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ABSTRACT

Computational modelling of molecules with multiple transition metals having strongly

correlated electrons is a ever-present and di�cult challenge in the �eld of theoretical

chemistry. Conventional multireference wave function methods have been used suc-

cessfully for strongly correlated systems but the high cost associated with them limits

their usage for polynuclear transition metals. Practically, a numerical e�cent method

using modern computing architecture is needed to reduce the time-to-solution.

This dissertation focuses on development and application of GPU-accelerated

chemically-guided fragmentation based multireference methods. The central explo-

ration is with the localized active space self-consistent �eld (LASSCF) method. The

method models locally correlated centers in spatially separated regions of a molecule.

While the method scales better than the conventional complete active space (CAS),

it can give qualitatively incorrect wave function in strongly correlated fragments.

The LAS-state interaction method adds back correlation explicitly. This work scales

the method to highly challenging systems.

To make the method numerically e�cient, we have leveraged the modern GPU-

accelerated computing architecture. We have ensured the usage of portable program-

ming practices to retain performance across various hardware and software ecosys-

tems. With this, we have studied the [Fe4S4(SMe)4]2− cluster and tried to construct

simple models for the low-lying electronic states.

This work expands our abilities to model challenging polynuclear transition metal

complexes and obtain qualitatively correct wave functions with high numerical speed.

As a byproduct of this work, we also have access to order of magnitude faster con-

xii



ventional methods like HF, DFT and CASSCF.

xiii



CHAPTER 1

INTRODUCTION

1.1 Motivation: The challenge of electronic structure

modelling

Computational modelling and prediction of the properties of molecules and materials

can enhance our fundamental understanding of the intricate chemistry and provide

e�ciency in terms of reduced cost or acceleration of discovery, or both[3, 4, 5, 6].

A signi�cant challenge for exact computational modelling is the calculation of all-

electron interactions. The interaction energies, in exact terms, while easy to write,

are exponentially costly to calculate with system size and can scale faster than com-

puting resources. This challenge has motivated scientists to build models with various

degrees of approximation. Computational modelling requires the scientist to make a

trade-o� between cost and the severity of the approximation. The level of approxima-

tion is often based on the nature of the system under study, and more speci�cally, the

property or phenomenon of interest. With the development of computing architec-

ture of central processing units, and in the last decade, the explosion of capabilities

of graphics processing units, we have an opportunity to model increasingly complex

problems, or conversely, to build model with increasing details.[7, 8, 9, 10] Most

newer supercomputers have a mixed architecture of CPUs and GPUs, and derive

the bulk of their computing power from GPUs.[11] To e�ciently use these comput-

ing architectures, our methods must be able to utilize GPUs for performing costly

bottlenecks to achieve numerical performance and reduce the time-to-solution.

1



On one hand, methods like Hartree-Fock (HF)[12] and Kohn-Sham density func-

tional theory (DFT)[13, 14] o�er simple and computationally inexpensive ways to

model electron correlations. On the other hand, wave function methods such as

perturbation theory (PT), coupled cluster (CC)[15, 16, 17] and multicon�guration

self-consistent �eld (MCSCF)[18] methods o�er �exible models of electron correla-

tions but with increased costs.

MCSCF methods, and most the commonly known variant, complete active space

self-consistent �eld (CASSCF)[18], can incorporate chemical knowledge of the system

or phenomenon to reduce the complexity of the calculations. Instead of modeling all

electron correlations for the entire system, CASSCF allows scientists to limit such

calculations only to a chemically interesting part of the system, such as d orbitals

and electrons for transition metals, π orbitals and electrons for extended conjugation

systems or orbitals and electrons involved in bonding for chemical reactions. The

chemically interesting part is called the active space. This approach allows for a sea

change in the modeling of correlation in complex systems but has two shortcomings.

First, since the electron correlation is only calculated inside the active space, the

correlations from outside the active space, however weak that may be, are missed.

Second, CASSCF still calculates all-electron correlation in the active space and cost

remains exponential with the size of the active space. This limits the applicability

of the method to relatively small systems.[19]

For the �rst shortcoming, common post-MCSCF approaches include perturbation

theory[20, 21, 22, 23] and pair-density functional theory[24]. Generally, CASSCF

is used to provide a qualitatively accurate wave function in the active space with

2



post-MCSCF methods then providing quantitative accuracy. This approach has

been used in single-molecule magnets[25, 26, 27], excitations in DNAs[28, 29, 30],

and studying conjugated inorganic molecules.[31, 32] The second shortcoming of

exponential scaling has seen a number of approaches, which are discussed in later

chapters.[33] In this thesis, we focus on a fragmentation-based method called localized

active space self-consistent �eld (LASSCF).[34]

We start with the theoretical background of multireference methods in Sec. 1.2.

We then discuss some background ideas around leveraging GPUs for accelerating

calculations in Sec. 1.3. The rest of the thesis discusses LASSCF, it's shortcomings,

and LAS state interaction (LASSI) method to recover qualitatively correct wave

function in Sec 2, our e�orts to accelerate LASSCF and LASSI with GPUs in Sec.

3 and the application of the entire method stack on a challenging [Fe4S4(SMe)4]2−

cluster.

1.2 Theoretical background

The electronic Hamiltonian (Ĥ) withN electrons overM atoms with Zi, i ∈ {1, 2, ...,M}

can be written in atomic units as

Ĥ =
M∑
I<J

ZIZJ
RIJ

−
N∑
i

∇2
i

2
−

N∑
i

M∑
I

ZI
rIi

+
N∑
i<j

1

rij
(1.1)

where the terms correspond to the nuclear-nuclear repulsion, electron kinetic en-

ergies, electron-nuclear attraction, and electron-electron repulsion. This Hamilto-

nian ignores nuclear motion (Born-Oppenheimer approximation) and relativistic
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e�ects.[35, 36] The electron-electron repulsion term makes analytical solution im-

possible for all non-hydrogenic systems,[37] and is usually solved by a self-consistent

iterative loop. We �rst choose a basis of spin-orbitals ψp(x), where x is a com-

bined representation of space and spin coordinates. In second quantized form, the

Hamiltonian is transformed into

Ĥ = VNN +
∑
pq

hpq ĉ
†
pĉq +

1

2

∑
pqrs

⟨pq|rs⟩ ĉ†pĉ†q ĉr ĉs (1.2)

where ĉ†p is the creation operator for spin-orbital ψp, and ĉp is the annihilation

operator. These operators obey the fermionic anticommutation rules and respect

the Pauli exclusion principle. VNN =
∑M

I<J
ZIZJ
RIJ

is a constant for a given set of

nuclear coordinates. hpq is the one-electron integral written as
〈
ψp
∣∣ ĥ ∣∣ψq〉, de�ned

as

hpq =

∫
ψ∗p(x)

(
−1

2
∇2 −

∑
I

ZI
rIi

)
ψq(x) dx (1.3)

This integrates the one-electron terms: kinetic energy and nuclear-electron attrac-

tion. The ⟨pq|rs⟩ is the antisymmetrized two-electron integral (⟨pq|rs⟩ − ⟨pq|sr⟩),

de�ned as

⟨pq|rs⟩ =
∫∫

ψ∗p(x1)ψ
∗
q (x2)

1

r12
ψr(x1)ψs(x2) dx1dx2 (1.4)

which integrates the electron-electron repulsion. This term is also called the electron

repulsion integral (ERI).

Given a basis set, the wave function can be approximated as a weighted sum of

all possible electronic con�gurations. Each con�guration is represented as a deter-
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minant, since it makes the wave function an antisymmetric product of spin-orbitals

respecting the Pauli exclusion principle. The determinant can be presented as an

occupation number vector |n⟩ = |n1n2...nO⟩, where each ni is either 0 or 1. In other

words, each spin-orbital can be �lled or empty. All arrangements of electrons, i.e., all

ways to choose N electrons from O orbitals, combine to form the full Hilbert space.

As an example, consider an H2 molecule, where each H atom has one electron in

two spin-orbitals (1sα, 1sβ), and the molecular spin orbitals are arranged as

∣∣1sα(1), 1sβ(1), 1sα(2), 1sβ(2)〉 (1.5)

All possible singlet (S = 0) con�gurations are |1100⟩ , |1001⟩ , |0110⟩ , |0011⟩. The

exact wave function in that basis is represented as

Ψ =
∑
n

cn |n⟩ (1.6)

where cn is the coe�cient of each determinant. Each coe�cient can be calculated

by the variational principle, which states that the energy of any trial wave function

is bounded below by the true ground state energy. In other words,

E[Ψtrial] =
⟨Ψtrial| Ĥ |Ψtrial⟩

⟨Ψtrial|Ψtrial|Ψtrial|Ψtrial⟩
≥ E0 (1.7)

where the equality holds only when |Ψtrial⟩ is equal to the true ground state wave

function. When all con�gurations are considered, the wave function is termed a full

con�guration interaction (FCI) wave function.
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Even though algebraically simple, the number of con�gurations increases combi-

natorially with the size of the system and quickly hits the limits of computational

power.[19] However, for most systems, an overwhelming majority of these con�gura-

tions contribute a negligible amount to the wave function.[38] Based on the approx-

imations used to ignore con�gurations, several methods in quantum chemistry can

be derived.

A simple and arguably severe approximation is to consider only one con�guration,

where all electron interactions are estimated as an electron moving in a sea of other

electrons, or more precisely, in a mean �eld of all the other electrons. This is called

the Hartree�Fock approximation,[36] which begins by representing the N -electron

wave function as a single Slater determinant. The optimal orbitals are obtained by

solving the self-consistent �eld equations f̂ψp = ϵpψp, where the Fock operator is

de�ned as f̂(1) = ĥ(1) +
∑N

j [Ĵj(1)− K̂j(1)], with Ĵj as the Coulomb operator and

K̂j as the exchange operator. They are de�ned as

Ĵj(1)ψi(1) =

[∫ |ψj(r2)|2
|r1 − r2|

dr2

]
ψi(r1) (1.8)

K̂j(1)ψi(1) =

[∫ ψ∗j (r2)ψi(r2)

|r1 − r2|
dr2

]
ψj(r1) (1.9)

This mean-�eld treatment captures the bulk of the electronic energy but entirely

neglects electron correlation. The correlation energy is thus de�ned as the di�erence

Ecorr = E0−EHF between the true non-relativistic ground state energy and the HF

energy.
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A signi�cant portion of this correlation energy is static correlation, which arises

when the wave function cannot be described by a single determinant because several

con�gurations have comparable weights. This is common in bond breaking, transition

metal complexes, diradicals, or systems with near-degenerate orbitals. In such cases,

the wave function must be expanded as Ψ =
∑

i ci|Φi⟩ with multiple signi�cant

coe�cients ci, and the error in the Hartree�Fock energy due to these near-degeneracy

e�ects cannot be �xed by perturbative corrections starting from a single reference

determinant.

The remaining contribution is dynamic correlation, which originates from the

instantaneous Coulomb repulsion between electrons, causing them to avoid one an-

other at short distances. Unlike static correlation, dynamic correlation can be rea-

sonably captured from a single reference determinant, for example by Møller�Plesset

perturbation theory, where the second-order energy correction is given by E(2)
dyn =∑

i<j,a<b
|⟨ij∥ab⟩|2

ϵi+ϵj−ϵa−ϵb , with i, j indexing occupied orbitals, a, b virtual orbitals, and

⟨ij∥ab⟩ the antisymmetrized two-electron integral.

To handle static correlation properly, one turns to multicon�gurational methods

such as CASSCF (complete active space self-consistent �eld). In CASSCF, one selects

a set of active electrons and active orbitals, and includes all con�gurations generated

by distributing the active electrons among the active orbitals in every possible way,

yielding

ΨCASSCF =
∑
I

cI |ΦI⟩ (1.10)

where the sum runs over all determinants in the active space. The inactive orbitals

remain doubly occupied, the external orbitals stay empty, and both the coe�cients
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cI and the molecular orbitals themselves are optimized variationally. This provides

a qualitatively correct zeroth-order wave function for strongly correlated systems,

but recovers very little dynamic correlation because the active space is typically too

small to capture short-range electron repulsion.

To add dynamic correlation on top of a multicon�gurational reference, one can

use complete active space perturbation theory (CASPT2), which is a second-order

perturbation theory applied to a CASSCF wave function. The CASSCF state de�nes

the zeroth-order Hamiltonian Ĥ0, and the �uctuation potential V̂ = Ĥ − Ĥ0 acts as

the perturbation. The CASPT2 energy correction is E(2) =
∑

k ̸=0
|⟨Ψk|V̂ |ΨCASSCF⟩|2

E
(0)
0 −E

(0)
k

,

where the sum runs over all excited con�gurations (internal, semi-internal, and exter-

nal) not already included in the CASSCF reference. While widely used for electroni-

cally excited states, bond dissociation, and transition metal chemistry, CASPT2 can

su�er from intruder state problems, where near-degeneracies between the reference

and excited con�gurations cause the denominators to become very small.

An alternative approach is MC-PDFT (multicon�gurational pair-density func-

tional theory), which replaces the perturbative correction with a density functional.

The MC-PDFT energy is written as EMC-PDFT = ECASSCF + Eot[ρ,Π], where

ρ(r) is the electron density and Π(r) is the on-top pair density, de�ned as Π(r) =

⟨ΨCASSCF|
∑

i<j δ(ri−r)δ(rj−r)|ΨCASSCF⟩. The correction functional Eot is taken

from translated Kohn�Sham functionals but evaluated using the pair density rather

than the kinetic energy density. This method is largely free from intruder state

problems and spin-contamination issues, scales more favorably than CASPT2, and

maintains good accuracy for ground and excited states where static correlation is

8



signi�cant.

1.3 GPU accleration basics

Apart from theoretical scaling, the software implementation of a method must also be

numerically e�cient. The architecture of graphics processing units (GPUs) consists

of a large number of low-powered processors, which excel at executing many simple

tasks simultaneously. Consequently, GPUs are widely used in gaming, video editing,

and, more recently, running arti�cial intelligence models. Their ability to distribute

vectorized workloads across many processors makes them highly suitable for matrix

multiplications and other vectorizable computations.

For example, consider a CPU with 64 cores and a GPU with 1,000 cores. Suppose

a task requires an operation on 10,000 elements, where each operation takes one core

one cycle, and cycles on both CPU and GPU take the same amount of time. If

the workload is perfectly parallelizeable without overhead, the CPU would require

approximately 157 cycles (10,000 / 64), whereas the GPU would need 10 cycles

(10,000 / 1,000), leading to a 15x speedup. Since a bulk of computationally intensive

steps in electronic structure theory involve operations over several indices, GPUs are

naturally well-suited for applications in the �eld.

Many modern supercomputers derive over 80% of their theoretical peak com-

puting capacity from GPUs.[11] Therefore, leveraging GPUs for quantum chemistry

is essential for scientists to utilize these machines e�ciently. Signi�cant e�ort in

GPU programming has focused on creating direct substitutes for math library calls

(numpy[39] to cupy[40] for NVIDIA GPUs), enabling calculations to run on GPUs
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instead of CPUs with minimal software development cost. However, such direct sub-

stitutions can become less e�ective if not used carefully, often due to data transfer

overhead. To demonstrate this further, a high-end CPU server may host upwards of 1

TB of RAM (Random Access Memory) using DDR5 memory (Double Data Rate 5).

An NVIDIA A100 GPU, for instance, only has with 40 GB HBM2 (High Bandwidth

Memory second generation) or 80 GB HBM2e memory (HBM2 enhanced). The large

di�erence between the memory sizes typically leads to a code structure where most

data initially resides in CPU memory, and only the subset being operated on is trans-

ferred to the GPU, with results transferred back. This physical data movement is

constrained by the speed of the Peripheral Component Interconnect Express (PCIe)

bus. For PCIe 5.0, a 16-lane (x16) connection achieves a maximum e�ective data

rate of approximately 63 GB/s in a single direction. By comparison, an A100 VRAM

(video random access memory) can be accessed at speeds over 1 TB/s with lower

latency (PCIe latency is 1-10 microseconds; VRAM is 100-500 nanoseconds). Hence,

even if the GPUs perform a calculation quickly, the movement of input data from

CPU to GPU and the copying of results from GPU to CPU may have signi�cant

time requirements. A simple drop-in replacement may not yield performance gains

if the data transfer cost dominates.

From a software development perspective, two approaches can be adopted: accel-

erating only the computational bottlenecks of a program, or making the entire code

GPU-resident. Each approach has trade-o�s. While a fully GPU-resident code is

likely more performant due to minimal data transfers, program development can be

more time-consuming than the bottleneck-only counterpart. It would also be reason-
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able to make a fully GPU-resident code if the memory requirement of the program

is less than the GPU memory. Finally, if the program contains several computation-

ally intensive tasks that involve large data transfers, it could be more e�cient to

develop a GPU-resident program. Conversely, bottleneck-only acceleration is more

attractive if the memory requirements are high or there are only a few computational

bottlenecks that dominate the cost of a calculation.

Several GPU vendors � NVIDIA, AMD, and Intel � each have di�erent pro-

gramming models and device-optimized math libraries. NVIDIA uses CUDA with

the cuBLAS library, AMD uses HIP with the rocBLAS library, and Intel uses

SYCL/oneAPI with the oneMKL library. Code written in one library does not read-

ily run on another vendor's GPU without translation, which reduces code usability

and increases development costs. Translation tools such as HIPify (CUDA to HIP)

and SYCLomatic (CUDA to SYCL) are available to assist migration. Abstracting

common math library and programming model functions can help in maintenance.

In summary, while GPUs o�er immense computational power for the linear

algebra-dominated calculations central to electronic structure theory, e�ective uti-

lization requires careful attention to both hardware architecture and software im-

plementation. The high bandwidth of GPU memory and the large number of cores

can enable substantial speed-ups for vectorizable tasks, but the comparatively slower

data transfer between CPU and GPU can impose a signi�cant performance penalty.

Consequently, simple direct substitutions of math libraries often yield diminishing

returns unless data movement is avoided, minimized or hidden. Fully GPU-resident

codes avoid most of this overhead but demand greater development e�ort. Given
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these trade-o�s, and recognizing that modern supercomputers derive the majority of

their peak performance from GPUs, we have developed a codebase for performing

LAS-based methods with GPUs. We focus on identifying and accelerating computa-

tional bottlenecks in quantum chemistry work�ows and moving them to the GPU,

while managing data transfers explicitly to achieve e�cient, vendor-portable per-

formance. This approach of low-lying computational bottlenecks has also yielded

GPU-accelerated HF, DFT, and CASSCF methods as dividend. We discuss the spe-

ci�c implementation, optimization strategies, and performance benchmarks of the

GPU-accelerated code developed in Chapter 3.
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CHAPTER 2

AUTOMATIC STATE INTERACTION WITH LARGE

LOCALIZED ACTIVE SPACES FOR MULTIMETALLIC

SYSTEMS

2.1 Introduction

While complete active space self-consistent �eld (CASSCF) theory provides a rigor-

ous framework for treating static correlation, its exponential scaling with respect to

active space size limits applications to systems with approximately 20 electrons in 20

orbitals.[19] This limitation is particularly severe for multimetallic complexes where

strong correlation manifests on multiple spatially separated centers.[41, 42]

Several approaches in the literature have been explored to address this scaling.

One set of approaches pursues automatic reduction in con�guration space functions

(CSFs) or Slater determinants (SDs) to control the cost. These include selected

con�guration interaction (SCI)[43, 44, 45, 46, 47, 48] and density matrix renormal-

ization group (DMRG)[49]. The second class of approaches involves reducing the

size of Hilbert space through chemical intuition by partitioning a large chemically

relevant active space into smaller subpsaces or fragments. Some well-known meth-

ods are restricted active space SCF (RASSCF)[50, 51], generalized active space SCF

(GASSCF)[52, 53, 54] and cluster mean �eld (cMF)[55] or localized active space self-

consistent �eld (LASSCF)[34, 56]. In this work, we adopt the LASSCF approach,

which addresses this challenge through a fragment-based factorization of the molec-

ular wave function. The fundamental ansatz expresses the total wave function as an
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antisymmetrized product of localized fragment wave functions:

|ΨLAS⟩ =
Nfrag∧
K=1

∣∣ΨAK

〉∧
|ΨD⟩ (2.1)

where
∣∣ΨAK

〉
is the wave function of fragment K active space and |ΨD⟩ is the

remaining single determinant. Each fragment active space function is characterized

by the number of electrons (NK), number of orbitals (MK), and overall spin (SK).

Within each fragment, the wave function is expanded as a CAS ansatz, which

means that the cost of the method increases exponentially with the size of the frag-

ment active space. However, since LAS splits the total active space into a number of

fragments, and each fragment's active space is treated independently, the cost grows

polynomially with the number of fragments. This is e�ective in cases where the

inter-fragment correlation is weak and can be modeled su�ciently by a mean-�eld

approximation.[34] However, this factorization introduces a severe approximation:

inter-fragment correlation e�ects are only included through the mean-�eld interac-

tion between fragments.

In this chapter, we �rst discuss the theory of LASSCF, and two subsequent ap-

proaches to correct LASSCF, namely LAS state interaction (LASSI) and its improve-

ment LASSI singles (LASSIS). For LASSI and LASSIS, we discuss the theoretical

approximations and the results of the methods on some challenging polynuclear tran-

sition metal complexes.
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2.2 LAS Self-Consistent Field Theory (LASSCF)

The LASSCF energy is written as the expectation value of the full molecular Hamil-

tonian with respect to the antisymmetrized product wave function. For a system

partitioned into Nfrag fragments, the energy is given by:

ELAS =
⟨ΨLAS|Ĥ|ΨLAS⟩
⟨ΨLAS|ΨLAS⟩

(2.2)

LASSCF optimizes the fragment wave function
∣∣ΨAk

〉
by minimizing the fragment

energy written as

EK =
〈
ΦEK

∣∣ ∧ 〈ΨAK

∣∣ ĤEK

∣∣ΨAK

〉
∧
∣∣ΦEK

〉
(2.3)

where ΦEK
is the determinant containing the fragment embedding space inactive

orbitals. The embedding space Hamiltonian ĤEK
is

ĤEK
= (h

eK2
eK1

+ {vjk}
eK2
eK1
− {vselfσ }

eK2
eK1

)ĉ
†
eK1

ĉeK2

+
1

2
g
eK1

eK3
eK2

eK4
ĉ
†
eK1σ

ĉ
†
eK3τ

ĉeK4τ
ĉeK2σ

(2.4)

where

{vjk}µ2µ1 = g
µ1µ3
µ2µ4D

µ3
µ4 − g

µ1µ3
µ4µ2{γσ}

µ3
µ4 (2.5)

{v(self)}
eK2
eK1

= g
eK1

eK3
eK2

eK4
D

eK3
eK4
− g

eK1
eK3

eK4
eK2
{γσ}

eK3
eK4

(2.6)

are the e�ective embedding potential and e�ective self potential respectively. Here
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eKi
denotes the ith embedding orbital of the Kth fragment. D is the one-body re-

duced density matrix, γσ is the spin separated two-body density matrix, and µi is

the ith atomic orbital. Each LASSCF fragment is solved as a CASSCF problem with

the given e�ective Hamiltonian and the active space wave function. The CASSCF

optimization condition requires that the derivative of the fragment energy with re-

spect to the CI vector and derivative of the energy of any orbital with respect to

change in any other orbital is zero. This can be written as

{E(1)}CI = {E(1)}eKaK = 0 (2.7)

Once all fragment CASSCFs are solved, the active space orbitals of all fragments

are not necessarily orthogonal to each other since they are optimized independently

and must be reorthogonalized. The active orbitals and CI vectors are then frozen

and the whole molecule's inactive orbitals are optimized. Additionally, the energy is

minimized with respect to rotation between two active subspaces (K,L) and their

CI vectors. This corresponds to solving the equation

{E(1)}CI = {E(1)}aKaL = {E(1)}vd = 0 (2.8)

Eq. 3.1 is satis�ed through a second order algorithm that optimizes

E(1) + E(2)x = 0⃗, (2.9)

where x is a unitary generator containing all orbital and CI transformation variables,

16



E(2) is the second-order derivative.

2.3 Localized Active Space State Interaction (LASSI)

LASSCF captures intra-fragment correlation exactly within each fragment's active

space, but inter-fragment correlation is treated only at a mean-�eld level. This ap-

proximation is e�ective when the fragments are well separated and can be represented

faithfully with independent centers. When that is not the case, LASSCF can yield

a qualitatively incorrect wave function due to missing correlation. The localized ac-

tive space state interaction (LASSI) method reintroduces these omitted correlations

by constructing and diagonalizing the full molecular Hamiltonian in a basis of LAS

states.[41, 42] Considering only the active-space part of the wave function (i.e., treat-

ing the doubly-occupied inactive electrons as part of the frozen core), the LAS wave

function can be rewritten as

|LAS⟩ =
fragments∧

K

|0K⟩P , (2.10)

This is the antisymmetrized product of general many-electron fragment wave func-

tions |0K⟩P , de�ned in a particular Hilbert space labeled P , about which see below.

The fragment wave functions are the eigenstates of the projected Hamiltonian,
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ĤPK ≡ P̂†KĤP̂K , (2.11)

P̂K =

fragments⊗
L̸=K

|0L⟩P , (2.12)

0 =
(
ĤPK − EnPK

)
|nK⟩P , (2.13)

where n ≥ 0 is an integer indexing the excitation number of the particular fragment.

Each fragment Hamiltonian, ĤPK , describes the Kth fragment in the mean �eld of

all other fragments in their respective ground states. The operation in Eq. (2.11)

can be understood as a projection (i.e., |0L⟩ ⟨0L| for all L ̸= K) followed by a trace

over all fragments other than K. The LAS states in total are then indexed as

|n⃗⟩P ≡
fragments∧

K

|nK⟩P (2.14)

where n⃗ = {n1, n2, n3, . . .} is the �excitation number vector� (ENV) of nonnegative

integers that index the various eigenstates of the ĤPK operators.

The Hilbert space indexed by P in which the roots of the projected Hamiltoni-

ans are sought (henceforth the `rootspace') is de�ned by the number of electrons in

each fragment, the spin quantum numbers of each fragment, and the point group

irreducible representation of each fragment wave function. In other words, P is a

compound index representing the space table below, in which di�erent rows repre-

sent di�erent fragments and di�erent columns represent di�erent types of quantum

18



number:

P =



N
(1)
↑ N

(1)
↓ S(1) Γ(1)

N
(2)
↑ N

(2)
↓ S(2) Γ(2)

N
(3)
↑ N

(3)
↓ S(3) Γ(3)

...
...

...
...


, (2.15)

with N↑ for spin-up electrons, N↓ for spin-down electrons, S for spin magnitude, and

Γ for point-group irrep. These �ctitious, fragment-indexed quantum numbers are not

conserved by the exact, correlated many-electron wave function of the whole system,

but they are (in practice) conserved by the approximate |LAS⟩ wave function. Much

like a single determinant, a single LAS state is generally not an eigenstate of Ŝ2

unless at most one fragment has a nonzero S(K).

In addition to breaking spin symmetry, a single LAS state omits all entangle-

ment between fragments; fragments interact exclusively via a mean-�eld potential.

This approximation is obviously quantitatively inaccurate, and can also be qualita-

tively inaccurate in certain cases.[56] However, interaction and entanglement between

fragments, as well as global Ŝ2 symmetry, can be restored by constructing a linear

combination of multiple states of the LAS type, which we refer to as LASSI.[41] The

LASSI wave functions are linear combinations of the LAS states |n⃗⟩P :

|LASSIi⟩ ≡
rootspaces∑
P

ENVs∑
n⃗

|n⃗⟩P C
(i)
Pn⃗ (2.16)

where C(i)
Pn⃗ is an eigenvector coe�cient of the Hamiltonian projected into the model

space of LAS states:
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〈
LASSIi|Ĥ|n⃗

∣∣∣LASSIi|Ĥ|n⃗〉P = E
(i)
LASSIC

(i)
Pn⃗. (2.17)

Note that the di�erent fragment basis functions, |nK⟩P for di�erent P , are eigen-

states of di�erent fragment operators, ĤPK , although they all share the same set of

molecular orbitals.

2.3.1 Analyzing LASSI Results

In Sec. 2.4 below, we draw a distinction between signi�cant model states and �dead-

wood� model states by analyzing the LASSI eigenvector, C(i)
Pn⃗, which can be decom-

posed as

C
(i)
Pn⃗ =

√
w
(i)
P u

(i),P
n⃗ , (2.18)

with the normalized factors

rootspaces∑
P

w
(i)
P = 1 ∀ i (2.19)

ENVs∑
n⃗

(u
(i),P
n⃗ ) ∗ u(i),Pn⃗ = 1 ∀ i,P . (2.20)

The u(i),Pn⃗ is the normalized vector of CI in a given rootspace P , and weights (w(i)
P )

is the inverse of the normalizing coe�cient of the given u
(i),P
n⃗ . Weights close to

zero indicate that an entire rootspace is deadwood in the ith LASSI eigenstate.

For rootspaces with nonzero weights, the ENV coe�cients (u(i),Pn⃗ ) can be used to
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compute the single-fragment density matrix in the excitation number basis,

d
(i),KP
m,m′ ≡

ENVs∑
n⃗∈{nK=m}

ENVs∑
n⃗′∈{nK=m′}

fragments∏
L̸=K

δnLn′L

×(u(i),Pn⃗ )∗u(i),P
n⃗′ . (2.21)

This is equivalent to tracing out the environment for all other fragments after project-

ing the density matrix in a given P . In the application considered below, we examine

spin-state energy gaps as obtained from energy di�erences of di�erent LASSI eigen-

states, and for this purpose, the weights and density matrices are averaged over the

lowest-energy imax + 1 LASSI eigenstates,

wP ≡ 1

imax + 1

imax∑
i=0

w
(i)
P , (2.22)

dKPm,m′ ≡
1

imax + 1

imax∑
i=0

d
(i),KP
m,m′ , (2.23)

where in the spin-ladder applications below, imax + 1 is the number of states in the

spin ladder.

From the (state-averaged) single-fragment density matrix, we extract the average

excitation number of the Kth fragment in the Pth rootspace,

n̄KP =
∑
m=0

m× dKPm,m, (2.24)
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as well as the von Neumann entropy,

sKP = −
∑
m

(
ρKPm log ρKPm

)
, (2.25)

where {ρKPm } are the eigenvalues of the matrix dKP . If n̄KP and sKP are close to

zero, then excited states of Kth fragment in the Pth rootspace are deadwood.

2.3.2 LASSI[r, q]

If the LASSI model space consists of all possible rootspaces described by all possi-

ble space tables [Eq. (2.15)] along with all possible excitation number vectors, then

LASSI reproduces CASCI, with the same exponential-scaling computational cost.

However, the conjecture underlying LAS methods in general (that electrons inter-

act more strongly within fragments than between fragments) suggests that a small

approximate model space could reproduce CASCI qualitatively with orders of mag-

nitude fewer model states than the number of determinants or CSFs in the CAS. In

order for this to be practical, such an approximate model space must be generable

semi-automatically. As mentioned above, when LASSI was introduced in Ref. 41,

model states were constructed by the user entering all relevant space tables by hand;

additionally, only the ground-state ENV (⃗0 = {01, 02, 03, . . .}) was considered in any

rootspace. Here we explore model space construction more systematically.

First, we stipulate that all model spaces should be chosen to restore spin sym-

metry: LASSI wave functions should be Ŝ2 eigenvalues. This is accomplished by
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permuting

M (K) ≡ 1

2

(
N

(K)
↑ −N (K)

↓

)
(2.26)

for each fragment in all possible ways consistent with the �xed whole-molecule total

number of spin up and spin down electrons, as well as the constraintM (K) ≤ |S(K)|,

and including all such permutations in any model space. Omitting point-group sym-

metry for the current work, the space table [Eq. (2.15)] can now be simpli�ed to

P =



N (1) S(1)

N (2) S(2)

N (3) S(3)

...
...


, (2.27)

with the understanding that implicitly, all possible orientations of nonzero fragment

spins are included in the model space.

Second, we construct simpli�ed space tables [Eq. (2.27)] by systematically moving

one electron from any one fragment to any other fragment up to r times in all possible

ways, where r is a non-negative integer chosen by the user. For each increment or

decrement of N (K), the corresponding local spin S(K) can (in general) either increase

or decrease by 1
2 . A schematic for this is presented in Table 1.

Third, we stipulate a maximum number of fragment roots q, obtain up to the qth

eigenstate of each fragment Hamiltonian in each rootspace ĤPK (or all eigenstates

if there are fewer than q), and build all possible ENVs from this product space of

these sets.

We use the formulation �LASSI[r, q]� to refer to LASSI calculations whose model

23



spaces are constructed in this way. Note that the CASCI limit is achieved as both

parameters approach in�nity:

lim
r→∞

lim
q→∞

LASSI[r, q] ≡ CASCI. (2.28)

2.3.3 E�cient Selection with LASSI[r, qCT]

We will show evidence in Sec. 2.4 from the results of LASSI[r,q] calculations that it

is pro�table to use di�erent number of eigenstates for di�erent fragments in di�erent

rootspaces, because whole categories of model states can be shown to be �deadwood�

by examining the LASSI eigenvectors. In particular, we will show that to obtain

qualitative agreement with CASCI, it is often not necessary to include �local excita-

tions� (i.e., nK > 0), except where a particular fragment has a di�erent number of

electrons than in the reference LAS wave function.

For instance, for a molecule with three fragments, if the reference (r = 0) space

table is written as Eq. (2.27), so that a single r = 1 space (Q) table might be

Q =


N (1) + 1 S(1) + 1

2

N (2) − 1 S(2) + 1
2

N (3) S(3)

 , (2.29)

then only in the �rst and second fragments of this rootspace do local excited states,

nK > 0, contribute to low-energy LASSI eigenstates.

We will therefore de�ne �LASSI[r, qCT]� as an e�cient approximate alternative

to LASSI[r, q], where �CT� stands for �charge transfer� and indicates that the model
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space includes up to the qth local eigenstate only if the number of electrons in the

given fragment in the given rootspace di�ers from that in the reference rootspace;

otherwise, only the ground eigenstate of ĤPK is included. Such calculations are

indicated in the text by the Roman subscript CT on the integer q value; for instance

�LASSI[1, 5CT].�

2.4 Performance of LASSI

This methodology was applied on two systems, an aluminium di-iron complex and

a tri-iron complex. The AlFe2 complex has one Al 3+, one Fe2+ and a Fe3+, while

the Fe3 complex has one Fe2+ and two Fe3+ centers. For AlFe2, we consider two

active spaces, (11e,10o) consisting of Fe 3d, and (11e,20o) consisting of Fe 3d and 4d

orbitals with all 3d electrons.

This system consists of one d6 Fe2+center, one d5 Fe3+ center and a d0 Al3+ cen-

ter. Since Al3+ is closed shell, we do not consider any active space on it. We explore

two di�erent active spaces for this system as shown in Fig. 3.6, namely (11e,10o)

with all 3d orbitals of both Fe atoms and (11e,20o) with all 3d and 4d orbitals of

both Fe atoms. In these di�erent parameters, we investigate the dependence of the

J coupling according to the Yamaguchi formula[57]

J = − EHS − ELS〈
S2
∣∣S2〉HS −

〈
S2
∣∣S2〉LS (2.30)

for the sake of brevity. The full spin ladder is reported in the SI table II and III.
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Rootspace depiction

r = 0

(a) ↑↓ ↑ ↑ ↑ ↑ ↓ ↓ ↓ ↓ ↓

P =

[
N (1) S(1)

N (2) S(2)

](b) ↑↓ ↑ ↑ ↑ ↓ ↓ ↓ ↓ ↓ ↑
(c) ↑↓ ↑ ↑ ↓ ↓ ↓ ↓ ↓ ↑ ↑
(d) ↑↓ ↑ ↓ ↓ ↓ ↓ ↓ ↑ ↑ ↑
(e) ↑↓ ↓ ↓ ↓ ↓ ↓ ↑ ↑ ↑ ↑

r = 1

(f) ↑ ↑ ↑ ↑ ↓ ↓ ↓ ↓ ↓ ↑↓
[
N (1) − 1 S(1) ± 0.5

N (2) + 1 S(2) − 0.5

]
(g) ↑↓ ↑ ↑ ↑ ↓ ↓ ↓ ↓ ↑↓

(h) ↑↓ ↑↓ ↑ ↑ ↑ ↓ ↓ ↓ ↓

[
N (1) + 1 S(1) − 0.5

N (2) − 1 S(2) − 0.5

]
r = 2

(i) ↑↓ ↑ ↑ ↑ ↓ ↓ ↓ ↓ ↑↓

[
N (1) S(1)

N (2) S(2) − 1

]

(j) ↑↓ ↑↓ ↑ ↑ ↓ ↓ ↓ ↑↓

[
N (1) S(1) − 1

N (2) S(2) − 1

]

(k) ↑↓ ↑↓ ↑↓ ↑ ↑ ↓ ↓ ↓

[
N (1) + 2 S(1) − 1

N (2) − 2 S(2) − 1

]

Table 2.1: Examples of the rootspaces included in a LASSI calculation for a LASSCF
reference with the red Fe2+ (6e,5o) atom and blue Fe3+ (5e,5o) atoms, depicted in
terms of representative single determinants, the corresponding simpli�ed space table
[Eq. 2.27], and the r value at which they appear for AlFe2 systems. (a)�(e) are

the various cases of the local spin polarizations, 2M (K) ≡ N
(K)
↑ − N

(K)
↓ . (f)�(h)

are examples of r = 1 rootspaces generated from (b) and are not exhaustive of all
possible spin polarizations. Rootspace (f) adds 0.5 to S(1), and (g) decreases S(1) by
0.5 since S corresponds to the number of singly occupied molecular orbitals divided
by 2. (i)�(k) are examples of r = 2 rootspaces. Speci�cally, (i), (j) and (k) rootspaces
are generated by moving electron from the blue atom to the red atom from (f), (g)
and (h) rootspaces respectively. r = 2 rootspaces are not exhaustive.

26



2.4.1 Aluminium Di Iron System

In Fig. 2.1, we compare the performance of LASSI with its theoretical limit LAS-

CASCI, under two variations. We �rst vary r and q for the (11e,10o) active space.

LASSI[0,1] includes no charge transfer rootspaces and only ground state eigenfunc-

tions of the projected Hamiltonian in each fragment (equivalent to (a)�(e) rootspaces

in Table 2.1). This generates only enough model states to ensure that the LASSI

eigenstates are eigenfunctions of the Ŝ2 operator and wrongly predicts ferromagnetic

interaction (J > 0) as compared to LAS-CASCI due to the complete omission of

kinetic exchange and superexchange. As r and q increase, the agreement between

LASSI and LAS-CASCI improves. The correct negative sign of J is observed for

r > 0; q > 4. At LASSI[1,5] (Fig. 2.1: green curve with upside down triangles),

we observe agreement within CASCI to within 1 cm−1, from a wave function built

from 250 model states. At LASSI[2,10] (1780 states) (purple curve with triangles),

the di�erence is less than 0.1 cm−1, at the price of requiring about 7 times as many

model states compared to LASSI[1,5]. No performance improvement was observed for

LASSI[3,q] series. LASSI[2,10] wave function still has another 30 times fewer model

states than the 52920 single determinants in the CASCI limit. All corresponding

absolute energies are in SI table II and III. For comparison, CASSCF predicts a

J coupling of -7.3 cm−1, as opposed to the LAS-CASCI limit of -3.8 cm−1, which

suggests that any inaccuracy in the LASSI[1,5] result is more likely attributable to

the LASSCF orbitals than to the LASSI approximation.

The second variation explored is the active space dependence of J . For all three

active space choices, agreement of J to within 3 cm−1 was achieved with vastly fewer
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Figure 2.1: LASSI[1,q] and CASCI predicted J coupling for an AlFe2 system with
active spaces of (11e,10), and (11e,20o). For (11e,10o) active space, JLASSI[0,q] =
+116.69cm−1 ∀ q = {1, 10} and JLASSI[2,q] ≈ JLASSI[3,q] ∀ q = {1, 10}.The LAS-
CASCI result for(11e,10o) is -3.82 cm−1 and for (11e,20o) is -6.245 cm−1.
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model states than the number of single determinants in the corresponding CASCI:

7425 model states for the LASSI[1,15](11e,20o) calculation, as compared to ≈ 6×108

determinants in the CASCI(11e,20o) wave function. Clearly, the convergence with

respect to q is less rapid in the larger active space. However, we note that the von

Neumann entropies [Eq. (2.25)] for the LASSI[1,15](11e,20o) (max(sKP) = 0.95)

results are similar to the LASSI[1,5](11e,10o) (max(sKP) = 0.95) results. (See sup-

porting information for a complete list.) This means that the entanglement between

the two fragments does not increase in the larger active space, suggesting that the

higher required q in the larger active space is due rather to the less-accurate model-

ing of each fragment individually by the LASSI model states constructed from the

eigenstates of ĤPK .

2.4.2 Tri Iron System

This system consists of one d6 Fe2+ center and two d5 Fe3+ centers. We explore the

(16e,15o) active space of 3d orbitals as well as the (16e,30o) active space including

3d and 4d orbitals. This system is more challenging for MR methods due to the size

of active space, and as a reminder, DFT predicts that all Fe centers are identical[58].

We calculate S = 0, 1, ..., 7 spin states for each active space for all methods.

Table 2.2 shows the LASSI results for the (16e,15o) active space against the

LAS-CASCI limit. The absolute values are reported in SI table XI. LASSI[0,1] in-

correctly predicts a high-spin ground state, while the LAS-CASCI predicts a triply-

degenerate low-spin ground state (i.e., singlet, triplet, and quintet). The LASSI[1,5]

(6910 model states) results di�er from the LAS-CASCI (4.1× 107 determinants) re-
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Spin Ladder (in kJ/mol)
Spin CASPT2† CASSCF† LAS-CASCI LASSI[1,5] LASSI[1,5CT]
S = 7 22.8 6.6 5.0 4.9 4.9
S = 6 21.0 4.8 3.5 3.4 3.4
S = 5 13.1 3.1 2.2 2.2 2.2
S = 4 6.2 1.6 1.2 1.2 1.2
S = 3 - 0.5 0.5 0.4 0.4
S = 2 - 0.9 -0.1 -0.1 -0.1
S = 1 - 0.0 -0.1 -0.1 -0.1
S = 0 0.0 0.0 0.0 0.0 0.0
States n/a ≈ 4.1× 107 6910 3014

Table 2.2: Spin ladder of Fe3 system with (16e,15o) active space. S = 0 state is
set as a reference. Results of LAS-CASCI and LASSI[1,5] compared with previous
CASSCF and CASPT2 results from Ref. 58 with the same (16e,15o) active space.
Empty CASPT2 rows are indicative of results not available in Ref. 58. Absolute
and relative energies LASSI[1,5] and LASSI[1,5CT] di�er by less than 0.01kJ/mol.
LASSI[1,5CT] has 3014 states. †: Results from Ref. 58 use relativistic all-electron
ANO-RCC triple-ζ basis sets for all O and Fe atoms, and double-ζ for C and H
atoms.
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Charge ∆S n̄PKS(1)S(2)

S(3)

 =

 2
2.5
2.5

 0.000.00
0.00


−0.5−0.5

0

∗ 1.040.91
0.00


−0.5−0.5

0

 1.182.02
0.00


 0
−0.5
−0.5

 0.001.19
1.40


Figure 2.2: Summary table of LASSI[1,5](16e,15o) results for the Fe3 system in di�er-
ent rootspaces. The �rst column denotes a pictorial representation of the rootspace,
in which the charge on each iron is that after the electron is transferred in the di-
rection of the arrow. The change in spin on each iron in the rootspace is shown in
the 2nd column. The third column shows the average excitation number [n̄KP , Eq.
(2.24)] on each fragment in the given rootspace and it's all possible spin polarizations.

sults only by 0.1 kJ/mol while using four orders of magnitude fewer states. LASSI[1,5]

and LASSI[1,5CT] (3014 model states) di�er by less than 0.01kJ/mol. Additionally,

CASPT2[59] predicts an energy di�erence between the S = 0 and S = 7 states of 23

kJ/mol, indicating the importance of dynamical correlation.

However, the LASSI[1,q] approach appears to create signi�cant deadwood in these

low-energy wave functions. We �nd that 48 of the 182 rootspaces generated at

the r = 1 level have zero average weight [wP , Eq. (2.22)]; these correspond to

rootspaces where the charge transfer Fe2+ → Fe3+ results in increased S on Fe2+

center. Additionally, we �nd that the average excitation number [n̄KP , Eq. (2.24)] is

zero if the corresponding fragment does not participate in a charge transfer compared
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Figure 2.3: Spin ladder for Fe3 system with (16e,30o) active space. [1,qCT] are the
corresponding LASSI calculations. The state S = 2 is set as a reference. DMRGCI
is placed on the abscissa at the number of single determinants in the corresponding
hypothetical LAS-CASCI calculation. LASSI[1,8CT] recovers LAS-DMRGCI spin
ladder qualitatively.

to the reference state (Figure 2.2). In other words, for any r = 1 rootspace (cf.

Table 2.1), a �spectator� fragment does not need local excitations. This observation

motivates the development of LASSI[r,qCT], as described in Sec. 2.3.3. The result

for LASSI[1,5CT] is quantitatively the same as LASSI[1,5], but with fewer than half

the model states of LASSI[1,5].

We now discuss results with (16e,30o) active space presented in Fig. 2.3. Since

one cannot perform CASSCF or CASCI in this active space, we have used DMRG [60]

to calculate the reference value starting from optimized orbitals of LASSCF(16e,30o).

DMRG was performed with a bond dimension M = 500. We show DMRGCI results

in Fig. 2.3 on the abscissa at 34 trillion states corresponding to the size of a (16e,30o)
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CAS calculations. We see that the qualitative features of the DMRG(16e,30o) are

generally reproduced at the LASSI[1,8CT] level (22808 model states), except that

LASSI predicts a quintet ground state and DMRG predicts a degenerate singlet,

triplet, and quintet.

2.5 Automatising LASSI

While the method of LASSI[r, q] can be useful, the method still su�ers from a large

number of states being included in the model Hamiltonian. Furthermore, the method

also requires a user input of the variables r, q that need to be selected based on

previous experiences of using the method. We distilled the optimal choices of model

space construction into an automatised recipe. The model space now consists of

� The LASSCF reference state

� All fragment statelets that are a single spin away from the LASSCF reference.

In other words, state with total spin S = Sref ± 1 of the reference are taken

in the model space.

� All single-charge hop states that move at most one electron from one fragment

to another, while keeping other fragments at the reference.

� All possible spin polarizations of each of the statelets to ensure that the LASSI

wave function is spin pure.

With the recipe, and further dressing of Hamiltonian discussed in detail in a

follow-up work[61], we were able to produce the LASSI singles (LASSIS) method.
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The method was shown to have fast convergence and qualitatively accuracy compared

to exact diagonalization (or DMRGCI when exact diagonalization is not possible).
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CHAPTER 3

ENABLING MULTIREFERENCE CALCULATIONS ON

MULTIMETALLIC SYSTEMS WITH GRAPHIC

PROCESSING UNITS

3.1 Introduction

E�orts on GPU-accelerated quantum chemistry codes for large systems have mainly

focused on integral generation[62, 63] and single-reference methods, primarily HF[64],

DFT[65] and its relativistic counterpart[66], MP2[67, 64, 68] and CC[69, 70, 71,

72]. GPU-accelerated HF, DFT and MP2 have been applied to large systems.

Speci�cally, HF calculations have been performed on organic molecules, water clus-

ters and glycine clusters [73, 74, 75, 76], DFT calculations have been performed

on organic molecules[65], model systems[77], solids[78], and gold clusters for rela-

tivistic DFT[66], MP2 calculations have been performed on glycine [68] and water

clusters[79].

Among multicon�gurational methods, CASSCF[80, 81, 82], DMRG[83, 84], non-

orthogonal CI[85], and auxiliary �eld quantum Monte Carlo[86] have been imple-

mented to utilize GPUs. Within traditional CASSCF method active space up to

(26e, 23o)[87] can be achieved, but (18e, 18o) is considered the limit for routine

calculations[88]. GPU-accelerated variational 2-body reduced density matrix (v2RDM)

CASSCF [89] has been used with (50e, 50o) active space for polyacenes. GPU-

accelerated DMRG can treat active space of (113e, 76o) for FeMo cofactor[83] and

(114e, 73o) for P-cluster[84], but only to solve the CI problem on GPUs. We also
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highlight the adoption of GPU accelerated DMRG as a CI solver for CASSCF[90].

The memory bottleneck of electronic structure methods such as HF, DFT, MP2,

and CASSCF is the processing of 4-center 2-electron (4c-2e) electron repulsion inte-

grals (ERIs) which scales as O(N4
ao), where Nao is the number of atomic orbitals.

While utilizing direct-SCF principles[91], where integrals are calculated on the �y,

are common, within the realm of methods using precomputed integrals, this scal-

ing makes the study of large systems quickly intractable with an increasing number

of orbitals, often in the case of many inactive orbitals. Weakly correlated systems

like water clusters or organic compounds have sparse ERIs and methods exploiting

the sparsity of ERIs on GPUs[92, 93] can achieve signi�cant speedups while keep-

ing memory requirements low. However, sparsity may not exist when solving for

organometallic compounds of heavier atoms with di�used orbitals.

Another way to reduce memory requirements is to approximate the 4c-2e integrals

using Cholesky density �tting techniques [94] to decompose a 4c-2e ERI into a 3c-2e

Cholesky vector. This reduces the memory requirement to O(NauxN
2
ao) where Naux

is the number of auxiliary orbitals and is usually 5-10x of Nao. Other methods to

approximate ERI like chain of spheres[95] and semi-numerical-K[96] have also been

developed. Although various single-reference methods with density �tting techniques

have been explored in GPU accelerated computational chemistry codes, the use of

density �tting with multi-reference methods on GPUs is less common, except for the

work by Mullinax et al.[89] and a newer work from Wang et al.[97]

In this chapter, we discuss our e�orts to accelerate LASSCF and LASSI. For each

method, we discuss the identi�cation of the bottlenecks, our acceleration philosophy,
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and the results of the acceleration.

3.2 Theory and Identi�cation of bottlenecks for LASSCF

Recall that in LASSCF, each fragment is treated as an embedded CASSCF prob-

lem. The total number of fragment embedding orbitals (Nembf
) can be up to

2(Nacf + NFK
) where Nacf is the number of user-selected fragment active orbitals

and NFK
is the number of user-selected fragment inactive orbitals. Practically, a

calculation starts with performing a Hartree-Fock calculation and selection of active

space orbitals for each fragment and spatial atoms on which each fragment is local-

ized. This localization forms the initial guess for the LASSCF calculation. Now, for

each fragment, we form the embedding space (�CASSCF processing�) and solve the

�fragment CASSCF� in each active space. Once CASSCF subproblems are solved, we

must now reorthogonalize all active orbitals. Finally, we optimize the whole molecule

inactive orbitals along with minimization of energy with respect to rotation between

two active spaces (�Recombination�).

These CASSCF subproblems or tasks require repeated calculations of e�ective

potentials and ERIs with speci�c indices pattern of gp1a1p2a2 and gp1p2a1a2 where a and p

respectively refer to active and embedded space orbitals for orbital optimization[98,

99]. For a realistic system, Nembf
and Nacf do not scale with the system size since

fragments necessary for modeling multireference nature would remain similar. Cases

where larger fragments may need to be considered, such as extended aromatic systems

will have Nembf
and Nacf scale with the system size.

Once all embedded CASSCF tasks are completed, the active orbitals of all frag-
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ments are not necessarily orthogonal since they are optimized independently and

must be reorthogonalized. The active orbitals and CI vectors are then frozen and

the whole molecule's inactive orbitals are optimized. Additionally, the energy is min-

imized with respect to rotation between two active subspaces (K,L) and their CI

vectors. This corresponds to solving the equation

{E(1)}CI = {E(1)}aKaL = {E(1)}vd = 0 (3.1)

Eq. 3.1 is satis�ed through a second order algorithm that optimizes

E(1) + E(2)x = 0⃗, (3.2)

where x is a unitary generator containing all orbital and CI transformation variables,

E(2) is the second-order derivative. We omit details of exact forms of derivatives in

Eq. 3.1 and refer the reader to ref. 34. Eq. 3.1 requires a HF-like e�ective potential

repeatedly and ERIs of index pattern g
aK1

aM1
aL1aN1

.

Diagrammatically, the algorithm can be represented as in Figure 3.1. In the

algorithm, the orange boxes represent the CASSCF tasks; the green boxes represent

processing before and after a fragment CASSCF, e.g. embedding potential in Eq.

2.5; and the blue boxes represent the recombination algorithm.

We used LASSCF within a density-�tting framework that splits a 4c-2e integral
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Figure 3.1: Flowchart of LASSCF algorithm. Highlighted boxes represented various
phases of calculations. The green box represents constructing an embedding space
for each fragment, orange box for performing a CASSCF task and blue box for active
orbitals of a fragment are relaxed with respect to other fragments.
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into 3c-2e integral[94] given as

g
µ1µ3
µ2µ4 ≈ (µ1µ2|P )(P |Q)−1(Q|µ3µ4)

= ((µ1µ2|P )T )(T (Q|µ3µ4)) = bPµ1µ2b
P
µ3µ4

(3.3)

where bPµ1µ2 are the three-center two-electron Cholesky vectors of size O(NauxN
2
ao),

and T is (P |Q)−
1
2 . We pro�led CPU-only LASSCF calculations using simple Python

timer functions within PySCF to collect the total time spent during the various stages

of the algorithm. This was done for all systems described in section 4.2, and results

for the iron-sulfur cluster are shown as a representative example in �gure 3.2.

All embedded CASSCF calculations (in the orange boxes of Fig. 3.1) combined

accounted for about 33% of the total wall time. Within fragment CASSCFs, the

evaluation of e�ective potentials consumed 50% of the CASSCF wall time, while

the computation of ERIs (gp1a1p2a2 and g
p1p2
a1a2) accounted for another 48%. The pre-

and post- processing of CASSCF fragments (shown in the green boxes of Fig. 3.1)

contributed 28% of the total wall time, with over 90% of this time spent on evaluating

e�ective potentials. Finally, the recombination of all fragments (blue boxes of Fig.

3.1) consumed 37% of the total wall time with 72% dedicated to e�ective potential

evaluations and 15% to LASSCF ERIs (g
p1aM1
aL1aN1

). A similar breakdown was observed

for the other systems. Analyzing where time was spent in the code was repeated

throughout the software development process to ensure priority was given to the

next largest time-consuming step in the calculation.
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Figure 3.2: CPU run pro�le for iron-sulfur cluster. Computer details: Polaris com-
pute node: One Milan CPU with 32 cores. The various colors in the plot correspond
to areas of the �owchart in Fig. 3.1
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3.3 Acceleration of bottlenecks

3.3.1 Calculation of e�ective potentials

The calculation of e�ective potentials is performed as follows:

{v(jk)}ij = Jij − {Kσ}ij (3.4)

where Jij are calculated as

vP = bPijDij (3.5)

Jij = vP b
P
ij (3.6)

and

vPik = bPij{γσ}
j
k (3.7)

{Kσ}ij = vPikb
P
jk (3.8)

Here i, j represent both atomic orbitals and embedded orbitals since e�ective po-

tentials are calculated with both. The computation of the Coulomb matrix J and

exchange matrix K is collectively referred to as a �JK call�. The calculation of J has

a complexity of O(NauxN
2
ao) if performed for the full system (or O(NauxN

2
embf

) for

a single fragment) for both steps, namely Eq. 3.5 and Eq. 3.6 with output of size

O(N2
ao) (or O(N2

embf
)). The exchange matrix (K), on the other hand, has a com-

plexity of O(NauxN
3
ao) (or O(NauxN

3
embf

)) for both steps (Eq. 3.7 and Eq. 3.8), an
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order of magnitude more expensive than J , but with the same size of output (O(N2
ao)

(or O(N2
embf

))) as J . Performing singular value decomposition (SVD) on the density

matrix could reduce the complexity of and memory requirements for the calculation

of the K matrix. We show later that JK is no longer the largest computational bot-

tleneck after being GPU-accelerated. That said these algorithmic improvements will

be implemented in the future to further reduce the time-to-solution. For each e�ec-

tive potential calculation, the input is a density matrix and the AO (or embedded

basis) Cholesky vectors and the output is J and K. For each call, we ensure that the

relevant Cholesky vectors and density matrix are present on the GPUs, we calculate

J and K, and transfer them back to the CPU.

Since the calculation of full K at once requires at least 2NauxN
2
ao memory (one

to store original AO basis ERI and one for the intermediate), it becomes taxing on

the available computer memory. Most modern software, including PySCF, perform

this calculation in blocks of size Nblk along P . We currently have kept the PySCF

default Nblk = 240 for this work. Initial investigations showed smaller blocks help

in load balancing, and examples of such explorations are presented in SI of 100.

Tuning based on the number of GPUs or dynamically changing Nblk could help to

ensure work is evenly distributed across GPUs. Dynamically changing the blocksize

would require some data reorganization across GPUs (leveraging GPU-GPU links),

but ensuring consistency with the rest of the PySCF code will be important.

The Cholesky vectors are often stored in triangular form of size NauxNao(Nao +

1)/2. After transferring a block of this lower-triangular matrix to the GPU, it must

be unpacked to the square-matrix form before proceeding. Eq. 3.7 generates an
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intermediate (vPik) of the same size as this block. Furthermore, in order to carry out

Eq. (3.8) e�ciently, the Cholesky vector factor must be transposed. Therefore, the

total peak memory usage for the build of {Kσ}ij is NauxN
2
ao/2+3NblkN

2
ao. We will

discuss data transfer optimizations later.

3.3.2 Calculation of ERIs in fragment CASSCF

The CASSCF orbital optimization requires explicit ERI (g
pK1

pK2
aK1

aK2
and g

pK1
aK1

pK2
aK2

)[99,

98] given by

bPeK2
pK1

= bPeK1
eK2

M
pK1
eK1

(3.9)

bPpK1
pK2

= bPeK2
pK1

M
pK2
eK2

(3.10)

g
pK1

aK1
pK2

aK2
= bPpK1

pK2
bPaK1

aK2
(3.11)

g
pK1

pK2
aK1

aK2
= bPpK1

aK1
bPpK2

aK2
(3.12)

Here,M is the matrix of MO coe�cients that transforms from AO basis to MO basis.

We refer to this kernel as AO2MO.

The complexity of the �rst two steps (Eq. 3.9 and Eq. 3.10) is O(NauxN
3
embf

)

and of the last two steps (Eq. 3.11 and Eq. 3.12) is O(NauxN
2
embf

N2
acf

). If the

�rst two steps are performed on the GPU and the next two on the CPU, we transfer

bPpK1
pK2

( of size O(NauxN
2
embf

)) back to the CPU. A GPU memory allocation of

2NblkN
2
embf

is required to perform the calculation.

If, instead, we perform Eq. 3.9, Eq. 3.10 and Eq. 3.11 on the GPU and Eq. 3.12

on the CPU, we pull g
pK1

aK1
pK2

aK2
and bPpK1

aK1
(N2

embf
N2
acf

+ NauxNembf
Nacf data)
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back and require a memory allocation of 2NblkN
2
embf

+N2
embf

N2
acf

on GPUs. Since

Naux ≫ N2
acf

and Nembf
≫ Nacf , this approach signi�cantly reduces data transfer

compared to the previous option, where only Eq. 3.9 and Eq. 3.10 were executed on

the GPU. Furthermore, given that the JK call already requires 3NblkN
2
ao memory

and Nao ≫ Nembf
and Nblk = 240 > N2

acf
for most practical cases, this strategy

does not impose any additional memory overhead beyond what is required for the

JK call.

Finally, performing all 4 steps on a GPU would transfer 2 × N2
embf

N2
acf

data

back to CPU and require a minimum GPU memory allocation of 2NblkN
2
embf

+

2N2
acf

N2
embf

. In most practical cases, the data transferred is smaller than in the

previous approach, as Nembf
Nacf < Naux. Currently, we execute the �rst three

steps on the GPU and the �nal step on the CPU because Eq. 3.12 is not relatively

expensive. This approach makes CASSCF ERIs no longer a bottleneck of LASSCF,

although further optimizations may be explored in the future.

The mrh research code[101], which implements LASSCF, builds upon the PySCF[88]

code. No modi�cation or special version of PySCF is required and users of mrh can

simply import the relevant PySCF modules and objects needed for LASSCF calcula-

tions. Within the LASSCF algorithm, low level functionalities, such as JK calls, are

transparently accessed from PySCF. In designing the framework for GPU-accelerated

LASSCF calculations, there was a strong emphasis on maintaining a similar level of

transparency with PySCF to reduce the installation burden on users while enabling

them to fully leverage GPU accelerators. Additionally, there was a strong emphasis

on enabling performance-portable calculations, allowing users to take full advantage
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of GPU accelerators from various vendors, including AMD, Intel, and NVIDIA. This

approach aims to support a broader user community. From a software development

perspective, the goal was to minimize code duplication while maintaining �exibility

in optimizing the mapping of LASSCF and mrh to GPUs. This was achieved, in part,

by relying on vendor-optimized matrix-multiply routines to ensure good performance.

The majority of the GPU-related code is self-contained in a stand-alone C/C++

library libgpu. Python bindings for the C++ functions are created using the header-

only pybind11[102] library, facilitating data exchange between the two programming

models. This lightweight Python/C++ interface helps keep the mrh code organized,

as it is only utilized during GPU-enabled runs. The core development of multicon-

�gurational algorithms in the Python mrh code continues uninterrupted, while the

algorithms can be patched to leverage accelerated core functionalities for speedup.

A key bene�t of this development approach is that other algorithms can also take

advantage of the same core functionalities for acceleration, without additional devel-

opment e�ort.

Adding new GPU-accelerated functionality is straightforward, and as demon-

strated below, the overall application speedup is already promising across several

multi-metallic systems on NVIDIA and Intel GPUs. We prioritized which functional-

ities to accelerate using pro�ling tools, and NVIDIA's pro�ling tools such as NVIDIA

Nsight Systems[103] on Polaris and Intel's pro�ling tools such as VTune and Advi-

sor with pro�lers such as THAPI and iprof to ensure multiple GPUs were utilized

e�ectively. These decisions enabled the development of mini-apps for quicker and in-

dependent prototyping and optimization of GPU-accelerated kernels. The trade-o�
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Figure 3.3: General code structure for o�oading computational hotspots.

of focusing only on key, separate computational tasks is potentially additional data

transfers to ensure the remaining CPU code runs correctly.

3.3.3 Python layer

The LASSCF algorithm leverages several functionalities provided by PySCF. For

example, the CASSCF task is solved directly by PySCF drivers, and all e�ective

potential calculations of LASSCF are performed with PySCF's JK engine.

An example �le of how to run LASSCF is provided in Fig. 3.4. First, we in-

stantiate PySCF's mol object with the geometry, charge and basis set information

and perform a ROHF with density �tting. The LASSCF object las then uses the
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Figure 3.4: A sample code to run a LASSCF calculation with a geom.xyz geometry
�le, two fragments of active spaces with (ne1,ne2) electrons, (no1,no2) orbitals,
localized on (atom_list1,atom_list2) atom numbers. LASSCF is started with an
initial guess orbitals lo.

PySCF's mean �eld object (mf) along with, for this example, two fragments de�ned

with no1,no2 orbitals and ne1,ne2 electrons localized on atom_list1, atom_list2,

respectively. The orbitals are localized on each fragment, and used to perform the

LASSCF calculation.

To avoid modifying the PySCF library, we monkey-patched the JK operation

(eq. 3.5-3.8) and AO2MO functionalities (eq. 3.9 - 3.12) using decorators on exist-

ing PySCF functions, redirecting these calls to our GPU accelerated versions. This is

identical to how gpu4pyscf[104, 105] modi�es code executed at runtime. Addition-

ally, we patched the mol object in PySCF to include a use_gpu �ag, which readily

enables branching for GPU usage without cluttering code too much. To minimize

changes on the Python side of mrh, we used this �ag to create if-else branches that

direct the code to utilize the GPU-accelerated functionalities where applicable.
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A sample code for running a GPU-accelerated calculation is provided in �g. 3.5.

We import the libgpu library (subsection 3.3.4) to access GPU functionalities and

call patch_pyscf that performs the monkey-patching described above. We initialize

the GPU device(s) and pass the use_gpu �ag in the SCF and LASSCF methods to

enable the GPU-accelerated branches. Finally, after retrieving the relevant statistics

for GPU usage, we free all allocated memory and release the GPUs. Overall, run-

ning a GPU-accelerated calculation is relatively straightforward requiring minimal

changes to the Python script.

3.3.4 C++ layer

The C++ layer is written with portability in mind such that developers (and users)

can take advantage of various accelerators without rewriting algorithms. The GPU

accelerated C/C++ library libgpu is bound to python and exchanges data through

pybind11, avoiding deep copies and instead using pointers to data when possible.

The library has a concise programming model layer that is responsible for data man-

agement and streams/queues for scheduling work on the GPUs. The underlying

programming model can be switched out to CUDA, SYCL, or HIP depending on the

GPU accelerator. Similarly, math library abstractions for routine matrix multiplica-

tions (GEMM and Batched GEMM) are used. Other mathematical operations like

transposes and packing/unpacking data were developed as hand-written kernels using

CUDA as much of the initial development leveraged NVIDIA GPUs. These hand-

written CUDA kernels are then translated with SYCLomatic[106] and HIPify[107]

to generate the corresponding SYCL and HIP versions respectively. Only minor
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Figure 3.5: A sample code to run a GPU-accelerated LASSCF calculation. The
LASSCF setup is similar as previous example, with libgpu imported for instructing
code to use GPU-accelerated library, gpu4mrh being used to patch pyscf function-
alities. use_gpu is tagged to LASSCF method that ensures all GPU accelerated
branches are used.
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modi�cations to the translated code are made to resolve compilation issues and for

the purpose of this paper they have not been optimized further. The high-level al-

gorithms implemented in libgpu, such as JK, leverage the interfaces (programming

model and math) such that they only need to be written once, and automatically

run on any supported GPU once the needed kernels have been translated. The goal

with developing the software in this manner was not to recreate a robust abstraction

framework like Kokkos[108, 109, 110], but remain agile while understanding how best

to leverage GPUs in LASSCF calculations and keeping additional dependencies to a

minimum. It is straightforward to add support for and explore external optimized li-

braries for select tasks, such as MAGMA[111] and cuTENSOR[112], without needing

to edit the quantum chemistry algorithms. There is also a CPU backend available,

but that is only used to aid in the initial development of new algorithms. The per-

formance of the CUDA version on NVIDIA A100 GPUs and the SYCL version on

Intel Max Series GPUs is discussed in section 4.2.

3.3.5 Algorithms for Performance

The JK and AO2MO functions are fundamental operations that are called thousands

and hundreds of times, respectively, within a single LASSCF calculation. Because

the implementation is not fully GPU-resident, the GPU portions of the calculation

are interleaved with CPU operations. These functions require the same Cholesky

vectors as input, and naively transferring them to the GPU every call would be

extremely ine�cient, as the data transfer time would negate any performance gains.

While on-the-�y integral generation techniques on the GPU are available, we opted
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to store all Cholesky vectors blockwise on the GPUs and use an e�cient hashing

scheme to access vector blocks. This hashing technique utilizes all GPUs on a node

without relying on MPI.

To fully utilize all GPUs, we must ensure that kernels are launched asynchronously

on GPUs, and any barriers are removed. Operations involving GPU memory or in-

teractions with CPU pageable memory would typically require the CPU to wait until

the operation completes before starting new tasks, such as scheduling additional work

on the GPUs. To minimize this delay, new allocations are kept to a minimum, and

existing allocations are reused whenever possible. Intermediate results from di�erent

kernels executed on GPUs are stored in a common scratch space. Data transfer is

performed using pinned memory as necessary to optimize performance.

The calculations were performed on two of Argonne's Leadership Computing

Facility (ALCF) supercomputers: Polaris and Aurora. Polaris compute nodes have 1

AMD �Milan" 32-core CPU and 4 NVIDIA A100 40GB GPUs. All A100s are linked

to each other with NVLink. Aurora compute nodes have 2 Intel Xeon Max Series

52-core CPUs and 6 Intel Data Center Max Series GPUs code-named "Ponte Vecchio

(PVC)". All PVCs are linked to each other with Xe link. Each Intel GPU in Aurora

consists of two physical stacks that can be separately targeted to run independent

work. All Aurora runs reported here distributed work across individual stacks (i.e.

12 separate queues of overlapping work when running on 6 GPUs). CPU runs are

performed on Polaris with a single CPU using 32 threads. Polaris' GPU runs are

performed with a single CPU using 32 threads and up to 4 A100 GPUs. Aurora runs

are performed using a single CPU with 32 threads only, with up to 6 PVC GPUs. We
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refer readers to the technical paper on Polaris supercomputer for speci�c details on

the technical paper[113]. Technical paper for Aurora is currently under preparation.

Brie�y, the Polaris node Milan CPU's peak performance is 1.4 Tera �oating point

operations (TFLOPs), and each A100 has peak performance of 19.5 TFLOPs.

3.3.6 Systems under study

We used polyacetylenes of form (C2H2)nH2, where n is the number of monomers, for

basic pro�ling, testing accuracy, understanding e�ects of performance with varying

system parameters and limits of LASSCF calculations within given resources. This

system can however be misleading and be an unreasonable approximation for the

workload of a chemically meaningful system. This can lead make priorities skewed

for acceleration when the goal is to accelerate LASSCF for meaningful systems.

Three multi-metallic systems were considered to assess the performance of the GPU-

accelerated LASSCF implementation. As a stress test of the algorithm, we were

able to perform at least one LASSCF iteration for a (96e,96o) calculation for a 48

fragment polyacetylene with a GPU accelerated run within an hour.

The �rst system under consideration is an iron-sulfur (Fe4S4) cluster (Fig 3.6(a)).

We refer to this as system A in the remainder of the manuscript. Conventionally, the

iron sulfur tetramer is thought of as two iron sulfur dimers with Fe+2.5 interacting

antiferromagentically to form a singlet ground state, we designate two Fe centers as

Fe+2 and the other two as Fe+3. The local active spaces for Fe+3 and Fe+2 are

(5e,10o) and (6e,10o) respectively, which include the 5 and 6 3d electrons and all the

3d and 4d orbitals of each Fe center. This results in a total active space of (22e,40o),
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(a) System A (b) System B

(c) System C (d) System D

Figure 3.6: Systems under study. (a) Fe4S4 cluster: System A, (b) Fe2Ni trimetallic
MOF node: System B, (c) Homobimetallic nickel hydride catalyst: System C, and
(d) AlFe2 trimetallic oxo complex: System D. Color: Atom - Yellow: Fe, Purple: Ni,
Lime Green: Al, Olive Green: S, Pink: C, Red: O, Blue: H.
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which is a typical size for systems with multiple metal atoms, such as the MoFe

cofactor[84, 83] and Photosystem II [114]. The Fe and S atoms are described using a

cc-pVTZ basis set, while for C and H, a cc-pVDZ basis is used. This gives the total

number of orbitals as 660 and the total number of auxiliary orbitals as 4236.

Next, we performed LASSCF on the model of a node of the MIL-127 metal-

organic framework (MOF) (system B) used in propylene oligomerization[115]. The

structure (Fig. 3.6(b)) consists of one Ni+2 and two Fe+3 centers, bridged by six

benzoate linkers and one H2Omolecule. The active spaces of Ni+2 and Fe+3, (8e,10o)

and (5e,10o) respectively, include the 3d electrons and 3d and 4d orbitals, resulting

in a total active space of (18e,30o). The basis set used for Ni, Fe and central O is

cc-pVTZ[116] and cc-pVDZ[116] is used for the rest of the atoms. The total number

of orbitals in this system is 1164 and the total number of auxiliary orbitals is 8905.

The third test system is a homobimetallic nickel hydride catalyst (system C)

shown in Fig. 3.6 (c). The system has two Ni+2 centers, corresponding to an active

space of (8e,10o) on each atom which includes all 3d electrons and orbitals and

4d orbitals. This compound can be immobilized on silica support to be used for

hydrogenation of unsaturated hydrocarbons.[117] The Ni atoms were modeled with

the def2-TZVP basis while all other atoms with the def2-SVP basis. This gives 1378

orbitals in total and the total number of auxiliary orbitals is 10296.

The rationale for selecting these systems is to explore cases with di�erent number

of fragments, active space and basis set sizes. From A to C the number of fragments

and total active space size decreases, while the number of basis functions increases.

Strictly speaking, performance from A to C is not directly comparable as the total
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active space, number of fragments, number of basis functions and complexity of

each part (number of iterations in each SCF cycle of CASSCF and recombination)

changes, making it di�cult to predict the time-to-solution going from A to B to C.

After those heuristics, we present the results denoting the end-to-end time to

converge a LASSCF calculation for A and B with the same initial guess both with

CPU-only and GPU-accelerated implementations. The results presented below focus

exclusively on performance pro�ling and the di�erences between GPU and CPU

implementations. We computed total electronic energies for �xed geometries; these

calculations do not explore any chemical properties of the systems. Their sole purpose

is to demonstrate the feasibility of such computations.

While end-to-end time of a converged LASSCF calculation provides a way to

evaluate an implementation's practical usefulness, it may be di�cult to perform a

detailed analysis of the performance of the accelerated implementation using this

data for two reasons. First, the overall optimization may require di�erent number

of LASSCF cycles with the same input due to di�erent convergence paths, including

overcoming local minima, leading to di�erent workloads (see SI �g. S1-S6). Second,

the workload for various parts of a single LASSCF cycle, like CASSCF or recombina-

tion steps can vary substantially cycle to cycle (see SI �g S1-S6). For these reasons,

we also present more robust tests of CPU-only and GPU-accelerated LASSCF itera-

tions where two parameters, namely, maximum number of recombination cycles and

total number of LASSCF cycles are arbitrarily �xed at 10 to give similar workloads

for all runs for a given system.

We also performed a CASSCF calculation (not LASSCF) on a Al-Fe oxide cluster
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(system D), as shown in Fig. 3.6. The rational for these calculations is that the

e�ective potentials and CASSCF ERIs dominate the computational cost in fragment-

based calculations. Therefore, accelerating these functionalities should also result in

performant CASSCF calculations. We used an (11e,10o) active space, including all

3d orbitals and electrons for the two Fe centers. Hydrogen and carbon atoms were

modeled with the cc-pVDZ[116] basis set, while oxygen, aluminum, and iron were

modeled with the cc-pVTZ[116] basis set, resulting in a total of 674 atomic basis

functions and a total of 3998 auxiliary basis functions.

Finally, for completeness, we demonstrate how varying the number of GPUs im-

pacts the performance of LASSCF (system A) and CASSCF (system D). Analyzing

the calculation pro�les helps further identify potential serialization and its e�ect on

performance.

The atomic coordinates of the systems, input �les, output �les, and a sample

analyzing script for all calculations can be found in ref. 118.

3.3.7 LASSCF scaling heuristics with polyacytelene systems

The plots for all runs are presented in SI Sec. of Ref. [100]. As we increase the

basis set from 6-31g to cc-pVDZ to cc-pVTZ while maintaining the same number

of fragments and the total active space size where a total of ((24,24) active space

is partitioned into 12 fragments of (2,2), the processing cost escalates most rapidly.

This is because it predominantly comprises almost entirely of JK calls that scale

with system size. Recombination costs go up with the system size, but contain other

computations as well, making the scaling not so dramatic. Finally, CASSCF costs
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also increase, but tend to do so slowly since the embedding size does not increase

linearly with system size. Consequently, we also see an increase in the acceleration

as JK calls are highly accelerated.

Changing fragment active space sizes while keeping the total active space con-

stant, i.e., a (24,24) active space being split into 2 spaces of (12,12), 3 spaces of

(8,8), 4 spaces of (6,6), 6 spaces of (4,4) and 12 spaces of (2,2) increased the cost of

CASSCF processing linearly with the number of fragments. CASSCF costs decrease

due to decrease in FCI costs and possible simpli�cation of fragment leading to a

lower number of CASSCF iterations being performed. Recombination costs should

remain about the same.

Finally, while varying the total active space as 2 spaces of (4,4), 2 spaces of (6,6),

2 spaces of (8,8) and 2 spaces of (12,12), we expect the cost of LASSCF to grow due

to increase in FCI costs. However, the FCI problems are still very small compared

to other parts of the algorithm. Therefore, no clear heuristics can be derived for this

system.

3.3.8 Performance of LASSCF and CASSCF for multi-metallic

systems

The performance of LASSCF and CASSCF till convergence is presented in Fig. 3.7.

The �gure presents a CPU-only run on a Polaris node, a GPU-accelerated run with

Polaris (4 A100 GPUs) and with Aurora (4 PVC GPUs). Only 4 of the 6 GPUs on

an Aurora node were used in these plots in an attempt to make an apples-to-apples

comparison. The results are further discussed in the �rst two and third rows of table
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(a) System A LASSCF performance with Polaris and Aurora Nodes.

(b) System B LASSCF performance with Polaris and Aurora Nodes.

(c) System D CASSCF performance with Polaris and Aurora Nodes.

Figure 3.7: Calculation pro�les for: (a) LASSCF on system A with (22e,40o) active
space,(b) LASSCF on system B with (18e,30o) active space, (c) CASSCF on system
D with (11e,10o) active space, with Polaris and Aurora nodes. Resources used:
Polaris: Milan CPU 32 Threads + 4 A100 GPUs; Aurora: Max Series CPU 32
Threads + 6 PVC GPUs with 2 queues per GPU.
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3.1 for LASSCF and CASSCF respectively. We present the wall time for all runs,

their speedups, and GPU active time, which shows how heavily GPUs are being

used. Finally, we discuss the speedup of individual parts of LASSCF in table 3.2 in

the �rst two columns.

LASSCF to Convergence: System A LASSCF is accelerated by about 7x for

both architectures, and B LASSCF is accelerated by about 13x for both architec-

tures. Going from A to B, the workload on recombination and CASSCF processing

increases signi�cantly due to increase in the Nao, resulting in JK operations with

substantially more work and ultimately leading to a higher speedups. Fragment

CASSCFs, on the other hand, are similarly accelerated because the individual frag-

ments are similar in embedding size and have similar active spaces.

CASSCF to convergence: For systemD, pro�ling CASSCF in manner similar

to Fig. 3.2 showed that the e�ective potentials take about 77% of the wall time, and

ERIs take about 22% of the wall time (Fig. 3.7(c)), the functionalities that we

accelerated for LASSCF. Other parts of the calculation, including the exact FCI

solver (not visible as a small green bar) are relatively very small for this system. The

GPU-runs are accelerated by 15-20x. Since over 98% of the CASSCF runtime was

from kernels that were accelerated, we see a very high relative speedup. This speedup

is signi�cantly higher compared to fragment CASSCFs ran within LASSCF since each

cycle performs multiple CASSCFs of varying sizes and complexity, and as the number

of LASSCF cycles goes on, fragment CASSCFs tend to converge very quickly in 3-4

iterations, leading to a much lower workload and hence lower speedups. Additionally,

the embedding space size is signi�cantly smaller in LASSCF's CASSCFs, leading to
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smaller workloads. For a smaller CASSCF problem, we have presented absolute

performance metrics in SI of Ref. 100.

Controlled Workload LASSCF: For a more controlled workload comparison,

each LASSCF run forA, B andC were executed with identical parameters: LASSCF

maximum cycles were �xed to 10, CASSCF maximum cycles were �xed at 50, and

recombination maximum cycles were �xed at 10. CASSCF or recombination may

converge earlier than the maximum cycles but this setup limits unreasonably large

number of iterations in one phase of the calculation, which may happen due to a

variety of reasons such as local minimas or moving out of convergence basin altogether

for a speci�c iteration. The results are presented in Fig. 3.8 and further discussed

in the last three rows of table 3.1 and last three columns of table 3.2.

For system A (�g. 3.8(a)) and B (�g. 3.8(b)), the processing has the same

speedup as running till convergence because the number of calls is the same for both

CPU and GPU runs. We believe that the recombination speedup from unit runs are

much closer to actual performance because the workload can vary substantially in

production runs due to numerical convergence of the SCF algorithms.

From A to C, the processing step gets more accelerated due to it being mostly

a JK call that gets accelerated with increased workload. The recombination step

performance increases from A to B, and decreases from B to C. From A to B, it's

simply an increased workload leading to higher speedup. However, for C, the calcu-

lations have highly variable workloads among runs. For the speci�c run presented,

the CPU run perform 37 total SCF cycles during the recombination step over 10

LASSCF cycles, compared to 51 of Polaris and 55 of Aurora run. Rerunning the
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(a) System A LASSCF performance with Polaris and Aurora Nodes.

(b) System B LASSCF performance with Polaris and Aurora Nodes.

(c) System C LASSCF performance with Polaris and Aurora Nodes.

Figure 3.8: Calculation pro�les for: (a) LASSCF on system A with (22e,40o) active
space,(b) LASSCF on system B with (18e,30o) active space, (c) LASSCF on system
C with (11e,10o) active space, with Polaris and Aurora nodes for controlled work-
loads. Resources used: Polaris: Milan CPU 32 Threads + 4 A100 GPUs; Aurora:
Max Series CPU 32 Threads + 6 PVC GPUs with 2 queues per GPU.
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same calculations may change the number of cycles signi�cantly. Comparing per

recombination SCF cycle speedups in system C, we get an approximate speedup of

8x, much closer to B. For fragment CASSCFs, we take all of them to have about

the same speedups because the embedding space size and active space size is similar

for all systems. The di�erence in cost comes from two areas. First, the number of

CASSCF steps can di�er signi�cantly in the runs with same input based on con-

vergence patterns, and second, often the CASSCF can converge quickly, sometimes

in one or two cycles, within a LASSCF cycle, leading to insu�cient workloads for

performance to be apparent.

We note that a higher speedup is generally characterized by higher amount of

time spent utilizing the GPUs, which is expected for larger workloads and when

the CPU-GPU data transfers are minimized. The overall GPU usage is still low

with considerable work still being done on the CPU, but we are achieving 7-10x

speedups for LASSCF with 25% active time, and about 20x speedup for CASSCF

with 50% active time. Individual bottleneck acceleration and overall acceleration

does not exactly match the peak e�ciency of processing power provided because of

several reasons that include modest GPU utilization, CPU-only kernels, single-GPU

kernels, communications overheads with GPU, and serialization and load imbalance

with multi-GPU kernels. E�ort is underway to further improve performance by

moving more of the computation to GPUs and make existing computations more

e�cient.
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CPU Only GPU Wall Run Time (s) GPU Time (s)

Method System Wall Time (s) Polaris Aurora Polaris Aurora

LASSCF convergence
A 11938 1644 (7.3x) 1927 (6.2x) 445 (26%) 736 (38%)

B 63993 5045 (12.6x) 5044 (12.6x) 1994(39%) 2057 (40.7%)

CASSCF D 4931 230 (21.4x) 332 (14.9x) 146 (63%) 195 (59%)

LASSCF unit
A 3307 488 (6.8x) 564 (5.9x) 131 (27%) 204 (36%)

B 22260 1842 (12.1x) 1833 (12.1x) 747 (40%) 753 (41%)

C 23105 2895 (8x) 2214 (10.5x) 1217 (42%) 998 (45%)

Table 3.1: Performance of LASSCF and CASSCF on Polaris and Aurora nodes. Speedup shown in GPU Run Wall Time column in
parenthesis. % active time for GPU is shown in GPU Time Column.
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3.3.9 Performance scaling with multiple GPUs for LASSCF

For scaling tests, the Polaris runs are performed on 1 CPU with 32 cores and varying

the number of GPUs as 1, 2 and 4. The Aurora runs are performed on 1 CPU with

32 cores and number of GPUs are varied as 1, 2, 4 and 6. We perform the same

CASSCF run on system D as in (�g. 3.7(c)) subsection and the same LASSCF run

on system A (�g. 3.8(a)). For each run, we plot the time for each phase of the

calculation in Fig. 3.9 and the relevant statistics are presented in Table 3.3.

LASSCF and CASSCF scaling (Fig. 3.9), in the case of the Polaris node, perfor-

mance increases visibly when going from 1 GPU to 4 GPU; however, the scaling is

not ideal. For the Aurora node, end-to-end time decreases from 1 GPU to 2 GPUs,

remains constant with 4 GPUs, and then increases again on 6 GPUs. The accumula-

tion of results from multiple GPUs to CPU is serialized in this implementation and

is one of the main reasons for the slowdown on 6 Aurora GPUs (i.e. 12 separate

SYCL queues). This e�ect is compounded by load imbalance, where an unevenly

distributed workload, such as 1 GPU getting three blocks of work and the rest get-

ting two blocks would still cost three blocks' worth of time. A similar e�ect is seen in

CASSCF runs but the penalty is more pronounced since the GPU accelerated kernels

have started to account for the majority of run time. Removing these de�ciencies is

a work currently in progress to improve the code.
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(a) LASSCF runs on system A with varying number of NVIDIA and Intel GPUs

(b) CASSCF runs on system D with varying number of NVIDIA and Intel GPUs

Figure 3.9: Scaling of (a) LASSCF and (b) CASSCF with varying GPUs. Resources
used: Polaris: Milan CPU 32 Threads + 1/2/4 A100 GPUs; Aurora: Max Series
CPU 32 Threads + 1/2/4/6 PVC GPUs with 2 queues per GPU.
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Convergence Units
LASSCF part Node A B A B C

Processing
Polaris 7.5 11.2 6.7 11.6 14.2
Aurora 6.6 12.7 5.9 14.0 16.1

CASSCF
Polaris 11.8 13.0 10.2 16.0 7.0
Aurora 10.6 9.5 8.2 13.7 8.5

Recombination
Polaris 5.4 12.8 4.9 9.6 5.8
Aurora 4.8 12.8 4.4 10.4 5.6

Table 3.2: Speedup of individual parts of LASSCF to convergence and unit tests
with Polaris and Aurora Nodes.
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Method nGPU
Wall Time (s) GPU Time (s)

(Active time %)
Polaris Aurora Polaris Aurora

CASSCF on D

1 466 461
374 320

(80%) (69%)

2 301 328
209 195

(69%) (59%)

4 230 332
146 195

(63%) (59%)

6 � 363
� 234

(64%)

LASSCF on A

1 685 722
323 363

(47%) (50%)

2 549 592
184 229

(33%) (39%)

4 488 565
131 204

(26%) (36%)

6 � 587 �
228

(39%)

Table 3.3: Scaling performance of LASSCF and CASSCF with multiple GPUs
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3.4 Identi�cation of bottlenecks for LASSIS

The goal of LASSIS is to approximate a large active-space CASCI wave function

by partitioning the active orbitals into localized fragments. A LASSIS calculation

proceeds in three stages.

1. Optimization of the CI vectors for each fragment statelet (�LASSIS state prepa-

ration�) based on the heuristics discussed in Sec. 2.3;

2. Construction of the model-space Hamiltonian matrix, either as a dense matrix

or as a callable matrix-vector product function (�Hamiltonian con- struction�);

and

3. Diagonalization of the Hamiltonian, either via direct non-iterative diagonaliza-

tion or using a Davidson iteration algorithm to obtain the SI vector for each

target state.

Depending on the fragmentation scheme, the computational bottleneck arises from

di�erent stages of the calculation. For a small number of large fragments, the dom-

inant cost is associated with state preparation and Hamiltonian construction (steps

1 and 2), whereas for many small fragments the dominant cost shifts to Hamiltonian

diagonalization (step 3). The former scales primarily with the size of the fragment

active spaces, while the latter scales with the dimension of the LASSIS model space,

which grows rapidly with the number of fragments. To test the cost of the method,

we use a toy example below where the ground state for a 12-mer of acetylene is

calculated. All π and π∗ orbitals are taken in the active space, making the total
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active space equal to (24e, 24o). We split this into several options: 2 spaces of (12e,

12o) each, 3 spaces of (8e, 8o) each, 4 spaces of (6e, 6o) each and 6 spaces of (4e,

4o) each. The active spaces are localized on the relevant monomers, i.e., 6 units, 4

units, 3 units, and 2 units for the 2, 3, 4, and 6 fragment cases, respectively.

We present the end-to-end cost of converged calculations in Fig. 3.10. The cost

of state preparation is dominant when we solve a problem with a few large fragment

active spaces ((12e, 12o) x 2 fragments). The diagonalization step, on the other

hand, grows more expensive as the number of fragments increases. In this example,

we perform Davidson diagonalization and only obtain the ground state. The numbers

of states in the model space for this molecule under the various fragmentation schemes

are presented in Table 3.4.

System Total Model States
(12e, 12o) x 2 305
(8e, 8o) x 3 3293
(6e, 6o) x 4 43162
(4e, 4o) x 6 5378777

Table 3.4: Problem size metrics for di�erent LASSIS calculations with polyene ex-
amples.

The state preparation and Hamiltonian diagonalization steps of the algorithm

both consist of iterative algorithms. (The Hamiltonian construction, by contrast, is

a one-shot process that includes accumulating all TDMs and building the Hamilto-

nian.) Fig. 3.11 shows the approximate time cost per iteration of the calculations

reported in Fig. 3.10. Interpreting this data requires some nuance. First, the num-

ber of iterative sub-problems to be solved in the state preparation step grows with

the number of model states and hence with the number of fragments. These various
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Figure 3.10: Cumulative cost of various parts of the LASSIS algorithm run on a CPU
on Polaris, described in the Computational Resources Section. Note that the y-axis
is logarithmic, so di�erences are much larger than perceived.
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Figure 3.11: Approximate average cost per iteration during various parts of the LAS-
SIS algorithm run on a CPU with Polaris resources, described in the Computational
Resources Section.
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sub-problems have di�erent sizes and converge at di�erent rates, and this level of

detail is challenging to represent faithfully in a reasonably sized �gure. Second, the

cost of the optimization of product-state CI may depend on the quality of the initial

guess and ease of convergence. Both of these factors combined may lead to total

costs that may not conform to heuristics.

In Fig. 3.11, we present a rough average of time per iteration evaluated as the

total time in the model space preparation phase divided by the total number of

iterations for preparation of charge-transfer fragment statelets, lumping overheads

with the cost. By comparing Figs. 3.10 and 3.11, we can conclude that the controlling

aspect of the computational cost in both the few-fragment and many-fragment limits

is the per-cycle cost of the individual steps within the iterative loop, rather than

increasing di�culty of convergence of the iterative algorithm. We therefore direct

our attention to optimizing the implementation of these individual iterative steps.

3.5 Acceleration of bottlenecks

For model states j and i represented as

|j⟩ = |...klmno...⟩ (3.13)

|i⟩ =
∣∣...k̄l̄m̄n̄ō...〉 (3.14)
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where k, l,m, n, o and k̄, l̄, m̄, n̄, ō are ket and bra states of fragments K,L,M,N,O,

respectively, the model-space Hamiltonian matrix element is

⟨i| Ĥ |j⟩ =
∑
K

H k̄
k

∏
L

S l̄l

+
∑
K,L

H k̄l̄
kl

∏
M

Sm̄m

+
∑

K,L,M

H k̄l̄m̄
klm

∏
N

Sn̄n

+
∑

K,L,M,N

H k̄l̄m̄n̄
klmn

∏
O

Sōo

(3.15)

where Sk̄k is an overlap matrix ⟨k̄|k⟩, and it must be understood that all fragment

indices within a single term are unique (K ̸= L ̸= · · · ). This can be understood as

the �operator part� (quantities labeled H) multiplied by the �overlap part� (product

of overlap matrices, S). The �operator part� intermediates, in turn, are obtained by

contracting one- and two-electron integrals with transition density matrices (TDMs):

H k̄
k = hpT

kk̄
p (3.16)

H k̄l̄
kl = hpqT

kk̄
p T ll̄

q (3.17)

H k̄l̄m̄
klm = hpqrT

kk̄
p T ll̄

q T
mm̄
r (3.18)

H k̄l̄m̄n̄
klmn = hpqrsT

kk̄
p T ll̄

q T
mm̄
r Tnn̄

s (3.19)

where T represents TDMs; hp, hpq, etc. represent various one- and two-electron

integrals; and the indices p, q, r, s refer to one or more molecular orbital (MO) indices
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represented collectively.

When diagonalizing non-iteratively, all possible matrix elements ⟨i|Ĥ|j⟩ are �rst

computed and stored in a dense array, which is passed to LAPACK diagonalization

functions. On the other hand, when diagonalizing iteratively, the Hamiltonian-vector

product is implemented as a function:

r⃗I = Ĥ |j⟩CjI (3.20)

where r⃗I is a response vector. For any one term in Eqs. (3.16)�(3.19), at most 4

fragments are relevant. Therefore, the compound index j is, in practice, reorganized

as up to �ve indices z, k, l,m, n, where z is the combined state index for all the �spec-

tator� fragments [labeled L,M,N,O, respectively, in the four terms of Eq. (3.15)].

Thus, the contribution to the response vector from the (for instance) 2-fragment

interaction is written as

⟨i|r⃗I⟩ ← H k̄l̄
kl

 ∏
M∈Z

Sm̄m

CzklI (3.21)

Note that neither the SI vector (C) nor the response vector (r⃗) can be stored in

memory as a single contiguous rectangular array because, for instance, states with

di�erent total numbers of electrons are excluded. We return to the implications of

this in a later section.
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3.5.1 Calculation of Transition Density Matrices

For the calculations in Sec. 3.4 which are dominated by the �LASSIS state prepara-

tion� and �Hamiltonian construction� steps, the computational hotspot is the prepa-

ration of TDMs. This is because, in the �LASSIS state preparation� step, the most

costly type of fragment statelet to optimize is the charge-transfer type, which as Ref.

61 described is obtained by a self-consistent loop over minor LASSI sub-problems in

which matrices with elements like Eq. (3.15) are repeatedly built and diagonalized.

Because two statelets belonging to the same fragment may di�er in number of

electrons, spin, or both, LASSIS requires a variety of standard and non-standard

TDMs:

T kk̄
r, =

〈
k̄
∣∣ ĉ†r |k⟩ (3.22)

T kk̄
pr,q =

〈
k̄
∣∣ ĉ†r ĉ†pĉq |k⟩ (3.23)

T kk̄
β,α =

〈
k̄
∣∣ ĉ†β ĉα |k⟩ (3.24)

T kk̄
α,β =

〈
k̄
∣∣ ĉ†αĉβ |k⟩ (3.25)

T kk̄
pq, =

〈
k̄
∣∣ ĉ†pĉ†q |k⟩ (3.26)

T kk̄
,pq =

〈
k̄
∣∣ ĉq ĉp |k⟩ (3.27)

T kk̄
p,q =

〈
k̄
∣∣ ĉ†pĉq |k⟩ (3.28)

T kk̄
pq,rs =

〈
k̄
∣∣ ĉ†pĉ†q ĉsĉr |k⟩ (3.29)

together with their complex conjugates. Here, ĉ†p (ĉp) creates (annihilates) an elec-

tron in orbital p, α and β denote spin-up and spin-down spin orbitals, and p, q, r, s
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represent general spin-orbital indices.

PySCF o�ers calculation of one-particle [Eq. (3.28)] and two-particle [Eq. (3.29)]

TDMs. For such calculations, we need the CI vectors of both bra and ket, and the

link index. A link index is a 3D array of size [ndet, nlink, 4]. This contains, for

all possible determinants (ndet), for all possible single excitations (nlink), and the

corresponding excitation de�nition, �nal address, and sign (i, a, str, sgn). Note that

this is a much smaller quantity in size compared to a CI vector.

For calculations of other TDMs [Eqs. (3.22)�(3.27)], we can reuse the same code

with some spoo�ng. Since the CI vectors on bra and ket sides would be imbalanced

due to electrons leaving or entering, we pad these CI vectors with empty or occupied

orbitals so that the bra and ket states exist in the same enlarged Hilbert space. For

example, Eq. (3.22) can be represented as

〈
k̄
∣∣ ĉ†r |k⟩ → 〈

k̄(x)
∣∣∣ ĉ†r ĉx ∣∣∣k(x)〉 , (3.30)

where the �dummy� orbital x is always occupied in
∣∣∣k(x)〉 and always empty in

∣∣∣k̄(x)〉.
In the format in which CI vectors are stored in PySCF, this is essentially a matter

of padding the CI vectors of |k⟩ and
∣∣k̄〉 with zeros in the appropriate rows and

columns. The TDMs thus calculated on the right-hand side of Eq. (3.30) likewise

contain many zeros. For each con�guration of dummy orbitals in evaluating the

various non-standard density matrices in Eqs. (3.22)�(3.27), a separate link index

intermediate must also be constructed.
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The standard TDMs [i.e., Eqs. (3.28) and (3.29)] are calculated as follows:

⟨k̄|ĉ†pĉq|k⟩ =⟨k̄|ξ
(1)
pq ⟩ (3.31)

⟨k̄|ĉ†pĉ†r ĉsĉq|k⟩ =⟨ξ
(2)
pq |ξ

(2)
rs ⟩

− 1

2
(⟨k̄|ĉ†pĉs|k⟩+ ⟨k̄|ĉ†q ĉr|k⟩) (3.32)

with vector intermediates

∣∣∣ξ(1)pq

〉
=ĉ
†
pĉq |k⟩ (3.33)∣∣∣ξ(2)pq

〉
=
〈
k̄
∣∣ ĉ†pĉq (3.34)

which are arrays with indices α, β ranging over spin-up and spin-down determinants

as well as p, q orbital indices. The full size of the intermediate is NαNβN
2
acf

. This

can be made manageable with chunks over α and β determinants.

In the CPU version of the code, each CPU thread does the whole process [i.e., Eqs.

(3.33), (3.34), and (3.22)�(3.29)]. Each thread allocates two bu�ers of size bmaxN
2
acf

,

where bmax is some predetermined maximum value set by the PySCF authors. This

iterates over all α determinants in single increments, and all β determinants in block

increments. In our previous work,[100] we allocated bu�ers of sizeNblkN
2
ao. We block

over alpha determinants based on the largest integer smaller than NblkN
2
ao/NβN

2
acf

.

For Eqs. (3.28) and (3.29), we have same-sized CI vectors. The active space, and

hence the CI vectors, are usually small in size in fragmentation methods. A (16e,

16o) active space would have a CI vector of size 1.3 GB in double precision, compared
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to the GPU memory of 40 GB in an A100. In our tests, generation and transfer of the

link index from CPU to GPU is not a leading cost and has not been implemented on

GPUs. The resulting TDMs, in comparison to CI vectors, are negligible in memory

cost. For calculation of the non-standard TDMs in Eqs. (3.22)�(3.27), we carry out

the padding with zero rows and columns on the GPU; �arti�cially� larger CI vectors

such as those describing
∣∣∣k̄(x)〉 and

∣∣∣k(x)〉 are not transmitted explicitly.

The calculation of TDMs is farmed out to multiple GPUs, with each GPU be-

ing responsible for one TDM for one pair of fragment statelet Hilbert spaces at a

time. Further optimization using broadcasting through GPU-GPU connections can

be pursued in the future, but data transfer does not constitute a bottleneck currently.

3.5.2 Calculation of Matrix-Vector Products

For the calculations in Sec. 3.4 which are dominated by the �Davidson iterations� or

�LASSIS diagonalization� steps, the computational hotspot is the evaluation of the

Hamiltonian-vector product, r⃗I from Eq. (3.20).

Unfortunately, this operation is not as straightforwardly vectorizable as it may

appear from Eq. (3.21), because some fragment statelets involve di�erent numbers

of electrons or local spin magnitudes, but only model states which can be coupled

to the reference wave function by powers of the Hamiltonian should be included in

the model space � so model states with di�erent total numbers of electrons, for

instance, are dropped. To accomplish this, we must consider each fragment statelet

index k to actually consist of two sub-indices:

� qK , consisting of various quantum numbers such as the total number of elec-
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trons,

� and nK ≥ 0, an integer indexing the number of statelets in the given Hilbert

space for fragment K.

Let q⃗ = {. . . , qK , qL, . . .} and n⃗ = {. . . , nK , nL, . . .} be the vectors of these

indices over fragments, so that a single model state j can also be expressed as q⃗n⃗. A

single value for q⃗ is a single rootspace, and the quantities on the right-hand side of

Eq. (3.21) are actually stored in memory as

H k̄l̄
kl → H

q̄K q̄LqKqL
n̄K n̄LnKnL

, (3.35)

Sm̄m → S
q̄M qM
n̄MnM

, (3.36)

CzklI → C
qZqKqL
nZnKnL , (3.37)

and while these arrays are dense in the n subindices, they are ragged in the q

subindices. Therefore, in practice, each set of q bra and ket indices is a separate

rectangular array, and only the contractions over the n subindices are vectorized.

This creates a major challenge for e�cient GPU acceleration.

The evaluation of Eq. (3.20) is carried out by multiplying the SI vector �rst by

the overlap matrix factors (S) and then by the Hamiltonian element factors (H); i.e.,

from right to left as written in Eq. (3.15). It is the �nal term, the contraction with

the �H� intermediates, which is the main computational bottleneck, and so this dot

product has been o�oaded to GPUs. In the case of the 4-fragment term, the 8-index

intermediate H k̄l̄m̄n̄
klmn is too large in practice to be stored in memory, so for that term
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speci�cally we instead store the 6-index intermediate

H
kk̄,ll̄
rs ≡ hpqrsT

kk̄
p T ll̄

q , (3.38)

and evaluate the matrix-vector product in three steps:

ξz̄k̄l̄mnI
rs ← H

kk̄,ll̄
rs (SC)z̄klmnI , (3.39)

ξz̄k̄l̄m̄nI
s ← ξz̄k̄l̄mnI

rs Tmm̄
r , (3.40)

⟨i|r⃗I⟩ ← ξz̄k̄l̄m̄nI
s Tnn̄

s , (3.41)

where (SC) is the SI vector after multiplication by spectator fragment overlap ma-

trices. Although the ξ intermediates have formally worse scaling than H k̄l̄m̄n̄
klmn in the

limit of many fragments due to the compound index z̄, in this work, in practice,

since we consider fragment sizes not much larger than 4, this reorganization saves

substantial memory resources. This is currently being done with a single GPU.

3.5.3 Performance

As discussed in Section 3.4, the computational bottleneck for a given molecule can

change based on the setup of a calculation. Timings for GPU-accelerated LASSIS

calculations of the 12-oligomer of acetylene are presented in Fig. 3.12, to be compared

to the timings reported in Figs. 3.10 and 3.11. We note that the speedup is more

pronounced with larger active spaces, and using GPUs may be counterproductive

with small active spaces.
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Figure 3.12: Cumulative cost of various parts of the LASSIS algorithm on a GPU
on Polaris, described in the Computational Resources Section. The speedup ratio is
highlighted on each relevant bar. Speedups are compared to Fig. 3.10.
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More speci�cally, when the fragment active space is (12e, 12o) (8.5×105 elements

in the CI vector) and (8e, 8o) (4900 elements in the CI vector), the state preparation

and Hamiltonian construction are slightly improved with the use of GPUs, whereas

it is counter-productive to use GPUs with much smaller active spaces of (6e, 6o) (400

elements in the CI vector) and (4e, 4o) (36 elements in the CI vector). The Davidson

iterations, on the other hand, show very little speedup regardless of the active space

partition.

Kremer's dimer is the tris-hydroxo-bridged chromium dimer represented in Fig.

3.13. For performing LASSIS on this system, we have used a similar setup as used

in Ref. 61 with two active spaces of (15e, 11o) each, which is de�ned as all Cr 3d,

all Cr 3p, all Cr 3s, and 2 ligand O 2p orbitals. Cr 3d electrons are kept in up

spin in one fragment and down in the other, leading to the total active space in the

reference LASSCF wave function of ((9α, 6β), 11o) ∧ ((6α, 9β), 11o). The basis set

is def2-SVP on C, H, O, and N atoms, and def2-TZVP on Cr atoms. Starting from

LASSCF orbitals, for one state, the cost pro�le for LASSIS with and without GPU

acceleration is given in Fig. 3.14. We see about a 2x overall speedup with GPU

acceleration.

3.6 Conclusions

We have demonstrated an overall speedup of up to 10x for the LASSCF method

using GPUs and up to 30x speedup in some fundamental operations. We were

also able to run at least a full LASSCF cycle with a (96e,96o) active space on a

polymer chain. We were able to converge iron-sulfur cluster with up to (22e,40o)
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Figure 3.13: Structure of Kremer's Dimer. The purple boxed atoms are Cr, the red
atoms between the two Cr atoms are O, the dark pink atoms are N, the light pink
atoms are C, and the small light blue atoms are H. The two fragments selected for
the calculation are the two Cr atoms.

Figure 3.14: GPU-accelerated run for Kremer's Dimer for a single state on Polaris.
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active space and 660 orbitals and also able to converge a MIL-127 MOF node with

an (18e,30o) active space and about 1200 atomic orbitals. Focusing on speeding

up low-level computational bottlenecks has yielded up to 20x speedup of CASSCF

algorithm without additional e�ort. We have used density �tting algorithms to

keep memory cost low and followed a code development philosophy to more easily

explore GPU algorithms and retain some degree of portability. To that end, we

demonstrate portable performance with NVIDIA A100 GPUs and Intel Max Series

GPUs without further tuning (as well as on an AMD MI250 GPU not discussed

here). Work continues in moving more bottlenecks to GPU-accelerated algorithms

and improving the scaling e�ciency of leveraging all GPUs on larger compute nodes.

Following a similar apporach, we have accelerated LASSIS using GPUs. We

were able to accelerate TDMs about 7x for large active spaces of (15e, 11o) but

performance decreases as the active space size decreases. On the other hand, the

Hamiltonian diagonalization has not been accelerated appreciable, in part due to a

highly irregular data access pattern and intense data transfer requirements. Further

optimization of this kernel is high on the priority list. Overall several parts of the

LASSIS work�ow still run on the CPU. Due to this, the LASSIS has not seen ac-

celeration comparable to LASSCF, but is still su�cient to enable production level

workloads and enable new science, some of which we will discuss in the next chapter.
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CHAPTER 4

LOW-LYING SPIN STATE ENERGIES OF IRON-SULFUR

CLUSTERS WITH LOCALIZED ACTIVE SPACE STATE

INTERACTION SINGLES AND PAIR DENSITY

FUNCTIONAL THEORY

4.1 Introduction

Iron-sulfur clusters are ubiquitous in biology and play essential roles in electron

transfer, respiration, photosynthesis, and catalyzing nitrogen �xation.[119] Among

these, cubane-type [4Fe-4S] clusters are particularly important owing to their rich

redox chemistry and ability to mediate charge-transfer processes.[120] Their remark-

able reactivity is closely linked to the presence of multiple valence isomers and a

dense manifold of low-lying electronic states arising from strong exchange interac-

tions among partially occupied Fe 3d orbitals.[120] Because many of these states

are thermally accessible under ambient conditions, they are thought to facilitate the

diverse chemical functions of iron-sulfur proteins. The geometry of the clusters can

alter the electronic structure, meaning slight changes to the geometry can provide

access to di�erent electronic states.[120] Understanding the low-energy electronic

structure of [Fe4S4(SMe)4]2− therefore remains a central challenge in bioinorganic

chemistry.

The electronic structure of [Fe4S4(SMe)4]2− is strongly multicon�gurational and

requires a multireference description.[121] However, due to multiple partially �lled
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3d orbitals and the possible need for ligand orbitals,[2] the total size of the ac-

tive space needed to model the cluster exceeds the conventional FCI limit of (18e,

18o).[122] Since the seminal work of Sharma and co-workers,[2] a variety of mul-

tireference approaches have been applied to iron-sulfur clusters, including density

matrix renormalization group (DMRG),[2, 123] coupled-cluster valence bond the-

ory (CCVB),[124] adaptive sampling con�guration interaction (ASCI),[1] graphi-

cal unitary group approach full con�guration interaction quantum Monte Carlo

(GUGA-FCIQMC),[125, 126] and, more recently, auxiliary-�eld quantum Monte

Carlo (AFQMC).[127, 128] In particular, Sharma et al.[2] used DMRG to report

a dense manifold of low-energy states and argued that it could not be described

by a simple spin Hamiltonian. In contrast, Dobrautz et al.[125] employed GUGA-

FCIQMC and observed spin-ladder behavior in related all-ferric iron-sulfur systems

([Fe4S4(SMe)4]), while Li Manni and co-workers investigated the coupling between

local iron spin states in all-ferric clusters using the same method.[126] Mejuto-Zaera

et al.[1] used ASCI with PT2 corrections and matched their results with DMRG

to further demonstrate that the relative energies of the low-lying spin states are

highly sensitive to structural details. These studies have signi�cantly advanced the

understanding of the ground-state electronic structure and magnetic interactions in

iron-sulfur clusters. Nevertheless, a consistent description of the low-energy states

of [Fe4S4(SMe)4]2− remains elusive.

One possible reason is methodological. Most previous studies compute excited

states individually. In systems with a dense manifold of nearly degenerate states,

such a one-state-at-a-time approach does not guarantee a mutually orthogonal set of
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eigenstates of the same e�ective Hamiltonian. As a result, di�erent calculations may

converge to distinct local minima, complicating the construction of a uni�ed picture

of the low-energy states. At the same time, active-space methods alone provide only

a qualitative treatment of electron correlation, and quantitative predictions require

the inclusion of correlation beyond the active space.[24]

The localized active space state-interaction singles (LASSIS)[100, 61] method pro-

vides a natural framework to address these challenges. By constructing and diagonal-

izing a common model-space Hamiltonian, LASSIS generates a manifold of mutually

orthogonal eigenstates of the same Hamiltonian. Electron correlation outside the

active space can then be incorporated e�ciently through pair-density functional the-

ory (PDFT),[24] avoiding the high computational cost associated with perturbative

treatments while retaining quantitative accuracy.[129]

In this work, we apply LASSIS and PDFT to investigate the low-lying electronic

states of [Fe4S4(SMe)4]2−. We show that the resulting low-lying energy levels orga-

nize into well-de�ned state manifolds that can be described by model spin Hamilto-

nians, presenting a coherent picture of the low-energy electronic structure that has

not emerged clearly from previous multireference studies on [Fe4S4(SMe)4]2−. We

further demonstrate that the choice of fragmentation has a signi�cant e�ect on the

nature of the excited states and that electron correlation outside the active space,

included through PDFT, substantially increases the magnetic exchange coupling.
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4.2 Results and Discussion

We considered two active spaces for [Fe4S4(SMe)4]2−. The smaller active space,

(22e,20o), contains only the Fe 3d orbitals and was investigated using both two-

fragment and four-fragment decompositions. In the two-fragment description, each

fragment corresponds to a ferromagnetically coupled Fe3+�Fe2+ pair (Fig. 4.1a).

The corresponding active space is

((10α, 1β), 10o) ∧ ((1α, 10β), 10o)

where the electron occupations re�ect the high-spin coupling within each Fe�Fe

dimer. In the four-fragment description, each Fe center is treated as an independent

fragment (Fig. 4.1b), giving

((5α, 1β), 5o) ∧ ((5α, 0β), 5o) ∧ ((1α, 5β), 5o) ∧ ((0α, 5β), 5o)

We also considered a larger (54e,36o) active space that includes sulfur orbitals

commonly associated with double-exchange interactions.[2, 1] In this case, each frag-

ment consists of a ferromagnetically coupled Fe3+�Fe2+ pair together with the four

sulfur atoms directly involved in the magnetic coupling pathway, resulting in the

active space

((18α, 9β), 18o) ∧ ((9α, 18β), 18o)

Attempts to partition the (54e,36o) active space into four fragments led to numer-

ical convergence di�culties in the state preparation step, and only the two-fragment
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decomposition was considered for this larger active space.

For all calculations, high-spin (2S + 1 = 19) restricted open-shell Hartree-Fock

(ROHF) orbitals were used as the starting orbitals. Localized active-space orbitals

were generated using the atomic valence active space (AVAS) procedure,[130] fol-

lowed by manual selection of the orbitals included in the �nal active space. For the

(22e,20o) active space, a LAS self-consistent �eld (LASSCF) calculation[34, 100] with

(22e,40o) active space including the Fe 4d shell with four fragments was performed

and resorted to generate the stable 3d orbitals. Performing a LASSCF with (22e,20o)

only leads to swapping out of doubly-occupied 3d orbitals. For the (54e,36o) active

space we similarly performed ROHF, AVAS, manual selection of relevant orbitals and

localization (meta-Löwdin[131]). We then performed a LAS con�guration interaction

on these localized orbitals and the resulting natural orbitals were used for LASSIS.

Performing (22e,40o) LASSIS with two fragments led to very high memory require-

ments of CI calculation, and numerical convergence issues for the four fragment case

in the Hamiltonian diagonalization step.

To examine the e�ect of geometry on the low-energy electronic structure, we

considered two previously reported structures of [Fe4S4(SMe)4]2−. The key di�erence

between these geometries lies in the relative distances between the ferromagnetically

coupled Fe�Fe pairs and the antiferromagnetically coupled Fe�Fe pairs. Geometry A

was taken from Mejuto-Zaera et. al[1] (geometry 2A in Ref. 1), where the structure

was optimized using the TPSSh density functional for the high-spin (2S + 1 = 19)

state with the aug-cc-pVDZ basis set on Fe and S atoms and the cc-pVDZ basis

set on C and H atoms.[1] Geometry B was taken from Sharma et. al[2] . In that
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study, the structure was optimized using the BP86 density functional with a TZV

basis set for the high-spin (2S + 1 = 21) state of the all-ferric [Fe4S4(SMe)4] cluster

and subsequently used for calculations on [Fe4S4(SMe)4]2−. For consistency with

Ref. 1, all calculations reported here employed the aug-cc-pVDZ basis set for Fe and

S atoms and the cc-pVDZ basis set for C and H atoms.

The Fe�Fe distances for the two geometries are reported in Table 4.1. Although

both structures exhibit the same magnetic coupling pattern, they di�er signi�cantly

in the relative distances between the ferromagnetically and antiferromagnetically

coupled Fe pairs.

For geometry A, the ferromagnetically coupled Fe pairs are shorter than the

antiferromagnetically coupled pairs,

rFe1Fe2 ≈ rFe3Fe4 < rFe1Fe3 ≈ rFe1Fe4 ≈ rFe2Fe3 ≈ rFe2Fe4 (4.1)

where rFeiFej denotes the distance between Fei and Fej .

In contrast, geometry B exhibits the opposite trend,

rFe1Fe2 ≈ rFe3Fe4 < rFe1Fe3 ≈ rFe1Fe4 ≈ rFe2Fe3 ≈ rFe2Fe4 , (4.2)

with the antiferromagnetically coupled Fe pairs now being shorter than the fer-

romagnetically coupled pairs.
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(a) [Fe4S4(SMe)4]
2− with 2 fragments

(b) [Fe4S4(SMe)4]
2− with 4 fragments

Figure 4.1: Iron-sulfur clusters with di�erent fragmentation schemes and spin ar-
rangements. The blue arrows are up-spin on the Fe atom, the red arrows are down-
spin on Fe. Each circle/oval denotes a fragment.
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Figure 4.2: [4Fe-4S] schematic showing two di�erent sets of Fe-Fe distances. Both
purple distances are similar, and all four olive green distances are similar.

Fe-Fe distances
Pair Geometry A Geometry B
rFe1Fe3 3.09 2.75
rFe1Fe4 3.08 2.75
rFe1Fe2 2.77 2.85
rFe2Fe3 3.09 2.75
rFe2Fe4 3.09 2.75
rFe3Fe4 2.77 2.85

Table 4.1: Fe-Fe distances (in Å) in geometries A and B. See Fig. 4.2 for correspond-
ing atom pairs in the cluster.
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LAS methods Mejuto-Zaera et. al[1]
22e,20o 2frag 22e,20o 4frag 54e,36o 2frag 54e,36o

2S+1 LASSIS PDFT LASSIS PDFT LASSIS PDFT ASCI+PT2α DMRGβ

1 0 0 0 0 0 0 0±153.6 0
3 19 42 18 44 18 45 0±175.6 2
5 56 127 53 131 55 133 22±219.5 32
7 112 251 106 258 110 265 - -
9 187 417 178 428 184 442 - -
11 281 626 270 639 278 665 - -
13 395 877 382 890 391 934 - -
15 528 1173 515 1182 525 1252 - -
17 680 1513 671 1514 680 1620 - -
19 854 1898 850 1888 858 2040 1207γ -

Table 4.2: Energy (in cm−1) of lowest 10 spin states with geometry A using various methods. α, β: Result from Mejuto-Zaera
et. al[1] . α: Each spin state has orbitals optimized with CASSCF for the given spin with SP-ASCI as the FCI solver. β: Each
spin state had orbitals optimized with CASSCF with DMRG as spin solver. γ: Orbitals are the same as S=0 state.

94



. LAS methods CASSCF CASCI CASSCF CASCI

. 22e,20o 2frag 22e,20o 4frag 54e,36o 2frag 54e,36o 20e,20oη

2S+1 LASSIS PDFT LASSIS PDFT LASSIS PDFT ASCI+PT2α DMRGβ DMRGϵ GUGA - FCIQMC
1 0 0 0 0 0 0 0 ± 154 0 0 0 0
3 63 119 62 123 60 124 331 ± 219 171 350 57 118
5 190 356 188 368 182 371 �346 ± 219 -990 - 172 348
7 380 709 377 729 366 740 - - - 344 681
9 636 1181 631 1213 615 1238 - - - 569 1097
11 957 1778 953 1823 931 1872 - - - 847 1585
13 1347 2503 1345 2560 1319 2649 - - - 1180 2130
15 1807 3363 1809 3428 1783 3581 - - - 1568 2719
17 2339 4365 2349 4432 2329 4681 - - - 2011 3331
19 2946 5517 2967 5576 2965 5966 3621γ 4060δ 9750ζ 2506 3942
21θ . . . . . . . . . 3053 4533

Table 4.3: Energy (in cm−1) of lowest 10 spin states with geometry B using various methods. α, β: Results from Mejuto-Zaera
et. al[1] using ASCI-PT2 and DMRG method. α: Orbitals for each spin state optimized separately with CASSCF using SP-
ASCI as the FCI solver. β: Orbitals for each spin state optimized separately with CASSCF using DMRG as the FCI solver.
γ, δ: Orbitals the same as S=0 state of the corresponding state (SP-ASCI and DMRG respectively). ϵ: Results from Sharma
et. al[2] . Orbitals are visually selected from a localized basis. ζ: The number is visually derived from a graph. η: This is not
[4Fe-4S]+2 but [Fe4S4(SMe)4]. Included as the only evidence of energy of the low lying states following a model Hamiltonian.
θ: 2S + 1 = 21 is only possible with all-ferric cluster.
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For each active space, we �rst discuss the lowest-energy states for each spin multi-

plicity. The corresponding LASSIS energies are reported in Table 4.2 for geometry A

and Table 4.3 for geometry B. Across both geometries, both active spaces ((22e,20o)

and (54e,36o)) and both fragmentation schemes (two-fragment vs. four-fragment),

the resulting spin-state energy ladders are consistent with a picture of two weakly

interacting S = 9/2 Fe�Fe dimers, via exchange interactions. Inspection of the state

interaction coe�cients of the LASSIS wave functions con�rms this interpretation.

The two fragmentation schemes provide di�erent descriptions of the ferromagneti-

cally coupled Fe pairs. In the four-fragment model, electron correlation between Fe1�

Fe2 and Fe3�Fe4 is recovered through explicit charge-transfer and spin-�ip con�gu-

rations between individual Fe centers, as discussed in Sec. 2.3. In the two-fragment

model, the same correlation is incorporated by treating each Fe�Fe pair as a sin-

gle con�guration-interaction problem. Despite these di�erent descriptions, the two

approaches yield very similar relative energies of the low-lying states (vide infra),

indicating that the low-energy spin ladder is largely insensitive to the fragmentation

scheme.

For geometry A, Table 4.2 reports the energies of the lowest states for all active

spaces and fragmentations and compares them with the results of Mejuto-Zaera et.

al[1] (that uses the same geometry). For the (22e,20o) active space, the two-fragment

and four-fragment calculations yield nearly identical relative energies for the lowest

states with spin S = 0 through S = 9. This agreement indicates that the low-energy

spin ladder is largely insensitive to the choice of fragmentation, despite the di�erent

physical pictures underlying the two decompositions.
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A similarly close agreement is observed upon enlarging the active space to (54e,36o).

The relative energies obtained with the larger active space closely track those from

the smaller (22e,20o) calculations. At �rst glance, the agreement between the two

active spaces may appear surprising given that the (54e,36o) active space explicitly

includes the sulfur orbitals commonly associated with double-exchange interactions.

Nevertheless, our results are in good agreement with those reported by Mejuto-Zaera

et. al[1] , who employed both ASCI+PT2 and DMRG calculations for di�erent total

spin states. In particular, the S = 0 � S = 9 energy gap obtained with LASSIS dif-

fers from the ASCI+PT2 values by only 20�30% across all active spaces considered

here. This suggests that the essential physics governing the relative ordering of the

low-lying spin states is already captured within the smaller active space.

To recover electron correlation outside the active space, we evaluated LASSIS-

tPBE energies using the one- and two-body reduced density matrices obtained from

the LASSIS wave functions. The resulting LASSIS-tPBE energies are reported in

Tables 4.2 for geometry A and 4.3 for geometry B. Inclusion of PDFT systematically

increases the separation between neighboring spin states by approximately a factor

of two to two and a half for all active spaces considered. This e�ect is substantially

larger than the di�erences between the LASSIS and ASCI+PT2 results, highlight-

ing the importance of electron correlation outside the active space for quantitative

predictions.

The results for geometry B are summarized in Table 4.3. Similar to geometry

A, the three LASSIS models yield very similar relative energies for geometry B.

However, the corresponding spin-state gaps are approximately three times larger
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than those obtained for geometry A, and inclusion of PDFT increases the gaps by

roughly a factor of two across all active spaces.

The sensitivity of the low-lying spin-state energies to the molecular geometry is

consistent with the results of Mejuto-Zaera et. al[1] . In particular, the S = 0�

S = 9 gap obtained with LASSIS di�ers from their ASCI+PT2 values by less than

30%. For the singlet�triplet and singlet�quintet gaps, our predictions are larger than

those reported by Mejuto-Zaera et al. for geometry A, but smaller than the values

reported by either Mejuto-Zaera et al. or Sharma et al. for geometry B.

We do not reproduce the quintet state below the singlet state reported in Ref. 1.

One possible reason is that the orbitals in Ref. 1 were optimized separately for

each spin state, whereas all states in the present work are derived from a common

model-space Hamiltonian. Previous studies have shown that orbital optimization

can signi�cantly a�ect relative spin-state energies,[61] and, since [Fe4S4(SMe)4]2−

exhibits a high density of low-lying electronic states, di�erent orbital optimizations

may lead to qualitatively di�erent state orderings.

To quantify the magnetic interactions, we �t the low-energy spin ladders to the

Heisenberg�Dirac�van Vleck (HDvV) Hamiltonian,

(Ei)HDvV = −J(Si)(Si + 1) (4.3)

A similar analysis was performed by Dobrautz et al.[125] for the all-ferric [Fe4S4(SMe)4]

cluster at geometry B (Table 4.3) using GUGA-FCIQMC as the FCI solver for

CASCI and CASSCF calculations where they show a good �t for a model Hamilto-

nian for the lowest eleven states.
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Geometry Geometry A Geometry B
Active Space JLASSIS JPDFT JLASSIS JPDFT
22e,20o 2frag -9.45 -21.01 -32.47 -60.61
22e,20o 4frag -9.30 -21.06 -32.59 -61.55
54e,36o 2frag -9.44 -22.49 -32.32 -64.98

Table 4.4: Exchange coupling constant (J) (in cm−1) for the two used geometries with
various active spaces calculated over the ten lowest states with HDvV Hamiltonian.
R2, the coe�cient of determination is calculated for all active spaces. R2 = 1 −∑

i(Ei−EHDvV )2∑
i(Ei−Eavg)2

where Ei are the actual calculate energies, EHDvV is the calculated

energy from model Hamiltonian (eq. 4.3) and Eavg is the average of all actual
energies. For all cases, 1−R2 < 10−3.

The resulting HDvV parameters are reported in Table 4.4. Across all active

spaces, fragmentation schemes, and correlation treatments, the low-energy spin lad-

ders are described well by these simple spin Hamiltonians since the coe�cient of

determination (R2) is very close to unity (all model �ts give 1 − R2 < 10−3). This

indicates that the relative energies of the low-lying states follow the spin-Hamiltonian

behavior.

The extracted exchange couplings show a dependence on geometry. Geometry B

yields J ≈ −32 cm−1, whereas geometry A yields J ≈ −10 cm−1. This trend can

be rationalized by the Fe�Fe distances in the two structures. While the ferromagnet-

ically coupled Fe pairs are slightly farther apart in geometry B, the antiferromag-

netically coupled Fe pairs are substantially closer, leading to signi�cantly stronger

antiferromagnetic exchange interactions.

Inclusion of electron correlation outside the active space through PDFT approxi-

mately doubles the magnitude of J while preserving the overall structure of the spin

ladder. The e�ect of PDFT on the exchange coupling is therefore considerably larger
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than the di�erences arising from either the choice of active space or the fragmentation

scheme.

The same-spin excitation patterns for the (22e,20o) active space are shown in

Fig. 4.3. The two-fragment calculations produce several distinct manifolds of excited

states, whereas the four-fragment calculations yield a much denser set of states arising

from the larger number of possible spin couplings among the four Fe centers. Despite

these di�erences, the lowest state of each spin multiplicity appears at nearly the same

energy in both fragmentation schemes. This observation further supports the picture

of two weakly interacting Fe�Fe dimers governing the low-energy spin ladder. The

corresponding results for the (54e,36o) active space and the PDFT calculations are

presented in the Supporting Information.

Because the two fragmentation schemes recover electron correlation in di�erent

ways, it is not possible to determine a priori which description is more appropriate.

Nevertheless, the lowest state of each spin multiplicity occurs at nearly the same

energy in both fragmentation schemes. This agreement suggests that the low-energy

spin ladder can be understood in terms of two Fe�Fe dimers coupled through ex-

change interactions, while the higher density of states obtained in the four-fragment

calculations primarily re�ects a more explicit description of intra-dimer correlation.

4.3 Conclusions

We have investigated the low-lying electronic states of the iron-sulfur cluster [Fe4S4(SMe)4]2−

using localized active space state interaction singles (LASSIS) and pair-density func-

tional theory (PDFT). By constructing and diagonalizing a common model-space

100



(a) Spin state energies with A with 2
fragments

(b) Spin state energies with B with 2
fragments

(c) Spin state energies with A with 4
fragments

(d) Spin state energies with B with 4
fragments

Figure 4.3: LASSIS spin state energies with (22e,20o) active space with two and four
fragments with both geometries. Each bar represents a state. States of the same
spin with very close energy appear on top of each other. For two-fragment cases, all
states up to 2 eV are shown. For four-fragment cases, the lowest 8 states of each spin,
or states with energy within 0.4 eV of the S=0 ground state, whichever is smaller,
are shown. Adding PDFT in any of the LASSIS plots does not change the shape of
the plot. PDFT results are presented in the SI.
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Hamiltonian, LASSIS provides a uni�ed description of low-lying states and avoids

the inconsistencies that can arise when individual states are optimized independently.

Across all active spaces, geometries, and fragmentation schemes considered here,

the relative energies of the lowest states with spins ranging from S = 0 to S = 9

exhibit a remarkably similar pattern. In particular, enlarging the active space from

(22e,20o) to (54e,36o) and changing the fragmentation from two Fe�Fe dimers to four

individual Fe centers has only a modest e�ect on the low-energy spin ladder. The re-

sulting energies are well described by simple spin Hamiltonians, supporting a picture

in which the low-energy electronic structure is governed primarily by interactions

between two Fe�Fe dimers.

Inclusion of electron correlation outside the active space through PDFT produces

substantial quantitative changes in the spin-state energetics and approximately dou-

bles the magnetic exchange coupling.
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CHAPTER 5

CONCLUSIONS

In this thesis, we have developed and applied GPU-accelerated implementations of

localized active space methods to address the exponential scaling problem in multi-

con�gurational quantum chemistry. We began by introducing the theoretical foun-

dations of LASSCF and LASSI, demonstrating how fragment-based factorization

enables the treatment of strongly correlated systems that would otherwise be inac-

cessible to conventional CASSCF.

Through systematic pro�ling of CPU-only implementations, we identi�ed the

primary computational bottlenecks: e�ective potential evaluations, orbital trans-

formation computations for LASSCF and transition density matrices for LASSIS.

By o�oading these operations to GPUs, we achieved signi�cant speedups, particu-

larly for calculations with large fragment active spaces. For LASSCF with realistic

workloads, we observed 5-10x speedup. This speedup is observed for a variety of

computation architectures. For Kremer's dimer, we observed an overall 2x speedup

with LASSIS.

Our application to the challenging [Fe4S4(SMe)4]2− cluster demonstrated the

practical utility of these methods. LASSIS provided a uni�ed description of low-

lying spin states, avoiding the inconsistencies that arise when individual states are

optimized separately. Across two geometries, two active spaces, and two fragmenta-

tion schemes, the relative energies of states with spins S = 0 through S = 9 exhibited

remarkably consistent patterns, highlighting the robustness of LASSIS. This is the

�rst instance of all intermediate spin states being reported for this cluster. The
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energies of all the spin states are all well described by simple Heisenberg spin Hamil-

tonians. Inclusion of dynamic correlation through PDFT approximately doubled the

magnetic exchange coupling, highlighting the importance of correlation beyond the

active space.

This work also provides a GPU-accelerated framework to perform multirefer-

ence calculations for catalysis. In areas where several multireference calculations

are needed, like benchmarking MC-PDFT functionals or active space selections, this

work can accelerate data generation by an order of magnitude.

Looking forward, several directions merit further exploration. First, on the tech-

nical and programming side, the current GPU implementation can always be op-

timized further. The LASSIS acceleration e�orts, while enabling highly complex

calculations, still leave a lot of performance on the table. All calculations performed

in this work only use one compute node. Use of MPI to go beyond more than one

node could allow access to larger systems. Next, because the LAS framework relies

on chemically intuitive choices for fragments and active spaces, it is primarily ac-

cessible to experts in multireference methods, with an even steeper learning curve

for those unfamiliar with fragmentation techniques. The development of automated

fragmentation procedures would make these methods more accessible to non-experts

and enable systematic studies of many more chemically interesting systems. Finally,

the framework could be extended to incorporate environmental e�ects, such as sol-

vation or protein embedding, to model iron-sulfur clusters in their native biological

environments.

The strategies developed here�identifying bottlenecks, targeting acceleration,
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and managing data transfers�provide a general roadmap for GPU-accelerating other

quantum chemistry methods. As computing architectures continue to evolve toward

greater parallelism, the principles of e�cient GPU utilization demonstrated in this

work will remain relevant for the next generation of electronic structure codes.
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