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ABSTRACT

In this thesis we develop a series of practical algorithms for language model to self-
train, by actively and strategically creating and controlling learning experiences themselves,
enabling better model generalizability and training efficiency compared to traditional ap-
proaches.

In Chapter 1, we discuss the background and motivation of the work, providing necessary
technical preliminaries on reinforcement learning and language model training, and lay out
key contributions with a high-level principled view.

In Chapter 2, we introduce the Evolving Alignment (eva) framework, which replaces
the classical static training scheme with an adaptive one, where a learnable creator policy
generates and schedules training contexts for a solver policy. Plainly, new prompts are
adaptively generated (by the language models themselves) and stored in a prioritized buffer,
where their sampling frequency is determined by reward signals.

In Chapters 3 and 4, we discuss practical techniques to further improve the training of
the solver policy. We first present the Reasoning in Reasoning (RiR) framework, which
introduces a planner policy that generates subgoals for the solver policy to condition on.
We then extend this idea by learning an abstract world model for lookahead planning. The
proposed frameworks enhance both training and inference efficiency on theorem proving and
real-world tool-use tasks.

Together, we use the phrase self play to summarize these studies, yet in essence they are
nothing more than practical techniques for synthesizing and scheduling learning experiences.
We anticipate future research in this direction to further move beyond the traditional static
training paradigm toward adaptive continual self-training for language models, with stronger
theoretical foundations and guarantees.

The complete package is to be updated on: link.
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CHAPTER 1
INTRODUCTION

1.1 Background

Artificial Intelligence and Machine Learning. Intelligence measures an agent’s ability
to achieve goals in a wide range of environments [Legg et al., 2007]. Developing artificial
intelligence can be formalized as a learning problem, where Mitchell [1997] has a succinct

definition for learning:

“A computer program is said to learn from experience E with respect to some
class of tasks T and performance measure P, if its performance at task T

as measured by P improves with experience E.”

Deep Learning. In deep learning [Goodfellow et al., 2016], the learning agent is a neural
network, and improving the performance measure is to find parameters of the neural network
that improves an objective function over a data-generating process of interest. While we may
not have access to the true process, people often can optimize the objective over a curated

dataset as the experience for training.

Reinforcement Learning. Reinforcement learning (RL) refers to the learning problems
where the experience E comes from the agent’s interaction with an environment. More
specifically, a policy defines the agent’s way of interaction and the environment sends a reward
signal according to actions taken by the agent; the agent’s objective is often to maximize
the total reward it receives in the long run by updating its policy through trial-and-error

learning [Sutton et al., 1998a].

Large Language Models. Large language models (LLMs) are deep generative models (of-

ten transformer-based [Vaswani et al., 2017]) which are trained on massive text data [Radford
1



et al., 2018], and can be viewed as agents experiencing in a textual environment. Recent
works have explored applying RL to train large language models, where environment feed-
back can be human preferences [Christiano et al., 2017], program verification [Polu and
Sutskever, 2020], etc. In this thesis, we focus especially on tasks solvable by language mod-
els, which is widely regarded as central to the current progress of artificial intelligence [Team,

2025).

Thesis Statement. Reinforcement learning has long emphasized learning to act, with lit-
tle principled understanding of learning what to experience. This thesis introduces self-play
experience shaping as an auxiliary objective jointly optimized with reward maximization,
and presents practical self-play algorithms that bring concrete gains on standard benchmarks

of language models.

1.2 Formal Statement

Setup. Let’s use the contextual bandit objective [Abbasi-Yadkori et al., 2011] for a simpli-
fied illustration of RL, which is conveniently used in the context of training LLMs [Rafailov

et al., 2023]:

Jtrain(0) = ESN(Itrain('), a~mg(-]s) [R(S, a)}. (1.1)

where

« s: the environment state/context, i.e., the prompt for language models;
« a: the action taken by the agent, i.e., the response from language models;
e R(-,-): the reward function, e.g., the rating of the response from language models;

o 7g(:|-): the action policy and € is the parameter of the network being trained;



* (irain(+): a prescribed training state distribution, determined by environment and exter-
nally specified sampling mechanisms of training, e.g., a pre-curated prompt dataset [Cui
et al., 2023].

The performance of the learning algorithm is evaluated on the target true data generating

process:

Jtrue(o) = ESN(]true(')7 aN7T0('|S) |:Rtrue(8, a>:| . (12)

Problem. The issue of the default RL objective is that it assumes an exogenous experience
distribution. To illustrate, while the learning agent drives action trajectories, the sampling
of training experiences (e.g., state prioritization and scheduling) is imposed exogenously of
the agent’s policy. The exogeneity of experience distribution can hurt the learning agent’s
generalizability (e.g., due to distribution mismatch) and training efficiency (e.g., due to
high-variance update). Existing works try to solve this often use ad-hoc techniques to select
and schedule the data. However, they are mostly heuristics-based, and lacks of a learnable,

generative data policy as opposed to action policy, as we summarized in Table 1.1.

Curriculum Learning [Bengio et al., 2009] Bias sampling towards easier examples first
Prioritized Replay Buffer [Schaul et al., 2015] Bias sampling towards high TD-error transitions
Ordered SGD [Kawaguchi and Lu, 2020] Re-order training examples by current loss

Curriculum RL [Jiang et al., 2021b] Adapt environment difficulty over training

Table 1.1: Representative heuristics for experience sampling in training deep neural networks.

Research Question. We propose the following research question:

Can we design a principled approach for shaping the experience during RL (for

large language models) to improve the generalizability and training efficiency?



Our contribution. We propose a new family of RL training algorithms, where the learning
agent is incentivized to adaptively generate and shaping its experiences while learning to act,
enabling better learning generalizbility and training efficiency. To achieve this, we introduce a
learnable experience policy 7 jointly optimized with 8 to sample, schedule, and generate

experience data.

0*(¢) = arg mgux ESNWQ(J, a~mg(-|s) [R(S, a)}, (13)

where 7 is an experience policy subject to its own objective. (1.4)

In the next, we present concrete objectives for the experience policy with practical algo-

rithms.



CHAPTER 2
SCALABLE REINFORCEMENT LEARNING FROM HUMAN
FEEDBACK VIA CREATOR-SOLVER GAMES

2.1 Introduction

evolve prompts
creator solver
i < Tix

propose responses

Figure 2.1: RL for LLMs as Asymmetric Self-Play. Conventional training methods
are restricted to pre-curated prompt sets with fixed training schedules. We show that it is
crucial to adaptively control the prompt distribution by creating and prioritizing more useful
prompts. This is implemented through a simple self-play scheme (Algorithm 1), where the
creator is the newly introduced prompt policy mx and the solver is the response policy
Ty|X: both interact with objectives driven by reward signals (section 2.3).

Long-lived artificial intelligence must deal with an ever-evolving, open-ended world, how-
ever the current training paradigm is restricted to being fairly short-lived and static.

This paper concerns the post-training paradigm of large language models (LLMs), which
is typically done in two stages, imitation (.e., supervised fine-tuning, SFT) and reinforce-
ment learning (7.e., RL post-training). In particular, we focus on the latter, which has led
to remarkable success in enhancing LLM capabilities [Team et al., 2023, 2024a, 2025]. How-
ever, there is a fundamental issue in existing practices: they restrict themselves within a
pre-curated, static prompt distribution during post-training.

This is sub-optimal and bottlenecks scaling properties w.r.t.: (i) training efficiency: the
existing paradigm treats all prompts equally, despite their utility depending on the changing
states of LLMs in training; as not all prompts contribute equally, relying on a static set

with a fixed training schedule is inefficient. (ii) model generalizability: once the LLM

saturates on the static prompt set, learning stops, preventing the model acquiring new skills
5
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Figure 2.2: (Left) eva generalizes classical RL with open-ended RL for LLMs, by introducing
a creator policy in training. (Right) The creator strategically controls prompt distributions
by generating new prompts after each mini-batch gradient update (for online RL) or a com-
plete dataset iteration (for offline RL), with a simple estimate, sample then evolve procedure,
where the usefulness of each prompt is estimated from reward signals. The solver is then
trained on a mixture of the original and evolved prompts. See the minimax-regret objec-
tive driving the game design and practical implementations in § 2.3.

or knowledge beyond the predefined distribution.!
We thereby investigate the two questions:

1. (Learning Signal) Which prompts should be prioritized during RL training?

2. (Algorithm) How can we generate more useful prompts, and use them to keep LLMs

self-improving in RL?

To address them, we design eva (Evolving via Asymmetric Self-Play), as in Figure 2.1, 2.2.
Central to eva is an infinite game with minimax-regret objectives, achieved by alternating
optimization in creating prompts and solving them. We summarize our original contributions

as:
1. We find reward advantage as an effective signal to identify useful prompts in RL

post-training.

2. We design eva, the first method that enables LLMs to prioritize and adaptively

create useful prompts, for continual RL training and self-improving.

1. Literature has considered prompt evolving, but is restricted to SFT [Xu et al., 2023a], and/or evolves
uniformly [Yuan et al., 2024b]. We claim adaptive training w.r.t. reward signals are crucial.

6



The rest of technical details are organized as follows: in Problem 1, we formalize the
problem of RL post-training as a bilevel optimization over a creator policy and a solver
policy, which corresponds to the Stackelberg game [von Stackelberg, 1934] in game theory.
In section 2.3.2, we define the objectives for the two players of the game by regret, for
which the solver minimizes and the creator maximizes, and use its approximation by reward
advantage for creator optimization. In section 2.3.3, we discuss simple practical algorithms
of eva in both online and offline settings. In § 2.4, we run extensive experiments showing eva
universally improves the performance of both online RL (e.g., RLOO, OAIF) and offline RL
(e.g., DPO, SPPO, SimPO, ORPO) for LLMs and is SOTA on various challenging real-world
benchmarks.

As we enter the new epoch where compute is moving from training to data synthesis,
the question on “how to put more compute in generating better data” [Nishihara, 2025] is
more critical than ever. While existing works [Zelikman et al., 2022b, Gulcehre et al., 2023,
Chow et al., 2024] primarily focus on the exploration in ) | X , we perform the first
systematic study in exploration in (X)) in RL for LLMs, guided by carefully designed

reward signals.

2.2 Preliminaries

Classical RL post-training [Ouyang et al., 2022 optimizes over a static prompt dataset
D:

max By oy ()| 706 ¥)| ~ Bxa |- D (70 | %) [ moase- 1)) |- 21)

T

Here, mpase(¢|X) is a base policy, x and y are prompts and responses, D is a divergence
measure. To approximate the expectation over y, we employ Monte Carlo sampling by gen-

erating k responses per prompt, Y1y Yk) ™~ 7g(- | x) [Sutton et al., 1998b, Ahmadian



et al., 2024]. In this paper, r(-) is the reward assumed to be from an oracle r*(-) and is fixed
during post-training [Team et al., 2024a]; we use the conventional term RLHF (reinforce-
ment learning from human feedback) interchangeably with RL (post-)training, and focus on
human preference optimization, i.e., Al alignment [Leike et al., 2018], in our experiments.
Nevertheless, the pipeline is compatible with any other reward types.

Conventionally, prompts x are scheduled in training either sequentially or via 7.7.d. uni-
form sampling. Prior works explored active selection [Kawaguchi and Lu, 2020, Muldrew
et al., 2024] or prioritized sampling [Schaul et al., 2015, Lee et al., 2022], but focus solely
on existing data. In contrast, eva introduces new prompt creation, enabling training with
improved coverage and complexity beyond the initial static prompt set. Depending on how
y is generated and labeled, RL post-training methods can be described as: (i) online on-
policy, where y are generated on-policy [Team et al., 2024a]; and (ii) offline, where y are
pre-generated by existing model checkpoints [Xiong et al., 2024, Pang et al., 2024a]. In this
paper, for online RLHF, we evolve prompts at each mini-batch, while for offline RLHF, we

construct a new prompt set after each full iteration over the previous set.

2.3 Method

2.8.1 The Problem: Open-Ended RLHF

Classical RLHF, as in section 2.2, samples prompts from a static set D, which can have
limited prompt coverage and complexity, and may diverge from true scenarios in the open-
ended world [Dennis et al., 2020, Parker-Holder et al., 2022]. In Problem 1, we introduce a
prompt generation policy 7r¢(-) to be optimized together with the response generation policy
7 (+|x). An optimizable me(-) brings a few benefits: (i) during training, it allows dynamic
adjustment of training prompts on-the-fly, making it possible to prioritize prompts that are

more informative to the current mg(-|x), improving learning efficiency; (ii) at convergence, it



Problem 1 (Open-Ended RLHF). We define the problem of Open-Ended RLHF as the
bilevel optimization on both a prompt policy (the creator my(x)) and a response policy
(the solver mg(y | x)):

Q"€ argqrsnax R(W¢(-),wtrue(~);D,B*(qb)), (2.2)

st 0'(9) € argmax Exwﬁ¢<.)[Eywwo<.|x>[r<x,y> | = 8D [mo - 1) | Toasel- | %)
(2.3)

where Trye s the (potentially unknown) true target prompt distribution, D is an optional
artifact parameter (e.g., the seed prompt distribution), and R(-) is a reqularization func-
tion on the creator policy Ty, which we discuss in detail at section 2.3. The problem gen-
eralizes classical RLHF, and captures the dual objective that (i) response alignment:
the solver should perform well on the training prompt distribution while staying close
t0 Thase, and (ii) prompt generation: the creator should generate training prompts
allowing the solver to perform robustly on target prompt distributions.

brings a new prompt distribution beyond the initial static set, making it possible for mg(-|x)
to learn knowledge beyond D and perform more robustly on the target distribution. The
creator objective R(-) characterizes the optimization of me(-), preventing it from collapsing
in trivial prompts and guiding it towards true target prompts, which we discuss a specific

implementation by regret maximization in the next.

2.8.2  The Game: Minimax Regret Games

Problem 1 can be cast as a sequential game [von Stackelberg, 1934] by two strategic players
optimizing each’s utility:
« Solver 7y(y | %), who generates responses that optimize alignment given training

prompts.

« Creator 7,(x), who generates training prompts for the solver to perform well in the
real world, knowing the solver will optimize over the generated.

A natural objective for the creator is to improve the solver’s transfer performance [Ben-
9



gio, 2012] on the true target prompt distribution merye: the closer T 1S 1O Ttrye, the better
the solver performance is expected, thereby the higher the utility the creator may receive. If
Ttrue 18 known, R(+) can be instantiated by a f-divergence measure for distribution matching
with m¢rye. This work considers the case when merye is unknown a priori; the optimization
then falls into a standard decision under ignorance problem [Savage, 1951, Gustafsson, 2022].
Several decision rules can be considered, e.g., randomization, that chooses training prompt
distribution uniformly [Jiang, 2023]; in this paper, we study Minimax Regret Rule, which
finds a training distribution that minimizes solver’s worst-case regret over all possible dis-
tributions (see also section 2.4.2). We abuse the notation r to denote the reward with KL

penalty, and Regret is defined as reward differences of mg and optimal policy m:

Regret(mg, mg) = Exwﬁqﬁ(.) [Eywﬂg(.x) [ r(x,y) }

~Eyeryh [ 753) ]
Problem 1 is then formulated as:

¢* € arg mgx Regret (g, mgx ), (2.4)

s.t. 0%(¢p) € arg nbin Regret(my, 7g). (2.5)
where

Regret(mg, mg) = Exr, () {Eyw;ux) [ 765 ¥) By | 705 Y) H

Note that (i) for solver optimization, Eq. 2.5 is equivalent to Eq. 2.3 by definition, and (ii)
for creator optimization, Eq. 2.4 approximates Eq. 2.2 with a worst-case optimal guarantee

for the solver’s policy, when mgrye is unknown.

Remark 1. Under mild assumptions, the (local) Nash equilibrium is a (local) minimax

point [Jin et al., 2020] for the above optimization; here, at the (local) Nash equilibrium,

10



the solver follows a (local) minimax regret policy [Jiang, 2023/, i.e., the solver’s regret is

worst-case optimal.

The equilibrium finding of the game can be solved by alternating optimization [Zhang
et al., 2022]. Intuitively, this allows for the creation of evolving prompt distributions that
challenge the agent progressively for better generalization; the regret objective ensures ro-
bustness on such evolving curricula by incentivizing agents to perform well in all cases,
providing a worst-case guarantee. In optimization, this brings a sweet spot where the cre-
ator can create challenging yet solvable prompts (i.e., neither too hard nor too easy) for the

solver.

Regret Minimization for the Solver. Any preference optimization algorithms can be

used as a plug-in for the regret minimization for the solver’s step in Algorithm 1.

Regret Maximization for the Creator. When it is direct for the solver to minimize the
regret by policy optimization, the true optimal policy remains unknown during optimization,
and we must approximate it when using it as the utility to incentivize the creator. Similar
to heuristics in prior works [Jiang et al., 2021b,a, Parker-Holder et al., 2022, we use the

advantage-based estimate for each x:

Reéret(x> 770) —r(x,y4) —r(x, Ybaseline)> (2'6)

where

y4 = argmaxy, r(x,y),

Ybaseline -= aV&y, r(x,y) or arg minyi (X, ),

and {y;}i=1 is a set of responses sampled from mg(- | x) and r(-,-) is the reward oracle.
We choose argavgy, 7(x,y) for online RLHF, and arg miny, 7(x,y) for offline RLHF, based
11



on consistent strong empirical gains observed across extensive experiments. As the policy
optimizes, the proxy will approximate the true regret better?.
We denote the regret estimate (i.e., negated reward advantage) as the informativeness

value for a prompt x w.r.t. 8,

infog(x) := Regret(x, mg). (2.7)

Directly doing gradient ascent on regret could lead to training instability [Zhang, 2023]. In

this work, we approximate new prompt distributions that maximize regret by 3 steps:

1. Estimate informativeness for each prompt in the set.
2. Sampling a subset of high-regret prompts.

3. Generating new prompts by making variations on those high-regret prompts.

The eva way of scalable regret maximization can relate to curriculum RL [Parker-Holder
et al., 2022], which finds environments with high-regret levels, then edits within some dis-
tance, or evolution strategies [Schwefel, 1977] which find the most promising species, then

mutate and crossover.

2.3.83 The Practical Algorithm

Algo 1 is an overview of eva where creator creates new training prompts after each iteration

of solver.

The Solver Step. This step is the classical preference optimization [Rafailov et al., 2023].

Take DPO as an example, for every prompt, we sample n responses and annotate rewards,

2. This approximates the expectation over mp by best observed responses, which introduces bias quan-
tifiable by Dk [mg||7*]. Also, single-sample estimation for 7 introduces variance. See Liu et al. [2023¢] for
discussions on sampling effects.

12



then take the responses with the maximal and the minimal reward to construct preference

pairs and optimize upon.

The Creator Step Plainly, the creator finds most useful prompts and generate variants
of them to approximate regret maximization.
o Step 1: info(-) — estimate the informativeness. For each x in the prompt set X}, we

generate responses, annotate rewards and estimate the informativeness of x by Eq. 2.7.

o Step 2: sample(:) — weighted sampling for an informative subset. By using the
informativeness metric as the weight, we sample an informative subset Xti”fo to be

evolved.

» Step 3: evolve(-) — evolving for high-regret prompts. eva is agnostic to and does not
rely on any specific evolving method. We take Xu et al. [2023a] as a default baseline

for prompt evolving.

Prioritized Generative Buffer. While eva can operate on the full D at once and iter-
atively train LLMs (i.e., offline eva), the informativeness can become off-policy. Inspired
by Schaul et al. [2015], we design a simple prioritized generative buffer B that extends Al-
gorithm 1 to be on-policy and evolves per mini-batch (i.e., online eva), with:

1. Warm-up phase: we start with x from D and populate B with evolved prompts until

it reaches size B.

2. Mix-up phase: training continues using a balanced mix of samples from D and B
(prioritized by informativeness) per mini-batch. New prompts are evolved and added

to B, while older ones are removed.

3. Bootstrap phase: Once D is exhausted, training relies on B, continuing evolving and
replacing prompts.
eva is easy to use and flexible to extend. We present our adaptive reinforcement training

algorithm below.
13



Algorithm 1 A Practical Implementation of eva

Input: a prompt set Ay, solver policy mg, no. of rollout per

prompt N, chosen RLHF algorithm ®, reward function r(-)

1: for iteration ¢t =0,1,... do

2: for x € A} do

i.i.d.
yl?"'alei\“ 71'3(' | X)

weight(x) + max; r(x,y;) — & S (%, yi)

3 end for

4: xpeed « sample M; prompts from X; w.p. oc weight(x)
5: Xtunif + sample My prompts from X; uniformly

6: Xy 41 + evolve(xpeed) U apwif

7: oplimize mg using algorithm ® and prompt set X1

8: end for

2.4 Experiments

Datasets and models. We use UltraFeedback [Cui et al., 2023] as the training dataset,
which contains diverse high-quality prompts that are primarily human-generated. We use

the instruction-finetuned GEMMA-2-9B [Team et al., 2024b] as the base (0y)3, which is a

3. Unless stated otherwise, each iteration uses 10K prompts (the initial prompt set), referred to as 1x. In
offline RLHF, we denote 6;_,;41 as the one trained with new human prompts from the ¢-th checkpoint. 8,_,;
denotes the one trained with evolved prompts from the t-th checkpoint without any new human prompts. In
online RLHF, training is a continual iteration and 8,_,; (nx) denotes training with 10nK prompts in total,
mixed and evolved from the initial.
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strong baseline for models of its size. Note that we directly apply RL training without SFT,

as the base model is sufficiently capable.

Evaluation settings. We use: (i) AlpacaEval 2.0 [Dubois et al., 2024a], which assesses
general instruction following with 805 questions; (ii) MT-Bench [Zheng et al., 2023e], which
evaluates multi-turn instruction following with 80 hard questions in 8 categories; (iii) Arena-
Hard [Li et al., 2024b], which is derived from 200K user queries on Chatbot Arena with 500

challenging prompts across 250 topics.

Optimization algorithms. We evaluate eva across a wide range of six representative
RLHF algorithms:
e Online RLHF: RLOO [Ahmadian et al., 2024], OAIF (i.e., online DPO) [Guo et al.,
2024].

« Offline RLHF': (with reference) DPO [Rafailov et al., 2023], SPPO [Wu et al., 2024b];
(without reference) SimPO [Meng et al., 2024], ORPO [Hong et al., 2024].

Oracle reward models. We take ARMORM-8B [Wang et al., 2024b] to be the default
reward model for human-preference proxy, with the below for ablation studies:
« Pointwise: ARMORM-8B [Wang et al., 2024b], SKYWORKRM-27B [Liu and Zeng,
2024].

« Pairwise: PAIRRM-0.4B [Jiang et al., 2023], PAIRRM-8B [Dong et al., 2024a).

2.4.1 Main Results

eva consistenly achieves strong self-improvement. Asinin Table 2.1 and 2.2, eva yields
notable performance improvement across different optimization algorithms, especially on
the more challenging and robust Arena-Hard benchmark [Li et al., 2024b]. For example,
eva brings 10.6% gain with DPO in the offline setting, and 9.8% gain with RLOO in the on-
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line setting, surpassing claude-3-opus-240229 as reported by AH leaderboard and matching
gemini-1.5-pro, while using fully adaptive self-automated joint prompt-response generation.

This demonstrates the superior empirical performance of eva.

. Arena-Hard AlpacaEval
MT-Bench 0.1 p 5.5
8.90 N
o - ~ 51.68
S s = =
= = >
o e " 51.6 o
50 < <
S = = 13839
=Y o] 413 §
SFT  DPO DPO-eva SFT  DPO  DPO-eva SFT  DPO  DPO-eva

Figure 2.3: Hlustration of gains with one round eva by DPO.

Table 2.1: Online eva results. eva has notable gains and is comparable to default train-

ing with even 6x human prompts (gray). Note eva only uses 1x human prompts and
continuously evolves (nx denotes total prompt size).

Optimization Method (—) Online RLHF

Benchmark (—) Arena-Hard MT-Bench AE 2.0
Method (1) / Metric (—) WR %) avg. turnl turn 2 LC-WR
0): Base Model 41.3 8.57 8.81 8.32 47.11
09_1: RLOO (1x) 52.6 8.68 9.02 834 54.23
0, .i: RLOO-eva (1x) 57.3 887 903 871  55.02
0y_,7: RLOO-eva (2x) 60.5 8.96  9.12 8.80 57.10
8, ,i: RLOO-eva (3x) 62.4 9.09 923 894  61.04
09_1: OAIF (1x) 52.1 8.66 897 835 55.15
0y_,7: OAlF-eva (1x) 55.0 8.85  9.04 8.66 55.43
0y_,7: OAlF-eva (2x) 60.4 8.93  9.06 8.79 56.49
8, ,i: OAIF-eva (3x) 61.7 901 919 88  59.09
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https://github.com/lm-sys/arena-hard-auto/tree/efc012e192b88024a5203f5a28ec8fc0342946df?tab=readme-ov-file#full-leaderboard-updated-0831

Table 2.2: Offline eva results. We apply eva after 1 iteration of offline RLHF. It brings
strong gains and can surpass training with human prompts. See more iterations in § 2.4.2.

Optimization Method (—) Offline RLHF

Benchmark (—) Arena-Hard MT-Bench AE 2.0
Method (}) / Metric (—) WR «) avg. turnl turn2 LC-WR )
6y: Base Model 41.3 8.57 881 8.32 47.11
y_,1: DPO 51.6 866 9.0l  8.32 55.01
0, i +eva 60.1 8.90 9.04 8.75 55.35
8_,1: SPPO 55.7 862 903 821 51.58
0, 71 +eva 58.9 8.78 9.11 8.45 51.86
6p—1: SimPO 52.3 8.69  9.03 8.35 54.29
0,7 +eva 60.7 8.92 9.08 8.77 55.85
6p—1: ORPO 54.8 8.67  9.04 8.30 52.17
0, i +eva 60.3 8.89 9.07 871  54.39

eva curricula can surpass human-crafted prompts. We further show that eva models
can match and even outperform those trained on additional new prompts from UltraFeedback
(denoted as new human prompts as they are primarily sourced from humans [Cui et al.,
2023]), while being much more efficient. Interestingly, on MT-Bench, training with new

15t turn and only modest gains

human prompts typically show decreased performance in the
in the 2" turn, whereas eva notably enhances 2" gains. We hypothesize that eva adaptively
evolves novel, learnable prompts that include features of second-turn questions, reflecting

generalized skills like handling follow-up interactions.

2.4.2  Ablation Studies

Taking offline DPO as a representative case, we conduct extensive ablation studies on eva:
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e § 2.4.2 - informativeness metric: our regret-based metric outperforms other alter-

natives.

§ 2.4.2 - adaptive evolving procedure: our method outperforms active selection

without evolving.

o §24.2 - scaling with reward models: the alignment gain of eva scales with reward
models.

e § 24.2 - continual training : our method has monotonic gain with incremental
training.

e §2.4.2- curriculum effect: our method creates meaningful curriculum over iterations.

The Choice of Informativeness Metrics

Metric info(x) Related Approximation
Afint worst-case optimal advantage |miny r(x,y) — maxy r(x, v minimax regret (savage. 1951]
Ajvg: average optimal advantage |% Yy (%, y) — maxys 7(x, )| Bayesian regret sanos, 196s]
A%t dueling optimal advantage | maxy_syx 7(x,y) — maxys r(x, y')|  min-margin regret twu and Liu, 2016]

Table 2.3: The reward-advantage-based metrics that serve as the informativeness proxies for
prompts.
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Benchmark (—) Arena-Hard MT-Bench AE 2.0

Method (]) / Metric (=) WR ) avg. turn 1 turn 2 LC-WR )
6p—1: DPO 51.6 8.66  9.01 8.32 55.01
0, i + eva (uniform) 57.5 871 9.02 8.40 53.43
0, ,;: +eva (var(r)) 54.8 8.66 9.13 8.20 54.58
0, ,;: +eva (avg(r)) 58.5 876  9.13 8.40 55.01
0, .;: +eva (1/avg(r)) 56.7 879 913 8.45 55.04
0, i +eva (1/A%) 52.3 864 896 8.31 53.84

0,11 +eva (A}

avg

) (our varions 60.0 8.85  9.08 8.61 56.01
0, i +eva (Afy) o 60.0 8.86  9.18 8.52 55.96

0, 11 +eva (A

min) {our de

Table 2.4: Choice of informativeness metric matters. Our adaptive metric by reward
advantage achieves the best performances.

Reward advantage as the informativeness metric outperforms baselines. As in
Table 2.4, eva offers an effective curriculum by the advantage-based proxy as the informa-

tiveness metric (bottom row):
o Comparing with uniform evolving ( ): Existing baselines generate prompts in a
uniform manner [Yuan et al., 2024b] (cf., the principle of insufficient reason [Keynes,
1921, Tobin et al., 2017]). eva concretely outperforms, corroborating Das et al. [2024]

that uniform learners can suffer from sub-optimality gaps.

o Comparing with other heuristics (gray): Prior practices [Team et al., 2023] tried heuris-
tics like prioritizing prompts with the most variance in its rewards or with the low-
est/highest average. We find our advantage based methods (red) outperforms those

heuristics.

o Comparing with the inverse advantage (purple): Contrary to curriculum learning, a
line of works conjecture that examples with higher losses may be prioritized [Jiang
et al., 2019], which can be done by inverting our metric. We find it significantly hurt

the alignment gain, corroborating Mindermann et al. [2022] that those examples can
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be unlearnable or irrelevant, meaning our curriculum is effective and practical.

o Among our advantage variants (green): We designed variants of our default advantage-
based metric, as in Table 2.3; the default A% . remains competitive among its peers.
Together, the advantage-based principle provides a robust guideline for sampling and
evolving.

The lesson is that we must be selective about which are the promising to evolve, other-

wise unlearnable, noisy or naive prompts may hinder learning. Our regret-inspired metric

represents a solid baseline.

The Effect of Evolving

Benchmark (—) Arena-Hard MT-Bench AlpacaEval 2.0
Method (|) / Metric (—) WR (%) avg. tunl turn2 LC-WR (%) WR (%)
6p—1: DPO 51.6 8.66  9.01 8.32 55.01 51.68
0,_,i: [no evolvel-greedy 56.1 8.68  8.98 8.38 54.11 53.66
0141: [no evolve]-sample 5.3} 8.69 9.00 8.38 54.22 54.16
0,_,7: + eva—greedy (v 59.5 8.72  9.06 8.36 54.52 55.22
0,,i: +eva—sample .o 601 8.90 904 875 . 55.35 55.53

Table 2.5: Effect of evolving. The blue are those training with only the informative subset
and without evolving); we denote -sample for the default weighted sampling procedure in
Algo 1, while using -greedy for the variant from the classical active data selection procedure
(cf., a recent work [Muldrew et al., 2024 and a pre-LLM work [Kawaguchi and Lu, 2020]),
which selects data by a high-to-low ranking via the metric greedily. We show evolving brings
a remarkable alignment gain (green v.s. blue); and as we evolve, sampling is more robust
than being greedy.

The design of evolve(-) is effective. As in Table 2.5:

« Removing the evolve(-) step: if we only do subset sampling or ordered selection, we
still have gain, but not as much as with evolving (e.g., eva brings 4.8% additional wins

on Arena Hard).

o Altering the sample(-) step: if we greedily select prompts by the metric instead of using

them as weights for importance sampling, the performance will be weaker as we evolve.
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The lesson is that simply adaptive training within a fixed prompt distribution is not
enough; our open-ended RLHF with generative prompt exploration gives a substantial head-
room for self-improvement. In other words, the RL post-training process should be both

adaptive and generative in terms of prompt distribution.

Scaling eva with Reward Models

565 53.00

ArmoRM-8B - 12 5275 PairRM-0.4B 5/2‘71/

S SkyworkRM-27B Ko PairRM-8B %
£ 55.35 /// gan %

g,
| s // o sis 77
3 55.0 / =Z 517 51.58 Ve /
v / Q 5150 //
— 54 / ~ ///
512
7
T T T 51 T T T
DPO DPO-eva DPO-eva SPPO  SPPO-evaSPPO-eva

Figure 2.4: eva scales with quality of reward models, under pointwise RMs with DPO
(left) and pairwise RMs with SPPO (right). Note SPPO handles general preferences thus

requires pairwise RMs, and DPO relies on the Bradley-Terry assumption, for which pointwise
RMs are suitable.

Figure 2.4 presents the length-controlled win rate of eva on AlpacaEval using pointwise
and pairwise reward models of varying scales. As the quality of reward models improve,
eva brings higher alignment gain. The scaling observation shows the effectiveness of eva in
exploiting more accurate reward signals to choose informative prompts for better align-
ment. One takeaway is interaction with the external world is essential for intelligence. The

more accurate reward signals observed, the better the agent incentivize themself to improve

(cf., Silver et al. [2021a]).

eva Improves Efficiency & Generalization

We run the default incremental training (i.e., trainining from the last checkpoint with the
evolved set in each iteration), as in Fig 2.5, eva presents monotonic gains.
The solutions found by eva cannot be recovered by training longer by a fixed set (the

dashed), nor by naively sourcing new prompts without examining informativeness (the gray
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dotted), thus our generative data schedule is effective.

We conjecture that behaviors of the dashed/dotted lines relate to loss of plasticity [Ash

and Adams, 2019, Dohare et al., 2023, Abbas et al., 2023b, Xue et al., 2024]. Classical works

resolve it by the optimization view (e.g., weight perturbing), whereas eva offers a new data

view, potentially mimicing an implicit regularizer for better generalization.

DPO

Arena Hard Win Rate (%)
@
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SPPO

—s= same prompts

N
>

eva prompts
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new human prompts

-
z
g
)
w

Figure 2.5: eva stays robust with more iterations.

In Table 2.6, we ablate eva in scratch training, i.e., training with the full original and

evolved set. eva is competitive in incremental training, learning more effectively with less

data — a nice bonus by minimax regret [Jiang et al., 2021a].

Table 2.6: Ablation on incremental v.s. scratch training.

Benchmark (—) Arena-Hard MT-Bench AE 2.0
Method ({) / Metric (—)  WR (%) avg. score LC-WR (%)
6p: SET 41.3 8.57 47.11
60_,1: DPO 51.6 8.66 55.01
0,_,i: eva (scratch) 59.8 8.88 54.59
0,_,i: eva (incremental) 60.1 8.90 55.35
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eva Creates Meaningful Curriculum

Table 2.7: eva improves prompt quality and complexity.

Prompt Set (}) / Metric (—) Complexity (1-5) Quality (1-5)

UltraFeedback (seed) 2.90 3.18
UltraFeedback-eva-Iter-1 3.84 3.59
UltraFeedback-eva-Iter-2 3.92 3.63
UltraFeedback-eva-Iter-3 3.98 3.73
3500
Original
3000 eva-iter-1
2500 m eva-iter-2
BN eva-iter-3
'E 2000
o
S
O 1500
1000
|| iln II
0
.K‘&G" QQO 2}&% (é() \ ’&QQO
sé? @'z’ Q,O\e rz?o

Figure 2.6: Curriculum effect in training distributions. eva creates a curriculum that
prioritizes math / coding prompts over iterations.

Writing
Humanities Roleplay model
—— gemma-2-9b-it
—— gemma-2-9b-it-dpo
STEM Reasoning gemma—2—9b—%t—dpo—eva—1ter—1
024 10 —— gemma-2-9b-it-dpo-eva-iter-2
—— gemma-2-9b-it-dpo-eva-iter-3
Extraction Math
Coding

Figure 2.7: Curriculum effect in benchmark performance. The radar figure for ratings

on MT-Bench. eva prioritizes and gradually improves on coding, math and reasoning over
iterations, implicitly reflecting a learned curriculum.
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In Table 2.7, we show that there is a gradual improvement in prompt complexity and quality*
over iterations with eva. In Figure 2.6 and 2.7, we show that eva brings auto-curricula and
the creator is incentivized to create new prompts that are informative w.r.t. the current
solver policy.

Together, those evidences supports the importance of adaptively evolving prompts jointly

with responses, which we believe to be crucial in scaling up next-gen RL post-training.

2.5 Related Works

With the history of machine learning, it is not new that self-play and data exploration brings
intelligence (e.g., Schmidhuber [1991]). We believe, to our knowledge, eva is among the first
empirical works that systematically studied adaptive prompt evolving in RL post-training
on large-scale LLM benchmarks. Below, viewing from many different angles, we list eva’s

distinct impact and contribution.

Self-improving algorithms and iterative optimization. This line of work focuses on
iteratively generating samples from the response policy and continuously re-training the
policy by selected self-generated samples. Major works include ReST [Gulcehre et al., 2023,
Singh et al., 2023b], STaR [Zelikman et al., 2022b], RFT [Yuan et al., 2023], RAFT [Dong
et al., 2023], self-improving LLMs [Huang et al., 2022a, Yuan et al., 2024b]; in the context
of preference optimization, iterative DPO [Tran et al., 2023, Xiong et al., 2024, Pang et al.,
2024b] has proven effective. Most works focus on self-training by improving in ) | X', while

we jointly optimize both responses and prompts via generative exploration in (X, )).

Prompt synthesis for language models. Major works include Self-Instruct [Wang et al.,

2022b], WizardLM [Xu et al., 2023a, Luo et al., 2023], Self-Align [Sun et al., 2024b], Evo-

4. We use gemini-1.5 as the generative scorer.
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Prompt [Guo et al., 2023], Magpie [Xu et al., 2024b], etc. eva is orthogonal to them since
any such method can be plugged in as the evolve(-) for the creator. We focus on the RL
post-training phase, while those works are primarily SE'T. Importantly, our work proposes
an adaptive metric to sample and evolve prompts — a secret sauce is that prompts shall be
prioritized w.r.t. the informativeness, whereas prior works mostly evolve uniformly [Yuan
et al., 2024b]. Furthermore, most works evolves in an offline manner, while eva, to our
knowledge, is the first framework that supports online/on-policy evolving in general RL

post-training.

Active and curriculum learning. This line of works re-order training examples for
efficiency [Bengio et al., 2009, Mindermann et al., 2022, Kawaguchi and Lu, 2020], with
recent LLM-related works [Muldrew et al., 2024, Das et al., 2024] (note those are done at a
much smaller scale compared to eva). In contrast, eva breaks free from the static paradigm,

not only re-orders data but also generatively creates new data, yielding significant gains.

Self-play and curriculum RL. Agents trained on a fixed data distribution are often
brittle and may struggle to adapt to the real world [Hughes et al., 2024a]. Self-play [Samuel,
1959, Goodfellow et al., 2014a, Silver et al., 2016a] addresses this by having the agent learn
through self-interaction, thus creating more diverse experiences and automatic curricula.
In asymmetric self-play, the paradigm centers on “Alice proposing a task, and Bob doing
it” [Sukhbaatar et al., 2017, Samvelyan et al., 2023, Beukman et al., 2024a, Dennis et al.,
2020]. We revive the classical asymmetric self-play [Sutton et al., 2011] in optimizing lan-
guage models. Unlike traditional curriculum RL [Parker-Holder et al., 2022], which renders
environments by specifying levels [Dennis et al., 2020], our approach is generative by nature,

as we directly generate states from powerful generative models.

Self-play in RLHF. A growing line of research frames RLHF as a symmetric self-play

game, where both players are response players [Munos et al., 2023b, Wu et al., 2024b, Choi
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et al., 2024a, Rosset et al., 2024]. However, these methods still rely on a fixed prompt dis-
tribution thus is sub-optimal. In contrast, we solve this by asymmetric self-play, enabling
evolving prompt distributions; this step is structurely resembles adversarial training [Good-
fellow et al., 2014b, Ho and Ermon, 2016]. Zheng et al. [2024] is a concurrent work with
similar asymmetric setup, however it applies to safety tasks instead of general instruction-

following tasks and is incompatible with direct preference optimization.

2.6 Limitations and Conclusions

Limitations. While eva introduces a new paradigm for RL post-training, several limita-
tions remain. (i) The method relies on a fixed oracle reward model (RM), as is standard
practice in industry [Team et al., 2024a]. However, since policy updates under eva can gener-
ate out-of-distribution prompts, this static assumption may lead to reward misspecification
without continual RM training [Makar-Limanov et al., 2024]. (ii) The creator policy is non-
differentiable in our formulation, which limits the range of optimization techniques that can
be applied. (iii) The framework has so far been evaluated primarily in standard post-training
tasks, and its applicability to more complex reasoning problems remains untested [Poesia
et al., 2024]. (iv) Our current design is restricted to text-based, two-player interactions;
extending to richer modalities [Bruce et al., 2024] or additional roles (e.g., rewriters [Kumar

et al., 2024]) would require substantial modifications.

Conclusions. This empirical work presents eva, a new, simple and scalable framework for
RL post-training of LLMs, that adaptively generates prompt distributions during training.
eva is simple — it can be easily plugged into any existing pipeline, and highly effective — it
reaches new SOTA on challenging alignment benchmarks. The primary takeaway may be:
(i) self-evolving joint training distributions (X, ))) brings significant gain, and (ii) reward

advantage acts as an effective metric informing the collection and creation of prompts in
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RLHF. Philosophically, eva presents a new view of post-training as an infinite game [Abel
et al., 2024a]; eva incentivizes agents to create problems rather than to simply solve, which

is key to intelligence, yet LLM trainers may neglect.
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CHAPTER 3
HIERARCHICAL SELF-PLAY FOR NEURAL THEOREM
PROVING

3.1 Introduction

The broad question we aim to address in this work is: what is an effective learning mechanism
for language models to solve complex reasoning problems, such as mathematical theorem
proving?

Recent progress in language models have shown promises in generating intermediate steps
by next-token prediction [Wei et al., 2022], yet the performance often deteriorates when
facing long trajectories or vast spaces. This challenge is particularly evident in automated
theorem proving, a task that has been at the core of artificial intelligence research since
the field’s early days [Simon, 1969]. The process of crafting a proof is a classical example
of reasoning [Wang, 1961]: just as a learning agent needs generalize from a limited set of
examples to the broader set of all possible worlds, a prover must navigate from a given set of
known theorems to the vast space of provable statements. An effective strategy from human
mathematicians is the decomposition of problems with a sequence of target goals. This
provides a more informative direction for subsequent reasoning steps, potentially reducing
the effective search space.

We hereby introduce Reasoning in Reasoning (RiR), a fundamental hierarchical
framework unifying decomposing and search. In the context of theorem proving, our frame-
work consists of an offline co-training stage followed by an online goal-driven bi-level planning

stage. Our contributions are:

« Framework: We develop Reasoning in Reasoning (RiR), a new and general reasoning
framework, that is practically implemented with goal-driven hierarchical learning for

neural theorem proving.
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o Experiments: We show that RiR achieves both state-of-the-art performance and
efficiency on popular benchmarks of LeanDojo [Yang et al., 2023] and miniF2F [Zheng

et al., 2021].

3.2 Preliminaries: Classical Neural Theorem Proving with

Language Models

We here introduce classical methods. The glossary used throughout the paper is as follows.

theorem statement (q) a mathematical statement.

goal (s) a statement in the context of a proofsearch, denoted as s.

state a representation containing contexts (e.g., hypotheses) and goals for the proof;
for simplicity, we also use this term interchangeably with goal.

proofstep / tactic (y)  a reasoning step that uses established assumptions etc to achieve the goal.

Setup. We frame formal theorem proving as a Markov Decision Process. Starting with a
to-prove statement q whose initial state is sg, we sequentially apply tactics y; to prove it.
Each tactic applied will make the current state s; transit to the next state sy1.

Each state is associated with a scalar reward, r(s¢), provided by the environment. Below
we show an example in Lean4.

theorem (p q: Prop): pvq-=qvVvp :=Dby goal sy: (p q: Prop) pvg=>qvVvp

intro h -- goal s1: (p q: Prop)(h: pv g +qvVvp
cases h with -- goal s9: (p q: Prop)(hp: p) 2 q Vv p
inl hp => apply Or.inr; exact hp -- goal s3: (p q: Prop)(hq: @) » q Vv p
inr hq => apply Or.inl; exact hq -- goal s4: None

Neural theorem proving. A neural network parameterized by 6 can act as a policy
that samples single tactic y;11 ~ mg(- | s¢) at step t. The objective is to find the optimal

trajectory which leads to solved for each statement q, that is to find a sequence of tactics
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The problem of automated theorem proving is often solved via a two-stage framework as

follows.

Stage 1: learning for proofstep generation. Classical approaches [Han et al., 2021,
Welleck et al., 2022a, Yang et al., 2023, Li et al., 2024c| fine-tune a model pg(y* | s) to
sample the next proofstep y conditional only on current goal s.

The classical prompt format is:

> Input: {$current goal s} > OQutput: {$proofstep y*}

Stage 2: search for complete proof. Classically, given a statement g, a full proof y;.p
is found by constructing a tree [Yang et al., 2023, Li et al., 2024c] with only low-level
tactic search. A common choice is best-first search, where there is a priority queue Q of
partial proofs, ordered by some value function v(-). At step t, we pop one partial proof yi.
(each associated with its current state s;) with the highest value.

We then expand yi.+ by generating M candidate proofsteps, and each resulting partial
proof y1.411 € Sg1(Y1:¢) is inserted into the queue Qg prioritized by the value.

The search continues until a full proof y;.7 is found, or termination criteria is reached.

3.3 Method

3.8.1 Learning Stage: Goal-Driven Co-Training

Unlike classical approaches which learn to minimize the loss with regard to the conditional

distribution p(y™ | s), we propose to learn the joint distribution p(s}, 1,y7, 1 | st), where s}, 4
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is the target goal state achieved by applying y7, . In the next, we also use g* to represent
the target goal state. We consider two variants of our proposed method:

o The Imitation Learning Objective:

0*,¢" € argmin  — E(g px yoyop | logmy(g™ |s) + log  me(y™|s,g”) (3.1)
0.9 . —
planner goal—conditioned actor

« The Reinforcement Learning Objective:

0", ¢* € arg max Z E
0.9 t

t .
gt ~ 7 (-[st) Eyt ~ 7o(-|st, gt) 7 7(st, yt) (3.2)
N | L 1

planner goal—conditioned actor

We use the following input-output prompt format in training for the theorem proving
task:
Planner (Target Goal Generation):

> Input: [CURRENT GOAL] {$current goal s} [TARGET GOAL]
> Qutput: {S$target goal s™}

Actor (Goal-Driven Tactic Generation):
> Input: [CURRENT GOAL] {$current goal s} [TARGET GOAL] {$target goal

s}
[PROOFSTEP]
> Output: {$tactic y”}

By decomposing the decision making process into goal state generation and goal-driven

proofstep generation, RiR naturally captures the hierarchical structure of the reasoning.

3.3.2  Planning Stage: Goal-Driven Hierarchical Search

Algorithm 2 is a general design for RiR during the planning phase, where we can plug in
various practical tree search policies. The high-level search explores promising target goals,

while the low-level search finds the tactics to achieve each target goal, similar to the classical

31



leader-follower game. A key feature is the joint update of both trees. A concrete algorithm

with best-first search (BFS) that we currently deploy for experiments is in Algorithm 3.

Algorithm 2 Hierarchical Training of RiR

Input: problem statement g, a language model w/ parameter 0

1: tree < Tree(60,q)

2: repeat

3: 87 + tree.policy()

4: tree M(a, S?)

5: repeat

6: Yy, < tree.policy()
7 until STOP__LOW

8: {tree, tree}.update()

9: until STOP HIGH

10: return tree.solution
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Algorithm 3 Hierarchical Inference of of RiR by Best-First Search

Input: problem statement q, a language model with parameter 6

1: Q + QUEUE(q)

2: while Q # () and not BUDGETEXHAUSTED() do

3 T = (807 (§’{7’g1)7 <oy St—1, (§?7 ﬁt)7 St) A QPOP()

4: if s; is PROOFFINISHED then return 7
5: end if
6: Gt « SAMPLETARGETGOALS(s¢, )

7: for .§:(i) € G, do

8: J/‘f” — S;\MPLETAC'['I(‘?S(.§[:(Li”]), S¢,0)

9: for 3 € ¥ do

10: sgijl) +— APPLYTACTIC(gjt(i{), St)

11: 7' (80, (81,91, 80, (8100, Ben) 513
12: Q.PusH(7', —log p(7))

13: end for

14: end for

15: end while

3.4 Experiments

Setups: Datasets and Models. We use the random split of LeanDojo Benchmark
4 [Yang et al., 2023] as the training dataset. We use BYT5-0.3B [Xue et al., 2021] as
our base model, which is a pretrained byte-level encoder-decoder Transformer model, and

was adopted in Yang et al. [2023] with the state-of-the-art performance in theorem proving.
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Reprover RiR
avg. actor time: /8.21s avg. actor time: 23.39s
(no planner) avg. planner time: 3.93s
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Figure 3.1: Efficiency. The scatter
plot for actor and planner time spent for
proved theorems on miniF2F. RiR signifi-
cantly reduces the actor time via the goal
guidance from the planner.
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Figure 3.2: Efficiency. The CDF plot for
search time spent for proved theorems on
miniF2F Benchmark. RiR is significantly
faster (nearly 3x) than the existing state-of-
the-art baseline.

We refer to this trained checkpoint of Reprover (w/o retrieval) as our baseline, and evaluate

it with the same setting as RiR. We train the above model for 500K steps, with the learning

rate as 5.0 x 1074 and batch size as 8. For evaluation, we use both LeanDojo Benchmark 4

and miniF2F [Zheng et al., 2021]. We use the Pass@! metric with 10-min timeout limit for

evaluation. The search width for the high-level and the low-level is 5 and 64.

Results: Performance Gain. We present the performance comparison of RiR with ex-

isting baselines in Table 3.1. RiR also proved 1 more AIME and 2 more AMC problems

compared to the current state-of-the-art Reprover [Yang et al., 2023].

Dataset (—)

miniF2F-test! LeanDojo-test

Method (]) / Model (—) BYT5-0.3B BYT5-0.3B
Reprover-SFT (BFS) 34.43% 50.16%
RiR-SFT (BFS) 36.89% 53.73%
RiR-RL (BFS) 36.73% 54.01%

Table 3.1: Performance with BFS. Pass@1 rate on LeanDojo and miniF2F.

2. Additional data points on miniF2F-test for readers’ reference:
o Azerbayev et al. [2023] LLEMMA-7B achieves 26.2%;

o Welleck and Saha [2023] LLMSTEP-1.8B achieves 27.9%;
o Polu and Sutskever [2020] GPT-f achieves 36.6%.
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Dataset (—) miniF2F-test? LeanDojo-test

Method (}) / Model (—) BYT5-0.3B ByT5-0.3B
Reprover-SFT (MCTS) 36.51% 50.24%
RiR-SFT (MCTS) 37.83% 53.92%
RiR-RL (MCTS) 37.95% 54.24%

Table 3.2: Performance with MCTS. Pass@1 rate on LeanDojo and miniF2F.

Results: Efficiency Gain. RiR is significantly faster in searching for the optimal rea-
soning trajectories via a more compact and information-directed search space with the goal-
driven planner, as illustrated in Figure 3.2 on miniF2F benchmark. RiR is more time efficient
in the sense that we achieve better results in small computational budget. Specifically, as
shown in Figure 3.1, while the classical Reprover has an average actor time (i.e., time spent
for low-level proofstep search) of 78.21s, RiR reduces this to only 23.39s, with additional
3.93s for planner time (i.e., time spent for high-level goal search) on average, setting the new

efficiency benchmark for neural theorem proving.

Remarks. We present logs showing how RiR found hard proofs fast while classical ap-
proaches fail in Appendix; take Finset.union_subset_left for example, while the classical
method expanded more than 8914 nodes yet still failed after 10 minutes, RiR proved the
theorem within 5 seconds and only searched 1 node. We believe the significant improvement
in efficiency and effectiveness comes from RiR’s ability to generalize better and to explore

better in the more compact and informative search space.

3.5 Related Works

Reasoning with language models. In language modeling, reasoning typically refers
to generating intermediate steps within the language space to reach a final solution to a
problem [Wei et al., 2022]. Solving complex or novel reasoning problems remains as an open

challenge.One promising direction is reasoning by searching, e.g., expanding the reasoning
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space by tree search for intermediate steps [Yao et al., 2024, Feng et al., 2023, Liu et al.,
2023a, Yuan et al., 2024a]. Another research direction is reasoning by decomposition,
i.e., generating higher-level goals that trigger a single or a sequence of lower-level steps [Zhou
et al., 2022, Liu et al., 2023e, Zheng et al., 2023d, Liang et al., 2024, Dalal et al., 2024,
Huang et al., 2022b, Hu et al., 2024b]. The most similar line of literature to ours is subgoal
search [Wilkins, 1980, Czechowski et al., 2021, Zawalski et al., 2022, Parascandolo et al.,
2020, Paul et al., 2019], while we put specific focus on the theorem proving benchmarks,
and present initial theoretical conjectures, and formally unifies search and decomposing in a

hierarchical framework for large language model training and inference.

Automatic Theorem Proving with language models. As a representative reasoning
task, automatic theorem proving (ATP) is often characterized as a tree search problem,
i.e., constructing a (tactic-based) proof tree and traversing it to find the correct proof [Li
et al., 2024c|. In the context of language modeling, proofstep generation forms the edges
of the proof tree; the common standard in prior works is to generate single proof steps
with the input format similar to [GOAL]${goal} [PROOFSTEP], i.e., conditional on the current
goal, generating the next tactic [Polu and Sutskever, 2020, Yang et al., 2023, Azerbayev
et al., 2023, Lample et al., 2022]. For the proof search stage, while people have been using
simple heuristics like breadth-first search [Bansal et al., 2019], or MCTS-like search guided
by learned value functions [Lample et al., 2022, Polu et al., 2022|, designing better search
algorithms remains an active area [Li et al., 2024c|]. The key challenge is that the tactic-
based proof space is combinatorially large. Distinguished from prior works, RiR introduces
the goal-driven co-training for proofstep generation with a bi-level search framework for

generalization and efficiency advantage.

Hierarchical and goal-conditioned RL. Planning and learning is hard when the decision-

making space scales up [Bakker et al., 2004]. Hierarhical RL intends to address this issue
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by learning a hierarchy of policies operating on different levels of abstraction (e.g., subgoals
over the state space). This mitigates the scaling issues by improving exploration for the en-
vironment [Ghosh et al., 2020, Chitnis et al., 2022, Kumar et al., 2023a, Silver et al., 2023a,
Le et al., 2018]. There is another line of research termed as goal-conditioned RL [Ghosh
et al., 2019b, Wang et al., 2023b, Ghugare et al., 2024a], which trains offline RL policy in a
supervised manner conditioning on goal or return. Unlike most prior works that rely on a
predefined goal structure, we train models to learn to generate goals in the language space,

and refine the goal planning via low-level tree search and joint update.
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CHAPTER 4
LOOKAHEAD WITH ABSTRACT WORLD MODELS FOR
LONG-HORIZON AGENTIC TASKS

The complete package will be updated on: link.

4.1 Introduction

Backgrounds. Training agents that can use tools to solve complex real-world tasks is an
important step toward artificial general intelligence [Mialon et al., 2023]. Many real-world
problems cannot be solved with a single action or tool call. Instead, they require multiple
steps that may involve using a bash terminal, a Python interpreter, a web browser, dataset

retrieval utilities, image processors, or external APIs [Jiang et al., 2025a, Li et al., 2023a).

Challenges. However, scaling such long-horizon trajectory training remains difficult due
to the low data efficiency of current model-free approaches [Goldie et al., 2025, Yu et al.,
2024a, Li et al., 2025¢c]. Model-based methods have traditionally improved data efficiency
in classical reinforcement learning tasks [Murphy, 2024], but directly learning a model of
the real world with large language models is often impractical. Tool use typically involves
real-time interaction (e.g., web search), where the environment changes as new information
appears. A model trained only on past trajectories aiming to simulate full details of the

world can therefore become outdated and hallucinating, leading to poor policy updates.

Our contributions. In this work, we propose to learn an abstract world model that cap-
tures the high-level structure of tool-using behavior without modeling the full external world.
During decision time, the agent performs abstract lookahead with this model for action selec-
tion and guide policy learning towards high-reward trajectories, while continually updating

the model itself with new feedback from the environment to remain adaptive and grounded.
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4.2 Related Works

Model-based RL. On a high-level, this line of research is about learning a model of
the world (on state transitioning and rewarding), and using the learned model to guide
policy learning, which has shown to be more sample efficient compared to purely model-
free methods [Alver and Precup, 2022, Murphy, 2024]. There are typically two types of
model-based RL, decision-time planning and background planning. In (online) decision-time
planning [Kaelbling and Lozano-Pérez, 2011, Silver et al., 2016a, 2017a, Schrittwieser et al.,
2020, Ye et al., 2021a, Wang et al., 2024d, Macfarlane et al., 2024], we use the model rollout
to guide the action selection during policy rollout; in (offline) background planning [Sutton,
1990, Rajeswaran et al., 2020a, Hafner et al., 2023], we use the full model rollout trajectories
to train the policy. Our work integrates both approaches with an abstract world model
(which is helpful in both accelerating planning and reducing hallucination); different from
past works like MuZero [Schrittwieser et al., 2020], the abstraction in our case is achieved

semantically by calling language models.

RL for language agents with tool use. Beyond classical supervised fine-tuning with
offline trajectories with tool use [Schick et al., 2023, Qin et al., 2023, Hu et al., 2025], recent
literature explores using RL for training language agents, effectively improving the training
data coverage through online rollouts. However, those works are mainly restricted to model-
free setting with either trajectory-level RL where tool calling results are masked [Singh et al.,
2025], or stepwise RL [Yu et al., 2024a, Goldie et al., 2025, Li et al., 2025¢, Chen et al., 2025,
Jiang et al., 2025a, Jin et al., 2025, Qian et al., 2025]; both of which are sample inefficient.
Differently, we first introduce a model-based RL method to improve the tool calling ability
of LLMs.
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LLMs as world models. Existing works have considered using LLMs as the world models
to improve test-time accuracy of textual reasoning [Hao et al., 2023]. Recently, there has
been works on using LLMs as world models for code tasks, which an LLM is employed to
model program execution feedback [Tang et al., 2024a, Carbonneaux et al., 2025, Lehrach
et al., 2025]. Differently, in our work, we introduce abstraction in the world modeling, which
is more sample efficient, more robust to hallucinations when tool calling is involved, and thus

more generalizable to a broader task space.

4.3 Method

4.83.1 Problem Setup

A typical trajectory for an LLM 6 to complete a task with multi-step tool interaction can

be written as:

ST
T 1
59
T 1
(3070'0760 ,a1,€e1 ,az, -+, ar_1,€1_1 ,CLT) (41)
| |

S1

Here, sq is the initial task prompt, a; is the model action at step ¢ (which includes rea-
soning texts and potential tool invocation), e; is the optional feedback from the environment
w.r.t. the tool interaction, and the state s; is defined as the full interaction history up to
that step.

Existing works apply RL with a stepwise policy mg(- | s¢), with the following objective,
optimized by REINFORCE-style model-free methods [Goldie et al., 2025, Qian et al., 2025,
Yu et al., 2024a:

T-1
J(0) = Egep, asmmllsi), stsanTClsnar) 2o Tt (5t 0t 5141) - (4.2)
t=0
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However, since such model-free approaches learn only from sampled trajectories, they
require large amounts of interaction data and provide no mechanism for reasoning about
unseen outcomes. This makes long-horizon learning and generalization across diverse tool-
use sequences especially inefficient.

While model-based reinforcement learning [Alver and Precup, 2022] can, in principle,
improve data efficiency by enabling planning towards higher-rewarding trajectories, directly
modeling the real-world environment of tool-using agents may be infeasible and overkill.
Specifically, the external world evolves with new information (for example, through web
search or API responses), and attempting to mimic full details of such dynamics from static
trajectories may lead to hallucination and poor generalization. Instead, we propose to learn
an abstract world model that captures the high-level semantic structure of interaction. We

describe the details of our algorithm in the next.

4.3.2  Algorithms

To explain, we first learn an abstract world model and use it to perform multiple lookahead
rollouts at each decision step, guiding the policy toward high-reward trajectories. Given
access to a warmup dataset D containing prior trajectories, a frozen LLM is used as an
abstractor ® to convert raw tool feedback into compact semantic summaries; the same
abstractor can also act as a judge, providing stepwise reward signals as in Goldie et al.
[2025]. We then train a model Mg to learn abstract transitions, immediate reward r and
value @) of actions, and action dynamics in this latent space. At decision time, the agent
performs lookahead rollouts within this abstract model to evaluate candidate actions and
select those with the highest predicted return — conceptually similar to MuZero [Schrittwieser

et al., 2020] with hypothetical latent rollouts, but planning in an abstract semantic space.
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Algorithm 4 Ours: lookahead with abstract models

Input: a initial state distribution p, a base LLM model 8, an offline warmup

dataset D, a fixed abstractor ®

1: D* « ®(D)
2: M} < update-model(8, D?)

3: mg < update-policy(8, D U D*?)

4: for sg ~ p do

: repeat
6 {ai"}~mol|s)

: 4 (k) (k) z
7: {Q;"} < lookahead(s, {a;" '}, M§)
8: a; «~ choose({agk), QE’“)})

9: (et,m¢) < env-step(ay)

10: until stop
11: update Mg and mg with new data

12: end for

For comparison, the baseline algorithm [Yu et al., 2024a, Goldie et al., 2025, Jiang et al.,
2025a] follows the same training and interaction procedure but omits the abstract model
components. Specifically, the policy mg is first initialized through supervised fine-tuning
(SFT) on the warmup dataset D, and then refined by online rollouts under real environment
feedback. Unlike our approach, it selects actions directly from mg(- | s¢) without performing

lookahead or receiving guidance from the abstract model Mg.
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4.4 Experiments

4.4.1  Setup

Evaluation benchmarks. We evaluate the method on (i) search-related benchmark,
which evaluates the LLM’s ability to conduct web search and retrieval, including Hot-
PotQA [Yang et al., 2018], MuSiQue [Trivedi et al., 2022], and 2wiki [Ho et al., 2020];
and (ii) math-related benchmark, which evaluates the LLM’s ability to use Python inter-
preter with Sympy toolkit [Meurer et al., 2017], including MATH500 [Lightman et al., 2023],
AIME [Veeraboina, 2023], and Olympiad Bench [He et al., 2024].

Datasets, models, and training specification. Following existing works [Yu et al.,
2024a, Goldie et al., 2025, Li et al., 2025¢, Chen et al., 2025, Jiang et al., 2025a, Jin et al.,
2025, Qian et al., 2025], we sample a mix of subsets from the following datasets with the same
filtering procedure as in [Hu et al., 2025]: for search-related tools, 1K from HotPotQA [Yang
et al., 2018], 1K from WikiTableQuestions [Pasupat and Liang, 2015], 1K from ToolACE [Liu
et al., 2024]; for math-related tools, 1K from GSM8K [Cobbe et al., 2021], 2.5K from Numina
Math [LI et al., 2024], 2.5K from MATH [Hendrycks et al., 2021b], all with synthetic sympy
trajectories [Li et al., 2023a]. We use Qwen-2.5-7B-Instruct [Team, 2024] as the baseline
model for search-related training and evaluation, while using its math version for math-
related ones. During training, we set the lookahead horizon to be until termination, and the
number of candidate actions sampled each step to be 6. We use GPT-40 [Achiam et al., 2023]
as the abstractor and the generative reward model. We use standard negative log-likelihood
loss for the abstract model learning, and group-relative policy optimization for the policy

update, following standard hyperparameter setting as in [Jiang et al., 2025a].
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4.4.2  Results

Table 4.1: Results on search-related benchmark.

HotPotQA MuSiQue 2wiki

Direct Inference 18.3 3.1 25.0

SET 21.7 6.6 25.9

RL (model-free) [Jin et al., 2025] 32.6 12.5 29.7
Ours (abstract model-based RL) 44.9 32.1 36.7

Table 4.2: Results on math-related benchmark with sympy tools.

MATH500 AIME24 Olympiad Bench

Direct Inference 82.4 16.2 41.0

SE'T 78.2 18.4 43.1

RL (model-free) [Jiang et al., 2025a)] 83.2 43.3 50.5
Ours (abstract model-based RL) 84.5 39.4 51.8

4.5 Conclusions and Future Works

By performing lookahead in the abstract space, the agent can reason about future outcomes
and guide policy learning more efficiently than model-free approaches. In future work, we
plan to explore more flexible formulations of the latent abstraction built-in the transformer
models and develop more efficient strategies for sampling abstract trajectories [Wang et al.,
2024d], aiming to further improve the scalability and stability of abstract model-based train-

ing.
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CHAPTER 5
CONCLUSION

5.1 Conclusions and Dissertation Contributions

This dissertation presents a unified research agenda on self-play methods for reinforcement
learning of language models, advancing our understanding of how agents can not only learn
to act but also learn what to experience.

The major contributions can be summarized as follows:

« Reward-Guided Prompt Evolving (Chapter 2): We proposed EVOLVING VIA
ASYMMETRIC SELF-PLAY (EVA) [Ye et al., 2024b], a practical framework that en-
ables large language models to generate and prioritize informative prompts during
reinforcement learning. By optimizing a minimax-regret objective between a creator
and solver policy, EVA improves alignment efficiency and generalization, establishing

new state-of-the-art results across standard RLHF benchmarks.

« Hierarchical Self-Play for Reasoning (Chapter 3): We introduced REASONING-
IN-REASONING (RIR) [Ye et al., 2024c|, a hierarchical self-play framework for neural
theorem proving. RIR allows the model to decompose complex reasoning problems
into goal-driven subproblems, combining offline co-training with online hierarchical
planning. Experiments on LeanDojo and miniF2F show substantial gains in both

accuracy and computational efficiency.

« Abstract World Model Lookahead (Chapter 4): We developed a model-based
reinforcement learning framework where an abstract world model enables fast looka-
head planning for long-horizon tool-use tasks. By integrating latent model rollouts
with policy optimization, the method improves sample efficiency and generalization on

multi-step tool use tasks.
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Together, these chapters demonstrate that self-play experience shapingprovides a useful

foundation for training general-purpose reasoning agents.

5.2 Future Research Directions

Several promising directions emerge from this dissertation. One direction is to develop con-
tinual and interactive reward modeling, where reward models co-evolve with policies to mit-
igate reward misspecification in open-ended environments. Another is to extend the creator
into a differentiable, trainable policy, which may enable gradient-based meta-learning and
richer multi-role interactions beyond the two-player paradigm. Future work may also explore
abstract model-based agents by designing better latent abstractions through architectural
innovation, such as combining diffusion world models [Ding et al., 2024b], and by developing
more efficient sampling and rollout strategies [Macfarlane et al., 2024, Wang et al., 2024d].
Finally, establishing the theoretical foundations of experience shaping remains an important

open challenge, particularly in formally characterizing the underlying learning dynamics.
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