(¢)| is decreasing in d and its
limit as d — 00 is maxy<g<yi¢ |[Mn(0) — Mn(¢)|, then (A.8) follows.

(ii) We now prove (A.9). Recall the empirical distribution function

=n"1> 1x,<p. (A.13)
=1
Then for 8 > ¢, we have
0
V20 (6) — Mi(6)) = 2 /¢ (Fo(u) — F(u))du. (A.14)

Denote by & the sum in (2.15). By Theorem 1(iii) in Wu [2007a], sup,, v/n||Fn(u) — F(u)]| <

k < 0o. Thus

P+C
I max [Mp(0) = Mn(9)]|| < 2\/5H/¢ |[Fn(u) = F(u)|dull

P<O<¢p+(

P+C
<2V / | ) — Fu)ldu < 25,
]

completing the proof. O
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Proof of Theorem 2.2.2. We first prove (2.16) under (i). We shall first show that

Sup{\/méa —bal, a1 <a < ag} = 0Op(1). (A.15)
To this end, let
Qo) = % S ga(X; — u) and Qa(u) = EQun(u). (A.16)
t=1

Since F'(+) is continuous, for any u; < ug, we have as y — 0 that

max  max |Qa(u +y) — Qa(u) —yQu(u)| = o(y), (A17)

ar<a<ag up <u<ug

where the derivative

QL(u) = —a(l = F(u)) + (a — 1)F(u). (A.18)

Note that Q,(6n) = —7a. Since go(x) = 2/2 + (o — 1/2)|z|, we have
Qan(u) = Qalu) = Xn/2 —E (Z Xt) /2n + (v = 1/2)Mp(u)/v/n, (A.19)
t=1
By Lemma A.2.1(i),

max  max  |Qan(u) — Qalu)| = Op(n~1/?). (A.20)

aj<a<ag up<uug

Then for any sequence ry, 7/y/n — 0, we have Qu.n(6a — rn/v/n) > 0 and Qa.n(0a +
rn/v/n) < 0 uniformly over a1 < a < ag with probability going to 1. Since Qa’n(éa) =0,
by the monotonicity of Qan(-), (A.15) holds.

Again by Lemma A.2.1, we have uniformly over a1 < a < a9 that

Qa,n(éa) - Qa(éa) = Qa,n(ea) - Qalfa) + n_l/QOP((n_1/2)1_1/K) (A.21)
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in view of (A.15). Note that Qam(éa) =0, Qu(8a) = 0, by the uniform Taylor expansion
(A.17), we have

n n _ \/EQOZJL(QQ) n_1/2 1-1/K
V(o — 6a) AN + Op(( ) ) (A.22)

uniformly over a1 < a < ag. To prove the weak convergence (2.16), we need to verify
the finite dimensional convergence and the tightness (cf. Billingsley [2013]). The finite
dimensional convergence follows from the Bahadur representation (A.3) and the central
limit theorem of \/nQan(fa) via the Cramér-Wold device. We now prove the tightness

of {VnQan(a),a1 < o < ag}, which by the continuous mapping theorem implies the

tightness of {\/nQa.n(0a)/Qh(0a), a1 < a < as}. Let
Ran(0) = Vn[Qan(0) — Qa(0)]. (A.23)
For a, a’ € [aq, as], we have
[Ran(0a) = By (o)l < [Ran(0a) = By n(0a)l + [Ros 5 (0a) = By n(00/)]. (A.24)
Since 227 = x + |z| and 227 = x — |z, recall S, = " | X;, by (A.19),
[Ran(0a) = Rey (0a)| < |a — o |[Mn(0a), (A.25)

and

’Ra’,n(0a> - Ra’m(ea’” < |Mn(9a) - Mn(eo/)" (A'26>

Notice that 0, is uniformly continuous over a1 < o < ap. Let up = 0, and ug = 0q,. By

Lemma A.2.1,

P sup | M () — Mp(u')] > ¢| < 02— "L (1-1/K)p

< , (A.27)
wu €[uy,ugl,|Ju—u'|<¢ CeP
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which converges to 0 as ¢ — 0 since (1—1/K)p > 1. Thus the process {Mp(u),u; < u < ug}
is tight, which implies the tightness of {M,(04), a1 < a < as}. Observe that Lemma A.2.1
implies || maxg<p<pyi1 [Mn(0)||lp < C. Thus || maxy, <y<u, [Mn(0)||lp < C1 since uy, ug are
finite. By (A.24)-(A.26), the process {v/nQan(0a), 1 < a < ag} is tight, completing the
proof of (2.16) under (i).

We shall now prove (2.16) under (ii) using the same argument as in (i). By Lemma
A.2.1(ii), we have (A.20), which implies (A.15). The error term Op((n~1/2)1=1/KY in (A.22)
now becomes the sharper one O]p(n_l/ 2), and hence the finite dimensional convergence fol-
lows. The right hand side of (A.27) becomes C(Ce?) ™ ug — uq)¢? = Clug — up)¢/€?, still

ensuring the tightness. Thus the weak convergence (2.16) similarly follows. ]

A.2.4  Proof of Theorem 2.2./

Proof of Theorem 2.2.4. Let m(0) = E|X; — 0], m/(9) = 2F(0) — 1, and

Nu(0) = R;(0), where R;(6) = |X; — 6] — m(0) — m/(0)X;. (A.28)

=1
Then R;(0) =2 x 1x,<p — 2F(0) —2f(0)X;. Let An(j) = 2272, ), én = lan—1|[|an—1| +
An()V? + An(2)Y?] = O(lan—114n(2)1/2), ©n = 21 ¢1. By Corollary 1 in Wu [2006],

under the assumption Elg;[P < oo, p > 2, and sup,(f=(x) + | fL(z)|) < oo, we have

(0. ¢]
Sl;p(HN(@)HQ +[IN'(0)[|7) = O(Ep) where = = nOp + Y (0,45 — 6;)?, (A.29)
=1
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where Z,, = O(n) if § > 3/4, 2, = O(n* ¢4 (n)) if 1/2 < 8 < 3/4and =, = O(n[S27; £2(1)/1]?)

if 3= 3/4. For all those three cases we have =, = o(n3~28¢2(n)). Hence for any 1 < 0y,

0

sup [N(6)) < [N@)|+ s [N(®) - N@o| <N (o)|+ [N @)ds. (a30

0€[01,02] 9<(01,02] 01

which by (A.29) implies

| sup NI = OEN?) = o(n®>e(n)). (A.31)
96[91,92]

Note that go(z) = 2/2 + (o — 1/2)]z]. Let Qq(u) = Ego(X; —u). Thus QL (u) = (o —
1/2)(2F(u) — 1) — 1/2. By (A.31),
sup  sup | [ga(Xi — 0) — Qu(0) — QL(O)X,)| = o(n®* 1 (n)). (A.32)

a€lar,az] 0€lth,02] ;1

Thus for any sequence L,, — 0o, we have

n

n
inf Z[ga(Xi—Ha—Lnnl/z_ﬂé(n)] >0and sup Z[ga(XpL@a—Lnnlﬂ_ﬁE(n)] < 0.

a€lo,a0] I aglar,ag] =1

Since the rate of L;, — oo can be arbitrarily, we have

sup o — 0a| = Op(n'/2Pe(n)). (A.33)

a€lag,a9]

Since F(-) has continuous derivative, (A.33) implies that

sup Q@ (0a) — Qh(0a)| = Op(n** Pi(n)). (A.34)

a€lag,as]
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By (A.32) and (A.33), we obtain

n

sup | Y [9a(X; — 0a) — Qalba) — Qh(0a)X;]| = o(n> > Be(n)). (A.35)

aclar,ag] ;4

Note that 311 ga(X;—0a) = 0, Qa(fa) = 0 and Qa(fa) = (fa—0a)Qp(0a)+op(n'/2=P(n)),
we obtain (2.22), which implies (2.23) in view of (2.21). O

A.2.5 Proof of Lemma 2.5.3

Proof. Let

Z{ — )1 x,<9 — E[(X; — 0)1x,<pl},

Ny () = Z{Hlxige — E[01 x,<g]}-
i—1

Then Hy(0) = My,(0) + Np(0). By Fubini’s theorem, we have

My (0) — My (6g) = /Z]lX<udu—

)

0
_ / n[F (1) — F(u)]du.
7]

0

/a Z]IX <udu]

0 =1

Therefore, by Lemma 2.3.2, for any ¢ > 0, we have

Oo+by,
sup |Ma(6) = Ma(0) < [ |Fufu) - Fluldu
|0—00|<bn, 0o—bn,
= Oas. (02, (log n)? 2 (log log n)1/2+1/%) (A.36)
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On the other hand, observe that

Np(0) — Nn(0p) = On[Fp(0) — F(0) + Fn(0) — F(6p)] +n(0 — 0p)[Fn(00) — F(0p)].

Again, by Lemma 2.3.2, we have

sup  [Np(0) — Nn(0o)| <n(|0o] +bn) sup [Fn(0) — F(0) + Fn(fy) — F(0p)|
|60—60|<bn |0—00|<bp

+ nbn|Fn(60) — F(6p)|

=0as.(|00|n"*(tog n)) (A.37)
for some ¢ > 9/4. Combining (A.36) and (A.37) completes the proof. O

A.2.6 Proof of Theorem 2.3./

Proof. By Lemma 2.3.1 and 2.3.3, we have
/
|Hn(a) — Hn(da)| = Oas.(n/*(logn)?)

which indicates

n
1=1
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By Taylor expansion and Lemma 2.3.1 on ¢(-), we can further obtain that

_(;mE/’Sa = ngl<qa)(qa — qa) —+ Z Xi]lXiS(]a + Oa.s,(nl/‘l(log n)q )

7

— nqa(Q — Fn(Qa)) + Z Xi]le'Sqa + Oa.s,(nl/ﬁl(log n)q/)

7

= naga + Y ha(X;) + Oas (n'/4(logn)?)

1
By CLT on hq(X;) and Slutsky’s theorem, we have
e d
Vi(—aESy — aga) % N(Eha(X1),0%)

where Ehq(X1) = —aESq — ¢a F'(ga), which completes the proof.

A.2.7 Proof of Theorem 2.3.5

Proof. By Lemma 2.3.3, for —oo < 01 < 0y < 9 < 00, we have

!
sup  sup  |Hp(60) — Hp(6p)| = Oas.(max(|61], 62])n/*(log n)?),
01 <0p<02 |0—00|<by,

which indicates we have uniformly over a; < a < a9 that
H,(Go) = H Oas (n/4(logn)?
n(da) = Hn(ga) + Oas.(n/*(logn)?).
Since f € C 1, by the uniform Taylor expansion on g(6), we have that

sup  [g(0 + u) — g(0) — ug'(6)| = O(u?)
01<0<09
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as u — 0. Then we have uniformly over a1 < a < a9 that

vna [EASa —ESq + ga — C%F(qa) = Z?:ﬂha(Xf/)ﬁ_ ~elZil Oas.(n~*/4(logn)?)
_ M?z/(g@ + Ogs.(n 3 *(logn)?) (A.38)

The finite dimensional convergence of (A.38) can be verified based on Theorem 2.3.4 via
Cramer-Wold theorem. For the tightness of {M(qa)/v/n, a1 < a < as}, by (A.36), we

have that for any 6 > 0 and ¢ > 1

P sup 0 V2 Mu(ga) — Ma(qy)| > 6| < C’Mb%(log n)31/2 (log log )34/
a1<a,0/<ag bn o1

which converges to 0 as b, — 0. Thus, {My,(qa)/v/n, a1 < a < as}is tight, which completes

proving the weak convergence. O]

A.2.8 Proof of Theorem 2.5.6

Proof. Following Wu [2006], in our setting, we have K(X) = X1y<p — E[X1x<g]. Let
Koo(w) = E[K(w + X3)]. Then we have

0 0
k1 = KL (0) = / cf (x)dr, Ky = / zf (z)dx.
—0 —0o0
Applying the Theorem 1 in Wu [2006], we can directly derive the results. O
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APPENDIX B
APPENDIX : SUPPLEMENTARY MATERIALS FOR CHAPTER

3

B.1 Factor pricing model

A factor model has been one of the most successful asset pricing models in finance. Given
that related asset prices tend to move together in general, the principal component of these
assets can explain a large share of the variance under a suitably constructed factor model.
The class of these models include the single-factor capital asset pricing model (CAPM)
and the Fama-French three factor model, etc. The methodology developed in this paper
can be used to check whether the pricing errors in these factor models are indeed zero or
not (Lewellen and Nagel [2006]). To this end, we consider the following generalization of a

single-factor asset pricing model:

Rt = a(Zt) + B(Ze) RY" + 0(Zt)er (B.1)

where Ry is the excess return of momentum portfolio (Jegadeesh and Titman [1993]) and
R} is the excess return on the value-weighted market index portfolio at ¢, respectively. Here
we let «(+), the pricing error of the factor model, depend on Z, a vector of state variables.
The model pricing error in (B.1) is likely to be time-varying and its variation is related to
the vector Z; that is known to predict the excess portfolio return. To this end, we let Z; be
a bi-variate random vector of:

(i) market portfolio’s dividend yield

(i) de-trended T-bill yield (i.e. the lagged one-month T-bill yield less its 12-month moving
average).

The key issue here is whether the pricing error of the factor model (B.1) is zero in Z;.
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There has been a vast literature on testing the hypothesis of a zero pricing error for asset
pricing factor models (Harvey [1989]; Jagannathan and Wang [1996]; Lewellen and Nagel
[2006]; Ang and Kristensen [2012]; Engelberg et al. [2018]). To our best knowledge, however,
the current study is the first one to model the pricing error of a single-factor CAPM as
a multivariate unknown function of relevant state variables and to show how to perform
simultaneous inference of the zero-pricing-error hypothesis under such a framework. Through
the simultaneous inference proposed here, we not only get to test the hypothesis, but also
get to better understand the relationship between the pricing error and the variables that
have been known in the literature to predict the portfolio returns, such as the dividend yield
or the T-bill yield. To this end, we consider the following generalized factor model with a

bivariate pricing error:

Ry = a(DY; 1, TY; 1) + B(DY; 1, TY; 1) RY" + 0(DY; 1, TY; 1)et, (B.2)

where DY} and TY; represent the dividend yield and de-trended T-bill yield, respectively.
Here (B.2) is used to test the validity of the single-factor CAPM, where the pricing error
a(+, ) is an unknown bi-variate function of the dividend yield and the T-bill yield. Given that
(B.2) is a special case of (3.1), our methodology readily applies. By constructing a SC'R
for the unknown «(-,-), one can conduct simultaneous inference for the zero-pricing-error
hypothesis for the factor model in (B.2).

The U.S. monthly data for the momentum portfolio, the market excess returns and the
two yield variables during JUL 1963-MAR 2019 are obtained from the Kenneth French’s data
library (https://mba.tuck.dartmouth.edu/pages/faculty /ken.french/data_library.html). The
estimation results are shown by Figs.B.1 and B.2.

Fig.B.1 provides the estimates of «a(-,-) and f(-,-) in terms of the dividend yield and
the T-bill yield in a three-dimensional way. The figure clearly shows the highly nonlinear

nature of the underlying relationship. Fig.B.2 represents the two-dimensional relationship
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Pricing Error Beta Coefficient

(a) Pricing error (b) Beta coefficient

Figure B.1: Pricing error and the beta coefficient of a CAPM in the market portfolio’s
dividend yield and the de-trended T-bill yield; The bandwidth is obtained through the
generalized cross-validation (GCV).

between the pricing error «f(-,-) and the market portfolio’s dividend yield when the T-bill
yield is fixed at a certain percentile. Each panel in Fig.B.2 also includes the 95% SCR of the
corresponding function estimate to conduct simultaneous inference of the zero-pricing-error
hypothesis. To accept the null hypothesis of zero-pricing error at a 5% level, the horizontal
line fixed at zero must be entirely contained by all SC'Rs in Fig.B.2. Clearly, Panels (a)-
(c) in Fig.B.2 fail to contain the horizontal line entirely, and the null hypothesis thus gets
rejected at a 5% level for the factor model in (B.2). The main reason for the rejection is
because the estimated nonlinear pricing error with its relatively tight confidence band stays

substantially higher than the null value of zero.
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(c) 75th-percentile of T-bill yield

Figure B.2: The solid curve is the local-linear regression estimate of the pricing error a(-).
The dashed band is the 95% SCR of a(-) and the dotted horizontal line is the null Hy :
a(-) = 0. The bandwidth is chosen by GCV'.
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B.2 Technical Proofs

B.2.1 Lemmas

Lemma B.2.1 (Bonnerjee et al. [2024]). Let X1,..., X, € RP, p > 2, be independent mean
zero vectors such that E[|X;|%] < oo for some ¢ > 2. Let n1,...,n, € RP be independent

mean zero Gaussian vectors such that for 1 < i < n, Cov(n;) = Cov(X;). Suppose o; =

1> 51 Xijll > 0 for all j < p. Then

1

59=6 L
sup < cq(lognp)ta—2 1L,

BeAp

n n
P (in S B) —P (Zm S B>
1=1 i=1
where Lg = Y"1 1 E[|Y;|%&] and c; is a constant depending solely on q.

Proof of Proposition 3.2.1. Applying Lemma B.2.1 with X; = ¢;v; and n; = ¢;v;, we have

n n
Xivij |1 Vi
Lq:ZE max :mquaX —
i I<j<p| 0j P J<p | 0}
Thus, Proposition 3.2.1 follows from Lemma B.2.1. O]
Lemma B.2.2. Let
1 " T z — Z’L
1) = Y X w (255, (B.3)
=1
Under the conditions of Theorem 3.2.1, we have
P (s 112(2) = Bfu(e)lg > Ot/ 0gn ) = o), (5B.4)
z€D

where C' is a constant independent of n and b.

Proof. Throughout the proof, we use C' to denote a generic constant, which may vary from
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line to line. Let

X*
=GO M i1 ) (B.5)
A

where {n;j,j € Z} is an ii.d. copy of {n;,j € Z} fori = 1,...,n, and define the coupled

version of fj,(z) as
1 " T Z — Z*
falz) = WZXz‘*Xi* K (TZ) :
1=1

Comparing (B.5) and (3.10), we can see X, Z* also satisfy the condition 3.2.2 and Ef};(2) =

Efn(z). Then, firstly, we notice that

P (sup 17u(2) ~ Efalo > )
z
<P (sup |fn(2) = Efn(2)]s > t, max|Xjloo <n', max|X]|s < nT)
z 2 7

+P (Sup |fn(2) — Efn(2)]|s > t, max|X;loo >n" or max|X | > nT> : (B.6)
z 2 1

where 7 = 1/¢q. By Markov’s inequality, the second term on the right hand side of (B.6) can
be bounded as

P <sup |fn(2) = Efn(2)]s > t, max|X;|oo > n" or max|X; | > nT)
z (3 (3
n n
<GB [XilSe1{| Xiloo 2 nT}] + B [ XFSI{|XF oo > n7}] = o(1). (B.7)

Then, decompose |f,(2) — Efn(2)|s, into two parts

[fn(2) = Efa(2)loe < [fn(2) = fr(2)loo + [f7(2) = Ef3(2) oo - (B.8)
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For the first part of (B.8), under the conditions [ X;|cc < n” and | X0 < n”, we have

sup | fn(2) = fr(2)oe

1 " Z—ZZ‘ * * Z—Z*
WZ(XZ”X’UCK< 2 >_XinikK( bz)>

= Sup max
z Jik i=1
271 zn: X* X;
= pl+d N ’
bt T\ 2 Z;

e.¢]

where the constant L is independent of n and b. By Condition 3.2.2 and the above inequality,

we have the following bound

P (sup |fn(2) = fr(2)]s > t, max|X;loo <n7, max|X] | < nT)
z 2 1

L "o XF X;
<P —bHanT_lZ o I >t
i=1|\ Z Z;
o0
n *
L X, X t
P Z Z; "
0.0}
0
X*
SLOt—Qb—9(1+d)n297+lE 1 B 1
zZ Z;
o0

Let t = n™Y/2p=4/21ogn. Then the bound (B.9) is o(1/n) by choosing m = [¢1 logn],

where ¢y is a large enough constant such that

nT0+0/2+1+c1 logpb—H—dQ/Z(log n)—@ _ O(n_l).
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For the second part of (B.8), we partition [n] = {1,...,n} into m groups

m m
)= JLi=J{i+im: je€Z 0<i+jm<n}
1=1 1=1

By the definition of f7(z) and X} = (X}

T
ll,...,X )

l); , we have

sup £7() — EF3 ()]
1 & . 2= 77 . 2= 77

Thus, by the union bound,

P (SUP f2(2) —Ef7(2)loe > t, max|Xiloo < ", max| X oo < nT)
P i i

m
t
<> yp (Sgp fiin(2) = Efijk(z)‘ > s max|Xfoo < nT) : (B.10)
.k i=1
where
1 z— I
foin(z) = == > X5XRK (—l ) :
’ nb il b

To bound (B.10), we partition the compact domain D into N subdomains {D,,,u=1,..., N}
such that for each subdomain Dy, |z — 2| < C/N, Vz,2/ € D, with some constant
C independent of n and b. Let z, be an arbitrary point of D,. Under the condition

max;| X | < n', we have:

7 ik(2) = 17 ()]
1 * YK Z_Zl* Zl_Zl*

SCn?T*lbflfduin i Zl’oo,
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where |I;] is the cardinality of I;, which also entails that

Ef2 (=) — B (D) S ELFS (2) — £ (0] < Cn® 0 g1z - 2o,

Using above relations, we have

sup |12, (2) = EfS () < 1250 (20) — EFS sz + O 54 v 1,

z€Dy,

Thus,

up 7 j0(2) — Bf7 k() < | max 1£75(u) = B ()] + Cn? 1IN
ze

By taking N = n% and |I;| = [n/m], we have

n27’—9db—1—d

Sgglfzjk(z) —Eff;;(2)| £ max |fzjk<zu) Eff i (zu)l + C (B.11)

1<u<N logn

Let
Z—Zl* Z—Zl*
Yl,jkz XZ;XZ;{K (T) —E {XZ;XZ}CK (T =1,

Then, by the definition, we know Ylfjk,z are i.i.d with EYlfgk,z =0 and

2 2 271d
Viipal <Cn°T, 0 =Y BV 17 < CLin®Tbe.
lel;

By Bernstein’s inequality and the new notation above, we then can bound the tail probability

for ij( ) E zgk< ) ( ) Zl ljk,z>

(B.12)

P nbdZ}/leZ >t maX|X ’ooén §2exp <—m

C12n2p2d >
lel;
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By taking t = CQTLT_l/Qb_d/Q, where ¢ is a sufficient large constant such that

2, 12d
9d Ct*nb**m\  o9q-c 1
n”exp (_—nQde ) =n =o(n 7).

Consequently, for the chosen ¢, we have:

1
Py gt 2 Y| > b Xl < 07
lel;
Ct2n2p21 Ct2n2p21
SN exp <—T + NeXp _tbn2—7_+]-
—o(n™1). (B.13)

Combining (B.10), (B.11), (B.13) and n2™94p=1=4 /1og n = o(n™1/25=9/2) we have
P <sup |fr(2) = Efy(2)]s > Cn™ Y242 10g 5, max| X |00 < ”T) = o(n"logn),
z ]
which together with (B.6), (B.7) and (B.9) proves the lemma. O

B.2.2  Proof of Theorem 3.2.1

To state Lemma B.2.3, we remind that the first and the second derivatives of the coefficient
function B(z) : RY — RP are a p x d matrix (order-2 tensor) and a p x d x d order-3 tensor,

respectively:

_ 9 . xd
VA=) = (3_%5]<Z))j=1,...,p;k:1,...d <R

62
V20 = (5o e RPxdxd
0202 ") i1 ket dil=1...d
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Recall the definition of k—mode product of an order-K tensor X € RO XdK with a vector

a € R, Assume that

X = (mil...ik)ilzl,...,dl;...;iKzl,...,dKa a= (aik)ikzl,...,dk-

Then k—mode product of X with a (denoted as X X}, a) is an order-(K — 1) tensor of size

dy X -+ Xdp_1 X dpyq X -+ X dg and element-wisely,

(X XE @iy gy i = Zilxll i1 iz Qi
k
Lemma B.2.3. Let
falz dZXXTVﬂ( )2 bZiK<Z_[)Zi>’
faz) = ZXXTvﬁ() —bZngZ_bZiK<Z_bZi)-

Then under the same conditions of Lemma B.2.2, we have the same bound as (B.4):

P (sup |7 (2) —Efi(2)] s > Cnl/a=1/2p=d/2 logn> = o(1). (B.14)
z2€D

Proof. : Write K{(s) = VB3(z)sK(s) and K3(s) = V26(2) x9 s x3 sK(s) as new ‘kernels’
with dimension p. Because of Condition 3.2.1 and s € [—1,1]P, the Lipschitz condition on

each coordinate of K7 and K3 still holds. Then using the same proof of Lemma B.2.2, we

have
1 & 2 —Z;
fit(2) = —5 > XiX Ko ( ; ) ,
1=1
which readily leads to (B.14) for o = 1, 2. O
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Proof of Theorem 3.2.1: Throughout the proof, we use C' to denote a generic constant, whose
value may vary from line to line. Referring to the definition of f,,(z) and f(2), to make the
bandwidth b to be specified, we add b into subscript. Plugging in the explicit form (3.6) of

~

B(z), we get the following decomposition

' (Bp(z) = B(z) T Gl &y T (22 .
o =T g T () 6 = 60t
11 & z—7;
+ ' fup(2) 1W;XZK( ; )a(zwsi/v(z)
=My(z) + Rp(2), (B.15)

where Mp(z) and Rp(z) represent the bias and the stochastic parts, respectively. To deal

with the debiased estimator ((z), by definition, we have

e (Be) —B(2) T Bymy(x) = B(2))
V(2 7(2) 7(2)

= 2Mp(2) = M 5, (2) +2Ry(2) — R 5 (2),

For the first bias correction part, apply Taylor’s expansion on 3(z) to get

2My(z) — M j5(2) =

+O)) = £, yy(2)

1
( ) 2fn, b(2)” (f%’b(Z)bﬂLﬁfg,b(z)bQ
B <\/_f VAL +f? vl )b +O(b3))] : (B.16)

By Lemma B.2.2, Condition 3.2.3 and some elementary calculations, we have

Fap(2) = Efyp(z)+0pnt 172 2 10g )
= V(2)+Op (b2 + /41242 og n) , (B.17)
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where V() is defined in Condition 3.2.5. Similarly, by Lemma B.2.3, we have that

=) =0 / VV(2) x5 7VA(2)rK(r)dr + Op (nl/q—l/%—d/ 2logn + b3) ,

n

fapz) = /V(Z)V25(Z) X9 T X3 TK(T)dr + Op <n1/q_1/2b_d/2 logn + bz> .

Plug the approximation of f,, ;(z), f% p(2) and fr% p(2) into (B.16) and by Condition 3.2.1

and Condition 3.2.5, we can bound M (z) by
[2My(2) — M, 3, ()| = Op (b3 4/ 1/2p=d/24 1 o0 n) . (B.18)

For the second part R(z) = 2Ry (z) _R\/ib(z) =" ﬁ)zb(z)ei, we first partition the domain
D into N subdomains {D,, u = 1,..., N} such that in each subdomain D,,Vz,z € Dy,
|z — 2/|oo < C/N for some constant C independent of n and b. Let 2, be an arbitrary point

of Dy. By the Lipschitz condition on wf ,(2), we have that, with probability 1 —o(1),
|R(z) — R(Z)| < C’nl/qb_l_d|z — |

This entails that

sup|R(2)| £ max |R(zy)| + cnl/ap=1-dn—1
2eD ISU,SN

By taking N = n2? we have
sup|R(2)] < max |R(zy)| + Ccnl/a-2dy=1-d, (B.19)
<u<N

zeD 1

Now we can do Gaussian approximation for R(z). By Proposition 3.2.1, on a richer proba-
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bility space there are ¢1,...,¢pn ~iiq N(0,1) such that

sup [P* [ max |R(z,)| >t ma: w5 (2 >t
t>g (1<u<X | ( u)| ) <1<u<XN Z “ ¢Z )‘
1
5=6 [ ~zcb(zu) 7\ 2T
<Cy (logn)ta—2 max , (B.20)

2
where 02 = E* (ZZ 1 WS b(zu)sl> and E* is the expectation conditioning on X;, Z;. By the
definition of wf ,(2y) in (3.14), Lemma B.2.2 and Condition 3.2.5, with probability 1 —o(1),

we have the following bound:

2

iéwf’b(z“ Z[ o) it (57 ) o2

=1

17 Vag1/2,—d/27] L o= 7\
1=

o] (25

3
i

Additionally, we have exactly the same lower bound for } 7' ; wz? ﬂb<zu)2’ which derives the

bound for oy,
n
2
i = 2; (2ufs = uf o) =
1=

For the same reason, we can bound maxy|w;(zy)| by

max [wj ()| =max LcT [V(Zu) + O(nl/q—l/%—d/?)} -1 XK (Zu ; Zi)

1<u<N nbd

with probability 1 — o(1), and we have the same upper bound for maxu|wl,c \/ib('z“” So, by
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the tightness,

n q

wf’b(zu)

Oy

max
1 1<u<N

which derives a bound for (B.19)

sup

~ |Gl n
< _17eleo v
- ;qu/%qd/? Or <nQ/2qu/2) ’
P* ( max \R(zu)| > t) ( max
>0 1<u<N 1<u<N

Zw (zu)0i| > t)‘
5g—6 2—q —qd

<C(logn)4—2npie—2pie-2, (B.21)

Meanwhile, with the exactly the same reason and grid, we have

3 i + Onla-2y-1d

=1

sup
z€D

max
1<u<N

Z wib(fzu)(ﬁi
i=1

Comparing the above probability with the one shown in the bound (B.4),
1 —n' TR [ X8 1{| Xjloo > n7}] = 1—o(1),
which together with (B.15), (B.18), (B.19), (B.20) proves the theorem. O

B.2.3  Proof of Theorem 3.2.2
Proof of Theorem 3.2.2: Recall

7lTL

52(2) = (Z Kp (2 — Zt)) > Ky (z—7Zy) (Yt - B(ZNXt)Q .
t=1 t=1
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Let fn1(z) = # Sy Ky (2= Zy). Plugin Yy = B(Z:) T Xt + 0(Z4)er and we have

AQ(

o) = dfm ZKh 2= Z1) [o(Zy)e)?
hdfm ZKh 2= 21) [8(20) = B(Z0) Xio(Z1)=r
hdfm ZKh 2= ) [(B(Z) = A7) Xif?
=071 (2) + cpa(2) + 03(2). (B.22)

For 07211 (2),
n

(021(2) — 02(2)) a1 (= =—dZ (2 — Z1)o(Z1)* (] — 1)

t=1

b > iz = 2)io* () = ()

=Mp1(2) + Rp2(2).

Let & = e2 — 1 € £%/2. Then, max|&/| = Op(n?/9). With typically the same idea as in

(B.10), we can do the partition and gridding so that

t
(sup]Mnl \>t) Z]P’ Sup |5 ZK (z— Z))é >

lel;

Because of independence between Z; and ¢, we have

v="> EKj(z— Z)& = O(h?).
i€l
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Conditioning on max;|é¢| < n2/ 9, by Bernstein’s inequality, we have
P <sup |Mp1(2)] > Cn?/17 1 pdog n) <n!
z

Therefore

sup | Mp1(2)| = Op(n?/ 1= 1h=41ogn). (B.23)
0<z<1

Note that sup,|K},(z — Zi)[02(Z:) — 02(2)]| < Ch. Then

Sglenz(Zﬂ = Op(h). (B.24)

For the interaction term cpa(2),

Ky (2 — Z4) [B(Zy) — B(Zy)] " Xyo(Z)es

NE

ﬁ
I
—

Kh(z — Z1)Ky(Zt — Z;)o(Ze)o(Zy)ereilB(Zi) — B(Ze)) ' Xi X, Fop(Z0) 1 Xy

H
|
—

Il
S
Y
[]=
L[]
N

3

1
_d

||M:

Z Kn(z = Z0)Ky(Z — Zi)o(Ze)o (Zi)ewei X ) 3 (Ze) X
Notice that supp(K) = [~1,1] and 8 € C3(D). By Lemma 1, we have
E[X, f,3(Z0X) < CIXillI Xl = 00, E{[8(Z) - 8(Z)] X; } = O().

The remaining part is similar as that in Zhao and Wu [2008¢|, and we also have

1
sup |epa(z)| = Op (W) : (B.25)

0<2z<1
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By the proof the Theorem 3.2.1, we have

1
sup |o24(2)| = Op ( Og: +09 + n2/q_1b_d+2(log n)2> : (B.26)
0<2<1 nb

Combining (B.23)-(B.26) and after simplification, we can derive the bound for |62(z) —
o?(2)). O

B.2.J  Proof of Theorem 3.2.3

Proof of Theorem 3.2.3: Following the proof for Theorem 3.2.1, we can derive the approxi-
mation based on grid for both V; = 8(Z;) " X; + 0(Z;)e; and Y = 6(Z;)¢; and choose the

same bandwidth b and 1/ n2d_net {z1,...,2n}. Then the problem turn to be showing the

bound of
n n
sup |P* ( > Wigri| > u) — P* ( > Wigei| > u) , (B.27)
u>0 i—1 o i—1 o
where ¢1 ; and ¢ ; are i.i.d. N(0,1) for i =1,...,n. In contrast to (3.14),
z\\ " Z
o s 7\ .
W) =T (Z X w (55 )) X (255 sz
7
Hence W; and W* are defined by
~C ~C T * ~C,x ~ C, % T
Wi = (@), ify(on)) 0 Wi = (055 (), 557 ()
fori=1,...,nand j=1,..., N. Without loss of recognition, we denote w;(z;) = w5 ;(2;),
W () = 7y (2), wip(z7) = wiy(25) and wfy(z) = wiy (z)). Let Z1 = 30y VibdWidr ,

Zo = Vnbd >, WX i, >l = Cov(Z;) and %2 = Cov(Zy). We can show the explicit form
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of each element of covariance matrices

n
Zlk =nb sz ;i (2r), E?k = nb? Z@:(z )y ()
i—

By the definition of w{,(z), we have

- Vi)

—n; ZCT (2 (Z XX K (
(S (252)) o ﬁm) (&)
((;MK( %)) e (354)
(ZXS ) K (Mg ))T
o (55) 7 ( e (157

f;}/ib(zj)WXiK (zJ\/—inz)>
)

_fnlfb(zj)ﬁXiK (Zj\;bi
_(_> TZ(ZLfnbz] e XX K (Zj;Zz‘>2

B . 1 zi — 24 zi — Z;
e ) e K () ()

=) T - Zi\*
Sl (452 )
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Regard K ((z— Z;)/b)?, K((z—Z;)/b)K ((z— Z;)/V/2b) and K ((z— Z;)/+/2b)? as new kernels

and apply Lemma B.2.2 to plug (B.17) into the above bound, then we have

1
Xjj =

(M>26T9—4\/§

m/ 2

(V(Zj) + Op(nl/qfl/zbfd/2 logn + 62)) ! c. (B.28)

It’s easy to find that the supremum of the maximum eigenvalue of V(z), z € D is bounded
by IEXZ-TXi sup, f(z). So Z}j has a constant uniformly lower bound for all j = 1,..., N.

Now consider

1 2
A = max |ij - Ejk|

1<j,k<N
n
_ de 5 (5 Vi — W (20
15222]\7” et |wz(zj)wz(zk) w; (Z])wz (Zk:>‘

n

-1
A 2i— s
:%xnbdZJ 2(2)@)@}( (JTS» XZ-K< J ; Z)

1=1

(o (257)) o ()
-1

2 (Z X XK (Lbz‘g» XK (Z’f%zl
S

VV

‘ o?(Z;) 62(Z;) '
Y(z)v(zk)  v(z)v(z) |

By Theorem 3.2.2, we can bound the covariance part with

o*(Zi) (%)

'V(Zj)v(zk) v(zj)7(21) < Op (Tn).- (B.29)
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With similar analysis, the coefficient part before the covariance part has a constant upper
bound with probability 1 — o(1), which derives A < Op(m,). By Gaussian-to-Gaussian

comparison proposition in Chernozhuokov et al. [2022], we can bound (B.27) by

n n
sup |P* ( > Wiori| > u) —P* ( > Wi > U) < O(m),
which leads to the final consequence. O
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APPENDIX C
APPENDIX: SUPPLEMENTARY MATERIALS FOR CHAPTER

4

C.1 Additional Figures

(a) 25th percentile (b) 75th percentile
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Figure C.1: Progressivity Estimates and Simultaneous Confidence Intervals

Notes: Panels (a) and (b) show the U.S. tax progressivity estimates at the 25th and 75th income percentiles
(black solid curve) and 95% simultaneous confidence bands obtained using the simultaneous inference method
(blue area). The grey-shaded regions indicate NBER recessions.

C.2 Technical Proofs

To prove Theorem and Corollary, we firstly present a lemma on the concentration of B .
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Lemma C.2.1. Under the assumptions of the Theorem, we have,

2
B sup |K(B)—K(5) >t ngn)?’pexp(—L)wgn—V?)
18— Bol<b nd +nl/3t

where c1,co are constants not depending on n.

Proof. Throughout the proof, we use C, ¢; and ¢y to denote generic constants not depending

on n, which may vary from line to line. Let A = 5 — . By the definition of K(f3), we have

3

n

K(p) = K(fo) = : (Lot =By <oTp)%i = Z(ﬂyiéxfﬂo — Ly <ol )%

7

I
_

1=1

Zi,

Vi

@
Il
—_

where Z; = <]ly¢§$iTﬁ — ]lyiﬁx;-rﬁo - E]lyiﬁx;-rﬁ + ]E]lyigx;ﬁo)xi' Let A, = {maxign | X;| <

nt/ 3}. By Markov inequality, we have

, 1/3 n 14 _ -1/3
P(max|ai| > n'/%) < —Bllail ', .00 —o(n1%),

which indicates that with probability 1 — o <n_1/ 3),
max |z;| < n'/3 and max |Z;| < onl/3, (C.1)
(3 1
Since (z;,y;) are i.i.d., Z; are also i.i.d. and

EZj; = E[E[(1, c,7p — Lei<o — B, 7 + Ele,<0) o]
2

2

< E[E[ﬂ(ei_xiTA)eigo]’%]Ef’?z‘j

< sup Feotas (@)A1 (C.2)
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Therefore, we have

n n p
V=> 1217 =YY Bz < Cnla|. (C.3)
=1

i=1j=1

By vector Bernstein’s inequality (Tropp et al. [2015]), we have

P(|K(B) = K(fo)l > 1)

<P(|K(B) — K(Bo)| > t, An) + P(A7)

2
cit ~1/3
<(p+1Dexp | — + con . CA4

For any § > 0, we can partition the compact domain Bgﬁo ={BeRP: |B— [yl <6} into

N = (26pn)3P subdomain D;, i = 1,..., N such that

N
Bg,ﬂo - U D;, and |8 — 5,\ <n73 for any 3,8 € D;.
=1
Consider
n
/
K@B) = K@B) =Y (1, =1, mp Bl 7y~ Bl _ 1)1
=1

For the similar reason as (C.2), we have that if |3 — §’| < n™3, then, under A, we have

P(L, 75~ L,c,Tp #0) =P — 2] B)(yi — 2] ') <0)

z] (8'—Bo)
/T fel|xz (u)du
€T, (8—Po)

< Mllz;[18 - B'l,

=K

which indicates

[K(8) — K(8)] < Cn™5/3.
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Choose one arbitrary element (3; from each D;, i =1,..., N. Let § be an arbitrary element

. D
in BCWO'

under A,,, we have

Then there exists D; such that 3 € D; so that |§ — 3;| < n~3. With this intention,

sup [K(8) = K(By)| < max_[K(8) — K(f)| + Cn~>".

D 1=1,...,
BEBMO

By (C.4), we have,

P( sup |K(B)—K(By)| >t) <P( max |K(5;)— K(Bo)| L on b3 > £ An) + P(AS)
|B—Bo|<d i=1,...N

< N(p+1)e ( cr ) +eqn /3
o [ “t
= P nd + nl/3¢ ?

2

cot -1/3

< c1(dn 3peXp <——)+cn ,
(on) nd +nt/3t 3

completing the proof. n

Lemma C.2.2. Under the assumptions of the Theorem, we have
P(|3 — Bol >n~ /%) < Cn /3,

where C' 1s a constance not depending on n.

Proof. Let
Mn(B) =" paly; — 2] B),  M(B) =E[My(B)].
1=1

Then, by the definition of 3, we have 3 = arg ming Mp(8). Remind that A, = {max;<,, | X;| <
n'/3}. Then,

Mm—ﬁmznmﬁsp< inf MM@—AMWM<0~%>+PM$. (C.5)
|8—Bo|>nl/3
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For the same reason as shown in the proof of Lemma C.2.1, we can bound P(Af,) by
P(AS) < Cn~ V3,

Meanwhile, by the union bound and convexity of My(-), we have

P(  inf  Mn(B) — Mn(B0) <0, Ap) <P(  inf  Mn(B) — Mn(0) <0, Ap)

|B—Bo|>nt/? |B—Bo|l=nt/3
<P( inf  M(B) - M(By) <e, An)
|B—Bol=n'/?
+P( sup  [[Mp(B) — M(B)] — [Mn(Bo) — M(Bo)l| > &, An)
|B—Bo|=nl/3

(C.6)
Notice that

M(B) — M(Bo) = E[Mn(8) — Mn(o)]

is deterministic and a function of 8 and VgM(8) = g(3) € C2. Then by Taylor’s expansion,

we have that, as |8 — fg| — 0,
1
M(B) — M(Bo) = (8 — Bo) " 9(Bo) + 5(5 — Bo) " V2M (B0) (5 — Bo) + o(nl8 — fio[*).
where g(fg) = 0 and V2M () is positive definite. Therefore,

it M(B) — M(fy) = L8~ o) TV2M(Bo) (B — Bo) + o(1)

inf
|8—Bo|=nl/3 |8—Bo|=nl/3 2

=cn!/3 + o(1),

where ¢q is a positive constant. Choose ¢ = nt/3=v for any v > 0, then, as n > N for some
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constant N, we have

P ( inf  M(8) — M(Bg) < n/?, An) =0. (C.7)
|8—Bo|=n/3

Let J(B) = Myu(B) — M(B). By the definion of M, (/3), we have

J(B) = J(Bo) = > _lpalyi =z B) = palyi — ] Bo) — Elpalyi — = B)] + Elpalyi — z Bo)]]-
=1

Let Z; = [pa(yi—2] B)=palyi—2] Bo) —Elpa(yi—=; B)|+Elpa(yi—z] So)]] and & = |5~ fol.
Notice that |pa(z) — pa(y)| < |z — y| for any x,y € R and « € (0,1). Under the condition

3

max; <y, |z;| < nl/3, we have

max pa(y; — i 5) = palyi — 2] fo)l < |a] (8~ o)l < '/,

Therefore, under condition Ay,

max | Z;| < 2n1/35.
1<n

Meanwhile,

EZ? = Elpa(yi — ; B) — palyi — =; Bo))* + 3[Elpalyi — 2 B) — palyi — 2 Bo)]*

< 092
Then by Bernstein’s inequality, we have

2
P(|J(8) = J(Bo)l = &, An) < C'exp (ﬁ) |

For 6 = n_l/?’, we can partition the sphere S(Z;ﬂo ={BeRP: |f—PFy| =0} into N = (2dpn)P
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subdomain D;, ¢+ = 1,..., N such that

N
Sgﬂo = U D;, and | — 3| < n~! for any 38,8 € D;.
1=1
Consider
J(B) = J(B") = palyi =z B) = palyi — 2] B) — Elpa(yi — = B)] + Elpay; — z 8]
1=1

For the similar reason as (C.2), we have that if |3 — §’| < n~!, then, under condition Ay,

17(8) — J(B')] < Cn=2/3

Choose one arbitrary element (3; from each D;, i =1,..., N. Let § be an arbitrary element
in Sf; Bo’ Then there exists D; such that 3 € D; so that | — 3;| < n~!. With this intention,
we have

wpIﬂ@—JMMS.TMNUWQ—N%H+OWW3
ﬁesg,ﬂo 1=1,...,

By (C.4), we have

P( sup  [J(B) = J(Bo)| > &, An) <P(_max_|J(8;) — J(Bo)| + Cn /% > &, Ay)
|8—Bo|=06 i=1,....N

2
cle
<CN(p+1 _—
o (v ) exp ( né? + n1/356)

2

< (5 p _L>
< C(on) eXp( né2 + nl/3ge

Plug in 6 = n~1/3 and e = n!/37? with 0 < v < 1/6, then

P( sup 1T(8) — J(Bo)| = n/37v, A) < Cn2P/3 eXp(_nl/?’*?“),
|B—Bol=n""1/3
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which together with (C.5), (C.6) and (C.7) completes the proof. O

Proof of Theorem 4.2.1: By the union bound and triangular inequality, we have, for any

convex set A,

P 2an(3) ~ 9() € )~ PVOLT) € ) < P (= (K() - K () € )
[P (s 0a(60) — 9(6o) € 4°) - PV(O.T) € 49

+|P(N(0,T) € A%) —P(N(0,T) € A)],

where A = {z € RP : ||z —y[| < e, Vy € A} and R® = {z € RP : |z| > ¢ for some j}. By

Barry-Esseen bound (Rai¢ [2019]), we have

su L . e\ _ € n—1/2
sup \P( (6 9(ﬁo))€A> P(NO.T) € 45| < o2 ()

By Nazarov’s inequality (Nazarov [2003]), we have
sup |[P(N(0,T) € A%) —P(N(0,T') € A)| < Ce. (C.9)
AcA
Choose ¢ = n?~1/6 for any v > 0. By lemma C.2.2, we have
P(13 — fol > n3) < on71/3,

Combining lemma 2, let u =9 = n~ 3 and t = nvti/3, Then, we have

P(|K(3) — K(B)] = n*T3) < ¢y (n¥P/2eme2" 4071,
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which together with (C.8), (C.9) leads to
B2 (gn(5) — 9(5)) € A) ~PB(N(0,T) € A)| < Cn?~ /0
Finally, by Taylor expansion and Bahadur representation for ,@ , we have

gn(B) = 9(B) = nVg(B0) (B — Bo) + gn(B3) — (o) + O(18 — Bol*)

=nVg(Bo)(B — Bo) + Op(1/n),

which aligned with previous bounds completes the proof of the first part. n

Proof of Corollary 4.2.1.1: Choose B = {x € RP : |x1| > y/clogn} and A = Vg(5y)B.
Then

P (VaVa(50)(8 — o) € A) = P(/alby — o1l = v/elogn)

and with condition 0 < ¢ < 0%1/6, we have

P(N(O,I) € A) =P (N(o, e B) —P (|N(o, o2))| > @) = n=¢/oh,

So A € A and applying Theorem 4.2.1 with v = 1/12—c¢/(20%), we can prove the result. []
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