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ABSTRACT

In this thesis, we study geometric aspects of exponential metrics associated with log-

correlated Gaussian fields, as well as analytic properties of dispersive wave equations. The

first part focuses on the structure of exponential metrics in arbitrary dimension, where we

establish that Liouville quantum gravity (LQG) metrics can approximate any Riemannian

metric equipped with a locally finite measure. In the second part, we investigate geometric

features of LQG and related random planar maps, introducing a notion of Gaussian curvature

for LQG surfaces and analyzing its discrete counterpart for mated-CRT maps. We obtain

asymptotics and scaling limits for curvature observables. The final part focuses on channels

of energy estimates for linearized wave equations. This type of estimates is essential for

establishing soliton resolution via the channels of energy method of Kenig-Merle. We prove

such estimates for the wave maps equation linearized around a ground state, and more

generally for a class of equations with analytic nonlinearities in even dimensions greater

than or equal to 8.
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CHAPTER 1

INTRODUCTION

The goal of this thesis is to study geometric and probabilistic properties of exponential

metrics associated with log-correlated Gaussian fields, as well as certain structural properties

of dispersive partial differential equations. The first part focuses on random surfaces arising

from these metrics, particularly on the flexibility of the associated measure and metric. The

second part investigates the discrete Gaussian curvature of a related probabilistic model and

its connections to continuum scaling limits. The final part concerns linearized wave-type

equations, using the channels of energy method to study the behavior of solutions and the

distribution of their energy.

1.1 Geometric properties of exponential metrics associated with

log-correlated Gaussian fields

In statistical mechanics, one studies random systems through their large-scale behavior,

usually as a physically relevant parameter tends to infinity. Mathematically, one takes scaling

limits of discrete models, yielding continuous approximations. Liouville quantum gravity

(LQG) is one such limit: a one-parameter family of random fractal surfaces, conjectured

to arise as the scaling limit of many discrete models. Introduced by Polyakov and later

made rigorous in works such as Duplantier and Sheffield [2011], Rhodes and Vargas [2014],

Sheffield [2016b], Ding et al. [2020], and Gwynne and Miller [2021], LQG has been shown

to describe limits in only a few cases (notably uniform random planar maps Miller and

Sheffield [2015], Miller and Sheffield [2021a], and Miller and Sheffield [2021b]). A natural

higher-dimensional analogue of LQG is given by exponential metrics of log-correlated fields.

By now, the 2d theory of LQG has been extensively studied. However many questions about

higher dimensional extensions remain open: subsequential limits are known to exist due to
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Ding et al. [2020], but have not been proven to be unique, and thus at the moment a unique

analogue of LQG in higher dimensions has not been properly constructed. Planar maps

are often used as canonical discrete models for random geometry. Many are conjectured to

converge to an LQG surface (see Figure 1.1 for an illustration of an LQG surface), a canonical

model for random surfaces defined as an exponential metric of a Gaussian free field, but few

are actually proven to converge. The definition of the LQG surface metric and measure

are highly nontrivial: they were established in a series of works Duplantier and Sheffield

[2011], Ding et al. [2020], Gwynne and Miller [2021]. A key tool in doing so is the mating-of-

trees theorem by Duplantier et al. [2021]: it provides a way of constructing certain random

planar maps decorated by statistical physics models from two correlated Brownian motions.

It complements earlier discrete bijections (Schaeffer [1998], Mullin [1967]) by providing a

continuum encoding via correlated Brownian motion.

Figure 1.1: Simulation of Liouville quantum gravity.

1.1.1 Support of LQG

Given the rough regularity of LQG surfaces, a natural question is: what metric measure

spaces lie in the support of the law of LQG? More precisely, what metric measure spaces

can be approximated by the LQG metric and measure in the Gromov-Hausdorff-Prokhorov

topology with positive probability? In Contreras Hip and Gwynne [2023], we show that

the support includes all Riemannian metric spaces equipped with arbitrary locally finite

measures on it. This shows that, despite their low regularity, LQG surfaces can approximate
2



any smooth metric. The result is valid in all dimensions.

A striking feature of this result is that the metric and measure can be approximated

essentially independently, without any compatibility condition between the two, and also to

a lesser extent, that the support also includes pearl spaces.

The proof relies on a combination of tools, including the so-called “white noise decompo-

sition" of the GFF in order to separate the rough but small part from the large but smooth

component, and the “adding bump functions" technique together with Weyl scaling to con-

trol the smooth component. A more precise statement of the result can be found in Chapter

2.

This chapter is based on joint work with Ewain Gwynne.

1.1.2 Gaussian curvature in LQG and random planar maps

LQG surfaces have a metric structure, but at the same time have low-regularity. A natural

question to ask is to what extent Riemannian geometry concepts extend to LQG surfaces,

and whether they are compatible with analogous concepts in the discrete setting. To this end,

we first defined a notion of Gaussian curvature for LQG surfaces, and studied the discrete

curvature on a class of mated CRT-maps.

Suppose G is a planar map. To define the curvature, suppose we set all angles at each

corner of a face F of G to be |F |−2
|F | π, where |F | is the number of vertices incident to F.

Inspired by the Gauss-Bonnet formula, it is natural to define the discrete curvature at a

vertex v as

KM (v) := 2π −
∑
F

|F | − 2

|F |
π

where the sum is taken over all possible faces F incident to v, that is, over all faces whose

boundary contains v. Note that in the case the graph G is a triangulation, this is equivalent

to

KG(v) =
π

3
(6− deg(v)) .

3



In particular, we can define the discrete Gaussian curvature for the Poisson mated CRT map

Gε (a variant of the usual mated CRT map). We prove two main results: for the first, we

look at the discrete curvature summed against a smooth compactly supported test function.

We show that with probability going to 1 as ε→ 0,

∑
v∈VG̃ε

f(η̃(v))KG̃ε(v) = εo(1).

In contrast, the total curvature on a CRT cell behaves differently, as our other main result

shows. We show that with probability going to 1 as ε→ 0, we have

∑
v∈VG̃ε∩C0 KG̃ε(v)

ε−
1
4

→ αB,

in law, where the law of B can be described as a Gaussian random variable with variance

given by the boundary length of the mated CRT map cell C0. More precise statements can

be found in Chapter 3.

This chapter is based on joint work with Ewain Gwynne.

1.2 Energy channels for linearized wave equations

Some important questions in the theory of Dispersive PDEs are the stability and classifica-

tion of solutions to nonlinear dispersive equations. These equations include the wave maps,

nonlinear Schrödinger, and Yang-Mills equations just to name a few. There has been con-

siderable interest in the study of these equations, modeling wave propagation phenomena

arising in multiple areas in physics, such as optics, ferromagnetism, general relativity, and

water waves to name a few. The long term behavior of these solutions, the so-called soliton

resolution, and issues such as blow up, global well-posedness and scattering are of particular

interest.
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A key tool in understanding the long-time dynamics of dispersive equations is the channels

of energy estimate, which quantifies how much energy must escape to infinity for solutions

not trapped near a soliton. For the energy-critical focusing nonlinear wave equation in

three dimensions, Kenig–Merle introduced this method in Kenig and Merle [2008] and used

it to prove soliton resolution for radial solutions. Later, in works by Collot, Duyckaerts,

Kenig, and Merle, they proved the soliton resolution for radial solutions to the energy critical

focusing wave equation in all odd dimensions, as well as dimensions 4 and 6. They also

proved similar results for the wave maps equation and a class of similar equations with

appropriate analytic nonlinearities. The only even dimensions they treated were 4 and 6 due

to the fact that in even dimensions, the channels of energy estimate is weaker and takes a

different form. Later Jendrej-Lawrie proved the soliton resolution conjecture for wave maps

in the equivariant case and for energy critical NLW using a different approach bypassing the

channels of energy estimate used by Kenig and Merle. Nevertheless, the channels of energy

estimate is of independent interest, as it provides key information about the propagation

of energy of solutions to the wave maps equation. Proving a channels of energy estimate

becomes increasingly difficult as the dimension increases, due to the growing number of

degenerate directions of the linear wave operator. In Contreras Hip [2025], we prove such a

channels of energy estimate for the wave maps equation linearized around a ground state.

More specifically, we establish a quantitative lower bound on the amount of energy that

must radiate to spatial infinity for solutions to the linearized equation, after projecting away

from a finite-dimensional subspace associated with the symmetries and resonant directions

of the problem. This estimate captures the dispersive component of the dynamics in high

even dimensions, where the presence of additional degeneracies significantly complicates the

analysis. This is a crucial step towards recovering the result of Jendrej and Lawrie [2025]

using the channels of energy method. The channels of energy estimate we prove also applies

to linearized wave equations corresponding to a class of analytic nonlinearities. A more

5



precise statment of the result can be found in Chapter 4.
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CHAPTER 2

A SUPPORT THEOREM FOR EXPONENTIAL METRICS OF

LOG-CORRELATED GAUSSIAN FIELDS IN ARBITRARY

DIMENSION

The results in this chapter were developed in collaboration with Ewain Gwynne. The math-

ematical ideas and proof were developed jointly.

This material is included here with the permission of the co-author.

2.1 Introduction

Liouville quantum gravity (LQG) is a family of random metric measure spaces parametrized

by Riemann surfaces, depending on a parameter γ ∈ (0, 2), which describe the scaling limits

of random planar maps. LQG was first introduced (non-rigourously) by Polyakov in Polyakov

[1981] as a class of canonical models of random surfaces. One can define LQG surfaces with

the topology of any desired orientable surface Duplantier et al. [2021], David et al. [2016a,b],

Remy [2018], Guillarmou et al. [2019]. However, in this chapter we will only consider LQG

surfaces with the topology of the whole plane.

The main results of this chapter describe the closed support of the law of the LQG

metric measure space. More precisely, we show that if d is any length metric on R2 and

m is any probability measure on R2, then with positive probability (Dh, µh) is close to

(d,m) with respect to the uniform distance and the Prokhorov distance (Theorems 2.1.4 and

Corollary 2.1.6). Our results provide a convenient “black box" for whenever one needs to

show that certain events for LQG hold with positive probability.

Several recent works (see, e.g., Ding et al. [2023], Dello Schiavo et al. [2023, 2021], Cerclé

[2022]) have studied analogs of LQG in dimension d ≥ 3. The results of this chapter also
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extend to this higher-dimensional setting, conditional on some properties of the higher-

dimensional analog of the LQG metric whose proofs have not yet been written down. In this

setting, our results raise important questions about what it means for a random Riemannian

metric to be “conformally flat"; see Section 2.1.3 for more details.

Roughly speaking, the aforementioned works on higher-dimensional analogs of LQG con-

sider a conformally flat Riemannian metric tensor on Rd, d ≥ 3, of the form

eγh(dx21 + · · ·+ dx2d), (2.1)

where γ ∈ (0,
√
2d) and h is a log-correlated Gaussian field on Rd, or some variant thereof

(the works Dello Schiavo et al. [2021], Cerclé [2022] also consider similar Riemannian metric

tensors on d-manifolds for even values of d).

As in the two-dimensional case, the Riemannian metric tensor (2.1) does not make literal

sense since h is a generalized function and is not pointwise defined. However, one can

construct the volume form associated with (2.1) as a random measure on Rd via the general

theory of Gaussian multiplicative chaos Kahane [1985], Rhodes and Vargas [2014], Berestycki

[2017], Berestycki and Powell.

The recent paper Ding et al. [2023] proves the tightness of a natural approximation

scheme for the Riemannian distance function associated with (2.1). This paper also shows

that every subsequential limit is a metric on Rd which induces the Euclidean topology. It

is expected, but not yet proven, that the subsequential limit is unique and is characterized

by a similar list of axioms as in the two-dimensional case Gwynne and Miller [2021]; see

Definition 2.1.3. Our results for d ≥ 3 are proven conditional on these axioms.

8



2.1.1 Measure and metric definitions

We will now discuss the definitions of the measure and metric associated with the log-

correlated Gaussian field h.

Definition 2.1.1. The log-correlated Gaussian field is the centered Gaussian random

generalized function h0 defined on Rd up to additive constants, with covariance structure

Cov
(
h0(z), h0(w)

)
= G(z, w) := log

(
1

|z − w|

)
. (2.2)

That is, if f is a smooth compactly supported test function on Rd with
∫
∂B1(0)

fdσ = 0,

then
∫
Rd f(z)h0(z) dz is a centered Gaussian random variable with variance

∫
Rd

∫
Rd
f(z)f(w) log

(
1

|z − w|

)
dz dw.

We define the field h to be the field h0 normalized so that is unit sphere average is zero, i.e.,

h = h0 −
∫
∂B1(0)

h0(z)dσ(z).

In dimension d = 2, the field h is the whole-plane Gaussian free field (appropriately normal-

ized) and has the explicit covariance structure given by

Cov (h(z), h(w)) := log

(
max{|z|, 1}max{|w|, 1}

|z − w|

)
. (2.3)

For an exposition of the Gaussian free field in d = 2, see, e.g., Werner and Powell [2020],

Berestycki and Powell, Sheffield [2007]. For an exposition of log-correlated Gaussian fields

in general dimension, see, e.g., Lodhia et al. [2016], Duplantier et al. [2017].

Formally, for γ ∈ (0,
√
2d), the γ-exponential geometry associated with h is described

9



by the random Riemannian metric tensor

eγh (dx21 + · · ·+ dx2d), (2.4)

where dx21 + · · · + dx2d denotes the Euclidean metric tensor on Rd. This metric tensor does

not make literal sense since h is not a random function but instead it is a random generalized

function, and hence eγh is not well defined. However, at least in dimension 2, we can still

define a random metric and measure associated with (2.4). To do so, we first approximate

h̃ with well chosen mollifications, then pass to the limit.

One possible construction in dimension d = 2 is as follows. Let pt denote the heat kernel

in dimension 2,

pt(z) :=
1

2πt
e−

|z|2
2t . (2.5)

Define the mollified log-correlated Gaussian field

hε(z) := pε2/2 ∗ h(z) =
∫
Rd
h(w)pt(z − w) dw,

where the integral is interpreted in the distributional sense. We can then define the γ-LQG

measure as the a.s. weak limit

lim
ε→0

εγ
2/2eγhε(z). (2.6)

This construction is a special case of the theory of Gaussian multiplicative chaos Kahane

[1985], Rhodes and Vargas [2014], Berestycki [2017], Berestycki and Powell. The measure µh

is locally finite, non-atomic, assigns positive mass to every open set, and is mutually singular

with respect to Lebesgue measure. This construction is also possible in higher dimensions.

We also have analogous properties for the Gaussian multiplicative chaos measure µh :

1. Almost surely, µh is a non-atomic Radon measure.

2. If U ⊂ Rd is any deterministic open set, then µh(U) is given by a measurable function
10



of h|U .

3. Almost surely, we have that for any continuous function f : Rd → R, eγf · µh = µh+f .

4. Almost surely, we have the following statement. Suppose that ϕ is a composition of

dilations, translations, and rotations. Then

µh◦ϕ+Q log |ϕ′|(A) = µh(ϕ(A))

for any measurable A ⊂ Rd.

The γ-LQG metric is defined similarly. Let dγ > 2 be the fractal dimension of γ-LQG.

Prior to the construction of the LQG metric, this number was shown to arise in various

approximations of the LQG metric in Ding et al. [2019], Ding and Gwynne [2018]. After

the metric was constructed, it was shown that dγ is its Hausdorff dimension [Gwynne and

Pfeffer, 2019, Corollary 1.7]. We note that dγ is not known explicitly except that d√
8/3

= 4.

Let

ξ :=
γ

dγ
. (2.7)

Similarly to (2.6), we define the approximating metrics

Dε
h(z, w) := inf

P :z→w

∫ 1

0
eξhε(P (t))|P ′(t)| dt (2.8)

where the infimum is over all piecewise continuously differentiable paths from z to w. It was

shown in the series of papers Ding et al. [2020], Gwynne and Miller [2020b], Dubédat et al.

[2020], Gwynne and Miller [2020a, 2021] that there are normalizing constants {aε}ε>0 and

a random metric Dh on Rd such that

Dh(z, w) = lim
ε→0

a−1
ε Dε

h(z, w) (2.9)
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in probability with respect to the topology of uniform convergence on compact subsets of

Rd × Rd. The metric Dh is defined to be the γ-LQG metric. The metric Dh induces the

same topology on Rd as the Euclidean metric, but has very different geometric properties.

See Ding et al. [2021] for a survey of known results about the LQG metric.

In higher dimensions, the metric measure space Dh associated with the log-correlated

Gaussian field h can be defined, but is not yet defined uniquely Ding et al. [2023]. However,

it is conjectured that such a metric can be defined uniquely, and that it satisfies the following

“strong" axioms. First, we define length metrics.

Definition 2.1.2. Let (X, d) be a metric space. For a path P : [a, b] → X, we define the

d-length of P by

ℓd(P ) := sup
T

#T∑
i=1

d(P (ti), P (ti−1))

where the supremum is over all partitions T : a = t0 < · · · < t#T = b of [a, b]. We say that

d is a length metric if for each x, y ∈ X, the distance d(x, y) is equal to the infimum of the

d-lengths of the d-continuous paths from x to y.

Now we will define the Weyl scaling as follows: for any continuous f : Rd → R and any

length metric d on Rd inducing the Euclidean topology, we let

(ef · d)(x, y) = inf
P

∫ ℓ(P )

0
ef(P (t))dt (2.10)

where ℓ(P ) is the d-length of P and the inf is over all paths from x to y parametrized by

d-length. For any open set U ⊆ Rd we also define the internal metric d(·, ·;U) by

d(x, y;U) = inf
P⊆U

ℓd(P ),

where the infimum is taken over paths P : [0, 1] → U such that P (0) = x and P (1) = y.

Then we will assume the metric Dh satisfies the following axioms.
12



Definition 2.1.3. We say a map from random generalized random functions h on Rd to

metric measure spaces (Rd, Dh, µh) satisfies the strong LQG axioms if there exist constants

ξ, γ such that the following hold:

1. Almost surely, Dh is a length metric.

2. Let U be a deterministic open set. Then the internal metric Dh(·, ·;U) is a measurable

function of h|U .

3. Weyl scaling: Recall the definition of Weyl scaling (2.10). Then, a.s., for every contin-

uous function f , we have eξf ·Dh = Dh+f .

4. Coordinate change: let λ > 0 and z0 ∈ Rd. Then almost surely,

Dh(λx+ z0, λy + z0) = Dh(λ·+z0)+Q log λ(x, y), ∀x, y ∈ Rd

where Q := γ
2 + d

γ .

Note that the above axioms are satisfied by the LQG metric in dimension d = 2 (see

Gwynne and Miller [2021] and Dubédat et al. [2020]). It is believed that the above axioms

also hold for any subsequential limit obtain in Ding et al. [2023] for d ≥ 3, but no proof of

this has been written yet.

We will also assume that
γ

ξ
> d (2.11)

as in the two dimensional case. We expect this to hold, since one expects γ
ξ = dim(Rd;Dh)

and dim(Rd;Dh) > d since Dh’s geometry should be strictly “rougher" than Euclidean. We

expect this can be proven rigorously with comparison arguments, but we do not do this here,

and is the subject of forthcoming work of the first author and Z. Zhuang.
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We will additionally assume that

E(diamDh
([0, 1]d)p̄) <∞ (2.12)

for some p̄ > d. This also holds for the LQG metric in dimension 2 (see [Dubédat et al., 2020,

Proposition 3.9]). The axioms above are all used throughout the paper, while the bounds

(2.11) and (2.12) are technical assumption, only used in Subsection 2.3.1 and Subsection

2.3.2, respectively.

2.1.2 Main results

Recall that our goal is to determine the closed support of the law of (Rd, Dh, µh) with

respect to some reasonable topology on the space of metric measure spaces, assuming h is

as in Definition 2.1.1.

The LQG metric (and any higher dimensional analogue) is a length metric essentially by

construction. The class of length metrics is preserved under various forms of convergence,

e.g., uniform convergence [Burago et al., 2001, Exercise 2.4.19] and Gromov-Hausdorff con-

vergence [Burago et al., 2001, Theorem 7.5.1]. Hence, the LQG metric cannot approximate

a metric which is not a length metric. Our first main result implies that this is essentially

the only constraint.

We say that (X, d) is boundedly compact is each closed bounded subset of X is d-

compact.1

Theorem 2.1.4. Let d be a boundedly compact length metric on Rd which induces the

Euclidean topology and let m be a locally finite Borel measure on Rd. Suppose that there

1. The reason for imposing the bounded compactness assumption is to make it so that all of the d-
geodesics going between points in [−R,R]d are contained in some (d-dependent) compact set. We expect
that Theorem 2.1.4 is true without the boundedly compact assumption, and that this can be obtained
by approximating the restriction to [−R,R]d of a length metric which is not boundedly compact by the
corresponding restrictions of boundedly compact length metrics. However, for the sake of brevity, we do not
carry this out in this chapter.
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exists a map h 7→ (Rd, Dh, µh) as in Definition 2.1.3 with ξ < 1, and suppose h is a log-

correlated Gaussian field. Let Dh, µh be as Definition 2.1.3. Then Dh and µh approximate

the metric d and the measure m respectively with positive probability. More precisely, for any

ε, R > 0, we have with positive probability that

|Dh(x, y)− d(x, y)| < ε

for all x, y ∈ [−R,R]d and at the same time for any Borel set A ⊆ [−R,R]d we have

m(A) ≤ µh(Aε) + ε

and

µh(A) ≤ m(Aε) + ε

where Aε := {z ∈ Rd : infu∈A |z − u| < ε}.

Perhaps surprisingly, we do not need to assume any relationship between d and m in

Theorem 2.1.4. Even though Dh and µh are closely related to each other (see, e.g., Gwynne

and Sung [2022]), there is a positive chance for them to behave quite differently. A much

weaker result in this direction in the case of d = 2 appears as [Bou-Rabee and Gwynne,

2022, Proposition 11.9].

In dimension two, Theorem 2.1.4 can be viewed as a general-purpose theorem for making

the LQG measure and metric do things with positive probability. In this sense, these results

are an LQG analog of “support theorems" for various stochastic processes, which charac-

terize the elements of the state space that they can approximate with positive probability.

Examples of such support theorems include the classical fact that d-dimensional Brownian

motion can be made to approximate any continuous path in Rd; and analogous statements

for Schramm-Loewner evolution (see, e.g., [Miller and Wu, 2017, Section 2]).
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We expect that Theorem 2.1.4 and the some of the techniques used in its proof will be

useful in future works concerning LQG and its higher dimensional analogs. Indeed, when

studying LQG, one often needs to show thatDh and/or µh has some prescribed behavior with

positive probability. Prior to this work, this was typically done via ad hoc methods based on

the fact that adding a smooth bump function to h changes its law in an absolutely continuous

way. See [Ding et al., 2021, Section 4.1] for an explanation of this technique. Arguments

of this type can sometimes be quite complicated, see, e.g., [Bou-Rabee and Gwynne, 2022,

Sections 11.2 and 11.3] or [Gwynne and Miller, 2021, Section 5]. In future work, such

arguments could be replaced by applications of Theorem 2.1.4.

In the course of proving Theorem 2.1.4 in dimension d ≥ 3, we also establish several

independently interesting facts about log-correlated Gaussian fields which we expect to be

useful elsewhere (see e.g. Lemmas 2.2.4, 2.2.5, and 2.2.6).

2.1.3 Interpretation of results in dimension d ≥ 3

In dimension d ≥ 3, Theorem 2.1.4 is of interest for the same reasons as in the two-

dimensional case, as discussed just above. It also raises interesting questions about the

interpretation of the random Riemannian metric tensor (2.1), which we will discuss in this

section.

A Riemannian metric tensor g on a domain U ⊂ Rd is conformally flat if there is a

continuous function f : U → R such that g = ef (dx21+ · · ·+dx2d), where dx21+ · · ·+dx2d is the

Euclidean Riemmanian metric tensor. More generally, a d-dimensional Riemannian manifold

is locally conformally flat if it admits an atlas where in each chart, the Riemannian metric

is conformally flat. It is a classical theorem that every two dimensional Riemannian manifold

is locally conformally flat, i.e., it can locally be expressed in isothermal coordinates. However,

this is not true in dimension d ≥ 3. Rather, a d-dimensional Riemannian manifold is locally

conformally flat if and only if its Cotton tensor (for d = 3) or its Weyl tensor (for d ≥ 4) is
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identically zero.

Theorem 2.1.4 implies that the random metric and measure associated with (2.1) can

approximate any length metric and locally finite Borel measure on Rd with positive proba-

bility, even a metric and measure associated with a Riemannian metric tensor which is not

conformally flat. This leads one to wonder whether the random Riemannian metric tensor

associated with (2.1) should be thought of as a random conformally flat metric on Rd, or

as a general random Riemannian metric on Rd. This is closely related to some fundamental

questions about analogs of LQG in higher dimensions, e.g., the following.

• Let n ∈ N and letMn be a uniform sample from the set of triangulations of the d-sphere

(i.e., simplicial complexes homeomorphic to Sd) with n d-simplices. For d = 2, it is

known that Mn (equipped with its graph distances, appropriately rescaled) converges

in the Gromov-Hausdorff sense to
√

8/3-LQG Le Gall [2013], Miermont [2013], Miller

and Sheffield [2015, 2021a] (see also Holden and Sun [2023] for a stronger topology of

convergence). For d ≥ 3, does Mn converge in the scaling limit (e.g., with respect to

the Gromov-Hausdorff distance) to a d-manifold, equipped with a random Riemannian

distance function of the form (2.1)? Or is it the case that to get convergence to a

random Riemannian distance function of the form (2.1), one needs to instead take

a uniform sample from a restricted set of triangulations of Sd which are required to

satisfy some discrete analog of conformal flatness? See Ding et al. [2023], Bou-Rabee

and Gwynne [2024] for related discussions.

• Consider the following random Riemannian metric tensor on Rd:

d∑
i,j=1

eβhi,jdxidxj (2.13)

where the β > 0 is a parameter and hi,js are log-correlated Gaussian fields on Rd

(coupled together in some manner). Can one make rigorous sense of the distance func-
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tion associated with (2.13)? If so, then this distance function superficially seems to be

supported on a more general class of metrics than (2.1) since (2.13) is not required to

be conformally flat. However, our results show that any length metric on Rd can be

approximated with positive probability by the Riemannian distance function associ-

ated with (2.13) (conditional on the conjecture that this Riemannian distance function

satisfies the strong axioms). So, in what sense does (2.13) actually give a more general

Riemannian metric than (2.1)? Could it be that the limit of a natural approximation

scheme for the Riemannian distance function associated with (2.13) is actually just

the Riemannian distance function associated with (2.1), where h is some function of

{hi,j : i, j = 1, . . . , d} and γ is some function of β and d?

We do not know the answers to the above questions, even conjecturally, but they seem to be

worth pursuing further.

2.1.4 Applications of Theorem 2.1.4 in the two-dimensional case

Application to the LQG sphere

As a consequence of Theorem 2.1.4, one can obtain a similar result concerning a special

LQG surface called the γ-LQG sphere, which is represented by a certain special variant of

the GFF. There are a number of equivalent ways of defining the γ-LQG sphere. The first

definitions appeared in Duplantier et al. [2021], David et al. [2016a] and were proven to be

equivalent in Aru et al. [2017]. The definition we give here is [Aru et al., 2017, Definition

2.2] with k = 3 and α1 = α2 = α3 = γ.

Definition 2.1.5. Let γ ∈ (0, 2) and let

Q :=
2

γ
+
γ

2
. (2.14)
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The Liouville field is the random generalized function

h = hC + γG(0, ·) + γG(1, ·)− (2Q− γ) log | · |+ (2.15)

where hC is the whole-plane GFF, G(·, ·) is its covariance kernel as in (2.2), and log | · |+ :=

log(max{|z|, 1}). The (triply marked, unit area) γ-LQG sphere is the LQG surface

parametrized by C represented by the field h, where the law of Ph of h is equal to the law

P
h̃

of

h̃ := h− 1

γ
log µh(C) (2.16)

weighted by a γ-dependent constant times [µh(C)]4/γ
2−2, i.e., dPh

dP
h̃
= C(γ)× [µh(C)]4/γ

2−2.

We note that if h is as in Definition 2.1.5, then µh(C) = 1 (this is because of the

subtraction of 1
γ log µh(C) in (2.16)). Furthermore, one can check that the LQG metric

associated with the LQG sphere extends continuously to the one-point compactification

C ∪ {∞}, so it can be viewed as a metric on the sphere (not just on C). One reason why

the γ-LQG sphere is special is that it is the LQG surface which arises as the scaling limit of

random planar maps with the sphere topology. See e.g. subsubsection 2.1.4 for more details.

We also have the following result for LQG in dimension 2.

Corollary 2.1.6. Let d be a length metric on the sphere S2 = C ∪ {∞} which induces the

Euclidean topology and let m be a Borel measure on S2 with m(S2) = 1. Fix γ ∈ (0, 2) and

let D
h̃

and µ
h̃

denote the metric and measure associated with the γ-LQG quantum sphere,

viewed as a metric and measure on S2. For each ε > 0, it holds with positive probability that

∣∣∣Dh̃
(x, y)− d(x, y)

∣∣∣ ≤ ε, ∀x, y ∈ S2 (2.17)
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and at the same time for any Borel set A ⊂ S2,

m(A) ≤ µ
h̃
(Aε) + ε (2.18)

and

µh(A) ≤ m(Aε) + ε (2.19)

where Aε := {z ∈ C : infu∈A dS(z, u) < ε}, with dS being the Euclidean metric on S2. In

particular, with positive probability we have that

dGHP

(
(S2, d,m), (S2, D

h̃
, µ

h̃
)
)
≤ ε. (2.20)

To obtain Corollary 2.1.6, one can write the quantum sphere field h̃ in terms of the

Gaussian free field,

h̃ := h̄− 1

γ
log µh̄(C),

where

h̄ = h+ γG(0, ·) + γG(1, ·)− (2Q− γ) log | · |+.

Since Theorem 2.1.4 lets us “fix" the total measure µh, it suffices to consider h̄, and show that

(Dh̄, µh̄) is close to any conformally flat Riemannian metric ef · d0 with positive probability.

For this, we first approximate the function γG(0, ·) + γG(1, ·) − (2Q − γ) log | · |+ by a

smooth, finite Dirichlet energy function fε. This approximation can be chosen so that fε(z) =

γG(0, z) + γG(1, z) − (2Q − γ) log |z|+ for z ∈ B1
ε
(0) \ (Bε(0) ∪ Bε(1)). By the Cameron

Martin property of the GFF, we know that Corollary 2.1.6 holds if we replace h̃ with h+ fε.

Now the final step is to show that both the measure and metric are “unaffected" by the

singularities at 0, 1,∞. To do this, we note that if P is any geodesic between two points,

then we can replace P by a path with similar LQG length avoiding ε neighborhoods of the

singularities.
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Application to random planar maps

Due to the convergence of uniform random planar maps toward
√

8/3-LQG, Theorem 2.1.6

has implications for the study of random planar maps. To explain this, let Mn be sampled

uniformly from the set of all quadrangulations of the sphere (planar maps whose faces all

have degree 4) with n ∈ N total faces. Let Dn and µn denote the graph distance and the

counting measure on vertices of Mn, respectively. We will now recall the Gromov-Hausdorff-

Prokhorov distance. Suppose that m1,m2 are Borel measures on a metric space (X, d). The

Prokhorov distance is given by

dP(m1,m2) := inf{ε > 0 : m1(A) ≤ m2(Aε) + ε, m2(A) ≤ m1(Aε) + ε for all closed A},

where

Aε := {x ∈ X : inf
y∈A

d(x, y) < ε}.

Also, recalling that the Hausdorff distance between pairs of sets A,B in a metric space (X, d)

is defined by

dH(A,B) := inf{r > 0 : A ⊆ ∪x∈BBd(x), B ⊆ ∪x∈ABd(x)}.

We define the Gromov-Hausdorff distance between two metric spaces (X1, d1) and (X2, d2)

as the infimum over all r > 0 such that there exists a third metric space (Z, d) and sub-

spaces X ′
1, X

′
2 that are isometric to X1 and X2 respectively, and additionally dH(X ′

1, X
′
2) <

r. Finally, the Gromov-Hausdorff-Prokhorov distance between two metric measure spaces

(X1, d1, µ1) and (X2, d2, µ2) is defined as

dGHP ((X1, d1, µ1), (X2, d2, µ2)) = inf
(Z,d),ι1,ι2

dH(X1, X2) + dP (ι
∗
1µ1, ι

∗
2µ2),

where the infimum is taken over isometric embeddings ι1 : X1 → Z and ι2 : X2 → Z.

21



It was shown independently by Le Gall Le Gall [2013] and Miermont Miermont [2013],

building on many other works, that the metric measure spaces2 (Mn, n
−1/4Dn, n

−1µn) con-

verge in law in the Gromov-Hausdorff-Prokhorov sense to a random metric measure space

called the Brownian map. See Le Gall [2014] for a survey of this work and Addario-Berry

and Albenque [2017], Bettinelli et al. [2014], Addario-Berry and Albenque [2021], Marzouk

[2022] for extensions to other types of random planar maps with the sphere topology.

Subsequently, Miller and Sheffield Miller and Sheffield [2015, 2021a,b] constructed a met-

ric associated with
√

8/3-LQG (using a very different construction from the one described

above). They then showed that the
√
8/3-LQG sphere, equipped with this metric and its

LQG area measure, is isometric to the Brownian map. Finally, it was shown in [Gwynne

and Miller, 2021, Corollary 1.4] that the Miller-Sheffield metric a.s. coincides with the met-

ric from (2.9) for γ =
√

8/3 (ξ = 1/
√
6). Combining these results shows that if h is the

random generalized function associated with the
√

8/3-LQG sphere and Mn is a uniform

quadrangulation as above, then

(Mn, n
−1/4Dn, n

−1µn) →
(
S2, Dh, µh

)
(2.21)

in law with respect to the Gromov-Hausdorff-Prokhorov distance. The following corollary is

immediate from Theorem 2.1.6 and (2.21).

Corollary 2.1.7. For n ∈ N, let Mn be a uniform quadrangulation of the sphere with n

faces, as above. Let (X, d,m) be a metric space homeormorphic to the sphere, equipped with

a length metric and a probability measure. For each ϵ > 0, there exists p = p(ϵ, (X, d,m)) > 0

such that for each sufficiently large n ∈ N,

P
[
dGHP

(
(Mn, n

−1/4Dn, n
−1µn), (X, d,m)

)
< ϵ
]
≥ p. (2.22)

2. Often this scaling limit result is stated with an additional constant factor in front of n−1/4Dn. For
convenience we implicitly re-scale the metric on the Brownian map so that this constant is not needed. We
do the same for the

√
8/3-LQG metric. This re-scaling does not affect the statement of Corollary 2.1.7.
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The same holds for other classes of random planar maps known to converge to the Brownian

map, e.g., uniform k-angulations for k ≥ 3 Le Gall [2013], Addario-Berry and Albenque

[2021] and uniform planar maps with unconstrained face degree Bettinelli et al. [2014].

2.1.5 Outline

In Section 2.3 we prove the following variant of Theorem 2.1.4:

Theorem 2.1.8. Let ε > 0, and let f : Rd → R be a smooth compactly suported function.

Then with positive probability we have that

sup
x,y∈[−R,R]d

|Dh(x, y)− ef · d0(x, y)| ≤ ε

and at the same time,

µh([−R,R]d) ≤ ε.

To prove this, we use an analogue of the white noise decomposition for the Gaussian

free field to decompose h as h = h0,β + hβ,∞, where β > 0 is small, h0,β is a random

generalized function, and hβ,∞ is an independent random smooth function (see (2.35) for

a precise statement). The generalized function h0,β has very weak long-range correlations

and its law is invariant under rotations and translations of Rd. The function hβ,∞ does not

enjoy these properties, but it is smooth. Once we do this, we discretize Rd and use a first

passage percolation argument as in Boivin [1990] followed by scaling arguments for LQG to

show that β−(ξQ−1)Dh0,β is approximately Euclidean and simultaneously β−(γQ−d)µh0,β is

approximately the Lebesgue measure with high probability when β is small (Propositions

2.3.2 and 2.3.3). After this, in Lemma 2.3.4 one controls the smooth part corresponding to

hβ,∞ by forcing it to be close to any given function with positive probability. Forcing hβ,∞

to be approximately ξQ−1
ξ log β and using Weyl scaling, one obtains that with positive prob-

ability, that Dh approximates any conformally flat metric, while µh([−R,R]d) is bounded
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by a multiple of θ = O(β
γ
ξ−d

).

In Section 2.4 we show that the measure can be modified in such a way that we do not

change the metric very much. In Proposition 2.4.3 we add bump functions to h to show that

we can make µh approximate an arbitrary finite sum of point masses. Then in Proposition

2.4.4 we show that the metric is not greatly modified, by showing that geodesic can freely

go around the added bumps without adding much length. The bump functions we add

will be large on the union of a large collection of small squares, and very negative on a

small neighborhood of each of these squares. See Section 2.4.1 for a precise definition. This

construction is similar to Section 11.2 in Bou-Rabee and Gwynne [2022]. Together with the

results in Section 2.3 this gives the proof of Theorem 2.1.6 for the case that our metric is a

conformally flat Riemannian one. The last step is to use the following folklore statement.

Theorem 2.1.9. Let d̄ be a length metric on Rd which induces the same topology as the

Euclidean metric d0. Let ε > 0 and R > 0. Then there exists a bounded continuous function

f : Rd → R such that

sup
x,y∈[−R,R]d

|d̄(x, y)− ef · d0(x, y)| ≤ ε.

A proof of this is given in Contreras Hip and Gwynne [2024].
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2.2 Preliminaries

Fix γ ∈ (0, 2). Let h̄ be a whole-space log-correlated Gaussian field as in (2.2). Let h be a

log-correlated Gaussian field plus a continuous function, i.e., a random generalized function
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on Rd which can be coupled with h in such a way that h̄−h is a continuous function on Rd.

As explained in Section 2.1.1, one can define the γ-LQG metric Dh̄ and the LQG measure

µh̄ associated with h̄.

We will also define the sphere average of a function. Suppose that g : Rd → R is a

function, r > 0, and z0 ∈ Rd. Then we define

gr(z0) :=
1

|Br(z0)|

∫
∂Br(z0)

g(z)dσ(z),

where σ is the uniform measure on the sphere ∂Br(z0).

Let h be a log-correlated Gaussian field, as in (2.2). For any z ∈ Rd and r > 0, we

define the sphere average hr(z) as the average of h over the sphere of radius r centered at z,

which is well defined despite the fact that h does not have well-defined pointwise values (see

Section 11.1 in Lodhia et al. [2016]).

We note for the future that the law of h up to constant is invariant under complex affine

transformations, that is for a ∈ Rd \ {0}, b ∈ Rd, we have

h(a ·+b)− h|a|(b)
d
= h. (2.23)

We will also use a few additional properties about log-correlated fields, such as an ana-

logue of the white noise decomposition (subsection 2.2.1), and an analogue of the Cameron-

Martin property for h (subsection 2.2.2): if f : Rd → C is a continuously differentiable

function whose Dirichlet energy
∫
Rd |∇f |2 is finite and whose average (f)1(0) over the unit

sphere is zero, then the law of h+ f is absolutely continuous with respect to the law of h.

25



2.2.1 White noise decomposition for log-correlated Gaussian fields

Let W be a space-time white noise on Rd × R+. That is, W is the Gaussian random

generalized function such that for each f ∈ L2(Rd × R+), the (formal) integral

∫ ∞

0

∫
Rd
f(x, t)W (dx, dt)

is centered Gaussian with variance
∫∞
0

∫
R2 f(x, t)2 dx dt. For t > 0, we define the kernel

pt(x) to be the kernel associated with (−∆)
d
2 , that is pt(x) is formally the solution to

∂tpt + (−∆)
d
2pt = 0,

p0 = δ0.
(2.24)

Rigorously, pt ∈ L2(Rd) is the unique kernel such that the (unique) solution to

∂tu+ (−∆)
d
2u = 0

u(0, x) = u0(x)

is given by

u(t, x) =

∫
Rd
pt(x− y)u0(y)dy.

To see that this kernel is well defined, one can take the Fourier transform on both sides of

the equation for pt to obtain

∂tp̂t + (2π|ξ|2)
d
2 p̂t = 0,

p̂0(ξ) = 1,

which suggests we define

pt = F−1e−(2π|ξ|2)
d
2 t.
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Note that by scaling, we have the identity

pt(x) =
1

t
p1

(
x

t
1
d

)
(2.25)

For 0 ≤ α ≤ β <∞, we also define

hα,β(y) :=

∫ β2

α2

∫
Rd
pt/2(x− y, t)W (dx, dt). (2.26)

We will need the following basic property about the kernel pt(x).

Lemma 2.2.1. Let pt(x) be defined as in (2.24). Then we have the following identity:

∫
Rd
pt(z1 − x)ps(x− z2)dx = pt+s(z1 − z2).

Proof. By translation invariance, it suffices to show

∫
Rd
pt(x)ps(x− z)dx = ps+t(z).

For this, suppose u is the solution to

∂tu+ (−∆)
d
2u = 0,

u(0, x) = u0(x)

where u0 is any smooth compactly supported initial condition. Let

v(t, x) =

∫
Rd

(∫
Rd
pt(z)ps(x− y − z)dz

)
u0(y)dy.
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Then

∂tv(t, x) = ∂t

(∫
Rd

∫
Rd
pt(z)ps(x− y − z)u0(y)dydz

)
=

∫
Rd

∫
Rd
∂t(pt(z))ps(x− y − z)u0(y)dydz

and so

∂tv(t, x) =

∫
Rd

∫
Rd
∂t(pt(z))ps(x− y − z)u0(y)dydz. (2.27)

On the other hand,

(−∆)
d
2 v(t, x) =

∫
Rd

∫
Rd

(−∆x)
d
2pt(x− y − z)(ps(z))u0(y)dydz

=

∫
Rd

∫
Rd

(
(−∆x)

d
2pt

)
(x− y − z)ps(z)u0(y)dydz.

Combining with (2.27) we obtain

(
∂t + (−∆)

d
2

)
v =

∫
Rd

∫
Rd

(
∂t + (−∆)

d
2

)
pt(z)ps(x− y − z)u0(y)dydz = 0.

Finally, note that

lim
t→0

v(t, x) = lim
t→0

∫
Rd
pt(z)

(∫
Rd
ps(x− y − z)u0(y)dy

)
dz

=

∫
Rd
ps(x− y)u0(y)dy

= u(s, x).

Therefore u(s+ ·, ·), v(·, ·) both solve

∂tw + (−∆)
d
2w = 0,

w(0, x) = u(s, x)
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This implies that v(t, x) = u(s + t, x). Since the initial condition u0 ∈ C∞
c was arbitrary,

This completes the proof.

For α > 0, one can check using the Kolmogorov continuity theorem that hα,β is a

continuous function. Indeed, for any two points v, w we have

Var(hα,β(v)− hα,β(w)) = 2(Var(hα,β(v))− Cov(hα,β(v), hα,β(w)))

= 2

∫ β2

α2
ps(v, v)− ps(v, w)ds ≲

(∫ β2

α2
∥∇ps∥L∞ds

)
|v − w|

For α = 0, we interpret h0,β as a random generalized function.

We collect some basic properties of the family {h0,β}β>0 we will need later on.

Lemma 2.2.2. The family {h0,β : β > 0} has the following properties:

- If ϕ : Rd → Rd is a rotation, reflection, or translation, then {h0,β ◦ ϕ : β > 0} has the

same law as {h0,β : β > 0}.

- If δ ∈ [0, 1) we have that {h0,δβ(δ·) : β > 0} and {h0,β : β > 0} agree in law.

- If 0 ≤ β1 ≤ β2 ≤ β3 ≤ β4 <∞ then h0,β2 − h0,β1 and h0,β4 − h0,β3 are independent.

Finally, h0,1 is ergodic with respect to translations of Rd.

The invariance and independence properties are immediate from the definition, see, e.g.,

Section 3.2 of Ding and Goswami [2019] for the two dimensional case. For the last statement,

note that the white noise W (dx, dt) is ergodic with respect to spatial translations, and

therefore so is h0,β . An important consequence is the following scaling property of Dh0,β .

Lemma 2.2.3. Let β > 0. Then {Dh0,β (x, y) : x, y ∈ Rd} has the same law as

{
βξQDh0,1(β

−1x, β−1y) : x, y ∈ Rd
}
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Proof. This is a direct consequence of the LQG coordinate change formula, Weyl scaling and

Lemma 2.2.2. Indeed, by the LQG coordinate change formula, a.s.

Dh0,1(β
−1x, β−1y) = Dh0,1(β−1·)+Q log(β−1)(x, y), ∀x, y ∈ Rd.

By Weyl scaling and Lemma 2.2.2, the metric on the right has the same law as β−ξQDh0,β .

Lemma 2.2.4. For each β > 0, hβ,∞ is well-defined as a random function viewed modulo

additive constant and agrees in law with h ∗ pβ2/2, modulo additive constant.

Proof. Let f : Rd → Rd be compactly supported and smooth such that
∫
Rd f(z) = 0. Let

R > 0 be large. Then

Var

(∫
Rd
f(z)hβ,R(z)dz

)
= E

((∫
Rd
f(z)hβ,R(z)dz

)2
)

since

E
(∫

Rd
f(z)hβ,R(z)dz

)
= 0.
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Therefore,

Var

(∫
Rd
f(z)hβ,R(z) dz

)
= E

(∫
Rd

∫
Rd
f(x)f(y)hβ,R(x)hβ,R(y) dx dy

)
= E

(∫
Rd

∫
Rd
f(x)f(y)

×
∫
Rd

∫ R2

β2
pt/2(x− u)W (du, dt)

×
∫
Rd

∫ R2

β2
ps/2(y − v)W (dv, ds) dx dy

)

= E

(∫
Rd

∫
Rd
f(x)f(y)

×
∫
Rd

∫ R2

β2
pt/2(x− y − u)W (du, dt)

×
∫
Rd

∫ R2

β2
ps/2(−v)W (dv, ds) dx dy

)

=

∫
Rd

∫
Rd
f(x)f(y)KR(x− y) dx dy.

(2.28)

where

KR(x) := E

(∫
Rd

∫ R2

β2

∫
Rd

∫ R2

β2
pt/2(x− u)ps/2(−v)W (du, dt)W (dv, ds)

)
.

Using the definition of the white noise we obtain

KR(x) =

∫
Rd

∫ R2

β2
pt/2(x− u)pt/2(u)dtdu

Using Lemma 2.2.1 we have

∫
Rd
pt(z1 − x)pt(x− z2)dx = p2t(z1 − z2),
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and so

KR(x) =

∫ R2

β2
pt(x)dt. (2.29)

Let F denote the Fourier transform, that is

F(f)(ζ) = f̂(ζ) :=

∫
Rd
e−2πix·ζf(x).

Using Plancherel, (2.29), and the fact that F(f ∗ g) = f̂ ĝ we obtain

∫
Rd

∫
Rd
f(x)f(y)KR(x− y)dxdy =

∫
Rd
K̂R(ζ)|f̂(ζ)|2dζ. (2.30)

Note that

p̂t(ζ) = e−(2π)dt|ζ|d , (2.31)

and so in particular it is integrable in both space and time. Hence

lim
R→∞

K̂R(ζ) = lim
R→∞

∫ R2

β2
p̂t(ζ)dt =

∫ ∞

β2
p̂t(ζ)dt =

∫ ∞

β2
e−2dπdt|ζ|ddt =

1

2dπd|ζ|d
e−

2dπdβ2|ζ|d
2 .

(2.32)

By plugging (2.30) into (2.28), then using (2.32), we obtain

lim
R→∞

Var

(∫
Rd
f(z)hβ,R(z)dz

)
=

∫
Rd

1

2dπd|ζ|d
e−

2dπdβ2|ζ|d
2 |f̂(ζ)|2dζ. (2.33)

Note that the above integral is well defined since f is smooth and f(0) = 0, hence |f̂(ζ)|2
|ζ|2

is integrable at 0. This shows that f 7→
∫
Rd f(z)hβ,∞(z) dz is well-defined as a centered

Gaussian process on the set of smooth compactly supported test functions with integral

zero. We will now show that this process agrees in law with f 7→
∫
Rd f(z)h ∗ pβ2/2(z) dz.
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Recalling that h1(0) :=
∫
∂B1(0)

hdσ = 0 and that
∫
Rd f(z)dz = 0, we obtain

Var

(∫
Rd
f(z)h ∗ pβ2

2

(z)dz

)
= Var

(∫
Rd
f(z)h0 ∗ pβ2

2

(z)dz

)
=

∫
Rd

∫
Rd
f(x)f(y)E(h0 ∗ pβ2

2

(x)h0 ∗ pβ2

2

(y))dxdy

=

∫
Rd

∫
Rd
f(x)f(y)

(∫
Rd

∫
Rd
pβ2

2

(x− u)pβ2

2

(y − v)E(h0(u)h0(v))dudv
)
dxdy

=

∫
Rd

∫
Rd
f(x)f(y)

(∫
Rd

∫
Rd
pβ2

2

(x− u)pβ2

2

(y − v)G(u, v)dudv

)
dxdy, (2.34)

where G(x, y) is given by (2.2). Note that by translations invariance we have

∫
Rd

∫
Rd
f(x)f(y)

(∫
Rd

∫
Rd
pβ2/2(x− u)pβ2/2(y − v) log(max{|u|, 1})dudv

)
dxdy

=

∫
Rd

∫
Rd
f(x)f(y)

(∫
Rd
pβ2/2(x− u) log(max{|u|, 1})du

)(∫
Rd
pβ2/2(v)dv

)
dxdy

=

(∫
Rd
f(y)dy

)∫
Rd
f(x)

(∫
Rd
pβ2/2(x− u) log(max{|u|, 1})du

)(∫
Rd
pβ2/2(v)dv

)
dx

= 0,

where in the last line we used that
∫
Rd f = 0. Therefore

Var

(∫
Rd
f(z)h ∗ pβ2

2

(z)dz

)
=

∫
Rd

∫
Rd
f(x)f(y)

(∫
Rd

∫
Rd
pβ2

2

(x− u)pβ2

2

(y − v) log

(
1

|u− v|

)
dudv

)
dxdy,

Let

Fx(v) :=

∫
Rd
pβ2/2(x− u) log

(
1

|u− v|

)
du.
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Note that Fx = pβ2/2(x− ·) ∗ log
(

1
|·|

)
. Hence

F̂x(ζ) = F
(
log

(
1

| · |

))
F(pβ2/2(x− ·))(ζ)

=
1

2dπd|ζ|d
F(pβ2/2(x− ·))(ζ) = 1

2dπd|ζ|d
p̂β2/2(ζ)e

−2πix·ζ .

Then

∫
Rd

∫
Rd
f(x)f(y)

(∫
Rd

∫
Rd
pβ2

2

(x− u)pβ2

2

(y − v) log

(
1

|u− v|

)
dudv

)
dxdy

=

∫
Rd

∫
Rd
f(x)f(y)

(∫
Rd
Fx(v)pβ2/2(y − v)dv

)
dxdy

=

∫
Rd

∫
Rd
f(x)f(y)

(∫
Rd
F̂x(ζ)e

2πiy·ζ ¯̂pβ2/2(ζ)dζ
)
dxdy (Plancherel)

=
1

2dπd

∫
Rd

∫
Rd
f(x)f(y)

(∫
Rd

1

|ζ|d
e2πi(y−x)·ζ |p̂β2/2(ζ)|

2dζ

)
dxdy

=
1

2dπd

∫
Rd

|f̂(ζ)|2 1

|ζ|d
|p̂β2/2(ζ)|

2dζ (Defn. of Fourier transform)

=

∫
Rd

f̂(ζ)2

2dπd|ζ|d
e−2dπdβ2|ζ|ddζ.

Combining this with (2.34), that

Var

(∫
Rd
f(z)h ∗ pβ2

2

(z)dz

)
=

∫
Rd

f̂(ζ)2

2dπd|ζ|d
e−2dπdβ2|ζ|ddζ.

Now using (2.33) we obtain

Var

(∫
Rd
f(z)h ∗ pβ2

2

(z)dz

)
= lim

R→∞
Var

(∫
Rd
f(z)hβ,R(z)dz

)
= Var

(∫
Rd
f(z)hβ,∞(z)dz

)
.

Since the variances agree, this completes the proof.

By sending β → 0 in Lemma 2.2.4, we find that h0,∞ is well-defined as a random

generalized function and agrees in law with h, modulo additive constant. We may therefore
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couple h with the white noise W in such a way that
∫
∂B1(0)

hβ,∞ = 0, and

h = h0,β + hβ,∞ − (h0,β)1(0), (2.35)

where we recall that gr(z0) denotes the sphere average 1
|Br(z0)|

∫
∂Br(z0)

g(z)dσ(z). This de-

composition will be crucial for our proofs. We prove the following technical lemma, which

will be used repeatedly in future calculations.

Lemma 2.2.5. We have that (
h0,β

)
1
(0) → 0

in probability as β → 0.

Proof. Recall by (2.28) and (2.29) that

Var

(∫
Rd
f(z)hα,β(z)dz

)
=

∫
Rd

∫
Rd
f(x)f(y)Kα,β(x− y)dxdy,

where

Kα,β :=

∫ β2

α2
pt(z)dz.

Note that the above inequality also holds for f replaced by a measure µ, that is

Var

(∫
Rd
hα,β(z)dµ(z)

)
=

∫
Rd

∫
Rd
Kα,β(x− y)dµ(x)dµ(y).

Again using Plancherel as in Lemma 2.2.4, we obtain that

Var

(∫
Rd
f(z)hα,β(z)dµ(z)

)
=

∫
Rd
K̂α,β(ζ)|µ̂(ζ)|2dζ.

Taking µ such that
∫
Rd f(z)dµ(z) =

∫
∂B1(0)

f(z)dσ(z), we note that µ’s Fourier transform
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is well defined. Therefore we have

Var
(
(h0,β)1(0)

)
=

∫
Rd

lim
α→0

K̂α,β(ζ)|µ̂(ζ)|2dζ,

and similarly we have

Var
(
(hβ,∞)1(0)

)
=

∫
Rd

lim
R→∞

K̂β,R(ζ)|µ̂(ζ)|2dζ.

We compute

lim
α→0

K̂α,β(ζ) = lim
α→0

π

∫ β2

α2
p̂t(ζ)dt =

∫ β2

0
πp̂t(ζ)dt =

∫ β2

0
πe−

4π2t|ζ|2
2 dt.

Noting that this last expression converges to 0 as β → 0, we see that

lim
β→0

Var
(
(h0,β)1(0)

)
= 0.

This completes the proof.

2.2.2 Cameron-Martin property for log-correlated Gaussian fields

We will need the following property, analogous to the Cameron-Martin property for the GFF.

Lemma 2.2.6. Suppose that f ∈ C∞
0 (Rd) is a smooth compactly supported function. Then

the law of h+ f is absolutely continuous with respect to the law of h up to additive constant.

Proof. By Proposition 2.3 in Junnila et al. [2018] we have the Karhunen–Loéve expansion

of h (up to additive constant)

h =
∑
n≥0

An

√
λnφn(x)

where {λn}n∈N is the set of eigenvalues of the Hilbert-Schmidt operator associated with

the kernel pt, {φn}n∈N is an orthonormal basis of eigenvectors in L2, and {An}n≥0 is an
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i.i.d. set of standard Gaussian random variables. Since f ∈ C∞
c (Rd), there exist coefficients

{cn}n∈N ∈ ℓ2(N) such that

f =
∑
n∈N

cn
√
λnφn.

Indeed, since f ∈ H
d
2
0 (R

d), we have

f =
∑
n∈N

dnφn

for some coefficients dn, and so

∞ >

∫
Rd

|∆
d
4 f(z)|2dz =

∫
Rd
f(z)∆

d
2 f(z)dz ≥

∑
n∈N

|dn|
|dn|
λn

and so cn = dn√
λn

∈ ℓ2. Then

h+ f =
∑
n∈N

(An + cn)φn.

Therefore h+ f is absolutely continuous with respect to h, with Radon-Nikodym derivative

given by ∏
n∈N

e−
c2n
2 ecnx = e−

1
2

∑
n∈N c2n+

∑
n∈N cnAn

which converges, since cn ∈ ℓ2. This completes the proof.

2.3 Aproximation theorem for Riemannian metrics

In this section we will prove Theorem 2.1.8.

In Section 2.4 we will then generalize this to the case of any measure on Rd, still with

the same metric.

We will need the following technical lemma about a moment bound for diamDh0,1
([0, 1]d).
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In this we use the moment assumption (2.12).

Lemma 2.3.1. There exists a p > d such that

E(diamDh0,1
(B1(0))

p) <∞.

Proof. Recall that h = h0,1 + h1,∞. Therefore

diamDh0,1
([0, 1]d) ≲ diamDh

([0, 1]d)e
ξ sup

z∈[0,1]d h1,∞ .

By the Borel TIS inequality, we have that supz∈[0,1]d h1,∞ has an exponential tail, and hence

exponential moments of all orders. Therefore for any d < p < p̄, we have

E(diamDh0,1
([0, 1]d)p) ≲ E(diamDh

([0, 1]d)p̄)
p
p̄E

(
e
p
(
p̄
p

)′
ξ sup

z∈[0,1]d h1,∞

) 1(
p̄
p

)′
<∞

where we used (2.12) in the last line. This completes the proof.

Theorem 2.1.8 will be proven by combining the following propositions.

Proposition 2.3.2. There exists ν > 0 such that the following is true. Let ε > 0. With

probability going to 1 as β → 0,

∣∣∣Dh0,β (x, y)− βξQ−1ν|x− y|
∣∣∣ ≤ εβξQ−1 (2.36)

for all x, y ∈ [−R,R]d.

Proposition 2.3.3. There exists a constant C0 > 0 such that the following is true. Let

c > 0. With probability going to 1 as β → 0, we have

µh0,β ([−R,R]
d) ≤ C0β

γQ−2−c.
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Let f 7→ f̂ denote the Fourier transform and let f 7→ f̌ denote the inverse Fourier

transform,

f̌(x) =

∫
e2πiζ·xdζ.

We will also need the following lemma:

Proposition 2.3.4. Let ε > 0, and suppose that f is a function such that f̂ has compact

support and
∫
∂B1(0)

f(z)dσ = 0. For small enough β > 0, it holds with positive probability

that

∥hβ,∞ − f∥L∞([−1,1]2) < ε.

We will now assume the results of Propositions 2.3.2, 2.3.3, and 2.3.4, and prove Theorem

2.1.8.

2.3.1 Proof of Theorem 2.1.8

We have the following result, which follows from the same proof as Lemma 7.1 in Dubédat

and Falconet [2020].

Lemma 2.3.5. Let U ⊂ Rd be a bounded open set, and let f : Ū → R be a continuous

function, and let φ1, φ2 : (0,∞) → (0,∞) be increasing functions such that φ1(0+) =

φ2(0
+) = 0. Suppose {dn}n≥0 is a sequence of length metrics inducing the Euclidean topology

on Ū such that for any x, y ∈ Ū , and any n ∈ N,

φ1(∥x− y∥) ≤ dn(x, y) ≤ φ2(∥x− y∥).

Assume additionally that dn converges uniformly to a metric d∞. Then ef · dn converges to

ef · d∞ in the sense that for any x, y ∈ Ū , we have

lim
n→∞

ef · dn(x, y) = ef · d∞(x, y).
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We will need the following corollary.

Corollary 2.3.6. Let U ⊂ Rd be a bounded open set, and let f : U → R be continuous. Let

ε > 0, and suppose that d0 is a continuous length metric on U. Then there exists a δ > 0 such

that if d is another continuous length metric on U such that supx,y∈U |d0(x, y)−d(x, y)| < δ,

then |ef · d0(x, y)− ef · d(x, y)| < ε for all x, y ∈ U .

Proof. If the conclusion does not hold, then there is a sequence of continuous length metrics

dn such that

sup
x,y∈U

|d0(x, y)− dn(x, y)| < 1

n
, (2.37)

but

sup
x,y∈U

|ef · d0(x, y)− ef · dn(x, y)| > ε.

Therefore dn converges to d0 uniformly. We claim that the hypotheses of Lemma 2.3.5 hold,

giving us a contradiction. For this we construct the functions φ1, φ2. For any r > 0, let

φ̄1(r) := inf
x,y:|x−y|=r

n∈N

dn(x, y),

and similarly

φ̄2(r) := sup
x,y:|x−y|=r

n∈N

dn(x, y).

Finally, we define

φ1(r) := inf
s≥r

φ̄1(s)

and

φ2(r) := sup
s≤r

φ̄2(s).

Note that φ1(r), φ2(r) are both decreasing, and φ̄1(r) ≥ φ1(r), φ̄2(r) ≤ φ2(r). Therefore by
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construction we have that

φ1(|x− y|) ≤ dn(x, y) ≤ φ2(|x− y|).

It suffices to check now that φ1(r) > 0 if r > 0, φ2(0
+) = 0, and φ2(s) < ∞ for small

enough s. To check that φ1(r) > 0, suppose by contradiction that this is not the case. Then

there exist sequences nk, xk, yk such that |xk − yk| = r and

lim
k→∞

dnk(xk, yk) = 0.

Note that by passing to subsequence if necessary, we can assume that either nk = n does not

depend on k or nk → ∞ as k → ∞. In the first case, we would have that limk→∞ dn(xk, yk) =

0 for some n, which is impossible since dn is positive definite. In the second case, again by

passing to a subsequence we can assume that xk → x and yk → y. Hence we have by (2.37)

that

lim
k→∞

dnk(xk, yk) ≥ lim inf
k→∞

d0(xk, yk)−
1

nk
= lim inf

k→∞
d0(xk, yk) = d0(x, y) > 0,

which yields a contradiction.

A similar contradiction argument shows that φ2(0+) = 0 and φ2(s) <∞. This completes

the proof.

We will need the following lemma about the behavior of metrics of the form eF · d when

F is small.

Lemma 2.3.7. Let F : Rd → Rd be a continuous function, and suppose that d is a length

metric. Suppose that F ∈ L∞(Rd), and that

Diamd([−R,R]d) := sup
x,y∈[−R,R]d

d(x, y) <∞
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Then

sup
x,y∈[−R,R]d

|eF · d(x, y)− d(x, y)| ≤ e∥F∥∞
(
e∥F∥∞ − 1

)
Diamd([−R,R]d).

Proof. This is an elementary consequence of the definition of eF · d.

Now we will finish the proof of Theorem 2.1.8.

Proof of Theorem 2.1.8. Now assume that we are in the setting of Theorem 2.1.8. Let

f : Rd → R be a continuous function. From now on, we assume that the conclusions of

Propositions 2.3.2, 2.3.3,

|(h0,β)1(0)| ≤ ε (2.38)

and 2.3.4 hold simultaneously, which is a positive probability event for small enough β > 0.

This is because the conclusions of Propositions 2.3.2 and 2.3.3 hold with probability going

to 1 as β → 0, (2.38) holds with probability going to 1 by Lemma 2.2.5, the conclusion

Proposition 2.3.4 holds with positive probability, and also by the independence of h0,β , hβ,∞.

We claim that

|Dh(x, y)− νβξQ−1eξf · d0(x, y)| ≤ βξQ−1ε, ∀x, y ∈ [−R,R]d. (2.39)

This statement might seem odd at first glance, since Dh(x, y) is of constant order while

νβξQ−1eξf · d0(x, y) is not. However, it holds because we are conditioning on the event

that ∥hβ,∞ − f∥∞ < ε, which is rare, but holds with positive probability. To prove (2.39)

we apply Corollary 2.3.6 to the metrics d0 = νd0 and d = β1−ξQDh0,β together with the

function f, which we know satisfy the hypotheses by Proposition 2.3.2 for small enough β.

Thus for small enough β > 0, we have that for all x, y ∈ [−R,R]d,

|β1−ξQDh0,β+f (x, y)− νeξf · d0(x, y)| ≤ ε,
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or equivalently,

|Dh0,β+f (x, y)− νβξQ−1eξf · d0(x, y)| ≤ βξQ−1ε. (2.40)

We recall the white noise decomposition

h = h0,β + hβ,∞ − (h0,β)1(0).

This implies that

∥h− (h0,β + f)∥∞ = ∥(hβ,∞ − f)− (h0,β)1(0)∥∞ ≤ ∥hβ,∞ − f∥∞ + |(h0,β)1(0)|.

Using Proposition 2.3.4 for the first term and (2.38) for the second one, we see that for small

enough β we have

∥h− (h0,β + f)∥∞ ≤ 2ε.

Therefore by Lemma 2.3.7 we have that for all x, y ∈ [−R,R]d,

|Dh(x, y)−Dh0,β+f (x, y)| ≤ e2ξε
(
e2ξε − 1

)
DiamDh0,β+f

([−1, 1]2). (2.41)

Applying Lemma 2.3.7 again for the metric Dh0,β and the perturbation f, we see that

DiamDh0,β+f
([−R,R]d) ≤ eξ∥f∥∞DiamDh0,β

([−R,R]d).

Now using Proposition 2.3.2 we obtain that

DiamDh0,β+f
([−R,R]d) ≤ βξQ−1ν2

√
2 + εβξQ−1.
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Plugging this into (2.41) we obtain that if ε is small enough, for all x, y ∈ [−R,R]d we have

∣∣∣Dh(x, y)−Dh0,β+f (x, y)
∣∣∣ ≤ (e2ξε − 1

)
βξQ−14ν.

Combining this with (2.40) and using the triangle inequality, we obtain that

∣∣∣Dh(x, y)− νβξQ−1eξf · d0(x, y)
∣∣∣ ≤

∣∣∣Dh(x, y)−Dh0,β+f (x, y)
∣∣∣

+|Dh0,β+f (x, y)− νβξQ−1eξf · d0(x, y)|

≤ βξQ−1ε+
(
e2ξε − 1

)
βξQ−14ν.

Therefore for small enough β > 0 and shrinking ε if necessary, we obtain our claim (2.39).

Again recall we are assuming the conclusions of Propositions 2.3.2, 2.3.3 and 2.3.4 hold

simultaneously. Using the white noise decomposition h = hp,β + hβ,∞ − (h0,β)1(0), we see

that by Proposition 2.3.4 and (2.38) we have

∥h− h0,β − f∥∞ ≤ 2ε.

Hence

µh([−R,R]d) ≤ eγ∥f∥∞+2γεµh0,β ([−R,R]
d) ≤ C0e

γ∥f∥∞+2γεβγQ−2−c. (2.42)

This implies that if the conclusions of Propositions 2.3.2, 2.3.3, and 2.3.4 hold, then we have

that for any x, y ∈ [−R,R]d,

|Dh(x, y)− νβξQ−1eξf · d0(x, y)| ≤ βξQ−1ε,

and

µh([−R,R]d) ≤ C0e
γ∥f∥∞+2γεβγQ−2−c.
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Now replacing f by f + (1ξ −Q) log(β)− log ν
ξ , we obtain

sup
x,y∈[−R,R]d

|Dh(x, y)− eξf · d0(x, y)| ≤ ε

and for any Borel set A,

µh(A) ≤ θ

∫
Aε

f(z)dz + ε

where

θ = αν
−γ

ξ β
γ
ξ−d

.

Note that by (2.11), θ → 0 as β → 0, and so this completes the proof of Theorem 2.1.8.

2.3.2 First passage percolation argument

From now on, let Diamh denote the diameter with respect to the metric Dh and define

Diamh0,β analogously. For the proof of this Proposition 2.3.2, we first treat the case where

y is fixed. We will look at the asymptotic behaviour of Dh0,1(0, x) in a single direction first,

and then prove convergence independent of the direction. To this end, we will need the

following lemma.

Lemma 2.3.8. Let c > 0 be a sufficiently small fixed constant. Then we have that almost

surely,

sup
x,y∈[−2n,2n]d

|x−y|≤1

Dh0,1(x, y) ≤ 2(1−c)n

for all but finitely many integers n.

Proof. We recall that e(p) := E
((

DiamDh0,1
([0, 1]d)

)p)
<∞ for some p > d by (2.12). By

Markov’s inequality,

P
(
DiamDh0,1

([0, 1]d) > 2(1−c)n
)
≤ C

2np(1−c)
.
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for some absolute constant C only depending on p. Now note that if

sup
x,y∈[−2n,2n]d

|x−y|≤1

Dh0,1(x, y) > 2(1−c)n+d,

then there must exist x0, y0 such that |x− y| ≤ 1, but Dh0,1(x, y) > 2(1−c)n+2. This implies

that there must exist a cube [k1, k1+1]×[k2, k2+1]·×[kd, kd+1] with −2n ≤ k1, k2, . . . , kd ≤

2n − 1 such that

DiamDh0,1
([k1, k1 + 1]× [k2, k2 + 1] · ×[kd, kd + 1]) > 2(1−c)n.

Since there are 2dn possibilities for the pair (k1, k2), we obtain

P

 sup
x,y∈[−2n,2n]d

|x−y|≤1

Dh0,1(x, y) > 2(1−c)n

 ≤ (2n)d−p(1−c) .

Choosing p to be close enough to 2 such that d− p(1− c) < 0, we can apply Borel-Cantelli

to obtain that almost surely, for all but finitely many n we have

sup
x,y∈[−2n,2n]d

|x−y|≤1

Dh0,1(x, y) ≤ 2(1−c)n.

This completes the proof.

Lemma 2.3.9. Let x ∈ Rd \ {0} be fixed. There is a deterministic constant ν > 0, not

depending on x, such that a.s.

lim
λ→∞

∣∣∣∣∣Dh0,1(0, λx)

λ|x|
− ν

∣∣∣∣∣ = 0.
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Proof. Recall that h0,1 is stationary and ergodic by Lemma 2.2.2 and thus so is Dh0,1(0, x),

which together with subadditivity (which is the triangle inequality for Dh0,1) and Kingman’s

ergodic theorem (see Kingman [1968]) shows that there exists a deterministic function ν :

S1 → R such that

lim
n→∞

∣∣∣∣∣Dh0,1(0, nx)

λ|x|
− ν

(
x

|x|

)∣∣∣∣∣ = 0.

Combining this with Lemma 2.3.8 we see that

lim
λ→∞

∣∣∣∣∣Dh0,1(0, λx)

λ|x|
− ν

(
x

|x|

)∣∣∣∣∣ = 0,

where here λ is a real number. Now all that remains is to see why ν is in fact constant.

Simply note that the law of Dh0,1(0, x) is rotationally invariant with respect to x by Lemma

2.2.2 and hence ν is independent of the direction.

Lemma 2.3.10. Almost surely, lim sup|x|→∞,x∈Rd

∣∣∣∣Dh0,1
(0,x)

|x| − ν

∣∣∣∣ = 0.

For the proof of this lemma, we follow the argument used in the main theorem in Boivin

[1990]. The argument is almost exactly the same, but we reproduce it here for the reader’s

convenience. First we will outline the proof. The first crucial element is the maximal

lemma, Lemma 2.3.11 below, which gives an upper tail bound for the random variable

sup|x|>1Dh0,1(0, x)/|x|. The next step is Lemma 2.3.12, which tells us that given any di-

rection θ there is a z′ in that direction at a far enough distance from the origin such that

Dh0,1(x, z
′) < λ|x| for a large constant λ > 0 which does not depend on x.

Now if the lemma is not true, then we must have a sequence xi → ∞ such that

∣∣∣∣∣Dh0,1(0, xi)

|xi|
− ν

∣∣∣∣∣ > ε̄, ∀i ∈ N.

By extracting a subsequence, we can assume that xi
|xi|

→ y. We can then compare the

distances Dh0,1(0, xi) and Dh0,1(0, niMz) where z ∈ Rd with |z| = 1 is an appropriate direc-
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tion, M is a large integer, and ni ∈ N is such that |xi|, |niMz| are comparable. Combining

everything we can conclude that
∣∣∣∣Dh0,1

(0,xi)

|xi|
− ν

∣∣∣∣ < ε̄, yielding a contradiction.

First we claim that that the probability of Dh(0, x)/|x| being large is small. More pre-

cisely, we need to show the following “maximal lemma”:

Lemma 2.3.11. For some fixed constant K1 we have

P

{
sup

x∈Rd,|x|>1

Dh0,1(0, x)

|x|
> λ

}
≤ K1

λd

Proof. Let S be the set of closed squares of side length 1 with corners in Zd. For each pair

of squares S, S′ ∈ S which share a side, we define the weight

w(S, S′) = Diamh0,1(S) + Diamh0,1(S
′).

For each x ∈ Rd, choose Sx ∈ S such that x ∈ S (if x lies on the boundary of a square, we

make an arbitrary choice). For x, y ∈ Rd, let

L(x, y) := inf
P

|P |∑
i=1

w(Pi−1, Pi) = Diamh0,1(Sx) + Diamh0,1(Sy) + 2 inf
P

|P |−1∑
i=1

Diamh0,1(Pi)

where the infimum runs over all paths P : P0, P1, . . . , P|P | of cubes with P0 = Sx and

P|P | = Sy. By the triangle inequality,

Dh0,1(0, x)

|x|
≤ L(0, x)

|x|
.

Hence

P

{
sup

x∈Rd,|x|>1

Dh0,1(0, x)

|x|
> λ

}
≤ P

{
sup

x∈Rd,|x|>1

L(0, x)

|x|
> λ

}
.

Note that h0,1 is stationary and ergodic by Lemma 2.2.2, and therefore so is Diamh0,1S. Since
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Diamh0,1S has a finite p-th moment by Lemma 2.3.1, we can apply the maximal lemma in

Boivin [1990] (also see [Boivin and Derriennic, 1991, Theorem 6]) to see that

P

{
sup

x∈Rd,|x|>1

L(0, x)

|x|
> λ

}
≤ K1

λd
.

Let Eλ be the event that

sup
x∈Rd,|x|>1

Dh0,1(y, x)

|x|
≤ λ,

and write Eλ = Eλ(0). By Lemma 2.3.11 we know that

P(Eλ) ≥ 1− K1

λd
.

Following the notation in Boivin [1990], for M ∈ N, let

VM :=
{ z

M
: z ∈ Zd

}
, V :=

⋃
M∈N

VM , B := {z ∈ V : |v| = 1}

and for k, ρ > 0, define the partial cone

C(k, ρ) :=
{
x ∈ Rd : x21 + · · ·+ x2d−1 ≤ x2d, 0 ≤ xd ≤ ρ

}
.

If
−→
θ is a unit vector, let

−→
θ C(k, ρ) denote the cone C(k, ρ) rotated so that its axis is R

−→
θ .

If f is a function from the set of metrics on Rd to R, let

Av(
−→
θ , k, ρ)(f) :=

1

|
−→
θ C(k, ρ)|

∑
y∈

−→
θ C(k,ρ)∩Zd

f(Dh0,1(·+ y, ·+ y)).
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Then Av(
−→
θ , k, ρ)(f) → E(f(Dh0,1)) as ρ → ∞ by the Birkhoff ergodic theorem. Therefore

applying this to f = 1Eλ
we get that almost surely, for each fixed λ, k > 0 and

−→
θ ∈ R, we

have

Av(
−→
θ , k, ρ)1Eλ

→ P(Eλ)

as ρ→ ∞. In particular, there is some N1 = N1(
−→
θ , k, λ) such that for all ρ ≥ N1 we have

P(Eλ)−
K1

λd
≤ Av(

−→
θ , k, ρ)(1Eλ

) ≤ P(Eλ) +
K1

λd
. (2.43)

Lemma 2.3.12. Suppose that
−→
θ ∈ Rd is a fixed unit vector. Suppose that K1/λ

d < 1/4.

Then there exists a random variable N1 depending on k,
−→
θ , λ if ρ > max{N1, 2k} and

ρ′− ρ > max{2, K2ρλ
−d} for some large constant K2 only depending on K1, then there is a

z′ ∈ Zd ∩ (
−→
θ C(k, ρ′) \

−→
θ C(k, ρ)) such that

sup
x∈Rd,|x−z′|>1.

Dh0,1(z
′, x)

|x− z′|
≤ λ.

Proof. We have

1− 2K1

λd
≤ P(Eλ)−

K1

λd
≤ Av(

−→
θ , k, ρ)(1Eλ

).

Let

∆ := Zd ∩
−→
θ C(k, ρ), ∆′ := Zd ∩ (

−→
θ C(k, ρ′) \

−→
θ C(k, ρ))

and

D = ∆ ∩ {y : Eλ(y) holds}, D′ = ∆′ ∩ {y : Eλ(y) holds}

(see Figure 2.1). Then

1− 2K1

λd
≤ |D|+ |D′|

|∆|+ |∆′|
.

Hence

|D′| ≥ |∆′|+ (|∆| − |D|)− 2K1

λd
(|∆|+ |∆′|) ≥ |∆′| − 2K1

λd
(|∆|+ |∆′|)
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∆

∆′

Figure 2.1: The sets ∆ and ∆′.

To prove the claim it is enough to have |D′| ≥ 1. By the above inequality, for this it suffices

to have (1− 2K1
λd

)|∆′| ≥ 2K1
λd

|∆|+1. Explicit calculation of |∆|, |∆′| gives this inequality for

large enough ρ and ρ′ − ρ.

Now if Lemma 2.3.11 is false, then we would have

P

{
lim sup

x∈Rd,|x|→∞

∣∣∣∣∣Dh0,1(0, x)

|x|
− ν

∣∣∣∣∣ > 0

}
> 0.

If this is the case, then by compactness of ∂B(0, 1), we can find a sequence {xi}i∈N with

xi → ∞ such that

xi
|xi|

→ y and

∣∣∣∣∣Dh0,1(0, xi)

|xi|
− ν

∣∣∣∣∣ > ε̄, ∀i = 1, 2, . . . (2.44)

for some ε̄ > 0. Now we make a series of choices. Let λ be large enough so that

λ1−d < ε̄/(32
√
dK2), (2.45)
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2K1

λd
<

1

4
(2.46)

Also, take M large enough so that there is a z ∈ VM = 1
MZd with |z| = 1 and

|y − z| < ε̄/10νλ. (2.47)

For i ∈ N, let ni be such that

niM ≤ |xi| < (ni + 1)M, (2.48)

and let N0 be large enough so that for any i > N0,

M/|xi| < ε̄/20νλ, (2.49)

∣∣∣∣y − xi
|xi|

∣∣∣∣ < ε̄/10νλ, (2.50)

|(niM)−1Dh0,1(0, niMz)− ν| < ε̄/10 (2.51)

(which is possible by the ergodic theorem) and

∥niMz∥ > max{2K2, λ
2/K2, N1} (2.52)

(see Figure 2.2).

Lemma 2.3.13. Let
−→
θ ∈ ∂B1(0) be fixed. Then for large enough k and ρ, ρ′ as in Lemma

2.3.12, there exists a z′ ∈ Zd ∩
−→
θ (C(k, ρ′) \ C(k, ρ)) such that

∣∣∣∣∣Dh0,1(0, xi)

|xi|
−
Dh0,1(0, niMz)

|xi|

∣∣∣∣∣ ≤ λ
(|xi − niMz|+ 2|z′ − niMz|)

|xi|
. (2.53)

Proof. By Lemma 2.3.12, there is a z′ ∈ Zd∩ (
−→
θ C(k, ρ′)\

−→
θ C(k, ρ)) with ρ = ∥niMz∥ such
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xi
niMy

y
z

Figure 2.2: The ni, xi and the renormalized limit y.

that

sup
x∈Rd

|x−z′|≥1

Dh0,1(z
′, x)

|z′ − x|
≤ λ. (2.54)

By repeated applications of the triangle inequality,

∣∣∣∣∣Dh0,1(0, xi)

|xi|
−
Dh0,1(0, niMz)

|xi|

∣∣∣∣∣ ≤

∣∣∣∣∣Dh0,1(xi, niMz)

|xi|

∣∣∣∣∣
≤

(Dh0,1(xi, z
′) +Dh0,1(z

′, niMz))

|xi|

≤ λ
(|xi − z′|+ |z′ − niMz|)

|xi|

≤ λ
(|xi − niMz|+ 2|z′ − niMz|)

|xi|
. (2.55)

Recall y from (2.44). We claim that

∣∣∣∣∣Dh0,1(0, xi)

|xi|
− ν

∣∣∣∣∣ < ε̄ (2.56)
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which will contradict (2.44). By the triangle inequality,

|xi − niMz| ≤ |xi|
(∣∣∣∣ xi|xi|

− y

∣∣∣∣+ ∣∣∣∣y − niMz

|xi|

∣∣∣∣)
≤ |xi|

(∣∣∣∣y − xi
|xi|

∣∣∣∣+ |y − z|+ |z|
(
1− niM

|xi|

))
= |xi|

(∣∣∣∣y − xi
|xi|

∣∣∣∣+ |y − z|+
(
1− niM

|xi|

))
. (2.57)

Let z′ ∈ Zd ∩ (
−→
θ C(k, ρ′) \

−→
θ C(k, ρ)) be as in (2.54) taking ρ = ∥niMz∥, ρ′− ρ = 2K2ρ/λ

d.

Using (2.52) we obtain

|z′ − niMz| ≤
√
d

(
ρ′

k
+ (ρ′ − ρ)

)
≤

√
d

(
2K2∥niMz∥/kλd + ∥niMz∥

k
+

2K2∥niMz∥
λd

)
≤

√
d

(
2K2

kλd
+

2K2

λd
+

1

k

)
niM

≤
√
d

(
4K2

λd
+

1

k

)
niM. (2.58)

In the first line we used the fact that z′, niMz ∈ eiθ(C(k, ρ′) \ C(k, ρ)), and so it is easy to

see that

|z′ − niMz|1 ≤
√
d|z′ − niMz| ≤

√
d

(
ρ′

k
+ (ρ′ − ρ)

)
.

The first line follows. Plugging (2.57) and (2.58) into (2.53), we obtain

∣∣∣∣∣Dh0,1(0, xi)

|xi|
−
Dh0,1(0, niMz)

|xi|

∣∣∣∣∣
≤ λ

(∣∣∣∣y − xi
|xi|

∣∣∣∣+ |y − z|+
(
1− niM

|xi|

)
+
√
d

(
4K2

λd
+

1

k

)
niM

|xi|

)
.
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Now using (2.47),(2.49), and (2.50) we obtain hat for large enough λ, k we have

∣∣∣∣∣Dh0,1(0, xi)

|xi|
−
Dh0,1(0, niMz)

|xi|

∣∣∣∣∣ ≤ λ
( ε̄

10λ
+

ε̄

10νλ
+

ε̄

20νλ

)
<
ε̄

2
, (2.59)

where in the last line we used (2.45). We also have by (2.48) and (2.51) that

∣∣∣∣∣Dh0,1(0, niMz)

|xi|
−
Dh0,1(0, niMz)

niM

∣∣∣∣∣ ≤ M

|niMxi|
Dh0,1(0, niMz) ≤ M

|xi|

(
ν +

ε̄

10

)
≤ ε̄

20νλ

(
ν +

ε̄

10

)
≤ ε̄

10
(2.60)

and ∣∣∣∣∣Dh0,1(0, niMz)

niM
− ν

∣∣∣∣∣ ≤ ε̄

10
. (2.61)

Finally, combining (2.60), (2.61), and (2.59), we obtain

∣∣∣∣∣Dh0,1(0, xi)

|xi|
− ν

∣∣∣∣∣ ≤

∣∣∣∣∣Dh0,1(0, xi)

|xi|
−
Dh0,1(0, niMz)

|xi|

∣∣∣∣∣
+

∣∣∣∣∣Dh0,1(0, niMz)

|xi|
−
Dh0,1(0, niMz)

niM

∣∣∣∣∣
+

∣∣∣∣∣Dh0,1(0, niMz)

niM
− ν

∣∣∣∣∣
< ε̄

which proves (2.56).

Now we are ready to prove Proposition 2.3.2.

Proof of Proposition 2.3.2. Let Ψ : (0,∞) → (0,∞) be such that limβ→0Ψ(β) = 0 and

limβ→0Ψ(β)/β = ∞. Then we claim that for any fixed x̄ ∈ δZd we have with probability

tending to 1 as β → 0 that

βξQ−1(1−ε)ν|x−x̄| ≤ Dh0,β (x, x̄) ≤ βξQ−1(1+ε)ν|x−x̄|, ∀x ∈ Rdsuch that|x−x̄| > Ψ(β).
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Indeed, in Proposition 2.3.10 0 could be replaced with any other fixed point x̄ ∈ Zd, that is,

almost surely we have that

lim sup
x→∞

∣∣∣∣∣Dh0,1(x, x̄)

|x− x̄|
− ν

∣∣∣∣∣ = 0.

By Lemma 2.2.3 and Lemma 2.2.2 we have that

P(βξQ−1(1− ε)ν|x− x̄| ≤ Dh0,β (x, x̄) ≤ βξQ−1(1 + ε)ν|x− x̄|, ∀x s.t. |x− x̄| > Ψ(β))

= P((1− ε)ν|x| ≤ Dh0,1(x, 0) ≤ (1 + ε)ν|x|, ∀x s.t. |x| > Ψ(β)/β) → 1 (2.62)

as β → 0.

Now fix δ > 0 and assume that β is small enough that Ψ(β) < δ. By a union bound, it

holds with probability tending to 1 as β → 0 that for each x̄ ∈ (δZd) ∩ [−R,R]d, and all

x ∈ Rd such that |x− x̄| > δ, we have

(1− ε)νβξQ−1|x− x̄| ≤ Dh0,β (x̄, x) ≤ (1 + ε)νβξQ−1|x− x̄|

Now suppose that x, y ∈ [−R,R]d. Then there exists an x̄ ∈ δZd such that

δ < |x− x̄| ≤ Cδ

for some d dependent constant d and

δ < |x̄− y|.
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Therefore we obtain that

Dh0,β (x, y) ≤ Dh0,β (x̄, x) +Dh0,β (x̄, y) ≤ (1 + ε)νβξQ−1(|x− x̄|+ |x̄− y|)

≤ (1 + ε)νβξQ−1(2|x− x̄|+ |x− y|)

≤ (1 + ε)νβξQ−1|x− y|+ 2Cδ(1 + ε)νβξQ−1.

Similarly,

Dh0,β (x, y) ≥ (1− ε)νβξQ−1|x− y| − 4δ(1 + ε)νβξQ−1.

Noting that ενβξQ−1|x−y|+4δ(1+ε)νβξQ−1 can be made smaller than any desired multiple

of βξQ−1|x − y| by making ε and δ small enough, we conclude the proof of Proposition

2.3.2.

2.3.3 Controlling the total mass

Let α be defined by

α = E(µh0,1([0, 1]
d)) <∞

(which is well defined by Theorem 2.11 in Rhodes and Vargas [2014]). Then by translation

invariance, we have that for any positive integer n,

E(µh0,1([−2n, 2n]d)) ≤ 2dα2dn.

Therefore, by Markov’s inequality we have that for any small c > 0,

P(µh0,1([−2n, 2n]d)) ≤ 2dα (2n)d+c) ≥ 1− 1

2nc
→ 0

as n → ∞. By Lemma 2.2.2, h0,1 agrees in law with h0,β(β·). By the Weyl scaling and

LQG coordinate change properties of µh0,1 , we deduce that µh0,1([−2n, 2n]d) agrees in law
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with β−γQµh0,β ([−β2
n, β2n]d). Hence picking n such that 2nβ ∈ [1, 11/10], we obtain with

probability tending to 1 as β → 0 that

µh0,β ([−1, 1]d) ≤ 4αβγQ−d−c. (2.63)

2.3.4 Making hβ,∞ approximate with positive probability

We will need a couple of lemmas.

Lemma 2.3.14. Let f : Rd → R be a smooth function and let β > 0. Let pβ2/2 be as in

(2.5). Suppose that f ’s Fourier transform f̂ is compactly supported. Then there exists a ϕ

with ∇ϕ, ϕ ∈ L2(Rd) such that

f = pβ2/2 ∗ ϕ.

Proof. Since f is compactly supported, its Fourier transform is well defined. Let F−1 denote

the inverse Fourier transform. Define

ϕ := F−1

(
f̂

p̂β2/2

)
.

We note that by (2.31), p̂β2/2 never vanishes, and hence f̂
p̂β2/2

is well defined and by the

compact support of f̂ it is compactly supported. Therefore ϕ ∈ H1(Rd). Also,

F(pβ2/2 ∗ ϕ) = p̂β2/2
f̂

p̂β2/2
= f̂ .

This completes the proof.

The following lemma tells us that we can approximate uniformly by functions with com-

pact Fourier support.

Lemma 2.3.15. Let R, ε > 0. Then there exists a countable family of smooth functions such
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that for any f ∈ F , the function f̂ is compactly supported, and if g is continuous in BR(0)

then there exists an element f ∈ F such that supz∈BR(0)
|g(z)− f(z)| < ε. In particular, all

elements in this net are Schwartz.

Proof. Take F̃ to be any countable ε/2-net of smooth functions in C(BR(0)). Let χ : Rd →

[0, 1] be a smooth function such that χ(y) = 1 for |y| < 1 and χ(y) = 0 for |y| ≥ 2.

Then for any f ∈ F̃ and N ∈ N, let fN = F−1
(
f̂χ
( ·
N

))
. Then fN has compactly

supported Fourier transform, and ∥fN − f∥∞ ≤ ∥f̂N − f̂∥1 → 0 as N → 0. Now taking

F = {fN : f ∈ F̃ , N ∈ N} we have our desired net.

Next, we need to construct functions such that the sphere average at the unit sphere can

be arbitrarily large, but when convolved with pβ2/2 is small.

Lemma 2.3.16. Let β > 0, K > 0 and η > 0. Then there is a smooth function ΨK,η =

ΨK,η,β such that ∫
∂B1(0)

ΨR,η = 2πK, (2.64)

and

∥ΨK,η ∗ pβ2/2∥∞ < η. (2.65)

Proof. Let η̄ > 0 be a small constant to be chosen later. Let ΨK,η be such that

ΨK,η(z) =

K if z ∈ ∂B1(0),

0 if |z| ≤ 1− η̄ or |z| ≥ 1 + η̄.

Suppose additionally that ΨK,η(z) ∈ [0, K] for all z. Then it is clear that (2.64) holds. For

(2.65), note that pβ2/2(z) ≲
1
βd

for any z ∈ Rd. Therefore

ΨK,η ∗ pβ2/2(z0) =

∫
C
ΨK,η(z)pβ2/2(z0 − z) ≲

1

βd

∫
Rd

ΨK,η(z)dz

≤ 1

βd
R
(
π(1 + η̄)2 − π(1− η̄)2

)
=

4K

βd
η̄.
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Therefore if we take η̄ ≤ β2η
4K we obtain (2.65).

The following lemma tells us that the sphere average of h ∗ pβ2/2 at the unit sphere is

small if β is small enough.

Lemma 2.3.17. Let ε > 0. It holds with probability converging to 1 as β → 0 that

∣∣∣(h ∗ pβ2/2
)
1
(0)
∣∣∣ ≤ ε.

Proof. We recall that h is locally in H−s for any s > 0 by Proposition 2.7 in Sheffield [2007].

Therefore h ∗ pβ2/2 → h in H−s for any s > 0 as β → 0. Therefore (h ∗ pβ2/2)1(0) → h1(0)

as β → 0. Since h1(0) = 0, this completes the proof.

We will also need the following lemma.

Lemma 2.3.18. Let R > 0, and ε, δ, θ > 0. Suppose that E is an event such that P(E) > 0.

Then there is a smooth, compactly supported function ϕ such that ϕ(z) = 0 if |z| ≥ R+δ+θ,

and such that with positive probability,

E occurs and sup
x∈BR(0)

|hβ,∞(x)− ϕ(x)| ≤ ε.

Proof. Let FR denote a family of functions compactly supported on BR+δ+θ(0) that form a

countable ε-net in C(BR+δ(0)) (with the L∞ norm). Then

0 < P(E) ≤
∑
ϕ∈FR

P

(
E holds and sup

x∈BR(0)
|hβ,∞(x)− ϕ(x)| ≤ ε

)
,

so there is some ϕ such that

P

(
E holds and sup

x∈BR(0)
|hβ,∞(x)− ϕ(x)| ≤ ε

)
> 0.
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This completes the proof.

Let ∥·∥∞ denote the L∞(BR(0)) norm for some large fixed R. Let E denote the event in

Lemma 2.3.17. Then by Lemma 2.3.18, there exists a smooth function fβ such that

P
(
E holds and ∥hβ,∞ − fβ∥∞ <

ε

4

)
> 0. (2.66)

Suppose from now on that E holds. By Lemma 2.3.14, there exists a smooth function gβ

such that

pβ2/2 ∗ gβ = f − fβ . (2.67)

By Lemma 2.2.4 we can couple h and hβ,∞ in such a way that

hβ,∞ = h ∗ pβ2/2 − (h ∗ pβ2/2)1(0)

Then we have that

∥hβ,∞ − f∥∞ ≤ ∥hβ,∞ − (f − fβ)− fβ∥∞

≤ ∥hβ,∞ − pβ2/2 ∗ gβ − fβ∥∞

≤ ∥(h− gβ) ∗ pβ2/2 − fβ∥∞ + ∥hβ,∞ − h ∗ pβ2/2∥∞

= ∥(h− gβ) ∗ pβ2/2 − fβ∥∞ + |
(
h ∗ pβ2/2

)
1
(0)|,

where in the last line we used Lemma 2.2.4. Let K = (gβ)1(0), and define g̃β = gβ −ΨK,ε,
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where ΨK,ε is given as in Lemma 2.3.16. Then we have by the triangle inequality that

∥hβ,∞ − f∥∞ ≤ ∥(h− gβ) ∗ pβ2/2 − fβ∥∞ + |
(
h ∗ pβ2/2

)
1
(0)|

≤ ∥(h− g̃β) ∗ pβ2/2 − fβ∥∞ + |
(
h ∗ pβ2/2

)
1
(0)|+ ∥(gβ − g̃β) ∗ pβ2/2∥∞

= ∥(h− g̃β) ∗ pβ2/2 − fβ∥∞ + |
(
h ∗ pβ2/2

)
1
(0)|+ ∥ΨK,ε ∗ pβ2/2∥∞

≤ ∥(h− g̃β) ∗ pβ2/2 − fβ∥∞ + |
(
h ∗ pβ2/2

)
1
(0)|+ ε (2.68)

where in the last line we used Lemma 2.3.16. Now we claim that the event

{∥h ∗ pβ2/2 − fβ∥∞, |
(
(h+ g̃β) ∗ pβ2/2

)
1
(0)| ≤ ε} (2.69)

holds with positive probability. Suppose that (2.69) holds for now. Then we have by Lemma

2.2.6 that it holds with positive probability that

{∥(h− g̃β) ∗ pβ2/2 − fβ∥∞, |
(
h ∗ pβ2/2

)
1
(0)| ≤ ε}.

Combining this with (2.68) we obtain that

∥hβ,∞ − f∥∞ < 3ε

with positive probability.

It remains to show that (2.69) holds with positive probability. Note that we already have

with positive probability that we simultaneously have

∥hβ,∞ − fβ∥∞ <
ε

4

and

|(h ∗ pβ2/2)1(0)| ≤ ε.
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Then

|
(
(h+ g̃β) ∗ pβ2/2

)
1
(0)| ≤ ε+ |

(
g̃β ∗ pβ2/2

)
1
(0)|

≤ ε+ |
(
gβ ∗ pβ2/2

)
1
(0)|+ |

(
ΨK,ε ∗ pβ2/2

)
1
(0)|

= ε+ |
(
f − fβ

)
1
(0)|+ |

(
ΨK,ε ∗ pβ2/2

)
1
(0)|,

where in the last line we used (2.67). Now recall that f1(0) = 0 by hypothesis. Hence by

(2.66) we have

|(f − fβ)1(0)| = |(fβ)1(0)| ≤ |(hβ ,∞)1(0)|+ π
ε

4
≤ ε.

This implies that

|((h+ g̃β) ∗ pβ2/2)1(0)| ≤ 2ε+ |(ΨK,ε ∗ pβ2/2)1(0)|.

Using Lemma 2.3.17 we obtain that (2.69) holds with positive probability.

2.4 Increasing measure without changing metric

Let f : Rd → R be a bounded continuous function. By Theorem 2.1.8, with positive

probability we have

eξf · d0(x, y)− ε < Dh(x, y) < eξf · d0(x, y) + ε, (2.70)

for all x, y ∈ [−R,R]d and also

µh([−R,R]d) < ε. (2.71)

Definition 2.4.1. We let E0 denote the event that both (2.70) and (2.71) hold. Note that

this is a positive probability event by Theorem 2.1.8

If we are able to change the measure without changing the metric very much, we can
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then use the results from Section 2.3 and prove Theorem 2.1.6 in the case of any Riemannian

metric of the form eξf · d0 together with any finite measure on Rd. Therefore the set of

metric measure spaces that can be approximated by (Dh, µh) with positive probability and

the closure of Riemannian metrics on Rd are the same. Now by Contreras Hip and Gwynne

[2024], this proves Theorem 2.1.6.

2.4.1 Proof of Theorem 2.1.6

The idea will be to add bump functions to the log-correlated Gaussian field h which will

locally add mass at the centers of these bumps, but will not affect distances very much since

geodesics can go around these bumps. To this end, suppose that z1, . . . zM is a set of points

in [−R,R]d, and suppose that C1, . . . , CM are positive weights. Let N,K be large positive

integers, and let r > 0 be small. For each 1 ≤ i ≤M we will subdivide the square zi+[−r, r]d

into 2d sets Xi,K
(j1,...jd)

with j1, . . . , jd ∈ {0, 1}2 defined as follows:

X
i,K
(j1,...,jd)

:= zi +
r

2K
(j1, . . . , jd) +

 K−1⋃
ℓ1=−K

· · ·
K−1⋃

ℓd=−K

(
rℓ1
K
, . . .

rℓd
K

)
+
[
0,

r

2K

]d
(see Figure 2.3 for a picture). The idea of considering sets of this form is taken from the

proof of Lemma 11.10 in Bou-Rabee and Gwynne [2022].

Let ζ > 0 be a small constant. Since Dh induces the Euclidean topology, the maximum

Dh diameter of the cubes Xi,K
(j1,...,jd)

goes to 0 as K → ∞. By this and the pigeonhole

principle, we can take deterministic {(ji1, . . . , j
i
d)}1≤i≤M such that with positive probability,

E0 holds, and simultaneously

max−K≤ℓ1,...,ℓd≤K DiamDh

(
zi +

r
2K (ji1, . . . , j

i
d) +

(
rℓ1
K , . . . , rℓdK

)
+
[
− r

K ,
3r
2K

]d)
µh(zi + [−r, r]d)

≤ ζ

(2.72)
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zi

r

r
2K

Figure 2.3: The definition of Xi,K
(j1,j2)

. Different colors correspond to different (j1, j2).

for all 1 ≤ i ≤M, and

µh

(
X

i,K

(ji1,...,j
i
d)

)
≥ µh(zi + [−r, r]d)

2d
. (2.73)

To simplify notation, we let

XK
i := X

i,K

(ji1,...,j
i
d)
. (2.74)

Now we will “fix" the µh masses around each point zi. We have the following lemma.

Lemma 2.4.2. Suppose that r > 0 and η̄ > 0. Then there exist integers n1, . . . nM ∈ N,

a deterministic 0 < ρ < r
K , and a large deterministic constant C̄ such that with positive

probability, E0 holds, (2.72) holds, (2.73) holds, we have

µh

(
{z : d0(z,XK

i ) ≤ ρ} \XK
i

)
µh(X

K
i )

≤ ζ, (2.75)

also

niη̄ ≤ µh(X
K
i ) ≤ (ni + 1)η̄

for any 1 ≤ i ≤M, and we finally have

DiamDh
([−r − ρ, r + ρ]d \XK

i ) ≤ C̄. (2.76)
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Proof. Note that the event that E0, (2.72), (2.73) hold simultaneously is an event of positive

probability by construction. The result follows as a direct consequence of the pigeonhole

principle. To select ρ, we note that a non-deterministic ρ satisfying (2.75) exists with prob-

ability 1, and so there exists a deterministic ρ satisfying (2.75) simultaneously with the

conditions E0, (2.72), and (2.73). Finally, note that the probability of (2.76) holds with

probability going to 1 as C̄ → ∞, so we can also assume this holds simultaneously. This

completes the proof.

Therefore for any η̄ > 0, there exist deterministic constants {ai} such that with positive

probability, (2.72), (2.73), (2.75) hold, and simultaneously

|µh(XK
i )− ai| ≤ η̄. (2.77)

We will define our bump functions now. For any 1 ≤ i ≤ M, we let φiN,r,ρ be defined as

follows:

φiN,r,ρ(z) =


log
(
Ci
ai

)
if z ∈ XK

i ,

−N if d0(x,XK
i ) ≥ ρ and z ∈ zi + [−r − ρ, r + ρ]d,

0 if d0(z, zi + [−r, r]d) ≥ 2ρ.

(2.78)

We additionally impose that −N ≤ φiN,r,ρ(z) ≤ log
(
Ci
ai

)
if d0(x,XK

i ) ≤ ρ, and that

−N ≤ φiN,r,ρ(z) ≤ 0 if d0(z, zi + [−r, r]d) ≤ ρ, but z /∈ zi + [−r, r]d (see Figure 2.4 for a

picture of φiN,r,ρ(z) in dimension 2).

Now we define

φN (z) :=
M∑
i=1

φiN,r,ρ(z). (2.79)

We will prove the following proposition.

Proposition 2.4.3. Let g be a continuous function on Rd, and let z1, . . . zM ∈ Rd. Define
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log
ci
ai



r
2K

ρ

2ρ

Figure 2.4: Support of φiN,ε,ρ

φN as in (2.79). Suppose that
∫
Rd |g(z)| dz <∞, and suppose that the event of Lemma 2.4.2

occurs. Then for any ζ > 0 and small enough ε, r,

∣∣∣∣∣∣
∫
Rd
g(z)eφN (z)dµh −

M∑
i=1

Cig(zi)

∣∣∣∣∣∣ < ζ

Proof. First we note that we can reduce to the case that M = 1. Indeed, let {χi}Mi=1 be

smooth functions such that

χi(z) =

1 if z ∈ zi + [−r − 2ρ, r + 2ρ]d,

0 if z /∈ zi + [−r − 3ρ, r + 3ρ]d,
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and 0 ≤ χi(z) ≤ 1. Then by the triangle inequality we have

∣∣∣∣∣∣
∫
Rd
g(z)eφN (z)dµh −

M∑
i=1

Cig(zi)e
γf(zi)

∣∣∣∣∣∣
≤

M∑
i=1

∣∣∣∣∫Rd
χi(z)g(z)e

φi
N,r,ρ(z)dµh − Ciχi(zi)g(zi)

∣∣∣∣
+

∣∣∣∣∣∣
∫
Rd
g(z)

eφN (z) −
M∑
i=1

e
φi
N,r,ρ(z)

 dµh

∣∣∣∣∣∣
≤

M∑
i=1

∣∣∣∣∫Rd
χi(z)g(z)e

φi
N,r,ρ(z)dµh − Cig(zi)

∣∣∣∣
+ε∥g∥∞ max

1≤i≤M
|Ci|,

where in the last line we used the fact that µh(Rd) ≤ ε by (2.71). Therefore shrinking ζ

if necessary, it suffices to prove the proposition for the case when M = 1. We then have a

single point z1 with its weight C. Without loss of generality, suppose that z1 = 0. Since we

have a single point mass, we will drop the subscript on XK
i . We split Rd into three regions,

Rd = XK ∪
(
(XK +Bρ(0)) \XK

)
∪
(
Rd \ (XK +Bρ(0))

)
.

Splitting Rd into these domains we obtain

∣∣∣∣∫Rd
g(z)eγf(z)+φN (z)dµh − Cg(0)eγf(0)

∣∣∣∣
≤
∣∣∣∣∫

XK
g(z)eφN (z)dµh − Cg(0)

∣∣∣∣
+

∣∣∣∣∣
∫
((XK+Bρ(0))\XK)

g(z)eφN (z)dµh

∣∣∣∣∣
+

∣∣∣∣∣
∫
(Rd\(XK+Bρ(0)))

g(z)eφN (z)dµh

∣∣∣∣∣ .
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Note that

∣∣∣∣∣
∫
((XK+Bρ(0))\XK)

g(z)eφN (z)dµh

∣∣∣∣∣ ≤ µh

(
(XK +Bρ(0)) \XK

)
∥g∥∞

C

a
,

where we used the fact that φN (z) ≤ C
a if z ∈

(
(XK +Bρ(0)) \XK

)
. Using (2.75), we

obtain that ∣∣∣∣∣
∫
((XK+Bρ(0))\XK)

g(z)eφN (z)dµh

∣∣∣∣∣ ≤ ∥g∥∞Cζ. (2.80)

Similarly, we have with probability 1 that

∣∣∣∣∣
∫
(Rd\(XK+Bρ(0)))

g(z)eφN (z)dµh

∣∣∣∣∣ ≤ ∥g∥∞µh(Rd \ (XK +Bρ(0))) ≤ ∥g∥∞ε. (2.81)

∣∣∣∣∫Rd
g(z)eφN (z)dµh − Cg(0)

∣∣∣∣ ≤ ∣∣∣∣∫
XK

g(z)
C

a
− Cg(0)

∣∣∣∣+ ∥g∥∞Cζ + ∥g∥∞ε (2.82)

Note that ∫
XK

g(z)
C

a
− Cg(0) = or(1) (2.83)

by (2.77) and the fact that g is continuous. Therefore taking ε to be small enough we obtain

∣∣∣∣∫Rd
g(z)eφN (z)dµh − Cg(0)

∣∣∣∣ ≤ ζ. (2.84)

Now we claim the metric doesn’t change much when adding φN (z).

Proposition 2.4.4. Let θ > 0. For large enough N, and small enough r, we have that

with positive probability that the conclusion of Lemma 2.4.2 holds, and simultaneously for all
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x, y ∈ Rd

sup
x,y∈Rd

|Dh(x, y)− eφN ·Dh(x, y)| ≤ θ.

We will prove Proposition 2.4.4 in Subsection 2.4.2. We will prove now Theorem 2.1.6

assuming Proposition 2.4.4.

Proof of Theorem 2.1.4 assuming Proposition 2.4.4. Suppose that eξf · dS is a Riemannian

metric in its isothermal form, and let m be a probability measure on Rd. We will show

Theorem 2.1.6 for this metric and measure. Let φ = φN be as in (2.79). We now introduce

a finite set of functions to which we will apply Proposition 2.4.4. Let n be a large integer

chosen so that

n ≥ 2
√
dR

ε
. (2.85)

Let T(j1,...,jd) be defined by

T(j1,...,jd) :=

[
R

n
(−n+ j1),

R

n
(−n+ j1 + 1)

]
× · · · ×

[
R

n
(−n+ jd),

R

n
(−n+ jd + 1)

]
.

For each finite subset S ⊆ [0, 2n− 1]d, let gS be a smooth function such that

gS(z) =

1 if z ∈ ∪(j1,...,jd)∈ST(j1,...,jd),

0 if z /∈ ∪(j1,...,jd)∈S{x : dS(x, T(j1,...,jd)) ≤
ε
2}.

For any θ > 0, there exist points {zi}ni=1 ⊂ Rd and weights {Ci}ni=1 ⊂ (0,∞) such that for

any (j1, . . . , jd) ∈ S we have

∣∣∣∣∣∣
∫
Rd
gSdm−

M∑
i=1

CigS(zi)

∣∣∣∣∣∣ < θ

3

∣∣∣∣∫Rd
gSdm

∣∣∣∣ . (2.86)

Then applying Proposition 2.4.3 to gS for every S ⊆ [0, 2n−1]d taking r to be small enough
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we obtain that with positive probability for any S ⊆ F (T ), we have

∣∣∣∣∣∣
∫
Rd
gS(z)e

φN (z)dµh −
M∑
i=1

CigS(zi)

∣∣∣∣∣∣ < ζ, (2.87)

eξf · d0(x, y)− ε ≤ Dh(x, y) ≤ eξf · d0(x, y) + ε, ∀x, y ∈ C

and simultaneously

µh(Rd) ≤ ε.

Therefore using (2.86) we obtain

∣∣∣∣∫Rd
gS(z)e

φN (z)dµh −
∫
Rd
gSdm

∣∣∣∣ ≤

∣∣∣∣∣∣
∫
Rd
gS(z)dm−

M∑
i=1

CigS(zi)

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∫
Rd
gS(z)e

φN (z)dµh −
M∑
i=1

CigS(zi)

∣∣∣∣∣∣
≤ θ

3

∣∣∣∣∫Rd
gSdm

∣∣∣∣+ ζ,

where in the last inequality we used (2.86) and (2.87). Again, for large enough N and small

enough r, applying Proposition 2.4.4 we obtain that for all x, y ∈ Rd we have

Dh(x, y)−
θ

2
≤ e

ξ
γφN ·Dh(x, y) ≤ Dh(x, y) +

θ

2
. (2.88)

Recall that we assumed that zi /∈ ∂B1(0). Thus using the Cameron-Martin property applied

to 1
γφN we obtain that for any η > 0, we have with positive probability that

sup
x,y∈Rd

|Dh(x, y)− eξf · d0(x, y)| ≤
θ

2
, (2.89)

∣∣∣∣∫Rd
gS(z)e

φN (z)dµh −
∫
Rd
gSdm

∣∣∣∣ ≤ θ

∣∣∣∣∫Rd
gSdm

∣∣∣∣ , (2.90)
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and simultaneously

µh([−R,R]d) ≤ ε.

To pass to a statement about measures of sets, suppose that A is a measurable set, and let

S ⊆ [0, 2n− 1]d such that ∥gS − 1A∥1 ≤ θ, and SuppgS ⊆ Aε. Then

∣∣∣∣|A| − ∫Rd
gS

∣∣∣∣ ≤ θ

3

which implies that ∣∣∣∣m(A)−
∫
Rd

1A(z)e
ξf(z)+φ(z)dµh

∣∣∣∣ ≤ θ. (2.91)

This completes the proof.

2.4.2 Proof of Proposition 2.4.4

The first ingredient we need is the following lemma.

Lemma 2.4.5. Assume that the events in the conclusion of Lemma 2.4.2 hold. Let η̄ > 0.

Then for large enough N, we have for all 1 ≤ i ≤M, we have that

Diam
e
ξ
γ φN ·Dh

(zi + [−r − ρ, r + ρ]d) ≤ η̄, DiamDh
(zi + [−r − ρ, r + ρ]d) ≤ η̄.

For now we will assume the validity of this lemma and prove Proposition 2.4.4.

Suppose x, y ∈ Rd, and let P be a e
ξ
γφN ·Dh-distance minimizing geodesic between x, y.

We claim that

e
ξ
γφN ·Dh(x, y) ≤ ℓ

e
ξ
γ φN ·Dh

(P \
M⋃
i=1

(zi + [−r − 2ρ, r + 2ρ]d))

+M sup
1≤i≤M

Diam
e
ξ
γ φN ·Dh

(zi + [−r − 2ρ, r + 2ρ]d).

Indeed, there exist intervals [ti, si]
M
i=1 such that P (t0) = x, P (sM ) = y, P[tℓ,sℓ] ∩
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(⋃M
i=1X

K
i

)
= ∅, and additionally, for every 1 ≤ i ≤ M, P (si), P (ti+1) ∈ XK

j for some

1 ≤ j ≤M. Then

e
ξ
γφN ·Dh(x, y) ≤ ℓ

e
ξ
γ φN ·Dh

(P \
M⋃
i=1

(zi + [−r − 2ρ, r + 2ρ]d)) +
M∑
i=1

ℓ
e
ξ
γ φN ·Dh

(P |[si,ti+1]
)

≤ ℓ
e
ξ
γ φN ·Dh

(P \
M⋃
i=1

(zi + [−r − 2ρ, r + 2ρ]d))

+ M sup
1≤i≤M

Diam
e
ξ
γ φN ·Dh

(zi + [−r − 2ρ, r + 2ρ]d)

This proves the claim. Now note that

e
ξ
γφN ·Dh(x, y) ≤ ℓ

e
ξ
γ φN ·Dh

(P \
M⋃
i=1

(zi + [−r − 2ρ, r + 2ρ]d))

+ M sup
1≤i≤M

Diam
e
ξ
γ φN ·Dh

(zi + [−r − 2ρ, r + 2ρ]d)

≤ ℓDh
(P )

+ M sup
1≤i≤M

Diam
e
ξ
γ φN ·Dh

(zi + [−r − 2ρ, r + 2ρ]d).

Now applying Lemma 2.4.5 we conclude the upper bound for D
e
ξ
γ φN ·Dh

(x, y). The lower

bound can be obtained in the exact same way interchanging the metrics D
e
ξ
γ φN ·Dh

and Dh.

This completes the proof of Proposition 2.4.4.

For the proof of Lemma 2.4.5, we will need the following lemma.

Lemma 2.4.6. Assume that the events in the conclusion of Lemma 2.4.2 hold. Suppose that

x ∈ XK
i + [−ρ, ρ]d for some 1 ≤ i ≤ M. Let ε̄ > 0. Then for large enough K depending on

r, we have

e
ξ
γφN ·Dh(x, ∂(X

K
i + [−ρ, ρ]d)) ≤ ε̄.
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Proof. By (2.73), we have that

∣∣∣∣Ci

ai

∣∣∣∣ ≤ 2d|Ci|
µh(zi + [−r, r]d)

.

Therefore if P is any path between x and ∂XK
i + [−ρ, ρ]2 of Euclidean length at most r

2K ,

we note that

e
ξ
γφN ·Dh(x, ∂X

K
i + [−ρ, ρ]d) ≤ ℓ

e
ξ
γ φN ·Dh

(P ) ≤
∣∣∣∣Ci

ai

∣∣∣∣ r

2K
≤ 2d|Ci|
µh(zi + [−r, r]d)

r

2K
.

Now choosing K large enough so that

r

2K
≤ µh(zi + [−r, r]d)

2d|Ci|
ε̄

we conclude.

Now we will prove Lemma 2.4.5.

Proof of Lemma 2.4.5. Now suppose that x, y ∈ zi + [−r − ρ, r + ρ]d. Then by the triangle

inequality,

D
e
ξ
γ φN ·Dh

(x, y) ≤ dx + dy +D
e
ξ
γ φN ·Dh

(x̄, ȳ),

where for any point z ∈ zi + [−r − ρ, r + ρ]d, we define

dz :=

e
ξ
γφN ·Dh(z, ∂(X

K
i + [−ρ, ρ]d)) if z ∈ XK

i + [−ρ, ρ]d,

0 otherwise,

and where z̄ is defined to be such that e
ξ
γφN ·Dh(z, ∂(X

K
i + [−ρ, ρ]d)) = e

ξ
γφN ·Dh(z, z̄) if

z ∈ XK
i + [−ρ, ρ]d, and defined as z otherwise (see Figures 2.5 and 2.6).

By Lemma 2.4.6, for small enough K we have that dx, dy ≤ ε̄. Additionally, we note that
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r
2K + ρz

z̄

Figure 2.5: Definition of z̄

r
2K + ρx

x̄

y
ȳ

Figure 2.6: Triangle inequality argu-
ment

by taking a path P between x̄, ȳ not intersecting XK
i + [−ρ, ρ]d of Dh-length at most M,

e
ξ
γφN ·Dh(x̄, ȳ) ≤ e

− ξ
γNM,

and so for a small enough choice of ε̄ and N large enough so that e−
ξ
γNM ≤ η̄ we conclude

that

e
ξ
γφN ·Dh(x, y) ≤ 2ε̄+ e−N r ≤ η̄.

This completes the proof.
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CHAPTER 3

GAUSSIAN CURVATURE ON RANDOM PLANAR MAPS AND

LIOUVILLE QUANTUM GRAVITY

The results in this chapter were developed in collaboration with Ewain Gwynne. The math-

ematical ideas and proof were developed jointly.

The results in this chapter have appeared in Probability theory and Related Fields in Contr-

eras Hip and Gwynne [2025]

3.1 Introduction

Liouville quantum gravity is a canonical 1-parameter family of models of a random surface

first introduced by Polyakov [1981]. LQG is conjectured to be the scaling limit of various

random planar map models, which are planar graphs embedded in C in such a way that

no two edges cross, viewed modulo orientation-preserving homomorphisms. There are cases

where the convergence to LQG has already been proven: for example, uniform planar maps

(uniform triangulations, uniform quadrangulations etc.) have been proven to converge in the

Gromov-Hausdorff sense to
√

8/3-LQG (Le Gall [2013], Miermont [2013], Miller and Sheffield

[2015, 2021a], Holden and Sun [2023]). Other random planar map models are expected to

converge to LQG such as the spanning tree decorated maps (γ =
√
2), maps weighted by

critical Fortuin-Kasteleyn partition function Sheffield [2016a] (γ ∈ (
√
2, 2)), and the bipolar-

oriented maps Kenyon et al. [2019]. One can use multiple “reasonable" embeddings, such as

the Tutte embedding and the circle packing embedding, and still expect convergence. See

e.g. Gwynne et al. [2023].

Let γ ∈ (0, 2), and let Q be defined by Q = γ
2 +

2
γ . Suppose that Φ is a GFF or a variant

such as the quantum cone. Formally, the LQG metric tensor associated with Φ is defined

as eγΦ(dx2 + dy2). A distance metric Dh and measure µh can be defined via approximation
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of Φ by appropriate mollifications (see Kahane [1985], Rhodes and Vargas [2014], Berestycki

[2017], Duplantier and Sheffield [2011], Ding et al. [2020], Ding and Gwynne [2023].

There is a vast literature on LQG: see Gwynne [2020], Sheffield [2022], Berestycki and

Powell, Guillarmou et al. [2024] for surveys on the main techniques and results in the area.

Many geometric properties about LQG surfaces have been studied, such as the confluence

property of LQG geodesics established in Gwynne and Miller [2020a], the KPZ formula for

Hausdorff dimensions of LQG subsets Gwynne and Pfeffer [2019], Duplantier and Sheffield

[2011], Aru [2015], Gwynne et al. [2019a], Gwynne et al. [2020], Berestycki et al. [2016],

Gwynne and Miller [2021], Barral et al. [2013], Benjamini and Schramm [2009], Duplantier

et al. [2021, 2014], and more general properties about the LQG metric’s behavior Ding et al.

[2021]. However, given the non smooth nature of LQG surfaces, most of the study of their

geometry is restricted to first order information which does not require derivatives of the

underlying field. Moreover, LQG does not always behave as its smooth counterpart (e.g.

LQG surfaces have Hausdorff dimension greater than 2, and the LQG measure and metric

scale differently). Given this, it is natural to ask which geometric properties are shared with

smooth 2d Riemannian manifolds, and to what extent notions from Riemannian geometry

can be extended for LQG.

A central concept in Riemannian geometry is curvature. In this regard, a first question

is whether there is a way of defining Gaussian curvature for LQG surfaces so that it extends

the usual definition, and at the same time is compatible with the known LQG theory, in

the sense that it arises naturally as a limit of the corresponding discrete curvature for all

reasonable random planar map approximations. In this chapter, we define the Gaussian

curvature for LQG surfaces (3.1), and we conjecture that it arises as the scaling limit of the

discrete curvature defined in (3.2). To this end, the first question to study is whether the

discrete curvature converges in a reasonable random planar maps model, and if so, under

what scaling. The particular random planar map model we look at in this chapter is the

77



Poisson mated CRT map defined in Section 3.2. This implies that we need to study the

asymptotics of this discrete curvature as the mesh size of the planar map tends to 0, which is

the main goal of this chapter and is the purpose of Theorem 3.1.5. After this, we study the

total curvature on a “canonical" set, namely space filling SLE segments. In Theorem 3.1.7

we show that the scaling limit of this total curvature converges in law to an explicit random

variable. We note that surprisingly the scaling for this quantity is different from that of the

discrete Gaussian curvature when summed against a C2
c test function.

3.1.1 Curvature for LQG surfaces

Definition 3.1.1. The whole plane Gaussian free field (GFF) Φ is the centered Gaussian

random generalized function with covariance structure given by

Cov(Φ(z),Φ(w)) = G(v, w) = log

(
max{|z|, 1},max{|w|, 1}

|z − w|

)
.

Note that this correlation function corresponds to a GFF normalized so that the average

over the unit circle is 0 [Vargas, 2017, Section 2.1.1].

Definition 3.1.2. An LQG surface is an equivalence class defined as follows. We say pairs

(D1,Φ1), (D2,Φ2) consisting of a domain in C and a generalized function on the domain are

equivalent if there exists a conformal map f : D1 → D2 with

Φ2 = Φ1 ◦ f−1 +Q log |(f−1)′|,

where here we recall that Q = 2/γ+γ/2. Then any equivalence class is called γ-LQG surface.

If Φ is a GFF, or more generally if Φ = Φ0 + f , where Φ0 is a GFF and f is a possibly

random continuous function, then for γ ∈ (0, 2) we can define the LQG area measure µΦ as

a limit of regularized versions of eγΦ dz, where dz denotes two-dimensional Lebesgue mea-
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sure Kahane [1985], Rhodes and Vargas [2014], Berestycki [2017], Duplantier and Sheffield

[2011]. This measure is compatible with changes of coordinate, in the sense that if (D1,Φ1)

and (D2,Φ2) are related as in Definition 3.1.2, then the conformal map f pushes forward

µΦ1
to µΦ2

[Duplantier and Sheffield, 2011, Proposition 2.1].

One can intuitively define the Gaussian curvature associated with LQG as follows. If

we consider a general metric in isothermal coordinates eϕ(dx2 + dy2), then the Gaussian

curvature is given by
∆ϕ

2
e−ϕ.

Given this, if Φ is the underlying field, after a formal computation one obtains that the

Gaussian curvature on an LQG surface KΦ is given by

∫
C
KΦ(z)f(z)dµΦ(z) =

∫
C

γ

2
∆Φe−γΦf(z)eγΦdz =

∫
C

γ

2
∆Φ(z)f(z)dz =

∫
C

γ

2
Φ(z)∆f(z)dz

where f is any C2
c test function, and so it is natural to define the Gaussian curvature weakly

by ∫
C
KΦ(z)f(z)dµΦ(z) :=

∫
C

γ

2
Φ(z)∆f(z)dz. (3.1)

Note that this is invariant under LQG coordinate change: indeed, suppose that U is a

bounded open set and that f is a C2
c test function supported on U. If ψ : U → V is a

conformal map, then for Φ̄ = Φ ◦ ψ +Q log |ψ′| we have

∫
U
KΦ̄(z)f(z)dµΦ̄(z) =

∫
U
∆f

γ

2
(Φ ◦ ψ)dz +

∫
U
Q log |ψ′|∆fdz.

Since log |ψ′| is harmonic and the Dirichlet energy is invariant under conformal transforma-
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tions, after integrating by parts we obtain

∫
U
KΦ(z)f(z)dµΦ(z) =

∫
U

γ

2
Φ ◦ ψ(z)∆f(z)dz =

∫
V

γ

2
Φ(z)(∆f) ◦ ψ−1(z)|ψ′(z)|−2dz

=

∫
V

γ

2
Φ(z)∆(f ◦ ψ−1)(z)dz =

∫
V
KΦ(z)f ◦ ψ−1(z)dµΦ(z).

3.1.2 Discrete curvature

Suppose that M is a planar map embedded in C. To define the curvature, suppose we set all

angles at each corner of a face F to be |F |−2
|F | π, where |F | is the number of vertices incident

to F. Inspired by the Gauss-Bonnet formula, it is natural to define the discrete curvature at

a vertex v as

KM (v) := 2π −
∑
F

|F | − 2

|F |
π

where the sum is taken over all possible faces F incident to v, that is, over all faces whose

boundary contains v. Note that in the case the graph G is a triangulation, this is equivalent

to

KM (v) =
π

3
(6− deg(v)) . (3.2)

We note that in some sense the average degree of a vertex is 6, which can be deduced from

the Euler characteristic formula, see Corollary A.6 in Berestycki and Gwynne [2022]. See

also Angel et al. [2016].

We conjecture that the discrete curvature KM converges to the curvature KΦ for any

planar map model in the γ-LQG universality class.

Conjecture 3.1.3. Let {Mn}n≥1 be a sequence of infinite random planar maps believed to

be in the universality class of γ-LQG (e.g. uniform infinite triangulations for γ =
√

8/3).

Suppose we embed the map in the plane via any “reasonable embedding", such as the circle

packing embedding or the Tutte embedding. Then for an appropriate scaling factor cn, we
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have that for any C2
c test function f : C → R,

1

cn

∑
v∈VMn

f(v)KMn
(v)

d−→
∫
C
f(z)KΦ(z)dµΦ(z)

where Φ is an appropriate variant of the GFF. Moreover, the convergence in distribution

holds jointly for any finite collection of C2
c test functions.

3.1.3 Mated CRT maps

Mated CRT maps are a family of random planar map models which are in the universality

class of γ-LQG for γ ∈ (0, 2). These maps are particularly natural since they are closely

connected both to LQG and to other random planar map models. Indeed, as we discuss

below, mated CRT maps have a direct connection to SLE and LQG thanks to the results

of Duplantier et al. [2021]. On the other hand, mated CRT maps can be seen as “course

grained approximations" to other types of random planar maps (e.g., uniform triangulations,

spanning tree decorated maps, bipolar oriented maps) due to discrete mating of trees bijec-

tions. We refer to Gwynne et al. [2023] for a survey of various results related to mated-CRT

maps.

In other literature, the CRT map is defined by discretizing time using εZ. However,

in this chapter we consider a variant which uses a Poisson point process of intensity ε−1

instead. The two resulting graphs are not equivalent; however, they should both be in the

same universality class. One can call the variant considered in this chapter “Poisson mated

CRT map", but for the sake of brevity we will usually just refer to it as the mated CRT map

(there is no risk of ambiguity since we will not consider any other variant). The reason for

using this Poisson point process is technical: essentially, the advantage of the Poisson mated

CRT map is that the space filling SLE segments depend locally on the underlying field (see

Lemma 3.3.7).
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Definition 3.1.4. Let ε > 0. We let Λε = {yj}j∈Z denote a Poisson point process chosen

on R with intensity ε−1 defined so that {yj} ⊂ R is an increasing sequence. Suppose

that (L,R) : R → R2 is a pair of correlated two sided standard linear Brownian motions,

normalized such that L0 = R0 = 0 and such that corr(Lt, Rt) = − cos
(
πγ2

4

)
for t ̸= 0. The

mated CRT map is defined to be the random planar map G̃ε obtained by mating (gluing

together) discretized versions of the continuum random trees constructed from L and R, that

is, two vertices yj , yk ∈ Λε such that j < k are connected if either

(
inf

t∈[yj−1,yj ]
Lt

)
∨

(
inf

t∈[yk−1,yk]
Lt

)
≤

(
inf

t∈[yj ,yk−1]
Lt

)
(3.3)

or the same holds with L replaced by R. If |j − k| ≥ 2 and (3.3) holds for both L and R,

then yj , yk are connected by two edges (see Figure 3.1, left).

One can draw the graph G̃ε in the plane by connecting two vertices yj , yk ∈ Λε by an arc

above or below the real line according to whether (3.3) holds for L or R respectively (see

Figure 3.1, right). This makes the mated-CRT map into a planar map.

In fact, the mated-CRT map is a triangulation. Indeed, with the above embedding of

the planar graph, each face of G̃ε corresponds to a horizontal strip below the graph of L or

above the graph of R, which is bounded by two horizontal segments on the real line between

points in Λε and two segments of either the graph of L or of R. Almost surely, neither L nor

R attains a local minimum at any point in Λε and neither L nor R has two local minima

where it attains the same value. Hence a.s. one of the horizontal segments is a single point.

This means that a.s. each face of G̃ε has exactly three vertices on its boundary, and thus G̃ε

is a triangulation.

Note that the law of a mated CRT map does not depend on the parameter ε, however

the parameter ε is relevant when taking scaling limits.

The mated CRT maps constructed above have a well established relation to SLE deco-

82



Λε

Λε

Figure 3.1: Left: Poisson mated CRT map. The bottom graph corresponds to the graph of
L, while the top graph corresponds to the graph of C−R for some large enough constant C.
The red lines are the vertical identifications (hence the “mating"), while the black horizontal
lines correspond to the identifications when (3.3) holds. Right: A portion of the Poisson
mated CRT map. The top blue arcs correspond to when (3.3) holds for R, while the bottom
red ones correspond to when (3.3) holds for L. The vertex set is given by the Poison point
process Λε.

rated LQG. Let Φ̃ be the γ-quantum cone field (a particular variant of the GFF, see Section

3.2.1, Definition 3.2.1), and let η̃ be a whole-plane space-filling SLEκ from ∞ to ∞ sampled

independently from Φ̃, then parameterized by γ-quantum mass with respect to Φ̃, where

κ = 16/γ2 > 4. That is, µ
Φ̃
(η̃[a, b]) = b− a for each a < b ∈ R, and η̃(0) = 0.

Then we can define the graph G̃ε with vertex set Λε where two vertices yi, yj are connected

if the space filling SLE segments η̃([yi−1, yi]) and η̃([yj−1, yj ]) (called cells) share a nontrivial

boundary arc, with two edges occurring between the two segments if they share nontrivial

boundary arcs in both the left and right boundaries. By Duplantier et al. [2021], the resulting

graph agrees in law with the mated CRT map defined above. This construction yields

a natural embedding of the mated CRT map into C, called the SLE/LQG embedding,

by assigning each vertex yj ∈ Λε to a point in the corresponding mated CRT map cell

η([yj−1, yj ]). It is convenient to take this point to be η̃(yj). See Section 3.2.2 for more

details. We will use this fact throughout the proof of the main Theorems 3.1.5 and 3.1.7

below.
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3.1.4 Main results

Henceforth when we talk about the mated CRT map G̃ε, we will always assume that it is

coupled with (L,R,Λε) as described at the end of Section 3.1.3. In particular, Λε ∋ v 7→ η̃(v)

is the SLE/LQG embedding of the mated CRT map. To show a result such as Conjecture

3.1.3 for G̃ε, one would not only need a definition of the Gaussian curvature that is compatible

with the discrete setting, but also precise control over the discrete curvature in order to

find the correct scaling factor, and later prove its scaling limit matches our notion of LQG

curvature. This is also related to the problem of finding an observable on a random planar

map converging to the underlying field: indeed, if f is a C2
c test function and we assume

that
1

aε

∑
v∈VG̃ε

f(η̃(v))KG̃ε(v) →
∫
C
f(z)K

Φ̃
(z)dµ

Φ̃
(z) =

∫
C
∆f(z)Φ̃(z)dz,

for some appropriate scaling factor aε, then we have

1

aε

∑
v∈VG̃ε

f(η̃(v))∆−1
G̃ε
KG̃ε(v) →

∫
C
f(z)Φ̃(z)dz,

and so, at least formally, we should have that ∆−1
G̃ε
KG̃ε → Φ̃ in some weak sense, where ∆−1

G̃ε
is the inverse of the discrete graph Laplacian on G̃ε.

Our main theorem is a first step towards proving the convergence of the discrete curvature.

If we let f be a C2
c test function, and we look at the expression

∑
v∈VG̃ε f(η̃(v))KG̃ε(v), at

first glance one could expect it to be of order ε−
1
2 since it is a sum over ≈ ε−1 terms of random

signs times values of f at the graph’s vertices, and so if we expect square root cancellation

one would obtain the order ε−
1
2 . However, our first main theorem tells us something much

stronger: the sum
∑

v∈VG̃ε f(η̃(v))KG̃ε(v) is in fact of a much smaller order.

Now we will state our first main theorem.

Theorem 3.1.5. Let G̃ε be the ε mated CRT map defined as in Definition 3.1.4, with VG̃ε =
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Λε defined to be its vertex set. Let KG̃ε denote the discrete curvature as defined in (3.2).

Suppose that f ∈ C2
c (C) is any compactly supported twice differentiable function on C. Then

with probability going to 1 as ε→ 0, we have that

∑
v∈VG̃ε

f(η̃(v))KG̃ε(v) = εo(1). (3.4)

Note that the o(1) exponent may be negative.

The εo(1) asymptotics in the statement of Theorem 3.1.5 are necessary: the next theorem

tells us that if an appropriate normalization factor for the curvature summed against a C2
c

test function exists, then it must be slow varying.

Proposition 3.1.6. Let Φ̃ be the embedding of the γ-quantum cone used to define G̃ε.

Assume that there exists a twice continuously differentiable, compactly supported function

f : C → R, which is not identically zero, and constants {aε}ε>0 such that we have the

convergence in probability

1

aε

∑
x∈VG̃ε

KG̃ε(x)f(η̃(x)) →
∫
C
f(z)K

Φ̃
(z) dµ

Φ̃
(z) (3.5)

with respect to the weak topology on generalized functions. Then {aε}ε>0 is slowly varying

as ε→ 0, i.e.,

lim
ε→0

aCε

aε
= 1, ∀C > 0. (3.6)

The proof is given in Section 3.2.4.

One could ask whether the correct scaling factor should in fact be of constant order.

We believe the answer is no. A heuristic argument for this is that if one makes a local

change in G̃ε such as artificially increasing the degree of a vertex by 1, then while the sum∑
v∈VG̃ε KG̃ε(v)f(η̃(v)) is affected by a fixed amount for any ε > 0, the scaling limit should

not be, hence the scaling factor must make such local changes negligible.
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Another interesting quantity is the total discrete curvature in a small region, such as a

space filling SLE segment. More precisely, let

C0 = η̃([0, 1]). (3.7)

We define the discrete total curvature on C0 to be the sum of the discrete curvature on every

vertex in C0,

KG̃ε(C0) =
∑

v∈VG̃ε∩C0

KG̃ε(v). (3.8)

This represents the total curvature in a space filling SLE segment.

Our second main theorem is the following.

Theorem 3.1.7. There exists a deterministic constant α > 0 such that

KG̃ε(C0)

ε−
1
4

→ αB,

in law, where the law of B can be described as follows. Sample L according to the law of

the boundary length of the mated CRT map cell C0. Now let Θ be sampled according to a

Gaussian distribution with mean 0 and variance L. Then B and Θ have the same law.

Note that Theorem 3.1.5 tells us that if there is a scaling limit of the discrete curvature

summed against a C2
c test function, then the scaling factor used must be of order εo(1).

However, Theorem 3.1.7 tells us the correct scaling for the total curvature on a mated CRT

map cell is ε
1
4 . This discrepancy is in part because of the fact that Gauss-Bonnet does not

apply since LQG is not a proper Riemannian surface. It also suggests that it is impossible

to define the Gaussian curvature together with the curvature on rough or lower dimensional

sets, which is consistent with the fact that it is not so straightforward to define the total

Gaussian curvature on a space-filling SLE segment since
∫
C ∆Φ̃(z)dz is not defined due to the

poor regularity of ∆Φ̃. Moreover, it seems that defining the Gaussian curvature integrated
86



against C2
c test functions and the geodesic curvature on a mated CRT map cell in a consistent

manner is impossible. Indeed, if one is to define the geodesic curvature on the boundary

of space filling SLE segments, it must be defined in a manner that is compatible with the

Gaussian curvature in the sense of the Gauss-Bonnet theorem, such that when “integrated"

over the boundary gives us the total curvature over a space-filling SLE segment. Since

the total Gaussian curvature uses a different scaling factor than the Gaussian curvature,

this suggests that not all notions of curvature (at least on boundaries of space-filling SLE

segment) are simultaneously compatible.

One of the main ingredients in the proof of Theorem 3.1.5 is a cancellation when com-

puting
∑

v∈VG̃ε f(η̃(v))KG̃ε(v) : one can rewrite this sum as a sum of discrete gradients of f

along appropriately oriented edges in Gε. This is proved in Section 3.3 via purely combinato-

rial arguments. After this, we rewrite the sum as an integral of a function which is constant

in each mated CRT map cell. To estimate this integral, we estimate its variance and split

the double integral into two parts: the diagonal and off diagonal parts (see Propositions

3.4.14 and 3.4.15 respectively). For the diagonal, we use the fact that the measure of the

diagonal region is small. For the off diagonal region, we use the long range independence

properties of the GFF (see (3.64)). These estimates are proved in subsections 3.4.3 and 3.4.3

respectively. After this, we transfer all our results back to the case of the quantum cone in

Section 3.5. Part of our proof is inspired by techniques in Gwynne et al. [2019b], Section 3,

however substantial new ideas are needed to get a very exact cancellation. In some sense,

our argument pushes the technique in Gwynne et al. [2019b] as far as possible.

For the proof of Theorem 3.1.7, the main ingredients are a discrete analogue of Gauss-

Bonnet about sums of degrees on triangulations (see Lemma 3.6.2), together with Donsker’s

theorem to ensure the convergence of an average on the boundary of a mated CRT map cell.
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3.2 Preliminaries

Throughout the chapter we will need the definitions of discrete gradient and Laplacian. We

define them now. Suppose G is a triangulation of the plane. Suppose that this graph is

embedded in C and suppose that f : VG → C, where VG is the set of vertices in G. We

define the discrete Laplacian ∆Gf by

∆Gf(x) =
∑
y∼x

(f(y)− f(x)). (3.9)

Similarly, for any oriented edge −→e with starting vertex v1 and ending vertex v2, we define

Df(−→e ) = f(v2)− f(v1). (3.10)

We will slightly abuse notation, and define Df the same way for functions f : C → C by

identifying vertices v ∈ G with their counterparts η̃(v) ∈ C, where we recall η̃ is a whole-

plane space-filling SLEκ from ∞ to ∞ sampled independently from the γ-quantum cone field

Φ̃ as in Definition 3.2.1 with α = γ, then parameterized by γ-quantum mass with respect to

Φ̃.

3.2.1 Quantum cones

First we start with the definition of the quantum cone, an important field (random general-

ized function) which we will be using throughout the proof of Theorems 3.1.5 and 3.1.7.
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Definition 3.2.1. Let α < Q. An α-quantum cone is a doubly marked quantum surface

embedded as (C, Φ̃) with marked points 0 and ∞. Its law can be described in the following

way. Let As be the process defined by

As =

 Bs + αs, s > 0

B̂−s + αs, s < 0,

where Bs is a Brownian motion with B0 = 0, and B̂ is a Brownian motion independent of B

conditioned so that B̂t + (Q− α)t > 0 for all t > 0. We will define the spaces H1(C),H2(C)

as follows: we let H1(C) denote the set of radially symmetric functions in the Sobolev space

H1(C), and let H2(C) denote the set of function in H1(C) with common mean on all circles

centered at the origin. Then we define the α-quantum cone field Φ̃ as the field with projection

onto H1(C) given by the function with common value on ∂Be−s(0) equal to As for all s ∈ R,

and whose projection onto H2(C) is given by the projection onto H2(C) of a whole plane

GFF as defined in Definition 3.1.1.

Remark 3.2.2. Note that the restriction of an α-quantum cone field to the unit disk has

the same law as (h− α log | · |)|B1(0)
where h is a whole plane GFF normalized so that its

average over ∂B1(0) is zero.

3.2.2 Geometric properties of space-filling SLE segments

The Schramm-Loewner evolution SLEκ for κ > 0 is a one parameter family of fractal curves,

first defined in Schramm [2000]. These curves exhibit different properties depending on κ.

More precisely, SLEκ is a simple curve for κ ∈ (0, 4], self-touching but not space filling or

self crossing for κ ∈ (4, 8), and becomes space-filling for κ ≥ 8 Rohde and Schramm [2005].

Space-filling SLEκ for κ > 4 is a variant of SLEκ introduced in Miller and Sheffield

[2017]. We will recall the construction of the version of space-filling SLEκ from ∞ to ∞ in
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C here. To define it, let

χIG :=

√
κ

2
− 2√

κ
.

We define a whole-plane GFF modulo a multiple of 2πχIG to be an equivalence class of

random distributions as follows. First we sample Ψ from the law of a whole-plane GFF

normalized so that Ψ1(0) = 0. Suppose that we fix z ∈ C and θ ∈ [0, 2π]. Then by [Miller

and Sheffield, 2017, Theorem 1.1] we can define the flow line of Ψ at z with angle θ. To

define the space filling SLEκ we will need the flow lines started at points in z ∈ Q2 with

angles −π
2 or π

2 , which will be denoted η̃Lz , η̃Rz respectively.

For distinct z, w ∈ Q2, the flow lines η̃Lz , η̃Lw merge a.s. upon intersecting, and similarly

for η̃Rz , η̃Rw . The two flow lines η̃Lz , η̃Rw a.s. do not cross, but these flow lines bounce off each

other without crossing if and only if κ ∈ (4, 8) [Miller and Sheffield, 2017, Theorem 1.7].

Given this, we can define a total ordering on Q2 by declaring that z comes before w if

and only if w lies in a connected component of C \ (η̃Lz ∪ η̃Rz ) lying to the right of η̃Lz . Using

the whole plane analogue of Theorem 4.12 in Miller and Sheffield [2017] we see that there is

a well defined curve η̃ passing through Q2 in the order above, such that η̃−1(Q2) is a dense

set, and is continuous when parametrized by Lebesgue measure, that is in such a way such

that area(η̃([a, b])) = b − a whenever a < b. The curve η̃ is defined to be the whole-plane

space-filling SLEκ from ∞ to ∞.

The topology of η changes depending on κ. For κ ≥ 8, ηLz and ηRz do not bounce off

of each other, and thus η([a, b]) has the topology of a closed disk. However, if 4 ≤ κ ≤ 8,

ηLz and ηRz intersect in an uncountable fractal set, and in this case the interior of η([a, b])

becomes a countable union of connected components, each with the topology of a closed

disk, and η([a, b]) is the closure of its interior.

We will need a couple of geometric facts about space-filling SLE segments.

Lemma 3.2.3. [Gwynne et al., 2020, Proposition 3.4] Let η̃ be a space filling SLEκ from

∞ to ∞ in C. For r ∈ (0, 1), R > 0, δ0 > 0, let Eδ0 = Eδ0(R, r) be the event that the
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following is true. For all 0 < δ ≤ δ0, and each a < b ∈ R such that η̃([a, b]) ⊂ BR(0) and

diam(η̃([a, b])) ≥ δ1−r, the set η̃([a, b]) contains a ball of radius at least δ. Then

lim
δ0→0

P(Eδ0) = 1.

In particular, we have the following corollary:

Corollary 3.2.4. Let η̃ be a space filling SLEκ from ∞ to ∞ in C. Let r ∈ (0, 1). For

δ0 > 0, let Ẽδ0 = Ẽδ0(r) be the event that the following is true. For any a < b ∈ R such that

diam(η̃([a, b])) ≤ δ0, we have

area(η̃([a, b])) ≥ diam(η̃([a, b]))
2

1−r .

Then

lim
δ0→0

P(Ẽδ0) = 1.

3.2.3 Mated CRT maps with Gaussian free fields

Recall the SLE/LQG embedding of the mated CRT map G̃ε as defined at the end of Sec-

tion 3.1.3. The main results of this chapter concern G̃ε, but it is often convenient to work

with a variant of the mated CRT map G̃ε, where the underlying field is a whole-plane GFF

Φ instead of the quantum cone Φ̃. This map, which we call Gε is defined as follows. As

in the construction of G̃ε, let Λε = {yj}j∈Z denote a Poisson point process chosen on R

with intensity ε−1 defined so that {yj} ⊂ R is an increasing sequence. We also let η be a

space-filling SLEκ curve with κ = 16/γ2, reparametrized according to unit µΦ measure. We

let the vertex set of the graph Gε be Λε, and we let two vertices yi, yj be connected if the

space filling SLE segments η([yi−1, yi]) and η([yj−1, yj ]) share a nontrivial boundary arc,

with two edges occurring between the two segments if they share nontrivial boundary arcs

in both the left and right boundaries. Moreover, we can naturally embed this graph in C by
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assigning each vertex to a point in the corresponding mated CRT map cell. We note that

unlike in the case of G̃ε, the random planar map Gε does not admit a simple description in

terms of Brownian motion.

3.2.4 Proof of Proposition 3.1.6

Proof of Proposition 3.1.6. The proof is via a scaling argument where we study what hap-

pens when we replace Φ̃ by Φ̃ + 1
γ log(1/C). Fix C > 0. Write η̃C for the space-filling

SLE curve parametrized by µ
Φ̃+ 1

γ log(1/C)
-mass instead of µ

Φ̃
-mass. Let Λε

C be a Poisson

point process on R with intensity 1/ε, sampled independently from Φ̃ and η̃. Let G̃C
ε and its

associated curvature KG̃C
ε

be defined as in (3.2), but using the field Φ̃ + 1
γ log(1/C) and Λε

C

instead of Φ̃ε and Λε.

By the definition (3.1) of K
Φ̃
, and the fact that the Laplacian of a constant function is

zero, we have K
Φ̃+ 1

γ log(1/C)
dµ

Φ̃+ 1
γ log(1/C)

= K
Φ̃
dµ

Φ̃
. By the local absolute continuity of

the laws of Φ̃ and Φ̃+ 1
γ log(1/C) (see, e.g., [Berestycki and Powell, Proposition 1.5.1]), (3.5)

implies the convergence in probability

1

aε

∑
v∈VG̃C

ε

KG̃C
ε
(v)f(η̃C(v)) →

∫
C
f(z)K

Φ̃+ 1
γ log(1/C)

(z) dµ
Φ̃+ 1

γ log(1/C)
=

∫
C
f(z)K

Φ̃
(z) dµ

Φ̃
.

(3.11)

On the other hand, since LQG area measure satisfies µ
Φ̃+ 1

γ log(1/C)
= C−1µ

Φ̃
, we have

that µ
Φ̃
(η̃C [a, b]) = C(b − a) for each b > a. Thus η̃C(·) = η̃(C·). The point process

CΛε
C is a Poisson point process on R with intensity 1/(Cε). From this, we deduce that

η̃C(Λ
ε
C)

d
= η̃(ΛCε) and the joint law of (Φ̃, η̃, CΛε

C) is the same as the joint law of (Φ̃, η̃,ΛCε).

Recalling that VG̃Cε = ΛCε, we obtain the equality of joint laws

 ∑
v∈VG̃C

ε

KC
G̃ε
(v)f(η̃C(v))

 d
=

 ∑
v∈VG̃Cε

KG̃Cε
(v)f(η̃(v))

 .
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Therefore, (3.5) implies the convergence in probability

1

aCε

∑
v∈VG̃C

ε

KC
G̃ε
(v)f(η̃C(v)) →

∫
C
f(z)K

Φ̃
(z) dµ

Φ̃
(z) (3.12)

By combining (3.11) and (3.12) and using the fact that
∫
C f(z)KΦ̃

(z) dµ
Φ̃
(z) is a.s. non-zero,

we get that limε→0 aCε/aε = 1, as required.

3.3 Combinatorial relation for discrete curvature

Let η be a whole-plane space filling SLE with parameter κ = 16
γ2

reparametrized according to

unit µΦ measure, where Φ is a whole-plane GFF, and let Ψ denote the associated imaginary

geometry field. In the rest of the chapter, we will frequently switch between Φ and the

quantum cone field, Φ̃.

Recall that Gε denotes the mated CRT map whose underlying field is the GFF Φ (Sec-

tion 3.2.3). We let VGε and EGε denote the vertex set and set of (unoriented) edges of Gε

respectively (and we define VG̃ε, EG̃ε similarly). We also let FGε denote the set of faces in

Gε.

In this section we will only be considering the graph Gε corresponding to the whole plane

GFF Φ. We will later transfer all results to the case where the underlying field is a γ-quantum

cone (this is done in Section 3.5).

Suppose that f ∈ C2
c (C) is a compactly supported function. The main expression we

will estimate is ∑
v∈VGε

KGε(v)f(η(v)).

The first step will be to rewrite this sum in a more convenient way. To that end, we recall

the definition of the discrete gradient: for any oriented edge e = (v1, v2) in Gε we let Df(e)

be the discrete gradient, f(v2)− f(v1), where we abuse notation and identify v and η(v) in
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the case that f : C → C.

We will need to split up the set of edges on Gε: we set ELGε, ERGε to be the sets of

vertices corresponding to pairs yj , yk for which (3.3) holds with L and R respectively, and

|j − k| > 1. We also define EMGε to be the set of edges along the real line, that is edges

between yj , yk with |j − k| = 1. Then

EGε = EMGε ∪ ELGε ∪ ERGε.

We will need the following notation throughout.

Definition 3.3.1. For any vertex yj let Hε
yj denote the earliest mated CRT map cell con-

taining yj , that is

Hε
yj = η([yj−1, yj ]).

Recall the definition of KM (v) in (3.2). We have the following identity.

Proposition 3.3.2. We have two assignments ELGε∪EMGε ∋ e 7→ −→eL, ERGε∪EMGε ∋ e 7→
−→eR assigning to each edge an orientation such that

∑
v∈VGε

f(η(v))KGε(v) =
π

3

∑
e∈ELGε∪EMGε

Df(−→eL) +
π

3

∑
e∈ERGε∪EMGε

Df(−→eR). (3.13)

Note that each edge in EMGε has two orientations coming from each assignment e 7→ −→e L,

e 7→ −→e R: these orientations can coincide or could be opposite.

Proof. Let FGε denote the set of faces of Gε, and let FLGε,FRGε denote the sets of faces

whose edges belong to ELGε ∪ EMGε and ERGε ∪ EMGε respectively. Then for any face

t ∈ FGε, there are three vertices on its boundary corresponding to three distinct space

filling SLE segments. Ordering the cells as C1,C2,C3 in chronological order according to

η, let v(t) be the vertex corresponding to C2. We claim that v(·)|FLGε : FLGε → VGε and

v(·)|FRGε : FRGε → VGε are both bijective maps. Indeed, if Hε
v = η([yj , yj+1]), then there
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v+r

v−r

v+ℓ

v−ℓ

Figure 3.2: The two indicated triangles are mapped to the same vertex.

exist four η segments Hε
w1
, Hε

w2
, Hε

w3
, Hε

w4
(not necessarily distinct) sharing a nontrivial

boundary arc with each of ∂Hε
v and η((−∞, yj ]) ∩ η([yj+1,∞)). These four η segments

correspond to four vertices, denoted v±r and v±ℓ (v±r correspond to the past and future

rightmost η cells, while v±ℓ correspond to the past and future leftmost η cells). Then the faces

{v−r , v+r , v} and {v−ℓ , v
+
ℓ , v} are both such that v(t) = v and the face {v−ℓ , v

+
ℓ , v} is in FLGε,

while the face {v−r , v+r , v} is in FRGε (see Figure 3.2). This shows the surjectivity of v(·)|FLGε

and v(·)|FRGε . For the injectivity, suppose without loss of generality that v(t1) = v(t2) with

t1, t2 ∈ FLGε. Suppose that the vertices in t1 are yj1 , yj2 , yj3 ∈ Λε where j1 < j2 < j3. Then

v(t1) = yj2 . Since the arc between yj1 , yj3 separates the upper half plane into two connected

components, the vertices of t2 must be between yj1 and yt3 . If the vertices of t are given by

yj̃1
, yj̃3

and yj̃2 = v(t2), then this implies that

j1 < j̃1 < j2 = j̃2 < j̃3 < j3.

This is impossible, since the arcs between yj1 , yt2 and yj3 , yt2 separate yj̃1 , yj̃3 in different

connected components of the upper half plane, hence it is impossible for an arc between

yj̃1
, yj̃3

to exist (see Figure 3.3). Then

∑
t∈FLGε

f(η(v(t))) =
∑

v∈VGε
f(η(v)) =

∑
t∈FRGε

f(η(v(t))),

while ∑
v∈VGε

f(η(v))deg(v) =
∑

t∈FGε

∑
v∈∂t

f(η(v)),
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yj1 ỹj1 yj2 ỹj3 yj3

>

> > <<

<

>

Figure 3.3: It is impossible for two triangles that both belong to FLGε or both belong to
FrGε to be mapped to the same vertex under v.

where ∂t denotes the set of vertices on the boundary of the face t. Putting these together

we obtain that

∑
v∈VGε

f(η(v))KGε(v)

=
π

3

 ∑
t∈FRGε

3f(η(v(t)))−
∑
v∈∂t

f(η(v))

+
∑

t∈FLGε

3f(η(v(t)))−
∑
v∈∂t

f(η(v))

 .

Finally, noting that

3f(η(v(t)))−
∑
v∈∂t

f(η(v)) =
∑

v∈∂t\{v(t)}
f(η(v(t)))− f(η(v)).

This implies that (3.13) holds. To define the orientation explicitly, let e be any edge with

endpoints yj1 , yj2 , with j1 < j2. If |j1 − j2| > 1, then the arc between yj1 , yj2 divides the

upper half plane into two connected regions. In this case there are two faces incident to e:

one whose additional vertex is yj3 with j1 < j3 < j2, and the other whose additional vertex

is yj4 with j4 < j1 or j2 < j4. Let t be the latter face. Then v(t) ∈ {yj1 , yj2} (v(t) = yj1 if

j4 < j1 and v(t) = yj2 if j2 < j4). We orient the edge e so that the ending vertex is v(t).

In the case that j2 = j1 + 1, the edge e is incident to a face t, with the vertices yj1 , yj2 , yj3

where j3 < j1 or j3 > j2. In the first case, we have v(t) = yj1 , while in the second we have

v(t) = yj2 . In either case, we orient the edge so that v(t) is the ending vertex. This completes
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v−ℓ

v+ℓ

v−r

v+r

veFL
v

eFR
v

ePL
v ePR

v

mFR
v

mFL
v

mPL
v

mPR
v

Figure 3.4: The edges ePL
v , ePR

v , eFL
v , eFR

v , and the points mPL
v ,mPR

v ,mFL
v ,mFR

v .

the proof.

We will now define convenient mappings between vertices of Gε and oriented edges.

Definition 3.3.3. Let Ẽε denote the set of oriented edges in the graph Gε. We will define

four functions VGε ∋ v 7→ −→e PL
v ,−→e PR

v ,−→e FL
v ,−→e FR

v ∈ Ẽε. For each vertex v ∈ VGε, we

define −→e PL
v to be the leftmost outgoing edge contained in the past of η, −→e PR

v the rightmost

outgoing edge contained in the past of η, −→e FL
v the leftmost outgoing edge contained in the

future of η, and −→e FR
v the rightmost outgoing edge contained in the future of η (see Figure

3.4).

If −→e is an oriented edge, let e denote the unoriented edge corresponding to −→e . Then the

maps v 7→ ePL
v , v 7→ ePR

v , v 7→ eFL
v , v 7→ eFR

v are injective:

Lemma 3.3.4. The maps v 7→ ePL
v , ePR

v , eFL
v , eFR

v , where −→e PL
v ,−→e PR

v ,−→e FL
v ,−→e FR

v are as

defined in Definition 3.3.3, are injective.

Proof. We will prove this for the map v 7→ ePL
v , the proofs for the other maps being identical.

We will also denote ePL
v by ev for the remainder of the proof to lighten notation. Suppose

that v1, v2 ∈ VGε are such that ev1 = ev2 , but v1 ̸= v2. Since ev1 = ev2 if and only if

their endpoints agree, this must mean that ev1 and ev2 are the same edge with different

orientations. This implies that v1, v2 are the two endpoints of ev1 = ev2 , given that v1 ̸= v2.

Since −−→v1v2 = ev1 , this implies that v2 is in v1’s past. However, given that −−→v2v1 = ev2 , this

implies that v1 is in v2’s past, which yields a contradiction.
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Since these maps are injective, we have the following corollary:

Corollary 3.3.5. For each vertex v, there exist oriented edges v 7→ −→evPL, v 7→ −→evPR,

v 7→ −→evFL, and v 7→ −→evFR, with starting point v such that

∑
v∈VGε

f(η(v))KGε(v) =
π

3

∑
v∈VGε

(
Df(ePL

v ) +Df(ePR
v ) +Df(eFL

v ) +Df(eFR
v )

)
.

Proof. We claim that

{eFR
v }v∈VGε∪{e

PR
v }v∈VGε = ERGε ∪ EMGε,

{eFL
v }v∈VGε∪{e

PL
v }v∈VGε = ELGε ∪ EMGε,

and that {eFR
v }v∈VGε ∩{ePR

v }v∈VGε = ∅, {eFL
v }v∈VGε ∩{ePL

v }v∈VGε = ∅. Indeed, to prove

the first statement (the second being proved identically), suppose by contradiction that this

isn’t the case. Note that if e is an edge with endpoints yj1 , yj2 with |j1 − j2| = 1 (that is,

e ∈ ERGε), there exist j3, j4 such that {yj1 , yj2 , yj3} and {yj1 , yj2 , yj4} form two faces in FGε

using edges in ERGε∪EMGε. Since the arc connecting yj1 , yj2 separates the upper half plane

into two connected components, we can assume without loss of generality that j1 < j4 < j2,

and that j3 ∈ (−∞, j1] ∪ [j2,∞). Then note that if j3 < j1, then eFR
yj1

= e while if j3 > j2

then ePR
yj2

= e (see Figures 3.5 and 3.6). In the case that j2 = j1 + 1 (that is, e ∈ EMGε),

there is a face incident to e with vertices yj1 , yj2 , yj3 for some j3 ∈ (−∞, j1−1]∪ [j2+1,∞),

whose boundary consists of edges in ERGε ∪ EMGε. Then as in the previous case, eFR
yj1

= e if

j3 < j1, while ePR
yj2

= e if j3 > j2. Moreover, if e = eFR
v1 = ePR

v2 , then v1 = yj1 and v2 = yj2 .

Since eFR
yj1

= e, there exists j3 < j1 and j4 > j2 such that {yj1 , yj3 , yj2} and {yj1 , yj4 , yj2}

form triangles. Noting that j3 = j4 by orientation, we obtain a contradiction. The result is

now a direct consequence of Proposition 3.3.2 and Lemma 3.3.4.

We rewrite this sum even further. For any point z ∈ C, let Hε
z denote the mated CRT cell
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yj1 yj2yj3 yj4

e

Figure 3.5: The case j3 < j1 < j4 <
j2. Here we have eFR

yj1
= e.

c1

c2

c3

c4

e

Figure 3.6: The cells C1, C2, C3, C4
correspond to the vertices
yj1 , yj2 , yj3 , yj4 respectively.

v

mv

ev

Figure 3.7: The definition of the points mv ∈ {mPL
v ,mPR

v ,mFL
v ,mFR

v }

containing z, and let xεz ∈ VGε 1 be the corresponding vertex. Also, let vPL
z , vPR

z , vFL
z , vFR

z ∈

C denote the endpoints of ePL
v , ePR

v , eFL
v , eFR

v that are not v, where v = xεz. Then there are

points mPL
z ,mPR

z ,mFL
z ,mFR

z ∈ C (not necessarily vertices in Gε) such that

|η(xεz)−mPL
z | ≤ diam(Hε

z ), |mPL
z − vPL

z | ≤ diam(Hε
vPL
z

) (3.14)

and the analogous statements for mPR
z ,mFL

z ,mFR
z (see Figure 3.7). Then we can decompose

Df(ez) as

Df(ez) = f(vz)− f(η(xεz)) = (f(vz)− f(mz)) + (f(mz)− f(η(xεz)))

(here ez ∈ {ePL
z , ePR

z , eFL
z , eFR

z } and mz ∈ {mPL
z ,mPR

z ,mFL
z ,mFR

z } is the corresponding

point). Let

GPL
f (z) := f(mPL

z )− f(η(xεz)) +
∑

y:vPL
y =z

(f(η(xεz))− f(mPL
y ))

1. We will sometimes use z ∈ C and evaluate functions at xε
z, and other times we will use z ∈ VGε directly

for clarity.
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v1

v2
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v6

v

mv1

mv
mv2

mv3

mv4
mv5

mv6

v7

Figure 3.8: Gf is the sum of f ’s discrete gradients along the red segments.

and define GPR
f (z), GFL

f (z), GFR
f (z) similarly. Then we let

Gf (z) := GPL
f (z) +GPR

f (z) +GFL
f (z) +GFR

f (z), (3.15)

that is, Gf is the sum of the discrete gradients over the red segments in Figure 3.8. Note that

m
q
z, v

q
z , and Gf are all constant as functions of z on each cell, where q ∈ {FL, FR, PL, PR}

We have the following lemma.

Lemma 3.3.6. Let Gf (z) be defined as in (3.15). Then for any compactly supported function

f ∈ C2
c (C) we have ∑

z∈VGε
f(η(z))KGε(v) =

π

3

∑
z∈VGε

Gf (z). (3.16)

The reason for rewriting the left hand side of (3.16) in terms of Gf is that Gf only

depends on a neighborhood of v and therefore satisfies useful independence properties (see

Corollary 3.3.8).

Proof. Recall that vPL
z , vPR

z , vFL
z , vFR

z ∈ C denote the endpoints of ePL
v , ePR

v , eFL
v , eFR

v that

are not v. Then by splitting each gradient Df into two pieces, and then group each summand

according to what cell they correspond to, and then regrouping according to PL or FL, we
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future

past

Ĥε
z

Hε
z

z

Figure 3.9: The definition of Ĥ
ε
x

obtain

∑
e∈ELGε∪EMGε

Df(−→eL)

=
∑

z∈VGε

∑
e∈{ePL

z ,eFL
z }

Df(−→eL)

=
∑

v∈VGε

∑
(mz ,vz)∈{(mPL

z ,vPL
z ),(mFL

z ,vFL
z )}

(f(vz)− f(mz)) + (f(mz)− f(η(z)))

=
∑

z∈VGε

∑
mz∈{mPL

z ,mFL
z }

(f(mz)− f(η(z)))

+

 ∑
z∈VGε

∑
y:vPL

y =η(z)

f(η(z))− f(mPL
y )

+

 ∑
z∈VGε

∑
y:vFL

y =η(z)

f(η(z))− f(mFL
y )


=

∑
z∈VGε

GPL
f (z) +GFL

f (z), (3.17)

and similarly ∑
e∈ERGε∪EMGε

Df(−→eL) =
∑
z∈Gε

GPR
f (z) +GFR

f (z). (3.18)

Now the proof follows immediately from Corollary 3.3.5 together with (3.17), (3.18).

Recall the definition of Hε
z in Definition 3.3.1.

Lemma 3.3.7. Let U be a deterministic open set. Let Kε
z be defined so that Kε

z = Hε
z

if Hε
z ⊆ U, and empty otherwise. Then the collection {Kε

z} is determined by the set of

embedded vertices in U along with the fields Φ,Ψ restricted to U, that is it is determined by

(η(VGε) ∩ U,Φ|U ,Ψ|U ).
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Proof. We know by Lemma 2.4 in Gwynne et al. [2019b] that the space filling SLE seg-

ments are determined by the restricted fields Φ|U ,Ψ|U together with the νΦ- unit length

parametrization. This parametrization is in turn locally determined by Λε,Φ|U and thus the

space filling SLE segments are locally determined by η(VGε) ∩ U,Φ|U ,Ψ|U .

Let Ĥ
ε
z denote the mated CRT map cell corresponding to z together with all the neigh-

boring cells (see Figure 3.9), that is

Ĥ
ε
z = Hε

z ∪
⋃

y:z∼y

Hε
y . (3.19)

We note that the function Gf defined as in (3.15) only depends on the fields Ψ,Φ locally:

Corollary 3.3.8. Suppose U is an open set and f is a C2
c test function. Then for any z,

the value of Gf (z)1Ĥ
ε
z⊆U

is uniquely determined by (Φ,Ψ)|U and η(VGε) ∩ U.

Proof. This is a direct consequence of Lemma 3.3.7.

In the following lemma and onwards, we will let A ≲ B mean that A ≤ CB for some

absolute constant C. We will prove the following lemma about Gf which will be used later,

see (3.63).

Lemma 3.3.9. Let f ∈ C2
c (C) be a C2 compactly supported function, and define Gf as in

(3.15). Then for any vertex z ∈ VGε,

|Gf (z)| ≲ (deg(z) + 1)∥∇f∥∞diam(Hε
z ).

Proof. By (3.15) it suffices to show that

|Gq
f (z)| ≲ (deg(z) + 1)∥∇f∥∞diam(Hε

z ),
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where q ∈ {PL, PR, FL, FR}. We have that

|Gq
f (z)| =

∣∣∣∣∣∣∣f(mq
z)− f(η(z)) +

∑
y∈VGε:vqy=z

(f(η(z))− f(m
q
y))

∣∣∣∣∣∣∣
≤ |f(mq

z)− f(η(z))|+
∑

y∈VGε:vqy=z

|f(η(z))− f(m
q
y)|

≤ ∥∇f∥∞|mq
z − η(z)|+

∑
y∈VGε:vqy=z

∥∇f∥∞|η(z)−m
q
y|

By the definition of mq
y for a general vertex y (3.14), we have that

|mq
z − η(z)|, |η(z)−m

q
y| ≤ diam(Hε

z )

if vqy = η(z). Hence

|Gq
f (z)| ≤ ∥∇f∥∞|mq

z−η(z)|+
∑

y∈VGε:vqy=z

∥∇f∥∞|η(z)−mq
y| ≤ (deg(z)+1)∥∇f∥∞diam(Hε

z ).

This completes the proof.

3.4 Control of main sum in the whole-plane GFF case

We recall the definition of Hε
yj as in Definition 3.3.1, the definition of mz in (3.14) and the

definition of Gf (z) in (3.15), which will be used throughout the section. We also recall that

we fix a smooth compactly supported function f .

First we will control the sum in (3.16).

Proposition 3.4.1. With probability going to 1 as ε→ 0, we have

∑
z∈VGε

f(η(z))KGε(z) = εo(1). (3.20)
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where η is a space filling SLEκ parametrized according LQG area with respect to a whole

plane GFF Φ.

Note that this statement differs from Theorem 3.1.5 in that it uses a whole-plane GFF

instead of a γ-quantum cone field.

The proof of Theorem 3.1.5 will be done in Section 3.5. We will now focus on proving

(3.20).

The first step will be to split up the sum in (3.3.6) into the parts corresponding to ELGε

and ERGε. We have by Lemma 3.3.6

∑
z∈VGε

f(η(z))KGε(z) =
π

3

∑
v∈VGε

Gf (v)

=
π

3

 ∑
v∈VGε

GPL
f (v) +GFL

f (v)

+
π

3

 ∑
v∈VGε

GPR
f (v) +GFR

f (v)

 .

Hence it suffices to show that

∑
v∈VGε

GPL
f (v) +GFL

f (v) = εo(1), (3.21)

∑
v∈VGε

GPR
f (v) +GFR

f (v) = εo(1). (3.22)

We will show the first identity, the second being proved identically. To this end, we will

rewrite this last sum as an integral over C. Let

Γf (z) := GPL
f (z) +GFL

f (z). (3.23)

Recalling Definition 3.3.1 and defining let xεz ∈ VGε be the vertex corresponding to Hε
z , note

that ∑
v∈VGε

Γf (v) =

∫
C

Γf (x
ε
z)

area(Hε
z )
dz. (3.24)

104



Let Xε
z denote the quotient

Xε
z =

Γf (x
ε
z)

area(Hε
z )
1z∈suppf . (3.25)

We will follow the ideas of Section 4 in Gwynne et al. [2019b] , particularly Proposition 4.1

therein. However, the techniques used in [Gwynne et al., 2019b, Proposition 4.1] require

several refinements to adapt them to our setting. In that proposition, the integrand is of

order (diam(Hε
z ))

2

area(Hε
z )

, while in our case the main integrand is roughly of order diam(Hε
z )

area(Hε
z )
. The

first step is to define a sequence of sets Zj (defined in Definition 3.4.8) which “fix" diam(Hε
z )

and area(Hε
z ) to conveniently decompose the integral. This is necessary due to the additional

factors of diam(Hε
z ) that appear when compared to [Gwynne et al., 2019b, Proposition 4.1],

which must be controlled separately with the conditions that define Zj that provide uniform

control over cell geometry. This is done in subsection 3.4.1. In subsection 3.4.2 we restrict

the integral in (3.24) to a single set Zj , where the diameter of each corresponding cell is

of order εαj where αj is a fixed exponent, along with other regularity properties which are

useful when bounding the integrand. Here we also split Xε
z into its expectation with respect

to the circle averages of Φ,Ψ centered at z, and the error X̄ε
z , which allows us to exploit

the long range independence of the fields Φ,Ψ. The main fact used here is that the fields

Φ,Ψ become decorrelated only after normalizing by the circle averages. In Section 3.4.3 we

rewrite the second moment of the integral in (3.21) as a double integral, splitting it into the

diagonal and off-diagonal components (see the proof of Proposition 3.4.11), and bound the

main contribution for both the diagonal and off diagonal integrals. Here, the decomposition

of Xε
z into X̄ε

z and the expectation is needed in order to bound the off-diagonal component,

using the independence properties of X̄ε
z . We also use rotational invariance to bound the

expectation of Xε
z (Lemma 3.4.13), which is used to bound both the diagonal and off-

diagonal components. For the diagonal component, a key ingredient is an estimate on the

number of cells present in Zj (see (3.58)), which is crucial in the proof of Proposition 3.4.14.

In particular, this estimate is needed in order to cancel a factor of ε2αj arising due to the
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fact that diam(Hε
z )

area(Hε
z )

is expected to be of order 1
diam(Hε

z )
. Finally, in Section 3.4.4 we bound

the last term remaining to finish the proof of (3.20), namely the contribution coming from

the expectation of Xε
z .

3.4.1 Defining the truncation

We will need the following technical lemmas on the size for degrees on G̃ε and Gε.

Lemma 3.4.2. Let G̃ε be defined as in Definition 3.1.4 (with the γ-quantum cone field Φ̃),

and let K be a deterministic compact set. Let v0 denote the vertex associated with the mated

CRT map cell containing the origin. There are constants c0, c1 > 0 such that for any n ∈ N

we have

P(deg(v0) > n3) ≤ c0e
−c1n

1
2
.

Later on we will take K = supp f, however we will show this lemma for general compact

sets K for clarity.

Proof. The proof is similar to the proof of Lemma 2.5 in Gwynne et al. [2019b]. Recall that

the Poisson point process is denoted Λε = {yj}j∈Z. First, let j0 ∈ Z denote the index such

that 0 ∈ [yj0 , yj0+1), and let

S :=

{
j ≥ j0 :

(
inf

t∈[yj0 ,yj0+1]
Lt

)
∨

(
inf

t∈[yj ,yj+1]
Lt

)
≤ inf

t∈[yj0 ,yj ]
Lt

}

To prove the lemma, by time reversal symmetry, it suffices to show that

P(#S > n) ≤ c0e
−c1n

1
2

for appropriate constants c0, c1. Note that if j ∈ S, then in particular we have that Lt has
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not yet reached inft∈[yj0 ,yj0+1]
Lt at time yj , but

inf
t∈[yj ,yj+1]

Lt < inf
t∈[yj0 ,yj ]

Lt ≤ 0.

Therefore if we define Ñ1 as

Ñ1 = #{j ≥ j0 : inf
t∈[yj0 ,yj ]

Lt > inf
t∈[yj0 ,yj0+1]

Lt, inf
t∈[yj ,yj+1]

Lt < 0},

then #S ≲ Ñ1. It suffices to bound P(Ñ1 > n). Now we will define a sequence of stopping

times. Let A denote the infimum

A = inf
t∈[yj0 ,yj0+1]

Lt.

We define the times σn, τn as follows: we let

σn = τn + A2,

and

τn = min{t : t ≥ σn−1 : Lt = 0}.

Define

Ñ2 := min{n : ∃t ∈ [τn, σn] s.t. Lt ≤ A}.

Then by definition of Ñ1 we have that

Ñ1 ≤
Ñ2∑
n=1

#(Λε ∩ [τn, σn]). (3.26)

First, we will bound P
(
Ñ2 > n

)
. After this, we will use a union bound to bound the
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probability that simultaneously, every interval [τn, σn] has a bounded number of points in

Λε.

By the Markov property of Brownian motion, we have that the expression

P (∃t ∈ [τn, σn] s.t. Lt ≤M |Fτn)

only depends on the constant M, where Fτn is the σ-algebra generated by L|[yj0 ,τn].

We will need the following estimate (which is a consequence of Bennett’s inequality): if

X has a Poisson distribution of intensity λ, then

P(X > x+ λ) ≤ e
− x2

2(λ+x) . (3.27)

In particular, using the fact that the number of points in Λε contained in a fixed interval

follows a Poisson distribution, we have that if Ñ2 ≤ n then we have that for some constant

c1 > 0,

P
(
|Λε ∩ [τn, σn]| ≤ A2n|A

)
≥ 1− ne−c1A

2n
1
2
.

Note that A has stretch exponential decay: indeed,

P(A > −M) ≤
∫ ∞

0
P

(
inf

t∈[0,ℓ]
Lt > −M

)
εe−εℓdℓ ≲

∫ ∞

0
e−CℓMεe−εℓdℓ ≲ e−CM .

Hence for some c2 > 0, we have

P
(
A2 > n

)
= P

(
A > −n

1
2

)
≤ e−c2n

1
2
.

Thus we obtain that with probability at most e−c1A
2n

1
2 n+ e−c2n

1
2 , Ñ2 > n.

Now, note that after conditioning on the intervals {[τn, σn]}n, the quantities #(Λε ∩

[τn, σn]),#(Λε ∩ [τm, σm]) are independent whenever n ̸= m. Since the interval [τn, σn] is
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of length A2, the law of #(Λε ∩ [τn, σn]) is that of an exponential distribution with mean

A2

ε . Therefore using a union bound and (3.27) we obtain that with probability at least

1− e−c1A
2n

1
2 n− e−c2n

1
2 − ne−c3n

1
2 , we have deg(v0) ≤ n3. This completes the proof.

Lemma 3.4.3. Let θ > 0. Let G̃ε be defined as in Definition 3.1.4. Then we have

sup
z∈B1(0)

deg(xεz) ≤ (log ε−1)6+θ (3.28)

with probability tending to 1 as ε→ 0.

Proof. By Proposition 6.2 in Holden and Sun [2018] we have that for M > 0, B1(0) ⊂

η̃([−ε−M , ε−M ]) except on an event of probability at most Cε−Mp∗(γ) for some constant

C and power p∗(γ). Now note that the law of the number of points in the Poisson point

process Λε contained in [−ε−M , ε−M ], is a Poisson distribution with mean 2ε−M−1, hence

with probability going to 1 as ε→ 0, this number is at most ε−M−2. Thus by Lemma 3.4.2

and a union bound, we conclude (3.28) holds with probability tending to 1 as ε→ 0.

Now we need to transfer this lemma to the case we have a whole plane GFF instead of

the quantum cone field.

Lemma 3.4.4. Let K be a fixed, deterministic compact set, and let θ > 0. Additionally, let

z ∈ K. Then after replacing the quantum cone field Φ̃ by a whole plane GFF Φ, we have

sup
z∈B1(0)

deg(xεz) ≤ (log ε−1)6+θ

with probability tending to 1 as ε→ 0.

Proof. Note that if we have a θ̄ > 0 such that Bθ̄(0) ∩K = ∅ and K ⊆ B1(0), then using

the absolute continuity of Φ|C\Bθ̄(0)
with respect to Φ̃|C\Bθ̄(0)

and the fact that the law

of η(Λε) ∩ (C \ Bθ̄(0)) given Φ only depends on Φ|C\Bθ̄(0)
we would be done. Hence the

conclusion holds as long as K avoids a neighborhood of the origin.
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For the general case, we proceed as follows. First, let r > 1. We claim that for any two

points z, w the laws of Φ(·+ z)|Br(0) and Φ(·+w)|Br(0) are mutually absolutely continuous.

Indeed, if we take r′ > r, then the conditional law of Φ(·+ z)|Br(0) given Φ(·+ z)|Br′(0)
c is

mutually absolutely continuous with respect to the law of a zero boundary GFF restricted

to Br(z) by the Cameron-Martin property for the GFF. Noting that the zero boundary GFF

is translation invariant proves the claim. To lift the condition that K avoids the origin, we

cover K in finitely many balls of radius r, and use the claim together with a union bound,

applying Lemma 3.4.3 to each ball.

To define the events Zj we will need the following lemmas.

We show that the µΦ measure of space-filling SLE segments is not too large.

Lemma 3.4.5. Let K ⊂ C be a compact set. There exists a β̃1 > 0 such that the following

holds. With probability going to 1 as ε → 0, for any mated CRT map cell C such that

C ∩K ̸= ∅, we have

µΦ(C) ≥ εβ̃1

Proof. This follows directly from the fact that yi+1 − yi has a Poisson distribution.

Now, we show that space-filling SLE segments cannot have very large Lebesgue measure.

Lemma 3.4.6. Let K ⊂ C be a compact set. There exists a β̃2 > 0 such that the following

holds. With probability going to 1 as ε → 0, for any mated CRT map cell C such that

C ∩K ̸= ∅, we have

area(C) ≥ εβ̃2 .

Proof. We proceed as in Lemma 3.8 in Ding and Gwynne [2018]. We have the standard

moment bound

E (µΦ(Bδ(z))
p) ≤ δw(p)+oδ(1)
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where p ∈
[
0, 4

γ2

)
, δ ∈ (0, 1), and w(p) is defined by

w(p) :=

(
2 +

γ2

2

)
p− γ2

2
p2

(See Theorem 2.14 in Rhodes and Vargas [2014] and Lemma 5.2 in Gwynne et al. [2020]).

Using Markov’s inequality we obtain

P
(
µΦ(Bδ(z)) > δβ̃

−1
2

)
≤ δw(p)−β̃−1

2 p+oδ(1).

Now taking p = 4+γ2−2β̃−1
2

2γ2
for β̃2 < 2

γ2−4
we obtain

P
(
µΦ(Bδ(z)) > δβ̃

−1
2

)
≤ δ

(4γ2−2β̃−1
2 )2

8γ2
+oδ(1)

.

After covering K with a minimal amount of balls of radius δ and applying a union bound

over the set of centers, together with Lemma 3.4.5 we conclude.

We also need the following lemma.

Lemma 3.4.7. Let K ⊂ B1(0) be a compact set. There exists a β > 0 such that the

following holds. With probability going to 1 as ε → 0, for any mated CRT map cell C such

that C ∩K ̸= ∅, we have

diam(C) ≤ εβ .

Proof. Let δ > 0 be a small positive constant. Note that with probability going to 1 as

ε→ 0, we have that

sup
i∈Ik

yj+1 − yj ≤ ε1−δ

where IK := {j : K ∩ η([yj−1, yj ]) ̸= ∅}. Now applying Lemma 2.7 in Gwynne et al. [2019b]

for q = β and ε1−δ instead of ε we conclude.
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Now we are ready to define the sets Zj . The idea is to split into sets of z for which the

associated mated CRT map cell cluster Ĥ
ε
z (as defined in (3.19)) has its diameter at a fixed

scale. More precisely, let ζ > 0 be a small positive number, N be a large integer, and fix

α1 ≤ · · · ≤ αN such that

sup
1≤j≤N−1

|αj − αj+1| < ζ. (3.29)

Note that by choosing N to be large enough, we can force

P

(
sup

z:suppf∩Hε
z ̸=∅

(
diamĤ

ε
z

)
≥ εα1

)
,P
(

inf
z:suppf∩Hε

z ̸=∅

(
diamĤ

ε
z

)
≤ εαN

)

to be arbitrarily small. Indeed, by Lemma 3.4.7 and Lemma 3.4.4 one sees that one can

force the first probability to be arbitrarily small, while Lemma 3.4.6 and the fact that

diam(Ĥ
ε
z) ≥ diam(Hε

z ) =
√

area(Hε
z )

(
(diam(Hε

z ))
2

area(Hε
z )

)1/2

we see that if α1 is chosen small

enough (depending on γ), and αN is chosen large enough (also depending on γ), then the

probability that Ĥ
ε
z has a diameter outside of [εαN , εα1 ] tends to 0 as ε → 0. Let r ∈ (0, 1)

be a small constant as in Corollary 3.2.4, β large as in Lemma 3.4.7, and let b = 2
1−rβ.

Definition 3.4.8. Let C be a large constant. We define Zj to be the set of z ∈ supp f such

that the following statements hold:

diam(Ĥ
ε
z) ∈ [εαj+1 , εαj ] (3.30)

area(Hε
z ) ≥ εb (3.31)

deg xεz ≤ C(log ε−1)7 (3.32)

diam (Hε
z )

2

area (Hε
z )

≤ ε−ζ (3.33)

and if w ∼ z,

area(Hε
w) ≥ εb (3.34)
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deg xεw ≤ C(log ε−1)7 (3.35)

εζ ≤ diam (Hε
w)

2

area (Hε
w)

≤ ε−ζ (3.36)

The reason for the extra conditions on area (Hε
z ), deg xεz, and diam

(
Ĥ

ε
z

)
is only technical,

however we need these conditions for lower bounds in the future for certain expectations of

expressions. Additionally, let Z̄j denote the set of z ∈ supp f such that (3.31), (3.32), (3.33)

hold, together with

min
w∈suppf

|z − w| ≤ εαj (3.37)

diam(Hε
z ) ∈ [εαj+1 , εαj ] . (3.38)

We will need the following lemma throughout this section.

Lemma 3.4.9. Let β, ζ > 0 be small fixed positive constants. Let K ⊂ C be a compact set.

Then with probability tending to 1 as ε→ 0, we have

K ⊆
N⋃
j=1

Zj .

Proof. This lemma is a direct consequence of Lemmas 3.4.4, 3.4.6, 3.4.7 and Corollary 3.2.4.

3.4.2 Restricting to a single set

The integral we are interested in is ∫
C
Xε

zdz

where Xε
z is defined in (3.25). By (3.24) and (3.25), proving (3.21) is equivalent to

E

((∫
C
Xε

zdz

)2
)

≤ ε−2ζ+o(1).
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We claim we can restrict to a single set Zj .

Proposition 3.4.10. Let 1 ≤ j ≤ N − 1. Then we have

E

((∫
C
1Zj

(z)Xε
zdz

)2
)

≤ ε−15ζ+o(1).

Assuming this, we will prove (3.20).

Proof of (3.20). Let Fε denote the event that supp f ⊆ ∪N
j=1Zj . By Lemma 3.4.9, we see

that P(Fε) → 1 as ε→ 0 and thus

E

(
1Fε

(∫
C
Xε

zdz

)2
)

→ E

((∫
C
Xε

zdz

)2
)

as ε→ 0. We also have

E

(
1Fε

(∫
C
Xε

zdz

)2
)

≲ E


N−1∑

j=1

∫
C
1Zj

(z)Xε
zdz

2


≤ (N − 1)E

N−1∑
j=1

(∫
C
1Zj

(z)Xε
zdz

)2


≤ (N − 1)2 sup
j=1,...,N−1

E

((∫
C
1Zj

(z)Xε
zdz

)2
)
.

By Proposition 3.4.10, the last expression is bounded above by ε−15ζ+o(1). Since ζ > 0 can

be made arbitrarily small, this proves (3.21). Combining this with (3.22) (whose proof is

identical), we obtain the result.

From now on we will fix j, and focus on proving Proposition 3.4.10. Let Φr(z),Ψr(z)

denote the averages of Φ,Ψ on the circle centered at z of radius r, and define X̄ε
z by

X̄ε
z := 1Zj

(z)Xε
z − E

(
1Zj

(z)Xε
z

∣∣∣Φ
ε
αj−ζ (z),Ψ

ε
αj−ζ (z)

)
. (3.39)
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We have that

∫
C
1Zj

(z)Xε
zdz =

∫
C
X̄ε
zdz +

∫
C
E
(
1Zj

(z)Xε
z

∣∣∣Φ
ε
αj−ζ (z),Ψ

ε
αj−ζ (z)

)
dz

and therefore

E

((∫
C
1Zj

(z)Xε
zdz

)2
)

= E

((∫
C
1Zj

(z)X̄ε
zdz +

∫
C
E
(
1Zj

(z)Xε
z

∣∣∣Φ
ε
αj−ζ (z),Ψ

ε
αj−ζ (z)

)
dz

)2
)

≤ 2E

((∫
C
1Zj

(z)X̄ε
zdz

)2
)

+ 2E

((∫
C
E(1Zj

(z)Xε
z

∣∣∣∣Φε
αj−ζ (z),Ψ

ε
αj−ζ (z))dz

)2
)
.

(3.40)

We claim each one of these expectations is small.

Proposition 3.4.11. With probability going to 1 as ε→ 0, we have

E

((∫
C
1Zj

(z)X̄ε
zdz

)2
)

≤ εo(1)−15ζ .

Proposition 3.4.12. With probability going to 1 as ε→ 0, we have

E

((∫
C
E(1Zj(z)

Xε
z

∣∣∣∣Φε
αj−ζ (z),Ψ

ε
αj−ζ (z))dz

)2
)

≤ εo(1).

To prove Proposition 3.4.11 and Proposition 3.4.14 below, we will need the following

lemma.

115



Lemma 3.4.13. We have that

E
(
1Zj

(z)Xε
z

∣∣∣Φ
ε
αj−ζ (z),Ψ

ε
αj−ζ (z)

)
≤ ∥∇2f∥∞E

(
1Zj∩suppf (z) (deg(z) + 1)

diam(Hε
z )

2

area(Hε
z )

∣∣∣∣Φε
αj−ζ (z),Ψ

ε
αj−ζ (z)

)
+ εo(1)

(3.41)

Proof. Step 1: reduction. We claim that it is enough to show the claim for functions whose

Taylor expansion contains no linear term. Indeed, by Taylor expansion, we have that

f(w) = f(z) +∇f(z) · (w − z) +Nzf(w − z),

where the Taylor expansion error Nzf satisfies

|Nzf(w − z)| ≲ ∥∇2f∥∞|z − w|2. (3.42)

Let f̃ be the linear function defined by

f̃z(w) = f(z) +∇f(z) · (w − z).

The idea is that the contribution in the LHS of (3.41) corresponding to f̃ is small since it is

approximately rotationally invariant, while the quadratic term is of smaller order. Then

Γf (w) = Γ
f̃z
(w) + ΓNzf(·−z)(w).

Let a, b ∈ R, and let Pa,b be the law of Φ0,Ψ0, where the fields Φ0,Ψ0 are the fields Φ,Ψ

normalized so that Φ0
ε
αj−ζ

(z) = a and Ψ0
ε
αj−ζ

(z) = b. By the invariance of the fields Φ0,Ψ0
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under rotations about z, we have that

Ea,b

(
Γ
f̃z
(z)

area (Hε
z )
1Zj

(z)

)
= 0. (3.43)

Let Ma,b denote the Radon-Nikodym derivative of the conditional law of (Φ,Ψ)B
ε
αj (z)

given

{Φ
ε
αj−ζ (z) = a,Ψ

ε
αj−ζ (z) = b} with respect to Φ0,Ψ0. Then

E

(
1Zj

(z)
Γ
f̃z
(z)

area(Hε
z )

∣∣∣∣∣Φε
αj−ζ (z) = a,Ψε

αj−ζ(z) = b

)
= Ea,b

(
Γ
f̃z

area(Hε
z )
Ma,b

)
.

Using (3.43), we have that

E

(
1Zj

(z)
Γ
f̃z
(z)

area(Hε
z )

∣∣∣∣∣Φε
αj−ζ = a,Ψε

αj−ζ(z) = b

)

= Ea,b

(
1Zj

(z)
Γ
f̃z

area(Hε
z )

(
Ma,b − 1

))
+ Ea,b

(
Γ
f̃z

area(Hε
z )
1Zj

(z)

)

= Ea,b

(
1Zj

(z)
Γ
f̃z

area(Hε
z )

(
Ma,b − 1

))

≤

Ea,b

1Zj
(z)

(
Γ
f̃z

area (Hε
z )

)2
1

2 (
Ea,b

(
(Ma,b − 1)2

))1
2

=

Ea,b

1Zj
(z)

(
Γ
f̃z

area (Hε
z )

)2
1

2 (
Ea,b

(
M2

a,b − 1
))1

2
,

where in the last line we used that

Ea,b

(
(Ma,b − 1)2

)
= Ea,b

(
M2

a,b

)
+ 1− 2Ea,b(Ma,b)

= Ea,b

(
M2

a,b

)
− 1

since

Ea,b(Ma,b) = 1.
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Step 2: bound for Ea,b

(
M2

a,b − 1
)
. We claim that

Ea,b

(
M2

a,b − 1
)
≲ εo(1). (3.44)

By the proof of Lemma A.1 in Gwynne et al. [2019b] and the fact that Φ and Ψ are inde-

pendent, we have that Ma,b =MaMb, where Ma,Mb are independent, and Ma agrees in law

with √
log R̃√

log R̃ + log
(
1− |z̃|2

) exp
 a2

2 log R̃
−

(
a− Ωε

αj−ζ(z)
)2

2
(
log R̃ + log

(
1− |z̃|2

))
,

where

R̃ =

(
εαj−ζ

)2
− |z|2

εαj−ζ
,

z̃ = − z

εε
αj−ζ − |z|2

and finally Ωε
αj−ζ(z) is a centered Gaussian with variance log

((
1− |z̃|2

)−1
)
≲ 1. Therefore

Ea,b(M
2
a,b)− 1 = Ea,b(M

2
a )Ea,b(M

2
b )− 1

=
(
Ea,b(M

2
a )− 1

)(
Ea,b(M

2
b )− 1

)
+

(
Ea,b(M

2
a )− 1

)
+
(
Ea,b(M

2
b )− 1

)
.

We have

Ea,b(M
2
a )− 1

= Ea,b

( log R̃

log R̃ + log
(
1− |z̃|2

)) exp

 a2

log R̃
−

(
a− Ωε

αj−ζ(z)
)2(

log R̃ + log
(
1− |z̃|2

))

− 1

=

(
log R̃

log R̃ + log
(
1− |z̃|2

))Ea,b

exp

 a2

log R̃
−

(
a− Ωε

αj−ζ(z)
)2(

log R̃ + log
(
1− |z̃|2

))

− 1.
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Now note that

Ea,b

exp

 a2

log R̃
−

(
a− Ωε

αj−ζ(z)
)2(

log R̃ + log
(
1− |z̃|2

))



=

∫
R
exp

 a2

log R̃
− (a− ω)2(

log R̃ + log
(
1− |z̃|2

))


· 1√
2π log

((
1− |z̃|2

)−1
) exp

− ω2

2 log
((

1− |z̃|2
)−1
)
dω

=
exp

(
a2

log R̃

)
√

2π log
((

1− |z̃|2
)−1
)e− c1c2a

2

c1+c2

∫
R
e
−(c1+c2)

(
ω− ac1

c1+c2

)2
dω

=
exp

(
a2

log R̃

)
√

2π log
((

1− |z̃|2
)−1
)e− c1c2a

2

c1+c2

(
π

c1 + c2

)1
2

,

where

c1 =
1

log R̃ + log
(
1− |z̃|2

) , c2 =
1

2 log
((

1− |z̃|2
)−1
) .

Note that c1 ≲ 1
log R̃

≲ 1
log ε ≪ c2. This implies that

Ea,b

exp

 a2

log R̃
−

(
a− Ωε

αj−ζ(z)
)2(

log R̃ + log
(
1− |z̃|2

))



≤
(
1 + εo(1)

) exp
(

a2

log R̃

)
√

2 log
((

1− |z̃|2
)−1
)e− c1c2a

2

c1+c2

(
1

c2

)1
2

≤
(
1 + εo(1)

)
exp

(
a2

log R̃

)
e
− c1c2a

2

c1+c2 ≲ εo(1) exp

(
a2

log R̃

)
e−c1a

2

= 1 + εo(1).
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This implies (3.44).

Step 3: conclusion. We obtain

Ea,b

(
Γ
f̃z
(z)

area (Hε
z )

∣∣∣∣∣Φε
αj−ζ = a,Ψ

ε
αj−ζ = b

)
= εo(1).

Let

Bε
z :=

1

area(Hε
z )

Nzf(mz − z) +
∑

y:vy=z

Nzf(my − z)

 .

Therefore

E
(
1Zj

(z)Xε
w|Φε

αj−ζ (w),Ψ
ε
αj−ζ (w)

)
= E

(
1Zj∩suppf (z)

Γf (z)

area(Hε
z )
|Φ

ε
αj−ζ (z),Ψ

ε
αj−ζ (z)

)
= E

(
1Zj∩suppf (z)B

ε
z

∣∣∣Φ
ε
αj−ζ (z),Ψ

ε
αj−ζ (z)

)
+ εo(1).

(3.45)

Now using (3.4.8) we have

|Bε
z| ≤ ∥∇2f∥∞

area(Hε
z )

|mz − z|2 +
∑

y:vy=z

|my − z|2


≤ ∥∇2f∥∞
area(Hε

z )
(deg(xεz) + 1)(diam(Hε

z ))
2.

Combining with (3.45) this completes the proof.

Assuming Propositions 3.4.11 and 3.4.12 we will now prove Proposition 3.4.10, which will

in turn prove (3.20).
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Proof of Proposition 3.4.10. We have by (3.40) that

E


 ∑

z∈VGε
f(η(z))KGε(z)

2
 ≤ 2E

((∫
C
X̄ε
zdz

)2
)

+ 2E

((∫
C
E(Xε

z|Φε
αj−ζ (z),Ψ

ε
αj−ζ (z))dz

)2
)
.

By Propositions 3.4.11 and 3.4.12 we know that each term is of order εo(1)−15ζ . This com-

pletes the proof.

Now we will focus on proving Propositions 3.4.11 and 3.4.12.

3.4.3 Main estimates

Proof of Proposition 3.4.11

To prove Proposition 3.4.11, we write

E

((∫
C
1Zj

(z)X̄ε
zdz

)2
)

= E

(∫
Zj

∫
Zj

X̄ε
zX̄

ε
wdzdw

)
.

Let ζ > 0. We will decompose this double integral into the set of (z, w) with |z−w| ≤ εαj−ζ

and where |z − w| ≥ εαj−ζ . More precisely, we have

E

((∫
C
1Zj

(z)X̄ε
zdz

)2
)

= E

(∫ ∫
|z−w|<ε

αj−ζ
1Zj

(z)1Zj
(w)X̄ε

zX̄
ε
wdzdw

)

+ E

(∫ ∫
|z−w|≥ε

αj−ζ
1Zj

(z)1Zj
(w)X̄ε

zX̄
ε
wdzdw

)
.

(3.46)

We claim each term is of order at most εo(1)−15ζ . We will prove this in subsections 3.4.3 and

3.4.3. For the first, we prove the integral is small because of the fact that {z, w : |z − w| ≤
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εαj−ζ} has small measure. For the second integral, we use the fact that Xε
z satisfies a long

range independence property (see (3.64)).

Diagonal integral

The main result of this section is the following.

Proposition 3.4.14. We have

∣∣∣∣∣E
(∫ ∫

|z−w|<ε
αj−ζ

X̄ε
zX̄

ε
wdzdw

)∣∣∣∣∣ ≤ εo(1)−15ζ .

Now we will prove Proposition 3.4.14.

Proof of Proposition 3.4.14. Step 1: Rewriting the integral. We have

∫ ∫
|z−w|<ε

αj−ζ
X̄ε
zX̄

ε
wdzdw

=

∫ ∫
|z−w|<ε

αj−ζ
1Zj

(z)1Zj
(w)Xε

zX
ε
wdzdw

−2

∫ ∫
|z−w|<ε

αj−ζ
1Zj

(z)Xε
zE
(
1Zj

(w)Xε
w)
∣∣∣Φ

ε
αj−ζ (w),Ψ

ε
αj−ζ (w)

)
dzdw

+

∫ ∫
|z−w|<ε

αj−ζ
E
(
1Zj

(z)Xε
z|Φε

αj−ζ (z),Ψ
ε
αj−ζ (z)

)
·E
(
1Zj

(w)Xε
w

∣∣∣Φ
ε
αj−ζ (w),Ψε

αj+1 (w)
)
dzdw

=: A1 − 2A2 + A3 (3.47)

Now we will bound each term individually. For any z, w ∈ C, let Ez,w denote the event that

|z − w| < εαj−ζ , and z, w ∈ Zj . We have

∫ ∫
|z−w|<ε

αj−ζ
1Zj

(z)1Zj
(w)Xε

zX
ε
wdzdw =

∫
C

∫
C
Xε

zX
ε
w1Ez,w

dzdw. (3.48)
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Let Vε be defined by

Vε = {v ∈ VGε : Hε
v ∩ supp f ̸= ∅}.

Step 2: Bounding A1. Going back to the discrete sum form, we have that

|A1| =
∣∣∣∣∫C

∫
C
Xε

zX
ε
w1Ez,w

dzdw

∣∣∣∣ ≤ ∑
z,w∈Vε

|Γf (z)||Γf (w)|1Ez,w
. (3.49)

Now using Lemma 3.3.9 we obtain that

∑
z,w∈Vε

|Γf (z)||Γf (w)|1Ez,w
≤ ∥∇f∥2∞

∑
z,w∈Vε

(deg(z)+1)(deg(w)+1)diam(Hε
z )diam(Hε

w)1Ez,w
.

(3.50)

Note that if Ez,w holds, then

diam(Hε
z )diam(Hε

w) ≤ ε2αj .

Hence

∑
z,w∈Vε

(deg(z) + 1)(deg(w) + 1)diam(Hε
z )diam(Hε

w)1Ez,w

≤ ε2αj
∑

z,w∈Vε
(deg(z) + 1)(deg(w) + 1)1Ez,w

. (3.51)

Then by the definition of Zj we have

sup
z∈Vε

deg(z)1Zj
(z) ≤ C(log ε−1)3.

123



This implies by (3.30), (3.32), (3.35) that

∑
z,w∈Vε∩suppf

(deg(z) + 1)(deg(w) + 1)diam(Hε
z )diam(Hε

w)1Ez,w

≤ C2
(
log ε−1

)14
ε2αj

∑
z,w∈Vε

1Ez,w
.

Combining this with (3.50) we obtain

∑
z,w∈Vε

|Γf (z)||Γf (w)|1Ez,w
≤ ∥∇f∥2∞C2

(
log ε−1

)14
ε2αj

∑
z,w∈Vε

1Ez,w
. (3.52)

Now we will estimate the sum ∑
z,w∈Vε

1Ez,w
.

We have ∑
z,w∈Vε∩Zj

1Ez,w
=

∑
z∈Vε∩Zj

#{w ∈ Vε ∩ Zj : Ez,w holds}.

We also have that

#{w ∈ Vε ∩ Zj : Ez,w holds}

≤ #
{
w ∈ Vε ∩ Zj : Hε

w ∩B
ε
αj−ζ (z) ̸= ∅, diam

(
Ĥ

ε
w

)
∈ [εαj+1 , εαj ]

}
. (3.53)

By (3.32), (3.35), if w ∈ Vε, there are at most C(log ε−1)7 cells y such that y ∼ w. Therefore

if diam(Ĥ
ε
w) ≥ εαj+1 , then there exists a w such that either y = w or y ∼ w and

diam(Hε
y) ≥

εαj+1

C(log ε−1)7
.
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Hence by (3.32), (3.35)

#
{
w ∈ Vε ∩ Zj : Hε

w ∩B
ε
αj−ζ (z) ̸= ∅, diam

(
Ĥ

ε
w

)
≥ εαj+1

}
≤ C(log ε−1)7#

{
y ∈ B

ε
αj−ζ

+ε
αj (z) : diam

(
Hε
y

)
≥ εαj+ζ

C(log ε−1)7

}
. (3.54)

Now, using (3.33), (3.36) we have that

#

{
y ∈ B

ε
αj−ζ

+ε
αj (z) : diam

(
Hε
y

)
≥ εαj+ζ

C(log ε−1)3

}

≤ #

{
y ∈ B

2ε
αj−ζ (z) : area

(
Hε
y

)
≥ ε(2αj+3ζ)

C2(log ε−1)6

}

≤ 4πε2αj−2ζ ε−(2αj+3ζ)

C−2(log ε−1)−6
= 4πC2ε−5ζ(log ε−1)6

where in the last line we used the fact that the cells intersect only along their boundaries.

Putting this together with (3.53),(3.54) we obtain

#{w ∈ Vε ∩ Zj : Ez,w holds} ≤ 4C3ε−5ζ(log ε−1)9 (3.55)

and so

#{w ∈ Vε ∩ Zj : Ez,w holds} ≤ ε−5ζ+o(1). (3.56)

Hence

∑
z,w∈Vε

1Ez,w
≤ #

{
z ∈ Vε ∩ Zj : diam

(
Ĥ

ε
z

)
∈ [εαj+1 , εαj ]

}
ε−5ζ+o(1). (3.57)
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Using (3.30) we obtain that

#
{
z ∈ Vε ∩ Zj : diam

(
Ĥ

ε
z

)
∈ [εαj+1 , εαj ]

}
≤ #

{
z ∈ Vε ∩ Zj : diam

(
Ĥ

ε
z

)
≥ εαj+1

}
≤ C log ε−1#

{
z ∈ Vε ∩ Z̄j : diam(Hε

z ) ≥
εαj+1

C log ε−1

}
.

where in the last line we used the fact that there are at most (log ε−1)3+1 cells in Ĥ
ε
z, and

so if diam
(
Ĥ

ε
z

)
≥ εαj+1 then there is a cell in Ĥ

ε
z whose diameter is at least ε

αj+1

C log ε−1 . Now

using the same argument as for (3.55) we obtain that

#
{
z ∈ Vε ∩ Z̄j : diam

(
Ĥ

ε
z

)
≥ εαj+1

}
≤ C(log ε−1)3

(
εαj+1

C log ε−1

)−2

ε−2ζ(area(suppf) +O(εαj ))

≲ C3(log ε−1)5ε−2αj+1−2ζ .

Combining this with (3.57) we obtain

∑
z,w∈Vε∩Zj

1Ez,w
≤ ε−2αj+1−7ζ+o(1). (3.58)

Plugging this into (3.52) and then back into (3.48) and (3.49) we obtain that

|A1| ≤ εo(1)−9ζ . (3.59)
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Step 3: Bounding A2. By Lemma 3.4.13 we have

|A2|

≤
∫ ∫

|z−w|<ε
αj−ζ

1Zj
(z)|Xε

z||E
(
1Zj

(z)Xε
w

∣∣∣Φ
ε
αj−ζ (w),Ψ

ε
αj−ζ (w)

)
|dzdw + εo(1)

≤ ∥∇2f∥∞
∫ ∫

|z−w|<ε
αj−ζ

1Zj
(z)|Xε

z|

·E
(
(deg(xεw) + 1)

diam(Hε
w)

2

area(Hε
w)

∣∣∣∣Φε
αj−ζ (w),Ψ

ε
αj−ζ (w)

)
dzdw + εo(1).

Note that by Lemma 3.3.9 we have

|Xε
z| ≤ (deg(xεz) + 1)∥∇f∥∞

diam(Hε
z )

area(Hε
z )
.

This implies that

|A2|
∥∇f∥∞∥∇2f∥∞

≤
∫ ∫

|z−w|<ε
αj−ζ

E

(
1Ez,w

(deg(xεz) + 1)(deg(xεw) + 1)

diam(Hε
z )

area(Hε
z )

diam(Hε
w)

2

area(Hε
w)

∣∣∣∣∣Φε
αj−ζ (w),Ψ

ε
αj−ζ (w)

)
dz dw + εo(1).

Now by definition of Zj we have that

(deg(xεz) + 1)(deg(xεw) + 1)
diam(Hε

z )

area(Hε
z )

diam(Hε
w)

2

area(Hε
w)

1Ez,w
≲ ε−2ζ+o(1) 1

diam(Hε
z )
.
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This implies by (3.30), (3.33), (3.36) that

|A2|
∥∇f∥∞∥∇2f∥∞

≤ ε−2ζ+o(1)
∫ ∫

|z−w|<ε
αj−ζ

1Ez,w

diam(Hε
z )
dzdw + εo(1)

≤ εαj−3ζεo(1)
∫ ∫

|z−w|<ε
αj−ζ

1Ez,w

diam(Hε
z )

diam(Hε
z )

2diam(Hε
w)

2

area(Hε
z )area(H

ε
w)

dzdw

+εo(1)

= εo(1)εαj−4ζ
∑

z,w∈Vε∩Zj

diam(Hε
z )diam(Hε

w)1Ez,w
+ εo(1)

≤ εo(1)εαj−4ζε2αj−2ζ
∑

z,w∈Vε∩Zj

1Ez,w
+ εo(1).

By (3.58), we have that
|A2|

∥∇f∥∞∥∇2f∥∞
≲ ε−15ζ+o(1)

hence

|A2| ≲ ε−15ζ+o(1). (3.60)

Step 4: Bounding A3 and conclusion. We note that by Lemma 3.4.13 together with (3.33),

(3.36) we have

E
(
|1Zj

(z)Xε
z||Φε

αj−ζ (z),Ψ
ε
αj−ζ (z)

)
≤ ∥∇2f∥∞E

(
1Zj

(z)(deg(xεz) + 1)
diam(Hε

z )
2

area(Hε
z )

∣∣∣∣Φε
αj−ζ (z),Ψ

ε
αj−ζ (z)

)
+ εo(1)

≲ εo(1)−ζ ,
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thus

|A3| ≤ εo(1)−2ζ
∫ ∫

|z−w|≤ε
αj−ζ

1supp(f)(z)1supp(f)(w)1Ez,w
dzdw + εo(1)

= εo(1)−4ζ
∫ ∫

|z−w|≤ε
αj−ζ

1supp(f)(z)1supp(f)(w)1Ez,w

diam(Hε
z )

2

area(Hε
z )

diam(Hε
w)

2

area(Hε
w)

dzdw

+εo(1)

≲ εo(1)ε2αj−6ζ
∫ ∫

|z−w|≤ε
αj−ζ

1Ez,w

diam(Hε
z )

area(Hε
z )

diam(Hε
w)

area(Hε
w)

dzdw + εo(1)

≲ εo(1)ε2αj−7ζ
∑

z,w∈Vε∩Zj

diam(Hε
z )diam(Hε

w)1Ez,w
+ εo(1)

≲ εo(1)ε4αj−9ζ
∑

z,w∈Vε∩Zj

1Ez,w
+ εo(1).

Now using (3.58) we obtain that

|A3| ≲ εo(1)ε2αj−18ζ + εo(1)

Combining this with (3.59), (3.60) and (3.47) yields the result of Proposition 3.4.14.

Off-diagonal integral

The main result of this section is the following.

Proposition 3.4.15. We have

E

(∫ ∫
|z−w|≥ε

αj−ζ
X̄ε
zX̄

ε
wdzdw

)
≲ ε−2ζ+o(1).

The main ingredient is a long range independence property that X̄ε
z satisfies. First we

rewrite the integral in Proposition 3.4.15. Recall the definitions of Xε
z and X̄ε

z , (3.25) and

(3.39). Suppose z, w ∈ C. We define Fz,w to be the σ-algebra generated by
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(Φ,Ψ)|
C\
(
B |z−w|

4

(z)∪B |z−w|
4

(w)

), that is

Fz,w = σ

(
(Φ,Ψ)|

C\
(
B|z−w|/4(z)∪B|z−w|/4(w)

)) . (3.61)

We will need the following important lemma, which is proven in Gwynne et al. [2019b].

Lemma 3.4.16. [Gwynne et al., 2019b, Lemma A.3] Let BR(w) be a ball containing the

unit disk and suppose h is a whole-plane GFF normalized so that its circle average over

BR(w) vanishes. Let p, p′, s be such that p′ > p > 1, s ∈ (0, 1). Then there exist constants

a = a(p, p′) > 0 and b̄ = b̄(p, p′, s) > 0 such that for any 0 < δ ≤ a and any random variable

X determined almost surely by h|Bδ(0)
and h1(0), we have

E
(∣∣∣E(X∣∣∣hC\B1(0)

)− E(X
∣∣∣h1(0))∣∣∣p) ≲ δspE (|X|p) + e−b̄/δ1−s

E
(
|X|p

′) p
p′ .

Proof of Proposition 3.4.15. Step 1: We claim that

E
((

E
(
X̄ε
z

∣∣Fz,w
))2) ≲

ε2sαj+1+2sζ

|z − w|2s
E
(
1Zj

(z)(Xε
z)

2
)
. (3.62)

To this end, let Fz,w be as in (3.61). Then we have

E
(
X̄ε
zX̄

ε
w

)
= E

(
E
(
X̄ε
zX̄

ε
w

∣∣Fz,w
))
. (3.63)

By the domain Markov property of the Φ and F(Zj), the fields Φ,Ψ when restricted to these

two balls are conditionally dependent. By the definition of Zj , we have that if z, w ∈ Zj , we

have Ĥ
ε
z ⊂ B |z−w|

4

(z), Ĥ
ε
w ⊂ B |z−w|

4

(w) which are disjoint, and hence X̄ε
z and X̄ε

w become

independent. Hence

E
(
X̄ε
zX̄

ε
w

∣∣Fz,w
)
= E

(
X̄ε
z

∣∣Fz,w
)
E
(
X̄ε
w

∣∣Fz,w
)
. (3.64)
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Using Lemma 3.4.16 for δ = ε
αj+1+ζ

|z−w| , p = 2, p′ = 3, sending s to 1 and appropriately

rescaling we obtain that

E
((

E
(
X̄ε
z

∣∣Fz,w
))2) ≤ ε2sαj+1+2sζ

|z − w|2s
E
((
X̄ε
z

)2)
+ e

− b̄|z−w|1−s

ε
(1−s)(αj+1+ζ)

(
E
((
X̄ε
z

)3))2
3
. (3.65)

Note that

E
((
X̄ε
z

)3)
= E

((
1Zj

(z)Xε
z − E

(
1Zj

(z)Xε
z

∣∣∣Φ
ε
αj−ζ (z),Ψ

ε
αj−ζ (z)

))3)
≤ 4E

(
1Zj

(z) (Xε
z)

3
)
+ 4E

((
E
(
1Zj

(z)Xε
z

∣∣∣Φ
ε
αj−ζ (z),Ψ

ε
αj−ζ (z)

))3)
≤ 4E

(
1Zj

(z) (Xε
z)

3
)
+ 4E

(
E
(
1Zj

(z) (Xε
z)

3
∣∣∣Φ

ε
αj−ζ (z),Ψ

ε
αj−ζ (z)

))
= 8E

(
1Zj

(z) (Xε
z)

3
)
. (3.66)

We also have by Lemma 3.3.9 that

E
(
1Zj

(z) (Xε
z)

3
)

≤∥∇f∥3∞E

(
1Zj

(z)
(deg(xεz) + 1)3diam(Hε

z )
3

area (Hε
z )

3

)

≤ ∥∇f∥3∞

(
E

(
1Zj

(z)(deg(xεz) + 1)6
(
diam(Hε

z )
2

area (Hε
z )

)6
))1

2

·

(
E

(
1Zj

(z)
1

diam (Hε
z )

6

))1
2

.

Recalling the definition of Zj in Definition 3.4.8 we obtain that we have

E
(
1Zj

(z) (Xε
z)

3
)
≤ ε−3ζ

(
E

(
1Zj

(z)
1

diam (Hε
z )

6

))1
2

.

Recall that if Zj holds, then area(Hε
z ) ≥ εb, and hence diam (Hε

z ) ≥ (εb/π)1/2. This implies
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that

E
(
1Zj

(z) (Xε
z)

3
)
≲ ε−

3
2β−3ζ .

This implies the second term in (3.65) is negligible. Plugging this into (3.65) we obtain

E
((

E
(
X̄ε
z

∣∣Fz,w
))2) ≤ ε2sαj+1+2sζ

|z − w|2s
E
((
X̄ε
z

)2)
+ e

− b̄|z−w|1−s

ε
(1−s)(αj+1+ζ)

(
E
((
X̄ε
z

)3))2
3

≲
ε2sαj+1+2sζ

|z − w|2s
E
((
X̄ε
z

)2)

for appropriate constants s, b̄ and thus

E

(∫ ∫
|z−w|≥ε

αj−ζ
X̄ε
zX̄

ε
wdzdw

)

≤ E

(∫ ∫
|z−w|≥ε

αj−ζ
1z,w∈suppf

ε2sαj+1+2sζ

|z − w|2s
E
((
X̄ε
z

)2)
dzdw

)
(3.67)

By computations similar to (3.66) one has

E
(
(X̄ε

z )
2
)
≤ 4E

(
1Zj

(z)(Xε
z)

2
)
.

Therefore plugging this into (3.67) we obtain (3.62).
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Step 2: conclusion. Plugging into (3.63) and using Cauchy-Schwarz twice we obtain

E

(∫ ∫
|z−w|≥ε

αj−ζ
X̄ε
zX̄

ε
wdzdw

)

=

∫ ∫
|z−w|≥ε

αj−ζ
1z,w∈suppfE

(
X̄ε
zX̄

ε
w

)
dzdw

=

∫ ∫
|z−w|≥ε

αj−ζ
1z,w∈suppfE

(
E
(
X̄ε
z

∣∣Fz,w
)
E
(
X̄ε
w

∣∣Fz,w
))
dzdw

≤
∫ ∫

|z−w|≥ε
αj−ζ

1z,w∈suppfE
((

E
(
X̄ε
z

∣∣Fz,w
))2)1

2 E
((

E
(
X̄ε
w

∣∣Fz,w
))2)1

2
dzdw

≤

(∫ ∫
|z−w|≥ε

αj−ζ
1z,w∈suppfE

((
E
(
X̄ε
z

∣∣Fz,w
))2)

dzdw

)1
2

·

(∫ ∫
|z−w|≥ε

αj−ζ
1z,w∈suppfE

((
E
(
X̄ε
w

∣∣Fz,w
))2)

dzdw

)1
2

=

(∫ ∫
|z−w|≥ε

αj−ζ
1z,w∈suppfE

((
E
(
X̄ε
z

∣∣Fz,w
))2)

dzdw

)
.

By (3.62), we have that

E

(∫ ∫
|z−w|≥ε

αj−ζ
X̄ε
zX̄

ε
wdzdw

)

≲
∫ ∫

|z−w|≥ε
αj−ζ

1z,w∈suppf
ε2sαj+1+2sζ

|z − w|2s
E
(
1Zj

(z) (Xε
z)

2
)
dzdw. (3.68)

Now using Lemma 3.3.9 we have that

E
(
1Zj

(z) (Xε
z)

2
)
≲ E

(
1Zj

(z)
(deg(xεz) + 1)2diam(Hε

z )
2

area(Hε
z )

2

)
.

Recalling the definition of Zj in Definition 3.4.8 we obtain that

E
(
1Zj

(z) (Xε
z)

2
)
≲ ε−ζE

(
1Zj

(z)

diam(Hε
z )

2

)
≤ ε−2αj+1−ζ .
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Plugging this into (3.68) we have

E

(∫ ∫
|z−w|≥ε

αj−ζ
X̄ε
zX̄

ε
wdzdw

)

≲ ε2αj+1−2αj+o(1)E

(∫ ∫
|z−w|≥ε

αj−ζ
1z,w∈suppf1Zj

(z)
1

|z − w|2
dwdz

)

≤ | log(ε)|ε2αj+1−2αj−2ζ+o(1)E
(∫

C
1Zj

(z)dz

)
.

Since ζ > 0 was chosen to be arbitrarily small, this completes the proof.

End of proof of Proposition 3.4.11

In this subsection we finish the proof of Proposition 3.4.11.

Proof of Proposition 3.4.11. By (3.46) we have that

E

((∫
C
X̄ε
z1Zj

(z)dz

)2
)

= E

(∫ ∫
|z−w|≤ε

αj−ζ
1Zj

(z)1Zj
(w)X̄ε

zX̄
ε
wdzdw

)

+ E

(∫ ∫
|z−w|≥ε

αj−ζ
1Zj

(z)1Zj
(w)X̄ε

zX̄
ε
wdzdw

)
.

The first term is ≲ ε−15ζ+o(1) by Proposition 3.4.14, while the second term is ≲ ε−2ζ+o(1)

by Proposition 3.4.15. This completes the proof.

3.4.4 Proof of Proposition 3.4.12

In this subsection we prove Proposition 3.4.12.
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Proof of Proposition 3.4.12. By Lemma 3.4.13, we have that

E

((∫
C
E
(
1Zj(z)

Xε
z

∣∣∣Φ
ε
αj−ζ (z),Ψ

ε
αj−ζ (z)

))2
)

≲ E((
∫
C
∥∇2f∥∞E(1Zj∩suppf (z) (deg(z) + 1)

diam(Hε
z )

2

area(Hε
z )

∣∣∣∣Φε
αj−ζ (z),Ψ

ε
αj−ζ (z)))

2)

+εo(1)

≲ E

((∫
suppf

(log ε−1)7ε−ζdz

)2
)

+ εo(1) ≲ O(ε−3ζ) + εo(1)

where in the last line we used the definition of Zj , Definition 3.4.8.

3.5 Transferring to the Quantum cone field

In this section we finish the proof of Theorem 3.1.5, that we pass from statements involving

the whole plane GFF to statements involving the γ-quantum cone. The main idea is to

use the following fact. Recall that Φ is a whole plane GFF. Suppose we sample a point P

according to the Lebesgue measure on the unit disk. Let

Φ(1) := Φ− γ log | · −P|+ γ log(max(| · |, 1)).

Then the laws of Φ and Φ(1) are mutually absolutely continuous (see Lemma A.10 in Du-

plantier et al. [2021]).

Now we will define three more fields to use as intermediate steps towards the quantum

cone. Recall that Φr denotes the circle average of Φ centered at the origin of radius r. Let

Φ(2) = Φ(1) − γ log(max(| · |, 1))

Φ(3) = Φ(2) − Φ2
1
2
(P)
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Φ(4) = Φ(3)
(
1

2
·+P

)
By scaling, it suffices to assume that supp f ⊆ B1(0) We will show Theorem 3.1.5 step by

step.

Lemma 3.5.1. We have Theorem 3.1.5 holds if the quantum cone field Φ̃ is replaced by Φ(1).

Proof. Since Φ(1) and Φ are mutually absolutely continuous, we can use Proposition 3.4.1

directly to conclude.

Lemma 3.5.2. We have Theorem 3.1.5 holds if the quantum cone Φ̃ is replaced by Φ(2).

Proof. This comes directly from the fact that Φ(1) and Φ(2) coincide in the unit disk together

with Lemma 3.5.1.

Lemma 3.5.3. We have Theorem 3.1.5 holds if the quantum cone Φ̃ is replaced by Φ(3).

Proof. Let Gi,ε
f denote the analogue of Gf when the underlying field is replaced with Φ(i).

Let S := e
γh21

2

(P)
. Then recalling Definition 3.3.1, note that by scaling we have

G
3,Sε
f

area(HSε
z )

=
G
2,ε
f

area(Hε
z )

Therefore by Lemma 3.5.2 we only need to convert integrals involving G3,Sε
f to integrals only

involving G3,ε
f . Now by Lemma A.2 in Gwynne et al. [2019b], for a ∈ R and z ∈ Bεξ(0), the

conditional law of Φ(3)|B1
2
(P) given {Φ2

1
2

(z) = a}∩{P = z} is mutually absolutely continuous

with respect to the law of Φ(3)|B1
2
(P) given only {P = z}. Following the notation in Gwynne

et al. [2019b], if p > 1, there is an rp = rp(ρ) such that the p-th moment of Ma,z is bounded

above by a constant depending only on p provided a ∈ [−rp, rp]. The rest of the proof follows

as in case 3 in the proof of Proposition 4.10 in Gwynne et al. [2019b].

Lemma 3.5.4. We have Theorem 3.1.5 holds if the quantum cone Φ is replaced by Φ(4).

136



Proof. By γ-LQG coordinate change, we have that

G
3,ε
f

area(Hε
z )
(·) = C

G
4,2−γQε
f

area(H2−γQε
z )

(2 ·+P)

for some deterministic constant C. This constant does not matter in the rest of the proof:

one can now follow step 4 in the proof of Proposition 4.10 in Gwynne et al. [2019b].

Now the final step is to prove Theorem 3.1.5.

Proof of Theorem 3.1.5. If Φ̃ is the γ-quantum cone field, then Φ̃ and Φ(4) agree in law on

the unit disk. Since Gf (z)

area(Hε
z )

is locally determined by the underlying fields Φ̃,Ψ|B1
2
(z), we

can replace Φ(4) by Φ̃ in Lemma 3.5.4. This completes the proof.

3.6 Total Curvature on a mated CRT map Cell

3.6.1 Proof of Theorem 3.1.7

We let C0 be a fixed segment of η̃,

C0 = η̃([0, 1]).

We define G̃ε(C0) to be the submap of G̃ε induced by VG̃ε ∩ [0, 1]. We will look at the total

discrete curvature inside C0. We recall that the discrete total curvature on a segment C0 of

η̃ is defined as the sum of the discrete curvature on every vertex in C0,

KG̃ε(C0) =
∑

v∈VG̃ε(C0)

KG̃ε(v).

This represents the total curvature in C0.

Now we will prove Theorem 3.1.7. Our first step will be to rewrite the total curvature

in C0 in a more convenient manner. To this end, we will need the following graph theory
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lemma about general triangulations with boundary.

Lemma 3.6.1. [Berestycki and Gwynne, 2022, Lemma A.7] Let T be a triangulation with

boundary, that is, each face has 3 edges, except for the outer face. We let #VT,#ET,#FT

denote the number of vertices, edges, and faces in T respectively. Let Perim(T ) denote the

perimeter of the external face, that is, the number of edges on the boundary of the external

face. Then we have that

#ET = 3#VT + 3− Perim(T ).

We claim the total curvature on C0 simplifies to an expression only involving degrees on

the boundary of C0. More precisely, let degC0ext denote the exterior degree, that is the number

of edges between a vertex in VG̃ε(C0) and VG̃ε \ VG̃ε(C0). Then we have the following.

Proposition 3.6.2. We have

KG̃ε(C0) =
π

3

2Perim(C0)− 6−
∑

v∈VG̃ε(C0)

degC0ext(v)

 .

Proof. We have that

∑
v∈VG̃ε(C0)

KG̃ε(v) =
π

3

∑
v∈VG̃ε(C0)

(6− deg(v)) = 2π#VG̃ε(C0)−
π

3

∑
v∈VG̃ε(C0)

deg(v).

Recall that degC0ext(v) denotes the number of edges connecting v to a point outside of C0, and

similarly let degC0int(v) denote the number of edges connecting v with another vertex in C0.

Then note that ∑
v∈VG̃ε(C0)

degC0int(v) = 2#EC0
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and thus

∑
v∈VG̃ε(C0)

deg(v) =
∑

v∈VG̃ε(C0)

degC0ext(v) +
∑

v∈VG̃ε(C0)

degC0int(v) =
∑

v∈VG̃ε(C0)

degC0ext(v) + 2#EC0.

This implies that

∑
v∈VG̃ε(C0)

KG̃ε(v) =
π

3

6#VG̃ε(C0)−

 ∑
v∈VG̃ε(C0)

degC0ext(v) + 2#EC0




=
π

3

6#VG̃ε(C0)− 2#EC0 −
∑

v∈VG̃ε(C0)

degC0ext(v)

 .

Now using Lemma 3.6.1, we obtain

∑
v∈VG̃ε(C0)

KG̃ε(v)

=
π

3

6#VG̃ε(C0)−
∑

v∈VG̃ε(C0)

degC0ext(v)− 2
(
3#VG̃ε(C0) + 3− Perim(C0)

)
=
π

3

2Perim(C0)− 6−
∑

v∈VG̃ε(C0)

degC0ext(v)

 .

This completes the proof.

For every vertex v on the boundary of C0, let

KC0
ext(v) :=

2π

3
− π

3
degC0ext(v).
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SFRSFL

SPRSPL

η̃([0, 1])

Figure 3.10: Splitting the boundary of a space-filling SLE segment.

Then by Proposition 3.6.2, we have

KG̃ε(C0) =
∑

v∈∂G̃εC0

KC0
ext(v)− 2π (3.69)

where ∂G̃εC0 := {v ∈ G̃ε(C0) : degext(v) > 0}. We can further split this sum. Let

CPL,CPR,CFL,CFR denote the past-left, past-right, future-left, future-right components of

the boundary of C0, and let SPL, SPR, SFL, SFR denote the analogous components of ∂G̃εC0

(see Figure 3.10). More precisely, let

CPL = ηL0 ∩ {left boundary of η̃((−∞, 0])},

CPR = ηR0 ∩ {right boundary of η̃((−∞, 0])},

CFL = ηL1 ∩ {left boundary of η̃([1,∞))},

CFR = ηR1 ∩ {right boundary of η̃([1,∞))},

and let SPL, SPR, SFL, SFR be the sets of cells sharing a nontrivial arc with the correspond-

ing piece of the boundary of C, with vertices whose corresponding cells share a nontrivial

boundary arc with CPL,CPR (resp. CFL,CFR) are assigned to one of the sets SPL, SPR

(resp. SFL, SFR) arbitrarily. Then we claim the following.

Proposition 3.6.3. There exist independent Brownian motions BFL, BFR, BPL, BPR that
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are also independent of Φ̃, η̃ and a deterministic constant α > 0 such that we have the

following convergences in law:

ε
1
4
∑
v∈Sq

KC0
ext(v) → αBq(νΦ̃(Cq)) ∀q ∈ {PL, PR, FL, FR} (3.70)

where ν
Φ̃

denotes the LQG length.

It may be surprising that the Brownian motions BPL, BPR, BFL, BFR are independent

of Φ̃, η. We will show in the proof that the left hand side of (3.70) depends only on the

configuration of the cells in a tiny neighborhood of ∂C0, and this becomes independent of

L,R (and therefore of Φ, η) since L,R can be approximated by processes that are exactly

independent of Φ, η. Assuming this proposition we prove Theorem 3.1.7.

Proof of Theorem 3.1.7. Adding up (3.70) for q ∈ {PL, PR, FL, FR} we obtain that

ε−
1
4
∑

v∈∂G̃εC0

KC0
ext(v)

→ α
(
BPL(νΦ̃(CPL)) +BPR(νΦ̃(CPR)) +BFL(νΦ̃(CFL)) +BFR(νΦ̃(CFR))

)

Using (3.69) we obtain that

ε
1
4KG̃ε(C0)

→ α
(
BPL(νΦ̃(CPL)) +BPR(νΦ̃(CPR)) +BFL(νΦ̃(CFL)) +BFR(νΦ̃(CFR))

)
.

Now recalling the fact that the laws of BPL, BPR, BFL, BFR are independent Brownian

motions by Proposition 3.6.3, we have that

BPL(νΦ̃(CPL)) +BPR(νΦ̃(CPR)) +BFL(νΦ̃(CFL)) +BFR(νΦ̃(CFR))
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and the random variable B in the statement of Theorem 3.1.7 agree in law. This completes

the proof.

3.6.2 Proof of Proposition 3.6.3

For simplicity, suppose q = FR. Let β : [0,∞) → C be a parametrization of the right bound-

ary of η̃([0,∞)) according to LQG length, and let St be the set of vertices corresponding to

cells adjacent to β([0, t]) contained in η̃([0,∞)). We will now consider the cells intersecting

β([0,∞)) instead of only the right boundary of η̃([0, 1]). The reason for this is that we want

to use the central limit theorem, and so it is more convenient to work up to infinity. First,

we will need to define a few important quantities. For any positive integer k, let

τ+k := inf{t > 0 : Rt ≤ −k},

and similarly

τ−k := sup{t < 0 : Rt ≤ −k}.

Let {C+i } be the cells intersecting β([0,∞)) contained in η̃([0,∞)) and similarly let {C−i }

denote the cells intersecting β([0,∞)) that are contained in η̃((−∞, 0]), where {C±i } are

ordered as they are hit by β. For each cell C±i , we define the points a±i such that
[
a±i , a

±
i+1

]
is the only non singleton component of C±i ∩ β([0,∞)) (we remark that when κ ≥ 8 we have

C±i ∩ β([0,∞)) = β
([
a±i , a

±
i+1

])
). Define Nk by

N+
k := #{i : β(a+i ) ∈ η̃([τ+k−1, τ

+
k ])}, N−

k := #{i : a−i ∈ η̃([τ−k , τ
−
k−1])}. (3.71)

We will prove a few properties about N±
k , which will be needed in the proof of Proposition

3.6.3.
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Lemma 3.6.4. N+
k and N−

k are determined by

(
(Rt −Rτ+k

)|[τ+k−1,τ
+
k ],Λ|[τ+k−1,τ

+
k ] − τ+k−1

)
,

(
(Rt −Rτ−k

)|[τ−k ,τ−k−1]
,Λ|[τ−k ,τ−k−1]

− τ−k−1

)
respectively. Moreover, {N+

k } and {N−
k } are each i.i.d. families.

Proof. We will show the first statement only for N+
k , the argument for N−

k being identical.

For the first statement, note that N+
k is the number of intervals of the form [yj−1, yj ]

containing a running minimum of R contained in [τ+k−1, τ
+
k ]. This in turn only depends on

(R − Rτ+k
)|[τ+k−1,τ

+
k ], together with Λ|[τ+k−1,τ

+
k ]. The second statement follows from the fact

that (
(Rt −Rτ+i

)|[τ+i−1,τ
+
i ],Λ|[τ+i−1,τ

+
i ]∪[τ−i ,τ−i−1]

)
,(

(Rt −Rτ+j
)|[τ+j−1,τ

+
j ],Λ|[τ+j−1,τ

+
j ]∪[τ−j ,τ−j−1]

)
are independent for distinct i, j, and they determine N±

i , N
±
j respectively.

Lemma 3.6.5. Suppose that ε = 1, and let N±
k be defined as in (3.71). Then

Var(N±
k ) <∞.

Proof. First let M denote the numbers of unit length intervals required to cover {t ∈ [0, τ+1 ] :

Rt = inf0≤s≤tRs}. We claim there exist constants C1, C2 such that

P (M > A) ≤ C1e
−C2A.

We will define a sequence of stopping times for the Brownian motion Rt. Let r0 = 0, and
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suppose that rj , sj have been defined for 0 ≤ j ≤ n− 1. We let

sn = min{t : t ≥ rn−1, inf
0≤x≤t

Rx = Rt},

and

rn = sn + 1.

Let Y0 = max{n : sn ≤ τ+1 }. Then since the intervals {[sn, rn]}Y0n=1 cover {t ∈ [0, τ+1 ] : Rt =

inf0≤s≤tRs}, we have that M ≤ Y0. Since Y0 ≤ τ+1 and τ+1 has an exponential tail, this

proves the claim. Note in particular that this implies E(M2) < ∞. Let I1, . . . , IM be the

intervals required in the definition of M. Letting Λ := Λ1, note that conditioning on M, the

collection {|Λ ∩ Ij |}Mj=1 is i.i.d., where |Λ ∩ Ij | has a Poisson distribution with parameter 1.

Therefore

N+
1 ≤

M∑
j=1

#{j : [yj−1, yj ] ∩ Ij ̸= ∅} ≤

 M∑
j=1

#(Λ ∩ Ij)

+M.

Hence, for some absolute constant C we have

Var(N+
1 ) ≤ E((N+

1 )2) ≤ E


 M∑

j=1

|Λ ∩ Ij |+M

2


≤ 2E

E


 M∑

j=1

|Λ ∩ Ij |

2
∣∣∣∣∣∣∣M

+ 2E(M2) ≤ E

(
CM2

)
<∞,

where in the second to last inequality we used Cauchy-Schwarz.

For any t> 0 let Dt denote the mated CRT map cell contained in η̃([0,∞)) containing

β(t), and let v̄t denote the vertex corresponding to the cell Dt. For any vertex v ∈ [0,∞),

we also let deg
η̃([0,∞))
ext (v) be the number of edges between v and a vertex in (−∞, 0], and

define K η̃((0,∞))
ext by

K
η̃((0,∞))
ext (v) = 2− deg

η̃([0,∞))
ext (v).
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We will also need the following lemma.

Lemma 3.6.6. Recall that β : [0,∞) → C is a unit ν
Φ̃

length parametrization of the right

boundary of η̃([0,∞)), and let St be the set of vertices corresponding to cells adjacent to

β([0, t]) contained in η̃([0,∞)). Then

∣∣∣∣∣∣
∑
k≤t

(
N+
k −N−

k

)
−
∑
v∈St

K
η̃([0,∞))
ext (v)

∣∣∣∣∣∣ ≤ deg(v̄t) + 2.

Analogous statements hold if we instead use the left boundary of η̃([0,∞)), the right boundary

of η̃((−∞, 0]), or the left boundary of η̃((−∞, 0]).

Proof. We claim that

∣∣∣∣∣∣
∑
v∈St

deg
η̃([0,∞))
ext (v)−

∑
k≤t

(
N+
k +N−

k

)∣∣∣∣∣∣ ≤ deg
η̃([0,∞)
ext (v̄t). (3.72)

Indeed, ∑
v∈St

deg
η̃([0,∞))
ext (v) =

∑
C1,C2

1C1,C2 are adjacent,

where the sum is taken over cells C1 adjacent to β([0, t)) contained in η̃([0,∞)) and cells C2

adjacent to β([0, t)) contained in η̃((−∞, 0]). Note that each pair of such adjacent cells C1,C2

corresponds to their shared boundary arc which is of the form (a, b), where a, b ∈ {a±i }i≥0 ∩

[0, t] (see Figure 3.11). However, given that there could be intervals (a, b) of this form not

corresponding to a pair of adjacent cells (if there is an i such that a+i0 = max{a±i } ∩ [0, t],

then N+
k +N−

k counts the edges incident to C+i0
) we obtain (3.72).

Now, combining (3.72) with the fact that

∣∣∣∣∣∣
∑
v∈St

2− 2
∑
k≤t

N+
k

∣∣∣∣∣∣ ≤ 2,
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C1

C2

a−1 a−2 a−3 a−4

a+1 a+2 a+3

0 t

Figure 3.11: Correspondence between pairs of adjacent cells (represented by the edges in
blue) and boundary arcs (drawn in red). The points a+i are indicated in red, while the points
a−i are indicated in blue.

we obtain that∣∣∣∣∣∣
∑
v∈St

K
η̃([0,∞))
ext (v)−

∑
k≤t

(
N+
k −N−

k

)∣∣∣∣∣∣ ≤

∣∣∣∣∣∣
∑
v∈St

deg
η̃([0,∞))
ext (v)−

∑
k≤t

(
N+
k +N−

k

)∣∣∣∣∣∣
+

∣∣∣∣∣∣
∑
v∈St

2− 2
∑
k≤t

N+
k

∣∣∣∣∣∣
≤ deg

η̃([0,∞))
ext (v̄t) + 2.

Before we prove Proposition 3.6.3, we will need one more lemma. Let

Xε
t =

∑
v∈St

K
η̃([0,∞))
ext (v).

Lemma 3.6.7. There exists an absolute constant α such that ε
1
4Xε

t
d→ αB(t) with respect

to the local uniform topology on [0,∞), where B is a Brownian motion.

Proof. Let

Y ε
t =

π

3

∑
k≤t

(
N+
k −N−

k

)
.

We claim that there is an absolute constant α such that

ε
1
4Y ε

t → αB(t) (3.73)
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in distribution as ε → 0, with respect to the local uniform topology. By rescaling, to show

this claim it suffices to show that there is an absolute constant α such that if ε = 1, then

Y 1
nt

n
1
2

d→ αB(t) (3.74)

as n → ∞, uniformly over compact sets, where B is a Brownian motion. Indeed, if this

convergence holds then taking n = ε−
1
2 we obtain

ε
1
4Y 1(

ε−
1
2 t

) d→ αB(t),

and now since Y 1

ε−
1
2 t

has the same law as Y ε
t we conclude

ε
1
4Y ε

t
d→ αB(t).

Suppose momentarily that we have proven (3.74) and thus (3.73). Recalling Lemma 3.6.6,

note that ∣∣∣∣∣∣Xε
t − π

3

∑
k≤t

(
N+
k −N−

k

)∣∣∣∣∣∣ ≤ deg(v̄t) + 2.

Now using Lemma 3.4.3, we have that with probability tending to 1 as ε→ 0, we have

∣∣∣∣∣∣Xε
t − π

3

∑
k≤t

(
N+
k −N−

k

)∣∣∣∣∣∣ ≲
(
log ε−1

)−6
.

Combining this with (3.73) we obtain

ε
1
4Xε

t = ε
1
4Y ε

t + oε(1)
d→ αBPL(t).

It remains to prove (3.74). From now on we will assume that ε = 1. Note that by symmetry
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we have that

E(N+
k −N−

k ) = 0.

Therefore using Donsker’s theorem together with Lemma 3.6.4 and 3.6.5, we obtain that

n−
1
2
π

3

∑
k≤nt

(N+
k −N−

k ) =
π

3
n−

1
2
∑
k≤nt

(N+
k −N−

k − E(N+
k −N−

k )) → αBPL(t), (3.75)

where

α =
π

3

√
Var

(
N+
k −N−

k

)
.

Now we are ready to prove Proposition 3.6.3.

Proof of Proposition 3.6.3. Step 1: Approximations of the Brownian motions L,R. By tak-

ing taking t = ν
Φ̃
(Cq) and using that SνΦ̃(Cq) = Sq in Lemma 3.6.7 we obtain (3.70). The

final step is to show that the Brownian motions BPL, BPR, BFL, BFR are all independent,

and independent of Φ̃, η̃ (equivalently, from (L,R)). To show that the limiting Brownian

motion BPR is independent from L,R, the basic idea is to approximate each of L, R, and

Xε (as defined just above Lemma 3.6.7) by processes which are exactly independent from

each other. This can be done since Xε depends only on the behavior of L and R in a small

neighborhood of the set of times when R attains a record minimum run forward or backward

from time 0.

To carry this out precisely, let δ > 0, and let w+
0 = 0. We define w+

k by

w+
k = inf

{
t ≥ w+

k−1 + δ : Rt = inf
0≤s≤t

Rs

}
. (3.76)

We recall that Λε = {yk}. We let

S̃t := {yk ∈ St : [yk−1, yk] ⊆ [w+
j , w

+
j + δ] for some j}
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and we define

X̃ε
t :=

∑
v∈S̃t

(
2− d̃egext(v)

)
,

where d̃egext(v) is defined as

d̃egext(v)

:= #{i : β([a−i , a
−
i+1]), H

ε
v share a nontrivial boundary arc,

[a−i , a
−
i+1] ⊆ [w+

j , w
+
j + δ] for some j},

that is, d̃egext(v) is the number of cells adjacent to both β([0,∞)) and the cell Hε
v corre-

sponding to v, such that its intersection with β([0,∞)) is contained in an interval of the

form [w+
j , w

+
j + δ].

Step 2: dependence of X̃ε. We claim that X̃ε
t |0≤t≤T is determined by

{
(Rt −Rw+

k
)|t∈[w+

k ,w+
k +δ],

(
Λε ∩ [w+

k , w
+
k + δ]

)
− w+

k

}
k:0≤w+

k ≤T{
(Rt −Rw−

k
)|t∈[w−

k ,w−
k +δ],

(
Λε ∩ [w−

k , w
−
k + δ]

)
− w−

k

}
k:0≤w−

k ≤T

(3.77)

with probability going to 1 as ε → 0. More precisely, there is an event Eε,δ such that

Xε
t |0≤t≤T 1Eε,δ

is determined by (3.77) and P(Eε,δ) → 1 as ε → 0. Indeed, {X̃ε
t }0≤t≤T is

determined by d̃egext(v) for v ∈ S̃T . Recall that Λε = {yk}k∈Z. Note that if for all k such

that 0 ≤ yk ≤ T we have |yk − yk−1| ≤ δ, then

{
t : Rt = inf

0≤s≤t
Rs

}
⊆

⋃
k:0≤w+

k ≤T

[w+
k , w

+
k + δ]. (3.78)

Let Eε,δ be the event that

sup
k:k≥0,yk≤T

|yk − yk−1| ≤ δ.
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Then P(Eε,δ) → 1 as ε → 0. Moreover, if Eε,δ holds, then {d̃egext(v)}v∈ST is determined

by R’s running minima in [w+
k , w

+
k + δ] ∪ [w−

k , w
−
k + δ] and

(
Λε ∩ [w+

k , w
+
k + δ]

)
− w+

k ,(
Λε ∩ [w−

k , w
−
k + δ]

)
− w−

k and thus by (3.78), X̃ε
t |0≤t≤T is determined by (3.77), if Eε,δ

holds.

Step 3: X̃ε approximates Xε. Now let

Zt := (Lt, Rt).

Since {w+
k } is a collection of stopping times, if we let K̄(t) be the random variable defined

by

K̄(t) := #{k : w+
k ≤ t},

then we have ∑
k:w+

k ≤T

(Zw+
k +δ − Zw+

k
)

is stochastically dominated by BK̄(T )δ, where B is a two dimensional correlated Brownian

motion independent of K̄(T ). Therefore

sup
0≤t≤T

∣∣∣∣∣∣∣
∑

k:w+
k ≤t

(Zw+
k +δ − Zw+

k
)

∣∣∣∣∣∣∣ d
= sup

0≤t≤T
|BK̄(t)δ|.

Note that

P(|BK̄(t)δ| > Cδ
1
4 ) =

∑
k≥0

P(|Bkδ| > Cδ
1
4 )P(K̄(t) = k)

=
∑
k≥0

P
(
|B1| > Cδ−

1
4k−

1
2

)
P(K̄(t) = k)

≤
∑

k≤Cδ−
1
2

P
(
|B1| > C

1
2

)
P(K̄(t) = k) + P(δ

1
2 K̄(t) > C) = oδ(1)
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where C = C(δ) is chosen so that C(δ) → ∞ slow enough. Hence if we let

Z̃δ
t :=

K̄(t)∑
k=0

(
Zw+

k+1
− Zw+

k +δ

)

then R̃δ
t → Rt in law as δ → 0, since with probability going to 1 as δ → 0, we have

sup
0≤t≤T

∣∣∣Zt − Z̃δ
t

∣∣∣ ≤ oδ(1) (3.79)

(this is because of the fact that Zw+
k +δ − Zw+

k
is of order δ

1
2 and the fact that the set of

running minima of a Brownian motion has Minkowski dimension 1
2). Finally, note that

|X̃ε
t −Xε

t | ≲ δ−
1
2 (log ε−1)6 (3.80)

with probability going to 1 as ε → 0. Indeed, since every cell adjacent to β([0,∞)) not in

{Hε
w+
k

} is contained in an interval of the form [w+
j , w

+
j + δ] (see Figure 3.12), we can write

w+
k + δw+

kw+
k−1 + δ w+

k+1

Figure 3.12: The red cells and blue are counted in Xε
t , but not in X̃ε

t . The green edges are
those “lost" when computing X̃ε

t .
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|Xε
t − X̃ε

t | ≤
K̄(t)∑
k=0

degext(v̄w+
k
) +

∑
v∈S̃(t)

|d̃egext(v)− degext(v)|

≲
∑

v∈S̃(t)

|d̃egext(v)− degext(v)|+ K̄(t)(log ε−1)6

≲
∑

v∈S̃(t)

|d̃egext(v)− degext(v)|+ δ−
1
2 (log ε−1)6, (3.81)

where again we used Lemma 3.4.4 and the fact that K̄(t) ≲ δ−
1
2 due to the fact that the set

of running minima of a Brownian motion has Minkowski dimension 1
2 . Now note that

|d̃egext(v)− degext(v)|

≤ #{i : β([a−i , a
−
i+1]), H

ε
v share a nontrivial boundary arc,

∄j : [a−i , a
−
i+1] ⊆ [w+

j , w
+
j + δ]},

and so if we let S0(t) denote the set of vertices corresponding to cells adjacent to β([0, t))

contained in η̃((−∞, 0]), and deg0(v) denote the number of cells contained in η̃([0,∞))

adjacent to both β([0,∞)) and the cell corresponding to v, proceeding as in (3.81) we have

|Xε
t − X̃ε

t | ≲
∑

v∈S0(t)
deg0(v) + δ−

1
2 (log ε−1)6 ≲ δ−

1
2 (log ε−1)6.

Step 4: Dependence of Z̃δ
t . Moreover, note that Z̃δ

t depends only on the collection(
Zt − Zw+

k

)
|t∈[w+

k ,w+
k +δ] for k ≥ 0, and on the other hand that Xε is independent of these

increments. Therefore noting that (Z̃δ, Xε) converges to (Z̃δ, X) as ε→ 0 we see that Z̃δ is

independent of X. Now using (3.79) together with Lemma 3.6.7 and taking the limit δ → 0

we obtain the result. We have shown that (L,R, ε1/4Xε) converges in distribution as ε→ 0

to (L,R, αBPR), where BPR is a Brownian motion independent from (L,R), and where
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α is as in Lemma 3.6.7. It remains to prove a joint convergence statement for processes

associated with four different boundary arcs.

Step 5: Independence of Xε from Brownian motions. Write Aε
PR = Xε. Define Aε

PL

analogously to Xε but with the roles of L and R interchanged. Define Aε
FR and Aε

FL

analogously to Aε
PR and Aε

PL but with η̃((−∞, 0]) and η̃([0,∞)) replaced by η̃([1,∞)) and

η̃((−∞, 1]), respectively. We claim that

(L,R, ε1/4Aε
PR, ε

1/4Aε
PL, ε

1/4Aε
FR, ε

1/4Aε
FL)

d→ (L,R, αBPR, αBPL, αBFR, αBFL)

(3.82)

where the conditional law of (BPR, BPL, BFR, BFL) given (L,R) is described as follows.

• The conditional law of (BPR, BFR) is that of a pair of Brownian motions coupled to-

gether so that that BPR|[0,νΦ̃(CPR)]
and BFR|[0,νΦ̃(CFR)]

are independent and BPR(t+

ν
Φ̃
(CPR))−BPR(νΦ̃(CPR)) = BPR(t+ ν

Φ̃
(CFR))−BFR(νΦ̃(CFR)) for each t ≥ 0.

• The conditional law of (BPL, BFL) is described in the same way but with L in place

of R throughout.

• (BPR, BFR) and (BPL, BFL) are conditionally independent.

We will not provide a fully detailed proof of (3.82) since the argument uses very similar

ideas to the proof of the convergence (L,R,Xε)
d→ (L,R, αBPR). The idea of the proof is

as follows. Let δ > 0. Let w±
k,PR = w±

k for k ≥ 0 and let Ãε
PR(t) = X̃ε

t , defined as above.

Define w±
k,FR, w±

k,PL, w±
k,FL and Ãε

FR, Ãε
PL, Ãε

FL in an analogous manner.

We claim that if δ > 0 is small, it holds with high probability that the number of pairs of

indices j, k such that the following is true is of order o(δ−1): the intervals [w±
j,PR, w

±
j,PR+ δ]

and [w±
k,PL, w

±
k,PL+ δ] have non-empty intersection and the images under η̃ of each of these

intervals intersects η̃([0, 1]) . Moreover the same holds with PR, PL replaced by any two

distinct elements of {PR,FR, PL, FL}. Indeed, in the case when κ ≥ 8 (γ ≤
√
2), this

153



follows from the continuity of η̃ and the fact that the intersection of the left and right

boundaries of η̃([0,∞)) is a.s. the single point {0}, and similarly for η̃([1,∞)). When κ ∈

(4, 8), the left and right boundaries of η̃([0,∞)) a.s. intersect in an uncountable set. But, the

set of times when η̃ hits this set has the law of the range of a stable subordinator of index

1 − κ/8 < 1/2 (see [Gwynne and Miller, 2021, Lemma 3.5]), so set of times has Minkowski

dimension strictly smaller than 1/2.

Step 6: Independence of L and R. Using the claim in the previous paragraph and similar

arguments as in the proof of the convergence (L,R,Xε)
d→ (L,R, αBPR), we can define

further approximations L̊δ, R̊δ, Åε
PR, Åε

FR, Åε
PL, Åε

FL of which are close to

L,R,Aε
PR, A

ε
FR, A

ε
PL, A

ε
PR, respectively, with high probability when ε→ 0 and then δ → 0

(in similar sense to (3.79), (3.80)) (depending on ε and δ) which exactly satisfy a version of

the independence properties stated just after (3.82) (since the only source of dependence is

the interfaces between adjacent cells). One can define stopping times {ẘk} analogous to the

times {w+
k } defined in (3.76) and define

L̊δt :=

K̄(t)∑
k=0

(
Lẘk+1

− Lẘk+δ

)
, R̊δ

t :=

K̄(t)∑
k=0

(
Rẘk+1

−Rẘk+δ

)

and similarly for Åε
q with q ∈ {PR,FR, PL, PR}. This completes the proof of (3.82), which

in turn implies the proposition statement.
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CHAPTER 4

CHANNELS OF ENERGY FOR THE LINEARIZED ENERGY

CRITICAL WAVE EQUATION IN EVEN DIMENSIONS N ≥ 8

4.1 Introduction

We consider radial solutions to the linearized energy critical wave equation around the ground

state in even dimensions N,

∂ttuL −∆uL + V uL = 0

uL|t=0 = (u0, u1)
(4.1)

with initial conditions (u0, u1) ∈ H = H1 × L2(RN ), where V is the potential given by

V = −N + 2

N − 2
W

4
N−2 ,

with

W =

(
1 +

|x|2

N(N − 2)

)−N−2
2

.

This is the linearized equation for

∂2t u−∆u = |u|
4

N−2u

around the stationary solutions ±W. By standard arguments, (4.1) is well posed in Ḣ1×L2

and moreover the outer radiated energy

Eout := E−
out + E+

out, lim
t→±∞

∫
|x|>|t|

|∇t,xuL(t, x)|2dx

is well defined for t→ ±∞.
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For the free wave equation,

 ∂2t uF −∆uF = 0

(uF , ∂tuF )|t=0 = (u0, u1)

one has the channels of energy estimate

∥(u0, u1)∥Ḣ1×L2 ≲
√
Eout (4.2)

if N is odd. However, in the case that N is even the full estimate fails (Côte et al. [2014]),

instead we have

∥u0∥Ḣ1 ≲
√
Eout

if N ≡ 0 mod 4, and

∥u1∥L2 ≲
√
Eout

if N ≡ 2 mod 4. Extensions to domains of the form {|x| ≥ R+ |t|} (obtained in Duyckaerts

et al. [2022], Kenig et al. [2015], Li et al. [2024]) will also be used in the present work. Let

Λ = N−2
2 + x · ∇ denote the scaling generator. For the equation (4.1), there are two natural

counterexamples to the analogue of (4.2), namely ΛW, tΛW. For odd dimensions N, the

analogue of (4.2) is

∥Π⊥
Ḣ1u0∥Ḣ1 + ∥Π⊥

L2u0∥L2 ≲
√
Eout if N ≥ 3 is odd

where the projections Π⊥
Ḣ1 ,Π

⊥
L2 are defined by

Π⊥
Ḣ1 = Π

Ḣ1(Span(ΛW ))⊥, Π⊥
L2 = ΠL2(Span(ΛW ))⊥. (4.3)

Here, if H is any Hilbert space and E any closed subspace, we let ΠH(E) denote the orthog-

156



onal projection onto E in H and we let ΠH(E)⊥ = 1− ΠH(E).

In this chapter, we will restrict to even dimensions N. We will need to define logarithmic

weakenings of L2. Let Zα be the space defined by the norm

∥f∥Zα
:= sup

R>0

R−N
2 −α

⟨logR⟩

(∫
R<|x|<2R

f2(x)dx

)1
2

.

We will also need the norm

∥f∥Zα,λ
= sup

R>0

R−3−α

inf1≤j≤J

〈
R
λj

〉 (∫
R≤|x|≤2R

f2dx

)1
2

,

where λ = (λ1, . . . λJ ) is such that λ1 ≥ · · · ≥ λJ .

We have the following result.

Theorem 4.1.1. There exists a constant C such that for any radial solution uL of (4.1.1)

we have

∥Π⊥
Ḣ1u0∥Ḣ1 + ∥Π⊥

L2u1∥Z−3
≤ C

√
Eout,

if N ≡ 0 mod 4,

∥Π⊥
L2u1∥L2 + ∥∇Π⊥

Ḣ1u0∥Z−3
≤ C

√
Eout,

if N ≡ 2 mod 4.

We will also consider the linearized energy critical wave equation around a multisoliton.

To define this, let J ∈ N and let

ΛJ := {λ = (λ1, . . . , λJ ) ∈ (0,∞)J , λJ < λJ−1 < · · · < λ1}.

Let

Vλ =
J∑

j=1

V{λj},
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where f{λ} denotes the scaling

f{λ}(x) :=
1

λ2
f
(x
λ

)
.

We define the scalings f(λ) as the Ḣ1 critical scaling

f(λ)(x) =
1

λ
N−2
2

f
(x
λ

)
.

We define the scalings f(λ) as the L2 critical scaling

f[λ](x) =
1

λ
N
2

f
(x
λ

)
.

We will also consider the equation

∂ttuL −∆uL + VλuL = 0,

uL|t=0 = (u0, u1),
(4.4)

which is the energy critical wave equation linearized around a multisoliton.

Let γ(λ) be defined by

γ(λ) = sup
1≤j≤J−1

λ2j

λ2j+1

.

We have the following statement for the multisoliton case.

Theorem 4.1.2. There exists a dimensional constant C such that for any radial solution

uL of (4.4) we have

∥Π⊥
Ḣ1u0∥L2 + ∥Π⊥

L2u1∥Z−3,λ
≤ C

(√
Eout + γ(λ)∥(u0, u1)∥Ḣ1×L2

)
,
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if N ≡ 0 mod 4,

∥Π⊥
L2u1∥L2 + ∥∇Π⊥

Ḣ1u0∥Z−3,λ
≤ C

(√
Eout + γ(λ)∥(u0, u1)∥Ḣ1×L2

)
,

if N ≡ 2 mod 4.

Theorems 4.1.1 and 4.1.2 were proven in Collot et al. [2023] for the case of dimensions

N = 6, 8. However, in higher dimensions, substantial additional work is needed. In the

one soliton case, to bound ∥Π⊥
Ḣ1u0∥Ḣ1 if N ≡ 0 mod 4 (respectively ∥Π⊥

L2u0∥L2 if N ≡ 2

mod 4) one needs to use a channels of energy estimate for the free wave equation combined

with a contradiction argument to show that any asymptotic counterexample to Theorem

4.1.1 is trivial (see Lemma 4.4.5). Additionally, in the multisoliton case (Theorem 4.1.2),

one proceeds by induction on the number of solitons. An additional argument is used in the

analogous contradiction argument to control the orthogonal projection onto the span of the

generalized eigenfunctions of −∆+ V corresponding to ΛW.

Theorem 4.1.2 will be used in Contreras Hip [2024+] to provide an alternative proof to

that of Jendrej and Lawrie in Jendrej and Lawrie [2025] of the soliton resolution for radial

equivariant wave maps on S2 in even dimensions.

Acknowledgements. The author would like to thank Carlos Kenig for suggesting the

problem, useful discussions and comments, and for carefully reading earlier versions of this

manuscript.

4.2 More general nonlinearities

Our main result also holds for other similar equations. Let us consider the equation

∂2t u−∆u+ φ(r, u) = 0 (4.5)
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for r ∈ R+, t ∈ R. Suppose that φ is of the form

φ(r, u) =
∞∑
k=2

φkr
(k−1)

(
N
2 −1

)
−2
uk, (4.6)

where

lim
k→∞

τkφk = 0

for any τ > 0. We will make some additional assumptions:

(A1) If u is a solution to (4.5), then so is uλ(r, t) = λ
N−2
2 u(λr, λt).

(A2) All static radial solutions U(r) of (4.5) verify

∂αr U(r) ∼ r−(N−2)−α

as r → ∞ for α ∈ N.

One can then consider the equation (4.5) linearized around U(r),

∂2t u−∆u+ ∂2φ(r, U)u = 0, (4.7)

where ∂2 denotes the derivative with respect to the second variable of φ and where U is any

static solution to (4.5).

We have the following result.

Theorem 4.2.1. Suppose φ is a function satisfying assumptions (A1) and (A2) and is of

the form (4.6). Then for any radial solution u of (4.7), we have the channels of energy

estimate

∥Π⊥
Ḣ1u0∥L2

+ ∥Π⊥
L2u1∥Z−3

≤ C
√
Eout,

if N ≡ 0 mod 4,

∥Π⊥
L2u1∥L2

+ ∥∇Π⊥
Ḣ1u0∥Z−3

≤ C
√
Eout,
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if N ≡ 2 mod 4.

The proof of Theorem 4.2.1 is the same as that of Theorem 4.1.1. The proof of Theorem

4.1.1 only uses the asymptotics of U.

Similarly, we have the follwoing analogue in the case of a multisoliton.

Theorem 4.2.2. Suppose φ is a function satisfying assumptions (A1) and (A2) and is of

the form (4.6). Also, suppose that λ = (λ1, . . . , λJ ) is such that γ(λ) ≤ γ0 for some small

enough γ0. Then there exists a constant C such that for any radial solution u of

∂
2
t u−∆u+ ∂2

(
φ(r, Uλ1) + · · ·+ φ(r, UλJ )

)
u = 0

(u, ∂tu)|t=0 = (u0, u1),

we have

∥Π⊥
Ḣ1u0∥L2

+ ∥Π⊥
L2u1∥Z−3,λ

≤ C
(√

Eout + γ(λ)∥(u0, u1)∥Ḣ1×L2

)
,

if N ≡ 0 mod 4,

∥Π⊥
L2u1∥L2

+ ∥∇Π⊥
Ḣ1u0∥Z−3,λ

≤ C
(√

Eout + γ(λ)∥(u0, u1)∥Ḣ1×L2

)
,

if N ≡ 2 mod 4.

To see that the hypotheses of Theorem 4.2.1 are not vacuous, consider k-equivariant wave

maps from Minkowski space into the sphere. Suppose that ψ(r, t) solves

∂2t ψ − ∂2rψ − 1

r
∂rψ + k2

sin(2ψ)

2r2
= 0.

This equation has the static solutions

Qk,ℓ,λ(r) = ℓk + 2arctan(λrk)
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for all ℓ ∈ Z. If we set u to be defined by

u(r, t) =
ψ(r, t)

rk
,

then u solves

∂2t u−∆u+ φ(r, u) = 0,

where

φ =
k2

r2+k

(
rku− sin(2rku)

2

)
,

which satisfies the hypotheses of the theorem.

4.3 Preliminaries

Let ∥u∥Lp
R(RN) and ∥u∥

Ḣ1
R(RN) be the norms defined by

∥u∥Lp
R(RN) :=

(∫ ∞

R
|u(r)|prN−1dr

)1
p

,

∥u∥
Ḣ1

R(RN) :=

(∫ ∞

R
|∂ru(r)|2rN−1dr

)1
2

.

Similarly, we define the exterior Strichartz norms

∥u∥Lp
tL

q
r(r>R+|t−t̄|) :=

∫
R

(∫
R+|t−t̄|

|u(t̄, r)|qrN−1dr

)p
q

dt̄


1
p

In the case that N ≡ 0 mod 4, we define the projection π0 as the orthogonal projection

with respect to the Ḣ1
R inner product to the subspace

Span

{
1

|x|N−2k
: 1 ≤ k ≤ N

4

}
. (4.8)
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Similarly, if N ≡ 2 mod 4, we define the projection π1 as the orthogonal projection with

respect to the L2R inner product to the subspace

Span

{
1

|x|N−2k
: 1 ≤ k ≤ N − 2

4

}
. (4.9)

Additionally, we define the alternating norm

∥u∥A,N,R =


∥π⊥0 u∥Ḣ1

R
if N ≡ 0 mod 4

∥π⊥1 u∥L2
R

if N ≡ 2 mod 4

where

π⊥0 u0 = u0 − π0u0

and

π⊥1 u1 = u1 − π1u1.

Let Ct,R be the exterior cone

Ct,R := {(t̄, r̄) ∈ R× (0,∞) : r̄ ≥ R + |t̄− t|}.

We also define the exterior energy

Et,R = sup
t̄∈R

(
∥(u, ∂tu)∥Ḣ1

R+|t−t̄|×L2
R+|t−t̄|

)
.

We have the following exterior Strichartz estimate.

Lemma 4.3.1. Suppose that N > 3 and that (u0, u1) ∈ Ḣ1(RN )×L2(RN ) is radial, and u

is the solution to

∂ttu−∆u = f

with initial conditions (u, ∂tu)|t=t0 = (u0, u1), where f ∈ L1tL
2
r is radial. Then for any
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R0 > 0, t0 ∈ R we have

∥(u, ∂tu)∥Et0,R0
+ ∥u∥

L2
tL

2N
N−3
r (Ct0,R0

)

≲ ∥(u0, u1)∥Ḣ1×L2 + ∥f∥L1
tL

2
r(Ct0,R0

).

Proof. Without loss of generality, suppose that t0 = 0. Recall that

sup
t∈R

∥(u(t), ∂tu(t))∥Ḣ1×L2 + ∥u∥
L2
tL

2N
N−3
r

≲ ∥(u0, u1)∥Ḣ×L2 + ∥f∥L1
tL

2
r

(4.10)

(see [Keel and Tao, 1998, corollary 1.3]). Let (ũ0, ũ1) be any extension of (u0, u1)1r>R0
such

that (ũ0, ũ1) ∈ Ḣ1 × L2 with

∥(ũ0, ũ1)∥Ḣ1×L2 ≲ ∥(u0, u1)∥Ḣ1
R0

×L2
R0

.

We also let f̃ = f1C0,R0
. Note that f̃ ∈ L1tL

2
r . Letting ũ be the solution to

 ∂2t ũ−∆ũ = f̃ ,

(u, ∂u)|t=t0 = (ũ0, ũ1)

we see that by finite propagation speed we have u(x, t) = ũ(x, t) for all (x, t) ∈ C0,R0
. Then

we have by (4.10) that

∥(u, ∂tu)∥Et0,R0
+ ∥u∥

L2
tL

2N
N−3
r

≲ sup
t∈R

∥(ũ(t), ∂tũ(t))∥Ḣ1×L2 + ∥ũ∥
L2
tL

2N
N−3
r

≲ ∥(ũ0, ũ1)∥Ḣ×L2 + ∥f̃∥L1
tL

2
r

≲ ∥(u0, u1)∥Ḣ1×L2 + ∥f∥L1
tL

2
r(Ct0,R0

).

This completes the proof.

We will also need the following exterior energy estimate from Li et al. [2024].
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Proposition 4.3.2. Suppose N is even, and let u ∈ R× RN solve

∂ttu−∆u = f,

with initial conditions (u, ∂tu)|t=0 = (u0, u1) where u0, u1, and f are radial. Then we have

∥u∥A,N,R ≲ lim
t→∞

∥(u(t), ∂tu(t))∥Ḣ1
R+|t|(R

N )×L2
R+|t|(R

N )
+ ∥f∥L1

tL
2
r(C0,R)

. (4.11)

4.4 Single soliton case (non resonant component)

We recall that ΛW solves

−∆(ΛW ) + V (ΛW ) = 0.

We will say that f(r) ∼ g(r) if r → a, with a ∈ R∪ {±∞} if f(r)
g(r)

→ C for some constant C

as r → a.

Lemma 4.4.1. There exists a solution Γ to

−∆Γ + V Γ = 0,

where the Wronskian is given by

Γ(r)∂r(ΛW )(r)− ΛW (r)∂rΓ(r) = r−(N−1)

and Γ has the asymptotics

Γ(r) ∼ c1r
−(N−2) as r → 0, Γ(r) ∼ c2 as r → ∞

for some dimensional constants c1, c2.
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Proof. We let

Γ(r) = −ΛW (r)

∫ r

1
s−(N−1)(ΛW )−2(s)ds.

Then we have

−∆Γ + V Γ = 0,

and for all r > 0,

Γ(r)∂r(ΛW )(r)− ΛW (r)∂rΓ(r) = r−(N−1).

Since

ΛW (r) =
N − 2

2

1− r2

N(N−2)

1 + r2

N(N−2)

W (r),

we have

ΛW ∼ N − 2

2
as r → 0, ΛW ∼ −N − 2

2

(N(N − 2))
N−2
2

rN−2
as r → ∞ (4.12)

and so

Γ(r) ∼ c1r
−(N−2) as r → 0, Γ(r) ∼ c2 as r → ∞. (4.13)

Let T∞
0 := ΛW, T 0

0 := Γ.

Proposition 4.4.2. Suppose that N ≥ 6. There exist T∞
k , T 0

k for 1 ≤ k ≤ N−6
2 such that

−∆T 0
k+1 + V T 0

k+1 = −T 0
k

−∆T∞
k+1 + V T∞

k+1 = −T∞
k

and we have the asymptotics

T 0
k (r) ∼ ra

0
k as r → 0, T 0

k (r) ∼ rb
0
k as r → ∞, (4.14)
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T∞
k (r) ∼ ra

∞
k as r → 0, T∞

k (r) ∼ rb
∞
k as r → ∞, (4.15)

where a0k, b
0
k, a

∞
k , b

∞
k are given by

a0k = −N + 2 + 2k, b0k = 2k,

a∞k = −N + 2, b∞k = −N + 2 + 2k

if k > 0, and if k = 0 we have

a00 = −N + 2, b00 = 0, a∞0 = 0, b∞0 = −N + 2.

Proof. We prove the result by induction. Suppose by induction that (4.14), (4.15) hold for

k. Let S0,S∞ denote the operators defined by

S0f(r) := T 0
0 (r)

∫ r

0
ρN−1T∞

0 (ρ)f(ρ)dρ+ T∞
0 (r)

∫ r

1
ρN−1T 0

0 (ρ)f(ρ)dρ.

S∞f(r) := −T 0
0 (r)

∫ ∞

r
ρN−1T∞

0 (ρ)f(ρ)dρ+ T∞
0 (r)

∫ r

1
ρN−1T 0

0 (ρ)f(ρ)dρ.

Then let

T∞
k = −S∞(T∞

k−1), T
0
k = −S0(T 0

k−1).

Note that if f ∼ rα as r → 0, f ∼ rβ as r → ∞, then

S0f ∼ rα+2, as r → 0, S0f ∼ C + rβ+2 as r → ∞

if α > −N, α+ 2 < 0, β > −2. Similarly,

S∞f ∼ rα+2 + r−(N−2) + C as r → 0, S∞f ∼ 1

rN−2
+ r2+β as r → ∞
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if α > −N, β < −2.

Therefore

T 0
k+1 ∼ rmin{−(N−2),a0k+2} as r → 0, T 0

k+1 ∼ rb
0
k+2 as r → ∞

and

T∞
k+1 ∼ rmin{−(N−2),a∞k +2} as r → 0, T∞

k+1 ∼ rb
∞
k +2 as r → ∞.

By using the induction hypothesis this completes the proof, since (4.12), (4.13) prove the

case k = 0.

Lemma 4.4.3. Let T∞
k , T 0

k be defined as in Lemma 4.4.2. There exist coefficients eik such

that

T̃ 0
k := T 0

k −
(
ek0T

∞
0 + · · ·+ ekk+1T

∞
k+1

)
∼ r2 as r → 0.

Proof. We will prove this by induction. Note that

0 <

∫ ∞

0
ρN−1(T∞

0 (ρ))2dρ <∞,

since T∞
0 ∼ 1 as r → 0 and T∞

0 ∼ r−(N−2) as r → ∞. Letting

e01 := −
(∫ ∞

0
ρN−1(T∞

0 (ρ))2dρ

)−1

and

e00 = e01

∫ 1

0
ρN−1T 0

0 (ρ)T
∞
0 (ρ)dρ
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which is well defined since ρN−1T 0
0 (ρ)T

∞
0 (ρ) ∼ ρ for ρ→ 0, we see that

T 0
0 − e01T

∞
1

= T 0
0 − e01

(
(e01)

−1T 0
0 + T 0

0 (r)

∫ r

0
ρN−1(T∞

0 (ρ))2dρ+ T∞
0 (r)

∫ r

1
ρN−1T 0

0 (ρ)T
∞
0 (ρ)dρ

)
= −e01

(
T 0
0 (r)

∫ r

0
ρN−1(T∞

0 (ρ))2dρ+ T∞
0 (r)

∫ r

1
ρN−1T 0

0 (ρ)T
∞
0 (ρ)dρ

)

and thus

T 0
0 − e00T

∞
0 − e01T

∞
1

= −e01
(
T 0
0 (r)

∫ r

0
ρN−1(T∞

0 (ρ))2dρ+ T∞
0 (r)

∫ r

0
ρN−1T 0

0 (ρ)T
∞
0 (ρ)dρ

)
∼ r−(N−2)

∫ r

0
ρN−1dρ+

∫ r

0
ρdρ ∼ r2.

This proves the base case. For the general case, suppose that eki for 0 ≤ i ≤ k + 1 have all

been defined. Then we have

T 0
k+1 = −S0(T 0

k )

= S0
(
T̃ 0
k + ek0T

∞
0 + · · ·+ ekk+1T

∞
k+1

)
= S0(T̃ 0

k ) +
k+1∑
i=0

eki S∞(T∞
i ) +

k+1∑
i=0

eki (S0 − S∞)T∞
i

= S0(T̃ 0
k )−

k+2∑
i=1

eki−1T
∞
i +

k+1∑
i=0

eki T
0
0 (r)

∫ ∞

0
ρN−1T∞

0 (ρ)T∞
k (ρ)dρ,

where we note that S0(T̃ 0
k ) is well defined by the induction hypothesis and where

∫ ∞

0
ρN−1T∞

0 (ρ)T∞
k (ρ)dρ
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is well defined by Lemma 4.4.2. This implies that

T 0
k+1 = S0(T̃ 0

k ) +

k+1∑
i=0

eki

∫ ∞

0
ρN−1T∞

0 (ρ)T∞
k (ρ)dρ

 T̃ 0
0

+

k+1∑
i=0

eki

∫ ∞

0
ρN−1T∞

0 (ρ)T∞
k (ρ)dρ

 (e00T
∞
0 + e01T

∞
1 )−

k+2∑
i=1

eki−1T
∞
i .

Noting that the first line in the equation above is of order r2 as r ∼ 0, this completes the

proof.

From the solutions obtained from Proposition 4.4.2, we obtain solutions of the homoge-

neous equation ∂ttu−∆u+ V u = 0 such that

lim
t→±∞

∫
|x|>R+|t|

|∇t,xu(t, x)|2dx = 0

for any R > 0, namely

S
∞,0
k :=

k∑
i=0

T∞
k−i

t2i

(2i)!
,

S
∞,1
k :=

k∑
i=0

T∞
k−i

t2i+1

(2i+ 1)!
.

Note that these are solutions for the systems

∂ttS
∞,0
k −∆S

∞,0
k + V S

∞,0
k = 0

(S
∞,0
k , ∂tS

∞,0
k )|t=0 = (T∞

k , 0)

∂ttS
∞,1
k −∆S

∞,1
k + V S

∞,1
k = 0

(S
∞,1
k , ∂tS

∞,1
k )|t=0 = (0, T∞

k )
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Suppose that N ≥ 8, and let

D :=

{
S
∞,0
k : 0 ≤ k ≤ N − 6

2

}
∪
{
S
∞,1
k : 0 ≤ k ≤ N − 8

2

}

We claim these are the only ones.

Proposition 4.4.4. Let R > 0 and suppose that u is a non-radiative solution to (4.1) with

N ≥ 8. Suppose additionally that

i) u is an even in time solution in the case that N ≡ 0 mod 4;

ii) u is an odd in time solution in the case that N ≡ 2 mod 4.

Suppose that R > 0. Then:

i) If N ≡ 0 mod 4, then there exist coefficients {c0k}
N−6
2

k=0 such that

u =

N−6
2∑

k=0

c0kS
∞,0
k

for all x with {|x| > R + |t|}.

ii) If N ≡ 2 mod 4, then there exist coefficients {c1k}
N−8
2

k=0 such that

u =

N−8
2∑

k=0

c1kS
∞,1
k

for all x with {|x| > R + |t|}.

If R = 0, then there exists a constant c0 such that u = c0S
∞,0
0 if N ≡ 0 mod 4, and there

exists a constant c1 such that u = c1S
∞,1
0 if N ≡ 2 mod 4,

The analogues of these for N = 4, 6 are done in Collot et al. [2023].
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Proof. First note that by replacing u with 1
2(u(t, x)−u(−t, x)) if N ≡ 0 mod 4 or 1

2(u(t, x)+

u(−t, x)) if N ≡ 2 mod 4, we can assume that u0 ≡ 0 if N = 0 mod 4 or u1 ≡ 0 if N = 2

mod 4. Fix a large radius R′ > 0. If N ≡ 0 mod 4, let {c0k}
N−6
2

k=0 be such that

∫ ∞

R′

u1 −
N−6
2∑

k=0

c0kT
∞
k

 1

rN−2j
rN−1dr = 0,

for all 1 ≤ j ≤ N
4 , while in the case N ≡ 2 mod 4 we let {c1k}

N−8
2

k=0 be such that

∫ ∞

R′

u0 −
N−8
2∑

k=0

c1kT
∞
k

 1

rN−2j
rN−1dr = 0,

for all 0 ≤ j ≤ N−2
4 . To show the existence of these coefficients, note that their existence

is equivalent to the invertibility of the matrices A = (ai,j)0≤i,j≤N−6
2

(or 0 ≤ i, j ≤ N−8
2 if

N ≡ 2 mod 4) with

ai,j =

∫ ∞

R′
T∞
i

1

rN−2j
rN−1dr.

This matrix can be written as

A = A0(R
′) + Aerror(R

′),

where A0(R
′) = (a0ij(R

′))
0≤i,j≤N−6

2
(or (a0ij(R

′))
0≤i,j≤N−8

2
if N ≡ 2 mod 4) with

a0i,j(R
′) =

∫ ∞

R′

1

rN−2i

1

rN−2j
rN−1dr

and Aerror(R
′) is a smaller order term. More precisely, we have by explicit computation

∥Aerror(R
′)∥2 = O(R′−1∥A0(R

′)∥2)
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where ∥·∥2 denotes the L2 norm for matrices. The matrix A0(R
′) is easily seen to be

invertible, since if v = (vi)0≤i≤N−6
2

lies in its kernel, then we obtain

∫ ∞

R′


N−6
2∑

i=0

vi
1

rN−2i
rN−1dr

 vk = 0

for all 1 ≤ k ≤ N−6
2 , and so v = 0. In the case that N ≡ 2 mod 4, we set c1

(N−6)/2
= 0.

Also, let σ := 0 if N ≡ 0 mod 4 and σ := 1 if N ≡ 2 mod 4. Recall that by Proposition

4.3.2 we have

∥u−

N−6
2∑

k=0

cσkS
∞,σ
k ∥A,N,R′ ≲ ∥V

u−
N−6
2∑

k=0

cσkS
∞,σ
k

∥L1
tL

2
r(C0,R′)

.

Now by Lemma 4.3.1, we have

∥u−

N−6
2∑

k=0

cσkS
∞,σ
k ∥

L2L
2N
N−3 (|x|≥R′+|t|)

≲ ∥V

u−
N−6
2∑

k=0

cσkS
∞,σ
k

∥L1
tL

2
r(C0,R′)

+ ∥u−

N−6
2∑

k=0

cσkS
∞,σ
k ∥A,N,R′ .

Combining these two estimates and using Hölder, we obtain

∥u−

N−6
2∑

k=0

cσkS
∞,σ
k ∥

L2L
2N
N−3 (|x|≥R′+|t|)

≲ ∥V ∥
L2L

2N
3 (|x|≥R′+|t|)

∥u−

N−6
2∑

k=0

cσkS
∞,σ
k ∥

L2L
2N
N−3 (|x|≥R′+|t|)

.

Since V ∈ L2tL
2N
3
x , taking R′ large, we obtain the result for |x| ≥ R′ + |t|. Arguing as in

[Collot et al., 2023, Lemma 3.2], we obtain it for all R > 0. For the case of R = 0, note that
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S
∞,0
k , S

∞,1
k /∈ E0,R if R = 0, k ≥ 1. This shows that the only choice for u is given by c0S

∞,0
0

or c0S
∞,1
0 .

The next step is to show a quantitative version of Proposition 4.4.4. For this, let χ0 be

a cutoff such that

χ0(r) :=

1 if r ≤ 10,

0 if r ≥ 11

with χ0(r) ∈ [0, 1]. suppose that N ≥ 8. We define the projection Π⊥
R by

Π⊥
R(u0, u1) =


Π
Ḣ1

R
(Span{ΛW})⊥(u0) for R = 0

Π
Ḣ1

R
(Span{T∞

k }
N−6
2

k=0 ∪ {χ0T 0
k }

N−6
2

k=0 )
⊥(u0) for R ∈ (0, 1)

Π
Ḣ1

R
(Span{T∞

k }
N−6
2

k=0 )
⊥(u0) for R ≥ 1.

(4.16)

in the case that N ≡ 0 mod 4, and

Π⊥
R(u0, u1) =


ΠL2

R
(Span{T∞

k }
N−8
2

k=0 )
⊥(u1) for R = 0 or R ≥ 1

ΠL2
R
(Span{T∞

k , T 0
k }

N−8
2

k=0 )
⊥(u1) for R ∈ (0, 1).

(4.17)

in the case that N ≡ 2 mod 4. Let
−→
T ∞

k ,
−→
T 0

k be defined as

−→
T ∞

k =

(T∞
k , 0) if N ≡ 0 mod 4,

(0, T∞
k ) if N ≡ 2 mod 4

and

−→
T 0

k =

(T 0
k , 0) if N ≡ 0 mod 4,

(0, T 0
k ) if N ≡ 2 mod 4.

For convenience we set T∞
N−6
2

, T 0
N−6
2

= 0 in the case that N ≡ 2 mod 4.

Lemma 4.4.5. There is a constant C such that for all R > 0 and any radial solution uL of
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(4.1) with uL ∈ HR then

∥Π⊥
R(u0, u1)∥

2
Ḣ1 ≤ C

∑
±

lim
t→±∞

∫
r≥R+|t|

|∇t,xuL|2dx

if N ≡ 0 mod 4,

∥Π⊥
R(u0, u1)∥L2 ≤ C

∑
±

lim
t→±∞

∫
r≥R+|t|

|∇t,xuL|2dx

if N ≡ 2 mod 4.

Proof. Suppose by contradiction that the result does not hold. Then there exists initial

conditions un with corresponding solution to (4.1) {uL,n}n, where un = (u0,n, 0) if N ≡ 0

mod N, and un = (0, u1,n) if N ≡ 2 mod N, with

∥Π⊥
R(u0,n, u1,n)∥Ḣ1 = 1

if N ≡ 0 mod 4,

∥Π⊥
R(u0,n, u1,n)∥L2 = 1

if N ≡ 2 mod 4, and

lim
n→∞

(
lim
t→∞

∫
|x|≥Rn+|t|

|∇t,xuL,n(t, x)|2dx

)
= 0. (4.18)

We can decompose the initial condition un in {|x| ≥ Rn} as

un =

N−6
2∑

k=0

ck,n
−→
T ∞

k + vn,

where vn is chosen so that vn = (v0,n, 0) if N ≡ 0 mod 4, vn = (0, v1,n) if N ≡ 2 mod 4,
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with

v0,n ⊥
Ḣ1

Rn

−→
T ∞

k if N ≡ 0 mod 4, v1,n ⊥L2
Rn

−→
T ∞

k if N ≡ 2 mod 4 (4.19)

and where v0,n, v1,n have support in the exterior of {|x| ≥ Rn}. We split into cases. Let

AN,R denote the space Ḣ1
R if N ≡ 0 mod 4, and the space L2R if N ≡ 2 mod 4.

Case 1: For all n, Rn ≥ 1. By taking a subsequence if necessary, we can additionally

assume that Rn → R∞, where R∞ ≥ 1. Note that in this case by the definition of the

projection Π⊥
R,

∥vn∥Ḣ1
Rn

×L2
Rn

= 1.

We claim that

vn ⇀ 0

weakly in Ḣ1 × L2. Indeed, first note that if R∞ = ∞ then this is trivial since vn(r) = 0 if

r ≤ Rn. If not, let v∗ be any weak subsequential limit. Then by the orthogonality conditions

(4.19) we have that

v∗ ⊥
Ḣ1×L2

−→
T ∞

k

by weak convergence and the fact that ∥T∞
k ∥AN,1

< ∞. On the other hand, let vL denote

the solution to (4.1) with initial conditions v∗. We also let vRn be the solution to (4.1) in

{|x| ≥ R} with initial data 1r≥Rvn, where R is chosen so that R > R∞, and similarly

vR be the solution to (4.1) in {|x| ≥ R} with initial data 1r≥Rv
∗. Using our contradiction

hypothesis and finite propagation speed we have

lim
n→∞

lim
t→∞

∫
r≥R+|t|

|∇t,xv
R
L,n|

2 = 0. (4.20)

Since (vRL,n(0), ∂tv
R
L,n(0))⇀ v∗ weakly in Ḣ1×L2, we have that v∗ is in the Ḣ1×L2 closure
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of the convex hull of {(vRL,n(0), ∂tv
R
L,n(0))}n≥N0

for any large N0. Hence for any ε > 0, there

exist coefficients {ck}∞k=1 such that all but finitely many are 0, their sum is 1, and such that

∥v∗ −
∞∑
k=0

ck

(
vRL,k(0), ∂tv

R
L,k(0)

)
∥
Ḣ1

R×L2
R
< ε.

Let w denote the solution to (4.1) with initial condition

(v∗ −
∑∞

k=0 ck

(
vRL,k(0), ∂tv

R
L,k(0)

)
)1|x|>R. Then by Lemma 2.1 in Duyckaerts et al. [2020]

we have that supt∈R∥(w, ∂tw)∥Ḣ1×L2(|x|≥R+|t|) ≤ C. This implies that vR is then in the

L∞t (Ḣ1
R × L2R) closure of the convex hull of {vRn }n≥N0

. Thus combining this with (4.20) we

obtain that

lim
|t|→∞

∫
r≥R+|t|

|∇t,xv
R
L |

2 = 0. (4.21)

Now using Proposition 4.4.4 we see that there exist coefficients ck such that

vRL =
∑N−6

2
k=1 ck(R)

−→
S∞
k (or vRL =

∑N−8
2

k=1 ck(R)
−→
S∞
k if N ≡ 2 mod 4) Since vR1

L (0), vR2
L (0)

coincide for |x| ≥ max{R1, R2}, the coefficient ck(R) is independent of R, and so we see that

vRL = 0 and therefore v∗ = 0. Now the claim has been established.

We let vF,n be the free wave (∂tt−∆)vF,n = 0 where vF,n has initial conditions vn. Then

by Lemma 3.7 in Duyckaerts et al. [2020] together with the contradiction hypothesis we have

lim
t→∞

∫
|x|≥Rn+|t|

|∇t,xvF,n|2dx

≥ C∥vn∥2Ḣ1×L2 −

N−4
4∑

j=0

(
∥r−(N−2j−2)∥

Ḣ1
Rn

∫
|x|≥Rn

∇
(
|x|−(N−2j−2)

)
· ∇vn(x)dx

)2

.
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if N ≡ 0 mod 4, and

lim
t→∞

∫
|x|≥Rn+|t|

|∇t,xvF,n|2dx

≥ C∥vn∥2Ḣ1×L2 −

N−8
4∑

j=0

(
∥r−(N−2j−2)∥L2

Rn

∫
|x|≥Rn

|x|−(N−2j−2)vn(x)dx

)2

.

if N ≡ 2 mod 4. Now since vn ⇀ v∗ = 0 in Ḣ1 × L2, we have that

lim
n→∞

∥r−(N−2j−2)∥
Ḣ1

Rn

∫
|x|≥Rn

∇
(
|x|−(N−2j−2)

)
· ∇vn(x)dx = 0

if N ≡ 0 mod 4, and

lim
n→∞

∥r−(N−2j−2)∥
Ḣ1

Rn

∫
|x|≥Rn

|x|−(N−2j−2)vn(x)dx = 0

if N ≡ 2 mod 4. Combining with (4.21) this yields a contradiction.

Case 2: For all n, Rn = 0. This case is simlar to the previous one. We let vn = Π⊥
Run,

and so in particular

∥vn∥Ḣ1×L2 ≤ 1.

We again claim that vn ⇀ 0 in Ḣ1×L2. Let v∗ be any subsequential weak limit in Ḣ1×L2.

Then we have that

v∗ ⊥
Ḣ1×L2

−→
T ∞

0

by weak convergence and the fact that ∥T∞
k ∥AN

< ∞. On the other hand, let vL denote

the solution to (4.1) with initial conditions v∗. We also let vRn be the solution to (4.1) in

{|x| ≥ R + |t|} with initial data 1r≥Rvn, where R is chosen so that R > R∞, and similarly

vR be the solution to (4.1) in {|x| ≥ R} with initial data 1r≥Rv
∗. Using our contradiction
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hypothesis and finite propagation speed we have

lim
n→∞

lim
t→∞

∫
r≥R+|t|

|∇t,xv
R
L,n|

2 = 0. (4.22)

Since (vRL,n(0), ∂tv
R
L,n(0))⇀ v∗ weakly in Ḣ1×L2, we have that v∗ is in the Ḣ1×L2 closure

of the convex hull of {(vRL,n(0), ∂tv
R
L,n(0))}n≥N0

for any large N0. Hence for any ε > 0, there

exist coefficients {ck}∞k=1 such that all but finitely many are 0, their sum is 1, and such that

∥v∗ −
∞∑
k=0

ck

(
vRL,k(0), ∂tv

R
L,k(0)

)
∥
Ḣ1

R×L2
R
< ε.

Let w denote the solution in {r > R}× (−∞,∞) to (4.1) in {|x| ≥ R} with initial condition

(v∗ −
∑∞

k=0 ck

(
vRL,k(0), ∂tv

R
L,k(0)

)
)1|x|>R. Then by Lemma 2.1 in Duyckaerts et al. [2020]

we have that supt∈R∥(w, ∂tw)∥Ḣ1×L2 < C. This implies that vR is then in the L∞t (Ḣ1×L2)

closure of the convex hull of {vRn }n≥N0
. Thus combining this with (4.22) we obtain that

lim
|t|→∞

∫
r≥R+|t|

|∇t,xv
R
L |

2 = 0.

Now using Proposition 4.4.4 we see that there exists a coefficient c = c(R) such that vRL =

c(R)
−→
S
∞,σ
0 where σ = 0 if N ≡ 0 mod 4 and σ = 1 if N ≡ 2 mod 4 and where

−→
S
∞,σ
0

denotes the σ-th coordinate of
−→
S∞
0 . Since vR1

L (0), vR2
L (0) coincide for |x| ≥ max{R1, R2},

the coefficient c(R) is independent of R and so we see that vRL = 0 and therefore v∗ = 0.

Now the claim has been established.

We let vF,n be the free wave (∂tt − ∆)vF,n = 0 where −→v F,n has initial conditions vn.

Then by Lemma 3.7 in Duyckaerts et al. [2020] together with the contradiction hypothesis

we have

lim
n→∞

lim
t→∞

∫
|x|≥Rn+|t|

|∇t,xvF,n|2dx ≥ C∥vn∥2Ḣ1×L2 .

Since vn ⇀ v∗ = 0 in Ḣ1 × L2 this yields a contradiction.

179



Case 3: For all n, Rn ∈ (0, 1) and limn→∞Rn = R∞ ∈ (0, 1]. Suppose Rn ∈ (0, 1)

and that limn→∞Rn = R∞ ∈ (0, 1]. By (4.18), we have that Π⊥
Rn
un = Π⊥

Rn
vn, and so

∥vn∥Ḣ1
Rn

×L2
Rn

≥ 1. Let

ũn =
un

∥vn∥Ḣ1
Rn

×L2
Rn

, ṽn =
vn

∥vn∥Ḣ1
Rn

×L2
Rn

and similarly let ũL,n be the solution to (4.1) with initial condition ũn. Then note that

ũn =

N−6
2∑

k=0

c̃k,nT
∞
k + ṽn

with c̃k,n =
ck,n

∥vn∥Ḣ1
Rn

×L2
Rn

, ṽn ⊥
Ḣ1×L2

−→
T ∞

k , ∥vn∥Ḣ1
Rn

×L2
Rn

= 1, Rn → R∞ > 0, and

lim
n→∞

lim
t→∞

∫
|x|>Rn+|t|

|∇t,xũL,n(t, x)|2dx = 0.

Now we continue as in case 1.

Case 4: For all n, Rn ∈ (0, 1) and limn→∞Rn = 0. The proof is very similar to that

of case 3 in the proof of Lemma 3.1 in Collot et al. [2023]. One can bound the asymptotic

exterior energy of the solutions to (4.1) with initial conditions given by (T 0
k , 0) and (0, T 0

k ).

Then one can expand un as

un =

N−6
2∑

k=0

c∞k,n
−→
T ∞

k + c0k,nχ0
−→
T 0

k +Π⊥un

un =

N−6
2∑

k=0

c̃∞k,n
−→
T ∞

k + vn.
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Let S̃0k denote the solution to (4.1) with initial condition χ0
−→
T 0

k. Let R > 0. Since χ0
−→
T 0

k /∈

Span({T∞
k }

N−6
2

k=0 ), by Proposition 4.4.4 we have that there exists a constant C such that

1

C
≤ lim

t→±∞

∫
|x|≥R+|t|

|∇S̃0k|
2dx.

On the other hand, letting Ξk := S̃0k − χ0S
0,σ
k where σ = 0 if N ≡ 0 mod 4 and σ = 1 if

N ≡ 2 mod 4, we have (∂2t −∆+ V )ΞK = −FK

(ΞK , ∂tΞK)|t=0 = (0, 0),

where

FK := χ0

 K∑
k=1

t2(k−1)

(2(k − 1))!
Tk−i

+ (−∆+ V )

χ0
 K∑

k=0

t2i

(2i)!
Tk−i


which is 0 if r ≤ 10 or r ≥ 12. From this one obtains as in the proof of (4.21), with standard

energy estimates that there is a constant C such that

1

C
≤ lim

t→∞

∫
|x|≥R+|t|

|∇S̃0K |2dx ≤ C. (4.23)

We take the exterior energy on both sides to obtain

N−6
2∑

k1,k2=0

ak1k2c
0
k1,n

c0k2,n = lim
t→∞

∫
|x|>R+|t|

∣∣∣∣∣∣∣∇t,x

N−6
2∑

k=0

c0k,nS̃
0
k

∣∣∣∣∣∣∣
2

dx

≲ lim
t→∞

∫
|x|>R+|t|

|∇t,xuL,n|2 + |∇t,xw̄L,n|2

+

∣∣∣∣∣∣∣∇t,x

N−6
2∑

k=0

c∞k,nc
∞
k,nS

∞
k

∣∣∣∣∣∣∣
2

dx
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which is uniformly bounded in n, where

ak1k2 := lim
t→±∞

∫
|x|>R+|t|

∇t,xS̃
0
k1

· ∇t,xS̃
0
k2
dx.

Note that the matrix A := (ak1k2)0≤k1,k2≤(N−6)/2 is symmetric, positive semi-definite. We

claim that it is also invertible, hence strictly positive definite. To see this, suppose that

v = (vk)0≤k≤N−6/2 lies in its kernel. Letting f :=
∑N−6

2
k=0 vkS̃

0
k we obtain

0 =

N−6
2∑

i=0

vi lim
t→∞

∫
|x|>R=|t|

∇t,xS̃
0
k · ∇t,xS̃

0
i

= lim
t→∞

∫
|x|>R=|t|

∇t,xS̃
0
k · ∇t,xf.

Multiplying the above identity by vk and adding over all k we obtain that

lim
t→∞

∫
|x|>R+|t|

|∇t,xf |2 = 0.

By Lemma 4.4.4 we have that f ∈ Span{S∞k }0≤k≤N−6/2. Thus f ∈ Span{S∞k }0≤k≤N−6/2∩

Span{S0k}0≤k≤N−6/2. This intersection is {0} as can be seen by successively taking (−∆+V )

on an equality of the form
∑N−6

2
k=0 dkT

∞
k =

∑N−6
2

k=0 dkT
0
k . Therefore A is invertible.

From this we conclude that c0k,n is bounded. Now we have

N−6
2∑

k=0

(c∞k,n − c̃∞k,n)
−→
T ∞

k =

N−6
2∑

k=0

c0k,n(S̃
0
k(0), ∂tS̃

0
k(0)) + Π⊥un − vn.

Therefore taking the Ḣ1 × L2 inner product with {(S̃0k(0), ∂tS̃
0
k(0))}

N−6
2

k=0 , we obtain

B−→c =
−→
b ,
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where
−→c = (c∞k,n − c̃∞k,n)

N−6
2

k=0 ,

−→
b =


N−6
2∑

i=0

c0k,n⟨(S̃
0
i (0), ∂tS̃

0
i (0)),

−→
T ∞

k ⟩HRn


N−6
2

k=0

+ (⟨(Π⊥un − vn), T̃
∞
k ⟩

Ḣ1×L2)
N−6
2

k=0

and

B = (bij)0≤i,j≤N−6
2

with

bk1k2 = ⟨T∞
k1
, T∞

k2
⟩HRn

.

Since B is invertible by the same argument as that for A above, we obtain that ck,n − c̃k,n

is bounded since
−→
b is bounded. Thus in particular c∞k,n − c̃∞k,n is bounded. Now we have

N−6
2∑

k=0

(c∞k,n − c̃∞k,n)
−→
T ∞

k =

N−6
2∑

k=0

c0k,n(S̃
0
k(0), ∂tS̃

0
k(0)) + Π⊥un − vn.

Therefore taking the Ḣ1
Rn

× L2Rn
inner product with {(S̃0k(0), ∂tS̃

0
k(0))}

N−6
2

k=0 , we obtain

B−→c =
−→
b ,

where
−→c = (c∞k,n − c̃∞k,n)

N−6
2

k=0 ,

−→
b =

N−6
2∑

i=0

(
c0i,n⟨(S̃

0
i (0), ∂tS̃

0
i (0)),

−→
T ∞

k ⟩AN

)N−6
2

k=0
+ (⟨(Π⊥un − vn),

−→
T ∞

k ⟩
Ḣ1×L2)

N−6
2

k=0

and

B = (bij)0≤ij≤N−6
2
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with

bk1k2 = ⟨T∞
k1
, T∞

k2
⟩A,Rn

.

Since B is invertible by the same argument as that for A above, we obtain that −→c = B−1−→b .

Noting that b0k, bk0 for 0 ≤ k ≤ N−6
2 are of order O(1) while all other entries are of order

R−N
n if N ≡ 0 mod 4, R

−(N−2)
n if N ≡ 2 mod 4, we see that

detB =

 O(R
−N N−6

2
n ) if N ≡ 0 mod 4

O(R
−(N−2)N−6

2
n ) if N ≡ 2 mod 4

and so if N ≡ 0 mod 4 (resp. N ≡ 2 mod 4) the coordinates of B−1 are of order RN
n

(resp. R−N+2
n ), except for b00 which is of order O(1). This implies that −→c is bounded. Thus

v1,n is bounded in Ḣ1(r2N−5
2 ⟨r⟩−(N−3

2 )dr) if N ≡ 0 mod 4 or L2(r2N−9
2 ⟨r⟩−(N−7

2 )dr) if

N ≡ 2 mod 4. Thus in particular c∞k,n − c̃∞k,n is bounded, and thus after proceeding as in

case 1 using Lemma 4.4.4 one obtains that vn ⇀ 0 in Ḣ1
R × L2R for any R > 0, and so

vn ⇀ 0

in Ḣ1(r2N−5
2 ⟨r⟩−(N−3

2))× L2(r2N−9
2 ⟨r⟩−(N−7

2)). Next, we decompose vn as

vn =

N−6
2∑

i=0

c̄in(χ0T
0
i , 0) + wn

if N ≡ 0 mod 4,

vn =

N−6
2∑

i=0

c̄in(0, χ0T
0
i ) + wn

if N ≡ 2 mod 4, where wn ⊥
Ḣ1(r2N−5

2 ⟨r⟩−(N−3
2))×L2(r2N−9

2 ⟨r⟩−(N−7
2))

(T 0
i , 0). We extend
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wn trivially for r ≤ Rn. Note that

∥wn∥2Ḣ1
Rn

×L2
Rn

+

N−6
2∑

i=0

(c0i,n−c̄
i
n)

2∥χ0T 0
i ∥

2
Ḣ1 ≲ ∥Π⊥un∥2Ḣ1

Rn
×L2

Rn

+

N−6
2∑

k=0

(c∞k,n−c̃
∞
k,n)

2∥T∞
k ∥2

Ḣ1
Rn

if N ≡ 0 mod 4,

∥wn∥2Ḣ1
Rn

×L2
Rn

+

N−6
2∑

i=0

(c0i,n−c̄
i
n)

2∥χ0T 0
i ∥

2
L2
Rn

≲ ∥Π⊥un∥2Ḣ1
Rn

×L2
Rn

+

N−6
2∑

k=0

(c∞k,n−c̃
∞
k,n)

2∥T∞
k ∥2

L2
Rn

if N ≡ 2 mod 4. Now after proceeding as in step 3 of the proof of Lemma 3.1 in Col-

lot et al. [2023], we obtain that wn converges to (0, 0) weakly in Ḣ1(r2N−5
2 ⟨r⟩−(N−3

2)) ×

L2(r2N−9
2 ⟨r⟩−(N−7

2)). Now we can proceed as in step 4 of the proof of Lemma 3.1 in Collot

et al. [2023]. Letting wF,n be the free wave with initial condition wn and wL,n the free wave

with initial condition wn, we obtain

lim
n→∞

(
lim
t→∞

∫
|x|≥Rn+|t|

|∇t,xwF,n|2
)

= 0.

Moreover we have

(
∥ 1

rN−2k
∥
Ḣ1

Rn

)−1 ∣∣∣∣∫
r≥Rn

∇wF,n · ∇ 1

rN−2k
rN−1dr

∣∣∣∣
=

(
∥ 1

rN−2k
∥
Ḣ1

Rn

)−1 ∣∣∣∣∫
r≥Rn

∇wF,n · ∇
(

1

rN−2k
− χ0T

0
k

)
rN−1dr

∣∣∣∣
≲

(
∥ 1

rN−2k
∥
Ḣ1

Rn

)−1

∥ 1

rN−2k
− χ0T

0
k ∥Ḣ1

Rn
→ 0

if N ≡ 0 mod 4 and similarly for the case N ≡ 2 mod 4. However,

∥wn∥Ḣ1
Rn

×L2
Rn

≥ ∥Π⊥wn∥Ḣ1
Rn

= ∥Π⊥un∥Ḣ1
Rn

= 1
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if N ≡ 0 mod 4, and

∥wn∥Ḣ1
Rn

×L2
Rn

≥ ∥Π⊥wn∥L2
Rn

= ∥Π⊥un∥L2
Rn

= 1

if N ≡ 2 mod 4, which contradicts Lemma 4.3.2.

4.5 Single soliton case (resonant component)

Let χ0 be a smooth cutoff such that

χ0(r) =

1 if r ≤ 10

0 if r ≥ 11.

Π⊥
L2
R
=


ΠL2

R
(span{T∞

0 , . . . T∞
N−6
2

})⊥ if R ≥ 1

ΠL2
R
(span{T∞

0 , . . . T∞
N−6
2

, χ0T 0
0 , . . . , χ

0T 0
N−6
2

})⊥ if 0 < R ≤ 1,

and similarly

Π⊥
Ḣ1

R
=


Π
Ḣ1

R
(span{T∞

0 , . . . T∞
N−6
2

})⊥ if R ≥ 1

Π
Ḣ1

R
(span{T∞

0 , . . . T∞
N−6
2

, χ0T 0
0 , . . . , χ

0T 0
N−6
2

})⊥ if 0 < R ≤ 1.

Let

∥f∥Zα
= sup

R>0

R−N
2 −α

⟨logR⟩

(∫
R<|x|<2R

f2(x)dx

)1
2

,

∥f∥Zα,R
= sup

ρ≥R

ρ−
N
2 −α

⟨log ρ
⟨R⟩⟩

(∫
ρ<|x|<2ρ

f2(x)dx

)1
2

,

and

dZα,R
(u,E) := inf

v∈E
∥u− v∥Zα,R

.
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We will prove the following.

Lemma 4.5.1. Suppose uL is a radial solution to (4.1). Then

∥Π⊥
L2u1∥2Z−4

if N ≡ 0 mod 4

∥∇Π⊥
Ḣ1u0∥

2
Z−3

if N ≡ 2 mod 4

 ≤ C
∑
±

lim
t→±∞

∫
r>|t|

|∇t,xuL(t, x)|2dx.

We will prove the cases N ≡ 0 mod 4 and N ≡ 2 mod 4 separately, in subsection 4.5.1

and 4.5.2

4.5.1 The N ≡ 0 mod 4 case

Let

∥uL∥Ỹ := sup
t∈R,R>|t|

∥Π⊥
Ḣ1

R
uL(t)∥Ḣ1

R

and similarly let

∥uL∥ỸR := sup
t∈R,ρ>|t|+R

∥Π⊥
Ḣ1

ρ
uL(t)∥Ḣ1

ρ
.

We also let

Af(r) :=
∫ ∞

r
ρf(ρ)dρ, A−1 = −1

r
∂rf(r).

We will need the following lemma.

Lemma 4.5.2. Suppose that uL is a linear radial solution to (4.1). Let Π⊥
L2 be defined as

in (4.3). Suppose that uL is odd in time. Then if N ≡ 0 mod 4 and N ≥ 10, then

∥AΠ⊥
L2∂tuL(0)∥Z−2

≲ ∥uL∥Ỹ .

Note that the above lemma is proven in the case of N = 8 in Collot et al. [2023].
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Proof. First, note that without loss of generality, we can assume that

Π⊥
L2uL(0) = uL(0). (4.24)

Indeed, suppose we have showed the result for solutions satisfying (4.24). Then if uL is any

solutions satisfying the hypotheses of the lemma, we let ūL denote the solution to (4.1) with

initial condition given by (0,Π⊥
L2∂tuL(0)), and we let v := uL − ūL. Then we have

∥AΠ⊥
L2∂tuL(0)∥Z−2

= ∥A∂tūL(0)∥Z−2
≲ ∥ūL∥Ỹ ≲ ∥uL∥Ỹ ,

where the last inequality comes from direct computation, using that by Lemma 4.4.2

|T∞
k (r)|+

∣∣∣∣r ddrT∞
k (r)

∣∣∣∣ ≲ ⟨r⟩−N+2+2k.

Let Rk := 2k. Then note that

∂tuL(0) = −
∫ Rk

0
∂t

((
1− t

Rk

)
∂tuL(t)

)
dt

=

∫ Rk

0

(
1− t

Rk

)
(−∂tt)uL(t)dt+

1

Rk

∫ Rk

0
∂tuL(t)dt

= (−∆+ V )

∫ Rk

0

(
1− t

Rk

)
uL(t)dt+

uL(Rk)

Rk
(4.25)

where in the last line we used the fact that uL is odd in time, hence uL(0) = 0. Let

ũk(t) = Π⊥
Ḣ1

Rk

uL(t). Writing T 0
k in terms of T̃ 0

k by Lemma 4.4.3, there exist coefficients

α∞j,k = α∞j,k(t), α
0
j,k = α0j,k(t) such that

uL(t) =

N−6
2∑

j=0

α∞j,kT
∞
j + α0j,kT̃

0
j + ũk(t)
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where by convention α0j,k = 0 if k ≥ 0 and where we let T̃ 0
j be defined as in Lemma 4.4.3.

This implies

(−∆+ V )

(∫ Rk

0

(
1− t

Rk

)
uL(t)dt

)

=

∫ Rk

0

(
1− t

Rk

)


N−6
2∑

j=0

−α∞j+1,k(t)T
∞
j − α0j+1,k(t)T̃

0
j (t)

+ (−∆+ V )ũk(t)

 dt

(4.26)

whenever r ≥ Rk if k ≥ 0, or for all Rk ≤ r ≤ 10 if k ≤ −1. Recall that by Lemma 4.4.3,

there exist coefficients e∞j,i, e
0
j,i such that

T̃ 0
i := T 0

i −
i+1∑
j=1

e∞j,iT
∞
j −

i−1∑
j=1

e0j,iT̃
0
j ∼ r2

for r → 0. Plugging this and (4.26) into (4.25), we obtain that for some coefficients

{c∞j,k}, {c
0
j,k}

∂tu(0) =
1

Rk
ũk(Rk)−

N−6
2∑

j=0

c∞j,kT
∞
j −

N−6
2∑

j=0

c0j,kT̃
0
j + (−∆+ V )

(∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

)
.

Using the above equality for k and k + 1 we obtain

N−6
2∑

j=0

(c∞j,k+1 − c∞j,k)T
∞
j +

N−6
2∑

j=0

(c0j,k+1 − c0j,k)T̃
0
j

=
1

Rk+1
ũk+1(Rk+1)−

1

Rk
ũk(Rk)

+(−∆+ V )

(∫ Rk+1

0

(
1− t

Rk+1

)
ũk+1(t)dt−

∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

)
. (4.27)
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Now we choose functions Φk, Φ̃k such that SuppΦk, SuppΦ̃k ⊆ [2Rk, 3Rk],

|∂jrΦk| ≲ R
−j
k , |∂jr Φ̃k| ≲ R

−j
k

for j = 0, . . . , N − 6 and such that

∫
RN

T̃ 0
0 Φ̃k = R2

k,

∫
RN

T̃ 0
j Φ̃k = 0 if j ≥ 1,

∫
RN

T∞
j Φ̃k = 0 if k ≥ −1,

and ∫
RN

T∞
0 Φk = R2

k,

∫
RN

T∞
j Φk = 0 if j ≥ 1,

∫
RN

T 0
j Φk = 0 if k ≥ −1.

To show this exists, we rescale by Rk. Let Φ̃k(r) := Φ̃k
(

r
Rk

)
. Then we obtain the conditions

∫ ∞

0

T̃ 0
0 (Rkr)

R
−(N−2)
k

Φ̃k(r)rN−1dr = R2
k

∫ ∞

0
F (Rkr)Φ̃

k(r)rN−1dr = 0

for all F ∈ {T̃ 0
j }

N−6
2

j=1 ∪ {T∞
j }

N−6
2

j=0 . Since R(N−2)
k T̃ 0

0 (Rkr) ∼ cr−(N−2) for some absolute

constant c as r → 0, we can take a function Φk ⊥L2(rN−1dr) Span{F (Rk·)|F ∈ {T̃ 0
j }j≥1 ∪

{T∞
j }j≥0} with 〈

Φk,
T̃ 0
0 (Rk·)

R
−(N−2)
k

〉
= 1

and |∂jrΦk| ≲ 1 for all 0 ≤ j ≤ N − 6. We can then take Φk(r) := Φ̃k
(

r
Rk

)
. The existence

of Φ̃k is proven similarly.
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Fix any R > 0, and let k0 be the unique integer such that Rk0−2 ≤ R < Rk0−1 and let

k1 = max{k0, 0}. Now applying (−∆ + V )j for 1 ≤ j ≤ N−6
2 on both sides of (4.27) and

integrating against Φk if k ≥ −1 and Φk if k ≤ −1 we obtain

|c∞j,k+1 − c∞j,k| ≤ ∥uL∥ỸRR
−2j
k

for all k ≥ −1, and after plugging these estimates back into (4.27) we obtain

|c∞j,k+1 − c∞j,k| ≲ ∥uL∥ỸRR
−1−2j
k

for all k ≤ −2. Then if we write c∞j,k = c∞j,k1 + c̄∞j,k, c
0
j,k = c0j,k1

+ c̄0j,k,

c̄∞j,k =

 O(kR
−2j
k ∥uL∥ỸR) if k ≥ 0,

O(R
−2j−1
k ∥uL∥ỸR) if k0 ≤ k ≤ −1

(4.28)

if k0 ≤ 0, and

c̄∞j,k = O(|k − k0|∥uL∥ỸRR
−2j
k ) (4.29)

if k ≥ k0. Similarly, we have

|c0j,k+1 − c0j,k| ≲ R
−2j
k ∥uL∥ỸR (4.30)

and so

|c̄0j,k| ≲ |k|R−2j
k ∥uL∥ỸR . (4.31)
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Therefore

∂tuL(0) =
1

Rk
ũk(Rk) +

N−6
2∑

j=0

c∞j,kT
∞
j +

N−6
2∑

j=0

c0j,kT̃
0
j

+(−∆+ V )

(∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

)

=

N−6
2∑

j=0

c∞j,k1T
∞
j +


N−6
2∑

j=0

(c̄∞j,kT
∞
j + c0j,kT̃

0
j ) +

1

Rk
ũk(Rk)


+(−∆+ V )

(∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

)
.

Let η be such that ηk := η
(

r
Rk

)
is a partition of unity, that is

∞∑
k=−∞

η

(
r

Rk

)
= 1.

Additionally, suppose Suppη ⊆ [1, 3], and let

f1k :=


N−6
2∑

j=0

c̄∞j,kT
∞
j + c0j,kT̃

0
j

+
1

Rk
ũk(Rk).
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Then if k ≥ k0, Rk ≤ r ≤ 3Rk, we have

∂tuL(0) =
∑
k≥k0

ηk∂tuL(0)

=
∑
k≥k0

ηk


N−6
2∑

j=0

c̄∞j,k1T
∞
j +


N−6
2∑

j=0

(c̄∞j,kT
∞
j + c0j,kT̃

0
j ) +

1

Rk
ũk(Rk)


+(−∆+ V )

(∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

))

=

N−6
2∑

j=0

c∞j,k1T
∞
j +

∑
k≥k0

ηk




N−6
2∑

j=0

c̄∞j,kT
∞
j + c0j,kT̃

0
j

+
1

Rk
ũk(Rk)


+

∑
k≥k0

ηk(−∆+ V )

(∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

)

=:

N−6
2∑

j=0

c∞j,k1T
∞
j +

∑
k≥k0

ηkf
1
k +

∑
k≥k0

ηk(−∆+ V )

(∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

)
.

Note that

(−∆+ V )

(
ηk

(∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

))
− ηk(−∆+ V )

(∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

)

= R−2
k (2η′′k −∆ηk)

(
r

Rk

)∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

+∂r

(
−2R−1

k η′k

(
r

RK

)∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

)
=: f2k + ∂rg̃k.
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This implies that

∂tuL(0) =

N−6
2∑

j=0

c∞j,k1T
∞
j +

∑
k≥k0

(ηkf
1
k + f2k ) + ∂r

∑
k≥k0

g̃k


+ (−∆+ V )

∑
k≥k0

ηk

(∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

) .

We let

p1 := (−∆+ V )
∑
k≥k0

ηk

(∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

)
.

Then we have the decomposition

∂tuL(0) = p1 +

N−6
2∑

j=1

c0j,k1T
0
j + ũ1

where

−ũ1 = f + ∂rg,

where

f =
∑
k≥k0

ηkf
1
k + f2k , g =

∑
k≥k0

g̃k. (4.32)

Note that by Hardy’s inequality (see e.g. Collot et al. [2023]),

∥v∥Z−2,R
≲ ∥∂rv∥Z−3,R

.

Therefore

∥A(∂tuL(0))∥Z−2,R
≤ ∥Ap1∥Z−2,R

+

N−6
2∑

j=1

c0j,k1∥AT
0
j ∥Z−2,R

+ ∥Aũ1∥Z−2,R
.
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We will now bound each term: using (4.28), (4.29), (4.30), (4.31),

∥A(ηkf
1
k )∥Z−2,R

≲ ∥∂rA(ηkf
1
k )∥Z−3,R

= ∥(rηkf1k )∥Z−3,R

and

∥A(rηkf
1
k )∥L2(Rk≤r≤3Rk)

= ∥rηk


N−6
2∑

j=0

(c̄∞j,kT
∞
j + c∞j,kT̃

0
j )−

1

Rk
ũk(Rk)

∥L2(Rk≤r≤3Rk)

≲

〈
log

Rk

⟨R⟩

〉
∥uL∥ỸR .

We also have

∥A(f2k )∥Z−2,R
≲ ∥∂rA(f2k )∥Z−3,R

= ∥(rf2k )∥Z−3,R

and

∥rf2k∥L2(Rk≤r≤3Rk)
≲ R−1

k

∫ Rk

0
∥∂tuL(0)∥L2(Rk≤r≤3Rk)

dt ≲ ∥uL∥ỸR .

By definition of the Z−2,R norm,

∥f∥Z−2,Rk0
≲ ∥uL∥ỸR .

On the other hand, since

A(∂rg̃k) = −rg̃k(r)−
∫ ∞

r
g̃k(r)dr,

we have

∥A(∂rg̃k)∥L2(Rk≤r≤3Rk)
≲
∫ Rk

0
∥∂tuL(0)∥L2(Rk≤r≤3Rk)

dt ≲ Rk∥uL∥ỸR .
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This implies ∥g∥
Z̃−2,Rk0

≲ ∥uL∥ỸR . Now to bound p1, note that

Ap1 =

∫ ∞

r
ρp1(ρ)dρ

=
∑
k≥k0

∫ ∞

r
ρ(−∆+ V )

(
ηk

(∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

))
dρ

=
∑
k≥k0

∫ ∞

r
ρV (ρ)ηk

(∫ Rk

0

(
1− t

Rk

)
ũk(t)

)

− r∂r

(
ηk

∫ Rk

0

(
1− t

Rk

)
ũk(t)

)
+ (N − 2)ηk

∫ Rk

0

(
1− t

Rk

)
ũk(t)dt

=:
∑
k≥k0

Bk
1 +Bk

2 +Bk
3 .

Since V (ρ) ≲ ρ−4 for ρ > r, we have

∥
∑
k≥k0

Bk
1∥Z−2,R, ∥

∑
k≥k0

Bk
3∥Z−2,R ≲ ∥uL∥ỸR .

To bound Bk
2 , note that

∥Bk
2∥L2(Rk≤r≤3Rk)

≲ R−1
k

∫ Rk

0
∥∂ρ(ηkũk(t)∥L2(Rk≤r≤3Rk)

≲ ∥uL∥ỸR

and so ∥A(∂tuL(0))∥Z−2
≲ ∥uL∥Ỹ .

Now we improve the bound with the following lemma.

Lemma 4.5.3. Suppose that uL solves (4.1). We have

∥Π⊥
L2∂tuL(0)∥Z−4

≲ ∥A(Π⊥
L2∂tuL(0))∥Z−2

+ ∥uL∥Ỹ

Proof. First we claim we can suppose without loss of generality that ∂tuL(0) = Π⊥
L2∂tuL(0).
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Indeed, it suffices to note that if

Π⊥
L2∂tuL(0) = ∂tuL(0)−

N−6
2∑

k=0

ckT
∞
k ,

then

∥Π⊥
L2

∂tuL(0)−
N−6
2∑

k=0

ckT
∞
k

∥Z−3
≲ ∥∂tuL(0)−

N−6
2∑

k=0

ckT
∞
k ∥Z−3

by direct computation, using that by Lemma 4.4.2

|T∞
k (r)|+

∣∣∣∣r ddrT∞
k (r)

∣∣∣∣ ≲ ⟨r⟩−N+2+2k.

Now suppose then that ∂tuL(0) = Π⊥
L2∂tuL(0), and let v = A∂tu.We also define the operator

∆N := ∂rr +
N − 1

r
∂r

Noting that ∆N = A−1∆N−2A we see that v solves

∂
2
t v −∆N−2v +AVA−1v = 0,

−→v (0) = (A∂tu(0), 0).

Note that the kernel of the operator −∆N−2+AVA−1 is Span{AT∞
0 ,
∫ r
1 ρT

0
0 (ρ)dρ, 1}. Let

k be a fixed integer, and let Rk = 2k, τk = Rk
2 . Let ũk(t) be the solution to (4.1) with initial

condition Π
Ḣ1

Rk

uL(t). By the proof of Lemma 4.5.2, we can decompose the solution uL as

uL(t) =

N−6
2∑

j=0

α∞j,kT
∞
j + α0j,kχ0T

0
j + ũk(t) (4.33)

197



for |t| ≤ Rk. Also,

∂tv = −A(−∆N + V )u(t) = −
∫ ∞

r
−ρ∂ρρu− (N − 1)∂ρu+ V udρ = r∂ru(r)

+(N − 2)u(t)−AV u(t).

Letting T̄ 0
j−1 := (−∆N + V )(χ0T

0
j ), we see that by applying A(−∆N + V ) to (4.33)

∂tv =

N−6
2∑

j=0

α∞j+1,kAT
∞
j + α0j+1,kAT̄

0
j −A(−∆N + V )ũk(t).

Let q := ∥A(∂tu(0))∥Z−2,R
+ ∥u∥

ỸR
. Recall from Lemma 4.5.2 Rk := 2k, τk = Rk

2 , and let

k0 such that Rk0−1 ≤ 3R ≤ Rk0 . We have the following identity for any radial function w

and smooth test function ψ :

∫
RN

∫
R
ψ(∂ttw −∆w + V w)wdtdx

=

∫
RN

∫
R
(|∇w|2 − (∂tw)

2)ψdtdx+

∫
RN

∫
R
(V +

1

2
(∂tt −∆))ψw2dtdx.

Let χ̄ be a cutoff such that χ̄(r) = 1 for r ∈ [3, 4] and χ̄(r) = 0 for r ≤ 2 or r ≥ 10, and

as before let χ̄k(r) = χ̄
(

r
Rk

)
, χ̃k(r) = χ̃

(
r
Rk

)
, ψk(t, r) = χ̃k(t)χ̄k(r), where χ̃(t) = 1 if

|t| ≤ 1
2 , and χ̃(t) = 0 if |t| ≥ 1. Let k ≥ k0. Note that supp(χ̄k) ⊆ {r ≥ 6R}, suppψk ⊆ {r ≥

|t|+R}. Let

⟨u, v⟩L2
χ̄k

=

∫
RN

uvχ̄k, ∥u∥L2
χ̄k

= ⟨u, u⟩L2
χ̄k

.

Let wk = wk(t), bj,k = bj,k(t), b̃j,k = b̃j,k(t) be uniquely defined so that

uL(t) = wk(t) +

N−6
2∑

j=0

bj,kT
∞
j + b̃j,kỸ

0
j
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where Ỹ 0
j = χ0T

0
j , and

wk ⊥L2
χk

{T∞
j , Ỹ 0

j }
N−6
2

j=0 for k ≤ −1, wk ⊥L2
χk

{T∞
j }

N−6
2

j=0 for k ≥ 0.

Then note that

∫
RN

∫
R
|∇wk|2ψkdtdx =

∫
RN

∫
R
(∂twk)

2ψkdtdx−
∫
RN

∫
R

(
V +

1

2
(∂tt −∆)

)
ψkw

2
kdtdx

+

∫
RN

∫
R
ψk(∂ttwk −∆wk + V wk)wkdtdx.

We have

∫
RN

∫
R
ψk(∂ttwk −∆wk + V wk)wkdtdx

−
∫
RN

∫
R
ψk(−

N−6
2∑

j=0

bj,k(−∆+ V )T∞
j + b̃j,k(−∆+ V )Ỹ 0

j

−

N−6
2∑

j=0

(∂ttbj,k)T
∞
j − (∂ttb̃j,k)Ỹ

0
j )wkdtdx

= 0

since wk ⊥L2
χk
T∞
j , Ỹ 0

j . Therefore

∫
RN

∫
R
|∇wk|2ψkdtdx =

∫
RN

∫
R
(∂twk)

2dtdx−
∫
RN

∫
R
(V +

1

2
(∂tt −∆))ψkw

2
kdtdx. (4.34)

Let

gk = ∂tv − ∂t


N−6
2∑

j=0

bj,kT
∞
j + b̃j,kỸ

0
j

 .
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Now, there exist coefficients bj,k, b̃j,k, β∞j,k, β
0
j,k such that

v(0) = wk(0) +

N−6
2∑

j=0

bj,k(0)T
∞
j + b̃j,k(0)Ỹ

0
j (4.35)

and

gk = ∂twk(t) +

N−6
2∑

j=0

β∞j,k(0)T
∞
j + β0j,k(0)T

0
j , (4.36)

where βj,k ar ethe unique coefficients such that the above identity holds, and where

wk(0) = ΠL2
Rk

v(0).

Using the definition of Z−2,R, we obtain

∥v0∥L2
χ̄k

≲ ∥v0∥L2(2Rk≤r≤10Rk)
≲ Rk⟨log

Rk

⟨R⟩
⟩∥v0∥Z−2,R

≤ Rk⟨log
Rk

⟨R⟩
⟩q (4.37)

and similarly

∥gk∥L2
χ̄k

≲ ∥gk∥L2(2Rk≤r≤10Rk)
≲ ∥gk∥L2

2Rk

≤ ∥∂tv∥YR ≤ q. (4.38)

Now by Pythagoras,

∥

N−6
2∑

j=0

bj,kT
∞
j + b̃j,kỸ

0
j ∥L2

χ̄k

≤ ∥u0∥L2
χ̄k

≲ Rk

〈
log

Rk

⟨R⟩

〉
q,

∥

N−6
2∑

j=0

β∞j,kT
∞
j + β0j,kỸ

0
j ∥L2

χ̄k

≤ ∥gk(t)∥L2
χ̄k

≲ q.
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Note that for general γ∞j,k, γ
0
j,k, we have

∥

N−6
2∑

j=0

γ∞j,kT
∞
j + γ0j,kỸ

0
j ∥L2(2Rk≤r≤10Rk)

≲ ∥

N−6
2∑

j=0

γ∞j,kT
∞
j + γ0j,kỸ

0
j ∥L2

χ̄k

.

This implies in particular that

∥

N−6
2∑

j=0

b∞j,kT
∞
j + b0j,kỸ

0
j ∥L2(2Rk≤r≤10Rk)

≲ Rk

〈
log

Rk

⟨R⟩

〉
q, (4.39)

∥

N−6
2∑

j=0

β∞j,kT
∞
j + β0j,kỸ

0
j ∥L2(2Rk≤r≤10Rk)

≲ q. (4.40)

Putting (4.39), (4.40), (4.37), (4.38) together with (4.35), (4.36) we obtain

∥wk(t)∥L2(2Rk≤r≤10Rk)
≲ Rk

〈
log

Rk

⟨R⟩

〉
q,

∥∂twk(t)∥L2(2Rk≤r≤10Rk)
≲ q.

Combining this with (4.34) we obtain

∫
RN

∫
R
|∇wk|2ψkdtdx ≲ Rk

〈
log

Rk

⟨R⟩

〉2

q2.

By the mean value theorem, there is a tk with |tk| ≤
Rk
2 such that

∫
3Rk≤r≤9Rk

|∇w(tk)|2dx ≲

〈
log

Rk

⟨R⟩

〉2

q2.

This bounds ∇wk. To bound ∇v(0), by finite propagation speed we have for |t| ≤ tk,
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4Rk ≤ r ≤ 8Rk, that

v(tk) = wk(tk) +

N−6
2∑

j=0

hj,kT
∞
j + h̃j,kT

0
j ,

∂tv(tk) = gk(tk) +

N−6
2∑

j=0

aj,kT
∞
j + ãj,kỸ

0
j

for appropriate coefficients hj,k, h̃j,k, aj,k, ãj,k. Hence

v(t) = w̄k(t) +

N−6
2∑

j=0

(hj,k + (t− tj,k)aj,k)T
∞
j + (h̃j,k + (t− tj,k)ãj,k)Ỹ

0
j

where w̄k solves  ∂ttw̄k −∆w̄k + V w̄k = 0,

(w̄k, ∂tw̄k)|t=tk = (wk(tk), gk(tk)).

Letting

dj,k = hj,k(tk)− tkaj,k(tk), d̃j,k = h̃j,k(tk)− tkãj,k(tk)

we see that for all 4Rk ≤ r ≤ 8Rk,

v0 = w̄k(0) +

N−6
2∑

j=0

dj,kT
∞
j + d̃j,kỸ

0
j .

Let (w̃k,0, w̃k,1) be such that

(w̃k,0, w̃k,1)(r) = (wk, gk)(t, r)

for all r ∈ [3Rk, 9Rk], and

∥(w̃k,0, w̃k,1)∥Ḣ1×L2 ≲
∫
3Rk≤|x|≤9Rk

(
|∇vk(tk)|2 +

|vk(tk)|2

R2
k

+ |gk(tk)|2
)
dx.
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Also let w̃k be the solution to

 ∂2t w̃k −∆w̃k + V w̃k = 0,

(w̃k(tk), ∂tw̃k(tk)) = (w̃k,0, w̃k,1).

Then again by finite propagation speed w̄k(0, r) = w̃k(0, r) for all 4Rk ≤ r ≤ 8Rk. After

replacing w̃k by w̃k multiplied by a cutoff at r = Rk + |t| and standard energy estimates, we

obtain

∥w̃k(0)∥Ḣ1
Rk

≲ ∥(w̃k,0, w̃k,1)∥H.

Now applying the previous estimates, we obtain

∥w̃k(0)∥Ḣ1
Rk

≲

〈
log

Rk

⟨R⟩

〉
q

and thus by Hardy, for all 4Rk ≤ r ≤ 8Rk we have

∥∇w̄k(0)∥L2(4Rk≤r≤8Rk)
+R−1

k ∥w̄k(0)∥L2(4Rk≤r≤8Rk)
≲

〈
log

Rk

⟨R⟩

〉
q.

By definition of the Z−2 norm, we have

∥

N−6
2∑

j=0

dj,kT
∞
j + d̃j,kỸ

0
j ∥L2(4Rk≤r≤8Rk)

≲ Rk

〈
log

Rk

⟨R⟩

〉
q.

Therefore

N−6
2∑

j=0

∥dj,kT∞
j ∥L2(4Rk≤r≤8Rk)

+ ∥d̃j,kỸ 0
j ∥L2(4Rk≤r≤8Rk)

≲ Rk

〈
log

Rk

⟨R⟩

〉
q
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and
N−6
2∑

j=0

∥dj,kT∞
j ∥

Ḣ1(4Rk≤r≤8Rk)
+ ∥d̃j,kỸ 0

j ∥Ḣ1(4Rk≤r≤8Rk)
≲ q.

These imply

∥∇v0∥L2(4Rk≤r≤8Rk)
≲

〈
log

Rk

⟨R⟩

〉
q

which implies the result, since 4Rk0 ≤ 24R.

Now Lemma 4.5.1 follows from Lemma 4.5.3, 4.5.2 and Lemma 4.4.5.

4.5.2 The N ≡ 2 mod 4 case

This part is similar to the N ≡ 0 case. In this case we need an additional lemma about an

elliptic estimate:

Lemma 4.5.4. There exists a constant C > 0 such that the following holds. Let R > 0, and

suppose u ∈ Z−2,R(RN ) solves for r > R

−∆u+ V u = f + ∂rg

where u, f, g are radial and satisfy

∥f∥Z−4,R
, ∥g∥Z−3,R

<∞.

Then if R ≥ 1, then

dZ−2,R
(u, span{T∞

0 , . . . , T∞
N−6
2

}) ≤ C(∥f∥Z−4,R
+ ∥g∥Z−3,R

),
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while if 0 < R < 1, we have

dZ−2,R
(u, span{T∞

0 , . . . , T∞
N−6
2
, T 0

0 , . . . , T
0
N−6
2

}) ≤ C(∥f∥Z−4,R
+ ∥g∥Z−3,R

).

The quantities ∥Π⊥
L2∂tu(0)∥Z−4

are replaced by dZ−2,R
(u, span{T∞

0 , . . . , T∞
N−6
2

}). The

proof of Lemma 4.5.3 becomes slightly easier, since the averaging operator A is not needed

to reduce to an N − 2 dimensional radial wave equation. The proof follows from the same

argument used in the case N ≡ 0 mod 4.

4.6 The multisoliton case

In this section we prove Theorem 4.1.2.

First, we note that the problem (4.4) is globally well posed. Indeed, local well posedness

follows from the Strichartz estimate Lemma 4.3.1., and global well posedness follows from

the fact that (4.4) is linear. Now we have the following lemma.

Lemma 4.6.1. For all J ∈ N, there is a C > 0 such that for all λ ∈ ΛJ , if u is a solution

in R1+N of  ∂ttu−∆u+ Vλu = f,

(u, ∂tu)|t=0 = (u0, u1) ∈ Ḣ1 × L2

where f ∈ L1tL
2
x(R× RN ), then

sup
t∈R

∥(u, ∂tu)∥HR+|t| + ∥u∥
L

2(N+1)
N−2

t L

2(N+1)
N−2

x (r≥R+|t|)
≲ ∥(u0, u1)∥HR

+ ∥f∥L1
tL

2
x(r≥R+|t|).

Proof. The proof is as in the proof of Lemma 2.8 in Duyckaerts et al. [2023].

Next we claim the following inequalities.
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Claim 4.6.2. Suppose that f ∈ Ḣ1 is radial. Then ∇f ∈ Z−3,λ with

∥∇f∥Z−3,λ
≤ ∥f∥

Ḣ1 (4.41)

and

|f(r)| ≲ 1

r2

(
1 +

∣∣∣∣ min
1≤j≤J

log

(
r

λj

)∣∣∣∣) ∥∇f∥Z−3,λ
. (4.42)

Moreover, if χ0, χ1 are two smooth cutoffs with χ0(r) = 1 if r ≤ 1, χ0(r) = 0 for r ≥ 2, χ1

with compact support outside the origin, and χiR(r) := χi
( r
R

)
, then

∥χ1Rf∥Ḣ1 ≤ C

(
1 +

∣∣∣∣ min
1≤j≤J

log

(
R

λj

)∣∣∣∣) ∥∇f∥Z−3,λ
(4.43)

and

∥∇(χ0Rf)∥Z−3,λ
≤ C∥∇f∥Z−3,λ

, (4.44)

∥∇((1− χ0R)f)∥Z−3,λ
≤ C∥1|x|≥R∇f∥Z−3,λ

, (4.45)

where C is independent of R.

The proof of this claim is the same as that of Claim 4.2 in Collot et al. [2023]. For the

moment we will consider a single soliton. We have the following lemma.

Lemma 4.6.3. There exists C > 0 such that the following holds. For any λ > 0 and any

u0 ∈ Ḣ1, the solution u to ∂
2
t u−∆u+ V{λ}u = 0

(u(0), ∂tu(0)) = (u0, 0)

satisfies

∥V{λ}u∥L1L2(r>|t|) ≤ C∥∇u0∥Z−3
. (4.46)
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If u0(r) = 0 for all r ≥ R for some R ≤ 1, then

∥V{λ}u∥L1L2(r≥|t|) ≤ CR
3
4N ∥∇u0∥Z−3

.

If u0(0) for all r ≤ R for some R ≥ 1, then

∥V{λ}u∥L1L2(r>|t|) ≤ CR−1∥∇u0∥Z−3
.

Similarly, if u1 ∈ L2 and u is the solution to

 ∂ttu−∆u+ Vλu = f,

(u, ∂tu)|t=0 = (0, u1) ∈ Ḣ1 × L2

satisfies

∥V{λ}u∥L1L2(r>|t|) ≤ C∥u1∥Z−3
. (4.47)

If u1(r) = 0 for all r ≥ R for some R ≤ 1, then

∥V{λ}u∥L1L2(r≥|t|) ≤ CR
3
4N ∥u1∥Z−3

.

If u1(0) = 0 for all r ≤ R for some R ≥ 1, then

∥V{λ}u∥L1L2(r>|t|) ≤ CR−1∥u1∥Z−3
.

Proof. As in the proof of Lemma 4.3 in Collot et al. [2023], we use a dyadic partition. Let

χ be such that Suppχ ⊂
[
1
2 , 2
]

and 1 =
∑

ℓ∈Z χ2ℓ(r). We let uL be the solution to

 ∂2t uℓ −∆uℓ + V(ℓ)uℓ = 0

(uℓ(0), ∂tuℓ(0)) = (uℓ,0, 0)
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where uℓ,0 = χ2ℓu0. Note that u =
∑

ℓ∈Z uℓ. Now by (4.43), we have

∥uℓ,0∥Ḣ1 ≲ (1 + |ℓ|)∥∇u0∥Z−3
.

Since Suppu0,ℓ ⊂
[
2ℓ−1, 2ℓ+1

]
we have that

Supp(u0,ℓ) ⊆ {max(0, 2ℓ−1 − |t|) ≤ r ≤ 2ℓ+1 + |t|}.

Now by Hölder and Lemma 4.6.1 we obtain

∥V{λ}uL∥L1L2(r≥|t|) ≲ (1 + |ℓ|)∥V ∥
L2
tL

2N
3

x (Sℓ)
∥∇u0∥Z−3

where

Sℓ := {max(|t|, 2ℓ−1 − |t|) ≤ r ≤ 2ℓ+1 + |t|}.

If ℓ ≤ 0, then

∥V ∥
L2
tL

2N
3

x (Sℓ)
≤ ∥V ∥

L2
tL

2N
3

x (|t|≤r≤|t|+2ℓ+1)
≲ 2

3
2N ℓ.

Similarly, if ℓ ≥ 0, we have

∥V ∥
L2
tL

2N
3

x (Sℓ)
≤ ∥V ∥

L2
tL

2N
3

x (max(|t|,2ℓ−2)≤r≤|t|+2ℓ+1)
≲ 2−2ℓ.

This implies that

∥V{λ}u∥L1L2(r≥|t|) ≲
∑
ℓ∈Z

∥V{λ}uℓ∥L1L2(r≥|t|)

≤ ∥∇u0∥Z−3

∑
ℓ≤0

(1 + |ℓ|)2
3ℓ
2N +

∑
ℓ≥0

2−2ℓ

 ≲ ∥∇u0∥Z−3
.

208



Now if we additionally assume that u0(r) = 0 if r ≥ R for some R ≥ 1, we obtain

∥V{λ}u∥L1L2(r≥|t|) ≲ ∥∇u0∥Z−3

∑
ℓ≤ℓ0

(1 + |ℓ|)2
3ℓ
2N ≲ 2

3ℓ0
4N ∥∇u0∥Z−3

≲ R
3
4N ∥∇u0∥Z−3

.

The last assertion follows similarly.

We have the following lemma.

Lemma 4.6.4. Let J ∈ N. There exists a small enough γ∗ > 0 such that the following holds

for any λ ∈ ΛJ with γ(λ) ≤ γ∗. For 1 ≤ j ≤ J, let
−→
ϕ j and

−→
ψ j denote the solutions to (4.4)

with initial data (0, (ΛW )[λj ]) and ((ΛW )(λj), 0) respectively. Then for any 1 ≤ j ≤ J, we

have

sup
t∈R

∥
−→
ϕ j,k − (t(ΛW )[λj ],ΛW[λj ]

)∥H|t| ≲ γ(λ)

sup
t∈R

∥
−→
ψ j,k − (ΛW(λj)

, 0)∥H|t| ≲ γ(λ).

The proof follows from direct computations, which we omit here.

4.6.1 Non resonant component

In this section we will consider solutions satisfying u(t, r) = (−1)
N
2 u(−t, r). We will show

the following lemma.

Proposition 4.6.5. For any J ∈ N, there are γ∗, C > 0 such that for all λ ∈ ΛJ with

γ(λ) ≤ γ∗ any radial solution to (4.4) satisfies

∥Π⊥
Ḣ1,λ

u0∥2Ḣ1 ≲
∑
±

lim
t→±∞

∫
r≥|t|

|∇t,xu|2 + γ(λ)∥u0∥2Ḣ1

in the case N ≡ 0 mod 4, and

∥Π⊥
L2,λ

u0∥2L2 ≲
∑
±

lim
t→±∞

∫
r≥|t|

|∇t,xu|2 + γ(λ)∥u0∥2L2
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if N ≡ 2 mod 4.

For the proof we will need the following lemma. For R > 0, µ > 0, let P̄ 2
µ,R be the

orthogonal projection on the orthogonal of Span{(T∞
k )(µ) : 0 ≤ k ≤ N−6

2 } in Ḣ1
R if N ≡ 0

mod 4 and the orthogonal projection on the orthogonal of Span{(T∞
k )[µ] : 0 ≤ k ≤ N−6

2 } in

L2R if N ≡ 2 mod 4.

Lemma 4.6.6. For all η ≥ 0, there is a Cη > 0 such that for all µ > 0 and a solution u of

∂2t u−∆u+ V{µ}u = f, |x| > ηµ+ |t|

with −→u (0) ∈ H, f ∈ L1tL
2
x, we have

∥P̄µ,ηµ∂tu(0)∥2Ḣ1
ηµ

≤ Cη∥1|x|>ηµ+|t|f∥
2
L1
tL

2
x
+ Cη

∑
±

lim
t→±∞

∫
|x|>ηµ+|t|

|∇t,xu(t, x)|2dx

if N ≡ 0 mod 4, and

∥P̄µ,ηµ∂tu(0)∥2L2
ηµ

≤ Cη∥1|x|>ηµ+|t|f∥
2
L1
tL

2
x
+ Cη

∑
±

lim
t→±∞

∫
|x|>ηµ+|t|

|∇t,xu(t, x)|2dx

Proof. By scaling we can assume µ = 1. By time symmetry, we can assume ∂tu(0) = 0 if

N ≡ 0 mod 4 and u(0) = 0 if N ≡ 2 mod 4. Now let uhom be the solution to

 ∂2t uhom −∆uhom + V{µ}uhom = 0

(uhom(0), ∂t(uhom(0))) = (u(0), ∂tu(0))

and ū the solution to ∂
2
t ū−∆ū+ V{µ}ū = f,

(ū(0), ∂tū(0)) = (0, 0).
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Then if N ≡ 0 mod 4,

∥Π⊥
µ,ηµu(0)∥2Ḣ1

ηµ
≲ ∥Π⊥

µ,ηµuhom∥2
Ḣ1

ηµ
+ ∥ū(0)∥2

Ḣ1
ηµ

and

∥Π⊥
µ,ηµu(0)∥2L2

ηµ(0)
≲ ∥Π⊥

µ,ηµuhom∥2
L2
ηµ

+ ∥ū(0)∥2
L2
ηµ

if N ≡ 2 mod 4. Now let ũ be the solution to∂
2
t ũ−∆ũ+ V{µ}ũ = f1|x|>ηµ+|t|,

(ũ(0), ∂tũ(0)) = (0, 0).

By finite propagation speed,

∥ū∥
Ḣ1

ηµ
+ ∥∂tū∥2L2

ηµ
≲ ∥ũ∥

Ḣ1
ηµ

+ ∥∂tũ∥2L2
ηµ
.

Now by standard energy estimates,

∥ũ∥2
Ḣ1 + ∥∂tũ∥2L2 ≲ ∥f∥L1L2(|x|>ηµ+|t|).

Therefore it suffices to show the statement for uhom, that is for the case f ≡ 0.

Additionally note that if η = 0, then the result is Lemma 4.4.5 for R = 0. We will then

assume η > 0. Using Lemma 4.4.5 we can decompose u0 = u(0) as

u0 =

N−6
2∑

k=0

c∞k T
∞
k + c0kT

0
k +Π⊥u,

with

∥Π⊥u∥2AN
≲ Eout(η) := lim

t→∞

∫
|x|>η+|t|

|∇t,xu(t, x)|2dx.
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Rewriting this as
N−6
2∑

k=0

c0kT
0
k = u0 −

N−6
2∑

k=0

c∞k T
∞
k − Π⊥u

and taking the exterior energy as in the proof of Lemma 4.4.5 together with (4.23) we obtain

that

c0k ≲ (Eout(η))
1
2 .

This implies that

∥Π⊥u∥2AN
+

N−6
2∑

k=0

(c0k)
2 ≲ Eout(η).

This completes the proof.

Now we will prove Proposition 4.6.5.

Proof of Proposition 4.6.5. We can proceed as in the proof of Lemma 4.5 in Collot et al.

[2023]. First we can assume by time symmetry that

(u, ∂tu)|t=0 =

(u0, 0) if N ≡ 0, mod 4

(0, u1) if N ≡ 2 mod 4.

Moreover, we can decompose

u0 = Π⊥
µ u+ v0

with

v0 ∈ Span

{
(T∞

k )(λj) : 0 ≤ k ≤ N − 6

2
, 1 ≤ j ≤ J

}
if N ≡ 0 mod 4,

u1 = Π⊥
µ u+ v1

with

v1 ∈ Span

{
(T∞

k )[λj ] : 0 ≤ k ≤ N − 6

2
, 1 ≤ j ≤ J

}
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if N ≡ 2 mod 4. Let v be the solution to (4.1) with initial condition (v0, 0) if N ≡ 0 mod 4

and (0, v1) if N ≡ 2 mod 4, we see by Lemma 4.6.4 that

lim
t→∞

∫
|x|>|t|

|∇t,xv(t, x)|2dx ≲ γ(λ)∥(v0, v1)∥2Ḣ1×L2 ≤ γ(λ)∥(u0, u1)∥2Ḣ1×L2 .

Thus we can reduce to the case that v = 0.

We have

∂2t u−∆u− V{λj}u =
∑
k ̸=j

V{λk}u.

By Lemma 4.6.6, we have for N ≡ 0 mod 4

∥Pλj ,ηjλju0∥Ḣ1
ηjλj

≤ Cηj

∑
k ̸=j

∥1|x|>ηjλj+|t|V{λk}u∥L1L2 + Cηj

√
Eout,

where P̄⊥
λ,ρ is the Ḣ1

ρ (respectively L2ρ) projection onto the orthogonal of Span{(T∞
k )(λj)}

N−6
2

k=0

for N ≡ 0 mod 4 (respectively N ≡ 2 mod 4), with a similar statement for N ≡ 2 mod 4.

If k > j, we have

∥1|x|>ηjλj+|t|V{λk}u∥L1
tL

2
x

≲ ∥1|x|>ηjλj+|t|V{λk}∥
L

2(N+1)
N+4

t L
2(N+1)

3
x

·∥1|x|>ηjλj+|t|u∥
L

2(N+1)
N−2

t L

2(N+1)
N−2

x

≲ ∥1|x|>ηjλj+|t|V{λk}∥
L

2(N+1)
N+4

t L
2(N+1)

3
x

∥u0∥Ḣ1
ηjλj

where in the second to last step we used Lemma 4.6.1. Now let

y =
x

λk
, s =

t

λk
.
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Then

∥1|x|>ηjλj+|t|V{λk}∥
L

2(N+1)
N+4

t L
2(N+1)

3
x

=
1

λ2k
λ

N+4
2(N+1)

+ 3N
2(N+1)

k ∥χ
{|y|≥

ηjλj
λk

+|s|}
(y)(1 + |y|)−4∥

L

2(N+1)
N+4

s L
2(N+1)

3
y

= ∥χ
{|y|≥

ηjλj
λk

+|s|}
(y)(1 + |y|)−4∥

L

2(N+1)
N+4

s L
2(N+1)

3
y

Let R = ηj
λj
λk
. We will split the integral into s ∈ (0, 1) and s ∈ [1,∞). If s ≥ 1, then |y| > 1

and so (1 + |y|) = O(|y|) which implies that

(∫
|y|>R+s

dy

(1 + |y|)4p

) q
p

≲

(∫
|y|>R+|s|

1

|y|4p
dy

) q
p

=

(∫ ∞

R+s

rN−1

r4p

) q
p

≲

(
1

(R + s)4p−N

) q
p

=
1

(R + s)
5N+8
N+4

,

where

q =
2(N + 1)

N + 4
, p =

2(N + 1)

3
.

Now integrating in s we obtain

∥1|s|≥11|x|>ηjλj+|t|V{λk}∥
L

2(N+1)
N+4

t L
2(N+1)

3
x

≲

(∫
R

1

(R + |s|)
5N+8
N+4

ds

)1
p

≲
1

R2
.

In the case 0 < s < 1, we split this into the domains r ≥ 1 and R < 1. In the first case, we

have that |y| > R+ |s| and so we can follow the exact computations as in the case s ≥ 1. Now

if instead R ≤ 1, we split into the cases that |y| ≥ 2 and R + |s| ≤ |y| ≤ 2. If |y| ≥ 2, then

again 1 + |y| = O(|y|), and so we can proceed as in the case that |s| ≥ 1. In the remaining
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case, we note that 1 + |y| = O(1) and so combining these we obtain that

∥1|s|≤11|x|>ηjλj+|t|V{λk}∥
L

2(N+1)
N+4

t L
2(N+1)

3
x

≲
1

R2
+ 1 ≲

1

R2
.

This shows that

∥1|s|≥11|x|>ηjλj+|t|V{λk}∥
L

2(N+1)
N+4

t L
2(N+1)

3
x

≲
λ2k
λ2jη

2
j

.

After following the same steps, we obtain

∥Π⊥
λj ,ηjλj

u0∥ ≤
εj
2
∥u0∥Ḣ1 + Cεj ,ηj ,εj−1,ηj−1

√
Eout

for N ≡ 0 mod 4 and similarly for dimensions N ≡ 2 mod 4. We can also obtain the bound

∣∣∣∣∣
∫
|x|≥ηjλj

∇u0 · ∇(ΛW )(λj)

∣∣∣∣∣ = oηj (1)∥u0∥Ḣ1

for N ≡ 0 mod 4 and the analogous bound for N ≡ 2 mod 4. Combining everything we

obtain

∥P̄λj ,ηjλj∥Ḣηjλj
≤ Cηj

(
εj−1 + oηj−1(1) +

γ(λ)

η2j

)
∥u0∥Ḣ1

+ Cεj ,ηj ,εj−1,ηj−1

√
Eout.

Hence if γ(λ) is small enough we obtain

∥P̄λj ,ηjλj∥Ḣηjλj
≤
εj
2
∥u0∥Ḣ1 + Cεj ,ηj ,εj−1,ηj−1

√
Eout,

with an analogous statement for N ≡ 2 mod 4. All that remains is to bound the projection

onto {T∞
k }

N−6
2

k=1 . We can see by a contradiction argument (as in case 4 of the proof of Lemma
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4.4.5) that there exists an absolute constant C such that

∥P̄λj ,ηjλju0∥Ḣ1
ηjλj

≥ C∥u0∥Ḣ1
ηjλj

.

Now we have

∥u0∥Ḣ1
ηjλj

≤ C−1∥P̄λj ,ηjλju0∥Ḣ1
ηjλj

≤ C−1
(εj
2
∥u0∥Ḣ1 + Cεj ,ηj ,εj−1,ηj−1

√
Eout

)
.

This completes the induction. Now to finish the proof, we set ηJ = 0 in the final step.

4.6.2 Resonant Component

In this section we prove the other half of the energy estimate in Theorem 4.1.2.

Proposition 4.6.7. For all J ∈ N, there exist γ∗, C > 0 such that for all λ ∈ ΛJ with

γ(λ) ≤ γ∗ and any radial solution of (4.4) satisfies

∥Π⊥
L2,λ

u1∥2Z−3,λ
≤ C

(∑
±

lim
t→±∞

∫
r≥|t|

|∇t,xu|2dx+ γ(λ)∥u1∥2Z−3,λ

)

if N ≡ 0 mod 4, and similarly

∥∇Π⊥
Ḣ1,λ

u0∥2Z−3,λ
≤ C

(∑
±

lim
t→±∞

∫
r≥|t|

|∇t,xu|2dx+ γ(λ)∥∇u0∥2Z−3,λ

)

if N ≡ 2 mod 4.

Proof. We will prove it for the case N ≡ 2 mod 4, with the N ≡ 0 mod 4 case being

identical. We claim it suffices to prove that

∥Π⊥
L2,λ

u1∥Z−3,λ
≲
√
Eout if u1 = Π⊥

L2,λ
u1 (4.48)
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Indeed, suppose these hold. Let u be a solution to (4.4). We can assume by time symmetry

that

(u0, u1) = (0, u1)

if N ≡ 0 mod 4, and

(u0, u1) = (u0, 0)

if N ≡ 2 mod 4. We write u0 = v0+w0 for w0 = Π⊥
Ḣ1,λ

u0, and similarly u1 = v1+w1 with

w1 = Π⊥
L2,λ

u1. Then we claim that

lim
t→∞

∫
|x|>|t|

|∇t,xv(t, x)|2dx ≲


γ(λ)∥v1∥2Z−3,λ

if N ≡ 0 mod 4,

γ(λ)∥∇v0∥2Z−3,λ
if N ≡ 2 mod 4.

If this claim holds then

∥w1∥2Z−3,λ
≲ Eout + lim

t→∞

∫
|x|>|t|

|∇t,xv(t, x)|2dx

≲ Eout + γ(λ)∥v1∥2Z−3,λ
≲ Eout + γ(λ)

(
∥u1∥2Z−3,λ

+ ∥u1∥2Z−3,λ

)

for N ≡ 0 mod 4, and similarly for N ≡ 2 mod 4. To show (4.48), note that if j0 is such

that |αj0 | = sup1≤j≤J |αj | where

v1 =
J∑

j=1

αj(ΛW )[λj ], v0 =
J∑

j=1

αj(ΛW )(λj).
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We obtain

∥v1∥Z−3,λ
≳

1

inf1≤j≤J

〈
log

λj0
λj

〉 (∫
λj0≤|x|≤2λj0

|v1|2dx

)1
2

≳ |αj0 |
1

inf1≤j≤J

〈
log

λj0
λj

〉 (∫
λj0≤|x|≤2λj0

|ΛW[λj0 ]
|2dx

)1
2

≳ |αj0 |

and similarly ∥∇v0∥Z−3,λ
≥ |αj0 |. On the other hand, we have

lim
t→∞

∫
|x|≥|t|

|∇t,xv(t, x)|2dx ≲ lim
t→∞

∫
|x|≥|t|

∣∣∣∣∣∣∇t,x

 J∑
j=1

tαj(ΛW )[λj ]

∣∣∣∣∣∣
2

dx+ γ(λ) sup
1≤j≤J

α2j

and similarly for N ≡ 2 mod 4. This proves the claim.

Now let γ := γ(λ), and define the radii

R+
j =

√
λjλj+1, R

−
j =

λj+1

γ
1
4

.

Note that R−
j ≤ γ

1
4R+

j . For any j, let

∥f∥Z−3,λj
:= ∥f[

1
λj

]∥Z−3
.

Then

∥f∥Z−3,λj
≲ ∥f∥−3,λ,

and if Suppf ⊂ [R+
j ,∞), then

∥f∥Z−3,λ
≲ ∥f∥Z−3,λj

.
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We will prove the following statement by induction.

Claim 4.6.8. There is an absolute constant α > 0 such that for all j ∈ {1, . . . , J},

∥1r≥R+
j
u1∥Z−3,λj

≲
√
Eout + γα∥u1∥Z−3,λ

if N ≡ 0 mod 4, and similarly

∥1r≥R+
j
∇u0∥Z−3,λj

≲
√
Eout + γα∥∇u0∥Z−3,λ

if N ≡ 2 mod 4.

We will prove the statement for N ≡ 2 mod 4, the other case being identical.

Suppose that 2 ≤ J ≤ J − 1, and supppose Claim 4.6.8 holds for j − 1. Let vj , ṽj be the

solutions to  ∂2t vj −∆vj + V{λj}vj = 0,

(vj(0), ∂tvj(0)) = (u, ∂tu)|t=0,∂
2
t ṽj −∆ṽj + Vλṽj = F (vj) = −

∑
i̸=j V{λi}vj ,

(ṽj(0), ∂tṽj(0)) = (0, 0).

Let χ be a smooth cut off with

χ(r) =

1 if r ≤ 1,

0 if r ≥ 2.

Let vmj be solutions to

∂2t v
m
j −∆vmj + V{λi}v

m
j = 0

with

v1j (0) = χR+
j−1

(1− χR−
j
)u0, v

2
j (0) = (1− χR+

j−1
)u0, v

3
j (0) = χ

R−
j
48

u0
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where χρ = χ
(
·
ρ

)
. This implies that

vj = v1j + v2j + v3j ,

and so

F (vj) = F (v1j ) + F (v2j ) + F (v3j ).

Lemma 4.6.9. For some absolute constant α > 0, w e have

∥1{
r≥

R−
j
24 +|t|

}F (v1j )∥L1
tL

2
x
≲ γα∥∇u0∥Z−3,λ

(4.49)

if N ≡ 2 mod 4 and similarly

∥1{
r≥

R−
j
24 +|t|

}F (v1j )∥L1
tL

2
x
≲ γα∥u1∥Z−3,λ

in the case that N ≡ 0 mod 4,

∥1{
r≥

R−
j
24 +|t|

}F (v2j )∥L1
tL

2
x
≲
√
Eout + γα∥∇u0∥Z−3,λ

(4.50)

if N ≡ 2 mod 4 with the analogous statement for N ≡ 0 mod 4, and

∥1
{r≥

R−
j
24 +|t|}

F (v3j )∥L1
tL

2
x
= 0. (4.51)

We will prove this lemma later, and will continue the proof assuming its validity. By

Lemma 4.6.1, we have

sup
t
∥(ṽj(t), ∂tṽj(t))∥H

R−
j +|t|

≲
√
Eout + γα∥∇u0∥Z−3,λ

.
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Indeed,

sup
t
∥(ṽj(t), ∂tṽj(t))∥H

R−
j +|t|

≲ ∥F (vj)∥L1
tL

2
x({r≥R−

j +|t|}) ≲
√
Eout + γα∥∇u0∥Z−3,λ

where we used Lemma 4.6.9. Therefore

∑
±

lim
t→∞

∫
|x|≥

R−
j
24 +|t|

|∇t,xvj(t)|2dx ≲ Eout + γ2α∥∇u0∥2Z−3,λ
.

Now by the N ≡ 2 mod 4 version of Lemma 4.5.2 there exist coefficients c∞j,k such that

u0 =

N−6
2∑

k=0

c∞j,k(T
∞
k )(λj) + ū0,j (4.52)

with

∥1r≥R−
j
∇ū0,j∥Z−3,j

≲
√
Eout + γα∥∇u0∥Z−3,λ

. (4.53)

Taking the Ḣ1({R−
j ≤ |x| ≤ 2R−

j }) norm, we see that that

∫ 2R−
j

R−
j

∣∣∣∣∣∣∣∇


N−6
2∑

k=1

c∞j,k(T
∞
k )(λj)


∣∣∣∣∣∣∣
2

rN−1dr

≲
∫ 2R−

j

R−
j

|∇u0|2rN−1dr +

∫ 2R−
j

R−
j

|∇ū0,j |2rN−1dr

+(c∞j,0)
2
∫ 2R−

j

R−
j

|∇((ΛW )(λj))|
2rN−1dr.
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Note that

∫ 2R−
j

R−
j

∣∣∣∣∣∣∣∇


N−6
2∑

k=1

c∞j,k(T
∞
k )(λj)


∣∣∣∣∣∣∣
2

rN−1dr

=
∑

k1,k2∈{1,...,N−6
2 }

c∞j,k1c
∞
j,k2

∫ 2R−
j

R−
j

∇(T∞
k1

)(λj) · ∇(T∞
k2

)(λj)r
N−1dr.

Let M = (mk1k2)1≤k1,k2≤N−6
2

where

mk1k2 :=

∫ 2R−
j

R−
j

∇(T∞
k1

)(λj) · ∇(T∞
k2

)(λj)r
N−1dr

Using that

|(T∞
k )[λj ]| ∼ ck

1

(R−
j )

N
2

(
λj
λj+1

)N−4
2

γ
N−4
8

if r ∼ R−
j we see that

mk1k2 ∼ ck1ck2

(
λj
λj+1

)N−4

γ
N−4
4 (R−

j )
2

and so for some O(1) matrix M̃,

⟨M̃(c∞j,k)1≤k≤N−6
2
, (c∞j,k)1≤k≤N−6

2
⟩
(

λj
λj+1

)N−2

γ
N−6
4 (R−

j )
N−6

≲ ⟨log γ⟩2∥∇u0∥2Z−3,λ
+

〈
log

λj+1

λjγ
1
4

〉2

∥1r≥R−
j
∇ū0,j∥2Z−3,λj

+ (c∞j,0)
2

 λ
N+2
2

j+1

γ
N+2
8 λ

N+2
2

j


2

.

where we used that

|∇(ΛW )(λi)| ∼
1

λ
N
2
i

∣∣∣∣(∇ΛW )

(
r

λi

)∣∣∣∣ ∼ (λj+1

λj

)N+2
2

γ−
N+2
8 R

−N
2

j .
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This implies that

〈
M̃(c∞j,k)1≤k≤N−6

2
, (c∞j,k)1≤k≤N−6

2

〉
≲

(
λj+1

λj

)N−6

γ−
N−6
4 (R−

j )
−(N−6)

·

⟨log r⟩2∥∇u0∥2Z−3,λ
+

〈
log

λj+1

λjγ
1
4

〉2

∥1r≥R−
j
∇ū0,j∥2Z−3,λ


+(c∞j,0)

2

 λ
N+2
2

j+1

γ
N+2
8 λ

N+2
2

j


2

≲
1
√
γ

λ2j+1

λ2j
log

(
1
√
γ

λ2j+1

λ2j

)(
1

γ
N+2
8

(
λj+1

λj

)N+2
2

|c∞j,0|+ ∥∇u0∥Z−3,λ
+
√
Eout

)
.

(4.54)

On the other hand, we have (u0, u1) ⊥Ḣ1×L2 ((ΛW )(λi), (ΛW )[λi]). Using that

|∇ΛW (r)| ≲ r, R−
j ≲ γ(λ)

3
4λj ,

we have

∫
R−
j ≤|x|

∇u0 · ∇(ΛW )(λj) =

∫
|x|≤R−

j

∇u0 · ∇(ΛW )(λj) ≲ O(γ3| log γ|∥∇u0∥Z−3,λ
). (4.55)

Now using that

∫
|x|≤

R−
j

λj

|∇ΛW |2dx ≲
∫
|x|≤

R−
j

λj

|x|2dx ≲

(
R−
j

λj

)N+2

≲
1

γ
N+2
4

γN+2 = γ
3
4 (N+2).
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We also see that

∫
R−
j ≤|x|

∇u0 · ∇(ΛW )(λj) = c∞j,0

∫
Rn

|∇ΛW |2
(
1 +O

(
γ
3
4 (N+2)

))

+ O


N−6
2∑

k=1

|cj,k|+
√
Eout + γα∥∇u0∥Z−3,λ

 . (4.56)

This implies that

|c∞j,0|
∫

|∇ΛW |2
(
1 +O

(
γ
3
4 (N+2)

))
≤

N−6
2∑

k=1

|cj,k|+
√
Eout + γα∥∇u0∥Z−3,λ

(4.57)

where we used (4.55), (4.56). Combining this with (4.54) we obtain that

|c∞j,0| ≲
√
Eout + γα∥∇u0∥Z−3,λ

and using that 〈
M̃(c∞j,k)1≤j≤N−6

2
, (c∞j,k)1≤j≤N−6

2

〉
≳

∞∑
k=1

|cj,k|

we obtain that (since N+2
2 > N+2

8 and γ is small)

∞∑
k=1

|cj,k| ≲
1
√
γ

(
λj+1

λj

)2

log

(
1
√
γ

λ2j+1

λ2j

)
(∥∇u0∥Z−3,λ

+
√
Eout)

≲
1

γ
3
8

λ
3
2
j+1

λ
3
2
j

(∥∇u0∥Z−3,λ
+
√
Eout).

Since ∥∇(ΛW )(λi)∥Z−3,λi
≲ 1, we have

∥c∞j,0∇(ΛW )(λi)∥Z−3,λi
≲ |c∞j,0| ≲

√
Eout + γα∥∇u0∥Z−3,λ

. (4.58)
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We also have for r ≤ R+
j

|∇(T∞
k )(λj)| ≲

1

λ
N
2
j

(
r

λj

)−(N−1)

=
λ

N
2 −1
j

rN−1
≲

(
λj

R+
j

)N
2 −1

1

r
N
2

=
1

r
N
2

(
λj
λj+1

)N−2
4

and so

∥1r≥R+
j
c∞j,k∇(T∞

k )(λj)∥Z−3,λj
≲ |c∞j,k|∥1{r≥R+

j }
1

r
N
2

(
λj
λj+1

)N−2
4

∥Z−3,λj

≲ |c∞j,k|
(

λj
λj+1

)N−2
4

∥1{r≥R+
j }

1

r
N
2

∥Z−3,λj

≲
1

γ
3
8

(
λj
λj+1

)−1
2

(∥∇u0∥Z−3,λ
+
√
Eout)

≲ γ
1
8 (∥∇u0∥Z−3,λ

+
√
Eout) (4.59)

Combining (4.58), (4.59), (4.52), (4.53) we obtain

∥1{r≥R+
j }

∇u0∥Z−3,λj
≲
√
Eout + γα∥∇u0∥Z−3,λ

By the induction hypothesis we also have

∥1{r≥R+
j−1}

∇u0∥Z−3,λj−1
≲
√
Eout + γα∥∇u0∥Z−3,λ

and so using

∥1{r>R+
j }
f∥Z−3,λj

≲ ∥1{r≥R+
j−1}

f∥Z−3,λj−1
+ ∥1{r>R+

j }
f∥Z−3,λj

we complete the induction.

Now for j = 1, . . . , J, there are slight changes. If j = 1, we set up R−
j−1 = R+

j−1 = ∞

and v2j = 0.
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For j = J, we set c∞j,k = 0 if k ≥ 1 and R−
j = R+

J = 0. This completes the proof of

Proposition 4.6.7 assuming Lemma 4.6.9, which we will now prove.

Proof of Lemma 4.6.9. First note that

∥1
{r≥

R−
j
24 +|t|}

F (v3j )∥L1
tL

2
x
= 0

by finite propagation speed. Also, suppose 1 ≤ j ≤ J with i ̸= j. Then

∥∇vj1(0)∥Z−3,λj
≲ ∥∇u0∥Z−3,λ

.

If i > j, then note that by definition of v1j ,

v1j (0, r) = 0 if r ≤ λi

48γ
1
4

≤
R−
j

48
.

Now by Lemma 4.6.3, we have

∥1r≥|t|V(λi)v
1
j ∥L1

tL
2
x
≲ γ

1
4∥∇v1j ∥Z−3,λi

≲ γ
1
4∥∇u0∥Z−3,λ

.

If instead i < j, then by definition of v1j , v
1
j (0, r) = 0 if r ≥ 2

√
γλi ≥ 2R+

j−1. Then by

Lemma 4.6.3 we obtain

∥1{r≥|t|}V{λi}v
1
j ∥L1

tL
2
x
≤ γ

3
8N ∥∇u0∥Z−3,λ

.

These imply (4.49). To show (4.50), suppose 1 ≤ i ≤ J, i ̸= j. Since

∥∇((1− χ0R)f)∥Z−3,λ
≤ C∥1|x|≥R∇f∥Z−3,λ

,
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we have

∥∇v2j (0)∥Z−3,λj−1
≤ C∥1{r≥R+

j−1}
∇u0∥Z−3,λj−1

≲
√
Eout + γα∥∇u0∥Z−3,λ

.

Since v2j (0, r) = 0 if r ≤ R+
j−1 we have

∥∇v2j (0)∥Z−3,λj
≲ ∥∇v2j (0)∥Z−3,λj−1

.

Hence

∥∇v2j (0)∥Z−3,λi
≲
√
Eout + γα∥∇u0∥Z−3,λ

.

Using Lemma 4.6.3, we obtain

∥1{r≥|t|}V{λi}v
2
j ∥L1

tL
2
x
≲
√
Eout + γα∥∇u0∥Z−3,λ

thus proving (4.50).
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