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ABSTRACT

Mechanism discovery is a central objective in science. In biology, mechanisms (cascades of

molecular events that lead to observable phenotypes) provide insight into cellular program-

ming, explain disease processes, and identify targets for therapeutics. Despite advances in

high-throughput experimentation that enable genome-scale measurement and the success of

deep learning models in prediction, data-driven discovery of biological mechanisms remains

elusive. Recently, causal discovery has emerged as a method for learning cause and effect re-

lationships, represented by directed acyclic graphs (DAGs), from data. Given the success of

networks for representing mechanistic knowledge in biology (e.g., gene regulatory networks),

causal discovery algorithms are promising approaches for mechanism discovery in biology.

In this thesis, I examine the current state of causal discovery and its application to biolog-

ical mechanism inference. I address challenges including (1) scale, enabling inference over

genome-wide systems with limited samples; (2) structural priors, incorporating biological

knowledge or correlative structure to guide inference; and (3) robustness to real-world bio-

logical data characterized by heterogeneous environments, perturbations, and limited ground

truth.

In our first contribution, we introduce a hybrid constraint- and score-based causal dis-

covery algorithm, named SP-GIES, that first estimates a skeleton from observational data

and then learns the DAG from interventional data over a constrained search space. We

see an improvement in convergence of greedy algorithms, in both accuracy and runtime, by

first estimating a structural prior. Moreover, we analyze SP-GIES for downstream optimal

experimental design for choosing maximally informative perturbational experiments.

In the second contribution, we propose a distributed framework for causal discovery

using our novel causal graph partition on a structural prior we call a superstructure. We

prove under certain assumptions that causal discovery can be decomposed into independent

subproblems by leveraging a closely related maximal ancestral graph class, which is defined by

xv



projections of DAGs onto subsets of nodes. We scale causal discovery to 10,000 variables with

our distributed framework, achieving genome-scale recovery of synthetic biological networks.

Finally, these contributions are applied to a low-sample, high-dimensional perturbational

dataset to uncover cellular processes involved in response to radiation from human tran-

scriptomics data. We compare a VAE-based causal discovery algorithm DAG-GNN, a gene

regulatory network inference algorithm GENIE3, and the standard bioinformatics approach

of differential expression analysis to identify important genes in response to radiation. We

use bioinformatics techniques to map these genes to known pathways, and show that graph

algorithms achieve higher enrichment of radiation pathways. Additionally, we find that the

presence of a strong upstream perturbation induces different environments from which we

can learn invariant mechanisms; in the causal graphs, these invariant edges corroborate ev-

idence of a bifurcation of reactive oxidative stress and cell death pathways in response to

radiation.

These contributions demonstrate the impact of scaling causal discovery in genome-wide

studies to infer regulatory response networks and identify important genes for downstream

pathway analysis. More broadly, this work aims to enable causal, testable insights from

high-dimensional biological data.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Causality and experimentation are intrinsically linked. The causal statement “Her headache

went away after she took a pill" evokes the question of the counterfactual “What would have

happened if she hadn’t taken the pill?". While the alternative universe in which she did not

take the pill is impossible to realize, it can be approximated with an experiment where the

next time she has a headache she does not take a pill. The result of the experiment provides

evidence that it was the pill that caused her headache relief. At the population level, we can

conduct a randomized control trial to infer the efficacy of the pill in treating headaches to

determine if, in general, taking a pill causes headaches to go away. Underlying the causal

statement about headaches is a biological mechanism. In the case of the widely used drug

Ibuprofen, the small molecule binds to proteins COX1 and COX2 which stops the conversion

of proinflammatory molecules; this leads to a reduction in pain, fever and inflammation. To

validate a hypothesized mechanism we conduct molecular level perturbation experiments;

for example, we can measure the abundance of proinflammatory molecules before and after

introducing Ibuprofen molecules to validate the described mechanism. Biological mecha-

nisms that connect genes, proteins and biochemical processes provide insight into cellular

programming. As such, the discovery of novel mechanisms, or causal relationships, from

experimental data is a central objective in biology.

Statisticians and economists have been interested in causality as a way to predict fu-

ture events from past trends. The works of Judea Pearl, Peter Spirtes, Clark Glymour

and others laid the ground work for a mathematical formulation of causation through

functional relationships, conditional probability distributions, and graphs. The Ibuprofen

mechanism described earlier can be described graphically as Ibuprofen 7→ COX1/COX2 7→
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Figure 1.1: Causality and experimentation are intrinsically linked. Every causal statement can be
validated or invalidated with an experiment, and every experiment encodes a causal statement. In
this thesis, we use causal discovery algorithms to infer causal statements as graphs from genome-
wide abundance measurements and perturbations.
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proinflammatory signaling molecules 7→ pain. Inferring a graphical or functional model of

a mechanism from data as a causal graph is called causal structure learning or causal dis-

covery. Critically, a causal graph represents observational (steady-state) and interventional

(perturbed/experimental) distributions. Algorithms for causal discovery were first proposed

in the early 1990s, with constraint-based algorithms like the PC algorithm, while many

new approaches continue to be developed today. Causal discovery algorithms, coupled with

large-scale experimental data collection, have enabled data-driven mechanism discovery with

applications in the social and physical sciences. In this thesis, we focus on the application

of causal discovery to biological mechanism inference from large-scale gene expression data.

These gene-to-gene causal relationships are represented by gene regulatory networks (GRNs)

which, in humans, are only partially characterized across diverse environmental contexts,

disease states, and mutational backgrounds. A complete mapping of gene regulation would

represent a major milestone in biology by providing a blueprint of cellular decision-making

that could inform novel therapeutics, cellular reprogramming, and personalized medicine.

1.2 Overview of Thesis

In this thesis, we aim to design a framework for generating new causal hypotheses about gene

regulation. We tackle challenges associated with applying causal discovery to gene regulatory

network inference on the human genome scale, with approximately 20,000 variables; namely,

addressing limited scalability of causal discovery with the incorporation of structural priors.

In Chapter 2 we provide background on causal graphs, causal discovery algorithms, and gene

regulatory networks. We introduce directed acyclic graphs (DAGs) and Bayesian networks,

and formulate the causal structure learning problem that will be used throughout the thesis.

We provide context as to why gene regulatory network inference can be viewed as a causal

graph, and we describe where assumptions for learning may fall short.

In Chapter 3 we introduce our first contribution, SP-GIES, which is a hybrid causal
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structure learner that jointly learns from observational and interventional data to estimate

causal graphs. We explore different experimental design strategies for selecting optimal

interventions using SP-GIES.

Chapter 4 introduces our second contribution a Causal Graph Partition – a theoreti-

cally sound framework for scaling up structure learning using divide-and-conquer distributed

parallelism. A causal partition leverages a structural prior, called a superstructure, to par-

tition the graph space.

Chapter 5 is our final contribution and a case study in applying causal discovery to

gene expression data collected from chronic exposure to low-dose radiation in human cells.

We used experimental data collected over weeks of radiation exposure. We incorporate

a protein-protein interaction network as a structural prior and leverage the causal graph

partition to learn causal graphs over the entire genome. We leverage upstream environmental

perturbations to infer downstream response mechanisms.
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CHAPTER 2

BACKGROUND

In this section, we provide some preliminary background knowledge and definitions. We

start with basic definitions of graphs and build towards a definition of a causal graph which

we will refer to throughout the dissertation. We then describe gene regulatory networks and

discuss the types of data used to infer them. Finally, we provide background on experimental

design protocols based on known or partially known causal graphs.

2.1 Directed Acyclic Graphs

A graph G = (V,E) is defined on p = |V | vertices with m = |E| edges. A directed edge

between vertices u, v ∈ V in defined as (u, v) ∈ E or u → v ∈ E. A directed acyclic graph

(DAG) is a graph G with directed edges such that no path u→ ...→ u exists for any u ∈ V

– such a path is known as a cycle. Because of this, every DAG has a linear ordering of

its vertices, known as a topological ordering such that for every directed edge (u, v) from

vertex u to vertex v, u comes before v in the ordering. The skeleton of a DAG G, is the

undirected graph obtained by replacing each directed edge in G with a undirected edge. A

vertex u is called a collider if the directed edges are such that w → u ← v. If there is no

edge between w and v, then w → u← v is also called a v-structure. We will use DAGs as

the graphical representation for causal events (edges) between random variables (vertices).

The topological ordering of vertices reflects our intuition that causality means events can

only affect the future, they never affect the past, and therefore there are no causal loops, or

cycles in the graph.
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2.2 Bayesian Networks

A Bayesian Network (BN) is a graphical model that represents the joint probability dis-

tribution of a collection of random variables {X1, X2...Xn}. A BN (G, P) is defined by

a DAG G, with nodes corresponding to the random variables, and a probability distri-

bution P(X1, X2...Xn) that factorizes according to G – meaning that P(X1, X2...Xn) =
n∏

i=1

P (Xi|PA(Xi)). PA(Xi) is the parent set of the random variable Xi in G (e.g, an edge

u→ v means that u ∈ PA(v)). Because we can decompose the joint probability distribution

into local conditional probability distributions as functions of parent sets of G, BNs can

compactly model real-world systems.

The decomposition of the joint probability distribution based on G relies on the fact that

each random variable is conditionally independent of its non-descendants given its parents in

a BN. This is represented in the DAG G, and is formalized by a property called d-separation.

Definition 2.2.1 (d-separation). If G is a DAG in which X, Y and Z are disjoint sets of

vertices, then X and Y are d-connected by Z in G if and only if there exists an undirected

path U between some vertex in X and some vertex in Y such that for every collider C on

U , either C or a descendent of C is in Z, and no non-collider on U is in Z. X and Y are

d-separated by Z in G if and only if they are not d-connected by Z in G. We often write

d-separation between X and Y by Z as X ⊥d Y |Z

The Markov property states that a probability distribution P is Markov with respect to

a DAG G if d-separation in G implies conditional independence in P . Two DAGs are Markov

equivalent if they encode the same set of conditional independence relations. It is known that

two graphs are Markov equivalent if and only if they have the same skeleton and v-structures

[Koller and Friedman, 2009]. The Markov Equivalence Class (MEC) of a DAG G is the

set of DAGs that share conditional independence relationships as G. The Markov property

allows us to draw conclusions about P from G: X ⊥d Y |Z =⇒ X ⊥⊥ PY |Z. In the opposite
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direction, the faithfulness property states that P is faithful with respect to a DAG G if

conditional independence in P implies d-separation in G: X ⊥⊥ PY |Z =⇒ X ⊥d Y |Z.

2.2.1 Structure learning

Structure learning is the task of learning the DAG G from n samples of data D = (X1...Xp)

where each Xi ∈ Rn. Structure learning is an NP-hard problem due to the exponential

increase in potential graphs as p increases [Peters et al., 2017]. The sampled data X is as-

sumed to be independently and identically distributed (i.i.d.) and representative of the joint

probability distribution P . Structure learning methods generally fall into four categories:

constraint-based, score-based, hybrid, and continuous optimization methods. We will dis-

cuss each method here, but for a complete understanding of the space of methods see review

papers: Kitson et al. [2023], Drton and Maathuis [2017].

Constraint-based In constraint-based structure learning, we rely on conditional indepen-

dence tests to determine the presence and absence of edges in G. In order to learn G, we

assume that the faithfulness property holds – we can use the conditional independencies in

P to infer d-separations in G. If variables Xi are assumed to follow a Gaussian distribu-

tion, the conditional independence between variables reduces to a zero partial correlation.

In the general non-parametric case, conditional independence testing is impossible without

assumptions [Shah and Peters, 2020]. Given a reliable, albeit heuristic, conditional inde-

pendence test we can learn the skeleton of the DAG G with the following: there is no edge

between Xi and Xj ⇐⇒ ∃S ∈ X\{Xi, Xj} s.t. Xi ⊥⊥ Xj |S. Additionally, we can orient

some edges according to the conditional independence relationships of v-structures. For any

Xi − Xj − Xk in the skeleton, where there is no edge between Xi and Xj , we can orient

Xi → Xj ← Xk ⇐⇒ Xi ̸⊥⊥ Xk|Xj . This is a specific case of Meek rules for orienting edges;

for a full description of these rules see Meek [2013]. A naive strategy for reconstructing the
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skeleton is for every pair Xi, Xj test all subsets S to determine conditional independence

and remove the edge between Xi and Xj if we find a satisfying S. This strategy is highly

inefficient since for
(p
2

)
possible pairs there are 2p−2 possible subsets S. The PC algorithm

[Spirtes et al., 2000c] provides a more efficient framework for running conditional indepen-

dence tests of pairs of variables in level sets (increasing conditional set size |S| = 0, 1, 2..)

and only testing pairs that are still adjacent in the current graph using the local Markov

property.

Score-based In score-based structure learning, we test different DAGs for their ability to

fit the data D. The idea is to assign a score S(D,G) to each graph G and search over the

space of DAGs to find the DAG with the highest score:

Ĝ = argmax
G∈ DAG space

S(D,G) (2.1)

. There are many options for the scoring function S, see Kitson et al. [2023] for an overview of

all score functions. One example is the Bayesian Information Criterion (BIC) which is based

on the maximum likelihood estimate θ̂ for θ, the parameters of the BN (estimates of the con-

ditional probabilities in the factorized joint distribution): S(D,G) = logP(D|θ̂,G)− λ
2 logn.

The first term corresponds to the log likelihood of the graph given the dataset and the second

term is a regularizer to favor sparse structures, where λ is the number of free model param-

eters. For linear Gaussian data, λ = 1. To maximize the score function, we have to traverse

the search space of all DAGs which grows super-exponentially with p. It is intractable to

compute the score over all graphs, and instead greedy search algorithms are used to optimize

the score function. In the case of linear Gaussian joint distributions, the MEC shares the

same score, and so it’s better to search over the space of MECs Koller and Friedman [2009].

The greedy equivalence search (GES) algorithm traverses the space of MECs, assuming lin-

ear Gaussian data, and outputs a CPDAG corresponding to the optimal MEC [Chickering,
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2002a]. Another score-based structure learner is the hill-climb (HC) algorithm [Bouckaert,

1994].

Hybrid Hybrid structure learning methods aim to combine the advantages of both constraint-

and score-based structure learning methods to improve the efficiency and accuracy of learn-

ing. Hybrid methods first constrain the search space with a constraint-based method by

estimating the skeleton of the DAG, and then greedily optimize the subspace defined by

the skeleton using a score-based method. Examples of hybrid methods include MMHC

[Tsamardinos et al., 2006] and ARGES [Nandy et al., 2018].

2.3 Causal graphs

Here, we define causal graphs and how they differ from BNs; the definitions and notation in

this section mostly comes from Peters et al. [2017]. A causal graph is often loosely stated as

a BN where directed edges encode causal mechanisms. Concretely, this means the DAG G

can also be represented by a structural causal model (SCM).

Definition 2.3.1 (Structural causal models). A structural causal model (SCM) C := (S, PN)

is a collection S of p structural assignments such that

Xi := f(PAi, Ni) for i = 1, ..., p (2.2)

where PAi ⊆ {X1, ..., Xp}\{Xi} are the parents of Xi and a joint distribution PN of inde-

pendent noise terms – that is PN is a product distribution.

An SCM implies a causal graph G, with one vertex for each Xi, and directed edges from

each parent Pai to Xi. We assume there are no cyclic assignments in C and therefore G is

a DAG. Note that in many cases cyclic assignments are representations of equilibrium pro-

cesses which can be "unrolled" by adding time-delineated structural assignments, however,
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the acyclic assumption fundamentally prohibits SCMs from modeling stochastic processes.

The parents PAi are also the direct causes of Xi. An SCM also implies a probability

distribution over variables X = (X1, ..., Xp) which we name PX. Unlike BNs, SCMs are the

key framework for causal reasoning and causal learning. In a BN, directed edges represent

statistical relationships which are inferred from observational distributions and represented

by conditional probabilities : P (Xi|PAi). SCMs entail observational distributions and in-

terventional distributions because of the functional relationships between Xi and it’s

direct causes PAi;the structural assignments in C also tell us how Xi changes when PAi

changes. Formally an interventional distribution from an SCM C is

Definition 2.3.2 (interventional distribution). Consider an SCM C := (S, PN) and it’s

entailed distribution PX. We replace at least one structural assignment to obtain a new

SCM C̃. If we replace the assignment of Xj by Xk := f̃(P̃Aj , Ñj) then we call the entailed

distribution of the new SCM an interventional distribution. The variables whose structural

assignment we have replaced have been intervened on. The interventional distribution is

denoted as P̃X = P (X|do(Xk := f̃(P̃Aj , Ñj)).

We will think of interventional distributions in two ways. The first type of intervention

is if f̃(P̃Aj , Ñj) equals a real value a, which we call a perfect or "hard" intervention, and

denote by do(Xk := a). The second type of intervention is if the parent set remains the

same P̃Aj = PAj , but the functional relationships between Xj and PAj change. We call

this an imperfect or "soft" intervention. The do(·) operator comes from Pearl’s definition of

interventions and counterfactuals [Pearl, 2009].

A counterfactual statement follows a structure similar to what would have happened,

given what actually did happen. We will not discuss or define counterfactual statements here

because unlike interventional distributions, counterfactual distributions cannot be fully rep-

resented by causal graphs; that is G and the corresponding PX. Moreover, for the purposes

of discovering new causal relationships in gene regulatory networks it is not necessary to
10



infer counterfactual distributions. Counterfactual distributions have many biomedical im-

plications such as understanding patient responses to environmental factors or treatment in

the absence of randomized control trials.

2.3.1 Causal structure learning

The learning procedure for inferring the structure of Bayesian networks overlaps with learn-

ing the causal structure; after all, they are both represented by DAGs. However, a Bayesian

network is still valid even if the directionality of some arrows is inconsistent with the true

data-generating process. A classic example from Peters et al. [2017] is that of the relationship

between altitude A and temperature T . We know that the underlying process/causal struc-

ture is A → T . A Bayesian Network inferred from samples (a, t) that outputs a structure

T → A and a corresponding probability distribution P (A, T ) = P (A|T )P (T ) may correctly

encode the conditional probabilities in the sampled data; however, we know this is the in-

correct causal structure because when the altitude changes the temperature changes and not

the other way around. This is confirmed when we sample at different altitudes and find

that P (T |A) holds across locations rather than P (A|T ); in other words, only one of these

mechanisms is invariant.

The challenge of causal structure learning is determining whether we can learn these

invariant causal mechanisms given the data we sampled. In order for the causal structure

to be identifiable we must make certain assumptions about the data we sample. There

are specific structural assignments for which the causal structure is identifiable with only

observational data, e.g., linear non-Gaussian additive noise models, linear Gaussian models

with equal error variances, nonlinear Gaussian additive noise model. These each have cor-

responding consistent structure learning algorithms, meaning they are provably correct in

learning causal DAG G. When we have access to interventional data, more of the causal

structure becomes identifiable without structural assumptions. Consequently, many adap-
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tations of structure learners in Section 2.2.1 have been adapted to incorporate data from

interventional data e.g, GIES is an interventional adaptation of the GES algorithm [Hauser

and Bühlmann, 2012]. Further, many score-based continuous optimization structure learners

were built based on leveraging the structural assignments in the SCM.

Continuous optimization The combinatorial optimization in Eq 2.1 was relaxed into

a continuous optimization in Zheng et al. [2018] with the NOTEARS structure learning

algorithm. Here, causal structure learning is rephrased as an optimization over real-valued

matrices W ∈ Rd×d rather than over discrete DAGs G. The translation between graphs and

SCM is central to their approach. Each Xi is modeled as a linear function of it’s parents and

independent noise terms as in Eq. 2.2. In vector form this is X = WTX+N . A smooth loss

function is defined as a least squares function plus an ℓ1-regularizer F (W ) = 1
2n ||X−XW ||F .

Critically, they derived a smooth characterization of DAGs: W ∈ Rd×d is a DAG if and only

if h(W ) = tr(eW ◦ eW ) − d = 0 where ◦ is the Hadamard product. Now the optimization

becomes:

min
W∈Rd×d

F (W )

subject to h(W ) = 0

(2.3)

Because the constraint is differentiable with respect to W , we can use gradient-based opti-

mization while ensuring the learned structure is a DAG. Many new algorithms were proposed

in addition to NOTEARS that included nonlinear adaptations (NOTEARS-MLP from Zheng

et al. [2020]), graph neural networks (DAG-GNN from Yu et al. [2019]) and variational in-

ference (GraN-DAG from Lachapelle et al. [2019]).

Scaling All structure algorithms suffer from scaling issues either because of the size of the

DAG search space, the number of conditional independence tests needed, or the memory

footprint required to store an adjacency matrix. As a result there are minimal applications
12



of structure learning to biological networks at scale. A notable exception is the adaptation

of GES to fGES (Fast Greedy Equivalence Search) which allowed learning structures over

51,000 variables from temporal brain image data with a total runtime of 14 hours [Ramsey

et al., 2017]. Scaling in fGES is achieved by cacheing and parallelizing the computation

of the score function. The learned structure, however, was not evaluated for accuracy and

strong sparsity was assumed in order to estimate the final graph. Scaling is a key challenge

we address in this dissertation because we are interested in learning genome-scaled causal

graphs (this is thousands of genes), and so we will return to different scaling strategies in

Chapters 3 and 4. We also note that scaling for causal structure learning in biology is

often limited by the availability of interventional data at scale and not just by algorithmic

complexity.

2.4 Gene regulatory networks

We now turn to gene regulatory network (GRN) inference — an application of causal struc-

ture learning. In this section, we provide an overview of GRNs, experimental data from

which we can infer GRNs, and existing network knowledge bases for GRNs.

Gene regulation is the process by which genes, pieces of DNA, modulate other genes. Gene

regulation controls gene expression, or the amount of RNA transcribed for a particular gene

— this is proxy for the abundance of the protein coded by the gene. If a gene up-regulates

another gene, this means the expression of the downstream gene goes up, the abundance

of the coded protein goes up, and a specific function in the cell is carried out. In contrast,

if a gene down-regulates another gene this implies the suppression of a specific function in

the cell. Changes to gene expression are often triggered by external signals received by a

cell — e.g., environmental stress. For example, HSP70 is a gene that is upregulated when

cells experience environmental stress such as elevated temperatures, oxidative stress, or toxic

exposure. The HSP70 protein helps protect other proteins from denaturation and assists in
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refolding damaged proteins [Lindquist et al., 1988]. The orchestration of gene regulation

is highly complex, with certain ‘hub’ genes (we call these transcription factors) regulating

hundreds or thousands of other genes. Further, gene regulation is context-specific — meaning

regulation of certain genes is not necessarily present across organisms, cell types, tissue types,

or environmental conditions. GRNs provide us with a systematic model for this complicated

system. In a GRN, genes are represented as nodes in a graph, and regulation between genes

is represented by directed edges. The human genome has ∼20,000 genes, so in theory the

human GRN would represent the regulatory landscape between all these genes, however,

little of the full human gene regulatory network is mapped with high confidence. GRNs

that are context-aware (cell-type, tissue-type, disease-state or environment) are still vastly

underexplored.

How was the currently known human GRN mapped? Directed edges between transcrip-

tion factors to target genes are experimentally validated using different types of experiments

including ChIP-sequencing, RNA-sequencing, CRISPR and Perturb-seq experiments. Here,

we briefly describe each of these technologies.

1. ChIP-seq is an experiment that determines how proteins (transcription factors) in-

teract with DNA (target genes). If a transcription factor binds to the promotor region

of a gene, this is a good indication that there is a regulatory relationship between the

transcription factor and target gene.

2. RNA-seq is an experiment that measures the copies of messenger RNA after tran-

scription from DNA to RNA; this is also known as gene expression. RNA-seq allows

for genome-wide gene expression measurements — allowing us to discover more of

the regulatory search space. There are several types of RNA-seq experiments; these

include bulk (averaged over a population of cells), single-cell, spatial and temporal

measurements.

3. CRISPR and Perturb-seq are gene perturbation experiments. CRISPR is the tech-
14



nology that allows for specific genes to be cut out (knocked out), suppressed (knocked

down) or activated using the Cas9 enzyme. Perturb-seq is a combination of CRSIPR

and single-cell RNA-seq. Perturb-seq measures the effects of genetic perturbations of

specific genes with CRISPR on the gene expression of the entire genome.

ENCODE is a large-scale database that contains all the experimentally validated regulatory

elements in the human genome from assays such as ChIP-seq and RNA-seq to characterize

transcription factor binding and gene regulation across diverse cell types and conditions

[Luo et al., 2020]. TRRUST is a database of human and mouse transcriptional regulatory

interactions based on literature curation and text-mining from biomedical papers [Han et al.,

2018]. These serve as the primary resources for curating ground truth networks for evaluating

GRN inference methods.

GRN inference methods predict a network from data, and are broadly categorized into

associative and regression based algorithms. Associative methods compute pairwise scores

between genes and use a threshold to determine the presence of an undirected edge between

genes. Examples of associative algorithms include ARACNE [Lee and Kim, 2019], CLR

[Faith et al., 2007], and WGCNA [Langfelder and Horvath, 2008]. Regression methods

answer the question for each target gene’s expression, which other genes’ expression values

are the most predictive? These methods use an ensemble of models, one per target gene,

and a machine learning model such as Lasso, RandomForest, or XGBoost to fit and generate

feature importance scores for each candidate upstream gene. A threshold is selected to filter

the top k most predictive upstream genes for each downstream gene. Examples of regression

methods include GENIE3 [Marbach et al., 2012], GRNBoost2 [Moerman et al., 2019], and

TIGRESS [Haury et al., 2012]. These methods have been applied extensively to observational

gene expression data; however, they generally lack the ability to jointly model observational

and interventional data, limiting their capacity to recover causal regulatory relationships.

GRN inference can also be thought of as a causal structure learning problem. We are
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given observational and perturbation gene expression data through RNA-seq, ChIP-seq or

CRISPR experiments. The expression of genes by other genes is causal in nature, since a gene

must first be expressed and translated into proteins in order for the up-regulation or down-

regulation of other genes to occur. We can neatly assign genes to random variables or nodes

and regulatory events as directed edges between nodes in the DAG. Since the experimental

technologies are "genome-wide", we observe all genes and satisfy causal sufficiency – at least

over the gene space. Perturb-seq experiments give us large scale interventional data meaning

we have more information to separate the true DAG from the MEC.

Seemingly, there are many reasons to abstract GRN inference to causal structure learning

and consequently there has been an explosion of causal structure learning papers that state

GRN inference as a use case: Dai et al. [2024], Brouillard et al. [2020], Squires et al. [2020],

Nazaret et al. [2023], Lopez et al. [2022] to name a few. However, there are several ways

in which GRN inference fails to meet the strict assumptions needed for causal structure

learning.

• Feedback loops: It is well-known that GRNs contain feedback loops. For example,

genes often self-regulate. In the case of a negative feedback loop, the expression of gene

X is modulated by its own expression value; once expression reaches a certain threshold,

the gene will negatively self-regulate so that expression does not exceed a threshold –

this is also known as homeostasis. This clearly violates the acyclic assumption; it seems

unreasonable to represent GRNs as DAGs in the first place. To ameliorate this issue,

we can use time as an axis to "unroll" cycles in a GRN [Assaad et al., 2022, Spirtes

and Zhang, 2016], however, in order to infer a DAG we would then need time-series

data which is expensive to acquire. Many works also relax the acyclic constraint to

learn graphs with cycles [Mooij et al., 2011, Strobl, 2019].

• Latent confounders: Despite genome-wide technologies’ ability to collect data over

the full genome, there is always the presence of unobserved environmental and pre-
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or post-transcriptional confounding variables. For example, DNA methylation is a

biological process that adds methyl groups (CH3) to DNA; when this happens in the

promoter region of a gene, this effectively suppresses the transcription of that gene.

Since this process of methylation depends on factors outside of gene expression (local

DNA context, chromatin accessibility, radiation exposure, stress, and many others),

measuring the full transcriptome does not deconfound the methylation landscape. FCI

[Zhang, 2008b], GPS [Claassen and Bucur, 2022], and DCD [Bhattacharya et al., 2021]

are examples of constraint, score, and continuous optimization algorithms, respectively,

that handle latent confounders.

• Faithfulness: In order for identifiability of a causal graph given data, we need the

faithfulness assumption. Both feedback loops and the presence of latent confounders

inherently break faithfulness. Even if these two issues are mitigated, faithfulness is

not guaranteed in gene expression data. For example, gene regulation is often non-

linear and we usually describe the dynamics of regulation using Hill functions. This

means that gene expression activates at a specific threshold of another gene, and then

saturates at another threshold. If a transcription factor needs to cross a threshold to

activate a target gene, below that threshold the target may look independent of the

regulator, even though a causal edge does exist. Some works address this issue, show-

ing that identifiability can still be achieved with weaker faithfulness assumptions [Lin

and Zhang, 2020, Zhang and Spirtes, 2008, Ng et al., 2021].

Finally, there are practical reasons why causal discovery is difficult to apply to GRN

inference. These are issues of statistical efficiency with a large number of nodes (p) and a low

sample size (n). One of the objectives of this thesis is to demonstrate how causal discovery

can still apply to GRN inference; mainly by tackling practical issues like scalability. We

show that despite theoretical limitations, the causal framework is useful for GRN inference

and, in particular, for identifying experimental targets to uncover more of the human GRN.
17



CHAPTER 3

INCORPORATING STRUCTURAL PRIORS FOR BOOSTING

GREEDY CAUSAL DISCOVERY

Causal discovery of genome-scale networks is important for identifying pathways from genes

to observable traits – e.g. differences in cell function, disease, drug resistance and others.

Causal learners based on graphical models rely on interventional samples to orient edges

in the network. However, these models have not been shown to scale up the size of the

genome, which is on the order of 103-104 genes. We introduce a new learner, SP-GIES, that

jointly learns from interventional and observational datasets and achieves almost 4x speedup

against an existing learner for 1,000 node networks. SP-GIES achieves an AUC-PR score of

0.91 on 1,000 node networks, and scales up to 2,000 node networks – this is 4x larger than

existing works. We also show how SP-GIES improves downstream optimal experimental

design strategies for selecting interventional experiments to perform on the system. This is

an important step forward in realizing causal discovery at scale via autonomous experimental

design.

3.1 Introduction

A biological network describes causal interactions between variables in a biological system.

These variables can be genes, transcription factors, proteins and metabolites. Interactions

between these variables, along with external environmental factors, maps the genome of

a species (or genotype) to an observable trait (or phenotype) (See Fig. 3.1). Predicting

phenotypes from genotypes is one of the core challenges in systems biology Pigliucci [2010],

Ritchie et al. [2015], Lewis et al. [2012]. Genotype-phenotype models are useful for predicting

cell function, disease, drug resistance, and many other problems related to biology and

public health. In this paper we focus on biological network recovery of the first layer in
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the interaction hierarchy (the gene regulatory network) – which we name a “genome-scale

network” since the number of variables corresponds to the number of genes in a genome.

Recovery of genome-scale networks is important for understanding drivers for phenotypic

changes and for identifying new drug targets. Moreover, a better understanding of genome-

scale networks enables more accurate downstream phenotype prediction models including

those that use machine learning (See latent topics in Fig. 3.1).

Biological networks are inferred from experimental data. Recovery of biological networks

is a reverse engineering problem: given experimental data, what is the network that gives

rise to the data? Existing methods for network recovery fall into two primary categories:

pairwise information theoretic methods, and graphical model methods. The advantages of

the former are that they are embarrassingly parallel and have been shown to be effective

on large-scale biological datasets Faith et al. [2007], Lachmann et al. [2016], Margolin et al.

[2006]. The main disadvantage of these methods is that they can only learn from one data

distribution – e.g. they cannot incorporate new experimental data after an intervention has

been applied to a system. The second category of network recovery methods are graphical

models, often called structure learners. The advantages of these are that they have an

immediate causal interpretation (the direction of an edge implies cause and effect) and as a

result a suite of methods have been built to jointly learn from observational and interventional

data distributions Hauser and Bühlmann [2012], Wang et al. [2017], Tong and Koller [2001]

– we call these “joint learners”. This ability to jointly learn from different distributions takes

a statistical model (e.g. a Bayesian Network) and converts it into a causal model (e.g. a

Causal Bayesian Network). The disadvantages of graphical models are that they do not scale

well with the number of nodes in the graph (the graph search space is combinatorial), and

joint learners do not have parallel implementations. This means that joint structure learners

have not been evaluated on datasets at scale – at most we observed evaluations on 500 node

networks. Given that the genomes of most species are on the order of 103-104 genes, there
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Figure 3.1: The hierarchy of biological networks is partially known. Levels in this hierarchy can
be represented as causal networks. Interventions activate mechanisms of action and reveal causal
relationships within a mechanism. The space of possible interventions is large, motivating the need
for autonomous design loops like AI driven experimental design and robotic laboratories. In theory,
recovery of all networks allows for full genotype to phenotype mapping. However, in practice it
is impossible to fully capture the data distribution and control for confounding variables. This
motivates representing mechanisms of action as topic latent variables that can be learned via topic
modeling.

is a need to scale up these joint structure learners to larger networks. In this paper we

introduce a new hybrid structure learner, named SP-GIES, that leverages the advantages of

both categories of methods.

A causal model is preferable to a statistical model because directed causal edges in a

network allow us to identify pathways, or mechanisms of action, from genotype to pheno-

type. In applications of biology and medicine, researchers seek to model both functional

outcomes and the mechanisms that lead to outcomes so that these can be understood and

manipulated through therapeutics. Given this priority, there is a demand for causal models
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in this application space. This motivates the need to incorporate data from interventions

on the system. We estimate the space of possible interventions in the environment and gene

spaces to be 104-105 depending on the species under investigation. A brute force sampling of

this space of interventions is experimentally expensive and wasteful. Instead, there is a need

to design feedback loops that choose advantageous interventions based on domain knowledge

and learned knowledge. Work in optimal experimental design (OED) uses expected gain to

choose interventions on variables in Bayesian Networks to drive causal discovery [Tong and

Koller, 2001, Hauser and Bühlmann, 2014, Agrawal et al., 2019, Ghassami et al., 2018]. This

paradigm allows us to reason about how new inferred knowledge can connect to our existing

domain knowledge, and provide a path forward for integrating AI into science domains.

The contributions of this work are as follows:

1. The implementation of a new hybrid structure learning method named Skeleton-Primed

Greedy Interventional Equivalence Search1 (SP-GIES), based on the existing method

GIES Hauser and Bühlmann [2012], that jointly learns from observational and inter-

ventional data. SP-GIES achieves better network recovery accuracy and a faster time

to solution on large-scale networks compared to existing methods.

2. The application of SP-GIES to an optimal experimental design feedback loop that

chooses optimal interventions on genes.

3. An analysis of the complexity of these methods and discussion of future directions, in-

cluding unified libraries of causal algorithms, in order to achieve genome-scale network

recovery for genotype to phenotype mapping with interventions.

1. Code is available at https://github.com/shahashka/SP-GIES
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3.2 Preliminaries

3.2.1 Causal Bayesian Networks

Let G = (V,E) be a directed acyclic graph defined by a set of vertices V and directed

edges E. The vertices of the graph represent random variables X1...Xp. Under the Markov

Assumption for Bayesian Networks, each variable Xi is conditionally independent of its

non-descendants given its parents. The joint distribution of a Bayesian network factorizes

as P (X) =
∏p

i=1 P (Xi|Pa(Xi)) Spirtes et al. [2000a]. The following definitions describe

important properties of Bayesian Networks that are relevant for structure learning.

Figure 3.2: How to convert from purely statistical model (such as a Bayesian Network) to causal
model (such as a Causal Bayesian Network) with interventional data. By modeling interventional
distributions, the interventional essential graph EssI(G) is closer to the true underlying causal
graph (G∗) compared to the observational essential graph Ess(G). This figure is adapted from
Schölkopf et al. [2021]

Definition 3.2.1 (Markov Equivalence Class (MEC)). The Markov Equivalence class (MEC)

of a Bayesian Network G consists of all directed acyclic graphs (DAGs) that share the same

conditional independence relationships.

Definition 3.2.2 (Essential Graph (Ess)). An essential graph Ess(G) is a partially oriented

graph that uniquely represents the MEC of a DAG. Directed arrows only exist on edges
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consistent across the equivalence class and all other edges are left undirected Andersson

et al. [1997].

A Causal Bayesian Network is a Bayesian Network where edges represent cause and effect

relationships Pearl [1995a]. For example, if a directed edge exists from Xi to Xj , this means

that no unobserved confounding variables are responsible for their correlation and Xi is a

direct cause of Xj .

3.2.2 Structure Learning with Observational Data

Constructing the graph structure from a set of instances (sampled values for each node Xi)

is called structure learning. The following assumptions are made for learning a graph Ĝ from

data.

1. Causal sufficiency - All random variables are observed, i.e. there are no hidden

variables

2. Causal Markov Assumption - The data is generated from an underlying Bayesian

Network (G∗, θ∗) over a set of random variables X

3. Faithfulness Assumption - The distribution P ∗ over X induced by (G∗, θ∗) satisfies

no independencies beyond those implied by the structure of G∗

We are given a data set D = {X1...Xp} of N samples from P ∗ – this data is assumed to

be independent and identically distributed (i.i.d.). The task is to learn a model M̂ = (Ĝ, θ̂)

that defines a distribution P̂ that best fits true distribution P ∗ Koller and Friedman [2009].

All graphs in the same MEC give rise to the same observational distribution. Therefore

the best we can do with only observational data is recover the true graph’s MEC. Several

graphical model based methods learn the structure from observational data only. These are

split into constraint-based and score-based methods. There are also pairwise information

theoretic methods that learn from only observational data. We discuss these in Section 3.3.
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3.2.3 Structure Learning with Interventional Data

In addition to structure learning on observational data, we want to incorporate interventional

datasets into our learning procedures. Intervening on a set of random variables I ⊆ X

removes incoming edges to the random variables I, and sets the joint distribution to a new

interventional distribution P do(Xi=x). Here, we are setting node Xi to a value x. In this

paper we consider “hard” interventions, where a node is set to a constant value, because this

mimics the types of interventions we are able to perform in biology applications – e.g. gene

knockout experiments. This is in contrast to a “soft” intervention which samples Xi = x

from a distribution.

Definition 3.2.3 (Interventional Distribution). The joint distribution after a hard interven-

tion is:

P do(Xi=x) =


∏p

j ̸=i P (Xj |Pa(Xj) ifXi = x

0 otherwise

Jointly learning on observational and interventional data allows us to correctly isolate

causal relationships and orient edges in the graph. An estimated Ess(G) from observational

data can be further refined into an I-essential graph (EssI(G)). This is a partially oriented

DAG that represents an interventional Markov Equivalence class (I-MEC) (See Fig. 3.2).

There are several existing methods that jointly estimate structure given observational and

interventional data. See Vowels et al. [2021] for a full list of these structure learners.

3.2.4 Optimal Experimental Design

We have access to new interventional data by sampling the system, but we wish to prioritize

the interventional experiments that will recover the true causal graph the fastest. This is

done via maximization of an expected utility function, over the set of potential interventions:
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Î = argmaxI EG|D[U ]. Here, U is a utility function like mutual information or number of

oriented edges.

Our goal is to recover the underlying Causal Bayesian Network given a mix of interven-

tional and observational samples, and some prior information about the causal edges in the

graph. We cast this as a Bayesian Inference problem over the space of DAGs. We have a prior

P (G) which encodes any prior structural knowledge about the underlying DAG. Applying

Bayes Theorem gives us the posterior distribution P (G|D) ∝ P (D|G)P (G). The likelihood

is P (D|G) =
∫
θ P (D, θ|G)dθ =

∫
θ P (D|θ,G)P (θ|G)dθ, where we have marginalized out the

parameters of the graph Tong and Koller [2001]. D is a mix of observational and interven-

tional data. The posterior distribution is sampled via the joint structure learners described

in the previous section. After sampling new data from the chosen optimal intervention, the

new data is concatenated to the existing data and the posterior is re-sampled using the joint

structure learners.

3.3 Related Work

Table 3.1 and Table 3.2 provide a summary of the related work in biological network recovery

and optimal experimental design respectively.

3.3.1 Structure Learning With Interventional Data for Biology Network

Recovery

Pairwise information theoretic learners use calculated metrics to estimate the dependence of

two variables. A threshold is applied to the metric to obtain a network representation of the

system. Pinna et al. [2010] use a deviation matrix (difference between intervened samples

and steady state samples) to estimate an initial network. This algorithm won the DREAM4

network recovery challenge and was the state-of-the-art for gene regulatory network recon-
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Table 3.1: Properties of all the learners covered in this paper. Methods are split row-wise by the
nature of the learner. Data type refers to observational and/or interventional data capability of the
learners. Evaluation dataset lists the benchmarks used for evaluation in each paper. Finally, the
table also lists the maximum number of nodes the algorithm was evaluated on and the worst case
complexity of the algorithm as reported in the corresponding papers. p is the number of nodes, n
is the number of samples. k is the maximal degree of any node in the graph. Note that for joint
learners the average case complexity is not exponential, however exact calculations depend on clique
size and network topology.

Category Method Data Type Evaluation Dataset Scaling

Observ. Interv. Random DREAM Large-Scale Max Nodes Runtime

Pairwise Info.
Theoretic

CLR [Faith et al., 2007] ✓ ✗ ✗ ✗ ✓ 4,345 O(p3n3)
ARACNE-AP [Margolin et al., 2006] ✓ ✗ ✗ ✗ ✓ 1,331 O(p3 + p2n2)
Pinna et al. [2010] ✗ ✓ ✓ ✓ ✗ 100 O(p3 + np)

Graphical
Models

PC [Spirtes et al., 2000c] ✓ ✗ ✓ ✓ ✓ 5,361 O(pk+2)
GIES [Hauser and Bühlmann, 2012] ✓ ✓ ✓ ✓ ✗ 500 O(2p)
IGSP [Wang et al., 2017] ✓ ✓ ✗ ✗ ✗ 24 O(2p)
MCMC Mallows [Rau et al., 2013] ✓ ✓ ✓ ✗ 10 O(2p)

Hybrid SP-GIES (this paper) ✓ ✓ ✓ ✓ ✓ 2,000 O(2p)

Table 3.2: Properties of the OED methods covered in the paper. OED criteria refers to the
utility function used for selection of the optimal intervention. Note that the complexity listed here
corresponds only to choosing the next intervention or sets of interventions. Each algorithm also has
the cost of sampling from the posterior distribution which is equivalent to the complexity of the
learners in Table 3.1. O(pk) refers to any polynomial in p.

Method OED Criteria Evaluation Dataset Scaling

Info. Theory Edge Orient. Random DREAM Large-Scale Max Nodes Runtime

Ness et al. [2017] ✗ ✓ ✗ ✓ ✗ 17 O(|E| · p!)
Hauser and Bühlmann [2014] ✗ ✓ ✗ ✗ ✗ 40 O(pk)
Tong and Koller [2001] ✓ ✗ ✗ ✗ ✗ 12 O(pn)
ABCD Agrawal et al. [2019] ✓ ✗ ✓ ✓ ✗ 10 O(p2n)
BED Ghassami et al. [2018] ✓ ✗ ✓ ✓ ✗ 100 O(pk)

struction at the time. Faith et al. [2007] introduce CLR (context likelihood of relatedness)

which calculates the pairwise B-spline mutual information between genes in the E. coli K-12

gene regulatory network. CLR is implemented in MATLAB, with a fast parallel kernel for

calculating the pairwise mutual information. Margolin et al. [2006] developed ARACNE (Al-

gorithm for the Reconstruction of Accurate Cellular Networks) which is a similar pairwise

mutual information based network recovery algorithm. ARACNE additionally employs a

DPI (data processing inequality) algorithm which removes indirect interactions. ARACNE

was more recently upgraded to ARACNE-AP Lachmann et al. [2016], which is implemented
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in Java to handle adaptive partitioning for calculating the mutual information – this achieved

a 200x computational performance improvement.

Graphical model based learners reveal a much finer structure than pairwise methods be-

cause they are based on Bayesian Networks. The PC algorithm is a constraint-based structure

learner that only handles observational data. PC learns a graph by performing conditional

independence testing on pairs of nodes conditioned on other nodes [Spirtes et al., 2000c].

Since its introduction, many parallel implementations and optimizations of the PC algorithm

have been added (Le et al. [2016], Madsen et al. [2017]) including one that uses GPUs (Zare-

bavani et al. [2019]). Existing structure learners that jointly learn from observational and

interventional data are either score-based or hybrid score/constraint-based methods. Rau

et al. [2013] propose an algorithm called MCMC Mallows based on Markov Chain Monte

Carlo sampling over the space of potential Gaussian DAGs to find the best scoring DAG.

MCMC Mallows was evaluated on the DREAM4 networks and scored better than Pinna

et al. [2010] on two of the networks. Hauser and Bühlmann [2012] proposed Greedy In-

terventional Equivalence Search (GIES) which is a greedy score-based approach that is an

extension of the original GES learner. The worst case complexity of GIES is exponential in

p (the number of nodes in the graph), however the authors note and show empirically that

GIES is more efficient than this worst case. GIES was evaluated on DREAM4 and achieved

scores in the top third of all participants. Intervention Greedy Sparsest Permutation (IGSP,

Wang et al. [2017]) is a hybrid score/constraint, and a non-parametric extension of the GSP

learner. IGSP associates a DAG to every permutation of random variables and greedily

updates the DAG by transposing elements of the permutation. IGSP performed comparably

to GIES on protein signaling data Sachs et al. [2005] and better than GIES on a real gene

expression dataset with 24 genes. The worst case complexity of IGSP is also exponential in

p. IGSP and GIES can be implemented with polynomial complexity by restricting the max-

imum degree of each node in the graph, however, for large scale networks with hubs (nodes
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with high connectivity) the maximum degree may be difficult to determine. We show the

empirical scaling of these joint learners against our proposed learner, SP-GIES, in Section

3.4.

3.3.2 Optimal Experimental Design for Biology Network Recovery

One way to choose the optimal intervention is to choose the set of interventions that maxi-

mizes the mutual information or leads to the greatest decrease in entropy. Tong and Koller

[2001] sample a set of orderings from the distribution over graphs and parameters. They then

use this set of orderings to compute entropy terms and select the intervention with the lowest

expected posterior loss. Agrawal et al. [2019] extend the work of Tong and Koller [2001] with

the ABCD strategy – a greedy implementation of batched experimental design. They use

a utility function based on the expected entropy decrease of an intervention. This requires

calculating expectations over the graph and parameter spaces, however, they are able to

make a tractable algorithm by using bootstrapping and weighted importance sampling.

Another way to choose the optimal intervention is to choose the intervention that leads

to the maximal number of oriented edges. Ness et al. [2017] use optimal experimental design

to recover protein signaling networks Sachs et al. [2005]. They use a utility function based

on the expected information gain of an intervention given the observational MEC and other

interventions in the batch. This algorithm, however, has factorial dependence on batch size.

Ghassami et al. [2018] use the expected number of oriented edges of an essential graph as

the utility function. The essential graph of the ground truth network is first estimated using

a constraint based method like the PC algorithm. Hauser and Bühlmann [2014] similarly

propose a utility function based on the number of oriented edges of a skeleton graph.
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3.4 Method

Here we describe our hybrid algorithm Skeleton-Primed Greedy Interventional Equivalence

Search (SP-GIES). A skeleton is an undirected graph with edges that correspond to edges

in a DAG. The algorithm is a simple sequential use of an observational learner to estimate

a skeleton, and the joint graphical model structure learner GIES to orient edges. The two

step algorithm is as follows:

1. Use ARACNE, CLR or PC to generate a skeleton with only observational samples.

2. Use the output of (1) to restrict the possible edge set for the GIES learner. Jointly

learn from observational and interventional data using GIES.

Figure 3.3: A weak scaling study comparing the SP-GIES, GIES and IGSP algorithms. The
number of samples is fixed to n=1,000. Data points are averaged over 3 runs. The study was
performed on a 2.8 Ghz AMD EPYC Milan 7543P 32 core CPU and a NVIDIA A100 GPU. The
IGSP 1,000 and 2,000 node runs exceeded our quota and are not plotted here.

If the PC algorithm is used then the input to (2) is an Ess(G) which is represented by

a partially oriented DAG or PDAG. We chose GIES for (2) since it has an open source

implementation that is part of the widely used pcalg library in R. For scaling studies, we

chose to use the R implementation of PC algorithm. This is because CLR and ARACNE are

implemented in MATLAB and Java respectively. Since GIES only has an R implementation,

we chose to use the R implementation of PC for our scaling studies.
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Figure 3.4: Fraction of runtime for each step of the SP-GIES algorithm. Step (1) is cuPC and
Step (2) is GIES. We see that as the graph size increases, the bottleneck is the GIES step.

While (1) is easily parallelizable on multiple processors or deployable to a GPU, the

bottleneck of the computation is in the GIES step (see Fig. 3.4). Still in Fig. 3.3, we see that

SP-GIES is able to reach a faster time to solution than GIES. To understand why this is, we

investigated the GIES algorithm. GIES is a greedy score-based structure learner. The score

function is the Bayesian Information Criterion which is based on the maximum likelihood

estimate of the graph given the current data. Starting from an empty essential graph, in

the forward phase of the algorithm an edge is added to Ess(G) such that the new essential

graph has the maximal score. The algorithm iterates through all possible edges until it finds

the corresponding essential graph with the highest score. The backward phase is similar,

except an edge is removed instead of added. By restricting the set of possible edges to

the GIES algorithm by first estimating the skeleton, we narrow the size of the search space

for both phases – this is what results in the speedup. Moreover, since we use a fast GPU

implementation of the PC algorithm (Zarebavani et al. [2019]), the overhead of estimating

the skeleton first is minimal.

Table 3.1 shows that all joint learners have a worst case exponential complexity – this

is attributed to the combinatorial search space over graphs. However, the average empirical

complexity is related to the topology of the network i.e, the size of the largest clique. Since
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the average complexity is difficult to calculate, we show in Fig. 3.3 that SP-GIES reaches a

faster time to solution as the size of the network increases. We ran a scaling study for SP-

GIES using a similar study as Hauser and Bühlmann [2012] except we were able to scale up

to p=2,000 nodes versus the p=500 nodes in the GIES paper. IGSP was unable to complete

for the 1,000 and 2,000-node networks within our allotted quota of 72 hours. We see that

SP-GIES is able to reach a faster time to solution than both IGSP and GIES because of the

restriction of the edge set discussed previously.

SP-GIES is a heuristic interventional version of algorithms like ARGES Nandy et al.

[2018], which restricts the search space by providing an initial guess for observational datasets.

There is an accuracy trade off in SP-GIES since restricting the search space can result in

convergence to local maxima. As such, SP-GIES does not provide the consistency guaran-

tees of algorithms like ARGES and IGSP. In Section 3.6, we show empirically that SP-GIES

performs well against existing learners on benchmark datasets.

3.5 Datasets

We tested SP-GIES against existing learners on datasets at various scales. Random net-

works were generated using the networkx Python library. Observational data was generated

assuming a linear Gaussian model. We generated 100 observational samples and one in-

terventional sample per node. The DREAM4 insilico challenge provides observational and

interventional gene knockout data of gene regulatory networks synthetically generated from

stochastic ODEs. The dataset contains 10 observational samples and one interventional

sample per node. The ground truth networks are subnetworks of the larger E.coli gene reg-

ulatory network. The RegulonDB dataset was provided by Faith et al. [2007]. The network

is the current estimated E.coli K12 gene regulatory network and contains 1146 nodes, 3179

edges and 524 real experimental samples. Of the 524 experimental samples, 35 are samples

are taken from gene knockout experiments. The RegulonDB dataset also contains environ-
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Table 3.3: Evaluation of learners on random networks of size 10. Three different types of random
networks were generated: Erdös Renyi Erdős et al. [1960], Scale free Barabási and Bonabeau [2003],
and Small world Watts and Strogatz [1998]. p and k refer to parameters used to generate the graphs,
not the number of nodes and degree as used previously. Results are averaged over 30 random graphs,
each learned with 100 data samples. The superscript on the algorithms refers to the data type used
(O for observational, OI for mixed observational and interventional). For SP-GIES, ARACNE,
CLR, and then PC were used for skeleton estimation for Erdös Renyi, Scale Free and Small World
respectively since these were the best performers.

Algorithm Erdös–Rényi (p = 0.5) Scale-Free (k = 2) Small-World (p = 0.5, k = 2)

SHD SID AUC-PR SHD SID AUC-PR SHD SID AUC-PR

PCO 22.77 70.73 0.35 11.27 61.00 0.62 8.23 36.33 0.59
CLRO 22.67 71.43 0.34 17.27 68.30 0.35 10.83 51.17 0.43
ARACNE-APO 21.83 79.00 0.36 16.63 76.70 0.37 10.10 52.80 0.43
GESO 23.27 53.34 0.47 11.20 28.57 0.69 10.23 17.27 0.67
GIESOI 23.93 39.23 0.59 14.13 36.43 0.68 21.30 17.70 0.55
PinnaOI 22.67 57.60 0.26 18.00 56.93 0.28 13.97 29.73 0.13
IGSPOI 20.00 67.27 0.38 15.00 53.23 0.41 6.73 22.43 0.55
SP-GIESOI 24.00 39.87 0.59 11.34 48.53 0.64 5.90 26.53 0.68

NULL 21.00 66.83 0.61 16.00 61.30 0.58 10.00 30.00 0.55

mental interventions. Existing learners currently only model gene variables, therefore any

environment interventional samples were treated as observational data. Future work includes

explicitly modeling environmental condition variables.

Each learner was evaluated on three metrics: Structural Hamming Distance (SHD), Struc-

tural Interventional Distance (SID) and the AUC-PR. The SHD is the L1 error between the

generated DAG and the ground truth DAG. The SID counts the incorrect interventional

distributions as defined by Eq. 3.2.3. The AUC-PR is the area under the precision-recall

curve. All three of these metrics are common evaluations for causal discovery. However, we

note that SHD and AUC-PR are biased towards empty graphs. Suppose a structure learner

A learns a graph GA with no edges and with SHDA = |E|. Another learner B learns a

graph GB with SHDB > |E|, but correctly learns some of the causal edges in the true

graph. According to the SHD, GA is better and we may posit that A is the better learner

for the data. However, an argument can be made for GB because it captures more causal

relationships than GA. This means that a lower SHD may not always indicate a model
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Table 3.4: Evaluation of learners on the DREAM4 networks of size 10. The dataset contains
11 observational samples and 10 interventional samples. Interventional samples are gene knockout
experiments. For SP-GIES, ARACNE was used for skeleton estimation, except for Network 4
which used CLR. Note that for Network 3, we used adaptive learning in the GIES subroutine
(adaptive=“triples") to achieve the best performance for the SP-GIES learner. We did not see
significant improvement with adaptive learning for the other networks.

Algorithm Net 1 Net 2 Net 3 Net 4 Net 5

SHD SID AUC-PR SHD SID AUC-PR SHD SID AUC-PR SHD SID AUC-PR SHD SID AUC-PR

PCO 14 39 0.31 12 56 0.43 16 64 0.26 14 45 0.16 11 57 0.59
CLRO 13 36 0.45 10 56 0.53 14 62 0.36 14 47 0.19 15 62 0.33
ARACNE-APO 11 28 0.56 12 56 0.45 13 61 0.43 15 45 0.06 12 57 0.46
GESO 13 29 0.49 15 52 0.30 17 64 0.15 19 48 0.10 11 51 0.14
GIESOI 13 31 0.51 12 49 0.51 16 40 0.49 15 26 0.34 9 39 0.37
PinnaOI 11 22 0.49 11 56 0.08 14 61 0.57 12 42 0.37 11 38 0.47
IGSPOI 13 27 0.07 13 54 0.08 16 65 0.07 15 38 0.06 13 48 0.19
SP-GIESOI 11 23 0.63 10 34 0.60 12 47 0.63 12 35 0.33 6 30 0.45

NULL 12 27 0.57 11 53 0.58 14 61 0.57 12 36 0.56 11 46 0.56

that best fits the data distribution. A similar argument can be made for the AUC-PR. The

drawback of the SID is the computational complexity is quadratic in the number of nodes

for sparse networks, and cubic in the number of nodes for dense networks. This is shown

empirically up to 50 nodes by Peters and Bühlmann [2015].

3.6 Results

Results of our evaluation on random networks, DREAM4 networks, and genome-scale net-

works are shown in Table 3.3, Table 3.4, and Table 3.5 respectively. The observational learn-

ers we evaluated are PC, ARACNE, and CLR. The interventional learners we evaluated are

GIES, IGSP, Pinna and SP-GIES. We did not include MCMC Mallows in our evaluation

because of the scalability challenges associated with Monte Carlo sampling. See Rau et al.

[2013] for an evaluation of MCMC Mallows on small DREAM4 and random datasets. As

a reference, we also include the scores for a network without any dependencies (no edges),

named NULL. For CLR and ARACNE, a threshold value must be chosen to filter edges.

For CLR with the random and DREAM4 networks, we chose values so that approximately

the top 10% of edges were retained. For CLR with the RegulonDB dataset, we followed
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Table 3.5: Evaluation of learners on large-scale networks. RegulonDB has 1146 nodes and 3179
edges. Small-World has 1000 nodes and 1000 edges. Pinna et al. [2010] requires one interventional
sample per gene, since the RegulonDB dataset does not provide this we did not evaluate Pinna on
this dataset. GESO required setting the maximum degree to 10 in order to achieve convergence.
IGSP did not converge in 72 hours for these networks.

Algorithm RegulonDB Small-World

SHD SID AUC-PR SHD SID AUC-PR

ARACNE-APO 3,752 25,979 0.04 1,000 3,883 0.50
CLRO 3,095 18,069 0.30 2,620 116,560 0.09
PCO 3,963 23,908 0.01 467 2,447 0.82
GESO 8,712 74,224 0.005 1,523 879 0.88
GIESOI 8,355 80,580 0.006 1,623 1,097 0.84
PinnaOI – – – 16,577 4,334 0.002
SP-GIESOI 3,154 22,114 0.10 341 975 0.91

NULL 3,179 18,294 0.50 1,000 3,883 0.50

the work of Faith et al. [2007] and chose the threshold that resulted in 60% precision. For

ARACNE, we used the threshold associated with a p-value of 10−8 – this is the default used

by Lachmann et al. [2016].

For random networks of size 10, the best performing learner depends on the network

type. GES with no interventional data performs the best on scale free networks. SP-GIES

performs best on small world networks. Both GIES and SP-GIES perform comparably for

Erdös Renyi networks. For DREAM4, SP-GIES most frequently gets the best score across

all metric types over all five networks. We see that the addition of interventional data

improves the performance of algorithms that can handle both data types (namely GIES and

SP-GIES).

For the RegulonDB network, the best scoring method is CLR. This is because the CLR

method calculates a threshold value to prune edges so that the learner achieves 60% precision

compared to the ground truth network – this makes it an unfair comparison since the ground

truth network must be known a priori. We used CLR for the skeleton estimation of SP-GIES.

An unexpected result is that SP-GIES appears to worsen the initial estimate of the CLR

skeleton. To understand this, we zoomed in on a subnetwork of RegulonDB that contains
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Figure 3.5: (A) The subnetwork of the ground truth network for the RegulonDB dataset, which
contains 3 hubs highlighted in red. (B) The estimated undirected subnetwork given by CLR, which
correctly identifies the 3 hubs. The threshold was chosen so that 60% of the ground truth network
was recovered. (C) The subnetwork estimated by SP-GIES using the CLR skeleton. With real data,
no hubs are detected. (D) The subnetwork estimated by SP-GIES using the CLR skeleton with
synthetic data. The 3 hubs are detected, although the graph is more sparse than the CLR estimate
and ground truth network.

three hubs (highly connected nodes). Fig. 3.5 shows that CLR correctly identifies 3 hubs in

the subnetwork. However, SP-GIES removes many edges from this initial estimate and adds

new edges elsewhere. As a result, no hubs are detected using SP-GIES. One possible reason is

that the GIES learner uses the maximum likelihood estimate to score each candidate graph.

This calculation assumes the data is sampled from a linear Gaussian distribution – which

is not the case for real datasets like RegulonDB where nonlinear effects may be present.

Since mutual information can capture nonlinearity, we do not see this issue reflected in

CLR. To test this theory, we generated synthetic linear Gaussian data from the RegulonDB

subnetwork topology. Fig. 3.5 shows that with synthetic data the SP-GIES can detect 3 hubs

in the subnetwork. The nonlinearity of the dataset is only a partial explanation because the

SP-GIES estimate with synthetic data is still further from the ground truth compared to

the CLR estimate. Further analysis is needed to understand the data regimes and network

topologies within the scope of joint learners like SP-GIES.
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Figure 3.6: An evaluation of OED strategies for DREAM4 10 node network #3 over 10 rounds
of intervention. At each round of intervention, a new interventional data sample is added to the
current dataset corresponding to the chosen intervention. GIES and SP-GIES are joint learners.
Metrics are averaged over 30 runs.

For a few of the networks we evaluated here, the NULL graph achieves the best score.

Many real world networks, including gene regulatory networks, are sparse. As a result, the

NULL learner often appears to perform very well since the true networks lie close to an empty

network in combinatorial space. Interestingly, the NULL graph never scores best for the SID

metric. This could indicate that causal network recovery methods should be evaluated with

the SID rather than other metrics. However, more analysis is needed to understand the

validity of this and is outside the scope of this paper.

To understand the performance gains of SP-GIES over GIES on optimal experimental

design, we evaluated both algorithms with two different OED criteria on the DREAM4

insilico dataset. We limited this evaluation to small networks since the time complexity of

OED includes posterior sampling and optimal gene selection for each round of intervention.

We follow the framework of Agrawal et al. [2019], which includes bootstrap sampling of

the posterior distribution. An example result for a DREAM4 insilico network is shown in

Fig. 3.6. We observe three trends here. First, the edge orientation strategy achieves better

performance than the information gain strategy. Second, the SP-GIES learner boosts the

initial performance of the learner, however, it easily stagnates and additional interventional
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samples do not continue to improve the algorithm at the same rate as the GIES based

strategies. Still the SP-GIES x OED runs achieve better performance than GIES x OED,

and there is some improvement in accuracy with the addition of interventional data. We

speculate that stagnation may happen with the SP-GIES joint learner because by fixing the

skeleton, we also restrict the search space of the learner. This may result in the GIES step

of the algorithm getting stuck in a local minima. This motivates incorporating some level of

uncertainty into the skeleton, or randomly including sets of edges outside the skeleton into

the search space – we leave this to future work. Third, we see that the random strategy

is comparable to the OED strategies. In other words, prioritizing certain experiments over

others does not necessarily result in a better estimate of the causal network. One possible

explanation is that the network topology may be such that intervening on certain nodes is

not advantageous compared to others.

Another reason for the poor performance of the OED strategies is that they rely on a

good model (causal graph) to estimate the posterior distribution. Without a good model,

the calculation of the utility function will be inaccurate and the wrong experiments may

be prioritized. Although SP-GIES provides us with a better estimate of the causal graph

compared to GIES, it may not be sufficient for OED. This is analogous to what we see in

active learning; when the model performance is poor, a random labeling of new samples is

effective for model improvement.

3.7 Discussion

Understanding genome-scale networks is important for building a causal mapping from geno-

type to phenotype. However, recovery of genome-scale networks from interventional datasets

has not yet been realized because of the computational complexity of structure learners that

jointly learn from mixed data. Existing methods like GIES, IGSP, MCMC Mallows and oth-

ers are only evaluated on small networks up to 500 nodes and exhibit worst case exponential
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complexity. This makes subsequent optimal experimental design techniques computationally

intractable since the complexity is then multiplied by the computation of choosing the opti-

mal intervention. This is a huge issue in realizing causal discovery at scale via autonomous

design loops.

In this paper, we note that structure learners built for observational datasets have parallel

implementations on multiple processors and on GPUs. Our SP-GIES learner first estimates

a skeleton using these parallel implementations. This restricts the edge set for the subse-

quent joint structure learner and improves the time to solution. However, SP-GIES is still

bottlenecked by the scaling of the joint learner GIES – for example running network sizes

of 104 nodes did not complete in 24 hours. To realize recovery of genome-scale networks on

the order of 103-104, and to sample an interventional space on the order of 104-105, we must

have breakthroughs in distributed parallel implementations of joint learners. Joint structure

learners currently do not have parallel implementations because they are score-based learn-

ers (or hybrid constraint/score-based learners). At each step of the algorithm the candidate

graph is scored, typically using a function of the likelihood P (D|G) over the entire graph.

As we saw in Section 3.2, the joint distribution of a DAG is a product of conditional proba-

bilities which, for each node, depends on the parent nodes. As a result, the calculation of the

likelihood is sequential and typically optimization over this space is done greedily. It is not

intuitive how the graph may be partitioned into subgraphs for individual compute kernels.

Constraint based methods, on the other hand, use pairwise conditional independence testing

to resolve edges. A naive approach to scaling is to generate a separate compute thread per

calculation, however, one can group variables into blocks to further minimize computations

and boost performance. This type of performance enhancement has not yet been realized

by score-based learners, and this presents a roadblock for existing joint learners.

The performance of SP-GIES on the RegulonDB dataset – which is the most biologically

relevant dataset – suggests that future work should also incorporate nonlinearity into joint
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learners. One approach is to modify the GIES score function. Since closed form solutions

for the maximum likelihood estimate only exist for a small set of functions, an alternative is

to use a nonparametric learner like IGSP. However, IGSP does not scale to the size of the

RegulonDB dataset. Moreover, the IGSP learner in general appears to perform poorly on

random and DREAM4 networks. We note that the use case for this algorithm is considerably

different than the datasets used here. IGSP was designed for cases where there is sufficient

interventional data in order for hypothesis testing to be successful. For the datasets used

here, only a handful of interventional samples are available for each node. Structure learning

for nonlinear datasets has been studied in works such as Gretton et al. [2009], Yu et al.

[2019], Zheng et al. [2018]. Recent works use neural networks by recasting the combinatorial

optimization into a continuous optimization. However, these methods suffer in low data

regimes. In order to realize network recovery at scale for real biological datasets, there is a

need to incorporate strategies from nonlinear structure learners into joint learners.

In evaluating existing methods and designing the SP-GIES method, we found that learn-

ers and OED strategies are implemented in a varied set of languages including Java, MAT-

LAB, R, Python and C. This is due to the diverse nature of backgrounds interested in causal

discovery of biological networks including from biology, statistics, computer science, machine

learning, and representation learning. There has been a recent interest in unifying tools for

causal discovery – for example CausalDiscoveryToolbox Kalainathan and Goudet [2019] ,

Pgmpy Ankan and Panda [2015] and CausalDAG Chandler Squires [2018] are Python libraries

that provide varying support for graphical and/or causal modeling. However, in the case of

CausalDiscoveryToolbox, the library is a Python wrapper for R code, which in turn is a

wrapper for C code. For Pgmpy, no joint interventional learners are implemented. CausalDAG

provides the best overall framework for causal discovery with interventions, although many of

the implementations are still incomplete. To realize better parallel implementations of causal

algorithms and OED strategies, we should encourage collaborations with the supercomputing
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community. Therefore, there is a need for exclusive Python or C implementations of these

models and algorithms since these languages are popular in the supercomputing community.

3.8 Conclusion

We present SP-GIES, a joint structure learner that leverages parallel observational learners to

estimate a skeleton and initialize the GIES joint learner. We provide a systematic evaluation

of SP-GIES against existing methods for datasets at various scales and with various metrics.

We see that SP-GIES is able to provide better network recovery accuracy for large scale

networks up to 2,000 nodes and on biological networks up to 1,146 nodes. This scale of

network recovery for joint learners has not been achieved to our knowledge. SP-GIES reaches

a faster time to solution than existing method GIES and provides up to 3.87x speedup.

We also show that SP-GIES improves subsequent OED strategies. Future work includes

a distributed parallel implementation of SP-GIES, and incorporation of SP-GIES into an

autonomous experimentation design loop.
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CHAPTER 4

SCALING CAUSAL DISCOVERY TO THE “GENOME-SCALE”

WITH DISTRIBUTED PARALLELISM

The aim in many sciences is to understand the mechanisms that underlie the observed dis-

tribution of variables, starting from a set of initial hypotheses. Causal discovery allows

us to infer mechanisms as sets of cause and effect relationships in a generalized way—

without necessarily tailoring to a specific domain. Causal discovery algorithms search over

a structured hypothesis space, defined by the set of Directed Acyclic Graphs (DAG), to

find the graph that best explains the data. For high-dimensional problems, however, this

search becomes intractable and scalable algorithms for causal discovery are needed to bridge

the gap. In this paper, we define a novel causal graph partition that allows for divide-

and-conquer causal discovery with theoretical guarantees under the Maximal Ancestral

Graph (MAG) class. We leverage the idea of a superstructure—a set of learned or ex-

isting candidate hypotheses—to partition the search space. We prove under certain as-

sumptions that learning with a causal graph partition always yields the Markov Equivalence

Class of the true causal graph. We show our algorithm achieves comparable accuracy and

a faster time to solution for biologically-tuned synthetic networks and networks up to 104

variables. This makes our method applicable to gene regulatory network inference and

other domains with high-dimensional structured hypothesis spaces. Code is available at

https://github.com/shahashka/causal_discovery_via_partitioning.

4.1 Introduction

Causal discovery aims to find meaningful causal relationships using large-scale observational

data. Causal relationships are often represented as a graph, where nodes are random vari-

ables and directed edges are cause-effect relationships between random variables [Spirtes
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et al., 2000c]. Causal graphs have high expressive power as they allow us to investigate com-

plex relationships between many variables simultaneously—making them relevant for many

problems in science, economics, and decision systems [Pearl, 1995b].

Exploring the graph search space to find the causal graph is an NP-hard problem.

Causal discovery algorithms have benefited from some performance enhancements and paral-

lel strategies [Ramsey, 2015, Laborda et al., 2023, Lee and Kim, 2019]. Recent work explores

a distributed divide-and-conquer version of causal discovery by partitioning variables into

subsets, locally estimating graphs, and merging graphs to resolve a causal graph. Existing

divide-and-conquer methods do not provide theoretical guarantees for consistency; meaning

in the infinite data limit they do not necessarily find the Markov Equivalence Class of the

true causal graph. Existing algorithms also rely on an extra learning step to merge graphs

which can be computationally expensive. Finally, these algorithms ignore the violations to

causal assumptions when learning on subsets of variables [Spirtes et al., 2000c, Eberhardt,

2017].

To address these limitations in literature, we propose a causal partition . A causal

partition is a graph partition of the hypothesis space, defined by a superstructure, into

overlapping variable sets. A causal partition allows for merging locally estimated graphs

without an additional learning step. We can efficiently create a causal partition from any

disjoint partition. This means that a causal partition can be an extension to any graph

partitioning algorithm.

We are interested in causal discovery for high-dimensional scientific problems; in particu-

lar, biological network inference. Biological networks are organized into hierarchical scale-free

sub-modules [Albert, 2005, Wuchty et al., 2006, Ravasz, 2009]. The causal partition allows

us to leverage the inherent, interpretable communities in these networks for scaling.

Our contributions are as follows: (A) We define a novel causal partition which lever-

ages a superstructure and extends any disjoint partition. (B) We prove, under certain
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assumptions, that learning with a causal partition is consistent without an additional learn-

ing procedure. (C) We show the efficacy of our algorithm on synthetic biologically-tuned

networks up to 10,000 nodes.

4.2 Related Work

Causal discovery algorithms are categorized into two types: (i) Constraint-based algorithms

use conditional independence tests to determine dependence between nodes [Spirtes et al.,

2000c,b], and (ii) Score-based algorithms greedily optimize a score function over the space of

potential graphs [Chickering, 2002b, Hauser and Bühlmann, 2012]. To address the intractable

search space for causal discovery, many “hybrid” methods first constrain the search space

with a constraint-based method and then greedily optimize the subspace using a score-

based method [Tsamardinos et al., 2006, Nandy et al., 2018]. Perrier et al. [2008] formalize

this approach by defining the superstructure G = (V,E) where for a true causal graph

G∗ = (V,E∗), E∗ ⊆ E. The superstructure can be found using a constraint-based method

like the PC algorithm, which is sound and complete. The superstructure can also be informed

by domain knowledge e.g., for gene regulatory networks genes that are functionally related

likely constrain underlying regulatory relationships [Cera et al., 2019]. Incorporating prior

knowledge into causal discovery allows us to infer which hypotheses or known relationships

are best supported by data.

Another approach to scaling causal discovery algorithms is the divide-and-conquer ap-

proach. In this approach, random variables are partitioned into subsets. Causal discovery is

run on each subset in parallel before a final merge to resolve a graph over the full variable set.

Huang and Zhou [2022] and Gu and Zhou [2020] use hierarchical clustering of the data to

obtain a disjoint partition of variables. Similarly, Li et al. [2014] partition the node set using

the Girvan-Newman community detection algorithm. Similar to our work, Zeng and Poh

[2004] use an overlapping partition, however, they do not provide any theoretical guarantees
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for learning. Tan et al. [2022] use an ancestral partition to restrict candidate parents for

exact causal discovery using dynamic programming. Laborda et al. [2023] employ ring-based

distributed parallelism. Our work differs from these because we use a superstructure G to

partition nodes into overlapping subsets using a novel causal graph partition with theoretical

guarantees. The causal partition avoids any additional learning step to combine subsets. We

show that a causal partition can be an extension to any disjoint partition, allowing us to

learn effectively on graphs of varying topologies. Finally, Zhang et al. [2024] also leverage a

superstructure to partition the variable set and define a causal partition with similar prop-

erties to ours. However, the variable set can only be partitioned into two subsets using an

optimal edge cut, meaning the scaling potential of this algorithm is limited. Our work has

no constraints on the number of subsets, and as a result we can scale up to 10,000 variables.

4.3 Background

4.3.1 Causal Discovery

Causal discovery considers a set of data sampled from the joint distribution of random

variables X ≜ (X1, . . . , Xp) where p is the number of random variables in the system. Each

random variable Xi ∈ Rn is defined as a real-valued column vector where each value is

an individual observation for random variable Xi. We assume these relationships can be

represented by a Directed Acyclic Graph (DAG). This DAG is a tuple G∗ = (V,E∗) where V

is the node (or vertex) set made up of p nodes corresponding to the random variables, and

E∗ ⊂ V ×V is the set of directed edges between nodes. For each directed edge (Xi, Xj) ∈ E∗,

we refer to the source node of the edge (Xi) as the “cause” and the target node of the edge

(Xj) as the “effect”. The joint distribution of random variables is given by a probability

density function that factorizes as:
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Table 4.1: Table of Relevant Notation

Symbol Description

G∗ Underlying true causal graph represented by a DAG.
H∗ CPDAG representing MEC of G∗.
G Superstructure.
X The complete observed data matrix (of dimensionality n ×

p).
Xi ∈ X Observational data for the ith random variable; also used to

denote nodes in graphical models.
(Xi, Xj) Directed edge from random variables (nodes) Xi to Xj .
A Consistent causal learner that outputs an PAG on subsets

S.
{S1, . . . , SN} Partition over node set V , where S ⊂ V .
∂out(S) The outer vertex boundary of a set of nodes S.
Xi ∼G′ Xj Nodes Xi and Xj are adjacent in some graph G′.

P (X1...Xp) =

p∏
i

P
(
Xi|PaG

∗
(Xi)

)
(4.1)

Where PaG
∗
(Xi) is the set of parents of node i in G∗. Nodes that are d-separated in G∗ imply

a conditional independence in P . Let X, Y ∈ V and Z ⊆ V/ {X, Y }. If Z d-separates X

from Y in DAG G∗, then the random variables X and Y are conditionally independent given

Z. We assume access to only observational data. In this setting, causal discovery algorithms

only estimate a graph within the Markov Equivalence Class (MEC) of G∗. The MEC of a

causal graph G consists of the set of DAGs that share the same conditional independence

relationships and therefore d-separation criteria. A Completed Partially Directed Acyclic

Graph (CPDAG) is the graph class that represents the MEC of a DAG. In this paper we

denote the MEC of the true DAG G∗ as the CPDAG H∗. In particular H∗ has the same

adjacencies and unshielded colliders (triples with the following structure i → j ← k where

i and k are not adjacent) as G∗ [Zhang, 2008a]. As a helpful reference, we include relevant

definitions in Table 4.1 .
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4.3.2 Graph Classes for Latent Variables

While the causal graph can be represented by a DAG, we consider alternative graphical

representations that consider latent (unobserved) variables. Namely, we consider two well-

studied graph classes: (i) Maximal Ancestral Graphs (MAGs) and (ii) Partial Ancestral

Graphs (PAG) [Richardson and Spirtes, 2003, Zhang, 2008a].

Definition 4.3.1 (mixed graph, MAG). A mixed graph G consists of a set of nodes V and

a set of directed edges E ⊂ V ×V and a set of bi-directed edges B ⊂ V ×V . If (Xi, Xj) ∈ E

we say there is a directed edge between Xi and Xj and we write Xi → Xj. If {Xi, Xj} ∈ B

we say there is a bi-directed edge and write Xi ↔ Xj. A mixed graph is called a maximal

ancestral graph (MAG) if it contains no almost directed cycles and there is no inducing path

between non-adjacent nodes.

An almost directed cycle is a cycle that contains both directed and bi-directed edges. An

inducing path is defined as follows:

Definition 4.3.2 (Inducing path). Given L ⊂ V , an inducing path relative to L between

vertices u and v is a path Π = {u, q1, . . . , qk, v} such that every non-endpoint node in Π ∩

{V \ L} is a collider on Π and an ancestor of at least one of u or v.

Some examples of inducing paths are illustrated in Figure 4.1. The idea of d-separation

in DAGs can be extended to m-separation in mixed graphs [Zhang, 2008a]. The graph class

that characterizes the Markov Equivalence Class of MAGs, governed by m-separation, is the

partial ancestral graph [Richardson and Spirtes, 2003].

Definition 4.3.3 (partial mixed graph, PAG). A partial mixed graph can contain four kinds

of edges: →, ◦−◦,−, and ◦→ and therefore has three kinds of end marks for edges: arrowhead

(>), tail (-) and circle (◦).1Let [M ] be the Markov equivalence class of an arbitrary MAG

1. Additionally, we will use ∗ as a “wild card” end mark. For example u ∗→ v means that the end mark
at u can be any of three outlined in the Defn. 4.3.3.
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Examples of Latent MAGS and Inducing Paths

Figure 4.1: Examples of latent MAGS LMAG(G∗, S). Inducing paths Π relative to V \ S are
highlighted in green. (a) For x1, x2 ∈ S, any edge (x1, x2) in G∗ is an inducing path relative to
V \S between x1 and x2. (b) Π is an inducing path relative to V \S between x1 and x5 because all
non-endpoint nodes on the path are in V \ S. (c) Π is an inducing path relative to V \ S between
x1 and x5 because every non-endpoint is either in V \ S (nodes x2, x4), or is in S and is a collider
on the path and is an ancestor of at least one of x1 or x5 (node x3).

M . The partial ancestral graph (PAG) for [M], PAG[M], is a partial mixed graph such that

(i) PAG[M] has the same adjacencies as M (and any member of [M]) does; (ii) A mark of

arrowhead is in PAG[M] if and only if it is shared by all MAGs in [M]; and (iii) A mark of

tail is in PAG[M] if and only if it is shared by all MAGs in [M].

We will prove, that under certain assumptions, we can reconstruct the CPDAG repre-

senting the MEC (H∗) of the true DAG (G∗) from PAGs estimated on subsets of variables.

4.3.3 Causal Discovery on Subsets of Variables

We now describe the problem setup for learning over subsets of variables. Column-wise

subsets of X are marked with a subscript: e.g., for a subset of nodes S, the corresponding

subset of data is XS = {Xn
i }i∈S . The presence of latent variables outside the subset S

complicates our learning procedure. We must use MAGs rather than DAGs to represent

graphs estimated on subsets of variables to ensure consistency of our algorithm. To this end

we define a latent projection, as used by Zhang [2008a], of the true graph G∗ onto a subset

of nodes S. An example is shown in Fig. 4.1.

Definition 4.3.4 (Latent MAG). Let G be a DAG with variables V and S ⊂ V , where V
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contains no selection variables.2 The latent MAG LMAG(G,S) is the MAG that contains all

nodes in S and satisfies:

1. u, v ∈ S and u→ v ∈ G⇒ u→ v ∈ LMAG(G,S)

2. (projected edge) ∈ LMAG(G,S) if there is an inducing path between u and v relative

to V \S in G∗. The edge is directed u→ v if u is an ancestor to v in G∗. The edge is

directed v → u if v is an ancestor to u in G∗. Otherwise the edge is bi-directed u↔ v.

Latent projections are well-studied objects in the causal discovery literature, see [Verma

and Pearl, 2022, Faller et al., 2023, Richardson et al., 2023, Zhang, 2008a] for further defi-

nitions. A ground-truth DAG G∗ induces a latent MAG LMAG(G∗, S) on a subset S. The

Markov equivalence class of this MAG is denoted [LMAG(G∗, S)].

Next, we assume that the structure learner employed on each subset is a complete and

consistent PAG learner, even in the presence of confounder variables. Algorithms known to

satisfy these assumptions include the seminal FCI algorithm [Zhang, 2008b].

Assumption 1. We have a consistent structure learning algorithm A that operates on data

matrix XS for a subset of random variables S ⊆ V . When the distribution P satisfies

faithfulness, then in the infinite data limit

A (XS) = PAG[LMAG(G∗, S)]

In particular, by definition of the latent MAG and latent PAG operators, Assumption 1

implies the output of A satisfies several properties.

Lemma 1. Given A satisfying Assumption 1,

2. There is no selection bias in our setting, since data is sampled from the full vertex set V which retains
causal sufficiency.
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1. For any xi, xj ∈ S, the output A (XS) has an edge between xi and xj if and only if

there is an inducing path in G∗ relative to V \ S between them.

2. For any triple xi, xj , xk ∈ S that form an unshielded collider in G∗ as xi → xj ← xk,

the output A (XS) will have an edge between xi and xj as well as xj and xk, and both

of these edges will have an arrowhead at xj.

3. For any u, v ∈ S such that u ∼G∗ v, if u ∼A (S) v with an arrowhead at v in A (XS),

then u→ v in G∗.

The proofs for Lemma 1 are deferred to Appendix A.2. These properties, at a high level,

allow us to determine the alignment of the adjacencies and the unshielded colliders in locally

estimated graphs A (XS) to the underlying DAG G∗. These will be important for resolving

the CPDAG H∗ using locally estimated graphs.

4.3.4 Defining a Causal Partition

Here, we outline the properties of our novel causal partition, which admits a divide-and-

conquer algorithm to estimate H∗ a CPDAG corresponding to G∗ by learning over subsets.

Since learning on the entire variable set with A (XV ) can be computationally intractable,

we use an initial structure over the entire variable set to help partition V into subsets. We

first assume access to an initial superstructure G.

Assumption 2. We have access to superstructure G = (V,E), an undirected graph, that

constrains the true graph G∗. This means all edges in G∗ are in G, but not all edges in G

are necessarily in G∗.3

Consider some overlapping partition {S1, . . . , SN} of V , and the output {A (XSi)}
N
i=1.

3. This assumption is not required to prove identifiability of H∗, rather it allows us to define the causal
partition when the superstructure is not fully connected, and therefore, when we can exploit the communities
in the superstructure to enable scaling.
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Using Assumption 1, we show that given a partition with a particular structure defined

below, one can recover H∗ from {A (XSi)}
N
i=1.

Definition 4.3.5 (Causal Partition). We say an overlapping partition {S1, . . . , SN} is

causal with respect to superstructure G and ground-truth DAG G∗ if, given any learner

A satisfying Assumption 1, all of the following hold:

(i) The partition is edge-covering with respect to the superstructure G.

(ii) For any vertices u, v such that u ̸∼G∗ v and u ∼G v, there exists some subset Si such

that u, v ∈ Si and A (XSi) does not contain an edge between u and v.

(iii) For any unshielded collider u → v ← w in G∗, there exists some subset Si such that

{u, v, w} ⊆ Si.

In particular, property (ii) in Definition 4.3.5 is crucial to the divide-and-conquer strategy

proposed in this work, as it allows the algorithm to identify and discard projected edges

learned on a subset Si (as in Defn 4.3.4) by comparing the output A (XSi) to results on other

subsets. In Section 4.5.1, we show that given a superstructure satisfying Assumption 2, a

simple and computationally tractable procedure yields a causal partition satisfying all above

properties.

4.4 Guarantees in the Infinite Data Limit

Now we prove that given any causal partition {S1, . . . , SN} with respect to DAG G∗ and

superstructure G, one can recover H∗ a CPDAG corresponding to G∗. Our main theorem

states that Algorithm 1 recovers H∗ from local output {A (XSi)}
N
i=1.

Theorem 1. Given superstructure G satisfying Assumption 2, a learner A satisfying As-

sumption 1, and {S1, . . . , SN} a causal partition with respect to G and G∗, let H∗ denote
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the output of Algorithm 1

H∗ = Screen(G, {A (XSi)}
N
i=1).

Then H∗ satisfies the following properties: (i) ∀u, v ∈ V , u ∼H∗ v if and only if u ∼G∗ v;

(ii) For any unshielded collider u → v ← w in H∗, it holds that u → v ← w in G∗; and

(iii) For any unshielded collider u → v ← w in G∗, u ∼H∗ v and v ∼H∗ w and both edges

have an arrowhead at v in H∗.

Property (i) in Theorem 1 states that H∗ contains the same adjacencies as G∗. Properties

(ii) and (iii) combine to imply that an unshielded collider u → v ← w appears oriented in

H∗ if and only if that unshielded collider exists in G∗. These combined properties ensure

that H∗ is the CPDAG that represents the MEC of G∗.

The proof of Theorem 1, included in Appendix A.2, relies on the fact that by definition

of a causal partition, for any u, v not adjacent in G∗, there must be a subset Si such that

u, v ∈ Si and the local output A (Si) does not contain an edge between u and v. This allows

us to “screen” projected edges from true edges as edges that are not consistent across all

locally estimated graphs.

We note that Screen is computationally lightweight. The dominant cost is O(N ·m′ · d),

for N the number of partitions, m′ the total number of learned edges, and d the maximum

degree in the learned graph. Of note, m′ ≤ p2 for p the number of random variables,

and in real-world applications learned graphs tend to be sparse so typical instances have

m′ ≪ p2 [Barabási, 2013].

We highlight that because we only assume access to observational data, we can only re-

cover cause-effect relationships contained in the Markov equivalence class of G∗, and therefore

our guarantees relate to learning H∗ a CPDAG representing the MEC of G∗. In Section 4.8,

we discuss potential extensions of our framework for settings where both interventional and

observational data are available, which might allow one to further reduce the size of the
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learned equivalence class.

Algorithm 1: Screen(G, {Hi}Ni=1)

Input: a superstructure G, a set of PAGS {Hi = (Si, Ei)}Ni=1

Result: H∗ = (V,E∗) a CPDAG

1 Initialize V = ∪Ni=1Si; Ecandidates ← ∪Ni=1Ei; E∗ ← ∅;

// Discard edges not in superstructure.

2 Ecandidates ← Ecandidates ∩ {u ∗−∗ v | u ∼G v};

3 foreach u, v such that {u ∗−∗ v} ∈ Ecandidates do

4 if ∀i s.t. Si ⊇ {u, v}, u ∼A(Si) v then

// If an edge between u and v appears in the output on all subsets, add

undirected edge to output graph.

5 E∗ ← E∗ ∪ {u− v};

// Orient unshielded colliders

6 foreach i ∈ [N ] do

7 foreach Unshielded u ∗→ v←∗ w in Hi do

8 if u− v and v − w in E∗ then

9 discard← {u− v, v − w};

10 orient← {u→ v, v ← w};

11 E∗ ← {E∗ \ discard} ∪ orient;

12 return H∗ = (V,E∗)

4.5 A Practical Algorithm for Causal Discovery with a Causal

Partition

Here, we describe a practical procedure for causal discovery motivated by the idealized results

studied in Section 4.4. We discuss how partitions satisfying Defn. 4.3.5 can be efficiently

constructed, and detail a full end-to-end algorithm for causal discovery.
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4.5.1 Efficient Creation of a Causal Partition

The causal partition structure, described in Defn. 4.3.5, is crucial to the guarantees of

Theorem 1 in the infinite data limit. While the first property of a causal partition—edge

coverage with respect to superstructure G—is easy to ensure, it is not obvious how to satisfy

properties (ii) and (iii) without knowledge of the ground truth G∗. Here we present a simple

and intuitive method for constructing causal partitions. This construction is efficient and

adapts to arbitrary superstructure topologies.

Given a graph G = (V,E) and S ⊆ V , let ∂out(S) denote the outer vertex boundary of

set S in G:

∂out(S) ≡ {v ∈ V (G) \ S : ∃u ∈ S such that v ∼G u}

where v ∼G u if any of (u, v), (v, u) or {u, v} ∈ E.

Given any initial vertex-covering partition of the superstructure G, we consider the over-

lapping partition formed by expanding subsets via the addition of vertices from the outer

boundary.

Definition 4.5.1. Let {S1, . . . , SN} be a vertex-covering partition of graph G. The causal

expansion of {S1, . . . , SN} with respect to G is defined as {S′1, . . . , S
′
N} with subsets S′i =

Si ∪ ∂out(Si).

As the name suggests, we show that a causal expansion satisfies the properties of a causal

partition. The proof is deferred to Appendix A.2.

Lemma 2. Given G a superstructure satisfying Assumption 2, {S1, . . . , SN} a vertex-

covering partition of G. Then the causal expansion {S′1, . . . , S
′
N} is a causal partition with

respect to G and G∗.

This simple construction, illustrated in Fig. 4.2, offers several advantages. Firstly, this

method can be run on any vertex-covering initial partition {S1, . . . , SN}. Graph partitioning
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2} made

from initial disjoint partition {S1, S2}.

algorithms form an extensive field [Girvan and Newman, 2002, Clauset et al., 2004, Schaef-

fer, 2007, Malliaros and Vazirgiannis, 2013, Harenberg et al., 2014], and depending on the

topology of G different partitioning may be more appropriate to a specific superstructure.

The causal expansion allows a user to first partition the superstructure G using whatever

method is most appropriate to the application, and then easily derive a corresponding causal

partition.

The causal expansion is computationally efficient, both to construct and in its incorpo-

ration into the full causal discovery procedure, described in Algorithm 2. Given an initial

partition {S1, . . . , SN}, constructing its causal expansion takes time linear in the size of

the superstructure G. In section A.5, we discuss how connectivity properties of the initial

partition {S1, . . . , SN} dictate the size of the largest subset.
Algorithm 2: causal_discovery(V,X,G)

Input: a set of variables V , a matrix of observations X, superstructure G

Result: Gout = (V,E) a CPDAG

1 {D1, . . . , DN} ← disjoint_partition(G);

/* construct causal expansion */

2 Si ← Di ∪ ∂out(Di)(∀1 ≤ i ≤ N);

3 {GSi = A (XSi)}Ni=1;

4 return Gout ← Screen(G, {GSi});
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Now, we describe our divide-and-conquer causal discovery algorithm with an expansive

causal partition as described in Section 4.5.1. Algorithm 2 requires a set of variables V , a

data matrix X and a superstructure G. In Section 4.6.3 we also study the case where G is

derived from data using the PC algorithm. Any causal learner can be plugged into A , but

for consistent learning we require that the assumptions for A allow for causal insufficiency

(confounders may be present) and causal faithfulness. Any graph partitioning algorithm can

be plugged into disjoint_partition. A complexity analysis of divide-and-conquer with an

expansive causal partition is shown in section A.4. In the next sections we show the use of

this practical algorithm on random and biologically-tuned networks with synthetic data.

4.6 Empirical Results on Random Networks

In this section we describe experiments for evaluating Algorithm 2 on synthetic random net-

works with finite data. For causal discovery on subsets (i.e., A ) we evaluate with four differ-

ent algorithms: (1) Peters-Clark (PC) [Spirtes et al., 2000c], (2) Greedy Equivalence Search

(GES) [Hauser and Bühlmann, 2012], (3) Really Fast Causal Inference (RFCI) [Colombo

et al., 2012], and (4) DAGMA [Bello et al., 2022]. Note that only RFCI is a PAG learner

that satisfies Assumption 1. The other algorithms are DAG learners that assume causal

sufficiency; still we include them in this evaluation because (a) they are popular causal dis-

covery benchmarks, and (b) even with the violation to causal sufficiency, we observe good

performance with the causal partition. For details on how the DAG subgraphs are merged

see section A.6. For disjoint_partition in Algorithm 2 we use greedy modularity based

community detection [Clauset et al., 2004]. We benchmark our algorithm with another

divide-and-conquer method PEF [Gu and Zhou, 2020].

For evaluation, we use the following metrics: (1) True Positive Rate (TPR) of correct

edges in the estimated graph, Ĝ, compared to the edges in G∗; and (2) Structural Hamming

Distance (SHD), which is the number of incorrect edges. An incorrect edge is any edge in
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G∗ that is missing in Ĝ or any edge in Ĝ that is not in G∗. Additionally for larger networks

we include (3) False Positive Rate (FPR); and (4) Time.

Default parameters: We use the following parameters by default unless stated oth-

erwise. The graph topology is constructed by generating two scale-free networks using the

Barabási-Albert generative model [Barabási and Bonabeau, 2003]; both graphs have p = 50

nodes each, with one graph being constructed with a m = 1 edge per node and the second

graph being constructed with m = 2 edges per node (edge connections are established via

preferential attachment as per the generative model). We use n = 100, 000 samples from the

joint, multivariate Gaussian distribution (details on the DAG and data generating process

are in Appendix A.6.1). The fraction of additional edges in a perfect superstructure G is

10% of the edges in G∗ (all edges in G are undirected). For causal discovery on subsets

we set A to PC, GES, RFCI or DAGMA. Finally, for disjoint_partition in Algorithm

2 we use greedy modularity [Clauset et al., 2004] from the networkx Python library. The

parameter settings for A and each partitioning algorithm are detailed in Appendix A.6.2

and A.6.3.
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Figure 4.3: Experiment increasing the number of samples n. Error bars are 95% confidence
intervals.
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4.6.1 Number of samples

In this experiment, we test the consistency of Algorithm 2 with increasing samples n. We

use a perfect superstructure and add a fraction 10% extra extraneous edges to G that are not

in G∗. Results are shown in Fig. 4.3. As the sample size increases, we see the convergence

of No Partition with the MEC of G∗. This empirically supports our theoretical result that

Algorithm 2 is consistent in the infinite data limit. Interestingly, even when the A does not

permit latent variables (as in PC, GES, DAGMA), we still see convergence of No Partition

with Expansive Causal. We also show results for an Edge Cover partition; this partition only

accounts for edge coverage of G ((i) in Defn 4.3.5). We see the Edge Cover partition performs

comparably to the Expansive Causal partition. This implies that of the properties of a causal

partition described in Defn. 4.3.5, edge coverage appears to be the most important. With

the exception of the PC algorithm, we also outperform the benchmark PEF .

4.6.2 Density of superstructure G
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Figure 4.4: Experiment increasing fraction of extraneous edges in a perfect superstructure.

This experiment assumes a perfect superstructure G. We increase the fraction of extra-

neous edges in G and not in G∗. In Fig. 4.4, we see comparable learning of Edge Cover,

Expansive Causal, and No Partition. This means that although G∗ is increasingly obscured
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Figure 4.5: Increase in density of the imperfect superstructure by increasing the significant level
α of the PC algorithm.

by G, and even though partitioning is done on G, we can still estimate close to the MEC

H∗.

4.6.3 Imperfect superstructure G

In this experiment we use the PC algorithm to estimate the superstructure G. Since the

superstructure now relies on the data, it is imperfect and does not include all edges in G∗.

We vary the “perfection” of the superstructure by increasing the the significance level α

of the PC algorithm. A larger α means a denser superstructure and a structure that is

more likely to include more edges in G∗. Results are shown in Fig. 4.5. We turn off the

superstructure screening step, as in Screen, for this experiment. For the GES and DAGMA

causal learning algorithms, Expansive Causal outperforms Edge Cover slightly – unlike in

previous experiments. Still, the edge coverage property of the causal expansion accounts for

most of the improvement in accuracy compared to a disjoint partition. The causal partition

may provide additional benefits to learning when the superstructure G is imperfect.
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(a) Subset Sizes (b) Subset of the topology

Figure 4.6: Topological structure of 10,000 node graphs defined by case (A). This network has
10,000 nodes. The nodes are divided into 100-node subsets, of which there are 100. To generate the
edges in the network, we first generate a Barabasi-Albert scale-free graph on each 100-node subset,
and then randomly add edges connecting these subsets together. (a) Distribution of subset sizes for
each partitioning algorithm. (b) Example communities extracted from the 10,000 node network.
These three communities account for 3% of the total nodes and 2.81% of the total edges. The size
of the node is proportional to its degree.

4.6.4 Number of Nodes

In this experiment we highlight the scalability of our algorithm by evaluating on networks

with 10,000 nodes. We test two network structure cases here: (A) one hundred communities

each with 100 nodes with a Barabasi-Albert scale-free topology; this is identical to the pre-

ceding experiments, except with more communities, and (B) hierarchical scale-free graphs

which are characterized by highly connected hub nodes that are preferentially attached to

other hubs. This is similar to gene regulatory networks [Yu and Gerstein, 2006], but these

structures are more sparse than typical biological networks. For both networks we obtain

10,000 samples from the multivariate Gaussian distribution. Unlike the preceding experi-

ments, in this experiment we show results for when the sample size is equal to the number

of variables: n = p.

In Table 4.2 we show results for (A) across each divide-and-conquer method and differ-
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Table 4.2: Average time and accuracy results on 10,000 node graphs with ∼ 10,000 edges comprised
of 100 scale free networks each of size 100 (averaged over over 5 networks). The number of samples
n is 10,000. Dash (-) indicates the algorithm did not complete in 24 hours. This experiment was
run with 2x AMD EPYC 7713 CPU @2GHz with a total of 128 cores and 256 GB of RAM.

Algorithm Partition SHD ↓ TPR ↑ FPR ↓ Time (min) ↓

A = GES

No Partition 857.2 ± 35.6 0.930 ± 0.002 9.0e-6 11.695 ± 0.230
Disjoint 4382.8 ± 201.8 0.650 ± 0.011 1.0e-5 0.119 ± 0.005

Edge Cover 1306.4 ± 35.4 0.895 ± 0.002 1.3e-5 0.148 ± 0.007
Expansive Causal 1550.6 ± 54.3 0.947 ± 0.003 1.5e-5 0.163 ± 0.009

PEF 3775.8 ± 119.3 0.697 ± 0.010 3.7e-5 103.767 ± 3.067

A = PC

No Partition – – – –
Disjoint 8519.2 ± 227.0 0.322 ± 0.007 4.9e-5 4.891 ± 8.716

Edge Cover 7050.8 ± 195.0 0.443 ± 0.004 6.3e-5 10.343 ± 11.363
Expansive Causal 8683.0 ± 401.0 0.504 ± 0.014 7.4e-5 450.744 ± 187.366

PEF – – – –

A = RFCI

No Partition – – – –
Disjoint 10294.0 ± 191.5 0.491 ± 0.013 6.5e-5 0.715 ± 0.311

Edge Cover 9683.4 ± 288.4 0.691 ± 0.005 8.9e-5 5.430 ± 4.210
Expansive Causal 9924.5 ± 113.8 0.647 ± 0.003 9.0e-5 107.788 ± 11.204

PEF – – – –

A = DAGMA

No Partition – – – –
Disjoint 3722.6 ± 274.7 0.694 ± 0.015 1.0e-6 1.172 ± 0.107

Edge Cover 925.6 ± 240.8 0.925 ± 0.019 2.0e-6 2.502 ± 0.234
Expansive Causal 1828.0 ± 36.5 0.858 ± 0.006 3.0e-6 3.593 ± 0.607

PEF 4135.6 ± 84.6 0.667 ± 0.005 3.1e-5 122.405 ± 5.736

ent causal discovery algorithms A . Time to solution for the divide-and-conquer methods

(Disjoint, Expansive Causal, Edge Cover, and PEF ) includes partitioning into subsets. The

time to solution is bounded by the compute time of the largest subset (see Appendix A.4).

The distribution of subset sizes shown in Fig. 4.6a. As a result, many algorithms did not

complete in 24 hours with No Partition (PC, RFCI, DAGMA) and PEF (PC, RFCI). For

PC, RFCI and DAGMA our Edge Cover algorithm generally outperforms other methods

in SHD and TPR while incurring a small cost in compute time compared to the fastest

algorithm Disjoint. This further supports the claim that Edge Cover may be sufficient for

many problems. For GES, however, we see the increased benefit of the Expansive Causal

partition compared to Edge Cover for the TPR. Since No Partition runs in a few minutes on

this network, it may be unclear why partitioning is needed. In the next example we will see
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how the compute times increase dramatically when the network has a much more complex

community structure.

(a) Subset Sizes (b) Subset of the topology

Figure 4.7: Topological structure of 10,000 node graphs defined by case (B): a 10,000 node
hierarchical scale-free network . (a) Distribution of subset sizes for each partitioning algorithm.
(b) Example communities extracted from the 10,000 node network with the Disjoint partition.
These three communities account for 25% of the total nodes and 20.5% of the total edges. Each
community has a set of hub nodes that connected to a large number of other nodes (as seen by the
large clusters of nodes in the visualization).

Table 4.3: Average time and accuracy results on 10,000 node hierarchical scale-free graphs with
∼ 10,000 edges (averaged over 5 networks). The number of samples n is 10,000. We show results
only for A = GES. This experiment was run with an AMD Zen 3 (Milan) 7543P CPU @2.8 GHz
with 64 cores and 512 GB of RAM.

Partition SHD ↓ TPR ↑ FPR ↓ Time (hrs.) ↓

No Partition 333.0 ± 36.8 0.976 ± 0.003 3.0e-6 25.46 ± 17.24
Edge Cover 1214.6 ± 40.6 0.913 ± 0.004 9.0e-6 1.84 ± 0.02

Expansive Causal 987.2 ± 27.1 0.928 ± 0.002 7.0e-6 11.96 ± 5.72
Edge Cover 100 Comms 3506.4 ± 563.9 0.752 ± 0.040 1.4e-5 0.04 ± 0.02

Expansive Causal 100 Comms 2510.8 ± 72.3 0.821 ± 0.002 8.0e-6 1.97 ± 0.28

In Table 4.3 we show results for (B) with A = GES. The subsets of this network are larger

and more dense compared to (A) (see Fig. 4.6b compared to Fig. 4.7b); the GES algorithm

takes significantly longer on this network topology. Our Expansive Causal achieves a faster

time to solution compared to No Partition while maintaining the second highest accuracy
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score. Compared to No Partition, Expansive Causal provides 2.13x speedup and Edge Cover

provides 13.8x speedup. Note that PEF did not converge in 72 hours.4

In Expansive Causal 100 Comms and Edge Cover 100 Comms we set the number of

subsets to one hundred and ensure the size of the largest subset is smaller for each partitioning

algorithm (Fig. 4.7a). We see significant speedup (12.9x for Expansive Causal 100 Comms

and 606x for Edge Cover 100 Comms ) compared to No Partition. However, this does come

at a cost to accuracy as seen in Table 4.3. We present an initial study of the subset size,

speedup, and accuracy trade off in section A.7. No Partition achieves the best accuracy,

particularly with respect to SHD and FPR, however now the compute time is close to 25

hours, motivating the need for partitioning. Finally, we note that given n = p for these

experiments it is probable that the limitations we see for Expansive Causal are due to the

statistical problems that arise in this data setting. We leave understanding the sample

inefficiency of partitioning algorithms to future work.

We conclude that our methods Expansive Causal and Edge Cover provide a faster time

to solution on large graphs, are relatively robust to dense and imperfect superstructures, and

provide comparable accuracy compared to No Partition.

4.7 Empirical Results on Synthetically Tuned E.coli Networks

This section contains results for biological networks. We use the topologies of E. coli biologi-

cal networks due to their availability and popularity. To better benchmark the algorithms, we

leverage a proximity-based topology generative model from the literature proposed by Huf-

bauer et al. [2020]. The model was designed with the goal of generating structures with the

following properties: (i) small-world (ii) exponential degree distribution (i.e., scale-free),

and (iii) presence of inherit community structures. Coincidentally, these properties are also

4. PEF does not leverage an initial superstructure to partition, as a result the time for partitioning is
longer than our proposed methods which use an artificial superstructure.
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relevant for real-world biological networks [Barabasi and Oltvai, 2004, Koutrouli et al., 2020],

thus we take advantage of this generative method. We seed this tuning algorithm with the

known E. coli regulatory network reconstructed from experimental data in Fang et al. [2017]

to generate synthetic networks with E. coli -like topology. See Fig. 4.8b for a visualization of

the highly connected hub nodes of an example tuned network. We impose a random causal

ordering on the topology and generate data from the DAG using the multivariate Gaussian

distribution described in Appendix A.6.1.

A comparison of all algorithms is shown in Table 4.4 for A = GES. Expansive Causal

provides 1.7x speedup compared to No Partition. While there is a significant speedup,

we note the decrease in accuracy for all divide-and-conquer algorithms. Still compared to

other methods based on partitioning shown here, using a causal partition accelerates causal

discovery and provides the best trade off in accuracy. We expect that scaling up to larger

gene set sizes (e.g., 104 genes for eukaryotic cells) will be severely expensive for methods

without partitioning since these networks are more dense and complex than those evaluated

in Section 4.6.4.

(a) Subset Sizes (b) Subset of the topology

Figure 4.8: Topological structure of a synthetically-tuned E. coli network. (a) Distribution of
subset sizes for each partitioning algorithm. (b) Example communities extracted from the 2,332
node network with the Disjoint partition. These three communities account for 40.7% of the total
nodes and 40% of the total edges.
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Table 4.4: Results for a synthetically-tuned E.coli network made up of 2,332 nodes and 5,691
edges. n=10,000 samples. We show results only for A = GES. This experiment was run with an
Intel(R) Xeon(R) Gold 6242 CPU @ 2.80GHz with 64 cores and 192 GB of RAM.

Partition SHD ↓ TPR ↑ FPR ↓ Time (hrs) ↓

No Partition 805 0.859 8.5e-5 11.8
PEF 1,766 0.692 8.3e-5 22.3

Disjoint 3,903 0.479 1.2e-4 23.9
Edge Cover 1,791 0.698 1.1e-4 7.1

Expansive Causal 1,717 0.701 6.4e-5 6.9

4.8 Conclusions & Future Directions

We propose a divide-and-conquer causal discovery algorithm based on a novel causal par-

tition. Our algorithm leverages a superstructure—i.e., a known or inferred structured hy-

pothesis space. We prove the consistency of our algorithm under assumptions for the causal

learner and in the infinite data limit using the Maximal Ancestral Graph (MAG) class. Un-

like existing works, our algorithm allows for the merging of locally estimated graphs without

an additional learning step. Motivated by a complex scientific application space, we also

show an example for gene regulatory network inference for a small organism (E.coli). This

example shows the applicability of our work to real-world networks, but we leave evaluation

of our method on larger organisms (e.g, eukaryotes) to future work.

One limitation of our work is the reliance on a perfect superstructure to create a causal

partition. Although in Section 4.6.3 we empirically explore the impact that using imperfect

superstructures generated by the PC algorithm has on the learned output, more experiments

(including other methods of generating superstructures) are needed to fully characterize the

impact of learning when the superstructure does not constrain the edge set of the true causal

graph. Further, while the divide-and-conquer method developed in this work can substan-

tially reduce the runtime of performing causal discovery on large variable sets, characterizing

the trade-off between time-savings and sample complexity remains an area of open work. An
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important open question for future research is how the partitioning described in this paper

impacts the sample efficiency of causal discovery algorithms. As discussed in Section 4.4,

another interesting direction for future research is extending the divide-and-conquer frame-

work presented in this paper to the setting where both interventional and observational data

are available. There exist causal discovery algorithms which can leverage a mixture of obser-

vational and interventional data (such as the I-FCI and Ψ-FCI algorithms) [Kocaoglu et al.,

2019, Jaber et al., 2020]. If one uses one of these algorithms to perform local learning on the

variable subsets, then this might allow one to strengthen the guarantees presented in this

work beyond only recovering cause-effect pairs in the MEC of G∗. Given these limitations

and open questions, we believe that this work provides a meaningful contribution to causal

discovery at scale and to knowledge discovery for domains with high-dimensional structured

hypothesis spaces.
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CHAPTER 5

INFERRING LOW-DOSE RADIATION RESPONSE

MECHANISMS FROM HUMAN TRANSCRIPTOMICS DATA

Next-generation sequencing technologies, including RNA-sequencing, provide genome-wide

measurements of gene expression and enable broad explorations of biomarkers and mecha-

nisms underlying disease and treatment response. Bioinformatics tools for processing this

data, such as differential expression analysis, are largely univariate, linear, and rely on

predefined pathway knowledge annotations, which limits their ability to capture nonlinear

and multivariate gene interactions. This paper explores the application of causal discov-

ery to characterizing transcriptional responses to radiation as a function of dose rate in

human cells. By jointly modeling radiation perturbations and gene expression, we learn

directed gene networks that capture important regulatory relationships beyond correla-

tion and exhibit significant enrichment of known radiation response pathways compared

to baseline approaches. We find that inferred causal graphs reveal structured network fea-

tures such as high in-degree housekeeping genes and high out-degree transcription factors.

Further analysis suggests a hierarchical organization of stress response pathways and trig-

gered cell death pathways. This work highlights the potential of causal discovery in health-

care settings with applications to understanding response mechanisms, identifying regula-

tory targets, and improving interpretation of complex genomic data. Code is available at

https://github.com/shahashka/lucid_cd.

5.1 Introduction

RNA-sequencing experiments provide genome-wide insight into gene expression levels across

conditions at high resolution; however, finding genes of interest from this vast data remains

a difficult challenge [Trapnell et al., 2009, Love et al., 2014]. Differential expression analysis
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is the most popular tool used to identify genes that statistically vary between perturbed and

control samples as an initial step to identify important genes [Rosati et al., 2024]. Subsequent

pathway enrichment onto knowledge bases is used to understand the molecular mechanisms

underlying the conditions analyzed. Finally, biomarkers are found by linking genes to known

disease pathways. Despite its popularity, differential expression analysis combined with

pathway enrichment suffers from two main drawbacks: (1) genes are identified using linear

models and univariate tests; this misses coordinated and nonlinear signals from genes that

may individually be weak (2) its outputs do not directly imply any mechanistic understanding

limiting discovery of novel mechanisms and pathways. To address these issues multivariate

tests [Glazko and Emmert-Streib, 2009], supervised machine learning with feature ranking

[Wenric and Shemirani, 2018], and graph learning algorithms [Marbach et al., 2012, Moerman

et al., 2019] have been applied to identify important genes under perturbed conditions.

Recently causal discovery (algorithms for inferring cause and effect relationships repre-

sented by graphs) has emerged as a data-driven approach to mechanism discovery. Causal

discovery often focuses on synthetic data because real world data violate the assumptions

needed for identifiability of the true causal graph; these include the absence of confounding

variables, acyclic relationships, and large sample sizes. There is a growing call for the applica-

tion of these methods to more realistic and scientific settings [Brouillard et al., 2024]. To this

end, benchmarking frameworks with large-scale transcriptomics and CRISPR perturbation

datasets have been developed; however, they largely reveal that causal discovery algorithms

fail to learn regulatory relationships between genes from single-cell RNA-sequencing datasets

[Chevalley et al., 2025].

In this paper, we take an alternative approach by applying causal discovery to low-sample,

perturbed-control transcriptomics studies for understanding radiation response. We jointly

model radiation exposure, which is viewed as a perturbation upstream of gene regulation

that affects many pathways, alongside the multivariate nonlinear distribution of gene ex-
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Figure 5.1: Exposure to ionizing radiation causes DNA breakage in cells. Cells activate pathways
in order to repair the damage before the cell divides. When damage is excessive or occurs too
rapidly, cells initiate programmed cell death (apoptosis).

pression. We apply this framework to RNA sequencing data sampled from RPE1 cell lines

exposed to chronic low-dose radiation across increasing dose rates. Such prolonged exposure

is associated with elevated risks of cancer and cardiovascular disease and is known to acti-

vate cellular stress-response pathways [Shimizu et al., 2010]. A complete understanding of

the interplay between dose rate, cumulative dose, and cell type in the activation of low-dose

radiation pathways remains an open question (Fig. 5.1) and has implications for people

chronically exposed to low-dose radiation (e.g., space exploration, radon exposure) [Verheij

and Bartelink, 2000]. To address this gap, we use causal discovery to uncover relationships

linking radiation exposure to gene expression, and provide mechanistic insight into how dose

rate affects cellular stress-response pathways.

Generalizable Insights about Machine Learning in the Context of Healthcare

This work applies causal discovery to infer important genes and to learn novel pathways

from high-dimensional biological data with limited samples and structured perturbations,

a common setting across healthcare (e.g., drug response, disease progression, and other

treatment-driven processes). The limitations of traditional pipelines, such as differential
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expression analysis, are ubiquitous in these settings: overly simplistic univariate and lin-

ear model assumptions, and a lack of discovery power by relying on incomplete knowledge

bases. We demonstrate that causal discovery can be a complementary method that considers

nonlinearity, multivariate interactions, and the distribution of the perturbation variable to

identify driver variables and provide structure-based hypotheses of novel mechanisms.

5.2 Related Work

5.2.1 Finding Important Genes: Univariate and Multivariate Approaches

Differential expression analysis is the standard bioinformatics tool used to infer genes with

expression levels that differ significantly between conditions (e.g., perturbed and control).

This analysis tests the null hypothesis that the logarithmic fold change (LFC) between

perturbed and control for a gene’s expression is exactly zero, i.e., that the gene is not

affected by the perturbation. The goal is to produce a list of genes passing multiple-test

adjustment, ranked by p-value.

The most popular tool DESeq2 [Love et al., 2014] employs this approach; each gene is

modeled by a generalized linear model and negative binomial distribution. DESEq2 models

relationships between genes by assuming that genes of similar average expression have a

similar dispersion; however, the statistical test for determining significant change between

condition groups is univariate for each gene. Therefore, this method does not account for

correlations and coordinated effects between groups of genes.

Multivariate tests including Hotelling’s T 2 [Lu et al., 2005] and N -statistic [Klebanov

et al., 2007] consider the joint distribution of expression levels. Glazko and Emmert-Streib

[2009] evaluate univariate and multivariate tests and show that different tests find common

but also complementing differentially expressed gene sets – each test projects on different

aspects of the data. They propose use of both univariate and multivariate tests for the
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analysis of biological data for increased power.

Wenric and Shemirani [2018] propose multivariate classifiers to jointly model effects across

genes and classify samples into perturbed and control groups. They find that random forest

classifiers outperform differential expression analysis in 9 of the 12 cancer datasets evaluated.

They further demonstrate that differential expression analysis might miss important genes,

and a supervised learning-based gene selection method can be used to supplement these

shortcomings.

5.2.2 Inferring Novel Pathways with Graph Learning

Once important genes are identified pathway enrichment is used to identify the processes that

underlie response to perturbations [Raudvere et al., 2019]. Pathway enrichment algorithms

determine the significance of gene overlap to known pathways, recorded in knowledge bases

like Gene Ontology [Consortium, 2019], KEGG [Kanehisa, 2002], Reactome [Milacic et al.,

2024], and WikiPathways [Agrawal et al., 2024].

There is growing interest in developing algorithms that can identify novel pathways to

guide the discovery of new mechanisms and biomarkers. Many gene regulatory network

(GRN) inference algorithms have been proposed to solve this challenge. These methods

include GENIE3 [Marbach et al., 2012] which uses an ensemble of random forest regression

models to recover transcription factor (TF) to target gene directed relationships. GRNBoost2

[Moerman et al., 2019] takes a similar approach, but with gradient boosting which is much

faster and more scalable. Methods like GENELink [Chen and Liu, 2022] and GRINDC [Feng

et al., 2023] use deep learning to predict the presence or absence of an edge from embedded

representations of single-cell RNA-sequencing datasets [Dixit et al., 2016]. Several of these

algorithms have been benchmarked against BEELINE [Pratapa et al., 2020]. The authors

show that GRN inference remains an open problem despite these recent advances.

Causal discovery methods infer directed acyclic graphs (DAGs) from data. These ap-
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proaches benefit from theoretical guarantees of identifying the true causal graph under cer-

tain assumptions. A breakthrough in causal discovery was the definition of a continuous

acyclicity constraint, allowing for gradient-based learning of DAGs [Zheng et al., 2018]. This

includes deep learning approaches such as DAG-GNN [Yu et al., 2019] which employs a

variational autoencoder to learn an adjacency matrix under the DAG constraint while cap-

turing nonlinear relationships between genes. A recent benchmark paper [Chevalley et al.,

2025] evaluates several causal discovery algorithms with single-cell RNA-seq and Perturb-seq

datasets, using knowledge graphs for edge validation. Their findings underscored issues with

scalability and suboptimal use of perturbational data, and report low precision and recall of

ground truth regulatory edges.

In this paper, we use causal discovery to learn causal graphs over the joint distribution

of gene expression and a perturbation variable. Therefore, we learn pathways specific to

perturbation response. Our goal is not to reconstruct all known regulatory relationships,

which previous works have shown is notoriously difficult, but rather to propose an alternative

approach for identifying important genes under perturbed conditions. A key advantage of

our approach is the inference of a directed graph over variables, enabling the generation of

hypotheses about novel response mechanisms. To our knowledge this is the first use of causal

discovery in this setting.

5.3 Data Collection

The bulk RNA-seq dataset is described by Jantre et al. [2026]. Here, we provide a brief

overview of the procedure. RPE1 cells were grown in the lab and exposed to low-dose ionizing

radiation from a Cesium-137 gamma ray source at D = 5 different dose rates measured in

milliGray (mGy) per hour 1, including a control group with no radiation exposure. RNA-seq

measurements were made for control and exposed (perturbed) samples after each week for

1. One Gray is equal to one joule of absorbed radiation energy per kilogram of matter
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Figure 5.2: Our workflow comprises three main pipelines. Our contribution, shown in orange, is
the use of causal discovery to identify important genes from transcriptomics data and downstream
graph structural evaluation. We compare against standard pipelines for selecting important genes
and subsequent pathway enrichment.

T = 9 weeks with 2 replicates per group for a total of n = 2×(D+1)×T = 108 samples. Raw

RNA-seq reads were preprocessed with alignment to the human reference genome and filtered

for low quality reads. Additionally, transcripts per million (TPM) values were computed per

sample using TPMCalculator v0.0.3, resulting in a data matrix XTPM ∈ Rn×p, where

p = 15, 694 genes. We denote x(t,d),g as a value in the matrix corresponding to week t, dose

rate d (including d = 0 controls) and gene g. We compute the log2-Fold-Change matrix

XLFC ∈ Rm×p, where m = T × D = 45 exposed conditions. This matrix is computed

element-wise for each gene: XLFC(t,d),g
= log2

(
x(t,d),g
x(t,0)g

)
.

5.4 Methods

A visualization of our framework is shown in Fig. 5.2 which is comprised of three pipelines.

In this section, we describe the second and third pipelines.
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5.4.1 Selecting Important Genes

Differential Expression Analysis

Differential expression analysis was performed using pyDESeq2 v0.4.9 with dataset XLFC to

determine which genes had statistically significant expression change in each of the 45 control-

exposed pairs. Wald tests were performed and p-values were adjusted for multiple testing

using the Benjamini–Hochberg false discovery rate (FDR). Genes with adjusted p-value <

0.05 and |XLFC(t,d),g
| > 1 were considered differentially expressed. For analysis, we aggregate

differentially expressed genes (DEGs) at each dose rate d ∈ D across time: Gd = ∪
t∈T
{g :

|XLFC(t,d),g
| > 1, p-value < 0.05}.

Supervised Machine Learning

RandomForestRegression models were trained to predict the (week,dose_rate) labels of

each sample in XLFC. Weeks were assigned ordinal values T = 1, 2, 3, 4, 5, 6, 7, 8, 9 and dose

rates were assigned D = 0.28, 0.38, 0.55, 6.66, 12.11 (mGy/hr) scalar values according to the

measured exposure. We perform RepeatedKFold cross validation with 5 folds and 5 repeated

runs. Within each fold, data is normalized to between (0,1]. The top 1000 features in each

trained model’s feature_importance_ vector were extracted, and we selected the final set

of genes that were stable in 20 out of 25 folds. Note that this gene set is dose agnostic since

we use a stratified training split of (week, dose_rate) labels to train the models.

Causal Discovery

We use DAG-GNN [Yu et al., 2019], a variational autoencoder parameterized by a graph neu-

ral network, to construct DAGs at each dose rate from XTPM and an additional column

vector with the cumulative radiation of each sample, computed as dose_rate × week × 168

hours/week. We split XTPM row-wise by dose rate so that XTPMd
represents the samples
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Table 5.1: Dimensions of each XTPMd
for each dose rate after pre-processing.

Dose Rate d # Genes # Samples
(mGy/hr) p n

0.28 9262 36
0.38 9414 36
0.55 6274 36
6.66 8326 36
12.11 10603 36

collected at dose rate d. DAG-GNN training is time and memory intensive; to learn an adja-

cency matrix over O(10, 000) variables would be intractable. Therefore, we first filter out

genes at each dose rate with p-value > 0.05 from the differential expression analysis, thereby

removing genes that were not significantly expressed while still retaining genes with small

LFC values. The resultant XTPMd
’s at each dose rate after this preprocessing is shown in

Table 5.1. We further partitioned the gene set according to a causal partition defined in Shah

et al. [2025] using an initial undirected structure to obtain overlapping subsets of genes that

retain consistency of causal discovery. For our work, we use the protein-protein interaction

network in the STRING database as the initial undirected structure, and the maximum sub-

set size in the partition of the structure was 2866 genes. A final DAG is obtained using the

merge algorithm outlined in Shah et al. [2025] which is based on a union of the subgraphs.

We estimate a DAG at each dose rate d ∈ D corresponding to a subset of XTPM. We

bootstrap DAG-GNN over 10 resamples of the data with replacement to produce a distribution

of DAGs at each dose rate. Further, we derive a consensus graph over the distribution of

DAGs, where we take the union over edges that co-occur in 50% or more of the runs. To

determine important genes at each dose rate, we take the nodes of the consensus graphs with

at least one edge. In practice, many nodes end up being islands in the consensus graphs,

which results in a gene set at each dose rate that is significantly smaller than the entire

gene set p = 15, 694. For a description of the partitioning algorithm, training procedure and

selected hyperparameters see Appendix B.1.
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5.4.2 Evaluation

Pathway Enrichment

After important genes are identified, pathway enrichment is used to understand the func-

tional roles these genes play in the exposed condition. We use the Python interface for

gProfiler for pathway enrichment analysis of genes identified from differential expression

analysis, supervised machine learning with random forest regression models, and causal

discovery. gProfiler performs functional profiling of gene lists using various sources of

biological evidence (Gene Ontology terms, biological pathways, regulatory DNA elements,

human disease gene annotations, and protein-protein interaction networks). gProfiler uses

Fisher’s one-tailed test as the p-value measuring the randomness of the intersection between

the query gene set and the pathway term. The higher the −log10p-value the stronger the

enrichment of that term is in the gene set. We provide a set of background genes (all genes in

XTPM) to ensure pathway enrichment p-values are comparable to each other across queries.

We screen for pathways with term_size < 300 to filter out broad biological processes in the

Gene Ontology that have thousands of genes.

Graph Structural Analysis

We validate the edge set and graph topologies of the DAG distributions inferred at each dose

rate. We perform TF enrichment to determine if nodes with high out-degree (hub nodes)

overlap with known TF genes which code for proteins that regulate hundreds of other genes.

We use TRRUST [Han et al., 2018] and a ChIP-Seq network constructed with ENCODE

[Davis et al., 2018] and Chip-Atlas [Zou et al., 2022] knowledge bases to identify human

transcription factors and directed regulatory edges. Following the strategy of Chevalley

et al. [2025] we use networks from a well studied cell line HepG2 because the RPE1 cell line

has not been as comprehensively characterized (both cell lines are epithelial). We measure
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the overlap of edges in the DAGs with known protein-protein interactions (STRING Mering

et al. [2003] and CORUM Giurgiu et al. [2019]), and regulatory edges (TRRUST, ChIP-seq

network). We report the precision and F1-scores of the consensus graphs at each dose rate.

5.5 Results

Differential expression analysis with DESeq2 and causal discovery with DAG-GNN both identify

gene sets at each dose rate. Gene set sizes and intersections are visualized as Venn diagrams

in Fig. 5.3. Differential expression identifies larger sets in general, with the exception of dose

rate 0.55 mGy/hr. Gene sets between methods have small overlap, the highest at dose rate

12.11 mGy/hr – these are also the largest gene sets for each method. Supervised machine

learning with the RandomForestRegression models yielded 68 genes. These were inferred

across all doses and have minimal overlap with causal graph and differential expression gene

sets (Appendix Fig. B.3).

Differential ExpressionCausal Graph

Figure 5.3: Venn diagrams showing gene overlaps between causal graphs and differential expression
at each dose rate.

Pathway enrichment with gProfiler is shown in Fig. 5.4 for a set of manually cu-

rated radiation response specific pathways from the Gene Ontology, KEGG, WikiPathways

and Reactome. In general, causal graph gene sets have higher enrichment across radia-

tion response pathways, indicating that causal gene sets better identify important genes

for radiation response with smaller gene sets. Supervised machine learning did not en-

rich any radiation pathways with the exception of Genes and complexes involved in

DNA repair pathways. Certain pathways such as Non-homologous end-joining and Cell
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cycle arrest were not enriched in any method. We do not see a significant dose-dependent

enrichment signal; that is, higher dose rates do not correspond to specific pathways compared

to lower dose rates. We additionally validate our enrichment results against random genes

from the background set, and genes that have high linear correlation with the cumulative

radiation variable (Appendix Fig. B.6).

TF enrichment for each causal graph is shown in Figure 5.5. We see that for the top

k = 10 hub genes in the causal graph, up to 80% are verified as genes that code for transcrip-

tion factors in the TRRUST database. This percentage decreases as k increases; however,

enrichment is always above the baseline random assignment of transcription factors to genes

(shown in dashed lines). TF enrichment compared to the ChIP-Seq network shows signif-

icantly less overlap; this may be because of the mismatch in cell types since there is no

comprehensive network for RPE1 cell lines.

To rule out the possibility that causal discovery simply assigns highly variant genes as

hub nodes, we compute the Spearman ranked correlation between node degree and variance

in XTPM; see Fig. 5.6. We find that the highest correlation from all dose rates is ρ = 0.119.

This means there is a small tendency for higher-degree genes in the causal graph to have

higher expression variance, but causal discovery is not just recapitulating high-variance genes

and instead is finding biologically meaningful structure. This is evidenced by high out-degree

nodes mapping to known TFs which are master regulators, and high in-degree nodes map

to known housekeeping genes (Fig. 5.6) which are maintenance genes essential for cellular

function. Housekeeping genes have also recently been shown to have high instability in stress

conditions [Eisenberg and Levanon, 2013], which includes radiation exposure.

In Table 5.2, we show the amount of edge overlap between causal graph at each dose rate

and different knowledge graphs, including undirected protein-protein interaction graphs or

complexes (STRING, CORUM) and directed regulatory graphs (TRRUST, ChIP-Seq). We

see minimal overlap, with a maximum true positive edge count of 143, and maximum F1
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Figure 5.4: Pathway enrichment with gProfiler for manually curated radiation pathways across
knowledge bases and categorized by radiation response type. In general, causal graph have the high-
est enrichment, followed by differential expression analysis. Supervised ML has very low enrichment
across categories.
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Figure 5.5: Percent of top-k out-degree nodes (hubs) that are known transcription factor genes
for high out-degree nodes by dose rate for TRRUST and ChIP-seq knowledge bases. Dashed lines
represent the baseline fraction of known transcription factors are in the graph’s node set.

⍴=0.119 (p=1.28e-02, n=438)
Spearman ranked correlation
(degree, variance) 

va
ri
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ce

Figure 5.6: (Left) An example causal graph at dose rate 6.66 mGy/hr, with nodes colored by
variance. Several highly connected sink nodes correspond to housekeeping genes; ACTB is shown
in the zoomed-in panel. (Right) Percent of top-k in-degree nodes (sinks) that are housekeeping
genes for each dose rate. Dashed lines represent the baseline fraction of housekeeping genes in the
graph’s gene set.
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Table 5.2: Edge overlap between causal graphs and prior knowledge databases. TP = true positive
number of edges found in the knowledge graph ; F1 = harmonic mean of precision and recall. For
TRRUST and ChIP-seq, directed and reversed true positives are shown separately.

Dose Edges TRRUST STRING CORUM ChIP-seq

(mGy/hr) TPdir TPrev F1 TP F1 TP F1 TPdir TPrev F1

0.28 2777 24 12 0.012 143 0.026 54 0.020 111 107 0.006
0.38 2610 17 7 0.009 130 0.025 47 0.019 112 80 0.006
0.55 1248 3 4 0.003 52 0.016 26 0.019 54 16 0.004
6.66 2263 16 8 0.010 113 0.031 34 0.019 88 82 0.006
12.11 2417 18 13 0.009 142 0.025 36 0.015 107 89 0.004

score of 0.031. This is similar to results from Chevalley et al. [2025], which used larger scale

single-cell datasets for causal discovery.

The set of “invariant” causal graph nodes is the intersection of nodes across all dose rates

and results in 438 genes. We performed pathway enrichment on this invariant gene set, which

we hypothesized as encoding fundamental radiation response relationships. The top 10 en-

riched pathways are shown in Table 5.3. Note that unlike previous enrichment analyses, here

we report the top pathways without explicit manual curation of radiation-specific pathways.

Despite this, all top pathways correspond to well-known radiation response pathways [Sasaki

et al., 2002, Feinendegen et al., 2004]. We include the top 10 pathways for differential ex-

pression which have some overlap to radiation response (specifically inflammation pathways

and tumor necrosis) but have larger p-values in Appendix Table B.2.

We identify causal subgraphs over the invariant gene set at each dose rate and compute

the top eigencentral genes (a measure of the node’s influence in the subgraph) in Fig. 5.7.

We find that top scoring genes correspond to transcription factors (FOS, TSC22D3, IRF1,

EGR1, TEF, LHX2, EPAS1) and housekeeping genes (EEF1A1, ACTB), again validating the

known structure regarding these genes. Notably, the highest dose-rate (12.11 mGy/hr) has

different eigencentric genes suggesting a different biological structure compared to the lower

dose rates. We additionally visualize a subset of edges in the subgraphs over the invariant

gene set at each dose rate in Fig. 5.8 corresponding to “perfect” edges that co-occur across
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Table 5.3: Top 10 Enriched Pathways for the Causal Invariant Gene Set (n = 438)

Pathway − log10(p) Term Size Intersection Size

Cell cycle
WP:WP179

26.76 120 31

p53 signaling pathway
KEGG:04115

26.48 74 26

Cell cycle
KEGG:04110

25.94 157 33

miRNA regulation of DNA dam-
age response
WP:WP1530

23.34 73 24

signal transduction by p53 class
mediator
GO:0072331

23.02 164 31

Interleukin-4 and Interleukin-13
signaling
REAC:R-HSA-6785807

22.70 111 27

DNA damage response
WP:WP707

22.54 69 23

Integrated breast cancer pathway
WP:WP1984

22.45 152 30

Cellular senescence
KEGG:04218

22.43 155 30

Mitotic G1 phase and G1/S tran-
sition
REAC:R-HSA-453279

21.65 148 29
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100% of the bootstrap distribution. These correspond to stable edges identified by DAG-GNN

and, although only a handful are true positives in knowledge bases, these edges could be

candidates for novel relationships with biological significance in radiation response.

Figure 5.7: The top 5 identified eigencentric genes for each dose-rate causal subgraph induced by
the invariant set of genes.

Figure 5.8: The invariant subgraphs at each dose rate with only the “perfect” edges that co-occur
across 100% of the bootstrap distribution visualized. Annotated genes correspond to the top-5
eigencentric genes at each dose rate. Edges are highlighted according to true positives in knowledge
bases where “regulatory” means either TRRUST or ChIP-seq edges.

Housekeeping genes had a high overlap in the causal invariant gene set (14.4%) compared

to the differential expression invariant gene set (1.5%). In Fig. 5.9, we perform pathway

enrichment on the ancestors compared to non-ancestors of housekeeping genes. We find

that the enrichment profile between these two groups is distinct: the ancestor set overlaps

with response to oxidative stress (ROS) pathways, and the non-ancestor set overlaps with

membrane permeability pathways. This suggests a branching effect between stress (ROS) and

apoptosis (membrane permeability is an indicator of triggered cell death). This branching
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Figure 5.9: (Left) Enrichment of housekeeping genes in the parent sets of the causal subgraphs
over the invariant gene set. (Right) Enrichment of housekeeping genes among the non-ancestors in
the causal subgraphs over the invariant gene set.

effect is well documented in the literature [Fulda et al., 2010].

The results reported in this section use the consensus causal graphs over DAG-GNN boot-

strap runs, which filter for edges that co-occur in more than 50% of the bootstrap runs.

Analyses for each DAG in the bootstrap is in Appendix B.7. We additionally show a com-

parison to other non-causal graph algorithms in Appendix B.8. We see that these cheaper

algorithms perform better at recovering exact edges in knowledge bases; however, DAG-GNN

encodes higher-order, structured biological organization. The full impact and potential of

this for novel mechanism discovery should be further explored with experimentation and

rigorous evaluation.

5.6 Discussion

We present a previously unexplored application of causal discovery with transcriptomics

data to identify important genes related to perturbation response. Typically differential
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expression analysis is performed to identify important genes by comparing a control group

to perturbed groups. These genes are then used for pathway enrichment to identify possi-

ble biomarkers of the perturbation condition. We demonstrate that differential expression

analysis may potentially miss important genes related to perturbation response. By jointly

modeling the perturbation variable and the multivariate gene expression distribution we

show that causal discovery has a higher hit rate of finding perturbation response related

gene sets, using radiation response as a use case. Furthermore, the learned DAG identifies

structural signatures such as transcription factors and housekeeping genes and hub and sink

nodes respectively. We find that causal subgraphs induced by a core set of invariant genes

are enriched for perturbation-specific pathways and appear to encode branching between

apoptosis and stress response pathways. This observation aligns with invariant causal pre-

diction [Peters et al., 2016], which proposes that causal relationships exhibit stability across

environments, here corresponding to different dose rates. To infer novel pathways with causal

discovery, one can identify edges that co-occur across the entire bootstrap distribution corre-

sponding to stable edges with potential biological significance. These novel pathways should

then be validated with experimentation, for example, with CRISPR knockouts of upstream

genes.

Applications of causal discovery have focused on exact recovery of causal edges; this is

a notoriously difficult task when we consider the numerous ways in which most realistic

datasets violate assumptions needed for identifiability. Research currently focuses on col-

lecting large-scale perturbational datasets to improve identification of the true causal graph.

However, there is a need for interpretable methods for biomarker and mechanism discovery

in low-sample settings (e.g., small patient cohorts, rare diseases, or settings in which high

throughput data is difficult to collect). In the presence of strong upstream perturbations

(e.g., environmental stress or drug dosage), we propose that causal discovery should be con-

sidered as part of the bioinformatics toolbox as existing methods may be suboptimal in this
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setting.

Limitations Our focus on radiation response may limit the generalizability of our findings.

Future work will extend this analysis to additional transcriptomic datasets to evaluate the

broader applicability of causal discovery for modeling perturbation response. We note that

causal discovery incurs substantially higher computational cost than differential expression

analysis and supervised machine learning (Appendix B.1); this limits large-scale statistical

evaluation. As a result, our current analysis is primarily qualitative, relying on consensus

graphs across bootstrap runs. A more rigorous quantification of these findings through

statistical analysis over distributions of consensus graphs is an important direction for future

work. Finally, we acknowledge that pathway enrichment is biased toward well-studied genes

and can be prone to over-interpretation.
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CHAPTER 6

DISCUSSION

Causal discovery algorithms are attractive for inferring biological mechanism from data be-

cause of their ability to incorporate observational and interventional data to learn directed

relationships between biological entities; however, algorithms suffer from poor scaling and

are difficult to apply to high-dimensional datasets. Consequently, many candidate driver

genes and mechanisms for gene regulation may be missed. In Chapter 3, I develop a hybrid

causal discovery algorithm to learn causal DAGs from observational and interventional data.

I learned that restricting the search space with an initial structure over nodes greatly im-

proves runtime and the accuracy of the recovered graph; this is in agreement with work such

as Nandy et al. [2018]. We lack theoretical guarantees for learning the true causal graph

using an initial structure which would greatly improve the reliability of this work. To this

end, in Chapter 4, I extend the idea of “structure enabled scaling" by proposing a theoret-

ically sound framework for distributed parallel causal discovery using a graph partition of

the initial structure, called a superstructure. Surprisingly, we find that as long as the su-

perstructure covers the underlying causal skeleton, we can always define a causal partition,

decompose the learning problem, and recover the equivalence class of the true causal DAG.

We show the efficacy of our algorithm in recovering hierarchical scale-free graphs with 10,000

nodes with synthetic linear Gaussian data distributions. We learned that the scalability of

our algorithm strongly depends on the completeness and sparsity of the superstructure, and

that in low sample settings (even when n = p) the accuracy of recovered graphs is stymied

by the statistical problem of conditional independence. These two drawbacks are observed

in Chapter 5 when we apply a causal partition to infer radiation response mechanisms in

RNA-sequencing data of human cells. In this realistic data setting, learning the response

mechanisms directly with causal discovery is prohibitively difficult. Instead, we take advan-

tage of the upstream perturbation of the radiation dose rate and instead pivot to the problem
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of finding important genes for radiation response. We map genes to mechanisms by relying

on the plethora of known pathway knowledge stored in databases like STRING, ENCODE

and TRRUST. We find that including radiation as a random variable in the learning process

enhances recovery of radiation specific pathways, far exceeding standard practices in bioin-

formatics that use differential expression analysis. This opens entirely new applications of

causal discovery as a feature selection algorithm for low-sample RNA-sequencing data. These

contributions elucidate a path towards scalable data-driven mechanism discovery with the

following significant results:

• Structure enables scaling and accuracy. We know that causal discovery is an

NP-Hard problem, and in realistic data settings can also be ill-posed. Prior structural

knowledge acts as an inductive bias in which (1) the search space collapses, (2) sample

complexity drops, and (3) optimization becomes tractable.

• Causal discovery is decomposable. We find that, surprisingly, we can improve

scaling by decomposing prior structural knowledge with a graph partition. Causal

discovery is provably consistent under the Maximal Ancestral Graph class for inferring

MECs from observational data with a causal graph partition. This enables causal

discovery on high-performance computing platforms with a distributed algorithm; this

is a transformative paradigm for scientific computing labs, which already rely on large

compute platforms for multi-scale scientific modeling.

• Causal discovery should not be limited to exact edge inference. While the

true potential of causal discovery lies in its ability to infer causality via directed edge

inference, I also realized in the course of my work that the assumptions needed are

exceptionally difficult to satisfy in biology. To this end, maybe it is time to consider

re-purposing these algorithms to other problems? We demonstrate that causal discov-

ery can be used as a feature selection algorithm in the presence of strong upstream
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perturbations such as radiation. In order to make a generalizable claim to the success

of causal discovery in finding important genes in low sample settings; however, we must

show how this works in other settings with environment perturbations (e.g., drug or

treatment response).

There is, as always, much room for improvement within each of these contributions to

ensure their applicability and reliability to wider settings. Here, I reflect on the limitations

and avenues for growth:

• Superstructures: We make the assumption of a perfect, sparse superstructure to

enable scaling in Chapters 3 and 4. However, in practice prior structural knowledge is

dense and noisy. We need to further characterize the impact of these flaws in recov-

ering the MEC of the causal graph. Moreover, we need more reliable algorithms for

inferring sparse superstructures from data. Beyond score-based causal discovery, incor-

porating structural priors to gradient-based [Vowels et al., 2021], permutation-based

[Wang et al., 2017], and SAT solver-based [Triantafillou and Tsamardinos, 2015] causal

discovery, would require non-graphical formulations of prior knowledge; this could be a

promising area of research that would open up a wider range of causal discovery algo-

rithms to high-dimensional datasets. Does structure still enable scaling and accuracy

for these algorithms?

• Implementation issues: Due to the multidisciplinary history of causality (from phi-

losophy to biology to machine learning) causal discovery algorithms are implemented in

programming languages such as R, Python, MATLAB and Java, and even within ma-

chine learning community there are Tensorflow, JAX, and PyTorch implementations.

This makes the barrier for entry for researchers and practitioners alike extremely high:

which language, libraries or preexisting packages should we use? Even understanding

the full model zoo of different algorithms is difficult, and often practitioners might se-

lect the incorrect algorithm for their application simply because it was more available
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to them. This is a longstanding problem in the causality domain that we hope to ad-

dress in the near future. With respect to distributed systems, it is integral that we use

either Python or C++ which has infrastructure to support node-level and thread-level

distributed programming. In Chapter 4, the Python implementation is only useful

for thread-level parallelism and suffers from memory bottlenecks when the number of

partitions is too large or when running multiple simulation settings within one job.

Therefore, there are still many unanswered software engineering questions to address

before reliably running our algorithm on high performance computing platforms.

• Limited samples n << p: For the majority of this thesis we assume access to infinite

data, as this is the setting in which most causal discovery algorithms are provably con-

sistent. We empirically explore low-sample settings in Chapter 5 and unsurprisingly

we see that recovery of correct regulatory edges is minimal in this setting. We know

that by leveraging a structural prior and partitioning causal discovery into subprob-

lems we introduce inductive bias and improve the curse of dimensionality respectively.

However, a theoretical characterization of structural priors and a causal graph parti-

tion in low sample settings would be extremely valuable and provide a broader impact.

For example DAG-GNN, which is a novel formulation of a VAE, was trained in the

low sample, overparameterized setting. Radhakrishnan et al. [2020] show that au-

toencoders exhibit memorization in overparameterized settings; the decoder learns a

function, out of many possible solutions, with higher density around training samples.

Can we apply this insight to the DAG-GNN/VAE setting? What can we decipher

about the adjacency matrix A, which is part of the decoder? Does A exhibit specific

graphical characteristics? Can we impose priors on A to encourage correct solutions?

• Causal discovery and upstream environment perturbations: In Chapter 5

we hypothesize that upstream environmental perturbations elucidate invariant mecha-

nisms across dose rates; this connects strongly to the invariant causal prediction work
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by Peters et al. [2016], who show that data collected across environments improves

identifiability of certain causal relationships since these remain invariant to distribu-

tion shifts. We use DAG-GNN to learn an adjacency matrix A for dose rate separately,

but would we see improved identifiability of invariant mechanisms if we trained across

dose-rates? What can we prove about identifiability of invariant relationships from

multi-environment data in low-sample settings?

• Assumption violations: As stated in Chapter 2, gene expression data may violate as-

sumptions needed for many causal discovery algorithms, most significantly the acyclic

assumption. There are several recent algorithms for causal discovery with cycles in-

cluding Mooij et al. [2011], Forré and Mooij [2018], Rohbeck et al. [2024]; application

of these algorithms within the causal graph partition framework would enable learning

graphs with cycles at scale and is an important direction for future work. Despite this

promise, there is some question as to whether RNA-sequencing data alone are sufficient

to learn gene regulation. Instead, integrating complementary data modalities such as

chromatin accessibility measured by ATAC-seq, transcription factor binding measured

by ChIP-seq, and epigenetic state measured by DNA methylation sequencing or histone

modification assays may provide additional mechanistic constraints needed to identify

more reliable regulatory interactions.

In conclusion, this thesis develops methods to enable causal discovery at the genome-scale for

inferring biological mechanisms represented by gene regulatory networks. My PhD work de-

fines a theoretically sound and distributed framework based on structural priors and applies

it to low-sample, high-dimensional, and perturbational transcriptomics data. This represents

a wide class of problems encountered in modern genomics and epigenetics. Although signif-

icant challenges remain, this thesis establishes a foundation for inferring causal hypotheses

from large-scale biological experiments and brings data-driven mechanism discovery closer

to a practical reality.
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APPENDIX A

ADDENDUM FOR CHAPTER 4

A.1 Definitions

Definition A.1.1 (Collider on a path). Given a path P = (X1, . . . , Xk) on a mixed graph

G, a non-endpoint vertex Xi is a collider on path P if both edges adjacent to Xi on the path

have a directed or bi-directed edge pointing to Xi. Examples include Xi−1 → Xi, Xi ← Xi+1

and Xi−1 → Xi, Xi ↔ Xi+1. A non-endpoint vertex which is not a collider is said to be a

non-collider on that path.

A.2 Deferred Proofs

A.2.1 Deferred Proofs from Section 4.3.3

Here we prove the properties in Lemma 1.

1. For any xi, xj ∈ S, the output A (XS) has an edge between xi and xj if and only if

there is an inducing path in G∗ relative to V \ S between them.

Proof. We begin by noting that by definition, xi and xj are adjacent in LMAG(G∗, S)

if and only if there is an inducing path in G∗ relative to V \ S between them [Zhang,

2008a]. Moreover, by definition the PAG A (XS) = PAG[LMAG(G∗, S)] has the same

adjacencies as any member of [LMAG(G∗, S)], and therefore the same adjacencies as

LMAG(G∗, S). Thus xi and xj are adjacent in A (XS) if and only if there is an inducing

path in G∗ relative to V \ S between them.

2. For any triple xi, xj , xk ∈ S that form an unshielded collider in G∗ as xi → xj ← xk,
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the output A (XS) will have an edge between xi and xj as well as xj and xk, and both

of these edges will have an arrowhead at xj .

Proof. We first note that for {xi, xj , xk} ⊆ S, the edges xi → xj and xk → xj are

inducing paths in G∗ relative to V \S and thus the pairs xi, xj and xk, xj are adjacent

in both LMAG(G∗, S) and A (XS). To show that both edges will have an arrowhead

at xj in A (XS), it thus remains to show the edges have arrowheads at xk in every

[LMAG(G∗, S)]. By property (1) of Definition 4.3.4, both edges will have arrowheads

at xk in LMAG(G∗, S). Given {xi, xjxk} form an unshielded collider in G∗, all sets

that d-separate xi from xk in G∗ do not contain xj . Thus given {xi, xj , xk} ⊆ S,

all sets that m-separate xi form xk in LMAG(G∗, S) do not contain xj , and thus the

collider is unshielded in LMAG(G∗, S)[Zhang, 2008a].

By definition of the MEC of a MAG, every element in [LMAG(G∗, S)] has the same

unshielded colliders, so every element in [LMAG(G∗, S)] has arrowheads at xk[Zhang,

2008b]. Thus the PAG A (XS) = PAG[LMAG(G∗, S)] has arrowheads at xk on both

edges.

3. For any u, v ∈ S such that u ∼G∗ v, if u ∼A (S) v with an arrowhead at v in A (XS),

then u→ v in G∗.

Proof. Given u ∼G∗ v for G∗ a DAG, either u→ v in G∗ or v → u in G∗. Assume for

the sake of contradiction that v → u in G∗. By the definition of PAG[LMAG(G∗, S)],

given u ∼A (XS)
v with an arrowhead at v in A (XS), it holds that u and v are

adjacent with an arrowhead at v for every element of [LMAG(G∗, S)] [Zhang, 2008a]. In

particular, u and v are adjacent with an arrowhead at v in LMAG(G∗, S). By definition

of the latent MAG, u and v are adjacent with an arrowhead at v in LMAG(G∗, S)

implies that one of the following hold: (1) u→ v in G∗, (2) u ∈ ancG∗(v) and there is
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an inducing path in G∗ between u and v relative to V \ S, or (3) there is some other

inducing path between u and v but u ̸∈ ancG∗(v) and v ̸∈ ancG∗(u). If either (1) or

(2) hold, then v → u in G∗ would imply the existence of a cycle in G∗, contradicting

the assumption that G∗ is a DAG. Moreover (3) cannot hold, as given u ∼G∗ v it must

be that either u ∈ ancG∗(v) or v ∈ ancG∗(u). Thus in all three cases we arrive at a

contradiction, and so we conclude that v ̸→ u in G∗, and thus that u→ v in G∗.

A.2.2 Deferred Proofs from Section 4.4

In this section, we consider superstructure G satisfying Assumption 2, a learner A satisfying

Assumption 1, {S1, . . . , SN} a causal partition with respect to G and G∗, and H∗ the output

of Algorithm 1 on G, {A (XSi)}
N
i=1. We begin by proving property (i) in Theorem 1.

Lemma 3. For any ∀ ∈ V , u ∼H∗ v if and only if u ∼G∗ v.

Proof. Consider any u, v ∈ V such that u ∼G∗ v. Because G satisfies Assumption 2, u ∼G v.

By the definition of a causal partition, {S1, . . . , SN} is edge-covering with respect to G and

thus ∃i ∈ [N ] such that u, v ∈ Si. Moreover, given u, v ∈ Si, the edge between the two

nodes in G∗ is an inducing path with respect to V \Si and so by statement (1) in Lemma 1,

u ∼A (XSi
) v. Thus u ∼G v and u ∼A (XSi

) v so u ∗−∗ v ∈ Ecandidates. Moreover, for any

subset Sj ∋ u, v, the edge between u and v in G∗ is an inducing path with respect to V \Sj ,

so u ∗−∗ v ∈ Ej for all j such that u, v ∈ Sj . Thus an edge between u and v will be added

to E∗, so u ∼H∗ v.

Conversely, consider any u, v,∈ V such that u ̸∼G∗ v. If u ̸∼G v, or ̸ ∃i ∈ [N ] such that

u ∼A (XSi
) v, then Ecandidates will not contain an edge between u and v and thus neither

will E∗. If u ∼G v and ∃i ∈ [N ] such that u ∼A (XSi
) v, then Ecandidates will contain an

edge between u and v. However because {S1, . . . , SN} is a causal partition, by property (ii)

of Definition 4.3.5 there exists some j ∈ [N ] such that u, v ∈ Sj and u and v do not have an

105



edge between them in Ei the edges of output A (Sj). Thus no edge between u and v will be

added to E∗. We thus conclude that u ∼H∗ v if and only if u ∼G∗ v.

In order to prove property (ii) of Theorem 1, we will use the following lemma:

Lemma 4. For all u, v ∈ V such that u→ v in H∗, it holds that u→ v in G∗.

Proof. If the output H∗ contains directed edge u→ v, then Lemma 3 implies u ∼G∗ v and

the definition of Algorithm 1 implies ∃i ∈ [N ] such that u → v is part of an unshielded

collider u ∗→ v←∗ w in A (XSi). Given u ∼G∗ v, by statement (3) of Lemma 1 the fact

that u ∼A (XSi
) v and A (XSi) contains an arrowhead at v implies that u→ v in G∗.

We now prove property (ii) of Theorem 1.

Lemma 5. For any unshielded collider u→ v ← w in H∗, it holds that u→ v ← w in G∗.

The proof follows directly from application of Lemma 4.

We conclude with the proof of property (iii):

Lemma 6. For any unshielded collider u→ v ← w in G∗, u ∼H∗ v and v ∼H∗ w and both

edges have an arrowhead at v in H∗.

Proof. Given any unshielded collider u → v ← w in G∗, Lemma 3 implies that u ∼H∗ v,

v ∼H∗ w, and u ̸∼H∗ w. It thus remains to show that the v-structure edges are oriented

correctly in H∗. By the definition of a causal partition, ∃i such that {u, v, w} ⊆ Si. Thus

by statement (2) in Lemma 1, u ∗→ v and w ∗→ v in A (XSi). Thus the condition in Line 5

is satisfied so both u → v and w → v will be added to E∗, and thus the edges are oriented

correctly in H∗.

A.2.3 Deferred Proofs from Section 4.5.1

Throughout this section, we assume superstructure G satisfies Assumption 2. Consider

{S1, . . . , SN} be a vertex-covering partition of G and denote by {S′1, . . . , S
′
N} the causal

expansion of {S1, . . . , SN} with respect to G.
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In order to prove Lemma 2, we introduce several auxiliary lemmas. Proving that the

causal expansion satisfies properties (i) and (iii) of Definition 4.3.5 is straightforward. These

arguments are contained in Lemmas 7 and 8 respectively:

Lemma 7. The overlapping partition {S′1, . . . , S
′
N} is edge-covering with respect to super-

structure G.

Proof of Lemma 7. Consider any u, v such that u ∼G v. Because the original partition

{S1, . . . , SN} is vertex-covering, ∃i ∈ [N ] such that u ∈ Si. Moreover, u ∼G v so v ∈

neighbors(u) ⊆ Si ∪ ∂outSi = S′i.

Lemma 8. Given any unshielded collider in G∗, u→ v ← w, there exists i ∈ [N ] such that

{u, v, w} ⊆ S′i.

Proof of Lemma 8. As the original partition {S1, . . . , SN} is vertex-covering, ∃i ∈ [N ] such

that v ∈ Si. Moreover as G satisfies Assumption 2, u ∼G v and w ∼G v. Thus by definition

of the expansive causal partition, {u, v, w} ⊆ S′i.

Proving that the causal expansion satisfies property (ii) of Definition 4.3.5 is more in-

volved. We first establish the following helper lemma:

Lemma 9. Consider any S ⊆ V and any u, v ∈ S such that u ̸∼G∗ v in DAG G∗. Then any

path Π ⊆ S such that length(Π) > 1 is not an inducing path between u and v in G∗ relative

to V \ S. Moreover, any path Π = (u, q1, q2, . . . , qk−1, qk, v) such that either {u, q1, q2} ⊆ S

or {qk−1, qk, v} ⊆ S is not an inducing path between u and v in G∗ relative to V \ S.

Proof of Lemma 9. Both conditions on Π imply the existence of non-endpoints q, q′ ∈ S

adjacent along path Π. By definition of an inducing path, q and q′ must both therefore

be colliders on Π. This implies that the edge between q and q′ in path Π must have an

arrowhead at both q and q′ in G∗. However G∗ is a DAG and cannot contain bi-directed

edges, so q and q′ cannot both be colliders on Π, and Π is therefore not an inducing path.
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Figure A.1: Examples of non-inducing paths. The example in (a) illustrates the case described in
Lemma 9. This path is not inducing because q1, q2 are non-endpoint paths in S, but they are not
both colliders on the path. The example in (b) illustrates Case 2 in the proof of Lemma 10. The
definition of an inducing path requires that q1 be an ancestor of u and q4 be an ancestor of u, but
this implies the existence of a cycle in G∗ contains u, q1, v, and q4. Thus this path cannot exist.

We now use Lemma 9 to prove that the causal expansion satisfies property (ii) of Defi-

nition 4.3.5:

Lemma 10. Given any u ̸∼G∗ v, there exists i ∈ [N ] such that u, v ∈ S′i and u ̸∼A (S′
i)
v.

Proof of Lemma 10. Consider some u, v ∈ V such that u ̸∼G∗ v and u ̸∼G v. Recall that by

Assumption 1, for any subset S′i, u ∼A(S′
i)

if and only if there is an inducing path between

u and v in G∗ relative to V \ S′i. Thus to prove Lemma 10, it suffices to show that ∃i ∈ [N ]

such that no inducing path exists between u and v in G∗ relative to V \S′i. By Lemma 9, any

path Π in G∗ of length greater than 1 such that Π ⊆ S′i cannot be such an inducing path. As

u ̸∼G∗ v, all paths between u and v in G∗ have length at least 1. Thus to prove Lemma 10,

it suffices to show that ∃i ∈ [N ] such that no inducing path Π with Π ∩ {V \ S′i} ≠ ∅ exists

between u and v in G∗ relative to V \ S′i.

By Lemma 7, ∃i ∈ [N ] such that u, v ∈ S′i. For any u ∈ S ⊆ V , denote by distG∗(u, ∂outS)

the shortest-path distance from u to any node v ∈ ∂out(S). In other words, distG∗(u, ∂outS)

is the minimum number of edges between a node u and any node w ̸∈ S. Note that for any

u ∈ S, distG∗(u, ∂outS) ≥ 1.
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We consider four cases, parameterized by the distance from the endpoints u, v to ∂outS
′
i.

Note that these four cases cover all possible positionings of u and v within S′i. Thus to prove

Lemma 10, we must show that each case implies the existence of some S′ ∈ {S′1, . . . , S
′
N},

not necessarily equal to S′ii, such that u ̸∼A (S′) v.

Case 1. max{distG∗(u, ∂outS
′
i), distG∗(v, ∂outS

′
i)} > 2

Case 2. distG∗(u, ∂outS
′
i) = distG∗(v, ∂outS

′
i) = 2.

Case 3. distG∗(u, ∂outS
′
i) = 2, and distG∗(v, ∂outS

′
i) = 1.

Case 4. distG∗(u, ∂outS
′
i) = distG∗(v, ∂outS

′
i) = 1.

We now show that in each case, there exists some S′ ∈ {S′1, . . . , S
′
N} such that u ̸∼A (S′) v.

Case 1. max{distG∗(u, ∂outS
′
i), distG∗(v, ∂outS

′
i)} > 2 implies that for any path Π between

u, v, either Π ⊆ S′i, or that Π contains a prefix {u, q1, q2} ⊆ S′i, or that Π contains a suffix

{qk−1, qk, v} ⊆ S′i. In all of these cases, Lemma 9 implies that Π is not an inducing path

between u and v in G∗ relative to V \ S′i. Thus u ̸∼A (S′
i)
v.

Case 2. distG∗(u, ∂outS) = distG∗(v, ∂outS) = 2 implies that for any path Π between u, v,

either Π ⊆ S′i or that Π contains a prefix {u, q1} ⊆ S′i and suffix {qk, v} ⊆ S′i. If Π ⊆ S′i,

then it is not an inducing path.

Consider the case when Π contains a prefix {u, q1} ⊆ S′i and suffix {qk, v} ⊆ S′i and

assume for the sake of contradiction that Π is an inducing path between u and v in G∗

relative to V \S′i. Both q1 and qk are non-endpoint vertices on Π∩S′i. They must therefore

be colliders on Π as well as ancestors of at least one of u or v. Since q1 be a collider on Π,

it must be that u→ q1 so u ∈ ancG∗(q1), where

ancG∗(x) ≡ {z ∈ V : z is an ancestor of x in G∗}.
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Moreover, q1 must be an ancestor of either u or v, and because u ∈ ancG∗(q1) it cannot be

that q1 is an ancestor of u as this would imply the existence of a cycle in G∗. Thus it must

be that q1 ∈ ancG∗(v). However, we similarly conclude that as qk be a collider on Π, it must

be that qk ← vso v ∈ ancG∗(qk). Moreover qk must be an ancestor of either u or v, and qk

cannot be an ancestor of v as G∗ is acyclic, so qk ∈ ancG∗(u).

However we have thus concluded that u ∈ ancG∗(q1), q1 ∈ ancG∗(v), v ∈ ancG∗(qk), and

qk ∈ ancG∗(u). This implies the existence of a cycle in G∗, and thus cannot occur. Thus we

conclude that no such path Π can be an inducing path between u and v in G∗ relative to

V \ S′i. Thus u ̸∼A (S′
i)
v.

Case 3. Recall that by definition of the expansive causal partition, S′i = Si ∪ ∂out(Si)

for original vertex-covering partition {S1, . . . , SN}, where the outer boundary ∂out(Si) is

defined by the edges in superstructure G. Given distG∗(v, ∂outS
′
i) = 1, ∃z ̸∈ S′i such that

v ∼G∗ z. Moreover, as G satisfies Assumption 2, this implies v ∼G z. Thus by definition

of the expansive causal partition it must be that v ∈ S′i \ Si. As the original partition

{S1, . . . , SN} is vertex-covering, this implies ∃j ∈ [N ] \ {i} such that v ∈ Sj . Moreover, as

u ∼G v, this implies u, v ∈ S′j and that in S′j , dist(v, ∂out(S
′
j)) ≥ 2 and dist(u, ∂out(S

′
j)) ≥ 1.

If dist(v, ∂out(S
′
j)) > 2 or dist(u, ∂out(S

′
j)) > 1, then either Case 1 or Case 2 respectively

imply that u ̸∼A (S′
j)

v, which would conclude the proof. It thus remains to consider the

case where dist(v, ∂out(S
′
j)) = 2 and dist(u, ∂out(S

′
j)) = 1.

We thus have the following setup: by assumption of Case 3, distG∗(u, ∂outS
′
i) = 2

and distG∗(v, ∂outS
′
i) = 1. Then by the above arguments, we have shown j ̸= i such that

distG∗(v, ∂outS
′
j) = 2 and distG∗(u, ∂outS

′
j) = 1. Assume by way of contradiction that

u ∼A (S′
i
v and u ∼A (S′

j
v. Thus by Assumption 1, there must exist Πi and inducing path

between u and v with respect to V \ S′i and Πj an inducing path between u and v with

respect to V \ S′j .

As distG∗(u, ∂outS
′
i) = 2, Πi must contain a prefix {u, qi} ⊆ Πi ∩ S′i where qi ̸= v. By
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definition of an inducing path qi must be a collider on Πi in G∗, so u ∈ ancG∗(qi), and qi

must be an ancestor of either v or u. As G∗ is acyclic and u ∈ ancG∗(qi), qi cannot be an

ancestor of u and must therefore be an ancestor of v: qi ∈ ancG∗(v).

Similarly, as distG∗(v, ∂outS
′
j) = 2, Πj must contain a suffix {qj , v} ⊆ Πj ∩ S′j such that

qj ̸= u. Moreover by an analogous argument to the above, v ∈ ancG∗(qj) and qj ∈ ancG∗u.

We have therefore concluded the following: ∃qi, qj ∈ V such that u ∈ ancG∗(qi), qi ∈

ancG∗(v), v ∈ ancG∗(qj), and qj ∈ ancG∗(u). However this implies the existence of a cycle

in G∗, which contradicts the assumption that G∗ is a DAG. Thus it cannot hold that both

u ∼A (S′
i)
v and u ∼A (S′

j)
v, so we conclude ∃S′ ∈ {S′1, . . . , S

′
N} such that u ̸∼A (S′) v.

Case 4. Given distG∗(u, ∂outS
′
i) = distG∗(v, ∂outS

′
i) = 1, ∃z ̸∈ S′i such that u ∼G∗ z. As

superstructure G satisfies Assumption 2 this implies u ∼G z and thus by definition of the

expansive causal partition, implies u ∈ S′i \Si. As the original partition was vertex-covering,

this implies ∃j ̸= i such that u ∈ Sj . Thus by definition of the expansive causal partition,

u ∈ S′j and distG∗(u, ∂outS
′
j) ≥ 2. Moreover as u ∼G v, v ∈ S′j as well.

If distG∗(u, ∂outS
′
j) > 2, then Case 1 implies u ̸∼A (S′

j)
v. If distG∗(u, ∂outS

′
j) = 2

and distG∗(v, ∂outS
′
j) = 2, then Case 2 implies u ̸∼A (S′

j)
v. If distG∗(u, ∂outS

′
j) = 2 and

distG∗(v, ∂outS
′
j) = 1, then the argument in Case 3 implies the existence of k ̸= j such that

either u ̸∼A (S′
j)

v or u ̸∼A (S′
k)

v.

We have thus concluded in each case that ∃S′ ∈ {S′1, . . . , S
′
N} such that u ̸∼A (S′) v, and

so the statement of Lemma 10 holds.

Lemma 2 follows directly from Lemmas 7, 8, and 10.

A.3 Finite Sample Effects

While the theoretical results in Section 4.4 only apply to the infinite data regime, in this

section we discuss heuristics for addressing the effects of learning with finite samples and
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Algorithm 3: Screen_Finite_Data(G, {Hi}Ni=1, X)

Input: a superstructure G, a set of PAGS {Hi = (Si, Ei)}Ni=1, a matrix of observations X.
Result: H∗ = (V,E∗) a PAG

1 Initialize V = ∪Ni=1Si; Ecandidates ← ∪Ni=1Ei; E∗ ← ∅
2 foreach u, v such that {u ∗−∗ v} ∈ Ecandidates do

// If an edge between u and v appears in the learned output on all
subsets containing u and v, add edge to output graph.

3 if ∀i s.t. Si ⊇ {u, v}, u ∼A(Si) v then
// If edge appears oriented in output, add oriented edge to E∗.

4 if ∃i such that Ei ∋ {u ∗→ v} then
5 E∗ ← E∗ ∪ {u→ v};
6 else
7 E∗ ← E∗ ∪ {u ◦−◦ v};

8 H∗ ← (V,E∗)
9 while H∗ contains cycle C do

10 H∗ ← score_and_discard(H∗, C, {S1, . . . , SN}, X);

11 return H∗ = (V,E∗);

describe a practical algorithm for real-world causal discovery problems. In the finite data

setting, there are two key ways that finite samples cause divergence from the idealized

assumptions studied in Section 4.4: (1) the superstructure may be imperfect and (2) the

result of learning over a local subset may not be a latent projection and therefore the merged

graph may contain cycles. We describe our finite sample screening procedure in Algorithm

3. In score_and_discard, we resolve cycles by discarding the edge corresponding to the

lowest score, where the score is related to the log-likelihood of the data with and without

each edge in the cycle.

Imperfect Superstructure : In real-world causal discovery applications, one may wish

to learn a superstructure G from data [Constantinou et al., 2023]. Several algorithms for

learning a superstructure from data exist; many, including the PC algorithm, are more easily

parallelized than greedy score-based learners and thus can be run on the global variable set in

reasonable time [Zarebavani et al., 2019, Le et al., 2016] . However, when the superstructure

G is learned from data, it may be imperfect, i.e. there may exist edges in G∗ which are not
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in G. If the superstructure is missing a large fraction of the ground-truth edges, the step in

Screen, which discards edges not in the superstructure may significantly reduce the rate of

true positive edges returned by the algorithm, with the effect growing more severe with more

imperfect superstructures. Thus in the finite sample limit, if working with a superstructure

which is suspected to be highly imperfect, one option is to simply omit the step in Screen,

which discards edges not in the superstructure. In Section 4.6.3, we examine the impact

of learning imperfect superstructures from data, and show while imperfect superstructures

do impact learning significantly, the expansive causal partition is most effective out of all

partition schemes.

Potential cycles: When the result of learning over a subset is not a latent projection,

the algorithm presented in Section 4.4 may fail to return a DAG. In particular, even if the

output A (XSi) is a DAG on every subset Si, the output of Screen may contain cycles.

However, it is possible to localize these cycles; if the output A (XSi) is a DAG on every

subset Si, then any cycle in the output of Screen(G, {A (XSi)}
N
i=1) will have some edge

(u, v) such that one of the two endpoints lies in the overlap of partition {S1, . . . , SN}, i.e.

∃i ̸= j such that {u, v} ∩ {Si ∩ Sj} ≠ ∅.

Using this observation about the location of all cycles in the output of Screen, adopt

the following procedure. If the output of Screen contains a cycle, we find all edges in that

cycle which intersect with the overlap of partition {S1, . . . , SN}. We then rank these edges

using a scoring function and discard the lowest-ranked edge. While a variety of edge scoring

functions may be deployed for this step, in this work we assess edges using the log-likelihood

induced by the linear structural equation

Xj =

p∑
i=1

W
(G)
ij Xi + εj (A.1)

where W
(G)
ij denotes the weighted adjacency matrix of a DAG G and εj ∼ N (0, σ2j ) denotes
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Algorithm 4: score_and_discard

Input: a graph G, C a list of edges comprising a cycle in G, {Si}Ni=1 a partition of
the nodes of G, a matrix of observations X

Result: a modified copy of G which does not contain cycle C
1 V̂ ←

⋃N
i,j=1{Si ∩ Sj} ; // overlapping nodes

2 Ê ← {} ; // overlapping edges
3 foreach (u, v) ∈ C do
4 if u ∈ V̂ or v ∈ V̂ then Ê ← Ê ∪ {(u, v)} ;

5 ê← argmin
(u,v)∈Ê loglikelihood_score(u, v,G,X);

6 G.removeEdge(ê);
7 return G;

additive Gaussian noise. Then the joint distribution of (X1 . . . Xp) is a multivariate Gaussian

distribution N (0,Σ) where Σ = WWT . The log-likelihood under this model is

l(W,Σ) =

p∑
j=1

[
− n

2
log(σj)

2 − 1

2σ2j
||Xj −XWj ||2

]
(A.2)

In order to score an edge (i, j), we compare the log-likelihood at the least squares estimates

(LSE) of the regression coefficients (Ŵij) in Eq. A.1 of two different DAGs: Gi,j which

contains edge (i, j), and G0,j in which we remove edge (i, j) so that i is no longer a parent

of j. Edge (i, j) is then scored by how much including i as a parent of j increases the log-

likelihood of Xj under the linear structural equation. The likelihood based score is outlined

in Algorithm 5. The full procedure for cycle resolution is outlined in Algorithm 4.

In the case when the detected cycle has length two, i.e. there exist edges (i, j) and (j, i),

we adopt the methodology of Gu and Zhou [2020] and use the risk inflation criterion (RIC)

to determine whether to discard one or both of the edges forming the cycle. In this setting

we compare three models: Gi,j in which i is a parent of j, Gj,i in which j is a parent of

i, and G0 in which neither edge appears. We then compute the RIC score for each model,

which balances the log-likelihood with a sparsity-promoting term penalizing the total edges

in the graph. If the model G0 out-performs both Gi,j and Gj,i, then both edges are removed
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Algorithm 5: loglikelihood_score(i, j, G,X)

Input: a node i, a node j, a graph G, a matrix of observations X
Result: a score based on the likelihood of graph given the data in the presence and

absence of edge (i, j)
// least squares estimates of Eq. A.1

1 Ŵ (Gi,j) ← LSE(Xj , G
i,j)

2 Ŵ (G0,j) ← LSE(Xj , G
0,j )

3 Σ← cov(X) // covariance matrix of X
// log-likelihoods from Eq. A.2

4 lij ← l(Ŵ (Gi,j),Σ)

5 l0 ← l(Ŵ (G0,j),Σ)
6 score ← lij − l0
7 return score

from the graph. If at least one of the models Gi,j , Gj,i out-performs G0, then the better-

performing edge is retained and the other edge is discarded. For further details on using the

RIC score to assess edges, we direct readers to Gu and Zhou [2020].

A.4 Computational Complexity of the Divide-and-Conquer

Method

The motivation for the divide-and-conquer method developed in this work is that existing

causal discovery algorithms’ computational complexity grows prohibitively large as the num-

ber of variables in the dataset increases. The computational cost of the divide-and-conquer

method includes the expense of producing the initial partition {Di}Ni=1, constructing the

causal expansion {Di ∪ ∂out(Di)}Ni=1, running some causal discovery algorithm on each of

the subsets Di ∪ ∂out(Di), and merging the results using Algorithm 1.

For most reasonable choices of partitioning algorithms, the dominant cost in the divide-

and-conquer procedure will be running causal discovery on each subset in the expansive

causal partition. A key aspect of the divide-and-conquer method’s speedup is that the

problem of running causal discovery on each subset of the expansive causal partition is
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embarrassingly parallelizable. For any causal discovery algorithm, let F(·) describe the

worst-case runtime as a function of the number of random variables in the input, and let p

denote the number of random variables in the global dataset. Running causal discovery on N

subsets in parallel on a machine with N processors reduces the dominant cost from F(p) to

maxi∈[N ]F(|Di|+ |∂out(Di)|). In settings where P < N processors are used, the wall-clock

time for performing the parallelized causal discovery on subsets using P processors is given

by Brent’s law [Smith, 1993] 1 and is

O

max
i∈[N ]

F(|Di|+ |∂out(Di)|) +
1

P

N∑
i=1

F(|Di|+ |∂out(Di)|)

 .

For all causal discovery algorithms satisfying Assumption 1 known to the authors at the

time of publication, the computational complexity F(·) is dramatically super-linear such

that
∑N

i=1F(|Di|+ |∂out(Di)|)≪ F(p), as shown below for the FCI algorithm.

As an example, we describe the computational complexity of the full divide-and-conquer

procedure in a simplified setting. Consider a variable set V of cardinality p, and assume the

superstructure G reflects strong community structure. Specifically, consider the stochastic

block model setting: each variable in V belongs to one of two equally-sized hidden commu-

nities and that for any two variables u, v ∈ V , G contains an edge between u and v with

probability qin if u and v belong to the same community, and probability qout if they belong

to different communities. We consider a regime where these communities can be efficiently

recovered with high probability: assume

qin = α/p, qout = β/p

for α, β > 0 and
√
α−
√
β sufficiently large. This regime is well-studied, and in this setting

1. The first term in the expression is the dominant cost in time if the problem is run on N processes. The
second term is the time if the problem is run in serial divided by the actual number of processes available P
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known clustering algorithms exactly recover the underlying partition with high probability

in nearly-linear time O(p log2(p)) (see e.g. Abbe and Sandon [2015], Wang et al. [2020]).

Employing these clustering algorithms, with high probability we recover an initial partition

D1, D2 such that |D1| = |D2| = p/2. Moreover, in expectation |∂out(D1)| = |∂out(D2)| =

pβ/4, so conditioned on exact recovery the size of the clusters in the causal expansion are

(1/2 + β/4)p in expectation.

We consider running causal discovery using the FCI algorithm, which satisfies Assump-

tion 1. While the FCI algorithm does not perform every pairwise conditional independence

test, in the worst case its runtime still scales exponentially with the size of the input variable

set, e.g. F(p) = cp for c ∈ (1, 2) [Spirtes, 2001]. When run in parallel on two processors, the

wall-clock time will be exponential in the size of the subsets of the expansive causal partition:

conditioned on exact recovery, for any fixed δ ∈ (0, 1−β/4), |Di∪∂out(Di)| ≤ (1/2+β/4+δ)p

with high probability. This corresponds to reducing runtime from cp to c(1/2+β/4+δ)p. The

complexity of merging the results of the causal discovery output using Algorithm 1 is a func-

tion of the number of learned edges and maximum learned degree. In the SBM setting, with

high probability its runtime is O(p(p+ q)p3) = O(α(α + β)p2).

In total, the time to run the divide-and-conquer procedure when parallelizing the causal

discovery step is

O
(
p log2(p) + c(1/2+β/4+δ)p + α(α + β)p2

)
with high probability. In the large variable regime, the exponential term c(1/2+β/4+δ)p

dominates the runtime of the divide-and-conquer procedure. We compare this with the

runtime of the FCI algorithm on the global variable set, which is O(cp). For small values

of β, the divide-and-conquer method reduces runtime compared with the runtime of FCI

on the global variable set from cp to ≈
√
cp, which represents considerable computational

savings in the regimes of interest when p is large. This small-β regime corresponds to the

setting where few intra-cluster edges are present.
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A.5 Controlling Maximum Subset Size

A key factor in accuracy-timing trade-offs is controlling the size of the largest subset in

the partition. Here we observe that the largest subset produced by the causal expansion in

Section 4.3.4 is governed by specific connectivity properties of the initial partition on which

it is built. In particular, for graphs with strong community structure, if the initial partition

is strongly correlated with community structure, then the resultant subsets in the causal

expansion will not be much larger than any of the subsets in the input.

For the causal expansion defined in Section 4.3.4, the maximum size of any subset is

controlled by the sizes of the subsets in the input partition and their corresponding vertex

expansion values. For any set S such that |S| ≤ |V |/2, the vertex expansion of S in graph

G is defined as

h(S) ≡ ∂out(S)

|S|
.

If the input expansion {S1, . . . , SN} satisfies |Si| ≤ |V |/2 for all i ∈ [N ], then the size of

subsets {S′1, . . . , S
′
N} in the causal expansion is controlled as

max
i∈[N ]

|S′i| ≤ max
j∈[N ]

(1 + h(Sj))|Sj |.

In particular, if the superstructure G has strong community structure and the initial partition

{S1, . . . , SN} is constructed appropriately, then the subsets of the causal expansion will not

be dramatically larger than those in the initial partition. See Appendix A.7.

A.6 Experimental Setup

A.6.1 DAG generation

Ground truth DAGs, G∗, are synthetically created using a Barabasi-Albert scale-free model

[Barabási and Bonabeau, 2003]. A random topological ordering is imposed on the nodes so
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that the graph is acyclic. Data is generated assuming a Gaussian noise model: (X1, ..., Xp)
T =

((X1, ..., Xp)W )T + ϵ where ϵ ∼ N (0, σ2p). W is an upper-triangular matrix of edge weights

where wij ̸= 0 if and only if i → j is an edge in G∗. The variance σ2 is uniformly sampled

from (0, 1]. Each column vector Xi represents the data distribution for a variable correspond-

ing to a node i in G∗. For our experiments we create graphs (p=50) with two communities,

where each community has a Barabasi-Albert scale-free topology and communities are con-

nected using preferential attachment. Any cycles created by this are removed to ensure the

graph is a DAG.

A.6.2 Partitioning Algorithm Parameter settings

In this section we describe the parameter settings for the partitioning algorithms: Disjoint,

Edge Cover, Expansive Causal and PEF. The Disjoint partition is

networkx.greedy_modularity. For networks with 100 communities of size 100 nodes, we

set the best_n and cutoff both to 100. For all other experiments we do not set these

parameters. These parameters are also used for the Edge Cover and Expansive Causal

partitions, and there are no additional parameters that need to be set here. For PEF , the

minimum size of each community is set in order to select the optimal partitioning. For

networks with 100 communities of size 100 nodes, this is set to 1% of the size of the node

set. For all other experiments this is set to 5% of the size of the node set.

A.6.3 Causal Discovery Algorithm Parameter settings

In this section we describe all the parameter settings for the causal discovery algorithm A

used for local learning. The four algorithms we chose are GES, PC, RFCI, and DAGMA. For

GES, PC, and RFCI we use the R implementations in the pcalg library. For PC and RFCI

the significance level α was set to 0.001. For GES, fixedGaps which controls which edges

are added in the greedy search is set to all the edges not in the superstructure, maxDegree
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Figure A.2: Left: Accuracy and time trade-off for 1,000 node hierarchical scale-free graphs with
1,000 samples. Right: Accuracy and time trade-off for 1,000 graph with ten communities of size
100 with scale-free topology with 1,000 samples. We see that certain subset sizes take unexpectedly
long for GES learner.

is not limited, and adaptive is set to “triples”. For DAGMA, we used the LinearModel

with L2 loss. During optimization lambda1 was set to 0.02, while all other parameters were

set to the default. These parameters were consistent across all experiments.

A.6.4 Details on merging DAG subgraphs

Causal discovery algorithms GES, PC and DAGMA do not satisfy Assumption 1 and instead

output a DAG (for the PC algorithm we randomly choose a graph in the MEC). Despite this,

we still employ a screen operation when merging subgraphs in a similar manner to Algorithm

1. However, given there are no consistency guarantees over the observed subset of nodes for

these algorithms, it is possible that after merging the resultant directed graph contains cycles.

Therefore for these algorithms we employ the algorithm discussed in Appendix A.3 which

accounts for the presence of cycles. For these learners Algorithm 3 now takes in a set of

DAGs instead of PAGs and returns a DAG.
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A.7 Time and Accuracy trade offs

The computational bottleneck for divide-and-conquer algorithms is the size of the largest

subset: maxi |Si| for a partition {S1 . . . SN}. This is because we expect causal discovery

algorithms to converge to an estimated graph faster for smaller variables sets (the graph

space defined by a smaller variable set is smaller). However, we observe that the convergence

of GES appears to be a function of both size of the subset, and the topology of G∗. Fig.

A.2 (left) shows the time to solution and TPR as the size of the biggest subset increases.

For this study, we use a 1,000 node hierarchical scale-free graph. This is equivalent to the

types of graphs in Section 4.6.4. To control the size of the subsets we fix the number of

communities and resolution for the greedy modularity disjoint partition – we sweep through

five different disjoint partitions, increasing size of the largest subset. Here, we see expected

scaling behavior – as the size of the largest subset increases so does the time solution. The

largest time to solution is for the non-partitioned method on the entire 1,000 node graph.

This means that partitioning the graph always enables some scaling. The Expansive Causal

and Edge Cover partitions are extensions of each Disjoint partition. We observe that for

our proposed partition methods (Expansive Causal Partition and Edge Cover) we do not

increase the size of the largest subset significantly (this aligns with notes in Appendix E),

and we benefit from a significant boost in accuracy. In Fig. A.2 (right) we run the same

study but with a 1,000 node graph with 10 communities, each with size of 100 and scale-free

topology. This is equivalent to the types of graphs in Section 4.6.1 through Section 4.6.3, but

with more communities. Here, we observe good scaling when the size of the largest partition

is small and close to the size of the natural communities. However beyond this, the time

to solution increases to be even larger than the non-partitioned method. This suggest that

certain ‘bad’ subsets incur a longer convergence time for the GES causal discovery algorithm.

We hypothesize this is related to violation of causal sufficiency of these subsets – subsets that

contain more confounders (unobserved common causes) outside may result in sub-optimal
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convergence in the GES learner. Note that this result is not due to our causal partition or

the divide-and-conquer methodology, but rather because of the use of the GES learner in

this setting. Still, since we can control the size of the subsets with the disjoint partition we

can still achieve accuracy and time benefits with GES as shown in our empirical results.
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APPENDIX B

ADDENDUM FOR CHAPTER 5

B.1 DAG-GNN training at Scale

DAG-GNN is trained using a nested optimization loop where an inner loop updates the neural

network parameters and adjacency matrix to minimize the evidence lower bound (ELBO)

loss, while an outer loop enforces the DAG constraint using an augmented Lagrangian. A

trainable adjacency matrix is represented by A ∈ Rp×p. The encoder is z = (I − AT )x for

input x ∈ Rn×p, where I is the identity matrix. The decoder is (I − AT )−1z. We set the

embedding dimension to 64. We trained DAG-GNN for 300 epochs using Adam with a learning

rate of 3e-3 (gamma=1.0, lr_decay= 200). We use n for the batch size, because we do not

have sufficient samples for stable mini-batching. The maximum number of iterations for the

Lagrangian optimization was set to 100. The threshold for the adjacency matrix A is set to

0.3, which is the default value.

DAG-GNN training is time and memory intensive. To learn an adjacency matrix over

p = 15, 694 would be intractable. We partitioned the gene set according to a causal partition

[Shah et al., 2025] of the protein-protein interaction network from the STRING database,

then merged the graphs by taking the union of edges. Training times depend on the gene

subset size, which vary by dose rate. The average training time for DAG-GNN on one subset

of data across bootstraps was 23.3 min. Training curves for one example subset are shown

in Fig. B.1. Note that loss spikes occur when the augmented Lagrangian penalty ρ is

increased in the outer loop, abruptly strengthening the acyclicity constraint and perturbing

the learned graph. This is expected behavior as the model rebalances reconstruction accuracy

with enforcing a valid DAG structure. Models were trained on a NVIDIA Tesla V100-SXM2-

32GB GPU.
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(a) (b)

Figure B.1: Training curves for DAG-GNN of one subset of genes in the graph partition. (a) Loss
curves and acyclicity constraint h(A) which converges to 0 to ensure a DAG. (b) The number of
edges in the learned adjacency matrix at each iteration using the default threshold 0.3

B.2 Linear Regression Baseline

We were concerned that causal gene sets might just be identifying genes that have strong

correlative structure with the radiation vector, especially given a small sample size. We

constructed a baseline algorithm based on linear regression of (week, dose_rate) labels onto

each gene. Each model’s R2 measures how much variance in that gene’s expression is ex-

plained by dose rate and week jointly. A gene with a high multiple correlation R2 is one

whose expression varies strongly as a linear function of dose rate and/or time. This captures

genes that respond to radiation in a dose- or time-dependent manner — but purely through

univariate linear association with the experimental conditions, without any causal graph

structure or model-based feature importance. It serves as a “correlative baseline” against

which the causal graph gene selections are compared. Similar to the supervised machine

learning framework, we choose the 1000 genes at each fold with the top R2 scores. Then

we select genes that are stable in more than 50% of folds. This results in 481 genes and is

visualized as a “Correlation” baseline in Fig. B.2. We also perform pathway enrichment of

this gene set and report the top 10 pathways in Table B.1. We see enrichment of radiation
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pathways as well, but a much higher enrichment for the invariant causal gene set (Table 5.3

which also has a smaller gene set size.

Figure B.2: Intersections with the Correlation baseline algorithm (based on Linear Regression).

B.3 Additional Gene Set Intersections

There were 68 stable genes inferred by the RandomForestRegression models across folds.

Intersections with causal gene sets and differential expression are shown in Fig. B.3. Fig. B.4

and Fig. B.5 show within causal graph and differential expression intersections respectively.

There are a core set of “invariant” genes across dose rates for each method which may

correspond to genes involved in fundamental radiation response processes. The invariant

gene set is larger for causal graphs than differential expression (438 genes compared to 329

genes).

Figure B.3: Intersections with the Random Forest gene set which is dose invariant.

B.4 Random and Correlative Gene Sets

Pathway enrichment−log10p-values were surprisingly large for causal gene sets (Fig. 5.4). To

check that these values were meaningful, we ran a simple test with gProfiler with random
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Table B.1: Top 10 Enriched Pathways — Correlation Gene Set

Pathway − log10(p) Term Size Intersection Size

Cell Cycle Checkpoints
REAC:R-HSA-69620

8.28 289 24

Regulation of TP53 Activity
through Phosphorylation
REAC:R-HSA-6804756

7.70 92 14

Regulation of TP53 Activity
REAC:R-HSA-5633007)

7.18 160 17

G1 to S cell cycle control
WP:WP45

7.15 64 12

Cell cycle
WP:WP179

6.96 120 15

Mitotic G1 phase and G1/S tran-
sition
REAC:R-HSA-453279

6.82 148 16

Retinoblastoma gene in cancer
WP:WP2446

6.79 89 13

Cell cycle
KEGG:04110

6.30 157 16

DNA damage response
WP:WP707

6.02 69 11

DNA replication
GO:0006260

5.84 279 20
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Figure B.4: Intersections of causal graph gene sets across each dose rate. There is an “invariant”
set of 438 genes which is the intersection across all dose rates.
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Figure B.5: Intersections of differential expression graph sets across each dose rate. There is an
“invariant” set of 329 genes which is the intersection across all dose rates.
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genes taken from the background gene set (all genes measured in the experiment). In Fig.

B.6 we report the distribution of the top 10 enriched pathways (with 5 repeated runs). We

verify random gene sets do not enrich any pathways. We also check our correlative linear

model and see that these gene sets do enrich pathways, but not at the level of the causal gene

sets. We already demonstrate in Fig. 5.4 that the causal gene sets perform better compared

to differential expression and RandomForest gene sets.

Figure B.6: As a sanity check, we computed pathway enrichment for the top 10 pathways from
the causal, correlative, and random gene sets.

B.5 Top 10 Pathways for Differential Expression Invariant Gene

sets

We report the top 10 pathways for the differential expression invariant gene set (329 genes)

in Table B.2.

B.6 Cluster Functional Analysis

We performed a cluster analysis of the causal graphs at each dose rate; an example clus-

tering is shown in Fig. B.7. To understand if each cluster is biologically meaningful and

encodes distinct processes, we again perform pathway enrichment on each gene subset. We

also compute overlaps to CORUM protein complexes which are manually annotated, exper-

imentally validated, high quality annotations. In Table B.3 we see significant enrichment of
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Table B.2: Top 10 Enriched Pathways — Differential Expression Invariant Gene Set

Pathway − log10(p) Term Size Intersection Size

cellular response to interleukin-1
GO:0071347

9.73 84 13

response to interleukin-1
GO:0070555

9.40 110 14

cellular response to tumor necro-
sis factor
GO:0071356

7.68 208 16

glycosaminoglycan binding
GO:0005539

7.15 249 17

response to tumor necrosis factor
GO:0034612

7.09 229 16

glomerulus development
GO:0032835

6.97 71 10

active monoatomic ion trans-
membrane transporter activity
GO:0022853

6.71 117 12

Diabetic cardiomyopathy
KEGG:05415

6.45 202 15

regulation of angiogenesis
GO:0045765

6.42 293 17

nephron development
GO:0072006

6.40 160 13

130



Figure B.7: Example of the causal graph at dose rate 6.66 mGy/hr colored by cluster ID.

Table B.3: Cluster enrichment analysis for dose rate 6.66 mGy/hr. For each cluster, we measure
the gene overlap with CORUM complexes and identify the protein complex with highest overlap (and
associated exact Fisher test p-value). Top pathways for each cluster and identified with gProfiler.

Cluster CORUM Complex p-value Top Pathway p-value

C0 DNA binding; chromo-
some; DNA topological
change

4.81× 10−5 Antigen presentation:
folding, assembly, and
peptide loading of class I
MHC

8.10× 10−21

C1 Cell cycle checkpoint sig-
naling; DNA binding;
nucleus

1.26× 10−4 Pathogenic Escherichia
coli infection

5.09× 10−7

C2 Cytoplasm; translation 2.94× 10−24 Eukaryotic translation
elongation

6.66× 10−22

C3 ATP binding; chromo-
some; DNA replication

7.66× 10−10 ATP-dependent activity,
acting on DNA

8.70× 10−9

C4 mRNA splicing via
spliceosome; spliceoso-
mal complex

1.93× 10−5 Mitotic G1 phase and
G1/S transition

1.79× 10−16

C5 Protein targeting; intra-
cellular transport; endo-
cytosis

1.82× 10−2 NRF2 pathway 3.91× 10−6

C6 Myeloid cell differentia-
tion; regulation of apop-
tosis

9.58× 10−9 Integrated breast cancer
pathway

9.83× 10−10

131



pathways and CORUM complexes in each cluster for dose rate 6.66 mGy/hr. However, only

C2 (Eukaryotic translation) and C3 (ATP-DNA binding) show clear consensus between the

top pathway and the CORUM complex.

B.7 Causal Discovery Bootstrap Results

(a) (b)

Figure B.8: Bootstrap DAG-GNN results. (a) The distribution of edge overlap with knowledge bases
for all graphs across 10 bootstrap runs. (b) The percentage of top-k hub nodes that correspond to
known transcription factors for all graphs in the 10 bootstrap runs.

Figure B.9: Top: The distribution of edge frequencies at each dose rate across bootstraps. A
frequency of 1.0 means that the edge appeared in all 10 of the DAGs. Bottom: The distribution of
edge frequencies at each dose rate subgraph induced by the causal invariant gene set (438 genes).

Here, we show the DAG-GNN metrics across bootstrap runs. The results in the main paper

report metrics for consensus graphs formed by filtering for edges that co-occur in 50% or more
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of the bootstrap runs. We ran DAG-GNN with 10 bootstraps and metrics are shown in Fig. B.8.

Compared to Table 5.2 and Fig. 5.5, we see a high variance distribution and overall poorer

results which supports our choice of choosing consensus edges for downstream analysis. In

Fig. B.9, we visualize the distribution of edge frequencies for subgraphs induced by the

invariant causal gene set. We see that this subgraph has a higher density of “perfect” edges

that appear in all bootstraps. This shows that the invariant gene sets and subgraph edges

have a higher confidence, and this is supported by enrichment of only radiation pathways.

These subgraphs and high frequency edges can be used as a starting point for hypothesized

novel pathways, however, this requires experiments to prove.

B.8 Other Graph Algorithms

We considered two additional non-causal, graph inference methods, GENIE3 and Lasso. Both

formulate network inference as an ensemble of regression problems, where candidate parent

genes are treated as covariates for predicting the expression of each target gene. In GENIE3,

candidate parent genes are pre-filtered to only include genes that code for transcription

factors in humans. GENIE3 uses a RandomForest regression model, while Lasso uses lasso

regression.

We report pathway enrichment results of GENIE3 and Lasso compared to DAG-GNN and

DESeq2 in Fig. B.10. Here we visualize the average p-value over the manually selected

radiation response pathways in Fig. 5.4 as a function of the size of the gene set. Genes

are filtered according to LFC p-value (DESeq2), or edge weight (DAG-GNN, Lasso, GENIE3).

This measures the discriminatory power of each method in identifying important genes for

radiation response; ideally, a method ranks these radiation-specific genes highest, with the

smallest gene set size. We see that GENIE3 and Lasso have the highest discriminatory power

as smaller gene sets are enriched in radiation response pathways at a higher rate.

We further compare GENIE3 and Lasso to knowledge bases in Fig. B.11. For equal
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Figure B.10: The average enrichment as −logp of radiation specific pathways as a function of gene
set size for each method.

Figure B.11: Edge comparison of all graph inference algorithms to knowledge bases as a function
of sparsity of each graph, where edges are pruned by weight.
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Figure B.12: Left Percent of top-k out-degree nodes (hubs) that are known transcription factors.
Right
Percent of top-k in-degree nodes (sink) that are housekeeping genes. Light to dark is low to

high dose rate for each method. Dashed lines show the perfectage if genes are randomly
assigned to nodes. Only DAG-GNN assigns housekeeping genes as sink-nodes.

comparison, we control for sparsity by measuring precision and recall as a function of the

top-k edges filtered by weight. GENIE3 is the best performing algorithm, while DAG-GNN is

the worst performing algorithm for reconstructing knowledge bases.

Finally, we look at the topology of inferred graphs and the biological significance of highly

connected nodes in Fig. B.12. All methods assign the majority of hub nodes to transcription

factors; GENIE3 has the highest and most stable enrichment due to the pre-filtering step

which only assigns transcription factors as parents. Only DAG-GNN assigns the majority of

sink nodes as housekeeping genes. The DAG structure tells us that genes that regulate other

genes are upstream in the graph whereas genes that are closer to representing the state of

the cell are downstream. This suggests that the enforcement of the DAG topology reveals

meaningful biological structure. The story is nuanced, cheaper graph algorithms like GENIE3
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and Lasso are much better at recovering known edges however DAG-GNN topologies encode

higher level biological organization.
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