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2.1

3.1

3.2

3.3

3.4

3.5

LIST OF FIGURES

Two examples of directed acyclic graphs (DAGs). The left panel describes the
data generation process for a generic astrophysical catalog. The right panel de-
scribes a specific example in gravitational wave (GW) astronomy, outlined in
Section 2.4.2. In both panels, the joint likelihood between all nodes in the di-
rected acyclic graph (DAG) is written at the bottom. Each arrow in the directed
acyclic graph (DAG) represents a conditional distribution, i.e. an arrow from X
to Y means that the conditional distribution of ¥ depends on X. . . . . .. ..

90% posterior credible intervals for the component masses for all CBCs included in
this population study assuming uniform priors in detector-frame masses. Events
classified by the LVK as BBHs, BNSs and NSBHs are shown in black, green,
and blue, respectively. The ambiguously classified event GW190814 is shown
in orange. The grey band indicates the approximate location of the purported
“lower mass gap.” GW190814 is the only event within this region at more than
90% credibility. . . . . ...
[lustration of the primary mass distribution for the three mass models used in
this work. All models are depicted with the same values for my eqi, @1, and as.
Draws from the inferred mass distributions between 1—10 M using the BROKEN
POWER LAwW (top), BROKEN POWER LAw + DROP (middle), and BROKEN
POWER LAw + DIpP (bottom) models. Each panel has 200 random draws from
the hyperposterior (thin black lines). As an illustration, the draw that maximizes
the overall posterior is highlighted in color. 90% credible intervals on the locations
of features in the mass distribution are indicated by colored bands. All three
models find a steep falloff in the mass distribution between ~ 2.2 — 3 M and
BROKEN POWER LAwW + DIP finds a subsequent rise at ~ 6 Mo. . . . . . ..
Values of the spectral index governing the low mass part of the spectrum «q and
drop depth A inferred by the BROKEN POWER LAW + DROP model. Contours
indicate 1-0, 2-0, and 3-0 credible regions. The two parameters are correlated
and the lower right region is excluded: mild power law slopes are only allowed
when A is large. Thus, the inference finds a dramatic drop-off in the merger rate,
either through a steep negative initial power-law slope (aq), or a discontinuity
(large A). The two scenarios are both allowed by the data due to the inability to
resolve the shape of the NS distribution. . . . . . . . .. .. ... ... ... ..
Posterior on the gap depth parameter A under the BROKEN POWER Law + Dip
model including all events. A = 1 indicates a maximal gap, and A = 0 indicates
no mass gap. A peaks at 0.90, with 90% highest density interval between 0.55
and 1.0 (vertical dashed lines), indicating support for both a partially-filled and
totally empty mass gap. . . . . . . ..

vii

31



3.6

3.7

3.8

3.9

3.10

3.11
3.12

Corner plot of the parameters governing the location (7ypiep) and steepness (1ig1)
of the upper edge of the mass gap in the case where a steep decline in the mass
distribution is enforced after NS masses (A = 0.99). The 90% highest probability
density interval for ;o) is indicated by vertical dashed lines. 7o, is found to
be positive, indicating a rise in the mass distribution near 7o}, after the drop
enforced at Vigw- - - - - . o o o
Effects of leaving out event GW190814 under the BROKEN POWER LAwW + DIp
model. Green contours correspond to the inference when GW190814 is included,
and grey contours correspond to the inference when it is excluded. Almost all
hyperparameters remain unchanged with the inclusion vs exclusion of GW190814,
indicating that this event is consistent with the inferred population using this
model. The only parameter that exhibits a noticeable change is 7., Where the

bimodality of the posterior distribution disappears with the exclusion of GW190814. 49

A subset of hyperposteriors for the BROKEN POWER LAW + DiP model inferred
with (green) and without (brown) the events GW200105 and GW200115. The
mass distribution does not change significantly with the exclusion of these events,
indicating that the NSBHs are consistent with the rest of the detected population.
When the NSBHs are included, the upper edge of the mass gap, Ypjgp, is slightly
better constrained and support for a wider gap (low 75y, and high e),) dimin-
ishes. This suggests that these events probe the gap location. Hyperparameters
on which the exclusion of the NSBH events has no effect are not included in this
plot. . e
Corner plot for an analysis where all hyperparameters are simultaneously fit. On
the diagonal are the one-dimensional marginal distributions for each hyperposte-
rior. Above each column are written the median and 68% credible intervals for
the corresponding hyperposterior. . . . . . . . . ... ... oL
Corner plot for the BROKEN POWER LAW model. On the diagonal are the one-
dimensional marginal distributions for each hyperposterior. Above each column
are written the median and 68% credible intervals for the corresponding hyper-
posterior. . . ... L
Same as Fig. 3.10 but for BROKEN POWER LAW + DROP. . . . . . .. ... ..
Same as Fig. 3.10 but for BROKEN POWER LAw + Dip. . . . . .. .. ... ..
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4.1

4.2

4.3

Distribution of primary BBH masses inferred using the third gravitational-wave
transient catalog (GWTC-3) and three different population models. The smoothed
power law model (grey) consists of a single power law slope between a minimum
and maximum mass, with the merger rate set to exactly zero outside of those
bounds. It also includes a smoothing parameter at the low-mass end that allows
for an offset between the minimum BH mass and the global maximum of the
distribution. The POWER LAW + PEAK model is similar to the smoothed power
law, but also includes a Gaussian component. The POWER LAW -+ SPLINE model
adds a cubic spline modulation to a smoothed power law to allow for additional
substructure. We seek to determine if the perturbations beyond a power law
found by POWER LAW + SPLINE and other semi-parametric models can be ex-
plained by random associations in the data due to a finite number of observations,
or if they are features of the true underlying distribution. . . . . . . . . .. ..
Observed source-frame primary mass distributions. Black solid lines contain the
median a posteriori values for the binary black holes in GWTC-3. Pink and blue
bands indicate the 90% credible interval on the observed distributions predicted
from astrophysical distributions that are power laws in primary mass with spec-
tral index @ = 3.25 and « = 2.7, respectively. The top panel shows a histogram
of observed primary masses. For GWTC-3’s distribution to be consistent with
the null distributions, we expect its bin heights in the top panel to be within the
90% credible intervals in 18 out of the 20 bins. The uncertainties in these pre-
dicted distributions are due only to Poisson noise resulting from a finite number
of observations, rather than modeling uncertainty or uncertainty in parameter
estimation. Therefore, the cumulative distribution functions in the bottom panel
are similar to a conventional posterior predictive check, but with only one source
of uncertainty. The large deviations of the black curve from the shaded bands
in some regions indicate the difficulty that a single power law with Poisson shot
noise has in fully explaining the observations. However, many of the apparent
excursions from a power law are well-contained within the predicted bands.

Median (top panel) and 90% credible interval (bottom panel) of the perturbation
function resulting from the POWER LAW -+ SPLINE fit to the primary masses in
GWTC-3 (orange) and in 10 mock catalogs (grey). The perturbation function
multiplies a smoothed power law in primary mass to add modulations to an oth-
erwise monotonic distribution, making it a direct measure of deviations from a
power law. It is a cubic spline with knots fixed at the locations indicated by the
black vertical tick marks. The prior on the perturbation heights is the unit nor-
mal distribution, as can be seen below ~ 5 M where there are no detections to
constrain the likelihood and the posterior reverts to the prior. The perturbation
function corresponding to GWTC-3 events appears large in amplitude in three
locations: ~ 10 M), ~ 14 Mg, and ~ 35 M. While the medians of the pertur-
bation function at these distributions are comparable in amplitude, the posterior
distribution at ~ 35 My (~ 14 M) is the most (least) tightly constrained.
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4.4

4.5

4.6

4.7

4.8

Three largest deviations from a power law observed in GWTC-3 compared to
mock catalogs. Left column: The posterior distribution of perturbation function
heights at the location where the posterior distribution is maximal for mock cat-
alogs (light grey) and GWTC-3 (solid orange). Middle column: Null distribution
(black) and GWTC-3 distribution (orange) of Kolmogorov—Smirnov (KS) diver-
gences between the individual distributions in the left column. Smaller values
of the KS divergence indicate more similar distributions. Right column: Null
distribution (black) and GWTC-3 distribution (orange) of percentiles. Large
deviations from the diagonal indicate a more significant rightward shift of the
GWTC-3 distribution relative to the mock catalogs. Each row corresponds to
a different local extremum for GWTC-3: my = 13.8 My (top), my = 10.3 Mg
(middle), and m1 = 35.7 M (bottom), while the global extrema for each mock
catalog are shown in all rows, along with the aggregated distribution across all
mock catalogs (solid black). The ~ 35 Mg, peak is an outlier with respect to both
the KS and percentile statistics, but the other two features are more ambiguous.
Percentile at which the posterior distribution of the perturbation function ex-
cludes zero for GWTC-3 (orange vertical lines) and catalogs drawn from a fea-
tureless distribution (black histogram). For GWTC-3, we evaluate the pertur-
bation function’s posterior distribution at primary mass (myp) values of 13.8 My
(dotted), 10.3 M (dashed), and 35.7 Mg, (solid). For mock catalogs, we find the
primary mass value at which the perturbation function is maximal and evaluate
its posterior distribution there. The values reported here are the percentage of
the posterior distribution that is greater than zero at those values in mi. The
13.5 M feature excludes zero to a level comparable to some of the mock catalogs,
but the other two features exclude zero to a level not reproducible by any mock
catalogs. . . .. L
Injected (Solid black line) and recovered (colored shaded bands) distributions for
10 mock catalogs. Top: probability density function of primary masses. Bottom
left: hyperposterior distribution for 3, the power law spectral index of the mass
ratio distribution. Bottom Right: hyperposterior distribution for , the spectral
index of the power law factor in the redshift distribution. . . . . . . . . .. . ..
A corner plot of the inferred hyperposterior from a fit to a mock catalog with 345
events. The injected values are shown in orange. The recovered hyperposterior
is consistent with the injected population. . . . . . . . ...
Mock posteriors simulated with GWMockCat (red) compared to posteriors made
with full parameter estimation as released by the LVK (blue) for the event
GW191215 223052. The two sets of posterior samples appear consistent to the
level needed for a population analysis. . . . . ... ... ... ... ... .. ..
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4.9

5.1

5.2

Perturbation functions of a population fit to GWTC-3 when using LVK-released
posterior samples for each event (orange), and when using posterior samples
simulated by GWMockCat (blue and green). The two sets of figures correspond to
two selection criteria, one which is analogous to the one used for mock catalogs
in this work (SNR > 8, top two panels), and one which is identical to that used
for the LVK analysis (FAR> 1, bottom two panels). The main difference between
the selection criteria is that they result in catalog sizes that are different by
nearly a factor of two, and therefore the statistical error on the perturbation
function is noticeably different between them. Using the same number of events
in the simulated catalog as the LVK-released catalog results in a perturbation
function that is similar in amplitude to the LVK-released population analysis. We
conclude that the prescriptions used in GWMockCat are sufficient for the purposes
of population analyses. We use the green curves in the bottom two panels for
the analysis presented in the body of this chapter, and the orange curves in the
bottom two panels for the analysis presented in this Section. . . . . . . .. ..

Spectral siren measurement for a simulated catalog with the correct parametric
model (POWER LAw + PEAK, green dashed), a deliberately incorrect paramet-
ric model (BROKEN POWER LAW, pink solid) and the non-parametric model
presented in this work (Gaussian process, blue filled). The left panel shows
the recovered source frame primary mass distribution for each model, and the
simultaneously-inferred posteriors on Hy are shown in the right panel. The bands
in the left panel represent the 90% credible intervals. The mass distribution and
Hy value used to generate the data are shown by a solid black line in each panel.
The deliberately incorrect parametric model fails to recover the true mass dis-
tribution and therefore produces an estimate of Hy that is offset from the true
value, whereas both the correct and non-parametric models recover the mass dis-
tribution and Hp. As the true mass distribution is unknown for real observations,
using a non-parametric model mitigates systematic uncertainty that would other-
wise arise from mismodeling the compact binary coalescence (CBC) population.
Draws from the Gaussian process (GP) used to model the mass distribution.
The left panel shows prior draws from the Gaussian process (GP) and the right
panel shows posterior draws once the population inference is performed on the
simulated data. The posterior draws in the right panel are a subset of those used
to create the 90% credible intervals in Fig. 5.1.. . . . . . . ... ... ... ...

x1

111



9.3

5.4

9.5

6.1

Projected constraints on multiple cosmological parameters after one year of ob-
serving at the LIGO-Virgo-KAGRA collaboration (LVK)’s design sensitivity, us-
ing the Gaussian process-based spectral siren method. The right panel shows
the inferred expansion history of the universe, H(z). It will be measured most
precisely at z = 0.9, as can be seen by the narrowing of the inferred H(z) curves
there. The inset shows the posterior on H(z = 0.9). Black solid lines indicate
the true value of H(z) in both the inset and main panel. The left panel shows
the two-dimensional posterior on Hy and ,;, with the true value indicated by
a black “+7. The two parameters are strongly degenerate because of the multi-
ple ways of measuring z = 0.9. Spectral sirens are particularly well suited for
measuring cosmological parameters that affect the Universe at z = 0.2. . . . . .
Comparison of a parametric spectral siren analysis performed while fitting for
the distributions of primary and secondary masses (magenta solid) and primary
masses only (green dashed). The posterior on Hy is relatively unchanged between
the two, and only minor differences are observed in the mass spectra. . . . . . .
Recovered posteriors on H( from spectral siren analyses on 50 mock catalogs with
the POWER LAW + PEAK (green) and BROKEN POWER LAW (pink) parametric
models. The true, injected value is shown by a vertical black line. . . . . . . ..

Illustration of some possible two-dimensional mass distributions under the models
considered in this work. These distributions are not indicative of specific astro-
physical predictions, but are instead meant to be illustrative of the morphologies
accessible by current models. Overdensities/peaks in the mass distribution ap-
pear as darker filled contours in these figures. The different columns correspond to
different power law spectral indices for the mass ratio-dependent pairing function,
Bg- In the case where components strongly prefer to pair with nearly equal-mass
partners, it becomes difficult to determine whether a feature appears only in one
component mass distribution (as in the PAIRING:NO PEAK IN po(msg) model, bot-
tom row) or in both (PAIRING:SYMMETRIC, top row). The diagonal contours in
the middle and right columns are caused by a preference for equal-mass binaries
and follow lines of constant mass ratio. The goal of this chapter is to distinguish
between the different scenarios illustrated in this figure. . . . . . . . .. .. ..
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6.2 Two-dimensional posterior predictive distributions (PPDs) for PAIRING:SYMMETRIC

6.3

(left, orange), PAIRING:GENERIC (middle, purple), and PAIRING:NO PEAK IN
pa(ma) (right, pink), all fit to the BBHs in GWTC-3. Darker colors indicate a
higher rate of sources, and each panel is individually normalized to it maximum
value. All three models find a higher rate of events near the m; = mgo diago-
nal, as well as peaks at m1 ~ 10 M and mq ~ 35 M. PAIRING:SYMMETRIC
and PAIRING:GENERIC both find peaks in mg as well, as indicated by horizontal
bands in the two leftmost panels, whereas PAIRING:NO PEAK IN pg(mg) is un-
able to model features in the mo direction. Additionally, PAIRING:SYMMETRIC
and PAIRING:GENERIC display peaks in similar locations despite the fact that
PAIRING:SYMMETRIC requires that both m; and mo follow the same underlying
distribution but PAIRING:GENERIC is able to model each component separately.
This suggests that both components may be drawn from the same underlying
distribution, up to a pairing function. . . . . .. .. ..o

137

Underlying distribution of primary and secondary masses for the PAIRING:SYMMETRIC

(orange) and PAIRING: GENERIC (purple) models. Under the PAIRING:SYMMETRIC

model, p1(my1) = p2(mg) = p(m), so only p(m) is shown. p(m) under PAIR-
ING:SYMMETRIC is more tightly constrained than pj(m1) (purple filled band) or
p2(ma) (dot-dashed lines) under PAIRING:GENERIC as it has twice as many ob-
servations per free parameter. These distributions are constructed to describe
the population of black holes (BHs) before the function that pairs components
into merging binaries is applied. All three underlying distributions are consis-
tent with one another, though ps(ms9) appears to have a large peak at ~ 35 M,
while p1(m1) has some support for no peak in that region. p(m) does not have
support for no peak, but its peak is constrained to be small, while the peak in
pa(msa) is less well-constrained and may be larger in amplitude. This hints at the
possibility that the peak identified in the primary mass distribution by the LVK
2023 formalism may have been driven by a peak in ps(mo) rather than py(mq),
though hyper-parameter uncertainties within PAIRING: GENERIC are too large to
definitively determine this, and the data is consistent with p1(mq) = pa(ms).

xiil
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6.4

6.5

Conditional posterior predictive distributions (PPDs) for the models considered in
this work. We show the secondary mass distributions conditioned on m; = 20 M,
(dashed), my = 35 Mg (solid) and my = 70 M (dotted) to exemplify when the
primary mass is below, inside, and above the Gaussian peak, respectively. Orange
lines correspond to PAIRING:SYMMETRIC, purple lines to PAIRING:GENERIC,
and green lines to LVK 2023. Lines denote the mean posterior probability,
marginalized over hyper-parameter uncertainty, and credible intervals are omitted
for clarity. When m; is below the peak, all models agree. When m; is above or
within the peak, PAIRING:SYMMETRIC and PAIRING:GENERIC exhibit a larger
preference for msg to be in the peak than the LVK 2023 model does because the
latter is constructed to behave like a power law in the range [m,;n, m1]. The fact
that PAIRING:GENERIC and PAIRING:SYMMETRIC approximately agree on the
peak location and height indicates that the primary and secondary masses may
follow the same underlying distribution up to a pairing function. . . . . . . ..
Marginal posteriors on p, the location of the Gaussian peak, for the LVK 2023
and PAIRING:SYMMETRIC models. This parameter is more precisely measured
under the PAIRING:SYMMETRIC formalism by ~ 1/v/2, indicating that m; and
mg independently contribute to this measurement. p is the most correlated pa-
rameter with the Hubble constant when using “spectral sirens” [Ezquiaga and
Holz, 2022, Abbott et al., 2023b], so using the PAIRING:SYMMETRIC model will
presumably improve cosmological measurements. The central values of the two
distributions differ because the hyper-parameter has slightly different effects on
the resulting 2D mass distribution each model. . . . . . . . . .. ... ..
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6.6

6.7

6.8

Hyperposteriors under pairing function models. Left: Corner plot of hyper-
parameters governing the height of the Gaussian peak for the primary (A1) and
secondary (\9) mass distributions under the PAIRING: GENERIC model. The me-
dians and 90% credible intervals are shown above their respective marginal distri-
butions. The medians indicate that roughly 17% of BBHs have secondary masses
in the Gaussian peak while 4% have primary masses in the peak, though this pref-
erence for a larger peak in po(mo) may be due to the relatively poor constraint
on Ao rather than a true preference in the data. The lower left portion of the
two-dimensional posterior is excluded, indicating that there must be a peak in ei-
ther p1(my1) or pa(ms), and a slight preference exists for the peak to be in pa(ms)
(upper left portion of plot) or both distributions (central portion of plot), though
the peak being in pq(mq) only is not completely ruled out. For reference, the 1D
posterior on A under the LVK 2023 model is shown in green, with A = 0.047:8:8;’
[Abbott et al., 2023a]. The dashed grey line indicates where \{ = A\o. Right:
Marginal posteriors on f3,, the hyper-parameter controlling the steepness of the
pairing function under the PAIRING:SYMMETRIC, PAIRING: GENERIC, and PAIR-
ING:NO PEAK IN pa(mg) models. When we set Ay = 0, /3, increases, indicating a
preference for equal-mass components. This behavior is likely caused to accom-
modate an excess of events with mg ~ 35 My, which can either be caused by a
peak in py(me) or with a peak in py(m1) and a strong preference for equal-mass
binaries (see discussion in Section 6.6.1). . . . . .. ...
[lustration of some possible two-dimensional mass distributions under the com-
monly used “CONDITIONED-Q” formalism described by Equation 6.3 (top row)
and the pairing function formalism described by Equation 6.5 (bottom row). Over-
densities/peaks in the mass distribution appear as darker filled contours in these
figures. The CONDITIONED-Q formalism is only able to produce models with
features in the mj distribution, as shown by the vertical bands in the top row,
whereas the pairing function formalism can model features in either m; or mo,
or both. The different columns correspond to different power law spectral indices
for the mass ratio distribution (top row, ) and mass ratio-dependent pairing
function (bottom row, By). In the case of a steeply rising mass ratio distribu-
tion, or if components strongly prefer to pair with nearly equal-mass partners,
the CONDITIONED-Q model and the pairing function model become difficult to
tell apart and likely explain the data equally well, as shown by the two panels in
the leftmost column. The diagonal contours in the middle and right columns are
caused by a preference for equal-mass binaries and follow lines of constant mass
ratlo. . ...
Corner plot of all mass-related hyper-posteriors in the most general form of the
base model. Power law spectral indecies governing the slope of the primary and
secondary mass distributions are degenerate with one another and with the pair-
ing function power law, so only two of the three parameters can be meaningfully
constrained at a time. All other parameters that perform the same function in
p1(m1) and pa(ms) are consistent between the two underlying distributions.
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6.9

6.10

6.11

7.1

7.2

Underlying distributions (i.e. before a pairing function is applied) of the primary
(shaded band) and secondary (dot-dashed lines) masses under the most general
form of the base model. Despite fitting all parameters separately between the
two distributions, they appear consistent with one another. However, both are
relatively poorly constrained. Interestingly, the support for a peak in pq(my)
lessens in this more generalized model, while the support for a peak in po(msg)
remains the same as in PAIRING:GENERIC. . . . . . . . . . ... . .......
Marginal posterior predictive distributions (PPDs) of primary mass (top), sec-
ondary mass (middle) and mass ratio (bottom) for CONDITIONED-Q (green),
PAIRING:SYMMETRIC (orange) and PAIRING:GENERIC (purple). Solid lines are
the mean value and shaded regions represent the 90% credible interval. These are
obtained by integrating the 2D posterior predictive distributions (PPDs) shown
in Fig. 6.2 along each dimension in turn. Since the CONDITIONED-Q model is
parameterized in terms of my and ¢, we reconstruct its marginal my distribution
by sampling from the joint distribution and creating a kernel density estimate,
causing some artificial “wiggles” in these plots. The same is true for the marginal
q distributions of the pairing function models. Despite the 2D posterior predic-
tive distributions (PPDs) appearing different between CONDITIONED-Q and the
other two models, the marginal posterior predictive distributions (PPDs) all ap-
pear similar. This is because features in the primary mass distribution induce
features in the marginal secondary mass distribution if equal-mass binaries are
preferred. Therefore, marginal posterior predictive distributions (PPDs) are not
sensitive to the features in the 2D mass distribution in which we are interested.

Two-dimensional (bottom) and conditional msg (top) posterior predictive distribu-
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(top left) Depiction of Sawigosia (shaded region, Eq. 7.14), chosen to be the
region (mo < 5.0 M) or (¢ < 0.28) based on the approximate median mg and
g of GW190924 and GW190412, respectively. Colored shaded regions show 50%
and 90% highest-probability-density credible regions from each event assuming
flat priors in component masses and uniform priors in comoving volume for (black
ellipse, circled in lower left corner) GW190814, (blue) GW190924 and GW190412,
as well as (red) all other BBH systems considered in Abbott et al. [2021d]. (bot-
tom left) Distribution of (black) GW190814’s mo and (blue) the smallest expected
ms in catalogs of 45 events based on the (N — 1)-event coarse-grained hyperpos-
terior for the POWERLAW + PEAK mass model. (right) Hyperposteriors inferred
with different amounts of information about GW190814. Contours in the joint
distributions denote 50% and 90% credible regions. . . . . . . .. ... ... ..
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(top) Depiction of (shaded grey) Sawi9o412 (Eq. 7.15) with (shaded black) GW190412

and (red) all other events considered in Abbott et al. [2021d] (except GW190814)
with flat priors on component masses as well as (blue) the prediction for the
smallest ¢ out of 44 events based on the (N — 1)-event coarse-grained hyperposte-
rior with the POWERLAW-+PEAK mass model. (bottom) Hyperposteriors inferred
with different amounts of information about GW190412. . . . . . . . . . .. ..
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(top) Depiction of (shaded grey) Sawi90s21 (Eq. 7.16) with (black shaded) GW190521

and (red) all other events considered in [Abbott et al., 2021d| informed by the
POWERLAW+PEAK mass model as inferred under the (N — 1)-event coarse-
grained hyperposterior as well as the distribution of the largest predicted m;y
out of 44 events based on the (N — 1)-event coarse-grained hyperposterior. The
hard boundary in GW190521’s distribution at mi ~ 60 M is due to our label-
ing convention (mj; > ms9) and approximately corresponds to equal-mass sys-
tems. (bottom) Hyperposteriors inferred with different amounts of information
about GW190521. Note that mpax extends below 50 M because it only limits
the power law part of POWERLAW-+PEAK; the peak still has support at higher
TNASSES.  « « « o e e e e e e e e
Comparison between reweighed samples and direct sampling for GW190814’s
(N — 1)+-coarse-grained hyperposterior (Sec. 7.3.1). Contours in the joint distri-
butions denote 50% and 90% credible regions. Reweighed samples were obtained
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XVvil



3.1

3.2

4.1

LIST OF TABLES

Events classified in the BROKEN POWER LAW formalism. Values are the prob-
abilities that each event’s component masses lie in a given region of parameter
space, considering uncertainty in the component masses as well as in the inferred
values of mpreak- If Mpreak 1S interpreted as the delimiter between NS and BH
masses, the probabilities can be understood as labeled in the second row. The
uncertainties in these probabilities are estimated to be less than 1%. Only events
with > 5% probability of containing a NS according to this classification are
included in this table. . . . . . . . . ...
Events classified in the BROKEN POWER LAW + Dip formalism. Values are the
probabilities that each event’s component masses lie in a given region of parameter
space, considering uncertainty in the component masses as well as in the inferred
values of Yoy and Yhigh- If Yiow and Ypign are interpreted as the lower and upper
edges of the mass gap and 7, is therefore interpreted as the maximum observed
NS mass in merging binaries, the probabilities can be understood as labeled in
the second row. The uncertainties in these probabilities are estimated to be less
than 1%. Only events with > 5% probability of being in one of these categories
are included in this table. . . . . . . . . ...

Hyperparameter values for the underlying population of mock catalogs described
by SMOOTHED POWER LAw (Equations 4.12-4.15). . . . . . . ... ... ...

xXviil



ACKNOWLEDGMENTS

This dissertation is the result of seven years of work by many dedicated people. For scientific
advice, professional mentorship, and academic support, I would like to thank my advisor,
Daniel Holz, and my closest collaborators, Maya Fishbach, Jose Maria Ezquiaga, Mike Zevin,
Reed Essick, Tom Callister, Colm Talbot, Bruce Edelman, and Zoheyr Doctor. I am also
grateful for the patience, technical training, and invaluable scientific network provided by
members of the LIGO-Virgo-KAGRA collaboration, especially in the Rates and Populations
subgroup.

For professional advice, emotional labor, and material support (in the form of coffee,
meals, hand-me-downs, and rides), I thank my shadow advisor and chosen sister, Eman
Abdelhadi. Without my friends, siblings, community members, and fellow organizers, I
would not have survived these last seven years, and certainly would not have completed this
work. I therefore thank Dania Hallak, Frederick Farah, Daniel Farah, Hazem Hallak, Maddi
McKay, Rama Wahbe, Shireen Hamza, Alaa Mezanin, Sarah Abboud, Fareaba Moradiahani,
Leila Elagad, Kell Oliver, Sarah Daoud, Anwaar Nabulsi, Julia Hage, Julie Rayan, Euge-
nia Huang, Annalisa Perez, Steph Barkan, Marcus Banks, Jordan Kemp, Samar Alqatari,
Mandy Medley, Mack, Rosie, Charlotte, Erik Wallenberg, Storm Colloms, Aditya Vijayku-
mar, Graeme Eddols, Sophie Hourihane, Simona Miller, Naji Hattar, Osama El-Quqa, Azora
Jalili, Yasmin Zacaria-Mikhail, Shana, Jad, Tariq, and, of course, Sultan.

I also acknowledge the students and TA in the "Introduction to Observational Astron-
omy" class of the Prison+Neighborhood Arts/Education Project, who taught me the impor-
tance of knowledge for knowledge’s sake and pushed me to accept an entirely different un-
derstanding of astronomy: Daniel Perkins, Reginald BoClair, Robert Curry, Tylon Hudson,
Jerel Matthews, Michael Sullivan, David Wales, Ed Bell, Maurice Darrell Brown, Cameron
Matlock, Antwon Tyler, Robert Washington, Cameron White, Charles Hill.

Most importantly, I gratefully acknowledge my mother, Mirna M’farrej, for her uncondi-

Xix



tional support throughout the writing of this dissertation and the 22 years leading up to it.
In addition to teaching me the power of critical thinking, instilling in me a love for problem
solving, and being my most inspiring role model, her open-mindedness, dedication to break-
ing cycles of trauma, inhuman persistence, endless reservoir of care, and raw intelligence

enabled me to pursue all of my personal and academic desires without hesitation.



ABSTRACT

Since the first direct detection of gravitational waves (GWSs) just under 10 years ago, as-
tronomers and physicists have gained immense physical insight by analyzing the individual
compact binary coalescences (CBCs) from which GWs arise. Now, more than 90 GW detec-
tions have been published, and the most sensitive network of GW detectors is in observing
mode and has produced over 200 additional public GW detection candidates so far. The
rapidly-growing catalog of GW detections means that GW astronomy is firmly in the pop-
ulation era, where we stand to gain more physical insight by analyzing the ensemble of
GW detections than any one source alone. This dissertation focuses on extracting physi-
cal information from one dimension of the GW source population: the mass distribution of
CBCs.

The first part of the dissertation introduces GW cosmology and GW astrophysics and
describes the statistical methods used to infer the population of CBCs from GW data. The
second part of the dissertation applies this method to identify and characterize features in
the mass distribution of CBC. We search for imprints of nuclear physics and the supernova
explosion mechanism in the low-mass region of the mass distribution, finding evidence of
the former and hints of the latter. We then assess the robustness of features in the high-
mass region that were originally found using a flexible, rather than astrophysically-informed,
search. We find that only two of the previously-identified features are statistically robust.
The third part of the dissertation applies the features found in the second part to open
problems in astrophysics: the stellar origin of CBCs and the Hubble tension. We demonstrate
that comparing features in the distributions of primary and secondary black hole (BH) masses
can aid in determining whether CBCs are mostly formed through dynamical encounters in
dense stellar environments, or if they originate as binary star systems in the comparably
diffuse galactic field. However, we show that such knowledge of the processes that produce
CBCs is not necessary in order to use mass distribution features to measure the expansion
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rate of the Universe. The final part of the dissertation discusses the scenario in which
population models do not describe all of the data, or when they are significantly altered
by a single GW event. We demonstrate how to identify such outliers to the inferred CBC

population, and apply this to current GW catalogs.
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CHAPTER 1
INTRODUCTION

Since the first direct detection of GWs just under 10 years ago, astronomers and physicists
have used these ripples in spacetime to test Einstein’s theory of general relativity (GR)
[Abbott et al., 2021h|, measure the expansion rate of the Universe [Abbott et al., 2023b],
determine the origin of heavy elements |[Tanvir et al., 2017|, characterize the properties of
dense matter |[Landry and Essick, 2019], constrain the rate of strong gravitational lensing
[Abbott et al., 2021e|, and learn about the varied astrophysical processes governing the
massive stars from which GW sources arise [Abbott et al., 2023a]. Now, the LIGO detector
[Aasi et al., 2015] has been joined by Virgo [Acernese et al., 2014] and KAGRA [Akutsu et al.,
2021], and more than 90 GW detections have been published in the form of the first, second,
and third Gravitational-Wave Transient Catalogs [GWTC-1, 2, and 3, respectively Abbott
et al., 2019b, 2021b,g|. At the time of this writing, the LIGO-Virgo-KAGRA collaboration
(LVK)’s fourth and most sensitive observing run is ongoing, and over 200 additional public
GW detection candidates have been identified. The rapid growth of GW catalogs means
GW astronomy is firmly in the population era, where we stand to gain more physical insight
by analyzing the ensemble of GW detections than any one source alone.

Each GW event corresponds to a CBC, a merger of two neutron stars (NSs), two BHs,
or one of each. Since GWs carry information about their source properties, we can use them
to reconstruct the distribution of CBC masses, spins, and distances in the Universe. This
population is influenced by the life cycles of massive stars, the dynamics of dense stellar
systems, the expansion history of the Universe, and the size and abundance of dark matter
halos. It is therefore a powerful probe of a wide range of physical phenomena.

All parameters that govern CBCs can provide insight into formation mechanisms of
merging binaries. However, the masses of the objects in the system are the best measured and

span the largest dynamic range. This dissertation therefore focuses on extracting physical
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information from the mass distribution of GW sources.

1.1 Astrophysics with the GW source population

The formation mechanism of CBCs is still largely uncertain. While it is understood that
the stellar-mass NSs and BHs detectable by the LVK are likely created from the collapse of
massive stars, how these stars became compact objects that merged within the age of the
Universe is still an open question. These massive stars may be born as a binary system in
the galactic field that then evolves into a compact binary system, or they may be born in
a dense stellar environment, such as a star cluster or an active galactic nucleus, in which
stellar remnants dynamically assemble into tightly-bound binaries.

While it is not possible to know the formation history of any one CBC with certainty, the
population of all merging CBCs encodes information about which astrophysical processes
give rise to the bulk of these systems [e.g. Stevenson et al., 2015, Zevin et al., 2017, Mapelli,
2020, Mandel and Farmer, 2022]. This information includes the initial conditions of their
progenitor stellar systems — such as the initial mass function of either binary or single stars
in different environments, the birth metallicities of the progenitor stars — as well as the
evolutionary processes that occur between star formation and compact object merger.

For example, the presence or dearth of black holes with masses between ~ 2-5 Mg [Ozel
et al., 2010, Farr et al., 2011, Fishbach et al., 2020a, Farah et al., 2022a|] may unveil the
maximum possible NS mass, the stability of mass transfer, and the timescales relevant for
the engines that drive supernova explosions [e.g., Fryer et al., 2012, Zevin et al., 2020, Mandel
and Miiller, 2020, Li et al., 2021a, van Son et al., 2022b, Patton et al., 2022, Siegel et al.,
2022]. On the high mass end, a sharp decrease in the mass spectrum for BHs with masses
2> 45 — 65 [Fishbach et al., 2017, Edelman et al., 2021] would be a strong indication that
the pair-instability supernova (PISN) process is at play, as it is predicted to limit stellar

core masses and therefore create a maximum-allowed BH mass above this limit [Fowler and
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Hoyle, 1964, Barkat et al., 1967, Heger and Woosley, 2002, Heger et al., 2003, Woosley and
Heger, 2015, Belczynski et al., 2016, Woosley, 2017, 2019, Marchant et al., 2019, Renzo et al.,
2020]. Although PISN has been widely accepted as a necessary process for high-mass single
stars, binary interactions may change this picture.

Other overdensities and underdensities in the observed mass distribution [Edelman et al.,
2022, Tiwari, 2021, 2022, Edelman et al., 2023|, as well as the evolution of the mass distri-
bution with redshift [Fishbach et al., 2021, van Son et al., 2022a, Karathanasis et al., 2022a,
van Son et al., 2022b], will further inform the dominant BBH formation channels, binary
evolution physics, and the metallicity evolution of the Universe.

There are currently many more detected BBH mergers than binary neutron star (BNS) or
neutron star-black hole (NSBH) mergers, so much of the activity on GW source populations
has been on population properties of the BBH distribution, though the mass distribution of
BNSs and NSBHs has also been been considered |Fishbach et al., 2020a, Landry and Read,
2021, Farah et al., 2022a, Ye and Fishbach, 2022, Biscoveanu et al., 2022b|.

The mass distribution of merging BBHs is typically parameterized by the primary mass
my1, the larger of the two component masses in the binary, and the mass ratio ¢ = mo/myq, the
ratio of the less massive object’s mass to the primary mass, though other parameterizations
are possible and valid |e.g., Farah et al., 2022a, Fishbach and Holz, 2020b, Tiwari, 2021].
The community has thus far gained a robust understanding of the large-scale features of the
BBH mass distribution, and is just beginning to resolve its finer details. After the release
of the first gravitational-wave transient catalog (GWTC-1) [Abbott et al., 2019b, GWTC-
1], minimum and maximum masses at ~ 5 Mg and ~ 40 M were identified in the BBH
primary mass distribution, but it was not yet possible to distinguish between a uniform
distribution and a power law between those two bounds [Fishbach and Holz, 2017, Talbot
and Thrane, 2018, Abbott et al., 2019a|. The second gravitational-wave transient catalog
(GWTC-2) [Abbott et al., 2021b] brought dozens of additional events, and the BBH mass



distribution was found to have a global maximum at ~ 8 M and an excess of BHs between
~ 30 M»—40 M followed by a steep, although not infinitely sharp, drop off in the rate at
higher masses extending to ~ 80 M (instead of sharp cutoff at ~ 40 Mg). At the time,
there were not enough observations to determine whether the mass distribution had a local
maximum at ~ 35 Mq), represented by a Gaussian peak on top of a power law, or whether the
steepening towards higher masses was better described as a break in the power law [Abbott
et al., 2021d|.

At the end of the third LVK observing run (O3), the same two features at ~ 8 Mg
and ~ 35 Mg remained, and the feature at 35 M was classified as a peak rather than
a break in the power law [Abbott et al., 2023al. Additionally, non-parametric [Mandel
et al., 2017, Rinaldi and Del Pozzo, 2022, Sadiq et al., 2022, Edelman et al., 2023] and
semi-parametric [Edelman et al., 2022| analyses found robust evidence for an additional
peak at ~ 10 My, the same peak at ~ 35 M), as well as modest evidence for a paucity of
events near ~ 14 My [Abbott et al., 2023a]. These features in the primary mass distribution
correspond to similar ones in the chirp mass distribution, occurring at ~ 9 Mq, ~ 11 Mg,
and ~ 26 M), respectively |[Tiwari, 2021, 2022]. The current picture of the BBH mass
distribution is therefore a decreasing power law from low to high masses, with a global
maximum at mi ~ 10 M, a potential underdensity at m1 ~ 14 My, and an overdensity at

my ~ 35 M@.

1.2 Spectral sirens: cosmology with the GW source mass

distribution

Like light, GWs are redshifted as they propagate across the Universe, thereby bearing im-
prints of the Universe’s cosmic expansion history. Unlike light, however, the form of GW
signals are known from first principles, directly from the theory of GR. Furthermore, be-

cause GWs propagate across the Universe without attenuation from intervening matter, and
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because the properties of GW detectors are well characterized, GW selection effects are
extremely well understood. This allows for a precise estimate of each GW catalogs’ com-
pleteness and an unbiased measurement of the true GW source population [Abbott et al.,
2021g, 2023al. This is to be contrasted with many electromagnetic observations, where ef-
fects such as reddening, selection bias, and k-corrections can lead to significant complications
and systematic uncertainty. Additionally, detected GW signals provide direct measurements
of the distance to their sources. This makes them “standard sirens”. direct probes of cos-
mological parameters that circumvent the need for a cosmological distance ladder [Schutz,
1986, Holz and Hughes, 2005|.

A well-known demonstration of standard siren cosmology was the multi-messenger event
GW170817 [Abbott et al., 2017¢c, Coulter et al., 2017, Valenti et al., 2017, Tanvir et al.,
2017], whose clear association with a host galaxy provided a precise redshift measurement
and allowed for a direct “bright siren” measurement of the Hubble constant, Hy [Abbott
et al., 2017al. External redshift information can also come from galaxy catalogs, which
provide an ensemble of possible redshifts for each GW signal, allowing for a probabilistic
“dark siren” measurement of Hy when multiple GW detections are combined [Del Pozzo,
2012, Chen et al., 2018, Fishbach et al., 2019, Soares-Santos et al., 2019, Gray et al., 2020,
Abbott et al., 2021a, 2023b, Gray et al., 2022, 2023, Mastrogiovanni et al., 2023a, Gair et al.,
2023|.

Electromagnetic information about GW source redshifts need not be available in or-
der to use them as standard sirens, however. GW signals provide direct measurements
of each source’s luminosity distance, Dy, and redshifted (detector frame) masses, mgo =
Msource(1 + 2) [e.g. Chen et al., 2019]. Therefore, if the source frame mass is known, each
GW signal provides a direct mapping between luminosity distance and redshift, allowing for

a measurement of the expansion of the Universe at the time the GW signal was emitted,

H(z).



In practice, the source-frame masses of individual GW signals are not known (unless
tidal information is available, e.g. Messenger and Read [2012], Chatterjee et al. [2021]). It
is, however, possible to consider the population of CBCs at large and use known features
in their source-frame mass distribution to obtain self-calibrated redshift estimates. The full
mass distribution therefore acts analogously to an electromagnetic spectrum, in which the
apparent locations of spectral features relative to their rest-frame locations provide a redshift
measurement. Multiple features must be present in the mass distribution to disentangle the
effects of an expanding Universe from astrophysically-induced redshift evolution of the mass
spectrum, and more features further aid in breaking this degeneracy [Ezquiaga and Holz,
2022]. The method of using the mass distribution of GW sources to measure cosmological
parameters has therefore been coined “spectral sirens” [Ezquiaga and Holz, 2022|. Spectral
sirens were first demonstrated to be a feasible method to measure the Hubble constant by
Chernoff and Finn [1993] and Taylor and Gair [2012] using the BNS mass distribution, and
extended to the binary black hole (BBH) mass distribution by Farr et al. [2019]. Spectral
siren analyses have since been implemented by the LVK using the latest GW catalog [Abbott
et al., 2023b].

1.3 Outline of this work

In Chapter 2, we describe the most common statistical analysis technique in GW astronomy,
hierarchical Bayesian inference. We also give practical considerations for how GW data
analysts use this method. Chapter 3 explores the region between the most massive NSs and
the least massive BHs , and Chapter 4 focuses on the robustness of features identified in the
BBH mass distribution. We then use these features to measure the Universe’s expansion in
Chapter 5, pointing out that prior knowledge of their physical origin is not necessary for
their use in cosmological measurements. Chapter 6 takes the opposite approach, assuming

the Universe’s expansion rate and attempting to determine the astrophysical origin of a
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specific feature in the mass distribution by comparing the distribution of more and less
massive BHs in the observed BBH population. Finally, Chapter 7 discusses GW events that
do not seem to come from the same underlying population as the rest of the catalog, outlining

a rigorous method for identifying outliers in the presence of large statistical uncertainties.



CHAPTER 2
HIERARCHICAL BAYESIAN INFERENCE FOR GW
POPULATION ANALYSIS

2.1 Introduction

The most common statistical tool used to infer the parameters of the GW source popula-
tion is hierarchical Bayesian inference. This framework is useful because it self-consistently
incorporates the substantial and non-Gaussian measurement uncertainty in each individ-
ual event’s parameters, informs the each event’s true parameters simultaneously with the
population-level parameters, and accounts for GW detectors’ selection biases [Loredo, 2004,
Thrane and Talbot, 2019, Mandel et al., 2019, Vitale et al., 2020].

“Hierarchical” refers to the structure inherent in the method, whereby multiple levels of
inference are constructed based on the data generation process. In GW astronomy, hierar-
chical models typically have three levels: observed data, true individual-event parameters,
and population! parameters. These are typically denoted by {d}, {6}, and A, respectively.
Examples of observed data include observed strain, maximum likelihood parameters, and
the best-fit matched-filter template. Examples of true individual-event parameters include
the primary mass, secondary spin, right ascension, and redshift of a CBC. Examples of pop-
ulation parameters include cosmological parameters such as H(, the maximum allowed NS
spin, the slope of the BBH mass distribution, and the efficiency of mass transfer between
binary stars of a given metallicity and mass ratio.

Inherent in the structure of a hierarchical Bayesian analysis are our assumptions for
how GW data is generated: a population of CBCs exists in the Universe (top level), from
which the true parameters of all individual CBC are drawn (middle level). A subset of these

individual CBC are observed in our detectors, and their data (bottom level) is influenced

1. The terms “population parameters” and “hyper-parameters” are used interchangeably
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both by their true parameters and detector noise. The population parameters, A are dictated
entirely by astrophysical and cosmological processes (described in Sections 1.1 and 1.2),
whereas individual-event parameters are only influenced by these processes through the fact
that they are drawn from the population described by A. Population analyses are therefore

a necessary component of GW astronomy.

2.2 Inferring the population

Using either parametric or non-parametric population models, a hierarchical Bayesian infer-
ence can be constructed to determine the appropriate population-level parameters, A given
the observed set of data {d} for Ney observed events.

Observation of GWs is a Poisson? process: it is characterized by the random arrival of
discrete events, for which we wish to infer the average expected number, Nexp. However,
the process is inhomogeneous: the number of observations depends on the parameters 6 of
each event rather than being the same for all CBCs. This means that the likelihood of
observing data {d} that contains Ny detected GW signals, each with parameters 6;, is not
the homogeneous Poisson likelihood (i.e. p(Ney|Nexp) = éX%Ve_NEXP /Ney!) and is instead
given by |Loredo, 2009, Taylor and Gair, 2012, Mandel et al., 2019, Vitale et al., 2020]

Nev

pAH{O}, A) ox e Vo) [T pdifo) 2=

——(0;; ). 2.1
dtdetde( (2 ) ( )

Here, Nexp(A) is the expected number of detections given the population model and the
GW detector sensitivity, and p(d;|6;) is the likelihood of observing an event’s data, d;, given

some true event-level parameters 6;. Additionally, %(9; A) is the expected number of
€

2. While we observe a finite number of events, there are an unknown number of CBCs in the Universe.
We therefore do not know how many “trials" were made to observe a CBC, so we cannot model CBCs
observation as a binomial distribution. We instead make the reasonable assumption that the Universe is
extremely large and the number of trails is therefore well-approximated by infinity. This leads to a Poisson
distribution, because of the Poisson limit theorem.



events per unit detector-frame time per single-event-parameter hypervolume, conditioned
on hyper-parameters A. This is more colloquially called the merger rate density of CBCs.
Following Callister and Farr [2024], we use a semicolon to explicitly indicate that it is a
function of A, not a density over A. We also assume that GW signals arrive uniformly in
detector-frame time, and hence % only varies with . It is common to model the merger

rate density as
dN
dtger O

(6; A) = Rp(6|A), (2.2)
where R is the total merger rate and p(6|A) is the population model normalized over 6.

We can calculate each expression in Eq. 2.1 with an assumed form for our population
model, knowledge of GW detectors and detection pipelines, and pre-existing inference on
single-event parameters.

We first discuss Nexp(A). The expected rate of detected events with parameters 6 is the
rate of those events in the Universe (dN/dtge¢ df) multiplied by the probability of detecting
an event with those parameters and given a noise realization n, P(det|¢,n). The total

number of expected detections is then obtained simply by summing the contributions from

each value of every source parameter, i.e. marginalizing over 6 and fje:

dN
€

GW experiments are unique because P(det |6, n) is precisely knowable for GWs from CBCs,
which is nontrivial for other astrophysical messengers, which typically have large theoretical
uncertainties in the models that connect their source parameters to their observability. Be-
cause GR provides a complete mapping from source properties 6 to the GW signal, we are
able to “undo” GW selection biases via Eq. 2.3. Often in the GW literature, all possible noise
realizations are marginalized over to write P(det |#). In practice, though, this marginaliza-

tion is not precise as a complete detector noise model does not exist. Thus, analyses either
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work under the assumption of stationary Gaussian detector noise, or the observed strain
data is used as the detector noise realization and no marginalization is performed.

Eq. 2.3 is often calculated using “software injections.” Software injections are a large set
of Njyj samples drawn from a known distribution Paraw (0™, tggt). These are then “injected”
in the data stream by calculating the GR waveforms that would be made by each draw’s
source parameters and adding this to the strain measured by the GW detectors. Finally, the
search pipelines that are used to identify real GW events are run on the data stream that
has been injected with the simulated signals. This results in Ngy,,q found injections with
known true parameters 0. Eq. 2.3 can then be approximated with a Monte-Carlo sum over

found injections, as P(det [0"™ n) is zero when the injection is not found:

Nfound
1 dN i 1
Nexp(A) ~ (6™™; A) - (2.4)
Nan J diqet dO pdraw(e}nj, t:ine‘]t)

We will now discuss the products in Eq. 2.1. Since parameters of individual events are

not perfectly measured, we marginalize over the possible properties of each event:

Nev

p{ayia) o e o TT [asptafon) =

m(@-; A) (2.5)

If we wished to simultaneously infer the properties of individual events along with the popu-
lation hyper-parameters, we simply would not marginalize over those events’ parameters, and
instead perform a high-dimensional inference, as in Mancarella and Gerosa [2025|. However,
this can be impractical, so it is more typical to investigate the different levels of our hierarchi-
cal inference separately, examining the hyper-posterior for A in the population-level inference
after marginalizing over uncertainty in individual-event parameters or examining the event-
level population-informed posteriors for individual event parameters after marginalizing over
the uncertainty in the inferred population. This allows us to factorize the inference prob-

lem, first inferring 6#; for each event, and then using the resulting posteriors in a population
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inference, thereby reducing computational cost.
The expression p(d;|6;) is the individual-event likelihood, which is related to the posterior
on #; though Bayes’ theorem:

p(d;|0;) o plildi) (2.6)

mpE(0;i)’
where mpg is the prior probability of the event’s ;. Individual-event posteriors are obtained
via Bayesian parameter estimation on the strain associated with each event, using GR wave-
forms as the model within which to constrain parameters. A review on this process can be
found in Thrane and Talbot [2019], and conventional prior choices can be found in Appendix
C of Abbott et al. [2019b]. For our purposes, the parameter estimation process returns sam-
ples of #; drawn from the posterior in Eq. 2.6, which we can then use to evaluate the integral

in Eq. 2.5 via a Monte Carlo average over each event’s posterior samples, k:

Nev Nsamps dN ( ki A)

B 1 Tigoydd
dY|A) ~ e Nexo(A) o
p({d}|A) Uy 2 s

(2.7)

Having calculated each term in the population likelihood, we can use Bayes’ rule to turn

it into a posterior on A by multiplying Eq. 2.1 by a prior on the hyper-parameters, p(A).

2.3 Sampling

Sampling Eq. 2.1 to obtain a posterior on A can be done with standard sampling algorithms.
However, some packages also exist expressly for this purpose, such as gwpopulation and the
accompanying gwpopulation-pipe [Talbot et al., 2024].

A current trend in GW data analysis is to use jax to write population models and
likelihoods, so as to take advantage of the package’s auto-differentiation features and GPU
integration. This enables the use of fast sampling algorithms such as No-U-Turn Hamiltonain
Monte Carlo [Hoffman and Gelman, 2011], as implemented in codes such as PyMC3 and

numpyro |[Phan et al., 2019|. It also significantly speeds up more traditional nested sampling
12



algorithms, such as dynesty [Speagle, 2020].

2.4 Directed acyclic graphs

DAGs are conceptual tools that can be helpful in constructing a self-consistent hierarchical
model [e.g. Essick and Fishbach, 2024]|. They are physical pictures of data generation and
provide an algorithmic way of relating this picture to a joint likelihood between all parameters
and data in a hierarchical Bayesian inference problem. They are therefore particularly useful
in writing and interpreting population likelihoods, such as Eq. 2.1.

The left panel of Fig. 2.1 is an example of a DAG that generically describes the process
of constructing an astrophysical catalog. Each level is a step in the data-generation pro-
cess, and each node is an observation or parameter. At the top level are parameters that
describe the population of astrophysical sources and the detectors. These hyper-parameters
are considered properties of the Universe. In our case, this would be the form of the CBC
population, A, and the noise properties of GW detectors, A,. Individual events, described
by individual-event parameters, {6;}, are drawn from this population. This is represented
by the second level. Finally, individual event parameters are combined with detector noise,
n, to produce the observed data, {d;}, as represented by the bottom level. This bottom
level could be presented with one node symbolizing the complete dataset. However, in GW
data analysis, the data stream is typically broken into segments that are believed to contain
only one signal, so we represent the bottom level as discrete observations via discrete nodes.
Future experiments where overlapping signals are present, or simultaneous analyses of the
stochastic background and resolved signals may benefit from representing the full dataset as
a single node. The direction of the arrows enforces physicality: parameters on lower levels
do not impact parameters on higher levels, and no process is circular (ie. X - Y — X is
prohibited) [Reich, 2020]. In other words, the the graph is “directed” and “acyclic.”

We can use this picture to write down a joint distribution of every node in the graph,
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p({d}, {6}, A, Ay), using the rule that an arrow from X to Y means that the conditional

distribution of Y depends on X and only on X. Thus,

p({d}, {0}, A, An) = p(A, An)p({0} [ A)p(n|An)p({d} {0}, n). (2:8)

Detector noise properties and astrophysical processes are typically assumed to be in-
dependent, so that p(A,Ay) = p(A)p(Ay). Another typical, but perhaps less reasonable,
assumption is that the detector power spectral densities are known and fixed, so p(Ay)
becomes a Kronecker delta function. Thus, population inference almost always excludes
inference of A,,.

To confirm that the rules governing DAGs lead to valid joint probability distributions,
we now show that Eq. 2.8 follows from Bayes’ law and our assumptions about the data-

generation process. Bayes’ law would yield

p({d}; {0}, A, An,n) o< p(A, Ap)p({0}, 2| A, An)p({d} {0}, 1, A, An). (2.9)

Then, if we assume (as we did when constructing the DAG) that the observed data does
not depend on the astrophysical properties of the Universe except for through the true
event parameters, and make the analogous assumption for detector noise, p({d}|{0},n, A, Ap)
becomes p({d}|{0},n). We conceptualize detector characteristics as completely independent
from the properties of CBCs, which implies that the detector noise realization is drawn
independently from individual CBC parameters, and that hyperparameters describing noise

do not describe CBC parameters and vice versa, which yields

p({0},n|A, An) = p({0} A, An)p(n|A, Ap) (2.10)

= p({0}[A)p(n|An). (2.11)
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Figure 2.1: Two examples of DAGs. The left panel describes the data generation process for a
generic astrophysical catalog. The right panel describes a specific example in GW astronomy,
outlined in Section 2.4.2. In both panels, the joint likelihood between all nodes in the DAG
is written at the bottom. Each arrow in the DAG represents a conditional distribution, i.e.
an arrow from X to Y means that the conditional distribution of Y depends on X.

Making these substitutions into Eq. 2.9 yields Eq. 2.8. This is likely why DAGs are often

called called “Bayesian networks.”

2.4.1 FExample: spectral sirens

For concreteness, we will now provide a generic example of using a DAG for spectral siren
cosmology, inferring the mass distribution and cosmological parameters with GW data alone.
At the top level are cosmological parameters A. = {Hg, Qp, Qp, K, w} and mass distri-

bution parameters. We will choose to use a phenomenological model to describe the mass
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distribution, assuming it can be described by a minimum BH mass, m,;,, maximum BH
mass, Mmax, and a single power law in between, .. Therefore, A = {A¢, mypin, Mmax, a}. By
putting the cosmological parameters on the same level as the mass distribution parameters,
we are assuming they do not influence each other. For example, a different dark energy equa-
tion of state should not impact the maximum allowed black hole mass, which is influenced
by nuclear reaction rates.

CBCs are described by two mass parameters, six spin degrees of freedom, the binary’s
location on the sky, its distance, and its orientation. Together, these parameters produce a
true GW strain A’ which is combined with the detector noise to produce the observed strain:
h = h! +n. This is the data, d.

Plugging these in to Eq. 2.8 yields

p({d}7 {9}7 Aa An) :p(A07 mmina mmax> OZ, An)

X p({ml det> M2 det» 3_17 S_éa RA7 DECv DL}|ACa Mmin, Mmax, 04)

X p(n‘An)p({d}’{ml det> M2 det» 337 557 RA> DECa DL}) n)

We can now make several simplifying assumptions. First, neither cosmological parameters
nor mass distribution parameters influence CBC spins, sky locations, polarization angles,
coalescence phases, inclinations, or detector-frame arrival times. Second, we can choose to
only infer specific cosmological parameters to which we think our data is most sensitive.
Given current detector horizons, high-redshift phenomena such as curvature and the dark
energy equation of state will likely be poorly constrained. We can therefore choose to fix
such parameters to values inferred by other experiments. This is equivalent to placing a

strict prior on these parameters, e.g. p(k) = d(k—0). Third, we assume A, is known exactly
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through the measured power spectral density. These assumptions yield

p({d}a {9}7 A) :p<HOa me mmim mmaXa a)
X p({ml dets T2 det» DLa }|H0a Qm7 Mymin, Mmax; O_/)

X p(n|An)p({d}|{ml det> 2 det» DL}? n):

which is the joint distribution used in Abbott et al. [2023b].

2.4.2  Example: constraining population synthesis parameters

The usefulness of a DAG becomes even more apparent when we consider more complicated
data-generation schemes. To demonstrate this, we use the example of using GW data to
directly constrain processes that occur in binary star systems.

“Population synthesis” codes simulate these stellar processes along with the distribution
of stars and stellar environments in the Universe to predict populations of objects that can
be compared to observations. GW astronomers therefore frequently talk about astrophysical
processes in terms of the parameters used in these population synthesis codes. This in
contrast to the many phenomenological population parameters that are typically used in the
GW population studies in order to infer the form of the population from the GW data.

Different studies assume different relationships between population-synthesis parameters
and phenomenological parameters. Some authors directly compare the two |e.g. Baxter et al.,
2021, Stevenson et al., 2019, van Son et al., 2022b], but it is increasingly common to compare
the full outputs of population-synthesis simulations (i.e. distributions of CBC parameters)
to the distributions recovered from GW data analysis. Some authors have even attempted
to fit population-synthesis parameters directly with GW data in a form of simulation-based
inference [Zevin et al., 2021, Cheng et al., 2023, Colloms et al., 2025].

We identify two possible conceptualizations of the relationship between population-synthesis
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parameters and phenomenological parameters:

1. Population synthesis simulations and the parameters therein fully describe astrophys-
ical processes. These produce a CBC population which can then be described by
phenomenological parameters. This is the scenario described by the right panel of
Fig. 2.1, where population synthesis parameters are at the top level and phenomeno-

logical parameters are at the second level from the top.

2. The CBC population can be described by either population synthesis parameters or
phenomenological parameters, or a combination of both. This scenario is described by
a DAG in which phenomenological and population-synthesis parameters are all on the

top level.

We will now use DAGs to show that these conceptualizations are mathematically equivalent
if one set of parameters follows deterministically from the others, but are not if they are
probabilistically generated.

For simplicity, we focus on only two population-synthesis parameters: the 12C(a, 7)160
reaction rate in massive stars, Rc(, and the accretion efficiency of mass transfer between
a star and its compact object companion, Bacc. We also only use three phenomenological
parameters: mmax, Myin and «, described in Section 2.4.1. We additionally assume that A,
is known exactly and exclude inference on n for the rest of this Section.

The joint distribution of all nodes in the DAG in the right panel of Fig. 2.1 is found by
using the same rules as in Section 2.4.1: an arrow from X to Y means that the conditional

distribution of Y depends only on X. This yields

p({h},{ml}, {m2}7 Munin, Mmax, @ Bace; RCO)
:p(ﬁacc» RCO)p(mmina Mmax, a|BaCC7 RCO) (2'12)

x p({m1}, {ma}|mmin, mmax, @)p({h}|{m1}, {ma}).
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If the phenomenological parameters {mpin, Mmax, @} are exact deterministic functions
of the population-synthesis parameters {Rco, Bacc}, then p(mmin, Mmax, @|Pace, Rco) =
d ({Mmin, Mmax, @} — f(Rco, Bacc)), where f is the function that parametrizes {mmin, Mmax, @}
in terms of { RcQ, facc}- An example of this is the analytic function used to calculate m,;p
from Bace and four other population-synthesis parameters in van Son et al. [2022b]. We can
then marginalize over either the phenomenological parameters or the population-synthesis
parameters, depending on which we want to infer. For concreteness, we marginalize over the

phenomenological parameters to obtain

p({h}, {m1}, {ma}, Bace, Rco)

= / dmpin, dmmax do [P(ﬂaem Rco) % 0 ({mmin, Mmax, o} — f(Rco, Pace))
(2.13)

x p({m1}, {ma}mumin, mmax, @)p({h}|{m1}, {ma})]

=p(Bace; Roo)p({ma}, {ma}|f (Bace, Rco))p({h}{ma}, {ma}).

We now consider the second way of conceiving the data-generation problem, where
population-synthesis parameters and phenomenological parameters are on the same level

on the DAG. In this case, the joint distribution is

p({h} {m1}, {ma}, Mumin, Mmax, @, Bace, Rco)
:p(ﬁacw RCOa Mmin,> Mmax, Oé) (2-14)

x p({ma}, {ma}mumin, Mmax, @, Bace, Roo)p({h}{m1}, {ma}).

This is different from Eq. 2.12. Now, we again consider the scenario in which the phenomeno-
logical parameters are exact deterministic functions of the population-synthesis parameters.

In this case, the two sets of parameters are redundant and

p(ﬁacm RCO; Mmin, Mmax, OZ) = p(@acm RCO) = p(mmin, Mmax, 04)- (2-15>
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Performing similar manipulations in all distributions in Eq. 2.14 yields

p({h},{ml}, {mQ}a Munin, Mmax, & Bace; RCO)

=p(Bace, Rco)p({m1}, {ma}|Bace, Roo)p({h}{ma}, {ma}),

(2.16)

which is the same as Eq. 2.13. The two conceptions of data generation presented above are
therefore equivalent if phenomenological parameters are deterministically generated from
population-synthesis parameters. This result is equivalent to the assumption that the data
can be fully described either by phenomenological parameters or by population synthesis

parameters.
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CHAPTER 3
BRIDGING THE GAP: THE TRANSITION BETWEEN
NEUTRON STAR AND BLACK HOLE MASSES

One region in which features in the CBC mass distribution may be straightforwardly found
is the region between NS and BH masses. This is because nuclear physics prohibits the
existence of NSs above ~ 2.5 M), and this maximum NS mass may leave an imprint on the
CBC mass distribution. Additionally, electromagnetic observations of BHs in X-ray binaries
suggest an absence of objects below 5 M. This mismatch between the maximum observed
NS mass and minimum observed BH mass points to the possibility of a “lower mass gap™: a
dearth of compact objects between ~ 2.5 M and ~ 5 M.

However, most population analyses of GW sources are not sensitive to this region because
they artificially truncate their population models at 3 M, including binaries that have both
masses above that truncation in BBH-only population analyses, and binaries with both
masses below that truncation in BNS-only analyses. This arbitrary boundary between the
two populations excludes events that do not cleanly fall into these categories, and removes
the possibility of probing the region near 3 M, which is precisely our region of interest.

In this chapter, we model the population of all CBCs without first dividing it into sub-
populations. Fitting this model to the available GW data, we find evidence for a feature
near the predicted maximum NS mass, and hints at a partially-filled lower mass gap. This
informs the astrophysics of compact object formation, NS equation-of-state studies, and
the formation channels of GW binaries. It additionally enables a data-driven classification
scheme for ambiguous systems, each binary is assigned a probability of lying above, below,
or within this mass gap. We demonstrate this in Section 3.4.

I later repeated the analysis presented here on the third gravitational-wave transient
catalog (GWTC-3) in Abbott et al. [2023al, finding that it is likely the lower mass gap

is not entirely empty. This has important implications for specific supernova explosion
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mechanisms, as they must now be able to create BHs below ~ 5 M. In Kiendrebeogo et al.
[2023], Kunnumkai et al. [2024b,a|, I then used the results of that analysis to predict the
number of BNS, NSBH, and multimessenger events in future observing runs.

This chapter is based on Bridging the Gap: Categorizing Gravitational-wave Events at
the Transition between Neutron Stars and Black Holes, a paper written in collaboration with
Maya Fishbach, Reed Essick, Daniel E. Holz, and Shanika Galaudage, and published as
Farah et al. [2022a] in the Astrophysical Journal [931].

3.1 Introduction

At the time this chapter was written in June of 2022, the LVK had made 46 unambiguous
detections of BBH mergers [Abbott et al., 2019b, 2021b|, two detections of BNS mergers
[Abbott et al., 2017b, 2020a|, and, most recently, two NSBH merger candidates [Abbott
et al., 2021c|. However, some of the detected sources could not have obviously been ascribed
to one of these source categories. For example, GW190814 [Abbott et al., 2020e| has a
secondary mass of mg = 2.59f8:8§ M), making it either the most massive NS or the lowest
mass BH detected to date. GW190917 114630, presented for the first time in GWTC-2.1
[Abbott et al., 2021f], is in a similar position. These events lie at the edges of both the
NSBH and BBH populations and therefore have the potential to probe the extremes of the
subpopulation to which they belong.

However, their classification remains elusive, and in the absence of detectable tides or
electromagnetic counterparts that definitively identify their secondaries as NSs, other classi-
fication schemes are necessary. Some analyses have directly used NS equation of state (EOS)
constraints to compute the probability that a given component mass is below the maximum
allowed NS mass [Essick and Landry, 2020, Abbott et al., 2020e, 2021c|. In low latency, the

LVK searches used a hard cutoff in component masses of 3 Mg in the third observing run!

1. See the LVK Public Alerts User Guide: https://emfollow.docs.ligo.org/userguide/content.h
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[Chatterjee et al., 2020 and 2.83 Mg in the second observing run [Abbott et al., 2019¢],
both motivated by EOS predictions for the maximum possible NS mass.

However, modern models for the EOS predict different values for the maximum allowed
NS mass, typically ranging anywhere between 2.0-2.5 M [Margalit and Metzger, 2017, Ruiz
et al., 2018, Shibata et al., 2019, Legred et al., 2021]. See, e.g., Chatziioannou [2020] for a
review of recent observational constraints. Additionally, the maximum mass of the galactic
population of NSs is currently estimated to be ~ 2 — 2.6 My [Antoniadis et al., 2016,
Alsing et al., 2018, Farr and Chatziioannou, 2020, Fonseca et al., 2021] by electromagnetic
observations of pulsars.

Meanwhile, electromagnetic observations of BHs in X-ray binaries suggest an absence of
objects below 5 M, [Bailyn et al., 1998, Ozel et al., 2010, Farr et al., 2011]. This mismatch
between the maximum observed NS mass and minimum observed BH mass points to the
possibility of a “lower mass gap” a dearth of compact objects between ~ 2.5 and ~ 5 Mey,.

However, this inferred lack of low mass BHs may by due to systematic errors in inclination
measurements of X-ray binaries [Kreidberg et al., 2012]. Correcting for such systematic errors
populates the lower mass gap, but a relative paucity of low mass BHs —as opposed to their
complete absence—is still likely given the available observations. Additionally, some candidate
mass gap objects have been identified in detached binaries [Giesers et al., 2018, Thompson
et al., 2019, Jayasinghe et al., 2021| and by microlensing measurements [Wyrzykowski and
Mandel, 2020]|, though Mroz and Wyrzykowski [2021] argue that the objects identified by
microlensing actually have masses below the lower edge of the mass gap. It is therefore
possible that there may not be a gap in the mass spectrum of compact objects despite the
existence of one in the X-ray binary mass spectrum. This may shed light on the evolutionary
processes of compact object binary progenitors [Mandel et al., 2021]. Regardless, finding

evidence for or against a lower mass gap in the binary merger population will add useful

tml
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insight.

Interestingly, there have been very few GW detections in the lower mass gap range, as
shown in Fig. 3.1. The low number of GW detections in the purported lower mass gap may be
due to lower detector sensitivity to events with low masses (which are intrinsically quieter),
but studies that take such selection effects into account find that the BBH distribution cannot
be trivially extended to NS mass ranges. For example, Fishbach et al. [2020a] found that a
single power law cannot fit the mass distribution of both BBHs and BNSs via an analysis
of events in GWTC-1 [Abbott et al., 2019b|. Similarly, Abbott et al. [2021d] find that if
the BBH mass spectrum extends below ~ 4 My, a deviation from a power law starting at
~ 8 Mg is necessary to accommodate the BBH observations made in GWTC-2.

This chapter pursues a different approach than that of Abbott et al. [2021d]. We si-
multaneously model the overall distribution of all compact binaries without first dividing
them into subpopulations. In so doing, we may be less susceptible to issues arising from
the placement of ad hoc boundaries. By examining the total mass distribution, we can first
ask whether there is a need to subdivide the observed events into separate categories at all,
such as events that fall above, below, or within the lower mass gap, instead of asserting such
subpopulations exist a priori.

A full description of the lower mass gap has been previously stymied by the small number
of detections available. Characterizing the nature of this feature in the overall mass spectrum
of compact objects can reveal the true delineation between NSs and BHs in merging binaries,
providing a useful compliment to event classification based on cutoffs that are either arbitrary,
motivated by external observations of arguably different populations, or reliant on theoretical
predictions. With the recent influx of GW detections, enough data is available to make such
classification schemes possible.

To resolve the transition between NSs and BHs, we follow the procedure of Fishbach

et al. [2020a| (herein FEH20) and model the full spectrum of CBCs. We do not separate
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events based on previous classifications, instead using all GW events available to determine
if a global fit to component masses alone is able to find two or more distinct subpopulations.
Fitting a single mass model across the entire spectrum of detected CBCs has the added
benefit of allowing the inclusion of GW events that are not definitively classified into a
specific source category.

We further describe our methodology and present the population models used in Sec. 3.2.
We show that the transition between NSs and BHs cannot be described by a single power
law and explore other morphologies in Sec. 3.3. In Sec. 3.4.2, we demonstrate that the
models considered in this work are the first to be able to accommodate GW190814. We
describe insights on the NSBH events in Sec. 3.4.3. We then classify all low-mass events
with respect to the inferred subpopulation delineations in Sec. 3.4.1, concluding in Sec. 3.5.

The appendices provide additional details on model fits.

3.2 Methods

We first describe our selection criteria for which events to include within our analysis in
Sec. 3.2.1. We then describe our parametric models for the mass distribution in Sec. 3.2.2
before describing metrics that can be used to describe features in the mass spectrum, some-
times without the need for a particular parametrization, in Sec. 3.2.3. Sec. 3.2.4 describes

our inference procedure.

3.2.1 Fvent list

We consider all events in GWTC-2 [Abbott et al., 2021b] that pass this threshold, as well as
the two NSBH detections from the second half of the third LVK observing run (O3b) [Abbott
et al., 2021c|. This results in 46 events, all of which are shown in Fig. 3.1. Parameter

estimation for all events can be found at the the gravitational wave open science center
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[Abbott et al., 2021i, GWOSC|?.

For the purposes of estimating sensitivity, we treat the NSBH events as if they were
detected in the first half of the third LVK observing run (O3a) because data from other
detections during O3b were not publicly available at the time of this writing. This choice
introduces a modest bias in the inferred rate of NSBH-like events, which is discussed in

Section 3.6.1.

3.2.2  Population models

We consider several nested mass models. That is, we describe our conclusions in the context
of different sets of assumptions about the mass distribution, each of which corresponds
to a specific hyperprior. Following Fishbach and Holz [2020b], FEH20, and Doctor et al.
[2020], we parametrize the joint component mass distribution with separate draws for each
component mass from a one-dimensional mass distribution and a pairing function. Our one-
dimensional mass model can be described by a two-piece broken power law adorned with
several multiplicative features that chip off parts of the mass distribution to produce dips

and additional features. That is, the one-dimensional distribution is described by

p(m|A1p) o h(m|mupin, Nmin) (M Vows Yhighs Mow Mhighs A)€(M|Mmax; Nmax) (3.1)

(771/7711)1"eak)0é1 if m < mpreak

(3.2)
(m/mbreak)a2 if Mpreax <m

2. Events observed during the first and second LVK observing runs can be found at https://dc
c.ligo.org/LIGO-P1800370/public, and this work uses the “Overall” samples for BBH events ob-
served during this time and the samples from the IMRPhenomPv2NRT highSpin waveform for BNS event
GW170817. Events observed during the first half of the third LVK observing runs can be found at
https://dcc.ligo.org/LIGO-P2000223/public, and this work uses the samples from the PrecessingSpin-
IMRHM waveform for BBH events observed during this time and the samples from the AlignedSpinInspi-
ralTidal HS waveform for BNS-like event GW190425. For events GW200105 and GW200115, this work
uses the “Combined  PHM high spin” samples found at https://dcc.ligo.org/LIG0-P2100143/public.

26


https://dcc.ligo.org/LIGO-P1800370/public
https://dcc.ligo.org/LIGO-P1800370/public
https://dcc.ligo.org/LIGO-P2000223/public
https://dcc.ligo.org/LIGO-P2100143/public

501

301

- BBH
BINS
e NSBH

GW190814

]
=

Em
.
3 §
21 AN . AN
N O
1 2 3 5 10 20 30 50 100 200

my [M:)]

Figure 3.1: 90% posterior credible intervals for the component masses for all CBCs included
in this population study assuming uniform priors in detector-frame masses. Events classified
by the LVK as BBHs, BNSs and NSBHs are shown in black, green, and blue, respectively.
The ambiguously classified event GW190814 is shown in orange. The grey band indicates
the approximate location of the purported “lower mass gap.” GW190814 is the only event
within this region at more than 90% credibility.
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where

((mlmg,n) = (1 + (mﬂo)n)_l (3.3)

is a low-pass Butterworth filter with roll-off mass mg and the sharpness of the roll-off set by

n (larger n imply sharper roll-offs),

mo

h(m|mo, ) = 1 — £(m|mg, 1) = (1 + (—)")_1 (3.4)

m

is a corresponding high-pass filter, and

(M| Vow» Yhigh> Mow> Thigh, A) = 1 — A X h(m[Yiow; Mow) X L(M[Yhighs Thigh) (3.5)

is a notch filter that subtracts a fraction of the signal (set by A) between 714y, and g Our
one-dimensional mass model builds upon a basic broken power law by adding a high-pass
filter at the lowest masses to allow for a fixed but smooth turn-on of the mass distribution, a
low-pass filter at the highest masses to allow for a variable tapering of the mass distribution,
and a notch filter in between to model a potential lower mass gap. This model has 12
parameters, which we collectively refer to as A\ypy. It was first presented in FEH20. However,
we include an additional high-pass filter at low masses instead of a sharp cut-off at myyiy,.
FEH20’s model is therefore nested in ours in the limit 7,,;, > 1.

To construct population models for both component masses, we employ a pairing function

fp that relates primary and secondary masses:

p(m1, m2|AMD; Blows Buigh) o ©(ma < my)p(mi|[A1p)p(ma|Aip)fp(mi, m2|Biow, Buign) »

(3.6)

where ©(-) is the Heaviside function that enforces the convention mo < my.

Note that the one-dimensional distribution’s hyperparameters A\jy are shared between
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the primary and secondary mass distributions. Note also that the one-dimensional distribu-
tion does not, in general, correspond to the marginal distribution for either the primary or

secondary mass. We use the pairing function

(mg/ml)ﬂk’w if mo <5 My
fp(m1,ma|Bow, Bhigh) = (3.7)
(ma/mq)Phigh if 5 Mo < my

to allow for the possibility that most BBHs have different formation channels than NS-
containing or lower-mass-gap binaries. The break point in this power law is fixed at 5 Mg
and is not fit as a free parameter. This was done to avoid a scenario in which the large
number of BBHs dominate the inference on the location of this break point. For example,
contamination from relatively high total mass (but low mass ratio) BBHs could dominate
the part of the pairing function parameterized by Jj,y. The choice of 5 Ms enforces a
separation between the pairing function of BBHs and binaries that contain NS or lower-
mass gap objects. We note that this is a different pairing function than that used in FEH20,
which employed a single power law in mass ratio for all sources. Again, their model is nested
within ours in the limit Sio = Bhigh-

For simplicity, we assume fixed, independent spin and redshift distributions. We assume

sources are uniformly distributed in co-moving volume (V;) and source frame time so that

w5 (112) (33)

1+ 2

We also assume spin distributions where each component is independent and follows a dis-

tribution that is uniform in magnitude x1 9 and isotropic in orientation so that

p(Ix]) = U(0, 1), (3.9)



where U(z,y) is the uniform distribution between z and y and 21 2 = cosf) 2 is the cosine
of the tilt angle between component spin and a binary’s angular momentum.

Although some authors have shown evidence for the evolution of the mass distribution
and/or the merger rate with redshift [Fishbach et al., 2021], and it is unlikely that the spin
magnitude distribution is uniform or that the spin tilt distribution is isotropic [Abbott et al.,
2021d], we do not expect these choices to affect the mass inference within current statistical
uncertainties.

Egs. 3.2 and 3.7 intentionally provide a lot of flexibility in the functional form of the
mass distribution via 14 free parameters while encoding several features predicted by theory.
Because the current data may not be able to constrain all the hyperparameters, we consider
three nested models in order to demonstrate several of our conclusions more clearly. In order

of most to least model freedom,

e BROKEN POWER LAw -+ Dip (BPL-+Dip): assumes the edges of low-mass features
are steep, but leaves the locations as free parameters, and fixes the break in the power
law to occur at the lower edge of the gap. Sets Ny = npigh = 50 > 1 and assumes
Mpreak = Vow- Alternatively, at times we assume the gap is deep with a sharp lower

edge but allow the upper edge to be fit as a free parameter (A = 0.99 and fits Uhigh)-

e BROKEN POWER LAW + DROP (BPL+Drop): makes similar assumptions as BPL+Dip,
except for 7o, = 0. This de facto models a sharp drop-off above 74, and removes

the feature at gy

e BROKEN POWER LAw (BPL): assumes a steep turn-on at mp, but removes the

dip/discontinuity by setting 7y, = Nhigh = 0.

An illustration of these mass models is provided in Fig. 3.2.
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m BROKEN POWER LAw

= BRrOKEN PowERr Law + DropP
= BRrOKEN PoOwER Law + Dip

p(my)

1 2 3 4 5 6 7 8 910
m1[M®]

Figure 3.2: Tllustration of the primary mass distribution for the three mass models used in
this work. All models are depicted with the same values for mycak, @1, and as.
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3.2.3  Characterizing the prominence of features in the mass distribution

In the case of a mass gap with sharp edges (Mg nigh > 1), the notch filter strength A
is an unambiguous measure of the gap depth, and the parameters v,y and ;g are the
precise locations of the beginning and end of the gap, respectively. With this in mind, we
can quantify the evidence in favor of a gap with a Bayes factor between models where A # 0
and A = 0: Bjﬁg

However, this assumes the shape of the gap is well known a priori. This is not the case,
particularly for the upper edge of the gap. In the case of smooth gap edges, the depth and
location of the gap are dictated by a more complex combination of hyperparameters. We
therefore define a few straightforward measures of feature prominence which can be used
regardless of the exact parametrization adopted.

The first is the relative probability of events between 7jy and pje vs. that of events

between myin and Yiow:

(NS _ P(m € [Mumin, Yow) | A1)
S p(m € [Yiow: Thigh) | AM1D)

(3.11)

With this definition, TgNaSp > 1 indicates a prominent drop-off in the mass distribution at
NS

gap ~ 1 is indicative of a smoother transition above NS masses.

Vows Whereas r
The second is similar: it is the relative probability of events between 7oy and Ypigp vs.

that in an equally wide mass interval starting at vpgp:

BH _ P(M € Dhighs 27high — Vow) [A1D)
sap p(M € Mows Thigh) | A\1D)

r (3.12)

A value of rBH

gap > 1 indicates a prominent rise in the mass distribution characteristic of a

BH

gap consistent with unity indicates a flat transition between NS

lower mass gap, whereas r

and BH masses.

NS and »BH

sap gap- Lhe former only

To fully characterize a mass gap, one must examine both r

quantifies the extent of the initial drop in the mass distribution and the latter only quantifies
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the extent of a subsequent rise. For example, if the mass distribution were to monotonically

NS

decrease without a gap, rgay,

would still be greater than unity. Just using this metric to

BH f the mass

identify a mass gap would be misleading. Similar effects would occur with rg;5

distribution monotonically increased.

Furthermore, if the upper edge of the mass gap is sharp but the mass distribution falls

BH

off steeply after the gap, then rg5

may still be ~ 1 (within this scenario, one may not able
to distinguish between a “gap with sharp edges and rapid roll-oftf” or a “gentle roll-off with a
narrow peak”). It is therefore the combination of TgNaSp > 1, r]gga% > 1, and A that signals the
presence of a gap.

We further discuss potential metrics of feature prominence in Section 3.6.2.

3.2.4  Statistical framework

We use the hierarchical Bayesian inference methodology discussed in Chapter 2. We sample
from the posterior distribution in Eq. 2.1 using the approximations in Eqs. 2.4 and 2.7 to
determine the shape of the mass distribution using gwpopulation |Talbot et al., 2019] with
the nested sampling algorithm dynesty [Speagle, 2020].

We approximate the detectable set of signals as those that yield an optimal network
signal-to-noise ratio (SNR) p > 11 based on networks of the LIGO Hanford and Livingston
detectors during O1 and O2 as well as the LIGOs and Virgo during O3a. This SNR threshold
was chosen to approximately match the SNR at which our chosen set of events is complete:
the events included in this analysis follow the expected p_4 distribution above p ~ 11.

During each observing run, we use a single representative power spectral density (PSD)
to model each detector’s sensitivity separately [LVK, 2015b,a, 2017b,a, 2020| and estimate
the network SNR by coherently projecting simulated signals into all detectors. While this
semi-analytic approach to sensitivity estimation is commonplace in the literature, we note

that it makes several assumptions that may not be perfectly accurate (a single stationary
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PSD for each detector, the same SNR threshold for all systems, etc.). The size of the possible
systematic errors these assumptions could introduce is not known precisely, but we believe
it is less than O(10%) based on comparisons of our semianalytic rate estimates with fixed
populations to those previously published in the literature using real searches [Abbott et al.,
2019b, 2021b].

Where needed, we estimate Bayes factors via Savage-Dickey Density Ratios [Dickey and

Lientz, 1970, Wagenmakers et al., 2010] using the hyperposteriors and the hyperpriors.

3.3 Population-level insights

In this section, we search for and characterize features between NS-like and BH-like masses.
Following FEH20, we first determine the existence of such features by asking whether a single
power law can describe the CBC mass spectrum between 1 — 10 M in Sec. 3.3.1. We find
that it cannot. We then describe the nature of this deviation from a power law in Sec. 3.3.3
through the features provided by the parametrized models from Sec. 3.2.2. We provide the

inferred posteriors for all hyperparameters in these models in Section 3.6.3.

3.83.1 Deuviation from a single power law describing BH and NS masses

Neither FEH20 nor Abbott et al. [2021d] include GW190814, nor do they include GW190425,
a BNS detected in the first half of the third LVK observing run [Abbott et al., 2020a).
NSBH-like events GW200105 162426 and GW200115 042309 (abbreviated GW200105 and
GW200115), which contain secondaries near the upper limits of what can be considered a NS
and primaries at lower BH masses than have been previously detected in definitive BBHs,
had not been published at the time of either study. These events appear to bridge the NS
and BH subpopulations, so the deviations from a single power law in the range 1 — 10 Mq
may no longer be present in the most recent data. We therefore aim to determine if the

inclusion of these events removes the feature found by FEH20 and Abbott et al. [2021d].
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The first mass model we fit is BROKEN POWER LAW. It has one power law spectral index
a1 at NS-like masses and another a9 at BH-like masses, with a transition between the two
at Mpypeak. Draws from the hyperposterior for BROKEN POWER LAW are shown in the top
panel of Fig. 3.3. There is a clear transition in the mass distribution at myeq1c = 2.44_'8:2 M.
This value is consistent with current constraints on the maximum mass of cold, non-spinning
NS, which are typically between 2.0-2.5 Mg at 90% confidence [see, e.g., Essick et al., 2020,
Legred et al., 2021, Farr and Chatziioannou, 2020, Chatziioannou, 2020|, although larger
values are still consistent with low-density nuclear physics.

We find a9 — a1 > 0 at 99.3% credibility, indicating that a single power law is unable
to fit the mass distribution down to low masses. The median and 90% credible limits on «aq
and a9 are —5.41‘%:; and —1.0f8:i6 respectively. This is consistent with findings in FEH20
and Abbott et al. [2021d], and therefore the low mass events GW190814, GW200105, and
GW200115 do not fully bridge the BH and NS populations.

As an aside, we also note that B9 — 31 > 0 at 99.6% credibility, indicating that the pairing
functions between BBHs and CBCs with low secondary mass are distinct. The median and
90% credible limits on 81 and (39 are O.79f(1):%6 and 3.5‘:%:8 respectively. However, because of
the fixed location of the break between 1 and fo, we do not use these parameters to locate
delineations between subpopulations.

Again, full posteriors on all hyperparameters in the BROKEN POWER LAW model can

be found in Section 3.6.3.

3.3.2 Steep decline after NS masses

The steepness of the NS part of the power law in BROKEN POWER LAW (i.e. large magnitude
of a1) may be driven primarily by a difference in the merger rates of BNS and BBH systems,
rather than by the shape of the NS distribution itself. While our particular analysis has a

slight bias in the relative heights of the low mass and high mass parts of the mass distribution
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BROKEN POWER Law

= DBROKEN PowER Law + Dror

= BROKEN POWER Law + DiIp

Figure 3.3: Draws from the inferred mass distributions between 1—10 M, using the BROKEN
POWER LAW (top), BROKEN POWER LAW + DROP (middle), and BROKEN POWER LAw
+ Di1p (bottom) models. Each panel has 200 random draws from the hyperposterior (thin
black lines). As an illustration, the draw that maximizes the overall posterior is highlighted
in color. 90% credible intervals on the locations of features in the mass distribution are
indicated by colored bands. All three models find a steep falloff in the mass distribution
between ~ 2.2 —3 M and BROKEN POWER LAW + DIP finds a subsequent rise at ~ 6 M.
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because of the choice to treat the NSBH events as detected in the first half of the third
observing run, many other studies have found the BNS merger rate to be several times
higher than the BBH merger rate [Abbott et al., 2019b,a, Fishbach et al., 2020a, Abbott
et al., 2021b,d].

To decouple the shape of the NS distribution from the difference in merger rates between
BNS and BBH systems, we we turn to BROKEN POWER LAW + DROP. This model allows for
a drop-off in the mass distribution at my ... The extent of the discontinuity is parameterized
by A, which is a free parameter. A = 2 corresponds to a maximal discontinuity: in this case,
the rate of BH-containing events drops to zero after mpeac. A = 0 corresponds to no
discontinuity: in this case, BROKEN POWER LAW + DROP reduces to BROKEN POWER

LAw. The resulting fit to this model is shown in the middle panel of Fig. 3.3. A clear drop-off

is found after NS masses, which can be quantified by rgNaSp, the ratio of probability mass below
Mpreak t0 that in a comparable interval just above it (Eq. 3.11). We find rgNa% = 4.1:%)90,

which excludes 1 to > 90% credibility.

Fig. 3.4 shows the inferred posteriors for A and a1 under the BROKEN POWER LAW +
DRoOP framework. The region of parameter space with both small A and low-magnitude o
is ruled out, confirming the need for a sharp drop-off in the mass distribution at My ea)k-
This feature can be achieved either by a large negative 1, as in BROKEN POWER LAw, or
by a large A. However, at the largest values of A, oy is unconstrained, indicating that the
steep drop-off in the merger rate after NS masses is driving the constraints on «aj, rather
than the shape of the NS distribution itself. We therefore conclude that BROKEN POWER
LAw is sufficient to describe the limited data available. This is consistent with the findings
of Landry and Read [2021], who show that the mass distribution of NSs in binaries cannot
be determined from GW data alone (yet).

Within BROKEN POWER LAw + DROP, the location of the break in the power law

(and therefore the location of the discontinuity) is inferred to be at myp ear = 2.20f8:§ﬁ Mo,
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which is consistent with but shifted lower than the corresponding value inferred by BROKEN
POWER Law (2.47_L8:g Mg). This is due to the different modelling assumptions inherent in
both models, and both values are equally plausible. Furthermore, given the one-dimensional
posterior on A, we find that the data cannot distinguish between A = 0 and A # 0 and
therefore have no clear preference for BROKEN POWER LAW or BROKEN POWER LAwW +
Drop. This conclusion is corroborated by the Bayes factors presented in Section 3.6.3,

which are similar between the two models. We therefore utilize BROKEN POWER LAW for

the event-level analyses in this work due to its simplicity and fewer free parameters.

3.3.8  Searching for a lower mass gap

Having confidently established a deviation from a single power law in the form of a steep
decrease in the mass distribution after NS-like masses, we wish to identify other features. In
particular, we search for signatures of the purported lower mass gap.

To do this, we employ the BROKEN POWER LAwW + DIP model, described in Sec. 3.2.2.
The fit to this model is shown in the bottom panel of Fig. 3.3 assuming 7y;e;, = 50. Note that
the maximum-posterior draw (highlighted in green in Fig. 3.3) is not necessarily required to
lie in the bulk of other draws. This is true for all three models considered but is especially
apparent for BROKEN POWER LAwW -+ Dip. Values that maximize the hyperposterior for
all models can be found in Section 3.6.3.

We infer the depth of a potential mass gap through the hyperparameter A, where A =0
reduces to the BROKEN POWER LAW mass model and A = 1 corresponds to a maximal
gap. The lower and upper edges of this gap are represented by 7y and Ypjgp, respectively.
We infer y15w = 2.21'8:% Mo and i = 6.04_'%?l M. These are consistent with the values
found in FEH20 (Y0 = 2.27:8? Mo, Yhigh = 6.7”:%% Mg). This agreement with a GWTC-
1 analysis suggests that the addition of events in GWTC-2 and the NSBH-like events are

consistent with this previously inferred population and do not fully fill the lower mass gap,
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Figure 3.4: Values of the spectral index governing the low mass part of the spectrum «a; and
drop depth A inferred by the BROKEN POWER LAW + DROP model. Contours indicate 1-o,
2-0, and 3-0 credible regions. The two parameters are correlated and the lower right region
is excluded: mild power law slopes are only allowed when A is large. Thus, the inference
finds a dramatic drop-off in the merger rate, either through a steep negative initial power-law
slope (a1), or a discontinuity (large A). The two scenarios are both allowed by the data due
to the inability to resolve the shape of the NS distribution.
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if one exists. These events may, however, indicate that a lower mass gap might not be
completely empty.

Within the framework of BROKEN POWER LAW + DIP, we find suggestions of a lower
mass gap, but are unable to conclusively detect or rule out its existence. The posterior on A
is shown in Fig. 3.5. It peaks at large values but does not rule out the possibility that some
events occupy the gap. Nevertheless, a model with a maximal gap (A = 1) is favored over
no gap (A = 0) with a Bayes factor of 55.0.

BH _ 1.84+5'74

zap 114> Which suggests the existence of a lower mass gap but does

BH
not exclude rg,p,

However, r

= 1. This may be due to the fact that the power law slope governing the

BH

gap ~ 1 even in the presence of a

BH part of the spectrum is negative, which can lead to r
gap. However it is also possible that the assumption of very sharp gap edges may be driving
the preference for large A within BROKEN POWER LAw + Dip.

Due to the nature of the notch filter n(m|A, Yow, Yhighs Mow: high) used in BROKEN
POWER LAw + DIP, a sharp drop-off in the mass distribution after 7., will always be
accompanied by a subsequent rise at Yy, When we set 75y = 7pjgn > 1. Thus, if the
data prefer such a sharp drop-off that is not achieved through a steep a1, using BROKEN
POWER LAW + DIP may artificially inflate our metrics of gap significance. This systematic
is due in part to the choice to set oy = Npigh = 50, rather than leaving the steepness of
the gap edges as free parameters. We therefore seek to determine if the data actually prefer
a subsequent rise in the mass distribution after the initial drop at vy by allowing npiep to
be a free parameter. Positive values of ny;e, indicate the existence of a subsequent rise, and
larger positive values imply steeper rises. To lessen the number of free parameters being fit
to a region with relatively few detections, we enforce a drop in the mass distribution after
NS masses by fixing 715w = 50 and A = 0.99. We are therefore asking, given the existence

of a drop in the mass distribution at 74y, do the data necessitate a subsequent rise?

Fig. 3.6 shows the two dimensional posteriors on Ve and 7pigh, the parameters deter-
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mining the location and steepness of the upper edge of the mass gap. We find np;ep, > 0 at
99.8% credibility, with lower 90% credible bound at 7y, = 2.82, indicating that if there is a
large drop in the mass distribution at 74y, the data prefer a subsequent rise at o1, rather
than an additional drop (nyign < 0) or a featureless transition (nyign = 0).

nggg M, which is completely consistent with the location

In this model fit, e = 5.9
of the global maximum of the BBH distribution found in Abbott et al. [2021d]. They find
78718 My for the POWER LAW + PEAK model and 6.0279-18 Mg for the BROKEN POWER
LAW model, the latter of which is more morphologically similar to the high-mass behavior
of the models considered in this work.

To determine if the assumption of A = 0.99 is requiring a subsequent rise in the mass
distribution, we repeat the analysis but set A = 0.5. We find nearly identical results,
indicating that a subsequent rise is preferred even with a moderate drop at vj,y-

As a final test of our results, we perform a fit where all hyperparameters are allowed
to vary in Section 3.6.2. This fit tends to prefer the existence of a lower mass gap, though
the results are far from conclusive. However, due to the small number of detections at low
masses, we cannot meaningfully constrain more than two hyperparameters in this region.
We therefore fix mpjp = 50 and allow A to vary for the remaining analyses, noting that

a steep upper edge and variable gap depth allows for more intuitive interpretations of the

event classification presented in Sec. 3.4.

3.4 Event-level insights

Building upon our population-level insights, we now place individual events in the context
of the inferred features in the mass distribution. Sec. 3.4.1 discusses how we do this in
general, marginalizing over both the uncertainty in individual events’ parameters as well as
the population hyperparameters. We then discuss the implications for specific events that

previous models have not been able to accommodate: GW190814 (Sec. 3.4.2) and the two
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Figure 3.5: Posterior on the gap depth parameter A under the BROKEN POWER LAw +
Dip model including all events. A = 1 indicates a maximal gap, and A = 0 indicates no
mass gap. A peaks at 0.90, with 90% highest density interval between 0.55 and 1.0 (vertical
dashed lines), indicating support for both a partially-filled and totally empty mass gap.
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Figure 3.6: Corner plot of the parameters governing the location (7yy;g1,) and steepness (1ign)
of the upper edge of the mass gap in the case where a steep decline in the mass distribution
is enforced after NS masses (A = 0.99). The 90% highest probability density interval for
Thigh 1s indicated by vertical dashed lines. nye), is found to be positive, indicating a rise in
the mass distribution near o), after the drop enforced at 714y
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NSBH-like events GW200105 and GW200115 (Sec. 3.4.3).

3.4.1 FEvent classification

Fits to the full spectrum of CBCs allow us to classify events with respect to features inferred
from the detected population.

Tab. 3.1 uses the BROKEN POWER LAW model fit to characterize events in relation to
Mpreak- 1t lists the probabilities that each event’s component masses lie in regions of interest,
marginalized over the uncertainties in each event’s component masses and the uncertainties
in the relevant model hyperparameters. For example, if one interprets mye,x to be the
maximum NS mass, the probability that an event contains a NS is P(mg < myeqx) and
the probability that an event is a BNS is P(m1 < mypeqk), since mo < mq by definition.
Similarly, if we consider objects with masses larger than my.,, to be BHs, the probability
that an event is a NSBH is P(mo < mppeak < m1). Using these assumptions, we find that all
probabilities presented in Tab. 3.1 are qualitatively consistent with the classifications given
to each event by the LVK.

GW170817 is found here to have P(mi < myypeqax) = 0.99, which is consistent with the
LVK’s classification of this event as a BNS. GW190425 has P(m1 < mpreax) = 0.9, with
< 10% support for a NSBH classification. This is consistent with this event’s classification
as a BNS. NSBH events GW200105 and GW200115 both have larger P(mg < myypeax < mM1)
than their respective P(mq < Mppeak) OF P(mg > Myrear), S0 under this framework they
are more likely NSBHs than BNSs or BBHs. The secondary mass of GW190814 is neither
definitively a NS nor a BH under this classification scheme: the posterior on my ., Overlaps
almost completely with that of GW190814’s ms.

These events’ classifications in the BROKEN POWER LAW + DROP formalism are similar,
though the lower inferred value of 7)., (and therefore my ..q)) decreases the probability that

each component is below myp ear by < 10% for the BNS and NSBH-like events, and by ~ 20%
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for GW190814.

Tab. 3.2 uses the BROKEN POWER LAW -+ DIP model fit to characterize events in
relation to iy and Ypien. Most events that have been previously identified by the LVK
as containing a NS (GW170817, GW190425, GW200115) all have P(mo < 7joy) > 0.95.
BNS event GW170817 has P(m1 < 7o) > 0.95 as well, but BNS event GW190425 has
~ 10% support of its primary being in the mass gap rather than a NS, and NSBH-like event
GW200105 has ~ 10% support of its secondary being in the mass gap rather than an NS.
This is likely due to the relatively large uncertainties on the component masses of GW190425
and GW200105 and on 7j,,. Events previously identified by the LVK as being consistent
with NSBHs [Abbott et al., 2021c, GW200105, GW200115] receive a similar classification in
this analysis, with large P(mg < ¥ow), and near-vanishing P(m1 < Yigw)-

Additionally, the component masses of three events have considerable support in the mass
gap: the secondary of GW190814, the secondary of GW190924 021846, and the primary of
GW200115. While a totally empty gap is not ruled out—none of the three have more than 75%
support in the gap—the combined effect of these three events is to decrease the inferred depth
of the lower mass gap. The secondary mass of GW190814 remains ambiguously classified:
it has non-negligible support of being either in the lower mass gap or being a NS. As the
posterior on mo for GW190814 is well constrained, the ambiguous classification is instead due
to the inference’s inability to determine whether the event should be positioned in the first
power law or in the notch filter of BROKEN POWER LAW -+ Dip. This results in bimodality
in y)ow s posterior distribution, which we discuss further in Sec. 3.4.2. As more detections
of GW events constrain the global mass distribution, uncertainties in the locations of 7,y
and Ypign will decrease, allowing for a more definitive classification of this event.

We further examine three events that were published as “exceptional” by the LVK.
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Probability P(mZ < mbreak) P(ml < mbreak) P(mZ < Mpreak < ml)

Interpretation P(contains a NS) P(is a BNS) P(is a NSBH)
GW170817 > 0.99 0.99 0.01
GW190425 > 0.99 0.90 0.09
GW190814 0.35 < 0.001 0.35
GW200105 0.88 < 0.001 0.88
GW200115 0.94 < 0.001 0.94

Table 3.1: Events classified in the BROKEN POWER LAW formalism. Values are the probabilities that each event’s
component masses lie in a given region of parameter space, considering uncertainty in the component masses as well as in
the inferred values of mp eak- If Mpreak is interpreted as the delimiter between NS and BH masses, the probabilities can be
understood as labeled in the second row. The uncertainties in these probabilities are estimated to be less than 1%. Only
events with > 5% probability of containing a NS according to this classification are included in this table.

Probability P(me < ow)  P(m1 < Now)  P(Mow < M2 < Migh) P (Vow < M1 < Yhigh)
Interpretation  P(contains a NS)  P(is a BNS) P(mg in mass gap) P(m1 in mass gap)
GW170817 > 0.99 > 0.99 < 0.001 < 0.001
GW190425 > 0.99 0.87 0.01 0.13
GW190814 0.26 < 0.001 0.74 < 0.001
GW190924_ 021846 < 0.001 < 0.001 0.49 0.05
GW200105 0.81 < 0.001 0.19 0.02
GW200115 0.96 < 0.001 0.04 0.44

Table 3.2: Events classified in the BROKEN POWER LAW -+ DIP formalism. Values are the probabilities that each event’s
component masses lie in a given region of parameter space, considering uncertainty in the component masses as well as in
the inferred values of iy, and Ypign. If Yow and e are interpreted as the lower and upper edges of the mass gap and
Vow 18 therefore interpreted as the maximum observed NS mass in merging binaries, the probabilities can be understood as
labeled in the second row. The uncertainties in these probabilities are estimated to be less than 1%. Only events with > 5%
probability of being in one of these categories are included in this table.



3.4.2 GW19081

GW190814 was observed in the first half of the third observing run [Abbott et al., 2020e| and
has the most asymmetric mass ratio of any gravitational wave event to date. Its secondary has
a mass of mg = 2.594_'8:83 M), leaving the nature of this component ambiguous: depending
on the choice of maximum allowed NS mass, it can either be classified as a low-mass BH
or the most massive NS observed to date. Previous “leave-one-out” studies [Abbott et al.,
2021d, Essick et al., 2022| have definitively identified GW190814 as an outlier with respect to
the detected BBH population. Additionally, Landry and Read [2021] find that including the
secondary of GW190814 in the population of NSs in merging binaries considerably changes
the inferred mass distribution when compared to a fit that excludes this event, though
uncertainties in both fits are large. It is therefore desirable to find a model that can account
for such an extreme event.

We perform a similar study with GW190814 by comparing the mass distributions inferred
with the full event list to those inferred by excluding GW190814. We find that in the cases of
BROKEN POWER LAw, BROKEN POWER LAW + DROP, and BROKEN POWER LAW + DIP,
the inferred distributions without GW190814 are consistent with those with GW190814. In
the frameworks of BROKEN POWER LAW and BROKEN POWER LAW -+ DROP, the posterior
of mpeak 1s largely unchanged with the exclusion of this event, but the posterior distribution
of B broadens and shifts to higher values when excluding GW190814. In the framework
of BROKEN POWER LAW + DIP, the posterior of v}y, when GW190814 is included in the
inference is in some disagreement with that inferred without GW190814. When GW190814
is included, the posterior on 7, is bimodal, with the lower mode corresponding to putting
GW190814’s secondary in the gap and the higher mode corresponding to locating the gap
at higher masses than GW190814’s secondary. Excluding GW190814 keeps only the lower
mode. Additionally, the posterior on A peaks at a slightly higher value when GW190814 is

excluded. Nonetheless, the inferred values with and without GW190814 are still consistent
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with one another, as can be seen in Fig. 3.7. Therefore, both BROKEN POWER LAW and
BROKEN POWER LAW + DIP successfully account for this event.

Note that such leave-one-out analyses can introduce biases that may lead to the false
classification of the left-out event as an outlier unless modifications to the likelihood are
used to mitigate this effect [Essick et al., 2022|. However, since these modifications tend to
bring the hyperposterior inferred without the event in question closer to that inferred with
all events, we assume the conclusions derived from Fig. 3.7 will remain the same with the

use of the methods presented in Essick et al. [2022].

3.4.83 GW200105 and GW200115

GW200105 and GW200115 are the most definitive detections of NSBH-like systems via
gravitational waves to date, observed by the LVK during the second half of the third ob-
serving run [Abbott et al., 2021c|. GW200105 has component masses m; = 8.9f%:§ M
and my = 1.9f8:§ Mg, and GW200115 has component masses mq = 5.7f%:§ Mg and
mo = 1.51’8:5 M. Both events therefore have components near the edges of the purported
lower mass gap, and analyzing them in the context of the BROKEN POWER LAw + Dip
model is helpful in understanding their classification. Likewise, these events play a large role
in probing the values of 715y, and ey inferred in this analysis.

We first determine if GW200105 and GW200115 are consistent with the rest of the popula-
tion of CBCs by performing a model fit to BROKEN POWER LAw + DIP without these events
and comparing it to the population inferred with these events. Section 3.6.1 shows these two
fits to the data. We find that the two inferred populations are consistent with one another,
and that the NSBH events have the effect of constraining 714y and 7piep towards a narrower
gap. This effect, as well as the fact that both events have P(y15y < m; < Yign) < 0.5,
indicate that GW200105 and GW200115 are both consistent with being “gap-straddling

binaries,” though there is still a definite possibility that either or both events have one com-

48



= All Events
Excluding GW190814

T

1

Yiow
¥
A
7
o

T ﬁ_/l'l.lr /l_'__*l_kn p j"_/r_L\ = '
so % o5y f
T o \._C_j' \_B) lnaPy,

r,
L
v/
:

I

I

JFJ
"o
\

o
7
,\i\
g >
AR
_ gg?/j
) |
\3 L
)
0y
o

n
)
A
)

T II T II T T II T = II { T
Qe Q- Qy: NS '\_P’ :b% <,-.!,Q (1:? /cb /5’ Q Q.Q '1’:) %Q
A Vow “Yhigh 85 /8 1

Figure 3.7: Effects of leaving out event GW190814 under the BROKEN POWER LAwW +
DipP model. Green contours correspond to the inference when GW190814 is included, and
grey contours correspond to the inference when it is excluded. Almost all hyperparameters
remain unchanged with the inclusion vs exclusion of GW190814, indicating that this event is
consistent with the inferred population using this model. The only parameter that exhibits
a noticeable change is 7.y, Where the bimodality of the posterior distribution disappears
with the exclusion of GW190814.
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ponent in the lower mass gap.

3.5 Discussion

A lower mass gap between NSs and BHs has been suggested by observations of X-ray binaries
that find a lack of BHs below 5 Mg [Bailyn et al., 1998, Ozel et al., 2010, Farr et al., 2011]
despite predictions for the maximum allowed NS mass by the NS equation of state [Margalit
and Metzger, 2017, Ruiz et al., 2018, Shibata et al., 2019, Chatziioannou, 2020, Legred
et al., 2021] of ~ 2 — 2.5 M. Such a dearth of systems just above the maximum NS mass
is in contrast with theoretical studies of compact object formation scenarios which predict
a continuous distribution of supernova remnant masses that have a smooth transition from
NSs to BHs [e.g., Fryer and Kalogera, 2001, Fryer et al., 2012, Kushnir, 2015, Zevin et al.,
2020, Drozda et al., 2020].

In this chapter, we explore whether there is evidence for a lower mass gap in the existing
gravitational wave data. Inferences on the edges of such a gap have previously been carried
out by examining the extrema of separate BH and NS distributions. However, this approach
lessens the amount of information available to both analyses, and can lead to biased infer-
ences. It is insufficient to simply look at the largest NS mass and smallest BH mass in the
catalog, and make statements about a mass gap. The best estimates for individual compact
object masses can only be achieved through an analysis of the full population, including sys-
tems on both sides of the gap as well as those in the gap (if any). Fitting a single model
across the entire spectrum of compact binary coalescences allows us to find features that are
difficult to infer from fits to the BBH, BNS, or NSBH mass distributions alone.

We present global fits to the mass distribution of NSs and BHs in merging binary systems

in Fig. 3.3. All models considered find a sharp drop in the mass distribution at ~ 2 —3 My,
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either via a steep power law (top panel) or a sharper “discontinuity” (middle and bottom
panels). Although this feature has been determined solely from the mass distribution of
GW systems, it presumably relates to the maximum mass of NSs in GW binaries. It is
suggestive that this break occurs precisely in the mass range predicted from equation-of-
state calculations Legred et al. [2021]. More detections at NS masses will inform the shape
of the mass spectrum below 3 M), allowing us to better resolve the nature of this drop-off.

For models that allow for a feature in the mass distribution after the initial “neutron
star” drop, we find a subsequent rise at ~ 4.5 — 8.5 Mg (bottom panel of Fig. 3.3). While
this hints at a potential mass gap between NSs and BHs , we cannot confidently detect nor
rule out the existence of such a feature with the limited detections and low sensitivity in
that region.

As we emphasize above, understanding a single GW event can only be done in the context
of the full underlying population. Given our population model which bridges the gap between
NSs and BHs, we are able to analyze individual events in the context of this model, and
thereby classify them as BNS, NSBH, BBH, or binaries with one component in the mass
gap.

Using this population-based classification scheme, we find that GW200105 likely straddles
the mass gap, with its primary component confidently higher than the inferred upper edge,
and the secondary likely falling below the edge, though uncertainties on the lower edge
location make the exact classification uncertain. We similarly reaffirm that GW200115 is an
NSBH, with its secondary component below the lower edge of the mass gap and its primary
having roughly equal support below and above the upper edge. Our inference is unable to
determine if GW190814’s secondary mass lies below or above the lower edge of the mass gap,
but slightly prefers it to lie within the mass gap. This ambiguity is driven by uncertainty
in the location of the lower edge of the gap. Thus, the nature of GW190814 may emerge

as future data constrain global population models. We re-emphasize that these results are
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based solely on GW data; the existence of baryons has not been assumed in this analysis.
Nonetheless, the conclusions are broadly consistent with expectations from NS EOS studies
as well as analyses of galactic X-ray binaries.

All of the models considered in this work can accommodate the full list of observed events
without any obvious outliers. In particular, we find that GW190814 is consistent with the
full set of compact binary coalescences, even if we are not yet able to identify to which
subpopulation it belongs. In this work we focused on the component mass distribution to
identify the component objects of binaries. However, future investigations of the mass ratio
distribution may help us distinguish between NSBH and BBH population with NSBH systems
in recent population synthesis work that tend to prefer mass ratios < 0.5 [Broekgaarden et al.,
2021].

The delineation between NSs and BHs is a fundamental observable of GW binary popu-
lations. Observable constraints will inform the astrophysics of compact object formation, NS
equation-of-state studies, and the formation channels of GW binaries [e.g. Fryer et al., 2002,
Belczynski et al., 2012, Fryer et al., 2012, Miiller et al., 2016, Breivik et al., 2019, Shao and
Li, 2021, Liu et al., 2021|. For example, the confident identification of a feature in the overall
mass distribution that is distinct from the maximum NS mass inferred from nuclear theory
would have important implications for specific supernova explosion mechanisms [Fryer et al.,
2012, Kiziltan et al., 2013|. From GW observations alone, we have identified a sharp drop
in the mass distribution of compact objects at ~ 2-3 M, as might be expected from the
maximum allowed mass of NSs . There is insufficient data to confidently constrain the exis-
tence of a subsequent mass gap between NSs and BHs. However, the LVK has now nearly
completed the fourth LVK observing run (O4), putting the GW community in a position to

definitively resolve or disprove this mass gap.
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3.6 Additional analysis details

3.6.1 Hyperposteriors inferred with and without NSBH events

In Fig. 3.8 we present a corner plot of the posteriors for relevant hyperparameters inferred
by including and excluding the NSBH events GW200105 and GW200115. We find these
events are broadly consistent with the rest of the CBC population. The bottom row shows
the effect on the overall rate of mergers. It illustrates the effects of treating these two events
as if they were detected in the first half of the third observing run. This choice introduces a
systematic bias on the rate inference of 23%, which is well within the statistical uncertainties
of the rate. Nonetheless, we do not quote merger rates of NSBH-like events, leaving this
calculation to future analyses that are able to include the full set of GW detections in the

third observing run.

3.6.2  Most flexible model fit

As a final check of our results, we perform an analysis where all hyperparameters are simul-
taneously fit. A corner plot for this analysis is shown in Fig. 3.9. Notably, we find v}, =
2.231’8:;% Mo ; Yhigh = 6.34J_r%:(1)§ Mg, and A = 0.89t8:82, all of which are broadly consistent

with the corresponding hyperposteriors inferred using BROKEN POWER LAw + Dip.

A prior range for M{high,low} that included both negative values and 50 was too large
to allow convergence of our sampler given the relatively low number of detections, so we
chose uniform priors between -4 and 12. Though neither hyperparameter is particularly
well-measured, we find both 75y, and np;ep to be positive with > 90% credibility, indicating

the existence of a dip in the mass distribution between 74y and Yhigh: Mow = 7.94+§:(73(3) and

+2.36

gn=12
Thigh = 8.54355. Similarly, we find a Bayes Factor of Bzh;gh_

= 13 in favor of a rise in
the mass distribution at y,j. However, both hyperposteriors are approximately uniform

above ~ 8, indicating that the inference is unable to resolve the steepness of the gap edges
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Figure 3.8: A subset of hyperposteriors for the BROKEN POWER LAW + DIP model in-
ferred with (green) and without (brown) the events GW200105 and GW200115. The mass
distribution does not change significantly with the exclusion of these events, indicating that
the NSBHs are consistent with the rest of the detected population. When the NSBHs are
included, the upper edge of the mass gap, Yhigh, 18 slightly better constrained and support
for a wider gap (low 7,y and high 'Yhigh) diminishes. This suggests that these events probe
the gap location. Hyperparameters on which the exclusion of the NSBH events has no effect
are not included in this plot.
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beyond a power law that is increasing (or decreasing, in the case of 7,y ) faster than ~ m8.

We therefore conclude that fixing the gap edges to be relatively sharp (77{high,low} = 50) is
allowed by the data. We additionally find that n,,;, peaks near the upper end of the prior
bound, validating that a steep turn-on at the lowest masses is preferred by the data.

As discussed in Section 3.2.3, the depth and location of the mass gap are not well-defined
in terms of one hyperparameter when the edges of the gap are allowed to be smooth. It is
therefore desirable to employ metrics for the existence of a mass gap that are both easily
interpreted and independent of model parameters. These could be used for any mass model,
not just the ones presented here.

Potentially the simplest such metric is the existence of a local minimum in the mass
distribution between 1-10 M. A lack of support for such a dip in the mass distribution in
this region may indicate either a lack of a lower mass gap or an inability to resolve one if it
does exist. We can therefore construct Bayes factors for the existence of a local minimum
that are defined as the ratio of the percentage of draws from the hyperposterior that find a
local minimum to the percentage of draws from the hyperprior that find a local minimum.

Within this most flexible model fit, we find that 80% of draws from the hyperposterior
have support for a local minimum between 1 M and 10 M), compared to 49.1% of prior
draws. This gives a Bayes factor of 1.63 in favor of a local minimum, showing that a lower
mass gap is slightly but not definitively preferred by the data.

An important caveat to this statistic, however, is that the existence of a local minimum
does not always map to the existence of a mass gap. For example, a shallow-but-declining
power law meeting a shallow-but-increasing power law would result in a local minimum,
but not a feature that one would expect if there were an astrophysically-induced dearth of
events within a certain range. This phenomenon inflates the number of prior draws that
produce a local minimum relative to those that produce a mass gap feature, thus decreasing

the resulting Bayes factor if the posterior does in fact resemble a mass gap.
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More complex metrics can be constructed to mitigate this problem, but most are subject
to similar issues and are less easily interpreted. Therefore, we caution against using such
statistics as the single assessment of feature significance, and instead recommend they be

paired with complementary probes that are more well-suited to specific models.

3.6.3 Model comparison

In Figs. 3.10, 3.11, and 3.12 we show corner plots of BROKEN POWER LAW, BROKEN
POWER LAW + DROP and BROKEN POWER LAW -+ DIP, respectively. At the top of each
column in these corner plots is listed the median and 68% credible intervals for each one-
dimensional marginal distribution. Note that this is not the same as the set of overall median
values, as there are significant correlations between the hyperparameters. The maximum
hyperposterior value for each model is provided in Table 4 of Farah et al. [2022a]. These are
the values used to produce the colorful line in each panel of Fig. 3.3. We additionally provide
Bayes factors (ratios of marginal likelihoods) and maximum likelihood ratios for each model
relative to BROKEN POWER LAw in Table 4 of Farah et al. [2022a]. Three of the models
have similar Bayes factors B, with a spread in B of < 20%. However, BROKEN POWER LAW
-+ Dip is favored by a factor of ~ 10. While not conclusive, this difference between Bayes
factors suggests that a mass gap with sharp edges may be preferred. The ratio of maximum
likelihoods for each model is provided to help disentangle the effect of the priors on the Bayes
factors. The two models which allow for a lower mass gap seem to be preferred over those
that do not, with maximum likelihoods that are larger by factors of ~ 20-50. Therefore, the
low Bayes factor of the most flexible model may partially be due to its large prior volume,
i.e. an “Occam penalty.” Nonetheless, the level of discrepancy seen in Table 4 of Farah et al.
[2022a] is not large enough to rule out any of the models considered based on their predictive

accuracy.
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CHAPTER 4
THINGS THAT MIGHT GO BUMP IN THE NIGHT:
SIGNIFICANCE OF STRUCTURE IN THE BINARY BLACK
HOLE MASS DISTRIBUTION

The previous chapter scrutinized the region between NS and BH masses, motivated by
theoretical and observational predictions for features in that mass range. We will now turn
our attention to a higher-mass region: the BBH population.

As detailed in Chapter 1, features in the BBH mass spectrum are shaped by massive
stellar physics, dynamical encounters in dense environments, and binary interactions. The
complicated and theoretically uncertain nature of these physical processes has motivated
many GW astronomers to search for features in the BBH part of the mass spectrum in
a weakly-modeled way. These “non-parametric” methods have considerably more flexibility
than the parametric methods used to search for specific predicted features. While this added
flexibility allows for the identification and characterization of previously-unpredicted fea-
tures, it can also obfuscate model systematics and make non-parametric models susceptible
to overfitting. Thus, it is necessary to understand if the features identified by non-parametric
models are due to overfitting or model systematics, as opposed to being real characteristics
of the GW data.

In this chapter, we make this distinction for population analyses of BBHs in GWTC-
3. We do this by performing the same population analysis that was done on GWTC-3,
but on hundreds of simulated GW catalogs with a known underlying distribution with no
features. Since these simulated catalogs have the same number of events, selection function,
and measurement uncertainty as GWTC-3, we can determine how often analyses on these
catalogs produce features at the same statistical significance as those identified in GWTC-3.

We found that only two (peaks at ~ 10 M and ~ 35 M) of the three features identified
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in GWTC-3’s BBH distribution could not be reproduced by fits to featureless catalogs,
implying that the third feature (a dip at ~ 14 M) could be due to model systematics or
overfitting. The two irreproducible features are therefore likely imprints of astrophysical
processes, but more data and/or different models are required to determine if the same is
true for the third feature.

This chapter is based on Things That Might Go Bump in the Night: Assessing Struc-
ture in the Binary Black Hole Mass Spectrum, a paper written in collaboration with Bruce
Edelman, Michael Zevin, Maya Fishbach, Jose Maria Ezquiaga, Ben Farr, and Daniel Holz,
and published in the Astrophysical Journal [955] as Farah et al. [2023]. While we focus on
non-parametric models here, the methods presented in this chapter can also be extended
to parametric models, and, since the publication of Farah et al. [2023], have been used to

validate parametric and non-parametric analyses alike.

4.1 Introduction

In Section 1.1 of Chapter 1, we discussed how the mass distribution of GW sources is shaped
by astrophysical processes, and how population analyses of the current data set have revealed
structure beyond a single power law in the distribution of BBH primary masses. The current
picture of the BBH mass distribution is therefore a decreasing power law from low to high
masses, with a global maximum at m1 ~ 10 M, a potential underdensity at m ~ 14 Mq,
and an overdensity at mq ~ 35 M. This can be seen in Fig. 4.1, where we plot the results
of fitting two parameteric models and one semi-parametric model to the BBHs in GWTC-3.

While the existence of this substructure appears robust, its interpretation is less clear.
Plausible explanations for this substructure include (1) Poisson noise, (2) modeling sys-
tematics, or (3) astrophysical signatures from one or several formation channels. We aim to
disentangle the first two possibilities from the third using the POWER LAW + SPLINE model

[Edelman et al., 2022|, one of the semi-parametric models used to identify the substructure
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reported in Abbott et al. [2023a].

Poisson noise would be caused by the fact that the fiducial BBH analysis in Abbott et al.
[2023a| includes only 69 events over a mass range that spans more than an order of magnitude,
so observations may appear to be clumped at some masses even if the underlying distribution
is smooth. We first determine if this explanation accounts for the data by simulating catalogs
of BBHs whose underlying distribution does not have the features of interest, applying the
analysis previously performed on GWTC-3, and determining how often such features are
spuriously found. We develop several metrics comparing observations to simulated data in
order to assess the statistical significance of the “bumps” in the primary mass distribution
found by Abbott et al. [2023a], Edelman et al. [2022]. All of the metrics derived in this work
answer the same general question: how often do we infer the existence of a feature when
analyzing observations of a true population without that feature? In this sense, these metrics
are analogous to frequentist p-values, as lower values correspond to more significant features
in the data. Readers familiar with gravitational wave data analysis might find it useful to
think of these metrics as false alarm rates because they quantify how often noise resembles
the observed signal.

A similar frequentist analysis on a large number of mock catalogs was performed by Sadiq
et al. [2022] on the peak at ~ 35 M using an adaptive kernel density estimator (aKDE) to
find features in samples drawn from featureless mass models, as well as from a model with a
single peak. They account for selection effects, but not measurement uncertainty. They find
that an aKDE is able to identify peaks in the data, and that the peak at ~ 35 M« found in
GWTC-2 is statistically significant within the aKDE model.

The second effect mentioned above, model systematics, could also plausibly cause spuri-
ous inference of features beyond a power law. It is potentially concerning that the models
considered in Abbott et al. [2023a] that find peaks and troughs in the mass distribution are

inherently “bumpy” both POWER LAw + PEAK [Talbot and Thrane, 2018] and MULTI
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SOURCE employ a smoothed power law with a Gaussian component, FLEXIBLE MIXTURES
is a linear combination of Gaussian components, and POWER LAW + SPLINE employs a
smoothed power law under a cubic spline modulation. The question is then whether these
“bumpy” models can recover sharp features or if they instead create peaks and troughs
that are morphologically dissimilar to the true distribution. This is most easily addressed
by cross-checking with independent models such as BROKEN POWER LAw [Abbott et al.,
2021d, 2023a] and the auto-regressive model presented in Callister and Farr [2024].

Inaccuracies in the selection function are also known to cause systematic biases when
inferring the underlying population |e.g. Malmquist, 1922, 1925]. These biases could, in
principle, also cause an incorrect inference of structure in the astrophysical distribution of
BBH masses. However, selection effects in GW detectors are remarkably well-characterized,
so we expect this effect to be subdominant to Poisson uncertainty. As the number of events
grows, so will our accuracy in the estimation of the selection function [Farr, 2019, Essick and
Farr, 2022].

We provide posterior samples from our simulated catalogs in an accompanying data
release [Farah et al., 2022b], and also provide a publicly-available python package, GWMockCat
[Farah et al., 2022¢]|, to create similar samples according to user-defined populations.!

Section 4.2 provides a demonstrative example: it foregoes a full fit to the astrophysical
population of sources, and compares the observed distribution of masses to possible ob-
served distributions given an underlying power law in primary mass, (incorrectly) assuming
no measurement uncertainty. This analysis suggests that the observed peak at ~ 35 My
is statistically significant, but that all other features beyond a simple power law might be
explainable by Poisson noise. This motivates a thorough study using a full hierarchical
Bayesian analysis on simulated event posteriors, which we carry out in Section 4.3. Sec-

tion 4.4 summarizes our conclusions and discusses their implications for the astrophysical

1. The data release can be found at https://doi.org/10.5281/zenodo.7411991, and GWMockCat can
be installed at https://git.ligo.org/amanda.farah/mock-PE .
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Figure 4.1: Distribution of primary BBH masses inferred using GWTC-3 and three different
population models. The smoothed power law model (grey) consists of a single power law slope
between a minimum and maximum mass, with the merger rate set to exactly zero outside
of those bounds. It also includes a smoothing parameter at the low-mass end that allows
for an offset between the minimum BH mass and the global maximum of the distribution.
The POWER LAW + PEAK model is similar to the smoothed power law, but also includes a
Gaussian component. The POWER LAW + SPLINE model adds a cubic spline modulation
to a smoothed power law to allow for additional substructure. We seek to determine if
the perturbations beyond a power law found by POWER LAW -+ SPLINE and other semi-
parametric models can be explained by random associations in the data due to a finite
number of observations, or if they are features of the true underlying distribution.

origin of the gravitational waves observed thus far by the LVK.

4.2 Motivation

To construct a simple test of feature significance and motivate further study, we first avoid a
fit to the mass distribution and instead consider the observed distribution of primary masses
and its resemblance to one that would result from a simple power law. The observed popula-

tion differs significantly from the astrophysical one, as current gravitational wave detectors
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Figure 4.2: Observed source-frame primary mass distributions. Black solid lines contain the
median a posteriori values for the binary black holes in GWTC-3. Pink and blue bands
indicate the 90% credible interval on the observed distributions predicted from astrophysical
distributions that are power laws in primary mass with spectral index a@ = 3.25 and a = 2.7,
respectively. The top panel shows a histogram of observed primary masses. For GWTC-3’s
distribution to be consistent with the null distributions, we expect its bin heights in the top
panel to be within the 90% credible intervals in 18 out of the 20 bins. The uncertainties in
these predicted distributions are due only to Poisson noise resulting from a finite number
of observations, rather than modeling uncertainty or uncertainty in parameter estimation.
Therefore, the cumulative distribution functions in the bottom panel are similar to a con-
ventional posterior predictive check, but with only one source of uncertainty. The large
deviations of the black curve from the shaded bands in some regions indicate the difficulty
that a single power law with Poisson shot noise has in fully explaining the observations.
However, many of the apparent excursions from a power law are well-contained within the
predicted bands.
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are subject to selection biases that favor the detection of closer and more massive systems,
as well as measurement error that affects each system differently. We construct plausible
observed mass distributions that could occur from detecting 69 BBHs whose astrophysical
distribution is a featureless power law in primary mass. To do this, we use the samples pro-
vided by Collaboration [2021]|, which were created for sensitivity estimation for the LVK’s
GWTC-3 analysis. Each of these samples comes with a probability of being drawn from
an assumed underlying distribution and a false alarm rate (FAR) assigned by each search
used by the LVK. We can then re-weight these samples to our desired population model (in
this case, a power law in m1, ¢, and z) using the draw probability, and apply the same FAR
threshold used in Abbott et al. [2023a] to select “found injections.” Of the ~ 6 x 10* found
injections, we resample to N = 10 independent sets of 69 draws each to directly compare
to observations.

We then histogram each set of these found injections, thereby obtaining a distribution of
bin heights for our mock populations. Using several thousand realizations of found injection
sets enables us to construct a null distribution of bin heights and characterize the effect of
Poisson noise on the shape of the observed distribution. We compare these null distributions
with the observed distribution of BBH masses in GWTC-32 by assuming the primary masses
are measured perfectly and using the median a posteriori values of their primary masses as
point estimates. The result is shown in the top panel of Fig. 4.2, which plots the 90% credible
interval on the observed null distributions, along with the distribution of median primary
masses of GWTC-3’s BBHs. For the null distributions, we consider two power law spectral
indices as representative examples: o = 2.7 and o = 3.25. These are chosen to represent

a range of plausible values for the BBHs in GWTC-3: a power law fit to GWTC-3 yields

2. For all comparisons to real observations, we use the publicly available posterior samples for GWTC-2.1
and GWTC-3. We use samples generated with the IMRPhenomXPHM waveform and a prior proportional
to the square of the luminosity distances (i.e. the samples were not “cosmologically reweighted”). To make
the most direct comparison with Abbott et al. [2023a], we keep events with secondary mass larger than 3 Mg
and FAR less than 1yr—!, resulting in 69 events.
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a = 2.981'8:%2, where the bounds represent 1-o deviations.
To obtain a more quantitative measure, we compare bin heights from the found injections,
hinj, to the bin heights of observed events in GWTC-3, hgwT(-3, obtaining for each bin i

the fraction of simulated bin heights that are lower than those of GWTC-3 BBHs. Explicitly,

N |1 itnl.. <h,
o if By s < hi.cgwTC-3
J

0 if h‘g’inj 2 hLGWTC—S

where the sum is over the N = 10% sets of found injections, and ry, is defined for each
bin. For example, if r;, = 0.95 for a given bin, the observed distribution in that bin is
larger than would be expected from a featureless power law 95% of the time. A value of rj,
approaching unity corresponds to a “bump” in the observed mass distribution, and a value
of r;, approaching zero is indicative of a “dip.”

Note that the comparison between the null distributions and GWTC-3 are occurring at
each bin, rather than across all bins. We do this because the magnitude of Poisson noise
depends on the value of my: since the underlying distribution is not uniform, fewer events are
expected at very high mq and therefore the relative standard deviation is larger. This is also
a consequence of Eddington bias [Eddington, 1913]. Making comparisons at specific points
in m7 does not, however, properly correct for the look-elsewhere effect. We will address this

effect in Section 4.3.

The three most significant values of T;L in the case of a = 3.25 are r}f'GM@ = 0.033,
7’,217'9 Mo _ 0.036, r26'1 Mo > 0.999, where the superscripts indicate the centers of the bins

at which r was calculated. This means that less than 0.1% of mock populations had more
events near 36.1 M than GWTC-3 does, 3.3% of mock populations had fewer events near
15.6 M than GWTC-3, and at 27.9 M), 3.6% of mock populations had fewer events.
Repeating the exercise for o = 2.7, we find the three most significant values of r%to
be 7“20'2 Mo _ 0.935, r27.9M@ = 0.020, r26'1M® > 0.999. The locations of the significant
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features differ when the assumed underlying distribution changes3. In either case, the bump
at ~ 35 M is unlikely to be due to Poisson noise, but other features may be.

To avoid the need to arbitrarily choose bins, we additionally construct a cumulative
distribution function (CDF) of the primary masses and compare it to the CDFs of the
null distributions, shown in the bottom panel of Fig. 4.2. This comparison is akin to a
posterior predictive check in that it can highlight where the model fails to predict the data.
Importantly, though, it differs from the conventional posterior predictive check because we
have purposefully left out the effects of modeling uncertainty and measurement uncertainty
in order to isolate the effects of Poisson noise. The prior distributions are therefore also not
included, since each event is assumed to be measured with perfect accuracy.

If o = 3.25, the null distributions are consistent with the data below ~ 18 M« and above
~ 35 Mg, but not between them, meaning that the ~ 10 M and ~ 35 My peaks can be
explained by Poisson noise, but the underdensity between them could not be. On the other
hand, if o = 2.7, the null distributions are consistent with the data everywhere except for
above ~ 40 My, suggesting that under this scenario, Poisson noise can explain all features
except for the ~ 35 My peak.

For both spectral indices considered, two of the three features found by Abbott et al.
[2023a| can be explained by Poisson noise from a finite number of observations. However,
this does not mean that exactly two of the features are the result of Poisson noise, just that
no more than two can be caused by the phenomenon. Additionally, it is not clear which of
the features are more likely to have physical origin, as this method offers no quantitative

way to determine which power law slope is preferred.

3. It is also possible to determine the existence of local minimia or maxima in this observed distribution
independently of the underlying power law. This can be done using a dip test for unbinned data [Hartigan and
Hartigan, 1985] or the minimum number of components required for a Gaussian mixture model [McLachlan
and Peel, 2000]. However, features in the observed distribution would be difficult to disentangle from selection
effects, so we recommend only applying these to the astrophysical distribution, as in Tiwari [2021]. Since
our principal aim is to quantify the significance of excursions from a power law, we leave such tests for future
work.
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Importantly, this methodology does not account for the effects of measurement error,
which can cause significant biases near the edges of sharp distributions when not properly
accounted for |Fishbach et al., 2020b]. We therefore turn to a full hierarchical Bayesian
analysis of simulated catalogs, which will allow us to fit for population model parameters,
take measurement uncertainty into account, and directly compare to metrics used in Abbott

et al. [2023a).

4.3 Hierarchical analysis and results

We determine how often the features inferred in the mass distribution of BBHs would be
spuriously found in data whose underlying distribution does not have those features. To do
this, we construct a null distribution by simulating BBH observations that would occur if the
underlying astrophysical distribution was a single power law with no substructure in a finite
range. The procedure for creating synthetic BBH observations is described in Section 4.5.1.
Mock observations are combined with corresponding sensitivity estimates in a hierarchical
Bayesian analysis, described in Chapter 2. We analyze these simulations in the same way as
the BBHs in GWTC-3 to determine how often the features observed in GWTC-3 would be

found from an underlying distribution without those features.

4.3.1 POWER LAW + SPLINE mass model

We use the POWER LAW -+ SPLINE semi-parametric primary mass model as a flexible model
that is easily capable of finding peaks and valleys in the mass distribution [Edelman et al.,
2022, Abbott et al., 2023a]. This model parameterizes perturbations or deviations from
a simpler underlying distribution with flexible cubic spline functions. Specifically, given

an underlying hyper-prior for primary mass, p(m1|A), the POWER LAW + SPLINE model
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describes the primary mass distribution as:

Pspline(Mm1|A, {m;}, {fi}) oc p(ma|A) exp(f (ma[{m;}, {fi})) (4.2)

where f(mq|{m;},{f;}) is the function describing the perturbations, which we model with
a cubic spline function interpolated by introduced hyper-parameters, {m;}, the locations of
spline knots in mass space, and {f;}, the height of the perturbation function at each knot.
This describes a semi-parametric model as it includes a simple “parametric" component
(the underlying distribution) in addition to a non-parametric component that models the
perturbation around the simple description. For this study we use the simplest primary
mass model for the underlying description, which is the TRUNCATED model, describing a
power law with sharp cutoffs at the lower and upper mass bounds |[Fishbach and Holz, 2017,
Edelman et al., 2022|. While this model has been shown to insufficiently describe the primary
mass distribution, it captures the majority of the broadest features [Abbott et al., 2021d,
2023a].

To assess the significance of peaks or valleys found with the POWER LAW + SPLINE
model one can look at the posterior distribution of the perturbation heights as a function of
mass. This tells us how far “off” the simple power law description is from accounting for the
data. Specifically we can find what percentile f(m1) = 0 falls in the posterior distribution as
a function of mass. For data exactly distributed as a power law (the underlying population),
the inferred perturbation function should be symmetric about 0 with widths determined by
the prior distributions on the knot heights and the number of observed events. At masses
where the percentile of zero perturbation approaches 100% (0%) we can say there is an over
(under) density of events at these masses, compared to the underlying power law distribution.
This is identical to the analysis done by Abbott et al. [2023a], who use the percentile at which
the perturbation function excludes zero at a given location as a metric for how significant a

feature is at that location.
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4.3.2  Metrics of feature significance

As described in Section 4.3.1, the POWER LAW + SPLINE model makes use of a perturbation
function constructed from cubic splines. The height of the perturbation function, f(m1), at
a point in primary mass, m1, is then a direct measure of the deviation from a power law at
that point. We can determine how often one would find spurious evidence for substructure
by simulating catalogs from a power law, fitting them with the POWER LAW + SPLINE
model, and examining the resulting perturbation function.

If the mock catalogs produce perturbation functions with similar amplitudes to those
seen for GWTC-3, the structure in the GWTC-3 fit might be described by Poisson noise.
On the other hand, if the perturbation functions produced by fits to the mock catalogs are
always lower in amplitude to that of the GWTC-3 fit, the structure in the GWTC-3 data is
likely to be present in the underlying distribution.

For a given mock catalog, we find the m; value where the median a posteriori value
of the perturbation function is maximal. We obtain the posterior distribution of pertur-
bation function amplitudes at that location, ¢(fmax). We repeat this for all mock cata-
logs, obtaining a set of maximal perturbation function distributions, {g;(fmax)}. These
are plotted in light grey on the left panels of Fig. 4.4. The locations of the three maxi-
mal perturbation function amplitudes in the GWTC-3 fit are, from least to most Bayesian
significance, 13.8 M), 10.3 M), and 35.7 M. The posterior distributions of perturbation
function heights at these locations are ggwrc.3(f(13.8 Mw)), 9gawrc-3(f(10.3 Mp)), and
gawTc-3(f(35.7 Mw)), and are plotted in orange in the left panels of Fig. 4.4. The ampli-
tude of the perturbation function at 13.5 M, is negative (i.e. it is a dip rather than a bump),
so we flip its distribution about zero for more direct comparison. The same is done for all
9(fmax) whose medians are negative, as the perturbation function’s prior is symmetric about

Zero.
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4.3.8  Simulation study

To determine whether the features in the mass spectrum of GWTC-3 BBHs are the result
of Poisson noise of a finite number of observations drawn from a featureless power law, we
compare POWER LAW + SPLINE fits using the GWTC-3 catalog and 300 mock catalogs
generated from a “featureless” power law. The mock catalogs considered in this section are
all generated from the same underlying distribution: a truncated power law in primary mass,
mass ratio, and redshift, with a smoothing at low component masses to ensure the peak of
the mass distribution is not in the same location as the minimum mass. The explicit form
of the mock catalogs’ population model, including values of all of its hyperparameters, can
be found in Section 4.5.2.

Full parameter estimation was not performed on each event in each mock catalog; instead,
we use prescriptions for generating event posteriors that reproduce the correlations between
an event’s parameters, as well as the typical uncertainties seen in GWTC-3. We show in
Section 4.5.3 that the prescriptions used are sufficient to reproduce population analyses such
as the ones scrutinized in this work. In order for our comparisons to be consistent between
featureless mock catalogs and GWTC-3, we recreate GWTC-3’s event posteriors with the
same prescriptions as were used for the mock catalogs, perform a population analysis on
those, and use the resulting perturbation function for all comparisons to mock catalogs. Our
population re-analysis of the GWTC-3 events with mock posteriors appears consistent with
the full analysis presented by the LVK in Abbott et al. 2023a. Lines labeled “GWTC-3" or
depicted in orange in Figs. 4.3, 4.4, and 4.5 refer to the analysis done on the recreated
version of GWTC-3. All analyses presented here were repeated using the original LVK-
released parameter estimation samples in Section 4.5.3, and the same qualitative conclusions
were reached, though with slightly more statistical significance.

Despite knowing the parameters of the underlying population for the mock catalogs, we

allow all hyperparameters to vary when fitting POWER LAW + SPLINE to the mock catalogs.
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Figure 4.3: Median (top panel) and 90% credible interval (bottom panel) of the perturbation
function resulting from the POWER LAW + SPLINE fit to the primary masses in GWTC-3
(orange) and in 10 mock catalogs (grey). The perturbation function multiplies a smoothed
power law in primary mass to add modulations to an otherwise monotonic distribution,
making it a direct measure of deviations from a power law. It is a cubic spline with knots fixed
at the locations indicated by the black vertical tick marks. The prior on the perturbation
heights is the unit normal distribution, as can be seen below ~ 5 Mgz where there are no
detections to constrain the likelihood and the posterior reverts to the prior. The perturbation
function corresponding to GWTC-3 events appears large in amplitude in three locations:
~ 10 Mg, ~ 14 M@, and ~ 35 M. While the medians of the perturbation function at these
distributions are comparable in amplitude, the posterior distribution at ~ 35 My (~ 14 Mp)
is the most (least) tightly constrained.
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The resulting perturbation functions are shown in Fig. 4.3 for 10 randomly chosen mock
catalogs and GWTC-3. The perturbation functions deviate from their prior distribution in
the mass range where detections exist (above ~ 5 Mg, and below ~ 85 M), even in the case
of mock catalogs. This means that the perturbation functions are informed by the mock data
despite the mock data not inherently requiring a deviation from a power law. The question
still remains whether the perturbation function heights inferred from mock catalogs with
no substructure are larger than those inferred from GWTC-3. While nonzero values of the
perturbation function are common in the 10 mock catalog fits shown in Fig. 4.3, only a few
amplitudes appear comparable in height to the three largest amplitudes of the GWTC-3
perturbation function.

To verify this, we isolate the largest amplitude perturbations for all 300 mock catalog
fits and compare them to the three largest amplitude perturbations for the GWTC-3 fit.
These are plotted in the leftmost panels of Fig. 4.4. The light grey curves are the posterior
distributions of largest perturbation function amplitudes {g;(fmax)} for each simulated cat-
alog 7. These appear to have the same general shape as one another, though with noticeable
scatter. The orange curves in each panel are the posterior distributions of GWTC-3’s pertur-
bation function ggwrc.3(f(m1)) at its three maximal locations: my = 13.8 My, 10.3 M),
and 35.7 Mg.

The distribution for the ~ 14 M« dip appears qualitatively similar to that of the simu-
lated catalogs, the ~ 10 My, peak appears to be slightly shifted with respect to most of the
simulated catalogs but still within their range, and the ~ 35 M peak is noticeably shifted to-
wards higher values relative to the bulk of the simulated catalog distributions. This suggests
that the ~ 35 M peak is unlikely to be the result of Poisson noise or modeling systematics,

while other features could plausibly be explained by those effects.
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Figure 4.4: Three largest deviations from a power law observed in GWTC-3 compared to
mock catalogs. Left column: The posterior distribution of perturbation function heights at
the location where the posterior distribution is maximal for mock catalogs (light grey) and
GWTC-3 (solid orange). Middle column: Null distribution (black) and GWTC-3 distribu-
tion (orange) of Kolmogorov-Smirnov (KS) divergences between the individual distributions
in the left column. Smaller values of the KS divergence indicate more similar distributions.
Right column: Null distribution (black) and GWTC-3 distribution (orange) of percentiles.
Large deviations from the diagonal indicate a more significant rightward shift of the GWTC-
3 distribution relative to the mock catalogs. Each row corresponds to a different local ex-
tremum for GWTC-3: m; = 13.8 My (top), my = 10.3 Ms (middle), and m; = 35.7 M,
(bottom), while the global extrema for each mock catalog are shown in all rows, along with
the aggregated distribution across all mock catalogs (solid black). The ~ 35 M, peak is an
outlier with respect to both the KS and percentile statistics, but the other two features are
more ambiguous.
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Maximum perturbation amplitude

To obtain a more quantitative measure, we derive several metrics from the distributions of
maximal perturbation function amplitudes. The first uses the Kolmogorov—Smirnov (KS)
test: we compute the KS divergence D between each of the {g;(fmax)} distributions to
obtain a null distribution of KS divergences, shown in the solid black curve in the middle
column of Fig. 4.4. We then perform a KS test between the {g;(fmax)} distributions and
gawTc-3(f(mq)) and obtain the orange curves in the middle column of Fig. 4.4. From this,
we find that the KS divergences for mock catalogs are larger than those of GWTC-3 20%,
11%, and 7% of the time for the 14 Mw, 10 My, and 35 M features, respectively. This
means, for example, that mock catalogs can produce perturbation function posteriors as tall
as the one inferred from GWTC-3 at ~ 35 My only 7% of the time. Written in terms of
9(f), 9awrc-3(f(14 Mg)) # gj(fmax) to 20%, gawrc-3(f(10 Me)) # gj(fmax) to 11%, and
gewTc-3(f(35 Ma)) # g;(fmax) to 7%. Though none of these percentages are convincingly
small, this indicates that the orange histograms are more statistically distinct from the black
histograms in the case of the ~ 35 My peak than they are in the cases of the features at
10 M and 14 M.

The second metric is obtained by quantifying the shift of ggwrc.3(f(m1)) relative to
the set of {g;(fmax)}. For each point in ggwrc.3(f(m1)), we calculate the percentile in
which it lies in each of the {g;(fmax)}, obtaining the orange bands in the rightmost panels
of Fig. 4.4. For comparison, we do the same for each of the {g;(fmax)} relative to each other,
constructing the grey bands in the rightmost panels of Fig. 4.4. We then take the mean of
the set of light orange bands and light black bands to obtain the solid orange and solid
black curves, respectively. The black bands serve as null distributions, so large deviations
from those indicate significant shifts. We observe a large deviation for the ~ 35 M peak,
a moderate deviation for the ~ 10 M peak, and only a slight deviation for the ~ 14 Mq

dip. Quantitatively, gowrc-3(f(35Ma)) > gj(fmax) to 83:135% (90% credible interval),
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meaning that the ~ 35 My peak lies in the 834_'égrd percentile of the mock catalogs’ largest
perturbation heights. For the other features, gqwrc.3(f(10 M)) > gj(fmax) to 74:238%
and ggwrc-3(f(14 M)) > gj(fmax) to 34‘:2%%. In comparison, the corresponding statistic
for the null distributions is ¢;( fmax) > ¢i(fmax) to 501’%%.

It is not possible to draw firm conclusions from these large uncertainties. However, the
central values indicate that the ~ 35 Mg peak is noticeably shifted relative to the mock
catalogs’ perturbation functions, the ~ 10 My peak is moderately shifted, and the ~ 14 M
dip even has a slightly lower amplitude than the maximum perturbation functions typical of

mock catalogs.

Inconsistency with a power law

The final metric we consider is inspired by the statistic presented in Abbott et al. [2023a),
which states that “the inferred perturbation f(m;p) strongly disfavors zero at both the 10 Mg
and 35 M peak.” We therefore turn from considering the full distribution of perturbation
function heights at a given location to the percentile at which it excludes zero. A perturbation
function amplitude of zero is a useful reference point for several reasons. The most intuitive
is that it causes the population model to behave like a featureless power law, so a posterior
that excludes zero to high credibility indicates an inconsistency with a power law. Zero is
also the mean of the prior predictive distribution for the perturbation function: the prior
allows for equal upwards and downwards fluctuations, symmetric about zero perturbation.
Similarly, a vanishing perturbation function amplitude is the state to which we expect the
posterior predictive distribution to asymptote in the limit of infinite detections from an
underlying power law distribution. We therefore plot the percentile at which each mock
catalog excludes zero perturbation in Fig. 4.5.

We then calculate how often a simulated catalog’s perturbation function excludes zero

to the same credibility as that of GWTC-3. This is the same as finding the point along the
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Figure 4.5: Percentile at which the posterior distribution of the perturbation function ex-
cludes zero for GWTC-3 (orange vertical lines) and catalogs drawn from a featureless dis-
tribution (black histogram). For GWTC-3, we evaluate the perturbation function’s poste-
rior distribution at primary mass (mq) values of 13.8 My (dotted), 10.3 My (dashed), and
35.7 M (solid). For mock catalogs, we find the primary mass value at which the perturba-
tion function is maximal and evaluate its posterior distribution there. The values reported
here are the percentage of the posterior distribution that is greater than zero at those val-
ues in my. The 13.5 My feature excludes zero to a level comparable to some of the mock
catalogs, but the other two features exclude zero to a level not reproducible by any mock
catalogs.
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y-axis of Fig. 4.5 at which each of the vertical orange lines hits the cumulative distribution
function. 1.7%, 10.0%, and 92.7% of the {g;(fmax)} exclude zero to the same percentile
as gawrc-3(f(35 Mo)), gawrco-3(f(10 Me)), and ggwrc-3(f(14 Me)), respectively. The
fact that, for example, gowrc.3(f(14 Ms)) < 0 to 20.7% but 92.7% of mock catalogs have
a similar or smaller statistical excursion is due in part to the difference between Bayesian
credible intervals and frequentist p-values, and because our metric corrects for the look-
elsewhere effect by comparing GWTC-3’s perturbation function at specific locations to all
possible locations in the mock catalogs.

Combined with the metrics presented in Section 4.3.3, the results above lead us to con-
clude that the peak at ~ 35 M) is difficult to reproduce with featureless catalogs, but it
is possible that the dip at ~ 14 M is just a large fluctuation rather than a astrophysical
feature. The peak at ~ 10 M, is difficult to reproduce with featureless catalogs, though it
is easier to reproduce than the ~ 35 My peak. We discuss the interpretation of this feature
in more detail in Section 4.4.

In summary, featureless catalogs can sometimes produce features as tall as the ~ 10 My
peak, and they can sometimes produce perturbations constrained away from zero with the
same credibility. The dip at ~ 14 M, could be a Poisson fluctuation because fits to featureless
catalogs can easily produce perturbations as large, and as credibly constrained away from
zero perturbation. The peak at ~ 35 M, is difficult to reproduce by mock catalogs in any
way: its perturbation amplitude is too large and too credibly constrained away from zero.

The fact that we find one of the features explainable by Poisson noise is consistent with
Section 4.2, which suggests that up to two of the excursions from a power law can be explained
by Poisson fluctuations. Our conclusions are also in broad agreement with those presented
in Abbott et al. [2023a|, as they report confident detections for the two largest peaks in the

mass distribution but only modest evidence for the dip at ~ 14 M.
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4.4 Discussion

Previous analyses of the BBH mass spectrum by the LVK and others have found evidence
for structure beyond a simple power law [Abbott et al., 2021d, 2023a|. There has been
considerable work exploring possible astrophysical causes of these identified features. Our
aim is instead to determine, from a statistical viewpoint, whether astrophysical arguments
need be invoked at all.

We first demonstrate that it is only possible for up to two of the three deviations from a
power law to be explained by Poisson noise about a single power law distribution. Therefore,
at least one feature must be added on top of a power law to describe the data.

We then perform a more thorough analysis, simulating thousands of BBHs with mea-
surement uncertainty, selection effects, and a known underlying distribution. We fit the
POWER LAW + SPLINE model to the resulting catalogs and find that the data is inconsis-
tent with a single power law, agreeing with the LVK result. However, we find that one of
the previously identified features, an underdensity at ~ 14 My, may not be present in the
true astrophysical distribution. Instead, it may have been the result of a Poisson fluctuation
around a simple power law, or an artifact of the models used to fit the mass spectrum. The
metrics constructed in this work differ from those previously used to assess the significance
of features in the mass distribution because, by virtue of comparing to several simulated
catalogs, they correct for the look-elsewhere effect. This is only in mild tension with the
conclusions reached by Abbott et al. [2023a], as they report “modest evidence” in favor of a
dip at 14 M.

We find the other two previously identified peaks, at ~ 10 M and ~ 35 My, unlikely
to be the result of Poisson noise or modeling artifacts. Simulated catalogs coming from
distributions that do not include these features can reproduce the height of the ~ 10 Mo
peak, but not its lack of support for zero perturbation. The ~ 35 My peak is difficult to

reproduce from featureless catalogs in any way.
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Our conclusions are consistent with a recent study by Callister and Farr [2024] who fit
the BBH mass distribution with an autoregressive model and find that the primary mass
distribution gradually decreases as a function of mass and exhibits two local maxima with
a relatively flat continuum between them. They interpret the 14 solar mass dip found by
other analyses to be a flattening of the power law index at lower masses rather than a local
minimum. We also find similar results to Edelman et al. [2023] who construct the mass
distribution entirely from basis splines and find peaks at ~ 10 Ms and ~ 35 M. The
significance of the peaks near 10 M and 35 M), as well as the lack of significance of the dip
near 14 My, is also in agreement with Sadiq et al. [2022] and Wong and Cranmer [2022].

The dip near ~ 14 M may be a large Poisson fluctuation or an artifact of the models
used to characterize it. If it is in fact a feature of the underlying distribution, it is difficult
to resolve with current observations.

The peak near ~ 10 M is likely an imprint of the true astrophysical distribution. Its
amplitude is slightly larger than what featureless catalogs can produce with random fluctu-
ations, and it is inconsistent with the power law that describes the rest of the BBH mass
distribution at a level that only a small fraction of featureless catalogs can achieve. We
therefore report moderate evidence that additional structure beyond a power law is needed
to explain the peak at ~ 10 Me.

The ~ 10 M feature may either be an additional peak that is distinct from the one
created by the underlying smoothed power law at ~ 7 M [Abbott et al., 2023a, Edelman
et al., 2022, Tiwari, 2022| or the sole peak in the region between ~ 5 Mg and ~ 20 Mg
[Edelman et al., 2023]. These two possibilities can be seen in Fig. 4.1. The former scenario
is the case where we interpret the first two peaks in the orange band as distinct from one
another, therefore treating the global maximum inferred by POWER LAW + SPLINE as a
different feature from the global maximum inferred by POWER LAW + PEAK. In the latter

scenario, the role of the perturbation function is to shift the global maximum from the value
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inferred by the power law component to a slightly higher value without removing the mass
distribution’s support for 5-10 M objects. A simple smoothed power law, such as that
employed by the POWER LAw + PEAK model (see grey and blue bands in Fig. 4.1), may
not be flexible enough to place a global maximum at ~ 10 My while also fitting the correct
slope at larger masses and fitting the correct merger rate below ~ 10 My, so it places its
global maximum at ~ 7 M. This scenario, in which there is a single local maximum below
~ 12 Mg, is consistent with Edelman et al. [2023] and Callister and Farr [2024], both of whom
find only one significant maximum between approximately 3 M and 12 M using fully non-
parametric methods. If this interpretation is correct and the global maximum of the BBH
mass distribution is indeed offset from the minimum mass by ~ 5 M), the upper edge of the
lower mass gap may not be as morphologically simple as previously assumed [e.g., Fishbach
et al., 2020a, Farah et al., 2022a, Ezquiaga and Holz, 2022|, making it potentially difficult to
resolve with parametric models alone. The marginal evidence for the significance of the ~
10 M peak is likely driven by the fact that current observations are insufficient to distinguish
between these two scenarios, which is unsurprising considering the lower sensitivity of GW
detectors to low-mass events relative to high-mass events.

A peak anywhere between ~ 7 M and ~ 10 My could be indicative of particular evolu-
tionary processes that are dominant within formation environments. van Son et al. [2022b]
showed that a global maximum near this value is consistent with and robustly predicted
by the stable mass transfer channel in isolated binary evolution, as stability during mass
transfer requires mass ratios between the donor star and accreting compact object to be
relatively symmetric, and stellar companions to ~ 10 M BHs must be near this mass to
form compact objects above the minimum BH mass. This may be an indication that the
stable mass transfer channel operates more efficiently than the traditional common envelope
channel for generating merging BBHs. If the stable mass transfer channel is indeed the cause

of the global maximum in the primary mass distribution, the exact location of this global
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maximum will constrain the core mass fraction, mass transfer stability, and mass transfer
efficiency of this process [van Son et al., 2022b]. Though dynamical formation channels with
low escape velocities, such as globular clusters, struggle to produce a global maximum at
10 My [Antonini et al., 2022|, dynamical environments with higher escape velocities may
more readily produce merging BBHs with lower masses around 10 Mo due to the more
prevalent lower-mass BHs preferentially remaining bound to these clusters following super-
nova kicks.

We find that the peak centered on 35 M is the most likely to be a feature of the true
underlying distribution. This bodes well for the “spectral siren” [Farr et al., 2019, Ezquiaga
and Holz, 2022] method of estimating cosmological parameters from GW observations, as this
peak happens to be the most informative feature for this method since it is a well-measured,
somewhat sharp feature in the mass distribution [Abbott et al., 2023b]. The astrophysical
process that gives rise to this feature is still a topic of discussion. The key reason for including
a flexible bump-like feature in the phenomenology of parametric models, such as the POWER
LAW + PEAK model used by the LVK [Talbot and Thrane, 2018|, was to accommodate a
potential build-up of BHs with masses just below the pair instability mass gap, as pulsational
pair instability supernovae are predicted to efficiently shed material from high-mass stars
with cores in the mass range of Mcore ~ 45— 65 [Woosley, 2017, 2019, Marchant et al., 2019,
Renzo et al., 2020]. It is difficult to reconcile the locations of the local maxima found in the
BBH primary mass distribution with predictions of the pair instability process in the cores of
massive stars. The largest uncertainty determining the location of the lower edge of the pair
instability mass gap is the 12C(a, 7)100 reaction rate, which determines the abundance of
oxygen in stellar cores [e.g., Farmer et al., 2019]. Higher 12C(a,~)'90 reaction rates lead to a
higher oxygen abundance in the stellar core, which will ignite explosively during core collapse
and lead to (pulsational) pair instability supernovae occurring at lower core masses. However,

even at 30 deviations above the median measured value of the 12C(a, 7)160 reaction rate,
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the lower end of the mass gap only reaches ~ 38 M |Farmer et al., 2020|. This is above
where the measured overdensity in the observed mass spectrum occurs. This may be an
indication that the peak at 35 Mg is the result of certain isolated binary evolution scenarios
le.g. chemically homogeneous evolution, see du Buisson et al., 2020, Zevin et al., 2021,
Bavera et al., 2022|, another BBH formation channel entirely (e.g. globular clusters, see
Antonini et al. 2022), or that stellar evolution models are missing particular ingredients that
can shift the location of the pair instability gap (relaxing the assumption that the exploding
stars are hydrogen-free, adjustments to convective overshooting, see e.g. Iorio et al. 2022).
Additionally, several studies have suggested that the observed peaks in the BBH mass
distribution can be explained by successive generations of hierarchical mergers [Tiwari, 2021,
Mahapatra et al., 2022, Tiwari, 2022|, though no correlation has been detected in the spin
distribution of BBHs [Biscoveanu et al., 2022a|, which is also necessitated by the hierarchical
merger formation scenario [Gerosa and Berti, 2017, Fishbach et al., 2017, Rodriguez et al.,
2019, Kimball et al., 2020a, Doctor et al., 2020, 2021, Gerosa et al., 2021]. Additionally,
for these peaks to correspond to hierarchical mergers of the same population, the dominant
hierarchical pairing would have to be the first generation BH with a third generation BH
[Mahapatra et al., 2022, Tiwari, 2022, whereas the dominant pairing predicted by Rodriguez
et al. [2019] is a first generation BH generation with a second generation BH. While it is cer-
tainly possible that GWTC-3 contains hierarchical mergers (e.g. Abbott et al. 2020d, though
also see Fishbach and Holz 2020a), the relative fraction of events formed this way is likely
too small to form the structure observed in the primary mass distribution [Kimball et al.,
2020b], and some fine-tuning may be needed to avoid a cluster catastrophe [Zevin and Holz,
2022]. The exact physical reason for the overdensity at 35 Mg therefore remains unclear.
However, we confirm that it is a robust signature in the observational data; future observing

runs will help to constrain its precise location, width, and possible redshift evolution.
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4.5 Additional analysis details

The following software packages were used in this chapter: gwpopulation |Talbot et al.,
2019], bilby [Ashton et al., 2019|, dynesty [Speagle, 2020|, numpy [Harris et al., 2020|,

xarray [Hoyer and Hamman, 2017|, matplotlib [Hunter, 2007], pandas [McKinney, 2010|

4.5.1 Generation of mock observations in GWMockCat

We describe the process used to simulate gravitational wave event posteriors in mass and
redshift, based on the procedure developed in Fishbach et al. [2020b].

This process neglects the generation of spin posteriors as this work only seeks to under-
stand the significance of features in the mass distribution, and individual-event likelihoods
are approximately separable in spin and primary mass for BBHs, and we do not model any
spin populations in this work. However, spin and mass parameters are not totally uncorre-
lated for low-mass or high mass ratio events, so future work attempting to validate features
seen in the mass ratio distribution, NSBH, or BNS populations should consider simulating
spin parameters as well. A lightweight, publicly-available python package that can reproduce
these mock posteriors and generate similar catalogs from arbitrary underlying populations
and detector sensitivities is available for download and installation?. The package is called
GWMockCat, and installation instructions, examples, and documentation are available in the
git repository. Several packages exist to draw events from BBH population models [Belczyn-
ski et al., 2008, Breivik et al., 2020, Riley et al., 2022, e.g.]|, some of which also simulate GW
detector selection effects [Karathanasis et al., 2022b]. GWMockCat complements these by ad-
ditionally simulating event-level posteriors without the need to run full parameter estimation
inference, saving significant computational time.

To create realizations of catalogs that would reasonably result from a known underlying

astrophysical population, p(my,ms, z), we first make independent draws of the event param-

4. https://git.ligo.org/amanda.farah/mock-PE
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eters, {m1,ma, 2z}, from that population model. Each draw corresponds to a potential event
in the catalog, although we draw many more potential events than we wish to keep since
not all events generated from the astrophysical distribution will ultimately be detected. We
then convert each event’s redshift z and source-frame component masses to a detector-frame
(redshifted) chirp mass, M 4et, and symmetric mass ratio, . The symmetric mass ratio and

source-frame chirp mass M are related to the source-frame component masses via

mima

= (ot +ma)? )
(mym )3/5
M = m (4.4)

All detector-frame masses are related to their source-frame values via My = M(1 + z2),
where M can describe any parameter with units of mass (e.g. my, mo, or M).

We then utilize the basic procedure outlined in Fishbach et al. [2018] and Fishbach et al.
[2020Db] to assign “observed" parameters for each event, using measurement uncertainty that is
correlated across parameters and a mock parameter estimation likelihood. We first calculate
an optimally oriented signal-to-noise ratio (SNR) popt from the true event parameters using a
characteristic power spectral density (PSD) of the LIGO Livingston detector in O3 [Abbott
et al., 2020b|. popt is the SNR an event would have if it were “optimally oriented” with
respect to the detector, that is, directly overhead and with its angular momentum vector
pointed along the line of sight [Chen et al., 2021|. In reality, GW sources have varying sky
positions and angular momentum vectors. The effect on the SNR of a source’s deviation

from the optimal orientation can be summarized by a multiplicative constant, ©, such that

p = popt©, (4.5)

where © is between zero and unity.

GW sources are typically assumed to be distributed isotropically in sky position and
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orientation. For a single detector, this yields a corresponding distribution for ©, described
in Finn and Chernoff [1993]. Therefore, for each event i, we assign a true value ©; drawn
from this distribution and use it to calculate the event’s true single-detector SNR p. The set
of true parameters for cach potential event in the catalog is then 6; = { Mgy, 7, p, O}

Given the true parameters, the basic procedure of generating samples from the posterior
distribution of each event is to draw an observation from each event’s likelihood, use that
observation as the central value of the posterior distribution, and then to draw samples from
that posterior, assuming a prior.

To obtain observed parameters, H?bs, we need the likelihood, Etota1(9§b5|éi)- We model
each event’s likelihood as

Liotar (09%10;) = Lag(MIs ) Ln(79%) Lo (OF7) L,y (02™), (4.6)

7

where

L pm <ln (Mﬁte)ii) |In (Mdet,i> ’p?bs

) =N
Ly (7510, 02) = N
) =N
) =N

PO = 0 = 05) :

Here, N (p, o) is the normal distribution with mean p and standard deviation o.

The standard deviations are determined by assuming the uncertainties on all parameters
except for the SNR scale inversely with pgp,s [Veitch et al., 2015]. In stationary, Gaussian
noise, we expect the matched-filter SNR in a single detector to have unit variance [Allen
et al., 2012, i.e. of =1 for all i. We therefore draw pyp,g for each event from L7 (pgbs| 0i)-

This observed SNR will serve as the detection statistic that determines whether each event is
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observable. We assume events that pass an SNR threshold of pgps; > 8 in a single detector
are detected. In this way, we allow for events near threshold to fluctuate above or below
threshold, emulating the actual noise process in the detectors. Of the events that make it
through detection, we randomly select 69 of them to constitute a mock catalog with the
same number of BBHs as were analyzed by Abbott et al. [2023a]. The standard deviations

for Mget, 7, and © of the detected events are calculated via

M) = /o
ol (p§) = uy /> (4.8)

o (17%) = ue/p"™.

where we have chosen uq = 0.08 Mg, uy = 0.022, and ug = 0.21 to match uncertainties in
these parameters typical of events observed in O3.

Observed values for all parameters are drawn from Equation 4.6 with standard deviations
defined in Equation 4.8. With Hfbs in hand, we are now ready to construct a posterior

distribution. We apply the following priors:

T(Mget) = U(0 M), 500 M)
(n) = U(0,0.25)
(4.9)
7(©) = U(0,1)

(p) = U(0,300),

where U(x1,x9) is the uniform distribution with lower bound z1 and upper bound x3. The
bounds on 1 and © are chosen because those parameters are only physically defined in the
domains (0, 0.25] and [0, 1], respectively. Neither M nor p are defined below zero, but the
upper bounds were chosen somewhat arbitrarily: they must only be large enough that the

likelihood has minimal support above them. The posterior distributions for each parameter
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are then Gaussians centered on the observed value, with standard deviations defined in
Equation 4.8. They are therefore the same as the distributions in Equation 4.7, but with
the role of the true and observed values switched. We then simulate multiple-dimensional
posterior samples for each event by drawing 5000 independent samples® of detector-frame

chirp mass, symmetric mass ratio, and © from the posterior. Explicitly,

log Mget,; ~ N (u=In (Mgte)‘s,i) o =o'

_,0obs __ 7
ni ~N(p=n"0=0/)
' ' ' (4.10)

O; ~N(u= @?bs,a = a@)

7

pi ~ N (= p™ 0 =a?).

Realistic correlations between other parameters such as component masses and redshift
are obtained by transforming samples in { Met, 17, ©, p}—space to {my, ma, z}—space. When
necessary, we convert between luminosity distance and redshift using the cosmological pa-
rameters presented in Ade et al. [2016] so as to maintain consistency with the conventions
used in [Abbott et al., 2019b, 2021b,g].

The induced prior on m1, ma, and z is therefore not uniform in those parameters. This
is reasonable, so long as users appropriately transform the prior when doing population
inference on source-frame component masses and redshift. We therefore provide a module
in GWMockCat that performs these transformations. For the case of this analysis, we opt
to re-weigh the samples to a prior that is uniform in detector-frame component mass and
proportional to the square of the luminosity distance in order to mimic the priors used in

the standard LVK analysis [Abbott et al., 2019b, 2021b,g|.

5. We use 5000 samples to optimize the speed of population inference while also ensuring the number of
effective samples used for Monte Carlo sums in the population inference always satisfies the criterion outlined
in Farr [2019]. That criterion has since been shown to be insufficient and has been superseded by Essick and
Farr [2022], but we utilize the former for consistency with the analysis performed in Abbott et al. [2023a).
However, users of the GWMockCat package can easily modify the number of posterior samples to suit their
needs.
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The fact that Equation 4.6 is separable up to dependence on pgp,s; means that once
Pobs,i 18 calculated for a given event, samples for Mget, Nobs: Oobs, and pghs can be drawn
independently from each other. This approximate independence is due, in part, to the fact
that detector-frame chirp mass, symmetric mass ratio, SNR, and © are the best-measured
parameters of any compact binary coalescence signal. This fact saves considerable computa-
tional resources, allowing for many mock event posteriors to be generated quickly on a single
CPUS.

We generate sensitivity estimates along with our mock catalogs to ensure that the selec-
tion function is calculated consistently to the event selection criteria [Essick and Fishbach,
2024]. To do this, we draw 2 x 107 independent samples in mj,mg, 2z, and © from the

following distribution:

o

B
p(myi,mg,z,0) o< mf (@> Ve

) e ne), (4.11)

where we have chosen o = 2.35, f = 1.70, and k = 2.7, and p(©) is the distribution described
in Finn and Chernoff [1993] which corresponds to isotropically oriented sources that are also
isotropically positioned on the sky. We truncate this distribution below mg = 1 M), above
m1 = 200 M, and above z = 4, and confirm that there are no mock posterior samples
outside of those ranges. We will refer to these draws as “injections.” We then calculate an
optimally-oriented SNR for each injection using the same PSD as was used for the mock
observations, and compute a true SNR using Equation 4.5. We emulate noise fluctuations in
SNR in the same way we do for mock observations, namely by using Equation 4.7, so that
each injection has a corresponding observed SNR. Injections can then be subject to the same
selection criteria as our mock observations when performing a population inference (in our
case, Pobs > 8).

We validate this process by constructing a mock catalog from a known distribution with

6. For example, a catalog of 100 events can be generated in O(10) seconds.
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fixed hyperparameters, and then fitting the same distribution to our mock catalog, but
allowing the hyperparameters to vary. We then verify that the recovered hyperparameters are
consistent with those used to generate the mock catalog. The result is shown in Section 4.5.2,

along with additional validation studies.

4.5.2  Validation of mock catalogs

In this Section, we validate the process of creating mock event posteriors and catalogs from a
known underlying population outlined in Section 4.5.1. For this process, we use the same sim-
ulated catalogs utilized in Section 4.3.3. The simulated underlying population is described by

Pmock (M1, M2, 2| Aock ), where A oqk 18 the set of hyperparameters {a, §, mpin, Mmax, 3, £},

Pmock(m1,m2, 2[Amock) o< p(mi|a, 6, Muin, Mmax)p(me|mi, B)p(z|k), (4.12)

and the individual mass and redshift distributions are given by the following:

0 it m < mpin
—a 1 .
my ——y i mpin <m <mpjy +90
p<m1 ’a7 67 Mmin, mmax) X Jrf(m Mmin, ) , (413)
my if m > mpy + 0
0 if m > mmax
mso b
mi
0 if (z<0)U (2> zmax)
p(z|k) o : (4.15)

%(1 +2)"1 otherwise

This is equivalent to the POWER LAW + PEAK model in Abbott et al. [2023a] and Ab-

bott et al. [2021d], with A,eax set to 0. We will call the population model described by
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Parameter Description Value

6] Spectral index for the power law of the mass ratio dis- 1.70
tribution.

Q@ Negative spectral index for the power law of the primary 3.14
mass distribution.

Mpmin Minimum mass of the primary mass distribution. 4.56 Mg
Mmax Maximum mass of the primary mass distribution. 81.08 M¢
) Range of mass tapering at the lower end of the mass 5.96 M

distribution.
K Spectral index for the power law factor of the redshift 2.7
distribution.

Table 4.1: Hyperparameter values for the underlying population of mock catalogs described
by SMOOTHED POWER LAw (Equations 4.12-4.15).

Equations 4.12-4.15 SMOOTHED POWER LAW. We generate catalogs from the model that
results from setting A, to the values provided in Table 4.1. These values were chosen by
fitting this population model to GWTC-3 (grey band in Fig. 4.1) and obtaining the median
a posteriori value for each hyperparamter.

We validate the mock catalogs’ generation by fitting them with SMOOTHED POWER LAw
and allowing the hyperparameters to be inferred from the mock data. We then determine
whether the inferred values of the hyperparameters are consistent with the values in Table 4.1.
We fit 100 mock catalogs of 69 events each, 10 results of which are shown in Fig. 4.6.
While there is noticeable scatter about the injected value, it is generally consistent with the
recovered mass distributions: the hyperparameters of the underlying mass distribution fall
within the inferred mass hyperparameters’ 90% credible intervals 89.6% of the time. We
therefore conclude that any biases that the mock posterior generation process introduces in
the mass distribution are subdominant to the statistical uncertainties of the fit.

To further explore systematic differences caused by mock catalog generation that may
be subdominant to the considerable statistical uncertainties resulting from a fit to only 69
events, we fit SMOOTHED POWER LAW to a single catalog of that is five times larger. The

result is shown in Fig. 4.7. The hyperparameters of the underlying distribution seem to be
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Figure 4.6: Injected (Solid black line) and recovered (colored shaded bands) distributions
for 10 mock catalogs. Top: probability density function of primary masses. Bottom left:
hyperposterior distribution for 3, the power law spectral index of the mass ratio distribution.
Bottom Right: hyperposterior distribution for x, the spectral index of the power law factor
in the redshift distribution.

consistent with the inferred hyperposterior, so we conclude that our mock event posterior
generation process produces biases subdominant to measurement uncertainty typical of 345-
event catalogs. We therefore find this method of generating mock catalogs sufficient to test

the significance of features identified in the mass distribution of GWTC-3.

94



3.20:817

1 1
1 1
1 1
1 1
1 1
1 1
1 1
i
1
3.02:138
i
i
1
R
@ i
1
i
4.1613:28
1
£
E ’\’k\
, 83.4312.12
g
g
7.72%138
d i
1 1
1 |
1
1
1
g
Le)
2.681083
i
1
i
~
"
d
1
1
1
1

!
©

v ' > »’ > & ®

a B Mmin Mmax 6m A

Figure 4.7: A corner plot of the inferred hyperposterior from a fit to a mock catalog with 345
events. The injected values are shown in orange. The recovered hyperposterior is consistent
with the injected population.
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Figure 4.8: Mock posteriors simulated with GWMockCat (red) compared to posteri-
ors made with full parameter estimation as released by the LVK (blue) for the event
GW191215 223052. The two sets of posterior samples appear consistent to the level needed
for a population analysis.
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Figure 4.9: Perturbation functions of a population fit to GWTC-3 when using LVK-released
posterior samples for each event (orange), and when using posterior samples simulated by
GWMockCat (blue and green). The two sets of figures correspond to two selection criteria,
one which is analogous to the one used for mock catalogs in this work (SNR > 8, top two
panels), and one which is identical to that used for the LVK analysis (FAR> 1, bottom two
panels). The main difference between the selection criteria is that they result in catalog
sizes that are different by nearly a factor of two, and therefore the statistical error on the
perturbation function is noticeably different between them. Using the same number of events
in the simulated catalog as the LVK-released catalog results in a perturbation function that
is similar in amplitude to the LVK-released population analysis. We conclude that the
prescriptions used in GWMockCat are sufficient for the purposes of population analyses. We
use the green curves in the bottom two panels for the analysis presented in the body of this
chapter, and the orange curves in the bottom two panels for the analysis presented in this
Section.
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4.5.8  Accuracy of mock catalogs when used in a population analysis

As a second check of GWMockCat’s ability to simulate catalogs accurately enough to be
used in a population analysis of the mass distribution of BBHs, we recreate GWTC-3 with
GWMockCat. We then compare POWER LAW + SPLINE’s fit to this mock catalog with its fit
to the posterior samples released by the LVK for GWTC-3. We find that the two resulting
mass distributions are consistent, and therefore conclude that the approximate prescriptions
used in GWMockCat are sufficient to probe the mass distribution of BBHs, at least for current
GW detector sensitivities.

To simulate GWTC-3, we re-weight all GWTC-3 events to the same prior as used for
sampling in GWMockCat, namely uniform in detector-frame chirp mass, uniform in symmetric
mass ratio, and uniform in sky angle, as defined in Equation 4.9. We then take the mean
of the re-weighted detector frame chirp mass, symmetric mass ratio, sky angle, and single-
detector SNR posteriors as the observed parameters Q?bs for each event. Using the priors
defined in Equation 4.9 and likelihoods defined in Equations 4.7 and 4.8, we construct mock
posterior distributions on detector frame chirp mass, symmetric mass ratio, sky angle, and
single-detector SNR. We then convert these parameters to source-frame component masses
and redshift. Finally, we re-weight back to the standard prior used in LVK’s parameter
estimation process. The end result of this is shown in Fig. 4.8 for GW191215 223052, an
event that was chosen at random from the catalog and happened to have a primary mass and
redshift near the mode of the detected events. The mock posteriors appear consistent with
the true posteriors, and degeneracies between parameters seem to be suitably captured. This
behavior is qualitatively similar for all simulated events, though some had mock posteriors
that were slightly more consistent with the full parameter estimation posterior samples, and
some had mock posteriors that were slightly less consistent.

Any population analysis must define criteria for inclusion in the population. We apply

two different criteria and report the results of both in Fig. 4.9. The first, a cut at SNR > 8
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in Livingston, is chosen to be analogous to the detection criteria of the other mock catalogs,
which use a single-detector SNR cut since it is not possible to run all of the pipelines neces-
sary to produce a FAR on mock data. The second criterion, a false alarm rate (FAR) cut at
1/yr was used to be consistent with the analysis done by the LVK on GWTC-3 [Abbott et al.,
2023al. Either choice is reasonable because the selection function is known with respect to
both SNR and FAR. We can therefore use the publicly-released sensitivity estimates [Col-
laboration, 2021| to reconstruct the underlying, or astrophysical distribution of BBHs from
either of these catalogs. All of the metrics of feature significance presented in Section 4.3
make use of this astrophysical distribution when comparing GWTC-3’s population fit to that
of mock catalogs.

The first criterion (single-detector SNR cut) produced a final catalog with many fewer
events than the second criterion (FAR cut), with the former resulting in 36 events and the
latter resulting in 69 events. Therefore, the population analysis performed on the catalog
selected by SNR has much wider hyper-posteriors than the one performed on the catalog
selected by FAR. However, these two catalogs do not appear to be systematically biased with
respect to one another, nor are they systematically biased with respect to the LVK-released
analysis. This is again because the selection function is known with respect to both of these
criteria, and therefore the reconstructed astrophysical distributions are consistent.

Interestingly, the mock catalog with only 36 events in it still finds the peak at ~ 35 Mq
to be significant, with the perturbation function excluding zero to < 5%. However, other
features are not well enough resolved to appear significant with only 36 events. We find
very little difference between the full parameter estimation perturbation function fit (orange
bands in Fig. 4.9) and the mock catalog (blue band) in the case of a single-detector SNR
cut (top two panels). We take this to mean that for high-SNR events, the mock parameter
estimation is sufficient for use in population analyses of the mass distribution, at least for

03-like detector sensitivities.
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Using the same events in the simulated catalog as the LVK-released catalog results in
a perturbation function that is similar in amplitude to the LVK-released analysis (lower
two panels of Fig. 4.9). However, the width of the perturbation function’s hyperposterior
is slightly inflated in the mock catalog case. This may be because the mock parameter
estimation scales event posterior widths inversely with SNR, so mock posterior widths are
over-estimated with respect to full parameter estimation for the events that meet the FAR
threshold but have low SNR.

In order to be as consistent as possible in our comparisons of mock catalogs to GWTC-3,
we use the perturbation function obtained by analyzing the GWMockCat version of GWTC-3
for all comparisons to mock catalogs in Section 4.3. In this Section, we repeat the analysis
performed in Section 4.3, but instead used the perturbation function released by the LVK in
Abbott et al. [2023a] in lieu of the perturbation function obtained by fitting POWER LAw
-+ SPLINE to the GWMockCat version of GWTC-3. In other words, the main text uses the
green curves in Fig. 4.9, and we repeat the analysis using the orange curves in the bottom
two panels of Fig. 4.9 in this Section.

We find that using the LVK-released perturbation function increases the Bayesian sig-
nificance of all features relative to the GWMockCat reproduction. This is consistent with the
conclusions reached in Fig. 4.9: all hyperposteriors narrow slightly when using the LVK-
released version of parameter estimation, but there is no systematic shift as a function of
primary mass or any other parameter. When using the LVK-released perturbation function,
None of the 300 {g;(fmax)} exclude zero to the same percentile as gawTc-3(f(35 Mg)) or
gowTc-3(f(10 Mg)), and 1.3% of the {g;(fmax)} exclude zero to the same percentile as
gawTc-3(f(14 Me)). These values are smaller than those presented in Section 4.3.3, but
lead to the same conclusions: the 10 Ms and 35 My peaks are difficult to reproduce with
featureless catalogs, but the 14 My dip is not. Performing full parameter estimation on mock

catalogs would also likely narrow the hyperposteriors for those catalogs, in turn increasing
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the significance of the peaks seen in their the perturbation functions. If this were to be the
case, the fraction of mock catalogs that can reproduce features in the GWTC-3 distribu-
tion would likely be similar to those found in Section 4.3.3. A reproduction of the analysis
presented in Section 4.3.3 with the LVK-released perturbation function also finds similar
results to that done on the GWMockCat perturbation function. We therefore conclude that

the results presented Section 4.3 are robust to the procedure used for parameter estimation

of GWTC-3 events.
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CHAPTER 5
NO NEED TO KNOW: ASTROPHYSICS-AGNOSTIC
COSMOLOGY WITH THE MASS SPECTRUM OF
GRAVITATIONAL-WAVE SOURCES

Having established the existence of two robust features in the BBH mass distribution, we can
use them to measure the expansion history of the Universe. Mass distribution features are
“spectral sirens,” as they provide self-calibrating redshift measurements directly associated
with luminosity distances, as discussed in Chapter 1, Section 1.2. This is particularly useful
in the context of the current Hubble tension, a disagreement between multiple methods of
measuring the local expansion rate of the Universe [Freedman, 2021]. Additionally, spectral
sirens are sensitive to the expansion history of the Universe over a wide range of cosmological
redshift, as they only require GW observations. These are observable to higher redshifts
than those at which electromagnetic observations are complete, which makes spectral sirens
uniquely positioned to probe the nature of dark energy.

However, spectral sirens are subject to systematic bias arising from mismodeling of the
mass distribution. Such mismodeling is likely, as an accurate model of the mass distribution
would require knowledge of which mechanisms form the majority of CBC, as well as each
physical process within them. As theoretical uncertainties are large for all of these processes,
it is desirable to avoid assuming any particular morphology for the mass distribution when
doing spectral siren cosmology. Non-parametric techniques provide a clear solution to this
problem.

In this chapter, we fit a flexible, non-parametric model for the mass distribution of com-
pact binaries simultaneously with cosmological parameters. We thereby forego physically-
motivated modeling of the CBC mass distribution in favor of unbiased estimation of cos-

mological parameters. We apply this method to a simulated catalog of 1,000 GW signals,
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consistent with expectations for the next LIGO-Virgo-KAGRA collaboration observing run.

It has been commonly presumed that a prior: theoretical predictions for features in the
mass distribution are necessary for spectral siren analyses. However, we find that despite our
model’s flexibility, both the source mass model and cosmological parameters are correctly
reconstructed. This demonstrates that spectral sirens can accurately infer cosmological pa-
rameters without prior astrophysical knowledge of CBC formation.

This astrophysically-agnostic spectral siren technique will be essential to arrive at pre-
cise and unbiased cosmological constraints from GW source populations observed by fu-
ture GW detectors. This chapter is based on No Need to Know: Toward Astrophysics-free
Gravitational-wave Cosmology, a paper written in collaboration with Thomas Callister, Jose
Maria Ezquiaga, Michael Zevin, and Daniel Holz, and published in the Astrophysical Journal
[978].

5.1 Introduction

Central to the spectral siren methodology is knowledge of the compact binary mass distri-
bution. However, first principles models for mass distributions of merging compact binaries
are not available: significant theoretical uncertainties exist about the shapes, locations, and
very existence of predicted features in the mass distribution [e.g. Zevin et al., 2017, Mapelli,
2020, Zevin et al., 2021, Marchant and Bodensteiner, 2024]. This includes uncertainties
about potentially dominant features, such as the existence of a “pile-up” due to pulsational-
PISN, a PISN-driven upper mass gap |[Farmer et al., 2019|, the maximum NS mass [Fryer
and Kalogera, 2001, Alsing et al., 2018|, and the existence of a putative lower mass gap
between NSs and black holes [Ozel et al., 2010, Farr et al., 2011, Farah et al., 2022a]. To
this end, spectral siren cosmology relies on simultaneously measuring a source-frame mass
spectrum alongside cosmological parameters. This is typically accomplished by adopting a

phenomenological, parametric model for the mass distribution, usually composed of power
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laws and Gaussians [e.g. Abbott et al., 2023b, Mastrogiovanni et al., 2023b|.

Such parametric modeling of the compact binary mass distribution raises its own set of
dangers. It is well known that different parametric models can generically yield very different
constraints on cosmological parameters [Abbott et al., 2021d, 2023a. This is problematic:
because the measured mass distribution serves as the template by which to extract redshifts,
a mismodeled mass distribution would introduce systematic errors in inferred redshifts and,
in turn, systematically bias any resulting cosmological inference |Ezquiaga and Holz, 2022,
Mastrogiovanni et al., 2021, Pierra et al., 2024].

The situation is demonstrated in Fig. 5.1, in which we perform spectral siren cosmology
on a simulated population of binary black holes. We reconstruct the mass distribution
using two parametric models, one that contains the true simulated mass distribution and
one that does not. While the former yields a measurement of H( consistent with the true
underlying value, the latter does not. Such systematic biases may already be relevant,
as cosmological measurements by the LIGO-Virgo-KAGRA are known to depend on the
choice of mass model used [Abbott et al., 2023b|. Furthermore, these biases may become a
dominant source of uncertainty in the near future [Pierra et al., 2024]. The prospects of such
a dominant systematic uncertainty is troubling. If prior knowledge of the mass distribution’s
morphology (whether an exact theoretical prediction or knowledge of the correct parametric
family of models) is a prerequisite for the spectral siren method, the effectiveness of such a
technique would be significantly hampered.

In this work, we explicitly demonstrate that no prior knowledge of the shape of the CBC
mass spectrum is necessary to use the spectral siren methodology. We do this by inferring
H(z) with a flexible, non-parametric model for the mass distribution of CBCs (blue shaded
band in Fig. 5.1). This model makes minimal prior assumptions about the shape of the
mass distribution, enabling it to accurately infer a wide range of morphologies and remain

agnostic to the astrophysical processes that give rise to features in the mass distribution.
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Despite its flexibility, our approach is able to consistently obtain unbiased measurements of
cosmological parameters, showing that non-parametric methods are not only sufficient for
a spectral siren measurement, they can also mitigate systematic effects in the measurement
caused by model misspecification.

The non-parametric mass model’s ability to recover injected cosmological parameters
demonstrates that the information in the spectral siren measurement does not come from
the enforcement of specific features in the mass distribution. Rather, it is provided by the
assumption that either all CBCs follow a common mass distribution, or that any evolution
of the mass distribution with redshift does not exactly mimic cosmology [Ezquiaga and Holz,
2022].

We find that our non-parametric model allows for a 5.7% measurement of Hy and a 6.4%
measurement of H(z = 0.9) during the fifth LVK observing run (O5), when the detectors will
reach their design sensitivity. We highlight measurements of Hy within a ACDM universe
in order to benchmark the accuracy and precision of our non-parametric method, as well as
explore the role of spectral sirens in elucidating the Hubble tension. However, a primary
utility of spectral siren measurements will be in constraining H(z) under different cosmolog-
ical models, and at redshifts that are relatively inaccessible by electromagnetic observations,
especially with next-generation gravitational-wave detectors [Ezquiaga and Holz, 2022, Chen
et al., 2024].1

This chapter is organized as follows: Section 5.2.1 describes the simulated dataset. Sec-
tion 5.2.2 introduces the spectral siren method, demonstrating how cosmological parameters
are inferred from the mass distribution of GW sources. Section 5.2.3 describes the non-
parametric mass distribution we develop for use within the spectral siren method. In Sec-
tion 5.3, we present the results of using parametric and non-parametric mass distributions,

as well as projections for future constraints on H(z). We discuss the implications of our

1. See example spectral siren cosmological inference using parametric mass spectrum models:
https://github.com/ezquiaga/spectral _sirens.

105


https://github.com/ezquiaga/spectral_sirens

—— Truth Gaussian process === POWER LAwW + PEAK BROKEN POWER LaAw
0.10 A

0.08

0.06

posterior density

o © e

o o o

S o =
1 1 1

100
my [Mg] Hy [km/s/Mpc]

Figure 5.1: Spectral siren measurement for a simulated catalog with the correct parametric
model (POWER LAw + PEAK, green dashed), a deliberately incorrect parametric model
(BROKEN POWER LAw, pink solid) and the non-parametric model presented in this work
(Gaussian process, blue filled). The left panel shows the recovered source frame primary mass
distribution for each model, and the simultaneously-inferred posteriors on H( are shown in
the right panel. The bands in the left panel represent the 90% credible intervals. The mass
distribution and H( value used to generate the data are shown by a solid black line in each
panel. The deliberately incorrect parametric model fails to recover the true mass distribution
and therefore produces an estimate of Hy that is offset from the true value, whereas both
the correct and non-parametric models recover the mass distribution and Hy. As the true
mass distribution is unknown for real observations, using a non-parametric model mitigates
systematic uncertainty that would otherwise arise from mismodeling the CBC population.

results and outline future work in Section 5.4.

This study was carried out using the reproducibility software showyourwork [Luger et al.,
2021], which leverages continuous integration to programmatically download the data from
zenodo.org, create the figures, and compile the manuscript. The git repository associated
to this study allows anyone to re-build the entire manuscript, and is publicly available at

https://github.com/afarah18/spectral-sirens-with-GPs.

5.2 Cosmology with an astrophysically-agnostic mass model

The spectral siren method functions by identifying the relationship between luminosity dis-

tance and redshift that causes all source frame masses to follow a distribution that smoothly
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varies as a function of time. This allows for the simultaneous inference of both a mass distri-
bution and cosmological parameters, even if the form of the source-frame mass distribution
is not known in advance. As described above, though, strongly parametrized models for the
mass distribution yield biased measurements of cosmological parameters if they poorly ap-
proximate the true mass distribution of compact binaries. We aim to circumvent such biases
and instead model the population of GWs sources in a flexible and astrophysically-agnostic
way.

There exist several non-parametric methods developed for this purpose [Tiwari, 2021,
Edelman et al., 2022, Sadiq et al., 2022, Rinaldi and Del Pozzo, 2022, Edelman et al., 2023,
Mandel et al., 2019, Ray et al., 2023, Callister and Farr, 2024]. While well-suited to infer
the GW source population with a fixed cosmology, several of these methods employ fixed
features in source frame mass, such as bin edges [Mandel et al., 2019, Ray et al., 2023| or
spline nodes [Edelman et al., 2022]. Since these locations were chosen with a fixed cosmology,
they risk causing the inference to prefer the cosmological parameters assumed when choosing
the feature locations. Indeed, Mastrogiovanni et al. [2021] show how using fixed features can
significantly bias cosmological inference within the spectral siren methodology. We therefore
opt for a model of the source frame mass distribution that foregoes the need to define such
features.

For this purpose, we construct a model with a Gaussian process (GP), a common tool
for non-parametric inference. GPs define a random space of functions in which any subset
of function values are jointly Gaussian-distributed [Rasmussen and Williams, 2006]. Their
smoothness properties make them widely useful in GW data analysis for regression problems,
such as modeling time-domain waveforms [Doctor et al., 2017, Huerta et al., 2018] and the NS
EOS [Landry and Essick, 2019|, density estimation problems, such as estimating posterior
densities of single-event parameters from parameter estimation samples [D’Emilio et al.,

2021], and as a prior on histogram bin heights for population inference [Mandel et al., 2017,
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Li et al., 2021b, Ray et al., 2023].

Our use case is slightly different from previous analyses: we utilize a GP as a prior on
the functions that describe the primary mass distribution of CBCs. This choice encodes very
little prior information about the shape of the mass distribution, besides enforcing that it

must be smooth.

5.2.1 Simulated data

To demonstrate the effectiveness of our GP-based mass distribution in agnostically inferring
both cosmological parameters and the population properties of GW sources, we apply our
methodology to a simulated dataset. By generating a catalog of GW sources from a known
population and cosmological model, we are able to quantify the accuracy of our method. The
use of simulated data also enables us to make projections for future datasets and safely ignore
dimensions such as spin that do not impact cosmological measurements but would otherwise
be important to simultaneously fit to avoid biases in population inference of real data, as
real data exhibit correlations between distance, mass, and spin measurements |Biscoveanu
et al., 2021].

We design our simulated catalog to match the characteristics of the data expected from
one year of observation in O5. The BBHs in this catalog are drawn from an underlying
population described by the POWER LAW + PEAK mass distribution presented in Talbot
and Thrane [2018] and used in Abbott et al. [2019a, 2023a|, and follow the redshift dis-
tribution presented in Callister et al. [2020], with hyperparameters consistent with those
found in Abbott et al. [2023a]. We assume the mass distribution does not evolve across
the redshift range to which the O5 detectors will be sensitive. This assumption is consis-
tent with current data [Fishbach et al., 2021, van Son et al., 2022a, Abbott et al., 2023a),
in which no redshift evolution of the black hole mass function is detected. At the same

time, a redshift-dependent mass function is a generic astrophysical prediction, due either to
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changing evolutionary environments or evolving mixture fractions between distinct compact
binary formation channels [Neijssel et al., 2019, van Son et al., 2022a, Torniamenti et al.,
2024, Ye and Fishbach, 2024|. We discuss this possibility further in Section 5.4, but leave it
primarily for future work.

We use the GWMockCat |Farah et al., 2023| package to apply O5-like selection effects
to the drawn BBHs, generate realistic measurement uncertainty, and produce sensitivity
estimates that are consistent with the simulated GW signals. We will use the term “event”
to refer to GW signals that pass the criteria for detection. This process results in a catalog of
Ney = 1003 GW signals that pass the criteria for detection, hereon called events. Additional
details of the data simulation, including the form of the injected population, are described

in Section 5.5.1.

5.2.2  The spectral siren method

To simultaneously infer cosmological parameters and the population of GW sources, we
employ a hierarchical Bayesian analysis. As described in Chapter 2, this allows us to undo
the selection effects of GW detectors to obtain a true, astrophysical population and constrain
the cosmic expansion history.

In this work, we have restricted our analysis to the BBH primary mass distribution.
However, the method can be trivially extended to the full mass distribution of CBCs |e.g.
Fishbach et al., 2020a, Ezquiaga and Holz, 2022|. Additionally, Section 5.5.2 demonstrates
that including the mass ratio distribution in the fit does not change the results of the analysis
presented here, so long as the mass ratio distribution is accurately modeled.

We fix Qy =1—-Qp7, = 0 and w = —1 and use uniform priors on Hy and Q,,
corresponding to a flat ACDM cosmology.

The process by which we sample the likelihood in Equation 2.1 is outlined in Section 5.5.3.
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5.2.3  Gaussian process-based mass distribution

In this Section, we give an overview of the non-parametric mass model developed for this
work. Further details on this model, including an introduction to GPs and a discussion of
their properties is given in Section 5.5.3.

With the GP approach, the hyper-parameters describing the mass distribution are the
rate at each event-level posterior sample’s source frame mass, and the rate at each found
injection’s source frame mass. The GP is p(A), the prior on population parameters (except
in the case of cosmological parameters, which all have uniform priors). This is demonstrated
in Fig. 5.2, where the left panel shows draws from a GP, which are prior draws for the
population inference. The smooth appearance of individual draws from the population prior,
as well as the absence of overdensities at specific source frame mass values in the full prior
distribution shown in Fig. 5.2 demonstrate that we have successfully fulfilled our goal to
construct a model without predefined features in source-frame mass. Combined with the
population likelihood in Equation 2.1 the prior illustrated in the left panel of Fig. 5.2 gives
the population posterior in the right panel.

The lack of data just below the minimum black hole mass and just above the maximum
black hole mass, combined with the fact that GW detectors are sensitive to objects at
those masses, causes the GP to learn a relatively low merger rate at the edges of the mass
distribution. On the other hand, there is both a lack of data and little detector sensitivity at
masses above ~ 100 M and below ~ 5 M. The mass distribution is therefore uninformed
in this region and the GP reverts to its prior distribution, which resembles random scatter
around the mean differential merger rate. Similar effects can be seen in other non-parametric
methods [Edelman et al., 2023, Callister and Farr, 2024]. The combination of these two effects
results in what appears as an uptick in the merger rate below ~ 5 M and above ~ 100 M.
However, this reversion to the prior is uninformative for the Hy constraint and does not affect

inference on cosmological parameters. Additionally, the posterior on H is distinct from its
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Figure 5.2: Draws from the Gaussian process (GP) used to model the mass distribution.
The left panel shows prior draws from the GP and the right panel shows posterior draws
once the population inference is performed on the simulated data. The posterior draws in
the right panel are a subset of those used to create the 90% credible intervals in Fig. 5.1.

prior distribution (uniform in the range [30 km ™1 s~ Mpe, 120km 1 s~ 1 Mpc|, indicating
that the data is informative despite the flexibility of the population model.

We note that other non-parametric methods may be adapted to avoid predefined features,
such as fitting for the locations of their features simultaneously with the rest of the inference
le.g. Tiwari, 2021] or, in the case of splines, by using a smoothing function that allows for
features to occur at arbitrary locations appropriate smoothing |e.g. Edelman et al., 2023].

The smoothness of a given GP is determined by its kernel, which is a function that
defines the covariance between input points in the GP (in our case, two source frame mass
values). It defines the notion of similarity between adjacent points and thereby encodes
our assumptions about the smoothness of the source frame mass distribution |[Rasmussen
and Williams, 2006]. Kernels themselves have parameters that determine their properties.
In our use case, these are one level further removed from hyper-parameters, so we adopt
the terminology used in Callister and Farr [2024] and call them “hyper-hyper-parameters.”
We fit these hyper-hyper-parameters along with the hyper-parameters A to minimize prior

assumptions about the form of the mass distribution.
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5.3 Results

In this Section we show that fitting an incorrect functional form to the mass distribution of
CBCs biases the inference of cosmological parameters when using the spectral siren method-
ology. We then demonstrate that our flexible model alleviates this bias without the need to
know the morphology of the mass distribution a priori. We illustrate this explicitly by using
three different models for the source-frame mass distribution to infer the cosmic expansion
rate from the simulated catalog described in Section 5.2.1 and Section 5.5.1. The three

models are as follows:

1. POWER LAW -+ PEAK, which includes the true mass distribution within its hyper-

prior,

2. the BROKEN POWER LAwW model presented in Abbott et al. [2021d], as we do not
employ a high-mass truncation, which does not include the true mass distribution

within its hyper-prior, and

3. the flexible, GP-based model described in Section 5.2.3, which is able to closely ap-
proximate the morphology of the true mass distribution, along with many other mor-

phologies.

For all models considered in this work, we assume the form of the redshift distribution used
to generate the data, described in Equation 5.3. We have performed the analysis both with
a fixed redshift distribution and while simultaneously fitting for the redshift distribution
and find no qualitative differences in our conclusions: fitting for the redshift distribution
broadens the inferred posteriors on H( equally for all mass models, but does not affect their
mean values.

The results of fitting each model to the same dataset are shown in Fig. 5.1. The left panel

shows the inferred source-frame mass distribution for each of the considered models, and the
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right panel shows the corresponding posteriors on Hy. We indicate the true underlying
source mass distribution and H( value with solid black lines in each panel.

The fits presented in Fig. 5.1 are representative results from a single simulated catalog.
These provide insight into the full statistical results presented below. In particular, it can
be seen that the BROKEN POWER LAW (orange curve) is inconsistent with the true value
of Hp: in the run shown in Fig. 5.1, the true value of Hy is offset from the mean of the
posterior by 2.10. In contrast, the POWER LAW + PEAK and GP-based models (green and
blue curves) are consistent with the underlying truth. These models recover mean values
of Hy that are offset from the true value at 0.50 and 1.20, respectively. Additionally, the
mass distribution inferred with the GP-based model closely resembles the true, simulated
distribution. This indicates that using models that cannot accurately approximate the true
mass distribution will lead to a noticeable systematic bias in the estimation of cosmological
parameters.

This bias is not due to the need to know the morphology of the mass distribution a priort,
as the GP-based model recovers the correct value of Hy despite making minimal assumptions
about the mass distribution. In reality, we do not know the true functional form of the mass
distribution, so it may be desirable to use a non-parametric approach to avoid potential
systematic errors introduced by choosing a parametric model that likely does not contain
the true mass distribution within its hyper-prior.

To obtain a quantitative measure of the systematic bias introduced by mis-modeling the
mass distribution, we repeat the parametric analyses with 50 separate simulated catalogs of
~ 1,000 events each. We find that the BROKEN POWER LAW model produces an over- or
under-estimate of H( at greater than 1o 92% of the time, and the POWER LAW + PEAK
model reaches the same level of bias only 54% of the time, meaning that the BROKEN
POWER LAW model produces a bias more than three times as often as the POWER LAw +

PEAK model. Additionally, we show in Section 5.5.4 that the BROKEN POWER LAW model
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typically overestimates Hy whereas the POWER LAW + PEAK model produces a roughly
equal number of over- and underestimates of Hy. This demonstrates that mis-modeling the
mass distribution can introduce statistically significant systematic biases into measurements
of cosmological parameters.

Collectively, our results indicate that prior knowledge of the shape of the mass distribu-
tion is not required to perform an unbiased spectral siren measurement, so long as strong

assumptions about the shape of the mass distribution are not made.

5.3.1 Projections for future measurements

Fig. 5.1 demonstrates an expected 5.7% (1o uncertainties) measurement of H after one year
of O5 using the GP-based spectral siren method, and a 7% measurement with parametric
spectral sirens, demonstrating comparable statistical uncertainties. However, we note that
the precision reached in O5 may lessen depending on the actual level of measurement uncer-
tainty in individual events, and the existence (or lack thereof) of a maximum mass feature,
which we have assumed to be present in our simulated dataset. These numbers are estimated
from a fit to a single simulated catalog, but we find similar levels of statistical uncertainty
from fits to different catalog realizations. By the time of O5, the GW detector network is
projected to detect BBHs up to redshift ~ 3, with most sources lying near redshift ~ 1.2
[Chen et al., 2021|. Additionally, next-generation detectors will be sensitive to sources up to
redshift ~ 100. This means that future GW observations will be more sensitive to H(z 2 1)
than to Hy, and can therefore constrain several additional cosmological parameters [Chen
et al., 2024]. We demonstrate this by repeating the same GP-based spectral siren analysis
while also simultaneously fitting for the local matter density, €25,. The result is shown in
Fig. 5.3. We emphasize that these precise measurements over a wide range in redshift enable
precision estimation of additional cosmological parameters governing H(z).

We find O5 observations to be most sensitive to H(z = 0.9), which is measured at 6.4%.
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The left panel of Fig. 5.3 demonstrates a strong anti-correlation between the ,, and Hy
posteriors, resulting in similarly informative constraints on the two parameters. This is
because H( controls the y-intercept of the H(z) curves on the right panel, while Q2 informs
the slope of those curves; the same measurement of H(z # 0) can be obtained by increasing
the slope while decreasing the y-intercept, and vice versa. Similar behavior can be observed
in current measurements of the BBH redshift distribution, which exhibits a tightening of
the posterior at z ~ 0.2 with current observations [Abbott et al., 2023a, Callister and Farr,
2024].

Next-generation detectors will be sensitive to a larger range of redshifts [ET steering
committee, 2020, Evans et al., 2021], and will therefore break the degeneracy between cos-
mological parameters and allow for tighter constraints on both €23, and Hy. However, the
small cosmological volume (and thus low number of mergers) at low redshift will generally
limit the constraining power of spectral sirens at z = 0, potentially making this method
more sensitive to cosmological parameters that affect higher redshifts. Combining spectral
sirens with other methods that are sensitive to the local expansion rate, such as those that
employ electromagnetic counterparts, may increase the precision of GW standard sirens at

all redshifts [e.g. Chen et al., 2024].

5.4 Discussion

GWs are unique cosmic messengers in that they carry both redshift and distance information,
making them remarkably clean probes of the Universe’s expansion history calibrated directly
by the theory of general relativity. However, the current method of determining GW redshifts
via the distribution of their source masses (i.e. spectral sirens) employs an assumption on
the shape of their population, typically encapsulated by simplified parametric functions.
This choice, often presumed to be necessary or fundamental to the method, may introduce a

systematic bias to a measurement of the cosmological parameters that is otherwise appealing
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Figure 5.3: Projected constraints on multiple cosmological parameters after one year of
observing at the LVK’s design sensitivity, using the Gaussian process-based spectral siren
method. The right panel shows the inferred expansion history of the universe, H(z). It will
be measured most precisely at z = 0.9, as can be seen by the narrowing of the inferred H(z)
curves there. The inset shows the posterior on H(z = 0.9). Black solid lines indicate the true
value of H(z) in both the inset and main panel. The left panel shows the two-dimensional
posterior on Hy and 2,7, with the true value indicated by a black “+4”. The two parameters
are strongly degenerate because of the multiple ways of measuring z = 0.9. Spectral sirens
are particularly well suited for measuring cosmological parameters that affect the Universe
at z 2 0.2.
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for its unique elegance and simplicity.

In this work we show that a specific choice of mass distribution is unnecessary to arrive
at informative and accurate posteriors on Hy and €2;,. We do this by accurately measuring
these cosmological parameters with a highly flexible model for the mass distribution. This
reinforces the notion that the information in the spectral siren measurement comes from the
assumption that all GW sources come from the same population, a far less stringent state-
ment than the assumption that we understand the exact astrophysical processes which give
rise to that population (i.e. the physics governing compact binary formation and evolution).

Spectral sirens are particularly useful in the context of the current Hubble tension: a
disagreement between multiple methods of measuring the local expansion rate of the universe
[Freedman, 2021]. As this tension can only be explained by non-standard physics or yet-
unknown systematic uncertainties in either the cosmic distance ladder or cosmic microwave
background measurements, direct and independent probes of the local expansion—such as
those presented here—may help determine whether the current discrepancy represents a
fundamental crack in our standard model of physics and/or cosmology.

Neither the mechanism from which compact binaries were formed, nor the physical pro-
cesses within the mechanism, have been conclusively determined. The true functional form
of the mass distribution therefore remains elusive, meaning that systematic uncertainties
arising from an incorrect choice for the form of the mass distribution are inevitable. With
current observations, these systematic effects are likely smaller than statistical uncertainties.
However, next-generation detectors will herald sufficient GW observations to substantially
decrease statistical uncertainty in these measurements; for example, Pierra et al. [2024] show
that incorrect assumptions about the shape of the mass distribution can lead to ~ 3¢ system-
atic biases in Hy with catalogs of 2,000 events, although this bias may be an overestimate as
it does not include measurement uncertainty of the GW parameters. Thus, non-parametric

approaches may be preferable to avoid the systematic errors associated with choosing a
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parametric model.

In parallel with this work, Magana Hernandez and Ray [2024] performed a spectral siren
analysis on public LVK data using histogram bins defined at fixed locations in source-frame
mass to flexibly measure the BBH mass distribution [as originally presented in Mandel et al.,
2017, Ray et al., 2023]. Both our method and theirs employ GPs. In our approach, the black
hole mass function is itself described by a Gaussian process, with no predefined features.
In Magana Hernandez and Ray [2024], on the other hand, the mass distribution is fun-
damentally a binned piecewise constant function, with a GP prior governing the relative
heights of these bins. While this binned model is flexible, sharp bin edges at predefined
locations nevertheless constitute unphysical features. These features may yield overly opti-
mistic constraints on cosmological parameters, possibly explaining the increase in precision
that Magana Hernandez and Ray [2024] find relative to the parametric analysis on the exact
same dataset performed in Abbott et al. [2023b]. Magana Hernandez and Ray [2024] also
include a binned reconstruction of the BBH merger rate as a function of redshift, which we
fix or model parametrically in our own work. We stress, though, that this is not an intrinsic
limitation of our method; one could straightforwardly adopt a second Gaussian process to
govern the overall scaling of the merger rate with redshift.

More interesting is the possibility that the black hole mass distribution itself evolves
with redshift. As demonstrated in Ezquiaga and Holz [2022], the degeneracy between an
evolving mass distribution and the expansion of the universe can be broken provided that
there are multiple features present in the mass distribution, and that we do not live in a
fine-tuned universe where the evolutionary effects governing the CBC mass distribution per-
fectly mimick the effects of cosmological redshift. The first condition (multiple features) is
known to be met in current data [Abbott et al., 2023a|, with three robust features [Farah
et al., 2023]: a maximum black hole mass and overdensities at ~ 10 Ms and ~ 35 Mg. It

is also predicted by many population synthesis studies, [e.g. Mapelli and Giacobbo, 2018,
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Giacobbo et al., 2018, van Son et al., 2023|. The latter scenario—with features identically
and monotonically shifting to higher masses with increasing redshift—would be astrophys-
ically unlikely as the locations of features in the mass distribution are each thought to be
governed by fundamentally different physical processes [Mapelli, 2020]. Extensions to the
non-parametric methods presented here will allow for arbitrary redshift evolution. Addi-
tionally, since Gaussian processes naturally scale to multiple data dimensions [Rasmussen
and Williams, 2006, the method presented here can easily be generalized to fit the redshift
dependence of the mass distribution. Future work will extend the method developed here to
mass distributions that are allowed to evolve with redshift. When applying an evolving mass
distribution model to a dataset that exhibits evolution, we expect errors on cosmological
parameters to broaden. Noticeable redshift evolution in the mass distribution is expected to
occur above z ~ 1.5, [van Son et al., 2022a|, which is not yet relevant in current data or in
expected Ob data, but will certainly be visible in next-generation detectors.

Because GW observations are the only data input to spectral sirens, they are sensitive
to the expansion history of the universe over a wide range of cosmological redshift, rather
than just the local expansion Hy. We have shown this by simultaneously measuring {2;; and
Hp; the method can be trivially expanded to constrain additional cosmological parameters
that govern H(z), such as the dark energy EOS parameter, w. It is also possible to use a
non-ACDM cosmological model for H(z), with different parameters entirely. It may also be
possible to forego the need for a parametric representation of H(z) altogether, for example by
using bins in luminosity distance. A similar technique using redshift bins is commonly used
in cosmological measurements using galaxy surveys and type la supernovae |e.g. Perlmutter
and Schmidt, 2003, Anderson et al., 2014, Aghamousa et al., 2016], but we have not pursued
that possibility in this work. Such a method would likely increase uncertainties on H(z),
especially for z = 1.5. We find that for the fifth LVK observing run, spectral sirens will be

most constraining at z = 0.9. This redshift is larger than the expected redshifts of detectable
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electromagnetic counterparts of BNS mergers [Kiendrebeogo et al., 2023|, implying that
upgrades to current GW detectors will allow the spectral siren method to probe H(z) at
otherwise unexplored distances by GWs.

Proposed next-generation GW detectors such as Cosmic Explorer and Einstein Tele-
scope will be sensitive to CBCs across cosmic time (out to z ~ 100) [ET steering committee,
2020, Evans et al., 2021]. Future cosmological surveys, such as those enabled by the Nancy
Grace Roman Space Telescope and the Vera Rubin Observatory, are expected to be able to
precisely measure H(z) to z ~ 3 [Spergel et al., 2015], making the spectral siren method
uniquely positioned to measure the expansion of the universe at high redshift. When com-
bined with bright and dark siren methods, the low-redshift expansion history will also be
well-constrained [Chen et al., 2024|. Sensitivity to high redshifts is a feature of the spectral
siren method in general, and non-parametric methods such as the one presented here will be

imperative to avoid systematic biases in spectral siren cosmology.

5.5 Additional analysis details

5.5.1 Details of data simulation

The exact form of the injected population is

dN
dmq dz

where

ml_M)2

p(mb m2|]\m) X S(mmina mmax) <fpeak€_%( g Ng + (1 - fpeak)m?Npl) ) (52)

dVe 1 (1+2)¢

p(z|Ho, S2pr) o (5.3)
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Here, V2 (Ho, ) is the comoving volume for given cosmological parameters Hy and €y,
and Apy, = {a, Muypin, Mmax, i, 7, fpeak} are the (hyper-)parameters describing the power
law in primary mass, minimum and maximum black hole mass, Gaussian peak location
and width, and fraction of events in the Gaussian peak, respectively. S is a smoothing
function at low and high masses, and Np1 and N are the normalizations between my;, and
Mmmax for the power law component and truncated Gaussian component, respectively. The
smoothing creates support for masses below m,;, and above mmax. A, = {zp, ay, By} are
the parameters governing the peak of the redshift distribution, low-z power law slope, and
high-z power law slope. When generating the simulated events, we have fixed a = —2.7,
Mmax = 718 Me, Myin = 10 Mo, p =30 Mg, 0 =7.0 Mg, fpeak = 0.05, 2p = 2.4, a, = 1.0,
and 3, = 3.4. These choices correspond to the maximum a posteriori values obtained by an
analysis of GWTC-3 data using the POWER LAW + PEAK model [Abbott et al., 2023a|. For
simplicity, we assume a uniform mass ratio distribution. Thus, 6 = {mq, z}. We consistently
apply these assumptions to the data generation process and the population inference. We
do not fit for or simulate spins, as they do not redshift and hence do not carry additional
cosmological information, and we fix the distribution of mass ratios.

We use cosmological parameters Hy= 67.66 km~1 s~ Mpe, Q= 0.3, and Q) = 1-Q,y,
consistent with those found by Ade et al. [2016]. We emphasize, however, that the choice
of cosmological parameters for data generation is arbitrary and does not impact the re-
sults, since we are concerned only with the ability of our method to recover the injected
values. Throughout the data generation and inference, we use the approximations presented
in Adachi and Kasai [2012] to efficiently convert between Dy and z for a given set of cosmo-
logical parameters €25, and Hj.

We do not include NSs in our simulation set, as their contribution to the spectral siren
measurement is expected to be subdominant in O5. However, if a lower mass gap between

the heaviest NSs and lightest black holes exists, it will provide an additional feature with
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which to inform the measurement, and will be the most informative feature for spectral siren
measurements with next-generation detectors |[Ezquiaga and Holz, 2022.

After passing the simulated events through projected detector selection effects, the result-
ing catalog has 1003 events, consistent with the numbers projected for O5 by Kiendrebeogo
et al. [2023]. We use the software package GWMockCat |Farah et al., 2023| to simulate pos-
terior samples for these events with measurement uncertainties typical of those expected
from Ob detectors. GWMockCat also simulates a set of software injections, which we use to
estimate selection effects in the inference. To determine the detectability of both injections
and simulated events in O5, we use the projected O5 LIGO power spectral density [Abbott
et al., 2020b| for a single detector to calculate observed signal-to-noise ratios (SNRs) pobss
and we consider events and injections with a single-detector SNR pg1,s > 8 to be detectable.
The full procedure for this mock data generation process is described in Fishbach and Holz

[2017|, Farah et al. [2023], Essick and Fishbach [2024].

5.5.2  Effects of fitting for secondary mass

We examine the effect of only fitting the distribution of primary masses on our results. To
do so, we perform two spectral siren analyses: one that includes a fit to mass ratio, and
one that does not. Both analyses use the parametric, POWER LAW + PEAK model for the
distribution of primary masses. We model the distribution of mass ratios with a power law,
similarly to the majority of analyses presented in Abbott et al. [2021d, 2023a].

We use the same set of simulated events for both analyses. These are generated in the
same way as described in Section 5.2.1. The inference results are shown in Fig. 5.4. We
find the posteriors on H( to be similar between the two cases. Additionally, the recovered
mass spectra are nearly identical. We therefore conclude that fitting for mass ratio does not

significantly impact our main conclusions.
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Figure 5.4: Comparison of a parametric spectral siren analysis performed while fitting for
the distributions of primary and secondary masses (magenta solid) and primary masses only
(green dashed). The posterior on Hj is relatively unchanged between the two, and only
minor differences are observed in the mass spectra.

5.5.3  Gaussian process-based mass distribution

In this Section, we discuss the properties of the GP-based mass distribution and describe
our modeling choices in more detail.

Practically, the difference in the inference of the population when using a GP versus
other modeling choices is that the population model (dAN/dtget d0;(0;; A) in Equation 2.1) is
determined directly by a realization of the GP, rather than by a handful of hyper-parameters
A and evaluated on an analytical function. In other words, when using parametric models,
dN/dtger d6;(0;; A) is calculated by evaluating a specific functional form described by a small
set of hyper-parameters. With the GP approach, the hyper-parameters describing the mass
distribution are the rate at each event-level posterior sample’s source frame mass, and the
rate at each found injection’s source frame mass. The GP is p(A), the prior on population
parameters (except in the case of cosmological parameters, which all have uniform priors).

Because the GP is defined only at specific data points, we have Ney M + Nj,; mass hyper-
parameters, where M is the number of posterior samples per event and Njy;j is the number

of injections used to calculate the selection function [see e.g. Vitale et al., 2020, Essick and
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Fishbach, 2021]. In this way, our GP-based mass distribution is similar to the autoregressive
population models used in Callister and Farr [2024]. Indeed, an autoregressive process is a
GP with a specific choice of kernel.

The kernel is a function that defines the covariance between input points in the GP (in
our case, two source frame mass values). It defines the notion of similarity between adjacent
points and thereby encodes our assumptions about the smoothness of the source frame mass
distribution [Rasmussen and Williams, 2006]. We use a Matérn kernel [Handcock and Stein,
1993, Stein, 1999] with v = 5/2, but have repeated the analysis with v = 3/2 and oo, finding
little impact on the results, except that the v = oo case (also called the squared exponential
kernel) produces a slightly more jagged mass distribution. In addition to the mean, Matérn
kernels have two parameters that determine their properties: a length scale [ and a variance
s. In our use case, these are one level further removed from hyper-parameters, so we adopt
the terminology used in Callister and Farr [2024] and call them “hyper-hyper-parameters.”
We fit these hyper-hyper-parameters along with the hyper-parameters A to minimize prior
assumptions about the form of the mass distribution. We use penalized-complexity priors on
the hyper-hyper-parameters to enforce that the model does not create small-scale structure
uninformed by data, thereby avoiding over-fitting [Simpson et al., 2017, Simpson, 2022|.
Explicitly, the priors on [ and s are Fréchet and Gamma distributions, respectively, and are
defined to have less than 5% support for correlation lengths smaller than the average spacing
between event-level posterior means.

The time to evaluate a GP is notorious for scaling as the cube of the number of data
points, making GPs unwieldy with large data sets, such as the (9(109) posterior samples
and software injections expected for O5. We therefore make two approximations to a full
GP to increase computational efficiency. First, for each likelihood evaluation, we evaluate a
full GP on a regular grid between 0.1 M and 250 M and then interpolate it at each data

point. Second, we use the quasi-separability of Matérn kernels to analytically perform the
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transformation between covariance matrix and GP draw. This second step is done using the
QuasisepSolver module [Foreman-Mackey et al., 2017] in the tinygp code base |[Foreman-
Mackey, 2021], and requires data to be sortable (i.e. one-dimensional).

Algorithmically, each posterior evaluation contains the following steps:
1. Draw cosmological parameters Hy and 2, from uniform prior distributions.

2. Convert the luminosity distances and detector-frame masses of each event posterior
sample to redshifts and source-frame masses according to the cosmology specified by

step 1.

3. Draw hyper-hyper-parameters [ and s from the penalized-complexity priors described

above.

4. Draw a single GP realization with a kernel defined by [ and s. This is defined on

a regular grid of source-frame masses and evaluated using the QuasisepSolver in

tinygp.

5. Interpolate the GP at each event posterior sample and injection source-frame mass

(from step 3).
6. Calculate the population likelihood according to Equation 2.1.

We perform these steps within numpyro [Bingham et al., 2019, Phan et al., 2019|, sampling
the posterior using the no-u-turn sampler for Hamiltonian Monte Carlo [Hoffman and Gel-
man, 2011]. This can be seen explicitly in the source code accompanying this paper, in the
scripts/priors.py script. At each likelihood evaluation, we calculate the effective number
of parameter estimation samples and found injections. After sampling, we determine if the
effective number of samples exceed the efficiency criteria detailed in Essick and Farr [2022].
All results presented in this work exceed these efficiency criteria without the need to excise

regions of parameter space with low numbers of effective samples.
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5.5.4 DBiases induced by the BROKEN POWER LAW model

Fig. 5.5 shows recovered posteriors on Hq as inferred from 50 mock catalogs using both
the BROKEN POWER LAW and POWER LAW + PEAK parametric models. We find that
the POWER LAW + PEAK model recovers Hy posteriors that are largely symmetric about
the true value, whereas the BROKEN POWER LAW model typically finds more support for
larger Hp values. We note that |Pierra et al., 2024| report an underestimate of Hy when
fitting their Broken Power Law model to a single dataset generated with POWER LAwW +
PEAK, but the prior bounds on the maximum mass parameter of their model do not extend
below the injected value of that parameter, which in turn does not allow for the possibility
of an overestimated H(. It is therefore not possible to directly compare the direction of
our observed H( offset with theirs, despite the similarities between our chosen population
models.

Regardless, this systematic offset demonstrates that incorrect parametric models unfor-
tunately induce a systematic bias in cosmological inference, not an increase in statistical
uncertainty. Other parametric models may show different trends depending on which parts
of the mass distribution they incorrectly model and how. Therefore, while we are able to
identify the shortcomings of BROKEN POWER LAW when POWER LAW + PEAK describes
the true mass distribution, it is not possible in practice to know which direction an incorrect
parametric model will bias Hy. Mitigating the bias by using more flexible models may thus

be the simplest solution to this problem.
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Figure 5.5: Recovered posteriors on Hy from spectral siren analyses on 50 mock catalogs with
the POWER LAW + PEAK (green) and BROKEN POWER LAW (pink) parametric models.
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The true, injected value is shown by a vertical black line.
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CHAPTER 6
TWO OF A KIND: THE TWO-DIMENSIONAL BINARY BLACK
HOLE MASS DISTRIBUTION

Analyses modeling the population of merging BBHs have generally focused on characterizing
the distribution of primary masses in the binaries. Even for non-parametric methods such
as those presented in Chapters 4 and 5, simplistic prescriptions are typically used for the
distribution of secondary masses. However, this chapter argues that neglecting to model
the secondary mass distribution with the same level of complexity as the primary mass
distribution forgoes valuable astrophysical information. Namely, the secondary mass dis-
tribution and its relationship to the primary mass distribution can provide a fundamental
observational constraint on the formation history of BBHs.

This is due to the fact that if both black holes experience similar stellar evolutionary pro-
cesses prior to collapse, as might be expected in dynamical formation channels, the primary
and secondary mass distributions would show similar features. If they follow distinct evo-
lutionary pathways (for example, due to binary interactions that break symmetry between
the initially more massive and less massive star), their mass distributions may differ.

This chapter presents the first analysis of the BBH population that explicitly fits for
the secondary mass distribution. We find that the data is consistent with a ~ 30 M peak
existing only in the distribution of secondary rather than primary masses. This would have
major implications for our understanding of the formation of these binaries. Alternatively,
the data is consistent with the peak existing in both component mass distributions, a pos-
sibility not included in most other previous studies. In either case, the peak is observed
at 31.4‘_%:% M), which is shifted lower than the value obtained in previous analyses of the
marginal primary mass distribution, placing this feature in further tension with expectations
from a pulsational PISN pileup.

This chapter is based on Two of a Kind: Comparing Big and Small Black Holes in
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Binaries with Gravitational Waves, a paper written in collaboration with Maya Fishbach

and Daniel Holz, and published in the Astrophysical Journal [962].

6.1 Introduction

The BBH mass distribution is typically parameterized by the primary mass mq, the larger of
the two component masses in the binary, and either the secondary mass mso, or the mass ratio
q = mgo/my. Within these parametrizations, it is typically assumed either that the primary
and secondary masses follow the same underlying distribution [Fishbach and Holz, 2020b,
Doctor et al., 2020, Farah et al., 2022a, Edelman et al., 2023, Abbott et al., 2023a, Sadiq et al.,
2023], or that the primary mass distribution has distinct features from the secondary mass
distribution. The latter assumption implies that primary and secondary mass are physically
meaningful labels, and is typically achieved by modeling the secondary mass distribution as
a single power law between some minimum mass and m; |Fishbach and Holz, 2017, Kovetz
et al., 2017, Talbot and Thrane, 2018, Baxter et al., 2021, Abbott et al., 2021d, Tiwari,
2021, Abbott et al., 2023a, Edelman et al., 2022, Callister and Farr, 2024, Godfrey et al.,
2023|. The former assumption—that mq and mo follow the same underlying distribution—
implies that the two-dimensional mass distribution is symmetric in primary and secondary
mass, meaning that my and ms9 can be interchanged without changing the mass distribution.
Neither of these assumptions have been explicitly verified with the available data. In this
work, we aim to determine if both components in merging BBHs follow the same underlying
distribution or if there is a physical distinction between primary and secondary masses.
Understanding whether the primary and secondary masses in BBH mergers follow the
same distribution will provide insight into their formation histories. For BBH mergers that
are dynamically assembled in dense environments, we expect that both component BHs are
drawn from the same population of stellar remnants (i.e. mq and mg are not physically

meaningful labels), and that the two-dimensional BBH mass distribution will therefore be
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symmetric in m; and m9. For BBH mergers that originate from binary stars that formed and
evolved in relative isolation (“field binaries"), there may be a physical distinction between
primary and secondary BH masses. To start off, the progenitor stars in the binary are drawn
from the binary IMF, which may not be symmetric between the two components |e.g. Grudi¢
et al., 2023|. Furthermore, the two stars exchange mass during binary stellar evolution.
In each phase of mass transfer, one component acts as the donor and the other as the
accretor, depending on their initial masses. Mass transfer affects the donor and the accretor
stars in different ways, which can impact the masses of the resulting BHs following stellar
collapse |Laplace et al., 2021]. On the other hand, both BH progenitors are expected to have
undergone binary stripping and therefore experience similar supernova physics, potentially
washing out any significant differences between the mass distributions of first- and second-
born BHs [van Son et al., 2022a, Schneider et al., 2023]. However, the degree to which these
distributions are similar or different depends on uncertain mass loss and accretion physics
[van Son et al., 2022b|.

Supernova kicks may also be different for first versus second-born components in merging
binaries, because kicks determine whether or not the binary can merge within the age of the
Universe [Kalogera, 1996, Gallegos-Garcia et al., 2022]. Because natal kicks are related to
the remnant mass via the supernova prescription [Fryer et al., 2012, Mandel et al., 2021],
different preferences for the natal kick magnitudes between first-born and second-born BHs
may cause the primary and secondary mass distributions to differ in merging binaries formed
through isolated binary evolution [e.g. Oh et al., 2023].

In short, binary stellar evolution consists of several processes that can break the symmetry
between the population of initially more massive stars, which generally correspond to the
first born and more massive (primary) BHs, and the population of initially less massive stars,
which generally correspond to the second born and less massive (secondary) BHs. However,

if mass inversion occurs in some systems, some initially less massive stars will end up as the
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more massive BH by the time of merger, and the distribution of primary BH masses will
have contributions from both the second-born and first-born BHs [Olejak and Belczynski,
2021, Hu et al., 2022, Broekgaarden et al., 2022, Zevin and Bavera, 2022|. If mass inversion
happens in exactly half of merging BBH systems, the primary and secondary component
mass distributions may be indistinguishable even if the first and second born distributions
differ.

From a data analysis perspective, knowing that the primary and secondary mass distri-
butions are the same allows us to measure a single set of model parameters: those of the
shared distribution. This may allow features of the distribution to be measured with higher
precision since both components in the binary will contribute to the measurement of each
feature, rather than just the primary mass. Furthermore, disentangling the role of primary
and secondary masses aids the physical interpretations of such features.

For example, Abbott et al. [2023a] found that the mass distribution exhibits a peak
at primary masses m1 ~ 35 M. The astrophysical origin of this overdensity in the mass
distribution is uncertain, although it may be related to (pulsational) PISN [e.g. Heger and
Woosley, 2002, Fishbach and Holz, 2017, Talbot and Thrane, 2018, Farmer et al., 2019]. A
necessary ingredient towards understanding the origin of the mi1 ~ 35 My peak is to first
understand whether the peak appears exclusively among primary BBH masses, or whether
secondary masses also display a peak, indicating that secondary BHs also experience the
astrophysical process that leads to a mass pileup.

This chapter is organized as follows. In Section 6.2 we describe the different population
models considered in this work. In Section 6.3 we present the results of fitting each of the
models to the GWTC-3 [Abbott et al., 2021g|, finding that while the primary and secondary
masses of merging BBHs are consistent with following the same underlying distribution, it is
also possible that the secondary mass distribution has a more prominent peak than does the

primary mass distribution. In Section 6.4 we discuss possibilities for future observations. In
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Section 6.5 we summarize our conclusions and present possible astrophysical interpretations
of our results. The appendices discuss the fundamental differences between commonly-used
parametrizations for the two-dimensional mass distribution and include details about the

population models and statistical framework.

6.2 Population models

Because our aim is to learn whether the primary and secondary masses are consistent with
being drawn from the same distribution, we describe the primary and secondary mass dis-
tributions separately, but according to the same functional form. We model each of the
one-dimensional mass distributions as a mixture model between a smoothed power law com-
ponent and a Gaussian component in order to make direct comparisons to the POWER
LAW + PEAK model used by the LIGO-Virgo-KAGRA collaboration (LVK) to describe the
distribution of primary masses [Talbot and Thrane, 2018, Abbott et al., 2021d, 2023a).
There are several ways to construct a two-dimensional mass model for the binary from
this one-dimensional mass model for the component masses. However, as we discuss in
Section 6.6.1, in order to explicitly compare primary and secondary mass distributions, it is
necessary to use the pairing function framework first introduced for GW population modeling

in Fishbach and Holz [2020b]. Explicitly,

p(my,molA) = p1(m1|A1)pa(ma|A2) f(q; Bg), (6.1)

where p1(mq|Ay) is the underlying distribution of primary masses, pa(mg|Ag) is the un-
derlying distribution of secondary masses, f(q) is a pairing function that depends on the

mass ratio of the systeml, A1 and Ay are the hyper—parameters2 describing the underly-

1. In principle, the pairing function can be parameterized in terms of any observable parameter (e.g.,
total mass).

2. We use the term “hyper-parameter” for a model parameter that describes the population of merging
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ing primary and secondary mass distributions, respectively, and A = {A1, A9, B;} is the set
of all mass model hyper-parameters. In this work, we use a pairing function of the form
f(q;:Bq) = qﬂq@(q < 1), though other forms may provide a better fit to the data |e.g. Farah
et al., 2022a).

As illustrated in Fig. 6.1, different choices for the relationship between A; and Ao result
in distinct morphologies for the two-dimensional mass distribution. Below, we list each of
the variations we consider in this work, along with the panels in Fig. 6.1 to which they
correspond. A table describing these variations in terms of choices for the hyper-prior is

given in Section 6.6.2.

e PAIRING:SYMMETRIC: This model sets A; = Ao, making the distribution symmetric
under the transformation mq <+ msg. It corresponds to the first row of Fig. 6.1: any
feature in one of the distributions has to be present in both, so it always makes two

bands that connect on the diagonal.

e PAIRING:GENERIC: This model allows the hyper-parameters describing the ~ 35 Mg
peak to differ between p1(mq1|A1) and pa(msa|A2). It can produce any of the panels in
Fig. 6.1, and is the only model that can produce a scenario such as that illustrated in
the middle panel, where the feature in mj has a different amplitude and location than

the feature in mo.

e PAIRING:NO PEAK IN po(m9): This model sets all A9 = Ay, except for the parameter
governing the height of the ~ 35 My peak, which we set to vanish for the secondary
mass distribution but fit as a free parameter for the primary mass distribution. This
model corresponds to the bottom row of Fig. 6.1: it is only capable of having a peak in
the primary mass distribution, so can only produce vertical bands in a two-dimensional

mass distribution. In Section 6.6.1, we show that PAIRING:NO PEAK IN po(msg) ap-

compact binaries, in contrast to the parameters describing each individual GW detection, such as one system’s
masses and spins.
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proximately mimics the behavior of the commonly-used POWER LAW + PEAK model

from, e.g., Abbott et al. [2023a], which we refer to as LVK 2023.

The different columns in Fig. 6.1 correspond to different power law spectral indices,
fBq, for the mass ratio-dependent pairing function. The leftmost panels show models where
components in the binary are allowed to pair up independently of mass ratio, the middle
column shows a model where components have a slight preference to pair up with partners
that are equal mass, and the rightmost panel shows the case where components are very
“picky”™: they almost always pair up with equal mass partners |Fishbach and Holz, 2020b|.
When components pair nearly independently of mass ratio, the asymmetric models produce
noticeably different distributions than the symmetric models. However, in the case of very
picky binaries, the two scenarios become difficult to tell apart. There is therefore a degeneracy
between the steepness of the pairing function and the existence of distinct features in the
two mass distributions [see Tiwari, 2023, for a discussion of this phenomenon in terms of
Jacobian transformations].

In all models considered in this work, the redshift distribution is modeled as a power law
with spectral index x [Fishbach et al., 2018|. We use the DEFAULT spin model from Abbott
et al. [2021d, 2023a] to describe the spin magnitudes and tilts of each component. These are
the same redshift and spin distributions used with LVK 2023 in Abbott et al. [2023a]. The
explicit form of the full population model is given in Section 6.6.2.

Using these parameterized models, we construct a hierarchical Bayesian inference (de-
scribed in Chapter 2) to determine the appropriate population-level parameters for the mass
distribution, A, given the observed set of data {D;} for N observed events [Loredo, 2004,
Mandel et al., 2019]. We model the data as an inhomogeneous Poisson process with the rate

density (number of events per unit time per single-event-parameter hypervolume) given by

dN
dmydmo, dsydsodz

= Rp(2)p(s1, s2)p(m1, ma|A), (6.2)
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where R acts as a normalizing constant that sets the overall magnitude of the rate.

6.3 Results

We fit each model described in Section 6.2 to the BBHs in GWTC-3. The resulting two-
dimensional mass distributions for the PAIRING:SYMMETRIC and PAIRING: GENERIC models
are shown in Fig. 6.2. These plots represent an average over the hyper-posterior for each
model; this average is sometimes referred to as a posterior predictive distribution (PPD). The
contours differ in morphology to those illustrated in Fig. 6.1 because the actual distribution
of BBH component masses exhibits two peaks: one at ~ 10 Mg and another at ~ 35 Mg
[Abbott et al., 2021d, Tiwari, 2021, Edelman et al., 2022, Sadiq et al., 2022, Abbott et al.,
2023a, Edelman et al., 2023, Farah et al., 2023, Ray et al., 2023|, whereas we only place one
peak in the models shown in Fig. 6.1. The peak at ~ 10 My creates bands in all panels
that have very little vertical extent because the peak is proximal to the minimum BH mass.
Nonetheless, fits using both models exhibit vertical and horizontal bands, indicating peaks in
both p1(m1) and pa(msg). While the PAIRING:SYMMETRIC model requires this behavior, the
PAIRING: GENERIC model does not, meaning that the secondary mass distribution appears to
exhibit its own feature at ~ 35 M. Furthermore, the fact that PAIRING: GENERIC produces
a PPD similar to that of PAIRING:SYMMETRIC indicates that the data support consistent
primary and secondary mass distributions.

The bands in all panels do not go the full extent of parameter space but rather taper
off away from the diagonal, indicating a preference for equal-mass binaries either through a

pairing function or a mass ratio distribution that favors m; ~ msy.
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Figure 6.1: Illustration of some possible two-dimensional mass distributions under the models
considered in this work. These distributions are not indicative of specific astrophysical
predictions, but are instead meant to be illustrative of the morphologies accessible by current
models. Overdensities/peaks in the mass distribution appear as darker filled contours in
these figures. The different columns correspond to different power law spectral indices for
the mass ratio-dependent pairing function, ;. In the case where components strongly prefer
to pair with nearly equal-mass partners, it becomes difficult to determine whether a feature
appears only in one component mass distribution (as in the PAIRING:NO PEAK IN py(ms)
model, bottom row) or in both (PAIRING:SYMMETRIC, top row). The diagonal contours in
the middle and right columns are caused by a preference for equal-mass binaries and follow
lines of constant mass ratio. The goal of this chapter is to distinguish between the different
scenarios illustrated in this figure.
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Figure 6.2: Two-dimensional PPDs for PAIRING:SYMMETRIC (left, orange), PAIR-
ING:GENERIC (middle, purple), and PAIRING:NO PEAK IN pa(msg) (right, pink), all fit to the
BBHs in GWTC-3. Darker colors indicate a higher rate of sources, and each panel is individ-
ually normalized to it maximum value. All three models find a higher rate of events near the
m1 = mg diagonal, as well as peaks at m1 ~ 10 M and my ~ 35 M. PAIRING:SYMMETRIC
and PAIRING:GENERIC both find peaks in mg as well, as indicated by horizontal bands in the
two leftmost panels, whereas PAIRING:NO PEAK IN pa(msg) is unable to model features in
the myo direction. Additionally, PAIRING:SYMMETRIC and PAIRING: GENERIC display peaks
in similar locations despite the fact that PAIRING:SYMMETRIC requires that both m; and
mg follow the same underlying distribution but PAIRING:GENERIC is able to model each
component separately. This suggests that both components may be drawn from the same
underlying distribution, up to a pairing function.
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Figure 6.3: Underlying distribution of primary and secondary masses for the PAIR-
ING:SYMMETRIC (orange) and PAIRING:GENERIC (purple) models. Under the PAIR-
ING:SYMMETRIC model, pi(mq1) = pa(mo) = p(m), so only p(m) is shown. p(m) under
PAIRING:SYMMETRIC is more tightly constrained than py(m1) (purple filled band) or ps(ms)
(dot-dashed lines) under PAIRING:GENERIC as it has twice as many observations per free
parameter. These distributions are constructed to describe the population of BHs before
the function that pairs components into merging binaries is applied. All three underlying
distributions are consistent with one another, though po(ms) appears to have a large peak
at ~ 35 Mg while py(mq) has some support for no peak in that region. p(m) does not have
support for no peak, but its peak is constrained to be small, while the peak in po(msg) is
less well-constrained and may be larger in amplitude. This hints at the possibility that the
peak identified in the primary mass distribution by the LVK 2023 formalism may have been
driven by a peak in ps(mo) rather than py(mq), though hyper-parameter uncertainties within
PAIRING:GENERIC are too large to definitively determine this, and the data is consistent

with py(m1) = pa(ma2).
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6.3.1 Primary and secondary masses are consistent with having the same

underlying distribution

The underlying distributions (i.e. before a pairing function is applied) of the primary and sec-
ondary masses are shown in Fig. 6.3 for the two pairing function models. There is a region of
overlap between the primary and secondary mass distributions under the PAIRING: GENERIC
model, indicating that the primary and secondary mass distributions are consistent with one
another. As expected, this region of overlap also coincides with p(m), the distribution de-
scribing both component masses in the PAIRING:SYMMETRIC model.

Models not explicitly parameterized in terms of a pairing function are unable to produce
underlying distributions such as those shown in Fig. 6.3, so for the sake of comparison to
previous work, we turn to conditional® mg distributions, p(meo|m; = C'), where C' can be any
number in the domain of the m; distribution. Fig. 6.4 shows these conditional distributions
for the PAIRING:SYMMETRIC, PAIRING: GENERIC and LVK 2023 models, the latter of which
does not use a pairing function. The curves in Fig. 6.4 are averaged over the hyper-posterior
for each model.

For all values of C, the inferred distribution under the PAIRING: GENERIC model behaves
similarly to that of the PAIRING:SYMMETRIC model, indicating consistency between the
primary and secondary mass distributions. In particular, under the PAIRING:SYMMETRIC
and PAIRING:GENERIC models, we see a peak in the conditional secondary mass distribu-
tion p(mo|my = C) when C' > 35 Mg (solid and dotted lines). While mgy generally prefers
to be near mjp, as indicated by an upward trend in all models, the two pairing function
models have more support for mo being within the peak than being nearly equal to mq
when mq is large (dotted lines). This behavior is in contrast to the LVK 2023 model,

which forces the conditional secondary mass distribution p(msg|m; = C') to monotonically

3. While marginal distributions are typically used for the purpose of comparing PPDs from several models
on a single plot, they are not sensitive to differences between two-dimensional mass distributions when equal
masses are preferred (see Section 6.6.2), so we use conditional distributions instead.
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increase for all values of C' because it does not allow for a peak in mg. While the PAIR-
ING:GENERIC model can replicate this behavior, it instead recovers similar distributions to
the PAIRING:SYMMETRIC model. The Bayes factor of PAIRING: GENERIC relative to PAIR-
ING:SYMMETRIC is B(PAIRING:GENERIC)/B(PAIRING:SYMMETRIC) = 0.38, indicating an
inability to distinguish between the two models, with perhaps a modest preference for the

PAIRING:SYMMETRIC model.

6.3.2 Improved constraints on peak location

If the primary and secondary mass distributions are identical, we can better measure the
properties of features in that common distribution by using measurements of both m and
mg. Fig. 6.5 shows the one-dimensional hyper-posterior for the location, u, of the Gaussian
peak in the mass distribution under the PAIRING:SYMMETRIC and LVK 2023 models. We
measure p with a standard deviation of 1.50 M under the PAIRING:SYMMETRIC model
compared to 2.08 My under the LVK 2023 model, representing a 28% improvement. This
increase in precision is similar to that expected from using twice the number of independent
events (1 — 1/4/2 = 0.29), because now both my and ms contribute to the inference, rather

than just mq.

+2.3
o5 Me

Furthermore, the PAIRING:SYMMETRIC model recovers a lower value of y = 31.4
(median and 90% credible interval) compared to the LVK 2023 result of u = 33.64_221:8,
because it refers to a feature in the underlying p(m) distribution rather than the marginal
mq distribution. Features in p(m) appear at larger masses in the marginal m; distribution
and lower masses in the marginal mo distribution due to the constraint that my > mo.

If the ~ 35 M peak is believed to be a feature of the supernova remnant mass distribu-
tion, it is best to use its location in the underlying p(m) distribution rather than its location

in the marginal distribution. For example, analyses wishing to compare this feature with

expectations from a pair-instability supernova pileup [e.g. Stevenson et al., 2019, Farmer
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Figure 6.4: Conditional PPDs for the models considered in this work. We show the sec-
ondary mass distributions conditioned on m; = 20 My (dashed), m1 = 35 Mg (solid) and
my = 70 Mg (dotted) to exemplify when the primary mass is below, inside, and above the
Gaussian peak, respectively. Orange lines correspond to PAIRING:SYMMETRIC, purple lines
to PAIRING:GENERIC, and green lines to LVK 2023. Lines denote the mean posterior prob-
ability, marginalized over hyper-parameter uncertainty, and credible intervals are omitted for
clarity. When m is below the peak, all models agree. When my is above or within the peak,
PAIRING:SYMMETRIC and PAIRING: GENERIC exhibit a larger preference for mo to be in the
peak than the LVK 2023 model does because the latter is constructed to behave like a power
law in the range [myin, m1]. The fact that PAIRING:GENERIC and PAIRING:SYMMETRIC
approximately agree on the peak location and height indicates that the primary and sec-
ondary masses may follow the same underlying distribution up to a pairing function.
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et al., 2020 should use the value presented here (u = 31.41‘%:% Mg), whereas studies aiming
to connect the peak with binary physics may wish to use the value presented by Abbott
et al. [2023a] (1 = 33.6:21:8). Interestingly, this lower peak location is in further tension with
the latest theoretical predictions for a pair-instability pileup |Farag et al., 2022].

When possible, though, it is best to compare theoretical predictions directly to the two-
dimensional mass distribution (such as those in Fig. 6.2) rather than to the values of specific
hyper-parameters, since hyper-parameters have different meanings in different models. Cor-
respondingly, it is important that models used to fit the data are intentionally constructed to
allow for features in both the primary and secondary mass distribution. Many of the current
parametric [Fishbach and Holz, 2017, Talbot and Thrane, 2018, Baxter et al., 2021, Abbott
et al., 2021d, 2023a] and non-parametric |Tiwari, 2021, Edelman et al., 2022, Callister and
Farr, 2024, Godfrey et al., 2023] BBH mass distribution models enforce asymmetry between
mq and mgo, excluding the possibility that the primary and secondary mass distributions
share the same features? (with a few exceptions, e.g. Edelman et al. 2023, Ray et al. 2023,
Sadiq et al. 2023). It is possible to construct a mass distribution that allows for features in
both the primary and secondary mass distribution without using a pairing function [e.g. Ray
et al., 2023|, but directly comparing the primary and secondary mass distributions using
these parametrizations is less straightforward.

Another application of our improved measurement of the peak location is “spectral siren”
cosmology, which uses such features in the mass distribution to infer the expansion history
of the universe [Chernoff and Finn, 1993, Messenger and Read, 2012, Taylor and Gair, 2012,
Farr et al., 2019, Ezquiaga and Holz, 2021, 2022, Abbott et al., 2023b|. Previous analyses

found the location of this peak to be the parameter most correlated with the Hubble constant

4. Callister and Farr [2024] and Godfrey et al. [2023] use flexible models to fit p(¢q) rather than using
power laws, but they do not use a pairing function and instead fit the m; and ¢ distributions independently,
therefore assuming the product of the marginal distributions equals the two-dimensional distribution. This
is the same fundamental choice as is described in Equation 6.3, and therefore assumes that m; and ms follow
different distributions.
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[see Figures 5 and 13 of Abbott et al., 2023b], so an improved constraint on u should therefore
have a relatively large effect on the constraints of cosmological parameters if all other mass

distribution parameters remain equally-well constrained.

6.3.3 Fvidence for a peak in the secondary mass distribution

Consistency between the primary and secondary mass distributions implies a peak in the
secondary mass distribution at mo ~ 30 M, as this feature has already been robustly
identified in the primary mass distribution [Abbott et al., 2021d, Tiwari, 2021, Abbott et al.,
2023a, Edelman et al., 2023, Callister and Farr, 2024, Farah et al., 2023]. However, the data
is also consistent with differing primary and secondary mass distributions, as shown by the
regions in which the filled and dashed bands do not overlap in Fig. 6.3. In this case, it
is worthwhile to explicitly determine whether there exists a peak in the secondary mass
distribution.

The left panel of Fig. 6.6 shows the posterior distribution for the parameters governing
the height of the peak in mj and mo under the PAIRING:GENERIC model, A\; and g,
respectively. Setting A (12} = 0 means that no binaries in the astrophysical population are
in the Gaussian peak®, while 12} = 1 means all binaries are in the Gaussian peak. The
lower left and upper right regions of the two-dimensional posterior are excluded, meaning
that A1 and A9 cannot both be zero, nor can they both be large. This indicates that either one
of the two distributions has a large peak while the other has none, or that both distributions
have moderate peaks.

In fact, the posterior on Ay peaks at a higher value than A;. Under the LVK 2023
model, the 1D posterior on A\ peaks between the marginal \; and Ao posteriors of the PAIR-

ING:GENERIC model. Additionally, in the PAIRING:GENERIC model, A\ has more support

5. The integrated fraction of events in the region near the peak is higher than the fraction indicated
by A because both the Gaussian peak and the underlying power law contribute to the rate in that region.
Therefore, A\{; 2y = 0 does not mean that there are no events with masses ~ 35 M.
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Figure 6.5: Marginal posteriors on p, the location of the Gaussian peak, for the LVK 2023
and PAIRING:SYMMETRIC models. This parameter is more precisely measured under the
PAIRING:SYMMETRIC formalism by ~ 1/4/2, indicating that m; and ms independently con-
tribute to this measurement. p is the most correlated parameter with the Hubble constant
when using “spectral sirens” [Ezquiaga and Holz, 2022, Abbott et al., 2023b]|, so using the
PAIRING:SYMMETRIC model will presumably improve cosmological measurements. The cen-
tral values of the two distributions differ because the hyper-parameter has slightly different
effects on the resulting 2D mass distribution each model.
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at zero relative to A, while A9 has reduced support at zero. This hints at the intriguing pos-
sibility that the secondary masses may be driving the nonzero value of A found by Abbott
et al. [2021d] and Abbott et al. [2023a]. In other words, it is possible that the ~ 30 M peak
exists the secondary mass distribution rather than the primary mass distribution. However,
the data are still consistent with A\ = A9: the dashed grey line in Fig. 6.6 intersects the
1.5-0 contour of the hyper-posterior.

As shown in Section 6.6.1, the LVK 2023 formalism behaves similarly to PAIRING:NO
PEAK IN pg(mg), which is nested within PAIRING:GENERIC when A9 = 0. Therefore, ruling
out Ao = 0 would indicate that the pairing function formalism is strongly preferred. We find
that A9 = 0 is disfavored but not ruled out: there is 4.2 times more posterior density at
A9 = 0.17 (its median a posteriori value) than at A9 = 0. It is therefore difficult to tell with
the current number of detections whether the data prefer for the peak to exist in pi(mq),
pa(ms), or both.

These three possibilities are somewhat degenerate because of the preference for equal mass
BBHs. To illustrate this, the right panel of Fig. 6.6 compares the power law spectral index,
fBq, of the pairing function under PAIRING:GENERIC and PAIRING:NO PEAK IN py(mg).
When there is no peak in pa(mg), the 3, posterior shifts to higher values, which corresponds
to a larger preference for ¢ ~ 1. This is because the PAIRING:NO PEAK IN py(mso) model
has a peak in pj(mq), so it allows for a high fraction of secondary masses to lie within the
peak by making more binaries equal-mass. For comparison, we also plot the posterior on 3,
under PAIRING:SYMMETRIC to show how a different set of assumptions about A9 changes
Bq- The shift in 8; when A9 = 0 is larger than when A9 = A1, suggesting that it is driven by
an excess of events with mo ~ 35 My rather than by other model assumptions or a different
realization of the inference.

In summary, we find modest evidence for a peak in po(ms), suggesting that pairing

function models may be preferred over the LVK 2023 formalism, though current observations
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do not allow us to definitively rule out that the peak exists only in pj(mq). The data is
consistent with A1 = Ao, so there is not strong evidence against the possibility that mq and

mg are drawn from the same underlying distribution, up to a pairing function.

6.3.4 BBHs are picky

Pairing functions provide an intuitive way to quantify whether the properties of one BH
in a binary influences those of its companion. Binaries that pair up independently of each
component’s masses are described by a pairing function with 3; = 0, whereas a preference
for equal-mass binaries is described by £, > 0. We find 8; > 0 to > 99.99% for PAIR-
ING:SYMMETRIC and to 99.95% for PAIRING:GENERIC. This is consistent with an earlier
study by Fishbach and Holz [2020b] who use the pairing function formalism on GWTC-1
[Abbott et al., 2019b|. However, BBHs are not maximally picky: the posterior on f; is not
railing against the high end of the prior bounds.

Our inferred two-dimensional mass distribution is generally consistent with that shown
in Sadiq et al. [2023|, who use a non-parametric approach and assume that the population
is symmetric under mj <> mg. They show evidence for peaks in the mass ratio distribution
at ¢ ~ 0.5 when m1 ~ 15 Mo and mq ~ 70 My, which they interpret as a lack of preference
for similar-mass pairings. However, we note that these peaks in the mass ratio distribution
translate to peaks in the secondary mass distribution at ~ 7 Ms and ~ 35 Mg, the same
locations at which the primary mass distribution exhibits peaks. Parametrizations that
assume symmetry under mq <> msg but do not use a pairing function are unable to disentangle
the effects of preference for similar-mass pairings from features in one or both component
mass distributions. We therefore conclude that both our results and those presented in Sadiq
et al. [2023] are consistent with a preference for similar-mass pairings as well as structure in
the secondary mass distribution.

In this work, we have only examined power law forms for the pairing function, but

146



A= 0047008

LVK 2023
PAIRING:GENERIC 0.51 PAIRING:SYMMETRIC
PAIRING: GENERIC
PAIRING:NO PEAK
£0.4 IN pa(my)
w0
g
Ao = 0171014 A
0.09 = 0.31
;,;
”Qg 0.21
A,
0.1
0.0 , , , , ,
ANV 0.0 2.5 5.0 7.5 10.0
N S D
Q- Q- Q- 8
q
Ao

Figure 6.6: Hyperposteriors under pairing function models. Left: Corner plot of hyper-
parameters governing the height of the Gaussian peak for the primary (A1) and secondary
(A2) mass distributions under the PAIRING: GENERIC model. The medians and 90% credible
intervals are shown above their respective marginal distributions. The medians indicate that
roughly 17% of BBHs have secondary masses in the Gaussian peak while 4% have primary
masses in the peak, though this preference for a larger peak in pa(msg) may be due to the
relatively poor constraint on A9 rather than a true preference in the data. The lower left
portion of the two-dimensional posterior is excluded, indicating that there must be a peak in
either p1(mq) or pa(mo), and a slight preference exists for the peak to be in pa(ms) (upper
left portion of plot) or both distributions (central portion of plot), though the peak being
in py(mq) only is not completely ruled out. For reference, the 1D posterior on A under
the LVK 2023 model is shown in green, with A\ = O.O4Jj8:8“;’ [Abbott et al., 2023a|. The
dashed grey line indicates where Ay = Ao. Right: Marginal posteriors on 3, the hyper-
parameter controlling the steepness of the pairing function under the PAIRING:SYMMETRIC,
PAIRING:GENERIC, and PAIRING:NO PEAK IN pg(mg) models. When we set Ao = 0, S
increases, indicating a preference for equal-mass components. This behavior is likely caused
to accommodate an excess of events with mo ~ 35 My, which can either be caused by a
peak in po(msg) or with a peak in pi(m1) and a strong preference for equal-mass binaries
(see discussion in Section 6.6.1).
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more complex models are under investigation and will be presented in future work. If the
pairing function is a more complex function of mass ratio, or if it depends on multiple
parameters, such as primary mass or spin [e.g. Farah et al., 2022al, it may become easier
to distinguish between pairing function models and models parameterized similarly to LVK
2023, as complex pairing functions may find more support away from the mj; = ms9 diagonal.
The same is true if the marginal mass ratio distribution has multiple modes, or if mass ratio

is allowed to correlate with other parameters [e.g. effective spin, Callister et al., 2021].

6.4 Looking to the future

The LVK 2023 and pairing function models differ most in their predictions for the number
of events in the region mq € [35,40] N ma € [Mpyin, 30], because they disagree on whether
to place mo in the Gaussian peak or somewhat evenly throughout the available parameter
space. We can therefore determine which model will be preferred in the future by counting
the number of detected events in that region.

It is expected that 260‘:?%8 BBHs will be detected by the end of O4, and 8701“}1%80
BBHs will be detected by the end of O5 [Kiendrebeogo et al., 2023]. With 260 (870) to-
tal BBH detections, we expect 23.6 + 4.6 (79.0 + 8.5) BBHs to fall in the region m; €
[35,40] N'mgy € [Mypin, 30] under the LVK 2023 model and 12.6 + 3.5 (42.3 & 6.3) under
the PAIRING:SYMMETRIC model. This means that by the end of O4, we will be able to
distinguish the LVK 2023 and PAIRING:SYMMETRIC models to > 20, and we will be able
to distinguish them to > 40 by the end of O5.

Of course, it will be necessary to perform a full hierarchical analysis, as measurement
uncertainties of detected systems will cause events to scatter into and out of this region.
Additionally, in a hierarchical Bayesian context, posterior predictive checks performed on
the event-level parameters (such as the true masses of individual events) are less sensitive

than those performed on the observed data, such as the strain or the maximum likelihood
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event parameters [Sinharay and Stern, 2003, Gelman, 2006, Bayarri and Castellanos, 2007,
Loredo, 2013]. This is why, for example, Fishbach et al. [2020b] performs posterior predictive
checks on the maximum-likelihood values of the observed and predicted events rather than
the posterior distributions of those events. Therefore, more sensitive posterior predictive
checks may be able to distinguish between the two frameworks with fewer events than we

project here.

6.5 Summary and implications for astrophysics of merging BBHs

We present the first analysis of the secondary mass distribution of merging BBHs. This allows
us to explore whether the primary and secondary component masses in merging BBHs are
drawn from the same distribution, or whether the BBH mass distribution is asymmetric in
mjp <> mo as is commonly assumed in BBH population studies. We find the data to be
consistent with two possibilities: either the primary and secondary mass distributions are
similar, or a larger peak exists in the secondary mass distribution than the primary mass
distribution. In either scenario, a peak likely exists in the secondary mass distribution. This
possibility is not considered in many previous analyses of the BBH population, which fix the
secondary mass distribution to be a power law [e.g. Abbott et al., 2019a, 2021d, 2023a] or
assume that mi and mg are interchangeable |e.g. Fishbach and Holz, 2020b, Sadiq et al.,
2023|. The existence of this secondary-mass peak has implications for the formation channels
of merging BBHs and the origin of the ~ 35 My peak.

If the mass distribution is indeed symmetric under my <> msg as in our preferred model
PAIRING:SYMMETRIC, this may imply that a large fraction of merging BBHs are formed
through dynamical assembly, in which the two component BHs are born through a similar
process and then find each other in a dense stellar environment. In this case, the pairing func-
tion and its dependence on mass ratio and/or total mass may encode valuable information

about dynamical processes like mass segregation and binary exchanges.
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The appearance of a peak in both primary and secondary mass distributions is consistent
with an origin in the BH remnant mass function. However, the peak location at 31.4f%:g M
is in tension with predictions for pair-instability supernovae, so this feature is likely caused by
another astrophysical process. As another application of our work, we suggest that future
spectral siren measurements consider the PAIRING:SYMMETRIC model when inferring the
Hubble constant, because it provides an improved measurement of the peak location relative
to the LVK 2023 model and the peak location is strongly correlated with the inferred value
of Hy.

On the other hand, the data remain consistent with an asymmetric BBH mass distribu-
tion p(mq, mo), in which p1(my) # pa(ms), as in the PAIRING: GENERIC model. This would
imply that a significant fraction of merging BBHs originate from field binaries, in which
“primary" and “secondary" are physically meaningful labels if they tend to correspond to
the first-born or second-born BH in a binary. The component mass distributions pq(mq)
and po(mo) would then encode the binary IMF and the highly uncertain physics of binary
stellar evolution. Specifically, the location and prominence of features in each component
mass distribution may provide insight into how mass loss versus mass accretion affect stel-
lar evolution and collapse, including their effect on supernovae and the BH remnant mass
function. For example, when mass transfer is unstable, a peak is expected at ~ 15 My
in the primary mass distribution, but near the minimum BH mass in the secondary mass
distribution, though the relative locations of these peaks depends on common-envelope and
supernova kick physics [van Son et al., 2022a].

Notably, if the BBH mass distribution is asymmetric, we find that it is possible that no
peak exists in the primary mass distribution, and the previously-identified peak in primary
mass is actually driven by an overdensity in the secondary mass distribution. A peak that
is more prominent in ps(mo) than pi(m;) may imply that PISN are more frequent or are

shifted to lower masses among second-born BHs.
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The degree of asymmetry in the BBH mass distribution provides insight into the frequency
of mass inversion in binary stars, providing a complementary probe to BH spins [Mould et al.,
2022]. If mass inversion never occurs, mj will typically be the remnant of the donor star.
However, if mass inversion is the norm, mj will be the remnant of the accretor star. A per-
fectly symmetric BBH distribution under isolated binary evolution would imply that mass
inversion happens exactly 50% of the time, causing the primary and secondary mass distri-
butions to be indistinguishable even though binary physics imparts different distributions on
the first-born versus second-born BH, but this is statistically unlikely. Determining whether
primary and secondary BH masses follow the same underlying distributions is therefore a
novel and promising probe of formation channels. However, this test should be interpreted
within the full BBH population inference, as theoretical models should make consistent pre-
dictions for the mass, spin and redshift distributions.

We have only explored parametric models in this work, and can therefore only comment
on the features in the mass distribution explicitly parameterized by our model. Future
investigations may find it beneficial to use a non-parametric approach that separately fits
the primary and secondary mass distributions by employing a pairing function.

We additionally find that BHs in merging binaries have a strong preference to pair with
similar-mass BHs for all forms of the secondary mass distribution considered in this work.
This is consistent with the results presented in Fishbach and Holz [2020b], though we more
confidently exclude the scenario in which BBHs pair independently of mass ratio since we
now have many more detected BBHs.

By the end of O5, we expect to confidently distinguish between the different scenarios
presented here for the BBH mass distribution. In this work, we found that secondary masses
in merging BBH systems likely display a peak at ~ 35 M, whereas previous results iden-
tified this peak exclusively among primary masses. With a few hundred additional BBH

observations, we expect to determine whether both component mass distributions have a

151



peak at the same location and if the peak is more prominent among secondary masses.
Directly incorporating the distribution of secondary masses can serve as an important

tool to constrain formation mechanisms of BBHs.

6.6 Additional Analysis Details

The following software packages were used in this chapter: gwpopulation |Talbot et al.,
2019], bilby [Ashton et al., 2019|, scipy [Virtanen et al., 2020|, corner.py |[Foreman-

Mackey, 2016].

6.6.1 Comparison of Common Mass Distribution Parametrizations

Differences between mass ratio distributions and pairing functions

Given a form for the primary mass distribution, there are several ways to construct a two-
dimensional mass distribution. We discuss two possibilities here that are common in the
literature, showing the different effects they have on the resulting two-dimensional mass
distribution.

The main qualitative differences between the two parametrizations are illustrated in
Fig. 6.7. The top row has three examples of mass distributions that can be described by a

model of the form

p<m17m2|AM75) :p(mlyAm)p(q,mlammin7ﬁ) (63)

for different values of 5. Here, m is the mass of the heavier component in the binary, mo
is the mass of the lighter component, and ¢ = mag/m; < 1 is the mass ratio. This can be

equivalently written as

p(m17m2|Am76) :p(m1|Am)p(m2|m1,ﬁ), (64)
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since mo = gmj. The parametrization described in Equation 6.3 is used by all parametric
models presented in Abbott et al. [2021d| and Abbott et al. [2023a] that were used to model
the primary mass distribution of BBHs, such as BROKEN POWER LAwW and POWER LAwW +
PEAK, and is also commonly used in other analyses [e.g., Fishbach and Holz, 2017, Kovetz
et al., 2017, Talbot and Thrane, 2018, Tiwari, 2021, Edelman et al., 2022, Callister and
Farr, 2024, Godfrey et al., 2023|. For the remainder of this Section, we will refer to models
parameterized by Equation 6.3 as “CONDITIONED-Q,” since they require the mass ratio
distribution to be explicitly conditioned on primary mass.

The bottom row of Fig. 6.7 has three examples of mass distributions that can be described
using a “pairing function”, f [Fishbach and Holz, 2020b]. Models with pairing functions have

the form

p(my, ma|A) = pr(mi|A1)p2(ma|A2) f(g; By) (6.5)

where f(q) is a pairing function that depends on the mass ratio of the systemb, and A =
{A1, A2, By} is the set of all model hyper-parameters. In this work, we use a pairing function
of the form f(q; ) = ¢?10(q < 1), though other forms may provide a better fit to the data
le.g. Farah et al., 2022a|. In the examples illustrated in Fig. 6.7, the primary and secondary
mass distributions are equivalent, so p1(m) = pa(m) = p(m). Alternatively, Ay = Ay. This
describes a situation in which there is a single underlying mass distribution from which both
components are drawn. The pairing function then describes how likely the two components
are to be combined in a merging binary based on their mass ratio. A pairing function
that prefers equal mass binaries will cause a marginal mass ratio distribution that has more
support near ¢ = 1, but the inverse is not necessarily true.

The parametrization in Equation 6.5 factorizes the possibility that components in binaries

prefer to be near-equal mass and the possibility that the primary and secondary masses have

6. In principle, the pairing function can be parameterized in terms of any observable parameter (e.g.,
total mass).
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distinct probability distributions. In other words, pairing functions allow us to model the
secondary mass separately from the primary mass, while also allowing for the possibility that
component BHs prefer to pair with similar-mass BHs.

In Fig. 6.7, a peak at 35 M, is placed in both models to show the effects of such features
in both cases. One consequence of CONDITIONED-Q models is that features such as Gaussian
peaks can only appear in the the primary mass distribution. This is shown by the vertical
bands in the top row of Fig. 6.7 and lack of horizontal bands, since a band in the vertical
(horizontal) direction are caused by a peak or dip in the primary (secondary) mass distri-
bution for a range of secondary (primary) masses. For pairing function models, features can
appear in p1(my), pa(ma), or both. We have illustrated the case in which the same feature
appears in both component mass distributions, and this appears as both the vertical and
horizontal bands in the bottom row of Fig. 6.7. If A; and Ay are allowed to differ, features
could appear in only one of these distributions. This would cause there to only be horizontal
bands if features only existed in po(m9), and only vertical bands if features only existed in
p1(mq). Features are also able to appear in different locations in p1(mq) vs pa(ms) under the
pairing function formalism. However, the CONDITIONED-Q formalism only allows for bands
in the vertical direction, meaning that it is not flexible enough to capture true underlying
distributions with features in pa(mso). The behavior of the CONDITIONED-Q formalism can
in general be approximated by the pairing function formalism, while the opposite is not true.

The different columns in Fig. 6.7 correspond to different power law spectral indices for
the mass ratio distribution (top row, ) and mass ratio-dependent pairing function (bottom
row, f¢). The top row’s leftmost panel has a uniform mass ratio distribution, the middle
panel has a mass ratio distribution that mildly favors equal-mass binaries, and the right
panel’s mass ratio distribution strongly favors equal mass binaries. Analogously, the bottom
row’s leftmost panel shows a model where components in the binary are allowed to pair

up independently of mass ratio, the middle panel shows a model where components have
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a slight preference to pair up with partners that are equal mass, and the rightmost panel
shows the case where components are “picky”: they almost always pair up with equal mass
partners |[Fishbach and Holz, 2020b]. When the mass ratio distribution is broad, or when
components pair near-independently of mass ratio, the CONDITIONED-Q models produce
noticeably different distributions than the pairing function models. However, in the case
of very picky binaries or a steeply rising mass ratio distribution, the CONDITIONED-Q and
pairing function models become difficult to tell apart, and likely explain the data equally
well. There is therefore a degeneracy between the steepness of the pairing function and the
existence of distinct features in the two mass distributions [see Tiwari, 2023, for a discussion
of this phenomenon in terms of Jacobian transformations].

Fortunately, as we will show in Section 6.3.4, we measure 3 ~ 3.5 and 84 ~ 1, so the data
lie somewhere between the middle and rightmost columns.” This means that differentiating
between the two scenarios will be difficult, but possible given enough data.

Mass distributions of compact objects are often visualised through a plot of the marginal

component mass distributions. The marginal mo distribution is defined as

p(ma|A) = /dmm(mbmzl/\), (6.6)

where p(mq, mo|A) can be parameterized in the way described in Equation 6.3 or Equa-
tion 6.5. However, in all but the top left panel in Fig. 6.7, the marginal secondary mass
distribution exhibits a peak between 30 Ms—40 Me), even though the secondary mass distri-
bution is not able to have any features on its own. This is because features in the primary
mass distribution induce features in the marginal secondary mass distribution if equal-mass

binaries are preferred: when a binary’s primary mass is within the peak, its secondary mass is

7. The value for § under CONDITIONED-Q is different than the value found for 3, under the pairing
function models because the two parameters cause different behaviors in the 2D mass distribution within
their respective models. A low value for 5 does not imply that BBHs are not picky, just that the marginal
mass ratio distribution rises slowly. We discuss this in more detail in Section 6.6.1.
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also likely to be in that peak simply because mo ~ m; is preferred. It is therefore difficult to
distinguish between these different scenarios by looking at the marginal distributions alone.
Instead, we analyze two-dimensional distributions such as the ones illustrated in Fig. 6.7, as
well as the secondary mass distributions conditioned at various values of m1. The latter can
be thought of as one-dimensional slices of the former.

It is our goal to determine whether the data prefer models described by pairing functions
or by CONDITIONED-Q functions. We also aim to determine if the primary and secondary
masses are drawn from the same distribution, and whether we can draw physical insights

from features that appear in the primary mass distribution, secondary mass distribution, or

both.

“Pickiness”

Under the CONDITIONED-Q formalism, we cannot determine how BHs in binaries choose their
companions, though we can gain some insight from their marginal mass ratio distribution.
CONDITIONED-Q parametrizes the mass ratio distribution as a power law with spectral index
B, where 5 > 0 corresponds to mass ratio distributions with more support for similar-mass
binaries. Abbott et al. [2023a] find f = 1.1"_%:;, which similarly indicates a preference
for equal-mass binaries. Note that the value for § under CONDITIONED-Q is noticeably
different than the value found for 3; under the pairing function models because the two
parameters cause different behaviors in the 2D mass distribution within their respective
models. A low value for f does not imply that BBHs are not picky, just that the marginal
mass ratio distribution rises slowly. As shown in Section 6.6.2, the pairing function models
and CONDITIONED-Q model all produce near-identical marginal mass ratio distributions,
despite different values for 3; and §. Low values for 3 are partially due to the fact that
the low-¢ end of the marginal mass ratio distribution will always be suppressed because

of the existence of a minimum BH mass. This minimum mass makes it impossible to get
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Figure 6.7: Illustration of some possible two-dimensional mass distributions under the com-
monly used “CONDITIONED-Q” formalism described by Equation 6.3 (top row) and the pair-
ing function formalism described by Equation 6.5 (bottom row). Overdensities/peaks in the
mass distribution appear as darker filled contours in these figures. The CONDITIONED-Q
formalism is only able to produce models with features in the mj distribution, as shown
by the vertical bands in the top row, whereas the pairing function formalism can model
features in either mj or mso, or both. The different columns correspond to different power
law spectral indices for the mass ratio distribution (top row, §) and mass ratio-dependent
pairing function (bottom row, By). In the case of a steeply rising mass ratio distribution, or
if components strongly prefer to pair with nearly equal-mass partners, the CONDITIONED-Q
model and the pairing function model become difficult to tell apart and likely explain the
data equally well, as shown by the two panels in the leftmost column. The diagonal contours
in the middle and right columns are caused by a preference for equal-mass binaries and follow
lines of constant mass ratio.
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extreme mass ratios unless mq is very large, and the mj distribution has very little support
for my Z 60 M. Therefore, 8 does not need to be large in order for the marginal mass ratio
distribution to strongly disfavor unequal-mass binaries. In fact, the existence of a minimum
mass plus a tapering at high mj means that even when § < 0, the marginal mass ratio

distribution rises towards ¢ = 1.

Mimicking CONDITIONED-Q with a pairing function model

We show that the PAIRING:NO PEAK IN po(msg) model approximates the morphology of the
LVK 2023 model, which uses the CONDITIONED-Q formalism.

The right two panels of Fig. 6.11 show the two-dimensional PPDs for the LVK 2023 and
PAIRING:NO PEAK IN pa(mg) models. Both exhibit vertical bands and no horizontal bands,
and have a similar-magnitude drop in merger rate moving away from the diagonal.

The leftmost panel of Fig. 6.11 shows the conditional msg distribution for both models.
While the slopes of the two models differ slightly, a peak in mo appears in neither. We
therefore find PAIRING:NO PEAK IN py(ms) to be an appropriate proxy for the behavior of
the LVK 2023 model for the purposes of this work. A future measurement ruling out Ao =0
with high confidence would therefore serve as evidence for the pairing function models over

LVK 2023-like models.

6.6.2 General Population Model

Base model

We model the two-dimensional mass distribution by constructing separate one-dimensional
distributions for the primary and secondary masses and combining draws from these two
distributions according to a pairing function, as in Equation 6.5. Fishbach and Holz [2020b]

find the pairing function is most informative when parameterized by the mass ratio of the

158



binary, so we adopt a pairing function described by a power law in mass ratio.

Because our aim is to learn whether the primary and secondary masses are consistent
with being drawn from the same distribution (up to a pairing function and subject to the
constraint that mq > ms), we describe the primary and secondary mass distributions sepa-
rately, but according to the same functional form. We model each of the 1-dimensional mass
distributions as a mixture model between a smoothed power law component and a Gaussian
component GG in order to make direct comparisons to the POWER LAW + PEAK model
used by the LIGO-Virgo-KAGRA’s (LVK) population analysis to describe the distribution

of primary masses Talbot and Thrane [2018|, Abbott et al. [2023a]. Explicitly,

ap +1 _
p(mi[A1) o< {(1 = A1)O(m1 > Myin 1)O(m1 < Munax1) | —agr a3t | ™1
max,l = "'“min,1
+ )\IG(mIWIaUl)] X S(m1|mmuyin 1, 01)
(6.7)
052 + 1 —Q9
p(ma[Ag) o< | (1 = A2)O(m2 > muin 2)0(m2 < Mmax2) | —5577 i1 | ™2
max,2 ~ ''“min,2

+ >\2G(m2|lt2,02)} x S(malmuyin 2, 02)-

Here, G(myq 9y|1i1,2):041,2)) is a normalized Gaussian distribution with mean fi(1 9
and width o (1,2} The parameter \ (1,2} is a mixing fraction determining the relative preva-
lence of mergers the power law and Gaussian components, and S(m{lg}, mmin,{1,2}5{172}) is
a smoothing function which rises from 0 to 1 over the interval (my;, {1,2}> Mmin,{1,2} +
5{1’2}). Ay is then the set of hyper-parameters {mmyin 1,Mmax,1,1, A1, 41,01,01} and
Ao = {ma minMmax,2, 2, A2, l12, 09, 02}

In all models considered in this work, the redshift distribution is modeled as a power law

with spectral index x [Fishbach et al., 2018| such that

1+ 2
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We use the DEFAULT spin model from Abbott et al. [2021d, 2023a] to describe the spin
magnitudes and tilts of each component. These are the same redshift and spin distributions
used with the POWER LAW + PEAK mass model in the analysis presented in Abbott et al.
[2023a].

A fit to the model described above is provided in Section 6.6.2, though we focus on

specific variations nested within this more general model for the remainder of this work.

F'it to general base model

We present results of a fit to the most general form of the pairing function model described
in Section 6.6.2 (Equation 6.7). Here, we do not fix any parameters to be equal between A;
and As, and instead infer them separately.

Fig. 6.8 shows the posterior of all mass-related hyper-parameters within this model in
the form of a corner plot. Because of the large number of free parameters, several are not
well-constrained. Nonetheless, all parameters describing py(my) are consistent with those
describing pa(mg). Additionally, strong correlations exist between aq,as, and f3;, making
it difficult to meaningfully constrain all three parameters. We therefore set ay = a9 in the
PAIRING: GENERIC model.

Fig. 6.9 shows the underlying distributions, pj(mq) and py(ms) inferred by the most
general version of the base model. As expected, the constraints on these distributions weaken
relative to that of the PAIRING:GENERIC model. However it is still clear that py(m;) and
pa(mo) are consistent with one another and that it is possibile that py(mo) has a larger peak
than py(m1) does. Notably, there now seems to be very little evidence for a peak in py(m1),
whereas a clear peak still exists in pa(ms).

These results are consistent with what has been presented using the PAIRING: GENERIC

model in the main body of this work.
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Figure 6.8: Corner plot of all mass-related hyper-posteriors in the most general form of the
base model. Power law spectral indecies governing the slope of the primary and secondary
mass distributions are degenerate with one another and with the pairing function power law,
so only two of the three parameters can be meaningfully constrained at a time. All other
parameters that perform the same function in pj(mqp) and po(ms) are consistent between
the two underlying distributions.
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Figure 6.9: Underlying distributions (i.e. before a pairing function is applied) of the primary
(shaded band) and secondary (dot-dashed lines) masses under the most general form of
the base model. Despite fitting all parameters separately between the two distributions,
they appear consistent with one another. However, both are relatively poorly constrained.
Interestingly, the support for a peak in pj(mq) lessens in this more generalized model, while
the support for a peak in pa(mg) remains the same as in PAIRING: GENERIC.
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Model comparison

In this Section, we compare the various models considered in this work, including the
CONDITIONED-Q model from LVK 2023. Table 1 of Farah et al. [2024] lists the hyper-prior
choices made to construct each model, along with descriptions of each hyper-parameter.
Fig. 6.10 shows the m1, mo, and ¢ PPDs, marginalized over all other parameters. These
show a high level agreement between the different models, despite their two-dimensional
PPDs differing in Fig. 6.2. Notably, the marginal secondary mass distribution exhibits a
peak even for the CONDITIONED-Q model. As discussed in Section 6.6.1, this is caused by
the preference for equal masses: if mq is in the ~ 35 My peak, a preference for mo ~ mq
will cause moy to also preferentially be in that region, causing more probability density for
mg ~ 35 Mg than elsewhere. Marginal PPDs are therefore not very sensitive to whether
myo prefers its own features independently of the existence of a preference for equal mass
binaries. Instead, we examine the underlying component mass distributions explicitly mod-
eled by PAIRING:SYMMETRIC and PAIRING:GENERIC, as well as the values of informative
hyper-parameters in these models to determine whether po(msg) differs from pq(mq). For
comparisons to CONDITIONED-Q, we plot secondary mass distributions conditioned on var-

ious values of mq.
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Figure 6.10: Marginal PPDs of primary mass (top), secondary mass (middle) and mass
ratio (bottom) for CONDITIONED-Q (green), PAIRING:SYMMETRIC (orange) and PAIR-
ING:GENERIC (purple). Solid lines are the mean value and shaded regions represent the
90% credible interval. These are obtained by integrating the 2D PPDs shown in Fig. 6.2
along each dimension in turn. Since the CONDITIONED-Q model is parameterized in terms of
m1 and ¢, we reconstruct its marginal mo distribution by sampling from the joint distribution
and creating a kernel density estimate, causing some artificial “wiggles” in these plots. The
same is true for the marginal ¢ distributions of the pairing function models. Despite the 2D
PPDs appearing different between CONDITIONED-Q and the other two models, the marginal
PPDs all appear similar. This is because features in the primary mass distribution induce
features in the marginal secondary mass distribution if equal-mass binaries are preferred.
Therefore, marginal PPDs are not sensitive to the features in the 2D mass distribution in

which we are interested.
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CONDITIONED-Q and PAIRING:NO PEAK IN pa(msg) models.
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CHAPTER 7
DON’T JUST LEAVE ONE OUT: PROBING EXTREMAL
GRAVITATIONAL-WAVE EVENTS WITH COARSE-GRAINED
LIKELIHOODS

The majority of this dissertation has focused on gaining insight from features in the inferred
GW source mass distribution itself. However, this population also serves as a helpful ref-
erence point for understanding individual events. For example, events that are inconsistent
with the population are classified as outliers. Outliers are understood as originating from a
different population than the majority of other observations, or, equivalently, as a symptom
of population models that are inadequate at describing all of the observed data. In either
understanding of outliers, they are useful hints of yet-undescribed subpopulations.

The two most common methods of identifying outliers with respect to the inferred pop-
ulation of GW sources are the “leave-one-out” approach, wherein the population fit with all
events in a catalog is compared to a fit with all events except for the suspected outlier, and
the PPD approach, wherein the inferred population is evaluated on its ability to predict
the suspected outlier. In this chapter, we show that the “leave-one-out” approach is biased
because population fits will always change under the exclusion of the most extreme data
point, even if that data point is not an outlier. We also point out the ambiguity inherent
in the PPD approach: the population that should predict the suspected outlier could either
be the one inferred with or without that event. We then propose a solution to both of
these problems in the form of coarse-grained population likelihoods. When applying this
coarse-grained likelihood to GWTC-2, we found that GW190814 is an outlier with respect
to the BBH population, but other events are not, consistent with previous studies done by
the LVK. This means that full-spectrum mass models such as the one presented in 3 remain

the only analyses that can accommodate GW190814.
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This chapter is based on Probing Extremal Gravitational-wave Events with Coarse-grained
Likelihoods, a paper written in collaboration with Reed Essick, Shanika Calaudage, Colm
Talbot, Maya Fishbach, Eric Thrane, and Daniel Holz, and published in the Astrophysical
Journal [926]. T was the second author of this publication, and my contribution was mainly
to Section 7.3, where I used the method developed by Reed Essick to analyze events in
GWTC-2. Sections of the original paper to which I did not contribute have been removed

from this chapter.

7.1 Introduction

At the time of this chapter’s writing, GWTC-2 had just been released. This new catalog
brought to light several interesting features within the distributions of masses and spins of
compact objects in coalescing binary systems [Abbott et al., 2021d]. In particular, GWTC-2
set new records for the largest BH mass [GW190521, Abbott et al., 2020d|, smallest BH
mass [GW190814, Abbott et al., 2020e|', and most asymmetric mass ratios [GW190814
and GW190412, Abbott et al., 2020c,e]. Of immediate interest is whether these objects
are merely the most extreme events observed from a single population: the most extreme
examples in a catalog become more extreme as the size of the catalog grows |[Fishbach et al.,
2020b]. Alternatively, these events may be inconsistent with the population inferred from
the rest of the detected events, and thus are true outliers. The observation of such outliers
could suggest the first example from an as-of-yet unmodeled or entirely new (sub)population.
However, it may simply indicate that the current phenomenological population models are
simply a poor description of nature.

The interpretation of the most extreme GW events has significant astrophysical impli-

cations. The most massive BBH events probe the PISN mass gap |Fishbach and Holz,

1. It is possible that the secondary object in GW190814 is actually an unusually massive NS [Essick and
Landry, 2020].
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2017, Talbot and Thrane, 2018|, a theoretically-proposed dearth of BHs between ~ 50—
120 M |Heger and Woosley, 2002|. Observing BBH systems near the pair-instability gap
can inform our knowledge of nuclear reaction rates [Farmer et al., 2020], beyond standard
model physics [Croon et al., 2020, Baxter et al., 2021]|, or the boundaries of mass gaps in
general |Fishbach and Holz, 2020a, Edelman et al., 2021, Nitz and Capano, 2021, Ezquiaga
and Holz, 2021] and applications thereof [e.g., Farr et al., 2019|. At the other extreme, BBH
with small component masses can inform our knowledge of supernova physics |e.g., Fryer
and Kalogera, 2001, Belczynski et al., 2012, Zevin et al., 2020].

Several authors have posited that the most massive BHs of GWTC-2, which appear to
sit in the PISN mass gap, form a separate population from the “main population” observed
to date, invoking formation scenarios such as hierarchical mergers |e.g., Abbott et al., 2020f,
Kimball et al., 2020a, Tagawa et al., 2021] or primordial BHs [e.g., Franciolini et al., 2021,
De Luca et al., 2021|. Indeed, in order to explain the wide range of observed BBH properties,
many authors have argued that multiple formation channels are active and that the BBH
population consists of multiple subpopulations [Abbott et al., 2021d, Ng et al., 2021, Zevin
et al., 2021]. More than anything else, the variety of interpretations of the GWTC-2 events
highlight the excitement within the GW community as new discoveries are routinely made
whenever more data is recorded. However, they also emphasize the need for thoughtful
consideration of the methods employed to assess whether individual events are consistent
with existing population models.

Motivated by the “leave-one-out” consistency checks in Abbott et al. [2019a|, Fishbach
et al. [2020b], Abbott et al. [2021d], and elsewhere, we introduce a general procedure to
investigate the effect of individual events on inferred populations. Specifically, we derive a
“coarse-grained” analysis that retains, in a controlled way, only a subset of the total infor-
mation available about some detected events. We are then able to determine whether the

population inferred from this “coarse-grained” data is consistent with the population inferred

168



from the original data.

In particular, previous approaches compared populations inferred with all N events in a
catalog to populations inferred with only N — 1 events, arguing that if these were similar
then the event that was “left out” is consistent with the rest of the population, as its inclusion
does not significantly change the inferred population. If the contrary were true, the event
would be considered a true outlier. However, such tests do not account for the way in
which the excluded event was selected. It was left out specifically because it was extremal
in some dimension, and this selection may artificially inflate the apparent significance of
differences in inferred populations, particularly in the presence of sharp boundaries within
the population model. Our approach improves upon this by self-consistently accounting for
how the selected events are chosen in a controlled way while clearly defining the subset of
the available information that is retained. We show that our approach naturally reproduces
previous techniques when a random event is excluded from the analysis. It is precisely
because the excluded events are typically not chosen at random that previous techniques
can introduce biases.

There is already a healthy literature proposing leave-one-out analyses as tests for model
misspecification within Bayesian inference. For example, Vehtari et al. [2017] constructs
a cross-validation likelihood from analyses that leave out each event in a catalog one at a
time. This approach attempts to limit the possible biases associated with leaving out only
extremal events, similar to the motivation for our coarse-grained approach. Other authors
have considered tempering the likelihood in order to combat model misspecification, which is
at times referred to as coarsening [Miller and Dunson, 2015]. In this approach, the likelihood
is raised to the power of an inverse temperature § = 1/T" € (0, 1], thereby artificially inflating
statistical uncertainties. Several procedures exist to select § [e.g., Miller and Dunson, 2015,
Thomas and Corander, 2019, and references therein|, all of which attempt to optimize the

balance between systematic error from model misspecification and additional statistical error
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from tempered likelihoods. Our coarse-grained likelihoods are similar in spirit, but differ in
that we eschew the use of ad hoc tempering in favor of marginalizing over the data and
parameters from an individual event subject to a precisely specified (but looser) constraint
on the event’s parameters. That is, we specify the size and placement of the “coarse grain”
used to approximate the event’s likelihood.

Using this coarse-grained likelihood, we revisit several astrophysically interesting events
from GWTC-2 that were discussed in detail in Abbott et al. [2021d]. To wit, we demonstrate

that

e GW190814, with a secondary mass of mgy ~ 2.6 M and mass ratio ¢ = mo/mq ~ 0.1,
is an outlier in mo (too small to be consistent with the main BBH population) but is

not an outlier in mass ratio.

e GW190412 is not an outlier, and its mass ratio [¢ ~ 0.28; Abbott et al., 2020c| is in

the tail of the main BBH population.

e GW190521 is not an outlier with respect to the main BBH population under the
preferred phenomenological mass models considered in Abbott et al. [2021d]. It is only
marginally inconsistent under the simplest mass model considered, which is disfavored

for other reasons as well.

While we believe the quantitative details of our analysis improve upon previous methods, all
of our resulting astrophysical conclusions are in agreement with Abbott et al. [2021d].
We derive our coarse-grained leave-one-out formalism from first principles in Section 7.2,

and we apply this method to public LVK data in Section 7.3. We conclude in Section 7.4.

7.2 Coarse-grained leave-one-out likelihoods

We derive a procedure for coarse-graining our inference of the population in Sec. 7.2.1, while

in Sec. 7.2.2 we discuss the implications of different possible procedures to choose the amount
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of information retained in the coarse-grained inference. We describe how to quantify these

consistency tests with a single statistic in Sec. 7.2.3.

7.2.1 Derwation of coarse-grained inference

To begin, let us assume we have N events that are each described by a set of m parameters
0 € R™. We further assume these events belong to the same astrophysical population

described by the hyperparameters Ag:
0; ~p(O|Ag) V . (7.1)

If we write our model for the differential Poisson number density of signals in the universe as
dN'/df = Rp(0|A), our joint distribution over the data {D;}, single-event parameters {6;},

hyperparameters, and the rate R is then

N
p({Di}; {0:1: A, R) = p(A)p(R) RN e~ REW) TT p(Di10,)p(0:10)0(p(D;) > pir).  (7:2)
=1

where © is the Heaviside function, p(D) is the detection statistic used to select events for

the catalog with threshold py},,, and

p(O1A) / 4D p(DI6)O(p(D) > p)

\\

p(6]A) P(det|6)

= P(det|A) (7.3)

is the expected fraction of events that are detectable within a population. Note that Eq. 7.2
is neither a likelihood function nor a posterior distribution, but instead is a joint distribution

for both the data and the parameters. Furthermore, if we assume a uniform-in-log prior for
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the rate (p(R) ~ 1/R) and marginalize, we obtain

N
p(D;0i)p(0;|\)O(p(Di) > piiy)
D;};{0;}; A) — 7.4
Dk =2 ] K e (7.4
We note that the © in each factor within the product does not impact the inference as it
is guaranteed to be one; the data is axiomatically detectable for detected events. However,
these factors are important in what follows.
If we wish to construct a posterior for only A, we marginalize over {6;} and condition on

the observed data to obtain

N .
p(A|{D;}) « p(A H [fdezp (D; |‘9)) p(6]A) . (7.5)

All these expressions have become commonplace within the GW community, and we refer
the reader to the many reviews in the literature for more details |e.g., Mandel et al., 2019,
Thrane and Talbot, 2019, Vitale et al., 2020].

We are particularly interested in the effect that subsets of events have on the inferred
population, and whether those effects can be used to determine if particular events are
outliers. However, if we simply remove potential outliers, we may bias the inferred population
by preferentially removing the most extreme events. This, in turn, may artificially inflate
the significance of any changes in the inferred population. As such, we introduce a coarse-
graining procedure to replace traditional “leave-one-out" analyses. This procedure retains
only a limited amount of information about a particular event. In this way, the analysis can
naturally account for how the event-of-interest was selected (e.g., as the most extreme event
in some dimension) while still discarding as much information about that event as possible.

To wit, let us assume that the jth event is almost certainly within some region of param-
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eter space S so that
/dejp(ejmj,m@(ej €8)>1—¢ ¥ {A:p(A)£0}. (7.6)

In other words, for any population described by A with nonvanishing support in the hyper-
prior p(A), the inferred posterior on the event parameters ; is contained within the region
S with high (1 —€) credibility. We are typically interested in the case € < 1, which is to say
we are confident that event j is contained within §. There is a uniquely defined smallest &
that satisfies this requirement, which in general depends on the choice of € (smaller € require
larger §). Additionally, we only assert that S is at least as large as the minimal region; it
may be larger. Choosing a larger region corresponds to retaining less information about the
jth event.

At times, it is possible to identify individual events that are clearly separated from the
rest of the population, in which case it may be straightforward to identify an appropriate
choice for §. An example could be defining & as the region with masses smaller than the
minimum mass observed in a set. However, more complicated boundaries are possible, as
hypersurfaces in multi-dimensional spaces could divide events along a nontrivial slice that
depends on multiple parameters simultaneously. For example, we may define S to be a region
with a secondary mass or mass ratio smaller than the corresponding minima observed in a
set (see Sec. 7.3.1). We discuss several procedures to choose S in Sec. 7.2.2.

Of course, an extremal event is not necessarily inconsistent with the population deter-
mined by the other NV — 1 events; some event is always the most extreme of any set. Indeed,
the jth event may still be drawn from the same p(6|Ag) and simply be the most extreme ex-
ample in the catalog. We therefore test the null-hypothesis that all NV events are drawn from
the same distribution by comparing the inferred population when we include all N events to
the population inferred from N —1 events while accounting for the knowledge that 6; € S. If

the population inferred from the coarse-grained analysis is inconsistent with the full dataset,
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we reject the null hypothesis that the jth event is drawn from the same distribution as the
other N — 1 events. With this method, we can be assured that we do not overestimate the
significance of differences in the inferred populations because we include knowledge that the
jth event was selected in a particular way.

We now consider how to self-consistently limit the information about the jth event within

our inference. Because §; € S almost surely (e < 1), we can add a term to Eq. 7.4 without

affecting the overall inference for A:

(ID): {63 A) = p(A) <P(Dj|9j)P(9j|A)@(@<£§) > penr)O(0; € 5)) (7.7
N-1
<10 {p(Dz'lﬁ)p(@i\/\g)((i()ﬂ(Di) > pthr)} (78)

i#j
where we have included an additional factor of ©(6; € S) since this is one almost everywhere
there is posterior support for ¢; (to within the precision specified in Eq. 7.6). This is
completely analogous to the way in which terms representing the detectability of data, i.e.,
O(p(D) > pipr), are always one for the detected events. We have also replaced “=" with “~”
to denote that strict equality only holds in the limit ¢ — 0. However, in what follows, we

K"

assume that € is small enough to be negligible and retain the in what follows.
Furthermore, the only information we wish to retain about the jth event is that it almost
certainly is within &, and therefore we marginalize over both D; and 6; to effectively forget

everything else about the event. This yields

[ D38, (D;16,)0(6,18(6(D;) = pu)(8; € ) (79)

d8;0(6; < Sip(8;1A) [ dD;p(D;18,)0(p(D;) = puye)

/dej O(0; € 8)p(6;|A) P(det|6;)
— P(det,0; € S|A), (7.10)
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which is just the probability that the event was detected and had parameters within &
given the underlying population model. We additionally note that this term only appears
in Eq. 7.7 within a ratio, and the divisor of that ratio is £(A) = P(det|A). Therefore the
coarse-graining procedure yields an overall factor of

P(det,0; € S|A)
P(det|A)

— P(6; € S|det, A). (7.11)

This has the appealing interpretation that the only information retained about the jth event
is the probability that it belongs to a particular part of parameter space (our “coarse grain”)
given that it was detected and came from a particular population.? We discuss implications
and implicit assumptions made by the choice of § in more detail in Sec. 7.2.2. Briefly, we
note that most “agnostic” procedures for defining S will not depend on D; or 6;, and so we
explicitly write S = §({0;£;}) below.

Putting everything together, we marginalize the coarse-grained likelihood over {Gi#j}

and condition on {D;;} to obtain a coarse-grained posterior for A.

P(A{D;xj},p(Dj) > pine; 05 € S({0£})) x (7.12)

N-1 N-1
i vy

(7.13)

We note that the marginalization over {f;;} does not factor as nicely as it does in Eq. 7.5
because S({¢;+;}) may depend on all the events (except the j™ event) and is included
within the integral. Methods to calculate Eq. 7.12 efficiently when one already has access to

samples from p(A[{D;;}) or p(A|{D;}) are discussed in Section 7.5.

2. Note that Eq. 7.11 refers to the probability that a detected event from a population came from S,
whereas Eq. 7.6 refers the the probability that a specific event (the j* observed event, which produced data
D;) came from S.
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7.2.2  Implications from the choice of S

Sec. 7.2.1 presents the coarse-grained inference for A based on knowledge that ¢; € S. This
holds for arbitrary S as long as Eq. 7.6 is satisfied; the choice of § is up to the analyst. We
now consider the implications of different choices for & and what assumptions they represent.

To begin, if 0; is well determined by D; and the minimum allowable S is small (particu-
larly in comparison to the extent of the prior p(f#|A)), the coarse-graining procedure can still
retain most, if not all, the relevant information about the jth event. In this way, defining
S in relation to the minimum allowable § implicitly assumes some knowledge of D;, which
is undesirable for a leave-one-out analysis. To avoid this, we instead recommend choosing
S based on only a priori theoretical predictions of astrophysical interest or the data from
the N — 1 other events. In general, this implies that one should write S = S({0;;}) to
explicitly show that it does not depend on either the data or parameters from the jth event,
as we do within Eq. 7.12.

One possible data-driven procedure for choosing § is particularly appealing in the special
case where the parameters of the j™ event are cleanly separated from the rest of the events.
If the jth event is the most extreme event in some dimension x, we can simply define
S({wixj}) : © > max;; {;} as the region where z is larger than the second-largest detected
event.3 This choice is natural in the sense that it only depends on {D;+} and is as generous
as possible subject to the knowledge that the jth event is extremal; it does not retain any
information about how much larger x; is than max;; {z;}.

Such a choice allows an analyst to pose questions such as, “how big should the largest
individual event in a catalog of N events be given the observation of N — 1 events and the
knowledge that one was larger?” Comparing the predicted largest event to what was actually
observed naturally defines a metric that can be used as a quantitative consistency check (see

Sec. 7.2.3). Indeed, the choice of S precisely specifies the information used when computing

3. One could equivalently consider the smallest event.
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p-values for the null hypothesis that all N events in a catalog were drawn from the same
population. Nonetheless, it is important to remember that this procedure is not unique, just
as the definition of a null hypothesis is not unique, and other choices of & may be able to
more naturally answer other questions.

In this vein, one might also consider choosing S based on prior theoretical motivations, so
long as the selected region is compatible with Eq. 7.6. This can provide a perfectly natural
way to define alternative tests of the null hypothesis and is particularly relevant when the
events are not cleanly separated. For example, even before observing any data, we may
identify the region m; > 50 M as interesting from the standpoint of PISN theory, and
scrutinize any events that fall in this region as potential outliers.

We note that the inability to define § based on the next-most extreme event only arises
when the jth event is not cleanly separated from the other events, and therefore it is not
unambiguously the most extreme event. One may take that ambiguity itself as evidence that
the event cannot be an outlier, and therefore argue that our machinery may not be needed
in such situations. Nonetheless, we can still construct a perfectly self-consistent coarse-
grained inference even when the minimal S surrounding the jth event’s parameters overlaps
significantly with the inferred parameters of the other N — 1 events. The coarse-grained
event need not actually be extremal.

As a limiting case, we note that choosing & that spans the entire parameter space
(§ — R™) implies that P(¢; € S|det,A) — 1V A. That is, if we know nothing about
the parameters of the jth event, then the coarse-grained inference is equivalent to neglecting
that event altogether and performing the “standard” inference for A with the other N — 1
events.? This is intuitive in that, if we picked an event to coarse-grain at random without
first considering its parameters, then the smallest allowable & that was certain to contain

the event would be the entire (detectable) parameter space. At the same time, excluding an

4. The corresponding inference of the rate would still correctly account for the fact that we detected N
events in total, which is not necessarily true of other leave-one-out analyses.
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event at random should not introduce any biases within the inference for A, and one expects
to perform the standard inference with only N — 1 events. We see, then, that performing a
standard inference with N — 1 events after excluding an extremal event, without incorporat-
ing the knowledge that the excluded event was extremal, is not a self-consistent procedure
because it does not correctly reflect the data selection procedure. This inconsistency leads

to biases.

7.2.3  Quantifying inconsistencies with inferred populations

In order to test the null hypothesis that the event in question is consistent with the N — 1
other events, we follow a similar procedure to Fishbach et al. [2020b] and construct a p-value
statistic. We marginalize over both the uncertainty in the population hyperparameters, in-
ferred from the coarse-grained inference, and the measurement uncertainty in the parameters
of the N observations. For each hyperposterior sample A from the coarse-grained inference,

we

i) draw N synthetic detected events from the corresponding population described by those

hyperparameters,

ii) reweigh the N observed events’ posteriors for {6;} to what would be obtained under
the population prior described by that A. For the N — 1 events that were not excluded,
this recovers their marginal posterior for {9#]-} under the joint distribution of Eq. 7.7,

while for the excluded event we obtain the population-informed posterior for 6;,
iii) draw one 6,4 sample for each observed event, and
iv) compare the most extreme fsy, out of the N synthetic events to the most extreme 6.

Repeating this procedure for many hyperposterior samples A, the p-value is obtained as the

fraction of synthetic catalogs that produce an event that is at least as extreme as the most
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extreme observed event. Although such statistics are not necessarily uniformly distributed
even under the null hypothesis (see, e.g., Seth et al. [2019]), if the resulting marginalized
p-value is small, we reject the null hypothesis and conclude that the excluded event is incon-
sistent with the main population.

Fishbach et al. [2020b] estimated p-values by scattering the maximum likelihood esti-
mates by synthetic noise realizations and then comparing the maximum likelihood from the
observed event to the synthetic distribution under the null hypothesis. Our approach differs
in that we do not scatter the maximum likelihood estimate of our synthetic detections, but
instead use the true values of the detected events. However, we still marginalize over the
actual uncertainty in the observed events’ true parameters stemming from detector noise.
Both procedures, then, account for measurement uncertainty but answer slightly different

questions.

7.3 Astrophysical results

Using the coarse-grained inference described in Sec. 7.2, we revisit several astrophysical
events from GWTC-2. We are specifically interested in evidence that individual events
are incompatible with the main BBH population (the phenomenological distribution that
describes the majority of detected BBH systems) inferred in Abbott et al. [2021d]. We
consider GW190814 (Sec. 7.3.1), GW190412 (Sec. 7.3.2), and GW190521 (Sec. 7.3.3) in
turn. Our analysis reweighs publicly available population hyperposteriors samples [The
LIGO Scientific Collaboration and The Virgo Collaboration, 2020a].

In what follows, we focus on results with the POWERLAW-+PEAK mass model from Tal-
bot and Thrane [2018|, Abbott et al. [2021d]. Unless otherwise noted (i.e., GW190521 in
Sec. 7.3.3), astrophysical conclusions are unchanged when we assume different mass models.
Furthermore, we also consider fixed S in each case. Specific choices for S are listed in each

section and are either motivated by the other N — 1 events or theoretical expectations for

179



astrophysical systems.

7.8.1 GW190814 is an outlier in secondary mass

We begin by considering GW190814 [Abbott et al., 2020e, The LIGO Scientific Collaboration
and The Virgo Collaboration, 2020c|, the BBH system with the smallest secondary mass and
the most extreme mass ratio observed to date. Indeed, GW190814’s secondary is so small
(mg ~ 2.6 M) that there has been significant discussion about whether it could have been
a NS [see, e.g., Essick and Landry, 2020|, with the common consensus that the system is
likely incompatible with a slowly-rotating NS. For simplicity, we eschew the question of
whether both components of GW190814 were actually BHs , and instead focus on whether
their masses are compatible with the distribution inferred from the rest of the BBH events
in GWTC-2.

We adopt the mass models explored in [Abbott et al., 2021d], all of which include a
cut-off at low masses with variable degrees of sharpness.

We define § for our analysis of GW190814 as follows

Saw190s14 : (mo < 5.0 Ms) OR (¢ < 0.28). (7.14)

The mo < 5.0 Mo boundary is chosen to match the median posterior estimate of GW190924,
the event with the second smallest secondary mass after GW190814. The ¢ < 0.28 boundary
is chosen to match the median posterior estimate of GW190412, the event with the second
smallest mass ratio after GW190814. Both GW190924 and GW 190814 are highlighted in blue
in Fig. 7.1. This defines an “L-shaped” region in the (mg, ¢) plane spanning the lowest values
for both dimensions (see Fig. 7.1). We again note that this choice of S is not unique, and
one could instead choose to define S with bounds on only mg or only g. Defining Sgw190814

in terms of only mg or only ¢ does not affect our conclusions, and defining Sgwi90814 in this
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way allows us to be as agnostic as possible about GW190814 in some sense. Importantly, we
note that, with this definition of Sgwi90s14, Population models that do not have support
for masses below mg < 5.0 M are still allowed as long as they support ¢ < 0.28, and wvice
versa.

Fig. 7.1 summarizes our conclusions. Specifically, we see that the (N — 1)-event coarse-
grained hyperposterior resembles the full N-event hyperposterior for 4, the hyperparameter
that controls the extent of the population model for ¢, while it more closely resembles
the (N — 1)-event hyperposterior that neglects the coarse-grained correction for both myiy
and &, which control the minimum mass allowed in the population. We note that my,;,
sets an absolute lower bound for the allowed masses within a population, and therefore we
would expect a reasonable amount of probability that m,, < 3 Mg in the (N — 1)-event
analyses if GW190814 was consistent with the population inferred from the other events.
While mpin < 3 Mg is not excluded by the (N — 1)-event analysis, it is not particularly
favored, either. This suggests that GW190814’s small q is consistent with the rest of the
events, as population models already contain plenty of support for small ¢, but GW190814
1s inconsistent with the rest of the events because of its small mso.

We further quantify this by estimating a p-value that the smallest event out of an N-event
catalog would have mg less than or equal to any event in GWTC-2, given the (N — 1)-event
coarse-grained hyperposterior. We find P < 0.056% at 90% confidence.® As such, we
reject the null hypothesis that GW190814 was drawn from the same population as the other
N —1 events. Abbott et al. [2021d] reach the same conclusion, and, following their example,
we exclude GW190814 from the catalog as we explore whether other individual events are

inconsistent with the remaining detections.

5. We can only bound the p-value from above as we did not find a single instance where synthetic catalogs
generated min{ms} smaller than GW190814’s secondary after ~ 5000 trials. Similarly, we find P < 0.024%
with the (N — 1)-event analysis that neglects coarse graining.
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Figure 7.1: (top left) Depiction of Sgwi90s14 (shaded region, Eq. 7.14), chosen to be the re-
gion (mg < 5.0 M) or (¢ < 0.28) based on the approximate median mg and ¢ of GW190924
and GW190412, respectively. Colored shaded regions show 50% and 90% highest-probability-
density credible regions from each event assuming flat priors in component masses and uni-
form priors in comoving volume for (black ellipse, circled in lower left corner) GW190814,
(blue) GW190924 and GW190412, as well as (red) all other BBH systems considered in Ab-
bott et al. [2021d]. (bottom left) Distribution of (black) GW190814’s mo and (blue) the
smallest expected mo in catalogs of 45 events based on the (N — 1)-event coarse-grained
hyperposterior for the POWERLAW-+PEAK mass model. (right) Hyperposteriors inferred
with different amounts of information about GW190814. Contours in the joint distributions
denote 50% and 90% credible regions.
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7.3.2 GW190412 is not an outlier

We next investigate GW190412 [Abbott et al., 2020c|, which, with ¢ ~ 0.28, is the only event
in GWTC-2 besides GW190814 that is inconsistent with ¢ = 1. As a reminder, we have
already removed GW190814 from the set of events against which we compare GW190412.

In this case, we define

Sawig0412 1 ¢ < 0.8. (7.15)

as a conservative boundary for systems that have asymmetric masses. Fishbach and Holz
[2020b] estimate that 90% (99%) of detected BBHs will have ¢ > 0.73 (0.51) based on
population models of the 10 BBH events in GWTC-1. Our choice for Sgw190412 is even more
conservative: we give the coarse-grained inference very little information about GW190412
itself, and will therefore most easily identify it as an outlier. Fig. 7.2 demonstrates the
results.

Again, we are primarily interested in the low-mass (and low mass-ratio) behavior of the
model and focus on the inferred values of 3y, myiy, and d,,. In this case, we find that all
inferences agree remarkably well for my,;, and d;,, which is unsurprising since GW190412’s
masses are not particularly extreme when considered individually. However, we observe
better agreement between the N-event and (N — 1)-event coarse-grained hyperposteriors
for B, than between either and the (N — 1)-event inference that neglects coarse-graining.
Excluding the event with smallest ¢ shifts the inferred hyperposterior towards values that
favor equal-mass systems (larger ;).

The coarse-grained inference produces a p-value of P = 22%5 for the smallest observed ¢
to be as small or smaller than that of any BBH event in GWTC-2 (excluding GW190814).
We therefore conclude that GW190412 is consistent with the population inferred from rest of

the BBH events within GWTC-2 (except GW190814). It is simply the event with the most

6. The (N — 1)-event analysis without coarse graining yields P = 19%.
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Figure 7.2: (top) Depiction of (shaded grey) Sawigoa12 (Eq. 7.15) with (shaded black)
GW190412 and (red) all other events considered in Abbott et al. [2021d] (except GW190814)
with flat priors on component masses as well as (blue) the prediction for the smallest ¢
out of 44 events based on the (N — 1)-event coarse-grained hyperposterior with the Pow-
ERLAW-PEAK mass model. (bottom) Hyperposteriors inferred with different amounts of
information about GW190412.
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extreme ¢ from that population, in agreement with both Abbott et al. [2020c| and Abbott

et al. [2021d].

7.83.83 GW190521 1s not an outlier

Finally, we consider GW190521 [Abbott et al., 2020d,f, The LIGO Scientific Collaboration
and The Virgo Collaboration, 2020b]. This event is remarkable for its large component
masses, although we note that it does not unambiguously have the largest component masses
of any system in GWTC-2; see Fig. 7.3. In this case, we cannot easily define Sgwi9g501 in
terms of the other events in the catalog while guaranteeing that Eq. 7.6 is satisfied. However,
we note that GW190521 is of particular interest because its component masses nominally
fall within the PISN mass gap.’ In this case, it is natural to define Sgyy190521 in terms of

an approximate boundary defining the PISN mass gap. We take

Saw190521 : M1 = 50 Mg (7.16)

as a reasonable approximation, although others have considered values as large as 65 M [Ab-
bott et al., 2020d,f, O’Brien et al., 2021|. Again, there is nontrivial overlap between this
choice for Sgwi9os21 and the parameters inferred for several other events in GWTC-2, but
this does not affect our inference.

Contrary to GW190814 and GW190412, in which higher-order modes were observed and
their asymmetric mass ratios were relatively well measured, GW190521’s component mass
posterior is quite broad. As such, simultaneous population inference can have a significant
impact on the system’s inferred properties. For this reason, Fig. 7.3 shows the posteriors
of primary masses under the POWERLAW+PEAK mass model as inferred with our coarse-

grained analysis. Nonetheless, several analyses have shown that it is likely that at least one

7. See, e.g., Fishbach and Holz [2020a] for alternative interpretations with component masses that straddle
the mass gap.
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Figure 7.3: (top) Depiction of (shaded grey) Sawigos21 (Eq. 7.16) with (black shaded)
GW190521 and (red) all other events considered in [Abbott et al., 2021d| informed by the
POWERLAW+PEAK mass model as inferred under the (N — 1)-event coarse-grained hyper-
posterior as well as the distribution of the largest predicted m; out of 44 events based on the
(N —1)-event coarse-grained hyperposterior. The hard boundary in GW190521’s distribution
at mp ~ 60 Mg is due to our labeling convention (m; > mg) and approximately corresponds
to equal-mass systems. (bottom) Hyperposteriors inferred with different amounts of infor-
mation about GW190521. Note that mmax extends below 50 M« because it only limits the
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power law part of POWERLAW+PEAK; the peak still has support at higher masses.
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component of GW190521 had a mass > 65 Mg [Abbott et al., 2020d,f, O’Brien et al., 2021].

Some authors have taken this to mean that GW190521 is incompatible with the popu-
lation of stellar-mass BHs , but to be clear they often mean the inferred phenomenological
fit from other events with an additional cut-off (not included in the fit). We are concerned
with the simpler question of whether GW190521 is inconsistent with the phenomenological
population model inferred from the other BBH events without imposing additional sharp
cut-offs. We are not concerned with whether the current phenomenological models are com-
patible with PISN predictions, but instead ask whether the models are sufficient to describe
the overall mass distribution and whether GW190521 is consistent with models inferred from
the other events.

While our coarse-grained hyperposterior at times more closely resembles the (N —1)-event
hyperposterior than the N-event hyperposterior (bottom panel of Fig. 7.3), we nonetheless
obtain a p-value of P = 20% that synthetic catalogs would contain a more massive event than
has been observed so far. In fact, if we neglect the coarse-graining correction, we still obtain
P = 15% under the POWER LAW + PEAKmodel. As such, and in agreement with Abbott
et al. [2021d], we conclude that GW190521 is consistent with the overall mass distribution
inferred from the rest of the BBH population.

One might expect other mass models, like Abbott et al. [2021d|’s TRUNCATED model with
a sharp cut-off at high masses, to be less consistent with GW190521. To investigate this, we
repeat our coarse-grained analysis and find P = 11% under the TRUNCATED model. Indeed,
even the (N — 1)-event TRUNCATED hyperposterior that neglects coarse-graining only yields
P = 6%. As such, we may conclude that, while GW190521 is certainly not expected to be
common, it also is not unambiguously inconsistent with any of the phenomenological models

considered in Abbott et al. [2021d], even the simplest TRUNCATED distribution.®

8. While GW190521 may not be inconsistent with the mass models considered in Abbott et al. [2021d],
they point out that the simple TRUNCATED model is more broadly a bad fit to the data. It overpredicts the
number of massive systems that should have been observed (see also Fishbach et al. [2021]). However, even
minor modifications like the POWERLAW-+PEAK and BROKEN POWERLAW distributions appear to remove
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That being said, the number of BBH systems detected in GWTC-2 more than quadrupled
compared to GWTC-1, and both Abbott et al. [2021d] and Fishbach and Holz [2020a| point
out that GW190521 does seem to be inconsistent with the truncated mass distributions
inferred based on only the 10 events in GWTC-1 [Abbott et al., 2019a]. While additional
GW detections have continued to surprise, we are reminded that it is important to consider
new events in the context of the full catalog before drawing conclusions based on individual

(apparently) exceptional events and a subset of previously observed systems.

7.4 Discussion

Within any set of observed events drawn from an unknown population, one is often interested
in determining whether new events are consistent with the population inferred from the
existing set. This often involves careful examination of particular events because they are
extremal in some way. It is remarkable that GW astronomy has already advanced to the
point where such matters are of practical importance in only a half-dozen years since the
first detection [Abbott et al., 2016]. Nonetheless, we show that current approaches to answer
exactly this question, which have become commonplace within the GW community, can
introduce biases as they do not account for the manner in which extremal events were
identified for further study.

Our method allows analysts to explicitly account for how they selected extremal events
within leave-one-out analyses, representing excluded events with coarse-grained likelihoods,
and clearly identifying the need to select the size and placement of the coarse grains. While
we note that the exact choice of how big to make those grains is to some degree arbitrary,
just as the definition of a null hypothesis is to some degree arbitrary, we propose algorithmic
ways to choose the most generous grains possible.

Finally, we note that the biases introduced by excluding extremal events without ac-

such tensions.
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counting for how they were selected can be particularly severe when there are sharp features
in the underlying population model (e.g., mass gaps). Therefore, one must take care when
analyzing population models with sharp cut-offs and attempting to assess the significance
of outliers after excluding extremal events. However, even in these severe cases, we find
that p-values estimated from (/N — 1)-event hyperposteriors are typically biased by at most
a factor of a few.

Our conclusions based on our coarse-grained analysis agree with those presented in Ab-
bott et al. [2021d], even though they did not account for the coarse-grained correction and
their leave-one-out analyses may have been biased. We find that GW190814 is an outlier
because its secondary mass is too small to be consistent with the other events. GW190412
1s not an outlier, as its small mass ratio is simply the most extreme example from the tail
of the main population. We find that GW190521 is not an outlier under the preferred mass
models explored in Abbott et al. [2021d], and is in only moderate tension with even the
simplest truncated mass models.

We again note that any population analysis will eventually face the challenge of deter-
mining whether particular events are consistent with the population inferred from the rest of
the events. This problem is not unique to GW astronomy. However, as catalogs continue to
rapidly grow in size, this question has become increasingly relevant. We note that another
large set of events is expected with the release of the second half of the LVK collaborations’
third observing run (O3b). Indeed, given the breadth of physical phenomena that GW ob-
servations can probe, it is of the utmost importance to fully characterize outlier tests. We
emphasize that many of the most interesting questions in GW astronomy are specifically
focused on outliers, including extreme mass, mass ratio, and spin events, and the presence of
events within the putative NS-BH and PISN mass gaps. Our analysis provides a controlled
way to account for event selection when examining outliers with nearly trivial additional

computational cost. This will enable the robust identification of novel subpopulations with-
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out fear of biasing analyses towards artificially inflated significance estimates for potential

outliers.

7.5 Additional details on reweighing existing hyperposteriors

We note that Eq. 7.12 could be computationally expensive if we allow S to depend on the
parameters of the other events. However, if S does not depend on the parameters of the
other events, the marginalization becomes trivial. There are also significant redundancies
between Eq. 7.5 and Eq. 7.12, which reduce the computational cost of reweighing existing
samples and make implementing the coarse-grained likelihood a simple extension of existing
likelihoods.

There are two corrections to the likelihood that may be of interest. When we have already
analyzed the full set of NV events and want to conduct a coarse-grained analysis post hoc, we

note that

p(A{Diz;}, p(Dj) = pinei 05 € S) [ dOp(0]A)P(det|0)O(0 € S({0i;})) _ P(6 € S, det|A)

p(A{D:}) > T8, p(D;16,)p(6;]A) p(D;[A)
(7.17)

When we instead have hyperposterior samples from an (N — 1)-event analysis that omitted

the potential outlier, we can write

P(A{Dizj}, p(Dj) = pine; 0 € S)
P(A{Dix;})

x P(0 € S|det; A). (7.18)

Weighing existing hyperposterior samples by either Eq. 7.17 or 7.18, as appropriate, allows
us to estimate the coarse-grained hyperposterior and quickly perform consistency tests of our
null hypothesis. Such reweighing procedures are equivalent to directly sampling from Eq. 7.12
as long as enough effective samples remain to provide reliable estimates of the hyperposterior.

As a demonstration, we repeat the analysis of Sec. 7.3.1 by directly sampling from Eq. 7.12,
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obtaining equivalent results to the reweighed hyperposterior samples (see Fig. 7.4).
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Figure 7.4: Comparison between reweighed samples and direct sampling for GW190814’s
(N —1)+-coarse-grained hyperposterior (Sec. 7.3.1). Contours in the joint distributions denote
50% and 90% credible regions. Reweighed samples were obtained by applying Eq. 7.18 to
public hyperposterior samples from an (N — 1)-event analysis that excluded GW190814
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