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ABSTRACT

In this thesis, we study geometric aspects of exponential metrics associated with log-
correlated Gaussian fields, as well as analytic properties of dispersive wave equations. The
first part focuses on the structure of exponential metrics in arbitrary dimension, where we
establish that Liouville quantum gravity (LQG) metrics can approximate any Riemannian
metric equipped with a locally finite measure. In the second part, we investigate geometric
features of LQG and related random planar maps, introducing a notion of Gaussian curvature
for LQG surfaces and analyzing its discrete counterpart for mated-CRT maps. We obtain
asymptotics and scaling limits for curvature observables. The final part focuses on channels
of energy estimates for linearized wave equations. This type of estimates is essential for
establishing soliton resolution via the channels of energy method of Kenig-Merle. We prove
such estimates for the wave maps equation linearized around a ground state, and more
generally for a class of equations with analytic nonlinearities in even dimensions greater

than or equal to 8.
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CHAPTER 1
INTRODUCTION

The goal of this thesis is to study geometric and probabilistic properties of exponential
metrics associated with log-correlated Gaussian fields, as well as certain structural properties
of dispersive partial differential equations. The first part focuses on random surfaces arising
from these metrics, particularly on the flexibility of the associated measure and metric. The
second part investigates the discrete Gaussian curvature of a related probabilistic model and
its connections to continuum scaling limits. The final part concerns linearized wave-type
equations, using the channels of energy method to study the behavior of solutions and the

distribution of their energy.

1.1 Geometric properties of exponential metrics associated with

log-correlated Gaussian fields

In statistical mechanics, one studies random systems through their large-scale behavior,
usually as a physically relevant parameter tends to infinity. Mathematically, one takes scaling
limits of discrete models, yielding continuous approximations. Liouville quantum gravity
(LQG) is one such limit: a one-parameter family of random fractal surfaces, conjectured
to arise as the scaling limit of many discrete models. Introduced by Polyakov and later
made rigorous in works such as Duplantier and Sheffield [2011], Rhodes and Vargas [2014],
Sheffield [2016b|, Ding et al. [2020], and Gwynne and Miller [2021|, LQG has been shown
to describe limits in only a few cases (notably uniform random planar maps Miller and
Sheffield [2015], Miller and Sheffield [2021a|, and Miller and Sheffield [2021b]). A natural
higher-dimensional analogue of LQG is given by exponential metrics of log-correlated fields.
By now, the 2d theory of LQG has been extensively studied. However many questions about

higher dimensional extensions remain open: subsequential limits are known to exist due to

1



Ding et al. [2020], but have not been proven to be unique, and thus at the moment a unique
analogue of LQG in higher dimensions has not been properly constructed. Planar maps
are often used as canonical discrete models for random geometry. Many are conjectured to
converge to an LQG surface (see Figure 1.1 for an illustration of an LQG surface), a canonical
model for random surfaces defined as an exponential metric of a Gaussian free field, but few
are actually proven to converge. The definition of the LQG surface metric and measure
are highly nontrivial: they were established in a series of works Duplantier and Sheffield
[2011], Ding et al. [2020], Gwynne and Miller [2021]. A key tool in doing so is the mating-of-
trees theorem by Duplantier et al. [2021]: it provides a way of constructing certain random
planar maps decorated by statistical physics models from two correlated Brownian motions.
It complements earlier discrete bijections (Schaeffer [1998|, Mullin [1967]) by providing a

continuum encoding via correlated Brownian motion.

Figure 1.1: Simulation of Liouville quantum gravity.

1.1.1  Support of LQG

Given the rough regularity of LQG surfaces, a natural question is: what metric measure
spaces lie in the support of the law of LQG? More precisely, what metric measure spaces
can be approximated by the LQG metric and measure in the Gromov-Hausdorff-Prokhorov
topology with positive probability? In Contreras Hip and Gwynne [2023], we show that
the support includes all Riemannian metric spaces equipped with arbitrary locally finite

measures on it. This shows that, despite their low regularity, LQG surfaces can approximate
2



any smooth metric. The result is valid in all dimensions.

A striking feature of this result is that the metric and measure can be approximated
essentially independently, without any compatibility condition between the two, and also to
a lesser extent, that the support also includes pearl spaces.

The proof relies on a combination of tools, including the so-called “white noise decompo-
sition" of the GFF in order to separate the rough but small part from the large but smooth
component, and the “adding bump functions" technique together with Weyl scaling to con-
trol the smooth component. A more precise statement of the result can be found in Chapter
2.

This chapter is based on joint work with Ewain Gwynne.

1.1.2  Gaussian curvature in LQG and random planar maps

LQG surfaces have a metric structure, but at the same time have low-regularity. A natural
question to ask is to what extent Riemannian geometry concepts extend to LQG surfaces,
and whether they are compatible with analogous concepts in the discrete setting. To this end,
we first defined a notion of Gaussian curvature for LQG surfaces, and studied the discrete
curvature on a class of mated CRT-maps.

Suppose G is a planar map. To define the curvature, suppose we set all angles at each
corner of a face F' of G to be @T—FW’ where |F| is the number of vertices incident to F.
Inspired by the Gauss-Bonnet formula, it is natural to define the discrete curvature at a
vertex v as

|F] -2
Ky (v) ::27T—Z 7 s
F

where the sum is taken over all possible faces F' incident to v, that is, over all faces whose
boundary contains v. Note that in the case the graph G is a triangulation, this is equivalent
to

Kg(v) = 2 (6 — deg(v)).
3
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In particular, we can define the discrete Gaussian curvature for the Poisson mated CRT map
G: (a variant of the usual mated CRT map). We prove two main results: for the first, we
look at the discrete curvature summed against a smooth compactly supported test function.

We show that with probability going to 1 as ¢ — 0,
> i) Kg (v) =",
'UEVGg

In contrast, the total curvature on a CRT cell behaves differently, as our other main result

shows. We show that with probability going to 1 as ¢ — 0, we have

2vevi.ne, Ka.(v)
vevGento N,

c 1
in law, where the law of B can be described as a Gaussian random variable with variance
given by the boundary length of the mated CRT map cell Cy. More precise statements can
be found in Chapter 3.

This chapter is based on joint work with Ewain Gwynne.

1.2 Energy channels for linearized wave equations

Some important questions in the theory of Dispersive PDEs are the stability and classifica-
tion of solutions to nonlinear dispersive equations. These equations include the wave maps,
nonlinear Schrédinger, and Yang-Mills equations just to name a few. There has been con-
siderable interest in the study of these equations, modeling wave propagation phenomena
arising in multiple areas in physics, such as optics, ferromagnetism, general relativity, and
water waves to name a few. The long term behavior of these solutions, the so-called soliton
resolution, and issues such as blow up, global well-posedness and scattering are of particular

interest.



A key tool in understanding the long-time dynamics of dispersive equations is the channels
of energy estimate, which quantifies how much energy must escape to infinity for solutions
not trapped near a soliton. For the energy-critical focusing nonlinear wave equation in
three dimensions, Kenig-Merle introduced this method in Kenig and Merle [2008] and used
it to prove soliton resolution for radial solutions. Later, in works by Collot, Duyckaerts,
Kenig, and Merle, they proved the soliton resolution for radial solutions to the energy critical
focusing wave equation in all odd dimensions, as well as dimensions 4 and 6. They also
proved similar results for the wave maps equation and a class of similar equations with
appropriate analytic nonlinearities. The only even dimensions they treated were 4 and 6 due
to the fact that in even dimensions, the channels of energy estimate is weaker and takes a
different form. Later Jendrej-Lawrie proved the soliton resolution conjecture for wave maps
in the equivariant case and for energy critical NLW using a different approach bypassing the
channels of energy estimate used by Kenig and Merle. Nevertheless, the channels of energy
estimate is of independent interest, as it provides key information about the propagation
of energy of solutions to the wave maps equation. Proving a channels of energy estimate
becomes increasingly difficult as the dimension increases, due to the growing number of
degenerate directions of the linear wave operator. In Contreras Hip [2025|, we prove such a
channels of energy estimate for the wave maps equation linearized around a ground state.
More specifically, we establish a quantitative lower bound on the amount of energy that
must radiate to spatial infinity for solutions to the linearized equation, after projecting away
from a finite-dimensional subspace associated with the symmetries and resonant directions
of the problem. This estimate captures the dispersive component of the dynamics in high
even dimensions, where the presence of additional degeneracies significantly complicates the
analysis. This is a crucial step towards recovering the result of Jendrej and Lawrie [2025]
using the channels of energy method. The channels of energy estimate we prove also applies

to linearized wave equations corresponding to a class of analytic nonlinearities. A more



precise statment of the result can be found in Chapter 4.



CHAPTER 2
A SUPPORT THEOREM FOR EXPONENTIAL METRICS OF
LOG-CORRELATED GAUSSIAN FIELDS IN ARBITRARY
DIMENSION

The results in this chapter were developed in collaboration with Ewain Gwynne. The math-
ematical ideas and proof were developed jointly.

This material is included here with the permission of the co-author.

2.1 Introduction

Liouville quantum gravity (LQG) is a family of random metric measure spaces parametrized
by Riemann surfaces, depending on a parameter v € (0, 2), which describe the scaling limits
of random planar maps. LQG was first introduced (non-rigourously) by Polyakov in Polyakov
[1981] as a class of canonical models of random surfaces. One can define LQG surfaces with
the topology of any desired orientable surface Duplantier et al. [2021], David et al. [2016a,b],
Remy [2018], Guillarmou et al. [2019]. However, in this chapter we will only consider LQG
surfaces with the topology of the whole plane.

The main results of this chapter describe the closed support of the law of the LQG
metric measure space. More precisely, we show that if 9 is any length metric on R? and
m is any probability measure on R2, then with positive probability (Dy,, uup,) is close to
(0, m) with respect to the uniform distance and the Prokhorov distance (Theorems 2.1.4 and
Corollary 2.1.6). Our results provide a convenient “black box" for whenever one needs to
show that certain events for LQG hold with positive probability.

Several recent works (see, e.g., Ding et al. [2023], Dello Schiavo et al. [2023, 2021], Cerclé

[2022]) have studied analogs of LQG in dimension d > 3. The results of this chapter also



extend to this higher-dimensional setting, conditional on some properties of the higher-
dimensional analog of the LQG metric whose proofs have not yet been written down. In this
setting, our results raise important questions about what it means for a random Riemannian
metric to be “conformally flat"; see Section 2.1.3 for more details.

Roughly speaking, the aforementioned works on higher-dimensional analogs of LQG con-

sider a conformally flat Riemannian metric tensor on Rd, d > 3, of the form
M (da} + -+ dad), (2.1)

where v € (0,v/2d) and h is a log-correlated Gaussian field on RY, or some variant thereof
(the works Dello Schiavo et al. [2021], Cerclé [2022] also consider similar Riemannian metric
tensors on d-manifolds for even values of d).

As in the two-dimensional case, the Riemannian metric tensor (2.1) does not make literal
sense since h is a generalized function and is not pointwise defined. However, one can
construct the volume form associated with (2.1) as a random measure on R? via the general
theory of Gaussian multiplicative chaos Kahane [1985], Rhodes and Vargas [2014], Berestycki
[2017], Berestycki and Powell.

The recent paper Ding et al. [2023| proves the tightness of a natural approximation
scheme for the Riemannian distance function associated with (2.1). This paper also shows
that every subsequential limit is a metric on R? which induces the Euclidean topology. It
is expected, but not yet proven, that the subsequential limit is unique and is characterized
by a similar list of axioms as in the two-dimensional case Gwynne and Miller [2021]; see

Definition 2.1.3. Our results for d > 3 are proven conditional on these axioms.



2.1.1 Measure and metric definitions

We will now discuss the definitions of the measure and metric associated with the log-

correlated Gaussian field h.

Definition 2.1.1. The log-correlated Gaussian field is the centered Gaussian random

generalized function h¥ defined on R4 up to additive constants, with covariance structure

Cov (ho(z), ho(w)> = G(z,w) :=log (;) : (2.2)

|2 = wl

That is, if f is a smooth compactly supported test function on RY with /. 9B1(0) fdo =0,

then [pa f (2)h0(2) dz is a centered Gaussian random variable with variance

L[ s (|Z_1w|> Lo du

We define the field h to be the field A normalized so that is unit sphere average is zero, i.e.,

h=h'— / K (2)do ().
9B (0)

In dimension d = 2, the field A is the whole-plane Gaussian free field (appropriately normal-

ized) and has the explicit covariance structure given by

(2.3)

Cov (h(=), h(w)) = log (ma"“Z" Ly max{w], 1}) |

|z —wl

For an exposition of the Gaussian free field in d = 2, see, e.g., Werner and Powell [2020],
Berestycki and Powell, Sheffield [2007]. For an exposition of log-correlated Gaussian fields
in general dimension, see, e.g., Lodhia et al. [2016], Duplantier et al. [2017].

Formally, for v € (0, v/2d), the y-exponential geometry associated with h is described



by the random Riemannian metric tensor
M (dad + -+ da?), (2.4)

where dx% + -+ dx?i denotes the Euclidean metric tensor on R%. This metric tensor does
not make literal sense since h is not a random function but instead it is a random generalized
function, and hence 7 is not well defined. However, at least in dimension 2, we can still
define a random metric and measure associated with (2.4). To do so, we first approximate
h with well chosen mollifications, then pass to the limit.

One possible construction in dimension d = 2 is as follows. Let p; denote the heat kernel

in dimension 2,

pr(z) == 5—e 2. (2.5)

Define the mollified log-correlated Gaussian field

bel) = peagp + ) = [ Wiz = w)du,

where the integral is interpreted in the distributional sense. We can then define the v-LQG

measure as the a.s. weak limit

lim 72 /27he (7). (2.6)

This construction is a special case of the theory of Gaussian multiplicative chaos Kahane
[1985], Rhodes and Vargas [2014], Berestycki [2017], Berestycki and Powell. The measure p,
is locally finite, non-atomic, assigns positive mass to every open set, and is mutually singular
with respect to Lebesgue measure. This construction is also possible in higher dimensions.

We also have analogous properties for the Gaussian multiplicative chaos measure puy, :

1. Almost surely, pj, is a non-atomic Radon measure.

2. fU Cc R s any deterministic open set, then pj,(U) is given by a measurable function
10



of h|U
3. Almost surely, we have that for any continuous function f : RY - R, 7/ Bh = Hpyf-

4. Almost surely, we have the following statement. Suppose that ¢ is a composition of

dilations, translations, and rotations. Then

Hhog+Qlog |¢|(A) = 1 (d(A))

for any measurable A C RY.

The v-LQG metric is defined similarly. Let d > 2 be the fractal dimension of y-LQG.
Prior to the construction of the LQG metric, this number was shown to arise in various
approximations of the LQG metric in Ding et al. [2019], Ding and Gwynne [2018]. After
the metric was constructed, it was shown that d- is its Hausdorff dimension [Gwynne and
Pfeffer, 2019, Corollary 1.7]. We note that d is not known explicitly except that d VBB = 4.
Let

¢.= L. (2.7)

Similarly to (2.6), we define the approximating metrics

1
D5(z,w) := _inf / h=(PW)| P! (1) dt (2.8)
0

P:z—w

where the infimum is over all piecewise continuously differentiable paths from z to w. It was
shown in the series of papers Ding et al. [2020], Gwynne and Miller [2020b|, Dubédat et al.
[2020], Gwynne and Miller [2020a, 2021] that there are normalizing constants {a.}.~o and
a random metric Dy, on R such that

Dy (z,w) = lim az 1 D5 (2, w) (2.9)

e—0

11



in probability with respect to the topology of uniform convergence on compact subsets of
R? x R?. The metric Dy, is defined to be the 7-LQG metric. The metric Dy, induces the
same topology on RY as the Euclidean metric, but has very different geometric properties.
See Ding et al. [2021] for a survey of known results about the LQG metric.

In higher dimensions, the metric measure space D;, associated with the log-correlated
Gaussian field h can be defined, but is not yet defined uniquely Ding et al. [2023]. However,
it is conjectured that such a metric can be defined uniquely, and that it satisfies the following

“strong" axioms. First, we define length metrics.

Definition 2.1.2. Let (X,0) be a metric space. For a path P : [a,b] — X, we define the

0-length of P by

ST
lo(P) := Sup > o(P(t), P(ti-1))
i=1

where the supremum is over all partitions 7' : @ = tg < --- < typ = b of [a,b]. We say that
0 is a length metric if for each z,y € X, the distance 9(z,y) is equal to the infimum of the

0-lengths of the d-continuous paths from z to y.

Now we will define the Weyl scaling as follows: for any continuous f : R — R and any

length metric ? on R4 inducing the Euclidean topology, we let
((P)
(el - 0)(z,y) = i%f/ el (P(®) gy (2.10)
0

where ¢(P) is the d-length of P and the inf is over all paths from z to y parametrized by
9-length. For any open set U C R we also define the internal metric o(-,;U) by

where the infimum is taken over paths P : [0,1] — U such that P(0) = z and P(1) = y.

Then we will assume the metric Dy, satisfies the following axioms.
12



Definition 2.1.3. We say a map from random generalized random functions h on RY to
metric measure spaces (R?, Dy, y1p,) satisfies the strong LQG axioms if there exist constants

&,y such that the following hold:
1. Almost surely, Dy, is a length metric.

2. Let U be a deterministic open set. Then the internal metric Dy,(-, -; U) is a measurable

function of hg;.

3. Weyl scaling: Recall the definition of Weyl scaling (2.10). Then, a.s., for every contin-

uous function f, we have e/ - Dy = Dpy g

4. Coordinate change: let A > 0 and zg € RY. Then almost surely,

Dp(Az + 20, Ay + 20) = Dp(riz0)+Qloga (@ 9), Vo, y € RY

where () := % +

=2

Note that the above axioms are satisfied by the LQG metric in dimension d = 2 (see
Gwynne and Miller [2021] and Dubédat et al. [2020]). It is believed that the above axioms
also hold for any subsequential limit obtain in Ding et al. [2023| for d > 3, but no proof of
this has been written yet.

We will also assume that

Ny (2.11)

£

as in the two dimensional case. We expect this to hold, since one expects % = dim(R%; Dy,)
and dim(]Rd; D;,) > d since Dy,’s geometry should be strictly “rougher" than Euclidean. We
expect this can be proven rigorously with comparison arguments, but we do not do this here,

and is the subject of forthcoming work of the first author and Z. Zhuang.

13



We will additionally assume that
E(diamp, ([0, 1]%)P) < o (2.12)

for some p > d. This also holds for the LQG metric in dimension 2 (see [Dubédat et al., 2020,
Proposition 3.9]). The axioms above are all used throughout the paper, while the bounds
(2.11) and (2.12) are technical assumption, only used in Subsection 2.3.1 and Subsection

2.3.2, respectively.

2.1.2 Main results

Recall that our goal is to determine the closed support of the law of (Rd,Dh, wp,) with
respect to some reasonable topology on the space of metric measure spaces, assuming h is
as in Definition 2.1.1.

The LQG metric (and any higher dimensional analogue) is a length metric essentially by
construction. The class of length metrics is preserved under various forms of convergence,
e.g., uniform convergence [Burago et al., 2001, Exercise 2.4.19] and Gromov-Hausdorff con-
vergence |[Burago et al., 2001, Theorem 7.5.1]. Hence, the LQG metric cannot approximate
a metric which is not a length metric. Our first main result implies that this is essentially
the only constraint.

We say that (X,0) is boundedly compact is each closed bounded subset of X is -

compact. 1

Theorem 2.1.4. Let d be a boundedly compact length metric on R which induces the

FEuclidean topology and let m be a locally finite Borel measure on RY, Suppose that there

1. The reason for imposing the bounded compactness assumption is to make it so that all of the 0-
geodesics going between points in [~ R, R]¢ are contained in some (d-dependent) compact set. We expect
that Theorem 2.1.4 is true without the boundedly compact assumption, and that this can be obtained
by approximating the restriction to [~R, R]? of a length metric which is not boundedly compact by the
corresponding restrictions of boundedly compact length metrics. However, for the sake of brevity, we do not
carry this out in this chapter.
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exists a map h — (Rd,Dh,uh) as in Definition 2.1.3 with £ < 1, and suppose h is a log-
correlated Gaussian field. Let Dy, puy, be as Definition 2.1.3. Then Dy, and uyp, approximate
the metric 0 and the measure m respectively with positive probability. More precisely, for any

g, R > 0, we have with positive probability that

|Dh(l’,y) - D(ZL', y>| <e
for all z,y € [-R, R? and at the same time for any Borel set A C [—R, R]% we have
m(A) < pp(Ae) + ¢

and

pp(A) < m(Ag) +¢
where Ae :={z € R - inf,c 4|2 — u| < €}

Perhaps surprisingly, we do not need to assume any relationship between 9 and m in
Theorem 2.1.4. Even though Dy, and py, are closely related to each other (see, e.g., Gwynne
and Sung [2022]), there is a positive chance for them to behave quite differently. A much
weaker result in this direction in the case of d = 2 appears as [Bou-Rabee and Gwynne,
2022, Proposition 11.9].

In dimension two, Theorem 2.1.4 can be viewed as a general-purpose theorem for making
the LQG measure and metric do things with positive probability. In this sense, these results
are an LQG analog of “support theorems" for various stochastic processes, which charac-
terize the elements of the state space that they can approximate with positive probability.
Examples of such support theorems include the classical fact that d-dimensional Brownian
motion can be made to approximate any continuous path in Rd; and analogous statements

for Schramm-Loewner evolution (see, e.g., [Miller and Wu, 2017, Section 2|).
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We expect that Theorem 2.1.4 and the some of the techniques used in its proof will be
useful in future works concerning LQG and its higher dimensional analogs. Indeed, when
studying LQG, one often needs to show that Dj, and/or i, has some prescribed behavior with
positive probability. Prior to this work, this was typically done via ad hoc methods based on
the fact that adding a smooth bump function to A changes its law in an absolutely continuous
way. See [Ding et al., 2021, Section 4.1| for an explanation of this technique. Arguments
of this type can sometimes be quite complicated, see, e.g., [Bou-Rabee and Gwynne, 2022,
Sections 11.2 and 11.3] or [Gwynne and Miller, 2021, Section 5|]. In future work, such
arguments could be replaced by applications of Theorem 2.1.4.

In the course of proving Theorem 2.1.4 in dimension d > 3, we also establish several
independently interesting facts about log-correlated Gaussian fields which we expect to be

useful elsewhere (see e.g. Lemmas 2.2.4, 2.2.5, and 2.2.6).

2.1.3 Interpretation of results in dimension d > 3

In dimension d > 3, Theorem 2.1.4 is of interest for the same reasons as in the two-
dimensional case, as discussed just above. It also raises interesting questions about the
interpretation of the random Riemannian metric tensor (2.1), which we will discuss in this
section.

A Riemannian metric tensor g on a domain U C RY is conformally flat if there is a
continuous function f : U — R such that g = ef(da:%—i—- . -+dx?i), where dx% +-- -+dm§ is the
Euclidean Riemmanian metric tensor. More generally, a d-dimensional Riemannian manifold
is locally conformally flat if it admits an atlas where in each chart, the Riemannian metric
is conformally flat. It is a classical theorem that every two dimensional Riemannian manifold
is locally conformally flat, i.e., it can locally be expressed in isothermal coordinates. However,
this is not true in dimension d > 3. Rather, a d-dimensional Riemannian manifold is locally

conformally flat if and only if its Cotton tensor (for d = 3) or its Weyl tensor (for d > 4) is
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identically zero.

Theorem 2.1.4 implies that the random metric and measure associated with (2.1) can
approximate any length metric and locally finite Borel measure on R? with positive proba-
bility, even a metric and measure associated with a Riemannian metric tensor which is not
conformally flat. This leads one to wonder whether the random Riemannian metric tensor
associated with (2.1) should be thought of as a random conformally flat metric on RY, or
as a general random Riemannian metric on R?. This is closely related to some fundamental

questions about analogs of LQG in higher dimensions, e.g., the following.

e Let n € Nand let M, be a uniform sample from the set of triangulations of the d-sphere
(i.e., simplicial complexes homeomorphic to Sd) with n d-simplices. For d = 2, it is
known that M,, (equipped with its graph distances, appropriately rescaled) converges
in the Gromov-Hausdorff sense to 1/8/3-LQG Le Gall [2013], Miermont [2013], Miller
and Sheffield [2015, 2021a] (see also Holden and Sun [2023] for a stronger topology of
convergence). For d > 3, does M,, converge in the scaling limit (e.g., with respect to
the Gromov-Hausdorff distance) to a d-manifold, equipped with a random Riemannian
distance function of the form (2.1)? Or is it the case that to get convergence to a
random Riemannian distance function of the form (2.1), one needs to instead take
a uniform sample from a restricted set of triangulations of S% which are required to
satisfy some discrete analog of conformal flatness? See Ding et al. [2023|, Bou-Rabee

and Gwynne [2024] for related discussions.

e Consider the following random Riemannian metric tensor on RY:

d
Z eﬁhi’jdxidxj (2.13)
ij=1
where the 8 > 0 is a parameter and h; ;s are log-correlated Gaussian fields on R4

(coupled together in some manner). Can one make rigorous sense of the distance func-
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tion associated with (2.13)? If so, then this distance function superficially seems to be
supported on a more general class of metrics than (2.1) since (2.13) is not required to
be conformally flat. However, our results show that any length metric on R? can be
approximated with positive probability by the Riemannian distance function associ-
ated with (2.13) (conditional on the conjecture that this Riemannian distance function
satisfies the strong axioms). So, in what sense does (2.13) actually give a more general
Riemannian metric than (2.1)7 Could it be that the limit of a natural approximation
scheme for the Riemannian distance function associated with (2.13) is actually just
the Riemannian distance function associated with (2.1), where h is some function of

{hij i, =1,...,d} and v is some function of 3 and d?

We do not know the answers to the above questions, even conjecturally, but they seem to be

worth pursuing further.

2.1.4 Applications of Theorem 2.1.4 in the two-dimensional case

Application to the LQG sphere

As a consequence of Theorem 2.1.4, one can obtain a similar result concerning a special
LQG surface called the v-LQG sphere, which is represented by a certain special variant of
the GFF. There are a number of equivalent ways of defining the 7-LQG sphere. The first
definitions appeared in Duplantier et al. [2021], David et al. [2016a] and were proven to be
equivalent in Aru et al. [2017]. The definition we give here is [Aru et al., 2017, Definition

2.2| with k =3 and a] = ap = az = .

Definition 2.1.5. Let v € (0,2) and let

.,
—. 2.14
-, (214)



The Liouville field is the random generalized function
h=hE+7G(0,) +7G(1,) — (2Q — 7)log| - |+ (2.15)

where hC is the whole-plane GFF, G(-, ) is its covariance kernel as in (2.2), and log| - |+ :=
log(max{|z|,1}). The (triply marked, unit area) 7-LQG sphere is the LQG surface
parametrized by C represented by the field h, where the law of P}, of h is equal to the law
Pﬁ of
- 1
h:=h— —log up(C) (2.16)
v

weighted by a -dependent constant times [uh(C)]4/72_2, ie., Zn — C(y) x [uh(C)]4/72_2.

We note that if h is as in Definition 2.1.5, then pj(C) = 1 (this is because of the
subtraction of %ylog pp(C) in (2.16)). Furthermore, one can check that the LQG metric
associated with the LQG sphere extends continuously to the one-point compactification
C U {00}, so it can be viewed as a metric on the sphere (not just on C). One reason why
the 7-LQG sphere is special is that it is the LQG surface which arises as the scaling limit of
random planar maps with the sphere topology. See e.g. subsubsection 2.1.4 for more details.

We also have the following result for LQG in dimension 2.

Corollary 2.1.6. Let 0 be a length metric on the sphere S = C U {oco} which induces the
Euclidean topology and let m be a Borel measure on S with m(S?) = 1. Fiz v € (0,2) and
let DiL and 1, denote the metric and measure associated with the v-LQG quantum sphere,

viewed as a metric and measure on S%. For each e > 0, it holds with positive probability that

Dj(z,y) = d(x,y)| <&, Va,y€S? (2.17)
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and at the same time for any Borel set A C S2,
m(A) < iy (A2) + (2.18)

and

pp(A) < m(Ag) +¢ (2.19)

where Az := {z € C : inf cgdg(z,u) < e}, with dg being the Euclidean metric on S%. In

particular, with positive probability we have that

dgHp ((52,07111), (Sz,D;L,u,;)> <e. (2.20)

To obtain Corollary 2.1.6, one can write the quantum sphere field h in terms of the

Gaussian free field,

~ -1
h:=h-— S log 3 (C),

where

Since Theorem 2.1.4 lets us “fix" the total measure j;,, it suffices to consider h, and show that
(Dy,, 7, is close to any conformally flat Riemannian metric ef - dy with positive probability.
For this, we first approximate the function vG(0,-) + vG(1,-) — (2Q — v)log| - |+ by a
smooth, finite Dirichlet energy function f-. This approximation can be chosen so that f-(z) =
vG(0,2) + vG(1,2) — (2Q — v)log |z|+ for z € B%(O) \ (B:(0) U B£(1)). By the Cameron
Martin property of the GFF, we know that Corollary 2.1.6 holds if we replace h with &+ f-.
Now the final step is to show that both the measure and metric are “unaffected" by the
singularities at 0,1, 00. To do this, we note that if P is any geodesic between two points,
then we can replace P by a path with similar LQG length avoiding € neighborhoods of the

singularities.
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Application to random planar maps

Due to the convergence of uniform random planar maps toward \/8/_3—LQG, Theorem 2.1.6
has implications for the study of random planar maps. To explain this, let M, be sampled
uniformly from the set of all quadrangulations of the sphere (planar maps whose faces all
have degree 4) with n € N total faces. Let D, and p, denote the graph distance and the
counting measure on vertices of M,,, respectively. We will now recall the Gromov-Hausdorff-
Prokhorov distance. Suppose that mq, mg are Borel measures on a metric space (X,0). The

Prokhorov distance is given by
dp(my,mg) :=inf{e > 0:my(A) <mg(Ae) +¢, mo(A) <my(A:) + ¢ for all closed A},

where

As :={r e X : inf 0(x,y) < e}.
yEA

Also, recalling that the Hausdorff distance between pairs of sets A, B in a metric space (X, )

is defined by
d(A,B) :=inf{r >0: A C U,epBo(z), B C UzcaBo(z)}.

We define the Gromov-Hausdorff distance between two metric spaces (X1,01) and (Xo,02)
as the infimum over all 7 > 0 such that there exists a third metric space (Z,0) and sub-
spaces X{, Xé that are isometric to X1 and Xy respectively, and additionally dg (X i, Xé) <
r. Finally, the Gromov-Hausdorff-Prokhorov distance between two metric measure spaces

(X1,01, 1) and (X9, 09, u2) is defined as

dap((X1,01, 1), (X2,02,12)) = z Dll)flfl ., dp (X1, X2) +dp(tfp, 3p2),

where the infimum is taken over isometric embeddings ¢; : X1 — Z and t9 : Xo — Z.
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It was shown independently by Le Gall Le Gall [2013] and Miermont Miermont [2013],
building on many other works, that the metric measure spaces? (Mp, n-1/ Dy, n 1 fn,) con-
verge in law in the Gromov-Hausdorff-Prokhorov sense to a random metric measure space
called the Brownian map. See Le Gall [2014] for a survey of this work and Addario-Berry
and Albenque [2017], Bettinelli et al. [2014], Addario-Berry and Albenque [2021|, Marzouk
[2022] for extensions to other types of random planar maps with the sphere topology.

Subsequently, Miller and Sheffield Miller and Sheffield [2015, 2021a,b| constructed a met-
ric associated with \/%—LQG (using a very different construction from the one described
above). They then showed that the \/%—LQG sphere, equipped with this metric and its
LQG area measure, is isometric to the Brownian map. Finally, it was shown in [Gwynne
and Miller, 2021, Corollary 1.4] that the Miller-Sheffield metric a.s. coincides with the met-
ric from (2.9) for v = /8/3 (¢ = 1/1/6). Combining these results shows that if % is the
random generalized function associated with the \/%—LQG sphere and M,, is a uniform

quadrangulation as above, then
(Mn,n_1/4Dn,n_1Mn) — (SQ,Dh,,uh> (2.21)

in law with respect to the Gromov-Hausdorff-Prokhorov distance. The following corollary is

immediate from Theorem 2.1.6 and (2.21).

Corollary 2.1.7. For n € N, let My, be a uniform quadrangulation of the sphere with n
faces, as above. Let (X,0,m) be a metric space homeormorphic to the sphere, equipped with
a length metric and a probability measure. For each € > 0, there exists p = p(e, (X,0,m)) >0

such that for each sufficiently large n € N,

P |:dGHP ((Mn,n_1/4Dn,n_1un), (X,a,m)) < e] > p. (2.22)

2. Often this scaling limit result is stated with an additional constant factor in front of n='/#D,,. For
convenience we implicitly re-scale the metric on the Brownian map so that this constant is not needed. We
do the same for the 1/8/3-LQG metric. This re-scaling does not affect the statement of Corollary 2.1.7.
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The same holds for other classes of random planar maps known to converge to the Brownian
map, e.g., uniform k-angulations for k > 3 Le Gall [2013], Addario-Berry and Albenque

[2021] and uniform planar maps with unconstrained face degree Bettinelli et al. [201/].

2.1.5 OQOutline

In Section 2.3 we prove the following variant of Theorem 2.1.4:

Theorem 2.1.8. Let ¢ > 0, and let f : R — R be a smooth compactly suported function.

Then with positive probability we have that

sup  |Dp(x,y) —ef - do(a,y)| <e
xﬂUE[_RvR}d

and at the same time,

(=R, R%) <e.

To prove this, we use an analogue of the white noise decomposition for the Gaussian
free field to decompose h as h = hg g + hg o, where § > 0 is small, hg g is a random
generalized function, and hg ., is an independent random smooth function (see (2.35) for
a precise statement). The generalized function hg g has very weak long-range correlations
and its law is invariant under rotations and translations of R%. The function hg o does not
enjoy these properties, but it is smooth. Once we do this, we discretize R? and use a first
passage percolation argument as in Boivin [1990] followed by scaling arguments for LQG to
show that 57(§Q71)Dh0’ s is approximately Euclidean and simultaneously 5*(7Q*d) Hho 5 is
approximately the Lebesgue measure with high probability when g is small (Propositions
2.3.2 and 2.3.3). After this, in Lemma 2.3.4 one controls the smooth part corresponding to
hg ~ by forcing it to be close to any given function with positive probability. Forcing hg
to be approximately @5;1 log 8 and using Weyl scaling, one obtains that with positive prob-

ability, that Dj, approximates any conformally flat metric, while pj,([—R, R]d) is bounded
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by a multiple of 6 = O(3% %),

In Section 2.4 we show that the measure can be modified in such a way that we do not
change the metric very much. In Proposition 2.4.3 we add bump functions to h to show that
we can make i, approximate an arbitrary finite sum of point masses. Then in Proposition
2.4.4 we show that the metric is not greatly modified, by showing that geodesic can freely
go around the added bumps without adding much length. The bump functions we add
will be large on the union of a large collection of small squares, and very negative on a
small neighborhood of each of these squares. See Section 2.4.1 for a precise definition. This
construction is similar to Section 11.2 in Bou-Rabee and Gwynne [2022]. Together with the
results in Section 2.3 this gives the proof of Theorem 2.1.6 for the case that our metric is a

conformally flat Riemannian one. The last step is to use the following folklore statement.

Theorem 2.1.9. Let d be a length metric on RY which induces the same topology as the
FEuclidean metric dy. Let € > 0 and R > 0. Then there exists a bounded continuous function

f: RY — R such that

sup ’CZ(.T,y) _ef d()(l’,y” <e
1'7y€[_R,R}d

A proof of this is given in Contreras Hip and Gwynne [2024].
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2.2 Preliminaries

Fix v € (0,2). Let h be a whole-space log-correlated Gaussian field as in (2.2). Let h be a

log-correlated Gaussian field plus a continuous function, i.e., a random generalized function
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on R? which can be coupled with A in such a way that h — h is a continuous function on RY.
As explained in Section 2.1.1, one can define the 7-LQG metric D; and the LQG measure
py, associated with h.

We will also define the sphere average of a function. Suppose that g : RY 5 Ris a

function, r > 0, and 2 € RY. Then we define

1
gr(20) = m 9B, (z0) g9(z)do(2),

where o is the uniform measure on the sphere 0B;(zg).

Let h be a log-correlated Gaussian field, as in (2.2). For any z € R? and r > 0, we
define the sphere average h,(z) as the average of h over the sphere of radius r centered at z,
which is well defined despite the fact that h does not have well-defined pointwise values (see
Section 11.1 in Lodhia et al. [2016]).

We note for the future that the law of h up to constant is invariant under complex affine

transformations, that is for a € R%\ {0}, b € RY, we have
h(a - +b) — hygy(b) £ h. (2.23)

We will also use a few additional properties about log-correlated fields, such as an ana-
logue of the white noise decomposition (subsection 2.2.1), and an analogue of the Cameron-
Martin property for h (subsection 2.2.2): if f : R? — C is a continuously differentiable
function whose Dirichlet energy [pa [V f |2 is finite and whose average (f)1(0) over the unit

sphere is zero, then the law of h + f is absolutely continuous with respect to the law of h.
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2.2.1 White noise decomposition for log-correlated Gaussian fields

Let W be a space-time white noise on RY x Ry. That is, W is the Gaussian random

generalized function such that for each f € L%(R% x R, ), the (formal) integral

[T [ s owiae,an

is centered Gaussian with variance fooo Jr2 f (z,t)2dxdt. For t > 0, we define the kernel
d
pt(x) to be the kernel associated with (—A)?2, that is py(x) is formally the solution to

d
Oipt + (=A)2py = 0, (2.04)

po = 90-
Rigorously, p; € L2(Rd) is the unique kernel such that the (unique) solution to

dru+ (=A)2u=0

u(0, ) = up(z)

is given by

ut.a) = [l = puo(y)dy.
Rd
To see that this kernel is well defined, one can take the Fourier transform on both sides of
the equation for p; to obtain

d
2

Orpr + (2m|€12)2pr = 0,

po(§) =1,
which suggests we define
d
2
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Note that by scaling, we have the identity

ﬁl) (2.25)
td

For 0 < a < 8 < oo, we also define

32
haply) = /(12 /det/z(x —y, )W (dx,dt). (2.26)

We will need the following basic property about the kernel py(x).
Lemma 2.2.1. Let pi(x) be defined as in (2.24). Then we have the following identity:
/Rd pe(21 — @)ps(x — 22)dx = prys(21 — 22).

Proof. By translation invariance, it suffices to show

/ pe(x)ps(z — 2)dr = pst(2).
Rd

For this, suppose u is the solution to

d
2

Oru + (—A) u =0,

u(0, ) = up(z)

where uq is any smooth compactly supported initial condition. Let

tea) = [ ([ pomta =y =2 ) unti)an
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Then

oita) = o ( [, [ ey - Duodu:)

= [, | orenepte =y = 2uow)dud:
Rd JRd
and so
o(t,z) = / / Ot(pt(2))ps(x —y — 2)ug(y)dydz. (2.27)
Rd JRd
On the other hand,
d

o) = [ a0t =y = 90uDuo )y

d

_ /R d /]R ((=a0)E) (@ =y~ 2p(2)uoy)dyd=

Combining with (2.27) we obtain

(=4)

&.

d
<8t + (—Aﬁ) v = / at + ( 5 (2)ps(z —y — 2)ug(y)dydz = 0.
R4 Rd
Finally, note that

i o) = Jim [ ) ([ e == oty ) d:

t—0 t—0
_ / ps(z — y)ug(y)dy
Rd

= u(s,x).
Therefore u(s + -, -),v(+, ) both solve

Ow + (—A)%w =0,
w(0,z) = u(s, x)

28



This implies that v(¢,x) = u(s + t,z). Since the initial condition uy € CZ° was arbitrary,

This completes the proof. O

For @ > 0, one can check using the Kolmogorov continuity theorem that h, g is a

continuous function. Indeed, for any two points v, w we have

Var(hg g(v) — ho g(w)) = 2(Var(hg g(v)) — Cov(hg,g(v), ha,g(w)))
32 B2
= 2/2 ps(v,v) — ps(v,w)ds < (/a? ||Vp3||Loods> v —w|

(07

For o = 0, we interpret h( 5 as a random generalized function.

We collect some basic properties of the family {hg 3}~ we will need later on.
Lemma 2.2.2. The family {hg g : 3 > 0} has the following properties:

-Ifo: R? — RY is a rotation, reflection, or translation, then {ho,ﬁ o¢: [ >0} has the

same law as {hy g : 3 > 0}.
- If 6 € [0,1) we have that {hg 55(d-) : B > 0} and {hg g: 3 > 0} agree in law.
- If0 < B1 < PBo < B3 < By < oo then hy g, — ho g, and hy g, — hg g, are independent.
Finally, ho 1 is ergodic with respect to translations of RY.

The invariance and independence properties are immediate from the definition, see, e.g.,
Section 3.2 of Ding and Goswami [2019] for the two dimensional case. For the last statement,
note that the white noise W (dx,dt) is ergodic with respect to spatial translations, and

therefore so is hg g. An important consequence is the following scaling property of Dy, 5

Lemma 2.2.3. Let > 0. Then {Dhoﬁ(x,y) cx,y € R4 has the same law as

{85Dy,, (57 2,87 y) 2,y € RY}
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Proof. This is a direct consequence of the LQG coordinate change formula, Weyl scaling and

Lemma 2.2.2. Indeed, by the LQG coordinate change formula, a.s.

Dh071 (ﬁil‘xa ﬁily) = Dho}l(ﬁfl')ﬁ-QlOg(ﬂ*l)(m" y)7 vx,y S ]Rd.

By Weyl scaling and Lemma 2.2.2, the metric on the right has the same law as 6_§QDhO 5
O

Lemma 2.2.4. For each § > 0, hg o, is well-defined as a random function viewed modulo

additive constant and agrees in law with h * Pg2/2, modulo additive constant.

Proof. Let f : RY — RY be compactly supported and smooth such that fRd f(z) = 0. Let

R > 0 be large. Then

Var < 5 f(Z)hﬁ’R(Z>dz) —E (( e f(Z)hB,R(Z)dz> 2)

since

E( g f(z)hﬂ’R(z)dz) ~0.
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Therefore,

Var ([, 1000 d=) <B( [, [ 1070 s lo o)
- E( L, /]R @)
/R/ﬁ ol — ) W ()
J ot i asay)
- E( L, /]R @)
/Rd/ﬁ pija(e =y —u) Widu, dt)

/Rd/ﬂ Ps/2(—v) W(dv,ds) dz dy)

/Rd Rdf y) Kp(z —y) dx dy.

(2.28)
where

x>:=E</R d //3 /]R d //3 sl — Wy (v >W<du,dt>w<dv,ds>>.

Using the definition of the white noise we obtain
r(z) = Py /o(x —u)p dtdu
/}R . /ﬂ t/2( t/2(w)
Using Lemma 2.2.1 we have

[ peer = omta = 22)ds = pae1 = 22),
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and so

Kp(x) = /5 pr()dt. (2.29)

Using Plancherel, (2.29), and the fact that F(f *x g) = f§ we obtain

/ F(@)f(0) K p(x — y)dady = / Rr(QIF(OI2C. (2.30)
R4 JRd

Note that
pe(¢) = e~ I, (2.31)

and so in particular it is integrable in both space and time. Hence

R2

i Kp(Q) = fim [ Q= [ ey = [ e -
1m — 1m = = e = —— e
R—o0 R R—o00 /2 bt 32 bt 32 2d7rd|<|d

_Qdﬂd52|g|d

(2.32)
By plugging (2.30) into (2.28), then using (2.32), we obtain

1 drdp2)c|d
Jim_Var (/ F(2)hg Rl > /Rdm 27\ F(C)|Pdc. (2.33)

P2
Note that the above integral is well defined since f is smooth and f(0) = 0, hence %
is integrable at 0. This shows that f — [pa f(2)hg s0(2)dz is well-defined as a centered
Gaussian process on the set of smooth compactly supported test functions with integral

zero. We will now show that this process agrees in law with f — [pa f(2)h * p52/2(2) dz
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Recalling that hq(0 faB hdcr = 0 and that fRd f(z)dz = 0, we obtain

Var ( f)h#pg (z)dz>

</f o)

:/Rd/Rd *p52( x)h *1%2( ))dxdy
/Rd /Rd ) f(v) (/ / p52 T —u)p % )]E(ho(u)ho(v))dudv> dxdy
- /Rd /Rd )/ (y) (/Rd /Rd p,g; T — u)p%z(y — U)G(U,v)dudv> dxdy, (2.34)

where G(z,y) is given by (2.2). Note that by translations invariance we have

F@) ) 3 (e — W) ol — ) log(masc{[ul, 1})dudv ) dady

o @00 (s )

= [ L1 ([ ot wostmastiud, i) ([ g atoyte) dody
(L, rs) [ 60 ([ psegote — o) tosumactial. an) ([ o pterin) do

where in the last line we used that fRd f = 0. Therefore

Var (/Rd f(2) hoxpge (z)dz)
1
:/Rd/Rdf (/Rd/deB; r—u)p —U)log(’ _Ul)dudv) dxdy,

Let

Fo(v) = /deBQ/Q(m _ u)log (‘u ! U‘) du.
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Note that F, = p52/2( -) * log <| |) . Hence

£ = 7 (1o (1)) Fogepate = O

1 1 .
Qdﬂ-d|dd‘7_-(p52/2(x - ))(C) = Qdﬁd|g|dp52/2

(C)e—%rix-(.

Then

/Rd/Rdf(a:)f(y) </Rd/deﬂ22(x—u)p%2(y—v)log(’uiv‘)dudv) dxdy
:/]Rd /Rdf(ﬁ)f(y) </RdF:c(U)pgz/2(y—v)dv) dxdy

_ /R o f @) < /R BRI, /2(g)dg) dedy  (Plancherel)

1 1 m T
= g [ [0 ([ k0 i) o

L el 2 .
= — d Defn. of Fourier transform
it O Sl OPdC >

£r\2
_ f(g) G—Qdﬁdﬁ2|C|dd<'
Rd 24md|¢|d

Combining this with (2.34), that

FO? odpagep
ar (/Rdf(z)h*pég(z)dz> :/]Rd Qde’qde 20 57IC] dc.

Now using (2.33) we obtain

ar (/Rdf(z)h*p%g(z)dz) = Jlim Var (/ F(2)hg gl ) :Var( Rdf(z)hﬁpo(z)dz).

Since the variances agree, this completes the proof. O

By sending 8 — 0 in Lemma 2.2.4, we find that hg o is well-defined as a random

generalized function and agrees in law with h, modulo additive constant. We may therefore
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couple h with the white noise W in such a way that faBl(O) hg oo =0, and

h=hyg+hge —(hop)1(0), (2.35)

where we recall that g,(zg) denotes the sphere average m IP By (20) g(2)do(z). This de-
composition will be crucial for our proofs. We prove the following technical lemma, which

will be used repeatedly in future calculations.

Lemma 2.2.5. We have that

(ho,5) (0) =0
in probability as 5 — 0.

Proof. Recall by (2.28) and (2.29) that

Vor ([ 1 a1 ) = [ [ )0 Ko plo ~ sy,

where

62
Ko p ::/ pe(z)dz.

a2

Note that the above inequality also holds for f replaced by a measure pu, that is

Vor ([ hastaute)) = [ [ Kapto = n)duta)dnt.

Again using Plancherel as in Lemma 2.2.4, we obtain that

24c.

Vr ([ Fhaslan)) = [ Fas©la)

Taking 4 such that [pq f(2)du(z) = faBl(O) f(2)do(z), we note that u’s Fourier transform
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is well defined. Therefore we have

Var ((Fo,5)1(0)) = /]R lim Ky 5(O)l(C)PdC,

d a—0

and similarly we have

d R—o0

Var ((hg.00)1(0)) = /]R lim K p(O)](0)]%dC.

We compute

ﬁQ 52 52 am2t|¢)?
lim K, a,3(¢) = lim 7r/ pe(Q)dt :/ mpe(C)dt :/ me 2 dt
0 0

a—0 a—0  Ja2

Noting that this last expression converges to 0 as § — 0, we see that

Bliino\/ar ((ho,5)1(0)) = 0.

This completes the proof.

2.2.2  Cameron-Martin property for log-correlated Gaussian fields

We will need the following property, analogous to the Cameron-Martin property for the GFF.

Lemma 2.2.6. Suppose that f € C'(C)’O(Rd) is a smooth compactly supported function. Then

the law of h+ f is absolutely continuous with respect to the law of h up to additive constant.

Proof. By Proposition 2.3 in Junnila et al. [2018] we have the Karhunen—Loéve expansion

of h (up to additive constant)

h = Z Anm@n(iﬂ)

n>0

where {A,}pen is the set of eigenvalues of the Hilbert-Schmidt operator associated with

the kernel pt, {¢n}pen is an orthonormal basis of eigenvectors in L2, and {Ap},>0 is an
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i.i.d. set of standard Gaussian random variables. Since f € C° (Rd), there exist coeflicients

{cn}nen € 2(N) such that
neN

da
Indeed, since f € HE (RY), we have

[ = Z dntpn
neN

for some coefficients d,,, and so

dn
50 > /Rd A% f(2)2dz = /Rdf(z)Agf(z)dz >3 dy %

neN

and so ¢, = \%‘\— € (2. Then

neN

Therefore h + f is absolutely continuous with respect to h, with Radon-Nikodym derivative

given by
c% 1 2
H e” 2 et =72 ZnGN Cn+2n€N cndn
neN
which converges, since ¢, € (2. This completes the proof. O

2.3 Aproximation theorem for Riemannian metrics

In this section we will prove Theorem 2.1.8.
In Section 2.4 we will then generalize this to the case of any measure on RY, still with
the same metric.

We will need the following technical lemma about a moment bound for diam Dhy ([0,1]%).
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In this we use the moment assumption (2.12).

Lemma 2.3.1. There exists a p > d such that
I}_?l(diamehO,1 (B1(0))P) < 0.
Proof. Recall that h = hg 1 + hq . Therefore
diamp,  (0,1]) £ diamp, ([0, 1]7)68 3Pl e Poe.

By the Borel TIS inequality, we have that sup, e[0,1]¢ h1,00 has an exponential tail, and hence

exponential moments of all orders. Therefore for any d < p < p, we have

1

_ 7\ Py
Stiann, (0,09 im0 149 () i ) 0T

where we used (2.12) in the last line. This completes the proof. O
Theorem 2.1.8 will be proven by combining the following propositions.

Proposition 2.3.2. There exists v > 0 such that the following is true. Let ¢ > 0. With

probability going to 1 as  — 0,

Dp (. y) = B vl — y|| < ep@! (2.36)

for all z,y € [-R, R]%.

Proposition 2.3.3. There exists a constant Cy > 0 such that the following is true. Let

c > 0. With probability going to 1 as  — 0, we have

o s (=R RI) < Cop1@—>7"
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Let f — f denote the Fourier transform and let f — f denote the inverse Fourier

transform,
]E(:U) _ /e2m'§.mdg
We will also need the following lemma:

Proposition 2.3.4. Let ¢ > 0, and suppose that [ is a function such that f has compact
support and f@Bl(O) f(2)do = 0. For small enough B > 0, it holds with positive probability

that

178,00 = fllpoe((—1,12) < &

We will now assume the results of Propositions 2.3.2, 2.3.3, and 2.3.4, and prove Theorem

2.1.8.

2.3.1 Proof of Theorem 2.1.8

We have the following result, which follows from the same proof as Lemma 7.1 in Dubédat

and Falconet [2020].

Lemma 2.3.5. Let U C R% be a bounded open set, and let f : U — R be a continuous
function, and let p1,p9 : (0,00) — (0,00) be increasing functions such that o1(07) =
©2(01) = 0. Suppose {dp } >0 is a sequence of length metrics inducing the Euclidean topology

on U such that for any x,y € U, and any n € N,

o1z —yl]) < dn(z,y) < @a(llz —yl)).

Assume additionally that dy, converges uniformly to a metric doo. Then ef - dy, converges to
el - ds in the sense that for any x,y € U, we have

lim ef - dp(z,y) = el - doo(z,y).

n—oo
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We will need the following corollary.

Corollary 2.3.6. Let U C R be a bounded open set, and let f : U — R be continuous. Let
e > 0, and suppose that 0 is a continuous length metric on U. Then there exists a § > 0 such
that if 0 is another continuous length metric on U such that SUP,. 17 100(z,y) —0(z,y)| <4,

then |ef - vg(z,y) —ef -0(x,y)| < e for all z,y € U.

Proof. 1f the conclusion does not hold, then there is a sequence of continuous length metrics
0" such that

1
sup ’00<x>y) - Dn($,y)| < -, (237)
= n
x,yel

but

sup lef - og(z,y) — el -0 (z,y)| > .
z,yel

Therefore 9" converges to 0g uniformly. We claim that the hypotheses of Lemma 2.3.5 hold,

giving us a contradiction. For this we construct the functions @1, 2. For any r > 0, let

@1(r) ;= inf  "(xz,y),
T,y e —y|=r
neN

and similarly

pa(r) == sup  d"(z,y).
xy:le—y|=r
neN

Finally, we define

p1(r) := inf p1(s)

s>r
and

©a(r) 1= sup pa(s).

s<r

Note that ¢1(r), pa(r) are both decreasing, and @1(r) > ¢1(r), @2(r) < pa(r). Therefore by
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construction we have that

e1(lz —yl) <"(x,y) < pa(lz —yl).

It suffices to check now that ¢1(r) > 0 if r > 0, po(07) = 0, and ¢9(s) < oo for small
enough s. To check that ¢ (r) > 0, suppose by contradiction that this is not the case. Then

there exist sequences ny, xp, y; such that |z — yi| = r and

lim 0" (xzp,y) = 0.
k—r00

Note that by passing to subsequence if necessary, we can assume that either n;. = n does not
depend on k or nj, — 0o as k — oo. In the first case, we would have that limy_, ., 0" (x, yp) =
0 for some n, which is impossible since 0" is positive definite. In the second case, again by
passing to a subsequence we can assume that x;, — = and y; — y. Hence we have by (2.37)

that

1
lim 0"k (xp,y;) > liminf 0g(xy, yi) — — = liminf 0g(z, y.) = 0o(x,y) > 0,
k—o0 k—o0 N k—o0

which yields a contradiction.
A similar contradiction argument shows that ¢9(07) = 0 and ¢9(s) < oo. This completes

the proof. n

We will need the following lemma about the behavior of metrics of the form e’ . o when

F' is small.

Lemma 2.3.7. Let F : R® — R be a continuous function, and suppose that 0 is a length

metric. Suppose that F € L (Rd), and that

Diamp([-R, R :=  sup oz, y) < o0
x,yE[—R,R]d
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Then

sup e a(w,y) — o(w, y)| < el Pl (elFle 1) Diamg ([ R, B,
I,yE[*R,R]d

Proof. This is an elementary consequence of the definition of ef” - 9. n
Now we will finish the proof of Theorem 2.1.8.

Proof of Theorem 2.1.8. Now assume that we are in the setting of Theorem 2.1.8. Let
f: R? — R be a continuous function. From now on, we assume that the conclusions of

Propositions 2.3.2, 2.3.3,

(ho,g)1(0)| < € (2.38)

and 2.3.4 hold simultaneously, which is a positive probability event for small enough 5 > 0.
This is because the conclusions of Propositions 2.3.2 and 2.3.3 hold with probability going
to 1 as 8 — 0, (2.38) holds with probability going to 1 by Lemma 2.2.5, the conclusion
Proposition 2.3.4 holds with positive probability, and also by the independence of g g, hg .

We claim that
Dy (,y) — v e - dy(a,y)| < B9 e, Va,y € [-R, R (2.39)

This statement might seem odd at first glance, since Dy (z,y) is of constant order while
v38@=1e8S . dy(x,y) is not. However, it holds because we are conditioning on the event
that [|hg oo — flloo < &, which is rare, but holds with positive probability. To prove (2.39)
we apply Corollary 2.3.6 to the metrics 0g = vdy and 0 = 61_5QDh075 together with the
function f, which we know satisfy the hypotheses by Proposition 2.3.2 for small enough f.

Thus for small enough 8 > 0, we have that for all z,y € [—R, R]d,

9Dy plo) v o) <
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or equivalently,

|Dh0 5+f<.§l], y) - VﬁgQileff ’ dO(xa y)| < 5562716' (240>

We recall the white noise decomposition
h=hyg+hg e — (hop)i(0).
This implies that
1= (ho,g + Pllec = [(hg,00 = ) = (ho,3)1(0)llcc < (125,00 = flloo + [(ho,5)1(0)]-

Using Proposition 2.3.4 for the first term and (2.38) for the second one, we see that for small
enough [ we have

1= (ho,g + F)lloc < 2¢.

Therefore by Lemma 2.3.7 we have that for all z,y € [-R, R]%,
2 2 : 2
|Dy(2.y) — D s 4 (2, 9)] < €% (e ge _ 1) Diamp, . (1.1, (2.41)
Applying Lemma 2.3.7 again for the metric Dy, 5 and the perturbation f, we see that
' _ d ey _ d
DlamthJrf([ R, R|%) <e Dlamphw([ R, R]").
Now using Proposition 2.3.2 we obtain that

Diamp, ﬁ+f<[_R’ R)%) < pEQ71,2/2 4 2@~
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Plugging this into (2.41) we obtain that if € is small enough, for all z,y € [—R, R]d we have

Dy (z,y) — Dh07/3+f($7y)‘ < <€256 _ 1) 5662_141/.

Combining this with (2.40) and using the triangle inequality, we obtain that

Dh(i’,y) —VﬁgQ_legf d0($7y)‘ < ‘Dh(l’,y) _Dh076+f(x>y)‘
+|Dh075+f(xa y) - VﬁgQ_leff . d0($7y)|
< pEO-1o 4 <e258 - 1) 3Q-1yy,

Therefore for small enough § > 0 and shrinking ¢ if necessary, we obtain our claim (2.39).
Again recall we are assuming the conclusions of Propositions 2.3.2, 2.3.3 and 2.3.4 hold
simultaneously. Using the white noise decomposition h = hy, 3+ hg o — (hg 3)1(0), we see

that by Proposition 2.3.4 and (2.38) we have
1= ho,5 = flloo < 2¢.
Hence
un([~R, R < €W||f|\oo+2véuh0ﬁ([_3’ R%) < Cye Il fllot27e gr7@=2—¢ (2.42)

This implies that if the conclusions of Propositions 2.3.2, 2.3.3, and 2.3.4 hold, then we have

that for any =,y € [—R, R]d,
Dy, y) = vB 91 - dy(a,y)| < B9,

and
un([=R, R < Coer Il 22 gn @27,
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Now replacing f by f + (% —Q)log(B) — 10%”, we obtain

sup | Dp(x,y) — & - do(z,y)| <e
xﬂUE[_RvR}d

and for any Borel set A,
where

Note that by (2.11), § — 0 as § — 0, and so this completes the proof of Theorem 2.1.8. [

2.3.2  First passage percolation argument

From now on, let Diamj, denote the diameter with respect to the metric Dy and define
Diamho’ 5 analogously. For the proof of this Proposition 2.3.2, we first treat the case where
y is fixed. We will look at the asymptotic behaviour of DhO,l (0, x) in a single direction first,
and then prove convergence independent of the direction. To this end, we will need the

following lemma.

Lemma 2.3.8. Let ¢ > 0 be a sufficiently small fized constant. Then we have that almost
surely,
(I—c)n
sup Dh(),l (.I’,y) <2
x7y€[_2n72n]d

lz—y[<1

for all but finitely many integers n.

Proof. We recall that e(p) := E ((DiamDhO . ([0, l]d)>p> < oo for some p > d by (2.12). By

Markov’s inequality,

_C¢
onp(l—c)’

P (DiamDh(L1 ([0,1]%) > 2(1—0)”) <
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for some absolute constant C' only depending on p. Now note that if

sup Dy (z,y) > o(l=¢)ntd

zye[-2",2"
[z—y|<1
then there must exist xg, yo such that |z —y| <1, but Dy, (z,y) > 2(1=c)n+2 This implies
that there must exist a cube [k1, k1 +1] X [ko, ko +1]- X [kg, kg+1] with =2 < ki, ko,... kg <

2™ — 1 such that
Diamp, ([ky. ky + 1] x [kg, kg + 1] - x[kg. kg +1]) > g(l—c)n.

Since there are 24" possibilities for the pair (k1, k9), we obtain

P sup Dy, (x,y) > 2079 | < (2mydpt=o),
x7y€[_2n72n]d ’
lz—y|<1

Choosing p to be close enough to 2 such that d — p(1 — ¢) < 0, we can apply Borel-Cantelli

to obtain that almost surely, for all but finitely many n we have

sup Dy (2,y) < ol—c)n
z,ye[—2n,2Md
lz—y|<1

This completes the proof. n

Lemma 2.3.9. Let 2 € R\ {0} be fired. There is a deterministic constant v > 0, not

depending on x, such that a.s.

Dho,1(0’ AT)

= 0.
Alz]

lim
A—00

— VvV
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Proof. Recall that hg 1 is stationary and ergodic by Lemma 2.2.2 and thus so is Dy, , (0, z),
which together with subadditivity (which is the triangle inequality for Dj, ) and Kingman’s

ergodic theorem (see Kingman [1968]) shows that there exists a deterministic function v :

Dh071<07”x) IR
Alz| || '

S! — R such that

lim
n—oo

Combining this with Lemma 2.3.8 we see that

M_V LN |
Az |z] ’

lim
A—00

where here A\ is a real number. Now all that remains is to see why v is in fact constant.
Simply note that the law of Dy, | (0, z) is rotationally invariant with respect to « by Lemma

2.2.2 and hence v is independent of the direction. O

DhO,l (0,33)
E

=0.

-V

Lemma 2.3.10. Almost surely, lim SUP 4|y 00,7€RY

For the proof of this lemma, we follow the argument used in the main theorem in Boivin
[1990]. The argument is almost exactly the same, but we reproduce it here for the reader’s
convenience. First we will outline the proof. The first crucial element is the maximal
lemma, Lemma 2.3.11 below, which gives an upper tail bound for the random variable
SUD|4[>1 Dho’l(O,x)/|x|. The next step is Lemma 2.3.12, which tells us that given any di-
rection 6 there is a 2’ in that direction at a far enough distance from the origin such that
DhO,l(x’ 2') < A|z| for a large constant A > 0 which does not depend on z.

Now if the lemma is not true, then we must have a sequence x; — oo such that

By extracting a subsequence, we can assume that |£_Z| — y. We can then compare the
1

distances Dy, (0, 7;) and Dy, (0,n;Mz) where 2 € R? with |z| = 1 is an appropriate direc-
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tion, M is a large integer, and n; € N is such that |z;|, |n; M z| are comparable. Combining

Dh071 (va’b)

everything we can conclude that
|i

—v| < &, yielding a contradiction.

First we claim that that the probability of Dy (0, x)/|x| being large is small. More pre-

cisely, we need to show the following “maximal lemma’:

Lemma 2.3.11. For some fixed constant K1 we have

D 0,z K
IP’{ sup M>x\}§

1
Tr€RY |z|>1 || A

Proof. Let S be the set of closed squares of side length 1 with corners in Z%. For each pair

of squares S, S’ € S which share a side, we define the weight
w(S,S") = Diamy, , (S) + Diamy,, (5).

For each z € R?, choose S; € S such that z € S (if z lies on the boundary of a square, we

make an arbitrary choice). For z,y € Rd, let

|P| |P|-1
L(z,y) := i%fz; w(Pj—1, P;) = Diamy, | (Sz) + Diamp, , (Sy) + 2i%f Z; Diamy, , (F;)
1= 1=
where the infimum runs over all paths P : Py, Py, .. .,P| P of cubes with Py = S; and

P| Pl = Sy. By the triangle inequality,

Dh071(07x) L(O,l‘)

Hence

D 0,z L
IP’{ sup M>)\}§P{ sup (0’$)>)\}.

r€eRL |z|>1 ] zeR? |z|>1 ]

Note that hg1 is stationary and ergodic by Lemma 2.2.2, and therefore so is Diamy, , S. Since
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Diamy,, .S has a finite p-th moment by Lemma 2.3.1, we can apply the maximal lemma in
ho,1 p Y

Boivin [1990] (also see [Boivin and Derriennic, 1991, Theorem 6]) to see that

L0 K
IF’{ sup (’I)>>\}§—;.
r€RL, |z|>1 ] A

Let £\ be the event that

Dh071 (yv J))

|

sup <A,

reRL |z|>1

and write £y = F)(0). By Lemma 2.3.11 we know that

K
P(Ey) > 1~ 5.

Following the notation in Boivin [1990], for M € N; let

VM::{%:zGZd}7 V= | Var, B={zeV:p|=1)
MeN

and for k, p > 0, define the partial cone
C(k,p) = {xERd:x%—l—---—l—x?l_l gx?l,ogxdgp}.

— — —
If 6 is a unit vector, let 6 C(k, p) denote the cone C(k, p) rotated so that its axis is R 6.

If f is a function from the set of metrics on R? to R, let

1
AV ko)) = = S f(Dhgy (- ue ).
16 C(k,p)| - p
ye 0 Ck,p)NZ
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Then AV(?, k,p)(f) = E(f(Dpy,)) as p — oo by the Birkhoff ergodic theorem. Therefore
%
applying this to f = 1p, we get that almost surely, for each fixed A,k > 0 and 0 € R, we

have

ﬁ
Av( 8,k p)lg, — P(E))
_>
as p — 00. In particular, there is some N1 = Ny( 6 ,k,\) such that for all p > N; we have

K

Kl —
P(E)) — SV Av( 0,k p)(1g,) <P(E)) + A

(2.43)

%
Lemma 2.3.12. Suppose that 0 € R is a fixed unit vector. Suppose that Kl/)\d < 1/4.
%
Then there ezists a random wvariable N1 depending on k, 0 , X if p > max{Ny,2k} and

o' —p > max{2, KQp)\_d} for some large constant Ko only depending on Ky, then there is a
— —
JeZin(0Ck o)\ 0C(k,p)) such that

sup M <A\
zeRY |z—2/|>1. |z — 2|
Proof. We have
1= 20 <B(Ey) - o < AV(T k)05,
Let
A=700TCH,p), A =7Zin(GCk )\ GCk,p)
and

D=An{y: Ey\(y) holds}, D' =A"n{y: Ey\(y) holds}

(see Figure 2.1). Then

/
2Ky _ |D| + |1

1— .
AT A+ A
Hence
2K 2K4
|D'| > |A"] + (JA] - |D]) - ~d (1A]+ 1A > A" - ~d (1] +1A"])

20



L
Figure 2.1: The sets A and A’.

To prove the claim it is enough to have |D’| > 1. By the above inequality, for this it suffices

to have (1 — %)M' | > 2)%|A| + 1. Explicit calculation of |Al, |A’| gives this inequality for

large enough p and p' — p. O

>O}>O.

If this is the case, then by compactness of 0B(0,1), we can find a sequence {x;};cn with

Now if Lemma 2.3.11 is false, then we would have

D 0,x
IP’{ lim sup ‘M —v

T€RL,|z|—00 |z]

x; — o0 such that

>e Vi=1,2,... (2.44)

— —y and ‘— —v
for some £ > 0. Now we make a series of choices. Let A be large enough so that

A4 < 2/(32VdKS), (2.45)
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—_— <= (2.46)

Also, take M large enough so that there isa z € Vj; = ﬁZd with |z| = 1 and
ly — z| < &/10vA. (2.47)
For i € N, let n; be such that
n M < |x;| < (n; +1)M, (2.48)

and let Ng be large enough so that for any ¢ > N,

M/|z;| < &/20vA, (2.49)
g _
‘y — —| < &/10vA, (2.50)
|4
|(ni M)~ Dy, (0,n;M =) = v| < £/10 (2.51)

(which is possible by the ergodic theorem) and
|n; Mz|| > max{2Ks, A2/ Ko, N1 } (2.52)

(see Figure 2.2).

%
Lemma 2.3.13. Let § € 0B1(0) be fized. Then for large enough k and p, p’ as in Lemma
2.8.12, there exists a 2/ € 79N ?(C’(k‘, )Y\ C(k,p)) such that

Dpy,(0,3;) Dy (0,n;Mz) )\(|xz —n;Mz| + 2|2 —n;Mz|)

|

. (2.53)

Proof. By Lemma 2.3.12, there is a 2/ € Z9n (?C(kz, p’)\?C’(l{:, p)) with p = ||n; M z|| such
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Figure 2.2: The n;, z; and the renormalized limit y.

that
Dy, (¢, )
sup ———— < A\, (2.54)
verd ¥ =7l
|lz—2'|>1
By repeated applications of the triangle inequality,
Dh01(0,l‘z) Dh071(07niMZ) Dho,l(xianiMz)
| 4] |4 - |
< (Dh071 (l‘iaz/> + Dh071 (Z/,TZZMZ))
- | 4]
< >\(|JZ1 - le + |Z/ —n;Mz|)
- |4
< >\(|mi—niMz|+2|z’—nZ-Mz|)‘ (2.55)
| 4]
]
Recall y from (2.44). We claim that
D, (0,2)
‘ °’|1 | Yoy <e (2.56)
Ty
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which will contradict (2.44). By the triangle inequality,

xX; n; Mz
2 =Mz < ol | | —y| |y - o
|:171| |xz|
T; n; M
< al |y — 5| +ly—zl+ ]z [ 1 -
|2;] |2;]
T; n; M
= |zl ly— 5| +ly—=z+(1— = : (2.57)
|2 |2

Let 2/ € Z9N (?C’(k, o)\ ?C(/{:, p)) be as in (2.54) taking p = ||n;Mz||, p’ — p = 2Kop/ A%
Using (2.52) we obtain

|2/ —niMz| < (%er—/))
(2K2||nzMz||/md

2K 2K 1
2 | 2 ) M

l|ni M z|| + 2Ko||n; M=||
k \d

axs

ad T

< Vd (4/@2 + ;) M. (2.58)

In the first line we used the fact that 2/, n; Mz € e (C(k, p') \ C(k,p)), and so it is easy to

see that

/
|2 — Mz, < Vd|Z —niMz| < Vd (% +(p —,0)) :

The first line follows. Plugging (2.57) and (2.58) into (2.53), we obtain

M 4K 1 M
Fly—z+ (1= ) +va (=24 - ) B ).
x N k) |
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Now using (2.47),(2.49), and (2.50) we obtain hat for large enough A, k we have
3 13 g g

< — .

Mt mrtmn) <3 @9

where in the last line we used (2.45). We also have by (2.48) and (2.51) that

Dy, (0,n;Mz) Dy (0,n;Mz) M
01 ! — 0.1 ! < Dh (O,niMz) < <V + —>
|24 n; M [ng Ma;| 701 |74 10
g g g
< — ) < = 2.
= 200 (vt 10) =70 (2.60)
and
Dy, . (0,n; Mz =
0aOniMz) <=, (2.61)
niM 10
Finally, combining (2.60), (2.61), and (2.59), we obtain
Dh()’l (07 xz) v Dh()’l (07 xz) . Dh071 (07nZMZ)
|74 - |74 |74
N Dpy,(0,n;Mz)  Dp,(0,n;Mz)
|74 n; M
Dh01(0,niMz)
+ -V
niM
< €

which proves (2.56).
Now we are ready to prove Proposition 2.3.2.

Proof of Proposition 2.3.2. Let ¥ : (0,00) — (0,00) be such that limg_,o ¥(3) = 0 and
limg_,o W(B)/B = oo. Then we claim that for any fixed Z € 6Z% we have with probability

tending to 1 as § — 0 that

B (1—e)|a—2| < Dy (2, 7) < B9 (14e)v|z—2|, Vo € R%uch thatja—z| > U(B),
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Indeed, in Proposition 2.3.10 0 could be replaced with any other fixed point z € Zd, that is,

almost surely we have that

D, (x,7)

|z — 7|

lim sup —v| =0.

T—00

By Lemma 2.2.3 and Lemma 2.2.2 we have that

P(ﬂéQ—l(l — )|z —7| < Dhoﬂ(x?j) < ﬁgQ_l(l +e)v|r — Z|, Ve s.t. |z — | > VU(5))

=P((1 —e)vjz| < Dpy,(2,0) < (1 +e)vfz|, Vost. [z > V(8)/8) — 1 (2.62)

as 3 — 0.
Now fix § > 0 and assume that § is small enough that U(5) < §. By a union bound, it
holds with probability tending to 1 as 3 — 0 that for each z € (6Z%) N [~R, R]%, and all

z € R? such that |z — Z| > 8, we have
(1 —ewB@ Yo — 2| < Dy ,(,2) < (1+ )9 o — 7]
Now suppose that z,y € [—R, R]d. Then there exists an = € §Z¢ such that
d<|lz—z|<C6
for some d dependent constant d and

d < |z —1yl
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Therefore we obtain that

Dhoaﬁ(J:’y) S DhO,ﬁ(f7$> + Dhoﬁ(jay) S (1 + 5)7/55@_1“1' — j‘| —+ |:i‘ — yl)
< L+ Qe —al + o - y)
< (L4 e e —y| +205(1 +e)rps@L,
Similarly,

Dho’g(x7y> > (1 - g)yﬁgQ_Hx - y| - 45(1 + 5)”5562—1'

Noting that ev35¢—1 |z —y| —|—45(1+5)u55Q*1 can be made smaller than any desired multiple
of A59~1|z — y| by making e and & small enough, we conclude the proof of Proposition

2.3.2. [l

2.3.83  Controlling the total mass

Let a be defined by
@ = E(pp, , ([0,1]%) < 00

(which is well defined by Theorem 2.11 in Rhodes and Vargas [2014]). Then by translation
invariance, we have that for any positive integer n,

E(iuho 1 ([_2’11, 271]6[)) S 2da2dn

Therefore, by Markov’s inequality we have that for any small ¢ > 0,

P11y, (=27, 2"1%) < 2% 275 > 1 - o= 50

2716

as n — oo. By Lemma 2.2.2, ho 1 agrees in law with hgy g(8-). By the Weyl scaling and

LQG coordinate change properties of yiy,, ,, we deduce that jp, , ([-2", 2119) agrees in law
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with ﬂ_VQuhOﬂ([—ﬂQ”,BZn]d). Hence picking n such that 25 € [1,11/10], we obtain with

probability tending to 1 as § — 0 that

fing 5 (=1.11%) < da @i, (2.63)

2.5.4 Making hg o approximate with positive probability
We will need a couple of lemmas.

Lemma 2.3.14. Let f : R? — R be a smooth function and let 8 > 0. Let Pg2/2 be as in

(2.5). Suppose that f’s Fourier transform f 1s compactly supported. Then there exists a ¢
with V¢, ¢ € L*(RY) such that

f =DPp2/9 * .

Proof. Since f is compactly supported, its Fourier transform is well defined. Let F~1 denote

the inverse Fourier transform. Define

¢:—f—1< f )
P22
/

We note that by (2.31), }%2 /o never vanishes, and hence P is well defined and by the
82/2
compact support of f it is compactly supported. Therefore ¢ € H1 (Rd). Also,

~

}—(pm/g *¢) = 2552/215;;/2 = f

This completes the proof. O

The following lemma tells us that we can approximate uniformly by functions with com-

pact Fourier support.

Lemma 2.3.15. Let R,e > 0. Then there exists a countable family of smooth functions such
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that for any f € F, the function f is compactly supported, and if g is continuous in Bp(0)
then there exists an element f € F such that sup_cpp o) |9(2) — f(2)| <e. In particular, all

elements in this net are Schwartz.

Proof. Take F to be any countable £/2-net of smooth functions in C(Bg(0)). Let y : R% —
[0,1] be a smooth function such that x(y) = 1 for |y| < 1 and x(y) = 0 for |y| > 2.
Then for any f € F and N € N, let fy = F 1 (fX (N)) Then fp has compactly
supported Fourier transform, and ||fy — fllo < /5 — flli = 0 as N — 0. Now taking

F={fn:f€F, N eN} we have our desired net. O

Next, we need to construct functions such that the sphere average at the unit sphere can

be arbitrarily large, but when convolved with Pg2 /2 is small.

Lemma 2.3.16. Let 8 > 0, K > 0 and n > 0. Then there is a smooth function ¥V , =

Vi B such that
/ Vg, =21K, (2.64)
9B1(0)
and
IV ke *p52/2||oo <. (2.65)

Proof. Let 77 > 0 be a small constant to be chosen later. Let W , be such that

K if z € 9B1(0),
\IIK,n(Z) =
0 if|z|<1—nqor|z|>1+7.

Suppose additionally that W Kn(z) € [0, K] for all z. Then it is clear that (2.64) holds. For

2.65), note that pso for any z € R?. Therefore
52/2\%

Nﬁd

Vi *pgejaz0) = /C‘PK,n( )g2a(20 = 2) S —5 5 / Vi y(2)dz

IN

%R((l—i—n —7m(l—17 > 7]

29
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2
Therefore if we take 7 < % we obtain (2.65). O

The following lemma tells us that the sphere average of h % Pg2 /2 at the unit sphere is

small if £ is small enough.

Lemma 2.3.17. Let € > 0. It holds with probability converging to 1 as B — 0 that

|(hepgpa), 0)] <<

Proof. We recall that h is locally in H~* for any s > 0 by Proposition 2.7 in Sheffield [2007].
Therefore h % pga jp — b in H™* for any s > 0 as § — 0. Therefore (h *p52/2)1(0) — h1(0)

as [ — 0. Since h1(0) = 0, this completes the proof. O]
We will also need the following lemma.

Lemma 2.3.18. Let R > 0, and €,0,0 > 0. Suppose that E is an event such that P(E) > 0.
Then there is a smooth, compactly supported function ¢ such that ¢(z) =0 if |z| > R+ +6,

and such that with positive probability,

E occurs and sup  |hg oo(z) — 9(2)] < €.
:L‘EBR(O)

Proof. Let Fr denote a family of functions compactly supported on Bp,519(0) that form a

countable e-net in C'(Bgs(0)) (with the L> norm). Then

0<P(E) < Z P (E holds and ~ sup |hg oo (7) — ()| < 8) :
¢€FR :EEBR(O)

so there is some ¢ such that

P ( £ holds and  sup |hg o(7) — ¢(x)] <] > 0.
xGBR(O)
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This completes the proof. O

Let ||||oc denote the L% (Br(0)) norm for some large fixed R. Let E denote the event in

Lemma 2.3.17. Then by Lemma 2.3.18, there exists a smooth function fg such that
P (E holds and ||} o — f5]lco < f) > 0. (2.66)

Suppose from now on that E holds. By Lemma 2.3.14, there exists a smooth function gg

such that

Pg2/2 % 93 = f—fs (2.67)

By Lemma 2.2.4 we can couple h and hg o, in such a way that

hﬂ,oo = h * p,@2/2 — (h * p62/2)1(0)

Then we have that

178,00 = flloo < Nhg oo — (f = f3) — falloo
< Hhﬂ,oo—pﬁ?/g*gﬂ—fﬁﬂoo
< NI(h—gp) *pg2 /o = falloo + 1hg00 = b P2 9lloc

= (b= g8) % pgjo = Falloo + | (R pgepa) | (O

where in the last line we used Lemma 2.2.4. Let K = (gg)1(0), and define gg = g5 — ¥ .,
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where W . is given as in Lemma 2.3.16. Then we have by the triangle inequality that

1hpoo = flloo < IIth—g5) *pg2/2 = fglloo + [ {h*pg2)a )

) 0)[ + [[(g5 — 95)*]752/2“00

= (h=3gp) *pg2j9 = falloo + [ (P *pg2/9 ) (O)] + WK e *Pg2 9l

1

IN

(hxrgepa), ©)
< (h—3) *pg2 o — Sl + 1 (h*pﬁz 2)
(heraepa) €
GO

17 = Gp) * pg2jo — fplloo + | (A *pg22) (0)] 4 (2.68)

where in the last line we used Lemma 2.3.16. Now we claim that the event

{020 = Flloos| ((h+35) ¥ Do) (O)] <€} (2.69)

holds with positive probability. Suppose that (2.69) holds for now. Then we have by Lemma

2.2.6 that it holds with positive probability that

(10— G5) % pg2ys = folloos | (B pgape), (0)] <.

Combining this with (2.68) we obtain that

Hhﬁ,oo — flloo < 3¢

with positive probability.
It remains to show that (2.69) holds with positive probability. Note that we already have

with positive probability that we simultaneously have

9
00 = Falloo < =

and

|(h* pga jp)1(0)] < e.
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Then

IN

[((h+38) ¥pg2p2), O < e+ (3p%pg2p2), (0)

< e+ (955 ppp2), O+ 1 (Vi #pz2p0) (0)
= et (F = 1p); O+ (Ve *pg2pn) | O,

where in the last line we used (2.67). Now recall that f1(0) = 0 by hypothesis. Hence by

(2.66) we have
|(f = ) 1(0)] = [(f3)1(0)] < [(hg,00)1(0)] +7TZ <e.

This implies that

((h+ 38) * g2 )1 (O)] < 22 + | (e P2 1)1 (0)].

Using Lemma 2.3.17 we obtain that (2.69) holds with positive probability.

2.4 Increasing measure without changing metric

Let f : RY — R be a bounded continuous function. By Theorem 2.1.8, with positive

probability we have
et - do(z,y) — £ < Dy(a,y) < e - do(z,y) +e, (2.70)

for all z,y € [~R, R]? and also

un((~R A% < (2.71)
Definition 2.4.1. We let EY denote the event that both (2.70) and (2.71) hold. Note that
this is a positive probability event by Theorem 2.1.8

If we are able to change the measure without changing the metric very much, we can
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then use the results from Section 2.3 and prove Theorem 2.1.6 in the case of any Riemannian
metric of the form e/ - dy together with any finite measure on RY. Therefore the set of
metric measure spaces that can be approximated by (Dy,, p,) with positive probability and
the closure of Riemannian metrics on R? are the same. Now by Contreras Hip and Gwynne

[2024], this proves Theorem 2.1.6.

2.4.1 Proof of Theorem 2.1.6

The idea will be to add bump functions to the log-correlated Gaussian field h which will
locally add mass at the centers of these bumps, but will not affect distances very much since
geodesics can go around these bumps. To this end, suppose that z1, ...z is a set of points
in [—-R, R]d, and suppose that Cq,...,C)s are positive weights. Let N, K be large positive
integers, and let 7 > 0 be small. For each 1 < i < M we will subdivide the square z;+[—r, r]d

into 2% sets X(Z}i( with j1,...,7j4 € {0,1}? defined as follows:

Jd)
K-1 K-1
i, K o T . riy rlg [ r }d
Xitoia) = 5 T gl + | U U (K K) HIEEYS
lh=—K li=—K

(see Figure 2.3 for a picture). The idea of considering sets of this form is taken from the
proof of Lemma 11.10 in Bou-Rabee and Gwynne [2022].

Let ¢ > 0 be a small constant. Since Dj, induces the Euclidean topology, the maximum

D;, diameter of the cubes XZ}? jg) 80€s to 0 as K — oo. By this and the pigeonhole
principle, we can take deterministic {( ji, . jfl)}lgig a7 such that with positive probability,

EY holds, and simultaneously

) . d
. . . 14 4
ety Diomnpy (54 g+ (B ) + [ 8] )

Mh(zi + [_T’ r]d)

<¢
(2.72)
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Lor

Figure 2.3: The definition of X (Z;{(h). Different colors correspond to different (j1, j2).

for all 1 <1i < M, and

i K pn (2 + [—r,7]9)

To simplify notation, we let

xK .- xtK 2.74
‘ (15 (2.74)

Now we will “fix" the pj, masses around each point z;. We have the following lemma.

Lemma 2.4.2. Suppose that r > 0 and n > 0. Then there exist integers ni,...ny € N,

a deterministic 0 < p < %, and o large deterministic constant C' such that with positive

probability, E° holds, (2.72) holds, (2.73) holds, we have

o (1= + do(=, X[) < ph\ XF)

X = =)
also
nill < pp(X{Y) < (ni+ 1)1
for any 1 <i < M, and we finally have
Diam p, ([~ — p,r + o\ XK) < C. (2.76)
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Proof. Note that the event that E¥, (2.72), (2.73) hold simultaneously is an event of positive
probability by construction. The result follows as a direct consequence of the pigeonhole
principle. To select p, we note that a non-deterministic p satisfying (2.75) exists with prob-
ability 1, and so there exists a deterministic p satisfying (2.75) simultaneously with the
conditions EY, (2.72), and (2.73). Finally, note that the probability of (2.76) holds with
probability going to 1 as C — oo, so we can also assume this holds simultaneously. This

completes the proof. n

Therefore for any 77 > 0, there exist deterministic constants {a;} such that with positive

probability, (2.72), (2.73), (2.75) hold, and simultaneously
n(XF) —ail <. (2.77)

We will define our bump functions now. For any 1 < i < M, we let gpév rp be defined as

follows:
log <%> leGXZ[(,
gpév’r’p(z) = —-N if do(x,XiK) >pand z € z; + [-r—p,r+ p]d, (2.78)
0 if do(z, 2 + [—r,7]%) > 2p.

We additionally impose that —N < gpf}\,’np(z) < log (%) if do(m,XiK) < p, and that
—-N < 90§V7T’p(z) < 0if do(z, 2 + [—r,7]%) < p, but z ¢ z + [—r, 7] (see Figure 2.4 for a
picture of go?vm p(z) in dimension 2).

Now we define

M
on(2) = Py (2): (2.79)
=1
We will prove the following proposition.

Proposition 2.4.3. Let g be a continuous function on RY, and let 71, . . . zZ) € R Define
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Figure 2.4: Support of ¢l _

N asin (2.79). Suppose that [pa|g(2)|dz < oo, and suppose that the event of Lemma 2.4.2
occurs. Then for any ¢ > 0 and small enough €, ,
M

/]R 92PN Dy — 3 Ciglz)| < ¢
=1

Proof. First we note that we can reduce to the case that M = 1. Indeed, let {Xl}f\i 1 be

smooth functions such that

1 iszzi—i-[—r—Qp,r—i—Zp]d,
xi(z) =
0 ifz¢ 2+ [—r—3p,r+3p%
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and 0 < x;(z) < 1. Then by the triangle inequality we have

/dg( )e?NE) gy, — ZCZQ e f (z)
R

=1

/ ‘erp( )d,uh — CiXi(%)g(Zi)

oN(z ‘PNrp d
+ /Rdg e Ze L

/ 2)eNrol) dpy, — Cig(z;)

C
+€||g||oo 12%%’5\4‘ il

where in the last line we used the fact that p;(R%) < e by (2.71). Therefore shrinking ¢
if necessary, it suffices to prove the proposition for the case when M = 1. We then have a
single point z; with its weight C. Without loss of generality, suppose that z; = 0. Since we

have a single point mass, we will drop the subscript on X ZK . We split R into three regions,
RY = XK U (XK 4+ By(0)\ XF) U (R (XK + By(0)).

Splitting R into these domains we obtain

/R G2 N gy — 0g(0) O

/XK g(2)e?NEdpy, — 09(0)‘

9(2)e?N Dy,

/((XK+Bp(0))\XK)

g(2)e?NEdpy |

/(Rd\(X K+B,(0)))
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Note that

C
920N Py | < i (XK + Bp(0) \ XY gl oc—

‘/((XK+B;>(0))\XK)

where we used the fact that pp(z) < % if z € ((XK + BP(O))\XK> . Using (2.75), we
obtain that

9(2)e?NEdpy | < [lg]loeCC. (2.80)

‘/((XKJer(O))\XK)

Similarly, we have with probability 1 that

9(2)e?N Ddpy, | < glloopn RN (XE + B,(0))) < [lglloce.  (2.81)

'/(Rd\(XK+Bp(0)))

C
/]R L9(2)eN Dy, — cg<o>\ < \ /X L9 = Cgl0)| + lglocCC + llglloce (282)

Note that

/ 9(2)C — Cg(0) = 0r(1) (2.83)
XK

a

by (2.77) and the fact that g is continuous. Therefore taking e to be small enough we obtain

/R 926N Oy — Cg(0)| < ¢ (2.84)

Now we claim the metric doesn’t change much when adding ¢ (2).

Proposition 2.4.4. Let 6 > 0. For large enough N, and small enough r, we have that

with positive probability that the conclusion of Lemma 2.4.2 holds, and simultaneously for all
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x,yERd

sup |Dh($,y) - eCPN ’ Dh(lﬂ,y)‘ S 0.
z,ycRd

We will prove Proposition 2.4.4 in Subsection 2.4.2. We will prove now Theorem 2.1.6

assuming Proposition 2.4.4.

Proof of Theorem 2.1.4 assuming Proposition 2.4.4. Suppose that etfd g is a Riemannian
metric in its isothermal form, and let m be a probability measure on RY. We will show
Theorem 2.1.6 for this metric and measure. Let ¢ = ¢ be as in (2.79). We now introduce
a finite set of functions to which we will apply Proposition 2.4.4. Let n be a large integer

chosen so that

2V/dR

9

n > (2.85)

Let T(j1,~~,jd) be defined by

R R
= en+ 5.+,
- n( n+jq+1)

R . . R .
Trg) = |5 (1), (=t 1+ 1)] X oo X b(—n#]d),

For each finite subset S C [0,2n — 1]%, let gg be a smooth function such that

1 if 2 €Uy nesTin,ia)

0 if 2 ¢ UGy, jgesie ds(@ T, 50) < 2}

gs(2) =

For any 6 > 0, there exist points {z;}7* ; C R and weights {C;}i; € (0, 00) such that for

any (j1,...,Jq) € S we have

M
0
‘/}Rd gsdm = Cigs(z)| < 3 ’/Rd gsdm‘- (2.86)
i=1

Then applying Proposition 2.4.3 to gg for every S C [0,2n — 1]d taking r to be small enough
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we obtain that with positive probability for any S C F(T), we have

M

[ 951y =3 Cigslen)| < (2.87)
1=1

eff-d()(:b',y)—ESDh(l’,y) Seff'd()(x?y)—i_ga vxayeC

and simultaneously

(RY) <e.
Therefore using (2.86) we obtain
M
[ a5 Oan,~ [ asin] < | [ gslpim - > Ciss(z)
M
+ | [ o Oduy =3 Cigs )
=1

0
< Z
< 3'/Rdgsdm‘+9

where in the last inequality we used (2.86) and (2.87). Again, for large enough N and small

enough r, applying Proposition 2.4.4 we obtain that for all x,y € R we have

0 3 0
Dp(,y) = 5 <™V - Dp(w,y) < Dy(,y) + 5. (2.88)

Recall that we assumed that z; ¢ 9B1(0). Thus using the Cameron-Martin property applied

to %90 N we obtain that for any n > 0, we have with positive probability that

0
sup | Dp(z,y) — & - dy(z,y)| < 2 (2.89)
z,ycRd
/ 95(2)e?N Dy, — / gsdm‘ <6 / gsdm| (2.90)
Rd Rd Rd
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and simultaneously

(R, R)%) < ¢

To pass to a statement about measures of sets, suppose that A is a measurable set, and let

S C [0,2n — 1]% such that ||gg — 141 < 6, and Suppgg C A-. Then

0
Al - <0
“ | /Rdgs‘_?’

which implies that

'm(A)— / 1 A(2)esf@Fel g, 1 <. (2.91)
R

This completes the proof. O

2.4.2  Proof of Proposition 2.4.4
The first ingredient we need is the following lemma.

Lemma 2.4.5. Assume that the events in the conclusion of Lemma 2.4.2 hold. Let 1 > 0.

Then for large enough N, we have for all 1 < i < M, we have that

Diam ¢ (z+[-r—pr+p%) <7, Diamp, (2 + [-r — p,r+p|") <7
e?pN-Dh

For now we will assume the validity of this lemma and prove Proposition 2.4.4.
Suppose x,y € Rd, and let P be a e7?N . Dyj,-distance minimizing geodesic between x, y.

We claim that

M
£
VN . Dy (z,y) < le, (P\ i+ [=r = 2p,7 +20]%)
e7N-Dy
+M sup Diam ¢ (2 + [-r — 2p,7 + 2p]).
1<i<M eY?N.Dy,
Indeed, there exist intervals [ti,si]f\il such that P(to) = x, P(sy) = v, Py, N
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<U,f\£1 XZK) = @, and additionally, for every 1 < i < M, P(s;), P(t;+1) € XJK for some

1 <j < M. Then

M M
g
5PN d
eV - Dp(x,y) < /L P zi+|—r—2p,1r+2 + l Pl 4.
(@, y) e%@NDh( \Zle( i+ p %)) ; e%@NDh( |[Szatz+1])
M
< e (P\JGitI=r =20, +20])
eVN-Dp 0
+ M sup Diam ¢ (2 + [=r — 2p,7 + 2p]%)
1<i<M APN.D,

This proves the claim. Now note that

M
£
V"N . Dy(z,y) < L¢ (P\ U(ZZ—I— [—r—2p,r+2p]d))
e“/goN‘Dh i—1
+ M sup Diam ¢ (2 + [-r — 2p,7 + 2p]D)
1<i<M eTPN.D,,
< Ip,(P)
+ M sup Diam ¢ (2 + [-r — 2p,7 + 20]%).
1<i<M e7*N.Dy,
Now applying Lemma 2.4.5 we conclude the upper bound for D £, (z,y). The lower
6W N-Dh
bound can be obtained in the exact same way interchanging the metrics D ¢ and Dy,
ei N~Dh

This completes the proof of Proposition 2.4.4.

For the proof of Lemma 2.4.5, we will need the following lemma.

Lemma 2.4.6. Assume that the events in the conclusion of Lemma 2.4.2 hold. Suppose that
T € XZ-K + [—p, p]d for some 1 <1 < M. Let € > 0. Then for large enough K depending on

r, we have

£
VN Dy (2, 0(XE + [—p, p]T) < &
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Proof. By (2.73), we have that

Gi

g

24)G;
< o
Mh(zi + [_T7 T] )

Therefore if P is any path between x and 0.X ZK + [—p, p]2 of Euclidean length at most ﬁ,

we note that

C;

a;

€ r 2410y r
YN Dy, 0XE 4+ [—p, o)) < ¢ pP) < < U —.
[ h<I7 7 [ p? p] )— 5 ( )— 2K — luh<zl+ [—T', T]d> 2K

€§SON~D}L

Now choosing K large enough so that

ro oz =)

2K — 2910

we conclude. O
Now we will prove Lemma 2.4.5.

Proof of Lemma 2.4.5. Now suppose that 2,y € zj + [—r — p,r + p]%. Then by the triangle
inequality,

D T,y) <0y +0y + D T,Y),
o, T EEEWED S p, )

where for any point z € z; + [—17 — p, 7 + p]d, we define

3 .
0., — e,YQON ) Dh(zva(XZK + [_P, p]d)) if z € X@I( + [_pv p]d’
z =
0 otherwise,

3 £
and where Z is defined to be such that e7¥N . Dy (z, 8(XZ-K + [—p, p]D)) = 7N . Dy (2, %) if
z € XZ-K + [—p, p]%, and defined as z otherwise (see Figures 2.5 and 2.6).

By Lemma 2.4.6, for small enough K we have that 0,0, < . Additionally, we note that
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T
Z —og P

Figure 2.6: Triangle inequality argu-

Figure 2.5: Definition of z
ment

by taking a path P between Z,y not intersecting XZK + [—p, p]d of Dj-length at most M,

£ _E&yN

er N Dh(f,g) <e 7 M,

_£
and so for a small enough choice of £ and NV large enough so that e N < 1 we conclude

that

£
N Dy (x,y) <26+ Nr <7

This completes the proof. O
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CHAPTER 3
GAUSSIAN CURVATURE ON RANDOM PLANAR MAPS AND
LIOUVILLE QUANTUM GRAVITY

The results in this chapter were developed in collaboration with Fwain Gwynne. The math-
ematical ideas and proof were developed jointly.

The results in this chapter have appeared in Probability theory and Related Fields in Contr-
eras Hip and Guwynne [2025]

3.1 Introduction

Liouville quantum gravity is a canonical 1-parameter family of models of a random surface
first introduced by Polyakov [1981]. LQG is conjectured to be the scaling limit of various
random planar map models, which are planar graphs embedded in C in such a way that
no two edges cross, viewed modulo orientation-preserving homomorphisms. There are cases
where the convergence to LQG has already been proven: for example, uniform planar maps
(uniform triangulations, uniform quadrangulations etc.) have been proven to converge in the
Gromov-Hausdorff sense to 1/8/3-LQG (Le Gall [2013], Miermont [2013], Miller and Sheffield
[2015, 2021a|, Holden and Sun [2023]). Other random planar map models are expected to
converge to LQG such as the spanning tree decorated maps (v = v/2), maps weighted by
critical Fortuin-Kasteleyn partition function Sheffield [2016a] (v € (v/2,2)), and the bipolar-
oriented maps Kenyon et al. [2019]. One can use multiple “reasonable" embeddings, such as
the Tutte embedding and the circle packing embedding, and still expect convergence. See
e.g. Gwynne et al. [2023].

Let v € (0,2), and let @ be defined by @ = % + % Suppose that ® is a GFF or a variant
such as the quantum cone. Formally, the LQG metric tensor associated with ® is defined

as 67@(dx2 + dy2). A distance metric D;, and measure pj, can be defined via approximation
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of ® by appropriate mollifications (see Kahane [1985|, Rhodes and Vargas [2014], Berestycki
[2017|, Duplantier and Sheffield [2011], Ding et al. [2020], Ding and Gwynne [2023].

There is a vast literature on LQG: see Gwynne [2020], Sheffield [2022], Berestycki and
Powell, Guillarmou et al. [2024] for surveys on the main techniques and results in the area.
Many geometric properties about LQG surfaces have been studied, such as the confluence
property of LQG geodesics established in Gwynne and Miller [2020a|, the KPZ formula for
Hausdorff dimensions of LQG subsets Gwynne and Pfeffer [2019], Duplantier and Sheffield
[2011], Aru [2015], Gwynne et al. [2019a], Gwynne et al. [2020], Berestycki et al. [2016],
Gwynne and Miller [2021], Barral et al. [2013], Benjamini and Schramm [2009]|, Duplantier
et al. [2021, 2014], and more general properties about the LQG metric’s behavior Ding et al.
[2021]|. However, given the non smooth nature of LQG surfaces, most of the study of their
geometry is restricted to first order information which does not require derivatives of the
underlying field. Moreover, LQG does not always behave as its smooth counterpart (e.g.
LQG surfaces have Hausdorff dimension greater than 2, and the LQG measure and metric
scale differently). Given this, it is natural to ask which geometric properties are shared with
smooth 2d Riemannian manifolds, and to what extent notions from Riemannian geometry
can be extended for LQG.

A central concept in Riemannian geometry is curvature. In this regard, a first question
is whether there is a way of defining Gaussian curvature for LQG surfaces so that it extends
the usual definition, and at the same time is compatible with the known LQG theory, in
the sense that it arises naturally as a limit of the corresponding discrete curvature for all
reasonable random planar map approximations. In this chapter, we define the Gaussian
curvature for LQG surfaces (3.1), and we conjecture that it arises as the scaling limit of the
discrete curvature defined in (3.2). To this end, the first question to study is whether the
discrete curvature converges in a reasonable random planar maps model, and if so, under

what scaling. The particular random planar map model we look at in this chapter is the
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Poisson mated CRT map defined in Section 3.2. This implies that we need to study the
asymptotics of this discrete curvature as the mesh size of the planar map tends to 0, which is
the main goal of this chapter and is the purpose of Theorem 3.1.5. After this, we study the
total curvature on a “canonical" set, namely space filling SLE segments. In Theorem 3.1.7
we show that the scaling limit of this total curvature converges in law to an explicit random
variable. We note that surprisingly the scaling for this quantity is different from that of the

discrete Gaussian curvature when summed against a C? test function.

3.1.1  Curvature for LQG surfaces

Definition 3.1.1. The whole plane Gaussian free field (GFF) @ is the centered Gaussian

random generalized function with covariance structure given by

Cov(®(2), ®(w)) = G(v,w) = log <1rr1a3><{|2|7 1}, max{|wl|, 1}) .

|2 = wl

Note that this correlation function corresponds to a GFF normalized so that the average

over the unit circle is 0 [Vargas, 2017, Section 2.1.1].

Definition 3.1.2. An LQG surface is an equivalence class defined as follows. We say pairs
(D1, ®1), (D2, ®9) consisting of a domain in C and a generalized function on the domain are

equivalent if there exists a conformal map f : D; — D9 with

Dy =10 f L+ Qlog|(f1),

where here we recall that Q) = 2/~v+/2. Then any equivalence class is called v-LQG surface.

If ® is a GFF, or more generally if ® = ®" + f, where ®° is a GFF and f is a possibly
random continuous function, then for v € (0,2) we can define the LQG area measure jigp as

a limit of regularized versions of ¢7® dz, where dz denotes two-dimensional Lebesgue mea-
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sure Kahane [1985], Rhodes and Vargas [2014], Berestycki [2017], Duplantier and Sheffield
[2011]. This measure is compatible with changes of coordinate, in the sense that if (D1, ®1)
and (Do, ®9) are related as in Definition 3.1.2; then the conformal map f pushes forward
po, to i, [Duplantier and Sheffield, 2011, Proposition 2.1].

One can intuitively define the Gaussian curvature associated with LQG as follows. If
we consider a general metric in isothermal coordinates e¢(dx2 + dy?), then the Gaussian

curvature is given by
Ap _4
2 ¢

Given this, if ® is the underlying field, after a formal computation one obtains that the

Gaussian curvature on an LQG surface Kg is given by

Y - g Y
/C Ko (2)f(2)dug () = /C S APe 7 p(2)edz = /C S AP(2)f(2)dz = /C 5 2(2)Af(2)dz

where f is any CCQ test function, and so it is natural to define the Gaussian curvature weakly
by
~
| Fe)Glauate) = [ Jo)ar()a (31)

Note that this is invariant under LQG coordinate change: indeed, suppose that U is a
bounded open set and that f is a Cc2 test function supported on U. If ¢ : U — V is a

conformal map, then for ® = ® o ¢ + Qlog [¢/'| we have

, = [ Afl@ovyz+ [ Qlogl|Afd:
| Ko@) Gugo) = [ ArF@ovs+ [ Quogluafd

Since log |1'| is harmonic and the Dirichlet energy is invariant under conformal transforma-
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tions, after integrating by parts we obtain

/ Ko(2)/(2)dup(z) = / Yo (2)Af()dz = / Vo) Af) 0 (2) 0 ()| 2
U

U 2 V2
= [ Je@AG v ez = | Kole)f o v G dua2)
174 |4

3.1.2 Discrete curvature

Suppose that M is a planar map embedded in C. To define the curvature, suppose we set all

[F|-2

angles at each corner of a face F' to be R where |F| is the number of vertices incident

to F. Inspired by the Gauss-Bonnet formula, it is natural to define the discrete curvature at

a vertex v as
F| -2
Ky (v) :=27 — Z | ||F|
F

where the sum is taken over all possible faces F' incident to v, that is, over all faces whose
boundary contains v. Note that in the case the graph G is a triangulation, this is equivalent

to
G

3 (6 — deg(v)) . (3.2)

Ky (v)

We note that in some sense the average degree of a vertex is 6, which can be deduced from
the Euler characteristic formula, see Corollary A.6 in Berestycki and Gwynne [2022]. See
also Angel et al. [2016].

We conjecture that the discrete curvature Kj; converges to the curvature Kg for any

planar map model in the v-LQG universality class.

Conjecture 3.1.3. Let {My,},>1 be a sequence of infinite random planar maps believed to
be in the universality class of v-LQG (e.g. uniform infinite triangulations for v = \/8/3).
Suppose we embed the map in the plane via any “reasonable embedding”, such as the circle

packing embedding or the Tutte embedding. Then for an appropriate scaling factor ¢y, we
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have that for any C’C2 test function f: C — R,

1 d
= K 0) S [ 56 Kele)dual)
" veVM, C
where ® is an appropriate variant of the GFF. Moreover, the convergence in distribution

holds jointly for any finite collection of 03 test functions.

3.1.8 Mated CRT maps

Mated CRT maps are a family of random planar map models which are in the universality
class of v-LQG for v € (0,2). These maps are particularly natural since they are closely
connected both to LQG and to other random planar map models. Indeed, as we discuss
below, mated CRT maps have a direct connection to SLE and LQG thanks to the results
of Duplantier et al. [2021]. On the other hand, mated CRT maps can be seen as “course
grained approximations" to other types of random planar maps (e.g., uniform triangulations,
spanning tree decorated maps, bipolar oriented maps) due to discrete mating of trees bijec-
tions. We refer to Gwynne et al. [2023] for a survey of various results related to mated-CRT
maps.

In other literature, the CRT map is defined by discretizing time using Z. However,
in this chapter we consider a variant which uses a Poisson point process of intensity e~}
instead. The two resulting graphs are not equivalent; however, they should both be in the
same universality class. One can call the variant considered in this chapter “Poisson mated
CRT map", but for the sake of brevity we will usually just refer to it as the mated CRT map
(there is no risk of ambiguity since we will not consider any other variant). The reason for
using this Poisson point process is technical: essentially, the advantage of the Poisson mated
CRT map is that the space filling SLE segments depend locally on the underlying field (see
Lemma 3.3.7).
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Definition 3.1.4. Let ¢ > 0. We let A° = {y;};c7 denote a Poisson point process chosen
on R with intensity =1 defined so that {yj} C R is an increasing sequence. Suppose
that (L, R) : R — R2 is a pair of correlated two sided standard linear Brownian motions,
normalized such that Ly = Ry = 0 and such that corr(L;, Rt) = — cos (#) for t # 0. The
mated CRT map is defined to be the random planar map G- obtained by mating (gluing
together) discretized versions of the continuum random trees constructed from L and R, that

is, two vertices y;,y; € A® such that j < k are connected if either

inf Ly |V inf L] < inf Ly (3.3)
telyi—1,y;) t€Yr—1,Yx] telyj yr—1]

or the same holds with L replaced by R. If |j — k| > 2 and (3.3) holds for both L and R,

then y;, yj, are connected by two edges (see Figure 3.1, left).

One can draw the graph G in the plane by connecting two vertices Yj, Yr, € A® by an arc
above or below the real line according to whether (3.3) holds for L or R respectively (see
Figure 3.1, right). This makes the mated-CRT map into a planar map.

In fact, the mated-CRT map is a triangulation. Indeed, with the above embedding of
the planar graph, each face of G corresponds to a horizontal strip below the graph of L or
above the graph of R, which is bounded by two horizontal segments on the real line between
points in A and two segments of either the graph of L or of R. Almost surely, neither L nor
R attains a local minimum at any point in A® and neither L nor R has two local minima
where it attains the same value. Hence a.s. one of the horizontal segments is a single point.
This means that a.s. each face of G. has exactly three vertices on its boundary, and thus G,
is a triangulation.

Note that the law of a mated CRT map does not depend on the parameter €, however
the parameter ¢ is relevant when taking scaling limits.

The mated CRT maps constructed above have a well established relation to SLE deco-
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AE
Figure 3.1: Left: Poisson mated CRT map. The bottom graph corresponds to the graph of
L, while the top graph corresponds to the graph of C'— R for some large enough constant C.
The red lines are the vertical identifications (hence the “mating"), while the black horizontal
lines correspond to the identifications when (3.3) holds. Right: A portion of the Poisson
mated CRT map. The top blue arcs correspond to when (3.3) holds for R, while the bottom
red ones correspond to when (3.3) holds for L. The vertex set is given by the Poison point
process A°.

rated LQG. Let ® be the y-quantum cone field (a particular variant of the GFF, see Section
3.2.1, Definition 3.2.1), and let 77 be a whole-plane space-filling SLE,, from oo to oo sampled
independently from ®, then parameterized by ~v-quantum mass with respect to @, where
K = 16/7% > 4. That is, 1 (71a, b]) = b — a for each a < b € R, and 7j(0) = 0.

Then we can define the graph G, with vertex set A where two vertices Y;, yj are connected
if the space filling SLE segments 7([y;—1,y;]) and 7([yj—1, y;]) (called cells) share a nontrivial
boundary arc, with two edges occurring between the two segments if they share nontrivial
boundary arcs in both the left and right boundaries. By Duplantier et al. [2021], the resulting
graph agrees in law with the mated CRT map defined above. This construction yields
a natural embedding of the mated CRT map into C, called the SLE/LQG embedding,
by assigning each vertex y; € A® to a point in the corresponding mated CRT map cell
n(lyj—1,y;]). It is convenient to take this point to be 7j(y;). See Section 3.2.2 for more
details. We will use this fact throughout the proof of the main Theorems 3.1.5 and 3.1.7

below.
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3.1.4 Main results

Henceforth when we talk about the mated CRT map G, we will always assume that it is
coupled with (L, R, A®) as described at the end of Section 3.1.3. In particular, A® 5 v — 7(v)
is the SLE/LQG embedding of the mated CRT map. To show a result such as Conjecture
3.1.3 for G, one would not only need a definition of the Gaussian curvature that is compatible
with the discrete setting, but also precise control over the discrete curvature in order to
find the correct scaling factor, and later prove its scaling limit matches our notion of LQG
curvature. This is also related to the problem of finding an observable on a random planar
map converging to the underlying field: indeed, if f is a C’c2 test function and we assume

that

1 n = 2)®(2)dz
= 3 Hi) K (v +/f ()—/CAf()@Ud,

for some appropriate scaling factor ac, then we have

—Zf AGKG (v —>/fci>

vEVG.

and so, at least formally, we should have that Agfj K G ® in some weak sense, where Ag:
is the inverse of the discrete graph Laplacian on G..

Our main theorem is a first step towards proving the convergence of the discrete curvature.
If we let f be a C? test function, and we look at the expression Zuevg} f(ﬁ(v))KgE (v), at
first glance one could expect it to be of order 5_% since it is a sum over ~ £ 1 terms of random
signs times values of f at the graph’s vertices, and so if we expect square root cancellation
one would obtain the order 8_%. However, our first main theorem tells us something much

stronger: the sum Zvevé f(ﬁ(v))Kg (v) is in fact of a much smaller order.

Now we will state our first main theorem.

Theorem 3.1.5. Let G. be the ¢ mated CRT map defined as in Definition 3.1.4, with VG. =
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A% defined to be its vertex set. Let Kz denote the discrete curvature as defined in (3.2).
&€
Suppose that f € CC2((C) is any compactly supported twice differentiable function on C. Then

with probability going to 1 as € — 0, we have that

> i) Kg (v) =, (3.4)

vGVQg
Note that the o(1) exponent may be negative.

The (1) asymptotics in the statement of Theorem 3.1.5 are necessary: the next theorem
tells us that if an appropriate normalization factor for the curvature summed against a C’g

test function exists, then it must be slow varying.

Proposition 3.1.6. Let ® be the embedding of the vy-quantum cone used to define Ge.
Assume that there exists a twice continuously differentiable, compactly supported function
f : C = R, which is not identically zero, and constants {ac}e~q such that we have the

convergence in probability

1 -
o Y K (@)f(i(x) — /Cf(Z)Ki,(Z) dpig(2) (3.5)
xEVgg
with respect to the weak topology on generalized functions. Then {as}z~q is slowly varying
as € — 0, i.e.,

lim 292 =1, vC > o0. (3.6)

The proof is given in Section 3.2.4.

One could ask whether the correct scaling factor should in fact be of constant order.
We believe the answer is no. A heuristic argument for this is that if one makes a local
change in G. such as artificially increasing the degree of a vertex by 1, then while the sum
> eve. K¢, (v) f(7(v)) is affected by a fixed amount for any € > 0, the scaling limit should

not be, hence the scaling factor must make such local changes negligible.
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Another interesting quantity is the total discrete curvature in a small region, such as a

space filling SLE segment. More precisely, let

Co = ([0,1]). (3.7)

We define the discrete total curvature on Cy to be the sum of the discrete curvature on every

vertex in Cg,

Kg (Co) = > Kg (v). (3.8)

’UGVggﬂCO
This represents the total curvature in a space filling SLE segment.

Our second main theorem is the following.

Theorem 3.1.7. There exists a deterministic constant o > 0 such that

i law, where the law of B can be described as follows. Sample L according to the law of
the boundary length of the mated CRT map cell Cy. Now let © be sampled according to a

Gaussian distribution with mean 0 and variance L. Then B and © have the same law.

Note that Theorem 3.1.5 tells us that if there is a scaling limit of the discrete curvature
summed against a C’C2 test function, then the scaling factor used must be of order go(1),
However, Theorem 3.1.7 tells us the correct scaling for the total curvature on a mated CRT
map cell is 5%. This discrepancy is in part because of the fact that Gauss-Bonnet does not
apply since LQG is not a proper Riemannian surface. It also suggests that it is impossible
to define the Gaussian curvature together with the curvature on rough or lower dimensional
sets, which is consistent with the fact that it is not so straightforward to define the total
Gaussian curvature on a space-filling SLE segment since [~ A®(z)dz is not defined due to the

poor regularity of A®. Moreover, it seems that defining the Gaussian curvature integrated
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against C’g test functions and the geodesic curvature on a mated CRT map cell in a consistent
manner is impossible. Indeed, if one is to define the geodesic curvature on the boundary
of space filling SLE segments, it must be defined in a manner that is compatible with the
Gaussian curvature in the sense of the Gauss-Bonnet theorem, such that when “integrated"
over the boundary gives us the total curvature over a space-filling SLE segment. Since
the total Gaussian curvature uses a different scaling factor than the Gaussian curvature,
this suggests that not all notions of curvature (at least on boundaries of space-filling SLE
segment) are simultaneously compatible.

One of the main ingredients in the proof of Theorem 3.1.5 is a cancellation when com-
puting > eve. | (n(v))K G (v) : one can rewrite this sum as a sum of discrete gradients of f
along appropriately oriented edges in G.. This is proved in Section 3.3 via purely combinato-
rial arguments. After this, we rewrite the sum as an integral of a function which is constant
in each mated CRT map cell. To estimate this integral, we estimate its variance and split
the double integral into two parts: the diagonal and off diagonal parts (see Propositions
3.4.14 and 3.4.15 respectively). For the diagonal, we use the fact that the measure of the
diagonal region is small. For the off diagonal region, we use the long range independence
properties of the GFF (see (3.64)). These estimates are proved in subsections 3.4.3 and 3.4.3
respectively. After this, we transfer all our results back to the case of the quantum cone in
Section 3.5. Part of our proof is inspired by techniques in Gwynne et al. [2019b], Section 3,
however substantial new ideas are needed to get a very exact cancellation. In some sense,
our argument pushes the technique in Gwynne et al. [2019b| as far as possible.

For the proof of Theorem 3.1.7, the main ingredients are a discrete analogue of Gauss-
Bonnet about sums of degrees on triangulations (see Lemma 3.6.2), together with Donsker’s

theorem to ensure the convergence of an average on the boundary of a mated CRT map cell.

87



Acknowledgements

We thank Rémi Rhodes for helpful discussions. E.G. was partially supported by NSF grant
DMS-2245832. We thank an anonymous referee for thankful comments on an earlier version

of this article.

3.2 Preliminaries

Throughout the chapter we will need the definitions of discrete gradient and Laplacian. We
define them now. Suppose G is a triangulation of the plane. Suppose that this graph is
embedded in C and suppose that f : VG — C, where VG is the set of vertices in G. We

define the discrete Laplacian Ag f by

Agf(z)=> (f(y) - f(x)). (3.9)

Yy~x

Similarly, for any oriented edge ¢ with starting vertex vy and ending vertex v9, we define

Df(¥) = f(v2) — f(v1). (3.10)

We will slightly abuse notation, and define Df the same way for functions f : C — C by
identifying vertices v € G with their counterparts 7(v) € C, where we recall 77 is a whole-
plane space-filling SLE; from oo to oo sampled independently from the y-quantum cone field

® as in Definition 3.2.1 with a = v, then parameterized by y-quantum mass with respect to

.

3.2.1 Quantum cones

First we start with the definition of the quantum cone, an important field (random general-

ized function) which we will be using throughout the proof of Theorems 3.1.5 and 3.1.7.
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Definition 3.2.1. Let a < Q). An a-quantum cone is a doubly marked quantum surface
embedded as (C, ®) with marked points 0 and co. Its law can be described in the following

way. Let Ag be the process defined by

Bs+as, s>0

~

B_s+as, s<0,

s =

where By is a Brownian motion with By = 0, and B is a Brownian motion independent of B
conditioned so that By + (Q — a)t > 0 for all £ > 0. We will define the spaces H(C), Ha(C)
as follows: we let H1(C) denote the set of radially symmetric functions in the Sobolev space
H(C), and let H5(C) denote the set of function in H1(C) with common mean on all circles
centered at the origin. Then we define the a-quantum cone field ® as the field with projection
onto H1(C) given by the function with common value on 0B,-5(0) equal to A for all s € R,
and whose projection onto Ho(C) is given by the projection onto Ho(C) of a whole plane
GFF as defined in Definition 3.1.1.

Remark 3.2.2. Note that the restriction of an a-quantum cone field to the unit disk has
the same law as (h — alog| - [)| g, (g) Where h is a whole plane GFF normalized so that its

average over 0B1(0) is zero.

3.2.2  Geometric properties of space-filling SLE segments

The Schramm-Loewner evolution SLE) for k > 0 is a one parameter family of fractal curves,
first defined in Schramm [2000]. These curves exhibit different properties depending on k.
More precisely, SLE), is a simple curve for k € (0, 4], self-touching but not space filling or
self crossing for k € (4,8), and becomes space-filling for £ > 8 Rohde and Schramm [2005].

Space-filling SLE,, for k > 4 is a variant of SLE) introduced in Miller and Sheffield

[2017]. We will recall the construction of the version of space-filling SLE); from oo to oo in

89



C here. To define it, let
G ._ VE

2
X = ﬁ
We define a whole-plane GFF modulo a multiple of 27TXIG to be an equivalence class of
random distributions as follows. First we sample U from the law of a whole-plane GFF
normalized so that W1(0) = 0. Suppose that we fix z € C and 6 € [0,2x]. Then by [Miller
and Sheffield, 2017, Theorem 1.1] we can define the flow line of ¥ at z with angle 6. To
define the space filling SLE,. we will need the flow lines started at points in z € Q? with
angles —4 or %, which will be denoted ﬁ£ , 775” respectively.

For distinct z,w € Q2, the flow lines ﬁzL , ﬁﬁ merge a.s. upon intersecting, and similarly
for ﬁf, ﬁg The two flow lines ﬁZL , ﬁg a.s. do not cross, but these flow lines bounce off each
other without crossing if and only if x € (4,8) [Miller and Sheffield, 2017, Theorem 1.7].

Given this, we can define a total ordering on Q2 by declaring that z comes before w if
and only if w lies in a connected component of C\ (ﬁZL U ﬁ?) lying to the right of ﬁZL . Using
the whole plane analogue of Theorem 4.12 in Miller and Sheffield [2017] we see that there is
a well defined curve 7} passing through Q2 in the order above, such that 771(Q?) is a dense
set, and is continuous when parametrized by Lebesgue measure, that is in such a way such
that area(n([a,b])) = b — a whenever a < b. The curve 7 is defined to be the whole-plane
space-filling SLE,; from oo to co.

The topology of n changes depending on k. For k > 8§, nzL and nf do not bounce off
of each other, and thus 7([a, b]) has the topology of a closed disk. However, if 4 < k < 8§,
nZL and 775 intersect in an uncountable fractal set, and in this case the interior of n([a, b))
becomes a countable union of connected components, each with the topology of a closed
disk, and 7([a, b]) is the closure of its interior.

We will need a couple of geometric facts about space-filling SLE segments.

Lemma 3.2.3. [Guwynne et al., 2020, Proposition 3.4] Let i be a space filling SLE,; from

oo to oo in C. Forr € (0,1), R > 0, 69 > 0, let &5, = Es,(R,7) be the event that the
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following is true. For all 0 < § < &g, and each a < b € R such that 7([a,b]) C Bgr(0) and

diam(7([a, b])) > 617", the set 77([a, b]) contains a ball of radius at least 6. Then

lim P(g(go) = 1.

50—)0

In particular, we have the following corollary:

Corollary 3.2.4. Let 77 be a space filling SLEy from oo to oo in C. Let r € (0,1). For
09 > 0, let 5'50 = 5’50 (r) be the event that the following is true. For any a < b € R such that

diam(7([a, b])) < dg, we have
arcaij([a, ])) = diam(ii(fo, b)) 7.

Then
lim P(&; ) = 1.
P (Es,)

3.2.83 Mated CRT maps with Gaussian free fields

Recall the SLE/LQG embedding of the mated CRT map G- as defined at the end of Sec-
tion 3.1.3. The main results of this chapter concern G., but it is often convenient to work
with a variant of the mated CRT map G, where the underlying field is a whole-plane GFF
® instead of the quantum cone ®. This map, which we call G. is defined as follows. As
in the construction of G, let A® = {y;}jez denote a Poisson point process chosen on R
with intensity e~1 defined so that {yj} C R is an increasing sequence. We also let 7 be a
space-filling SLE, curve with x = 16/ 2, reparametrized according to unit s measure. We
let the vertex set of the graph G be A%, and we let two vertices y;,y; be connected if the
space filling SLE segments n([y;—1,¥;]) and 7([y;—1,y;]) share a nontrivial boundary arc,
with two edges occurring between the two segments if they share nontrivial boundary arcs

in both the left and right boundaries. Moreover, we can naturally embed this graph in C by
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assigning each vertex to a point in the corresponding mated CRT map cell. We note that
unlike in the case of G., the random planar map G. does not admit a simple description in

terms of Brownian motion.

3.2.4  Proof of Proposition 3.1.6

Proof of Proposition 3.1.6. The proof is via a scaling argument where we study what hap-
pens when we replace ® by & + %log(l/C). Fix ¢ > 0. Write 7 for the space-filling
SLE curve parametrized by fig n % log(1/¢))"10ass instead of pg-mass. Let Az be a Poisson
point process on R with intensity 1/e, sampled independently from ® and 7). Let g~€C and its
associated curvature Kg~€c be defined as in (3.2), but using the field ® + % log(1/C) and Ag
instead of ® and A°.

By the definition (3.1) of K3

. and the fact that the Laplacian of a constant function is

zero, we have K?NP—}—%log(l/C)d'ué—i—%log(l/C) = Kgdpg- By the local absolute continuity of
the laws of ® and ® + % log(1/C) (see, e.g., [Berestycki and Powell, Proposition 1.5.1]), (3.5)

implies the convergence in probability

1
. > Kg}?(“)f(%(v))_>/Cf(z)K@;loga/c)(z)d%ﬂlog(l/c)Z/Cf(z)K@(Z)du@
veVGE
(3.11)

On the other hand, since LQG area measure satisfies pz , 1 = C’lpn, we have
®+=1log(1/C) o
2l
that g (fcla,b]) = C(b — a) for each b > a. Thus fjo(-) = 7(C-). The point process
CAg is a Poisson point process on R with intensity 1/(Ce). From this, we deduce that
ic(Aq) 4 7/(AC€) and the joint law of (®, 7, CAg) is the same as the joint law of (@, 7, ACE).

Recalling that VQCE = A®%, we obtain the equality of joint laws

[l

> KS 0)ftic) S K, (0)G)

veVGe vEVGee
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Therefore, (3.5) implies the convergence in probability

S KS (0)f(ic(v) > / £z s (2) (3.12)

a
e UGVQC

By combining (3.11) and (3.12) and using the fact that [ f(2)Kg(2) dug () is a.s. non-zero,

we get that lim._,gac./as = 1, as required. ]

3.3 Combinatorial relation for discrete curvature

Let n be a whole-plane space filling SLE with parameter xk = %

reparametrized according to
unit g measure, where ® is a whole-plane GFF, and let W denote the associated imaginary
geometry field. In the rest of the chapter, we will frequently switch between ® and the
quantum cone field, ®.

Recall that G- denotes the mated CRT map whose underlying field is the GFF & (Sec-
tion 3.2.3). We let VG: and £G. denote the vertex set and set of (unoriented) edges of G-
respectively (and we define vg}, 5g} similarly). We also let FG. denote the set of faces in
Ge.

In this section we will only be considering the graph G. corresponding to the whole plane
GFF ®. We will later transfer all results to the case where the underlying field is a y-quantum
cone (this is done in Section 3.5).

Suppose that f € CE(C) is a compactly supported function. The main expression we

will estimate is

> Eg.(0)f(n()).

UEVgg
The first step will be to rewrite this sum in a more convenient way. To that end, we recall
the definition of the discrete gradient: for any oriented edge e = (v1,v2) in G: we let Df(e)

be the discrete gradient, f(v9) — f(v1), where we abuse notation and identify v and n(v) in
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the case that f : C — C.

We will need to split up the set of edges on G.: we set G, ErG: to be the sets of
vertices corresponding to pairs y;, yj, for which (3.3) holds with L and R respectively, and
|7 — k| > 1. We also define £3;G. to be the set of edges along the real line, that is edges

between y;,y;, with [j — k| = 1. Then

We will need the following notation throughout.

Definition 3.3.1. For any vertex y; let H§j denote the earliest mated CRT map cell con-
taining y;, that is

Hy = n(lyj-1, ;).
Recall the definition of Kj;(v) in (3.2). We have the following identity.

Proposition 3.3.2. We have two assignments £1G-U&Ey;Ge 3 e — e_i, ERG-UENG: D e

e_]% assigning to each edge an orientation such that

S fmDEgwm=5 Y. DiE)+g Y, Di@ER. (313

veVGe e€E1,G-UENGe GegRggUEMgg

Note that each edge in Ey;Ge has two orientations coming from each assignment e ?L,

e ?R-' these orientations can coincide or could be opposite.

Proof. Let FG. denote the set of faces of G, and let F; G, FrG: denote the sets of faces
whose edges belong to £1,G: U Ey;G: and ERpGe U E3/G: respectively. Then for any face
t € FG., there are three vertices on its boundary corresponding to three distinct space
filling SLE segments. Ordering the cells as €1, &9, €3 in chronological order according to
1, let v(t) be the vertex corresponding to €3. We claim that v(-)|r,g. : F1Ge — VG- and

V()| Frg. * FRGe — VG are both bijective maps. Indeed, if Hy = n([y;,yj41]), then there
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Figure 3.2: The two indicated triangles are mapped to the same vertex.

exist four n segments Hy, , Hy,, Hy,, Hy, (not necessarily distinct) sharing a nontrivial

boundary arc with each of dH; and n((—oc0,y;]) N n([yj+1,00)). These four n segments
correspond to four vertices, denoted v and vét (viF correspond to the past and future
rightmost 7 cells, while vét correspond to the past and future leftmost 7 cells). Then the faces
{v, v, v} and {v,, UZ', v} are both such that v(t) = v and the face {v,, UZ—, v} isin Fr.Ge,
while the face {v;",v;", v} is in FrGe (see Figure 3.2). This shows the surjectivity of v(-)|r, g
and v(-)| Frg. - For the injectivity, suppose without loss of generality that v(t1) = v(t2) with
t1,t2 € FrGe. Suppose that the vertices in t1 are y;,,yj,,yj, € A® where j; < jo < j3. Then
v(ty) = Yj,- Since the arc between y;, , y;, separates the upper half plane into two connected

components, the vertices of t2 must be between y;, and yy,. If the vertices of ¢ are given by

Y3, 5, and ys = v(t9), then this implies that
J1<J1 <Jj2=J2 < J3 <3

This is impossible, since the arcs between y; ,ys, and y;,, yt, separate Y50 Y5, in different
connected components of the upper half plane, hence it is impossible for an arc between

Y3, 3, to exist (see Figure 3.3). Then

Yo fa@)) = Y fa)= D f)),

te}'ng Uevgs tEnga

while

Y f)deg(v)= D" > fn(v)),

vEVGe teFG: vedt
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Yi ?jj v Yo gj 3 Yjs

Figure 3.3: It is impossible for two triangles that both belong to FrG: or both belong to
FrGe to be mapped to the same vertex under v.

where Ot denotes the set of vertices on the boundary of the face t. Putting these together

we obtain that

> fw)Kg.(v)

'Uevgg

:g Yo 3@ = D fm@) |+ Y [ 3f@@)) = D fn(v)

teFRGe vedt teF1.G- vedt

Finally, noting that

=D @)= > f®) = ).
vedt vedt\{u(t)}
This implies that (3.13) holds. To define the orientation explicitly, let e be any edge with
endpoints y;,,yj,, with j1 < jo. If [j; — jo| > 1, then the arc between y;, ,y;, divides the
upper half plane into two connected regions. In this case there are two faces incident to e:
one whose additional vertex is y;, with j; < j3 < j2, and the other whose additional vertex
is y;, with jq < j1 or jo < js. Let t be the latter face. Then v(t) € {y;,,vj,} (v(t) = y;, if
Ja < j1 and v(t) = y;, if jo < js). We orient the edge e so that the ending vertex is v(t).
In the case that jo = j; + 1, the edge e is incident to a face ¢, with the vertices yj,, Yj,, Yj,
where j3 < j1 or j3 > jo. In the first case, we have v(t) = y;,, while in the second we have

v(t) = yj,- In either case, we orient the edge so that v(t) is the ending vertex. This completes
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Figure 3.4: The edges efL, efR, eFL, egR, and the points me,mvPR,mFL, mfR.

v v

the proof. O
We will now define convenient mappings between vertices of G- and oriented edges.

Definition 3.3.3. Let & denote the set of oriented edges in the graph G.. We will define

four functions VG: 3 v — @lL @PR oFL 9FR ¢ & For each vertex v € VGe, we
define ?5 L to be the leftmost outgoing edge contained in the past of n, ?5 R the rightmost
outgoing edge contained in the past of n, ?UF L the leftmost outgoing edge contained in the
future of n, and ?UF R the rightmost outgoing edge contained in the future of 7 (see Figure

3.4).

If ¢ is an oriented edge, let e denote the unoriented edge corresponding to @ . Then the

maps v evPL,v — efR,v — eUFL,v > eUFR are injective:
Lemma 3.3.4. The maps v — eUPL, e{}JR, eUFL, egR, where ?UPL, ?UPR, ?5L, ?ER are as

defined in Definition 3.3.3, are injective.

Proof. We will prove this for the map v +— ef L the proofs for the other maps being identical.
We will also denote evp L by e, for the remainder of the proof to lighten notation. Suppose
that vy,vo € VG, are such that e,; = ey,, but v1 # v9. Since ey, = ey, if and only if
their endpoints agree, this must mean that e,, and e, are the same edge with different
orientations. This implies that v1,v9 are the two endpoints of e, = ey, given that vy # vo.
Since QTU% = ey, this implies that v is in v1’s past. However, given that 1?1}1) = eyy, this

implies that vy is in v9’s past, which yields a contradiction. O
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Since these maps are injective, we have the following corollary:

Corollary 3.3.5. For each wvertex v, there exist oriented edges v +—» E?PL, v o e_v>PR,
v aiFL, and v — _>FR, with starting point v such that

> o)) =5 Y. (DAE) +Dfel™) + Dfef") + Dl ™).

veVG. veVGe

Proof. We claim that

F P
{61) R}'Uevggu{ev R}Uevgg = gRgE U 5Mg€7

FL PL
{BU }Uevggu{ev }UEVQE - ngg U 5Mg€’

and that {efR}veyga N {efR}UeygE =g, {e{fL}veng N {efL}Uevgg = @. Indeed, to prove

the first statement (the second being proved identically), suppose by contradiction that this
isn’t the case. Note that if e is an edge with endpoints y;,,y;, with [j; — jo| = 1 (that is,
e € ERGe), there exist j3, j4 such that {y;,, ¥y, vj, } and {y;,,yj,, ¥, } form two faces in FGe
using edges in ErG: U E)prGe. Since the arc connecting y;, , y;, separates the upper half plane
into two connected components, we can assume without loss of generality that j; < j4 < Jjo,
and that j3 € (—00,j1] U [j2,00). Then note that if jg3 < ji, then 65;? = e while if j3 > jo

then 65R = e (see Figures 3.5 and 3.6). In the case that jo = j; + 1 (that is, e € £3;Ge),

there is a face incident to e with vertices y;,,y;,, 9, for some j3 € (=00, j1 —1]U[j2 + 1, 00),

whose boundary consists of edges in EgG: U EyyGe. Then as in the previous case, ek’ ? =eif

FR

Jj3 < j1, while eyA = e if j3 > jo. Moreover, if e = ¢, "* = 602 , then vy =y, and vy = yj,.

Since eF ~_

= ¢, there exists j3 < j1 and jg > jo such that {y;,,ys, ¥jp} and {y;,, Y, Yjo }
form trlangles. Noting that j3 = j4 by orientation, we obtain a contradiction. The result is

now a direct consequence of Proposition 3.3.2 and Lemma 3.3.4. ]

We rewrite this sum even further. For any point z € C, let HS denote the mated CRT cell
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Yis  Yn Yja Yjo |i

Figure 3.6: The cells C1,Cy, Cs,Cy
correspond to the vertices

Yj1» Yjas Yjss Yj, respectively.

PR FL7m1}}7R}

Figure 3.7: The definition of the points m, € {mL'L, mI m!

Figure 3.5: The case j3 < j1 < j4 <

jo. Here we have e) 't = e.
J2 Yiq

containing z, and let 5 € VG. ! be the corresponding vertex. Also, let v vf R vz 5 R

C denote the endpoints of 'L, el 'l IR that are not v, where v = z5. Then there are
points mIL mPE mIL, mf Rec (not necessarily vertices in G.) such that
n(a%) — mPL) < diam(HZ),  |mEL — oPL| < diam(HEpy) (3.14)

z

PR FL FR (

and the analogous statements for m; see Figure 3.7). Then we can decompose

Df(e,) as

Df(ez) = f(v2) = f(n(x3)) = (f(vz) = f(m2)) + (f(m2) — f(n(23)))
(here e, € {elL DR FL eFRY and m, € {mPL mPE mIL mERY s the corresponding
point). Let

y:vij:z

1. We will sometimes use z € C and evaluate functions at x, and other times we will use z € VG, directly
for clarity.
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Figure 3.8: G is the sum of f’s discrete gradients along the red segments.

and define G?R(z), G?L(z), G?R(z) similarly. Then we let
Gp(z) == G H(2) + G (2) + G (2) + G (), (3.15)

that is, Gy is the sum of the discrete gradients over the red segments in Figure 3.8. Note that
ml vl and G ¢ are all constant as functions of z on each cell, where g € {FL,FR,PL, PR}

We have the following lemma.

Lemma 3.3.6. Let G ¢(2) be defined as in (3.15). Then for any compactly supported function
f € C%(C) we have

T
> S Ke ) =5 S Gyl (3.16)
2€VG. 2€VGe
The reason for rewriting the left hand side of (3.16) in terms of G is that G only

depends on a neighborhood of v and therefore satisfies useful independence properties (see

Corollary 3.3.8).

Proof. Recall that o'l oIE FL 'R ¢ C denote the endpoints of el el 'l ¢I'R that
are not v. Then by splitting each gradient D f into two pieces, and then group each summand

according to what cell they correspond to, and then regrouping according to PL or FL, we
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Figure 3.9: The definition of H i,

obtain

> DfEL)

e€&r,GUEN G-

= > > DfED)

2€VGe ec{elL el'L}

UGVgg (mZ’UZ)E{(mZPL’UEL)7(m§L’U5L)}

=YY () - ()

2EVGe mye{mPL mE'L}

1Y fme) -l e Y k) — fml T

2€VGe y:ol b= (2) 2€V0e yoll=n(2)

= EV:QG}DL(Z)"'G?L(Z)? (3.17)
z€VYe

and similarly

Y DfED) =D GFR ) + GFR (). (3.18)
eGERgsLJSMQE 2€G.
Now the proof follows immediately from Corollary 3.3.5 together with (3.17), (3.18). ]

Recall the definition of H: in Definition 3.3.1.

Lemma 3.3.7. Let U be a deterministic open set. Let K5 be defined so that K = HS
if HS C U, and empty otherwise. Then the collection {K5} is determined by the set of
embedded vertices in U along with the fields ®, W restricted to U, that is it is determined by

(U(Vga) N Ua (I)|Ua \D|U)
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Proof. We know by Lemma 2.4 in Gwynne et al. [2019b] that the space filling SLE seg-
ments are determined by the restricted fields ®|;7, V|7 together with the vg- unit length
parametrization. This parametrization is in turn locally determined by A®, ®|;; and thus the

space filling SLE segments are locally determined by n(VG:) N U, |y, V|- O

Let H i denote the mated CRT map cell corresponding to z together with all the neigh-

boring cells (see Figure 3.9), that is
H,=H:U | H. (3.19)
Y~y

We note that the function Gy defined as in (3.15) only depends on the fields ¥, ® locally:

Corollary 3.3.8. Suppose U is an open set and f is a 062 test function. Then for any z,

the value of G y(z)1 is uniquely determined by (O, V)| and n(VG:) N U.

H.cU
Proof. This is a direct consequence of Lemma 3.3.7. m

In the following lemma and onwards, we will let A < B mean that A < C'B for some
absolute constant C. We will prove the following lemma about Gy which will be used later,

see (3.63).

Lemma 3.3.9. Let f € C’g((C) be a C2 compactly supported function, and define Gy asin

(3.15). Then for any vertex z € VG,
G (2)] S (deg(2) + DIV flloodiam(HZ).
Proof. By (3.15) it suffices to show that

GF(2)] < (deg(2) + DIV floodiam(H5),
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where ¢ € {PL, PR, FL, FR}. We have that

GEE = [fmd) = f) + Y (Fn(2) = f(m))

yEVGvi=2
< fmd) = faG)I+ ) 1fW2) — f(md)
yEVGevi=2
< VAllsolm® =n2)+ > IV llcoln(z) — mf]
yEVGvg=2

By the definition of m{ for a general vertex y (3.14), we have that
[m? —n(z)|, In(z) — my| < diam(H)
if v = n(z). Hence

G < IV fllclmi=n(z)l+ Y~ IV fllscln(z)=mi| < (deg(2)+1)|IV fllocdiam(HS).
yGVQE:vg:z

This completes the proof. O

3.4 Control of main sum in the whole-plane GFF case

We recall the definition of ng as in Definition 3.3.1, the definition of m in (3.14) and the
definition of G ¢(2) in (3.15), which will be used throughout the section. We also recall that
we fix a smooth compactly supported function f.

First we will control the sum in (3.16).

Proposition 3.4.1. With probability going to 1 as ¢ — 0, we have

ST F(2)Eg.(2) = 20 (3.20)

2€VG,
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where 1 is a space filling SLE) parametrized according LQG area with respect to a whole

plane GFF ®.

Note that this statement differs from Theorem 3.1.5 in that it uses a whole-plane GFF
instead of a y-quantum cone field.

The proof of Theorem 3.1.5 will be done in Section 3.5. We will now focus on proving
(3.20).

The first step will be to split up the sum in (3.3.6) into the parts corresponding to £1,G.
and £pGe. We have by Lemma 3.3.6

> fE)Ke(:) = 3 Y Gylw)

Zevgg UEVgg
™ ™
= 5| 2 GGt | 5| D 67w + 65 )
veVGe veVGe

Hence it suffices to show that

> 6P+ 6F ) = W), (3.21)
veEVG,

S GFRw) + GFRw) =W, (3.22)
veEVGe

We will show the first identity, the second being proved identically. To this end, we will

rewrite this last sum as an integral over C. Let
PL FL

Recalling Definition 3.3.1 and defining let 25 € VG, be the vertex corresponding to HS, note

that

Ly(@5)
vezvgs Ff(U) - /(C W(Hg)dz- (3.24)
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Let X% denote the quotient
s

z m z€suppf- (325)

We will follow the ideas of Section 4 in Gwynne et al. [2019b| , particularly Proposition 4.1
therein. However, the techniques used in [Gwynne et al., 2019b, Proposition 4.1] require
several refinements to adapt them to our setting. In that proposition, the integrand is of
(diam(H?))? diam(H%)

arca(He) while in our case the main integrand is roughly of order arca(HY)

first step is to define a sequence of sets Z; (defined in Definition 3.4.8) which “fix" diam(H?)

order . The
and area(H?%) to conveniently decompose the integral. This is necessary due to the additional
factors of diam(H%) that appear when compared to [Gwynne et al., 2019b, Proposition 4.1],
which must be controlled separately with the conditions that define Z; that provide uniform
control over cell geometry. This is done in subsection 3.4.1. In subsection 3.4.2 we restrict
the integral in (3.24) to a single set Zj, where the diameter of each corresponding cell is
of order €% where a; is a fixed exponent, along with other regularity properties which are

useful when bounding the integrand. Here we also split X¢ into its expectation with respect

€

to the circle averages of ®, ¥ centered at z, and the error X,

which allows us to exploit
the long range independence of the fields ®, . The main fact used here is that the fields
®, U become decorrelated only after normalizing by the circle averages. In Section 3.4.3 we
rewrite the second moment of the integral in (3.21) as a double integral, splitting it into the
diagonal and off-diagonal components (see the proof of Proposition 3.4.11), and bound the
main contribution for both the diagonal and off diagonal integrals. Here, the decomposition
of X¢ into X¢ and the expectation is needed in order to bound the off-diagonal component,
using the independence properties of X5. We also use rotational invariance to bound the
expectation of X: (Lemma 3.4.13), which is used to bound both the diagonal and off-
diagonal components. For the diagonal component, a key ingredient is an estimate on the

number of cells present in Z; (see (3.58)), which is crucial in the proof of Proposition 3.4.14.

In particular, this estimate is needed in order to cancel a factor of 20 arising due to the
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diam(H¢)

zZ

fact that m

is expected to be of order W(Hf)‘ Finally, in Section 3.4.4 we bound
the last term remaining to finish the proof of (3.20), namely the contribution coming from

the expectation of X¢.

3.4.1 Defining the truncation

We will need the following technical lemmas on the size for degrees on Ge and G..

Lemma 3.4.2. Let Ge be defined as in Definition 3.1.4 (with the y-quantum cone field CTD),
and let K be a deterministic compact set. Let vy denote the vertex associated with the mated
CRT map cell containing the origin. There are constants cg,c1 > 0 such that for any n € N

we have
1

P(deg(vg) > n?) < coe™“1"7.

Later on we will take K = supp f, however we will show this lemma for general compact

sets K for clarity.

Proof. The proof is similar to the proof of Lemma 2.5 in Gwynne et al. [2019b]. Recall that
the Poisson point process is denoted A® = {y;};c7z. First, let jo € Z denote the index such

that 0 € [yjo,yj0+1), and let

S:=<7>7Jo: inf Ly |V inf Ly | < inf Iy
te€ Yo Yig+1] tely;,yj+1] €Yo Y5l

To prove the lemma, by time reversal symmetry, it suffices to show that
1
P(#S > n) < cge 1"

for appropriate constants cq, ci. Note that if 7 € S, then in particular we have that L; has
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not yet reached infte[ Ly at time y;, but

Yo 7yj0+1]

inf Ly < inf L; <0.
tely; Y 41 telyo-y;]

Therefore if we define N as

Ni=#{j>jo: inf L;> inf L; inf L;<0},
te[y‘]o?y]} te[yjoayjo—‘rl] te[yjayj-‘rl]

then #5 < N7. Tt suffices to bound IP’(]\N/'l > n). Now we will define a sequence of stopping

times. Let A denote the infimum

A= inf Lt.
te [yjo 7yj0+1]

We define the times o), 7, as follows: we let
On =Tn + A2>
and
Tp =min{t :t > 0,1 : Ly = 0}.

Define

Ny :=min{n : 3t € [m, 0] s.t. Ly < A}
Then by definition of N7 we have that
~ NQ
N <D #(A N [, 0n)). (3.26)

n=1

First, we will bound P (/\72 > n) . After this, we will use a union bound to bound the
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probability that simultaneously, every interval [r,,, 0] has a bounded number of points in
A°.

By the Markov property of Brownian motion, we have that the expression
P (3t € [y, on] st. Ly < M|Fr,)

only depends on the constant M, where F, is the o-algebra generated by L|[yj077n].
We will need the following estimate (which is a consequence of Bennett’s inequality): if

X has a Poisson distribution of intensity A, then

22
P(X >z+)\) <e 2042), (3.27)

In particular, using the fact that the number of points in A® contained in a fixed interval
follows a Poisson distribution, we have that if ./\72 < n then we have that for some constant
c1 >0,

1
P (‘Ag N [mn, on]| < AQ”‘A> >1- ne~1AM2

Note that A has stretch exponential decay: indeed,

(0.] (0.
P(A>—M) < / P| inf Ly >—-M |ee fde < / e CMemelgp < o=CM,
0 t€[0,4] 0

Hence for some co > 0, we have

1

P (A2 > n) =P (A > —n%> < ec2n?,

1 1
. . .. 2,9 2\
Thus we obtain that with probability at most e~a1AMIy 4 gmean2 AL S g

Now, note that after conditioning on the intervals {[7,,on]}n, the quantities #(A® N

[T, on)), #(A° N [T, om]) are independent whenever n # m. Since the interval [7,, 0y,] is
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of length A2, the law of #(A N [, o)) is that of an exponential distribution with mean

A?z. Therefore using a union bound and (3.27) we obtain that with probability at least

25 3 3
1— e—clA n2, _ o—Cn —c3n

—ne , we have deg(vg) < n3. This completes the proof. [

Lemma 3.4.3. Let 0 > 0. Let G- be defined as in Definition 3.1.4. Then we have

sup deg(z5) < (loge™1)0t0 (3.28)
ZGBl(O)

with probability tending to 1 as e — 0.

Proof. By Proposition 6.2 in Holden and Sun [2018] we have that for M > 0, B1(0) C
ﬁ([—E*M e M ]) except on an event of probability at most Ce=MP*(7) for some constant
C' and power p*(v). Now note that the law of the number of points in the Poisson point
process A contained in [—5_M e M |, is a Poisson distribution with mean 2e=M=1 hence
with probability going to 1 as ¢ — 0, this number is at most e~ M=2 Thys by Lemma 3.4.2

and a union bound, we conclude (3.28) holds with probability tending to 1 as e — 0. ]

Now we need to transfer this lemma to the case we have a whole plane GFF instead of

the quantum cone field.

Lemma 3.4.4. Let K be a fized, deterministic compact set, and let 0 > 0. Additionally, let

z € K. Then after replacing the quantum cone field ® by a whole plane GFF ®, we have

sup deg(z3) < (log 571)6“9

z€B1 (0)
with probability tending to 1 as e — 0.

Proof. Note that if we have a § > 0 such that B;(0) N K = @ and K C By(0), then using
the absolute continuity of (I)|(C\ B;(0) with respect to i)|(C\ By(0) and the fact that the law
of n(A®) N (C\ Bg(0)) given ® only depends on (I)’(C\B(;(O) we would be done. Hence the

conclusion holds as long as K avoids a neighborhood of the origin.
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For the general case, we proceed as follows. First, let » > 1. We claim that for any two
points z, w the laws of ®(- + z)| B, (0) and ®(- + w)| B,(0) are mutually absolutely continuous.
Indeed, if we take ' > r, then the conditional law of ®(- + 2)|B,(0) given ®(- + Z)|Br/(0)c is
mutually absolutely continuous with respect to the law of a zero boundary GFF restricted
to By(z) by the Cameron-Martin property for the GFF. Noting that the zero boundary GFF
is translation invariant proves the claim. To lift the condition that K avoids the origin, we
cover K in finitely many balls of radius r, and use the claim together with a union bound,

applying Lemma 3.4.3 to each ball. n

To define the events Z; we will need the following lemmas.

We show that the ug measure of space-filling SLE segments is not too large.

Lemma 3.4.5. Let K C C be a compact set. There exists a 1 > 0 such that the following
holds.  With probability going to 1 as € — 0, for any mated CRT map cell € such that
¢NK # I, we have

pe(€) > e
Proof. This follows directly from the fact that y;, 1 — y; has a Poisson distribution. O
Now, we show that space-filling SLE segments cannot have very large Lebesgue measure.

Lemma 3.4.6. Let K C C be a compact set. There exists a By > 0 such that the following
holds.  With probability going to 1 as ¢ — 0, for any mated CRT map cell € such that
CNK # I, we have

Proof. We proceed as in Lemma 3.8 in Ding and Gwynne [2018]. We have the standard

moment bound

E (ug(Bj(2))P) < sv®Fos(l)
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where p € [O, %) , 0 €(0,1), and w(p) is defined by

2 2
Y )
w(p) ( +2>p 5P

(See Theorem 2.14 in Rhodes and Vargas [2014] and Lemma 5.2 in Gwynne et al. [2020]).

Using Markov’s inequality we obtain
P <M<I>(B5(z)) > 632_1) < 5w(P)*ﬂ~2_1p+05(1)_

4++2 255" > :
A =25 for By < ’Y% we obtain

Now taking p = 572 3

(472 —2p51)2

P(ua(Bs(z) > % ) <5 =7 0

After covering K with a minimal amount of balls of radius ¢ and applying a union bound

over the set of centers, together with Lemma 3.4.5 we conclude. O
We also need the following lemma.

Lemma 3.4.7. Let K C B1(0) be a compact set. There exists a f > 0 such that the
following holds. With probability going to 1 as € — 0, for any mated CRT map cell € such
that €N K # &, we have

diam(¢) < &b

Proof. Let 6 > 0 be a small positive constant. Note that with probability going to 1 as

e — 0, we have that

1-6§
SUp yj+1 —Yj <€
1€l

where I := {j : KNn([yj—1,yj]) # @}. Now applying Lemma 2.7 in Gwynne et al. [2019b]

for ¢ = 8 and £179 instead of £ we conclude. O]
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Now we are ready to define the sets Z;. The idea is to split into sets of z for which the
associated mated CRT map cell cluster H i (as defined in (3.19)) has its diameter at a fixed
scale. More precisely, let ¢ > 0 be a small positive number, N be a large integer, and fix
a1 < -+ < ap such that

sup  Jaj — 1| < (. (3.29)
1<j<N-1

Note that by choosing N to be large enough, we can force

P sup (diamﬁli) >4 P < inf (diamﬁli) < aaN)
z:supp fNHEAD z:suppfNHE#@

to be arbitrarily small. Indeed, by Lemma 3.4.7 and Lemma 3.4.4 one sees that one can

force the first probability to be arbitrarily small, while Lemma 3.4.6 and the fact that

(diam(HE))?
area(H§)

~

/
diam(Hi) > diam(H;) = /area(HE) ( ) we see that if a; is chosen small
enough (depending on ), and «p is chosen large enough (also depending on 7), then the
probability that ﬁi has a diameter outside of [¢*N, £™] tends to 0 as € — 0. Let r € (0,1)

be a small constant as in Corollary 3.2.4, 3 large as in Lemma 3.4.7, and let b = 1E—rﬁ.

Definition 3.4.8. Let C be a large constant. We define Z; to be the set of z € supp [ such

that the following statements hold:

diam(H) € [¢%+1, %] (3.30)
arca(HS) > &’ (3.31)
degzS < Cloge™1)7 (3.32)

diam (H¢)? ¢
il et VA 3.33
area (HS) — c (3:33)

and if w ~ z,

area(HS)) > & (3.34)
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degzS, < C(loge™ )7 (3.35)

: 2
¢ < diam (Hy,) < o

A W < (3.36)

€

The reason for the extra conditions on area (H% ), deg 2%, and diam (ﬁ i) is only technical,
however we need these conditions for lower bounds in the future for certain expectations of
expressions. Additionally, let Z; denote the set of z € supp f such that (3.31), (3.32), (3.33)

hold, together with

min |z —w| <% (3.37)
wesupp f
diam(H) € [e¥+1, %], (3.38)

We will need the following lemma throughout this section.

Lemma 3.4.9. Let 3, > 0 be small fized positive constants. Let K C C be a compact set.

Then with probability tending to 1 as ¢ — 0, we have

N
Kc|]z.
j=1

Proof. This lemma is a direct consequence of Lemmas 3.4.4, 3.4.6, 3.4.7 and Corollary 3.2.4.
O

3.4.2  Restricting to a single set

/ X4dz
C

where X¢ is defined in (3.25). By (3.24) and (3.25), proving (3.21) is equivalent to

2
E <(/ XidZ) ) S 8_2<+0(1)'
C
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We claim we can restrict to a single set Z;.

Proposition 3.4.10. Let 1 < j < N — 1. Then we have

2
E ((/ IZ.(z)Xidz) ) < g~ 15¢+o(1),
c

Assuming this, we will prove (3.20).

Proof of (3.20). Let F: denote the event that supp f C Ué-vlej. By Lemma 3.4.9, we see

that P(F:) — 1 as ¢ — 0 and thus

(o (o)) =) )

as € — 0. We also have

2 N-1 2
E(lpg (/ X‘Zdz) > < E /1Zj(2)X§dz
N-1 2
< (N—1E (/ 1, (Z)ngz)
— C
7=1
2
< (N=1?2 sup E (/ 1ZA(2)X‘Zdz) :
j=1,..N—1 c

By Proposition 3.4.10, the last expression is bounded above by e~ 15¢+o(1) - Since ¢ >0 can
be made arbitrarily small, this proves (3.21). Combining this with (3.22) (whose proof is

identical), we obtain the result. O

From now on we will fix j, and focus on proving Proposition 3.4.10. Let ®,(z), ¥, (2)

denote the averages of ®, ¥ on the circle centered at z of radius r, and define X¢ by

XS = 17,(:)X5 — E (17,(:)X¢

D oy c(2), \1/5%._4(2)) . (3.39)
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We have that

D ajcl(2), ¥ a.,g(z)> dz

J e J

/1Z.(2)X§dz:/)_(idz—l—/E(lZ.(z)Xi
c C C ’

and therefore

2 0 c(2), quaj,g(z)) dz>2>

2
£ @Eaj_g(z),\lfgaj_g(z))dz) ) .

(3.40)

We claim each one of these expectations is small.

Proposition 3.4.11. With probability going to 1 as ¢ — 0, we have

2
E ((/ 1ZA(z)X§dz> ) < o()-15¢,
c i

Proposition 3.4.12. With probability going to 1 as € — 0, we have

B ((/@ E(l (1) X°

To prove Proposition 3.4.11 and Proposition 3.4.14 below, we will need the following

2
q)eaj_C(Z>’\I[go‘j_C(Z))dZ> ) < o),

lemma.
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Lemma 3.4.13. We have that

E (1 7,(2) X5

D ajc(2), ¥ (%))

diam(H¢)?
< IVl (1zyrmnpy (2) (de(z) 4 1) omm -
z

® O"_C(Z)a‘lj a-—{(Z)) +€0(1)

e J eJ

(3.41)

Proof. Step 1: reduction. We claim that it is enough to show the claim for functions whose

Taylor expansion contains no linear term. Indeed, by Taylor expansion, we have that
fw) = f(z) + Vf(2) - (w—2)+ N f(w = 2),
where the Taylor expansion error N, f satisfies
Nz fw = 2)] S VP flloolz = w]?. (3.42)

Let f be the linear function defined by

fo(w) = f(2) + Vf(2) - (w = 2).

The idea is that the contribution in the LHS of (3.41) corresponding to f is small since it is

approximately rotationally invariant, while the quadratic term is of smaller order. Then

Ff(w) = FJ;Z(’LU) + FNZf(—Z)(w)

Let a,b € R, and let P, be the law of ®0 U0 where the fields 0, UV are the fields &, ¥

normalized so that @gaj —C(Z) = a and lllgaj_c(z) — b. By the invariance of the fields &Y, ¥V
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under rotations about z, we have that

L';(z)
E,,, <m1zj(z)) —0. (3.43)

Let M, j, denote the Radon-Nikodym derivative of the conditional law of (®, ¥)p o (2) given

{q)gaj_g(z) =a, \Ifaaj_g(z) = b} with respect to ®Y, UV, Then

I'; (2)
E (@.@)#(Hg) ®

Using (3.43), we have that

VAN
=
8
o
—_
N
—~
S~—
N
o
=
[}
o |
=
Nnm
N~—
N~
[N
[\
~
=
S
o
VRS
—~
=
o
|
—_
SN—

[N
~—
~

N[ =

where in the last line we used that

2 2
IEa7b <(Ma,b - 1) ) = IE’a,b <Ma,b> +1-2E, b(Ma b)
2
— Eqp(M2y) -1
since
]Ea,b(Ma,b) =1



Step 2: bound for E, j, <M§b — 1) . We claim that

E,; (Mib - 1) < o), (3.44)

3

By the proof of Lemma A.1 in Gwynne et al. [2019b] and the fact that ® and ¥ are inde-

pendent, we have that M, ;, = Mg My, where Mg, M, are independent, and M, agrees in law

with
~ 2
V9og R o2 (0= 9.0 ((2)
exp = - .
Vlog B+ log (1 - |22) 2log R 2 (log R+ log (1 - |2%))
where )
(e a2
R= ,
S
~ z
z

- _55°‘j—§ — |2|2

and finally Q_o; _ C<Z> is a centered Gaussian with variance log ((1 — \z|2) _1> < 1. Therefore

2 2
Ea,b(Mib) -1 = Eq3(My)E, b(Mb) —1

)

= (Bap(3) 1) (Bap(M2) — 1)
+ (Ea,b (M2) - 1) (Ea’b(MbQ) - 1) .
We have
2
Ea,b<Ma) —1
2
e (  logh - @ <a—QEaj_C(z)> .
“0\ \log R +log (1 — |72) log R <loglf€+log (1- |z|2)>
2
_ ( ) log.ﬁi )E ) | exp a2~ B (a— anj_g(z)> .
log R + log (1 — |2]?) “ log R (log]:? +log (1 - |2\2)>
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Now note that

2
a2 - (a — anj_c(z)>
log R <log]:2 +log (1 — |2|2)>

/ a? (a —w)?
= [ exp = — -
wo \loglt (logit+1og (1-|22))

. ! exp | — w? — dw
\/27rlog<(1— |2|2)_1> 2log <(1_ 2?) >
ex ( a2~> 2 ac; \2
_ log 7 - / leate)(w-g)
27 log (1 — ]2|2)*1> R

where

y €2 =

2l0g((1-12P) )

< 9. This implies that

T g R +log (1— |22)

1< 1
log R ~ loge

Note that ¢; <

2 (a- anj_c(z)>2
log R (lOgR—l—log (1_ ‘5|2))
< (1 + 50(1)> eXp (1022]:2) e_ccllc_agj (l) :
\/210g<(1_ |g|2)—1> 9

2 _0102a2 2
log R log R

E,p | exp

?

=1+e°W),
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This implies (3.44).

Step 3: conclusion. We obtain

— _ _ _o(1
® 0=, T oj¢ = b) = o),

N AC)
@b | area (HE)
Let
B, = —— [ Nof(m; —2) + Z sz(my —2)

YiUy=2z

Therefore

I'y(z
E (12, (X518 y-c(0) ¥ y<0)) = B (1000 ()L 10 0,20 ()

_ E (1 Zrupf (VBE|® o) (2), quaj,g(z)> L co(l)

(3.45)
Now using (3.4.8) we have
V2 flloc
gl < | 2 2
| Z| = area([_[g) |mz Z| +y:§22|my Z|
V2 flloc e . £1)2
< m(deg(fcz)+1)(dlam(f[z)) :
Combining with (3.45) this completes the proof. ]

Assuming Propositions 3.4.11 and 3.4.12 we will now prove Proposition 3.4.10, which will

in turn prove (3.20).
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Proof of Proposition 3.4.10. We have by (3.40) that

E zezjvggf ) Kg.(2) < 2E<(/C)_(§dz>2)
+ 2E<(/C]E(X§|<1>€ajC(z),quajg(z))dZY).

By Propositions 3.4.11 and 3.4.12 we know that each term is of order £0(1)=15¢_ This com-

pletes the proof. n

Now we will focus on proving Propositions 3.4.11 and 3.4.12.

3.4.3  Main estimates

Proof of Proposition 3.4.11

To prove Proposition 3.4.11, we write

E (( /(C 1Zj(z)X§dz>2> _E ( /Z | /Z ‘X/‘;:Xf;,dzdw>.

Let ¢ > 0. We will decompose this double integral into the set of (z, w) with |z —w| < % ¢

and where |z — w| > £%~C. More precisely, we have

E((/(Clzj(z)xgdz)2> _ (//Z s < ( )12( )XngUdzdw>
; ( /[ s N, >X§X;dzdw).

(3.46)

We claim each term is of order at most £2(1)=15¢, We will prove this in subsections 3.4.3 and

3.4.3. For the first, we prove the integral is small because of the fact that {z,w : |z — w| <
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g% _C} has small measure. For the second integral, we use the fact that X% satisfies a long

range independence property (see (3.64)).

Diagonal integral

The main result of this section is the following.

Proposition 3.4.14. We have

E // XEXE dzdw
|z—w|<e® ¢

Now we will prove Proposition 3.4.14.

< 80(1)_15<.

Proof of Proposition 3.4.14. Step 1: Rewriting the integral. We have

// )_(i)_(idzdw
le—w|<e®~¢
//| oy 12 ()12, XXt
Z—W g
-2 / / e 1Zj<z>XiE (12,(w)X5)
Z—W 13

(12 ‘(1) (w), U ajiq (w)) dzdw

=: A —2A9 + A3 (3.47)

D o (w), Y aj—¢ (w)) dzdw

Now we will bound each term individually. For any z,w € C, let E ,, denote the event that

|Z - ’LU| < Eaj_c, and Z,W € Zj We have
/ /| P Lz,(2)1z, (W) XX dzdw = /C /C XX 1p, , dzdw. (3.48)
Z—w|i<e
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Let VZ be defined by
Ve={veVG:: H;Nsupp [ # T}

Step 2: Bounding Aj. Going back to the discrete sum form, we have that

|A1|:‘/(:/(:X§X§U1Ez’wdzdw‘g ST )1, (3.49)

zweVe

Now using Lemma 3.3.9 we obtain that

> T p(w)ip,, < IVfll5 Y (deg(2)+1)(deg(w)+1)diam(HS)diam(Hy, )1, , .
z,WEVe Z,WeVe

(3.50)
Note that if £, holds, then
diam(HE)diam(HS) < £29.
Hence
Z (deg(z) + 1)(deg(w) + 1)diam(H; )diam(Hy,)1pg,
z,weVe
2005
< e Z (deg(2) + 1)(deg(w) + D1g, - (3.51)
z,weVe

Then by the definition of Z; we have

sup deg(z)15.(z) < Cloge™1)3.
z€Ve /
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This implies by (3.30), (3.32), (3.35) that

> (deg(2) + 1)(deg(w) + 1)diam(HS)diam(H,)1p,
z,weVeNsupp f

14
<c? <log€_1> £2% Z 1g, -

W

zZ,weVe
Combining this with (3.50) we obtain
2 2 1\ M 2q,
> DI @), S IVARC? (loge™!) "9 3 1p,,.  (352)
zZ,weVe zZ,weVe

Now we will estimate the sum

Z g, ,-

z,weVe

We have
Z lg, ., = Z #{w e VenZ;: B, holds}.

2, wWeVeNZ; 2€VeNZ;

We also have that

#{lw e VenZ;: E,q holds}

<#{weVenz;: HyN B, () # o diam (H,) € [%+1,29]} . (353)
By (3.32), (3.35), if w € Vz, there are at most C'(loge™1)7 cells y such that y ~ w. Therefore
if diam(]f.li,) > ¢%+1, then there exists a w such that either y = w or y ~ w and

gaj-i-l
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Hence by (3.32), (3.35)
ViNZ;: HSN B o,_¢(2) # @, diam ( H,, ) > £%+1
#weVenZj: Hy aj—¢(z ydiam ( H,, ) > €
< C(loge™1)7# {y € BE%‘*C_FE%(Z) : diam (HZ) >
Now, using (3.33), (3.36) we have that
. . 6aj+c
# Y € Bgaj_c+5aj (Z) : diam (Hy) > m

< # {y € B%%_g(z) carea (Hy) >

8—(204j+3C)
C'*Z(log 5*1)*6

S 47.‘_620(]'—2C

where in the last line we used the fact that the cells intersect only along their boundaries.

Putting this together with (3.53),(3.54) we obtain

#{w € VonZ;: E;y holds} < 4037 (log e 1)? (3.55)
and so
#{w € VN Zj : By holds} < e75¢+00), (3.56)
Hence
> tp, < #{zeVenZ;diam () € [, 6] f 5 Fell), (3.57)
2, weVe
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Using (3.30) we obtain that

4 {z € VeNZj : diam (ﬁi) € [50‘j+1,6aj]}

< # {Z € VzNZ;: diam <ﬁi> > gajH}
-1 — . c gajJrl
<Cloge "# ZG%ijidlam(Hz>2W i

where in the last line we used the fact that there are at most (loge™1)% + 1 cells in H i, and

-~ ~ (62
so if diam (H i) > £%+1 then there is a cell in H i whose diameter is at least %. Now

using the same argument as for (3.55) we obtain that

# {z € V-NZ; : diam (ﬁi) > gaj+1}

c®j+1

9
< Cloge™ (et = Xlorealsmpoy) + 0)

< 03(10g 871)58720@""1729
Combining this with (3.57) we obtain

So1p,, <e 2T, (3.58)
2,weV:NZ;

Plugging this into (3.52) and then back into (3.48) and (3.49) we obtain that

|14y] < eoD=9¢, (3.59)
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Step 3: Bounding Ao. By Lemma 3.4.13 we have

|Ag|

<[ R ENEE (1, (DX (), ¥ oymcl)) o+ <)
|z— w|<5aJ €

SVl [ [z

iam 2
E ((deg(xfu) + 1)%

eJ eJ

areal D o —c(w), ¥ a._g(w)> dzdw + 20,

Note that by Lemma 3.3.9 we have

diam(H%)

3 < 3 .
X < (doglaf) + DIV g2

This implies that

| Ag
IV flloo V2 fl oo

<[ E( 15, (deg(sS) + 1)(deg(s,) + 1)
|z—w|<e™ -

diam(H¢) diam(H¢,)?
area( HS) area(H )

® ajc(w), ¥ a;— (w)) dz dw + 1),

Now by definition of Z; we have that

diam(H¢) diam(HE,)? < —2+o(1) 1

£ 1 g 1 e ——
(deg(af) + 1)(des(af) + 1) o TR S Tom(EE
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This implies by (3.30), (3.33), (3.36) that

| Ag|

IV flloo 1% £lloc

By (3.58), we have that

hence

IN

IN

_2C+0 // Ezw B g 60<1)
|z—w|<ei —¢ diam(HY)

030 / / LB, diam(HE)diam(HG)?
z—w|<c® ¢ diam(HE) area(H?)area(H,)

+5

o) g —4¢ Z diam(H?)diam(Hy)1p, , + o)
2, weV:NZ;
E0(1)50@-—4§€2ozj—2( Z g, + 60(1).
z2,weVeNZ;

A
| 2!2 < o~ 15C+o(1)
IV Flloo V= flloc

|Ag| < e~ 15¢Ho(1), (3.60)

Step 4: Bounding A3 and conclusion. We note that by Lemma 3.4.13 together with (3.33),

(3.36) we have

E (112, (2)XE/1D a;¢(2), ¥ ajc(2))

< IVl (12,2 deg(a) + 1

< 50(1)_47

Y

diam(H¢)?
area( HS)

P oy (2). @5&1—4(2)) +e°b)
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thus

| A

AN

AN

AN

S //I <€ Lsupp(£) (#)Lsupp(f) (W)L E, ,, dzdw + g
Z—W g

+

3

3

diam(HE)Q diam (HE )2
—4¢ . :
/ /l ey Tsuep(s 0 supp(p) W= e ey e

) 20— GC// 1 diam(H?) diam(Hi))dzdw—l—e (1)
lr—w|<e® ¢ THY area(HS) area(HY,)
1

o(1)g205=7¢ Z diam(H?)diam(Hy)1p, , +€° o(1)

2, WeEV:NZ;

0(1)84043‘*9C Z 1Ez,w + 50(1).

2, WeEV:NZ;

Now using (3.58) we obtain that

43| < 50(1)52053-—18< —0—60(1)

Combining this with (3.59), (3.60) and (3.47) yields the result of Proposition 3.4.14. O

Off-diagonal integral

The main result of this section is the following.

Proposition 3.4.15. We have

E // XEXE dzdw | < e 2CHo(1),
|z—w|2<€0¢j—C

The main ingredient is a long range independence property that X¢ satisfies. First we

rewrite the integral in Proposition 3.4.15. Recall the definitions of X¢ and X, (3.25) and

(3.39). Suppose z,w € C. We define F, , to be the o-algebra generated by
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(@, )]

, that is

Fow=o0 | (0,0 . 3.61
w=e <( )|(C\(Bz—w|/4(z)UBz—w|/4(w)>) (3.61)

We will need the following important lemma, which is proven in Gwynne et al. [2019b].

Lemma 3.4.16. [Gwynne et al., 2019b, Lemma A.3] Let Br(w) be a ball containing the
unit disk and suppose h is a whole-plane GFF normalized so that its circle average over
Bpr(w) vanishes. Let p,p',s be such that p’ > p > 1, s € (0,1). Then there exist constants
a=a(p,p’) >0 and b= b(p,p',s) > 0 such that for any 0 < 6 < a and any random variable

X determined almost surely by h”Bg(O) and h1(0), we have

4]

E (|ECX |he\sy(0) — BCX|p(0)]) S 8P (X1P) + 70 E (1xp) 7

Proof of Proposition 3.4.15. Step 1: We claim that

62504]-4_14-23@“

E((E(X2|70))°) < E (17,()(X5)?). (3.62)

]z—w]Qs

To this end, let F, 4, be as in (3.61). Then we have
E(X;X,) =E (E(X;X;|F.w)) - (3.63)

By the domain Markov property of the & and F (Zj), the fields @, ¥ when restricted to these
two balls are conditionally dependent. By the definition of Z;, we have that if z,w € Z;, we
have ﬁ[i C B‘le‘ (2), ﬁfu C B|Z2w| (w) which are disjoint, and hence X¢ and Xg, become

independent. Hence

E (X X5 Few) = B (XE|Few) B (X | Fow) - (3.64)
130



oy 1+C
Using Lemma 3.4.16 for 6 = 8\23@ ., p =2, p =3, sending s to 1 and appropriately

rescaling we obtain that

2sa41+25C ~ __ Ba—wf!mE -
<7 R ((X§)2) 4o IO (IE ((X§)3>> . (3.65)

[SC]\)

B (5 (X5|70))?) <

Note that
_ 3 3
E ((Xi) ) = E ((12](2))(2 —E <1Zj(Z)XZ o (2), ¥ “J—C(’Z)» )
< 4E <1Z] (2) (Xi)?’) +4E ((E <1Zj(z)XZ D o¢(2),V aj—c(z)»g)
< 4E (12] (2) (X§)3> +4E (IE (1Zj(z) (Xi)?”@eaj—c(Z), v a]—<(2)>>
= 8E (15(:) (X9)°). (3:66)

We also have by Lemma 3.3.9 that

E (1z,(:) (x9)°)

eg(xs 3diam(HE)3
<|VSfI%E <1Z]~(2)(d g(2%) + 1)°diam(H?) )

area (HZ)?

iam(HE)2\ ° 2

. (E (1Zj(2)m>) .

Recalling the definition of Z; in Definition 3.4.8 we obtain that we have

2) (X9)3 e3¢ z v ’
E (17,() (X9)°) < (E (1zj< >diam(H5)6>) ~

z
Recall that if Z; holds, then area(H3) > e?, and hence diam (HS) > (e/7)1/2. This implies
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that
B (1z,(:) (X9)*) 578775,

This implies the second term in (3.65) is negligible. Plugging this into (3.65) we obtain

blz—w|l—s

B 2500j41+25C B e B
B (B (7)) < o B (1)) +e T (5 (1))
e250j41+2s¢

[SU] V]

E((X9)°)

~ \z—w\zs

for appropriate constants s, b and thus

E / / XEXE dzdw
|z—w|250€j—C

2s0j41+25C
<E / / L. wesuppf ———3—F ((X§)2) dzdw (3.67)
|,7;7w|2604j_C 7 |z —w|*s
By computations similar to (3.66) one has
E((X5)?) <4E (17,(2)(x9)?).

Therefore plugging this into (3.67) we obtain (3.62).
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Step 2: conclusion. Plugging into (3.63) and using Cauchy-Schwarz twice we obtain

E XE6XE dzdw
= //| > aj—¢ 1z,w€suppr (XEXE)) dzdw
zZ—wl|>e

//| |>c% - szsuppr( (X,g’]:z,w)E(Xlﬂfz’w)) dzdw
z—w|>e

//|Z w35 1, wesuppfE <(E (Xi}fz,w))2> ? E ((E (Xi}}}"sz))Q)% dzdw
(/ /Z w|>e% ¢ L2 wesupp ((E (X§|fz,w))2) dzdw>

. </ /|z—w|>go‘j_< 1Z,w€suppf]E ((E (Xi)‘fz,w))2> dzdw)
- (/ /Z_w|>6aj< L wesuppfE <<E (Xglfz,w)y) dzdw) )

By (3.62), we have that

E // XEXE dzdw
|z—w|>go‘j_c

23a]+1+23g )
//| |>e%5¢ ZwesuphW]E (1Zj(z) (X2) )dzdw. (3.68)
Z—W|=€

D=

D=

Now using Lemma 3.3.9 we have that

(deg(x) + 1)*diam( H;)2>

E <1Zj(2) (Xi)Q) SE (1Zj(z) area(H%)?

Recalling the definition of Z; in Definition 3.4.8 we obtain that

1z.(2
£ (1Zj<z) (Xi)z) <e°E (W%) < e20511—C
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Plugging this into (3.68) we have

E // XEXE dzdw
|z—w|2e€o¢j_C

1
< (20541205 +0(l) / / 1 17.(2) — dwdz
~ |z—w\2&:aﬂ'_c Zwesuppf ZJ( )|Z_w|2

< [tog(e)je2es =220 ( [ 17, ()0 )
C

Since ¢ > 0 was chosen to be arbitrarily small, this completes the proof. O

End of proof of Proposition 3.4.11

In this subsection we finish the proof of Proposition 3.4.11.

Proof of Proposition 3.4.11. By (3.46) we have that

E((/CXglzj(z)de) — E(//z—w|gaaj‘< 1Zj(z)1Zj(w)X§Xfudzdw>
+ E( / /Z_w|>€aj_< 1Zj(z)1Zj(w)X§Xfudzdw>.

The first term is < e~ 19¢+0(1) by Proposition 3.4.14, while the second term is < e~2¢+0(1)

by Proposition 3.4.15. This completes the proof. O]

3.4.4  Proof of Proposition 3.4.12

In this subsection we prove Proposition 3.4.12.
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Proof of Proposition 3.4.12. By Lemma 3.4.13, we have that

) (</(CE <12j(z)Xi ® aj—c(2), \Ifgajc(z)>>2>

diam(H¢)2
SE(( /C”ng locB(1z;nsuppy(2) (deg(2) + 1) =220y
L eoll)

2
<E ((/ (log 51)75<dz> ) + M) < O(e=3¢) 4 o)
supp.f

where in the last line we used the definition of Z;, Definition 3.4.8. n

Q. i—C (2)7 \Ijga]’—ﬁf (2)))2)

el

3.5 Transferring to the Quantum cone field

In this section we finish the proof of Theorem 3.1.5, that we pass from statements involving
the whole plane GFF to statements involving the y-quantum cone. The main idea is to
use the following fact. Recall that ® is a whole plane GFF. Suppose we sample a point P

according to the Lebesgue measure on the unit disk. Let
o) .= & — ylog| - —P| + 7 log(max(] - |, 1)).

Then the laws of ® and ®(1) are mutually absolutely continuous (see Lemma A.10 in Du-
plantier et al. [2021]).
Now we will define three more fields to use as intermediate steps towards the quantum

cone. Recall that ®,- denotes the circle average of ® centered at the origin of radius r. Let

¢ = o) — ylog(max(| -[,1))
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o@ _ o (l . +p>

By scaling, it suffices to assume that supp f C B1(0) We will show Theorem 3.1.5 step by

step.
Lemma 3.5.1. We have Theorem 3.1.5 holds if the quantum cone field ® is replaced by o).

Proof. Since &) and & are mutually absolutely continuous, we can use Proposition 3.4.1

directly to conclude. O
Lemma 3.5.2. We have Theorem 5.1.5 holds if the quantum cone ® is replaced by o(2).

Proof. This comes directly from the fact that &) and ®2) coincide in the unit disk together

with Lemma 3.5.1. O]
Lemma 3.5.3. We have Theorem 3.1.5 holds if the quantum cone ® is replaced by ).

Proof. Let G;’g denote the analogue of Gy when the underlying field is replaced with o),

vh3 (P)
Let S :=e 3 . Then recalling Definition 3.3.1, note that by scaling we have

3,5¢ 2,6
Gy Gy

area(H5¢) B area(H¢)

,Se

Therefore by Lemma 3.5.2 we only need to convert integrals involving G?]’c to integrals only
involving Gz}’e. Now by Lemma A.2 in Gwynne et al. [2019b], for a € R and 3 € B_¢(0), the
conditional law of ®()| B, (P) 8iven {@ (3) = a}N{P = 3} is mutually absolutely continuous
with respect to the law of o0 | B glven only {P = 3}. Following the notation in Gwynne
et al. [2019b], if p > 1, there is an r;, = rp(p) such that the p-th moment of Mg ; is bounded

above by a constant depending only on p provided a € [—7p, rp]. The rest of the proof follows

as in case 3 in the proof of Proposition 4.10 in Gwynne et al. [2019b]. O

Lemma 3.5.4. We have Theorem 3.1.5 holds if the quantum cone ® is replaced by dM).
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Proof. By v-LQG coordinate change, we have that

G?},s ; G;Lt,ry@s ,
_ ()= —— (2 - +
area(H?) 2 area(HZQ_WQS) ( )

for some deterministic constant C. This constant does not matter in the rest of the proof:

one can now follow step 4 in the proof of Proposition 4.10 in Gwynne et al. [2019b]. O]
Now the final step is to prove Theorem 3.1.5.

Proof of Theorem 3.1.5. If ® is the y-quantum cone field, then ® and o) agree in law on

the unit disk. Since %&2) is locally determined by the underlying fields @, Ulp ; (z)> We
can replace o) by ® in Lemma 3.5.4. This completes the proof. ]

3.6 Total Curvature on a mated CRT map Cell

3.6.1 Proof of Theorem 3.1.7

We let Cy be a fixed segment of 7,

CO = ﬁ([O’ 1])

We define G-(Cg) to be the submap of G- induced by VG- N [0,1]. We will look at the total
discrete curvature inside Cy. We recall that the discrete total curvature on a segment Cy of

7 is defined as the sum of the discrete curvature on every vertex in C,
K¢ (Co) = Z Kg (v).
vGVgg(Co)

This represents the total curvature in Cy.
Now we will prove Theorem 3.1.7. Our first step will be to rewrite the total curvature

in Cp in a more convenient manner. To this end, we will need the following graph theory

137



lemma about general triangulations with boundary.

Lemma 3.6.1. [Berestycki and Gwynne, 2022, Lemma A.7] Let T be a triangulation with
boundary, that is, each face has 3 edges, except for the outer face. We let #VT, #ET, #FT
denote the number of vertices, edges, and faces in T respectively. Let Perim(T) denote the
perimeter of the external face, that is, the number of edges on the boundary of the external
face. Then we have that

#ET = 3#VT + 3 — Perim(T).

We claim the total curvature on Cy simplifies to an expression only involving degrees on
the boundary of Cy. More precisely, let degggt denote the exterior degree, that is the number
of edges between a vertex in VGc(Cp) and VG. \ VG- (Cp). Then we have the following.

Proposition 3.6.2. We have

s . C
Kg~€ (Co) = 3 2Perim(Cp) — 6 — Z degegt(v)
veVG:(Cop)

Proof. We have that

S KgW) = 5 D (6-deg(v) =2n#VG:(Co)— 5 Y. deg(v)

vEVG:(Co) vEVG:(Co) vV (Co)

Co

ext

Recall that deg Y, (v) denotes the number of edges connecting v to a point outside of Cy, and
similarly let degicr?t(v) denote the number of edges connecting v with another vertex in Cg.

Then note that

Z degicr?t(v) = 2#EC)
veVG:(Co)
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and thus

Soodegv) = Y deg()+ Y degl(v)= > degtd(v) +2#ECy.

vEVG:(Co) vEVG:(Co) vEVG:(Co) vEVG:(Co)

This implies that

> K = g 6#VG=(Co) — | > degtd,(v) +2#ECy
vEVG:(Co) veVG:(Co)
= 5| 6#VG:Co) —2#EC — Y deggl(v)

veVG.(Co)

Now using Lemma 3.6.1, we obtain

> K.

vV (Co)
7T ~ = .
=5 [6#vac- X deg%0, (v) — 2 (3#vgg(co) +3—Per1m(C0))
veVGL(Co)
m .
=3 2Perim(Cp) — 6 — Z degext( v)
UEVQE(Co)
This completes the proof. O

For every vertex v on the boundary of Cy, let

C
Ke£t< ) - 9 _degext@)'

139



Figure 3.10: Splitting the boundary of a space-filling SLE segment.

Then by Proposition 3.6.2, we have

C
Kg (Co) = > K&(v)—2r (3.69)
UE@QECO
where 8g~€C0 = {v € G(Cp) : degeyi(v) > 0}. We can further split this sum. Let
Cpr,CpR, €rr, CpRr denote the past-left, past-right, future-left, future-right components of
the boundary of Cy, and let SPL PR GFL GFR jenote the analogous components of 8g~ Co

(see Figure 3.10). More precisely, let
Cpr = 776 N {left boundary of 7((—o0, 0])},

Cpp = 77(? N {right boundary of 7((—o0,0])},
Crp = 771L N {left boundary of 7([1, 00))},
CpRr = an N {right boundary of 7([1, 00))},

and let S¥ L, sP R, SE L, SFR he the sets of cells sharing a nontrivial arc with the correspond-
ing piece of the boundary of C, with vertices whose corresponding cells share a nontrivial

boundary arc with €py,Eppr (resp. €pr,Cpp) are assigned to one of the sets SPL gPR

(resp. STL, SFR) arbitrarily. Then we claim the following.
Proposition 3.6.3. There exist independent Brownian motions Brr,, Bpr, Bpr,, Bpr that
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are also independent of @,ﬁ and a deterministic constant o« > 0 such that we have the

following convergences in law:

1 3" K9, (v) = aBy(vg(€g) Va € {PL, PR FL,FR} (3.70)
vESy

where vg denotes the LQG length.

It may be surprising that the Brownian motions Bpy,, Bpgr, Brr,, Bpr are independent
of @t),n. We will show in the proof that the left hand side of (3.70) depends only on the
configuration of the cells in a tiny neighborhood of dCg, and this becomes independent of
L, R (and therefore of ®,7n) since L, R can be approximated by processes that are exactly

independent of ®,7. Assuming this proposition we prove Theorem 3.1.7.

Proof of Theorem 3.1.7. Adding up (3.70) for ¢ € {PL, PR, FL, FR} we obtain that

5_% Z K@C)Et( )
UE@QECO
— (BPL(V@(Q:PL» + Bpr(vg(€pr)) + Brr(vg(€rL)) + BFR(”@(Q:FR»)

Using (3.69) we obtain that

1K (Co)

o <BPL(V§>(Q:PL>) + Bpr(v§(€pr)) + Brr(vg(€rL)) + BFR(”&;(Q:FR») :

Now recalling the fact that the laws of Bpr, Bpr, Bpr, Bpr are independent Brownian

motions by Proposition 3.6.3, we have that
Bpp(vg(€pr)) + Bpr(vg(€pr)) + Brr(vg(€rr)) + Brr(vg(CrR))
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and the random variable B in the statement of Theorem 3.1.7 agree in law. This completes

the proof. n

3.6.2  Proof of Proposition 3.6.3

For simplicity, suppose ¢ = FR. Let § : [0,00) — C be a parametrization of the right bound-
ary of 77([0, 00)) according to LQG length, and let S be the set of vertices corresponding to
cells adjacent to 5([0,t]) contained in 7(]0, 00)). We will now consider the cells intersecting
B([0,00)) instead of only the right boundary of 7([0, 1]). The reason for this is that we want
to use the central limit theorem, and so it is more convenient to work up to infinity. First,

we will need to define a few important quantities. For any positive integer k, let
7'];" =1inf{t > 0: Ry < —k},

and similarly

7, =sup{t < 0: Ry < —k}.

Let {Qﬁ:’} be the cells intersecting 3([0, 00)) contained in 7([0, 00)) and similarly let {€ "}
denote the cells intersecting 3(]0,00)) that are contained in 7((—o0,0]), where {Qﬁf} are
ordered as they are hit by 3. For each cell Q?[, we define the points azi such that [azi, ai_l]

is the only non singleton component of Q:Zi N 5(]0,00)) (we remark that when x > 8 we have
¢ N B([0,00) = B ([alj-[,ail])). Define N}, by

N = #{i: plaf) € illm mi DY Ny = #{i oy € illm 7))} (3.71)

We will prove a few properties about N i, which will be needed in the proof of Proposition

3.6.3.
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Lemma 3.6.4. N]j and N, are determined by

_ .+
((Rt & +)|[Tk Ty A' T ] Tk_1>’

<(R’f RN e M — Tk_—l)

respectively. Moreover, {N,j} and {N,} are each i.i.d. families.

Proof. We will show the first statement only for N Ij , the argument for N, being identical.

For the first statement, note that N]j is the number of intervals of the form [y;_1,y;]

containing a running minimum of R contained in [7'];" Tk ] This in turn only depends on
(R—R_+)|,_+ _+, together with A|, + 1. The second statement follows from the fact
T Ty ] (717 ]
that
_ A _
(R = Rl Mt it )
A

((Rt R +)|[] il |[Tjt1aTﬁU[Tj i 1])

are independent for distinct ¢, j, and they determine N, Z-i, Nji respectively. O

Lemma 3.6.5. Suppose that € = 1, and let Nki be defined as in (3.71). Then
Var(Nki) < 00

Proof. First let M denote the numbers of unit length intervals required to cover {t € [0, 7‘1+ ]:

Ry = infg<g<t Rs}. We claim there exist constants C1, Cy such that
P(M > A) < Cre” @24

We will define a sequence of stopping times for the Brownian motion R;. Let rg = 0, and
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suppose that r;, s; have been defined for 0 < j <n — 1. We let
=min{t:t > r,_ inf R, =R
Sn mln{ Z Tn—1, O%I;St x t}v

and

Let Yy = max{n : s, < 74 }. Then since the intervals {[sy, Tn]}zoz1 cover {t € [0, 7] : Ry =
info<g<¢ Rs}, we have that M < Yj. Since Yy < 7'1+ and 7'1+ has an exponential tail, this
proves the claim. Note in particular that this implies E(M?2) < co. Let I;,..., Iy be the
intervals required in the definition of M. Letting A := A, note that conditioning on M, the

collection {|A N [j\}jﬂil is i.i.d., where |[A N [;| has a Poisson distribution with parameter 1.

Therefore
M M
NP #G gl n Aoy < [ D o#ANL) | + M.
j=1 j=1
Hence, for some absolute constant C' we have
M 2
Var(N) <E(N)D) < E| (D AN +M
j=1
M 2
< E(E[ [ Angl| M| | +2E02) SE(CM2> < 0,
j=1
where in the second to last inequality we used Cauchy-Schwarz. [

For any ¢> 0 let Dy denote the mated CRT map cell contained in 7([0, 00)) containing

B(t), and let vy denote the vertex corresponding to the cell D;. For any vertex v € [0, 00),

71((0,00

we also let degg.; ))(v) be the number of edges between v and a vertex in (—oo, 0], and

define K10%)) 1o

ext

Kg}gt(o’oo))(v) =2 — degz)gto’oo))(v).
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We will also need the following lemma.

Lemma 3.6.6. Recall that 5 : [0,00) — C is a unit vg length parametrization of the right
boundary of 7([0,00)), and let St be the set of vertices corresponding to cells adjacent to

B([0,t]) contained in 1([0,00)). Then

Z ( Z Kgxto 20) (v)| < deg(vt) + 2.

k<t VE Sy

Analogous statements hold if we instead use the left boundary of 11(]0, 00)), the right boundary
of N((—00,0]), or the left boundary of 7((—oc, 0]).

Proof. We claim that

S deg D () = ST (N + N7 | < degll) (), (3.72)
VESy k<t

Indeed,

7([0,00)) ¢\ _
Z degyy (v) = Z 1(’:1,62 are adjacent>
vES; ¢1,&

where the sum is taken over cells €1 adjacent to 3([0,%)) contained in 7(]0, 00)) and cells €9
adjacent to 5([0,t)) contained in 7((—o0, 0]). Note that each pair of such adjacent cells €1, €9
corresponds to their shared boundary arc which is of the form (a,b), where a,b € {al?t}izo N
[0,¢] (see Figure 3.11). However, given that there could be intervals (a,b) of this form not
corresponding to a pair of adjacent cells (if there is an i such that a;g = max{az?t} N [0,¢,
then N Ij + NN, counts the edges incident to C;;) we obtain (3.72).

Now, combining (3.72) with the fact that

d 2-2) Nf|<2

VE St k<t
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Figure 3.11: Correspondence between pairs of adjacent cells (represented by the edges in

blue) and boundary arcs (drawn in red). The points a;r are indicated in red, while the points

a; are indicated in blue.

we obtain that

([0 _ 7(]0, _
SR w) ST (NN < [ degl ) - S (V)
vE St k<t vES; k<t

Y 2-2) N
VESy k<t
< e () 42

Before we prove Proposition 3.6.3, we will need one more lemma. Let

Z Kgxto OO

VE St

1
Lemma 3.6.7. There exists an absolute constant o such that 41Xy 4, aB(t) with respect

to the local uniform topology on [0, 00), where B is a Brownian motion.

Proof. Let

T _
Yf:gZ(N;_Nk)-

k<t

We claim that there is an absolute constant « such that

S1YF < aB(t) (3.73)

146



in distribution as € — 0, with respect to the local uniform topology. By rescaling, to show

this claim it suffices to show that there is an absolute constant « such that if ¢ = 1, then

Yl
“nt % Bt (3.74)
n2

as n — oo, uniformly over compact sets, where B is a Brownian motion. Indeed, if this

1
convergence holds then taking n = ¢~ 2 we obtain

6411Y<1 1 > gaB(t),

e 2t

and now since Y1 | has the same law as Y we conclude
e 2t

1
1Y 4 aB(1).

Suppose momentarily that we have proven (3.74) and thus (3.73). Recalling Lemma 3.6.6,

note that

Xj =5 20 (V= V)| < deg(@) + 2
k<t

Now using Lemma 3.4.3, we have that with probability tending to 1 as € — 0, we have

T _ 1\ —6
Xte—gZ(N;—Nk) < (logs 1) .
k<t
Combining this with (3.73) we obtain
1. 1. d
et Xy = ey, + 05(1) — a/BpL(t).

[t remains to prove (3.74). From now on we will assume that € = 1. Note that by symmetry
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we have that

E(N; —N,/) =0.

Therefore using Donsker’s theorem together with Lemma 3.6.4 and 3.6.5, we obtain that

l\')\»a

T _ _
iy Z (N =N, 3 Z (N;F =Ny —E(N;” = N.)) = aBpr(t), (3.75)
k<n k<nt

where

o= g\/\/ar (N];r —N];).

Now we are ready to prove Proposition 3.6.3.

Proof of Proposition 3.6.3. Step 1: Approximations of the Brownian motions L, R. By tak-
ing taking ¢t = vg(&,) and using that S, _ 5(C) = Sq in Lemma 3.6.7 we obtain (3.70). The
final step is to show that the Brownian motions Bpy, Bpr, By, Brr are all independent,
and independent of (iD,ﬁ (equivalently, from (L, R)). To show that the limiting Brownian
motion Bpp is independent from L, R, the basic idea is to approximate each of L, R, and
X¢ (as defined just above Lemma 3.6.7) by processes which are exactly independent from
each other. This can be done since X¢ depends only on the behavior of L and R in a small
neighborhood of the set of times when R attains a record minimum run forward or backward
from time 0.

To carry this out precisely, let § > 0, and let war = 0. We define w;r by
fit> 0: R inf Rgp. 3.76
wk in { wk 1T t = OH;SL‘ s} ( )
We recall that A = {y;.}. We let

Sy = {yr. € St : [yr_1,u1] C [w;',w“L + 4] for some j}
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and we define

X = Z <2 - aé—g/ext(U)) )

UESt

where a;gext(v) is defined as

degext(v)

= #{i: ﬁ([ai_, a;_l]), H; share a nontrivial boundary arc,

C [wi w; 4+ 6] for some j},

[a ]7

77 H—l]

that is, a:a_g/ext(v) is the number of cells adjacent to both £([0,00)) and the cell Hf corre-
sponding to v, such that its intersection with £([0,00)) is contained in an interval of the
form [wj, wl + 4]

Step 2: dependence of X¢. We claim that Xf lo<t<T is determined by

LB = Ry et v (Ao N 0 +8) —wif

{(Rt - Rwlz)‘te[w;,wler(;]’ (A5 N [wlz’wlg + (5]) - w];}

. +
k.Oka <T (3‘77)

k:OSwlng

with probability going to 1 as ¢ — 0. More precisely, there is an event E. 5 such that
Xilo<t<TlE, 4 is determined by (3.77) and P(E, 5) — 1 as € — 0. Indeed, {(XfYo<i<r i
determined by a\eéext(v) for v € Sp. Recall that A° = {y;;}ez. Note that if for all k such

that 0 <y < T we have |y — yp_1| <9, then

{th 1m_&}_ U lwf wf +96]. (3.78)
Oss=t k:OSw,ng

Let E, 5 be the event that

sup |y — ygp—1] < 6.
Fek>0,yp <T
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Then P(E, 5) — 1 as ¢ — 0. Moreover, if £, 5 holds, then {agéext(v)}vesT is determined
by R’s running minima in [w]":,wlj + 6] U [w,,w;, + 6] and (Az N [w,j,w;: +0]) — w,j,
(Ae N [wy w4 96]) —w, and thus by (3.78), Xﬂ()gth is determined by (3.77), if E_ s
holds.

Step 3: X approximates Xz. Now let
Zy = (L, Ry).

Since {w;} is a collection of stopping times, if we let K (¢) be the random variable defined
by
K(t) = #{k s w; <t}

then we have

> s —Z,t)
hwggT

is stochastically dominated by B K(T)5> where B is a two dimensional correlated Brownian

motion independent of K (7). Therefore

d

sup | ) (Zyt 5= Zur)| = sup_|Brsl

0<t<T | “T
hwkgt

Note that

P(IBisl > C51) = Y P(Bysl > CoTP(E (1) = k)

k>0

) <|Bl| > ca—ik—%) P(K(t) = k)
k>0

< > p(BiI> C%) P(K(t) = k) + P(02 (1) > C) = 05(1)
k<Cé§ 2
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where C' = C(§) is chosen so that C(d) — oo slow enough. Hence if we let
K(t)
A
Zp = Z (sz_“ - Zw,':Jré)

k=0

then Z?? — Ry in law as 0 — 0, since with probability going to 1 as é — 0, we have

sup ‘Zt — Zf‘ < o05(1) (3.79)
0<t<T

1
(this is because of the fact that Zw+ 45 Zw+ is of order 62 and the fact that the set of
k k

running minima of a Brownian motion has Minkowski dimension %) Finally, note that
€ € 1 —1\6
X5 - X7 S 0 2 (loge™) (3.80)

with probability going to 1 as ¢ — 0. Indeed, since every cell adjacent to 3([0,00)) not in

{H 5} +} is contained in an interval of the form [w;.r, wj + 6] (see Figure 3.12), we can write

i

Figure 3.12: The red cells and blue are counted in X7, but not in Xf The green edges are
those “lost" when computing X7 .
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K(t)
|Xf - Xt6| S Z degext(@wlj) + Z |degext(v) - degext(v)’
k=0

veS(t)
< Y [degexi(v) — degex(v)] + K (t)(loge )"
veS(t)
S Y et (v) — degeg(v)] + 072 (loge 1S, (3.81)
veS(t)

_ 1
where again we used Lemma 3.4.4 and the fact that K (t) < 6~ 2 due to the fact that the set

of running minima of a Brownian motion has Minkowski dimension % Now note that

|degext (v) — degext (v))]

< #{i: B(la;, ai_—l—l])’ H; share a nontrivial boundary arc,

ﬂ] : [ai_aa;_l] < [w;_>w;_ + 0]},

and so if we let Sp(t) denote the set of vertices corresponding to cells adjacent to 3([0,1))
contained in 7j((—o00,0]), and degy(v) denote the number of cells contained in 7([0, o))

adjacent to both (][0, 00)) and the cell corresponding to v, proceeding as in (3.81) we have

- 1 1
XF = X7 S Y dego(v) +6 2(loge™ )’ S5 2 (loge™ 1O,
vESY(t)
Step 4: Dependence of Zf . Moreover, note that Zf depends only on the collection
(Zt — Zlecr) |t€[w,j7wk++5] for kK > 0, and on the other hand that X¢ is independent of these
increments. Therefore noting that (Z°, X¢) converges to (2%, X) as e — 0 we see that Z9 is
independent of X. Now using (3.79) together with Lemma 3.6.7 and taking the limit § — 0
we obtain the result. We have shown that (L, R, e2/4X¢) converges in distribution as & — 0

to (L, R,aBppR), where Bpp is a Brownian motion independent from (L, R), and where
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a is as in Lemma 3.6.7. It remains to prove a joint convergence statement for processes
associated with four different boundary arcs.

Step 5: Independence of X© from Brownian motions. Write ALp = X©. Define A%,
analogously to X© but with the roles of L and R interchanged. Define A% and A%,
analogously to A% p and A%, but with 7j((—o0, 0]) and 7([0, c0)) replaced by 7([1, 00)) and

n((—o0, 1]), respectively. We claim that

(L, R, A5, M4 45, V445 V445, ) & (L, R, aBpp, aBpr, aBrp, aBrr)
(3.82)

where the conditional law of (Bppr, Bpr, BFr, Brr) given (L, R) is described as follows.

e The conditional law of (Bppg, Bppr) is that of a pair of Brownian motions coupled to-

gether so that that Bpp|j, and Brplj, are independent and Bpp(t+

vg(CpR)] vg(CrR)]

v3(€pR)) — Bpr(vg(€pRr)) = Bpr(t +v4(€rr)) — Brr(vg(€rR)) for each ¢ > 0.

e The conditional law of (Bpy, Bpy,) is described in the same way but with L in place

of R throughout.
e (Bppr,Brpr) and (Bpy, Bpy,) are conditionally independent.

We will not provide a fully detailed proof of (3.82) since the argument uses very similar
ideas to the proof of the convergence (L, R, X¢) 4 (L, R,aBpp). The idea of the proof is
as follows. Let 6 > 0. Let wlf,PR = w]f for £ > 0 and let E%R(t) = )N(f, defined as above.
Define wlf,FR? wlf,PL’ wli[,FL and AV%R? A/%L’ AV%L in an analogous manner.

We claim that if 6 > 0 is small, it holds with high probability that the number of pairs of
indices j, k such that the following is true is of order o(6~1): the intervals [wfp I w]j.fp Ry
and [wi pPL wi prt 9] have non-empty intersection and the images under 7 of each of these

intervals intersects 7([0,1]) . Moreover the same holds with PR, PL replaced by any two
distinct elements of {PR, FR, PL,FL}. Indeed, in the case when x > 8 (y < /2), this
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follows from the continuity of 7 and the fact that the intersection of the left and right
boundaries of 7([0,00)) is a.s. the single point {0}, and similarly for 7([1,00)). When k €
(4, 8), the left and right boundaries of 7([0, 00)) a.s. intersect in an uncountable set. But, the
set of times when 7 hits this set has the law of the range of a stable subordinator of index
1 —k/8 < 1/2 (see [Gwynne and Miller, 2021, Lemma 3.5]), so set of times has Minkowski
dimension strictly smaller than 1/2.

Step 6: Independence of L and R. Using the claim in the previous paragraph and similar

arguments as in the proof of the convergence (L, R, X¢) LA (L, R,aBpp), we can define

further approximations L%, R®, A%, ,, AS A% I A% 7, of which are close to

PR “"FR
L,R, A% p, A g, Apr, App, respectively, with high probability when ¢ — 0 and then 6 — 0
(in similar sense to (3.79), (3.80)) (depending on ¢ and §) which exactly satisfy a version of
the independence properties stated just after (3.82) (since the only source of dependence is

the interfaces between adjacent cells). One can define stopping times {wy,} analogous to the

times {wlj} defined in (3.76) and define

K(t) K(t)

7o 0

L = Z (Lﬁ)kﬂ - Llf)k+5> , By = Z (Rﬁ)kﬂ - Rﬁ’kJF(S)
k=0 k—0

and similarly for A‘Z with ¢ € {PR, FR, PL, PR}. This completes the proof of (3.82), which

in turn implies the proposition statement. O
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CHAPTER 4
CHANNELS OF ENERGY FOR THE LINEARIZED ENERGY
CRITICAL WAVE EQUATION IN EVEN DIMENSIONS N > 8

4.1 Introduction

We consider radial solutions to the linearized energy critical wave equation around the ground

state in even dimensions N,

Oppur — Auy +Vuyr =0
ttur, L L (4.1>

upli=0 = (uo,u1)
with initial conditions (ug,u) € H = H' x L2(RYN), where V is the potential given by

N+2 4
V=N
N —2 ’

with
N-2

W:(”Mﬁz—z))_ |

This is the linearized equation for
9 4
Ofu — Au = |u|N-2y

around the stationary solutions £W. By standard arguments, (4.1) is well posed in H' x 2

and moreover the outer radiated energy

out’ t—+o0

r|>|t

is well defined for ¢t — +o0.
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For the free wave equation,

aqu—AuFZO

(up, Opup)|i=0 = (uo, u1)

one has the channels of energy estimate

H(UO:UI)HHIXLQ SV Eout (4.2)

if N is odd. However, in the case that N is even the full estimate fails (Cote et al. [2014]),

instead we have

luoll g1 S v/ Eout

if N =0 mod 4, and

HUIHL2 N V Eout

if N =2 mod 4. Extensions to domains of the form {|z| > R+ |¢|} (obtained in Duyckaerts
et al. [2022|, Kenig et al. [2015], Li et al. [2024]) will also be used in the present work. Let
A= # + z - V denote the scaling generator. For the equation (4.1), there are two natural
counterexamples to the analogue of (4.2), namely AW, tAW. For odd dimensions N, the

analogue of (4.2) is

HHiHluOHHl + Mgl 2 £ VEou if N >3 is odd

L are defined by

where the projections H?_’p’ II I

T, = g (Span(AW)*, T, = 2 (Span(AW)) (4.3)

Here, if H is any Hilbert space and E any closed subspace, we let I (E) denote the orthog-
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onal projection onto E in H and we let Il (E)t =1 — Iy (E).
In this chapter, we will restrict to even dimensions N. We will need to define logarithmic

weakenings of L2. Let Z, be the space defined by the norm

D=

N
2

R 27¢ 9
—— d
R>% (log R) </R<|x|<2Rf (@) JJ)

1 fllz, = su

We will also need the norm

1
R73foz 5 2
11z, , = sup - = / P
R>0 1nf1§j§J< > R<[z|<2R

Aj

where A = (A1,...\j) is such that \y > --- > A .

We have the following result.

Theorem 4.1.1. There exists a constant C' such that for any radial solution uy, of (4.1.1)

we have

I woll 1 + Ml 7y < O/ B,
if N =0 mod 4,

Izl + VIS ol 7y < O/ Eou,
if N =2 mod 4.

We will also consider the linearized energy critical wave equation around a multisoliton.

To define this, let J € N and let
AJ ::{A:()\l,...,AJ)E(O,OO)J,AJ<)\J_1 <---<)\1}.

Let
J

Va=2 Vour
j=1
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where f ) denotes the scaling

fon@) =53/ (5)-

We define the scalings f(/\) as the H1 critical scaling

1 x
foy() =~ f (5)-
We define the scalings f( )) as the L? critical scaling
1 x
fn() = )\—%f <X>

We will also consider the equation

Oppuy, — Aup, + Vyur, =0,
ttur, L UL (4.4)

ur|i=o = (up,u1),

which is the energy critical wave equation linearized around a multisoliton.

Let y(A) be defined by
22
Y(A) = sup 2—]
1<j<J-1 Aj4

We have the following statement for the multisoliton case.

Theorem 4.1.2. There exists a dimensional constant C' such that for any radial solution

uy, of (4.4) we have

L L
I ol 2 + Tl 7, < € (v Bou + 70 (0 un)ll 1, g2)
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if N =0 mod 4,

Il 2 + VT yuoll 2y, < C (VEou + ¥ (0, w) 1,12 )

if N =2 mod 4.

Theorems 4.1.1 and 4.1.2 were proven in Collot et al. [2023] for the case of dimensions
N = 6,8. However, in higher dimensions, substantial additional work is needed. In the
one soliton case, to bound HHIl_ﬂugHHl if N =0 mod 4 (respectively HH#UOHB it N =2
mod 4) one needs to use a channels of energy estimate for the free wave equation combined
with a contradiction argument to show that any asymptotic counterexample to Theorem
4.1.1 is trivial (see Lemma 4.4.5). Additionally, in the multisoliton case (Theorem 4.1.2),
one proceeds by induction on the number of solitons. An additional argument is used in the
analogous contradiction argument to control the orthogonal projection onto the span of the
generalized eigenfunctions of —A + V' corresponding to AW.

Theorem 4.1.2 will be used in Contreras Hip [2024+] to provide an alternative proof to
that of Jendrej and Lawrie in Jendrej and Lawrie [2025] of the soliton resolution for radial

equivariant wave maps on S? in even dimensions.

Acknowledgements. The author would like to thank Carlos Kenig for suggesting the
problem, useful discussions and comments, and for carefully reading earlier versions of this

manuscript.

4.2 More general nonlinearities

Our main result also holds for other similar equations. Let us consider the equation
82u — Au+ o(r,u) =0 (4.5)
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for r € RT, t € R. Suppose that ¢ is of the form

(0.]
(k—1)(§-1)-2
o)=Y e I E) 2 (46)
k=2
where
lim chpk =0
k—o00

for any 7 > 0. We will make some additional assumptions:

(A1) If u is a solution to (4.5), then so is uy(r,t) = )\yu()\r, At).

(A2) All static radial solutions U(r) of (4.5) verify
U (r) ~ r~(N=2)—a

as r — oo for o € N.

One can then consider the equation (4.5) linearized around U (r),
0t2u — Au+ 09p(r,U)u = 0, (4.7)

where 09 denotes the derivative with respect to the second variable of ¢ and where U is any
static solution to (4.5).

We have the following result.

Theorem 4.2.1. Suppose ¢ is a function satisfying assumptions (A1) and (A2) and is of
the form (4.6). Then for any radial solution uw of (4.7), we have the channels of energy

estimate

1 1
I woll, + Tl < O/ o,

if N =0 mod 4,

”Hibul”LQ + HVHIJ;ﬂuOHZ_g < Cv/ Eout,
160



if N =2 mod 4.

The proof of Theorem 4.2.1 is the same as that of Theorem 4.1.1. The proof of Theorem
4.1.1 only uses the asymptotics of U.

Similarly, we have the follwoing analogue in the case of a multisoliton.

Theorem 4.2.2. Suppose ¢ is a function satisfying assumptions (A1) and (A2) and is of
the form (4.6). Also, suppose that X = (A1,...,Ay) is such that y(A) < vy for some small

enough ~g. Then there exists a constant C such that for any radial solution u of

qu—Au%—@g (go(r,UAl) + -+ p(r, UAJ))u: 0

(u, Opu)|=0 = (uo,u1),
we have
I woll, + Tl z_y , < € (VEou + 7O wo w1, 2)

if N =0 mod 4,

1 L
Iz, + VTG0l 2y, < C (v Bous + 1Nl (0, u)ll 1, 1)

if N =2 mod 4.

To see that the hypotheses of Theorem 4.2.1 are not vacuous, consider k-equivariant wave

maps from Minkowski space into the sphere. Suppose that ¢ (r,t) solves

1 sin(2
O%p — 02 — 0y + k2 25021”) = 0.

This equation has the static solutions

Qo) =Lk +2 arctan(Ar")
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for all ¢ € Z. If we set u to be defined by

then u solves

82u — Au + p(r,u) = 0,

where

B k2 p o sin(2rfu)
PE T T T )

which satisfies the hypotheses of the theorem.

4.3 Preliminaries

Let HUHL%(RN) and HUHH}%(RN) be the norms defined by

lollgamy = ([ |u<r>|prN—1dr)’1’ ,

ol = ([ vt tar)”

Similarly, we define the exterior Strichartz norms

1
a p

q
ull pra = / / lu(t, )N ar | di
LPLY(r>R+[t—1)) v/

In the case that N =0 mod 4, we define the projection 7y as the orthogonal projection

p

with respect to the H]l% inner product to the subspace

Span{;:1§k<ﬁ}. (4.8)



Similarly, if N = 2 mod 4, we define the projection 71 as the orthogonal projection with

respect to the L% inner product to the subspace

Span{;:1§k<N_2}. (4.9)

Additionally, we define the alternating norm

\|7T0Lu||H1 if N=0 mod4

ull 4N R = B R
if N =2 d4

|71 uHL%2 i mo

where

Wd‘uo = ug — TOUQ

and

7T1Lu1 = U] — TU]-

Let C; p be the exterior cone
Cr.p:=1{(f,7) € Rx (0,00) : 7> R+ |t —t]}.

We also define the exterior energy

E :Sup( u, Opu)|| 71 9 )
t,.R R H( ) >||HR+|t—E|XLR+\t—E|

We have the following exterior Strichartz estimate.

Lemma 4.3.1. Suppose that N > 3 and that (ug,u1) € H'(RN) x L2(RN) is radial, and u
15 the solution to

Opu — Au = f

with initial conditions (u,O0u)|i=t, = (ug,u1), where f € L%L% is radial. Then for any
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Ry >0, tg € R we have

[(w, Q)| gy o+ llull an S Mo un)ll gy e + 1 iz, -
t07R0 L%L'}N_s (CtO,RO) X t T( to,Ro)
Proof. Without loss of generality, suppose that ¢ty = 0. Recall that
supl(u(t), dpu()ll g p2 + llull v S (w0, un)ll g g2 + 1y 2 (4.10)

teR L2L;
(see [Keel and Tao, 1998, corollary 1.3]). Let (7, 1) be any extension of (ug, u1)1,~ g, such

that (@i, 1) € H' x L? with

(@0, w)ll g1y 2 S w0, ud)llg o pa
Ry LRy

We also let f = flg, Ry’ Note that f € L% L?. Letting @ be the solution to

02t — At = f,
(Uaau)|t:t0 = ('ELO?ﬂl)

we see that by finite propagation speed we have u(z,t) = @(z,t) for all (z,t) € Cy g,. Then
we have by (4.10) that

1w, 0l g, po +lull on S supll(a(t), Q) gy o + 1@l 2n
’ t0:Ro 23 teR ’ HxL 2N
S @0, @)l g2 + 1112

S Mo, u)ll g g2 + 1Lz, vy )
This completes the proof. O

We will also need the following exterior energy estimate from Li et al. [2024].
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Proposition 4.3.2. Suppose N is even, and let u € R X RN solve
Opu — Au = f,

with initial conditions (u, O¢u)|i—g = (ug, u1) where ug,uy, and f are radial. Then we have

||U||A,N,R IS tg&“(“(t)aatu(t))ngl (RN)XL%%H (RN) + ”f”LtlL%(CO,R)' (4.11)

R+t It

4.4 Single soliton case (non resonant component)

We recall that AW solves
—A(AW) + V(AW) = 0.

We will say that f(r) ~ g(r) if r — a, with a € RU {£o0} if % — C for some constant C'

asr — a.

Lemma 4.4.1. There exists a solution I' to
—AI'+VI' =0,
where the Wronskian is given by
T(r)0, (AW)(r) — AW (r)3,T(r) = r~ -1
and I' has the asymptotics
L(r) ~ clr_(N_2) asT — 0, I'(r) ~co asr — oo
for some dimensional constants c1, ca.
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Proof. We let
() = —AW(r) / " D (A2 (s)ds.
1

Then we have

~AT + VT =0,

and for all r > 0,

D(r)dr (AW)(r) — AW (r)8,D(r) = v~ (V1)

Since
N2 (1~ wt
AW (r) = 2w,
2 14+ =
N(N=2)
we have
N -2 N —2(N(N —2))"7
AWNT asr — 0, AW ~ — 5 N2 as r — 0o (4.12)
and so
L(r) ~ cir~ V=2 asr 0, ['(r) ~cy asr— oo. (4.13)

Let T5° := AW, T)) :=T.

Proposition 4.4.2. Suppose that N > 6. There exist Ti°, T,g for1 <k < M*TG such that
0 0 0
AT + VI = -1

—ATS + VT = =17

and we have the asymptotics

0 0
TR(r) ~ 7% asr — 0, Tp(r) ~ % asr — oo, (4.14)
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Tk?o(’f‘) ~ Tazo as r — O7 Tk?o(r) ~ ’r‘bzo as r — 00, (415)

where a%, bg, ap’,bp° are given by
a) = —N +2+ 2k, 1) = 2k
k R

apl =—=N+2,0°=—-N+2+2k

if k>0, and if k =0 we have
a) = —N+2, =0, af =0, b° = —N +2.

Proof. We prove the result by induction. Suppose by induction that (4.14), (4.15) hold for

k. Let Sy, S denote the operators defined by
0 "N " ON-170
Sof(r) =1y (r)/o P T(?O(p)f(p)derTc?o(r)/l P Ty (p) f(p)dp.

S ()= ~130r) [ NI (0) fp)dp + T (r) /1 "N £ (0)dp.

Then let
T° = —Sac(T52), T = —So(T)_1).

Note that if f ~7* as 7 — 0, f ~ 7 as r — oo, then
Sof ~1%2 asr —0, Sof ~C +rP1t2asr — o0
ifa>—N,a+2<0, > —2. Similarly,

Soofwra+2+r_(N_2)+C’asr—>O, Soof ~ +r2H0 asr — o0

N2
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ifa>—N, g < -2

Therefore

min{—(N-2),a0+2} b)+2

T,g+1~r asr—>0,T,g+1~r as r — 0o

and

s . 00 0o

By using the induction hypothesis this completes the proof, since (4.12), (4.13) prove the
case k = 0. ]

Lemma 4.4.3. Let Tp°, T,? be defined as in Lemma 4.4.2. There exist coefficients e}; such

that

T,? ::T]g— <68T§O+~--+e£+1T,ﬁl> ~12 asr — 0.
Proof. We will prove this by induction. Note that

* N-1 2
0</O P TS (p))7dp < oo,

N-2)

since T3® ~ 1 as r — 0 and T§° ~ r( as 7 — 00. Letting

el == — (/OOO pN_l(Tooo(p))de) B

and

1
B = [ AT s
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which is well defined since pN_ng(p)T(?o(p) ~ p for p — 0, we see that

1) — e
' 'S
— 79— (@?)*T@ +1(r) /0 NI (o)) 2dp + TS (r) /1 pN—lTé’(p)T&O(p)dp)

— - () [ TP+ 10 [N 0T

0 000 0nco
Ty —eply” —ei1y

- (Té’(r) [ a1 [ pN—lT(?(p)T@O(mdp)

~(v-2) {7 N-1g s 2
~r oot | pdp e

This proves the base case. For the general case, suppose that ef for 0 < i < k+ 1 have all

been defined. Then we have

TISH = _SO(TIQ)
k+1 k+1
— So(TY) +ZkSOOTOO+Z (So — Seo)T,
k+2 k+1

_ Z SRLEDY AT (r) / N=178 () TR (p)dp,
where we note that SQ(T]? ) is well defined by the induction hypothesis and where

o0
/0 PN IS ()T (p)dp
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is well defined by Lemma 4.4.2. This implies that

A
0, = So(T) + Zef/o PN IS ()T (p)dp | T
1=0

k1 k2
+ Zef/O PN ()T (p)p | (eQT5° + eNTY0) = el (T7°.
1=0 1=1

Noting that the first line in the equation above is of order r2 as r ~ 0, this completes the

proof. O]

From the solutions obtained from Proposition 4.4.2, we obtain solutions of the homoge-

neous equation Oyu — Au + Vu = 0 such that

lim Vi zu(t, z)|?dz =0
t=400 J)z|>R+|t]

for any R > 0, namely

00,0 d tQZ
S = Toi AR,
k g k=i (2i)!

o1 k £2i+1
S, = T, ——.
k 2 F=i (2 +1)!

i:

Note that these are solutions for the systems

,
05y — AT Vsl =0

0 0
\ (S, 008 =0 = (T3°,0)

(
oSyt = AS VSt =0
1 1
| (8065 li=0 = (0, 7%°)
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Suppose that N > 8, and let

We claim these are the only ones.

Proposition 4.4.4. Let R > 0 and suppose that u is a non-radiative solution to (4.1) with

N > 8. Suppose additionally that
i) w is an even in time solution in the case that N =0 mod 4;
it) w is an odd in time solution in the case that N =2 mod 4.

Suppose that R > 0. Then:

N—6
i) If N =0 mod 4, then there exist coefficients {cg}kio such that

N—-6

2

w3 s
k=0

for all x with {|z| > R+ |t|}.

N-8
it) If N =2 mod 4, then there exist coefficients {Cllf}kio such that

N-8

u= Z c]iS;O’l
k=0
for all x with {|x| > R+ |t|}.

If R = 0, then there exists a constant cqg such that u = COSSO’O if N =0 mod 4, and there

exists a constant ¢y such that u = 015’80’1 if N =2 mod 4,

The analogues of these for N = 4,6 are done in Collot et al. [2023].
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Proof. First note that by replacing u with %(u(t, x)—u(—t,z))if N =0 mod 4 or %(u(t, x)+
u(—t,x)) if N =2 mod 4, we can assume that ug =0if N =0 mod 4 oru; =0if N =2

N—6
mod 4. Fix a large radius R’ > 0. If N =0 mod 4, let {cg}kjo be such that

N—6
> . 1 No1
up — Z . Ty, N2 dr =0,
i k=0 "

N-8

forall1 <j < N, while in the case N =2 mod 4 we let {Cll:}kio be such that

forall 0 < 7 < %‘—2 To show the existence of these coeflicients, note that their existence

orOSi,jgN_g if

is equivalent to the invertibility of the matrices A = (a; ;) 5

0<i,j< N6 (
N =2 mod 4) with

a; ; = OOT-C’O;TNfldr
2%} I 7 TN_QJ' :

This matrix can be written as
A= AO(RI) + Aerror(R/):
where Ag(R') = (a?j<R,))0§ij§¥ (or <a0'(R/))0§ij§ _g if N =2 mod 4) with

ao-(R/)— 00—1 B rN=1ar
WY T TN=2i  N=2j

and Aerpor(R') is a smaller order term. More precisely, we have by explicit computation
[Aerror (R)l|2 = O(R™ || Ag(R')]2)
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where ||-||2 denotes the L? norm for matrices. The matrix Ag(R') is easily seen to be

invertible, since if v = (v;) N—¢ lies in its kernel, then we obtain

0si=T5—
N—6
(0.¢] 2 1 N
/ Vi3 —Lar v =0
R 1=0 "

forall 1 <k < #, and so v = 0. In the case that N = 2 mod 4, we set C%N_G)/z = 0.

Also, let 0 :=0if N =0 mod 4 and ¢ :=1if N =2 mod 4. Recall that by Proposition

4.3.2 we have
N—6 N—6
2 2
00,0 00,0
Ju— § Csz ||A,N,R’ SV u-— § CgSk ||Lt1L12”(COR’)'
k=0 k=0 ’

Now by Lemma 4.3.1, we have

> ]
k=0

2N
L2LN=3 (|z|>R/+|t])
N—6 N—6
2 2
00,0 00,0
SV w— ];) C%Sk HL%L%(CQR’) + |lu — ];) CZSk HA,N,R"

Combining these two estimates and using Holder, we obtain

re
lu— > SN N
/;) R 2

% N u— 75777 2N :
| HLQLT(IHCIZJ%LIH)” ];) ok |’L2Lm(|x|zR/+|t\)
2N
Since V' € L%Lx?’ , taking R’ large, we obtain the result for |z| > R’ + |t|. Arguing as in
[Collot et al., 2023, Lemma 3.2|, we obtain it for all R > 0. For the case of R = 0, note that
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Sgo’o, S]:O’l ¢ Eg g if R =0, k > 1. This shows that the only choice for u is given by COSSO’O

or 00580’1. O

The next step is to show a quantitative version of Proposition 4.4.4. For this, let yg be

a cutoff such that

1 if r <10,
xo(r) =
0 ifr>11

with xo(r) € [0, 1]. suppose that N > 8. We define the projection Hﬁ by

HH}%(Span{AW})J-(uo) for R=0
N_6 N-—6
Mg (ug, up) = HH}%(Span{Tgo}k:QO U {XOT]g}kZQO ) (ug) for R € (0,1) (4.16)
N-6
My (Span{TE}, 2 ) () for B> 1.

in the case that N =0 mod 4, and

N8
HL%(Span{T]?O}kZQO ) (u1) for R=0or R>1

5 (ug, uy) = (4.17)

N-8
IIL%(span{Jﬂm,Ig}kjo)i(ul) for R € (0,1).

in the case that N =2 mod 4. Let ?zo, ?% be defined as

oo (77°,0) if N=0 mod 4,
k
(0,77°) if N=2 mod4

and
20 (TP,0) if N=0 mod 4,

k:
(0,77) if N=2 mod 4.

For convenience we set T3 4, T]OW6 = 0 in the case that N =2 mod 4.
T Tz

Lemma 4.4.5. There is a constant C such that for all R > 0 and any radial solution uy, of
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(4.1) with uy, € Hp then

I+ uQ, U 2 <C lim Vizu 2dx
It )y < O3 i [ Ve

if N =0 mod 4,

15 ug, u1)|re < C lim Viqu 2de
107 (o, u)ll, ;Hm oy

if N =2 mod 4.

Proof. Suppose by contradiction that the result does not hold. Then there exists initial
conditions uy, with corresponding solution to (4.1) {up, ,, }n, where u, = (ugy,0) if N =0

mod N, and up, = (0,u1 ) if N =2 mod N, with

T (10,0 w1 ) | 1 = 1
if N =0 mod 4,
5 (10,1, w1 ) | 2 = 1

if N =2 mod 4, and

lim lim/ Vipurn(t2)|?dz | = 0. 4.18
e (HOO |x\an+\tl| inlh2) ) 1%

We can decompose the initial condition uy, in {|z| > Ry} as

N—-6

2
Up = Z Ck,n?zo + vp,
k=0

where vy, is chosen so that v, = (vg,,0) if N =0 mod 4, v, = (0,v1,,) if N =2 mod 4,
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with
v0.n J‘H}z PAfN=0 mod 4, vy, J_L%% L if N=2 mod4 (4.19)

and where v ;,,v1 4, have support in the exterior of {|z| > R,}. We split into cases. Let

Ap. g denote the space H}% if N =0 mod 4, and the space L% if N =2 mod 4.

Case 1: For all n, R, > 1. By taking a subsequence if necessary, we can additionally
assume that R, — R~o, where Roc > 1. Note that in this case by the definition of the
projection I+,

HUHHH}%XL%% =1

We claim that

vp — 0

weakly in H' x L?. Indeed, first note that if Rs = co then this is trivial since vy, (r) = 0 if
r < Ry,. If not, let v* be any weak subsequential limit. Then by the orthogonality conditions
(4.19) we have that
Thoo

k

* .
vt Ly

by weak convergence and the fact that [|7.°| Ay, < 00. On the other hand, let vy, denote
the solution to (4.1) with initial conditions v*. We also let vf* be the solution to (4.1) in
{l#| = R} with initial data 1,>pvy,, where R is chosen so that R > Ry, and similarly
v be the solution to (4.1) in {|#| > R} with initial data 1,>pv*. Using our contradiction

hypothesis and finite propagation speed we have

lim i Vigol 2= 0. 4.20
PO g Vit -

Since (vﬁn(O), 8tv§,n(0)) — v* weakly in H' x L2, we have that v* is in the H! x L? closure
176



of the convex hull of {(vfn(()), 0tv§n(0))}n2N0 for any large Ng. Hence for any ¢ > 0, there

exist coefficients {cj } 7 | such that all but finitely many are 0, their sum is 1, and such that

oo

o = e (vﬁk(O),atvﬁk(O)) iy sz, <
k=0

Let w denote the solution to (4.1) with initial condition
(v = e (vfk(()), 8t”§k(0)>)1|x\>R~ Then by Lemma 2.1 in Duyckaerts et al. [2020)]

we have that supteRH(w,@tw)HHlez( < C. This implies that vt is then in the

|[> R+|t])
Ltoo(lll'%z X L%) closure of the convex hull of {vﬁ}nz Np- Thus combining this with (4.20) we
obtain that

lim Vi 02 = 0. (4.21)
[t|—00 Jr>R+|t|

Now using Proposition 4.4.4 we see that there exist coefficients ¢ such that
N—-6 R R
ot = Yt ck(R)ﬁzO (or vff = Zk 1 ck ?go if N =2 mod 4) Since v;*(0), v;*(0)
coincide for |z| > max{ Ry, R}, the coefficient ¢ (R) is independent of R, and so we see that
vf = 0 and therefore v* = 0. Now the claim has been established.
We let vg,, be the free wave (9t — A)vp,, = 0 where vg ), has initial conditions vy,. Then

by Lemma 3.7 in Duyckaerts et al. [2020] together with the contradiction hypothesis we have

lim |Vt7xUF,n|2de‘
7000 |z R+t
ot 2
2 (N-2j-2) —(N—-25-2
zcuvnnglxp—z(nr gy [ (e >)-wn<x>da:> .
=0 n J|z|>Ry
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if N =0 mod 4, and

lim |Vt’x’UF’n|2dl’
t=00 J|z|> Ry +|t]
N-—8 2
4
2 —(N—-27-2 —(N—-27-2
> Clloal, o= 3 (I 2Dy [ a2 @) )
§j=0 Fn J)z|>Rp,

if N =2 mod 4. Now since v, — v* = 0 in H! x L2, we have that
lim [}~ (V=272)) / v (|xr<N*2j*2>) Vo (2)dz = 0
n—0o0 Rn |$|2Rn

if N =0 mod 4, and

i [l 22y / | "2y, (2)da = 0

if N =2 mod 4. Combining with (4.21) this yields a contradiction.

Case 2: For all n, R, = 0. This case is simlar to the previous one. We let v, = Hﬁun,
and so in particular

lonll g1y 2 < 1.

We again claim that v, — 0 in H! x L2. Let v* be any subsequential weak limit in H! x L.
Then we have that
?oo

0

* .
vt Ly

by weak convergence and the fact that || 7.7 4,, < oc. On the other hand, let vy, denote
the solution to (4.1) with initial conditions v*. We also let v be the solution to (4.1) in
{l#| > R+ |t|} with initial data 1,>pvy, where R is chosen so that R > R, and similarly

v be the solution to (4.1) in {|#| > R} with initial data L,>pv*. Using our contradiction
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hypothesis and finite propagation speed we have

. . R 2 _
i lim Rl Viavp ™ = 0. (4.22)
Since (vfn(O), (9tv]L%n(0)) — v* weakly in H' x L?, we have that v* is in the H' x L? closure
of the convex hull of {(vfn(O), at“[}?n(o))}nZNo for any large Ng. Hence for any ¢ > 0, there

exist coefficients {cj } 72 ; such that all but finitely many are 0, their sum is 1, and such that

oo

[ =" e (vF10), 10 f 1 (0) It rz, <
k=0

Let w denote the solution in {r > R} x (—00,00) to (4.1) in {|z| > R} with initial condition
(v =3 (Ufk(o)’ 8tv§k(0)>)1|x\>]%' Then by Lemma 2.1 in Duyckaerts et al. [2020]
we have that supser||(w, dw)|| g1, ;2 < C. This implies that vt is then in the L(H x L?)

closure of the convex hull of {v#}nz Np- Thus combining this with (4.22) we obtain that

lim Vi 20T = 0.
[t|=00 Jr>R+|t|

Now using Proposition 4.4.4 we see that there exists a coefficient ¢ = ¢(R) such that vf =
C(R)?SO’G where 0 = 0if N =0 mod4 and 0 = 1 if N = 2 mod 4 and where ?80’0
denotes the o-th coordinate of ?80 Since vfl(O), UfQ (0) coincide for |z| > max{R1, Ra},
the coefficient ¢(R) is independent of R and so we see that vf = 0 and therefore v* = 0.
Now the claim has been established.

We let v, be the free wave (O — A)vg, = 0 where o F,n has initial conditions vp,.
Then by Lemma 3.7 in Duyckaerts et al. [2020] together with the contradiction hypothesis
we have

lim i \V4 2dx > C 2 .
00 300 ‘$|2Rn+|t|‘ tavFnl"dr 2 Cllonllg 7o

Since vy, — v* = 0in H! x L? this yields a contradiction.
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Case 3: For all n, R, € (0,1) and lim,—o Ry = Roo € (0,1]. Suppose R, € (0,1)
and that limy— oo By = Roo € (0,1]. By (4.18), we have that H]%Lnun = H]L%nvn, and so

HU””H}%nXL%H Z 1. Let

Un Un

Un

7U’I’L

p— /l) ] == ,l} .
| ””H}enXL%m | ”HH}%nxL%m

and similarly let @, ,, be the solution to (4.1) with initial condition @,. Then note that

N_6
in =Y FaTi0 + On
k=0
. ~ . Ck.n ~ . o0 . =
with ¢, = —HU"HH}% ) s On L g2 ?k , anHHll%nXL%%n =1, Ry = R >0, and
n n

lim lim Vit p(t z)|2dz = 0.
=00 1300 J|g|> Ryt UL\l

Now we continue as in case 1.

Case 4: For all n, R, € (0,1) and lim;,—y R;, = 0. The proof is very similar to that
of case 3 in the proof of Lemma 3.1 in Collot et al. [2023]. One can bound the asymptotic
exterior energy of the solutions to (4.1) with initial conditions given by (T]g, 0) and (0, T,g ).

Then one can expand u,, as

N—-6

5
0 0 1
Up = Z c}fn?zo + x0T g + Muy,
k=0

N56
k=0
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Let 5'2 denote the solution to (4.1) with initial condition XO?% Let R > 0. Since X072 ¢
N—6
Span({TF°},. % ), by Proposition 4.4.4 we have that there exists a constant C' such that

1 -
— < lim VS,
C ™ t=%00 Jiz|> R4t
On the other hand, letting =, := 52 — XOSg’U where 0 = 0if N =0 mod4 and ¢ = 1 if
N =2 mod 4, we have

(07 —A+V)Zg = —Fg

(2K 0ZK)|t=0 = (0,0),

where
K 2(k-1) K 2i
Fr = —T -A+V — T

which is 0 if » < 10 or > 12. From this one obtains as in the proof of (4.21), with standard

energy estimates that there is a constant C' such that

1 .
— < lim IVSY%2dx < C. (4.23)
C 7 t=oo |z|> R+t K

We take the exterior energy on both sides to obtain

N6 N—6 2
: 0 0 . 0 &0
a Ci. . C = lim \V4 ¢, S| dx
Z k1k2k1,nCko,n Pl >Rt t,x Z kn k
k1 ,ko=0 k=0
< 1 v 2 4 |V |
~ o un | t,qu,n| + | t,xwL,n|
=00 J|z|>R+|t|
N—6 2
o
+|Via Y oo, S| da
k=0
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which is uniformly bounded in n, where

a = lim VSV V99 da.
kiko IS Foo (o[> R4 LRy 1,29 kg

Note that the matrix A := (ag, g, )o<k, ko<(N—6)/2 1s symmetric, positive semi-definite. We

claim that it is also invertible, hence strictly positive definite. To see this, suppose that
N—-6 -
v = (Vg)o<k<N—6/2 lies in its kernel. Letting f := > 520 vksg we obtain

0 = v; lim vt,xé,g-vtﬁ?
= o Jla>R=[t|

t=00 JJo|> R=

Multiplying the above identity by v, and adding over all £ we obtain that

lim IVizf]? =0.

t=00 J)|z|>R+|t|

, T

By Lemma 4.4.4 we have that [ € Span{SZO}OSkSNfﬁ/Q. Thus f € Span{Sgo}OSkSNi(;/Qﬂ

Span{Sg}ngSN_(;/z This intersection is {0} as can be seen by successively taking (—A+V)
N—6 N—6

on an equality of the form 3, 2 diT° =37, 2 di.T, Ig Therefore A is invertible.

From this we conclude that cg n is bounded. Now we have

Z (Cz?n - 52?71) ZO = Z Cg,n(glg(())? 3tg18(0)) + HJ_UTL — Un.
k=0 k=0

. ~ ~ N—6
Therefore taking the H! x L? inner product with {(Sg(()), 8t52(0))}k:20 , we obtain

%
B? =1,
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where

N—6
? = (Cz?n - éZ?n)kZQO ’

N—6
58 v
— . . . N—6
b = 02,n<(5?(0), a1.52(0)), K Hp, + (M un = o), 9 g1 12) 20
=0 k=0
and
B= (bij)ogi,g#
with

Oksky = (T3 Thoy V#g, -

Since B is invertible by the same argument as that for A above, we obtain that ¢y , — ¢,

_>
is bounded since b is bounded. Thus in particular cion — 62% is bounded. Now we have

2
=

N—-6

2

2
S = @) T =Y L (SR0),0,5(0)) + Ty — vy,
k=0 k=0

. ~ ~ N—6
Therefore taking the Hll-'in X L%n inner product with {(52(0), 8t52(0))}k:20 , we obtain

B =1,

where
— 00 ~00 N6
¢ = (ck;7n - Ck,n)ki()a
e & 0 &0 50 o7 1 A8
b= > (a5 0800). TR 4y ), 2 + (0w =), TR g2, 2
1=0
and

B = (bij)ocij< N 6
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with

bklkg = <T]<C;>1O7 T]S;>~A,Rn‘

%
Since B is invertible by the same argument as that for A above, we obtain that @ = B~1 b .
Noting that by, by for 0 < k < # are of order O(1) while all other entries are of order

(N-2)

RﬁN if N=0 mod 4, R, if N =2 mod 4, we see that

_NN=6
O, %) if N=0 mod 4
detB = N—

—(N—2)N=6

O(Rn(N 2% ) if N=2 mod 4
and so if N = 0 mod 4 (resp. N = 2 mod 4) the coordinates of B~! are of order RY
(resp. R,V 12), except for 8% which is of order O(1). This implies that ¢ is bounded. Thus
V1, is bounded in Hl(T2N_%(r>_(N_%)dr) if N =0 mod 4 or LZ(T2N_%<T>_(N_%)(1T) if
N =2 mod 4. Thus in particular ¢ — ¢7° is bounded, and thus after proceeding as in

case 1 using Lemma 4.4.4 one obtains that v, — 0 in H]l% X L% for any R > 0, and so
vp — 0

in Hl(TQN_%&)*(N*%)) X L2(7‘2N_%(r)*(N*%)). Next, we decompose vy, as

1=0
if N =0 mod 4,
N-—6
2
Up = E%(Oa XOTZO) + wn
1=0

: - 0
if N =2 mod 4, where wy, J_Hl(T2N7%<7">7(N7%))><L2(T2N7%<7’>7(N7%)) (T77,0). We extend
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wy, trivially for r < R,,. Note that

N6
0 1L 2
ety s +Z w2 T S Iy o +Z S AITE %
if N =0 mod 4,
L

2 0 L 2 2
N +Z =Ty S Il g +Z e 2 ITEE,

Rn Rn 0 n R’I’L

if N = 2 mod 4. Now after proceeding as in step 3 of the proof of Lemma 3.1 in Col-
lot et al. [2023|, we obtain that wy, converges to (0,0) weakly in Hl(TQN_%(TY(N’%)) X
L2(r2N_% (r)_(N_%)). Now we can proceed as in step 4 of the proof of Lemma 3.1 in Collot
et al. [2023]. Letting wg,, be the free wave with initial condition wy, and wr, ,, the free wave

with initial condition w,,, we obtain

lim lim/ |Vt7l-wF’n|2 = 0.
100 \ 700 Jla| > Ryt

Moreover we have

-1
1 L Na1
<||7,N—2k HH}%) /T>Rn Vwpn -V x—ar" dT'

-1
1 1 0\ N-1

-1
1 1
o | T 0
~ (HTN—QkHH}%n> HTN—Qk X0 k“H}%n

if N =0 mod 4 and similarly for the case N =2 mod 4. However,

Wy || £ > T wnl g1 = [T unll ;1 =1
lwall gy sz = Mwnlly = Il
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if N =0 mod 4, and
1 _ 1L _
lwalliy ps > MHwnle =Ml =1

if N =2 mod 4, which contradicts Lemma 4.3.2.

4.5 Single soliton case (resonant component)

Let xg be a smooth cutoff such that

. 1 ifr<10
X (r) =
0 ifr>11.

HL%(span{Tgo, TR DT R> 1
T2

L2 .
HL%(Span{T(‘)’O, . .T@,XOT{)}, o ,XOT@})L if0<R<1,

and similarly

. HH}%(span{Tgo, LT DTiER>1
-, = 7
Hl
HH}%(SPaH{T(?o?mT&,XOTg, oxXITS DT if0O< R
2 2

Let
R g
2

_ £ d :

111z, = sup S ( Joy @ )

N4 3
||f||Z R_ Supgo— (/ fQ(ZE)d.I’> ’

g< >> p<l|z|<2p
and

dZa’R(ua E) = Ulgg,Hu - U||ZQ7R'
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We will prove the following.

Lemma 4.5.1. Suppose uy, is a radial solution to (4.1). Then

]|H1%2u1||2z_4 if N=0 mod4

<C Ii v t, x)|?dx.
< gt;inm T>|t|| taur(t, z)|"dr

IVIL: uolly_,  if N=2 mod 4

We will prove the cases N =0 mod 4 and N =2 mod 4 separately, in subsection 4.5.1

and 4.5.2
4.5.1 The N =0 mod 4 case
Let
luglly == sup [Ty ug (8)]]
Y teR,R>|t| HE Hpy
and similarly let
L
luplly, = sup [Tl ur ()l -

teR,p>|t|+R P

We also let
A5 = [ pi()dp. A7 = ~S0110).

r

We will need the following lemma.

Lemma 4.5.2. Suppose that uy, is a linear radial solution to (4.1). Let HiQ be defined as

n (4.3). Suppose that uy, is odd in time. Then if N =0 mod 4 and N > 10, then

| AT 0pur,(0)] 7y < lluglly-

Note that the above lemma is proven in the case of N = 8 in Collot et al. [2023].
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Proof. First, note that without loss of generality, we can assume that
Mrour(0) = ug(0). (4.24)

Indeed, suppose we have showed the result for solutions satisfying (4.24). Then if uj, is any
solutions satisfying the hypotheses of the lemma, we let @, denote the solution to (4.1) with

initial condition given by (0, Hé@tuL(O)), and we let v := uy, — uy. Then we have

4 _ _
AT 0pur, (0) z_y = AL (0) z_, S luclly S luclly
where the last inequality comes from direct computation, using that by Lemma 4.4.2

d
P TR ()| £ ()N

TOO
T2+ =

Let Ry, := 2¥. Then note that

up(0) = —/ORk o ((1 _ Rik) &guL(t)) dt

R R
_ /o ‘ (1 ~ RLk) (=0t )ur, (t)dt + Rik ; ' Opu,(t)dt
R U
= (-A+ v)/O * (1 — Rik) wy (t)dt + —L]gj’f) (4.25)

where in the last line we used the fact that uy is odd in time, hence wuj(0) = 0. Let
u(t) = HJ%I}% ur(t). Writing T]g in terms of Tlg by Lemma 4.4.3, there exist coefficients

k
O‘]Q,C;c = aﬁ(t)a 04?7k = O‘?,k(t) such that
N-6

2
0 70 |, ~
up(t) =Y a5 170 + af , T} + iy (t)
7=0
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where by convention 049 i = 01if £ > 0 and where we let T ]O be defined as in Lemma 4.4.3.

This implies

(—A+V) </0Rk (1 _ R%) uL(t)dt>

N—6
Ry, ¢ 2 - _
_ /O (1 - R_k;> S a2 (OT° = (TP | + (-2 + Vi) | dt
i=0

whenever r > Ry if k > 0, or for all R, <r <10 if k < —1. Recall that by Lemma 4.4.3,

there exist coefficients eﬁ, e? ; such that
i+1 1—1
70 . 0 00 00 0 40 2
TP =17 =Y 5T =) )il ~r
J=1 J=1

for r — 0. Plugging this and (4.26) into (4.25), we obtain that for some coefficients

{C;'),Ok}a {C?7k}

N—6 N—6
1 = = R, PN
Oru(0) = R_kuk(Rk> — Z cfkao — Z cg’ijO +(-A+V) </O (1 - R_k> ay(t)dt | .
i=0 =0

Using the above equality for £ and k + 1 we obtain

=]

N—-6

N—
2 2
0 0 =0
D (Gt — ST+ D (G — DT
—0 =0
b (Rpt) — ——i(Ry)
= Uk+1 k+1) — 5 UL
Rpyp °F * Ry,

A+ V) (/OR'““ (1 - R}:H) iy (1)t — /ORk (1 - Rik) ak(t)dt) (4.27)

<
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Now we choose functions @y, &y such that Supp@y, Suppdy, C (2R, 3Ry].
00| < R (01dy) < R
for 7 =0,..., N — 6 and such that
/RN 15 = Rj, /RN TPé), =0ifj > 1,

/NT;%k:()isz—L
R

and

/RNT(‘))O@;{:R2, /RNTJQOQ)k:Oiszl,

/NTJQQ)k:OikaZ—l.
R

To show this exists, we rescale by Ry,. Let ®(r) := oF (RLk> . Then we obtain the conditions

© TO(Ryr) - _
/ —O_(N—Q) OF ()N Ly = R%
0 Rk

m ~
/ F(Rr)®* (r)yrN Ldr = 0
0

Oy Bt (N=2)70 ~(N-2
for all F € {Tj }j:21 U {TJQO}J-ZQO . Since R} o (Rpr) ~ cr (N=2) for some absolute

constant ¢ as r — 0, we can take a function ®" Lr2(:N-14p) Span{F'(R;-)|F € {TNjQ}jzl U
{TJ(?O}J'Z()} with
o 70 (Ry) _q
’ R];(N_2)

and |8£<I>k| <1forall0<j <N —6. We can then take ®(r) :== ®F (RLk> . The existence

of @, is proven similarly.

190



Fix any R > 0, and let ky be the unique integer such that Ry, _o < R < Rj,_1 and let
k1 = max{kg,0}. Now applying (—A + V)J for 1 < j < % on both sides of (4.27) and

integrating against ®;. if £ > —1 and ®F if k < —1 we obtain

51— % < Nuglly, 7Y

for all £ > —1, and after plugging these estimates back into (4.27) we obtain

—1-2j
\Cﬁﬂ - C?,ok\ N HULH;?RRk g

for all £ < —2. Then if we write C]O',Ok = 010'341 + Eﬁ, C?,k = C?,kl + 59,1:’

—29 .
O(kR, jHuLHYR) if k>0,

OB uglly, ) it ho <k < -1
if kg <0, and
— —29
&5 = Ok = kolllurlly, 7™) (4.29)
if k > kg. Similarly, we have
e — Rl S Ry j||UL||f/R (4.30)
and so
— _2 )
3kl < IK|Ry Jugllg,, (4.31)
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Therefore

Our(0) = —-U(Ry) + , Ry + ch,kTJO

Let n be such that n; :=1n <RLk> is a partition of unity, that is

()

k=—o00

Additionally, suppose Suppn C [1, 3], and let

N—6
2
~ 1
1. E — 0 0 ~
J=0
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Then if & > kg, R <1 < 3Ry, we have

Oup(0) = > mdur(0)
k>ko
N-6 N—6
2 ) 2 ) 0 0 1

= > m| > G Iy + (€317 + ¢k 15) + R—Uk(Rk)

k>ky  \ J=0 =0 k

Ry '
+(-A+V) /O (1 — R_k) ay,(t)dt
N6 N-6
: =~ 0 0 e

= Z G T+ Z Mk Z ol + e Ty |+ R—Uk(Rk)

Jj=0 k>ko j=0 k

Ry -

+ Z nk(_A + V) / (1 — R—) Uk(t)dt

k>Fo 0 k

N6

- 1 B L\ -

=: Z c;?f’lej?’o + Z N f3 + Z n(—A+ V) / (1 — R_) g, (t)dt | .

j=0 k>ko k>ko 0 k

Note that

(A +V) <nk (/()Rk (1 - Rik) ak(t)dt>> —(—A£V) (/ORk (1 - Rik) ak(t)dt>
= R 2(2ny, — Ay (R%) /ORk (1 - Rik) iy, (t)dt

+0, (—23,;177;” (é) /ORk (1 - Rik) ak(t)dt>

= f]% + Or g
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This implies that

N—6
2
Oup(0) = D ST+ D i+ 1D +0r | D gk
=0

k>kq

We let

pri=(—A+V) Y (/ORk (1 - Rik) ﬂk(t)dt) .

Then we have the decomposition

Opur,(0) =p1+ Y cg’le]Q + Uy
j=1
where
_al = f + 87"97
where

F=Y mli+1 9= o

k>kq k>kq

Note that by Hardy’s inequality (see e.g. Collot et al. [2023]),

10z o p S OrvllZ_5 5

Therefore

N—-6
2

(4.32)

JA@ur Oz, < APz o5+ D 1 ATz, o + AT 2, 5

J=1
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We will now bound each term: using (4.28), (4.29), (4.30), (4.31),

JAG IO 2y 5 S NOAORED 25 0 = 1IN 2

and
N—6
| - Foy _ 1 -
||A<7“77kfk)”L2(Rk§r§3Rk) = |lrng ( (EﬁT;’O +CJO',O/gTj) - R_k,uk(Rk) |’L2(Rk§r§3Rk)
=0
Ly
< _ -
s (loe g ) sl

We also have

LA 2 50 S 10-AUGD 2 50 = 100D 2 5

and

Ry,
p 1
17 fielp2 R <r<3ry) S By /0 10cur (Ol 2Ry <r<sry) @t S lurlly,:

By definition of the Z_5 g norm,
1907 s S izl
On the other hand, since
(0.
A@rgi) = ~rin(r) = [ )
T
we have
Ry,
A3 2Ry <r sy /O 190z (0) | 2, <resy dt S Billuclly,
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This implies ”9”2_2 . < ||uL||1~/R. Now to bound p1, note that
ko

o
Ap1 = / pp1(p)dp

= Z/ A+V< ( 1——>ﬂk(t)dt>)dp

k>ko

S B Lm0
- (nk /OR‘“ (1- ) ~k<t>)+<zv—z>nk /ORk (1= 4 ) antoyr

> BY + BY + Bj.
k>kq

Since V(p) < p~ for p > r, we have

k k
1> Billzor 1Y BSlz ok S llully, -

k>ko k>ko
To bound Bg, note that
k | [T
||Bz||L2(Rk§rgng) S Ry /0 ||8p(77kuk(t)||L2(Rk§r§3Rk) S ||UL||{/R

and so || A(Grur(0)llz_y S llurlly- O
Now we improve the bound with the following lemma.

Lemma 4.5.3. Suppose that uy, solves (4.1). We have

7200z (0)l| z_y S A0 (0)] 2y + lurly

Proof. First we claim we can suppose without loss of generality that dyur,(0) = II, L, 0pur (0).
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Indeed, it suffices to note that if

N—6
2
My50pur,(0) = pur,(0) — > Ti°,
k=0

then
50 50
Tre | Orur(0) = > ex TR |z g S 10mup(0) = > Tl 2,
k=0 k=0

by direct computation, using that by Lemma 4.4.2

d
r—Tp°(r)

< () —N+2+2k
ST S ()

T (r)] +

Now suppose then that dyup (0) = Hiz Oyur (0), and let v = Adyu. We also define the operator

N -1
AN::arr+

Or
Noting that Ay = A"TAx_9A we see that v solves

87521} - AN_QU + AVA_lv = O,
7 (0) = (Adpu(0),0).

Note that the kernel of the operator —Ay_g 4+ AV AT is Span{ ATS®, i pT(g)(p)dp, 1}. Let
k be a fixed integer, and let Ry, = 2%, 7. = Efk Let 1 (t) be the solution to (4.1) with initial

condition P ur(t). By the proof of Lemma 4.5.2, we can decompose the solution uy, as
Ry,

N—-6

2
ug(t) =Y a4 T + o x0T} + iy (1) (4.33)
7=0
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for |t| < Ry.. Also,

o0
ov = —A(=An +V)u(t) = —/ —pOppu — (N — 1)8pu + Vudp = royu(r)
T

+(N = 2)u(t) — AVu(t).

Letting T]Q—l = (—An + V)(XOTJQ), we see that by applying A(—Ax + V) to (4.33)

N—6
2
O =Y a9 g AT +a | L AT) — A(=Ay + V)i (t).
j=0
Let q = [|A(Ou(0))llz_,  + HuH};R. Recall from Lemma 4.5.2 Ry, := 28, 7 = %, and let
ko such that Ry 1 < 3R < Ry . We have the following identity for any radial function w

and smooth test function v :

/ / Y(Opw — Aw + Vw)wdtdx
RN JR

- wl? — (Fpw)? x 1o w2dtd
_/RN/R(Wl (Opw)”)epdtd +/RN/R(V+2(att A))bw?dtds.

Let x be a cutoff such that x(r) = 1 for r € [3,4] and x(r) = 0 for » < 2 or > 10, and
as before let 4(r) = X (7 ) %() = ¥ (), Urlt;7) = Te(®)%r(r), where %(t) = 1 if
t| < 1 and X(¢t) = 0if [t| > 1. Let k > kq. Note that supp(x) C {r > 6R}, supppy, C {r >
lt| + R}. Let

oy = [ s Nl = (wugz

Let wy, = wy(t), bj . = bj (1), IN)j’k = b; 1(t) be uniquely defined so that
N—6

2
uL(t) = wk(t) + Z bj’ijoo + ijCijO
=0
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where Y/jo = x0TV, and
~ H N—6
wy, J_Lik {T]‘?O,Y]Q j=20 for k < —1, wy, LLQ {T } :20 for k > 0.

Then note that

/ / \Vwy [2ydtde = / / (Bywy,) > Yy dtds — / / (v+ (8 — )> pwidtde
RN JR RN JR

+ /N/ VY (Opwy, — Awy, + Vwg )wydtdz.
R

=

We have

/N/ @/)k(attwk — Awk + Vwk)wkdtd:v

N—-6

2
7 0
/RN / Wy (— Z bjp(—A+ V)TJQO +0j 1 (—A+ V)YJ

j=0

‘ 2
Ol

(87575()] k;)T (8ttbj k;)Y )wkdtdx

.
Il
=

=0

since wy, L L2 TJQO, ffjo. Therefore
k

1
/RN/RWwHQ@Z)kdtdx:/RN /R(c‘?twk)zdtdx—/RN /R(V+§(att—A))¢,€w,§dtdm. (4.34)

Let
N—6
5

9 =00 =0 | 3 bkl +bjY7
7=0
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Now, there exist coefficients b, 1., Bj,/m Bﬁ, B;),k such that

v(0) = wy(0) + Y b; 1 (0)T5° +b; 4 (0)Y)
§=0

and

N—6
2

9 = Orwp() + Y BT + B9,.(0)T7,
=0

where (3; . ar ethe unique coefficients such that the above identity holds, and where

wi(0) = HL%kv(O).

Using the definition of Z_g p, we obtain

Ry, Ry
lvoll 2, S lvollz2eresr<iony) S Billos Tpnlvollz_y < Rilog 7rha

and similarly

lollzz < okl 22r, <r<iomy) S Hgk||Lng < [Orlly, < g

Now by Pythagoras,

N—-6

2
~ ~ Rk
b 1 T +b; . YYD < <R <1 _> :
H;O a7+ 0Pl < lwollge S R (log 75 ) a

N—-6
2
0 v-0
I3 8575 + x5l < la®llzz, S
j=0
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Note that for general vﬂ, 7? .o we have

N;G N;G
0 v-0 0 v0
122 7575 + Y5 pzeresr<iony S 120 3005 + 53455 ez
i=0 =0

This implies in particular that

N—6
T2
~ Rk
1> b5y + b?,kY]QHLQ(QngrglORk) S Ry <10g ®> q, (4.39)
=0
.
0 50
I Z BﬁTJQO + Bj,kyj ||L2(2Rk§T§10Rk) NE2 (4.40)
=0

Putting (4.39), (4.40), (4.37), (4.38) together with (4.35), (4.36) we obtain

R,
uwwmmM@mmSMQ%mﬁ%

10vwr (D) L2 2R, <r<10R)) < -

Combining this with (4.34) we obtain

R \?
v 2 < k 2

By the mean value theorem, there is a t;, with [¢;| < % such that

R 2
/ |Vw(tk)|2dx < <10g —k> q2.
3R <r<9Ry; <R>

This bounds Vwy. To bound Vuv(0), by finite propagation speed we have for |t| < tp,
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4Ry <1 <8R}, that
N—6

N
7 0
U(tk) = wk,(tk) + Z hj’kT]QO + h]7ij 5
j=0
N6
: vall
Opo(ty) = gi(ty) + D aj kT +aj ;Y
7=0

for appropriate coefficients h; g, hj i, a; g, a;j. Hence

B+ D> (hjg+ (=t p)aj )T + (hyg + (t = tj)dj ) Y7
=0

o4
—~
~
S~—
I
g

where wy, solves
Oppivy, — Ay, + Vg, = 0,
(W, Oy =), = (wr(tr), gr(t)-
Letting

djg = hjp(ty) — tea; g (ty), djg = hjp(ty) — tyd; g (ty)
we see that for all 4R;, < r <8Ry,

N—-6
2

vy = ﬁ]k(O) + Z dj’kT]Qo + Jj’kf/jo
i=0

Let (g 0,wg,1) be such that

(W0, W, 1) (1) = (W, g5) (¢, 7)
for all r € [3R}, 9R}.], and

ok ()

o k
(g0, Wk 1) gy g2 S /3 <|vvk(tk)|2 et !9k(%)\2> dz.
k

Rk§|l‘|§9Rk
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Also let w;. be the solution to
021y, — Ay, + Vi, = 0,
(@ (1), Oy, () = (W0, Wp1)-

Then again by finite propagation speed wy(0,7) = w(0,7) for all 4R, < r < 8R}. After
replacing w;, by w; multiplied by a cutoff at r = R + |t| and standard energy estimates, we

obtain

H@k(O)HHJ}2 S (@0, @p1) |94

Now applying the previous estimates, we obtain

kO, % {1og 735 a

and thus by Hardy, for all 4R, <r < 8R;. we have

||Vwk<0)||L2(4Rk§7‘§8Rk) + Rk- 1 Hwk(o) ||L2(4Rk§’)"§8Rk) SJ <10g ®> q-

By definition of the Z_9 norm, we have

N—-6

2
o R
0 k
1D diaTs® + dipY7llp2ar, <r<sry) S B <log ®> ¢
=0

Therefore

gt ;50 ik
2 ik TN 2 amy <r<siy) + 14707 | 2am <r<sry) S B <log <?>> !
=0
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and
N—6
: 730
o}
Z de,ij ”H1(4Rk§r§8Rk) + de,kyj "H1(4ngr38Rk) S ¢
j=0

These imply

Ry,
IVvoll 2 (am<r<sry) < <10g <7)> !

which implies the result, since 4Ry, < 24R. O]

Now Lemma 4.5.1 follows from Lemma 4.5.3, 4.5.2 and Lemma 4.4.5.

4.5.2 The N =2 mod 4 case

This part is similar to the N = 0 case. In this case we need an additional lemma about an

elliptic estimate:

Lemma 4.5.4. There exists a constant C' > 0 such that the following holds. Let R > 0, and

suppose u € Z,Q,R(]RN) solves forr > R
—Au+Vu=f+0rg

where u, f, g are radial and satisfy

1702 4 ol 2y < o0

Then if R > 1, then

Az 50 {T5%, . TR D) < Cllf 7y + 9l 2y )
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while if 0 < R < 1, we have

Ay (50205, TR, 1, TR 6 1) < CU Iz + 190123 )

The quantities ||HJL-28tu(O)||Z_4 are replaced by dZ_ZR(u,span{Té)O,...,T@}). The
proof of Lemma 4.5.3 becomes slightly easier, since the averaging operator A is not needed
to reduce to an N — 2 dimensional radial wave equation. The proof follows from the same

argument used in the case N =0 mod 4.

4.6 The multisoliton case

In this section we prove Theorem 4.1.2.
First, we note that the problem (4.4) is globally well posed. Indeed, local well posedness
follows from the Strichartz estimate Lemma 4.3.1., and global well posedness follows from

the fact that (4.4) is linear. Now we have the following lemma.

Lemma 4.6.1. For all J € N, there is a C' > 0 such that for all X € Ay, if u is a solution
in RITN of
Oppu — Au+ Vyu = f,

(u, Opu)|t=0 = (ug,u1) € H x 2

where f € L} L2Z(R x RY), then

sup]l(u,@tu)|]HR+t + lull aven) 2vin < H(U()yul)HHR + HfHL1L2(r>R+|t|)-
teR . L, V"2 L, N2 (r>Rt)) e
Proof. The proof is as in the proof of Lemma 2.8 in Duyckaerts et al. [2023]. ]

Next we claim the following inequalities.
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Claim 4.6.2. Suppose that f € H' is radial. Then Vf € Z_3 )\ with

IVfllz_s < 11l (4.41)

and

701 2 (14 i o ()] 197124 (4.42)

J
Moreover, if x°, x' are two smooth cutoffs with XO(r) =1 if r < 1, x°(r) = 0 forr > 2, x!

with compact support outside the origin, and X%(r) = Xi (%) , then

R
1 < ; _ .
ISl < € (14 min Jog ()| ) 19724, (4.43)
and
VORI z 5\ < CIVEllZ (4.44)
IV = xRN 25 € CllezrV Nz (4.45)

where C' is independent of R.

The proof of this claim is the same as that of Claim 4.2 in Collot et al. [2023]. For the

moment we will consider a single soliton. We have the following lemma.

Lemma 4.6.3. There exists C' > 0 such that the following holds. For any A > 0 and any

ug € HY, the solution u to
8t2u — Au+ V{)\}u =0

(u(0), 0pu(0)) = (ug,0)
satisfies

IViullpipzges)) < CliVuollz_y- (4.46)
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If ug(r) =0 for all m > R for some R < 1, then
IVpyull i 2spy < CRIV [Vuollz_,.
If ug(0) for all ™ < R for some R > 1, then
Vgl pip2gspy < ORI Vuollz_y-

Similarly, if uy € L? and u is the solution to

Opu — Au+ Vyu = f,
(u, Opw)|i=0 = (0,u1) € H! x L?

satisfies

IVinyullpip2gesye) < Cllutllz_g: (4.47)

If ui(r) =0 for allr > R for some R < 1, then

Vol ey < CRAN ut 7 .
If u1(0) =0 for all r < R for some R > 1, then

Viayall pzgspyy < CR Hluillz .

Proof. As in the proof of Lemma 4.3 in Collot et al. [2023], we use a dyadic partition. Let

x be such that Suppy C [%, 2] and 1 =} yc7 Xoe(r). We let uy, be the solution to

8t2“£ — Auy + V(g)Ug =0
(ug(0), rug(0)) = (ug,,0)

207



where uy o = xyeug. Note that u =)y uy. Now by (4.43), we have
lugollgn S X+ DI Vuollz_s-
Since Suppug ¢ C [2671, 2€+1] we have that
Supp(ug,¢) € {max(0, f=1 _ It]) <r < of+l 4 |t]}.
Now by Hélder and Lemma 4.6.1 we obtain

Vosuzllpipeesy S QHEDIVIE 2 [[Vuollz_

L2175 (Sy)
where
Sy = {max(|t|, 207 — |¢]) < r < 25T 4|t}
If ¢ <0, then
S0
VIl ov <V on < 23n¢,
L2L,3 (Sy) L2L,3 (jt|<r<|t|+2¢+1)

Similarly, if ¢ > 0, we have

VI ev <V on <272
LA (S)  LILLS (max(fl 202 <<l +2t4)

This implies that

IVinullpipzgspey S ZHV{)\}UﬁHLle(r2|1€D
(eZ

36 —20
< Vuollz_y | D1+ 10)238 +) "2 S IVugllz_ s
(<0 >0
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Now if we additionally assume that ug(r) = 0 if » > R for some R > 1, we obtain

2 %z 3
WViyulpizzpsp S 1Vuollz_y 321+ 160238 < 208 [Vugll 7, S RAN||Vugl 7.
1<ty
The last assertion follows similarly. O]

We have the following lemma.

Lemma 4.6.4. Let J € N. There exists a small enough v* > 0 such that the following holds
for any A € Ay with v(A) < ~*. For1<j <.J, let 3]- and EZ- denote the solutions to (4.4)
with initial data (0, (AW)[)\],]) and ((AW)(/\j),O) respectively. Then for any 1 < j < J, we
have

supl[ 4 e — (AW g AW gy < 7N
teR

_>
Supll ¢ = (AW) O)llagy S /(A

The proof follows from direct computations, which we omit here.

4.6.1 Non resonant component

N
2

In this section we will consider solutions satisfying u(t,r) = (—1)2u(—t,r). We will show

the following lemma.

Proposition 4.6.5. For any J € N, there are v*,C > 0 such that for all X € Aj with

Y(A) <" any radial solution to (4.4) satisfies

el im [ Vel + A0 ol 3

in the case N =0 mod 4, and

4 2 : 2 2
Tz yuollza < > dim - Vi zul® + (M) uoll 72
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if N =2 mod 4.

For the proof we will need the following lemma. For R > 0,u > 0, let Pi, p be the

orthogonal projection on the orthogonal of Span{(Tk?O)(u) 0< k< M%ﬁ} in H]l% if N=0

mod 4 and the orthogonal projection on the orthogonal of Span{(Tk?O)[u] 0<Ek< #} in

L%ifNEQ mod 4.

Lemma 4.6.6. For alln > 0, there is a Cy) > 0 such that for all ;4 > 0 and a solution u of
Ofu— Du+ Viyu=f, x| > g+ |t
with 4 (0) e H, f € LI L2, we have

|1 Puudru(0) 51 < Cylln flip +C lim Vi zu(t, )P de
KT HL, M2 | >np+e] ) Ll r2 ngt%ioo 2>t x

if N =0 mod 4, and

| Puaun@ru(0)1 72 < Cyl1 i +C lim Vi zult,o)Pdz
HsTI L2, =~ >nu+ft/ L2 n;t—ﬂzoo sl

Proof. By scaling we can assume p = 1. By time symmetry, we can assume Jyu(0) = 0 if

N =0 mod 4 and u(0) =0 if N =2 mod 4. Now let uy,,, be the solution to

07 thom — Atinom + Vi) thom = 0
(Uhom (0), O (unom (0))) = (w(0), ru(0))
and @ the solution to
Ofu— A+ Vi pu = f,
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Then if N =0 mod 4,
I u(0))% < I u 2+ luo))>
H L ( )HH%M H m hom“HTlW ” ( )”H%M

and

I (0132 o) S T 2o+ [[u(0)]7
| ,u,nuu< )HL%M(O) S p,nuuhomHL%u [ )HL%M

if N =2 mod 4. Now let @ be the solution to

OFt — Aii + Vi@ = T[> nutie)
(4(0), 0¢a(0)) = (0,0).

By finite propagation speed,
all g+ 10:l2e < il + |10ra)|2s -
|| HHrlm H t ||L%MN || HH%” H t HL%M
Now by standard energy estimates,
112 _12
HuHHl + Hatu”LQ S ”f||L1L2(|x\>nu+|t|)'

Therefore it suffices to show the statement for uy,,, that is for the case f = 0.
Additionally note that if n = 0, then the result is Lemma 4.4.5 for R = 0. We will then

assume 71 > 0. Using Lemma 4.4.5 we can decompose uy = u(0) as

N—6
2
ug = Z TR +02T£+HLu,
k=0
with
T )%, S Eout(n) := lim Vi pu(t, z)2da.

t=00 Jlz[>n+|t
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Rewriting this as

N2—6 N2—6
00 _ 00 00 1

and taking the exterior energy as in the proof of Lemma 4.4.5 together with (4.23) we obtain

that

1
A S (Bout(n))?.

This implies that
N—6

2
Tl %y + D ()P S Eous(n).
k=0

This completes the proof. n
Now we will prove Proposition 4.6.5.
Proof of Proposition 4.6.5. We can proceed as in the proof of Lemma 4.5 in Collot et al.

[2023]. First we can assume by time symmetry that

(ug,0) if N =0, mod 4
(u7 atU)‘t:() =
(0,u1) if N =2 mod 4.

Moreover, we can decompose

uy = Hju+ Vg

with
0 N -6
vy € Span < (1%, )(AJ)'O<k§ 5 A1<5<J
if N=0 mod 4,
ulzﬂtu—l—vl
with
N -6
vleSpan{(Tgo)[j]'0<k< 5 ,1<]<J}



if N =2 mod 4. Let v be the solution to (4.1) with initial condition (vg,0) if N =0 mod 4

and (0,v1) if N =2 mod 4, we see by Lemma 4.6.4 that

lim Ve zo(t, o) Pde S v(A)ll(vo, v1) 1

- < y(\ 2 _
1550 Jiaf> 1 e < YO0, ) o

Thus we can reduce to the case that v = 0.

We have
6t2u — Au — V{)\j}u = Z V{)\k}u
k]

By Lemma 4.6.6, we have for N =0 mod 4

HP)\j,nj)\quHHyl]‘)\' < an ZH1|x\>nj)\j+|t|V{/\k}UHL1L2 + 077]' V Eout
I k#j

- : N—6
where P)\%p is the H ; (respectively L%) projection onto the orthogonal of Span{(7}°) A) 2o

for N =0 mod 4 (respectively N =2 mod 4), with a similar statement for N =2 mod 4.

If £ > j, we have

I snn Vi eloizz S aisnn 0 Vi 2AVHD 3v)
LAt L, 3
Hl N\ U|| 2(N+1) 2(N+1
> +1] t(sz)Lz(sz)

S IMapsnn+ 1 Vi 2N +) av+ lluoll g
L

. + L, 3 579

where in the second to last step we used Lemma 4.6.1. Now let
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Then

1 | 2w
|z >m; A+t Vi NI) 2<N3+1)

t x
1 %+1)+2(N+1) —4
—)\ I+1y 2N
)\2 I {ly |2nj j+| |}( y)( ly[) ||L (N:_41)L2(]\{‘5+1)
s Y
= ||><{| ST |}( DA+ D)7 2ven 2va

LS N+4 Ly 3

Let R = 7}]/\ We will split the integral into s € (0,1) and s € [1,00). If s > 1, then |y| > 1

and so (14 |y|) = O(|y|) which implies that

)
y[>R+s (1+ [y))4P

; s N—1\7 2
1 - 1 P 1
S / i / i fg(ﬁ)p:—ww’
ly|>R-+|s| Y] Rts T (R+s)*P (R+ s) N+t
where
C2(N+1) 2N AH1)
T N+a  PTT3

Now integrating in s we obtain

1
. Vi o <[t ) <
|s|>1 x>0 A+t VAT 2(0VHD 2(N+1) ~ 5N18 45 | N 3
" R B (R + |s|) ¥4 i

In the case 0 < s < 1, we split this into the domains » > 1 and R < 1. In the first case, we
have that |y| > R+ |s| and so we can follow the exact computations as in the case s > 1. Now
if instead R < 1, we split into the cases that |y| > 2 and R + |s| < |y| < 2. If |y| > 2, then

again 1+ |y| = O(|y|), and so we can proceed as in the case that |s| > 1. In the remaining
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case, we note that 1+ |y| = O(1) and so combining these we obtain that

||1s<11x> ')\-thv)\ H 2(N+1) 2(N+1) ~
||_||77;J||{k}LtNTLx(3) R2

This shows that

)\2
Lot Lisiom .o Vi N < Sk
sz batona i Vil 2o o S 59 2
L, Ly 3

After following the same steps, we obtain

€ cj
HH)\j,nj)\jUOH < EJHUOHHI + CEj,Uj,Ej—M?j—l Eout

for N =0 mod 4 and similarly for dimensions N =2 mod 4. We can also obtain the bound

Vug - V(AW) . ‘ = op, (D |luoll g1
/x|2nj/\j ( ]) J H

for N = 0 mod 4 and the analogous bound for N = 2 mod 4. Combining everything we

obtain
5 () e
||P)\j,77j>\j||Hnj/\j < 0773‘ (?j—l + 077]‘_1(1) + 77_2> ||u0||H1 + CEj,??j,Ej_l,nj_l Eout-
J

Hence if () is small enough we obtain
_ e
HP)\j,nj)\j HH??]'A]‘ < _j”uOHHl + Csj,nj,sjfl,nj,l \/Eout;

with an analogous statement for N = 2 mod 4. All that remains is to bound the projection
N—6
onto {77} k:21 . We can see by a contradiction argument (as in case 4 of the proof of Lemma
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4.4.5) that there exists an absolute constant C' such that

Py oy ugl| 2 > Cllugl|l g1 -
1Py mi; OHH%X > Clollg

J 770

Now we have

1) B —1 (€]
[uollgn < C 1Py myn uollgn - <C <§||U0||H1 + Cejmjejormj-1 Eout) :
i R

This completes the induction. Now to finish the proof, we set 7y = 0 in the final step. [

4.6.2 Resonant Component

In this section we prove the other half of the energy estimate in Theorem 4.1.2.

Proposition 4.6.7. For all J € N, there exist v*,C > 0 such that for all X € Aj with

Y(A) <" and any radial solution of (4.4) satisfies

1 2 : 2 2
I yullz ,, <C (; [ Vel v(A)Huluzg,J

iof N =0 mod 4, and similarly

VIIE 2 <C 1i YV, qul?d M|Vl 2
| Hl’Auon_w_ (;t—;:rtnoo T2|t|| tau|“de + (M) Vuollz_, |

if N =2 mod 4.

Proof. We will prove it for the case N = 2 mod 4, with the N = 0 mod 4 case being

identical. We claim it suffices to prove that

||Hi2’ Villz_gy SV EBou if ug = H]%Q’)\ul (4.48)
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Indeed, suppose these hold. Let u be a solution to (4.4). We can assume by time symmetry

that

(ug,u1) = (0,uq)

if N =0 mod 4, and

(ug, u1) = (up,0)

if N =2 mod 4. We write ug = vg+wq for wg = HJ}TIl 3o, and similarly w1 = v1 + w7 with

wy =11 u1. Then we claim that

1
L2\

AN |1 12 if N=0 mod 4,
lim Vi zv(t, o))?dz < 23
=00 J|> fy()\)||VvoH2Z_3/\ if N=2 mod 4.

If this claim holds then

lwilz_,, S Fout + lim Vi 0(t, 7)|2dx
| 100 J} >t

2 2 2
S Eout +7(Vllvllz_, , S Eout +7(A) (HUluz,&A + HU1“Z,3,A)

for N =0 mod 4, and similarly for N = 2 mod 4. To show (4.48), note that if jy is such

that |, | = supy<j<.|a;| where
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We obtain

1 9 %
HleZ_g)\ z ] )\]0 /)\‘ <lzl<on |/Ul‘ dx
lnflgjgj <10g )\—]> j0_|l‘|_ 70
> ! 2
2 ool ¥ AWy, )[Pde
inflSjSJ <log )\Lj0> )\j0§|$|§2)\j0
Z |aj0’

and similarly [|[Vugllz_, , > |aj,|. On the other hand, we have

J
lim Vi p0(t,2)|2dr < lim Viw | Y taj(AW)
j=1

1200 a1 t200 | =]t

and similarly for N =2 mod 4. This proves the claim.

Now let v := (), and define the radii

by
+_ - _ g+l

f)/

1
Note that Rj_ < fyZR;r. For any j, let

1Fllz_5 5, = Hf{ ]Hz_g-

1
Aj

Then

HfHZ_gAj Sfll=s

and if Suppf C [R;r, o0), then
1fllz_g, S Hf||Z_37/\j'
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We will prove the following statement by induction.

Claim 4.6.8. There is an absolute constant o > 0 such that for all j € {1,...,J},

||17,2R;}'UIHZ_37)\J. 5 V Eout + Va‘|u1||Z_37A

if N =0 mod 4, and similarly

I, ijou 73, SV Eout +7 Vol z_

if N =2 mod 4.

We will prove the statement for N =2 mod 4, the other case being identical.

Suppose that 2 < J < J — 1, and supppose Claim 4.6.8 holds for j — 1. Let v;,9; be the

solutions to

8tzvj — A'Uj + V{/\j}vj =0,
(v;(0), 0pv;(0)) = (u, Opu)|¢=0,

8t21~jj — Af)j + V)ﬁj = F(Uj) = - Zz#] V{)\i}vj’
(9(0),0¢0(0)) = (0,0).

Let x be a smooth cut off with

Lifr <1,
x(r) =
0ifr > 2.

Let v}” be solutions to

8,?@;” — Avj" + Vit =0

with
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where x, = x <5> . This implies that
v :vjl-+v?-—|—v§-’,

and so

F(v;) = F(vjl) + F(v?) + F(vj)’)

Lemma 4.6.9. For some absolute constant o > 0, w e have

1
11 Ry F(Uj)HLng S ’YQHVUOHZ_&,\ (4.49)
2>y tt]

if N =2 mod 4 and similarly
1
e e YF@)Iie S lullz_y
{r21+|t|}

i the case that N =0 mod 4,

2
Hl{ 7 Filipirz S vV Eout +7"Vuollz_g (4.50)

if N =2 mod 4 with the analogous statement for N =0 mod 4, and

I R F(U?)HL%L% = 0. (4.51)
{r=<r+tl}

We will prove this lemma later, and will continue the proof assuming its validity. By

Lemma 4.6.1, we have

Sl;pH(f{j(t),3t?7j(t))||HR,,+|t| S VEou + 7 [Vuollz_g -
J
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Indeed,

ol 50,005 O S NE gz iy S VEou 71707,
where we used Lemma 4.6.9. Therefore

lim R |Vt’a;vj (t)|2d$ S Eout + 72a||vu0||22_3 A
t—o0 J ’
+ 2|2 5 +t]

Now by the N =2 mod 4 version of Lemma 4.5.2 there exist coefficients c?ok such that

N—6
7
g =Y ST ) + T (4.52)
k=0
with
”17"21%].— Vil z_s; SV Eout +7*Vuollz_y - (4.53)

Taking the Hl({Rj_ <zl < QRJ-_}) norm, we see that that

2

2R7 N_1
/_ Z % Tk (\}) T dr

~Y

2R 2Rj_
</ V| ?rN 1d7“—|—/ ]Vﬂ07j|2rN_1d7“
R R

J J

00 \2 2B 2 N—1
(%) / V(AW 3, ) PrY L
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Note that

N—6 2
QRJ : 00 00 N-1
/_ \Y4 Cj,k:( P )(/\j) r dr
f) k=1
QRj_ N_1
o0 o0 0 [e.@] —
- Z k1€ ko - V(Tkl )(/\j) ' V(T7€2 )(/\j)r dr.
kl,kze{l,...,W} J

Let M = (mk1k2)1§k‘1,k‘2§N2_6 where

2R
J _
mkle 2:/_ V(Tkof)()\]) V(Tk%o)(/\J)T‘N 1d7“

Using that

ifr~ Rj_ we see that

A\ vy
== p—\2
M kg ™ CkyChy (Tj—l) o4 (RJ )

and so for some O(1) matrix M,

i



This implies that

<M(ka)1§k§¥’ (C(J?,Ok)lﬁkgT_6>
A N—-6 N_6
< (2L N o\~ (N-6)
N( Aj ) )
2
2 2 +1 _
(logr) HVUOHZ )\+<10g )\j,,yl> 1 >R—vu0,]||Z 3\
J
N+2 2
A1
2 j
+(C§’OO) N42 N+2
PyT)\j2
2 2 N2
1 Aj 1) (1 (A 3
S A el e 7 7, 551+ [ Vuollz_y , + VFout | -
J J

(4.54)

On the other hand, we have (ug,u1) Lg1, 2 ((AW)(y,), (AW)(y,)). Using that

[N

A

VAW ()] S 7, By S0,

we have

/_ Vug - V(AW) (5 :/ _Vug - VAW) () S O log [ Vuoll z_ ). (4:55)
R <] 2l<R; ’

Now using that

R N+2 1
2 2 ' N+2 3(N+2
/ - VAW dm,ﬁ/ R |7|de S )\—J S = +2 _ g(N+2),
|lz|<~L- |z < ~2 J
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We also see that
. _ 2 2(N+2)
/R_<|m| Vg VW) = e [ VAW <1+O<74 ))
+ O X lejrl + VEous + 11 Vuollz_y, | - (4.56)
k=1

This implies that

§
|c‘j?j6|/|VAwy2 <1+O< i N+2>> Z ¢kl + vV Eout + 7" IVuollz g, (4.57)

where we used (4.55), (4.56). Combining this with (4.54) we obtain that

‘C;C())’ SV Eout + ”YOZHVUOHZ_&/\

and using that
o0
<M(cfk)1gjs¥’ (ka)1§j§¥> 2> el
k=1

N+2 N+

we obtain that (since > N2 and 4 is small)

o0 )\2
+1 +1 =
Z|Cjak| SJ ( ! ) (\/— ])\2 )(HVUOHZ&)\—F Eout)
k=1
3
2
Jt+

1A
< L IVl ATV Eout).
8 )\§
J
Since |[V(AW) ) llz_ RV < 1, we have
150V (AW) (Il z_ sy o S 1650l S vV Eous + 7 [Vuollz_g - (4.58)
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We also have for r < R;'

-1 ¥ _
0 < 1 r _(N_l) )\32 < )\j 2 1 1 )\J ¥
VISl = 3\ 5, N1~ |\ RE Il YN
r R 2 2

22 J i r r Ajt1
J
and so
N—2
”17"2ch.7 VO oplzos,, S |Cj,k|H1{r>R+}T% v (7N
N-—2
< 15 (55) T Mosryy g
~ + Z
Ik Ajt1 {r>RT} NIlZ_3
1
1 A\ T2
s 5 (2L) T UVulzy, + V)
8 741
1
S vE(IVwllz 5, + vV Eout) (4.59)
Combining (4.58), (4.59), (4.52), (4.53) we obtain
||1{TZRJ,+}VUO||Z,3,>\J. S VEou + 7 [Vuollz_;
By the induction hypothesis we also have
«
||1{TZR‘;F71}VUO||Z,3’)\j_1 S VEous + 7" IVuollz_s
and so using
||1{T>R;r}f||Z_3’>\j 5 ||1{7~2R;r_1}f||z_37/\j_1 + ||1{T>R;F}f||z_37>\j
we complete the induction.
Now for j = 1,...,J, there are slight changes. If j = 1, we set up Rji1 = R}tl = o0
2 _
and Vi = 0.
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For j = J, we set c;ok =0if £ > 1 and Rj_ = R}' = 0. This completes the proof of

Proposition 4.6.7 assuming Lemma 4.6.9, which we will now prove.

Proof of Lemma 4.6.9. First note that

3
o POl =0
{r>-+tl}

by finite propagation speed. Also, suppose 1 < j < J with ¢ # j. Then

Vol (0l z_y,. S IVuollz_s -
b ‘] ’

If « > j, then note that by definition of vjl-,

Now by Lemma 4.6.3, we have

1 1 1 1
s Ving Ui sz STIVY Iz, S 971Vl

If instead i < j, then by definition of vl, v]l(O,r) =0ifr > 2,7\ > 2Rj_1. Then by

Lemma 4.6.3 we obtain

1 3
Moy Vi vilpize < v [IVuollz_y

These imply (4.49). To show (4.50), suppose 1 < i < J, i # j. Since

IV = XB) Nz, € Clla=rV Fllz 450
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we have

2
IV O)llz_s, , < Clltg Rjtl}Vuollz,Mj_l S VEou + 7 [Vuollz_s -

Since UJQ-(O,T) =0ifr < Rj‘_l we have

||VU?(0)||Z 3~ ||VU ( )||Z,3’)\j_1'

Hence

||VU ||Z 5/\ ~ onut‘i"V HVUOHZ 3N

Using Lemma 4.6.3, we obtain

2
L1y Vo villirz < VEout + 4% Vuollz_y

thus proving (4.50).
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